ON SOME PROBLEMS ARISING OUT OF DISCRIMINATION
WITH MULTIPLE CHARACTERS

By C. RADHAKRISHNA RAO
Stafistical Laboratory, Culeutia

1. Isrropucrion

Tho methods of multivariato annlysis havo been found extremely useful in o
varicty of problems arising in bislogical, psychologienl and cconomic rescarch. Someo
apecinl applications of thexo methods have been conaidered in detail by Bartlett (1047,
19048), Fisher (1030), Genry (1948), Rao (1948a, 1848h), Rao snd Slater (1949) and
Tintner (1946). Recently, in an article by Mahalanobis, Majumdar and Reo (1949),
uso has been mndo of Mahalanobis® distance, known nasthe D¥-statistie, in arriving at
a rensonable classification of 22 inbreeding groups of men living in the United Pro-
vinces of Inlia. In this investigation, thero wero about .12 chinracters and it was
found that tho gencral classifieation obtained with about 8 or ® characters remained
practically unaffected when more charactora wero used in the analysis. Derhaps the
number of characters which can give stable configurations of the groupa couhl be fur-
ther reduced by a suitable choico of the ch This is duo to the fact that the
increaso in D? duo to tho addition of more characters to a suitably chosen panel was
not appreciablo except in a fow cases. Tho increases in Dt when tho number of
characters is increased from 9 te 12 aro given in Tablo 12.2 of tho article by Mahs-
lanobis, Majumdar and Rao (1949).

Unless D3 converges to somo fixed valuo with increaso in the number of cha-
racters no stable classification of a givon sct of groupa can be obtained by using a re-
latively smaller number of characters. This cannot bo mathcmatically studied but
ean bo emperically verified in any situation. This napect of D? as a necessary condi-
tion for obtaining valid classifications of groups was stated in an axiomntio form by
Mahalanobis (1937).

I havo shown, clsewhero (Rao, 1048b), that tho frequency of misclassification
by using tho discriminant function between two lations is related to D2 between

them in & simple mavner. 14 is scen that if the increnso in D1 is not appreciablo, the
reduction in errors of clnssification by using maro characters is negligible.

Thus, it appears in probloms of classificalion (i.e. of specifying an individual
aa o member of ono of many groupa to which he can possibly belong or classifying the
groups th Ives into somo signif system based on the configuration of the va-
rious characteristics) tho information gnined by inoreasing tho number of characters
after o certain stago ia not apprecinblo. Tho extra information, thus gained, may
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not bo commensurato with tho cost of obtnining tho measurements on the additional
h and the ional labour involved in utilizing them.

It i, however, of somo interest to examino how far tho tests of significanco
are affected by increaso in tho number of characters. It docs not scom to bo, always,
the more tho better as shown in the next scction.

2. AN EXAMPLE OF DISCKIMINATION WITH THE LENOTHS OF FENUR AND RUNERUS
Tablo 1 gives the mean valucs of lengths of Femur and Humerus of 20 Indian
and 27 Anglo-Indian skeletons.
TasLe 1. MEAN YALUES OF FENUR AND HUMERUS LENOTRS
samplo sizo mean length of
Fernur  Humerus

Anglo-Indians 27 460.4 3351
Indians 20 4443 323.2
difference 16.1 ne

The pooled estimatea (on 43 degrees of frecdom) of standard deviations of Femur and
Humerus lengths are 23.7 and 18.2 respectively and the correlation 0.8675.
To test for the difference in Femur lengths of tho two populations the F sta-
tistio with 1 and 45 degrees of freedom in
o 27X20 (161
27420 (3377
which ia significant at the 5% level. The corresponding statistio for testing the di-
ference in Humerus length is

= 5.301

o 21%20 (11O _
730 ey~ V!

which is also significant at the 5% level

To test jointly for tho differences in the mean lengths of Femur and Humerus,
Hotelling's T or Mahalanobis® D? has to be used. The statistio

o3 28l 8 ) )
= 2.685 (for p = .8675)

can bo used as a varianco ratio for 2 and 44 degrees of freedom for which the 5% sig-
nificant value is slightly above 3.21. The quantity calculated above is not significant
showing thereby that there is no evidence in the data to show that the populations are
different!

Here is & dang, ituation where tho inclusion of an extra charactor s not
discriminating hat tho two populat It that some care

haneBeial §
m
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PROBLEMS OF DISCRIMINATION

is needed in the chioice of characters fur testa of significanco also. A goneral investiga-
tion of this prublem iy undertaken in the rest of the paper.

3. TuE DISTRIBUTION OF D® AND ALLIED STATISTICY

Tho following symbols will be used throughout.

{1) n, nyaro tho samplo sizes for tho first and second populations.
N=n 40y ¢ =nmf(n, + ny).

(2) %, %4 aro tho mean values of the i-th character for tho first and sccond
populations. Tho difference Z;; — ¥, is denoted by £,

(3) 8, is the pooled corrected sum of products within tho groups for tho
variates 7, and z). The estimated covarianeo S,/(, + ny — 2) is denated by &,

(4) The D? statistic for any given p variates is defined by

whero (8") Is the p X p matrix reciy 1to (s,) Tho population value of Dy is denoted
by
A"=E,:"’“ 58

where (ay) is tho population valuo of (s,)) and &; that of d;. For some computational
aspects of the DY statistic tho reader is referred to Appendix 1 at the end of the paper.

