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Chapter 1

Introduction and Summary

1.1 Introduction and definitions

The simplest and the most common way of comparing two random variables is
through their means and variances. It may happen that in some cases the me-
dian of X is larger than the median of ¥, while the mean of X is smaller than
the mean of Y. However, this confusion will not arise if the random variables
are stochastically ordered. Similarly, the same may happen if one would like to
compare the variability of X with that of Y based only on numerical measures
of variability. Besides, these characteristics of distributions might not exist in
some cases. In most cases one can express various forms of knowledge about
the underlying distributions in terms of their survival functions, hazard rate
functions, mean residual functions, quantile functions and other suitable func-
tions of probability distributions. These methods are much more informative
than those based on comparing only few numerical characteristics of distri-
butions. Comparisons of random variables based on such functions usually

establish partial orders among them. We call them as stochastic orders.
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Stochastic models are usually sufficiently complex in various fields of statis-
tics, particularly in reliability theory. Obtaining bounds and approximations
for their characteristics is of practical importance. That is, the approximation

of a stochastic model either by a simpler model or by a model with simple

constituent components might lead to i bounds and approxi

for some particular and desired characteristics of the model. The study of
changes in the properties of a model, as the constituent components vary, is
also of great interest. Accordingly, since the stochastic components of models
involve random variables, the topic of stochastic orders and dependence among
random variables plays an important role in these areas.

Now we introduce the notation and give some definitions of various types of

orders and d

among random variables. Throughout this
thesis increasing means nondecreasing and decreasing means nonincreasing.
‘We assume that expectations are well defined and multiple integrals can be
evaluated irrespective of order. Let X and Y be univariate random variables
with distribution functions F and G, survival functions F and G, density
functions f and g; and hazard rates rr (= f/F) and ¢ (= g/G), respectively.

Stochastic orderings

Definition 1.1.1 X is said to be stochastically smaller than Y (denoted by
X < Y) if F(z) < G(z) for all z.

This is equivalent to saying that Eg(X) < Eg(Y) for any increasing function
g-

Definition 1.1.2 X is said to be smaller than Y in hazard rate ordering (de-
noted by X <p. Y) if G(z)/F(z) is increasing in x.



It is worth noting that X <, Y is equivalent to the inequalities
PIX—t>z|X >t < P[Y —t>z|Y >¢t], forallz>0 andt.

In other words, the conditional distributions, given that the random variables
are at least of a certain size, are all stochastically ordered (in the standard
sense) in the same direction. Thus, if X and Y represent the survival times
of different models of an appliance that satisfy this ordering, one model is
better (in the sense of stochastic ordering) when the appliances are new, the
same appliance is better when both are one month old, and in fact is better
no matter how much time has elapsed. It is clearly useful to know when this
strong type of stochastic ordering holds since quantities judgements are then
easy to make. In case the hazard rates exist, it is easy to see that X <, Y, if
and only if, rg(z) < rr(z) for every z. The hazard rate ordering is also known

as uniform stochastic ordering in the literature.

Definition 1.1.3 X is said to be smaller than Y in likelihood ratio ordering
(denoted by X <, Y') if g(z)/f(x) is increasing in z.

Definition 1.1.4 X is said to be smaller than Y in mean residual life (M RL)
ordering (denoted by X <mn Y ) if J;7° G(x)dz/ [;*° F(z) dx is increasing in
t.

Note that X <mu Y © pr(z) < pe(z) for every z, where pp(z) = E[X —
2|X > z] denotes the mean residual life function of X. When the supports
of X and Y have a common left end-point, we have the following chain of

implications among the above stochastic orders :

X<y Y=>X<pY=>X<a Y.



Also

X<V = X <n Y-
For more details on stochastic orderings, see Chapter 1 of Shaked and Shan-
thikumar (1994).

The above notions of stochastic orderings between X and Y are based only
on their marginal distributions and they ignore the dependence information
contained in their joint distribution. These may not be appropriate when
there is a dependence between them. When confronted with the problem of
comparing dependent variables X and Y, Shanthikumar and Yao (1991) intro-
duced the following criteria. Let
Gy ={9:R* = R : g(z,y) — g(y,z) increasing in = Vy},

Gnr = {9:R* > R : g(z,y) — g(y, ) increasing in z Vy < z},
G ={g: R > R : g(z,y) > g(y,z) Yy <z}
Definition 1.1.5 X is said to be smaller than Y according to
t:
(3) joint stochastic ordering (denoted by X sﬁ’ Y)if
Elg(X,Y)] < Elg(Y, X)], (1.1.1)

for all g € Ggt;

hrsj
) joint hazard rate ordering (denoted by X =z Y) if (1.1.1) holds for all

9 € Gnr;
ryj
(4i1) joint likelihood ratio ordering (denoted by X rjj Y) if (1.1.1) holds for
all g € Gir.

ir hrij stsj
We have the following chain of implications: X < ¥ = X < ¥ =X < Y.
As pointed out by Shanthikumar and Yao (1991), unless the random vari-

ables are independent, neither joint likelihood ratio ordering nor joint hazard



rate ordering imply the corresponding usual ordering between their marginal
distributions. However all of these joint orderings imply X < Y. They have
also extended these concepts to the multivariate case. Below we give the ex-
tension of the joint likelihood ratio ordering to the multivariate case.

Let X = (%1, ., Tn) and ¥ = (Y1, -..,Yn) be two vectors. We say that x is
better arranged than'y (x tay) if x can be obtained from y through successive

pairwise interch

of its comp with each interchange resulting in an
increasing order of the two interchanged components. A function g : JR" — R
that preserves the ordering % is called an arrangement increasing function
denoted by g € AT if x é vy = g(z) > g(y). See Marshall and Olkin (1979, p.

169) for more discussion of such functions.

Definition 1.1.6 Let f denote the joint density of X. Then

Irsj 5

Ir: Irj
%262 E X, e feAr

One of the basic criteria for comparing variability in probability distribu-
tions is that of dispersive ordering. Let F! and G~ be the right continuous
inverses (quantile functions) of F and G, respectively. We say that X is less dis-
persed than Y (denoted by X <gisp Y) if F71(8) = F~'(a) < G~ YB) -G o),

for all 0 < @ < B < 1. From this one can’easily obtain that
X <amp Y <= g(2) < f (F7'G()) Ve (1.1.2)

when the random variables X and Y admit densities. A consequence of X <gisp
Y is that |X; — X2| <y |¥1 — Y2| and- which in turn implies var(X) < var(Y)
as well as E[|X; — Xa|] < E[|Y2 — Y], where X1, X (Y1, Y2) are two indepen-
dent copies of X (Y). For details, see Saunders and Moran (1978), Lewis
and Thompson (1981), Deshpande and Kochar (1983), Bagai and Kochar
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(1986), Bartoszewicz (1986, 1987); and Section 2.B of Shaked and Shanthiku-
mar (1994).

A related concept is that of star-ordering. X is said to be star-ordered with
respect to Y (denoted by X é Y ) if GT'F(z)/x is increasing in z. It is easy
to see that X < ¥ < eX < ¥. It is well known that a distribution F is
IFRA ( increasing failure rate average) if and only if it is star-ordered with
respect to exponential distribution. Also X é Y implies that the Lorenz curve
of G is uniformly smaller than that of F. For more details on this topic see
Section 3.C. of Shaked and Shanthikumar (1994).

We end the subsection on the definitions of various kinds of stochastic

orderings with the definition of multivariate stochastic ordering.

Definition 1.1.7 The random vector X = (X1,...,Xyn) is smaller than the
random vector Y = (Y1,...,Y,) in the multivariate stochastic order (denoted

by X % Y) if h(X) <o h(Y) for all increasing functions h.

It is easy to see that multivariate stochastic ordering implies component-wise
usual stochastic ordering. Section 4.B. of Shaked and Shanthikumar (1994)

gives a comprehensive discussion of this ordering.
Notions of dependence

There are several notions of positive and negative dependence between ran-
dom variables and these have been discussed in detail in Lehmann (1966), Esary
and Proschan (1972), Barlow and Proschan (1981), Shaked (1977), Block and
Ting (1981), Lee (1985), and Shaked and Spizzichino (1998). For a brief intro-
duction, see Boland et al. (1996). The following concepts of dependence will

be used in this thesis.



Definition 1.1.8 (Karlin, 1968) We say that a function h(z,y) is Sign-
Regular of order 2 (SRy) if e1h(z,y) > 0 and

h(z1,31)  h(@1,92)
h(@2,y1) 7(2,2)

whenever £, < Ty , Y1 < Y, and &; € {-1,1} fori=1,2.

>0, (1.1.3)

If the above relations hold with & = +1 and €5 = +1 then h is said to be
Totally Positive of order 2 (T'Pz); and if they hold with e, = +1 and e, = —1
then h is said to be Reverse Regular of order 2 (RRz).

Let X1, ..., X, be random variables with joint distribution function F' and
density f. For s > 0, let v(*)(t) be defined as follows :

(—=t)*~YT(s) ift<0
70 - N
0 ift > 0.
Define the n fold integral ¥, .k, by
+00 +oo M )
Dktykn(T1 - -+ Tn) =/ / T v*(@: — t:)dF (b1, - - - tn)
- T =1
and define ¥o,o = f. Also define o, 04,k t0 be the (n — ) fold integral
o0 Hoo T &)
[ A s - e A (bl 30
it T =i+l

where g; is the joint density of (X1,...,X;) and F(ti1, - .-, talz1, - - ., ;) is the
. conditional distribution function of (Xiy1,. .., X») given X; = z1,..., Xi = i,
for kiy1 > 0,...,k, > 0. Similarly we can define ¥,,...k, with any subset of
{k1,...,kn} consisting of zeros.

Lee (1985) introduced the following concept of positive dependence for the
multivariate case which is an extension of the one studied by Shaked (1977)

for the bivariate case.
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Definition 1.1.9  The random vector (X1, ..., Xn) is seid to be dependent
by total positivity with degree (ki, ... ,ky), denoted by DTP(ky, .. S ka), o

iy, ka1, -, Tn) 18 TPy in pairs of {@1,. .., Tn}

TPy (X,Y)
rylz) L =

s@lX =2)1T  SIY|X) RCSI(X,Y)

\/

EY|X=2)tz RTI(Y]X) —. A(X,Y)
Figure 1.1.1. Implications among notions of positive dependence

As pointed out by Shaked (1977), two random variables X and Y are like-
lihood ratio (or TP,) dependent if and only if X and Y are DTP(0,0) de-
pendent. They are DTP(0,1) dependent if the conditional hazard rate of ¥’
given X = z, r(ylz), is decreasing in 2. The random variables X and Y are
DTP(1,1) dependent if the joint survival function F(z,y) = P[X > z,Y > y)
of (X,Y) is TP,. In this case the random variables X and Y are also said
to be right corner set increasing (RCSI). The random variables X and Y’ are
DTP(0,2) dependent if the conditional mean residual life function of ¥ given
X =z, p(y|X = ), is increasing in z. We say that ¥ is stochastically increas-
ing in X (denoted by SI(Y|X) if P[Y > y|X = ] is increasing in = for all y.
Y is right tail increasing in X (denoted by RTI(Y|X) ) if PlY > ylX > 1]

is increasing in z for all y. Two random variables X and Y are said to be as-
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sociated (denoted by A(X,Y)) if Cov(u(X,Y),v(X,Y)) > 0 for all increasing
binary functions u and v. Figure 1.1.1. shows the chain of implications that
hold among the above notions of positive dependence. There are many other
notions of positive dependence, but we will not be discussing them here. See
Karlin and Rinott (1980 a and b) for many interesting examples of bivariate
distributions which satisfy the above criteria of dependence.

The corresponding concept of negative dependence between two random

variables was also studied by Shaked (1977).

Definition 1.1.10 We say that (X,Y) is dependent by reverse regular of de-
gree ky and ko, denoted by DRR(ky, kz2), if ¥k, k,(2,y) is RRy.

‘The concepts of bivariate positive dependence can be easily extended to the
multivariate case. A function ¥ : JR* — [0, 00) is said to be multivariate total

positivity of order 2 (denoted by MTP,) if

Y(x)Y(y) S P AY)P(xVY)

for every x and y in IR", where

XAy = (min(z1,y1), - -, Min(@n, yn)) and xVy = (maz(x1,41), - - -, MAT(Tn, Yn)) -

Definition 1.1.11 Random variables X1, ..., X, are said to be MT P, depen-
dent if their joint density function is MTP,.

It is shown in Block and Ting (1981) that if the support of a random vector
X = (Xi,-..,Xy) is a lattice (that is, if x and y are in the support of X then
so are x Ay and x Vy) then X is MT Py, if and only if, its density function f
is TP, in each pair of its variables when the other (n — 2) variables are held
fixed. See Karlin and Rinott (1980 a) for more details on properties of MT P,

functions.
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Definition 1.1.12 Random variables X1, ..., Xn are conditionally increasing
in sequence if P[X; > z|X;, = 21, ..., Xs1 = ;1] is increasing in 1, ..., Ti1

fori=2,...,n and each fized z.

Definition 1.1.13 A set of random variables X = (X, ..., Xn) are associated

if cov(u(X),v(X)) = 0 for all increasing binary functions u and v.

Karlin and Rinott (1980 a) proved that if a set of random variables are MTP,
dependent then they are conditionally increasing in sequence and which in turn
implies that they are associated (cf. Barlow and Proschan, 1981, p. 146), a
result which partly extends the implications in Figure 1.1.1. to the multivariate

case.

Notions of Majorization and related orderings

One of the basic tools in establishing various inequalities in statistics and
probability is the notion of majorization. Let {zy <z <... < Z(n)} denote

the increasing arrangement of the components of the vector x = (21, %2, Tn)-

Definition 1.1.14 The vector X is said to majorize the vectory (written x g

v) if Sl e < Sy fori=1,...,n =1 and T, 36 = Zia Y-

Functions that preserve the majorization ordering are called Schur-convex func-
tions. The vector x is said to majorize the vector y weakly (written x E y)
if Z{:ll(i) < 31,y for j = 1,...,n. Marshall and Olkin (1979) provides
extensive and comprehensive details on the theory of majorization and its ap-
plications in statistics.

Recently Bon and Paltanea (1999) have considered a pre-order on R*",

which they call as a p-larger order.
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Definition 1.1.15 A vector x in IR*" is said to be p-larger than another vector

v also in R*™ (written x § y) if T 26y < e 96,5 = 1, -,

Let log(x) denote the vector of logarithms of the coordinates of x. It is
easy to verify that

x ); y < log(x) g log(y). (1.1.4)

It is known that x & y = (9(z),- -+, 9(@a)) & (9(un),- ., g(u)) for all
concave functions g (cf. Marshal and Olkin, 1979, p. 115). From this and
(1.1.4), it follows that when x,y € R*"

m P
Xry=xzYy.

P
The converse is, however, not true. For example, the vectors (0.2,1,5) =

(1,2, 3) but majorization does not hold between these two vectors.
Notions of Aging

Let X be a random variable with distribution function F' and let X, denote
a random variable with the same distribution as that of X —¢|X > t. We will

use the following notions of aging in this thesis.

(@) X is said to have an increasing failure rate (denoted by JFR) distribution
if X, <y Xy, for t > . This is equivalent to saying that F(z + t)/F(t)
decreasing in t for z > 0. It is easy to see that in case the random
variable X admits density, F' is IFR if and only if, the hazard rate
rp(t) = f(t)/F(t) is increasing in .

(b) X is said to have a decreasing failure rate (denoted by DF R) distribution
if X, >4 X, for t > ¢. This is equivalent to F(z + t)/F(t) increasing in
t for z > 0.
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() X is said to have a decreasing mean residual life (denoted by DM RL)
distribution if pu(t) = E[X,] is a decreasing function of t.

(d) X is said to have an increasing mean residual life (denoted by I MRL)

distribution if #p(t) is an increasing function of ¢.

