SURVIVAL FUNCTION ESTIMATION
UNDER RANDOM CENSORING

THESIS SUBMITTED TO INDIAN STATISTICAL INSTITUTE
IN PARTIAL FULFILMENT FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY IN STATISTICS

DEBJYOTI DHAR



PREFACE

For the last three decades or so survival analysis
formulated as the science of predicting, estimating or
optimizing the probability of survival, the mean 1life or
more generally, the 1life distribution of components or
systems. During the last forty years, there has_ been a
remarkable development in the area of statistical analysis
of life data for both parametric and nonparametric models,
specially in the case of one component system or in the
classical competing risk in general. In this work we have
mainly focusied our attention to nonparametric estimation
of survival functions of components under random censoring
in (a) two components parallel system and (b) k-1 out of
k compon‘ents systems (k>2) with special emphasis on two out
of three system. The generality of this approach is indicated
by briefly outlining its extended application in slightly

more complex systems.

For all the systems considered, independence of
distribution is assumed and proportional hazard assumption
is first made regarding the component 1life time and censoring
time distribution. The special case of indentical component
life time distribution has been addressed separately making
use of the properties of the system. Finally the more general
situation of all possible types (continuous) of 1life time
distribution in a two component parallel system is tackled
allowing for their dependence by developing an EM type algorithm
for obtaining maximum likelibhood estimators of the survival
functions of component lives and other relevant quantities

of interest.
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CHAPTER |
INTRODUCTION AND SUMMARY

1.0 GENERAL INTRODUCTION

Statistical methods for life data analysis are used to
measure, compare and predict characteristics of the distribution
of the time to some particular event of interest, often called
failure after a length of time, called life time. Failure can
occur at most once for an individual. Examples of failure time
include the lifetimes of machine components in  industrial
reliability, the duration of strikes or periods of unemployment
in economic studies, the time taken by subjects to complete
specified tasks in psychological experiments, the lengths of
tracks on photographic plates in particle physics and the
survival time of patients in  clinical trials. In 1life testing
problem, reliability or medical follow up studies and other
f.<lds, the observations on the lifetime may not be possible for
some sample units because of the occurence of some other event
(say loss). For instance in reliability studies this might happen
because of a measure taken to avoid destructive life testing or
secause of limited availability of testing facilities. In medical
follow up surveys, the patient often withdraws from the survey or
the experimenter may not be able to make final contact before the
ceath of a patient. In all such cases, we say that the
sbservation is censored. In spite of this incompleteness of data
owing to censoring, it is important to estimate the survival

funclion of the lifetime of a unit from the data set observed or
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collected. Censoring may be random or fixed and in the present
work we consider only the case of random censoring which is
identified as one where the limils of observations set are values
of another random variable, usually assumed to be distributed
independently of the life time distribution of the unit. Again
the unit may represent a system consisting of one or more
components arranged in a certain way and the system life is
dependent on component lives based on this arrang?en!.

In our present work we have mainly focu{@d our attention
to nonparametric estimation of survival functions of components
under random censoring in a (a) two components parallel system
and (B)k—1 out of k components system (k>2) with special emphasis
on two out of three system.

For all the systems considered independence  of
distributions is assumed and proportional hazard assumption is
first made regarding the component lifetime and censoring time
distributions. The special case of identical component life time
sistributions has been addressed separately as the special
sroperties of the system in this case naturally call for a
zifferent and improved estimator. Finally, the more general
situation of all possible types of (continuous) life time
zistributions in a two components parallel system is tackled
21lowing for their dependence by developing an EM type algorithm
for obtaining maximum likelihood estimators of the survival
cunctions of component lives and other relevamt quantities of
interest. The generalily of the approach is indicated by briefly
s<tlining its extended application in slightly more complex

systems.



1.1 HISTORICAL PERSPECTIVE

During the last forty years since the first publication
of a paper on life testing problems by Epstein and Sobel (1953)
and particularly since the pioneering work by Kaplan and Meier
(1958), there has been a remarkable develop_ment in the area of
statistical analysis of life data for both parametric and
nonparametric models, specially in the case of one component
system or in the classical competing risk theory set up in
general. Formally for a one component system we associate with an
item a pair of random variables (Z,d), where Z is the observed
life time of the item, censored or otherwise and d indicates its
failure mode i.e. whether the observation is censored or not. Let

X1 represent the 1lifetime (uncensored) of the system and XZ)‘ha

censoring time. Then Z=Min(X1,X2) and d=(11,12) with 11=1 ,12 =0

when Z=X1 and 11=0, b 4 , otherwise. In most of the cases X1 and

2

X, are assumed to be independent, so that the survival functien
of Z is given by F(2Z) = F (Z) F,(Z) 5 0< Z <ex , where F G0 s the
survival function of X;, i = 1,2. The main interest lies in
inferring about F, (x) given the data, both in the parametric and
nonparametric set—upg. The competing risk theory problem
(Altschuler (1970), Tsiastis (1975)) with K causes of failure,
“«=2 is an obvious extension of the same problem and the methods
applied are very similar. Important references for the parametric
sethods developed in this connection can be found in the
following standard books on life data analysisyviz , (1)David and
=ceschberger (1978), Lawless (1982,1983), Kalhcx.iiy and Prentice

1980), Mann, Schafer and Singpurwalla (1974), Bain (1979),

melson (1982), Cox and Qakes (1989).
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The most important  breakthrough in  nonparametric
estimation of surviva! functions is the paper by Kaplan and Meier
(1958), where the authors first introduce the Product Llimit
Zstimator. Kaplan Meier Product Llimit Estimator of F_(x) can be

described as follows 3

Let n independent observations of (Z, d) be denoted as
¢z ,d.) with d,= (I .,I,.), i=1 2 --..n. Then the estimator is
373 3 1377235

given in one of its versions by .

Km n-3 M
F (x) = [ if ox < Z
1 ’ g S =7 5 I3

bl Difx>2

< < i i
where 1(1)_ 2(2) cees X Z(n) are ordered observations in the setl

av ++-- Z, 3. [ The arbitrariness in the definition of Fy o0

for x >Z ., where Z

N corriesponds to a censored observation is

seing ignored in the discussions ] .

The estimator E:‘(x) has been proved to be nonparametric
maximum likelihood estimator, consistent and asymptotically
mormal. When regarded as a stochastic process in xeR' , it
converges to a Gaussiqn process and it is known to be a self
cansistent estimator. Important references on the develog ment of

above mentioned properties of Kaplan Meier Product 1limit

ztimator are Efron (1967), Breslow and Crowley (1974), Meier
+975), Reid (1981), Majer and Rejto (1988), Peterson (1977),

mention some.

Ancther important breakthrough in survival data model of

s sne component system under random cemsoring is through the
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application of counting process via martingale  arguments.

Important references in this are 2

Aalen (1976, 1978), Anderson et al (1982,1985), Borgan (1984),
Burke et al (1981), Gill (1980) and So on. The role of
covariates in survival data analysis is again another area which
has received considerable attention of late and the develof ment
of methods based on partial likelihood and nonparametric
regression deserves special mention. A few quick references in
this area are Cox (1959, 72 ,75)yNelson (1982), Cox and Oakes

1984) -

The other important develué:@.nt over the last few years
in the area is the application of nonparametric models with
.andom censorship under proportional hazard assumption. Let us

describe it briefly :
In many situations it can be assumed that E1(x) and Fz(x)

- - n
.re connected by the relation, Fy(x) = (F 0x)) 1. 5,0 . This

-ssumption is known as proportional hazard

ssumption. 3, =0
cepresents no censoring and large values of £, :nrﬁ:E.ponu- to
seavy censoring in this model. This model was first introduced by
«cizel and Green (1976) and subsequentlyfiﬁ Hollander and
=roschan (1979), Csorgo and Horvath (1981), Abdushukurov (1984),
Zirahimi (1985), Cheng and Lin (1984,1987), Ghorai and Rejto
.987), Csorgo (1988), Csorge and Mielniczuk (1988), Gheorai
(4989) and Veraverbeke (1989) and others. The assumption of
sroportional hazard model is not unrealistic. An example where

- a model is very appropriate was given by Efron (1981). Under




the proportional hazard model, let a = <n1+1)_1.

I~
Then F G0=(F(x)), where Fx=F  GOF,(x) is the survival function

of Z. Abdushukurov (1984) and Cheng and Lin (1984, 1987)

independently studied large sample properties  of the

nonparametric maximum likelihood estimator of 51(x), which is
a2 Py o

given by Fatx = (F o0 R & I -3

1
& a 4P 2
where a = Foo = n"' £ I(Zy > x). We call F 00

i=1

the ACL estimator of F1(x) . Cheng and Lin (1984 ;1987) have
Gaussian

a
sroved the weak convergence of F,(x) to an appropriate

ocess.

rahimi (1985) considered the estimation problem of E1(x) under

sroportional hazard assumption from a different view point of

ssrmulation. The estimator defined by Ebrahimi (85) is as follows

e R _ _
Foo0 = T Exp(I logs, (x) = I 1091

+ I Exp(I, logS,(x) — I,l09I,)

n

where S1(x) = X(Zj >x, I,=1)

b3
=1 .

€1.1.3)

n
- _ -1 _
Sptx) = n j):11(2J >, I3

e
We call F,(x), Ebrahimi’s estimator of F 0. Ebrahimi

e
..ed large sample properties of F (x) and showed that it is

stent.

It may be noted that Doss et al (1989) followed a

z.77erent approach to the problem of component survival function
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estimation for a general coherent structure under continuous

monitoring assumption.

In our present work, the estimators developed provide
really the extensions to the slightly more general coherent
systems as pointed out in the last part of section 1.0, of the
estimation procedures given by Abdushukurov (1984), Cheng and Lin
(1984) and Ebrahimi (1985). In the more general case without
sroportional hazard assumption, we exploit with modifications for
the procedure developed by Dewanji et al <1956)f:?L- tumor
sacrifice problem, to estimate the hazard functions for the
components in a two component parallel system. We also sketch the

estimation procedure in a ¥-1 out of i components system, k32

1.2 SUMMARY AND RESULTS

1.2.1 Summary of Chapter 2

In this chapter we consider the estimation of survival
finction of component/components of the following systems :

One component system and (ii) Two components parallel system.

In all these systems component lives are assumed to
s-llow independent exponential distributions and for all of them
-a~dom censoring mechanism is used. In section 2.1 (a), the

a-ailable nonparametric estim-€:ovs of the survival function are

csmoared vis—a—-vis the maximum 1likelihood estimators,when X1 and
i_ follow independent exponential distributions. The main results
2-= as follows =

Hurt (1982) compuled the relative efficiency of KM

lan Meier) estimator with vrespect to Maximum Likelihood



cal
&timator in this particular context. In this situation when both

X, and X, follow exponential distributions, proportional hazard

assumption obviously holds. Hence the estimators §1tx) and 51 )
are supposed to be more appropriate here and are expected to
sehave better than E':nn. For completing the exercise of Hurt
1982) in studying the performance of nonparametric estimators in

the context of exponential distributions for X, and X,y 'wecampute

e a
the relative efficiencies of F1(x) and F1(>() with respect to

saximum likelihood estimator:. It is observed that among the
a

inree nonparametric estimators, the performance of F (x) happens

<- be the best as expected. It is to be noted that the efficiency

the estimator goes down drastically with increase in the value

a

x . H 5 .
B T.The comparative performance of F1(x)’v) a-vis the maximum
<elihood estimator is found to be particularly good for small
2lues of a, i.e. low level of censoring. The same exercise is

carried out for two parameter exponential distribution under

I+ is pointed out that the methods developed for a one
mconent system can be easily applied to the competing risk
“sation comprising K components series system.

In section 2.2 we assume a parallel system with two

msoments i.e.life of the system without :ensorinq,X:"ax(X1,X2),

. X1 and Xz represent the lives of components 1 and 2

ctively. Lel X; represent the censoring time. X,.X, and X

2-+ assumed to be independent in general. The resulting life of

“re system is given by Z = Min (Max(X,,X,),X3). We also introduce

cator variable d ——(11. p ), which follows a

the
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multinomial distribution with 5 mutually exclusive classes which
are determined by the practically feasible and recognizable
interrelationship between the variables X ,X, and X3. The classes

for d are identified as :

Q1= {Z : X1<Z, Z=X2, X3>Z)
A, {z = X2<Z, Z=X1, X3>Z)
z X1<Z. Z=X3, Xa>Z)
: X2<Z. Z=X3, X1>Z)

{z : X1>Z. Z=X3, X;,_)I)

B I O Py -0 A B )

72 «...5. Three

“ere I,=1 and 1;=0, V j#i if and only if ZeA , i
c2ses are investigated in section 2.2 and they are all parametric
»edels. In case (a), it is assumed that X;~ Exp(® ), i=1,2,3 with
7@ relation among the parameters &,,0, and 6, . Case (b) is same
3% case (a) with the additional assumplion & = 6, =6 and case (c)
:s a modification of case (b) as follows : when both the

=smconents 1 and 2 are functioning, X, and X, follow an identical

ribution which is Exp(8). But when one of the components

. the distribution of the residual life time of the

-viving component is again assumed to be exponential but with
2~ =xpected life 67, where _3_ <©7<6 . In all these cases, some

s of adhoc estimators for the parameters are proposed and

~»eir asymptotic properties are investigated. The suggested

imators are shown te be CAN (consistent and asymptotically

T:-mal) estimators. In each case the expression for the

#smmplolic variance covariance matrix of each set of estimators
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is derived. The asymptotic variances of the estimated mean life
length and the asymptotic variances of the estimated system
survival functions in appropriate situations are also computed.
Also explicit expressions of the likelihood equations based on
(Z,d) are derived in all cases. In each of the cases outlined
above we indicate an iterative method for obtaining the maximum
likelihood estimates. Since it has not been possible to obtain
algebraic expressions for the variances of MLE'S, by generating
samples from given populations via simulated experiments,
variances are numerically computed for sample size 100, for some
-=asonable combinations of the true values assumed by the
carameters of the original distributions. Another sample size,
~:. 50 was also tried. But for a large number of generated

z-oles in the latter case, the iterative method suggested did

-:. converge or led to some wild estimates, owing to =zero
f-zjuencies in one or more classes specified for d. In this
:ntext, the numerical computation of variances of the estimates .

on simuiated experiments is unreliable, and the resulls are

~=t worth reporting. On the contrary the adhoc estimators

csed could be computed without any difficulty in all the

s.m_lated samples of both sizes 50 and 100, and the estimates
«:-= reasonably close to the population parameters chosen. The
~.merical resulls partly juslify the use of the ~proposed adhoc
esi:mators and give an idea about the comparative performances of

iz setls of estimators proposed.

The major part of this chapter is published, viz,

sadhyay and Dhar (1990), Dhar (1991), Mukhopadhyay and Dhar
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1.2.2 Summary of Chapter 3

In this chapter, we consider a parallel system with two
independent components 1 and 2 as explained in the preceding
section. Exponentiality of distributions is not assumed here,
although continuity of the distributions is assumed. To state it
clearly, we observe on failure of an individual system, along
with the failure time of the system, the identity of the
component failed last. If the lifetime is censored, then alseo
observe which, if any, of the components failed before censoring.
Two sets of estimators for survival functions (F (.), Fy(.)) are

croposed under the proportional hazard assumption which says

- - By = Bty
Fa(.)—(F1(.)) =(F2(.)) .f31>0, &1)0.

This is obviously an extension of the proportional hazard model
dealt with by Abdushukurov (1‘754\,Cheng and Lin (1984,1987), and
Ebrahimi (1985) to the case of a parallel system with two

components under random censoring . Two sets of adhoc estimators

-f the component survival functions are proposed, viz,

e e 2 a
a) (F1(.), F. .)) and (b) (F1(.)v FE('))' where the superscript

2
" ("a ") is used to denote Ebrahimi type (ACL type) estimators.

The actual expressions for the Ebrahimi type estimaters are given
as

2 - =
Fo(x) = (I, + 1

_ P o
B 3 5 + AL EXp(d, (3,8 +1) 7 109l (x))

- = -~ -1 -
+ 112 + 14 + (1‘0)15)Exp((ﬂ1f1) lugCE(x))

_ _ “ a 1 .
* 13 + olIs)Exp( (ﬁ1¢1+1) logC,‘(x))

- _ . PR
(I, I, :1—@)15)Exp<(¢1(ﬁ1+19 1ogC,h(x))
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- - = . -
where Co00 = 8,00 + 5300 + S00 (B e T
: _ s a - 5=
Catx) = 800 + 8,60 + S, (145, ™Y
and o is a proper weight function lying between O and 1, 6.8,

i1s an estimator of (ﬁ1,o1) obtained from the partial likelihood

N n
based on the observations on d and S.(x) = - L I(Z >x,I. .=1),
i noT 3 ij

i=1,2 ...5 . R I O P- 20 -0 b}

The set of estimators (b) is really based on the
application of Abdushukurov (1984) and Cheng and Lin (1984, 1987)
procedures to the present case of a two components parallel
system under random censoring. Both the set of estimators are
obtained in two stages. The first stage is taken to be same for
poth. In the first stage, parameters g, and ¢, are estimated from
the partial likelihood of the observations on d. These
estimators are substituted for the true parameters in all
subsequent  computations.  Then the exact mathematical
relationships that exist between the survival functions F 00 or
Fo(x) and the subsurvival functions are utilized in obtaining the
proposed estimators in (a). In deriving the estimators in (b) in
the present context, the method consists in solving an equation
that holds relating F (x) or F, (x) to S(x)= system survival
function after plugging in the estimators of 3, and ¢, for the
respective true parameters in the equation which incidentally in
this case is

B4#4%,

Bp+1
1% E
+ (Fytx))

W(Fz(x)y Six)) = (lex))

_ LERRE]
- (Fz(x)) - S(x) seeneaea(1.2.2.2)
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In section 3.1, it is shown under the set up described
the sets of estimators (a) and (b) are both consistent. The
asymptotic variances of the proposed estimators are also derived

in section 3.1.

In section 3.2, we calculate numerically the asymptotic
variances of the estimated survival probabilily of the system
l1ife evaluated under two sets of estimators (a) and (b). For the
purpose of comparison the estimation problem is taken up for
those points only where the true system survival probabilily is
(1)0.90 and (ii)0.95. The same formula for comparison is used in
211 the cases of estimation problems considered in chapters 4 and
S also. Asymptotic variances are numerically calculated and
compared with that of the Kaplan and Meier Product kimit
&stimator for an appropriate and useful range of values of
carameters from Exponential and Weibull distributions  of
component lives. In case of ;(x), numerical values are reported
2=0.5 only, since it has been observed numerically that «=0.5
gives the smallest variance of Foxr for all sets of parameters of

i:fe déstributions included.

On examining appropriate tables we observe that both

a
x) and F(x) appear to be superior to Kaplan-Meier estimator for

211 degrees of censoring, whereas among the two estimators, viz,

a a
Z(x) and F(x), F(x) behaves better consistently in almost all
situations. But for large values of [, ., there is not much
zifference in the performances in general.

In section 3.3 we assume that the components 1 and 2

fov
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follow identical life distributions i.e

and Fa¢.) = (F .0 1, B, > 0. Three sets of adhoc estimators are
proposed making use of the properties which hold specially as a
result of the identicality of the component 1life distributions,

- el elt
for the survival function F, (.), viz, (a) F (.), (b) F, (.) and

al

(c) Fy¢.), Of these <(a) and (b) are baased on Ebrahimi type
arguments and (c) is based on Abdushukurov or Cheng and Lin type
arguments. It is to be noted that these estimators do not
constitute special cases of the estimators in section 3.1. Here
too essentially it is the two stage method which is used. In the
first stage a closed form expression can be explicitly obtained
for the maximum likelihood estimator of 3, based on the partial
likelihood defined for the set of observations on d. In section
3.1, because of the nonavailabilily of such closed form

expressions for maximum likelihood estimators of 3, and ¢, some

adhoc modification was used in the relevant equation by
ns ; N o
replacing E(—2-) to ils observed value, , where n. =f I.. ,
™ i 7B N

The very fact that component life

EY
£ n, =
i=1 1

zistributions are identical led to more than one comparable

timators of E1 (.), obtained by following the procedures

zescribed in section 3.1. Some appropriate weighted average of
<~em should be legitimately proposed as an estimator of 51(.) in
inis case and this is what is done in the second stage. These
zstimators are shown lo be consistent. Asymptotic variances of
“ne proposed estimators are also derived in section 3.3. In

tion 3.4 we calculate numerically the asymptotic variances of
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the estimated survival probabilities of the system as in the case
of nonidentical component life distributions evaluated under the

KM
three sets of estimators (a) — (c) and compare them with (d)F(.)

i.e, Kaplan-Meier estimator. An appropriate range of (3, and of
the parameters in Exponential and Weibull distributions assumed

for component lives are used for numerical comparison.

On examination, the relevant tables of the chapter
el ell al
reveal the fact that the estimators (a) F(.),(b) F(.) and (c)F(.)
KM
211 appear to be superior to F(.). The ACL type estimator, viz,
al
£(.), appears to behave best in comparison with the other
ell

estimators in all caseseAgain lhe difference between F(x) and

al
Z(x) does not appear Lo be of much consequences

1.2.3 Summary of Chapter 4

In chapter 4, the procedures developed in chapter 3 are
extended and applied with necessary modifications to a more
seneral situation. The problem considered is the nonparametric
estimation of survival functions of components in a * components

—erent structure, in which the system functions if and only if

2. least :k-1 of its components function properly (¥22). As in

crapter 3, proportional hazard assumption is retained. Let "

represent the random variable associated with 1life length of
cemponent i, with absolutely continuous distribution function

¢.) and survival function Fy

, i= 1,2 .

ky X;'s are assumed
i

iz be independent. Let X_ be the censoring randem variable which
-esresents failure due to other causes, not covered by the

-zmponents 1,2 ... k, wilh absolutely continuous distribution
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function F_(.) and survival function F.(). X_ is assumed to be
distributed independently of X ,X, -... X . Whal we observe in
reality is the realized value of a random variable Z which
represents the observed life of the system, censored or otherwise

- Ik-iw, Dy
f i i = .- . ’

and a value of the indicator variable d=(I .. X qe. Iy ccady 100

which follows a multinomial distribution with (kZ+1) classes

determined by practically feasible and recognizable

interrelationship between the variables X1,X2 .. Xk and

along with the life of the system, censored or otherwise what is
i ovelew
known is the identity of the cnmponentsAwhich failed “evc if

any.

In section 4.1 we describe a general procedure for the
estimation of life lengths of components 1,2 ... k under the

proportional hazard assumption :

s B B4@s
= 1 = 1%a_ = 1P
Faeo 1= Fyen = .. (Fem .

F ()
c

where (3,50 and (= B,4,> 0 . K =8P >0 -

In section 4.2 we consider the estimation of survival

functions in the special case when X, are identically

distributed in addition i.e, ¢, =, ---n = @, 4= 1 . In this
.pecial case the common distribution function is denoted by
F (). It is possible to find here explicitly the maximum
likelihood estimator of 3, from the partial likelihood based on
the observations on d. By following procedures similar to those
proposed by Ebrahimi (1985), Abdushukurov (1984) and Cheng and

Lin (1984,1987),three sets of adhoc estimators of the survival

_ & h(381 2
function  Fo(.), viz, (@) Fyl, () F o) and () Fy (o are
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proposed. Of these estimators,(a) and (b) are obtained by using
Ebrahimi type arguments and slightly different mathematical
relations which hold, and the estimator (c) is derived by
following Abdushukurov and Cheng and Lin type arguments. It is
observed that all these estimators are consistent. Asymptotic
variances of these proposed estimators are also derived. It is to
be noted that in case of identical component life distributions,
the method applied is a simple generalization and extension of
the method developed in section 3.3 of chapter 3 where the

special case k=2 is deall with.

In section 4.3, to demonstrate the estimation procedure
in a nonidentical set-up, we consider as a special case a two

.e, we assume k=3. It has been pointed out

out of three system,
that the case of general k does not lead to a generally
acceptable solution which is expected to behave well for all k>2.
The estimation procedure for k=3 is =essentially different from
that proposed for k=2. Hence the specific development of
appropriate procedures in this case becomes necessary and is
related to show how the difficulty of the problem increases with
k. In this case d = (L, 1 o1, Iy, 00,1, sTo sIon, I 21 ) is
the indicator variable, which follows a multinomial distribution
with 10 mutually exclusive and exhaustive classes determined by
the random variables X ,X,.X; and X . Two sets of estimators of

survival funclions associated with components 1,2 and 3 are

e e e a a,
v =3 =3 =3 =3 =3
sroposed, viz, (a) (FL(.),Fy(.), Fa(.)) and (b) (FiC.), FpC.),

23
=

arguments and the set of estimators (b) is based on Abdushukurov

€.)) . Here the set of estimators (a) is based on Ebrahimi type
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(1984) and Cheng and Lin(1984,1987) tlype arguments. It is
observed that under the above set up estimators (a) and (b) are
consistent. The asymptotic variances of the proposed sels of
estimators are also derived. We calculate numerically the
asymptotic variances of the estimated system survival function by
using the two sets of adhoc estimators proposed, viz, (a) and (b).
These asymptotic variances are numerically calculated and
compared with those of the corf &sponding Kaplan and MeierProduct
limit estimators. The numerical computations are carried out for
useful ranges of values of parameters assuming Exponential and
Weibull distributions for component lives. In general the set of
estimators (b) is observed to behave better in high censoring
cases and the set of estimators (a) is observed lo behave better

im low censoring cases.

In section 4.4 we take up the numerical investigation of
the case described in section 4.2. The asympltolic variances of

€x1 K11

e
the estimated system survival function, viz, (a) F(.) (b) F(.)

%

and () F(

are computed in the special case k=3, under the
assumption of identical distribution of component lives. The
numerical values are compared with the asymptotic variances of

the corv esponding Kaplan Meier Product 1limit estimator for

appropriate ranges of values of parameters, assuming Exponential
and Weibull distributions for a component life. In general the
ACL type estimators (c) is observed to behave better than all
sther rival estimators pwmposed.

In section 4.5, it is pointed out that the essence of
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the general two stage procedure of estimation dealt with in
chapter 3 and earlier sections. of chapter 4 can be easily
extended to other coherent systems, although the details of
procedures are bound to vary. To indicate the potentiality of
the essential technique developed, a brief outline is provided
for following the two stage approaches in deriving suitable
estimators of relevant survival functions in the case of a so

called series parallel system.
1.2.4 Summary of Chapter 5

In section 5.1 of chapter S we consider a one out of two
components system under random censoring as in chapter 3. But
proportional hazard assumption is done away with. Again the
problem is considered to be more general, in the sense that the
dependence of the life distributions of components is permitted.
In this set up, a procedure is developed to estimate by maximum
likelihood method of survival functions of components or other
quantities of interest via EM type algorithem (Dempster et al
(1977))as done in section 2.2 and chapter 3. The problem is first
formulated as one of finding the maximum likelihood estimators of
hazard rates from the given incomplete data set. The hazard rates

to be estimated are *

|
A (t) = Lim PO elt, tvav), i | T2v, §o=1,2.
3 At —>0+ BT l 1
1
A o(t]u) = Lim P(Tet, tvaty, J
2 AL —>0+ BT 2
4
Ap (t]u) = Lim —t PUes Ttotrav), o T,=u, J=2)

AL —>0+
eea(1.2.4.1)

where T1 and Tz denote first failure and second failure times and



Cz03

J,(J5) denotes the identity of the corrlisponding component at

the first (second) failure time point. The five <classes into
which the observations fall are the same as explained in section
2.2 and chapter 3. Following the partial likelihood approach
introduced by cox(1975), the appropriate likelihood for the given
incomplete data set is writtev down in terms of hazard rates in
(1.2.4.1). Then methods are developed via EM algorithmic approach
for finding nonparametric maximum likelihood estimates of the
quantities in (1.2.4.1). Identifiability problem is tackled by
impesing simple conditions leading to unique estimates of the
quantities of interest. A simple method of estimation of the
variance is also developed. Also indicated is an application of
the method through simulated experimental data, assuming
exponential life distributions of components. In section 5.2 we
outline an extension of the procedure developed in section 5.1 to
the more general case of K—1 out of k components system, k2. The
purpose is to indicate how the same approach can be applied to
more general coherent systems. Bul Mathematically the treatment
becomes more and more difficult as the complexity of the model
increases. The essential idea of the overall approach in this
chapier originates from a somewhat similar problem investigated
by Dewanji et al (1986). But the problems are different and the

details have to be worked out afresh.






CHAPTER 2

PARAMETRIC MODELS

2.0 INTRODUCTION

In this chapter we consider the estimation of survival
functions for the component/components of the following systems :
(1) One component system, and (2) Parallel system with two
components. In both the systems component lives are assumed to
follow independent exponential distributions and for all of them

random censoring mechanism is assumed.

(1) One component system under random censoring which
has been dealt with by various authors extensively and
intensively from both the parametric and the nonparametric view
soints as explained in the following lines can be broadly
described as :

Suppose X, is a random variable representing time to
failure or life time of the component. Together with this random
cariable, is considered another random variable X, which

represents censoring time under random censoring. Whal we observe

reality is the random variable (Z,d), where Z = Min(X1.X2) and
a = (11,12) is the indicator, where 11 =1if Z = X1 and Ig = 1

Z = X, - In general X, and X, are assumed to be independent.

Z.ppose the random variable X1 is distributed with survival

function 51(.) and the random variable X is distributed with

2

s.rvival function ?2(.), both assumed to be absolutely
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continuous. Then if F(.) represents survival function of the

random variable Z, Feo = Fleof,

The usual statistical problem given the data (Z,, d),
3= 1,2, n, is to estimate the survival function F (.) or in
the case the distribution is known, to estimate ils parameters.
The most popular nonparametric estimator of the survival function
is the well known Kaplan and Meier Product limil estimator which
we will denote by KM estimator. For the optimal properties of the
Kaplan Meier Product limit estimator, one is referred to Kaplan
and Meier (1958),Efron (1967), Breslow and Crowley (1974), Aallen
(1976), Gill (1980) and Reid (1981). Assuming exponential
distributions for both X, and X,, Hurt (1982) computed relative
efficiency of the KM estimator, with respeet to the Maximum
likelihood Estimator, (denoted by MLE) and investigated the
performance of KM estimator in this context. In situations

Fot) = (;1(.,,ﬁ1 (i.e. proportional hazard model) where /3, the
censoring parameter is >0,Abdushukurov(1984),Cheng and Lin(1984),
Ebrahimi (1985). proposed other estimators of the survival
function F (.) . The estimators propesed by (i) Ebrahimi and
(ii) Abdushukurov and Cheng and Lin are naturally expected to
behave better than the KM estimator under proportional hazard
assumption, which is satisfied when both X, and X, follow
exponential distribution. The-nain purpose in this section is to
compare the different nonparametric estimators, viz, (i) KM
estimator, (ii) Ebrahimi's estimator and (iii) Abdushukurov and
Cheng and Lin (denoted by ACL) estimator,vis—a-vis the MLE in the
context of exponential distributions of X, and X,, and to update

and complete Hurt's (1982) table giving comparative efficiencies.
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For the sake of completeness, we consider the expressions for the
variance of Ebrahimi's (1985) estimator and ACL estimator, in
general and in particular under the assumption of exponential
distributions of X, and X, and compute their relative

efficiencies w.r.t MLE in this case. The resufts giving a

comparative picture of these estimators are contained in section

2.1¢a). In section 2.1(b) we assume X, and X, to follow two
parameter exponential distributions under proportional hazard
model i.e. ?2(. -<F1<.>)ﬁ1, £#,>0. In this case a similar

comparison is carried out between the different estimators
described and their efficiencies vis—a—vis the MLE are computed.
It is pointed out that the methods employed for a one component
system can be easily applied to the competing risk situation
comprising a K components series system.

