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Abstract

Fourier analysis of Boolean functions is a fundamental tool with far-reaching applica-
tions in complexity theory, learning theory, and cryptography. In many natural settings,
functions of interest exhibit Fourier sparsity: they can be well approximated using only a
small number of significant Fourier coeflicients. In this thesis, we study Fourier-sparse
Boolean functions from the perspective of property testing, where the goal is to infer global
structural properties of an unknown function using only a small number of queries to its
truth table, and where the efficiency of an algorithm is measured by its query complexity.
Originating in the context of PCP constructions and later evolving into an independent
area, property testing provides a natural lens for understanding the intrinsic complexity

of combinatorial objects.

Our first contribution provides a refined analysis of a sketching-by-hashing framework
that operates directly in the Fourier domain. While such an approach was previously
explored by Gopalan et al. (2011), we significantly strengthen its theoretical guarantees by
deriving sharper structural bounds for the hashing process. As a consequence, we obtain
a query-efficient local list-correction algorithm for the Hadamard code. This tool yields
several applications, including query-efficient testers for distribution-free Fourier sparsity,
testing membership in subclasses of Fourier-sparse Boolean functions, linear isomorphism
testing with respect to a known Boolean function, and sumset size estimation for set
functions. All of these problems are well studied in learning theory, cryptography, and

additive combinatorics.

Our second contribution introduces a sketching-by-hashing framework based on subspace
restrictions, operating in the input domain of Boolean functions. By analyzing how
functions behave under random affine subspace restrictions, we establish several structural
results that lead to improved algorithms for testing Fourier sparsity. The same framework
enables estimation of the heaviest Fourier coefficient up to small additive error, with
query complexity depending only on the desired accuracy. These problems are relevant
across several areas of computer science. A Fourier sparsity tester, for instance, can
serve as a preprocessing step for learning algorithms over Fourier-sparse function classes,
validating whether an unknown function belongs to the target hypothesis class; the ability
to estimate the heaviest Fourier coefficient, on the other hand, can be leveraged to design

distinguishers for symmetric-key ciphers.

il
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Taken together, our work strengthens the connection between sketching-by-hashing
techniques and the property testing of Fourier-sparse Boolean functions, and advances
the understanding of query complexity for learning and testing in the Fourier domain.
We expect the algorithmic techniques developed here to find further applications across

many areas of computer science.
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Introduction

A fundamental challenge in modern algorithm design, particularly in the era of big data,
is to extract useful information from high-dimensional objects while using computational
resources that are substantially smaller than those required by an exact representation of
the object under consideration. A recurring approach to this challenge is the construction
of succinct summaries or sketches: low-complexity approximate representations of the
object that preserve sufficient information to support efficient inference about the original
object. One of the earliest and most influential examples of this paradigm arises in the

heavy-hitter problem from the data-streaming literature.

Consider a stream S = (a1, as, ..., ay,), of length m, where each item a, belongs to a

universe [n] = {1,2,...,n}. The stream induces a frequency vector

f:(flanw-'vfn)eRn)

where f; denotes the number of occurrences of item 7 in the stream. An item ¢ is called a
heavy hitter if its frequency is significantly larger than that of a typical coordinate, e.g., a
constant factor of m. The objective is to identify all such coordinates while processing the
stream using memory substantially smaller than that required to store the entire frequency
vector. Over the past two decades, the heavy-hitter problem has become a central topic
in the data-streaming literature owing to both its fundamental nature and its numerous
applications in areas such as network monitoring, database systems, and large-scale
analytics. In many of these settings, storing the entire stream is infeasible. Consequently,
one seeks to maintain a compact summary, or sketch, of the stream from which the heavy
hitters can later be approximately recovered. A common theme underlying many sketching

algorithms for the heavy-hitter problem is the use of hashing. Let

h:[n] — [d], d < n,

be a hash function that partitions the coordinates into a small number of buckets. Rather
than maintaining a separate counter for every coordinate i € [n], the algorithm stores
only one counter for each bucket j € [d]. This reduces the memory requirement from

O(nlogm) to O(dlogm), where m denotes the length of the stream.

For each bucket 7, the sketch maintains an aggregate quantity of the form
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where f; denotes the frequency of coordinate 7, and g : R — R is a function chosen so that
the corresponding bucket statistics can be updated incrementally as stream updates arrive,
and coordinates with large frequencies make a disproportionately large contribution to
the bucket aggregates. Consequently, when the frequency vector contains only a few
dominant coordinates, the contribution of a heavy hitter to the bucket containing it is
significantly larger than the aggregate contribution of most non-heavy coordinates. Under
suitable randomness assumptions on the hash function, the interference caused by the
remaining coordinates can be bounded probabilistically. Thus, even though the sketch
stores only aggregated bucket values, the presence of heavy hitters can still be detected and,
in many cases, accurately recovered. Classical data-stream sketches such as Count-Min

Sketch and Count Sketch are built upon this fundamental hashing paradigm.

The remarkable success of heavy-hitter algorithms led to the emergence of what is now
commonly known as the sketching-by-hashing paradigm. Since then, the influence of this
paradigm has extended far beyond its origins in data-stream algorithms. Variants of the
same fundamental idea now appear in compressed sensing, sparse Fourier transforms,
dimensionality reduction, randomized numerical linear algebra, and numerous other
areas of algorithm design. Although the objectives in these settings differ substantially,
they share a common philosophy. Rather than operating directly on a high-dimensional
object, one first computes a compact randomized summary by partitioning the domain
using suitable hash functions and aggregating information within the resulting buckets.
Computation is then performed on this compressed representation rather than on the
original object itself. The challenge is to design the sketch so that it preserves enough
information to solve the problem of interest while requiring significantly fewer resources

than a naive representation.

At a conceptual level, the success of these methods is driven by the presence of intrinsic
sparsity or low-dimensional structure. In the heavy-hitter problem, only a small number
of coordinates contribute a significant fraction of the total mass. In compressed sensing,
the signal admits a sparse representation. In sparse Fourier transforms, only a few Fourier
coefficients are significant. In low-rank approximation, most of the information is con-
centrated in a low-dimensional subspace. The sketch does not create structure; rather, it

exploits structure that is already present in the underlying object.
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Property Testing

Another area of theoretical computer science that emerged from the study of probabilis-
tically checkable proofs (PCPs) and has since developed into a rich field of its own is
property testing. A typical question in property testing asks whether a large combinatorial
object possesses a certain property or is far from every object having that property, while
examining only a tiny portion of the input. For example, given a large graph, one may
wish to determine whether it is bipartite or far from every bipartite graph by inspecting
only a small number of edges. Here, far means that a constant fraction of the edges must

be modified in order to obtain a bipartite graph.

Property testing is primarily concerned with graph and function objects, and has become
an important framework in algorithms for big data. When the input is extremely large,
reading the entire object may itself be prohibitively expensive; property testing addresses
this challenge by asking whether meaningful conclusions can be drawn from only a very
small number of observations. In this sense, property testing is complementary to the
streaming model discussed earlier. In streaming algorithms, the entire input is observed,
but restrictions are imposed on the memory available to process it. In property testing, by
contrast, computational resources are typically unrestricted, but the algorithm is allowed
to inspect only a tiny fraction of the input. The central question is therefore not how to
store information efficiently, but rather how much information must be observed before a

reliable decision can be made.

In this thesis, we focus on testing properties of functions over the Boolean cube
f:Fy = R,

where the domain size 2" is so large that the function cannot be inspected in its entirety.
Instead, an algorithm is granted oracle access to f and may query only a small number of
function values. The objective is to determine whether it possesses a specified property
or is e-far from every function having that property. One of these properties is Fourier
sparsity. A function is Fourier sparse if only a small number of Fourier coefficients are
nonzero. Rather than recovering the entire spectrum, we seek algorithms that can estimate
or test sparsity directly from oracle access to the function. Another property we consider
is testing linear isomorphism with respect to a known function. Given oracle access to
an unknown function f and an explicit description of a target function g, the goal is to
determine whether f can be obtained from g by an invertible linear change of variables or

whether it is far from every such transformation of g.

At first sight, these problems appear unrelated. The first asks for quantitative information
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about the support of the Fourier transform, whereas the second concerns determining an
equivalence relation between functions. However, both can be viewed through a common
lens: neither requires explicit recovery of the entire Fourier spectrum. Instead, it suffices to
estimate carefully chosen statistics of the Fourier spectrum of the unknown function that
capture the property of interest. In many cases, this task ultimately reduces to identifying
the presence of heavy Fourier coefficients and estimating their magnitudes. Here, a heavy
Fourier coeflicient refers to a coefficient whose magnitude is significantly larger than
that of the remaining coefficients and therefore contributes substantially to the spectral

structure of the function.

This observation motivates the search for a generic mechanism that compresses the
spectrum while preserving the information needed for inference. The framework of
Fourier hashing, developed in this thesis, serves precisely this purpose. By aggregating
Fourier coeflicients into a small number of buckets using randomized hash functions, it
produces compact spectral sketches that retain information about the dominant coefficients
and other relevant spectral statistics. These sketches are sufficiently informative to support

efficient testing and estimation while avoiding the cost of full Fourier recovery.

Fourier Sketching

The main technical framework developed in this thesis is a paradigm we call Fourier
sketching. Inspired by sketching-by-hashing techniques from streaming algorithms, a
Fourier sketch consists of a collection of randomized measurements obtained by hashing
Fourier coefficients into buckets and maintaining aggregate spectral information within
each bucket. By analyzing the resulting measurements and their collision statistics, one
can estimate global spectral parameters while entirely avoiding the cost of full Fourier

recovery.

Since many properties of functions over the Boolean cube admit elegant Fourier-analytic
characterizations, estimating such spectral statistics is often sufficient for testing or es-
timating the corresponding property. The scope of this thesis is to demonstrate the
power of this framework across a diverse collection of problems. In particular, we show
that Fourier sketching yields new algorithms for several long-standing open problems
for which no satisfactory solutions were previously known. These results suggest that
Fourier sketching is not merely a tool tailored to a specific application, but rather a gen-
eral paradigm for extracting information from the Fourier spectrum through compact

randomized summaries.

Two complementary techniques underlie the algorithms developed in this thesis: coset
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hashing and subspace restriction. Although they operate on different objects and serve
distinct algorithmic purposes, they are intimately connected through Fourier duality.
Together, they provide the conceptual foundation for the Fourier sketching framework

developed in this work.

Coset hashing. Coset hashing operates directly on the Fourier domain. Given a subspace
H < F% of codimension ¢, the cosets of H~ partition the 2" Fourier frequencies into 2!
buckets. For each bucket one computes an aggregate measurement 1/ (a) that combines
the Fourier mass of all frequencies contained in the corresponding coset. The resulting
sketch is therefore a compressed representation of the spectrum in which individual
Fourier coefficients are no longer visible, but certain global spectral statistics remain

accessible.

The closest analogue arises in signal processing. When a signal is sampled below the
Nyquist rate, multiple frequencies become indistinguishable and alias into the same
FFT bin. The observed energy in that bin is the aggregate contribution of all aliasing
frequencies. Coset hashing behaves in exactly the same manner: frequencies belonging
to the same coset of H* become indistinguishable and contribute jointly to a single
bucket measurement. From this perspective, coset hashing may be viewed as a Boolean
analogue of frequency folding, a central idea in modern sparse Fourier transform and

sparse Hadamard transform algorithms.

This technique has a long history in the literature. Variants of Fourier-domain hashing
appear implicitly and explicitly in sparse Hadamard transform algorithms, where the goal
is to identify large Fourier coefficients using only a small number of measurements. Related
ideas were introduced into property testing through the influential work of Gopalan and
collaborators, where random partitions of the Fourier spectrum were used to estimate
spectral quantities without recovering the spectrum itself. Since then, Fourier-domain
hashing has become a recurring tool in several areas of Fourier analysis of Boolean

functions, including learning theory, property testing, coding theory, and sparse recovery.

One of the goals of this thesis is to develop a more refined understanding of this technique.
Rather than viewing coset hashing merely as an algorithmic primitive, we establish several
structural results explaining precisely what information is preserved, what information is
lost, and how collision statistics encode important properties of the underlying Fourier
spectrum. These structural insights form the basis for the new testing and estimation

algorithms developed in later chapters.
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Subspace restriction. Subspace restriction, in contrast, acts on the input domain rather
than the Fourier domain. Given a subspace / < [ of dimension ¢ and a shift r € 7, the

restriction of f to the affine coset  + H yields a function
flromg :r+ H — R,

defined on only 2! points instead of the original 2" points. Restriction therefore provides
a form of dimensional reduction by focusing attention on a small localized portion of the

domain.

Unlike coset hashing, restriction does not explicitly aggregate information. Instead, it pre-
serves the complete behavior of the function on a lower-dimensional domain. Nevertheless,
one of the remarkable features of Fourier analysis is that such localized measurements
implicitly induce a form of Fourier sketching. The Fourier spectrum of the restricted
function is not arbitrary; rather, it is determined by structured combinations of Fourier
coefficients of the original function. Consequently, information about the global spectrum

becomes encoded within the local view provided by the restriction.

Subspace restriction may be viewed as a form of localization in the input domain. Rather
than observing the function on all of [}, we observe it only on a low-dimensional affine
subspace r + H. Although this operation is performed entirely in the input domain,
Fourier duality implies that it induces a highly structured transformation of the spectrum.
Specifically, each Fourier coeflicient of the restricted function is a linear combination of
Fourier coefficients from a single coset of H-. Consequently, frequencies lying in the same
coset become indistinguishable and are folded together into aggregate measurements. In
this sense, subspace restriction acts as an implicit form of Fourier sketching, analogous
to frequency folding or aliasing in signal processing, where local observations encode
compressed information about the global spectrum. Random restrictions have long played
a central role in property testing, coding theory, and higher-order Fourier analysis. Many
global properties of Boolean functions survive random restrictions, including low-degree
structure, Reed—-Muller code membership, juntas, and various notions of pseudorandom-
ness. Most previous applications, however, have been motivated primarily by higher-order

Fourier analytic considerations and the study of polynomial structure.

The perspective adopted in this thesis is different. Our focus is on classical Fourier analysis
and, in particular, on understanding how approximately Fourier-sparse functions behave
under random affine restrictions. We show that many spectral properties remain stable
under restriction and that carefully chosen restrictions provide a powerful mechanism for
estimating global spectral parameters from local observations. This viewpoint leads to

new algorithms and new structural insights that complement the Fourier-domain hashing
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approach.

Two sides of the same principle. An important distinction should be emphasized
between these two techniques. In coset hashing, the algorithm deliberately acts on the
Fourier spectrum itself, explicitly combining groups of Fourier coefficients into aggregate

measurements. The sketch is therefore constructed directly in the frequency domain.

Subspace restriction follows a very different philosophy. Here the algorithm never accesses
the Fourier spectrum directly. Instead, it performs localized measurements in the physical
domain by observing the function on a carefully chosen affine subspace. Any compression
of spectral information occurs only implicitly through the Fourier-analytic relationship

between the original function and its restriction.

Despite this difference, the two techniques are fundamentally connected through Fourier
duality. Two distinct operations should be distinguished here. Averaging (projecting) a
function over a subspace H retains precisely the Fourier modes belonging to H+ while
annihilating all others, a fact formalized by the Poisson summation formula. Restriction
to an affine coset © + H is the dual operation: it folds each coset of H~ into a single
aggregate coeflicient, inducing the aliasing described above. In both cases, operations
that appear local in the input domain correspond to highly structured operations in the

Fourier domain governed by the interaction between H and H-".

In this precise sense, coset hashing and subspace restriction are dual manifestations of the
same underlying Fourier-analytic principle. Coset hashing compresses information in the
frequency domain, whereas subspace restriction localizes information in the input domain.
One aggregates frequencies, the other isolates portions of the domain. Yet both ultimately
exploit the same interaction between a subspace and its orthogonal complement. This
duality serves as a recurring theme throughout the thesis and underlies many of the

structural and algorithmic results that follow.

Applications

The thesis develops the Fourier sketching framework and applies it to a variety of problems
arising in learning theory, coding theory, cryptography, and additive combinatorics. A
unifying theme across all of these applications is that each property of interest can be
reduced to estimating a suitable statistic of the Fourier spectrum via compact randomized
sketches.
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Problem Previous UB Our UB | Previous LB | Our LB
g Fourier sparsity O(s') O(s%) Q(V/s) Q(s)
¢y Fourier sparsity O(s) O(s) Q(v/s) Q(s)
Distribution-free ¢, - O(s%) - Q(s)
Fourier sparsity

Fourier bias estimation O(n/e%) O(1/¢?) - 0(1/£2)
Linear isomorphism O(m??) O(m*) Q(logm) Q(m?)
Sumset size estimation | O(tower(1/e%)) | O(m*/e®) - -
Randomized CC of Lin- - O(m?) - Q(m?)
ear Isomorphism

Deterministic CC of - O(m?) - Q(logm)
Linear Isomorphism

Table 1: Summary of the main theoretical contributions. The table compares the best
previously known upper and lower bounds with the corresponding bounds obtained in
our work.

Testing Fourier Sparsity in /; Distance. A Boolean function f : F§ — {—1,+1} is
said to be s-Fourier-sparse if its Fourier expansion contains at most s nonzero coefficients.
We study the problem of deciding, given oracle access to an unknown Boolean function,
whether it is s-Fourier-sparse or is far from every s-Fourier-sparse function with respect to
Hamming (¢y) distance. On the algorithmic side, we improve the best known upper bound
on the query complexity from O(s') to O(s*), and subsequently to O(s). Consequently,
the gap between our upper bound and the best-known lower bound of §2(s) is reduced to

polylogarithmic factors. This part of the thesis is based on the following papers:

+ Testing Fourier Sparsity via Implicit Sensing, with Arijit Ghosh and Subhamoy
Maitra. International Conference on Learning Representations (ICLR), 2026.

+ Testing Fourier Sparsity Near Optimally, with Arijit Ghosh. Submitted.

Estimating Fourier Sparsity in ¢, Distance. We study the problem of deciding, given
oracle access to an unknown Boolean function f : [} — R, whether it is close to an
s-Fourier-sparse function or is far from every such function with respect to ¢, distance.
On the algorithmic side, we improve the best known query complexity from O(s/c%) to
5(3 /€?). Consequently, the gap between our upper bound and the best-known lower
bound of €(s) is reduced to polylogarithmic factors. More recently, we extended these
results to the significantly more challenging distribution-free setting, with only a slight

loss in the query complexity. This part of the thesis is based on the following papers:
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+ Price of Parsimony: Complexity of Fourier Sparsity Testing, with Arijit Ghosh.
Advances in Neural Information Processing Systems (NeurIPS), 2025.

+ Distribution-Free Testing of Fourier Sparsity, with Arijit Ghosh. Submitted.

Linear Isomorphism Testing. Two Boolean functions f, g : Fy — {—1,+1} are said
to be linearly isomorphic if one can be obtained from the other by an invertible linear
change of variables. We study the problem of deciding, given oracle access to an unknown
Boolean function f and an explicit target function g, whether f is linearly isomorphic
to g or is far from every linear image of g. For target functions with spectral norm at
most m, we improve the best previously known upper bound on the query complexity
from O(m?*) to O(m*). Compared with the best-known lower bound of 2(m?), this
substantially narrows the gap between the best known upper and lower bounds. We also
study this problem in the communication complexity model, where one party holds f
and the other holds g. We consider both deterministic and randomized communication

protocols. This part of the thesis is based on the following papers:

+ Spectral Norm, Economical Sieve, and Linear Invariance Testing of Boolean
Functions, with Swarnalipa Dutta, Arijit Ghosh, Chandrima Kayal, and Manaswi
Paraashar. STACS, 2026.

+ Spectral Shadows: When Communication Complexity Meets Linear Invari-
ance Testing, with Swarnalipa Dutta, Arijit Ghosh, Chandrima Kayal, and Manaswi

Paraashar. Computational Complexity, 2026.

Estimating Sumset Size. Given a subset A C F7, it’s sumset is defined as A + A =
{a+b:a€ Abe A}. We study the problem of estimating the size of the sumset from
oracle access to the underlying set (or it’s indicator function), assuming that the set has
bounded spectral norm. We develop the first polynomial-query algorithm for estimating
the sumset size in terms of the spectral norm parameter. This part of the thesis is based

on the following paper:

+ Approximating Sumset Size via Dense Coset Decomposition, with Arijit Ghosh.
Submitted.

Fourier Bias Estimation. The Fourier bias of a Boolean function is defined as the
magnitude of its largest Fourier coefficient. We study the problem of estimating the

Fourier bias from oracle access to the function, up to a prescribed additive error €. Prior
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to this work, the best known upper bound on the query complexity was 9) (n/e*). We
present an algorithm for this problem with query complexity 9] (1/€%), thereby matching
the best-known lower bound of €(1/£?) up to polylogarithmic factors. This part of the

thesis is based on the following paper:

« On the Nonlinearity Estimation Problem, with Arijit Ghosh and Subhamoy
Maitra. Submitted.

Exact Recovery of Fourier-Sparse Functions. We study the problem of exactly
recovering the Fourier spectrum of an s-Fourier-sparse function f : [, — R from oracle
access, that is, identifying all nonzero Fourier coefficients, along with their values, using
as few queries as possible. We develop a randomized algorithm for exact Fourier-sparse
recovery that exactly recovers the entire Fourier spectrum using 5(713) queries and 6(713)
running time. Our algorithm applies to general real-valued functions and avoids the
heavy algorithmic machinery employed by previous approaches while matching the best
known query complexity up to logarithmic factors. This part of the thesis is based on the

following paper:

+ Exact Fourier-Sparse Recovery Made Simple, with Arijit Ghosh. Submitted.

Organization

The thesis is organized into three parts, each centered around a distinct Fourier-sketching

technique and its applications.

The first part introduces the coset hashing framework, which serves as the first instan-
tiation of Fourier sketching. After developing the necessary machinery, we apply this
framework to a variety of problems. These applications include improved algorithms
for testing linear isomorphism, distribution-free Fourier sparsity testing, testing Fourier

sparsity in the ¢, distance, and estimating the size of sumsets.

The second part develops a related framework based on subspace restrictions. This
approach leads to stronger algorithmic results and, in several cases, nearly optimal bounds.
Using this framework, we obtain algorithms for testing Fourier sparsity in both the ¢, and
{5 distances, estimating Fourier bias, and reconstructing Fourier-sparse Boolean functions.
In particular, this framework yields near-optimal testers for several fundamental Fourier-

analytic properties.
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Building on the structural observations developed in the earlier parts of this thesis, the
third part investigates how these ideas can be extended to the communication complexity
setting. Our goal is to design succinct sketches of Boolean functions that can be efficiently
exchanged between communicating parties. As a case study, we consider the linear
isomorphism problem, where one party holds f and the other holds g. We study both
deterministic and randomized communication protocols for this problem. We believe that
the sketching techniques developed in this work are of independent interest and may find

applications to a broader class of communication complexity problems.

Taken together, these three parts provide a comprehensive treatment of Fourier sketch-
ing, encompassing both the design of efficient algorithms and the complexity-theoretic
limitations of the underlying problems. Collectively, they demonstrate the versatility of
Fourier sketching as a unifying framework for studying many fundamental problems in

the analysis of Boolean functions.



Background

This chapter collects the notation, Fourier-analytic facts, and probabilistic tools used
throughout the thesis. Readers familiar with the analysis of Boolean functions may
safely skim it and refer back as needed. We adopt the normalized convention throughout:
functions are studied with respect to the uniform distribution on the Boolean cube, Boolean
functions take values in {—1,+1}, and expectations replace normalized sums. This
convention makes Parseval’s identity take its cleanest form and is standard in the analysis

of Boolean functions.

Fourier analysis over the Boolean hypercube

We work over the Boolean cube 7. For z, o € I3, the standard inner product over IF is

Throughout, E,ry[-] and Pr,.r;[-] denote expectation and probability with respect to
the uniform distribution on [, unless stated otherwise. For p > 1 and ¢ : F} — R, the

normalized LP norm and inner product are

91D := Eonrp [lg(x)P],  (f.9) = Eoum [f(2)g(x)].

Characters and the Fourier expansion. For a € [}, the character (or parity function)
Xa : Fy — {—1,+1} is defined by

Xala) i= (-1

Every function f : F} — R admits a unique Fourier expansion

F@) =" fla)xal@),  fla) = (fXa) = Buury [f(2)Xa(@)],

~

where f(«) is the Fourier coefficient of f at «, and the second equation is the Fourier

~ ~

inversion formula. We refer to f(a)? as the energy of the coefficient f(a).

12
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Two elementary facts are used repeatedly. The character multiplication rule states that

Xa+8(%) = Xa() xp(x)  foralla,,z,

and the character orthogonality relation states that for any subspace H < [F3,

1, ac H*,
Ecn[Xa(2)] = (0.1)
0, otherwise.

Taking H = F} in (0.1) gives E,[xo(x)] = 1[a = 0].

Parseval’s identity. Forany f: F} — R,

> F@)? = [I£1I3- 0.2)

acFy

~

In particular, if f : Fy — {—1,+1} then >__ f(a)* = 1.

Effect of linear transformations. Let M : F} — 7 be an invertible linear transfor-
mation. For f : F} — R, define f o M by (f o M)(x) := f(M=x). Then

— ~

foM(a)=f(M"a) for all « € Fy. (0.3)

Thus an invertible linear change of variables in the input domain induces the transpose-
inverse permutation of the Fourier support, a fact we use throughout the study of linear

isomorphism.

Fourier-analytic quantities

Several scalar quantities derived from the Fourier spectrum play a recurring role.

Fourier sparsity. The Fourier support of f is

o~

supp(f) := {a € F} : f(a) # 0},

~

and its cardinality |supp(f)| is the Fourier sparsity of f. We say f is s-Fourier-sparse if

~

[supp(f)| < s.
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Spectral norm. The spectral norm (or Fourier /1 norm) of f is

1= > ().

aeFy

The spectral norm has been widely studied in connection with circuit complexity, learning
theory, and communication complexity [Kushilevitz and Mansour, 1993, Tsang et al., 2013,
Shpilka et al., 2017, Girish et al., 2021b].

Approximate spectral norm. To capture approximation, we use the approximate

spectral norm. For v > 0, the y-approximate spectral norm of f is

1l o= it { G+ g : Fy = R, Vo € FY, |f(@) - g(@)] <7}

This measures how well f can be approximated pointwise by a real-valued function of
small spectral norm. It generalizes the spectral norm and can be significantly smaller.
The approximate spectral norm has also appeared in quantum query complexity and

communication complexity [Bun and Thaler, 2022, Bansal and Sinha, 2021].

Fourier bias. The Fourier bias of f is the magnitude of its largest Fourier coefficient,

-~

max| f(e)l,

a quantity closely tied to the nonlinearity of f in the cryptographic literature.

Distance measures

Property testing is phrased in terms of distance to a class of functions. We collect the

relevant notions here.

Hamming distance. For f,g : F3 — {—1,+1}, the (relative Hamming) distance
between f and g is
T € Fo . xX €T
5(f.g) = Pr [f(x) £ g(a)] = LEEFE @) # g(@)}]

z~Fy on

It satisfies the triangle inequality 6(f,g) < d(f, h) + d(h, g) for all Boolean f, g, h. We
say f is e-far from a property P if 6(f, g) > ¢ for every g € P, and e-close otherwise.
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Linear and affine distance. For f,g: F} — {—1,+1}, the linear distance is

da(f,9) == min_ Pr [f(Mz) # g(x)],

MEGL, (Fy) o~F

where GL,, (F2) denotes the group of nonsingular linear transformations of . The affine

distance additionally allows a shift,

dagr(f, 9) == yein [f(Mz +b) # g(x)].
beFy

Junta functions. A Boolean function f : Fy — {—1, 41} is a k-junta if there exists a
set S C [n] with | S| < k such that f(x) depends only on the coordinates {z; : i € S}.

Standing assumption. Throughout, f : F§ — R is real-valued with

1f]l2=1

and no boundedness assumption is made on f.

Subspaces, cosets, and duality

Because the Fourier sketching framework operates through subspaces of F, we record

the linear-algebraic facts on which it relies.

Orthogonal complement. For a subspace A < [}, its orthogonal complement (also

called the annihilator) is
At i={y€eF5:(y,9)=0forally € A},

with dim(A4) + dim(A+) = n and codimension codim(A4) = n — dim(A). Unlike over
the reals, A and A need not be independent; for instance, a subspace may intersect its

own orthogonal complement nontrivially.

Independence and direct sums. Two subspaces A, B < F7 are independent if a+b # 0
for every nonzero a € A and b € B. If, in addition, every element of F} can be written
uniquely as a + b witha € Aand b € B, we say A and B are complementary and write
A @ B = F¥, calling this a direct sum. In this case dim(A) + dim(B) = n. If A and B are
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independent, the affine subspaces b + A for distinct b € B are pairwise disjoint. Cosets of

A can be naturally indexed by evaluating a basis of A* on elements = € F}.

Restriction to affine subspaces. A random subspace H < [F7 of dimension ¢ is the span
of t independent, uniformly random vectors vy, ..., v; € F3. A random affine subspace of
dimension ¢ is A = o + H, where H is as above and o € [} is uniform and independent
of H. The restriction of f to A is the function

fa:H—R, fa(z) == f(z + ).

Since H is itself an [Fo-vector space, f4 has its own Fourier expansion. To index it, fix a
subspace W complementary to H*, so that F} = W & H*; then {x,|y : v € W}isan
orthonormal basis for the real-valued functions on H. We write E('y) for v € W, and

note |W| = 2'. Parseval on the group H reads

SR = 1fall3 = Eeen[f(a +a)?].

YEW

Restriction acts as an implicit spectral hashing: each restricted coefficient is a signed
aggregate of the original coefficients lying in a single coset of H*, and the induced
coset partition is pairwise independent. The precise structural statements, together with
the stability of heavy coeflicients and the preservation of aggregate Fourier mass, are
developed in the chapter on the subspace restriction technique; we recall them there in

the notation of the present chapter.

Probabilistic tools

The analyses in this thesis rest on a small set of concentration inequalities. We record the
elementary ones first, then the amplification device used when the estimator is unbounded.
Concentration inequalities

Markov’s inequality. Let X be a non-negative random variable and @ > 0. Then
Pr[X > a] < E[X]/a.

Chebyshev’s inequality. Let X have mean p and variance 0. Then for any ¢ > 0,
Pr(| X — p| > t] < o?/t2
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Hoeffding’s inequality. Let X;,..., X, be independent random variables with a; <
X <b,letS,=>" X, andlet u = E[S,]. Then for any ¢ > 0,

2>
Pr [‘Sn_/-” Eﬂ SZGXP(_Zn (b—a)Q) :
i=1\"1 L

Chernoff bound. Let X;,...,X,, be independent Bernoulli random variables with
X; € {0,1} and E[X;] = p;. Set X := """ | X, and p := E[X]. Then for any ¢ € (0, 1),

PrilX <(1—8u]<e 2 and  Pr[X > (1+6)u] <e ¥H3

Moment bounds and amplification

The remaining tools handle the unbounded regime: a pair of moment inequalities and the
median-of-means amplification. Both are stated under the standing assumption || f|s = 1,

in force wherever they are invoked.

Set

~ ~

M= |fli=>_ f®%  K:=Ifls

Be

=
V3

~

By Parseval (0.2) and || f||2 = 1 we have 3, f(5)* = 1, whence

-~

|f(B)] <1 forevery S, and M = Zf(5)4 < (Zf(5)2>2 =1. (04
B B

By monotonicity of L” norms on a probability space,

L=Ifll: <lIflla < Iflls;,  hence  1<|fli<Ifls<Ifls=K  (05)

In particular 0 < M < 1and K > 1. It is worth keeping the two extremes in mind: K =1

for Boolean f, while K can be as large as 23" for a spike such as f = 2”/21{10}.

Median of means

Because f is unbounded, we amplify a weak estimator using the following standard device,

whose only input is a variance bound.

Lemma 0.1 (Median of means). Let Z be a real random variable with E[Z] = 1 and



18 Contents

Var(Z) < o2 Fixn > 0andd € (0,1), and set

m = {%] 0= [12In(1/5)].

n

Let ZW, ... Z®) be independent, each the empirical mean of m independent copies of Z.
Then
Pr [‘ median (Z(l), ey Z(@) — ,u‘ > 17] <4,

using ml = O(o*n~*1og(1/8)) samples of Z.

Proof. Each block mean Z\) has mean i and variance at most 02/m < 7)2/4, SO
Chebyshev’s inequality gives Pr [|Z() — | > 5] < 0%/(mn?*) < 1/4. Call block j bad
if |Z9) — u| > n, and let B count the bad blocks, so that B is a sum of ¢ independent
Bernoulli variables with E[B] < ¢/4. If the median deviates from x by at least 7, then
at least half of the blocks are bad, i.e. B > (/2. By the multiplicative Chernoff bound
Pr[B > (1+ 0)EB] < ¢ "FB/3 with § = 1 and EB < /4,

Pr[B>¢/2] <e /12 <6

by the choice of ¢. t

Remark 0.2 (A common pitfall). Median-of-means amplifies an estimator that is already
correct with probability strictly greater than 1/2; the Chebyshev step above is what secures
this. It is not a device for extracting an exponential tail from a second-moment bound
at an accuracy where the per-sample failure probability exceeds 1/2. Arguments in the

literature have foundered on exactly this point.
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The Coset Hashing Technique

In classical signal processing, a signal is often represented through a discrete collection
of samples taken at regular intervals. A fundamental challenge in this process is alias-
ing — the phenomenon by which two or more distinct frequency components become
indistinguishable after sampling. Aliasing is regarded as an undesirable artifact and a
fundamental failure mode that must be anticipated and prevented. The theoretical basis
for understanding and avoiding aliasing is provided by the Nyquist-Shannon sampling
theorem. Informally, the theorem states that a signal can be faithfully reconstructed only
if it is sampled at a rate at least twice its highest frequency component. This threshold
is known as the Nyquist rate. When the sampling rate falls below this limit, the signal
becomes undersampled, and aliasing inevitably occurs. The primary consequence of un-
dersampling is a phenomenon known as frequency folding. Frequency components lying
above half the sampling frequency do not simply disappear; instead, they re-enter the
observable spectrum masquerading as lower-frequency components. As a result, distinct
high- and low-frequency signals may appear identical after sampling, producing frequency
collisions that make them impossible to distinguish. The sampled spectrum therefore
becomes a distorted and misleading representation of the original signal, often exhibiting

spurious low-frequency content that was never present in the source.

To mitigate this problem, practical systems typically employ anti-aliasing filters before
the sampling stage. These low-pass filters attenuate frequencies above the Nyquist limit,
ensuring that only representable frequency components are admitted into the sampled

signal.

Although aliasing is traditionally viewed as an undesirable artifact in signal processing,
it can also be exploited constructively in several important applications. In particular,
controlled aliasing enables the representation of high-frequency information using lower

sampling rates, thereby reducing hardware and computational requirements.

One prominent example is bandpass sampling, where a high-frequency band-limited
signal is intentionally sampled below the Nyquist rate. By carefully choosing the sampling

frequency, the aliased spectrum can be folded into a lower-frequency region without

20
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overlap, allowing the original signal to be recovered. This technique is widely used in
radio-frequency (RF) receivers and software-defined radio systems to avoid extremely

high-rate analog-to-digital converters.

Aliasing is also intentionally exploited in computer graphics and imaging. Techniques
such as dithering and certain texture-mapping methods use controlled aliasing artifacts
to create visually smoother or more detailed images under limited resolution constraints.
Similarly, in compressed sensing and sparse signal recovery, structured aliasing patterns

are sometimes used to encode high-dimensional information into fewer measurements.

Another important setting in which aliasing becomes a constructive computational tool is
the analysis of signals with sparse Fourier representations, where only a small number
of frequencies carry significant energy while the remaining spectral coefficients are
negligible or identically zero. In such situations, recovering the entire spectrum at the full
Nyquist rate is often unnecessary and computationally wasteful. Instead, modern sparse
Fourier algorithms intentionally introduce carefully designed aliasing patterns through
subsampling operations, filtering, or hashing mechanisms in the frequency domain. The
central idea is to partition the spectrum into a collection of measurement buckets produced
by controlled subsampling. Under subsampling, many distinct frequencies are folded
together into the same bucket; however, the subsampling patterns are chosen so that the
resulting collisions possess a highly structured and analyzable form. Rather than treating
aliasing as corruption, these methods use it as a mechanism for compressing spectral
information into a much smaller number of measurements. Because the underlying
spectrum is sparse, most buckets either remain empty or contain only a single dominant
frequency with high probability. Such isolated frequencies can often be identified and
decoded directly from the bucket measurements. Buckets containing collisions are more
complicated, but the ambiguity is not permanent: by repeating the process with multiple
independently designed subsampling patterns or filters, the collisions can eventually
be disentangled. In effect, each subsampling pattern provides a different “view” of the
spectrum, and the combined information is sufficient to reconstruct the significant Fourier
coefficients using far fewer samples than classical uniform sampling would require. This
perspective lies at the heart of many modern sparse Fourier transform (SFT) algorithms and
sublinear-time spectral estimation methods. Here, aliasing is no longer merely tolerated —
it becomes an algorithmic resource that enables frequency-domain compression, reduced

sampling complexity, and computationally efficient recovery of structured signals.

More broadly, aliasing can be interpreted as a mechanism for frequency-domain compres-
sion: distinct high-frequency components are mapped into lower-frequency representa-
tions. While uncontrolled aliasing destroys information, carefully engineered aliasing

can provide efficient representations, reduced sampling complexity, and computational
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advantages in modern sensing, communication, and signal recovery systems.

A closely related principle appears in Boolean Fourier analysis through the framework
of coset hashing. Rather than estimating individual Fourier coefficients one at a time, the
objective is to aggregate Fourier information into structured groups and estimate the
total spectral mass associated with each group. To the best of our understanding, this
perspective first appeared implicitly in the work of Kushilevitz and Mansour [1993] in
the context of learning Fourier-sparse Boolean functions. The idea was subsequently
refined in the work of Feldman et al. [2006a] on search-to-decision reductions for classes
of Fourier-sparse Boolean functions, and later developed systematically by Gopalan et
al. Gopalan et al. [2011] in the context of Fourier sparsity testing. Our work follows
essentially the same line of ideas as that of Gopalan et al. [2011], and we adopt their

notation and framework. We now define these notions more formally.

~

Let f : F; — R be a function with Fourier expansion f = } cp f(®)Xa, Where
Xa(7) = (=1){® and let H be a subspace of 5. Throughout, we use the (expectation)

convolution convention
(g f)(@) = Eyers [9(y) f(z +y)].

One then defines a projection operator P, acting on functions f : F} — R, whose
action in the Fourier domain is simply to retain the coefficients lying inside the coset

r + H and zero out all others:

— i ’ H>
5T () = fla), a€er+

0, otherwise.

Equivalently, this projection may be expressed as a convolution,

Pr-{—Hf = A7~+H * f, Ar+H = Z Xa = Xr Z Xh,

acr+H heH

which makes clear that P,., j; acts as a spectral filter that passes precisely the bucket r + H

while suppressing everything outside it.

The Fourier mass contained in the bucket is then defined as

Woinfi= > fla),

acr+H

which measures the total spectral energy concentrated inside the coset » + H.
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It is useful to emphasize that this construction is fundamentally a structured form of
aliasing: Fourier coefficients are grouped together modulo a subspace structure, causing
multiple frequencies to collapse into a common measurement bucket. In principle, many
other forms of aliasing-based grouping are possible, and one need not restrict attention
exclusively to subspace-induced partitions. However, for algorithmic purposes, the crucial
requirement is not the particular geometry of the buckets, but rather the ability to effi-
ciently estimate the aggregate quantities associated with them. In the present framework,
the relevant statistics are the projection operators P,y f and the bucket weights W, 5 f.
The subspace structure is especially convenient because these quantities admit explicit

algebraic formulas and can be estimated efficiently using random samples.

We now show that the subspace structure permits efficient estimation of both the projection

operator and the Fourier mass associated with a bucket.

Recall that

AT+H: Z Xa-

acr+H
Since every element of the coset r + H may be written uniquely as  + h for some h € H,

we have

ArJrH = Xr Z Xh-

heH

Using the standard orthogonality identity >, _,; x» = |H| - 15, it follows that
Arin(z) = [H| xr (%) 11 ().
Fact 1.1. For everyx € [7,

Pr-i-Hf(x) = IE‘:’yEHi [Xr(?/) f(l’ + y)} :

Proof. Using the convolution representation P, f = A,y * f with the expectation

convention above,

Pryuf(z) = Eyng [AHH(Q) flz+ y)]
= [H|Eyerp [xr(y) 12 (y) f(z +y)]

_ ] Y xly) fla+y).

2n
yeHL

Since |H| - |H*| = 2", we have |H|/2" = 1/|H*|, and the claim follows. O

Proposition 1.2. Suppose [ : Fy — {—1,+1}. For every x € Y3, the quantity P,y f(x)
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can be estimated to within additive error T with confidence at least 1 —§ using O(log(1/6) /%)

queries to f.

Proof. Empirically estimate the expectation in Fact 1.1. Since x,(y) f(x +y) € {—1,+1},
the estimator is bounded in [—1, 1]. The result therefore follows from Hoeffding’s inequal-
ity. U

Recall that the Fourier mass inside the bucket r + H is

Woinf =Y fla)?=|Prufll3

acr+H

Fact 1.3. For every cosetr + H,
Wiinf = ExEIFg, zcHL [Xr(z) f(x) flz + z)}

Proof. Using Parseval’s identity together with Fact 1.1,

Wiy f =Ey[(Prinf(w))?]
= Eoyy ot [0 (W) F(w + 1) o (y2) f (w0 + 112)].

Since o (41 )X (42) = Xo (91 + 92), setting & = w + gy, = = gy + s (so that = € H* and,
for fixed z, x is uniform) yields the desired identity. O

Proposition 1.4. Suppose f : Fyy — {—1,+1}. For every cosetr + H, the quantity W,y f
can be estimated to within additive error T with confidence at least 1 —§ using O(log(1/6) /%)

queries to f.

Proof. Empirically estimate the expectation in Fact 1.3. Since x,.(2)f(x)f(z + 2) €
{—1,+1}, the estimator is bounded in [—1, 1]. The result again follows from Hoeffding’s
inequality. U

Thus, the subspace-based aliasing structure not only compresses Fourier information into
buckets, but also permits efficient and statistically stable estimation of the aggregated
spectral mass associated with each bucket. This efficient estimability is one of the central
reasons why coset hashing has become such a powerful primitive in sparse Fourier

algorithms and Fourier property testing.

We now describe the coset hashing construction due to Gopalan et al. [2011]. Select
vectors {f3, ..., 0} independently and uniformly at random from F%, and define the
subspace H := span{f,...,3;}+. With high probability, the vectors f3i,..., 3; are

linearly independent, and hence H has codimension ¢. For each binary string b € F,
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define the affine coset
D(b) = {a e F2 : (o, B) = b; for all z}

The collection { D(b) : b € %} forms a partition of F into affine cosets of H. To introduce
an additional layer of randomness, one draws a shift z € F% uniformly at random and

relabels each bucket D(b) as D(b + z), producing a randomly permuted coset structure.

Gopalan et al. [2011] showed that the above construction induces a pairwise independent

random partitioning of the Fourier space.

Proposition 1.5. Let (H, D) denote a randomly permuted coset structure of codimension t,
where D = {D(b) : b € FL}. Then for every distinct o, o/ € F,

Prfa, o collide] = 27"

Proof. Two vectors a, o collide precisely when
(a—ad,8)=0  foralli.

Since a # o, the vector o — « is nonzero, and each constraint holds independently with
probability 1/2. Hence
Prla, o/ collide] = 27"

g

As an immediate consequence, if f is an s-Fourier sparse function and ¢ > 2log s + O(1),
then with constant probability no two nonzero Fourier coefficients of f collide under the
random coset partition. Equivalently, every nonzero Fourier coefficient is isolated inside

its own bucket. In particular, choosing ¢t = 2log s + O(1) produces only
2! = O(s?)

buckets, yet still isolates all nonzero coefficients with high probability.

