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(1) (a) Does there exist any g € L*(T) such that f+g = f for all f € L}(T)? Justify
your answer.

(b) Let f € LY(T) be such that {o,(f)} converges in LI(T) for some g € (1, 00)
(here o,(f) = f*F,). Does this imply that f € L(T)? Justify your answer.

(c) Does there exist any g € (1, 00) such that for all N € N,

“SN“q q = “DN“q
justify your answer.
(d) If ay,ay,...,ax are complex numbers of unit modulus and P(e¥) =
ZQI:I ane™, § € [~m, x|, then prove that || P}l > V/N. [4 %3 =12
(2) If f € CY(T) with f(0) = O then prove that Z |f(n)] < %Hf’”z. [4]

(3) (a) If P and @ are trigonometric polynomials then prove that for sufficiently
large m € N

/ P(e®)Q(e™*)do = ( / P(e*) d0> (% /_ t Q(e“’)do).

(b) If g € C(T) and P is a trigonometric polynomial then prove that

__1__ " 10 imé . __:L " 10 _1_ /'n i8
731_1)130 . 7TP(e )g(e™)db = (27r /_WP(e )d@) (27r _"g(e )dé | .

2x4=g8]

[P.T.0]
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(4) Suppose f € C(T) is such that the sequence of functions {Sn(f)} converges to
zero uniformly on [—,7]. Prove that f(0) = 0 for all § € [—n,7]. (Hint: Apply
Plancherel theorem on a suitable function.) 6]

(5) Let p € [1,00) and f € LP(T). Prove that span{rgf | § € [—=,«]} is dense in
L7(T) if and only if all Fourier coefficients of f are nonzero. Is the same true for
L>(T)? Justify your answer. (8]

(6) If Dy, N € N denotes the Dirichlet kernel then define

Dy(6) + Di(6) + ...+ Dn_1(0)
N
Prove that { Fy | N € N} is an approximate identity. 8]

Fn(0) =

, 0€[-m,n],N2>1

(7) If f € L*(T) then prove that for every interval (a,b) C [—, 7],

Jim. / o ()(0)d = / " $(0)d0.

(Hint: x(ap) * Fiv, N > 1 are uniformly bounded.) | 8]
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1) Prove that

Y dm)® = (E d(m))2

min mn

where d(m) is the divisor function. (5 points)

2) Let ¢(n) be the Euler totient function. Prove that
n
p(n) = Zﬂ(d)g-
din
Using this (or otherwise) and the fact that 3%, u(d)/d? = 6/m% prove that
3
3 o) = 0%+ 0(a*)

nE<w

(5 + 8 points)

3) Let m(x) be the number of primes smaller than z. Show that

x

(8 points)

4) Let x be a primitive character modulo a prime M. Let

M .
9(x) = D _ x(m)e*rm/M

m=1

be the Gauss sum associated with x. Show that |g(x)| < M'/2. (6 points)

5} Let p > 3 be a prime, and let (5) be the quadratic residue symbol modulo p.
Show that the number of (z,y) € {1,2,...,p— 1} satisfying the equation

y? = z(3z + 2)
isp—2— (%) (8 points)
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Any result that you use should be stated clearly.

(1) (a): Let % = {(z,y,2) € R®: 22 + y? + 22 = 1}. Describe local
parametrizations covering S? to prove that S? C R® is a 2-
dimensional manifold.

(b): Prove that if X and Y are manifolds of dimensions k£ and [,
respectively, then X x Y is a manifold of dimension k + !.
(c): Let f: X — Y be a smooth map of manifolds. Let

graph(f) = {(z, f(z)) 1z € X}.
Prove that graph(f) is a manifold of dimension equal to the
dimension of X.
[5+ 5 + 5 = 15]
(2) (a): Let f: X — Y be a smooth map of manifolds and Z a
submanifold of Y. Explain what do you mean by f to be
(i) an immersion; (ii) a submersion; (iii) a local diffeomorphism;
(iv) an embedding; (v) transversal to Z. Give an example in
each case.
(b): Let f : M — R" be an immersion. Suppose that
Uzemdfz(Tz M) is a proper subset of R™. Prove that there exists
an immersion g : M — R*° 1,
[15 + 10 = 25]
(3) (a): What is a regular value of a smooth map f: X — Y of
manifolds?
(b): State pre-image theorem and use it to prove that O(n) is
manifold. Determine the dimension of O(n).

[2+2+6=10]
(4)  (a): Show that a non-degenerate critical point of a function
f :R™ > R is an isolated critical point.
(b): Let H denote the hyperboloid defined by the equation

x2+y2—z2=1.

Consider the function f : H — R given by f(x,y, 2) = z. Prove
that (0,1,0) is a non-degenerate critical point of f.

[10 + 10 = 20)
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1. Two dice are thrown twice independently. Assuming that faces of each die
have equal probability to appear uppermost, find the probability that two
throws show: the same configuration if (a) the dice are distinguishable;
(b) the dice are indistinguishable.

(5+5]

OR

Suppose there are n boxes and r distinguishable balls. Show that the
probability that exactly m boxes contain exactly k balls (each) is

mplr! (n— )%
b = 2 2 Gt =)= RNy

where the sum is over § > m such that j <nand jk <r.
[10]

2. Suppose there are m + 1 boxes numbered 0,1,...,m. For each k =
0,1,...,m, the box numbered k contains k red and m — & black balls.
A box is chosen at random, and n balls are drawn from it successively
and randomly, the ball being returned to the box after each draw. If each
of these n draws yield red ball, find the conditional probability that the
(n + 1)st draw from the same box also yields red ball.

(5]

3. Two players A and B are playing a tournament consisting of a series of
games which is assumed to be a sequence of Bernoulli trials with prob-
ability of success p which is the probability that A wins the game, and
failure g = 1 — p which is the probability that B wins. The winning player
scores one point at each game. Find the distribution of the number of
games needed to end the tournament—find its probability mass function,
expectation and variance.

[10]



4. Suppose the random time gaps between any two consecutive repairs of
an electronic machine, as well as the waiting time of its first repair, are
independent and identically distributed random variables, each having
exponential distribution with parameter a. If X is the random variable
denoting the number of repairs done in the time interval [0,t], then find
the distribution of X. Also, find its moment generating function.

(0]
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1. Two dice are thrown twice independently. Assuming that faces of each die
have equal probability to appear uppermost, find the probability that two
throws show: the same configuration if (a) the dice are distinguishable;
(b) the dice are indistinguishable.