Consider the following problem of testing the differenco in a (p+1)th cha-
racter between two populations after eliminating the observed differences in some
p characters in samples of sizes ny and 7, from two populations, This is a problem
in tho theory of least squarcs, the gencral techniquo of which is given by tho author
in (Rao, 1946a). Wo sct up the observational equations

Egn)=a+ fa 4. + Bz,
and E(zyp) = as+ Frzy + oo 4 Bz,
for observations from the first and second populntions respectively. The hypothosis
to bo tested s @y = a,. The residual su of squarcs with », + ny — 2 — p degrees
of freedom is scen to bo
811 8y
Sa . 8y
If the hypothesis is truo then the residual sum of squares with »my+n,—=1—p
degrees of frecdom is

Ry= ASulss | whero 15,1, =
ISyl

. | Sy F edyd ],,,, " _ o mn,
R, Su+al,l,‘1 , wheroc = o
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The estimate of a,~a, is
z=dyyy — bdy—. .yl

whero &, -+ b, aro the estimates of A o2 flp-* This has tho varianco

IS Feld) o
¢ ISyl

whero g is tho varianco of 7, for & given sct of z,. ..., z,. If wo dofino

Moo 1Sytedd)l < 2
* Syh * l+ ntn—2 s

then it follows by tho theorem of least squarcs
Ry =R, + a¥M,

R R M
Hence oy A ) N ]
Ry, RtayM, M,

R, is distributed as x? with (n,4n,—p—2) degrees of frecdom and zis & normal variate
distributed independently of R, If ¢=1, tho joint distribution of z and R, is

¢ {z—a)t R p—
-3 )—Ip —_ _29_ n,+n,2 p—4
R,

Const. ¢ dR, dz

whero ay—ay=a. Tho distribution of

)
yvn=-—IJ;=_4R;

obtained after making the polar transformation \/cﬁl;' z=rcosd and \/lT,=rsin 0
and integrating over r is

—ca¥f2M,  xpy - N P
Conat. ¢ .'/m' (1—ypu) lex[

+ E.I—P (l"‘ypu)] ".'/pu

Denoting®
Bla,b) dy = y=*(1—y)/Bla, b)
tho above distribution can bo written

—catf2) 1 i N2 .
¢ pZﬁ(ét%') B( 2” "f‘_";)"ypu

® Thio varinblo ia omittod in the representation of the function by D (a, b). Tha variable in it is
taken to bo samo o4 that in tho difforentinl element following it
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PROBLEMS OF DISCRIMINATION

When a=0, the distribution is simply
N—p—2 1
)i} (—’;—2. 2) LIt

Tho distributions of statixties defineid below aro all derivablo with the help of
tho dixtribution extablisherd above uning tho univarinto theory of least squares.

To tewt, whether the addition of ¢ more charnctors o a st of p characters
increnses tho dixtanco Letween two populations the statistic used in the ratio .\l',q[.\l'
which gives 8 comparison of the D¥'s based on p and p+-g characters.  The distribution
of this statiatic in tho null caso was derived in (Rno, 1040b). In this section wo
shall obtain tho distribution awuming that there is an increaso in the distance.

Let us transform tho original variates 2y, ..., Xp Xpyqe oor 5 Tpeq 10 an un-
correluted 8ot uy, weuy Uy Mpypenn ) Mpeq With unit v-rilmm -uch that uy, ... ¥,
depend only on z,, ..., x,. Sinco M, and Mg 870 Invariant under & I'mear trans-
formation of tho varintes wo can (lori\e the dlslrilm(ion of MM, conshlering the
w's as variables, Without Joxs of generslity we can tako the probability densities
in the two populations to be

Const, ¢— 10 = AP+ utyt ot ul, o+ (0 —a)t + g Ful ]

and,
Const. ¢— Y0+ oo F P+ 00+ e )

The quantitics « and f aro defineil by
MP=A, ar g praar,

s0 that at is the addition to the square of the distanco. Tt may bo noted that if
the wholo distanco hetween two populations is accounted by the first p characters
alono any linear function of charactera uncarrelated with the fimt p characters has
tho ranio mean vnlue for both tho populations. In such a situntion the parameter
a, standing for the additional distance, is zero. This ia the hypothexis ascumed in
my cnrlier papers (Rao, 1046b & 1948q).

Firut let us connider uy , ... , ¥, 84 fixed.  Then by tho uso of tho distribution
extablished above wo obtnin tho joint distribution of ypeqs e e 08

B [\_P_ ’ l) dYpeq B(}:p: ” l)‘l-/pﬁl'l' -.B (\_—p;ﬂ. l) AYpen

X —CaUD, S‘" Tll(“.) B (322, 14y ) dtpus
t=0
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Considering term by term in the infinito serica nhove and applying the result of Ap-
pendix 3, wo obtain the distribution of the ratio

N
R= “—'L = Ypaq Yptq-1"- Ypor
“pta
as
@
—cat2M, ca'y' g \'—p— =t i+ 1) an
¢ [% u\a, ) ( + 2) ! (CBY]

This is tho conditional distribution of R given 1/M,.

