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Chapter 1.
Introduction

The important

ual characteristics of an object are shape, size, color. brightness, contrast

and texture. Of them, shape is a multi-dimensional concept that is difficult o define. It
takes different meanings in different contexts. We try to explain it in terms of their
attributes like elongation. roundness. and symmetry: although these terms do not capture

the complete notion of shape.

Perhaps Ges!

alt theory [Kofika 35] is the first attempt to study the principles of visual
perception in a systematic manner. The central concept of this theory is ‘Gestalt' which

means form or configuration. In this theory form is examined from physical. psychological

and behavioral points of view. Some basic Gestalt principles are discussed in the next

scction. These principles help us (o understand the notion of shape

The introduction of information theory provided another tool for the study of shape.
Attneave and others showed how and where the information in the shape of a particular
object is concentrated [Auncave 591. Gradually, guantitative approaches of evaluation of
shape property were evolved with the advent of digital computers. Controlled synthesis of
shape and forms were also considered side by side for graphical applications. An overview

of shape analysis is presented in Section 1.1.

Our thesis concerns the shape of dot patterns’. The dot pattern shape is introduced in
Section 1.2 where different approaches of shape computation are surveyed. The shape
detection of dot pattern may also be viewed as a ser estimation problem. In that case the

onsistency criterion become an important issue. In this thesis we have considered the set

estimator aspect as well. Moreover. the clustering problem is dealt with for the shape

<xtraction from complex point pattern.

The scope and layout of the thesis are presented in Section 1.3.

. point patierns or dot patteens.

ably callpoint sets &



1.1 Overview of Shape Analysis

The Gestalt approach of shape analysis started in 1912 when Werthcimer published a paper
on visual illusion called apparent motion |wesheimer 381 To explain how perception of
individual objects is formed, Wertheimer proposed that the visual system organize parts
into wholes based on laws of grouping. Thereafter, the theory grew for about three
decades. More than one hundred principles are found in the Gestalt literature [Koffka 351,

1Zusne 701, [Rock & Patmer 901. Of them, & few important principles are discussed below.

In 1915, Rubin pointed out that all visual forms possess at least two distinguishable
aspects called figure and background  (Rubin 151, The judgment of figure and background is
guided primarily by some contrasting propertics. The figure has contours and
distinguishable parts and it has a ‘thing’ like quality [Zusne 701 The background, on the
other hand, is formless, diffuse and appears to be more distant than the figure. When the
strengths of these properties are nearly equal in the figure and background portion of the
image, the resulting percept becomes ambiguous. A well-known example is Rubin's vase
that may be secn as a flower vase or two human faces in front of each other. This figure-

ground principle is applicable to all visual stimuli

Another important principle is that of proximity — patterns having smaller distance
among themselves tend to group together compared to the patterns separated by larger
distances. Similarly, the principle of similarity states that similar patterns tend to form
groups o our perception. Moreover the principle of good continuation conveys that if there
arc several ways of interpreting a pattern, the simplest and most regular way is chosen in
visual perception. The above three configuration properties arc not independent and may

influence one another in the precept of a pattern.

The transposition principle is another important principle of visual perception. states
that the shape of a pattern remains unchanged under few transformations namely,
translation. rotation, scaling and reflection. This principle helps us define the shape of an
object [Parui 841, However, rotation and reflection can change the meaning of a figure. For
example, the character *6’ under 180° rotation appears as the character *9" while the mirror
image of *d" about the vertical axis is ‘b’. Nevertheless, this principle is useful in computer

recognition and classification of figures.



There exist other configuration properties such as symmetry and closure. The principle

of symmetry states that patterns. which are symmetrically organized. tend to form groups

while due to the principle of closure, the closed figures tend o be seen as units. Another
notable principle is the principle of compensation, which states that change in one part of a
visual form affects the perception of the whole form. The simpler the form the greater is
the effect. This principle indicates that changes in more busy areas of the picture are more
tolerated than changes in the less busy arcas. Thus. during image enhancement, noise

cleaning and data compression more care should be taken for the less busy areas of the

image

The Gestaltists have demonstrated through experiments that information in the two
dimensional shape is contained in its contour; especially at any point of change in the

and curves [Atncave 591, For computer analysis

gradient in the contour, i.c. vertices, corners

of shape. the algorithms to detect these points are therefore useful and important

One interesting area of study in visual perception is that of geometric illusions. There

exist several theories of illusion that may be broadly classified as being psychological.
judgmental or based on information sampling ideas (over o81. However, it is still not clear

how the interaction in the visual field changes the percept of size and shape of objects in

creating the illusions

The Gestalt principles have a lasting influence on the shape analysis and recognition
research of future generations. While Gestalt theorists tried to formalize visual perception
of shape and form. several practical application oriented problems related to shape were

attempted. Some of the earliest among them are optical character recognition, fingerprint

processing and analysis of biomedical signals like ECG. Important breakthroughs were
attained in these areas much before the introduction of digital computer. For example.

an scientist Tyurin

carly as in 1900 by the Russi

character recognition was attempted

while Tausheck obtained a patent on character recognition system in 1929 [Mori et al. 92]

However, work on pattern recognition in general and shape analysis in particular,
received the strongest boost with the introduction of digital computer. Related disciplines
like image processing and computer vision started to evolve with the need of enhancing the

quality of remote sensing photographs including those sent from spacecraft. The work was

extended to 3-D information extraction that led to the unfolding of 3-D object shape



properties and invariants from one or more pictures. In fact, finding 3-D shape is one of the
major branches of computer vision. Shape extraction using stereo, shading, texture, ctc. are

well studied in literature {Kanade $11. [Hom $6]. [Faugeras 931

Another useful and important discipline that evolved deals with the synthesis of images

by he called computer graphics [Foley <. al. 90| has revolutionized the

design and simulation process in heavy industry, among others. It paved the way for more

recent discipline called virmual realiry. Image synthesis is not our concern in this thesis and

hence we do not review it further.

Several important and useful concepts and approaches about shape analysis were
proposed in 1960s and 1970s [paviidis 781. For example, in 1961, Freeman (rreeman o1}
proposed a simple and effective representation of object border in the form of chain code.

In its simplest form, Freeman's chain code is a three-bit number to represent the direction

along which one can move from one pixel to the next along the border. Numerous shape
recognition and data compression approaches were proposed on chain coded representation

of objects

Hough in 1962 proposed a novel apy of ing lines in 2-D images [Hough 6;

The approach. called Hough transform has since been generalized to the detection of other
shapes and used to many applied problems (lllingworth & Kittler 881. On the other hand, in 1962
an important concept called the medial axis was proposed by Blum [Blum 641. It is useful for

stroke feature g data pression and recognition of an

vector representation,

object. In digital domain, many approximations 1o the medial axis have been proposed and

the result is called the skeferon of the object, One class of approaches of skeletonization is

called thinning (ang & Chin 0. [Lam etal. 921 while the other class is based on distance

transform [Ragnemaim 93|,

Many orthogonal transformations and  series-transformation  based features were

nzalez&Woods 931 Some of them

proposed for shape description and recognition (Paviidis 801, 1

are Fourier transform, Walsh-Hadamard and Haar series expansion, Karhunen Locve

expansion. In their original form, these features are not rotation and scale invariant. Hence

some form of normalization is done to make them insensitive to rotation and scaling.

Among other similar features. normalized moments attracted due attention (1 621(Teh 85].



Depending on the problem, geometrical and topological features are used for shape

recognition. Some of the features are area. perimeter, slope-curvature. clongatedness.

~ompactness, convexity, straightness. end points

intersection points, number of holes.

Zuler number  [Ballard & Brown 82]. [Rosenfeld & Kak 82], [Jain 89].

Shape recognition approaches can be classified into a few broad categories namely.
“tatistical, deterministic, syntactic, fuzzy set theoretic and morphological approaches. Of
nem.  deterministic approaches employ classical inference rules while  statistical
spproaches use probubility theory in the decision process (Duda & Han 73l A syntactic
:pproach employs the formal language grammar description and recognition. For example.

b grammar was proposed by Pfaltz and Rosenfeld in 1969 for image modeling and
Zescription of inter-relation in objects [Pral; & Rosenteld 69). Among others, graph grammars

=~ well as attributed grammars may be mentioned. For a complete description see [Fu74)

Fuzzy set theoretic approach was introduced by L. Zadeh in 1965 (Zadeh 6s1. Here, an
*hiect or its shape properties are considered as fuzzy sets. A fuzzy set is a set whose
constituents are characterized by membership values in [0.1] that denote the degree of

~elongings to the set. In this framework. the classifier decision can also be made soft,

astead of Crisp [Rosenfeld 841, [Pal & Majumder 861, [Chaudhuri 91).

The theory of mathematical morphology was formally introduced by Matheron in 1975

\tatheron 751 and later developed for binary as well as gray scale image analysis by Serra and

sthers [Serra 821, [Haralick ctal. 871, [Stermberg 861, (Doug

eny 91 The language of classical (binary)

sathematical morphology is set theory. Central to the idea of mathematical morphology is
“e structuring element. which is defined in the same (norm) space of the input pattern
shout a (local) center of reference, and its structure or shape is problem dependent. A
~orphological operator probes over the input pattern space (the input image) using the
“ructuring element (template). The output of the operator depends on the geometric
~imilarity between the structuring element (globally) and the object (locally). Most of our
~roposed approaches as well as algorithms are morphological in nature. The (binary)

~arphological operators that arc used later in the thesis are defined in the Appendix.

Two more recent classes of techniques are based on artificial ncural network and

<tic algorithms. In artifi

al neural network, attempt is made to simulate human neural

== <ess of memorizing and by a set of inter simple processors called



srtificial neural nodes (Campenter & Grossberg 92). [Sabourin & Mitiche 93], [Datta ot al, 97]. Genetic
Agorithms exploit the process of genetic evolution by simulating the mutation, crossover

«nd selection of best fitting chromosomes [Hill & Taylor 92]. [Watabe & Okino 93]

Shape analysis is a very active area of rescarch. For more comprehensive reviews on
<hape coding techniques, surveys by Pavlidis (paviidgis 781. [Pavidis 80 and more recent one by
Marshall Marshall 891 may be noted. A huge number of papers are being published regularly
on shape analysis in different journals and conference proceedings. Among the journals —
IEEE Trans. Pattern Recognition and Artificial Intelligence, IEEE Trans. Systems Man and
Cybernatics. CVGIP Image Understanding. Pattern Recognition, Pattern Recognition

Letters. ACM Computing Surveys. Image and Vision Computing, Signal Processing. etc..

<ontain papers on shape analysis. Among the f proceedings - Int. Ce
an Pattern Recognition, Int. Conference on Computer Vision, Int. Conference on Computer

Vision and Pattern Recognition may be referred.

1.2 Dot Pattern and its Shape

We often come across minute objects in a real scene appeared in the form of dot pattern. In
almost all application sciences we encounter such patterns. Stars in the galaxy
Astronomy). cells or micro-organisms in the tissue (Biology). micro structures of

mpurities in metal-compound (Chemistry), X-ray dot maps (Particle Physics) are few

~uch examples.

The other type of dot pattern available for computer analysis is not a direct image-like

structure. Rather, a dot represents the feature vector of a physical object or a physical

henomenon [Duda & Hart 731

Depending on the problem. for both types of patterns. it is necessary to discover the

“tructure of the point set in the form of clusters (i & Dubes 881, directionality [Mar

ntrinsic dimensionality [Verveer & Duin 95), ete. Registration and matching of point sets are

Jlso needed in some problems [Ranade & Rosenfeld 80]. {Ahuja & Charan 95).

Another problem of interest, which is more relevant to the first type of dot patterns, is

ne main concern of this thesis. That is to find the shape of the dot pattern. It involves

Zetection of perceptual border as well as the skeletal representation. It is essentially a low-



level description, independent of any final conceptually driven de

ription. According to

Marr, such a description is called a primal sketch (Marr 82).

A human observer is quick to understand the perceprual boundary of the point pattern
where points are clearly visible as well as fairly densely and homogencously distributed
over a planar region. Here perceptual boundary refers to a boundary which observer would
perceive as a function of the relative location of the dots, under normal (fronto-parallel)
viewing conditions, and without assigning any semantic or cognitive interpretations to the
pattern. Although the perceptual boundaries are subjective, observers generally agree on
the shape of boundaries for homogenous (at least locally) dot patterns which, in a Gestalt

sense, cluster on the basis of proximity.

On the other hand, if the dot pattern is clongated or curvilinear then we perceive a linecar

form in which a notion of skeleton can be conceived.

With the advent of digital compute

s, the interest in the task of automated computing of
perceptual shape of dot patterns arises from a continuing effort to simulate aspects of
human visual performance. Moreover these methods can be utilized in some real life

problems.

For example, the spatial density measure of certain cell-organelles in a tissue section is

an essential part in pathological test. Moreover, shape and size of important organelles

have to be studied individually. In some

se the boundary of such an organelle is not
distinet from the background but is surrounded by tiny organelles. Then, the inner-border
(hole) of the representative dot pattern of those tiny organelles may effectively demarcate
the boundary of the observed one. (An illustration on this problem is presented in Section

35.2.1)

In metallurgy, the density of impurities in the host metal determines the quality of an

alloy. On the other hand, the spatial distribution of stars as well as its density are important

towards finding the age and size of the galaxy. Note that in all these microstructure related
density measure problems, the number of occurrence of these structures should be counted

over the region of support than over the whole visual field. Otherwise, the estimated

density may become low with respect to the true density. So. at first it is necessary (o

extract the overall border of the micro-structures. Next, to estimate the density. the number



of micro-structures may be counted and divided by the area enclosed within that extracted

border. Several other identical problems of region estimation like sea-bed scanning for

natural resources (remote sensing), land-mine detection (military reconnaissance) etc.. may

be encountered.

Since one of the most effective ways to estimate the region of support is to find the

shape of the repr

ntative dot patterns, the problem considered in the thesis has true

potential application to practical problems

However, in this thesis except one illustration
in cytology as mentioned above, we have concentrated only towards developing

methodologies

It should be noted that the theories and methods involved in shape computation of dot
patterns arc shared with that in sparial analysis, the subject that examines the spatial

structure and association of phenomena [Riplay 811, [Ahuja & Schachter 83]. [Diggle 83].[Stoyan cral. 87]

Geographic analysis [Taylor 771, [Matula & Sokal 84], Temote Sensing [Richards 861, astronomy

(Geller & Huchra 891 [Barrow 921, spatial information system [Laurini & Thompson 921, biomedical

imaging (Permus 881 (Choi 961, and defense applications are some but not the only areas where

structural analysis as well as studies on spatial distribution of dot patterns are useful.

In the following section we present a survey of dot pattern analysi

1.2.1 Studies on analysis and shape computation of dot patterns

Two aspects of shape of a dot pattern are of interest, which may be called external shape
and internal shape. The external shape descriptor tries to capture the perceptual border
while the internal shape descriptor tries to capture the core of that underlying region.

something like a skeleton

Among early studies on automated detection of border of non-linear components, the

work of O’Callaghan should be mentioned [O'Callaghan 741 His approach is based on a

generalized definition of neighborhood. Classically, neighbors are defined on the basis of

Euclidean distance. Such neighbors are called nearest neighbors. O Callaghan combined

the ‘distance’ as well as ‘behindness’ in his definition. Thus, if P is a chosen neighbor of
a candidate point O and if among Q and R, Q is ‘behind” P then R will be preferred as the
next neighbor of Q. Using this definition and a few other heuristic measures he could find

the boundary points of a dot pattern.



O’Callaghan’s neighborhood is dependent on some ad hoc thresholds chosen apriori
Chaudhuri proposed a new definition called nearest centroid neighborhood |Chasdbu 93]
that is free from any threshold and yet captures the notion of proximity and
surroundedness. Here, the neighbors are sequentially chosen such that the centroid of
neighbors is nearest to the candidate point. Shared nearest neighbors [aris & purick 71] and
mutual nearest neighbors (Gowda & Krishna 78] are other examples of neighbors, which are

used in classification and clustering problem.

Graph-theoretic approaches have been used to determine the shape of dot patterns. For
example, one can draw the Minimum Spanning Tree (MST) which is a tree constructed by
connecting all points in the pattern so that the total edge length is minimised. Then the
nodes with single edge may be considered as those belonging to the border. For early work

on MST related approach, sec the celebrated work of Zahn (zahn 711.

Various proximity graphs can be generated on the dot pattern by choosing various
definitions of neighborhood. For carlier surveys sce (RadkesS| Vincent 891, [Jaromesik& Toussiant

92].

Relative neighborhood graph (RNG) is one such proximity graph proposed by Toussiant
[Toussaint 801. Two points 2 and Q in the pattern are relative neighbors if the distance
between 2 and Q is smaller than larger of the distances of any other point R from P and
from Q. The Gabriel graph (GG) proposed by Gabricl and Sokal [Gabricl & Sokal 69] is
another graph where the neighborhood relation is stronger than RNG. Two points 7 and Q
are Gabriel neighbors if ZPRQ is not an obtuse angle for any other data point R in the
pattern. In this connection two parameterised family of neighborhood graphs, namely -
graph [Krikpatick & Radke 851 and y-graph [Velkamp 891 may be mentioned. These graphs

contain RNG and GG as special cas

S [Jaromezik & Toussiant 92].

A unique shape description of dot pattern can be its convex hull, which is the smallest

convex polygon to contain the dot pattern. On computation of convex hull see [Akl 85].

[Ronse 891. However, it is a poor shape descriptor if the dot pattern contains concavity. To
overcome the limitation of patterns with concavity, Jarvis suggests decomposition of  the
pattern into subpatterns (Jarvis 771. The union of convex hulls of resultant subpatterns

represents the shape of the whole pattern. Recently, a similar approach is proposed by
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Garai and Chaudhuri (G:

ai & Chaudhuri 98], which starts from the convex hull and converges

to a polygonal shape by split and merge procedure.

An alternative definition of the boundary based on the concept of density is attempted

by Medek (Medek 811 where the connectivity in regular lattice [Rosenteld 701 is generalized
Other approuches of border point detection by density based methods are also available.

See for example, (Chaudhuri & Chaudhuri 97]

Voronoi diagram (or tessellation) and its dual Delaunay triangulation were used by

many researchers in shape analysis of dot patterns [Ahuja 82). [Edelsbranner ct. al. 831, [Aure

ham 911,

[Bertin et al. 921, [Faugeras 93]. In 2-D. Voronoi tessellation partitions the space by convex
polygons such that only one data point 7 is situated in one polygon and any other point Z
within the polygon is nearer to P than any other data point. The tessellation induces a kind
of neighborhood in the data space, called Voronoi neighborhood. Two data points P and Q

are Voronoi neighbors if the corresponding polygons have at least one common edge. On

the other hand, common edges of Voronoi neighbors constitute the Voronoi diagram. If the
Voronoi neighbors are joined by lines then the resulting graph is called the Delaunay

triangulation.

Perhaps the first work on external shape computation using Voronoi diagram was made
by Fairfield [rairticla 791. Ahuja and his associates made more elaborate use of the approach
to dot pattern analysis [Ahuja 82]. [Ahuja & Tuceryan %9]. Shape properties and geometric

attributes such as area, compactne: clongatedness, eccentricity are computed through

Voronoi neighbors. A perceptual grouping is a and correction of groupings arc
performed through constrained propagation using probabilistic relaxation process. The

work was also extended to detect 3-D curves [Charan & Ahuja 95].

A popular external shape descriptor of dot patterns called ai-shape (graph) with a sound
mathematical basis was proposed by Edelsbrunner et. al. [Edelsbrunner ct. al, 831, The ¢-graph
is a uniparametric subgraph of Delaunay triangulation. This graph is in fact derived from a
natural generalisation of convex hull, called -l (for the formal definition and derivation
see Chapter 3). The vertices (called t-extremes) and edges of the a-graph (called c-edges)
for a given o can be characterised as follows. For every point P in  the pattern set there
exists a real number 0. (P) such that P becomes a vertex of the c-graph if and only if

< 0,0 (P). On the other hand, for every edge e in the Delaunay triangulation there are



real numbers Cuin(€) and ua(e) such that e is an edge of the a-graph if G(e) < ¢ <

Omai(€) and vice versa.

