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1. Give the tightest possible upper bound for the worst case runuing time for cach of the following
operations in terms of n. Give a very short explanation for vour answer.

(a) Pushing an eletnent in a stack contaiuing n clements. The srack is implemented using
re-sizeable arrays.

(b) Printing out the values in an AVL tree in post order.

(¢) Finding the maximum value in a binary min heap of size n.

() NMoving the values from a binary min heap, imto an initially cmipty arvay ol the same
size. The final contents of the array shonld he sorted from low to Ingh.
() Given a binary =carch tree containing o integers. create an AV tree containing the same

values. You should not destrov the original hinary scayeli tree in the process. [5x 2 10

2. Consider the Quack abstract data type which is a combination of a quene and o stack. A

Quack essentially maimtains a st with the following operations:

QPush(r): Add r at the front of the list.

QPop(): Remove and return the element in the front of the list.

QPull(): Remove the clement in the back of the list.
Describe an implementation of a Quack using three stacks and O(1) additional memory. so
that the amortized time for any QPush, QPop. or QPull operation is O(1). In particular. cach
clement in the Quack must be stored in exactly once of the three stacks. You caunot access
the compounent stacks except through the interface functions of the stacks, 1.c., Push and Pop
which runs in O(1) thwe. Yomr solution should include the following.
(a) A high level description of vouwr implementation in English.
(b) Pseudocodes for the QPush(r). QPop and QPull operations.

(¢) A precise argument which proves that the amortized cost of each operation is O(1).



3. A d-ary heap is like a binavy heap but with one possible exception. non leal nodes have d

children instead of two children.
(a) Discuss an array implenentation of a d-ary heap. In particular, write procedures for
finding the children and parent of a given nodc.
() What is the height of a d-ary heap of n elements in terms of n and (.

(¢) Give an efficient procedure to implement Extract-Max in a deary max-heap. Analyze the
runuing time in terms of d and n.

24246 = 10]
4. In an initially cmpty binary scarch tree, the following clements arc inscrted in the given order:
3.1.10, 12, 4. 20, 14. 19 22. 18,2, 8
(a) Draw the resulting tree.

(b) Is the trec balanced? If the tree is not balanced, which nodes ave not balanced, mark
them in your answer o part (a).

(¢) T the tree of part (a) delete the nodes containing 12. 3. 10 in the given order and draw
the resulting trec. 545+ 5=15

5. Describe an implementation of a Min-Max Priority Queue ADT with the following operations:

e Insert(w): Inscrts o in the data structure.

o ExtractMin(): Deletes and return the minimuimn

ExtractMax(): Deletes and return the maxinnun

FindMin(): Find the minimum

e FindMax(): Find the maximum
Your implementation should take O(1) time for FindMin()and FindMax() and O(log(n)) time
for all other operations where 1 is the number of elements in the data structure. [10]

6. (a) Define a universal hash family.

(b) Let p be a prime. Define X = Z2 U Z2. We define a family of bash functions H =
{Hi}rez, where for each N € Zy, Hx : X' — 7, 1s defined as follows. If x = (11, 12) €
Z?), then

Hy(r) =2 K + 1, K7 + 2K mod p,

and if @ = (1,29, 13) € 22,
Hy(x) = o K + oK 4 K 4+ 3K mod p.

Find the collision probability of H. Is H a universal family?

Q2



() Lot he anniversal famils of tash function wheve cach o2 Homaps U to {00100 1)
Lhoowhere U7 s the set of all possible kevs and oo fixed positive integer. Let 77 he a
lash table (with chaining) which is constructed nsing a hash function mifonnly selected
from H. thus T has m slots. Suppose T contains 1 claients and et o = n/m. Prove
that for anyv kev b ¢ UL the expected lenath of the chain i T to which A s hashed is at

most ([ a).
2 (L0 =2y N 20

7. You are reguired to store a set of 1D addresses {recall that an [P address cau bhe seen as a
veetor of four hyvtes written as .« - aporoaeqr. where cach o can be treated as an mteger

g

between 0 and 255). The operations vequived ave Find(ar) and Insert(a).

() Deseribe an implementation of a vandomized data structwre where both Find(e) and
Insert(.) runs in O(1) expected time. Yowr deseription shonld include all details ineluding,

the s time analyvsis.

(h) Describe another implenientation where hoth Find () and Insert(x) runs in O(1) worst
case thme, This implementation should take O(h) space when b many TP addresses are
stored.

() Nodifv the naplementation in (b)) to incorporate another operation MostFrequent( ).
which retins the most frequenthy aceessed TP address <o fav. The operation Mostbrequenti )

should i I constant thime.
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