In section 2.2, we assume a parallel system with two
components i.e. life of the system without censoring is

X = Max(X,,X,), where X, and X, represent the lives of components

2

and 2 respectively. Let X, represenl the censoring time. X,, X,
and X; are assumed to be independent in general, the resulting
1ife of the system is given by Z = Min(Max(X,,X;).Xg). We also
introduce an indicator variable d, which follows a multinomial

cistribution with 5 mutually exclusive classes which are

-e=termined by the practically feasible and recognizable

.~terrelationship between the variables X1. and XG +«Three cases

2

:-e investigated,in section 2.2. In case (a)_)n. is assumed that

e Exp(ei), 1,2,3, with no relationship among the parameters

=,. 6, and & Case (b) is same as case (a) with the additional

1 2 3’

zssumption 81 - 92 = @6, say. Case (c) is a modification of case
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(b) as follows: when both the components 1 and 2 are functioning,
the failure times associated with them, viz, X, and X, follow the
same Exp(8) distribution. But when one of the components fails,
the distribution of the failure time of the surviving component

is again assumed to be exponential with parameter ©,where

a/2 < 6/ <e .

In all these cases in section 2.2 . some sets of adhoc
estimators for the parameters are proposed and their asymptotic
properties are investigated. The suggested estimators are shown
to be CAN (Consistent Asymptotically Normal) estimators. In each
case the expression for the asymptotic variance covariance matrix
of each set of estimators is obtained. The asymptotic variances
of the estimated mean life length and the asymptotic variances of
the estimated system survival function in appropriate situations
are also computed. Also explicil expressions of the likelihood
equations based on the observations on (Z, d) are derived in
all these cases. In each of the cases outlined above we indicate
an iterative method for obtaining the maximum likelihood
estimates. Since it has not been possible to obtain algebraic
expressions for the variances of MLE's, by generating samples
from given populations, via simulated experiments, variances are
numerically computed for sample size 100 for some reasonable
combinations of the true values assumed by the parameters of the
original distributions. Another sample size, viz, 50 was also
tried. But for a large number of generated samples, in the later
case, the iterative method suggested either did not converge or
led to some wild estimales, owing lo zero frequencies in one or

more classes specified for d. In this context the numerical
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compution of variances of the estimates based on simulated
experiments are erratic and unreliable, not worth reporting. On
the contrary adhoc estimators proposed can be computed without
any difficulty from the generated samples and the estimates were
reasonably close to the population parameters chosen. Thus the
numerical resulls obtained w.r.t MLE for sample size 50, being
unreliable are not reported. The numerical results partly justify
the use of the proposed adhoc estimators and an idea about the
performance of these adhoc estimators vis—a—vis MLE's can be had

from the numerical results provided.

Possible area of application of the model in section 2.2
includes the biomedical problem of the 1life of a human being
with two kidneys which function in parallel. The observation
constitutes the life of a person and random censoring consists in
the termination of life by any cause other than the failure of
both the kidneys. In Industrial application of the model the
system under consideration consists of two components 1 and 2
arranged in parallel and the module formed by these two

components is serially connected with component 3.

The major contents of this chapter are published in
mukhopadhyay and Dhar (1990), Dhar (1991) and Mukhopadhyay and

Dhar (1992).

1 ONE COMPONENT SYSTEM

(a) One Parameter Exponential Distribution for component life
time and censoring time.

Let X, denote the time to failure or life time of the

1
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component with distribution function F (.). X, is the censoring

time, wilh distribution function FE(')' X, and X2 are assumed to

1
be independent. Moreover, it is assumed that P1<x) = Exp(—(x/6)),

x =z 0, & >0 , Ez(x) = (51(x)>n1 = Exp(-(3,x)/6), [, = O, the

nsoring parameter, 3, = O represents no censoring. What we
observe in reality is the random variable Z = Min(X,,X,) which

denotes the actual observed life of the system and an indicator

variable d = (11,12), 11,12 = 0,1, 11*12=

sicnomial distribution with two mutually exclusive classes

Clearly d follows a

determined by the variable X1 and XZ . The classes for d are

identified as.

AL Z = X1. XZ >z

Ayt Zo= Xgy Xy dZe ol 2.1.1)

where 1121 if and only if Z & A1 and 12=1 if and only if Z € AZ'
we write Ai for the set of Z which sali?i-s the conditions of Al

in (2.1.1), i=1.2 .

Thus A; = (Z &R

~ne data consists of n independent observations (Z., d.),

2,....n, on the random variable (Z,d). We will also write ZlJ

ss the value of Z; if Z; € A;, i=1,2, when needed. Lel F(Z)

3
-epresent the distribution function of Z. Then f(.>=.r1 ). Foe
zzviously.
~s observe that
X
P(I,=1) = EXL) = P(Z & A =7 F(y)dF (y)
«
= S Exp((3,y)/6) (1/8)Exp(-y/0)dy
-1
= (AT = e (say) ol 2.1.3)

Hence, F(x) = EXP(—xX/O0) .ot . (2.1.4)



So, the likelihood based on the data (Z;

n n
2 = Eia E Lo
given by L(.) Jg1(dF1(Z).F2(Z)) 1)jE:dF2(Z)F1(Z)) 2) ....(2.1.5)

Z;”s and d;s are independently distributed in this case. MLE's
for & and a are known to be from Hurt (1982) as

e

DHIpTt A

- n =
where Z=%2./nand T
=5 1

-
Hurt (1982) has proved asymptotic normalily of €, has obtained
the expression for its bias and also has obtained the asymptotic

variance of MLE of ¥ Go of F,¢x). The results are stated below :

Asym Var(F,(x,0)) = n'1(E1(x)>2a_1(x/e)2+ on
as Follows:
where the symbol o (little o'h) d!ho‘?!,\ comparing the magnitude

of two functions u(x) and v(x) as the argument x tends to & 4 the

=0

(x)
notation u(x) = o (v(x)) stands for _

Kaplan Meier Product limit or KM estimator of F ¢x), is given by

n-R
3

KM 1,
Fo(x) = Jif x <z
1 B (&3
= o Sif x> 2 ceean
Where Z . = Max(Z,,Z,, ...,Z ) is the largest order statistic of

j=1,2,...,n

and R, is the rank of (Z_., 1-I_.
n 3 o 13

in the lexicographic ordering of the sequence

R LA b SO I

(Z 11 0 (2, 115D

In particular the estimator is known to be a non-parametric

maximum likelihood estimator and asymptotically normal. Efron
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(1967) ,Breslow and crowley (1974),Reid (1981) and many others
investigated the properties of Kaplan and Meier Product—limit
estimator. Asymptotic variance of é"(.> was first derived by

Breslow and crowley. From Breslow and crowley (1974), we have

Ly —1,= 2
Asym var (F, 00O) = 0 (F ()% CExp(x/@e)=13

where E1(x) = Exp(—x/8), % Z 0, 820 c.vcucecncnncannnan (2.1.10)

Hurt (1982) computed the asymptotic efficiency of E1 (x) compared
to ?1(x). It has already been stated that the condition for
Abdushukurov (1984) & Cheng and Lin (1984) (ACL) estimator and
Ebrahimi’s (1985) estimator is satisfied here,So their estimators

can also be used. The estimator by Ebrahimi is given as follows:

3 - = a - _
£, 00 =T, ExpcI log §,0G0 ~ T legI)

= - ~ - -
+ I Exp(I log S,00-T,10gI,) ...... R ¢- 2 BN

where 51(x) = P( Z>x, 11 - q ) Subsurvival function of «class

1

o
A, = S dF (yIF,(y) = a(F 00D

S,(x) = PC Z>x, ) = Subsurvival function of class A,

(2.1.12)

o
- = o
= fxdFa(y) F1(Y) = (1—0)(F1(x)) -

~ ~
where S‘(x),Szlx) are the empirical subsurvival functions,

tne sample analogues of S, (x) and S,(x) respectivelyjwhere
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e

(5,(x),8,(x),M ,,). Consequently since F (x) is a continuous
~ ~ - = e

function of (51(x),52(x),11,12 , we can argue that F1(x) is a

consistent  estimator of F, (x) obtained from  (2.1.11) by

substituting (§1(x), Qz(x),i1,iz) for (8,00, S,00.M .N,) . The
rationale for proposing the estimator (2.1.11) as described by
Edrahimi (1985) is provided by the two Mathematical relationships
that exist between F,(x) on the one hand and 51(X).52(X),n1and nz
on the other, viz, F (x) = Exp(l 10gS,(x) — M logl >

= Exp( 10gS,(x) - M logl,). In  both

the exprecssions, S,(x),8,(x)) is replaced by

275,¢x),S5(x)). If we call the correspending estimators

1
e e
F (x) and F1()<I, Ebrahimi's estimator F1(x) is the weighted

average of these two, the weights suggested being the matural

ones, viz, and YZ respectively.

1
By Taylor®s series expansion about (a,S,(x), S,(x)) and using the

fact that Z and d = (I, ) are independent, we have on

2

simplification the expression for the asymptotic variance
as Asym var(l§1 (x))= n_1(E1(x))2(a(1—u1(x/Sa)2 + a:‘(Exp(x/sm)—ﬁ)
+ az(lva) (Exp(x/8a) — (11— ;)4 3:3(1—a)) + 0(51 ) ccace (2.1.14)
The estimator proposed by Abdushukurov (1984) and Chenﬂand Lin

(1984), 1987), called the ACL estimator in the present context is

a
as follows 3 if F (x) =0 if x < Z.,,

I
1
= 1- i =< = -
1=(1/n) i Z 00 xS Z 0, 151,200 n-1
=1 if x > 2 [ - Y
(n)
where Z .\ <Z 5 -e--- --<Z ) are the ordered observations in the
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=
set (21,12, ...... ,Zn}. Asym var(F1(x) from Cheng and Lin ( 1984)

reduces to 3
2 (a2 (Exp(x/000-1))

+ at1-0 (x/8c0%) + o™ L2116

a -1 =
Asym var(F‘(x)) =n (F1(x))

It is to be noted thal under the proportional hazard assumption,
a
51(x) is the nonparametric MLE of F1(x). For other properties of

the estimator, one is referred to Cheng and Lin (1984,1987).

Asymptotlic Efficiencies of these estimators mentioned,
compared with the MLE for the specific problem considered are

given as follows ¢

Asym var<ﬁ1(x))

e‘(KH Compared with MLE) =

Asym var(F (x))
0‘1(E1(x))2(x/6)2

—_—
el(F,‘(x)) (Exp(x/8a)=1)

(/612 (Expix/een-1""1 L. (2.1.17)
Asym var(l_:1(x))

= (Ebrahimi’s estimator compared with MLE) = —7m78 ——————
=e
- Asym var(F1 (x))

:u’1<E1tx))2(x/S)2((?1(x)2(m(1ﬂa>(x/9a12) + a3 (Expix/0o)—o)

+ m2(1—o\) (Exp(x/0a)—(1-a )) — 2013(1—\01 » resecseceaaa(2..1.18)

~
Asym var ((F1(x))
ACL estimator compared witlh MLE) =

Asym var (F| (x))

o (51(x))2(x/s)

a(—F1(x))Z(Q(Exp(x/ﬂa)—1)4(1~a)(xlso()z)
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= 32(x/0)2(aExpix/Bar—1) + (10 (xs800Z 7 L2119

seg are all functions of x, given & and ﬁ1_ On writing

Exp(x/6a), e ,e,, e, reduce to the forms

e. = (a log)Za 2y - »71

e. = (o logy)2(ta Logy) 21— +a? (y—e 03 (1—a) (y—1+ar—2a® (-0 7"

2 . 2 -1
ey = (1ogy)® (ly-1F(1-00 ¢ logy)” ) JR ce..(2.1.20)

e and e

Table 2.1 gives these relative efficiencies e 2

1
computed for different (x/6) and a = P(X, = XZ) = level of

37

censoring-

(Contd...)
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On examining Table 2.1 it is found that both the ACL
=stimator and Ebrahimi®s estimator behave better than the Kaplan
“eier estimator in terms of asymptotic relative efficiency. Among
the three, the performance of the ACL estimator happens to be the
cest as expected. It is to be noted that efficiencies of these
estimators go down drastically with increase in the value of x/@
cor all levels of censoring. The performance of the ACL estimator
vis—a-vis the maximum likelihood estimator is found to be better

r smaller values of a, i.e., low level of censoring.

The purpose of the above exercise is to make a
~smparative study of the different known non-parameteric
stimates of F1(x) in the simplest case of exponential

zistributions for X and X, Of course in case of known

1 2"
sistributional forms for X, and X,, one is expected to use always
“ne parametric MLE. But when the distributional form is in doubt,
sne uses the other more robust,(but less efficient in specific
cases) nonparametric estimators. From Lhe above exercise, we have
an idea aboul the extent of this loss of efficiency and how it
zepends on the level of censoring and other variables of

nterest, in the simplest case when the exponential distribution

>f X‘ and XE

2nd the purpose here has been mainly to update Hurt's Table and

happens to be right. Hurt (1982) computed e, only

extend it to ey and ez also, efficiencies of the non-parametric

:sstimators which are more relevant in the present context.

(b) Two Parameter Exponential Distribution for the component
Life Time and Censoring Time under Proportional Hazard
Assumption.

Here we assume F, (x) = Exp( and x 2 4 .
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Fe(x) = (E1(x))ﬁ1 B, >0 as before, 5, = censoring parameter, X,

and X, are independent as before. Let us write in this case

Z/= Hin(X1,Xz). C we are writing Z/not Z as in section 2.1(a) for

the sake of notational convenience, which will be clear as the

dewlop_Ment follows 3, d = (I ,I,) is the indicator variable,

h 1= 1 if 27= x a1, =1 if 27= x 2.1.21)

where 1, = 4 and I, ) eeeeees ceeea(2a1.

So, here (z7,I1,. ,I,. ), i=1,2,..... ,n constitute the set of
it ttai

observations. thiously.(l;,11‘v12i) are iid r.v's with common

survival function of Z/as =

Z0=pz’> x) = 31(x) Fz(m. since X, and X, are independent.

. ;
Here too as in the earlier case, P(I,=1)=E(I)) = rMaF1(yu?2(y)

= (0 (5ay)  weeerannnann (2.1.22)

So the MLE of (4,0,a) from the set of observations (l:,l,‘i,lzi).

A /
= 1,2,.....n is given by b = Z(,,

n
/_ 1
i§1zi— 2

% =

n11

A
o .e..(2.1.23)

1

/ / ’
o < ceecssacs S i
where 2(1) = Z(Z) Z(n) are the ordered observations
/7 7 /
i the set (Z1.sz.....ln).

Z.= (n—i+1) (Z/ i=1,2,....,n reading Z{°)= M, It

/
i i)~ Zai-n

.s known that Zi *s are iid r.v's having common survival function
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z
- > N i -
Exp(~ —z— ) Z 2 O and ZJs are independent of d = (I, ,I,.)
1= 1,2,c0ceeecaeana,n. Now € in (2.1.23) can be re-written as
-~ n -
6 =x z./nl e alesaneoiny (2.1.24)
RIS S |
i=2

3 =
- - - -z _
E(Z) =5 P(Z>2)dz = S Expl—g=——)dz = 6a . a...(2.1.25)

writing Z as a random variable following the same distribution as

that of Z1

E(Z)

n
=/n (E = el
i=2 1
n
—/n (- ED
oI, 1
= z
z E(2) 1
=vn ¢« 2 - EE )
I 1 ¥n I
1 1
~“irt(1982) derived that In < - ——
1
var(z - o1, z, -
NCO, —E_ ) Since —— P50,
(P(x, S ’n I,

var(z — 91 ]

—> N (0, —._.T__. ) Since 1
(F'(X < X )

<e have Yn (6 - &)

and (111'12i) are independent, i = 1,2,............,n we have on

3 D 92
plification /n(@ - ) ———> N (0, - ) ceseeanan .(2.1.26)

=creover, il is easy to Show following Hurt (1982) that



C£363

A 62 - z
Asym var(g) = From (2.1.23), we have m = u + —
or It = > = 5. and E¢nGs - )
) - b=
and var/nt - @) P 50 asmn—>
P
Since, Z,, , are independent, Cov(® , u) =0
- ~
= : e ai _ _x -
Now MLE of F (x) in this case is given by F (x) = Exp( ——;a\_"

Using Taylor's series expansion about (8,u); retaining only the
1st order term as in section 2.1(a) and following Hurt's (1982)

method we have

ee.e(2.1.27)

~
s N 2 -1 x —p 2 -1
Asym var(F () = n (F )% (Egmt=+ otn D) -

where F (x) = Exp(= _‘L;L ), x 2 p. Here (2.1.27) gives the
asymptotlic variance of the MLE. The (i) Kaplan Meier estimator
(ii)Ebrahimi®*s estimator and (iii) Abdushukurov and Cheng-Lin°'s
(ACL) estimator in this case remain exactly same as in section

2.1(a). Hence, the asymplotlic relative efficiencies e e

17 27 ®z
are given as follows *
s _ 2. x - p 2 a1
e, (KM compared with MLE) = o (-Z b T (Expl—pgmr— -1
e (Ebrahimi’s estimalor compared with MLE)
a x - p
= -+ aMExpE )~
3 1

) = 1 =0y = 21 = e

._ (ACL estimator compared with MLE)

=« 2(_;_"‘.)2(0‘ Expt-ZzE oy - 1

P TN =L} e eeeeeaeaa..(2.1.28)
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Relative efficiencies e

1 and e, may be computed for different

2 3

v x —# = <
alues of (T) and o F'(X,‘ < XZ\. The same table (2.1)

gives the efficiencies e, ey and e in this case also if we

read —ﬁ_;Ji- for _5_ . It may be noted that for appropriate

37

ranges in the level of censoring, the remarks made there in
connection with the problem in 2.1¢a) hold in the present
<ituation too with —;— replaced by <& .
Remark =

It may be pointed out that the methods of this section
can be easily applied in estimating a component survival function
in case of K components series system. The problem may be posed

as follows =

There are K components, X, denoting the life of the i-th

component, *s are all independent. What is observed in realily

i

i Z = Min(X, <e----,X) and an indicator variable, denoted
oy d = (I pIpmeeene -,1,) which follows a multinomial distribution
«ith K classes,Let A, represent the values of Z for which Z = X;,

TR

The relations between the

components of the indicator variable and the classes A ;s are as

follows : Z & A, < 1 3 5

inder the proportional hazard assumplion F (x) = (E1<.))ﬁx. 7;>0,
. =2,3,....,k if our principal aim is to estimate F, (x), the
i)  Kaplan—Meier estimator (ii)Ebrahimis  estimator and
1ii)Abdushukurov and Cheng and Lin s (ACL) estimator can all be
writen down exactly in the same manner as in the case of one

component system under random censoring, Let us define

I=Min(X ,Y), where Y=Min(X,,X;

--+X ), The survival function
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o s = _ fo. -
of Y is given by, Fy(.) = (F1(.)), with ﬁa + ﬁ3 * teeees * ﬁk

Also the indicator can be redefined as d*= (J1,J2) with
1>Z.

The additional assumption of exponentiality of distributions make

J1= 1=1 <{=> Z=X1, Y>Z and JE=1E + X: LA 4 lk=1 <=> I=Y, X
the MLE's and compari{:;n of the asymptotic variances exactly

same as described in this section with ﬁ1, the censoring

X
parameter replaced by [ . and d=(I1,1,) replaced by a*= o).
j=p 1 172 1772
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2.2 A PARALLEL SYSTEM WITH TWO COMPONENTS

The problem is described explicitly as : System life
Z = Min(Max(X,,X3),Xg), X,,X, are the lives of components 1 and 2
of a parallel system and X = Censoring time.

2.2.1 Case (1> : X,'s are independent and X~ Exp(6,> for im=1,2,3

The data consist of the observations on (Z,d),

where d = (11,12.13.14.15) is the indicator variable, for

1,2,3,4,5. I,
i

1 and I;=0 V J # i, if and only if the

observation Z belongs to class A;, the classes A;"s are as given

below.
A, = CZeRY| X<Z, =X, X337 3
Ay = € Z e RT| X<Z, Z=X, X3>Z 3
Ay = €2 eRY| X2, Z=Xg X;>Z 3
A, = CZeRT| Xp<Z, Z=Xg X523
AS =(Ze I X1>Zy Z=X3 XE)Z 3 seeal2.2.1)

r the problem stated and classes enumerated in (2.2.1), we have
thus defined: A =(Z & R'|I;=1), i=1,2,..,5

...(2o2.2)

Let N .= P(Z € A,) = E(1.), +2,3,4,5 -..annn
i i i

is easy to show that

1 _
=B, —Cpe,, N, = (D,
Ny = (B - Cpog ., M, = (D,
-1
ng = ¢y S S cecescncnaaas fereiee...(2.2.3)
p;'=
wnere D =
B, =
c = +e ! (2.2.4)
.- 3 reeees cececcvancaas N -2
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The conditional densities of Z given Z € Al for .,2,3,4,5 are

given by :
4F (Z|Z e A = (1,00 NExpgE ) - Explog— )
| PRERLP LY P g, Pl

dF (Z|Z & A,) = (nae,‘f"(sxp(_s% ) - Exp(—E—:— i3

dF (Z|Z e Ag) =

) - Exp(-—éz— »
1

-1 -z
4F Z|Z € Aq) = (n493> (Exp(—B: ) - Exp(—!:— )

4F (Z|Z e AL = M8 N Expl—= M R ¢ - 35 3]
s 5°3 -,

Let us write E(le = Ai) L ¢i for i = 1,2,3,4,5, Then

_ 2 _ .2 _ “1,.,2 _ 2
¢, = M) (B — €. ¢y = M (DY - Cp
= _ o2 - “1,02 _ o2
gy = NP P by = MEy (DY = CD
_ 1 .2
g = (Ng03) cq ..(2.2.6)
One can easily check that
5
E(Z) = L (E(Z|Z € A P(Ze A
=1
D, + By~ Cy =L, (Say) ..........(2.2.7)

2 = 2 2
var(2) —E(D1 $B1 C1) L1 -—H1 (Say) ceneeea.a(2.2.8)
n a simple random sample of size n which constitutesthe set of
-»servations, let n; observations belong to «class Ai for

s
= 1,2,3,4,5, such that T n.=n .
i=1
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- n
) . _ i
The likelihood can be written as 3 L1(<) = _5_| (ig1 l'li )
n 1
1 _ -1 . 3 13
JE1((n1SZ Exp( ZJ(SZ + 93 1 EXP(T,‘-))) x
n -z
—4 B 1, -1 _ 5 L
J91(«1231) Exp(-z @+ 6 Exp:.__§2_>>) ”
n
-1 _1 L
JE1U“:163’ Exp(-Z @'+ & Exp(—é1—))) .
n L
-1 _ -1 _ 5 a5
JE1( M, e Exp-z 0 v 0 Exp(j—z-))) 9
n
-1 -1, -1 TS
Ag‘((nsaa) Exp(—Zj($1 -] + 6 ) ceessscscssscans (2.2.9)
h d, = SI, Yoo 3=1,2, 0000y
where 3 (1” 23 )’I)J !si i=1,2 n are the n
n
observations on d. This means [ li n for i = 1,2,..5 and

3=1

1,71 if and only if Z; € A,. Here MLE's for 0, and 6, cannotl be
=xpressed in a closed form and lhe expressions for asymptotic
.ariances of MLE's of 6, and 6, cannot also be obtained in a
-losed and neat form, even though the set up is classical. It
sppears from the expressions of the likelihood that if one or
sore n.'s equal to zero (which is expected to happen, when n is
-ot large),the maximum likelihood method may not yeild reliable
.:timates, making MLE's unacceptable in small samples. However,

-LE of 6, can be obtained very easily and its asymptotic variance

:s very straight forwerd to compute.
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8 log L,C.)
— 55— = 0. yeilds obviously, the MLE of 6, as
3
6, =7 (T, +T, +1H" (2.2.10)
_ 2 » DT e -
_ n _ n
where Z=F Z./n and I.,=F I,./n, for i = 1,2,3,4,5
=1 =4 M
z.2.1.2 Adhoc Estimastors Proposed for 6, and 6,
We propose two sets of estimators for ©  and 6, as
: Th t @ .6, a %, 6% :
sollows. The two sets are 1€p)  an PRI
2 S m T T AT AT )
6, = 7 TT I+ +Ion
6% = T (T T (T 4T +T ) (T +T,+T 0 "
1" 4775 177273 3774775
6, = T T (T (I geT+I 0"
2 31 g s
6% = T(T 4T (T +T 4T, (T +T,+T 07" (2.2.11
» = o*Ig AT T (eI T P - - A D)

It can be

E(51)—B -

shown that,

O(n

-1 5 %
), ECO,

+ O(n

)=91

)=SZ

as
0(v(x),) X ——>L, denotes that | u(x)/vx)|

+ 0(n ) . (2.2.12)

and E(Bz) - 92 -

uix) =

~= notation

-emains bounded as x

> to a limit L (not necessarily finite).

Two sets of estimators proposed are thus =
~ e Ax >
. 6,
6.), (& 2 @

it (2.2.13)
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W, = Var(z),Cov(Z,1, .......Cnv(Z,IS)

VL) eeerCovil, 1)

where Cov(Il =-.Nn , i® 3, i, = 1,2,3,4,5

Cuv(l.!i) - ﬂiL for i = 1,2,3,4,5 and

My eeececannanaan (2.2.14)

2 2
var(z) = 2(D + By - C
CThe elements of u, are to be found in (2.2.3) and (2.2.7)3
Proof : Obvious by the Central limit theorem for

identical random variables.

z.2.1.3 Asymptotic Variances of the Proposed Estimators, viz.,
A A a Ax Ax ow
©,, 65, 05, (O, 65, 8)

By Taylor's series expansion, about the true values

~
N_), one can write &, in the following form :

E(Zl,n1, "2' 5
~ RS- 3 -
n (6‘ —-61) 3’110(2 - E(Z)) + ¥n 51111 (Ii = E(l‘)) + Rn ceen

ceereneanan ..(2.2.15)

>« , Here in

wnere R converges in probability to Zero as n

sarticular the expressions for (l,.,1,., -..,1,5) are given by.

-1
1 = N,m,.ny, 1,,=0

1 = - E(Z) n,

-1
1,5 = - B N ng
1,, = z) n_ n,
14 = B DTy
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lis = (2.2.16)
where M=y + M, g, Ag =Ny +ng (2.2.17)
B 5 D 2
By theorem 2.2.1, we can show that Yn® - @ >N 0,55 )
where = 17w, 1, €Qgr Lygreeees 1i0) ceens .(2.2.18)

»
Thus &, is a CAN Estimator (consistently and asymptotically

Normal) of 91. Proceeding exactly in similar lines, one can prove

that.
2 D 2
Inie, - e, >N (0, 65
~x D *2
In@] - e > N (0, 75
2% D *2
Yne, - 0,) >N (0, 557
> .
cnere 62, 637, 557 may be expressed in the following forms by
Lseing Taylor's series expansions as in 2.2.15.
2 ’ ’
sp = miw,. om, = oy gem e M)
*2 * * *
&%= 17 (S VRS SO b}
*2_ * Ca *
s5°= m, = migemy e M)
expressions for m’= (m m m,.) are given b
P 10" ™44 Mas y
=n_m 7! m -
™0 T 3% YA’ 11
™z = 0 M43 T
ma = - Econ,ny’ m m where TMN_ =n,+n
14 3 M v 15 =™14 c a s

. *
-=-osressions for 1

-1
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where I'ID =l"l1 $I12 4-1'13

) are geven by

* -2
- E(Z) ﬂB nE l"lA

m = — E(2) HB CnE

where M= M+ N+ N, .- -(2.2.19)

8y Taylor's series expansion, 6, can be written in the following
form
Ineg - ©

3 = Ynp (T - E(Z))

s
+ YnL p“u{ E(1.0) + Rr\ asmmasea(B.2.20)
i=1

wrere R" convergas in probabilily to Zero as N —————> & ,

1 _
“rere Pio="Tar Pq1 = Pyz= O

Pag = Pqg = Pqg = — ECZ) N (2.2.21)
:nd it can be shown that

= D 2 2 _

Yne, ~ 65 >N (0,60 ) L85 =0 b,

’
wnere P/ = (Pagr Paqr seee Pgg)  eeeeeeesaeeeaanos (2.2.22)

is also a CAN estimator for 93. Asymptlotic covariances of the

-3

sstimators can also be calculated and are given as follows =

Asym Cov(® , ) =n 1wy m

Asym Cav(S:, ey =n ' 1" v, m
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Asym Cov(e .,
Asym Cov(e,.
Asym ch<e:.

Asym Cov(ey, ...(2.2.23)

2.2.1.4 Mean Life of the System EC(Z2 = Ll
~ ~
x A~
“ssuming (81, 92. 83) to be a set of consistent estimators for

83) and L1 is the estimated mean life, we have

~ ” -
Yall, - L ® Ina e, - e, + 7na,(6, — 6,)

+ -/naa(sa—aa)+ﬁn fereseenseasa. 2(2.2.24)
wnere R converges in prebabilily to Zero as n ———> x , and
_ 2 _ .2 2
a, = @f - cH e},
_ _ 2 -2
= 5 - ¢ er",
=2+ 8% - B P ..(2.2.25)
1 1
, A D /
~en one can show that  Yn(L, - L, >N 0,6/ £ e) where

T :s the variance covariance matrix of (81, 82, 83) and

'
e = (01. Q,, 03).

Let LI represent the estimator of LI obtained by

. ~ A~ e
substituting (81, 82, 93) for (81. 92. 33). Also let L1 represent

Ax  Ax o~
.-e estimator of L, obtained by substituting @}, e;, ©3) for

= e 93). Let E11(:12) be the variance covariance matrix of
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S, 6., 8. (6%, 8%, 6. Then as Wy =nte’ d
8,r 8,s O3 . 6ps 632 Then Asym var(L) = n e’ Eyy e an
Asym var(L:) = n e’/ >IN
2.2.1.5 Variance of the Estimated Stytem
Survival Function at Time t.
System survival function, which is also  called

sealiability at time t is given by 3

(2.2.26)

(1) = Exp(__["s_) + Exp(:s—) - Exp(.__r) R
1 1 1

, 6_,) of (& .a
2" %3 ° [

ihe asymptotic variance of the estimated system survival

for a consistent set of estimators (31. e b

~
srobability at time t, Say S(t) is given as follows

~

- ~
2 N R
FniS(1) = S(1)) =7n s, (8, —6,) + vn 5,8, - 65

~
Iy
+ Yn sg85 - 85 + Ry [

where R converges in probabilily to zero as n

Proceeding as in the case of estimated variance of

2 —1
..stem 1ife length, one can show Asym var(S(t)) =n .s/.}:”.g
wnen the sel of estimators used is (6| »0, .Q ) and
2 3
Ax -1 s 5
ym Var(5 (t>) = n - 5 212-5, when the set of estimators used

P
is (61.32.83).