Some algorithms on ¢-graph in digital case [Parui etal. 93], [Satio et al. 91]. [Pernus 88] as well
as modification of a-graph like directed ci-graph (which is defined over a connected set as
well) were proposed [Worring & Smeulders 941. Recently 3-dimensional extension of c-shape

was also reported

jelsbrunner & Milcke 941,

Conventional c-shape is not adequate if the dots are of not evenly distributed. To
overcome this shortcoming. Edelsbrunner put forward a theory of weighted c-shape which
is intuitively less appealing than the classical definition [Edelsbrunner 921, Another practical
difficulty is the lack of a automatic approach of finding appropriate & for a given dot

pattern.

Toussiant proposed an external shape descriptor using the sphere of influence graph
(SIG). Consider circle at each point of the dot pattern with radius equal to the distance of
its nearest neighbor. £ and Q are joined in the SIG if their circles intersect at least at two
points. A properly chosen subgraph of SIG called Sphere of influence shape denotes the
border of the pattern [Toussaint 88). The main advantage of Toussiant’s proposed extractor is
that it is free from parameters. Moreover, it is simple and computationally attractive [Bendy
& ouman 791. However, since SIG considers only the nearest neighborhood distance and the
point-wise circular influence zone is highly localized to its necarest neighbor, the result

often does not agree with the perceived border if the dot pattern is dens.

[Toussaint 88

Chaudhuri presented a different approach of external shape computation of dot patterns
by an application of quadtree [Chaudhuri 851 In this case a simple hierarchical partitioning of

the space was made for a partitioning factor of 4 and the smallest square covering the dot

pattern was decomposed into 4’ equal squares grids at the i-th level. Subsequently, at the i-

the border of the connected

th level the border of the dot pattern was interpreted a

components in of non-empty grids. Our first shape descriptor presented in Chapter 2 is

another quadrate method which is coupled with a stopping criteria that was not provided

with the quadtree based algorithm

There appears to have no standard framework or features based on which various dot

pattern shape descriptors can be evaluated. However, we have attempted to make an



evaluation on methods of perceptual border extraction. The following six criteria are

considered.

(a) Type of data considered: In a regular dense dot pattern the perceptual border is clearly
recognized. However, the shape (border) of the pattern may be perceived with
variation in density, with multiple components as well as in presence of additive
‘noise’ (especially, in the boundary region). Thus, a descriptor is more useful if it can

also recover the perceptual border of a ‘complex” dot pattern.

(b) Output: A method that provides ‘smooth’ border without any edge ‘inconsistent” with

the perceived shape is a good one.

() Computational complexi

Since now-a-days memory is affordable, the computational
complexity of the algorithm is restricted to run time complexity only. Moreover, any

algorithm that allows easy implementation is favored over others.
(d) No of parameters/thresholds: The lesser the number, the better is the method.

(e) Automatic estimation: Any method is highly desirable where the required parameters

or thresholds are automatically selected.

(f) Set consistency of the descriptor: If a shape descriptor is also a consistent set estimator
then it is a desirable additional property. For a consistent set estimator, it is statistically
established that the region covered by the border generated by that descriptor gradually

converges to the original region with increase in the number of dots.

In the following table we have attempted to give a bird’s eye view on 6 external 2-D
dot pattern shape descriptors that are comparable with our proposed 3 descriptors. (Any
method that is an up-gradation without contributing any additional criterion or, has been

considerably modified by another method is not separately mentioned in the table.)
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Figure 1.1 A table showing comparative study of various dot pattern border descriptors



The computation of internal shape (like skeleton) has received relatively less attention
compared to the external shape. Zahn [Zahn 71] presented a novel MST based skeleton
representation that conformed to Gestalt principles of perceptual organization for
elongated patterns. Here, the longest path in the MST was found and a measure of diversity
for cach node in the middle half of this path was computed. The edge connected to the
node with minimum density was removed. Further every edge whose length greater than
the user-specified threshold were dropped out from the tree. Finally. the pruned path

depicted a kind of skeleton of the dot pattern.

For curvi-linear patterns, RNG and SIG can be used for internal shape computation
[Toussaint 8OI. [Toussaint 881 The Voronoi diagram and Delaunay triangulation based
skeletonization proposed respectively by Ogniewicz (Ogniewics 911 and Faugeras [Iaugeras 93]

are also applicable with some preprocessing. (See Chapter 4.)

Recently, a new self-organizing neural network based approach on dot pattern

skeletonization wi

presented by Datta and Parui [Dawa & Parui 971. The algorithm used

Kohonen's self-organizing feature map principle [Kohonen 891 with few modifications of the

original Kohonen's model. The network was dynamic in the sense that processors can be
inserted or merged during the adaptive process. The number of processors need not be
known apriori and the net can learn the topological relationship from the input pattern
enabling the network to tend to a desirable approximation of the skeletal shape of the dot

pattern.

Clustering is a popular approach in pattern classification and taxonomical grouping
[Kendall 66]. Its’ primary objective is to partition the point set into subsets that maximize
both the “similarity’ among members of the same class, and ‘dissimilarity’ across classes
{Anderberg 73]. The various algorithms which have been proposed differ as to what constitutes
a better partition and what methods may be used for achieving improvements and have

been grouped in some categories.

The problem of clustering arises in point pattern shape analysis if several subpatierns
exist in the space and the isolation of “component’ becomes necessary. From that point of
view, the clustering may be treated as a subproblem of shape detection of complex point
patterns. There are quite a few interesting clustering methods motivated by the notion of

shape (perceptual consideration) or the spatial structure of the data. According to Jain and
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Dubes (sain & Dubes 881, these techniques mostly belong to the category of exclusive,
unsupervised clustering. Exclusive unsupervised clustering is subdivided into hicrarchical
and partitional clustering by the type of structure imposed on the data. A hierarchical
clustering is a nested sequence of partitions, whereas a partitional clustering is using a

single partition. For an extensive review of clustering algorithms see [Jain & Dubes 881

Clustering based on Voronoi diagram and Delaunay triangulation were also attempted

[Ahuja & Tuceryan §9] [Rosenfeld & Jolion 88

. [Okabe et. al. 92] but such approaches should not be used
for higher dimensional data because of computational complexity. The other proximity
graphs described earlier have applications in clustering. Among these, several carlier
attempts were made with nearest neighbor [Cover & Hart 671, shared nearest neighbors (Jarvis
&Patrick 711, mutual nearest neighbors [Gowda & Krishna 781, k-nearest neighbors [Mizo & Shimura

s01, Gabriel graph and RNG  [Toussaint 801, [Urquhart 82]

Zahn suggested several heuristic tactics (the most important one has been already
described in the context of computation of internal shape) for uncovering inconsistent
edges in a MST whose removal can generate natural clusters. [zaw 711 Being more
economical than other structural bases in higher dimensions, MST is a very popular tool in
clustering  [Murthy 881, (Chaudhuri 95al. [Chaudhuri & Chaudhuri 971 In this connection. an
interesting clustering approach based on the skeleton of influence zone may also be

mentioned [Hierbin et al. 961.
Few researchers also studied clustering based on decomposition of the feature space by

hyper-cubes

effi

Some earlier attempts can be found in [Taylor 77] and  [Warnckar & Krishna 79, An

ent hierarchical process, which was the generalization of quadtrec based
decomposition technique described ecarlier, was presented in [Chaudburi 850, By means of
non-linear morphological filters as well as the nearest neighborhood classifier, a clustering
approach was proposed by Postaire et. al. [poswire et al. 93, Another recent clustering
algorithm called GRIDCLUS may be mentioned which used a multidimensional grid data
structure  [Schikutav6]. In all of these studies, the data structure organizes the space
surrounding the pattern, rather than to organize the patterns themselves. These methods are

particularly useful for very large data sets.

External shape description of dot pattern may be viewed as an associated problem of set

estimation from a finite number of sample points drawn from the set. One major problem



of interest in set estimation is its consistency. A set estimator is consistent if it converges to
the original set when the number of points drawn from the original set tends to infinity.
Like clustering, set estimation can be done over higher dimensional space. In this thesis
we have proposed a class of consistent set estimators that are computationally efficient
One of the carliest consistent set estimators was due to Grenander [Grenander 751, The
estimator has computational inconvenience as it lacks the scale equivariance (dependency
on the space) property. However, some attempts was made by Mandal et. al.. where
rectangular neighborhoods were considered instead of circular disks surrounding the

sample points (Mandal et. al. 921. For more detail, see Section 6.1.1.

Another novel approach based on MST was proposed by Murthy [muhy 851, This set

estimator was the union of circular disks along the MST of the sample points and naturally

possesses the scale equivariance property. The consistency of the result remains valid for
any continuous distribution. However. the proposed estimator cannot be extended to the
case of union of multiple compact regions unless the number of disjoint components is

known.

There was an attempt to establish the set consistency of c-graph by Worring and
Smeulders (Worring & Smeulders 94 They established that the c-graph of a connected st
converges to the connected set itself but the proof in case of sample points (instead of the
original connected set) is not shown. This is somewhat like establishing the Fisher

consistency in the context of parametric estimation [Cox & Hinkley 741.

Some prior knowledge about the distribution or complexity of the data through the
testing of uniformity [Smith&Jain 84][Banerjee etal.91] as well as cluster validation [DubeséJain 79]

cte., are useful for dot pattern analysis [Stoyan ct. al. §7], (Jain & Dubes 881, [Bhasker et al. 881, For

example, if a pattern is found to be uniformly distributed as well as well clustered, then

some simple shape extractor may be employed.

Noise is a common phenomenon in any system of observation and inference. Some

attempts have been made on clustering over noisy data (Jain & Dubes 81, [Yahil & Brown 76].

[Huang & Shich 90]. But the problem of set estimation with noisy data seems to be untouched.

For the sake of completenes

. some work on human perceptual analysis of dot patterns

may be mentioned here. Glass, Prazdny and others studied the perceptual process of global



structure identification in Moire patterns a

a function of the global transformation, such as

dilation, rotation or translation [Glass 691, [Prazdny 861, [Kass & Witkin 87].

One-dimensional arrangements of dots appear to group into lines. Uttal et. al. studied
how detection of lines formed by dots on a noisy background is affected by inter-dot
spacing (Uual eval. 701 Corners are very salient and useful properties of contours. In [Link &
Zucker 88], human sensitivity to corners is assessed and a theory to compute them are
sketched. Dotted contours are taken as the stimuli in the psycho-visual experiments, which
are designed to quantitatively evaluate the human sensitivity to orientation discontinuities.
Itis found that human sensitivity to corner points is dependent on a rough computation of

the order of change in curvature at the point.

Zucker and Davis discovered that dots appear to be organized in a line when they are
closer than a critical spacing [Zucker & Davis 881. Since the spacing depends on the size of the
dots (a real dot has always a finite size), they referred this critical value as size/spacing
constraint. As the density of dots decreases, there is an abrupt point where some percepts

change dramatically. A model for these earlier grouping processes was quantitatively

consistent with the observed data: the shift takes place for dot to space ratios of 1:4 or, at
most, 1:5. It has been claimed that this size/spacing constraint stands in direct opposition to

grouping process formalized by Gestaltists.

1.3 Scope and Layout of the Thesis

In this thesis we have concentrated on the development of new algorithms for external
shape (i.e., boundary detection) as well as internal shape (skeleton formation) of dot
patterns. Our proposed algorithms are such that the complexity of algorithms should grow
with the complexity in the scene under observation rather a general-purpose complex
algorithm, which may result in wastage of resources. To start with, we have considered
that pattern has a single component without any curve-like structure so that the boundary
encloses a finite area in which the points are more or less evenly distributed. Later on dot
patterns with having more than one bounded region as well as variable densities have been
considered. In this connection, the concept of clustering has been utilized. Curve-like

extension of the regions has been tackled successfully.
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Another important problem examined in this thesis is the consistent set estimation from
dot patterns. We have proposed a new and computationally efficient approach of set
estimation, which work for data of any finite dimension drawn from a continuous

distribution under certain constraints.

It is to be noted that lack of standard database of dot patterns is a problem in study of

dot pattern shape analys

especially, in evaluation of existing shape descriptors. Al

previous studies mentioned in the the;

were applied mostly to cither hand generated dot
patterns or dots randomly drawn from binary images. The random process generated most
of the dot patterns we have shown in the thesis. A few complex ones (having some tail-like
extensions and density varying even in a single component as in Chapter 5) were manually
drawn. We have also illustrated a ‘real dot pattern’ resulting from representative point set

of pigment granules in a squamous epithelium cell.

To describe the scope of the present thesis more systematically, a chapter-wise breakup

is given below.

Chapter 2 - Let the pattern plane be partitioned by a lattice of square grids. Consider the
union of grids containing points of the dot pattern. If the grid-length s is properly sclected.
the *smooth’ version of this union of grids approximates the underlying region of the

pattern and its border can be considered as the border of the dot pattern. This is the

intuition behind the proposed new shape descriptor called, s-shape. One can iteratively

generate a finite sequence of

hapes. called s-shape spectrum. The mathematical basis of

the shape spectrum is worked out.  From this spectrum the :

hape closer to the intuitive
structure of a dot pattern can be selected using a parameter €. Because of its inherent
simplicity. the descriptor is easily implemented with linear (in terms of cardinality of dot

pattern) time complexity in digital domain.

A new structural bas

of dot pattern called a dispersion matrix’ is evolved in the

connection of

-shape. Like other existing structural bases namely, Voronoi diagram,
Delaunay triangulation, dispersion matrix is a useful ool for shape analysis and shape

recovery of dot pattern. A derivative of this dispersion matrix called binary projection of

* The term, “dispersion matrix” is not used in the sense of dispersion mateix of a random variable [Rao 73]
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dispersion matrix is a digital binary image, whose cardinality is less than that of the dot

pattern [RayChaudhuri et.al. 95a]. [RayChaudhuri ctal. 97].

Chapter 3 - We have proposed another external shape descriptor called r-shape
[RayChaudhuri etal. 941, which produces border smoother than that generated from the s-shape
[RayChaudhuri etal. 95al.  [RayChaudhuri ctal. 97]. The idea behind this descriptor is as follows.
Subject to proper selection of the structuring radius ., the union of disks with radius r and
center at the dots can be considered as a representation of the underlying region of the
pattern. The polygonal approximation of this union is the r-shape and is constructed by

connecting the respective centers of each pair of intersecting disks, which are partially

exposed. The structuring radius for an r-shape is selected from the same sequence of

positive numbers that is used for : exist in the r-

shape spectrum. Inconsistent loops ma

shape, those when deleted partially or completely. gives the border of the dot pattern that is

compatible with the perceived shape. An average O(n) time complexity algorithm for

extraction of perceived border of a dot pattern is presented in digital domain. We have also
illustrated a ‘real dot pattern’ resulting from representative point set of pigment granules in
a squamous epithelium cell. The “inner border” of the dot pattern is a good demarcater of
the nucleus membrane region where it is quite difficult otherwise to differentiate the

nucleus border from the cytoplasm.

Chapter 4 - In this chapter. we consider (mathematical) morphology based approaches to
recover the underlying structure of dot pattern. The internal shape is the main concern of

also considered

this chapter, although external shape (borders) extraction

The r-shape is interpreted by binary morphological operators. An algorithm on border
extraction is presented where a simple extreme point extractor based on binary morphology

is incorporated.

It is found that the binary digital image resulting from the dispersion matrix, if

smoothed by morphological filters

is a scale reduced digital image of the smoothed s-
shape. At first, this image is morphologically thinned and then stretched over the pattern
The proposed skeletonization of the dot pattern has three-fold advantage: (a) any smart
binary image thinning algorithm can be used on the binary projection. (b) Due to search
space reduction, it is fast; and (c) extraneous spurs (short branches) generally caused by

thinning is minimized (RayChaudhuri & Chaudhuri 96].
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Chapter 5 - Our approach of shape computation of regular dot patterns is extended to
complex cases where the data density may vary in a single component, or overlapped
patterns or a denser pattern embedded in a dispersed pattern. We have also developed the
approach for detecting patterns where the dots are arranged like arc or line. First such
curvilinear patterns are detected and separated out. Then a clustering algorithm is proposed

to tackle rest of the pattern [RayChaudhuri & Chaudhuri 97

Chapter 6 - In this chapter the utility of our approach in set estimation has been
theoretically examined. A good set estimator should have the following desirable
properties: (a) The estimator should be consistent, i.e. the Lebesgue measure of the
symmetric difference of the actual region and the set estimator should go (o zero in

probability —as the number of sample points increase arbitrarily; (b) it should be

computationally efficient; (c¢) it should be automatic, in the sense that the method should
be able to detect automatically the number of independent disjoint components making up
the true region and (d) it should be robust in the presence of additive noise. None of the
estimators mentioned in Section 1.2.2 combine all these properties. We develop a s-
shape based class of set estimators which overcome this drawback. It is proved that the s-
shape is a consistent estimator not just under the uniform distribution. but also when the
points are drawn according to any continuous distribution. The —order of error in
estimation is independent of the dimensionality [RayChaudhuri ctal. 97a). [RayChaudhuri clal. 98].
From the error rate analysis one interesting observation in connection to the s-shape
spectrum is that for dense patterns there is no significant change of the s-shapes after the

second iteration.

Chapter 7 - The summary and contribution of the thesis are discussed. Some of the open

problems and direction of future work are mentioned.



Chapter 2.

The s-Shape : A New Shape Descriptor of Dot Patterns.

2.1 Introduction
In real plane R* one can perceive the border of a point set if the points are clearly visible
as well as fairly densely populated and more or less evenly distributed. Such a point set is

referred to as a regular dot pattern or simply a  dot pattern (DP).

Figure 2.1 An example of a *human’ shaped dot pattern.

The present chapter deals with the shape of dot patterns. By the shape of a dot pattern
in general, we mean the structure of the bounded underlying region in which the pattern is
embedded. Our aim is to proposc a intuitively appealing shape descriptor of dot pattern.
For easy implementation, the shape descriptor should be simple. The literature survey on
shape computation is provided in Section 1.2. We propose an unsupervised approach in

%R? that can be extended in R’ and beyond (see Chapter 6).

The intuitive idea behind the new shape descriptor called s-shape (see Figure 2.2) is as
follows. Let the pattern plane be partitioned by a lattice of square grids. Consider the union
of grids containing points of the DP. If the grid-length s is properly selected, the
‘smoothed’ version of this union approximates the underlying region of the pattern and its
border can be considered as the border of the DP. (See Figure 2.3.) One can iteratively

generate a finite sequence of s-shapes, called the s-shape spectrum. (See Figure 2.4).



It has been shown that the proposed algorithm is computationally efficient (for a given

s, itis linear, in terms of number of points) and robust.

In Section 2.2, the mathematical properties of the shape spectrum is worked out. From
this spectrum, the s-shape closer to the intuitive structure of a  DP can be selected
automatically. A new structural basis of a dot pattern called dispersion matrix is evolved
which is closely associated with the notion of s-shape (See Figure 2.5). The binary image
resulting from this dispersion matrix if smoothed, successfully captures the structure of the

dot pattern and the border of the dot pattern is derived from this image.

In Section 2.3, the s-shape based linear order border extraction algorithm is presented
and its implementation in digital domain is described. The performance analysis of the
proposed approach is done in Section 2.4. A few experimental results on some  typical
data sets are presented. Also, the possible extension of the above approach of border

extraction is discussed in case of complex as well as noisy regular dot patterns.

Figure 2. 2 A typical s-shape of the dot pattern.

2.2 The s-Shape and its Derivatives

Let S be a dot pattern containing n points. Let W be an optimal isothetic rectangular region

(i.c. a rectangle whose sides are parallel to the horizontal and vertical axes of reference)

containing S i.e. S < W< R For a given grid side-length s, let As) denote a lattice of

square grids, with horizontal and vertical sides on the real plane. Let for any grid g.
G(s)={U

H(s)={Uglg e F(s).g s =@} 2.2)

€ F(s)gnW=d} 2.1



Thus, G(s) denotes the set-union of grids over W: F(s), a subset of G(s) is the union of

grids each containing at least one dot.