Wo now observo that the distribution of § = 1/M, = yy, ..., y, is derivablo
in an exactly similar manner from tho joint distribution of uy, uy, ..., u, Thisis

T LTS SHEH R
r=0

The above method appeans to bo a simple way of obtaining the non-null distribution
of D2 or its related function S which was derived earlier by Bose and Roy (1038) and
Hsu (1938). Tho joint distribution of R and S which now replaces 1/M,, in the con-
ditional distribution (3.1) ia

- 3 4 N—p—
CEHE e

—ca'SI2Z X (ca'S ) B(N—pz—q—l , H_%) iR

Tho distribution of R in the case @ = 0, is independent of S as observed in an carlier
paper (Rao, 1046b). To obtain the unconditional distribntion of R the above ex-
pression has to be Integrated for S from 0 to 1,

Defining
A ) ety o N—p=1 p ;
S(u) = [ "xl'(_"s_rﬂ’ﬁ){Zﬁ(T) B (‘ ;’—-—2—4‘ ') } a8
° r=o
and drd
o (u) = b7
The distribution of R can bo written as
©
—1P T N—p—g—1 q
,_Z;(l!)¢ <) p(X=2pe=l g g )an (5.9
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PROBLEMS OF DISCRIMINATION

Expanding c—c:’SIZ in powers of 8 and inlegrating the expressions term
by term in (3.3), tho distribution in (3.4) ean bo thrown into the alternato form®

r+t r( ——+r+l) r(‘\ !

> >eri(e) FESTE I b

r=0 =0

x oFs —1 =P p(X=re=t, wi)ar oo

If the dinpersion matrix is estimated on f degrees of frecdom while the
means 8ro based on samples of sizes n, and ny the distribution of R Is obtained
by replacing N by f+2 in the above distributions.

The problem of inference concerning a®: The unconditional diatribution (3.4)
of R contains the nuisance parameter f* so that uning this distribution an exact in-
ference on a® independent of £? is not possible. Tho conditional distribution of It
given S is, however, independent of A2 It is also scon that the distribution (3.2) of
§ iy independent of a? so that the statistic S by itsclf cannot supply any informn-
tion on @. Such a statistic whoso distribution is independent of the parameter
under consideration but which jointly with others summariso the information on the
paramoter is called en ancillary statistic. The existenco of tho ancillary statistic S
and the independenco of the conditional distribution of R from tho nuisance para-
metor £t allow an exact conditional inference to be mado on at, Wa need use only
the conditional distribution of R

—calSf2 < 1 {cars) N—p—q—1 ) an
¢ PRIESRIE =

=0

for losting any hypothesis concerning at or finding its fducial distribution. Fxlous
sive tablea of the probability integral of the above distribution aro under prepara-
tion in the Indian Statistical Institute at Calcutta. This will bo usoful in tests of
significance and also in determining fiducial limits.

One point to be noted is that for testing tho null hypothesis « = 0, the con-
ditional power of the test increnaca with increnso in ¢a®S o, for o given ¢ and at, with

® Added in proof :—When this paper was in preas, R, D. Narsin announced this soa-null
distnidution, in s differeat form, without proof in Current Scicnce, Vol 18, 243,
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increaso in 8, the value of the ancillary statistio. S will bo & maximum if Myisa
minimum or the valuo of D2, enleulated from the samplo is zoro. Tho emaller the
valuo of D1, the higher will be the power of tho teat for judging the significance of the
additional information supplicdd by g more charncters.

In & problem of studying the diff introduced by training, Cochran
and Bliss (1948) stated that the initial 1.Q.’s might bo used as concomitant variates
in discriminating with the help of measurements made at the end of training. "They
suggeat that after mensuring tho initial 1.Q.'s, o sample of students may be divided
at random into two groups, each of which subsequently receives a different type of
training. The power of dizcrimination with the help of final measurements will bo
greater if the two groups are chosen such that the mean values of tho initial 1.Q's
in tho groups are as near as possible so that tho D3 with the initial characters is amall.

The distribution of a slatistic all iveto R: As tioned earlicr, the
conditional distribution of the ratio R is useful in testing the hypothesis =0, when
A is unknown. When f=0, arising in some situations already mentioned, it was
observed that conditional inferenco can be made with the help of tho R-statistio
although it may not be the best possiblo test in Neyman's sense. It may be recalled
that the R-statistic Is the ratio M_/M,,  which gives 8 comparison of the D-statiati
based on p and (p+q) characters. An alternative statiatic® is

w=M,, M, (38)

which measures the difference between the Dt-statistics based on p and (p+¢) charse-
ters. It is of interest to examine whether the statistic w is more uscful than R in the
particular situation #=0. Both R and w being functions of M, and 3[,,, the condi-
tional tests based on them for given S or M, should bo indentical. The unconditional
distribution. of R, when the null hypothesis (x=0) is true is the same as that of the
conditional distribution for given S cven when £ is unknown as shown in (Rao, 1046b).

Therefore to test nuil hypotheris =0 the statistio
U= ‘\_'%'l—'( R—1)

can be used s & variance ratio with g and (N—p—q—1) degrees of freedom a8 obser-
ved in enrlier papers. ‘The unconditional distribution of 1 is not so as shown below.