Gopalan et al. [2011] work on Fourier sparsity testing, as well as several subsequent
works, relies heavily on this hashing framework together with efficient estimation of
bucket weights in order to infer structural information about the Fourier spectrum and
achieve various algorithmic objectives. For example, in the context of Fourier sparsity
testing, Gopalan et al. [2011] established structural results showing that every Fourier-
sparse Boolean function must contain at least one Fourier coefficient of comparatively

large magnitude. Their testing algorithm then proceeds in two stages. First, a random
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coset hashing scheme is applied in order to probabilistically isolate the nonzero Fourier
coeflicients into separate buckets. Once the coefficients are sufficiently separated, the
algorithm estimates the Fourier mass contained inside each bucket to detect the presence
of a large coeflicient. Finally, by checking whether the estimated bucket weights are con-
sistent with the structural constraints satisfied by Boolean functions, the tester determines
whether the underlying function is close to an s-Fourier sparse Boolean function or is far

from every such function.

Our work extends this line of ideas by establishing significantly stronger concentration
properties for the coset hashing process. Rather than merely controlling pairwise colli-
sions among Fourier coeflicients, we analyze how Fourier mass distributes across random
buckets and prove quantitative concentration bounds governing these aggregated spectral
measurements. These results allow several algorithmic tasks involving Fourier-sparse
functions to be carried out substantially more query-efficiently, yielding significant im-

provements over previously known algorithms and analyses.

Notation | Description

4 A random coset decomposition of [y

C Individual cosets of ¢

C Set of cosets of ¢ that contain a heavy Fourier coefficient of f
oo The Fourier coefficient in C' with the highest absolute value

-~

Wef | X gec f(B)?, total Fourier weight of coset C'
W f F(ac)?, weight of the heaviest Fourier coefficient in C

-~

Pcof(2) | Dosec f(B)xp(2), projection of f onto coset C'
cf(2) Flae) Xac (2), projection of f onto the heaviest coefficient of C

xc(z) | Alternative notation for y,.. ()

Table 1.1: Notation for Algorithm 2 and the surrounding results.

Claim 1.6. Let € be a randomly permuted coset structure of codimension t = ﬂog %-‘ .

Then, except with probability at most =, we have

(i) (Isolation.) Every Fourier coefficient o with |f(a)| > g—z is mapped to a distinct coset.
Consequently, for every C € € the second-heaviest coefficient satisfies

- 02

s O < g ac=ammaf(5)]

~

.. . . . 92
(ii) (Heavy cosets.) For every coset C' whose dominant coefficient satisfies | f (ac)| > &7,

the coset weight satisfies
4

~ 0
Wef < flac)® + o1
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02

(iii) (Light cosets.) For every coset C' whose dominant coefficient satisfies | f(ac)| < g,

the coset weight satisfies
02
Wef < —
of <15

Proof. Throughout,let S = {«a : |J/c\(0z)] > 0% /64} be the set of heavy coefficients. Since
f:Fy = {-1,+1}has ) ]?(04)2 = 1 by Parseval, we have
1 212
S| <o = —.
151 (0%2/64)2 64
(i) Isolation of heavy coefficients. Fix a € F4 and b € F. By definition, « € D(b + z)

ff (o, B;) = b; + z; for all i € [t]. Since each z; is an independent uniform bit,
Prlo € D(b + )] HPr B;) — b =27

For distinct a, o/, Proposition 1.5 gives collision probability 27*. Applying a union bound

over all (‘ I) pairs,

‘S| —t 29—t 212\ 2 0° 2% —-16 1
(2 s ISPt s () gm =g = 2 < g

using 27" < 6% /2%°. Hence with probability at least 1 — %5 all coefficients in S are isolated

into distinct cosets.

(ii) Heavy cosets. Fix a coset C' containing a unique heavy coefficient a¢ € S (guaranteed
by part (i)). Write
Wef = flac)’ + Y F(8)Ls,
B#ac
where I indicates that ( hashes to C'. Since E[/5] = 277,

~

(ac)?] =27 > (B < 2 < o

B#ac

E|Wof -

By Markov’s inequality,

04] 08/240 94

Pr {ch — flac)? > < gija ~ o5

el ﬁ
There are at most |S| < 212 /0% such cosets, so a union bound gives failure probability at

212 16
most 5 228 =277 < 300
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(iii) Light cosets. Let C be a coset with |f(6)| < 0?/64 for all 8 € C. Then
EWcef]=2"Y J(B? <27 < .
geC

Using pairwise independence of the /g,

Var(We f) = Zf Y Var(Is) <> F(B) Ells) =27 f(8

so Var(W¢ f) <27t 2%. By Chebyshev’s inequality (using E[W¢ f] < 68/210 < 9%/32,

so a deviation of #?/16 from the mean suffices to reach 62 /16),

Var(Wc¢ f) < 27t gt /212

=27".27%
(02/16)2 = 04/28

92
PriWef > —| <

There are 2 cosets in total, so by a union bound the total failure probability for part (iii) is

at most
ot.gt.gt—gio L
16
Combining the three parts by a union bound, the total failure probability is at most
1 1 1 _1 :
300 T 300 T 16 < 5> as claimed. O

Claim 1.7. Suppose f : F; — R, and let C' € € be a coset with dominant Fourier coefficient

ac such that

M > JBP<L&n  @flac) >4 @) max [f(8)<Z.

peCiac) pecitec
Then
62 64
Py |Pef() = Pef(e)l 2 g +7) < g

Proof. We first recall that the Fourier characters act as pairwise independent +1-valued

hash functions. When z is uniform on F%, for any nonzero «,

Elxa(2)] = 5(1) + 5(-1) =0,
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and for distinct nonzero o, o,

E, [Xm(z)xaz (Z)] = EZ[Xa1+a2(Z)] =0= EZ[Xm(Z)] E, [Xaz(z)]7

establishing pairwise independence.

~

Write " = C'\ {ac}, so that P f(2) =Pt f(2) = D _gcer f(B)xs(2). We bound the mean

and variance of this quantity.

Mean. If 0 ¢ (', then every 5 € C' is nonzero and

E.| Y FBns)] = > F8)-0=o.

Bec’ BecC’

If0 € (' (i.e. 0 € C and 0 # «(), then only the § = 0 term has nonzero expectation

(xo = 1), giving ,
E.[Y Fons(2)]| = [70)] < .

64
gec’

where the last inequality is hypothesis (iii) applied to the non-leader 0 € C’. In either
case |E.[Pcf(2) — PLf(2)]| < 6%/64.

Variance. By pairwise independence of the characters,

~ R R 4
VarZ[Z f(ﬁ)m(z)] = Var[f(B)xs(2)] < D> f(B) < o
peC’ Bec! e
using hypothesis (i).

Applying Chebyshev’s inequality around the mean and absorbing the mean-shift of at
most 62 /64 into the threshold,

2 Var,[P — P; 0*
bul[Pe ()~ Paf() > 2] < ar. | cf<zT>2 /()] .

This completes the proof. U

To apply these concentration results across several algorithmic problems, we encapsulate
them in a unified framework that simplifies the presentation while preserving the essential
ideas. As a first application, we consider the problem of local list correction for the

Hadamard code.



30 Chapter 1. The Coset Hashing Technique

1.1 Local List Correction over the Hadamard Code

A code is a mapping C : X% — ¥ where ¥ is an alphabet, k is the message length, and
n is the codeword length. The image C = {C(z) : « € ¥*} is called the codebook. The
redundancy introduced by encoding is precisely what enables reliable recovery even when
the transmitted word has been corrupted by noise. The error-correcting capability of a
code is governed primarily by its minimum distance, namely the minimum Hamming

distance between distinct codewords.

In the classical setting, a decoder attempts to reconstruct the entire codeword closest to
the received word. This succeeds as long as the corruption level remains below the unique
decoding radius. Beyond this threshold, however, several codewords may simultaneously

lie close to the received word, making unique recovery impossible.

The notion of list decoding was introduced to address precisely this regime. Given a
received word 7, a list decoder outputs all codewords within distance at most pn from r,

namely

{ceC:Ale,r) < pn},

where A(-, -) denotes Hamming distance. The key requirement is that the resulting list

remain small, typically polynomially bounded in the relevant parameters.

Local correction addresses a slightly weaker objective. Rather than reconstructing the
entire codeword, the goal is only to recover a requested coordinate of the underlying
codeword. More precisely, given oracle access to a corrupted word ¢ that is close to some
codeword ¢ € C, alocal correction algorithm, upon receiving an index 7, outputs the i-th

symbol ¢; while making only a small number of queries to g.

Local List correction combines these two notions. When the received oracle may be close
to several codewords simultaneously, the algorithm outputs a small list of correction

procedures

Ap oA

where each procedure corresponds to one nearby codeword. Given an index i, the pro-
cedure A, (i) recovers the i-th coordinate of the associated codeword using only a small
number of queries to the corrupted oracle. Thus, local list correction permits efficient
recovery of individual symbols even in highly corrupted settings where several candidate

codewords coexist.

We now briefly recall the Hadamard code, which admits a particularly clean Fourier-

analytic interpretation. For a vector a € [y, the Hadamard encoding of a is the Boolean
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function

Had,(x) = (—1)<"’m> = Xa(T).

Thus every Hadamard codeword is simply a Fourier character over 7, and the Hadamard

codebook is precisely {x, : a € F5}.

Consequently, for any Boolean function f : Fy — {—1,+1}, the Fourier coefficient

fla) = Bo[f(2)Xa()]

measures the correlation between f and the Hadamard codeword x,. Large Fourier
coefficients therefore correspond exactly to Hadamard codewords having substantial

agreement with the received oracle.

This correspondence allows the coset hashing framework developed earlier to be inter-
preted naturally in coding-theoretic terms. Random coset partitions probabilistically
isolate heavy Fourier coefficients into separate buckets, while bucket-weight estimation
identifies buckets containing significant correlation mass. These isolated heavy coefli-
cients then serve as candidates for the locally correctable Hadamard codewords returned

by the list-correction procedure.

Lemma 1.8. Given oracle access to f : Fy — {—1,+1} and a threshold 0, the algorithm
FOURIER-SIEVE (Algorithm 1) identifies, except with probability at most 1/8, a set of cosets
C C € satisfying the following properties, using O(1/6*) queries to f:

-~

« ForanyC € €, if | f(ac)| > 0, then C' € C.

flac) > 8.

« ForeveryC € C, Zﬁec\{ac} f(B)? < 2%-

« ForeveryC € C,

. .. . . . 40
Here € is a partition of F into cosets of a subspace of codimension log 29—8, and for each coset

~

C' € € the dominant Fourier character is o := arg max,ec | f(a)].

Algorithm 1: FOURIER-SIEVE
Input: Threshold 6, oracle access to f : Fy — {—1,+1}
Step 1: Choose a random subspace H < F% of codimension ¢ = log(21°/6%). Let

¢ denote the collection of cosets of H.

Step 2: For every C € €, estimate the Fourier weight W f within additive error
+60%/4.

Step 3: Discard all cosets whose estimated weight is at most %92.

Output: The set of remaining cosets C
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Proof. [Proof of Lemma 1.8] Let £ denote the event that the conclusions of Claim 1.6
hold and every weight estimate \TVC f is accurate to within 4-6 /4. Both hold except with
probability at most 1/8 + o(1); we condition on £.

-~

(i) All cosets containing heavy coefficients are selected. Let C satisfy | f(a¢)| > 6.

~

Then W f > f(ac)? > 62, so under &,

~ 02 362
WCfZWCf_ZZT7

and C is retained.

~

(ii) No coset with a small dominant coefficient is selected. Let | f(a¢)| < 6/2.

Case 1: |f(ac)| < 6?/64. By Claim 1.6 (iii) (light cosets), W¢ f < %. Hence under &,

- 02 92 92 562 362
Wef <W ., T Y
of < Cf+4<16+4 6 - 1

so (' is discarded.

-~

Case 2: 02 /64 < | f(ac)| < 6/2. By Claim 1.6 (ii) (heavy cosets),

~ o4 0> 9t 562
2
Wef < flac)” + o1 < 7 Tom < 16"

Hence under &, , , , ) ,
~ 0 560 0 96 360

W < W _ - L 7

cf sWel+ T <3+ 716 <1

and C' is not selected.

~

Combining (i) and (ii): every retained coset has | f(ac)| > 0/2, and every coset with

-~

|f(ac)| > 0 is retained.

(iii) Concentration of coset weight around the dominant coefficient. For any

retained coset, | f(ac)| > 0/2 > 6*/64, so by part (i) of Claim 1.6 the coset contains no
other heavy coefficient, and by part (if), > sc o\ (e f(ﬂ)z =W¢f — f(ac)2 < 91/212,

Finally, estimating the weight of each of the 2! = O(1/6®) cosets to within 6?/4 with
confidence 1 — poly(f) requires, by Proposition 1.4, O(1/6*) queries to f in total. O

We now describe a variant of the list-correction procedure tailored to our setting, which
operates on heavy Fourier coefficients that have been implicitly identified through a
collection of cosets. The procedure is formalized in LisT-CORRECTION (Algorithm 2), while

Lemma 1.9 establishes its theoretical guarantees.
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Algorithm 2: L1sT-CORRECTION

Input: A list of cosets C satisfying Lemma 1.8; oracle access to
f:F3y — {—1,41}; query point x € F%; confidence ¢’
Step 1: Sample v, . . ., ¥, independently and uniformly from I3, where
5 = Ollog(1/8)/62).
Step 2: For each C' € C and each j € [v], estimate P f(y;) and P f (x + ;)
within additive error £6/8.
Step 3: For each C € C, set
Roe(#) = median;cg, (sign(Pef (y,) sign(Pof(x +1,)))
Output: {X,.(z): C € C}

Lemma 1.9. Let C be the collection of cosets guaranteed by Lemma 1.8. Then, for any x € F}
and oracle access to f, LisT-CORRECTION (Algorithm 2) outputs values sc € {+1,—1} for
all C' € C such that

Prlsc = Xao(2) forallC €C] > 1-4.

Moreover, the query complexity of the algorithm is O(log(1/8") /62) .

The proof of Lemma 1.9 crucially relies on the fact that a noisy variant of the standard
self-correction procedure, captured in Claim 1.10, succeeds simultaneously for all cosets

returned by FOURIER-SIEVE (Algorithm 1).

Claim 1.10. Let C be the set of cosets returned by Algorithm 1. Then, for any fixed x € F}
and for all C' € C simultaneously,

~J

yljugn [sign(Pcf(m —|—y)) -sign(Pcf(y)) = Xog () forallC eC| > -.

co

Proof. We apply Claim 1.7 with 7 = /8. Each retained coset C' satisfies its three

hypotheses by Lemma 1.8 (in particular | f(ac)| > 6/2and 3 ;. F(B8)? < 6*/2'2). Thus
for each fixed C,

6* 62

le" [‘Pcf(z)_P*Cf(Z)‘ Z%Z“‘%} < W:a

Since 62 /64 + 6/8 < /4 for § < 1, this gives Pr.[|Pcf(z) — PLf(2)] > 6/4] < 62/64.

Because f : Fy — {—1, +1}, the number of Fourier coefficients of magnitude at least 6 /2
is at most 4/6? (Parseval). As each surviving coset contains a unique dominant coefficient

of magnitude > 6/2, we have |C| < 4/6?. A union bound over surviving cosets, applied
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at both evaluation points 2 = y and 2 = = + y (each uniform when y is uniform), yields

1
g

R~
@le
| o

Pr[3C €C: [Pof(y)=Pef)] = § or [Peflaty)—Pef(e+y)| = §| <2

On the complementary event, for every surviving C' and both points, P¢ f is within 6 /4 of

-~ ~

P f = f(ac)Xae, whose magnitude is | f(ac)| > 6/2. Since §/4 < /2, the perturbation

cannot flip the sign, so sign(Pc f(2)) = sign(f(ac)Xa.(2)) atboth z = y and z = = + .
Multiplying,

sign(Pc f(z +y)) sign(Pcf(y)) = Xac (T +Y) Xac (¥) = Xac (),

using Xoe (T + ¥)Xae(¥) = Xae(x). This holds simultaneously for all C' € C with
probability at least 7/8.

Finally, the algorithm accesses only estimates Pc f(z) within +6/8 of the true values;
since the true value has magnitude > 0/2 — 0/4 = 6/4 > 0/8 away from 0 on the good

event, the estimated sign agrees with the true sign, and the argument is unaffected. [
Using Claim 1.10, we now prove Lemma 1.9.

Proof. [Proof of Lemma 1.9] By Claim 1.10, for a single uniform y the sign product
equals X, (x) simultaneously for all C' € C with probability at least 7/8. Taking the
median over v = O(log(|C|/¢")) = O(log(1/(6'8))) independent samples v, . . .,y and
applying a Chernoff bound amplifies the per-coset success probability to 1 — §'/|C|; a
union bound over the |C| < 4/6? cosets yields overall success probability at least 1 — &'
Each sample requires estimating two projections to accuracy /8, which by Proposition 1.2
costs O(1/62) queries, for a total of O(log(1/8") /62) queries. O

Algorithm 3: ESTIMATE-HEAVY-FOURIER-COEFFS

Input: A set of cosets C as in Lemma 1.8; accuracy €’; confidence ¢’

Step 1: Sample x4, ..., z, independently and uniformly from F%, where
\ 1001log(1/(0'9))
- 2 ’
Step 2: For each j € [)], invoke Algorithm 2 with input C, query point x;, and

confidence 1/(20) to obtain Y, (z;) forall C € C.
Step 3: For each C' € C, define f/\(ac) =3 Z;‘:l f(%) Xae ().

~

Output: {}(ac) :C e}

Lemma 1.11. For all C' € C, EsTIMATE-HEAVY-FOURIER-COEFFs (Algorithm 3) outputs

estimates f(ac) such that, with probability at least 1 — &',

-~

(OZC” S 6/.

|}A(Oéc) -
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Proof. Condition on the event that every call to LisT-CORRECTION returns the cor-
rect signs X, (z;) for all C'; by Lemma 1.9 and a union bound over the A calls (each
with confidence 1/(20))), this holds with probability at least 19/20. On this event

f(j)Xac(®j) = f(2;)Xac(xj), Wwhose expectation over uniform z; is exactly f(a¢)

and which lies in [—1, 1]. By Hoeffding’s inequality, with

_ 1 C|
A= 6((5’)2 log 5 )

samples, Pr[|f(ac) — flac)| > '] < §'/|C| for each fixed C. A union bound over all
C' € C gives simultaneous accuracy €’ with probability at least 1 — ¢’ (absorbing the 1,/20

from the sign event into §’). O

Algorithm 4: IDENTIFY-MODULO-INVARIANCE

Input: A collection of cosets C satisfying Lemma 1.8, and parameter 6 € (0, 1).

Step 1. Sample X = {z;,...,x,}, each x; uniform in F}, where
A =06(6"%1og(1/0)).
Step 2. foreach z € X do
Obtain X, () for all C' € C by invoking LisT-CoRRECTION (Algorithm 2) with
confidence parameter § = 1/(20)).
end

Step 3. Using Claims 1.12 and 1.13, find a maximal linearly independent subset of
{a¢ : C € C}; let B denote the corresponding cosets, and record the linear
relations satisfied by each a¢ for C' € C \ B with respect to the basis
{Oéc/ :C'"eB }

Step 4. Return the basis B (as cosets) and the list of linear relations for all
C € C\ B relative to B.

Let S := {ac : C € C} be the set of dominant Fourier coefficients associated with
the cosets in C. Having access to evaluations of x,.. (x) for sufficiently many randomly
chosen z, we can recover linear relations among the heavy Fourier characters in S without

knowing their explicit identities.

Claim 1.12. Let T C S.If ) .- = 0", then for every x € I3,

H Xa(z) = 1.

acT

Proof. For any z € FZ,

[T xale) = TT(~1)) = (—1)Faer s = (—1)©@" =1,

a€T a€cT
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4

Claim 1.13. Let B C S be a set of linearly independent vectors, and let D C B be nonempty.

For a collection X = {x1,...,x\} of uniform independent samples,

Pr|[] xa(z;) =1 forallj € [\]| < 27

aeD

Consequently, the probability that this holds for some nonempty D C B is at most 2~ - 2/Bl,
which is at most 1/100 once A = Q(67%log(1/6)).

Proof. Fix a nonempty D C B. Since B is linearly independent, >, a # 0, so for
uniform z;,

I xa(z)) = x5, palz;)

aeD

is a uniform +1 bit; in particular it equals 1 with probability %, independently across the
) trials. Hence the all-ones event has probability 2. Since |B| = O(1/6?), the number
(1/6*) "and a union bound gives failure probability
at most 27 - 201/%)_For \ = (A2 1og(1/6)) this is o(1), and in particular below 1,/100.

0

of nonempty subsets is at most 218/ = 20

We formalize this approach in a self-contained lemma, which also encapsulates the theo-

retical guarantees of Algorithm 4.

Lemma 1.14. [IDENTIFY-MODULO-INVARIANCE (Algorithm 4) outputs, except with probability
at most 1/20, a basis B C C (via their dominant Fourier coefficients) together with the correct
linear relations for all C € C \ B.

Proof. By Claim 1.12, whenever ) | _,a = 0 the product [[ .+ xa(z) = 1 for all z,
so every genuine linear relation is detected. Conversely, by Claim 1.13, for any linearly
independent set the probability that a spurious relation survives all A samples is at most
272 . 2001/0%) Setting A\ = ©(0~2log(1/6)) makes this at most 1/100; combined with the
1/20 failure probability of the underlying LisT-CORRECTION calls (Step 2), the total failure
probability is at most 1/20. O
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Application I: Testing Linear

Isomorphism

A Boolean function f : F} — {—1,+1} is said to be linearly isomorphic to ¢g : Fj) —
{—1,+1} if there exists A € GL,(F;) such that f(z) = g(Az) for all x € F}. Linear
isomorphism is a fundamental notion with applications in coding theory, circuit complexity,
and cryptography [Ciriani, 2003, Bemporad, 2004, Yordanov et al., 2012, Dautovic and
Novak, 2006, Duursma et al., 2001, Hou, 1994, Cui and Cao, 2007, Dunkelman et al., 2012].
A notable example is given by Reed—Muller codes, which are affine-invariant and whose
decoding algorithms crucially exploit this symmetry [Abbe et al., 2021]. Closely related
isomorphism problems also arise in cryptography, such as the Isomorphism of Polynomials

problem [Faugere and Perret, 2006].

From an algorithmic standpoint, this problem has been extensively studied. Determining
whether two Boolean functions are linearly isomorphic is computationally intractable even
under the strong restriction that the linear transformation is a permutation matrix. The
problem is known to be coNP-hard (when the functions are given in DNF form) and lies in
Y2, but it is not known to be in coNP. Agrawal and Thierauf further showed that, unless
the polynomial hierarchy collapses to 3%, the problem is not X5-complete [Agrawal and
Thierauf, 2000]. The best known algorithm reduces the task to the Hypergraph Isomorphism
Problem and runs in 2°( time [Luks, 1999].

In this chapter, we study linear isomorphism of Boolean functions in the property testing
framework, where the goal is to decide whether an object has a given property or is far
from having it, using only a small number of queries. We work in the stronger tolerant
testing model, which requires distinguishing objects that are close to the property from
those that are far. We now formally define the problem of testing linear isomorphism in

this setting.

Definition 2.1 ((¢, w)-TOLERANT LINEAR IsoMORPHISM TESTING). Let € > 0 and w > 0.
An algorithm is given full access to a known function g : F} — {—1,+1} and oracle

access to an unknown function f : Fy — {—1, +1}, meaning that for any input = € F%

37
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the algorithm may query the oracle to obtain f(z). It must distinguish, with probability

at least 2/3, between the following cases:

« (Yes) There exists A € GL,,(Fy) such that 6(f o A, g) < e.

« (No)Forall A € GL,,(F3),6(f o A, g) > e + w.

Here 0(f, g) denotes the fraction of inputs on which f and ¢ differ, that is,

6(f,g) = Pr [f(z) # g(x)].

z~Fy

We now review prior work on the isomorphism testing problem, covering both algorithmic

upper bounds and lower bounds.

Related Works

Wimmer and Yoshida [2013] were the first to study linear isomorphism testing in the
tolerant setting. They gave an algorithm for the (w, 3w)-tolerant problem with query
complexity O((m/w)?*), where m is an upper bound on the spectral norm of the known
function g. They also proved an adaptive lower bound of {2(m) queries in a certain
subconstant regime of w). In addition, Chakraborty et al. [2012] showed an Q(k) lower
bound for testing linear isomorphism when the known function is a k-junta, which implies
an Q(log m) lower bound in terms of the spectral norm of the known function. Grigorescu
et al. [2013] further proved an adaptive lower bound of £2(n?) queries when the known
function g is the inner-product function on 7 bits. Since the spectral norm of the inner-
product function is at most 2"/2, this also yields an 2(log m) lower bound in terms of

m.

Linear isomorphism is an affine-invariant property, and testing affine-invariant proper-
ties of Boolean functions has been widely studied; see, e.g., [Kaufman and Sudan, 2008,
Bhattacharyya et al., 2015, 2013, Hatami and Lovett, 2013]. In particular, the regularity
framework of Hatami and Lovett [2013] yields tolerant testers for a broad class of affine-
invariant properties, including linear isomorphism to a fixed function. However, a major
limitation of these general frameworks is that the resulting query complexity grows as a

tower-type function of the relevant complexity parameter.

Characterizing which properties admit constant-query testers is a central question in
property testing. In graph property testing, a landmark result is the characterization of all
testable properties via Szemerédi’s regularity lemma [Alon et al., 2006]. In our setting,

Wimmer and Yoshida [2013] gave an analogous characterization for linear isomorphism
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testing, showing that functions with small spectral norm are exactly those for which linear

isomorphism can be tested with a constant number of queries.

A closely related and more restricted problem is testing isomorphism under permutations
of variables, which has also been extensively studied [Blais and O’Donnell, 2010a, Alon
and Blais, 2010, Chakraborty et al., 2011a, 2012, Blais et al., 2015, 2019a]. Alon et al.
[2013a] showed that testing permutation isomorphism for arbitrary Boolean functions
requires §2(n) queries and can be done with O(nlogn) queries. They also proved that
testing permutation isomorphism to a k-junta requires (k) queries, and gave a nearly

matching O(k log k)-query algorithm.

Main Theorems

Prior work exhibits a large gap between the known upper and lower bounds, even for
Boolean functions with small spectral norm, which form the only class admitting constant-
query testers. In this work, we nearly close this gap by presenting a non-adaptive ran-

domized tester with substantially improved query complexity for all € > 0 and w > 0.

Theorem 2.2. Lete > 0 and w > 0. There exists a non-adaptive randomized algorithm (see
Algorithm 5) that solves the (¢, w)-TOLERANT LINEAR ISOMORPHISM TESTING problem for a
known function g : F — {—1, 41} with spectral norm at most m and an unknown function
fiFr — {—1,41}, using O((m/w)*) queries to f, and succeeding with probability at least
2/3. Here, the O(-) notation hides polynomial factors in log m and log(1/w).

2.1 Proofideas

At a high level, we follow the paradigm of testing by implicit learning introduced by
Diakonikolas et al. [2007], and build on the approach of Gopalan et al. [2011] for testing
induced membership in subclasses of Boolean functions with small spectral norm, which
was also used by Wimmer and Yoshida [2013] for linear isomorphism testing. Our
main contribution is a refinement of this approach that yields a tester with significantly
improved query complexity compared to Wimmer and Yoshida [2013]. In the process, we
assemble an efficient list-correction pipeline, which we believe may be of independent

interest in the analysis of Boolean functions. We now outline the overall proof strategy.

We first recall that if two Boolean functions are approximately related by a linear trans-

formation, then their Fourier spectra are strongly correlated. Formally, for f, g : F} —
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{—1, 1}, if there exists an invertible matrix A € GL,,(F3) such that 6(f, g o A) < ¢, then

ST F(B)goAB) > 12 (2.1)

BeFz

and the converse also holds. Moreover, when the known function g has small spectral
norm, this implies that it suffices to focus on the heavy Fourier coefficients of the unknown
function f. The main challenge is to locate and estimate these coefficients using only oracle
access to f, with a number of queries independent of n. At first glance, this seems difficult,
since even identifying a linear function requires {2(n) queries; see, e.g., [O’Donnell, 2014,
Exercise 1.27].

We construct an approximation f* of the unknown function f such that there exists
(a priori unknown to the algorithm) A € GL,(F,) with ||f — f* o A|? < ¢, using
poly(m, 1/€) queries to f, where m is the spectral norm of the known function g. The
crucial observation is that, for testing linear isomorphism, it suffices to learn f only up to

an unknown nonsingular linear transformation.

The key tool enabling this is a local list-correction algorithm for Hadamard Code. Intu-
itively, given a threshold parameter 6, oracle access to f, and a point x € F}, the algorithm
identifies all heavy Fourier coefficients of f and returns a list L, = {XB (x) : \f(ﬁ )| > 9} :
The algorithm is not required to output the Fourier characters 3 themselves, but only
their evaluations at the given point x. Its query complexity depends only on 6 and is
independent of the dimension n. For our purposes, this weaker guarantee is sufficient. By
accessing L, at many random inputs x (polynomially many in 1/6), we show how one
can (i) approximate the heavy Fourier coeflicients of f, and (ii) recover a basis for them,
thereby identifying the coefficients up to a linear transformation. This yields a function
that approximates f up to linear isomorphism, which is adequate for our setting, since
linear isomorphism is itself a linear-invariant property. Thus, it suffices to check over all
possible linear transformations to determine whether a suitable one exists. This can be

carried out offline and does not require any further queries to the unknown function f.

2.2  Our Algorithm

Our tester combines the three tools developed in Chapter 1 into a single implicit-learning

pipeline:

1. FOURIER-SIEVE (Algorithm 1) identifies a set of cosets C capturing every heavy

Fourier coefficient of f (Lemma 1.8);
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2. EsTIMATE-HEAVY-FOURIER-COEFFS (Algorithm 3) estimates the magnitude of each

heavy coefficient (Lemma 1.11);

3. IDENTIFY-MODULO-INVARIANCE (Algorithm 4) recovers a basis for the heavy coeffi-

cients together with all linear dependencies among them (Lemma 1.14).

Each of these routines uses O(1/6*) queries to f; combined and instantiated with 6 =

w/(10m), they use O((m/w)*) queries in total.

2.2.1 Proof of Theorem 2.2

We begin by restating Theorem 2.2 for the reader’s convenience.

Theorem 2.2. Let ¢ > 0 and w > 0. There exists a non-adaptive randomized algorithm (see
Algorithm 5) that solves the (€, w)-TOLERANT LINEAR IsOMORPHISM TESTING problem for a
known function g : F5 — {—1, 41} with spectral norm at most m and an unknown function
f:Fy — {—1,+1}, using O((m/w)) queries to f, and succeeding with probability at least
2/3. Here, the O(-) notation hides polynomial factors in log m andlog(1/w).

Proof. We prove the theorem by presenting an explicit algorithm, LinearlsoTester

(Algorithm 5), and analyzing its guarantees. Set the parameters

_ W _ 100, ' 100
= Tom’ g2 08 g2

Pipeline guarantees. The tester invokes the three Chapter 1 routines in sequence on

the unknown function f.

1. FOURIER-SIEVE (Algorithm 1) outputs a collection of cosets C such that, by Lemma 1.8:

-~

(a) every a with | f(a))| > @ lies in some C' € C;

-~

(b) every C' € C has dominant coefficient o with |f(ac)| > 0/2; and

-~

(c) every C € C satisfies 351 (o f(8)? < 01/2"2.

By Lemma 1.8 this step uses O(1/6*) queries and fails with probability at most 1/8.

-~

2. EsTIMATE-HEAVY-FOURIER-COEFFs (Algorithm 3) returns estimates f(ac¢) with
]f(&c) - ]?(ac)| < 0/10 for all C' € C. By Lemma 1.11 this step uses O(1/6%)
queries and fails with probability at most 1/20.
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3. IDENTIFY-MODULO-INVARIANCE (Algorithm 4) returns a basis B C C (via their
dominant coefficients o) spanning the linear span of {a¢ : C' € C}, together with
the correct linear relations for all C' € C \ B. By Lemma 1.14 this step uses O(1/6*%)
queries and fails with probability at most 1/20.

By a union bound over the three stages, the pipeline succeeds on all three simultaneously

except with probability at most

1 1 1 9

s 720730 10"

] =

Constructing the proxy f*. Using the basis B = {«4, ..., «,} and the estimates from
step 2, define the real-valued proxy

~

A i ) - f C c C7
- Z flac) Xac equivalently f*(a) = f(@), a= ac for some

cec 0, otherwise.

Although the explicit identities of the o are unknown, step 3 fixes them up to an un-
known nonsingular linear transformation, which is all that is required below since linear

isomorphism is a linear-invariant property.

The following claim shows that this proxy suffices for testing.

Claim 2.3. Suppose f and g are e-close to being linearly isomorphic. Then there exists a
nonsingular transformation A such that ) f\*(b’) g/ojl(ﬁ) > 1—2e—w/100. Conversely, if
there exists a nonsingular transformation A satisfying > _ 5 f*(3) g o A(8) > 1—2e—w/100,
then f and g are (€ + w/100)-close to being linearly isomorphic.

Proof. Suppose f and g are e-close to linearly isomorphic, so there is an invertible A
with Pr,[f(z) # g o A(x)] < e. Since f,g € {+1,—1},

Zf )50 A(B) = ELf(2) g0 A()] = 1—2Pr[f(x) # go A(x)] 2 1 -2

Each coefficient of f* approximates that of f within additive error #/10 on the support B,
which has size | B| < |C| < 4/6?, and f* is supported only there. Hence

~ 6 0 w
* A(S A )—— gl >1—-2e——m=1—2— —
;f (5)90 Zf go 10 9]l > € mm € 100’

using § = w/(10m) and [|g]|; < m.
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For the converse, suppose the algorithm finds A with } -, Iz (8) g/o\A(ﬂ) > 1—2e—w/100.

Since each estimate is within /10 of the true value,

w 2w
Zf )goA(B >1—26—m——||g||1_1—26—ﬁ
By Parseval,
S (78 - 59A®) =S 67 ~23 f(5) g0 A) + 3 g0 A
B B B B
~ —_— 4
:2-2% (3)goAB) <2-2(1—2e— B) = de+ .
Therefore

()~ g0 A@)] < § (et 35 ) =+ 15

NH

Pr(f(z) # go Alx)] =

so f and g are (¢ + w/100)-close to linearly isomorphic. O

Offline decision. Given f*, accept iff there exists a nonsingular A € GL,,(F3) with

ZgoA(a)f( )>1—26—m

This search uses full access to g and the recovered f* (given up to linear invariance), and
makes no further queries to f. Correctness of this decision rule is exactly Claim 2.3: in the
Yes case such an A exists, and in the No case (where §(f o A, g) > ¢ + w for all A) no such
A can satisfy the inequality, since it would certify (¢ 4+ w/100)-closeness, contradicting

the promise for w/100 < w.

Overall failure probability and query complexity. The pipeline yields a valid f*
except with probability at most £ + 5 + 55 = 2t < 3; the offline decision is deterministic
given f*. Hence the tester errs with probability at most 1/4 < 1/3, meeting the required
2/3 success probability. All queries to f occur inside the pipeline (steps 1-3), each stage
costing O(1/6*) queries; with 6 = w/(10m) the total is O(1/6*) = O((1n/w)*) queries.
This completes the proof. U
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Algorithm 5: LinearlsoTester

Input: A known function g with ||g||; < m; oracle access to f; parameters ¢ > 0,
w > 0.
Output: AccerT if §(f o A, g) < € for some A € GL,(IFy); RejecT if

6(fo A, g)> e+ w forall such A.
Initialization: 0§ = Sl A= 100 log @
10m’ 2 62
Step 1. Run FOURIER-SIEVE (Algorithm 1) on f with threshold 6 to obtain a set of
cosets C capturing all o with |fA(oz)| > ¢ (Lemma 1.8).;

Step 2. Run EsTIMATE-HEAVY-FOURIER-COEFFS (Algorithm 3) on C to obtain

~

estimates f(ac¢) within +60/10 for all C' € C (Lemma 1.11);

Step 3. Run IDENTIFY-MODULO-INVARIANCE (Algorithm 4) on C to obtain a basis
B ={ai,...,a,} of {ac : C' € C} and all linear relations among them
(Lemma 1.14),;

Step 4. Define f* by f*(ac) = f(ac) for C € C and f*(a) = 0 otherwise.;

Step 5. Accepr iff there exists nonsingular A € F;*" with

Y goA(a) f(a) > 1 -2 — —

a€cFy
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Application II: Distribution-Free /5
Testing of Fourier Sparsity

Sparsity is one of the most powerful ideas connecting modern machine learning and
theoretical computer science. It captures the intuition that, even in high-dimensional
settings, many natural functions or signals depend only on a small number of relevant
components. This assumption underlies algorithms that are both sample- and time-
efficient, forming the basis of techniques such as sparse linear regression, decision tree
learning, and compressed sensing. Across these frameworks, the common principle is
simple yet profound: if a function admits a sparse representation in a suitable basis, such
as Fourier, wavelet, polynomial, or a learned dictionary, then learning and inference can
be made dramatically more efficient. A particularly elegant setting where sparsity plays
a central role is that of real-valued functions over the Boolean hypercube ;. Fourier
analysis [O’Donnell, 2014, Stein and Shakarchi, 2003] provides a natural orthonormal

basis for such functions. Every function f : F§ — R can be expressed as

flo) =" fla)(=1)&,

a€cly

~

where f(«) denotes the Fourier coefficient at frequency « and (-, -) denotes the standard
inner product over 5. The Fourier sparsity of f, defined as the number of nonzero
coefficients in this expansion, quantifies how succinctly the function can be represented

in the Fourier basis.

In learning theory, functions with sparse Fourier spectra arise naturally and have been
studied extensively. Prominent examples include graph and hypergraph cut functions,
as well as decision trees of bounded depth, whose Fourier spectra are concentrated on
low-degree coefficients [Amrollahi et al., 2019, Stobbe and Krause, 2012, Linial et al., 1993].
For instance, the cut function of a graph can be represented as a degree-2 multilinear
polynomial in the Fourier basis, while the cut function induced by a degree-d hypergraph
admits a similar representation of degree at most d. More generally, the Fourier spectrum

of a Boolean decision tree of depth d is entirely supported on coefficients of degree

45
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at most d. Learning such functions has recently found applications in neural network
hyperparameter optimization [Hazan et al., 2018]. From an algorithmic perspective,
efficiently learning Fourier-sparse Boolean functions from uniform random examples has
long been a central open problem in computational learning theory [Blum, 2003]. Over the
years, many approaches have been explored, often under relaxed models or with stronger
access [Kushilevitz and Mansour, 1993, Hassanieh et al., 2012b, Vershynin, 2018, Ishay
and Regev, 2017, Amrollahi et al., 2019, Indyk et al., 2014]. Almost all of these algorithms,
however, assume prior knowledge of the target function’s Fourier sparsity level. This
naturally motivates the need for testing for Fourier sparsity, which aims to validate the
Fourier sparsity assumption without fully learning the function. Such tools can serve as
effective preprocessing steps in computationally expensive learning pipelines, both for
validating sparsity assumptions and for initializing sparsity parameters in downstream

algorithms.

Property testing was introduced in the seminal work of Blum, Luby, and Rubinfeld [Blum
et al., 1993b] and has since developed into a mature branch of theoretical computer science,
particularly well suited for questions of this type. It studies algorithms that, given query
access to an unknown function, decide whether the function satisfies a specified property
or is far from every function having that property. The objective is to make this decision
using as few queries as possible, typically sublinear in the size of the domain. Distance is
measured with respect to an underlying input distribution, most commonly the uniform
distribution. We refer the interested reader to Goldreich [2017] for a comprehensive
survey of classical results in this area. The problem of testing Fourier sparsity in the
property-testing framework has been studied in a sequence of works [Gopalan et al.,
2011, Yaroslavtsev and Zhou, 2020, Ghosh and Roy, 2025]. In Gopalan et al. [2011], the
underlying distance notion was the Hamming distance, whereas later works considered
the Euclidean distance, which we believe is a more natural measure in machine-learning
settings. In particular, Yaroslavtsev and Zhou [2020] showed that using O(s/e*) queries
one can determine whether an unknown function is s-Fourier-sparse or e-far from every
such function in Euclidean distance. On the lower-bound side, they showed that any
tester solving this problem must make at least €2(1/s) queries. Very recently, Ghosh and
Roy [2025] proposed a simpler tester, with query complexity O(s /%) and established a
matching lower bound of €)(s), thereby proving optimality up to logarithmic factors and
nearly closing the gap between upper and lower bounds. Another important aspect of
the upper-bound techniques in Ghosh and Roy [2025] and Yaroslavtsev and Zhou [2020]
is that the corresponding testers are nonadaptive, i.e., the set of queries is fixed before
any oracle interaction. By contrast, the lower-bound arguments of Ghosh and Roy [2025]

apply even to adaptive testers, which are allowed to select queries based on previous
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oracle responses.

All existing work on testing Fourier sparsity has focused on the uniform-distribution
setting, where distance is measured with respect to the uniform measure on the Boolean
cube. While this assumption is mathematically convenient, it is often unrealistic in
learning scenarios, where the input distribution may be structured, biased, or entirely
unknown [Valiant, 1984]. This observation motivates the study of the distribution-free
setting, originally introduced in Halevy and Kushilevitz [2007]. In this model, distance
between functions is measured with respect to the unknown underlying distribution, and
the tester is required to distinguish functions that satisfy the property from those that are
far from it under this distribution. The tester must succeed for every fixed but unknown
distribution over [} and is given only sample access to the distribution. More precisely,
distribution-free property testing is the analogue of the PAC+MQ model of learning
(traditionally studied via the equivalent EQ+MQ framework) [Kearns and Vazirani, 1994],
whereas standard property testing corresponds to learning under the uniform distribution
with membership queries. Designing efficient testers in the distribution-free model is
significantly more challenging, as many uniform-distribution testers rely on the fact that
functions far from the property contain many small local witnesses, which can be found
via random sampling. In contrast, in the distribution-free setting, a function may be very
close to the property under the uniform distribution, hence containing few such witnesses,
while simultaneously being far from the property with respect to some arbitrary input
distribution. In fact, it is known that there is no generic transformation that can convert
a standard (uniform-distribution) tester into a distribution-free tester for an arbitrary
nontrivial property [Goldreich et al., 1998]. Indeed, designing distribution-free testers is
particularly subtle: moving from the uniform-distribution setting to the distribution-free
setting can, in general, lead to a dramatic increase in complexity. A concrete illustration
of this phenomenon is provided by the class of junta functions. In the uniform-distribution
setting, Blais [2008] gave a nonadaptive tester for k-juntas with query complexity 5(15?’/ 2).
However, Liu et al. [2019] later showed that in the distribution-free model, any nonadaptive
algorithm for testing k-juntas over {0, 1}" must make 2°(*) queries, even for ¢ = 1/3. In
this work, we initiate a systematic study of Fourier sparsity testing in the distribution-free
setting. Given oracle access to an unknown function and sample access to a fixed but
unknown input distribution, we ask whether one can design a tester that distinguishes
functions with at most s nonzero Fourier coefficients from those that are e-far (in an
appropriate distance measure) from every such function, with respect to the underlying
distribution. Motivated by the junta-function scenario, a natural question is whether such
a goal can be achieved with only a modest blowup in query complexity compared to the

best-known tester in the uniform-distribution setting. Our work answers this question in
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the affirmative. We now formally define the problem studied in this work.

(¢, §)-Distribution-Free s-Fourier Sparsity Tester

Input. Oracle access to a function f : F; — R satisfying E,rp [ f (x)Q] = 1, and sample

access to an unknown distribution D over [F5.

Goal. Design a randomized algorithm that makes as few oracle queries to f and as few
samples from D as possible, and distinguishes, with probability at least 2/3, between the

following two cases:

« (YES) The function f has at most s nonzero Fourier coefficients.

« (NO) For every function g : F}y — R with at most s nonzero Fourier coefficients,
Pr[1f(2) — g(a)] > €] > 6

Complexity measure. The complexity of the algorithm is measured in terms of the

number of oracle queries to f and the number of samples drawn from the distribution D.

Remark 3.1. The assumption on the expected squared norm of the unknown function is
without loss of generality: any function can be rescaled so that its expected squared norm

equals 1.