CAan-
where s - (51. S, 53)
= - E (T" »
s, = Pl
= — Explepe))
s, = xp
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_ -2 -t _ -t
sp=tg (Exp(—B:) + Exp(—E:) Exp(—t:))

(2225)
z.1.6 Maximum Likelihood Estimators.

The maximum likelihood estimator for (61. 92. 33) can be

~-ained as follows : From (2.2.9), on simplification the
Lations
5 log L,
and —gz5— = 0, vield
2

n,
i
= -1
&, = £ £z, -L % n
! ieay = ae 2
z. .
n n. Z, Expl—et—)
. i i fis - 4
_ = £ ., LZ,, L E (——————— * n (2.2.29)
z . L 255 7 * =7 1
i€ B} 5= = e * T
B,
A=A, unA, UA AX = A, UA
where 1= P2 4 s 2 = A4 3
* "
By A, UA VA, BY = A, U A,
275 are defined in(2.2.1). It is clear that 6, ~ @, and 85 are
seymptotically uncorrelated assuming that the regularity

~2nditions hold and it is not easy from the likelihood equations
<2 check if a set of regularity conditions hold even though the

t up is classical. The estimation of the approximate variances

:n be carried out by the formula

. —%109g Ly _q —~%10g L
e'(811=E( - 53 = - \
667 565

e..(2.2.30)
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. %109 L, _, %109 1, J—
var(6,) = E x ¢ | e, =6-> .(2.2.31)
2 z z 2 T %
565 s65

Let L (R(1)) represent the MLE of L, (R(1)) which is

obtained by substituting (& e , 9 ) for e » e e,.) in
I 27 73 | 2 >
g‘(R(t)). The asym variances can be calculated numerically inthe

same manner as in sections 2.2.1.4 and 2.2.1.5.

2.1.7 Numerical Computation

In the following lines an attempt is made to compare the
two sets of proposed adhoc estimators and also to compare them
vith MLE, viz (§1. 5;, 3;). The asymptotic variance covariance
matrices of two proposed sets of adhoc estimators are calculated
on the basis of the asymptotic formula given earlier. Also the
asymptotic variance of the estimated mean life length is
sbtained. The asymptotic variance of estimated reliability or
<urvival probability is computed at the paints where true

survival probability happens to be (i)0.90 and (ii)0.95 .

For the numerical computation of MLE's and their

.ariances, the following procedure is adopted. Given a sel of

6_, 6.,) and a fixed sample size n (which is taken to be 100)

2’ °3

_a simple random sample for (Z,d) is generated. For this

4

senerated sample, MLE's of the parameters &, ., &, oy are
.alculated. Also, the approximate estimated variance is
~slculated in each case. The sampling experiment is repeated 20
-imes. Then in each case, the mean of the computed variances for

~nese 20 samples is taken as an estimate of the asymptotic

.ariance. Also for each parameter there are 20 maximum likilihood
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estimates given by 20 samples. A variance of these 20 values is

computed and presented as an estimate of the true variance.

As it is only the relative magnitude of 61, e 2 and 63
that are important, for all computations and simulated

experiments, 6, is chosen to be 1 .

The values of 81 and GE are chasen to be 0.50, 1.00 and
2.00. The numerical values are computed and are presented in

Tables which follow .

Table 2.2.1.1

n times variance covariance matrix of (81, 32. %)' for different

combinations of 91 and 82 and 93 =1

9:\\92 0.5 1.00 2.00
1.85,-0.49,0.07 2.68,-0.75,0.10 4.67,-1.22,-0.08
0.50 2.28,0.00 6.2970.00 25.90, 0.00
2.14 1.71 1.40
6.29,-0.86,0.00 7.94,-1.43,-0.06 |12.35,-2.52,-0.05
1 4.07,0.00 10.50, 0.00 39.79, 0.00
1.71 1.50 1.30
28.79,-1.41,-0.01 |34.78,-2.64,-0.03 50.56,-5.12,-0.16
2 7.53, 0.00 18.70, 0.00 67.20,-0.00
1.40 1.30 1.20




Table 2.2.1.2

£513

nx rx ~
n times variance covariance matrix of (8, 6,, ©) for different

combinations of (61, 92) and 93

=1

9, 2 0.50 1.00 2.00
0.59,-0.08,8.00 0.70,-0.10,0.00 0.77,-0.11, 0.00
0.50 0.59,0.08 2.29,0.00 12.40, 0.00
2.14 1.71 1.40
2.29,-0.10,0.00 2.50,-0.16,-0.00 2.70,-0.21, 0.00
1.00 0.70,0.00 2.50, 0.00 12.78, 0.00
1.71 1.50 1.30
12.40,-0.11, 0.00 |12.79,-0.21, 0.00 |13.23,-0.30, 0.00
2.00 0.78, 0.00 2.70, 0.00 13.20, 0.00
1.40 1.30 1.20
Table 2.2.1.3
- times variance of the estimaled mean life — using the two setls
A A~ Ax v
2f estimates, vxz.(a)(81. 82, 83) and (b)(91, 92,53), 63 =1
é‘ e é 0.50 g 1.00 é 2.00
T - 1 & 1 a ' b t a ' »
2.50 ; 0.33 ; 0.10 ; 0.43 ; 0.17 5 0.58 E 0.32
; 0.47 ; 0.23 ; 0.53 ; 0.27 é 0.65 ; 0.39
2 ; 0.62 ; 0.41 ; 0.66 E 0.43 ; 0.73 ; 0.51
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Table 2.2.1.4

n times variance of the estimated survival probability

at the points where true survival probability is (i) 0.90 and
(11)0.95. The sets of estimates used are a>®, , 6, 8 ) and
\n><s:. 1

B %2 0.50 i 1.00 2.00
! 11 ! 1 ! 11 i 1 ! 11 _
5105275 0.0168 T3 0.074Z 1a 0. n T2 0. o1
0.50 : : : :
0.0852ib 0.0132 (b 0.0642 ib 0.0121ib 0.0312 ib 0.0010
50BAZTE O.0T4Z Ta 0.0523 Ta 0.01237a 0.0275 Ta 0.0110
1 : : : :
0.0623ib.0.0121 b 0.0412 ib 0.0116!b 0.0263 ib 0.0107
B-0&42Ta 0.012F Ta 0.0327 Ta 0.07107a 0.0 T2 0>
2 : : ' :
0.0432ib 0.0109 ib 0.0121 } 0.0198 b 0.0102
Table 2.2.15
Variances of MLE's 6, and 6, numerically computed (i)
.ith the formula (2.2.30) and (2.2.31) and (ii) from the
sserved estimates, by generaling samples of size 100, (85=1).
o
2 0.50 1.00 2.00
: 1 11 1 11 1 11
var(,) 0.0036,0.0844 | 0.0035, 0.0B45 0.0018,0.0046
3.50 .
var(5,) 0.0031,0.0039 | 0.0228, 0.0223 0.1822,0.1600
var(e ) 0.0242,0.0248 | 0.0203, 0.0266 0.1100,0.0228
.00 -
var§,) 0.0044,0.0044 | 0.0139, 0.0217 0.1061,0.1232
var( ) 0.2439,0.1609 | 0.1675, 0.1748 0.1474,0.1451
var(5,) 0.0053,0.0048 | 0.0291, 0.0298 0.1723,0.1408
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Remark 1
A quick glance at the tables 2.2.1.1 through 2.2.1.5

Ax A%~
seveals the fact that the proposed estimator (e: ,9*2,33

N - ax A

better than the estimator (8., 6., 85). Also the estimator 6%, 65
b X

s

may become undefined only if atleast three of ne

are

- ~
simultaneously zero, whereas 6 , and 6, may become undefined even

1§ one of ni‘s is Zero in some cases. Hence by all considerations

the set of estimators (52 ,5; ';z) seems to be more acceptable.
The expressions appear to be quite cumbursome and no
slgek yaic proof has been attempted.
Remark 2
An  attempt was made to compute MLE's and  their
.symptotic variances for sample size 50. It was found that quite
. few of the generated samples had one or more n;’s equal to zero
leading to nonconvergence of the iterative techniques used for

finding MLE's based on lhe equation (2.2.29).

However, the proposed estimator ‘é:' 5;, , ) could be
computed withoul difficulty and the estimates were reasonably
“lose to the poputation parameters chosen.

2.2.2 : Case II.
X,'s are independent and Identically Distributed,

X, ~ ExpCod, 1i=1,2, X, ~ ExpCoy>

z.2.2.1 Preliminaries and the Proposed Estimators
The problem is the same as that considered in section
-.2.1, with the additional condition &, =6, = €. Writing € ,=6,=0

.+ all the expressions from (2.2.1) to (2.2.9), one gets
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appropriate expressions of the relevant quantities in this case.
Here also MLE for & cannot be expressed in a closed form
and the expression for asymptotic variance of MLE can not be
written down in a neat form. However, as noted in the previous
section MLE of @, can be oblained very easily and is given by
the same expression 33 which can be recalled as

O =Z(13

We propose three different estimators for 2 as follows.

- 1 .
+I,+1) ceea..(2.2.32)

S T aT T (T AT 2T sy
6 = Z(I 4T (I +I (I +I, +1 )

T T AT 4T (T 4T 4T 9"
2 7 T 0T +T 0T 4T ) (TgrT, +Ig))

..(2.2.33)

It is easy to check that the estimators in (2.2.33) are
actually obtained from the estimators (2.2.11), making use of the

fact ©,=6,=6 judiciously. Il can be shown easily that all these

.:timators are asymptotically unbiased and consistent for 6. Thus

A~ A~
~-e three sels of proposed estimators are : (8 ,03), (8 ,6,) and

.
& - eeeeeeaaa..(2.2.34)
=" ey 2.34
z.z2.2.2 Asymptotic Variances of the Proposed Estimators.

The central limit Theorem 2.2.1 holds with all the

modified appropiately using &, = 6, =

expressions in p, and

-~
Taylor®s series, expansion, € can be written as

= 5 -
-e) = ¥n ‘zo" - E(Z)) + 1ni5112i(1lv ECI)) + R _..(2.2.35)
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where R converges in probability to zero as n ——> « . Here the
expressions for (1 1= seeansd ) ti

p 2o 1oy . in particular are the
foliowing.

1

150= (Mgl ) (N (T 41 ,))

b |
= E(Z)(ﬂgmA) HA <n1m2)

1
= E(Z) M, +1,) n.n
log = —E(Z) (M 41, (11 41, ceeeeeee..(2.2.36)
A is as given in (2.2.17). As in the previous section, one can

D

rite Vn(; = gl > N (O 62 ), where 62
- B 65400 2

) 1, ..(2.2.37)

Likewise one can show that

b 2
Vn(Bg—- 83) > N (0, 623 )
52 = p/\vp . where p’ = (p p..) is as given
3 (L 107"t *P1s
on (2.2.21) withe, K =6, =@ feeee...(2.2.38)
* e . .
1; and 13 are obtained appropriately by Taylor's series

ot Aan
expan\:}cn of Yn(® — &) and ¥Yn(é — &) about the true values,
respectively. Asymptolic covariances of the estimators can also
be calculated and are given as follows.

(a) Asym cov(e, 6,)
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_— 4 %t
(b) Asym cov(e’ 6 =n 11;\«% 'S

/
(c) Asym cov(@ " 6, = n_11;*\~| P ee..(2.2.39)

With these variances and covariances the asymptotic
variances and covariances of the estimated mean 1life and the
estimated survival function can be written down exactly in the

same manner as in sections 2.2.1.4 and 2.2.1.5.
2.2.2.3 Numerical Computation.
The maximum likelihood estimate of & can be obtained by

solving %{;—39—" = 0, which leads to

"s 4 "i 7, Explegei—)
+_y’=:1Z5j _i§1 ;’:‘:1( " - =Z; >
- 1 - Exp(—,?i—)
() ..(2.2.40)
n, o+,

s in section 2.2.1, the approximate estimation of the asymplolic

out as :

1

Lariance covariance malrix of (6, 65) can be carried

2 ~ ~
Z87lodt |5 =46, e,=65, O ...(2.2.4D
S8
1 :
var (@,

“or numerical computation of MLE®s and their variances the

is exactly same as the

srocedure adopted, given a set (6, 6,
seneral case dealtl with in section 2.2.1. In this case too sample
.ize 50 leads to unreliable and erratic MLE's quitle a few sets of

.alues of the parameter & and €, chosen. So the results reported

r:espnnd to the sample size n = 100 only. For the purpose of
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comparis~on €, is always taken to be 1.The values of & chosen are
0.25, 0.50, 1.00 and 2.00. The numerical results are presented in

Tables 2.2.2.1 through 2.2.2.4.

Table 2.2.2.1

.
n times variance covariance matrix of (a)ce, 93)
. v e
o @ 6, (o 67,6, for different values of 8, 6, = 1
e | 0.25 1 0.50 i 1.00 | 2.00

0.22, 0.00

a 3.46 2.14 1.50 1.20
0.42, 0.00 1.02, 0.00 3.00, 0.00 11.20, 0.00
2.14 1.50 1.20

0.07, 0.00 0.25, 0.00 6.45, 0.00

Table 2.2.2.2

times variance of the estimated mean life using the sets of

0.0667 0.1526 0.3168 0.5507

timators (a) (5.53), by 6%,6) (o) ©* .6, 6 =1
'e ! o.25 ! _0.50 ! 1.00 ! 2.00

a ! 0.1905 | 0.3528 | 0.5740 .| 0.7847

0.3419 . 0.4034 | 0.4583 | 0.5956

o
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Table 2.2.2.3

n times variance of the estimated survival probability

2t the psint where true probability is (i)0.90 and (ii)0.95. The

- e
sets of estimators used are (a) (8, 85) (b) (87,85 (c) (@ *.93).

T 0.25 T T.50 T T.00 T Z.00

T T IT T T T IT T T LI & S T T_IT
a :0.0299E0.0125§0.0169E0.009B 20.0123 io.ooabgo.owzs ;o.ooaa
b ,0.0257]0.0103}0.0168}0.0058 io.o120 {0.0038}0.0103 Eo.oozz
< .o155§o.o1o1§0.0132§o.0055 {0.0116 io.ooae;o.omz 50.0015

Table 2.2.2.4

n times variance of MLE of 6 computed by generating

=mples of size n=100. Two sets of variances are exhibited viz.

:)Computed by the formula in (2.2.41) and (ii)Computed from the

:sserved estimates of €.

!e ! o.25 0.50 ! _1.00 ! _2.00 !
. I | 0.00817 0.00262 | 0.01140 | 0.07713
211 | 0.00413 0.00208 | 0.01123 | 0.07682 :

As in the previous section 2.2.19 the estimator (é\“.83)
< observed to be superior to other proposed adhoc estimators. In
2.1 respects. Small sample difficultly for MLE holds good in the
esent context too, whereas in such cases 6" “seems to be well

c=7:ned and behave satisfactorily.
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2.2.3 Case (111 :

A Modification of Case (ii1), Where on Failure of One Component,
Failure rate of the surviving Component Increases.

2.2.3.1 Preliminaries of the Proposed Estimators.

The problem is a modification of case II considered in

section 2.2.2. Initially X1. X, are iid Exp(6), but when one of

2
he components fails, the other follows Exp(@’) and Xy ~ Expog).
This can be explained as possibly because of the additional

ress on the surviving component. For technical feasibility

—_ < 3/<9. This is the problem considered in the present
section. For the present problem, the observational set wup and

ine classes A;s remains same as in sections 2.2.1 and 2.2.2.

N, =M, =D,(By ~ Cg)
n,=n, =Dba, - cp e "
3~ a 3%z 3 3
n c..e7" (2.2.42)
5 = C3-93 . ceee..(2.20
where /=1
o1
2
1 -1 -1
a =2 '+ o v ee..(2.2.43)
Conditional densities of Z given Z & A, for i = 1,2 ...5

i-e given by

£ o= -7 =
aF (Z|Z = Ai) = DB(Hia e’ ) (Exp(—B;) - Exp(ra—)) i=1,2

-1 -z -z Lo
F (z|Z @ A = DyNE 97 (Exp(g) Exp(TE)) i =3,4

-1 -z
(Z|Z & Ay = Mg 6 Explpo))  eeeseeeeens ...(2.2.48)
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i =1,2,3,4,5. »then

3
- C3“ i =1,2
3
= Ca)) i = 3,4
-1.2
¢5 = (n583) C3 ...................... (2.2.45)
. -1
E(Z) =i}=:1ni¢i = C3 + 293 C3 e = L3 (Say) ceeeea(2.2.46)
V. Z) = ZCZ + 4B_C_(B_, + C, )8_1~ LE = M, (S, ) (2.2.47)
ar = acg 3C3(By s 3 = My (Say) ...(z.2.
For the present problem, the likelihood function is
given by :
L3‘) - x
2 n
/.1 1 1
XE1 Aﬂ r l)z(nlﬁ e’ ) Ex;a(‘lj « g/-’-g )
=1 3
. 1 5
€1 = Exp(-Z,¢ 5 = z/))] x
‘E E [y a6 e y7 Expe-z.  Ase 2 3
e i€ 92 5 (&5t a,
1.
€1 - Exp(-Z ¢ § - a‘./))] 3y
n I
| 2 1 53
o[ . e, Exp(—=2, ( = + > )] ...(2.2.48)
R ] &5,

MLE*s for © and 6’ cannot be expressed in a closed form and it is

cleav from the likelihood equations that MLE's for 6 and 0’ are
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asymptotically correlated. The problem in the present centext can
e dealt with as in the previous sections 2.2.1 and 2.2.2. We

sropose adhoc estimators for & and 6/ as follows.

Al s = = - = - = -1
e’ = Z (13 + IQ)((I1 + !2)(13* 14 415))
5 o2 TI(T, T, + T+ T+ T,+I 0"
- Ty 2 2 4°"3 5 *1s?
Ax_ 15T - =17
%= 5 TIWI g+ I (Ig+

e (I, + 107 T, I, ¢ L

4 s 3 4 5

~owever, MLE of 93 can be found out easily as given in section

2.2.1, and this can be recalled as

~ sz = = -1
6, =TI+ I, + I tieeeieeea..(2.2.49)

+om™h,

It can be shown that E(E/) =86

E@) =6 +0 (n 1,

Eb* =6 +0 (nh, ...@.2.50

As in the earlier section, it can be shown easily that.

2 D 2
/né - @) >N (0, 55,
vn@d/- 6’y —2 > n 0, 872
31
~
n@é*-6) —2 > N (0, 855
31
> D 2
Yne, - 03) > N (0, 8530 . .-
2 _ ./
where 65, = s; Wy sy
’
*2 _ _* x
631 = %2 Y3 %2
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= variance covariance matrix of (6, 8/,93), and

et T 54

L gp = variance covariance matrix of 6% 67,6 Then
1,/ .
n't/ £ 4,-t . when the set of estimators used is

a =
sym var(lLg)

N -1

e, s/,ez) and the same Asym var = n v g ap U when the set of

timat 4 is BT 67,6, 4 t/= ottty
estimators : used is (8, 6,0, an = o by t2n

2.2.33 System Survival Probability at time t

System Survival Probability at time t = S(1) = P(Z > )

ceeenea--(2.2.54)

-1 t -1 = T
5 @ Expl §3’ - ang e Exp(—C;1 + Exp =

Let S(t) be the estimate of S(U) obtained by replacing

2 2 ~
=. 6/, 6 by a set of consistent estimators(®, e/, & . By
t2ylor's series expansion, we have

2 ~
/n(S(L) - S(t) = Vn v.'; © - e
* o/ / .z
+ Vv\'.1 e -e’) + Vv\'.2 (93 -~ 63) + RY\ s nnlBaBaS5)

where Rn converges in probability to zero as n — X .

* * *
wnere lg .t1 ’LZ are given by the following expressions 2

* _ an2 o3 -t 2 -t _ an2 g3 -t
tg = 4Dz @ Exp(—B—-z) 2D 4 Exp(Tz) ap; © Exp(-—c—z)
-2 -t -3 -t -2, -t
+ 2pg e Exp(—C;) 4D e Exp(—r3-) + 218 Exp(.-c;)
* _ 02 =157/ 2 -1, _ on2 g 1’2 -t
vy =apge e Exp(-—c—z) 2pg 6 @ Exp(Tz)

= teeeee-a(2.2.56)

-1, -t -2 -t
T, - ZDBL e 93 Exp(—rvzl + w: Exp(—c;)
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writing ), one can write

a

- /
* *
Asym varS(ty = n 1t g g4 UF when the set of estimators used

is 6, 67,86 and the same Asym var = n U'E 5, t¥ when the set
X ny
of estimators used is (8, € ,33).

For S(1)=0.90 and 0.95,the values of U are obtained for a
fixed set of values of true parameters. At these points the
.ariances of the estimated survival probabilities are computed.
cor different sets of values of the true parameters, lhese are

.resented in Tables 2.2.3.1 Through 2.2.3.3.
z.4.3.4 Numerical Computation

As in earlier sections, 2.2.1 and 2.2.2, the approximate

-~ tormation matrix of the MLE's of 3 87,55 of 0, &’,0 5 s
;:ven by
—5Z10gL —5Z10gL °
56 56 56 H
2 :
—5%1ogL ° :
s0 ‘ee(2.2.57)
1
var(sa

second order partial diffierential coefficients in (2.2.57)

are evaluated at & = 86, 9/ - 8/, 63 - 93. The variance covariance

satrix is obtained by +taking the inverse of the information

aatrix. Variances and covariances of MLE's of 6, 6/, 6., have been
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catculated frem the 9eneyalesd Sacnkies obtainad by  Sisnuwlated
exkeriments as odome m +he eavliey Sectioms 2°2:.) and 2 2.2. The
numerical results pretaining to MLE's and other sets of proposed
estimators are presented in Table 2.2.3.4.
Table 2.2.3.1
n times variance covariance matrix of (a) 6, 6, & )
s B4 > = : s /
(0) 87 e’, 6, for different combinations of (6, '), e, =1
5,6 ©=0.50, 6= 0.375] ©=1.00, 67=0.75 6=2.00, 6’=1.50
0.97,-0.45,0.00 2.89,-1.22,0.00 11.00,-3.75,0.00
a 0.55,0.00 2.54,0.00 15.94, 0.00
2.14 1.7 1.40
0.95,-0.45,0.70 1.59,-0.94, 0.49 | 5.17,-0.94, 0.49
b 0.55,0.00 2.54, 0.00 15.94, 0.00
2.39 1.62 1.25
Table 2.2.3.2
n times variance of the estimated mean 1life using the
A - N
<ets of estimated (a) (8, 87, 83 (b 87 37, &) for different
mbinations of (©.,6%), 6, =1
. 8 6=0.50, 9/= 0.375| 6=1.00, 6" =0.75 e=2.00, 8" =1.50
a 0.1559 0.3038 0.4832
b 0.2089 0.2443 0.4714
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Table 2.2.3.3

n times variance of the estimated survival probability

* the point where true survival probability is (i) 0.90 and (ii)

2.95. The sets of estimators used are (a) @, 5/'§3’ and
A~y _
o), e, 53). 93 =1
- 6=0.50,6"=0.375 9=1.00,6/=0.75 6=2.00,8"=1.50
1 pas 1 11 1 11
a 0.0133 0.0029 0.0014 0.0012 0.0101 0.0003
b 0.0117 0.0013 0.0012 0.0008 0.0101 0.0003

Table 2.2.3.4

n times variances and covariances of MLE's 8, o

~_merically calculated by generating samples of ‘Size n=100, FTwo

of wvariances and covariances are exhibited, viz.,

Computed by the method in expression (2.2.57) and (ii)computed

- 2m the observed estimates 6, 6~ from different samples.

_ e ©=0.50,6"=0.375 | ©=1.00,6"=0.75 6=2.00,6"=1.50
X 11 1 11 1 11
.ar(@) 0.0067| 0.0070 0.0300 0.0345 0.0806 0.0998
ar(e’) 0.0036| 0.0040 0.0230 0.0312 0.0668 0.0000
:.(8,8')|-0.0022|-0.0025 -0.0119 |-0.0072 —0.4567 |-0.2768

1t appears from Table 2.2.3.1 through 2.2.3.4 that the

Ax Ay~
.1 of estimates (6 ,8' , 6 3) 'is by all consideration more
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~

A
acceptable than the set (8{ ’ 3). On a scrutinity of the tables
N

} Ax AL~
it is found that the set of estimates (6 6,6 3) behaves

satisfactorily in comparison with MLE's . HoreuverD small sample
difficulty with MLE pointed out in section 2.2.1 and 2.2.2 holds

good here also.
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CHAPTER 3

PARALLEL SYSTEM WITH TWO COMPONENTS NON-PARAMETRIC

MODELS UNDER PROPORTIONAL HAZARD ASSUMPTION.

INTRODUCTTION

In this chapter, we consider a Parallel system with two
independent components, 1 and 2 the same as in section 2.2. The
life times of the components are denoted by X. and Xz following
:ndependent absolutely Continuous distributions, with

) and F, () respectively.

stribution functions F

cZ«ponentiality of “istributions is not assumed here. X is the

3

censoring random variable which represents failure time due to

her causes not covered by the components 1 and 2, distributed

independently of X, and X with  absolutely  continuous
sistribution function F (.). Under random censoring what we
tually observe in reality is the random variable

= Min(Max(X,, X), X3) and a realization of the indicator

able d = (I ,I ,I, ,I, I_ ), which follows a multinomial
[ - B 5

tribution with 5 exhaustive and mutually exclusive classes,

ermined by practically feasible and recognizable

.mterrelationships between the variables X1 and X3. To be more

2
-lear, we observe on failure of an individual system, along with
-~e failure time of the system, the identity of the component
siled last. If the life time is censored, then also we observe
.~:ich, if any, of the components failed before censoring .

Two sets of estimates for survival functions,

- _ ave lroboses
=" (F1(.). Fz(-)) under the assumption that
'~
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= edF By (F x3 =
3(.)7(F1(.)) 1 = (FE(.)) 171, ﬁ1 > 0, ¢1 > 0 and ﬁ1. ﬁz = ﬂ1¢1

-epresent in a way levels of censoring the random variables

and X, are subjected to by the random variable X5 . This is

-bviously an extension of the proportional hazard model deall

th by Abdushukurov(1984), Cheng and Lin (1984,1987) to the case

a parallel system with two components under random censoring.
“wo sets of adhoc estimators of the component survival functions

e proposed, viz,

e e a_
(a) (F ¢, Fp Fot2). Both

e sets of estimators are obtained in two stages and the first
<tage is taken to be same for both. The parameters 3, and ¢, are
sstimated from the partial likelihood of the observations on d.
“-~ese estimators are substituted for the true parameters. Then
ine exact mathematical relationship that exist between the
survival function F (x) or F,(x) and the subsurvival functions
are utilized in obtaining the proposed estimators (a). This
s-ocedure may be looked upon as an extension of Ebrahimi®s (1985}

thod which was employed by him to the comparable case of one

-saponent under random censoring as explained in details in

ction 2.1. The set of estimators (b) in really based on the

ssplication of Abdushukurov's(1984)/ Cheng—-Lin"s(1984) procedures
-2 the present case of a two component parallel system under
-andom censoring. This method for the one component system wunder
-andom censoring has been described in detail in section 2.1. In
- present context, the method consists in solving a polynomial
«geation that exists relating

F 00 or F00 to F (x) = s(x) ,

~e system survival function, after plugging in the estimators of
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4 amd @, for the respective true parameters in the equation.

KM
As in section 2.1, we use F (.) to denote Kaplan Meier

(1958) Product limit estimator of F(.)gthe system survival
function.

In section 3.1 , it is shown that under the set up
described, the estimators (a) and (b) are consistent. The
asymptotic variances of the proposed estimators are also derived
in section 3.1. In section 3.2, we calculate numerically the
asymptotic variances of the estimated survival probability of the
system life evaluated under two sets of estimators (a) and (b).
asymptotic variances are numerically calculated and compared with
that of the Kaplan Meier Product limit estimator for an
appropriate and useful range of values of parameters from

Exponential and Weibull distributions of component lives.

In section 3.3 we assume that the components 1 and 2
follow identical life distributions i.e., F (.).= Fo(.) or 3, = 1
and Ez(.) = (?1t.))ﬁ1 23, > 0, represents in a way the common
degree of censoring of the the random variable X, or X , by the
random variable X;. Three sets of adhoc estimators are proposed

_ _ el _ eIl
for the survival function F| (). viz, (a) F) () (o) F) ©.) and
aI

(c) Fo€.). OF these (a) and (b) are based on Ebrahimi type
arguments and (c) is based on Abdushukurov or Cheng and Lfin type
arguments. All these estimators are slightly different from
those proposed in the case nonidentical life distributions
of the components. First of all a closed form exprassion

can be explicitly obtained for the maximum likelihood estimator
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of (3, based on the partial likelihood defined for the set of
observations on d, whereas in the earlier case because of the
nonavailability of such closed form expressions for maximum
likelihood estimators of 3, and ¢ . some adhoc modifications are
used for writing down their estimators. Secondly, the very fact

?‘(.) = Ez"’ leads to more than one comparable estimators of

(.) obtained by following the procedures described for the case

1

of non-identical life distributions. Some appropriate weighted

average of them should be legitimately proposed as an eslimator
- ave.

2f F (. in this case. These estimators  shown to be consistent.

asymptotic variances of the proposed estimators are also derived
in section 3.3. In section 3.4 ~ we calculate numerically the
asymptotic variance of the estimated life of the system evaluated

_nder the three sets of estimators (a) - (c) and also the

KM
ssymptotic variance of (d) F(.). This numerical comparison is

sade for an appropriate range of 3, and of the parameters from

ponential and weibull distribution of component life .

3.1 DEVELOPMENT IN THE GENERAL CASE.

.11 Preliminaries of the Proposed Estimators.

For the problem stated in section 3.0, the data consist
:¢ observations on (Z,d), where Z=Hxn(ﬂax(x1,xz),)(3), denotes the
:sserved life length of the system and d=(I,,1,,15,1,,15) is the

-dicator variable. The classes for d are identified as follows :

-
A1=€ ZeR | X1<Z. z X2 . X3>Z >

+
AZ=C ZeRT| X,<Z, Z=X, , X3>Z 3
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-
Ag=C 2eR"| X,<Z, 2=, . X3 3
a,=¢ zeRY| x <z, z=x x>z

e|2.—:.1>)

+
Ag={ ZeR'| X, >Z, Z=Xg . X557 3

I R < P b

Let us write I 1.=0 for j®i, for an observation

belonging to class F\i,i=1.2--5. i.e !l ’ 1j=0 YV J=i <==> 7 e Ai'
i=1,2...5. For the problem stated and classes enumerated in

(3.1.1), we have,

=F(Z=Ai)=E(li). i=1,2..5
P T < I -3)
The conditional densities of Z given ZEA,' are given

by the following expressions.

