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PREFACE

This thesis is being submitted to the Indian StatiZtical
Institute (ISI) in fulfilment of the primary requirements
for the award of the degree of Doctor of Philosophy in

. Statistics.

No ;xr'b of this thesis was submitted to any other
Institute for any degree, diploma, certificate etc.

In this thesis we have mainly presented results of our
investigation on optimal strategies‘ for‘ surveying finite
populations in two phases using selection procedures with
'varying probabilities. Incidentally we have added a few
more results to the available literature on uni-phase sampling
as are considered important in formulating appropriate double
sampling plans. Optimal and pragmatically useful single
phase sampling strategies employing 'randomized' rather than
‘direct' social enquiries to take acom’)nt of stigmatizing
quantitative characters are also derived and discussed. A
case study \based on an enquiry among a sample of workers of
the Indian Statistical Institute, Calcutta, illustrating an
application of our proposed procedure for *randomized' trial
is reported in Appendix 4« This thesis includes materials
which in some form constitute con®emts of (1) a paper by me
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Jointly with Arijit Chaudhuri being published in Journal of
Indian Society of Agricultural Statistics, XXXIV, 1982 under
the title

*'On the relative efficiencies of several strategies

for estimating a finite population mean'?
and of (2) the under-noted technical reports $

*
(i) A study of the efficiency of Midzuno -Sen strategy
relativq c_tq ratio and ratio - type estimators under

2 linear regression model. Technical Report No.

ASC/81/1, Indian Statistical Institute, Calcutta.

{i1) On optimality of double sampling strategies with
varying probabilities. Technical Report No.ASC/81/3,
Indian Statistical Institute, Calcutta.

(iii) On sampling strategies with randomized response
trials and their properties and relative efficiencies.
Technical Report No.ASC/81/5, Indian Statistical
Institute, Calcutta.

(iv) On double sampling strategies with uniform admissi-
bility and other optimality properties. Technical
Report Na.ASC/81/ 10, Indian Statistical Institute,
Calcutta. )

Fro ‘appear in Biometrika as "On ‘the efficiency of Midzuno-Sen 1
. s_tx‘ategy.relative to several ratio-type estimators under a model.
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TITLE OF THE THESIS : ON STRATEGIES OF SAMPLING FINITE
POPULATIONS IN ONE AND TWO PHASES
BY

ARUN KUMAR ADHIKARY
INDIAN STATISTICAL INSTITUTE

CALCUTTA, INDIA.

SUMMARY OF TOPICS ¢

In estimating a finite population total (or mean) on
taking samples in two phases with varying probabilities
admissibility, uniform admissibility and other optimal
properties under various formulations with Bayesian and non-
Bayesian approaches have been established for certain
strategies and estimators after showing non-existence of
uniformly best strategies in generals Non-trivialities of
these extensions over their 'single-phase' counterparts have
been taken into considerations. For one phase sampling too,
a few additions have been made to supplement the earlier
literature to facilitate comparison among several strategies
under appropriate modelling along with numerical illustrations.
Investigations are also reported covering situations with
surveys 'randomized' rather than 'direct' to preserve
confidentiality relating to quantitative but stigmatizing

characters, -deriving, inter alia, a few optimality results.



ATION OF THE PROBLEM

) SUMMARY OF RESULTS
~

ON_SAMPLING SIPATECTES Iif TWO PHASES i

We suppose that on the units of a finite population
(of size N) U = (1, +++ i, ++s N) certain size-measures Wj‘s
(say) are available and two variables x and y are closely
positively correlated with W-values. Our purpose is to
estimate the population total Y = Ig A (or mean ¥ = %)

of v using a suitable estimation procedure on choosing an
appropriately designed sample. If it is relatively cheap
‘to ascertain x=values rather than the y's then the adoption
of a suitably designed double sampling strategy seems to be
called for - the first phase sample being drawn to provide
data on x alone yielding an estimator for its total X =l1;_‘f1xj
and the second phase sample = a subsample from the firsta
vhase sample being intended to produce y-values in addition.
Our next job will be to use the zccumulated data on x and y
for the over-all sample to get an estimate of Y. In what
follows we set forth our plans to carry out such a mission
in an organized way. Incidentally, we wish to see what may
be ideally aimed at, what is not realizable and what are the
features of the strategy incidentally available for adoption

in realistic circumstances. Rao/Bellhouse (1978) seem to be
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the pioneers in searching for optimal strategies with such
an approachs Pursuing with their work we happen to get a
nun'xber of results to be discussed below in brief (the details

narrated in Chapter 2).

Let Pq be a design for first-phase sample-selection
(s' being a typical sample) and Py be the design for sub-
sampling in the second phase (s being a typical sub-sample
from s') so that p is the over—all double-phase sampling
design. Here in general, s is a sub~sequence of s' which
is a sequence of units of U. 1In particular, they may be
sets of distinct units. In either case, we will write,
s ¢ s's For a sample s = (s', s) so drawn we get values
on xJ. for j e s* and y\j for j € s, the observed sample data

being denoted as d = (5, x Il j€s, j'es'). An

3t V3
estimator for Y based on d is taken as the sum of two
components respectively (ux;biasedly with respect to p)
estinating (Y-X) (based on Vj» %3 for j €s) and X (based on
xy for j€s'). Among such unbiased estimators, whatever p
may be unless amounting to a census, one with the minimum
variance uniformly in xj‘s and yj's (permitted to be any
real number) is not available - an extension of Basu's (197’])
result in case of single-phase sampling. However, if the

cstimator for Y based on d be taken as the sum of three
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estimators for Y, ~X (based on V30 xj, jes) and X (based
on Xy,
x's and x's respectively, then (1) a unique uniformly minimum

J €s') homogeneously linear and unbiased (HLU) in y's,

variance (UMV) estimator exists if p be a uni-cluster (uc)
design (an extension of Hege (1965)/Hanurav(1966) result)
and (2) no UMV estimator exists if p be a non-uni-cluster
(nuc) design (an extension of Godambe's (1955) result). For
any design (admitting an unbiased estimator), however,an
estimator is identified as admissible in the above class of
ILU estimators (extension of Godambe (1960), Roy/Chakravarti
(1960) result in uni-phase sampling). However, if the
estimatprs for Y, =X and X as above are permitted to be
any unbiased estimators (not necessarily of the HLU form)
then an admissible estimator is available under severe
restrictions on the class of such estimators and also on the
class of designs ps The restrictions are motivated by the
consideration that the estimators for Y and -X based on
second-phase sample alone must seperately be admissible as
es’;imators respectively for well-known admissible estimators
for Y and -X that might be based on y‘j and x. values for

J

jest if ya., xj, Jj €s' were available, supposing that the
estimator for X based on xj, j€s' is also a usual admissible

(based on uni-phase sampling) unbiased estimator for X. The
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olass of strategies involving the above estimator based on
designs with fixed expected sample sizes is also shown to
be uniformly admissible - extending Ramekrishnan's (1975)
worke The details follow in Chapter 2. Further, if we
consider the class of estimators for Y such that X is
estimated using xj's for jes' and Y =X 1is estimated using
uy = (yj - :cj) 's for j €s both the estimators being HLE's
then 'uniform admissibility' is established for a sub-class
of strategies within the above class of estimators and within
the class of designs having fixed (1) sizes of s'’s and s's
at n' and n (say, respectively) and fixed (2) inclusion
probabilities with respect to designs p; and p (extension
of Sekkappan's (1973) work in uniphase sampling). Removing
the restriction of linearity in estimators and conditions
on inclusion probabilities but fixing average sample sizes
at both vhases and imposing unbiasedness condition on
astimators uniform admissibility has been established for
another sub-class of strategies extending the works of

Ramakrishnan {1975) .

Next we consider some customary models and under them
Zind optimal strategies in the sense of attaining minimal
values for model -expected variances of estimators. Whenever

models are considered it is understood that Py is independent
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of x-values. We first extend Cassel/S&rndal/Wretman's (1976)
(csW, say) work to find a lower bound on the model - expected
variance of an estimator (for Y) taken as the sum of three
HLUE's for Y, -X and X (as carlier) postulating y's and x's
to be realizations on random variables (also denoted as y's
and x's for simplicity) with finite variances. In doing so
we nasume common inter-correlations separately among y-pairs,
x=dairs and y,x pairs. Besides, we also have to impose a
mild restriction (relaxable if y,x pairs be uncorrelated) on
the class of estimators. In case the model'-expectations
and standard deviations (of yi's and xi‘s) are proportional
to known size-measurcs (Wi's, say) then the lower bound is
shown to be attained by a particular estimator based on designs
with inclusion - probabilities for designs p as well as Pq

proportional to W's.

In case the above -noted correlations are all absent,
then in the same class of estimators one with the minimal
expected variance is identified if based on fixed sample-size
P and Pq designs with inclusion - probabilities proportional
to known size-measures (the so -called IPPS designs) provided
the competitors are also based on IPPS designs, there being
no conditions on the model variances, only the means being

proportional to the size -measures. A corresponding result
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on relaxing linearity restriction on estimators but imposing
'independence' assumption on the variables is established
extending Godambe/Joshi's (1965) work by imposing additional
conditions on the class of designs and estimators (details

follow in Chapter 2).

Next we postulate a random permutation model (the results
also carry over to postulation of exchangeable priors)' for
the vector with N co-ordinates of the form ( ;;:l, ‘;;:I" -}EJ- )
w:.th aJ's and b 's as specified positive constants with
321 aJ =n', '2—:1 b. = n so as to show that the model -
expected variance of a particular estimator is constant if
inclusion - probabilities for P and p respectively coincide
with aj's and bj's which never exceeds that for any unbiased
estimator (as the sum of unbiased estimators for Y, -X and X)
for Y based on any fixecﬁvs:m;;.; size design with average
first and second phase sample -sizes as n' and n respectively.
This is an extension of Godambe/Thompson's (1973) works in

uniphase cases

Finally, we make a truly Bayesian approach, following
Godambe (1969) basing the post=survey analysis on data
already collected, no matter how by considering the posterior

risk, the prior being formed after surveying the first -phase
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sample on the eve of taking the second-phase sample. By
showing that given any vector of variate -values there exists
a prior assigning it a positive probability, ‘admissibility!
of an cstimator (a Bayes estimator, of course) is proved for
any two-phase sample design and the 'uniform admissibility'
for a class of strategies with the above estimator and any

design with fixed average sample sizes in either phase.

"HE PERFORMANCES OF SOME SINGLE-PHASE SAMPLI ATEGIES

In respect of two-phase sampling we have considered
certain 'optimal' strategics available under certain
circumstances. But in practice, it is difficult to check
when these circumstances are plausible. So an alternative
strategy may fare better than a so-called 'optimal' one in
a satuation not favouring the latter. So, various alternatives
'may' and 'should' be tried out in actual surveys. We refrain
from suggesting them here because from the available literature
on single-phase sampling one may be clever enough to pick up
and mix up alternatives in either phase and permuting them
in different ways. In one-phase sampling various ‘optimal'
strategies are well-knowvn and it is also well~known that
often thiose without such ‘optimality properties' may steal
the show with an edge over the optimal ones under specific

circumstances. In what follows we throw a further light on
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the relative performances of a few single phase sampling
strategies so as to suggest intelligent choices from among
them in suitable manners while adopting double-sampling
proceduress Before we do so it may be of interest to note

the following (applicable to double sampling)$

Suppose in the first phase an SRSWOR, say, s' is chosen
and one contemplates to use the first phase survey data on
xj for j €s' in choosing the second phase sub-sample s from
s' and cstimating Y directly from second phase sample using

yj values for j in s. For example, three alternatives may
be, on using the normed size-measures q. z X
J jes! J

(¥ jes') to (1) take an IPPS (inclusion-probability

= xy/

proportional to qj‘s for second phase sampling design pz)
sample S and use the Horvitz/Thompson (1952) (HT, say)

£ y./a. or (2) take s using q.'s
jes 9 J

osti - 3.4
estimator ey = SV R

and employing Rao/Hartley /Cochran (1962), (RHC, say) scheme
Y
and employing their estimator viz. e, = H-|- z =l.s.,
2 ' ges 43 J
3 values over units falling in
particular groups formed in applying RHC scheme)or (3) apply

{where Sj‘s are sums of Q

Midzuno/Sen (1952, 1953) (IiS, say) scheme using q.'s to

J
choose s and eaploy Lahiri's (195%) procedure (LMS, in brief)
to use the estimator ez = N—r 2 y;/ £ q,+ If a linear
n' jeg "I ges I

(through the origin) regression model for y on x be postulated



- 10 -

with uncorrclated errors with zero means and conditional
variances proportional to %8 (for O < g'< 2, as usual),
then realising that the nodel-expected variances of HT
estimator bascd on IPPS design, RHC estimator and LMS
estimator sach based on common size-measures and a common
sample size in uni-phase sampling, denoted as M,\, M2, 1\'13
(say, respectively) satisfy the relations [Vide Chaudhuri/

Arnab (1979) 7

My < M2 < T\‘Ij if g>1

> > if g <1

we immediately get an exactly analogous relative standings
for eqs € and es (cef. details in Chapter 2) to reach

appropriate ¢ onclusionse.

Howevar, at present at least we have to concede that
in case the first-phase sample is chosen with varying proba=
bilities we arc unable to suggest concrete but simple double~
sampling strategies with second-phase sampling design

utilizing the realized xi-values in the initial samples

Turning to uni-phase sampling we may observe the

£oll-wing concerning the choice of strategiese Some of the
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popular strategies aret (i) Horvitz/Thompson (1952) estimator
based on a fixed sample-size IPPS-design. (ii) Rao/Hartley/
Cochran (1962) strategy, (iii, iv) the ratio estimator based
on SRSWOR or on Midzuno/Sen (1952, 1953) scheme of sampling

(v) sample mean of ratios of y;'s to xi's for SRSWOR,

(vi) Hensen/Hurwitz (1943) strategy, (vii, viii) Raj's (1956)
and Murthy's (1957) estimators based on PPSWOR samplinge
Anaiytical comparisons of the first six with the last two

seen difficult because the variances of latter are complicated.
S0, we will consider the first six only and later we will
consider some variants of them derived on certain modifications.
First we consider linear regression (not necessarily through
the origin) models with- identically independently gamma =
distributed regressors and uncorrelated errors with zero

means but conditional variances as functions of the regressors.
The model-expected biases and mean square errors (MSE) of the
above six strategies are then compared --analytically and
numerically. Allowing more generality on the distributions
for the regressor variates but assuming existence of second
order moments certain asymptotic results also have been
derived under assumption of large population and/or sample
sizes. In these derivations law of large numbers has been

applied on the xi's but not on the errors ei's (say) because
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the letter are not assumed independently or identically
distributed and about the conditional error variances no
assunption being made to ensure validity of law of large
numbers (LLN). However, in case LLN is also assumed to hold
for the errors certain modifications on the relative standings
among the strategies are also noted. Comparatively, the
Laniri/Midzuno/Sen (1951, 1952, 1953) (LMS) strategy is
observed to stand out as a very promising one under several

cirsunstances not favourable to the HT strategy studded with

many optimal propertiess So, next we consider this strategy
vis a-vis the strategies involving selection by SRSWOR
metiod and using ratio cstimator and a few derivatives of
it based on half«samplingf Under other similar models too,
LIS strategy figures impressively in this comparative study.
In this investigation the status of regression estimator
based on SRSWOR is difficult to ascertain because it does
not admit a simple model - expected MSE expression except

when errors are homoscedastic.

Sirigh and Srivastava (1980) have given a sampling scheme
yielding an unbiased regression estimator and an unbiased
regression type strategye By model sampling from bivariate
normal populations they have demonstrated superiority of

their unbiased regression strategy to biased regression
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estimation through SRSWOR sampling. But, considering more
gencral models involving linear regression with homoscedasti~
city we identify situations giving varying levels of

efficiencies for them under different circumstances.

In case the postulated regression line passes through
the origin assuming xi‘s as fixed constants, results concerning
relative efficiencies of various strategies are available
in the literatures If, however, the regression line has a
non~zero intercept & (say) with an unknown magnitude then if
one may have some idea about its magnitude, it seems plausible
to 10dify the strategies using origin-shifted y's rather than
the y's themselves along with other necessary adjustmentss
That this is so is illustrated with reference to some standard
strategies and their modificationse In addition relative
officiencies of several popular strategies modified with
variate transformations (rather translations) are worked out
with postulated identically independently gamma distributed

regressors (details given in Chapter 3).

ON THE PERFORMANCES OF SAMPLING STRATEGIES WITH RANDOMIZED

Sometimes the variable y of interest may relate to some

sensitive character whose revealation may carry touches of
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soaia'l and moral stigmas Then in a survey respondents

(human beings, naturally) should be unwilling to truthfully
divulge such values. An answer is then provided by what

are called randomized rather then direct surveys= introduced
by Warner (1965) with respect to qualitative characters and
developed later by many workers covering quantitative ones

as well. We investigate how sampling strategies with varying
probabilities relating to such sensitive and hence confidential
quantitative characters should be modified if the enquiry has
to be 'randomized'. Under certain assumptions we obtain
optimal sampling strategies, note non-existence of a uniformly
best strategy and derive uniformly admissible strategies in
case of randomized surveys on modifying strategies available
only with direct surveys. One major assumption here is that
the population is so homogeneous (rendered so through strati-
fication, if necessary) that in any specific situation for
the unknown variate values yi's (i=1, eesy N), it is
possible to specify an anticipated set of 1i values (say M
in aumber, M may be equal to, more than or even less than N)
supposed to cover the y-values. Then, the randomized device
requires a rospondent to divulge cither the‘tmc y-valuc
with a certain chance (c, say) or with the complementary
chance (1-c) %o report onc of the 1;-values taken at random

out of all the li‘s listed. Appropriate sampling strategies
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are chen required to be derived. Our solutions are detaileg
in Chapter 4. Some of the results available with direct
surveys carry over with little modifications. However, the
price paid due to randomization in terms of loss of efficiency
and difficulties of discriminating among strategies is also

earmarked in that Chapter.



241

- 16 =
CHAPTER-2

ON SAMPLING STRATEGIES IN TWO PHASES

SUARLs

Certain optimal properties arc established for strategies
for estimating a finite population total f—or a variable y of
intercst from o sample to be taken in two phases using second
phase sample data on y and first phase sample data on a
corrclated variable x (appropriately combined) using varying
prosobility sempling schemes in both phasese Recognising
that known optimality results under unified set-ups for single
phase sampling do not extend straightaway to double sampling
situation, results have been derived, in the latter case, to
show inter alia (i) vnon-existonce of UMVUE's in certain
classes of double sampling strategies, (ii) existence of
UAVHLUE's fcr unicluster designs, (iii) admissibility of an
estimator within certain homogeneous linear unbiased classes
as well as within a general class of unbiased estimators,
(iv) uniform admissibility (with Bayesian and non-Bayesian
arguments) of classes of strategies, (v) minimality of model-
expected design-variance of an cstimator under super-popula=

tion modelling.
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INFODUSTION AND FORMULATION OF THE PROBLEM

OQur purpose is to investigate‘_rif certain well=-known
'optimality results concerning strategies for sampling a
finite population in a single phase extend in an obvious
manner if the sampling is implemented in two phaseé- With
specific formulations we show (we believe, in a non=trivial
wey) in what follows that some of them actually do. From
a given finite population U of sizé N we suppose a first
phase sample s' is chosen with a probability p1(s') and in
the second phase a sub-sample s is chosen therefrom with
a conditional probability pz(s) = p2( s/s'), the over-all
sample s = (s', 's) having the selection probability
o(8) = py(s") +Pp(s7s') = p4(s") py(s), say, for brevity.
Our problem is to unbiasedly estimate the finite population
totcl Y for the variate (y) = values observed in the second
phase on utilising variate (x) = values observed in the first
phase sample and other auxiliary. information available both
at sampling and estimation stage, on choosing appropriate
designs Dy, D, end estimators in suitable classes and if

necessary on postulating reasonable models, warranted by
the situations at hand.
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THE RESULTS

Writing y = (y;lies) and x' = (xi|ias') and
x = (x;1i€s) when a sample 5 = (s', s) is observed with
probadility p(5) we may use an unbiased (with respect
to p) estimator e = e(5,y,x') for Y. Let this e be of
the form e(S,y,x') = eq(x,7,%) + ey(st,x') = et ey
(say) such that Ep(o,l) = Y-X and Ep(ez) = X so that
Ep(e) = Y. Denoting these classes of designs and estimators
as D and C respectively we have several results presented
below. This may be generalized requiring the conditions
Ep(e,]) =Y+ y,X and Ep(ez) = Y,X such that v, and §,
are constants satisfying T]Ll + IIIZ = O. Choosing wz =-w,|=if
(say), where Y is somc parameter dependent on an assumed
molcl, Rao/Bellhouse (1978) (vide Theorem 4.5, page 136)
obtained some results in this context. Noting that with

such generalizations the final estimators must obviously

depend on usually unknown parameters we consider the simpler
and less general case as above in what follows. First,

following Basu (1971), we have the

Iheorem 2.7.71 ¢ 1In the class C therc does not exist a

minimum variance) estimator for any design

in the class D unless one has a census.
2
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Prcof: Let us write A = (A1, ceey Ay, e AN) for

Y= (_g,], R TERRERD) m) vhere the y-variate value 9;
equels o fixed value A; (i=1, «-+, N) and B = (Byyeees By
ceey BN) for X = (X,l, R ) xN) where the x-variate
value %, equals a fixed value By (1=1, eeey N) and also
write 'a' for (71 L AiIiEs), bt for (xi = Biliss) and.

Wt for (x; = Bjlies'). If an estimator (5, v, x') =
51(s,y,x) + Ez(s', x') be the UMV among those in the class

¢ (with obvious notations), then we may define an estimator
o = o#(5,7,x") = 8(B,y,x") - &(5,3,0") + A

for fixed ard known vectors A and B
s
(here A= % A, and B= 2 Bi)e
Wricing
0y#(8,,5) = B4(5,7,9 = B1(s,2,0) + (A=B)
and ez*(s', x') = &y(s', x') - 52(5‘, b') + B

it may be checked that e¥* belongs to the class C. Also it

follows that Var(e*) = O when A and X = B. Since

A and B are arbitrary, it follows that ¢ cannot be UMV unless
Var (¢) is uniformly zero which is possible only in case p
.

corresponds to taking a census.
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Next, we consider the class C,I (= CHL) of homogeneocus

linear -mbiascd estimators (HLUE) for Y of the form (following
Rao/Bellhouse's (1978) notation)

"
e= = I Dbe=.y.+ & DbE.X.+ I b=, X,
CERLCT IR E T S B B S

"
= o () + el (1) + e g (x'), (say) where

J

T '
¢o chosen that (of course implying b§j=bsj’ b's'j =bs

"
F-S 5—5;-,, b Ej’s are quantities independent of yj‘s and

30
throughout)

Ls(Y) =

ijggbgj v3) 2o(8).7 pq(s")

=X =Epe' () = z, Qis.‘jisb'és x3) pp(8) T py(s")
(.. E’.‘ denoting summation over all s contained in s')
and
X = E, e'é,,s, (x') = i‘( jis‘ bngj xj) pq (")

Let us write the inclusion =probabilities as

= 2y pq(s') and Q4 = 43, py(s) pylsh),

I, = sum over 93, I, = sun over s9 j. Later, we will
write £5 = sum over s'9 3.k, 3, = sum over s¥j,k and

Iz = sum over s'- )] (it veing implied throughout that

scs')e.
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For every design in D we will assume throughout that
Pj > 0, Clj >0 ¥ j. Let us denote by D; = D, 2 sub-class
of D {the so-called class of uni-cluster designs) such that
every pair of samples s4', S,' with py (s4'), pqls,') > 0
must be either disjoint or (effectively) equivalent (both
sharing a common set of distinct units) and any pair of
sub-samples sS4, S, from any scimple st (with p’l(s') > 0}
with Dpy(syls') > 0, py(syls’) > O is also either disjoint

or (ei‘i‘ectivcly) equivolents Then, we have the
Iheorem 2

«3+2. For every design in Dy = D there oxists

2L2-13 u?

a UMV estimator (for Y) in the class C’l = CHL and is of

the form

Vi o= X X

*

e .= = z -—J—T—-; + L.

BT LT R T

For any design outside the class D, there does not exist a

UMV estimator in the class Cy.

ta

2 gy Pals) o pq(sh)

N
b R .
ji*. %y 3y B3y pz(s)j py(s")
N

. <. \
321 s pq(st)
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s 20 5, by Dyl Y pylst) =1 ¥
17 %2 Py Pals) ; pq(sh) = 3
' X
4 {22 b 33 pz(s)} p,l(s‘) = =1 ¥
1
and I, bgj p1(s') = 1 ¥ Je

If an estimator in C for any design in D is to be a UMVE it
must Lo independent of order and multiplicities with which
units .ccur in samples because otherwise it will lie outside

a complete

1ass witain C satisfring these two conditions

an. heace can e improved uvcn by Rao =Blackwellisatione

A obricf ar for this fact, following Murthy (1957),

may obviously be put forvard as followss

For -ny ordercd S = (s', s) with s' = (i’l’ eeey i4), say,

S = (i, eee, ir+1)' say, which is a subsequence of s' both

wercd units with any multiplicities, let t = (8,y,x')

W

iece Ep(t) = Yo : may construct unordered

of the form 8 = (S', S) where

S = (45 eeey J,.) = the set of distinct units in s',

S = lkgs ey Ky)

the set of distinct units in s

nd an wiordered design P such that P(3) = E‘p('é), s being

sun cver all 8's  with distinet units of s'’s in S' and
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distinct units of s’s in S. Then, we may construct a new
estimator T = T(8,y,x'), say, such that T = T(S,y,x') =
t . -
2E(uaxd) 28 Then,
P(E)

EP(T) = E”T(’S’,y,x') P(8), (where 2" is sum over all S’s)

n

z t(5,y,x') p(8) = Y, £ is sum over all 5 ’s

i.ce T is unbiased for Y.

Now
R T -
BT = = T(S,y,x") 2 (3,y,x") p(3)
= "2 Gy BBy - E, (19
and hence Cov (t,T) = EP(TZ) -y2 - Vp(‘I‘) and hence
Vp(e) = V(D) = E, (t-7)2 > 0 implying that t camnot

have a smaller variance than that of T unless t coincides

T with probability 1. The latter is possible only if

t iz independent of order and/or multiplicities of units

If we have a design in Dy = D,, then writing 3(j)
for a set of all (effectively equivalent) samples (with s

in s

p.l(s') > 0) containing a unit j, we must have

for an rtimator 4n C‘I to be = UMVE, that

b’ ab"
= P 5()y by

T -
557 Py ¥ 3Es).
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From this it follows that

1, 1 " 1 .
= ey s = Dompays = = om— =iy a = ¥
PR3 T @ PRy T T M PE(y T ¥
S0 e;: is a unique member of C, and hence is the UMV in C1-

In order to justify the second assertion of the theorem
let us now appeal to Ce.R. Rao's (1952) theorem applied in
a manner that is followed essentially by Ericson (1974).
We will now consider designs in D which are outside D) and
for definiteness denote them as DZ’ For a design in D2,

an cstimator Ebg in C4 is UMV if

Cov(Eb-S- , 5b—s - epz) =0 for every member ez in C4
so chat EbE T op3 = o3 (say) is an unbiased estimator

of 0, so that e,z may be said to belong to a class Co1

of unbiased estimators of O. Writing, in an obvious manner

- - - —n
== T B y.+ % Be x4+ Z  Bo. ox.
57 es BT e BN B PRy
- -t T
== % (Bzi-bz.)yi+ B (Be.-be) x,
e T 34 ( b5y = Py )y + s ( 53y 0%
L
+ 8 (B'a,-b=.) x,
3eSv( 83 550 %

1 "
= 2 agy vy + I a 35 % * 2 BER-TEE (say),
JEs jes jes
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we have Cov ( Ebs » B3 T eps )

= Cov ( ey3 o eaE)

N .
2 4 B 3 ]

= 321 v5© 24 | T, bgy az3 py(s) ! pq(s")

x E ()} pylsh)
+ I VLV Zz*t B, b=. a=m, Dy(8) : ps(s

JEk=1 9 k 3 4 “sy “sk F2 ,J 1

- 2/ b = T !
P 321 x5 A 3y Bz 2y py(s')

7 A} n Y
+ By \ 2, bgy (a gt e Ej) pz(s)j:- p.](s')

£ B BTy ey R} ms) T

N . o

+Ji;1xjxké 25 B gy a—k p1(s)
'

+ % py(s)

o e A
53 I (Bgyage+agy Py paledp(sh)

I .
) +bgy(agy +agy)Ipy(s)ipy(s!

. .
© 2,(Bgy, azy + By ag) ©p(8) 3 pq(s")

P——" = " .
+ B3 o Zp(big ey + gy agy) pz(s)l' pi(s) 7.
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50, Cov(Eb: s €,3) = 0 iff the following hold together, viz.,

T, 8, "f)gj ag, pz(s)J‘ p(s') =0 ¥ 3 (24341)

3 {24 B—s-j agy pz(s)z pls) = 0 ¥ 3k (2.3.2)

. Pi(st) + E,I.;"LZZ Bé (a—;j+ a-"éj) pz(s)_“;. p(s?)

3
-t -
+ 8y 8, By a'gj pzis)f‘ p(s) =0 ¥ 3 (2.3.3)
el " -t 1 <
i3 g3 2y, Bgy agy Pa(e) ; pa(s)
+ 32, {5, (bm "+a Yy p()lpa(s') =0 ¥ 3+ k (2.3.4)
3122 %53 %5k sk Py JP1 = J *Je

. o - i " L
1+ 3plegy (Bgy +Dgy) + gy (agy +ag;)) PZ\S)Jr pq(s")

=0 ¥ (2+3.5)
P ¥
254 %y (B gy + Pgy a5 PZ(S)J pq(s")
- 5y «‘.;22(?%}{ ag, + Bz az,) pz(s) L py(s') =0 ¥ 3k (2.3.6)

in addition, we have (because of unbiasedness of eps and EbE)’

Py{s) ypi(s’) =0 ¥ 3 (2.3.7)
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, '
Iq “,22 a =y

5 PaAS) ) p(sh =0 ¥ g (2.3.8)

"
and Iy a'g; p,l(s') = 0 ¥ 3 (2.3.9)

Let 31 = (s,; 184)s EZ = (s; »S,) be two samples with
e = = 1 - '
p(3) > 0, p(8y) > 05 JeBy = (51,5 and 385, = (s,,85p)

and By 5+ By

3.3 for a supposedly UMVE Eb (of course, if
1

2J
one exists). Let an alternative €, be chosen so that

bg =P ¥ k+#y and ¥ 5 except for 5y, 5,.9. g

is different from Eb but Ep (ep) =Y = Ep(éb).
Thern O = By (&, - ep) = a§1j p(§1) + a-ézj p(Ez)
ey g p(E) = - g B(E,) (2.3.10)

Bub this contradicts (2+3.1) because, using (2.3.10),

we Lave,
24 I, Bzs azs Pyls) pyls")

= bz . oag s p(sy) + By 3 3523 p(s,)

2

.- 0523) G’E,lj p(s,]) + 0.
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To complete the proof we may note further the following.
Suppose, again, J€§q = (s,;, ), 3 552 = (sé, s,) such
that p(3y) > 0, p(8,) > O and for a supposedly UMVE &,

(if exists), in C, for a design in D,, namely,

- - -t —n
G= = I b=.V.+ T bz.X.+ I bz, X
LY IR B B B I I
% B Be B B . & Be 4 £
- . . . . . a
3,3 * 5,9 7 %53 + 5, 7 %, 53 and for
different unbiased estimator eyz , by = by ,
B2y = bz, and by = by, for all k # § and for all
except 3, and '5'2. Then,
= . (s = . p(s = 0 23411
2,3 p(sq) + aSZJ »(8y) (2.3.11)
T - i) -
5.5 p(sy) + %5, »(s,) = O (2.3.12)
5 " - " -
ana 5313 p(s,l) + agzj p(sz) = 0. (243413)

But these contradict {2.3.5), because, using (2.3.11),

(2.3.12) and (2.3.13), we have

— - -
I I, A c.-A(:y;. + b=l)

- 1 " .
i 35055 + Bgy) + Bgglegy + a5 pals) pyls?)
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1 - - -t - -
=953 (5513- + b§1j) p(5;) + %53 (bgzj + bgzj) p(5,)

- 1 " - - 1 " -
+ bs',]j (a§1j + ag.,j) p(s,l) + bgzj (agzj + agzj) p(s2)

(By_; -5t (3)) +(Bg_4 - B2 ) )
R Y %55 Pleq) + 5197 TB0) %33 Pls

- - n
+ (0513 5) % 5,3 p(59) + (B 43 bg a 3.3 p(8,)
+ 0.

- ’ . '

Let jes, = \SA: »84) and 3 es, = (52 »S5)  such that

p(Ej) >0, p(5,) >0 and for a supposedly UMVE Eb inc,

for a design in D namely &, = = 5 P=. + % B, x.
@ deslgn t F2s namely ez its 55 Y3 565 59 %3
- -t -1 -t L

+ 7;3' 5 Y.j N b§1j + bgzj s b§1j + b-s-zj and for a

-t 1

different unbiased estimator ch 3 bEk = bEk and

waft "

by = b=

sk for all k 4 j and for all = except 5, and EZ'

»(5) + at;zj p(3,) = o (2.3.14)

"
and a»ﬂ. p,](s1) + aFZJ A1(52) = 0 (2.3.15)
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But these contradict (2.3.3); because, using (2.3.14) and

(2.3.15), we have

o r 1 ' n .
4 bEj agy p1(s') + D Ty bEj(an +a§j) pz(s)j,» p,,(s')
+ By pz(S)‘} pe(s)

-t n -t -
=By 5 oz j _1(51) + bg?_j agzj pq(sz) + 3513( -+b§1j)P(51)

, =0 - -l " -
+oag 4 (bg 4 + bgzj) p(sz) + b'é,]j a'é,]j p(s,])
=

+b§23 <1-;23. p(sz)

n " ' et
b= .- Ja= . s. S
"513 sza)as,l.j pi(sy) + [ (b513

» - - L}

Finally let jesy = (s,'l »S4) and Jes, = (52 »S,) such that
= - - -1
(3 > ¢, p(3;) > 0 and bgqj = bgzj » by

-t
13T P53
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=N - -
and bE,‘j = bgzj » for a supposedly UMVE ep+ Note
P . " = =5 1 = Bv 1
that in such cases, bgj =B = EJ- 5 bEj =b =- CG

and B"gj =B - and ¥ 5 with p(3) > 0.

