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Abstract

In the modern era of big data, high-dimensional datasets are becoming increasingly com-
mon across a range of disciplines, including machine learning, natural language process-
ing, finance, and genomics. Extracting meaningful information from these datasets often
requires uncovering low-dimensional structures hidden within the data. Singular Value
Decomposition (SVD) and Principal Component Analysis (PCA) are widely used matrix
factorization techniques for this purpose. However, the traditional methods to compute
these are extremely sensitive to outliers, with even a single aberrant observation poten-
tially leading to highly imprecise results. This issue is exacerbated in high-dimensional
datasets, where outliers are difficult to detect. Classical robust inference techniques, such
as M-estimators, struggle due to their diminishing breakdown points as the data dimension
becomes extremely large.

This thesis addresses these challenges by proposing a novel class of robust matrix
factorization techniques based on the minimum density power divergence estimator (MD-
PDE). The MDPDE, a member of the broader class of minimum divergence estimators, is
well-known for its robustness and efficiency across diverse applications. Crucially, it offers
a dimension-free asymptotic breakdown point, making it particularly well-suited for high-
dimensional settings. In this work, we leverage this estimator to develop robust versions
of SVD and PCA, referred to as rSVDdpd and rPCAdpd, respectively.

The thesis is structured as follows: In Chapter 1, we provide the necessary background
on classical matrix factorization techniques, introduce key concepts related to minimum
divergence estimators, particularly the MDPDE, and the notations to be used through-
out the thesis. Chapter 2 presents the novel rSVDdpd algorithm, detailing its theoretical
properties, including different equivariance properties, algorithmic convergence and con-
sistency. Through simulation studies, we demonstrate the algorithm’s superior robustness
compared to existing methods, particularly in high-dimensional settings. We also ap-
ply the rSVDdpd algorithm to the problem of video surveillance background modelling,
showcasing its real-world applicability.

Chapter 3 extends this methodology to robust PCA, resulting in the rPCAdpd al-
gorithm. We establish its theoretical properties such as orthogonal equivariance, con-
sistency and asymptotic normality. We also demonstrate that its influence function re-
mains bounded, ensuring its robustness to outliers. Comparative studies with benchmark
datasets reveal that rPCAdpd outperforms existing robust PCA algorithms, particularly

in scenarios with high-dimensional data with a low signal-to-noise ratio.
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The robust SVD and the PCA algorithms introduced in Chapters 2 and 3 require a
robust estimate of the rank of the low-dimensional component of the data matrix. To this
end, we propose a new penalized criterion, DICMR, in Chapter 4. Theoretical results on
selection consistency and B-robustness are established, and extensive simulation studies
show that DICMR is the best-performing among penalized methods, and also provides
competitive performance relative to cross-validation methods while being computationally
efficient.

A key contribution of this thesis, explored in Chapter 5, is the demonstration that
the MDPDE has a dimension-free lower bound to its asymptotic breakdown point. This
property makes it uniquely robust in high-dimensional settings, a significant improve-
ment over classical M-estimators. We further generalize this result in Chapter 6, showing
that the dimension-free breakdown point holds for a broader class of estimators known as
minimum generalized Alpha-Beta divergence estimators. We derive the necessary and suf-
ficient conditions under which the corresponding divergence measures are well-defined and
nonnegative, contributing to the theoretical understanding of generating novel statistical
divergence measures that may lead to robust estimation in high-dimensional data.

Chapter 7 concludes the thesis, summarizing the key findings and outlining directions
for future research. This includes potential extensions of the proposed algorithms to other
matrix factorization problems and the exploration of more practical applications beyond
those demonstrated in the thesis.

Overall, this thesis aims to contribute to the field of robust statistics by developing
scalable, robust matrix factorization techniques with strong theoretical guarantees and

practical relevance in high-dimensional data analysis.
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Chapter 1

Background

1.1 Introduction

In today’s era of big data, a statistician often has to work with high-dimensional datasets.
To obtain inference from these datasets, she usually aims to uncover an approximate low-
dimensional structure present in these datasets, and one of the primary tools for this
purpose is various matrix factorization techniques. Singular Value Decomposition (SVD)
and Principal Component Analysis (PCA) are two notable matrix factorization techniques
having widespread applications across a multitude of disciplines such as machine learning,
clustering techniques, network and graph analysis, signal processing, video, image and
sound processing, natural language processing, financial data modelling, genetics, etc.

In these high-dimensional datasets, it is often extremely difficult to detect outlying ob-
servations. For instance, it is possible to have an outlying observation in a two-dimensional
dataset that does not present itself as an outlier when one-dimensional projections of the
data are considered; see Figure 1.1 for instance. It is known that the classical matrix
factorization techniques are extremely sensitive to these outliers (Hawkins et al., 2001,
Wright et al., 2009), even a single bad observation can lead to egregiously bad estimates.
Unfortunately, the classical robust inference techniques such as M-estimation methods are
not well suited for such cases, due to the large dimensionality of the data. In particular,
Maronna (1976) showed that an affine equivariant M-estimator of the location and scatter
of a p-dimensional data cannot have an asymptotic breakdown point larger than 1/(p+1),
which decays rapidly for large p. Therefore, as an alternative to that, almost all robust
matrix factorization techniques proposed to date, rely on some form of convex optimiza-
tion problem with finite-sample theoretical guarantees. These optimization problems will
be discussed in detail in Section 1.3. However, these techniques are computationally ex-
pensive and are difficult to scale for arbitrarily high dimensional datasets, which limits
their applicability in practice.

In contrast, the minimum divergence estimators have been found to be extremely effi-
cient and robust in many applications (Basu et al., 2011), and are another alternative to
the classical M-estimators. In this thesis, we show that a broad subclass of these minimum

divergence estimators has an asymptotic breakdown point independent of data dimension.
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Figure 1.1: A 2-dimensional dataset with data points lying approximately on a one dimen-
sional manifold of a circle, and a few outliers in the center which are not distinguishable

as outliers in the one dimensional linear projections of the data.
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This is a key property that makes these estimators suitable for the inference problems
related to arbitrarily high-dimensional datasets. Among these minimum divergence esti-
mators, the minimum density power divergence estimator (MDPDE) proposed by Basu
et al. (1998) turns out to be both robust and efficient, striking a balance between these
two competing properties with the help of a robustness tuning parameter. Also, the MD-
PDE is a single integral non-kernel type estimator (Jana and Basu, 2019), which avoids
any nonparametric smoothing techniques leading to an elegant solution to the estimat-
ing equations in consideration. Therefore, we use the popular MDPDE to derive robust
versions of SVD and PCA estimators and demonstrate efficient algorithms to compute
them. Our proposed new approach leads to a highly robust and highly scalable estimator,

improving upon the limitations of the existing approaches.

1.2 Notations
This section introduces several notations to be used throughout this thesis.

e The Greek and Roman letters in the normal font will indicate scalar quantities. On

the other hand, symbols in bold fonts will be used to denote vectors or matrices.

e For two real numbers a and b, the symbol a V b denotes the maximum of a and b

and the symbol a A b is used to denote the minimum of @ and b.
e The vectors v will generally be regarded as column vectors unless otherwise specified.

e For a matrix A, its transpose, trace and determinant are respectively denoted by
AT, Trace (A) and |A]|.

e If A is invertible, its inverse is denoted by A~!. However, if A is not invertible,
then A~ and A" denote any g-inverse and the Moore-Penrose pseudo-inverse of A

respectively.
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e The symbol Diag (A) denotes the vector comprising of the diagonal elements of the
matrix A, and when the same symbol is used as Diag (ay,...a,), then it means the

n x n diagonal matrix whose nonzero entries are aq, as, ... a, in the same order.

e The symbols A;. and A.; denote the i-th row and the j-th column of the matrix A

respectively.

e For any two matrices A and B, their usual matrix product is denoted by AB,
Kronecker product is denoted by A ® B and Hadamard product is denoted by
Ao B.

e For a matrix A, the notation A®* denotes the Hadamard exponent of A, i.e., A% =
AOAG...ktimes® A for any k > 1.

e For a vector v = (v1,v2,...v,)7, its p-th order norm is defined as

n 1/p
lvll, = (Z Ivi!p> , p € (0,00).
i=1

Clearly, ||v||, denotes the usual Euclidean norm. When there is no scope for confu-

sion, we may drop the suffix 2.

e The symbol f is used as a generic symbol to denote a probability density function
dominated by a measure p on sample space 2 and its Borel subset B. Similarly, 6
is used as a generic symbol to denote a parameter lying in some parameter space O,
where © C R? for some d > 1.

e The symbol P is used as a generic symbol to denote a probability measure. The
corresponding expectation and variance operators are denoted by E(-) and Var(-)

respectively. The covariance operator is denoted by Cov(,-).

e Supp(f) denotes the support of any nonnegative function f, i.e., the closure of the
set {z: f(x) > 0}.

e For a probability density function f, its p-th norm is denoted by

1/p
11l = ( / fpdu> p>o0,

The space of density functions such that its p-th norm is finite will be denoted by
LP(Q, B, i) or just LP when there is no ambiguity in the underlying choice of Q or
B.

e For two probability density functions f and g dominated by a common measure p,
their (A, B)-product is denoted by

(f9)ap = /Q FAgPdp,

for all A, B € R such that the above is well-defined.
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e A sequence of nonnegative functions {f,,} are said to be uniformly LP-integrable if

supy, || fnll,, < oc.

e For a random variable X, the symbol X ~ MN,(u,3) denotes that X follows a p-
variate normal distribution with location g and dispersion parameter 3. When
p = 1, we drop the suffix and use the notation N'(u,0?) to indicate a univariate

normal distribution with mean p and variance o2.

oo

o 1, we denote

e Given two sequences of real numbers {a,}>°; and {b,}

(a) an = O(by) if there exists a constant C' € (0,00) independent of n such that
lan| < C|by,| for sufficiently large n.

(b) a, = b, if these two sequences are asymptotically equivalent, i.e., there exist
two constants C1,Csy € (0,00) independent of n such that Cya, < b, < Caay

for all sufficiently large n.

e We use the symbol C¥([a, b]) to denote the class of all real-valued functions that are
k-times differentiable with a continuous k-th order derivative on [a, b] for —oco < a <
b < co. Extending this notation, we use the symbol C%([a,b]) to denote the class of

all continuous functions on [a, b].
e For any set A, the symbol 14 denotes the indicator function on the set A, i.e.,

1 ifzeA,

1a(x) = :
0 ifxgA

e For a function f(z,y), its first order partial derivatives with respect to x and y
are denoted by 0, f and 0, f respectively. The second order partial derivative with

respect to x and y are denoted by 8% f and 85 f respectively. The second-order mixed

derivative is denoted by 8§,y f-

e In a parametric inference problem for any parameter 6, the superscript 69 will
denote the true value of the parameter that is being estimated, when the true data
are generated from a distribution function G with density function g; the superscript
0™ will denote the value of the estimated parameter at t-th iteration of an iterative
algorithm and 6* will be used to indicate its limit, provided that the sequence of

iterated estimates converge.

e The symbol S’ denotes the r-Stiefel manifold of order n, i.e., the space of all n x r
real orthogonal matrices. When r = 1, the suffix may be dropped. Consequently,
the symbol S™* denotes the set of all orthonormal vectors of length n such that its

first nonzero entry is positive.
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1.3 Mathematical Preliminaries

1.3.1 Singular Value Decomposition

The singular value decomposition (SVD) is a matrix factorization technique that breaks
down any matrix into a product of three matrices: two orthogonal matrices whose columns
consist of the left and the right singular vectors and a diagonal matrix consisting of the
nonnegative singular values. SVD is commonly viewed as a low-rank approximation of
a linear transformation, representing the transformation as a sequence of rotations and
dilations. In the statistical context, the problem of SVD begins with a data matrix X
having n rows and p columns comprising measurements across two “fixed-effect” domains
of interest (e.g., time, space, age groups, genes, demographics, industry sectors, etc.). The
data are arranged so that the ordinal variables corresponding to the rows and columns
are organized in their natural order. If there has been no error in the measurements, then
it is expected that the measurements across each row from left to right will exhibit some
smoothness restrictions. Similar behaviour should also be present for each column as we
move from the top to bottom. This setup is prevalent in many functional data analysis
literature, see Ferraty and Vieu (2006) for further details.

In literature (Yang, 2014), this structure is modelled through a representation of the
form

X =L+E, (1.1)

where the matrix L is a low-rank matrix and the matrix E is an error matrix consisting
of the measurement errors. The smoothness restrictions on the rows and columns here
translate to the restriction on the rank of L matrix. In this model, the entries of the
matrix E, i.e., e;;s are distributed as independent and identically distributed (i.i.d.) mean
zero real-valued random variables. Applying classical SVD of L into (1.1), we can also

rewrite the decomposition as
XnXp - U?’lXTDTX’I‘VIXp—i_EnXpy (12)

where r = rank(L) which may be unknown, and U,V are orthogonal matrices consisting
of the left and right singular vectors and D is the diagonal matrix containing the singular
values of L in its diagonal. The objective of the problem in SVD is to estimate the
components U, D and V given the observation matrix X.

The applications of SVD are immense. Some of its mathematical applications include
computing pseudo-inverses or Moore-Penrose inverses of matrices, efficiently solving sys-
tems of homogeneous linear equations, determining range space, null space, and rank of
a linear transformation, and finding ordinary least square solutions (Golub and Reinsch,
1970). In statistical data analysis and modelling, SVD is used to perform different di-
mensionality reduction techniques such as Principal Component Analysis (PCA) (Jolliffe,
2002), correspondence analysis (Greenacre, 2017), latent semantic indexing (Anandarajan
et al., 2019), etc. Many clustering techniques (Drineas et al., 2004, Cheng et al., 2019),
image processing algorithms (Sadek, 2012), signal processing methods (Vaccaro, 1991,



BACKGROUND

Moonen and De Moor, 1995) rely on SVD as their fundamental component. In the field of
image and sound processing, interesting applications of SVD include image watermarking
schemes (Dappuri et al., 2020), signal denoising and feature enhancements (Zhao and Jia,
2017), audio watermarking (Rezaei and Khalili, 2019), sound source localization (Grondin
and Glass, 2019), and sound recovery techniques (Zhang et al., 2016a), etc. SVD has also
gained prominence in the field of bioinformatics, where it is used for analysing protein
functional associations (Franceschini et al., 2015), clustering gene expression data (Busta-
mam et al., 2018), and predicting protein-coding regions (Das et al., 2017). In the realm of
geographical science, Kumar et al. (2011) employed SVD-based techniques, including its
robust variant, to generate accurate graphical representations of climate data, mitigating
the impact of extreme weather events such as thunderstorms and heavy rainfall. Interested
readers are referred to Johnson et al. (2002) and references therein for further applications
of SVD and related techniques. Such a wide range of applications clearly underscores the
relevance of SVD as an extremely integral component of data analysis across a plethora

of disciplines.

1.3.2 Principal Component Analysis

The classical problem of finding the principal components aims to approximate the covari-
ance structure of a high dimensional sample of many features by the covariance structure
of a lower dimensional sample of “principal components”, obtained as linear combina-
tions of the original feature variables. Mathematically, starting with an independent and
identically distributed (i.i.d.) sample X1, Xo,...X,,, where each X; € RP, and a scale
measure Sy, (y1,-..Yn) to measure the dispersion in a univariate sample {y1,...y,}, the
first eigenvector associated with the principal components is defined as the unit length

vector v maximizing the function
v—= S, (v Xq,...vTX,); veRP (1.3)

Similarly, assuming that the first (k — 1) eigenvectors vy, v, ...0x_1 have already been
found, one can obtain the subsequent k-th eigenvector as the unit vector maximizing the
same function as in (1.3), but under the additional set of restrictions vTv; = 0 for all
i =1,...(k—1). The corresponding eigenvalues are defined as the maximum values of
the scale function, i.e.,

M= S, (1 X1, ... 31 X,,).

In essence, principal component analysis (PCA) takes input n observations of dimension
p, where p is presumably very large, and outputs a set of pairs {(Xk, vg)tk=1,2,...r}
where r is a pre-specified number of components, generally much smaller compared to both
n and p. For each k, the former of the pair Xk denotes the maximum variability expressed
by the k-th principal component, and the latter of the pair ¥ denotes the direction along
which this maximum variability can be found in the given i.i.d. sample. The k-th principal
component is then defined by the variable obtained from projecting the observations along

the k-th eigenvector scaled by the k-th eigenvalue, i.e., {//\\kGLXZ ci=1,...n}

7
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Since .5, is a measure of dispersion, it is independent of the change in mean. Hence,
without the loss of generality, one may assume X ;s to have a mean 0. Otherwise, one
can subtract X = n~! Z?’:l X, from each observation and consider X; — X as the new
sample. Denoting the data matrix X by stacking these observations as rows
X7
X

X5

L 4 nxp

and using the usual standard derivation measure as S,, yields that the direction of the
first principal component is the same as the direction of the eigenvector corresponding to
the largest eigenvalue of the covariance matrix XTX /n. Subsequently, the direction of
the k-th principal component matches with the direction of the eigenvector corresponding
to the k-th largest eigenvalue of the same covariance matrix, for all £ > 1. Hence, if r is
a prespecified number of principal components to extract, then the estimation of PCA is

the same as estimating the eigen-decomposition of the covariance matrix

1 -~
-XTX = Ak URO! .
n Z k’UkUk + E, (1 4)
k=1
where E is the error matrix consisting of the subsequent (k = (r+1),...,(n A p)) eigen-

values and corresponding eigenvectors that are expected to be negligible. The decompo-

sition (1.4) can also be reformulated as
X =L+ E=Upx;Dyx,;V}y, +E, (1.5)

where D is the diagonal matrix consisting of the square root of n times the eigenvalues,
and V is a p X r matrix whose columns consist of the eigenvectors vys. Here, U isan x r
random matrix having i.i.d. mean zero rows, contributing the stochastic component of X.
As a result of the above factorization, the matrix L becomes a low-rank matrix. Whereas
the classical approach to PCA was to consider the variance maximization problem as
n (1.3) (Croux and Ruiz-Gazen, 1996), recent authors (Zhou et al., 2010, Candes et al.,
2011) consider the problem given in (1.5) with sparse E matrix as the robust PCA problem
instead.

Since usually a small number of principal components can explain most of the varia-
tion present in the random sample, its most prominent use is in dimensionality reduction.
PCA provides a simple method of visualizing any high-dimensional data by plotting the
first two or three principal components, aiding in exploratory data analysis (Tukey, 1977).
Locantore et al. (1999) used this technique of projecting data onto the first two principal
components to identify potential outliers in ophthalmology data. Jolliffe (2002) discusses
an application of PCA for variable selection in the regression context. In machine learning
and pattern recognition, PCA has been used abundantly for both supervised and unsuper-

vised paradigms (Vathy-Fogarassy and Abonyi, 2013). PCA has also found its applications
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across many disciplines ranging from multi-sensor data fusion (Lock et al., 2013), image
and video processing (Bouwmans et al., 2018) to material and chemical sciences (Smilde
et al., 2005). The readers are referred to Sanguansat (2012) and the references therein for
further details on various applications of PCA.

Although both SVD and PCA lead to similar decompositions as illustrated in (1.2)

and (1.5), there are some fundamental differences between their stochastic models.

1. In SVD, the data matrix X are observations across two domains of interest having
multiple categories (or levels), hence it is expected that there will be some correla-
tions present between the rows and the columns. On the other hand, PCA considers
the rows of the data matrix X to be independent observations, but across multi-
ple (more than two) variables. Hence, in PCA, only the columns are allowed to be

correlated.

2. In SVD, the entries of E are i.i.d. mean zero random variables, as they represent
measurement errors. In PCA, only the rows of E are independently distributed.
They have zero mean since the mean vector is already subtracted from each row of

the data matrix.

3. The matrix U consisting of the left singular vectors is fixed, deterministic but un-
known in SVD, namely it is a parameter of the model. The only stochastic compo-
nent of the SVD model is the matrix F alone. In contrast, the rows of U in PCA
are random variables. Hence the PCA model has two stochastic components, the

matrices U and E.

A detailed discussion on the differences between the PCA and the SVD can be found
in Yang (2014).

1.3.3 Breakdown Point

The breakdown point is a popular measure of robustness and global reliability for an esti-
mator. While developing the robust Hodges-Lehman estimator of location, Hodges (1967)
motivates the idea of a finite-sample breakdown point of a location estimator as the max-
imum proportion of incorrect or arbitrary observations in the sample that an estimator
can tolerate without returning any egregiously unreasonable value i.e., the maximum pro-
portion of arbitrary observations in the sample such that the estimate cannot be made
arbitrarily large or arbitrarily small. The asymptotic breakdown point of the estimator
is defined as the limit of this finite-sample breakdown point, provided that the limit ex-
ists. However, such a definition makes sense only in the case of location estimators. For
instance, the estimator of the scale parameter can break down when the estimate either
“explodes” to infinity or “implodes” to zero (Maronna et al., 2019). Thus, generalizing
the idea of Hodges (1967), similar to the definition present in Hampel (1971), we define
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the asymptotic breakdown point €* of a sequence of estimators {7}, : n > 1} as

€ = sup{e :e€10,1/2], and,

Goirelg@ liﬂoréfhnnl,g}fPGe,m(”Tn — 00| > 0) =1, for all {Km}fnol}, (1.6)
where Ge,n = (1 — €)G + €Ky, is the class of e-contaminated distributions introduced
by Huber and Donoho (1983), { K, }o°_; is an infinite sequence of contaminating distri-
butions, and P, ,, denotes the probability measure under the contaminated distribution
Gem- Also, in Eq. (1.6), 9O denotes the boundary of the parameter space © C R? (d > 1)
in the extended real number system. Hence, for a location estimator in the univariate
setup, ©® = (—o0,00) and 90 = {—o0, o0}, and for a scale estimator © = (0,00) with
00 = {0, 00}.

Modern literature such as Maronna et al. (2019) adopt this definition for functionals,
and correspondingly define the asymptotic breakdown point of a functional 7" estimating

a parameter @ in a parameter space © C R? (d > 1) as

€* 1= sup {e :e€€[0,1/2] and, inf liminf|T(Gem) — 0ol > 0, for all {Km}%ozl} ,
0o €00 Mm—00
(1.7)
The readers are referred to Definition 3.1 of Maronna et al. (2019) and its associated

discussion for further details.

1.3.4 Density Power Divergence

Minimum divergence estimators have a natural appeal in parametric inference problems.
These estimators aim to obtain the best choice of the parameter that minimizes a quan-
tification of the degree of distance between the parameterized model and the data. These

usually come in two major types:

1. The first type measures the distance between the model family of distribution func-
tions and the “true” distribution of the data. Examples of this type of distance mea-
sures include Kolmogorov-Smirnov distance, Cramér-von Mises distance, Anderson-

Darling distance, etc.

2. The second type measures a statistical divergence between the model family of den-
sity functions and the “true” density function approximating the data. The statis-
tical divergence considered here may not be a valid distance in the sense of metric
spaces, in particular, it may not satisfy the triangle inequality. However, such a di-
vergence measure d(f,g) is nonnegative for all pairs of densities f and g and equals

0 if and only if f = g almost surely with respect to a common dominating measure.

Among these density-based minimum divergence estimators, particular classes require

special attention due to their highly robust and efficient behaviours. Cressie and Read

10
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(1984) introduced the power divergence family of statistical divergences including sev-
eral important divergences like Kullback-Leibler (KL) divergence, Pearson’s chi-square,
Neyman’s chi-square, Hellinger distance, and chi-square type divergences in general. The
family of power divergence is a subclass of the general class of ¢-divergences (Csiszar,
1963, Morimoto, 1963). Another notable divergence measure, namely the density power
divergence (DPD), has been found to be particularly robust and efficient in different ap-
plications (Ghosh and Basu, 2013, Xiong and Zhu, 2021, Pyne et al., 2024). Let, f and
g be two densities dominated by a common dominating measure pu. Then, Basu et al.
(1998) define the DPD between two densities f and g as a family of divergence measures

parameterized by a hyperparameter «, having the form

[ e - (1 ; 1) [readn % [ ean, ita>o.
do(f,9) = @ « (1.8)

/gln <?> du, if @« =0,

provided that both f and g are L!'T%integrable, i.e., the (1 + a)-th norm Ifll4q and
lg9ll14, exist and are finite. The form given for o = 0 can be obtained by taking limit
a — 0+ of the general form for o > 0, to ensure continuity of the divergence as a
function of a. The parameter « is also called the robustness controlling parameter. By
substituting o = 1, the density power divergence becomes the same as the squared L?
distance between f and g which is known to have satisfactory robustness properties in
parametric estimation problems. On the other hand, for « = 0, the DPD reduces to
the Kullback-Leibler divergence, whose minimization results in the maximum likelihood
estimator (MLE), an efficient but non-robust estimator. The parameter « thus provides a
bridge between these two divergences, striking a balance between robustness and efficiency
in estimation.

Given an independent and identically distributed sample of observations Xy, ... X,,

the minimum density power divergence estimator (MDPDE) is then defined as

~

ea = argminda(/g\nafG)a (19)
0O

provided that such a minimum exists. Here fy is an element of the model family of densities
F ={fp: 0 € O} indexed by the parameter § and g, is an empirical density estimate of
g based on the sample X7, ...X,. Note that, the minimization in (1.9) does not depend
on the last term [ g™ (z)dx/a, hence one can substitute the integral [ f&(z)gn(z)dz by
[ f§(x)dGy(z) where G,, is the empirical distribution function of the sample observations
X1,...X,. This yields the MDPDPE to be a solution to the reduced objective function

* [t (1+1) i; f&(x»] |

Ghosh and Basu (2013) extended this estimation technique to accommodate indepen-

0, = arg min
e

dent but non-homogeneous samples (including, for example, the linear regression case). In

this case, the sample of observations X, Xo,...X,, are modelled by a sequence of family

11
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of densities {F;}i", with F; := {fig : 0 € ©}, indexed by a common parameter 6. The
corresponding objective function is then given by the average of density power divergences
between the empirical density of the Dirac delta distribution at X; and the corresponding
model density f; g. In this case, the MDPDE is given by

n

f, = arg min 1 Z [ fi{ja(ac)dx — <1 + ;) i‘f‘g(Xi)} .

n
bco N i

1.3.5 S-divergence

The power divergence (PD) family introduced by Cressie and Read (1984) and the density
power divergence (DPD) family introduced by Basu et al. (1998) have later been subsumed
in a larger “S-divergence” family by Ghosh et al. (2017). The DPD family (indexed by an
) connects the KL divergence (a = 0) with the squared L? distance (o = 1). Similarly,
the S-divergence family (indexed by « and \) connects the entire Cressie-Read family of
power divergences (PD) smoothly to the squared L? distance at the other end but also
contains the DPD class of divergences as a special case. The S-divergence between two

densities g and f is defined as

Stan(@ £) = 5 1A = S8 (g + 5 ol (1.10)
where A =1+ A1 —a), B=a— A1 —«a). The choice of « is usually restricted in the
unit interval [0, 1], but A is allowed to take any real value. However, a sufficient (but not
strictly necessary) condition for the integrals appearing in (1.10) to be well-defined is to
take A > 0,B > 0 and f and g to be both L'*%integrable.

If either A =0 or B = 0, the corresponding cases are defined by the continuous limits

of the divergence form (1.10) under A — 0 and B — 0, respectively, and are given by

1
Staco s ) = lim Sfo.£) = [ om (D) = s (1 - lalka)
(1.11)

and

: ar (9 1 a a
Stnen0:0) = i Sy (0 7) = [om (%) = s (lolte - 1rks)
(1.12)

In this case, a sufficient condition for the integrals appearing above to be finite is to let f
and g be LT _integrable for some § > 0, and the cross-integral terms [ f!*®In(g) and
[ ¢ In(f) to be finite as well. Additionally, in (1.11), we require Supp(f) C Supp(g).
In the same spirit, we require Supp(g) € Supp(f) for Eq. (1.12) to be well-defined. Note
that, here we use the convention that 01n(0) := 0, by using the continuity of the function
2 In(x) near the origin.

The S-divergence class is also a subclass of the Alpha-Beta divergence (also known as
AB divergence) proposed by Cichocki et al. (2011). AB divergence allows one to take A
and B to any real value, instead of putting the restriction A + B = (1 + «) > 1 like the

12



BACKGROUND

S-divergence family. For two density functions f and g, the AB divergence, parametrized

by two hyperparameters « and (3, is defined as

~a5 (1 0)ap — a5 171315 — 545 0l575)  ifaBiat B0,
(S romire/g) = 1118+ lglle) if a # 0,8 =0,

a5 (19) = § & (9P e11%) — gl + 1715) ifa—0,80,
L (SIn(ge/fo) + [ fo/g* = 1) it o, £0,(a+p) =0,
3 J(nf—1Ing)’ ifa=p8=0.

(1.13)

For a = 0, the S-divergence family reduces to the PD family with parameter \; for

a =1, 51 ) equals the robust squared L? distance irrespective of the value of A\. On the

other hand, A = 0 generates the DPD family as a function of c. In Ghosh et al. (2017), it

was shown that the S-divergence family defined in (1.10)-(1.12) indeed represents a class

of genuine statistical divergence measures in the sense that, whenever finitely defined, the

quantity S, (g, f) > 0 for all pair of densities g, f and all « > 0, X € R, and Sy x(g, f) is

equal to zero if and only if g = f almost surely under their common dominating measure.

As in the case of MDPDE, the minimum S-divergence (MSD) functional at a distribution
G with density g is defined as

Tian(G) = aragergin San (9 fo), (1.14)

provided that the minimum exists. Here, F = {fy : 0 € O} is the model family of densities.
Unfortunately, the empirical distribution function cannot be used directly in (1.14) to
obtain the estimate given a random sample X, ... X,, except the case for MDPDE. One
of the approaches is to replace the true density g with a suitable nonparametric density
estimate g, and subsequently perform the minimization in (1.14). Further details on this
estimation process can be found in Ghosh (2015) and Ghosh et al. (2017).

1.4 Organization of the thesis

In this chapter, we described the general aim of the thesis in Section 1.1, several notations
in Section 1.2 and some mathematical preliminaries in Section 1.3. The rest of the thesis
is organized into several chapters as follows: In Chapter 2, we propose a novel robust
singular value decomposition algorithm called “rSVDdpd” using the minimum density
power divergence estimator (MDPDE). We also derive efficient algorithms to compute
it, as well as establish theoretical guarantees about the convergence of the algorithm
and the consistency of the estimator. In the same chapter, we also demonstrate the
applicability of this method in background modelling and foreground extraction of video
surveillance data. In a similar spirit, we introduce a robust principal component analysis
technique “rPCAdpd” in Chapter 3. Standard theoretical properties such as consistency,

equivariance and asymptotic normality of the proposed estimator are also established
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in Chapter 3. In Chapter 4, we indicate methods to determine the rank of the low-
rank component L of a data matrix X having a decomposition as in (1.1). To this
regard, we propose a new criterion function that improves over existing criterion functions,
is consistent and also robust. Extensive simulation studies have been performed and
corresponding results have been provided to support the theoretical derivations.

Moving on to Chapter 5, we analyse the robustness of the minimum S-divergence es-
timator (MSDE) introduced in Section 1.3.5 through an analysis of its asymptotic break-
down point. We establish that under reasonable assumptions, the MSDE (including the
MDPDE) has a lower bound to the asymptotic breakdown point which is independent of
the dimension of the data. This result provides a theoretical justification for the supe-
rior performance of “rSVDdpd” and “rPCAdpd” methods (that use MDPDE) for high-
dimensional datasets. In Chapter 6, we generalize the results from Chapter 5 further and
demonstrate that the dimension-free lower bound of the asymptotic breakdown point can
be obtained for a very general superfamily of MSDE. In this direction, we propose a new
generalized Alpha-Beta divergence family of statistical divergences, provide its charac-
terization and some interesting properties, and then establish the asymptotic breakdown
point related results.

Chapter 7 concludes the thesis and mentions some future directions of research includ-
ing potential extensions of the proposed methods and the results present in the thesis and

applications to more complex datasets.
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Chapter 2

Robust Singular Value

Decomposition

2.1 Introduction and Existing Literature

Several authors (Hawkins et al., 2001, Liu et al., 2003) have highlighted the vulnerability
of the classical method of computing Singular Value Decomposition (SVD) to outliers
present in the data matrix. Specifically, the eigenvalue stability inequality (Tao, 2012)
only guarantees that the eigenvalues of a matrix A perturbed with a noise matrix E may

shift the eigenvalue up to the operator norm of F, i.e.,

Ai(A+E) - ANi(A) < | E|

op’

where \;(A) is the i-th eigenvalue of the matrix A and | E|[,, is the operator norm
of E. In the case where the error matrix E is of dimension n x n, then even if its
entries are independent and identically distributed (i.i.d.) random variables with zero
mean and constant variance, the operator norm can grow at the rate of y/n. This poses
significant challenges in applying classical SVD methods to the real-world applications
described in Section 1.3.1, where the data matrix X is often contaminated with outliers.
Therefore, robust alternatives to the classical SVD methods are essential for producing
reliable estimates in such scenarios.

One notable example is the application of automated foreground and background ex-
traction from a noisy video surveillance data. In this context, outliers can manifest in
several ways, such as noisy frames, low frame rate of the camera, change in illumina-
tion, multimodal backgrounds, presence of small moving objects and instances of camera
tampering (Mantini and Shah, 2019a). Almost all existing methods addressing this prob-
lem (Garcia-Garcia et al., 2020) in an unsupervised manner rely on robust SVD or robust
PCA techniques.

In contrast to the literature on robust PCA, the literature on robust SVD is rather
limited (Yang, 2014). Ammann (1993) was one of the early pioneers in developing a
robust version of SVD. He treated it as a special case of the projection pursuit problem

to be solved using the transposed QR algorithm. Other researchers, such as Hawkins
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et al. (2001), Liu et al. (2003) and Ke and Kanade (2005), approached the computation
of SVD as the least squares problem and proposed robust extensions using alternating L
regression algorithms with the least absolute deviation (LAD) loss function. However, a
simple LAD approach is sensitive to high leverage points, which led to the exploration
of weighted LAD approaches and the utilization of the Huber weight function (Jung,
2010). In a different attempt, Rey (2007) introduced a robust method called “Total”
SVD, which employed Huber’s weight function and “Total” least squares (Markovsky and
Van Huffel, 2007). This approach accounted for errors in both the data matrix and the
singular vectors, in contrast to the usual least squares where the only source of error is
the response variable. Although this resulted in a more robust SVD estimate, the method
faced several convergence issues as mentioned by Rey (2007) himself. Alternatively, Zhang
et al. (2013) incorporated the Huber weight function in the loss function and combined
it with a squared error-based penalty function for regularization, creating another robust
SVD estimator. Wang (2017) used an estimator derived from an a-stable distribution
with a cost function p(x) = log(z? + K?), where the tuning parameter K provides a
balance between robustness and efficiency. Nevertheless, finding the appropriate tuning
parameter K for this estimator was challenging. Apart from a simple alternating L'
regression approach, there is a lack of theoretical guarantees or properties for the resulting
SVD estimates in the literature (Gabriel and Zamir, 1979); in addition, the orthogonality
of the singular vectors are not assured. Yang (2014) provides some solution to this using a
thresholding approach and estimating all singular values jointly, and provides an optimal
guarantee in terms of the minimax error rate. However, this approach only considers sparse
and smooth structures present in the data matrix, and there are no robustness guarantees

in terms of common robustness measures such as influence functions or breakpoint points.

A major limitation of many existing algorithms is that they rely on several matrix
inversion steps, which are numerically unstable for high-dimensional matrices. These

2.3078)) for

algorithms also have a super-quadratic computational complexity (at least O(n
inverting an m x n dense matrix (Ambainis et al., 2015). This can limit the practical
usefulness of these algorithms in real-life applications. For example, in the background
modelling problem, it takes about 13 seconds per frame for the exact PCP (Principal
Component Pursuit) method to converge for a 176 x 144 low-resolution greyscale video
as mentioned in Candes et al. (2011). In comparison, the robust SVD method that we
will propose in this Chapter avoids these matrix inversion steps and takes only 0.183
seconds per frame for the same video. Some algorithms avoid the matrix inversion step by
performing only the rank-one decomposition in the SVD and outputting only the largest
singular value and the corresponding singular vectors. For obtaining subsequent singular
value estimates, one has to work with the residual matrices, which may produce singular

vectors that are not orthogonal to each other.

To address these issues, we introduce a novel robust SVD methodology, called Robust
SVD using Density Power Divergence (rSVDdpd), based on the popular minimum

density power divergence estimator introduced by Basu et al. (1998). The minimum den-
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sity power divergence has been proven to be robust and efficient in estimation in several
contexts (Ghosh and Basu, 2013, Xiong and Zhu, 2021). We also introduce an iterative
algorithm using an alternating weighted regression approach as in Rey (2007), that avoids
the matrix inversion steps and reduces the computational complexity of each iteration to
linear time with the help of parallel computation. We also ensure the orthogonality of re-
sulting singular vectors by using the Gram-Schmidt orthogonalization trick. Furthermore,
we establish convergence guarantee of the estimation algorithm and prove the equivariance
and statistical consistency of the estimates under some reasonable assumptions.