The joint distribution (3.3) of § and R, when f=0, is

*In an oarlior papor 1 havo suggosted tho uso of the difforonce (A, +Ry—=2) {dye—31,) 88 X' caq
dogrevt of freedom 1 tost the signi of tho additionsl ¢ oven whea fy0 provided the
disperaion matrix la eatimated on a Iarge number of degrees of freedom (Reo, 1048s, p.66.)
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PROBLEMS OF DISCRIMINATION

Making the transformation
1-R

s =, S=8

20 that dRAS= RS dur$ the joint dixtribution of w and ¥ beenines

Nopdyzl_y 2 -
BArts 2 (1-8) 2 moH
® A .. +i—1 _Nep-1
2,",'( cals (L4ws) 2 dwds
=0
' —gN—p—1 p _ g N=p—g=l ¢
where /’x—ﬂ(—z—. 3 ). ﬂ.—ﬂ(——z——. E)

R SRS

‘The statistic 1 may be replaced by W connected by the relation

w
1-WV

w=

80 that \V varies from 0 to 1. The joint distribution W and § is given by

Neptg—l 21 —catspe
(B B) S 2 (1-5)2 .

-1 I‘}"l—l -1

@ q
2 ‘r_n(ca’s’) w2 +! (1-W) 7

R i ol Y (3.7)
x (1-Wi=§) 2 dwds

The distribution of W is obtained by integrating the above expression with respect
to§ from 0to 1. I prefer to retain the distribution of W in the integral form instead

—N—p—1_ f
of expauding the functions e @S2 and (1-W 1°7§) 2 in power series of

§ and (1—8) and integrating out term by term. Somo simpler forms obtained a3
ions are under ideration and they will bo published in another paper.
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What is of interest ia the null distribution of tho statistic W. Putting a=0,
tho joint distribution of W and § becomes

N—ptg-1_, r_ N—p—g—1 _,
(B Be)t 8 2 (1-8)2 (1-w) 2
| A _ N—p-1

X we (1—W I=8) 2 4dwds
Using the following cxpansion

“Nop=l o p(N=p=l g
(1-WiSg) 2z = (%% r) W (1—8)

T

ra=0
and integrating out term by term the distribution of W becomes
w g (N~p+q—1 p N—p-—1

o e St Tt il S il B

2‘; £rbs ]T(i\‘;;l__l) 2

T4, Nop—g-1 _,
x w2 (1-W) 2 dW
which can be thrown into the ncat form.
PERY g wee
w? o (1-w) 2

x,F,(%,Ii%_l;it‘ng,W]dw (3.8)

The percentage points of this distribution are undor preparation in the statistical
Laboratory at Caleutta. The non-null distributions of W and R are very complicated
50 that it will not be casy to paro tho power functi I with theso
two teat criteria. In a later subscetion 3¢ waa shown that of tho estimates of @ based
on R and tho weighted differenco of M, and M, the latter has a smaller varianco. So
for as terma of tho order N-? are concerned the estimates based on tmeM,  —M,
and the weighted difference have the samo varinnce. This indicates tho possibility
of tho test based on w or W being more powerful, than that based on tho
ratio R. Thus when =0, it is possiblo to | tho effici of tho test by using
the alternativo statistio W.

1t may bo mentioned that this test is availablo when and only whon £ is known
to bo zcro a priori and the messurements on tho first p characters are random
variables.
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The effect of increasing the number of characlers : Using the non-null distri-
bution of the Dstatistic one can calculate the power of tho test for any given sizes
of the samples (ny, ny) ond distanco A. For the sanie samplo sizes let the power
functions corresponding to A, and A, the distances based on p and p4-q characters
bo denoted by I'(3,) and PQ,,,) Tho g more additional characters increase tho
efficiency of the test only if

P(a,) < P(d,,,0) (3.9

Extensive tables of the power function of the D*statistio are necessary to examine
the above problem in dotail. Some tentative conclusions can be artived at with the
help of the limited tables prepared by Tang(1938). The following Table 2 corrtructed
from Tang’s tables gives tho power of the D1 test for different values of N=n,+n,,
P, tho number of charaters and @t=cA f(p+1), c=ny nyfn +n,.

TABLE 2
PowxR yuvcTIoN For TnR DUaTaATiaTIO

\.v g=1 r $ulb ! P2

P 16 0 N 2 180 ¥ MW N ou N
i 28 .21 1 m I 81 52 3 A3 I8 LT85T LTS
E I T ] 3 . 57 L8 ’ KU I 1)
s o 3., 56 p .62 630 .x2 K0 AT LA§
4 27 30 .32 .9 57T 82 03 N7 % AR 0 L9l
5 o w mm L T | MW 2 .,
LIS |t T B0 .85 .50 LT3 [ I T YR
7 2 RS T R TR | § S48 TS L S N
LI TR L N THN W T2 LT .78 95 .86

Sinco the power of tho test i with i ingit i diately follows

that for any given set of characters to bo used for discrimination and the total sample

size N, the power is 8 maximum for the Inrgest valte of ¢, This meana it is profitable
to divide tho samples equally between the two populations,

From the above table it ia secn that, for given rumplo sizes, the power increnses
with increase in the number of characters up to a certain stage (underlined in the above
table) and then decreases provided @ remains constant i.e.,

é2!:= 'AS’: =... (.10)

With increass in the sizo of the samyples the deorcaso in the loss of power with the in-
crease in the number of characters, in the above situation 3.10, occurs only after a

353



Vou. 91 SANKHYX : THE INDIAN JOURNAL OF STATISTICS [Pant 4

sufficiently Iarge number of characters i Included. Ono can safoly conclude that »o
long as the newly added character, (p4-1)th is such that

Mooy, A%
P2 ptl

the power ncreases provided the total sample size (N) is not very small and p is not
very large. Even when N is a8 small as 24 or 28 it Is seen frum Table 2 that the power
increascs even beyond the value p=8 for the valucs of @ considered abovo.