Main Theorem

We first note that the notion of distance used in this work (see Definition 3.3) is a stable
variant of the ¢, distance. In particular, in the uniform-distribution setting, being e-far
under this distance notion implies being far in the standard ¢, distance. Consequently,
existing nonadaptive testers for Fourier sparsity under the /5 distance in the uniform-
distribution setting remain applicable in our framework. Finally, we observe that the
lower bound of Ghosh and Roy [2025] also extends to this distance measure for constant
parameters ¢ = O(1) and 0 = O(1), yielding a lower bound of 2(s) for this problem. We

now state our result.

Theorem 3.2 (Main Theorem). Foranye,d € (0,1) and s € N, there exists a nonadaptive
randomized algorithm with success probability at least 2/3 for the (¢, 0)-distribution-free
4

. . . ~( S .
s-Fourier sparsity testing problem that makes O 518 oracle queries to the unknown

function and draws O(1/6) samples from the input distribution.
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Somewhat surprisingly, this result shows that moving from the uniform-distribution
model to the distribution-free setting incurs only a quadratic overhead in query complex-
ity. This behavior stands in sharp contrast to the junta testing scenario, where, in the
absence of adaptivity, the query complexity in the distribution-free setting is known to
be exponentially larger than in the uniform-distribution model. Beyond this algorithmic
result, we develop new Fourier-analytic techniques for analyzing Boolean functions with
sparse Fourier spectra under arbitrary input distributions. These techniques may be of

independent interest for distribution-free testing and learning problems more broadly.

Organization

The remainder of the chapter is organized as follows. In Section 3.1, we provide a high-
level proof sketch of our main result, highlighting the key intuitions. Section 3.2 presents

our testing algorithm together with its analysis and correctness proof.

3.1 A Warmup Algorithm

We now provide a high-level overview of our algorithm for testing Fourier sparsity
in the distribution-free setting. The purpose of this section is to convey the intuition
underlying our approach, abstracting away from technical details. Accordingly, the
algorithm presented here should be viewed as a conceptual sketch rather than the final

implementation; the complete description and analysis appear later (Section 3.2).

We begin by defining the following notions, which will be useful throughout the rest of

the chapter. We denote by P; the class of all s-Fourier-sparse functions.

Definition 3.3 (c-error distance). Let D be a distribution over F} and let f, g : F} — R

be two functions. For any € > 0, the e-error distance between f and g under D is

dists,(f.9) = Pr [|f(x) — g(x)| > ].

Definition 3.4 (Distance to P;). For a function f : F} — R, the e-error distance from P;

with respect to D is
disth, (f, Ps) := inf dist;,(f, g).
9€Ps

At a high level, our approach is inspired by the work of Halevy and Kushilevitz [2007],
which combines self-correction with one-sided testers under the uniform distribution

to obtain distribution-free property testers. However, their framework applies only to
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Boolean-valued functions f : F — {0, 1} and does not extend to real-valued functions.
In this work, we develop a framework for handling real-valued functions in a similar
spirit. We believe this approach is of independent interest, especially given the widespread
use of the techniques of Halevy and Kushilevitz [2007] in the design of distribution-free
property testers. This extension is particularly relevant in light of the prevalence of real-
valued functions in modern machine-learning settings, and we believe it will be useful for

designing distribution-free testers for many subclasses of Fourier-sparse functions.

We begin by presenting the top-level structure of our algorithm, deliberately suppress-
ing many implementation details. To this end, we assume access to two algorithmic
primitives: (i) a tester for Fourier sparsity under the uniform distribution, and (ii) a self-
approximation procedure for the class of Fourier-sparse functions. We then show how
these two components can be combined to obtain a distribution-free tester for Fourier

sparsity.

Assumption 3.5 (Uniform-Distribution Fourier Sparsity Tester). Givene € (0,1)
and 6 € (0,1), let f : F} — R be an unknown function accessible only via black-box query
access. There exists a randomized tester I" such that:

« Completeness: If f € P,, then P[T(Oy,¢,0) = YES| > .

« Soundness: If distj,(f, P;) > 0, then Px[T(Oy,e,6) =NO| > 2.

Moreover, the tester T’ makes poly (s, 1/e,1/9) queries to the oracle for f.

Assumption 3.6 (Self-Approximator for Fourier-Sparse Functions). Given s € N,
7 € (0,1), andn’ € (0,1), let f : Fy — R be an unknown function accessible only via

black-box query access. Define

* = argmin||f —g|[3 = argmin E z) — g(x))?

g gmin|f —gll; = argmin E [(£(2) - g(x)],

that is, g* is an s-Fourier-sparse function minimizing the squared {5 distance from f under
the uniform measure on IFy. Then there exists a randomized algorithm A(Oy, 1,7, -) such

that for every x € Fy,
Pr[|A(Os, 70 2) — g (x)| < 7] > 17,

where the probability is taken over the internal randomness of the algorithm. Moreover, the

algorithm A makes poly(s,1/7,1/n') queries to the oracle for f.

Assuming these primitives, we now show how they can be combined to solve the distribution-

free Fourier sparsity testing problem. In particular, Algorithm 6 presents a high-level
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sketch of how these components interact to yield our tester. Here m plays the role that

the sample count 7" plays in the full algorithm of Section 3.2.

Algorithm 6: Distribution-Free Fourier Sparsity Tester (Sketch)

Input: Oracle access to f : [, — R; sample access to a distribution D; proximity
parameter ¢; distance parameter 9.
Output: YES if f is Fourier-sparse under D; NO if f is far.

Step 1 (Uniform test). Run 7'(Oy, ¢, 6). If T returns NO, output NO and halt.;
Step 2 (Consistency test). Sample x4, ..., 2z, ~ D independently, where
m = [¢/d] for a sufficiently large absolute constant c. Query f(z;) and compute
A(Oyp,e/4,1/(20m), x;) for all i € [m].;
Step 3 (Decision). Output NO if there exists i € [m] with

|A(Oy,e/4,1/(20m), ;) — f(x:)| > 3e/4;

otherwise output YES.;

Analysis of Algorithm 6

We prove that Algorithm 6 is a correct (e, §)-distribution-free tester for Fourier sparsity

by establishing completeness and soundness.

Proof. [Correctness of Algorithm 6]

Completeness. Assume that f € P,. By Assumption 3.5, the uniform-distribution
Fourier sparsity tester 7'(Oy, €, d) accepts with probability at least 9/10. Hence, Algo-
rithm 6 proceeds to the consistency-testing stage. By Assumption 3.6, invoked with

accuracy ¢/4 and failure probability 1/(20m), for every x € F7,

1
Pr[|A(Oy,e/4,1/(20m), z) — ¢*(z)| < e/4] > 1 — S0m”
m
Since f € Ps; we have g* = f,so |A(--+ ,x) — f(x)] < /4 < 3¢/4. Applying a union
bound over the m sampled points z1, . . . , z,,, the estimator succeeds on all samples except
1

with probability at most m - 55— = <. Therefore, the consistency test does not reject and
m 20

Algorithm 6 outputs YES with probability at least 1 — (% + 2—10) > %

Soundness. Assume that dist}, (f, Ps) > . We distinguish two cases.

Case 1. disty,(f, Ps) > 0. By Assumption 3.5, the uniform-distribution tester rejects with
probability at least 9/10, and the algorithm outputs NO.
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Case 2. distj;(f,Ps) < 6. Letg* := arg mingep,
9,

f—gl|3- Since g* € Psand dist},(f, Ps) >

Pr(|f(x) —g*(@)| > €] > 6

By Assumption 3.6, the estimator A/ (z) := A(Oy,e/4,1/(20m), z) satisfies | A/ (x)—

g*(x)| < /4 for all sampled z except with probability at most m - 73— = o,

union bound over the m samples. The tester can incorrectly output YES only if none

by a

of the m points x1, . .., x,, drawn from D satisfies | f(x;) — g*(x;)| > € (indeed, on
any such point the estimate obeys |Af(x;) — f(x;)| > € — £/4 = 3¢/4, triggering

rejection). This event occurs with probability at most

1—9)"m < —om < —
(1-9)"<e 10
for our choice of m. Combining with the estimator failure probability, the tester

rejects with probability at least 1 — (1% + %) > %

This completes the proof of correctness of Algorithm 6. U

What remains is to instantiate the uniform-distribution Fourier sparsity tester and the ac-
companying self-approximator for the class of Fourier-sparse functions. Both components
rely on the coset-hashing toolkit of Chapter 1. We refer the reader to Indyk [2013] for an
excellent survey of the underlying sketching-by-hashing technique. The core idea is to
randomly project the Fourier spectrum of a function f onto cosets of a random subspace of
sufficiently large codimension. Under such a projection, Fourier coefficients of relatively
large magnitude are mapped to cosets in an essentially pairwise independent manner. This
observation was first exploited by Feldman et al. [2006a] in the study of halfspaces, and
later by Gopalan et al. [2011] in the context of testing Fourier sparsity. We build upon this
framework using the refined analysis of the coset-hashing process developed in Chapter 1
(see also Datta et al. [2026b]). We now describe the main technical ideas underlying the

implementation of the Fourier sparsity tester and the self-approximator.

After projecting the Fourier spectrum, the algorithm seeks to identify heavy cosets, namely
those containing Fourier coefficients of relatively large magnitude. From these, it recovers
the top s cosets, ranked by magnitude. At this stage, two sources of error may arise.
The first is an estimation error, since individual Fourier coefficients cannot be accessed
directly and must be estimated from samples. The second is a hashing error, as a coset
may contain additional, non-heavy Fourier coefficients whose contributions contaminate
the estimate. Our analysis shows that, despite these sources of error, it is still possible to
obtain an additive approximation to the top s Fourier coefficients of f. More precisely, we

recover an additive estimate of the Fourier mass corresponding to the best s-Fourier-sparse
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approximation to f in squared /5 distance under the uniform distribution. We then relate
this approximation guarantee to our distance notion. In particular, if distf,(f, Ps) > 0,
then f is Q(g%§)-far, in squared /5 distance, from every s-Fourier-sparse function. By
Parseval’s identity, this implies that the total Fourier mass of the top s coefficients of f is
at most 1 — Q(¢24). Consequently, an additive estimate of the top-s Fourier mass suffices
to distinguish s-Fourier-sparse functions from those that are far. With an appropriate
choice of parameters, this yields a one-sided tester for Fourier sparsity under the uniform

distribution with respect to our notion of distance.

For the self-approximator, we draw on self-correction for Hadamard codes (Proposition 1.31
in O’Donnell [2014]). Once a coset containing a heavy Fourier coefficient f(a) has
been identified, we can evaluate the corresponding character x,, at queried points via a
variant of self-correction adapted to our setting (Chapter 1, Algorithm 2 and Lemma 1.9).
By collecting sufficiently many such evaluations and averaging quantities of the form
Xo(7) f(z), we estimate the magnitude of the corresponding Fourier coefficient. Repeating
this for all identified heavy cosets yields an approximation to the closest s-Fourier-sparse
function. At this stage, we do not recover the identities of the heavy coefficients themselves,
only their magnitudes. Nevertheless, to evaluate the resulting approximation fat a point
z, it suffices to know the magnitudes of the top s Fourier coefficients together with the
values of the corresponding characters at z, which are again obtained via self-correction.
The crux of our analysis is to show that this approximation is sufficient for accurate error
estimation in the ¢; sense. Finally, our self-approximator construction is quite general and

may find independent applications in other testing and learning problems.

3.2 The Main Algorithm

The main technical tool underlying our approach is a local list-correction procedure
for Hadamard codes, developed in Chapter 1. Given only query access to f, we first
implicitly identify heavy codewords (Algorithm 1, Lemma 1.8), corresponding to large
Fourier coefficients, without explicitly recovering their identities. Through a specialized
self-correction procedure (Algorithm 2, Lemma 1.9), we obtain oracle access to evaluations
of the associated Fourier characters y, on requested inputs. By performing sufficiently
many such evaluations, we estimate the corresponding Fourier coefficients within the
desired accuracy (Algorithm 3, Lemma 1.11), thereby constructing an approximation to
the closest s-Fourier-sparse function. We recall the guarantees of these three Chapter 1

routines that we use as black boxes:

« FOURIER-SIEVE (Algorithm 1, Lemma 1.8): given a threshold 0, returns cosets C
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-~

capturing every « with | f(«)| > 6, each with a dominant coefficient of magnitude

> /2 and residual coset mass < 0*/2'2, using O(1/0*) queries.

+ L1sT-CORRECTION (Algorithm 2, Lemma 1.9): for any z, returns X, (z) forall C € C
correctly with probability > 1 — &, using O(log(1/4")/6%) queries.

~

« EsTiMATE-HEAVY-FOURIER-COEFFS (Algorithm 3, Lemma 1.11): returns f (o) within

-~

+e’ of f(ae) for all C € C, with probability > 1 — ¢§'.

3.2.1 Proof of Theorem 3.2

We begin by showing that if the heavy Fourier coefficients of a function are estimated
with sufficient accuracy, then truncating to the top-s Fourier coefficients yields a good

approximation in both #; and /3 senses. For each « € [y, suppose we are given an estimate

o~ o~

fla) = f(a) + ea, where |e,| < 7.

~

Let S* denote the set of indices of the s largest Fourier coefficients | f ()

-~

,and let T" denote

the set of indices of the s largest estimated coefficients | f(«)|. Define

Ari= S @) = S (@) S Fl)? =5 fla)?|.

aES* a€eT aES* a€eT

s AQ —-

Claim 3.7. A; < 2ns and Ay < 4n4/s.

~

Proof. By Parseval’s identity, > f(«)? = 1. Let oy, . .., az» denote the Fourier coeffi-
cients of f, ranked by magnitude, ties broken arbitrarily. Then the s-th largest satisfies

Flaw)] < —. 1)

B

Let A= S5*\Tand B =T\ 5" Since |S*| = |T'| = s, we have [A| = |B| < s. For any

a € Aand § € B, the definition of 7" implies | f(/5)| > | f(«)]|. Using |e,| < 7, we obtain

-~ -~

|f(B)] +n>|f(a)] —n, hence

~

[F()] = 1F(B)] < 2n. 2)

To bound Ay, pair each o € A with a distinct 5 € B. Using (2),

ST =S 1AB <> 20 < 25,

a€cA BEB pairs
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proving the first inequality. For A, for each paired («a, (),

~ ~ ~ ~ ~

Fla)? = F(3)* = (1f(@)] = [FB) (If ()] + [F(B)])-

~ ~ ~ ~

By (1) and (2). [7(a)| + [F()] < 2/v/3. s0 ()2 — F(8)* < 4n//5. Summing over at
most s pairs yields Ay < 474/s. O

We now prove the main theorem. Throughout, we condition on the event that all subrou-
tines invoked in Steps 1-4 of Algorithm 7 succeed; the total failure probability is bounded
at the end via a union bound. By the guarantee of FOURIER-SIEVE (Algorithm 1, Lemma 1.8),
all cosets containing Fourier coefficients of magnitude at least 6 are identified. By ESTIMATE-
HEeAvY-FOURIER-COEFFs (Algorithm 3, Lemma 1.11), each such coefficient f(ac) is esti-
mated to additive accuracy at most 6/8. Set ) := 0/8 = £25/(160s). By Claim 3.7, this
choice gives A; < 2ns = £26/80 < /4 and Ay < 4ny/s = £2§/(40+/5) < £2§/2, using
s>1lande, 0 € (0,1).

Completeness. Assume [ € Py, i.e., f isexactly s-Fourier-sparse. Then all Fourier mass
of f is on its top s coefficients, so the sum of squares of the top s true coefficients equals 1.
By the bound on Ay, the estimate produced by the algorithm satisfies ) ¢ Flac)? > 1—
£20/2, so the algorithm does not reject in Step 3. Let J?be the hypothesis constructed by the
algorithm. By the estimation and truncation guarantees, for each sample z; ~ D we have
Pr]|f(z) — f(z)| > €/4] < §/200. Since the algorithm draws 7' = 20/¢ independent
samples, a union bound implies that with probability at least 9/10 all samples satisfy

|f(zi) — f(z1)] < e/4 < 3e/4. Thus the algorithm accepts, establishing completeness.

Soundness. Assume dist},(f, Ps) > J. We consider two cases.

Case 1. disty,(f, Ps) > 0. Let g* be the best s-Fourier-sparse approximation to f under
the uniform distribution. Then Pr,.y[|f(z) — ¢*(x)] > €] > §, which implies
E,-v[(f(z) — g*(x))?] > £24. Since g* is the truncation of f to its top s Fourier
coefficients, the (3-mass outside the top s is at least £20; equivalently, the sum of
squares of the top s coefficients is at most 1 — £24. Using the bound on A,, the

estimate in Step 3 falls below 1 — £2§/2, so the tester rejects.

Case 2. distj,(f, Ps) < 0. Let g* again denote the best s-Fourier-sparse approximation to
f under the uniform distribution. Since dist%,(f, Ps) > 9, Prop[|f(z) — g*(x)| >
¢] > 6. By construction of f and the bound A; < £/4, each evaluation f(x) satisfies

|f(z) — g*(x)| < e/4 except with probability §,/200 (the per-call failure probability

of LisT-CORRECTION); by a union bound over the 7" = 20/ evaluations, all of
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Algorithm 7: Distribution-Free Fourier Sparsity Tester

Input: Oracle access to f : i, — R; sample access to a distribution D; sparsity

parameter s; proximity parameter ¢; distance parameter 0.
P
e

—\ T :=20/6.

20s /

Step 1 (Heavy Fourier coefficient identification). Invoke FOURIER-SIEVE
(Algorithm 1) with threshold € to implicitly identify the heavy Fourier
coefficients of f (repeating a constant number of times and keeping a successful
run; see the analysis). Let C denote the returned cosets.;

Step 2 (Estimating heavy Fourier coefficients). For each coset C' € C, estimate

Initialization: 0 :=

~ ~

the dominant Fourier coefficient f(«¢) to obtain f(a¢) with additive error
+6/8 and confidence 1 — 62 /100, using ESTIMATE-HEAVY-FOURIER-COEFFS
(Algorithm 3).;

Step 3 (Constructing an s-Fourier-sparse approximation). Let S C C be the

~

set of the s cosets with largest | f(a¢)|. If

S flac) <1- =

2
Ces

then Reject; otherwise continue.;
Step 4 (Consistency check). Fori =1,...,T%;
Sample z; ~ D.;
Invoke LisT-CORRECTION (Algorithm 2) with additive error £6/8 and
confidence 1 — §/200 to evaluate x,.(2;) forall C € S,;

~ ~

Compute f(2i) := > ces flao) Xac (21)

If | f(2z:) — f(2i)] > 3¢/4, then Reject;
Step 5 (Decision). Accept,;
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them are accurate except with probability at most 1/10. For any point satisfying

both |f(z) — g*(x)| > ¢ and | f(z) — ¢*(x)| < /4, the triangle inequality gives
|f(x)— ]?(x)] > 3¢/4; hence each sample triggers rejection with probability at least
d — /200 > §/2. Since the algorithm draws 7" = 20/6 samples, the probability
that none triggers rejection is at most (1 — §/2)” < 1/10. Therefore the algorithm

rejects with probability at least 9/10.

Completeness and soundness together establish that Algorithm 7 is an (e, d)-distribution-

free tester for s-Fourier sparsity.

Overall success probability. The one subroutine whose native failure probability
exceeds 1/100 is FOURIER-SIEVE (Step 1), which by Lemma 1.8 fails with probability at
most 1/8. Running Step 1 a constant number » = O(1) of times and retaining a run whose
output passes the subsequent (query-free with respect to f) consistency checks drives its
failure probability below 1/100; this costs only an O(1) factor, absorbed in the O(-) query
bound. Every other step then succeeds with probability at least 99/100, and by a union
bound over the O(1) steps the overall tester succeeds with probability at least 2/3.

Query Complexity

Set § = ¢%§/(20s), so that 1/0 = O(s/(g%))).

At Step 1, FOURIER-SIEVE is invoked with threshold 6. By Lemma 1.8, this uses O(1/6%)
oracle queries (times the O(1) amplification factor). At Step 2, ESTIMATE-HEAVY-FOURIER-
CoErFFs achieves estimation accuracy #/8 with confidence 1 — poly(f). By Lemma 1.9,
each per-point list-correction call uses 5(1 /0?) queries, and since the estimator averages
over O(1/62) points, Step 2 costs O(1/6*) queries. At Step 4, LisT-CORRECTION is invoked
T = O(1/6) times, each using O(log(1/5)/6%) queries, for a total ofa(% ) = 6(%)

which is of lower order than Steps 1-2. The dominant cost is therefore

O(1/0") = O (58?) oracle queries,
matching Theorem 3.2. The sample complexity is dominated by Step 4, which draws
T = O(1/5) samples from D, i.e. O(1/8) samples, as claimed.

This completes the proof of Theorem 3.2.
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Application III: Improved ¢ Testing of

Fourier Sparsity

Boolean functions are fundamental in machine learning and theoretical computer science,
as they naturally model decision rules in binary classification, logical circuits, and related
computational processes. They have been extensively studied in learning theory [Kearns
and Vazirani, 1994], complexity theory [O’Donnell, 2014], and cryptography [Carlet, 2020].
Their structural simplicity has enabled researchers to design efficient algorithms across
many domains of computer science. Among various structural measures, one that is
particularly important in learning theory is Fourier sparsity, which counts the number of

nonzero coefficients in the Fourier expansion over }. Formally, for f : F§ — {—1,+1},

f(:L’) = Z J?(Oé) Xa(x)7 on(x) = (_1)(93,@)7

aclFy

with Fourier support supp(f) = {a : f(oz) # 0}. A function is s-Fourier sparse if

~

[supp(f)| < s.

Because many natural classes of Boolean functions are Fourier sparse, learning such
functions has long been a central theme in computational learning theory. Notable
examples include hypergraph cut functions [Stobbe and Krause, 2012] and bounded-depth
decision trees [Mansour, 1994]. The study of learning Fourier-sparse Boolean functions
dates back to the pioneering work of Kushilevitz and Mansour [1993], itself inspired by the
Goldreich-Levin algorithm [Goldreich and Levin, 1989]. Over the past two decades, there
has been renewed interest in exact reconstruction of Fourier-sparse Boolean functions
with complexity primarily dependent on the sparsity parameter. Two main algorithmic
paradigms are based on the Sparse Hadamard Transform, e.g. [Indyk et al., 2014, Hassanieh
et al., 2012b], and on compressed-sensing techniques, e.g. [Ishay and Regev, 2017]. A
common limitation of both, however, is the assumption that the sparsity level is known in
advance. This creates a critical gap: before applying these methods, one must first ensure

that the target function is indeed Fourier sparse.
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Our work addresses this gap by developing efficient procedures for testing Fourier sparsity,
thereby providing a natural preprocessing step for learning algorithms on Boolean func-
tions. Specifically, we study the problem of testing Fourier sparsity of Boolean functions
f:Fy — {—1,4+1} under black-box query access, where one can evaluate the function

on inputs of one’s choice without knowledge of its internal structure.

Problem Statement: Given a parameter ¢ > 0 and black-box query access
to a Boolean function f : F} — {—1,+1}, decide whether f is s-Fourier
sparse or e-far from every s-Fourier sparse Boolean function, where distance

is measured in the Hamming sense:
disto(9,h) = Pr [g(z) # h(z)].

The efficiency of a Fourier sparsity tester is measured by its query complexity, and such
testers can serve as a crucial preprocessing step for learning algorithms on Fourier-
sparse Boolean functions, such as fast sparse Hadamard transforms [Scheibler et al., 2015,
Hassanieh et al., 2012b].

Related Work

A related version has been studied for real-valued functions f : F, — R, where distance

is measured via the Euclidean norm,

dista(f,9) = (Ba[(f(x) — g(x))*)"".

Yaroslavtsev and Zhou [2020] showed that testing closeness to s-Fourier-sparse functions
under this metric can be done with O(s) queries and established a matching Q(1/s) lower

bound.

However, one should note that while closeness in the Hamming sense implies closeness in
the Euclidean sense, the converse may not hold. To illustrate, consider two scenarios. In
the first, an exactly k-Fourier-sparse Boolean function with precisely k£ nonzero Fourier
coefficients; by Gopalan et al. [2011], all of these must be large in magnitude. In the second,
a Boolean function with £ large Fourier coefficients but also a tail of many small nonzero
coeflicients of small /5 norm. A k-Fourier-sparsity tester under Euclidean distance would
accept both types, whereas a tester under Hamming distance should accept only the first.
This makes testing Fourier sparsity in the Hamming sense significantly harder: one must
certify not only the presence of & large Fourier coefficients but also the absence of a Fourier
tail.
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The problem of testing Fourier sparsity under Hamming distance was first studied by
Gopalan et al. [2011], who gave a non-adaptive tester with query complexity O(s% log s/g%+
s log s) and proved a lower bound of 2(/s). Furthermore, as Fourier sparsity is an
affine-invariant property, i.e. it remains unchanged under affine transformations of the
domain, it can in principle be tested using regularity-based frameworks [Kaufman and
Sudan, 2008, Bhattacharyya et al., 2015, 2013, Hatami and Lovett, 2013]; however, such

approaches incur impractical tower-type query complexities.

Main Theorems

More formally, we prove the following theorem.

Theorem 4.1 (Upper bound). Let s > 0, > 0, and let f : Fy — {—1,+1} be an
unknown Boolean function accessible via queries to its truth table. There exists a non-
adaptive property-testing algorithm that decides whether f is s-Fourier sparse or c-far (under
Hamming distance) from any such function, with success probability at least 2/3, using at

most 6(max{52, 1/e} - s*) queries.’

4.1 ProofIdeas

The approach of employing learning algorithms for property testing, introduced by Gol-
dreich et al. [1998], is founded on the principle that any proper learning algorithm for a
function class C can be converted into a property tester for C. Nevertheless, while proper
learning for most Boolean function classes requires at least (2(logn) queries, property
testing typically targets sublogarithmic or even constant query complexity, independent
of the ambient dimension n. A significant advancement was made by Diakonikolas et al.
[2007], who introduced the paradigm of testing via implicit learning. The key insight
is that many natural classes of Boolean functions, such as monotone DNFs, decision
lists, decision trees, branching programs, Boolean formulas, sparse polynomials over [,
and Boolean circuits, admit succinct representations and are well approximated by junta
functions. For instance, every s-term DNF is e-close to another s-term DNF depending
on only O(log s + log(1/¢)) variables. Building on this idea, Chakraborty et al. [2011b]
proposed a query-efficient sample extractor that yields improved, and in certain cases

optimal, bounds for testing membership in many subclasses of junta functions.

Returning to Fourier sparsity, we first recall that Gopalan et al. [2011] designed their

tester by exploiting locally testable structural features of Fourier-sparse functions, namely

'Here, O(-) hides factors polynomial in log s.
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the granularity of their nonzero Fourier coeflicients, and subsequently identifying these
coefficients via a hashing-based technique. In contrast, our approach is based on the
paradigm of testing via implicit learning. A key challenge is that existing techniques for
testing membership in subclasses of junta functions are insufficient for Fourier-sparse
functions, because the class of Fourier-sparse functions is strictly more general than the
class of junta functions. For example, a linear function depending on O(n) variables is
1-Fourier sparse, yet is not a junta, since its output depends on a linear number of variables.
Thus, testing Fourier sparsity via implicit learning necessitates new techniques beyond

the junta-testing framework.

At the core of our technique lies an exact learning procedure for s-Fourier-sparse Boolean
functions (see Algorithm 9), which leverages ¢;-minimization from compressed sensing
(see Chapter 4 of Moitra [2018]). This relies on a result of Ishay and Regev [2017], which
establishes that subsampled Fourier-Hadamard matrices satisfy the Restricted Isometry
Property (RIP). A key implication is that, given O(s - log” s - n) uniformly random samples
from an s-Fourier-sparse Boolean function, one can exactly recover the function via an
appropriate /;-minimization procedure. However, a direct application is inadequate, as
this sample complexity still depends on the ambient dimension n. To address this, we use
a structural result of Sanyal [2019], which establishes that the dimension of the linear
span of the nonzero Fourier coefficients of an s-Fourier-sparse function is at most O(+/s).

Hence any s-Fourier-sparse function f : Fy — {—1,+1} can be expressed as
f=FoL,  f:Fy—{-1+1},

where L : Fy — F7 is a linear transformation and » = O(4/s). By the RIP result of Ishay

and Regev [2017], reconstruction then requires only O(s%? - log® s) random samples of
[ Fy — {—1,+1}.

Motivated by this, our approach reconstructs the composition foUoR, where U : [} — 5
is an unknown linear transformation and R : F§ — I} is a known linear map. The key
machinery is Algorithm 10, a subroutine that generates random samples from f o U o R
using only a small number of queries. This can be viewed as a generalization of the
sampler of Chakraborty et al. [2011b] within the junta-subclass testing framework. At its
core is a local list-correction procedure for the Hadamard code, which we import directly
from Chapter 1; our adaptation differs substantially from Gopalan et al. [2011] in both

construction and analysis, yielding a polynomial improvement in query complexity.
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4.2 Our Algorithm

We begin by introducing the notion of coset sampling, which plays a key role in generating
samples for the exact-learning machinery in a low-dimensional space. Let (’)JJ; denote the
sampling procedure with respect to a subspace H, given query access to f, as described
in Algorithm 8. We refer to the samples produced by this procedure as coset samples of f
with respect to H.

Algorithm 8: SubspaceExplicitCosetSampler

Input: Subspace H with basis B := {1, (2, ..., 8. }; query access to f.
Output: A uniform random sample of f restricted to a random coset of H.

Step 1. Sample b uniformly at random from [} and define the coset
C(b) = {a e Fy [ (a, i) = bi}.

Step 2. Select a uniformly random element p from C(b).;
Step 3. Return the pair (b, f(p)).;

Let Sy denote the subspace spanned by the vectors corresponding to the nonzero Fourier
coefficients of f. The coset samples generated by (’)gf can be interpreted as uniform
samples drawn from the leaves of 7}, the non-adaptive parity decision tree representation
of f. For a parameter 6 > 0, the f-restricted Fourier span Sy(#) is the subspace spanned
by those o € F? with | f(c)| > 6. We build a query-efficient implementation of Ogg )
given query access to f and a threshold # > 0, where ¢ = f o A for some unknown

invertible linear transformation A : F§ — F5.

Lemma 4.2. There exists an algorithm SubspacelmplicitCosetSampler (Algorithm 10) that,
given query access to a Boolean function f : Fy — {—1,+1}, a threshold @ > 0, and a
parameter A\ € N, generates a set of A uniform coset samples £ with respect to the subspace
Stoa(0), for a function f o A where A is some non-singular (and possibly unknown) linear
transformation of Fy. The query complexity is 9] (9% + max {9%, )\} . 9%), and the failure

probability is at most 1—10.

The proof of Lemma 4.2 is deferred to Section 4.2.1; we assume its validity for now and

use it to establish Theorem 4.1.

Proof. [Proof of Theorem 4.1] In Algorithm 9, the subroutine SubspacelmplicitCosetSam-
pler (Algorithm 10) is invoked with parameters ¢ and A\. By Lemma 4.2, this produces A
uniformly random coset samples (as in Algorithm 8) with respect to Sy, 4(6). Using these,

we define a lower-dimensional Boolean function f* : F, — {—1,1}, where f* = foT o A,
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and T : [} — [} is a linear transformation mapping the standard basis vectors e to
the corresponding e!, for i € {1,...,r}. The map T also sends each of the 2" cosets of

Stoa(0)* to unique elements of F%.

The next step is to determine whether f* is s-Fourier sparse. It is folklore (see Chapter 4
of Moitra [2018]) that for any Boolean function h : F§ — {—1,+1} with at most s
nonzero Fourier coefficients, if there is an m x 2" subsampled Walsh-Hadamard matrix
M satisfying RIP of order k with constant §;, < % (and 09 + 03 < 1), then the Fourier
spectrum of / can be recovered exactly with high probability by solving

h = arg min Hﬁ”l subjectto  Mh =y,

using m uniformly random labeled examples (x,y = h(x)).

A bound on m determines the number of required random examples and hence the number
of coset samples needed from f o A. By Sanyal [2019], the dimension of the span of the
nonzero Fourier coefficients of any s-Fourier-sparse function is at most O(4/s). Combined
with the RIP result of Ishay and Regev [2017], m = O (s*? - poly(log s)) random samples

suffice for exact recovery of f*.

Lemma 4.3 (Ishay and Regev, 2017). Let M € CN*¥ be a unitary matrix satisfying
|M||oe < O(1/v/N), and let § > 0 be sufficiently small. Construct a measurement matrix
B € CTYN by selecting q rows uniformly and independently from M, each scaled by \/N_/q
If

g =0 (log*(1/0) - 67> k - log*(k/5) - log N) ,

then, with probability at least 1 — 2710 N108(k/9) " the matrix B satisfies the Restricted

Isometry Property of order k with isometry constant ¢.

We now show that if f is s-Fourier sparse, the algorithm always accepts.

Lemma 4.4 (Completeness). If f is s-Fourier sparse, then Algorithm 9 accepts.

Proof. By Gopalan et al. [2011], if f is s-Fourier sparse, then all of its nonzero Fourier

1

coefficients are integer multiples of 57;

1 1
2[log s] 2 2s

transformations. When SubspacelmplicitCosetSampler (Algorithm 10) is invoked with

in particular, each has magnitude at least

= 20. Moreover, Fourier sparsity is invariant under nonsingular linear

0 = ﬁ, Lemma 4.2 guarantees that it discovers the Fourier span of f o A for some
unknown invertible A (every nonzero coefficient, being > 26, is captured). It also produces
A = max{1l/e, O(s? - poly(logs))} uniform coset samples. By the sparse-recovery
guarantee above, these suffice to exactly reconstruct the Fourier spectrum of f* = foT o A.

Hence the algorithm accepts. 4
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Algorithm 9: EfficientFourierSparsityTester

Input: Fourier sparsity s; query access to f.
Output: Whether f is s-Fourier sparse or e-far from every such function.

1 1
Initialization: 6 = 1 A = max {—, Cs? - poly(log s)} for a large constant
s £
C.
Step 1. ((,7) < SubspacelmplicitCosetSampler(6, \).;
Step 2. Initialize ¢ such that for each (z,y) € ( and each z € %,

2r/2

O]l = =73

(=12,
Step 3. Solve the optimization problem
min Hﬁ”l subject to  (®[z][%], ﬁ> =y forall (z,y) € C.

Step 4. If h corresponds to the Fourier spectrum of some s-Fourier-sparse
Boolean function, Accept; otherwise, Reject.;

Lemma 4.5 (Soundness). If f is e-far from every s-Fourier-sparse Boolean function, then

Algorithm 9 rejects.

Proof. We argue by contraposition. Suppose Algorithm 9 accepts. Then there exists
a function f, obtained via composition with appropriate linear transformations, that
agrees with f on all A\ uniform samples collected by Algorithm 10 and is s-Fourier sparse.
Define GOOD as the set of inputs where f and f agree, and BAD as its complement. The
probability that all A samples fall in GOOD is

| _ [BAD| A
2n

If this is at least a constant, then |B2‘:D‘ <5 ()\ so fis ( -close to the s-Fourier-sparse
function f , contradicting e-farness for A > 1/e. O

We now analyze the query complexity. With § = - and A = max{1/e, O(s2)}, the only

queries are via Algorithm 10. By Lemma 4.2,
~ (1 1 1 ~ 4 9
@) 04+max 9—2,/\ 2 =0 (s* + max {s°, 1}- s): (max{s® 1/e} - s?),

U

matching Theorem 4.1. Algorithm 9 fails with probability at most 55 + o(1) < 3.
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4.2.1 Analysis of SubspacelmplicitCosetSampler

At a high level, SubspacelmplicitCosetSampler is built on the local list-correction pipeline
of Chapter 1. Given query access to f, we first implicitly identify the cosets carrying heavy
Fourier coefficients using FOURIER-SIEVE (Algorithm 1, Lemma 1.8); we then evaluate
the dominant character of each such coset at requested points via LisT-CORRECTION
(Algorithm 2, Lemma 1.9); finally we recover a basis for the heavy coefficients and all
linear relations among them via IDENTIFY-MODULO-INVARIANCE (Algorithm 4, Lemma 1.14).
The improvement in query complexity over Gopalan et al. [2011] comes from the refined
coset-hashing concentration bounds of Chapter 1 (Claims 1.6 and 1.7), which show that
within any coset the ¢5-mass and ¢;-magnitude of the Fourier projection are dominated by
the heaviest coefficient. Our analysis is inspired by heavy-hitter detection in the streaming
literature: /5 concentration plays a role analogous to the CounT-MIN SKETCH, while ¢;

concentration corresponds to the CouNT SKETCH. Below is a sketch of the algorithm.

+ Detecting Heavy Fourier Coefficients. FOURIER-SIEVE projects the Fourier spec-
trum of f onto cosets of a random subspace and returns a set C of cosets containing
every coeflicient of magnitude at least 0, each with a dominant coefficient of mag-
nitude > /2 (Lemma 1.8), using O(1/6*) queries. Correctness rests on Claim 1.6,

which shows the ¢5-mass of each coset is concentrated on its dominant coeflicient.

+ Evaluating Heavy Fourier Coefficients. For each surviving coset C' and query
point x, LIST-CORRECTION returns X, () without knowing a¢ explicitly (Lemma 1.9),
relying on the ¢;-concentration of Claim 1.7 together with the sign-preservation
guarantee of Claim 1.10. Since a single trial succeeds only with constant probability,

the median amplification built into LisT-CORRECTION boosts this to 1 —1/poly(1/6).

+ Generating Coset Samples. Given evaluations of the heavy characters at enough
points, IDENTIFY-MODULO-INVARIANCE recovers a linear basis among the heavy
Fourier coefficients, identifying them up to a linear transformation (Lemma 1.14).

We show this suffices to emit coset samples of f o A.

Proof. [Proof of Lemma 4.2] We analyze Algorithm 10.

Correctness of Steps 1-3. By Lemma 1.8, Step 1 returns, except with probability at

o~

most 1/8, a set C of cosets such that every a with |f(«)| > 0 lies in some C' € C, and
every C' € C has dominant coefficient o with ]J?(ozc)\ > 0/2 and residual coset mass
< 0*/2'2. By Lemma 1.9, each call in Step 2 returns the correct signs X, (2;) forall C' € C

simultaneously, except with probability 1/(40x); a union bound over the  points gives
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Algorithm 10: SubspacelmplicitCosetSampler

Input: Threshold #; number of samples \; query access to f.
Output: Coset samples of f o A with respect to the subspace S(0), as (H,(, 7).
Initialization: x = max{1/60* \}.
Step 1. Run FOURIER-SIEVE (Algorithm 1) on f with threshold 6 to obtain the set
of cosets C capturing all o with \fA(a)| > ¢ (Lemma 1.8),;
Step2.Fori=1,... K3
Sample x; uniformly from F} and set F'[x;] < f(z;).;
Run LisT-CORRECTION (Algorithm 2) at x; with confidence 1 — 1/(40k) to
obtain Q[z;][C] = Xa(z;) for all C' € C (Lemma 1.9).;
Step 3. Run IDENTIFY-MODULO-INVARIANCE (Algorithm 4) to relabel the columns
of Qas{By,..., By} withbasis By =¢€7,...,B, =¢l',each B; (i > ) a

recorded linear combination of { By, ..., B,} (Lemma 1.14);
Step 4. Foreach z € {z1,...,2.}3
1-— B:
Let b € Fy with b; = % forall j € [r];

¢ CUL(b f(x))}
Step 5. Construct H € F*" with rows By, ..., B.;
Step 6. Return (H,(,r).;

failure at most 1/40 for Step 2. By Lemma 1.14, Step 3 recovers the correct basis and linear

relations except with probability at most 1/40.

From characters to coset labels. We cannot determine o explicitly, but the linear
relations from Step 3 identify them up to a linear transformation. In Step 3 we extracted a
basis of size r for the span of the a and relabeled it as the standard basis e7, ..., el. Let

H be the subspace they span, with

€1
€3
M = ol e <™.
er
Then, for every z € {zy,..., .}, the coset of H containing z is determined by Mz = b,

with b as in Step 4. It remains to verify that the induced distribution over cosets is uniform.

Lemma 4.6. Given any subspace G C 3, the distribution of cosets induced by a uniformly

random x € [y is uniform over the cosets of G.

Proof. Let G C F7 have dimension k. Its cosets are C', = 2 4+ G, of which there are ok,
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For uniform z, since |C,| = 2,

|C.| ok
P - Cz = = — = ,
identical for all cosets. Hence the induced distribution is uniform. O

By Lemma 4.6 applied to G = H<, the pairs (b, f(z;)) collected in Step 4 are exactly

uniform coset samples of f o A with respect to S(f), as required.

Failure probability. Step 1 (FOURIER-SIEVE) is the only subroutine whose native failure
probability exceeds a small constant: by Lemma 1.8 it is at most 1/8. Running Step 1
a constant number of times and retaining a run whose output is consistent with the
subsequent checks drives its failure probability below 1/100; this costs only an O(1) query
factor. Steps 2 and 3 each fail with probability at most 1/40, and the remaining estimates
hold except with probability o(1). By a union bound the total failure probability is at most

s+ &+ 2 4 0(1) < &, as claimed.

Query complexity. All queries to f are made in Steps 1-2. By Lemma 1.8, Step 1 uses
O(1/6%) queries. By Lemma 1.9, each LisT-CoRRECTION call in Step 2 uses O(1/62) queries,
and Step 2 makes x = max{1/62, A} such calls, for O(max{1/6% \} - 1/62) queries;

moreover a single shared sample batch serves all cosets at a given point. Combining,

~(1 1 1
O(@—}-max{@, A} ﬁ)’

matching the statement of Lemma 4.2. 4
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Application IV: Estimating Sumset Size

Many problems in theoretical computer science involve objects of very large complexity,
such as graphs with many vertices or functions defined on high-dimensional spaces.
Typically, one seeks structural characterizations that hold in the worst case, rather than
results that apply only to random instances (average-case behavior) or to highly structured
special cases. For large objects this is inherently challenging, as they can exhibit a wide
range of behaviors. At one extreme are highly structured objects, displaying strong
algebraic or combinatorial regularities; at the other are pseudorandom objects, which

closely mimic truly random ones under appropriate statistical tests.

A recurring phenomenon is that these two extremes are not disjoint. In many settings
there is a structure-versus-randomness dichotomy: for a given class of objects and a suitable
notion of structure, there exists a complementary notion of pseudorandomness such that
every object admits a decomposition into a structured component and a pseudorandom
component, possibly up to a small error; see Tao [2007] for an extensive discussion. The
usefulness of such decompositions lies in the fact that different techniques apply to different
components. Structured parts can often be analyzed using algebraic or low-complexity
arguments, while pseudorandom parts can be controlled using analytic inequalities and

probabilistic tools.

Many classical theorems already reflect this philosophy. Ramsey theory provides one of the
earliest illustrations of the structure-versus-randomness principle. The Ramsey number
R(k, k) is the smallest integer N such that every graph on N vertices contains either a
clique of size k or an independent set of size k. Ramsey’s theorem guarantees that every
graph on N vertices contains either a clique or an independent set of size at least 2(log V).
A closely related phenomenon occurs in arithmetic combinatorics. Roth’s theorem [Roth,
1953] shows that any subset of {1,..., N} of density at least {2(1/loglog V) contains
a nontrivial three-term arithmetic progression. Szemerédi’s theorem [Szemerédi, 1975]
strengthens this dramatically by proving that dense sets contain arithmetic progressions
of arbitrary length. Here again, even when a set is chosen adversarially, density alone

enforces strong additive structure.
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Among the many formalizations of the structure-versus-randomness paradigm, perhaps
the most influential is Szemerédi’s regularity lemma [Szemerédi, 1975]. It asserts that every
dense graph admits a partition into a bounded number of parts such that most pairs of
parts behave pseudorandomly, in the sense that their edge distributions mimic those of
random graphs. This lemma has had a profound impact on graph theory and has found
numerous applications in theoretical computer science, e.g. [Alon et al., 2001]. However,
the quantitative bounds are extremely poor: the number of parts required grows as a

tower of twos of height polynomial in 1/e, where ¢ is the error parameter.

