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Chapter 1

Introduction and background

1.1 Overview

Degradation of photographic images is a common phenomenon that can occur due to several

reasons. Astronomical images may be degraded due to atmospheric factors or telescope optics.

Photographs taken using standard digital cameras may be blurred due to lack of focus, due

to motion of the subject, due to low resolution, or due to camera shake during relatively long

exposures. Often one wishes to correct for the effect of such degradation and recover the original

image, and this has been a long-standing research problem in digital imaging. Effective solutions

depend critically on the context of the problem and the type of degradation. Depending on the

type of degradation, different types of methodologies can be adopted. At a high level, image

restoration can be classified as deblurring of image, image upscaling or super resolution, image

denoising, etc.

In context of image deblurring, we are specifically interested in motion blur in digital pho-

tography caused by camera shake. Blurring caused by camera shake is one of the most common

artifacts in amateur digital photography. Long exposures are unavoidable in low light situa-

tions, and images taken without a camera stand often result in blurry and disappointing images.

Recovering an unblurred image from such a motion-blurred photograph has long been a funda-

mental research problem. Figure 1.1 gives some real-life examples of blurred photographs; we

use these images later as representative test cases.

1



Figure 1.1: Some real-life examples of blurred images. The two images on the left-most column
are from Fergus et al. [17]; the remaining four are from our personal collection.

Under-resolution is another common problem in photographs captured in low end cameras.

Upsampling such images to a high resolution image is an useful problem as often it is needed

to display a low resolution image in a bigger screen.

Camera shake during the course of an exposure essentially means that the light supposed

to fall into a single pixel is instead distributed into several neighbouring pixels in a pattern

determined by the motion of the camera. This pattern is commonly referred to as the point

spread function (PSF) or blur kernel. If one assumes that the PSF is shift-invariant,1 that

is, the same PSF applies to all pixels of the underlying unblurred image, then the resulting

observed image can be viewed as a convolution of the true unblurred image and the PSF. For

this reason, this problem is often referred to the image deconvolution problem to distinguish it

from the problem of recovering from other kinds of image degradation.

The broader class of image deconvolution problems are generally separated into non-blind

and blind deconvolution problems.
1This is a strong assumption that does not hold, for example, if there is camera rotation, or for long-exposure

astronomical images that are affected by the Earth’s rotation.
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In non-blind deconvolution, the blur kernel is assumed to be known or estimated in ad-

vance; the only task is to estimate the unblurred latent image. This is commonly the case for

astronomical images, where either systematic lens distortions are known, or can be estimated

using the observed image of an isolated star that can be treated as a point source that does

not interact with any neighbouring light sources.

In case of blind deconvolution, both image and the blur kernel are assumed to be unknown.

This is the situation we are primarily interested in, as in amateur digital photography the

camera shake pattern is unpredictable and different in each photograph, and usually not easily

estimated using the dispersion pattern of point light source, as might be possible in astronomical

images. Naturally, this problem is considerably more difficult, and reasonable progress has been

made only in the last two decades or so.

As noted above, camera shake can be modeled through a blur kernel or PSF describing the

camera motion during exposure, which is convolved with the underlying true image intensities

to produce the observed blurred image. Removing the unknown camera shake is thus a form

of blind image deconvolution, which is a problem with a long history in the image and signal

processing literature. The main difficulty is that the problem is severely ill-posed when both the

blur kernel and the true image are unknown, as there are more unknowns (the original image

and the blur kernel) than measurements (the observed image). Hence, all practical solutions

must make strong prior assumptions about the about the underlying image or the blur kernel

or both.

Traditional signal processing formulations of the problem usually make only very general

assumptions in the form of frequency-domain power laws; the resulting algorithms can typically

handle only very small blurs and not the complicated blur kernels often associated with camera

shake. Furthermore, algorithms exploiting image priors specified in the frequency domain may

not preserve important spatial-domain structures such as edges. More recent approaches, such

as those of by Fergus et al. [17] and Levin et al. [45], have been considerably more successful

by using more complicated but realistic priors assumptions on the underlying image. Our work

is an attempt to generalize the prior they have used and use it to extend their methods and
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other methods based on similar priors.

In the next few sections, we give a precise mathematical formulation of the problem we

are interested in solving, introduce a set of example images and blur kernels that we use for

illustration throughout the thesis, and describe the prior on underlying true images that has

been successully used by Fergus et al. [17] and Levin et al. [45]. We end this chapter with a

brief outline of the discrete Fourier transform (DFT) and its properties, as it is used extensively

throughout this thesis.

In Chapters 2 and 3, we briefly review previous work on non-blind and blind deconvolution,

respectively. Chapter 4 describes in detail the approach of Levin et al. [45], which we use as

a basis for our generalization for the blind deconvolution problem, although in principle our

methods can be used to generalize any method based on a similar prior. We describe the

motivation for our proposed generalization of image priors in Chapter 5, along with simple

applications. We discuss non-blind deconvolution and super-resolution (upsampling) using the

generalized prior in Chapter 6, and blind deconvolution in Chapter 7. Finally, Chapter 8

reviews our findings and discusses possible future avenues of work.

1.2 Mathematical formulation and basic ideas

In this thesis, we deal exclusively with photographic images of “natural” scenes. Here by

“natural” we mean the common everyday scenes that are the usual subjects of amateur digital

photography, and not images taken in specialized contexts such as astronomy, satellite imaging,

or even professional photography. More precisely, we assume that the scene being photographed

satisfies certain statistical properties, to be discussed in due course, that happen to be satisfied

by a wide range of scenes that might be informally described as “natural” scenes.

In this work, we mainly consider images degraded due to motion blur caused by camera

shake, and try to recover the original image from the degraded one. We optionally allow for

further loss of resolution of the image due to subsampling; this is considered only in Chapter 6

where we study the super-resolution problem. We exclude the subsampling operation from the

formulation here to avoid notational complexity, and discuss it in the relevant chapter.

4



If we assume that the scene remains static for the duration of the photograph and there is

no significant camera rotation, then the blur caused by camera shake can be described by a

convolution or filter. An observed blurred image b of dimension M ×N can be modeled as

b = k ⊗ `+ ε, (1.1)

where k is an m× n blur kernel or point spread function (PSF), ` is the (M + m)× (N + n)

“true” latent image we want to estimate, and ε is an M × N matrix of noise. Throughout

this thesis, we will interchangeably use ⊗ to mean either convolution, where an element of the

resulting blurred image is given by (excluding noise)2

(k ⊗ `)kl =
∑
i,j

`(k−i+1)(l−j+1)kij,

or filtering, where

(k ⊗ `)kl =
∑
i,j

`(k+i−1)(l+j−1)kij.

The difference matters for implementation and will be emphasized when necessary, but is

unimportant for the most part. We note here that convolution with k is same as filtering with

flip(k), and vice versa, where flip(k) is obtained from k by reversing the order of both rows

and columns. This simple observation, along with the notion of flip(k), will be useful later.

It is to be noted that we will generally take convolution to mean what is commonly referred

to as “valid” convolution, which retains only those pixels for which all relevant neighbors are

available. This has the consequence that the dimension of the observed blurred image b is

smaller that that of the latent image `. It is important to keep in mind that a useful math-

ematical technique to deal with convolutions, namely the result that Fourier transforms of

convolutions are products of Fourier transforms of the components, implicitly assumes that the

inputs are periodic, and fills in missing pixels by “wrapping” around the input image, which is

different from what we would get with valid convolution.
2In this thesis we use the notation xij to indicate the (i, j)-th element of the matrix x, instead of the more

standard xij , to avoid additional notation to represent elements of k ⊗ `, etc.
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Figure 1.2: Example of image blurring. The Blurred image (left) is the convolution of the blur
kernel or PSF (middle) and the true / latent image (right).

The observed blurred image can be a colored image or a grayscale image. Colored images

are usually represented as a combination of three channels (red, green, and blue). For such

images, we either assume that (1.1) holds for each channel separately, or that it holds after

transforming the color image to a grayscale image (e.g., using a standard conversion formula

such as Grey Image = 0.3× Red Channel + 0.59×Green Channel + 0.11× Blue Channel). In

practice, we adopt the second approach during estimation of an unknown blur kernel (blind

deconvolution), and the first approach during image reconstruction (non-blind deconvolution or

upsampling) to reconstruct each channel separately before combining them into a color image.

Additionally, we scale the input images so that elements of b between 0 and 1; pixel values

usually represented as integers between 0 and 255 are divided by 255.

Figure 1.2 demonstrates the blurring phenomenon, modeled as a convolution, through a

synthetically blurred image (without additional noise). The inference problem of recovering

the sharper “true” image ` from the blurred image b is known as the image deconvolution

problem. Image degradation can occur due to noise too, but we only consider the problem of

image deconvolution, potentially in the presence of noise.

For a given blurred image, the underlying point spread function or blur kernel k may or may

not be known. Depending on the availability of k, the deconvolution problem can be non-blind

deconvolution or blind deconvolution. We briefly describe these two problems here and review

them in greater detail in the next two chapters.
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Figure 1.3: The PSF of the flawed main mirror of the Hubble space telescope, as seen in the
image of an isolated star before the optics were corrected by a servicing mission. Image courtesy
Wikipedia.

Non-blind Deconvolution In non-blind deconvolution, the blur kernel k is known, and

the problem is to get an estimate of ` given b and k. Non-blind deconvolution methods have

long been used for astronomical images, and received particular attention after the launch of

the Hubble space telecope (HST) in 1990. Within weeks of the launch, the returned images

indicated a serious problem with the optical system. It turned out that the main mirror

in the HST had been ground imperfectly, creating slightly unfocused images. A subsequent

servicing mission in 1993 eventually corrected the distortion by adding another corrective optical

component. However, the images taken before this mission were affected by a PSF that was

well-characterized and stable, as seen in the image of an isolated star (that should have appeared

as a point source) in Figure 1.3. As it was possible for astronomers to calculate the PSF quite

accurately, these images were ideal candidates for the non-blind deconvolution problem, and

were in fact quite useful after being processed using deconvolution techniques. We review

several solutions of the non-blind deconvolution problem in Chapter 2.

Blind Deconvolution Deblurring a blurred image becomes more challenging when the blur

kernel is unknown, which is more common in practice. In the case of astronomical images,
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it is often possible to guess the PSF using the image of an isolated point source. However,

in day-to-day amateur photography, blur patterns can be different for every blurred image.

Specialized cameras can sometimes contain additional sensors to determine the blur pattern,

but access to such equipment is limited [43].

The main challenge in blind deconvolution is that the problem is ill-posed. As both ` and

k are unknown, there are more unknowns to estimate than the number of points in b, and as a

result, there are multiple solutions. For example, k1×1 = [1] and ` = b is an exact but useless

solution.3 To deal with this problem, additional structural assumptions about ` and / or k

are typically made. The relevant assumptions depend on the problem context; for example,

satellite images used for remote sensing may have different characteristics than medical images

or amateur digital photographs. For photographic images, it is natural to take a Bayesian

approach which assumes priors f(`) on the latent image and possibly f(k) on the kernel.

These approaches typically lead to some form of regularization. We review this approach in

Chapter 3 and discuss a specific method in further detail in Chapter 4. Our main contribution,

described in the subsequent chapters, is to generalize a particular prior on ` that was first used

successfully in this context by Fergus et al. [17].

1.3 Test images and kernels

We use a collection of eight unblurred test images and eight test kernels throughout this thesis

to illustrate various ideas and demonstrate the performance of various methods. The eight test

images are shown in Figure 1.4 and the eight blur kernels are shown in Figure 1.5.

The obvious advantage of working with such test images is that we can synthetically create

blurred images using any image-kernel combination, with or without additional noise, and

evaluate the performance of various deconvolution methods by comparing the recovered image

with the original. We have created three sets of synthetically blurred images, each consisting

of 64 such combinations.

The first set, shown in Figure 1.6, are exact convolutions of the test image and test kernel,
3This problem also arises in the non-blind deconvolution case, but is not as severe there.
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Figure 1.4: Eight unblurred test images. The first four images (top row) are from Levin et al.
[44]. The last four images (bottom row) are from our personal collection.

Figure 1.5: Eight test blur kernels, taken from from Levin et al. [44].
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without any additional noise other than rounding due to storage as 8-bit digital images. We

refer to this set as the “exact” synthetic setup.

To investigate the effect of noise, we also obtain two other sets of 64 test input images

where noise is added; if the intensity of a pixel in the corresponding “exact” blurred image is

an integer L between 0 and 255, it is replaced by X/S, where X is a Poisson random variable

with mean SL, rounded to the nearest integer between 0 and 255. This is a natural noise model

for the raw image. We refer to this as the “noisy” setup. Images generated with S = 100 are

shown in Figure 1.7. Although the noisy images are often visually indistinguishable, we will see

that naive methods often exhibit significant performance degradation for these noisy images.

Another set of even more noisy images generated with S = 10 are not shown here, but used to

illustrate the methods described in Chapters 6 and 7.

1.4 Priors on Natural Images

The main focus of our work is on a Bayesian image deconvolution approach that derives its

power primarily from the choice of prior it puts on the latent image `. It is thus important to

understand the kinds of priors that are used in such methods.

If the goal is to find a representative prior that may be used to model a diverse range of

natural scenes, it is not obvious what such a prior might look like, as it is rather difficult to

define what a “natural” image is and what commonalities they might have. The prior family

used for the latent image is motivated by the observation that when a band-pass filter is applied

to an image, the distribution of the output has a consistent and distinctive form across a wide

range of scene types, with the distribution sharply peaked at zero and relatively heavy-tailed.

In particular, this applies to wavelet coefficients [56, 70, 71] as well as image derivatives or

gradients [78].

This phenomenon is illustrated using the eight unblurred test images in Figure 1.8, which

shows the frequency distribution of horizontal gradients, that is, lag-1 differences along rows, of

the images. The vertical gradients (along columns) are not shown, but exhibit similar behaviour.

As noted above, the distribution of image gradients consistently have a sharper peak at zero
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Figure 1.6: Synthetically blurred images for all combinations of the eight test images (columns)
and eight test kernels (rows). There is no additional noise, except for the integer rounding
inherent in storing 8-bit images.
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Figure 1.7: Synthetically blurred images for all combinations of the eight test images (columns)
and eight test kernels (rows). Poisson noise (S = 100) is added to the exact blurred images
shown in Figure 1.6 as described in the text.
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Figure 1.8: Distribution of raw intensities and gradients (derivatives) across the eight test
images shown in Figure 1.4. Although the histograms of image intensity values vary consider-
ably in shape across images (top row), the histograms of horizontal gradients (lag-1 differences
along rows) are remarkably similar (middle row). The bottom row shows the histograms of the
horizontal gradients with log-transformed frequencies.

and heavier tails than a Gaussian distribution. To reflect this behaviour, the prior on ` should

be such that its gradients follow a similar distribution.

Prior on image gradients We henceforth refer to the distribution of gradients by π(x).

From a computational standpoint, a convenient assumption on π(x) is that it is a zero-mean

Gaussian, i.e.,

π(x) = 1√
2πσ

exp
(
− x2

2σ2

)
(1.2)

However, it is clear from the discussion above that this is not a reasonable assumption, and we

require better alternatives.

Sparse priors As can be seen from Figure 1.8, the distribution of image gradients is more

sparse (i.e., sharper peak at 0) and have heavier tails than a Gaussian distribution, and even

a Laplacian (double exponential) distribution. This effectively captures two common aspects

of the distribution of gradients of natural images that are not supported by the Gaussian

family: the more frequent values near zero captures smooth regions, and the more frequent

large values (in absolute magnitude) captures the sharper edges. Priors with these features are

often referred to as sparse priors, and a useful parametric family to model such priors is the
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so-called generalized or hyper-Lapacian distribution given by (upto scale)

fα(z) = α

2Γ(1/α) exp (−|z|α) , z ∈ R , (1.3)

for α > 0. This family reduces to the Gaussian distribution for α = 2 and the Laplacian

distribution for α = 1. Values of α ∈ [0.5, 0.8] have been empirically found to be appropriate

for natural images [43, 37]. We use both α = 2 and α = 0.8 for the results shown in Chapter 6.

Although these values may not be exactly appropriate for all input images, we usually find

that the image fidelity constraint (i.e., the requirement that the conditionial mean of b given `

should be close to k ⊗ `) plays a bigger role in determining the result than the choice of α.

In practice, the hyper-Laplacian prior is sometimes computationally difficult to work with,

and is often approximated by a mixture of zero-mean Gaussians (MOG), with

π(x) =
J∑
j=1

pj
1√

2πσj
exp

(
− x2

2σ2
j

)
,

J∑
j=1

pj = 1. (1.4)

where the pj-s are mixture probabilities and the σ2
j -s are the variances of the Gaussian com-

ponents. We will refer to such priors interchangeably as sparse or MOG priors, and use it for

the results shown in Chapter 7. We will also often compare the MOG model with the simple

Gaussian prior (1.2) which, although not as effective, is simpler to analyze and computation-

ally more convenient. The parameters of these priors, including the number of components in

the case of the MOG prior, are usually estimated from a library of “good” unblurred natural

images.

Prior on image It is not immediately clear how a prior on gradients can lead to a prior on

the original image `, as the horizontal gradients ([−1, 1]⊗`) and vertical gradients ([−1, 1]T⊗`)

must integrate to the same image ` and are therefore not independent. It would be more correct

to formulate the prior on ` as a Markov Random Field; however, it is simpler to pretend that

the horizontal gradients and vertical gradients are independent, and this approach works well

in practice.
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As the operation of taking gradients can be expressed as a taking convolutions with δh =

[−1, 1] and δv = [−1, 1]T , and convolutions commute, (1.1) gives

δh ⊗ b = δh ⊗ (k ⊗ `+ ε) = k ⊗ (δh ⊗ `) + (δh ⊗ ε), (1.5)

δv ⊗ b = δv ⊗ (k ⊗ `+ ε) = k ⊗ (δv ⊗ `) + (δv ⊗ ε) (1.6)

To keep notation simple, we will henceforth take the model

y = k ⊗ x+ n (1.7)

to represent both (1.5) and (1.6), where y is the gradient (either horizontal or vertical) of the

blurred image rather than the original blurred image itself, x is similarly the gradient of the

true latent image, and n is the gradient of the noise. For the blind deconvolution problem, all

computations are done separately for the two sets of gradients, and used to estimate a common

k assuming that the two gradients are independent.

With this background, it is now reasonable to assume that the image gradient x is a station-

ary process and that the prior marginal distribution for individual pixel elements xi is given by

the common density π(x). Existing methods additionally assume that the individual gradients

are independent. However, this assumption is not justified a priori, and in fact we demonstrate

in this thesis that the assumption of independence does not hold for most images. We instead

propose a more general dependent prior, and obtain an extension of the algorithm of Levin

et al. [45] that is fully adapted for the generalized prior when π(x) is Gaussian, and gives an

approximate solution when π(x) is sparse.

It is important to note that some earlier works on image deconvoluton used Markov random

field type priors to model the dependency [see, e.g., 6]. However such models are typically more

suitable for textured images. More recently, Roth and Black [64] have used Field of Expert

models which is an extension of traditional Markov random field model. They use a graphical

model and write the probability distribution as Gibbs distribution based on clique potentials.

Though this approach is better in terms of capturing dependency among nearby image pixels,
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such priors are complicated and difficult to use for practical purposes.

1.5 Convolution and discrete Fourier transform

We finish this chapter with a brief review of convolutions, discrete Fourier transforms, and their

properties, which we use throughout this thesis.

Recall that we use the ⊗ operator in the expression y = k ⊗ x to represent either two-

dimensional convolution or two-dimensional filtering. When ⊗ is taken to be a convolution, an

element of the result is

ykl =
∑
i,j

x(k−i+1)(l−j+1)kij,

whereas for filtering it is

ykl =
∑
i,j

x(k+i−1)(l+j−1)kij.

The map x 7→ k ⊗ x can be easily seen to be a linear transformation, and so in principle, it

can be expressed as a matrix operation. In other words, if we view x, y and k as vectors, and

denote the vector form of a matrix m by vec(m), we can write

vec(y) = vec(k ⊗ x) = Tk vec(x)

where Tk is known as the the convolution matrix corresponding to k. The structure of Tk is

easy to observe in one dimension, in which case it is a Toeplitz matrix with each non-zero

element of k contributing a non-zero diagonal. Specifically, suppose x = (x1, x2, . . . , xn)T and

k = (k1, k2, . . . , km)T are respectively n and m dimensional vectors, with m < n. Then the

convolution x 7→ k ⊗ x can be written as

y = k ⊗ x = Tx

16



where T is a n× n matrix whose transpose is given by

T T =



km 0 . . . 0 0

km−1 km . . .
... ...

km−2 km−1 . . . 0 0
... km−2 . . . km 0

k2
... . . . km−1 km

k1 k2
... ... km−1

0 k1 . . . k3
...

0 0 . . . k2 k3

... ... ... k1 k2

0 0 0 . . . k1



, x =



x1

x2

x3

...

xn



Essentially, the i-th row of T is

Ti,∗ = (0(i−1), km, km−1, . . . , k2, k1,0(n−m−i+1))

where 0(i) is a i-tuple with all 0 entries. If ⊗ is a filtering instead, then x 7→ k ⊗ x is written

as

y = k ⊗ x = Tx
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where the transpose of T is

T T =



k1 0 . . . 0 0

k2 k1 . . .
... ...

k3 k2 . . . 0 0
... k3 . . . k1 0

km−1
... ... k2 k1

km km−1 . . .
... k2

0 km . . . km−2
...

0 0 . . . km−1 km−2

... ... ... km km−1

0 0 0 . . . km



, x =



x1

x2

x3

...

xn



That is, the i-th row of T is given by

Ti,∗ = (0(i−1), k1, k2, . . . , km−1, km,0(n−m−i+1))

In the case of two-dimensional convolution of filtering, a similar property holds; i.e., the con-

volution matrix Tk is still a Toeplitz matrix, with diagonals corresponding to elements of k,

although they may no longer be contiguous, and the pattern depends on how x is vectorized.

An important practical issue in defining convolutions is the question of how to define it

at the boundaries. Several alternatives are available in typical software implementations, such

as padding by zeros or assume that the boundaries “reflect”. One particular choice that has

implications in the mathematical modeling is to assume that x is periodic, as this choice allows

us to use the convolution theorem relating convolution or filtering to discrete Fourier transforms

(see below). In practice, one often assumes the validity of the convolution theorem regardless

of the choice of boundary calculations, and some heuristic techniques are applied to lessen

undesirable computational effects.

The treatment of non-blind deconvolution and super-resolution in Chapter 6 handles bound-

ary issues more carefully by avoiding Fourier domain calculations. There the convolution matrix
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represents valid convolution, with suitable modifications.

1.5.1 Discrete Fourier transform

It is naturally of interest to solve linear equations of the form

Tk vec(x) = vec(y)

for the unknown x given y and k, and other similar related equations. If one can invert

Tk, x can be recovered from y as x = T−1y. For large images, inverting Tk directly can be

computationally costly. A popular and computationally efficient way to compute this inverse is

done in Fourier domain through the discrete Fourier transform (DFT) and its inverse (IDFT)

[13, 57].

