INDIAN STATISTICAL INSTITUTE
Linear Statistical Models
(B.Stat. 3rd year)

Semester 1, 2025-26

Mid-Semester Eramination
Date: September 9.2025

Total time: 2 hours
(Total score is 40 points. One sheat. (both sided) of notes is allowed.)

1. Suppose Y ~ N,(XB,0%1,), where 8 € R? , and rank(X) = p. Further, suppose that
X =1[Z: W] where Z is an n x ¢ matrix with 1 < ¢ < p. Define

Sp = min Y — X3]3. and Sy = min [[Y — Zv|3
BcRp - yeRd

Then show that, S /S; is distributed as Beta(ky ky) where by = (0 — p)/2 and ky =
n—q)/2. provided E(Y) € C(Z).

5 points’
2. Consider the model
Y =a; + 3, — =, L <aoy <2 fo=1
where 2,5, are assumed to he i Lid. N0 o” ) and m > 0.

(a) Show that the corresponding desion matrix X has rank 3

(b) Find the BLUE of 0 - X where the mean pavameter po= (g pryo. flo). jroy)!
with ;= E(Yi), for 1 < 4. J <2, and k> 1.

(¢) In each of the following cases, check whether the paraneter is estimable, and if
s0, find its BLUE. Justify your answer.
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(i) a1 — as
)
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o+ ay + 3, + F
oy — ey + J)l - )}2

[15 points = 3 + 4 + 8]
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Suppose that we obtain experiiuental data from the model
Yij = i+ 3z Jowyy + 2,5 jo=1o n,. =1, / (1
o . 9 . . .
where =~ N{0.07) and index ¢ corresponds to the /~th treatment. Here Z and 1
are two continuous variables (covariates). and =, and w,, denote the nicasurenments on
these variables for the j-th subject corresponding to the ~th treativent. Define
r 1y I3 ", ¥ e,
. - ~ = 32 « _\" - = ; ! oy T2
S.. = E (2= %) S = > (2, =% w,—w,.) See = E E (w—w:)
=1 j=1 =1 =1 ‘
TNy oy
U - — 7 g U
Szu = § § (’:’lj - 413)( iy = } 1) Su'y
=1 j=1 =1
. e L N e Y (T 1y , 7 1
and Z, - L;’ﬂ Zij Wi = oDl Wi Y,
(1}
() Show that the least squares estimator of 3

S ’sz‘- e I
B LS} o
(L) Show that the likelihood ratio test [ov Jfy o 3, = (b against H 4 @ 3,
Hy for large values of the statistic

: Z£ 0. rejects
o where
(V - (Svu‘n N Sv%)“- ‘S‘} ;.’,’ -
1 s 1=

(¢} Show that the likelihood ratio test for [y 0 9) - 4, == 0 against [{y 0 9 # 0 or

Py #£ 0, rejects Hy for large values of the statistic V', where

b [s. S
‘Y o 3 T ¢ }
(72{ ’5;1/ (RN [

12 points =4 + 4 + 4

8 points;

and A and I, — A — B are nou-negative definite matrices. Show that AB = BA =0,
where 0, is the n x n matrix of zero entries.
Hint: Show that y” Ay = 0 for ally € C(B).]

1. Suppose A and B are symunetric n < matrices. Further. suppose that B is idempotent,
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