(5+5]

OR

Suppose there are n boxes and r distinguishable balls. Show that the
probability that exactly m boxes contain exactly k balls (each) is

_ mnlrl : (n —j)y ok
Pm) = m,nr Z( -1y (G —m)l(n— J)'(r — JR)(K!)

where the sum is over j > m such that j <n and jk < 7.
[10]

2. Suppose there are m + 1 boxes numbered 0,1,...,m. For each k =
0,1,...,m, the box numbered k contains k red and m — k black balls.
A box is chosen at random, and n balls are drawn from it successively
and randomly, the ball being returned to the box after each draw. If each
of these n draws yield red ball, find the conditional probability that the
(n + 1)st draw from the same box also yields red ball.

(5]

3. Two players A and B are playing a tournament consisting of a series of
games which is assumed to be a sequence of Bernoulli trials with prob-
ability of success p which is the probability that A wins the game, and
failure ¢ = 1 — p which is the probability that B wins. The winning player
scores one point at each game. Find the distribution of the number of
games needed to end the tournament—find its probability mass function,
expectation and variance.

(10]
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1) Let A; be the j-th forward differencing operator. Show that
Aj(z*;by, ..., b)) = biby...b;pj(z)
where p; is a polynomial of degree k — j with leading coefficient k!/(k — j)!. (7 pts)

2) Let {c,} be any sequence of complex numbers, and let F € C1[0,X]. Show
that

X
Y enF(m)=F(X) Y Cm"/o F'(y) Y emdy.

1<mgX mgX msy

(5 pts)

3) Let
q

q
S(g,a) = ) | elam®/q), and S(@)= ) (¢7'S(g,a))’e(=an/q)
m=1 a=1
(a,9)=1

for some integer s > 0. Show that S(g) is multiplicative. (8 pts)

4) Let p be an odd prime. Show that the number of k-th power residues (i.e.
residues of the form z* with p { z) modulo p* is w(pt)/(k, ©(p)). (5 pts)

5) Let
q

S(g,a,b) = Z e((am® +bm)/q)

m=1

with k& > 2. Suppose g = p* with p odd prime, j positive integer and p {a. Show
that S(p%,a,b) < p?(p%,b). (8 pts)

6) Let
n 1/2 ,
(8) :g::le(ﬂm), and set J(n) = /_ RoEsL

Show that J(n) = (n—~1)(n — 2)/2. (7 pts)

1
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Any result that you use should be stated clearly.

(1) (a): Define a manifold with boundary.
(b): Prove that if X is a manifold with boundary of dimension
k, then the boundary X is a manifold without boundary of
dimension k — 1.
[4 + 10 = 14]
(2) (a): Explain what you mean by an oriented vector space. Using
this notion define orientation on a manifold.
(b): What is an orientable atlas on a manifold?
(c): Prove that if a manifold X is orientable, then it admits an
orientable atlas.
(d): Is the manifold S2 x T2 orientable? Justify your answer.
6+ 3+5+6=20]
(3) (a): What is an alternating p-tensor on a vector space? Give an
example of an alternating n-tensor on R™.
(b): Define the notion of a smooth p-form on a manifold.
(c): Let 0 be a regular value of a smooth map f : R® — R. Let
M = f~}0) and fg, fy, f. denote the partial derivatives of f
with respect to z, y, z, respectively. Prove that the equalities

dtANdy dyAdz dzAdz
Iz Iz Iy

hold on M whenever they make sense, and therefore the three
2-forms piece together to give a global smooth 2-form on M.

(d): Consider S = {(z,y,2) € R®: 22 +y? + 2% = 1,2 > 0} as
a submanifold in R3. Compute J. sw, where w is a 2-form on S
defined by

gy;\_dg forz #0

w=1{ R for L)
y

5—“’%‘@ for z # 0.

4+4+4+6=18
(4) Calculate the exterior derivatives of the following forms in R3:
(a): 2%dz Ady + (22 + 2y)dz A dz.
(b): fdg, where f and g are smooth real valued functions on R3.
[4+4=28
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Answer any 5 questions from Groups A and any 2 from Group B.
Clearly state the results that you use.

Group A
ATTEMPT ANY FIVE QUESTIONS.
R denotes a commutative ring with unity.

. Let I,P,,Py,---,P, be ideals of R such that P; is prime V ¢ > 3. Prove that if I is not
contained in any of the P;, then there exists z € I that is not contained in any F;. (10]

. Let I be an ideal of an integral domain R. Prove that if both I+ (z) and (I : z) are principal

ideals, then [ is a principal ideal. (10]
. Let I be a finitely generated ideal of R satisfying I? = I. Prove that there exists f € I for

which f2 = f and I = (f). (10]
. Let M and N be finitely generated R-modules such that M ®g N = 0. Prove that

AnngM + AnngN = R. [10]

. Let M be an R-module. Prove that if P is an ideal of R that is maximal among all
annihilators of non-zero elements of M then P is a prime ideal of R. [10]

. Let B = R[X,Y]/(X%+Y?-1) and M the ideal (z,y—1)B where = and y denote respectively

the images of X and Y in B. Prove that M is a projective B-module. [10]

. Prove that the ring R = C[X,Y]/(Y? — X? — X3) is not normal. (10]

. Suppose that V is an affine algebraic set in C® such that (C[V})* = C*. Show that any

non-constant polynomial function f: V — C must be surjective. [10]
GROUP B

ATTEMPT ANY TWO QUESTIONS.
k denotes a field.

. Prove that C[X,Y,Z,W]/(X2+ Y%+ Z2 + W2 -1)isa UFD. [12]
. Prove that any k-subalgebra of the polynomial ring k[X] is a finitely generated k-algebra.
(12]

. (i) Let A be an integral domain which is finitely generated as a k-algebra and L the field of
fractions of A. Show that if A # L, then A[l/f] # L for any f € A.
(ii) Give an example of a proper subring A of Q and an element f € A such that A{1/f] = Q.

[8+4=12]
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1. 3 indistinguishable dice are rolled twice independently. If each face of
each die has equal probability to appear uppermost, what is the probability
that both the throws show the same configuration? 6]

(b) The probability of a family chosen at random having exactly k(k > 0)
children is ap* where 0 < p < 1 and @ = 1 — p. Suppose that the
probability that any child has blue eyes is b, 0 < b < 1 independently
of others. What is the probability that a family chosen at random has
exactly 7(r > 0) children with blue eyes? [4]

2. (a) Let X be a random variable with p.d.f.

(2z)/7? f0<z<7
f) =

0 otherwise
Let Y = sin X. Find the p.d.f. of Y. 6]

(b) Let X and Y be two discrete random variables with respective prob-
ability distributions P(X = 21) = p1, P(X = x2) =1 — p1; and

P(Y =y1) = p2, P(Y = y3) = 1 — pp. Show that if they are uncorrelated
then they are independent. 6]

3. (a) Let X and Y be independent random variables with common proba-
bility mass function P(X = k) =p(l —p)*, k= 0,1,..., 0 < p< 1. Let
M :=max{X,Y}. Find the joint distribution of M and X, the marginal
distribution of M, and the conditional distribution of X given M.  [10]

(b) Let X and Y be iid random variables with common p.d.f. f:
(z/27m) te~(/DMog2)*  if 5 0
0 otherwise.