-1 -
dF(ZlZeA1)=ﬁ1 F1(Z) leZ)sz(Z)

dF(z|zea=n3" Fa(Z) Fa(2)dF (2)
aF(z|zenp=n " F o2y Fo(2rdF )
dF(1|ZsG4)=ﬁ;1 FplZ) F (2)dF 2y
aFzjzengr=n]" F o2y Fo(zrdF 2>
feeeeee..(3.1.3)
Subsurvival function of five different classes are given

by the following expressions.

o«
=-J F1(Z) FB(Z) dFZ(Z)

51(x) - PLZ > %
x

o«
=S Fo(2) Fa(z) dF (2>

S, (x) =
2 x




C733

3
Sgzx) = P(Z > x, I =1) = ﬁ F (2 Fo(2) dF (2>

3
= i Fo(Z) F (2) dF (2>

Sg(x) = P(Z > x, I

o
= i F (1) Fo(z) dF g2y

It can be verified easily that the survival function of the

random variable Z is given by =

5
S(x) = P(Z >x) = 21Si(x) = Fa00 (1=F (x> Fa(x)) ceeea-.(3.1.5)
= = 7 = A%
under the assumption, F3(. =(F .0 = (Fz(.)) as introduced

in the introduction, on simplification (3.1.4) reduces to the

following form :

1 = Ba®q*1
S,00=( B+ (Fpx)) - BB,

R

where BB=({?101‘¢,‘+171 (Fpexn)

_ _ -1 -1
S,(0) =N = ECI) = ¢ (A0 +1 (A, 40, +1)

s_(x) = (1T (F ))ﬁ1¢1’¢1 - ¢, BB
2% 1 2x 1
_ _ _ 1 1
S,€0) =M, = E(I,) = (3,417 (B ¢, +1T
1= a4+
Sz(x) = B, 0By 1+1T (F(x) -

- - 2 1 1
= E(1y) = ﬁ1¢1<f31¢1»1'7 (ﬁ1¢>1+¢1+ﬂ'

S5(0) =
s, 00 = ettt Eoon TP 4o ee
(%) = BBy 2 = Py

- - B 1 1
S400) =T, = E(I) = n1(ﬁ1+17 (ﬂ1¢14¢1$17
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Sg(x) = 3,¢,.BB

_ _ 1
SS(O) :ﬂs - E(Is) = ﬁ1¢1(ﬁ1¢1¢¢1*17 ............. (3.1.6)

5
It can be verified easily that [ ni= 1, as it should be.
1

On simplification the following relations are found to hold from
(3.1.6), viz,

_ 1 _ -1
Fotx) = Expl(a 8,+17 10gC, 0x)) = Expl(s,(3,+1)7 10gC,0x))

- 1 _ 4
F L (x) = Exp(e (3 ,0,+17 '10gC (x)) = Exp((3 +17 '10gC,<x))

_ 1
Where C1(x) = 51(x) * 53(x) + Ss(x)t1*(ﬁ1o17 )

Cox) = S,(x) + S,(x) + Sg(x)(1+(pY (3.1.7)

2

It is to be noted that the identities established in

3.1.7) for F, 0 or €2~(x) involve two expressions, one

::mprising the classes A ,A;.A; and the other comprising the

classes “2' Ad' AS.

3.1.2 Estimation of (3, and ¢

In a simple random sample of size n, let (ZJ 'd:! ) with

the random vector d =(I IS SRR o s5; ) represent observation
13 23 3

corr{@sponding to the j—th sampling unit, for 3j=1,2,..n. Define

n
“he variable, Z = ¢ Z;/n and the indicator variable I ., where
=1

1..=1if Z. & A,
3 i

=0ifz; @A,

=n./n ...{3.1.8)
i

Considering only the observations ° d, wviz.,
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4,=(Ly;s Ipge Ig5 50 Ig5). J=1,2,...n, the likelihood is given
by *

eeeeeeaaa cans (221.9)

Let us try to estimate 8, and ¢ by maximizing the

likelihood in (3.1.9) : The equation

& loglL ¢.)

_g,r——o and
1

on replacing Mg = ra1¢1m1¢1+¢1+13’1 by its sample analogue ,
the egquations (3.1.9) on simplification becomes .
1 —1_

(g = my = ngd = (g * N, (AT g A= 0 L....(3.1.10)

- 2=
- I3 09 T PP &< P PR R B

&1 = ((i1+2i3)ﬁ1 - 1,
The replacement is conveniently done in order to obtain
closed form estimators of (3, and ¢,. The lik&lihood equations by
themselves do not yield simple estimations in closed forms as
desired .
(3.1.10) is a quadratic equation in BI , leading to a
unique positive solution of B, viz,

- = - = < = =1
sy = ((15 I - Iy I A + IB)T where

+ I %+ 4 I (I, + I, + I ). i0... (3.1.12)

D
I
-
+

We use 5, and ¢, as given (3.1.12) and (3.1.11) as the
estimators of 3, and ¢, respectively.

It can be checked easily that E(3,) =3 ,+ om™h and

E@) =, + on™ ). Hence £, and ¢, are asymptotically unbiased

for B, and ¢, respectively.
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3.1.3 Asymptotic Properties (3, and ¢,

Theorem 3.1

As n

A "
>, YniB, ~ 3y) and Yn(p, - ¢.) are

asymptotically normally distributed with mean zero and variances

f and ag respectively, where o> and og are given by.,

1

2 ’ 2 _ o/

o = 8,4, P Sy, and o =S5 P S,, and P is the singular variance
. . T T T T % /
covariance matrix of (I,,1,,1,1,.10. S, = (a,.ay,a5,a,,a5) and
/ a
SZE:(b"'hZ' 3.b4,b5) respectively
where a, = (RzD, - 2B .
= (R,D_- 2B_) R = (R_D, - 2B ) R a, = Dy Ry a= D RLY
3z T (RaPa 17 Rgr 23 = (Rgb, 1’ Ngr 33 T U3 Rgr 857 DgRa
d b, = (_(B, RHZ+ n_B?(R_B.D, - 2B,B_ B, R,
an IR Rt B 351773731 17370173
+ n2RE(R,D, - 2B,) + ZI_JIR.B (2B, - R.D.)) XX
573 "3 1 F5R3B4 (2B, 371
where XX = (B (N_R, — N_B ) 2
195"z 3%
2 2.2
by = (M3BB3(RD, — 2B,) + MgRL(R D, — 2B,)
+ HJSR3B1(AB1_2RZDZ)) XX
by = (_(B,R,Z+ n_82(R,B.D, - 2B.R, - 2B,B_)
3 - 57173 371°73°371 173 173
2.2 2
- 3By * M1 B R (4B, — 2R.D.) + BIR B) XX
_ 2 2.3 _ 2
b, = (M BiR.B_D, + MNJR3D, — ZJI_RZB D) XX
= (1 B%R,(Ry + BD,) — 21J1_R2B,D,
371”3 R3 3Va F'5R3P10,
2.3 2.2
+ MgR3D, - BYRZBL) XX
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In the expressions above Ry, B,°s and D 's are as given
in section 3.1.5 later.

Proof

Since Vn(i1—E(11>.... I. - ECI.)N > singular N(O,P) as

5 5

n > x , where P = (oij) is the variance covariance matrix,

with o, .=1.¢1 —MN.) and o, .= =10 for ij , i,i=1,2,..55 == by

[ i ij i

Taylor®s series expansion or delta method (Rao(1973)), we can

conclude that the distributions of Yn(3, - ), and Vn(¢ - ¢) are

both asymptotically normal with mean zero. The asymptotic
/

" / "
variances are 511 P 511 and Sii.P 522 respectively.

3.1.4 Estimators Proposed for survival Function

Estimators of the survival functions of the components 1
and 2 are obtained following the guidelines of the procedures
developed by of Abdushukurov (1984) Cheng and Lin (1984) and
Ebrahimi (1985) in the context of a one component system under

random censoring with proportional hazard assumption are given

(@8] EBRAHIMI TYPE ESTIMATORS

First let us consider Ebrahimi type estimators indicated
by the superscript e in the notation for the estimations. We can

always write F1(x) and Ez(x) in the following forms

n.FZ(x) = (n, + ng + uns)Fz(x)

+ (n, + N

2 S (1ﬂm)n5) Fz(x)

4

n.F (x) = (ng + ng + ang)F , (x) +

(n, + n

2 s * (1~a)n5) F1(x) ceeeaaan ee..(3.2.13)
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where o is a weight function lying between O and 1 .
Taking expectaions on both sides, and then using the identities

in (3.1.7), one can obtain the relations :

=1
LGOS, + Ny + all) Expl(@ p,+1) log €, (x))

-1
M, T, + (1 = Mg Expli (F,+1))7 110gC,(x)) ... (3.1.14)

+ M, + ol ) Exp(¢1(p1¢1¢1?1log €, x))

M, T, 4 (1 - o) Exp((n1+171xogcg(x)\.......(3.1.15)

They lead to estimators of the following forms analoguss
<= Ebrahimi’s (1985) estimator proposed in case of the one

ponent system.

- - . AA 4 oA
CO=(I, + I + aly) Expl(B é,+1) 1ogC, (x))

- = o~ a4 -
+ (I, + T, + (1 = 0I) Expai@, (3,413 10gC,(x))....(3.1.16)

- N A A 1. A
+ I+ a I Exple (3 p,+1) 1ogC,(x))
+ (I o+ I .+ (1 — a>i5> Exp((ﬁ1+1711ogcz<x))... (3.1.17)

5.

~ a ~ - A A
Culx) = S, + S5(x) + S0 + (B

Colx) = S§,(x) + S0x) + S0 + by

snd o is a proper weight function lying between O and 1.

As observed earlier identity (3.1.7) is established by

25
together. Incidentally, it may be noted that the classes A 47 93

using the (i)sets A1, Ag.’AS together and (ii)sets A A ar AS

and A represent the set of observations for which X , > Z and

s
similarly classes A,,A, and A  represent the set of observations

for which X1 z Z.
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Theorem 3.2 :

e e = =
?‘(x)(Fz(x)) is a strongly consistent estimator of 'P1<x)<?z<x))
for all finite x = O .

N ~
Proof. i, and ¢, are strongly consistent estimators of 4, and ¢,

~ n
respectively, Si(x) = n1 = I(Zj>X.1)j= 1)
=

is a strongly consistent estimator of S, (x). i = 1,2..5 and
e e
moreover T—'1(x), ?2(x> are continuously differentiable functions
aA A - e e
of iy, #,, and S;0x), i=1,2..5. Cunsgquenny}" GOF (x)) is a
strongly consistent estimator of F-'1(x) (Fz(x)).

(ii) Abdushukurov and Cheng-Lin Type Estimators

From (3.1.5), we have, S(x) = Fo(x)(1-F ,GOF ,(x)), under

ion T, F B F fe
the assumption Fz( )y = (F1(.)) =(F g-0 B nL, > o0, ol > 0,

the following relation would be found to hold, viz.
B#+1 B+
= _(E 11 = 1%17%9
w(FZ(x))—(FZ(x)) + (FZ(X))
= B b+t
= (Fz(x)) = 8(x) ..... heeeeea(3.1.18)

Theorem 3.3 :

For any S(x) € (0,1), the equation in Fo(x) in (3.1.18) has a
unique solution lying between O and 1 for any preassingned
7, >0, ¢, >0

Proof.
For notational convenience 1let us write S(x) = p and

Ez<x).=y. The above equation in (2.1.18) may then be expressed as

wiy)—-p =0 ceneseseaccaccen [ tea(3.1.19)
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Faor given ﬂ1>0. ¢4>0. w/(r) = Sy ly) /sy

B @
= (B ey T -y 1
B e, B e,

D =) + By > O for all re(0,1).
~ence w(y) is monotonically increasing in » € 0,1). Moreover
£€0) = 0 and w(1=1.

Equation (3.1.18) has a unique solution in y = F (%)

£(0,1) for given p = S(x) € (0,1).
The final unique solution of (3.1.18) is of course
zependent on 3,4, and S(x) and can be written as:

FL00 = wolp,09,.8(x)), say, and this will lead to :

L4 @
1 1_ =
GO =, ,8,,800) T = FlG0 = v, (6,,¢,.5(x)), say,They lead

2s to the following estimators of the form :

2 A ~ ~ a A A o~
FL00 = w B, ¢, SOGOY, and Fo00 = vy, ¢,4,500) ..(3.1.20)
wrere estimators of 3, and ¢ are as given by (3.1.12) and

3.1.11) respectively. The methods of estimation described above

sear to be logial extensions to the present problem of the
-rocedure developed by Abdushukurov(1984),Cheng and Lin (1984) in
<he context of one component system under random censoring with

a a
croportional hazard assumption. The estimators E1(x) and F 00

©ill in short be referred to as ACL estimaters and that is
indicated by the superscript’a’ in the notation used for the
estimators.

Theorem 3.4

a a
Estimators F1(x> and Ezgx> are all strongly consistent

Proof : Similar to Theorem 3.2.



Corr sponding to the lwo sets of estimators of (x)
and Fo(x), two natural estimates of F(x) are =
e e e e e
(i) F(x) = F1()<) A FZ(X) - F1(X)Fa(x)
3 a -] a a
(ii) F(x) = F1(x) * Fz(x) - F1(x)F2(x) 3 eseeeans .(3.1.21)
where F(x) = P(X > x) = Survival function of the life of the
system X = Max(X, X,
3.1.5 Asymptotic Variances of the Proposed Estimators,

Before deriving the asymplotic expansions, some symbols
are introduced here to simplify the complicated expressions (some
of them have already been used, but are included here for the

sake of completeness).

R, = YWMNg + 1, — —n3)2+4n5(n1» n, +ng»

Ry =Ng + M, -n, -0y

Ry = 21+ 1, + Mg

Ry =M, + Mg+ Mg =M,

Ry =M, + Mg + allg

p =Mp + My + (105 0 < <1

B1=R1+R2v B, = *l"lz. BZ n1+a'13
-1,

€ 0x) = S, + Sy(x) + Sj0x(1 + (nl,», y D

Colx) = S,0x) + S0x) + S0 + ﬁ11)

-1, =
E, = (C o0e, + 1) S 00, E, =

- _
Ep = (6,000 (B, + 17 5500 E, =




Ees
1z

xx
13

-
14

2 -2
(M (2B B, ~ R3B,D, — RgB) + N By ) (BB,
(M_B_(2B, - R_D_))(B,B ) 2

5725 32 1z
(M (2B B, — R3B,D, — RgB)

2 2 -2
+ ng ey - BBy (BB
(- M_R_B_D_,)(B,B) =
sR3"2P3’ P4¥2

(B_B_R, — N_R_.B_D,)(B B °

1723 s'3 2 4’ P1e

2

ng(2e,B, - RyB, — RgB D) + N BY ) BEB ,

- _ -2
where BBB = (B1B3 H5R3)

ﬂ592(291 - RRDZ) BBB

n <2 B, — RyB, — RB,D ) — n3312) BBB
— N (RB,D,) BBB

(B B Ry — M R;B,D,) BBB

(M R B, (2RB,D, — 4B B, —R B)

- 2 3,
B B(B{Ry + 2B7 By — RgBD,) — RGBUBg) LL

where LL =

2
(M_R3B, (2RB,D,-4B B,) + B B,B,(2B ~R3D,)) LL

2
(N R B (R B, + 2R3B,D, — 4B B,) + B (2B BBy

+ 2B R3B, - R3B,BD, — RgB;By)) LL
«zn Rz B,B_D, - R BZB B_D_) LL
53 123 37172733

caza
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1% = (en_r®8,B_D, - RBZB (R, + B,.D
15 = sR3B4BzPs 3B4B2(Rg 3-Da0) Lb

*wx_ 22 _ 2 2
111 = (I'ISRZ(ZB1 R3D1) + n3}15(B‘R3D1 & ZREB‘D1

3 2 2 2
251 - 4B1R3) + l'IS(EL‘R:zazD,1 - 2818301
3 3, a4 2 .2
+ 2B1Bg — BiR, BIRD) + N Bl(BY + BI Ry

+ 2B By — RgBoD )) XXX ,
where XXX = (B, + R) 2(B B, - MR 2
1 3 1°3 53

wxx _ 2 _ _ 2
2 = <n5§@31 RgD, — B D) + Mgl (2RZB,D, +

2 3,2 2 .
+ BSR,D,-2B3-4B5R,) + BIB (N + M) (2B, — RD,)) XXX

3
wwn_ 22 _ 2n - 2B2-
175"= @mZrZ(@B, ~ RyD) + N 1B (RyB D, + 2R3D, — 2B -4RB )

2 2
+n B ¢@B° + Bp +2BR_+2BB-RBDR
1 1 37t 13 13 ESE N

2 2, 3
+ Mg BI(2B By — RyBgD, — B Ry - R1)™ BYBg(Rg+ B ) XXX

xx_ 2.3 2 2
1737= (MZR3D; + M (2R5B,DL—BIR;D,)
2 2
1 1

R_B_D,) XXX

= MgBiRB D, + M BUR B D,

37373 5

3
e 2
i = (1g

3 2, 2
R3D + HZHS(ZR3B‘ID4 - B1R3D4) +

15 a

+ ng«2B5R D, - B3R B,D,) - n B3R, (B, + ByD, + B5RZ)
+ BOR_B_(R, + B_)) XXX

1RaBg Ry 1

m,, = (2B, - RgD)(B, + Rp™Z

mip = (2B, — RgD (B, + R3>‘2

myz = (2B, — RgD (B, + RB)“Z

mya = “RgD3(By *+ Ry 2



a)

o -2
myg = “RgD4 (B, + Ry)
- _ -2
my, = (2B, - R D ).B]
- _ -2

mip = (2B, — R D,).B]

m¥_ = (2B, - R D ).BZ
13 1 3P17 -8y

—2
mis = —RgDgBTS,
x _ —2

mis = TRaDaBy
1,y = (CoG0 (B, + 1
lag = © = laa

-1

l,g = (3,9,C,(x))

1, =15, = #.1 1, =
21 “laz = ®4lzq7 12z =
e - *x *x
121 = lag = O 1z = 14
3 =4

155 = (3,@,Co(x0)

Asymptotic

£843

| b
=o

o 2‘3* =p,.1
avlas *a-las

-1
Cotx) @ (3, +1))

(3 1.22)

Variances of Ebrahimi Type Estimators

Theorem 3.5

For any finite x € Ry

Yl —ECL ),

ImECIg), 5,00 -8, 0x), . Sg(x)=Sg (x)) is asymptotically
-ormally (singular) distributed with mean vector null  and
variance covariance matrix D= ( Z/ g >, where P=(d ) for 1% i,
£ 5,Q=(q,.), 1< i, 3 <5, Re(r_..), 15 i, j <5, d =1 (11
13 i3 13 i
of and if %5, a;; = S, GO if i=j  and
N.S.(x) if i®j, r .= S (x)(1-S_.(x)) if i=j and - S (x)S.(x)
ERs ij i i 5
SF i 5. (3 01 23)
Sroof. By Central limit theorem.
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Theorem 3.6 :
2 = -4 = +
Yn(F (x) = F (x)), (/n(F (x) — F_(x)) for finite x e R

1 1 2 2
1s asymptotically Normally distributed with mean zero and
sariance i’ D b (a/Det), where a and b are explicitly stated in
the proof that follows.
e

Proof. Let us recall the estimator F,(x) as given in (3.1.16).By
Taylor's series expansion about the true values of the parameters
(x)) and retaining only the 1st

Lviz o, (n1.n2,---n S1(x),--.S

57

order term, we have :

5

e
Vn(FZ(x) = Fa(x)) - V’n.z a

5 -
+ Vn.z132‘(5l(x) = S;(xN+ R
i=
ceea..(3.1.24)

>x . The

shere R converges in probabilily lo zero as n

expressions for a, *s,ay;'s for i=1,2,....5 are given below :
ayy = Fpx) (1 RologC (x) + RSE11'1'1
+ Rbl::*logcz(x) + R Egmy .+ 1)
42 = FpO0 (1 Ro10gC, (x) + R5511‘1'2
+ Rbl:;*logcz(x) + RbEam:Z + D
ayz = Fp(x) (1 0R10gC, () + RGE 1Yy
+ R 1357109C,(x) + RE myy + 1)
ay4 = Fp(x)(1 ,RilogC (x) + R5|:11‘1'4

P *
R 1727109C,(x) + REmy, + 1
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= *
ayg = Fpx)(1,oRe10gC (x) + RGE, 14
e *
+ R 1 S71logC, ) + RE m, . + 1)

& 3715

a, - Fz(x)ﬂslz1 = a

21 23
= F (xR, 15, =
3z = Fat®)Rylze = 324
= FLG0(Rol,. + R, 1500
2zs = Fat*?stas slas
tin /:( a a ) © t
oriting a a4 @gpr c-er 450 Agy ceec dpg) One can write

e
Asym var(F,(x) =n ¢a’D a) upto order n . .. ce..(3.1.25)

e
Similarly one can consider the estimator r1(x> given in (3.1.17).

3y Taylor's series expansion, about (M .M, ..Mg, S (), ...S500,

e
one can write 'F1(x) in the following form :

e 5
Yn(F, (x) = Fatx)) = Vni}=:1b“(1i - BN
5 A
+ w/an by (8, (x) = S, + R

snere R converges in probability to zero as n >« . The
pressions for b . "s,b, . "s for i=1,2,....5 are given below *
= o *
by, = F 00 RI1T10gC () + RyE,1Y,

*
+ Rgmi110gC,(x) + R Egmy, + 1)

_ - *
12 = F1(X)(R511zlngc1(x7 + R5E2112
+ R logC_(x) + R, Emys + 1)
e™12109¢2 % 6Ea™ 1z
_ - *
b13 L] F1(x)(R5113109C2(X) L R5E2113
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*
+ R6m1alogcz(x) A RbE4m13 + 1)

_ - =
b, = F 00 (Rg1109C, 60 + RGELLT,
+ R logC,(x) + R, Eymy, + 1)
6M1410952 0 6=a™1a
= - *
b = F,a00 (Rg12109C 000 + RGER1S

*
+ Rgm,s109C,0x) + R Egmis + 1)

= *
by, = F L0O0Rg1L,
= o
bap = FqOOR 155 = by,
_ x en
bzs = F1(X)(R:125 + Rb‘ZS )
writing Cbygebgreneenubygibyyaaibpg) 5 onE  can  write
= -1,/ -1
Asym Var(FH(x): =n %b’ D b), upto order n . ........(3.1.27)

In theorem 3.6 Asym Variance covariance matrix of (3.1.27)
e e
(Fptx), F,(x) can be written as :

1
a’ Da, a’ by

a’ b, b’ Db
From this one can write down the expression for the

e
Asym Variance of F(x) .

(b) Asymptotic Variances of ACL Type Estimators.

~ a PN
‘Writing y = Fz(x) = Vz(ﬁ1,¢1,5(x)) as given in (3.1.20),
let us recall that » is the unique solution of
A BB A Bpre A BBt e
T e T oy T S0 =0 e (3.1.28)

lying in (0, 1).
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By Taylor's series expansion about (A, ,S(x)) and retaining
only the 1st order terms, we have.

0 = Coy¥nr—r) + Cppunl3, ) + CapVni@, =)

=
+  Cha-Y/n(S(x) = S(x)) + R ce...(3.1.29)
a4 n

where R converges in probability to zero as n « .The

expressions for 611,C22.C:3VC44, are :

X3

@ @
1
€41 r (B 4@ +1+ (B (b (4 )y Byt vy D

Baby by @441
Cop = ¢, logy ¥ oy -7 A

c =

®
BB Y

C44=—-1 ...(3.1.30)

~ ~ ~
Multiplying (3.1.29) succesively by r—»), (3,=3,), ($,~,) and
(S(x) — S(x)) and taking expectations, we have the following
systems of equations.

:‘1Var(r) - CZZCDV(y'n1) + CBBCQV(Y '¢1) + CAanv(}',S(x)) =0
:1‘Cov(r,ﬁ1) + Czavar(ﬁ1) + Czacuv(ﬁ1,¢1) + C44Cov(f31.S(x)) =0

PPN A A - PPN
Cy4Cover p ) + CppCovid,.é,) + Cgglarig,) + CaqC0v (@, Sx)) = 0O

~ - ~ ~ ~ - A
,11COV(S(x),r)*CZZCov(S(x).ﬁ,‘)‘CagCOV(S(x),¢1)*C4~Var(5(x)) =0

..(3.1.31)

In order to compute the asymptotic variance of ;=§2(x),
ve solve for var(y) from (3.1.31) given the other quantities
like, CDV(&(X),[?,‘),CGV(Q(X),31),Vaf(ﬁ)\1) Var(;,‘) and CDV(/?1,£1),
which are known to be as follows from Theorem 3.1 and by simple

computation.



Asym

Asym

Asym

Asym

Asym cov(S(x),A,

Asym cov(S(x),¢,)

a a
One can find the asymptotic variance of F1(x)=(F2(x))

in a manner as demonstrated earlier

the Asym var of

a
“hen finding the Asym.variance of F(x)

‘he system survival function is a simple exercise

F

var (3"

var(e )

cnv(51f1)

-
var(s(x))

<
1

./
=n"s/ .Pus
=n7

I

=n Syq -P-Spp

50 (1-8(x0)

s
n

[T

5

E1alsl(x) - S(X),Ef‘n‘)

5 5
C }i1bi5i(x) - S{(x) gi b P 9

ceeescceasassea(3.1.32)

in connection with

ACL

4

obtaining

e
{x), after first finding the Asym var(F,(x)).

type estimator of

which can be

.orked out in the same manner as in the case of the Ebrahimi type

e
sstimator F(x).

Asymptotic Variance of Kaplan

Meier Estimator, viz., F <Gwo.

Following the results of Breslow and crowley (1974), one

KM

an easily write the asymptotic variance of F(x) by disregrading

‘he components and treating the system as a unit. Thus,

x
Asym Var(F K"(x))—nt?olf(u))-z(

3

L
@ NaF @) CEE). Lz 1.33)
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3.2 NUMERICAL COMPUTATION IN THE GENERAL CASE

First we find the point Xy when true survival
srobability of the system is (i) 0.90 and (ii) 0.95 for
different Weibull distributions ( Exponential distribution

as a special case of Weibull distribution) of the component

lives, with specified scale and shape parameters, a, and &, and

for different combinations of parameters connected with

censorship and proportional hazard assumption viz., 3, and ¢,.
_e a KM

Asymplotic variances of (a)F(x) (b)F(x) and CCIF (x) are

computed for this x by using the asymptotic formula devloped in

section 3.1.5. Numerical values are reported for a = 0.5 in case

of § (x), since at a=0.5, the asymptotic variances of fo) is

found to be smallest [n all the examplesconsidered, even though
it has not been posible to prove the result algebraically in
jeneral. These resulls are reported in Tables 3.2.1 through 3.2.6
«hich follow. For the sake of comparison numerical values are
reported as n times the asymptotic variance,since it has not been
sossible to prove algehEF(ally tie bestness or otherwise of a

carticular estimator.The numerical values of asymptotic variances

e N KM
2f (a) F(.) (B)F (.) and (c)F(.) respectively are given for a
-easonable range of parameters of the Wweibull distribution and
covering wide range of censorship as determined by parameters.
~he numerical comparison leadsus to some general findings which

are highlighted at the end of Tables.
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Table 3.2.1

n times variance of the estimated survival probability

at the points, where true survival probability is (i)0.90,

1

(11)0.95 for Fo(x)=Expl—g—0), a,=1.5,

The sets of estimates

e a
Lsed are (a)F(.) (b)F (.) and (c)F(.)

0.0035 :0.0009 :(0.0018 :0.0003

0.50 H 1.00 i 2 .00

H T H 1T H T H 1T H I T 1T

i 0.0126 i 0.0120 0.0020 f 0.0109 ! 0.0017 !
; 0.0098 :0.0012 E 0.0031 0.0004 ; 0.0015 E 0.0003 ;
; 0.0441 20.0077 ; 0.0310 0.0060 ; 0.0198 ; 0.0048 ;
; 0.0033 ;0.0009 E 0.0025 0.0007 ; 0.0017 E 0.0005 ;
: 0.0013 ;0.000E ; 0.0011 0.0001 ; 0.0001 E 0.0001 ;
% 0.0198 :10.0053 ; 0.0117 0.0035 ; 0.0065 é 0.0018 E
; 0.0005 :0.0001 ; 0.0004 :0.00009 5 0.0002 ;0.00003 ;
E 0.0001 :0.0000350 00005 .00008 50.00002 E0.00001 ;

0.0065 10.0015

Table (Contd.)



at the

11)0.95 for Fz(x)=Exp(T—).a1=1.61 0.5, Th

points,

n times variance of the estimated

Table 3.2.2

where true

survival

survival

probability is

c923

probability

€i)0.90,

e sets of estimates

e a KM

used are (a)F(.) (b)F (.) and (c)F(.)
- s H 50 1.00 H z.00 H
1 17T T T H % T H 1T H T H T H
ia 0.0127 :10.0025 0.0129 ! 0.0023 i 0.0109 E 0.0027
0.50 ;b 0.0051 ;0.0005 0.0032 % 0.0004 ; 0.0016 E 0.0003 ;
;c 0.0442 ;0.007B 0.0312 ; 0.0062 ; 0.0198 ': 0.0049 ;
.la ; 0.0033 ;0.000‘7 0.0026 ; 0.0007 ; 0.0016 ; 0.0005 ;
1.00 ;h i 0.0016 0.0011 ; 0.0001 E 0.0001 ; 0.0003 ;
;: 0.0198 0.0118 ; 0.0036 ;’ 0.0066 ; 0.0020 ;
; a 0.0005 0.0004 ;O .00009 E 0.0002 ;O .00003 ;
2.00 ;b i 0.0001 .00008 ;O-OOOOB 50.00002 ;0.00001 ;
; 3 ; 0.0066 ;0.000‘] ;0.0020 ;0.0003 ;

Table

(Contd.)



n times variance of the estimated

Table 3.2.3

at the points, where true survival

= _ —x
11)0.95 for FZ(X)‘EXp(T).

e
ised are (a)F(.) (b

1

a KM
)F (.) and (c)F(.

)

survival pr

probability is

1.:51=Z. The sets of

C£933

obability

(i)0.90,

estimates

0.50 1.00 i 2 .00 H

T 4 b S SN T . 1T ' T v LI H
0.0128 :0.0026 i 0.0126 i 0.0026 i 0.0109 0.0024 1
0.0056 10.0005 i 0.0032 ! 0.0004 i 0.0016 i 0.0003 :
0.0442 10.0079 { 0.0312 ! 0.0062 i\ 0.0198 i 0.0049 :
0.0037 10.0009 i 0.0026 i 0.0007 : 0.0017 0.0005
0.0020 10.0002 E 0.0012 ! 0.0002 ! 0.0001 0.0003
0.0198 :0.0053 i 0.0118 i 0.0036 i 0.0068 0.0022 :
0.0005 :0.0001 ! 0.0004 10.00009 ; 0.0002 00003
0.0001 10.00003:0.00008 10.00008 50.00002 10.00001 :
0.0066 10.0016_10.0036 10.0009 10.0021__10.0003 :
Table (Contd.)
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Table 3.2.4

n times variance of the estimated survival probability

at the points, where true survival probability is (i)0.90,

(11)0.95 for Ez(x) = EXD(T sy = 1.5, 6130.50. The sets of

e a KM
estimates wused are (a)F(.) (b)F (.) and (c)F(.)