Inspired by Szemerédi’s regularity lemma for graphs, Green introduced an arithmetic
regularity lemma for functions on F} [Green, 2005]. In this setting, pseudorandomness is

defined using Fourier analysis. Writing the Fourier expansion of a function f : F — R as

f) =" fla) (=),

acly

the function f is said to be d-regular if all its nontrivial Fourier coefficients satisfy

~

|f(a)] <6 for all o # 0.

Green’s theorem asserts that every Boolean function f : Fy — {0, 1} admits a partition of
F? into affine subspaces such that on most parts the restricted function is J-regular. As in
the graph case, the quantitative dependence is extremely poor: the required codimension
grows as a tower of twos whose height is polynomial in 1/§. Moreover, Green showed that
such tower-type dependence is unavoidable within this framework, proving a lower bound
of tower(€2(log(1/6))) on the codimension. This was later strengthened by Hosseini et al.
[2016], who exhibited examples requiring a tower of height ©(1/0).

A key insight from more recent work is that regularity phenomena become dramatically
stronger when one restricts attention to objects of bounded complexity. This perspective is
reminiscent of the fixed-parameter tractability (FPT) paradigm in algorithmic complexity:
by bounding a suitable complexity measure of the underlying object, one can efficiently
address problems that are otherwise intractable in the worst case. Similar approaches
have been developed both for graphs and for functions on high-dimensional domains,
where imposing appropriate complexity bounds leads to substantially stronger structural

and regularity results.

Before proceeding further, we note that any Boolean function f : F} — {0,1} can be
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naturally identified with a subset A C 7 via

A={z eF}: f(x) =1}

One important notion of bounded complexity for such sets is the VC dimension. For a
subset A C F%, the VC dimension of the family of translates {A + z : x € F}} captures
the expressivity of the induced set system. Alon et al. [2019] showed that if this family
has VC dimension at most d, then for every ¢ > 0 there exists a subgroup H < [y of

~04(1) such that A can be modified, by adding or deleting at most £2"

index at most ¢
elements, to become a union of cosets of /. Another prominent notion of structural
complexity arises from additive combinatorics, through the study of sumsets and doubling
constants. Freiman-Ruzsa theory asserts that sets with small doubling are efficiently
approximable by low-dimensional algebraic objects. Over vector spaces 7, this intuition
is formalized by the Polynomial Freiman-Ruzsa conjecture, which posits that a set with
doubling constant K is contained in a subspace of size polynomial in K times the size of
the set. Strong polynomial Freiman—-Ruzsa-type results for Abelian groups with bounded
torsion have recently been established in a series of papers by Gowers et al. [Gowers
et al., 2025, 2024]. More recently, Arunachalam et al. [2026] gave algorithmic versions of

polynomial Freiman-Ruzsa-type results over 7.

In this work, we study regularity through the lens of the Fourier spectral norm. For a

Boolean function f : F} — {0, 1}, the spectral norm is

Il = S 17!,

ey

which measures the total /;-mass of the Fourier spectrum of f. Bounding this quantity
imposes strong global constraints on the distribution of Fourier mass and serves as a
natural analytic measure of complexity. Functions with small spectral norm arise naturally
in learning theory [Bruck and Smolensky, 1992, Kushilevitz and Mansour, 1993, Ada
et al,, 2012] and communication complexity [Chattopadhyay et al., 2020, Tsang et al., 2013,
Shpilka et al., 2017]. Furthermore, tail bounds on the Fourier ¢;-norm have recently played
an important role in the construction of pseudorandom generators [Girish et al., 2021b,
Meka et al., 2019, Chattopadhyay et al., 2019, Forbes and Kelley, 2018] and in separating
quantum and classical models of computation [Bansal and Sinha, 2021, Tal, 2020]. The
additive structure of sets with small spectral norm has also been a subject of long-standing

interest in harmonic analysis [McGehee et al., 1981].

A foundational result in this direction is Cohen’s idempotent theorem [Cohen, 1960],

originally proved for locally compact Abelian groups, which provides a structural charac-
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terization of Boolean functions with bounded spectral norm. In the setting of the Boolean
cube, Cohen’s idempotent theorem specializes as follows: any set A C F whose indicator
function has bounded spectral norm can be expressed as a Boolean combination of a
constant number of affine subspaces, where the constant depends only on the norm bound.
A quantitative version of this theorem was later established by Green and Sanders [Green
and Sanders, 2008a,b]. In particular, they showed that if f : F — {0, 1} is a Boolean

function with spectral norm ||fA||1 < m, then
L
f = Z ]1&]'+Hj7
j=1

where L < 22°") and each a; + H; is a coset of some subgroup of F;. Subsequent
works [Sanders, 2019, 2020] improved the dependence on m. While Cohen’s idempotent
theorem and its quantitative refinements provide a complete structural characterization of
Boolean functions with bounded spectral norm, the resulting decompositions may involve
cosets arising from different subspaces. In particular, these results do not impose any

restriction that the cosets be parallel, that is, generated by a single common subspace.

Returning to our setting, we investigate the structural complexity of such decompositions
under the additional requirement that all cosets arise from a single common subspace, in
the spirit of Green’s arithmetic regularity lemma [Green, 2005]. Our main result shows that
if one allows a controlled approximation, then such a decomposition is indeed possible with
only a mild loss in parameters. We state the result formally in the following subsection,
along with some immediate applications to the design of sublinear-query algorithms for

two classical problems.

Main Theorems

Dense coset decomposition. We show that if a set A C F% has bounded spectral norm,
then after discarding only a small fraction of elements, A is concentrated on some cosets
of a certain low-codimension subspace, and on each such coset the set is almost full. Recall
that quantitative analogues of Cohen’s idempotent theorem due to Shpilka et al. [2017]
and Tsang et al. [2013] imply that for every Boolean function with spectral norm at most
m, there exists an affine subspace of codimension O(m) on which the function is constant,
providing a worst-case structural guarantee. In contrast, our result gives an average-case
structural statement: with a modest blow-up in parameters, the function is approximately

constant on a large fraction of the cosets of a common low-codimension subspace.

Theorem 5.1 (Dense coset decomposition theorem). Let A C F% be a set with indicator
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function 1,4 : F? — {0,1}, volume Vol(A) = p, and spectral norm ||14]|; < m. Then,

\A|>;“1’| < 2w and a subspace H of F of

for any w > 0, there exist a subset A’ C A with

m2
O(w) ’

such that A’ is the union of the restrictions of A to a p(1 — w) fraction of the cosets of H, on

codimension at most

each of which the relative density of A is at least 1 — w.

As a direct corollary, we obtain a qualitatively new approximation result: if a small error
is allowed, then any Boolean function with small spectral norm can be approximated by a
non-adaptive parity decision tree of depth polynomial in the spectral norm and the error

parameter.

Corollary 5.2. Let f : Fy — {0,1} be a Boolean function and ¢ € (0,1). Then there
exists a Boolean function g : F§ — {0, 1} with non-adaptive parity decision tree depth

O(I1f13/°) satisfying dyy(f.9) < e, where dn(f,g) == 27"|{z € F§ : f(x) # g(x)}

In contrast, Shpilka et al. [2017] showed that any Boolean function f : Fy — {0,1}
can be computed exactly by a possibly adaptive parity decision tree of depth at most
O <||fA||f log s f> , where s denotes the Fourier sparsity of f. This bound can be arbitrarily
large in terms of the spectral norm, since there exist natural Boolean functions such as
AND and OR that have O(1) spectral norm while their Fourier sparsity is 2". Thus our
corollary shows that, once a small approximation error is permitted, one can obtain much
shallower, non-adaptive parity decision trees based only on the spectral norm, even for
functions whose Fourier sparsity is maximal. As another corollary of Theorem 5.1, we

obtain an approximate version of Cohen’s idempotent theorem.

Corollary 5.3. Let f : F, — {0,1} be a Boolean function and ¢ € (0,1). Then there
exists a family of affine spaces Hy, ..., Hy, of F}, where L = exp(Hﬂ]%/ef’) , such that

d <f, Zle IlHi) < ¢, where 1y, denotes the indicator function of H,;.

The best known quantitative bound for Cohen’s idempotent theorem over I3 is due to
Sanders [2019], who showed that when ¢ = 0, one can take L = exp<||fA||£f+o(l)> . We
show that if one is content with approximate reconstruction, then Sanders’ bound can be

improved whenever £° > Hf”fl

Finally, we emphasize that Theorem 5.1 can be made constructive via the local list-
correction framework developed in Chapter 1 (see also [Datta et al., 2026b]). This leads
to sublinear-query algorithms for testing several linear-invariant properties of a set,
given only membership-query access to its indicator function. In particular, we obtain a

sublinear-query algorithm for estimating the size of the sumset.
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Sumset estimation. We study the problem of estimating the size of the sumset A + A
for a set A C F7, given black-box access to its indicator function. To avoid instability
caused by noise, we focus on a certain large subset A’ C A and estimate the normalized
sumset size |A" + A’| /2" up to additive error €. Previous work of De et al. [2022] achieved
such an estimate using Green’s arithmetic regularity lemma, resulting in query complexity
that is a tower function of poly(1/¢). In contrast, for sets with bounded spectral norm,

we obtain a substantially more efficient algorithm.

Theorem 5.4. Let A C F7 satisfy |[14]|1 < m, and let ¢ > 0. Then there exists a subset
A" C A withVol(A\ A’) < e such that Vol(A' + A’) can be estimated to additive accuracy
+¢ with probability at least 2/3 using O(m* /&) queries to 1 4.

Organization

The remainder of the chapter is organized as follows. In Section 5.1, we prove our main
result, Theorem 5.1, establishing the dense coset decomposition. The list-correction
mechanism that makes our approach constructive is the subject of Chapter 1, which we
invoke as a black box. In Section 5.2, we describe the sumset-estimation algorithm and

prove Theorem 5.4.

Related Work

If we relax our goal and ask only for the existence of an affine subspace on which a
function is regular on some coset, rather than requiring regularity on almost all cosets
as in classical arithmetic regularity lemmas, we arrive at a weaker notion that has been
extensively studied across several areas of theoretical computer science, most notably
complexity theory, pseudorandomness, and cryptography. Intuitively, classical regularity
formulations enforce a strong form of global regularity, requiring that a function behave
pseudorandomly on almost all cosets of a subspace. In contrast, the single-coset viewpoint
captures a fundamentally different, worst-case notion of behavior: rather than imposing
structure everywhere, it guarantees the existence of a relatively large region exhibiting
regularity or structure, even when the function as a whole may be adversarial. This
perspective is particularly well suited to applications in pseudorandomness, cryptography,
and complexity theory, where worst-case guarantees are often more relevant than average-

case structure.

To formalize this idea, for > 0 we define the d-normality of a function f : Fj — R by

norms(f) = min{codim(U) : U C F} is an affine subspace and f|y is d-regular}.
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Thus normg( f) measures the minimum number of linear constraints that must be im-
posed on the input in order to eliminate detectable structure and obtain a pseudorandom

restriction of f.

When § = 0, this reduces to the requirement that the function be constant on a large
affine subspace. In the cryptographic literature, this property is known as normality.
More generally, an n-variable Boolean function is called k-normal if it is constant on
some affine subspace of dimension k, and k-nonnormal if no such subspace exists. The
notion of normality was introduced by Dobbertin [1995] in the context of cryptanalytic
attacks on stream ciphers, and was subsequently investigated in greater depth in the
cryptographic literature; see, for example, [Mihaljevic et al., 2012, Carlet, 2004]. From a
complexity-theoretic perspective, the case = 0 has also appeared under the name parity
kill number, denoted CZ, [f]. This parameter is the smallest number of linear parities
that must be fixed in order to make the function constant. The quantity normg(f) is
closely connected to several fundamental notions in pseudorandomness. In particular,
an affine disperser [Shaltiel, 2011] of dimension £ is a coloring of 7 such that no affine
subspace of dimension £ is monochromatic. Viewing such a disperser as a function
[ Fy — {0,1,...,C}, its disperser dimension is k& = n — normg(f) + 1. Related
notions include affine extractors [Bourgain, 2007], which are stronger objects required for
extracting randomness from a small number of independent sources, as well as k-wise

independent random variables from computational number theory [Alon et al., 1992].

It is known that almost all Boolean functions are k-nonnormal for k£ = O(logn); that is,
for a uniformly random Boolean function, with overwhelming probability there is no affine
subspace of dimension O (logn) on which the function is constant. On the other hand,
constructing such functions explicitly is difficult, and many simple or highly structured
classes of functions fail to exhibit this property. For example, every quadratic Boolean
function on F} is n/2-normal when n is even. More generally, Cohen and Tal [2015]
showed that Boolean [Fo-polynomials of degree d cannot serve as good affine dispersers,
proving that such functions admit large monochromatic affine subspaces. On the other
hand, every symmetric Boolean function — that is, a function invariant under permutations
of its input bits and depending only on the Hamming weight — is |n/2|-normal [Canteaut
and Videau, 2005]. As already mentioned, Shpilka et al. [2017] showed that any Boolean
function with spectral norm at most m has an affine subspace of codimension O(m) on

which the function is constant.

When § > 0, general regularity results are also known. Girish et al. [2021a] showed that
for any function f : F — R, one can partition F4 into affine subspaces of codimension

O(1/6%) such that on all but a small fraction of the parts, the restriction of f is d-regular.
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Stronger bounds are available for more restricted classes of functions. In the Boolean
setting, if f : F§ — {—1, +1} has Fourier degree d, then norms(f) < O(d?). This follows
from the polynomial relationship between Fourier degree and decision-tree depth. Notably,

this bound is independent of 9, but relies crucially on the Boolean nature of the function.

5.1 Dense Coset Decomposition Theorem

Throughout this section, we work with Fourier analysis on the quotient by a subspace of

F5. Let U,V < IF3 be supplementary subspaces such that
Fy=U®YV,

and let A C F} be a set with indicator function 14 : F} — {0, 1}. Define the global
density of A by

p:Eumm:%:wmy

zeFy

For each a € V, define the relative coset density of A on the coset a + U by

pa = E [La(a+2)]

zeU

This lets us view the distribution of A on each coset of U individually, reducing questions
about the global behavior of 14 to local analysis on cosets of U, via the Fourier spectrum

on the quotient space Fy /U = V.

Before proving our Dense Coset Theorem, we establish a few useful lemmas.

5.1.1 Structural Lemmas for Quotient Spaces

We first show that Fourier concentration on U~ essentially captures the average squared

relative densities of A on cosets a + U, fora € V.

Claim 5.5. The total Fourier weight of 1, on U equals the average squared density of A

over the cosets of U:

> ner = & (B uera])]

acV zeU
~yeU+
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Proof. By definition of the Fourier transform,

Li(w?= E [1a(@)1aly) xulz +y)].

z,yefy

Summing over u € U L

Y Tau)3?= E [1A<x)1A<y) > xu(x+y)]

z,yeFy
weUt V=2 weUt

By orthogonality of characters on U+, Y, ;1 xu(2) = |[U*|1(.cu}, so only pairs with
x +y € U contribute:

S Taw? = U] E_[La(@)1a)Lryen ).

z,yeFY
ucU+ Y=tz

Decomposing x = a+ zand y = a + w with a € V and z,w € U (a unique parametriza-

Z ﬁ(u>2:%ZZZlA(a—i—z)lA(ajLw).

ucU-L a€V zeU welU

tion),

Since 2" = |U||V| and |U*| = |V/|, the prefactor is W, giving
—~ 2

Lw? = |(E )|
> Ti = B [(B e+ )]

ueU+
O

Next, whenever the Fourier spectrum of 14 is concentrated on U+, the function behaves

almost like the constant 1 on many cosets of U.

Claim 5.6. Suppose

S° Ta? > p(1 - 79)

ueU-+

forsomeT,d € (0,1). Then at least a (1 — 0)p fraction ofa € V satisfy E,cy[1a(a+2)] >

1—7

Proof. Fora € V,setp, == E.cylla(a+ 2),andlet B :={a €V : p, <1 -7},
G :=V\ B, q:=|B|/|V|. By Claim 5.5,

p(1—76) < aIGEV[pi] =q aJeEB[pi] +(1—q) algg[pil <q(t=7) Elp] +(1-0) E [pa]
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The global density satisfies p = ¢ E,cp(ps] + (1 — ¢) Eqec[pa]. Subtracting,

qr E [pd <pté = q E [pa) < pd.
a€B aceB
Combining with ¢ E,cp[pa] + (1 — q) > pgives pd + (1 — q) > p,ie. 1 —q > p(1 —9).
Hence |G|/|[V|=1—-¢ > p(1—9). O

The next claim asserts that there exists a set .S of Fourier coefficients of bounded size such

that the Fourier weight outside S is small.

Claim 5.7. Suppose the spectral norm of 1 4 satisfies | 14|, = m. Then, forany,6 € (0, 1),
there exists a set S C % such that
2

%IA(U) < p1é and 1S] < T

Proof. By Parseval, 3 14(u)? = E[13] = p. Define S := {u : |14(u)| > 6}. Since

>, [Ta(w)] < m,
> Taw)? <0 [Lau)] < om.

ugS ugS
Choosing 6 = 2 ensures D udS 14(u)? < prd. Finally,

—

EuES 1A(U)2 m2

5] < Ses -

IN

po_ M
02 p7-252'

4

The next claim gives a closed-form expression for the density of 1 4 on cosets a + U using

only the Fourier coefficients of 14 lying in U~.
Claim 5.8. Foranya €V,

]E[lACL—f-Z Z]_A

zeU
ueU+

Proof. By Fourier inversion, 14(z) =) 14(u)xu(z). Averaging over a + U,

E [1a(a+ 2)] ZlA (@) E [xu(2)]-

zeU zeU

By orthogonality, E.cy[x.(2)] = 1if u € U+ and 0 otherwise, leaving only the terms
withu € U™, 4
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5.1.2 Proof of Theorem 5.1

We now prove the Dense Coset Decomposition Theorem, restated for convenience.

Theorem 5.1 (Dense coset decomposition theorem). Let A C F% be a set with indicator
function 1, : F? — {0,1}, volume Vol(A) = p, and spectral norm ||14||; < m. Then,

for any w > 0, there exist a subset A C A with % < 2w and a subspace H of F} of

m2
O(m) ’

such that A’ is the union of the restrictions of A to a p(1 — w) fraction of the cosets of H, on

codimension at most

each of which the relative density of A is at least 1 — w.

Proof. Applying Claim 5.7 with 7 = w and = w, we obtain a set S C F} with

2
|S] < ﬂ4 and ZlA(u)2 < puw?.
pw ugS

Let H, W < F% be subspaces with H & W = Fy and S C H, so that all heavy Fourier

coefficients lie in H+ and
Z 14(uv)? > p(1—w?).
ueHL
By Claim 5.6 (with 7 = § = w), for at least a p(1 — w) fraction of cosets a + H, the relative

density p, := |AN (a + H)|/|H| satisfies p, > 1 — w. Define

A=) (An(a+H)).

aeW :pg>1—w
Since a p(1 — w) fraction of cosets have density at least 1 — w,

Pls p -0 -w) 2 o0 -20)

$0 MQ\—”A" =p— |;4—n/‘ < 2pw, ie. \A|>1/|1’| < 2w. Finally, codim(H) < |S] < O(m?/(pw?)). O
Remark 5.9. Although Theorem 5.1 is stated existentially, it is straightforward to make

pe?
10m

setting, the Goldreich-Levin algorithm [Goldreich and Levin, 1989]) to discover all Fourier

constructive. Set § = and use the list-correction toolkit of Chapter 1 (in the classical

coefficients of 1,4 of magnitude at least §. Let U be their span. Claim 5.7 then holds for

U+, and the cosets of U satisfy the decomposition properties required in Theorem 5.1.
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5.2 Approximating Sumset Size

Given S C 7, its volume is Vol(.S) := |S|/2™. The size of the sumset A+ A :={z +y:
x,y € A} is a fundamental object in additive combinatorics. We study the problem of

estimating Vol(A + A) given only oracle access to the indicator function of A.

Although natural, this problem is intractable in its exact form. First, certifying that a point
z ¢ A+ Arequires ruling out all 2" pairs (z, y) with © +y = z, making non-membership
verification prohibitively query-expensive. Second, the sumset operation is extremely

sensitive to noise: adding a random subset of size about 2"/? typically causes the sumset to

5

cover almost all of F}. Thus even small perturbations of A can drastically change |[A + A
ruling out subexponential-query algorithms in the worst case. To overcome this, De
et al. [2022] proposed a relaxed formulation inspired by the structure-versus-randomness

paradigm: discard a small fraction of A and estimate the sumset size of a structured subset
A C A

Given oracle access to a set A C F} and ¢ > 0, compute Vol(A' + A’) to
additive error +¢ for some subset A" C A satisfying Vol(A \ A’) <e.

Using Green’s arithmetic regularity lemma [Green, 2005], De et al. [2022] showed that
such an A’ always exists and that Vol(A’ + A’) can be estimated with tower(poly(1/¢))
oracle queries. For sets with bounded spectral norm we obtain a substantially improved
guarantee. The proof of Theorem 5.4 relies on Theorem 5.1; while that result is existential,
we obtain a constructive, query-efficient version using the list-correction framework for

the Hadamard code from Chapter 1.

5.2.1 Structure of A’ + A’

By Theorem 5.1, A decomposes into cosets of some subspace H, each containing almost
all of its elements from A; there is a large subset A’ of A made up of these dense cosets.

With this structure, A’ + A’ is easy to approximate.
Lemma 5.10. Suppose A" has density at least (1 — w) in each of its dense cosets a; + H. Let
T={a:|AN(a;+H)|>(1—w)|H|}. Then

A+A ~ | (a+H),

keT+T

in the sense that for every k € T + T, the intersection (A’ + A") N (ay, + H) has relative

density at least 1 — w.
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Proof. Consider two dense cosets a;+H and a;+H. Since H is a subspace, (a;+H)+(a;+
N(ai+H)| |A'N(a;+H)| > (1-w)

so their sumset covers all but at most an w-fraction of a; + a; + H. Hence each coset

H) = a;+a;+ H. By the density assumption,

ar + H with k € T+ T is almost entirely contained in A" + A’, up to relative error w. [J

Algorithm 11: Sumset-Estimator

Input: Oracle access to 14, spectral norm bound m, and accuracy parameter ¢.
JA'+A'| +A \

Output: Estimate of within +e.

Step 1. Implicitly identify heavy Fourier coefficients. Use FOURIER- SIEVE

(Algorithm 1) to identify all Fourier coefficients cv of 14 with [14(V)| > 0 = 5
and estimate each to accuracy jzl% using ESTIMATE-HEAVY-FOURIER-COEFFS
(Algorithm 3). ;

Step 2. Implicitly identify dense cosets of A. Identify a basis
B = {,...,a;} for the heavy Fourier coefficients and determine all linear
relations among them using IDENTIFY-MODULO-INVARIANCE (Algorithm 4). For
each index z € {1}*, define the leaf

L, := {x e} | Xao; () = z; forall o; € B}.

For each leaf L., estimate its density Pr[z € A | z € L,] using Claim 5.8 and
discard any leaf whose density is below 1 — ¢/4. Let L := {z | L, survived}. ;
Step 3. Approximately simulate 14, 4. Let M := {u*v | u,v € L}, where

denotes coordinate-wise multiplication in {+1}*. Define 14, 4 (z) := 1 if
2(z) := (Xay (2), - .. ,Xak( )) € M, and 0 otherwise. ;
Step 4. Estimate A4 . Sample z uniformly from F} and use oracle access to

1 Arya (via L1sT- CORRECTION Algorithm 2) to estimate A+ 2" 1 within +e /2.;

5.2.2 Proof of Theorem 5.4

We restate the theorem for convenience.

Theorem 5.4. Let A C FY satisfy ||iA||1 < m, and let ¢ > (. Then there exists a subset
A" C A withVol(A \ A’) < e such that Vol(A" + A’) can be estimated to additive accuracy
+¢ with probability at least 2/3 using O(m*/e2) queries to 1 4.

Proof. We analyze Sumset-Estimator (Algorithm 11).

1. We may not know p beforehand, so we estimate it to accuracy ¢/4. If the estimate

is below 3¢ /4, we return 0; otherwise we set p = £/2. This fixes § and suffices to
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instantiate the constructive version of Theorem 5.1 (Remark 5.9).

2. FOURIER-SIEVE (Algorithm 1) returns a collection of cosets C such that every a with
114(a)| > 6 lies in some C' € C, and every C' € C has a dominant coefficient a¢
with |14(ac)| > 6/2. By Lemma 1.8, this step uses O(1/0*) queries and fails with
probability at most 1/8.

3. EsTIMATE-HEAVY-FOURIER-COEFFS (Algorithm 3) estimates each a¢ to accuracy
+6/10. By Lemma 1.11, this uses O(1/6*) queries and fails with probability at most
1/20.

4. IDENTIFY-MODULO-INVARIANCE (Algorithm 4) recovers a basis {«, . .., oy} for the
span U~ of {cc'} and all linear relations. By Lemma 1.14, this uses O(1/6*) queries
and fails with probability at most 1/20.

5. For the basis {a1,...,qx}, define z2(x) = (Xa, (), .-+, Xa, (7)) € {£1}*; each
coset a + U corresponds to a unique z, the leaves of a non-adaptive parity decision
tree. For each z we estimate the density of A within the coset via Claim 5.8 and
discard the coset if the empirical density is below 1 — £/4; this cutoff ensures that
(accounting for coeflicient-estimation error) every coset of true density at least

1 — £/2 is retained.

6. Let L C {£1}* index the surviving cosets, and M = {z * 2’ : 2,2/ € L}. By
Lemma 5.10, treating A’ + A’ as the union of cosets indexed by M incurs approxi-

mation error at most €/2.

7. Given z, compute z(x) by evaluating the characters y,, via LIST-CORRECTION
(Algorithm 2), and test membership in A’ + A’ by checking z(x) € M. This gives
oracle access to 14, 4. We use O(1/£%) samples to estimate Vol(A’ + A’), each
requiring O(1/62) calls to 1 ,.

Amplifying Step 2. Recall that FOURIER-SIEVE fails with probability at most 1/8
(Lemma 1.8), rather than the 1,/20 the union bound below would otherwise require. We
therefore run Step 2 a constant number of times and retain a successful run (verification
is downstream and query-cheap); this drives its failure probability below 1/20 at an O(1)
query cost, absorbed in O(-).

Failure probability and query complexity. By a union bound over the (amplified)
steps, the algorithm fails with probability at most 1/3. The query complexity is

Ok + ) = Oz + %) = O(2%),
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using 6 = £/(20m). This matches Theorem 5.4. We note that the running time is larger,
O(1/6®), because Step 2 enumerates the O(1/6%) cosets maintained by FOURIER-SIEVE;

since the complexity measure is query complexity, this does not affect the stated bound. [



Part 11

Fourier Sketching by Subspace

Restriction
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The Subspace Restriction Technique

In classical measurement and acquisition, a high-dimensional object is often probed not
by recording every one of its coordinates, but by taking a comparatively small number
of carefully designed observations. A fundamental question in this process is how much
of the object’s structure survives such partial acquisition. Naively, restricting attention
to a small portion of a signal appears to discard almost all of the information it carries.
Remarkably, when the underlying object possesses hidden structure — sparsity, low rank,
or spectral concentration — a small set of well-chosen observations can retain essentially

all of the relevant information.

This principle lies at the heart of modern sensing and compressed acquisition. Rather
than measuring every coordinate of a high-dimensional vector, one acquires a handful of
linear measurements engineered to preserve the information pertinent to the underlying
structure. Compressed sensing, random projections, and sketching algorithms all exploit
this philosophy: local or low-dimensional observations frequently suffice, provided the
object is structured. The measurements themselves are typically “lossy” in the sense that
they collapse many degrees of freedom together, yet the collapse is engineered so that

structured objects remain recoverable from the compressed record.

A closely related phenomenon appears in the frequency domain. When a signal is observed
only on a restricted region of its domain, its spectrum does not simply vanish outside
the observed window; instead, frequency components combine and reappear in a folded,
aggregated form. In the language of the previous chapter, this is precisely the mechanism
of aliasing: distinct frequencies become indistinguishable after restricted observation.
What is destructive in one setting becomes constructive in another. If one knows how the
folding operates, the aggregated measurements form a compressed sketch of the original

spectrum, from which structured spectral information can be read back out.

Subspace restriction realizes exactly this idea for Boolean functions. Suppose we are given
a function f : F} — R and an affine subspace r + H, where H < F7 has dimension
t. Instead of observing f on the entire hypercube, we observe its values only on the

2! points of  + H. At first glance this appears to discard the overwhelming majority
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of the information contained in f. Yet, through Fourier duality, the restricted function
retains a highly structured summary of the global Fourier spectrum. Restricting f to
an affine subspace does not merely reveal local behavior: it simultaneously computes
structured linear combinations of the global Fourier coefficients. More precisely, every
Fourier coefficient of the restricted function equals a signed sum of the Fourier coefficients
lying in a single coset of H. Thus, although the restriction is performed entirely in the

input domain, it implicitly produces a compressed sketch of the Fourier spectrum.

Viewed this way, subspace restriction is the exact dual counterpart of the coset hashing
technique of the previous chapter. In coset hashing, Fourier coefficients belonging to a
common bucket are explicitly aggregated into a single measurement in the frequency
domain. In subspace restriction, exactly the same aggregation occurs implicitly: frequen-
cies lying in the same coset of H+ become indistinguishable once f is observed only on
r + H. Where coset hashing compresses the spectrum by design, subspace restriction
compresses it as an automatic by-product of local sampling. The two operations are, from
complementary viewpoints, computing the same structured spectral aggregates. This
duality is the reason the two primitives can be used interchangeably in the algorithms

developed later in this thesis.

Random restrictions have played a central role in theoretical computer science for more
than three decades. They have been used extensively in circuit complexity, coding theory,
learning theory, higher-order Fourier analysis, pseudorandomness, and property testing,
where they preserve algebraic structure while dramatically reducing dimension. Tra-
ditionally, however, restrictions have been regarded primarily as tools for simplifying
functions or preserving low-degree polynomial structure — an instrument for reducing

the complexity of the object under study, rather than for measuring it.

The viewpoint developed in this thesis is substantially different. We interpret random
affine restrictions as a sketching primitive for Fourier analysis. Rather than studying only
the restricted function itself, we investigate the spectral information encoded by its Fourier
transform and show that this information suffices to estimate several global quantities of
interest. In particular, we establish concentration phenomena showing that approximately
Fourier-sparse functions remain spectrally stable under random restrictions, enabling
efficient estimation of global spectral parameters from purely local observations. These
results form the foundation of the algorithms developed in the subsequent chapters. We

now make these notions precise.

A random subspace H < [} of dimension ¢ is the span of ¢ independent uniformly random
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vectors vy, ..., v, € Fy. A random affine subspace of dimension ¢ is
A=a+ H,
with H as above and o € FY} uniform and independent of H. The restriction of f to A is
fa:H—R, fa(z) = f(z + a).

Since H is itself an Fy-vector space, f4 has its own Fourier expansion. To index it, fix a
subspace W complementary to H*, so that F} = W & H*; then {x,|y : v € W} isan
orthonormal basis for the real-valued functions on H. We write ?Z('y), v € W, for the

Fourier coefficients of f4, and note |W| = 2. Parseval on the group H reads

N Fa0)? = Ml = Eeen [z +)?].

yeW

For convenient reference, the notation used throughout this chapter is collected in Table 6.1.

Notation Description

H <TFy A random subspace of dimension ¢
A=a+H A random affine subspace (a uniform, independent of /)

fa(z) = f(z + «) | The restriction of f to A, viewed as a function on H

w A fixed complement to H 1, indexing the spectrum of f4
E(’y) Fourier coefficient of f4 aty € W
a:=2" Coset collision parameter

M = | |4 PP F(B)*, the fourth Fourier mass of f
Xa = |[fa]t > ew E(v)“, the fourth Fourier mass of f4
K :=|f|8 Eighth moment of f; controls the light spectrum

Table 6.1: Notation for the subspace restriction technique.

6.1 The Fourier spectrum under random affine restric-
tion
This section records how the spectrum transforms under restriction. The three statements

below are the real-valued analogues of the classical Boolean facts, and — this is the point —

their proofs carry over verbatim, because they rely only on Parseval’s identity, normalized
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o~

here to > st (B)* = 1, and character orthogonality. No higher moment of f appears

anywhere in this section.

The first fact makes precise the sense in which restriction implements structured aliasing
in the frequency domain: it aggregates the spectrum along cosets of H, exactly mirroring

the bucketing of the coset hashing primitive.

Fact 6.1 (Restricted Fourier coefficients). Let H < 7 be a subspace, « € Fy, A =« + H,
and let W be complementary to H*. Then for everyy € W,

) = Y FB) xs(a).

pey+HL

Proof. By definition ;‘Z(fy) = E,cn [f(z + a)x,(x)]. Substituting the Fourier expansion
of f and using x5(x + a) = xs(x)xs(a),

o~

Fa() = Eeen | FBMa(@)xs(@)x(@)] = D FB)xa(@) Bacrr[xs(2)].
B B

By character orthogonality the inner expectation is 1 if 3 — v € H' and 0 otherwise, so
only 3 € v+ H* survive. g

Thus restriction aggregates the spectrum of f along cosets of H*, with signs xs(«)
supplied by the random shift. Two consequences will matter for the algorithms to come:
a heavy coeflicient alone in its coset is read off cleanly, whereas many light coefficients
sharing a coset could, in principle, conspire. We next show that the induced coset partition
is pairwise independent, in exact analogy with the pairwise independence of the coset

hashing partition established in the previous chapter.

Fact 6.2 (Collision probability). Let H < F be a random subspace of dimension t. Then
for any distinct 51, B2 € F3,

%r[ (1, B2 lie in the same coset ofHL } =271

Proof. Putw := 3 — 35 # 0. The two frequencies share a coset of H precisely
when w € H?, ie. when (w,v;) = 0 for each of the ¢ independent uniform vectors
v1, ..., v spanning H. For fixed w # 0 each such condition holds with probability 1/2,
independently across ¢; the probability is therefore 2. U

Observe that Fact 6.2 concerns subspaces only, and is insensitive to whether f is Boolean

or real-valued.

We can now establish the first of the two central results of this chapter: heavy Fourier
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coeflicients survive restriction essentially unperturbed.

Lemma 6.3 (Heavy coefficients survive restriction). Let f : F} — R with ||f||o = 1, and
let A= o+ H be a random affine subspace of dimension t. Let W be complementary to H+,
and for v € FY let 3, € W be the unique representative withy € 3., + H*. Then for every
v € F3 and every A > 0,

~ 92—t

Pr[ [Fa(8) = Foa(@)| = 2740 ] < 55

Proof. Fix v # 0 (the case v = 0 is handled at the end). By Fact 6.1,

> FB)sa)

BeBy+HL
For (3 € F} let 14 be the indicator of 3 € 3, + H*, a function of H alone. Isolating the
terms § = v and 8 = 0, and using xo(«) = 1, define

= Ja(8y) — Foxa(@) = FO) 10 + 37 F(8) xs(a) 14

BE{0,7}

Note 15 depends only on H and ys(«) only on ¢, and H, «v are independent.

Expectation Condition on H. As « is uniform, E,[xs(e)] = 0 for all 5 # 0, so
E.[Z | H] = F(0)1,. Hence, by Fact 6.2 applied to the distinct pair {0,~},

~

EnalZ] = £(0) - Pr [ve HY] =27"f(0), so |Epa[Z]] <27,

using |£(0)] < [|f]l = 1.

Variance. Condition on H and write ag := f(ﬁ)lg, so Z =3 5, asxs(). Expanding,

Eo[Z7 | H] =) ai+ Y asagEalxsrs(@)].

B#y B,8'#y
B#B

For 3 # [3' we have 3 + 3 # 0, so all cross terms vanish. Thus E,[Z? | H| =
> bt f(ﬁ)215, and averaging over H using Fact 6.2,

Eno[2?] =27 f(B)? < 27| fI3 = 27,
B#y

by Parseval. Hence Var(Z) < E[Z?%] < 27,

Concentration. Chebyshev’s inequality gives Pr[|Z — E[Z]| > A] < 27!/A%. Since
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|E[Z]| <277, the event |Z] > 27" + X implies |Z — E[Z]| > ), proving the claim.

~

If v = 0 the term f(0)1, is absent, E[Z] = 0, and one obtains the stronger bound
Pr[|Z]| > \] < 27%/\?, which implies the stated inequality. O
Remark 6.4. The proof used exactly two properties of f: Parseval in the form ) _ f( B)? =1,
and |f(0)\ < || f]l2 = 1. Both hold for arbitrary real-valued f of unit L? norm. No moment
beyond || f||2 appears in Lemma 6.3 — the heavy half of our analysis is moment-free, and

everything to come that involves || f||s concerns only the light spectrum.

6.2 The fourth Fourier mass under random affine re-

striction

Lemma 6.3 protects the heavy coefficients. It says nothing, however, about the possibility
that a large number of small coefficients aggregate along a single coset of H* into a
spuriously large coefficient of f4. Ruling this out is the objective of the present section,

and the instrument for doing so is the fourth Fourier mass. Recall the notation of Table 6.1:

a=2"  M=|ll=3 B  Xa=|fll =3 At K=k

BeFy yeEW

The main result of this section, Lemma 6.12, shows that X 4 concentrates sharply around M;
equivalently, the fourth Fourier mass is approximately preserved under random restriction.
Its proof proceeds through a physical-domain identity, a first-moment computation, and a

variance bound.

6.2.1 A four-point identity

The engine of the entire section is an identity that transports the fourth Fourier mass out
of the frequency domain and into the physical domain, where it becomes an average of f

over four points.

Fact 6.5 (Four-point identity). Let G be a finite abelian group of exponent two, i.e. G = F4
for some k, with characters {Xv}ve@' Then foreveryg : G — R,

> Gt = Eowweo| 9(x) (@ +u) g(a + w) gl + u+w) |.
veG
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Proof. Call the right-hand side 2 and substitute g(y) = > __ §(7)x-(y) into each factor:

R= > §0n)§02)d(1)d() Ev [Xw(x)Xw(x"‘u)X%($+w)Xv4(x+u+w)-

71,72,73,74

By the character multiplication rule,

X’Yl (m)X"/z (l’—i—U)X»yS ($+w)X’Y4 (JH—U—FIU) = X’Yl +y2+7v3+74 (x) X’YQ+’Y4 (u) X’ys+’y4 (w) :

Since z, u, w are independent and uniform, character orthogonality (with H = G, so

H* = {0}) forces the expectation to vanish unless

Mmtyr+tr+rnu=0, Yo+ 71 =0, Y3+ 71 =0,

in which case it equals 1. As GG has exponent two, the last two conditions say 7, = 74 and

3 = 74, and the first then forces v; = 72 = 73 = 74. Only diagonal terms survive, giving

Applying Fact 6.5 to G = F} with g = f, and to G = H with g = f4 (legitimate, since H

is an Fy-vector space), we obtain the two representations

M = Eyywers [f(y) f(y+u) f(y+w) f(y+utw)],

(6.1)
Xa =Epuwen [fa(@)falz4u) fa(z+w) fa(z+utw)].

The identity moves the fourth mass out of the Fourier domain and into the physical
domain, where it becomes an average of f over four points. That is what makes the

variance argument below possible.

6.2.2 Expectation of the restricted fourth mass

We first show that X 4 is an almost unbiased estimator of M, with a bias controlled by the

eighth moment K.
Lemma 6.6 (Expectation of X ). Witha = 27°,

Ea[Xa] = (1 -3a+2a*)M + 3a + a*(||f]3—3).
Consequently

0 < Ea[Xa] =M < 3a+d®(|fll; —1) < 4aK.
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Proof. By Fact 6.1,

Xa= Z( Z ]?(,B)X@(Oé)>4 = Z C(ﬂla"wﬁﬁl) 1H(517"'a64) Xﬁ1+ﬂ2+ﬁ3+ﬂ4<a)a

YEW Bey+H-L B1;.,B4€FY

where ¢(f1,...,0s) = Hle f/\(ﬁl) and 15(5y, ..., Bs) indicates that 5, ..., 5, liein a

common coset of H. Averaging over a and using E,[x,(a)] = 1[v = 0],

E.[Xa| H| = Z By B1) 1u(Bu,- .., Ba).

77777

B1 +ﬁ2+53+ﬁ4

For a quadruple 7" = (f4,...,084) put r(T) := dimspan{fs — p1, 53 — 51, Ba — b1}
On the zero-sum set 3, — 1 = (B2 — f1) + (B3 — B1), so r(T') € {0,1,2}. Moreover
B, ..., B4 share a coset of H+ if and only if 3; — 3; € H* for i = 2,3, 4; since a fixed
nonzero vector lies in H+ with probability 2%, and the constraints corresponding to a

basis of the span are independent,
o _ o—tr(T) _ _r(T
Pr[14(T) =1] = 27" = "™,

Therefore

EA[XA] == Zar Z C(T), (6.2)

r=0 T: r(T)=r
B1+PB2+B3+1=0

and we compute the three contributions exactly.
Caser(T) = 0. Then 8 = By = (33 = f4, contributing > _, ]?(5)4 = M.

Case r(T') = 1. With the zero-sum condition, such a quadruple contains exactly two

= 6 ordered

distinct frequencies, each twice. Each unordered pair {3, '} arises from =5 2, 2,

quadruples, so the contribution is
63" Fo)fe)? =3[ (X F6) S Fo)] =30 - M),
B<efB B B

where <, is any fixed total order, and the last step uses Parseval, } _; 8?2 =1.

Case r(T') = 2. First sum ¢(T") over all zero-sum quadruples. Writing the constraint as

B1 + B2 = B3 + (4 and grouping by v := ) + [,

Z e =3 (X Feofe)”

----- velFY  B1+pPo=v
,31+52 53+54
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Squaring the Fourier expansion of f and collecting equal frequencies gives

F@)? =3 FB)F(B)xprs(z),  so )= > F(B)F(B).

B1,82 B1+B2=v

Applying Parseval to the function f?,
> P =P, =B [ @] = A1

Since 7(T) € {0, 1,2} partitions the zero-sum quadruples, the 7(7") = 2 contribution
equals

IF1I3 = M = 3(1 — M) = [|f[|3 =3+ 2M.
Substituting into (6.2),
EA[Xa] = M+3a(1— M)+ a?(|fIi~3+2M) = (1-3a-+20%) M +-3a-+a% (|11 -3).
Rearranging,

Ea[Xa] =M = (3a—2a*)(1 = M) +a* (|| f]l: — 1),

and both terms are nonnegative since M < 1, || f||1 > 1,and a < 3. Finally (3a—2a?)(1—
M) < 3aand a*(||f]|F — 1) < allf||] < aK,s0 Eq[X4] — M < 3a+ aK < 4aK as

K >1. U

Remark 6.7 (Where Booleanity was hiding). For Boolean f one has f> = 1 and hence
| £]l3 = 1, and the identity collapses to the classical E4[X 4] = (1 —3a+2a?)M + 3a — 2a>.
The case r(T) = 2 is thus the unique point at which Booleanity entered the classical
first-moment computation, and it is exactly there that || f||] surfaces in the real-valued

setting.

6.2.3 Variance of the restricted fourth mass

Here we must depart from the classical route, and it is instructive to see why.

Why the Fourier-side computation fails. Expanding Var (X 4) in the Fourier basis
produces a signed sum over pairs of quadruples (7, 7"), weighted by ¢(T")c(T") and by
the indicator that each quadruple lies in a coset of H+. The classical argument inserts
the worst-case collision probability Pry|[-] < 27" into that sum term by term. This is not

legitimate: one may not pull a probability bound out of a signed sum. Making the step
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rigorous forces absolute values on the coefficients, which amounts to replacing f by

=318 xs
B

and the resulting bound involves || f*||5. That is fatal: for a bent function f* = 2"/%1,
so || 7|3 = 23", and the bound is vacuous even for Boolean f. We therefore argue in the

physical domain instead, using the four-point representation (6.1).