Find the p.df. of Z = XY. [10]



4. Let {X.}n>1 be a sequence of independent random variables such that
P(X, = +n2") = 1/4, and P(X, =0)=1/2, Vn =1,2,....

(1) Show that if X,, > 0 then S, := 2?21 X; >
(i1) Using (i) show that (S5,/2") 4 0 as n — oo with probability 1.

(iii) Find a sequence of positive numbers {B,,} such that S,,/B, — 0 a.s.
as n —» 0o [4+4-+4]
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(1) For any given p € [1,00) construct a function f € LP(R) such that f ¢ LI(R)
for any g # p, g € [1,00]. [6]

(2) Suppose f € LP(R), 1 < p < oo is such that for all intervals I of length less than
1/2

/If(x)dx =0.

Does this imply that f(z) = 0 for almost every z € R. Justify your answer. [6]

(3) If for an f € L'(R™) one has M f € L}(R") then prove that f(z) = 0 for almost
every x € R™. Here M f is the Hardy-Littlewood maximal function of f. 6]

(4) Suppose f : R — C is a measurable function such that for some positive real num-
ber yo, f/Py, € L'(R) where P, denotes the Poisson kernel of R%. If f(1/n) = 0
for all n € N then prove that f(z) = 0 for almost every z € R. 6]

(5) Let a, b are positive real numbers and f = x|, the indicator function of [a, 8].
Wrie down the Hilbert transform H f of f at all z > b explicitly and using this
prove that Hf ¢ LY(R). [8]

(6) (a) If f € LP(R™), 1 < p < oo then prove that

T(9)= [ I

defines a tempered distribution. [4]
(b) If f € LP(R™), 1 < p < 2, then prove that (T}) = Ty.

=

[P.T.O]
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(7) Let M be a closed linear subspace of L*(R) such that if f € M then 7.f € M
forallz € R. Let M = {f | f € M}.
(a) Prove that M is a closed linear subspace of M with the property that if

f € M then eyf € M for all y € R where ey(z) = e, [4]
(b) If P: L*(R) —» M is the orthogonal projection then prove that for all f and
g in L*(R),
f(@)Pg(x) = g(z)Pf(z),
for almost every z € R. [6]

(c) Hence or otherwise prove that for all f € L%*(R), Pf = ¢.f such that
¢(z) =0 or 1 for almost every z € R. (4]

(8) Consider the Poisson kernel P, y > 0, defined by

Y
P(z)=cp———F7, z€R"
’ (&2 + )
where ¢, is a positive real number such that | P,|j; = 1. Prove that there exists
a positive number « such that for all nonnegative f € LP(R"), 1 <p < 0o

Y

supysof * Py(z) < oM f(z), for almost every x € R”,
were M f denotes the Hardy Littlewood maximal function. [12]
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This is an open notes exam

1) (a) Give an example of a sequence A = {a,} with a, € Z, which has lower
asymptotic density 0 and upper asymptotic density 1.

(b) State Roth’s theorem and Furstenberg’s theorem.

(c) Let

A= {md+md+md+md:meZ,m >0}
be the sct of positive integers expressible as sum of four cubes. It is known that
An)=#{a € A:a<n}=n+0n"0.
Assumning this fact show that the equation
m3 +m3 +mj 4+ m3 + m3 +mE+mi+md+mi=0

has infinitely many integral solutions with mg not a cube of an integer. {5 +4+
11=20 pts)

2) Using the delta method give a complete proof of the fact that every suffi-
ciently large positive integer is a sum of 10 integer squares, i.e., there exists X > 0
such for any n € [X,0) NZ, we have integers m; € Z 7 = 1,2,...,10, such that
m? + -+ m3, =n. (25 pts)

3) (a) For f a compactly supported function on R, prove the Poisson summation

formula R
D_fm) =) Fn).
nez nei
(b) Let w be smooth bump function i.e. Supp(w) = [1,2] and w) «; 1. Let x
be a primitive Dirichlet character modulo M. Using Poisson summation formula or

otherwise show that n
Z x{n)w (7\7—) < MY*e,

nez
(10+10 points)
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1. Assuming that L(1,x) # 0 for any nonprincipal character x (mod g), prove
Dirichlet’s Theorem on primes in arithmetic progressions. (17 marks)

2. Prove that L(1,x) # 0 for any nonprincipal character x (mod q) taking non-
real values. (17 marks)

3. Suppose {a,}n>1 is & sequence of complex numbers. Show that the Dirichlet
series D(s) = 3,5, 7% is absolutely convergent for Re(s) > 1 iff

> lan| = O(X'*€) for any € > 0. (17 marks)

n<X

4. Prove that for any complex number s, the integral

16 [ mxS(ée"“"2z>dm

converges and f so defined is an entire function in the variable s. (17 marks)

5. Starting from the definition, prove that {(s) admits meromorphic continua-
tion to the half-plane Re(s) > 0, determine its poles in this plane and compute
the residues. (12 marks)

6. Prove that the Dirichlet series

A
Z Aln) (A = von Mangoldt function)
nS
n>2
admits meromorphic continuation to the whole complex plane. Determine its
poles along with residues the half-plane Re(s) > 1. You may assume properties
of ¢(s). (12 marks)

7. Suppose x; (mod ¢;) and xo (mod go) are two characters and (g, ¢2) = 1.
Suppose further that x = x1x2 is a real character (i.e., takes real values only).
Show that x; and x2 both must be real characters. (17 marks)
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1. Suppose G is a finite abelian group and g € G is some element other than
the identity element of G. Show that there is a character x of G such that

x(g) # L.
(15 marks)
2. Define ‘primitive character’. Prove that any Dirichlet character x is induced
from a primitive character that is uniquely determined by x. How many primi-
tive characters are there modulo 727 (4+6+5=15 marks)
3. Suppose x; (mod ¢;) and x2 (mod ¢2) are two primitive characters and that
(91,92) = 1. Show that x = xi1x2 is a primitive character modulo ¢;q5 (25
marks)

4. Prove that {(1 +t) # 0 for any real t. (20 marks)

5. Prove that the Dirichlet series

Z A T(l::’) (A = von Mangoldt function)
n>2

admits meromorphic continuation to the whole complex plane. Find the poles
and compute the residues in the half-plane Re(s) > 1. You may assume facts
about ¢(s). (12 marks)