J

+
I

Let ke3; but kg5,

Let an alternative ey be so chosen that bEk = Dbz

-1 - " -
BN and b'.ék = bE,k for all k # j and for all 5

excopt §y and 52 S0 that (2.3411), (2+3.12) and (2+3.13)

hold.
Then (2.3.2), (2.3.4) and (2+3.6) are also contradicted,
because, we have
B3 B, Bgy oage py(s) py(sh)
- = = - 1 o
= b§1j a§1k p(s.]) = bj 8'51}«: p(s,l) = FJ aE.]k p(sq)
*# 0

-t n rs -t 1
- a= s g 53 5 '
I3 bsj azy Pe(st) + 252‘ Z, bs'j azy pz(s)j pq(s")
I =t Ll o N %
+ 23..( 5, (bgj a5y + ag; °§k) pz(s)f p1(s )
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-t " f} '
= B . an = . -
519 35,k Prsy) + %55 a3,k P(59)

+G. el o+ oal B ) p(3)
S43 sqk 843 5.k 1

- L] v - 1
= b. a= - K]
s.k p1(s1) + bj as1k P(51)

( -t n o ) ] -
+ bj a§1k + by a-§1j) p(s1)
+ 0
-t -
B3 By (Bgy agy + By ag) py(s) pyls)
E - - - n '
* B3 Ep (Bgy agy + Bgy ag) py(s) py(s)
_ (B‘ a. B al - - - n
= (s %55 * Bayy %50 P(5) + <bE1k 5,9 * P55 85,000

-t -t - " -
= (bk a§1j + bD a 5,k + by 8513‘ + bj a§1k) p(s1)

+* 0.
From these we conclude that there does not exist a UMV
estimator for Y in C4 for any design in D2 i.es in D

outside D’l .
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Next, we invest

gate the propertics of the estimator ebs

vhen it is based on any arbitrary design of the class D
with P. > . > je
vith 3 0, QJ o ¥ 3
Writing ij = 333, py(s) pqls’), ij =33 p(s') for the
inciusion = probabilities of pairs of units for two-phase
and firste-phase sampling and Rjk = 23 Z5 p2(s) p,l(s')

WLl

fich we associate no simple physical meaning but which
der because of their uses in the analysis to follow)
and also uj = y‘j - :\:j s the variance of egg s on algebraic

simplification, may be written as

M.

\/C(e::)::) =

u (—-Q-«‘1)+EL uy uk(raﬁ‘

X -
2,1 N ik
= ( - 1) + 2T % X ( F_J'F' -
go1 9 Py Sek=1 9 K Py Py

+
™
»
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ez

N R
1 1 k
x., ¥y, ( - ) + 2 =% u; ( U-JT -
1 973 Py Ty Frei e 5 Pk

Assuming ij > 0, ij >0 and Rjk >0 ¥ j %k,

we
have two unbiased estimators for ity wviz.
Q. - Q. Q
k k
v, 22w, u ( -é}_~15—3 )
1 sékes 9 K Sk 95 O
P
K Xk
zz x X; Trjﬁ-— )
Jtkes! k —g.ak 5 Px
A (R, = Q. P)
#2238 wu, Spegme 4 233 %, ug ke Td K
] 3 3 Ik J Ry Qg Py
385, kes gk 73

~ (unbiased for any sampling design p )

(@Q; @ ~-Q.) u

. u,

J<kes Jk

(P, P - P.) x. )
T S -y - ? y
j<kes! Pk 3 k
(1-p, ( F] Py )
+ 2 L X, u - ﬁﬂ“ + 2 3T xu. ‘JEV-
jes 9 gix K TR USRY
Jes,kes!

'
=~ (unbiased for any fixed-sample~size design).
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For cny Gpg N C1 again the variance is

N
Toleps) = R V3 [y 8, v 5 Pals) pqlsh) =1 7

W
+ BI VgV L B58 Pgy by Pols) py(st) -~ 17

JEk=1
N > - 12 w2
+ -'21 x5 A T, 8, b'éj pz(s) p,‘(s') + 24 bE,j p1(s')

il "
+ 2 2435 Pgy bgy py(s) py(s') T

_ _- '
+ B2 xjka 2%, P34 boy pz(s) p,](s')

Jek="1
L] L f - 1 L '
+ Iy bEj bz Pi(st)+ 2 233, bEj bgy Pols) pi(s) 7

W ,
+2 nyLEZ bg;.bg

rs po(s) pe(s")

J
"
+ Zq T, by Pgs Pols) py(s") T

N 1
+2 23 x, v, /5%, bs. b= D,(5) p.(s")
sine1 & 73 L7253, bgy by Py 1

"
+ I35, sz b pols) p,,(s')].



36 -

For uniascdness of ep3 » necessary and sufficient conditions

Iy I, bgj Po(s) py(s') = 1 ¥ 3

.
24 Zp b

35 Pal®) pa(s?) = =1 ¥ 3

q .0
and £, De.
178,

J

s’ = 1 ¥4,

b=

s Pol8) pels’) =1 ¥ 3.

7y Cauchy - Schwarz's inequality, we get

2
[543, by a(s) pe(s)T

b-sz-j py(8) py(s")

iv

Z,3, pyls) py(s')

= = ¥ (243.16)

X 12 . n2
Ty B bz Pols) py(s') + By gy pa(s)

voow .
+ 23 By bgy bgy Ppls) pyls?)

2 s rars L n2 -
py(s) »q(s") + B485 D 33 py(s) pq(s')
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v 2w
L5035 +559) Bo)Ba(sNT 3850, 294 (s1) T
24 2, py(s) py(s") 2435 Py(s) pq(s")

v

{by Cauchy-Schwarz's inequality)

- n
L7345 B3 p(s) py(s). T2
3=

. 2 -1 1
=/ 24 25 b2y pz(s) ';1(;:')_7 L o + P:_J—-TQJ-J
Again, by Cauchy—Scimt‘.rz‘s incquality, we have

5 o
Iq Z5 by pols) pyls')

2 78)

[24 25 /2, py(s) py(sh) T 2

> p=

39 35 pp(s) pq(s")

Now this becomes an equality when

W .
béj = JP" ; in which case the right-hand side expression
J
P. - Q.
becomos, on simplification, ._J...P...‘J.
J

- Q.

P.

L

so taat D, I b?;j py(s) pqls") 2 JT_Q .
- J
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w2 have
.12 n2
29 By bzF po(s) py(st) + By bgy plsn
"
+ 23z

'
135 b b=

35 035 Pals) py(sn)

(2:3.17)

' )
bzy Pple) py(s")

"
*Zq By gy bz py(s) py(sh)

B4 Bgg (b + BE) By(s) py(s")

b RACR AN
B 24 2y py(s) pi(sn)
by Cauchy-Schwarz's inzquality so long as applicables

However, this becomes an

vich case the right-hand side

becomes, on simplification,
11
b=

(mey be negative, of course).
J
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Hence it follows that

PR 1 . . "
S42p Pz bgy 1p(s) py(s?) + 242, by bgj po(s) py(s')

FRRCE S (2.3.18)
G

If Y and X s 5 . " .
Y wnd X be ch that Yy + 0, x4 + 0, x‘j and yJ are
0% the samc «lgn but Yy =0 ¥ k% j and % =0¥k%j,
(3 )
X ) =2,

wt we write such a point (Y, X) as (¥

then & such a point

2 2
.a,+x‘jbj+2x.y.

5Y505 2 0 (2.3.19)

because c; > O ¥ 3 £from aboves

3*
For en3 different from eys for at least one sample with

p(8) > 0, at least one of a., b;}’ c. 1is strictly positive

3 J
for at least one J so that (2.5.19) is a strict inequality

at least for one j and for onc S with p(8) > 0. Hence we

have the

232 In the class Cq of estimators for Y for
*
any design in the class D, the estimator €,z 1s admissible

(in the usual sense in survey sampling theory).
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However if the estimators for Y, =X and X as above

are permitted to be any unbiased estimator (not necessarily

of the HLU form) then an admissible estimator is available
under severe restrictions on the class of such estimators
and also on tine class of desiyns pe. The restrictions are
wotivated by the consideration that the estimators for Y

and ~X based on second-piase sample alone must separately

be ¢

issible as estimators respectively for well~known
adnissivle estimators for Y and =X that might be based on

d x. values for jés' if y., X., J€s' were available,
3

J 3 3’
sing tiat the estimator for X based on xj, Jjest is

21so a usuzl admissible (based on uniphase sampling)

biased estimator for X.

For ¥V as before we chall consider unbiased estimators

= Lt : e
c=¢e( 8, ¥, x')= e(s,s',yi,xj 1ies, jes')
g < s', the samplc 5 = {s', s) being chosen according

tc o design v of the class D with

P, = I, p,](s') > 0 ¥ j and

SRR pz(s) p,l(s‘) >0 ¥ 3.

But we shall impose further restrictions on the estimators

14 tre designs p to suit our purpose as described belowe
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Here in the first phase of sampling we are estimeting
X and the estimator concerned should be chosen in an optimal

wayes So the estimator may be suggested as

* * !
' "y = st . jE€s') = T
e, (s', x') ey ( s X5 14 s') e F\IJ_,

the usual HT estimator known to have many optimal properties.

Obviously, if the intention was to estimate Y-X and in
the first-phase sample, data were available as (s‘,yj,lejss‘
*

one would be inclined to use e, (s', yj, xj 1 jes')

= -—*-L?—-\l to estimate Y-X and hence the estimator
JES'
F‘l to cstimate Y itself. But

'

3
e, (s! .1 ojgest') =
5 s ¥3 13 _) ;.eS

the requisite data being unavailable and the second-phase

sample data being rea’ized as (s, Vio X |1 €S) one may

intend tc estimate Y-X after having obtained an estimator
#oor ot )
(s'y ) = = p¢ for X, so as to get a pooled
jest 73
estimatc for Y. So, onc should be inclined to choose an

X, | i€s) for (Y-X) from second

estimator eq = eq(s, y;, %
Vi =Xs

lec data such that it should estimate 2
jes! J

vay becausc the latter would cstimate

phasc s3

first in an appropriate vu
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(V) optimally if the detailed first phase sample data
were available as d' = d(s') = (s', Y30 %5 19€s?)s Such

an estimator should have a conditional expectation, given

Vi = X.
d', as by -J-TJ and it should be of the form
jes? 3
EZ e 1 . .
5 _y.wp.....l o — sc as to be an HT estimator
ses Ty P2 Pols)
Vi o= X
bascd o second phase scmple date for I —QT-Q- .
jes? 3
Tris would take the form
% % V. = X.
eq = oy (s, vy ¥) = L; .‘_DT',J , provided we
Jes J

2 do from now on, the condition on the design

(2+3+20)

cventually to establish the
um estimator for Y thus

- 1 * . * i '

(5, ¥, x) = g (5,7,%) + ey (8", x').

* .
ey (st x') = ; also
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Vs * Vi = X
st,y') = . wt e (s', y', 2') =%
’ s 7 s eplsty, ¥y sesr —J-Tr—a'j s
. Vi s
e (s, vy, ) = 2 —L  such that

jes J

[}

[eh(s,y,mndt =a(s"). T = SE Jas —‘]?.T"‘j‘ ) py(s)

st

Vs —.x4

2, po(s) z
2% jes! 3

jes!
3 L #*

= 2, (s', ¥, X') = e (sh, y') = ey (s, x')

so that E [“e*(g,y,x‘) 1 da'= s T = ez (s', ¥v")

and that B [_"e*(g,y,x‘)J =E [e; (st, yOT =

Fron these considerations, we shall consider the following
form of estimators for ¥V based on a design p subject to

(2+3+20), narely,

s = e (B, ¥, ¥ = els, 8%, vy, Xy liss, ges)
= oq(m ¥ W)+ g (s, XY
with eq = eq(5, v, ¥ = &) (s, ¥, ¥) + 0y (5,7, 0

ey = eplsty XY = oh (st, x') + by (8%, x")
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such that E ["ez (Sl, Xl)_7 = X
ant & /Te (8, v, X') 1a' = d(S')_7 = ez (S', v,

th> latter being suggested by the conditional argument
pu: forward as above. Then, hy, hZ are required to satisfy

he condition

hy(s,y,x) + h2(s',x'lk I a' =4d(s").7 = 0
¥ s' with p1(s‘) > 0.
Because of this we shall write
h1(s, Y X) + hz(s', x') = h(s, y, x')
such that
E/T0(8,y,x') 1d' = d(s") T = E s'h(E,y,x')pz(s) = 0 (2.3.21)
<
This condition is reasonable because we note that
E(eqla’) = e;(s’,y') - ez(S', x') + E(hq 14d")
so that E(eld') = e;(s’,y') - eZ(s',x') +E(hq1at)
+ e;(s',x') + hz(s’,x')

= e;(s',y') + E(hq1d") + hy(s',x")
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which should equal e; (s',y') because given the data d',
an optimal estimator for Y is e;(s',y') £ jgs' —;3 N
as is known from Godambe /Joshi's (1965) results.

So, we impose the condition (2.3.21) on the class of
estimators for Y considered above. When (2.3.20) and

(2+3.21) are imposec we say that our streategy (e,p) belongs

to a class C*. Now we have

3.4s In the class of estimators e for any design

o

*
D such that (e,p) belongs to the class C of strategies,

the estimator e* is admissibles

Proof. We observe that for

- * *
e = e(5,y,x") = eq(s,y,x) + ey(s',x")

+ hy(s,y,%) + hy(s',x")
W(e) =V, (2 g +E V. /(3 Lhdinyiary
e) = + +
Pq jest 53 Pq P 3Es 3
av(en) =v, (2 g, v, /(3 Sty ay
an o*) = + .
P1jest B3 P1 P2 T ges 3

V=X,
Given the sample s' and the data d''=d(s') both £ JE-J-
Jjes J
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V. =% Vi~ K.
and o —QQ«-J- + h are unbiased estimators for I —\7?-1
Jes 3 jes! J
But from Godambe / Joshi

W

th respect to the design pse.
(1965) it is known that among the class of all unbiased

estinators of I
jes!

--J-«p—l the estimator E J_P_Jl zm

is admissible for it (for every given s'). So

such that EP (his') =0 ¥ s' with py(s') >0,
2

h)

d' ] can be uniformly less than

Vo

- X
z -415’—4 | d'j and strictly so for at least one
Jes Y

parametric point (’},I RS TRCER HN - xN)- Consequently the

clusion follows concerning V(e) versus V(e*) implying

admissibility of e* as an estimator for Y. Q.E.D.

Let D* be a class of designs p such that £ n(s') pq(s') =
sl
n', £ Z n(s) py(s) p(s") = n withn, n' (n < n' <N)
s' s

% .
as pre-assigned positive intecgers. Let D denote the class

»f sampling designs p in p* subject to the additional

restriction (2.3.20). Then, we have,
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o ¥
D+ Among strategies in C* with p in D ', the

#* 3*, ¥* H¥
strategy (e”, p') with p in D~ is uniformly admissible.

Proof, Suppose not. Then there must exist (e,p) with

esc® and p SD** dominating it (in the sense that
*. .
Vp(e) < vp* (c) (2.3.22)

¥ (X, ¥) and strictly so for at least one).

¥* HH
For ceC and p €D N

Vs N
V() = Vo (3 gD + B V(3 =ded s niar = a(sh))
D p1‘jes. Fy P4 P2 jes 5

)+E p*(z Al—dlld‘=d(s‘))

V_.(e%) = V(=
g =) sz('e es Q%

jest P¥
* * .
writing Pj and Qj for the inclusion ~ probabilities for
*
the sampling design p (similarly keeping a provision to
« 3¢
use the symbols P;k N ij in what follows with obvious

meanings) »

V.
it i ( < z .
Let, it possible, V_ { o F%) < s1e ( B . -JP*) ¥ Y

J

Vs ¥4

Noting that 3 F‘J' and z -# are HT estimators based
est P cgr P¥
J
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*
on designs Py and py respectively we observe it to follow
that

vy Vs
Vo, C B, B = v (2 g,

Jest 3 Jjes? 3
vide Remakrishnan (1975) and also that Py = P. ¥3,
P‘;k ¥ J+ k. Now given s' and the data d' = d(s'),

VK
b »-415-1 is a Horvitz / Thompson (1952) estimator for
il

Vo= VX,
2 wpad and 3 ~dg=l 4 h is a different unbiased estimato
jes! J Jes J

X
~l . So from Godambe /Joshi (1965) it follows

or ne h such that Ep (hi1s') = O ¥ s' with
N 2

VimXs
pla?)y >0, V_( = JTU- +h | d') can be uniformly
! TP gés T

Less thon

V=X,
vo (= V.Jn._l 1 d') and strictly so for at
P2 " ges Y3

lenss one parametric point (‘3175f1, soey ZN - "N ).
. ;_"'fi I a' = d(s?
o5 9 5=

N Q. P
-5+ I3 u_.uk(ugg;vpgg—k)

g

2]
—~
™
<

N
s

3 sek=1 Y

.
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Vi = X
q b R E—} =
and Ep’l\' VP§ ( jés Q’g 1 ar a(s'))

¥*

N 23 .1, N ( Qb Pl

= I uj - + L% u. —_ —31 )
5 [o5: 3 =3 Y *
3=t 9 83 FFT 0 54k=1 J Q'S a P')"j Py

where Uy = V3= Xye

X
S d (- '
o, vp2 ( Jes 3-53 I a a(s'y)

Let if possible, E.

x V., (= —y-a-—-fu 1 ar = d(s*)) (2+3.23)

— 2,1 _1 N
== 3 uj(ﬁg—mj;)af‘zz E“]'Q_ Q*Qﬁ <0 .

Cheusing u\j * 0, uy = ] ¥ k*+3J we get

2,1 _1
w (g -gw) < O
ERT

a Q¥
] ¢

Agoin choosing uj 0, u +0, uy = O ¥ 1+ j,k,

we getb

Ia
)

Qe Qs
us w (gl - o)
e 3k J Tk
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*

= @y ¥ Jkk

S0 strict inequality cannot hold in (2.3.23).
So Vp(e) carnot be uniformly less than Vp*(e*) and hence

the theorem is provede

'
¥t we consider the class C of estimators

'
bon (Vs =%, bl x,
¢ B Pgy vy o)t jest 5379

Jes

and uesigns in the class D' such that for every p in D',
p/[(»') >0 == n(s') = n', pz(s) >0 == n(s) =n3

Qj’s are pre-assigned.

'
specific subclass of C namely

For a

' '
) by x; with by, by > 1 ¥ J,

&* by ( )+ =
= 2 7 s =X +
ges 9 5T ;

Jes!

¥*
= n' and any design p in p' s

I_\

= n,

=1

N

i ez
o'

s
M
3

py(s') by (s/5') = pi(s") pa(s), say) we

<.

1
y J

J
(with p*(g) =
Sekkappar (1973) and Sekkappan /Thompson

have Zollowing

(1975)
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Tﬁeo_'rem 24346. Among all strategies (e,p) with e in C!',

p in D', any strategy (e*, p*) is 'uniformly admissible's

["Remark I. As usual (vide, e.g., Godambe (1969)) a
strategy is 'uniformly admissible' with loss as the square
error i.e. (e-Y)Z, if the value of the design-average of

the loss for no other strategy with the designs in the same
class is uniformly (i.e. for all vectors (X, Y) with

X = (X’.’ ey xN), Y= (y,l, coey yN)) less or equal and
strictly less for at least one vector-point. In case the
design is fixed and one considers only contending estimators,

the concept is one of ‘admissibility']-

Proof. Suppose note Then a strategy (e,p) with p in D+,

say,

1
= 2 N .- N X
€= i Ps (v = xp) + jﬁs. Bdj

xd in C',
must exist such that for every (X, ¥Y) in RN x RN,

N N 2
- . '
i [~ _gs 9 uy + 32 Bsb 321‘43 j§1x3-7 PZ(S)P»](S )

N N
£ 2/ % bu.+ 3 bx-ZuA-E
s' s = =

* *
e (s s!
ges 99 gegr 79 T 52079 T 4 5 7 pals) pqlsh)

(243.24)
(and strictly so for at least one (X, Y)),



: B_. 8 N N oty 2
or, T T/ 3 —glry+ By g -3 rylpg- E =7
tiebes Py 1 gest B 3=1 3=t %3

{writing uy.= Y3~ %5 U
a t o) X )
md Ty TR
or . (on simplifications)
92,
L3 ’32-:')% pyls) pq(sh) -
3

\

[

_'!‘.1 N p1(s ) - 284
3

(]

Writing

Sy = Peil®

°j = 34 I,

J

N -
ra./bj-j2=1tj/bj] py(s) pals?)

= (uqs ...,uN), rj=bjuj
234 3 ‘c% pa(s) pq(s")
« Q ¥ 3
QJ+2 /bJJ ¥ 3

J py(s') - Py + 22 /by T $ 0¥ 3¢

-1, for jE&s

“sj pz(s) p1(s') and noting

[
8y + Q5= 293, -b-s- INOBACY
3
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one gets
4 22¢ py(s) p.](s')+26 (1—5—) <0
*implying 63. < 0 ¥ J.

For the choice %y = 0 and vy = :lra ¥ j, one has

2
z, zL 3 @y 7 pple) plsh) £ 0

JE
==> 5 G__.=0 ¥g ==> I I 2 a_. Tp,(s)p,(st) =
jes Y s''s [-jES 53/ P2(o)P
N
== I 6, = 0 = OJ = 0 ¥ 3
=t v
= agy =0, 9s3= by ¥ s with p(s8) > O.

Similarly writing "';5 - 9'5,3 / bé -1, °é =3, “;'j pq(s")

. v - ’ L | '
one gets as-j_o ¥ s with p,l(s')>0 _>lej —‘Dj ¥ s

with p1(s') 5 0 = e=e ¥ § with p(38)> 0

N
=3 5[5 byus+ I bl X =

N 2
u. = T x, 7 py(s)pq(s')
st s jes 37 gesr 99 = 9 5= 37 Pals)Pq

st 2/ ~ % b, + & bix. g sz*()*(‘)
+ T ous - p 8) Pqis
=4t s Jes 35 T gesr 9 37 3= 20 2 1
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whence on hoting 4 p4(s') = Py = 24 p: (sh,
. N TN
Zq E, Ppls) pqls?) = Q4 =354 Iy py(s). pq(s') and

* * ¥* * ¥*
writing ij = B33, py(s) py(s'), ij = 33 pq(s")

¥ ¥* #*
and Ry = 23 I, py(s) pelsth)

one gets
1
z Z b P
Jiﬁ by Py Uy Uy 31;"3*1{:1 gbkx X
N fl . N b R
5 4 3 < 2
+ Zjiki’l bJ by uy X RJk 3 jik=1 bJ x Uy U Qe

N N ' *
5 b, e
+ 32121 bJ k LI Pak 2 jik=1 'na by by % Ryje

Choosing xj=0 ¥3, yj*O, Vg ¥ O y, =0 ¥ 1+ 3k
this yields

3
by By ¥y v Qg £ Py P V3 Yk gk

= Q. =Q*

3k 3k ¥ j.k (3 # k).

Choosing xj=yj ¥ j, X5 % 0y xkéo, x1=0 ¥ 1,k
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one gets

[ 1

1 *
bjbkxjxkpjk < babkxijij

==> P P*
gk T Tox

¥ 3,k (k.
choosing ya.*o, yk=0 ¥k+J and xkéo, xl=0¥

14 k, one gets
) < 1 ¥*
by By ¥y e Ry £ Py P Vs e Mo

= R, = R.

- ¥ ak (G

=== (2.3.24) cannot be strict —=—> contradiction and

hence proofs

Remark II. We are unable to obtain a a corresponding

result with a wider class of estimators of the form

1 "
.. Vi % bo. Xy + B Dgs Xgoe
+ X sEe d3 %3

ez z ¥
bs jes 53 70 jes s3 J

4 useful example of (e*, p¥) is one with

®
[
o
oM
n
AE
+
o
™
1]

X
-
J
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Let Cu be a class of unbiased estimators (for Y)

e=e(S5 X, X) = e‘1(s, u) + e2(s', X) = e+ e, (say)
such that Ep(e1) = Y=-X and Ep(ez) = X where
K= (g eves Xy L= (Yqeeees vy) and U = (Ug, ooy )

- * *
In particular, PR (8, ¥, © = eqs, U) + e, (s', X)

» "
= 3 'Fl (say) is inside C .
jes ' JES'

] *
InC , e is ‘'admissible' for any chosen

design pe

Proof. If X3 =¥y ¥ j , then for any e in C',
* = ) - X
v(e) - V(e*) =V [Te, (8", X) T -V [ Z, ™ 7
Jes J
Now from Godambe /Joshi (1965) it follows that
e, (s, DT>V B g T
v e, s >V z
L 2 r = L jes! 3
for at least one X in RN (since F‘l is 'admissible' in
j .+

the class of all unbiased estlmator‘s i‘or X for any design).

"
=—=> & is admissible in C  Q.E.D.

A possibly better proof is given in Appendix 2.
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Following Ramakrishnan (1975) one more optimal property
n
for e¥ in C“ is available. Let D be a class of designs
p such that 2 n(s') pj(s') =n', & 2 n(s) Py(s) pqe(s’) =n
s! s' s
with n, n' (n < n' < N) as pre~assigned positive integers.

Then, we have

"
Theorem 2.3.8. Among strategies (e,p) with e in C and p
"
in D“, every strategy (e*, p*) with p* in D is 'uniformly

admissible'.

L]
Proof. Suppose nots Then a strategy (e,p) with p in D ,
say, is uniformly better than (e*, p*) in the sense that
- - ; 3 - * *
5 eA(E,L0 pladpq(s)) £ T, 8 *HE,L,D) py(s)p(s?)
st s s' s
(2.3.25)
uniorrly in (X, Y) and strictly so for at least one such

pointe.

- "
For any e = e (S, ¥, X) in C , we must have

e (5, ¥, X)) =0 ¥ 5 if y. = 0 = x5 ¥3
ey(s'y X) = 0 ¥ s' if} xy= 0 ¥3
and e,](s, U = 0% s if %y =y ¥ 3,

by definition of an estimator.
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[
Vi

1 t
Let (X', ¥') be a point such that U' = !

=<
1
Lo

+0,
Vp=0 ¥ k43 and x} =0 ¥3j. Then,
2 1
245, eq(s,U )pZ(S)p1(S') y and 242, e5(s,U") py(s)p,(s")
i 2/a. givi Q. > Q. = af (s,1) = gl
' ) e ) == Q. = Q¥ — -
2y 5 glving us Q2 Q == 5 5 == e4(s,U n

for any s with p(S) > 0 and any point (X, ¥) such that the
set of co-ordinates (Xj’ yj)y-).jes includes only one 5 +0

and all x;-| = 0.

L] n L L] L]
Let for a point (X, ¥ ), Xy = vy ¥J and x. 4 O,

J J
n " #
=0 ¥ k je T z 'y X " = .
e # 3+ Then, 2 e, (s', X ) py(s") x5
2 1 "\ 1 "o *
= 3y (s, X) pqi(s')y > x5 /Pj = Pj > Pj

=== Pj =P. =—=> ez(s', X) = x./P, ¥ s' with pq(s") >0
and ¥ X such that the set of co-ordinates xjw).j es'
includes only one non-vanishing co-ordinate xj-

" L LA} nr Ll
Let for a point (X, ¥ ), vy o+ 0 v, #0, yp =0

¥143,k and X, =0 ¥ j. Then

" L nt
258, eq(s,U ) pyls)py(s?) = Qplyy / Qs + vy / Q)
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n m
5 2 L1} , Y Vi
==> 23 5, e (5,0 ) py(s)pq(s’) 2 Qy( Gg— to )
by Cauchy = Schwarz's inequality.
Agein we have

2 n, n 2 "
553, €05, p(9)py(51) < Qe vy 705 + v 2/ o)

354

n LAl
+2Q° &i‘_
Jk Qj Qk
L " % L L +*
== ij y;. Ve £ ij vy Y > ij = ij .

Let for a point (z(iv)' X(iv)) N xgiv) = yj(iv) ¥ j and

xfi") + 0, xk(i") + 0, xl(i") = 0 ¥14 j,ke Then
25 ep(s', X9 () = 2y s+ {T/py

: . " 2
_ gj eg(s', K(l")) p1(S') > ij(xglv)/Pj + x}({lv)/}?k)
by Cauchy =Schwarz's inequalitye
Again,
5 5 s (4
5, e;(s', ')_((:.v)) py(s") < ij(xg(lv)/Pa? . xk(lv)/pi)

MER) x}(( iv)

2 P
+ N
Jk Pj P,
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(iv) _(iv * iv) iv)
= Py x ) 0t ) < Pik xé ) x}({ )

P *
= . = ij .

Let for a point (x(V), y(V)y yg"> =0 %3, x§") .0,

xl((") =0 ¥k#Jj. Then, ey(s', g(")) = xgv)/Pj and

125 e1(s,g(v))p2(s)p1(s’) = - xc(jv) => %, e% (s, p_(v> )

pz(s) p,l(s') > xaz.(v)/ Qj' Again we have,
2125 €] (2, UM py(s) pysn) < 2

X5
== eq(s, U) = - QQ- ¥ s with p(S) > 0 and any point
J
(X, ¥) such that the set of co-ordinates (xj, Yj)°9-j €s

includes only one xj + 0 and all yj = 0.

Let for a point (E(Vi), X(Vi), ya(.Vi) +0, yl((Vi) = 0

¥ k43 and "D 4o, ") 20 ¥ 14k Then,

I

253 eq(2, U p (00 (") = Qg (v§7 /0 -l /0y

(v:L) (Vl) >
= I I, e,] (s, U(V")) po(8)pq(s') 2 Qgu( -8— "Zr‘") .
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Again, Iz I, e12 (s, H(Vi)) py(s) pes")

#*

(vi) (vi)
2 2y} pe
= (Ryy = Rypd

— (vi) _ (vi) (vi) . (vi) g*
= ¥y e Rop 2 v5 Xy Rix
¥
Rpe = Ry

- . ¥ * *2, -
== 3 3 "% (5,1.005(=))(s") = T 3 "2(E,1,0p,(s)py(s")
5 s s's

30, in (2.3.25) inequality cannot be strict.

contradiction and hence proofe.
*
Ir or'er to investigate further properties of ep3

5 in D, we shall in what follows confine within the

for

35 D(1:',n) of fixcd sample size designs within D

c for any decign p in D(n',n), we require the size

v saaple s!' with p,l(s') > 0 to be an integer n' and

iny sample s (a subset of s' with p,](s') > 0),

s') > O to be another integer n(< n'), the units

n gamhlos and sub-samples being all distincte. For such

dess in D(n', n), foliowing Horvitz/Thompson (1952),
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Yates/Grundy (1953), Godambe (1955), Hapurav (1966) and
others, we may easily check the following properties

(defining suitable indicator functions), namely,

N N N
= n! = (. = n'(n'-
321 By =, B By - (n'-1)P;, jiki1 Py = n'(a'=1),
(+3)
N N N
ji_)1 Qj =n, k21 ij = (n—’l)Qj, jiki'l ij = n(n=-1)

(+3)

with obvious interpretations concerning inclusion-probabi-
lities and further 2 Rjk = (n'—‘l)Qj, =3 Rjk =n(n'-1),
k=1 J¥k=1
(+3)
for which we do not offer any physical interpretation but
which we require to use in our subsequent analysise We
give below the proofs of some results (proofs in cases
that follow obviously from available literature are mostly

omitted) «

Let R (s', s, ) = ¢ if Jes or s¥3 (scs')‘}

n

0 otherwise )

Then

W1
5]
[
‘™
™
=

5, py(s) pelst)

2 .5 Dy(s) py(s') R(s', s, 3)
s scst T
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N
= 2% py(s) pylsh) I R(s',s,))
' sexs' T 3=1

= ne
Let t{s',s,j,k) = 1 if J,k&s or 5y drk (sws")

= 0 otherwise

55 5, py(s) pqls')

BT py(8) py(s?) (s'5,300)
, P2

N
=3 B py(8) pq(sh) k21 ©(8"8539K)
) sl S ="

*J

= 3 5 py(s) pq(s?) (@=1) R(s',5,3)
st s<s!

= (n-1) B4 3, pp(s) pqls?)

= (n~1) Qj'

and LI Q =

N
. b
Jhg=1 9% 3

{n-1) Q; = n(n-1) «
3=1 <

Let £%(c%,8,3.k) = 1 if J, kes' and jes or s'' ) 3,k and s}

3
f
~
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N N
Then, ki1 Ry, = k; Iz % py(s) py(s*) .
+3 5]
N *
= = b Mt ' j
k§1 Z, L. po(s) py(s") (s',s,3,k)
#J
N *
= 3 I opy(s) py(s') = t7 (s',s,3,k)
s' scost k=1
+J
= I  py(s) py(s?) (n'-1) R(s',s,))
s' ses!
= (n'=1) 24 8, py(s) py(s?)
= -1) Q.
(n'-1) 3
N N
and 2L R, = T (n'-1)Q; = n(n'-1).
J¥k=1 9 3=1 J

Further we shall assume for estimators in C’I and for

L
designs in D that Cov_ ( 2 Db=. ¥ S be. X+ E b—.x.
en P jes 59737 gig B0 TS 55%5)

> 0 whatever y,x may be and when this condltion is
- imposed we say that the estimator ep3 belongs to a sub-

class CZ of ':,]. Here ‘E b= yj is a linear unbiased

jes 99

L]
esiirator for Y and I b—- X: + X bss: X; is a linear
jes 88 797 segr S T3

unbiz

2d estiwmator for zeroe. 3ince y and X are non-

negatively correlated this condition seems reasonable and
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s;'il"_ Le found useful in subseguent analysiss We shall now
postulate a super-population model and assume the availabi=
1lity of known positive size measures Wj's and in terms of .
the model we shall assume the following forms of expectations
witi. respect to the distribution of the vectors Y and X

which in terms of the super-population are now supposed to

be stochastic. However, Wj's are supposed to be fixed (non-
stochastic) quantities. Denoting by FM ti'le expectation~

opzrator with respect to the model M (say), we assume

) = 85, Byly503)% = 62, By(y;-0,) (y,~y) =po,0 ¥ 34k

By(z)) = 0, E‘.M(xj~9;)2 = U'jZ,EM(xj-O'j)(xk~e;{) ‘a”'a'j°;< ¥ 54k

. > L
CM’\‘_j,Xj) = EM(yj"ej) (xj-ej) = 0;2 ( so written as a squared

quantity to emphasize non=negativity of correlation between

y and x),

L
E}l(yj'ej)(xk"aic) = ¥ o; o (written conveniently so with

¥ as a constant which should be non—n_egative in view of
'
non-negative correlation between y and X) where Gj, Qj's
Al
J .
real numbers ¥ J and the correlation co-efficients are such

"
are any real numbers ¥ j , J., 0. , aj are any positive
S

that 0 &/ ,f“ < 1+ In addition, we further assume U < 1.
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ing the above model we have the

2329, For any design p in D and for any estimator

eps in the class C, we have

N N
- , 2, 1 hy 2.1 1
V_(ep= 1-p) T 0% g 1-£) % 0 -
By p( vs) 2 f*)j= GJ( 133 Y+ (1-p )j=103 (u’g ‘pg)

=S

N u
+2(1-9) & o, (2+3.26)
3=1 9
Proof EM Vp (eb'é)

(55 + 65 24 3, B55 pp(s) py(sh)

o

n
[Nick=d
=N

q
- Al
+ jiki‘l (foy 0 +858) I8, byyby py(s) pe(s?)