It is known that a random variable with log-concave (log-convex) density is
IFR (DFR) and which in turn implies it is DMRL (IMRL). The reader is
referred to Barlow and Proschan (1981, Ch. 3) for these observations and more

details on the various notions of aging.

Order statistics, spacings and cc i of order istics are of great
interest in many areas in statistics and they have received a lot of attention
from many researchers. Let X, ..., X, be n random variables. The ith order
statistic, the ith smallest of X;’s, is denoted by Xin. A k-out-of-n system of
n components functions if at least & of n components function. The time of
a k-out-of-n system of n components with life times Xi,..., Xn corresponds
to the (n — k + 1)th order statistic. Thus, the study of lifetimes of k-out-
of-n systems is equivalent to the study of the stochastic properties of order
statistics. Spacings, the differences between successive order statistics, and
their functions are also important in statistics, in general, and in particular in
the context of life testing and reliability models. Lot of work has been done
in the literature on different aspects of order statistics and spacings. For a
glimpse of this, see the books by David (1981), and Arnold, Balakrishnan and
Nagaraja (1992); and two volumes of papers on this topic by Balakrishnan
and Rao (1998 a and b). But most of this work has been confined to the case
when the observations are i.i.d. In many practical situations, like in reliability
theory, the observations are not necessarily ii.d. Because of the complicated

nature of the problem, not much work has been done for the non i.i.d. case.
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Some references for this case are Sen (1970), David (1981, p.22), Shaked and
Tong (1984), Bapat and Beg (1989), Boland et al. (1996), and Nappo and
Spizzichino (1998).

Some interesting partial ordering results on order statistics and spacings
from independent but non-identically random variables have been obtained
by Pledger and Proschan (1971), Proschan and Sethuraman (1976), Bapat
and Kochar (1994), Boland, El-Neweihi, and Proschan (1994 a), Kochar and
Kirmani (1995), Kochar and Korwar (1996), Kochar and Rojo (1996), Dykstra,
Kochar, and Rojo (1997), Kochar (1998), Kochar and Ma (1999) and Bon and
Paltanea (1999). Boland, Shaked and Shanthikumar (1998/1995) give a good
survey of the area of stochastic comparisons of order statistics.

Let (X3,Y1),.--,(Xn, Ya) be a random sample of size n from a continu-
ous bivariate distribution. If we arrange the X’s in the ascending order as
Xy £ X@ £ < Xy then the Y’s associated with these order statistics
are denoted by Y, Y, .- -, Yim) and are called concomitants of order statis-
tics. They are also known as induced order statistics in the literature. The
concomitants are of interest in selection and prediction problems based on the
ranks of the X’s. They are also of interest in a variety of estimation problems.
Their general distribution theory has been studied in Yang (1977). Under the
assumption that X and Y are linearly related, apart from an independent error
term, the small sample theory of concomitants of order statistics has been dis-
cussed by David (1973) and Kim and David (1990). See David and Nagaraja
(1998) for an excellent review of this topic. While we are not aware of any pre-
vious results on stochastic orderings among concomitants of order statistics,
some results on dependence among them are known for certain special types
of models (cf. Kim and David, 1990).

In this thesis, stochastic comparisons and dependence among order statis-



tics, spacings and concomitants of order statistics are studied.

1.2 Summary of resulis on stochastic orders

for order statistics

Exponential distribution plays a very important role in statistics, and in re-
liability theory and life testing, in particular. Because of its non-aging prop-
erty, it has many nice properties and it often gives very convenient bounds
on survival probabilities and other characteristics of interest for systems with
non-exponential components.

Let X1,..., X, be independent exponential random variables with X; hav-
ing hazard rate A\;, 1 = 1,...,n. Let Yj,...,Y; be another set of indepen-
dent exponential random variables with Y; having hazard rate A},

Pledger and Proschan (1971) showed that if A § A* then

=1...,n

Kin Zst Yim, @

In Chapter 2, it is proved that for the largest order statistic the same result
continues to hold under the weaker p-larger ordering. It is proved that if A £ A
then

Xom >st Yom. (1.2.1)

Boland, El-Neweihi, and Proschan (1994 a) proved that Xa. >4, Ya:2. They
showed with the help of counterexample that for n > 2, (1.2.1) cannot be
strengthened from stochastic ordering to hazard rate ordering.

Dykstra, Kochar and Rojo (1997) studied the problem of stochastically

comparing the largest order statistic of a set of » independent and non-identically
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distributed exponential random variables with that corresponding to a set of
n independent and identically distributed exponential random variables. Let
Zy,...,Zy be a random sample of size n from an exponential distribution with
common hazard rate X = 2;‘:,)\5/11, the arithmetic mean of the \;’s. They
proved that X,., is greater than Z,., according to dispersive as well as hazard
rate orderings. Kochar and Rojo (1996) considered the same problem for spac-
ings and proved that Xnsn — X1 s Znm — Z1:n- In Chapter 2, it is shown
that similar results hold if one replaces X with X = ([Ti; A:)'/", the geometric
mean of the );’s. These results lead to an improved lower bound for the vari-
ance of X,.,, a better upper bound on the hazard rate function of X;.,, and
an improved upper bound on the distribution function of the sample range of
X;’s in terms of X. It is also shown that these bounds are better than those
obtained by Dykstra, Kochar and Rojo (1997) and Kochar and Rojo (1996)
which are in terms of the arithmetic mean of the A’s.

Kochar and Ma (1999) considered the problem of stochastically comparing
convolutions of exponential random variables with possibly different hazard
rates. They proved that, A = A* implies 7, Xi >aisp TioyZi. They also
showed that this result can be immediately extended to convolutions of Erlang
random variables. In Chapter 2, it is shown that these results hold under the
weaker ordering, A £ A* and which in turn give better bounds on variances
and other measures of variability of convolutions of independent exponential
as well as Erlang random variables . Some related work on convolutions of
non-identically distributed exponential random variables is by Tong (1988),
Boland, El-Neweihi, and Proschan (1994 b), and Bon and Paltanea (1999).
The results reported below are based on Khaledi and Kochar (2000 a).

Let X;,...,X, be a random sample of size n from a continuous distri-

bution with distribution function F. David and Groeneveld (1982) proved
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that if F is a DFR distribution, then var(Xin) < war(Xjn) for i < j.
Kochar (1996) strengthened this result to prove that under the same condi-

tion, Xim Zaisp Xjm for i < j. In Chapter 2, these results are extended to

compare the variabilities of order istics based on les of possibly dif-
ferent sizes. Both, the one-sample as well as the two-sample problems are
discussed. It is proved that if F is DFR, then X <daisp Xjum for i < j and
n — 4 > m — j. Let Yj.n denote the jth order statistic of a random sample
of size m taken from a probability distribution with continuous distribution
function G. We also prove that if X <up Y and if either F' or G is DF'R, then
Xin Zdisp Yjm for i < j and n—i > m —j. This result also holds if instead,
one assumes that X <, Y and either F or Gis DFR .

1.3 Summary of results on dependence and

stochastic orders for spacings

Let Xi,..., X, be n random variables. For i = 1,...,n, we shall denote by
Dim = Xin — Xi1n and D}, = (n — i + 1)D;p the ith spacing and the
ith normalized spacing, respectively. It is well known that if Xp,...,Xn is
a random sample from an exponential distribution, then Dy, ..., Dnn are
independent. If we have a random sample from a DFR distribution then
spacings are conditionally increasing in sequence (cf. Barlow and Proschan,
1981, p. 151). It is remarked in Karlin and Rinott (1980 a) that in case
the random sample is from a distribution with log-convex density, then the
spacings are MT P, dependent. In Chapter 3, we extend this result to the case

when the random variables Xi,..., X, are dependent. It is proved that if the
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joint pdf of X;’s is permutation symmetric, TP, in pairs, and log-convex in
each argument, then their spacings are MT P, dependent. A consequence of
this result is that in this case var(Xi.,) < var(Xam) < ... < var(Xnn)-

‘We also study the dependence properties of spacings of independent but
non-identically distributed exponential random variables. Let Xi,..., X, be
independent exponential random variables with X; having hazard rate A; for
i€ {1,...,n}. It is shown with the help of a counterexample that in this case,
in general, the spacings may not be MTP, dependent. In fact, for n = 3, even
RTI(Ds33|D23) does not hold for some values of the parameters. We show
that, however, cov(Das, Ds;s) = 0.

Let Ay = -+ = Ap_1 = A and A, = A*. Such a model is known as a single
outlier exponential model with parameters A and A* and it has been studied
extensively in the literature. See Gross, Hunt and Odeh (1986), Balakrishnan
(1994), and Arnold (1994) for more details and various applications of this
model. It is proved in Chapter 3 that for this model, the spacings are MT P,
dependent. It is also proved that in the case of multiple-outlier model, when
A =...=XM=2Xdand M1 = -.. = A, = A", 1 < k < n— 1, any pair of
consecutive spacings, D;., and Diy1.n, are TP, dependent fori =1,...,n — 1.

These results on dependence among spacings lead to some interesting re-
sults on variances and on covariances of order statistics. We prove that,
when Xj,...,X, follow the single outlier exponential model with parame-
ters A and A* and Y;,...,Y, are i.i.d. exponential with common hazard
rate (A* + (n — 1)A)/n, then cov(Xim, Xjm) > cov(Yin, Yin) and var(Xin) >
var(Yin). These results give us convenient lower bounds on the variance of
total time on test statistic and on covariances between order statistics. Bar-
toszewicz (1985) obtained similar results when Xi,..., X, and V3,...,Y, are

random samples on X and Y and X >4 Y.
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Kim and David (1990) proved that when X, , Xn is a random sample
from a DF R distribution, then cov(Xum, Xjm) is increasing in i as well as j.
It is shown that this result continues to hold if instead, random variables Xi,
i=1,...,n follow the single outlier exponential model.

Let Xi,..., X, be independent exponential random variables with X; hav-
ing hazard rate \; for i € {1,...,n}. Kochar and Korwar (1996) conjectured
that for i = 1,...,n — 1, D}, .. > D},. In Chapter 3, we prove their con-
jecture for a special case when X;’s follow a single outlier exponential model.
Pledger and Proschan (1971) proved that for ¢ € {1,...,n}, Dy, is stochas-
tically larger when the parameters are unequal than when they are all equal.
This prompted them to examine the question whether the survival function of
D;., is Schur-convex in (Ay,...,A,). They came up with a counterexample to
show that this is not true in general. Kochar and Korwar (1996) proved that
in case of second spacing, whereas the survival function of D,., is Schur-convex
in (A1, ..., Ay), its hazard rate is not Schur-concave. We examine this question _
in Chapter 3, for the single outlier model and prove that for i € {1,...,n},
the hazard rate of D;., is Schur-concave in \’s. The results in Chapter 3 are

mainly based on Khaledi and Kochar (2000 c).

1.4 Summary of results on dependence and
stochastic orders for concomitants of or-
der statistics

In Chapter 4, the problems of stochastic comparisons and dependence among

concomitants of order statistics are discussed. Kim and David (1990) consid-
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ered the model ¥ = g(X) + Z, where random variable Z is independent of X.
They proved that if g is increasing, then (¥, .- ,Y{n)) are associated. Under
the additional condition that Z has a log-concave density, they proved that the
joint density of (Yy), . .-, Yjn) is MTPp. In this thesis we substantially improve
upon their results.

The results obtained in Chapter 4, are general in the sense that they ap-
ply to any distribution with monotone dependence between variables X and
Y. By assuming different kinds of dependence between X and Y, successively
stronger dependence and stochastic ordering results among the concomitant
variables Yy, ..., Yn) are established. It is seen that monotone (positive or
negative) dependence between X and Y’ implies positive dependence among
Yiy's. We prove that if (X, Y) is DRR(0,m) or DTP(0,m), then (Yiu, -, Yim))
is DTP(m, ..., m) for all nonnegative integers m. Particularly, the following

results are proved in this chapter.

(a) IfY is stochastically increasing in X, then the concomitant variables Yf;’s -
are stochastically increasing according to usual stochastic ordering and

they are associated.

(b) If X and Y are TP, dependent, then Yy’s are increasing according to
likelihood ratio ordering and the joint density of Yjy’s is TP, in pairs.

(c) If the hazard rate of the conditional distribution of Y given X =z is
decreasing in z, then for 1 < i < j < n, Yj is smaller than Y};) according
to hazard rate ordering and Yjy’s are DTP(1,..., 1). In particular Y}
and Yj;) are RCSI fori# j € {1,...,n}.

(d) If the conditional mean residual life of Y given X = z is increasing in

z, then for any 1 < i < j < n, Yjy's are increasing according to mean
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residual life ordering and they are DTP(2,...,2).

(e) If E[Y|X = z] is increasing in z, then for any 1 <i < j < n, ElYy] <
E[Y{;)) and Cov(Yy, Yy5) = 0.

It is also proved that under the above conditions in (a), (b), and (c) the con-
comitants of order statistics are increasing according to joint stochastic order-
ing, joint likelihood ratio ordering, and joint hazard rate ordering, respectively.
Analogous results on stochastic orders among the concomitants of order statis-
tics are obtained when the dependence between X and Y is monotone negative.

It is also proved in Chapter 4 that if 7(y|z) is decreasing in y for each fixed
z, then Y}; has DFR distribution for 1 < ¢ < n. If r(y|z) is also decreasing
in z then Yy éd,,,, Yy for i < j . The inequality is reversed if instead, one
assumes that r(y|z) is increasing in .

Again for the model Y = g(X)+ Z, where Z is independent of X, assuming

that the function g is increasing (decreasing), it is proved in Chapter 4, that

i Yjy’s are associated and they are increasing (decreasing) according to
@

usual stochastic ordering;

(ii) if Z has a log-concave density, then the joint density of Yy’s is TP, in
pairs and they are increasing (decreasing) according to likelihood ratio

ordering;

iii if Z is IFR, then Yy’s are DTP(1,...,1) and they are increasing
a]

(decreasing) according to hazard rate ordering and

(iv) if Z is DMRL, then Yjy’s are DTP(2,.. .,2) and they are increasing

(decreasing) according to mean residual life ordering.
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In Case (ii) above, if instead of assuming that Z is log-concave, we assume
that Z is log-convex, it is shown that the joint density of Yfy’s is still TPy
in pairs, but they are decreasing (increasing) according to likelihood ratio or-
dering. Similarly, in case (iii), if we assume that Z is DFR, then Yj;’s are
DTP(1,...,1) and they are decreasing (increasing) according to hazard rate
ordering. Finally, by assuming that Z is IM RL in (iv), it is shown that Yiy's are
DTP(2,...,2) and they are decreasing (increasing) according to mean residual
life ordering. The results reported in Chapter 4 are mainly based on Khaledi
and Kochar (2000 b).



Chapter 2

Stochastic Comparisons of

Order Statistics

2.1 Introduction

Order statistics are of great interest in statistics, in general and in reliability
theory, in particular. A k-out-of-n system with n components is said to be
functional if at least k of n components function. The time of a k-out-of-n
system of n components with lifetimes X1, ..., X, corresponds to the (n—
k + 1)th order statistic. In particular, the lifetime of a parallel system is the
same as the largest order statistic. Series and parallel systems are the simplest
examples of coherent systems and they have been studied in detail in the
literature in case the components are independent and identically distributed.
But in real life, oftenly, the systems are made up of components with non-
identically distributed lifetimes. Since the distribution theory becomes quite
complicated then, relatively fewer results are available for the general case.

The exponential distribution plays a very important role in statistics. Be-

22
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cause of its non-aging properties it often gives very convenient bounds on sur-
vival probabilities and other characteristics of interest for systems with non-
exponential components.

In this chapter we give some new results on stochastic comparisons of or-
der statistics and their functions, when the underlying random variables are
independent but non-identically distributed as exponentials. In Section 2.2,
some new results on dispersive as well as hazard rate orderings for the largest
order statistic are given. In Section 2.3, we stochastically compare the sample
range from independent exponential random variables having possibly different
hazard rates with that corresponding to a random sample from an exponential
distribution. In Section 2.4, we prove that if the hazard rates of independent
exponential random variables are more dispersed according to p-larger order-
ing, then their convolution is more dispersed in the sense of dispersive ordering.
Section 2.5 is devoted to the study of dispersive ordering among order statistics

in one-sample and two-sample problems.