6. Suppose p = 22" +1 is a prime, where n > 1. Show that 3 is a primitive root
for p. (20 marks)
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(1) Give an example of an integrable function f on R such that f ¢ L\(R). [6]
(2) Prove that L?(R) is strictly contained in L>*(R). [6]

(3) Let p € [1,00) and f € LP(R™). Prove that the function F' : R® — LP(R") given
by F(y) = 7,f is uniformly continuous. (8]

(4) For a suiable function f on R™ let M f denote the Hardy-Littlewood maximal
function. Suppose that

1M fllg < ClIS s
for all f € LP(R") where C is independent of f. Prove that ¢ = p. [6)
(5) Suppose f is a Liabesgue integrable function on R.
(a) Prove that f is uniformly continuous on R. [4]
(b) Prove that lim s |f(z)| = 0. [6]

(6) (a) If f € LP(R") and g € LP (R™), 1 < p < o0, %+—;—, = 1, then prove that

f *g € Co(R™). Does the same conclusion hold if p = 17 Justify your
answer. [6+2=8]

(b) If f € LP(R), 1 < p < 00, then prove that the function
g(z) = / ft)dt, zeR
[z,z+1]

is in Co(R). Is this true if p = co? Justify your answer. 4]

[P.T.O]
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(7) Suppose f € LY(R) and ¢ € C®(R). If f* ¢(z) =0 for almost every = € R then
prove that f(z) = 0 for almost every z € R. 8].

(8) Let ¢ be a non negative integrable function on R™ with [|¢||; = 1 and g : R"™ x
(0,00) = (0,00) be a bounded measurable function. For ¢ > 0 and z € R,

define,
x

b(c) =6 (2), F@) = dl@lg(we), e =IFl

If lim, ,oc. = 1 then prove that for all f € LP(R"), p € [1,00), the functions
f = F. converges to f in LP(R") as € goes to zero. [10].

(9) If f € L*(R™) and g € L*(R") then prove that f(z)§(z) = (f * g,)\(m) for almost
every £ € R™. Prove that the same conclusion remains valid if g € LP(R"™),
l<p<2. [6+6=12]

(10) For a given positive number A consider the set
Av={f € L'(R) | | flleo < A}-
Prove that there exists a C' > 0 such that for all f € Ay
C
m({z €R|[Hf(z)| > A}) < SlIf ],

where m is the Lebesgue measure and H denotes the Hilbert transform. [8]
(11) Define h(z) = e~™1=1* and hy(z) = t"%h (%), z € R™. Consider the sublinear

operator defined by

Tf(z)=sup|f * he(z)|, z€R"
>0
Prove that there exists C > 0 such that for all f € L*(R"),

ITfll1,00 < ClIf -

(Hint: Show that |Tf(z)] < A M f(z), for all z € R”, where M is the Hardy
Littlewood maximal operator.) [14]
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R denotes a commutative ring with 1.

1. Let R be an integral domain with field of fractions K. Prove that R is the intersection of
the local rings R,.(C K), as m varies over the set of maximal ideals of R. [14]

2. Prove that R is a reduced ring if and only if Rp is a reduced ring for every prime ideal P
of R. (A ring is called reduced if O is the only nilpotent element of the ring.) [14]

3. Let f =ag+ a1 X +---apX™ be an element of R[X)] (a; € RV i). Prove that f is a unit in
R[X] if and only if ag is a unit and a; is nilpotent for each ¢ > 1. [12]

4. (i) Let I be an ideal and ¢ an element of R. Show that if I + cR and I : cR are both finitely
generated ideals of R then [ is a finitely generated ideal of R.
(ii) Deduce that if every prime ideal of R is finitely generated then R is Noetherian. [7+7=14]

5 Lt R=Ry®DR1 D - DR, ®- - be a graded ring. Show that if R is Noetherian, then R
is a finitely gencrated algebra over Ryg. (14]

6. Let R C A be commutative rings with A integral over R. Let P be a prime ideal in A and
@ = PN R. Show that P is a maximal ideal of A if and only if @ is a maximal ideal of R.

[10]

7. Let G be a finite subgroup of the group of ring automorphisms of a ring D and let A = {x €
D | o(z) =z V o € G}. Show that D is integral over A. [10]

8. (i) Show that the maximal ideals of the ring C[X,Y]/(X3 — Y2) are in one-one correspon-
dence with the set {(a,b) € C? | a® = b2}. Clearly state all the results that you use.

(ii) Let {fo | @ € A} be a collection of polynomials in Q[X7, -, X,]. Show that if there
exist complex numbers 21, , 2z, such that fa(21,---,2,) = 0V a € A, then there exist
algebraic numbers aq,--- ,a, such that fa(aj,---,a,) =0V o € A. [6+6=12]
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Section- A

1. Prove that for every prime p, positive integer #, there exists a finite field with p” elements. [10]

2. Construct a 3-error correcting BCH code with n = 15. What is the information rate and how would
you encode information using this method. (10]

Section - B

3.(a)Letd), ds, ..., d» be positive integers, with n> 2. Prove that there exists a tree with vertex degrees

di, d, ....dn ifand only if Y, d; =2n-2. [5]
(b) Prove that if E(G) > % (1 + v4n — 3)n, then G contains a 4-cycle. 5]
4. (a) Draw the tree whose Priifer code is (1,1,1,1,6,5). Briefly explain your steps. 41

(b) The k-dimensional hypercube O is a simple graph whose vertices are the k-tuples with entries in
{0,1} and whose edges are the pairs of k-tuples that differ in exactly one position. A j-dimensional
subcube of Ok is a subgraph of Ok isomorphic to Q).

(1) Find the number of edges of Ox.
(2) Find the number of j-dimensional subcubes of Q.

(3) Between any two vertices of Ox which do not agree in any co-ordinate, construct  internally
disjoint paths. [2+2+2 = 6]

5.(a) Let z;, ..., 2z, be points in the plane, such that every three of them can be covered by a circle of
radius 1. Then prove that all the points can be covered by a circle of radius 1. [3]

(b) Define a Horton set and prove that for every » > 1 an n-point Horton set exists. [3]

(c) Prove that no Horton set contains a 7-hole. [4]
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Write complete answers to all questions.

Explain clearly the notations and definitions that you use.

(1) (a) Describe (p, q) torus knots, where p, q are integers. Why are
they called torus knots?
(b) Show that (n, 1) torus knots are trivial for every integer n.

545

(2) (a) Draw a Trefoil knot and a figure eight knot.
(b) How do you show the difference between the above two

knots using (at least two) knot invariants? 6-+4
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GROUP A
Attempt ANY TWO
FEach question carries 15 marks.