Let #H(s) denote the number of grids in H(s). The area of H(s) is defined as

A(H(s)) = # H(s) x s*

Definition 2.1 : The induced hull H(s) with grid-length s is

Figure 2.3 The s-shape based border of the pattern

Subject to a proper choice of grid side-length the s-shape of S approximates
underlying region of the DP. If the grid size is large, almost every non-empty grid contains
more than one point. Conversely, if the grid size is relatively small, almost all non-empty
grids are isolated. We are looking for a maximal grid size for which almost every non-
empty grid will contain only one point of DP so that the connectivity is maintained as

much as possible. This is achieved in the following way.

If the points of S arc evenly distributed over the optimal rectangle W, then W gives

the shape of the dot pattern and its border dW denotes the border of the DP. However. in

general,  points of S are distributed over only a small region of W. To get an

approximation of the underlying region, 5 = JA(W)/» can be taken as an initial grid side-

length and the s-shape H(5) gives an crude approximation of the shape.’ We make further

approximation iteratively as follows where the area of the induced hull gradually
decreases.

¥ We have established that when n s asymiotically increasing, ¥ is the greatest lower bound of grid-lengths for s-shape based

consistent set estimation. For details, Chapter 6



Consider the sequence = s, > defined so that -

when i =
2.4)
i=1 [
Since, #H(s;) = n i,
#H(s,)
we have, 0 < su- xs,
Vo
< s
So. <5, = is a non-negative monotonically non-increasing sequence. Moreover as  this

monotonically non-increasing sequence is bounded from below (0 is a lower bound), it is

also convergent.

Let lim s, 2.5)

The induced hull FH(s;) gradually coincides with H(s) as s; tends towards s. Thus, the

following proposition is established :

Proposition 2.1 : The sequence <s; = and =< A(H,)~ are both monotonically non-

increasing and convergent and if s is the limiting value of <s, = then.

lim s, =s = lim A(H,)— A(H(s)) (2.6)
Note that s; in =<5, = will continue to decrease i.e. s; < si.1 until cach grid in H(s,)

contains only one dot. The rate of convergence of the sequence mostly depends on

homogeneity and structure of the DP. Now, we will show that =< s, > attains its minimum

value i.e. attains the limit, which is strictly positive after a finite number of steps.

Note,

Which implies




lims,.,

lim \J#H(s,)
Jn T lims, !

By taking limits on both sid

In other words, tim #H(s,)=n

So, <#H(s,)~ is a convergent sequence of positive integers. As any convergent
sequence of integers contains at most a finite number of distinct integers, «# H(s,) = has
only finite elements which are distinct and the rest are  equal to the limiting value n of
the sequence.

Let J = min{il# 11(s,) = n} (2.8)

Note that this limiting value is attained only when all points of S are mutually separated

by egrids. Then according to definition, any s, for i = ; is constant and is equal to the

limiting value: i.c. s, = s Vi

ble let, s =0. We shall show that this is not possible.

If pos
Since we have assumed that all points of § are not collinear,

AW)>0=5=5>0. (2.9)

Now, since  <s;, = is strictly ically decreasing converging afier

finite number of steps, there exists a positive integer j such that

S S Vi<
(2.10)
otherwise.
Butas 551 > 0 and number of non-null grids in #(s,_,)> 0.
#nonnull grids o
/7 X5, =0. 2.1

n

s that s = 0. Hence, the following important result

Which is a contradiction to the hypothes

is established.

Proposition 2.2 : The sequence < s, = converges to s > 0 after a finite number of steps.



20

Definition 2.2 : The s

quence < H(s;) > is called the s-shape spectrum of the dot pattern

The finiteness and positivity of <s, = ensures that the s-shape spectrum is

compuiable.

Figure 2.4

~times (s, gradually decreasing) scale reduced shape spectrum

and its smooth version (morphologically closed by unit digital disk)

Being a union of fixed size squares. the border of the s-shape has a stair-case like
appearance. Also, if the value of s; is small, the s-shape may contain holes and its
border may appear cracked. So, the border of a s-shape in the spectrum is considered as a
crude border of the dot pattern. Any hole filling as well as border smoothing algorithm,
conventional [Rosenfeld & Kak 821, [Jain 891, [Gonzales & Woods 941 or morphological [serra 21
[Haralick & Shapiro 921, [Schonfeld & Goutsias 911, [RayChaudhuri ctal, 95] gives a better appearance to the

s-shapes. The binary morphological closing is used in the proposed algorithm (see Section
2.

12) for that purpose. The binary closing is a simple morphological filter that smoothes

the set from outside: all background

tructure

that can not contain the structuring clement
are added 1o the foreground. (For definition of closing and other basic morphological
operators see Appendix) It is desirable to know the value of s for which the s-shape of dot
pattern agrees well with the perceived shape. An automatic choice of an appropriate s from

<5, = is in order.



The terminal value s cannot give an appropriate grid-length unless points of §

wre

highly regularly distributed. which is unlikely. For a random dot pattern with more or less

uniform distribution, we can consider the sequence < s, = as a spectrum having s and s

as upper and lower bound. A suitable grid from the upper values of  ~s, = where

neighboring values (pre and post values in the sequence) are relatively nearly the same. is

selected.
Fora small € >0, let

§ = maxfs,: et @in

Defin

: The dispersion measure § called the structuring grid-length of the

s-shape.

We would like to point out here that “perceptual structure’ of  dot pattern  cannot be
defined uniquely. It varies from person to person to a small extent. The ¢ factor
introduces such a notion in the structuring grids. If we fix a value of € in a suitable range

we obtain an acceptable s-shape (based border). For a more or less evenly distributed DP, ¢

in the range (0.3-0.5 ) (typically 0.4) is a good choice (for details sce Section 2.4)

Let the grids in G(s) with grid side-length s be ordered in 2-dimensional array. Then it
induces a matrix (say.) ((1,,)) whose (/im)-th clement denotes the number of dots in the
erid situated at /-th row, m-th column position. The binary projection of  ((r,,)) is another
matrix (say.) ((b,,)) where

by, =1 if 1, >0]

=0 otherwise.|

The matrix ((r,,,)) can be considered as a gl

ay scale digital image whereas its projection

can be considered as a binary digital image where each object pixel represents a non-cmpty

arid of H(s). In case of a digital dot pattern (as discussed in Section 2.3). the projection

((p,,,)) (corresponding to the binary image G(x) ) is a s times reduced size image of

H(s)



The sequence of such matrices correspond to =, = are of particular interest and some
quantitative analysis on homogeneity in dot pattern as well as measure of dispersion are

possible. Consider the collection of binary projections  ((b,,)) corresponding (o Gs,). for

...+ k. If the collection is orde

cd by 7 then the resulting sequence of binary images

as well as thei

smooth versions  show how s-shape spectrum captures the underlying
structure of the DP. Such a spectrum and its smooth version, where each projection is
morphologically closed.  on the DP of Figure 2.1 is presented in  Figure 2.4. The
structuring element used for the closing is illustrated in Figure 2.6. Next. we will consider

the matrix ((z,,)) which is induced by the G(3).

Definition 2.4 : The induced matrix of G(5 ). i.e. when the structuring grids are used, is

said to be the induced dispersion matrix (or simply dispersion matrix) on the dot pattern.

The dispersion matrix with the structuring grid is denoted by DMAT(S) whereas the

binary projection of the dispersion matrix is denoted by DMAT},,(S)

Figure 2.5 illustrates the dispersion matrix of the dot pattern of Figure 2.1 where the

0.4

value of €

00000012210000000
41000011110000032
21000011120000021
110000111200000711
31000011110000031
11000001100000020
01110011100001110
11111211111221110
00120111121112000
00000111111100000
00001121112100000
00001120011110000
00011110001111000
00111100001111000
00021100001111100
00211100000111200
01121200000213100
11020000000011110

Figure 2.5 The dispersion matrix of  Figu

I
&

The dispersion matrix. which is invariant under translation and scaling can be used as a
structural basis of dot patterns. It can be considered as a gray scale image whereas its
projection can be considered as a binary image where each object pixel represents a non-

empty grid of 7/(§). The projection DMAT,,(S) may be porous and cracked due to local
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imregularity of distribution of the pattern.
di

It is closed with a wnit digital disk. The unit

gital disk is a 3x3 window having all entries valued 1 and the center of reference is

situated at the central grid of the window (see Figure 2.6). The resulting image is a

smoothed ver:

on that captures the underlying structure of DP. In Section 2.3, a digital

implementation of an s-shape based algorithm on border extraction of a DP is presented
The computation is done over the binary projection of the dispersion matrix. Note. the
cardinality of projection is less than that of the dot pattern. Another application of the

DMAT,,(S) for skeletonization of DP, is presented in Chapter 4.

11 1
13 [
11 1

Figure 2.6 A wnit digital disk
2.3 Digital Implementation

Let S be a binary image where almost all object pixels, P; = (x;, y) € 3%,

=1,2, ..narc

disconnected but densely and more or less evenly distributed in a subregion. Then S is

called a digital dot pattern. Let each P; be colored or labeled by 7.
2.3.1 Computation of dispersion matrix : Estimation of s
Step 1 :

Find

a < min X
part

b — max x
)

¢ min v
d «— max y;
(1
AW)  —  (b—a)x(d—c)
(W is the optimal isothetic rectangular region whose four vertices are respectively, top-

left i (a, )z top-right wa(a, d): bottom-left (b, ) and bottom-right corner. wa(h. d). )



Step 2 :

Step 3

Compute

Initialize the entries of two matrices ((z,,)) and ((z7,)) of order M, , x N, ,

Ly € T O

Set count number of total non-null grids :

e 0

Ateach pixel P, (i=12...n) :
e P' 7"}.

Sin
moe :

T T T L

Compute

0) ¢ « ¢ +h

Compute
[(G) I (C)3
(@) < ()




Step 4 :
,s] then (i) s« [s.}

(ii) dispersion marixis((t,,,)):

(i) and its projection is((by,,)):

else t<«t+1; goto Step 2.

Note that for estimating the structuring grid-length, explicit computation of ((z,,)) or
((81)) is not necessary but at each iteration only the number of non-null grids is required.
2.3.2 Computation of s-shape based border of DP

Step 1. Find the projection of the dispersion matrix, ((z,,))
Step 2. Smooth ((&,,)) by a binary morphological closing with a unit digital disk.

(The definition of closing is given in the Appendix).

Step 3. The border of the resulting output of the closed version after its 3 times

s considered as an

magnification followed by a translation to the point @,

approximate border of the DP.

Thus, for the s-shape re-generation purpose, information in the binary closed projection
of the dispersion matrix, the value of structuring grid-length 5 and the top-left corner of

the optimal covering rectangle w; may be stored.

)

Figure 2.7 A ‘polar bear’ shaped dot pattern



2.3.3 Computational complexity analysis

Itis evident that for every iteration, the computation of ((b,,)) is linear with respect to n.
In proposition 2.2, we have shown that in analog case, limiting size of the bucket is
attained only after a finite number of steps. However, in digital domain, since the
structuring radius is an integer number, in the worst case, (252 1+ 1) is considered as an
upper bound of iteration number. Thus, for a dense pattern where s; << . on an average,
the e-measure of dispersion 5 can be computed in linear time with respect to #1. The actual
run-time for s-shapes (as well as r-shapes) computation for various values of 1 for a typical

dot pattern is presented in Section 3.5.1.

From the above discussion it is clear that, the computation of dispersion matrix as well
as its projection is linear with respect to the cardinality of DP. Note that for smoothing of
s-shape, the main part of computation is binary closing of DMAT,,; by a unit digitl disk.
To obtain the result, the worst case computation for each object pixel of DMAT,,; is 64
binary comparisons. Thus, the average computational complexity of s-shape based border

isO(n) where n is the cardinality of the dot pattern.

| | | |
| | |
(a)l S — —J ‘ — S J(b)

Figure 2.8 Compatibility of s-shape with the perceived border of Figure 2.7

(a) e =0.3(0.4) (b)e=0.5.

2.4 Performance Analysis

We have tested the proposed algorithms on several sets of synthetic dot patterns. We have
experimentally found that for a simple regular dot pattern, if € lies in the range 0.3 to 0.5,

the smoothed s-shape successfully captures the underlying region of the dot pattern.



For the ‘polar bear® shaped DP (Figure 2.7) the s-shape based extracted borders for
¢ = 0.3, 0.4, 0.5 (The shapes for ¢ = 0.3, 0.4 are, in fact the same) are shown in
Figure 2.8(a) and Figure 2.8(b), respectively.

In Figure 2.9, the borders based on s-shape are presented for a few other typical dot
patterns. In all these cases € is fixed at 0.4.

Figure 2.9 Continued
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Figure 2.9 A set of typical dot patterns (having holes, limbs and di ity

with their extracted borders from respective s-shapes.

The boundary extraction algorithm is directly applicable for disconnected dot patterns
also where the dispersion measures of individual components (subpatterns) are more or
less same and pair-wise they are apart from each other by more than 2V23 (5 is the
structuring grid-length for the whole pattern set). For example, in Figure 2.9(d) and Figure
2.9(e) the number of such disconnected patterns is 2. However, if the pattern sct contains

components of different €-dispersion measures, a ‘cut one out’ approach is used as follows.

Step L. Find the dispersion matrix for the mixed point patterns and find the densest
component in it. (If the average number of dots in a component of the projection is

maximum then that component is considered as the densest one.)



Step 2. Trace back the induced pattern of this most dense component of the matrix

in the original mixed pattern and extract its border separately.

Step 3. Remove the extracted part from the mixed patterns and repeat the whole process.

«©

(a)

(b)

Figure 2.10 Two complex dot patterns with their s-shape based borders

This approach should be modified when the patierns are not connected (e.g. when the
distance between two dot patterns is less than the sum of their respective structuring grid-
lengths). At the overlapped zone, the border of the denser pattern may be considered as
the common separator and the border of the less dense pattern should be modified
accordingly. Two cases of such complex dot patterns are shown in Figure 2.10(a) and
Figure 2.10(b). In the first case (Figure 2.10(a)) patterns are disconnected but in the
latter one (Figure 2.10(b)) denser pattern is embedded in another DP. The results are
shown in Figure 2.10(c) and Figure 2.10(d), respectively. A more effective method is
provided in Chapter 5 which can handle complex patterns where the density changes

locally within a component.
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Figure 2.11 Robustness in presence of noise

If a dot pattern is degraded by noise then by applying the alternating filter [Serra 88],

[Schonfeld & Goutsias 91) on the DMAT,,

a considerably good result could be achieved in the
following way. After binary closing of DMAT,,, by unit digital disk, the output is opened
by the same structuring element. For example, in Figure 2.11(a) and Figure 2.11(b) the
signal to noise ratio, SNR is 10 db and 5 db [Zhou & Gordon 91]. The resulting borders

(Figure 2.11(c) and Figure 2.11(d) respectively) are quite satisfactory.

Note that our method can be easily implemented on hardware where the proposed
border extractor can be treated as a low-level vision operator. The proposed approach on
external shape computation can be extended to data in higher dimensions. This can also
be applied for data clustering where the final output in the form of a set of edges will give
the boundary of a cluster. Regarding the consistency of s-shape some nice theoretical

results are established in Chapter 6.



Chapter 3.

The r-Shape : Towards Perceptual Shape Recovery

3.1 Introduction

This chapter presents a computational approach to extracting the border of  the dot pattern
that is found reasonably closc to the perceptual structure of the dot pattern. It is not the
intention  here to model the grouping mechanisms used by the human visual system
{zusne 701, [Lowe 85]. Rather, the goal is to present a shape descriptor and an efficient
algorithm for border generation of (digital) dot pattern with a single appropriate

parameter based on that descriptor.

The outline of a dot pattern generated by s-shape has edges only in horizontal and

stair-case like appearance of border. Here we propose an

vertical directions, thus making

external shape descriptor called r~shape, that creates a smooth border closer to the

perceptual shape of the dot pattern. In this polygonal border representation,  edges are not

restricted in horizontal and vertical directions.

The idea behind this descriptor is as follows. Here, subject to proper sclection of the
radius 7, called structuring radius, by a data driven procedure, the union of disks with
radius » and center at the dots is considered as a representation of the underlying region of
the pattern. The r-shape is constructed by connecting the respective centers of cach pair of

adius

intersecting disks which are partially exposed to the background. The structuring
for an r-shape is selected from the same sequence of positive numbers that is used for s-
shape spectrum (Definition 2.2). After partial or complete deletion of inconsistent loops

(characterized in Section 3.2.1) from the r-shape, we obtain the border of the dot pattern

that is compatible with the perceived shape.

In Section 3.2, the r-shape and its related terminologics are formally defined. Among

the existing cxternal shapes, the result of r-shape has close similarity with that of the -
shape proposed by Edelsbrunner ct. al. [Faclsbranner ctals3]. The relationship of r~shape and
a-shape is presented in this section. Also, the inconsistent edges in r-shape arc

characterized.



In Section 3.3, the digital r-shape is defined and an algorithm o compute it with known

structuring radius is presented. For efficient implementation and faster processing of r-

shape. a successor listing type of data structure is proposed in Section 3.4, Based on that
data structure, an algorithm of inconsistent edge detection as well as extraction ol the
perceived shape is presented in detail. Finally, in Section 3.5, the evaluation of our r-shape
based  border extraction is done. The computational complexity of the algorithm is
analyzed and some results are presented in this section. A “real dot pattern® resulting from

representative point set of pigment granules in a squamous epithelium cell is presented and

amethod of demarcating the nucleus border is also illustrated .

3.2 The r-Shape

Let S {2, Py . Pio ... Py} be aset of n points in %7 and let » be a positive quantity. Let
D) be the closed disk with radius » and center @ and let €,(Q) be the boundary of
DAQ). The boundary and the interior of a closed set A will be denoted by 94 and int A

respectively

Consider the union of all disks centering at some points of S with fixed radius . If the
perimeter of the  disk centering the  point  P¢ is at least partially exposed to the
background then its an r-extreme poini. Otherwise. it is an r-interior point. For example. in

Figure3.1(a) P, is an r-interior point. Formally,

Definition 3.1 : A point Px in S issaid to be an  r-interior point of § if and only if

& (/’);;m"ﬂjn,(r")\‘ 3.1
Let 5 (P)= ¢ ,u»)ﬂmf\'Un (1;)\1

It is casy to verify the following proposition -

Proposition 3.1 : £,(2)=¢ if onlyif 77 is an r-interior point of S

Definition 3.2 : A point P; is said to be r-adjacent point of Py and 2P, is said o

be an r

dge ifand only i E () E(P) =0




() Hlustration of r-interior, r-edge and .
r-adjacents (r-extreme points) (b) The r-shape (closed curve)

(Input pattern is given in Figure 2.1)

Figure 3.1

The above definitions are illustrated in Figure 3.1(a). Note that BP, is an r-edge
because the disks centering P, and P, respectively, have a common point (say, Q) that is
exposed to the background with respect to the union of all disks centering points of S. ( See
Figure 3.1(a); the shaded region represents the union of disks and the portion bounded by

dotted line in Figure 3.1 (b) is magnified in Figure 3.1(a) where P, is an r-interior point.)

Definition 3.3 : Any r-extreme point P, being an end point of an r-edge is said to be an r-

vertex of S.

So, the set of r-vertices consists of non-isolated r-extreme points. The number of r-
edges passing through an r-vertex P, is said to be the degree of that vertex. If P, has more

than two r-adjacents then P; is said to be an r-branch vertex of S.

Definition 3.4 : The r=shape of the planar point set S, denoted by rsh(S), is the planar
straight line graph whose vertices are the r-vertices and whose edges arc comprised of r-

edges.

An r-path (or, simply a path) in r-shape graph is defined as a maximal alternating
sequence of r-vertices and r-edges, beginning and ending with r-vertices (referred to as
end vertices), such that cach r-edge is incident with the r-vertices preceding and

succeeding it. No r-vertex appears more than once and all other r-vertices except the end
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ertices on the path is of degree 2. A path can be expressed by a string of r-vertices. In the

Jiagram of r-shape, a path represents a simple curve.