The rest of this Chapter is organized as follows. In Section 2.2, we formulate the robust
SVD problem and introduce the rSVDdpd estimator. An efficient algorithm to compute
this estimate using alternating weighted regression is also presented in Section 2.2.3. Then
we present several theoretical properties of the rSVDdpd estimator in Section 2.3. In
Section 2.4, we corroborate the theoretical findings with extensive simulation studies and
compare the performance of the rSVDdpd estimator with several existing robust SVD
algorithms. Following that, we apply the rSVDdpd estimator to the video surveillance

background modelling problem in Section 2.4.

2.2 The rSVDdpd Estimator

2.2.1 Problem Statement

For the problem of robust singular value decomposition (RSVD), we consider an extended
version of the classical SVD model given in (1.1) to incorporate the presence of outliers.
We begin with a data matrix X of dimension n X p (n and p may be different), admitting

an approximate low-rank representation of the form
X=L+S+N, (2.1)

where L is a low-rank matrix, S is a sparse matrix with a small number of non-zero
entries, and N is a dense perturbation matrix (such as a matrix with i.i.d. random
entries with mean zero and constant variance) representing the measurement errors. As
mentioned in Section 1.3.1, the entries of X matrix correspond to observations from two
“fixed effect” domains. In contrast to (1.1), the non-zero entries of the sparse matrix S
in (2.1) correspond to the outlying measurements that necessitate a robust SVD procedure.
Similar to (1.2), using the classical SVD of the low rank matrix L, we can rewrite the
decomposition in (2.1) as
r
X =Y Mup] + E, (2.2)
k=1

where {u;};_, is a set of r vectors of length n and {v.}}_, is a set of r vectors of length

p satisfying the orthogonality conditions

1 ifk=1 1 ifk=1
, VLY = , kole{1,2,...,r}. (2.3)
0 ifk £ 0 ifk A1

Ty, —
upU; =
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The n x p dimensional matrix E := IN + S consists of the errors e;;s, which are generally
expected to be smaller in magnitude than the corresponding entries of the data matrix
X, except at a few coordinates with outlying observations due to the nonzero elements of
the sparse component S.

Given such a decomposition as in (2.1) or (2.2), the goal of the robust SVD problem
is to estimate the unknown rank r of the low-rank component of X, the left and right

singular vectors ups and vis and the nonnegative singular values Ais. For notational

convenience, let us denote U = [u1,...,Urlpxr, V = [V1,...,Vr]pxr and A as the r x r
diagonal matrix with diagonal entries A1, Ao, ..., A.. Also, the entries of the vectors u; and
vy, are denoted by ug; and vg; respectively, for i = 1,2,...,nand j = 1,2,...,p. In view

of these notations, the orthonormality constraints in (2.3) simply mean that the matrices

U and V belong to the r-Stiefel manifolds S of order n and S of order p respectively.

2.2.2 Derivation

For the time being, we assume that the rank r of the low-rank component L is known, and
focus on the estimation of singular values and vectors. In many practical problems, the
choice of the rank r may be pre-determined by the context. However, when it is unknown,
one may use the methods indicated in Section 2.2.4 or in Chapter 4 to estimate the rank.

The description of RSVD as in (2.1) is equivalent to the LSN decomposition in Zhou
et al. (2010) and is a generalization of the LS decomposition of Candes et al. (2011). In
both cases, the authors assume that the only source of randomness comes from the choice
of the support of the nonzero entries of the sparse S matrix, and all the theoretical results
are proved for this setup. In fact, it is assumed that the entries 1s, 20 ~ Ber(0) for
some 6 € (0,1). In decomposition (2.1), if we additionally assume that the entries n;;s
of the matrix IN are independently distributed random variables, then it follows that the
entries e;; of the combined matrix £ = S + IN follow a mixture distribution of the form
Gij = (1 = 8)G1,45 + 6Goyj for some § € [0,1], denoting the proportion of contamination
through non-zero entries in the sparse component. Here, G ;; and G ;; are the distribution
functions corresponding to the dense perturbation and the sparse outlying components of
eij, i.e., of n;; and s;; respectively. We assume that the distribution G';; admits a density
gij with respect to the Lebesgue measure for all ¢ =1,...,nand j =1,...,p.

On the flip side, although e;;s may follow different densities g;; due to incorrect choice
of the rank of L and differing means arising from the contribution of subsequent singular
values Zgl:ln(ﬁf; AkUgiVg;, an underlying assumption of performing robust SVD up to
rank r is that all subsequent singular values A i1y, Ar12),- -+, Amin{n,p) are small and
same. This can be reflected by modelling these errors to be i.i.d. observations from a
symmetrically distributed scale family of densities, F = {o~1f(:/o) : 0 € (0,00)} with
f(x) = f(—=z) for all z € R, where the functional form of f is known. A popular and
standard choice of f could be the standard normal density function.

Hence, the problem of estimating SVD robustly as in decomposition (2.2) can be re-

garded as a standard robust parametric inference problem. To solve this, we use the min-
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imum density power divergence estimator (MDPDE) introduced in Section 1.3.4. Many
authors (Basu et al., 1998, Ghosh and Basu, 2013, Toma et al., 2020) have noted that
MDPDE possesses strong robustness properties without sacrificing much efficiency in es-
timation. In the high dimensional context where efficiency loss in the popular robust
M-estimation techniques can be rapid (Maronna, 1976), MDPDE provides a suitable al-
ternative method of estimation with high asymptotic breakdown as shown in Chapter 5.
In the case of low-rank decomposition as in (2.2), the MDPDE is given by the minimizer

of the objective function

o)=Ly s vie (24)

i=1 j=1
) e

Here, the parameter 8 = (A, U, v, 02) is restricted in the parameter space [0,00)" X S} X

~

where

r —Q a 1 a X?,_ 7’: A Upi Uk
Vig,i(e):g [||f”ﬁa_<1+a>f <' § = Doke1 MeUkiVkj

g

SP x (0,00), where S” is the r-Stiefel manifold of order n. The resulting matrices A, U
and V as a solution to the MDPDE objective function given in (2.4) is then defined to be
the Robust SVD using Density Power Divergence (rSVDdpd) estimator of the data matrix
X up to rank r.

A standard and popular choice for the scale family of densities is to consider the normal

densities with mean 0 and unknown variance 2. In this case, the V-function given in (2.5)

reduces to
(r).¢ —a 1 1 (X =S Apupion)2 /202
V. 0) = — 14+ — i 2 k=1 M UkiVkj ) 2.6
e (6) =0 [\/l—ka ( a)e (2.6)

2.2.3 Estimation Algorithm

It is extremely difficult to perform a direct minimization of the objective function given
in (2.4), since the quantities U and V are restricted to the nonconvex Stiefel manifolds.

Following the footsteps of Rey (2007), we reformulate the decomposition in (2.2) as

T
X =Y apb] +E, (2.7)
k=1
where ays and bgs are still orthogonal sets of vectors for £ = 1,2,...,r, but not necessarily

normalized. Once the estimates of aps and bgs are known, they can be normalized to

obtain the ugs and vys and the singular values are then given by Ay = ||ax|| ||bx|| for each
k=1,...,r. Similar to Rey (2007), we consider the rank one decomposition first, i.e.,
Xij = aibj+ey, i=1,...n;5=1,...,p. (2.8)

For notational convenience, we drop the suffix for the rank and use a; and b; to indicate
the entries a1; and by; respectively. For a fixed index j, the set of equations in (2.8) can
be interpreted as a linear regression model with Xj;;s as the observed responses, a;s as the
covariates, b;s as the regression slope parameters to be estimated and e;js as the random

error components modelled by the scale family of densities F. As we vary the column
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index j =1,2,...,p, we are posed with p such linear regression problems, solving each of
them will jointly yield an estimate of b = (b1,...,bp) given the values of a;s. Now, one
can interchange the role of a;s and b;s and estimate @ = (a1, ..., a,) given the values of b.
To obtain the rank one “rSVDdpd” estimate of X, we alternatively solve these regression
problems robustly, using the MDPDE described by Ghosh and Basu (2013).

To find the MDPDE for the alternating regression problems, a standard differentiation
of H&l) as in (2.4) with respect to a;, yields the estimating equation

H M@

“(leij/al) (Ieij\/0)2 b = 0,
|zJ|

where s(+) is the score function of the density f, i.e.,

f'(x)
f(x)

assuming f’ exists. The existence of f’ will be later justified through Assumption (Al).

s(x) == , v €R, (2.9)

Denoting
() = = (lz))s(l2)/]l; (2.10)

this can be rearranged as

> _leis/o) | = Y Xigbjibleij/o),
=1

foralli =1,2,...,n. Performing these steps for both the regression problems and for the

estimating equation of o2 yields

Db Xyb(eii/o)

a; = Zj b§¢(eij/a) , 1=1,...n, (2.11)
b = ZZ“;JZ(;B/]O{;’) j=1,...p, (2.12)
o () 52,5, e /o) -

(np) 1 30, 305 ¥ (eij/o) —a(l+ )| flTa
Therefore, one can alternatively use the iterative equations (2.11)-(2.13) based on the
current estimates of a;s, bjs and o? until convergence. To ensure that the estimate of o2
obtained using (2.13) remains positive throughout the iterations, we restrict o2 = ¢ for
some small € > 0 when it becomes less than e. As will be shown later in Theorem 2.1,
under some reasonable assumptions on f, the sequence of estimators obtained through

this set of iterating equations converge to the rSVDdpd estimator, a local minimizer of
2 (0) as in (2.4).

Remark 2.1. An interesting observation is that the right-hand side (RHS) of Eq. (2.11)
can be interpreted as a weighted average of the estimates of a; from all the different
columns. Namely, since X;; ~ a;bj, it follows that X;;/b; is an approximation of a;,
and each such approximation is averaged with weights b?w(eij/o’Q). Here, the ¥(-) func-

tion controls the robustness of the estimates. For instance, if it is decreasing, then errors
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ei; with large magnitude get down-weighted, i.e., it controls the effect of outliers. Con-
versely, if ¥ is an increasing function, then inliers are down-weighted. Here, we use the
term “inlier” to indicate the observations that are extremely close to the model density with
an error term very close to 0. A relevant discussion on inliers may be found in Section
2.8.5 of Basu et al. (2011).

Remark 2.2. If f is the standard normal density, then ¢(x) = e—ow?/2 for all x > 0.
For a > 0, this is a decreasing function of x and hence as mentioned in Remark 2.1, it
leads to a robust SVD estimator by reducing the effect of large errors. However, for a =0,
W(x) =1 and the iterative equations (2.11)-(2.13) reduces to the estimation procedure of
classical SVD (Hawkins et al., 2001). Hence, the proposed algorithm produces a class of

SVD estimators including both robust and non-robust estimators.

Algorithm 1 Tterative Algorithm for rSVDdpd estimator. Here, QR(M) denotes the
QR-decomposition of matrix M.

Require: X,,, o € (0,1] and r > 0.

1: Initialize A as an empty array, A,, and By, with random orthogonal matrices of
appropriate dimensions.

2: for k=1tordo

3: a,b,\ < A[,k], B[, k|, 1

4: o < 1.4826 x med, ; | X;; — med; ; X;;|

5: repeat

6: E <+ (X —Xab")/o

7: a + diag(¢(E)b®*) 1 (X 0 ¢(E))b

8: Al k] < a

9: Q. R <+ QR(A[,1:k])

10: a, )+ QI k], Rk, k]|

11: E <+ (X —Xab")/o

12: b « diag(¢¥(E)Ta®?)" (X 0 ¥(E))Ta
13: B[,k] < b

14: Q. R+ QR(BJ[,1:k])

15: b, \ < QI, k], R[k, k]

16: E +— (X — \ab")

17 ¢ (i vles/o) —npa |FI11S /(1 + @)
18: 02 + max {e, (Z” e?jzﬁ(eij/a)) /c}
19: until convergence

20: Append ) to the array A
21: X« X —ab
22: end for

Given that such a rank-one decomposition as in (2.8) can be obtained, one can stack

the estimates of a;s to get @, and combine estimates of bjs to get B, the non-normalized
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first set of the singular vectors. Then these can be normalized to obtain an estimate of
the first singular value as A = ||@l|| [|b]| and an estimate of the corresponding singular
vectors as u = a/ ||a|| and v = E/ ||B|| For the subsequent singular values, one can apply
the same algorithm on the residual matrix X — Auo'. Such a method to reuse rank
one approximation is quite common in the matrix factorization literature (Hawkins et al.,
2001, Cichocki et al., 2011). However, this method does not guarantee that the subsequent
singular vectors remain orthonormal to the previous set of singular vectors (Yang, 2014).
The orthogonality property usually degrades as one estimates more and more singular
values. However, in between two singular value estimation steps, one can perform a
Gram-Schmidt orthogonalization trick (Giraud et al., 2005) using QR decomposition to
restore the orthogonal property. The exact technical details of the estimation algorithm

are outlined in Algorithm 1.

2.2.4 Choice of the Hyperparameters

There are two hyperparameters to the rSVDdpd algorithm: the robustness parameter
a € [0,1] and the rank r of the low-rank component L of X matrix. In this section, we
discuss the choice of these parameters in a data-driven manner.

The robustness parameter « in the objective function (2.4) provides a bridge between
robustness and efficiency of estimation. Through extensive simulation, we have seen that
increasing « reduces bias in estimation at the cost of increasing variability, under any kind
of contamination. Thus, to determine the optimal choice of «, we consider a conditional
MSE criterion as in Huang et al. (2009). Some elementary calculations yield that the

optimal choice of the robustness parameter is the minimizer of the criterion

2

3/2 r r
~(@))2 o 1 (@) ~Wy2, L ~a) (1) o
@ (1) A el I B e

(a)

where a,@,@,ﬁ are the estimates of k-th non-normalized singular vectors, and (6(®)? is
the estimated error variance as obtained by rSVDdpd algorithm with robustness parameter
a. Therefore, one may choose an equally spaced grid of values of « in the range [0, 1], and
then perform a grid search over these values to minimize the criterion indicated in (2.14).

The rank r is often determined by the context in which the robust SVD is being
used. For example, for video surveillance background modelling applications, considering
a rank-one or rank-two decomposition is often enough to accurately capture the variations
present in the background content. In general, one may use the simple Elbow method or a
generalized bi-cross validation method as described by Owen and Perry (2009) to estimate
the rank r in a data-dependent manner. Based on our simulations, we have found that
the Elbow method (i.e., finding out when there is a large drop in two subsequent singular
values followed by a significantly smaller drop) works well in our simulation settings, and
hence is used for its computational simplicity. However, later in Chapter 4, we propose a

new criterion to tackle the problem of rank estimation in detail.
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2.3 Mathematical Analysis

Since the estimation process of the subsequent singular values and vectors follows from
the same estimation technique of rank one decomposition on the residual matrix, we shall
restrict our attention to the study of different properties of the rSVDdpd estimator for the
rank one decomposition only. To ensure all the results developed in this section are true
for the subsequent singular values and vectors as well, the assumptions on the distribution
of the data matrix X must hold for the residual matrix after subtracting the effect of the
previous singular values and vectors. We assume that this is indeed the case.

In the context of rank-one estimation, we redefine the parameter comprising only
the first singular value and corresponding vectors, 8 = </\,{ui}?:1,{vj}§:1,02). The
corresponding parameter space becomes @ = (0, 00) x S" x SP x [¢,00), where € > 0 is a
small positive quantity and S™" is the space of orthogonal vectors of length n such that its
first nonzero coordinate is positive. Such a restriction on the parameter space is necessary
to ensure the identifiability of the rank-one robust SVD problem, since one can switch the
signs of both w and v resulting in the same decomposition. In view of (2.11)-(2.13), the

sequence of estimates 0® is then related in the following way,

(*) (t)
(t41),,(t+1) _ Zj v; Xijw(eij Jo®)

A : (2.15)
>, (@20 (elf) fo®)
D (D) _ 2 u X (e o) (2.16)
T SR fo)
oty )T ) el o) (.17)
(np) =1 X2, (el /D) — | fI1ES /(1 + )
for all £t = 0,1,.... Here, we use 0™ and its elements to denote the value of the esti-

mated parameter at ¢t-th iteration of the algorithm. Before proceeding with the statistical
properties of the rSVDdpd estimator, we establish the convergence of the above iterative

procedure under three simple assumptions.
(A1) Assume that the model density f is twice differentiable with respect to its arguments.
(A2) The model density f is symmetric and satisfies f’(x) < 0 for all x > 0 and

L@, )
2 ) T

where s(x) is the score function as defined in (2.9).

, for z > 0. (2.18)

(A3) There exists a constant K such that z?¢(z) < K for all x > 0 where 1 is as given
in (2.10).

Remark 2.3. The Assumption (A2) is not a very strict condition on the choice of f. As
a result of f'(x) <0, we obtain ¥ (x) > 0, and the condition in (2.18) implies only that

1 is decreasing. Thus, the provided conditions simply amount to the requirement that the
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weights in (2.11)-(2.13) are nonnegative, and the larger errors are down-weighted so that
it leads to a robust estimator. It also means when the errors are large in magnitude, their
reduced effect due to small value of ¥(-) ensures that the estimates remain stable from one

iteration step to another, leading to accelerated convergence.

Remark 2.4. When f is standard normal density, (x) = e=*/2 " This means that
Assumption (A2) is automatically satisfied due to the nonnegativity and decreasing nature

of V. Assumption (A83) is satisfied in this case with K = 2/ae.

Theorem 2.1. For a fited n and p and the data matriz X, xp, if the Assumptions (A1)-
(A3) hold, then the sequence of estimates 8% obtained through (2.15)-(2.17) converges to
a local minimizer of HS)(H) given in (2.4).

Proof. Note that, each 1% )(0) as in (2.5) bounded below by the finite quantity

ij,a
1
o (Hfuiii.t - (1 n a) f“(0)> |

due to the decreasing nature of f. Hence the same lower bound also applies for H(g})(é’).
Therefore, for any compact subset K C ©, there exists at least one local minimum of
Ho(ll)(O) over § € K.

We first show that iterative equations (2.15)-(2.17) reduces the value of the objective
function Hy m (0). We shall show this only for Eq. (2.15), as the rest can be shown similarly.
Let, e(t+1/2) Xij — )\(tﬂ)ugtﬂ)v(t). Then,

() _ (+1/2) 0 kU zk ey folt )
v ¢ S (02 (e ”/a )

Let’s call the second term in the above sum as v( ) ¥. We aim to obtain an upper bound of

lef|. Note that, we can divide both sides of the equatlon by ¢® and consider egk)/ o®) as
the rescaled errors, hence without the loss of generality, we can assume that o(t) = 1. By

an application of Cauchy-Schwartz inequality and the Assumption (A3), it follows that

ka ) e®s)
< max {1, (Zw,@)?w(eg}?)) (Z( Y2y “’)) }

k k

< max {mK (Zw,&“)?wi?)) } ,

k

2

(t) < max< 1,

where the last inequality follows from Assumption (A3). Therefore, it follows that

; 1 )
lef| < max ,nK <max{nK, 1/ (max |e;; ])},
S ()2 () i

due to the decreasing nature of 1. Note that, max; ; \el(;-)\ is a finite quantity since it is
maximum over a finite set, for fixed n, p and ¢. We call the bound at the right-hand side

as Bi(max; ; |e§§-) ).
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Moving on, in view of the definition of HS)(O), it is now enough to show that

H”WU lef?]
= () - (5)] =0
(2%

Again, due to the rescaling, we assume o) = 1, so an application of Taylor’s theorem

yields

7 (1e5721) = 12 (1e1) = —aw (el 1) (1elf) = vV~ 1€
o
—5W@wi—¢err#W%

. t+1/2
where ¢ is some value between e£j+ /2)

()

ij
1'(¢) < 0 and hence the second term on the right hand side is nonnegative. For the first

and e;’. Because of Assumption (A2), we have

term, consider the inequality

ON 1O L0 ) (1) (efjt)) — (ef —oep)?
zj:¢ <|6ij |) (|6ij | — ‘ez’j UG )= zj:d’ <|€ij |) | | N \e(t) Uj(-t)eﬂ
<#¥ (eff = vyer)?

>3 (1ef))

b
7 2 max; j |€¢j | + Bi(max; ; \eg)\)

This lower bound is nonnegative since by the structure of €}, it minimizes the weighted

> (Ie]) (el = vPa)?,
J

over choice of all possible a € R. Adding these quantities for all i and putting it back to

squared error

the Taylor’s series shows that each iteration decreases the value of the objective function
ad. Now, the sequence {H&l)(H(t))}fio becomes a decreasing sequence of real numbers
bounded below (as shown before), and hence has a convergent subsequence by Bolzano-

Weierstrass Theorem. Let || X denote the Frobenius norm of X given by

1/2

n p
XN p = DD 1Xi

i=1 j=1

Then, the facts that H(gl) is a continuous function of 8 due to continuity of f, and that &
can effectively be restricted to a compact set [0, || X ||p] x S™" x SP x [e, || X || ], imply that
0 converges to some 0*. Finally, since 8* satisfies the iterating equations (2.15)-(2.17),
it in turn, satisfies the estimating equations, i.e., the gradient of Hc(yl) at 0% is zero. This

implies that 8* is a local minimum as we wanted. O

Let us denote the converged estimator as 8" = (A", {uf};_;, {v;}j_}, (0 *)2), whose
existence is now assured by Theorem 2.1. On the other hand, let us denote the population
counterpart as 89 = (A, {u}7_;, {v]},_}, (o 9)2), which is the true value of the parameters
that are ultimately being estimated. Similar to the iteration rules (2.15)-(2.17) for the

rSVDdpd estimator, the true value 9 is expected to satisfy such fixed point criteria, in the
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sense of overall population based measures rather than its empirical counterparts. With
this in mind, we define these “best” fitting parameters for the particular setup of SVD

under consideration.

Definition 1. Let, X be a data matriz of order n X p such that its entries X;;s are
independent but not identically distributed with respective density functions g;;, for all
i=1,...nand j = 1,...p. Then, 89 = (N9, {u}?_ 1,{1} i1 (o 9)2) is called a “best”
fitting parameter for the robust SVD problem if the following conditions hold

1. The {u}s and {v]}s constitute entries of unit vectors, i.e.,

f:(uzg)Q =1, and Ep:(vf)Q =1 (2.19)
=1 j=1

2. Foranyi=1,2,...,n; j=1,2,...,p,

Nud = argmin/Vf(‘;a, v]g-, (09))gi;. (2.20)

a

3. Foranyti=1,2,...,n; j=1,2,...,p,

Mvj = argbmin/vf( suf b, (09)%)gij- (2.21)

4. Foranyi=1,2,...,n; 7=1,2,...,p,

(09)? :argmin/Vf( )\gul,vj,a )9ij —argmm/Vf ud )\gv o) g (2.22)

Vitwiab?) = It - (1) o (1252

Here, (2.20) shows that the minimizer of the quantity on the right-hand side of the equation

where
T — ab

—~

2.23)
g

is always Aa?, independent of the choice of column index j. One example where this
assumption holds is when the true densities g;; are densities of the normal distributions
with the location parameters being elements from the best rank one approximation of
X, i.e., the entries of the data matrix X;;s are normally distributed with mean p;; and
constant variance o2, and the matrix p = (kij)i j= is of unit rank.

For the popular case of modelling the errors via normal distribution, the V; function

as in (2.23) reduces to

Vy(v;a,b,0%) =0~ (\/114_704 — <1 + ;) ¢~ (x ;ab)) (2.24)

where ¢ is the standard normal density function given by
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2.3.1 Uniqueness

Since the aim of the rSVDdpd algorithm is to robustly estimate the singular values and
the singular vectors of a given data matrix, it is required to show that the “best” fitting
parameters as introduced by Definition 1 resemble the behaviour of the usual singular
values and vectors. Regarding this, the following theorem claims that if the elements of
the data matrix X follow a decomposition as in (2.2), then the “best” fitting parameter

given by Definition 1 matches exactly with the usual singular values and vectors.

Theorem 2.2. Let the data matriz X be such that X;; = X"u}‘v}f + €;; where €;;s are
i.i.d. random variables with density (0*)~'f(-/c*). Then 69 is the unique “best” fitting
parameter if 09 = ()\*,{u r 1,{1} i 1, (0%) ) € O, the parameter space.

Proof. The proof follows from verifying that the postulated 69 indeed satisfies all the
conditions present in Definition 1. Relation (2.19) is verified by the implications that u}
and vjs belong to the respective Stiefel manifolds. To verify (2.20), note that with vf = v}
and 09 = (o), the quantity in (2.20) is equal to the minimizer of

1
/Vf(x a, v, o )—i—a/gf‘j,

over a, since the last term is independent of the minimization over a. But this is exactly
same as the density power divergence (DPD) between the model density f and true density
gij- From Theorem 2.1 of Basu et al. (1998), it follows that this divergence is minimized
if and only if two densities match, ie., a = Au;
the roles of u; and vj, (2.21) and (2.22) can also be verified. This proves that * =
(O (T P (0 i1 (o 0*)2) is a “best” fitting parameter for the given setup.

52) be another “best”

By similar logic and interchanging

In order to prove uniqueness, suppose 6 = (X, {w} {0 }¥ i,0
fitting parameter. Then again, the DPD with v; and o substituted for v} and o™ respec-
tively, is minimized at a = Xﬂi independently of the choice of j. However, this divergence

can be made equal to its minimum value 0 if and only if 52 = (¢*)?, and

Auvj = Nujvy, i =1,...,n;5=1,...,p, (2.25)

z]?

which follows from Theorem 2.1 of Basu et al. (1998). Since, both 8 and 6* are “best”

fitting parameters, they must satisfy (2.19). Hence, we have a chain of equality

(Nii)® =) (o) = > (A ujv))? = (Au))?.
J J
Taking sum over the row index ¢ now yields A2 = (A\*)2. Since both X, \* >0, it follows
that A = A\*, and consequently, |&;| = lui| and [0} = |v]].
Now suppose 9; = (—vj) for some j. Along with Eq. (2.25), it means that 4; = (—u;)

for all ¢ = 1,2,...,n. This leads to a contradiction since both w = (u1,...,4,) and
u* = (u},...,u}) cannot be in S", as one of them will have the first nonzero coordinate

negative. O
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The following corollaries of Theorem 2.2 now immediately establish the validity of
the best fitting parameter, for the case when the entries of the data matrix X follow a
normal distribution, or are deterministic (which is a special case of the family of normal

distribution with variance parameter equal to 0).

Corollary 2.1. Let the data matriz X be such that Xi; are i.i.d. N (Nujvj, (0%)?).
Then 69 is the unique “best” fitting parameter with normal model family of densities if
07 = ()\*, {uwftr,, {1) i1 (0" ) € ©. In this case, the V -function will be considered as
given in (2.24).

Corollary 2.2. If the data matrizx X is of rank 1 such that X;; = A ugvs for all i =
L.o.ooyn, j=1,...,p, with 3 ,(u})? = Zj(vj)Q = 1, then there exists a unique “best”
0) if 69 € O.

ﬁttmg parameter given by 09 = (X\*, {u’}7_,, {v i1

2.3.2 Equivariance Properties

We have seen that if the entries of X are of special structure as in (2.1) without the
sparse term S, i.e., only low-rank component plus the i.i.d. noise component, under
correct specification of the family of densities f, the best fitting parameter equals the
singular values and the corresponding vectors. However, in case of misspecification or if
X includes the sparse component S, it still contains independent entries and, therefore, we
can show that a “best” fitting parameter satisfies equivariance properties similar to what
the traditional singular values and vectors will satisfy. One such equivariance property
is that whenever the data matrix is multiplied by a positive scalar quantity, the singular
values are also multiplied by the same scalar quantity. However, the singular vectors
remain unchanged. The following theorem presents this equivariance property for a “best”

fitting parameter.

Theorem 2.3. If a “best” fitting parameter for matriz X is 09, then a “best” fitting
parameter for the matriz cX is 0’ = (e, {ud}r,, {v yap (ca9)?) for any positive real

constant c.

Proof. Tt is obvious that 0’ satisfies (2.19) as 69 is given to be a “best” fitting parameter.
Considering the matrix Y = c¢X, let us denote the true density of Y;; as ggg (+), as opposed
to ¢;(+) denoting the true density of X;;. A change of variable formula yields that gz};(y) =

¢ 1gij(y/c). Hence, from the substitution principle of integration, it follows that

/Vf <y7a, v, (o )2) 935 (y)dy = /Vf (z aje, v, ( )2> g5 (2)dz.

Since the right-hand side is minimized at a/c = Mu, the left-hand side is minimized
at @ = eX\9u. This verifies (2.20). In a similar manner, (2.21) can also be established
by interchanging the role of © and v above. For the parameter o, again a substitution

principle applies, and we obtain
/ Vf(ya C)\guz ) 1}] y O )gm (y)dy =c“ / Vf(z AU,L ) ’U?, Jg/CQ)Qij(z)dz'
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Again by the hypothesis that 69 is a “best” fitting parameter, the latter is minimized

when o/c = 09, hence the former is minimized at 02 = ¢?(¢9)2. This verifies (2.22). [

Another equivariance property of the traditional singular value decomposition is that
under any row (or column) permutation of the data matrix, the entries of the left (or
right) singular vectors permute accordingly, while the singular values remain unaffected.
Such a property also holds for a “best” fitting parameter. Let mr and w¢ denote some

such permutations on the row and column indices of the data matrix X respectively.

Theorem 2.4. Let P,Q be permutation matrices corresponding to the permutations g
and 7o, on the row and column indices of the matriz X . If a “best” fitting parameter for
the matriz X is 69, then a “best” fitting parameter for permuted matrix P)(QT 1s the cor-
respondingly permuted version of 09 given by 6’ = (N, {(Pu9); 1, {(QvI); 1 yap (09)?).

Proof. Let, Y = PXQT. Then, (2.19) is satisfied for the new setup as Zznzl(u;qu(i))
S (uf)? =1 and similarly > (v 7rc(y))2 =>4 ( J) = 1. To see that (2.20) hold for
the new setup with 99 note that for every j = 1,2,...,p, the minimizer of the integral
n (2.20) is uf, independent of the choice of j. Now, considering (2.20) for 75'(i) and
751 (j) instead of i and j, we obtain

/\guigl(i) = argmin/Vf(ac a, yg - )’( g)Z)g *1(2‘),7@1(]‘)(1’)6553- (2.26)

K
a R

Note that, if we consider a vector w9 with its entries u{, then u 1) is the i-th entry of Pu.

Similarly, v7 is the j-th entry of Qu. And finally, the (i, ]) th entry of the new matrix

L)
Y is same as Xﬂél(i)mal(j), thus the density for the element Yj; is g;; Y(y) = gwél(i)77r51(j)(y)
which can also be verified by a change of variable formula. Combining these, (2.26) can

be reformulated as
V(P = arguin [ Vy(yza. (Qu7);. (07)2)g% 1)y

This shows that (2.20) holds for new matrix PX QT with the given best fitting parameter
6’. The relation (2.21) holds by imitating the same proof, except interchanging the role

of w and v. Finally, relation (2.22) for the permuted matrix follows from noting that

. g g 2
/ Vi (s MU 15 V10 021 mt () ()2
= [V Pu) (@u),.0%) gl )i
O

Please note that the Theorems 2.3 and 2.4 impose no restrictions or assumptions on
the model density f or on the true density g underlying the entries of the data matrix X.
Hence, even in cases of model misspecification or the presence of outliers in the data, the
estimated singular values and vectors obtained from the rSVDdpd algorithm still adhere
to these desirable properties. Consequently, it’s possible to appropriately scale the entries

of the data matrix X before initializing Algorithm 1, and then adjust the scaling constant
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to the singular values in the final step. This rescaling process significantly enhances the
numerical stability of the rSVDpd algorithm. Furthermore, this can also be justified from
another viewpoint: By demonstrating that these equivariance properties hold not only for
the “best” fitting parameter but also for the converged rSVDdpd estimator, provided that

the initial estimates exhibit a similar equivariance structure.

Theorem 2.5. Let 0* be the converged rSVDdpd estimator for the matriz X, starting
from an initial estimate 0. Then, for any constant ¢ > 0, the rSVDdpd estimator for
the data matriv X' = c¢X converges to (e\*, {u; }7_1, {vi }|_, (co*)?) provided the initial

estimate is (A, {ugo) 1 {Uj(-o) §:1, (co(9)2).

Proof. Let us denote 0™ denote the estimate at ¢-th iteration for data matrix X and let
g(t) denote the same for the matrix ¢X. Clearly, it is then enough to show that for all
t=1,2,...,

2O = ea® (5’(15))2 - 02(0(15))27 ﬁz(‘t) — ugt), 5]@) _ v§t).
We will show this by using the principle of mathematical induction. For ¢ = 0, the claim
is validated by the equivariance of the initial estimate. To show the inductive step, we

first consider (2.15). Note that, the error at ¢-th step for the new matrix satisfy

by induction hypothesis. Therefore,

~(t) ~t) )~ ®) (t)
N Zj €Y ;iijw(eij /&) = czj Yi X"jd)(ceij [eo™) — o)\, )
~(t ~t) )~ t t 7
Zj(vj(' ))2¢(€U)/a(t)) > j(fu](. ))21/1(cegj)/ca(t))

(2
Performing the same steps with (2.16) and (2.17) ensure that

(t+1)

X(t+1)5§t+1) _ C)\(t+1)UJ(-t+1), FD — oo )

Finally, since the estimates of the singular vectors are normalized and restricted to be in
the parameter space @ = [0, 00) x St x SP x [0, 00), the inductive step follows from the

normalization. O

Theorem 2.6. Let 0* be the converged rSVDdpd estimator for the matriz X, starting
from an initial estimate 0 Also, let P and Q be the permutation matrices corre-
sponding to the permutations mr and wc respectively. Then, starting with the new ini-
tial estimate (A0, {ufr(gl(i) A {U7(r05)1(j) 1;:1, (c()2), the rSVDdpd estimator for the data
matriz PXQT converges to the corresponding permuted version of 0% which is given by

()\*7 {uj;gl(i)}?=17 {v:—al(]) ?:1’ (U*)2)

Proof. This proof is very similar to the proof of Theorem 2.5. We shall again denote
~(t

6" and 9( ) as the estimates at the t-th iteration for the data matrices X and PX QT

respectively. Again, it is enough to show that for all t =1,2,...,

N0 — A (g(t))z _ (O.(t))Z, ﬂgt) _ u(t)1 ) V)
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which we shall show using the principle of mathematical induction. The initial case t =0

follows from the equivariance of the initial estimate. Note that,

“(t) (PXQT) (t)a(t) () — (PXQT) (t) (t) (tzl — e(tz

’ Yt @) ot G) St )t ()’
by the induction hypothesis. Here we use the fact that the (7, j)-th entry of the permuted
matrix PX QT is same as the (75 (i), 75" (j))-th entry of X. Now,

Rl _ 2 5 Xt )V @) /5)
Z Z »(~(~t))2¢(“e§§) /5®)
2 o ) Kt m‘”(eer Lzt o)
Z]( tzl(] )2¢( (t ! j)/o )
Zj’”('t ( / “)
) Z(“)%( Z /O—(t)

— \t+D),, (t+1)
A RG)

This completes the inductive step for u-values. Performing the same steps now with
Eq. (2.16) and (2.17) completes the proof. O

, by induction hypothesis

, since m¢ is a permutation

2.3.3 Consistency

The convergence result presented in Theorem 2.1 ensures that under some minimal as-
sumptions, the rSVDdpd algorithm given by the iterations (2.15)-(2.17) converges to the
rSVDdpd estimator, i.e., a local minimizer 0 of Hc(yl)(H) given in (2.4). However, in view
of Definition 1 of a “best” fitting parameter 69, it is necessary to know whether such a
local optimum remains close to a “best” fitting parameter in an asymptotic sense. In
this asymptotic regime, we allow both the matrix dimensions n and p to grow to infinity,
subject to a constant ratio in the limit, i.e., n/p — ¢ for some ¢ € (0, 00).

Answering this question about the statistical consistency of the rSVDdpd estimator
has two technical difficulties. Firstly, the parameter space © is not necessarily convex
due to the presence of the coordinates related to singular vectors. This problem can be
circumvented using an inverse stereographic projection which transforms this non-convex
parameter space © into a convex parameter space = C R(™P). We call this parameter
space = as the natural parameter space in the given setup. The one-one transformation 7

between these two parameter spaces ® and E are governed by the following two equations

Y I e o I

n—1) 1)
T( 2 <)\ {a’b}z 1 {5J}§p 1 702)
200 (n—1) U2 -1 25], (p—1) V2 -1 )
=\ ¢ 2.28
’{U2+1}i:1 )U2+17{V2+1}j:1 )V2+170- 9 ( )
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where U? = ESZ;I) a? and V2 = ngz _11) BJZ. The above transformation is well defined for
all points such that u, # 1 and v, # 1. Accordingly, we denote 1 as an element of this
natural parameter space =, where the corresponding transformed parameter 8 = 7'(71)(?7)
denotes an element of ©.