1. (i) Let R = C[X,Y]/(X?-Y?) and K denote the field of fractions of R. Show that
there exist exactly one valuation ring of K containing C but not containing 2.
(ii) Let L be a finite extension of C(X) and let S be the set of all discrete valuations
v of L containing C. Prove that for any f € L, > cv(f) = 0.

2. Prove that the ring A = R[X,Y]/(X? + Y? — 1) is a Dedekind domain.
Let R = C[X,Y]/(XY) and 2 = X. Compute Assg (R/zR) and Assg (R/z*R).

3. (i) State Going Up and Going own Theorems for integral extensions.
(ii) Prove that if / : R — S is a ring homomorphism and () is a primary ideal of S,
then f~1(Q) is a primary ideal of R. Deduce that @ = S™'Q N R for any primary
ideal Q of R and any multiplicatively closed subset S of R such that SNQ = ¢.

GROUP B
Attempt ANY TWO
Give examples of the following.
Fach question carries 6 marks.

1. A non-Noctherian valuation ring
2. A prime ideal I” of a Noetherian ring R such that P? is not a P-primary ideal.

3. An Artinian but not a Noetherian module over a Noetherian ring.
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1. Write the homogenous polynomial defining the projective line passing through
the two points (1:2:3) and (2: 3 : 4). (5 marks)

2. (a) Determine if the affine curve C : 2%y + 4y — 8 in A2%(R) is smooth. (b) Is
the projectivization of this curve an elliptic curve over R? Justify your answer.
(4+8=12 marks)

3. Show that a smooth conic can not contain a flex. (12 marks)

4. (a) Show that an irreducible cubic in P?(C) can have at most one singular point.
(b) What can you say about the multiplicity of this singular point? Justify your
answer. (6+6=12 marks)

5. Suppose Cy and C; are two smooth conics in P?(C); Py, Q;, R, are three distinct
points on C; and P,,Qs, Ry are three distinct points on Co. Show that there is a
projective transformation T that takes C1 to Cy, Py to Pa, Q1 to @2 and R; to Rs.
(14 marks)

6. Show that the series

1 1
Z —m —in? i) 2
(g2 (0.0) (z—m—in)?2 (m+in)

is absolutely convergent for every z ¢ Z + iZ. (10 marks)
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Note: Answer as many as you can. Maximum score is 80
Unless otherwise stated, notation used is as defined in the class.

1. Define a non-deterministic finite automaton(NFA).
When is a string w said to be accepted by an NFA? Construct a finite
automaton that accepts all string over {0, 1} containing an even number
of occurrences of 01. Explain(without proof) your construction. [5+7)

2. Let M, My, M3 be 3 DFAs accepting L, Lo, L3 respectively over the
same alphabet. Construct a single DFA that accepts (£, — L2)N Ls.
Explain, in brief, your construction 8]

3. State Kleene’s Theorem.
Define regular expressions over an alphabet X.
Let r and s be two regular expressions. Prove the following identity

(r+s) = (r*s")".

[243+7]

4. Write an algorithm to test, given a DFA M, whether £(M)is empty
or not. Prove its correctness. 8]

5. Is the Language £ = {a? : p is prime} regular? Justify. 7]

6. Given a language £ C X define an equivalence relation on ¥* as follows
r=,y if Vw,zw € L <= yw € L.

Show that if £ is regular, then =, has finite index i.e. has a finite
number of equivalence classes. [10]



10.

. Find a context free grammar(CFG) that generates the following lan-

guage

L = {a"b™c* : n,m.k > 0}
Find Chomsky Normal Form(CNF) grammar that generates the same
language. [6-+6]

. Given a regular language £ write down a regular grammar that gener-

ates £ (No proof required) (6]

. State Bar-Hillel’s Pumping Lemma.

Use it to show that the language over {a,b,c} with equal occurrences
of a, b, ¢ is not context-free. [3+7]

Write down an algorithm that will test a given a CFG G to deter-

mine whether £(G) is finite or infinite. Prove the correctness of the
algorithm. [4+7]
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You need not submit the solutions of Problems 3 to 6. But you should
work out these because they will be used later in the class. Submit the
solutions of the remaining questions by 5 March 2018.

(1) A subsct X of an L-structure Af is called a generator of M
if A7 is the only substructure containing X. Let M. N be
L-structures, X a generator M and f.g : M — N homomor-
phisis such that f{X = ¢|X. Show that f = g.

(2) (a) Let A7 and N be clementarily equivalent L-structure. For

every positive integer 7, show that [M| =n = |N| =
(b) Let T be a complete theory with an infinite model. Show
that all models of T" are infinite.

(3) Let L be a first order language. L-formulas ||, 4[7] arc called
tautologically equivalent, written ¢ = ¢, if forall L-structurcs
A

M EVI(p < ¥).

Below ¢, ¥, i denote L-formulas. Show the following:
(a) = =@
(h) ~(pVY)=—-pA—1¢and 2(p Av) = —p V =)
() eA(dvn) = (pAY)V (pAn) and oV (¥VAT) = (V) A(EVa).
(4) An L-formula is called a literal if it is cither an atomic formula
or the negation of an atomic formula. An L-formula is said to
be in congunctive normal form (CNF in short) if it is in the form
/\f‘ iy v;”*o 1 ¥, where @55 are literals. An L-formula is said to
be in disjunctive normal form (DNF in short) if it is in the form
Vil Ayl ' pi;, where ;s are literals. Show that every open
formula is tautologically equivalent to a formmla in CNF as well
as to a formula in DNF.
(5) Below ¢ and ¢ denote L-formulas. Show the following.
(a) —~Irplz, 7] = Ve-plz, ) and ~Vrplz, T = Jr—elr, 7).
(b) Fz(olz, T|VY([z, Z]) = Trele, T)VIzY e, 7] and Ve (o[z, T)A
y[r, 7)) = Veplr, T AVay(z, 7).
(¢) Ifa variable v does not occur in gz, T), then Iz = oy, [v]
and Vo = Yup,[v].
1



(6)

(7)

eV 3relr. T = de(e Vel 7).

P VVaele, T] = Va(e V élr. 7).

@A e, T) = Fe(g A, T))

and

o ANV, T) = Va(e AVe[r, T).
An L-formulais said to be in prenex normal form (PNF i short)
it it is in the form Qyxg - -+ Q.. where Q; = 3 or V and ¢
open. Show that every L-formula is tautologically cquivalent to
a formula in PNF.
An automorphism of an L-structure M is an isomorphism of
M onto itself. We use Aut(M) to denote the set of all auto-
morphisms of M. Satisfy yvoursclf that Aut(A1) is a group with
respect to the composition and that Aut(M) acts canonically
on M". Show that the number of orbits in Q" under the action
of Aut(Q) is finite, where Q is regarded as a model of DLO.
For A C M, we set Aut 4(M) the subgroup of Aut(M) consist-
ing of all automorphisms of M that fixes A pointwise. (If Kis a
subficld of a ficld F. then Autk(F) is denoted by G(F.K) and is
called the Galois group of K). Note that Aut(M) C A7, We
cquip MM with the product of discrete topologics on M. For
a.be M, set

2(@50) = {f € Auwt(M): f(@) = b}.