Let us recall the existing definitions of o-shape (Edelsorunner et als3l.  Let ¢ be an

arbitrary real number. A generalized disk of radius 1/ctis defined as a closed disk of
radius 1/atif >0, the closed complement of a disk of radius -1/ct if & < 0, and a closed
half-plane if & = 0. For a set § of 2-D points, the a-hull of S is the intersection of all

generalized disks of radius 1/c that contain S. A point P; in S is c-extreme in S if there

exists a generalized disk of radius 1/c containing S such that 2, lies on  its boundary. Two
-extreme points P; and P of S are o-neighbors if there exists a generalized disk of radius
1/c: containing S such that both P, and P; lie on its boundary. The c-shape of S is the
planar straight line graph whose vertices are the o-extreme points and  whose edges
connect the respective o-neighbors. As o approaches o zero, the o-shape becomes the

convex hull of S.

The relation between r-shape and Gi-shape is as follows. In all terminologies (e.g. 1
interior point) and transforms (e.g. £, ) defined to find the r-shape, at first the union of
disks are taken and then the interior of the union is considered. On the other hand. if the
interior of each disk is taken and then their union is considered then it can be proved that

the edge joining the points P; and P; satisfying £,(P) E,(P,)# ¢ isan edge of the a-

shape (0t = -1/r > 0) [RayChaudhuri ctal. 941, [RayChaudhuri etal, 971

Using the propertics of ¢-shape and r-shape it can be shown that 7-shape is a subgraph
of its respective G-shape. The r-shape graph does not contain any point not having a
neighbor within its r-distance but such an isolated point is a vertex of the respective -

shape. In addition to the isolated points, other vertices may exist in the c-shape (¢ = -1/r)

that do not oceur in the respective ~shape. For example. consider an ¢-extreme point P;

such that - C,(B) @ Uy, int D,(P,) but €, (B)c int(U5, b,(P,)). Then there exists a point
Qon C(P) such that if it belongs to any disk D,(P). its boundary C,(P)). passes through
0.

making Q under interior of union of disks. All edges in the ct-shape with one end at 7, are

nee P, s an r-interior point. at least the boundary of three disks intersect at Q

weak edges and such edges do not occur in the respective r-shape. Here. by a weak edge



we mean an edge that disappears when the value of the graph parameter is slightly
changed. In this case if o is slightly decreased from -1/r, these weak edges disappear
Thus, the r-shape is more stable than the respective c-shape (that is when o = -1/r).

It is clear that the r-shape is different for different values of r. To get a
perceptually acceptable shape, a suitable value of r should be chosen and there is no
closed form solution to this problem. We have not come across any published literature
on proper selection of . In principle, one should be able to get an appropriate value of
rcalled structuring radius from the dot pattern itself. ( The disk centered at origin and
with radius of length of the appropriate r, is said to be the structuring disk.) Note that for
each s; of the sequence = s; >, we can find an r-shape where » = sN2. However, we shall
consider the r-shape corresponding to the structuring grid length 5. The selection of
structuring radius is justified by the possibility of existence of single point in diagonally

opposite corners of two 8-connected grids. (We use 8-connectivity as described in digital

image processing literature.)

Definition 3 V2 is called the stru

The quantity 7 of the dot pattern.

If we fix a value of & from a suitable range we obtain an acceptable s-shape (as

discuss

d in the previous chapter) and the r-shape. For more or less evenly distributed dot
pattern, € in the range 0.3-0.5 (typically 0.4) is a good choice for r-shape also. (Sce

Figure 3.6(a)-(b).)

3.2.1 Characterization of inconsistency in the r-shape

Due to local irregularity in distribution on the pattern, some edges in r-shape (even for an
optimal  structuring radius r,) are redundant and this is inconsistent with the perceptual

structure. This inconsistency can be characterized by :

I Existence of one or more simple closed contours of negligible length, (e.g. A in

Figure3.7(a) )

II. Existence of multiple paths between two branch vertices some of them of negligible

tength. (Far

ample, multiple paths exist between B and C in Figure 2.7,



A successor listing of a graph is a data structure used for the graph representation. In
r-shape graph the ratio of number of edges (¢), to the number of vertices (v). is very low.
Thus successor listing is very convenient for storage. retrieval, and manipulation of the
oraph. In general, the structure of successor listing is as follows. After assigning the
vertices distinct numbers 1, 2, ... v, a linear array is constructed for each vertex & whose

clements are the vertices adjacent to & [Deo 901,

A successor listing type of data structure, referred to as r-shape Listing is proposed for
cleaning the border of DP generated by r-shape by tracing the route(s) from one r-vertex

to another. Its composition and the way of tracing is described in Section 3.4.

A simple closed curve in an r-shape of length less than the perimeter of the structuring

disk

=6 x 7, where 6 is an approximation of 27) is considered as an inconsistent loop
because of its negligible length, However, since the distribution of points in a DP is more
or less even, average length of r~edges is approximated by # . Thus, a simple closed loop in
s on the

digital implementation is considered as incons

stent if the total number of r-edg

loop is less than 6.

Let more than one path between two branch vertices be detected. Among them. a path if
not the shortest one, is deleted if the total Euclidean length of that path and the smallest
route between those branch vertices is smaller than the perimeter of the structuring disk.
In digital implementation, as in the above case, for determining the validity of a path
between the two branch vertices we consider only the number of edges in the closed loop.
A path in between two branch vertices is considered inconsistent if the total number of r-

edges on this path as well as on the corresponding shortest path is less than 6.

3.3 Digital r-Shape and its Computation

Let S = {P\, Py, .. P, .. P,}be a digital dot pattern consisting of 7 discrete points.
Under a metric ‘@ (d is the Euclidean metric unless otherwise specified). the discrete

(di

gital) disk with radius r around P; is a set DD,(P;) of pixels, P = (x, v) so that the

distance of every P from P satisfies the inequality d(P, P,) < r + 0.5. Morcover, the

label of each pixel P in DD,(P;) is i. Let T, be the set of ordered pairs defined as follows —



max :}, (3.3)

PevD, (1)

T, - {(r. L)
The border or boundary of T, denoted by 9T, . is defined as

T, = {(P, L(P)) atleastone of 4 - neighbors of P has label n} (3.4)

The interior of T,. denoted by int T, is defined as

int T, =T, 0T, (3.5)

Let the set of labels occurring in 9T, be A(IT,)={r(P)(r. () 0T, }. Then P, is
T,)

said to be an r-extreme pivel in S if and only if e A(

Consider $-connected components of 9T, , cach having the same label. The number of
such components is more than or equal o #(9T, ). In general, a component with two or
more pixels will have exactly two end pixels, viz. the pixels having exactly one 8-neighbor

in the component.

Let G be the set of r-extreme pixels in S. For P; and P& G. BP, will be an r-edge of
Sif an end pixel of a connected component with label i in 9T, and an end pixel of
another connected component with label j (i # /) are 8-connected. Then P is an r-adjacent

pixel of the r-vertex P,. The degree of r-vertex P; is then the total number of r-adjacents

of P;

The digital r-shape of S is expressed by a diagram consisti

length of the structuring radius, r is equal to 7 = Lxﬁj(.\ is the structuring grid-length of

the dot pattern).

3.3.1 Computation of the r-shape

Step 1 : Create the discrete structuring disk with structuring radius » =

Step 2 : T, is computed by placing the structuring disk as a mask at every point
Pi(xiy y) as center (i = 1.2, ...n) as follows. Each pixel Q in the square neighborhood
(of side-length 2r+1) of P, is considered. If Q is under the disk DD,(P,) then the label i is

assigned to Q.
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Figure 3.2 Computation of the digital r-shape.

(a) The labeling of pixels by a raster scan; (b) T,. the union of labeled digital disks:

(c) The label of detected r-adjacent vertices; (d) The resultant r-shape.



Step 3 : The square neighborhood (of side-length 2r+1) of P, in T, is scanned for cach
i If in that neighborhood, a pixel P has label i such that one of its 4-neighbors is a
L if such a P has a 8-neighbor O

background pixel then P; is an r-extreme pixel. Als

with distinct label j (i #j > 0 ) such that Q has also a 4-neighbor background pixel then P;

isan r-vertex and PP, is an r-edge of S. But if such a Q does not exist for any P, then

that r-extreme pixel is considered as an isolated one.

For P;, all the mutually distinct labels of the Q s' with properties stated above are found

and the i-th row of successor listing is constructed. Let the stored labels be i; (j = 1 k)

where iy € {1, 2, ... i-1, i+1, ... n }. Then the r-adjacents of the r-vertex P; are
PP ...P,. The r-shape is a combination of r-edges which can be drawn using the
successor listing. In this case. the successor listing is composed of n linear arrays where

the i-th array contains the label of r-adjacent(s) of P, If the i-th array of the successor

listing contains j ( > i), then the  r-edge B 7, is drawn. (Thus, cach edge in the r-shape

diagram is drawn only once.)

The r-shape computation is illustrated in Figure 3.2 For understanding and

representation, English alphabets (A - X) are used on the 24 pixels present in the pattern

The pixels labeled by a raster scan are shown in Figure 3.2(a). The output of Step 2.

namely T, is shown in Figure 3.2(b). The label of r-adjacent vertices detected in Step 3

are shown in Figure 3.2(c). The resultant r-shape is shown in the diagram of Figure 3.2(d).

3.4 Extraction of Perceived Border from the r-Shape

To get the border from the r-shape. at first, the structuring radius is estimated. With the

estimated value of 7= 7, the r-shape is computed.

3.4.1 The r-shape listing
As stated earlier, due to local irregularities, even under structuring radius 7, some edges in
an r-shape may appear as inconsistent with respect to the perceived boundary of the

DP. A modified successor listing, referred to as r-shape listing is constructed to trace these

edges and is denoted as List,(S).
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Figure 3.3 The r-shape listing and the extracted border in the form of strings



This list can be stored in a matrix (say, L ) of order n x[2m(r+1) ] where each of the

first two entries of i-th (i =1,2

L n) row ie. L[, 1] and L[i, 2] contains the degree of P;

nd the remaining entries are the labels of its r-adjacent vertices. The first two entries of
cch row is henceforth respectively referred as deg, deg’ and the remaining cntries

constitute the string of r-adjacents (or simply adjacent string).

The initial choice of L[i, 1] = Lli, 2] = deg = deg' for each r-vertex of the pattern is

justified in the following algorithm on border cleaning.

3.4.2 Finding the consistent edges in r-shape

After constructing the List,(S), the algorithm for selecting the consistent r-edges and
removing the inconsistent ones from r-shape is executed through structural analysis using
the following three steps: (1) tracing of primitive linear structures (2) selection of path(s)
from multi-route in between branch vertices, and (3) removal of simple closed loops of
negligible length. Note that from this r-shape listing all possible paths from an r-vertex

can be found out.

In step (1), a primitive linear structure means a path of r-vertices whose one end is free

.e. a vertex of degree one while the other end is either another vertex of degree one

(means a simple linear structure) or a branch vertex (means a tail-like structure). A lincar

structure can be found starting from an r-vertex of degree one and including the successor

r-adjacent vertices till a vertex of degree one or a branch vertex is found. Let this output
string be denoted by lin-str. An efficient lin-str computational approach is described

below.

At first, one free end of a linear structure is detected (provided it exists) by checking

the first column of L. Let P; be such an end vertex. Then, both deg(/) and deg'(i) are

assigned the value 0 and the first entry of fin-sir is set to i. Now, the label (say i1.) of the

adjacent vertex, P, of P; on the linear structure is the value of L[/, 3] (which is the first

and only non-zero value of i-th string of r

adjacents). So. lin-str(2] = iy is taken. Obtain
the position with value i, in /;-th string of r-adjacent vertices. If L[i, 2+{] (for I > 0) is
equal to i then replace its value by 0, and swap it with the content of L[ij, 2 + deg'(i1)].

This processing has been done to avoid redundant search because with this operation a null



antry oceurs only at the end of an adjacent string. The above way of removal of traced r-

vertex label from the string of r-adjacents is referred to as conditional popping

After the conditional popping. deg'(i)) is reduced by 1. If deg(iy) is equal to 2. both

deg(ir) and deg'(i)) are set to O and if L[y, 3] = iz, then we have to set lin-str(3]

This process is continued until a label, say i, is found whose deg is not equal to 2
Then P, is either a branch vertex (if deg(ix) > 2 ) (which means the linear structure is tail-
like), or another free end ( if deg(iy) = 1) of the simple linear structure under
consideration. Note that the [length of the lin-strli, i\, i>, ..., ix] minus | is the number of
r-edges in the linear structure (which is & here). The diagram of the traced primitive linear
structure (which is a part of the r-shape), can be drawn by following the successor labels
inlin-str [i, i1, ia, ... ix] and joining the corresponding vertices.

When all the edges lying on the primitive linear structures are traced and removed, the
List,(S) contains only the edges on paths in between branch vertices and the edges in the
simple closed loops. Note that any remaining path from a branch vertex always ends at

another branch vertex. (A loop may be formed at the same branch vertex.)

Since the perimeter of a discrete disk of radius r is of order O( 27 1), the degree of an r-

vertex is also of order O(2nr]). Thus, all paths from a branch vertex which are not

(already traced) tail-like linear structure, can be stored in a matrix (say, ) M of size k x n,

where k >[ 277, For a dense pattern, we have k << n.

Except at the starting vertex, the tracing procedure of multi-paths in between branch
vertices is exactly the same as that for primitive lincar structure. The deg column of
List (S) is

considered as the starting branch vertex and is tagged by a pointer (let us call it branch

scanned. If for b-th row we have deg(b) > 2 and deg'(b) > 0 then the vertex P, is

vertex pointer).

The label of end branch vertices to which £, is path connected, the number of r-edges

) X, Yand Z,

on the path and their row position in M are stored in three linear arrays, (say.

respectively.

From X, the existence of multi-routes between two branch vertices can be easily found.

If " is the label of an end branch vertex in X such that it repeats /~times then it significs



that there exist 7 number of paths between Py, and Py (b < b"). The path of minimum length
hetween P, and Py can be found by checking the values in ¥ and corresponding Z.
Consider the rest of the paths between 5 and P,. Any one such path and the shortest path

make a closed loop. If the total number of r-edges on this loop is less than 6 then the path

is considered as

The consistent paths from the branch vertex (which is at present tagged by the pointer)
are identified by the labels of Z Now, each consistent path can be drawn by following the

successor labels of r-adjacent vertices ordered in the row of M identified by Z.

In this way, all branch vertices and their connecting paths are detected and r-edges on

these paths are removed from List,(S). Note that if there are multi-routes between two
branch vertices, the tracing over the path never repeats. For example, if for path connected
branch vertices P, and Py, the label b is less than the label b then all paths between P,

and Py are processed when the branch vertex processing pointer is at b-th row of List,(S)

The rest in the List,(S) correspond only to those edges that lic on simple closed loop
where each r-vertex is of degree 2. Now, to search an r-vertex on such a closed loop, deg’
column is scanned from the top. If P; is the lowest labeled r-vertex on a simple loop then
deg'(i) = 2. This label i is placed on the first position of the output string. Both deg(i) and
deg'(i) are set to zero. The first member of string of adjacents, say ' is tagged as the label
of the end r-vertex. If the label of the second adjacent vertex of P, is i\, then i is stored in
the second position of the output string. After conditional popping at the #-th adjacent

string, the other adjacent vertex of P, (say. P.) is found. Until an r-vertex of label i’ is

found, the same procedure i.e. conditional popping and storing at the output string is
repeated. If the number of r-edges is less than 6, the r-edges on the loop are considered as
inconsistent.  Otherwise, by tracing the successive labels in the output string. the
corresponding r-edges can be joined by line segments. In this way, all existing simple

closed loops are traced out

The resulting diagram consisting of remaining r-edges, are considered as the perceived
border of S. The r-shape listing, the extracted linear structure as well as the (valid) loop
existing in the r-shape of the dot pattern of Figure 3.2(d) (at a branch vertex labeled by
*W*) are presented in Figure 3.3. (In this figure isolated lincar structure and simple closed

loop are absent.)



Note that for the re-generation purpose of the r-shape, only the r-connected points with

respective connectivity information (including the edge-consistency) are stored.

Required time for Required time for
Test case No of Samples s-shape computation | r-shape computation
in_posce in_psec. H
1 500 19241 85101
2 1000 28885 94010 |
3 1500 36389 123187
4 2000 ~ 43898 145301
5 2500 51599 177875
6 3000 58329 206100 |
7 3500 65693 235870
B 4000 264710
B 4500 299390
10 5000 329962
I 5500 356237 |
2 6000 — 394275

(a) The table representing s-shape and r-shape computation time in micro second
for samples randomly taken from the Figure 6.1

200 r-shape

m-sec.

s-shape

500 1000 1500 2000 2500 3000 3500 4000 4500 5000 SS00 6000

sample-size

(b) The linear regressions corresponding to values in the above table.

Figure 3.4 A comparative run-time evaluation beween s-shape and r-shape



3.5 Evaluation of Proposed Approaches
3.5.1 Computational complexity analysis

To get an idea about the actual run-time required for patterns and how it changes with

varying sample sizes for the s-shape and the r-shape, dots are randomly selected from
Figure 6.1 (Some patterns with different sample sizes are shown in Figure 6.2). The table
in Figure 3.4(a) shows the s-shape and the r-shape computation time (for a given
structuring grid length and its corresponding structuring radius, respectively) in micro-
seconds for sample sizes in the range of 500 to 6000. Naturally, the s-shape computation

time is lower than that for r-shape, as reflected in the graph shown in Figure 3.4(b).

Next, We shall analytically establish that the computation of r-shape as well as the

st, the

extraction of the perceived border, as a whole, is possible in linear time. At fi

complexity of #-shape computation is examined.

@l S .

Figure 3.5 r-shapes without any inconsistent edges

3.5.1.4 The r-shape computational complexity

Since generation of a discrete disk with radius » at each point of DP requires a constant
time O(r%), T, can be computed in O(n) time. As described in the algorithm on r-shape
computation, for each point 2, pixels in its square neighborhood with sides of length 27 +1
are scanned and processed. If £ is a pixel in T, with label i in the square neighborhood
of P; then its 8-neighbors are also traced. If in the 8-ncighborhood of P. there exist a
background pixel as well as a pixel Q with a label distinct from 7, then the 4-neighborhood

of @ is scanned to detect whether Q has any buckground pixel. So. the worst case



computation for each pixel in square neighborhood of P; requires 32 (= 8x 4)
comparisons. Thus, to check whether a pixel is an r-interior, or an isolated r-extreme
pixel or an r-vertex, as well as finding its r-adjacents requires a constant time. Therefore,

the r-edges of r-shape can be detected in O(n) time.

@l _— 1 — b
Figure 3.6 Compatibility of r-shape with the perceived border.

(@ e=03(0.4) (b)e=0.5.

3512 Perceived border extraction complexity

As discussed earlier in Section 2.3.3, the structuring radius can be estimated in linear

time with respect to n.

The required time for computing the listing, List{S) is also linear with n. Since degree
of an r-vertex is O( 2mr 1), in the worst case situation, the total number of r-edges is
0(2nr 1% n) = O(n). Now, recall that each r-edge of r-shape is traced over List,(S) only
once. So this can be easily verified from the detailed description of the algorithm that
each of the 3 modules namely tracing over the linear structure, selection of path(s) from
multi-route between two branch vertices and finally the selection from simple closed
loops, require only Q(n) computation. Thus, the computation of finding the consistent
edges of r-shape requires O(n) time. From the above discussion it is concluded that  the
time complexity of border extraction is linear with respect to the cardinality of the

pattern.
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Figure 3.7 Few examples where r-shapes are not free from inconsistent edges ™

In each cow, the lefi figure has inconsistent edge(s); the right figures are obtained by edge prunning described in Section 3.4.2



352 Experimental results and discussion

sted the proposed algorithms on several synthetic dot patterns. The results are

We have t

quite satisfactory. As discussed in Section 2.4, we have experimentally found that if € lies
inthe range 0.3 to 0.5, the extracted border is compatible with the perceptual border of

the dot pattern. For a given DP (Figure 2.7) the r-shape based extracted borders for ¢ =

ire 3.6(a) and

0.3, 0.4, 0.5 (The shapes for € = 0.3, 0.4 are the same) are shown in Fi

3.6(b). respectively (The input patterns are presented in Chapter 2). Over a few other

typical dot patterns where the extracted borders are proper subgraphs of respective -
shapes, are presented in Figure 3.7. The borders resulting from s-shape and r-shape arc

comparable.