The new idea. A random affine subspace furnishes exactly independent uniform points
of F}, except on a rare degenerate event. Precisely: fix m > 1, draw ¢V, ... ™ ¢ [}

independently and uniformly, and set

¢
wj::ZcZ(])vi € H, 7=1,...,m,
i=1
where vy, ..., v, are the independent uniform vectors spanning H. Since ¢ — . ¢;v; is
a surjective homomorphism F} — H, the w; are, conditionally on H, independent and
uniform on H; hence the averages over H in (6.1) may be realized by sampling in this

manner. Define the degenerate event
B, = { W ..., ™ are linearly dependent in I, }

Claim 6.8. (i) Pr[B,,] < (2™ —1)27". (ii) Conditioned on B, the vectors (wy, ..., wy,)

are distributed as m independent uniform elements of Iy, independently of a.

Proof. (i) Since span(c!), ..., cU=V) has at most 27! elements, a union bound gives
Pr(B,,] < Z Pr [c(j) € span(cV, . .. ,c(j_l))} < Z 27719t — (2m —1)27,
j=1 j=1

the term j = 1 accounting for c(!) = 0.

(ii) Let V' € FL*™ have rows vy, ..., v, and C' € F3™ have rows ¢V, ..., c™); then
(w1, ..., wy,) is precisely the row set of C'V. On B, the matrix C has full row rank m,
so X +— CX is a surjective linear map F5*" — F3"*". A surjective linear map pushes the
uniform distribution forward to the uniform distribution; as V' is uniform on F’;X", the
matrix C'V is uniform on F3"*", which is the assertion. Finally 5,, is determined by the

c\9) alone, while « is drawn independently of (v;); and (c\?));. d

Claim 6.9. Let py, ..., p, be points of the form p; = o + u;, where each u; is a function of
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(v, c) only, and let B = B,,,. Then

E[[] -1 | < Poig]- 1511

H::1 f@z)’ < %Zle |f(pa)]"

Fix i. Conditionally on (v, ¢), the point p; = « + u; is uniform on F%, since « is uniform

Proof. By the inequality of arithmetic and geometric means,

and independent of (v, ¢). As B is determined by c alone,

E[|f(pi)|"16] = E |15 Eq [|f (@ + ui)|'] | = Pr{B] - | fII7.

Averaging over 7 = 1, ..., r yields the claim. U

Note that Claim 6.9 is where the eighth moment will be paid for: on the degenerate event

we have no cancellation to exploit, and we simply bound the eight-fold product by || f||3.

Claim 6.10 (Second moment of X 4). | E4 [Xf,] — M? } < 126-27'K.

Proof. By (6.1), X7 is the product of two independent copies of the same four-point
average over [1. Realize the two triples of sample points using independent uniform

V..., c® € F (som = 6), producing wy, . .., ws € H and the eight points
D1y -5 D4 = atwi+{0, we, ws, wetws}, D5, - -, D8 = atwys+{0, ws, we, ws+we},

so that E 4 [XEJ =E,ca [H§:1 f(pz)]

On B¢, Claim 6.8(ii) gives that wy, ..., ws are independent and uniform on F% and inde-
pendent of . Put y := o+ wy and 3y’ := a + wy: conditionally on « these are independent
and uniform, so y, ¥/, ws, w3, ws, wg are six independent uniform vectors of F}. The

eight-fold product therefore factorizes into two independent four-fold products, and by
(6.1),

B] = (Byo )7t fly ) fyrutw)] ) = M2

E[ﬁf(pi)

Writing E4[X3] = Pr[B§] M? + E [H§:1 f(pi) 15,] and applying Claim 6.9 with r = 8,
together with Pr[Bg] < 63-2"and M <1< K,

|E4[X3) — M?| < Pr[Bg](M*+[|f[§) < 63-27"(1+K) < 126-27'K.

Lemma 6.11 (Variance bound). Var,(X4) < 126-27| f|I3.
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Proof. By Lemma 6.6, E4[X4] > M > 0, so (]EA[XA])2 > M?. With Claim 6.10,

Vara(Xa) = Ea[X3] — (Ea[Xa])" < Ea[X3] - M? < 126-27'K.

6.2.4 Concentration of the restricted fourth mass

Combining the first-moment estimate of Lemma 6.6 with the variance bound of Lemma 6.11

yields the second central result of this chapter.

Lemma 6.12 (The fourth Fourier mass is preserved). Let f : Fy — R with || f||» = 1, and
let A = o+ H be a random affine subspace of dimension t. Then for every e € (0, 1],

27" || £1I8
g2

Pr[ [I7a3 = 1713 | = <] < 504

Proof. Recalla = 27" and K > 1. By Lemma 6.6, |[E4[X4] — M| < b := 4aK. Fix
e € (0,1].

Case 1:£ > 2. If | X4 — M| > e then | X4 — E[X4]| > & — b > £/2. By Chebyshev and

Lemma 6.11,
VarA(XA) < 504 - 27K

(/22 — &

Pr[|Xy—M|>¢] <

Case 2: ¢ < 2b = 8aK. Then 27'K > ¢/8,50 504 - 27'Ke™? > 63/ > 63 > 1 (using
¢ < 1), and the bound holds trivially since probabilities are at most 1. U

Together, Lemma 6.3 and Lemma 6.12 constitute the two guarantees exported by this
chapter. The former shows that a heavy Fourier coefficient is preserved, essentially
without distortion, under random affine restriction, using only the second moment of
f; the latter shows that the aggregate fourth Fourier mass is preserved up to an error
governed by the eighth moment, which quantitatively controls the possibility of many
light coefficients conspiring within a single coset. As with the coset hashing primitive of
the previous chapter, these concentration properties are precisely what make subspace
restriction usable as an efficient sketching primitive in the algorithms developed in the

subsequent chapters.
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Application V : Near Optimal ¢
Testing of Fourier Sparsity

Property testing of Boolean functions was introduced in the seminal work of Blum, Luby,
and Rubinfeld [Blum et al., 1993b] in the context of PCP and related developments. Since
then, it has developed into an active area of research at the intersection of sublinear
algorithms and computational complexity. In this framework, a tester for a class C of
functions f : Fy — {—1, 41} is a randomized algorithm that, given oracle access to an
unknown function f, must distinguish, with high probability, between the case that f € C
and the case that f is e-far (in Hamming distance) from every function in C, while making
as few queries as possible. Over the past three decades, a wide range of properties of
Boolean functions, e.g. low-degree-ness [Alon et al., 2005, Bhattacharyya et al., 2010],
monotonicity, and unateness [Chen et al., 2015, 2017, Chen and Xie, 2016, Goldreich et al.,
2000], have been studied in this model. We refer the interested reader to the excellent
surveys of Goldreich [Goldreich, 2017] and Bhattacharyya and Yoshida Bhattacharyya

and Yoshida [2022] for a comprehensive overview of this literature.

A recurring theme in property testing is determining whether a function admits a concise
representation in an appropriate basis. Such representations capture the intuition that
many natural functions, despite being defined over high-dimensional domains, possess
low intrinsic complexity. A prominent example is the class of k-juntas, consisting of
functions that depend on at most k£ < n variables. The problem of testing juntas has been
one of the active topics in property testing [Diakonikolas et al., 2007, Blais, 2009, Fischer
et al., 2004] and its more refined variants, including tolerant testing [Nadimpalli and Patel,
2024], relative-error testing [Chen et al., 2025], and distribution-free testing [Liu et al.,
2019]. Following nearly two decades of research, the query complexity of junta testing in
the standard property testing model is now essentially settled, with near-optimal upper
and lower bounds having been established [Blais, 2009, Bshouty, 2020]. This is widely

regarded as a major milestone in the property testing literature.

Apart from juntas, another fundamental measure of complexity, Fourier sparsity, arises

naturally in many areas of theoretical computer science. Before proceeding further, we
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Fourier Sparsity Testing Problem

Given oracle access to an unknown function f : F} — {—1,+1} and
parameters s € N and ¢ € (0, 1), the Fourier sparsity testing problem is to
design a randomized algorithm that:

« accepts with probability at least 2/3 if f is s-Fourier sparse, and

« rejects with probability at least 2/3 if f is e-far (in Hamming distance)
from every s-Fourier sparse Boolean function.

The algorithm aims to minimize the number of queries.

Figure 7.1: Fourier sparsity testing problem

formally define Fourier sparsity. By the fundamental theorem of Fourier analysis O’ Donnell

[2014], every function f : F§ — {—1,1} admits a Fourier expansion

fl@) =" Flo) (=1,

a€cly

~

where f(a) denotes the Fourier coefficient of f at . The Fourier sparsity of f is defined

as the number of nonzero coefficients in this expansion.

Fourier sparsity plays a crucial role across several areas of theoretical computer science,
including communication complexity [Tsang et al., 2013, Shpilka et al., 2017], cryptogra-
phy [Goldreich and Levin, 1989], and learning theory Kushilevitz and Mansour [1993].
Many natural classes of functions, such as junta functions, low-depth decision trees, low-
degree functions, and hypergraph cut functions, exhibit sparse Fourier spectra. Given this
reach, testing Fourier sparsity is a natural and consequential problem in its own right —
but beyond this intrinsic interest, it is also motivated by a concrete need within learning

theory.

The problem of learning Fourier-sparse Boolean functions dates back to the pioneering
work of Kushilevitz and Mansour [1993], inspired by the seminal work of Goldreich
and Levin [1989]. Over the past two decades, there has been renewed interest in the
exact reconstruction of Fourier-sparse Boolean functions, with complexity depending
primarily on the sparsity parameter. Two main algorithmic paradigms have emerged: the
Sparse Hadamard Transform [Stobbe and Krause, 2012, Hassanieh et al., 2012b, Indyk
et al., 2014] and compressed sensing techniques [Rudelson and Vershynin, 2008, Ishay and
Regev, 2017]. A common assumption in these works is that the sparsity level is known

in advance, which may not hold in practice. Moreover, exact reconstruction methods,
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such as /;-minimization-based compressed sensing [Ishay and Regev, 2017], succeed
only when the function is exactly, or sufficiently close to, s-Fourier sparse — typically
requiring Hamming distance at most o(1/s) from the nearest s-sparse function. Some
form of certification of Fourier sparsity is therefore crucial for obtaining meaningful
recovery guarantees from such algorithms. This is precisely the perspective articulated by
Goldreich et al. [1998], who formalized property testing as an effective preprocessing step

before invoking computationally expensive learning algorithms.

It is against this backdrop that the query complexity of testing Fourier sparsity becomes
especially pressing. The problem (see the formal definition in Figure 7.1) was first studied
by [Gopalan et al.,, 2011], who gave a tester with query complexity O(s'4) and established
a lower bound of 2(1/s). Surprisingly, no significant progress was made toward closing
this gap for nearly two decades — in sharp contrast to junta testing, a strict subclass
of Fourier-sparse functions, where substantial progress over the same period led to an
essentially complete understanding of the query complexity. Fortunately, in a recent
work, [Ghosh et al., 2026] made a major breakthrough, designing a tester for testing
Fourier sparsity with query complexity O (s?) and simultaneously strengthening the lower
bound to €2(s). In this work, we nearly close the remaining gap by presenting a tester
with query complexity 6(3), matching the lower bound of [Ghosh et al., 2026] up to
polylogarithmic factors. Finally, we note that our tester is non-adaptive, whereas the
lower bound argument of [Ghosh et al.,, 2026] holds even against adaptive algorithms,

showing that adaptivity does not provide an asymptotic advantage for this problem.

We now state our main result below.

Theorem 7.1. For everyc € (0, 1), there exists a nonadaptive randomized tester for
the class of Boolean functions with Fourier sparsity at most s, with query complexity
5(3/5), such that (i) if f has Fourier sparsity at most s, then the tester accepts except
with probability € /200, and (ii) if f is e-far from every such function, then the tester
rejects with probability at least £ /100.

With our main theorem in hand, one can now solve the Fourier sparsity testing problem
(Figure 7.1) in the following way. Let 7 be the tester guaranteed by Theorem 7.1. If f is
s-Fourier sparse, then T accepts with probability at least 1 — £/200, whereas if f is e-far,
it rejects with probability at least £/100. We run 7 independently ¢t = ©(1/?) times and
estimate its acceptance probability. Since the completeness and soundness probabilities
differ by Q(¢), a Chernoff bound shows that O(1/¢?) independent repetitions suffice to

separate the two cases with constant probability. This increases the query complexity
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by an O(1/£?) factor while preserving the correctness of the tester. This perspective is

encapsulated in the following theorem.

Theorem 7.2. Foreverye € (0, 1), there exists a randomized tester for the class of Boolean

functions with Fourier sparsity at most s, with query complexity 6(8/€3>, such that

1. if f has Fourier sparsity at most s, then the tester accepts with probability at least 2/3,

and

2. if f ise-far from every Boolean function with Fourier sparsity at most s, then the tester

rejects with probability at least 2/3.

We conclude this section by describing some related works, future research directions,

and a sketch of the proof of our main theorem.

Related Works

The problem of testing Fourier sparsity under Hamming distance was first studied by
Gopalan et al. [2011], who gave a non-adaptive tester with query complexity O(s°® log s/e?+
s'*log s) and proved a lower bound of Q(y/s). Furthermore, Fourier sparsity is affine-
invariant, in the sense that it remains unchanged under affine transformations of the
domain. Consequently, it is, at least in principle, amenable to testing via general regularity-
based frameworks for testing affine-invariant properties of Boolean functions [Bhat-
tacharyya et al., 2012]; however, such approaches incur impractical tower-type query
complexities. Only recently has there been significant progress: Ghosh et al. [2026]
improved the upper bound to 6(54) and established a matching lower bound of Q(s),
thereby substantially narrowing the gap. These developments reduced a long-standing

gap that persisted for nearly two decades.

A related version has been studied for real-valued functions f : F} — R, where distance is
measured via the Euclidean norm, dists(f, 9) = (Eo~ry [(f(2) — g())?]) Y2 Yaroslavt-
sev and Zhou [2020] showed that testing closeness to s-Fourier-sparse functions under this

metric can be achieved with O(s) queries, and they established an €2(1/5) lower bound.

However, readers may note that while closeness in Hamming distance implies closeness
in Euclidean distance, the converse need not hold. To illustrate, consider two scenarios.
In the first, suppose [ is an exactly s-Fourier-sparse Boolean function with precisely s
nonzero Fourier coefficients; then each such coefficient must have magnitude Q2(1/s). In
the second, consider a Boolean function that has s large Fourier coefficients but also a tail

of many small, nonzero coefficients whose total /5 mass is small. A tester for s-Fourier
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sparsity under Euclidean distance would accept both types of functions, whereas a tester
under Hamming distance should accept only the first. Thus, testing Fourier sparsity in the
Hamming model is inherently more demanding: one must certify not only the presence of
s large coefficients but also the absence of any significant Fourier tail. Consequently, a
tester for Fourier sparsity under Euclidean distance cannot, in general, be used to obtain a

tester under the Hamming distance.

7.1 Proof Ideas

Testing for concise representations of Boolean functions has largely been studied via the
implicit learning paradigm [Diakonikolas et al., 2007]. The key insight is that many natural
function classes, such as DNFs, decision trees, branching programs, and Boolean formulas,
admit succinct representations and are well approximated by junta functions. For example,
every s-term DNF is e-close to one depending on O(log s + log(1/¢)) variables. This
enables testers that recover the structure of a small junta without explicitly identifying
the relevant variables. In particular, building on ideas from Alon et al. [2013b] and Blais
[2009], Bshouty [2020] gave optimal bounds for several junta-based classes. A limitation
of this approach is its reliance on junta structure. It does not extend to Fourier-sparse
functions, since Fourier-sparse Boolean functions are not necessarily juntas; for instance,
the parity function on n variables is 1-Fourier-sparse but depends on all variables, i.e., it
is an n-junta. Recent work of Ghosh et al. [2026] circumvents this barrier by designing
an affine-invariant sample extractor for Fourier-sparse functions, in the spirit of Alon

et al. [2013b], obtaining an O(s*)-query tester for the Fourier sparsity testing problem.

In this work, we develop a new approach to testing Fourier sparsity based on random affine
restrictions, a technique rooted in the literature on testing affine-invariant properties [Alon
et al., 2005, Bhattacharyya et al., 2012, Arnab et al,, 2010]. The general paradigm of
restricting functions to random affine subspaces has been widely used in this line of
work, often relying on regularity-like lemmas whose query complexity has tower-type
dependence on the underlying approximation parameter [Hatami and Lovett, 2011, 2013].
In contrast, our approach avoids such heavy machinery and relies on a suitable notion of
self-correction [Blum et al., 1993b]. Specifically, our self-correction procedure operates in
the Fourier domain: it recovers Fourier spectra directly, whereas all earlier instantiations
of this paradigm [Blum et al., 1993b, Alon et al., 2005, Bhattacharyya et al., 2010] operated
in the input domain, recovering function values from noisy evaluations of the function.
Below, we provide a high-level overview of our approach. We deliberately omit many

technical details, but hope that this overview will help the reader appreciate the main
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ideas behind our algorithm.

More concretely, our approach treats affine restrictions as a hashing mechanism on the
Fourier spectrum, exactly the subspace-restriction primitive developed in Chapter 6. Let
f :F% — {—1,+1} be an s-Fourier-sparse function, and let A = a + H be a random
affine subspace, where H < F} has dimension d = O(log s/¢). By Fact 6.1, the Fourier

coefficients of the restricted function f4 satisfy

Fay = > FB) (-,

Bev+H+

which can be viewed as a form of Poisson summation over F. Thus, restricting f to
A aggregates its Fourier coefficients into “buckets” indexed by cosets of H, with an
additional phase depending on the shift a. When H is chosen at random, this hashing
behaves in a pairwise-independent manner (Fact 6.2), an observation that has appeared in
several works on testing and learning Fourier-sparse Boolean functions [Hassanieh et al.,
2012b, Gopalan et al., 2011, Ghosh and Roy, 2025]. In particular, when the dimension of H
is sufficiently large, all nonzero Fourier coeflicients of f are mapped to distinct cosets of
H* with high probability. Consequently, each coefficient E(v) corresponds to a unique

Fourier coefficient of f, up to a phase factor.

This simple observation gives rise to three key structural properties, which we exploit in
our tester. First, the magnitudes |?Z(’y)| are independent of the choice of the affine shift
a, a property we refer to as magnitude consistency. Second, the phases satisfy a strong
compatibility relation across affine shifts, which we call triangle consistency. Specifically,

for all a,r € F} and v € W, we have

Jorn () Tren() _ Joeren(d)
fu() fu(7) fu()

Moreover, provided the dimension of H is sufficiently large, the random hashing is injective
not only on the Fourier support S, but also on the sumset S + S with high probability.
Consequently, we observe an additive consistency over the Fourier coefficients: for every
Y1, Y2, V3, Y4 € W satisfying 1 + 72 = 73 + 74 and E(%) # 0foralli € {1,2,3,4}, we

have /\ /\ - /\
Jarr () Sarrn(2) _ farn(3)  farn(y4)

E(’Yl) E(’h) E(’Y:s) E(’M)

for every a € ;. These observations form the basis for the completeness analysis of our

testing algorithm.

For the soundness analysis, we adopt a self-correction paradigm to recover the Fourier
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spectrum of the restricted function. Towards this, for each affine coset a + H we gather
“votes” from other cosets to define a corrected Fourier spectrum. Concretely, for each

~ € W, we define
‘b/aJr\H(’Y) = majority f“+b+H/(\7) fb—&-H(’Y).

The remaining challenge is to prove soundness. Specifically, we show that if the tester
accepts with high probability — equivalently, if the magnitude, triangle, and additive
consistency conditions hold for a large fraction of affine cosets — then the input function
is close to an s-Fourier sparse Boolean function. Our starting point is to prove that, under
these consistency conditions, the ratio computed by our procedure identifies the same
underlying Fourier coefficient with high probability. Consequently, the correct value forms
a strict majority, enabling us to recover the “true” Fourier coefficient associated with almost
every coset. Furthermore, we show that only a small fraction of cosets are “noisy,” and
these can be corrected using the same majority-based reconstruction procedure. The main
technical challenge is to prove that this correction procedure preserves both Booleanity
and Fourier sparsity. Although the consistency conditions allow us to reconstruct a
globally consistent Fourier spectrum across affine cosets, it is not a priori clear that the
resulting function ¢ is an s-Fourier sparse Boolean function, or even that such a function

should exist. This, we believe, is one of our main technical contributions in this work.

The straightforward implementation of our approach requires computing the exact Fourier
spectrum of each affine restriction, which is prohibitively expensive in terms of query
complexity. To overcome this, we replace the exact Fourier computation by a sparse
recovery procedure, broadly based on the ¢;-minimization-based compressed sensing
framework [Candés et al., 2006, Donoho, 2006], over subsampled Walsh-Hadamard matri-
ces [Ishay and Regev, 2017]. We then prove that incorporating this recovery procedure into
Algorithm 12 preserves its completeness and soundness guarantees up to asymptotically

negligible error, while reducing the query complexity to

O<slog25 logf —|—§log§> )
e € "¢

7.2 A Query Ineflicient Fourier Sparsity Tester

In this section, we present Algorithm 12, a query-inefficient tester for Fourier sparsity
based on a self-correction procedure over the dual space. The algorithm enjoys the

following theoretical guarantees.

Theorem 7.3. Foreverye € (0, 1), there exists a randomized tester for the class of Boolean
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functions with Fourier sparsity at most s, with query complexity 6(84), such that

1. (Completeness) if f has Fourier sparsity at most s, then the tester accepts except with
probability e /200;

2. (Soundness) if f is e-far from every such function, then the tester rejects with proba-
bility at least min(/16,1/64).

In the next section, we show how to transform Algorithm 12 into a query-efficient tester,

at the cost of a slight weakening of these theoretical guarantees.

Algorithm 12: Fourier Sparsity Tester

Input: Oracle access to f : F§ — {—1,+1} and sparsity parameter s.
Output: Accept if f is s-Fourier sparse; REJECT otherwise.
51254w

3

Initialization: Let d = {log

Repeat O(1) times, keeping any successful run:

Step 1. Let I < [F} be the span of d independent uniformly random vectors
vy, ...,vq € FY, and compute a complementary subspace W such that
Fr=W o HL,;

Step 2. Sample a,r € F} uniformly at random. For each shift
t € {0,a,r,a+ r}, compute the Fourier coefficients of the restricted function
fern. If any restriction f;, 5 is not s-Fourier sparse, REJECT.;

Step 3. For every v € W, verify the Magnitude-Consistency Test:

J@\H(v)’ =

JZ\H(V)‘ =

forrn()] = [Ta()|.

If the test fails for any ~y, REJECT;
Step 4. For every v € W with fy () # 0, verify the Triangle-Consistency Test:

Jarun() . Sreu(7) _ fa+r+H(7).
fa(v)  fu(v) fu(y)
If the test fails for any ~y, REJECT;

Step 5. For every 1, 72, V3, 74 € W satisfying v; + 72 = 73 + 74 and
fu(vi) # 0foralli € {1,2,3,4}, verify the Additive-Consistency Test:

@(%) ) @(%) _ f/a/\;f(%) ) @(%)
fa(n)  fu(re) fa(vs)  fu(ys)

If the test fails for any such quadruple, REJECT;
Step 6. If all the above tests pass, ACCEPT.;
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7.2.1 Proof of Completeness

Assume that f is s-Fourier sparse with Fourier support S = {f3, ..., 3s}. Let H < F} be
the random d-dimensional subspace chosen in Step 1 (the span of d independent uniform
vectors), and let F; = W @ H L. For any shift a € [}, define the restricted function

faJrH(x) = f(a+ l’)

for x € H. Recall from Fact 6.1 that for every v € W,

Forn() = > F(B)xs(a).

pey+HL

Thus restricting f to a coset of H aggregates Fourier coefficients lying in the same coset
of H+.

Define the map

Ty :Fo — W, Tu(B) =~ if Be~y+H

For distinct 3, 5 € %,
Tu(B) =Ty(f) — p—p € H.

By Fact 6.2, any two distinct frequencies satisfy 3 — 3’ € H+ — equivalently T (3) =
Ty (B') — with probability exactly 27¢. Hence

Pr(Tia(8) = Tu(8)] = 27
Applying a union bound over all pairs in 5,
. . S\ 5
B 25 Tu() = Tul3)] < ()2

With d = [log(512s?/¢)] , this probability is at most €/512. Let E; denote this bad event,
and condition on its complement. Then every coset v + H~ contains at most one nonzero
Fourier coefficient of f. Hence for every v € W, either there exists a unique 3, € S such
that T (3,) = 7, or no such element exists. In the first case, @(y) = f<67>XBw<a>7

while in the second case f/a;I(’y) = 0. Consequently, for every shift a,

| supp(fa+m)| < s.
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Therefore every restriction f,y is s-Fourier sparse, and hence the sparsity test in Step 2

always accepts.

For every v € W such that f;;(”y) # 0, we have

—_— ~ ~ —_— ~

fa+H(7) = f(ﬁ'y)X,By (a)7 f/r+\H(7) = f(/B'Y)XB'y (T), fa+r+H(7) = f(B'Y)X5~, (a + 7“).

Consequently,

E;z(v)) =

JT:H(V)‘ =

ferren()| = [Fa()|.

so the magnitude-consistency test in Step 3 always succeeds. We next verify the triangle-

consistency test in Step 4. Since fy(y) = f(ﬁv), and characters are multiplicative, we

obtain
Jorn () Tren@) _ vy Jaren(d)
) Tty @) = (et =T L

For every v € W such that ]/”I;(fy) = 0, we define 0/0 := 0; hence the relation also holds

for these coeflicients. Thus the triangle-consistency test always passes.
We now verify the additive-consistency test in Step 5.

Consider the sumset

Since |S| = s, |S + S| < s. Again by Fact 6.2, distinct o, o’ € S + S satisfy

I;’{r[TH(oz) = Ty(a)] =274

Applying a union bound,

I?{I[Ela Lo €S+ 5:Tyla)=Ty(a)] < (’S‘;’S|

)2—d < g2,

By the choice of d, this probability is at most £/512. Let F5 denote this bad event and

condition on its complement.

Suppose v1 + 72 = ¥3 + 74 and J/CI\{(%) # 0 fori=1,2,3,4. Recall that, conditioned on
E}, there exist unique 3,, € S such that Ty (8,,) = 7.
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Since T} is linear,
TH(B’YI + ﬁ’m) =M TV2=73+ V4= TH<5’Y3 + ﬂm)-

Since T is injective on S' + S under the conditioning on FEs,

ﬁ'h + 672 = 5’73 + ﬂ'm-

~

Recalling that @(7) = f(8y)xs,(a), we deduce that

_ f/a;f(%a) ﬂ(%)

fa()  Fu()

forn(n) Josn(22)
fu(m)  fu(r2)

= Xp,, (@) - X8,,(a) = x5, (a) - x5, (@)

Thus the additive-consistency test also always passes.

Finally,

€ 3 €
Pr[Ey U Es| < Pr[Eq] + Pr[Bs] < — + — = 5.
r[Ey U Es] < Pr(Eq] + Pr| 2]—5124_512 256

Therefore, with probability at least 1 — /256 over the choice of H, all tests performed by
Algorithm 12 succeed.

7.2.2 Proof of Soundness

We now turn to the soundness of the algorithm. We show that if f is e-far from ev-
ery s-Fourier sparse function, then the algorithm rejects f with probability at least

min{e/16, 1/64}. We argue by contraposition.

Let 17 denote the rejection probability of Algorithm 12, where the probability is taken over
all random choices of the tester, including the choice of the random subspace H. Assume

that n < 1/64. For every choice of the random subspace H, let
p = Pr|Algorithm rejects | H].

Since Ey[p] = n, Markov’s inequality implies that Pry[p > 8] < &. Hence, with
probability at least 7/8 over the choice of H, we have p < 8n. Throughout the remainder
of the proof, we fix such a choice of H. Consequently, p < 87 < 1/8, and therefore the
tester accepts with conditional probability at least 1 — p > 7/8. Thus, for most choices of
the remaining random shifts, the corresponding consistency tests succeed. We build our

self-correction procedure on this observation.
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At a high level, we attempt to construct a function ¢ by first recovering its restrictions
over the cosets of H via our self-correction procedure. Towards this, fix a coset a + H.
For a uniformly random b € 7, we define the vote of b for the restriction of f to a + H as
the vector - - -

£+H = (szlz)-s-H(’Yl)a S 7¢§+H(7m)>7

where W = {71, ..., 7} denotes the dual space ordered lexicographically and

Sy Jaroin () Foen(0)
a+H<7) .?;(7) '

Intuitively, when the triangle consistency condition holds for the cosets (H, b+ H, a+b+
H), the above expression correctly reconstructs the Fourier coefficient of the underlying

function on the coset a + . We now aggregate the votes over all b. Define

Garn = argmax|{b € Fy : ¢b ; = v},
veRIWI

—

breaking ties arbitrarily. In other words, ¢, is the most frequent vote among all ¢2, ;.

For the time being, we treat ¢ as a hypothetical function whose restriction to each coset
a + H is given by ¢, . While it is not a priori clear that such a function exists whose
restrictions are consistent with the Fourier spectrum constructed by the self-correction
procedure, our analysis shows that such a function indeed exists, and moreover, it is s-
Fourier sparse and Boolean-valued. We begin by showing that the self-correction procedure
recovers the true Fourier spectrum on most cosets. The key idea is that, whenever the test
accepts, the triangle consistency conditions ensure that a majority of the votes reconstruct
the true Fourier coefficients. Aggregating these votes therefore yields the correct spectrum

on most cosets, implying that the resulting function ¢ is close to f.

Claim 7.4. The function ¢ is 2p-close to f.

Proof.

Fix a coset a + H. Recall that for each b € [F%, (bg 4 denotes the Fourier spectrum
suggested by the cosets b+ [ and a + b + H, and that ¢, 7 is defined as the majority

value of these votes.

Call a coset a + H bad if

—_

Pr [Forn(7) # Ok (1) for somey € W] > 1,
€Fy 2
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and let B denote the set of bad cosets. Averaging over a, we obtain

p > Prla+ H € B] 'af}}gmg% [farn () # ¢4,y (7) for somey € W] > 2

It follows that |B| < 2p|F%|. On the other hand, if a + H ¢ B, then a strict majority of
the votes ¢” u agree with the true Fourier profile of f on a + H. Since QEJF\H is defined

to be the majority value of these votes, it follows that

—

Gar (V) = Jarn(V) forally € W.

Thus, ¢ differs from f on at most a 2p-fraction of cosets, and the claim follows. O

Next, we show that the aggregation step is stable: a random vote agrees with the final
(majority) estimate with high probability. Intuitively, if two independent random choices of
b satisfy the consistency conditions, they must produce the same reconstructed spectrum.
This leads to a high collision probability, which in turn implies that a typical vote agrees
with the final (majority) estimate with high probability.

Claim 7.5. For every coset a + H, it holds that

—

bg}% [ b = ¢a+H] > 1-2p.

Proof. Fix a coset a + H. Recall that QEJF\H was defined as the majority value of the

—

random variable ¢’ ,;, where b is chosen uniformly from F}. Define the random variable
def 75
Zq = Za(b) - 2+H7

which takes values in R"I. Our goal is to show that Z, assumes its most frequent value
(namely ng/aJr\H) with probability at least 1 — 2p. To show this, we lower-bound the collision

probability of Z,:

;Pr[Za — ) = Pr [Z.(b1) = Zu (b))

We call a pair (by, by) € Fy x F} good if the triangle consistency condition holds simulta-

neously for the triples

(by +bs+ H, b+ H, by + H) and (a+by+H, by+by+H, a+by+ H).
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Equivalently, (by, by) is good if for every v € W,

f/blB(W) _ fb2+H ('Ysz1+b2+H (7) (1)
fu(y)
and
f;bz\#[(w _ fa+b1+H(:YZ Soraborm(7) ‘ )
fu(y)

Since each consistency check fails with probability at most p, a union bound implies

bil; [(b1,bs) is good] > 1 — 2p.

Fix any good pair (by, by). For every v € W we compute

Zo(bs) = fa/+b;H(A7) f/b2+\H(7).
fu()
Applying (2) gives
21ty — Joren(0) s () o)
fu(v)?
Applying (1) we obtain

Frroor (V) Foarn(7) = Forrrn (v) Fu(7)-

Substituting this identity yields

—

Za(bg) _ fa+b1+H/(3/) fbH—H(f)/) — Za(b1)~

fu(v)

Thus for every good pair (by, bs), Z,(b1) = Z,(be) for all v € W.

Consequently,

Pr [Z,(b1) = Zy(bo)] > bPl:E [(b1,bs) is good] > 1 — 2p.
1,02

b1,b2
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Finally, since

Z Pr[Z, = v]* < maxPr[Z, = ],

v

it follows that

—_— -~

Pr(0hsn = durn] 2 1-2p,

because QEJF\H is defined to be the most frequent value of Z,. This completes the proof. [

We now show that the corrected function ¢ satisfies the triangle consistency condition

across all pairs of cosets.

Claim 7.6. For every pair of cosets a + H and b+ H, the corrected function ¢ satisfies

—_—

Gar it (N boer (V) = Garorn(V)u(y)  forally € W.

Proof. Fix a,b. Define

Pas = Pr|37 €W : usn (M1 (7) # Garornt(1)0n(7)]

For r € F7, recall

L —

/r\( ) o Jotrin (V)fH—H (’7)
z+H - - .
fu(v)
Define the following bad events (over r):
Ey: QZI\{ 7é &1“\{7 Ey: Qayn 7’é ¢Z+Ha

—

— e - a+r
ES : ¢b+H 7é ¢Z+H7 Ey: ¢a+b+H 7é ¢a+b+H'

We first show that
Pap < PI[ELV By V B3V Ey). (7.1)

Assume none of the events occur. Then for all v € W,

—

on(1) =04 (), barn(V) = Grn(V) Gen (V) = G ()s  Gurorn(y) = Githn(y).

Using the definitions,

Ty = e () g ()

fu(y) Ju(y)
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Pt o FeenO) ()
¢r = a — \ T/ .
(7 () A G)) )
Compute: - -
(NI 2
Do (V) = / a+T+H(V>fbj+H(7)fr+H(v) |
fu(v)?
and - -
st o 2
o ()gny) = ettt oren O ren ()
fu(v)?
Hence, -

ron(NGn (1) = 6 () ().

Substituting back (since no bad event occurs), we obtain

—

Par it (V) b0 (V) = barorn () br (7).

Thus, whenever none of the bad events occur, the identity holds.

By Claim 7.5, each event satisfies

Pr[E;] < 2p,
and hence
Therefore,

DPap S 8p

If p < 1/8, then p,; < 1, hence there exists r for which no bad event occurs. Since the
identity is independent of 7, it holds for all v € W. O

The following claim shows that the self-corrected local Fourier coefficients satisfy the

same shift identity as the Fourier coefficients of a genuine function.

Claim 7.7. For everya € I3, every h € H, and everyy € W,

— —

Garnru (V) = Xy (h) Garu (7).

Proof.
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For fixed a, h, and ~, define the events

E, = {¢a/+;H<’Y) = ¢£+h+H<’Y>} )

and

—

By = {burn(1) = 0L u(0)}

where b is chosen uniformly at random from 7.

By definition,
v Ja V) foru (v
O ron() = +h+b+£{\( ) foru(v) '
fu(y)
Applying Fact 6.1 with the shift a + b gives
Frrtarneu () =Y F(B) xs(h+a+b).

Bey+H-+

Since 3 —~ € H* and h € H, it follows that

xa(h) = x5(h).

Hence

— o~ —

frt@rny+1(7) = X5(h) Z (B)xsla+b) = xy(h) farvorm (7).

Bey+HL

Since h + (a + b) = a + h + b, substituting into the definition of the vote yields

— —

(l;+h+H(’Y) = Xy(h) £+H(’Y)-
Now, by Claim 7.5,
Pr(E;) >1—-2p and Pr(Ey) > 1—2p.
Hence, by the union bound,
Pr(E1NEy) >1—4p >0,

where the last inequality follows from the assumption p < %.
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Therefore, there exists a choice of b for which both events occur. Consequently,

L —_— —_— —

Garnru(y) = ¢f+h+H(7) = Xv(h) ¢£+H(’Y) = X’y(h) Garr (7).

g

Claim 7.8. Foreveryy € W,

‘sbﬂ(v)‘ = ’fH('Y)"
Proof. Fixy € W. By Claim 7.5,

Pr [dm(v) # dn‘?(v)} < 2p.
Moreover, since the Magnitude-Consistency Test fails with probability at most p,
Pr(|6f ()| # [Futn|] <.
Hence, by the union bound,
- 73 73 = 1
Pr(0n(y) = 05 (3) and [05()| = |[Ta(|] 2 1-3p> 3,

Therefore, a strict majority of the votes contributing to (51\1(7) have magnitude ]/C[\{(’y) ),
and consequently

‘¢H(7)‘ = ‘fH(V)‘
Since this holds for every v € W, the supports of le\{ and j/"}; coincide. ]

We now show that the locally self-corrected Fourier spectra can be assembled into a single
globally defined function whose restrictions agree with the corrected local spectra and

whose Fourier support has size at most s.

Claim 7.9. There exists a function ¢ : F} — R such that, for every coset a + H, the
restriction ¢,y has Fourier expansion equal to the self-corrected spectrum ¢, p, and ¢ is

s-Fourier sparse.

Proof. For each o € W, define

—

Fa(a> = ¢a+H(Oé)7 ac FS?

so that F}, is determined entirely by the local correction procedure.
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Claim 7.7 implies that
F.(a+h) = xo(h)F,(a) (a € Fy, he H),
while Claim 7.6 gives

Fo(a)Fa(b) = Fola +0)Fa(0)  (a,b € FD).

We distinguish two cases.

Case 1: F,(0) = 0. Setting b = a in the multiplicative identity gives

so F, = 0. Thus « does not belong to the support of (51\1 and contributes nothing to the

construction.

Case 2: F,,(0) # 0. Define

(@) = Fa(0),  Gala) =

The multiplicative identity becomes G, (a 4 b) = G,(a)G4(b), so G, is a homomorphism

from (F%, 4) to (R*, ). Since every element of I} has order two,
Gola)? = Go(2a) = G, (0) =1,

and hence G,(a) € {—1,+1} for every a. Therefore there exists a unique ,, € F} such
that G, (a) = xs,(a), or equivalently,

F,(a) = F,(0)xs,(a) for every a € 5.

To identify 4, apply the shift identity with a = 0:
Fulh) = xa(Fa(0)  (h€ H).

On the other hand, substituting a = h into the previous equation yields F,(h) =
F,(0)xs, (h). Since F,,(0) # 0, x5, (h) = xa(h) for every h € H, which is equivalent to
0o —a € H*, or, equivalently, §, € o + H*.
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We now define ¢(z) as

o)=Y oula)ys,(z).

acsupp(dp)

Since d, € o + H*, restricting ¢ to any coset a + H yields precisely the self-corrected

—

Fourier expansion ¢ .

What remains is to show that ¢ is s-Fourier sparse. We have already shown that, for every
affine coset a + H, the Fourier coefficients of ¢,y and ¢ have the same magnitude.

Furthermore, by Claim 7.8,

‘@1(7)‘ = ’E(v)‘ for every v € W.

Since fy is s-Fourier sparse, it follows that ¢ is also s-Fourier sparse. Consequently ¢ is

s-Fourier sparse. U

What remains is to show that ¢ is Boolean-valued. It suffices to prove that each restriction

®a+m is Boolean-valued. Recall that a function g : F — R is Boolean if and only if

1, =0,
glar)g(az) =
a1+§:B 1 i 07 B 7é 0.

Indeed, by the convolution theorem, g2 = g * g, so

~

92(B) =

(]
@)
2
5
g

artaz=p4

Hence, the above condition is equivalent to g/\2 =1. Applying the inverse Fourier transform
gives g? = 1, which is equivalent to g(z) € {—1, +1} for every x € F3. Observe that the

case 3 = 0 is precisely Parseval, while the cases 5 # 0 are exactly the Titsworth relations.

Claim 7.10. For every coset a + H, the function ¢, satisfies the Titsworth relations

S Garnt(B)barn(B) =0 VB0,

B1+B2=p

and Parseval’s identity

> Garn(7)? =1.

Consequently, ¢, i is Boolean.
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Proof. Fix a coseta + H and (8 # 0, and define

Si= > Gurn(B)burn(B).

B1+B2=p

For uniformly random r € F7, let

—

Sei= Y een(BI u(B):
B1+p2=p

Define the events

Ey = [3717’72773774 eEW v+ v ="+,

~ . ﬁ+H(71) ﬁ+H(72) J?r+H(73) ]?7“+H(74)
] 0 VZ, = = —~ i ’
and
Byi= |3y: 40, y(7) # %+H(7)}

The additive-consistency test in Algorithm 12 is performed on a uniformly random shift.
Hence the random variable r above has the same distribution as the tested shift, and

Claim 7.4 implies
Pr[E:] < p.

Moreover,
Pr[Es] < 2p.

Therefore,
PI'[El U EQ] < 3p < 1,

provided p < 1/8. Thus there exists a choice of  for which neither event occurs.

Fix such an r. Since E; does not occur, there exists C,. 3 € {—1,+1} such that

J?ij(ﬁl) ﬁjH(@)
fu(B1)  fu(B2)

= T’/B

for every pair 31 + [, = [ with J?le% fH(ﬁz) #£0.If fH(ﬁZ) = 0 for some 7, then by

—_—
construction ¢/, , ;;(3;) = 0, so the corresponding summand in S, is zero. Hence

S, =Crp Z Foirarr(Br) farren (Ba).
Br+B2=p
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Since f,r+m is Boolean, the Titsworth relation gives
> Farren(B1) fasran(B2) =0,
B1+p2=p

and hence S, = 0.

Since E5 does not occur,

—_—

hii(V) = Garm(v) V7,
so S, = S. Therefore S = 0.

Since 3 # 0 was arbitrary,

" Gern(B)arn(B) =0 VB #O.
B1+B2=p

It remains to verify Parseval’s identity. By Claim 7.8,

Gurun()| = |ou(n)| = [Ta)]  Wyew.

Therefore,

N Gwn (=D Fu(y)? =1,

where the last equality follows from Parseval’s identity for the Boolean function f, y.

Since ¢, satisfies both Parseval’s identity and the Titsworth relations, it follows that

¢q+p is Boolean. O

We now complete the proof of soundness of Algorithm 12. By Claim 7.9, the function ¢ is s-
Fourier sparse, and by Claim 7.10, every restriction ¢, y is Boolean-valued; since this holds
for every coset a+ H, ¢ itself is Boolean-valued on all of F}. Hence ¢ € F;. Since f is e-far
from every s-Fourier sparse Boolean function, it follows that dist(f, ¢) > €. On the other
hand, Claim 7.4 gives dist(f, ¢) < 2p. Combining these two bounds, ¢ < dist(f, ) < 2p.
Recall that we are operating under the assumption 1 < 1/64, for which we fixed a choice
of H satisfying p < 8 (an event of probability at least 7/8 over H). Substituting this
bound, ¢ < 2p < 167, and therefore 7 > £/16. This holds whenever 1 < 1/64; combined

with the trivial bound n > 1/64 in the complementary case, we conclude that in either

1
7 > min —g,— ,
16" 64

which is precisely the soundness guarantee of Algorithm 12.

case,
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7.2.3 Query Complexity

Algorithm 12 exactly computes the complete Fourier spectrum of each of the four affine
restrictions by evaluating their entire truth tables. Since every restriction is defined over a

subspace of size O(s?/¢), a straightforward approach requires O(s*/¢) oracle queries.

7.3 Proof of Theorem 7.1

Computing the Fourier spectrum of a Boolean function by directly applying the Walsh-
Hadamard transform requires access to its entire truth table, resulting in exponential
query complexity. Consequently, a straightforward implementation of Algorithm 12 is
prohibitively expensive. In this section, we show how to circumvent this bottleneck by
recovering the Fourier spectrum of each affine restriction using only a small number
of oracle queries. This yields a query-efficient implementation of Algorithm 12 while
preserving its completeness and soundness guarantees up to asymptotically negligible

losses.

7.3.1 Query-Efficient Fourier Sparse Recovery

Our starting point is the observation that, for every affine restriction
fosn F§ > R,

its Fourier spectrum can be viewed as a vector in R2 indexed by the Walsh-Hadamard
characters. Evaluating f,, ; at a point 2 € F¢ is equivalent to taking the inner product
of this Fourier coefficient vector with the row of the Walsh-Hadamard matrix indexed
by z. Consequently, oracle access to f,.y provides linear measurements of its Fourier

spectrum, reducing Fourier recovery to a sparse linear inverse problem.