+

N ) 1 U L]
(P S 5 2 05 wale) a(a) + 2q 5] (s

voon
+ 2 84 By by bgy py(s) (s T

N e v Voo
*jiki'](f’ojok + Qj W )['E3 2y bEj = pz(s) p1(s')

A i
* B3 bgy by pq(s') + 2 35 25 bgy by P(s)pq(s) T

5 Pp(s) pq(sh)

5 P2() By(s) T

N ll2 1 N b:
+ 2321 (0, + &y 85 V[E4 2, b3y 3
"

+ B4 By bgy by
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+23 Nz: (Ua oy + 8;0) [7353, bz, bg, Do(s) pyls')
+ 3385 gy by Ba(s) py(s T
-g(az.-»e?)-zNz (Poy o + 8, 8,)
=19 9 gacn 37k T Tk
r o4 _2
-T+Ep[‘z saea*az b§333+jz‘b§jg:’]—

. N
(where 6 = 21 Qj and T denotes the terms not involving
J=

6‘_], 9‘;'5 in the previous expression)
>(1-)§0222bg.p(5)p(5')+ E(Z be, 0,2
2P I %5 B P2 Pay Pal8) By(sh) +pEL(E by 04

N
-f’( 2 g, ) -(1-p) 321 +(1 j’) 2 uj [E 82 pz(s)p,l(s‘)

C+ 81 s:] p1(s') + 2 343, by ‘.) b;D PZ(S) P1(S')J

\J ® ] L]
. O, b=
+ p gp(jisbga J+j§s' saa )

N
c2(-m 3 032 [8q 3, bgy by Py(s) pq(s)

+ By By by 1»;3 py(s) py(s) 7



1 " " L
#2025y (L vy oy e 2 w5 05T
1 ' " " 2
[Tbecause E_ ( 35 93 jgs b33 OJ 3§s| bEj 93)
2 1 [ L] v 2
2B (2 b5y 05+ B bgy Oy I b5 &) = &0 T

N
2 '
2 (1 79)351 oL 5q3, b-sj py(8) po(s") =1 T
+ (4= f) z 0}2 [[843, b3 pp(s) p(s") + 34 b33 (5"
+ 23,3, b SJ b':',;a py(s) py(s") T
N '
+2 (1-1) z a [}:1 3, bgy bgy Pals) pqlsh)

+ 84 3, bgy By Py(s) po(s) T

n
$2WE (3 by 0y (8 vgy o B Vg )T

2 N 2
2
[ because, Ep(jgs bEj aj) 2> Ep (jgs bEJ aj) = ( 321 ad) y

] ' - + 2
E. Z b=. 0O g
p LI %50 % 2 R %)



N o N 1
20 E "?(‘?Tj"” s O3 24

Now2,a _1
+2 -1 = 0,°( - )

19 "B
[Tusing the inequalities (2.3.16) - (2.3.18) and the assump-
tion that

1 L
£ b= . . b=
cchljgs 53 Yy jgs !v-s"j xg + z 3 xj} > 0

which implies that

The lower bound (2.3.26) is attained if the following

conditions hold simultaneously, viz.,

N
1 1] " L]

5 be. be .ol = .

jos 59 &y + jﬁs 53 %t 323. ®35 9 321 &+



N 1 1 L L}
Db % = B %D oty oyt L% = 0
328 a=1 9 ses ses
n Al n " L]
G2 %% B B % % %) = %

These conditions (which we may describe as (2.3.27))will
hold if the following conditions (which we may describe as
(2+3.28) Yhold together, namely

p belongs to Dy (n',n) which is a sub-class of designs

n'v, nw,
D(n',n) for which Py = — a;= —l ¥3 (i.e. those
with inclusion-probabilities proportional to size i.e.
these are IPPS or the so-called T7ps designs), and the
model M is reduced to a form My (say) for which .93 =BV,

' 1 1 '
8. = W, L= O g, = OW. i.e. - ta-~
3 B 30 aa = OW, , 3 WJ ie.e. the model-expecta

tions and model=-standard deviations are proportional to
size-measures as in Godambe/Joshi (1965) and Cassel/Sdrndal/
N '

Wretman (1976), for example (here W = _21 Wj sy B, B are
J=

any real quantities and 0, 0' are any real positive mumbers)

end the by, béj. b!éa's are as above in (2.3.27) and

" "
aj =0 wj where 0" is any real positive number.
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When (2+3.28) holds, then we may check that eps reduces to

* Yy = Xy X,
ez = I lg—ds ¥

jes 3 jes' 7§

and the right hand side of (2.3.26) equals E, V_ (er=z )
P bs

which works out (under (2.3.28))as

BV, (epz ) = hﬁ[_‘a% 0'2-.2 3"2y4 (p-p"Y2 T

+ g_rz [62 4 927 W2 (1= ;1-1-,-) (pla'2+ 8'2)

* %‘ﬁ[(c'z- o'+ (8- BN T

w2 (- L) (ud2-p' 0B 4 p'(e- 8T
5 N

N
- 0® 3 Wi-po® zz Wy

2
W, - 82 W
5=1 gek=1 O K

N N
e (1py® N2 (A eye(1-pNyo'? 3 w2 (L]
(1-p)o 321 5 (aj y+(1-p0 321 5 ¢ o Fj')

wo N
+z(1-m)azzwz(1 .
3= 500

-

So, we have
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Theorem 2.3.10. For any design p in Dy (n',n) if the

model specified in (2.3.28) holds then, for any estimator

ez in the class C, we have
Voeg) 2 (1=p)o® 3 w2 (-
By Vp (epz) 2 VA g1 9 o

N
+ (1-pn o2 3 "’32(6;';‘)

+

N
21-9 "2 £ w2 (-1
=1 9 BT

*
= By Vp Ceyz)
From theorems 2+3.9 and 2.3.10 we have the following

Corollary 2.3.9. ¥or any design p in D and for any
estimaior eyz in the class € (and not just in §,), in

case W = 0 for the model M, we have

N
B les) 2 (1-p) B %Z(ag kR
P A-pn B od2(A -1
Lg% TR

N om2 .1 _1
+ 2 & 0.°( - )
=3 BT
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Corollary 2.3.10. For any design p in Dy (n',n) if the
model specified in (2.3.28) holds with Y = 0, then for

any estimator eys 1in the class Cy we have

L
By Vp (epz) 2 (1-p) "2321 3 (ns—ﬂ
' 1z N 1
UM 2R S L

o N2 4 1
+ 202 5 w2 (-1
3=1 Fy oy

By vp (e;'s' )-

Remark These results are extended versions of cassel/
S#rndal/Wretman's (1976) works for uni-phase sampling.
Starting with an !‘'uncorrelated'! super-population model
(to be called M,) (i.e. y;’s are pairwise uncorrelated, so
are x;’s and ¥;’8s are uncorrelated with xj’s for i % 3)
corresponding optimality results for e;;-s- as extended
(double sampling) versions of Godambe's (1955) works are
also derivable likewise. The obvious demonstration is as
followss

Let under a super-population set-up yd’s be pairwise

uncorrelated, xj's be pairwise uncorrelated and y‘_j’s be
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uncorrelated with x's fo? J # ke Let Eﬂ(yj) = ej,

Wy = Balry-89)% = 0, mG) = 0y, Vy(x) -

W5 =) % = of, my(ys-ep(xs-e}) = o}

(using a squared quantity to emphasize yj's are non-negatively
correlated with xj’s), 3 =1, esees N&

Assuming the above model we have the

Theorem 2.3.11. For any design P in D and for any estimator

ez in the class C1 we have

N N
Vo (e > % o2 (4 - 2 o2 (1 -2
By Vp (e5) 2 A J(u-af )+:j=1 3 Ej- Irg)
2§0“2(1_1 (243.29)
+ R 5 -E—J- Tj-) 23429

Proof. Following Godambe/Thompson (1977) . we can write
2

By Vp (eyz) = E, Vy (eyz )+ E Oy (epz )~ Vy (V)

where Ay (eb'é) = Ey (epz)- By (V).

N
2 2
Bow EVi(e,z) = 321 95 Tq B3 ¥gy Po(s) py(s)

N
‘321 052 ['2122 bég pz(s)p,l(s')+21 b'-;g pq(s")
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L) L
+ 2 Bq%3 bgy bgy py(s) py(s') T

N "
r2 . 037 [7242, bgy(bas +b55) py(s) py(s) T

2
N of N N
12,1 1 "2, 1 1
2% gl+ 5 o (- +2 = 0.5 -T)
=N g 9 Py g=1 9 Py T

using the inequalities (2.3.16) = (2.3.18).
Hence we have,

Biplepz) 2 Eg¥ylenz) = v(Y)

> Euz( -1)+ goz( )+zga (—--1—‘
= gan 9 rr 21 cr F’ 3=1 a5
Q.E.D.

Under a simplified form of the above model M, we have the

follov ng theorem of pract cal importance

Theorem 2.3.12. For any design p in Dn(n',n) for which
nivw,

nw.
Pj= ._W.J.L and Q3= —w'l ¥ J and when the model M,

holds with the restrictions @y = pW, , e;',' - p'wj for

P, B' some unknown positive constants (lvlz may then be

called M. ), we have for any estimator eps incCy,

By Vp (ebg) 2 Ey Vp (e.bE)
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Proof. Writing
#* * 2.
EgVpleps) = Epiy(ens )+ Eay ez ) - vy(y)
. *
and noting that EpVM(ebE) 2 EgVy (epz )

*
and Ay (e, ) = O in this case, we have
M bs

* 2
By vp <eb§) - By Vp (ebE ) 2 EpAM (egz )s
proving the theorcm.

Extending Godambe/Joshi’s (1965) results one more optimality
of e* follows under another model (M4, say) stipulating that
yj’s are distributed independently of each other, xj's
distributed independently of each other and (yj, xj)’s
distributed independently of each other i.e. for example
(yj, x:.\ is distributed independently of (yk, %), (yl, x7)
etce for j 4 k % 1. Also, let yj’s be uncorrelated with
2
j : = = -0.)
x's for j &k and L.v EM(yj) = Bjs VM(yj) = E'M(yj Oj,
2 = ! 152 12
= 0, D) = i D= 5 =8.)° = o,
50 Eu(xy) 8y V(x3) By (x4 8;) 37
( 8.) ( g')n 0"2( ing a sqQuared tity to
F‘M yJ. 3 x3 3 T 9y using Juared quantity
emphasize yj’s are noo~n2gatively cuiseiated with xd’s),
=1y seeeny No

Now we have the
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Theorem 203413, When the model M, holds for every strategy

in C*, we have

N N ) 1

V(e) > 202(1-1)+202( )
' g1 9 0 T 3=1 G
Yoo

+2 2 0.°( - )

=3 U E T

Proof. We write
- LT -
e(3,7,x') = e (5,5,x") + h (5,y,x")

vhere 0 = E /[h(E,y,x)1d] = = \ h(8,y,x') py(s)
secs

implying E 5,¥,X )py(s) = 8,¥s% Yp,(s)
s-)jlscs'hl( il 2 s}glsc h“ s 2

- hy(st, x'}  (2.3.30)
Then,
Ely(e) = Eva(e*) + Eiy(n) + 2 By (e*, n),

(CM denoting covariance with respect to model ML;)'

1
i e, = -9, ¢ .=
Writing 5 =75 93' 83 = X3 93 , So that

By (e = 0 = By (e)),
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€ mE
e = BB, L3 i ?1 ) n(3,y,x)7

] Jes'
Y e, w&}
L WALENG & —%J—fl ) B(3,y,x') py(s)
el
+ B LI h(s,y,x') py(s)_T

Jes' *J ses
(For details, see Appendix 3).

2. 0, by independence of (yj,xj) and (yy,x)’s ¥ J +k
) By Uy (e) > E, (e ) (2.3.31)
Following Godambe/Thompson (1977), we can write
4= 2 .
Ey Vp (e) = Ep P (e) + EPAM ‘e) - VM(Y)’
where Ay (e) = By (e) = Ey(Y),

sothat By V() 2 By Wy () = Vy(¥), [Tusing (2.3.31)7

B +0.2-2432 0l2
- R s i T
p L jes Qj jest P.2



N N
2,1 t2 1 1
= I 0. ( -1+ 5 o0.°( -
g=1 9 Q; ) 5=1 9 ay 'EE)
Nowo g g
+2 % 0.°¢( - )
g1 3 T F T

The theorem is proved.

Under a simplified form of the model -ic have the following

theorem of practical importance.

Theorem 2.3.14. For strategies in class el with the

additional restrictions that p(5) > 0 == n(s) = n,
n'w, nw.
n(s') = n', Py = -w—a' v Q4 = —WJ- » and when the model

M, holds with the restrictions QJ. = swj, eé = G'WU. for
B, 9' some unknown positive constants (M4 may then be

called M5) y we have
. *.
By Vole) > Ey Vi(eh)

*, .
Proof. Writirg BV, (<*) = B Vy(e*y EPAP% (") = w(v
and noting that by («"Y = 0 in this case,
ve have
v ( B,V (€9 > B a2 i
By p e) - Ey b (e) > B Ay e), proving

he theorem.



Next following Godambe/Thompson (1973) we establish one
more property for e:-é in the class of all unbiased
estimators for designs in the class D(n',n). For this we

consider the following model.

Let aj and bj, J=T1yeeeee, N De some given numbers such

N N
that 0<a; <1, 0<b;<1 and Za,=n', b, =n
. 3 J g=1 9 j=19
where n' and n are positive ’:integers as beforee.
Let F be the prior joint distribution for ¥’s and x’s

such that writing ta. =

F stipulates the selection of._ one at random out of the N !

points

(B0 Ts 3 B30y weeey (B0y Tuy B0 ), wany(ts 5 2o 8l ))
fLE R R Y MR F A PR Py Jy' Tdn’ Iy

obtainable on permuting the int.:egers Jqr eees ji, veey jN

which are the integers 1, e«eesee, N in a certain order,

keeping aj’s and bj's fixed,

Let Dy (n', n) be a class of sampling designs p(3)
such, that
P=p(3) ¢ (1) 5pq(s") = Py = ay, 3=1,005N Y

\
t
Dpp(n'y n) =
{ii) 242,0,(8)py(s*) = Qj =By, J=yeee,N
where P, Qj' J=1,e¢¢, N as before denote inclusion

probabilitieses
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When a sample S is chosen according to DPF‘ (n', n)

Vi = X x
e;s = (= —ﬂn——-ﬂ+j§s' Pg) reduces to

Jjes J

Y. - X X,
R e = (2.3.32)
jes 3 Jest 2

and is obviously unbiased for Y with respect to p in

Dpp (n'y m)e .

Let us also define a wider class of sampling designs DF(n',n)
by allowing the inclusion probabilities Pj and Q;j’ J=150e0,N
to vary, holding the sample sizes fixed, so that

=p(s i) P, >0, Q. >0
Dyl sm) = p=p(8)s ( )N 7 , . 5 )
’ (ii) 321 Py = 3_21 ay ( = n' fixed)
N N
% Q = £ by (=n fixed)
=1 9 g=1 9

Obviously Dpp (n',n) <Dp (n*,n).
Theorem 2+3.15+. (i) For every p in DPF(n',n), we have
a common value for Ep Vp (e:; ), which common value will
be written as Ep Vp (efz ) 3’
(11) By Vp (epg) £ Ep Vp (e3) (2.3.33)

whatever p may be in Dg (n', n).
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Proof.  We prove (ii) first and then ().

Proof of (ii): Let ez be an unbiased (with respect to
every p in Dp(n',n)) estimator of the population total Y,
of the following form,

ez = E(E.yj.xj»ljes,J'BS')
= eq(s) - ey(s) + e3(s')
= e1(s,yjlj-‘:s) -ez(s,le,jé:s) +e3(s',xj,lj'as')(say)
such that Ep(e1) =Y, Ep(ez) =X and Ep(ej) = X.
- N
Then p o(3, v3, x5, 1 385, jles') p(5) = 321 Y5 .
Writing
X, ¥
ty = Eg » Ty ,Fg. and t‘; = xy/ay, 3=1,..0,N
eg = e(S, vy, x5, 1385, 3'es')
= (3, 1y, by, t;, Ijes,vj'ﬁs') and
eq(s, y31388) = f4(s, Ty 1J8s) we get
z £(5) p(5) = E[_e1(s’ YJ)J = E[f1(s, I‘J)J
s
N

N
= 2 y. = % bj 5° (2.3.34)
3=1 9 3=1



- -
Now, Ep vp (e—s)
"W B LR PG g e stpggey 08,3 "es')
s dg1 3 T3 7
= W1 5 LT PG rtegy stegany 1308, 3'es') T

1 N 2
- §r & ( 32 bj rj) (2.3.35)

P 1

[ L = sum over all possible permutations P of (1y0000,N),
P
a permutation P changing j to P(3) , J=1,s...,N7.

Taking the same kind of average on both sides of (243.34)

we have

1 = = ! < red
m-? % p(s) £(s, Tp(3)* tP(j)' tp(js) | jes, j'es)
1 N -1 N N
“wil oo D TR = PR I £8:3.:36)

N
N -
Noting that 3Z1b3=n and putting r = }} 321 r\_J we. may

write (2.3.36) as

(s - ! U | -~
pf; K £(5,7p(5) 1Bp(4) 1 Tp(yr) 988,3"Es") = oF  (2.3.37)
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i - ]
Now from (2¢3.37) we see that f£(5, Tp(3)? tP(j)' tP(j‘) |
s, j'€s') is an unbiased 'estimator' of nFT with respect
to a sampling design which can be realized on drawing the
sample s = (s',s) by p(8) and observing (rP(j)’ tp(j)'
t;,(j,)l jes, 3'es') for a randomly chosen permutation P of

T *

the vector V = {(t1, Tqs 69y eesy (b Ty by )}.
¥e may denote (as Godambe/Thompson (1973)) this sampling

design by (p(S), P) = pp (say). The variance of the

estimator is evidently

5) (2(2 £ . itest) = (nT)2
fipﬁlf‘(s'rﬂa-)'t?(a)’tp(av)‘JES'JES) (5)" (2:3.38)

Let r(d) = {rp(j)’tp(j) v §es, t;’(j') 3 j‘ss‘} denote

the reduced data with correspondence between values and

labels suppressed.

5,r(d) -
Let, 3 = sum over permutation P’s for which s, r(d)
are as observed,
r(d) -
£ = sum over 8’s yielding r(d) so that
s

r(d) 3,r(d)
z z = I b7
s P = 5 (Pir(a))
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where I

is sum over all permutations for which r(d) is
T r(d)

realized for a particular 3.

Then, g(r(d)) = the conditional expectation (with respect

to p) of £(5, Tp(s)» tp(j)! t;(j') 1j€s, j'es') and is

r(d) E’r(d) =y - ' . teat
2L R 2y ey oy 1968108 )
gr(a)) = £

r(d) §,r(q)
.
(2.3.39)
Certainly g(r(d)) is an unbiased estimator of nP with
respect to Pp -

By Rao - Blackwellisation, then

3) 2
S S 2@y < o

2 = 1
EErp( 5y st gy 1tp(y0y |

Jes, j'es') (2.3.40)
Moreover r(d) is the 'order-statistic! corresponding
- 1 .
to (5, o3y tP(j)’ tP(j') I jes, j'es' ) and hence is
‘complete! so that if (263634) is to hold, then g(r(d))
mst in fact be
g(r(a))

1
" sts TR T () )t B, te(y)
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This is so because of the following reason s
Since g(r(d)) is an unbiased estimator of

- 1 - N
nro= g[ji} bJ. rP(j)-]

with respect to Pp s

. ; ’
2 B et -, 3 L2, % ey
1 _N

=N g L 321 by Tp() *X=-X_T

1 N N N

TR LE B ey B 8 ey - 321 % 97
: N N

TR LE by {Te() ~te(p} ¢ 2%ty T
--mﬁl\:fgb g(r-t)+ga gt]
Rt 3=1 I g 3T T LR J

I 5=1

N-1)3 N N
202(r—t)+2? Et
J
3=1 9 =

1 N
TWBLE % TRy Tty ) ¢ 0B ey T

N
- %4 §Z) L243apa(s)pq(s") {mp( )= te(g)} * ZaPa(s ")ty sy T



1 1 -
TEELL T )t B, T

jes

(Here £ = 3 =
s s' ses!

Thus we have )

33 5P Lot - 2, ey ey + gesr BT = 0

@) =z Gy - RIORAIEI

'
*B(5)
because of ''completeness of the order statistic r(d)'.

Hence,

PE.:S %151 [jf::s (rp(3> B tp(j)) ¥ 3?5' té(j) 7 ’
< PZ,:E -p—b(,;s)- fZ(E,rP(j),tP(j),tE',(j.) 1385, jrest) (2.3.41)
But the left-hand side of (2.3.41) may be replaced by

b= ' 2
r3 %ﬂ[jﬁs Co) " TR+ 2ty T2 2oz

Jes!

for any sampling design p'(E) in DF(n',n) as is clear from
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the analysis above. In particular, this is so, if p' is

in D (n', n).

N
Subtracting gr I ( 2 b, r.)2 from each side of (2.3.41)
P g1 979
and using (2+3.35) we get

2 B Ce() )" 2, e T - |

N 2
Jes est ] {;“321"5%)
C%-Ep VP (eg) (2.3.43)
Finally, the left~hand side of (2.3.43) is just EFVp'(e:'s' )
for any design p'EDPF (n'yn)y explicitiy, EFVP,(e'f”-3 ) for

every p! in DPF(n',n) works out as

N N N
n '2 n| n_'] 1 1 nl l2
= I u.® o+ + Iz ot
[N3= 3 TN gpey W ETE I Y

N N

n'(nt-1 on L

'WETT)‘l €t €
* =~ ;jiki1 SR S 321 3%

+ 'ﬁﬁ"n‘“n ni-1 ENE us 7- ¥

" bkt 3K

u, . x
where u. = ’5‘1 = Sd o ria b oang e S
J 3 J aj
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g p(3) z: u.P(j) u;',(zu) 21 25 py(s) 14(s")

ll M=z

I
uP ) bj (since for every

p(§)€DPF(n‘,n), Qj=bj'),

1N (N=1)1 g w?=3 5 u?.
maEm 2 Ue(s)P; = Tll 3=1 RIF=
Similarly,

-, ] t N
LPE) BT up(s)yeee) = jik’31“1=(3>“1><k) B4Z2Pp(8)pq (1)

N 1 L
shc B PGy %k -

PR Ly Q Gy N o N u
p . - = u,
B W jucq "P(3) PO Yk N Ska R gheq B9 Tk

N
n(n=1 '
23 u,
REDIE A e T S
N
= 12 _ 12 '
EP(S) 325 tp(y) = 321 tp(3) 21 Pq(s?)

3 v2 P b2
PR A 6 I I T B

J=1



3=1 % g=1
n' N
R 321 R
Similarly,
3 - by
i e, (5 te(T = —Lm'ﬁ' s E £,
. . , N, ! '
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Hence the theorem is provede We have proved the result
assuming a random permutation model without specifying any
particular distribution followed by the fixed vector

V= {(tj,rj,ts)l j=1,..-,N}- So the result extends to the
case when V has any exchangeable prior distribution as in
Godambe/Thompson (1973) «
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Finally we make a truly Bayesian approach. Following
Godambe (1969) and Chaudhuri (1978), we get another uniformly
adnissible double sampling strategy following the conventional
Bayesian approach where post-survey data-analysis is inde-
pendent of a design. Given a prior F for Y, whatever p may
be, the Bayes estimator for Y, with loss as the square error,

is the posterior expectation of Y given the data
a= (5, X5, vy 1 ies', Jes), which is
e = & (5, Iy H = Ep (Y19)
= B ¥Yi 4 z V. + & yild/.
jes 9 B [jES'-s J 7 sfst Y 7

Then, with an obvious notation for prior expectation (with
respect to F) it follows that for any other estimator
e = e(5, ¥, X) one has

Ep (e1--‘1)2 < Ep (e-![)2 for any § actually
observed and surveyed and hence
2, 2 Epleq-pp()p(s) £ 3, 3 Blem)py(s) pq(s")
s''s s
remembering that a prior on Y is postulated posterior to first

phase sampling (hence using data on X for i€s!) and prior
to second phase sampling so that F depends on (s',xj_l.{es')

= x(s'), say, and hence we may denote F by F(x(s')) - (to
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save space often we will use F only).
Let us define two classes of priors as follows:

Definition 1. Let Llbe a class of discrete prior distribu-

tions F = F(x(s')), given first phase sample data x(s'),
for ¥ defined on RN such that for any point Yo in RN there
exists a Fy € 2 such that Fo (Yo ) > 0, this F, too

depending on z(s') assumed already observeds.

Definition 2. Let be the class of all priors

F = F (x(s')) for Y such that
(1) F is discret;e,
(11) When P-distributed, Y4 #+++,¥y are independent,
(iid) EF(yi) = N if if st
= ui(g(s')) if ie s*

u; (ay) if ie s’
with hi's and ui’s as some pre-assigned numbers,

(iv)  Bp(y;-r)2 = 6%(>0) for ifs?,

(v) EF(yi_”‘i)z = 0,2‘ (>0) for ies'(independent of x(s")).
Then, we have,

Lemma 1. If e°=e°(d) is a Bayes estimator for Y for every
prior distribution F = F(x(s')) in ) (given x(s') assumed
observed in first phase sample) then for any sampling design
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o(5), e, is admissible.

Eroof. Let, if possible, another estimator e = e(d) be
better. Then,

2 2
I I (e=¥)° py(8)p,(s') < T 2 (e -Y (s (s*)
2,z 2(8)py )__s's o~¥) 7 pa(s) py
¥ Y e RY, with strict inequality for at least one Y in RN,
This would hold only if
2 2
2 (e=Y)° py(s) < = (e,-Y) py(s)
s s
for at least one st with p,l(s') > 0 and at least one Y in
R, say, for v, in &Y.

Let s' be a particular first phase sample with p1(s')>0

and P = Fo(z(s')) be a prior in .0 (given x (s') assumed
already observed) such that FO(YO) > 0. Then it would
follow that -

I B o (e=1)%p,(8)pq(s’) - = Bp 2 (eg=)%p,(5) pq(s?)

; ' -2 '
be B2 B (e pp(a)pq(st) < 32 Ep (g0 %pp(s)pq(s")

since pz(s) is free of y;’s. But this contradicts that e, is
a Bayes estimator for Y with respect to Fo‘ Hence the lemma
is proved.

Lemma 2. For any point, say, Y; in RN there exists a F =F
(x(s')), say, Fy =F°(3_:(s')) irﬂ'(given x(s') assumed
already observed) such that Fo (Y;) > O,
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1 L} ] .
Proof. Let E = (y1 00 *tes Vig s eees Yoo ) be any point
in RV, Let, for a set of numbers Vior Yiqs *+es Yim

(i=1, +eeve, N), with M as a suitable positive integer,

the following hold, namely,

Yig = (M+1) AAf i g st

(M+1) My if ie st

(1) = y3& = 1) (% + 72 ir 3 £ st
& ij i
=6

1) (03 + 0,2 15 16 s

Such a choice is possible provided o2 and 012 are suffi-

ciently large so that (M+1) (02 22 - yi% and

(M+1) (a% + uiz) - yi§ are positive for every i g s' and
every i € g! respectively. Then it is possible to think

of (!'I4-1)N points Y

such that in Y = (y,], seesYisees Y

each ¥; is assigned one of the values Yior *** Yin

(i=1, ..., N) as above. Also it is possible to choose a
pProbability distribution F, on RN such that Fo (Y) =

—1-—N > O for each of the above=noted (M+1)N points Y

(M+1)



- 97 -

in RN- Let such a prior be assigned to the earlier fixed
. ' v ' [ ' .
point 1‘1 = (Y41 *** Yior ***s ¥No ). Then, F, (32) is
1

such that the probability that y;, assumes a value Yij as
2 e ! _ A -
cbove under PFo is PFO (yio = yij) =y for 3=0y000,M
for each 1=1, see, No

Now, it follows that with respect to this particular
distribution F, » the confiitions (ii) = (v) of Definition 2

are realized and F, belongs to n' . QE.nD.
From Lemmas 1 and 2 we have

Theorem 2.3.16. Given any sampling design D,

e, = eq4(5, Y, X) = T yi+ T uo(x(s™)) + = AL
1 \Sy Ly X) it YJ sest-s 3 V& )) Iy 3

for arbitarily chosen ?\j's and uj’s is admissible for Y.

Proof. Since ey is a Bayes estimator for Y with respect

A}
to every prior F € 1 , the theorem follows by Lemma 1.

*
Theorem 2.3,17. The strategy (e1, p*) with p in Du is

wniformly admissiblee
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"
Proofs Whatever design p* in D may be, ey based on data
(s',s) chosen according to

collected through a sample 8=
p* is a Bayes estimator for Y with respect to every prior
pen.

L

If possible, let another strategy (et,p') with p' in D,
be uniformly better than (eq,p¥). That would require that

1 t * *
I3 (o0 ppla)py(s) <2, 2 (e;02 py()py(s) ¥xe R,
s s
with strict inequality for at least one Y in RN.
This would hold only if
- * -
(e=12 p'(5) < (e-0Z 2 (3)
for at least one 8 with p'(S) 2 O, p*('s') > 0 and at least
one Y in RN, sa§, for Y; in Y.

Now corresponding to Y; in RN, there exists a F & '
such that FO(Y;) > 0 (by Lemma 2) for a particular s',
supposea drawn actually, and x(s') actually observed such
that p*(5) 2 0 and p (5) > O.

Then it would follow that
2 4= 2 %=

5 2 (e'=Y) p'(5) < = 3 Ep (e4-Y (s).

s‘sEFo ) S'SF°1)p)

Now whatever p in Dn may be according to which a sample

5 = (s',s) is chosen yielding the statistic eq, we have
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EFo(e1-Y)2 = (¥-e,)2

2
= E z + 5 y.=- 3 My = 32 A
Fo L—jes'-s Y3 st T gesreg I JEst 9 7

= Vy [ =

¥Yi+ %y (V; denoting prior variance
o = jegtas 73 st 3'7 Fy

with respect to Fo)

= [n(s*) = n(s)_7 02 + [N - n(s')_T oA
2 *,a
Then, & (eq = V)< p (8)
! s' s EFo 1
= % I B (e,l-\()2 p(5) (for every p e D)
s''s To
= I BEp (e1-Y)2 p'(E), in particular for p = p'.
‘ s' s o
Hence we would have
I OB (e-0)2p'(E) < ¥ 3 Bp (e=1)2 p!(3)
s''s [} s's o

contradicting that e, is a Bayes estimator for Y with

respect to Fo when it is based on data collected through
"

a sample chosen according to any design in D .

This proves the theorem.
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i CONCLUDING REMARKS CONCERNING CHOICE OF TWO-PHASE STRATEGIES
In respect of two-phase sampling we have considered

certain 'optimal' strategies available under certain

circumstancess But in practice it is difficult to check

when these circumstances are plausible. So, an alternative

strategy may fare better than a so-called 'optimal' one in

1 situation not favouring the latter. So, various alterna-

tives 'may' and 'should' be tried out in actual surveys.

It may be of interest to note the following (applicable to

double sampling)$

Suppose in the first phase an SRSWOR, say, s' is chosen
and one contemplates to use the first-phase survey data on
xj for jes' in choosing the second-phase sub-sample s from
s' and estimating Y directly from second-phase sample using
y‘j values for j in s. For example, three alternatives may
be on using the normed size-measures qa = xj / jgs' xj
(¥j3es) to
(1) take an IPPS (inclusion-probability proportional to

qj’s for second-phase sampling design p2) sample s and use

the Horvitz/Thompson (1952), (HT, say) estimator

N o2 Y3
e1=n,.nj§s T or
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(2) take s using qd’s and employing Rao/Hartley/Cochran

(1962), (RHC, say) scheme and employing their estimator

Y.
viz. e, = ;—1\1, ié' Eg- 85 » (where S4’s are sums of

q‘j ~values over units falling in particular groups formed
in applying RHC scheme or (3) apply Midzuno/Sen (1952,1953),
(MS, say) scheme using qj’s to choose s and employ Lahiri's
(1951) procedure (LMS, in brief) to use the estimator

Ly,
ex = N s,
3 T nf qu
s

We postulate a linear (through the origin) regression

_ model for y on x as followss

Ey(yy) = Bx;, E},x(yi-n:g)(yj-axj) o®xf if i3 }
= 0 if i#j

where P, 0 are any positive numbers and O L8852 as
usuale .We may recall that under the above model the model-
expected variances of HT estimator based on IPPS design,
RHC estimator and LMS estimator each based on common size-
measures and a common sample size in uni-phase sampling,
denoted as My, My, My (say, respectively) satisfy the

relations
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(Vide Chaudhuri/Arnab (1979)).

Noting that the variances of the above three estimators
e; (i1 =1,2,3) can be written as

(e;) + V, E (ey)

v (e E
pe) - Py P

Pq va

N
= E_V e, + V = I

Dy P ( i) P1( nt gest Yj)
where the second term is common to all the variances of the
estimators ey (1=1,2,3) and Ep‘1 is the same operator on

Vp (ei,, i=1,2,3, the mouel-expected variances denoted
2

as M:, M;, M; (say, respectively) satisfy the relations

* * *

M < My < M ift g > 1
= = if g =1
> > ig g < 1
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N
* 2 x N(n'-1 g-1 _
Here My = o/ na‘(ﬂz} o B 4

otz
2
G

2_ 1 ¥ »°, x- 13
where 5,5 = 5= % (xi-x), X = T2 %X .
i=1 i=
Thus we get an exactly analogous relative standings for
€1y ) and ey However, it may be conceded that in case
the first~phase sample is chosen with varying probabilities

We are unable to suggest concrete but simple double-sampling



- P

.4
- 104 -

strategies with second-phase sampling design utilizing the

realized x;-values in the first-phase sample.