(ay I

Figure 3.8 Two complex dot patterns with their r-shape based borders

For a given dense dot pattern, our proposed r-shape based border gencrator is on

average a O(n) time algorithm. On the other hand, any algorithm for border extraction
based on Voronoi diagram |Ahuja 821, Delaunay triangulation [Edelsbrunner etal83) or Sphere of

influence graph (Toussain 8] needs at least O(n log n) COMPULALion [Prepareta & Shamos 51

In digital case, the number of iterations required for getting the structuring radius is
very small. For example, in all the above listed figures of r-shape, the number of itcrations
required is less than 4. Except for a very few operations, the computation is based on
integer addition, subtraction and comparison. Thus, our method of border extraction of dot

pattern is very fast and efficient.



The proposed algorithms on structuring radius estimation and r-shape (r-shape listing)
are locally computable and can be directly implemented on parallel machine. In

s fi

{RayChaudhuri ctal. 941, where the concept of r-shape wa;

st introduced, we  proposed an
algorithm on r-shape computation that could be implemented in Single Instruction

Multiple Data computers viz.. on CRCW-

M (Concurrent Read, Concurrent Write, Shared

Memory) computer model

The

shape based boundary extraction algorithm is directly applicable for disconnected

dot patterns as in case of s-shape. For example. in Figure 3.6(b) and Figure 3.7(a). the

number of such disconnected dot patterns is 2. However, if pattern set contains

components of different e-dispers

on measures i.c. component wise their structuring radii
are different, the cut one out approach as discussed in the previous chapter, is adopted
(Figure 3.8). This approach is also recommended for separating components if the pattern

is degraded by (pepper) noise.

3.5.2.1 Application to cell nucleus shape detection

As mentioned in the Introduction, dot pattern shape analysis has possible applications in

various real-life problems. Here, we illustrate one in the area of Cytology

Cellular organelles are components located inside the cell cytoplasm having defined
shape, size and function. Among these the nucleus is the most important one. The
phospholipid bi-layer of a membrane that circumscribe the nucleus is a flexible structure

that responds 1o a variety of environmental or internal cues and consequently changes its

shape and s

¢. In Figure 3.9(a) part of the human cell of squamous epithelium is shown

Note that the nucleus

shape as well as the distribution of pigment granules in squamous

cpithelium is a determinant factor in some skin disea

ses including cancer. In a malignant
cell the nucleus boundary appears distorted and even splits into small nuclei. The order of

deformation gives clue to the level of degradation caused.

The slide that is photographed is prepared by immuno fluorescent method. In the figure

the pigment granules (dark spots) and the nucleolus (gray region) within the nucleus are

clearly visible. But due to poor immuno affinity at the nucleus membrane. it is hard to
differentiate the nucleus from the cytoplasm. However, as dark spotted pigment granules

are densely surrounding the nucleus. its border can be efficiently estimated as follows.
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Step 1: Convert the gray-scale image to binary by a simple thresholding ( Figure 3.9(b) )
As some part of the nucleolus with some noise are still as object pixels in the

image. it is further filiered by an morphological opening (The structuring disk of



radius 2 is applied in this image and the gray region in the Figure 3.9(c) represents

the filtered version).

Step 2: Find representative points (pixels) for each component. The output of this step is a
digital dot pattern surrounding the nucleus (each dot is represented by a cross for

better visibility in Figure 3.9(c)).

Step 3: The value of r is estimated and the smooth r-shape of the pattern is generated (As
the distribution of granules is not very uniform, the closeness factor € is set to 0.5.

The result is shown in Figure 3.9(d)).

Step 4: Finally, the closed border that does not surround any single dot of the pattern is

taken and superposed over the original pattern. The result is shown in Figure 3.9(e).



Chapter 4.
A Morphological Approach to Shape Description of Dot

Patterns

4.1 Introduction

In this chapter, we consider (mathematical) morphology based approaches (o recover the
underlying structure of dot pattern. The approach is based on the concept of r-shape and

the dispersion matrix of the dot pattern, proposed in the earlier chapters.

Because of its theoretical potential and implementation ease in parallel system.
mathematical morphology plays a major role in image processing and pattern recognition
problems [Serra 82, [Sternberg 86]. [Haralick ctal. 871, [Dougherty 941 The fundamentals of
mathematical morphology are provided in the Appendix. Recently theory of mathematical
morphology is also extended in analysis of graphs [Vincent 891, [Bertin cal. 921, However, we
have not come across any published article on morphological algorithms for shape
computation of dot patterns except [Worring & Smeulders 941. In this paper, the c-hull of a input
pattern X is expressed as  the binary morphological closing of X by the generalized disk

(Section 3.2).

Among two aspects of shape of a regular dot pattern, the external shape is considered
in the previous two chapters. But the other aspect. internal shape is the main concern of

this chapter, although external shape(border) extraction is also considered.

The internal shape descriptor tries to capture the core of that underlying region in the

form of line-like skeletal representation. Some related works are (Zahn 711, [Parui cral. 9.

[Ogniewicz 911 and  [F cras 93]. (The last two works mentioned have been presented for

binary images but can be applicable for dot patterns also with little modifications.) Here,
an cfficient skeletonization approach based on projection of  dispersion matrix is

proposed.

This chapter is organized as follows. In Section 4.2, the r-shape is interpreted by

binary morphological operators (Section 4.2.1), and an algorithm on border extraction is



presented in digital case (Section 4.2.2). A simple but effective extreme point extractor is

developed by binary morphology. With structuring radius. 7 = 7 (see Definition 3.5) the 7
shape is formed by joining these extreme points under certain constraints. To represent the

border of the dot pattern the border of the bounded region of r-shape is smoothed by

morphological filters. It is observed that this border is compatible with the perceptual
structure of the pattern. A new approach to find the skeletal representation of dot pattern
is proposed in Section 4.3. The binary projection of the dispersion matrix which is closely

related to the notion of

tal

-shape is used for that purpose. It is found that the binary d

image resulting from  the dispersion matrix, if smoothed by morphological filters (as
described in Section 4.3.2), is a scale reduced digital image of the smoothed s-shape. At

first. this imag

> is morphologically thinned (the algorithm is presented in Section. 4.3.1)

and then stretched (described in Section 4.3.3) over the pattern. In Section 4.4, presentation

of experimental results on few typical data sets is followed by a discussion

4.2 External Shape (Border) Computation of Dot Pattern

In Section 2.3.2, for s

shape based border extraction we applied morphological operator
namely binary closing. To obtain a morphology based algorithm for smoother polygonal
border of dot pattern, at first the r-shape is _interpreted by morphological operators

4.2.1 The r-shape interpretation by mathematical morphology

Let § = (P, Pa

LP;, ... P,ybeasetof n points in R and let r be a positive quantity.
As mentioned earlier, D,(Q) = N> is the closed disk with radius r and center Q; whereas,
CAQ) and intD(Q) denote the boundary and interior of D(Q). When Q is (0,0). D.(Q)
and C,(Q) are simply denoted by D, and C, respectively. Consider the isothetic rectangle W

with minimum area covering S.

By a transform each point P is assigned a unique integer (gray) label say. i
Considering the disk. D, as the region of support, a constant function assigns a (gray)
label (say, = = 0) at_cach point on the disk. Dilate S by D, in gray level [Swmbers 561 Then,

the existence of a pair of adjacent arcs (say, QQ. QQ7) having color i+z and j+z

respectively, in the border of § @ D, will identify the redge £P, (See Figure 3.2).
However, the r-extreme points of S are more efficiently extracted by binary morphological

transforms as follows.
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where the binary dilation and erosion operator are respectively denoted by & and €. For

; and ds, Figure 4.1 is referred.

visual understanding of s

Both the following Propositions can be casily  verified

Proposition 4.1 : 5, contains all the rextreme points of S, In fact its the set of o-

extreme points of S where « —
’

Let S=s@® D, = (JD,(£) and 9S denote the border of the region S

STU@S, @ D)

Proposition 4.2 :

Note that a point £, of S is r-adjacent 1o another point 22, i ¢, (£2)01C, (£ )08 is

non-empty. Thus, the 7shape. rsA(S), can be gencrated by joining pair wise adjacent

points. Let PS(S), =#09S, . re N7

Definition 4.1 : The plot = £5(S), . r = is said to be the dot pattern spectrum over S

Definition 4.2 : The region bounded by the r-shape is called the # hull and is denoted by

hudi(S),

Note that any bounded region (component) in the complement of #ud/(s), is considered

as hole il it does not intersect the border of W, that is dW. Otherwisce, it is just a part of

the background of the dot pattern. The #udi(S), can be found by srowing 57 in the 7~

L B(S), . rah(S), and

shape. For a “bear’ shaped dot pattern (Figure 4.1(0).  the

Audi(S), are. respectively. illustrated in Figure 4.1(b-1).
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Figure 4.1 Proposed approach of border extraction of dot pattern

(a) The bear shaped dot pattern; (b) S2: (¢) 57: (d) 3S,: (e) the r-shape:
0 the r-hudl; (g) S’z (h) $7°: (i) border of the dot pattern.

Recall that due to local irregularity in the distribution of dots, some edges in r-shape
(even for a structuring radius r = 7 ) are redundant for border detection. When such edges
are present, inconsistent holes of negligible size may appear in r-hull and the topology of

the pattern may be changed. Here, a hole of r-hull is characterized as inconsistent in

contrast with perceived shape, if the structuring disk of the pattern can not be contained
in it. If the r-hull is morphologically operated by a binary closing where the structuring
element is the disk of radius half of that structuring disk, all inconsistent hole are

removed.
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Definition 4.3 : The output of r~hull by the binary closing with structuring element D, is

called the smoothed r-hull and is denoted by rhwl(S), .

ed to be the border of the dot pattern.

Finally, the border of the smoothed r-hull is refer

4.2.2 Morphology based DP border computation in digital case

Let S be a binary image where almost all object pixels, £ = (x,.y,)e 3*are isolated but

densely and more or less evenly distributed in a subregion. Then § can be considered as an
image of a dot pattern. Note that, the task of extracting the perceptual boundary of a image

of dot pattern in digital domain can be divided into three major modules namely

(i.) Estimation of structuring radius, r =
(ii.) Computation of r-shape by the estimated r.
(iif.) Removal of inconsistency from border.

An algorithm on structuring radius estimation is given in Section 2.3.1. Thus., we omit

the first module.

4.2.2.1 Dot pattern’s border extraction algorithm

Let DD, = DD, ® DD, ;.

Step 1 ST S®DD, . (See Figure 4.1(b) )
Step 2 S; - SODD, . (See Figure 4.1(c) )
Step 3 S, S/ (See Figure 4.1(d) )

Here, 95, is the set of r-extreme pixels.

Let £.,pP,€ds,.



Step 4 For cach r-extreme pixel P, € DD, (P)NS with (i, >i),
if (D(?,(P,)m;(s,@))ﬂ DC,(B,) # ®then digital r-edge PP, is drawn.

(See Figure 4.1(e))
After Step 4 we found the digital -shape rsh(S), the diagram  consists of digital -
edges.
Note that the digital r-hull (see Figure 1() ) is the set of pixels bounded by rsi(s),. As

the thickness of the void region in between rsh(S) and S} is less than 7. a smooth

version of the digital r~hull (even without computing r-hull) can be casily found as

follows.

Step 5 57 rsh(s). US;? (See Figure 4.1(g) )

Step 6 S« S’eD,.: where Jﬂ (See Figure 4.1(h) )

Step7  Find the border of S’ that consist pixels each having a 4-neighbor in  the

complement of § (See Figure 4.1(1) )

Finally, the output of Step 7 is considered as the border of the dot pattern S.

4.3 Internal Shape (Skeleton) of Dot Pattern

The process of locally symmetrical width reduction of a pattern to line-like structures
without altering connectivity or without appreciable distortion of shape in the input image.
is called skeletonization or thinning. For image analysis (not dot pattern), thinning is a
widely used technique. For a survey on conventional approaches see [Lam cual 921 and in

particular morphology based algorithms  (Jang & Chin 90] is referred.

As in continuous object, if the dot pattern is elongated, skeleton is a meaningful

ras 93] or Voronoi

representation of the shape of the pattern. Delaunay triangulation [raug
diagram [Ogniewicz 91] based skeleton representation  techniques are computed over border

(corner) points. Since the border points of a dot pattern, namely, r-extreme points can be
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very efficiently extracted by S, one way of computing the skeleton of a dot pattern is to

apply one of these skeleton representation techniques on the set of r-extreme points.

If the underlying structure of a dot pattern is correctly recovered then the skeleton of
this recovered structure can be considered as an internal shape representation of dot pattern
as well. So, another approach of computing the internal shape of the DP would be the
exploitation of existing smart morphological or conventional thinning algorithms over the
smoothed r-hull of DP. (See Figure 4.8 where smoothed r-hull is thinned by the algorithm

presented in [Rosenfeld & Kak 82]; the input pattern is shown in Figure 4.7).

In the following, we have proposed an alternative efficient way of thinning the dot

pattern based on projection of dispersion matrix.
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gure 4.2 lilus of the proy ization of dot pattern.
(a) Dot pattern under the lattice with structuring grids; (b) dispersion matrix. DMAT(S’

(©) DMAT,,; the binary projection of DMAT(S),each square grid represents a pixel in DMAT,,;
(@) morphological smoothing of DMAT,;; (e) thinning of (d):
(D) stretching and overlaying of the skeleton(e) on the dot pattern.



4.3.1 Proposed approach of skeletonization of dot pattern

The dispersion matrix DMAT(S) which is invariant under translation and scaling can be
used as a_ structural basis of the dot pattern S. The binary projection (see Figure 4.2(c)) of
dispersion matrix. DMAT,,; (see Figure 4.2(b), where input dot pattern is shown Figure
4.2(2) ) is considered as a binary image where each grid represents a pixel. The DMAT,,,
may be porous and cracked due to local irregularity of distribution of the pattern. In case
of digital dot pattern (Section 2.3), it is a scaled (reduced) version of the hull induced by
structuring grid where the scaling factor is the square of the structuring grid-length. It has

been observed that the smoothed v

rsion (as described in Seetion 4.3.2) of the said
projection can successfully capture the underlying structure of DP. Since in general, the

topology of r-hull is well preserved in the smooth vel

sion, the skeleton of DP can be
extracted by DMAT,,,; without actually computing the 7-hull in the following manner. After

taking

© of pores and border-cracks in DMAT,,, the resulting image is morphologically
thinned. The proposed algorithm is discussed in 4.3.2. The skeleton is then overlaid by

stretching (as described in Section 4.3.4) and considered as the skeleton of the dot pattern
This approach has three-fold advantage:
i, Any smart binary image-thinning algorithm can be used on the DMAT,,,.

ii.  Due to search space reduction, it is extremely fast.

iii. Extraneous spurs (par

sitic branches) generally caused by thinning is minimized.

Note that, the domain of binary projection of dispersion matrix is 32 and henceforth

unless otherwise mentioned, we will consider thinning only over binary digital domain

Finally in Section 4.3.5 the dot pattern-thinning algorithm is presented.

4.3.2 A morphology based binary image thinning algorithm

Let A be a binary digital image. A boundary pixel P of A is not removable: (i) if its
removal alters the connectivity, (in that case the pixel is referred to as a critical pixel), or
(i) if the removal shortens any leg of the skeleton (In that case the respective pixel has
exactly one 8-connected neighbor and is referred to as a end pixel). Pixels that can be

removed are called simple pixels.
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Consider Figure 4.3 where the positions of (horizontal-vertical) 4-n

ghbors and of the
rest (diagonal) 8-neighbors of P are respectively represented by {a,c.b,d} and {e,f.h,g} (in
clock-wise direction).

e c|f
alp|b
g|d|h]

Figure 4.3 The 8-Neighboring positions of a pixel P

Proposition 4.3 : If the neighborhood of P matches any of the four templates 7' - T

(Figure 4.4(a)) (centering at P), then the following statements are true.

(a) (For template 71) P is critical iff (¢ =0 and f=1)or(d=0 and h=1).

(b) (For template T2) P is critical iff (a=0 and e =

=1)or(b=0 and f=1).
(¢) (For template 73) P iscritical iff (¢ =0 and e=1)or(d=0 and g=1)

(d) (For template 73) P is critical iff (a=0 and g=1)or(b=0 and h=1).

(b)

Figure 4.4 The set of (a) templates and

(b) structuring elements used for thinning and stretching.



Proposition 4.4 : If P matches template 71 or T5 then P is an_end pixel iff . ¢. f, g. d and

hare zero. On the other hand, if P matches template 7> or 7% then P is an end pixel iff ¢,

4 g f,band h are zero.

Our morphology based algorithm is based on the above two propositions (Datta & Parui 941.

Consider the six templates (o.B.y.8,1n.1) illustrated in Figure 4.4(b). A few composite

transforms are defined as follows.

Y =A@ (@BN(A® (1.8)UAa® (n.p)) (4.4)
Q. =A° O (DD, /(0 UB)) (4.5)
W = A /(A ® (e B)/(YE‘;:;))M w (DU, (A))) (4.0

S e 2 B e N R .
()= ‘M(\)(n i&]( l[vye'»um»[ P(vm](w][ ‘m«wnm))” @7

(*~" denotes the reflection operator: e.g. 7 ={-xxev} )

r(A) = 2(2(..(£(4)))) (4.8)
- 8 plEh) plr8) (ccB) 4 ) e . .
I can be shown that WD o0 WL T and WD ) remove all those

simple border pixels of the input image matching templates 7Ty~ T, respectively.

Using Proposition 4.3 and Proposition 4.4 following result can be established.

Proposition 4.5 : I(A) is a unit pixel thick skeleton except at critical junction and

preserves the connectivity as well as skeletal legs.

Each pixel in the skeleton has two neighbors unless it is an end pixel or a critical
junction pixel. The advantage of the proposed thinning is that it does not require any post
trimming operation of the skeleton like several existing parallel algorithms. (Often skeletal

are not preserved due to such trimming [Jang & Chin 901) Also. the closeness factor of

the skeleton to the medial axis is quite high. However. as mentioned carlier any alternate

efficient thinning of binary images may be applicable also.



4.3.3 Smoothing of dispersion matrix projection

As mentioned earlier, some inconsistent holes and border cracks with respect to the
underlying structure generally appear in DMAT,,; due to local irregularity in distribution of
dots. If the size of a hole is less than 3x3 then it is considered as inconsistent. If these

holes and border cracks exist, they can be removed by a closing (say. DMAT®") with the

unit-structuring disk, DD, (See Figure 2.6).

Many thinning algorithms [Daua & Parui 94] fail o tackle the object pixel that has only one
diagonal neighbor which is 4-connected to other object pixel and often produce crroncous

limb in the skeleton. Here, this problem is tackled by removing such pixels as follows.

l)MAT:“ is opened by DD,. The 8-isolated pixels of the residue DM,

“! that do not lie
in DMAT™ o DD, arc considered. If for such a isolated pixel P, DD;(P) contains less than 2

.t

pixels of DMAT,,. P is removed from DMAT®'.

Let the remaining of DMAT™ be
denoted by smth(DMAT,, ). Note that smih(DMAT,,) is also free from 8-isolated pixel of
DMAT,

e

4.3.4 Stretching and overlaying of DMAT skeleton on DP
Let the skeleton of the smth(DMAT,,,). I'( smth(DMAT,,;)) be henceforth simply denoted
by I. An injective mapping from the I' to the digital dot pattern space can be defined in
the following manner. Consider a pixel P in I'. Let its corresponding element in the matrix
DMAT be gi,; where gp, represents a grid say. g in G(§). Let the mid-point of g be
denoted as Ay, To detect critical junctions, few composite transforms are defined as
follows.
M (4) = ((a@a)N(a0M) @ n (4.9
A =T (U T DU T (DU T ((4) @10)

Ay(A)=Ac(wuyum) (@.11)

Note that Az(A) < Aj(A). It can be shown that Aj(I") contains all the pair wise diagonal

8-neighboring pixels of I that have also a critical junction as a common 4-neighbor
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whereas Ax(I') contains the union of 2x2 sized squares. (In general. presence of such

squares in the skeleton are very rare.)