0.0001 :0.0002

0.50 H 1.060 H 2.00 H

H IT 7 T 15 1T ' p 4 T p 4 H

0.0128 :10.0027 0.0128 E 0.0025 ! 0.0108 ! 0.0023 !
0.0057 10.0005 i 0.0036 i 0.0004 ; 0.0016 | 0.0003 i
0.0443 10.0079 0.0316 ! 0.0063 i 0.0198 : 0.0048 !
0.0036 ;0 .0009 0.0026 ; 0.0007 E 0.0016 ; 0.0005 ;
0.0020 :0.0002 0.0012 ; 0.0001 E 0.0001 : 0.0003 Z
0.0196 10.0056 ! 0.0118 i 0.0036 ; 0.0066 | 0.0020 :
0.0005 :0.0001 0.0004 Eo.oooo? E 0.000% 16.00003
.00008 E 0.00008 EO 00002 ;O .00001 ;

0.0068 :0.0016 10.0032 10.0009 10.0020 :0.0002

Table (Contd.)



n times variance of the estimated

Table 3.2.5

survival

953

probability

2t the points, where true survival probability is (i)0.90,
— _xa1
11)0.95 for Fz(x> = Exp(—-z—). a, = 1.5, 61 The sels of
e a KM
sstimates used are (a)F(.) (b)F (.) and (c)F(.
. T T.50 T .00 T Z.00 H
40 T H H P94 H T H 1T 4 T H % 4 H
ta 0.0127 :0.0027 : 0.0127 ! 0.0025 0.0109 i 0.0022 !
0.50 0.0096 10.0005 : 0.0036 ! 0.0004 0.0016 ! 0.0003 :
! 0.0441 !0.0079 ! 0.0316 ! 0.0062 0.0198 ! 0.0048 :
i1 0.0036 10.0009 : 0.0026 ! 0.0007 0.0015 ¢ 0.0005 !
1.00 : 0.0018 :10.0002 ! 0.0012 ! 0.0001 0.0001 i 0.0003 !
i 0.0196 10.0056 ! 0.0118 ! 0.0035 0.0065 i 0.0020 !
:{ 0.0005 :0.0001 : 0.0004 :0.00009 0.0002 :0.00003 !
2.00 { 0.0001 {0.0002 :0.00008 :0.00008 .00002 :10.00001 !
i 0.0068 :0.0016 10.0032 10.0009 . 0020 10.0002 H

Table (Contd.)
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Table 3.2.6

n times variance of the estimated survival probability

at the points, where true survival probability 1is (i)0.90,

a

1
: = x _
(1i)0.95 for Fo(x) = Expl—g—1), a, = 1.5, §,=2.00. The sels of

e a KM
estimates used are (a)F(.) (b)F (.) and (c)F(.)

P 0.50 H 1.00 H =.00 H
1 ° H IT 4 T i 1T H T H 1T H
at ©0.0123 ! 0.0023 : 0.0108 : 0.0026 !

0.50 b 0.0036 | 0.0004 i 0.0016 | 0.0003
[3 E 0.0443 0.0312 ! 0.0063 E 0.0198 i 0.0049 :

a ! 0.0036 0.0022 | 0.0007 i 0.0016 | 0.0005 i

1.00 b ! 0.0019 0.0011 ! 0.0001 i 0.0001 0.0003
c E 0.0197 0.0118 ! 0.0032 E 0.0066 i 0.0022 :

a E 0.0005 0.0004 10.00009 E 0.0002 00003 :

2.00 b ! 0.0001 00008 10.00008 10.00002 00001 :
3 :' 0.0067 .0032 50.000‘7 10.0018 .0002 ;

On examining Tables 3.2.1 through 3.2.6, we observe that

e a
both F(.) (Ebrahimi type estimator) and F(.) (ACL type estimator)

asesuperior to Kaplan Meier estimator for all degrees of

e a
censoring, whereas among the two estimaters, viz, F(.) and F(.),
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bettes

2(.) behaves consistently, in almost all situations, But for large
values of (. there is not much difference in the performances in
general. Thus, in general of all the estimators included in the
comparision, the ACL type estimator, 2(.) is observed to behave
best. Of course, il should be borne in mind that this comparison
ceems to be valid when the main purpose is to estimate system
survival function with true system reliabilities quile high, say
0.90 or 0.95. In most of the cases the values of x wilh high
cystem reliabilities are of major interest and as such the
comparison is confined to.this region only. Bul if we extend the
comparison to the estimation of system survival function where
true survival probability is much smaller say 0.50, it is nol
unexpected to arrive at a set of conclusions at variance with

what we stated here.

2.3 Development in the Case of Identical
Distributions of Components

In addition to the sel up considered in section 3.1, we
assume X, and XZ are identically distributed random variables,

vith common distribution function F,(.) i.e.

¢,=1. The present
set up can of course be treated as a special case of the general
sroblem treated in section 3.1. But the fact that in the first
stage of estimation the multinomial distribution with five
exhaustive and mutually exclusive classes discussed in section
3.1 will be utilized to estimate a single parameter (3, here makes
the problem much simpler and it is possible o obtain a maximum

likelihood estimate of ﬁ1 in a closed form. This is used in the
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second stage of estimation for estimating the survival functions.
Moreover, the second stage of estimation of section 3.1 will
lead to usually more than one comparable estimators in this case.
So, there exists the possibilily of using a socalled weighted
version of the estimators proposed in section 3.1. Hence the

cresent section calls for a specialized treatment which is

zlaborated in the following lines.

3.3.1 Preliminaries of Estimation Procedure.
From (3.1.4), under the assumption, F (.) = Fot.), we
o -
nave, 51(x) = Sz(x) - IXF1(Z)F3(Z).dF1(Z)
™

Sg(x) = Sa(x) =7 F(DF (2 .dF 5(2)

R x

= ES
S_(x) = & _(F (Z))° dF4(Z)
> . 3 eeeeeeeeeee. (32301

— — &l
inder the assumption, Fg(.) = (F (.») L A >0 represents

i
_ommon degree of censoring the random variable X, or X Subjected
A

to by the random variable X5, (3.3.1) reduces to

—1,= A+t —1,.= £yre
S,00 = S,00 = (DT (F o) - 2T F oo

53(x) = 54(x) = ﬁ151(x)

2 - £y2

Ss(x) ‘ﬁ1(ﬁ1+2) (F1(x))
e < M- 12

-1
It follows that M, = S.(0) = EC(I ) = ((Z #1342

1,2

1
S,(0) = ECI)) = 4,03+ 0@ #2071,

1 [ &< < B

BB+
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From (3.3.3), on simplication, we have the following
relations *
= -1
Fa00 = Expl(a +17 1ogN, (x))
= Exp((n1+1)_11ogN2<x))

= Exp((ﬁ1+1)_1lngN3(x))

where 1
N1(x) = 51(x) + Sa(x) b 55(x) (1’{?1 )
1
Nz(x) = Sz(x) + SA(X) + Ss(x) (1*{31 )
_ -1
Naix) = S(x)/2 + Sslx) «1/2 +f?1 ) PEEEEY .(3.3.4)
3.3.2 Estimation of f,
R,

As in section 3.1.2, consider only the part of the
likelihood given by the observations on d.
5 n.

nn*
an

L, ¢ eeee-.-(3.3.5)

2

i

Let us try to estimate 8, by maximizing the likelihood

& loglpt.)

_,(-).The equation 0, leads to the following

4
quadratic equation in f3,,viz .

2 =
A5 (2Ung#nydengn,) + £,(3(n 4ny) = Bng) - 2(n3‘n“+n5)(; g o

leading to a unique positive solution of (3, say (3,, where 3, is

... (3.3.7)

12 3" a
where M, =2l - 3T, + I
M, =8Iz + I, + i)
My o=2(I, ¢ I 4 I+ I,
M, = V(ﬁf + My M) ..(3.3.8)




£1003

It can be proved easily that E<%1> =6, + on~ ) i.e.,
estimator 51 is asymtotically unbiased for f3,. Proceeding exactly
in similar 1lines as o imthe section 3.1.2, one can show that
«n(ﬁ1 - 4, is asymptotically normal with mean zero and some

5 2 N =
variance o5 ,the exact expression of which is not stated here for

]
the sake of brevity.

3.3.3 Estimators Proposed for survival Functions

(ay Ebrahimi Type Estimators

Following estimators are proposed following the Ebrahimi

type of arguments as in section 3.1.4,

;i(x) = (T +Ig+Tg/2)ExpC (ﬁ1+1)"11ngﬁ1(xﬂ
[ . PR
+ (124-14"'15/2) EXD((ﬁ,"V“) ]UgNZ(X))
ell ~ -1, 2
Flo0 = Exp(a,+n 1ogN, (x))

~ A A
where N, (x),Ny(x) and Ny(x) are the estimators of the
sopulation guantities N, (x),N,(x) and Nj(x) respectively. It can

el ell
e shown easily as in the sections 3.1 that F (x) are F, (x) are

211 strongly consistent estimators of F (x).

b) ACL Type Estimators

- - n
Under the assumption Fg(.) = (F (o) 1, the following

identity is found to hold good

ny*e

- o
Z(F1(x)) - (F1(x)) - S(x) = 0 .ea ee.(3.3.10)

=roceeding exactly in a manner similar to that in section 3.1.4
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for ACL estimator, it can be shown that for a given S(x) e (0,1
and f#, > 0, (3.3.10) gives a unique positive solution

yo = w? (S¢(x), B,) lying between O and 1. Ils natural estimator

; (x) = w:(g(x). 61) is a consistent estimator of F_ (x). Natural
estimators of the system survival function F(x) = 2F GO—(F ()7
are derived by plugging in these different estimators of E‘(x) in
the expression for E1(x),v;z,

el ell al
(a) F e (b Foto) and () Fa(o)

3.3.4 Asymptotic Variances of the Proposed Estimators

el eIl al
(a) F i) () Fue.) and (o) FoCo.

Before deriving the asymptotic expansions of  the
proposed estimators, we introduce some symbols to simplify the
complicated expressions and they are given below. Some of these
symbols have already been introduced but they are mentioned here

for the sake of completeness.

3‘15—3(111-0-1'12), (nzmqaﬂsl,
M=/ (M2 MM M_=M M
=My 2-M3 =
H7 7““5' "B “*2(”1““2) H9=H5+a"3
-1 o —1
4"15*6"3“2"3("4) " KZ—Z"‘S 2"‘3 "4 "7 2M_, (2+M HB)
W2, W1 /2

N, (x)=8,(x)+S,

1 3(x1+55(x)(1*ﬁ1



NL(x) =55 (x)+S, (x)+S5(x) (1473, )

- < 1 —4

N (x)=S(x)/2 +5:0(g + 3, )
_ -1

HLOO=0(3,+1) UN (X)) .S (x),

=
Hz(x)—((ﬁ1+1).N2(x)) - S,

5 (%) -

-1
H3(x)—((ﬁ1¢1). Nz(x)) .Ss(x),

P

W,10gN (x> + WylogN, (x)

N1H1(x) + HZHZ(X)

-1
Lop=Wo ({3 + 1IN, (D)

1 -1
Log =, €03 N GOT e WL (5 N, ()

L% =K, mSBLogng o+ [ T S R
L:E=K2(H;2L09N3(x) + H;ZHz(x)) = L:~

L= 3(H92L09N3(x) Ho ()

L, = ng =15 = LE, = 0.5¢(3 1+ Nz
L;S = (ﬁ1.N3(x))_1

c1023

1

ceeeaae==2(3.3.10)
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(a) Ebrahimi Type Estimators, viz., F,(.),Fxc.x

(x)),

By Taylor's series expansion about (M ,M,.. S

S(x)....S,

el
one can write F, (x) in the following form.

el _ _ 5 -
'/n(F1(><) o F1(x)) =7n F1lx:E1L1i(1

5 -~
+ 7n F1(x:E1LZi(S‘(x) - 8,6 + R

ee..(3.3.11)

where R converges in probabilily to zero, where the expression’s

for L1"'s and LZi’s for i=1,2...5 are given in (3.3.10). ““riting

/_ :
RS L seeilpg) one can write,

15°L24

N |

el -
Asym Var(F (x)) = AT/ p*LCF () oo welen . ... ... (3.3.12)

where D' is same as D in Theorem 3.5, with values of M, and S, (x)

for

1,2...5 substituted approﬁéately from (3.3.2) and (3.3.3)

ell
respectively. Similarly F G0 can be approximated by

ell

YR(F (x) — F_(x)) = 7n ECI D) .F (x) +
1 1 5 i 1

N =
¥n E L. (5. ()-8 (x)) F tx) + R ....(3.3.13)
s i i 1 n

i

mu
a

*
2i
where R converges in probability to zero as n ——> « writing

- *
1s7tzqrortas

) qone can write,

ell / 2
asym Var(F, (x)) = AW DALY ) (Fw) “hoovdex.?

Asymptotic variances of the estimators of system survival

function ubtained by using these estimators of can be

casily evaluated.



£1043

al
(b)  Asymptotic variance of ACL Type estimator, viz, F,C.>

From (3.3.10) on substituting f, from (3.3.7), the

following relation is found for estimating F, (x) on ACL lines.
A~

+1 al f[u+2 4

- (Fy - S(x) =0 veeeseennnaoss (2.3.15)

N
al By
2(F1(x))

The unique solution of (3.3.15) lying between O and 1

al
is, say, 7a=F1 (x). From (3.3.15), as usual by Taylor’s series

expansion about (S(x),ﬂ.), upto the 1st order term, one can write.

0 =c2G% 1y + 2B + BG-GB + R, .enn ..(3.3.16)
1 2B,y 3 n’ . .3.

Where R, converges in probability to zero as n > o
a .a .a .
and the expressions for CJ, C3, C3 are given by
_ By _
= (F1(x))(1(ﬁ1+1)— B +2IF 1 (x))
B4+ B4y+2
a - H B E 1
€3 = log F GORLF,(x) (F 00 )
a
3= e feee...(3.3.17)

as in section 3.1.5(b),we have the following system of equations.

22 varG® + ¢l covr A + €F Covir®, S =0

1 2

a

2 Cov(3,,S(x)) =0

_a ta A a a
2 Covr®,m ) + C5 Varip + Cy

_a ra & a a 2 a 3 .
25 Covr®, 860y + €5 Cov(S(x),A,) + Cg Var(SGx)) =0 -.-(3.3.18)

s before one can easily write down the expression of
a al

Zsym Var(F (x)) and Asym Var(F (x)) following the relations in

3.3.18) .

KM
The Kaplan Meier Estimator F (x) of F(x) is as well as

_ts Asym Variance remains same as in section 3.1.5(c)
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3.4 Numerical computation in The Case of Identical Components

As in section 3.3, we find the point Xy where lrue
survival probability of the system is (i)0.90 and  (ii)0.95 for
different combinations of Known scale and shape parameters, o,
and 6‘ of the weibull distribution used for component lives, and
for different degrees of censorship connected with this model.

e el al K
The asymptotic variances of (a)F(.) (b)F (.) (c)F(.) and (d)F (.)

are computed by using the asymptotic expansion developed in
section 3.3. Numerical results are presented in Tables, 3.4.1

through 3.4.6.
Table 3.4.1

n times variance of the estimated survival probability

atl the point where true probability is (i)0.90 and (ii)0.95 or

The sets of estimates wused are

Table (Contd.)
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Table 3.4.2

n times variance of the estimated survival probability

at the point where true probability is (i)0.90 and (ii)0.95 For

o

1

= Expl—z——), @,;=1,5,=0.5 The sets of estimates used are
1

Fax

el ell al KM
(a)F(.), (BIF(.), (c)F(.) and (d)F (.)

By T 1 & g1 1 P T 1 ¢ 11 ' 1 9 11

55 [0-0312 [0.0052]0- 0254 [0-004Z[0-0250 0. 0033 0. 0237 00085

1.0 !10.0056 10.0013!0.0028 !0.0007!0.0023 !0.0003!0.0040 10.0026
H T

Table 3.4.3

n times variance of the estimated survival probability

at the point where true probability is (i)0.90 and (ii)0.95 Zor

%1

F Expl—g—0, o, sets of estimates used are

Fao0

= The

#4 1 2 g1 LT 1 ¢ 1r ! 1
55 ]0-.0314 ]0.0055]0.0256 [0-0042] =

1.0 10.0054 10.0012!0.0026 !0.0007!0.0023 !0.0003!0.0042 !0.0027
Z.00 100004 [0-0009]0.0002 [0.0008]0.0002 |0.0004]0.0028 10.0007

Table (Contd.)
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Table 3.4.4

n times variance of the estimated survival probability
at the point where true probabilily is (i)0.90 and (ii)0.95 #or

1

- —x _ _
Fao0 = Exp(——zj——), ®,=1.5,5,=0.5 The setls of estimates used are

el e a KM
(a)F(.), (B)F(.), (c)F(.) and (d)F (.)

Ay v 1 2 11 1 P qr '3 € qp '3 94 g

-5 10-037% 0. 005AT0- 0255 100041100252 [0-003270- 0238 10~ 0047
1.0 !0.0056 !10.0014!0.0028 !0.0007!0.0022 !0.0003!0.0040 !0.0027
B 70~ 70- 70~ el 70~ 10- 70~ Hep

Table 3.4.5

n times variance of the estimated survival probability

at the point where true probability is (i)0.90 and (ii)0.95 For
ﬁxmA‘
(x) = Expl—g—), «;=1.5,6,=1 The sets of estimates used are

el ell al KM
a)FC.), (BIFC.), (IFC.) and (d)F (.

1! 1 2 11 ! 1 P qr 1 11 ! [T

775 70.031% [0.0051]0-0255 [0-0040]0-0251 [0-0033]0.0238 |0.0047
10.0053 10.0012!0.0026 10.0007!0.0022 10.0003!0.0042 !0.0026
TG-0004 |0-0008[0-0002Z |0-0008]0-00 - T0- Hep

Table (Contd.)
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Table 3.4.6

n times variance of the estimated survival probability

2t the point where true probability is (i)0.90 and (ii)0.95 Jor

a
= 1 "5
Fao0 = Exp(—-5-1—), o= gy

The sets of estimates used are
N

el ell al KM
(a)F(.), (BIF(.), (CIF(.) and (d)F (.

i b
H

0.0016E0.0029

H H
H T

0.0026

51+
Q
I}
o
N
=]
o
<]
Y]

N
451
Q
<]

Q
@

o
[}

o
&

N

On examining,Tables 3.4.1 through 3.4.6 reveal the fact
el ell al
that estimators (a)F(.), (b)F (.) and (c)F (.) are all superior

KM al
4)F (.). The A.C.L type estimator, viz, F (.), appears lo behave
sest in comparison to other estimators in all cases. Again, the

ell al
.ifference between the estimators F (x) and F (x) does not appear

~o be much. The limitation of the comparison made, pointed out at
~he end of section 3.2 holds good here too.

CONCLUDING REMARKS

It may be noted that Doss et al. (1989) considered a
sifferent approach to the problem of reliability estimation for a
seneral coherent structure. but they assume a  completely

:sifferent type of data set. They assume continuous observation of
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.~ each component fails can be ascertained until the total
system failure. The data sel considered in the present chapter
precludes the application of their technique.

(ii) Chang (1987), Yang (1987) and Samuelson  (1989)
considered the non—parametric survival function estimation

problem with doubly censored data. Formally, we can assume that a

doubly censored data set arises from a complete data set

83 XpyrXgs? 1,2...n, in the following way. Here X, is the

true survival time of interest, and (X1.X3) is a window of

observation, XZ is left censosred at X1 if it falls below the

window and right censored at Xz if it is above the window. The
W oan:

data set consists of the observations on as demonstrated by Chang
and Yang (1987), in the following manner.
W = Max(X;, Min(Xy,X3)) and d = censoring indicator,

d=1 if X, <X, <X W= X

1 2 3" 2

d=2 if X2 >X3, W= XZ

d=3 if )(E <X1. W = )(1
Our problem dealt with in the present chapter can be

colinked with this double consoring mechanism. The additional
assumption of P(X, <X3) = 1 as made by the authors cited implies
=(14 =1) = P(I5 =4) = O in our formulation of the problem and the

five classes described by us will naturally reduce to three

classes of their formulation with d=1,2,3 cor{_esponding exactly
to the classes I,=1,1,=1 and I =1 respectively. As such Chang and
vang procedure can be applied to our model for survival function
estimation of component 2 if we make additional assumption
PUX, <Xg)=1. But proportional hazard assumption cannot hold owing
1o the restriction P(X, <Xg) = 1.
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CHAPTER 4

NONPARAMETRIC ESTIMATION OF SURVIVAL FUNCTION
IN A GENERAL k-1 OUT OF k SYSTEM UNDER RANDOM
CENSORING WITH PROPORTIONAL HAZARD ASSUMPTION

4.0 INTRODUCTION

In chapter 3 we have discussed nonparametric estimation
procedures for survival functions in a two component parallal
system under random censoring with proportional hazard assumplion
on the distribution functions. In the present chapter, we extend
the application of the procedures with necessary modifications to
a more general situation. We consider the nonparametric
estimation of survival functions of components in a k components
coherent structure in which the system functions if and only if
2t least k-1 of its components function properly, proportional

nazard assumption is retained here also. To state il explicitly =

Lel Xirepresent the random variable associated with the

life 1length of component i with  absolutely continuous

4 urc Lion, -
distribution F, (.) and survival function F; (.), i=1,2...k. X
A

TS
i
are assumed lo be independent. Let Xc s the censoring random

variable, which represents failure due to other causes not

covered by the components 1,2 .3 aeeinn... kK » with
absolutely continuous distribution function F(( ) and
survival function F (.), X is assumed to bedistributed

What we observe in reality is the

independently of X .X, ... X,
realized value of the random variable Z which represents the

cbserved life of the system, censored or otherwise and a value of
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the indicator variable d = (112,113. eeeel, LI which
KAk le

follows a multinomial distribution with (k“+ 1) classes

determined by practically feasible and recognizable

interrelationship between the variables X,‘.

s.eX, and X_

In section 44 we describe a genmeral procedure for the

estimation of life lengths of components 1,2,...k, under the

1_ (F Pa?q

= = = B Pr—q
assumption Fc(.) - (F1(.) - (Fa(.)) ....=(Fk(.)7 »

where
e
7,70 and ,=3,¢,50 (, =F b, . > O represent in a way the amounts

of censorship the randem variables X,

...X, respectively are
subjected to by the random variable X_. The two stage procedure
of estimation described in chapter 3 may be applied quite
satisfactorily in this case. But in the case of general k > 2, to
find reasonably good estimates of the parameters Barby vee By
in simple closed forms seems to be an extremely difficult task.
Moreover, a particular choice of estimators is not expected to
behave equally well for all k = 2. Hence, no attempts are made to
sbtain explicit expressions for the estimators of survival
functions in the genmeral case for all k 2 2. A few special cases
are only considered as examples in the sections that follow. The
essence of the methods developed there are as well applicable to
the more general problems we may have to encounter and one can,
it is presumed,develop appropriate expressions for the particular
sroblems for which solutions are sought in practice by cleverly
making using of the special properties and relations satisfied by
the particular problems encountered.

In section 4.2 we consider the  estimation of survival

function in the special case, X1.X2.... are identically
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distributed in addition i.e., ¢1=ﬁ2 .. ¢k*1:1 in the earlier
model. In this special case the comn;nn distribution function is
denoted by F (.). It is possible to find here explicitly the
maximum likelihood estimator of ﬁ1 from the partial likelihood
based on d. By following procedures similar to those proposed by
Abdushukurov (1984) and Cheng and Lin (1984) and Ebrahimi (1985),
three sets of adhoc estimators of the survival function F (.),
viz, (a) (FE';’(.)) 73 (EEflt.)) and (o) (Elatk-» are proposed. It
is observed that these estimators are consistent. Asymptotic

variances of the proposed estimators are also derived.

It is to be noted that in case of identical component
life distributions, the method applied is a simple generalization
and extension of the method developed in section 3.3 , the
particular case being considered there is k=2. The one out of two
components system can definitely be considered as a special case

of the more general problem considered in section 4.2 and the

el exr. al; of Seclionzz
estimator F(.) (respectively F(.) and F(.))A exactly

3 {3 83

a
coincides with F (.) (respectively F (.) and Fk(.n of section
4.2, for k=2. In this respect the theoretical developement in
section 3.3 appears to be somewhat superfluous. But it is
included there for the sake of completeness and self sufficiency
of chapter 3, which considers the important prgblem of a one out
of two components system under proportional hazard assumption.
viewing section 4.2 as a natural extension of section 3.3,
some repetitions cannot be avoided, bul utmost efforts are
putforth to keep them to the minimum.

In section 4.3 to demonstrate the estimation procedure
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in a nonidentical set up, we cons|der as a special case a two out

of three system, i.e., we assume k=3. It has already been pointed
out, the general k does not lead to a generally acceptable

solution which is expected to behave well for all k2. The

estimators proposed in case k = 3 are essentially different from
those proposed for k = 2. In this case of k = 3,
d = 112'113'11c’1 1.132,13(_'1(0)

is the ind(cator variable which follows a multinomial distribution
with 10 mutually exclusive and exhaustive classes determined by

the random variables X,.X, and X_. Two sets of estimators of

27 %3
survival function associated with components 1,2 and 3 are
proposed , viz,

e ey [ ag ay a

3
(a) (F o, Fot, Fat) by (F (), Fota), Fa.n.

Here the set of estimators (a) is obtained by using Ebrahimi type
arguments and the set of estimators (b) is based on Abdushukurov
(1984), Cheng and Lin (1984) type arguments. It is observed that
under the above set up, estimators (a) and (b) are consistent.
The asymptotic variances of the proposed sets of estimators are
derived. We calculate numerically the asymptotic variances of the
estimated system survival probabilily by using the two sels of
adhoc estimators proposed, viz, (a) and (b). Asymptotic variances

are numerically calculated and compared with that of the Kaplan
KM
and Meier estimator, viz, F (.) of the system.

The numerical computations are done for useful ranges of
values of parameters for Exponential and \eibull distributions.

In section 4.4 we take up the numerical investigation of the case
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described in section 4.2. The asymptotic variances of the

Cer b 83

estimated system survival probabilities, viz, (a) F (.) (b) F ()
2k

and (c) Ft)are computed in the special case k = 3 under the

assumption of identical distribution of component lives. These
KM

sumerical values are compared with that of F(.) for appropriate

ranges of values of parameters from Exponential and “weibull

distribution.

In section 4.5., it is pointed out that the essence of
the gemeral two stage procedure of estimation dealt with j»
chapter 3 and in earlier sections of the present chapter can be
easily extended to other coherent systems, although the details
of procedures must vary, to demonstrate the potentiality of the

essential technique developed.

In section 4.5,a rough outline is provided fellowing two
~tage approach by means of which suitable estimators can be

seveloped in the case of so-called series parallel system.

2.1 GENERAL PROPORTIONAL HAZARD MODEL
FOR k=1 OUT OF k SYSTEM, k 2 2

For identification of observation size classes along

+ith the expressions of associated probability statements we need

me necessary formulations as related in the following lines
In a k=1 out of k components system, the system fails if
-vo of its components fail. Let us designate them as the first

1,2..k.

.~d second failures. Thus the ordered pair (i,j),i®j, i,

sentifies the first failed component of the system as i and the
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second failed component as j. Along with the ordered pair (i,j)
there is always associated an ordered pair of time points say
(u,Z), where u denotes the point of time when the first failure
occurs and Z, the point of time when the second failure occurs.
In our set up, u is unobserved and Z is the life length of the
system, P(u < Z) = 1, assuming the system is uncensored. Of
course the system may also be censored and the desired life of
the system may be its censored life and censoring may take place
before the first failure or in between the first and second
failures. The ordered pair (i,c) will denote that the first
failure occurs to component i at time u which is unobserved and
the system life is censored, the censoring tlime being Z,
observed, i=1,2,...k. The ordered pair (c,o) will be used to
denote that the system life is censored at time Z, observed prior
to any component failures. Thus the system failure must belong to

one of the following k2+1 classes-

Ci,3), A=5, i.,3 = 1,2....
(i,c), i o=
(c,0) -(4.1.1)

Jnder random censoring, what we observe in reality is the
realized value of the random variable Z which represents the

sbserved life of the system and a value of the indicator variable

4= (1 ) which follows a

S SIS S I ST R i ¢
127113 1k e e L co
sultinomial distribution with (k +1) mutually exclusive and
exhaustive classes determined by practically feasible and

-ecognizable interrelationships between the random variables

........ X, and X_ (we write X for the random variable

sociated with censoring, which actually represents the failure
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of the system for all other causes not covered by the failures of

the components).

Let S = {(1,2..... 3
A =(Z e R’ [ X, <z, = Min(X , X , ueS — €i,33) > 2Z )
i i c
a =«zerR" | x <z, z-= Min(X_, u e S - €i)) > Z
ic u
A_=(eR | Z=xX_, Min(X,ues)>z)
co c u

Let us introduce the indicator variable as follows *

I.. =1 if Ze A_.
i3 ij
=0 if ZeaA ., i35 i, jeS
1 1 if Z e A,
ic ic
=0 if Z e A ., ieS
I__ =1 ifZeaA
co co
=0 ifZeA__.
co Y & T I3}
Th A = zeR" | I,.=1), i%i i.5e
us A= (Ze 11 , i%3 .3 €S
A =(zerR" |1 1
i < |1, . ies
+
A =(zeR" | I_=1),
b €= e 4.1.4)
Let us define .
n.=P(ZeA ) =PZeR | 1 =5, i, eS
ij ij
n = = RY ] 1,=1
e = PZen ) =PZe | i , ies
+
n =P(ZeA )=P(ZeR | I =1
co co €0 i iiceeeees (4.1.5)

and conditional densities of Z given the appropriate events

Ze A ;.2 €A and Z e A are given by the following expressions.
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dF(Z | Z € A D = A} [ F (2).dF, (Z). n (F (2)).F_ ()] i,; =S
FE LY El u c
ues T <z =

dF(Z | Z € A, D)

LF, (2> (F (Z)).dF_(2)] i«

1e ue g

dF(z | Z e A ) nzo[ N (F,(2)).dF (2)]
u<s P & T o8
(4.1.6) makes use of the fact that the random variables

X1 XZ""xk and Xc are independent. Subsurvival function of the

uncensored classes and censored classes are of the form.

o
5,00 = P(ZOx,I =1 =5 [F (D) (F (2)).F _(z)dF (2]
13 3 ues i,5% J

Lo - -—
T, 8;5(00= ECL, s LF ) 1 (FL(Z)F _(2)dF <20
1) J e ues T, J

L -
S, (x) = P(Z>x,1, = 1) =8 [F (Z) T (F_(Z))dF _(2)]
ic ic xt Ty . u c
u es—<id
B -
7..=8, .0 = EXI, ) = £ [F(Z) 0 (F (2)dF (27 .,
HEL 1e u es TCiy
o -
S (x) = P(Z>x,I__= 1) =4 [ N (F (Z))dF_(2)]
co co x L= u c
uEs
s -
S =8 _(0) = ECI_) =4_ [ n (F, (2))dF_(2)] ,
co” Sco co ° wEs U c
...... P SR 2
It can be verified easily that, L LN, +E My +0 =1
S ies

as it should be.
Sonote S(x) = P(Z>x) = Survival function of the random variable

I, it follows that,

S(x) =F , E£ES;,(x) + L S,
ivies M ies '

i3 4.1.8)
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Define S,(x) = E S, (x)
j es=¢ix?,  ies
n,= § nies
j es-cixt?
= u A, ies
je sy YT Ll 4.1.9)

B 4P

under the assumption F(( Foen CLFLG)
it is possible to establish, k identifiable relations between

FLCF

<... FL(.), using the sets

ceeee. (AU A UA_ .