UNBIASED ESTIMATION OF VARIANCES FOR ESTIMATORS IN TWO-PHASE

SAMPLING-

Writing ﬂJ. = I pz(s) = nqy and "jk = I, pz(s) we get

an unbiased estimator for Vp (91) as followss

2

% 2 8 ;5 J3, N Yy Y
V. (ey) = e - s + oo - 7,

P T E TR L e Ty T AT gukes gk

Assuming that the groups formed at random for applying RHC
scheme are of constant size viz. n'/n Sassumed ‘to be an

integer) we have an unbiased estimator for Vl:> (ez) as

followss
A v:2
O e WAL AR = e T
J
Y-Z 2
+ (Nn) 2 a-g— 857 - NMm-17 2 °

Finally, following Raj (1954), we get an unbiased estimator
for Vp(ej) as follows?

a 2. N_ 2 . N-1 -
Ve =e® gy oL B Y5+t 3%, %o v J
jes 9 J°s J#

These estimators may tere negative valuess but we are unable

to suggest uniformly non-negative alternatives.
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CHAPTER =~ 3

QN THE PERFORMANCES OF SOME SINGLE-PHASE

SAMPLING STRATEGIES

1 SUMMARY. In uni-phase sampling we may observe the following
concerning the choice of strategies. Some of the popular
strategies are ¢ (i) Horvitz/Thompson (1952) estimator
based on a fixed sample-size IPPS designy (ii) Rao/Hartley/
Cochran (1962) strategy; (iii, iv) the ratio estimator
based on SRSWOR or on Midzuno/Sen (1952,1953) scheme of
sampling, (v) sample mean of ratios of y4's for SRSWOR,

(vi) Hansen/Hurwitz (1943) strategy, (vii, viii) Raj’s (1956)
and Murthy’s (1957) estimators based on PPSWOR sampling.
Analytical comparisons of the first six with the last two
seem difficult because the variances of the latter are
complicateds So, we will consider the first six only and
later we will consider some variants of them derived on
certain modifications. First we consider linear regression
(not necessarily through the origin) models with identically
independently gamma=-distributed regressors and uncorrelated
errors with zero means but cenditional variances as
functions of the regressors. The model-expected biases

and mean square errors (MSE) of the above six strategies
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are then compared - analytically and numericallye. Allowing
more generality on the distribution of regressor variates
but assuming existence of second order moments certain

asymptotic results also have been derived under assumption

of large population and/or sample sizes. In these derivations

law of large numbers has been applied on the xi’s but not

on the errorss Because, the latter are not assumed indepen-

dently or identically distributed and about the conditional
error variances no assumptions are made to ensure validity

of law of large numbers (LLN). However in case LLN is also

assumed to hold for the errors certain modifications on
the relative standings among the strategies are also noted.
Comparatively, the Lahiri/Midzuno/Sen (1951, 1952, 1953)
(LMS) strategy is observed to stand out as a very promising
one under several circumstances not favourable to the HT
strat. gy studded with man;, optimal proper-ies. So, next

we consider this strategy vis-a-vis the strategies involving
selection by SRSWOR method and using ratio estimator and

a few derivatives of it based on half-samplinge , Under
similar models again, LMS strategy figures impressively

in this comparative study too. In this investigation the

status of regression estimator based on SRSWOR is difficult

to ascertain because it does not admit a simple model=-
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expected MSE expression except when errors are homoscedastic.

Singh/Srivastava (1980) have given a sampling scheme
yielding an unbiased regression estimator and an unbiased
regression -type strategy. By model sampling from bivariate
normal populations they have demonstrated superiority of
their unbiased regression strategy to biased regression
estimation through SRSWOR sampling. But, considering more
general models involving linear regression with homoscedas—
ticity of errors we identify situations giving varying levels

of efficiencies for them under different circumstances.

In case the postulated regression line passes through
the origin assuming xi’s as fixed constants, results
concerning relative efficiencies of various strategies are
available in the literature. If, however, the regression
line hs a non-zero interccpt @ (say) wit: an unknown
magnitude then if one may have some idea about its magnitude,
it seems 'plausibl:;. to modify the available strategies using
origin-shifted y’s rather than the ¥’s themselves along
with other necessary adjustments. That this yields higher
efficiencies on suitable occasions is illustrated with
reference to some standard strategies and other modifications.

In addition, relative efficiencies of several popular
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strategies modified with variate transformations, are

worked out with postulated identically independently

gamma distributed regressors.

Remerk. From our discussions in the previous Chapter it

was clear that appropriateness of an over-all double
sampling strategy depends on those of the uni-phase ones
at the two separate phases. Intuitively too this should
be obviouss So, in double sampling context it is important

to pay heed to the question of choosing good single phase
strategies.

RELATIVE EFFICIENCIES OF SEVERAL STRATEGIES FOR ESTIMATING
A FINITE POPULATION MEAN

Following Chakrabarti (1973) and Chaudhuri (1979)
we compare the relative efficiencies of six well-known
samp: “ng strategies unde:' models more ge .eral than those
considered by thems Exact (small sample) as well as

asymptotic results are presented along with numerical

ones.

Pursuing with Chakrabarti’s (1973) and Chaudhuri’s
(1979) works we shall consider the following generalization

N
of their models for estimating the mean ¥ = 11‘ 21 A
i=
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of a finite population on +he ith unit of which a real

variate y assumes the value yi (1= 1, couen, N)2

y; = d-+9x1+ui (L =1, coee, N) (3.2.1)

where @ > 0, B >0 and u;’s are random variables with

conditional expectations
e ( 2 _ g .
uy %) = 0, =& (uy %) = &x5 ¥4,
(with 0<8<w, 0<gx2),
E(uiujl X3 xj) = 0 ¥ i+,

vhere xi’s are known positive quantities which are assumed

to be realizations on random variables (also denoted as xi’s) 5
with incompletely specified distributions. Sometimes (as

e«ge in section 3.2.2) we assume the auxiliary variables
xi's to be identically and iadependently gamna~distributed
with the common density

1 &V Vm-‘l

) =~y

with a single parameter namely the mesn m (supposed to

v > 0,

exceed 2) which we take /~on the strength, if needed for

logicality, of the law of large numbers which may be
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supposed to be applicable provided we are ready to assume
-

N to be large, as we are, following Chakrabarti (1973)_7
- N

.as equal to X = % z

i=

finitc populations. This model will be denoted as I.

X3 which is known for the given
1

In
section 3.2+3 the forms of the distributions of xi’s are

left unspecified except %that they are assumed to be dis

buted independently and identically with a common mean
m = X as above and their common moments u' of orders r
exist for r upto g (0 < g < 2)s The model in this case
will be denoted as II. Our objective here is to compare the
biases and mean square errors of six well-known sampling
strategies under the models stipulated above, which are
slight generalizations of those due to Chakrabarti (1973)
and Chaudhuri (1979) in the sense that unlike them we allow
g to be non-zero. Following Chaudhuri (1979), in section
3+2+.3 ue present a few asy.aptotic results aséuming both the
sample and the population sizes to be large. Our results
differ from similar others available in the literature
because of the peculiarities following from the assumption
m = X which introduces a novelty suggested initially by
Chakrabarti (1973).

Our notations are as in Chaudhuri (1979): by s is meant

a sample (typically, the sample-size being taken throughout
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as a fixed positive integer n), its selection = bprobability
is p(s) for a design p(generically), and the expectation -
operator for the design is E. By € we denote conditional
expectation over the error term u (with fixed x) in the
model (3.2.1), €4 denotes expectation over the distribution
of x (standing Ior X 1=, ceees, N3 also E = LR
is the two-step expectation (for u with x fixed and then
“over x) and e = EE =. €x € E 1is the three-step (including

the one over the sampling design p) expectation = operatar.

The six strategies we consider will be numbered conse-
cutively as 1, ese.., 6 which respectively involve the

estimators t; = X, I (§, X denoting the sample means for
%

. ¥,

y and x), t2 = X ':x— % =%, both based on the SRSWOR
i ies Xy

scheme, t.

5 = t; basid on Midzuno/Sen/Lahiri (1952) scheme,
" Y.

the Horvitz/Thompson (1952) estimator ty, =ﬁ E 7!% » based

on a 7ps design wl'th inclusion =probability no= np; ¥ i

(say), ( P = _I%Ei)’ and t5, tg the usual Rao/Hartley/
Cochran (RHC, in brief) \(1962), (for this we assume ;—1\: =k
to be an integer and each group formed in applying this

scheme is of size k), and Hansen/Hurwitz (1943) estimators

(HHE), in brief, both involving normed size.-measures P;’s.
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The expectations, biases ond mean square errors of the

estimators will be denoted respectively as
ty= e(t;) = EE (¢) = e ek (t;)
;= ety -7 = e o L[E(y;) -8 7,
M= ELE(G-D27 . ey L6 E(ty- Y)Z)J, is1,400,6

(incase @= 0 'in the model (3.2.1) we shall write M,
for M; , i=1, eouss, 6).

22 EXACT (SWALL SAMPLE) FORMULAE CONCERNING RELATIVE

EFFICTENCIES OF SAMPLING STRATEGIES UNDER MODEL I WITH
e 2 RO LING DIRATEGIES UNDER MODEL I WITH
GAMMA - DISTRTBUTED AUXILIARY VARIATES.

Omitting easily verifiable algebraic steps, to save
space, and using Rao and Webster’s (1966) lemma concerning
propertiesvof gamma distributions we get

e
B = mom, Bz"m—f'f» so that B, > By ;
of course By =0 for i =3, ceese, 6o

However if m is not assumed to be equal to 3'(, then

writing B, and B' for biases of t, and t. respectively
g By 2 1 2
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we hava
= (1-§) gy amd By= (1-§) 537

Then, we have,

2 nm 4+ 2 2 (n+g) 1
M, = &%, Snm®. .
1 - -2 * O () (nh+g=1)(nm+g=-2)

N

n - [ E (i ) - BT

2
s oo [mtg=2) . , i%[- F('niz-mg:)ﬂ (gm=1) _J

» [ (m)
- ey, 1 . & (e |
s ey m ) mve D)~ N Th(m

In calculating M, we neglect the term ﬂ z 21 (?—g—-
ikj=

and thus get a conservative expression on assuming
Ty <m "J ¥i, 3

[ which is a desirable condition on 7lps designs to ensure
existence of non-negative variance estimator for t, and which
is satisfied for many sampling schemes, vide Lanke(1975) ,e+gs/
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My = "'Z[-Em:ﬁ" }?J‘J"‘Ml:' “there

o o om (wre=) | Fove) ,
TR Ty N T @

- Ep.d o XTED 5 [(mee)
CRR A Vo T ¥ Trm

N~
Mg = g5 M5

Noting the complicated form of the co-efficient of «? in

M2 we assume m to be large and neglecting terms 0(1/m2)

for the sake of sheer simplicity in it (only) we approximate
this co-efficient by rm—ijtalsy and the quantity M, is

approximated by

" (m+g-2)
e 0 iy s 8w L
: (m)

+ §- —r?_) L (vg) = 20 [(meg-1) 7

ASYMPTOTIC FORMULAE CONCERNING RELATIVE EFFICTENCIES OF
STRATEGIES UNDER MODEL II

As in Cochran (1963), in what follows, we shall assume

N and n large to such an extent that we may neglect the error
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in writing X = X for every sample s with p(s) > O for

the strategies 1 and 3« For other strategies also N and

n will be taken to be large whenever necessary (as discussed
below) in comparing the efficiencies. For the model II,

we have the following formulae on omitting details of

calculations, viz.
My = g’;’l'"ﬁj’l' L—N52u2+6 (N-1) u;_],
where Hoy = My =My,
Ry (B () o5 (30} - 2o e (her T

2
&m' £ ]
* “g-z"n“ 2§ ug—’l'

0n neglecting the term a2 % ( -,7—7}- -1) asin
i%j

section 3.2.2,

2 - 1 !
Mo LR e () -gT ey,
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h = - I Y
where M, 8/ a y,g_1 T “'gJ’

_ N-n 1 2 1 p
Mg = =7+ 5 L 6°(meeg(z)-1) + ém u.;_,‘ -ﬁ ué]

N-1
Ms = Wn M5 .

RELATIVE EFFICIENCIES OF THE STRATEGIES
With simple algebra (suppressing details to save
space) noting inter alia that cov (x, T T o

cas g% 1, cov(x, x62) <0 since g£2, u;2>u,;,

L
since My = m> 2, writing -ﬁzﬂr - %, (when

necessary) etce we can derive the results presented in
Table 3¢204¢1s Using formulae in section 3+2.2 we also

present results of numerical investigations in ‘Table

30204020
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Table 3+2+4418 showing relative performances of the strategies
with variation in g (section _. of the table
represents results under Model I and section II
those for Model II)

T

g8 < » g <1 82 g, 1<g<1.5
My <M, My<M, -
MM, My W, L )
Mg <M, My < Mg M, < i,
M): < M; < MA (for “arge N)
My < Mg - My 2 Mg
(if N > nm) (if n > 5)
M5 < Mg
M; <My
By < g
My < iy
1
& &y g1 0<gg2
g < 1y w, <y M, <
(for large N) M, < M; (if N > 2n)
Al 1 1] 1 1]
M, < M) <My M, < Mg
,
Mg < M3

(for large N)
Ve

M6 < MZ

i, < vy
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Table 3.2.441 (continued).

g<1 821 0<gs2
1 i 1 1
Mg < my My <M, Mg < M,
(neglecting M[: < M1' (neglecting |
terms O(1/N)) terms 0(1/N))
1 1 1 1 1 L]
ny <y M < W, < u
I (if N> 2n) M;jM
L}
Mg <M, 5 < M4 (neglecting
terms O(1/N2))
1 1
My <My, M, &M,
1 1 1
My < Mg M, 2 M5 < My
r ke o)
M5 < Mg

lere g, is a root in /70, 2.7 of g2 - (o®m-2mm + Neg

(6%n - 3om + 2) = 0.
1 1
hen My <M, if p =

If g less than O is permitted,



‘Table 3.2+4+2.

I

jing

@ = 0.5
& = 2.0
m=5
n=4
N =20

@ = 1.5
8 = 2.0
m=8
n=4

N = 40

¢=0
é = 2.5
m=6
n=5

N=10
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showing relative efficiencies of strategies

for certain parametric combinations using }\7[

formulae in section 3.2.2 (writing E;=100 'm:
v

or 100Mi
g= 0.0
g = 0.5
g = 1.0
g = 1.5
g = 2.0
g = 0.0
g = 0.5
g = 1.0
g=1.5
g = 2.0
g = 0.0
g = 0.5
g = 1.0
g = 15
g = 2.0

in case & =0)

Eq

211
162
129
107

92

213
155
124
106

e

192
156
131
113
100

100
100
100
100
100

100
100
100
100
100

100
100
100
100
100

236
176
138
112

94

229
164
128
108

95

206
167
140
121
107

Ey

176
152
134
121
111

11
14
112
108
103

157
146
140
138
140

Es
200
163
138
120
107

209
156
128
113
103

180
157
140
128
119

100
87
78
71
66
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E1 EZ E3 Eh E5 E6
W @=05 g=00 204 100 227 172 192 177
6=2.0 g=0.5 157 100 470 148 157 45
m=5  g=1.0 126 100 153 130 133 123
ns=14 g = 15 105 100 108 116 116 107
N=40 g=20 90 100 91 105 104 o6
V ®=0  g=0.0 167 100 179 151 154 4138
& = 2,5 g = 0.5 139 100 146 135 136 122
m=6 g = 1.0 118 100 123 123 123 110
n=5 & = 145 102 100 105 113 112 100
N=040 g=2.0 90 100 91 105 105 o2
Remarks.

I. From the numerical data we see that My > M3 ¥ g and
FIZ > MB unless g = 2. But we are unable to establish

general results about M.I versus M2 versus MB'

II. Relative performances of these strategies under other
alternative models are well-known and a relevant recent

reference is Chaudhuri (1979).

II. One may, in practice, choose among these six strategies
with reference to the above according to situations
believed to be in hand.
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From the Table 3.2.4.2 presenting numerical values one
may gain some insigh't into the relative performances
of the strategies under certain particular combinations
of the values of the parameters for the Model I; e.g.
for g < 1, strategy 3 is found to fare best amongst
all, for g = 1, strategy 5 is as good and strategy 4
is also on a par if @ = O = consistently with

theories developed here and elsewhere.

In the derivations of mean square errors law of large
numbers has been opplied on the xi's (on the strength
of which we have equated X to m) but not on the errors

ui's because the latter are not assumed independently
or identically distributed and about the conditional
error variances no assumption was made to ensure

validity of law of large numbers. However in case

LLN is also assumed to hold for the errors ui's 50

that we can equate U = % Z u toO (and hence ¥
- i=1

to &+ Pm) certain modifications on the mean square
errors of the éstimators (assuming N very large,
*
M, for

practically infinite) are noted (writing i

g E(i:i - ?)2 in the present situation) as followss
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nm+2 am2 T(m+g) 1

o, =T a2y * (m) * Tomvg=1) Comeg=2) °

» 2 - m? 1 2m
2= L F {Zm—ﬂ(m-zi * (m.. } =Tt 7

om2 - [(m+g~2)
oy ————,

N (m)

Y.2 |, T n
37 @7t oom T(m) = Comg1)

B

LN
In neglecting the term a2 g z ( ?—lﬂ— = 1) as earlier,
i3

i=j
£ 5 om  [(m+g=1)
!4 = 8% . T x_ + Tm —‘T
¢ a2 om f(m+g-1)
by § o
o2 m2) s 2 [(me-2)
* @ n- n (m)

*
in case @ =0, we shall write Mi'forM y 1=1,.04.,5)

L"he Table 3.2.4.3 below shows certain modifications on the
relatlve standings of the strategies when LLN is also assumed
to hold on the errors u;’s. Using the above formulae we also
resent results of numerical investigation in Table 3.2.4.4.
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Table 3.2.,4.3+ showing relative performances of the
strategies with variation in g (when LLN

is also applied on the u;’s )

£sy g2 g2 0O<gz2
M* o *ot v‘%l LT ot <M*
1 &M, My My s &My 5 SN
N H #1 *1 *1 ¥t *1
(if n > 5) My <My M, <My My <My

*1 * T * *
My &M, My Mg Mg <M,
* T * ¥* 1 31
(if n > &) My < Mg My =M,
g 3 *1 *1
My < W, M, <M,

* 1 * 1

My <My

* -

My < I

* T * 1

My <M,

Remark. Thus, strategy 3 is again good in relevant
situations but the relative positions for 3,4,5 cannot be

made explicit in this case.
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Table 3.2.4+4. showing relative efficiencies of strategies
under certain parametric combin:ilzions
(writing Ej = 100 —- or 100 —§¢ in
Mi N
i
case & = 0).

g=00 198 100 220 169 185
g=05 155 100 166 146 153
n=5 g=1.0 126 100 130 127 130
g=1.5 105 100 106 112 113
g=2.0 8 100 8 100 101

= 0.0 205 100 220 107 199

II &= 1.5 g
6 =2.0 g=0.5 151 100 159 111 151
m=8 ©g = 1.0 121 100 125 110 125
n=4 g = 1.5 104 100 106 105 111
g = 2.0 93 100 93 100 101
II «=0 = 0.0 162 100 174 150 150

=05 136 100 143 133 153
1.0 116 100 120 120 120
=15 101 100 102 109 109
=2.0 "8 100 8 100 100

B8
"
o
® ™ ;e 0 0"
n
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*
E1 E2 E3 E[‘ E5

IV &=25 g=200 475 100 548 182 462
6=2.0 g=05 33 100 372 170 336
m=5 g=1.0 223 100 239 152 234
n=4 g = 1.5 152 100 157 131 166

g=20 110 100 110 112 125

V e=0 €=00 178 100 198 167 167
8 = 3.5 g = 0.5 143 100 155 143 143
=5 g=10 119 100 125 125 125
n=4 g=15 101 100 104 111 111

g8 = 2.0 87 100 8 100 100

Remark. The numerical values pPresented in Table 3.2.4.4.
conform to the algebraic results presented in Table 3.2.4.3.
Ve find that i} > M ¥g and i, > M; unless g = 23

if g=2, then W< M} . For g < 1; strategy 3 is found to
fare best amongst allv and for g=1, the strategies 3,4 and
5 are equivalent if & = 0 - consistently with Chaudhuri/
Arnab's (1979) findings. For &> 1, (unlike Chaudhuri/
Arnab (1979)), the strategy 5 is found to fare better than
strategy 4 which is again better than strategy 3.
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3¢3+41 ON THE EFFICIENCY OF MIDZUNO[SEN STRATEGY RELATIVE TO

SEVERAL RATIO-TYPE ESTIMATORS UNDER A MOLEL

Efficiency of Midzuno/Sen strategy relative to a few
estimators based on SRSWOR is studied under a pastulated
linear regression model with uncorrelated error and a

gamma-distributed auxiliary character.

Let y;’s and x;’s (>0 ¥ i) be the values of positively
correlated variables y and x defined on a finite population
of size No We consider estimating the population mean ¥
using the ratio-estimator based on the well known Midzuno/
Sen (1952, 1953) scheme (to be called MSS = the Midzuno/
Sen strategy) and comparing its efficiency relative to the
ratio and regression estimators based on SRSWOR and a few
ratio-type estimators based on random half-sampling of an
SRSWOR (sample size n in each case is taken as an even
number), In facilitating a oompari§on, following our
predecessors /"e.g., Durbin (1959), Rao (1969a), Rao(1969b),
Rao/Rao (1971), Rao(1974), Chakrabarti (1973), Rao (1979),
Cassel/#édrndal/Wretman (1977) and many others 7 we postulate
2 linear regression model (described below) and consider
their biases and mean square errors (in terms of sampling

design and assumed model)s Yet analytical results, even
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under assumption of large (practically infinite) population-
size, are found inadequate to settle their relative
standings. However, certain numerical investigations as
carried out and reported here, point to the superiority

of the MSS in most of the cases illustrated.

A MODEL AND THE STRATEGIES

The values of yi’s and ¥;’s fixed for a given finite
Population are supposed (under a model, say M, as postulated
below) to be realizations of random variates Yi's and Xi's

(=1, eoues, N) s0 Jointly distributed that we may write
Yi=¢+ﬁxi+Ui, i=1, sveees, N.

Here @, B are unknown real constants, Ui’s are random

N 5 i _ 2 - g
errors distributed with B, (U;1%;) =0, E(UT1X;) = 8X;°,
(0<s<m 0<g<2), E(U; Uy Xy, X) =0 ¥i=%j,
the Xi's are supposed to be independently, identically
gamma~distributed with a common density

#(x) = rzm) X 1 » (x>0, 2<¢n <) ;

here Ec denotes conditional (given xi’s) expectation
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(- operator). We will write EX for expectation(-operator)
with respect to the common distribution of Xi’s and

E’M = EX Ec as the over-all model - expection (-operator).
By p we will denote a design and by Ep the design - expec-
tation (p(s) denoting the selection probability of a
sample S)s We'may note that for the SRSWOR we have By EP =
EP E’M but not so necessarily for varying probability
samplings In the later case (i.e. with varying probability
sampling schemes) only EMEp (and not Ep Ey) is relevant :
because p involves xi’s (usually).

For MSS, p(s) = %:]—2‘ xi/X where Xn,Nx=Exi,

i)
I = sum over sample and I = sum over population,

M1 = ( g::‘l ) 3 this p will be denoted as pM and the p

corresponding to SRSWOR and independent half-éémpling
therefrom as p, and P, respectively. Let ¥, X, T denote
¥i -

the sample means for ¥i’s, xi’s and ry = —ill- ’s (and V40
Y1 %y %, the half-sample means).

. = ¥, ¥
Let 1 = 2.%—--%(:—1-4-_—2)3111:1

X
t - -

Z(y; - N(x - %)

T =2 b

= (xi - X)

n
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We will consider the following strategies $

For py , the estimator is tq = X. <,
X

For p, , the estimators are t, =%. £ , t; =y +b(X -%),
e 2 5 3

For py , the estimators are t, = Xz‘*, g =§+(x—§)r*,

t6=2-¥:—+i:11r(37-35<), 6%t G-F %),

*
r

tg= X"+ X - B, 1?9=2r*+ﬁﬁ—___—{l,

L—t4 is due to Durbin (1959), ts due to Rao(1979), tg due

to Pascual (1961)_7.

THE BIASES AND MEAN SQUARE ERRORS

Let the biases and mean square errors (MSE) of the
- =2
estimators be Bi = EMEP (ti -¥) ana Mi = EMEp(ti-Y) N

=1, eeeee, O

n o
We find By=0, By = (1~ ) m=q » B5 =0,

= -2+ n(m + 3) - m - 3) g .
By N(nm~1) (nm~-2) &, Bg= m = 1) (m = 2 &5

2
N(n-1) + n_(m=1) o

B = - W(e- [ 4
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N anmz - mm - 2n & 2) + 02 (m-1)(m +3) o
7 Nn (m=1) (on=1) (nn=2) !

o N - - 20 s 2) #2201 (neB) - (onm) ()
B, =
9 N(n=1) (n=1){nm~=1) {nn=2)

However, Mi’s are found to be very complicated and
hence are not reported here. Instead, we assume N to be
very large so that on the strength of the law of large
numbers (LLN) we ncglect the error in equating X to m. So
doing, the biases and mean square errors are written as Bj‘_

and M;_ (L=1, eeve, 9).

L}
Ignoring terms in B,’s involving /N, B;’s are

immediately available and are as followst

1 a 1
Bi=0 Bp= mm=t+ By= O By == tmi(meny
5 Tm=T) (nm= v B = - ey

! 202 - g - 2 2)
B = - él%m—‘l)(nm-’l)(nrrr:—;) L
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B @mz - onm - 242 & 5n - 2)
8 (=1} (w~T) {nn~T) {nn-2)

B = - nzmz-nm*2n+2 o
9 1=T) (m~T) (rm=1) (-2 *

It follows now that

@

’

B‘( 1
9 B,

1 ' 1 ' 1
8<B7<B5<B4<B5<B2

' ' [ ' [
and (B9l > lBal > IB7I > IBZI > Ile > 156I > IBAI.

(Of course we have IBél > IBAI only for n > 2).

In deriving the expressions for the various mean square
errors (MSE) that follow use has been freely made of the

following briefly stated lemmas t

If X1, XZ' edeen, Xn be independently and identically

distributed gamma variates each with a density

1
(m)

h(x) = X T x50, m> 0,

to be called a density G(m), then it follows that
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Lemma 1 For any £(X;; «++e0o, X)) and an’ q,t,u (with

m>u > 0),

q gt -
B[, ey k)« i 7o () T8 T

£ {rm}’
x B [TE(Xy, eoe, X)IC T

where E /"f(.)IC7 denotes expectation taken with respect
to the joint distribution of Xq, ey Xn, such that the
marginal distributions of X1, seeny Xn have densities

G(m+q) for X;s G(m+t) for Xj
for each of X, (L =1,0000yn

y G(m-u) for X, and G(m)

% i,3,k)
Proof. Easy and hence omitted.

Lemma 2 For any non-negative integers a, b and c,

% XS-’ _ _(lma) [(med) 1

n o 2 =, .
(121 %) {r(m)} i!='|'| (nm+a+b=i)

E /[

Proof. Given by Rao/Webster (1966) and hence not reproduced

here.
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Lemma 3. If X1 and X2 are independently gamma distributed

with densities G(a) and G{b) respectively, then

- 1 1
E/L oE - X5y 7 = Ta=1) (a+b-2)

Proof. Given by Rao/Webster (1966) and hence not reproducec

here.

On calculations we find

o o2 Mm +g) 0 s (m + g)
17 e T(my  ™* &~ T (m)

M = m +2) 6 ((mre) . o
2 = Tom-1) (am- T(m) Tamvg-1) (i g-2)

s [+ )
+N-————_1-;m+2'ém—_r]

(m)

M= o2 (n3m3 - 5n2m2 + 12om + 16)
“ (am-1) (om-2)2 (an-4)

6 [(m+g) nm? (n2m2 + 6nmg - 7nm + 9g® - 27g + 18)
f(m) : (nm+g-1) (am+g-2) (nm+2g-2) (nm+2g-4)

s [(meg) nm(nm+35-3)-2(g—1)2_7
N (m) (m + g= 1) (om + 2g= 2)
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v - az(nj - 6nn® +3nm+38)
5 (1) (nin-2)° (nn-b)

+ 8Tmw)  n'atie(ae-5)won W o -6as5)na’=2(a1) (8-2) 2a-5 (e 1) (e-2)°
() nlom +g = 1) (m+g - 2) (om +2g - 2) (nm + 2g - 4)

_8 [(m+g) X nu? & (1) = 4(g=1)?
) (o g=T) Comv2g-2)

nm=2) (nm=-1

17 (n=1)“(m=1) (m~2)
gnm-zunm-) an n—
n’(n=1)(m~1)
2(n=2) (nm-1) 7

n(n=1)? (1)
5 F(m+g-2) T rw §m+%221m+g:1 2m1m+§:2)§m+g%‘l)
() nm+g= nm+g- n= i+ g=

2 2, n- -
" §m+&2)£m+§:1) +mS _ 2m(n“en ;ng:zl i

o n’(n-1)

[(m+g)
F o O e i)+ By 7

Ms—afm:mm '@i)"z

=)
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' g2 (o’ 22 (o) (rne2)
M, = [n_ﬂw+ -2 -

(nhl-l'l)(nm-z) (nm=4) (n=1) 2 (n=1) B(me1) (u-2)

L S (m-2)  o(neoyam(m-
2 (n=1) (m=1)° =1} (om=T) (rm=
2(n=2) =1 2m( nm=5
+n(:—1) = R Ty )
6 [(urg) Lo

. i ¥ 4m
¥ (m) GusgT)mave2) 7 52 * Ty (nmwgeT)

2

o 2=2)( 1)
* a2 (mwagl) * — L onEE

(m+g=1) (mbg-2) n0(n-1)°

+ I 1 (1+ am
ELE) BN ) s

- 2m 2nm 1 _ 2 me g=1
Trme2g2y ¢ Teg? * 1) (m,(2m+ =T

+2ﬁﬁﬁgl[

4 -1 2 1
I (m) (mgg-?f * (m+2-m;§:(n-1) -( nm+1§.—1 +m7) T

. [ f(m+g)
T T
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M - a2 ~ (0% wemm + 19) (002 = 4nPm + vm + 2)
8 r (0-1) 2(rm=1) (mm=2) 2 rmns)

+ (rm=2) (nm=1) & nm=-1) (nm-2 .1

n?(n=1)“(m=1) (m-2) n”(n=1) (m=1)

= Zgnm-glgnzm-‘l) ey 2fom=1) 2(nm=3){n%m-1 7
n(n=-71) (m= n=1)(nm~-1) (nm-2

n(n=1)“(m~1) (nm=4)

§ in+g) 4 4 an
Ty L EeEn@meD * goy? * =i

ym?

1 m(nm+2)
* Tanr2e-2) (T2 =) +lm(n-1)2 * 4(n—1)2(

nm+2g-2) (nm+2g-4)

+ 10 + m
— =1y (rms
2(n-1)“(nm+2g-2) r 28"

m? = R
(o= 1) (2 g=2) (nm+ 2g-4) (m+2g-2) (xm+g-2)

+

2 _ 2n _ &n
n(n—’l)2 (n—1)2(nm+2g—2) (=) (ni+2g=2)

. snmq-gzzgnm-r%:ﬂ -2 1 { on
( nln=1) * Torg~1)

m+g=-2) (m+g=1)n’ (n-1)
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2(nm+g-1 1 nm
+nn_ -m(2+?rm-g‘- v)
| mm+2g-2 m(nm+2
- oy (P2 REAL )} T

oo B o (s -

1 nm N 2(nm+g-1
- oty O+ )} R

2 L— 2 n2m2 n2m2-8mm+’l
(n—1)2 (rm~1) (nm=2) “(nm~4)
PR €% ) M 2 | o’
n{n=-1)“(m-1) “(m-2) (n-‘l)2 m=1) (nn=2) {nm=
. '7)' 2n2\n S mﬁ)_ J

2 2
m+ 2 n‘m” +6nmg-7nm+gg - 27g+ 18
+6& %531 [(n_1)z * (nm+g- m+g=2) (nm+2g=2) (nms

+ n’ -z n_ (2 -—-—1—*1).7
————y = = Tre=2 =
ey (mea-2)n(n-1)2  (a-1)2 (BFE 1) 12 " hme2g

[osg) -, _ 2cn
L0 1 - 23 (e - o) RO
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The expressions for Mi ?s are complicated and it
is difficult to compare the relative performances of
the strategies. So, for a few selected parametric
combinations namely & = 0.5, & = 2.0, m = 5.0,

g = 0.0, 0.5, 1.0, 1.5, 2.0, and n=6, N =20 (and
also n =10, N = 100 - corresponding values are
given in parentheses below those for n = 6, N = 20)

1 ]
the values of lBil’s, Mi's and Bi2 are presented in

Table 34343.1.

Defining relative efficiencies as Ei = 100 —2

My
(i =1, 2, 4y esses, 9) we present their values in
Table 3¢3+3.2, the values for n = 10, N = 100 are
given in parentheses below those for n =6, N = 20.