The second problem is that the dimension of the singular vectors is not fixed and grows
with the dimension of the matrix. Thus, as n,p — oo, the dimension of the parameter
space, i.e., (n + p+ 2) grows linearly in n or p and increases to infinity. This means that
although rSVDdpd uses the MDPDE proposed by Ghosh and Basu (2013) to solve the
linear regression problems, their consistency results cannot be used directly as it assumes
the dimension of the parameter space to be fixed. This varying dimension problem has
been of considerable interest to many authors under the M-estimation setup (Huber, 1973,
Portnoy, 1984). Most of these results assume convexity of the objective function (He and
Shao, 2000), but that cannot be employed in our case. Here, the objective function is
convex in any of the parameters individually when the other parameters are kept fixed, but
becomes non-convex if all the parameters are taken together. To deal with this problem,
we need to apply some concentration bounds on the error terms, for which we will restrict
our attention to the scenario where the model density f is the standard normal density
function. Note that, this choice does not put any restriction on the data matrix X or
its distribution, rather it focuses on a specific class of rSVDdpd algorithm. As will be
indicated later in Remark 2.6, it is possible to relax this assumption and consider f to be
any symmetric subgaussian density in general.

Now that the necessary foundations are laid out, we can present the consistency theo-
rem, which claims that under some reasonable assumptions indicated below, the minimizer
0* of H&l) as given in Theorem 2.1, is a consistent estimator of the best fitting parameter
609. However, note that the description of a “best” fitting parameter indicated in Defini-
tion 1 is applicable for fixed n and p. In contrast, statistical consistency is an asymptotic
property requiring the dimensions of the matrix n and p to grow towards infinity. To
resolve this conflict in a unified setup, we assume that for varying n and p, a sequence of
“best” fitting parameters exists. We denote the (7, j)-th entry of the data matrix X, ,
of order n x p by the random variable (Xj;)n p, and indicate the assumptions about it as

follows

(B1) There exists a sequence of the best fitting parameters {6, ,}7°,_; such that 67 =

N, {uf Yy v Yoy, (9hp)?) and Xjjs are independently distributed as

[o.¢]

n?p:
9,9 .9 g 7.

Xij =X Uy V5, + o pZijs

foralli=1,2,...,n;5 =1,2,...,p and Z;;s are i.i.d. following a common density

function g.

(B2) The density function g is such that the integral [ e=%*/2g(2)dz exists, is finite, and
is three times differentiable and the derivatives can be taken under the integral sign.
Also, the integrals [ zke_a22/2g(z) are finite for £k =0,1,...,4.
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(B3) The density function g is symmetric.

(B4) For each pair of positive integers n and p, there exists an open rectangle R, ;, inside
E,p, C RM*P) containing the natural parametrization 3, of 6, , such that the
sequence of sets T 1(R,,) does not contain a limit point with @ = (0,...,0,1) or

b=(0,...,0,1) for all sufficiently large n and p.

(B5) The converged rSVDdpd estimate for the data matrix X, ;, i.e, 65 , (the mini-
mizer of Hr(zlz)v as indicated by Theorem 2.1) satisfy (a;,)T # (0,...,0,1) and (b,)T #

(0,...,0,1) for all sufficiently large n and p.

(B6) The variance (o3 ,)? in best fitting parameters satisfy (o5 ,)% =< (np) /2, where =

denotes the asymptotic equivalence as both n,p — oc.

The first Assumption (B1) is simply a description of the setup. Assumptions (B2) and (B4)
are standard assumptions connected to the MDPDE (Ghosh and Basu, 2013). Assump-
tions (B3) and (B6) are required to provide concentration bound on the covariance terms
and tail probabilities respectively. It is well known from random matrix theory that the
Gaussian ensemble with each entry following a standard normal distribution has the sin-
gular values asymptotically at the order of (y/n + ,/p) (Tracy and Widom, 1993, Mehta,
2004). However, since Assumption (B1) indicates that the same A9 acts as the singular
value for any n and p, the variance of the entries of the data matrix has to go down

asymptotically to ensure that the singular value does not grow with increasing n or p.

Theorem 2.7. Under Assumptions (B1)-(B6), if the model density f is the standard
normal density, then there exists a sequence of rSVDdpd estimates G;kw, which is consistent
for the sequence of “best” fitting parameters 89, , given in Assumption (B1). That means,
as both dimensions of the data matriz X, , (i.e., n and p) tend to infinity subject to a
constant ratio in limit, i.e., limgjgg% = ¢ for some c € (0,00),

H‘g:,p -0

ol =0,

i probability.

Proof. First, we observe that the stereographic transformation mentioned above can be
employed and would remain valid because of Assumptions (B4) and (B5). Now, to prove
the consistency, we shall take a route similar to the one taken by Ghosh and Basu (2013)
as in the case of MDPDE for independent and non-homogeneous (inh) setup. Instead of
showing that the rSVDdpd estimator, i.e., 9271) is consistent for 85, ), we shall instead show
that 1, , is consistent for 7, ,. Let us denote H,, ,(n) to indicate the H-function as in (2.4)
evaluated at @ = 7 1(n), for fixed n and p with V; substituted by Vj given in (2.24). To
prove that 7, , is consistent for 17.p, we shall show that for any sufficiently small r > 0,
Hnp (M p) > Hnp(nhp) for sufficiently large n and p, for any n,, ,, with [|n,, , —nf.pll2 = 7.
This means that the value of H,,, at the surface of the ball of radius r centered at 03,

would be higher than its value at 07, », and hence by the smoothness of H,, ,, it is ensured
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that there will be a local minimum strictly inside that ball. Proceeding as in Ghosh and
Basu (2013), we start with the Taylor series expansion of H, ,(n,,,) about 7, ,, for any
fixed n and p. For notational convenience, we suppress the subscripts n and p from n and
1Y which should be obvious from the context. We also use the symbol 8%, T, Hnpln to
denote the k-th order partial derivative of H,, , in the direction of the variables x;,, ..., z;,

respectively, at the parameter value 7).

Hyp(n) = Hnp(n?) = O Happlno (A — A7) + Z Oa; Mo plms (i — z)

(p—1)
+ Z 03, M plns (Bj — BY) + 0y M plus (0% — (09)?)

2
+ 5 Z amcl Mo H”7P|"19 (nkl - ngl)(nk‘z - 7722)
k17k2

+ = Oy M (ks = ) (ks — ) (kg — )
k1,k‘27k3

1 1
=511+ 512+ 513+ 514+ 552 + 853,

where 1’ is a point on the line joining n and n?, and the quantities Si 1, S1,2, 51,3, S1.4, S2
and S3 respectively denote the summands they are replacing. Here, n; denotes the k-th
coordinate of the vector n,, ,. Also, a;’s and f3;’s are the natural parametric represen-
tation of the elements of left (u;,) and right singular vectors (v;,) respectively, where
the dimension subscripts (n and p) have been suppressed for notational convenience as
indicated before.

Clearly, the smoothness of H,,;, along with Assumption (B1) on the normality of the
errors, indicates that [ H, pg;j(z)dz can be differentiated thrice with respect to the natural

parameter 7, ,, and the derivative can be taken under the integral sign. Hence, we have
E [anan,p’ng] = Oy, E (Hnp) ‘ng =0, (2.29)

since the population version of the objective function EH, , is minimized at the true
parameter 9. Thus, by a generalized version of Khinchin’s Weak Law of Large num-
bers, it follows that as m» and p both increase to infinity, each of the first-order partial
derivatives goes in probability to 0. However, the problem arises as there are potentially
infinitely many terms (as the parameter space increases in dimension). This jeopardizes
any approach to naturally extending the proof of Theorem 3.1 of Ghosh and Basu (2013).

Before proceeding further, we note that since > ,_;(uf)? = 1, its derivative yields
> ohoq uOa;uklns = 0 for any ¢ = 1,...,(n —1). Similarly, Y7, v; 85]vl|ng = 0 for all
j=1,...,(p—1). Also, for notational convenience, we denote w;; = e —aZj/2,

Let us consider each of the sums 57 1,512,513 and S14 pertaining to the first order
derivative separately. Since O\H, p and 0,2H, , both converges in probability to 0, hence
for sufficiently large n and p, we have |S; 1| < 73 and |S; 4| < 73 with probability tending

to 1. Now, to deal with an increasing number of summands in S;2 or 513 we apply
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Chebyshev’s inequality after bounding its expectation and variance separately. By the

chain rule of differentiation,

Sn,p += Z Do, M plns = Zaukap‘uz Z Oa; Uk |ns (2.30)
i=1 k=1 i=1

where On,ug|ns denotes the partial derivative of the entry of the left singular vector wuy
with respect to the stereographic projection variables a; at n9. As in the case of (2.29),
one can verify that E [aw%n,p’ud =0 for all k = 1,2,...,n, and, therefore, Eq. (2.30)

implies that E(sy ;) = 0. Turning to its variance, it follows that

(n—1) 2

Var sn p E E aaluk‘u Var (&Lk%n,p’ng)
k=1
n n—1 2 2 2
(o +1)*(N)
— O, By,
;; ; g (2r) 2ot n2p2 !

where B; = E(ZZQ] Z]) Here we use the fact that for k # [,

Cov <8Uan,p|uiv aUan,p’uf) =0,

which follows by noting that the part of H,,;, dependent on u; would consist of only the
k-th row of the data matrix X and similarly 0,,H  will depend only I-th row of X, which
are assumed to be independently distributed in the current setup. Also, an application of

Cauchy-Schwartz inequality yields that

(n—1) (n—1) (n—1)

wi= Yol <D W < V=T Y )] <vn-T1.
=1

=1 i=1

Therefore, as uj, € (—1,1), the sum

2

n (n—1) n
ST Onwnlns | =@ —ug)282+ 3 (1 w) — ufS.)”
k=1 i=1 k=1

= (1 —u?)%S% + n(1 —ud)? — 82 +252ufd — 2S,uf (1 —u),
< 48% 4 4n — S% 4252 148,
<dn—+4An+n+2vn —1,

which is further bounded by 11n in magnitude. Therefore, for sufficiently large n and p,
Var(syp) = O ((09)_(2a+2)/np2> )

Since we have 09 =< (np)~'/* and o < 1, it follows that Var(s,,) — 0 as n and p tends
to infinity. Therefore, we have | Z (9%7-[71 plns| — 0, with probability tending to one.
Along with |a;—af| < r, we have |5172| < 3, for sufficiently large n and p, with probability
tending to 1.
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(p—1)

Reversing the role of n and p, and considering Ejzl 8@.7{”4,\,79 instead, one can
show that |S1 3] < r3 for sufficiently large n and p with probability tending to 1. Thus,

combining everything so far, we obtain
1S1] < |S11] + [S1 2| + [S1,3] + [S1.4] < 473,

for sufficiently large n and p, with probability tending to 1.

Now, turning our attention to the second order term Sy, we start by writing the expres-

sions for each second-order derivative term. Let, Co = —(a 4 1)(27)~%/2(09)~(@+2) /np,
then
E [0{Hnplys] = Ca ZZ 9K [wij(aZ] —1)] = CoBa
i=1 j=1

where, B, = E {wij(aZ.z- —

i 1)} For the mixed derivative,

2 2
[aA,aiHMMW E |:6>\:Uk Hnﬂud 8aiuk ‘Tlg

[=>
k=1
n p
— Z C N ZUJQ-IE [wkj(angj + )\guivf(aZ,fj — 1))} O Uk
k=1 j=1
= 0

since, E(Z;jwi;) = 0 by symmetry of g and we know Y7 | ujda,uk|ns = 0. Exchanging

the role of uf s and v? s, we obtain

E |63 5, Huplns | = 0.

A chain rule of differentiation can be used to obtain the second order derivatives of H,, ,

with respect to «;’s as

|:a§,“aj nvp’ng:| = ]:E

n

2
=) E [%J‘ln,p!ug] Do Uk |9 Oor k| o
=1

2
Zauk%nﬂugaal a]uk|ng+zzauk,ul np|u ugaazuk|ngaagul|779 )
k= k=11=1

Ed

since, E [auan7p|ui} 0 and for k£ # 1, E [ o ulanp‘u;Z,ulg} = 0. A similar calculation as
above reveals that

E(9;, Hnplns) = Ca(N)*Ba.
Combining this with the fact that
- (1—uf)? if,i=j
Z 8aiuk"r,gaajuk|ng = . . V!
k=1 0 lfa ? 7é J

yields
Ca(M2By(1 — uf)? i =

[621 aj n,p|ng} = i ] :
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Exact same calculation also holds for E <8§Z 8 Hn,p]ng) with uj, replaced by vj. Because of
Assumption (B4), (1—u$)? and (1—v§)? can be bounded below by some § > 0 independent
of n and p. Also, note that

n

[821,[3] n,p‘ng] Zﬁazuﬂngaﬂ]”l‘ngE[ g vl n,p

p
k=11=1
p

’lL ’l)l]
n

Z Z Oy ko 03, 01| s Ca N E [09wiy Ziy + Nudv! (aZy — 1))
=11=1

k
0

which follows from noting that E(zklwil) = 0 by symmetry of the density function g and
the fact that ), ui@aiuﬂuz =3 vlgagjv”vfz = 0. Furthermore, as shown in Ghosh and
Basu (2013), the scale and the location estimator become asymptotically uncorrelated for

the classical linear regression setup with normally distributed errors. Therefore, we have

E [agmmn,pmg} —E [8gj702%n,p|ng} —E [8102%@1,,9} =0,
and

ala+2) (a+1)
4Wita 2

E [02:Hplop) = (2m)/%(o) 40 | Ba] = e,

where B3 = E (wij( - 2Z2 +a(l- 22 )2/2)) Therefore, if we consider the (n+p) x (n+
p) matrix ¥,, , whose (k1, kg) th element is given by E(@nk ke Hnplns), then ¥, , turns out
to be a diagonal matrix with nonzero entries of the order of (¢9)~(®*2) /np and o= (@),
among which the minimum is at the order of (¢9)~(®*2) /np due to Assumption (B6).
Hence, the minimum eigenvalue of ¥, , is bounded below by Kj(09)~(@+2) /np for some
positive finite constant K.

Now, we decompose Sz by considering elements of ¥, ,, as follows

2
Z amcl My Hnplno (ke — Uil)(ﬂkz - 77;‘32)
k1,k2

=y [ ey 1k Tonplms — (‘I’n,p)kl,@} (Mey = 1,) (s, — 1)
k1,k2

> (W) ko (ks — 1) My — 71E).
k1,k2

Here, we can apply an orthogonal transformation on (7 — n9) to express it as a linear
combination of the eigenvectors of ¥, ,, so that the second term can be made greater
than or equal to K;(c9)~(@+272 /np. Also, it is evident that the first summation has the
expected value equal to 0. By a similar routine calculation as above, one can show that
the variance of the first term also goes to 0. Therefore, for sufficiently large n and p, with
probability tending to 1, So > (=13 + K1 (c9)~(@+2)r2 /np).

Finally, turning to S3, we note that the expected values of the third-order derivatives
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are bounded as shown below.

—(a+3)
B [03H p ]| = Mi UTp Z(uwj)?’ ,
Z7-]
—(a+3)
B (02 Mgl ]| = Mo | == 3 0w)?).
j
o—(a+3)
‘IE [agj"r"ln,pw” = M3 T Z()\ui)?’ ,
|E (052 Hnply] | = Mao=(*F9),

where My, My, M3 and M, are positive finite constants. The first three among these
are O(oc—(@+2) /np) and the last one is O(c~(@+6)) which follows from Cauchy-Schwartz
inequality and the normalization of u;s and v;s. Combining these bounds along with
the continuity of the third order derivative of H, , and Assumption (B6), we obtain that
|S3| < M o~ (@16) for sufficiently large n and p, and for some sufficiently large finite positive
constant M independent of n and p. Therefore, using the bounds for the individual terms
of the Taylor’s series, we have

o)~ Hg?) > (=57 4 7ot ) 9r% < M(o,) #0r) (230
with probability tending to 1 for sufficiently large n and p. Now since (09)* < (np)~! due
to Assumption (B6) and as 09 — 0 as n and p tends to infinity, it follows that

lim & (o)t fnp _ Ki(ofp) 00
np—00 5+ M(o§,)~@+6) 54 M(a] )~ (2+6)

=Ky € (0, OO)

Choosing r < K3 ensures that the lower bound in (2.31) remains positive, i.e., Hp (1) >
Hnp(n?) for any n satisfying ||n —n9||2 = . This is exactly what we intended to show at
the beginning.

Finally, since * is consistent for 1Y, an application of the continuous mapping theorem

completes the proof. ]

Remark 2.5. Theorems 2.5 and 2.6 are, respectively, the empirical counterparts of Theo-
rems 2.3 and 2.4. In view of Theorems 2.5 and 2.6, the equivariance properties hold given
that the initial values of the iterations of rSVDdpd algorithm also satisfy such equivariance
properties. However, from the convergence and the consistency of the rSVDdpd estimator,
it follows that for sufficiently large n and p, the converged estimator can be made arbitrar-
ily close to the true “best” fitting parameters with probability close to 1. Since these “best”
fitting parameters obey the equivariance properties as assured by Theorems 2.3 and 2./, it
follows that for sufficiently large n and p, the converged estimator will also approrimately

satisfy these equivariance properties, irrespective of the equivariance of initial values.

Remark 2.6. Instead of restricting the rSVDdpd estimator to consider only the normal

family of model densities for the consistency result in Theorem 2.7, it is possible to choose f
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to be any symmetric subgaussian density. In this case, Assumption (B2) needs to be appro-
priately modified to ensure that the corresponding 1 (-) function defined in (2.10) is two-
times continuously differentiable and the quantities [ zFi(2)g(2)dz, [ 22(¢'(2))%g(z)dz
and [ 22" (2)g(z), are all uniformly bounded.

Also note that Theorem 2.7 ensures the consistency of the rSVDdpd under a general
setup where the errors may follow any arbitrary density function g subject to the Assump-
tions (B1)-(B6). Therefore, it also allows density functions of the form g = (1 —€)g1 + €go,
which is a contaminated version of density g; contaminated by density g2, provided that
both g1 and go are symmetric density functions. Additionally, to ensure that Assump-
tion (B2) is satisfied, a sufficient condition is that the density function g is thrice con-
tinuously differentiable and the random variable Z with density ¢ has finite fourth-order
moments. However, even if the moment condition does not hold, one can directly show
Assumption (B2) for all & > 0 in certain setups. For instance, in the case of Cauchy
density,

2 % ghe—ax?/2 2 e 2 a—1
E(Z%e2%"/2) :/ ———dx = ea/Q/ e Vdt — ———,

oo T(1+22) N NCING] V2ma3/?
which is finite for all @ > 0. Therefore, except for & = 0 (i.e., in the case of MLE), the
consistency of the rSVDdpd estimator is ensured by Theorem 2.7 even when the errors

follow a Cauchy distribution with heavy tails.

2.4 Simulation Studies

In this section, we compare the performance of the rSVDdpd estimator with existing ro-
bust SVD estimators. As mentioned in Section 2.1, the amount of literature concerning
the robust SVD is limited, and the publicly available implementations of these existing
algorithms are scarce. Here, we consider two existing robust SVD estimators for com-
parison, namely the ones proposed by Hawkins et al. (2001) and Zhang et al. (2013).
Implementation of the robust SVD algorithm proposed by Hawkins et al. (2001) (to be
referred to here as pcaSVD) is available as an R package pcaMethods (Stacklies et al.,
2007), which outputs all singular values and vectors of the input data matrix. The second
algorithm by Zhang et al. (2013) obtains the first pair of singular vectors based on the

minimization procedure

(u,v) = argmin [p <X — uvT> + Pi(u, v)} ,
(u,v) g

where p(+) is the Huber’s loss function and P, is a regularization penalty term to motivate

smoothing in the entries of the singular vectors. For an extensive comparison, we consider

two variants of this algorithm. In one variation, we perform the minimization with only

Huber’s loss function without any penalty term, which we shall refer to as RobSVD,

while in the other variation, we follow the recommended procedure of minimization with
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a penalty term, which we shall call RobRSVD. Implementations of both of these vari-
ants are available in the R package RobRSVD (Zhang and Pan, 2013). To compare these
algorithms on a level ground, we also add a wrapper on these two variants which outputs
the subsequent singular values by sequentially applying the same method on the resid-
ual matrix. Additionally, we consider two randomized SVD methods: rSVD by Halko
et al. (2011) and pcaOne by Li et al. (2023); the implementations of these algorithms are
available as R packages under the same names (Erichson et al., 2019, Li, 2022). Finally,
we have made available the implementation of the proposed rSVDdpd estimator in the
R package rsvddpd (Roy, 2021) which we have used for the entirety of the simulation

studies.

2.4.1 Simulation Setups

To compare the performance of different robust SVD approaches, we consider B = 1000
Monte Carlo replications of signal-plus-noise matrices as in (2.1). The signal, or the low

rank component L of the data matrix X was generated as

L=U|0 5 0|VT,

where U and V are orthogonal matrices with the first three columns as the coefficients of
the first three orthogonal polynomial contrasts of order 10 and 4. The final data matrix
is then generated as X = L + E where the entries e;; of the error matrix E follow a

pre-specified distribution based on one of the options as described below.
(SVD1) The errors follow the standard normal distribution (no outliers per se).

(SVD2) The errors are distributed according to a contaminated standard normal distribution
namely
€ij ~ (1 — E)N(O, 1) + 6525,

where € is the amount of contamination and ds5 denotes the degenerate distribution
at 25. Based on the amount of contamination, we consider three subcases of this

simulation setting.
(SVD2a) e = 0.05, denotes only 5% contamination, corresponding to a relatively light
amount of outlying observations.

(SVD2b) € = 0.1, denoting medium level contamination with the presence of approxi-

mately 10% outlying values.

(SVD2c) e = 0.2, denoting heavy contamination with approximately 20% outlying ob-

servations.

(SVD3) The errors are distributed according to a standard normal distribution with 2 x 2

block-based contamination as presented in Zhang et al. (2013).
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(SVD4) The errors are distributed according to a standard Cauchy distribution. This setup
helps us to study the effect of heavy-tailed errors in robust SVD.

(SVD5) The errors are distributed according to a standard log-normal distribution, which is

used to study the effect of an asymmetric error distribution.

To measure the performance of a robust SVD algorithm, we track the estimates for
each Monte Carlo sample and compute the mean squared error (MSE) and bias for each
singular value, as well as the sum of squared biases and the sum of MSE across all singular
values. For comparing the left and right singular vectors, we consider a dissimilarity score
between two normalized vectors, denoted as Diss(u, v), which is equal to 1 — |(u, v)| where
(-,-) denote the usual Euclidean inner product. This is connected to the usual metric for
measuring similarly between two orthogonal matrices by considering the trace of the cross-

product of their projection matrices. In particular,
Trace (PI P,) = Trace ((uuT)T(voT)) = Trace ((uTv)(vTu)) = |(u, v)|?,

where P, and P, are the projection matrices corresponding to the column space of u
and v respectively. Further details of this equivalence are illustrated in Yang (2014).
The dissimilarity score is 0 if w = v or u = (—v), and it is equal to 1 if w and v are
orthogonal. The average dissimilarity score between the estimated singular vectors and
the true singular vectors, computed over all Monte Carlo samples, is used as a performance

measure in our simulation studies.

2.4.2 Simulation Results

Table 2.1 depicts the comparative results of performance measures for the usual SVD
method, the three existing robust SVD algorithms, i.e, pcaSVD (Stacklies et al., 2007)
and two variants of RobSVD (Zhang and Pan, 2013), two randomized SVD algorithms,
i.e., rSVD (Halko et al., 2011) and pcaOne (Li et al., 2023), and the proposed rSVDdpd
method (Roy, 2021) for different choices of robustness parameter «, under different simu-

lation setups (SVD1)-(SVD5). Our findings are summarized in the following key points.

1. Classical SVD leads to a biased estimator of the singular values for the Gaussian error
case, which is also supported by well-established theory (Rudelson and Vershynin,
2010).

2. The randomized SVD algorithms are only fast alternatives to the traditional SVD
methods, they do not provide any robustness benefit, hence they perform poorly in

the presence of contamination.

3. As the robustness parameter « increases, the proposed rSVDdpd leads to a less bi-
ased estimator. This is more prevalent in scenarios with some contamination present.
On the other hand, in the absence of contamination, increasing « results in a higher

variance of the estimated singular values.
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Table 2.1: Summary of performance measures (total squared bias, total MSE of singular
values, total dissimilarity of left and right singular vectors, denoted by Left and Right
respectively) and the average runtime (in milliseconds) for the existing SVD and robust
SVD algorithms.

Method Metric (SVD1)  (SVD2a)  (SVD2b)  (SVD2c) (SVD3) (SVD4) (SVD5)
Bias 7.96 519.35 1397.36 2434.02 1677.95  41825.79 93.63

Usual SVD MSE 10.46 729.83 1661.82 2712.69 1686.36  2.17 x 106 146.19
s Left (Right) 0.70 (0.42) 1.93 (1.53) 2.15 (1.70) 2.21 (1.73) 2.05 (1.92) 2.09 (1.61) 2.02 (1.78)
Time 0.035 0.034 0.034 0.033 0.034 0.034 0.032

Bias 7.95 519.36 1397.36  2434.05 1677.95  41825.79 93.62

rSVD MSE 10.44 729.83 1661.82 2712.70 1686.37  2.17 x 10° 146.19
(Halko et al., 2011)  Left (Right) 0.70 (0.42) 1.93 (1.53) 2.15 (1.70) 2.21 (1.73) 2.05 (1.92) 2.09 (1.61) 2.02 (1.78)
Time 0.312 0.311 0.309 0.294 0.312 0.316 0.299

Bias 7.95 519.36 1397.36 2434.05 1677.96  41825.78 93.62

pcaOne MSE 10.44 729.83 1661.82 2712.71 1686.37  2.17 x 10° 146.20
(Li et al., 2023) Left (Right) 0.70 (0.42) 1.93 (1.53) 2.15 (1.70) 2.21 (1.73) 2.05 (1.92) 2.09 (1.61) 2.02 (1.78)
Time 0.075 0.075 0.074 0.072 0.073 0.076 0.071

Bias 15.07 350.4 1086.34 2110.99 1640.71  14224.14 77.5

pcaSVD MSE 24.24 793.61 1706.46 2782.58 1654.5 2.16 x 106 108.51
(Hawkins et al., 2001)  Left (Right) 1.20 (0.97) 1.68 (1.29) 1.96 (1.51) 2.11 (1.63) 2.00 (1.84) 1.99 (1.49) 2.03 (1.81)
Time 3.909 3.450 3.372 2.694 3.375 3.728 3.052

Bias 8.81 523.86 1427.87  2488.98 1679.88  41779.81 94.9

RobSVD MSE 11.61 748.04 1722.44 2803.6 1688.71  2.17 x 10° 149.13
(Zhang et al., 2013)  Left (Right) 0.82 (0.52) 1.93 (1.52) 2.15 (1.66) 2.20 (1.69) 1.94 (1.83) 2.11 (1.59) 1.97 (1.73)
Time 87.218 60.789 42.005 40.391 44.165 42.131 46.110

Bias 1.68 17.67 60.11 193.66 1090.28 540.8 29.14

RobRSVD MSE 6.86 114.8 278.58 617.09 1248.28  2.91 x 10* 49.05
(Zhang et al.,, 2013)  Left (Right) 0.73 (0.51) 1.32 (1.07) 1.67 (1.37) 1.93 (1.61) 2.16 (2.17) 1.71 (1.31) 1.97 (1.82)
Time 300784 202.921 200.545 199.526 396132 300.776 297.976

Bias 7.95 294.05 1039.98 2094.11 1355.18 469.52 69.98

rSVDdpd (ours) MSE 10.46 622.82 1529.37  2587.79 1634.41 1629.48 85.1
(a=0.1) Left (Right) 0.70 (0.42) 1.61 (1.16) 2.01 (1.49) 2.17 (1.65) 2.01 (1.84) 1.97 (1.50) 1.97 (1.75)
Time 0.744 0.599 0.397 0.372 0.413 0.641 0.549

Bias 7.94 18.14 130.47 662.6 114.71 265.14 67.09

rSVDdpd (ours) MSE 10.47 91.89 494.34 1453.4 458.47 1197.88 83.27
(a=0.3) Left (Right) 0.71 (0.42) 0.94 (0.62) 1.28 (0.89) 1.67 (1.23) 1.21 (0.91) 1.88 (1.40) 1.95 (1.74)
Time 0.862 0.793 0.689 0.389 0.659 0.698 0.759

Bias 7.92 10.88 44.15 298.01 28.13 198.81 62.43

rSVDdpd (ours) MSE 10.55 44.02 237.68 938.7 156.99 859.04 78.83
(a=0.5) Left (Right) 0.72 (0.43) 0.9 (0.58) 1.11 (0.76) 1.44 (1.04) 1.02 (0.69) 1.84 (1.37) 1.94 (1.73)
Time 1.017 0.865 0.846 0.407 0.671 0.878 0.872

Bias 7.89 9.43 30.04 196.51 21.59 169.08 56.64

rSVDdpd (ours) MSE 10.68 32.33 167.24 739.15 113.33 807.87 72.46
(a=0.7) Left (Right) 0.73 (0.45) 0.88 (0.57) 1.08 (0.73) 1.36 (0.96) 1.01 (0.68) 1.81 (1.36) 1.94 (1.73)
Time 1119 1.014 0.858 0.458 0.774 1.365 0.955

Bias 7.76 8.78 23.26 141.06 18.05 140.65 49.42

rSVDdpd (ours) MSE 10.84 27.14 132.89 612.16 96.68 842.77 65.68
(a=1) Left (Right) 0.77 (0.49) 0.90 (0.59) 1.08 (0.73) 1.31(0.93) 1.01 (0.67) 1.79 (1.32) 1.93 (1.73)
Time 1.289 1.122 0.870 0.488 0.815 1.794 0.996
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4. When contamination is present, as in setups (SVD2a)-(SVD2c), the classical SVD,
pcaSVD and RobSVD do not yield reliable estimates. Although the regularized
RobRSVD provides reasonable estimates, our proposed method rSVDdpd produces

better SVD estimates with a choice of « close to 1.

5. Except for simulation setups (SVD1) and (SVD5), for all other setups, rSVDdpd

turns out to be the best among the algorithms in comparison.

(a) In simulation setup (SVD1) when there is no outlying observation present, the
proposed rSVDdpd does not add any additional smoothness requirements in
the entries of the singular vectors. Thus the estimator is expected to perform
similar or slightly worse than the classical SVD due to increased variance in

estimation.

(b) In setup (SVD5) with an asymmetric error distribution, the proposed rSVD-
dpd estimator is second best and is competitive with the RobRSVD algorithm,
which achieves the least bias and MSE at the cost of higher variance and dis-
similarity scores. Most of the contribution to the MSE for rSVDdpd algorithm
comes from the high bias, which can be attributed to the fact that the Assump-

tion (B3) of the consistency theorem is not satisfied in this case.

Although RobRSVD closely outperforms the proposed rSVDdpd in some simulation
scenarios, it does so at the cost of extremely high computational complexity. This is
precisely due to the matrix inversion step to compute (VIW*V 4 2Q,,,,) " (see Eq. (9)
of Zhang et al. (2013)). Currently, the fastest matrix inversion algorithm, i.e., a variant of
Coppersmith-Winograd algorithm (Alman and Williams, 2021) achieves a computational

2.3728596) for inverting an n x n matrix. It is also known that such vari-

complexity of O(n
ants of Strassen’s algorithm or Coppersmith-Winograd algorithm (the two fastest matrix
multiplication techniques known till today) cannot achieve a computational complexity
lower than O(n?3%78) (Ambainis et al., 2015), which is again super-quadratic in matrix
dimension n. Therefore, each iteration of the RobRSVD algorithm has a time complexity
of at least O(max{n,p}*3°™®). On the other hand, each iteration of rSVDdpd performs
only a weighted average computation as indicated in (2.15)-(2.17), which requires a com-
putational complexity of O(max{n,p}?), if run sequentially. Also, since the update for
each row can be performed independently, one can boost the performance of rSVDdpd
using parallel computation so that every iteration can be completed even faster.

To demonstrate this, we consider n X p matrices with uniformly distributed entries for
different choices of n and fixed p = 25, and apply different methods of computing SVD
on them. Table 2.2 summarizes the time taken (in units of milliseconds) to obtain the
first singular value using a computer with a 2.30GHz processor and 8 GB of RAM. As
seen from Table 2.2, the computational budget of rSVDdpd is similar to pcaSVD, which is
lower by several orders of magnitude than RobSVD and RobRSVD. This extremely high
computational cost of RobRSVD can be avoided if the matrix (VTW*V +2Q,,,) becomes
a diagonal matrix, which happens if the penalty parameter is zero and RobRSVD is
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Table 2.2: Summary of average time taken (in milliseconds) to get the first singular value
and vectors of an n X 25 matrix with uniformly distributed entries via different SVD

algorithms.

Number of Existing methods for computing SVD Choice of a in rSVDdpd
rows (n) SVD pcaSVD RobSVD RobRSVD a=01 a=05 a=1

5 0.014 2.209 3.098 73.666 0.545 0.841  1.417
10 0.011 4.388 3.966 99.077 0.975 1.508  2.100
25 0.008 4.965 3.989 81.045 3.861 6.416 11.394
50 0.013 8.519 7.824 149.4 4.396 7.104 12.526
100 0.017 15.696 34.649 826.44 5.136 8.683 14.362
250 0.026 32.066 402.125 7839.942 7.756  13.252 22.379
500 0.041 35.828  2948.001 54209.15  13.622  21.413 32.404
750 0.058 58.697 10363.441 210494.564 24.67  36.563 55.422
1000 0.072 69.76  26282.893 531362.110  27.727  40.309 62.234

reduced to its non-regularized variant RobSVD. However, as Table 2.1 shows, the RobSVD
algorithm without the regularization cannot provide a reliable estimate of singular values,

even using Huber’s robust loss function.

2.4.3 Effect of matrix dimensions on rSVDdpd estimates

We also perform some additional simulation studies to empirically verify the consistency
of the rSVDdpd estimator as ensured by Theorem 2.7. Figure 2.1 depicts the empirical
bias and the RMSE of the first singular values (obtained through the rSVDdpd algorithm)
of 1000 simulations of n x n matrix X = L + FE, where L is a matrix with rank three
and E is a matrix with i.i.d. Gaussian entries with mean 0 and variance 1/n (as required
in Assumption (B6)). As evident from Figure 2.1, both the bias and the RMSE of the
estimated first singular value tend to 0 as the dimension n tends to infinity, supporting
the consistency of the estimator as ensured by Theorem 2.7.

Another simulation study is undertaken to observe the effect of the dimensions and the
rank of the matrix on the bias and RMSE of the estimated singular values, as obtained by
the different SVD algorithms. For this simulation, we generate 1000 replications of n X p
data matrix following the decomposition as in Eq. (2.2), keeping the number of rows fixed
at n = 100 and varying the choices of the number of columns p. The low-rank matrix
was generated by simulating two random orthogonal matrices of requisite dimensions, and
taking the top three singular values all equal to 1 and the rest of the singular values
equal to 0, thus, effectively fixing the rank at » = 3. The error component was generated
according to the simulation setup (SVD2b) with 10% level of contamination, and the noise
variance was kept equal to 1/,/np as necessitated by Assumption (B6). The average bias
across three singular value estimates and the average RMSE are depicted in Figure 2.2 as
a function of ¢ = (p/n). As evident from Figure 2.2, the rSVDdpd algorithm produces

singular value estimates that are more accurate than the ones obtained by the traditional
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Figure 2.1: Empirical Bias and RMSE of the first singular value estimated by rSVDdpd
algorithm with o = 0.5 of an n X n matrix comprising a matrix of rank three and an error

matrix (Both the horizontal and vertical axes are in logarithmic scale).
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SVD or existing robust SVD methods. Also, the bias and the RMSE of almost all the
methods increase with an increase in c. In a second experiment which is otherwise similar
to the first one, we consider varying the rank of the low-rank component but keep the
number of columns fixed. In this case, we fix the dimension of the data matrix at n = 100
and p = 50. Figure 2.3 shows the estimated bias and RMSE from 100 replications for
different SVD algorithms as a function of 6 = r/p, where r is the rank of the low-rank
component. Similar to the first experiment, the proposed rSVDdpd method outperforms
the existing robust SVD approaches. Also, an increase in § improves the signal-to-noise
ratio of the data matrix, which results in a downward trend for the bias and RMSE for
all SVD algorithms, except pcaSVD.

2.5 Application to Background Modelling

Automated surveillance from noisy videos is an extremely important problem with appli-
cations in different areas such as defence, security, research and monitoring, etc. In such
video surveillance, a basic algorithmic task is to separate the background of a video from
the foreground or moving objects, based on the input image frames from a surveillance
video. The modelled background and foreground are then widely used in different im-
age processing and computer vision applications such as monitoring human activities in
traffic surveillance systems, movements of animals and insects to study their behaviours,
vision-based hand gesture recognition, autonomous vehicle pilot systems, content-based
video coding, etc. Interested readers are referred to Garcia-Garcia et al. (2020) and the
references therein.