In one dimension, given a (time-domain) signal x0, x2, . . . , xN−1 which is assumed to be

periodic, the discrete Fourier transform is defined by

X(u) =
N−1∑
n=0

xn · e−2πiun/N , u ∈ Z

Because of periodicity, evaluating X(·) in {0, 1, . . . , N − 1} is enough; e.g., taking m ≥ N such

that m ≡ m′ mod N , i.e., m = uN +m′,

X(m) =
N∑
n=1

xn · e−2πiω(uN+m′)/N

=
N∑
n=1

xn · e−2πiωue−2πiωm′/N

=
N∑
n=1

xn · e−2πiωm′/N = X(m′)

This definition can be generalized to higher dimension as follows. Given (spatial domain) data

xn1,n2,...,nd that is a function of d discrete indices nl = 0, 1, . . . , Nl − 1, where l is in 1, 2, . . . , d,
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the discrete Fourier transform is given by

Xu1,u2,...,ud =
N1−1∑
n1=0

ω u1n1
N1

N2−1∑
n2=0

ω u2n2
N2 · · ·

Nd−1∑
nd=0

ω udnd
Nd

· xn1,n2,...,nd

 ,

where ωN` = exp(−2πi/N`), the d output indices run from ul = 0, 1, . . . Nl − 1. This is

more compactly expressed in vector notation. If we define n = (n1, n2, . . . , nd) and u =

(u1, u2, . . . , ud) as d-dimensional vectors of indices from 0 to N − 1, which we define as

N − 1 = (N1 − 1, N2 − 1, . . . , Nd − 1), we have

Xu =
N−1∑
n=0

e−2πiu·(n/N)xn .

For our purpose, the dimension d = 2.

The following are some useful properties of Discrete Fourier Transforms that are easy to

verify for d = 1 also hold for general d. We state these properties without proof as they are

standard results.

1. DFT is an orthogonal transformation. The vectors vu = {e− 2πi
N
un : n = 0, 1, . . . , N − 1} is

an orthogonal basis over the set of N -dimensional complex vectors. Here,

v∗uvu = Nδuu′

where δuu′ is the Kronecker delta function.

2. DFT is linear and invertible. This leads to defining Inverse Discrete Fourier Transforma-

tion (IDFT). Considering the vector notations defined in definition of DFT, IDFT can be

described as a transformation as

xn = 1
N1N2 · · ·Nd

N−1∑
u=0

e2πiu·(n/N)Xu.

Note that IDFT is essentially the same as DFT apart from a normalizing constant.

3. In case of real input, DFT obeys symmetry. To illustrate, e.g., for d = 1, if x0, . . . , xN−1
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are real numbers, then for every u, XN−u = X−u = X∗u, whereX∗u is the complex conjugate

of Xu. Spatial symmetry also holds in higher dimensions.

4. The convolution theorem for the general Fourier transform also holds for DFT, assuming

convolution is computed assuming periodic signals.

Theorem 1.5.1 (Convolution Theorem) For two discrete arrays x and y,

DFT (x⊗ y) = DFT (x)�DFT (y)

where ⊗ denotes usual convolution and � represents element-wise multiplication.

In the case where ⊗ denotes filtering, we have

DFT (x⊗ y) = DFT (x)∗ �DFT (y).

1.6 Outline of thesis

We conclude this chapter with an outline of the remainder of this thesis. Chapter 2 reviews

methods for solving the non-blind deconvolution problem. This problem is relatively easy,

and we summarize several classical methods as well as some modern Bayesian approaches that

use sparse natural image priors. Blind deconvolution is a much more difficult problem to

solve, and techniques can widely vary based on the underlying assumptions. In Chapter 3, we

review various techniques that have been developed over the last few decades, emphasizing the

considerable progress enabled by the adoption of sparse priors in conjunction with the use of

variational Bayes methods. We proceed to discuss three specific techniques in further detail:

we describe some phase retrieval algorithms that attempt to reconstruct a signal from only

the magnitude of its Fourier transform; we provide an overview of the Bayesian maximum a

posteriori (MAP) approach; and briefly introduce the variational Bayes method. Chapter 4

delves into the details of the EM algorithm approach used by Levin et al. [45] which we use as

a benchmark.
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In Chapter 5, we motivate and describe a proposed generalization of the IID priors described

in the previous chapters. We do so by placing additional model assumptions not directly on the

image derivatives, but rather on their Fourier transforms. Chapter 5 also includes two related

simple applications of the generalized prior we propose: estimation of the unknown blur kernel

assuming symmetry, and estimation of the unknown kernel size from an observed blurred image.

Chapter 6 outlines a method to incorporate the generalized prior in a Bayesian approach

to non-blind deconvolution and super-resolution. In addition to the usual conjugate-gradient

approach, we also implement a direct solution using numerical sparse matrix libraries. This

gives more accurate results, and also allows further generalization to allow inpainting.

Chapter 7 outlines a general approach to modify the existing blind deconvolution algorithm

of Levin et al. [45] based on IID priors to use the dependent prior. The crux of the method is

an imputation step where given a current estimate of the blur kernel k, the observed blurred

image gradient y is used to estimate a transformed variable u that more closely follows the

IID prior model. The usual estimation then proceeds with this imputed gradient matrix. To

demonstrate the improvement facilitated by our proposed generalization, we use our approach

to modify the estimation procedure of Levin et al. [45], and apply it to synthetically blurred

images obtained by pairwise convolution of a set of test images and test kernels, with and

without additional noise. We also apply the method to a few real-life blurred images.

Finally, Chapter 8 provides a summary of the work presented in the thesis and discusses

future avenues of exploration. In particular, we note that the kernels estimated using the gen-

eralized prior are visibly sparser and cleaner compared to the kernels estimated using the IID

prior, suggesting that the generalized prior leads to concrete improvement in the estimated

kernels. However, we also note that improvement in the recovered unblurred images, as mea-

sured by comparison with the true latent image in experiments with synthetic images, is usually

nominal in absolute terms for a given non-blind deconvolution method, whereas choosing the

generalized prior in the non-blind deconvolution step improves the result much more substan-

tially. Overall, it seems useful to consider using such dependent priors in other problem areas

and methods that currently make use of IID priors for natural images.

22



Chapter 2

Review of non-blind deconvolution

methods

2.1 Non-blind deconvolution

The non-blind deconvolution problem has a long history in image processing research, with

applications particularly in the field of astronomy. The most well-known of the classical solu-

tions is the The Richardson-Lucy algorithm [63, 47] which can be viewed as an example of the

expectation-maximization (EM) algorithm. For a detailed review of available approaches and

methods, we refer the reader to Starck et al. [73].

For our purposes, non-blind deconvolution is important as the second step in blind decon-

volution, where the kernel estimated in the first step is used to recover the unblurred image

from the observed blurred image. With this application in mind, we briefly review some basic

approaches to non-blind deconvolution without going into too much detail.

2.1.1 Non-blind deconvolution by direct inversion

A direct and crude method to carry out the non-blind deconvolution problem is to invert the

convolution operation. Consider the convolution model (with ⊗ denoting filtering)

b = k ⊗ ` (2.1)
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where b is the observed blurred image, k is the known blur kernel, and ` is the latent image to

be recovered. Recall from Section 1.5 that we can rewrite this as a matrix equation of the form

Tk vec(`) = vec(b).

Since Tk is known in the case of non-blind deconvolution, we can in priciple solve for vec(`)

provided the system is not under-constrained. A direct solution maybe computationally expen-

sive in practice, and it is more common to invoke the convolution theorem (Theorem 1.5.1) and

take advantage of efficient algorithms to compute DFT (this assumed a specific form of the con-

volution, as discussed earlier). Specifically, if capitalized versions represent Fourier transforms

for the matrices in (2.1), we have

B = K∗ �L =⇒ L = B �K∗ =⇒ ` = IDFT(B �K∗)

where, � and � denote elementwise multiplication and division respectively, IDFT stands for

inverse discrete Fourier transformation, and K∗ is complex conjugate of K. This is compu-

tationally efficient as DFT (and IDFT) can be computed in O(n log n) time, where n is the

number of elements in the matrix.

Problems with this approach This method completely ignores possible noise in the ob-

served image. Not surprisingly, it is quite unstable in the presence of noise, in which case the

estimated unblurred image has the form

ˆ̀ = IDFT(B �K∗ −N �K∗).

where N is DFT of noise n. If |K| is small compared to |N |, the effect of noise is amplified

making the solution unstable. We demonstrate this effect using the synthetically blurred com-

binations of test images and test kernels described in Section 1.3. In Figure 2.1 we explore the

performance of direct deconvolution algorithm when no noise is present. As we can see the

performance of this algorithm is not good even when there is no noise in the image. In pres-
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Figure 2.1: Results of non-blind deconvolution using the direct inversion method for all image-
kernel combinations shown in Figure 1.6 without additional noise.
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Figure 2.2: Results of non-blind deconvolution using the direct inversion method for all image-
kernel combinations shown in Figure 1.7 with additional noise (S = 100).
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ence of noise, the performance deteriorates even further, as seen in Figure 2.2 where Poisson

noise is added to the blurred image, although the deterioration is not significant as the noise is

relatively low.

2.1.2 Wiener Filter

To counter the problem encountered in presence of noise, a more robust model is proposed by

Wiener [84]. Consider the filtering model including noise given by

b = k ⊗ `+ n

Using Theorem 1.5.1, this is equivalent to (for every DFT frequency ω)

Bω = K̄ωLω +Nω

or equivalently,

B = K∗ � Y +N

To estimate L from B, we try to find an inverse filter G such that

L̂ω = GωBω,

where Gω minimizes E(‖Lω − L̂ω‖2). Assuming Sω = E(|Lω|2) and Vω = E(|Nω|2) can be

estimated for every ω, we can find an optimal G, known as Wiener Filter, which is given by

Gω = Kω

|Kω|2 + Vω
Sω

.

Sω and Vω should be estimated from natural images and preferable noise models; see, e.g., Russ

[66] for details.

An immediate problem of the Wiener filter is that when the signal to noise ratio Sω
Vω

is very

large, that is the signal is very strong compared to the noise, the Wiener filter reduces to the
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direct DFT filter. Correctly estimating Sω is critical for good results, and there is no ‘ideal’

choice of Sω which can be used for all images. Overall, the Wiener filter tries to trade off the

restoration by inverse filtering and suppression of noise for those frequencies for which |Kω| is

close to zero. The scope of the Wiener filter is limited in the problem of image deconvolution

due to poor performance. For the most part, it is used as a basic tool in image denoising, but

technically this can be used as a deblurring tool as well.

2.1.3 Constrained Least Square (CLS) filter

While noise amplification is a problem with inverse filter, estimation of power spectrum of

“ideal” image is problematic for Wiener filter. As a possible solution, constrained least square

estimation is proposed. The idea was first proposed by Hunt [31]. Note that, if a restoration

of unknown image `, say ˆ̀, is good, ideally, ˆ̀⊗ k should be close to b. In case of inverse filter

they are made to be exact which leads to the problem of noisy output. It is more reasonable to

require |bij−(k⊗`)ij|2 = σ2
ij for some “errors” σ2

ij, which often assumed to be the same for every

(i, j). There may exist many solution of this optimization problem, hence some regularization

is required. Keeping in mind that the inverse filter tends to amplify the knowledge, our aim

should be to prefer “smooth” solutions. Consider any high pass filter c, e.g. c can be the

Laplacian filter 
0 1 0

1 4 1

0 1 0


In constrained least square method we try to minimize

||c⊗ ˆ̀||2

subject to the constraint |bij − (k ⊗ `)ij|2 ≈ σ2
(ij) for every (i, j). This optimization problem

can be written as

min
`
‖b− k ⊗ `‖2 + α‖c⊗ `‖2. (2.2)
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It can be directly solved in Fourier domain, giving the deconvolution filter

GCLS
ω = Kω

K̄ωKω + αC̄ωCω

where α is some tuning parameter. One can theoretically calculate the tuning parameter from

the constraint of the above optimization problem, but in general it is left as a user defined

tuning parameter.

2.1.4 Total Variation based image restoration

There are several other ways to put a constraint on the optimization problem, a popular one

is based on total variation. In this method we try to optimize

ˆ̀ = arg min
`

L(`)

where L(`) = ||b− k ⊗ `||2 + αTV (`). TV or Total Variation is defined as

TV (`) =
∑
i,j

√
(δh ⊗ `)2

i,j + (δv ⊗ `)2
i,j (2.3)

where, δh and δv are the operators corresponding to horizontal and vertical first order differences,

i.e., (δh⊗`)i,j = `i,j+1−`i,j and (δv⊗`)i,j = `i+1,j−`i,j. α is some user defined tuning parameter.

The optimization is performed using iterative methods.

2.1.5 Richardson Lucy Algorithm

Bayesian methods are widely used in deconvolution problems. The Richardson-Lucy Algorithm

is one early example of a Bayesian iterative method, although it can be viewed as a likelihood

maximization approach as well. The Richardson-Lucy algorithm formulates the deconvolution

problem as a missing data problem and solves it using the expectation-maximization (EM)
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algorithm [50]. Photon noise is often modeled using Poisson model. Consider the blur model

b = k ⊗ `+ n

with k known. We try to frame this as a missing data model and successively apply EM-

algorithm to get some solution. Define the latent data

z(kl)(ij) = Contribution of `kl in bij .

The complete data model is given by

z(kl)(ij) ∼ Poi( `kl k(k−i+1)(l−j+1) )

The goal is to maximize the likelihood based on an IID Poisson model which is given by

`(`|b,k) =
∏
i,j

e−(`⊗k)ij (`⊗ k)`ijij
`ij!

(2.4)

In the E-step we compute the expectation of the log likelihood given the current estimates `(t)

of the parameters, which reduces to computing

ẑ(kl)(ij) = bij

 `
(t)
kl k(k−i+1)(l−j+1)∑

k′l′
`

(t)
k′l′k(k′−i+1)(l′−j+1)



The M-Step then yields
ˆ̀(t+1)
kl =

∑
i,j

ẑ(kl)(ij)
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Combining we get,

`
(t+1)
kl = `

(t)
kl

∑
i,j

bij k(k−i+1)(l−j+1)∑
k′l′
`

(t)
k′l′k(k′−i+1)(l′−j+1)


= `

(t)
kl

∑
i,j

[
bij

(`(t) ⊗ k)ij
kk−i+1,l−j+1

]

= `
(t)
kl ·

(
b

`(t) ⊗ k
⊗ k

)
kl

where the division is interpreted as being element-wise. Although a direct computation of

these updates are computationally costly, convolutions can be computed efficiently using DFT,

making this a very attractive approach. Figure 2.3 demonstrates performance of Richardson

Lucy algorithm on blurred images when no noise in present and Figure 2.4 when noise is present.

While the Richardson Lucy algorithm performs quite well in many situations, it is suscep-

tible to boundary artifacts without further modifications, and also tends to result in ringing

artifacts in many cases, especially if the kernel is misspecified.

2.2 Bayesian approaches

Given an independent and identically distributed sample X = (x1, x2, . . . , xn) from a density

fθ, with an unknown parameter θ ∈ Θ, the associated likelihood function is

`(θ|X ) =
n∏
i=1

fθ(xi) (2.5)

This likelihood is the pricipal quantity of the information provided about θ by the sample

X . Instead of optimizing the likelihood function directly, in Bayesian approach, the likelihood

is modified into a posterior distribution on Θ defined by

π(θ|X ) = `(θ|X )π(θ)∫
φ∈Θ

`(φ|X )π(φ)dφ
(2.6)

The factor π(θ) is the prior, a concept we already discussed. The posterior probability can
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Figure 2.3: Results of non-blind deconvolution using the Richardson-Lucy algorithm for all
image-kernel combinations shown in Figure 1.6 without additional noise.
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Figure 2.4: Results of non-blind deconvolution using the Richardson-Lucy algorithm for all
image-kernel combinations shown in Figure 1.6 with additional noise (S = 100).
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also be thought of as the following

Posterior probabiliity ∝ Likelihood × Prior probability (2.7)

2.2.1 MAP estimation

In the context of Bayesian statistics maximum a posteriori estimation involves optimizing pos-

terior density with respect to unknown population parameter(s). By optimizing, we refer to

finding mode of the posterior density. Basically try to optimize (2.6) with respect to θ as

θ̂MAP = arg max
θ
π(θ|X ) (2.8)

Solving such optimization problem can be hard, as finding the posterior distribution in closed

form is often difficult, if at all possible. In the context of image deconvolution, we shall face

the problem where the posterior cannot be evaluated explicitly. There are several way to

tackle this, some popular ones being Conjugate Gradient method, Expectation Maximization

algorithm (EM Algorithm), and simulated annealing. We briefly describe these methods in the

remainder of this section.

Conjugate Gradient Method

Suppose we want to solve the syetem of linear equation

Ax = b (2.9)

Here A is a known symmetric, positive definite matrix, b is known and x is the unknown

quantity we want to find. There are two general ways of solving this problem.

Direct solution: Two vectors u and v are conjugate (with respect to A) if

uTAv = 0
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Using the fact that A is symmetric and positive definite, write the above in terms of inner

product as,

〈u,v〉A := 〈Au,v〉 = 〈u, ATv〉 = 〈u, Av〉 = uTAv

Consider a set of mutually conjugate vectors v1,v2, . . . ,vn. They form a basis for Rn, so a

solution of the linear equation (2.9) can be written as linear combination of these basis vectors.

If x0 is a solution, write,

x0 =
n∑
i=1

αivi

For any k ∈ {1, 2, . . . , n}, write,

Ax0 =
n∑
i=1

αiAvi

vkAx0 =
n∑
i=1

αivkAvi

vTk b =
n∑
i=1

αi〈vk,vi〉A

Using, the fact 〈vk,vi〉A = 0 for k 6= i, we get

αk = 〈vk, b〉
〈vk,vk〉A

for every k = 1, 2, . . . , n. While this method is straightforward, for large n, finding all the

conjugate vectors vk can be a costly operation. So approximate iterative methods are more

popular in such scenario.

Iterative solution Suppose x0 is some initial guess, without loss of generality x0 = 0,

otherwise, consider the system Az = b − Ax0 instead. Starting from x0 we successively

improve the estimate to get the final estimate. If x∗ is the final solution of the system of linear
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equation, it can be shown that x∗ is the unique minimizer of the quadratic function

ψ(x) = 1
2x

TAx− xTb , x ∈ Rn (2.10)

Next a gradient descent method is used to find the basis vectors. First, compute the

gradient value of (2.10) at starting point x0 which is Ax0 − b and the first basis v0 is taken to

be the negative of the gradient value as b− Ax0. Now an algorithm similar to Gram-Schimdt

orthogonalization is used to find out rest of the orthogonal basis iteratively as follows:

Given vk and the solution at k-th stage xk, define residual

rk = b− Axk

Basically, rk is the negative gradient of ψ at x = xk. Moving in the direction of gradient under

the orthogonality condition, the solution at k + 1-th stage is given by

xk+1 = xk + αkvk

where,

vk = rk −
∑
i<k

〈vi, rk〉A
〈vi,vi〉A

It is generally not required to go upto n-step. After certain stage norm of rk becomes negligible.

This is used as a stopping criterion of the algorithm.

Expectation Maximization algorithm

The Expectation Maximization (EM) algorithm is due to Dempster et al. [14] who proposed

an algorithm to find out MAP estimate framing the problem as a missing data problem. Sup-

pose, we are given data X = (x1, x2, . . . , xn) coming from some distribution fθ where θ is the

parameter of interest. Suppose Z is some set of unobserved (latent) data in the model (see
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subsection 2.1.5 for an example). The marginal likelihood of X is given by:

`(X|θ) = fθ(X ) =
∑
Z

fθ(X , Z)

Here, `(θ;X , Z) = fθ(X , Z) is called complete data likelihood. Aim is to optimize this likelihood

with respect to θ. In practice, often finding the marginal likelihood becomes tricky as values of

Z might become very large. So an iterative approach, consisting of two steps, is proposed.

E Step: At t-th stage, given some current estimate of θ say θ(t), calculate the expected (with

respect to the conditional density of Z given X ) value of the (complete data) log likelihood

function as

Q(θ|θ(t)) = EZ|X,θ(t)(log `(θ;X , Z))

M Step: Find the parameter that maximizes Q.

θ(t+1) = arg max
θ

Q(θ|θ(t))

Iterate between these two steps until the change in the likelihood is insignificant. In their work

Dempster et al. [14] showed that in each step of the algorithm, the likelihood function should

increase. However there is always a chance that the algorithm converge to a local maxima

which is a serious problem specially at higher dimension. So the choice of starting point plays

an important role in the success of EM algorithm.

In context of blind deconvolution, to find MAP estimate, EM algorithm is one of the most

popular methods. We shall discuss some of those methods in the latter sections.

Simulated Annealing

Suppose we have data X ⊂ Ω from some coming density fθ. Our aim is to find some Y ⊂ Ω

which maximize the conditional density π(Y|X ). Using Bayes’ theorem, we can write,

π(Y|X ) ∝ `(Y|X ) · π(θ) (2.11)
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where, `(Y|X ) is the likelihood function. In simulated annealing method, define a density

πT (Y|X ) ∝ (`(Y|X ) · π(θ))1/T (2.12)

In (2.12) T > 0, is often referred to as “temperature” of the annealing process. Note that, if

T →∞, (2.12) is an uniform distribution on the sample space Ω, if T = 1, (2.12) corresponds

to (2.11), if T → 0, (2.12) becomes concentrated around the mode of the conditional density

(assuming the distribution is unimodal), which is basically the MAP estimate.

Provided we can simulate from Y|X , letting T → 0 slowly, we can find some MAP estimate.

Unfortunately, such simulation are rarely possible as it is not obvious to simulate from such

densities. In general, it is relatively easy to construct the transition matrix QT of a discrete

time Markov chain, with state space Ω and limit distribution (2.12). In simulated annealing,

a time imhomogeneous Markov chain with transition matrix QT is run where T is extremely

slowly decreased to 0 following a “temperature” schedule.

However, the simulated annealing method, and in general methods based on Markov random

fields, are more appropriate in the case of textured images (e.g. satellite images). See e.g. Besag

[6] for application of simulated annealing method in finding MAP estimate in context of satellite

(textured) images.

2.3 Non-blind deconvolution: modern approaches

Recent research on image restoration has focused on Bayesian based approaches. While we

already discussed Richardson Lucy algorithm which is one of the oldest algorithm in that

direction, here we shall discuss a few algorithms due to Levin et al. [42] which are mostly based

on concepts we have discussed in the last section.
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2.3.1 Direct MLE using gradient descent

Consider the standard deconvolution model

b = k ⊗ `+ n

Assume n ∼ N(0, η2I), where η2 is known. Then the negative log likelihood (ignoring con-

stants) is given by

−2 log `(b|`,k) = ||b− k ⊗ `||2

Aim is to minimize the negative log likelihood as

ˆ̀ = arg min
`
||b− k ⊗ `||2

= arg min
`
||b− Tk`||2

where, Tk is the convolution matrix corresponding to k. Again ignoring terms independent of

`, this minimization problem can alternatively written as

min
`
`TT Tk Tk`− 2bTTk`

Note that this has the same form as (2.10) which can be iteratively solved using conjugate

gradient method.

Solving the quadratic equation above is equivalent to solving a linear equation

A` = b

where, A = T Tk Tk and b = T Tk `. If the convolution is taken to be periodic, then Tk is is

circularly symmetric, and in Fourier domain, this can be written as (for each ω)

|Kω|2 ·Lω = K̄ω ·Bω =⇒ Lω = Bω

Kω

.
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So this method is basically equivalent to the inverse DFT method, and hence has several

drawbacks as discussed earlier, the major ones being amplified noise in the output image. To

handle those, we introduce some priors on the image domain.