Scts of the form (@, b), @,b € M™, n=0,1,2, -, form a base
for the topology of Aut(Al). Show the following:
(a) Aut(M) is a topological group.
(b) A subgroup G of Aut(M) is open if and only if it contains
Autz(M) for somea € M", n=0,1,2,---.
(¢} A subgroup G of Aut(M) is dense if and only if the orbit
ofanyae M", n=0,1,2,---,cquals {¢g-T: 9 € G}.
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The paper carries 115 marks. You are free to answer as many ques-
tions as you wish. Maximum score—100.

(1) Let X be an infinite set. Show the following.
(a) For every positive integer n, |X x {0,1,---n — 1}| = [X].
(b) |X x X]=1X]. (10 + 10]
(2) Assuming the continuum hypothesis show that there is a trans-
finite sequence {f, : @ < ¥;} of distinct entire functions such
that for every complex number z, the set {fo(z) : @ < ¥} is
countable. (15]
(3) Let x be an uncountable cardinal. Equip & x Q with lexico-
graphic order. Also, take any B = DLO of cardinality x and
equip Ny X B with lexicographic order. Using these show that
DLO is not s-categorical (for any £ > Rg). [10]
(4) Show that the theory of random graphs is Ro-categorical. (20]
(5) Let L be a first order language and M a L-structure.
(a) Let N = M. Show that N < M if and only if for every
formula ¢z, 7] and for every @ € N,

M & 3zplz,a)l = N k= Jzplz,al.

(b) For every X C M show that there exists a NV < M such

that X C N and |N| < max{|X]|, |L|}. [15 + 15]

(6) A ordered field is a field F with a linear < on F satisfying the
following axioms:

VaVyVz(x <y >z +2<y+2)
and
VaVy(0 <z A0 <y) = 0<z-y).

(a) Show that an ordered field is not algebraically closed.
(b) Show that the class of all ordered field satisfying the least
upper bound axiom is not elementary. (10 + 10]
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Note: Give proper justification to all your answers.

State clearly all the results you are using.

(1) Show that a subgroup I of a topological group G is discreet if and only if it

has an isolated point. 6!

(2) Let G be a locally compact group. Suppose G has a compact neighbourhood
V of 1 such that Vg™ =V for every g € G. Show that G is unimodular. |6]

Hint. Note that xv(gzg™") = xv(x) for all g,z € G, where xy is the charac-
X

teristic function of G.)

(3) Let g be the Haar measure on the p-adic group Q,, S = {z € Q, : |z, > 1},

and a € R. Show that
[ kel duto)
S

exists if and only if o < 1.

=

(4) Let
G o= {(Il 0) cxy > 0,13 >0,:172€R}.

T2 T3
Show that G is a locally compact group under matrix multiplication and the
subspace topology inherited from R3. Describe the left and right Haar integral
on G. Also find the modular function of G. [12]

(5) Let G be a locally compact group with left Haar measure A. Recall that the
regular representations 7, : G — U(L?(G,\)) and 7g : G — U(L*(G,N)) of
G are defined by
(r(2) /1) = fle™'y) and  ([Tr(2)fl(y) = A@)* f(yz).

Supposc that G has more that 1 element. Show that 7y is reducible.  [12]
[Hint. Let x € G and z # 1. Show that Tg(zx) € C(ry). To show Tr(x) # cl,

take a relatively compact neighbourhood V of 1 such that V N Vi~ = . Use
the function xv .|
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Scction: A

1.(a) Define 3-design and 2-design. {4)
{b) Sow that a 3-design is necessarily a 2-design but not the vice-versa. 6l
{¢) Vind any 2-design with 13 treatments. J10]

2.(a) Construct a double crror correcting BCH code with #=185. [10]
{b) Deseribe Berlckamp-Massey algorithm for decoding BCH codes. {10]

Scction: B

3.(a) F'ind the spectrum of the Petersen graph and using this prove that the complete graph K cannot
be decomposed into 3 Petersen graphs. [4+6 10}

.(b) Let /'be a monotone decreasing Boolean function that is not identically 0. Associate with / the
simplicial complex Ky - fsupp(x): fix) = 1}. Prove that if f'is non-evasive, then K; is contractible. Also
show that if f'is a non-constant monotone Boolean function with a transitive automorphism group /I,

then /7acts on (G(Ky) and has no fixed point. 1545 = 10]
4

4.(a) Usc Euler’s idea of looking at the zeros at suitable values to prove that § (4) = —79% 16]

.(b) Calculate the number of primitive Boolean strings of length 7. [4]

.(€) A non-crossing partition of an ordered sct S is a partition in which no two blocks "cross” each
other, i.c.. if @ and A belong to one block and x and v to another, they are not arranged in the order « x b
». Find a recurrence relation to caleulate the number of non-crossing partitions of an ordered set S of
clements. [10]

S.(a)Prove that connectedness is evasive. (6]

() Consider a Sperner colouring of a triangle, i.e.. consider a triangulation. the vertices of the
external triangle arc labelled 1,23, the internal vertices are labelled arbitrarily from 1.2 and 3 and the
vertices on the edge 1-2 are labelled with either | or 2 and so on. Prove that there must be an interrial
triangle labelled 1-2-3. Also suppose that the external triangle in a Sperner labelling is labelled 1-2-3 in
clockwise order. Let A be the number of internal 1-2-3 triangles oriented in the clockwise direction,
and let B be the number of such triangles oriented in the counter clockwise direction. Then prove that
A-B L {3+5=8j

{¢) A lattice is a poset in which every pair of elements has both, a least upper bound and a greatest
lower bound. I.et L be a lattice and let {4, B, C} be a partition of L such that (a) if x ¢ 4 and y £ x, then

yoAand(b) ifxc Candx <y theny ¢ C. Prove that 14y Y u(x,¥)= ¥ u(x,y), pis the

xeAd yeC x,yel
Mobius function. [6]
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Attempt ANY FOUR questions.
Fach question carrics 16 marks.
(i) Let A CIXY. ZW/(XY - ZW) -:Clz,y, z,w|

(where @y, z.w denote the images in A of XY, Z W respectively). Find three
clements «. b, ¢ in A such that 13 =: Cla, b, ¢ is isomorphic to the polynomial ring
in three variables over € and A is integral over 3. Write down explicit integral
equations satisfied by x y. 2z, w over 13.
(if) Let 12 be a normal domain, K the field of fractions of 12, 1, a {inite Galois extension
of K with Galois group G and A the integral closure of R in /.. Let P and Q be
prime ideals of A such that 1 R = QM R. Prove that there exists o ¢ G such that
allP) Q.