Various methods for background modelling and foreground detection for video surveil-
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Figure 2.2: The estimated bias and the RMSE of different SVD algorithms under change
in the number of columns while the number of rows and the matrix rank are kept fixed;
(y-axis is in the log-scale). The group of lines on the top contains performance for svd,
rSVD, pcaOne and RobSVD methods, while the group of lines at the bottom consists of
performances for the rSVDdpd methods for different choices of a.
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Figure 2.3: The estimated bias and the RMSE of different SVD algorithms under change
in the rank of low-rank component while the dimension of the data matrix is kept fixed;
(y-axis is in the log-scale). The group of lines on the top contains performance for svd,
rSVD, pcaOne and RobSVD methods, while the group of lines at the bottom consists of
performances for the rSVDdpd methods for different choices of «.
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lance data have been developed in the past two decades. The different models can be
classified into mathematical models (mean based (Lee and Hedley, 2002, Mclvor, 2000)
and fuzzy theory based (Subudhi et al., 2022, Zhao et al., 2012)), statistical models (Bouw-
mans et al., 2010, Lee, 2005), machine learning models (subspace learning (Zhang et al.,
2016b, Vaswani et al., 2018), neural networks (Maddalena and Petrosino, 2012) and deep
learning methods (Giraldo et al., 2021, Mandal and Vipparthi, 2022)), and signal process-
ing methods (filter based (Messelodi et al., 2005), sparse representation based (Stagliano
et al., 2015) and graph signal processing (Giraldo et al., 2022)). Among these, some of
these methods are unsupervised, such as subspace learning methods; some are supervised
such as deep learning methods and some are semi-supervised such as the graph-based
signal processing methods. Recently, deep learning methods have emerged offering state-

of-the-art performances; however, there have been a few serious drawbacks to them.

1. The deep learning methods are supervised and require a large volume of labelled
data. Although in today’s world, the data are usually abundant; corrupted and
noisy data along with error-prone labelling can lead to drastically wrong results (Song
et al., 2023).

2. Deep learning methods do not model the underlying video data generation process
in a proper theoretical (or statistical) way, rather these methods solely focus on
improving the accuracy of the results by minimising an appropriate loss function.
Thus, their performances decrease dramatically in the presence of unseen data not
present in the training set. Even if sometimes they generalize well to the unseen
data, much of their characteristics remained largely unexplained (Neyshabur et al.,
2017).

3. These methods also require sophisticated hardware that may not be available for all
practical applications (e.g., a street surveillance camera). In this case, the camera
must send the required data over the network to a computing device with the nec-
essary hardware to perform the background modelling. This increases latency and

introduces more errors and noises in the video data during transmission.

In contrast, unsupervised statistical methods are backed by rich theoretical properties,
require no labelled training data apriori and can be used in real-time applications. Among
these, methods based on robust principal component analysis (PCA) have been shown
to deliver state-of-the-art performances (Bouwmans, 2014, Bouwmans and Zahzah, 2014)
compared to the traditional approaches of background modelling. Here, we focus on
comparing the proposed rSVDdpd method with some existing robust PCA algorithms
for this particular application. To perform background and foreground extraction from
a given video data, we construct a data matrix X by stacking the pixel values in all
frames of a video as columns. This means, for a p-frame long video with each frame being
h pixels long and w pixels wide, the X matrix becomes of dimension hw x p. As the
background content of the video changes very slowly from one frame to another, it can be

represented by the low-rank component L = Y} | Apupv] as in (2.2), where r is usually
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predetermined (1 or 2). Consequently, the foreground part of the video can be obtained
from the error E.

Although the temporal correlation present in the video data indicates that the columns
of the low-rank matrix L satisfy some smoothness constraints, these may not be available
for the rows of the matrix. For example, when the vectorization transformation converts a
single frame of the video into a column vector, the spatial correlation present in the frame
is usually lost when switching from one row to another row of the same image frame.
However, one can follow a procedure similar to the diagonal enumeration technique of
rational numbers to recover the spatial correlation. To illustrate this point, let ((1;;))nxw
be the pixel values of the ¢-th image frame of the video. Then, we can obtain by ¢-th

column of X as
X = I11, Xop = Lo, X3y = Io1, Xay = I31, X5¢ = I, Xy = I13,. ...

This process transforms the spatial correlation present in the image pixels to a smoothness
condition on the rows of X, and consequently on the rows of L. This enables us to use a
robust SVD technique such as the proposed rSVDdpd algorithm to solve the problem as
opposed to tackling it via the existing robust PCA approaches.

In this section, we use the rSVDdpd algorithm to perform this low-rank decomposition
for the background modelling problem and compare its performance to several existing
algorithms. Among robust PCA-based approaches, we consider the exact Principal Com-
ponent Pursuit (PCP) via Augmented Lagrangian Method (ALM) (Candes et al., 2011),
inexact ALM via alternating direction (Shen et al., 2014), Outlier Pursuit (OP) (Xu
et al., 2012), Sparse Regularized PCP (SRPCP) (Liu et al., 2017) and Variational Bayesian
method (VB) (Babacan et al., 2012). In addition, we also consider one statistical algorithm
Go Decomposition (GoDec) (Zhou and Tao, 2011) and an incremental algorithm, namely
the Grassmannian Robust Adaptive Subspace Tracking Algorithm (GRASTA) (He et al.,
2011, 2012). The implementation of the exact PCP method is available in the R package
RPCA (Sykulski, 2015), while the implementations of the rest of the existing algorithms are

available in Background Subtraction Website!.

2.5.1 Background Modelling Challenger Dataset

To compare these methods and measure performances, we consider the Background Models
Challenger (BMC) benchmark dataset (Vacavant et al., 2013). This benchmark dataset
has also been used in earlier studies to provide a detailed comparison of several background
modelling algorithms (Bouwmans and Zahzah, 2014). The dataset contains 20 synthetic
videos with ground truth foreground masks. The synthetic videos are generated by the
SIVIC software and closely resemble different kinds of natural tampering present in real-
life video surveillance data such as noises, artefacts, shadows, changes of illumination, the
presence of fog and rain, etc. The whole set of videos comprises two kinds of backgrounds,

one of a straight street highway (Street), while the other contains the simulated video

"https://sites.google.com/site/backgroundsubtraction/Home
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Table 2.3: Benchmark Results for the Street Video (Video number Vilj denotes i-th
variant of the Street Video and j = 1 or 2 denote the training and the testing video

respectively); In each column, bold symbols indicate the algorithm with best F} measure.

Method Measures V111 V112 V211 V212 V311 V312 V411 V412 V511 V512

Precision 0.766 ~ 0.741  0.788  0.764 0.751  0.761  0.983  0.784  0.617  0.487
RPCA (Candes et al., 2011)  Recall 0.768  0.767  0.747  0.744 0.7 0.698  0.655  0.675  0.568  0.49

F1 0.767  0.754  0.767  0.754 0.725 0.728 0.787  0.726  0.592  0.489

Precision 0.766 ~ 0.741  0.811  0.765 0.752  0.762  0.984  0.785  0.626  0.486
ALM (Shen et al., 2014) Recall 0.768  0.767  0.729  0.745 0.7 0.698  0.655 0.675  0.568  0.49

F1 0.767  0.754  0.768  0.755  0.725 0.729  0.787  0.726  0.595  0.488

Precision 0.766 ~ 0.741  0.811  0.765 0.752  0.762  0.984 0.785  0.626  0.486
SRPCP (Liu et al., 2017) Recall 0.768  0.767 0.729  0.745 0.7 0.698  0.657 0.675 0.568  0.49
F1 0.767  0.754  0.768  0.755  0.725 0.729  0.788 0.726  0.595  0.488

Precision 0.774  0.749  0.809  0.764  0.75 0.761  0.985 0.781  0.323  0.38
VB (Babacan et al., 2012) Recall 0.767  0.766  0.729  0.745  0.701  0.698  0.654 0.649  0.48 0.435
F1 0.77 0.757  0.767  0.754  0.725  0.728 0.786  0.709  0.386  0.405

Precision 0.783  0.776  0.825 0.794 0.757 0.837 0.985 0.797 0.686  0.619

OP Xu et al. (2012) Recall 0.769  0.748 0.727  0.723  0.699 0.532 0.653  0.643 0.601 0.5
F1 0.776  0.762  0.773  0.757 0.727 0.65 0.785  0.712  0.641  0.553
Precision 0.844 0.8 0.786  0.762  0.749 0.771 0981  0.51 0.205  0.414

GoDec (Zhou and Tao, 2011) Recall 0.686  0.676 0.748 0.745 0.701  0.595 0.654 0.443 0.364 0.214
F1 0.757  0.733  0.767 0.75%4  0.724  0.672  0.785  0.474  0.263  0.282

Precision 0.646 ~ 0.766  0.613  0.758  0.764  0.89 0.987 0.165 0.338 0.374
GRASTA (He et al., 2012) Recall 0.764  0.644 0.727 0.712 0.613 0.282  0.652 0.189  0.395  0.367

F1 0.700  0.699 0.665 0734 068 0428 0785 0176 0364 0371

Precision 0.783  0.776  0.78  0.760 0.753 0.842 0987 08 0785  0.626

- Recall  0.772  0.768 0.769 0.746  0.699 0.683 0653 0735 0601 0497
T s

pa ou Fl 0.777 0.772 0.774 0.757 0725 0.754 0.787 0.766 0.681 0.553

a7 030,1 030,1 0381 039,1 0342 0342 042,2 044,2 039,3 0.39,3

footage of a traffic junction (Rotary). Due to the computational limitations of the existing
algorithms, we perform the low-rank decomposition by considering batches of 120 frames
from the video at a time. The F'l-scores between the estimated foreground and the
provided ground truth frames for each algorithm are calculated, and they are summarized
in Tables 2.3 and 2.4, respectively for the Street and the Rotary video. The estimated rank
7 and robustness parameter a for the rSVDdpd algorithm for the corresponding videos

are also indicated in the last row of these two tables.

As evident from Tables 2.3 and 2.4, the proposed rSVDdpd algorithm outperforms
all the existing algorithms under consideration for almost all the benchmark videos. For
some of the videos where rSVDdpd does not achieve the best F'1-measure, the difference in
Fl-measure compared to the best output is too small to visually distinguish the extracted
foregrounds. It turns out that the inexact ALM method and the SRPCP method have
similar performances as the exact robust PCA algorithm, while the OP and VB methods
perform better than these only in some specific scenarios, in particular when the back-
ground shows some continuous natural movement of the trees. Both GoDec and GRASTA
algorithms do not work well under these situations. In comparison, the rSVDdpd algo-

rithm can tackle all these scenarios by allowing the background matrix L to be of rank
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Table 2.4: Benchmark Results for the Rotary Video (Video number Vi2j denotes i-th
variant of the Rotary Video and j = 1 or 2 denote the training and the testing video

respectively); In each column, bold symbols indicate the algorithm with best F measure.

Method Measures V121 V122 V221 V222 V321 V322 V421 V422 V521 V522

Precision 0.771  0.771  0.792 0.795 0.781  0.781  0.893  0.698  0.425  0.496
RPCA (Candes et al., 2011)  Recall 0771 0.769 0.733  0.738  0.656  0.659  0.612  0.547  0.592  0.599
F1 0.771  0.77 0.761  0.766  0.713  0.714 0.726  0.614  0.495  0.542

Precision 0.772  0.771  0.792  0.796  0.781  0.781  0.898  0.698  0.422  0.491
ALM (Shen et al., 2014) Recall 0.771  0.769 0.733  0.738 0.656  0.659  0.611  0.546  0.592  0.599
F1 0.772  0.77 0.761  0.766  0.713  0.714  0.727 0.613  0.493  0.54

Precision  0.772  0.771  0.792  0.796 0.781  0.781  0.898  0.698  0.422  0.491
SRPCP (Liu et al., 2017) Recall 0.771  0.769  0.733  0.738  0.656  0.659  0.611  0.546  0.592  0.599
F1 0.772  0.77 0.761  0.766  0.713  0.715 0.727 0.613  0.493 0.54

Precision 0.772  0.772  0.793  0.797  0.776  0.773  0.904 0.683  0.447  0.483
VB Babacan et al. (2012) Recall 0.771  0.769  0.733  0.738  0.658  0.661  0.611  0.518  0.526  0.527
F1 0.772  0.77 0.762 0.766 0.712 0.713 0.729  0.589  0.483  0.504

Precision  0.806  0.79 0.792 0.802 0.751  0.797  0.883  0.655  0.551  0.544
OP (Xu et al., 2012) Recall 0.728  0.733  0.713 0.7 0.657  0.468  0.611  0.517  0.467  0.488
F1 0.765  0.76 0.75 0.749  0.701  0.59 0.722  0.577  0.506  0.514

Precision 0.815  0.795  0.758  0.762  0.737  0.796  0.987  0.57 0.502  0.512
GoDec (Zhou and Tao, 2011)  Recall 0.624 0.688 0.734 0.739 0.661  0.539  0.57 0.587 0476 0.5
F1 0.707  0.738  0.746  0.75 0.697 0.642  0.723  0.578  0.488  0.506

Precision  0.82 0.56 0.604 0.797 0.758  0.762  0.892  0.45 0.334  0.346
GRASTA (He et al., 2012) Recall 0.684  0.692  0.69 0.7 0.628 0.301  0.61 0.283 0.603  0.611
F1 0.746  0.619  0.644  0.748  0.687 0.432 0.724 0.347 043 0.442

Precision 0772 0784 0798 0805 0735 0.685 0901 0.697 0742 0.634
Recall 0792 0769 0729 0733 0686 0718 065 058 056  0.586
F1 0.781 0.776 0.762 0.767 0.710 0.702 0.755 0.633 0.638 0.609
a7 0.32,1 0.32,1 039,1 039, 1 047,2 047,2 049,2 0.49,2 0.43,3 0.43,3

rSVDdpd (ours)

Table 2.5: Processing time (in seconds per frame) for benchmark videos in BMC dataset

for different background modelling algorithms.

Method Average Time Std. dev.
(in seconds/frame) (in seconds/frame)

GRASTA (He et al., 2012)  0.37 0.01

rSVDdpd (ours) 2.86 0.84

VB (Babacan et al., 2012) 7.06 1.39

GoDec (Zhou and Tao, 2011) 12.06 0.29

OP (Xu et al., 2012) 23.42 0.22

ALM (Shen et al., 2014) 34.85 7.40

SRPCP (Liu et al., 2017) 54.25 9.12

RPCA (Candes et al., 2011)  136.41 27.26

more than one, usually 2 or 3.

We also demonstrate a comparison in the speed of these background modelling algo-
rithms through Table 2.5. Only GRASTA and rSVDdpd algorithms complete the fore-

ground extraction task in a reasonable amount of time to be useful in real-time video
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Figure 2.4: One frame of the street video (a), ground truth (b) and estimated foreground
mask from exact RPCA (c), inexact ALM (d), SRPCP (e), Variational Bayes (f), Outlier

()

Pursuit (g), GoDec (h), GRASTA (i) and rSVDdpd (j) algorithms.

|"* - -

surveillance and object tracking. In contrast, the exact robust PCA method takes a

(d)

ridiculously large amount of time to converge, more than 2 minutes per frame, thus hav-
ing very limited practical utility. The variants of robust PCA, i.e., inexact ALM and
SRPCP methods reduce the computational time significantly, but they are still not on par
with the speed of rSVDdpd or GRASTA.

As seen from the above discussions, the rSVDdpd algorithm achieves superior or near-
optimal performance compared to the existing robust PCA and background modelling
methods by spending only a fraction of computational time. GRASTA, the only algorithm
that is faster than the proposed rSVDdpd, achieves this speed at the cost of very poor
performance under different kinds of noises that are usually present in a real-life video
data. A fast algorithm with little performance guarantee can only be of limited use. The
performance improvement of rSVDdpd over GRASTA is substantial in most cases (e.g.,
videos 312, 511, 512 in Table 2.3 and 322, 521, 522 in Table 2.4). The rSVDdpd holds its
own even when practically all the other algorithms show a largely degraded performance,
e.g., as in the case of video 512. Therefore, the proposed rSVDdpd is competitive or
better than existing algorithms in consideration, either in performance accuracy or speed
or both, in the context of video surveillance background modelling problems.

For streamlining the presentation, we demonstrate the estimated foreground masks
as obtained from only two frames of the two videos, using different existing algorithms
and the proposed rSVDdpd algorithm in Figures 2.4 and 2.5. The results obtained from
all the videos in this benchmark dataset are available on the accompanying rSVDdpd
webpage?. As shown in Figures 2.4 and 2.5, both the exact robust PCA method and the
rSVDdpd method lead to visually indistinguishable results; however rSVDdpd achieves the
same at the cost of a significantly reduced computational time as indicated earlier. The
other alternative competing methods for video surveillance, namely GRASTA and GoDec

estimate a noisy background in general. Although these noises remain imperceptible at

*https://subroy13.github.io/rsvddpd/
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Figure 2.5: One frame of the rotary video (a), ground truth (b) and estimated foreground
mask from exact RPCA (c), inexact ALM (d), SRPCP (e), Variational Bayes (f), Outlier
Pursuit (g), GoDec (h), GRASTA (i) and rSVDdpd (j) algorithms.

(b) (c) (d) (e)
(8) (h) (i) (i)

first, they result in a more noisy foreground, and such noisy pixels sometimes become

visible in the thresholded foreground mask.

2.5.2 University of Houston Camera Tampering Dataset

Among different types of noises and outliers present in a video surveillance data, camera
tampering poses a major problem (Sitara and Mehtre, 2019). To illustrate the applica-
bility of rSVDdpd for background modelling under camera tampering, we measure its
performance on some video extracts from the University of Houston Camera Tampering
Detection Dataset (UHCTD). Mantini and Shah (2019b) compiled this comprehensive
large-scale dataset with over 288 hours of surveillance video footage ranging across 6 days
from two cameras in the University of Houston campus, and synthesized different types of
camera tampering methods (covered, defocused, moved, etc.) in the captured video data.

Figure 2.6 depicts the true frames along with the estimated foregrounds obtained
from the traditional SVD, rSVDdpd (ours), robust PCA method via ALM and GoDec
algorithms. The estimated backgrounds obtained from other robust PCA methods are
visually similar to the output of the ALM algorithm and hence are omitted here. In this
surveillance scene from Camera B, a noisy image is synthesized to obstruct the view of the
camera. The background estimated from the traditional SVD shows a clear indication of
the noise even in the frames where camera tampering is not induced, and such an effect
is amplified further by the presence of shadow-like artefacts in the estimated background
content. Such an effect is also prevalent across the existing techniques. In comparison,
the background estimated via the proposed rSVDdpd algorithm removes such artefacts
and is less affected by tampering. This robustness property can also be seen in the esti-
mated foreground content when the true frame is exactly the same as the non-tampered
background. In this case, since there is no foreground content, the proposed rSVDdpd
estimates the foreground as a very dark black image without any distinguishing feature as

desired.
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Figure 2.6: True video frames and the estimated foreground by usual SVD, rSVDdpd,
ALM and GoDec algorithms (Left to Right) for frame 5, 50, 75 in UHCTD Day 1 Camera

B dataset.
(a)
(b)
(c)

In Figure 2.7, we depict similar estimated foreground images for another surveillance
video footage captured from another camera, during night-time. Since night-time footage
contains mostly darker pixel values, the signal strength is low. These results demonstrate
that rSVDdpd is capable of extracting the background and foreground content correctly

even under this low signal-to-noise ratio situations.

2.6 Example: Factor Analysis of Spatiotemporal Data

In this section, we consider an example of spatio-temporal data analysis. We consider a
dataset comprising of hourly PM2.5 measurements at 38 different pollution measurement
stations across Delhi region, during the time period of January-June, 2020. The dataset
is publicly available to download from the website? of Central Pollution Control Board
(CPCB), India. We arrange the data into a matrix X where (4, j)-th entry X;; denotes the
PM2.5 measurement at i-th timepoint and j-th location (measurement station) resulting
in a matrix of dimensions 4344 x 38. In this case, the temporal correlation present in the
measurements appears as the correlation between the rows while the spatial correlation
appears as the correlation between the columns of the X matrix. An important objective
to analyze such spatiotemporal dataset is to extract the latent factors, which are useful
to detect spatial clusters, determine regions of temporal stationarity, etc.; see Cressie
and Wikle (2011) for details. The proposed robust SVD estimator rSVDdpd is naturally

suitable to extract such latent factors from the data matrix X.

Shttps://airquality.cpcb.gov.in/AQI_India/
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Figure 2.7: True video frames and the estimated foreground by usual SVD, GoDec, Vari-
ational Bayes (VB), Sparse Regularized PCP and rSVDdpd algorithms (Top to Bottom)
for frame 50, 100, 150, 200 in UHCTD Day 1 Camera A dataset.

(a)

However, the PM2.5 measurements are rarely normally distributed. As seen from
bottom part of Figure 2.8, the distribution of PM2.5 measurements for all stations are

positively skewed, thus violating Assumption (B3). In this scenario, the performance
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Figure 2.8: [Top| The time series graph highlighting the daily average PM2.5 measure-
ments in 3 stations; y-axis is in log scale. [Bottom] The histogram indicating the distri-

bution of the PM2.5 measurements in those three stations.
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of rSVDdpd algorithm is slightly degraded, as seen in the simulation results presented
in Section 2.4.2 for lognormally distributed errors. A popular technique to handle such
skewed data is to apply some transformation to the data so that the transformed data
approximately follows a Gaussian distribution (or a symmetric distribution). As suggested
in Atkinson et al. (2020), it may be useful to apply the robustified version of extended
Yeo-Johnson transformation on the PM2.5 measurements, after a proper centering and
scaling of the values. The extended Yeo-Johnson transformation for a datapoint z is given

by the formula

)
1) —1 .

% if #>0,)\, #0,

(2p/zn  Dlog(z +1)  ifz>0,\, =0,

ZEYJ (.1’; /\pa )\n) = (1—z)2An_1

T (2=An)zn g, et

—log(1 — z) /2,2, ifx <0\, =2

if 2 < 0, A\ # 2,

where A\, € [0,1] and A, € [0, 2] are hyperparameters to be chosen respectively for positive

and negative datapoints. Here,

Tp = exp Z log(1 + ;) | , and,
$1]>0

Tp=exp | —— Z log(1 — z45)

x”<0

In Figure 2.9, we have plotted the signal strength (i.e., the ratio Hng/HZH% where L is
the low-rank estimate of Z) obtained from the rSVDdpd estimate of the transformed data
matrix Z (with entries zgy;(2ij; A\p, An)) with extended Yeo-Johnson transformations for
different values of A, and \,,. As evident from the plot, the signal strength is considerably
improved with the choice A\, = 0 (corresponding to the logarithmic transformation) com-
pared to the choice A, = 1 (corresponding to no transformation of the data). A similar
effect is also prominent for the hyperparameter \,, which maximizes the signal strength
at A\, = 2, again corresponding to the logarithmic transformation. This suggests that an
initial logarithmic transformation on the PM2.5 measurements is appropriate before apply-
ing the rSVDdpd algorithm to obtain robust latent factors present in this spatio-temporal
pollutants dataset. The histogram of the transformed data is shown in Figure 2.10, which

clearly shows a unimodal and less skewed distribution.
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Figure 2.9: The signal strength obtained from the rSVDdpd estimate of the low rank

component L for the transformed data with extended Yeo-Johnson transformations for

different values of A, and \,,.
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Figure 2.10: Histogram of the transformed PM2.5 measurements after applying extended

Yeo-Johnson transformation with A, =0 and A, = 2.
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Chapter 3

Robust Principal Component

Analysis

3.1 Introduction

The objective of the Principal Component Analysis (PCA) is to find a linear combination
of the sample features to explain the maximum possible variability. In Section 1.3.2, we
have discussed the mathematical definition of PCA in detail. For the traditional PCA,
the scale estimator S, (-) as in (1.3) is taken to be the square root of the sample variance.
As a result, the solution to the PCA problem becomes the same as the eigenvalues and
the eigenvectors of the sample covariance matrix of X,...,X,. It is well known that
the sample covariance matrix is very sensitive to outliers, hence the principal components
resulting from the traditional PCA algorithm also suffer from the presence of outlying
observations in the data (Hubert et al., 2005, Candes et al., 2011). In the context of high
dimensional datasets related to the applications mentioned before in Section 1.3.2, it is
very challenging to locate these outlying observations beforehand for proper treatment and
subsequent scrutiny. Thus, any practitioner relying solely on the output of the traditional
PCA algorithm to interpret multivariate data may end up with a distorted visualization
of the data, false detection of outliers, and a wrong conclusion about the data. Several
robustified versions of PCA have been proposed to date to provide reliable estimates of

the principal components even under the presence of outlying observations (Jolliffe, 2002).

3.2 Existing Works on Robust PCA

Most of the early literature to derive a robust principal component analysis (RPCA) fol-
lowed one of the two primary approaches. The first class of estimators estimated the prin-
cipal components robustly from the eigenvalues and the eigenvectors of a robust covariance
matrix of the sample. Notable among this class of estimators are those due to Maronna
(1976) and Campbell (1980), where the authors create affine-equivariant principal com-
ponent estimates from robust M-estimators of the covariance matrix. Devlin et al. (1981)

proposed to use the minimum covariance determinant (MCD) estimator and the minimum
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volume ellipsoid (MVE) estimator (Rousseeuw, 1985) for this purpose due to their high
breakdown compared to the M-estimators.

The other approach considered robustifying PCA by using a robust scale function S,
in Eq. (1.3). This idea was first presented by Li and Chen (1985) and was further devel-
oped later by Croux and Ruiz-Gazen (1996) where they considered the median absolute
deviation about the sample median as the scale function. Various theoretical properties
like the influence function, asymptotic distribution and the breakdown point of this esti-
mator have also been established in the literature (Croux and Haesbroeck, 2000, Croux
and Ruiz-Gazen, 2005). These estimators and their variants primarily restricted their
attention to the elliptically symmetric family of distributions, i.e., the random sample of

observations X; for i = 1,2...,n were assumed to follow a density function of the form

f@)ocg((@—p)= Yz —p), (3.1)

where g : RT — R is a known function governing the shape of the density. It turns out
that under this model,

E(X,) =, and, E((X; - u)(X; - p)7) = =.

Although a popular notion considers that the variance of X; is k;% where k, is a constant
depending on the function g, but it is possible to include such k, in the dispersion matrix
3 itself by modifying the function g appropriately. Even though these statistical Robust
PCA (RPCA) approaches guarantee the highest possible asymptotic breakdown point of
1/2, they show low asymptotic efficiency and sometimes large bias even at considerably
lower levels of contaminations than their breakdown points (Fishbone and Mili, 2023).
Recent advances in the area of RPCA view the estimation of the principal components
in a different light through the guise of a factor model. Wright et al. (2009) define the
RPCA problem as the problem of recovering L from the unknown decomposition of the
data matrix X = L+ S, where L is a low rank matrix and .S is a sparse noise component.

The direct solution to this problem would consider the optimization problem

min Rank (L) +7[S]], (3.2)

)

subject to the restriction that ||S|lo < k and X = L + S, for a predetermined value of k.
Here, || Al|op denotes the L%-norm of the matrix A, i.e., the number of the nonzero entries
of A and ~ is a tuning parameter to control the balance between the rank of L and the
sparsity of S. As noted in Candes et al. (2011), the classical PCA seeks the best low-rank
component L in terms of minimizing the usual Euclidean L? norm, i.e., it is related to
the optimization problem miny, || X — L||2 subject to the restriction that Rank (L) < k.
However, the problem given in (3.2) is notoriously difficult to solve, hence Wright et al.

(2009) and Candes et al. (2011) considered a simpler convex optimization problem

in || L|. .
min Ll + 71151 (3.3)
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where ||L|| is the nuclear norm of the matrix L, i.e., the sum of its singular values and ||.S||1
is the L' norm of the matrix S. Various algorithmic techniques like Principal Component
Pursuit (PCP) method (Candes et al., 2011), Augmented Lagrange Multiplier (ALM)
method (Lin et al., 2010) and Alternating Projection (AltProj) algorithm (Cai et al.,
2019) have been developed to solve this optimization problem efficiently. These newer

approaches radically differ from the traditional statistical approaches in several aspects:

1. These methods are non-parametric in nature and do not make distributional as-

sumptions on the rows of X.

2. These methods assume that the only source of randomness comes from the positions

of the nonzero entries of the sparse matrix S.

3. The convergence and the correctness guarantees of these methods are then provided
based on the bounds on the entries of the component matrices L and S directly,
leading to an algorithm that solves the relaxed convex optimization problem as

in (3.3) exactly.

However, this exact decomposition is often far from the truth, as in any practical ap-
plication, every entry of the data X is subject to measurement errors. To mitigate this,
Zhou et al. (2010) added an additional component with the noise N to the decomposition,
giving rise to the LSN decomposition as shown in (2.1). Although such a decomposition
is considered, the analysis of the algorithm still assumed X to be deterministic and con-
sidered the Frobenius norm of the noise matrix to satisfy | N||z < 4, a prespecified level
of noise variance to maintain a high signal-to-noise ratio.

In this chapter, we demonstrate how the rSVDdpd algorithm introduced in Chapter 2
can be used to solve the robust PCA problem. However, the mathematical analysis present
in Section 2.3 does not hold immediately in this case, since the PCA considers the data
matrix to have i.i.d. rows distributed according to a multivariate distribution as described
in Section 1.3.2. In the subsequent discussions in Section 3.4, we present the modified
theoretical studies with proper treatment of this setup. As will be shown below, our

proposal enjoys two key theoretical advantages over the existing approaches.

1. Tt possesses various theoretical properties such as equivariance, y/n-consistency and
asymptotic distribution of the proposed RPCA estimator akin to the widely used ro-
bust M-estimators. There exists very little literature on the theoretical behaviour of
the existing PCP methods and often the asymptotic distributions of these estimators

are non-Gaussian (Bickel et al., 2018).

2. We can also theoretically demonstrate the robustness of the proposed estimator by
showing that its influence function is bounded. Also, a global measure of robustness,
namely the asymptotic breakdown point of the proposed estimator has a lower bound
independent of the data dimension p but only a function of a robustness tuning

parameter «, unlike the affine-equivariant M-estimators whose breakdown decreases
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at the order of 1/(p + 1). This ensures that the proposed estimator is scalable and

can be used for arbitrarily high dimensional random samples.

In addition to these, the proposed algorithm is also computationally simple compared
to many existing robust PCA algorithms. It turns out that the convex optimization
problem as in (3.3) that needs to be solved by many of our competitors can present
significant challenges in optimization in a high dimensional setting (Jain and Kar, 2017).
This also results in an increase in the computational complexity of the existing algorithms

as demonstrated in Section 2.5.

3.3 The rPCAdpd Estimator

3.3.1 Description

Let X4,...,X,, be a p-variate sample such that each of the observations X; follows an

elliptically symmetric family of distributions with a density function of the form
P
fo(x) = ;' det(2) "2 exp [g (mT nglvkvzwﬂ , (3.4)
k=1

where 3 = 22:1 ’kakvz is the eigen-decomposition of the dispersion matrix. A derivation
on the particular form of the normalizing constant can be found in Appendix 3.A.1. The
parameter @ = (71,...,7p,n) in (3.4) consists of the eigenvalues v1, . .., , of the dispersion
matrix X, x, and a parameter 1 parametrizing the eigenvectors vy, ..., v residing in the
p-Stiefel manifold of order p, i.e., Sh. A description of this parameter n is given by
the stereographic projections defined through the transformations (2.27) and (2.28) in
the previous Chapter 2. As described in Eq. (3.1), g is a known scalar function. For
instance, the multivariate Gaussian family of distributions corresponds to g(x) = (—x/2).
The quantity ¢, is the normalizing constant depending on this function g. Note that,
since the principal components primarily deal with the variance structure of the data, the
location parameter p = E(X;) is a nuisance parameter, hence it is assumed to be a known
constant. Without the loss of generality, we take this known location parameter equal to
0, otherwise, one may treat Y; = X; — p as the i.i.d. sample under consideration. Since
the location parameter p is unknown in most practical situations, one can substitute p by
any consistent robust estimate of the location parameter (some choices will be described
later in Section 3.3.3). We shall show later in Section 3.4 that the choice of this location
estimator does not affect the asymptotic properties of the proposed robust estimator of @
described below.

Based on the above formulation, we shall again use the popular minimum density
power divergence estimator (MDPDE) (Basu et al., 1998) to estimate these parameters in

0. In this case, we can recover MDPDE as the solution to the optimization problem

C(1+a)g 1\ 1~ (f(X1))
tadg (14 2 ) 257 ealal(Xs 3.5
. ( + a) - e : (3.5)

i=1

p p

—a —«

g Vi
k=1

6 = argminc
6cO
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where ,
af(Xi) = XT> v lor(n)v(n) X, (3.6)
k=1

and ¢(14q)g 18 the normalizing constant as in (3.4) when we take the generating function
in the elliptically symmetric family of densities as (1 + a)g(-). We refer to the above
as the rPCAdpd estimator of the principal components under the general elliptically
symmetric family of distributions. The existence and the uniqueness of this estimator
have been later established in Section 3.4.1. This estimator assumes the description of
the model family through the specification of the completely known function g(-). In
particular, when g(x) = (—xz/2), i.e., the model family is a p-variate Gaussian distribution,
then the corresponding optimization problem in (3.5) translates to

p n
6 = arg min(27) /2 H 'yk_a/Q (14a)P/? - <1 + ;) %Z e_gqf(xi)] , (3.7)
i=1

0cO bl

where qf(X;) is as in (3.6).

3.3.2 Efficient Computation of the rPCAdpd Estimator

Clearly, if the minimization given in (3.5) was to be performed on the entries of the
dispersion matrix to obtain a robust estimate of covariance directly, it would be difficult
to restrict the optimization space to the space of all positive definite matrices. Thus, the
optimization is deliberately made with respect to the eigenvalues and the eigenvectors
of the dispersion matrix to ensure that the estimated dispersion matrix remains positive
definite and symmetric. While it is easy to optimize the objective function in (3.5) with
respect to the eigenvalues, it still remains computationally expensive to solve it for the
eigenvectors due to the non-convexity of the Stiefel manifold Sh. Although there exist
some efficient optimization algorithms on the Riemannian manifold as proposed by Wen
and Yin (2013), Jiang and Dai (2015), Li et al. (2020), these general-purpose optimization
techniques require complicated iteration steps via Cayley transformation and curvilinear
searches.

To circumvent this direct optimization, we can apply the same rSVDdpd algorithm
introduced earlier in Section 2.2.3. We start by assuming that the unknown location
parameter p is already estimated using a robust consistent estimator of the location. For
our purpose, we use the Li-median as the location estimator; however, in Section 3.3.3,
we shall describe some alternative choices that may be used. Applying the rSVDdpd
algorithm on the centered data matrix X — 1Tz, one obtains the estimates of the singular
values :\\z and the left and right singular vectors uj, and v, for k = 1,2,...,r, where r
is the rank of the low-rank component of the data matrix X. By definition of the PCA,
the left singular vectors are random variables, hence we discard them. The quantities
(X,(:))Q /n and v;s are outputted as the k-th eigenvector and k-th eigenvalue corresponding
to the principal components of the i.i.d. sample X1,..., X, respectively.

Although the rSVDdpd algorithm has been extensively studied in previous Chapter 2

by considering the Gaussian density for the modelling the errors, it is possible to choose
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Table 3.1: The choices of ¢(-) and () functions for different elliptically symmetric family

of densities. Here, K, (-) is the modified Bessel function of the second kind.

Density family g(x) ()
Multivariate Normal —x/2 e—ax?/2
Multivariate t —VTJFP log(1 + x/v) (1+p/v)(1+ g;2/y)—a(V+P)/2—1
Multivariate Logistic —x —2log(l+ e %) 2¢07” (er —1)(1+ 612)*(2a+1)

Multivariate Laplace % log(z) + log(K,(v2z)) 2v2[z|* K3~ (V22 K, —1(v22?)
+olz| V2K (V22°)

different 1 function in the iterative equations (2.15)-(2.17) to tackle different choices of the
g(-) function in Eq. (3.5). Simple calculations yield the relationship between the weight

function ¥ and g function as
Y(x) = —Qeo‘g(mg)gl(azZ), x> 0. (3.8)

For some standard elliptically symmetric family of distributions, the choices of correspond-

ing g and the 1 functions are indicated in Table 3.1.

3.3.3 Choice of the Robust Location Estimator

There are several choices for a robust location estimator to be used alongside the rPCAdpd
algorithm. We shall discuss only a few of these estimators which are quick and simple since
the primary focus of this chapter is to estimate the principal components. As we shall
show later in Section 3.4, the asymptotic properties of the estimated principal components
are free of the choice of this location estimator, as long as the location estimator is robust
and asymptotically consistent.

Naturally, we may want to use the MDPDE (Basu et al., 1998) for a normal location
model family, extended to a multivariate setup. However, estimating the location parame-
ter in this way would force us to estimate the unknown dispersion matrix 3 as well, which
is already taken care of using the rPCAdpd algorithm. Also, as will be discussed later in
Section 3.4.2, this multivariate MDPDE does not satisfy the desirable orthogonal equiv-
ariance property, and in particular, the permutation equivariance property. So instead,
we can resort to a coordinate-wise MDPDE under the normal location model family. In

this case, the coordinates of the estimated location vector satisfy

~ o 1 1 1+a\ 1 i (Xij — p)?
; = arg min min — — exp{ —a————— 5|,
Hi gu o (2m)*20% | /14 a a ) ni— P 202
foreach j = 1,...,p, where « is the robustness parameter lying between 0 and 1, X; is the

j-th coordinate of the sample observation X ;. This coordinate-wise MDPDE still retains
some of its robustness properties while being permutation and scale equivariant. However,
it still does not satisfy the orthogonal equivariance property for a general orthogonal

matrix. Detailed properties of such a procedure are present in Chakraborty et al. (2024).