2.2 Stochastic comparisons of parallel systems

Some interesting partial ordering results on order statistics from indepen-
dent but non-identically exponential random variables have been obtained by
Pledger and Proschan (1971), Proschan and Sethuraman (1976), Bapat and
Kochar (1994), Boland , El-Neweihi and Proschan (1994 a), Dykstra, Kochar
and Rojo (1997). Boland, Shaked and Shanthikumar (1998/1995) and Kochar
(1998) give good surveys of the area of stochastic comparisons of order statis-
tics.

Pledger and Proschan (1971) considered the problem of stochastically com-

paring the order statistics from independent random variables with propor-
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tional hazard rates. In particular, they proved the following Schur-type result.

THEOREM 2.2.1 Let X1, ..., Xn be independent exponential random variables
with X; having hazard rate X;, i = 1,...,n and let Yi,..., Y, be another set
of independent ezponential random variables with Y; having hazard rate Xj,

i=1,...,n . Then
m
A=A = Xim 20t Yim, 6=1,..,7

Proschan and Sethuraman (1976) strengthened Theorem 2.2.1 from component-
wise stochastic ordering to multivariate stochastic ordering. Boland, El-Neweihi
and Proschan (1994 a) proved that for n = 2 the above result can be extended
from stochastic ordering to hazard rate ordering. They also showed with the
help of a counterexample that for n > 2, Theorem 2.2.1 cannot be strengthened
from stochastic ordering to hazard rate ordering.

Dykstra, Kochar and Rojo (1997) studied the problem of stochastically
comparing the largest order statistic of a set of nindependent and non-identically
distributed exponential random variables with that corresponding to a set of
n independent and identically distributed exponential random variables. Let
X1, .., Xy, be independent exponential random variables with X; having haz-
ard rate A;, fori =1,...,n. Let ¥3,..., Yy be a random sample of size n from
an exponential distribution with common hazard rate A = X%, Ai/n, the arith-
metic mean of the \;’s. They proved that X,., is greater than Yy according
to dispersive as well as hazard rate orderings. In Theorem 2.2.3 below we prove
that similar results hold if instead, we assume that fori =1,...,n, the random
variable Y; has exponential distribution with hazard rate X = ([T M)Y/™, the
geometric mean of the A;’s. To prove dispersive ordering between X5 and

Ypn in Theorem 2.2.3 we shall need the following lemma.
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LEMMA 2.2.1 Forz > 0, the functions g(z) = (1—e™%)/z and h(z) = (z%e™*)/(1—
€7%)? are both decreasing.
PROOF : The numerator of the derivative of g(2) is k(z) = (1+ 2z)e™* — 1,
which is a decreasing function of z. This implies that k(z) < 0 for z > 0, since
k(0) = 0.

1t is easy to see after some simplifications that

4 Gog(h(a)) = 2

Using the fact that k(z) is negative, one can verify that the numerator of (2.2.1)

(2.2.1)

is decreasing, from which the required result follows.
L]
Next theorem due to Bagai and Kochar (1986) and Bartoszewicz (1987)

establishes a connection between dispersive ordering and hazard rate ordering.

THEOREM 2.2.2 Let X and Y be random variables with distribution function_

F and G, respectively. Then,
(a) X <n Y and F or G being DFR implies X <aisp Y';
(b) X <aisp Y and F or G being IFR implies X <p, Y.
Now we prove Theorem 2.2.3.

THEOREM 2.2.3 Let Xi,..., X, be independent exponential random variables
with X; having hazard rate X;, i = 1,...,n. Let Yi,...,Y, be a random
sample of size n from an exponential distribution with common hazard rate
X = ([T M) V™. Then

(@) Xnin Zdisp Yo 5

(b) Xpin Znr Yon -
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PROOF : (a) The distribution function of X is
Fx,.(z) = H (1—e=),

with density function as

Pt

Fronl®) =32

> T f[l (1-e>=). (2.2.2)

Replacing ); with X in (2.2.2), we see that the distribution function and the

density function of Yy, are
—iz\" Yo AT i\t
Fy,..(z) = (1 —e ) and  fy,.(z) = nie (1 —e ) s

respectively. It is easy to verify that F7' (z) = —tlog (1 — 2'/*). Using these
Yain X

observations, it follows that

. n n n-1
Frun (Fi, Fran()) = 1k (1 “TIa- efliz)l/n> (H(1 _ e—m)l/n)
=1 i=1
(2.23)
To prove that Xun Zaisp Yon, it follows from relation (1.1.2) that it is

sufficient to show that
Fron(@) < Frun (F7L Fxon(@)) V2 >0, (2:2.4)

Using expressions (2.2.2) and (2.2.3) in (2.2.4), one can see after some
simplifications that (2.2.4) is equivalent to
n X

) »
2146‘%’ —ng

i=1

NV ST | (PRILE (2.25)
=1 i=1

To prove that (2.2.5) holds for all A; > 0,4 = 1,...,n, it is sufficient to show
that the L.H.S. of (2.2.5) (denoted by h(z)) is increasing in z since for z > 0,

h(s) < limasseh(z) = 3N = n TLD
i=1 i=1
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the right hand side of (2.2.5).
The derivative of h(z) is

, n e hT n X 1/n M2e~Nw
hi(z) = (; 1 ,:-m») ('1;-[‘ 1 ,):w\‘z) - Z <

A —eo)2

n 2 A)\;:v

since the geometric mean of a set of numbers is always greater than or equal

[\
£ L

i=1

to its harmonic mean. Now k'(z) > 0 if and only if,

ni _iz pe (Xnﬁ (lAj :;:)z) (‘2 - :7”) . (226)

=1 =1 =1

Multiplying both sides of (2.2.6) by z(> 0) and replacing the Az with z; for

i=1,...,n, it is enough to prove that
nozeH (" 2% ) (" 1—e"“>
n > . 2.2.7,
Yz Gae) &= @27)_

The inequality in (2.2.7) follows immediately from Cebysev’s inequality (The-
orem 1, p. 36 of Mitrinovi¢, 1970), Lemma 2.2.1 and by writing

me™s [ zle™® 1—e™
1—es \(1—e%)? P :

This proves that h(z) is increasing in = and hence the result.

(b) 1t follows from Theorem 5.8 of Barlow and Proschan (1981) that Yy, is
IFR. Using this and part (a), the required result follows from Theorem 2.2.2.
[

From the above results, we get the following convenient bounds on the

hazard rate and the variance of Xp.p.

COROLLARY 2.2.1 Under the conditions of Theorem 2.2.3,



28

(a) the hazard rate rx,,, of Xnn satisfies

ni (1 - ezp(—iz))"_l ezp(—Az)
1- (l - ezp(—;z))"

Txna (T3 A) <

()

Dykstra, Kochar and Rojo (1997) proved a result similar to Theorem 2.2.3 by
assuming that the random variables Y’s are exponential with common hazard
rate X = 37, A;/n and obtained bounds on the hazard rate and the variance of
X in terms of X. The new bounds given in Corollary 2.2.1 are better because
va.. and var(Yas) are increasing and decreasing function of X, respectively,
and the fact that the geometric mean of \’s is smaller than their arithmetic .
mean.

2 (2:2,2,2)

T 61/2,61/3,61/%)

7(z;1,2,3)

Figure 2.2.1. Graphs of hazard rates of Xs:s
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2 7(2:2,2,2)

(x5 (1.52)1/3, (1.52)1/3, (1.52)1/3)

r(x;0.2,2,3.8)

Figure 2.2.2. Graphs of hazard rates of X33

In Figures 2.2.1. and 2.2.2. above, we plot the hazard rates of parallel
systems of three exponential components along with the upper bounds as given
by Dykstra, Kochar and Rojo (1997) and the one’s given by Corollary 2.2.1
(a). The vector of parameters in Figure 2.2.1. is A1 = (1,2,3) and that in
Figure 2.2.2 is Az = (0.2,2,3.8). Note that Ap = Ay. It appears from these
figures that the improvements in the bounds are relatively more if \;’s are more
dispersed in the sense of majorization. This is true because the geometric mean
is Schur-concave and the hazard rate of a parallel system of i.i.d. exponential
components with a common parameter Xis increasing in X

In Theorem 2.2.6 below we prove that for the largest order statistic the
conclusion of Theorem 2.2.1 holds under the weaker p-larger ordering. The

proof of this theorem hinges on the following results.

THEOREM 2.2.4 ( Marshall and Olkin, 1979, p. 57) Let I C IR be an open

interval and let ¢ : I" — IR be 1 ly differentiabl Ne Yy and

sufficient conditions for ¢ to be Schur-convez on I"™ are ¢ is symmetric on I"
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and for all i # j,
(2 — %)lb0) (=) — by (z)] 20 forall z€ I,
where ¢(;)(z) denotes the partial derivative of ¢ with respect to its ith argument.

THEOREM 2.2.5 (Marshall and Olkin, 1979, p. 59) A real-valued function ¢
on the set A C IR™ satisfies

x>y on A= ¢(x) 2 ¢(y)
if and only if ¢ is decreasing and Schur-convez on A.
LEMMA 2.2.2 The function ¢ : R*" — IR satisfies
xEy = $(x) > $() (2.2.8)
if and only if,

(i) Y(e™,...,e™) is Schur-conves in (@1, ---»@n)

(i) le™,...,e) is decreasing in g, fori=1,...,n,

where a; = logx;, fori=

PROOF : Using relation (1.1.4), we see that (2.2.8) is equivalent to

ar b= y(e™,...,e™) = e, ..

") (2:2.9)

where a; = logz; and b; = logy;, fori=1,...,n
Taking ¢(as, - - -, an) = ¥(€, .-, %) in Theorem 2.2.5, we get the required

result.

Next we prove Theorem 2.2.6.
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THEOREM 2.2.6 Let X1, ..., Xn be independent exponential random variables
with X; having hazard rate X, i = 1,...,n. Let Y1, .., Y, be another set
of independent ezponential random variables with Y; having hazard rate A;,
i=1,...,n. Then

»
A= A = Xnin Zat Yon-
PROOF : The survival function of X, can be written as

Fxon(@) =1 ﬁ(l — e, (2.2.10)

i=1

where a; = log A;, i =1, n.

Using Lemma 2.2.2, we find that it is enough to show that the function
Fx,.. given by (2.2.10) is Schur-convex and decreasing in a;’s. To prove its

Schur-convexity, it follows from Theorem 2.2.4 that, we have to show that for

i g, (o — ag) (Tgemn — P 2 0. That is,
n 0j g—€ T
2(a; — a5) (1‘[(1 . e-=°'=°)) (f—_e;— - v ) >0,fori#j (22.11)
=1

since _ N .

Poren - fla- ) (3255 ) -
1t is easy to see that the function be™**/(1 — e™**) is decreasing in b, for each
fixed = > 0. Replacing b with e%, it follows that the function eeme /(1 —
e~¢"') is also decreasing in a; for i = 1,...,n. This proves that (2.2.11) holds.
The partial derivative of Fx,,, with respect to a; is negative and which in turn

implies that the survival function of Xy, is decreasing inag; fori=1,..

This completes the proof.
[ ]
Boland, El-Neweihi and Proschan (1994 a) pointed out that for n > 2,

Theorem 2.2.1 cannot be strengthened from stochastic ordering to hazard rate
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ordering. Since majorization implies p-larger ordering, it follows that, in gen-
eral, Theorem 2.2.6 cannot be strengthened to hazard rate ordering.

As shown in the next example, a result similar to Theorem 2.2.6 may not
hold for other order statistics.

EXAMPLE 2.2.1 : Let X, X2, X3 be independent exponential random
variables with A = (0.1,1,7.9) and Y1,Y>,Y; be independent exponential ran-
dom variables with A* = (1,2,5). It is easy to see that A = A*. The X and
Yi.3 have exponential distributions with respective hazard rates 3 and 8/3 and

which implies that Yi.3 >4 X1:3

2.3 Stochastic ordering for sample range

Sample range is one of the criteria for comparing variabilities among distri-
butions and hence it is important to study its stochastic properties. Let.
X1, ..., X, be independent exponential random variables with X; having haz-
ard rate \;, i = 1,...,n. Let ¥3,...,Y, be a random sample of size n from
an exponential distribution with common hazard rate X, the arithmetic mean
of the A;’s. Finally, let Rx = Xpn — X1 and Ry = Yam — Y1in denote the
sample ranges of X;’s and Y;s, respectively. Kochar and Rojo (1996) proved
that Rx >s Ry. In the next theorem we prove that a similar result holds
if instead, one assumes that for ¢ = 1,...,7n, the random variable Y; has an

exponential distribution with hazard rate X, the geometric mean of A;’s.

THEOREM 2.3.1 Let Xi,..., X, be independent exponential random variables
with X; having hazard rate X;, fori=1,...,n. Let Y3,...,Y, be a random

sample of size n from an exponential distribution with common hazard rate X



33

Then,
Rx 2 Ry.

PROOF : The distribution function of Rx (see David, 1981, p. 26) is

Frx(@) = )\ Z 1= B — H(l —eh). (2:3.1)

7 i=1 e i=1
and that of Ry is
Gr,(@)=(1- e*"’)"" . (2.3.2)
Using (2.3.1) and (2.3.2), we have to show that
LN VI | N n el
;mg(lfe ‘)gg)\;(l—e )y (2.3.3)
Multiplying both sides of (2.3.3) by (> 0), it is sufficient to prove that
L e n seyt
Z} Ty 1:[](1 —e M) < (; )\,-z) (1 —e ”)) . (2.34)
Dykstra, Kochar and Rojo (1997) proved that
., e V) w
St = (S fro-em
where y; > 0 for i = 1,...,n. Making use of this inequality on the L.H.S. of
(2.3.4), we get

f: i e—m 1:[(1 —e™) < (z i z) me- e*M)"T_’ (2.3.5)

A consequence of Theorem 2.2.3 (b) is that Xn.n >t Y, which is equivalent

to T, (1 —e Xo)/m <1— e~>*_ Using this result, we find that the expression

on the R.H.S. of (2.3.5) is less than or equal to that on the R.H.S. of (2.3.4)
and from which the required result follows.

[}

As a consequence of this result we get the following upper bound on the

distribution function of Rx in terms X.
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COROLLARY 2.3.1 Under the conditions of Theorem 2.3.1, for x > 0,
52171
PlXun = Xim <a] < [1—e7]" (236)

This bound is better than the one obtained in Kochar and Rojo (1996) in terms

of X, since the expression on the R.H.S. of (2.3.6) is increasing in A and A < X.

2.4 Dispersive ordering among convolutions of
independent exponential random variables

In this section we will concentrate on convolutions of independent random
variables differing in their scale parameters and obtain some new dispersive
ordering results for them. Boland, El-Neweihi and Proschan (1994 b) proved
that a convolution of independent exponential random variables with unequal
hazard rates is stochastically larger with respect to likelihood ratio ordering-
when the parameters of the exponential distributions are more dispersed in
the sense of majorization. Kochar and Ma (1999) established a dispersive
ordering result for the convolution of independent exponential random variables
under the same conditions. These results can be immediately extended to the
convolutions of Erlang random variables. Some related work on this problem
is by Tong (1988) and Bon and Paltanea (1999), among others.

‘We pursue this problem further in this section and obtain some dispersive

ordering results for convolutions of hetero exp tial random vari-

ables under p-larger ordering which is weaker than majorization. These results
lead to better bounds on various quantities of interest associated with these
statistics.

To prove the desired results in this section we need the following theorems.
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THEOREM 2.4.1 (Saunders and Moran, 1978) Let X, be a random variable

with distribution function F, for each a € IR such that

(i) F, is supported on some interval (r(l’),x&?)) C (0,00) and has density fo

which does not vanish on any sub-interval of (3:(,"‘>,av(+"))>

(ii) derivative of F, with respect to a ezists and denoted by Fj.