2.3.2 Prior on latent image

Assume an IID prior on image gradient given by

π(`) ∝ exp
−α∑

i

∑
k∈{v,h}

ρ(δk ⊗ `)i



where, i runs over pixels, δk’s are (first order) derivative kernels, α > 0 is some constant, ρ(·) is

some function, (e.g. ρ(z) = |z|2 corresponds to Gaussian prior). To find MAP estimate, with

IID Gaussian assumption of noise, write the posterior density as

π(` | b) ∝ `(b | `)π(`)

where, `(b|`) is the likelihood of b given `. In a similar fashion, this problem can be written as

an optimization problem

max
`
`(b|`)π(`) = arg min

`
||b− Tk`||2 + λ

∑
i

∑
k

ρ(Tδk`)i

where, Tδk is convolution matrix corresponding to δk and λ is some (known) constant. If

ρ(z) = |z|2, i.e. a Gaussian type likelihood on latent images is assumed, this problem reduces

to solving a system of linear equations

A` = b

where, A = T Tk Tk + λ
∑
k T

T
δk
Tδk and b = T Tk `. Gradient descent methods can be used to solve

this problem. When ρ(z) = |z|α where α 6= 2, the problem is no longer convex and it can

not be optimized in a closed form. Levin et al. [42] have proposed an IRLS method to solve

such problems. We postpone a discussion of this method to Chapter 6 where we propose a

generalization of this method.
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2.4 Super-resolution as a generalization of deconvolution

The goal of super-resolution (SR) is to recover a high resolution (HR) image from one or

more low resolution (LR) images. The higher the resolution of an image, the better the

details of an image is captured. The image resolution is determined by the image sensors

(CCD/CMOS/AMS) and optics. However, capturing high resolution images can be costly in

many situations, so it remains an important problem to reconstruct high resolution image from

low resolution image(s). In medical images, often several LR images of an organ are captured.

Application of SR techniques is quite popular there. Additionally, in remote sensing, recon-

struction of HR images from several LR images is common. Another example is images / videos

captured in a survillence camera. In this case, often a single frame of some event is captured,

and it is an important problem to recover a HR image from this LR frame. In this work, we

shall focus on the problem of reconstructing HR image from a single available image. This

problem is known as Single Image Super Resolution or simply Super Resolution.

Recovering a high resolution image from a single low resolution image is a severely ill-posed

problem. Suppose we have a latent image `, from which we obtain an observed image b. In

the case of super-resolution, the resulting image is downsampled by an (integral) factor of f by

retaining every fth row and column and dropping the rest; the resulting image is denoted by

d↓f (`). Mathematically,

b = d↓f (`) + ε

where ε represents independent noise that is usually assumed to be Gaussian. However, it is

common to include a (small) blur kernel k to model camera optics before the downsampling

operation, and thus the observed b is modeled as

b = d↓f (k ⊗ `) + ε.

This process can thus be viewed as a generalization of image convolution.

Although not emphasized in the description above, this general model (incorporating both
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convolution and super resolution) can be viewed as a linear process

vec(b) = A vec(`) + vec(ε),

where A depends on k and f . In the case of super resolution, the size of b is smaller than that

of ` by a factor of f in each dimension, and thus A has many more columns than rows, making

the corresponding least squares problem under-constrained. A somewhat subtle but important

issue is the effect of k on the size of b relative to that of `. Suppose that each element (pixel)

of k ⊗ ` is a k-weighted average of a patch of ` centered around that pixel. For pixels near

the boundary of k⊗ ` where this patch exceeds the limits of `, the result cannot be computed

because it involves unknown values. If we assume that k ⊗ ` contains only the elements that

can be computed from `, without assuming any values outside the boundary, then b will have

fewer rows and columns than ` because some boundary pixels will be dropped.1 This also

leads to A having fewer rows than columns, although the disparity is not as severe as for super

resolution. The Bayesian approach employed in this thesis is a common and natural approach

to tackle this problem.

2.4.1 Previous work on Single Image Super Resolution

The problem of single image super resolution has been well-studied over the past two decades.

One of the easiest and most commonly used approach is to apply interpolation types techniques

to low resolution images to increase the resolution. In this regard, bicubic interpolation pro-

posed by Keys [35] is one of the most useful methods. The main advantage of this method

was its low computational cost. Further development on cubic interpolations are summarized

in Maeland [49] and Parker et al. [58]. A B-spline based interpolation was proposed by Unser

et al. [82]. However, such methods often result in blurring of image edges and image details.

Schultz and Stevenson [67] proposed a method for nonlinear image expansion which preserves

the discontinuities of the original image, producing an expanded image with improved defini-

tion.
1As noted earlier, this is commonly referred to as valid convolution.
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One way to improve the image edges and details is to introduce priors on the latent image

and solve the problem in a Bayesian setup. An early work using such an approach is by Sun

et al. [74] who propose a Bayesian framework to hallucinate a HR image from a LR image

based on primal sketch prior. In their approach, they first interpolate a LR image to a low

frequency image using bicubic interpolation. Next they use a primal sketch prior which is

learned from a set of training data. This prior tries to capture the statistical relationship

between a HR and a LR image. With this prior they find the MAP estimate of the HR image,

which they refer to as the hallucinated HR image. Finally they correct the hallucinated image

with a reconstruction correction. The approach of mapping input low resolution image to a

target high resolution image has been popular since then. Kim and Kwon [36] used kernel ridge

regression. To reduce computational complexity, they proposed a sparse solution combining the

ideas of kernel matching pursuit and gradient descent. Sun et al. [75] tried to learn the relation

between image gradient profile of high and low resolution images and motivated gradient profile

prior which reduced ringing artifacts in image reconstruction. In learning based approaches,

Yang et al. [87] proposed a method based on sparse signal recovery. Freeman and Liu [20]

used a Markov random field based approach to understand the relation between high and low

resolution images. Data driven or dictionary based approaches have become popular in the last

few years [29, 15]. With advancement of computing technologies, graphical models have also

become increasingly popular.

An important aspect of single image super resolution is the reconstruction constraint, which

refers to the idea that downsampling a reconstructed high resolution image should closely match

the input low resolution image. Efrat et al. [16] note that the image reconstruction constraint

has received relatively little attention in many super resolution methods, and argue that the

reconstruction constraint is at least as important as the image prior. They explored the effect

of incorrect blur model on SR algorithms and the comparative effect of blur model with image

prior, and showed that a combination of a simple image prior, namely IID Gaussian or sparse

image gradients, with an accurate blur model gives results as good as state of the art SR

algorithms. They empirically examined the sensitivity and specificity of several SR algorithms
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to the accuracy of the estimated blur kernel, and demonstrated that the success of SR algorithms

heavily depend on the correctness of the estimation of blur kernel; incorrect estimation of the

blur kernel results in over-smoothed images or images with artifacts.
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Chapter 3

Review of blind deconvolution methods

The problem of image deconvolution is more difficult when we do not have any information on

the blur kernel or point spread function. Recall that we generally model image convolution as

b = k⊗ `+ ε, where both the blur kernel k and the latent image ` are unknown, and we only

observe the blurred image b. Here ε is a noise term whose distribution is generally assumed to

be known. Suppose the size of ` is M ×N and that of k is m× n. Then the total number of

unknown parameters is MN +mn, which is larger than the size of b, generally taken to be the

same as that of `. Unless we use some kind of regularization, usually in the form of a Bayesian

prior, we cannot hope to get well-behaved estimates of `.

3.1 Overview of previous work

The problem of blind image deconvolution has been of long-standing research interest. Several

early approaches attempted to solve the problem by putting constraints (e.g., non-negativity)

on the latent image and blur kernel [1, 88, 80]. Katsaggelos and Lay [34] took an expectation-

maximization (EM) approach, treating the latent image as missing data with a Gaussian prior.

Molina et al. [53] used a Dirichlet distribution to model prior knowledge about the blur kernel,

together with smoothness constraints on the latent image. For a review of then current blind

deconvolution approaches, see Kundur and Hatzinakos [38] and Kundur and Hatzinakos [39].

Another approach is to assume specific parametric forms on the blur kernel, but make
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very mild assumptions about the latent image. For example, a Gaussian blur model may be

appropriate for atmospheric blur in satellite images used for remote sensing, or linear motion

blur models may be appropriate when the camera is in uniform motion. An interesting approach

is that of Hall and Qiu [26], where a parametric model is assumed for the blur kernel, but

not for the latent image. The method assumes that the image includes sharp edges (lines of

discontinuity in image brightness), and tries to find the kernel that results in edges that are as

sharp as possible. Qiu [61] assumes milder conditions on the blur kernel, but still requires it to

be circularly symmetric or confined to one specific direction. For the latent image, the method

only assumes that it has one or more regions in which line edges are surrounded by uniform

backgrounds, which holds, for example, for handwritten text or test patterns used for camera

calibration. Hall and Qiu [27] propose a non-iterative estimate of the blur kernel with minimal

assumptions on the kernel, but requires that the true image be known, which is again useful for

camera calibration using a test image. While significant from a theoretical persepective, none

of these methods are applicable to the kind of complex non-symmetric blur patterns seen in

amateur photography where the latent image is also completely unknown.

An important landmark in the development of blind deconvolution algorithms for natural

images is the adoption of variational Bayes approximation methods, such as that of Likas and

Galatsanos [46], who view the variational approximation approach as a generalization of the

EM algorithm, using it with Gaussian priors. See Tzikas et al. [81] for an introduction to the

variational Bayes approach, and Ruiz et al. [65] for a review of applications in the domain of

blind image deconvolution.

Another important ingredient in developing successful blind deconvolution algorithms for

photographic images is the use of natural sparse image priors [56, 71, 78] for blind image

deconvolution [8, 41]. Fergus et al. [17] achieved particularly remarkable success by combining

the variational Bayes approach with a sparse image prior, approximating the sparse prior by

a mixture of Gaussians to make the problem computationally tractable. Natural image priors

have also played an important role in a related class of problems known as super-resolution;

see Efrat et al. [16] and references therein.
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Several subsequent approaches, some of which have considered non-uniform motion blur as

well, have adopted similar Bayesian approaches [32, 68, 12, 69, 33, 11, 85, 2]. Many of these

are examples of what Levin et al. [44] refer to as the MAPx,k approach, where given priors

on parameters x and k and a conditional distribution f(y | x,k) for the observed data y,

one tries to maximize the posterior f(x,k | y) jointly with respect to x and k to obtain the

joint estimate of (x,k). However, Levin et al. [44] show that the MAPx,k approach tends to

favour the trivial solution x = y,k = 1, and instead suggest the MAPk approach where the

one maximizes f(k | x,y) to estimate only k, subsequently using a non-blind deconvolution

algorithm to estimate x from y and the estimated k. In fact, Fergus et al. [17] is one example

of thisMAPk approach, and their method has been subsequently simplified by Levin et al. [45].

In this thesis, we focus on the natural image prior used in these methods, and our main

contribution is to motivate a generalization and adapt it to the method of Levin et al. [45].

As such, no further work on blind image deconvolution is needed to understand this work.

However, blind image deconvolution is an active research area and many subsequent advances

have been made, particularly for blind deconvolution of images with non-uniform blur [25, 83,

86]. Interesting alternative approaches have been proposed by Sun et al. [77] based on an

edge-based “patch prior” and Michaeli and Irani [51] based on patch recurrence. More recent

work has focused on the use of deep learning techniques [76, 9, 24] and have included some

kernel-free methods [55, 62]. Lee et al. [40] have used robust statistical techniques for blind

deconvolution of astronomical images.

In the remainder of this chapter, we briefly discuss some particular topics that will be

relevant for our work. Section 3.2 discusses some methods that attempt to recover k from

an estimate of the magnitude of its Fourier transform |Kω| (which has an obvious estimate).

Section 3.3 gives an outline of the general Bayesian maximum a posteriori approach adopted

by several image deconvolution methods. Finally, Section 3.4 introduces the basic ideas of the

variational Bayes approach which has also been critical in the implementation of many image

deconvolution methods. We postpone a fuller discussion of the method of Levin et al. [45],

which we use as a basis for our implementation, to the next Chapter.

47



3.2 Phase retrieval

The blind image deconvolution problem and the usefulness of an image prior can be easily

demonstrated in the Fourier domain. Recall that by the Convolution theorem, the image

domain model (where ⊗ denotes filtering, not convolution)

y = k ⊗ x+ n

can be rewritten in the Fourier domain as

Yω = K̄ω ·Xω +Nω, (3.1)

where the model holds pointwise for each frequency pair ω. Figure 3.1 shows log-transformed

modulus of the Fourier coefficients obtained from the 64 synthetically blurred test images

described in Chapter 1. It is obvious from these plots that the modulus of the DFT coefficients

carry information about |Kω| and hence k, although unfortunately information about the phase

(argument) of Kω is not contained in Yω. We discuss the implications of this formulation in

further detail in Chapter 5, but note here that the ω-wise maximum likelihood estimate of |Kω|

is easily seen to be given by

|K̂ω| =

√
max(0, |Yω|2 − η2)

σ
, (3.2)

where σ2 is the variance of Xω and η2 is the variance of Nω. One possible avenue to estimate

k is thus to find a solution for which the Fourier magnitude matches this maximum likelihood

estimate.

In principle, it is possible to recover k from only the magnitude of its Fourier transform

since k is positive valued [28]. However, this relationship is highly non-linear, making the

reconstruction difficult. One of the first attempts in recovering phase from a given magnitude

of a Fourier transform is by Gerchberg and Saxton [21] where through an iterative algorithm

phase is retrieved from a pair of magnitudes. Their algorithm can be rewritten to use in case

of recovering phase from a single set of amplitudes. The modified algorithm consists of the
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Figure 3.1: Plot of modulus of Fourier coefficients corresponding to synthetically blurred exact
test images in Figure 1.6. The x and y coordinates represent frequency (from 0 to 2π); intensity
(black = low, white = high) represents log-transformed modulus of the corresponding Fourier
coefficient. The top row corresponds to DFT of the horizontal gradients of the eight unblurred
test images. The left row corresponds to DFT of the eight test kernels, after padding with
zeros. The remaining plots correspond to DFT of the horizontal gradients of the blurred
images obtained by convolving the corresponding test image and the test kernel.
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following steps:

1. Initialization: Begin with an initial estimate of the image domain function to be estimated.

2. Get Fourier transformation of the current (image domain) estimate of the function to be

estimated.

3. Replace the modulus of the Fourier transform obtained in the previous step with the

available magnitude of the object. Use this as a new estimate of the Fourier transform of

the object.

4. Obtain the inverse Fourier transform of the object to get an image domain estimate of

the object.

5. Modify the image domain estimate to satisfy image domain constraints such as positivity.

6. Use this estimate as the new current estimate in step 2.

7. The iteration continues until the computed Fourier transform satisfies all image domain

constraints, or the mismatch error is below some tolerence level.

If |F | is the magnitude of the Fourier transform under consideration and g is some initial

estimate of it, then Figure 3.2 gives a block diagram explaining the modified Gerchberg-Saxton

algorithm.

Current Estimate (g) G = DFT(g)

Satisfy Fourier constraints

G′ := |F |eiφg′ = IDFT(G′)

Satisfy image constraints

Figure 3.2: Sketch of Gerchberg-Saxton algorithm

A major problem of this algorithm is its convergence rate. It is generally seen that the

convergence rate of the algorithm is very fast in the first few steps, but then slow to get to a
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good final result. Some modifications have been proposed to get better convergence rates; one

such well-known modification is due to Fienup [18] who proposes three different approaches to

tackle the problem of slow convergence.

The Gerchberg-Saxton error-reduction algorithm described above is a greedy algorithm,

as at each step, the current estimate is modified to satisfy all the image domain constraints

of the problem. Enforcing such a strict condition on the estimate in each step is one of the

main reasons for slow convergence. Instead of enforcing the constraints in each step, Fienup

[18] suggests moving towards the direction of the strict solution at a certain rate. If gk is the

current estimate of f , it is seen that a small change of the input results in a change of the

output in the same general direction as the change in the input. More precisely, for a small

change of the input the expected value of the corresponding change of the output is a constant

α times the change of the input. However additional non-linear terms which will appear in the

output due to some linear change in the input are difficult to correctly measure. Nevertheless,

we can hope to push the output in the general desired direction. So if a change of ∆g(x) is

desired in the output, a change in the input should be β∆g(x). In our case,

∆gk(x) =


0, if x ∈ Γ,

−g′k(x) otherwise,

where Γ is the set of values for which the object constraints are satisfied. Therefore, given k-th

stage input gk, a possible (k + 1)-th stage input can be

gk+1(x) = gk(x) + β∆gk(x)

=


gk(x), if x ∈ Γ

gk(x)− βg′k(x) otherwise.

So in this method, while the first three steps are exactly the same as the error reduction

algorithm, the updatation step is modified. Fienup [18] calls this as input-output algorithm.

Note that in this algorithm if g′ satisfies the Fourier domain constraints, and if we use g′ as an
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input, it remains unaffected as it passes through the first three steps and it becomes the output

itself. From this angle, one can modify step 5 as follows:

gk+1(x) = g′k(x) + β∆gk(x)

=


g′k(x), if x ∈ Γ

g′k(x)(1− β) otherwise

This algorithm is often referred to as output-output algorithm. Note that, if β = 1, this reduces

to error reduction algorithm. Another method of choosing the next input is somewhat a hybrid

of the input-output and output-output algorithm which is called hybrid algorithm where the

next input is chosen as:

gk+1(x) =


g′k(x), if x ∈ Γ

gk(x)− βg′k(x), otherwise

It is to be noted that while we attempt to recover phase of Fourier transform of the blur kernel

k, we must keep in mind that k is not uniquely defined by |K| as it is invariant to location

shifts of k as well as “flipping”. While location shift is not an important issue, flipping is

more important. In practice, one simply tries both flipped and non-flipped version to choose

manually.

However performance of algorithms that attempt to recover phase from Fourier magnitude

are not particularly good, and more successful approaches instead take a more formal Bayesian

approach leading to MAP-type estimators, which we briefly describe in the next section.

3.3 MAP estimation

Recall the convolution / filtering model

y = k ⊗ x+ n
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where y is observed blurred image (gradient), k is unknown blur kernel or point spread function,

x is unknown “true” image (gradient), and n is an error term. In maximum a posteriori (MAP)

estimation, we try to find the mode of the posterior distribution with respect to unknown

quantities of the model. For our specific model, x and k are unknown, so the MAP estimation

problem is to find

arg max
x,k

log f(x,k | y)

where f(x,k | y) is the posterior distribution of x and k given y. Ignoring the prior on k, i.e.,

treating it as a fixed parameter, the posterior can be written as

f(x,k | y) ∝ `(y | x,k)π(x)

Here, `(y | x,k) is the conditional likelihood of the observed image gradient y and π(·) is the

prior on latent image gradient x. It is standard to assume that the errors n are independent

Gaussian white noise, i.e.,

n ∼ N(0, η2I),

where the variance η2 is assumed to be known. The likelihood term `(y | x,k), which is the

data fitting term, can thus be written as,

`(y | x,k) ∝ exp
{
− 1

2η2 ||y − k ⊗ x||
2
}

Ignoring constants,

log `(y | x,k) = −λ||y − k ⊗ x||2

with λ = − 1
2η2 > 0. Clearly, ` is maximized when the distance between data y and k ⊗ x

is minimized. The prior π(x) favours natural images through a sparse (e.g., hyper-Laplacian)

structure of the gradient distribution. Direct MAP estimation, often called the MAPx,k ap-

proach, seeks (x̂, k̂) minimizing f(x,k | y) where

f(x,k | y) ∝ `(y | x,k) π(x).
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Ignoring constants and taking logarithm, the goal is thus to solve the optimization problem

min
x,k

λ||y − k ⊗ x||2 + log π(x)

Of course, the feasibility of solving the problem depends on the nature of π(x).

Levin et al. [44] point out that this MAPx,k approach tends to favour the no-blur explanation

where x is estimated as the observed blurred image y. The main issue with this approach is

that the number of unknown parameters is too large. Intuitively, if the size of y (and thus x)

is increased while the size of the kernel k remains constant, we expect to get better results.

However, the MAPx,k approach tries to simultaneously estimate both x and k, and thus loses

the advantage of having more data. They instead suggest a two-step approach called MAPk.

In the first step, we try to estimate k, optimizing the conditional distribution f(k | y) which

is obtained by marginalizing f(k,x | y) over x, i.e.,

f(k | y) =
∫
f(k,x | y)dx (3.3)

In the second step, armed with an estimate of k, a non-blind deconvolution algorithm is applied

with the k found in the first step.

The main difficulty in this method is computing the integral in (3.3), which is often compu-

tationally intractable. For a mixture of Gaussian approximation to the hyper-Laplacian prior

they chose for π(x), Fergus et al. [17] proposed a method based on a variational Bayes approx-

imation. This approach has been used successfully by others as well. In the next section, we

briefly introduce the basic ideas of the variational Bayes method following Miskin and MacKay

[52], and refer the reader to Fergus et al. [17] and Levin et al. [44] for details specific to the

sparse prior used in blind image deconvolution.
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3.4 The variational Bayes approach

Consider a missing data problem where we observe data X = {x1, . . . , xn}. The set of unob-

served latent variable is denoted by Z = {Z1, . . . , Zm}. As in the EM algorithm setup, the form

of the joint distribution of X and Z, denoted by P (X , Z), is available, but we are interested in

the posterior distribution P (X | Z). The eventual aim is to optimize the posterior distribution.

However, in reality, often finding a closed form of this posterior distribution can be difficult,

and optimizing it can be even more challenging. So finding a “good” approximation of the pos-

terior distribution using another distribution with a simpler form is useful. In the variational

Bayes method, we aim to approximate this posterior distribution P (X | Z) by a variational

distribution Qθ(Z), where Qθ(Z) (or simply Q(Z)) belongs to a simpler family of distributions,

usually completely determined by θ.

To estimate the parameter θ, or the distributionQ in general, so thatQθ(Z) can approximate

P (X | Z) well, we use the Kullback-Leibler divergence to measure the distance between P and

Q as

DKL(Q||P ) =
∫
Z
Q(Z) log Q(Z)

P (Z|X )dZ

= logP (X ) +
∫
Z
Q(Z) log Q(Z)

P (Z,X )dZ. (3.4)

Note that the first term in the RHS of (3.4) is independent of the choice of Q. So if we maximize

L(Q) =
∫
Z
Q(Z) log P (Z,X )

Q(Z) dZ

with appropriate choice of Q, the KL divergence DKL(Q||P ) will be minimized.

If we allow any possible form of Q, minimum value will be achieved when Q equals the

posterior distribution P (Z|X ). However, in practice the model is such that working with the

true posterior distribution is intractable, so we consider a restricted family of distributions Q

and seek the member in it for which KL divergence is minimized. The restricted family should

be such that it consists of distributions that are tractable, while at the same time good enough
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to provide a decent approximation of the true posterior distribution.

A common approach is to use factorized distributions to approximate the posterior. By

factorization, we mean the following: Suppose we partition the elements of Z as Zi for i =

1, 2, . . . , S and assume Q factorizes with respect to these groups as

Q(Z|X ) =
S∏
i=1

qi(Zi|X ). (3.5)

No further assumption on the functional form of the distributions qi is needed. Now among all

the distributions having the form (3.5), we seek the one for which L(Q) is largest. Note that

L(Q) =
∫
Z

(∏
i

qi

){
logP (X , Z)−

∑
i

log qi
}

dZ

=
∫
Zj
qj

∫
Zi,i6=j

logP (X , Z)
∏
i 6=j

qidZi

 dZj −
∫
Zj
qj log qjdZj + const.