63



ROBUST PRINCIPAL COMPONENT ANALYSIS

Alternative choices of a robust and consistent estimator of the location parameter
would include the L; median (Vardi and Zhang, 2000), coordinate-wise median or any M-
estimator for location (Huber, 1964a). The L; median possesses the desirable orthogonal
equivariance property. Based on extensive simulation studies, we have found that L,
median fits our purpose and provides a desirable balance between speed (computational
advantage) and accuracy (robustness and efficiency), and hence it is chosen to be used as

a robust location estimator during the rPCAdpd algorithm for all our subsequent studies.

3.3.4 Choice of the Hyperparameters

The two hyperparameters associated with the rPCAdpd estimator are the rank of the L
matrix, i.e., the number of significant eigenvalues or the number of principal components
to output, and the robustness parameter « in the objective function (3.5). The robustness
parameter o can be estimated in a data-driven manner by minimizing a conditional MSE
criterion as described before for the rSVDdpd algorithm as in Section 2.2.4.

To determine the rank of the matrix L, we robustly estimate all the (n Ap) eigenvalues
and the corresponding eigenvectors using the rPCAdpd algorithm. Subsequently, we select
the rank as the minimum possible value r < (n A p), such that the first r eigenvalues can
account for at least (1 —J) proportion of variation present in the sample. Common choices

for ¢ are typically 0.1 or 0.25. Mathematically, the estimate of the rank of the matrix L

is given as
r (nAp)
7 = min 1§T§(nAp)‘Zﬁx§a) >(1_5) Z %(Ca) ’
k=1 k=1

where /y\lia) is the k-th eigenvalue as estimated by rPCAdpd method with robustness pa-

rameter «. Similar criteria have been used to determine the number of significant principal
components by multiple authors (He et al., 2012, Xu et al., 2012). Later in Chapter 3, we

discuss this choice in detail.

3.4 Theoretical Properties

3.4.1 Existence and Convergence

Among various theoretical properties of the rPCAdpd estimator, we begin by showing
the existence and uniqueness of the estimator. We start by writing the objective function

present in (3.5) as a function of the individual terms of the parameter vector 8 as

T .—a/2 | CO+a 1\ 1 ¢ 5
QMY1y--,7p,M) = H " /2 [(1+)9 _ (1 + a) = Zexpag(qf(Xru)) _ (3.9)
k=1 i=1

Cyg

where [ is a robust consistent estimate of the location and qf(+) is as given in (3.6). The
following result establishes the existence of the rPCAdpd estimator by showing that the

above objective function @(-) remains bounded below.
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Theorem 3.1. If the generating function g : [0,00) — R of the elliptically symmetric
family of distributions is a decreasing continuous function, then for a sufficiently large
number of sample observations n, there exists a minimum of the objective function Q(-)

given in (3.9) with probability tending to 1.

Proof. First note that the eigenvectors vy, lie in the Stiefel manifold of order p, which is a
closed and bounded subset of RP, hence is compact.

Also, since g(x) is a continuous decreasing function, limz_,oo e9@) = (. Otherwise if
limg o0 €9%) = € > 0, it implies that the integral f ) diverges by comparison test,
contradicting the existence of the elliptically symmetric probability density function.

Fixing p € RP, let us now observe how the objective function @) behaves for extreme
values of the eigenvalues ~1,...,7,. If 1 — 0, then it follows that

m Q(yi,..-, 7, M) = hm 771/2 [C(Ha)g — lim eg(r)} >0,

71—0 Cg T—00

since ¢, > 0 for any choice of g function by definition. On the other hand, if 73 — oo,

then for every i = 1,2,...,n, the quadratic form
p P
T v ok o) (X — ) = (X — @)Yy vk(m)oe(n) (X — ).
k=1 k=2

Then by the law of large numbers, it follows that as n — oo, with probability 1

Zexp{ag( ny vi(n)vr(n)T (Xi—u)>}

— E |exp {ag <(X —p)7 nyglvk(n)vk(n)T(X - N)) }
k=2
> E |exp {ag ((X — )" % ok(mok(m)T(X - u)) }
k=1
= c;l/Rpexp{(Ha < Zv vi(nvr(n)"(x u))}dw
_ C(1+a)g
cg

where the inequality on the third line uses the fact that g is monotonically decreasing.
Therefore, for sufficiently large n, with probability 1, Q(v1,...,7p,n) increases to 0 as
~1 increases to co. Therefore, for any given € > 0, there exists 0 < aj(e) < by(e) < oo
such that Q(v1,72,...,7) > (—¢) for any 1 & [a1(€), b1(e)]. Note that, since 7; is chosen
arbitrarily, the same conclusion also holds for all other eigenvalues, possibly with different
choices of a(-) and by (+) for k = 1,2,...,p. Now consider the set K = [[}_;[ax(1), bx(1)] x
SP, which is clearly compact. If 8 ¢ K, then by the above construction we must have
Q(0) > (—1). If 8 € K, then by continuity of Q(-) and compactness of K, we get that
Q(6) must be bounded below. Therefore, inf Q(v1,...,7vp, 1) = go must exist and go < 0.

Now let € = —¢gp/2 > 0 and consider K" = [[_,[ar(—q0/2),br(—q0/2)] x Sp. Note

that, the infimum ¢o must exist within this set K’. Since K’ is a compact subset of R?, it
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follows by the Extreme Value Theorem that the infimum must be attained. This proves
that the rPCAdpd estimator exists for any arbitrary value of u, including the location

estimate [i. O

The condition that the generating function g in the elliptically symmetric distribution
is monotonically decreasing and continuous is not a strict imposition. For instance, for all
the popular choices of the elliptically symmetric densities given in Table 3.1, the generating
function g is a decreasing continuous function. Hence, the rPCAdpd estimator exists for
all these multivariate families of distributions.

Once the existence of the rPCAdpd estimator is established, the convergence of the
iterative algorithm follows directly from the convergence of the rSVDdpd algorithm as

presented in Theorem 2.1 in Chapter 2.

3.4.2 Orthogonal Equivariance

As mentioned in Rousseeuw (1985), orthogonal equivariance is one of the fundamental
properties that an estimator of principal components should possess. Let, Y1,...,Y, be
a transformed sample Y; = aPX; + b for i = 1,2,...,n, where P,y, is an orthogonal
matrix, a € (0,00) and b is a p-length vector. Then, an orthogonally equivariant estimator
T\(X1,...,X,) of an eigenvalue should satisfy T)(Y'1,...,Y,) = a®Tn(X1,...,X,).
Similarly, for an orthogonally equivariant estimate 7, (X1,...,X,) of the corresponding
eigenvector, it should satisfy T,,(Y1,...,Y,) = PTy(X1,...,X,). For any orthogonal
equivariant estimate of the principal components, both of these two conditions should hold
for all eigenvalues and their corresponding eigenvectors.

Given the orthogonal equivariance property of the location estimator, it follows that
the resulting rPCAdpd estimator also satisfies the same equivariance property. The choice

of Li-median as a robust estimator of location satisfies this property.

Theorem 3.2. The rPCAdpd estimators of the eigenvalues and eigenvectors are equiv-

ariant under the transformation
Y, =aPX;+b, i=1,2,...,n, (3.10)

where Py, is an orthogonal matriz, a € (0,00) and b is a p-length vector provided that the
location estimator used in the rPCAdpd procedure also satisfy same equivariance property,
1.e.,

A(Y1,....Y,) = aPf(Xy,...,X,) +b.

Proof. Let py and piy be the robust estimates of the location based on the sample
Yi,....Y, and Xq,..., X, respectively. Then by the orthogonal equivariance of the
location estimator, we have that gy = aPuy + b. The equivariance property for the

estimated eigenvalues and eigenvectors by the rPCAdpd algorithm then follows from the
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observation that the quadratic form of the transformed data can be expressed as

p
af(Y; — py) = a(X; — px)TPT (Z yklvk%) (X — px)Pa
k=1
p

= (Xi—bx)T (Z(Vk/aQ)_lpTvkv£P> (Xi — bx)-

k=1
Now if rPCAdpd estimates of the eigenvalues for the sample X1,..., X, are 7} for k =
1,2,...,p respectively, then it is the minimizer of the objective function Q(-) as in (3.9).
Equivalently, a2’yz for K = 1,...,p becomes the minimizer for the @Q-function for the
transformed sample observations Y1, ...,Y, due to the equivalence of the quadratic form
as shown above. Therefore, the rPCAdpd estimate of the same for the transformed sample
would be a2'y,j.

A similar conclusion can be drawn for the rPCAdpd estimates of the eigenvectors. [

Corollary 3.1. As in the case of the rSVDdpd estimator discussed in Section 2.3.2, the
rPCAdpd estimator also satisfies scale and permutation equivariance. This follows from
the observation that both are special cases of the transformation mentioned in Eq. (3.10).
In particular, with P = I, the identity matriz of order p, we get scale equivariance. Also,

if a =1 and P is a permutation matriz, then permutation equivariance follows.

3.4.3 Consistency and Asymptotic Distribution

One of the integral components of the proposed rPCAdpd estimator is the MDPDE.
As shown in Basu et al. (1998), the MDPDE, being an M-estimator and a minimum
distance estimator, enjoys a vast set of nice asymptotic properties including consistency
and asymptotic normality. In this subsection, we will investigate how these properties
carry over to the special scenario of principal component estimation under elliptically
symmetric models.

Throughout this entire subsection, we assume that the sample X,..., X, consists
of i.i.d. random observations from a p-variate elliptically symmetric distribution with
generating function ¢ as in (3.1) with unknown mean p* and unknown dispersion ma-
trix X*. The covariance matrix X* is assumed to have an eigen-decomposition X* =
Zi:l Vv (v)T where 75 > 0 are eigenvalues and vjs are the corresponding eigenvec-
tors of the covariance matrix. We wish to estimate the parameter of interest 8* =
(Y5 -+»7p,M"), comprising of the eigenvalue 47,...,7, and the natural parameter n*
parametrizing the eigenvectors in the Stiefel manifold S5. The location parameter p* is a
nuisance parameter in this setup as indicated in Section 3.3.1.

Following the footsteps of Basu et al. (1998), we consider the following key quantities

€o = / wp(@) 5 da,
To— / up(x)ug ()T 5 da,

Ko = / up(@)ug ()7 f§ 7 du — €o€},
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which are essential for obtaining different asymptotic properties of the MDPDE. Here,
fo(x) denotes the same elliptical family of densities as in (3.4) at parameter 6 and cor-
responding score function is denoted by ug(x) = 99 log(fe(x)). To calculate all of these

quantities, we will resort to the following assumptions.

(C1) The generating function g(-) for the elliptically symmetric family of distributions is

thrice differentiable and the third order derivative is continuous.
(C2) The true eigenvalues 77, .. .,7, are distinct.

(C3) The functions s2¢/(s)ed) | s%(g'(5))2e9), s*¢" (s)e9*) and s*g"(s)e9(*) are uniformly
bounded above by some constant M* for any s > 0, where ¢/(s), ¢”(s) and ¢"'(s)

denotes the first, second and third order derivatives of g.

Assumptions (C1) and (C3) are similar in spirit to Assumptions (R1) and (R2) of Ghosh
and Basu (2013), which in turn imply Assumptions (A1)-(A5) of Basu et al. (1998). One
of the standard regularity conditions for such asymptotic results is the exchangeability
of the differentiation and integral signs, i.e., the integral [ féHO‘)(z)dz should be differ-
entiable with respect to @ for any « € [0,1] and the derivative can be taken under the
integral sign. However, this fact follows as a consequence of Assumption (C1) for the ellip-
tically symmetric family of distributions. Assumption (C2) makes the calculation simpler,
but it is not strictly necessary to establish the asymptotic properties of the rPCAdpd
estimator. However, it is also known that a random matrix with i.i.d. entries has neg-
ligible probability to have repeated eigenvalues (Tao, 2012). Kumar and Ahmed (2017)
verify similar conclusions for a broader range of distribution of random matrices using
simulations. Thus, Assumption (C2) holds for almost all positive definite matrices 3*.
We begin with two generic lemmas describing the quantity £g and Jg as a function of
the integral of the model density function and its derivatives. These lemmas are generic;
they are applicable in any MDPDE setup, not only in particular to the elliptically sym-
metric family of density or the RPCA problem. Hence, we present only the statement of

these Lemmas here, while we defer their proofs till Appendices 3.A.2 and 3.A.3.

Lemma 3.1. For any general setup with thrice differentiable model density function fg(z),
let ¢, (0) = ||f9||%ig Then, under the assumption of exchangeability of the differentiation

and integral signs, we have
€o = (1+ @) ca(6)p log(ca(8))-

Lemma 3.2. For any general setup with thrice differentiable model density function fg(z),
let ¢, (0) = ||f9||ﬁg Then, under the assumption of exchangeability of the differentiation

and integral signs, we have

g = 220 (170)+ (s 1ostca(0) ) (g ostealon)) )

where i"(0) is the expected Fisher information matriz for a single observation x following
the density function hg(x) = c;l(O)féHa)(:n).
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Before proceeding with the computation of these quantities &g, Jg and Kg for the
particular setup of the rPCAdpd estimator, we recognize that the estimation of the prin-
cipal components is essentially a two-step procedure. In the first step, we use an initial
consistent robust estimator i to estimate the location parameter p*. In the next step, the
rSVDdpd procedure was used to obtain the MDPDE of 8 using the model family densities
fo(z) as in (3.4) by replacing p* with its estimate g from the first step. Therefore, in
the following, we compute the quantities &g, Jg and Kg conditional on the value of u,
which will lead to the conditional asymptotic distribution of 0. However, as we shall show
later in Theorem 3.4, this conditional distribution turns out to be free of g, hence the
unconditional asymptotic distribution of 0 will also remain the same.

We start by using Lemma 3.1 in combination with Assumption (C2) for our specific use
case. To compactly write g+, we introduce the diagonal matrix I',x, with the diagonal

entries equal to 77, ...,7,.

Corollary 3.2. If fo(x) is a density function belonging to an elliptically symmetric family
of distributions with generating function g(-) as shown in (3.4), then under the Assump-

tions (C1)-(C3) when the location parameter p* is a fived quantity,
P —5 Diag (I")

— “(1+a)g a/2
50 (1 +Oé)( (1+a I};[l ’Yk 0

Proof. Since the normalized density c, *(6) féHa) also belongs to an elliptically symmetric

class of densities, it follows that
P

« a 1 @ —a
ca(0) = C(1+a)g H (V&) 1/2 (H ) H(’Yk) (1+a)/2 — ;:_a H /2,
k=1 k=1 Cyg

Putting this value and its derivative with respect to @ into Lemma 3.1 completes the

proof. O

Similarly, we can obtain the expression of Jg+ for the elliptically symmetric family of

densities as given by the following Corollary.

Corollary 3.3. If fo(x) is a density function belonging to an elliptically symmetric family
of distributions with generating function g(-) as given in (3.4), then under the Assump-

tions (C1)-(C3) when the location parameter p* is a fived quantity,

p
C(1+a)g x\—a/27
Jor = — 11 ()" Je-,
(1+ )2+ kH

where
i"(v,7) + ¢ (Diag (T7")) (Diag (1)) " (v,m)
i"(y,m)7 i"(n,m)

The quantities i"(-,-) are given by the following formulae

j@*:

"y, y) = —% (Diag (T ') (Diag (T71))" + T2V A4((1 + )g) VI 2,
i"(v,m) = =20 *VT(I, @ T A4((1 + @)g)GT,
i"(n,m) =4G(I, @ T A4 (1 + )g)(I, ® T1)TGT,
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where
B 0]
0 w5 0
Vp2 xXp — . s
i o 0 ... v;_
8'01 8’02 avp T

Gp(p+1)/2Xp2: %|n=n* %|n=n* %|n=n* )

and A4(g) is the p? x p? matriz comprising of the partitions A4(g;v?, ]) for i,5 =
1,2,...,p, where

P p 2
4(g;u,v) H _1/2/< (Q <mTZ(WZ) 1UZ(UZ)%>>> zxTuvTzx’
k=1 k=1

c;;leg(””T Sho (R T T®) g0

Proof. We begin by defining a few notations as follows,

Qx) = (@ — p*)T (Z wlvk%) (- p"),
k=1
A(g) = / Q@) (@ — W)@ — w*)Ter(8) ' explg(Q(x)))da,

where
1/2
—cg”fy/.

Both of these quantities are well defined due to the Assumptions (C1) and (C3). Now,
starting with the identity

e1(6) = / exp (9(Q(x)) da,

and differentiating both sides by ~, and 1 respectively, we obtain the identities

1
Vi 2oL As(g)vg = ——,

p
5 > v 'GrAs(g)vr =0, (3.11)
Yk

k=1
both of which will be used later in the proof.

Let hg(x) = c(_llea)(H)e(H"‘)g(Q(m)) be a density belonging to the same elliptically
symmetric family. Then, the score function u’é(ac) corresponding to hg turns out as
3Diag (T71) — (1 +a)g'(Q(@) T *VT(I, ® (x — p)(x — p))V

ub(x) =
. 2(1+0a)g'(Q@)GT ' & (x — p*)(x — p*))V1,

Using the expression for ug (x), we can further differentiate this with respect to the entries
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of @ and take expectation. This leads to the Fisher Information matrix i () with entries,

" (s 1) = (O 4(110)9) (931901 40)9) + (Drp14)g) W 0] A2((1 + @)g)vy

v AL((1+ @) g; vg, v1)v
MWt

v Ag((1+ a)g; vg, v)v;

== (‘%kq(Ha)g) (8qu(1+a)g) + 7,3%2 ,

+ (8'\/161(1+a) ) Vs UkA2((1 + Oc)g)vk +

for each k,1 =1,2,...,p; and

p p
: > Ar(1+a)g)vr, 2 = viA((1 + a)g; v, v1)
Zh(’Ykﬂ?) = -2 (aﬁ/kQ(1+a)g) Gk E - 7}2 k ” G;r
k=1 =1

p
Z +Oé)g,’Uk7’Ul)Gl

ww‘ o

foreach Kk =1,2,...,p,

P p
"mm) =4> > ' GRAs(1 + @) g; vg, )G
k=1 1=1

where we use the identities given in (3.11). In all of the above expressions, the quantity
qg denoted the logarithm of the normalizing constant, i.e., ¢; = log(c1(0)) and q(141a)g =

log(c(@)). Finally, Corollary 3.3 follows from using Lemma 3.2 and the expression of &,
given in Corollary 3.2. 0

For the particular setup of robust estimation of the principal components for the el-
liptically symmetric family, Assumptions (C1)-(C3) imply all the necessary assumptions
(A1)-(Ab) of Basu et al. (1998). Thus, we can readily use Theorem 2.2 of the same to es-
tablish the asymptotic properties such as consistency and the asymptotic normality of the
converged rPCAdpd estimator of the principal components. However, since the quantities
&g, Jg are obtained for a fixed value of i, the resulting asymptotic normal distribution is
also obtained conditional on the values of 1. However, the conditional asymptotic distri-
bution is independent of g1, hence the unconditional distribution also turns out to be the

same. For further technical details, one may refer to the proof of Theorem 3.4.

Theorem 3.3. Suppose the Assumptions (C1)-(C3) hold, o € [0,1] and the location
estimator [ is consistent for u*. Then, as the sample size n — oo, there exists a sequence
of rPCAdpd estimators 6, = ((P)ns - Yp)nsMp) as given in (3.5) such that

1. The estimated eigenvalue (7;)y is \/n-consistent for vj forj=1,2,....p.

2. Similarly, the corresponding estimated eigenvector (V;), is also \/n-consistent for

the true eigenvector 'v;f forj=1,2,...,p.

Remark 3.1. The consistency of (V;)n for v} follows from the fact thatm,, is consistent for

n* and the continuous mapping theorem, as the parameter 1 is a smooth parametrization
of the Stiefel manifold.
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Theorem 3.4. Suppose the Assumptions (C1)-(C3) hold and the location estimator @ is
nt-consistent for p* for ¢ > 1/2. Then, there exists a sequence of converged rPCAdpd
estimator 0, = ((M)ns -« Yp)n,My) as given in (3.5) for the general elliptically sym-
metric family such that after proper centering and scaling, it has an asymptotic normal

distribution as n — oo. In particular,
Jnde- K 1/2 (0 _ 9*>
converges in distribution to a standard normal random variable as n — co. Here,

Ju Ji2

C(1+a)g
J *x = ———
’ Jiy J2

1+ oz)zcha)

(0424_1) (Diag (1“—1)) Diag (F_l))T+F_2VTA4((1—|—0¢)g)V1“‘27

(
Jiz= =202V (L, 071 A4((1 +a)g)GT,
J22 = 4G (I, @ T7Y) Ay((1 + a)g) (I, o T~ GT,

Jiu =

and

Foon — _ CU2a)g K, K o) 2’ Diag (T~") Diag (1T 0

9*_ - )
(14 20)2 ) KT, Koa| (14 a)2c ™ 0
(4a? - 1) . 4 . —1\\ T —2 —2

K11 = B2 (Diag (171)) (Ding (D7) + T2V7AL(1+ 20)g) VT2,

Ky = 2TV (I, @ T7") Ay((1 +2a)9)GT,
Ko =4G (I, @ T71) A4((1 +20a)g) (I, e T™H)T GT.

Proof. The proof of this closely resembles the proof of Theorem 3.1 of Ghosh and Basu
(2013). For brevity, we shall only indicate the modifications pertinent to the special
scenario of principal components. Given the location estimator g, using the same notation
as in Ghosh and Basu (2013), we define

P

V(X,0) = T [C(Haw _ (1 N 1> caa((X—B)T S0, 27 ormve(n)T(X—7))
P Cq @

which are the summands in the objective function present in (3.9). Now, conditional on

1, by an application of the Law of Large Numbers, we have

1 & P
SN 9V (X5, 60F ( 0, and, 82V (X, 6%) Jo-
n; BV ( )|fE =0, an Z 7 Wi s g

where " is the true value of the parameters and the symbol L, denotes convergence in
probability. Now, since the right-hand sides of both of these are continuous functions of
n and as @ il p* (the true location parameter) due to the consistency of the location
estimator, it follows that the unconditional random variables also converges in probability
to the same value. As the support of the elliptically symmetric family of distributions is

assumed to be the entire space RP, Jg= becomes free of the choice of location which makes
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this convergence possible. Now, one can replicate the proof for consistency to show that
the rPCAdpd estimator is consistent.

To prove the asymptotic normality, we need to show that the average Hessian T, =
ﬁ S 03V (X,,0%) converges in distribution to a random variable Z following a mul-
tivariate normal distribution with mean 0 and variance Kg+. Due to Portmanteau’s the-
orem, it is enough to show that for any bounded continuous function h, |E(h(T,)) —
E(h(Z))| — 0 as n — oo. Since both the mean and the variance of Z are free of the choice
of location, we have E(h(Z) | p) = E(h(Z)). Also, an application of Lindeberg-Levy

Central Limit Theorem and Portmanteau’s theorem yields that for any g,
[E(h(T) | 1) —E(h(Z) | )| = 0, as n — oo. (3.12)

Since g is n°-consistent for some ¢ > 1/2, it follows that |p — p*| < C/n¢ for some
sufficiently large but fixed C' > 0 and for all sufficiently large n with probability tending

to 1. As a result,

[E(h(T)) — E(h(2))]
= [EEM(Ta) | 1) = E(W(Ty) | 1) + E(W(Ty) | 17) — E(h(Z))]

< s [EERT) | ) - EEGT) |6+ EhT) |6 - EnZ)| a0
H—pr|<C/ne

Since E(h(T,,) | p) is also a bounded and continuous function of p, it follows that the
first term converges to 0 in probability as n — oco. The convergence of the second term

is assured by (3.12) for the fixed p = p*. The rest of the proof follows as in Ghosh and

Basu (2013). O
It is worthwhile to note that while the true eigenvalues 77,...,7, is in decreasing
order, the estimated eigenvalues 71,...,%, may not be. If two eigenvalues ;" and ~; ;

are close to each other, it is possible that the corresponding estimates satisfy 7;411 >
;. Thus, one may be interested in finding out the asymptotic distribution of the order
statistics of estimated eigenvalues. However, because of the presence of a strong correlation
between the estimated eigenvalues, it is difficult to obtain a tractable closed form of
this distribution. It is only possible to derive some probabilistic bounds on the extreme
eigenvalues using the methods described in Ross (2010), Adler and Taylor (2007).

One may also be interested in the special case when the underlying elliptically symmet-
ric distribution is assumed to be the Gaussian distribution. Formally, if we consider that
the sample observations X, ..., X, are distributed according to a p-variate normal dis-
tribution with unknown mean p* and unknown dispersion matrix 3* = Y P _, vjv}(vi)T,
then it follows that under the same set of assumptions, one can establish the following

corollary.

Corollary 3.4. Suppose the Assumptions (C1)-(C2) hold and the location estimator p
is nC-consistent for p* for some ¢ > 1/2. Then, there exists a sequence of converged
rPCAdpd estimator 8,, = ((M)ns s (Wp)n,My) as in Eq. (3.7) for the Gaussian model

family of distributions such that as the sample size n — 00,
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1. The estimated eigenvalue (V;)n is /n-consistent for 7; and the estimated eigenvector

(Vj)n is \/n-consistent for vi forj=1,2,...,p.
2. The scaled and centred estimated vector of principal component eigenvalues
(V)n gl
NN
] %

has an asymptotic p-variate normal distribution with mean 0 and dispersion matriz

(1+ )P ! )2r—2> M,

-1 . ~1\ T): —I\T
1t QQ)P/2M (Al(a)Dlag (I~") Diag (T7)" + 51+ 20

where

M = O‘iDiag (T') Diag (1) " + lp
4 2 ’

1 (1 + 2a)P/?

(1+20)2 41 + a)rt?

A(a) = o?

3. The scaled and centered estimated m,, corresponding to the principal component eigen-
vectors, i.e., v/n(n, —n*) has an asymptotic normal distribution with mean 0 and

dispersion matrizc
-1
L+a) [~y ol T
A (22 (175 GeeDeiel |

Ov
where Gy, = Tk‘n:n*W the matrix corresponding of the gradients of the eigenvector
n
vy, with respect to its natural parametrization 7.
4. The rPCAdpd estimate of the eigenvalues ((V1)n,.-.,(Ap)n) and estimate of the

eigenvectors ((V1)n, ..., (Up)n) are asymptotically independent.

Proof. The generating function for the Gaussian distribution in the elliptically symmetric
family of distributions is g(z) = (—xz/2). It follows that ¢’(x) = —1/2 and the normalizing
constant C, := (2m)P/2 | 7,1/2. It is easy to verify that the Assumption (C3) holds for

this specific choice of g function. For ease of notation, we also define
Clita)g 2 2 r 2
o= U — om0 )2 [ (o)
g k=1
Now, some standard calculation using properties of normal distribution and its quadratic
forms (Petersen et al., 2008) reveals that As((1 + a)g) = (1 + «)X*/4, and

1
A1+ a)g;u,v) = i [E* (uvT 4+ vuT) ¥ 4 Trace (uvTX*) 7] .
In particular, for any k,1 =1,2,...,p,

1

Ag((1+ @)gs v, v7) = 7 [37 ((vp) (07)T + (v7) (vy,)T) B + Trace ((v) (v)T27) 3]

= 7 v () (0)T + (07) (W)T) + k17 2],

—

W
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where we use the fact that v} is an eigenvector of 3¥* corresponding to the eigenvalue ;.
Here, §, is the Dirac delta function, i.e., d, = 1 if z = 0, and it is equal to 0 otherwise.

Thus, it turns out that j?(u*, u*) = (fﬁa)(z*)_ly and

ch ok % Ca 2

3"V = T e (@7 + 21

41+ a)2yy; ( { }>

and j"(y;,m*) = 0, where we use the fact that Gyv} = 0. This equality follows from
differentiating both sides of the identity (v})T(vy) = 1 with respect to the parameter n
at § = m*. Similarly, differentiating the identity (v})T(v}) = 0 for k # [ with respect
to m yields that Grv] + Gjv;, = 0. Some lengthy calculations and an application of this

identity allow us to obtain

p P ¥

SRk * Ca 7k * * T

, = — = | Gr(v])(vi)"G] | .

oo = s (;1:}“:( ) Gutoi) o) l)

A similar calculation may be performed to determine the entries of Kg+«. An application

of Theorem 3.4 now completes the proof. O

The independence of the rPCAdpd estimate of eigenvalues and eigenvectors can enable
one to create confidence intervals for the eigenvalues and eigenvectors separately. To create
the asymptotic confidence interval for the eigenvalues, the knowledge of the corresponding
estimates of eigenvalues is sufficient. In contrast, the asymptotic confidence band for

eigenvectors require both the eigenvalues and the eigenvectors.

Remark 3.2. The density power divergence introduced in Basu et al. (1998) becomes the
same as the Kullback-Leibler divergence between the true density and the model density
fo(+) in the limit as o — 0. Thus, for a — 0, the estimating equations for the MDPDE
turn out to be equivalent to the estimating equations corresponding to the log-likelihood.
Consequently, the MDPDE coincides with the mazimum likelihood estimator as o — 0.
From Corollary 3.4 it then follows that the mazimum likelihood estimates (MLE) of the
etgenvalues of the covariance matrixz under the Gaussian distribution are asymptotically
normal with mean v; and covariance 27]2 /n and are asymptotically independent. This re-
sult has been well established in the literature; see Girshick (1939) for references. A similar
result for the asymptotic distribution of the MLE of eigenvectors was derived by Anderson
(1963). Results on the asymptotic independence between the MLE of the eigenvalues and
eigenvectors were also derived by Tyler (1981) for a general setup with repeated eigenval-

ues. Hence, Corollary 3.4 can be seen as a generalization of these results.

Remark 3.3. In contrast to Remark 3.2, for « = 1, the form of density power divergence
becomes the same as the L? distance between the true density and the model density fo(x).
If we denote the minimum L? distance estimator of the eigenvalues by ¥ = (Y1, ...,9p)"

and the true eigenvalues by v* = ('ﬁ, . ,’y;)T, then

ViF =) L N (0,V2),
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d . . . . .
as n — co. Here, — denotes the convergence in law. The asymptotic variance is given by

2(p+8) . 1 3(17/2) . -1 . CINT 1 1 _1
VQ:MM1 9 26D Dlag(I‘ )Dlag(I‘ ) +T8F M-,
where M1 = (Diag (I'"!) Diag (I™1)T +2I'"2). Since the quantity 7?;;:; (% - %ti%)

increases exponentially fast as x increases, the variance of the minimum L?-distance esti-
mator increases exponentially with increase in the dimension p. This shows that by using
the highly robust minimum L? distance estimator to obtain the principal components, one

sacrifices considerable efficiency in estimation.

3.4.4 Influence Function Analysis

The influence function is a local measure of the sensitivity and robustness of an estima-
tor (Hampel et al., 2011). One of the primary qualities of a robust estimator is that
it should have a bounded influence function. Such estimators with bounded influence
functions are also called B-robust estimators.

In this section, we investigate the influence function of the rPCAdpd estimator for
the Gaussian model family of distributions. For this particular choice, the asymptotic
independence of the eigenvalues and the eigenvectors as shown in Theorem 3.4 helps in
deriving the influence functions quite nicely. Let us assume that instead of the true

distribution ®g«(x), the observations X ;s come from a contaminated distribution
Ge(z) = (1 — €)Pg+(x) + €dy(x),

where 0y (-) is the degenerate distribution at y € RP. Let ¢g+(x) be the density function
corresponding to the normal distribution function ®g«(x) with the parameter vector 8*.
Then the influence of this contamination on the estimated principal components can be
readily obtained from the influence function derived in Basu et al. (1998). Due to the
asymptotic independence, the influence functions for the estimators of the eigenvalues and
the eigenvectors can be separately obtained along with an application of the chain rule to
incorporate the influence of the robust location estimator. It turns out that the influence

functions for the estimated eigenvalues and the eigenvectors are respectively,

4(1 2 -
I(y,7, %) = (25“) [o®Diag (T) Diag (T1)7 + 272 !
(0%
u’Yf(y) g'yf
: ¢3* (y)-[(yv ﬁa ‘1)9*) - ;
Uns (v) f»y;
and,
Ia(%ﬁ‘%*)
1+a)? [ G2 Gl &Gy . e R
- C : Yo Y Sy — )y — ) Toidg () (Y, i, Ber).
@ =1 Tk k=1 Tk
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This may be obtained by standard calculations as in Ghosh and Basu (2013), but for the
specific values of £y« and Jg+ in the rPCAdpd case. Here, Uy (y) denotes the score func-
tion with respect to the j-th eigenvalue 'y;-k evaluated at the contaminating point y and
I(y, i, g+ ) is the influence function of the location estimator p at y. We assume that the
location estimator g is robust and hence has a bounded influence function, which is true
for the Li-median. To show that both the above influence functions are bounded, one may
note that the exponential quantity e ay=n)T(E) " (y—n")/2 present in the Gaussian den-
sity ¢g+(y) is bounded below by e~ ly=1I/29%) a1d bounded above by efal‘yfu*uz/h(*l),
where 7{1) and ')/Ekp) are the largest and the smallest eigenvalues of 3* respectively. Now
the boundedness of the influence function follows from Assumption (C3), which can be
easily verified for g(x) = —x/2 corresponding to the Gaussian distribution. Therefore, we

have the following result.

Theorem 3.5. Suppose that the Assumptions (C1)-(C3) holds and the location estimator
W is B-robust. Then the rPCAdpd estimator of the eigenvalues and the eigenvectors is also
B-robust.

3.4.5 Breakdown Point Analysis

The breakdown point of an estimator is another accepted measure of the robustness of an
estimator besides the influence function. In contrast to the influence function, the break-
down point is a measure of the global reliability of an estimator. It is defined as the highest
level of contamination that an estimator can tolerate in the sample before producing an
egregiously bad estimate (Hampel, 1971). A detailed definition of the breakdown point
has been presented earlier in Section 1.3.3.

Since the rPCAdpd algorithm is composed of two steps, i.e., the location estimation
and the eigenvalue and eigenvector estimation using the rSVDdpd procedure; the asymp-
totic breakdown of the entire procedure is the minimum of the asymptotic breakdown of
these individual procedures. It is well known that the robust Li-median (used as the loca-
tion estimator in our entire study) has an asymptotic breakdown point of 1/2. Also, under
fairly general conditions, it will be shown in Chapter 5 that the robust MDPDE has an
asymptotic breakdown point at least /(1 + «), where « is the robustness parameter with
a € [0,1]. Hence, the resulting rPCAdpd estimator also has an asymptotic breakdown
point of at least «/(14 «), independent of the data dimension p. This means the proposed
rPCAdpd estimator can scale to arbitrarily high dimensional data without losing its ro-
bustness properties, unlike the standard M-estimation techniques. This scalability aspect
will also be demonstrated later through numerical simulation studies in Section 3.5. Note
that as a — 0, the lower bound of the breakdown becomes 0 suggesting a lack of robust-
ness, while for a = 1, one would get the highest possible breakdown 1/2 but sacrificing
considerable efficiency as indicated in Remark 3.3.

Note that, this is in contrast to the breakdown point result obtained by Maronna
(1976) for an affine equivariant M-estimator, which states that an affine equivariant M-

estimator has a breakdown point at most 1/(p + 1) where p is the dimensionality of the
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data. As explained in Basu et al. (1998), the MDPDE is a special case of the M-estimator,
and also we showed the orthogonal equivariance property of the rPCAdpd estimator in
Section 3.4.2. This discrepancy holds because the classes of the M-estimators considered
by Maronna (1976) differ from the classes of minimum divergence estimators to which
MDPDE belongs. In particular, Maronna (1976) considered the estimators given as the

solution to the system of equations

Zm )TETHXG — ) (X —p) =0,

ZUQ TS HXG - ) (X — ) (X —p)T ==,

where wu;(s) and ua(s) are suitable non-increasing functions for s > 0. On the other hand,

denoting X = Zizl 'ykvk'vz, the estimating equations for MDPDE turn out to be

Zexp —0.50(X; — p)TE (X — p)) (Xi — p) =0,

under the Gaussian model as in Eq. (3.7). While the estimating equation for the location
estimator matches, the estimating equation for the covariance matrix differs. Therefore,
the breakdown point results provided by Maronna (1976) do not apply to our proposed
rPCAdpd estimator.

3.5 Simulation Studies

In this section, we compare performances of the existing robust PCA algorithms and our
proposed rPCAdpd algorithm through simulation studies under varying levels of contam-
ination present in the data matrix. Among the plethora of existing RPCA methods, we
take the classical PCA (Jolliffe, 2002), spherical and elliptical PCA (LOC) (Locantore
et al., 1999), ROBPCA algorithm by Hubert et al. (2005), projection pursuit based meth-
ods Proj and Grid (Croux and Ruiz-Gazen, 2005), robust PCA using robust covariance
matrix estimation (RobCov) (Todorov and Filzmoser, 2010), principal component pursuit
(PCP) algorithm by Candes et al. (2011) and Gmedian based robust principal component
analysis (Gmed) by Cardot and Godichon-Baggioni (2017), for comparison purposes. We
have considered several variants of the rPCAdpd algorithm differing only in the location
estimator used. Based on the empirical performances, we have found that the Li-median
as a location estimator provides a desirable balance between robustness, efficiency and
computational complexity, hence it is the only variant demonstrated in the results de-

scribed below.
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3.5.1 Simulation Settings

In the simulation experiments, we consider a data matrix comprised of i.i.d. rows. The
rows X ;s are generated as X; = (1 — 51)321 +d;€; for i = 1,2,...,n. The uncontaminated
sample 3(1 is normally distributed with zero mean vector and a dispersion matrix X
whose elements are given by 3;; = min(i, j)/p for 4,j = 1,2,...,p. This setup is similar
to the one described in Cardot and Godichon-Baggioni (2017) and can be regarded as
a discretized version of a Brownian motion within the unit (0,1) interval. The random
variables §; which control the level of contamination are i.i.d. Bernoulli random variable
with success probability § € [0,1/2). The contaminating variable €;s are chosen to possess
different features compared to fi, and in this regard, we feel that the choice of the
distribution of outliers as given in Cardot and Godichon-Baggioni (2017) is too restrictive.
In comparison, Hubert et al. (2005) consider outliers that have changes in both mean and
variance components separately, and hence we choose to work with them. In summary,

we consider the following simulation scenarios.
(PCA1) § =0, i.e., only pure data are present and there is no contamination.