Then,
Xq 2disp Xo» for a, a* € R anda>a’, (2.4.1)
if and only if,
Fi(x)/ fa(x) is decreasing in x. (2.4.2)

THEOREM 2.4.2 (Lewis and Thompson, 1981) Let Z be a random variable
independent of random variables X and Y. If X Zaisp Y and Z has a log-
concave density, then

X +Z >4 Y + 2.
This result leads to the following lemma.

LEMMA 2.4.1 Let X, Xo; Y1, Ys be independent random variables with log-concave

densities. Then X; <gip Y fori=1,2 implies
X1+ Xz <aisp 1 + Y.

PROOF : Since X, is independent of X; and Y; and it has a log-concave

density, it follows from Theorem 2.4.2 that X1 <aisp Y} implies
Xi + Xo Saip Vi + Xa. (243)
Using the same argument it follows that X» <aisp Y, implies

Y1 + X2 <aisp Y1 + Y2 (2.4.4)
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Combining (2.4.3) and (2.4.4), we get the required result.
L]

THEOREM 2.4.3 (Lewis and Thompson, 1981) Let forn > 1, Xn, Yo, X
and Y be random variables such that X, — X and Y, — Y, weakly. Then

Xy Zdisp Yo, 0 > 1 implies X 2asp Y-

We first consider convolutions of two independent exponential random vari-

ables.

THEOREM 2.4.4 Let Xy, X», be independent exponential random variables
with respective hazard rate A1, A2. Then A 2 A implies S(A, o) Zaisp S(ALL 23),
where S(A1, A2) & X, + X

PROOF : Without loss of generality we assume that A, 2> Xp and A} > A3, To
prove the result we need to consider the following four cases.
Case (a) M\ > Agand A] > A5 -
Let us first prove the result when A # A} and Xy # A3. Then we will
discuss the other possibilities later. It is easy to see that the density function

and the distribution function of S(\1, A2) are, respectively,

R(M, A 2) = A:\‘jﬁh (67 = ehe) (2.4.5)

and

dpe™ M — e
A= A2 ’

To prove the required result, in the light of Lemma 2.2.2, it is sufficient to show

H(w, o) =1+ (2.4.6)

that for0 <z <y <1,
(i) H'(e™,e™;2) — H-'(e™, e;y) is Schur-convex in (a1,02),

(i) H™'(e™,e™;2) — H~1(e,e%;y) is decreasing in 6, and az,
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where a; =log A;, i = 1,2,
From the definition of dispersive ordering it easy to see that (i) is equivalent
to

(01,02) & (a3, a3) => S(e™, ™) Zuisp S(e%, %), (2.4.7)
where af = log)\}, i = 1,2. Hence to prove (i), we show that (2.4.7) holds.
A1 > XA and A} > )} respectively imply that a; > ay and aj > aj. Let
a,+ap = ¢, . Using (2.4.5), (2.4.6) and these assumptions, the density function

and the distribution function of S(A1, Az), respectively can be written as

c

€ et 8
hay () = —m(e TR gm0 gy € (¢/2,0) (2.4.8)
and
e—e1Tee—201 _ gme"la
Hoy(@) =1+ ——F—(mr— @€ (c/2,¢). (2.4.9)

The derivative of H,, (z) with respect to a, is

Hy, () =

1 _eo o — 0y —ec—01
a s {(7266—2u15 €l 1001 —€1To0=201 _ goc—01 e lz)
e ~

« (1 _ eciz,,,) _ 9ee—2m1 (e—e“l.‘tec—Zul . eff*nlz)} . (2.4.10)
Using (2.4.8) and (2.4.10), we get after some simplifications,

Hy(@) _ e m e [ gy 3T e T e - (e
[NE) - ec(1 — ec—201)2 g€z _ g—e®lz

(2.4.11)
To prove that expression in (2.4.11) is decreasing in z, we have to show that

the function
z{e*"® + e~ "7}
9(@) = = e e

is increasing in z, since a; € (¢/2,¢) implies e*~* < 1. After some simplifica-

tions we find that the numerator of g', the derivative of g, is

k(z) = T TN {ez(z‘l—ec"‘l) _ emwlem—esTen) Zx(e“‘ _ eC—m)}.

(2.4.12)
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Let us define z(y) = e¥ — e™¥ — 2y. It is easy to see that for y > 0, 2'(y) > 0
and 2(0) = 0. Using this observation and replacing y with z(e® — e°~) in the
function z, we have shown that the function k(z) given in (2.4.12) is positive
for z > 0 and which in turn implies that H, (x)/ha,(z) is decreasing in z.
Using this result, (2.4.7) follows from Theorem 2.4.1.

It is worth noting that (ii) is equivalent to saying that S(e®, e®) is decreas-
ing in a; and a; according to dispersive ordering. Now let a; > a}. It is easy
to see that XC‘,; >4isp Xea1. The random variables X’s are independent and
Xee has a log-concave density. Combining these facts, it follows from Theorem
2.4.2 that S(e%, e%) >4, S(e™,€%). Similarly one can prove that S(e®, e?)
is decreasing in az, from which the required result follows.

Now if Ay = A}, then (A1, As) & (A}, A3) implies that A, < A3 and which in
turn implies that X, >aisp X*; Now the required result in this case follows
from Theorem 2.4.2, since the random variables X’s have log-concave densities
and they are independent. N

The last possibility is \; = A3. In this case A < A\; = A3 < A]. Again the
required result follows from Theorem 2.4.2. This completes the proof of case
(a).

Case (b) Ay =X and A} > A5,

Noting that A} = A3 < A] or A; < A < A}, the result follows from Theorem
2.4.2.

Case (c) A > X and A} = A5, Again the required result for the case
when \; = A} immediately follows from Theorem 2.4.2. Now let A; # A}. In
this case (A, \2) & (A{,);) implies that A} > X, where A = (A A\1)"2, the
geometric mean of A;, A,. First we prove the result for the case when A} = X.

It is easy to see that, for n > 1, (A1, A2) é (A, A+1/n). Using this observation,
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it follows from case (a) that, for n > 1,
KX + X 2aisp X5+ Xsi1/m-

Using the fact that X5,,/,, — X3 , weakly, it follows that X3 + X5,,/, =Y
weakly, where Y is a gamma random variable with shape parameter 2 and
scale parameter A Combining these observations, the required result in this
case follows from Theorem 2.4.3. The result for the case when X} > X follows
from the above case and the fact that gamma random variables with equal
shape parameters are decreasing according to dispersive ordering with respect
to their scale parameters. This completes the proof of this case.

Case (d) A\ = A and Al = A3

In this case S(A\;,A2) and S(A}, A\3) have gamma distribuions with equal
shape parameters and respective scale parameters A, and Aj. Now the result
again follows from the fact that gamma random variables with equal shape

parameters are dispersive ordered with respect to their scale parameters.

L]
In the next theorem we extend Theorem 2.4.4 from n =2 to n > 2.

THEOREM 2.4.5 Let X»,,...,X», be independent random variables such that
X, has ezponential distribution with hazard rates X, fori=1,...,n. Then,
AL N mplies SO, -+ An) Zaiop SO+ A8).
PROOF : As in the proof of Theorem 2.4.4, we show that

O]

a Q a* = S(e™,...,e%) >up S(e™, ..., e%).
where a; = log \; and a} =log A}, i=1,,...,n,
(ii) S(e,...,e) is decreasing in a;, for i = 1,...,n according to dispersive

ordering.
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To prove (i), it is sufficient to consider the case when (a1, a2) § (at,a3), and
a; =a},i=3,...,n. Then it follows from Theorem 2.4.4 that S(e*, e*) 2aisp
S(e%, e%). The random variable S(e®, . .., e) has a log-concave density, since
the class of distributions with log-concave densities is closed under convolutions
(cf. Shaked and Shanthikumar, 1994, p. 439). Adding S(e®,...,e*) to both
sides of the above inequality, we find that the required result follows from
Theorem 2.4.2.
The proof of (ii) here is similar to that of (ii) in Theorem 2.4.4. Using (i)
and (ii), again the main result follows from Lemma 2.2.2
-
The following result also proved by Bon and Paltanea (1999) immediately

follows from the above result.

COROLLARY 2.4.1 Let X»,,...,Xx, be independent random variables such
that X, has exponential distribution with hazard rates X\; for i = 1,...,n.

Then, A § X* implies S(Ar, - .-, An) Zae SO, -, A0)-

PROOF : Since S(Ar, - -, An) has a log-concave density, it is JF'R. From The-

orem 2.4.5 S(\1, ..., An) Zdisp S(AT, - ,A%). The required result then follows
from Theorem 2.2.2.

L]

Kochar and Ma (1999) also proved that A § A" implies S(A1, - -, An) Zaisp

S(A1, .., A4) when random variable X, follows the Erlang-m distribution with

mean m/X;, for ¢ = 1,...,n. In the next theorem we show that this result

P
continues to hold if, we replace A § A* with the weaker partial ordering A = A*.

THEOREM 2.4.6 Let Ys,,...,Ys, be independent random variables such that

Yy, has Erlang distribution with shape parameter m and mean m/X;, fori =
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L.,m. Then, A& A* implies

n n
S Y Zaie 3 Yag-
i=1 i=1

PROOF : It is known that Y3, ' S, X j, i =1,...,n, where for every j,
X - - -+ Xan,; are independent exponential random variables with respective
hazard rates A, ...,\n. By Theorem 2.4.5, under the given conditions, for

j=1...,m,
n n
> Xy Zaisp 2 Xng,-
=1 3=1
The required result follows by repeatedly using Lemma 2.4.1.
-
As a consequence of this result we get the following convenient lower bound
for the variance of 31, Ya,,
ul mn
var (ZY,\‘.) > Bt
i=1
since A & (M- -+,A), where X = ([T, )"

1t is clear that this bound is better than the one obtained by Kochar and

Ma (1999) which is in terms of the arithmetic mean of the As, since it is known
that the ggometric mean is smaller than or equal to the arithmetic mean.

Remark : Pareto distribution of the first kind with distribution function
F(z) = 1 — 2, z > 1 is of practical important in the economic. Using

relation between dispersive ordering and star ordering, one can easily see that
» n . n
A=A =TT X = T Xy
=1 =1
where X, has Pareto distribution of the first kind with parameter X;, for

i =1,...,n. This result is also an extension of Corollary 2.2 of Kochar and

Ma (1999) from majorization to weaker p-larger ordering.



42
2.5 Dispersive ordering among order statistics

from DFR distributions

In this section we discuss the problem of dispersive ordering among order statis-
tics when the observations are independent and identically distributed from a
DFR distribution. We consider both, the one-sample as well as the two-sample
» Xn

be a random sample of size n from a continuous distribution with distribu-

problems when random samples are of possibly different sizes. Let X1, ..

tion function F. David and Groeneveld (1982) proved that if F is a DFR

distribution, then
var(Xim) < var(Xam) < -+ < var(Xnm)

Boland, Shaked and Shanthikumar (1998/1995) proved that if F is exponential

distribution, then
Xim Zdisp X2 Zaisp *** Zdisp Xnin- (2.5.1)

Kochar (1996) strengthened these results to prove that (2.5.1) continues to
hold for a DFR distribution.

In Lemma 2.5.1 below we extend the result of Boland, Shaked and Shan-
thikumar (1998/1995) to the case when the order statistics are based on sam-

ples of possibly different sizes. To prove it, we need the following theorem.

THEOREM 2.5.1 (Lewis and Thompson, 1981) The random variable X satis-
fies X <aisp X +Y, for any random variable Y independent of X if and only

if, X has a log-concave density.

Now we are ready to prove Lemma 2.5.1
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LEMMA 2.5.1 Let X;., be the ith order statistic of a random sample of size n

from an ezponential distribution. Then

Xin <disp Xjom fori<jandn—iz>m—j. (2.5.2)
PROOF : Suppose we have two independent random samples, Xi,...,Xn
and Xj,..., X, of sizes n and m from an exponential distribution with failure

rate A. The ith order statistic X;., can be written as a convolutions of sample

spacings as

Xin = (Xin— Xictm) + -+ (Xom — Xim) + Xim
. i
S B
k=1
where for k = 1,...,4, En_iyx is an exponential random variable with failure

rate (n — i + k)A. It is a well known fact that E, ;.4’s are independent.

Similarly we can express X;:m as
' dist
Kjim = ng—j+k
k=1

where again for k = 1,...,7, E;,,_j & is an exponential random variable with
failure rate (m — j + k)X and E;",Hk’s are independent. It is easy to verify
that En_ik <aisp Eppjyx forn—i>m—jand1<k<j.

Since an exponential random variable has a log-concave density it follows

from Lemma 2.4.1 that

i i
> Bnivk <aisp 3 E"m,j“,. (2.5.3)
k=1 k=1

Again since $}_; 11 Fp_jyk, being the sum of independent exponential random
variables is independent of > }_; E’;,i + and which has a log-concave density,

it follows from Theorem 2.5.1 that the R.H.S of (2.5.3) is less dispersed than
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ey Erjyx for i < j . That is,

i 3
tist g dist
Xin = EE"—"H Sdisp 2 E‘m*j+k = Xj.m'
k=1 k=1

Since Xj.n and X}, are stochastically equivalent, (2.5.2) follows from this.
[]

The proof of the next lemma can be found in Bartoszewicz (1987).

LEMMA 2.5.2 Let ¢ : IRY — IR* be a function such that $(0) = 0 and ¢(z) —=
is increasing. Then for every convez and strictly increasing function ) : RY —
IR* the function ¢y~ (z) — x is increasing.

In the next theorem we extend Lemma 2.5.1 to the case when F is a DFR
distribution. This result is also an extension of the result given in Kochar
(1996) to the case when the order statistics are based on samples of possibly

different sizes.

THEOREM 2.5.2 Let Xinm be the ith order statistic of a random sample of size

n from a DFR distribution F. Then

Xin <disp Xjam fori<jandn—i2m—j.
PROOF : The distribution function of Xj.m is Fj.m(z) = BjmF(z), where Bj.m
is the distribution function of the beta distribution with parameters (j,m —
j+1).

Let G denote the distribution function of a unit mean exponential random
variable. Then Hjm(z) = BjmG(z) is the distribution function of the jth
order statistic in a random sample of size m from a unit mean exponential
distribution. We can express Fj., as

Fjm(@) = BjmGG'F(2)
= HjmG'F(2).
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To prove the required result, we have to show that for i < j and n — % =

m=j,

FjmFin(z) —x s increasing in =

& F'GHjLH..G'F(z) —z is increasing in z.

By Lemma 2.5.1, Hj,Hin(2) — « is increasing in « for i < j and n—1i >
m—j. Also the function #(z) = F~'G(z) is strictly increasing and it is convex
if F is DFR. The required result now follows from Lemma 2.5.2.

[
Remark : A consequence of Theorem 2.5.2 is that if we have random samples

from a DFR distribution, then
Xims1 Zdisp Xim <disp Xit1mt1, fori=1,....,n

Now we consider the two-sample case. Let X),..., X, and Y1 ...,Y, be two
random samples from continuous distribution functions F' and G, respectively.

Bartoszewicz (1986) proved that,

X Zdaisp Y = Xin <disp Yim, fori=

L. (2.5.4)

In the next theorem we extend this result to establish dispersive ordering be-
tween order statistics when the random samples are possibly of different sizes

and at least one of the two distributions is DF R.

THEOREM 2.5.3 Let Xi,...,Xn be a random sample of size n from a con-
tinuous distribution F and let Yy ..., Ym be a random sample of size m from

another continuous distribution G. If either F or G is DFR, then

X <gisp Y = Xin <disp Yjm fori<jandn—izm—j.
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Proor : Let F be a DFR distribution. The proof for the case when @ is

DFR is similar. By Theorem 2.5.2, Kin <aisp Xjm fori < jandn—i > m—j.