=
∫
qj log P̃ (X , Zj)dZj −

∫
qj log qjdZj + const. (3.6)

where P̃ is a probability distribution that satisfies

log P̃ (X , Zj) = Ei 6=j(logP (X , Z)) + const.

Here,

Ei 6=j(logP (X , Z)) =
∫

logP (X , Z)
∏
i 6=j

qidZi.

For a given j, our aim is to maximize L(q) in (3.6). Note that (3.6) is nothing but the

negative Kullback-Leibler divergence between qj(Zj) and P̃ (X,Zj). Thus, maximizing L(Q) is

equivalent of minimizing the KL divergence. As argued earlier, the KL divergence is minimized

when q(opt) = P̃ , that is, when q(opt) is given by

q
(opt)
j (Zj|X ) ∝ eEi 6=j [log p(Z,X )] (3.7)

In the remainder of this section, we illustrate the variational Bayes method using some common
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examples [48, 7].

Univariate Gaussian: In this example we illustrate the factorized variational approx-

imation using a Gaussian distribution over a single variable x. Our goal is to infer the

posterior distribution for the mean µ and precision (inverse variance) τ , given a data set

X = {x1, x2, . . . , xN} which are assumed to be drawn independently from a Gaussian den-

sity with mean µ and variance 1
τ
. The likelihood function is given by

p(X|µ, τ) =
(
τ

2π

)N/2
exp

{
−τ2

N∑
n=1

(xn − µ)2
}

For computational simplicity we consider conjugate priors on µ and τ which are given by

p(µ|τ) = N(µ|µ0, (λ0τ)−1)

p(τ) = Gamma(τ |a0, b0)

The Gamma density with parameters a and b is given by

Gamma(τ |a, b) = 1
Γ(a)b

aτa−1 exp(−bτ)

In this case, computation of the posterior distribution directly is straightforward and the exact

structure of the posterior distribution can be easily found. However for the sake of illustration,

we explore the variational approximation to the posterior distribution as

q(µ, τ) = qµ(µ)qτ (τ)

Using (3.7), the optimal qµ and qτ can be obtained as

log q∗µ(µ) = Eτ (log p(X|µ, τ) + log p(µ|τ)) + const.

= −E(τ)
2

(
λ0(µ− µ0)2 +

N∑
n=1

(xn − µ)2
)

+ const.
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Simplifying, it can be seen that qµ(µ) is a Gaussian with mean µ∗ and precision τ ∗ given by

µ∗ = λ0µ0 +Nx̄

λ0 +N

τ ∗ = (λ0 +N)Eτ (τ)

Similarly, the optimal solution for the factor qτ (τ) is given by

log q∗τ (τ) =Eµ(log p(X|µ, τ) + log p(µ|τ)) + log p(τ) + const.

=(a0 − 1) log τ − b0τ + 1
2 log τ + N

2 log τ

− τ

2Eµ
(

N∑
n=1

(xn − µ)2 + λ0(µ− µ0)2
)

+ const.

Therefore, q∗τ is a Gamma distribution with parameters

a∗ =a0 + N + 1
2

b∗ =b0 + 1
2E

(
N∑
n=1

(xn − µ)2 + λ0(µ− µ0)2
)

Univariate Gaussian with sub-optimal choices Suppose we restrict our choice of ap-

proximate posterior q (Miskin and MacKay [52]) as

Q(µ, ξ) = Q(µ)Q(ξ) = N(µ|µ̂, µ̃)N(ξ|ξ̂, ξ̃)

where ξ = log τ as ξ > 0 and a Gaussian assumption on it is not legitimate. Consider priors

on µ and τ as

pµ(µ) = N(µ|0, s0) (3.8)

pτ (τ) = Gamma(τ |a0, b0) (3.9)
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A transformation ξ = log τ gives the prior on ξ as

pξ(ξ) = pτ (exp(ξ)) exp(ξ)I(−∞,+∞)(ξ) (3.10)

So we try to optimize,

DKL(Q||P ) = EQ
(

log
(
Q(µ)
pµ(µ)

)
+ log

(
Q(ξ)
pξ(ξ)

)
− logP (X|µ, ξ)

)

=1
2

(
log µ̃− 1− log s0 + s0

(
µ̂+ 1

µ̃

)
+

1
2(log ξ̃ − 1) + log Γ(b0)− b0 log a0 − b0ξ̂ + a0 exp

(
ξ̂ + 1

2ξ̃

)
+

−
N∑
i=1

−1
2 log(2π) + ξ̂

2 −
1
2 exp

(
ξ̂ + 1

2ξ̃

)(
(xi − µ̂)2 + 1

µ̃

) (3.11)

Minimizing with respect to the parameters, we get

µ̃ = s0 +N exp
(
ξ̂ + 1

2ξ̃

)
(3.12)

µ̂ = 1
µ̃

exp
(
ξ̂ + 1

2ξ̃

)
N∑
i=1

xi (3.13)

ξ̃ = b0 + N

2 (3.14)

ξ̂ = log ξ̃ − 1
2ξ̃
− log

(
a0 + 1

2

(
(xi − µ̂)2 + 1

µ̃

))
. (3.15)

In the next chapter, we describe in detail the specific estimation method described by Levin

et al. [45], which we use as a benchmark for our generalization.
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Chapter 4

MAPk Blind deconvolution using IID

prior

In the previous chapter, we have outlined the overall Bayesian approach that has been used with

considerable success in many blind image deconvolution methods. Needless to say, obtaining

good results depends on formulating suitable priors and efficiently solving the resulting maxi-

mization problem. For our work, we focus on the approach used by Levin et al. [45], which we

describe in this chapter. Much of it follows and repeats their presentation, but is included here

for ease of exposition. Our own contribution is to propose a generalization of the prior, which

we motivate in Chapter 5 and incorporate in the estimation process for blind deconvolution in

Chapter 7.

4.1 Problem formulation

Consider the previously introduced convolution / filtering model

y = k ⊗ x+ n (4.1)

Here x and y are taken to be image gradients (horizontal or vertical) of the true latent image

and the observed blurred image respectively. As noted in Chapter 1, image gradients have
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remarkable structural similarity across a variety of natural images, which leads us to assuming

a prior marginal distribution on components of x given by either the Gaussian model

ψ(x) = 1√
2πσ

exp
(
− x2

2σ2

)
(4.2)

or the sparse mixture of Gaussian model

ψ(x) =
J∑
j=1

pj
1√

2πσj
exp

(
− x2

2σ2
j

)
,

J∑
j=1

pj = 1. (4.3)

The individual components xi are assumed to be independent, and so the prior on the full

matrix of image gradients x is

π(x) =
∏
i

ψ(xi).

The other component required to model the conditional distribution of y given x and k is the

distribution of the noises n. The components ni are assumed to be independent Gaussians

with mean 0 and variance η2. In other words, the model is specified as

x ∼ π(x)

y |x,k ∼ p(y |x,k)

where p(y |x,k) is the density of N(k⊗x, η2I). Here, and in what follows, we abuse notation

somewhat by treating the M × N matrices y and k ⊗ x as vectors of length MN whenever

convenient.

4.2 The EM approach

Levin et al. [45] adopt an iterative expectation-maximization (EM) approach [14, 50] to estimate

k, viewing x as missing data. The complete data likelihood is given by

p(x,y |k) = p(y |x,k) π(x).
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E-step Following the general prescription of the EM algorithm, the E-step requires compu-

tation of

Q(k |k(t)) = Ek(t) (log p(x,y |k) |y) (4.4)

= Ek(t) (log p(y |x,k) + log π(x) |y) , (4.5)

where k(t) is the current estimate of k. For this specific problem, ignoring constants, we have

log p(y |x,k) + log π(x) ≈ −
∑
i

(
(y − k ⊗ x)2

i

η2 + log π(xi)
)
,

where i runs over pixels. It is useful to recall note here that the convolution operation k⊗x is

linear (in both k and x) and can be expressed as a matrix operation Axk, where k is viewed

as an mn× 1 vector and Ax is an MN ×mn matrix whose entries are elements of x. This lets

us write

∑
i

(
(y − k ⊗ x)2

i

η2 + log π(xi)
)

= yTy + kTATxAxk − 2yTAxk
η2 +

∑
i

log π(xi).

Ignoring terms independent of k, which are irrelevant in the subsequent maximization step with

respect to k, (4.4) reduces to

η2Q(k|k(t)) ≈ −Ek(t)

(
kTATxAxk − 2yTAxk |y

)
(4.6)

= −kT Ek(t)(ATxAx |y)k + 2yT Ek(t)(Ax |y)k. (4.7)

Ek(t)(ATxAx |y) and Ek(t)(Ax |y) can be evaluated (see below) in terms of the mean and variance

of x given y under the current estimate of k,

µ = Ek(t)(x |y), Σ = Vark(t)(x |y). (4.8)

Computing these quantities is relatively easy for the Gaussian model (4.2), and difficult for

the MOG model (4.3) where an approximate solution is obtained using a variational Bayes

62



approach.

M-step Once Q(k |k(t)) is obtained, the M-step requires maximizing (4.7) with respect to k,

subject to the constraint that elements of k are non-negative and add up to 1. Specifically, the

problem to be solved can be written as a minimization problem in standard form as

min
k

1
2k

TBk − dTk such that ki ≥ 0 and
∑
i

ki = 1

where, d = 2yT Ek(t)(Ax |y) and B = 2 Ek(t)(ATxAx |y). This is a standard quadratic program-

ming problem with linear constraints, and can be solved using standard methods such as those

proposed by Goldfarb and Idnani [22, 23]. Although we have not included it in the computa-

tion above, an additional regularization penalty on k, either quadratic or linear, can be easily

incorporated in this step.

Note that computing the vector d and the matrix B involves computing conditional expec-

tations (under k(t)) of Ax and ATxAx respectively. Entries of Ax are just entries of x arranged

in a specific form, because Axk is simply the linear transformation k 7→ k ⊗ x written as a

matrix operation. Thus, d can be computed using (4.8) as

d = 2yTAµ

(i.e., replacing entries of x by corresponding entries of µ). Computation of B involves cross-

product terms, and thus requires the conditional variance Σ in (4.8).

Computing µ and Σ is in practice the most difficult step in EM approach, and in fact

computing these quantities for a general distribution may not be feasible. In the remainder of

this chapter, we briefly discuss the estimation of µ and Σ for the Gaussian and sparse MOG

prior models for x.
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4.3 The Gaussian Case

Frequency domain calculation In the Gaussian case, µ can be computed efficiently in the

Fourier domain. To see this, note that by taking discrete Fourier transform on both sides of

the convolution model y = k ⊗ x+ n, we can rewrite it as

Yω = K̄ω ·Xω +Nω, (4.9)

where the uppercase variables denote Fourier transforms of the respective lowercase variables.

This follows from the Convolution Theorem, whereby the Fourier transform of a convolution (in

the image domain) is the pointwise product of Fourier transforms (in the frequency domain).

The pointwise nature of this relationship is emphasized by the frequency pair index ω. This is

one situation where the difference between convolution and filtering becomes important; (4.9)

holds when the ⊗ operator represents filtering, and K̄ω would change to Kω if it were to mean

convolution.

It is implicit in (4.9) that x,y and k have the same dimensions. Conceptually, this is

achieved by padding smaller matrices; the details are important for implementation, but not

relevant in the current discussion.

Being Fourier transforms of real matrices, X and N must satisfy certain constraints (some

elements must be real, and others must occur as conjugate pairs). It is easy to show that

subject to these constraints, the assumption that elements of x are IID Gaussian implies that

Xω are IID complex Gaussian. The same holds for Nω. In other words, we have

Xω ∼ CN(0, σ2) and (4.10)

Nω ∼ CN(0, η2), and so (4.11)

Yω |Xω,Kω ∼ CN(K̄ω ·Xω, η
2) (4.12)

where σ2 and η2 are the same as in the image domain providedX and Y are suitably normalized.
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It easily follows that

Xω |Yω,Kω ∼ CN
(

σ2KωYω
η2 + σ2|Kω|2

,
η2σ2

η2 + σ2|Kω|2

)
. (4.13)

As DFT is a linear operator, µ = E(x |y,k) is obtained by simply taking the inverse DFT of

E(X |Y ,K). The constraints on K and Y ensure that all entries of µ are real.

The calculation of Σ is slightly more complicated. Even though Xω are conditionally

independent given Yω and Kω, their variances are not the same across ω. Consequently,

the elements of x are not conditionally independent. It is not practical to compute the full

conditional variance Var(x |y,k), which is an L×L matrix where L is the number of pixels in

x. Instead, the off-diagonal elements are assumed to be zero; this is a reasonable approximation

in practice. It is easy to see that the diagonal entries are all same, and given by

1
Σii

= 1
σ2 +

∑
k2
j

η2 .

Image domain calculation As we see below, the Fourier domain calculation does not trans-

late to the case of the MOG prior, where computations must be done in the image domain.

Although not directly useful for computational purposes in the case of the Gaussian prior, it is

instructive for later anaogy to obtain expressions for µ and Σ directly in the image domain in

this case as well.

Identify x and y as vectors rather than matrices, and write k ⊗ x (with x and k as

matrices) as the linear transformation Tk x. Here Tk is a Toeplitz matrix determined by k,

with the useful property that if Tk x denotes convolution then T Tk x denotes filtering; in other

words, T Tk = Tflip(k) , recalling that flip(k) is obtained from k by reversing the order of both

rows and columns. With this setup, the problem of interest can be written as

x ∼ N(0, σ2I) , y |x,k ∼ N(Tk x, η2I), (4.14)

where we are interested in µ and Σ, the mean and variance of x |y. It is immediate that
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(4.14) represents a Ridge regression problem, albeit with a highly structured and sparse design

matrix, and the parameters of the conditional distribution are given by

(
1
η2 T

T
k Tk + 1

σ2 I

)
µ = 1

η2 T
T
k y and Σ−1 = 1

η2T
T
k Tk + 1

σ2I . (4.15)

As noted above, (4.15) can be solved efficiently for µ by rewriting the first equation as

1
η2 flip(k)⊗ k ⊗ µ+ 1

σ2 µ = 1
η2 flip(k)⊗ y

which in the Fourier domain gives

E(Xω |Yω) =
1
η2 KωYω

1
η2 |Kω|2 + 1

σ2
,

which is equivalent to (4.13). This follows because the Fourier coefficient of flip(k) for frequency

ω is the complex conjugate of the corresponding Fourier coefficient of k. In fact, flip(k)⊗k, with

DFT at ω given by |Kω|2, represents the probability distribution obtained by “symmetrizing”

k, corresponding to the random variable U −V , where U and V are independent copies of an

integer-valued bivariate random variable with distribution k.

We will see below that in the sparse prior case, µ is approximately determined by an

equation very similar to (4.15) which, unfortunately, cannot be solved efficiently in the Fourier

domain.

4.4 The Sparse MOG Case

The computation of µ is considerably more difficult in the case of the sparse MOG prior, and

in fact a direct computation is intractable. The success of the methods of Fergus et al. [17] and

Levin et al. [45] is largely to their use of a variational Bayes approximation of the conditional

distribution of x given y and k. Recall the MOG prior model in (4.3) given by

π(x) =
J∑
j=1

pj
1√

2πσj
exp

(
− x2

2σ2
j

)
,

J∑
j=1

pj = 1.
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where the pj-s are mixture probabilities and the σ2
j -s are the variances of the Gaussian compo-

nents. In the convolution model

y = k ⊗ x+ n,

we assume that the image gradients x follow the IID mixture of Gaussian given by π(·). The

E-step in this case cannot be computed in the Fourier domain, and instead follows steps anal-

ogous to the image domain calculations outlined above for the Gaussian case. Recall that the

conditional expectation µ in the Gaussian case can be expressed as the solution to the linear

equations (4.15) given by (
1
η2 T

T
k Tk + 1

σ2 I

)
µ = 1

η2 T
T
k y.

In the MOG case, the approximate solution is instead given by the linear equations

(
1
η2 T

T
k Tk +W

)
µ = 1

η2 T
T
k y. (4.16)

where W is still a diagonal matrix, but with unequal diagonal entries Wii given by

Wii =
J∑
j=1

wi,j
σ2
j

,

where

wi,j0 =
pj0
σj0
e−E(x2

i )/2σ
2
j0

J∑
j=1

pj
σj
e−E(x2

i )/2σ
2
j

with i running over image pixels and j running over mixture components. Here E(x2
i ) = µ2

i +Σii

is calculated using the conditional mean and variance µ and Σ estimated in the previous

iteration. The updated Σ is set to the inverse of 1
η2 T

T
k Tk +W . The M-step remains unchanged.

We refer the reader to Levin et al. [45] for detailed derivation.
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4.5 Practicalities

With the computations derived above, the EM algorithm iterates between the E and M-steps,

either until it converges according to some numerical criteria, or after running for a fixed

number of iterations. Depending on the initial estimate, the algorithm may converge to a local

minima of the likelihood. As this is a high dimensional non-convex problem, this approach

often often converges to undiserable local minima. Both Fergus et al. [17] and Levin et al. [45]

have found a multi-scale approach to be useful, where they perform the estimation by varying

the image resolution in a coarse to fine manner, at the same time starting with a high value

of the noise variance η2 and gradually decreasing it to the user-set target. The initial estimate

of the blur kernel is a simple pattern, typically [0.5, 0.5] or [0.5, 0.5]T . When stepping up the

pyramid to work with the next higher resolution image, the estimated k is upsampled to act

as the initial estimate for inference at that scale. The authors note that the choice of prior

parameters is often crucial in the success of the algorithm, and we also find that minor changes

in the parameters can lead to very different results.
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Chapter 5

Dependent prior: motivation and

simple applications

In this chapter, we describe a proposed generalization of the IID priors described in the previous

chapter. We first motivate this generalization before discussing some simple applications in

subsequent sections and chapters.

5.1 Motivation: Fourier domain

As seen earlier in Section 4.3, calculations are substantially simplified in the Fourier domain in

the case of the Gaussian prior. Another advantage of working in the Fourier domain is that it

is easier to visualize the underlying problem and motivate the prior.

To illustrate this, Figure 5.1 plots the log-transformed modulus of Fourier coefficients ob-

tained from the 64 synthetically blurred test images shown in Figure 1.6. Recall that these

64 images are obtained by blurring eight test images (Figure 1.4) with eight test kernels (Fig-

ure 1.5) without incorporating any additional noise. Figure 5.1 can be considered a visualization

of (4.9). The top row plots |Xω|, and can be viewed as periodograms of the (horizontal) gra-

dients for the test images, and the left column shows |Kω|, i.e., the periodograms for the test

kernels after suitable padding. The remaining plots visualize |Yω| for all image-kernel combina-

tions, and can be viewed as periodograms of the gradients of the observed blurred images. For
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Figure 5.1: “Periodograms” corresponding to synthetically blurred exact test images in Fig-
ure 1.6, excluding even the error due to rounding. The x and y coordinates represent frequency
(from 0 to 2π); intensity (black = low, white = high) represents log-transformed modulus of the
corresponding Fourier coefficient. The top row corresponds to DFT of the horizontal gradients
of the eight unblurred test images. The left row corresponds to DFT of the eight test kernels,
after padding with zeros. The remaining plots correspond to DFT of the horizontal gradients
of the blurred images obtained by convolving the corresponding test image and the test kernel.
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Figure 5.2: “Periodograms” corresponding to synthetically blurred noisy test images in Fig-
ure 1.7. As in Figure 5.1, the x and y coordinates represent frequency and intensity represents
log-transformed modulus of the corresponding Fourier coefficient, and the top row and left
column correspond test images and test kernels respectively. The blurred images whose DFTs
are represented in the remaining plots are obtained by convolving the corresponding test image
and the test kernel with additional noise (S = 100).
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the purpose of illustration, these plots are obtained from exact synthetically blurred images,

without additional noise and without even the error due to integer rounding.

The top-most row may be viewed as realizations from the prior on x, or equivalently, X,

which in the context of the problem is the unobserved nuisance parameter. In the Gaussian

case,Xω are IID complex Normal. Although Normality cannot be assessed using this plot, there

does not appear to be any systematic patterns, suggesting that the independence assumption

may be reasonable. Additionally, there appears to be some local variation, especially in the first

four images, in that the coefficient magnitudes tend to be smaller (darker) around the middle

frequencies (ω ≈ π) and larger when ω is close to 0 or 2π. We will revisit this pattern shortly.

The left-most column, representing |Kω|, is highly patterned. This is the parameter of

interest in our problem. More importantly, the plots for the 64 blurred images, representing

the observed data |Yω|, clearly inherits this pattern, albeit corrupted by the nuisance |Xω|.

Figure 5.2 shows similar periodograms for the 64 test images with additional noise, shown in

Figure 1.7. Essentially the same observations as above hold for this set of plots as well, except

that we observe substantial degradation of the systematic pattern of |Kω| in the observed |Yω|.

This degradation is present to some extent even in the case of the integer rounding that occurs

when the images are in stored as 8-bit image files.

The statistical problem is to estimateK from Y ; that is, to find k of suitable size satisfying

non-negativity constraints such that the corresponding |Kω| best matches the observed |Yω| in

some optimum way. It is in principle possible to estimate k using this approach, as described

in Section 3.2. However, this does not lead to particularly good results. We will briefly digress

to recall why that is so, as this insight will be useful later.

The first point to note is that we can only use the modulus of the Fourier coefficients,

and not their arguments, to estimate k. This is because ArgXω behaves like IID U(0, 2π)

and completely corrupts ArgKω, and as a result ArgYω contains no information about K.

Consequently, we can at best estimate |Kω|. Under the Gaussian model, the obvious pointwise

estimate of |Kω| is the maximum likelihood estimate given by

|K̂ω|2 = max(0, |Yω|2 − η2)
σ2 . (5.1)
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Figure 5.3: Locally smoothed periodograms corresponding to horizontal (middle row) and
vertical (bottom row) gradients of the eight test images (top row). The x and y coordinates
represent frequency in the bottom two rows, and the z coordinate represents E(|Xω|2), which
is estimated by applying a local Gaussian blur filter on |Xω| (roughly equivalent to smoothing
using LOESS) and squaring the result.

The problem then reduces to finding a k̂ whose DFT magnitudes match |K̂ω|. The mapping of

k to magnitudes |K| is technically invertible (up to location shift and flip) if k is non-negative

valued, but the inverse map is computationally intractable. The iterative algorithms described

in Section 3.2 need good initial estimates, which are not easy to obtain in this context.

Another fundamental limitation of this approach is that while reasonable for the Gaussian

prior, it does not translate well to the sparse (mixture of Gaussian) prior case. Even if the

gradients follow a sparse prior, the DFT coefficients are asymptotically Gaussian [59]. This

means that, any approach based solely on the distribution of Yω is unable to distinguish between

the Gaussian and the sparse case, even though this distinction clearly has a significant effect

in the EM approach described earlier.