In the example considered in Section 2, Dt,=.4614 (duo to Femur) aml D3,
=.4777 vo that the | in D2 by the inclusion of Humerus i» .0163. Such a small
incrense is not of valuo in samples of sizes 20 and 27 for the two populations. In fact
the power of the test including Humerus gets reduced. With ten more obscrvations
on the total and equal distribution of samples tho inclusion of Humerus would have
been usoful.

Gain in efficiency due to covariance : Cochran and Bliss(1048) congidered tho
problem of testing the significance of the population distance-when it is known that
a subset p of characters by themsclves do not afford any discrimination. The test
is tho same as that used for judying the additional contribution to distanco between
two populations dus to a set of g characters when the differences duo to the first p

haracters are eliminated.  An alf ive to this test is to ignore the subact of charnc-
ters which afford no diserimination and uso tho D-statiatic based on the ¢ otbe.r cha-
racters alone, If y* is the population parameter giving tho square of the distance
with respect to g characters then the distribution of §'=1/M_ is

r‘?‘lzé‘_f(c_zv:)'n("_-;;' .«+g) a8 (3.11)

The distribution of R which takes into account the effect of the first p chuructery is
btainable from the distribution (3.4) by putting #=0. Thia is

S (! wsptig)e e (o) as) n(iprch ) an

t=o

The conditional power of the test associated with R is

Re otz 01 qeatSy o Nepog—l 7
A N I G

where R, Ia the 8% nignificant value of R for texting the null hypothesis a=0.
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If thin is represented by
P (N—p—gq-1 .
(—— 5 a'h)

then the average power or tho unconditional power of the R test is

I] p (325! qws) b (o=t Les
0

=P(g ] p, a') say.
Tho power amsocinted with the test S’ of (3.11) in
p  N—q=1 -
P 7)
In somo situntiona what is of importance is tho conditional power so that the R

test will be more eflleient il

N—g—1

97

P(§'l;’l:' ,q.a’S) > P(

¢
2

1f p ia small compared to N the power functiona diffcr only in values of a? Sand y%. In
this caso tho above incquality can bo replaced by atS>yt.  a? iu always not lesa than
3, tho distance based on p+q characters being not less than that, on ¢ characters.
The maximum value of § is unity so that a*S coud be less than y*if a®is not sufficiently
greater than yt.  As observed earlicr, tho most favourable situdtion is when a high
valuo of § is observed or the two samples are deliberately cliosen to provido a high
valuo of S which means a smaller distance based on the p chatacters.

To judge tho gencral efficiency of the R test we can only compare'the average
power P(q | p, a?) with P(g-__;lll , ¢, 72| tho power of the S’ teat. The former will

be more efticient if
. N—y—1
y 1 v (T ]
g lp, at)'> 1 ( A= 1)
A numerical ktudy of the above relationship can ho mado whon once extensive tablea
of the power function of 1? are prepared.
Bina in the D -atatistic : The quantity S defined ahove is connected with
D2, Ly the relation
= .. 1 _ 1

M ¢ 11
e

Knowlng the momonts of M, or 1/S, tho moments of D,* can Lo easily dorived. Using
tho distribution of S given in (3.2) we find
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1'_‘_', r+121)nfs

«©
pa= o 5 () (a2

r | 1) (——+r)

@
=z N1 (c/l'

r (M=t -t (.\_x

e-—eﬁ‘ﬂ
(N—p— r) (N—l 1)

Applying Kummer’s transformation
WWilpyz)=e \Fily—p, v, —1)

the above expreution hecomes

N— p l\ —1
1 ¢ fr
E(‘“v"" —i N=1 F‘(—’ —h=—
r(E= é’——) r (—2 -
Putting t=1,
EM)=F (1+ NL—2 1),')
N— cf?
= D=3 1
{5
Re-arranging we find
D8 = N2 P
EDY = g2 {m+ L)
An unbiased extimato of £ is
N—'p—:l D,
N—z (3.12)

s0 that D;* overcstimates the population parameter f2. Whon p is small and N ia
largo the above expression does not differ very much from D2, The bias isa minimum
for a given N if snmplo sizea aro equal in the two populations for in thia ense
e=mnyf(n;+7,) is & maximum. No corrcotion ia nocded if a number of DY arising
out of a given number of groups whoso samplo sizes do not vary much have to bo
compared.
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1t s of some intereat to determine an unbinsed cntimate of A7 in tho caso when
the mean values are obtaincd from samples of sizes n, and g and variances snd covari-
ances aro estimated on a large numbicr of degrees of freedom.  1f / In tho degrees of
freedom for the variances snd covariances, the exact distribution of

Sw b o1
%oy £,
is obtained by replacing N by (f+2) in tho distsibution (3.2). Hence an unbiased

estimato of A% is given by
I-» Dy -7

When / is large tho estimate can bo taken as simply
[ 4
b, :

The correction need not be used if the ¢'s for the various D to be compared do not
vary much.