(A, UuA._UA_), (A, UA UAa_
co k ke co

2 2c co

Now for a particular choice of k, the associated

parameters under the proportional hazard model, viz

v Bty dp
....#,_, can be estimated by using the partial likelihood based
on the observations on d distributed over the (k2 +1) classes.
Survival function of components, viz, F (.),F ¢.) .... F () can
se estimated by making use of the relations indicated above,
following Ebrahimi (1985) or ACL (Abdushukurov (1984) and Cheng
and Lin (1984)) type arguments. In section 4.3, we will consider

o,
sstimation procedure for a two out three system (k=3) in details,

for the purpose of illustration. This is taken up because for
<his problem each value of k has to be treated separately and no
seneral estimation procedure can be proposed which will behave
suite well for all k = 2. It will be quite clear in section 4.3,
ine explicit expressions for the closed form estimators f3,, &,.
ind ¢, proposed are not the natural extensions of the estimates
zeveloped before for the case k=2. They are proposed on an - adhoc
sasis, by critically, examining the mathematical relationship

~at can be established in this case i.e. k=3.
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a.2 ESTIMATION IN THE IDENTICAL CASE

a3.2.1 Preliminaries of the Proposed Estimators

For the problem in section 4.1 we make the additional

assumption that X"s are identically distributed for i=1,2..

for a k component system. Let F, (.) represent the common

distribution function. Let us recall from section 4.0 and 4.1

Il
= P _ _ _
Foeen Niiel, ¢y =y = ceeaiidy g = 1 and 5,50, The

that F

c
main problem is to estimate the survival function F,(.). As the
sroblem in the present section is a special case of the problem
described in section 4.1, the same notation for  classes,
subsurvival functions and components of the indicator variable
are applicable here. In this particular  problem, (4.1.7)
reduces to

x
S, (o= P(Zox, 1. .=1) =, F,(2) F_(D)(F (20" BaF (D)
ij ij x 1 c 1 1

o«
N..= S, (0)= E(L, )= &_ F (ZIF (Z)(F 2 *BaF (2>
ij ij o 1 c 1 1
Vi
JTes, i3
X = k=1
S. (x) = P(Z>x,1, = 1) =& F (Z)(F (Z))" 'dF _(2) ,
ic x 1 1 c
x = k=1
M. =8, (0) = EXL, ) =4 F_(Z) (F (2))" 'dF (Z) , i
c ic o 1 1 c res

«
s (x) = P(z>x,1_= 1 =& (F2n¥ar_ 2
co co x 1 c

3
= . F K
nco— Sco(n) - E(I:o, IO(F1(Z)) dF:(Z)

L £ -2 b
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- _ n
under the assumption F_(.)=(F,(.)) ',(4.2.1) can be simplified as

A +k=1 A+

-1 = -1 =
855 (=B +k=1T I(F (x) S BT (R0 i3 i,5 €S
= = = - =1
My5= S35(®= E(I; = (B +k). (3 +k=1))
B k=1 B +k

_ _ = _ -1z k] .
S, OO, By +=DTF (o) B+ THE 0 15i S

1

M5 ™S5 (OI=ECL; =3 (3, +K) (B +k—

. Bk
N PP S R PP
_ _ -1 (4.2 2)
0= o (OV=ECL )= (3 +k)
Asain from (4.1.8), we have,
A +k=1 _ 7k
- k1) L (F 00D 4.2.3)

SGO =l (F (x))
From (4.2.2), the following identities are found to hold by

utilizing the classes (A1U A,,:U Ac ), (AZU AZCU A(n)"""',"""

o
AUA UA ) and (UA. U A._UA_ ), and they are, of the
3 ke co : il ic co
ies ies
following form.

(x)=Exp( (2 +k=1)" "log C (x))
1 1

=Exp (3 + k-1 N10g [ PIE =Exp((ﬁ1+k~1)—1log € x2)

= Exp¢(, +k—1 " 'log (_Sl‘("_) + S G0 - .E)ﬂk—ﬂn;'))

- ...(4.2.4)

-1
where C;(x)=S; GO+S, GO+8_ GO (k-1 ") i=1,2..

s.2.2 Estimation of f,

In a simple random sample of size n, let ni‘johservations



1213
belong to class A;; i%j, i,j €S,n, observations belong to class

A._, i€s and n__observations belong to class A__, such that,
ic co co

n =EEn..+ L n. +n
i e 13 ;2 Mt Teo
_ n
and define I =L Ii5/n %3, i, 5 es
=1
- n n
I, =1 _,/n, ies, I_=y¢rI1__ /n,
ic,E Tia co” %, Tcol

where 3 ),1=1,2...n

1217 T4310 0 Tecq ki e Tk teon

=
5 e s-<id

are the n observations on d and 5 o
L N3

The partial likelihood based on the observations on d is as

follows
L L0 =f n.
ixj g I ies’c
o [y k) (B k=1)] L@ O @ k1) *

e s e ...a.2.6)
Let us try to find the estimator of , which maximizes (4.2.6).
6 log L ¢.)

The likelihood equation —pp———— = O, yeilds the followig
1

< : < . 2
suadratic equation in 3., viz, ng3% + ngs - n. =0 a.mm

where 2F En,. + L n,
ij es, 0 i eg '€
= (2k-1) £ En,. - kn
B et & M5 co
= k{k=Dn_+ En, >

ies sies stes o s a.2.8)
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and its unique positive solution 3, is given by.

I+ »’(Ig + aI

P
B, = 4.2.9)
2 1,
where IA— na/ms ne/n It can be shown easily that
1
) e ..(4.2.10)

Thus fi1is asymptotically unbiased for f3,. It is to be noted that
(4.2.9) reduces to (3.3.7) in the special case k=2. Before
finding the asymptotic distribution of 31 and exploring the
properties of the estimators of the survival functions to be
described later, let us first observe the following *:

s
91
c
~

AET 0T - E(L

Since Vn(I .~ ECL )y.-e K, k=1 K. k=1

D ..(4.2.11)

> N 0.g
k241 1

“nere (singular) represents the dispersion matrix for d. B
1 y

-
the application of delta method, Yn(3 —3) D5 Neo,o?

Y...a.2.12)
74

7
=L" Ly L, where the components of L are obtained by

Taylor's series expansion of (3 about the vector,

(Ul LN cee.. I | R S ul ).
12713 k=1, k" ; T co

-
n
w

Estimators Proposed.

a) Ebrahimi Type Estimators.

The estimators proposed for F following the idea of

srahimi (1985) are :

k A~ -1 IS
£ WExp(a,+k=1)" "log C (x)), where W,
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1=1,2.0000k . CoOX)=S. GO+ S (x)+ S () (14+(k=1)3 1,2....k
i i < co 1

1,2....k are the appropriately chosen weights,i.e.,

and a’ s,
i

@z 0, i=1,2....k and F a.=1 ... .. ... -(4.2.13)

k
-k and E o,
1

ekII

d CLDF () = Exp((B, +k=1) " T10g (S
and (1F ) = Exp(d, og( 2

~ 1 al
+ S ) (= pr+k=1)3]
obviously the expressions (4.2.13) and , (4.2.14) reduce to
expressions (3.3.9) in the special case k=2.

Sy X285 ¥, S_(x) are the empirical subsurvival functions

gaven by.
N n
S;;¢) =n 1}::11 (Zy>x, 1, 5=1), i%5, i, e S.
= n
S x0 = L1 (Zp>x, I, =1, iesS.
1=1
~ n
S = n T E I (Z;>x, I =1, .
1=1
we also write §;G)= L S, .(x) and I, E I, -...(a.2.15)
i eg-<ix*? i e S-¢ix?t?

(b) ACL type Estimators.

Under the assumption F () =

. B,y >0, the
following relation would be found to hold from the expression
4.2.3)

+k—1 ﬁ1+k

- KR 0 - S(x) = 0
ceeeee..(8.2.16)

_ _ ",
V(F1(x)y9(x)) = k(F1(x7)



C12431
Theorem 4.1
For any given S(x) € (0,1), the egquation in (4.2.16) has
a unique positive solution lying between O and 1 for any
preassgned value of k( >2) and fi,.
Proof.
For notational convenience, let wus write S(x) = p and

F,(x)=y and the expression W(F (x), SCx)) in (4.2.16) can be

£kt 04k
written as ¥ O, p)=vw,(r)=p, where v, (r)=kr - (k=1)p
R a.2.17)
, Sy @)
For given 3,50, k>0, v/ (r .4 )= ———— reduces to.
Byrk=2 2 .
72 3,10+ P= K0 (1) + A > 0 for 0 < <1

and B >0, k >0 and p e (0,1, Hence, y&) is monotonically

increasing in y € (0,1). Moreover, wl(0)=0. w‘(1)=1.

The equation (4.2.16) i.e., w (r)=p has a unique

solution in » € (0,1) for given p & (O,1).
The final unique solution in (4.2.16) for given k is of
course dependent on 3,and S(x) and can be written as

Flo0 =y (3,8

This leads us to the following estimator of the form

ak aA A ~
F (o) = w, (3,,5(x)), where [, is as given in (4.2.9) and

n
So =n'g 1(z, >x), Obviously equation (4 .2.16) reduces to
1=1

esquation ((2.3.15) in the special case k = 2. Clearly, the
estimator y, (3,,5(x)) reduces to the estimator y(3, .SC)) of

chapter 3 when k=2.
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Corri@sponding to the three sets of estimators proposed,
three natural estimators of F(x) (survival function associated

with the life of the system without censoring) are given by .
3 331 2k
(a)F (), (B)F (.) and (OF (.).

where  FO = k(F, Gork - k=) (F ook

feeeaaaaaaan (4.2.19)
k1 fr11 2k _
and F (.) (respectively F (.) and F (.)) is an estimator of F(.)

k1 33 3
obtained by substituting F (.) (respectively F (.) and F (.)) for

51(.) in the right hand side expression of (4.2.19).

a, a

2
It may be noted that the estimator 51(.) (i.e. 51(.) in

case K=2) is exaclly same as the estimator 51 ) considered in
section (3.3) of chapter 3 when k = 2, Thus with the assumption
U
of identical distribution of component lives , F,(.) is
22
a natural extension of F, (.) for the case of general k>2.
k1 el ek11 err
Similarly F (.) coincides wilth F (.) and F coincides with F (.)
of section (3.3) of chapter 3. Asymptotic unbiasdness and
h(34 EK11 K
normalitly of the estimators F (.) , F (.) and F (.) can be

established using delta method in the usual manner.
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4.2.4 Asymptotic Variances of the Proposed Estimators,

“xr w1 3

viz., F, C.>, F, ¢.>, F  C.>

Before deriving the asymplotic expansions of  the
proposed estimators (retaining only the first order terms in
Taylor's series expansion), some symbols are introduced as

follows.
n,= gn_;
- e
i,jes

Py= (2K-DN, - k0 _

2
Py= (PY+ 4k(k=1) P 1 )
Pg= = Pg+ 2P (k=1)

~1
- + - _) - (2k-1)
Pg ((2Zk=1)P +4k (k=1 ]

(2k(k=1) (P,#1,))
(Zk(k=1P, = kP ) + k
2P

4 ZP201)

4P, - 2P,Q,)
(—2?263)

(k—=1) (4P, —2P201)

(k=1) (2P ,—-2P,Q;)

(k—1)(—2P203)
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W, =1Nn_. + 1, + a.n , i=1,2 ... k.

L 0,,. 0<.<1, such that
i e $-¢iz ™ i

€, 00=8, GO+S, _GO+S_ GO (k=137 1), i=1,2....k
i i ic co 1
s, o= £ S;,00 .

jescixt?

_ _S00 1 _
= (x)——k—*Sco(x)((1 t)+(k 1 f?'

-1
H 00 = e+ k=1 C T, =12 Lk

-1
H GO = (B,+ k=1) C (x))

k -
x)=:1ui(mgci<x) @+ H () S_ G R+ 1)5—'147

k -
- =M = <
M My = M (E1Ni(lugci(x) Qg+ H GO S_ GORG) + 1) Fy

K -
= ARG
Mo (): W, (10gC (x) @+ H (x) S_ (x) Ry) + 1) RGO

k -
=N = (i£1uinl:x)) RO

k =
Ny = (_}: NiHi(x)) RGO
i=1
K 4=
N, =k IR0 (e ket 67 DAY
* * -
MY = MEoeee = M =8, % logC GO+ H G S G0 Ry FC)

" -
N "kc'@s * 1ogC  (x) + H () S_ (x) RE') 1Se)
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« =

Mo —(Gé * logC (x) + H (x) S__ ) R33 F %)
H (%) -

x _ % ot oo F

NT = NG = Ng _<_r._) 3 ()

Ho(x) ~ —
* _ _ _ox o 5
NI= Np = ceeen. = th_Q_k.._v L ()
N_=(H (x)(1*(K71)ﬁ—1)> F
co= (L 1 1>

. B +k-2
1= (KB Hk=1) = (k=1 (3 10y )

. By +k=1
12= logy () (k—=(k=1)p)

Pia= 1 ) (4.2.29)

Theorem 4.2  For any finite

+ - -
xe R , 7n (I‘— E(I1), I‘E—E(l‘:),
lkc_ E(Ikc)' lcn_E(lcu)' S1(x) - 5‘(><) ...... .. Sk(x)—Sk(x),
S, (x)-8, (x), ....... S (x) =S (x), S__(x) — S_ (x)) is
ic ic kc kc co co

asymptotically normally distributed with mean vector zero and

Q
cariance covariance matrix E = C

> where £ is the
Eorg

. . *
wariance covariance matrix of Yn d = ¥n (

Fvoon
=3 QMNMQJA(4.2.11) and }:leis the variance covariance matrix of

o ~ =T~ : ~
¥n 8= /n (S 00 ..l S G, 8, (), ...l S (), S (x))  and

3= covt/n d¥, /n &



£1293

Proof. By central limit theorem.
Theorem 4.3.

Under the conditions of Theorem 4.2 each of,

e e
Skl — e —

Vn(F: () = F (x)), and ¥n (Fl:ll(x) - F (x)) for finite x < rR*

s asymptotically normally distributed with mean zero. The

: . /, / .
asymptotic variances are L,'F L and L] £ _ Ly, respectively,

where L :(N1yr12,..... Hk’"h:’ ..

*
1c

E— *
= MM, e M

/7
II 2

L .is as given in Theorem 4.2. The vectors L; and Llllare to be

cbtained from (4.2.20).

Sroof. By delta method.

11) Asymptotic variances of ACL Type Estimators.

From (4.2.16) we have

VR

—1 . Ayt
Ko —(K=1) ()

oA

-Stx) = 0 cenmess P - -2
a

.

“wnere we write » =

2, Taylor's series expansion about (ﬁ1,5(x)). one can write

, * -~ * A * &
TN R Y+ 0 LB )+ Y0 hL(S(0-8G)) 4R ..(4.2.22)

> o and the

«~ere R converges in probabilily to zero as n
. for nY on% 0% in  (4.2.20). Multiplyi
z-oressions for h) ih,.nl, are given in -2.20). Multiplying

2.22) by (=¥), (B,7A), (S(x)-S(x)) and taking expectations,

following system of equations would be found to hold.
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n¥ varG) + h Covl, 50 + h' Covis, & =
g Var e 12 ov(y, ﬁ1 h13 oviy, S(x)) = 0
*

~ »* A A
hipVar(3 ) + ni.Covi,, S(x)) = 0

- A A
TiCovir, A+

*

Covia, S + b fvar@Gon = o (4.2.23)
20v[?1y x 43vVar x = aea -2.

” A A
27 Covir, SGo) + hy

k
1

T

in order to find the asymptotic variance of (.), one would
A a - ~
first compute Asym Var(3,), Asym Var(S(x)),and Asym Cov(S(x)),H,)

and they are given by .

Asym Var(S(x)) = n 1S(x) (1-S(x))

Asym Var(3) = LA} ;L as given in (4.2.12).

~ -~
~sym Cov(S(x), 3 + lcusco(xz

+1_n_ )
co co

wnere we write (11‘.112 ----- P 7-_lkc,l ) is from

Asymptotic variances of estimated system life F(x)
s.aluated under these sets of estimators can be derived in the
ssual manner.

.32 ESTIMATION IN THE GENERAL CASE UNDER PROPORTIONAL
HAZARD ASSUMPTION-TWO OUT OF THREE SYSTEM

For the general problem stated in section 4.0, with k=
~e data consist of observations on (Z,d), where Z denotes the
zalized value of the life of the system and

4= TaprligrlycrdagrdagrlacrIgqrtgarIgcrteg?
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is the indicator variable. The classes for d, subsurvival
functions and conditional densities are as given in section 4.1

in the special case k=3.
Before proceeding further, we introduce some notation
selow, which will be used in describing the required expressions

that follow.

Ky= Bypapa* 4% ¢p- AL
K= Bypy* o4+ 1 Ka= B @t ¢, + ¢ + b9,
1 _
K, Babp + dp, + 1. K (2
Ko=P.b, + éd, + b + 1 i
vea 2 & Sseasesen eeeeae. (42301
- _ I S '
Under the assumption F:(.) = (F1(.)) :(Fg(.) = (FB(.J) v
from (4.1.7) we have ,
K - k
_ -1,z 3 -1,z 7
Sypx) = B K (Fax)) @K, (Faix))
n,,=8,,(0) = E(1__) = 2k k7!
127 $4209 T Bllyp) = ddp (KK,
- K,

S, .(x) = ¢ K (F_« ))k5— PG
13 = @Ky (Fpix PqKg (Fgix

2 -1
513(0) = E(113) = ¢1¢E(K1K4)

K.
_ -1,= 2_ -1,.= 7
Spq () = @Ky (Fa0) “= ¢ 0 K T (F ot
N,,= S,,€0) = EC(I, ) = ¢2(K_K,)
21~ Sz4 = 21’ T $2(KK,
_ 1= Kz -1,z K
Spz(x) = K (Fz(m) @K, (F300)
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N _ - -1
= Spg(0) = Ellyg) = o,(K K

K,

K,
_ 1,z 6_ -1,=
Sgq000 = @ K TFL00) - g g K T F 00

_ _ _ L2 1
Mgy= S34¢0) = ECIg) = @5(KgK,)
K, K.
_ 1,z 6_ -1,z 7
Sap(x) = Ky (Fgex) O= gk T (F i
Ngp= S3p(0) = ECI ) = ¢ (KK,)

IL,

_ -1,= s -1,.=
SO0 b K (F o) B b by (Fatx))

- = 2.2 -1
51\:(0) - E(I|c) = {3‘¢1¢E(K1K4)

K,

_ -1z - -1z
Sp () =B K, (FoGx) By @Ky (Fax))

_ _ - = -
Mpe= S5 (0) = ECI, ) = B @5 (KK

4 -
Sz 00 @ Ky (Fao0) f- g ek N F 00

2 -1
n, =s, (0) = E(IZ{() - f]1¢1(K3K4)

3c 3c
_ TE oo
S(a(x) —(31¢1¢>2K4 (Fz(x))

wnere K are as given in  (4.3.1)

“:llowing identities are found to hold good by utilizing the

~.asses, as described in section 4.1.

-1 -1 -1
X)= Exp(@,Kg 109C,(x)) =Exp(p K, 109C,(x)) =Explp K, 10gCi(x))
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- _ 1 _ -1
Folx)= Exp(@,(#,Kg)™ 10gC, (x)) = Expldy(d, Ky 109C,(x))
- -1
= Exple, (@ K0 1ogCy(x))

= _ -1 _ -1 _ -1
Fat0= ExpKg 1ogC (x)) =Exp(K; 10gC,(x)) =Exp(K, logcg(x)z4 i

~let us recall from section (4.1) =

) _ -1 -
C (x) = S‘E(x) i 513(x) L S1c(x) = S(n(x)(1+((i1¢1) +(f3‘¢2)

- -1
CE(X) = 521(x) + 523(><) + Szc(x) L Scu(x)(1m1 f(ﬁ1¢2) )
Co(x) = S, (x) + S__(x) + S_ (x) +S__(x)(143, im0 H
“3 31 32 3c co 1 1%4
R O T 2 51
4.3.1 Estimation of fi,,¢, and ¢,

As before in a simple random sample of size n, let n, .
observations belong to class A” i*j, i,j €S, n jc O©bservations

elong to class A, ,i § and n_ observations belong to class A__

such that,

ns* E g o+ =n ( Hewe k=3)
=) ie

i,j €$

Here (ZL'dk) with

d ),

17 Tazir iz tzan Tz Tz ez s Tacrr Taca  Taca  Teot

.s the observation (nrc"asponding to the 1-th unit of the sample,

RN n.
e n n
~ow Z-E 2/ ns e Elia -
n _ n
o™, L Teor Lis 5L
_ n
i_=g1_,/n
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The partial likelihood based on the observations on d is =

"5 Tic n
L) 3 o (. . o a1 (4 )
2 ix5,1,5 e M ic €9

ies el fe..(8.3.6)
The MLE of (fi“,¢1,¢2) from the likelihood in (4.3.6) cannot be
expressed in a closed form. We propose the following adhoc
estimators of ﬁ‘,¢1 and &E based on some important relations

satisfied by them.

We observe that

Mag* Mag* My = 222 B P4t * &4 * o v @ z’~1
Moyt Magt Np = ¢ @4 + &4 + ¢ + [

Mgy NMgg* Mg = @, Bbydy * &y + ¢ + &850

Mg =8P @B + &y + P+ ¢1¢2’71 _____ AR T

Hence the following estimators are proposed for (3, ¢, and ¢, .

N - - - 1
By = 1ot * Tag * Iy
$, = a I I 1 i+ 1,
#4 = g ¥ Lyg F Iy Upy + Ipg 2c
~ - - - - - _
Bp = (Typ + Tyg+ T,0 Iy + I, + I
....... eeee...(4.3.8)
it can be shown easily that
a - -
EGp=p, + 00T, E@ = ¢,
2 o= .
and E@y)= ¢, + Otn D, e

feereeeerana...(4.3.9)
a A ~ .
Estimators (3,, ¢, and ¢, are asymptotically unbiased for 3,.¢,

ind ¢, respectively.



Theorem 4.4. A ~
- Each of ¥n (3,- ), Il - @,

asymptotically normally distributed with
7

asymptotic variances are CPPRE

733 9

£13531

~
Inip,= @y is

mean

zero. The

uy £ gup and

ug T ug respectively,where [ 9 is the variance

covariance

/7
matrix of the vector d = (112,113. cecen Ico) and Uy supsu g are

vectors as described in the proof.

Proof. o L,
since (I, q0eenn-- I W, =9
h /= a n n )
where M= az7lag co’ "
Let ¢ 12,13,....31,32,c1,c2,c3,c0 ¥
By Taylor's series expansion, one can write =
A -
IR, B An B g (Tm B R
ke<,
where R converges in probability to zero as n >
A
In(@ - @) = Vn
2
wnere R_ converges in probabilily to zero as n >
N » -
VYn (b, ~ dp) X Yn L, g (T, - ECI0) + Ry
k €5 2
where R,, converges in probability to zero as n —_> X ...(4.3.10)
[ u, ) i=1,2,3
mere  uj = (Uiin. ujaas BT .2,

“»e vectors u.'s are found by Lhe corresponding

:xpansions

v The theorem follows by delta method.

Taylor®s series
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4.3.2 Estimators Proposed for Survival Functions

Estimators of survival functions of components 1,2 and 3,
following the guidelines of (a)Ebrahimi(1985) and (b)Abdushukurov
(1984) and Cheng and Lin (1984) are presented in the following

lines :

(a) Ebrahimi type Estimator.

Following estimators are proposed for the survival
functions of component life lenghts 1,2 and 3 based on Ebrahimi

type arguments.

e - ~aq A _ nacq A
F‘(x) a11Exy(®zK5 ]ngC1(>¢)) + a12Exp(¢EK2 lugcztx))
- Aniq A
+ 3,5ExP(@ K, 109C i (x))
-1
4 PPN BN - A aa S
Fa(x) 31"Exp(¢2(¢1K5 )ngC1(x)) & a1EExp(¢2(¢1K2 )ngCE(x))

- A Aaa b
+ a gExp(P,(@ K, )10gCa(x))

Act. A - g oA
14ExP (RS 109€ G0y + & ExpK; 10gC, (%))

Ao ~
12ExP (K, 110gCo¢x0)

feeeee-a-(4.3.11)

where tLhe expressions for a,., a and

a1 . 4 are given by .

...... (4.3.12)

a o and O < a_ .+ a < 1 .

are weights, a, 2 0 ,

17 “a2a
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Here fil is an estimator of K , 1=1,2 .... 7 and C G0 is an
estimator of C (x), i=1,2,3 obtained by substituting (51,51,32)
for  (B,.b,,®y) and writing é|.<x) for 8,00, i< <® in the
corr sponding expressions.

Let us recall that

" n
= = v o ie -
S, (x) n 151“11 >x . 1,=1), ies

AA A
Since 3,4, and ¢, are all consistent estimators of ., ¢, and ¢,

A
respectively and . - E - S;tx) is a
* e
consistent estimator of S,(x), ¥ i € $" and F i (x) is a continuous
A -~ ~ *
differentiable function of f3,,4,.¢, and S, (x), ies for finite
+ 2 =
x € Ry Fi(x) is a consistent estimator of F 00, which is obtained

e
from F (x) by substituling the population parameters for their

consistent estimators, i 2,3

b) ACL Type estimators
In the present case i.e. K=3,
Fox) = F:(x)(F1(x)F2(x>ﬂ:1(x)F3<x)»Fz<x)F3(x)vZF1(x)F2<x)F3<x))

. ...(4.3.13)
Srom (4.3.13) the following relation is found to hold.
K
r‘:z*r:‘s *7" - ar? — Sx) =0
...(4.3.14)

where 7,= Fz00

As in the similar cases considered in this chapter and
ihe chapter prece ding, we can prove that for given S(x) e (0,1,

e equaation (4.3.14) in »,= Fg(x) yeilds a unique positive

lution lying between O and 1 and for any preassigned value of
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3,0¢4 and @5, solution of the equation may be expressed in the

form, ¥,= w,((,,¢,.8,,5(x)). Following ACL we write estimates as
A

a A A A A a a 2

Fo00 =y (B ,@.6,,800),  F 00 = (Faoo) §

A alq

3”—:?(»%” h B, Py i

px) = (Fytx where (3, ¢, and ¢, are given

by (4.3.8).

Consistency of ACL type estimators follow easily as in
the case of Ebrahimi type estimators considered earlier.
Corfesponding to the two sets of estimators proposed, viz,

e a _a a
<), Fol. €, LR Y . .
) () and CbXF ) F2 Y. By )

= =
(aX(F (o, Fy

e
two natural estimates of system survival function are (a) F(.)
a e 2
and  (B)F(.), where F(.)(F(.)) is obtained from (4.3.13),
e a =
substituting Fi() (F (.0 for F i=1,2,3.
4.3.3 Asymptotic Variances of Ebrahimi
Type and ACL Type Estimators.
Before deriving the asymptotic expansions of  the

sroposed estimators, some symbols are introduced below which will
s used in the required expressions that follow.

A= Mg * Mg * My + aydleg

2= Mz 23 2c * %2dlco

+ 0 Mg+ (- ey, = e
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-1
1 e By

fB1+Bzv

Ep= S o 00 Bp#B)N

-2
S o) B+BN

2

0¥ By+B I

€ 0 = 8,,(x) + 5,500 + S, (x) * S (B,

Colx) = Sy (x) + Spatx) + Sp (X)) + S (x)Bg

21 23
C3(x) = 531(x) + 53Z(x) + 53(()() % Scu(x)Bb
ngC1()<) = XXX, lDQCE(x) = YYY, logC (x) = 222
..-(4.3.15)
wow we have ,
9
L1Z
‘(A XXX E I—\ Yvyy E Cﬂ* B, )MZ(K C (x?ﬂ u) S (x)\
to A3 (7"‘2 €3 C"ca v+, (g Ca(s)n(,) 5o s)n) S
>
= v% - L?
E =@, (@, (K C GO y71s (x> - XXX B,E-D)
21 1 27571 co co 11

+ Age, (K, Ca0OM

-2 -
o¢x) = 27Z BUE;T) + 1) RO

9 9
= Lag = bac
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-1
31 _(‘*1 (BasC OO ) Seq

re

+ A, (@ (KC00M

g

Lac

9
_ -2 —1
Loo= € A oxxx BEY + B KT () EQ)

-2
CYYY BLE, "+ @, (KoChlx

Az

2 1 -
AZ(Z2Z BGEL"+ ¢, (K, Calx)) Ep) + 17 PO

9 4, 9 9
Mia= AyPaKsCq 05 Mya™ M

9 4 9 9
Mpy= Agbp(Kpla )X S Mag™ Mae
3 9
32~ M3c

-1 -1 —1.N\F
(Aypp(KaC (x0T 1By + ALp,(KCp(xD) T By + Agdy (K, Cax)) BDFlCaO

-2
— YYY BLE;T)

s
’12{“)“’2“:2(")"1'(2“:9) 2

+ Agly (@, CaGOK I )

Fae)9, 9y

—2 a6 _
- 222 BLEZS + 1) ="Li = Ly,

lg.* = (A(xxxr—:_(s+n )+ B8, C oK DTS ()
21 1 1 773" Teo 2?18 OOKST g o'

-1 -2
+ AYYY E; 4 A:sz EZT(B,+ 1)
-1 =
*
+ B, CaUOK M DTS (60D * 1) FCx)
9y 9,

= ltaz = lac
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gl’
Lar =(Ay0p 0 00Kk, co

+ AL, (@ Cp ORI )

2 ZOEM g,
- vvy BED) + i>A> e = LE
g*
L(n=< AL (D, (D,C GOKy E,
1
AL, (8,Co 00K T TES + YYY BLELT)
- -2 1) F
Ag(py(p,ColIK )T E, + ZZZ BLEST) + 1 (%)
N I S
12 = PP PR Fed M T Mae
I -1 _ o I
May = Az a‘¢1K2’ff’7 Maz = Mz
9 1 _ 9w 9y
M3q = A?2 @K 0F .5 Maa = Mac
3 -1 . =
"ce_<ﬁ1(¢1k5c1(X)) @By + ALp,(d KLC (X)) -

+ A (¢1K6C3(x))713;) Fo ()

— YYY BgE;

2e e, o0 K
12 = (z 2% Fca

. -
- =
+ A oK 7S o - 222 BED + 1) FaCD

gl‘ g*&
= taz = Lac
fitad —(5 CCC, ORI ) B E %)
21—\ 100K o 351
- - F.C»
+ AZUC GO DTS 6o 222 BEZD + 1) F ()
L e _

23 Lac
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E" =(A, cc oK 5Ts oo+ xxx EE@__+ B
31 T\ 0O ST co 1 Ve’ P2

+ AE((CZ(X)KZHKD) S(D(x)

-2 ~1 F
Fa (%
+YYY E;SM + B + AjZ2Z EL o+ 1) F(2)

J e e
32 3c

glri
[l =(-A, € (C 0Ky

e
E4 + XXX 83E1 )

-1 -2
= ALUIC, 00K, T TEg + YYY BGELS)
. —1 =
- FzCn
AL(ZZZ BLET + (Co00 KT E) + 1) Falo)
9 9, 9,
% =1 _ Swe | Jus
Myp= AL(C GOKD TS Mg Mic
9 ex T
Mpy= Ap(Ca UK e = Moy = My
pen -1 un R
M3y AB(CB(X)Kb):_}(;) My, = My

9
o -1 -1 -1\ :
M= (B (C GOKD T By + A (CL 0K, T By + AZ(C 00K, BSDFSC*')

q _ kgt ket Ky k1
1,,= Kg(Fatx)®  + Ky(F i)™ 4 K (Faeo)® = 2K, (Fata)

9 = = Ks = 6 = K = ks
1,p = #plogF5 00 UFZ(x0)7 + (Fi00® + (FaG®= 2t D

K.
- = s = <3 = 7
3 == bap,y logFg GO R0 7+ (Fatx)) 2(F5 000 )
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All the symbols used in the expression (4.3.16) are borrowed from

(4.3.15).