Nonetheless, the periodograms of the gradients of the unblurred images in Figure 5.1 do

provide additional insight. In particular, the fact that the coefficients of the middle frequencies

tend to be lower in magnitude suggests that the variances of the DFT coefficients are not

constant across frequencies. To understand the nature of the variation, Figure 5.3 shows the
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Figure 5.4: Estimated auto-correlation function (ACF) of image gradients along (top row) and
across (bottom row) the direction of the gradient. Columns represent the eight unblurred test
images. The ACF (a) and PACF (b) are estimated by taking the average of row-wise (top
row) and column-wise (bottom row) sample ACF / PACFs from the horizontal gradients. The
results for vertical gradients, which are not shown, are similar.

result of locally smoothing log |Xω| by applying a Gaussian blur. The resulting profile is not

flat or constant as one would expect for IID |Xω|, but is instead smaller at the center (ω ≈ π)

and increasing towards the corners (ω close to 0 and 2π).

This kind of pattern is typically associated with non-IID stationary processes. In fact,

it is not unreasonable to expect that the image gradients are in fact locally dependent and

not IID. To understand the nature of this local dependence, Figure 5.4 plots the estimated

auto-correlation and partial auto-correlation functions of the image gradients, both along the

direction of the gradient as well as across it. These suggest that although not all images have

same dependence structure, in some cases the correlation can be quite strong, and is typically

stronger across the gradient direction.
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5.2 Proposed generalization

The preceding discussion motivates us to suggest a more general model for the image gradient

matrix x; namely, that rather than being an IID process, it is a stationary process with possibly

dependent entries. More specifically, we postulate the following prior model for x.

Model 1 The marginal distribution of each pixel element xij remains unchanged, and is given

by either the Gaussian model (4.2) or the sparse MOG model (4.3); additionally, the prior

model is completed by specifying a correlation function ρ(i, j, k, l) = Cor(xij,xkl).

If Figure 5.4 is viewed as ACF / PACF functions obtained from time-series data, we would

possibly consider modeling it as an ARMA(p, q) process with p, q estimated from the data.

However, this approach is not feasible in the current context because we do not actually observe

the unblurred image, and the model parameters may vary from image to image. Instead, in

this thesis we only consider a simple first-order auto-regressive model, given as a product of

AR(1) structures in both dimensions, with correlation function given by

ρ(i, j, k, l) = ρ
|i−k|
1 ρ

|j−l|
2 . (5.2)

Here ρ1 and ρ2 are additional parameters representing lag-1 correlation along and across the

gradient direction.

As x has an independent product structure, it follows from Theorems 9.13 and 9.14 of

Spodarev [72] that the resulting correlation matrix is positive-definite. It follows that such a

process exists with Gaussian marginals, although it is less clear whether a similar process with

the MOG prior will also exist. We can bypass this technical difficulty by noting that a process

x with correlation function (5.2) can be decorrelated using the filter

ρ =

ρ1ρ2 −ρ1

−ρ2 1

 ,

and model ρ⊗x as an IID process with a sparse marginal distribution. However, this argument

would not apply to a general dependence structure, which we would like to allow in principle.
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In addition to this technicality, Model 1 is also difficult to work with in practice, especially in

the Fourier domain, even though it is the natural generalization of the IID prior. An alternative

is to specify the generalization in the frequency domain. Recall that if x is IID with variance

σ2, the matrix of DFT coefficients X, suitably normalized by image size, also has uncorrelated

entries with constant variance σ2 because DFT is an orthogonal transformation. When elements

of x are not IID, then the DFT coefficients no longer have constant variance, but have variance

function

Var(Xω) = gωσ
2

for some function gω that depends only on the correlation function ρ(·). This motivates us to

postulate the following alternative prior model for x.

Model 2 The process x can be transformed to another process z with IID components with

distribution π(x) given by (4.2) or (4.3), by the following relation: Xω = √gωZω, where Z is

the DFT of z.

The two models are not exactly equivalent, because the prior π(x) applies to x in Model 1

and z in Model 2. More importantly, although the variances of Xω match in the two models,

the components of Z are uncorrelated in Model 2 (since z has IID components and DFT is

an orthogonal transformation) and therefore so are the components of X, whereas in Model 1,

Xω-s are possibly correlated.

In practice, this is a minor issue because the correlations are low for even moderately

sized images (see Section A.2 in the Appendix for explicit computations), and they vanish

asymptotically [59]. Although Model 1 is the more natural generalization, it is difficult to

incorporate into the estimation procedure, and we focus exclusively on Model 2, which we view

as a technical approximation to Model 1.

Choice of gω For the remainder of this work, we use the variance function corresponding

to the first-order auto-regressive model with correlation function (5.2). This is not strictly

necessary, as our method only requires gω to be specified and does not use the image-domain

model that gave rise to it. In fact, it is potentially useful to estimate gω from a library of
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unblurred images or perhaps specific unblurred images similar to the blurred image being

deblurred, as is usually done for other prior parameters. However, we restrict our attention to

the gω generated by (5.2) for ease of interpretation, and because it only adds two parameters

(ρ1 and ρ2) to the overall prior model.

The variance function gω corresponding to (5.2) can be easily obtained by direct computa-

tion, and is given by the following Lemma.

Lemma 5.2.1 Suppose the M × N matrix x has entries with mean zero, variance σ2, and

correlation given by

ρ(i, j, k, l) = Cor(xij, xkl) = ρ
|i−k|
1 ρ

|j−l|
2 .

Let Xω be the (normalized) discrete Fourier transform of x evaluated at the frequency pair

ω = (ω1, ω2). Then, the variance of Xω is σ2gω, with gω given by

gω = VM(ρ1, ω1)VN(ρ2, ω2),

where

VL(ρ, ω) =
N∑
t1=1

N∑
t2=1

ρ|t1−t2|e−iω(t1−t2) for ω = 2πk
L
, k = 0, 1, 2, . . . , L− 1.

Here VL(ρ, ω) is the variance of the ω-th DFT coefficient for a one-dimensional auto-regressive

process with lag-1 correlation ρ, and can be simplified to a closed-form solution suitable for

computation. Relevant details are provided in Section A.1 in the Appendix. Plots of VL(ρ, ω)

for various values of ρ are shown in Figure 5.5.

Choice of ρ1 and ρ2 The parameters ρ1 and ρ2 are hyperparameters of the model, similar to

the variance parameters of the prior and noise, that need to be specified by the user. Recall that

we assume horizontal and vertical gradients to be independent in likelihood calculations, and

although we have mostly used the horizontal gradients for illustration, we use both horizontal

and vertical gradients during estimation. The parameter ρ1 here represents the correlation

component along the direction of the gradient, and ρ2 represents the correlation component
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Figure 5.5: Plot of VL(ρ, ω) for various values of ρ.

across the direction of the gradient. In other words, ρ1 represents the horizontal or vertical

components for horizontal and vertical gradients respectively, and ρ2 represents the vertical or

horizontal components for horizontal and vertical gradients respectively.

In practice, the “optimum” choice of ρ1 and ρ2 will depend on the particular image being

deblurred, as indicated by the substantial variation in the ACF plots in Figure 5.4. For the

purpose of testing, we have used ρ1 = 0.3 and ρ2 = 0.6 in this thesis. These choices are moti-

vated by the observation that the lag-1 correlation in the ACF plots is generally higher across

the direction of the gradient than along. Figure 5.6 shows an updated version of Figure 5.1 that

corrects for the non-constant variance by modeling it via gω. The spatial pattern in |Xω| seen

in Figure 5.1 is substantially reduced in the corrected modulus |Xω|/
√
gω shown in Figure 5.6.

5.3 Application: Estimation of symmetric blur kernel

For deconvolution problems, the blur kernel is usually unknown in practice, and estimating it

is a difficult inference problem in general. In Chapter 7, we outline a procedure to incorporate

the dependent prior described above into the blind deconvolution approach of Levin et al. [45]
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Figure 5.6: Periodograms shown earlier in Figure 5.1, obtained from synthetically blurred exact
test images shown in Figure 1.6, corrected by the variance function gω corresponding to the
first-order auto-regressive model with ρ1 = 0.3 and ρ2 = 0.6. Compared to Figure 5.1, there is
less systematic spatial variation.
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described in Chapter 4.

In many situations, however, it is reasonable to assume that the blur kernel is relatively

small, and more importantly, symmetric. This is usually the case when the blur is due to

camera optics, and not camera shake, such as blurring due to mild lack of focus. This is also

usually the case for super-resolution, where the choice of blur kernel is important, but usually

unknown in advance. Many methods assume a fixed blur kernel, often corresponding to the

cubic interpolation method commonly used to resize images in image processing software. Efrat

et al. [16] show that this is not a good model for the blur kernel implicitly used by real cameras,

and that accurate specification of the blur kernel is in fact often more important than the image

prior in determining the quality of the result. They outline a method of estimating the true

blur, which they call the ‘camera blur’, when one has access to the camera used to capture the

input image, but leave open the problem of estimating the blur from the input image itself.

Motivated by the observation that image gradients appear to be correlated, we propose

a fast and simple nonparametric Fourier domain approach to estimate the blur kernel that

appears to work quite well for simple blur kernels. The method explicitly assumes that the

blur kernel k is symmetric, in the sense that that it gives the same results whether it is used

as a filter or convolution, or equivalently, that k = flip(k), where flip(k) is obtained from k by

reversing the order of both rows and columns.

As noted in Section 5.1, the symmetrized version of k, flip(k) ⊗ k, has real-valued DFT,

with the coefficient at frequency pair ω given by |Kω|2. In general, it is difficult to estimate K

from |Kω|, but the assumption of symmetry simplifies the problem substantially, as in this case

the Fourier transformK of k also has non-negative real-valued coefficients. By the convolution

theorem, the Fourier transform of flip(k)⊗ k is then the pointwise (Hadamard) product of K

with itself, i.e., the coefficient for a frequency pair ω is K2
ω. Our method works by computing

a novel pointwise estimate of Kω, which is then inverted to obtain an estimate of k.

To motivate this estimate of k, first consider the model y = k ⊗ z + n for an observed

matrix y, where elements of the matrix z are zero-mean IID random variables with the (possibly

scaled) hyper-Lapacian distribution given by (1.3), and n is a matrix of zero-mean IID Gaussian
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noise. Taking (two-dimensional) discrete Fourier transform (DFT) on both sides, after padding

k with zeros to get the same size as z, it follow from the convolution theorem that

Yω = Kω ·Zω +Nω,

where the uppercase variables denote the DFTs of the respective lowercase variables, and the

pointwise nature of this relationship is emphasized by the frequency pair index ω. By orthogo-

nality of DFT, theNω-s are (almost) IID complex Normal.1 The Zω-s are similarly IID complex

Normal when α = 2, and uncorrelated and asymptotically complex Normal when α 6= 2 by

the CLT of Peligrad and Wu [59]. Assuming that Zω ∼ CN(0, σ2) and Nω ∼ CN(0, η2), it is

easy to see that the marginal distribution of Yω is CN(0, η2 +K2
ωσ

2), and thus the maximum

likelihood estimate of Kω, assuming that σ and η are known, is given by

K̂ω = 1
σ

√
max(0, |Yω|2 − η2). (5.3)

The problem then reduces to finding a k̂ whose DFT matches K̂; this is obtained by applying

inverse DFT. The resulting k̂ is of the same size as y, whereas the true k is expected to be

much smaller; we usually apply some heuristics to set small elements to zero and crop the

estimate to a reasonable size. By requiring k to be a probability with elements adding up to 1,

the estimate becomes independent of σ. The noise variance parameter η controls the sharpness

of the estimate, and η2 = 0.0052 is empirically found to be reasonable when y is the gradient

of images scaled to lie between 0 and 1, provided the DFT is normalized for the size of y.

Applying the above method to horizontal and vertical gradients gives two different estimates

of k, and we take the average of the two as the final estimate k̂. These estimated kernels derived

from the eight test images shown in Figure 1.4 are given in the top row of Figure 5.7. As the

input images are not blurred, we expect the true k to be very small (ideally 1 × 1), but the

estimated kernels appear to show cross-shaped patterns that are clearly artifacts.

To correct for these artifacts, we refine this estimate as follows. If z is not in fact IID but
1With some restrictions imposed by the real-valued nature of n, that are not particularly relevant in this

context.
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Figure 5.7: Estimates of the blur kernel obtained by inverting the asymptotic MLE of the
kernel DFT, assuming symmetry. The top row assumes that DFT coefficients of image gradients
have equal variance. The bottom row shows estimates of the blur kernel after adjusting for
correlated gradient noise, and more importantly, for unequal variance of the DFT coefficients
arising from correlated gradients. As the images are not actually supposed to be blurred, we
expect the true kernel to be small; here we crop them to be 11×11 pixels in size. The estimates
assuming IID gradients exhibit cross-shaped patterns that are clearly artifacts, which are not
seen in our proposed estimates that assume correlated gradients and correct for the resulting
non-constant variance of DFT coefficients. Both estimates for the fourth image are affected
by the strong patterns in the original image. Interestingly, the last four images have minimal
blurring according to our proposed estimate, but the first three images do seem to have a small
degree of blurring. In fact, we do obtain visually sharper versions of these images if we perform
deconvolution with the estimated kernels.

follows a stationary ARMA process, then the variance of Zω will be non-constant, given by

some function gω such that Var(Zω) = σ2gω, where gω is determined by the correlation structure

of z. In addition, if the errors in the original image, given by ε in (6.1), are assumed to be

IID, then its gradient n will have correlated elements. In particular, successive elements in the

direction of the gradient will have correlation 0.5, while all other pairs will be uncorrelated.

This will induce a non-constant variance for Nω as well, given by a function hω such that

Var(Nω) = η2hω. Assuming that Zω ∼ CN(0, σ2gω) and Nω ∼ CN(0, η2hω), the maximum

likelihood estimate of Kω is then given by

K̂ω = 1
σ

√
max(0, |Yω|2 − η2hω)/gω , (5.4)

which can be similarly inverted to give an estimate of k, provided we know gω and hω. hω can

be calculated explicitly, and is given by

h(ω1,ω2) = |e−iω1 − 1|2 · |e−iω2 − 1|2 for ω1, ω2 ∈ (0, 2π),
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although in practice it has little effect. gω can also be computed explicitly from a known

correlation structure. The blur kernels shown in the second row of Figure 5.7 are estimated

using (5.4) from the eight test images using the gω given in Lemma 5.2.1, with correlation

parameters 0.3 and 0.6 along and across the direction of the gradient. These kernels do not

feature the cross-shaped artifacts in the naive estimate, suggesting that the effect of gradient

correlation has been largely accounted for. The first three images seem to have a small degree of

blurring, and this is confirmed visually by performing deconvolution with the estimated kernels,

which produces visually sharper images (see Figure 6.4).

5.4 Application: estimation of kernel size

In blind deconvolution methods, although the kernel is assumed to be unknown, the kernel size

is usually pre-specified by the user. In practice, the kernel size varies from image to image

and is not known in advance. It is possible in principle to specify a larger kernel size than

necessary, but as the main parameter of interest is the unknown blur kernel, this increases the

dimension of the parameter space, which in turn increases variability in estimation as well as

computational time. Thus, it is useful to be able to obtain reasonable estimates of the kernel

size from the blurred image itself.

Recall that the symmetrized version of k, flip(k)⊗k, has real-valued DFT, with the coeffi-

cient at frequency pair ω given by |Kω|2. The estimate ofKω given by (5.4) readily generalizes

to

L̂ω = |K̂ω|2 = max(0, |Yw|2 − η2hω)
σ2gω

, (5.5)

the pointwise maximum likelihood estimate whenXω are independent Gaussian, an assumption

that holds asymptotically even in the sparse MOG prior case. This allows us to obtain a crude

estimate of flip(k)⊗k from an observed blurred image by applying inverse DFT on the matrix

L̂. Figures 5.8–5.11 plot the estimates so obtained for synthetically generated images, for both

the IID and the generalized prior, and compares them to the true values of flip(k) ⊗ k. Note

that although the matrix L̂ and hence its inverse DFT is as large as the image, the plots are
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zoomed to display only the part that is known to be non-zero (which is possible here only

because the sizes of the true blur kernels are known), with negative entries set to 0.

Figure 5.8 shows estimates obtained using the IID prior (gω ≡ 1) for exact convolutions of

test images and test kernels. Figure 5.9 shows corresponding estimates using the gω given in

Lemma 5.2.1 corresponding to the auto-regressive model with ρ1 = 0.3 and ρ2 = 0.8, for the

same set of images. As there is no noise in the blurred image, η2 is taken to be zero in (5.5).

Figure 5.10 similarly shows estimates obtained using the IID prior for noisy convolutions of

test images and test kernels (see Figure 1.7), and Figure 5.11 shows corresponding estimates

using the gω corresponding to the auto-regressive model with ρ1 = 0.3 and ρ2 = 0.8. Here we

take η2 = 0.012 in (5.5).

As can be seen from these plots, the estimates obtained assuming the IID prior are diffused

and blurry with cross-shaped artifacts similar to those seen in the previous section, whereas

those using the generalized prior are sharper and more sparse, and relatively free from artifacts.

As evident from the ACF and PACF plots shown earlier in Figure 5.4, the same values of ρ1

and ρ2 may not be appropriate for all images. We would usually have no prior information

about appropriate values of ρ1 and ρ2, but looking at plots of flip(k)⊗ k for various values of

ρ1 and ρ2 can provide valuable visual guidance in making a suitable choice using the blurred

image.

Such plots can also provide guidance regarding the size of the blur kernel, which is also

unknown in practice but assumed to be known during estimation. As can be seen in Figures 5.8

and 5.10, the diffuse estimates obtained using the IID prior can overflow the true support of

flip(k) ⊗ k, whereas those obtained using the generalized prior are relatively more compact.

Plotting estimates of flip(k)⊗ k for various values of ρ1 and ρ2 can thus also help in choosing

the kernel size, noting that the size of flip(k) ⊗ k is approximately double the size of k. For

examples of such choices made for real blurred images, see Figure 7.10 in Section 7.3.

84



Figure 5.8: Symmetrized blur kernels estimated using the IID prior model from synthetically
blurred images without additional noise. The top two rows shows the true blur kernel k and
the corresponding symmetrized kernel flip(k) ⊗ k. The remaining eight rows plot flip(k) ⊗ k
estimated from blurred images using the IID model; i.e., gω ≡ 1 in (5.5). As the blurred images
have no noise, we take η2 = 0.
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Figure 5.9: Symmetrized blur kernels estimated using the dependent prior model from synthet-
ically blurred images without additional noise. The top two rows shows the true blur kernel k
and the corresponding symmetrized kernel flip(k)⊗k. The remaining eight rows plot flip(k)⊗k
estimated from blurred images using gω obtained from the auto-regressive model in (5.5). As
the blurred images have no noise, we take η2 = 0.
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Figure 5.10: Symmetrized blur kernels estimated using the IID prior model from synthetically
blurred images with additional noise (S = 100). As before, the top two rows shows the true
blur kernel k and the corresponding symmetrized kernel flip(k)⊗k. The remaining eight rows
plot flip(k)⊗ k estimated from noisy blurred images using the IID model. The noise variance
is taken to be η2 = 0.012.
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Figure 5.11: Symmetrized blur kernels estimated using the dependent prior model from syn-
thetically blurred images with additional noise (S = 100). As before, the top two rows shows
the true blur kernel k and the corresponding symmetrized kernel flip(k) ⊗ k. The remaining
eight rows plot flip(k)⊗k estimated from noisy blurred images using the auto-regressive model
with ρ1 = 0.3 and ρ2 = 0.8. The noise variance is taken to be η2 = 0.012.
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Chapter 6

Non-blind deconvolution and

super-resolution using dependent prior

The main contribution of this thesis is to demonstrate how the locally dependent gradient

prior motivated in the previous chapter can be used for various image reconstruction problems.

In this chapter, we describe applications of the generalized prior in the context of non-blind

deconvolution and super resolution problems. We start by describing a unified approach that

incorporates both these problems, and outline our proposed method in the subsequent sections.

Chapter 7 discusses the more difficult blind deconvolution problem, where the challenges are

of a different nature. Chapter 8 discusses a few natural but simple extensions such as missing

observations in the input (inpainting) and robust loss functions.

6.1 A unified approach

Several standard image reconstruction problems can be formulated as linear error minimization

problems that are by nature under-constrained, and require some kind of regularization or prior

to solve. Such problems typically involve an unknown m×n latent image `, an observedM×N

image y, and a linear process represented by a MN ×mn matrix A (assumed to be known),
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such that y can be modeled as

vec(y) = A vec(`) + vec(ε)

where ε represents image noise added when observing y, and vec(y), vec(ε), and vec(`) denote

corresponding vectorized forms of matrices. Examples of such problems we consider in this

chapter are:

• Non-blind image deconvolution. Here the observed image y is assumed to have been

distorted, usually due to camera shake during exposure or lens imperfections, by a blurring

process that is modeled as a convolution with a blur kernel k. Here we consider the case

when the blur kernel is known. A is determined by k, and the dimension of ` is only

slightly larger than that of y, so as to include all the pixels in ` that contributed to y.

• Super-resolution. Here ` is a high-resolution image, from which the low-resolution image

y is assumed to have been obtained through a process of blurring and downsampling.

Here the disparity in the sizes of ` and y is typically much higher, controlled by the

downsampling factor.

• Image denoising. This can be considered as a special case of both the problems above.

A can be the identity matrix, and ` and y have the same dimensions, with the goal of

finding a solution that is less noisy and visually more plausible, using some kind of image

prior. It is often useful to allow for a small blur kernel as well.

Assuming an IID Gaussian distribution for the noise ε, the problem is easily identified with

the standard least squares problem

y = Xβ + ε

where the n × p model matrix X, equivalent to A in the formulation above, has p > n, and

consequently the normal equations

XTXβ = XTy
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have infinitely many solutions. A common approach to resolve this problem is ridge regression

or Tikhonov regularization, which can be viewed as a Bayesian approach that assumes an IID

Gaussian distribution for the elements of β, or equivalently the latent image ` in the earlier

formulation. In the context of natural images, i.e., photographic images of natural scenes, it has

been more useful to consider IID priors on image gradients instead. For IID Gaussian priors,

the regularised estimation problem reduces to solving linear equations of the form

ATA+ λ
∑
j

BT
j Bj

 vec(`) = AT vec(y),

where Bj-s represent gradient operators. Non-Gaussian priors such as the hyper-Lapacian

family can be handled by simple IRLS (iteratively re-weighted least squares) algorithms that

solve weighted versions of the Gaussian problem in each iteration.

This approach is not new, and has been used for both non-blind deconvolution [42] and

super-resolution [16]. Solving the linear equations directly is difficult; for example, a decon-

volution problem with a 200 × 200 input image y will lead to a linear problem with at least

2002 = 40000 variables, in turn leading to a 40000 × 40000 coefficient matrix. Similarly, up-

scaling a 200×200 image by a factor of two will involve solving for 4002 = 160000 variables. In

practice, iterative optimization methods such as conjugate gradient are used instead to solve

the linear equations [19, 60].

We describe three novel contributions in the context of this problem. First, we show that

generalizing the IID prior on image gradients by introducing local dependence between gradients

leads to improved estimates of the latent image, both in quantitative terms and in terms of

visual plausibility.

Further, for super-resolution or denoising where misspecification of the blur kernel can be

more problematic than the choice of prior, we demonstrate that the simple estimates of the blur

kernel described in Section 5.3, assuming symmetry of the kernel, are usually quite effective.

Finally, we implement an alternative numerical approach that solves the linear equations

directly, making use of existing numerical sparse matrix libraries, taking advantage of the fact

that the coefficient matrix in these problems are typically sparse. The performance of this
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approach is comparable in terms of speed and memory, and in certain cases, especially for

non-blind deconvolution with complicated kernels, this approach often works better than the

conjugate-gradient approach.