The estimation of the additioral distance: Having estimated #? it may bo of
interest to estimate the additional contribution to the square of tho distance when
qmore characters aro added to the first p.  From ihe rexulta derived above an unbinsed
estimato of at4 4 is

N—p—g-3 +

N, - ol
Subtracting from this tho unbinsed cstimate (3.12) of 82 we derivo the unbiased esti-
mate of at

(N—p—q=3)D%,, —(N—p—3)D%, _ ¢
2 ¢ (3.13)

which is approximately

D2

n«"’)‘n_ g‘

if Nis large. A simple method of computing these quantitiea is given in Appendix 1.

An interesting case considered by Cochran ancl Blisa (1948) s the cstimato
of the distance based on p+9¢ characters when it is known that the first » characters
by themselves contributo nothing to the distance i.e., the mcan valacs are tho same
for tho first p characters in the two populations or #=0. Tho problem is, thon, that
of eatimating a.

N7
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One extimate is

aty= (N—p—g=3)D% g —(N—p—3D%, _ 7
N=-2 ¢

an derived in equation (3.13).

Another estimate i derivable from E(1/R).
N LR 1 ‘
l-.(k.] = E(.ﬁ) = [[ gP®SIRAS
whers P(R, §) dR4S in the joint probability distribution of R and § derived in (3.3).

E(})=Nop=3 | @ g
(RJ A'—p—q—3+l\'—p—q 3 @

- N—p-3 . cat N-
N—p—g—3  N—p—q-3 NoT

=1 .Fx(l \'+| _ cﬂ')

N—p-3 ca? \—p—l
Sp-i=3 T Nop=5=3 BT’ it p=0.

An unbiasced estimate of a% when #=0 is given by

at = {_l _ _N—p-3 }(N—p—a—S) X-1) (3.14)
R N—p—g-2 ¢(N—p—-1)

To determine which of tho two estimates a,%, (3.13) and a,t, (3.14) ia better wo com-
paro their variances. The expectation of 1/R? derivahle from the joint distribution of
S and R, is

LA 4 (N—p—=3)}N—p=5) , N—p—-3 RS
E(l?*) N=p—q—3XN—p q—n){ F) Ty ES)

+ 2 1 gsm)

- 4 {(‘!—p IUN—p—8) + (\'—p—'l)(\'—p—l) cal
(N=p—q—3)(N—p=9-5) N-1 =

(N=p1)(¥=p=]) &2t
+ BT <)
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when #=0. To find tho variunce of a,' wo obacrve that

(N=p—gr3)M,,q—(N—p—3M,
c

0 that its varianco can be derived with the help of tho following expressions

3 = (N~3UN=5)
EOLY= N paN—p=4]

Bty (N3N —5) 4+ 2eatN—g)4cfat
o= SN p—g—NN—p—4—0)

E(M,, M )=E(/RSY)

ca(N—3)
(N—p—g—=3)(N—p—3)

N=pr=3  pop
Pl BO) +

Retaining up to the terms of order 1/N? tho expressions for variances aro

, pa 4 2 22 € 2 14 %9y
Viat)= X ;t(-lx:x + 2(2p+q+5)x +4;g+q+ Yat4-29x

Vi) = '-’1‘—{;‘!411'_‘_2(p+q+5)1‘+‘xl£.‘:+q+2h'+24"

whero z=N/fe. The varinnces do not differ in terms of the order 1/N, so that in large
smaples both the statistics are equally eflicient, the commion asymptotic varianco

being

2at 4 4ra?

The actual difference hetween. the variances retaining only terms up to tho order

1N? s

2pat
s

s that in moderately large smnples 1ho statistio a,? being less varinble, should bo pre-

ferred to agt
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4. S0ME EXAMILES OF DIMENSIONAL CONVERGENCE

Consider the correlation matrix

1 pp..p
p 1l p..p
ppp..1

of ¢ characters with differences d,,..., d,, in the mean values of two populations expressed

in their respective standard deviation units. In this caso
1 —_—
D’p=:b( Sdh —p(Sd P (147710 )

LA a2

=gy e 4 &
! { -p l+(q—l)p}
where 3 is the average value of dy,. . d, and g%, their variance,

As g0 the above expression tends to

Limit qo,2 | 3
= T
Unless the characters are such that the varianco of the differences® in mean values
falls rapidly with increase in the number of characters, the above expression does not
tend to a finite limit. If all tho differences are of the samoe magnitude then the above
expression becomes gfp which is the maximum valuo of D? attainable.

Coundiser the correlation matrix

where
L py oy py © 1 Py pre Pa
A= nl pa.py, C= Pr 1 Py Py
2 P Py ] P1 Pz Py |
and
Pa Pa-Ps
B= Pa P3 Pa
Pa Pa-Ps
® Oaly the Jandised diffe aro boing idored
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A s tho corelntion matrix of g characters with dy, .., d, s tho standardiscil differences
in tho population means, C is that of p charncters with differences 8, .. ,, 3,and B iy
the matrix of cross corrclntions.