From these two tables it appears that MSS fares most

promisingly in most of the cases.,
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&iving the biases (E].t) and MSE's (Mi') of
strategies under various parametric combinations.
@ = 0s5, & = 2.0, m = 5.0, n = 6, N = 20 (values
for n = 10, N = 100 " are given in parentheses

below those for n =6, N = 20).

g ' 2
Esti 0.0 .0.5 1.0 1.5 2.0 1B, | B,
mator
t 0.2534  0,5298  1.1686  2.7418  6.6860  0.0000  0.000000
(0.1891) (0.4021) (0.9051) (2.1403) (5.2875) (0.0000) (0.000000)
t, 0.2725  0.5625  1.2341  2.8493  6.8809  0.0172  0,000296
(0.1973)  (0.4151) (0.9259) (2.1697) (5.3115) (0.0102) (0.000104)
ty 0.2695  0.5739  1.2955  3.0313  7.6063 0,002  0,000001
(0.1945) (0.4169) (0.9471) (2.2597) (5.6281) (0.0004) (0.000000)
t 0.2708  0.5616  1.2354  2.8568  6.8964  0.0166  0.000276
(0.1969) (0.3925) (0.9263) (2.1709) (5.3139) (0.0100) (0.000100)
tg 0.2581 0.5519 1.2479 2.9577 T1.3077 0.0036 0.000013
(0.1893) (0.4081) (0.9287) (2.2135) (5.4987) (0.0023) (0.000005)
t 0.2638  0.5780  1.3348  3.2378  8.1604  0.0221  0.000488
(0:1787)  (0.4145) (0.9597) (2.3211) (5.8483) (0.0129) (0.00016€)
tg 0.2696  0.5892  1.3666  3.3238  8.4178  0.0256  0.000655
(0.1878) (0.4132) (0.9594) (2.3282) (5.8906) (0.0141) (0.000199)
) 0.2852  0,5890  1.3674  3.3226  7.4144  0.0265  0.000702
(0.2564) (0.4106) (0.9054) (2.3286) (7.4672) (0.0144) (0.000207)
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Table 3+3.3.2. showing efficiencies (E:.:) of strategies
under various parametric combinations?
& =0+5, 6§ = 2.0, m =50, n=6, N=20
(values for n = 10, N = 100 are given in
parentheses below those for n =6, N = 20)

Estimatoi 0.0 0.5 1.0 1.5 2.0
ty 112 111 117 121 111
(136) (102) (100) (109) (141)

ty 104 105 111 117 108
(130) ( 99) ( 98) (107) (141)

ty, 106 103 106 110 97
(132) ( 98) ( 96) (103) (133)

ts 105 105 111 116 108
(130) (105) ( 98) (107) (141)

tg 110 107 110 112 101
(135) (101) ( 97) (105) (136)

7 108 102 102 103 91
(143) ( 99) ( 94) (100) (128)

tg 106 100 100 100 88
(137) ( 99) ( 94) (100) (127)

tg 100 100 100 100 100

(100)  (100)  (100)  (100)  (100)
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Remarks. In these derivations law of large numbers has

been applied on the Xi’s (on the strength of which we have
equated X to m) but not on the errors Ui’s because the
latter are not assumed independently or identically
distributed and about the conditional error variances no
assumption was made to ensure validity of law of large
numbers (LLN). However in case LLN is also assumed to hold
for the errors U;’s we can equate U = 1:\‘! ’2\}] U; to 0,
Yto @+Pm = u and also sz =N:-1’f ig'l (xj_-fi)2 to

Ex(sz) =me So we take up a comparative study assuming

N to be very large (practically infinite) and neglecting
the error in equating X tom, T to 0, Tto w=0+p8n
and sz to me So doing, the approximate biases and mean
square errors will be written as B; and Mi'l (1 =1,00.,9).
Incidentally we note that By = B; , 1 =1, serss, 90
Noting that Mjl. can be written in the form Mi = A;(n) a?
+ Bi(n) 8 +C;(N) 6 for i=1,2,4, eeees, 9 with Ai(n),

Bi(n) as functions of n,m and C;(N) of N, n, m it may

L]
be checked that Mi ’s are available from M;_ in the
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form Mi“ = Ai(n) o4 Bi(n) 8, omitting therefrom
additional terms of the form .C,(N) 8. The expressions
for M;"s are also complicated and it is difficult

to assess the relative efficiencies of these strategies.
So for a few selected parametric combinations namely

@ =05, 6=20, m=50, g=0.0, 0.5, 1.0, 1.5,
2.0, n=6 and n =10 the values of Mil’s are
presented in Table 3.3.3.3, From this and the Table

343:3.4 where relative efficiencies (efficiency of a

n
M
L]
strategy involving t; is taken as B, = 100 —%L
y
i=1,2,4, esoss, 9) are shown it appears that

M88 fares most promisingly in most of the cases.
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Remarks. In these derivations law of large numbers has
been applied on the Xi’s (on the strength of which we have
equated X to m) but not on the errors Ui’s because the
latter are not assumed independently or identically
distributed and about the conditional error variances no
assumption was made to ensure validity of law of large
numbers (LLN). However in case LLN is also assumed to hold
for the errors Ui’s we can equate U = N z U to O,
Tto & +Bm = & andalso 5.2 ‘ﬁ'T g (;5-)()2 to
Ex(sxz) =me So we take up a comparat:.ve study assuming

N to be very large (practically infinite) and neglecting
the error in equating X tom, Tto0, Tto w=0a4+8n
and .sz to me So doing, the approximate biases and mean
square errors will be written as B;_ and Mi' (L= 1,000,9)

1
Incidentally we note that Bi = Bi "

121, eeeeny 90
Noting that M; can be written in the forn M, = A;(n) o?
+ B;(n) & +C; (M) & for 1 =1,2,4, «eeee, 9 with Ai(n),
B;(n) as functions of n,m and C;(N) of Ny n, m it may

L]
be checked that My ’s are available from Mi’ in the
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"
form M; = Ai(n) o 4 Bi(n) 8, omitting therefrom
additional terms of the form ,Ci(N) 8. The expressions
for M;_' ’s are also complicated and it is difficult
to assess the relative efficiencies of these strategies.
So for a few selected parametric combinations namely
@ =05, &=20, m=5.0, g=0.0,0.5, 1.0, 1.5,
AR

2,0, n=6 and n =10 the values of M; 's are
presented in Table 3+3+3434 From this and the Table
3.3.3.4 where relative efficiencies (efficiency of a

L M'
strategy involving ti is taken as Ei = 100 =

My

i=1, 2, 4y eeees, 9) are shpwn it appears that

M38 fares most promisingly in most of the cases.
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Table 343+.3+3. giving MSE’s (M;_) of strategies under
various parametric combinations 3
. @ = 0.5, & =2.0, m=50, n=6, 10

(values in parentheses are for n = 10).

. g 0.0 0.5 1.0 145 2.0
Estimator

tq 03534 047478 1.6686 3.9414 9.6860
(0.2091)  (0.4457) (1.0051) (2.3803) (5.8875)
t2 0.3793 0.7881 147341 440093 946873
(0,2181)  (0.4597) (1.0259) (2.4047) (5.8879)
ty, . 043691 047917 . 147955  4.2703  10.5943
(9.2143) (0.4605)  (1.0471)  (2.4995) (6.2271)
5 043773 ~ 0.7872 147354  4.0156  9.6968
(0.2177) (0.4369) (1.0263) (2.4061) (5.,8899)
t6 043567 0.7695’ 1.7479 441539 10,2805
(0.2091)  (0.4517) (1.0287) (2.4529) (6.0951)
t7 043550 0.7878 1.8348 L4728 113150
(0.1977)  (0.4571)  (1.0597) (2.5655) (6.4673)
ts 0.359% X 0.7974 148666 445660 11.6096
(0.2068) (0.4558) (1.0594) (2.5726) (6.5120)
tg 0.3746 . 0.7972  1.8674 - 4.5642 10,6000

, (0.2752)  (0.4530) (1.0054) (2.5730) (8.0886)
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Table 3+3+3.4s wshowing efficiencies (E;) of strategies
under various parametric combinations &
@ =0.5, =20, m=5.0, n=6, 10

; (values in parentheses are for n = 10).

g
EM&O 0.5 1.0 1.5 2.0

t1 106 107 ‘112 116 109
(132) » (102)  (100)  (108) (137)
ty 99 - 101 108 114 109
(126) 4 ( 98) ( 98) (107) (137)
t4 101 101 104 107 100
(128) - ( 98) ( 96) (103) (130)
tg 99 101 108 114 109
(126) (104) ( 98) (107) (137)
tg 105 104 107 110 103
(132) , (100) ( 98) (105) (133)
.t7 106 101 102 102 o4
(139) - ( 99) ( 95) (100) (125)
ts 1047 100 102 100 91
(133) (99 (95) (1000 (124
tg 100 100 100 100 100

(100) (109) (100) - (100) (100)
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3.3.4 APPROXIMATE DESIGN - EXPECTATIONS OF SQUARE ERRORS

An approximate formula for Ep (1:2 L i)z is available
e
in the literature [' vide Cochran (1963)_7 and is given

by

i 4y 2 Nem (o2 . g2 2
Epe(tz- ?} = B TR sl - mps s =4, sy

2(x- Dlyym D
x Vy )

2 1 02
where R = = , Sy=m2(yi-\l) ,f’s

sl

Writing M;l for EM(A), when LLN is applied on the

distribution of Xi’s, we have

" 2 6 f(ma)
LR 2 o b {8

- B (2Bl -2} 7.

However if LLN is also applied on the errors Ui's
we should equate U to O (and hence ¥ to®+ Pm = 4) and
also sz to me So doing, EM(A) will now be written as
Mgiv) and given by (assuming N very large, practically
infinite)
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.8 [(n+g)

&

MgiV) = mmTn I(m)

We note importantly that since for SRSWOR, E‘MEP
=EEy, BE, (5 -?)2 agrees with By By (tp- 92,
Simple formulae for the latter under various models are
available directly but not for the former. To get the
former if one uses approximations (as we noted above)
misleading conclusions may be reachedj e.ge using the
above - noted Cochran’s (1963) approximate formula for
Epe.(t2 - ?)2 and further neglecting the error in
equating % to X for every sample s with p(s) > O
Avadhani/Srivastava (1972) observed the strategies
(py» tq) and (ps» t,) as approximately equally efficient
and also, following the same approach, Arnab (1979)
observed, under a different model, (pM, t1) to fare
worse than (pé, t2), So, it is suggested that if the
model M seems appropriate in a situation, it seems
>improper to use approximate formula for Epe(w‘:2 - ?)2
because in calculating EM(t2 Ll ‘?)2 the stringent
assumption that X2LX for every s with p(s) > O

may be dispensed with, noting further that it is
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constant (for every s) so that E_ By (t,= ‘?)2 is then
Pe 2
just in hand and this should be directly obtained and

‘used.

The situation in respect of the regression estimator
in not,however, Jjust as simple. Unfortunately an exact
expression in a closed form is not available for EMEpe(tB-?)Z-
An approximate formula for Epe (tj- ?)2 is of course
available in the literature [“vide Cochran (1963)_J and is

given by

E_ (t

2 N= 2 2
oo 3-'\’) = m!-’ Sy(1~f’)=B, say.

Writing M; for EM(B), when LLN is applied on the distri-
bution of X,'s, we have

" N-2 N-ng

M3=W'NYT for g = 0.

However if LLN is also assumed to hold on the errors‘
U;’s, so that assuming N very large (practically infinite)
and equating U to 0, (¥ to & + @m = M) and sz tom we
have an apércximate expression for Ey(B) (which we will

denote by M§iv)) given by
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Méiv) = 8n for g=0

(general formula for g # O is too complicated for

presentation).

However, even when g = 0, a simple formula for
Epe E’M (1:3 - ?)2 is not available under the approxima-
tions mentioned in section 3+3+3. (i.ee X m for which
Epe Ey (t3- 'Y')z may be denoted by M; and X== m, 020
for which Epe By (b5« %)% ney be denoted by M; )e
But if, in addition, n is also supposed large so that
n—jr E'v(xi- ;:)2 is approximated by NE“I' 2 (% 2)2 which
is approximated by m, then we have an approximate
expression for Epe By (t3- ‘7)2 which will be denoted

by 15" ana 1)

in case LLN is applied on the distri-
bution of X;’s, and X;’s and U;’s both respectively.
We have

Mg") = 6 (gr-g) M§Vi) = &/n-1.

A FEW ANALYTICAL BUT APPROXIMATE RESULTS ON MSE’S

Assuming n and m large and neglecting terms

o % ), of % ) vwhenever necessary we may note the
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following ‘e‘symp‘totic results about the MSE’s when g =0,

1or 21

M o= M, oo = M = ‘.‘34.5,,,&(1_1).

1= My o= M, = M, 5 = W nTN}

v a8t 2,1 4 g,4_1y,

M6--—:4—=M7-M8=¢(:13+;z)+6m (z-n)
2

' o 4 2 1

My = S mgf(ﬁ‘n)“'ﬁ)*;;J-

Forg=o,m3=§‘{_qr(%-§)o, M§V)= (r-g)e-

oo (4v) o oo a2 & nd

o= My = My =M, = My = 7F + T3

M.._g,,,,s-1 o " & mb

2 .1 1
= = Mg = @
el A A

2
s 1 24,2
M9=;-;z+6mg [3(1-’5)4-;3_7.

For g =0, Méi") - ¢, M§Vl) = 2

Thus, in case g=0, the regression estimator seems preferable

to most of the othersj but if, for example 13 is negligible
o

and n is large, the strategy 9 may fare even betters
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3.4,1 ON THE EFFICIENCIES OF UNBIASED REGRESSION AND REGRESSION -

ON THE EFFICIENCIES OF UNBIASED REGRESSION AL SLomeoa—=—

TYPE ESTIMATORS IN FINITE POPULATIONS

TYPE ESTIMATORS IO & e
Recently Singh/Srivastava (1980) suggested two

sampling schemes respectively ensuring design-unbiasedness

of a ‘regression’ and a regression-type' estimator for

a finite population meane Our purpose here is to investie

gate the efficiency of each relative to that of the

design-biased tregression' estimator based on SRSWOR.

For this we postulate a usual 'linear regression model'

in a super-population set-up and find their relative

performances to 'vary with circumstances's

3,4,2 FORMULATION OF THE PROBLEM AND THE RESULTS

Let y and x be real variates with values yi,xi
(i =1, eeeee, N) fora finite population of N units
with means ¥, % For any sample s (generically, each
supposed to be of fixed size n) the regression estimator
for ¥ is

t = y+b(X-%)
where ¥, % are sample means and b = sxy/ si vihere
' - ] & [

si = n—}T z (xi-x)z, Syy = 'ix_:‘-’f T (x-%) y; vhere I 1s

sum for a sample, Yy, xi's are sampled valuese
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T L ] -
Writing x; = x;- X, X =X - %, =y~ Y,
Y, =Y-% % =%-% 7 =5-7 and 2=y y?,
where £ is sum over the population, Singh/Srivastava(1980)

gave a scheme for which selection-probability for s is

1 s
X

8) = .

p(s) i -zsx

where M, = ( g:;‘ )y, r=0,1, ¢ses, ne For this Ep(t) =Y

p? EPe as expectation -
operators with respect to designs p and Pe (i.es equal

but E, (t) # ¥, writing E
e

probability sampling (SRSWOR)) respectively.
For their another scheme the selection probability is
1 1 12 2
q(s).:pqzxi/zxi.
Their proposed regression-type estimator is
N_'l - -t t ! ot l2
t1=§ém}[y-x2yixi/2xi_7

for which E, (t) = T ieces ty is design(q) - unbiased
for Y.
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Writing Vp, Vpe, Vq
with respect to designs p, SRSWOR and q it may be checked

that

respectively as variance-operators

2
1 —-ct2 2 St =12 8
Vp(t) = E,{Epel YT -27 X s 4% s%xj
' 1
= -t 2 Yy 2 4 -
Vq(t1)= LN——LZ —Té pe[{y x 2‘;&}2 XiZJ_YZ

Let us, as usual, postulate a model enabling us to

write

Yi = ¢+9Xi+ei

where @, P are unknown regression-parameters and ey is a
random variate with conditional (given Xi values) expecta-
tion and variance (with respect to an implied super-popula-
tion) as O and & X§ with 6 >0 and 0 < gg< 2. Writing
EM as the expectation-operator under this model (assuming
Xi’s as non-stochastic) and incorporating this model into

the system we work out the followings
_ & - A s'e_2 '8 1 gy <2
E.Mvp(t) = —S-ZEPO[_(;ZEH w2 xi+-ﬁzEXi ) sy
x

G B PEREC R PN CAE )



+—l—2.i‘2 E'x.g(.-;c)z_]
= :;i 5 Xy
= n—’_‘f(%-ﬁ)o, (in case g=0) = I (say)

v (£, = - -2 V12
RACH %;#E?Epé/-(“*px)z’&

6 t 1 1 - - '
+;zzx§z xiz-z(a+9x)x'2’xi(ﬂ+9xi)

28 5'y'

. 72 z'x'(¢+9x)2 82 X2 %8
xxE + { i 1|}x;‘; x5 7

z
4 B2 g
(@+pH°- = X

- @+ 0® [y Wy p{——ﬂ-ﬁr— -1 7

* ?x{l‘f ( % - ﬁ }6 (in case g=0)

(a+92)2(v-1)+51'_’-;(%-%)6. (say)

II (say)e.
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For t based on SRSWOR, an. asymptotic expression for
V (t) is well—known L vide Cochran (1963) T as §o N-n Sz(’]-}’ )

2
where sy=mzy , P = -s%-wheres —72‘1)(

and ByVp (8) = (—-—)a[ =x6 - %.szigxi 7.

In case g=0, we have EMV (t) = g:—szr (% %)b‘ = III (say).

For a comparison of strategies we will consider through-
out the case g=0 (the homoscedastic case). Singh/Srivastava

(1980) also illustrated a special (normal) case of' this.

By Cauchy—échwarz's inequalvity it follows that

¥ 21

and hence we have
Result 1 T > I L.

For t based on SRSWOR, we also work out an exact
expression for Ey Vpe(t) as follows?
EMVpe(t) - eE, at 1:2 z' - & 258+ 1-112 2 %,9
Elxig(xi- %) . x'2 E'xig(xi - ;:)2

-t - !})
T sy - 02 {2y - ;{)2}2
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For t based on SRSWOR, an. asymptotic expression for
V (t) is well—known L vide Cochran (1963)_7 as g N—n Sz('l—f" )

2
where sy=mzy , P = B%-wheres ﬁzyx

1
and EMVP (t) = (ﬁ -ﬁ)e L zx§ - ;i (N—-1)-2 s x& xi 7.

In case g=0, we have EMV (t) = }I\!r:-% (% = {-3‘)6‘ = III (say).

For a comparison’ of strategies we will consider through-
out the case g=0 (the homoscedastic case). Singh/Srivastava
(1980) also illustrated a special (normal) case of' this.

By Cauchy-Schwarz's inequality it follows that
¥ o2
and hence we have
Result 1 II > I L.
For t based on SRSWOR, we also work out an exact
expression for EM V_ (t) as followst:
Pe
—( L 5" x8-2 5'x8 4] &
V_(t) = 6 E ( T oxP - T xP + 2 X;%)
B, o L0 2 H-mEN i h
' - -1 1 -2
z xig(xi- X) . %2 )&g(xi - X)

- %A - &)
i i!'(xi - ;‘)2 {El(xi - ;:)2}2
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= (% - &)6 + 6By ['—1———-)—2 _7 (in case g=0).
=X

If following Avadhani and Srivastava (1972) we assume
n and N so large that for each s we may ignore the error

in neglecting ':'c', then we have approximately

RACH I %‘ﬂ:—% (048 B2 + By @ - N)° = IV (say).
With this assumption

By Vg, D (F-g)e = V (sa)
and hence we have

Result 2. IV > I > V o 1 5
Thus design-unbiasedness may lead to higher average mean
square error and there should be little surprise for the

price one has to pay.

If we further assume that Xi’s are random variates
distributed independently identically normally with a mean
m and variance 02 (say), then denoting the model-expecta-

'
tion (for variation of e; given X; and over X;) by Ey and
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assuming (on the strength of the law of large numbers) X
(for the given population with N large) to equal m, we

have

By Vo (0 2 8 LGP T = VT (s,

By Vg(t) = (n—_%%zz—) o+ w2 + 21 (& - He = vIi(say)

on neglecting the error in writing 1 for Eﬁl and
%2 5(x- w2

e

L)
2 Xiz =z ‘No? (using the fact that
a xl% - variate i.e. a chi-square variate with N degrees
of freedom).

So we have

Resul- 3. VI > I

2(n+1 2_ 6 2 1
but VII -VI = &:%‘i-(-rl:z—)-(a-»pm) =Ly T

which may be either positive or negative.
Incidentally we note that EyE, (t-¥) = 0 although
e
Ep (t~¥) # 0 i.e. t is 'model-design-unbiased' though
e i
it is 'design-biased!.
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30 we conclude that the two strateg-es due to
Singh/Srivastava (1980) may often fare worse than the
classical strategy of regression estimator with SRSWOR
schemej however the latter also does not always beat the

former two.

We may recall that a similar situation prevails in
respect of ratio estimators based on SRSWOR and Lahiri/
Midzuno/Sen (IMS, say, in brief, 1951, 1952, 1953) scheme -
the latter is design-unbiased, the for'm_er is design-biased
put in terms of efficiency neither is uniformly better
than the other /[“as may be checked from Arnab (1979),
Avadhani and Srivastava (1972) and our results in section

3.3034 7+

If we assume ®=0, g=0O in the above model and in
addition assume Xi’s to pe identically, independently

distributed with a common density

_ 1 -x _m=1
CE(x) = e e " x

with x> 0 and m (> 2) taken to equal % (using law of
large numbers, assuming N large) we have (writing E;'l for
the corresponding mode].-expectation—operator -~ over distri-

bution of e; given X; and over }L_L)
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E&Vr(t2)= (ﬁ:r-%)&= VIIT (say)

(writing Vr as operator for variance with respect to LMS

design and t, the ratio estimator viz. t, = =& - X ).
%
Then we have the

Result 4. II'>'I'> VIII . ..., (assuming N > 2n-1).

In case ® 4 0, g # O we have using the notation

*
EM for model - expectation = operator in the above

[~ vide Chaudhuri/Adhikary (1982)_7

* _ a?  pl(mg) m __s  [(mg)
By Ve(tp) = met t Troy cmeET N T(m

(which is Brfree), which for g=0 reads as
¥* 0-2 m 1
By V{t)) = gmr+ 8 (qpor - @) = X (say)

which is to be compared with I, II and III and at least

we have

Result 5. IX > ITII. (Drepresd.
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if, in addition, n is also supposed large so that
1 1 -2 4 =2 i
=7 (xi- x)© is approximated by 7= E(Xi - X)© which
is approximated by m (under assumption.of gamma density

and by law of large numbers), then we have approximately
SV (£) 2% £ - X (say), when g=0
By Pe =1 Y7 g=0.

Then we have

Result 6. X< 1I < II and if we neglect % s then

X == I = VIII < IX.

VARIANCE ESTIMATION

Incidentally it may be noted that the unbiased
estimators for Vp(t) and Vq(t'l) proposed by Singh/
Sriva.tava (1980) tacitly following Raj (1954) should
often turn out negative because it is known that Raj’s
variance-estimator (for ratio estimator based on LMS -
scheme) is negative for samples with high selection -
probabilities. Following Rao(1979) and noting that
Vp(t) and Vq(tj) equal O, when Y; = CX; and Y; = CXJ.'. .
i=1, esas, N respéctively (for some C # 0), they can

be written as
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N Y, Y, 2
1 N i
V() = - T oa . X X, ( - )
ho el i<jet 1Y X Xg.
: N Y, Y. 2
1 ' ! i
and V (t;) = - 22 oq. X X (-1
arm W i<geq 1 Y x;
cs o= . . - = =1
where dy g s-)?.,j djg dyg P(s) = 1 ej5 =1y say,
1 s dl d' ( 1 1 1
M7yl e e SO 7Ty
where d; =0 if s}t
o (% X)
=X/ A 7 ir sy
27(x;-%)
1] -
and 4, = 0 if sfi S

_ N-1 -1 ¥ ;
= nTF[1_nx';—;FJ if s i

Then, non-negative quadratic unbiased estimators of

Vp(t) and Vq(t,l) are necessarily of the form, respectively,

1 v ¥5 2
v (t) = - 5D dii(s) x: xs ( == - =i
P N2 i<ges 13 ) x oy O3 e )
1 ' [ Yy Vi 2
V(t)=‘-§ 22 d,.(s) x x, (= ==4¢)
1 -
q N© i<jes 1d 179 xj'. %5
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where dij(s) =0 if s F i,3, E d (s) As) = , i<y

J
' .
and dij(s) =0 if s ¥ i,3, i:s dij(s)p(s) = dij’ i< Je

We may consider three classes of estimators for each
of Vp(t) and vq(t,l) of the above-noted form as follows
["cef+ Chaudhuri (1981) 7 ¢

c1=dij(5)=1aln 171_5("5'7..7 [n "‘ﬁ;‘g(%)'_]

Cyt ag4(s) = ”Lﬁ_ M;—p'(%J

€5 2 dyyls) = 44 Lr‘ M?ﬁ(?)']
vhere 0 <@, B,A <1 and T4 = = p(s) - for VP(t)

B s34,

oyt a(e) = 13[ m—q(gyJ [—?— —2—(1%;7_7

'
Cy % d.ij(s) = [_.,_ ‘—q(E)' 7
' ! vy AL e
o aye) = g ay = Lo e J
ij
wnere 0 < &' ,' ' <1 and n;j = 3 ale) - for V(.

i,
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he inclusion - prot bilities of fi: st two orders
for the sampling schemes p{s) and g(s) are respectively

cbtained as

'2
Nn-N-n _ N=-n i
m, = % p(s) = o8+ s e
i sHL N(R-2) T W2 ° 3 xiz

2
(X=X;)
=2 ) (Nn~N-2n. i N-n) (N-n-1
my = B e(e) = SGrpllieein) . i Qealnee
7 ey,3 R N T X N=2)(N-3

%24 x
it n=2) (N~n
7z N=2)(N=3
b &
L}
no= 3% a(s) = n—1+N—n._§j:_
17 s N=T % W1 T X2
and X'Z X'2
v -1 - -1 N .
s¥i,5 - bl &

i) '
In any particular situation, values of &,B,A; @ ,B ,
] .
A are to be appropriately hit upon to render the variance-
estimators non-negative, other parameters like e; j’s 3

e;.j ’s being fully known. Whether such choices are

possible seem difficult to investigate.
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3.5.1 A ST'DY OF THE EFFECT OF VARIATE-TRANSFCRMATIONS ON
STRATEGIES OF SAMPLING FINITE POPULATIONS

Following Srivenkataramana (1978) we examine the
use of variate transformations in improving on efficiencies
of several standard sampling strategies involving selec="
tions with varying probabilities. Regression models with
and without specified forms of distributions of auxiliary
variates are considered and exact as well as asymptotic
results are derived. Among the strategies studied the
one due to Midzuno/Sen (1952,1953) with transformed
variate-values appears to be the most promising one under

various situationse

In a recent article Srivenkataramana (1978) following
Mohanty/Das (1971) suggested a procedure of utilizing
the evailable knowledge about the variate - value for a
particular population unit in improving upon usual

estimators for a finite population mean ¥ = ‘% Y,

=1t
of o variate y assumed to have a linear regression (in a
'finite population' sense) on an auxiliary variate x
whose values :&’s for all the units of the population
U= (1, veey iy eeey N) of size N are positive and known.

They, however, consider only SRSWOR sampling designs
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and .ssume the variate - values yi’s t be non-negative.
Here we examine the use of their technique in improving
upon other well-known sampling strategies involving
seiection with varying probabilities. In particular we
consider methods of improving upon the following strategies
vize (i) Midzuno/Sen (1952, 1953) =tm=tegys (ii) Horvitz/
Thompson (.’1952) estimators (HTE) based on any IPPS sampling
scheme$ (iii) Hansen/Hurwitz (1943} strategy; (iv) Rao/
Hartley/Cochran (1962) (RHC), strategy and (v,vl) the
ratio estimator and the regression estimator both based
on SRSWOR sampling scheme. Here the sample-size (number
of draws in (iii)) is throughout nj the common normed
size-measures are p; = xi/X's and in (iv) the groups
are each of size % = k assumed to be an integers. By
shifting the y-origin to a suitable point we modify the
estinators involved in these strategies and find (i) that
under certain conditions the modified strategies have
smaller expected (under suitable models) variances than
the corresponding original ones and (ii) compare the
relative efficiencies in terms of expected variances and
mean square errors of the different modified estimators

including Srivenkataramana’s (1978) ''modified ratio''
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estiator. The models ¢35 detailed belo are the well~
known ones usual in survey - sampling literature ['vide,
e.ge Cochran (1963), Durbin (1959), Hanurav (1967),

Rao (1966), Rao/Webster (1966), Rao/Ramachandran (1974),
Rao (1968), Rao/Rao (1971), Rao (1967), among many
others_7.

In the sequel we find that the modification on the
Midzuno/Sen (1952, 1953) strategy leads to best results

in most situations.

MODTFIED STRATEGIES AND CERTAIN MODELS

Following usual practices we postulate the linear
regression set-up with the following model, viz. M (say),

for which

Vi =a+9xi+ui, i=1, ..e, N

where & > 0, B > 0, (both unknown otherwise),

€ (u.lx;) =0 ¥ i, € denoting the operator for condi-
tional expectation given xi’s in respect of a super-
population from which the given finite population is
supposed to be a random sample. Further, xi’s are

taken as realized known and positive values on random
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varinbles (also denoted ~s xi’s) with ‘*ncompletely
specified common distributions with a mean m (> 2)
token as before through law of large numbers, as equal
to the known magnitude of X. The expectation operators
as used earlier will be
€ = €. ¢ and e = EE = £y EE.
For M, we will consider two specific cases?

(1) My, for which x;’s will be taken to be identically
and. independently gamma distributed with a common

-v _m=1
e 'V

density f(v) = , V>0, m>23; and

J
(m)
{ii) M2 for which xi’s are independently and identically
A}
distributed for which the raw-moments ur = Ex (xr)
exist for orders upto to g such that for either model we
2 - g i =

have & (u;%1%;) = 6x° ¥ i, s&(uy uyhy xj) =0
¥ i%j with 0<8<w and 0< g< 2.

Cur results will differ from those due to Srivenkata-
ramana (1978) and Mohanty/Das (1971) because they did
not adequately characterize and utilize the role of the
error term (ui) in their models and tney considered a
finite population model as opposed to our super-popula-

tion model.



- 167 -

By t; (L =1, voeey 5) we shall dei.ote the standard
estimators (for the first five situations mentioned above)
based on the respective sampling schemes mentioned above
(the respective strategies being denoted as Di ) and
their modifications through variate-transformations

1
(in fact, translations) by tf and D; respectively. Thus,
i i

t1=t1(x)=§.2, ty o=ty (2) + 0
1 Vi '
ty, = t(y) = iﬁs e ty = ty(2) + @
’ 1
ty = () = %% rg] -E-f- s t; =t502) + 0
r

y.
B, =ty = B 2R By, by, = t,(2) + 0
t5 = t5(y) = —}_im WX oty = tylz) + @

In *h:c above ;', )_c, z are the sample means,

E=(rgs sesey Tyy soery Ty) fOr = X,y,2, 25 =y;-6,

i
'
Vp is the value of ¥y for the unit chosen on the rth

draw and pI.. the corresponding value of P; 3 Pi is the
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sum ~f the pj’s over the units falling ‘n the ith
(i =1, esess, n) group formed in applying RHC scheme.
Finally, © is supposed to be a quantity at the sampler's

choice. The regression estimator based on SRSWOR is

n - -
2 (y;-9) (%-%)
tg =Y+ b(m=-X), where b= T———:? .
) (xi- X)
1

For varying probability sampling schemes, generalised
regression estimators are also available in the literature
[“vide Cassel/S8rndal/Wretman (1976)_7 but we will not

treat them here to avoid complicated formulae.

COMPARISON OF MODIFIED STRATEGIES WITH THE CORRESPONDING

ORIGINAL ONES

Tor any homogeneous linear estimatc> t = t(y) =

i?s a;g y; satisfying the condition t(x) = X, it may

be checked that for the above super-population model

(in fact for a more general one with uncorrelated errors
and with common distribution of xl’s being of any grbitrary
form) if we consider the competing estimator t'= t|(E)

= t(E) + @ , then follows (as shown below)
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Theorem 3e5:3.
E (¢ - T2 < €B (¢ - 7)?

if 0<06<2x veeseeoss (34503:7)
Proof.

eE (t'- D)2 - B (t - D?

2 2
eE /T8 (p) + 90 (1 -izs agg) - Y7 -¢E [t - Y7

- 2 -
B [P0 3 8" v 2001- B a ) {tw - 117

2 2 -
eE [T0°(1 —125 a; )" T+ 20 €E [(1_125 a;0) { H® -1 7

-2 2 s
eE [ 0°(1- 3 a + 20 €3(1= 2 2 % a; ¥i-Y. s
[e%0- 5 23T T(1- 3 aig) L2 2us%s  7p(s)

"

-2 2
eE/T0°(1- £ a4 + 20 8 (1= 2 ay £ a, (a+Bx,
ies 197 s ¢ ies 18) !—ies A8 1)
-a - BX7 p(s)
- e8 [02(1- T a; )7 T~ 200 2(1- 3 a; )7 p(s)
ies s ies

2, 2 ;
=(e-29cn)§(1-i§sais) p(s) <0 if 0<@ <20,

- '
implying thereby that the modified estimator t (_g_) is
petter than t(y) if O < © < 2%.



- 170 -

The estimators t ar? t‘ for the abrve-noted strategies
are of this form and hence this result applies to them,
1
giving a rule to choose among t; and ty (L =1, eeue, 5y

if we can guess about the condition (3¢5.3.1).

COMPARISON OF RELATIVE EFFICIENCIES OF STRATEGIES UNDER

MODEL M.

On writing v, = EE (tj'_ -92, 1 =1y000,5, We get

on calculations (details omitted to save space),

v, = (a-8)? 6 m. [(mtg) 1 1, _Mm+g) 7

=) [ I T
In calculating V2 we neglect the term
2 iy
(@=0°5 5 (73 - 1) and thus get a sonservative
1) 1y

expression on assuming nij < Tfiffj ¥ i, 3

(otherwise no useful formula for v2 is available).

org=1) _ 1 sy

T = (w-0)® [y - g T+ 6 LB . N rm

- 2 K
v = 8 Lo mn M) 1 4 s

C(m) M(m) -
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N-n
VA = V3

2 2 =m0 T 1
V5 = (e-8)" m—?m+m-2 + 67 [ r(m)(mﬁl"(m-vg-’l)(nmg—z)

1, Kweg) , foeg) |
o Baraie iy ey I

Unfortunately such an exact expression in a closed form is

not available for
€] 92 =
EE (tR e o= Wy (say)

In fact, we have

xi 8 (x; -2

Vo = s(h-d Movg) | g5 e /~(n-%)2 _..._...___
Ll 8 T(m) i Sl {2 (% =%) j‘

g -
8 X3 (xi )

+ 2(— - Hew & J for g#0

2 (xi- x)

=¢EaxL_(%-%)+ __QM)__J for g=0

E(X-x)
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Furt! or simplifications cre obviously difficult to achieve
and hence it is not easy to study the exact efficiency
of tR under the present models If, however, we use the

usual asymptotic formula namely

Btg= D2 o2 G- s2 (1-p?)

N N
- 2 1 2 1 2
[ with SY = 5= 121(y1-Y) s Sy =wT 121 (xl - X,

available for n and N large then we get

“on algebraic manipulations, with details omitted
&

EE(tR-?)Z’-:g:—Zr.g;—ne = Ty, (say), if g=0

/[“general formula for g % O is too complicated for
presentation 7.«
On further calculations we may observe the following

results in particular

(1) Vs > V4 > ¥ > 0, if g=0,

(i1) v, > vy, if g<1,
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(:i1) V3 > VU, if ged,
v v o> N, Ve,
(v) Vs > Vy, if 1<¢g<2,
(vi) v, > V4 if m < N(1-g) whenO < g<1,
(vit) vV, > Vs and V, > Vy, if terms 0(1/N) are
neglected ,

(viii) Vy > Vs, if terms 0(1/N) are neglected and
if g<1,
(ix) Vz >V, if n2 5 and if g < g, where g, is
a root in /70,2 7 of gz-(nzm - 2mnm + 3)g

+(n%n-3nm+2)= 0.

3+5.5 COMPARISON OF RELATIVE EFFICIENCIES OF STRATEGIES UNDER

MODET Mo

In this subsection we shall assume that the model M,
holds. Also, we shall suppose the sample and population
sizes to be large when considering the strategies (i) and
(v)‘ and in respect of them we shall neglect the error in
equating X with X = m for every sample s with p(s) > O.
The expected (asymptotic or exact) variances of the

1
estimators t; (i =1, «¢sse, 5) under the above situations
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will now be written as LA (i =1, ¢eevees, 5), While
comparing the relative efficiencies in what follows n

and N will be assumed to be suitably large.

On calculating with simplifications we get

m, .
On neglecting the term (G—G)Z 23 ( ﬁl - 1) as in
i%3 173

section 3.5¢4.

or @B - T L] uy - T

)
v M
Wy = (@) 1 e () -7 X b = 5)
N-n
R = AR
1.1y .8 2 1_ 1,
Ws= (gl g1 8 M+ lg-g)ey,
(where My = ;L;-u..;z).

On further calculations we observe the following resultss

(1) W, > Wy if g<1



\ii)
(iii)
(iv)
(v)

(vi)
(vii)
(viii)
(ix)
(x)

Wy,
if

W

Lo

W
W3
Wy
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> Wy, if g<1

> W, ¥g

> W, ¥g

> W, if terms 0(1/N) are neglected and
g>1

> W3
> W, if terms 0(1/N) are neglected
>w5,1r g>1 and B=0

>W5 if g>1 and B =0

>Ws if g>1 and B = 0.