6.2 Mathematical formulation and derivations

Suppose we have a latent image `, from which we obtain an observed image y. The problem is

fully defined through the prior on ` and the conditional distribution of y given `. We describe

the second component first. We henceforth interpret ` and y to denote both the matrix and

vectorized forms (with successive columns stacked on top of each other), depending on context.

Conditional distribution of y

We assume that the elements of ` represent grayscale image intensities on a scale between 0

and 1 (color images can be handled by processing the red, green, and blue channels separately).

The observed image y is obtained from ` through the following mechanism. First, ` undergoes

convolution with a blur kernel k; the resulting image is denoted by k ⊗ `. We use the term

convolution somewhat loosely, and sometimes use ⊗ to mean filtering, where (k ⊗ x)kl =∑
i,j x(k+i−1)(l+j−1)kij, as opposed to strict convolution, where (k⊗x)kl = ∑

i,j x(k−i+1)(l−j+1)kij.

It is easy to see that convolution with k is same as filtering with flip(k), and vice versa, where

flip(k) is obtained from k by reversing the order of both rows and columns. Optionally, in the

case of super-resolution, the resulting image is downsampled by an (integral) factor of f by

retaining every f -th row and column and dropping the rest; the resulting image is denoted by

d↓f (k ⊗ `). Finally, the observed y is obtained as

y = d↓f (k ⊗ `) + ε, (6.1)

where ε represents independent noise that is assumed to be Gaussian.

It is easy to see that the mapping x 7→ d↓f (k⊗x) is linear when viewed as a matrix to matrix

function. Thus, the map can be represented by left multiplication by a matrix, denoted by Tk,f ,
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operating on the vectorized version of the input x. Both valid convolution (see Section 2.4)

and downsampling reduce the size of the output relative to the input, so Tk,f will in general

have fewer rows than columns. Without downsampling (f = 1), Tk ≡ Tk,1 is an almost Toeplitz

matrix, with each element of k appearing exactly once in each row. Downsampling is achieved

by dropping rows from Tk,1. The conditional distribution of y given ` can thus be written as

y | ` ∼ N (Tk,f ` , η2I) (6.2)

where Tk,f is a substantially sparse matrix and η2 is the unknown error variance. We assume

here that k is known. This is not always a reasonable assumption, and in practice k may need

to be estimated in advance.

Prior distribution of `

Needless to say, obtaining good results depends on formulating suitable priors for the latent

image. For the problems discussed in this chapter, we focus on the hyper-Lapacian prior family

with distribution given by (with unit scaling)1

fα(z) = α

2Γ(1/α)e
−|z|α , z ∈ R , (6.3)

with α ∈ [0.5, 0.8] empirically found to be appropriate for natural images [43, 37].

The horizontal gradients x(h) = [−1, 1]⊗ ` and vertical gradients x(v) = [−1, 1]T ⊗ ` are as-

sumed to be independent for simplicity, even though clearly they are not as they must integrate

to the same image `. Although the original latent image ` is expected to have high spatial

correlation, it is common to assume that taking gradients serves as an effective decorrelating

filter, and thus the individual pixel elements x(h)
i and x(v)

i of the image gradients are also taken

to be independent. However, as discussed in Chapter 5, this assumption is often unreasonable,

and a simple generalized lag-1 auto-regressive model (Model 1 in Chapter 5), with correlation
1For the blind deconvolution problem discussed in Chapter 7, we use a mixture-of-Gaussian prior as an

approximation.
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given by

Cor(xi1,i2 ,xj1,j2) = ρ
|i1−j1|
1 ρ

|i2−j2|
2 , (6.4)

better models the joint distribution of image gradients in practice. Instead of estimating ρ1 and

ρ2 from the image, we interpret these as hyperparameters of the prior that must be provided by

the user. For the results presented here, we have used the values 0.3 and 0.6 along and across

the direction of the gradient. It is useful to recall that just as a one-dimensional AR(1) process

with lag-1 correlation ρ can be decorrelated by applying the filter
[
−ρ 1

]
, a two-dimensional

stationary process with correlation given by (6.4) can be decorrelated using the filter

ρ =

ρ1ρ2 −ρ1

−ρ2 1



We denote by z(h) and z(v) the results of applying the corresponding filters ρ(h) and ρ(v) on x(h)

and x(v) respectively, and assume that the individual elements of z(h) and z(v) are independent.

The prior model for `, in its generalized form, is thus given by

f(`) =
(∏

i

1
σ
fα
(
z

(h)
i /σ

))∏
j

1
σ
fα
(
z

(v)
j /σ

) (6.5)

where fα is given by (6.3), σ is a scale parameter controlling the (common) variance of z(h)

and z(v), and the indices i and j run over elements of z(h) and z(v) respectively. The crucial

observation here is that the maps ` 7→ z(h) = ρ(h)⊗ [−1, 1]⊗` and ` 7→ z(v) = ρ(v)⊗ [−1, 1]T ⊗`

are both linear, and given in vectorized form by

z(h) = Tρ(h) T[−1,1] ` = Bh `

z(v) = Tρ(v) T[−1,1]T ` = Bv `

Here, as with Tk,f , Bh and Bv are substantially sparse, almost Toeplitz matrices.

94



The posterior mode of ` | y

For α = 2, the hyper-Lapacian distribution in (6.5) reduces to the Gaussian distribution

Bh `, Bv ` ∼ N
(
0,

1
2σ

2I
)

Combining with (6.2), it is easy to verify that the posterior distribution of ` | y is Gaussian

with mean (and hence mode)

(
T Tk,fTk,f + 2η2

σ2

(
BT
hBh +BT

v Bv

))−1

T Tk,f y. (6.6)

The general (α 6= 2) case can be handled by iteratively computing weighted versions of (6.6).

To see this, it is simplest to phrase the problem as an explicit optimization problem maximizing

the posterior

f(` | y) ∝ exp
{
− 1

2η2‖y − Tk,f`‖
2
}
· exp

{
−
∑
i

|z(h)
i /σ|α

}
· exp

−∑
j

|z(v)
j /σ|α


or equivalently, minimizing the negative log-posterior (ignoring terms not dependent on `)

M(`) = 1
2η2

(
`TT Tk,fTk,f`− 2yTTk,f`

)
+ 1
σα
∑
i

∣∣∣z(h)
i

∣∣∣α + 1
σα
∑
j

∣∣∣z(v)
j

∣∣∣α

where z(h) = Bh ` and z(v) = Bv `. To write the score equations obtained by setting ∇M = 0,

it is convenient to express M(`) as

M(`) = 1
2η2

(
`TT Tk,fTk,f`− 2yTTk,f`

)
+ 1
σα

Ψα(Bh `) + 1
σα

Ψα(Bv `)

where Ψα(z) = ∑
k
|zk|α. Using the chain rule, we can then write

(∇M(`))T = JM(`) = 1
2η2

(
2`TT Tk,fTk,f − 2yTTk,f

)
+ 1
σα

JΨα(Bh `)Bh + 1
σα

JΨα(Bv `)Bv
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where Jh(x) denotes the Jacobian matrix of a function h evaluated at x. It is easy to verify

that JTΨα(z) = ∇Ψα(z) is a column vector with kth element given by

∂

∂zk
|zk|α = α|zk|α−1 sign(zk),

which simplifies to 2zk when α = 2 (the Gaussian case). This leads to the score equations

(setting ∇M(`) = 0)

T Tk,fTk,f`+ η2

σα

[
BT
h∇Ψα(z(h)) +BT

v ∇Ψα(z(v))
]

= T Tk,fy.

For α = 2, ∇Ψα(z(h)) = 2Bh ` and ∇Ψα(z(v)) = 2Bv `, so the score equations reduce to

T Tk,fTk,f`+ 2η2

σ2

[
BT
hBh +BT

v Bv

]
` = T Tk,fy.

matching the posterior mean in (6.6) above. For general α, we can write the kth element of

∇Ψα(z) as

α|zk|α−1 sign(zk) = α
|zk|α−1 sign(zk)

zk
zk = α|zk|α−2zk.

Equivalently, in matrix notation,

∇Ψα(z) = W (z)z,

where W (z) is a diagonal matrix with kth diagonal element given by α|zk|α−2. We can thus

rewrite the score equations as

(
T Tk,fTk,f + αη2

σα

[
BT
hW (Bh `)Bh +BT

vW (Bv `)Bv

])
` = T Tk,fy. (6.7)

This leads to an iteratively reweighted least squares scheme where the (t + 1)th iterate `(t+1)

is obtained by solving the weighted least squares problem (6.7) with W (Bh `) and W (Bv `)

replaced by W (Bh `
(t)) and W (Bv `

(t)) respectively. We henceforth use λ = αη2

σα
to denote the

regularization or tuning parameter; in the Bayesian interpretation, λ−1 is a measure of the

signal-to-noise ratio.
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Solving the linear equations in practice

As indicated earlier, the set of linear equations that need to be solved are so large in practice

that conventional direct methods do not work. The Gaussian case can be solved efficiently in

the Fourier domain. However, this approach cannot incorporate weights, and so cannot be used

for α 6= 2.

Levin et al. [42] use the conjugate gradient method [19], [60], an iterative method with low

memory requirements that solves the linear equations Ax = b by evaluating Ax alone, not even

requiring A to be explicitly computed. As the only linear operations involved in (6.7) are filters,

subsampling, and multiplication by diagonal matrices, this can be done efficiently.

The conjugate gradient approach is usually quite effective, but requires a fixed number of

iterations for practical use, and performance depends on the problem. Specifically, we see rel-

atively poor performance with complicated blur kernels. As the large matrices involved are

substantially sparse, we implemented an alternative approach that computes a direct solu-

tion using efficient sparse matrix computation techniques. In particular, we make use of the

CHOLMOD library [10] through the Matrix package in R [3]. We provide an R package that

implements both the direct solution and conjugate gradient method [54].

6.3 Results

In this section, we present some results using our proposed methods. We start with some real

image examples, mainly to visually illustrate the effect of the various priors and kernels on the

resulting estimates. More extensive results are available at a supplementary website.2 We also

present quantitative results using synthetic noisy images as input, generated from known latent

images to which the reconstructed images can be compared.
2https://www.isid.ac.in/~deepayan/rip/html/
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Visual effect of correlation

We first give examples of the super-resolution problem. Efrat et al. [16] show that the choice of

the blur kernel k often plays a more important role than the choice of prior in super-resolution.

This blur is typically an inherent property of the camera that is present even if there is no

motion blur, and is not negligible even though it is usually small. When one has access to the

camera, Efrat et al. [16] outline a procedure to estimate the camera blur, but this is usually

not the case.

The effect of kernel misspecification is illustrated in Figure 6.1 using two images from the

supplementary website3 of Efrat et al. [16] upscaled by a factor of f = 2 using an Epanechnikov

kernel with bandwidth h = 2. Both upscaled images (cropped to show central part) exhibit

ringing artifacts when using the IID Gaussian prior, which is typical when using a blur kernel

more diffuse than it should be. The sparse priors (both IID and AR) lead to less prominent

artifacts, although the effect of kernel misspecification is evident in the text contained in the

first image. The sparse priors tend to produce smoother results as expected, but the IID prior

tends to oversmooth, producing more “blocky” results.

The results are substantially improved if we use the kernels that are estimated from the

input images, as seen in Figure 6.2. The Epanechnikov kernel also gives better results with

smaller bandwidth; results for h = 1.5 and h = 1 (as well λ = 0.01) are included in the

supplementary website.

An interesting observation here is that the Gaussian prior actually gives visually better

results in parts of the image that contain texture. On the other hand, the sparse prior performs

better in regions that are smooth, such as skin or uniform backgrounds.

As the input images in these two examples are themselves quite sharp, we can possibly

obtain even better results with a lower value of λ, making the prior less important. The choice

of prior becomes more important for images that are less sharp. Figure 6.3 shows portions

of a frame from the Buster Keaton film “The Electric House” (downloaded from the Internet

Archive), upscaled using different priors; see the supplementary website for the full frame.
3https://webee.technion.ac.il/people/anat.levin/papers/supres/
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Original images with Epanechnikov kernel (h = 2) inset

IID Gaussian (α = 2) prior, λ = 0.001, Epanechnikov kernel with h = 2

IID sparse (α = 0.8) prior, λ = 0.001, Epanechnikov kernel with h = 2

AR sparse (α = 0.8) prior, λ = 0.001, Epanechnikov kernel with h = 2

Figure 6.1: Examples of super-resolution with user-supplied kernel. Here we use the Epanech-
nikov kernel, defined in terms of bandwidth h as kh(x, y) = (3/4h)2(1−|x|/h)2(1−|y|/h)21{|x| ≤
h, |y| ≤ h}, discretized by integrating over pixels. The blur kernel used (h = 2) is more dif-
fuse than it should be, leading to noticeable ringing artifacts with the IID Gaussian prior.
Uncropped results and results for other values of h are available in the supplementary website.
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Original images with estimated kernels inset

IID Gaussian (α = 2) prior, λ = 0.001, estimated kernel

IID sparse (α = 0.8) prior, λ = 0.001, estimated kernel

AR sparse (α = 0.8) prior, λ = 0.001, estimated kernel

Figure 6.2: Examples of super-resolution with estimated kernel, applied on the same images
shown in Figure 6.1. The results are substantially better, although in this case similar re-
sults can be obtained using an Epanechnikov kernel with a smaller bandwidth. There is no
clear advantage to using a sparse prior over a Gaussian prior, but the IID sparse prior clearly
oversmoothes compared to the correlated sparse prior.
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Original image with estimated kernel inset (resized using cubic interpolation)

IID Gaussian (α = 2) prior, λ = 0.001, estimated kernel

IID sparse (α = 0.8) prior, λ = 0.001, estimated kernel

AR sparse (α = 0.8) prior, λ = 0.001, estimated kernel

Figure 6.3: Super-resolution of a cropped frame from the Buster Keaton film The Electric
House, using blur kernel estimated from the input image. The input image is substantially
blurry, and noticeably better results are obtained with with the correlated sparse prior, while
the IID Gaussian prior produces ringing artifacts.
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The Gaussian prior produces prominent artifacts in this case, which are absent for the sparse

prior. Again, the IID sparse prior oversmooths, whereas the correlated prior gives more realistic

gradients.

These same observations generally hold for denoising with simple blur kernels as well. As

we saw in Figure 5.7, our proposed method for estimating symmetric blur kernels suggests that

the first three test images from Figure 1.4 have small amounts of blurring. Figure 6.4 shows the

effect of performing non-blind deconvolution on these images using the corresponding estimated

blur kernels.

Examples of more realistic blurring due to mild lack of focus are shown in Figure 6.5, which

shows the result of denoising two real-life images that are slightly blurred, using blur kernels

estimated from the input image. More examples are included in supplementary website.

Synthetic images

We next present quantitative comparisons of various priors in terms of how accurately they

recover the true image when it is known. We use the eight test images shown in Figure 1.4 as

latent images, and generate synthetic input images to evaluate performance in deconvolution

as well as super-resolution.

Non-blind deconvolution. The first simulation experiment assesses the performance of var-

ious priors for the non blind deconvolution problem. It uses the usual eight test images along

with eight test kernels from Levin et al. [44], shown in Figure 1.5. For each of the 64 resulting

combinations, we first compute a blurred image by blurring the test image with the test ker-

nel. To investigate the effect of noise, these blurred images then have further noise added to

them as described in Section 1.3. Specifically, if the intensity of a pixel in the blurred image is

L ∈ [0, 255], it is replaced by X/S, where X is a Poisson random variable with mean SL. In the

results reported here, we use S = 100 (less noisy) and S = 10 (more noisy). This Poisson model

is a natural noise model for the observed image, although it is not the noise model assumed

during estimation.

Deconvolution is performed for each synthetic image with the true kernel, slightly altered
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Original image

IID Gaussian (α = 2) prior, λ = 0.01, estimated kernel

IID sparse (α = 0.8) prior, λ = 0.001, estimated kernel

AR sparse (α = 0.8) prior, λ = 0.001, estimated kernel

Figure 6.4: Deconvolution of the first three test images using the blur kernels estimated from
the input images, shown in Figure 5.7.
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Original image with estimated kernel inset

IID Gaussian (α = 2) prior, λ = 0.001, estimated kernel

IID sparse (α = 0.8) prior, λ = 0.001, estimated kernel

AR sparse (α = 0.8) prior, λ = 0.001, estimated kernel

Figure 6.5: Denoising or deconvolution of real-life images using blur kernel estimated from the
input image. See supplementary website for further examples.
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Deconvolution

Peak SIgnal-to-Noise Ratio ( -10 * log10(MSE) )
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Figure 6.6: Performance of non-blind deconvolution for synthetic images, quantified through
Peak Signal-to-Noise Ratio (PSNR) on the x-axis. Columns represent test images. Rows repre-
sent combinations of noise-level (S) and regularization parameter (λ). PSNR values correspond-
ing to all eight test kernels are shown in each panel, with lines connecting values corresponding
to the same kernel.

by setting small elements (less than 1% of the maximum) to zero. Four priors are used for

image gradients: Gaussian (α = 2) and sparse (α = 0.8), both with IID and auto-regressive

with correlation parameters 0.3 and 0.6 along and across the direction of the gradient. Two

values of the tuning parameter λ are used, 0.01 and 0.001. In addition, the results of using the

Richardson-Lucy algorithm (with 25 iterations) are also included.

The synthetic images are smaller than the input test images as boundary elements that

require information from outside the image are dropped. The recovered images are of the same

size as the generated synthetic image, and are compared with correspondingly cropped versions

of the true latent image. Performance is quantified using the Peak Signal to Noise Ratio or

PSNR, which for image values between 0 and 1 is defined as −10 log(MSE), with MSE denoting

the mean squared error. Higher values of PSNR, corresponding to lower values of MSE, indicate

better performance in recovering the latent image. Results are summarized in Figure 6.6.

Somewhat surprisingly, the sparse priors do not always lead to better quantitative perfor-
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Super-resolution (2x)

Peak Signal-to-Noise Ratio ( -10 * log10(MSE) )
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Figure 6.7: Performance of super-resolution for synthetic images, quantified through PSNR
on the x-axis. Columns represent test images. Rows represent combinations of noise-level (S)
and regularization parameter (λ). PSNR values corresponding to both the true kernel and
estimated kernels are shown in each panel.

mance, even though they more closely reflect the true gradient distribution. One case where the

sparse priors do perform better is with more noise (S = 10) and small regularization penalty

(λ = 0.001). For the same images, similar performance is seen with λ = 0.01 and the IID

Gaussian priors. For less noisy images (S = 100), all priors give roughly similar performance

with λ = 0.001, but the AR Gaussian prior is the clear front-runner with λ = 0.01. Between

the two sparse priors, the correlated AR model seems to be slightly better, as it is usually as

good as and often better than the IID prior.

Super-resolution. The second simulation experiment similarly assesses performance for the

super-resolution problem. The eight test images are downsampled by a factor of two after being

blurred by a simple 3 × 3 rectangular kernel with bandwidth h = 1.25. The resulting images

then have further noise added to them using the Poisson model as before, again using S = 10

and S = 100.

Super-resolution is performed for each of the 16 synthetic images thus obtained using the four

gradient priors as before, with tuning parameter λ = 0.01 and 0.001. In one set of experiments
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the true kernel is used, and in another the kernel is estimated from the downsampled input

image after upscaling it using linear interpolation. The estimated kernels are cropped to have

size 5 × 5 pixels. The performance of the various combinations, quantified using PSNR, are

summarized in Figure 6.7.

Here again the sparse priors are not necessarily better, although they do perform marginally

better in the presence of more noise with a smaller regularization parameter. The correlated

priors generally perform better than their IID counterparts. For λ = 0.001, the proper speci-

fication of the kernel seems to have an impact, whereas the estimated kernel works as well as

the true kernel for λ = 0.01.

Of course, quantitative comparisons do not completely capture performance, and visual

assessment is also important. The supplementary website includes the actual restored images,

along with results for more example images processed with various parameter combinations.

Our general observation is that λ = 0.001 with the AR sparse prior usually gives the best

visually plausible results with the fewest artifacts, closely followed by λ = 0.01 with either the

IID Gaussian or AR Gaussian priors.
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Chapter 7

Blind deconvolution using dependent

prior

In this chapter, we describe applications of the generalized prior model proposed in Chapter 5 in

the context of blind deconvolution. We build upon the approach of Levin et al. [45] reviewed in

Chapter 4. Although this is not the only approach that can be used with the prior we consider,

it has the advantage that a well-documented code implementation is available, making it easier

to assess improvements in results, if any.

In the previous chapter, we used the generalized prior formulated as a simple first-order

auto-regressive model (Model 1 in Chapter 5) for non-blind image deconvolution and super

resolution. Although this is the more natural generalization of the IID prior, it is difficult to

incorporate into the EM approach considered here. Instead, in this chapter we consider the

alternative model specified by the variance function gω of the DFT coefficients of image gradients

(Model 2). For the specific parametric model derived from a first-order auto-regressive model,

gω is determined by two parameters ρ1 and ρ2 that determine correlation along and across the

direction of the image gradient.
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7.1 Estimating blur kernel using generalized prior

We first discuss how the kernel estimation procedure can be extended to incorporate the gener-

alized prior model. Results obtained from synthetic and real life images are given in subsequent

sections.

Gaussian prior For the Gaussian prior given by (4.2), incorporating the generalization into

the estimation process is relatively simple. Recall from Chapter 4 that the crucial step in the

process is the E-step, where µ = Ek(t)(x |y) and Σ = Vark(t)(x |y) are computed. These calcu-

lations can be performed efficiently in the Fourier domain, as described earlier in Section 4.3.

For the generalization given by Model 2, the underlying z matriz has IID N(0, σ2) compo-

nents, and consequently the DFT coefficients Zω are also IID complex Gaussian, i.e.,

Zω ∼ CN(0, σ2),

with the same variance σ2 provided Z is suitably normalized. By Model 2, Xω = √gωZω,

and we thus have, analogous to the calculations in Section 4.3, Xω ∼ CN(0, gωσ2) and

Yω |Xω,Kω ∼ CN(K̄ω ·Xω, η
2), with suitably normalized X and Y . It easily follows that for

the generalized prior, the analogue of (4.13) is given by

Xω |Yω,Kω ∼ CN
(

σ2gωKωYω
η2 + σ2gω|Kω|2

,
η2σ2gω

η2 + σ2gω|Kω|2

)
. (7.1)

µ = E(x |y,k) is then obtained by simply taking the inverse DFT of E(X |Y ,K). As before,

Σ is assumed to be diagonal. All diagonal entries are identical and are given by

1
Σii

= 1
σ2ḡ

+
∑
k2
j

η2 .

where ḡ is the average of gω taken over all DFT frequencies.

Sparse MOG prior Unfortunately, the modification is not as straightforward for the sparse

MOG prior (4.3). In this case, the implementation of the E-step depends heavily on compu-
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tations in the image domain, and the specification of the generalization in the Fourier domain

does not easily translate to the image domain, which would require modeling the dependence

between the components of the transformed image derivatives x, obtained from z by transfor-

mation, in terms of the IID sparse MOG distribution of the components of z.

The approach we take here is different, and although approximate, it is potentially more

useful in other similar contexts. Instead of directly modifying the E-step, we proceed in two

steps. First, we transform the input image derivative y so that the assumptions of the original

IID model are approximately satisfied. This step can be viewed as indirectly imputing z (which

has IID components) from x (which has dependent components). Second, we apply the original

E-step on the transformed problem.