(PCA2) Here a proportion of elements are contaminated. The contaminating variable €;s
are i.i.d. p-variate normal random variables with mean yu(f;) and variance 3/ fo.
The mean vector p(f1) is a p-length vector where 10% of the entries at random
are equal to fi; while the rest of the entries are equal to 0. We consider the

following subcases.
(PCA2a) Here, fi = 3,fo =1 and 6 = 0.1. Therefore, on average 10% of the data
will be contaminated.

(PCA2b) Here, f1 = 3, fo = 1 and § = 0.2. Therefore, on average 20% of the data

will be contaminated.
(PCA2c) Analogous to (PCA2a) but with fa = 5.
(PCA2d) Analogous to (PCA2b) but with fo = 5.

(PCA3) This is similar to simulation scenario (PCA2) but the contaminating variable
€;s are i.i.d. p-variate t-distribution with 5 degrees of freedom with dispersion
matrix ¥/fo and a non-centrality parameter p(f1). This is used to understand
the behaviour of the PCA algorithms for heavy-tailed contaminating variables.

fi=3,f2=1and § =0.1.

PCA3b) f1=3,fo=1and § =0.2.

(PCA3c) f1=3,fa=5and 6 =0.1.

(PCA3d) f1=3,fa=5and 6 =0.2.

(PCA3a
(

)
)
)
)

In each of the above simulation scenarios, we consider five different situations with the
number of samples n = 50 but with different dimensions ranging from very small to
moderately large (p = 10, 25,50, 100, 250). Based on B = 1000 repetitions of each exercise,
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we obtain an estimate of bias and mean absolute error (MAE) of the estimated eigenvalues

as

B B
. 1 1 &
Bias, = 5 Ak — W MAE; = 37 ‘%ﬁb) - ’Yk‘ 7
b=1 b=1

where ;y\,ib),Vk respectively denote the estimate and the true k-th eigenvalue for the b-th

sample. Similarly, to measure the discrepancy in the estimated eigenvalues we look at the
Subspace Recovery Error (SRE) given by

B

SRE = % Z 2 (r — Trace <1A3bP>) ,

b=1

where P, = > ret 6,(5) (@;ﬂb))T is the projection matrix onto the span of the estimated
eigenvectors corresponding to the largest r eigenvalues from b-th replication, and P =
> et vkvi be the corresponding projection matrix from the true eigenvectors correspond-
ing to the largest r eigenvalues. In each of these simulation scenarios, we keep the choice
of r = 5 fixed, as more than 90% of the variability can be explained by the first 5 principal

components.

3.5.2 Simulation Results

The simulation results from the aforementioned algorithms are demonstrated in Tables 3.2-
3.10. We denote the rPCAdpd estimator with Li-median as the location estimator in these
tables as the DPD method, with the robustness parameter o shown in parenthesis. Also,
the RobCov algorithm (Todorov and Filzmoser, 2010) uses MCD-based robust covariance
estimation for RPCA. Thus, it is inapplicable when variables outnumber the sample size

(i.e., n < p), and those entries are marked as NA in these tables.

Table 3.2: Estimated Bias, Mean Absolute Error and Subspace Recovery Error (SRE) for
different PCA algorithms for the simulation scenario (PCAT1).

DPD DPD DPD DPD
Metric p  Classical LOC ROBPCA Proj RobCov Grid  Gmed PCP

(0.25)  (05)  (0.75) (1)

10 0.059  0.723 0194 0229 0431 0416 0.043 1.066 0.06 0062 0065  0.068

25 0019 2175 0227 0362  0.336 0.807  0.079 245 0017  0.013 001  0.008

Bias 50 0.031 4572 0519  0.467 NA 1414 0177 4729 0026 0017  0.007  0.017
100 0.194  9.366 0944  1.058 NA 2827 0.314 9387 0201 0216 0233  0.254

250 0.154  23.76 2847 2.239 NA 6.906  0.644 23301 0184 0236 0295  0.359

10 17.919  72.334 26.756  33.798  45.663 50.391  19.122  106.477  17.921  17.936  17.981  18.054
25 38.106 217.462 50.069  75.426  49.757  123.166  40.445  244.951 38.25  38.485  38.814  39.252

MAE 50 73.085 457.212 110.189  137.425 NA 240293  84.614  472.875  73.126  73.225  73.489  73.803
100 143.086 936.571 200.658  263.141 NA  381.432 154.736  938.685 143.426 144.012 144.595 145.234
250  395.183 2375.96 536.355 731.985 NA 1010.852 434.823 2330.092 395.893 396.863 397.827 396.641
10 1 1.347 1.172 1.677 1.429 2.498 1.126 1.188 0.99 0.983 0.99 0.995
25 0.829 1.417 1.028 1.76 1.127 3.573 1.004 1.136 0.833 0.84 0.845 0.872
SRE 50 0.766 1.336 0.959 1.653 NA 4.038 0.931 0.871 0.766 0.771 0.795 0.818
100 0.836 1.459 0.985 1.587 NA 3.313 1.045 0.923 0.84 0.847 0.857 0.872
250 0.828 1.268 0.927 1.494 NA 3.265 0.939 0.899 0.828 0.832 0.84 0.859

Table 3.2 presents metrics for various PCA algorithms in simulation setup (PCAL).

For uncontaminated data, traditional PCA outperforms all robust methods across all
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metrics. Gmed and ROBPCA exhibit relatively less efficiency loss. However, the proposed
rPCAdpd consistently outperforms both of these under any « € [0, 1] and regardless of the
location estimator used. Increasing o escalates the efficiency loss moderately compared to
the other methods. Although the L;-median is quite inefficient (Huber, 2004), its strong
robustness properties allow rPCAdpd to achieve very low MAE.

Table 3.3: Estimated Bias, Mean Absolute Error and Subspace Recovery Error (SRE) for
different PCA algorithms for the simulation scenario (PCA2a).

DPD DPD DPD DPD

Metric  p  Classical LOC ROBPCA Proj RobCov Grid  Gmed PCP
(0.25) (0.5)  (0.75) (1)
10 0.158 0.74 0.22 0.205 0.44 0.458 0.08 1.065 0.15 0.08 0.017 0.009
25 0.304 2.183 0.386 0.416 0.459 1.046 0.152 2.452 0.281 0.097 0.023 0.025
Bias 50 0.874 4.585 0.807 1.074 NA 2.308 0.274 4.724 0.792 0.248 0.121 0.129
100 1.627 9.382 1.41 1.63 NA 4.246 0.433 9.386 1.445 0.251 0.111 0.132
250 4.567 23.777 3.114 4.573 NA 11.98 1.471 23.303 4.134 0.866 0.718 0.777
10 29.382 74.012 30.359  37.423 47.943 59.314 24.69  106.383 30.81  24.729  18.938  18.165
25 62.13  218.321 62.944 83.99 61.246  141.267 56.95  245.214  63.996 47.073 39385  39.137
MAE 50 138.901 458.488 124.057 163.26 NA 305.897 111.013 472415 145.313 95.448 82.258 82.154
100 258.437  938.246 213.108  296.41 NA 495.19 211.008  938.639 268.129  155.77 140.017 139.704
250  693.852 2377.669 558.396  729.947 NA 1311.666 545.383 2330.337 709.073 398.446 380.915 383.593
10 1779 1875 1.056 2016 1405  2.697  1.843 1171 1787 146 1063  1.005
25 2.135 2.322 1.063 2.243 1.076 3.774 2.197 1.152 2.137 1.261 0.872 0.852
SRE 50 2.185 2.43 0.998 2.2 NA 4.395 2.263 0.924 2.172 1.145 0.847 0.871
100 2.251 2.482 1.084 2.3 NA 3.544 2.351 0.986 2.228 1.075 0.898 0.901
250 2.231 2.504 0.991 2.229 NA 3.599 2.317 0.912 2.196 0.936 0.869 0.882

Table 3.4: Estimated Bias, Mean Absolute Error and Subspace Recovery Error (SRE) for
different PCA algorithms for simulation scenario (PCA2b).

DPD DPD DPD DPD

Metric ~ p  Classical LOC ROBPCA Proj RobCov Grid  Gmed PCP
(0.25) (0.5) (0.75) (1)
10 0.321 0.757 0.381 0.429 0.589 0.757 0.14 1.065 0.329 0.281 0.138 0.067
25 0.553 2.198 0.368 0.635 1.004 1.344 0.235 2.451 0.568 0.364 0.073 0.036
Bias 50 1.467 4.602 0.829 1.796 NA 3.221 0.583 4.617 1.48 0.97 0.323 0.182
100 2.66 9.414 1.028 2.692 NA 6.019 1.235 9.159 2.766 2.005 0.533 0.2
250 7.033 23.805 3.245 8.006 NA 15.969 2.746 22.799 7.089 4.447 1.446 0.299
10 41.99 75.693 43.08 52.712  60.646 82.448  30.185  106.511 45.196  42.803  29.261  22.409
25 85.197  219.781 63.246 93.376  112.498 165495  65.545  245.114 90.83  74.713  45.453  41.413
MAE 50  194.589  460.223 130.581  236.929 NA  406.956 144.635  462.199  209.841 172.386 110.373  96.321
100 364.678  941.397 221.517  400.614 NA  665.195 267.786  916.897  394.475 317.498 173.981 142.885
250 957.207 2380.505 518.404 1066.532 NA 1696.499  658.65 2283.607 1060.277 838.361  545.85 432.927
10 1.812 2.049 1.109 2.346 1.424 2.886 1.889 1.197 1.811 1.774 1.405 1.111
25 2.14 2.422 1.021 2.645 2.212 4.19 2.26 1.276 2.152 1.832 1.111 1.03
SRE 50 2.219 2.472 1.02 2.828 NA 4.985 2.314 2.265 2.24 1.819 1.201 1.049
100 2.227 2.453 1.043 2.868 NA 3.86 2.326 2.272 2.242 1.868 1.153 1.007
250 2.249 2.549 1.066 2.976 NA 3.901 2.362 2.302 2.262 1.767 1.16 1.007

Tables 3.3 and 3.4 respectively show results for setups (PCA2a) and (PCA2b) which
differs in the level of contamination. As the contamination level increases, classical PCA
worsens as expected, spherical PCA (Locantore et al., 1999) yields biased estimates when
the number of variables p is large, and the projection pursuit-based methods also perform
poorly. The ROBPCA algorithm by Hubert et al. (2005) and the Gmedian algorithm
by Cardot and Godichon-Baggioni (2017) stand out to be the most promising among the
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Table 3.5: Estimated Bias, Mean Absolute Error and Subspace Recovery Error (SRE) for
different PCA algorithms for the simulation scenario (PCA2c).

DPD DPD DPD DPD

Metric  p  Classical LOC ROBPCA Proj RobCov Grid  Gmed PCP
(0.25) (0.5)  (0.75) (1)
10 0.215 0.746 0.166 0.159 0.396 0.434 0.161 1.065 0.234 0.131 0.112 0.11
25 0.328 2.182 0.249 0.305 0.604 1.168 0.286 2.458 0.335 0.127 0.112 0.105
Bias 50 0.855 4.592 0.139 0.494 NA 2.04 0.845 4.745 0.944 0.356 0.348 0.347
100 1.793 9.394 0.152 1.086 NA 3.896 1.713 9.403 1.861 0.858 0.8 0.775
250 3.839 23.786 1.204 2.871 NA 10.833 3.264 23.392 4.119 1.396 1.331 1.275
10 29.127 74.586 28.237  32.563 44.906 57.255  25.461 106.444  31.154  22.089 19424  19.468
25 60.747  218.249 56.479  76.163 87.508  156.242  60.369  245.818 64.18  44.461  42.378  42.696
MAE 50 129.217  459.232 99.63 149.773 NA 314.016  127.928 474.518 140.922 83.036 82.464 81.935
100 253.278  939.405 195.978  280.408 NA  510.712 251.441  940.342 266.573  163.12 158.681 158.084
250  633.745 2378.584 496.981 745.615 NA 1303.445 623.223 2339.228 676.812 398.135 394.581 395.265
10 1.815 2.014 1.099 2.118 1.485 2.823 1.87 1.194 1.821 1.159 1 0.997
25 2.167 2.43 1.013 2.408 2.127 4.035 2.261 1.151 2.064 0.992 0.888 0.902
SRE 50 2.221 2.47 1.043 2.531 NA 4.64 2.328 1.03 2.101 0.983 0.971 0.969
100 2.242 2.472 1.028 2.531 NA 3.721 2.34 0.96 1.942 0.918 0.882 0.893
250 2.251 2.515 0.963 2.535 NA 3.702 2.379 0.906 2.019 0.882 0.869 0.897

Table 3.6: Estimated Bias, Mean Absolute Error and Subspace Recovery Error (SRE) for
different PCA algorithms for the simulation scenario (PCA2d).

DPD DPD DPD DPD

Metric  p  Classical LOC ROBPCA Proj RobCov Grid  Gmed PCP
(0.25)  (0.5)  (0.75) 1)
10 0.318 0.795 0.143 0.351 0.624 0.732 0.238 1.066 0.381 0.223 0.171 0.173
25 0.673 2.244 0.251 0.785 0.76 1.607 0.491 2.464 0.741 0.485 0.329 0.33
Bias 50 1.558 4.655 0.258 1.328 NA 3.931 0.893 4.662 1.873 1.132 0.747 0.738
100 3.048 9.455 0.55 2.703 NA 7.156 1.806 9.224 3.675 2.412 1.444 1.409
250 7.077 23.848 0.789 7.754 NA 18.827 4.491 22.946 8.81 5.079 3.244 3.285
10 37.458 79.459 29.663  51.391 69.393 83.281  30.899  106.478 43.167  30.213  23.255 21.96
25 83.302  224.442 56.003 114.552 109.815  199.736  68.858  246.374 92.75  66.028  50.217  48.364
MAE 50  183.396  465.533 100.959  222.596 NA 473.89 139.529  466.556  216.876 143.9 100.715  96.639
100 365.033  945.488 194.688  453.592 NA 787951 276.815 923.643  438.872 299.393 204.371 195.749
250  896.782 2384.753 491.336  1154.62 NA 2015.285 682.064 2297.192 1077.574 670.359 488.388 482.877
10 1.882 2.106 1.159 2.529 2.221 3.09 1.991 1.205 1.886 1.491 1.214 1.174
25 2.136 2.387 1.094 2.75 2.318 4.552 2.209 1.261 2.132 1.539 1.164 1.125
SRE 50 2.233 2.506 0.978 2.915 NA 5.408 2.323 2.272 2.274 1.523 1.09 1.035
100 2.225 2.532 0.982 2.926 NA 4.051 2.33 2.274 2.25 1.514 1.066 1.002
250 2.256 2.479 0.933 2.907 NA 4.143 2.344 2.3 2.265 1.346 0.972 0.937
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existing methods. However, the Gmedian algorithm suits applications where the outly-
ing distribution and the true distribution have the same theoretical mean but a different
covariance structure. In contrast, the ROBPCA algorithm works well where there is a sig-
nificant change in mean between the outlying distribution and the true distribution. The
proposed rPCAdpd algorithm, suited for similar scenarios with changes in mean, surpasses
ROBPCA at high robustness parameter «, and is significantly better in high dimensions.
The PCP algorithm (Candes et al., 2011) has consistent results across simulation se-
tups (PCA1), (PCA2a) and (PCA2b). This is due to the fact that the error comes only
from the perturbation matrix E in Eq. (2.1), which is non-estimable by the PCP method.
Table 3.5 and 3.6 summarises the results obtained for scenario (PCA2c) and (PCA2d)
respectively. These results closely mirror those in scenarios (PCA2a) and (PCA2b).

Table 3.7: Estimated Bias, Mean Absolute Error and Subspace Recovery Error (SRE) for
different PCA algorithms for the simulation scenario (PCA3a).

DPD DPD DPD DPD

Metric  p  Classical LOC ROBPCA Proj RobCov Grid Gmed PCP
(0.25) (0.5) (0.75) (1)
10 0.212 0.743 0.23 0.263 0.429 0.519 0.05 1.066 0.2 0.138 0.082 0.064
25 0.534 2.185 0.403 0.494 0.412 1.09 0.127 2.452 0.515 0.324 0.247 0.247
Bias 50 1.218 4.58 1.018 0.997 NA 2.249 0.296 4.717 1.159 0.715 0.493 0.455
100 2.39 9.389 1.431 1.876 NA 4.388 0.597 9.372 2.218 1.201 0.873 0.857
250 5.09 23.783 2.675 2.997 NA 9.718 1.631 23.309 4.503 1.83 1.424 1.451

10 32.656 74.327 30.411  42.304 48.105 66.025  24.609 106.512  34.086  29.286  23.804  21.794
25 76.302  218.539 58.718  82.371 62.299  144.168 53.57 245173  78.951  61.355  54.034  54.426

MAE 50 160.631  458.022 131.667 166.613 NA 302974 113.246 471.68 166.973 127.601 105.154 100.407
100 303.042  938.894 218.99  303.707 NA  503.095 218.692 937.193 314.138  220.16 188.221 189.425
250  815.964 2378.289 589.99  858.143 NA 1279.957 662.041 2330.966 817.858 559.381  515.87 516.502
10 1.822 1.882 1.152 1.945 1.537 2.698 1.822 1.155 1.818 1.636 1.292 1.158
25 2.154 2.272 1.003 2.128 1.048 3.757 2.185 1.142 2.155 1.4 1.054 1.053
SRE 50 2.204 2.368 1.017 2.152 NA 4.395 2.287 0.978 2.206 1.423 0.961 0.919
100 2.251 2475 1.02 2.279 NA 3.587 2.311 1.01 2.23 1.282 0.951 0.955
250 2.264 2.521 1.072 2.202 NA 3.525 2.343 1.015 2.16 1.165 0.98 0.98

Table 3.8: Estimated Bias, Mean Absolute Error and Subspace Recovery Error (SRE) for
different PCA algorithms for the simulation scenario (PCA3Db).

DPD DPD DPD DPD

Metric  p  Classical LOC ROBPCA Proj RobCov Grid Gmed PCP
(0.25) (0.5) (0.75) (1)
10 0.454 0.756 0.376 0.415 0.509 0.749 0.172 1.065 0.478 0.399 0.283 0.207
25 0.957 2.198 0.529 0.828 1.049 1.596 0.363 2.448 0.968 0.817 0.523 0.416
Bias 50 2.053 4.603 0.829 1.571 NA 3.221 0.729 4.613 2.108 1.738 0.952 0.674
100 4.085 9.41 1.438 2.712 NA 5.838 1.174 9.136 4.235 3.121 1.585 1.015
250 10.553 23.793 5.036 8.705 NA 17.022 4.318 22,72 10.683 8.138 5.083 3.947

10 52.663 75.648 40.059 50.066 53.751 81.22  29.654 106.464  56.791 50.076  39.234  32.751
25 113.553  219.799 73.592  109.254 119.102  191.308  75.088 244.825 119.018  106.796 7832  67.627

MAE 50 236.518  460.337 122.695  206.081 NA  411.252 144.926 461.708 249.263  218.761 141.867 114.571
100 492.217  941.042 244.944  399.289 NA  647.709 288.144 914.552 534.963  445.369 293.533 237.476
250 1175.092 2379.306 659.666 1087.267 NA 1791.531 725.623 2273.85 1231.25 1015.697 716.547 604.369
10 1.839 1.993 1.134 2.326 1.465 2.825 1.886 1.198 1.85 1.797 1.556 1.351
25 2.22 2.414 1.071 2.784 2.217 4.183 2.249 1.234 2.237 2.026 1.356 1.176
SRE 50 2.304 2.528 0.97 2.888 NA 4.909 2.358 2.287 2.312 2.149 1.43 1.196
100 2.286 2.491 1.034 2.838 NA 3.809 2.307 2.288 2.309 1.993 1.223 0.995
250 2.307 2.481 0.952 2.83 NA 3.847 2.34 2.308 2.317 1.997 1.348 1.172
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Table 3.9: Estimated Bias, Mean Absolute Error and Subspace Recovery Error (SRE) for
different PCA algorithms for the simulation scenario (PCA3c).

DPD DPD DPD DPD

Metric  p  Classical LOC ROBPCA Proj RobCov Grid  Gmed PCP
(0.25) (0.5)  (0.75) (1)
10 0.149 0.746 0.228 0.181 0.464 0.505 0.123 1.065 0.163 0.081 0.043 0.041
25 0.357 2.188 0.258 0.402 0.543 1.057 0.381 2.457 0.382 0.174 0.148 0.143
Bias 50 0.777 4.59 0.33 0.455 NA 2.011 0.676 4.738 0.823 0.296 0.265 0.253
100 1.517 9.387 0.667 1.276 NA 4.291 1.144 9.402 1.495 0.442 0.392 0.372
250 3.886 23.785 1.012 2.727 NA 9.358 3.513 23.383 3.883 1.464 1.386 1.359
10 25.443 74.609 32.294  37.131 50.803 64.494  22.821 106.453  26.557  19.682  15.649  15.393
25 59.571  218.815 53.687  74.807 76.628  147.007  60.024  245.654  65.782  44.871 42176  41.994
MAE 50 133.973  459.029 108.565  159.38 NA 319.77 123.649  473.841 141.108  87.353  84.297  84.503
100 256.543  938.692 193.825 284.691 NA 496.1 225919  940.223 263.121  159.77  154.23 154.083
250  676.504 2378.474 524.335  T11.74 NA 1230.442 649.349 2338.346 678.719 435.267 427.714 430.439
10 1.796 2.006 1.052 2.079 1.468 2.768 1.872 1.144 1.788 1.286 0.952 0.958
25 2.141 2.342 0.981 2.397 1.775 3.969 2.211 1.186 2.057 0.994 0.861 0.87
SRE 50 2.179 2.418 0.954 2.389 NA 4.572 2.289 0.858 2.038 0.908 0.841 0.851
100 2.23 2.487 1.053 2.476 NA 3.66 2.315 0.929 1.983 0.899 0.849 0.883
250 2.254 2.555 0.999 2.479 NA 3.719 2.364 0.927 1.908 0.841 0.826 0.834

Table 3.10: Estimated Bias, Mean Absolute Error and Subspace Recovery Error (SRE)
for different PCA algorithms for the simulation scenario (PCA3d).

DPD DPD DPD DPD

Metric  p  Classical LOC ROBPCA Proj RobCov Grid  Gmed PCP
(0.25)  (0.5)  (0.75) 1)
10 0.268 0.79 0.139 0.347 0.633 0.724 0.183 1.066 0.324 0.217 0.115 0.113
25 0.673 2.231 0.243 0.71 0.725 1.615 0.486 2.461 0.748 0.458 0.304 0.297
Bias 50 1.325 4.641 0.13 1.474 NA 3.602 0.709 4.649 1.669 0.934 0.522 0.481
100 2.772 9.436 0.101 2.798 NA 6.713 1.462 9.206 3.428 2.046 1.142 1.098
250 6.861 23.832 0.34 6.809 NA  17.565 3.587 22.922 8.555 5.192 3.156 2.813
10 35.048 79.01 31.374 49.556 67.262  81.659  27.681 106.519 39.974  32.114  20.677  19.517
25 83.555  223.086 58.178 105.35 112.409 201.416  70.421  246.107 91.476  65.052  49.229  46.971
MAE 50 179.148  464.061 112.288  227.737 NA 458.559 129.521  465.585  210.767 138.549  96.856  89.979
100 370.199  943.586 216.485  440.313 NA 738531 272546  921.936  430.631 287.974 191.931 187.771
250  908.806 2383.166 566.649 1118.667 NA 191817 688.634 2294.489 1054.348 709.767 492.689 450.457
10 1.849 2.045 1.084 2.42 2.053 3.117 1.955 1.026 1.851 1.608 1.225 1.16
25 2.145 2.383 0.948 2.836 2.283 4.553 2.233 1.077 2.134 1.409 1.04 0.965
SRE 50 2.235 2.495 0.983 2.951 NA 5.331 2.34 2.274 2.286 1.496 1.112 1.022
100 2.269 2.529 0.985 2.928 NA 3.971 2.351 2.311 2.296 1.503 1.01 0.953
250 2.28 2.506 1.039 3.009 NA 4.132 2.388 2.326 2.295 1.551 1.176 1.076
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In scenarios (PCA3a)-(PCA3d), the contaminating distribution changes to ¢-distribution
with 5 degrees of freedom which has a heavier tail. In these scenarios, ROBPCA (Hubert
et al., 2005) and Gmedian (Cardot and Godichon-Baggioni, 2017) algorithms and the pro-
posed rPCAdpd methods perform closely. In (PCA3a), the rPCAdpd method excels for
large values of a. As the contamination rises to 20%, as shown in Table 3.8, all of the
chosen algorithms show a significant increase in MAE. However, the proposed estimator
maintains a low bias for all components even for large p relative to n, consistent with its
theoretical breakdown point behaviour as pointed out in Section 3.4.5.

In essence, the proposed rPCAdpd algorithm excels at detecting and removing low-
variance, different-location contaminating components, compared to the primary data
distribution component. In all other cases, its performance is closely comparable to the
best of the existing algorithms. Also, across all of the simulation setups considered, the
proposed rPCAdpd algorithm yields significantly better estimates of principal components
than the existing algorithms when the dimension of the data p is large, which is also

theoretically justified by its dimension-free asymptotic breakdown point.

3.6 Real Data Analysis

In this section, we demonstrate applications of the proposed rPCAdpd estimator on three
real-life datasets. The first two datasets, namely the “Car dataset” and the “Octane
dataset” are popular benchmark datasets used to compare performances of different RPCA
algorithms (see Hubert et al. (2005) for details). We also consider a novel “Credit Card
Fraud Detection dataset” to demonstrate how the proposed estimator can serve as a pre-
liminary preprocessing step to identify fraudulent credit card transactions before applying

any sophisticated binary classification algorithms.

3.6.1 Car Dataset

The Car dataset comprises n = 111 observations of cars with p = 11 variables, including
the length, width, and height of the car. This dataset has served as a benchmark for
various robust PCA methods (Hubert et al., 2005, Croux et al., 2007). We utilize it
to assess the performance of our proposed rPCAdpd method on outlier detection. For
visual evaluation, we adopt the orthogonal distances and the score distances as diagnostic
metrics (Hubert et al., 2005).

Analysing the screeplots for both the rPCAdpd and the classical PCA for the Car
dataset reveals that the first four principal components capture more than 90% of the
variance. Therefore, we apply both these algorithms to extract the first four principal
components only and compute the orthogonal distances and the score distances for each
observation. Figure 3.1 illustrates this diagnostic analysis. Classical PCA identifies a clus-
ter of influential points (observations 25, 30, 32, 34, and 36), which are also detected by the
rPCAdpd estimator. These points share a value of (—2) for 4 of the 11 variables: Rear.Hd,

Rear.Seat, Rear.Shld, and Luggage. However, classical PCA assigns low orthogonal dis-
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tances to these outliers, indicating their good fit, thus inflating distances for almost all
the points. Conversely, rPCAdpd assigns high orthogonal distances to these outliers.
Additionally, rPCAdpd identifies a different set of outliers (observations 102 — 107, 109),
unnoticed by the traditional PCA, which is consistent with the findings by Hubert et al.
(2005). As demonstrated in Figure 3.1, the ROBPCA and Gmedian algorithms also spot

these outliers.

Figure 3.1: Diagnostic plots for the Car dataset.

(a) Classical PCA. (b) rPCAdpd.
'56 600 i a|DB & 02836

@
s

5
]
3

1
1
1
@ Q !
8 8
c c 1
s s ,
R R el E LT E LR PR R EEEEEY £ !
R 39 1 E l
§’ 1% 109 1'02 32 % ! 102
s e ° £ 1 111
g 80 °gg100 o 5 | e
22 § o 200 106
° 1 1 B
10 12 | | 104 107
%0 30 108 !
96 1 o oo 1 1 5
09
10 7178107 1 ° 55 56 30! °
o O T Ty e e R
o 1 e of ik ¥
0 1 1
0 10 20 30 40 0 25 50 75 100
Score distance Score distance
(c) ROBPCA. (d) Gmedian.
° I . I o
%08 | o 36 1 108
600 | 34 25 1
o.
30,
1 . 1
1 32 1
| 400 |
[ ! Q !
8 8
< 400 1 c 1 L
£ ' g ' o 35
> 1 = 1 2
g 1 an g ! 30
S 1 902 S 1 Py
£ 1 220 1 111
S 200 ! %06 ¢} ! °
! ! ° 102
Y 404 1 o 106
! o I o103 [
%09 1 09 104
g A N [ A Mg 1=~~~ = ——mm - - m - ————————— =
of ‘el a5 1694 !
1 1
0 25 50 75 100 0 50 100
Score distance Score distance

Another interesting way to compare the robustness of different methods is through the
monitoring approach considered in Riani et al. (2014, 2020). The idea is to monitor an
error metric for each observation (e.g., residuals in linear regression model) as the tuning
parameters of the robust method are varied along with its asymptotic breakdown point. In
the case of principal component analysis, one may track the orthogonal distances for each
observation obtained from different robust PCA methods as the breakdown point changes
from 0.5 (the maximum possible value) to 0 (the minimum possible value). For example,
for the proposed rPCAdpd method, we know that the asymptotic breakdown point is at
least a/(1+ «) when the robustness tuning parameter is « (see Section 3.4.5). Therefore,
conversely, given the breakdown level at b, we can consider the tuning parameter for
rPCAdpd algorithm as a = b/(1 — b). For the ROBPCA algorithm, given the breakdown

point b, the tuning parameter o denoting the proportion of observations considered for the

86



ROBUST PRINCIPAL COMPONENT ANALYSIS

MCD type covariance estimation, satisfy o = (1—b). For these two algorithms, we indicate
the monitoring plots in Figure 3.2. As seen from the figure, there are multiple groups of
observations as per their orthogonal distances, and as the breakdown point decreases, they
merge together to form a single group. However, for the ROBPCA algorithm, the two bad
leverage points (cases 108 and 110) continue to demonstrate very high orthogonal distance,

even when the breakdown point becomes 0.

Figure 3.2: Monitoring plot for the Cars dataset.
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In order to investigate further, we consider another monitoring plot where we track the
estimated first eigenvalue for each of these methods as the breakdown point varies. This
plot, shown in Figure 3.3, clearly demonstrates that the ROBPCA algorithm shrinks the
eigenvalue even when the tuning parameter is adjusted such that the breakdown point is
equal to 0. However, the rPCAdpd estimate of the first eigenvalue increases as expected
and becomes same as the maximum likelihood estimate as both breakdown b and tuning
parameter a reduce to 0. Hence, the rPCAdpd estimator retains a desirable balance be-
tween robustness and efficiency and does not apply unnecessary shrinkage to the estimate.
The figure also brings out that the rPCAdpd estimator starts providing a robust estimate
for any a > 0.1/(1 —0.1) = 0.11.
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Figure 3.3: Monitoring plot for first principal eigenvalue of the Cars dataset.
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3.6.2 Octane Data

The Octane dataset, sourced from Esbensen et al. (2002), features spectroscopic data
with octane numbers derived from near-infrared (NIR) absorbance spectra of 39 gasoline
samples. The measurements span across 226 electromagnetic radiation wavelengths (1102
nm to 1552 nm), each of which gives rise to a feature variable. With 39 observations and
226 features, principal component analysis (PCA) is pivotal for dimension reduction and
subsequent analysis. Six sample observations (i.e., serial numbers 25, 26, and 36 — 39) are
known to contain additional alcoholic substances, making them quite different from the
others (Hubert et al., 2005).

As in the case of the Car dataset, a screeplot analysis reveals that there are only 2 sig-
nificant principal components present in the Octane dataset. However, the first principal
value estimated by the classical PCA (0.132) is several magnitudes higher than the first
principal value estimated by rPCAdpd (0.01075), which aligns with the estimates obtained
from existing robust PCA algorithms (Hubert et al., 2005). Diagnostic plots in Figure 3.4
demonstrate that traditional PCA fails to detect the outliers, except observation 26, while
the rPCAdpd algorithm identifies all the alcohol-mixed gasoline sample observations ac-
curately. The ROBPCA algorithm also detects these outliers, with a similar score and
orthogonal distances.

As in Section 3.6.1, we indicate the monitoring plots in Figures 3.5 and 3.6. Again
in this case, there are few different groups of outliers. As the breakdown decreases to
0, all the orthogonal distances are merged together to provide a non-robust fit to the
principal components. Comparing the monitoring plots, we see that even with a very
small positive tuning parameter a = 0.025, the rSVDdpd algorithm is able to provide a
robust estimate of the principal components, while ROBPCA algorithm obtains the robust

estimate much later when o = 0.13. Figure 3.6 yields a similar conclusion showing a robust
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Orthogonal distance

Orthogonal distance

Figure 3.4: Diagnostic plots for the Octane dataset.

(a) Classical PCA. (b) rPCAdpd.
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Figure 3.5: Monitoring plot for the Octane dataset.
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estimate (37 = 0.015) of the first principal eigenvalue as the existing ROBPCA method
while moving to the efficient maximum likelihood estimate (7; = 0.15) as the breakdown

decreases to 0.

3.6.3 Credit Card Fraud Detection

Credit card fraud detection is a very challenging problem because of the specific nature
of transaction data and the labelling process. Most of the real-life transaction data are
highly imbalanced, and the number of fraudulent transactions is far too small compared
to the extremely large number of valid transactions made on a day-to-day basis. There
are primarily two kinds of strategies to detect such fraudulent transactions: the first
one models the situation as a binary classification problem with a resampling procedure
(e.g., undersampling, oversampling) to counter the class imbalance issue. The second
approach assumes that the fraudulent transactions are outliers in the data and applies an
outlier detection algorithm (Carcillo et al., 2018, 2019). These methods often begin with
a principal component analysis (PCA) to reduce the dimension of the data and training
time for a real-time application.

To this end, we anticipate that the proposed robust PCA algorithm will outper-
form traditional PCA in dimensionality reduction and provide reliable principal com-

ponent estimates. We demonstrate this using the Credit Card Fraud Detection Dataset
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Figure 3.6: Monitoring plot for first principal eigenvalue of the Octane dataset.
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from Le Borgne and Bontempi (2004). The dataset encompasses 28 anonymized fea-
tures over 284807 transactions, with only 0.1% (492) transactions being fraudulent. For
demonstration, we randomly sample 5% of the dataset, which includes 19 fraudulent trans-
actions. The first 5 principal components, explaining over 80% of variation, are retained
for both the traditional and RPCA algorithms. In Figure 3.7, we portray the orthog-
onal distance and the score distance for each algorithm in consideration, and mark the
fraudulent transactions with red squares. As evident from Figure 3.7, the classical PCA
method fails to separate most of the fraudulent transactions, correctly identifying only 5
of them. In contrast, the rPCAdpd algorithm separates 13 out of 19 outliers. Existing
robust PCA methods such as ROBPCA and GMedian spot 7 and 6 outliers respectively,
which are marginally better than classical PCA but at the cost of many false positives
(outliers without the red squares). Thus, substituting the traditional PCA with the robust
rPCAdpd algorithm in the preprocessing step of this analysis can greatly enhance the pro-
jection onto a reduced-dimensional space. By doing so, valuable insights about fraudulent
transactions can assist the existing outlier detection and classification algorithms on this

transformed, lower-dimensional data.
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3.A Appendix: Proofs of some additional results
Lemma 3.A.1. For an elliptically symmetric family of densities
f@) cexp g ((x—p)T= " (z - p)], =R,

the normalizing constant for the density is given by cg det(E)l/2 where cq4 is a constant

depending on the choice of function g.

Proof. To see this, we note that the normalizing constant can be expressed as

P
Cy= / exp [g <(:c — )7 Zylzlvka(m - u)) dex.
RP
k=1
Let P be the p x p orthogonal matrix whose rows are the vectors vz for k=1,2,...,p.

Then, applying a change of variable z = PT(x — u), we can rewrite the integral as

P
Cy :/ exp [g (Z’@%i)] dz,
Rp k=1

where z = (z1,22,...,%)T. Finally, another change of variable with w, = z,/,/7 for
k=1,2,...,p yields,

P P
Cy = / H 7;1/2 exp [g <Z u%)] duidus . .. du, = det(g)l/ch’
Hi=1 k=1

where the constant ¢, is the integral it is replacing. Clearly, the term ¢, is free of the
mean g and the dispersion ¥ matrix, and hence is a constant depending only on the g

function. O

Lemma 3.A.2. For any general setup with thrice differentiable model density function
fo(x), let co(0) = Hngiig Then, under the assumption of exchangeability of the differ-

entiation and integral signs, we have
&g = (1+a)""ca(6)de log(ca(8)).