9 = =l = s = ke

Lig = 109F000 (3 1+ @ Fy 6007 + (a0 (Fyo0

K,
-1, = & -1, = s
+ e D FEL 00 ® - 2@ e 9T FL00nT

9

Tg=-1. S cee..(4.3.16)
(a) Ebrahimi Type Estimators.
Theorem 4.5 :
T Under the conditions of Theorem 4.2 each of

e e e
YnCF G0 = FaGo), YL 0 = Falx))  and Yn(Fa 6o = Foo) for

finite x « R'. is asymptotically normally distributed with mean

zero. The asymptotic variances are

9, < 9 9, o 9 9, o 9
Ly Egly - L, Egtp L3 T4y
°
respectively, where L  is the variance covariance matrix of
YL o Tygr ceee I 0 S o000, Syz¢x) ... S G and
3, 9 9 9 9
L1 = hagr wres Legr Myp onee M)
9, *g *g g *g
Lo = (ypr eeee Loge Myp ceen M)
g, gun *ig *%g *%g
L = (Lype eeen Loy Mig =eee M)

......... ..(4.3.17)
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(b) ACL Type Estimator.
A a2
From (4.3.14), on substituting }/1 Fz(x), the following
a
equations would be found to hold for the estimator FS(X).
N A -
¥s k2 3

A ~ -
@, o +

By Taylor's series expansion aboul the true parameters
Fyr Byr 4+ $5:S(x)) and retaining only the 1st order terms, one
can  show the following equation hold among the asymptotic

variances and covariances.
9 N 9 A A 9 A A 9 A A
111Var(;v1) + 112Cav(ﬁ1,y1) + 113CDV(}/1,¢1) + 11“Cuv(r1.¢2)
] PO
+ 1,5Cov@Gr 1, 5(x)) = 0
9 LY 9 ~ 9 -~ A 9 A A
l"Cﬂv(ﬁ1,71) +* 112Var(f)1) + 113Cnv(ﬁ1,¢1) + 114C0v(ﬁ1.¢21
9 A A
+ IV‘SCDv(f?'.S(x)) =0
9 PN 9 PO 9 ~ 9 PN
111Cuv(¢1y}") + l1ECnv(ﬁ1.¢1) + 1‘3Var(¢1) + 114C0v(¢|,¢2)
9 2 2o
* 1‘5Cav(¢1,5(x ) =0
9 A A 9 A A 9 A A 9 ~
111Cov(¢z,r1) + 112Cuv(ﬁ1,¢2) #* 113Cov\¢1,¢2) e 4 l1¢Var(¢2)
9 ~ ~
+ 115Cuv(¢2,5(x)) =0

9 N o 9 A A 9 ~ A
111Cnv(5(x),r1) + 112Cnv(ﬁ175(x)) + 113Cuv(¢1.3(x))

9 5 8 9 e
+ 1 Cov(g,,S(x)) + 1 Veor ). =0
" 2 "% AR .(4.3.18)
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From (4.3.18), one can write down the expression of lne

a
asymptotic variance of F (x) by using the relations .

Asymptotic variance covariance matrix of (3,.¢, is
o/
.
Cup) E as obtained from Theorem 4.4. and
/
Y3

Asym Cov(S(x), L o S0 = SGO B e 0
=S kes

Asym Cov(S(x), L M, S, 0> = SGO E a0
S kes

=

Asym Cov(S(x), * 3k K

£ M, S5 (x) -8 p N0
e s PR

with 8% = ¢ 12,21, . 31,32, c1,c2,c3,c0 3

ceeeea..(4.3.19)

a
One can wrile down the expressions of Asym Var(F,(x))

a a a 7,
and Asym Var(F (x)) by using the relation, viz, F G0 = (Fa(x)%,
A Ay
2 2 %4
SO0 = (Fao) . Asymptotic variances of the system life

svaluated under this set of estimators can be easily derived.

It follows from the results of Breslow and crowley

KM
1974), that the asymplotlic variance of F(x) i.e. system life

sstimated by Kaplan and Meier’s (1958) method is given by.

K =2 Ko 2= -1
a2sym Var(F(x)) =n (F(x)) IO(F(S)) (F‘(S)) dF (s)

....(4.3.20)
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4.3.4 Numerical Computation

First we find the point x, where true survival
probability of the system is (i) 0.90 and (ii)0.95 for different
weibull distributions (Exponential distribution is a special case
of Weibull distribution) with specified sets of known scale and
shape parameters o, and &, and different combinations of
parameters connected with the censorship under proportional
nazard assumption, viz, fi,, ¢, and ¢, . Asymplotic variances of

e N KM
(a) F(.)» (b) F(.)> and (c) F(.) are computed by using the

asymptotic formula developed in section 4.3.4. It is found in
e

finding the asymptolic variance of F(.), the weights a ., oy,

equated to 0.3333 give the smallest variance. Therefore

computations are reported al o, .= oa,,= 0.3333 for finding the

Lariance of F(.). These are presented in Tables 4.3.5.1 through
2.3.5.6 which follow. For the sake of comparability the numerical
.alues are reported as n times the asymptotic variances. It has
not been possible to compare the estimators algebraically. The
-umerical comparison provided leads us to some general findings,

<nich are highlighted at the end of the Tables.

Table (Contd.)
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Table 4.3.5.1

n times variance of the estimated survival probability

a2t the points where true survival probability is (i)0.90 and

11)0.95 for Fo0G0) = Expl—z—), a

e a KM
estimates used are (a)F(.). (b) F(.) and (cIFC.) .
K2H 5.50 T 700 T
. T T IT T T H IT H ;4
ta 0.0096 ! 0.0048 0.0079 | 0.0029 1 0.0024
50 0.0629 : 0.0202 0.0341 ; 0.0123 0.0201
0.0569 0.0208 ! 0.0436 ; 0.0176 0.0340
0.0054 ! 0.0024 : 0.0045 ! 0.0019 0.0022 i 0.0040
00 0.0270 ; 0.0102 | 0.0115 0.0034 0.0060 ; 0.0017
0.0322 ; 0.0147 ; 0.0212 | 0.0076 0.0128 ; 0.0050
0.0025 ! 0.0012 : 0.0021 ! 0.0013 i 0.0020 ! 0.0006
2.00 0.0067 ; 0.0016 ; 0.0023 ; 0.0013 ; 0.0009 ; 0.0001
0.0196 ; 0.0028 ; 0.0078 ; 0.0025 ; 0.0044 ; 0.0019

Table (Contd.)
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Table 4.3.5.2

n times variance of the estimated survival probability

at the points where true survival probability is (i)0.90 and

1

= —x
(11)0.95 for Fo(x) = Exple—g—), «

e a KM
estimates used are (a)F(. (b) F(.) and (eIFC.) .

0.50 T 1.00 v 2.00
RS H p o H 1T H H Z1
0.0092 ! 0.0016 | 0.0052 i 0.0043 ! 0.0072 ! 0.0040
0.0989 ! 0.0278 i 0.0245 ! 0.0070 : 0.0112 i 0.0032
0.0432 ! 0.0770 i 0.0266 | 0.0068 : 0.0168 ! 0.0064
0.0067 ! 0.0012 i 0.0032 : 0.0010 ! 0.0028 ! 0.0008
6.0032 | 0.0006 i 0.0025 E 0.0005 : 0.0024 i 0.0003
0.0231 | 0.0080 : 0.0045 ! 0.0033 : 0.0035 i 0.0010
0.0025 i 0.0008 : 0.0009 ! 0.0006 i 0.0007 ! 0.0003
0.0023 i 0.0004 ! 0.0007 ! 0.0002 : 0.0005 i 0.0001
{c_0.0126 i 0.0128 i 0.0062 i 0.0008 : 0.0033 i 0.0006

Table (Contd.)
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Table 4.3.5.3

n times variance of the estimated survival probability

at the points where true survival probability is (i)0.90 and

(11)0.95 for F.,(x) = Exp(

3 =3 1, ¢,= 2.00 . The

&

KM

estimates used are (a)gt.). (b) g(.: and  ()FC.) .

PR 0.50 T 1.00 T 2.00

"1 ! T T_IT T T T 1T T T T IT
ta 0.0098 1 0.0065 ! 0.0021 ! 0.0087 i 0.0033

0.50 ib 0.0248 i 0.0146 i 0.0018 g 0.0056 i 0.0066
;c 0.0220 ; 0.0127 ; 0.0027 ; 0.0116 ; 0.0018
ta 0.0033 { 0.0018 ! 0.0004 ! 0.0070 ! 0.0003

1.00 ;b 0.0032 ; 0.0016 ‘: 0.0003 ; 0.0048 ; 0.0002
;c 0.0154 ; 0.0073 ; 0.0018 ; 0.0092 ; 0.0009
ta 0.0018 i 0.0016 ! 0.0003 i 0.0003 i 0.0002

200 ib 0.0016 ! 0.0012 | 0.0002 I 0.0002 E 0.0001
ic_0.0140 { 0.0062 i 0.0010 i 0.0010 i 0.0004

Table (Contd.)
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n times variance of the estimated

at the points where true

(11)0.95 for Fa(x)

= Exp¢

survival

e
estimates used are (a)F(.).

survival

probability is

a KM
(b) F(.) and (c)F(.) .

C£1503

probability

(i)0.90 and

)y m1=1.50, é‘=0.50. ¢2=0.50 - The

PR 0.50 T 00 T 2.00
1 ' ) § T 1T i T T 1T H T T 1T
H 0.0094 : 0.0046 : 0.0078 : 0.0028 ! 0.0025 ! 0.0014
0.50 ; 0.0632 0.0203 ; 0.0342 0.0124 ; 0.0202 ; 0.0087
: 0.0568 ! 0.0206 ! 0.0438 | 0.0176 ! 0.0340 ! 0.0141
H 0.0052 0.0026 | 0.0046 0.0019 ! 0.0023 ! 0.0010
1.00 ; 0.0272 0.0102 ; 0.0116 0.0035 ; 0.0060 ; 0.0017
: 0.0323 : 0.0147 i 0.0213 : 0.0075 i 0.0128 : 0.0052
0.0026 | 0.0013 | 0.0022 : 0.0012 : 0.0002 : 0.0006
2.00 0.0068 ; 0.0016 ; 0.0024 ; 0.0011 ; 0.0009 E 0.0001
0.0197 ; 0.0049 ; 0.0078 E 0.0026 ; 0.0043 ; 0.0018

Table (Contd.)
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n times variance of the estimated

at the points where true

survival

probability

survival

is

pro

€i)o
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bability

.90 and

11)0.95 for F () = - The
e a KM
sstimates used are (a)F(.). (b) F(.) and (c)F(.) .
P11 T.50 T 1.00 H Z.00
i T T_IT T T T 1T i T T 1T
0.0091 | 0.0017 0.0053 ! 0.0010 i 0.0073 i 0.0035
0.50 0.0832 ; 0.0280 0.0246 ; 0.0070 ; 0.0114 ; 0.0032
0.0420 ; 0.0771 0.0267 ; 0.0097 ; 0.0167 ; 0.0064
H 0.0066 i 0.0013 0.0033 ! 0.0009 i 0.0023 i 0.0018
00 ; 0.0031 ; 0.0006 0.0025 ; 0.0005 ; 0.0020 ; 0.0003
; 0.0230 ; 0.0082 ! 0.0046 ; 0.0034 ; 0.0035 ; 0.0028
H 0.0026 | 0.0008 0.0009 ! 0.000&6 i 0.0006 0.0003
.00 ; 0.0022 : 0.0004 0.0006 ; 0.0002 ; 0.0005 0.0001
; 0.0195 0.0129 0.0062 ; 0.0008 ; 0.0033 0.0008
Table (Contd.)
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n times variance of the estimated

at the points where true

1
11)0.95 for Fa(x) - Exp(——z——). oy 1.50, é1=E.DO, éz

s

urvival

a

probabil

c1523

survival probability

ity is (i)0.90 and

2.00 . The

e a KM
estimates used are (a)F(.). (b) F(.) and (cIFC.) .
A \01 0.50 H 1.00 i 2.00
1 T H XL H T ! 1T H T H 1T
0.0099 ! 0.0028 : 0.0064 ! 0.0021 i 0.0087 0.0031
0.50 0.0294 ; 0.0122 E 0.0145 ; 0.0021 ; 0.0052 0.0010
0.0221 ; 0.0088 ; 0.0126 ; 0.0027 ; 0.0116 0.0016
0.0033 ! 0.0013 ! 0.0017 ! 0.0003 1 0.0012 0.0005
.00 0.0028 ; 0.0012 ; 0.0014 ; 0.0002 ; 0.0010 0.0003
0.0156 ; 0.0034 ; 0.0072 ; 0.0018 ; 0.0030 1 0.0008
0.0018 ! 0.0010 : 0.0013 ! 0.0002 i 0.0004 1 0.0002
z.00 0.0016 ; 0.0008 ; 0.0011 ; 0.0001 ; 0.0002 E 0.0001
0.0140 ; 0.0022 ; 0.0058 ; 0.0012 ; 0.0012 : 0.0004

From Tables 4.3.5.

that both Ebrahimi type

a
sstimator F(.) in general

b

Sstimator. When the degrees

sarameters ﬁ1,¢1 and 02 are

1 through

Table 4.3.5.6, we can infer

estimator, viz,

ehave better than

of censoring as

in general not

e
F(.) and ACL type
the Kaplan and Meier
determined by the

very high, Ebrahimi

type estimator in general behaves better than the ACL estimator.
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On the contrary when the degrees of censoring are high, ACL tlype
estimator behaves slightly better than Ebrahimi lype estimator.
On the whole the performance of Ebrahimi type estimators appears
to ba satisfactory.

4.4 NUMERICAL COMPUTATION IN IDENTICAL COMPONENT
LIFE DISTRIBUTIONS FOR THE SPECIAL CASE K=3

The theoretical deve)ofzyen:s are given in section 4.2
for the case of general k=2 . The case k=3 is taken up in the
present section as an illustration and for the sake of
comparability with the computations carried outl in section 43° .
This computation is taken up to investigate if the assumption of
identically of distributions imposes any changes in  the

comparison of different estimators already carried out in section

First we find the point at which the <true survival
srobability of the system is (i)0.90 and (ii)0.95 for different
combinations of scale and shape parameters (known) of weibull

distribution and for different values of the parameter under

sroportional hazard assumption with censorship, viz, [, . The
ht €311 23
estimators used are (a)F (.) (B)F (.) and (0)F () by
h'ss k1 2k
writing k=3 in the estimators F (.), F (.), F (.) of section 4.2.
€31
for the Ebrahimi type estimator, F , the numerical values are
reported for o, = 6p,= 0.3333, since these values are observed

e
31
to lead to the minimum asymptotic variance of F (.) . For the

sake of comparison, n times the variance of the estimated
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survival probabilities are computed. The numerical results are

presented in Tables 4.4.1 through 4.4.3 which follow.

Table 4.4.1

n limes variance of the estimated survival probability

at the points, where true survival probability is (i)0.90 and

(11)0.95 for F (x) = EXpl—z— ) o, =1, 6, =1 . The estimators

€31 fa11 2 KM
used are (a) F (.) (b) F (.) and () F (o) and (d) F (.)
\ a H b H 3 H d
ﬁ|:x:11.1:11.1:11.1:nﬁ
0.50 {0.0452]0.0072 !0.0382!0.0067 10.0203;0.0062 !0.0266!0.0098
1.00 10.0099!0.0026 {0.0098!0.0024 10.0061;0.0016 10.0127!0.0066
2.00 }0.0007}0.0003 |0.0007!0.0003 10.0006{0.0002 {0.0044!0.0013
Table 4.4.2

n times variance of the estimated survival probability

at the points, where true survival probability is (i)0.90 and

(11)0.95 for F (x) = a,=1.5 , 6,= 2 . The estimators

o
o

: S 2 K
used are (a) F (.) b) F (.) and () F (o) and  (d) F (.)
T E) T 13 T T T T
AN S S S © S TP S P ¢ S S S S T T i S
0.50 {0.0454{0.0076 !0.0383!0.0068 10.0202;0.0063 -10.0267}0.0098
1.00 }0.0099{0.0028 |0.0098!0.0025 10.0062;0.0016 {0.0128!0.0066
; fo 5 i

0.0007}0.0003 .0007{0.0003 -0006}0.0002 {0.0045}0.0014
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Table 4.4.3

n times variance of the estimated survival probability

at the points, where true survival probability is (i)0.90 and

(1i)0.95 for F_'w) = =2, 6, =2 . The estimators
f31 ®311 23 KM
used are (a) F (.) (b)Y F (.) and (o) F () and  «d) F (o)
T 3 T 13 4 < T |
(GRS S S * SN S SN NP © SHN S SH N © S S S o

0.50 {0.0453]0.0073 {0.0386}0.0069 }0.0206;0.0062 10.02660.0098

!
1.00 }0.0099{0.0027 |

0.0092}{0.0024 {0.0063{0.0014 !0.0126!0.0066

2.00 }0.0007{0.0003 }0.0007}0.0003 !0.0006;0.0002 !0.0044!0.0014

On examination, Tables 4.4.1 through Table 4.4.3 reveal

f31 fa11
the fact that both Ebrahimi type estimators, viz, F (.), (b)F (.)

a
3
and ACL type estimator, viz, F (.) behave betler than the

Kaplan-Meier estimator in general. Moreover the ACL type
estimator is observed to perform best among these estimators

. the difference between

proposed in all cases. However for f3,

the estimatons (a), (b) and (c) appears to be very little.

3.5 . EXTENSION TO OTHER COHERENT SYSTEM STRUCTURES

The two stage method of estimation developed and
discussed so far (in chapter 3 and the prece-ding sections of the
present chapter ) can, it is presumed, be succesfully applied to

seneral &’ out of (0 <&/<K) system or to other coherent systems
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of practical importance, under random censoring and with
proportional hazard assumption. The properties of a particular
model have to be made use of properly in suggesting an
appropriate estimator. For each model the indicator variable has
to be properly defined given the data set, the classes for the
indicator variable as well as the conditional density function
are to be appropriately determined and the Mathematical
relationships thatl exist between the subsurvival functions and
parameters have to be cleverly made use of in proposing
reasonable estimators for the required survival functions of
interest. All these steps are to be worked out in details for the
different models which might be under consideration and a general
estimation procedure, even if it is attempted for a reasonably
wide class of models, is nol expected to behave well for all of
them in the class. However, to demonstrate the inherent
potentiality of the fundamental essence of the two stage
procedure a model essentially simple in nature, but of a slightly
different kind than the ones considered so far is taken up for

investigation in the present section.

The problem considered for example is the estimatoin of
survival functionsof component lives of a system structure, which
in realiability terminology is called a series parallel system as

follows =

There are two main components I and II arranged in a
parallel set up and each of the main components is comprised of
two subcomponents, which are assumed to be serially connected.

Let X, ,X 'XA be the random variables associated with the

1 -
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lives of subcomponents 1,2,3,4 respectively. The subcomponents 1

and 2 together constitute the main component I and the

subcomponents 3 and 4 constitute the main component II. X,
assumed to be independent, X, following an absolutely continuous

).

distribution with distribution function F ,2,3,4. The

system so formed is censored by another random variable Xc ,

distributed independently of X, X, .Xg X

1 2

absolutely continuous distribution with distribution function

3 4 - Xc follows an

Fc(.) . We observe in reality the value of the random variable

Z = Min{Max(Min(X_,X,), Min(X_,X,)),X_ > and a value of the
1772 3774 P

indicator variable, d which follows a multinomial distribution

with 13 mutually exclusive classes determined by the

interrelationship among the random variables X1,XE,X3,X4 and Xc -

The classes for d are identified as :

A‘Z =< ZER*I X1 Mlﬂ(x‘,le <z, = “ln(X3,X4) =12, X: >Z 3
A‘4 = ZéR*I X‘= Hln(x'.le <z, = "in(x3,X4) =12, XC » £ 3
Aug = € ZERT| Xp= Min(x,, %) < Z . = Min(Xg.X) = Z, X_ > 23
AEA = { Zéﬂ*l XZ Hin(x1,xz) <z, - HiT\(XE,XA) =12, Xc >z
Agy = € ZeRT] xg= Mintxg.xp < 7, = Min(X . X0 = Z, X >3
se = € ZeRT| Xg= Min(xg,Xp < 7, = Min(X,,X,) X >25
Ay, = € ZERT| Xg= Min(Xg X < Z = Min(X ., Xy) = Z, X > 23
Aap = ¢ ZERT| Xg= Mintxg Xy < Z . = Min(X X0 = Z, X > 23
Ao = € 2eRT] Xy= MInCXXp) € Z . Z = X MintXg.Xp D7)
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+
A, = { ZeR | )(E an(X1yX2) <ZT,122-= )(C » Mn\(X3,X4) >Z 3

< zer"] x

>
]

Min(XB,X Yy <z ,12

" Xo » Min(X ,X5) >Z 3

3

>
u

+ :
< ZeR7| )(4 Hxn(Xz,Xq) <€z,1-= X( . Nln(X1,XE7 >Z 3

>
"

+ :
{ ZeR | Hln(X1,X2) 27 ,17-= Xc . Mxn(X3VX4) 27

(4.5.1)

Here d is a 13 tuple , written as

(113'1‘4'123'124'131'132'141'142' 1c 3('14('1:0)

Let s* =« 13,14,23,24,31,32,41,42,1c,2c,3c,4c,co Y.
..... see...(4.5.2)

For the subcomponent labels 1,2,3,4 let us write 51:(1,2)

3,83 .

The components of the indicator variable, d are given as

follows .
X . * *
1,5 = 1 if and only if Z & A, ., V(i,j) 5", when S" is as defined
in (4.5.2) . ..(4.5.3)
The primary interest here lies in estimating the

survival functions of the components 1,2,3,4 on observed

realization 'on (Z,d) under the proportional hazard assumption,

= = = B4 = = By = = S4
Fotor = (Freo Foeon™ = (Faeof,en ,and Foe = (Fien’,
= = S

Fate) = (FgC.0% . where s, ¢,, 6, and 5, are the parameters

associated with censorship and or proportional hazard assumption.

One can obtain the subsurvival function pertaining to 13

different classes as follows :

x z
5‘3(X)=P(Z)X, 113=1) = .l‘x( fodF1(n)Fz(u))F“(Z)Fc(z)sz(z)
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3 z
S,400=P(ZOx, I =1 =5 (F dF (WF,(u)IF (2)F (2)dF,(2)

3 z
Spa(XI=P(ZOx, I,o=1) = 5 (5 dF,(WF (uU)F,(2)F (2)dF (z)

o z

524(x)=P(Z>x, I,=1) = fx( IDsz(u)F1(u))Fz(z)F:(z)dFA(z)
3 z _ _ _

531(x)=P(Z)x, I,,=1) = fx( fnga(u)F4(u))Fz(z)Ft(z)dF1(z)

3 z
Sgp (X)I=PUZOx, Ig5=1) = 5 (5 dF (u)F, (uW)F (2)F (2)dF,(2)

o« z
541(x)¢P(Z>x. 14‘=1) = Ix( IudFa(u)Fz(u))FZ(Z)F((z)dF1(x)

< z
S4z(x)=P(Z>x, I,,=1) = fx( fﬂdFAKu)Fa(u))F1(z)F:(z)dF2(z)

3 z
S1K(x)=P(Z>x, 1. =1) = IX( fudF1(u)F2(u)DFS(I)FA(z)dF((Z)

o« z
Sp GO=P(ZIx, I, =1 = S S dF,(WF (U)F(2)F (2)dF (2)

3 z
Sp GO=P(ZOx, Ig =1) = (5 dF (uF,(u))F (2)F,(2)dF (2)

3 z
Sa GOEPIOx, 1, =1) =5 (5 dF, (WFZ(u)F (2)F,(2)dF (2)

3
Sco(x)=P(Z)x, 1: =1) = fx F1(1)F2(z))Fa(z)Fa(z)dF((z)

ssesscscscscscnnaaa(B4.5.4)

(Contd.)
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It can be verified easily that the survival function of
the random variable Z is given by.

S(x) = P(Z >x)

= F OO F GOF, 00 + FaGOF, 60 = F L OOF, GOFZ GOF,(x))

*
= F S _(x) , where S is as defined in (4.5.2). ......(4.5.5)
Tk
ke’

Before proceeding further, we introduce some symbols  to

expressions that simplify and they are.

*
K17(/’31®‘+1)(1 +152)
Ke = ¢ + D+ S
2 T ByPg * oy 2
*
K3 7¢1(‘ +éz)([3' + 1)
*
K4=(1 +(51)(1 féz)
kS = w1, KL=p,
5 = 4%y 4 6 =l
*
KX = papr pr A
K =1 g ceeseccscessaanns anmwaas .(4.5.6)
Under the assumption that
(4.5.4) reduces to the following expressions 3
* *
_ K K
T = 1 * = 2
8,50 = (Ky.Kg ) (F3<xﬂ Ky (Faoo)
-1
= 0) = E(I,.) = ¢ (Ki.Kb.K3 )
M43 Sa3¢ 13 1(Kg-Ks K7
- *
ol K -1 K
* * = 1 * * = 2
514(x) = 6Z(K4-K5 ) (Fz(x)\ - 62(K4.K7) (Fg(x))
N,,= S,,(0) = E(I_o) =& (Kh.K
14~ S1a = 180 = Sp%q Ka-
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= »
-1 K -1 K
_ * % = 1_ w0 = 2
Spg(x) = & (GLKE ) (FaG0) 1= & (LKD) (Fato)
P
Moa= Spg(0) = ECIyg) = 6,9 (KL KSKS )
- *
S () = & 6 (Kn K“: (F ¢ )§K1—6 CIRT K*;1(E ¢ )':z
24 T 9424 s 3¢ 1°2'%a""7 3t*
N,,= S,,(0) = EXI,,) =&.6 lK*K*K')_1
24~ Sza = 24’ T &452%,Kg-Kg-Ky
= *
K -1 K
* = 3 * * = 2
Sy (%) = (Kp.Kg (Fa00) = @, (Kg.KDy (Faoo)

1 K

= 2
Saqx) = Fa)
N,,= S,,(0) = E(L T
21~ Sa4¢@ = a1’ = SaMa-KeHs
K -1 K
_ . 3_ P 2
ap (XD = 6,5, (Ky.K (Faex) 5= 6.8, (K.K3) (Fi0o)
-1
My,= 8,000 = ECI,) = & 6 (Ka.Ky.K3 )
a2= Saz az 192 K4-Ke K7

* <

=,
-1 R 1 * -1 = 2
S, (%) = Bup 5 ,+ 1) Kg D (thx)) - (KGO (Fgx) T
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_ _ _ .2 —1 o w % -1
n1c— 51((0) = E(I1E) = ﬁ1¢1(61+1) (KS.K7)
* *
13 K,
_ =1, % 1 1= 2
Sp 0 = 6,805+ DTS ) ) KZHTHFL 00 E
_ _ K 2 1, % % -1
Mpe= 8,000 = E(I, 0 = 6.8,856 +0 k.kb)
-1
Szc(x) ‘ﬁ“(éz# 1) (4 )
n3(= SBC(O) = E(I3E)
* *
% %
_ S ® == < * -1 = =
S4C(x) ‘éf‘(éz* 1) ((Kb ) ‘FQ(XD ¢‘(K7) (Fa()()) )
_ 1w w1
nqc— Sac(0> = E(ch) = 65]1(61 +1) (Kb.K7)
N
Scu()() = ﬁ_|¢1(K7 ) (F3(X)) )
*—l
N =8 (0) = E(I_) =p.¢.K
co “co co v P, 4.5.7)

as it should be.

It can be verified easily that b ’nk
kes

The following relations are found to hold among the subsurvival

functions and parameters.

= -1 % *
Fl00 = Expa, (1 + 6,0 (1 + 67 K] logCho

-1
= Exp(s, (1 + 6,001 + 51)‘1 Kh logChix))
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-1
Fo(x) = Exp(¢31é1(1+<52)1|+61)_‘)(: XngCT(x))

- -1 %
= Explg (145, (145 13 'KX 1ogC(x))
1 2 1773 2

-1 4
* * * *
Fo(x) = ExpC K} 1ogCi(x)) = Exp(Ky 109C,(x))

= 1 * Ml *
Falx) = Exp(sKy 10gC, (x)) = Exp(s,Ky 10gC,(x))

where
cit =g L S;,00 + L S; G0 + 5 GOIH(3,g)
ieS Jjegs ieS
1 2
chex T T (x) + £ S, (x) +S__(x){1+(3
x) =
2 . ji jec co
ieS, jes, ie sy
O T e (4.5.8)
where S = €1,2} and S, = (3,43 as defined earlier.

In a simple random sample of size n_let n, observations belong to

*
class A, k = S*, where & is as defined in (4.5.2) and L L
kes

The partial likelihood based on the observations on d, the

indicator variable is

"

st(.) ukgl“ nk ............ (4.5.9)

Let us try to estimate ,,4,,6,,6 , by maximizing the
likelihood LSD( ) . Before proceeding further, let wus introduce
the following symbols =

n, T ng; v e Pt Mo
ies, 5es,”’ ies,
= L L ; * L . L En
ieS, sjes,”’ ies5 3 B
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n.= ¢ L n_ ..+ F T + L n,
c . ij i Ji ic
ies8, jes, xss,'jesz JE$Z
n, = L n..+ E n
dxss1;es” 1€ 5
n £ n.. £ n.
e = J1i 5 Jc
ies;ies, jes
n,=f n, + +
£ 1c " Sc co
ies, ies,
= - n
a

sreeecee...(8.5.10)

& logl  (.)
The equations m——_ _ o |

=0 lead to the following estimators on

. _ -1
replacing M = 3,6 (B 6,+ .+ 1) by its sample analogue n.g /n
as was done in case of a one oul of two system in chaptar 3.