Specifically, recall that in Model 2, the unblurred image gradient x is a transformation of

another unobserved process z that satisfies the IID prior model zi ∼ π(z). Had we observed

u = k ⊗ z + nu, we would already know how to estimate k; however, we instead observe

y = k ⊗ x+ ny. To estimate k from y, we modify the E-step as follows:

1. Given the current estimate k(t) of k, compute u(t) = E(u |y,k(t)). This step can be

executed efficiently in the Fourier domain, as shown below.

2. Proceed to compute µ = Ek(t)(z |u(t)) and Σ = Vark(t)(z |u(t)) (i.e., replace y by u(t)

in the original E-step) and use them to compute Q(k |k(t)) based on the IID process z,

which we already know how to do.

The computations required for the first step above are facilitated by the following theorem.

Theorem 7.1.1 Let Z ∼ CN(0, σ2), and given Z, let U and Y be defined as U = KZ + εu

and Y = αKZ + εy where α ∈ R and εu, εy are independently distributed as CN(0, η2). Then,

the conditional expectation of U given Y is

E(U |Y ) = α|K|2σ2

η2 + α2|K|2σ2 Y.

Proof: Clearly (U, Y ) has a joint Complex Normal distribution with E(U) = 0 and E(Y ) = 0,
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and thus the required conditional expectation is given by

E(U |Y ) = Cov(U, Y )
Var(Y ) Y

The variance of Y is given by

Var(Y ) = E(Y Ȳ )

= E E[(αKZ + εy)(αKZ + εy) |Z]

= E E[α2KK̄ZZ̄ + αKZε̄y + αεyK̄Z̄ + εyε̄y |Z]

= α2|K|2 E[ZZ̄] + 0 + 0 + E[εyε̄y]

= α2|K|2σ2 + η2

Similarly, the covariance term is

Cov(U, Y ) = E(UȲ )

= E E[(KZ + εu)(αKZ + εy) |Z]

= E E[αKK̄ZZ̄ +KZε̄y + αεuK̄Z̄ + εuε̄y |Z]

= α|K|2 E[ZZ̄] + 0 + 0 + 0

= α|K|2σ2

The result immediately follows.

One slightly unsatisfactory assumption in the previous result is that the errors for U and Y

are assumed to be independent. As our primary interest is in recovering the effect of the scaling

of the mean by α = √gω, it may be more reasonable to assume that the errors are related

when predicting U from Y . We can extend the above result by relaxing the independence

assumption, and instead assume that E(εuε̄y) = ρη2 for some correlation ρ. This leads to the

following theorem.

Theorem 7.1.2 Let Z ∼ CN(0, σ2), and given Z, let U and Y be defined as U = KZ+εu and
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Y = αKZ + εy where α ∈ R and (εu, εy) are jointly Complex normal with mean 0, variance η2,

and E(εuε̄y) = ρη2. Then, the conditional expectation of U given Y is

E(U |Y ) = α|K|2σ2 + ρη2

η2 + α2|K|2σ2 Y.

The proof is identical to that of Theorem 7.1.1, except that the last term in the calculation of

Cov(U, Y ) is ρη2 instead of 0.

We use the above results as follows. In the imputation step in the modified algorithm

described above, we need to compute

u(t) = E(u |y,k(t))

given the current estimate k(t) of k. We instead compute

U (t)
ω = E(Uω |Yω,K(t)

ω )

for each frequency pair ω in the Fourier domain using Theorem 7.1.2, putting α = √gω, and

the correlation parameter ρ to some user-supplied value. We use ρ = 0.75 in the results we

report, and this seems to provide better results than ρ = 0. Once we impute the values of Uω,

we apply inverse DFT to obtain the imputed value of u. One additional heuristic we apply is

to scale the values of the resulting u to match the variance of y, as this seems to give more

stable results.

We end this section with a remark. Note that a naïve alternative to imputing u at every step

of the iteration (using the current estimate of k) is to make an initial one-time transformation

of Yω 7→ Uω = Yω/
√
gω. This is equivalent to applying Theorem 7.1.2 with η2 = 0, i.e., if

there is no noise. In fact, this approach gives good results in synthetic images where there is

no additional noise. However, as expected, the results are not as good in the presence of noise,

and in that case imputing in each step becomes important.
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7.2 Performance comparison for synthetic images

To assess the performance of the generalized prior, we performed a study comparing our pro-

posed method with the sparse IID method of Levin et al. [45], largely following their evaluation

scheme. The study uses the eight test images and test kernels to create synthetic blurred images

as described in Section 1.3 in Chapter 1, and then use the two methods to recover the blur

kernels. The study consists of three experiments with different noise levels: The first replicates

the scheme used by Levin et al. [45] to generate test images by convolving the test image and

the test kernel without introducing any additional noise. The second experiment uses test im-

ages with additional noise, as outlined earlier in Section 1.3, with the amount of Poisson-type

noise controlled by parameter S = 100. The third experiment uses test images with even more

noise, generated with S = 10. The last two sets are the same as those used for testing the

performance of non-blind deconvolution in Chapter 6.

Specifically, for the first set of experiments, 64 test input images are obtained and stored

in PNG format by combining each of the 8 unblurred test images with each of the 8 test blur

kernels. In this experiment, which we refer to as the “exact” setup, the blurred images have no

additional noise apart from the integer rounding inherent in storing 8-bit images. The actual

estimation procedure, as implemented, assumes that image intensities are scaled to lie between

0 and 1. With this scaling, the noise introduced in the image gradients by rounding, aggregated

over all test images, has a standard deviation of approximately 0.0016. This noise is modeled

as N(0, η2), and the default value of η used by Levin et al. [45] is 0.01.

To investigate the effect of noise, two further sets of 64 test images have noise added to them

as follows: if the intensity of a pixel in the corresponding “exact” blurred image is an integer L

between 0 and 255, it is replaced by X/S, where X is a Poisson random variable with mean SL,

rounded to the nearest integer between 0 and 255. We refer to this experiment as the “noisy”

setup. This is a natural noise model for the raw image, and we use two values of S, S = 100

(less noisy) and S = 10 (more noisy). The resulting noise in the image gradients, aggregated

over all test images, has a standard deviation of approximately 0.005, half the default value of

η, for S = 100, and of approximately 0.015 for S = 10.

113



Performance is evaluated for each test image as follows: (1) The blur kernel is estimated

using the EM approach as outlined above. (2) The estimated blur kernel is then used in a

non-blind deconvolution algorithm using the methods outlined in the previous chapter with

three priors: (a) IID Gaussian (α = 2) with λ = 0.01, (b) AR Sparse (α = 0.8) with λ = 0.001,

as well as (c) IID Sparse (α = 0.8) with λ = 0.001. (3) Finally, the resulting recovered image

is compared with the true unblurred image, and their similarity measured by a quantity SSDE

(the sum of squared differences after finding the best shifted match) as described by Levin et al.

[45]. Lower values of SSDE indicate a closer match between the true and recovered image.

Specifically, for the IID prior the sparse MOG model used is the default model used by

Levin et al. [45] (mixture probabilities 0.3047, 0.4344, 0.2609 with corresponding variances

1/7021.68, 1/471.84, 1/41.85). The noise parameter is taken to be η = 0.01 for the exact

setup, η = 0.0125 for the first noisy set with S = 100, and η = 0.0225 for the second noisy

set with S = 10 (these choices are somewhat arbitrary, chosen by trial and error, as they give

better overall performance than the default). For the generalized prior, the additional model

parameter gω is calculated for the auto-regressive model with ρ1 = 0.3 (correlation parameter

along the direction of the gradient) and ρ2 = 0.6 (across the direction of the gradient). For

the imputation step, correlation between the errors for U and Y is taken to be 0.75. To avoid

potential scaling problems affecting the validity of the variance parameters, the imputed deriva-

tives u are scaled so that their overall standard deviation matches that of the untransformed

derivatives y.

We naturally expect worse performance in the presence of noise. However, even for a given

level of noise, the overall performance is affected by two factors: the choice of prior in the

estimation of the kernel, and the choice of prior in the subsequent non-blind deconvolution

step. The effect of the first factor, the choice of prior used in estimating the blur kernel,

is summarized in Figure 7.1 for all three sets of images, and three different choices for the

non-blind deconvolution step.

Some interesting observations can be drawn from this figure. For the exact setup, using

the dependent (AR) prior seems to be beneficial for most images (the points lie below the
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(a) Exact setup
SSDE for IID sparse MOG prior
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(b) Noisy setup (S = 100)
SSDE for IID sparse MOG prior
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(c) Noisy setup (S = 10)
SSDE for IID sparse MOG prior
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Figure 7.1: Plot summarizing performance of auto-regressive model prior with respect to perfor-
mance using the IID prior when estimating the blur kernel. The three rows represent the type
of blurred input image: (a) “exact” setup, (b) “noisy” setup with S = 100, (c) more “noisy”
setup with S = 10. Each point in the scatter plot represents one of the 64 image-kernel combi-
nations. The x axis plots the square root of the sum of squared differences (SSDE) between the
original true image and the recovered image (for the best alignment) using the IID prior. The y
axis plots the square root of the SSDE using the gω corresponding to an auto-regressive model
with ρ1 = 0.3 and ρ2 = 0.6. Columns in the plots represent the prior used during non-blind
deconvolution, after the blur kernel has been estimated. A diagonal line is added for reference.
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diagonal), but the improvement in SSDE is minimal when deconvolution is done using the IID

Gaussian prior. The improvement is slightly better when using the AR sparse prior, and even

more when using the IID sparse prior in the non-blind deconvolution step. There is, however,

a subtle point here. As observed in the previous chapter, deconvolution using the IID sparse

prior leads to oversmoothed blocky results that are unrealistic, even though this is not reflected

by SSDE as a measure of “goodness”.

The behaviour for noisy images are more interesting. Even though the dependent prior leads

to lower SSDE for many images, in many cases it leads to higher SSDE, and this happens more

when the SSDE value is high to begin with. In other words, when the IID prior is unable to

estimate the kernel well, using the dependent prior usually makes things worse, and conversely

it improves the result when the IID prior performs well. As seen in the subsequent figures

showing the estimated kernels, higher noise sometimes leads to complete failure to estimate

the kernel in some such cases; the resulting SSDE values are not shown in Figure 7.1, which

excludes SSDE value larger than 400.

This leads to a natural question: given a method of estimating the blurred kernel, how

much does the choice of prior used during the non-blind deconvolution step affect the result

are measured by SSDE? This question is answered in Figure 7.2, which shows (for the exact

setup) that the improvement due to the choice of the AR sparse prior during the non-blind

deconvolution step (compared to the IID Gaussian prior) far exceeds the improvement due

to differences in the estimated kernel. We exclude the IID sparse prior from this comparison

because the results are visually unappealing, although it is numerically competitive with the

AR sparse prior.

To enable a more detailed comparison, individual recovered kernels along with their SSDE

values are shown in Figures 7.3 through 7.8. These show that despite the nominal improvements

in SSDE, the use of a dependent prior does lead to sharper and visually improved kernel

estimates in most cases. When the estimates are reasonably good, the kernel estimated using the

dependent prior usually performs slightly better, but a much larger improvement is facilitated

by use of a sparse dependent prior in the non-blind deconvolution step. However, when the
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Role of prior used for non−blind deconvolution (exact setup)

SSDE for non−blind deconvolution using IID Gaussian prior
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Figure 7.2: Role of prior used during non-blind deconvolution on performance using various
kernel estimation methods. The first column shows performance when deconvolution is done
using the true kernel. The second column uses the kernels estimated using the sparse IID
prior, and the third column uses the kernels estimated using the sparse AR prior. The x axis
plots the square root of SSDE between the true latent image and the recovered image (for the
best alignment) using the IID Gaussian prior (α = 2, λ = 0.01). The y axis plots the square
root of the SSDE using the dependent (AR) sparse prior (α = 0.8, λ = 0.001) with ρ1 = 0.3
and ρ2 = 0.6. A diagonal line is added for reference. The improvement due to the use of the
dependent sparse prior is much larger than the differences due to prior used during estimation
of the kernel.

estimates are bad, the dependent prior tends to have worse performance in both respects.

It is important to note that results are sensitive to the choice of parameters, and in particular

the noise parameter η. Figure 7.9 shows the effect of using a value of η lower than it should

be; specifically, using η = 0.0125 to estimate blur kernels from the more noisy set of images

(S = 10) using the sparse IID prior. The results are clearly overly sparse and disconnected.

The corresponding estimates for the AR Sparse prior are not shown but similar. The optimal

value of η is not known in advance, and needs to be chosen by trial and error on a case-by-case

basis.

7.3 Results on real-life examples

In this section we present results obtained from six real-life blurred images shown earlier in

Figure 1.1. It is usually computationally impractical to use a full image to estimate the blur
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SSDE = 59 / 37 SSDE = 94 / 61 SSDE = 56 / 26 SSDE = 69 / 67 SSDE = 166 / 91 SSDE = 58 / 52 SSDE = 83 / 45 SSDE = 100 / 65

SSDE = 54 / 44 SSDE = 83 / 60 SSDE = 59 / 30 SSDE = 216 / 229 SSDE = 206 / 142 SSDE = 63 / 56 SSDE = 81 / 41 SSDE = 121 / 90

SSDE = 36 / 33 SSDE = 67 / 51 SSDE = 28 / 14 SSDE = 54 / 57 SSDE = 147 / 96 SSDE = 50 / 48 SSDE = 59 / 36 SSDE = 108 / 87

SSDE = 202 / 178 SSDE = 167 / 123 SSDE = 172 / 132 SSDE = 142 / 134 SSDE = 267 / 182 SSDE = 105 / 94 SSDE = 177 / 135 SSDE = 238 / 218

SSDE = 24 / 27 SSDE = 33 / 29 SSDE = 14 / 15 SSDE = 30 / 37 SSDE = 108 / 80 SSDE = 38 / 38 SSDE = 36 / 27 SSDE = 84 / 71

SSDE = 39 / 41 SSDE = 61 / 60 SSDE = 34 / 28 SSDE = 84 / 94 SSDE = 140 / 106 SSDE = 52 / 51 SSDE = 63 / 47 SSDE = 89 / 71

SSDE = 82 / 85 SSDE = 102 / 93 SSDE = 62 / 55 SSDE = 144 / 151 SSDE = 183 / 149 SSDE = 74 / 74 SSDE = 105 / 93 SSDE = 127 / 109

SSDE = 90 / 78 SSDE = 119 / 95 SSDE = 72 / 51 SSDE = 159 / 162 SSDE = 226 / 165 SSDE = 82 / 76 SSDE = 124 / 87 SSDE = 149 / 116

Figure 7.3: Estimated kernels in the exact setup using the IID sparse prior model. The two
SSDE values correspond to subsequent non-blind deconvolution using the IID Gaussian prior
and the AR Sparse prior.
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SSDE = 53 / 30 SSDE = 87 / 54 SSDE = 50 / 20 SSDE = 61 / 58 SSDE = 183 / 113 SSDE = 58 / 52 SSDE = 76 / 41 SSDE = 105 / 75

SSDE = 50 / 37 SSDE = 91 / 65 SSDE = 54 / 22 SSDE = 204 / 214 SSDE = 215 / 162 SSDE = 67 / 62 SSDE = 81 / 44 SSDE = 130 / 110

SSDE = 31 / 26 SSDE = 63 / 48 SSDE = 27 / 14 SSDE = 47 / 49 SSDE = 141 / 100 SSDE = 40 / 40 SSDE = 58 / 38 SSDE = 110 / 95

SSDE = 187 / 156 SSDE = 166 / 127 SSDE = 155 / 115 SSDE = 134 / 129 SSDE = 250 / 168 SSDE = 96 / 85 SSDE = 166 / 122 SSDE = 222 / 200

SSDE = 20 / 20 SSDE = 37 / 32 SSDE = 13 / 11 SSDE = 27 / 30 SSDE = 100 / 76 SSDE = 35 / 36 SSDE = 37 / 28 SSDE = 81 / 74

SSDE = 32 / 28 SSDE = 52 / 45 SSDE = 31 / 20 SSDE = 78 / 82 SSDE = 124 / 99 SSDE = 53 / 52 SSDE = 61 / 47 SSDE = 85 / 68

SSDE = 75 / 72 SSDE = 107 / 102 SSDE = 65 / 58 SSDE = 140 / 145 SSDE = 168 / 131 SSDE = 67 / 67 SSDE = 100 / 90 SSDE = 125 / 114

SSDE = 83 / 66 SSDE = 115 / 92 SSDE = 74 / 51 SSDE = 158 / 159 SSDE = 217 / 162 SSDE = 78 / 71 SSDE = 121 / 83 SSDE = 152 / 125

Figure 7.4: Estimated kernels in the exact setup using the AR sparse prior model. The two
SSDE values correspond to subsequent non-blind deconvolution using the IID Gaussian prior
and the AR Sparse prior.
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SSDE = 64 / 46 SSDE = 94 / 63 SSDE = 57 / 29 SSDE = 73 / 73 SSDE = 176 / 103 SSDE = 60 / 53 SSDE = 90 / 51 SSDE = 130 / 111

SSDE = 59 / 50 SSDE = 88 / 60 SSDE = 65 / 33 SSDE = 224 / 247 SSDE = 212 / 153 SSDE = 67 / 57 SSDE = 86 / 46 SSDE = 133 / 101

SSDE = 45 / 44 SSDE = 70 / 54 SSDE = 28 / 15 SSDE = 58 / 63 SSDE = 154 / 101 SSDE = 54 / 51 SSDE = 62 / 40 SSDE = 121 / 95

SSDE = 203 / 177 SSDE = 177 / 135 SSDE = 171 / 129 SSDE = 145 / 136 SSDE = 285 / 208 SSDE = 110 / 104 SSDE = 186 / 136 SSDE = 250 / 235

SSDE = 29 / 32 SSDE = 34 / 30 SSDE = 15 / 16 SSDE = 38 / 47 SSDE = 111 / 85 SSDE = 41 / 40 SSDE = 38 / 29 SSDE = 84 / 72

SSDE = 48 / 49 SSDE = 66 / 68 SSDE = 37 / 26 SSDE = 88 / 102 SSDE = 163 / 132 SSDE = 51 / 50 SSDE = 59 / 46 SSDE = 87 / 69

SSDE = 85 / 94 SSDE = 107 / 94 SSDE = 62 / 55 SSDE = 155 / 166 SSDE = 201 / 163 SSDE = 75 / 72 SSDE = 111 / 96 SSDE = 148 / 131

SSDE = 94 / 84 SSDE = 121 / 96 SSDE = 76 / 52 SSDE = 163 / 168 SSDE = 214 / 160 SSDE = 83 / 76 SSDE = 124 / 86 SSDE = 161 / 130

Figure 7.5: Estimated kernels in the less noisy setup (S = 100) using the IID sparse prior
model. The two SSDE values correspond to subsequent non-blind deconvolution using the IID
Gaussian prior and the AR Sparse prior.
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SSDE = 54 / 34 SSDE = 85 / 54 SSDE = 53 / 23 SSDE = 68 / 66 SSDE = 197 / 137 SSDE = 62 / 55 SSDE = 92 / 56 SSDE = 130 / 110

SSDE = 54 / 41 SSDE = 89 / 68 SSDE = 57 / 25 SSDE = 213 / 227 SSDE = 234 / 185 SSDE = 68 / 60 SSDE = 86 / 50 SSDE = 155 / 143

SSDE = 35 / 30 SSDE = 66 / 51 SSDE = 28 / 15 SSDE = 54 / 58 SSDE = 154 / 115 SSDE = 46 / 43 SSDE = 61 / 43 SSDE = 117 / 101

SSDE = 190 / 163 SSDE = 176 / 136 SSDE = 155 / 111 SSDE = 146 / 138 SSDE = 279 / 205 SSDE = 688 / 1144 SSDE = 171 / 129 SSDE = 238 / 227

SSDE = 22 / 20 SSDE = 38 / 32 SSDE = 15 / 12 SSDE = 36 / 40 SSDE = 103 / 80 SSDE = 41 / 40 SSDE = 38 / 28 SSDE = 78 / 69

SSDE = 37 / 29 SSDE = 60 / 49 SSDE = 36 / 22 SSDE = 83 / 91 SSDE = 163 / 139 SSDE = 44 / 42 SSDE = 54 / 38 SSDE = 88 / 76

SSDE = 78 / 81 SSDE = 111 / 103 SSDE = 67 / 60 SSDE = 159 / 169 SSDE = 186 / 146 SSDE = 676 / 1326 SSDE = 109 / 98 SSDE = 175 / 167

SSDE = 86 / 65 SSDE = 123 / 99 SSDE = 81 / 53 SSDE = 170 / 173 SSDE = 209 / 152 SSDE = 602 / 1111 SSDE = 122 / 83 SSDE = 167 / 143

Figure 7.6: Estimated kernels in the less noisy setup (S = 100) using the AR sparse prior
model. The two SSDE values correspond to subsequent non-blind deconvolution using the IID
Gaussian prior and the AR Sparse prior.
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SSDE = 82 / 82 SSDE = 116 / 90 SSDE = 82 / 66 SSDE = 93 / 100 SSDE = 221 / 180 SSDE = 909 / 1750 SSDE = 107 / 75 SSDE = 187 / 255

SSDE = 78 / 78 SSDE = 95 / 71 SSDE = 107 / 99 SSDE = 203 / 272 SSDE = 219 / 173 SSDE = 613 / 1256 SSDE = 110 / 81 SSDE = 172 / 176

SSDE = 61 / 68 SSDE = 90 / 89 SSDE = 39 / 28 SSDE = 64 / 80 SSDE = 185 / 134 SSDE = 73 / 69 SSDE = 75 / 55 SSDE = 137 / 127

SSDE = 216 / 218 SSDE = 281 / 294 SSDE = 184 / 164 SSDE = 797 / 882 SSDE = 345 / 311 SSDE = 699 / 1673 SSDE = 205 / 180 SSDE = 1338 / 2507

SSDE = 41 / 51 SSDE = 47 / 50 SSDE = 28 / 32 SSDE = 46 / 69 SSDE = 147 / 119 SSDE = 58 / 63 SSDE = 52 / 41 SSDE = 106 / 92

SSDE = 66 / 91 SSDE = 97 / 104 SSDE = 47 / 45 SSDE = 109 / 145 SSDE = 188 / 184 SSDE = 952 / 2617 SSDE = 71 / 63 SSDE = 464 / 616

SSDE = 139 / 203 SSDE = 142 / 139 SSDE = 136 / 170 SSDE = 148 / 191 SSDE = 358 / 448 SSDE = 691 / 1792 SSDE = 127 / 123 SSDE = 197 / 203

SSDE = 119 / 143 SSDE = 144 / 141 SSDE = 122 / 128 SSDE = 167 / 211 SSDE = 249 / 217 SSDE = 622 / 1026 SSDE = 137 / 109 SSDE = 234 / 314

Figure 7.7: Estimated kernels in the more noisy setup (S = 10) using the IID sparse prior
model. The two SSDE values correspond to subsequent non-blind deconvolution using the IID
Gaussian prior and the AR Sparse prior.
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SSDE = 76 / 71 SSDE = 104 / 75 SSDE = 75 / 56 SSDE = 92 / 108 SSDE = 402 / 508 SSDE = 909 / 1897 SSDE = 116 / 93 SSDE = 240 / 376

SSDE = 71 / 66 SSDE = 89 / 69 SSDE = 93 / 82 SSDE = 874 / 1890 SSDE = 257 / 248 SSDE = 613 / 1587 SSDE = 99 / 76 SSDE = 218 / 315

SSDE = 50 / 51 SSDE = 73 / 64 SSDE = 35 / 23 SSDE = 76 / 90 SSDE = 186 / 152 SSDE = 945 / 1937 SSDE = 69 / 50 SSDE = 150 / 146

SSDE = 227 / 226 SSDE = 1528 / 3070 SSDE = 204 / 185 SSDE = 1797 / 3255 SSDE = 2601 / 4529 SSDE = 699 / 1277 SSDE = 1658 / 2610 SSDE = 1338 / 2447

SSDE = 39 / 48 SSDE = 49 / 39 SSDE = 25 / 21 SSDE = 71 / 103 SSDE = 169 / 151 SSDE = 764 / 1509 SSDE = 46 / 35 SSDE = 173 / 272

SSDE = 65 / 93 SSDE = 93 / 99 SSDE = 42 / 35 SSDE = 114 / 154 SSDE = 273 / 335 SSDE = 952 / 2244 SSDE = 75 / 63 SSDE = 2019 / 3638

SSDE = 180 / 224 SSDE = 1449 / 2704 SSDE = 132 / 162 SSDE = 1228 / 2956 SSDE = 228 / 221 SSDE = 691 / 1414 SSDE = 126 / 124 SSDE = 1402 / 2593

SSDE = 133 / 160 SSDE = 1280 / 2605 SSDE = 150 / 157 SSDE = 1166 / 2285 SSDE = 261 / 225 SSDE = 622 / 1395 SSDE = 1369 / 2486 SSDE = 1374 / 1924

Figure 7.8: Estimated kernels in the more noisy setup (S = 10) using the AR sparse prior
model. The two SSDE values correspond to subsequent non-blind deconvolution using the IID
Gaussian prior and the AR Sparse prior.
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Figure 7.9: Estimated kernels in the more noisy setup (S = 10) using the IID Sparse prior
model, when the noise parameter value is η = 0.0125, lower than it should be. This leads to
overly sparse and disconnected estimates of the blur kernel.
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kernel, and in fact the usefulness of the estimated kernel often depends on carefully choosing

a sub-image. Figure 7.10 shows the six blurry sub-images used to estimate blur kernels. The

first two images are from Fergus et al. [17], and the remaining four are from our personal

collection. Figure 7.10 also shows estimates of the symmetrized kernels flip(k)⊗k, as discussed

earlier, estimated for the IID model using (5.1) and the auto-regressive model using (5.5) with

ρ1 = ρ2 = 0.5. As we saw in the synthetically blurred images, here also the estimated kernels

using the AR model are sparser and less diffuse. The kernel size for each blurred image is

chosen manually by trial and error to provide a snug visual fit.