In this ease D ix given by

axdh, + 'S8, + f(d)* + F{50 + o))
whero

a=_1 | =

1—p, 1—p,

f= Poha—pi+p—1py) fr= PPl =1 p))
y{l=py) Y(l—p,)

=- ’f; » Y=t p—lip) (1 —g—Ip)) — pyp,
1f d, are all equal to d and &, to & then D? becoms

g (i +p —Ipy) + po? (1 4 q = 1p, ) — 2pqdédp,
(14g9=Tp)(1+p=Tp)—pup*,

1fp,p5—p% 70, the above expression as p and g-300 tends to
P+ p,8 — 2pyl8
PPy — P
This being the upper limit, D? increases very slowly after a certain stago.
5. SuMMARY

(1) Whatever may bo the number of characters chosen to discriminate
between two populations, it is profitable to divide the samples equally between the
two populations.

(2) If the square of the distance increnses proportionately with the number
of characters, then, except in very small samples, no loss Is incurred by the inclusion
of extra characters,

(3) To judgo the aignificanco of the increaso is distanco due lo the sddition
of g characters to a ot of p chosen characters, it is profitable to choose individunls
from the two groups such that on the average, the two series of samples agree as
closely as pousible inall the p initial characters. Two tests are discussed in this
connexion,

) Somo models liave been itlered whero tho dist function tends
to a finito limit with increnso in tho number of characters.

(6) Somo computational aspects of tho D3statistic useful in the abuve study
are illustrated in Appendix 1.
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Arrexprx 1. THE COMPUTATIONAL ASTECTS OF THE DEstavneric
The Dtstatistic is defined by
D* = T X o'dd,

whero () is the matrix reciproca’ to the dispersion matrix cstimated on 8 certain
number of degress of freedom from the data and d, is the difference between the mean
values of the ith character for the two populations.

One way of calculating this is first to transform the original variates into
8 et of uncorrelated variates and construct the D2 with rezpect to the new variables.
In the latter case D? reduces to a simple sum of squares and becauze D? iy invariant
under linear transformations of the variates the same value is obtained. A simple
method of constructing a linear transformation to make the new variables uncorrelated
is given in Appendix 5 of the paper by Mahalanobis, Majunular and Rao (1949). This
method is recommended when a large number of D¥'s are to be calcutated for a given
group of populations having the same dispersion matrix.

A second method is to solve the aystem of linear equationa.
Aoyt ot A, =d;
Ayt e F A, =d,
and compute the expression
D=+ A,

This, method is recommended when, in addition to the - D? value, tho compounding
coeflicients (Ay,..,, A,) of the discriminant function are also nceded.

A third way is to calculate the ratio of two determinants and obtain D? from
the relation

14Dt =l
Y]

An alternative method which is more fruitful in studying tho various components
of D is given by the relation

ot d
D= —|esenn +|'u|

i

In this case the matrix in the numerator is reduced by tho methol of sweep out or
pivotal condensation starting from the first pivotal element. The valuo of tho laat
element of the leading dingonal at any stage of tho ahove process gives tho valuo of
D* (with & negative sign) based on s number of characters equal to tho number of
rows or columns swept out. An example is given below.
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The dispersion matrix of four varisbles aml the differences in mean values

are given below,

elisperdion matrix dillerence in
A

— — meana
058 KUEHH 0922 0131 200
0908 1235 472 0308 2,508
0422 0472 121 0252 —.058
0331 0398 0252 0261 1.ox0
030 2308 —.65N 1.0%0 0
Dividing by the first clement .1953 tho first row becomes
1 509985 472004 169483 4.781004

Using this as the pivotal row the first element in each of the kucces-ive rows is elimina-
ted. Thus multiplying this row by .0096 and subtracting from the second row the
first element in the second row ia mado zero.  We obtain the reduced matrix (omitting
the elements below the diagonal which are same s those above it).

074705 000170 022719 2.323714
077573 000574 —1.097047
010490 922381

—4.428571==D,1

where D2 is D2 based on the first § characters. The next pivotal row and the rows
from which tho first clement is eliminated are

A .002396 Judlte 31.103189
Kirydivh 000319 —1.102615
012581 215702

—4.428571  ~72.270565=—D?3,

The additional contribution to D? by including the sccond character is 72270505,
Reducing further we obtain
1 22712 —14.330780
D143 352174

—4.428571 —72.270565 —15.807060==D,¢

1 30.857260

— 4.428571 —72.270565 —15.807060 —10.867124=~D
D?,=103.383220.

303



Vou. ) SANKHYX : THE INDIAN JOURNAL OF STATISTICS [ Parr 4

To test the wignificance of D, we uso

F = timtn=1—d)

(ny+ny)(ny+ny

D}
i)

8s a varianee ratio with 4 and (n,4-n,—35) degrees of freedom (see Rao, 1948a). In
the above formula n, and n, sre sample sizes. If it i3 dexired to test whether the last
two characters supply additional information for discrimination, the statistic is

mtn =8 115(D,
2 (nytngin+ag

which can bo used as a variance ratio with 2 and (n, +ny—5) degrees of freedom.
The quantities Dt and D3 — D, are easily made avaiable in the above scheme of
computation.

The abovo method is useful when onfy a few D*s have to he computed and the
significance of the additional contribution due to a group of chardeters hos to be
tested.