8.8

(i) Lev 12°C @ be prime ideals in a Noctherian ring 2. Show that if there exists one
prime ideal ) in 1R with P (/'_ 1 (/ (2, then there exist infinitely many prime ideals
Piin I such that 75 10 Q.

(i1) Determine all maximal ideals m of the ring 7
which 72, 1s not regular.

YL ZUXEY G 22 2 for

Let 2 be a Noetherian domain.
(i) Prove that if & is a nonzero non-unit in 12, then the height of @2 is onc.

(if) Prove that R is a unique factorisation domain if every prime ideal minimal over
a principal ideal is itself principal.

106

Let R be a ring and 1 be an ideal of R.
(i) Define the /-adic completion of R.
(ii) Prove that if /2 is Noetherian then the /-adic completion of 2 is Noctherian.

(m) If A1 is a finitely generated f-module, M the I- adic completion of M and R he
[-adic completion of R, then prove that M = M &R R.

3.7.6



o Answer ANY FOUR of the following questions.

(i) Let V' be an affine algebraic set in C™. Suppose that (C'V')* €. Show that
any [ ¢ C{V]\ C induces a surjeclive polynomial function f:V > C.

(i) Give an explicit example of a maximal ideal of height, one in /X7 YT

(iii) Give an example of a sequence of parameters in a regular local ring which is not
a regular sequence of parametors.

(iv) Let R be a Noetherian ring, and 7 ¢ J ideals of R. Prove that if s [-adically
complete, it is also J-adically complete.

(v) Determine all prime numbers p such that the polynomial X2 ¢ 1 has a root in the
ving 7,1 X 1, where 7, is the ring of p-adic integors.
x4 16
State whether the following statements are TRUL or FALSIS with brief justification.
Answer ANY FOUR.
(i) Al the maximal ideals of a finitely generated k-algebra have the same height.
i) If A ¢ I3 is an integral extension and 7 is an ideal of 13, then ht/ ™ A > htl.

(iii) I A is the normalisation of a one-dimensional Noctherian domain and m a max-
imal ideal of A, then A, is a discrete valuation ring.

(iv) A Noctherian domain R is separated in the /-adic topology with respect to any
ideal / of R.

(v) Il 2, is & sequence in a filtered module M which is Hausdorfl and complete with
respect 1o the topology defined by the filtration then the series Y, converges in M.

x4 - 10]
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Let X be a Riemann surface such that the universal covering of X is

biholomorphic to C. Show that the fundamental group of X is abelian.
(6 marks)

Let L be a lattice in C, and let

Po=5+ 3 (Grop )

weL—{0}

denote the Weierstrass P-function of the lattice L. The functions P, P’
are meromorphic L-periodic functions on C and may be considered as
meromorphic functions on the Riemann surface C/L. Show that any
meromorphic function on C/L is a rational function of P and P, i.e.
M(C/L) = C(P,P'), where M(C/L) denotes the field of meromorphic
functions on C/L. (10 marks)

Let A € C— {0,1}. Show that the projective algebraic curve C' = {[X :
Y : Z] € CP%|Y?Z = X(X — Z)(X — AZ)} is nonsingular. (6 marks)

Let X be a Riemann surface and let w be 3 C*® 1-form on X. Show that
w is closed, i.e. dw =0, if and only if [, df Aw = 0 for all f € C®(X).
(6 marks)

Let X be a Riemann surface and let z =z +iy : U C X — Chbea
local coordinate. Let f : U — C be a C* function on U. Let M, : C —
C, w + 1w denote the multiplication by i map, and for p € U define a
linear map J,, : T,X = T,X by J,(v) = (dz,) "' M;dz,(v),v € T, X.

1



(i) Show that f is holomorphic on U if and only- if for all p € U and
v € T, X, we have df,(Jpv) = idfy(v).
(ii) Show that for all p € U,

) 9
dfp = gfz-(p)dzp + é(p)d?p

where the differential operators %, % are defined by

o _1(6 9\ 98 _1(0 .0

5z 2\8z '0y)'5z 2\8z ' 'dy
(iii) Show that the 1-form w = fdz on U is closed if and only if f is
holomorphic.

(6+6+6 = 18 marks)

. Let X be a Riemann surface, and let H denote the space of harmonic
1-forms on X, H the space of holomorphic 1-forms on X, and H the
space of anti-holomorphic 1-forms on X. Show that

H=HoH
(6 marks)

. Let X be a compact Riemann surface of genus g, and let a;,...,aq,b1,...,bqg
be simple closed curves on X forming a canonical homology basis of
X. Let w be a harmonic 1-form on X.

(i) Show that if U is an open subset of X and f : U — Cisa C®
function such that w = df on U, then f is a harmonic function on U.

(ii) Show that if
/w—/w 0

forall j = 1,...,g, then w = 0. (6+6 = 12 marks)

. Let w be a non-zero meromorphic 1-form on C, and for p e C let
m(w, p) € Z denote the order of w at p. Show that

Zm(w,p) = -

pé‘fl
(6 marks)
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You are free to use any result from set theory and algebra. However,
you must state any such result that you use at least once.

The paper carries 120 marks. You are free to answer as many ques-
tions as you wish. Mozimum score—100.

(1) (a) State and prove the compactness thcorem for first order
theories.

(b) Let M; and M, be elementarily equivalent L-structures.
Show that there is an elementary extension M of M in
which M is elementarily embedded.

(c¢) Show that the class C of all fields of characteristic # 0 is
not clementary.

[(3 + 12) + 15 + 15]
(2) (a) Let & be an infinite cardinal. Show that every consistent, x-
categorical theory all whose models are infinite is complete.

(b) Show that ACF(p), p = 0 or prime, is a complete theory.

(c) Let ¢ be a first order sentence in the language of rings.
Show that ACF(0) = ¢ if and only if there is an infinite
set P of prime numbers such that for every p € P there is
a model K = ACF(p) with K = .

[10 + 10 + 15]
(3) (a) Show that ACF and RCF have quantifier elimination.
(b) For a field K, X ¢ K" and J C K[X7, -+, X,], set

V(J)={a e K" :VfeJ(f(a)=0)}
and
I(X) ={f € K[X1,---, Xy] : Va € X(f(@) = 0)}.

Using model theory show that if K is algebraically closed
and [ anideal in K[ X}, --- , X,], then for every f € Z(V(I))
there is an > 1 such that f* € I.