Using (2.5.4), it follows that Xjm Zdisp Yiom. Combining these observations,
we get the required result.

L]

Since from the property X <, Y together with the condition that either F

or G is DFR implies that X <, Y (cf. Theorem 2.2.2), we get the following

result from the above theorem.

CoROLLARY 2.5.1 Let Xy,..., X, be a random, sample of size n from o contin-
uous distribution F and Y,...,Y,, be o random sample of size m from another

continuous distribution G. If either F or G is DFR, then

XSth:’Xim Sdisij:m fOT’ZS] ﬂ”dﬂ—izm—j-

The material of Section 2.5 is mainly based on Khaledi and Kochar (2000 a). -



Chapter 3

Dependence and Stochastic

Orders among Spacings

3.1 Introduction

Let X;,...,X, be n random variables. The random variables D = Xin —
X;_1nand D}, = (n—i+1)D;., are respectively called spacings and normalized
spacings, for i = 1,...,n, with Xo.. = 0. They are of great interest in various
areas of statistics, in particular, in characterizations of distributions, goodness-
of-fit tests, life testing and reliability models. In the reliability context they
correspond to times elapsed between successive failures of components in a
system. It is well known that the normalized spacings of a random sample of
size n from an exponential distribution are i.i.d. random variables having the
same exponential distribution. This characterization may not generally hold for
other distributions and much of the reliability theory deals with this aspect of
spacings. In this chapter we investigate the dependence and stochastic ordering

properties of spacings when the original random variables are not necessarily

47
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i.i.d. In Section 3.2, we obtain some new results on dependence among spacings
when observations follow an exchangeable distribution. Section 3.3 deals with
this problem when the parent observations are independent and exponentially
distributed with unequal parameters. In particular, in this section we obtain
some interesting results on dependence among spacings in single-outlier as well
as multiple-outlier exponential models. Section 3.4 is devoted to the study
of hazard rate ordering among spacings when observations follow the single
outlier exponential model. Section 3.5 is concerned with some inequalities
among variances and covariances of order statistics for this model. In Section

3.6, we discuss some open probl on d d among

3.2 Dependence among spacings of exchange-
able random variables

It is well known that if X;,..., X, is a random sample from an exponential
distribution, then Dj.p, . . . , Du:n are independent. If we have a random sample
from a DF R distribution then spacings are conditionally increasing in sequence
(cf. Barlow and Proschan, 1981, p. 151). As pointed out in Karlin and Rinott
(1980 a, p. 483) the spacings of a random sample from a distribution with
log-convex density are MT P, dependent. In the next theorem we extend this

result to the case when X;’s are exchangeable and their joint density is TP, in

pairs.

THEOREM 3.2.1 Let X, ..., X, be exchangeable random variables with abso-
lutely continuous joint pdf fx(x1,...,%n) which is positive on [, QF, & C
R')i=1,...,n and fies the following dit:

(a) fx is TP, in pairs,
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(b)  fx is log-convez in each argument when the remaining arguments are
held fized and

(c) the first partial derivative of fx(x) with respect to z; exists for ¢ =

1,...,n.
Then Dy, - - ., Dpn are MT Py dependent.
PROOF : The joint pdf of Dy, ..., Dy is
2 i n
Foldy, - osda) = 0l fuldr, > dgy - D dyy e, > di).
=1 =1 =1

By Theorem 1.5 page 158 of Karlin (1968), fp(ds, .. .,d,) will be TP, in pairs
ofdy,...,d,ifand onlyifforany: # j, 1 <4, j < n, (8/9d;)log fp(di,...,ds)
is increasing in d;. Let ¢ < j. By the chain rule of differentiation

(8/8d;)1og fp(dy, ..., dn) = i(a/azk) log fx(d1,> dj, - - ,id,-, S S ),
k=i =1 =1

=1

where z, = F d, fork € {1,...,n}. The term (8/0z) log fx (x) is increasing
in zy for k € {1,...,n}, since fx is log-convex in z; for each k. It is increasing
in p,, m # k, m € {1,...,n} since fx is TP, in pairs. Now z,, and z; are
both increasing functions of d;. This implies that (8/9d;) log fp(d1,- - .,dn) is
an increasing function of d;. Hence fp(dy, .. .,ds) is TP, in pairs. Clearly the
support of spacings is a lattice under the given conditions. Combining these
facts, we get the required result.

[
Remark : In Theorem 3.2.1 if instead of conditions (a) and (b) we assume
that fx is RR, in pairs and fx is log-concave in each argument, then one can

prove that the joint pdf of spacings is RR; in pairs.
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LEMMA 3.2.1 For a bivariate random vector (X,Y),
cov(Y — X, X) > 0 => var(X) < var(Y). (3.2.1)

PrOOF : The inequality cov(Y — X, X) > 0 implies cov(X,Y) > var(X)

which in turn implies that
{var(X)/var(Y)} < P(X,Y) £ 1,
where p(X,Y) is the correlation coefficient between X and Y. The required
result follows from this.
This lemma and Theorem 3.2.1 lead to the following corollary.
COROLLARY 3.2.1 Under the assumptions of Theorem 3.2.1,
var(Xim) < var(Xam) < ... < var(Xna).

PROOF : Since under the given conditions D;.,’s are MTP, dependent, they -

are associated. This implies that for j =2,...,n,
i-1
cov(Xjin — Xjm1n, Xj-1: c00(Djin, 3 Din) 2 0, (32:2)
i=1
since 347} D, and Dj., are increasing functions of (D, - --» Dnin). The re-
quired result follows from Lemma 3.2.1.
[ ]

EXAMPLE 3.2.1 (INVERTED DIRICHLET DISTRIBUTION) : Let X;, ¢ =
0,...,n be independent gamma random variables each with unit scale param-

eter and such that X, has shape parameter 8 and X; has shape parameter o,

for i € {1,...,n}. Then the joint pdf of ¥; = Xi/Xo, 2 =1,...,nis
I'(na + B) (ITpy v
e Yn) = e aE R T~ St for y; > 0.
Pt vn) (T(e))"T(B) (1 + iy y:)meth ¥



51

It is easy to see that fy;, v, (¥1,---,¥n) is exchangeable, T'P; in pairs and log-
convex in each argument when 0 < & < 1 and na+ > 1. Thus the conditions
of Theorem 3.2.1 are satisfied and as a result the spacings of Y3,...,Y, are
MTP, dependent. By Corollary 3.2.1 the variances of the successive order

statistics increase as ¢ goes from 1 to n.

3.3 Dependence among spacings of heteroge-
neous exponential random variables

Let X1, ..., X, be n independent random variables with X; having exponential
distribution with hazard rate \;, fori = 1,...,n. Gross, Hunt and Odeh (1986)
briefly discussed the dependence properties of spacings for the single-outlier
exponential model with parameters A and A* in which A\, = vo An—1 = A and
An = A, A # A*. They incorrectly pointed out that in this case the spacings
D and Dy, are independent for j —i > 2. While it is true that Dy, is‘
independent of (Dg.p, - - -, Dyin), the other D’s are not independent. In fact,

for n = 4,
22 (\ — A)?
4. Dgg) = —— ——
0v(Dz0, Daa) = g Ry izae + 22 (30 02
which is positive unless A* = X. In this section we extensively investigate

this problem for the independent exponential random variables when A;’s are
possibly different. In particular we obtain some interesting results on depen-
dence among spacings when random variables X, ..., X, follow the single-
outlier as well as the multiple-outlier exponential models. In the latter case,
forl < k <n—1, X1,..., Xy are i.i.d. exponential random variables with
common hazard rate A and Xg41,.--, Xn are i.i.d. exponentials with hazard

rate A*. For more details and various applications of these models the reader
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is referred to Balakrishnan (1994) and Arnold (1994).
The joint density function of spacings when \’s are possibly different is

given by (cf. Kochar and Korwar, 1996),

n N non n
ID1mresDan (T - Tn) = % T ) 11;11(12; A(rj))ezp{—z: JE::‘ A}
(3.3.1)
for z; > 0,i=1,...,n, where (r) = (r1,...,7s) is a permutation of (1,...,m)

and A(i) = \i. It is a mixture of products of exponential random variables. ‘
From (3.3.1) it is easy to find that the joint pdf of (Djin, Djin) for 1 <i < j<m,
is

M h

) = _ 3.2
Toepin(@9) = 3T 5 ) ®32)

X (A CmDerpl e 35 A (32 Armezp{=y 32 M),
2! 2N =

for z, y > 0.
The next example shows that the spacings may not be MT P, dependent if
Ay’s are all different. v
ExAMPLE 3.3.1 : Let Xj, X2, X3 be independent exponential random
variables with respective hazard rates 5,4 and 1. Using (3.3.2), we find after

some simplifications that

h(y) = P(Dss > 2|Da3> y)
20 (55 + 5am) D e + Gl + )@ e + o + s)e?)
=20V (el1v + 4 €14 + 5elY)

1t is clear from the plot of h(y) below that the function h(y) is not monotoni-
cally increasing, proving thereby that Ds.3 is even not RTT in Dy.3. Hence Dag

and Ds3 are not TP, dependent.
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Figure 3.2.1. Graph of h(y).

The covariance between D;., and Dj., for i < jis

oo(Dins Di) = 5 ﬁ%,‘r,) {Z )\(rm)} {z":j ,\(rm)}

o {mz_,* "")} ] '

We conjecture that, in general, the covariance between Din and Dj., for

B LY .
S e wf H%n

i < j is nonnegative. We prove this conjecture for n = 3 in Corollary 3.3.1. In
fact we prove in the next theorem that the covariance between Dy3 and Dss

is Schur-convex in A’s.

THEOREM 3.3.1 Let X1, Xa, X3 be independent ezponential random variables
having hazard rates A, Az, A3 respectively. Then cov(Das, Da3.3) is Schur-convez

n A;’s.
PROOF : The covariance between D3 and Dy is

(M1, do,Xa) = cov(Dz3, Dss)
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= () + Ao+ 20) H{OT2 + A7) (A + M)
F O D00+ X0) 2+ (0524 457 + X))
{0+ 2o+ 29)7 (s + 20) 7"
a1+ 20) T+ M+ 2)7Y) } (3.3.3)
x {(Adeda) (A1 + Ao + A3) (A% + A7) Oz + 2g) ™!
+ (AT 2300+ 2) T (T2 + A3 (0 + X) 1}

After some simplifications, we find that
(A= A2) {¢(1)()\1» Az, A3) = day(Aa, Az, )\3)}
is equal to

8 — 2a)2
(A + 22) (O + Ag) (g + Ag) (A + Az + Ag)’

which is nonnegative for all A\j, A3, A3 > 0. Since the function ¢ is symmetric

in (A1, A2, A3), the required result follows from Theorem 2.2.4.

COROLLARY 3.3.1 Under the assumptions of Theorem 3.8.1, cov(Dag, Ds;3) >

0 and var(Xy.3) < var(Xas) < var(Xss) -

PROOF : Let X be the average of \;’s. Since (X, X, X) g (A1, Az, Ag), it follows
from Theorem 3.3.1 that

(LX) < d(As, Az, Xs), (3.3.4)

where the function ¢ is given by (3.3.3). The L.H.S of (3.3.4) is zero, since
spacings of a random sample from an exponential distribution are independent
This proves that cov(Dag, D) > 0. Since Dy is independent of Das and
Dy, it follows that cov(Xs:3 — X2:3, X2:3) = 0. The required result follows

from Lemma 3.2.1.
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[
To prove the other results of this section we shall be repeatedly using the

following known result.
THEOREM 3.3.2 (Shaked and Spizzichino, 1998) Let the joint distribution func-
tion of X = (X1,...,Xa) be

+o0

P, om) = [ 1L R@10dG),
T =1

where F;(.|0) is an absolutel, i distribution function with respect to
Lebesgue measure on R for each 0 in the support of © with density function
fi(.|0) fori=1,...,n. Suppose that the support of (X1,...,Xn) is a lattice.
If fi(x|6) is TP> (RRy) in (,0) for alli € {1,...,n}, then (X;,...,X,) s
MTP;.

Now we examine the problem of dependence among spacings when random
variables X, ..., X, follow the single-outlier exponential model with param-
eters A and A*. Theorem 3.3.3 which follows, replaces the incorrect result of

Gross, Hunt and Odeh (1986) for the single-outlier exponential model.

THEOREM 3.3.3 Let X|,..., X, be independent exponential random variables
such that X; has hazard rate X fori € {1,...,n — 1} and X, has hazard rate
A*. Then (D1, - - ., Dnn) ©s MT P, dependent.

PROOF : Using (3.3.2), we find that the joint pdf of (Diy, .-

case is

Lz (= D)
Tpunssonn (0 0) = D o A3 s~ 1 DA

[ n
x [T((n = A + A)e~@=dx+xs TT (o — i 4 1)Ae™ 4D, (3.3.5)
i=1 i=0+1
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which can be expressed as
+oo T
oumtun @y = [ 11 o (zl0)dH ),
T =1

where H(6) is distribution function of a discrete random variable © with fol-

lowing probability mass function,

(n— 1) (N)"!

h(0) = , for §=1,...,n; (3.3.6
O = = DA+ X) Tgra(n— i 4 D 380l
and
((n— DA+ A")e~ (== 4 < g
FDia(x]0) = ) . ) (3.3.7)
(n— i+ 1)Ae~ itz i>0+1.

We show that the conditional densities as given by (3.3.7) are all TP, if \* < A
and are all RR, if A* > \. Suppose 6, < 6, and 6,,0, € {1,...,n}. Then the

ratio,
1, i< 6
;.. (62) O .
Foum @) e 01 <156
1, 6, <i

is a constant function of z, for i < 6, or i > 0, and is an increasing function
of z for 6) < i < 65, if A* < A. That is fp,,(x|60) is TP, in (z,0), if A* < A,
for i = 1,...,n. Similarly it is RR; in (z,0), if A* > A. The required result
follows from Theorem 3.3.2.
L]
The following corollary is an immediate result of Theorem 3.3.3 and Corol-
lary 3.2.1

COROLLARY 3.3.2 Under the assumptions of Theorem 3.3.3,

var(Xin) S var(Xzm) < ... < var(Xnmn)-
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In the next theorem we consider the multiple-outliers model. We prove that

in this case Dj.;, and D;yy.n, are TP, dependent for ¢ = 1,.. — 1. It is not
known whether the spacings are MT P, dependent in this case.
. THEOREM 3.3.4 Let Xi,..., Xn be independent exponential random variables

such that X; has hazard rate X for i € {1,...,k} and hazard rate \* forie
{k+1,...,n}, k€ {2,...,n—2}. Then Dy, and Diy1.n are TP, dependent.

PROOF : Without loss of generality we assume that k < n — k.

Case (i) Letk<i<n-—k.

From (3.3.2) the joint pdf of (Din, Di41:0) for this set of A’s can be expressed
as

+00
Foumirin@ V) = [ 000 (@10) iy (WIO)AH ©),

where H (6) here is distribution function of a discrete random variable © tak-
ing values 0,1,2,...,2k with following probability mass function. For 6 =
0,2,4,...,2k,
1
h(8) = X *En — k)Y
( R = B e

where summation is being taken over all permutations of

k—0/2  i-1-k+6/2 1 6/2 n—i—0/2
| N e N,
@) = (A O AT A AN LX) (3.3.8)

for which the ith component of (rg) is A* and its last (7 —%) components consist
of (6/2) N's and (n—i— 6/2) A”’s.
For § =1,3,5,...,2k— 1,

i=1

h(B) = XA *kl(n — k)1 S =
i 11
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where summation is being taken over all permutations of

k—(041)/2 i—1-k+(041)/2 1 (0+1)/2-1 n—i—(6+1)/2+1
, s A S i SOty
I N s Vi U IR D WS W U L (3.3.9)

for which the ith component of (r) is A and the last (n — ) components of
(rp) consist of ((#+1)/2—1) N’s and (n—i— (6 + 1)/2+1) A*s.
For 0 € {0,...,2k},

I (@10) = {(n—i—[(0+1)/2]+1)A" +[(6 +1)/2]A} x
e~ {(n=i=[@+1)/21+ 1A +{(0+1)/2N)z | (3.3.10)

and
Forarn(10) = {(1 — i = [0/2)X° + [0/2N}em (i 0/DN 0=, (3.5.11)

where [z] denote the greatest integer less than or equal to .
To prove the required result we show that fp,.,(z|0) and fp,,,.,(z|0) are all
TP, if A < A* and are all RR, if A > A*.