ArPENUIX 2, TIE CALCULATION OF WILK'S A CRITERION
In the case of discrimination of many groups with multiple variates an overall

test ia provirded hy Wilk's eriterion defined by

| W |

A=
1T}

where W is the matrix of sum of squares and products within groups and T is the
matrix of total sum of squarcs and products. To evaluate the determinants it is
convenient to follow the method of pivetal condensation. Ifwy, 10y, ..., 1w, are tho
pivotal elements® for the matrix W then

| W =wpweg i,
If 1y, ..., 1, are the pivotal clementa for the matrix T then
[T[=tly...

The Wilk’s criterion constructed out of the first § characters is

W0y Wy .. 0,
A= 32
! [N
To test for further discrimination suppliedd by the ining (p—i) characters the

¢ Tho (irst element which Ia mndo unity in any pivotal row s called & pivotal olement.
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statistio to bo used is

The statistic for all the charactera is

Al= Wiy o Wy
Ady=a,= ity 1,

In a provious paper by the author (Rao, 1043a) a different method was suggested
to calculato A\, Tho first step is to obtain the within and total matrices of squarcs
and prod for p—i cl ters after climinating tho effect of first § characters, If

these sro denoted by W(p—i'i)) and T(p—i3) then

_ W(p—ii)
P T T{p—ii)

This elaborate procedure is not nceded when only Af) hag to bo caleutated. Tho
method of reducing tho determinants by pivotal elements is easier. If the object
is to construct the ical variances corresponding to the 1 matrices then
tho actual matrices W(p—ii) and T(p—ii) will ho needed. For tests with the A
criterion reference may be made to Bartlott (1847) and Rao (1948a).

APPENDIX 3. A PROPERTY OF THE f—DISTRIBUTION
1f x and y are tiwo independent variables following the f—distributions
)
yH1—z)*p(ec, d)
then the product z=zy is also distributed in the f form Bie, b+d) provided a=c-+d.
Proof : The joint distribution of z and y is
Const. z+=}1—z)*~ 1y~ (1 —y)*-*dady
Put z=2, 2=y s0 that 8(z,y)/3(xz2)=1/z. Tho joint distribution of z and z ia
Const, 2*~*=4(1—x)*-1z-d{xr—2)*-Ydxdz
=Const. (l—2z)*-1z"}z—z)*-ldxdz, sinco a=c+d

Integrating this over z from z to 1, tho probability density of z is obtained as
Y 1—g-YB e hHd)
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If 2,,2y,... are independent varintes with distributions
Blay by Blagbdrg..oneennns
then the distribution of the product rzy...=x is
Blayby+bgt-by....) dz

provided ag=a,+b,, a;=a4+8,.......This follows from the above result.

Bisricorarny

Baxrixrr, M. 8. (1847} Multivarinte analysia. J. Roy. Statisl. Soc. Suppl. 9, 70,
(1048). Intemnal and Extorut factor snalysia, Dritieh Jonr. of Paychology. (Statistical
section), 1, 73.

Bosx, R. C. & Rov, 3. N. (1833}, The ilintributioa of the lentined DY istie, Sonkhya, 4, 19.

Cocnmax, W, C, and Buiss, C. 1. (1948). Dincriminant functions with covariance. Ann. Marh, Statisl.
09, 151

Fuomner, R, A. (1830).  The use of multiple mewsuromenta in taxonotnio problems. Ann. Kugrn, Lond.,
1,119,

(1838). The istical utilization of anultiple ibid, 8, 376,

Granry, R. C. (1848). Studies in relations hetween econoinic time serica. J. Roy Statisl. Soc. series B,

10,140,

Hsu, P, L. (1938). Notos on Hotelling's gencralizal T, Ann, Math, Swatial, 9, 231,

Alaaraxomis, P, C. (1834), On the gencralizad distance in atatisiles.  Pror. Nof. Inat, Sci. (India),
12, 40.

Manarasomin, P, C., 15ong, R. C. and Rov, 8. N. {1927). Normalimation of statistical variaten and the
une of rectangular coonlinates in the theory of aumpling diatributions, Nuskhya, 3, 1.

Manaraxoms, P. C., Matvupax,: D. N. aml Rao, C. R. (19490} Anthropometric survey of the United
Provincew, 18413 A Statistical stwly  Sankhya, 9. 00,

Rao, C. R. (1946a). On the linear combination of obmervations and the general theory of least squares.
Sankhga, 1, 237,

(1946b). Testa with (Jincrimi functions in ivariate anaiynie. Sankhys, 7, 407,
(YH8a). Teats of aigni in inte analywin. Bi ika, 33, 58.
(1948b).  Tho i of multiple in problemy of biotogical clansification.

J. Roy. Siatiat. Soc. Serics B, 10, 159,

Rao, C. R. and Sraten; P. (1049).  Statixtical trentment of neurotic cnwow.  British Jour, of Prychology
{Statistical Bertion), in prows,

Tax0, P. C. (1934), The powor function of the analysia of varinnce toals with tublen and illuatmations of
thoir use. Statist, Ree. Mem. 2, 126,

TistNer, Q. (1048), Some mpplications of multivariate analysis to economic data. Economelrice,
N, s

300



	001
	002
	003
	004
	005
	006
	007
	008
	009
	010
	011
	012
	013
	014
	015
	016
	017
	018
	019
	020
	021
	022
	023
	024