Let us write

kes R ¢ - SR TS}
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. 14 24 41 42 4c
S, = — — - — —
Tig * Taz * 134 * Igz * Iac
n - (I + I ) + /(I + 1 1% +aT (I -1I.0
A= ™ co m co co'lm
1 2¢(I_ - 1))
m e
(I -1 - I oppT?t
= a co co’ f1
4 — = =
a1y o "1 Yl

R £ 9 F-3)
Asymptotic properties of these estimators (4.5.11)  through
(4.5.12) can be easily established as in the other models in

preceding sections .

Making use of these estimators for f3,,4,,6,, and &6, and
the relations given in (4.5.8) , appropriate Ebrahimi type
estimators for component survival functions can be easily

developed as in the preceding sections. From (4.5.5), we have

S(x)= F:(X) [ F1(X)F2(X) + FZ(X)FA(X) = F1(X)F2(X) E(X)FA(X!
under the assumption that,
B B
= 1_ = = 1%
)FE(.)) = (F3(-)F4(-)) ,
&
1 . 2
»nt, = (Fyn?
the following equation is found to hold, viz,
_ _ BB D (1350
WFLG0, 800D = (Fytx)
(B,p +1)(1+5) _ (B, @ 4P +1)(145,)
+ (Fgon O 2 Fgeon T 2 _ s =0

(4.5.13)

[N
using the estimators (3,,¢,.6,.5,

for (3,.4,.6,.,6,) and making



[166]
us:z  of the equation (4.5.13) appropriatep ACL type estimator
for EB(X) Y finitexe R+ can be developed as in chapter 3 and
in the preceding sections of the present chapter.

Asymptotic properties of the estimators can again be worked out

in a similar manner as in all the cases dealt with in chapter 3

and in the preceding sections of the present chapter.
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CHAPTER 5

GENERAL NONPARAMETERIC MODELS WITHOUT PROPORTIONAL
HAZARD ASSUMPTION - ESTIMATION OF SURVIVAL FUNCTION BY

MAXIMUM LIKELIHOOD METHOD - EM ALGORITHM APPROACH.

5.0 INTRODUCTION

In chapters 3 and 4 we have discussed nonparametric
estimation procedure of survival functions in a two components
parallel system and its simple exlensions under random censoring,
with proportional hazard assumption on the distribution
functions. Also, independence is assumed regarding the life
distributions. In the present chapter we first consider a one out
of two componenls system under random censoring. But proportional
hazard assumption is done away with. Again the problem is
considered to be more general, where the assumption of
independence of the life distributions of components is permitlted
to be violated. In this set up, a procedure is developed to
estimate by maximum likelihood method of Survival functions of
components or other quantities of interest via EM algorithm
approach of Dempster et al (1977). The problem is  first
formulated as one of finding maximum 1likelihood estimators of
hazard rates from an incomplete data setl, where the first failure
time point when it occurs is unobserved . It may be recalled in
this connection what was pointed out in details in chapter 2.
While in large samples, the maximum likelihood estimators are
expected to perform very well, in small samples, they are often

observed to behave badly. So it should be borme in mind that the
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methods of the presenl chapter are meant to be applied in
reasonably large samples only and section 5.1 deals with the
problem in details, establishing the identifiability conditions,
developing a method of estimation of the variance and .lndzca'.lng
an application of the method through simulated experimental data,
assuming exponential life distribution. In section 5.2 we outline
an extension of the procedure developed in section 5.1 to the
more general case of k-1 oul of I< components system, &>2. The
purpose is to indicate a rough outline of how the same approach
can be applied to more general coherent systems. But
Mathematically the treatment becomes .more and more difficult as

the complexity of the model increases.
5.1 TWO COMPONENTS PARALLEL SYSTEM.

Consider a parallel system with two components under
random censoring. We observe the lives, censored or otherwise of
n such systems along with the identity of the component failed
last 1f the sy;tem is uncensored. If the life time is censored
then along with the censoring time point it is also noted which,
if any, of the components failed before censoring. So the data
set coincides with that in chapter 3. As in chapter 3, let )(1 and
XZ represent the life times of the components 1 and 2
respectively and let X, denote the censoring time point. The
observed life Z of the system belongs to one of the five
following class types as described in chapter 3. In the present
chapter we will denote the indicator variab’e by d which takes

the value i, if and only if the corf &sponding observation

belongs to class A, i = 1,2..
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Classes type Observation type d=Indicator variable.
A, S X, = Z < Xg 1
Ay Xy £ Xy = Z < Xg 2
Ay X, S Xg =2 < X 3
Ay Xg = Z < X, 4
Xy = Z < X, < Xy 5

Here Z = Min(Max(X,,X;), Xg) denotes the observed life of the

2
system, censored or otherwise . So for the i th system, the
observation consists of (Z,, d;), the copy of (Z, d) for the i th

system, i = Based on tlhese observations our primary

interest lies in estimating the distribution functions or

survival functions of X, and X,.

It is to be noted that in the present model, X, and X,
are not necessarily independent. The estimation procedure is
developed based on the partial likelihood of the observations,
ignoring the part of the likelihood contribution by censoring
time distribution. For general properties of this type of a
partial likelihood approach, a reference may be made to Cox
(1972) . Thus, the actual distribution of Xz is not explicitly
included in formulating the problem and in devising the
appropriate estimators of the survival functions of X, and X , .
There is some similarity between the problem considered here and
the time of tumer problem of Dewanji et «al(1986) in which

observation on some life time indicates termination of another

life at an earlier but unabserved time. Hence there is a
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similarity in approaches, although the methods differ

substantially in details.

In section S.1.1, the partial likelihood is written down
and the identifiability problem 1is addressed. In section 5.1.2.
We devlop an EM type algorithm to find the maximum likelihood
estimators of the life time distributions of component survival
functions . In section 5.1.3 we discuss variance estimation
procedure and in section 5.1.4 we illustrate the procedure

developed with a simulated data setl.

Likelihood and Identifiability

A parallel system with two components fail when bolh the
components fail, one after another. Let us call them the first
and the second failures. Until the first failure takes place, the
two life times X, and X, of the components constitute a competing
risk framewark allowing for dependence between them. After the
first failure, the living .component carries on possibly with a
different life distribution depending on the first failure time
(unebserved). In order to describe all these, let us denote the
first failure times and the second failure times and the identity

of the corresponding components by T, T, and J,, J, respectively

and define the cause specific hazard rates as

1
A (L) = Lim S P(Tye T, AL, Jy =5 | Ty > t)
3 At—>0+ 1 1 1 3:1,2
1
= Li >
Myp(tlw) = Lim e P(Tue CL.teal), Jy=2 | Tp =

AL—>0+

1
A, (t]u) = Lim P(T,e Cl,t+AL), J_=1 | T, = t, T =u, J =2),
21 N S0+ BT 2 2 2 1 1
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where A (1) is the cause specific hazard rate of T  for the j th
component, and X, (t]u), Ay, (t|u) are in conditional hazard rates
for T, given T, with j, =2 and j, = 1 respectively for t = u >0,

where u and t denote the first and second failure times

respectively.

Under independent censoring mechanism, the relevant
likelihood contribution from five possible class types of an

observation at any time t is proportional to

t
fo)\1(u)S(u)>\‘2(Y.|u) S‘Z(tlu)du for class type A|

t
SR WIS, (t]uw) Sp,(tluddu  for class type Ay

t
foA’(u)5<u>s'2(n Ju> for class type A3
T
SR WISy Spytt+ |w) for class type A,
and st + ), for class type Ay

T
Where S(t) = P(T _>t) = Exp( — S u) + X Cud)du)d

=

T
Sypttlu) = P(T>t | T =u, 4= = ExpC = £ L (v]uddy )

t
Sy, (tjuy = PUT>t | Ty=u, 5, =2 ) = Exp( - S raqtviwdy

ceeesseeete.a(5.1.9)

Consider n observation times Z., i = n and order them. Let

L|<t2..<tm be the distinct ordered observation times. It is clear

from (5.1.3) that in order to maximize the likelihood function,
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it is enough to restrict the distribution of (T ,J,=5,, T

J2 Jz)

for (5, ,3p) a permutation of (1,2), to have discrete mass on the

observation times t,,1,,.....t =~ and arbitrary time T . much
larger than t . In otherwords , the “ nonparametlric maximum
likelihood estimate " of the quantities in (5.1.2) will be
nonzero at the time-points t_ ,t, ,t .t . For notational

1 2 7 m T met

convenience let us label these time points by 1,2...m, me1
respectively. For this restricted class of distributions, the

survival function in (5.1.4) can be written as.

-1

S(t) C1=n (1A, 1)

812(Y.|u) (1—A‘2(1|u>)
Spattjw) I, (1w

: (5.1.5)

for u < U =1,2 ..... m+1 and define § (t|t) =S  (T]t) =1 for

all t.

The likelihood contribution in (5.1.3) is then proportional to ,

t
z‘)\‘{u)51u)>\‘2(l|u)5‘z(l|u) for class type A,

u=

(WIS, (L[WS, (L[u) for class Lype Ay

t
E1x1(u)s:u)512(t+1|u) for class type Ag
t
L

Ao (uIS(WIS, (t+1|u) for class type A,

and  S(t+1) for class type Ag

where T = 1,2 .... m. ceeen eeseeaa(5.1.6)
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Denote the two first two expressions in (5.1.6) by 1 (1) and

M_(t) respectively and write a.= [ N _(uw), g, = L N ) . Also
2 v & 1 v g2
ust ust

denote the third and fourth expression by »  and &, respectively,

so that the fifth expression can be written as (11— 3,7 5,

The relevant partial likelihood can now be written as

m n v nytt)
Ly LZ‘[ Cag o ? By Trq?
ng(t) ng(t) ng(t)
vy 5, Qo 7 6 ] L.(5.1.7)
where n (1) = n (L)) is the number of j th class Lype observation

i.e. observations belonging to class Aj at the time t, for
j =1,2 ...5 and 1 =1,2 ...m. The parameter space is the convex

region given by.

0% oy = a, P T

0= =hy eeeeees S/ <1

Oy, , S, =1, fort=1,2...m

OS ay +f, +ry +6, % cuns A F By g H S =

The negative of the second derivatives of the log-likelihood
‘unction wilh respect to parameters (o .y ,ry,5¢), t=1,2 ....m is

obtained from (5.1.7) 3
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where ,
1 -1 0---0 o t
U’mx»rr\- = i
o 1 -0 o :
o o R -1 !
o o o - 1 i
n, (L
e ’
t -1
ny(t)
B = diagt U= 1,2 .. m 3
x —
By = Py’
ng(t)
c = diaglm——Tp—————— ,t = 1,2 ......m )
TN I
Yt
ny (L
D = diagl———p——— L = 1,2 ....nn m 3
e -
t
ng (L)
£ ,.,.= diagt o s L= L2 ceeiiim >

e 3, > 5
LR ce..(5.1.8)

wsing arguments similar to these in Dewanji et al (1986), H can
be proved to be strictly positive definite at least in a strictly

reduced parameter space which will suffice for our purpose,if

na(l) > 0 and ng(t) + ng(t) > 0 or ny(t) > 0 and ng(t) + ng(t)>0.
This holds if at least any two of na(1l), n,(1) and ng(t)
are positive for all t = 1,2 .... m. This extends the

identifiability result of Dewanji et al (1986). Following their
proof, it is now easy to see that the likelihood function (5.1.7)

has a unique maximum under the above sufficient condition, which
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may occur in the boundary of the parameter space, ie > the
estimates (;tygly;".gty t=1,2 .... m) obtained by maximizing
the likelihood function are unique. In other words it may:'ﬁm.eu
that in general there is a class C of maximum likelihood

estimators in the original parameter space A of

= > =
3 CX ), Aptwd Ao (t]u), Ay tju), for t = u 1,2 ....m>

for which o = o,

&y for 1=1,2 ...m. Thus

the only identifiable quantities are € o, .7 6y, t =1,2 ....m)

and the estimales of A may not be unique.

By noting that ,
Yo = AL COSL + oy - e s ) and that

S(t) = 1 — a &

-1 T FoaT Yeoa T S

We see that A, (1) is uniquely estimable. Similarly by considering
5., one can verify the unique estimabilily of X (t) as well. Thus
all the elements of C will have same values of A (l) and A ()
for t = 1,2 .... m. According to the result of Meilijson (1981),
identifiability for the component life time distributions for a
parallel system fails because, as noted in that paper, his
incidence matrix M (Meilijsors notation) will have two identical
columns. The data on censored observations makes up for thal by
introducing new rows in M which makes it full rank, a requirement
for identifiability. This explains the importance of the censored

observations for identifiabilily in the present model.

For the estimabilily of conditional hazards, one needs
further modelling. As in Dewanji et al (1986), one may consider

the Markov model given by
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Aypttlur =2 50t
Ay (tju) = A, (L)
&1 ceecnaas ceea(5.1.9)
or the Semi-Markov-model given by .

Ayp(tlw) = x o ttw)

)\21(llu) = qu(l—ub

for u £t =12 ... m.

......... ..(5.1.10)

The unique estimability of the conditional hazards for

these two models is easy to verify .

5.1.2 Application of EM Algorithm
In order to use the EM algorithm (Dempster et al (1977),
we consider the following complete data representation.
In addition to the observationsin (5.1.1), suppose the
failure w‘:wsn (X, or X) is also observable when it did occury
€, for the first four observation types, we also observe the
corr esponding first  failure time. Then the likelihood
contribution from this complete version can be written in terms
of the discrete version of the distribution as :

x‘(u)stu)x,|2<L|u)512<t|u) for class lype A,

xz(u)stu)xz‘(t|u)521<t|u) for class type A,

)\1(u)5(u)S12(t+1|u) for <class type A},

Ap(wISWWIS, (t+1|u)  for class type A
5

and  S(t+1) $oy class habs Fs L llsi1a1m

for the S different class types, where u refers to the first

failure point of time u £ t, t=1,2 ... m .



Let n{(t]u) = No of observations with Jp= 2
Let nS(t]u) = No of observations with Jp= 1
Let nS(t]u) = No of observations with
Let nz(t]u) = No of observations with
fFor u = t, t=1,2 ... m .
Also write n. (1) = E nS(t]u), J=1,2,3,4 and
3 b}
us
n{tu)= No of observations with (T, J4=3 ) for u = 1,2 ..m and
5 = 1,2. The superscript “c" in nj(u) stands for the complete
unobserved frequency-
c c c
Note that nftuw = E (nict]u) + ngctjud
1 1 3
t=u
ngtw) = E (ngtjuw) + ngctjun
>
.............. (5.1.12)

Then using (5.1.7) complete data likelihood can be written as

c c c

m nSuw n5ouy ntuw

= 0 {Idn, s Qg (wrsu {SCu+1)> 1 =
1

nSet|u) ngCtluy
Lgu[{xm(qmsﬁ(qu)) g Hlurs,, (tuwy

Sctjw ng(tjuw

ng(t
€S, 4t 1|ud> Sp,(t+1|ul ]}

m n ) neud rfu= nfan- ngw
= ugﬁ{ [P IS P C1x, (WA, ()

c c c
2l rottju) = nictw

n u)
N, ctur CIon ot ud
t=u -

c c c
ngCtjuy roct]uw) - nSctw}
L}\E1(l|u)) CIAg (Lu)d .

......... feea(5.1.13)



C1783

where rCSudy = £ (nSa1) 4+ nS(1) + no(1))
1 2 s
1Zu

rSCtu) = F nScajud + nSc1judy
1 1 3

1=t
roCtju) = E (51w + ngijun

e 2 (5.1.14)

note that the conditional distribution of ¢ n;(t'u); u=1,2 ....&
given n (t) is multinomial with parameters <n (L), M (tju)),

ty, for j = 1,2.3,4 where

A LS L (L[w)S 5 (tuw)

M (HW = Ty sTDx (T D5, 5 (T[T
1 12 12

1=t

A QuISIUIN,  (L[uIS,  (tw)

Mo W = STy, (DS, (T[T
2 2 21 21

1=t

A uIS(WIS, 5 (41| w)

M3t = s s T T
1=t
)\Z(u)S(u)521(L'||u)
n (L[u) =
4 T X (DSTDS, TTTT
1=t
u=t=12 ... M cannnn . (5.1.15)

Thus, given an initial estimate A° of A , we have conditional

expectation of n;(t]u) given the observed data as .

°
c cto)
< ) Sty = (N, > = nf
E(nj(ttu 1 n; ) n;tw J(t|u nj (t]u) say j 2,3,4
(5.1.16)
o
for tzu = 1,2 ...m, where M (t|u) is M (t]u) evaluated at ) = A%,

a¥e
This is the Estep of the EM algorithm, where we required to
I
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compute EC Log L | observed data, » =X%). In M step we need to

o
maximize this quantily with respect to A , which from (5.1.13),

leads to improved estimate as

clo)
~ n
Ay = —2 e, j=1,2
J [SRREETTS
N nz(c)(tlu)
Xt = 5
5w
“ n;(o)(tlu)
A, (tjuy = for u< ts<m ,
21 GO TR
v tju)
2
................. (5.1.17)
where the additional superscript “(o)" along withc’ means the

conditional expectation of the corr_2sponding quantities given
the observed date and A = A° obtained by using (5.1.16), (5.1.12)

and (5.1.14).

These improved estimates are then used again in the E

step, and the same steps are repeated until convergence.

Using Theorem 1 of Dempster et al (1977) and the fact
that the observed likelihood has a unique maximum, one can argue
that the EM algorithm described above converges to the unique
maximum (Wu, 1983)

, that is, the algorithm converges to a fixed point
in the convex region in (5.1.17). 2
under suitable Markov or semi-Markov assumption

regarding conditional hazards.

The component life time distribution may be expressed in
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terms of cause specific hozard rates, X () 3 1, 2 and

conditional hazard rates X (tlud,u = t (j ,i,0=(1,2) or (2,1).
J4rip 1772

It may be of interest to provide estimates of the cumulative

T
hazards A (t) = E A (w, j=1,2 - . ... (5.1.18)
u=1

and from them , the estimates of the component life survival

functions wupto first failure time follow easily and other

quantities of interest can similarly be computed.

5.1.3 Variance Estimation

The variance estimates for estimable quantities can be
obtained from the observed information matrix and for that
purpose, we assume the Markov model (5.1.9) in which full
parameter vector Ay = (A (W), Ay, X pGu), Ay €u), u=1,2 ..om)
is uniquely estimable. The observed information in the case of
complete data using the results of Louis (1982) can be obtained
by the method of Dewanji et al (1986). Since the data have
grouped multinomial structure , this requires calculation of

within sum of sqares for each combination of j and t, based on

the estimated complele scores éJ u,t) which corr ®sponds to the
score contribution of j class type observation at time t with
T,= u and is evaluated at the maximum likelihood estimate X\,
j=1,2,3,4, u<t, t=1,2,... m . The forms of these scores are very
similar to those in Dewanji et al (1986) and easy to obtain. One
can verify that the observed information matrix is.
c . 4 m .
1=1I,)-EL E En
j=1 t=1 ust

B ~ A - ~ Vi
S(tlu) (S (u,1)-§ (L))(S.(u.t)—s.(t;) .
3 5 3 3
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where n; (t|u) is the imputed frequency of j class type

observations at time t with

u ¢ this is n_(t) M (tju))
3 3

evaluated at Ay, = A} as obtained in the last step of the EM
algorithm.

» ~ ~
S, (L) £ nS(t]wS.(u,t) for j=1,2,3,4  ..... (5.1.20)
) wst J

and 100 o) is the observed information matrix from the complete
data 1likelihood (5.1.13) using imputed frequencies. The
expressions are easy to obtain and details are avoided for the
sake of brevily Variance estimates for the quantities of interest

can now be obtained by delta method.
5.1.4 Illustration with simulated data

In  order to illustrate the estimation procedure,
described in the preceding sections, we consider a simulated data

set for which we take a simple exponential model with

ALt = 0.014, X, (1) = 0.016 , ¥V t

and Ap(tlud = Ap (tlu) = 0.03V t, u.
Each individual system is subjected to a random censoring plan
with prababilily of censoring q; at time 105 ,for j= 1,2 ... 10.
For our simulation we take g;'s as 0.08, 0.08, 0.08, 0.08, 0.10,
0,10, 0.10,0.12,0.12 and 0.14 respectively , so that 100 is the
terminal censoring time. The observations on the lifetime of the
systems are grouped in the intervals (10¢(j—=1), 10j), for
3=1,2 weenn 10. Table S.1.4.1 presents the simulated data for 500

individual systems.
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Table 5.4.1

Frequency distribution of the simulated data

Observation class type
2 3

T 1 5
o - 10 16 8 1 4 24
10 - 20 21 20 4 4 21
30 - 40 20 24 2 13 15
40 - 50 20 20 10 7 7
50 - 60 16 14 2 8 &
60 - 70 10 9 & 5 10
70 - 80 S 8 5 9 13
80 - 90 2 4 2 8 s
90 - 100 & 3 3 5 2

It is to be noted that the hazard rates )\‘( ) and )\2( ) are
estimable at the censoring times along with other time points
when system failure takes place (section 5.1.2) with groupings
used, we allow )\1(.) and )\2( ) to be non zero only at the group
boundary points. This is so under the simiplifying assumption
that any failure occuring within a group interval occures at the
end of the interval. The resulting estimates from this simulated
data set is to be viewed as estimates for the corr_ Ssponding
interval hazards, as argued in Dewanji et al (1986) . In this
case, for example, the true interval hazard rate of component 1

to the first failure for ith interval is constant and given by

0.014 —(0.014 + 0.016)%10
3 C1-e >
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(Kalbfleisch and Prentice (1980)). The above data set is analyzed
by using the Markov model (5.1.9). Note that the estimates x, (.)

) are also the same assuming the general model (5.1.2).

and A,
This has been verified in this example. The estimates of
cumulative hazards (5.1.8) are presented in Table 5.1.4.2 along
with corr_®sponding standard errors in parentheses. The true
values of the corr(Esponding cumulative hazards are also

presented for comparison.

Table 5.1.4.2

Estimates of the cumulative hazards for the data in Table 5.1.4.1

t | AL i A (L) PoA E ALy

o - 10 0.0648(0.0331) i 0.1472(0.0611) 0.1210 ! 0.1382
10 - 20 0.2312(0.0726) i 0.1863(0.0725) i 0.2419  0.2765
20 - 30 0.3529(0.0649) | 0.4056(0.1074) i 0.3629 1 0.4147
20 - 40 0.3529(0.0702) i 0.6556(0.1335) ! 0.4838 | 0.5529
40 - 50 0.7871(0.1721) i 0.6558(0.1909) | 0.6048 i 0.6912
50 - 60 ! 0.7871(0.3145) | 0.6816(0.2860) | 0.7257 i 0.8294
60 - 70 0.8029(0.2343) E 0.61816(0.2415) | 0.8467 | 0.9676
70 - 80 i 0.8029(0.2147) ! 0.8039(0.2400) i 0.9676 i 1.1058
80 - 90 i 0.8029(0.3833) ! 1.1515(0.2460) 1 1.0886 i 1.2411
90 — 100 | 1.5378(0.6266) i 1.1515(0.9269) 1§ 1.2095 ! 1.3828
Remarks :

It may appear from the illustrative example because of

grouping of data, that the only interval hazards derived from the
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original model are estimable. This is not so in principle. The
method can be applied to ungrouped data as well to obtain
pointwise hazard estimates. But this will mean a large number of
parameters and hence require a large number of censored
observations for identifiability. This will make the large sample

A
results inappropiate for use.

In addition to the Markov or Semi-Markov model given by
(5.1.9) and (5.1.10) respectively, one can think of other models
based on intutive appeal. For example, when the two components
are believed to have identical life distributions,one can assume,

)s‘('.) - )\Z(Y.) = A(t),

*
Ayptlud = A, (tfuy = ATt
which also states that the conditional hazards for T, given T, is

differenl from the hazard of T, because of possibly the extra

load on the single surviving component. One can think of further

*
modelling X (t|u) in Markov or Semi-Markov fashion, like
*
At u) = AL or Ag(t-u)
respectively. If X, and X, are believed to be independent, then

one can assume

A (tlud = (b, Aypttju) = r, (0

which is a necessary condition for independence. The method
described in the section 5.1 is applicable to these different
models as well.

2

It may be recalled that the problem of estimation of
component life survival functions in the general frame Wwork of a

coherent structure has received attention of various authors
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£
including Doss et al (1989) and voekel et al (1984). In all these
»
papers,continuous mgnitoring of the system is assumed. To the
best of ~ our knowledge, our data set is different and the
available methods do not seem to be applicable to the problems

considered here.
5.2 k-1 OUT OF k SYSTEM Ck =2)
5.2.1. Preliminaries of Estimation Procedure.

The method of section 5.1 can possibly be extended to
more general coherent systems of interest. Further assumption
like independence of life distribution of components may become
helpful in some cases. But in any case difficulty in treatment
increases with the complexily of structure. Bul il is noted with
satisfaction that the method developed in section. 5.1 can be
extendect without much difficulty to a more general class of

coherent systems,viz, k=1 oul of k components system V Kz2.

In a k=1 out of k components system the system functions
if and only if at least k-1 of ils components function, i.e. the
system fails if two of its components fail, one after another.
Let us call them the first and second failures. Let us recall
what was introduced in chapter 4 in the same connection. X
represents the life of the ith compoment, i = 1,2 .... k and X_
denotes the time of censoring. What we observe in reality is a
realized value, Z which represents the observed life of the
system, censored or otherwise and a value of the indicator
variable

d = (1 eee 1

12 Tazr
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which represents a multinomial distribution with (k2+1) classes
determined by the relationships between the variables X, ,X, -....
<+ X, and X_. We observe Z = the life, censored or otherwise on n

such systems along with the identity of the two components whose
failure has led to the system failure, when the system is
uncensored and if the life time is censored, we note which, o ¢
any of the components failed before censoring. This is what

comprises the data set. The classes for d are identified as

.
AU—(Z e R |Xl<x_) =Z, Mln(xuy ues - \l,)),X[) >Z¥ %5, 1,) €5 .
A, = (7 « R+'X <X Z, Min(X ,ue S- {i}) > Z3}, i e€s .

1c i c u

A__=CZeR X =2Mn(x ,ues) > 2> (521
co <5 u

Here S =<1,2, ... k> as in section 4.2 of chapter 4. Based on the

X

observations (Zl'dll' where dl= (11217

1317 " 11tz

>, 1=1,2 ... n, the primary interest
lies in estimating the distribution functions or survival

functions of X'

5.2.2. Formulation of the Problem, and Solution Procedure

Once we attempt to formulale the problem in terms of the
first and second failures, the framework is a very straight
forward generalization of the one out of two system in section
5.1 and exactly the same approach and same procedure applies
here. Here too, until the first failure takes place, k lifetimes
of the components constitute a competing risk framework allowing
for dependence between them. After the first failure, the living
components  carry on possibly with a different life time

distribution ( because of the additional stress possibly )
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depending on the first failure time (unobserved). Lel us denote
the cause specific hazard rates as in section 5.1 by
1
= = >
A = Lim =g P(T,e Ct, twat), 0, =3 | T,z ¥, jeg

At—>0+"

1
A, (t]u) = Lim P(Telt, tvat),J, =3 | T,z t, T =u 3 ,=1)
ij A s0eBT ) 2 1

vV i, € §$ and i#), = «ee-- ceaea.a(5.2.2)
where

1) T]: ith failure time, 1,2, and (2) 3. = component which

i =
fails at ith failure and (J“'JZ) indicates one of the KP

k .

permutations of the symbols in $= 1,2 .
XL for je Sis the cause specific hazard rate of T, for the jth
component and xi)(tlu) is the cause specific conditional hazard
rate of T, given T, with Jp = J and J, = iV i,j € $ and i*j, for
4> u >0 . Under independent censoring mechanism as in section
5.1, the partial likelihood contribution from the ( KZe1
possible observational class types at any time U is proportional
to
t
i) L. () = £ X (WSX,  (t|wS S 1'S B (5.2.3)
15 o i ij i)
for an observation belonging to class type A ., i%j, 1.3 < S

t
Gii) Ly () =4 2. (WSS (L+|u) e -
o1 iC.)

for an observation belonging to class type A; .

(iii) L (o =sah eeiieee..(5.2.5)
co
for an observation belonging to class type A__ -
where ,
v

S(t) = P (T >t) = Exp(- Sy I A twdu)
3= S
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= > =
P (T 2LT, =u

t
= Exp(= S I A vwdw
Je §-<i3 (5.2.6)
consider n observation times Z;, 1 = 1,2 ... n as in section 5.1
and order them. Let T <t, ...... <t be the distinct ordered

observation times. Il is clear from (5.2.5) that in order to

maximize the likelihood function, it is enough to restrict the

distribution of (T1.J1 3 2,Jz :)2) for .1?‘12. -..‘,32 € § to have

discrete masses on the observation times t‘ LE ..... t ™ and an

arbitray time t largew than t_ . In other words, the
)3 m+1 ™

“nonparametric maximum likelihood estimate'" of the quantities in

(5.2.2) will be non zero at the time points t For

L
notational convenience let us label the time points by 1,2 ...m+1

respectively. For this restricted class of distributions the

survival function in (5.2.6) can be written as

-1
S(Ly = 0 1= LA ;an
1 i &
t—1
s, (tlu) = (- £ (1|u0 Vies
ico u 5 e g-cixt?
for u<t = 1,2, ..... m+1 and S;  ,(t|L) =1,V iesg

(5.2.7)

Proceeding as in section 5.1 and writing,

T
nijo = UE1Xl(u)S(u)Xij(tlu)S‘(_stlu) i*j, i, € S
t
Yiee = LA (0SS, (t+1]w), ies§ (5.2.8)
u=1
and writing «a = ¥ N,.(u), one can show that
it o ij

T
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S(t+1) =1 - L a. .- L7 . The 1likelihood is
isegtiesit
i%j
nU(Y.)
L, [ 1« o, )
k i,Jes ijt ij,t-1
izj
ni((t) ncu(t)
n . (1- § a...- L 7. ) 1 ... (5.2.9)
i€s ict iies ijt ies ict

where nu(ll) = No of observation belonging to «class Alj among

whom the value of Z, i.e. observed life, censored or otherwise is

Y.l, (i,J)és* = {(x,j),\ss i®jY U {(i o), iegy U {col
Then proceeding exactly as in section 5.1, identifiability can be
established under exactly similar conditions i.e. Xi(!)'s are
uniquely estimable always and )\U.(t‘[u)'s are uniquely eslimable»
under Markovian , Semi Markovian or other reasonable assumplions
cited in section 5.1. Also the application of EM algorithm
centred on the unobserved first failure time (if there is a first
failure) fagllows exactly in similar lines, for which further
elaborations are considered redundant. Hence the detailed
expressions are not included in the present section for the

general k-1 out of k components system to avoid repetition.
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