A fundamental result in compressed sensing, due to Candés, Tao, Donoho, and others [Can-
des et al., 2006, Donoho, 2006], states that sparse vectors can be recovered exactly from
significantly fewer linear measurements than their ambient dimension, provided the
measurement matrix satisfies the Restricted Isometry Property (RIP). In particular (see
Chapter 4 of Moitra [2018]), suppose that a measurement matrix M &€ R™*2* satisfies the
RIP of order k with isometry constant d;, < 1/3 (more generally, do;, + 035 < 1 suffices).

Then every k-sparse vector z can be recovered exactly from measurements y = Mz by
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solving the Basis Pursuit (¢;-minimization) problem

Z = argmin ||Ju||; subject to Mu =y.
u

Thus, the query complexity of sparse recovery is determined by the number of sampled
measurements required for the measurement matrix to satisfy the RIP. The following
theorem of Haviv and Regev shows that a uniformly subsampled Walsh-Hadamard matrix

satisfies the RIP using only a near-linear number of measurements.

Lemma 7.11 (Ishay and Regev [2017]). Let M € CN*¥ be a unitary matrix satisfying
|M||os < O(1/v/N), and let § > 0 be sufficiently small. Construct a matrix B € C**N by
selecting q rows independently and uniformly at random from M, each scaled by \/N/q. If

1

d

q=0 <log2 %k log2§ log N) ,

then, with probability at least

1 — Zfﬂ(log N-log(k/d))

Y

the matrix B satisfies the Restricted Isometry Property of order k with isometry constant 9.

Since the RIP constant 9 is a fixed absolute constant throughout this paper, the required

number of sampled rows simplifies to

q= O(klong logN).

Motivated by Lemma 7.11, we obtain the sparse Fourier recovery procedure described
in Algorithm 13. The algorithm first constructs a random subsampled Walsh-Hadamard
measurement matrix, recovers the Fourier spectrum via Basis Pursuit, and then verifies
that the recovered function is Boolean and agrees with the oracle on sufficiently many
random samples. The verification step guarantees that any incorrect recovery is rejected

with high probability while preserving the query efficiency of the overall tester.

7.3.1.1 Analysis of Algorithm 13

Lemma 7.12. Let g : F4 — {—1,+1} be given by oracle access. Then, with probability at
least 1 — o(1/k) — 0(6?), Algorithm 13 satisfies the following.

1. If g is k-Fourier sparse, then the algorithm accepts and returns g = g.
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Algorithm 13: Sparse Recovery on an Affine Restriction

Input: Oracle access to g : F4 — R, sparsity parameter k, and proximity
parameter 0.

Output: A recovered Boolean function g : F¢ — {—1,1} or REJECT.

Initialization:

1 1
mle(k:longlogd), m2—®(—log—).

0“0
Step 1. Independently sample 1, uniformly random points 1, . . ., T,,, € F%.;
Step 2. Construct the measurement matrix A € {—1,1}™ *2% defined by
Ai,a = on(xi)u

and form the measurement vector

Yy = (g(l'1), SR ’g(xml))T‘

5

Step 3. Compute

Z =argmin ||z]|; subjectto Az =y.
4

5

Step 4. Recover the candidate function

Step 5. Verify that g is Boolean-valued and k-Fourier sparse. If not, REJECT.;

Step 6. Independently sample 1, uniformly random points from Fg and verify
that g agrees with g on every sampled point. If any check fails, REJecT.;

Step 7. Return g.;
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2. If g is d-far from every k-Fourier sparse Boolean function, then the algorithm rejects.
3. If g is 6-close to some k-Fourier sparse Boolean function, then the algorithm either

rejects or returns a k-Fourier sparse Boolean function g satisfying dist(g,g) < 0.

Moreover, the algorithm makes

~ kE kd
klog? klog — + —
O< og og5—|— 5)

oracle queries.

Proof.
The algorithm consists of two phases: sparse recovery and verification.

Let
Erip = {the sampled Walsh-Hadamard matrix does not satisfy the RIP of order k} ,

and let

there exists a recovered k-Fourier sparse Boolean function
Eyer = g with dist(g, g) > J that nevertheless passes

all verification samples

By Lemma 7.11, choosing m; = C'k log® k log % for a sufficiently large constant C' ensures
Pr(FErip) = o(1/k). It remains to bound the probability of F,. There are at most

k (Qd) O(kd)
2 <2
g S

distinct k-Fourier sparse Boolean functions over F4. Suppose ¢ is one such function
satisfying dist(g, g) > 6. Then each uniformly random verification sample agrees with

probability at most 1 — 9, and hence

—o0mso

Pr[g passes all my samples| < (1 —6)" <e
Applying the union bound over all possible recovered functions,

Pr(Eye) < 200k g=0m2,
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Choosing

kd 4 log L kd . 1
= CSEE —0( Fioe ).

for a sufficiently large constant C’ yields Pr(E..,) = 0(6?).

Now define the good event

G = Egrip U Ey.

By the union bound, Pr(G) < Pr(Erip) + Pr(Eye) = o(1/k) + 0(6?). Conditioned on G,
the RIP guarantees exact recovery whenever ¢ is k-Fourier sparse. Furthermore, every
recovered function that survives the verification phase must be within Hamming distance

at most ¢ of g. This immediately establishes all three claims.

Finally, the Booleanity test performed by the algorithm is purely computational and

requires no oracle queries. Therefore the total number of queries equals

k  kd 1
mi + meo = O(klonglogg%—Flogg) ,

completing the proof. 4

7.3.2 Proof of Main Theorem (Theorem 7.1)

To prove the theorem, we invoke Algorithm 13 as a subroutine within Algorithm 12,
setting the parameters k = s and § = ¢/1024. Instead of computing the Fourier spectrum
of each affine restriction explicitly, Algorithm 12 calls Algorithm 13 to recover it using
only a small number of oracle queries. We show that this modification preserves the
completeness and soundness guarantees of Algorithm 12, up to asymptotically negligible

losses.

7.3.2.1 Completeness

Completeness of Main Theorem

If f:Fy — {—1,41} is s-Fourier sparse, then the modified Algorithm 12 accepts
f with probability at least 1 — £/200.

Assume that f : F — {—1,+1} is s-Fourier sparse. Since restricting a Boolean function
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to an affine subspace cannot increase its Fourier sparsity, every affine restriction f,, 5 is
also s-Fourier sparse. Algorithm 12 invokes Algorithm 13 on each affine restriction with
parameters k = s and § = £/1024. By Lemma 7.12, except with probability o(?) 4 o(1/s),
Algorithm 13 exactly recovers every restricted function. Hence, ﬁhL o = farn for every

affine restriction considered by the tester.

Conditioned on this event, the modified tester behaves identically to Algorithm 12. There-
fore, the only additional source of error compared to the original algorithm is the failure
probability of the sparse recovery procedure. Since the original tester rejects an s-Fourier
sparse function with probability at most £ /256, we conclude that the modified tester rejects
with probability at most £/256 + o(¢?) + o(1/s). For sufficiently small € and sufficiently

large s, the overall rejection probability is at most /200.

7.3.2.2 Soundness

Soundness of Main Theorem

If f:Fy — {—1,+1} is e-far from every s-Fourier sparse Boolean function, then
the modified Algorithm 12 rejects f with probability at least £/100.

Assume that dist(f, Fs) > e, where F; denotes the family of s-Fourier sparse Boolean
functions. Algorithm 12 invokes Algorithm 13 on each affine restriction with parameters
k = sand 0 = ¢€/1024. By Lemma 7.12, each invocation succeeds except with probability
at most 7 = o(e?) + o(1/s).

Fix all randomness used by the sparse recovery procedures. Conditioned on this random-
ness, every recovered affine restriction is deterministic. We define a Boolean function
f : F2 — {—1,+1} by letting its restriction on each affine coset equal the function
returned by Algorithm 13 whenever the recovery procedure accepts, and defining it arbi-
trarily on cosets where the recovery procedure rejects. Observe that, once the recovery
randomness is fixed, every subsequent query made by Algorithm 12 is answered exactly
as if the algorithm had oracle access to the single Boolean function 7. Consequently,
conditioned on the recovery randomness, the remainder of the execution is identical to
running Algorithm 12 on J}v Let p denote the rejection probability of Algorithm 12 on f

over its remaining randomness.

The following lemma bounds the distance between f and f

Lemma 7.13. Suppose that for every affine coset a + H, Algorithm 13 accepts with proba-

bility at least 1 — 7. Moreover, whenever it accepts, the recovered restriction [, satisfies
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dist( form, f;+H) < 0. Then

dist(f, f) < 6+ .

Proof. For each affine coset a + H, let X (a) = dist(fo s, f;_t'_H) Since the affine cosets
of H partition F7,

dist(f, f) = Ea[X(a)].

Let B = {a+H : Algorithm 13 rejects on a+H }. ThenPrja+H € B] < 7. Ifa+H ¢ B,
then X (a) < §. Otherwise, we simply use the trivial bound X (a) < 1. Therefore,

dist(f, f) = E[X (a)]

<(Q1-=7)0+T
=0+ 7(1—9)
<o+,
which completes the proof. U

We first show that [ is close to F. Suppose that Algorithm 12, when run on f. rejects
with probability p < 1/64. We claim that there exists ¢ € F; such that dist(f, ¢) < 16p.

Indeed, suppose, towards a contradiction, that dist(f, Fs) > 16p. Choose any 0 satis-
fying 16p < 0 < dist(f, Fs). Then, Algorithm 12 rejects f with probability at least
min(0/16,1/64). Since p < 1/64 and 6 > 16p, we have §/16 > p, and therefore
min(f/16,1/64) > p, contradicting the assumption that the rejection probability is p.
Hence there exists ¢ € F, such that dist(f, ¢) < 16p.

We now complete the proof of soundness by considering two cases.

Case 1: p > 1/64. Since € € (0,1), we have p > 1/64 > 1/100 > £/100, and therefore
the desired bound p > £/100 holds immediately.

Case 2: p < 1/64. There exists ¢ € F with dist(f, ¢) < 16p. Combining this with
Lemma 7.13 yields dist( f, ¢) < dist(f, f) + dist(f, ¢) < 6+74 16p. Since dist(f, p) > €
(as ¢ € Fsand f is e-far from Fy), it follows that 16p+ 0 +7 > . Substituting 6 = £/1024
and 7 = o(e?) +0(1/s), we obtain 16p > £ —£/1024 — 7 = (1023/1024)e — 7, and hence
p > ((1023/1024)e — 7) /16 = (1023/16384)e — 7/16. Since T = o(e), for sufficiently
small £ and sufficiently large s, we have p > £/100.
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Application VI : Near Optimal /5
Testing of Fourier Sparsity

Sparsity is one of the most powerful ideas connecting modern machine learning and
theoretical computer science. It captures the intuition that, even in high-dimensional
settings, many natural functions or signals depend only on a small number of relevant
components. This assumption underlies algorithms that are both sample- and time-
efficient, forming the basis of techniques such as sparse linear regression, decision tree
learning, and compressed sensing. Across these frameworks, the common principle is
simple yet profound: if a function admits a sparse representation in a suitable basis, such
as Fourier, wavelet, polynomial, or a learned dictionary, then learning and inference can

be made dramatically more efficient.

A particularly elegant setting where sparsity plays a central role is that of real-valued
functions over the Boolean hypercube IF}. Fourier analysis provides a natural orthonormal

basis for such functions. Every function f : [, — R can be expressed as

fl) =" Fla) (=),

acly

~

where f(a) denotes the Fourier coefficient at frequency «. The Fourier sparsity of f, the
number of nonzero coefficients in this expansion quantifies how succinctly the function

can be represented in the Fourier basis.

Fourier sparsity is a recurring theme across many areas of theoretical computer science.
In complexity theory, it lies at the heart of problems involving communication complexity
and parity decision trees for Boolean functions f : Fy — {+1, —1} [Zhang and Shi,
2009, 2010, Tsang et al., 2013, Shpilka et al., 2017, Chakraborty et al., 2020]. In learning
theory, it has become a central tool for designing algorithms that efficiently learn functions
with low-degree or low-support Fourier spectra. Many natural Boolean functions exhibit
this property: graph and hypergraph cut functions, as well as decision trees of bounded

depth, are inherently Fourier sparse because their spectra are concentrated on low-degree

125



126 Chapter 8. Application VI : Near Optimal /5 Testing of Fourier Sparsity

coefficients [Stobbe and Krause, 2012, Linial et al., 1993]. For example, the cut function
of a graph corresponds to a degree-2 polynomial in the Fourier basis, while a degree-d
hypergraph cut function has degree at most d. Similarly, a Boolean decision tree of depth

d has its spectrum supported entirely on coefficients of degree at most d.

Beyond these classical examples, Fourier-sparse models have found renewed relevance in
modern machine learning. They appear in settings such as neural network hyperparameter
optimization [Hazan et al., 2018] and the learning of structured set functions [Amrollahi
et al,, 2019]. The impact of Fourier sparsity extends even further, into cryptography,
where the celebrated Goldreich-Levin theorem Goldreich and Levin [1989] established a
deep connection between identifying large Fourier coefficients and constructing hardcore

predicates for one-way functions.

Algorithmically, two main approaches have emerged for learning or recovering Fourier-
sparse functions: Sparse Hadamard Transform methods [Hassanieh et al., 2012b, Scheibler
etal., 2015, Indyk et al., 2014] and Compressed Sensing techniques [Rudelson and Vershynin,
2008, Ishay and Regev, 2017]. Both families of algorithms, however, rely critically on
prior knowledge of the function’s sparsity level. This partcular gap motivates our work,
which focuses on efficiently estimating the Fourier sparsity, up to a desired approximation
in {5 distance. Such an estimator can serve as a useful preprocessing step in learning
pipelines, both for verifying whether sparsity-based assumptions hold and for guiding the

initialization of sparsity parameters in downstream algorithms.

To formalize this setting, we first introduce some basic definitions. We measure distances
between functions using the squared ¢»-norm:
1

dist3(f, 9) = [If =gl = 55

> (fla) = g(x)?*.

z€lFy

For a function f and a class of functions P, the distance of f from P is defined as
dist3(f.P) := min||f — glI3.
geP

We also recall the standard definition of the /5-norm. For any function f : [} — R,

1713 = 5 S )

z€Fy

Let F; denote the class of all s-Fourier sparse functions, that is, functions f : F — R whose
Fourier spectrum has at most s nonzero coeflicients. We are interested in determining

how close a given function f is to this class.
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Problem 8.1. Given query access to a function f : FY — R with || f||3 = 1, and param-
eterss > 0, ¢ € (0,1], and § € [0, 1], the task is to design a randomized algorithm that

distinguishes between the following two cases:

« (Close): There exists g € F such that || f — g||3 < 0.

« (Far): Foreveryg € Fo, ||f — gl > + e

The goal is to construct such an algorithm using as few queries to f as possible, while ensuring

that it distinguishes the two cases with high probability.

Our main contribution in this paper is the design of a simple, nonadaptive and almost

optimal query algorithm for testing Fourier sparsity.

Theorem 8.2. Lets > 0,¢ € (0,1],andd € [0, 1]. Let f : Fy — R be an unknown function
with || f||2 = 1, accessible only via query access. Then, there exists a nonadaptive algorithm

that, with success probability at least 2/3, distinguishes between the following two cases:

« f is d-close to being s-Fourier sparse,

« [ is (0 + €)-far from every s-Fourier sparse function,

using at most O(s/€2) queries to f, where the O(-) notation hides factors polynomial inlog s
andlog(1/e).

Theorem 8.2 is proved in Section 8.2. Although stated under the assumption that the
function has unit ¢-norm, the result extends to any nonzero function f : F§ — R via

normalization.

Related works

Testing Fourier sparsity was first studied by Gopalan et al. [2011], who focused on Boolean
functions and used the Hamming distance as a measure of proximity. (The Hamming
distance between two functions f, g : F§ — {0, 1} is the fraction of inputs on which they
differ.) Their algorithm has query complexity O(s'*), which quickly becomes impractical
for even moderately large values of s. Similarly, the regularity framework of Hatami and
Lovett [2013] provides a general-purpose, black-box reduction for testing Fourier sparsity
under Hamming distance, but this approach suffers from a query complexity that grows

as a tower function in s.
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In the real-valued setting, Yaroslavtsev and Zhou [2020] considered testing Fourier
sparsity with respect to the squared /5-distance. They designed an algorithm with query
complexity O(s/e*) and established a lower bound of ©2(1/3). In comparison, our algorithm
improves the dependence on the proximity parameter ¢, requiring only 9] (s/€?) queries,
and is conceptually simpler. We further establish a nearly tight lower bound of €)(s),
quadratically improving the current state of art [Yaroslavtsev and Zhou, 2020], showing

that our algorithm is optimal up to logarithmic factors.

It is important to note that testing Fourier sparsity in the random example model is
significantly more challenging. As shown in Goldreich and Ron [2016], even for linearity
testing, where the target functions are 1-Fourier sparse, it is not known how to design a
tester whose sample complexity is independent of the ambient dimension n. In contrast, in
the query access model, linearity testing can be performed efficiently using the well-known
3-query BLR test. Our work aims to estimate the Fourier sparsity level of a function in a
way that depends only on the sparsity s and the proximity parameter €, while remaining

independent of the ambient dimension n.

8.1 ProofIdeas

The design of our tester is inspired by the well-established framework for testing hereditary
graph properties. A canonical tester for such a property P samples a small random subset
of vertices, queries all induced edges, and checks whether the resulting subgraph satisfies P.
For hereditary properties, those preserved under taking induced subgraphs, this approach
guarantees only a modest (quadratic) overhead in query complexity [Alon et al., 2009,
Goldreich and Trevisan, 2003, Alon, 2002]. Indeed, for several natural properties, such as

bipartiteness, the canonical tester achieves optimal performance up to constant factors.

A similar idea has been successfully adapted to Boolean functions, particularly for test-
ing affine-invariant properties Bhattacharyya et al. [2015], Arnab et al. [2010]. In this
setting, the canonical approach restricts the function to random low-dimensional affine
subspaces and tests the property on these restrictions. While this strategy enjoys strong
generality and theoretical support, e.g., via regularity-like lemmas, it often suffers from
impractical query complexity, including tower-type dependencies [Hatami and Lovett,
2013]. Nonetheless, specialized testers exploiting finer structural properties have been
developed for specific cases, such as low algebraic degree [Noga et al., 2003] and odd-cycle-
freeness [Bhattacharyya et al.,, 2012]. Surprisingly, despite being a natural and central

affine-invariant property, Fourier sparsity has largely resisted similar progress.

Prior works in Fourier sparsity testing typically project the Fourier spectrum into ran-
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domly chosen cosets of sufficiently large codimension, a process commonly referred to as
Fourier hashing, which was originally introduced in [Feldman et al., 2006b]. Analytical
or combinatorial tools are then applied to extract sparsity information. For example,
Gopalan et al. [2011] presents a granularity theorem for Fourier-sparse functions, showing
that individual coefficients cannot be too small and reducing the problem to counting
large-weight cosets. Similarly, Yaroslavtsev and Zhou [2020] certain concentration of the

l5-norm of heavy buckets to design their tester.

In contrast, our approach analyzes the function restricted to a randomly chosen subspace.
We approximately recover the Fourier spectrum of this restricted function and use it to
infer the sparsity of the original function. A new structural relationship between the
Fourier coeflicients of the restricted and original functions shows that, under suitable
subspace choices, their magnitudes closely match. This relationship is central to our
analysis. Instead of explicitly defining a hashing process, restricting the function to a
subspace implicitly induces a hashing, allowing us to derive a concentration bound in
terms of the ¢;-norm of bucketed Fourier coefficients, which constitutes our main technical

contribution.

8.2 Our Algorithm

Suppose we are given oracle access to a function f : F} — R, normalized so that || || = 1.
By Parseval’s identity its Fourier coefficients satisfy ) F(B)? = 1; the quantity f(3)? is
called the energy of the coefficient f (), and the total energy is 1. We ask: how much of

that energy is concentrated on the s heaviest coefficients? Formally, we wish to estimate

Wi(f) = max > f(8)°

2
|S|=s PS5

to within an additive +7. For s = 1 this is the Fourier bias problem; for general s it
measures how close f is, in /o, to a Fourier s-sparse function, since the distance to the

nearest s-sparse function is exactly 1 — W,(f).

The problem

Problem 8.3 (Energy of the top s Fourier coefficients). Given oracle access to f : Fy, — R

with || f||2 = 1, an integer s > 1 and an accuracy parameter T € (0, 1), output an estimate
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W of

satisfying ‘W — W,(f)

<T.

By Parseval, 0 < W,(f) < 1. For s = 1 we recover the Fourier bias, W, (f) = maxg f(53)
f—

9|2 = 1= W,(f), so Problem 8.3 is exactly the problem of estimating the ¢2-distance from

More generally, if F; denotes the class of Fourier s-sparse functions, then mingcr,

f to s-sparsity.

For a function g on a group whose characters are indexed by a set I', we write more

generally
Wi(9) == max Y §(7)*.

SCT
|S]=s 7ES
The obvious obstacle is that the spectrum has 2" coefficients, and we may not touch more

than a handful of points of the domain. The strategy is dimension reduction.

The three ideas. The whole argument is built from three moves, and it is worth naming

them before we begin.

(I) Random affine restriction as spectral hashing. Restrict f to a random affine
subspace A = o + H of dimension ¢ < n. The restricted function f4 lives on a
group of size 2!, so it has only 2! Fourier coefficients — but each one is a signed
aggregate of the coefficients of f lying in one coset of H+ (Fact 6.1). Restriction thus

collapses the spectrum, and the coset partition is pairwise independent (Fact 6.2).

(I) Heavy coefficients survive; the light spectrum is controlled by its fourth
moment. A heavy coeflicient sitting alone in its coset is read off essentially un-
changed (Lemma 6.3). The danger is that many small coefficients could pile up in a
single coset and masquerade as a heavy one. To rule this out we do not track them
individually: we control the fourth Fourier mass ) f;(’y)‘l in aggregate, and show
it is preserved under restriction (Section 6.2). This is where the eighth moment || f||5

enters, and it is the only place it enters.

(IIT) Cauchy-Schwarz to pass from s = 1 to general s. For s = 1 one argues
pointwise: no light coset exceeds 7. For general s this is the wrong currency, because

s light cosets could each be moderately large. Instead we bound the aggregate
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contribution of any s light cosets by

SR < V(X R

yeT vyeT

which converts our fourth-moment control directly into an energy budget. This

single application of Cauchy-Schwarz is the whole content of the generalization.

Two places where the naive argument fails. Both are worth dwelling on in a seminar.

First, the classical variance computation for the fourth mass — expand in the Fourier basis,
insert the coset-collision probability into the resulting sum — is not valid, because that
sum is signed and one cannot insert a worst-case probability term by term. Repairing
it forces absolute values on the coefficients and destroys the bound even for Boolean f.
We give a different proof (Section 6.2.3) based on the observation that a random affine
subspace supplies exactly independent uniform sample points, except on a rare degenerate

event.

Second, because [ is unbounded, Hoeffding’s inequality is simply unavailable when we
come to estimate coefficients from samples. We use median-of-means instead, with the
variance supplied by || f||2 = 1 (Lemma 8.6). Median-of-means is a legitimate tool here
precisely because we amplify an estimator that is already correct with constant probability

— a point on which it is easy to slip.

8.2.1 Estimating the energy of the top s coefficients

The structural lemma

Everything hinges on the assertion that the top-s energy of the restricted function is a
faithful proxy for that of f. We now fix the parameters once and for all, in the order forced

by the argument.

Lemma 8.4 (Top-s energy is preserved under restriction). Let f : Fy — R with || f||s = 1,
let s > 1 be an integer, 7 € (0,1), and K := || f||S. Let A = a + H be a random affine
subspace of dimension

t > log, (255 Ks® 7'_10),

and let W be complementary to H-. Then with probability at least 7/8,

LADERAGIE

N
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Proof. Parameters. Define once and for all

T T4

16v5 (heavy threshold), \ = i

0= (coefficient error),
2

©T 1928

(fourth-mass error).
Note 0, A\, e € (0,1) and A < 6. Split the spectrum as
L={8: lf(®) =0},  S=F\L

By Parseval, 6| L| < >, ; f(B8)? <1,s0

256 s
o (8.1)

L] < 672 =
-

Algorithm Tor-s-ENERGY(s, T, K)

Require: oracle access to f : Fy — R with || f||» = 1; integer s > 1; accuracy
7€ (0,1); abound K > || f][3.

1. Sett <« { log, (255 K s° 7_10)]

2. Draw a random subspace H < F7 of dimension ¢ and o ~ Unif(F%); set A
a+ H.

3. Using Lemma 8.6, compute estimates E(’y) of ﬁ(fy) for all v € W, simultaneously
accurate to 7 := 7/(324/s), with failure probability < 1/16.

W — T2 : T2
4. return W := max 2 fa(7)?  (ie.the sum of the s largest values of f4(7)?).
Sl=s 7

The three failure events.

E\ (heavy collision): two distinct elements of L share a coset of H+. By Fact 6.2 and a
union bound over at most ('gl) < %«9—4 pairs,

Pr[E] < 197270 = 227t 27

On EY the map v — (3, (the representative in ' of the coset containing ) is injective on

L;weset Wy :={p,:ye L} CW.

E, (heavy distortion): ‘E(ﬁv) — f(fy)xv(a)‘ > 27" + X for some v € L. By Lemma 6.3,
(8.1) and a union bound,
27t 2565 2425

PriE] < 94.? - T2 — 270 = 2047710 270,
T T
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Es (fourth-mass distortion): ‘H?ZHi — Hf||ji| > ¢. By Lemma 6.12 and ¢ 72 < 21052774

Pr[Es] < 504-27'Ke™? < 2% Ks*r %270

Each of the three bounds is at most 25 K s57710 . 2~ (using K > 1,s > 1,7 < 1),and
our hypothesis 2! > 25° K's5771% makes each at most 27° = 1/32 < 1/24. Hence

Pr[EiUE,UE;] < &

Moreover 27 < 710/(2%4%) < \. We work on G := Ef° N E§ N E{ from now on, where

consequently, for every v € L,
@) = fl| < [Fa@) - fos@] < 2741 <21 (32

by the reverse triangle inequality and | f () x+ ()| = | f(7)]. In particular, since | f(7)| < 1
and A < 3,
Fa(By)] < 142X <2 forallye L. (8.3)

Step 1: the light spectrum carries little fourth mass, even after restriction. Since
1f(8)| < 6 for 5 € S, Parseval gives

dFB) < 2> FB)? < 6 (8.4)

BeS BeS

Subtracting the identities

ST R =Rl - Y et S fe)t=
BES

TEWL YEWL

I =S Fons

yeL

and applying the triangle inequality,

SRt < i@+ IFal - L]+ X [Fast - fay)
YEWL Bes ~ - a:),nE:f < vEL

<02

For the last sum, use |1 —y*| = |z—y| (x+y) (22 +3?) forz,y > Owithz = [f4(8,)| < 2
andy = |f(7)| < 1: then z + y < 3and 22 + y* < 5, so by (8.2),

Fa(B) = f(1)* < 15-2X = 30,
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and summing over |L| < 7% = 256572 heavy frequencies,

—~ A 4 2565 7680 72 72
)t < 30007 = 30 . = < .
Z ‘fA(ﬁ'Y) f(fy) ’ — 2 221 s — 1928

221g2 1
yeL

Collecting the three contributions and using 62 = 72/(256s) < 72/(192s) and ¢ =

72/(192s),
2 2

Tt <3.— = T 85
%;f/*('y) = °"192s  64s (8:5)
Y L

Now comes the move that generalizes the case s = 1. For any T C W \ W, with |T| < s,
the Cauchy-Schwarz inequality together with (8.5) gives

SR < V(SR < va (2T =T e

yeT yeT

Thus no collection of at most s light cosets can carry more than 7/8 of energy. Note that we
never bound an individual light coefficient; we bound them in aggregate, which is exactly

what the top-s problem requires.

Step 2: WS(E) < W,(f)+7/2.Let T C W,|T| = s, be arbitrary and split T = Ty LT},
with Ty =T N Wy, Ty, :=T \ W1. By (8.6), > cp, fa(y)? < 1/8.

For Thy: on Ef the elements of Ty correspond to |Ty| < s distinct heavy frequencies

Vs Y| € L. Using |22 — 2| = |z — y|(z +y) with z < 2,y < 1, (8.2) gives
Fa(By)* < f(m)®+6x,
so, since |T| < s and any s distinct frequencies have total energy at most W, (f),

> fal)? < Zf(%-)2+6s>\ < W,(f) + 651 < Ws(f)+§,

Y€TH

where 6s\ = 6s7*/(2%1s?) < 7/8 comfortably. Adding the two parts and maximizing

over 1T,

A

i T T T
W@(fA) < I@;(f)+‘§'+'§ ::I@g(f)+‘1.

~

Step 3: Ws(ﬁ) > W,(f) — 7/2. Let 71, . .., 7, be frequencies attaining W,(f), and let
I :={i:~; € L} index the heavy ones among them. The light ones contribute little:

-
256 8’
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using 7 < 1. Consider the test set 7* := {f3,, : ¢ € I} C Wy, which has |I| < s distinct
elements by injectivity on E (pad arbitrarily to size exactly s; this only increases the

sum, as all terms are nonnegative). By (8.2) and |z* — 3| = |z — y|(z + y) < 2X - 3,

Fa(B,)? > f()? — 6,

whence

Wo(a) 2 D TaB)? 2 S F0)P—6sx = (W) - 5) - g = W) - |

i€l

Steps 2 and 3 give ’Ws(ﬁ) — W,(f)| < 7/4 <7/20nG, an event of probability at least
7/8. O

Remark 8.5 (The s = 1 case, and what changed). For s = 1, (8.6) reduces to the familiar
pointwise statement that no light coset exceeds <Z’Y¢WL E(v)‘l) 1/4, and Steps 2 and 3
involve a single heavy coeflicient. For s > 1 the pointwise statement is simply too weak
— s light cosets might each be just below the threshold — and Cauchy-Schwarz is what
converts the fourth-moment budget into the correct ¢, budget. This one inequality is the
entire content of the generalization, and it is worth making students discover why the

pointwise bound cannot be salvaged.

Estimating the restricted coefficients

Lemma 8.6 (Simultaneous estimation). Letn > 0 and 6 € (0,1). There is a randomized

o (t + 10g(1/5))

,,72

procedure which, using

queries to f, outputs estimates E(’y) for all v € W such that, conditioned on the event
0% = Een [f(z + @)?] <16,

Pr| max[fa() = Fan)| < n| = 1-4

yEW

Moreover Pr4[0?% > 16] < 1/16.

Proof. Since « is uniform on F} and independent of H, we have E4[03] = E,[f(x)?] =

= 1; Markov s inequality applied to the nonnegative variable o gives Pr|jocy >
fl3 = 1; Markov’s inequality applied to th gati iable o} gives Pr[o}
16] < 1/16. Condition on ¢% < 16 henceforth.



136 Chapter 8. Application VI : Near Optimal /5 Testing of Fourier Sparsity

Fix v € W and recall f4(7) = Epepr [y (2) f(z + @)]. Set
Z, = xy(z) f(z +a),  x~ Unif(H),
s0 E[Z,] = fa(y) and, using x,(x)? = 1,
Var(Z,) < E[Z2] = Bpen [f(z +a)?] =03 < 16.

This is the crucial point: the variance is bounded by the local second moment of f on A,

which is the same for every 7 and is O(1) with high probability — and it is bounded by
I1f

Draw 1, ..., x,, independently and uniformly from H and reuse the same sample set for

9, not by any higher moment.

all v: a single query f(z; + «) supplies the summand for every ~ at once, since only the
known sign x-(z;) depends on . Apply Lemma with 6 = 16, accuracy 7 and failure
probability 6 2~ for each fixed v; this costs O (n~?log(2'/6)) = O(n~%(t + log(1/4)))
samples. A union bound over the |IW| = 2" frequencies completes the proof, and the

shared sample set means the total number of queries to f is as stated. i

Main theorem

Theorem 8.7 (Energy of the top s Fourier coefficients). Let f : 4} — R with || f||2 = 1,
let s > 1 be an integer and 7 € (0, 1), and suppose a bound K > || f||§ is known. Then

Top-s-ENERGY outputs W with

Pr| W - W,(f)] < 7]

v
ANV

using
O( 55+ (tog K +10g>) )
T T
non-adaptive queries to f. In particular the query complexity is independent of the ambient

dimension n, and depends on f only through its eighth moment.

Proof. By Lemma 8.4, with probability > 7/8,

Wo(fa) -m(f)| < 5

By Lemma 8.6 with ) = 7/(32/s) and § = 1/16, with probability > 1 — & — L = I we

have both 0% < 16 and max, ];‘;(fy) — E(’y)] < 7. A union bound over the two failure

events leaves success probability at least 1 — 1 — 1 =3

s — § = 7 condition on both.
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From coefficient error to energy error. For any S C W with |S| = s, using |z* — y?| =

| =yl [ +y| and | fa()| < [Fa(y)] + 0,

)ZE(V)Q—ZE(W‘ < Zn(ﬂﬁ(v)Hn) =2 |fa0)| + s

YES YES YES YES

By Cauchy-Schwarz and Parseval on the group H,

S 70 < V(X Ta?) " = vallfal = vaou < 4vs

yeS yeW

since 04 < 16. Hence, with n = 7/(32/5),

7_2

* 1024

STt = o Fa?| < suvs + s =

vES ~yeS

T
< -
- 2

A~

As this holds uniformly over all s-subsets S, taking maxima on both sides gives

and the triangle inequality with the structural bound yields |W —W(f)] <.

Query complexity. The subspace dimension is
t= {log2 (255KS57'710)-‘ = O(logK + log f),
-

and by Lemma 8.6 the number of queries is

O(HIZ&) — 0<%<logK+log§>> )

using n = ©(7/4/s) and § = O(1). Every query point is determined by H, « and the
samples 1, ..., x,,, all drawn before any oracle call; the algorithm is therefore non-

adaptive. U

Closing remarks

Remark 8.8 (Where each hypothesis is used). It is worth tabulating this explicitly.

* [[fll2 = 1is used for: Parseval (3, F(8)? = 1, hence |f(8)| < 1and |L| < 672);
the variance bound in Lemma 6.3; and the variance of the sampling estimator in

Lemma 8.6.
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« |If|ls is used only in Claim 6.9 with r = 8, hence only in the variance of X4
(Lemma 6.11), hence only in the light-spectrum analysis. It enters the final com-
plexity only inside a logarithm, so even a crude a priori bound on || f||s suffices. For
Boolean f, K = 1; for || f||.o < B, K < B%and log K < 6log B.

« Boundedness of f is never assumed. Its absence is felt exactly once, in Lemma 8.6,

where Hoeftding is replaced by median-of-means.

Remark 8.9 (Why some higher moment is unavoidable in Lemma 6.12). Take f = 2"/ 140}
s0 || f]l2 = 1and M = || f||* = 2. With probability 2" the subspace A contains z, and
then X4 = 2?"73 an enormous deviation. Here || f||§ = 23", and Lemma 6.12 correctly
degenerates to a vacuous bound. So the statement of Lemma 6.12 genuinely requires a
moment beyond || f||o. Whether the problem of Theorem 8.7 requires it is a separate and

more delicate question — note the spike above has W,(f) = s27" ~ 0, so returning 0 is

correct for it, and the failure is one of the estimator, not of the task.

8.2.2 Proof of Theorem 8.2

We now assemble the results of the previous subsections into the promised tester and
complete the proof of Theorem 8.2. The reduction is immediate once the right quantity

has been isolated: testing s-Fourier sparsity in squared /5-distance is nothing more than

~

thresholding the top-s energy W(f).

From energy estimation to a sparsity test

Recall that F; is the class of Fourier s-sparse functions and that, for any f with || f|l» = 1,
dist(f,7) = min|[f —gll} = 1= Wi(f), (8.7)

since the closest s-sparse function to f is obtained by keeping its s heaviest Fourier

A

coefficients and discarding the rest, and the discarded energy is exactly 1 — W(f) by

Parseval. Consequently the two cases of the testing problem translate cleanly into a gap

~

in Wi(f):
fis d-close to Fy, <= Ws(f) > 1-9,

~

fis (0 + €)-far from F, <= W, (f) < 1-0—¢

A

The two regimes are therefore separated by a gap of ¢ in the value of W(f). Estimating

~

Ws(f) to additive accuracy 7 = €/3 and comparing against the midpoint 1 — § — €/2

decides between them. This is the whole tester.
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Algorithm 14: FAsT FOURIER SPaRrsITY TEsT FFST(s,¢€, )

Input: Oracle access to f : F — R with || f||o = 1; sparsity s > 1; proximity
€ € (0,1]; offset § € [0,1]; abound K > || f||5.
Output: AccerT if f is 0-close to s-Fourier sparse; REJecT if f is (§ + €)-far.
T €/3
W <« Tor-s-ENERGY(s, T, K) // Theorem 8.7
if IV > 1 -6~ then
| return AccepT

else
L return REJECT

Correctness and query complexity

Theorem 8.2. Lets > 0,¢ € (0,1], and € [0,1]. Let f : Fy — R be an unknown function
with || f||o = 1, accessible only via query access. Then, there exists a nonadaptive algorithm

that, with success probability at least 2/3, distinguishes between the following two cases:

o f isd-close to being s-Fourier sparse,

« [ is (0 + €)-far from every s-Fourier sparse function,

using at most O(s/€%) queries to f, where the O(-) notation hides factors polynomial in log s
andlog(1/e).

Proof. Run Algorithm 14 with 7 = ¢/3. By Theorem 8.7, with probability at least 3/4

the estimate W returned by Tor-s-ENERGY satisfies

€
<7 =3

W — W(f) (8.8)

Condition on this event; we show the decision is correct in both cases. The threshold in
Algorithm 14is 9 := 1 — 0 — ¢/2.

Completeness (f is d-close). By (8.7), dist5(f, F,) < & means Ws(f) > 1 —¢. Then by
(8.8),
—~ A€ € € € €
W>W(f)—S>0-6-S=—wyi-S -9yl sy,

so the algorithm accepts.

Soundness (f is (6 + ¢)-far). By (8.7), dist(f, F,) > 6 + e means W,(f) <1—6 — e
Then by (8.8),
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so the algorithm rejects.

In either case the algorithm answers correctly whenever (8.8) holds, which occurs with
probability at least 3/4 > 2/3.

Query complexity. The only oracle access is the single call to Top-s-ENERGY(S, T, K)
with 7 = €/3. By Theorem 8.7 this uses

O (e ke +1om 7)) = 0 (e +rox ) = O(3)

non-adaptive queries to f, where the O(-) hides factors polynomial in log s and log(1/e)
(and the additive log K, which for Boolean or bounded f is O(1); see the closing remarks).
Non-adaptivity is inherited directly from Tor-s-ENERGY: every query point is fixed by the

choice of H, a, and the sample set before any oracle call is made. O

Remark 8.10 (On the role of  and the unit-norm assumption). The offset ¢ enters only
through the threshold ) = 1 — 0 — ¢/2 and never affects the query complexity: the tester
estimates the same quantity W( f ) regardless of ¢, and only the comparison point moves.
The assumption ||f||; = 1 is likewise cosmetic. For a general nonzero f : F} — R,
apply the tester to f/|| f||2; since dist3(f, Fs) = || f||3 dist3(f /|| f||2, Fs) and Fy is scale-

invariant, the two testing cases transform consistently and the guarantee carries over

verbatim. Note that || f||2 is assumed known, as stated in the input; it may itself be

estimated to any desired accuracy from O(1/¢?) additional queries by the same median-

of-means estimator, using the variance bound Var(f(z)?) < || f||5, which is absorbed into

the stated complexity:.

Remark 8.11 (Comparison with prior work). Yaroslavtsev and Zhou Yaroslavtsev and
Zhou [2020] obtained query complexity 9) (s/€*) for the same /5 testing problem. The
improvement to O(s/e2) comes entirely from the structural lemma (Lemma 8.4): by
controlling the light spectrum through the preserved fourth Fourier mass and passing
to general s by a single application of Cauchy-Schwarz (8.6), we require the restricted
coefficients only to accuracy n = O(7/4/s) rather than to the finer accuracy that a
coefficient-by-coefficient argument would demand. Since the sample cost scales as 772 =

O(s/7?) and T = O(e), this is exactly the source of the quadratic saving in e.



9

Application VII: Estimating Fourier

Bias

Let G be a finite Abelian group, and let f : G — {—1, +1} be an arbitrary function. The
fundamental theorem of Fourier analysis [Stein and Shakarchi, 2011] states that f admits
a unique decomposition

fl@) =" foox().

xeG

where G denotes the dual group of characters of GG, and f(X) =E,cc [ f(y) X(y)} is the

-~

Fourier coefficient corresponding to . The quantity | f(x)| measures the correlation of f
with the character y. We use the term heavy Fourier coefficient to denote any coefficient

-~

satisfying | f(x)| = 1/p(log|G]), for some polynomial p.
Another related quantity associated with the Fourier spectrum of f is the Fourier bias,

~

FBias(f) = max | f(x)|,

xX€G

namely, the maximum correlation of f with any character. We say that f has heavy Fourier
bias if

FBias(f) ~ 1/p(log|G]),
for some polynomial p.

Heavy Fourier bias arises naturally in several cryptanalytic settings. Prominent examples
include fast correlation attacks on stream ciphers [Meier and Staffelbach, 1988], linear
cryptanalysis of block ciphers [Matsui, 1994], the Goldreich-Levin hardcore predicate
construction [Goldreich and Levin, 1989], and bit-security analysis of RSA and Discrete
Logarithm based functions [Akavia et al., 2003, Morillo and Rafols, 2009]. We discuss
these connections in greater detail later in the paper; for now, we focus on the underlying
principle common to all these settings. A recurring theme is that the existence of a heavy
Fourier coeflicient yields a nontrivial distinguishing advantage and, in suitable regimes,

may even enable key-recovery attacks. Despite their methodological differences, these

141
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approaches share a common structural foundation:

« first establishing the existence of a heavy Fourier coefficient,

» then exploiting it using problem-specific techniques.

While there have been many advances in exploiting heavy Fourier biases, comparatively lit-
tle progress has been made on the more basic task of reliably certifying their existence. Stan-
dard approaches typically follow one of two paradigms. The first computes the full Fourier
spectrum using the Fast Fourier Transform [Cooley and Tukey, 1965], which quickly
becomes computationally infeasible for large domains such as f : F3?® — {—1,+1}. The
second relies on delicate algebraic analysis of the primitive’s internal structure. Although
often powerful, such analyses are inherently brittle and may fail under even minor design
modifications. Consequently, these approaches rarely provide robustness or generality

across different constructions.

This motivates the study for generic, black-box methods for detecting heavy Fourier
coefficients. In particular, we seek procedures whose operation depends neither on the
internal representation of the function nor on any algebraic structure of the underlying
primitive, but solely on oracle access to f. Such a viewpoint naturally aligns with the
chosen-plaintext paradigm in modern cryptanalysis. Towards this goal, we consider the

more general problem of estimating the Fourier bias, described below.

Fourier Bias Estimation Problem Given black-box access to a function f : G —

e~ —

{—1,+1} and an accuracy parameter 7 € (0, 1), output an estimate FBias(f) satis-

fying

FBias(f) — FBias(f)| <7,

Observe that ability to estimate FBias(f) immediately yields a procedure for detecting
heavy Fourier coefficients, since one can distinguish between the cases FBias(f) > 7 and
FBias(f) < 7/2 by estimating FBias( f) to sufficiently small additive error e.g. 7/4. Apart
from operating solely in the black-box oracle model, one may further ask whether it is
possible to design an estimator whose query complexity depends explicitly and optimally
on the desired accuracy parameter. Precise control over the estimation error is important
in practical cryptanalysis, where one must balance data complexity, computational effort,

and runtime against the achievable distinguishing advantage.

The main contribution of this work is an affirmative resolution of this question for functions
defined over the Boolean hypercube f : Fy — {—1, 41}, the most commonly encountered
setting in cryptography, particularly in symmetric-key cryptography. Specifically, we
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present a randomized black-box algorithm that estimates the largest (in magnitude) Fourier
coefficient of f within additive error 7 using O(l /7?) oracle queries. Notably, the query
complexity depends only on the accuracy parameter 7 and is entirely independent of
the dimension n (equivalently, the size of the ambient group). We complement this
result by proving a nearly matching lower bound of €(1/72) queries for any randomized
algorithm achieving the same estimation guarantee, thereby establishing the optimality

of our approach up to polylogarithmic factors.