3+5.6 NUMERICAL VALUES OF RELATIVE EFFICIENCIES OF STRATEGIES

Jefining the efficieacies of the st.ategies as

v . .
E, = 100 Vf for i=1, «e..., 6 and writing Vg = T

wespresent below values of the relative efficiencies of

these strategies for a few combinations of the parametric

values under the Model M4 considered above.

We consider the following cases respectively denoted

as I-VI in Table 3.5.6.1 below and present the values
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Fro
of B for 9 =041, 0,5, 0.8 in the oreer from top to
bottom in cases I-IV and for 8 = 1,1, 145, 18 for

case V and 8 = 045, 145 and 2.0 in case VI,

Case In 6=05, §=20, n=3 n=5 N=2
Case IL. =05, §=20, m=5 n=5 N=20
Case III, 6=05, 6=20, n=5 n=6 N=9
Case IVe G =05, 6220, n=8, n=k, N=100
Case Vo 0 =15, 6=20, m=8, n=4, N=140

fase VI, 6=15, 6=20, m=8, n=4, N=100
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Table 3+5.6.1. giving relative efficiencies(Ei) of strategies.

Parametrin

Combinations E] E, ]:;3 E, E; Eg
Case Is & = 045 g =0.0 159 100 N 15 137 190
& = 2.0 152 100 8 109 131 176
m=73 156 100 89 12 134 184

n=>5 g =0.5 126 100 86 109 112

N =20 121 100 8 105 108

124 100 84 107 110

g=10 103 100 81 103 9k

100 100 79 100 91

102 100 80 102 93

g =15 8 100 77 97 81

85 100 75 95 79

8 100 76 96 80

g = 2.0 74 100 72 92 70

73 100 7 90 69

73 100 72 N 70
Case II. @ = 0.5 g=0.0 134 100 88 112 123 152
6 = 2.0 126 100 8 106 116 141
m=5 130 100 8 109 120 147

n=35 g=0.5 115 100 84 106 108

=20 112 100 87 103 104

114 100 83 105 106

g = 1.0 402 100 80 102 96
100 100 79 100 95
101100 80 101 96

g=15 91 100 77 98 87
9 100 77 97 &7

91100 77 98 87

80

80

80

g=2.0 8 100 75 95
82 100 74 o4
82 100 75 95




Table 3:5¢8:1 (Contd.)

Case III. ®=0.5 g=0.0 130 100 102 108 121 138

6=2.0 122 100 95 101 114 128
m=5 126 100 99 105 118 154
n=6 g =0.5 114 100 98 104 108
N=90 110 100 95 101 104

112 100 97 102 106

100 100 94 100 %
101 100 95 101 o7

92 100 ok 99 90
92 100 94 100 90
g=2.0 8 100 94 99 85
8 100 93 9 8
8 100 93 99 85
Case IVe &=0.5 g=0.0 119 100 104 107 111 125

6=2.0 1M1 100 97 100 104 116
m=8 115 100 101 104 108 121
n=4 g =05 108 100 4 105 103
N=100 105 100 97 100 100

107 100 99 102 102
g =10 101 100 98 101 98
100 100 97 100 97
101 100 98 101 97
g =15 96 100 97 100 ok
95 100 97 100 94
96 100 97 . 100 o4
g = 2.0 91 100 97 100 91
91 100 97 100 91
91 100 97 100 N
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B B By E E; Eg
Case Vo ~fi=1.5 =0.0 119 100 100 108 112 128
6=2.0 112 100 93 101 105 119
n=8 116 100 97 105 109 124

n=k =0.5 108 100 95 103 103

N=40 106 100 93 101 100

107 100 94 102 102

=1.0 101 100 95 101 97

100 100 92 400 97

101100 93 101 97

=1.5 .95 100 92 100 93

9% 100 92 99 93

95 100 92 100" 103

=2,0 91 100 91 99 90

91 100 91 99 90

91100 91 99 90
Case VI. @=1.5 = 0.0 156 100 137 42 146 174
8=2.0 111100 97 100 104 116
n=8 125100 108 111 115 131

n=b =0.5 123 100 113 117 117

N=100 105 100 97 100 100

110 100 101 104 104

=1.0 106 100 105 106 103

100 100 97 100 97

102 100 98 102 98

= 1.5 98 100 99 102 96

95 100 97 100 94

96 100 97 100 94

=2.0 92 100 97 100 92

91 100 97 100 91

91 100 97 100 91
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Remark  I. The numerical values presented in Table 3.5.6.1
conform to the algebraic results derived in section 3¢5.4.
We find that for g=0, the regression estimator, of course,
is the most efficient among the competitors even for small
n and N, but we considered only an asymptotic variance
formula for this estimator but exact ones for the rest -
(obviously not a fair approach)s For g & O, the regression
estimator is not considered as its asymptotic or exact
variance formula is not available and in this-case the
strategy D,; fares best in case g <1 but Dé fares best
in case g> 1 and D,;, Dé and D,: are equivalent if g=1
and @ = @3 otherwise D;‘ fares mid-way between D," and D;
[ consistently with Chaudhuri/Arnab’s (1979) findings in
case when no variate—transiation is madej. Interestingly,
D; fares poorer compared to D,; even if N is very large

comparec to ne

Remark II. In the derivations of mean square errors law of
large numbers (LLN) has been applied on the x;'s (on the
strength of which we have equated X to m) but not on the
errors ul’s because the latter are not assumed independently

or identically distributed and about the conditional error
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variances no assumption was made to ensure validity of
law of large numbers. However, in case LLN is also assumel
to hold for the errors ui’s so that we can equate

- N -
U= % I u to0O (and hence ¥ to & + § m) certain
. i=1

modifications on the mean square errors of the estimators
(assuming N very large, practically infinite) are noted
(writing Vi for §E (t; ~ 1)2 in the present situation)

as follows ¢

* (e - 9)2 [{n + g) 1
=m0 *"® T * mre-D

¥ M.
On neglecting the term (o - 9)2 13 ( ;_E%_ - 1) as
. J

i&j i
earlier,
* <
DA .. om  Im+g-1)

DY R T T

om fm+g-1)
v, = &2,
(m)
Ve w (@02 ) pm? [00) 1

ovg)
f(m)  (nm+g-1)(nm+g-2)
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=% 3
_VR = 5

On further calculations we may observe the following results

in particular
(1) V;>V:>'\7;,if g=0
(11) v, > ii:, if g<,
(111) v, > v: , if g<1,
() V5 > vy ¥ g
(V) V, > V, ¥ g

(vi) Vv, > V*, if g < 1.
2 5

(vii) v, > v; if n25 andif g<g, where g,
is a root in /70,2 7 of g2— (n%n - 2mn + 3)g
+(n2m-3nm+2) = 0

(viii) V, =V, ¥g if e=qa

(1) V) = V, = V; if g=1 and 6 =0
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x v - Ve if g=2 and @ =a.

Using the above formulae for mean square errors
and defining the efficiencies of the strategies as

* v, . . * =%
E; = 100 ;;—— for i=1,2, 4,5, 6 and writing Vg = Vg

we present values of the relative efficiencies of these
strategies for a few selected combinations of the para-

metric values in Table 3+5.6.2.

We consider the following cases respectively denoted
as I=- VI in Table 3.5.6.2 below and present the
values of E: for 8 = 0.1, 0.5, 0.8 in the order from
top to bottom in cases I~IV and for © = 1.1, 1.5,

1.8 for case V and © = 0.5, 1.5 and 2.0 in case VI.

Case I. ® =05, & =20, m=3, n=5
Case II. @ = 0.5, & = 2.0, m =5, n=5
=20, m=5 n=6

Case III. & = 0.5, ]
Case IV. & =05, &§=2.0, m=8, n==4

Case V. a

"

1.5, &

I
o
\n
B8
n
ks
B
n
=

Case VI. = 1.5, [

n
W
u
=
[
&
=
]
3
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Table 3.5.6+2 giving relative ei‘ficiencies(E;)of strategies

Parametric
Combinations

* * x * R
E1 E, E, E Eg
Case I. ®=0:5 g = 0.0 147 100 105 127 162

R 6=2.0 140 100 100 121 150
m=3. 144 100 103 125 157
n=5 g = 0.5 121 100 104 108

116 100 100 104

. 119 100 102 107

g = 1.0 103 100 103 9%6
100 100 100 93

102 100 101 95

g = 1.5 90 100 101 70
88 100 100 68

89 100 101 69

g = 2.0 81 100 101 81
80 100 100 80

80 100 100 80

Case IT. @=0.5 g = 0.0 127 100 107 117 135

8=2.0 . 120 100 100 110 125
m=5 124 100 104 114 131
n=5 g = 0.5 112 100 103 106

109 . 100 100 102

~ 111 100 102 104

g = 1.0 102 100 102 98
100 100 100 96

101 100 101 97

8 = 1.5 93 100 101 92
93 100 100 91

93 100 100 N

g = 2.0 87 100 100 87
87 100 100 87

87 100 © 100 87
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¥

*

x

Ey By By B Eg
Case III. 0.0 128 100 106 120 135
121 100 100 113 125
125 100 104 117 131

0.5 113 100 103 107

109 100 100 104

111 100 102 106

1.0 102 100 102 98

100 100 100 97

101100 101 98

1.5 95 100 101 92

92 100 100 91

95 100 100 91

2.0 8 100 100 86

86 100 100 86

8 100 100 86
Case IV.  @=0.5 0.0 118 100 107 111 423
8=2.0 111 100 100 104 114
n=8 115 100 10k 108 419

n=t 0.5 108 100 103 103

105 100 100 100

107 100 102 102

1.0 101 100 101 98

100 , 100 100 97

100 100 100 97

1.5 9% 100 100 94

9% 100 100 94

9% 100 100 9

2.0 92 100 100 92

92 100 100 92

92 100 100 92
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Table 3.5.6.2 (contds)

¥ £3 3 ¥ xa
E,‘ E2 E4 E5 E6
Case V. 0.0 117 100 106 109 122
111 100 100 104 114
88 100 103 107 118

n=4 0.5 107 100 102 102

105 100 100 100

106 100 101 101

1.0 101 100 101 98

100 100 100 97

100 100 100 97

145 96 100 100 94

96 100 100 U

96 100 100 94

2.0 92 100 100 92

92 100 100 92

92 100 100 92
Case VI. @=1.,5 0.0 137 100 124 128 147
8=3.5 111 100 100 104 114
m=8 118 100 106 110 122

n=h 0.5 115 100 109 110

105 100 100 100

108 100 122 102

1.0 104 100 104 100

100 100 100 97

101 100 101 98

1.5 97 100 101 95

96 100 100 9

96 100 100 9k

2.0 92 100 100 92

92 100 100 92

92 100 100 92
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Remarks. From the numerical values presented in Table
3.5.6.2 we again find that for g=0, the regression
estimator is the most efficient among the competitors.
For g # 0, the regression estimator is not considered
and in this case the strategy D; fares best in case

g <1 and D;, Dé and DL are equivalent if g= 1 and
8 = & /“consistently with Chaudhuri/Arnab's (1979)
findings in case when no variate -translation is made 7+
For g>1, however, the strategy DL fares better than
the strategy D; (except when © =@ in which case Dé
and DL are equivalent ¥ g ) which is again better
than the strategy D;- Interestingly, D; fares poorer
compared to D; excepting when g=2 and & = & in which

case they are equivalent.

ON A USE OF VARIATE - TRANSFORMATION IN IMPROVING
EFFICIENCY IN TWO SPECIFIC SAMPLING STRATEGIES

Let us consider the strategies involving Horvitz/
Thompson (1952) estimator based respectively on the
sampling schemes due to (1) Goodman/Kish (1950) and
(2) Sampford (1967). For them asymptotic variances of
the HTE’s due respectively to Hartley/Rao (1962) and
Asok/Sukhatme (1976) are available. We intend to modify
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these strategies by variate - transformation (i.e« transla-
tion) following Srivenkataramana (1978) and examine the
effect on their efficiencies. Since we have only asymp-
totic variances for the original ones we also have to be
satisfied with asymptotic variances after modification as
well. So, it needs to be seen whether results like them
extend to this case also. As earlier we consider super-
population models for this investigation. We observe then
that the modification on the latter yields better results
just as the 'original' latter strategy is known to i‘arfe

better than the ‘original' former one.

Srivenkataramana (1978) demonstrated how on shifting
the origin in a variate y the ratio estimator for its
N

finite population (of size N) total T = 2 Vi based on
i=1

an SRSWOR (of size n, say) could be improved under

certain general conditions. .In what fo.lows we report

some consequences in extending the technique to more
general sampling strategies as mentioned above. For either
sampling scheme, on replacing the HTE viz. t,] =1§s 3:—:_-
(Tfi’s are the inclusion - probabilities and s is typically

a sample, size of every sample being a fixed integer n),

1
by 1:2 = I ﬂé + N& (where © is a fixed constant to be
s b2
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chosen suitably at will and 1; =y; - 9), we show that
t, has a smaller expected (with respect to a super-popula-
tion model M described below) ''asymptotic'' variance
than t, under conditions similar to those given by
Srivenkataramana (1978) and also that tz for Sampford's
(1967) scheme has a smaller '‘asymptotic'' variance than

that of t, for Goodman/Kish's (1950) scheme.

A SUPER-POPULATION MODEL AND ASYMPTOTIC EFFICIENCIES

A U A e

OF STRATEGIES

Following Durbin (1959) and many others we postulate
the following super-population model M for which we write

the variate - values as

yi=m+9xi+ui, i=1; eeeee, No

Here &, B (> 0), are unknown constants, x;’s are known

size-measures (with X = % 2 ox ., X= NX) and u;’s
i=1

are supposed to be randomly distributed error terms with

conditional (for fixed xi’s) expectations
e (uylx) =0 ¥i, ¢ (uy uy 1%y, xj) =0 ¥ i%j,

6xf¥i, 6>0, 0<gg2

n

° (i)
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We shall throughout take Tfi =np; = —x- ¥ 1 (writing

e

Py = g= = the normed size-measures) and by Tfij's we

shall mean the (second-order) inclusion - probabilities of

pairs of units (i,3).

From Hartley/Rao (1962) and Asok/Sukhatme (1976) and
using their notations we have the following asymptotic

variance (with respect to the sampling designs) expressionss

I For Goodman/Kish (1950) method,

- Yy 2
vy = Var(ty) = T (1= n_n"ni,) (ﬁ_;_'.rf].)
2.
m 2
_nd 34 2 Yi _ T
TpElem-g TEy) (- og)

2(n=1 oy, - L zmn?
*'ir?'l(zjya 7 270D

— . ey
correct to O(N°), taking T, .'s correct to O(N
’ & Tij

1

Vs
which, on writing z; = 51{ - T, simplifies to

1 2 2

n-1 ,~
Vy=g 8 {1-(1) pi} 22-21 /a5 p3 g

2.
—Epg Epgz%—z(zpizi)J,
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II  For Sampford’s (1967) method.,
V, = Var(t,) =+%p, 41~ (n=1) 2,2
2= [ R Y Pi} i

p=l = o3 2 2. 2 2
AR AR R T

+ (r2)(z o2 21)2 7>

to the same order of approximations as V1 H
~of course V, > V,, as is easy to verify and as was
1 2

noted by Asok/Sukhatme (1976) in passing/.

Also, with simple calculations we find the following
asymptotic variances for the modified estimators for the two

sampling schemes mentioned aboves

III For Goodman/Kish’s (1950) scheme, using Rao/Hartley’s
(1962) results we have

V3 = V(ty) = %Zpi{ 1= (n~1)pi} W
n=l mp o5 3 2. .2
-l er g W - o} nel W

-2 w2 7,
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y; - @
vhere W; = 5 - (T -N®)

1
Zi+e(N_p_i)

= z; +90f, , writing fi=N-%—i-.

IV  For Sampford’s (1967) scheme
V:V(t)-lzp{1"(n‘1)P w2
4 2) =Rl if Vi
=l =y 3.2 o 20 2.2
- [2Tpy W -2pf® oy Wy

2 2
+ (n=2)(2 Py Wi) 7

On calculations, after simplifying, we observe the following
results, suppressing detailed algebraic steps, to save

space 8
(1) V-7, = (1) 52 W)Z > o,
(11) Vy-v, = Lup {1- e} (W2 - 22

- 5 Cemd (-2 - mf 3o O - 2D)

2 (e} W2 - (25 2%} 7,
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2
SLOF - iy 7= a0 - 2= g9 s

& [T(zp? W2 = (202 20)%) 1%, T = o(e-2) (zp? £)%

e [(V5 - V)ixg T = 8 (8- 29) v, <o,
when 0 <@ <28, (V; isV, with z; replaced by £;).
Likewise, .

S [V, - V)%, T = 6(8-29)T, < 0,

when 0 <8 <2, (Vy'isV, with z; replaced by f;).

Remark. If one can guess roughly about the magnitude of &,
the y-inf:ercept on the postulated line of regression of y
on X, then choosing € in an appropriate manner, one may,
in practice, expect to gain in efficiency over a standard

HT stiategy through a modiication on it .s suggested above.

Srivenkataramana (1978) also observed his modified
(with variate~translations) estimator to have a smaller
mean square error than that of the usual ratio estimator,
both based on SRSWOR, when O < @ < 20, His model, however,

is different from ours.
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CHAPTER-4

SAMPLING STRATEGIES WITH RANDOMIZED BESPONSE TRIALS

SUMMARY

We consider strategies of sampling with varying
probabilities, employing randomized survey techniques, to
estimate finite population totals concerning sensitive and
stigmatizing characters. Godambe's (1980) approach forms
the basis of our study. But we modify it and use Eriksson's
(1973) 'given answer' procedure for 'randomization's Each
respondent is given a device with a request to use it
unnoticed to divulge his true value with a given probability
and to report, with the complementary probability, a value
chosen at random from a 'set of numbers' presented to hime
Assuming a flow of responses, for various standard sampling
desig's we present estimation formulae which are readily
usuable unlikf Godambe's (1980) which involves unknown
parameters./Under randomized set-up we note modifications
on results for existence of 'best' and 'optimel' strategies
and indicate changes in criteria for comparison among a few

popular oness
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INTRODUCTION

A real variate y is defined on a finite population
labelled 1gseesey 1y weess, N yielding the vector
Y= (v,:_. ceeeey yi,Nu.--, yN) of valuess The problem is
to estimate Y = _%1 y; employing a suitable strategy.
But y is supposed i; stand for a sensitive item of informa
tion. So individuals are mostly reluctant to report their
y -values on request. In order to promote the rate of
response a randomized device is then needed to ensure
privacy and confidentiality. For this, essentially following
Eriksson (1973) and Godambe (1980) we ''choose'' a number

M
s eeeeey Iy (with L = % 13

{say M) of values Lys eeeeey 1.

J
= 0) and conceive hypothetically that each individual

independently performs a Bernoullian trial with c(0<cgt -
for a direct survey c =1) as the probability of 'success'
(and .~-c as the probabili.y of 'failure',, Our stipulation
then is this that in case of a 'success' the ith individual,
if selected in a sample, will report his true value y; and
else will report the value of one of the 1j’s chosen at
random. Operationally each sampled person will be offered
a randomizing device to implement the above unnoticed and
co-operate on request. Thus, a vector Z = (21,-.-,21,

cereny zN) with Z= 3% 2y is supposed to be generated
i=1
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such that z; is y; (i=1, s¢'es, N) with probability ¢ and
is 1j vith probability f-(1=c) (for j=1, ..., M). This
device cannot be effective in ensuring privacy unless lj’s
are cleverly chosen to cover the entire range of relevant
y3 =values in each context. So, M may be required to be
large in practice even if N is small. Also, prior strati-
fication may be needed to reduce the range of Vi =values.
We assume these are cared for in practice. However admit-
tedly, our technique may not claim universal approval.

But we may still expect a higher rate of truthful response
compared to a ‘direct! survey. The condition .2_11 1j =0
is just to simplify analysis - this may need oi‘;gin -
shifting for y;’s. Deviations from Godambe’s (1980) method
should be notede But this difference enables us to derive
practicable results whereas Godambe (1980) gave an optimal
estirntor which cannot be used as it inv'ives unknown
parameters. Eriksson (1973), on the otherhand, did not
investigate optimal strategies with unequal probability

sampling with !'‘'randomization''.

CERTAIN ‘'NON~-EXTSTENCE', 'ADMISSIBILITY' AND 'OPTIMALITY'
RESULTS

Let p be any arbitrary sampling design with p(s) as
the probability of selecting a typical sample s. By ER,
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Ep, VR’ Vp, CR' Cp, va’ CRP etc. we will denote expectations,
variances and covariances with respect to Bernoullian rando-
mization trial (R), design (p) etce singly or in successione
Based on (s, ziliss) an estimator for Y will be written as

e = e (s, Z), understanding that it depends on Z only through

zi’s for 1€ s.

First we consider the class Cy (homogeneous linear
unbiased) of estimators of the form e = e (s, 2) =

T b 4 24 = €,y SAY, such that it is Rp -unbiased for Y i.e.
ies °

ERp(e) = Ep EP (e) = Ep Eg (e), noting commutativity in

operators ER"Ep (equivalently ''p - unbiased for zZ/c'',
with ¢c. B A by p(s) = 1 ¥ i) and its natural extension
to a wide:‘.)class CG of p~- unbiased estimators e = e(s,Z)
for Z/c isee Ep(e) = Z/c (and hence Rp = unbiased for Y).
We will use e’s only in CG' Godambe (1980) considered a
class of non-homogeneous linear unbiased estimators - a
class wider than CH but not necessarily narrower than CG’

Now for every e in CG we have

Vpole) = By Ep(e-Y)z = By Vy(e) + Vg Ey(e)

un

Ep Vp(e) + Vg (2/c) (4e341)
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We have the following parallel to Basu’s (1971) result
about non-existence of 'best! (i.es UMV, uniformly minimum
variance) estimator in 'direct' surveys for any design (not
amounting to 'census') for e’s in Cge Writing A= (A,],...,
Ay eeeey Ay), (with A = 121 A;), for Z when z; equals
known Ai for i = 1,eee4y N, if e be the 'best' in Cg then

we may take another, say, e in Cg as
=0 A
e=e(s,2)=e(s,2)-e(s, 4) +3-

Since VRp () =0 if Z =4, and A is arbitrary, the

result followss Keeping e within Cy, from Godambe’s (1955)

work a corresponding non-existénce result also easily follows,

provided we employ a 'non-uni-cluster' designy also from

Hege /Hanurav (1965, 1966) it may be checked that

* 1 2y .

e = geI 7, (with = B p(s), assumed positive,
ies i sHi

throughout, ¥ 1) is UMV for Y in Cy if this design is

‘uni-cluster?'.

It is also easy to check that e* is admissible for Y
among all eb's in CH as well as among e’s in CG - extending
the 'direct survey' results due to Godambe (1960) and
Godambe/Joshi (1965). Also, that the strategy (e, p')
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(p* being a fixed expected sample-size design) is uniformly
admissible among all strategies (e,p) with e in C; and p in
a class of fixed expected sample - size designs may likewise
be checked - extending the result due to Ramekrishnan (1975)
in 'direct' survey situation.

Writing nij = s-)i . p(s) we may note, (for comparison

’J
with the 'direct-survey' situations) that

Ny N m, .

* * | i

var(e®) = Vo (e = T y¥ (s - 1) + 23 (FH--1)yyy,
Rp g1 2 OY ig=1 T )

If a super-population model, say M,, is postulated so
that using the model-= - expectation operator EM’ (and VM

CM as model variance, co-variance operators) we have

By(vy) = 0 4 Vy(yy) = 95y Clygayg) = F oy oy

where 8;’s are reals, c%’

s are positive numbers and A is in
(0,1), these being otherwise unknown. Then, one has, [Tcof.

Cassel/Sérndal/Wretman (1976), in 'direct! survey situations_7.
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Theorem 4.3.1., For any p and e_ in CH we have

b
2

2
N N &5 +po
2 4 i-c i i
Vo (&) >(1=L) £ 05 (==1) + — I (—5—=)
M'Rp*bT = i=1 10O SR

M N
i=g (1 2 1

+5 (g % 19 = & (4e3.2)
2 Wi T

Proof. Under model M,, we have
2
By Vpp (ep) = Ey By By (ep=¥)

N .
2 2\~ 2
= i2__11 (oF +67) /[ ce sgi bg; p(s) - 1_J

[

1

+ (=) ; >

N
2 2
13 ,12 s§i By le)

N

-2
+ B8 (8,8,+pC.0) [ ¢ % b_. b.. p(s) =1
ikg=1 L9 P L syi,5 St 8 7

- 2
af [Tee T by p(s) - 17

(-p) 3
- £ i= s¥i

1
+ c(1-c) IE\:I (9.2 +p a?) bl p(s)
Jam o E ST gy st

=~ 2 N 2
+f‘EPLc. iESbSi o J -/D(iz1 9 )



N 2
vEy Lo B b 0,7 - (3 8)
M N
1 2 2
+ (1=c)( 2 1%) = z b, p(s)
Mso0 797 40 oy st

2 2
fec N (Gi +/’a;L

> (1=£) g 02(1 -1) + == )
= 1=1 10T ° ia T3
M N
A=c , 1 2 4
+ ( b: 3 E
PR Sl et ) ie1 4

2 1
using the inequality 3 - b 8) > ¥i
g q .y.s)i 51p()_—-z——-c -

i

2
; — 2 g
and the fact that. -Ej L c.igsbsiei]’ 2By L c.ixe:sbsieij

iv

2
2
and By [Te. igs bgy 057 EJ [c. iie:s bes 05 T

N
= (¢ o 2,
i=1 i)

The lower bound (4.3.2) is attained if the following hold
together, namely, .
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N N
Ce B D@ = I @y ceZ b0, = I 0, =~

ies 5% i=1 1 Ties SEL 7o
(4e343)

by = 671!" ¥1 and ¥ s with p(s) > 0.

i

N Wi
Let positive numbers Wj’s(with W.= % W;, p; = w)

i=1

be available as size-measures which may be used in choosing
the designs. From.now on we consider mostly designs
involving a fixed sample size n, say, to be denoted as
p(n)e We shall denote every design p(n) as pw(n) when

Ty = np; ¥ i.

Let, in particular, @, = BW, and 02 = 0® W2 ¥ i (4.3.4)

with-® and 02

as unknown positive constants. Now (4.3.3)
will hold if (4.3.4) hold and p is any pw'(n). So assuming
(4+344) and p as a w(n) the lower bound (on the right-hand
side) of (4e3+2) equals
2 2 2 N
d=c W2 02 w2 g Wz 2 2
A=¢ 'L*T‘«F 2 - (1-p).0 121 LA

c n

M N
d=c 1 2y W 1 *,
+ (g 5 15) 5 B g = ByVp, (e)
o2 Lo 3w =1 N Rp '

-

when p equals p w(n), giving the
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Theorer 4.3.2. For any p as pﬂ(n) and e, in CH' we have
5 2 2 N
under M, with O, = W, and oF = o W2 ¥4,

By Vpp (ep) 2 By Vgy (".

If M, is modified into M,; (say) such that f= O, thoan
1
it is easy to check that for any p and any ey in CH’ under M,

2
N 6
EyVpp(ey) 2 1’3 °1(+"‘) 1—127% "’Z(M 5 ;))’3'1"'

To derive this we cannot directly use (4¢3+1) but use the

relation
v, . (e) = V’p Ep (e) + EP Vp (e) (4.3.5)
interch~nging the orders in Ep, ER, remembering their

commutativity.

Also it easily follows that for any p as pw(n) and ey
in CH' we have under M1 with Ql = pw ¥i,

N
*dec sz L I S
EyVrplep) 2 ByVpple’) = 5= - * 2% (R i )
M N
2 W 1
( 2 1 Y= = W
=1 L L

["cefe Godambe's(1955) result w:.th ‘direct' surveys 7.
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If My is modified into M, (say) so that y;’'s are
*'independently'' distributed, we have, following and
e)étending Godembe/doshi’s (1965) work with 'direct' surveys

Theorem 4.3:3+ Under My, for any e in Cq and any p,

]
N N o
2,1 1=¢ i
Baole) 2 B 0f (grm=1) v 5 B oA
RpY = g i ¢ ia ™y
M N

1= (2 2 1

+—?( 2 15) I o=

c s{j-‘l‘j i=1 1

Proof. From (44341) or (44345) we camnot derive it straight
awaye But we may follow Godambe/Joshi (1965) to write for

e in Cq
*
e = e +h, such that
0= E(h) = E_h(s, 2) = I h(s, 2) p(s).
4 P = s = X
This implies 3 h(s,Z) p(s) = = I h(s,2) p(s) (4372
s} i
Denoting by EMR,,VMR, Cyp the operators for expectation,

variance and co-variance with respect to model and Bernoullian
4

trial in succession, we have
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2 Vyr(e) = EPVMR(e*) + Eglp(h) + 2 B G (¥, n.

But EpcMR(e*,h) = E, [Cy(By e~ Eg h) + By Cp ", my_s
and E (B, e, Eg h) = -E_E, [~ % 1o % gy
pCu (Br ey BpB) = By By L B — = - Br B
cm 3 (Bpty 3 omne) T
=tz i s;iER P
N v =9
=EMERL_1§1(—‘”1—') s§ih"(s)-7
B - N vy = 8y
=ER L (T )Sihp(s)J

At T SN PN
R LR A

= 0.
* - 23 Yy 2
Aso, B, By Cle”, b) = EPEMERLiES(c—ni--,r;)h_J
Ve £ h pls) g 53 nos(s)
= 5 el i /
R 11°" a1 7 T o
: Eg(z;) s
- - 5
By L) T‘Eaas»ihp(s)f
N oy .
h 2
* I ER s 1 ()}
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So, E, VMg (e) > Ep VMR (e*) (L4e3-7,
Following Godambe/Thompson (1977), we write
By VRP (e) = E]!.J Vyr (€) + Ey MR (e) = Vy (Y)
where /:’MR (e) = EyEy (e) - By (Y).
So, using (4.3.7), we have
By Vpp (&) 2 Bp Yim (") = vy (0

=B, [y By (") + By Vg (€T = ¥y (D

2
¥y v§
ZE [N T )+ 40(1-0) 2
p Ll F 7 B ies 2 M2
1-c 1 o2

M
1 2 N
Aen . R -
kS

2
N N @ M, N

2.2 ¢ ioamgd Mooy oA g
= % 0(gp--1) + <5 2 =+ —3g 2 19) = QT
i=1 1 CRIL A L

Theorem 4.3.4. For any design p 2as pw(n) and for any

estimator e in Cg, we have under model M, with Qi =BW; ¥

By Vgp (&) 2 By Vrp (" (4305
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: *. * 2, =
Proof. EMva(e ) = EpVMR(z ) + Ep.i\MR (e) - VM(Y)
* 2
Hence EMVRp(e) - EMVRp(e )y > EpAMR (e),
(since EpAMR (e*) =0)
implying the proof.

Next we consider the following model M3, say, L—taking
the cue from Kempthorne (1969), C.R. Rac (1971) and
Godambe/Thompson (1973)_7+ Under this we choose a vector

as= (a1, sesy B,y wee aN) of positive numbers a;’s with

N 2z
n = 2:1 a3, write Ty = # s and assign a prior distribu-
i= i

tion F (say, with EF' Vg as expectation and variance
operators) to Z which gives an equal probability to each
of the N‘J points (ri1, veny riN) obtainab_e from

r= (r,l, cseey rN) on permuting the co-ordinates of

(1, seve, N), a typical permutation being (i,], eseee, iN),
keeping a fixed. A design p(n) will be denoted as pa(n)

if M o=a; ¥ i and as p"a(n) if T’s are subject only

N N e zy
to T M = B a;, = n, Writing e, = e, (5,2) = © ——
F R T s Tatm ies 33

and following Godambe/Thompson's(1973) result, we have,
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Theorem 4.3.5. (i) For any p as pa(n),
* 2
Ep Ep Ep (ea - Y¥Y)© has a common value,

say, EBp Bp Bp(ny (ep - D23

(ii) For any p as p"a(n) and any e in Cg ,

2 * 2
EREFEp(e'Y)_ 3EREFEp(a)(ea_Y)'
Proof. First we assume (i) is true and prove (ii) and
then prove (i).

Following Godambe/Thompson's (1973) argument it is
easy to check that for any p, p' of the type p,(n),

2 N 2 2
(s 1 —
2z P—S—Z Z = 2( 2 a,r < e-E_(e
ns N (1ss m(1)) R n(1=1 471) 2 Bt LeBg(e)]
(4.3.9)
where ((1), eeeve, T(N)) = 7T(1,ee0ee, N) is a permuta-
tion M of (1, eeee, N) and I denotes summation over NI
n .
permutations of I = (1, eeee, N}o
Now,
2 2 2
EpBpE (e=¥)" = EREE, [Te ~Eg(e) 7 + EgFgp [‘Ep(e) -y 7

- 2 2_ 2
= BB, [ e =E(e) ] + By (Z/e)” - ¥°.
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So, operating on both sides of (4:3.9) by ER and adding
oy (z/¢)? - ¥2 on both sides we get

N N
- n 2  n(n=-1 - vl 2
Zr +Néﬁ1’} TIrr =Y < EpEgE, (e-Y)
ERL Ni=1i = 1_3;3'1;_3_J _.ER D

(4+3.10)
The left-hand side of (4.3.10) works out as

_for any p, p' of the type p,(n)J

2
Ny N ¥V
n i n({n-1 i’y .on A= (1 2 i
s I + T3 FA-- [ 1) & e
Vict ca? © NOFT) 550 835 N A R

¥
which we may denote as Ep Ep Ep:a) (ea -
Proof of (ii) is finished.

For any p of the type p,(n),
*2 5 pLs),
Eq By by (ey7) = B [ 22 pt (B Iagy) ¥y

N N
N ERZ-_E z r12+ nn:‘l 23 rirj_]

1w 1g=1
nNV12n1-c(1M2)N1 n(n=1) N Vi

=Bz 8.1 519 5 +W&m-} sy =,
N i cai’z" LA 1 32197542 ;g 16321 217

- Hence (i) is proved.
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Remark. A comprehensive investigation into the rates
(needed 100% for our method) of truthful reporting with
*randomized' and comparable 'direct' surveys and correspon-
ding relative performances of relevan&: sampling strategies
is of course important but that is not attempted here. But
granting that our 'randomized' method works (in some
situation at least, hopefully) for the sampling strategies
proposed, it seems interesting to note above a few features
comparable with those available in the literature when
‘direct' surveys are feasible. The results look similar
in form with modifications along expected directions but
derivation seems non~trivial — restriction to the class CG
is a novel necessity.  Another point to note is that if
yy's are origin- shifted to y;_ = y; -8B (i=1,¢0004N,s0y),
then our method estimates Zy; directly and adding NB we
get the desired estimate for Y. Consequently optimality
may be impaired in the absence of '‘origin =invariance'!

which is rare in survey sampling.

RELATIVE EFFICIENCIES OF A FEW USUAL SAMPLING STRATEGIES
MODIFIED UNDER RANDOMIZED TRIALS

We will consider another super~population model, M,

say, so as to assume
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Ey(yy) = BW, Cylyjavy) = o%W8 5f 12y
=0 i 143

with B any positive number and g in /70,2 7. Several
strategies will be compared in this section only under M.