«

Proof. Let, hg(x) = c;'(0) féHa) (x) be another density function. Note that

() = ~-10s(ho()) = — i 08(ca(0)) + (1 + a)uo(). (3.13)

where ug(x) is the score function corresponding to fg(x). Under the standard regularity
conditions, one can exchange the differentiation and the integral sign to obtain that the

expectation of the score function is equal to 0. Therefore,

0 0 (1+«)
0= [ —log(h h de = ——1 (0 .
55 1oBho(@) ho(@)da = — 5 lox(ea(0)) + e
Interchanging the sides and solving for &g yields the result. O
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Lemma 3.A.3. For any general setup with thrice differentiable model density function

fo(x), let co(0) = Hfg||ﬁg Then, under the assumption of exchangeability of the differ-

entiation and integral signs, we have

Jo = (161(2))2 <¢h(0) + (galog(ca(@))> <88910g(ca(9))>T> (3.14)

where i"(0) is the expected Fisher information matriz for a single observation x following
the density function hg(x) = c;l(O)féHa)(;c).

Proof. Starting with the equality (3.13), it follows that

(@) ()" = (g ostea®)) ) (5 osteato)))

—2(1 + a)ug(x) (680 log(ca(e))> +(1+ a)2u3(m)u;(a}).

Multiplying both sides with hg(x) and integrating with respect to x yields

ror= (") (M) 2 () (g ) e e

Solving for Jg yields Eq. (3.14). O
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Chapter 4

Rank Estimation

4.1 Introduction

In previous Chapters 2 and 3, we introduced a novel estimator to robustly estimate the
singular values, vectors and the principal components of a signal-plus-noise data matrix
X as in (2.1), provided an apriori knowledge about the rank r of its low-dimensional
component. In other existing robust SVD or PCA methods (Candes et al., 2011, Zhang
et al., 2013), some tuning parameter tied to the low-rank component L must be specified,
which indirectly controls the rank. Sometimes, this rank is guessed based on the domain
knowledge. For instance, we usually take rank to be 1 or 2 for the background modelling
problem, between 3 and 5 in image reconstruction, etc. However, for many practical
purposes, this rank is not known and must be estimated in a data-dependent fashion.
Primarily there are two approaches to determine the rank of the low-rank component
L. The first approach relies on creating a general model selection criterion based on
distributional assumptions on the entries of the error matrix E. The model selection
criterion is built by combining a statistical discrepancy measure of fit from a partial SVD or
similar estimate and a penalty function of the model complexity. The estimate of the rank
is then given by the choice of rank r that minimizes the criterion function. Classical criteria
such as Akaike’s Information Criterion (AIC) (Akaike, 1973) and Bayesian Information
Criterion (BIC) (Schwarz, 1978) are usually inadequate for this purpose, and they need
to be appropriately modified for the matrix rank estimation problem (Bai and Ng, 2002).
The second major approach estimates the rank of a matrix using a resampling technique
known as cross-validation. In this case, the rows and the columns of the data matrix X
are subdivided into groups; these groups are deleted in each step and a partial SVD up to
a chosen rank is used to estimate the deleted entries based on the remaining elements. The
estimate of the rank is then determined by the choice yielding the lowest possible prediction
error. Wold (1978), Eastment and Krzanowski (1982), Gabriel (2002) and Owen and Perry
(2009) are examples of such cross-validation techniques. The theoretical results on various
statistical properties of the cross-validation techniques are rather limited, compared to the
penalization approaches. Later in Sections 4.2.1 and 4.2.2, we describe these approaches

in detail.
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Beyond these two classes of estimates, there are a few other approaches present in the
literature. The simplest one is the “Elbow” method, conceptualized by Thorndike (1953),
which proceeds by looking at the estimated singular values (or the squared estimated
eigenvalues) of the data matrix X and finding the position in the screeplot where a major
slope change occurs in the graph of singular values, leading to the shape of an elbow. In
contrast, Shabalin and Nobel (2013) proposed another simple rank estimation method by
counting the number of singular values beyond a certain threshold as estimated from data
matrix X. Their studies involve deriving a distributional result of the singular values
for a random signal-plus-noise matrix. Recently, Xu et al. (2021) presented a similar
thresholding approach, but using the Gershgorin discs of the singular values of the data
matrix, for robust PCA methods. In a different direction, Hoff (2007) proposed a matrix
rank estimation method using Bayesian modelling of the data matrix X. His approach
considers the von-Mises distribution for the singular vectors and uses the properties of
this distribution to derive the posterior distribution of the rank. Gibb’s sampling is then
used to generate the posterior samples. Since his approach relies heavily on the properties
of the classical SVD, it cannot be readily applied to a robust SVD procedure such as
rSVDdpd without any non-trivial modifications.

Despite their popularity, the penalized and the cross-validation approaches perform
poorly in the presence of outlying observations, as will be demonstrated later in Sec-
tion 4.5.2. Even if a robust SVD procedure is used, the existing penalized approaches result
in an unsatisfactory level of accuracy due to the misspecification of the penalty function,
and the cross-validation approaches usually face some computational bottlenecks.

In this chapter, we present a novel penalized criterion for estimating the rank of a
data matrix robustly. The proposed penalized criterion is a modified version of the di-
vergence information criterion (DIC) as in Kurata and Hamada (2018) which uses the
robust “rSVDdpd” algorithm introduced in Chapter 2 to estimate the singular values and
vectors. As will be demonstrated in Section 4.5.2, this method provides a reliable estimate
of the rank compared to the existing methods, even in the presence of contaminated data
entries. The rest of the Chapter is organized as follows. In Section 4.2 we formally describe
the rank estimation problem and describe the mathematical foundations of the penaliza-
tion and cross-validation approaches to solve the problem. In Section 4.3, we derive our
proposed criterion for robust rank estimation. Subsequently, we demonstrate its selection
consistency and robustness in Section 4.4. Finally, we perform extensive simulation studies
to demonstrate the superior performance of our proposed criterion over the existing rank

estimation methods.

4.2 Problem Description and Existing Approaches

As in the robust SVD problem, we consider an n X p data matrix decomposition as

g

VnvVp
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where L is a low-rank matrix and F is a matrix with i.i.d. entries with density function ¢
such that E(e;;) = 0 and Var(e;;) =1 foralli =1,2,...,nand j =1,2,...,p. Based on
this decomposition (4.1), the aim is to robustly estimate r = Rank (L). In Eq. (4.1), the
usage of /n V p in the denominator for the noise matrix is crucial. There are two reasons
for this: One, the error variance should asymptotically go to 0 as n or p increases to
infinity for the rank estimation problem to be identifiable, otherwise, the largest singular
value of the noise matrix E and its corresponding singular vectors can be added to L to
constitute a new low-rank component with a different rank than that of L (see Candes
et al. (2011) for details of this identifiability issue). Two, as shown in Shabalin and Nobel
(2013), asymptotically any reasonable matrix decomposition technique cannot consistently
estimate the singular values of L (or its functions like the rank) from the data matrix X
if the noise variance is larger than an order of 1/,/np. Also note that, this exact scaling
factor is present in Assumption (B6) which was required to prove the statistical consistency
of the robust rSVDdpd estimates earlier in Chapter 2.

4.2.1 Penalization Approaches

The penalization approach to the matrix rank estimation problem considers a model se-
lection criterion combining a statistical discrepancy measure of fit from a partial SVD
estimate to the data matrix X and a penalty function of the rank used in the partial SVD
estimate. As one includes higher rank components in the estimate, the error in estimation
reduces by yielding a small discrepancy measure, but the penalty function compensates
by being an increasing function of the rank. In mathematical terms, the penalization

approach considers a model selection criterion of the form

Ar)

C(r)=d@ ", X)+g(r), r=0,1,2,...,(n Ap), (4.2)

where d(/H\(T)7 X)) is a measure of discrepancy between X and the estimate of X based on
a partial SVD estimate 5(T) up to rank r. The quantity g(r) is an appropriately chosen

penalty function of the rank r. The estimate of rank is then given by

r= argmin C(r).
0<r<(nAp)

For majority of the existing rank estimation algorithms, d(-) is taken to be the squared
Frobenius norm of the difference between X and Y ;_, Xkﬂkﬁkj, where Xk, uy, and vy, are
the estimates of the k-th largest singular value and corresponding left and right singular
vectors. For the typical model selection criterion like Akaike’s Information Criterion (AIC)
(Akaike, 1973) and Bayesian Information Criterion (BIC) (Schwarz, 1978), the penalty
function g(r) does not turn out to be strictly increasing function of the rank r, but an
inverted parabola like r(n + p — 7). This choice of penalty function usually leads to
overestimation. Thus, Bai and Ng (2002) proposed six modified criteria named PC1,
PC2, PC3, IC1, IC2 and IC3 for the matrix rank estimation problem. All of these criteria

use a linearly increasing function of r as the penalty function.
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Since the classical SVD estimates are highly influenced by the presence of outlying

observations, one may substitute robust rSVDdpd estimates 5(’“

o in calculating the dis-

crepancy measure. However, due to the squared residuals in the form of the Frobenius
norm, even these modified procedures still produce poor estimates of the rank, as will be
shown later in Section 4.5.2. As an alternative, Karagrigoriou and Papaioannou (2008)
proposed a “Divergence Information Criterion” (DIC) based on the density power diver-
gence (Basu et al., 1998) which is demonstrated to be robust in selecting the correct model

in regression setups. For the matrix rank estimation problem, the DIC is given as

~(r) 1+« 3/2
DICa(r) = HO@L) + rla+ D)2 ({00 ) (#3)

where

n p r
PO =0~ I - (14 1) 33 e (s dmdimtil) |y
i=1 j=1
Here, the parameter 8 consists of the singular values A; and corresponding left and right
singular vectors uy and v for k = 1,2,...,(n A p), and the noise variance 0. Note that,
(4.4) is exactly same as the objective function (2.4) of the “rSVDdpd” estimator. Hence,
the quantity 52') denotes the “rSVDdpd” estimator up to rank r for the robustness tuning
parameter a.

We know that as a — 0, the density power divergence takes on the form of Kullback-
Leibler divergence and the corresponding MDPDE becomes the maximum likelihood es-
timator (MLE). It is easy to see that if f is taken to be the standard normal density,
then

n r 2
H(8) i= lim HI9(0) = (20) Zf ( - Zxkuki%) (4
i=1 j=1 k=1
where the superscript ¢ indicates that H(-) is calculated based on the standard normal
density. Eq. (4.5) establishes that the limiting form of the discrepancy measure H (-) relates
to the usual Frobenius norm used in the classical criteria like AIC, BIC, etc. This also
means, the minimizer of HST)’¢(0), ie., 53”’ is the traditional nonrobust SVD estimate
up to rank r. To deal with the general case beyond normal distribution for the errors,
Kurata and Hamada (2018) proposes a new criterion called BHHJ-C given by
BHHJ-C, = H) (8" + Trace (7 10K (0 ”)) (4.6)

[} «

where

Jo(6) = — Z SE,, VAV,

11]1

Ka®) = S s, [(Vovi2 @) (Voviih®)']

i=1 j=1
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where Vj; () is the V-function defined in (2.5), g;; is the true density of the entries X;; of
the matrix, and Vg and Vg respectively denote the gradient and the Hessian operator with
respect to 6. Since g;js are unknown, one computes the above expectations assuming that
the densities belong to the model families of densities, and then replaces 8 by its consistent
estimate @fj") to compute the BHHJ-C. While both DIC and BHHJ-C are modelled after
AIC, Kurata and Hamada (2020) proposed a simpler criterion based on BIC as follows

RCC, = H(0; X) + % log(n).

The RCC is demonstrated to achieve selection consistency and robustness. Unfortunately,
this derivation only works when the number of rows n asymptotically grows to infinity
but the number of columns p remains fixed. However, the analysis of SVD considers the
asymptotic regime where both n and p grow to infinity maintaining a constant ratio in
limit, as described in Chapter 2. Recently, Kurata (2022) showed that many different
combinations of the divergence based metric and the penalty function plog(n)/2n also
achieve selection consistency and robustness. On the other hand, Toma et al. (2020)
generalized the DIC by replacing the density power divergence with the logarithmic density
power divergence (LDPD) measure, while appropriately adjusting the penalty term as

necessary. A summary of different penalized criteria is indicated in Table 4.1.

Table 4.1: Different Penalized Criteria for Matrix Rank Estimation. (Here &, denotes the

estimated noise variance by minimizing corresponding H,(+)).

Criterion Definition

AIC (Akaike, 1973) ZH(T) 2@ N62 4 162 (n+p—r)/np

BIC (Schwarz, 1978) (Oér)’¢)ag +753(n 4+ p — r)log(np)/np
PC1 (Bai and Ng, 2002) 2H(T) ¢(eé )52 + 153 log("E2) /np

PC2 (Bai and Ng, 2002) 2H0 (0 " ¢)O’ + 752 log(n A p)/np

PC3 (Bai and Ng, 2002) 2H(r) ¢(90T) ¢) + r52log(n Ap)/(n Ap)
IC1 (Bai and Ng, 2002) 2H0 (98 ) + Tlog("+p)/np

IC2 (Bai and Ng, 2002) 2H(T) ¢(9[() )+ rlog(n A p)/np

IC3 (Bai and Ng, 2002) 2H(T (OOT) ¢) +rlog(n Ap)/(nAp)

DIC (Karagrigoriou and Papaioannou, 2008) (Bg)) + r(a 4 1)(2m)~/? (fj—;{;) e
RCC (Kurata and Hamada, 2020) (T)(Bg)) + rlog(n)/2n

DICMR (ours) @)+t QA (o) o/ 25 ( 11%)3/2

4.2.2 Cross-validation Approaches

Another approach to the estimation of the rank of a matrix uses a resampling technique
known as cross-validation. In this case, the rows and the columns of the data matrix X
are subdivided into groups; these groups are deleted in respective turns. The remaining

entries are used to compute a partial SVD estimate up to a chosen rank, and it is used to
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predict the deleted entries. The choice of the rank that yields the lowest possible prediction
error is declared to be the estimate of the rank. In mathematical terms, let Ry, Rs, ..., Rp
be B randomly chosen subsets of the rows having indices from {1,2,...,n} and similarly,
let C1,Cy,...,Cp be such subsets of the columns having indices from {1,2,...,p}. The
choice of B may depend on the dimensions of the matrix. Typically, B = (:1) ( ; ) for
some n1 < n and p; < p. For any choice of b = 1,2,..., B, the data matrix X is then
partitioned into
X = [XRb,cb XRb,og] '
Xre o, Xrece

The tuple (Ry, Cp) is often called the holdout set following the terminology in the cross-
validation literature. Based on this partitioned matrix, one then finds an estimate of
X R, c, using partial SVD up to rank r of the other entries,

()
Xvacb =T (XRbale’ XRE,Cba XRg,C{j) ) (4.7)

where T, denotes the prediction function based on the partial SVD estimate. Finally, we

combine the error in estimation to create a cross-validation criterion

B
} >,7“:1,2,...,(n/\p), (4.8)

b=1

< ()

CV(T) =9 ({ HXRbacb — XRme

where S(-) is a suitable measure of the scale of univariate samples. If the rank r is the
true rank, then the distribution of these errors should be homogeneous across all such
random choice of partitions, hence yielding a small value of the cross-validation metric

given in (4.8). Based on this idea, the estimated rank is obtained as 7 = argmin CV(r).
0<r<(nAp)
Wold (1978) considers “speckled”-type holdout sets where the sets R, and Cj are

singleton sets covering each row and column indices, resulting in B = np holdout sets.
The prediction function 7. based on the partial SVD estimates is calculated in an iterative
fashion based on Expectation-Maximization (EM) algorithm. For a fixed choice of holdout
set combination (Ry,C}), it starts with an imputation of the entry Xg, ¢, as the mean of
remaining entries and performs a partial »-SVD of the entire imputed matrix. The entry
XR,,c, is then imputed by its revised estimate from this partial »-SVD and then a further
partial SVD is performed on this new imputed matrix. These two steps are repeated
until for two successive runs the imputed value of Xg, ¢, remains stable. Finally, the scale
measure for calculating the cross-validation error is simply given by the root mean squared
error (RMSE).

On the other hand, Gabriel (2002) consider a “block”-type holdout set where the sets
R, and C}, are all possible fixed-size sets from all possible combinations of row and column

indices. His proposed estimate 7T;. is given by

(r),+
T, (XRb,og, XR;,C,,,XR;,C;) = Xp,cp (XRg,cg) X Re Gy

where (XRg,Cg) ).+

by

Is a generalized inverse of the partial rank r-SVD of X ge ce, given

;
(r+ I .
(X o) =) P
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where Xk;,o, Uy, Uk, are classical SVD estimates of singular values and vectors based on
the partitioned matrix X Rg,CE only. While the initial proposal by Gabriel (2002) considers
only singleton holdout sets, Owen and Perry (2009) demonstrated that generalizing the
holdout sets to n, x n.-size partitions (where n,,n. > 1) leads to a more reliable estimate
of the rank for large data matrices. Their recommendation was to use n, = [n/2] and
ne = [p/2] to have the best bias-variance trade-off. However, this increases the number
of holdout sets from np to O(n" p™c), significantly increasing the time complexity of the
entire cross-validation procedure.

In another direction, Eastment and Krzanowski (1982) consider the holdout for rows
and columns separately. For a fixed b, they choose Ry, = Cpi1 = ¢, the null set and
Ryi1 = {io} and Cy = {jo}, where ip and jp are randomly chosen row and column indices.

Subsequently let us denote X,ib)o, ﬁ,gb)o,ﬁlgbg) as the SVD estimates of the n x (p — 1) data

S(b+1) ~(b+1) ~(b+1)
Ao sUpg Vg

data matrix after deleting 7o-th row. They are then combined to produce an estimate of
X

matrix after deleting jp-th column and as the same for (n — 1) x p

i0,jo A8

R0, =50 (W) () e () (49

Note that, since both of these estimates ignore the entry X;, ;, either by removing row g

0,J0

or column jo, Eq. (4.9) yields a proper cross-validation estimate of Xj, ;, based on partial

0,J0
SVD up to rank r. However, Bro et al. (2008) performed extensive simulation studies and
found that it is useful to add a scaling factor to the singular value estimates for small

matrices, such as

,
%0, =Y (vero-0) " (R V- 0) el (50) . ao)
k=1

Asymptotically, this scaling factor goes to 1, hence both variants of cross-validation algo-
rithms of Eastment and Krzanowski (1982) yield similar performances for large matrices.
All three methods described above, produce poor estimates for data matrix with out-
liers, due to the usage of classical SVD and the RMSE as the scale measure to aggregate
the prediction error. This is illustrated through the simulation studies in Section 4.5.2.
For this reason, we also consider different variants of each cross-validation method where
we replace the RMSE and the Frobenius norm of the cross-validation errors from different
folds with more robust choices, i.e., Mean Absolute Error (MAE) or Median Absolute De-
viation (MAD). To introduce more robustness, we also consider replacing the classical SVD
with the robust “rSVDdpd” estimator in these estimators. However, it is computationally
challenging to use a partial robust SVD estimate in place of the partial classical SVD esti-
mate for each combination of holdout sets. For instance, the Gabriel style cross-validation
of a 50 x 40-dimensional matrix requires computing 2000 SVDs. Even if “rSVDdpd” is
quite fast compared to its peers as shown in Chapter 2, completing the robust SVD of a
50 x 40 matrix in a standard consumer-grade computer takes about a second, resulting in

the rank estimation procedure take approximately 33 minutes in its entirety. This severely
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limits the practical usage of such a procedure. Arciniegas-Alarcén et al. (2022) consid-
ered a workaround where a robust SVD up to rank (n A p) is used on the data matrix
X first to estimate a full-rank proxy component X’ free of outlying observations. Then,
a cross-validation procedure based on the traditional SVD is applied on the proxy X',

which should be able to recover its true rank.

4.3 Divergence Information Criterion for Matrix Rank Es-

timation

In the previous section, we described the two major approaches for rank estimation in
detail. In this section, we introduce a new rank estimation method that is quite fast and
computationally simple unlike the cross-validation methods, yet achieves high accuracy in
robust rank estimation compared to the existing penalized approaches. This new criterion,
called Divergence Information Criterion for Matrix Rank (DICMR) is a penalized criterion
that uses the robust rSVDdpd estimate along with some adjustments of the usual DIC for
the matrix rank estimation problem.

We begin with a derivation similar to the derivation of DIC as in Karagrigoriou and
Papaioannou (2008). The objective is to find a robust unbiased estimator of E( 8")(0) |
0 = 5&”), where

- LYy [vie e

7,1]1

and Vgg() are as defined in (2.5) and g;js are the true densities of the entries Xj;; of

the data matrix. Let us rewrite 52) = <ﬁg), IA]((;), VE?), the components describing the

largest r singular values, corresponding left singular vectors and right singular vectors.
To estimate E(Qg)( 0)| 0= Ag)), we shall use the BHHJ-C presented in (4.6). Also
note that, as presented before in Chapter 2, conditional on the event V(T) Vg), the
estimation of the other parameters of Hg) is simply solving a linear regression problem.
Applying a derivation similar to the normal regression setup as done in Ghosh and Basu
(2013), we can calculate the J,(6) and K, (@) matrices for a general model family f, and
substitute them in the BHHJ-C as in (4.6). The resulting penalty term of the BHHJ-C

(r)

conditioned on Vg) = ‘7a turns out to be

(r (r ~—(204+2) 1S
Trace (J,;l(ei))Ka(ag))) — Trace (WI > = Trace (57°C4,/CL), (4.11)

where 62 is the estimated noise variance and
cl = [(# Qa2 (ol (4.12)

assuming f’ exists. In the special case of the normal model family, we have f(z) = ¢(z) =
(27)~1/2¢72*/2 and hence

Cg = (2m) (1 + a) 2.
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Note that, here we also use the orthogonality of the estimated right singular vectors ?g)
(r) (r)

to conclude that (‘7& )T‘/}a = I,., the identity matrix. Using this approach, we obtain

P
E (Qg)(gg))> _ ;ZE fZEg” ) X)]
j=1
p
~lysfe ( YIEMGHCH >) Vi = VS")]
j=1 L

ZP:E Zv”a, )+

J
—E (A @”, X) + 5-ocf,/Cf +o(1/n)] .

3\*

gecs ol + 0(1/n)] , by (4.11),

3

Here, o(1/n) refers to a term which goes to 0 faster than 1/n as n — co. We can similarly

take conditional expectation conditioned on the left singular vectors to obtain

(r)

E(QU@)) =E [H&”(@a X) 45 CL/Ch+ o<1/p>] .

Now since both n and p tend towards infinity, and if r = O((nAp)), we obtain an estimate

by averaging the above two unbiased estimators, resulting in a new criterion given as

DICMR(r) := H(8", X) +

67

(n + p) o f f
—_— Cs,,/CL. 4.13
2np 2a/ ( )
We shall refer to this as the “Divergence Information Criterion for Matrix Rank” (DICMR)
in the subsequent discussion. In the special case of normally distributed errors, the DICMR

reduces to

DICMRZ (r) := H(" ¢(0( ' x)+ w(%)—aﬂa—a ( (4.14)

1+a 3/2
2np '

1+ 2«

As we will demonstrate next in Section 4.4, this criterion achieves selection consistency
for all a € (0, 1] under the same asymptotic regime of SVD, and also maintains robustness.

These will also be corroborated through numerical simulations in Section 4.5.

4.4 Theoretical Studies

4.4.1 Selection Consistency

The selection consistency of a model selection criterion refers to the property that if two
competing models are present; one of which is nested under the other, the criterion selects
the smaller model if it is adequate (i.e., contains the true distribution) and chooses the
larger model if the smaller model is not adequate, asymptotically with probability tending
to 1. In the case of the rank estimation problem, the selection consistency for the DICMR
implies that if the low rank component L of the data matrix X as in (4.1) is of rank r,

then the corresponding criterion should satisfy

P (DICMRq(r) < min{DICMR4(r — 1), DICMR, (r + 1)}) — 1,
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for any r > 1 as both n and p tend to infinity, subject to the restriction that lim, ;o (n/p) =
¢ for some ¢ € (0, 00).

Since the rSVDdpd estimator introduced earlier in Chapter 2 proceeds by sequentially
estimating the singular values and vectors one by one, we restrict our attention to two
competing models of rank zero and rank one for its simplicity. The same results will
continue to hold for other choices of rank r» > 1, provided that the assumptions are
modified appropriately. We will begin by considering the situation when the low rank
component L is of rank zero. This means the data matrix X consists of only pure noise
such that they are independently (but may not be identically) distributed with zero mean
and variance of = 1/,/np. Then, the following theorem establishes that under some
suitable assumptions, the DICMR will choose the correct rank equal to zero between a

choice of rank zero and rank one.

Theorem 4.1. Let us assume that the Assumptions (B1)-(B6) of Chapter 2 hold with the
density g replaced by a bounded model density f. Also assume that in Assumption (B1),
A =0, i.e., the low rank component of the data matrix X is the 0 matrixz. Then, for any

a >0 and any € > 0, we have

1 1 1
. > . S
-l PODICMR(0) < DIOMRG(1) > 5 + s {0, ~ 517z
(n/p)—c€(0,00)

where
L _ 1+ d B} (4.15)
a « ’ .

/e ollflie /Bl - (al)
and
Af = / [F(lzl) + lz] £(2)] £ (lz])de, (4.16)

Bi:/f”“(lx\)dx—2/lef’(\wl)f“(lx>dx+/m2 (f'(=))? £ () dw.  (4.17)

Proof. Let us denote the penalty function of the DICMR as in (4.13) as 7P,. Now, consider

the difference in the DICMR between rank zero and rank one,
DICMR,(0) — DICMR,(1)
HO®, 23 X) = P
= (@ - Ifhis

1\ 1 &L | Xij — M@0y | X
14+ =) — ~—a pa ij V51 )\ ~—ara ij
+< +a> RPZZ[al ( = Gy =

(o
i=1 j=1 0

. X)—H (O

«

_ ’Pa

(4.18)
where 52 and 57 are the estimated noise variance for rank zero and rank one robust SVD
estimates. Similarly, let ag and a% be the corresponding population variance based on rank
zero and rank one partial SVD approximation. Now, due to the Law of Large Numbers,
it follows that as n and p both tend to infinity, we have

1 - X o N
Ly >arere (B8 s it + o/ vim)

0
i=1 j=1 0
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Because of Assumptions (B1)-(B6) and an application of Theorem 2.7 about the consis-
tency of the “rSVDdpd” estimator, it follows that we have Hag — ‘7(2)H2 2o Similarly, it
also follows from a generalized version of Khinchin’s law of large numbers that as both n

and p tend to infinity, we have

o e [ 1Xi5 = M0y
722 f < J Ul ])

=1 j=1
a1 |z — Mty |z|
- 2| [ “(afa
=1 j=1 1 0
_ & /3a01fa |z — M 01| s |z
1 0 31 00
since, the rows and the columns of X matrix are exchangeable

= E —a;a/fa (rg ) f(z])d=

o . .
where r, 1= A—O. Now note that the entries X;; of the data matrix can be represented as
o

x| +O(1//np)

x| +O(1/y/np)

/\1u11v11

+O(1/y/np),

Xij = O.uli.vljl—i— eij, where uy;,v1; are any randomly chosen but fixed vector in respective
Stiefel manifold and e;;s are independent and normally distributed errors with the same
distribution as Xj;;. Due to this decomposition, from the result on the consistency of the
“rSVDdpd” estimator as given in Theorem 2.7, it follows that Xl Lif 0, as both n and
p tend to infinity. More importantly, it also shows that the error estimate o is also a
consistent estimator of the original noise variance g, as the first singular value and vectors
asymptotically have no contribution. As a result, r, L, 1 as both n and p tend to infinity.
Now, since the model density f is bounded by f(0) because of its decreasing nature, by

an application of the Dominated Convergence Theorem (DCT), it follows that

/- ( e - NI ) (=
= /fa<z Alu;i””) F(z)dz + O(1//np)
= [ (|- 2| (fo o R
< [ 1GeD £ (e d+ 00 vip)

since, f is decreasing in the magnitude of its arguments

= /IS + 00/ vnp).

%+mN

Putting everything back in Eq. (4.18) now yields that

o8 (DICMR4(0) — DICMR4 (1))

1 1 (n+p) ,Cl
_ I+a | + « ) al P20 (14+a)/2
I3t =5 s+ (15 ) rs] — Sprlra e v 0 () 04)2).
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This can further be rearranged as

IfI5e () Che| _ (ntp)C -
a_q o o (1+a)/2 )
(r ) o 2np  Cf 2np +0 ((np) )

Since 7, Lif 1, it remains bounded away from 0 for sufficiently large n and p. Therefore, the
first term in the above sum converges in probability to 0. The second term also converges
to 0, but from the negative side, at the rate of (np)~1/2, as limy, p—00(n/p) = ¢ € (0,00).
Finally, the remainder term converges to 0 at a faster rate (np)~(+%/2 for all a > 0.
Therefore, the entire difference becomes negative for all sufficiently large n and p if and
only if the rate at which the first term goes to 0 is smaller than the rate of the second
term going to 0.

To obtain the rate of convergence, we apply the linear regression analysis present
in Ghosh and Basu (2013) to obtain the asymptotic distribution of r§. By direct calcula-

tion, one may obtain that

~ 1 _(2a+4 o2t
Ka (U%):ZUD( +)Bgo¢ 4 ) @+ )(Af)

where we use the fact that since the low-rank component L = 0, hence E(0?) — 02 as
n,p — co. The quantities A, and B are as given in (4.16)-(4.17). As a result, conditional
of the estimates of the singular values and vectors, the estimated noise variance 57 has an
asymptotic normal distribution as
403735“ — (A£)2> .

(BA)?

An application of delta method now yields the asymptotic distribution of r& as

I _af\2
VB —1) % N (o,aQBw ) ) ,

NG —O‘O)—>N(

(B2)?
as both n,p — oco. Now fix any ¢ > 0. By an application of Berry-Esseen inequality, we
obtain that with probability at most 1/2t2,

a at Bga - (A(]Xc)g
(TO' - 1) > f
VP By
Also, if (ry — 1) < 0, we have DICMR,(0) < DICMR,(1), trivially. Therefore, for any

a > 0 and for sufficiently large n and p, we have

DICMR,,(0) — DICMR,(1) < 0,

with probability at least 1/2 4+ max {0,1/2 — 1/2¢?} for any ¢ such that

1711t ot VB =48 @mipci,  ,_(+q i, Bé
o v B 2np ¢ 2ve cllifiiia /Bl — (alby2

Choosing t = (1 — €)t, as in (4.15) implies that the DICMR, is minimized for rank zero
with the required probability. This completes the proof. ]
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Since the standard normal density ¢(z) = (2r)~1/2e~7*/2 < (27)~Y/2 for any z € R,
it is uniformly bounded. It is also easy to see that Assumptions (B2) and (B3) both hold
trivially in this case. As a result, under Assumptions (B1) and (B5)-(B6), Theorem 4.1
follows for the special case of normally distributed errors. In this case, the quantity ¢,

reduces to
(1+¢) (2+a2) [ (2+4a?) a2 172

2ve (1+a)72 |[(14+2a)52  (1+a)
When n = p, the quantity ¢, is very small and hence Theorem 4.1 tells that DICMR is

not reliable in picking the correct model. However, when ¢ = lim,, ,(n/p) is away from 1,

to =

i.e., rectangular data matrices are considered, the probability of selecting correct model
by DICMR is much higher.

Now let us consider the other case where L is a matrix of rank one, i.e., the entries
Xij = Mugvij+orejforalli =1,2,... ., nand j = 1,2,...,p where ¢;;s are independent
and identically distributed according to the model density f and the variance o3 = 1/ /-
In this case, a selection consistent criterion would select the larger model of rank one since
the smaller model with rank zero is not adequate. The following theorem establishes this
fact for the DICMR.

Theorem 4.2. Let us assume that the Assumptions (B1)-(B6) hold with the density g
replaced by a bounded model density f. Also assume that the estimated noise variance 3(2)
under rank zero assumption satisfies o1/0 i) asymptotically as both n and p tend to
infinity, where o2 is the true noise variance after the first rank component is discarded.
Then, for any a > 0, we have

lim P (DICMR,(0) > DICMR,(1)) = 1.

N—00,p—00
(n/p)—+c€(0,00)

Before proceeding with the proof, we note that the assumption on the ratio of the
noise variance to be asymptotically negligible stems from the assumption that the low
rank component L of the data matrix X is of rank one. However, as explained earlier in
Section 4.2, it is impossible to determine this rank unless the singular values are signif-
icantly larger than a threshold, depending on n,p and the noise variance 2. Thus, we
require the estimated noise variance 68 under rank zero assumption to be significantly
larger than the true noise variance 0%, since the former will combine effects from both the
noise variance and the first singular value. Also, the use of robust rSVDdpd estimate 3(2)
here avoids the non-identifiability issue pointed out by Candes et al. (2011). For instance,
the matrix L = ey e{, where e; is the first vector of the usual set of Euclidean basis vectors,
is both rank 1 and sparse, and hence, can be regarded as either a part of the low-rank
component or the noise component. Using the robust rSVDdpd estimate 8(2) would ignore
the effect of these entries as outlying observations and classify the above as part of the

noise component.

Proof. We begin with a decomposition of the difference between DICMR, evaluated at rank

zero and rank one as shown in (4.18). Since the “rSVDdpd” estimate is asymptotically
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consistent under the Assumptions (B1)-(B6) as established by Theorem 2.7, it follows that
the estimate of singular value Xl Lif A1 as both n and p tend to infinity. Similar conclusions
hold for the components of the singular vectors as well. Therefore, by a generalized version

of Khinchin’s law of large numbers, we have

1 oS o [ 15X — Mty Ca g 14
n—pZZUl f o1 = o Ifli3e + OQ/Vnp).

i=1 j=1

Similarly, we also have

1 o ~—a ra Xij
m Y (154)

i=1 j=1
= Ly [y () (el gy on i
"P iD= v 70 71
1 & P )\1U1‘U1'
= Lo [apese (free+ 22 e + 001/ i)
i=1 j=1

where 7, = 01/09. Since, f is decreasing in the magnitude of its argument, symmetric

about 0 and it is a density function, it follows that

[

Now, putting all these back in (4.18), we obtain that

- A1U101;
oz + ——=—"
00

) £ = < £200) [ 5(el)az = 7°(0),

7% (DICMR,, (0) — DICMR, (1))

1+o f
. 1Y -, (n+p)C _
> o 1+ ||f|1+oz_ ) za pa B 20 (14+a)/2 )
> [ Iz e = (1 )| = P 0 (e

Now, because of the assumption that 7, i 0, it follows that the first term of the above
lower bound goes to || f ||}ig /. The fact that the second term (the penalty function) and
the third term (the remainder part) go to 0 as both n and p tend to infinity is obvious.

Therefore, for sufficiently large n and p, with probability tending to 1, we must have

o (DICMRq (0) — DICMRq (1)) > || £1155 /o > 0,

which completes the proof. O

4.4.2 Robustness

A popular measure of robustness for estimators is the influence function that measures the
impact on an estimate due to the change in the distribution of the sample observations.
However, in the case of a model selection criterion, there is no general consensus about
such robustness measures. Let, G; be the true distributions of the entries X;; of the data
matrix, and let K;; be a contaminating distribution for ¢ = 1,...,n;5 = 1,...,p. Define

the e-contaminated distributions as

Ggij:(l—E)Gij—i-éKij; 1=1,2,...,n;7=1,2,...,p.
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Under this setup, Kurata (2022) proposes to measure the robustness of a model selection
criterion T(-) as the boundedness of the absolute difference [T'({Ge;;};7-1) —T({Gij }i =)

)

for any € in a neighbourhood of 0. Rewriting the model selection criterion T'(+) as a function
T(e) of € € [0, 1], Kurata (2022) demonstrated that such robustness can be established if

the first order derivative of T is finite at e = 0, i.e.,
1T(0)] < oo.
A model selection criterion satisfying this property is called a first-order B-robust criterion.

Theorem 4.3. For the normal model family of densities, the DICMR as given in (4.14)

as a model selection criterion is first-order B-robust for any o > 0.

Proof. Let us assume that the corresponding densities are given by g;;, k;; and gc;;. Then,

we can rewrite the DICMR measure defined in (4.14) as a functional as

1
vV1+a«

Lot IOGA [ (el S W @u(@ug (@)Y

anp ;;/ P( 202(G) >ng( )d
(n+p) [(1+« 3/2
o <1+20<> ]

In the above, we write the terms o(G), \p(G), etc. to indicate that these parameters are

estimated based on the collection of distributions G = ({G”}:‘]p: 1). Correspondingly,

(@) = (27)5~(G) [

we write T'(€) as a weighted sum of two terms 77 (¢) and Th(e) with a suitable choice of

weights, where

Ti(e) = 0~ *(Ge),

3 1 L _a@=3f g AR (Ge)ug (Ge)vg; (Ge))?
Ty(e) = U‘“(Ge)?p Z > / ¢ 2 (L= €)gij(@) + ekij(x))da.

i=1 j=1

Here, g;; and k;; denote the density functions of G;; and K;; respectively. Starting with
the first term, it follows that

7{(0) = —a(a(G)) "M (Ge) |e=o,

where 0.0(G¢) |e=o indicates the von-Mises derivative of the functional o(Ge¢) with respect
to € at 0. One can notice that this is directly linked to the influence curve of the estimate
of error variance o.