We emphasize that our problem becomes computationally hard in the random example
model, where the algorithm receives only random input-output pairs and has no control
over the queried inputs. This follows via an efficient search-to-decision reduction for the
Learning Parity with Noise (LPN) problem, which is closely related to decoding random
linear codes [Applebaum et al., 2009]. In contrast, in the query model, the ability to choose

inputs, possibly adaptively, makes efficient estimation feasible.

The remainder of the chapter is organized as follows. Our main results are summarized in
Section 9, while related results are discussed in Section 9. In Section 9.1, we discuss major
cryptanalytic paradigms in which heavy Fourier coefficients play a crucial role, thereby
motivating the problem studied in this work. Section 9.2 presents the proposed algorithm

and the technical ideas behind it, and Section 9.2.1 gives its analysis.

Main Theorem

We present a randomized black-box algorithm that estimates the Fourier bias of a Boolean
function f : F} — {41, —1} within additive error &7, using O(1/72) queries, indepen-
dent of the input dimension n. These results essentially settle the query complexity of

Fourier bias estimation in the black-box model.

Theorem 9.1 (Upper Bound). There exists a nonadaptive randomized algorithm (Algorithm 15)

that, given black-box access to a Boolean function f : Fy — {+1,—1} and an accuracy

—_—

parameter T > 0, outputs an estimate FBias(f) satisfying

o

I

Pr[)ﬁ/m(f) - FBias(f)’ < T} >
using O(1/72) queries to f.

The best previous algorithm for this problem, due to Bera and Tharrmashastha [2021],
required O(n/7°) queries. Our algorithm simultaneously eliminates the dependence on
the ambient dimension n and improves the dependence on 7 from sixth power to quadratic.

A detailed comparison with prior work appears in Section 9.
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Several features of our results deserve emphasis. First, the upper bound is achieved by
a nonadaptive algorithm: all queries are fixed in advance, independently of the oracle
responses. Moreover, our lower bound holds even against fully adaptive algorithms whose
future queries may depend arbitrarily on previous answers. Thus, up to polylogarithmic
factors, our nonadaptive algorithm matches the best possible performance achievable by

any adaptive strategy:.

Second, the query complexity 9] (1/72) is entirely independent of the ambient dimension n.
Such dimension-independent guarantees are considered to be holy-grail in the literature

of sublinear algorithms and particularly desirable in high-dimensional settings.

On the technical side, one of the main contributions of this work is a new dimension-
reduction principle for Boolean functions over . We prove that the fourth Fourier
moment, equivalently the U2-Gowers norm, is approximately preserved under restriction
to a uniformly random affine subspace of sufficiently large dimension, even when the
dimension is significantly smaller than n. More precisely, if A C F? is a random affine

subspace, then with high probability

1£all ~ [1£ 1l

where f4 denotes the restriction of f to A. While this phenomenon is broadly consistent
with the general philosophy of higher-order Fourier analysis [Tao, 2012], existing generic
machinery does not seem to yield comparably sharp quantitative guarantees. Our proof
develops a direct Fourier-analytic approach that circumvents such losses, leading to
exponentially better concentration error bounds. We believe this structural result may
be of independent interest in other areas of theoretical computer science e.g. additive
combinatorics, and pseudorandomness. This structural result is established in full in the

chapter on the subspace restriction technique, and the present chapter applies it directly.

Related results

We compare our results with prior works that explicitly study this problem as well as
those that can be adapted to solve it, showing that all existing approaches incur higher

complexity, in several cases even with weaker accuracy guarantees.

BLR Test. The Blum-Luby-Rubinfeld (BLR) test [Blum et al., 1993b] was originally
introduced as a decision procedure for testing whether a Boolean function is linear'. Given

oracle access to a Boolean function f : F} — {—1,+1}, the test samples z,y € F}

"Though it can be modified to handle affine functions as well.
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uniformly at random and accepts if

f(@)f(y) = f(z+y).

State-of-the-art analysis [Bellare et al., 1996] show that if f is §-far from every linear
function, then the rejection probability p;.; satisfies § < p,e; < 66. Consequently, repeated
executions of the BLR test can be used to distinguish functions that are e-close to linear
from those that are ¢’-far from linear, provided ¢’ > 6¢. For example, one may distinguish
functions that are 1/20-close to affine from those that are 1/3-far from affine. However,
this guarantee becomes useless once €’ becomes close to 1/2. For instance, the BLR analysis
gives no meaningful way to distinguish between functions that are 1/6-far from linear and
those that are 1/2-far from linear. This is because of the fact that the exact dependence
of the rejection probability on the distance to linear functions is not understood; only a

rough multiplicative proxy for distance from linearity 0 < p,; < 60.

This is inadequate for cryptographic applications, where the study of Fourier bias is
primarily interesting in the low-bias regime, namely when FBias(f) &~ 0. Furthermore,

since

FBias(f) =1—24(f, A),

where 0(f, L) denotes the distance from the class £ of linear functions, a small Fourier
bias corresponds precisely to the regime §(f, L) ~ %, namely, functions that are almost
maximally far from linear. Therefore, estimating small Fourier bias requires additive
precision near the extremal distance 1/2, whereas BLR only yields multiplicative control
up to a factor of 6. As a result, the BLR test is unsuitable for estimating Fourier bias in the
low-bias regime relevant to cryptography. In contrast, our algorithm outputs an explicit
additive estimate of FBias( f) with error parameter £7, and therefore remains informative

throughout the entire range 0 < §(f, A) < 1.

U?-Gowers norm. A coarse estimate of the Fourier bias can be obtained by estimating
the U2-Gowers norm [Gowers, 2001]. Recall that

1112 = Evap [f(2)f(x +a)f(x +b) flz+a+b)] =) fla)

Thus || f||};> can be estimated within additive error +¢ by averaging f(z)f(z + a) f(z +

b)f(x + a + b) over uniformly random choices of z, a, b € F%, using O(c~2) samples. Let

M = max, | f(a)|, we have | f(a)|* < M?|f()[% Summing over « gives

Iflige < M2 1f ()
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-~

By Parseval, ) |f(a)]* = [|f||3 < 1, hence ||f[|}. < M?. Conversely, since some

~

coefficient satisfies | f ()| = M,
1fllg2 = D 1F ()t > M,

Therefore,
1152 < M < || fllo.

Consequently, if U is an additive estimator satisfying |(7 — || flluz| < 7, then
(U —7)* < FBias(f) < U + .

Thus estimating the U?-norm yields coarse polynomially related bounds on the Fourier

bias, though not an additive estimate.

Beraetal. The most directly comparable prior work is Bera and Tharrmashastha [2021],
who first formulated the Fourier bias estimation problem in essentially the form we study.
While their primary contribution was the study of the problem in the quantum setting,
they also showed in the process that, in the classical setting, estimating FBias(f) within
additive error 7 can be achieved using O(n/7°%) queries, together with a lower bound
of Q(1/7). Our results improve on Bera and Tharrmashastha [2021] in every parameter
simultaneously. We reduce the upper bound from O(n/7°) to O(1/72), achieving two
qualitative improvements at once: the dependence on n is removed entirely, and the
dependence on 7 improves from sixth power to quadratic. On the lower bound side, we
prove 2(1/7%), which is tight up to polylogarithmic factors. In short, our result essentially

closes the problem.

Goldreich-Levin Algorithm. The Goldreich-Levin theorem [Goldreich and Levin,
1989] provides an algorithm that explicitly identifies all heavy Fourier coefficients of f,
outputting all « € F} satisfying |f(a)| > 7. The best known query complexity for this
task is O(n/73). Observe that the Goldreich-Levin algorithm can be used as a black-box
subroutine to solve our problem. Indeed, one may first run the Goldreich-Levin procedure
to identify the collection of affine functions having large correlation with f, then estimate
the corresponding Fourier coefficients to the desired accuracy using random samples, and
finally return the maximum among these estimates. However, this is a strictly stronger
task than the one considered in our work. In addition to estimating the value of the
largest Fourier coefficient, the Goldreich-Levin algorithm also identifies all candidate

coefficients where the maximum may occur. In contrast, estimating FBias( f) requires only
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estimating the magnitude of the maximum Fourier coefficient, with no need to recover the
corresponding «.. By relaxing the goal, we eliminate the factor of n entirely and improve

the dependence on 7 from cubic to quadratic.

Dinur et al. A related line of work studies analogous questions for vectorial Boolean
functions arising in symmetric-key cryptography. In particular, Dinur et al. [2023]
considered the problem of detecting differential properties of cryptographic primitives in a
black-box setting. Their method of surrogate differentiation provides a generic framework

for simultaneously detecting many statistical properties with complexity O(2"/2/72).

9.1 Motivation

Below, we provide some motivation for the Fourier bias estimation problem from cryptog-
raphy. Readers primarily interested in the technical results may skip this discussion and

proceed directly to the rest of the chapter.

Symmetric Key Cryptography. Several cryptanalytic paradigms in symmetric-key
cryptography rely on the exploitation of non-negligible linear correlations. In block
ciphers exploiting substitution permutation network (SPN), nonlinearity is introduced
primarily through S-boxes, while key addition and diffusion layers remain affine over Fs.
Linear cryptanalysis [Matsui, 1994] exploits this structure by identifying linear relations
among plaintext, ciphertext, and key bits whose probabilities deviate from 1/2. For an
S-box S : [} — F7', linear approximations are specified by masks a € F} and b € 7.
The quality of such an approximation is measured by the Walsh—Fourier coefficient of the

Boolean function f, () = (—1)"5®) at frequency a:
fap(a) = Eyeryp [(_1>b's($)€9a-m} '

A large magnitude of this coefficient corresponds to a biased linear relation

Pr[b-S(z)=a-z]=3+e, where ¢= %}fa\b(a)‘

Heavy Fourier coefficients therefore imply statistically detectable biases. When such
approximations propagate across multiple rounds, they yield distinguishers separating the
cipher from a random permutation. Moreover, these biases enable key-recovery attacks:
by collecting plaintext—ciphertext pairs and performing hypothesis testing over subkey

candidates, an adversary may identify keys that best explain the observed deviation from



148 Chapter 9. Application VII: Estimating Fourier Bias

uniformity. The data complexity scales as O(¢~2), rendering even small but non-negligible

biases exploitable.

An analogous phenomenon arises in the context of stream ciphers too, where keystream
bits are generated by a Boolean filtering or combining function f applied to linear feedback

-~

shift register (LFSR) outputs. The existence of a frequency a such that | f(a)| = 2¢ implies
Pr(f(z)=a-z] =3 +e.

Here again, a heavy Fourier coefficient corresponds to a biased linear approximation.
This bias induces a noisy linear model, allowing cryptanalysis to be recast as a decoding
problem. Fast correlation attacks [Meier and Staffelbach, 1988] exploit precisely this
reduction by collecting keystream samples, deriving linear relations with the internal
LFSR state, and applying error-correcting techniques to recover the secret state. As before,
larger Fourier coefficients yield stronger biases and consequently reduce the decoding

complexity.

Public Key Cryptography. In public-key cryptography, Fourier-analytic approaches
to the Hidden Number Problem (HNP) provide a unifying perspective on bit-security and
hidden-structure results. Let (G, o) be a cyclic group and s € G a hidden element. The
adversary is given oracle access to ¢s(u) = p(sou), where p : G — {—1, +1} is a partial-
information function. Such functions reveal limited leakage about their input, typically via
efficiently computable predicates or bit-extraction mechanisms. Canonical examples arise
in bit-security reductions, where ¢ outputs a predicate of the secret input. Fourier-based
analyses of HNP rely on several key properties. First, the function ¢ is assumed to admit
a non-negligible Fourier coefficient. Second, this spectral property is preserved under
shifts, ensuring that ¢, inherits a comparable coefficient. Third, the spectra of ¢ and
s are related by an algebraic transformation induced by the group operation. Under
these conditions, sparse Fourier transform (SFT) techniques [Akavia et al., 2003] recover
short candidate lists of heavy coefficients. The hidden shift then induces a predictable
structural relationship between these spectral supports, enabling efficient recovery of
the secret element. This perspective highlights a principle central to many bit-security
proofs: the existence of even a single non-negligible Fourier coefficient may suffice to
enable an efficient Fourier-analytic attack. In this sense, Fourier bias plays a decisive role
in the security evaluation of HNP-type constructions. Early results [Akavia et al., 2003]
established hardness for only few selected bits of RSA, while subsequent work [Morillo
and Rafols, 2009] demonstrated that every bit is hardcore in the chosen-message setting.

Achieving this stronger conclusion required delicate algebraic arguments establishing the
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existence of heavy Fourier coefficients for the associated bit functions. Such analyses are
nontrivial and typically rely on construction-specific algebraic structure, making them

difficult to transfer across different primitives.

9.2 Our Algorithm

In this section, we present our algorithm ESTIMATE-FOURIER-B1As (Algorithm 15).

Algorithm 15: ESTIMATE-FOURIER-B1As

Input: Oracle access to f : F§ — {—1, 41}, accuracy parameter 7 > 0.

~

Output: An estimate of max | f(B)| within additive error +7.
€z

t < [40 + 8log,(1/7)];

Choose a random subspace H < % of dimension ¢;
Choose a ~ Unif(F%);

A+ o+ H;

Estimate every Fourier coefficient of f4 within additive error 7/8, obtaining ﬁ(v)
for all v € H;

Fa(?)

return max
yeH

>

9.2.1 Analysis

The correctness and query complexity of ESTIMATE-FOURIER-B1as (Algorithm 15) are not
proved from scratch. Fourier bias estimation is precisely the s = 1 instance of the top-s
energy estimation problem analyzed in the chapter on /5 testing of Fourier sparsity, and
Theorem 9.1 follows from that analysis by specializing the parametersto s = 1 and € = 7.

We make the correspondence explicit and then read off the result.

Fourier bias as the s = 1 energy problem

Recall from the sparsity-testing chapter the top-s energy

A F(2)2
Wi(f) = max > 1),
|S|=s P€5
and that for f : Fy — {—1,+1} we have || f||2 = 1, so all the standing hypotheses of that

chapter are met. Taking s = 1 collapses the maximizing set to a single frequency, and the
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energy becomes the squared Fourier bias:

Wi(f) = max f(9) = (max|F(5)])" = FBias(/)” 9.1)

BeFy BeFy

Thus estimating the Fourier bias is exactly the problem of estimating 1/ W ( f ).

Moreover, Algorithm 15 is the s = 1 specialization of the estimator Top-s-ENERGY of
that chapter, read at the level of coefficient magnitudes rather than energies. Both draw a
single random affine subspace A = a + H of dimension ¢t = ©(log(1/7)), estimate every
restricted coefficient E(fy) to small additive accuracy, and return an extremal statistic of

the estimates: Top-s-ENERGY returns the sum of the s largest values of 5(7)2, which at

s = 1 is max, };(7)2, while Algorithm 15 returns max, |}:(7) , the square root of the
same quantity. The two are therefore identical procedures up to the final square root, and

the analysis of one is the analysis of the other.

Proof of Theorem 9.1

Proof. Since f : Fy — {—1,+1} is Boolean we have || f||3 = 1, so the moment bound
required by the sparsity-testing chapter holds with K = 1; in particular the log K term in

its query complexity vanishes.

Run the top-s energy estimator with s = 1 and accuracy parameter 7 — equivalently, run
Algorithm 15, which is that estimator at s = 1 with its coefficient-estimation accuracy
set to 7/8 and subspace dimension ¢t = [40 + 8log,(1/7)], matching the setting ¢t =
[log,(2°°Ks°771%)] at s = K = 1 up to the constant and the harmless rounding. By the
main theorem of that chapter, specialized to s = 1, the returned value W= max, }”;(7)2

satisfies 5
Pr[|W-mf) <] =7 (9.2)

using O(7~2log(1/7)) = O(1/7?) non-adaptive queries to f.

~

It remains to pass from the squared bias W;(f) = FBias(f)? to the bias itself. The

algorithm outputs

FBias(f) := max [fa(7)] = VIV.

The point is that the structural lemma of the sparsity-testing chapter, at s = 1, controls

the restricted coefficient magnitudes directly: its heavy-coefficient guarantee is stated

for || Fa(3,)] — |(%)

coset — heavy or light — carrying a spurious large magnitude. Consequently the single

|, not for the squares, and its light-spectrum bound rules out any

extremal magnitude max, |ﬂ(v)| tracks maxg | f(B)| = FBias(f) to additive error 7/2
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on the good event, and the coefficient estimates to accuracy 7/8 contribute a further 7/8;

combining, on an event of probability at least 3/4,
FBias(f) — FBias(f)| < 7.

This is exactly the assertion of Theorem 9.1. In other words, the proof is identical to that
of the ¢, Fourier-sparsity tester with s = 1 and € = 7, read at the level of magnitudes

rather than energies; we therefore do not repeat it.

For completeness we note the alternative, fully black-box reduction: applying the en-
er/gXEound (9.2) together with the elementary inequality }\/_ — b ’ < /]a — ] gives
|FBias(f) — FBias(f)| < /7, and hence an additive-7 estimate at the cost of running
the s = 1 estimator with accuracy parameter 72, i.e. with O(7*log(1/7)) queries. The

direct magnitude-level analysis above avoids this square-root loss and yields the sharper
O(1/72) bound.

Finally, non-adaptivity and dimension-independence are inherited verbatim: every query
point is fixed by the choice of H, o, and the shared sample set before any oracle call, and

the query count O(1/72) depends on f only through || f||8 = 1, not on n. O

Remark 9.2 (Why the reduction is exact). The identification FBias(f) = /W, (f) is the
reason Fourier bias estimation inherits both the algorithm and the near-optimal query
complexity of the sparsity tester. Every technical ingredient — random affine restriction as
implicit spectral hashing, survival of the single heavy coefficient, fourth-moment control
of the light spectrum, and median-of-means in place of Hoeffding — specializes to s = 1

without modification.
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Application VIII: Exact Fourier Sparse
Recovery Made Simple

Mathematical models and data lie at the heart of modern computer science and engineering.
The field of inverse problems serves as a bridge between the two. In essence, an inverse
problem begins with the effect and asks us to reconstruct its underlying structure. The
forward operator, capturing the physics, measurement process, or transformation, is
known, and the goal is to invert this process to recover the unknown parameters of
the model. Inverse problems are central across a wide range of disciplines, including
communication theory, signal processing, medical imaging, computer vision, geophysics,
oceanography, astronomy, and remote sensing [Tarantola, 2005]. At a conceptual level,
even learning from data can be viewed as an inverse problem: observations correspond to
outputs of an unknown process, and learning seeks to recover the structure or parameters

governing that process [Vito et al., 2005].

The fundamental challenge is that inversion is rarely straightforward. In many settings, the
system is underdetermined, there are fewer observations than unknowns, rendering the
problem ill-posed, with multiple solutions consistent with the data. A classical resolution
to this issue is provided by the Nyquist-Shannon sampling theorem [Shannon, 1949]. For
signals that are bandlimited to a maximum frequency NN, the theorem states that uniform
sampling at a rate of at least 2NV samples per unit time is sufficient for exact reconstruction.
Below this sampling threshold, distinct signals may become indistinguishable from their
samples, leading to ambiguity. For decades, this principle shaped the understanding of
data complexity in signal processing. While originally formulated for signals, the broader
idea, that accurate inversion requires sufficient information relative to the complexity of

the underlying object, extends naturally to inverse problems across many domains.

The paradigm of sparse recovery, introduced in seminal works by Candés and Tao [2005],
Candes et al. [2006], Donoho [2006] and collectively known as compressed sensing, funda-
mentally challenges this classical viewpoint.Their key insight is that if a signal is sparse,
or can be well approximated by one, then the Nyquist rate is overly pessimistic. More con-

cretely, if only £ < [N components of a signal carry significant information, then a small

152
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number of random measurements suffices to recover the underlying structure. In this way,
sparse recovery breaks the traditional limits imposed by the Nyquist-Shannon sampling
theorem: an inverse problem that is classically underdetermined becomes well-posed once

sparsity is imposed as a prior.

One of the most practically relevant instances, and indeed one of the original motivations
for this line of work, arises in the context of Fourier analysis [Ceccherini-Silberstein
et al., 2018, Stein and Shakarchi, 2003]. In applications such as Magnetic Resonance
Imaging (MRI) [Aibinu et al., 2008], the physics of the acquisition process constrains
measurements to the time domain, and it is known that the underlying signals are often
sparse in the Fourier domain. The task is therefore to reconstruct signals from a limited
number of measurements. The number of samples plays a crucial role in practice: in CT
imaging it directly affects the radiation exposure received by the patient, while in MRI
fewer measurements reduce acquisition time and improve patient comfort. Consequently,
developing algorithms that exploit sparsity to reduce sample complexity is important
not only from a theoretical perspective but also from a practical one. Indeed, companies
such as Siemens Healthineers [Siemens, 2026] have incorporated compressed sensing

techniques into commercial MRI systems, reporting acquisition speedups of up to 40 x.

Most approaches to compressed sensing rely on the Restricted Isometry Property (RIP) of
subsampled Hadamard/Fourier matrices [Bourgain, 2014, Cheraghchi et al., 2013, Haviv and
Regev, 2016], which guarantees that distinct sparse signals remain sufficiently separated
under random measurements. These methods typically proceed in two stages. First,
one shows that a collection of random measurements acts as a near-isometry on the
set of k-sparse vectors [Candés and Tao, 2006, Rudelson and Vershynin, 2008, Bourgain,
2014, Haviv and Regev, 2016]. Second, recovery is performed using techniques such as
¢1-minimization [Candés and Tao, 2006] or iterative thresholding methods [Blumensath
and Davies, 2008, Needell and Tropp, 2009, Needell and Vershynin, 2009]. Such approaches
achieve near-optimal sample complexity, and moreover the measurements can be chosen
uniformly at random in the time domain. However, their running time is typically linear
in the ambient dimension N. We emphasize that even the Fast Fourier Transform (FFT),
introduced by Cooley and Tukey [1965], which revolutionized computational harmonic
analysis, runs in O(N log N) time. This complexity arises from worst-case considerations,
where no sparsity assumptions are made. A central question is therefore whether one can
obtain significantly faster algorithms when the underlying signal is sparse. As current
evidence suggests, substantially improving the running-time dependence within the RIP
framework appears difficult. In particular, such improvements are closely related to
computational problems believed to be hard, such as learning noisy parities [Blum et al.,

1994], which is itself connected to computational hardness of decoding random linear
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Exact Fourier Sparse Recovery

Input: Oracle access to f : F — R such that | sugp(f)] < k.
Output: All pairs («, f(«)) for every o € supp(f).

Figure 10.1: The Exact Fourier Sparse Recovery problem.

codes [Applebaum et al., 2009].

A parallel line of work, collectively known as sparse Hadamard/Fourier transforms [Man-
sour, 1992, Akavia et al., 2003, Iwen, 2010, Hassanieh et al., 2012a, Pawar and Ramchandran,
2014, Indyk and Kapralov, 2014, Kapralov, 2017], seeks to achieve both low sample com-
plexity and sublinear running time under a stronger access model known as the query
model, where the algorithm is allowed to adaptively choose measurements rather than
relying solely on uniformly random samples. At a high level, these methods fall within
the broader “sketching via hashing” paradigm [Indyk, 2013], specialized to the Fourier
spectrum. The basic idea is to hash the Fourier coefficients into many buckets and then
recover the significant coeflicients from the aggregated bucket values, in a manner closely
related to the Count-Sketch framework [Charikar et al., 2002]. However, implementing
this idea in the Fourier setting is substantially more challenging since one has access only
to the signal in the input domain and not directly to its Fourier coefficients. Most of the
works mentioned earlier have focused on functions of the form [N] — C, where typically
N = 2". For such functions, these difficulties are handled through carefully designed
bandpass filters, which simulate hashing in the frequency domain via the convolution
theorem. Recovery of the heavy Fourier coefficients then requires sophisticated decoding
procedures capable of dealing with noise and bucket collisions. Over the years, significant
effort has gone into constructing filters with improved guarantees and designing efficient
decoding algorithms. Nevertheless, both the filter constructions and their analysis tend to

be technically quite involved.

While functions of the form [N] — C, where typically N = 2™ appear in medical imaging,
oceanography, astronomy, and seismology, another equally natural and important setting,
particularly in machine learning and algorithms for big data literature is that of Boolean
functions f : Fy — {+1, —1}. A key reason is that many natural concept classes admit
sparse Fourier representations, making Fourier-analytic techniques highly relevant in
learning and inference tasks. For example, cut functions of graphs with £ edges, as
well as decision trees of depth d, are k-Fourier-sparse (or approximately so). The cut
function of a graph has Fourier degree at most 2, and more generally, the cut function of
a hypergraph of rank d has Fourier degree at most d. Intuitively, such functions can be

expressed as sums of terms, each depending on at most d variables. Similarly, a decision
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tree of depth d also has Fourier degree at most d. Typical questions arising in machine
learning include the following: can we recover the structure of a graph by observing the
values of a small number of cuts? Can we efficiently learn a decision tree from a limited
number of evaluations? These questions are in turn connected to modern large-scale data
analysis problems, for example hypergraph sketching. Hypergraphs have emerged as a
natural modeling framework in areas such as communication networks, recommendation
systems, biological systems, and transaction analytics [Yahoo!, 2019, Li, 2013]. Real-world
hypergraphs arising in these applications are often too large and dynamic to store or
process explicitly. Consequently, exact computation becomes prohibitively expensive in
terms of memory and computational resources. Hypergraph sketching [Karger, 1999, Ahn
et al., 2012, Kocaoglu et al., 2014, Kogan and Krauthgamer, 2015] addresses this challenge
by constructing compact summaries that enable approximate computation using sublinear

space, thereby supporting scalable distributed, and large-scale data analysis.

Such problems can often be reduced to learning Fourier-sparse Boolean functions with
query access (see formal problem definition at Figure 10.1). Consequently, the problem of
learning sparse Boolean functions f : F} — {41, —1} has attracted considerable attention
over the years [Kocaoglu et al., 2014, Negahban and Shah, 2012, Stobbe and Krause, 2012,
Amrollahi et al., 2019]. In particular, Amrollahi et al. [2019] obtained an algorithm with
query complexity O(nk) and running time O(nk) for learning k-Fourier-sparse Boolean
functions. Like earlier case, these algorithms also fall within the broader “sketching via
hashing” paradigm. For functions over [}, analogues of bandpass filtering arise through
the framework of coset hashing [Feldman et al., 2006b, Gopalan et al., 2011]. Essentially
all existing works in this setting rely on such hashing schemes in order to isolate and

recover the significant Fourier coefficients.

The main contribution of this work is to provide a significantly simpler algorithm, com-
pared to prior approaches, while still achieving nearly optimal sample guarantees. Given
the wide applicability of learning Fourier-sparse Boolean functions, we believe that this
simpler approach will be useful in many practical machine learning settings. Our main

result is as follows.

Theorem 10.1. There exists a randomized algorithm that, given oracle access to a function
[+ FY — R with Fourier sparsity at most k, recovers all nonzero Fourier coefficients exactly

using O(nk) queries and O(nk) time, with high probability.

Our main observation is that, in the F7 setting, hashing of the Fourier spectrum can be
realized in a far more implicit and algebraic fashion than in prior works, a perspective
we term sketching via implicit hashing. Specifically, we show that restricting the function

to a randomly chosen subspace naturally induces a partition of the Fourier coefficients
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into buckets, thereby emulating the effect of a hashing scheme. Moreover, within this
framework, recovering the Fourier coeflicients from the resulting buckets becomes par-
ticularly simple and transparent. This approach avoids the need for explicitly designed
hashing constructions, such as coset hashing. When combined with a majority-decoding
procedure inspired by the pseudorandomness literature, it leads to a significantly cleaner
sparse recovery algorithm in the Fourier-analytic setting. We illustrate the main ideas

underlying this approach in Algorithm 16.

Organization

In Section 10.1, we present a simplified algorithm that serves as a conceptual illustration
of our main approach. This warm-up procedure is presented to highlight the core ideas
underlying our method, and demonstrates how our perspective leads to a significant
simplification compared to existing techniques for exact sparse Hadamard transform.
Building on the insights developed in this section, we introduce our main algorithm in
Section 10.2, where we provide a complete description along with rigorous analysis and
guarantees to prove Theorem 10.1. Finally, in Section 10.3, we conclude by discussing
several directions for future research, including potential extensions of our framework

and open problems suggested by our results.

Related works

The problem of learning sparse Fourier representations was originally studied by Kushile-
vitz and Mansour [Kushilevitz and Mansour, 1993], inspired by the work of Goldreich and
Levin [Goldreich and Levin, 1989]. Their algorithm, however, does not exactly recover
a k-Fourier-sparse function; instead, it outputs an approximation in the /5 sense. In
the special case where the function is Boolean-valued, exact recovery can be achieved
by combining their approach with the granularity theorem for Fourier-sparse Boolean
functions [Gopalan et al., 2011]. However, this approach requires O(nk®) queries to the
function oracle, and does not extend to real-valued functions. More recently, Amrollahi
et al. [2019] studied the exact recovery problem for k-sparse set functions in the Fourier
domain, achieving a query complexity of O(kdlogn log k) when the Fourier support is
contained within degree-d terms. Our algorithm applies to general functions and, in the

regime d = O(n), asymptotically matches their bound.
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10.1 A warm-up algorithm

The main ingredient of the algorithm is the analysis of the Fourier spectrum of the
restriction of the function f : [} — R to a randomly chosen subspace. We now begin by
formalizing this notion. Let / < [} be a linear subspace of dimension d. For any coset
A = a+ H, we define the restriction of f to A by

fa(z) = fla+z),  zekH,

viewing f4 as a function on H.

Fourier coefficients of the restriction. Let W < I} be a subspace complementary to
H+, so that
W o H =Ty

Consider the surjective linear map

my Fy — W, a»—)oz‘H,

Note that, the Fourier coefficients of f4 are given by

fa = > f@xala), yeW
a € supp(f)
olg ="
In other words, E(v) aggregates all Fourier coefficients f(«) of f whose character o
restricts to v on H, weighted by the phase x,(a) determined by the coset representative

a. To see why recall that, for every x € H, we may write the Fourier expansion of f as

flatz) =Y fla)xala+z).

aclFy

Hence,

fa(z) = f@)xala+ ).

a€clF

o3

Using the multiplicativity of characters, x,(a + =) = xa(a)xa(2), we obtain

fa(@) =) fl@)xal@)xalz).

aclky

Now observe that, when restricted to H, the character y, depends only on the restriction
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a|g. In particular, if a|y = 7, then x,(z) = x,(2) for all x € H. Grouping together

all terms having the same restriction to H, we obtain

fa@) =Y | D Fl@)xa(a) | x; ().

veW \ acFy
alg=y

Since this is precisely the Fourier expansion of f4 over the domain H, it follows that for

every v € W,
fa) = > fla)xala).
aesupp(f)
alg=vy

Fourier Separation by Random Subspace. We now show that a uniformly random
subspace of dimension 2log k& + O(1) acts as a hashing mechanism that, with high proba-

bility, separates all nonzero k Fourier coefficients of a k-Fourier sparse Boolean function.

Lemma 10.2. Let f : F? — R with | supp(f)| < k. Let H be a uniformly random subspace
of % of dimension d > 2log 4k. Then except with probability 1/16, the map o — «|g is

A

injective on supp( f), and for every coset A = a + H and every~y € W, there is at most one
# =, for which fa(7) = f(a) Xa(a).

~

a € supp(f) with a

Proof. We say a collision occurs if there exist distinct a, € supp( f ) with oy = 5m,

equivalently (o + 3) € H=. For any fixed such pair,
1] _ o-d
%r[(oz+ﬁ)€H]—2 :

since H* has dimension n — d and a + /3 # 0.

There are at most k2 such pairs in supp(f) x supp(f), so by a union bound,

l?{r[any collision occurs] < k% - 274 = 1/16,
for d > 2log 4k. Conditioning on no collision, for each ~y there is at most one « € supp( f )

with a|y = +, and the formula for }Z(’y) reduces from the general sum to the single term

A

f(@) Xa(a).
U

With these insights in hand, we now present a simple algorithm (Algorithm 16) that exactly

recovers all Fourier coefficients of a k-sparse function.
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Theorem 10.3. Let f : F} — {—1,+41} be k-Fourier sparse. There exists a randomized

algorithm that exactly recovers supp( f) along with their values f(cv), except with probability
1/16, using O(nk?) queries and O(nk?) time.

Algorithm 16: Simple Sparse Fourier Recovery

Input: Query access to f : Fy — {—1, 1}, sparsity k

Output: {(a f(0)}scrum

Sample a random subspace H < F3 with dim(H) = 2logk + 10
Compute J?a(’y) forally € Wanda € {0,eq,...,e,}

for v € W with ]%(7) #0do

L o 1o fe,i(;)/fo(v) fori =1,....n Output ((ar, ..., ), fo(7))

Proof.

In Algorithm 16, we sample a random subspace H < F7 of dimension d = 2log 4k. By
Lemma 10.2, except with probability 1/16, the restriction map

a— alg

~

is injective on supp(f). Consequently, each nonzero v € W corresponds to at most one

o € supp(f), and there are at most k such +. Consequently ]?a('y) = f(a) xa(a),

Let e4,...,e, denote the standard unit vectors in [}, and let ey = 0. For each i €
{0,1,...,n}, define the coset A; = ¢; + H.

Note that e
fei(7) (a,ei)
2] (e = (-1 = ()
fo(v)
Thus, defining
o ifdelW -4y
by = fg(V)
1 oede®
fo()
we recover «; = b; for each i € [n]. Therefore, &« = (by,...,b,) is recovered coordinate-

wise, without requiring any linear algebra. Finally, the Fourier coeflicient is obtained

as

It is easy to see that the total number of queries is (n + 1) - 2¢ = O(nk?), and the overall

running time is O(nk?). O
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A few remarks are in order.

+ Non-adaptive and parallelizable structure. Our algorithm is entirely non-
adaptive. To the best of our knowledge, this is the first non-adaptive algorithm
in the sparse Hadamard transform literature that achieves both polynomial-time
complexity and polynomial query complexity in 7 and k. This non-adaptive struc-
ture makes the algorithm particularly attractive for hardware implementation, since
all queries can be generated in advance and executed fully in parallel. Moreover,
the reconstruction procedure naturally decomposes across the different cosets: the
Fourier spectrum corresponding to each of the n + 1 cosets can be recovered in-
dependently using separate FFT computations. Consequently, the entire recovery
process admits a highly parallelizable architecture, making it especially suitable for

efficient hardware and distributed implementations.

« Compressed sensing based variant. Since the restriction of a k-Fourier-sparse
function to any coset remains k-Fourier-sparse, one may alternatively reconstruct
the Fourier spectrum of each restricted function f4 using standard compressed
sensing techniques. In particular, by exploiting the restricted isometry property of
Fourier-Hadamard matrices [Haviv and Regev, 2016], one can recover the spectrum
of each f4 by solving an /;-minimization problem using 9] (k) samples and 9] (k%)
running time [Candes and Tao, 2006]. Repeating this independently for each of the
n + 1 cosets yields an overall sample complexity of 9) (nk) and total running time
5(71]{:5) This modified approach preserves all the advantages of our framework
(with slightly complex computing) while achieving near-optimal sample complexity

at the expense of higher running time.

In the following section, however, we present our main algorithm, which achieves both

sample complexity O(nk) and running time O(nk).

10.2 The Main Algorithm

In this section, we present an improved version of the sparse Fourier recovery algorithm
(Algorithm 17). The overall approach follows the same high level idea as Algorithm 16.
However, in order to reduce complexity, we restrict the function to a significantly smaller
random subspace of size O(k), instead of O(k?) as in Algorithm 16. In Algorithm 16, the

subspace is chosen large enough to ensure that each coset indexed by v € W contains at



10.2. The Main Algorithm 161

most one nonzero Fourier coefficient. Consequently, the ratio

Ji;(v)
fo(7)

gy(z) =

behaves as a linear function over F7. This allows direct recovery of the corresponding
frequency using coordinate wise reconstruction. This significantly simplifies the recovery

procedure, but incurs higher query and time complexity.

In contrast, we now work with a much smaller subspace. As a result, collisions may occur,
meaning that multiple Fourier coefficients may hash to the same 7. Nevertheless, even
in this regime, one can show that a constant fraction of cosets remain collision free. To
exploit this, we adopt the iterative peeling paradigm, which is widely used in the sparse
Hadamard transform literature. In each round, we identify and recover a constant fraction

of the nonzero Fourier coeflicients, and subtract their contribution from the function:

F=r=>_F©xe

£es

where S denotes the set of already recovered frequencies. Repeating this process on f,it

follows that after O(log k) rounds, all nonzero Fourier coefficients are recovered.

There is, however, a major obstacle that remains. The reconstruction step from Algo-
rithm 16 applies only when g, is linear, which happens only if the coset 7+ H contains at
most one nonzero Fourier coefficient. Therefore, before applying the reconstruction step,
we must certify that g, is linear. A exact certification of linearity would be too expensive
in terms of query complexity. However, if we allow a small amount of error and are willing
to accept functions that are close to linear, then there are query efficient procedures for
this task. A natural approach is to use the linearity test of Blum et al. [1993a] . It is known
that if a function is € far from linear, then the BLR test rejects with probability §2(¢). In our
setting, we take ¢ = 1/4. Therefore, a constant number of BLR tests suffices to distinguish

the case when g, is linear from the case when it is far from linear.

It remains to modify the reconstruction procedure so that it is robust to small amounts of
noise. We design a robust variant of the reconstruction step which tolerates deviations
from exact linearity. In particular, we show that even if g, is only (3/4) close to some
linear function, the corresponding Fourier coefficient can still be correctly recovered. This

is achieved using majority decoding over multiple queries.
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Algorithm 17: EfficientSparseFourierRecovery

Input: Query access to [ : Fj — R; sparsity k.

Output: All pairs (a, f(«)) for o € supp(f).
Initialization: S < 0, f© « f, d9 <k, r <« 0.

Repeat until |S| = k:

Step 1. Sample a subspace H < F} uniformly with dim(H) = log(100d™), and
set B «+ 0. -

Step 2. For j = 1,...,C'logk: sample a, b <— [, and compute fc(:)H(*) for
c € {0,a,b,a+ b}; add to B all v for which

—_

F0) - 1) # 100w () - 1 ().

Step 3. Set G < W \ B.

—

Step 4. For j = 1,...,C"(logn + log k): sample a < F} and compute fc(:)H(*)
forc € {a,a+e,...,a+ e,}; then for each v € G, record

1= Sen) /1)

©) ate+H\ a+H\7

foralli € [n].

—_—

Step 5. For each vy € G, set av +— (majj[agj)])ie[n] and f(a) « f[(;) (), and

update S +— S U {(«a, f(a))}.
Step 6. Update the residual and parameters:

FOD e f0 N Fla) xa,  dUY e 240 r e,
a€esS

Step 7. Return {(c, f(a)) }acs.

By the lemma, in expectation at least a 99,/100 fraction of the support elements of (") are
isolated under the random hashing induced by . However, the remaining buckets may
contain multiple Fourier coefficients, and these must be filtered out before attempting

recovery.

Singleton Detection via Linearity Testing. The key challenge is to distinguish sin-

gleton buckets from those containing multiple Fourier coefficients. We achieve this using
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query efficient tests that filter out non-singleton buckets. For v € H*, define

o
by = 220 ey

70()

whenever the denominator is nonzero. Using the restriction formula,

D= T0(a) xala).

a€(y+HL)Nsupp(F")

If the bucket corresponding to v is a singleton containing o*, then ¢, (a) = X4+ (a), which
is a linear function over [3. Otherwise, ¢, is a sum of multiple characters and hence
non-linear. Since exact linearity testing can be expensive in terms of query complexity,
we instead aim to distinguish linear functions from those that are at least 1/4-far from
linear. To this end, we apply the Blum-Luby—-Rubinfeld linearity test [Blum et al., 1993a]
to ¢, which checks whether

Py (a)d(b) = ¢y (a +b)

holds for uniformly random a, b € 5.

Lemma 10.4 ( Blum et al. [1993a]). There exists an absolute constant ¢ > 0 such that:

1. If ¢ is linear, then it passes every BLR test.

2. If ¢, is at least 1 /4-far from every linear function, then a single BLR test rejects with
probability at least c.

Consequently, by repeating the BLR test O(1) times and discarding any ~ that fails at
least once, we obtain a set GG such that, with high constant probability, every v € G
corresponds to a singleton bucket. By amplifying this procedure and repeating it C'log k&
times, it follows that with probability at least 1 — k=2, all ¥ € G correspond to (at least
3/4 close to) singleton buckets.

Robust Decoding from Approximate Linearity. For each 7 € G, we recover the
corresponding o coordinate-wise using bit extraction. The following lemma shows that

recovery succeeds even when ¢, is only approximately linear.

Lemma 10.5. Suppose there exists o* € FY such that

r [¢y(a) # xar(a)] <€

a~Fy
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}1. Let 'V, ... a'") be independent uniform samples from F3, where J =

C(logn + log k) for a sufficiently large constant C'. For eachi € [n], define

for some e <

1= )
al = f""m*ei*H;V)/f“m*H(ﬁy), &; = majority (af”, ..., ot”).

)

Then for ally € G and alli € [n], Pr[&; # o] < (nk)™2. Consequently, except with

probability o(1), all coordinates of all recovered frequencies are correct.

Proof. Observe that

—

fabern(0) _ dy(ates)

f/(T)\(,Y) va(a)

a+H

If both ¢, (a) = xo+(a) and ¢, (a + €;) = X+ (a + €;) hold, then

prlate)  Xelate) i
0@ xel@ Y

()

and hence ;" = . Therefore, an error occurs only if either a or a + ¢, is a disagreement

point, which by a union bound happens with probability at most 2¢ < % Thus each trial
is correct with probability at least 1 — 2¢ > % By Hoeffding’s inequality,

Pr 6, # 7] < exp(—0(J).
Choosing J = C(logn + log k) for a sufficiently large constant C' ensures that
Pr[d; # o] < (nk)™%

Finally, applying a union bound over all ¢ € [n| and all v € G yields the claim. O

Peeling and Progress. After each round, the algorithm updates

FU =0 = 3" f(@) Xas

aes(r)

where S(") denotes the set of frequencies recovered in round r. This removes exactly those

Fourier coefficients, and hence

40D — g 5],

By the isolation guarantee, in expectation a 99/100 fraction of the support elements are
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isolated, and are recovered with high probability after filtering and decoding. Thus, with
high probability,

1S > 2940 and hence d") < L d).

100 —

Iterating this recurrence gives d™ < k - ( ) Therefore, after O(log k) rounds, all

nonzero Fourier coefficients are recovered.

Query and Time Complexity. In each round, the algorithm performs:

« O(log k) evaluations for BLR filtering across all buckets,

« O(n - (logn + log k)) evaluations for robust recovery.

Thus, the total number of evaluations per round is O(n-(log n+log k)) and each evaluation
of fc(jr)H() requires | H| = ©(d") queries. Then query complexity per round is O (d" -
n - (logn + log k)) Summing over all rounds, using d") < k/100", we obtain

Z O(d™ -n - (logn +logk)) = O(kn - (logn + log k).

Each evaluation involves a Walsh-Hadamard transform over the subspace H, incurring a

cost of O(d") log d™). Aggregating over all evaluations and rounds yields total runtime

T(n,k) = O(knlogk - (logn + logk)).

10.3 Discussion

In both Algorithm 17 and Algorithm 16, if, in addition to being k-Fourier-sparse, the func-
tion is known to have Fourier degree at most d, that is, every nonzero Fourier coefficient
a € FY satisfies || < d, then the recovery step can be implemented significantly more

efficiently.

We illustrate the idea within the framework of Algorithm 16. Recall that, once an iso-

lated Fourier coefficient is identified, the corresponding support vector « is recovered by

querying all shifts ey, . .., e,. Indeed, for each coordinate i,
fe () o
=~ - (_1) Y
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which reveals the value of «;. This requires n queries per recovered coefficient.