We then estimated the blur kernels using both the IID sparse prior and the AR sparse prior.

For each blurred image, we systematically tried several choices of η ∈ {0.008, 0.01, 0.012} and

ρ1, ρ2 ∈ {0.0, 0.3, 0.6}. Rather than showing all the resulting estimates, we choose the value of

η which gave the cleanest set of estimated kernels, and compare the kernel estimated using the

IID prior with the “sparsest” kernel among those estimated using the auto-regressive model

prior (based on a visual inspection). The estimated kernels and the corresponding deblurred

images (using the Richardson-Lucy algorithm) are shown in Figure 7.11 for the two images

from Fergus et al. [17] and in Figure 7.12 for the four images from our personal collection.

As the true latent image is unknown in these cases, not much can be done beyond a visual

assessment of the results. The improvement in the resulting deblurred images, if any, is not

obvious from a visible inspection. This is not surprising, as the IID prior already performs

remarkably well, and as seen in the systematic study of synthetically blurred images, the

absolute improvement in SSDE when the true image is known is relatively small. However,

in most cases, the kernel estimated using the generalized prior we propose is visibly sparser,

indirectly validating the generalization and our method of incorporating it into the estimation

process.
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Figure 7.10: Sub-portions of real images used to estimate blur kernel, including preliminary
estimation of kernel size. The leftmost column gives the full color images. The middle column
gives estimates of the symmetrized kernel flip(k)⊗k using the IID prior, computed using (5.1).
The rightmost column gives estimates of the symmetrized kernel flip(k)⊗k using the AR prior,
computed using (5.5), with gω computed setting ρ1 = ρ2 = 0.5. The noise parameter η is taken
to be 0.01 in both cases. The kernel sizes shown are chosen by trial and error to “fit” the
estimated symmetrized kernels, and the plots shown here are appropriately zoomed.
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Figure 7.11: Original images from Fergus et al. [17] and their deblurred versions. The left
column shows the original blurred image. The middle column shows the deblurred image
recovered using the Richardson-Lucy algorithm, with the blur kernel estimated using the IID
sparse MOG prior. Finally the third column shows the deblurred image recovered with the blur
kernel estimated using our proposed generalized prior based on the auto-regressive model. In
both cases, the estimated kernel is shown inset in the bottom-left corner, and the auto-regressive
model parameters are shown on top.
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Figure 7.12: Original images from our personal collection and their deblurred versions. The
left column shows the original blurred image, the middle column shows the deblurred image
corresponding to the blur kernel estimated using the IID sparse MOG prior, and the third col-
umn shows the deblurred image corresponding to the blur kernel estimated using our proposed
generalized prior based on the auto-regressive model. In both cases, the estimated kernel is
shown inset in the bottom-left corner, and the auto-regressive model parameters are shown on
top. The non-blind deconvolution step is done using the Richardson-Lucy algorithm.
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Chapter 8

Discussion and future work

8.1 Summary

Blurring of photographic images, usually due to lack of focus or camera shake during long expo-

sures in low light situations, is one of the most common artifacts in amateur digital photography.

Recovering an unblurred image from such a blurred photograph has been a long-standing re-

search problem. In this thesis, we have attempted to study this problem and suggest some

possible improvements to existing methods.

Although successful non-blind deconvolution methods have been around for many decades,

with particular application to astronomical images, blind deconvolution methods for natural

photographs, where the blur kernel is unknown, has been a more challenging problem. The

problem is ill-posed in its general formulation, and requires additional assumptions to regularize

it, usually in the form of a Bayesian prior on the true image. The use of effective priors that

reflect the statistical properties of natural scenes has been explored in recent decades. In par-

ticular, a hyper-Laplacian prior for image gradients, approximated by a mixture-of-Gaussians,

has been successfully used by Fergus et al. [17] to implement a MAPk approach to estimate the

posterior mode of the blur kernel k from a blurred image b which is modeled as

b = k ⊗ `+ ε,
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where ` is the unobserved latent image and ε is noise. This approach has been further analyzed

and simplified by Levin et al. [45], whose presentation we have largely followed in this thesis.

Other approaches to blind deconvolution have also been developed, as summarized in Chapter 3.

The hyper-Laplacian prior family has also been applied to the non-blind deconvolution [42] and

super resolution [16] problems, among others.

Our contribution Our primary contribution in this context is the observation that the

IID prior commonly used to model the derivative of the latent image does not fully reflect

the statistical properties of natural images. In particular, the IID prior assumes that image

derivatives are independent, whereas we demonstrate that although it is natural to assume that

the derivatives follow a stationary process and thus have identically distributed components,

they are in practice highly correlated. We demonstrate this empirically in two ways. First,

we use the sample auto-correlation and partial auto-correlation functions along and across the

direction of the gradients for a library of unblurred images to directly demonstrate that the

derivative components are correlated. Secondly, we smooth the coefficients of the DFT of the

gradient matrix to demonstrate that its variance is not flat, as would have been the case if the

original gradients were independent, but rather the variances of the coefficients increase as the

frequency nears 0 or 2π.

Based on these observations, a natural extension of the IID prior would have been to adopt a

model analogous to ARMA models for time-series data. However, such models in general would

potentially require many parameters to be estimated, and in addition, may be difficult to incor-

porate into the estimation process. Instead, we restrict our attention to a limited generalization

where the image gradients are assumed to follow a simple auto-regressive model (product of two

AR(1) models) parameterized by correlation parameters ρ1 and ρ2 controlling correlation along

and across the direction of the gradient respectively. To make the model easy to incorporate

into the estimation process, we also approximate it by an alternative generalization in terms of

the variance of the Fourier coefficients.

We use this generalized locally dependent prior in the context of three specific image restora-

tion problems: non-blind deconvolution, super resolution, and blind deconvolution. In Chap-
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ter 6, we describe a unified approach that incorporates both non-blind deconvolution and super

resolution, and show how the hyper-Laplacian prior with local dependence can be used to obtain

the posterior mode of the latent image. In addition to the commonly used conjugate gradient

approach, we have also implemented a direct solution based on efficient numerical sparse matrix

libraries. Our implementation is available as an R package [54].

Blind deconvolution is a more challenging problem in general, but relatively easier if one

assumes that the kernel is symmetric. In Chapter 5, we outline a simple frequency-domain

estimator of the blur kernel incorporating local dependence. This estimator is found to be

useful for simple blurring due to lack of focus or downsampling. Even for non-symmetric blur

kernels, this approach is useful in estimation of the size of the blur kernel.

For the general blind deconvolution problem, we follow the approach of Levin et al. [45].

In Chapter 7, we describe the estimation process based on the expectation-maximization (EM)

approach for both a Gaussian prior (which is easier to analyze) as well as the more realistic

sparse mixture-of-Gaussians (MOG) prior. Although our generalized prior model is easily incor-

porated into the estimation process for the Gaussian prior, the MOG prior is more challenging.

In this case, we use an indirect imputation approach, where in each E-step iteration we first

replace the observed image gradients by a transformed process that more closely follows the

IID prior model.

8.2 Results

To assess the usefulness of our proposed generalization, we have applied our methods to both

synthetically blurred images and real images. The performance for both non-blind and blind

deconvolution is assessed on synthetically blurred images obtained by pairwise convolution of a

set of eight test images and eight test kernels, further corrupted with Poisson noise. Performance

for super resolution is similarly assessed on two sets of eight test images. Results on real-life

blurred images are also shown, with further examples for non-blind deconvolution and super-

resolution available in a supplementary website.1

1https://www.isid.ac.in/~deepayan/rip/html/
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For non-blind deconvolution and super resolution, our general observation is that sparse

priors (α = 0.8 in the hyper-Laplacian family) do not necessarily lead to quantitatively bet-

ter results than the Gaussian approach. However, in terms of visual plausibility, the locally

dependent auto-regressive prior usually gives better results compared to the IID sparse prior,

although the Gaussian priors (both IID and dependent) can give better results in areas with

texture.

For blind deconvolution, compared to the kernel estimated using the IID prior, the kernel

estimated using the generalized dependent prior usually provides a better visual approximation

the true kernel (when known). Both in that case and in the case of real blurred images, the

kernels estimated using the generalized prior are usually sparser and cleaner compared to the

kernels estimated using the IID prior. However, performance of the blind deconvolution method

studied here degrades substantially as noise increases.

Despite the improved kernel estimates, the improvement in the recovered unblurred image

is usually nominal, and in the case of the real-life examples, not easily identified in a visual

inspection. In fact, comparing the corresponding unblurred images with the true latent image,

in the case of synthetically blurred images where the true latent image is known, we find that

based on a numerical measure of performance, the choice of prior used in the final non-blind

deconvolution step plays a much bigger role than the prior used during the kernel estimation

phase.

While disappointing, this is not unexpected as the IID prior already performs quite well,

and there is not much scope for improvement. Nonetheless, the kernel estimated using the

generalized prior we propose is visibly sparser in most cases, suggesting that the generalized

prior leads to concrete improvement in the estimated kernels.

8.3 Extensions

Inpainting. As noted earlier, for non-blind deconvolution and super resolution, we have

implemented an alternative to the usual conjugate gradient approach that obtains the posterior

mode of the latent image by directly solving a sparse linear system. One advantage of the
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direct method is that it trivially allows for missing values in the input image y, by keeping the

size of the latent image ` unchanged but dropping the missing values from y as well as the

corresponding rows of Tk,f in (6.6) or (6.7). Restoring images with missing values is known as

inpainting [5, 79], and our approach can thus be extended to implement a Bayesian solution

to the inpainting problem for the prior family considered in this article. This extension is

implemented in our package, and although it is of limited use for large missing patches (as it

does not account for image features beyond the boundary of the patch), it gives reasonable

results for small patches.

Robust loss. Another simple extension to the IRLS approach allows us to replace the squared

error loss function used to ensure image fidelity (i.e., y ≈ d↓f (k ⊗ `)) by a robust loss function

of the kind used in M -estimation. Specifically, along with the IRLS weights for the prior

component in (6.7), we can also add weights for the observed pixels y in each IRLS step that

are determined by the previous estimate of `. This approach is implemented in our package for

the Huber and Tukey bisquare loss functions [30, 4]. In practice, it is often more useful to use

a robust loss as a post-processing denoising step in conjuction with an identity kernel and the

AR sparse prior, after performing deconvolution or super-resolution using the relatively fast

IID Gaussian prior, or the even faster Richardson-Lucy method. Examples of both inpainting

and robust loss functions are available in the supplementary website.

General dependence structures. Although we have used an auto-regressive model with

two additional correlation parameters to parameterize our generalized prior model, our gen-

eralization is essentially determined by the variance function gω of the DFT coefficients. A

natural extension of our method would be to use gω obtained from other models, or from an

unblurred image similar to the one being deblurred. Such images may be available if multiple

photographs are taken of the same scene.

Kernel size Finally, preliminary estimation of the kernel size is a useful first step in blind

deconvolution that is facilitated by our generalized prior model, as described in Section 5.4.
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It may be interesting to explore the usefulness of a more formal (penalized) likelihood-based

assessment of kernel size. The related frequency-domain kernel estimation procedure outlined

in Section 5.3, for symmetric blur kernels, can also be extended to parametric models, with

parameter estimates obtained numerically by maximizing likelihood in the Fourier domain.

Such parametric models can be used to model common blur patterns such as those caused by

lack of focus or uniform motion blur.

8.4 Future work

On a more general note, there is scope for exploring alternative approaches to the blind decon-

volution problem, and this may lead to further improvements. We chose the approach of Levin

et al. [45] as a starting point because of ready availability of a well-tested implemention, but it

is by no means the only possible starting point.

Even within the basic EM framework of Fergus et al. [17] and Levin et al. [45], there is

scope for alternative approaches. Their approach uses a mixture-of-Gaussian distribution to

approximate the sparse hyper-Laplacian prior as this makes the variational Bayes approach

more tractable. However, this becomes relevant only in the E-step, which is essentially a non-

blind deconvolution step where the conditional mode of a Bayesian posterior is computed along

with its conditional variance. The non-blind deconvolution step considered in Chapter 6 solves

exactly this problem for the hyper-Laplacian problem, and as this is implemented as a weighted

Gaussian problem through IRLS, an estimate of the conditional variance is also readily available.

This would bypass both the mixture-of-Gaussian and the variational Bayes approximations, and

the IRLS approach would also be easier to generalize to other prior families. It would also avoid

the imputation approach we take, as the dependent prior can be directly incorporated in the

IRLS-based non-blind deconvolution procedure.

Furthermore, the idea of formulating the blind deconvolution problem as two separate prob-

lems for horizontal and vertical gradients with a common blur kernel seems somewhat artificial.

Instead, a single likelihood problem formulated in terms of the observed image, as is done for

the non-blind deconvolution case in Chapter 6, is equally amenable to the EM approach. Al-
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though we have not seen a discussion of this, it is possible that the reason that this alternative

approach has not become popular is that it would lead to more severe boundary artifacts if

one uses Fourier domain techniques, which implicitly assume periodicity in the image domain.

This is less of an issue with image gradients which may reasonably be assumed to be stationary.

An approach that handles boundary issues more carefully may resolve such problems, and in

fact, we have had some success following this line of approach. However, while this approach

is theoretically more appealing, the quality of the final results depend on many details of the

computation, such as the choice of parameter values and the type of regularization applied

on the blur kernel, and our approach has not yet produced estimates that are as good as the

approach of Levin et al. [45]. However, this approach merits further exploration.

The basic idea of using priors to solve ill-posed problems is of course quite general and can be

applied in contexts other than for natural images. One important context where similar methods

can be useful is for medical imaging, where the corresponding super-resolution problem can be

particularly important. Figure 8.1 shows the distribution of gradients and auto-correlation

functions for four MRI images from the Visual Human Project,2 suggesting that the locally

dependent hyper-Laplacian prior family could model the gradients of these images as well.

The essential ideas of both non-blind and blind deconvolution as well as super-resolution

can be applied in three dimensions as well. The main challenge is computational rather than

theoretical, and would involve developing efficient frameworks for calculating three dimensional

convolutions, gradients, etc. Such methods could be applied to video input (where the third

dimension is time) as well as to three dimensional medical images.

8.5 Software

Our methods for non-blind deconvolution and super resolution are implemented as an R package

[54]. Our implementation of blind deconvolution is based on the MATLAB code provided as

supplementary material by Levin et al. [45].

2https://www.nlm.nih.gov/research/visible/mri.html
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Figure 8.1: Analogues of Figure 1.8 (top, marginal distribution of gradients) and Figure 5.4
(bottom, ACF and PACF of horizontal gradients along / across the direction of the gradient
averaged across rows / columns) for MRI images from the Visual Human Project. The similarity
with the corresponding plots for natural images suggests that the locally dependent prior family
considered in this thesis could be useful in the domain of medical imaging as well.
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Appendix A

Details of auto-regressive model

In this thesis, we make extensive use of an auto-regressive model with a simple correlation

structure given by (5.2), namely,

ρ(i, j, k, l) = ρ
|i−k|
1 ρ

|j−l|
2 . (A.1)

Here we provide a few related details.

A.1 Calculation of gω for auto-regressive model

Here, we derive the corresponding variance of the DFT coefficients in terms of ρ1 and ρ2. Recall

that given a two-dimensional periodic spatial process y, its two-dimensional DFT coefficient

for a frequency pair (ω1, ω2) is given by

Y (ω1, ω2) =
M∑
t=1

N∑
s=1

yts exp
(
−2πiω1t

M

)
exp

(
−2πiω2s

N

)
,

and its variance given by

g(ω1,ω2) = Var(Y (ω1, ω2)) = E(Y (ω1, ω2)Ȳ (ω1, ω2)).
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A simplified expression of this variance term can be derived from the variance of similar one-

dimensional process. Define a process (yt) that is jointly Gaussian with E(y(t)) = 0, with

Var(y(t)) = σ2

1− ρ2

for all t, and

Cov(y(t), y(t′)) = ρ|t−t
′|

1− ρ2σ
2

for all t 6= t′. The DFT of y(t) is given by

Y (ω) =
N∑
t=1

y(t) exp
(
−2πitω

N

)
,

and its variance given by

Var(Y (ω)) = E(Y (ω)Ȳ (ω)).

By a direct calculation, an expression for this variance can be obtained as follows.

Var(Y (ω)) = E
[(

N∑
t=1

y(t) exp
(
−2πitω

N

))( N∑
t=1

y(t) exp
(2πitω

N

))]

= σ2

1− ρ2

N∑
t1=1

N∑
t2=1

ρ|t1−t2| exp
(
−2πit1ω

N

)
exp

(2πit2ω
N

)

= σ2

1− ρ2

N∑
t1=1

N∑
t2=1

ρ|t1−t2|at1−t2 where, a = exp
(
−2πiω

N

)

= σ2

1− ρ2

 N∑
t=1

1 +
N∑
t1=1

t1−1∑
t2=1

ρt1−t2at1−t2 +
N∑
t1=1

N∑
t2=t1+1

ρt2−t1at1−t2


= σ2

1− ρ2

N +
N∑
t1=1

(ρa)t1 1
ρa

1− ( 1
ρa

)t1−1

1− ( 1
ρa

) +
N∑
t1=1

(
a

ρ

)t
ρ

a

(ρ
a
)t1 − (ρ

a
)N

1− (ρ
a
)


= σ2

1− ρ2

N + 1
1− 1
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1− (ρa)N
1− ρa − N

1− 1
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+
N ρ

a

1− ρ
a

−
(ρ
a
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1− ρa −

(ρ
a
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1− ρ
a

1− (a
ρ
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1− a
ρ


= Vρ(ω) (say) ,
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noting that a in the above expression depends on ω. Using the simplified form of the 1-D case,

the 2-D case can be derived easily as follows.

Var(Y (ω1, ω2))

= E
[(

M∑
t=1

N∑
s=1

yts exp
(
−2πiω1t

M

)
exp

(
−2πiω2s

N

))( M∑
t′=1

N∑
s′=1

yt′s′ exp
(

2πiω1t
′

M

)
exp

(
2πiω2s

′

N

))]

=
M∑
t=1

N∑
s=1

M∑
t′=1

N∑
s′=1

E(ytsyt′s′) exp
(
−2πiω1t

M

)
exp

(
−2πiω2s

N

)
exp

(
2πiω1t

′

M

)
exp

(
2πiω2s

′

N

)

=κ
M∑
t=1

N∑
s=1

M∑
t′=1

N∑
s′=1

ρ
|t−t′|
1 ρ|s−s

′|
s exp

(
−2πiω1t

M

)
exp

(
−2πiω2s

N

)
exp

(
2πiω1t

′

M

)
exp

(
2πiω2s

′

N

)

=Vρ1(ω1)Vρ2(ω2).

Here κ is a shorthand for κ(ρ1, ρ2, σ1, σ2) defined before.

A.2 Correlation among DFT coefficients

The generalization of the IID prior in Chapter 5 is specified in two alternative forms. The

first form postulates an auto-regressive model for the image gradients in the image domain,

and the second form postulates a non-constant variance structure for the corresponding DFT

coefficients, viewing it as a technical approximation to the first form. The postulated variance

structure in the second form is precisely the variance structure induced by the first form, but

one inconsistency between the two is that in the second form the DFT coefficients are assumed

to be uncorrelated, which is not true for the first form.

The actual correlations can be explicitly calculated (details not shown). Here we provide

some summary results showing that this inconsistency between the two models is minor in

practice. For various image sizes (20 × 20, 50 × 50, 100 × 100, and 200 × 200), and various

values of ρ1 = ρ2 = ρ in the auto-regressive model, we explicitly calculated the maximum

absolute correlation between any two DFT coefficients. These maximum values are shown in

Figure A.1. As seen from the plot, although the DFT correlation increases with the auto-

correlation, this effect is muted as the image size increases. For even moderate image sizes such
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Auto−correlation in spatial process

M
ax

im
um

 a
bs

ol
ut

e 
co

rr
el

at
io

n 
 b

et
w

ee
n 

D
F

T
 c

oe
ffi

en
ts

0.0

0.1

0.2

0.3

0.2 0.4 0.6 0.8

●
●

●
●

●

●

●

●

●

20x20

0.2 0.4 0.6 0.8

● ● ● ●
●

●

●

●

●

50x50

0.2 0.4 0.6 0.8

● ● ● ● ● ●
●

●

●

100x100

0.2 0.4 0.6 0.8

● ● ● ● ● ● ●
●

●

200x200

Figure A.1: Maximum correlation between DFT coefficients as function of image size and degree
of auto-correlation.

as 100×100, the maximum DFT correlation is only around 0.1 when ρ = 0.9. This is consistent

with the remark in Chapter 5 that these correlations vanish asymptotically.
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