For each pixel P and any of its 8-neighbor(s), say P’ in I', consider their respective
mid-pixels (say.) fum, hme. Now, the following actions are taken. (i) Ju, and /iy, are
joined by line segment if both P, P’ do not belong to Ay(I"). (ii.) If both P. P’ belong to
A1) but not 1o Ax(I), the corresponding /i, and s+ are not connected. But if (iii.) P, P
belong also 10 Ax(I') where P and P’ are diagonal neighbors, then /iy, and iy, are

connected in the dot pattern space.

If Jup and fy- are joined without any criteria like (i.)-(7ii.) then at each junction of
the skeleton of the DP, local loops will appear which are inconsistent with the topology
of the skeleton I" derived from dispersion matrix. Note that action (ii.) suppresses diagonal

connection to maintain the ‘L’ shaped structure of the skeleton whereas action (iii.)

suppresses the connection of midpoints of 4-neighbors in I" but directs to conneet the
corresponding mid-points of the diagonal 8-neighbors in I"at a 2x2 junction. The resulting
diagram is considered as the skeleton representation of the dot pattern S. In the following.

the outline of the proposed dot pattern skeleton algorithm is sketched

4.3.5 DP thinning algorithm

Stepl. Compute DMAT,

i

of the pattern.

Step2. Compute smth(DMAT,,;) from DMAT, (See Figure 4.2(d))

i i

Step3. Compute the skeleton of smeh( DMAT,,,;) by T' transform. (See Figure 4.2(¢))

Step4. Stretch the I' and overlay the skeleton on the dot pattern. (See Figure 4.2(f))

4.4 Results and Discussion

A few typical examples of digital dot patterns (having holes, multi-components etc.) with
their r-shapes and borders are shown in Figure 4.5. Except at concave corners. which are
onding results of Chapter 3.

become blunt, these results are exactly same with co




Consider a ‘Amaeba’ shaped digital dot pattern having elongated limbs and two holes
in Figure 4.6. The skeleton and the outputs at the different levels of our proposed
algorithm is provided in Figure 4.7. The skeleton of the smoothed r-hull for the same DP

presented in Figure 4.8 by a standard algorithm [Rosenfeld & Kak 82], are comparable.

a

Mg 5

B

Figure 4.5 (a)-(c) Examples of dot patterns; their respective (d)-(f) r-shape and
(8)-3) extracted border.



Figure 4.7 Step by Step skeletonization of a digital dot pattern.
(@) Result of Step 1; (b) result of Step 2: (¢} result of Step 3 (d) the final out put.

Our proposed internal shape (skeleton) extractor of dot pattern is robust under noisc.
Subject to the proposed approach, skeletons obtained through our unified method in noisy
environment (with 15 db SNR (Figure 4.9(a)) and 10 db SNR (Figure 4.9(b)) respectively)

are quite satisfactory.

1

Figure 4.8 Thinning of r-hull by a standard algorithm.
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|

(@l IR TS

Figure 4.9 Extracted skeletons on noisy patterns.

Suppose some points of a dot pattern are locally displaced. The effectiveness of
dispersion matrix as a structural basis is established on such cases of (locally) distorted
dot patterns. For example, 50% and 95% of points of the original dot pattern have been
randomly displaced in the local neighborhood of radius r (= 7) = 4, respectively. The

distorted patterns with their respective skeletons are shown in Figure 4.10.

J (b)

Figure 4.10 Resulting skeletons over distorted paiterns.

Skeletons of a few other digital dot patterns having elongated structures are shown in

Figure 4.11.

As discussed earlier, the number of iterations required for generating the projection
of the dispersion matrix is very low. In all illustrated examples, the number is less than 4.
It is apparent that the proposed border extraction of DP, especially using parallel
processor, require moderate  computation. As the underlying structure (DMAT's

projection) is a reduced size image of the underlying region (its approximation is the

smoothed r-hull), the thinning process is considerably fast.
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Figure 4.11 A few examples of elongated dot patterns with their respective skeletons.

Our approach can be extended to data in higher dimensions. As skeletons of dispersion
matrices of dot patterns which are evolved by translation, scaling, addition of noise or local
distortion of a dot pattern are remain unaffected, thinning of dispersion matrices may be

effectively used for dot pattern classification and pattern matching problem.



Chapter 5.
A New K-Nearest Neighbor Based Approach on Clustering

and Shape Computation of Complex Dot Patterns

5.1 Introduction

In this chapter, finding of borders of nonlinecar components with variable density, as well
as ares belonging to linear parts of dot pattern is of concern. Recall that a component of a
dot pattern is curve-like or linear if the shape looks like a line (technically. the component
has locally one degree of freedom). On the other hand, if the component covers a region
with finite arca then it is a non-linear component. Consider Figure 5.1 where € to € are
simple non-linear components while A, B are end points of a simple linear structure.
Among more complex components the curve between C and D represents a tail-like

EF having no free

extension from a globular shaped nonlinear component € and the curv
end is connected on both sides 1o two non-linear components. Cs and Cq, respectively. The
rest of the dots with no perceptual significance in G to K appear as noise. Among these.

only / contain two dots and rests are singletons.

In the previous three chapters. the shape recovery of regular dot patterns is discussed.
In this chapter the r-shape is generalized to (i) variable density dot pattern. (if) complex
pattern having linear components and (iii) several distinct components of dots in a single
scene

The proposed approach is based on k-nearest neighbors (k-NN) of points. The average
distance of &-NNs (with appropriate value of & ) of a point can be taken as structuring

~shape. called generalized r-shape provides a border of

radius at that point. The resulting

the dot pattern. Note that the gencralized r-shape constitutes disks of variable radii instcad

of constant radii considered in our previous approach.

An arbitrary dot pattern may contain several components or clusters as shown in
Figure 5.1. If the clusters of smoothly varying density can be identified then the borders of
generalized r-shapes of these clusters give rise to the shape of the overall dot patiern.

contain perceivable linear components as well, Our approach

Morcover, a dot pattern ma

is to detect and trace the linear patterns and then process the remaining dots as possible

parts of non-linear component



The generalized r-shape is defined at the beginning of Section 5.2. Thereafier.

clustering s ibed as a relarivistic phenomenon (Section 5.2.1). The proposed
clustering approach of finding multiple non-linear components is described at the end of

this section (Section 5.2.2).

The detection of the linear component is considered in Section 5.3 (although in actual
implementation the linear components are treated at first). Section 5.4 contains the digital
implementation. Results on some dot patterns are presented and the time complexity of the

algorithm is discussed in Section 5.5.

5.2 The Generalized r-Shape and Proposed Clustering

Consider a single non-lincar component S{P\, Pa ... P . P, ..P,}. Let the average
distances of k-ncarest neighbors of P, be denoted by r. A point 7 is considered as an
interior point in the component if it is “surrounded’ by its k-neighbors. Formally. it can be

defined as follows.

Definition 5.1 : A point P; is said tobe a _k-r-interior point of S if

C, (/{)cm;o D, (P) (5.1
ped

Otherwise, P; is said to be a &-r-extreme point of S.

Let S (n)=c, (p‘)f,,,,pl D, (r).

Definition 5.2 : A point #; is said to be k-r-adjacent of P,and  £F, is said o bea
k-r-edge if

E(P)AE (P)*0. (5.3)

Any k-r-extreme point having k-r-adjacent(s) is a non-isolated point and the set of non-

isolated points is considered as border points of the dot pattern

5.3 : The A-NN based generalized r-shape of S denoted by k-rsh,(S), is the

planar straight line graph whose vertices are the k-r-extreme  points and whose edges are

k

~cdges.



If local continuity exist in the distribution of dot pattern then non-linear components of
the dot pattern can be identified reasonably well in terms of k-NNs. However, & should be

selected properly. Note that Voronoi neighbors are good representation of neighboring

son distribution of points) on an average the

points for an interior point and (assuming Po

number of Voronoi neighbors is 6 [Okabe et al. 92] and hence we take & = 6.

Let r; denote the average of distances of k-NNs of P,

=
[e B
e =
< c
A s Cs
.
x
Coor

Figure 5.1. A complex dot pattern with labeled components

5.2.1 Clustering : a relativistic phenomenon

A close look at how data appear to be clustered in the Euclidean space will reveal that
clustering is a relativistic phenomenon. Here, some observations are presented those may

be useful for designing clustering algorithms in general (Chaudhuri 93

I. Whether a set of data (points/samples or features) S will appear clustered depend on
the window under observation in which the data set is defined. If S is the only data set

r than

s clustered then the window size is much bigg

in the window and if S appears

the underlying region of S.

11 If a st of data S appears clustered then the density of data will show a single plateau or

a single top and no prominent valley.

I If there exist another cluster 7 in the window under observation and if S appears

clustered then either one or more of the following should be true:



(a) Number of data in S is comparable with that in 7¢

(b) Average spacing (density) of data in S is comparable with that in 7.

(¢) Distance between S and 7 is large compared to the average spacing of data in S and

T.

If the number of data in S is very small compared to that in 7, it may not be wise to

ing of data in S is very large

consider S as a cluster. Similarly, if the average sp:
compared to T the data of S may appear as stray unclustered data. On the other hand, if

spacing of data in §

the distance between S and T is not large compared to the aver:
and T then they do not appear as distinct clusters. Then either a part or the whole of 5 gets

absorbed in T (i.e. appears as a part of 7).

There is interplay of characteristics (a)-(¢) stated above. Depending on the situation,

one characteristic predominates or aids or obstructs the other in the cluster perception

IV. Subclusters may be seen in S when *viewed closely’. But when viewed from a distance,

S may appear as a single cluster.

5.2.2 Proposed clustering for non-linear component isolation

This clustering criterion is motivated by the observations discussed above. Because of
constant value of &, we are ‘viewing the data” from a fixed distance. In other words, only
single observation of the data is taken. Thus, IV-th condition is not reflected in our
proposed clustering. However, by varying values of k the IV-th condition can be

incorporated.

Definition 5.4 : The point-wise consi y measure (PCM) of a neighboring point P,

with respect to P; is defined as

PcM(P.Py)

A k-neighbor P; is considered as consistent with respect to P;if PCM(P.P)) < € where

& (<< 1) isa positive constant.



The approach is based on the concept of pedigree using PCM as follows. Consider a

seed point and find all consistent neighbors among its &-NNs. These consistent neighbors
are referred o as the children of Ist generation. Now, the children of the 2nd generation

for cach child of the first generation can be detected.  The cluster will continue 1o grow by

appending the children of the previous generation that are not already labeled at the carlier
generation. Thus, two members say, P; and P, in the patiern set are of same pedigree (o
cluster) only if one of them (say. P;) is consistent with the ancestor of the other (say.

P)) ata certain generation.

To choose the sced point, we observe that the point-wise consistency is not a
symmetric relation and hence this approach of growing cluster is somewhat biased

towards absorbing relatively dispersed points than the ones with higher density

For a better understanding of this effect, consider two mutually k-neighboring points 7,

and P;. Let r,< r,such that

o
n

rem(r.r))

In this situation if a cluster grows from P, it absorbs 2, irrespective of the distribution
of the pattern set. On the other hand if the cluster grows from 25, unless there already exists
some point in the cluster from which a generation-wise consistency relation could be
established to 24, then 2 will never be absorbed in the cluster. Thus, for proper clustering

the seed point should be chosen at the densest part of the cluster

This biased criterion in fact fits well with the human perceptual process. Imagine that

you are sitting at the center of a bi-variate Gaussian distributed point cluster. If you look

towards the outer dots. they appear to grow out of the center and the cluster contiguity
remains intact. But the perception of cluster growth becomes weak if the observer is placed
on the periphery of the cluster. The central zone (denser part) appears more distinet and the

site of the observer seems to be isolated.

In implementation, to capture the border of the component in a better way. the average
of distances of &-NNs is not always taken as the structuring radius (for details, see the
algorithm in Section 5.4.1) Also. by introducing additional measures, some corrections

(or smoothing) on the border are performed.



5.3 Detection and Tracing of Linear Components

Since the value of average neighboring distance for a point over a linear patiern is much

her than the structuring radius, it is  better to distinguish points over lincar patiern
before the clustering. It is assumed that points on linear structure in dot pattern are more

or less evenly spaced. A point 2, that does not lie between two neighboring points of the

dotted curve is an end point. On the other hand, there exist two neighboring points at

nearly opposite directions about 2, then P, is an interim point of the linear structure

Definition

¢ The local lincarity measure (LLM) at a point 2 of a dot patiern is

defined as the smallest angle at £, subtended by the two nearest neighbors

Let 0 (< 45°) be a small threshold angle and for 7= 1.2, ... »n let the point 77 be labeled
as e’ or i according to it LIM =0 or > (-8) respectively. Now. consider 2-NNs of

1bors is not labeled by ¢ or i, then it is labeled

these labeled 2. I any of these ne

by “x'. Let the rest of the points in the dot pattern be labeled by "z A e-labeled point

has a very low LLM and hence it is very likely 1o be an end point of a linear structure

Similarly. a i-labeled point is very likely o be an interim point in the lincar structure.

Points labeled by “x* may belong to linear structure depending on its surroundings while

the point labeled “=" is most likely to belong to non-lincar structure. In an unsupervised
environment where  the structure of the underlying pattern is unknown.  labeling of

points by ‘e’ i

and ‘2" is notsufficient to trace/detect the lincar pattern. But the

labeling certainly gives clue about linearity. If in the vicinity of the point 2, having

no other point exists with label "¢’ or

label then P, is accepted as a strong frec

end vertex of a linear structure. In Figure 5.1 A L B, C are the strong free end vertices

Definition 5.6 : If none of the &-NNs of a point 2, with label "¢’ is labeled by “e™ or

then 72, is called a k-strong free end vertex.

In case of alinear pattern having no free end. the possibility of labeling a point 7 by

" as well as the existence of its 2-NNs with label “z"and i°

re very high at the vicinity
of the junctions between lincar and nonlinear structures. If a lincar structure with
substantial length could be traced out from such a 2, then ;s considered as a strong

closed end vertex.



Definition 5.7 : If a point P; labeled “x’ with its 2-NNs labeled ‘z” and ‘i’ is found such
that from P; a linear path of r (= k) points having labels other than ‘2’ could be
established and no k&-NN of the [0.5/th vertex on that path is labeled by *z* then P; is

said to be a k-strong closed end vertex

It is accepted that a strong end vertex implies presence of a true linear structure. Taking
into account the 2-NNs, from a strong end vertex (intuitively from the end vertex) and its
successors along the curve, the linear structure are traced out. If the shape of the linear

structure is tail-like then usually the label of the other end is

where the tracing is

terminated. On the other hand, if it is a simple linear structure then the other end is

normally  labeled by

Note that for a simple linear structure, the existence of three

successive vertices with label

is impossible. This constraint is also accounted at the
time of tracing. If two consecutive predecessors as well as the successor are labeled by
“x" then the tracing is terminated at the successor. If a vertex is found with label “¢” at the

time of tracing then that vertex is included in the lincar

structure. Furthermore, if one of

its untagged 2-NNs is ‘i’, the predecessor with label ‘e’ is considered as a interim point

and the tracing of linear path is continued by changing its label to *I°

5.4 Digital Implementation

Let S be a digital dot pattern consisting of n discrete points P; = (v, v, (i = 1.2, .n).
Among these points (pixels) suppose that a few are scattered in the image and appear as
noise whereas rest of the points form clusters (of uniform or variable densitics) or dotted

curves.

5.4.1 Algorithm

The algorithm has the following 4 basic components :

1. The computation of k-NN matrix and the corresponding distance matrix:

IL. (a) Labeling of points according to its LLM by “¢’, *i", *x” and

(b) Detection of all k-strong free end vertices as well as tracing of the linear structures.

(¢) Detection of all k-strong closed end vertices as well as tracing of the linear

structures,
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111 () Ordering of remaining points from highest density:

(b) Non-linear component isolation by clustering

IV. Computation of generalized r-shape bused graph of each cluster whose

cardinality = &, as well as their smoothing and correction.
Now. the algorithm is described as follows.

Step 1 : Form an integer matrix (say.) K (i, j) with 7 rows and (k+1) columns. The first
entry (j = 0) in each row indicates the candidate point. Set up the corresponding - distance
matrix (say.) A where (i, )-th entry for (j > 0) is the Euclidean distance between dots P
and 7. The  (i,0)-th entry of A represents the average distance of k-NN of Py viz. i In

fact, K and A can be grown simultaneously.

Step 2 : Compute the uni-dimensional array A of size n where i-th entry stores the LLM

at P;. Find the set of k-5

rong free end vertices usir ount the 2-

Kand A. Taking into a

NNs from such a strong f end vertex the linear structure is traced out. For example,
let P, be a k-strong free end vertex with its 1-NN being P, he {1.2. .. i1, i+l o)
Both are tagged at A. Now, among 2-NNs of £, find the untagged neighbor say, %z

which is different from Pi

ag that vertex also. Continue the

ursive search and tagging.
The tracing is terminated when a vertex is confronted with only untagged neighbor of

label

If after tracing two successive vertices with label “x* an untagged vertex with

label *x’ is found then too the tracing is terminated. After tracing all lin tructures from

k-strong frec end vertices, k-strong closed end vertices as well as their corresponding
linear paths are traced out. The successive vertices along the dotted curve(s) are joined by
digital line segments in the output image £ Next, the set $”containing the remaining points

of § that do not belong to linear structures is processed.

Step 3 : Checking the average &-neighboring distances in A, points of $”are ordered in

decreasing density and maintained in a uni-dimensional array (say) I7. Without loss of

gencrality, let. I’ = {Py, Pz .. Pi, . P} where m < n. Initialize the cluster counter £ by

0. P, is taken as the seed of the first cluster.
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Figure 5.2 Output at some major steps of the algorithm.

Step 4 : Suppose the seed is denoted as P~ The cluster around P’is grown. By checking
PCM the children of 1st generation among the k-NNs of P’ are detected. Let the sct be
denoted by {P%, ..., P%} © I' (k"< k). Next, the children of 2nd generation viz. the
consistent neighbors of P4, P% .., P’ are detected. Redundant scarch of vertices is
avoided by tagging already traced vertices. When all generation wise consistent neighbors
are traced, the growth of cluster from P’ is completed. The current cluster is treated as
noise if its cardinality is less than k. Otherwise, the cluster is accepted as valid and
¢ is updated by r +1. Without loss of generality, let rth valid cluster be denoted by
C, ={P\ P2 ..., Pi ..., Pr} where T < m <n. The border of C, is extracted as follows.

Step 5 : The structuring radii at points of C; are computed. If the linearity label of the
candidate point as well as of its 2-NN arc other than ‘e’ then the average distance of its

consistent neighbors among the k-NNs is taken as the structuring radius of that point.



Otherwise, the distance from its nearest neighbor is taken as its structuring radius. Let 7

denote the structuring radius at P, and ¥ be initialized as an empty image frame. Digital

disks DD (P) having radii 7 and centers at P, are successively superposed on ¥ for

=12, T. The label of a pixel P in ¥ is assigned by the maximum label i of the disk

DD, (P) which contains P. For cach i =1.2, .7, all the discrete points on DC, (P) are

scanned over W, If there exis

s a pixel P of label i, having background pixels in its 4-

neighborhood then P; is considered as an extreme pixel of the dot pattern. Further, if such a

pixel P has a 8-neighbor Q with label j (i #j >0) such that Q has also background pixel in
its 4-neighborhood then P; is an extreme adjacent pixel of P;. In that case, digital line
segment PP, is a possible edge on the border of the cluster. The nodes and edges of the
corresponding (undirected) graph of the resulting diagram are stored in a linked list like

r-shape listing (Figure 3.3) as described in Section 3.4.1, for further proc

ing.

Step 6 : Some correction or smoothing at the border of the cluster C; is done through the
linked list. If  the number of vertices of a closed loop in the list is very small (< & ) then
that loop is removed. If multiple paths are detected between two vertices and if one of
the paths appears with single edge (see Figure 5.4(b) ) then that path is also removed (see

Figure 5.4(c)).