However, when « is known to be d-sparse, one can instead view the problem as recovering

a d-sparse binary vector from random linear measurements. Specifically, let
A e Fyvm, m = O(dlogn),

be a random binary matrix. Standard arguments imply that, with high probability, every

d-sparse vector is uniquely determined by the measurements

Ao € Fy'.

For each row a; € F} of A, query the shift corresponding to a;. Then,

—~

ﬁj (7) _ (_1)<a7aj)’

fo(v)

and hence each query reveals one linear measurement of the unknown sparse vector a.
Since m = O(dlog n) such measurements suffice to identify any d-sparse vector uniquely
with high probability, the support vector « can be recovered using only O(d log n) queries
instead of n. Consequently, the overall query and time complexity of Algorithm 16
improves from roughly O(k?n) to O(k*dlogn). Using the same idea, one obtains a similar

improvement for Algorithm 17 as well to recover the bounds of Amrollahi et al. [2019].

Finally, we note that one natural direction for future work is to extend our algorithm to
the setting of approximately Fourier-sparse functions. Another interesting direction is
to generalize the approach beyond functions over F4 to functions of the form [N] — C,
where typically N = 2". In fact, the main structural insight underlying our approach,
namely the implicit hashing of the Fourier spectrum, continues to hold in this more
general setting. A more ambitious direction would be to extend these techniques to higher-
dimensional domains such as functions over [n]?, thereby bringing the framework closer
to the sparse Fourier transform setting studied by Kapralov [2017], Li and Nakos [2019].
Finally, it would be interesting to understand whether similar ideas can be used for sparse
recovery problems over more general finite abelian groups or other structured transform

domains.
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Communication Complexity of Linear

Isomorphism Problem

Communication complexity, introduced by Yao [Yao, 1979], studies the amount of commu-
nication required between two parties, traditionally called Alice and Bob, to compute a
function whose input is distributed between them. More precisely, Alice receives an input
x € F3 and Bob receives an input y € FZ, and their goal is to compute a known function
f: Fy x Fy — {0,1} by exchanging bits. The minimum number of bits that must be

exchanged in order to compute f is the communication complexity of f.

Depending on whether Alice and Bob have access to randomness, this model admits
two important variants. In the deterministic setting, every message sent by the parties
is fully determined by their inputs and the communication history, and the protocol
must always output the correct value of f(z,y). In the randomized setting, the parties
may use random bits and are allowed a small probability of error, typically at most 1/3.
Randomized protocols are further classified by the nature of the available randomness: in
the public-coin setting the parties share a common random string, whereas in the private-
coin setting each party has access only to its own private randomness. The distinction
between deterministic and randomized communication complexity is fundamental, since
the use of randomness—and its nature, whether public or private—can significantly affect

the amount of communication required, sometimes leading to an exponential gap.

Over the years, several classical problems have shaped the communication complexity
literature. A prominent example is the Equality problem ([Yao, 1979]), where Alice and
Bob are given strings x, y € [}, and must determine whether 2 = y. Another canonical
problem is Set Disjointness, in which Alice and Bob receive strings x,y € Fj representing
subsets of a universe and must determine whether the corresponding sets intersect. Other
widely studied problems include Inner Product, Gap Hamming Distance, Indexing, and
Pointer Chasing, each capturing different structural aspects of distributed computation.
We refer the reader to [Kushilevitz and Nisan, 1997, Rao and Yehudayoff, 2020] for an
exposition of the literature. Beyond its intrinsic theoretical interest, a major motivation

for studying communication complexity is its surprising ability to yield lower bounds in

168
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other areas of computer science, e.g. circuit complexity [Karchmer and Wigderson, 1988],
data structures [Miltersen et al., 1995], streaming algorithms [Alon et al., 1999], property
testing [Blais and O’Donnell, 2010b], and distribution testing [Blais et al., 2019b].

Among these, the Equality problem stands out for its simplicity. Any deterministic
protocol requires €2(n) bits of communication, since in the worst case Bob must verify
every bit of Alice’s input. In contrast, randomized protocols solve the problem much
more efficiently [Yao, 1979]: with public coins, Equality admits an O(1)-bit protocol using
simple fingerprinting techniques that detect inequality with high probability, while in
the private-coin model the best known protocols require O(logn) bits, reflecting the

additional cost of simulating shared randomness.

In this work we consider a linear-algebraic generalization of Equality, in which the inputs
to Alice and Bob are Boolean functions rather than bit strings and equality is relaxed
to equivalence under invertible linear transformations of the domain. Given Boolean
functions f, g : Fy — {—1, 41} held by Alice and Bob respectively, they must determine
whether f and g are linearly isomorphic: whether there exists a matrix M € GL,,(IF)
such that

g(x) = f(Mx) for all x € Iy,

where GL,,(F2) denotes the group of invertible n x n matrices over Fy. Linear isomor-
phism of Boolean functions arises across a wide range of areas, e.g. the design of efficient
combinatorial circuits [Ciriani, 2003, Bemporad, 2004, Yordanov et al., 2012], the construc-
tion of error-correcting codes [Dautovic and Novak, 2006, Duursma et al., 2001, Hou, 1994],
and cryptographic primitives [Cui and Cao, 2007, Dunkelman et al., 2012]. A notable
example is provided by Reed—Muller codes, which are invariant under affine transforma-
tions of their input variables; this symmetry plays a key role in the development of fast
decoding algorithms [Abbe et al., 2021]. The problem is also fundamental in multivariate
public-key cryptography, where security often relies on the hardness of determining
whether two systems of multivariate polynomials are equivalent under affine or linear

transformations [Faugere and Perret, 2006].

Related work.

A restricted and widely studied version of the linear isomorphism problem is the Boolean
function permutation isomorphism problem. Given f, g : Fy — {—1,+1}, the task is to

determine whether one function can be obtained from the other by permuting the input
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variables—that is, whether there exists a permutation 7 on [n] such that

f(xlax% s 7xn) = g(£7r(1)7£7r(2)7 s 7x7r(n))'

Here the functions are typically given explicitly, for instance as Boolean circuits or formulas.
In the standard algorithmic model this problem is computationally difficult: even when
the functions are represented as DNF formulas, it is coNP-hard via a reduction from
CNF-SAT. At the same time, it is known to lie in Y3, though it is not known whether it
belongs to coNP. Agrawal and Thierauf [Agrawal and Thierauf, 2000] showed that the
problem cannot be X5-complete unless the polynomial hierarchy collapses to 4. The
fastest known algorithms proceed via a reduction to hypergraph isomorphism. Using
Luks’ algorithm [Luks, 1999], which tests hypergraph isomorphism on n vertices and
m edges in time 2°(™mOPW)  this reduction yields a 2°(™)-time algorithm. Because exact
permutation isomorphism appears to be as difficult as hypergraph isomorphism, improving
the 2°(™) bound has remained notoriously hard, which has motivated the study of relaxed
variants—for example, asking whether two functions become approximately isomorphic
after permuting their variables, or whether additional structure (small circuit size, bounded
depth) can be exploited to design faster algorithms. Several works [Arvind and Vasudev,

2014, Simon, 2016] have studied such questions.

Permutation isomorphism has also been investigated in the property testing framework,
where one has full knowledge of g and oracle access to an unknown f, and must determine
whether some permutation of the variables makes f and g identical or whether they differ
on a large fraction of inputs. Alon and Blais [2010] showed that when the known function
is chosen uniformly at random over n variables, the task requires €2(n) queries. Blais et al.
[2015] and Chakraborty et al. [2011a] independently showed that if the known function
g is a k-junta, then testing isomorphism to g can be done with O(klog k) queries, and
Blais et al. [2012] established a nearly matching lower bound. We refer the reader to [Alon
et al., 2013b] for a survey of this line of work.

Boolean function linear isomorphism has likewise been studied in the property testing
framework. Wimmer and Yoshida [2013] showed that if the known function g has small
spectral norm, one can test whether it is linearly isomorphic to an unknown f (given via
oracle access), or far from every such isomorphism, using a number of queries polynomial
in the spectral norm of g; their result gave an upper bound of O(m?3?) queries and a lower
bound of {2(log m). More recently, Datta et al. [Datta et al., 2026a] improved the upper
bound to O(m?) and strengthened the lower bound to Q(m?), nearly closing the gap.

A computational framework closely related to the query model is communication complex-

ity, which is in fact strictly stronger in many settings; once a problem is well understood
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in the query model, it is natural to study it in the communication setting. A slight variant
of linear isomorphism was studied in this model by [Grigorescu et al., 2013]: Alice is
given f : Fy — {0,1} and Bob is given ¢ : Fy — {0, 1}, and their goal is to determine
whether f @ g is linearly isomorphic to a fixed function A : F} — {0, 1} known to both
parties, using shared randomness and minimizing communication. Somewhat surprisingly,
this yielded an 2(n?) lower bound for testing linear isomorphism when / is the inner
product function. Subsequently, Datta et al. [Datta et al., 2026a] obtained exponentially
stronger lower bounds when the target function has small spectral norm, using a similar

communication framework.

In this work we study linear isomorphism in a more natural communication setting: Alice
and Bob are given functions f and g respectively, and their goal is to determine whether f
and g are linearly isomorphic to each other or far from being so. As in the query setting, we
restrict attention to functions with small spectral norm. We emphasize that the interplay
between communication complexity and Fourier analysis has been studied extensively

and has yielded several deep insights; see, for example, [Tsang et al., 2013, Mande, 2018].

Linlso,,;: Communication Problem

Input. Alice is given a Boolean function f : F} — {—1,+1}, and Bob is given a
Boolean function g : F§ — {—1,+1}. Lete € [0,1] and w € (0, 1).
Promise. One of the following holds:

()3M € CLu(Fs),  Pr [/(Mzr) # g(x)] <
(i) VM € GL,(Fy), E]%:n [f(Mz) # g(x)] > €+ w.

Goal. Alice and Bob must determine which case holds while minimizing the
number of communicated bits.

Figure 11.1: Problem statement.

Problem definition. This problem has remained unexplored in communication com-
plexity, and in this work we take a first step toward addressing that gap. Our focus is the
gap version of the Boolean function linear isomorphism problem shown in Figure 11.1. We
study the communication complexity of Linlso,, under two widely studied variants. In the
deterministic setting, Alice and Bob must decide whether f and g are linearly isomorphic
using a deterministic protocol, while minimizing the number of bits exchanged. In the
randomized setting, the parties may use public or private coins, and the protocol must

succeed with probability at least 2/3 on every input.
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Main Theorems

Our results reveal that an analytic quantity associated with Boolean functions, the ap-
proximate spectral norm, plays a central role in the communication complexity of this
problem. The approximate spectral norm measures how well a Boolean function can be
approximated pointwise by a real-valued function with small spectral norm. It generalizes
the standard spectral norm and can be significantly smaller in many cases [Cheung et al.,
2024], providing a robust measure of the extent to which a function behaves like a low-
complexity object from the perspective of Fourier analysis. Functions with low spectral
norm admit sparse or well-concentrated Fourier expansions, which often correspond to
low-complexity behavior across computational models. This connection is especially
pronounced in communication complexity, where Fourier-analytic properties of Boolean
functions, particularly for XOR functions [Mande, 2018], tightly control communication
costs: functions with low (approximate) spectral norm often admit more efficient protocols,
while large spectral norm is typically associated with higher communication complexity.
Such connections have been explored extensively and have led to several deep insights
into the role of structure in communication problems [Shpilka et al., 2017, Sanyal, 2019,
Tsang et al., 2013].

Our first result establishes nearly tight bounds on the deterministic communication

complexity of Linlso,, in terms of the approximate spectral norm parameter ¢.

Theorem 11.1 (Deterministic Communication Complexity). Let f, g : Fy — {—1,+1}
be Boolean functions held by Alice and Bob, respectively, and let ¢ € [0,1] and w € (0, 1).
Define

t := min { ’V”ﬂ|171/3-‘ ) “|/9\||11/3W } :

(a) There exists a deterministic communication protocol that uses at most O(t*1log®(1/w))

bits of communication and decides whether

M € GLn(IF‘g)?IE’I%[f(M:E) #g(z)] <e

or VM € GLn(Fg),xEIEn[f(Mx) #g(x)] > e+ w.

(b) Moreover, any deterministic protocol solving this problem withe = 0 andw = 1/3

must communicate at least Q)(1) bits.

We begin our investigation of the randomized setting with access to public coins. When e =
0 and w > 0, the problem Linlso,( f, g) admits a highly efficient public-coin randomized

protocol using only O(1) bits of communication. The key idea is to view the truth tables
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of f and g as vectors in {—1,+1}2". Without interacting with Bob, Alice computes a
nonsingular matrix A € F3*" such that the truth table of f o A is lexicographically
minimal; similarly, Bob independently computes a nonsingular matrix B for g. If f and ¢
are linearly isomorphic, then f o A = g o B, and the problem reduces to checking equality
of the transformed functions, which can be done with O(1) bits of communication using

standard public-coin protocols for Equality [Kushilevitz and Nisan, 1997, Chapter 3].

Consequently, we turn to randomized protocols with access to private coins. We show
that with only private randomness there exists an efficient protocol for Linlso,(f, ¢) in
the non-tolerant setting. This protocol has communication complexity polynomial in
the approximate spectral norm and achieves a quadratically better dependence on this
parameter than our deterministic protocol. Furthermore, we prove that in the private-coin
model some dependence on the approximate spectral norm is unavoidable, in contrast to

the public-coin setting.

Theorem 11.2 (Randomized Communication Complexity). Let f,g : F} — {—1,+1}
be Boolean functions held by Alice and Bob, respectively, and let ¢ € [0,1] and w € (0, 1).
Define

= min { [ lss] - (10051}

(a) There exists a private-coin randomized communication protocol that uses at most

O(t? /w?) bits of communication and decides whether

3M € GL,(Fy), Pr[f(Mx) # g(x)] = 0

or VM € GLn(Fg),xljlgn[f(Mm) # g(z)] > w.

(b) Moreover, any private-coin randomized protocol solving this problem withw = 1/3

must communicate at least Q(logt) bits.

Our results demonstrate that when the input functions have small approximate spectral
norm, linear isomorphism admits efficient communication protocols. In both the determin-
istic and private-coin settings we obtain upper bounds with polynomial dependence on the
approximate spectral norm and show that such dependence is unavoidable. It remains an
intriguing open question whether small approximate spectral norm characterizes exactly

the class of functions for which this problem can be solved efficiently.

Organization. Section 11.1 studies the deterministic communication complexity of
linear isomorphism. Section 11.2 considers the randomized setting and presents our

protocols in both the public-coin and private-coin models.
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11.1 Deterministic setting

Deterministic communication complexity studies the minimum number of bits Alice and
Bob must exchange to compute a function whose input is distributed between them,
assuming a deterministic protocol. The objective is the worst-case communication cost
required to compute the function exactly, without randomness or error. In this section we
present a communication-efficient protocol for deciding linear isomorphism in this setting,

along with a nearly matching lower bound. We restate Theorem 11.1 for convenience.

Theorem 11.1 (Deterministic Communication Complexity). Let f, g : Fy — {—1,+1}
be Boolean functions held by Alice and Bob, respectively, and let ¢ € [0,1] andw € (0, 1).
Define

= min {[IFl] (1G]}

(a) There exists a deterministic communication protocol that uses at most O(t*1og®(1/w))

bits of communication and decides whether

3M € GL,(F). Py [f(Mx) # g(x)] < e

or VM € GLn(Fg),IE’E{n[f(M:L‘) # g(z)] > e+ w.

(b) Moreover, any deterministic protocol solving this problem withe = 0 and w = 1/3

must communicate at least Q(t) bits.

11.1.1 An efficient deterministic communication protocol

We now prove the upper bound of Theorem 11.1. As described above, Alice and Bob are
given f, g : Fy — {—1, 41} with the promise that either

oc(f,g) <e or 6c(f,9) > etw,

and the task is to distinguish the two cases. We present a deterministic protocol solving

this problem in Algorithm 18.

We begin with a structural lemma for Boolean functions with small approximate spectral
norm. It may be viewed as an approximate analogue of a classical result of Bruck and
Smolensky [Bruck and Smolensky, 1992]: if f has small y-approximate spectral norm,

then f is close to the sign of a sparse Fourier polynomial.
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Lemma 11.3 (Approximate Spectral Sampling). Let f : Fy — {—1,+1} be a Boolean
function and let vy € [0,1) with 27y < 1. Then for every 7 € (0,1) there exist a subset
S C F% and a Boolean function F' : Fy — {—1,+1} such that:

<181 = O (U112, - & -Tog(1/7)),
.« F(z) =sign(}",cs @aXa(®)) for some coefficients a, € {—1,+1},

< O(f,F) <.

Our proof follows the argument of Bruck and Smolensky [Bruck and Smolensky, 1992].
The key idea is to approximate f by a small combination of parity functions. Suppose there
is a real-valued function h that is pointwise close to f and whose Fourier representation
has small /1-norm. The Fourier expansion of / can be viewed as a weighted average of
parity functions, where the weight of each parity is proportional to the magnitude of its
Fourier coefficient. Instead of using the entire expansion, we approximate this average
by sampling a small number of parities according to these weights and averaging them;
concentration bounds imply that the sampled average closely approximates / on almost
all inputs. Since h is already close to f, the sampled approximation is also close to f, and
taking its sign recovers f on all but a small fraction of inputs. We now give the formal

proof.

Proof. [Proof of Lemma 11.3] Let & : F} — R be a real-valued function such that
|f(z) — h(z)| <~ forall z € Fy and HEHl = HJ?HM Write h via its Fourier expansion:

h(z) =Y hla)xa(z) = Rl - D ('ﬁ%ﬁ” -sign(h(a)) xa(:v)) .

acFy acFp

This suggests a sampling-based approximation. Define a distribution D on 3 by

Pr [a = f] (5 forall 5 € Fy.

@~P Rl
Then

ha) = E |l - sign(h(@) xa()]
Sample aq, ..., ar ~ D independently, where

r=0(Jlf 5 1os(1/))
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and consider the empirical approximator

) = S (R e, ()

By Hoeftding’s inequality, for any fixed = € FJ},

Pr [|h($) — ﬁ(x)| > 6} <7 (11.1)

(Oél 7777 O‘T)’\/D(X’T

Set 3 := ~ and define
A=Aay,... ar) = {x e F?: |h(z) — h(z)| > 5} ,
so that |A] = erFg 1||h(z) — h(z)| > B} For all x ¢ A, the triangle inequality gives

[f (@) = h(z)] < |f(2) = h(@)| + |h(z) = h(z)| < B+7 =27 < L.

Since f(z) € {—1,+1}, this implies sign(h(z)) = f(x) for all z ¢ A. Define the final

hypothesis F'(x) := sign(h(x)). Then
[, F) <27"A|. (11.2)
Combining (11.1) and (11.2),

]E(Otl ----- ar)~DET [5(f7 F)] < 2_n]E(oq .....
—2n Y LB [\h(x) — h(x)| > ﬁ}

s at,...,ap)~DOT

<7

This concludes the proof. U
We now prove Theorem 11.1 (a).

Proof. [Proof of Theorem 11.1 (a)] The proof follows from the analysis of Algorithm 18.
At a high level, the protocol first determines which of f or g has the smaller approximate
spectral norm; without loss of generality assume this is Alice’s function f. Alice then
transmits a succinct representation of a function close to f. Using Lemma 11.3, Alice
constructs a Boolean function ¥’ whose Fourier support lies in a low-dimensional subspace
and which approximates f well in linear distance, and sends its truncated spectral repre-

sentation to Bob. Bob then evaluates F' on sampled inputs and estimates the linear distance



11.1. Deterministic setting 177

between F' and g. Since F is close to f, the triangle inequality ensures that 6, (F, ¢) differs
significantly between the cases d.(f,g) < e and 0.(f,g) > € + w; estimating 0.(F), g)
with small additive error therefore lets Bob distinguish them, and the total communication

is bounded by the size of the transmitted representation.

Correctness. We first recall that the triangle inequality holds for linear distance: for all
frg,h:Fy — {—1,+1},

oc(fih) +dc(h, g) > 0c(f, 9)-

We invoke the protocol with parameters 7 = w/4 and v = 1/3, and analyze the two cases.

« Case 1: §.(f, g) < e. By the triangle inequality,

5c(F,g) < bc(f.g9) +3c(f,F) S e+ 2.

« Case 2: 9.(f,g9) > € + w. Then

3
oc(F,g) > 6c(f,9) —0c(f, F) 264—0.1—%:64—%,

Since € + %’ > € + %, Bob can distinguish the two cases by estimating 0.(F, g) up to

additive error less than w/10. Thus the protocol is correct.

Communication cost. Communication occurs only in Step 1 and Step 4 of the protocol.

« In Step 1, Alice and Bob compare their approximate spectral norms to identify which

is smaller, using O(log t) bits.

« In Step 4, Alice transmits the truncated spectral representation of her function.
By Lemma 11.3, the support set S satisfies |S| = O(t? log(1/w)), and its span has
dimension ¢ = O(t?log(1/w)). The initial ¢ vectors spanning this space can each be
represented using O() bits, and each subsequent vector of S lies in the span and can
be described by its coordinates in this basis using ¢ bits. The total communication

in this step is therefore

O +|S|-0) = O(t"1log*(1/w)) .

Hence the total communication cost of the protocol is O(* log?(1/w)). O
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Remark 11.4. The proof of Theorem 11.1 also yields a deterministic protocol for deciding

whether 0y¢ine (f, g) < € O Oafine(f, g) > € + w with the same communication cost. This

follows from a simple modification of Step 5 of Algorithm 18, where Bob checks g against
Fo (M, a)forall M € GL,(F) and a € I} (with the same choice of parameters).

Algorithm 18: Deterministic Protocol for Deciding Linear Isomorphism

Input. Alice is given f : Fy — {—1,+1}, and Bob is given g : Fy — {—1,+1},
with the promise that either 0,(f,g) < ecord.(f,g) > €+ w.

Step-1:

Step-2:

Step-3:

Step-4:

Step-5:

Alice and Bob exchange bits alternately to determine whether
[ fllas3] < T1Gll,1/3]. Without loss of generality, assume

(11131 < THGl1s]-

Alice constructs

F(x) = sign< Z aaxa(x)>,

a€S

where |S| = O(Hﬂ]il/g log(1/w)) and a, € {—1,+1} for all & € S, such that
d(f, F) < w/4 (Lemma 11.3 guarantees existence).

Since dim(span(S)) < |S

, Alice finds M € GL,(F3) so that

4

(F © M)(‘T) - Slgn(Z aeiXei(x) + ZaWjXWj(x)> )

=1

where ¢ + w = |S|, W, € span{ey, ..., e/}, and the e; are standard basis vectors.
Alice sends Bob:
« the integer ¢ and the coefficients a,, . . ., a.,, using O(|S|) bits; and

< ifl<|S

, each W; (as an £-bit string) together with ay,.
Bob constructs the function F'.

« If9.(F, g) < €+ w/4, the protocol accepts.
« If9.(F, g) > €+ 3w/4, the protocol rejects.

11.1.2 Lower bound for deterministic protocols

In this section we prove the lower bound of Theorem 11.1 by reducing the string Equality

problem EQU to the linear isomorphism problem Linlso. To describe the reduction, we

first formally define EQU and a non-tolerant variant of Linlso.
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Definition 11.5 (EQU,,). Alice and Bob receive inputs z € {0,1}" and y € {0,1}",

respectively, and must compute

1 ifx=y,
EQU,.(z,y) =

0 otherwise;

that is, determine whether their inputs are equal.

Definition 11.6 (Linlso). Alice and Bob receive inputs f : F5 — {—1,+1} and g : F} —

{—1, 41}, respectively, and must compute

1 lf(SE(f,g) = 07
0 ifds(f,9) > w.

Linlso,(f, g) =

Note that Linlso, is obtained from Linlso, by taking e = 0.

We now show the existence of a special mapping ® whose main utility is that it eliminates
linear relationships among input strings. Before giving the details, we introduce some
notation. Let 7" be a string of length 27; this string can be viewed as the truth table of a
Boolean function, which we denote by fr : F§ — Fy. Intuitively, the following lemma
embeds vectors from 7} into Boolean functions on ¢ variables so that distinct vectors
correspond to functions that are well separated in linear distance, while identical inputs

yield the same function.

Lemma 11.7 (®-Map). Letn > 0 andw € (0,1/2). Let m = 2° with 2cn/w > m > cnjw
for a large enough constant c. Interpret each y € F3' as the truth table of a function
fy : FS — Fy. Then there exists a mapping ® : Fy — F3 such that for all z,y € Fy:

1 f@(x) = fcp(y) ifr =y, and

2. 0¢(fo(), fow) = wifz #y.

Using Lemma 11.7 we first complete the proof of the lower bound of Theorem 11.1, and

then prove Lemma 11.7.

Proof. [Proof of Theorem 11.1 (b)] Our proof relies on a class of functions obtained via a
reduction from EQU,,. Recall that any deterministic protocol for EQU,, must exchange

Q)(n) bits in the worst case.

Consider Algorithm 19. First, if a = b then the corresponding functions f and g are

linearly isomorphic, since identical functions are trivially linearly isomorphic. If a # b,
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then by Lemma 11.7,
Oc(fo@), fap) = w.

Furthermore, both f4(,) and fg ;) are defined over I}, and their approximate spectral norms
are bounded by O(2/?) (by Cauchy-Schwarz). Alice and Bob now invoke an efficient
deterministic protocol for Linl Iso, on inputs fy(4) and fe(). Suppose, for contradiction,

that there is a deterministic protocol for Linlso, with communication complexity

o(min { “|J?||1,1/3—‘ , H|§||1,1/3W }2) ;

where f and g are as above (see Definition 11.6). Then this protocol could solve EQU,,
with only o(n) bits of communication, contradicting the Q(n) lower bound for EQU,,.

This concludes the proof. U

Algorithm 19: From EQU,, to Linlso,
Input. Alice is given a € [} and Bob is given b € F5.
Output. YES if a = b, else NO.
Step-1: Alice computes ®(a) and the function fp(, : F5 — {—1,+1}.

Step-2: Bob computes ®(b) and the function fa() : F5 — {—1,+1}.
Step-3: Alice and Bob invoke a deterministic protocol for Linlso, on inputs Ja(a) and
fow)-

Step-4: If f5(,) and fo(y) are reported linearly isomorphic, output YES; otherwise output
NO.

We now prove Lemma 11.7.

Proof. [Proof of Lemma 11.7] The mapping ® is constructed iteratively, assigning to
each x € [} a truth table y € F7' that has not yet been used and is sufficiently far, in
linear distance, from all previously assigned functions. At each step we remove from the
candidate set all truth tables corresponding to Boolean functions that are linearly close
to the chosen function. Claim 11.8 bounds the number of functions eliminated in each
iteration, accounting for both linear isomorphisms and nearby functions within Hamming
distance w. By choosing m large enough, the total number of removed functions across
all 2" iterations remains smaller than the total number of possible truth tables, ensuring

that a valid choice always exists and that the procedure successfully constructs ®.

We implement this via Algorithm 20. Recall that m = 2¢, so any y € F}* can be viewed as

the truth table of a Boolean function f, : F5 — Fy. Two sets are maintained:

S: the partial set of x € [} for which the mapping has been carried out; initialized as the
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empty set, and equal to [} at the end.

R: the set of &(x) for x € S, together with all their linear isomorphisms, interpreted as

truth tables of Boolean functions on ¢ variables.

Algorithm 20: Construct ®-Map

Initialization: S = (), R = F7".

Repeat while S # [F7:

Step 1. Pick some z € F} \ S and set S = S U {z}.

Step 2. Pick some y from R and set ®(x) = y; if no such y exists, return Fail.

Step 3. Let L( fo(x), w) C F5' denote the set of truth tables of all /-variable
Boolean functions h such that i, (h, Jo@) < w.

Step 4. Set R = R\ L(fo(z),w).

Output: Return Success.

To prove correctness of Algorithm 20 we need the following technical result.

Claim 11.8. Let f : {0,1}" — {0,1} and let L(f,w) be the set of truth tables of all r-
variable Boolean functions at linear distance at mostw from f. Then|L(f,w)| = O (2’"2 : 2H(“’)2r>.

Proof. The number of nonsingular linear transformations of dimension r x r is at most
2T2, so there are at most 2~ Boolean functions on 7 variables linearly isomorphic to a
given f. For each such function, the number of Boolean functions whose truth tables differ
in at most an w fraction of entries is at most 27(“)?"; see [Cover and Thomas, 2006]. This
is because, for a fixed Boolean function on r variables, counting the neighbors that differ
in at most an w fraction of entries is equivalent to estimating the volume of a Hamming
ball of radius w with entropy H (w) over a field of characteristic 2 of length 2". Combining

these bounds gives the claim. O

For every iteration of the while loop in Algorithm 20, Claim 11.8 gives an upper bound of
2P 9H )2 op |L( fo(z), w)| in Step 3. Since the number of iterations is at most 2", if m is

chosen so that
9m > on . 9f*gH(w)m (11.3)

then the algorithm never returns Fail in Step 2(a) and successfully constructs ®. It remains

to show that 2cn/w > m > cn/w, for a large enough constant ¢, implies (11.3). Observe
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that

2m > 9n . 9t L gmH ) m>n+0C+m-Hw)

m — (logm)? —m - H(w) >n

m(l—M—H(u}))>n

m

11y

< m(l— H(w)—o(l)) > n.

Since 1 — H(w) > wforw € (0.2,0.5), a suitable choice of the constant ¢ gives m > cn/w.
Finally, recall that for every positive integer d there exists an integer j with d < 2/ < 2d;

we take m to be the smallest power of two in [cn/w, 2cn/w). U

Remark 11.9 (Lower bounds in terms of ¢ and w). A main open question is to establish a

lower bound depending simultaneously on both w and ¢, in contrast to Theorem 11.1 (b).

11.2 Randomized setting

In randomized communication complexity, two standard models differ in how random-
ness is accessed. In the public-coin model, Alice and Bob share a string of random bits
that both may use during the protocol, allowing them to coordinate without explicitly
communicating their random choices. In the private-coin model, each party has access

only to its own independently generated random bits, hidden from the other party.

The public-coin randomized setting. We begin by observing that in the public-coin
setting the linear isomorphism problem becomes trivial in the non-tolerant regime € = 0,
w > 0. The key idea is to view the truth tables of f and g as vectors in {—1,+1}2". Alice
and Bob independently compute canonical representatives of their functions under linear
transformations: Alice computes an invertible A € GL,,(F;) such that the truth table
of f o A is lexicographically minimal among all linear transformations of f, and Bob
computes B such that g o B is the lexicographically minimal representative of the linear

orbit of g. If f and g are linearly isomorphic, these canonical forms coincide:
foA=goB.

The problem thus reduces to checking equality between the truth tables of the two
transformed functions, which with public randomness can be done using O(1) bits of
communication and succeeds with constant probability. Intuitively, Alice and Bob encode

their strings using a good linear error-correcting code and compare random positions
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of the encoded strings using shared randomness; if the truth tables differ, the difference
propagates through the codeword, and with constant probability a randomly chosen
position reveals the discrepancy. Hence, in the public-coin model, linear isomorphism

with ¢ = 0 and w > 0 admits a protocol with constant communication cost.

The private-coin randomized setting. In the remainder of this section we focus on
the more restrictive private-coin setting. For convenience we restate the main theorem

for this setting.

Theorem 11.2 (Randomized Communication Complexity). Let f,g : F§ — {—1,+1}
be Boolean functions held by Alice and Bob, respectively, and let ¢ € [0,1] andw € (0, 1).
Define

= min {[1Fls] [Nl }-

(a) There exists a private-coin randomized communication protocol that uses at most

O(1? Jw?) bits of communication and decides whether

3M € GL,(Fy), Pr[f(Mx) # g(x)] = 0

or VM € GL”(]F2>’$E]§n[f(Mx) # g(x)] > w.

(b) Moreover, any private-coin randomized protocol solving this problem withw = 1/3

must communicate at least Q(log t) bits.

The lower bound follows from the same reduction used for the deterministic lower bound.
Recall that Equality on N-bit strings requires {2(log V) communication in the private-
coin model [Yao, 1979]. Using the same reduction as in the deterministic setting, we
immediately obtain a lower bound of §2(log t) for the private-coin randomized protocol.

In the remainder of the section we prove the upper bound.

11.2.1 An efficient private-coin randomized communication pro-

tocol

We show that there is an efficient randomized protocol in the private-coin model whose
communication cost depends polynomially on the approximate spectral norm of the input
functions. Compared to the deterministic protocol, the use of randomness reduces the
communication complexity by a quadratic factor in the spectral norm parameter. We

first prove a key lemma underlying the protocol: when the approximate spectral norm is
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bounded, there exists a junta that closely approximates the original function up to a linear

transformation.

Lemma 11.10 (Junta approximation under linear distance). Let h : F§ — {—1,+1} bea
Boolean function whose approximate spectral norm satisfies ||ﬁ||171/3 <t, andletw € (0,1).
Then there exists a Boolean function j : Fy — {—1,+1} depending on O(t* /w?) coordinates
(that is, a junta) such that the linear distance satisfies o (h, j) < w/8.

Proof. The proof begins with a real-valued function h* that pointwise approximates h
and has small Fourier /;-norm. We first truncate the Fourier expansion of h*, keeping only
the coefficients whose magnitude exceeds a suitable threshold. Using Parseval’s identity,
we show that the truncated function A* remains close to i* in expectation, which implies
that the signs of h* and h* disagree only on a small fraction of inputs. Finally, since the
truncated representation contains only a small number of significant Fourier coeflicients,
a linear change of variables makes these coeflicients depend on only a few coordinates,

yielding a junta j close to & in linear distance. We now give the formal proof.

Let h* : F} — R be a real-valued function that pointwise (1/3)-approximates h and

satisfies
1h*]y = [h* ()] = t.
acFy
Note that
E [h*(z)?] < 141 1 (11.4)
o D - 3) 97 .

Define the truncated Fourier approximation

W)= Y he)xa(@),

a€F? : |h*(a)|> %

and let
T := {a e Fy : |h*(a)| < i}

Using Parseval’s identity (see [de Wolf, 2008, Section 2.2]) and linearity of the Fourier
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transform, and writing ¢ := h* — ﬁ*,

E |(0(2) =" @)] = 3 0

z~Fy

N E 2
= Z <h*(a) - h*(a)) (linearity of the Fourier transform)
<. Z \l;*(oz)| (by the definition of T')

Now, if sign(h*(x)) # sign(h*(x)) then |h*(z) — h*(z)| > 2/3. Together with Markov’s

inequality, this gives

Pr. [sin(h(2)) # sin(R* (2))| < Pr [|1*(@) ~ B(2)| = 2/3]

z~Fy

— Pr [\h*(az) R @) > 4/9}

z~IFy
3\’ .
< <§> ) [(h*(x)—h*(x))z} (Markov’s inequality)
z~Fy
<2
4 18
_ v
-8

Define the set of significant Fourier coefficients

S = {aelﬁ‘%‘:ﬁ?“(aﬂ Zli&f}’

and let k& := |S|. From Parseval’s identity (see [de Wolf, 2008, Section 2.2]) and (11.4),

S () = By b (2)?] < %6

acFy

Since h*(@)? > (w/18t)% forall a € S,

| 1 18\ ? 2
(L)<l S k<_6.(ﬁ):576f

9

18t 9 -9 w w2

so k = O(t?/w?). Let {a1,...,a,} C S be a linearly independent subset, where r :=
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dim(span(.S)). Define a nonsingular linear map A : F} — F7 with A(«w;) = e; for

i=1,...,r, where {e;} is the standard basis. Finally, define the Boolean function
j(x) := sign (ﬁ*(Ax)) :

Then j depends only on r = O(t?/w?) coordinates and satisfies i (h, j) < w/8. O

Algorithm 21: Randomized Private-Coin Protocol for Deciding Linear Isomor-
phism
Input. Alice is given f : Fy — {—1,+1}, Bobis given ¢ : [} — {—1,+1}, with
the promise that either d.(f, g) = 0 or d.(f,g9) > w.
Step-1: Alice and Bob alternately exchange bits to determine whether

(18] = [1F112s3]-

If not, they reject.

Step-2: Alice constructs a Boolean function p : ;' — {—1, 41} from f using

Lemma 11.10, and Bob constructs a Boolean function ¢ : F5’ — {—1,+1} from g.

Step-3: Alice and Bob alternately exchange bits to determine whether 1y = 4. If not,
they reject.

Step-4: Alice considers all functions obtained by applying linear isomorphisms to p and
selects the one whose truth table is lexicographically minimal; denote this
canonical representative p*. Similarly, Bob computes the lexicographically minimal

representative ¢* of q.
Step-5: Fori=1,2,...,[20/w]:

« Alice uses her private randomness to sample a uniformly random input
z€Fy.
« Alice sends (x, p*(x)) to Bob.

« Bob checks whether p*(z) = ¢*(z). If a mismatch is found, the protocol
rejects.

If no mismatch is found in any iteration, the protocol accepts.

We now prove Theorem 11.2 (a).

Proof. [Proof of Theorem 11.2 (a)] The proof follows from the analysis of Algorithm 21.
The protocol first approximates the input functions by truncating their Fourier expansions
and keeping only the significant coefficients. These truncated representations induce
Boolean functions whose signs depend on only a small number of coordinates. In the

completeness case, if f and g are linearly isomorphic, their significant Fourier supports are
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related by the same linear transformation, so the resulting approximations have identical
canonical forms. In the soundness case, if f and g are far from linearly isomorphic, the
approximations remain far under every linear transformation, so their canonical forms
differ on a noticeable fraction of inputs. Alice and Bob detect this gap by comparing
the canonical forms on a small number of randomly chosen inputs, yielding the claimed

communication bound.

Completeness. Suppose f and g are linearly isomorphic. Then their Fourier transforms

are related by a linear transformation L € GL,,(IF2): for every o € F%,

-~

9(La) = f(a).

Consequently, the sets of significant Fourier coefficients Sy and S, of f and g satisfy
Sy = L(Sf), so the truncated approximations f and § are linearly isomorphic via L.

Hence p = sign(f) and ¢ = sign(g) are linearly isomorphic, and their canonical forms

satisty p* = ¢*.

Soundness. Suppose f and g are w-far from linearly isomorphic, i.e.

min  Pr [f(z) # g(Lz)] > w.

LEGLn (]FQ) INFS’

Let f and § be the truncated Fourier approximations, and set p = sign(f), ¢ = sign(g), so
that Pr,[f(z) # p(x)] < w/8 and Pr,[g(x) # q(z)] < w/8. Then for every linear map L,

Pr [p(z) # q(Lz)] 2 w -

z~F3

| &
|
| &
|

Thus the canonical forms p* and ¢* differ on at least a 3w /4 fraction of inputs.

Communication cost. To detect this difference with constant probability, it suffices to
compare p* and ¢* on O(1/w) random inputs. In the private-coin setting, Alice samples a
random = € F,’, where r; = O(t?/w?), and sends (z, p*()) to Bob, costing O(r) bits.
Repeating for O(1/w) trials, the total communication is O(#?/w?) bits. O



Conclusion

This thesis developed Fourier sketching as a unifying framework for extracting information
from the Fourier spectrum of Boolean functions through compact randomized summaries.
The central insight underlying this work is that a broad range of testing, estimation, and
recovery problems over the Boolean cube do not require reconstructing the entire Fourier
spectrum. Instead, it suffices to estimate carefully chosen spectral statistics, and these
can be captured efficiently by hashing Fourier coefficients into a small number of buckets.
Two complementary realizations of this idea—coset hashing, which operates directly in
the Fourier domain, and subspace restriction, which operates in the input domain—were
shown to be dual manifestations of the same Fourier-analytic principle. Together, they
led to improved algorithms, matching lower bounds, and conceptually simpler solutions

across a diverse collection of problems.

We begin by summarizing the main contributions of this thesis, and then conclude by

highlighting several directions for future research.

Summary of Contributions

The contributions of this thesis can be broadly divided into two categories: the development

of new Fourier sketching techniques and the algorithmic applications they enable.

On the techniques side, we developed a refined understanding of Fourier-domain hashing.
We characterized the information preserved by bucket measurements, identified the
information inevitably lost through collisions, and showed how collision statistics encode
global properties of the Fourier spectrum. In parallel, we investigated the behavior of
approximately Fourier-sparse functions under random affine restrictions, establishing that
many important spectral quantities remain stable under restriction and can therefore be
estimated from local observations. The duality between these two viewpoints, expressed
through the relationship between a subspace H and its orthogonal complement H~,
provides a unified perspective that allows ideas and techniques to transfer naturally

between the frequency and input domains.

On the applications side, these techniques yielded several quantitative improvements.

« For testing Fourier sparsity in {; distance, we improved the query complexity

188
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from O(s') to O(s*), and ultimately to O(s). We also established an Q(s) lower
bound, thereby closing the gap up to polylogarithmic factors.

« For estimating Fourier sparsity in /, distance, we improved the query complexity
from O(s/e*) to O(s/e2), proved a matching (s) lower bound, and extended the

algorithm to the significantly more challenging distribution-free setting.

. For linear isomorphism testing, we improved the upper bound from O(m?*) to
9] (m*), where m denotes the spectral norm, and established an {2(m?) lower bound,
representing an exponential improvement over the previously known logarithmic

lower bound.

 For estimating sumset size, we obtained the first polynomial-query algorithm

parameterized by the spectral norm.

+ For Fourier bias estimation, we improved the upper bound from 6(71 /73) to
O(1/72), while simultaneously strengthening the lower bound from Q(1/7) to
Q(1/7?), thereby closing the gap up to polylogarithmic factors.

« For exact Fourier-sparse recovery, we presented a substantially simpler random-
ized algorithm with 9] (ns) query complexity and running time, matching the best
known query complexity while avoiding the considerably more involved machinery

used in previous approaches.

Collectively, these results demonstrate that Fourier sketching provides not only a unifying
conceptual framework but also a powerful algorithmic toolkit. Several of the bounds
obtained in this thesis are now optimal, or nearly optimal up to polylogarithmic factors,

significantly improving the state of the art.

Open Problems

The results presented in this thesis naturally give rise to several directions for future
research. Some concern quantitative gaps left by the current techniques, while others

point toward broader questions about the scope and limitations of Fourier sketching itself.

Removing polylogarithmic overheads. Several of the testers developed in this thesis
are optimal only up to polylogarithmic factors. Determining the exact query complexity—
for example, whether ¢, Fourier sparsity testing admits an O(s) algorithm without loga-
rithmic overhead, or whether such overheads are inherent—remains an interesting open

question and will likely require stronger lower-bound techniques.
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Distribution-free testing without loss. Our distribution-free tester for ¢, Fourier spar-
sity incurs additional complexity compared to the uniform-distribution setting. Whether
this loss is unavoidable, or whether a distribution-free tester can match the complexity
achieved under the uniform distribution, remains open and appears to require fundamen-

tally new ideas for handling unknown input distributions.

Beyond [}: general Abelian groups. Although the results in this thesis are developed
over [, the underlying Fourier-analytic principles are considerably more general. Ex-
tending the coset hashing and subspace restriction frameworks to arbitrary finite Abelian
groups, and understanding which guarantees depend essentially on characteristic two,
would considerably broaden the applicability of these techniques and strengthen their

connections with additive combinatorics.

Tightening linear isomorphism testing. For linear isomorphism testing, we estab-
lished an O(m*) upper bound together with an (m?) lower bound, leaving a quadratic
gap. Closing this gap, either through an improved algorithm or a stronger lower bound, re-
mains an important challenge. More generally, understanding linear isomorphism testing

for target functions with unbounded spectral norm is largely unexplored.

Sketching richer spectral functionals. The present work focuses primarily on es-
timating Fourier sparsity, spectral norm, Fourier bias, and sumset size. However, the
Fourier sketching framework appears considerably more general. Identifying additional
spectral functionals that admit compact sketches, and ultimately characterizing which
Fourier statistics are sketchable and which are not, would elevate Fourier sketching from

a successful algorithmic technique to a broader theoretical framework.

We hope that the Fourier sketching framework developed in this thesis, together with the
duality between hashing and restriction that underpins it, will find applications far beyond
the problems considered here. More broadly, we believe these ideas provide a useful
perspective on the design of sublinear algorithms, suggesting that compact randomized
sketches may serve as a unifying paradigm for extracting global Fourier information from

local observations.
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