*
Writing e = ey (for comparison with its competitors

to follow), for any p as py(n), we have,

Eq = Ey VRp (e1) = By VRPW (e,‘) (say)

T ol .
=0y 2w -z uE)e 2 (B L SN 5 oyET
B i=1 i=1 Boie

M N
I=¢ 1 2, W 1
+ =5 2 15). = = .
c M:)=1 J n:L=1‘ir:l-.

For simplicity in compecison, we assum: in this section
that -g =k is an integer. Then Rao/Hartley/Cochran (RHC,
say, 1962) scheme may be employed taking n groups of size
k each using pi's as normed size-measures with Pi's as their
group sums formed in sampling. For our 'randomized' s:rvey,

an appropriate estimator for this scheme is ey =%. z 31; .Pi
ies *i
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£
with Bp By (ep) = ¥, Vp(ey) = i}

¥y 2
2 op (=-Y)

D ojeq Tt Py

2
£, N ¥ N
d=c ,~ 1 i 2
> — L —_ 2 =4+ f 2 ys 7
R v T e

M £ N
A=c 1 2 - 1 1
+ (7 2 1) — % — 4+ Nf, T
A PR

writing £, = B, 1, - %é%}%,

2 N N
0 g=1 _ g
By = By Vg (ep) = .1, (w.ix=;1 W s wE)

i=1
N 2 2 N
=c /= 2 7 2 g
+ 2 /r, 8 2 W er, B v g, 0 B oug
=1 i=1
oy N g1
+fy0°2 2 w8 7
121
M £, N
1= 1 2, ~%4 1
+ (g 22y, 2 2 dune, 7.
PR Lni=11’1 27

Using Lahiri/Midzuno/Sen (LMS, say, 1951, 1952, 1953)
sampling scheme with pi's as above, for our 'randomized'

survey, the modified estimator is e; = 1 % z/ % p
37 ¢ jes Vies 1

with Ep B, (e3) = Y,
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N
2
5 P z N
rp (e3) = ZoTyviv 14=3'21 Tyy ¥y ¥5- ¥
N i N
-c 3 2, d-c 2
+—== 0 T, ¥y + ( s 1%) 2 T,
¢ yoq 1ATT2 g=1 9712 H

and

N v .
L _ 52 - g , d-c 2, 8-,
B = Bylgy(es) = © 121(1"1 DR N AN

11
M N
g 1 2
4 - ( n 1) = o0
R e B

/using T.J. Rao’s (1967) notatios & T; is average of
’ 1

{--

],_;_+piz+ seo + pin

)?s over choice of distinct units

Tps eeee, 1n out of i, ess, N except i and Tij is average

n-1 1 N isti
o ( T e m )’s over choice of distinct
1 3 1y

units 13, ooy in from 1, «+e, N except i and j and

i - N , N
R A iidi'] Tig PRy = 17

For Hansen -Hurwitz (HH, say, 1943} sampling schemc v *7
same pi’s the modified estimator is
1.1 i

z
ey = E'Eiﬁsp_t' with B Eo (o) = ¥,



2

N N vy
1 w2 L 1=c 1 i
g Loy e 1 5 L
VRp (&) = n 121 Py ( n° o+ [ nioqPy

M N
d=g (1 2,1 ¥ 4

+ ( bR W SRS W

AR A ST

2 N
sie (BB, 20 § oy
n n.; i
i1
M N 1
=c 1 2 -
+ == ( T 1%) P
AR P I T

With n=2, s = (i,3) and p;’s as above, Murthy’s (1957)
estimator is modified as
S OO I - RO -
seo Ty Lop ) e U T
with Ep B (eg) = Y,
N (1=py=ps) ¥y ¥4 2
1 i o ]
VRP(Es) Z 12321 pipj (2-91“?35 ( Py Pj )
N p4(1-p4)
d=c 1 2
+X8, 53 —— . —-7-(—4»-37_ y
C iag=1 (Zp; pjj piUT-p;) 71

p4(1~p,

M N )
=g 2 1
=5 g 15) . —‘l(—\l)-
c o 3=1 Y )1¢3=1 Z7py~Py) * ;05
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N (1-p;-p.)
and E, 2 5 g-1 M
d - 55 W ;7o
and g By Vp,(eg) 4 g " M ‘(‘Z_pi_pj)
2 2
L o wE +p sz..pj(1-pj)
isg=t 2P =Py " p (7 - pg)

M
1 2 g lj
—3 - (x s)e D% T——T
¥ ¢ L ji‘l ) i&gi’ @5~ P3) " piltepy

To compare among them /~c.f. J.N«K. Rao (1966), .
Chaudhuri/Arnab (1979) in case of ‘direct! surveys_/

N
let us write N Cov (x;,¥;) = 2 (x%,~X)y, for any
13 g TRV

N
X0 ¥3'8 (=1, seves, N) with X= %ig'l Xi

T W+ £ W, (which decreases with W,),
I=c ( 1 g
-

N, = 9 wg1 , d-c g2
M= g W +-5°8 Y+ (g

241
12y 4=
g1 90 W

1

We note regarding Cov (111, W)

o, 2 e -
s et B2t

as g2 1 and 922

o=
—~
=T
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Remark. [“ In case of 'direct! survey, c=1 and terms with
multiplier (1-c) will be absent and hence the above condi-

tions will be in terms of g only and will not involve B 7.

Noting Dy = E, - E; = Nf, Cov(ni, W;), we have
D20 asg%t ana 2% (4 3 12) L Wi
1 g R B ;_f

N
Again, D, = E3-E1=%L02121 (2 W - &y g
2 X ¥
+ (1) % 3 (zy oy - Ey W,
1=1
M N
d=c (1 2 Wy 1
+ el 5 g (r, W, - ¥y
 (m ) B - T

N
v
= 151 (Ti Wy =3)n =N Cov(n;, T;W,), say,

N
NW
noting 2 TLW o= =
1=1 1Y n
Then, Dy® O as g2 1 together with

M
231 (1 2,1 .
R o (g 3 13);? ¥ i, noting TW VW,
= i
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Dy= By =By = 8 /70 cov (u, wET)
2
+ (1=c) B“ Cov (uy, W)
M
+ﬁgﬁ.(ﬁj§11§)c°v(ui,€,;)_7

=NCov(ui,ﬁi)§O as g%

M
along with #2 2 1.( 1 3 1§).3’z ¥ 1.
2 1

N
Writing W = N5 W, H=-N—N—-, ow=%

we note that

1

E, = By if g=1 and p%02+ 1 (1

no2 7
32113)(1-3)

Ey = By if g=1 and p? Cov (T, W;, W,)
M
1,1 2 1
+ 7o f ji‘l 13) Cov(Tiwi, WI) = 0
By = E, if g=1 and B Cov (u;, Wy)

1

M
1 2, 1
+5 . (ﬁjz'llj)CW(ui’E) = 0.
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Further, we may check the following 3

El‘—E,,

E, - E,

if g<1

simultaneously with 92 < % . (ﬁ

EQ—E3=

if g <

1

N
02(1-%)iz1wig > 0 ¥g

N 2 N =
(1 Z wB-r, [ 2,0 ™ L

.
H

N
i=-c 2 -
+ =2 . B 121 Wy = @) Wy
M N
i=c 1 2 1
+ ( 2 19) B o(w, - W)
PEER S T ! WIJ
N
o® (1~ I, VE - N £, Cov(ng, W) > 0

N
2(1 =1 Y
e 121 Yi- L

-3

i

2y 1
i:l) ¥ i
4

3=19

N
- W g1
LA

N
Imc | g2 W
o BT R (T - )

d=c )
AR A

3) 8 (Ti"i") W‘J

02(1_1)§ WE - N Cov (T,W,, 7,) > O
7) % v 1Wis My

along with B < — .

Cm

M
] z

3=1

2
J

A);;Ev:..
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To compare E5 with others we assume n=2 for each and

get (on writing qy = 1-p; and .

2wy, 2 ww. M W,
=X 2 J e 7 ij  dwc 1 2 -
iy T G e 9 +?(M32113) 1Q1)
2 N a; L, Wl

BEs- B = L. -3
> S i U Y 9
& N a W, W,
vl g2 5y e 3y 1
ikj=1 4 * 9y 9
M q. W,
d-c 1 2 1
+=5. (g 215) 238 (== 3) -
o® M g3 gaga dyray 0 27 Wiap

= N(N-1) Cov ( L , N

R N
Q3 +QJ 1J

N
(on noting = & 4 -i—z-—)- and extending
9 + 9y
iky=1 “i
notations for covariance involving double summations)s But
we are unable to conclude about its sign. Similarly,
inconclusive are the signs of E5 _Ei (i = 2,3,4)expressions

for which we omit.

Remark. “As opposed to simple criteria for comparison among

'direct' survey strategies (vide J.N.K. Rao (1966) and
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Chaudhuri/Arnab (1979) among others), in terms of g alone,
with ‘randomized' surveys we have more complicated ones
involving additional unknown parameters. Thus although we
have simple modifications on certain optimality results with
'randomized' as against 'direct' surveys, we have additional
difficulties in choosing among the popular strategies mod. Ii.

on 'randomization'.

VARIANCE ESTIMATION

Writing Var (e1) as

va £e1) = B Vp (91) + VB (z/c)

1ER£'2N):(nn-n,)(z_i- )7+;° 3 ¥
e gt 23 M © gt
M
d=c N 2
+ =3 . 1.
¢ Mj:'l J

we have the following unbiased estimators for va (e1)

(assuming 7,3 >0 ¥ i#J)

J

2

-n) z, 2 z
d=c i
V(e)= z):_ﬂ_l. _1)4. P
L _21<Jes 13 Ty "2 ses Ty

M
-c . N 2
+—C—.ME lj

J=1
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A 1 (Mg = Mp(s)) 2y oz,
Vyle zz —1—(7_ (-
2 1) ;‘i i<jes sz ) ni "j )

. 2 M
v lg 5 ﬁ—+3€-°-.g21
c” ies i J=

(M7 p(s14,3) = p(s)) 2 2z .2

E — -
iz‘:{;)ss HO) { Ty Ty )
z
3=1 9

N

Vstep

O‘\J -

N 2
L 2 ﬁ:- bl o
(applicable for n>2, writing p(sii,j) for the conditional
probability of selecting s given that the units i,J have been

selected on the first two draws)

n.7

A .-
Vi (eq) = i.z[igs 22(—.7)+ Tz 75—,?*1 z; z‘_jJ

ikjes i3 i 7y

¢ 2% 4 gy M 2
=3 I g—4+—= I 1.
c” ies i ¢ i =1 J
4=cn T, =W, oW,
2 1 1 i i
= 3 22 ( )+ h I __JTT.J. z. z
igs 1 ' G2 niz Foisges Mgy A%
M
1=c N 2
+ —— D A
I I
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I o= np; and if the computation of p(s) is simpler than
. n(n=1 i ati o
that of the distinct Hij’s, V2(e1) becomes
"
computationally simpler than V1(e1). We may note that
¥ N A .
1(e1), Vz(e,l) and V3(e1) are unbiased for any fixed sample

size (n) design whereas 04(e1) is unbiased for any design.
Writing Var (az) as

va(ez) = Ep vp (ez) + Vg (Z/c)

1 —N-n 1 Y 2,42
" ROV s En g0 T

N M

—c 2 1-c 2
+—== 5 y.“+ =<, 2 1
ot Vi 2T H Bt

we have an unbiased estimator for VRp (e2) given by

o~ 1 N-n 1 2
Vo (ey) = . . Z Py ( - ce.
Rp**2 PR B\ R | 2)
2
d=c 2y = n M
+ T =— P, +—= z 1
»c” ies Pi + °© Mj’l d
2
M
Nen 1 21 2, 1-c % . 2
=Hyg = (—-e) + =5 3 ==.p, e 1
w '“iﬁ 2 c® ies Pi M‘;)= J

which is uniformly non-negative.



- 223 -
Writing Var (e;) as

Vrp (eg)= Eg Vp(e?») + Vg (2/¢)

2
1 ¢ ;Sz =) 2
- [ == z 5 - 2= 7
=z & s Tz ow
ies
N M
~c =c N 2
+ = 2 yz + e s 1
S g AT TE M54

we have following Raj (1954) an unbiased estimator for
VRp(eB) as follows

4 2 -4 2 1
Vo (ez) = e - S zf 4+ DI 2z, 2
Rp*™3 3 czp(s)L My jes L7 5u5es t s 7
2
z z
; 1 M =
~c ies »c N 2
+ L8 — . Z 1.7
02 t op; < Mj_,l 3.
ies

Incidentally it may be noted that this VRp(eB) should oftcn
turn out negative because it is known that Raj’s variance
estimator (for ratio estimator based on LMS - scheme) is

negative for samples with high selection - probabilities.

Following Rao (1979) and noting that Ep Vp (ej) equals
0, vhen 2zy = Apy,  i=1, eeeee, N (for some A\ & 0), it
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can be written as

N z z, 2

1 15

EV _(ez) = ~ L35 d.. Py py (=== )
R'p™™3 ?ER[ 1<g=t LT3 T By Py 7
where di;] = Ep (dis d.js) -1
dig 4y ps) - 1

ot.s

= eij - 1, say,

™

where d;o = 0 if s§ 4 ]

s, s-)i.j
3

b,
jes 1

Then, non-negative quadratic unbiased estimator for
B Vp (e3) is necessarily of the form
2

1 : z; z.
- L2 d.(s) pps (= - =)
2 icjes i 173 Py b5

s = if i = .
where dxa(s) 0 if s ¥ i,3 and s -)Zi,jdij(S) p(s) le,

1 < Js We may consider three classes of estimators for
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ERVp(eE;) of the above-noted form as follows / c.f.Chaudhuri
(1981)_7 ¢

I
Cq s dij(s) = dyy L[+ J

1] sz(s)
ST y
Pt (e = ey L+ iy T Ot + figte)-
* *
s - N 1=A
C5 ¢ dj5(8) = djq dgg - [ T3 * s J

*
vhere 0 <@, B, A <1 and

. \ ~1) (n-2 n=1 N-n
o= S p(s) = %ERH"TD_Q (pg * ps)e
iJ 3,3 N=-2 N1 N- i J

In any particular situation, values of &, B, 7\* are to be
appropriately hit upon (prior to sampling) to render the
estimator for ERVp(e3) non-negative, oiher parameters
like eij’s being fully knowne Whether such choice are
possible seem difficult to investigate.

If however a non~negative quadratic unbiased estimator
for ERVp(eB) is thus derived, we ge® a non-negative unbiased

estimator for va (e3) as
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2Zy i\l 2
Vrples) = - = iijg,s 43 5(s) pypy ( R )
2
Z oz
i M
d=c  ies d=c' ' N 2
+ ¢ R 2, B 1.
2 By < 3=1 9
ies '

Writing Var(eu) as

VRp(e“) = By Vp (e4) + Vp (2/c)

s N z 2 N
1 1 1L oo d-c -2
= = 2 p; (===2) +—==.3 y
ZRLa g nly At 121 1
l=c N 2
+ =5 1
c Mj=1 J

we have an unbiased estimator for V. (e, ) given by
Rp ‘%4

A '?.
VRP(EI&) = nn- (-—“cel‘)
2
1= 21 -¢  N-M
+— I ==, T 1
c2 ies Fj & ﬁjﬂ J
52
M
2 %, 1-c. N 2
z — = g + = 4 —j L 1.
mm(cpi 4) —cz s B YO E Y

which is uniformly non-negative.
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Writing Var (eS) as

VRp(e‘)') = E Vp(e5) + Wy (2/<)

(p=ps) 2z, z, 2
ik w il 7
3 "!ER[1§321 P 25,5y g 5 7
N M
I=¢c 2 1= N 2
+=—=4 5 y5 & o7 B 1
£ ot ?Mw

we have an unbiased estimator for VRp(es) given by

A 1 (1"131)(1'? )(1"pi‘P') zi z, 2
v, N PR il VAol N L S R |
rp (€5) > (Z'Pi'P;))z ( e )
1=c 1 z§ _z_i a
*3 Ty L 5 (1-py) + 5 (1=py)/
M
I=¢ N
Mrall| 321 13

which is uniformly non-negative.
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Appegdix&1

The condition (2f3.20) is apparently too stringent
although it is satisfied if P, and py both correspond to
simple random sampling without replacement. The folloﬁing
artificial example illustrates the existence of varying

probability sampling designs meeting this requirement.
1
Let Nebi 53 = (1,2,3), 85 = (1,2,8), s5 = (2,3,4)
be the first phase samples with py(sy) = 0.30, py(ss) = 0.40,

L
p1(s;) = 0.30. Let the second phase samples from si(i=1,2,5)
and their selection - probabilities be $

511=(84153) =(1,2), s39=(s,15}) =(1,3), s53=(s515)) =(2,3),
Pa(849) = 0:30, py(syq) = 0.40, py(s5y) = 0.30
s12=(84155) =(1,2), szé=(szlsé)a(1,h), s30=(s515,) =(2,4),
pa(sgp) = 0430, .py(sp,) = 0440, py(s5,) = 0.30
s132(89155)=(2,3), sa3m(s,15;)=(2,8), 555 = (s1s5) =(3,4)

p2(s13) = 0430, p2(523) = 0.30, p2(533) = 0.40.

Then, Py =0.70, P, = 1,00, Py = 0.60, Pj, = 0.70}
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Qy = 0.49, Q, = 0i60, Qg =0.42, Q = 0.49 giving
Q4/Pq = 0.70, Qy/P, = 0.60, c.13/1>3 = 0.70, Q/P, = 0.70.

It is readily checked that the above pz(s)’s, p.l(s')'s
satisfy (2.3.20).

Appendix =2

"
Theorem 2.3:7. InC , e* is 'admissible' for any chosen

design ps

Proof. For any e in C', we have
: _ -
Vp(e) = Vp1 Epz Leq(s,0) + ey(s ,§)J+ Ep1 sz [Teq(s,0) 7
=V Leq(s, T + v, [ez(s‘ 7
and similarly

T =V L E 2 7 W 27

3 Jes' T3
So, Vp(e) - Vp(e*)
=y L ey(s, 0.7 = v, L7 z ual] + v [Tep(s', 00 T
oy L2 w7

jes' 73
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Let for a point U, “j 4 0y we =0 ¥ k&j.

Then 243, eq(s,U) py(s) py(s') = uy and at such a point

u.
Vo Leg(s,0. T = ¥y ['jgs u‘j J
2
2 us
= 24 25 ef (s, U) py(s) pqls?) - 5‘} 20

by Cauchy ~ Schwarz's inequality.

Again from Godambe/Joshi(1965) it follows that

_ X
Yy Leatsts 97> %, L3 g7

X
for at least one X in RN (since I Fi is tadmissible' in
Jest ¥y

the class of all unbiased estimators for X for any design).

So, at least for a point (X, ¥) such that v; b 0,
xjizo, yj-xjsko, Vg =% =0 ¥k #&j and for e not

identically same as e* for samples with p(S) > O, we have
V. -V * .
p(e) b (e*) > 0

Hence e* is admissible in C". Q.E.D.
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Appendix -3

8-5

.
B Cyle*,h) = B, [( 2 -ar‘l ,2 " pi) n(s,y,x")_7

ses

~EBfp b 2 02 -ala—l)h(s.y. x') pp(s)

scs' JEs

) ;1 z n(S, y, x') py(s) 7

jes' °j scs

(]
€ =€

=mp, L2 Spd B by e

jest %§  s9djiscs!
using (243.21)

h1(qu:x)P2(S)’-h2(s',x"‘i

=EMEP1 'Jn"i ‘\

z
jzs' sphjlscs'

+ hy(s',x") pz(s)}J using (2+3.30)

z
s9jisc st

IER AR AT

=-E”P1[ Jri{

jes! s{alscs'

+EML’ —H(é 1>\ 2 mylsx) (s }.7

using (243.20)

N e.-s' Q
=mg L5 Sl (g {5 mlstx) mien} T
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= O by independence of (yj, xj) and

(s %)?s for Jj #k and using
il ] v g
Ep1 LThy(st,x') T =0 = 0 -;:j hy(st,x")py(s")

= - % ho(s',x') (s').
sdg 2 P

Appendix =4

Report on 'A randomized response survey on earnings other
than salary and expenses on confidential items for some
specified IST workers in 1982'.

We developed certain theoretical results relating to
sampling strategies with randomized response trials as
presented in Chapter 4. In order to see how they work in
practice we conducted a survey among some specified workers
of our Institute (ISI), viz. the workers of its Computer
Science Unit and Stat ~Math Division.

We identified two items namely (1) income earned in

excess over usual salary and (2) total expenditures on



- 233 -

certain items like alcoholic drinks, gambling etc. which are
not usually approved in conservative Indian Societies as the
ones for which responses are normally unlikely to be availahb?-
with direct enquiries. So, 'randomized trials' using the
device described below were made to get information on them.
Stratification was done in order to apply our method for

this presented in Chapter 4. In order to form an idea about
the accuracy and reliability for this ‘'randomized' procedure
as to be measured in terms of estimated co-efficients of
variation we also get direct responses for each sampled
person on two 'hopefully non-confidential' items like expenses
incurred on conspicuous items (vide items numbered 3 and 4

in the Questionnaire canvassed as attached). Reference
period for each was Jamuary 1 = June 30, 1982 and estimates
were needed for each item total. Our stipulation is that

if the estimated co-efficients of variation do not differ
enormously then we may have some satisfaction about the

performance of the ‘randomized trial'.

Our population as stated above was divided into 5 strat .
on the basis of gross salaries for June, 1982. Their net

take~home salaries were also recorded as auxiliary size-
measures utilized at the selection and estimation stages.*

* Figures supplied by the Accounts Department as advised by the
Director, ISI. This co-operation is thankfully appreciated.
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The gross and net take~home salaries (for June, 1982) earned
by the specified ISI workers are given in Table I below
suppressing their identitjes forthe sake of privacy. We
started a complete enumeration anticipating refusals.
Fortunately refusals were only a few namely 5 out of 89 -~ they
are not included in Table I. Then in order to try out our
proposed (vide Chapter 4) sampling strategy we took a
(stratum-wise and hence over-all too) 50°4 sample. The
stratum sizes are 20, 22, 10, 18 and 14 and the respective
sample sizes are 10, 11, 5, 9 and 7+ From each stratum an
IPPS sample is drawn independently following Sengipta’s (1981)

scheme.

The randomizing device we used unobserved by me (the

lone investigator for this survey) was as followss

Each sampled person was approached with the questionnaire
attached and provided with a set of 3 containers - one
containing 44 red beads and 36 black beads with a hole in it.
and the other two containing some cards (different in numbers)
serially numbered on one side with additional numbers with
sums zero inscribed on the reverse (used to apply the randc-
mizing device, vide Chapter 4). "To answer the first question

(in the questionnaire given below) the respondent was asked
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to shake the first container and see the colour of the bead
througq the hole of the container. If a red bead was noticed,
he was asked to report his true additional income during

last six months minus a constant (given to him as stated in
Table I, to ensure privacy), called 'additional adjusted
income' and otherwise select from the ''second '' contains
one of the cards bearing the "serial number® chosen at random
using a table of random numbers supplied and report the vaiuc
inscribed on the reverse. A similar procedure was adopted
to answer the second quesfion using instead of the '*second’
the ''third" container.

Let 2; denote the response from the ith sampled indivi-
dual on item 1¢ Then an unbiased estimate for the total of
item 1 is

I
Ty

ol=

01 =

™
™
©n

where ¢ = 0.55. Its variance is unbiasedly estimated by

["vide Chapter 4_J

a 1 (mgmg = mi) 22y 2
Vo (eq) = gy —2J_iJ7 (2=~
Rp‘*©1 ?iqss ﬂij T "j
2
1-c Zi g uo2
+ z +— DI A
2 ges T | © =1 ¥
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If the sample were drawn by RNC scheme using the same Py 's

another unbiased estimate would be e, = % ¢ Py,

z
ies p:.
(vide Chapter 4), with

On the basis of the sample drawn by an IPPS method as above
it may be unbiasedly estimated by )

2
s 1 Nen 1 0 21 cita 2
VRp(ez) = el o .ﬁligs 5 ¢ {91

._._a,[_.J_( %)2}_7

& i<j€s
2
2 M
=g 2 1eg 2,
¥ A R S L 3 1
2 fes=T T O iarJ=1 3"

If the sample were drawn by Midzuno/Sen scheme using the same

p;’s another estimate would be ez = % . 2 i/ 2 pl (vide

Chapter &4 7, with
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Vo (ex) = 4 Eﬂfg 222+ 23 T, 7z -2y
Rpt®3? = 2 I s B & B

1
N M
1=c 2 . 1=c N 2
+ 2L, 5 g2 eq B 14
AR PR i

For an IPPS sample drawn, it may be unbiasedly estimated by

2
A 1 - T3Z A% 25 2
Vo (eg) = b + 5% - ¢ e -
Rp*™3 :ZL tes M1 idges 13 { *

nM, - T .oz 2
1. 5s (_La_.adl(%-;g)‘}J

o? 1<ges "3
2
2z M
=g i 1=c N 2
+ « I $o— z 1
C aes o THya Tt

Similarly we estimate the total of item 2. Since we get
direct rcsponses on items 3 and 4 their totals can be

estimated using the above formulae replacing z; by A and
¢ by 1+ The relevant estimates and the samples on which
they are based along with other numerical data used are

given in TablesI - IV below.
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Table I

Giving gross and net take-home salaries (in Rupees) for June,

1982, for some ISI workers serially listed and the values

reported on the Items 1,2,3,4 in the Questionnaire.

Stratum I

(with gross salary in the range 500-900; the constants to be

subtracted respectively for Items 1 and 2 are 300 and 150)

Values reported on

oM e T Ee
1 880,04 689449 -90 150 340 0
2 748430 624475 /300 =150 [ [¢}
3 764475 622.14 =300 =150 15298 16
4 655.20 584469 =290 =150 600 200
5 620.19 511.86 - =110 =150 0o 50
6 721.84 444421 310 140 800 100
7 762.78 438.96 - 30 10 740 25
8 630,20 430492 ~300 =~ 40 =65 5
9 610.13 428,76 -10 - 20 o} 10
10 539.91 426456 =300 . =150 300 ¢}
1 816,22 419.39 =300 .-=150 2135 10
12 630.20 403.67 =235 90 7000 30
13 - 685432 386439 60 .~ 30 250 [}
14 650.29 379465 200 30 [¢] 20

contde.e
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Serial

Gross Net take-home Values {sp"’:ed on
Nos salary pay-packet L -
15 810.22 352.76 900 50 6 10
16 700.38 347.67 300 ~-150 70 5
17 650.19 343.60 200 450 290 50
18 670430 307.25 60 - 40 4]
19 670.30 282.65 - 10 =~ 80 o o
20 621.22 161.81 150 450 0 3]
Stratum - IT

(with gross salary in the range 900-1600; the constants to be
subtracted for Items 1 and 2 are 550 and 350 respectively)

Serial Gross Net take-home Jalues ;‘22;;3 ted on
No. salary pay - packet 7 5 3 "
1 1563.00 1453.58 =550 =350 550 100
2 1582.70 1379.00 - 60 50 3360 2000
3 1582.70 1379.00 =550 =100 200 o
4 1484.60 1375.42 =550 =350 1900 [¢]
5 1396.20 1144.96 =340 =350 75 50
6 1582.70 1005.82 ~280 190 76 5
7 1210.20 1.992.58 120 =350 30 15

contdes.
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Stratum IT (contd.)

Serial  Gross Net take~home Values }‘ig::wd o
Nos salary pay - packet 5 3 T
8 1406.20 98980 -550. =350 2000 100
9 1367.00 948,71 -9 230 0 0
10 1101.60 948,08 -8 30 130 25
1M 1529.95 944,06 =250 =350 800 50
12 1024415 881,79 =40 -340 1316 290
13 1075.85 881414 =50 =290 1250 50
1% 1288,60 880495 =220 =220 300 150
15 998.20 858.33 35100 « 70 2800 5
16 998,20 858.33 -600 =350 1096 0
17 998,20 858433 =475 ~350 508 0
18+ 1484460 " 793099 270 110 85 3000
19 1249,40 771402 2150 =350 12000 230
20 1275 739,00 50 20 50 36
21 1582.70 560404 1450 500 270 45
22 1075.85 528,91 320 -350 40280 15
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Stratum-III

{with gross salary in the range 1600-2100; the constants to

be subtracted for Items 1 and 2 are 300 and 150 respectively)

Serial

Gross

Net take-home

Values reported on

No. salary pay =-packet ZItems 3 7
1 1850 1629.58 4O =150 126 15
2 1984.70 1617.40 <300 =150 2620 300
3 1717420 1594442 700 =150 50 50
4 2076470 1558465 2700 1150 580 30
5 1717.20 1545415 «300 40 1050 25
6 1920.50 1455.07 900 =~ 20 4004 20
7 eI .61 10 150 20 o
8 2063425 1361445 =300 =150 965 40
9 166385 1225.3: 300 300 668 12

10 198750 1162424 O =150 670 35
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Stratum-IV

(with gross salary in the range 2100-26003 the constants to
be subtracted for Items 1 and 2 are 300 and 300 respectively)

Serial  Gross Net take-home Yelueg ;:g;;ted on
No. salary pay = packet ) 5 3 T
1 2496.70 2194454 =300 60 500 50
2 2487.50 2158434 =300 90 0 0
3 2540470 2122404 - 50 300 3813 98
4 2462.00 2091.58 300 =300 6265 50
5 2574450 2088.24 =300 300 0 (o}
6 2457450 195735 =300 « 40 301 10
7 2257450 1887.16 =300 =300 4400 (6]
8 2446.60 1878.66 300 -360 11500 300
9 2539.00 1354-19 =20 <300 2950 0
10 2539.90 1840454 100 -300 0 2000
11 2559.10 1831452 50 =300 4150 50
12 270750 1817.42 300 . =200 30 o]
13 2375400 1774437 1700 : 1500 2000 0
4 214500 1672.86 4700 300 2850 0]
15 2295.00 1573.86 - 50 «40 350 [}
16 2559.10 1427.02 3400 500 4870 100
17 2559.10 1383.86 =200 300 0] 0

18 2462.00 1316496 100 300 980 900
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Stratun-V

(with gross salary in the range 2600-4100; the constants to

be subtracted for Items 1 and 2 are 350 and 300 respectively)

Serial

Gross

Net take~home

‘Values reported on

tems
Now salary pay ~packet 7 ZI i 5 T
1 4037.50 2791470 -110 100 4150 0
2 334050 213642 -350 =300 3520 300
37 3113.50 2663491 90 =50 570 30
4 3224.70 2536454 -150 150 0 0
5 3347:50 257,46 580 -250 4150 300
6 2698.95 2353453 - 60 =300 0 0
7 3199,70 é326.11 350 =300 300 50
8  2865.50 2287.34 -230 <300 4750 0
9 2651.50 2226.92 -150 50 500 0
10 2816420 2182.82 3010 870 2450 100
11 2738460 2657.09 -190 =300 400 20
12 2816420 2003.24 -170° - 190 1300 o
13 2631.40 1976.67 =350 50 © 1100 60
14 2826,70 1763465 60 =300 1200 100
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The two anticipated sets of values (denoted as lj’s)
for answers to Items 1 and 2 in the Questionnaire for the
respective strata are given as (r‘espectively inscribed with

suitable frequencies on cards in containers 2 and 3)s

Strata I and III ¢ (0, 4 10, + 20, + 30, £ 40, + 50, + 60,
+ 70, & 80, £ 90, * 100, + 110, + 120, + 130, + 140, + 150,

+ 160, * 170, + 180, % 190, + 200, + 300)

(0, + 10, £ 20, + 30, + 4o, + 50, + 60, + 70, + 80, + 90,
+ 100, + 150)

Stratum II 3 (0, % 10, + 20, % 30, + 40, + 50, + 60, + 70,
£ 80, £ 90, + 100, # 110, £ 120, + 130, + 140, % 150, + 160,

i+

170, % 180, + 190, £ 200, + 210, + 220, + 230, + 240, + 250,

B+

260, £ 270, 1 280, + 290, + 300, + 310, + 320, + 330, + 340,
£ 350, % 360, 370, + 380, # 390, & 400, + 410, + 420, & 430,

* 448, + 450, + 550)

i+

(0, £ 10, £ 20, + 30, + 40, % 50, + 60, % 70, + 80, % 90,
+ 100, £ 110, # 120, & 130, + 140, + 150, + 160, + 170, + 180,

x 190, + 200, : 210, + 220, % 230, % 240, + 250, *+ 260, + 270,

% 280, # 290, + 300, + 350)



- 25 -

Stratum IV ¢ (O, + 10, + 20, + 30, + 40, + 50, + 300)

(0, £ 10, + 20, £ 30, 4 40, & 50, + 60, + 70, + 80, 4 90,

£ 100, # 300)

Stratum V ¢ (0, & 10, + 20, £ 30, + 40, & 50, + 60, + 70,

* 80, £ 90, + 100, + 110, + 120, + 130, + 140, + 150, + 160,
170, £ 180, £ 190, & 200, 4 210, 4 220, & 230, 4 240, + 250,
+ 350)

I+

(0, £ 10, + 20, 30, + 40, 50, & 60, + 70, + 80, + 90,
100, + 110, * 120, x 130, * 140, + 150, + 160, + 170, + 180,
£ 190, # 200, 4 300).

1+

The units sampled from respective strata with serial

numbers are as follows:

Stratum The sampled units are $
I 1, 3, 4, 7, 8, 11, 13, 15, 16, 18
II 1,25 7 8 9, 10, 11, 12, 14, 19
111 1, 3, 4, 8, 10
v 1y 2, 3, 4, 6, 7, 8, 14, 15

v 1y 2, 3, 4, 6, 11, 4.
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Table - IT
Stratum-wise estimates (in'Rupees) for Item 1 with measures of error

A 1
100x(Vy (e,))Z

Stratum ey GRp(e1) /W}Rp( &) _—--é%
I 7832.91 3.8525155 x 107 1.7553295 x 107 79424
II 13773.87 243216769 x 10° 8.7228455 x 107 110.62
III 1464422 742995975 x 107 6.4659514 x 107 58.34
IV 21795.40 346315027 x 108 2.6234211 x 108 87.43
Vo 2577.07 1.7076855 x 100 1.8613035 x 106 50,71

Table III

Stratum-wise estimates (in Rupees)for ttem 2 with measures of error
1

o 7
Stratum ey /‘;Rp(e1) /\‘IRp(ez) ff’f(_"%;L(i)_)_
I 47,73 142811375 x 1€ 1.0036955 x 106 101.26
1T - 706,05 6.3581721 x 106 648204612 x '106 ~357+13
111 315704 1.4895214 x 107 144153788 x 107 122425
IV 4614.2h 45184466 x 10° 4.8170751 x 10° 46,07
v 192427 345787634 x 106 346366348 x 106 983.90

NeB. The estimate eq may turn out (as it has for stratum II and
Item 2) negative because of the origin-shifting. An
interpretation for the resulting estimate is this that the
auxiliary values lj’s are not chosen quite appropri_ately
(rather they are possibly chosen larger than the true values

on an average).
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-Table = IV

Stratum-wise esfimates (inh Rupees) for Items 3 and 4 with measures
o L}
of error (the estimator is denoted as eq which is e with 2z as Vi

and ¢ as 1 and its variance estimator as v).