S (210 +1) _

fpe (@10)
{(n— ¢ — [(0 + 2)/2]+ DA* + [(0 + 2) /2N Je~ (ri—O12)/2 0 HE+D/2N)
(== [0+ D2+ )X + [0+ 1)/2 e @+ AFDX +GTD/AN=

{1 if0=1,3,5,...,2k—1

= DN H(O/241)A) ~(A=A")z  if 9 —

R e O i6=0,2,4,...,2k—2.
(3.3.12)

From (3.3.12) we conclude that if A < X* (A > A*) then fDin(z|0) is
TP, (BR;) for i =1...,n. Similarly for fp,,.,(x|0) we have,

(@0 +1) _
Foerun @16)
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[n—i—[(0+1)/2))\ +[0+ 1)/2)A e (=[O /2N H{@+1/20)=
1(n—i— [6/2) + [6/2)\ e~ (i O7DR+ 072

{1 i£0=0,24, . ,2—2
{pmi— Q412N (@12} —
Gy e O ie=135,.,2% L

(3.3.13)

Again from (3.3.13), it follows that fp,,,.,(z]6) is TP, (RRp) if A < X >
A*). Using these observations, the required result follows from Theorem 3.3.2.
Case (i) i>n—k.

In this case for 8 € {0,2,...,2(n — 9}, (ro) is given by (3.3.8) and for 6 €
{1,3,...,2(n—i)+1}, (rp) is given by (3.3.9). Hence for 6 € {0,1,2,...,2(n—
i+1) =1}, fp,.(z|9) and fp,,,.,(z|0) are the same as given by (3.3.10) and
(3.3.11) respectively. The required result follows from the same kind of argu-
ments as in case ().

Case (iit) i< k.

The proof is similar to the previous case. The vectors (rg) and (ry) correspond-

ing to (3.3.8) and (3.3.9) are as follows. For § =0,2,...,2i =2
i-1-6/2 0/2 1 k—i40/2  n—k—0/2
———— ——— A~ —
() = O AN LA TA A LX),

for which the ith component of (rg) is A and the last (n — i) components of
(ro) consist of (k — i+ 0/2) X's and (n — k — 0/2) A’s.

For=1,3,...,2i —1

i—(@+1)/2) (OH1)/D=1 1 k—iH(8+1)/2)) n—k=(0+1)/2)
AN waten N Oy Ul O WS SN CRIP LR

for which the ith component of (ry) is A* and the last (n — %) components of
(ry) consist of (k — i + (6 +1)/2) N's and (n — k — (6 +1)/2) A”’s.

Therefore, For 8 € {0,...,2i — 1},

Fon (@) = {(k—i+1+16/2)A+ (n—k—[6/2)2"} x
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o~ {(E=i+1+{0/2D+(n—k=[0/2DX"}2
and

Fon@l0) = {(k—i—[O+1)/2A+ (n—k—[(0+1)/2)A7} x
o~ {(k=i=[@+D/2DAHm—k—[O+1)/2DA o

The required result follows from the same kind of arguments as in case (2).

3.4 Hazard rate ordering among spacings

Many authors have studied the stochastic properties of spacings from restricted
families of distributions. Barlow and Proschan (1966) proved that if Xyp,..., Xn
is a random sample from a DFR distribution, then the successive normalized
spacings are stochastically increasing. Kochar and Kirmani (1995) strength-
ened this result from stochastic ordering to hazard rate ordering, that is, for
i=1,...,n—1
Diiiin Zhr Dy (3.4.1)
The corresponding problem when the random variables are not identically dis-
tributed, has also been studied by many researchers, including Pledger and
Proschan (1971), Shaked and Tong (1984), Kochar and Korwar (1996), Kochar
and Rojo (1996), Nappo and Spizzichino (1998), among others. For a review
of this topic see Kochar (1998).
Kochar and Korwar (1996) conjectured that a result similar to (3.4)
holds in the case when Xi,..., X, are independent exponential random vari-
ables with X; having hazard rate \;, for i = 1,...,n. In the next theorem

we prove this conjecture when random variables X;'s follow a single outlier
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model with parameters A and X*. Using (3.3.5), the joint density function of

(Diin, - - - » Dnin) can be expressed as

IDtmreaDan (B15 -5 Zn) = Zh(ﬁ') HO(' moim I e,
=041
where o; = (n — i+ 1)\, of = (n—i)A+ X", i =1,...,n and h(f) is given by
(3.3.6). Using o and «f, the function h can be written as

(n— 1)IA"1a"

N, of Mgy o

h(9) = 6=1,...,n (342)

The marginal density function of D;;, can be expressed as
Fen (@) = Hioue™™® + Hiofe ™", (3.4.3)

where
i—1

H;=3 h(0), i

6=1
Thus, the density function of Djy is a mixture of two exponential random "

NN (3.4.4)

variables with parameters o; and 0.

THEOREM 3.4.1 Let X,..., X, follow the single-outlier ezponential model

with parameters A and X\*. Then

D}y =he D,

it1n Zhr Pimy

i=1

PROOF : We prove the result when A* > A. The proof for the case A <A
follows using the same kind of arguments. From (3.4.3) we find that the survival
function of D}, is Fp;, (v) = Hie™*+ Hie ™, where n; = (=DM To prove

the theorem we have to show that for any i € {1,...,n — 1},
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is increasing in . The numerator of g'(z) the derivative of g(z) is
A@) = [Hie™ + Hie ™[~ AHip1e ™ — o Hipre7"07)
+[Hip1e™ + Hipne 07| AHie ™ + nHie™™]

- - /\){ H; H-+1 e~ ANz
1

—(ir1+ )z _ Jﬁ—”]—_e(n‘+niu)l
m_i+tDn—1)
_j‘_ﬁi_e(mﬂ.u)z
(n—i+1)(n—1)
A=A JR . — JE—
(7.2—)(7:31—1) {tn-DHi— (n—i+ DHin + HHun}
x e~ tNE _ FH e i) 3 (3.4.6)

The inequality in (3.4.5) follows, since A* > A implies By > M-
Again A* > X implies A < 7; and which in turn implies e~(w+1+M2 >

e~(m+ni+1)® for every x > 0. Also for A* > A,

{n—Hi—(n—i+ DHin} = (n—dh(i) —Hin

> 0, (3.4.7)

since for A* > A, h(j) is a decreasing function of j. Using these results in

(3.4.6) we find that A(z) and hence ¢'(x) is nonnegative for z > 0. This proves
the required result.

[

Let X1,.--,Xn be independent exponential random variables with unequal

hazard rates. Pledger and Proschan (1971) proved that fori € {1,...,n}, Din

is stochastically larger when the hazard rates are unequal than when they are

all equal. This prompted them to examine the question whether the survival
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function of D;., is Schur-convex in (\i,. .., An). They came up with a counter
example to show that this is not true in general. Kochar and Korwar (1996)
proved that in the special case of second spacing, whereas the survival function
of Dy, is Schur-convex in (Ay,...,As), its hazard rate is not Schur-concave.
They proved, however, that the hazard rate of Dy is Schur-concave. We now
examine this question when X, ..., X, follow the single-outlier exponential
model with parameters A and X*. In the rest of this section, we assume that
A* < A. We will treat it as a part of the model. It is easy to see that in this
case, (A}, A1,---, A1) z (A3 X2, ..., A2) if and only if A\] < A3 < A < Ay and
A} 4 (n — 1)A\ = A5 + (n — 1)X2. We prove later in this section that for the
single outlier model, for i € {1,...,n}, the hazard rate of D;., is Schur-concave

in X’s. To prove it we need the following lemmas.

LEMMA 3.4.1 Let Xy, ..., X, follow the single outlier exponential model with

parameters A and X*. Then
i_1 .
NA= HST, fori=1,...m, (3.4.8)
where H; is given by (3.4.4). The inequality in (3.4.8) is reversed for A* > A.

PROOF : A* < X implies that the function h(j) in (3.4.2) is increasing in j,
j=1,...,n. Note that

(h(1), h(2), ..., h(n)) & (1/n,...,1/n).

The required result follows from the definition of majorization.

The proof for the case A* > ) follows from the same kind of arguments.

[
LEMMA 3.4.2 Let X,,..., Xy, follow the single outlier ezponential model with
parameters A and X}. Let Yi,...,Y, be another set of random variables fol-

lowing the single outlier exponential model with parameters Xy and Aj. If
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(i) X\ < X5 < A2 < Ay, then ©1 24 2,
(#3) M < Az < A3 < A], then O, <4 O3,

where ©, and ©, correspond to random variable © with probability mass func-

tion h(j) in (3.4.2) for X;’s and Y;’s, respectively.

PROOF : (i) We prove that

ho(6+1) > ha(8)
h(0+1) = ()’

where h, and h, are probability mass functions of ©, and ©,, respectively.

This inequality holds if and only if

(n=0-DM+X _ A
CET RSN Tb (3.49)

Since A} < A3 and Ay < Ay, it is easy to see that (3.4.9) is true.
(4)  In this case the inequality in (3.4.9) is reversed which in turn implies
that ©; < ©,. This proves the result.

THEOREM 3.4.2 Let X,,..., X, follow the single outlier ezponential model
with parameters Ay and A\j with A\} < \. Then for i € {1,...,n}, the hazard

rate of Dy is Schur-concave in {1, ..., A, ALY

PROOF : Let Yj,...,Y, be another set of random variables following the
single outlier exponential model with parameters A2 and A5 (A3 < Xg) such
that (A}, Ar, ..., A1) g (A3, Az, -, X2). As discussed above this holds if and
only if A} < A3 < Az < Ay and X + (n — 1)Ay = X3 + (n — 1)A2. Without loss
of generality, let us assume that Aj + (n — 1)\, = 1. We have to prove that

under the given conditions for i =1,...,n,

DY >, DY,
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where D& (D{)) denotes the ith spacing of Xi’s (¥i’s). From (3.4.3) the

survival functions of D) and DY) are

FDun)(z) = Pe % 4 Pie ®,
Fpm(a) = Que™® + Qie™,
where P; and Q; correspond to H; in (3.4.3) for Dfl,z and D§?,?. respectively
and o = (m—i+ DA, @ff = (n— DM + X, an = (n =i+ Dk and
A = (n— )+ A5
‘We have to show that _
() Foom(z)
) = =Dk
Frp@
is increasing in z. After some simplifications the numerator of ¢ (z) the deriva-
tive of ¢(z) is
9(@) = —(an — 0u) PiQie” ¥ DT + (o — an ) PiQe e +e)®

— (ah — ) @Pie T 4 (o — ) QP T (3.410)

Using the assumption A} < A3 < A2 < Ay and the fact the A\J +(n—1)A =1,
i=1,2, it follows, an+0j, < @i +ug, X +ap > oo, i o > ol o
and all (o — ai2), (af — @h), (o2 — o},), are nonnegative. Using these

observations in (3.4.10), we see
glz) > e e {—(an — 0w PiQi + (o — ofy)P

— (a1 — a)QiP;: + (02 — ) QiPi}
—(an+ai)z
= Q- B (0Qi- G- DX+ (R - G- DA
e—(@it+aih)e

{Qi— P —n(@i — P)A3} (3.4.11)

n—1
e—(an+ai)e

T (@— R - )
> 0. (3.4.12)
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The inequality in (3.4.11) follows, since by Lemma 3.4.1 P; < =Land A} < A3
From Lemma 3.4.2 it follows that Q; > P, since it is known the likelihood
ratio ordering implies usual stochastic ordering. This observation along with
the fact that A3 < 1/n implies the inequality in (3.4.12).
]
Remark : The result of Theorem 3.4.2 holds if instead of A\ < Ay and
A5 < A, we assume that A] > A and A3 > Ao
It is known that spacings of independent exponential random variables have
DFR distributions (cf. Kochar and Korwar, 1996). Combining this observa-
tion with Theorem 2.2.2, we have proved the following corollary.
COROLLARY 3.4.1 Under the assumptions of Theorem 8.4.2,
DY) >4y DG
A consequence of Corollary 3.4.1 is that var(D) = var(D®), i = 1,...,n.

3.5 Moment inequalities for order statistics in

a single-outlier exponential model

Let X1,...,Xn and Y3,...,Y, be random samples on continuous random vari-

ables X and Y, respectively. Bartoszewicz (1985) showed that if X >aisp Y

then for i, € {1,...,n} and i < j,
var(Xin) 2> var(Yin), (3.5.1)
coV(Ximy Xjin) = €00(Yim, Vi), (3.5.2)

The results on dependence among spacings in Section 3.3 lead us to extend

these results to Theorem 3.5.2 below. To prove it we use the following result.
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THEOREM 3.5.1 (Kochar and Korwar, 1996) Let X,,..., X, be independent
exponential random variables with X; having hazard rate A;, for i =1,...,n.
Let Y1,...,Y, be a random sample of size n from an ezponential distribution
with hazard rate X = Y2, Aifn. Then, fori=1,...,n,

DY) >4 DS,
where D) (D)) denotes the ith spacing of Xi’s (Yi’s).
THEOREM 3.5.2 Let Xi,...,X, follow the single outlier ezponential model
with parameters A and X\* and Yi,...,Y;, be i.i.d exponential random variables

with common hazard rate X = (\* + (n— 1)A)/n. Then, the inequalities (3.5.1)
and (3.5.2) continue to hold.

PROOF : It follows from Theorem 3.3.3 that, D,(:',_)’s are MTP, dependent
and which in turn implies that they are associated implying thereby that
cov(DY), D,“")) is nonnegative, for ¥ < I. Now

var(Xem) = var{D{)+ D +. ..+ D)}

i
= Y war(DE) +2 303 cou(DL), DN
k=1 k<t

> 3 var(D{, (3.5.3)
k=1

> Y var(D3) (3.5.4)
k=1

= var(Yim). (3.5.5)

The inequality (3.5.4) follows from Theorem 3.5.1. The equality (3.5.5)
follows since the spacings of a random sample from an exponential distribution

are independent. This proves inequality (3.5.1).
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To prove inequality (3.5.2), without loss of generality assume that i < j.

cov(Xim, Xjn) = wu(ZDiti,ZD£1A+ z D)
=1 k=1

= var(x.ﬂ)+22 Z cov(D, DiY)
4

> var(Vi) 4230 30 con(DDZ)  (356)
SSh
= cov(Yim, Yjum)-

The inequality (3.5.6) follows from (3.5.1), the fact that co’u(D(]) Dm) is non-

kin
negative and since the spacings of a random sample from an exponential dis-

tribution are independent.

-
These results give us convenient lower bounds on the variance of the total

time on test statistic and on covariances between order statistic.
COROLLARY 3.5.1 Under the assumptions of Theorem 3.5.2,
(a) for i < j, cov(Xin, Xjm) = %!El:x m,

(b) var(r(Xin)) = £, where 7(t) = Thoa(n— b+ 1)DE, + (n — i) (t — Xim) is
the total time on test statistic.

PROOF : (a)
L@ 4 po
cou(Yim, Vim) = cov(3 DL D" DR
k=1 k=1
)
= var(3_ D)
k=1

i
= > ver(DE)
K

1
S T
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Using part (b) of Theorem 3.5.2, the result follows.
(b)

var(r(Xem)) 2 3(n— k + 1Yvar(DLL)
k=1

s
> (n— k + 1)%var(DX,
=
i
= = (3.5.7)

v

The first and second inequalities in (3.5.7) follow from the association property
of D,(::E,’s and Theorem 3.5.1. Now the required result follows, since
2) 1
var(DE) = S
-
Kim and David (1990) proved that cov(Xin, Xjm) is increasing in 4 as well as
j when X\, ..., X, is a random sample drawn from a DF R distribution. In the
next theorem we prove that the same result holds if instead, the observations

follow a single-outlier exponential model.