It is to be noted that the degree (the total number of incident edges) of almost all
vertices in the generalized r-shape of non-linear structures are 2. However, if there is a
‘neck’-like joint at a vertex then the degree of that vertex is = 4 (see Figure 5.4(e)). If
more than 1 self-loop paths are found at a branch point of degree = 4 then the loop

making maximum acute angle at the branch point is modified. The branch point is

es (sce Figure 5.4(1).

skipped from the loop by joining the second and last but one verti
The details of path tracing of graphs are skipped. An efficient approach for this purpose
is already provided in Section 3.4  [RayChaudhuri ctal. 971. The consistent edges in the form of

digital line segments are drawn in Z

Step 7 : The existence of next cluster is checked. If P; is at the top of I' that is not

tagged by any cluster label then P, is taken as the seed and the process of border

extraction is repeated from Step 4. If no such P, is found then the algorithm is terminated.
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Figure 5.3 A few dot patterns with various shapes and their respective extracted borders.

5.5 Results and Discussion

The proposed algorithms are successfully tested on several images of dot patterns. In
Figure 5.2(a), all valid extracted linear structures of Figure 5.1 are shown (Results of Step
2). The initially detected non-linear cluster is shown in Figure5.2(b) (Result of Step 4). Its
generalized r-shape based border is shown in Figure 5.2(c) (Result of Step 5). The
complete set of extracted shape from the scene is presented in Figure 5.2(d) (Result of
Step 7). Note that because of small size, the 5 clusters G to K are not considered for the

border generation.

A few other typical dot patterns are shown in Figures 5.3(a)-(c). The first one contains
linear structures only. One non-linear component surrounded by another non-linear

Gaussian-like pattern and a simple linear structure exist in Figure 5.3(b). Although, both



these figures are corrupted by isolated points that may be considered as noise. In Figure
53(c) one non-linear denser component is cmbedded in a dispersed one. In all these
images the borders of non-linear components are correctly recovered without any

inconsistent edge and the linear patterns are traced as shown in Figures 5.3(d)-(f).

However, in Figure 5.3(d) one of the linear structures becomes di d at branch
points. In Figure 5.4(a) and Figure 5.4(d) two patterns are shown. The first one is rather
evenly distributed. In the other figure, five closely spaced Gaussian-type clusters are
shown. The two types of inconsistent edges that are discussed in Step 6 of the algorithm
are present in the generalized r-shapes shown in Figure 5.4(b) and Figure 5.4(e). The

corrected borders are shown, respectively, in Figure 5.4(c) and Figure 5.4().

(a) (b) ©

—

@ © G

Figure 5.4 Two cases where correction of borders is necessary

Our proposed algorithm is robust. In all the figures the isolated noise-like points are
correctly detected. However, two points which are not perceived as isolated, got separated

from their respective components as shown in Figure 5.3(f) and Figure 5.4(c).



To analyze the time complexity, the proposed algorithm is grouped into 4 parts: (i) the
computation of the &-NN matrix K, distance matrix A and ordering of points from
highest density in I (i) detection and tracing of linear structures: (ifi) non-lincar
component isolation by clustering; and (iv) computation of generalized r-shapes and their

smoothing. For straight forward methods, the average case time complexity to obtain K, A

and I' is O(n°). However, there exist faster algorithms [Border 90]. [Zukara & Ozard 961 for

accomplishing this tz

sk in O(n log n). Therefore, it is assumed that the first part can be
done in O(n log n). It can be casily verified that (i) can be computed in linear time. Note
that being non-iterative, our proposed clustering algorithm performs a breath first scarch

only once and for each node, there are atmost k times computation on point-wise

consistency measure. Thus, the average time complexity of (iii) viz.. clusters generation is
also linear.

Note that there exists algorithm to compute the &-SIG ' in expected O(n log n) time
(Miller et al. 011 Since the generalized r-shape is a subgraph of £-SIG and partially exposed

disks to the background can also be detected in O(n log n) time  [1mai et. al. 851, the expected

time complexity of generalized r-shape computation is bounded by Q(n log n)

Our proposed clustering is not based on a similarity measure and symmetric type

relationship among data points as reflected in other k-NN based clustering arvis &

rick 71
[Gowda & Krishna 78]. Rather, the criterion of clustering is based on dominating points and
their consistent zone of influence. It seems more natural that denser points and their
neighbors, up to which some contiguity can be established, dominate over the other points,
in forming the clusters. This is the justification behind our usage of non-symmetric

relation.

*The &-SIG is the generalization of the sphere of influncee graph [Toussiant 8] by considering the influence zone of cach point as
the smallest disk containing &-NN rather than the 1NN [Guibas et. al. 91]




Chapter 6.

Consistent Set Estimation in k-Dimension: An Efficient
Approach
6.1 Introduction

Shape description may be viewed as an associated problem of the more basic question of
set estimation  from a finite number of sample points drawn from the set. External
boundary of the estimated set may then be used as shape descriptor. One major problem
of interest in set estimation is  consistency. A set estimator is consistent if it converges
(in an appropriate sense defined in the following subsection) to the original set o as the
number of points drawn  from ¢ tends to infinity. Moreover, a good set estimator
(a) should be computationally efficient: and (b) should be automatic, in the sense that the
method should be able to detect the number of independent disjoint components in the true
region even when this number is unknown. None of the estimators [Grenander 751, [Murthy 58]
[Mandal ct. al. 92]. [Worring & Smeulders 93] known to us combine all these properties. Our aim is to

obtain a set estimator that possesses all these desirable qualities

In this chapter, the notion of s-shape in 2-I is extended and a class of set estimators
in higher dimension are derived. The theoretical properties related to consistency of - these
estimators are studied. The spirit of the procedure is non-parametric in nature. At first, we
formally define the consistency. Some important results existing in literature on this topic

are also mentioned which is followed by the layout of this chapter

6.1.1 Consistent estimation and existing results

Let X,. Xa, ... X, be k-dimensional (k-D) independent and identically distributed (i.i.d.)

observations from a distribution g2 which is

supported on a set & © R Let efs(ar).

inr(cn).

and d(c), respectively denote the closure, interior and boundary of &z wher

A and

difference

denote respectively the k-dimensional Lebesgue measure, — symmet

operator and  the expectation of a random variable

Def

tion 6.1 : Let o, RN* be a set estimator of @ based on Xy, Xo. ... Xi . X, Then

o, is said to be a consistent estimator of ¢ (denoted as o0, —> ) if



6.1)

Theorem 6.1 : Let o R’ be a bounded Borel set whose boundary has Lebesgue
measure 0. Let <g, > be a sequence of positive numbers such that as n — e, ¢, — 0

> . “ . . .
implies » €% — <. Let o) =U{X||X, - X|<¢,}. Then o, isa consistent estimator of
under the assumption that g is uniform.

The above theorem is due to Grenander [Grenander 751, The same result is considered in

[Mandal et. al. 92] where the circular disk surrounding each point X; is replaced by rectangular

neighborhood.

It is possible to define infinitely many different sequences ot €,s with the property

that as 11— o<, &, — 0 and ne?, —> e<. Since the choice of €, does not depend on Xy, Xa,

X, Grenander’s class of estimators does not have the scale equivariance property

Another consistent set estimator based on the Minimum Spanning Tree (MST) is due to

Murthy [Murthy 88]. In this case, the radii € are made functions of X, Xo, ..., X,, in the

context of compact regions [Aposiol 711. A set ¢ is said to be compact region if o is path-

connected, compact, cls(int(e)) = o, and d(a) consists of finitely many rectifiable curves

. X, ) and the length of @, is /,.

Let @, denote the MST of (X, X

Theorem 6.2 : Let  «) =U{x||y-X|<h, Yeo,} where h, = [ Then o'y s a

consistent estimator of ¢t

The above result is also true for any continuous distribution. However, the result can
not be extended to the case of union of multiple compact regions unless the number of

disjoint components is known. The above two  theorems, established only on 9,

lly take the union of certain circular neighborhoods centering every sample point (in
Theorem 6.1) or points over the MST of sample points (in Theorem 6.2) as an estimate of

the original set ..
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Figure 6.1 A ‘fish shaped’ region

In Section 6.2, the s-shape in k-D and its derivative, a smoother version, are formally
defined. In Section 6.2.1, we prove the consistency of s-shape when the point set is
generated by a uniform distribution on c. This result is extended to general continuous
distributions under appropriate conditions via another theorem. In Section 6.2.2, the error
rate in estimation is analyzed. One important derived result is that the order of error is
independent of the dimensionality. The consistency of smooth s-shape is also established
The notion of s-shape spectrum is extended in Section 6.2.3. Coupled with binary opening

these cl

of estimators are highly robust in the presence of noise. Two more results on
consistency of the clopen (closing followed by binary opening by the same structuring
element) version of s-shape as well as the s-shape spectrum as set estimators, are

established.

In Section 6.3, algorithms of linear order complexity that are readily derivable from
the definition of the proposed set estimators are applied to dot patterns and some results in
digital domain are illustrated. The role of 8, the parameter controlling the structure of the

estimators as well as its values which appear to be intuitivel

and experimentally

justifiable are analyzed. Finally, a general discussion is presented in  Section 6.4
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Figure 6.2 Random samples from o.of Figure 6.1.



6.2 Proposed Class of s-Shape Based Set Estimators

Let S, {X,

Xi.... X,} be a set_of n sample points in R*. Let W, be the optimal (with
smallest &-volume) hyper-rectangle, with boundary surfaces perpendicular to the (k-1)
dimensional coordinate planes of reference, covering S, i.e. S, © W, < R For the
remainder of the chapter, such a rectangle will be simply referred to as the optimal hyper-
rectangle covering the point pattern. For a given hyper-cube (grid) of side-length s, . let

£5,) denote a lattice of grids on R, with sides parallel to the coordinate axes.

For any such lattice, define

G(s,)={¢

#s)={slgms, 2o} Hs,)=Ulelecn(s,)} ©3

AW, = ok G(s,)=U{g g e @(s,)} 6.2)

Note that G(s,) denotes the set-union of grids over W, while H(s,). the s-shape in -
dimensional space, is the subset of G(s,) by joining the grids each of which contains at
least one point from S,. Let #H(s, ) denote the number of grids in F(s,). Then the

Lebesgue measure of H(s,) in R is  A(H(sn)) = #H(s, ) x (s)* .

As discussed in Section 2.2, starting from the grid nearest to the center of reference of
the coordinate axes, let the grids of G(s,) be ordered (like raster scan) in a k-dimensional

array. Then G(s,) induces a k-dimensional array (say.) <z, , . In 2-D. as discussed

earlier, it is the dispersion matrix whose (71, £2)-th element denotes the number of dots in

the grid situated at 7,-th row, 7;-th column position.

Defini

on 6.2 : The binary projection of the above array is the array < b, -

defined as

b =1 z, 0
i 1 o0 o

=0 otherwise.

A set in k-D composed of the positions of non-zero entries in the binary projection, is
referred to as an object whereas the rest is considered as background. Note that there is a
one-to-one correspondence between the object and #(s,). The object in the projection is

also denoted by H(s.).



92

By generalizing the definitions of 8-neighbors for black and 4-neighbors for white
pixels of two-tone image, [Rosenfeld 70] the connectivity in grids of £s,) can be defined. Any
two grids in the object are neighbors if they meet at a point, line, a plane or a hyper-plane

of dimension less than k. But in case of background, two grids are ne

ohbors only if they

meet at a hyper-plane of dimension k-1.

Two grids g1, g of same type (both empty or non-empty) in £s,) arc connecred by a
path of grids (in object or background exclusively) in the form of a sequence. say, g1, g

.\ G 150 that giy is a neighbor of g A (maximally connected) component in #s,) (or

in £s,)NH(s,)°) is the subset of M(s,) (Fs,)N H(s,)°) so that each grid in it is connected

by a path to any other grid in the set. A hole is a component of finite measure in the

background, Fs,)NH(s,) [Voss 91].

Consider a 3x3x..x3 (k-tuple) array. (say.) T having all entries cqual to | as a
k-D structuring element where the center of reference is located at the middle position of
the array. As discussed earlier, the binary closing is a well known morphological filter
which is defined as dilation followed by a erosion with a structuring element
(Haralick et al. 871, It is an increasing, extensive and idempotent operator. Let the object be
morphologically operated by a binary closing with T in &-D integer space 3%, Let the
resulting morphologically closed version of the object in the projection be denoted by
# (s.). Then,

H(s,) {zEsﬂlss‘, Zer, =H(s,)Nt, # d} (6.5)
where T, denotes the translation of T tor.

Let H (s,) denote the union of all grids whose corresponding reference positions in the

projection, namely, Z = (21, 2., 20 belong o # (s,). We refer the H (s,) as the

smoothed induced hull of H(s,) in k-D. The closing ‘smoothes’ the set from outside (as
discussed in  Section 2.2) so that all holes of ‘negligible size’ (less than size of T )

¢ # (s,) is considered as a smooth version of # (s,)

become part of the object. The supel
in the projection. For example in 2-D, an empty grid, g having 5 non-empty grids in its

8-neighbors becomes a part of the closed version H (s,).
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The consistency of FH(s,) is first analyzed under a uniform distribution. Regarding the

choice of s,, a data driven procedure is proposed and the range over which H(s,) remains

consistent is established. Then it is generalized to the ¢ of any continuous distribution.

6.2.1 Consistency of the s-shape

Consider any set o a finite union of connected subregions in R, cach of which is
bounded by a closed hyper-surface of finite area. Assume that the interior of o has a
positive k-D volume (Lebesgue measure) but the boundary is of Lebesgue measure zero

Also let W be an optimal hyper-

angle such that o lies in the interior of W. Without loss
of generality, let the volume of & be p, (0 <p < 1) and that of W be L.

Let Sy {X1, X2, .. Xiy oy X,,} be the set of n points chosen at random under the uniform

distribution over o. Let the k-D volume of the optimal hyper-rectangle W, covering S,

be A, < L. Let the side-length of hyper-cube grids in lattice /s,) on %R be

=n (YA ), 0<d<l. (6.6)

For clarity of presentation, the following notations are used. Let #G, denote the
number of grids in the union, G,. Let T,, I,, B, and H, denote, respectively, the union
of grids in £s,) intersecting o (some of them may not contain points of S,). completely

in the interior of c, intersecting the boundary of o and the grids containing points of ..

i.e. the k-D s-shape. Clearly, 7,, = 1, UB,. Let #T,,,#1,, #B, and #H, denote the number
of grids in the respective unions. Moreover, let  n; and ng  represent the number of
points of S, in [, and in B,, respectively. If s, is chosen as above, we shall show that
the Lebesgue measure of the symmetric difference of H, and o goes to 0 in probability

as n tends to e for the appropriate choices of 5.

By the Strong Law of Large Numbers (SLLN ) any subregion of o with positive
Lebesgue measure eventually has a point chosen from it in S, with probability 1. Thus

W, — W in the sense of (6.1)as n —> = and with probability 1, A, — 1. We also have,

limh(B,)=0. ©.7)
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In fact, A, 6.8
i 202\ and tim (65
() A
Similarly, (6.9)
lim ™ = | with probability 1.
dom
5 n*®
Note that #G, is approximately n*>, and lim v
Let n; = na, where lima, =L By the above results. it is casily established that
1im :G"” =p. (6.10)
6.11)

Suppose that n balls are thrown at random in 2,

o
n

> =" boxes, 0 < 0 <k, where a is a
a

finite positive constant. Then the probability that any box remains empty is

(6.12)

which goes to zero in the limit for 0 < 1. Now. the expected proportion of cmpty cells

among the #1, cells in the interior of the region o is

(6.13)

Since g/ L, the limit of the expression in the right hand side of the above
e T

equation becomes ¢ # if 8= !:equals 0 0if 8 <l:andequalsto Lif : <8<l
k k

Thus, for any choice of & < 1, the expected proportion of empty cells among the
k

squares completely in the interior of the region ¢ goes to 0 for a sufficiently large n

Since the proportion of empty grids is a non negative random variable, the proportion of

empty grids among those completely in the interior of ¢ also goes o 0 in  probability by
Markov’s inequality.
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#8B,

Also, by equation (6.8). as fim ~ 0. the proportion of empty cells among #7,,

#T,
is 0 in the limit. Hence. ;i ##» _ | and H, eventually covers o in probability. That is.
e
*(H; A )= 0 in probability as n goes to infinity.  (6:14)
Conversely, MH, cat)=((B, v 1,)nal)
=B, N )+ a1, na)=a(B, ) (6.15)
Taking limit on both sides, lim 1(H, ~at) < lim x(8,)=0. (6.16)

Combining (6.14) and (6.16) it is established that A(#,A«)— 0 in probability. ]

Since the above symmetric difference is a positive bounded random variable, the

following theorem is established :

Theorem 6.3 : Let S, {Xi, X2, .., Xi, ... X,} be iid observations from a uniform

distribution supported on a region . a finite union of connected subregions in R, where
each subregion is bounded by a closed hyper-surface of finite area. Let W, be an optimal

hyper-rectangle covering S, with hyper-volume A,. If s, —u**(yA,), 0 <8 <1, then the

'
*

s-shape H (s,) is a consistent estimator of « in k-dimension.

6.2.1.1  Points from continuous distribution

Let f(>0) be the continuous density function of the random variable over the k-
dimensional region & which is defined as in the beginning of Section 6.2.1. Without loss of
generality let the k-volume (Lebesgue measure) of o be p’ (0 <p’< 1) and that of W

be 1.

Let 2(Q) be the probability of any subregion @ of o under the density f Let n
points be chosen from the region o at random under g and the set of points be denoted by

S,.. Consider any & > 0. Then one can choose a large number m such that

Metn)=p - L where a,,,:{\;\gu,l</(x)<m}. ©.17)
"

H
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Let (o) =p. We assume that the boundary of the set o, has Lebesgue measure 0.
Let Tons Inns Hyn, denote, respectively, the union of grids in Fs,) intersecting .,
completely in the interior of o, the grids in @, containing points of S,. Also. let #75,,,.
#1,,,, and #H,,, denote the number of grids in the respective unions. The other notations

and terms are identical with those of the previous theorem.

As justified in the previous theorem, in the sense of expression (6.1), as 1 — =,

W, >w (6.18)
while with probability 1, A, -1 (6.19)
and Mot AT5,)=0. (6.20)

Let a (sample) point Z be drawn from . Then

w(zel,,)= [r(x)ax<mr(1,,). (6.21)
Fn

For a given grid g among #1,,,,

’(ZE,S) N 8T
w(zel,,) m#L,, Mg

w(zed (6.22)

zel,,)

If m; points are drawn from /,,, then an upper bound of the probability that g is

empty can be found from the following equation.

o . _ ( 1 w 5
©0(gnS, =gt #(1,,08,)=m) < Ll ) (6.23)
where #(1,,,"S,) denotes the cardinality of 7,,, NS,
,
By the SLLN, lim = (6.24)
Juiicim

Let m; = na,, where lima, =p.
For i =1,2, .., #1,, letthe characteristic function yx, be defined as

(6.25)

L if ith grid is empty
xi=

0 otherwise.



.
P
As proportion of empty grids among # /., is —=— . the expected proportion of empty

orids among  # L. is

oo

E| = < = - (6.20)
#1,., #1,,, m*#1 m* #1,, n*

ght hand side of the above equation becomes ¢” )i

equals to 1 if 1 <8 < 1. Thus, for any choice of & < L. the proportion of empty grids
3 &

completely in the interior of the region @, goes to 0 for a su

iendly large n.

Following same arguments as for the expression (6.14),

A(H;,, Mo, )0, in probability. (6.27)

For any given € > 0 and 0 <7< 1, by (6.16) , (6.17) and (6.27) we can choose M and

N such that whenever m=M, n=N and 8< ! the probability
k

P(‘%( Hy no)l<e)z I’(}.(H,‘,‘ Lo, <E)zi-r (6.28)
As (6.28) is true for arbitrary & and 7, and since

r(H, no )=r(B,)—0. (6.29)

we have, AMH,A®)—0 in probability. =

Thus, from the above result the following theorem is established.