Item 3 Item 4
2 >
1 - L}
Stratum ey v 100: v e, v 100x ¥
1 &1

I 29129.92 2.1338045)(108 50415 431.84 4.5128985)(104 49419
II 44881478 145514465x10° 87.76 4919.92 3.2&101121}(106 36461
puns 5149462 2.7316907:(106 32,09 347.85 2.13287743{‘103 13.28
T IV 56835473 1.56303323(108 21499 941,78 1.0957876:(105 35415
V17847402 1,9296164x107 24461 865.70 7-8957212):104 32.46

Remark. Items 1 and 2 are estimated, as expected, less efficiently
than items 3 and 4 - vide the estimated co-efficients of variation.
Comparing GRp(e,]) with ?IRp(eg) we note from this study that possibly
a more efficient strategy would be to use an extension (with rando-
mization) of RHC strategy rather than the IPPS scheme with extended

(with randomization) Horvitz/Thompson (1952) estimation procedures

N.B. Further details about the computations needed for presentation
of the findings of the survey summarised in Tables I-IV are
being incorporated in a Technical Report of the Indian
Statistical Institute, to be available on a request to the
author of this thesis.
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We used the following one-page questionnaire for the survey -
on one side ‘of’ it the undernoted introductory points (to be explained
to an interviewee) were mentioned and the actual questions were
listed on the reverse as given below under the captioni'oucstionnﬂiI‘E"-

INDIAN STATISTICAL INSTITUTE

A randomized response survey on earnings other than salary and
expenses on confidential items for some specified ISI workers in 1982,

Dear Colleague,

Many of us occasionally earn money in excess over our usual
salaries and also spend on certain items of dubious ethical values
the extent and nature of which we do not like to disclose to anyone
else. 8o, instead of enquiring about them directly from you I seek
your co-operation through a randomized enquiry (the details to be
verbally explained to you). As a part of my research programme I
am interested to make a brief study about this with reference to
some of you working now in ISI. In the short questionnaire below
in Item No.1 we ask you about your 'Additional adjusted Income'
meaning your income besides your normal salary minus a constant
(to be specified by me) and in Item No.2 (called 'private adjusted
expenditure', adjusted by subtracting a constant to be given by me)
we ask you about your total expenditures on items like consumption
of alcoholic drinks, gambling and some such others usually consi-
dered unethical in Indian Society, taken all together. To these
two items please answer following the randomized device and not
directly so that your privacy is maintained. To ensure this,
against these items after a slash the phrase 'a related figure' (to
be explained by me) is useds On other items I believe you have no
objecti®n to give the true information. Reference period is
throughout the period 'since January 1, 1982'. For the sake of
confidentiality you are advised not to record anywhere your identity.



Item No.
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Questionnaire

Te Your additional adjusted income/a related figure

2 Your private adjusted expenditure/a related girure

3 Your expenses (if any) on each of the following items$

(a) purchase
(b) purchase
(c) purchase
(d) purchase
(e) purchase
(f) purchase
(g) purchase
(h) purchase
(i) outing

of
of
of
of
of
of
of
of

TV set

Fridge

books
cassettes/records etc.
record players

gas cylinder
furniture

crockery

(3) construction and repair of dwelling places,
purchase of land, buildings etc.
(k) any other (luxury item)

4e  Total voluntary payments made for promotion of scdentific,
-educational, cultural, religious and aritistic activities
in private and public life and for general social welfare

NeBe This enquiry is being made to enable me to report 'a case
study' in my Ph.D. thesis under preparation illustrating
an application of certain theoretical results already

developed.

28 June 1982.

Sd/~ Arun Kumar Adhikary
Computer Science Unit
Roll No.7902
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A SUPPLEMENTARY OH;_U’J.‘ER

Te Opiimality in matural clasg of estimators

Tet from a finise population U of size N labelled
1,000ty 00e,N @& first phase sample s' be chosen with probabi-
ity pq(s’) and from a selected s’ a second phase sub-sample
s be chosen with conditional probability p,(sls') such that
‘the over-all two-phase (double) sample & has the selesction
probability p(8) = p1(s')p2(s|s'). Iet D denote such a
general class of two-phase sampling designs p. Iet
Wy ees,Wy) be vectors of real numbers with I, X unknown with
totals (meams) Y(I), X(@) end ¥ kmowm with wy >0 ¥ j and

total (mean) W(W). When s' 4is chosen the values xj's for

= (y1,-..,yj,...,yn), X= (x1,...,xj,...,xN), W= (g eeny

Jje8' are ascertained giving a vector x', say, of values x5
for jes' and when s is chosen the values yj‘ﬂ for jes
are ascertained giving a veckor y of values yj's for Jje 8.
Thus typically, d = (8,y, x') denotes observable suivey data.
A4S an cstimator for Y one may consider an ostimator e =¢(§,y,x")
By C we mean a class of design-unbiased estimators (UE)'s, e,
say, such that Ep(e) =Y ¥ L. By E, Vp(Covp) we will dencte
design-expectation and design-veriance (co-vaiiance) operabors.

Ve have

Theorem 1, There does not exist a UMV (uniformly minimum

variance) estimator in C based on any design in D unless one

has 2 census.



Proof. Iet By (Ak1""’A'1d.’ ""Aklw K = 1,2, be two fixed
known vectors of real numbers with tobals Ak(k =1,2) and let
a, denoie a sequence of Ay values when ies and a,  dencte
& sequence of AZ:S. values when ies', If an estimator
& = 8(8,y,x') be the UMV estimator for Y wibhin C based cna
design p in D, then the estimator &* = ¢*(5,y,x') =2(5,y,x') -
8(8,a,8,) *A; 18 alsoin C and vp(e*) =0 when Y equals
44 am X oquals A,. Hence the ‘theorem 1 follows.
Following Rao/Bellhouse (1978) 1let us consider the class
€y (within C) of non-homogenecous linear UE's for Y of he form
e=e_=b_* 5 D + 5 oplx o+ "

- _ oY s z b x.
b8 B jes 839 Jes 83 9 jes'-s 83 9

with b_, b , b, 's as quantities free of Y, X subjeck
3 33

s
%0 the conditions

B0 =0, B(Z b y) =T ¥ I,
8 Jes 8j

B2 box;+ I b x)=0 ¥ X.
Pjes B85 4 jes'-s 83 9

Let us write Pj =s'£‘;jp1(e') = E1p1(s'), say,

Q= I 3 py(slstipi(s’) = 5;2,0(8), sey,

8'2j 83
RN LR
ij = 3 2 p(8) = 23):41)(5), say, ~ (these are

8'2 j,k 83 j,k



‘the inclusion- probabilities which will be assumed positive

whenever required fox their use without repeated memtioning)s

R, = = 2 p(8) = 2,5,p(8) and
53 5k 82 12

bl £ p(8) = 5,2,p(8), say. Iet also Z; = sum
8" j,k s3k 2T : 5
ovor (s'-8)3j amd Zg = sum over s'-83j,k as thosc notations
will be used laber.

R1:;j

By :l>1 w'e will denote the class of uni-cluster designs
within D having the property that every bwo first phase samples
with non-zero selection probabilities are cither disjaint or
cquivalent (i.c. having tho same Seb of distinet units) and also
every two second phasc samples from any first phasc sample are
also S0, Othor designms in D constitutc the class D, of non-
uniclusier designs. We have then
Theorom 2. (i) If & UMV estimator for Y in C; based on any
dosign in Dy is to exist thon it has %o bo of the fomm

5-3_=35 S+ oz v+ 3 i

b5 jes % ges' 99 jest-s I 4
whore b;, b; 's are constants independent of S bub subjeck fo

‘the conditions
" " P
. o4l N
vimy=1-4l ¥ 5.
J
(1i) There does not exist a UMV estimator (for Y) in

C; based on any design in D,.



Prouf. (i) Necessary and sufficient conditions (NSC) for e _
- bs
%o belong to 01 are that

N
2,20 p(8) =1 ¥ j and Z,5,b. p(E)+2,5:.b p(E) =0 ¥ j.
128;] 12§j 1553

Also an e _ must be free of 'order and multiplicity' with which
3
andts cccur in 8 in oxder that it may be a UMV estimator (UMVE,

say)s If it is based on a design in D, it follows %hat bEj .
" -

E . b_s_j must each be free of § but may depend only on J.

Combining this observation with the unbiasedncss conditions yields

‘the required proof.

—n

(44) If 3=3_+ % B_y.+ = b x;* T Db x
5 jes 839 jes Bj 9 jes'-s 55 Y

is to be the UMVE for Y in C,, then by C.R. Kao's (1952)

theovem [ vide Exicson (1974) and Rao/Bellhouse (1978)] one

must have

Cov, (8 _,e )=0 ¥ e in C,.

%5 s 5 1
Hexe e _=8 _=e _=(b_=-b)* 5 (b_ -b_)y;
as b3 b8 § 8 gjes 53 83 9

P U MR PR SN S N P
Jes 8j 83 d Jjes'-s 8j sj d
=a_+ b3

Zoa_yst a:x
S jes 8539 jes 353

N a:’ x., say, with

d Jjes'-s 8] d

obvious notations. Working out (but suppressing) the algebraic

details, it may be checked that the following conditions (1.1)~

(1.9) together constituée NSC's for Cov (8 _, e _) =0, mnamely,
P ps’ a8



T a_b_p(8 =0 (1.1

8 8 8

2,(a_ *ab de@® =0 ¥ j (1.2
8 8j s8j

Ta' +ab )+I.(Ba +ab )|p@E) =0 ¥3 (1.3
1[ss;j 5 §j 575 83 §§j]

8j
21225_ a_ 2@ =0 ¥ j (1.4)
8j 8]
3,2,0_a_p(8) =0 ¥ j#k (1.5
8j sk
1[zba +zba ]p(s\=o ¥j (1.6
8j 8j E;{ Bj
[(zb a +387a")+] 5, 8 +al B)
"3 5 Ssrme 22 sy Ec B 5K
L e T R
~3,b_a_+a_ Db_)+3Z,(_a_ +a_b_ )
8j sk 8j sk sk 8j 8k 8]
-3, 2" +a b7 ) ]y(§)=0 ¥ iFk .
. 8k 8§ 8k 8j
53,(a_B. +al B_Jp(E) =0 ¥j (1.8
§5 85 8§85

23[24 (G_a +T. a_)-(5_ a +a_3. )
8j 8k 8k 8j 8j sk 8j Bk

v 3,6 8" +a_ 3 ):lp(§)=0 ¥ Ak (1.9
] 8j sk
In addition, we need (because of unbiasedness of e _ and 'éb_)
bs S
of course

a_p() =0 (1.10)



22,8 p(E) =0 ¥ (1.11)
2%, J

' "
end  Bi(Za_ *Iga ) =0 ¥j. (1.12)
T 5]

Lei Ei be two digbinct two-phase samples with p(S,) > 0,
i = 1,2 ouch that (1) for the supposedly UMVE & _, 5. #05_#0
bs 8y 8,
and (11) for ancther e=e _ in Cy b_=b_ ¥ § obher then
b8 § 5
848,50
it fo =B (5. -a) = 5 3
Then it follows that © Ep(eb ep? dE p(Ey) * a5 p(5,).
This contradicts (141) because 2 a_b_p(8) now equals
3 858
(b_ -5 da_ p(8;) # 0. Siumilarly cne may check contzadictions
8, 3§, 5,
in the obher relations (1,2)- (1,9), following essentially similar
steps as in our criginal dissertation [:cf. pp. 26-32] and thus
note the completion of the proof.

Next we will consider properties of the cluss of estimators
*
e

= I y/0.+ % bx,+ 5 b, x (subject to b. /b, =
bE jes Y b

T jes I3 jegreg 373
T-4l ¥3) vased cnamy p in D, with 2,0, 50 ¥j.
5 J
By 02 we will dencfie the sub-class of 01 congisting of
estimators e _ for which b_=0 ¥ 8 with p(8)>0. Fcr any
bs 8

0

such estimator e°_, say, we have
]



v ) ¥
v, (e = I
P s j=1 bl

2

N
2 2 =
yi(EI, 05 p(8) =D+ 83 gy (8.8,b b_p(E)-1)
T2 5 =1 S E 34 gy Ty

N .
. 52 82b Zeg p) )p(s>]
8j 8j

=113
l\'

J#k 1

now .
2[ b b *Bs b b +2,Dp. b,
RSN 6 8j sk 2 8j sk

5, b b
.
T 5cs

"

-2, b +b: " )] (3
3 sk 8]

5j Bk

¥
+2 ny”(zz b b p(EH

N

+2 By

JHk=1

2| 5 o, (b‘-b")*ﬂ bob ]p(é).
ik 3[ s sk 2 83 sk

Using Cauchy - Schwarz's inequality it is easy %o checl that at a

potnt (L, %) with y; #0, 3, =0 ¥ kij, x5 =0 ¥,

7 (e )~V (e*)
P ps P ops

S

= 3228, b2 p(8) - .
yj(12b§jp(s) 1/QJ)20

and at a point (¥, X) with xj#O, % =0 ¥k,‘-3,yj=0 ¥ i,

T (e°)-V_(e")
Py P pd

2[ 12 WD -
=x512,(8, b_“+35: b_")p(d
JLT1Y 2 55 5 55

o "2y
-(bj Qj+bj (Pj Qj,)]zo.

Prom this one may complete the proof -of

ZTheoren 3. Among estimators in C, based on any design in D,

every estimador e*_
bs

as above is 'admissible'.



2.  optimality of double sampling regression estimator undex
supex-population models
Tet us consider the super-population model M (say), such
that writing B, Vp, O

‘tions, variances and co-varlances generically, we have

a8 operators for model-based expecta-

Em(y:]) =0y, Vm(yj) = r:jg, Cm(yj. ¥ = o040,

B, Gp) =0y, Vylxy) = "j ) Oylxyy 1) = elofoy,

B no _onoow
Gm(yd,xj)—icd . Cm(yj,xk)—p Loy oy

such that -w(ej,e‘_'] (“,O(cd,oé,cg(m,ogp,é", AR
Also € = #*1 and we will assume that in any specific situation

under investigation & is known.

We will consider a sub~class Cy of estimators in O
based on any design p in D such Fhat ¢ béj 20, ¥ b;j £ 0, and

Cov, (3 b_yy, B bx v BRI x)Iy0. (2D

Pljes 8j Y3 jes 83 9 es'-s 83 9

Every design in the sub-class D of D for which evexry
8' with py(s') > O has a fixed size n' and evexy s wiih
py(sl8') > 0 has a fixed size n (< n') will be denched as D.
If in particular ?j = n‘Wj/W and Qj = n&lj/\h' ¥ j then P will
be called an IPPS (inclusion probabilities proportiomal to sizes)
design and denoted as Ew' +the corresponding class being dencied

as Sw « Then we get



Thegrem 4. For evexry e =e _ in 03,
N 2 w
@y gV, (e )2 (1-p) = of (-Q— - 1) + AS(1-p*) I
L 3=1 o] 3=1
+ 2A(1-p™) g "2 L1y, forany
103 oy TR
P in D andany A>O suoh that &by = - MP; ulth the
nagnitudes of k,h; unspecified and (ii) in case aj = uwj .
. "
cr'd =o'y, 05 = " W, ¥ 3, (0<o, ofy " <),
N Vo2
nmv (e )2(1-p)a (—-- 3 wj)*e('v oo Aed - 10
3=
- 20(1=6") 0 2w - 1y
= EV_ (3 _(8)), for evexry B in 5 and B,
B, b8
N 1oy 2
in D where 6 =$———z
hhd (1-p")a"
Y X,
cm(;-‘l, 2 -0, ;‘s
= B I N T (2.2>

v(--h-c(w--‘l,wxk

: X,
and 8 (@) = s %-1 +er(s pl-z —1) = ¢(0), say.
b8 Jes % jes' B3 jes %
[Cef. Rao/Bellhouse (197837 .

Broof. Follows on applying Cauchy-Schwarz's inequality in appro-

priate mammers and using definitions and unbissedness conditions.
Straightforward details are omitted.
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Remaxk 1. The sign of Cm(yj s xj) ¥ j and that of Cm(yj s %)

¥ j#k is supposed to be common and this is to decide the sign

X, X,
of e5( 5 gl 3 5-1) in the estimator e(6). The sbiategy
Jes' 7J Jes J
(B, e _(8)) withany P, in D, 4s ophimal among all
Y vs w v

(F,e Y's with e _ in C5 based on any P design in D.
s 8

Remayk 2. Inocase ¢ = 0, the candition (2.1) is noé needed
and the Theorem 4 follows with obvious modifications.

Remark 3. The value of © depends upon model parameters and i
is not obvious what estimate for i% based on a sample should in
practice be used, C vids. (2.2)] but intuitively sample regres-
sion coefficient should be used to get an approximation for the

regression estimator & _(8), assuming large sauples.
bs

3. An asmtoﬁic approach
If desin-unbiasedness condition on cstimaiors be relaxed
then with the following modificd model one may think of employlng

an estimator for Y following Royall's (1970) prediction apprcach
as discussed below in brief.

) = = a2
Let E;n(yjlxj, )’x:j R Vm(yjlxj) a i’(xj) >0,
and yj's conditionally (given xj‘s) independenty Em(xj|wj) =
2 s
Y'wj, Vm(yjle) =b g(wj} >0 and x;'s, yy's be conditionally
(given wj'S) independent., Then, Em(yjle) = YY'wj = \bwj (say).

Now given a two-phase sample 5 and survey-data d= (8,y,x'),
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one pmay write Y= I y, + I yj+ ¥

¥ T
ies "d  jest-s jeU-g*"d
so that E (Yld) = = y, +Y =2 x. + ¢ 2 Wi e
a jes "9 jes'-s J jeU-s" d

Then, following Royall (1970) one may consider using a
wodel-unbiased predictor for Y as

t=t(d)=zy+;ﬂ X, + 2 W,
jes 3 jes'~s pJ jev~st 4

A
such that Y 4is & function of (yj, Xj7's for jes and § is
a function of y, x' and of W subject to the conditions
N -~ _
E(Y-Y)=0 ¥ s wi?‘r{ py(s') >0 and E (§-9) =0 ¥5
with p(8) > 0.
Considering the mean squaxe error (MSE), nanely,

= e 7Y = = - A_
W = B (6-1) Em[j:y_ g=Yap= 3 &=

es'-s

n 2
(g by —j;}.s.wj(\b— ‘b)]

+ I
. jeU-g? d
~
=a? 3 £x)+( 2 xPPV (Db B glw)
jes'-g jes'-s 3 = JjeU-s"’ J

+( = w.)2 v (”3)
jeu-s* 9B
when appropriate linear regression models as above hold true
BIUE's (best linear unbiased estimators) for Y, ¢ may be soughé
%o be dexiveds Bub following Sarndal (1980), Robinson/Sarndal
(1983), Isaki/Fuller (1981,1982) one may instead employ the
design~based predictor
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Vs ~ X, X o~ .
o= (@) = 2 k4 Y (T - 3 Y+ (W= B )
LR jes 4 D jes 1"31 jes “‘} b j

X.
N =z yj/C}j N ;]) R ‘P‘l' o) %—1
g Sy - jes - €8t j jes .
taking /D = Jﬁ—z %75 and {)D = _J_w. .
jes 44 L d
jes' 7J Jes qj

Then, it follows fthat +’D is nodel-unbiased i.ce Em(tD-Y) =0
¥ 5 with p(3) > o.

If based ona P, design, t reduces to b, say,
2 y./w,
1 Vi, des "3 o1 X1 X
wheret=t(d)=w[—2 s g — I -2z 1.
N z Y. s
w T tw Byos Yy 45 Y e

But neither tD nor tw is design-unbiased.

Formally tw corvesponds to e(6) when the latter is based on
& P, design provided @ is replaced by an estimator for it as

equal to 2 g,l z ;-1 + In general, for © one may use an
Jes "3 Jes 7§

ostimator & = ;’D which will be called Sw when D, is used.

So, we will write % as tw(a). For any constant # for €
irrespective of any underlying model the cstimbor e(8) = e(¥)

is valid in design-unbiasedly estimabing Y. Bubt its optimality

in respect of its efficiency follows only when the postulated model
holds and 6 is as given in (2.2). But 4, s model-unbiased only
under the postulated model and is not design-unbiased. But follow-
ing the approaches due to Brewer (1979) pursued wibh by Sarndal

(1980) and Robinson/Saxndal (1983) or by Isaki/Fuller (1981,1982)
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one .may proceed to eshablish 'Asyupbobic design-unbiascdness'

and ‘consistency' of "“D and tw in cstinating Y. Following

Brower (1979) if we concepbualize that U 4is reproduced X thincs
%o yield analgamated populabion totals XY and KX and on cach
repioduction it is independently sampled in two phases yielding
an cstinator tD (ox: tw) and following repeabed two-phasc
sampling the same esiimator is based on the amalgamated sample

Ek' sey, and the estimabor ty (or tw) is based on Ek to

csilmate KY then ‘'Asymptovic unbiascdness' for iy demends

w k]f_}m» E‘bE (4(5,) - KY)/NK] = 0, tho probubility being
calculated with respect to p. Also 'consistency' of iy denands
[¢E3) Pmtk]:'linm Prob ’-UtD(Ek) - KY| /K> ezs =0]=1 forany

fixed e > 0, no mabter how small and P denofies the probability
distribution (which may also be degensratc) of Y under a postu-
1oted nodol. Pollowing he works of Brewer (1979), Sarndal (1980)
and Robinson/Sarndal (1983) it follows thet tp (and b, &s well)
18 both 'asymptotically unbiased' and 'consistent' for Y. We nced
not elaborate on this further becouse additional work is haudly
needed and also because rigorous investigation of this aspect w:n
not within bhe scops of the original thesis.

The shudy of asynptobic cfficiency of typ and dexivation
of an asyuptobically ophiral design for its use scem difficult and
are not taken up here, Bubt Lf in the model M we only assune

Em(yjlxj) = )’xj and En(lewj) =Y ¥y and take ¢ =YY,
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i follows that 5(6) 18 model~- unbjased for Y if it is based

on any Ew design. Since when based on Bw' 3(6\ coincides wih:

fy+ Adrrespeciive of any modsl, i% is *asynptotically design-unblased'
and 'consistent', Without further work (which we are unable bo
wdercake now) we camnot claim 'asymptobic optimal efficiency' of
(@),

4. altermtive variance estimators

Iet the first phase samples &' of a fixed size n' Dbe
chosen according to SRSWOR scheme and xj' be all positive.
let 9 = xj /_jzs'xj and from a selected first phase sample 2
sccond phase sample s of a fixed size n (<n') be chosen with a
provability py(sls') = py(s) according to (i) any suitable IPES
{with conditional inclusion-probabilities = 4 = nay and
Tk T 241)2(5)) scheme or (ii) RHC scheme or (iii) IMS scheme
using in each case qj‘s (jes') as the size-measuves. Iet sj
denoke the sum of qj's over units falling in the jth group (each
of a common size %‘, suppesed 0 be an inkteger) while applying tho

EHC schemes

Bagsed on these schemes (i) - (iil), the wespeckive cstimabors,

| K I3
nauely, ¢q =gy j:s yj/qj’ ey =g 3 ombsg,

n' geg 95 3
N jes’d
o3 = 4 J;—sq— have the variances

Jes d
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Jp(e.]) = A+Ep1Vp2(e1), Vp(ez) = A.*EPTVP (e,) and
N
- R N S | _—
vp("}) = A+ Ep1vp2(e3) where A = N°(3, ¥ RT 321“3 bl

Following Rao/Vijayan (1977) and using Rao's (1979} genexal

neihod of unbiasedly estimating mean SQUATC eITOIS of linear esbi-
wators for Y we obtain respcctive unbiased estinatoxs o

] Vp(cl),
1=1,2,3 as

2.1 1 1
vy = NO(=, - ) £x
1 n' - N n'(n'-’lij“us

Tk

2 - A
gy D Taedi

j<kes "k
v = WGP n—'le:r)jfiss%%(yj_yk)z
and v3=‘ ’n_'(n—-773<kesg%§k_)
S n, B

i} Vi L IR
q(s5)qa'qk(qj ™
vhere q(8) = £ qse

jes 9

Here v, .'“'1{5"5 ~y~ uniformly nonm-negative bub V4 is so if

nyom Y e ¥ Ik GER oy q(s) > D ¥se

s o
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5. Efficiency comparison
While comparing among the strategies with the estimators

By (1=1,400,6) on pp.111-125 and & (1=1,2,4,404,9) on
Pp.129-149 undexr linecar regression model the appropricte value of
@ i3 zero but non-zero a's axe allowed as we alsc ccmpare with
then the regression estimator vhich is usable for any ©. Since
we focus on the estimators other than the regression estimator,
only small «¢'s are used while presenting numerical values. When
we anticipate large values of o (though its magnitude is not easy
%o guess) our preference is for cstimators with a shift in the

_ ouigin vide pp.163-193, 0f coursc in large samples the regresaion
osbimator 48 hard to beat. But theowetical compaxison of the
regression estimator with the obhor estimators (based on various
sampling schemes we consider) when sample size is small is found
difficult even under simplistic models we postulase. Incidentally
we may consider [ Chaudhuri/Adhikary (1984)) & numerical example
from Cochran (1977, p.325) with N=10, n=2 with y,, % values
given so ¥hat from the cbserved scatter diagram one may guess an
apprepriste value of o a8 32 for a linear regression nudel. The
actpal calewladions come owb as in the table 5.1 below. Here we
direckly calculabe the oxict values of V; = Ep(t;—-"z)z, 1=1,.00,6

'

whore tl's are the estimators given on p.167 and show ‘the uagni-
fudes of zolative cfficloncios B = 100 Tp/ ¥y 4=T,000,6 of ¥
strategies for some valucs of 6, recalling that bhe appropriats

values of © should be within (0, 2a).
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TABLE 5,1
Kolative efficicneies (E;) of the sampling strategies
for various values of 6 within (0, 2d), o = 32,

E E,

L] E.] E2 ?3 E 5

o -

0 103495 100 89,57 100,77 101,08 2,42  (116,06)
12 103.64 100 89,63 100,85 101,12 2,26  (108.48)
22 103,11 100 89461 100,80 100496 2418  (104493)
32 102,37 100 89,49 100,62 100,62 2,16  (103.90)
42 101447 100 89,33 100,50 100,13 2,19  (105.39)
52 100,47 100  89.10 100.23 99.52 2,28  (101,38)

The figures within the parantheses use the asyuphobic variance

of the regression estimator, using Cochran's well-known formula.

Here wo find that the regression estinator is quite unsatis-
factory fron efficiency point of view comparcd to the oxdgin-shifted
estinators, Of course, using asymptotic foruula [ vide Cochien
(1977] the situation is not as bad though reference to this is
not quite fair with N=10 and n=2, From this howover one can
hardly reach any conclusion about what to do in practicc since a
is not rcally easy to guess, This is only an illustration that for
vory suall samples the exact MSE of regression estimator may not

come oub favourable vis-a-vis its possible competitors we consider,
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We £ind it difficulé to coupare the origin-shifted esiimetors
with the regression estiuator in general under nodel and also with-
out nodel for moderate sample sizes (n)> 2). Couparison of bthewm
with Sdrndal's (1980) regression type estimator seems suill more
difficult and this is not attenpted here. We nay note however that
this as well as the regression estimator 48 'model-unbiased' bub
'not design-unbiased' while the former 'is asynptotically design-
unbiased’ and ‘consistent'., The oxigin-shifted estinmators are

however 'design-unbiased' but not 'model unbiased'.

While comparing the unbiased regression estimator (and alsc
the regression-type estimator) and the classical regression estinator
Cvide pp.154~159] the use of the asyuptobic variance formula for
the latter seems inappropriate so that in our original dissertation
Result 1 on p.154, Result 2 on p.155 and Results 4 and 5 on p.158,
consideration of III should be ruled oubt; So we have dropped them
nows The result 3 on p.156 is of course relevant concerning the

clasalcal rogression ostimabor and this we rotain.

6. Optinality in Handomized Responsc Surveys

Lot a suitable randomized responsec tochnique (HRT, say) be
S0 dovisod that cach individual i vhen sampled independently of
cach other makes a random response Zg when the true variabo-value
associatod with him is e

Let B, Vg O denote operators for expectations, variance

and co-variance with respect to randomization. We shall assumo
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thioughout his scciion a model such that for an adopfed RRT,
Bylzy) = a3 * by
2y _ . .2
Bylag) = a3y * 4y

is in (0,12, b; weal, d; (_zbf) arc known constants

where 8,
for i =1,.000,N Various BRI's for which this model scems
appropriate are well-known [ vide Bellhouse (1980) for a review

and also Eriksson (1973) for a particular case].

z:=b,
Writing Z:;. =i _z_' = (z;,...,z;,...,zil) we will

considex estlmators for Y based on z' of the class Cp of
the form
.

eb=e.b(a,_z_)=bs*i)zsb z;

[

sach thob Ep(bs) =0 and 3 b ple) =1 ¥i.
831 i

Then ER(ab) =Dy * iis Dy yi = ‘l‘-b(s,_Y_) =ty (say)
[ vide Exiksson (1973) and notc that F.x_(z;) =53.

Writing EPR = ERp' VRp = va as operaturs for expectation
and variance joinkly with respect to both design and randouization
it follows that

Epn(e.b) =Y.
(c,) ] (z,) (s) (’&
Then,Ve,-EVz Ebus,*v
Rp*b -1 g3 8
[ cof. Eriksscn (1973)]
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2

z
1%. Then ER(E.;) = 5 Zl-=‘t: (say)

Lot o, = I
® O ges My ies %
" N V,(z))
and Vg (ey) = = Rl+v<t*).
Bpp i=1 Ty P'b

) - ot Y - v X
Vkp(t.b) V};p(cb))Vp(tb‘ Vp(tb) since

2 b p(s) > — ¥i.
s34 L M

Lot us consider the super-population model M on Y= (y1, ceesTys

...,yN) such that

- - 2 - . .
Em(yi) =85, Vm(yi) =0, am Cm(yi,ya.) = o404 ¥i#j

whore 65 An (-=<; <=), ':f in (0,®) anmd e in (0,1) aze
unknown eonstanés, Then, under N,

iy
2
= £ EV,(z) T D 8)
uR“(o ) o AACH ey sj.p(
+ + o T (% b, o)
+Vp(bs R bsiei) 4 ,P(;;_zs s, %1
N
+ (1-p) = c,f(z bs pa)-1)
i=1 s?i i

n .
“aldgo, undex M, EVPp(cb 31 B Vp(z, )/ g

0. o
i
v (s Ay eev (2 o2h
Plyes ™ Paes ™
N
2,1
+ (1-p) T ol (—-TD.
g=1 AT

If we restrict within the class of designs of the form p;, say,
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such that the saumple-size is a comstant n and 7, = nwi/w for
1
glven W, (>0 ¥ i), then under the model M(W), say, modified
from M so that
6, =BW , 0 =ol, ¥i with f,o° as uimown positive

constanss, 1% follows that

BV u(e) s ¥ 3 J—EV('\*(1-9)02(E2_ 3w
RN MG A N S n 1

= EmVRp;:(eé) .

For any other mc;del as well on Y including 'Random peruutation
model' [“vide, e.g. Bellhouse (1980)] and ‘exchangeable distzibu-
tion model [[vide Godambe/Thompson (1973)] we may argae thai when
BV (8)) > Emvp@f;) ...(1) holds, it will follow that
B Vpy(ep) > BV (ef) ...(i1). In the litezeture theve exist vell-
known sitvations when (i) holds establishing (ii).

Let us consider ancther super-population model M' (say) cn
Y under which yi's are independently distribubted with finite
means ei’s. Then we will consider cstimators for Y based on _z_'

of the class C of the fom

e = o(s,z"), free as usual of zi'e for ifs,
n
z

such ‘that Ep(e) = z;_ =z (say).

-

&

* -
et e =o"(s,2') = 2 z.'/nt
ies * 7

and e = e(s,z') = e"(s,z') *+ h(s,z') = ¢* + b, (say)
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so thak Eph(s,z') = B, =0 ¥ z' .
Then, we have V,p(e) = Vpx(e** n)
j *
= upﬁ_rk(e +h)] + V,Bg(e)

= EPVR(e'”) - EPVR(h) * VDER(e).

;

Z, =Y,

This i8 so because E C_(e*,h) = EE [( 5 2 dyns,z’ 3]
DB PRLYes ™

"

N z;-7y,
E, 2L 5 nes,z )p(s}]
Rl:5.=1 Y S

N z;-y.

= b £ h(s,z')p(s)
Blis TR e ]

= 0, using Eph(s,_z_') = 0 and independence of
z_‘f.'s for the RRT.

*y - * 7 (¥
So, VpR(e ) = EPVR(e )+ Vpnﬁ(e )

and Vople) = Vpp(e™) = BVp(h) + VBp(e*+ h) - V, (Bp(e™))

i

EpVR(h) + VPER(e) - Vp(xis yi/ni).

Now, assuming that B Ep, Ep commute, we get

BB o)) = BF, Cog(e) - B (1"
5,8, C (Bgle) - ByBp(e)) + (BPBple) - BE Zp(e))
2
- (B,Bg(e) ~ BB Ee(e))]

2 _ 5
B LW, (Bp(e) + By((e) - 52 - v, ]
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= BT, (Bp(e)) + B, a5(E(e) - (D
(i ting A,M(Ea(e)) = B (Bple) - EM(Y)).
B (Tled) - Bv, (Bple™)
= BV, (Bpe* + 1) - BY (8 (e") + T, AL(By(e)) - B a (B (™)
= BT (B () + B, ai(Ey(e)) - B aX(F ")

because IRPCM(ER(E:*), B(h))

) EPFM [ifs y-i;i Eﬂ(h)]

N y,-6, -
nM[ A ek LI P »e|

"

N y,-8
= s 2 dp(z nes g'\\g(s‘l]
%‘[m y E“s;ri ’
(using Ep(h(s,g')) = 0)
=0, using independence of yi's noting thaé
Byl ;iﬂ(s,g' dp(s)) imvolves anly y,'s for ifs.
8
So, EM[VPR(e) - va(e*)j
= EMEpVR(h) * EFMvme(e)) - q‘ivp(mﬁ(e*))]

= BETL (W) + BT + EpAgmﬁm) -5 PR NEL0) PR CEEY



-2 -

et & parbicular sub-class of M' be M" for which
6, =% + Then, fora Vi design AMER(e*) =0 implying

5074 () - Ve ("] >0 unier notel 8,

E Puk Pup

0f cowse for any model, if EMVP(EB(G)) > FHVD(;S VAL (iv)
) A n \ 3
it will follow that DM[va(e)] y EMEVPR(iis 5h)]e e

For non-linear eshimators e however it is noé clear how
Eﬁ(e) 19 %o be determined to cheek (iv) in practice in ovder bo

e able to claim the result (v) for obher models in general,
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