THEOREM 3.5.3 Let X,,..., X, follow the single outlier exponential model

with parameters A and X*. Then
(a) cov(Xim, Xjn) is increasing in i as well as j.
() var(Xin) < cov(Xin, Xit1n) < var(Xiy1:n)
PROOF : (a)
€ov(Xin, Xjy1n) — 00(Xim, Xjin) = CW(X_z:m Kjrrm — Xjin)

i

cov(3" Diin, Djt1:m)
k=1

>0
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The last inequality follows, since spacings from a single outlier model are as-
sociated.

(b) The proof directly follows from (a).

3.6 Concluding remarks

In this chapter we have obtained some new results on dependence among spac-
ings of heterogeneous independent exponential random variables. Whereas in
the case of a single-outlier exponential model, the spacings are shown to be
MTP, dependent, it is not known whether the same result holds for the mul-
tiple outliers model. In the latter case, we are only able to establish TPy
dependence between consecutive spacings. Another unsettled question is to
examine whether in the case of independent exponential random variables, in
general, the spacings are positively correlated. We have given a proof of this‘

conjecture for n=3.

The results of this chapter are mainly based on Khaledi and Kochar (2000
¢).



Chapter 4

Stochastic Comparisons and
Dependence among

Concomitants of Order Statistics

4.1 Introduction

Let (X1,Y1),-- -, (Xn, Ya) be a random sample of size n from a continuous bi-
variate distribution. If we arrange the X’s in ascending order as Xy < X(z) <
+++ < X(n) then the Y’s associated with these order statistics are denoted by
Y, Yja), - - -, Vi) and are called concomitants of order statistics. They are also
known as induced order statistics in the literature. The concomitants are of
interest in selection and prediction problems based on the ranks of the X’s. For
example, when &k (< n) individuals having the highest X-scores are selected,
we may wish to know the behavior of {he corresponding Y-scores. They are
also of interest in a variety of estimation problems.

Let f(y|z) denote the conditional pdf of Y given X = z and let

71
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Frivore (@1 - - -, 7)) denote the joint pdf of X(5,), ..., Xr) with 1 <7 < ... <
7% < n. Then, as discussed in Yang (1977), the joint pdf of the k-concomitants
Y-+ ¥ira) A <k < m) i

+oo ok 2 (K L
Froetoge = [ [ " {1;[ f(y.m)} Frrs(o 20 [ doi-
(a11)
From this we obtain the marginal pdf of the rth concomitant ¥j,) as

fia) = [ 10l o) (412)

where f, is the density of X, 7 =1,...,n.

Under the assumption that X and Y are linearly related, apart from an
independent error term, the small sample theory of the concomitants of order
statistics has been discussed in David (1973) and Kim and David (1990). For
a comprehensive review of this topic see David and Nagaraja (1998).

In this chapter we consider the problems of stochastic comparisons and-

dependence among con i of order istics. While we are not aware

of any previous results on stochastic orderings among concomitants of order
statistics, some results on dependence among them are known for certain spe-
cial types of models. (cf. Kim and David, 1990). Intuitively, it is clear that
when X and Y are positively (negatively) dependent, the Y};’s should be in-
creasing (decreasing) in some stochastic sense. By assuming different kinds of
dependence between X and Y, we obtain various types of stochastic ordering
and dependence results among the Yjy’s. The results obtained are general in the
sense that they apply to any bivariate distribution with monotone dependence
between the variables X and Y. In Section 4.2, we discuss the dependence

properties of the concomi of order isti Section 4.3 is devoted to

the study of stochastic comparisons among them. In Section 4.4, we apply the
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results obtained in these two sections to the model Y = g(X) + Z , where the
random variable Z is independent of the random variable X and the function

g is an arbitrary monotone function.

4.2 Dependence among concomitants of order
statistics

Kim and David (1990) studied the problem of dependence among concomitants
of order statistics for the model

Y =g(X)+ 2,
where random variables X and Z are mutually independent. They proved
that if g is increasing, then (Y[, .- -, ¥{a]) are associated. Under the additional
condition that Z has a log-concave density, they proved that the joint density
of (Y, --- ,Yi) is MTP,. In this section, we discuss in detail the dependence

properties of the concomi of order statistics. The results obtained, are

general in the sense that they apply to any distribution with monotone (positive
or negative) dependence between the variables X and Y. By assuming different
kinds of dependence between X and Y, successively stronger dependence results
among the concomitant variables Y{y), . . ., Y[n) are established. We shall see that
both positive as well as negative dependence between X and Y imply positive
dependence among Yjy's. The following lemmas will be found useful in this

development.

LEMMA 4.2.1 (Karlin, 1968, p. 99) Let A, B and C be subsets of the real
line and let L(z,z) be SR, for z € A, z € B and M(z,y) be SR, for z € B,
y € C. Then K(z,y) = [L(z,2)M(z,y) dp(2) is SRy for v € A, y € C and
ei(K) = &i(L) x €;(M) V i =1,2. Here p is a sigma-finite measure.
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Thus according to Lemma 4.2.1 the composition of two TP functions or two
RR, functions is TP, and the composition of an RR; function and a TPy

function is RR,.

LEMMA 4.2.2 (Karlin, 1968, p. 128) Let A, z,( traverse the linear sets A X
and Z, respectively; and ider functions f(X, ,¢) and g(, ¢) satisfying the

conditions

(¢) f(\z,¢) > 0 and f is TP, in each pair of variables when the third
variable is held fized; and
(b) g\ () is TP

Then the function

rE) = [ FO5 00 Odu©) (42

defined on A x X is TP,. Here p represents a o-finite measure.

For establishing positive dependence among Yjy’s when X and Y are negatively

dependent, we prove another lemma which may be of independent interest.

LEMMA 4.2.3 Suppose \,x,( traverse the ordered sets A, X and Z, respec-
tively and der the function f(X, z,() satisfying the following ditions (a)
FO,z,¢) > 0 and f is TPy in (A z); () f(A\x,C) is RR in (A, €) as well
as in (z,¢) for all A, z and ¢ . Then the function h(\,z) = [ Oz, Q)du(C),

defined on A x X is TP, in (\,x). Here p represents a o-finite measure.

PROOF : We have to prove that for \; < A; and 7, < T2, B(Ag, Z2)h(A1, 21) —
h(A2, z1)h(A1, 22) > 0. That is,

[, £0220,0du(Q) [ 10,21, )dn(€)
= [ £0m,21,0du(©) [, £, 2, )il 2 0. (42:2)
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The L.H.S. of (4.2.2) is

[ [ 500,220 On o1, w)du@dutu)— [ [ £01,€)1 G2, w)iis(C)u(w),

which is equal to :
[ [ O, O G, ) = £ 00,1, O O (i)

4o fu

+ [ 100w O O, ) = £ 0,71, O (s ()
: (4.2.3)
By changing the order of integration in the second term of (4.2.3) and renaming

the variables ¢ = u, u — ¢, (4.2.3) becomes
[ [0 On e 010w~ £00 2, OF O 220w

+F Oy @2, 0) f (A1, 71, C) = F O, T1, ) f (A, 52, Oldpa(C)dp(w)- (4.2.4)
We shall show that the expression inside the square bracket in (4.2.4) is
nonnegative. By assumption () -

f02,22,0)  [Ow22,0) o
0220 FOuw2,0) =7

Hence

=3

fQ2,22,¢) _ f(M,22,0) * fO2,22,u0) _ fA1,22,0) o
0220 fOnaLw)  fOeenw)  FOuL21,0) ~
That is,

Fo, 21, f 71, )
[f(A2s 22, Q) f Ay 1) = F(A2, 21, O f (A1, 22, w)] + m

X[f A2y T2, w) f (M, 21, €) = Q2 21, ) f (M1, 22, )] 2 0. (42.5)
Note that for ¢ > u the ratio in the L.H.S. of (4.2.5) is at most one since f is
RR; in ) and ¢. Now since f is TP, in (X, z) and RR; in (z,(), we get the

following inequalities for z; < Z2, A <X andu<(,
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Q2 22, w)
Fz, 21,1)

implying thereby that,

fOnLz20) FOwL22,0)
FOLzLw) = fOw21,0)’

fOe2w) 22,0 o ¢
FOom,u)  fOnL@1,0) ~

and which in turn implies that the quantity inside the square brackets in the

second term of (4.2.5) is nonnegative. Combining these results we find that the

quantity inside the square brackets in (4.2.4) is nonnegative for ¢ > u, from
which the result follows.

L]

The next lemma will be found very useful in proving the various results in

this section.

LEMMA 4.2.4 Let

) = [ [T T K@) [T b0 I doiy (326)
- =0 =1 i=1 i=1
where 1
fx <y
K(z,y) = 4.2.7
@n={, e @27

and where Tpy1 = oo. Then h(z,y) RRe or TP in (z,y) implies that the

function z is TP, in pairs.

PROOF : Suppose that h(z,y) is RR,. By Lemma 4.2.1 the innermost
integral in (4.2.6),

+o0
g1(z2,9) = /_w K (21, x2)h(z1,31) dz1,
is RR; in (z2,v1) since K is TP, and h is RR,. The next integral in (4.2.6) is

+oo
92(23,y1,92) = Lw K (32, %3)91 (%2, y1) (@2, y2) - (4.2.8)
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Again by Lemma 4.2.1, the function g, in (4.2.8) is TP, in (1, v2), RR; in
(x3,1) and in (z3,y2). We prove the desired result by induction. Define for

i=1,...,n
+00.
9i(@is1, 1, - - U) = /Am 9im1 (@i, y1, - > Y1) (i 1) K (@3, @it s (42.9)
Assume that g;_, is TP, in (y;,yk), RRs in (z;,9;) for j k€ {1,...,i— 1}.
Using Lemma 4.2.1, the function g; is RR; in (yi,%i41), TPz in (s, y;) and RR;
in (zi41,9;) for j € {1,...,i—1}. It remains to show that g; is TP, in (y;, ux) for
jok € {1,2,...,i—1}. For fixed (y1,---,¥%i-1,Yj+1-- - Yb=1s k1o - - Bim1s 45)

and ;41 the function

m(zi, yj, ) = R, %) % K (@i, @i41) X i1 (@i, Y1, - -5 Yim1)
is TP, in (y;,yx), RR2 in (2:,9;) and (i, yx). Now from Lemma 4.2.3 it follows
that g; is TP in (y;, yk) for j,k € {1,...,i—1}. Thatis, ga(Tns1, 91, - S Yn) =
2(1,---,Ya) is TPy in (y;,y;) for 4,5 € {1,...,n}. This proves the required

result.

The proof when h is TP, follows on the same lines using Lemma 4.2.1,

Lemma 4.2.2.
[}

Using this lemma we prove a general result on positive dependence among
the concomitants of order statistics.
THEOREM 4.2.1 If (X, Y) is DRR(0,m) or DTP(0,m) then (Y, - - -, Yin)) is
DTP(m,...,m) for all nonnegative integers m.
PROOF :  Suppose that (X, Y) is DRR(0,m). Then by Definition 1.1.9, for

m > 0 we have

400 +o0 B n
ot ) = [ [ T 0~ ) g By ta) T s
e —00 =1

i=1
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o [ [ T K [T [
{I:I| YO (g — ) f (Bl %) £ (22) dti} gdz,

oo 400 1 n n
= n ﬁw e /_w il;[‘K(fi,Zi+1)$=l_[l¢o,m(zi,y«')l:l_[‘df€u
where
+00
Vom@a ) = [ 7 s — 1) ]l f (i),

and the function K is given by (4.2.7).

Since (X,Y) being DRR(0,m) is equivalent to tom(z,y) being RR; in
(,9), it follows from Lemma 4.2.4 with h(z:,y;) replaced by wo,m(z:, ¥:), that
Ym,.m(U1:- - - Yn) is TP, in pairs.

Now let us consider the case when . = 0. In this case the function
P0,.0U1s -2 ¥n) = Frpgpeatim(trs - - tn)

= /+w"‘/_-:°_]le(Ii,Ii+l) Ijlf(xnyi) ri[ldzi

—o0

is clearly seen to be DTP(0, - - -,0). The proof follows from Lemma 4.2.4 with
h(z,y) = f (@ 9)-
When (X, Y) is DTP(0,m), then the function %om(z,y) is TPz The
required result follows similarly using the TP, part of Lemma 4.2.4.
[ ]

The following results are immediate consequences of the above theorem.

COROLLARY 4.2.1 (i) If X andY are TP, or RR; dependent, then the joint
density of (Yo, - - -» Yjn) s TP, in pairs.

(ii) If the conditional hazard rate of Y given X = x is monotone in z, then
the concomitants (Yo, - - -, Yjn) are DTP(L,...,1). In particular Yj;) and
Yy are RCST fori+#j € {1,...,n}.
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Remark : If the conditions of Corollary 4.2.1 (i) are satisfied and if the
support of (Y, - - - ,¥[n) ia a lattice, then Y, -« -, Yin) are MT P, dependent.
We show in the next theorem that if Y is either stochastically increasing or

stochastically decreasing in X, then the Y;’s are associated.

THEOREM 4.2.2 If Y is stochastically monotone in X, then Yy, ..., Yin) are
associated.
PROOF :  We give the proof for the case when Y is stochastically decreasing

in X. The proof for the other case follows on the same lines.
Consider arbitrary increasing real-valued functions M and N defined on
R™. Then by the definition of associated variables it is enough to show that
Cov(M(Y(y), N(Y()) 2 0,

whenever it exists. Now

Cov(M(Y), N(Y)) = Cov(B[M(Y()IXo) EIN(Y)IXoD)
+E(Cov[M(Y)IXp), N(Y()I1X()) (42.10)
where Y = (Y, - -, Yim) and X = (X, - Xem)-

Note that the concomitants (¥y,...,Y{s) given the order statistics are
conditionally independent and for 1 < ¢ < n the conditional distribution of Yy
given X(;) = « is the same as that of ¥ given X = z. Therefore,

st
{YuIXo =x0} = {YolXo = %0} (4-211)
for x() < x{y if Y is stochastically decreasing in X.

1t follows from (4.2.11) that E[M(Y[})|X() = x] is decreasing in x since M

is increasing. The first term in the R.H.S. of (4.2.10) is the covariance between

two decreasing functions of order statistics (which are associated) and hence is

nonnegative.
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The second term in the R.H.S. of (4.2.10) is also nonnegative since co-
variance between two increasing functions of independent random variables is
nonnegative.

[ ]

Note that the concomitant Y[;’s are associated under the conditions of
Corollary 4.2.1 and Theorems 4.2.2. As a consequence Cov(Yy, Yj;)) > 0 for
i,j € {1,...,n}. However, as shown below this result holds under a rather

weaker condition that E[Y|X = z] is monotone in z.

THEOREM 4.2.3 Let (X1,Y1),...,(Xn,Yn) be a random sample from a distri-
bution for which E[Y|X = z] is monotone in . Then Cov(Yjy, Y};) > 0 for
alli,j€{1,...,n}.

PROOF :  From Yang (1977),

Cov(Yyy, Yy)) = CovlE(YilX) = X)), EMIX: = X(5))
= Coo[p(X»), ¥(X(z)] = 0

since ¢(x) = E(Y|X = z) is monotone and X(; and X(;) are associated.

4.3 Stochastic orderings among concomitants
of order statistics

In this section we consider the problem of stochastically comparing the con-
comitant Yj;’s under different kinds of dependence between X and Y. Intu-
itively, it is clear that when X and Y are positively (negatively) dependent,

the Yj’s should be increasing (decreasing) in some stochastic sense.
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It is proved in the next theorem that if ¥ is stochastically increasing (de-
creasing) in X, then the concomitant variables Y};’s are stochastically increas-

ing (decreasing).