Theorem 6.4 : Let X, Xa, ..., X, be i.i.d. observations from any continuous distribution g2

having support & on which its density function f is positive. Then the s-shape. /1 (s.). i3
4 consistent estimator of o in k-dimension when the other conditions are the same as in

Theorem 6.3.
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Figure 6.3 The asymplotic convergence for 5 =0.45.
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Figure 6.4 The asymptotic convergence for 8 = 0.49.
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Note that henceforth, for convenience we &

ssume that the distribution of sample points
is uniform. The minor difficulties that arise in case of a continuous distribution can be
treated by more elaborated definitions and considerations, which would only tend to

detract from our presentation.

6.2.2 Error

It is crucial that the experimenter has an idea of the order of error (in terms of the

rence between o and o',) when the procedure is

Lebesgue measure of the symmetric di
terminated at a particular value of 1 and the corresponding estimate o, has been
determined. We provide an upper bound to this error when the points are drawn under a
uniform distribution. We consider the hyper-cubes in  the interior and the boundary of o

separately.
The error in the interior £, related 1o the proportion of empty grids, is equal o

(6.30)

where ¢; and ¢ are constants greater than 0.

The logarithm of the R.H.S. of (6.30) is taken. Expanding Log[ 1- ¢, and then
\ .

exponentiating back, the leading term of £ is found to be c.e”' ™" (where ¢ > 0)

Let £(d(c)) denotes the k-D  surface area of o (in k-1 dimension).  Then the error in
the boundary Ej satisfies
E, < #B,xn*

<(C;(D(rx))\‘ .
s

o

<en ™, where ¢s s a positive constant. - (6.31)

Note that the error in the boundary dominates that in the interior. Thus, the error in
estimation is at most of order O(n™®). One important point to note is that the error is

independent of the dimensionality.
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6.2.2.1 Consistency of the smooth s-shape, H(s,)
The smoothed induced hull 7 (s,). in general, is a better representation of the shape of a
dot pattern than s-shape [RayChaudhuri ctal. 97]. The consistency of H, (which is an

abbreviation of H (s,) ) is analyzed.

It can be easily verified that

(6.32)
As H, isa superset of H(s,), we get by (6.14),
ity na)— 0 in probability. (6.33)
The boundary error may increase in case of H (s,). But as
AH, na) <3 a(1, ca),
by (6.16), (#, ~a)—0 in probability. (6.34)
The above two equations result in the following theorem. ]

Theorem 6.5 : The smooth induced hull H (s, is a consistent estimator of o under

the same condition imposed on Theorem 6.3.

6.2.3 Robust estimators in presence of noise

Noise is a very common phenomenon in any system of observation and inference

input data may be corrupted at various level of processing like sampling. transmission ctc

Perhaps because of the scarcity of implementable consistent estimators very little
attention has been paid to this problem. If the reference position of a  point is outside the
region under consideration then that point should be treated as noise. Due to inherent

connectivity in the MST, the consistent estimator based on MST [Murthy

s1is highly noise

sensitive. The class

of s-shape based estimators proposed above are partially robust in

the following sense : if the noise originates from within the optimal hyper-rectangle then

s influence is little but otherwise it may adversely affect the result.

In the presence of noise, there is a possibility of abrupt increase in the size of the

optimal hyper-rectangle, the grid-size becomes erroncously larger than the structuring
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size. Moreover, since H(s,) and H (5,) are unable to remove grids upon scattered noisy

points, in constrained situation, these result in wrong estimation with deformed shape

and topology (considering the set estimator as shape descriptor).

To make the class of s-shape based estimators more robust two steps are taken. First,
to find a proper grid size in noisy data, as discussed in Chapter 2, the notion of s-shape
spectrum is extended in k-D. Thereafter, grids upon scattered noisy points in the s-shape

are taken care by the clopen transform.

6.2.3.1 The s-shape spectrum in k-D and its consistency

Let s S 4/A when

=n S yfa(u(s) >1

where A(H(s,)) denotes the k-dimensional volume of the hull #(s, )

(6.35)

Then ((s;)) is the s-shape spectrum in k-dimension.

We will analyse whether #(s;) are consistent set estimators for finite ¢

To prove the

consistency, we will only show that the expected proportion of empty grids completely in
the interior of o goes to 0 for sufficiently large n. The rest of the proof is similar to that of
Theorem 6.3. We do this for the uniform distribution case, but the result goes through for

the general distribution with minor modifications.

Let for simpler notation #(s;) be also denoted by ;. Also, let # 1, denote the number

of grids completely in the interior of c.. Similar simplified notations are also used for other

related terms.

Note that, A(H

sttt =n S4fA; !‘!A A

r=1 (6.36)
where A(H])= An.

We want to show that H/*' is a consistent estimator of ¢ when 7 is a finite positive

integer.
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With the initial grid length 5! the optimal isothetic window W, covering S, is

partitioned into #G, (= n*®) grids and the consistency of #,) i.c. H(s,) has already been

established. Now consider, the case forr=1.

By the consistency of the

(6.37)

and #G, for large n. (6.38)
#1} .

Also fim 2o = p implies (6.39)

Thus, the expected proportion of empty grids among the #/7 in the interior of the

region of o is

o e
[1,;] :[1,” Lj where fima, =1 (6.40)

For arbitrary large n, the above relation tends to ¢ sequals o 0if <! and
&

equalsto 1if 1 <8< 1.
k

Thus, forz=1, H'*' is a consistent set estimator under the conditions of theorem 6.3.

Note that for 7= 2.

(6.41)

A and A1) end to L and 1 respectively for large n.
A(H7) »

H, i
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Thus, for large n (6.42)

#G, = #G;

Subsequently, for r = 2, H!"' is also a consistent set estimator under the same

conditions. Thus, by induction, it is established that —

Theorem 6.6 : The s-shape spectrum <H(\-,g)> is a consistent estimator of o under

the same conditions imposed on Theorem 6.3.

One interesting observation from (6.42) is that for large n there is no significant
change of the s-shapes in the  spectrum for t = 1. Thus, in noisy data  #1(s; ), the result
after second iteration may be taken as the s-shape of the sample set for large »
6.2.3.2 Consistency of the clopen version of the s-shape

Let H(s,)be morphologically fillered by the binary opening with the structuring
slement, T. In contrast with the binary closing, opening is an increasing. anti-extensive

ind idempotent transform. Let the output be denoted by #(s,) and the union of all grids.

whose corres ing (lm)-th t positions belong to #(s,). be denoted by 77(s,)-
Also, let # denote the event that any non-zero position in #(s,), whose corresponding
orid lies in the interior of @, remains non-zero after opening. Now. to show the

consistency of F(s,). it is sufficient to establish that the probability of #, P(A#) — 1

Consider a window, w of size 5x5x..x5 (k-tuple). Let b be a non-zero (black) position
of H (s,). It can be verified that to convert the value of & to 0 (white) by ~opening with the
structuring clement T, at least two 0 valued positions should exist in the i centering at b.
(The number of required white positions in w increases with the dimensionality). Let

Y = number of white grids-positions in w around the non-zero position, b in # (s,).

By Markov's inequality, E(x;) (6.43)
L0
2

P(Yz2)= E(;/)

In other words, P(4#)— 1. Thus,

Theorem 6.7 : The clopen version of the s-shape, 77(s,) is also a consistent estimator of

o under the same condition imposed on Theorem 6.3.
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6.3 Implementation in Digital Domain

For visualizing the cffectiveness of our proposed consistent set estimators in pi

ictice, we

have implemented the s-shape in two dimensional digital domain. The foreground in a
(binary) digital image might be considered as . Random samples of 7 object pixels are

picked. The area ol

o, M) s measured by the total number of object pixels in
. Following Section 2.3, algorithms of linear order time complexity for computing s
shapes and their smooth versions as set estimators are readily derived from the definition

of binary projection

The cardinality of the foreground in Figure 6.1 is 63903, We randomly take sample

points shown in Figure 6

(a)-(c) with 22 =100 (= 0.001 x # ). 1500 (= 0.02 < # o) and
3000 (= 0.04 x # ), respectively. For 8 =0.45, their H (s,) and /1 (s,) are presented in

Figure 6.3 (a)-(c) and Figure 6.3 (d)-(), respectively. The corresponding figures for

= 0.49 are shown in Figure 6.4, The ratio of (e, A «) by Ate) are plotted for
o, = H(s,) and <, = I (y,) aguinst the sample size for 8 = 0.45and 049 in
Figure 6.5 (a) and (b), respectively. The asymptotic convergence of ', is readily
understood despite the  limitation due o guantization.  As far as set estimation is
concerned, the smoothing leads to a substantial improvement for the case & = 0.49, but not

for 8 =0.45

Figure 6.6 presents two more examples where our estimator is applied as shape

deseriptor as well. The hole (in input Figure 6.6(2)) and disconnected components

re 6.6(d)) are correctly recovered. Two sample sizes of 300 and 1500 arc taken in

both sets. All output  figur

represent smoothed s-shapes due to binary closing with

S fixed at 0.49.

The robustness of the s-shape based ¢

ss of set estimators is reflected in Figure 6.7

The input patterns shown in Figure 6.2 are degraded by noise (Zhow & Gordon 911, In all cases
signal to noise ratio. SNR. are fixed 1o 10 db and the used estimator is 77(+) (with 8 fixed

at 0.49).
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Figure 6.6 Two more examples where smoothes s-shape based set estimators extracts pattern shapes.
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Figure 6.7 Robustness of the class of proposed set estimators.(SNR = 10 db)
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6.3.1 Choice of &

It is clear that the choice of 8 has considerable impact on the resulting s-shape. For
smaller values of 8. the boundaries of o', = H (s,) are cruder — so much so that the s-
shapes for & in the range (0, 0.45) appear to be of little practical utility. For larger values

of 8, on the other hand, the figure exhibits larger number of inconsistent holes (compare

Figure 6.3 and Figure 6.4). In the particular case 8 = 0.5, the proportion of the area formed
by the union of these holes with respect to the arca of the region under estimation

converges to a fixed non-zero constant so that consistency fails to hold. This suggests that

shapes obtained with values of § close o 0.5. For a

*smoothing’ may be more useful for s

given n, larger values of § lead to small values of A(ct’, m o) and smaller values of § lead

to small values of (e ) A @) e, values of § near opposite ends of the allowable

range are more efficient in reducing complementary components of the symmetric

difference.

On the whole, it appears that when single values of § have to be recommended. then

values of & around the center of the allowable range or closer to 0.5 should be chosen (as

larger values of & reduce the dominant boundary error). When coupled with smoothing,

including the case of  noisy data, the values of 8 close to 0. hould be chosen.

6.4 Discussion

The effectiveness of s-shape as a set estimator has been illustrated in the above examples
From these examples it can be seen that the class of s-shape based estimators can also be
viewed as descriptors of the shape of the underlying region. These aspects have separately

been discussed in Chapter 2 though the treatment is slightly different.

Our proposed consistent set estimator is totally different from the consistent estimators

tent

reported earlier. The con: stimators proposed by others are constructed by dilating
cither sample points themselves or the edges of MST of the samples by a certain
structuring disk. In our case, the optimal zone covering the sample sct is partitioned by a

lattice and the union of non empty grids is taken as o



From the error rate analysis one interesting observation in connection to the s-shape
spectrum is that for dense patterns there is no significant change of the s-shapes after the

second iteration.

The major advantage of our estimators is that it is fully unsupervised. The disconnected
components are correctly detected and estimated as n increased. Whereas, the MST based
estimator [Murthy 88] needs prior knowledge about the number of disconnected components
in o. As we have shown, the s-shape could be easily modified to become robust in

presence of noise without violating its consistency which is another important advantage.

In practical implementation, one needs to have an idea of the order of error (in terms of
the Lebesgue measure of the symmetric difference) when the procedure is terminated. We
have provided an upper bound to this error (which is independent of the dimensionality)
that may be used by practitioners as a guiding measure in determining the stopping

criterion. Note that the stopping criterion is unavailable for other existing estimators.



Chapter 7.

Conclusion

7.1 Summary and Contributions of the Thesis

This thesis concerns the recovery of dot pattern shape. Two aspects of the shape are

considered here. The t aspect, called external shape, tries to capture the perceived
border of the dot pattern. The second aspect, called internal shape, tries to capture the core
of the underlying region in the form of skeletons. It is to be noted that all the shape study
in this thesis has been done for 2-D patterns. While extension to high dimension is
possible, it has not been done in the thesis.(Further, we do not know the run-time

complexity of the these shape descriptors in more than 2 dimensions)

The shape detection of dot pattern may also be viewed as a set estimation problem. In

that case validation of consistency criterion becomes an important issue. In this thesis we

have shown that our shape descriptors can be used for set estimation as well.

The problem of partitional clustering of points arises if several point patterns exist in
the space under consideration. So this type of clustering is treated as a sub-problem of
shape detection in case of complex point patterns. A set of connected edges gives the

boundary of a cluster. This type of clustering is also considered in the thesis.
The contribution of the thesis can be described in the following points.

I A new shape descriptor, s-shape is defined based on proper selection of the grid-length
s of the lattice laid over the pattern plane. The s-shape that is closer to the perceptual
shape of the dot pattern can be selected from the s-shape spectrum, which is a finite
sequence of s-shapes. Because of its inherent simplicity, the descriptor is casily
implemented with linear (in terms of cardinality of dot pattern) time complexity in

digital domain.

1. Another external shape des

riptor called r-shape is proposed. It produces polygonal
border smoother than s-shape. The structuring radius for the r-shape is selected from
the same sequence of positive numbers that is generated from the s-shape spectrum.

Like s-shape. the time complexity of r-shape based perceptual border extraction is
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lincar. In their original form, the s-shape and r-shape can be applied on dot patterns of

even distribution only.

Note that the spatial density measure of certain cell-organelles in a tissue section is an
essential part in pathological test. Moreover, shape and size of important organelles
have to be studied individually. In some case the boundary of such an organelle is not

nelles. We have illustrated

distinet from the background but is surrounded by tiny org
one in the case of nucleus border segmentation and this process may be used as a

general technique in the above problem.

A new structural basis of dot pattern

illed dispersion matrix is generated from the s-

shape. It corresponds to a natural partition of the data. The dispersion matrix is a

useful ool for shape analysis and shape recovery of dot patterns. It has been shown

that the binary image resulting from this dispersion matrix, which we call the binary
projection is similar to a scale-reduced version of the underlying region of the dot
pattern. Morcover, the number of object pixels in it is less than the cardinality of the
dot pattern. This projection is efficiently used for thinning (skeletonization) of the dot

pattern and thus extracting its internal shape.

The internal shape of dot pattern resulting from the morphology based thinning of the
dispersion matrix projection, is a compact representation of the structure of the DP.
This can be used as vector representation, from which shape understanding is possible.

by a syntactic approach

Our approach of shape computation of regular dot patterns is extended to complex

cases where the data density may vary in a single component. or overlapped pattern or

a denser pattern embedded in dispersed dots. We have also developed the approach for
detecting patterns where the dots are arranged like arc or line. Such curvilincar
patterns are at first detected and separated out. Then a new clustering algorithm is

used to tackle the rest of the pattern.

_The utility of our approach in the problem of set estimation has been examined. We

develop a s-shape-based class of set estimators that is unsupervised. consistent and
cven robust in presence of additive noise. It is proved that the s-shape is a consistent

estimator not just under the uniform distribution, but also when the points are drawn



according to any continuous distribution. The order of error in estimation is

independent of the dimensionality. The proposed class of set estimators outperforms

other set estimators like [Murthy 88]. [Grenander 751, [Mandal et. al. 92].

7.2 Scope of the Future Work

1.

This thesis is oriented towards developing methodologies for dot pattern shape
analysis and set estimation rather than their applications to practical problems. (We
have presented only one such problem in cytology). The future work should be
directed towards using these approaches to different data of practical interest. One of
the possible applications is in Astronomy namely, automatic detection of the shape of
constellation of stars where a star can be considered as a point in space. The shape of

different galaxies and nebulae may also be found by our approach [Thonnat 851, Another

possible application may be visual texture analysis in images where the texture
consists of grains of different densitics [Toriwaki & Yokoi 851. The centroid of cach grain
may be considered as a point and textures of different grain densities can be separated

using the approach of Section 5.2

In this thesis most studies are done on points in 2-D space although extension and
generalization in 3 and higher dimension have been indicated and described. More
extensive work should be done on 3-D space. For example, in 3-D the dots may be
arranged as a plane or a curved surface, besides being on a line or arc [Charan & Ahuja9S].
So, detection of planar or surface structure of dots in 3-D should be worked out. The
perceived boundary of the dot pattern in 3-D also should be a polyhedra whose planes
have some dots as vertices [Edelsbrunner & Mucke 941 It is necessary to extend our

approach for the detection of polyhedral faces.

In order to detect multiple components in a two dimer

ional dot pattern, we have
devised a clustering. As there is no dimensional constraint in the proposed
algorithm, it will be interesting to study its performance in higher dimensional feature

space.

Since the binary projection of dispersion matrix is invariant to translation and scaling

of the dot pattern and is not sensitive to addition of noise or distortion (locally) to the
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pattern, it may be used for dot pattern classification and pattern matching problems.

These potentials of binary projection may be investigated in further detail.

V. In this thesis we have worked on the consistency of s-shape and its smooth version. [t

will be interesting to work on the consistency of the r-shape as well.



Appendix
Basics of Binary Mathematical Morphology

There are two  basic operations in binary Mathematical Morphology - dilation and crosion.
Other operators are derived from these two operations. Dilation and erosion can be constructed
from even lower level set-operations like translation, set-union and set-intersections. The

morphological operators used in the thesis, are defined below

Let X and 7° be any two bounded compact subsets in a norm space 7 and et ¢ be a point in

7 (In image processing application, 7 is the discrete digital plane). Here X is treated as object

and 7' as structuring element by which X is morphologically operated.

The dilation ( @ ) is a mc

rphological operator that locates all points (pixels in digital case)

where the structu

2 clement can be positioned in the pattern space (binary image) with respect to

its center of reference and can inters

ct with at least one point (pixel) of the object (foreground) of

the input. Formally.

X ®

= yr, (A1)

&
Here, X denotes the object (binary image) and 7, denotes translation of the structuring element 7
by a distance x.
On the other hand, erosion ( @) locates all points (pixels in digital case) in X where 7' can be
positioned and contained completely within X. Formally,
xor={71 < x} (A2)

The other morphological operators are derived from these two basic transforms. Among them,

two most important operators namely closing (e) and opening (<) are defined respectively by

Xel =(X®T)OT (A3)
and
XeoT =(XOT)®T. (A

In image processing, filters are used to clean the noise in the input. A transformation W(#) is

said to be a morphol,

cal filter if for any two object sets (images) X and X’ in the domain of

transformation,
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X o X' =WX)cW(X") (ncreasing) (Ad)
W(W(x))=w(x) (dempotence) (A5)
The closing and opening are both morphological filters. More specifically, they are respectively,

extensive ( X  Xe7) and anti-extensive ( X O Xo7) . The opening ‘smoothes’ the set from inside

all or parts of foreground structures that cannot contain the structuring element are removed by
the closing. On the other hand. closing ‘smoothes’ the set from outside: all background structures

that can not contain the structuring element are added to the foreground by closing.

Another important morphological operator is the hit-and-miss transform (). 1t is used 10 select
points  with certain geometric properties of the input. In case of digital image, the hit-and-miss
transform is used to detect corner pixels. isolated pixels, or border pixels and it performs template
matching, thinning ete. Let 7 and 77 be two mutually disjoint structuring elements.  The hit-and-
miss transform of X by (7. T”) is defined by

X ®(1.7")=(xer)N(x OT) (A6)
where X * denotes complement of the set X.

The morphological “interiorical’ and *boundary’ of a set are proposed as follows.

Definition A-1: The interior of a set Xe[ is the union of all disks within A with some positive
radius, denoted as inr(X) so that

int(X)=JXoT, (A7)
o

Definition A-2 :  The (inner) boundary of a set Xek b(X) is the residue of X that does not
belong to int(X ). In other words

b(X)=X /int(X). (A8)

Definition A-3: The owrer boundary of aset Xe 4 b’(X) is the residuc of complement of X,

that is always contained in the dilated part A for any structuring disk of arbitrary small radius. That

is,

b'(X) (Q)XQ)/.]ﬂX‘ (A9)
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