(c) Let f e R(X4, -+, X,) benot asum of squares in R(Xy, - - -,

Using model theory how that there is a @ € R” such that
f(@) <0.
[(10 + 10) + 10 + 10 ]



Indian Statistical Institute
Semestral Examination: 2017-2018
Programme: Master of Mathematics

Course: Elliptic Curves

Mazimum Marks: 100
Duration: 8 Hours Date: May 2, 2018

1. Suppose P = (z,y) is a point on an elliptic curve E with integer coefli-
cients such that both P and 2P have integer coordinates. Show that either
y = 0 or y|Dg, where Dg is the discriminant of the elliptic curve E.
You may assume general facts about the discriminant of a polynomial.

(12 marks)
2. Find all rational points of order 4 on the elliptic curve

y2 = 1% 4 4z
(13 marks)

3. (a) HE: y? = 2% + az? + bz + ¢, with a,b,c € Z, is an elliptic curve and
if P = (z,y) is a rational point on E then show that P must be of the form
(m/r?,n/r%), where m,n,r are integers, r > 1, (m,r) = (n,r) = 1.

(b) Using the above, prove that the logarithmic height h on E has the
property that given any point Py € F(Q), there is a constant kg that depends
only on Fy and the curve, so that

h(P + Py) < 2h(P) + ko,
for any point P € E(Q). (104-20=35 marks)

4. Determine if the point (—2,3) is a torsion point on the elliptic curve
y: =z +17. (15 marks)

5. Suppose A C C is a lattice of rank 2 and let f be an elliptic function

relative to A.

(a) Show that the sum of the orders of vanishing of f at points inside a

fundamental parallelogram for the lattice A is zero.

(b) Define the Weierstrass gp-function. Determine all the poles with corre-

sponding residues of p(z).

(c) Show that p(z) is an even function.

(d) Show that every elliptic function is a rational function of p(z) and p'(z).
(347+5+15=30 marks)
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Give proper justification to all your answers. State clearly all the results you are using.

(1) Is every cyclic representation of a locally compact group irreducible? (7]

(2) For a Hilbert space H, let H* denote its dual, that is, the space of all bounded linear
functionals on H. For an operator A : H — H, define A* : H* — H* by

(A'f)(u) = f(Auv), feH"ueH.

Let m be a unitary representation of a locally compact group G on a Hilbert space H and

define 7°(z) = n(z 1)}, £ € G. Show that 7€ is a unitary representation of G on H*. [8]

(3) Let G be a compact group. For any unitary representation 7 of G’ on a Hilbert space Hy, let

Yun(z) = (7(z)u,v) and & = span{pyy : v, v € Hy}. Define £ = linear span of |J &,.
[7r]€é'

Show that if f,g € £, then fg € £. [15]

(4) For a finite-dimensional representation 7 of a compact group G, let x, denote the character
of 7, that is, x(x) = tr n(z),z € G. ‘

Let n >0 be an integer and 7, be the unitary representation of G = SU(2) on the space

H, of homogeneous polynomials of degree n in two complex variables defined by
[a(9)f)(z) = f(z9), g€ SU(2),2€C? f€ Hn.
(a) Compute the L*(G)-norm of xr,.

(b) Let m > n > 0. Show that Xr,.em = Zx,,m+n_2k. (5 +10]
k=0

(5) Let T = {t(z) = ((1) :) iz =z +1y,(z,y) € RZ} be the translation subgroup of the

Euclidean motion group M(2). For a € R?, consider the unitary irreducible representation
o of T on C defined by 0%(t(z)) = e¥*2.

Let ¢ = indTAfI ) 0%, that is, 7% is the representation of M(2) induced from the represen-
tation o° of T'. Show that 7% is unitarily equivalent to the principal series representation
7% of M(2). ’

Recall that 7® is a unitary representation on the Hilbert space L?*(K), where K =
{r(a) = (e;& (1)) ra € R}, and 7° is defined by

[7*(9)F])(s) = e“”s")F(r(a)‘ls),

where g = h(z,a) = t(z2)r(a), F € L>(K) and s € K. [15]
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4.

Note: Answer as many as you can. Maximum score is 100
Unless otherwise stated, notation used is as defined in the class.

A Context Free Grammar(CFG) is said to be ambiguous if there is a
string w with more than one leftmost(rightmost) derivations.
Consider the following grammar G:

S — aB/bA

A — a/aS/bAA
B — b/bS/aBB

Is the grammar ambiguous? Justify. [6)

. When is a PDA said to be deterministic? Show that if £ is a language

accepted by a deterministic PDA by empty stack, then there exists a
deterministic PDA M’ that accepts £ by final states and £ has the
prefix property, i.e., no proper prefix of a string in £ is in L. (8]

Show that if £ is a context-free language and R is regular, then LNR is
context-free by constructing a suitable PDA.(Show only the construc-
tion.) (5]

(a) Design (i)single-tape (ii) multitape Turing machines(TMs) that
accept the set of all strings over {a,b} containing an equal num-
bers of a’s and b’s. Compare the number of moves made by the
respective TMs on accepting a string of length n.

(b) Also, construct a TM that uses only [logn] cells (not counting the
cells on the input tape) that accepts all binary strings in which
the number of 0’s is greater than the number of 1's.  [(8+7)+8]

(a) When is a function f : IN* — IN said to be recursive? What is
its relation with Turing-computable functions?

Show that the following functions and predicates are recursive.

1



: 0 if m=20
i f(n,m) = [n/m] = { the largest integer < n/m if m >0
ii. Prime(n) <— n is prime.
ili. Divide(n, m) +— m divides n.
iv. p(n) = the nth prime number.
0 f n=00orm=20
v. lem{n,m) = { the least common multiple of n,m otherwise
vi. gcd(n,m)z{ 0 . if nz.Oormzo
the greatest common divisor of n,m otherwise
vil. f(n) = {logn]

(b) Consider the following function.

0 if z=00ry=20
B(z,y) = { r— (uz < z(3w < z(w.(x — 2) = 1)
and Ju < y(u.(z — z) = y))) otherwise
Here ”‘pz < zP(x)”’ means ”‘the smallest z < z such that P(x)
holds”’. Describe in simple English the function B. [(5+28)+4]

6. Describe an encoding of a Turing machine M whose tape alphabet is
{0, 1, B} and hence, give a recursive enumeration of all such TMs.
Hence, or otherwise, give an example of a recursively enumerable lan-
guage that is not recursive. Prove that it is not recursive. [7-+10]

7. (a) Define the classes P and NP.

(b) When is a language said to be NP-complete? Show that if an
NP-complete language is in P, then P = NP.

(¢) Describe the CHROMATIC NUMBER problem. Assuming that
3-SAT is NP- complete, prove that the CHROMATIC NUMBER
problem is also NP-complete. [6+8+10]
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