THEOREM 4.3.1
(@) SIVIX) = Yy 2 Y=Yy <u Yy forl<i<j<n,  (43.1)
() SDYIX) =¥y ¥ Yy = Yig 2 ¥y fori<i<j<n. (432

PROOF : (a) Let g be any element of G; as defined in Section 1.1. That
is, g is such that

9(y2,91) — 9(y1, ¥2) is increasing in y, V. (4.33)

It is enough to show that for every such function g,
Elg(Yy), Yi)] — Elo(Y, Yi)] 2 0- (434)_

The L.H.S. of (4.3.4) after changing the order of integration is

+00  pxz +00 400
~/—\x> /;oc [/.w /_w {92, 11) — 9(y1,%2)} f(n |$1)f(?!2|12)dy1dy2]
X fij (@1, T2) dzrdzo
= /:e /; [B(g(Ya| X = 2, Yi| X1 = 21)) — E(g(Yi| X1 = 21, Ya| X2 = x2))]
X fi.j(21, T2)dz1dT2 (4.3.5)

where (X1, Y1) and (X2, Y3) are two independent copies of (X,Y). Now SI(Y|X)
implies that for any z; < z2, the expression inside the square brackets in (4.3.5)
is nonnegative for all z; < . The required result now follows from this. The

result Y < Yj; for ¢ < j follows from Theorem 4.9 of Shanthikumar and Yao
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(1991) as joint stochastic ordering between two random variables implies usual
stochastic ordering between their marginal distributions.
(b) By the definition of SD(Y|X), in this case the expression inside the
square brackets in (4.3.5) is nonpositive and hence the inequality in (4.3.4) will
be reversed.
-
In the next theorem, we make a stronger assumption on the dependence
between X and Y and establish hazard rate ordering among the concomitants

of order statistics.

THEOREM 4.3.2 Let r(y|z), the hazard rate of the conditional distribution of

Y given X = =z, be decreasing in x. Then forl<i<j<m,
hrij )
(¢) Yo =Yy,
b)Y <w Yi-
The inequalities in (a) and (b) are reversed in case r(ylx) is increasing in .

(Note that (b) does not follow from (a) since, as shown in Shanthikumar and
Yao (1991), joint hazard rate ordering may not imply usual hazard rate order-
ing.)

PROOF : (a) We prove the result for r(y|z) decreasing in z. The proof

is similar when it is increasing in . We have to prove that under the given

condition
Elg(Yi, Yl — Blg(Yi, Yi)) = 0 (4.3.6)

for any bivariate function g € Ghr, that is, for a function g satisfying g(y2, 1) —

g(y1,y2) increasing in y2 for y, > v and for which the expectations exist. As
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seen in Theorem 3.1, the L.H.S. of (4.3.6) is
oo 22
[m /_M[E(!](Yﬂxz =5, V1| X1 = 1)) — BE(g(i| X1 = @1, Yol X, = 22))]

X fij (21, %2) dzy dxo (4.3.7)
where (X;,Y:) and (X2,Ys) are two independent copies of (X,Y). By the
assumption that r(y|z) is decreasing in z, {Y|X = z2} Zar {Y|X = =1}
for z; < z,. Hence the expression inside the square brackets in (4.3.7) is
nonnegative for z; < . The required result follows from this.

(b)  The survival function of Y} is

Fyy ()

/v+°° [./:: Fylz) fi(z) d:::] dy
/::) F(yle) fi(z) dz

I

where f; is the pdf of X(;. Since the successive order statistics are increasing
according to likelihood ratio ordering (cf. Shaked and Shanthikumar, 1994, p.
22), the function fi(z) is TP, in (z,1). Also the survival function F(y|z) is
TP, (RRy) in (z,y) if r(y|z) is decreasing (increasing) in z. It follows from
Lemma 4.2.1, that fym(y) is TP, or RR, in (i,y) depending upon whether
r(y|z) is decreasing or increasing in z. That is, Y[y <ar (Zh)Yy for 1 <i <
j < nif r(y|x) is decreasing (increasing) in z.
-
In case X and Y are TP, (likelihood ratio dependent) or RR, dependent,

we get the following stronger result on the stochastic monotonicity of the ¥jy’s.
THEOREM 4.3.3 Suppose that X and Y are TP, dependent. Then
(a) Yy <i Yp fori<j,

Ir:j ir:j
() Yy == Y-
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The inequalities in (a) and (b) are reversed in case X andY are RR, dependent.

PROOF : (a) The density function of Y is

+oo
Fro@) = [ Flule) fiw)dz.

As noted in the previous theorem, the function fi(z) is TP, in (z,i). The
TP, (RR;) condition on f is equivalent to f(y|z) being TP, (RRy) in (y,).

The required result immediately follows from Lemma 4.2.1.

(b) First we consider the case when the joint density of (X,Y) is TF,.
We have to prove that under this condition the joint density of (Y, -« -» Yin)
is arrangement increasing. That is, if u and y are vectors of order n such that

u é y, then
Frape¥ie (@) = Frpggpe¥im(¥) 2 0 (4.3.8)

Clearly the L.H.S. of (4.3.8) is
\ +o0 z""- zz[" ,,-ﬂ » ]"d_
w7 . 11 7o) JIELCHD I da

Now the function T, f(z:,¥:) is arrangement increasing if fx,y(z,y) is TP

in (z,y) (cf. Marshall and Olkin, 1979, F. 9. (a), p. 163). Therefore,

n n
11 f @i w) = 1 f (@0, w) (4.3.9)
=1 i=1

for all x such that z; < @ < -+ < . This implies that Fipe ym(u)

fyw Yim (y) for all u > y. That is, fyj),..¥m € AZ. This proves that Yjy <
irij
X Vi
Now consider the case when (X,Y’) are RR; dependent. To establish the

required result we have to prove that (4.3.9) holds whenever y 2 u.
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Suppose ) < -+ < Ty, Y1 < -+ < yn. Without loss of generality assume that

u= (42,91, ). Then y = u and

T1 ) — T Aae) = TT w1 (a1, 0052, 2) = For, ) (@)
= = = (4.3.10)
By the RR, property of (X,Y), the quantity inside the square brackets in
(4.3.10) is nonpositive. The rest of the proof follows on the lines of TP, part
proving thereby that Y}y ‘;:J s ht:] Yin- [ ]

Remark : In the above theorem, (a) does not follows from (b) and vice-
versa since, as discussed in Shanthikumar and Yao (1991), joint likelihood
ratio ordering may not imply the usual likelihood ratio ordering among the

marginal distributions of the components of the random vector.

THEOREM 4.3.4 Suppose that the conditional mean residual life of Y given
X =z, p(y|x), is increasing in x. Then for any 1 < i < j < n, Yy Smnt Y-

The inequality is reversed in case p(y|z) is decreasing in z.
PROOF :  We give proof for the case when p(y|z), is increasing in x. The
proof is similar when it is decreasing. Since Yjj S<mn Yy iff

1 Fiay) dy
S Frly) dy

it is enough to prove that the function

is increasing in t,

wit = [T = [ [0 o] @) ao

is TPy in (i,1) if (X,Y) is DTP(0,2).
The required result follows from Lemma 4.2.1 since the function ;" F(ylx) dy

is TP, in (t,2) if p(y|2) is increasing in x and f;(z) is TP, in (z,1).



86

Obviously Yjj <mn Yj; implies that E[Yj] < E[Yjy) for i < j. However, as
proved in the next theorem, this inequality holds under the weaker condition

that E[Y|X = ] is increasing in .
THEOREM 4.3.5 Suppose E[Y|X = z] is increasing in . Then

E[Yjy) < BlYy)) fori<j. (4.3.11)
The inequality in (4.3.11) is reversed in case E[Y|X = x| is decreasing in x.

ProoF :  E[Yy] = [*Z E[Y|X = z]fw(z) dz = E[(X@)), where $(z) =

E[Y|X = z]. The required result now follows from this since X <5 X5 for

i < j and ¥(z) is assumed to be increasing in . The inequality in (4.3.11) is
reversed in case ¥(z) is decreasing in z.

L]

Next we show that if the conditional distribution of Y given X =z is DFR

for each fixed z, then the concomitant Yj;’s are also DFRfor1<i<n.

THEOREM 4.3.6 If r(y|z), the conditional hazard rate of Y given X =z, 15

decreasing in y for each fized x, then Yj;) has DFR distribution for 1 <i<mn,

PROOF :  Since a mixture of DFR distributions is DFR (cf. Barlow and
Proschan, 1981, p. 103), it follows from (4.1.2) and the assumption that r(y|z)
is decreasing in y for each fixed = that Y{ has DPFR distribution for 1 < i < n.

-
Using Theorem 2.2.2 and the above theorem, we get the following result.

THEOREM 4.3.7 Suppose r(y|z) is decreasing in z andy and the left end-point
of the support of the conditional distribution of Y given X = x does not depend
on x.Then

Yia) Zaisp Yij) for 1 <J- (4.3.12)
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The inequality in (4.3.12) is reversed in case r(y|x) is increasing in x for each

fized y.

Here is an example of a bivariate distribution which satisfies the conditions

of this theorem.

EXAMPLE 4.3.1 : Let (X;,Y;), i = 1,...,n be a random sample from
bivariate Pareto distribution (see Johnson and Kotz, 1972, p. 285), with
density

F(2,9) = ala+1)(8:62)"" (0o + b1y — 6:6,) 7,

fora >0, z>6, >0, y> 0, > 0. The conditional hazard rate of Y’ given X

is

_ Oi(a+1)
r(ylz) - Oy + Oz — 0,6,

which is decreasing in z as well as in y. It follows from Theorem 4.3.6 and
Theorem 4.3.7 that each Yj;) has DF R distribution and that Yy <disp YY) for -

1< g

4.4 Some results for the model Y=g(X)+Z

‘We again consider the following model discussed earlier by Kim and David
(1990),
Y =9(X)+ 2, (44.1)

where random variable Z is independent of random variable X. They proved
that if g is increasing, then (Y[, ..., Y}n) are associated. Under the additional
condition that Z has a log-concave density, they proved that the joint density
of (Y, - -+, Yjm)) is MTP,. In this section, we substantially improve upon the

results of Kim and David (1990). The next lemma establishes dependence of
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different types between X and Y under various conditions on the distribution

of Z.

LEMMA 4.4.1 Assume the model given by (4.4.1) with g increasing (decreas-
ing). Then

(a) Y is stochastically increasing (decreasing) in X,

(b) if Z has a log-concave density, then X andY are TP, (RR;) dependent,
(¢c) ifZ isIFR, then X andY are DTP(0,1) (DRR(0,1)) dependent,
(d) if Z is DMRL, then X and Y are DTP(0,2) (DRR(0,2)) dependent.

PROOF : (a) Let fz denote the density of Z. Then

+o0
P[Y > y|X =1] fv fz(w — g(z))dw

Fzy—g(@),

Il

is increasing (decreasing) in « since g is an increasing (decreasing) function.
() As the conditional density of ¥ given X is f(ylz) = fz(y — g(x)), it
follows that the joint density of X and Y is

fxy(@,9) = f2(y — 9(2))-fx(2)-

Since f7 being log-concave is equivalent to h(y,z) = fz (y — z) being TP, , it
follows from Theorems A.3 and A.2 of Marshall and Olkin (1979 p. 488) that
fxy is TP, when g is increasing and RR; when g is decreasing.

(¢) As seen in the proof of part (a), F(ylz) = Fz(y — g(z)). This is clearly
TP, (RRy) in (z,y) as Fz(y —z) is TR if Z is IFR and g is an increasing
(decreasing) function.

(d) The proof is similar to part (c) and is omitted.
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Remark : Assume the model given by (4.4.1) with g increasing (decreasing).
Then

(a) if Z has a log-convex density, then X and Y are RR, (TP,) dependent,
(b) if Z is DFR, then X and Y are DRR(0,1) (DTP(0,1)) dependent,
(¢) if Zis IMRL, then X and Y are DRR(0,2) (DTP(0,2)) dependent.

In the next theorem we extend the results of Kim and David (1990) to a

great extent.

THEOREM 4.4.1 Let (X1,Y1),...,(Xn,Ys) be a random sample from a bivari-
ate distribution satisfying the model Y = g(X)+ Z, where g is monotone and
Z is independent of X. Then

(o) if the density of Z is log-concave, then the joint density of (Yyu), - - - » Yin))

is TPy in pairs,
(b) if Z is IFR, then (Yjy,...,Y[) is DTP(1,...,1),
(¢c) if Z is DMRL, then (Yyy,...,Y) is DTP(2,...,2).
PROOF : The proofs follow immediately from Lemma 4.4.1, Theorem 4.2.1

and Corollary 4.2.1.

-
In Theorem 4.4.2 below we prove some new results on stochastic compar-

isons among concomitants for the above model.

THEOREM 4.4.2 Let (X1,Y1),...,(Xn,Ys) be a random sample from a bivari-
ate distribution satisfying the model Y = g(X) + Z, where g is increasing
(i ing) and Z is independent of X. Then

(i) Yjy's are increasing (decreasing) according to usual stochastic ordering;



90

(1 if Z has a log-concave density, then Yy;)’s are increasing (decreasing,
(0] g

according to likelihood ratio ordering;

(iti) if Z is IFR, Yy’s are i ing (decreasing) ding to hazard rate

ordering and

(iv) if Z is DMRL, thenYjy’s are increasing (decreasing) according to mean

residual life ordering.

PRrOOF : Using Lemma 4.4.1, the proofs follow from Theorem 4.3.1, 4.3.3,
4.3.2 and 4.3.4, respectively.

[}
Remark : In (ii) of Theorem 4.4.2, if instead of assuming that Z is log-
concave, we assume that Z is log-convex, then the joint density of Y;’s is still
TP; in pairs, but they are decreasing (increasing) according to likelihood ratio
ordering. Similarly, in case (iii), if we assume that Z is DFR, then Yjy’s are
DTP(1,...,1) and they are decreasing (increasing) according to hazard rate
ordering. Finally, by assuming that Z is IM RL in (iv), it follows that Y{;’s are
DTP(2,...,2) and they are decreasing (increasing) according to mean residual
life ordering.
Remark : Under the conditions of Theorem 4.4.2, the corresponding joint

stochastic orderings hold among ¥j;’s.

4.5 Concluding remarks

In this chapter we have obtained some new results on stochastic orderings and
dependence among the concomitants of order statistics from bivariate distribu-

tions which have various types of monotone dependence structures. While we
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are not aware of any previous results on stochastic monotonicity among con-
comitants, the results on dependence among concomitants of order statistics
were known only for certain special types of models. The results obtained in
this chapter are general in the sense that they apply to any particular distri-
bution with any monotone dependence between the variables X and Y. It is
proved that if Y is stochastically increasing in X, then Y[’ﬂs are stochastically
increasing and are associated. However, under a stronger condition that the
conditional hazard rate of Y given X = z is decreasing in z, it is proved that
the ¥j;’s are increasing according to hazard rate ordering and they are depen-
dent according to DTP(1,...,1) criteria. In particular, in this case, Yj; and
Y};) are RCSI for i # j € {1,...,n}. In case X and Y are TP, dependent,
the successive [hs are increasing according to likelihood ratio ordering and
their joint density is TP, in pairs. Analogous results on stochastic orderings
among concomitants of order statistics are obtained when the variables X and
Y have monotone negative dependence. Surprisingly, in this case also the ¥
’s are positively dependent. We also prove that when the conditional hazard
rate of Y given X = z is decreasing in y for each fixed x, then Yjy's have
DFR (decreasing failure rate) distributions. If in addition, the above condi-
tional hazard rate is monotone in z as well for each y, then the concomitants
are ordered according to dispersive ordering. These results may have potential
applications in the study of small sample properties of various estimates and

tests for independence based on concomitants of order statistics.

The results obtained in this chapter are mainly based on Khaledi and
Kochar (2000 b).
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