Proceeding with the second term, it now follows that

_ a(z—pu(G))?

Tg(O)—nlpZ [—aawH)(G)aEa(Ge) o / oG g (2)de

n p
=1 j=

1

_ a(z—p(G))?

+a‘“(G)/€ 20%@ (kij(x) — gij(x))da

—a0™(@)0ep(Ge) =0 / We‘a%?;((gf) gij(@)dz|, (4.19)
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where pu(G) = > M(G)uki(G)vk;(G). For the first summand of (4.19), we have
_olz=p(G)?
Je 2@ gi(x)dx < [gij(x)dx = 1, since g;; is a density function. Similarly, for

the second summand of (4.19), we have

_alz ;(G»Z
/ D (kg () — gy ()

by triangle inequality and noting that £;; is also a density function. For the third summand
in (4.19), note that we have |ze~"*| < (2ae)~/2 for any = € R. Therefore,

_ _a(z—p(G))?

Putting these back together into (4.19) yields,

_alz—u(@)
< /6 2026 (kij(x) + gij(x))dx < 2,

o (@) ()2,

IT5(0)] < a(0(G))~ V|00 (Ge) |emo | +207(G) + \/E(U(G))(a“)lf?eu(Ge) le=0 |-

Now the influence curve for the mean and variance parameters are known to be bounded
for o > 0, as illustrated in Section 3.4.4 (also see Basu et al. (1998)). As a result, the
quantities |Oep(Ge) |e=o | and |0e0(Ge) |e=o | are bounded for o > 0. Consequently, the
above derivation shows that both |T7(0)| and |T4(0)| are bounded, hence the DICMR is
first-order B-robust. O]

4.5 Simulation Studies

4.5.1 Simulation Setups

We shall consider a simulation setup that is similar to the one mentioned by Owen and
Perry (2009). In each simulation setup, the data matrix is generated following the LSN
decomposition as in (2.1). To generate the low-rank component L, we start by simulating
an n X p-size matrix A with each entry a;; generated as i.i.d. standard normal random

variable. Then, we construct L as
L=UsDV,,

where U 4,V 4 are the left and right singular vectors for the random matrix A. The
singular values of L, i.e., the diagonal elements of D matrix are chosen in one of the two

following ways.

1. Equal Singular Values: First r singular values are taken to be equal to 1 and rest

of the singular values are kept 0.

2. Decreasmg Singular Values: First r singular values are chosen as 2, 1—|—r Ty 14

- 1, 1 and rest of the diagonal elements are kept equal to 0.

The entries n;; of the noise component IN are independently generated according to a

normal random variable with zero mean and variance 0. The o2 is chosen as o2 /np so
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that the noise-to-signal ratio is 02, i.e., E(||N||%) = 02| L||%. Finally, the entries si; of

the sparse component S are generated as
Sl'j = 551']'(277@7' — 1)H;E;X|Lij|, 1= 1,2,...,n;j = 1,2,...,]).

where 0;; and 7;; are independent Bernoulli random variables with success probabilities &
and 1/2 respectively.

In the experiments, we consider n = 50, p = 40 and r = 10. We take different variants
of the above setup with multiple combinations of noise-to-signal ratio o2 as 0.05,0.5 and
1, and varying levels of contamination proportion ¢ ranging from 0 (no contamination) to
0.05,0.1 and 0.2 (high level of contamination). These simulation setups are indicated as
Sij with i-th level of contamination proportion and j-th level of noise-to-signal ratio. For
example, (S12) indicate the simulation with noise-to-signal ratio 0.5 and 5% proportion

of contamination.

4.5.2 Simulation Results

In Table 4.2, we summarize the results from all the simulation exercises that we have
performed. In particular, we demonstrate the best performing cross-validation method and
the best performing penalized approach for each simulation scenario considered above. For
brevity of presentation, detailed results on the performances of each method are provided
in Tables 4.3-4.10 of Appendix 4.A.

As evident from Table 4.2, the proposed DICMR is often the best performing penalized
criterion, except in a few cases when there is no contamination. The Wold style cross-
validation (WCV) method along with the robust rSVDdpd algorithm is usually the best for
robust rank estimation problems which also take the longest amount of time. For a quicker
solution, DICMR, provides a reasonably good estimate that is often closely competitive to
the WCV method, and is sometimes better than other cross-validation methods such as
Gabriel-style cross-validation (GCV) or Bi-cross validation (BCV) methods.

We also note that when the errors are generated from a contaminated distribution, all
of the existing methods (both penalized and CV approaches) that use traditional SVD fail
to provide a reasonable estimate of the rank of the matrix, even when the contamination
proportion is low. Even when the cross-validation methods are modified to use MAE or
MAD as a scale measure for aggregating cross-validation errors, they do not produce a
robust estimate of rank. This can be understood by the following phenomenon: If there
is a single outlier in a sample of n observations, then the usual k-fold cross-validation
produces (k — 1) subsamples which contain the outlier. Hence, each of those (k — 1)
subsamples out of total k& subsamples will produce an egregiously bad estimate of the
parameter of interest, resulting in 100(1 — 1/k)% outlying predictions. Because of this
extremely high proportion of contamination, the final estimate will also be nonrobust,
despite using any robust metric to obtain the final cross-validation measure. Readers are
referred to Tables 4.3-4.6 for further details.
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Table 4.2: Summarized results of the best performing existing rank estimation methods
under different simulation scenarios (Column Prop. indicates the proportion of replications

where the correct rank is estimated exactly).

5 a? Singular Best CV Method Best Penalty Method
(SNR) Values Name Prop. RMSE Name Prop. RMSE
0.05 Equal Classical SVD + WCV, BCV 1.00 0.00 Classical SVD + PC3, IC3 1.00 0.00
0 0.5 Equal Classical SVD + WCV, BCV 1.00 0.00 rSVDdpd + DICMR 0.53 1.33
1 Equal rSVDdpd + WCV 0.85 0.39 rSVDdpd + DICMR 0.39 1.28
0.05 Decreasing Classical SVD + WCV 1.00 0.00 Classical SVD + PC3, IC3 1.00 0.00
0 0.5 Decreasing Classical SVD + ECV 0.93 0.32 rSVDdpd + DICMR 0.40 1.37
1 Decreasing rSVDdpd + WCV 0.32 1.56 rSVDdpd + DICMR 0.20 1.51
0.05 Equal rSVDdpd + WCV 1.00 0.00 rSVDdpd + IC3 0.92 0.28
0.05 0.5 Equal rSVDdpd + WCV 1.00 0.00 rSVDdpd + DICMR 0.57 1.04
1 Equal rSVDdpd + ECV 0.70 1.99 rSVDdpd + DICMR 0.31 1.24
0.05 Decreasing rSVDdpd + WCV, ECV 1.00 0.00 rSVDdpd + DICMR 0.90 0.32
0.05 0.5 Decreasing rSVDdpd + ECV 0.89 0.41 rSVDdpd + DICMR 0.52 0.87
1 Decreasing rSVDdpd + WCV 0.24 1.88 rSVDdpd + DICMR 0.22 1.87
0.05 Equal rSVDdpd + WCV, ECV 1.00 0.00 rSVDdpd + DICMR 0.84 0.40
0.1 0.5 Equal rSVDdpd + WCV 1.00 0.00 rSVDdpd + DICMR 0.63 1.00
1 Equal rSVDdpd + WCV 0.56 1.17 rSVDdpd + DICMR 0.40 1.22
0.05 Decreasing rSVDdpd + WCV, ECV 1.00 0.00 rSVDdpd + DICMR 0.94 0.24
0.1 0.5 Decreasing rSVDdpd + ECV 0.79 1.11 rSVDdpd + DICMR 0.52 0.84
1 Decreasing rSVDdpd + WCV 0.22 1.82 rSVDdpd + DICMR 0.13 2.14
0.05 Equal rSVDdpd + WCV, ECV 1.00 0.00 rSVDdpd + DICMR 0.88 0.35
0.2 0.5 Equal rSVDdpd + WCV 0.99 0.26 rSVDdpd + DICMR 0.78 0.53
1 Equal rSVDdpd + WCV 0.39 1.30 rSVDdpd + DICMR 0.09 2.95
0.05 Decreasing rSVDdpd + ECV 1.00 0.0 rSVDdpd + DICMR 0.96 0.20
0.2 0.5 Decreasing rSVDdpd + WCV 0.33 1.17 rSVDdpd + DICMR 0.52 0.93
1 Decreasing rSVDdpd + WCV 0.26 1.57 rSVDdpd + DICMR 0.03 3.06

When the robust rSVDdpd procedure is used instead of the traditional SVD, most
of the rank estimation methods show improvements, except for the classical information
criteria like AIC and BIC. Interestingly, even the simple elbow method using a robust
estimate of singular values performs so well that it becomes competitive with some of
the cross-validation methods. While we incorporate the rSVDdpd for most of the rank
estimation procedures for comparison purposes, there is no obvious way to incorporate it
into the Bayesian procedure of Hoff (2007), so we refrain from considering that method in

this scenario. The corresponding results are illustrated in Tables 4.7-4.10.

4.A Appendix: Detailed Simulation Results

In this section, we present the detailed tables containing the simulation results for robust

rank estimation using existing model selection criteria and the proposed DICMR.
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Table 4.3: Proportion of exact (overestimation in brackets) for different rank-estimation

methods when using classical SVD for the simulation setting of 50 x 40-dimensional matrix

with equal singular values.

Method S0l S02  S03  S11 S12  S13 S21 S22 S23  S31  S32  S33
Elbow 062 062 036 002 003 002 005 003 004 001 002 001
(0.00) (0.00) (0.05) (0.15) (0.10) (0.15) (0.11) (0.17) (0.14) (0.12) (0.09) (0.11)
AIC 009 000 000 010 004 004 006 005 005 013 012 0.15
(0.00) (0.00) (0.00) (0.11) (0.06) (0.03) (0.07) (0.07) (0.07) (0.49) (0.50) (0.47)
BIC 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PC1 000 000 0.00 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PC2 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PC3 100 0.00 000 000 000 000 000 000 000 000 0.00 0.00
(0.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00)
IC1 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
1C2 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
1C3 100 0.00 000 000 000 000 000 000 000 000 000 0.00
(0.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00)
WCV (MSE) 100 100 082 000 000 0.00 000 000 0.00 000 000 0.00
(0.00) (0.00) (0.10) (0.32) (0.31) (0.28) (0.11) (0.09) (0.10) (0.04) (0.05) (0.06)
WCV (MAE) 1.00 100 082 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.10) (0.32) (0.29) (0.28) (0.11) (0.08) (0.09) (0.04) (0.05) (0.06)
WCV (MAD)  1.00 099 066 001 001 000 00l 000 000 000 00l 0.0
(0.00) (0.01) (0.21) (0.38) (0.34) (0.31) (0.20) (0.20) (0.20) (0.08) (0.10) (0.08)
ECV (MSE) 1.00  1.00 083 000 000 000 000 00l 000 000 000 0.0
(0.00) (0.00) (0.02) (0.01) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
ECV (MAE) 100 099 026 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
ECV (MAD) 100 093 035 00l 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.01) (0.00) (0.00) (0.00) (0.01) (0.00) (0.00) (0.00) (0.00)
GCV (MSE) 084 062 036 000 000 000 000 000 000 000 000 0.00
(0.16) (0.38) (0.64) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
GCV (MAE) 085 0.64 034 000 000 000 000 000 000 000 0.00 0.00
(0.15)  (0.36) (0.66) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
GCV (MAD) 056 047 032 000 000 000 000 000 000 000 0.00 0.00
(0.44) (0.53) (0.68) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
BCV (MSE) 089 053 016 000 000 000 000 000 000 000 000 0.00
(0.11) (0.47) (0.83) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
BCV (MAE) 089 056 016 000 000 000 000 000 000 000 000 0.00
(0.11) (0.44) (0.83) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
BCV (MAD) 068 043 018 000 001 000 000 000 000 000 000 0.00
(0.32) (0.57) (0.80) (0.00) (0.01) (0.01) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
Bayes 1.00 028 006 005 003 003 001 00l 00l 002 00l 002
(0.00) (0.42) (0.69) (0.48) (0.46) (0.43) (0.17) (0.22) (0.15) (0.12) (0.16) (0.07)
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Table 4.4: Bias (RMSE in brackets) for different rank-estimation methods when using

classical SVD for the simulation setting of 50 x 40-dimensional matrix with equal singular

values.
Method S0l S02  S03 Si1 S12 S13 s21 S22 $23 S$31 $32 33
Elbow —0.38 —0.38 —1.07 —474 —538 —4.92 —524 —487 —512 —528 —570 —5.56
(0.62) (0.62) (2.21) (6.28) (6.65) (6.57) (6.94) (7.14) (7.24) (6.70) (7.04)  (7.01)
AIC —8.03 —9.00 —9.00 —290 —408 —479 —348 —353 —355 058 054 051
(8.49) (9.00) (9.00) (4.24) (4.95) (5.44) (4.25) (4.30) (4.37) (2.83) (2.81) (2.79)
BIC —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 -9.00 -9.00 —9.00 —9.00 —9.00
(9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)  (9.00)
PC1 —9.00 —9.00 —9.00 —837 -863 -879 —874 -875 -—877 -—810 —808 —811
(9.00) (9.00) (9.00) (8.46) (8.69) (8.82) (8.77) (8.78) (8.80) (8.19) (8.17)  (8.20)
PC2 —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 -9.00 -9.00 —9.00 —9.00 —9.00
(9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)  (9.00)
PC3 0.00 490 861  10.00 10.00 10.00  10.00  10.00  10.00  10.00  10.00  10.00
(0.00) (4.95) (8.64) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00)
IC1 —9.00 —9.00 -9.00 —837 -—863 -879 —874 -875 —877 —810 —8.08 —811
(9.00) (9.00) (9.00) (8.46) (8.69) (8.82) (8.77) (8.78) (8.80) (8.19) (8.17)  (8.20)
1C2 —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 -9.00 -9.00 —9.00 —9.00 —9.00
(9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)  (9.00)  (9.00)
1C3 0.00 490 861  10.00 10.00 10.00  10.00  10.00  10.00  10.00  10.00  10.00

(0.00) (4.95) (8.64) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00)

WCV (MSE)  0.00 000 005 —305 —318 —3.72 —694 -729 —710 -825 —806 —7.87
(0.00) (0.00) (0.57) (9.21) (9.25) (9.25) (9.07) (9.07)  (9.09) (9.03) (9.04)  (9.05)
WCV (MAE)  0.00 000 005 —301 —353 —374 —694 —748 —7.29 —825 —806 —7.87
(0.00) (0.00) (0.57) (9.24)  (9.26)  (9.23)  (9.07)  (9.06)  (9.07)  (9.03) (9.04)  (9.05)
WCV (MAD)  0.00 001 010 -221 -276 —3.32 —513 —519 -528 —7.51 —711 —7.50
(0.00) (0.10) (0.76) (8.85) (8.98) (8.97) (9.03) (9.08) (9.03) (9.04) (8.93) (9.01)
ECV (MSE) 000 000 —014 —880 —890 —894 —897 —891 —897 —893 —9.00 —9.00
(0.00) (0.00) (0.66) (8.88) (8.93) (8.96) (8.97) (8.95) (8.97) (8.96) (9.00)  (9.00)
ECV (MAE)  0.00 —0.01 —6.37 —9.00 -9.00 —9.00 —9.00 -9.00 -9.00 —9.00 —9.00 —9.00
(0.00) (0.10) (7.54)  (9.00)  (9.00)  (9.00)  (9.00)  (9.00)  (9.00)  (9.00)  (9.00)  (9.00)
ECV (MAD) 000 —0.17 -3.91 —874 —-9.00 -895 —9.00 —883 —9.00 —9.00 —9.00 —9.00
(0.00) (0.96) (5.58) (8.88) (9.00) (8.96) (9.00) (8.99)  (9.00)  (9.00)  (9.00)  (9.00)
GCV (MSE) 028 0.61 137 —879 —877 —874 —877 —876 —877 —871 —876 —8.79
(0.82) (1.15) (1.99) (8.82) (8.80) (8.77) (8.81) (8.79) (8.80) (8.74) (8.79)  (8.81)
GCV (MAE) 024 057 134 —9.00 -9.00 -9.00 —9.00 —-9.00 -9.00 —9.00 —9.00 —9.00
(0.72) (1.14) (1.94)  (9.00)  (9.00)  (9.00)  (9.00)  (9.00)  (9.00)  (9.00)  (9.00)  (9.00)
GCV (MAD) 092 135 1.81 —897 —895 -894 —896 —897 —898 —9.00 —9.00 —9.00
(1.69) (2.30) (2.64) (8.97) (8.95) (8.94) (8.96) (8.97) (8.98) (9.00)  (9.00)  (9.00)
BCV (MSE) 014 074 125 —894 —892 -892 —890 -891 -891 —893 —891 —893
(0.47) (1.28) (1.82) (8.94) (8.93) (8.93) (8.91) (8.92) (8.92) (8.94) (8.92) (8.93)
BCV (MAE) 014 071 126 —895 —896 -894 —891 —893 -892 -894 —893 —893
(0.47) (1.27) (1.84) (8.95) (8.96) (8.94) (8.92) (8.94) (8.93) (8.94) (8.93) (8.93)
BCV (MAD) 053 1.04 164 -7.99 —7.64 —7.75 —800 —7.85 —775 -804 —815 —8.12
(L11) (1.63) (230) (8.17) (7.97) (8.02) (8.11) (7.99) (7.95) (3.19) (8.23) (8.23)
Bayes 000 036 349 437 275 156 —458 —3.65 —528 —555 —538 —6.89
(0.00) (1.87) (6.85) (12.95) (11.48) (10.10) (8.07) (8.05) (8.39) (9.32) (8.82)  (8.65)

ot

=
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Table 4.5: Proportion of exact (overestimation in brackets) for different rank-estimation

methods when using classical SVD for the simulation setting of 50 x 40-dimensional matrix

with decreasing singular values.

Method S0l S02  S03  S11 S12  S13 S21 S22 S23  S31  S32  S33
Elbow .00 065 013 002 003 00l 005 005 004 003 003 002
(0.00) (0.01) (0.02) (0.16) (0.14) (0.17) (0.15) (0.18) (0.17) (0.14) (0.13) (0.13)
AIC 000 000 000 003 004 015 003 002 001 000 000 0.00
(0.00) (0.00) (0.00) (0.95) (0.89) (0.72) (0.96) (0.97) (0.98) (1.00) (1.00) (1.00)
BIC 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PC1 000 000 000 000 002 002 002 003 003 006 006 0.07
(0.00) (0.00) (0.00) (0.05) (0.03) (0.01) (0.00) (0.00) (0.00) (0.05) (0.05) (0.05)
PC2 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PC3 100 0.00 000 000 000 000 000 000 000 000 0.00 0.00
(0.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00)
IC1 000 000 000 000 002 002 002 003 003 006 006 0.07
(0.00) (0.00) (0.00) (0.05) (0.03) (0.01) (0.00) (0.00) (0.00) (0.05) (0.05) (0.05)
1C2 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
IC3 100 0.0 000 000 000 000 000 000 000 000 0.00 0.00
(0.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00) (1.00)
WCV (MSE) 100 0.80 028 000 000 0.00 000 000 000 000 000 0.00
(0.00) (0.00) (0.03) (0.35) (0.32) (0.28) (0.09) (0.12) (0.11) (0.04) (0.06) (0.06)
WCV (MAE) 1.00 080 028 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.03) (0.35) (0.34) (0.29) (0.10) (0.09) (0.09) (0.04) (0.06) (0.06)
WCV (MAD)  1.00 0.75 030 001 001 000 000 000 000 000 00l 0.0
(0.00) (0.00) (0.08) (0.42) (0.36) (0.34) (0.23) (0.21) (0.19) (0.08) (0.09) (0.09)
ECV (MSE) 1.00 093 027 000 000 000 000 000 000 000 000 0.0
(0.00) (0.00) (0.04) (0.01) (0.00) (0.01) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
ECV (MAE) 100 037 0.00 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
ECV (MAD)  1.00 040 004 000 000 0.00 000 000 000 000 0.00 0.00
(0.00) (0.00) (0.00) (0.01) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
GCV (MSE) 0.8 058 021 000 000 000 000 000 000 000 0.00 0.00
(0.14) (0.42) (0.67) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
GCV (MAE) 085 056 023 000 000 000 000 000 000 000 0.00 0.00
(0.15) (0.44) (0.67) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
GCV (MAD) 049 036 026 000 000 000 000 000 000 000 0.00 0.00
(0.51) (0.64) (0.61) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
BCV (MSE) 089 041 030 000 000 000 000 000 000 000 000 0.00
(0.11)  (0.59) (0.53) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
BCV (MAE) 089 042 031 000 000 000 000 000 000 000 0.00 0.00
(0.11) (0.58) (0.52) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
BCV (MAD) 066 032 032 000 000 000 000 000 000 000 000 0.00
(0.34) (0.68) (0.52) (0.00) (0.01) (0.01) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
Bayes 098 021 012 003 003 002 004 000 002 000 00l 0.00
(0.02) (0.28) (0.29) (0.55) (0.44) (0.47) (0.11) (0.16) (0.18) (0.12) (0.21) (0.11)
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Table 4.6: Bias (RMSE in brackets) for different rank-estimation methods when using
classical SVD for the simulation setting of 50 x 40-dimensional matrix with decreasing

singular values.

Method So1 802 S03 S11 S12 S13 $21 S22 S$23 $31 $32 $33
Elbow 000 —1.39 —487 —482 —506 —505 —474 —461 —452 —495 —485 —5.13
(0.00) (2.93) (5.89) (6.43) (6.49) (6.89) (6.69) (6.98) (6.92) (6.61) (6.59)  (6.74)
AIC —248 -9.00 -9.00 444 330 255 507 512 501 899 898  9.04
(253) (9.00) (9.00) (5.29) (4.42) (3.96) (5.71) (5.74) (5.63) (9.08) (9.08)  (9.13)
BIC —9.00 -9.00 -9.00 -890 -—894 —899 -9.00 -9.00 -9.00 —899 —899 —8.99
(9.00) (9.00) (9.00) (8.92) (8.95) (8.99)  (9.00) (9.00) (9.00) (8.99) (8.99)  (8.99)
PC1 —6.60 —9.00 -9.00 —476 —552 —6.07 -527 —541 —542 —3.11 -3.09 —3.05
(6.62) (9.00) (9.00) (5.28) (5.93) (6.38) (5.60) (5.76) (5.76) (3.61) (3.62)  (3.59)
PC2 —9.00 -9.00 -9.00 -892 —895 —899 —9.00 -9.00 -9.00 —899 —899 —899
(9.00) (9.00) (9.00) (8.93) (8.95) (8.99) (9.00) (9.00) (9.00) (8.99) (8.99)  (8.99)
PC3 000 946 1000 1000 1000 1000 1000 1000 1000  10.00  10.00  10.00
(0.00) (9.48) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00)
IC1 —6.60 -9.00 -9.00 -476 —552 —6.07 -—527 —541 -542 —311 —3.09 -3.05
(6.62) (9.00) (9.00) (5.28) (5.93) (6.38) (5.60) (5.76) (5.76) (3.61) (3.62)  (3.59)
1C2 —9.00 -9.00 -9.00 —892 —895 —899 —9.00 —9.00 -9.00 —899 —899 —8.99
(9.00) (9.00) (9.00) (8.93) (8.95) (8.99) (9.00) (9.00) (9.00) (8.99) (8.99)  (8.99)
1C3 000 946 1000 1000 1000 1000 1000 1000 1000  10.00  10.00  10.00

(0.00) (9.48) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00) (10.00)

WCV (MSE) 000 —020 —1.16 —248 —3.02 —3.76 —7.31 —6.74 —6.91 —824 —7.87 —T7.87
(0.00) (0.45) (L.71) (9.24) (9.23) (9.21) (9.05) (9.09) (9.10)  (9.02)  (9.05)  (9.05)
WCV (MAE)  0.00 -020 —1.15 —248 —265 —357 —7.12 —729 —729 —825 —787 —T7.87
(0.00) (0.45)  (1.69) (9.24) (9.24)  (9.22)  (9.07) (9.07) (9.07)  (9.03)  (9.05)  (9.05)
WCV (MAD) 000 —029 —094 —128 —240 —285 —466 —508 —545 —7.55 —7.30 —7.40
(0.00) (0.61) (151) (9.02) (8.96) (8.88) (9.08) (9.03) (9.04) (8.99) (8.92)  (8.96)
ECV (MSE) 000 —008 —1.76 —878 —894 —883 —897 —897 —897 —9.00 —9.00 —9.00
(0.00) (0.32) (2.75) (8.89) (8.96) (8.92) (8.97) (8.97) (8.97) (9.00)  (9.00)  (9.00)
ECV (MAE)  0.00 -218 —874 —9.00 -900 -9.00 -9.00 -9.00 -9.00 —9.00 —9.00 —9.00
(0.00) (3.58) (8.82) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)  (9.00)
ECV (MAD) 000 —1.61 —649 —887 —9.00 -893 —9.00 -9.00 -9.00 -9.00 —9.00 —9.00
(0.00) (253) (7.22)  (8.96) (9.00) (8.96) (9.00) (9.00) (9.00)  (9.00)  (9.00)  (9.00)
GCV (MSE) 023 068 124 —876 —874 —872 —875 —872 —875 —876 —878 —876
(0.71) (1.24) (1.98) (8.79) (8.78) (8.76) (8.79) (8.76) (8.79) (8.79)  (8.80)  (8.79)
GCV (MAE) 024 069 127 —900 -900 -9.00 -900 -900 -900 -9.00 —9.00 —9.00
(0.72) (1.23)  (1.98)  (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)  (9.00)
GCV (MAD)  1.10 135 142 -894 —895 -892 -898 -—896 -898 —9.00 -9.00 —8.99
(1.94) (2.03) (2.36) (8.94) (8.95) (8.93) (8.98) (8.96) (8.98)  (9.00)  (9.00)  (8.99)
BCV (MSE) 014 1.03 064 —894 —892 —892 -885 —891 -890 -891 -—895 —895
(047) (1.53) (156) (8.94) (8.93) (8.93) (8.87) (8.92) (8.91) (8.92) (8.95)  (8.95)
BCV (MAE) 014 096 062 —894 —895 —895 —886 —893 -893 -894 —894 —895
(0.47) (1.46) (1.56) (8.94) (8.95) (8.95) (8.83) (8.94) (8.94) (8.94) (8.94) (8.95)
BCV (MAD) 055 125 085 —7.89 —757 —7.76 —803 —7.76 —7.68 —801 —815 —821
(1.08) (1.79) (2.18) (8.05) (7.83) (8.00) (8.15) (7.93) (7.88) (8.15) (8.24) (8.29)
Bayes 002 —043 —071 470 286 271 —509 —494 —459 —596 —484 —595
(0.14) (2.05) (4.48) (12.63) (11.80) (10.30) (8.27) (7.92) (8.56) (8.59) (8.52)  (8.55)
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Table 4.7: Proportion of exact (overestimation in brackets) for different rank-estimation

methods when using robust SVD for the simulation setting of 50 x 40-dimensional matrix

with equal singular values.

Method S0l S02  S03  S11 S12  S13 S21 S22 S23  S31  S32  S33
Elbow (rsvd) 041 054 030 044 061 026 042 055 012 069 050  0.04
(0.00) (0.00) (0.04) (0.00) (0.00) (0.01) (0.00) (0.00) (0.05) (0.00) (0.00) (0.00)
AIC (rsvd) 013 000 0.00 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
BIC (rsvd) 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PC1 (rsvd) 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PC2 (rsvd) 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PC3 (rsvd) 098 000 000 092 000 000 073 000 000 013 000 0.00
(0.02) (1.00) (1.00) (0.08) (1.00) (1.00) (0.27) (1.00) (1.00) (0.87) (1.00) (1.00)
IC1 (rsvd) 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
IC2 (rsvd) 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
IC3 (rsvd) 098 000 000 092 000 000 073 000 000 013 000 0.00
(0.02) (1.00) (1.00) (0.08) (1.00) (1.00) (0.27) (1.00) (1.00) (0.87) (1.00) (1.00)
DICMR 089 053 039 08 057 031 084 063 040 088 0.78  0.09
(0.11) (0.47) (0.45) (0.12) (0.43) (0.40) (0.16) (0.37) (0.17) (0.12) (0.11) (0.03)
WCV (MSE)  1.00 100 085 1.00 1.00 069 100 1.00 056 1.00 093 0.8
(0.00) (0.00) (0.09) (0.00) (0.00) (0.19) (0.00) (0.00) (0.24) (0.00) (0.00) (0.31)
WCV (MAE)  1.00 100 085 1.00 1.00 068 100 100 057 1.00 093 0.9
(0.00) (0.00) (0.09) (0.00) (0.00) (0.20) (0.00) (0.00) (0.23) (0.00) (0.00) (0.31)
WCV (MAD) 100 100 078 100 100 059 100 100 051 099 089 0.34
(0.00) (0.00) (0.15) (0.00) (0.00) (0.25) (0.00) (0.00) (0.34) (0.00) (0.01) (0.39)
ECV (MSE) 098 1.00 075 100 100 070 1.00 1.00 060 100 096 0.23
(0.00) (0.00) (0.01) (0.00) (0.00) (0.02) (0.00) (0.00) (0.03) (0.00) (0.01) (0.09)
ECV (MAE) 098 097 013 100 094 011 1.00 082 009 1.00 056  0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
ECV (MAD) 099 088 025 100 087 022 100 074 012 099 065 0.06
(0.00) (0.00) (0.01) (0.00) (0.01) (0.00) (0.00) (0.00) (0.02) (0.00) (0.01) (0.06)
GCV (MSE)  0.76  0.63 039 070 044 017 057 033 016 025 0.0 0.00
(0.24) (0.37) (0.61) (0.30) (0.56) (0.83) (0.43) (0.67) (0.84) (0.75) (1.00) (1.00)
GCV (MAE) 078 061 031 072 043 016 055 029 014 027 000 0.00
(0.22) (0.39) (0.69) (0.28) (0.57) (0.84) (0.45) (0.71) (0.86) (0.73) (1.00) (1.00)
GCV (MAD) 055 039 024 042 037 018 035 024 009 030 003 0.00
(0.45) (0.61) (0.76) (0.58) (0.63) (0.82) (0.65) (0.76) (0.91) (0.70) (0.97) (1.00)
BCV (MSE) 088 047 022 072 038 012 068 024 012 050 003 0.01
(0.12) (0.53) (0.77) (0.28) (0.62) (0.88) (0.32) (0.76) (0.88) (0.50) (0.97) (0.99)
BCV (MAE) 089 048 023 073 041 013 067 022 013 046 003 0.01
(0.11) (0.52) (0.77) (0.27) (0.59) (0.87) (0.33) (0.78) (0.87) (0.54) (0.97) (0.98)
BCV (MAD) 055 037 023 051 038 018 047 028 015 033 004 0.05
(0.45) (0.63) (0.75) (0.49) (0.62) (0.79) (0.53) (0.72) (0.84) (0.67) (0.96) (0.90)
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Table 4.8: Bias (RMSE in brackets) for different rank-estimation methods when using

robust SVD for the simulation setting of 50 x 40-dimensional matrix with equal singular

values.
Method S01 S02 S03 S11 S12 S13 S21 S22 S23 S31 S32 S33
Elbow (rsvd) —0.59 -0.54 -2.11 -0.56 -0.55 -3.64 —-0.66 —0.70 —4.16 —0.55 —2.10 —5.90
(0.77)  (1.12) (3.73) (0.75) (1.41) (5.16) (1.17) (1.70) (5.64) (1.65) (3.73) (6.62)
AIC (rsvd) -7.40 -9.00 —-9.00 —-876 —-9.00 —-9.00 -8.68 —-9.00 —9.00 -—-8.74 —-9.00 -—-8.99
(7.97) (9.00) (9.00) (8.78) (9.00) (9.00) (8.70) (9.00) (9.00) (8.75) (9.00) (8.99)
BIC (rsvd) -9.00 -9.00 -9.00 -9.00 —-9.00 —-9.00 —-9.00 —-9.00 —-9.00 -9.00 -—-9.00 —9.00
(9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)
PC1 (rsvd) -9.00 -9.00 —-9.00 —-9.00 —-9.00 —-9.00 —-9.00 —-9.00 -9.00 -—-9.00 —-9.00 -9.00
(9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)
PC2 (rsvd) -9.00 -9.00 -9.00 —-9.00 -9.00 —-9.00 —-9.00 -9.00 -9.00 -9.00 -—-9.00 -—-9.00
(9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)
PC3 (rsvd) 0.02 4.84 8.57 0.08 5.20 8.57 0.31 5.66 8.59 1.21 6.29 8.63
(0.14) (4.89) (8.60) (0.28) (5.25) (8.59) (0.64) (5.70) (8.62) (1.38) (6.32) (8.66)
IC1 (rsvd) -9.00 -9.00 —-9.00 —-9.00 —-9.00 -9.00 —-9.00 —-9.00 -9.00 —-9.00 —-9.00 -9.00
(9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)
IC2 (rsvd) -9.00 -9.00 -9.00 —-9.00 -9.00 —-9.00 -9.00 -9.00 -9.00 -9.00 -—-9.00 -—-9.00
(9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)
IC3 (rsvd) 0.02 4.84 8.57 0.08 5.20 8.57 0.31 5.66 8.59 1.21 6.29 8.63
(0.14) (4.89) (8.60) (0.28) (5.25) (8.59) (0.64) (5.70) (8.62) (1.38) (6.32) (8.66)
DICMR 0.11 0.81 0.49 0.12 0.61 0.12 0.16 0.53 —0.44 0.12 0.02 —-2.41
(0.33) (1.33) (1.28) (0.35) (1.04) (1.24) (0.40) (1.00) (1.22) (0.35) (0.53) (2.95)
WCV (MSE) 0.00 0.00 0.03 0.00 0.00 0.07 0.00 0.00 0.08 0.00 -0.07 0.02
(0.00) (0.00) (0.39) (0.00) (0.00) (0.56) (0.00) (0.00) (0.75) (0.00) (0.26) (1.29)
WCV (MAE) 0.00 0.00 0.03 0.00 0.00 0.08 0.00 0.00 0.07 0.00 -0.07 0.04
(0.00) (0.00) (0.39) (0.00) (0.00) (0.57) (0.00) (0.00) (0.74) (0.00) (0.26) (1.30)
WCV (MAD) 0.00 0.00 0.09 0.00 0.00 0.14 0.00 0.00 0.36 —0.01 —0.10 0.31
(0.00) (0.00) (0.56) (0.00) (0.00) (0.81) (0.00) (0.00) (1.17) (0.10) (0.37) (1.66)
ECV (MSE) —0.18 0.00 —-0.95 0.00 0.00 -0.69 0.00 0.00 -1.03 0.00 —-0.02 —1.86
(1.27) (0.00) (2.64) (0.00) (0.00) (1.99) (0.00) (0.00) (2.40) (0.00) (0.20) (3.23)
ECV (MAE) —-0.18 -0.11 -—-7.76 0.00 —-0.23 —7.56 0.00 -0.92 -—-7.89 0.00 —1.58 —7.93
(1.27)  (0.91) (8.35) (0.00) (1.30) (8.21) (0.00) (2.73) (8.40) (0.00) (3.17) (8.27)
ECV (MAD) -0.09 -0.65 -—5.05 0.00 —-0.49 —4.95 0.00 —-091 -5.31 —-0.01 —-0.82 —4.22
(0.90) (2.30) (6.53) (0.00) (1.86) (6.34) (0.00) (2.41) (6.50) (0.10) (2.12) (5.52)
GCV (MSE) 0.35 0.62 1.13 0.49 1.49 2.48 0.81 2.25 3.77 3.46 6.46 6.85
(0.82) (1.21) (1.66) (1.01) (2.56) (3.39) (1.47) (3.27) (4.61) (4.73) (6.89) (7.19)
GCV (MAE) 0.36 0.63 1.37 0.40 1.52 2.64 0.79 2.34 3.96 3.07 6.39 7.22
(0.89) (1.20) (1.89) (0.84) (2.63) (3.55) (1.37) (3.30) (4.76) (4.30) (6.88) (7.53)
GCV (MAD) 0.84 1.38 1.84 1.41 1.69 3.00 1.73 3.17 4.51 2.83 6.12 7.56
(1.48) (2.09) (2.55) (2.23) (2.64) (3.95) (2.74) (4.23) (5.36) (3.93) (6.72) (7.91)
BCV (MSE) 0.17 0.83 1.25 0.42 1.26 1.82 0.65 1.68 2.40 1.30 4.38 4.83
(0.54) (1.29) (1.87) (0.93) (1.83) (2.31) (1.49) (2.18) (2.88) (2.19) (4.95) (5.38)
BCV (MAE) 0.16 0.80 1.31 0.34 1.12 1.78 0.58 1.64 2.25 1.34 4.31 4.72
(0.53) (1.26) (1.66) (0.71) (1.65) (2.25) (1.18) (2.10) (2.73) (2.25) (4.93) (5.30)
BCV (MAD) 0.75 1.13 1.64 0.90 1.50 1.91 1.22 2.07 2.76 2.23 4.31 4.54
(1.26) (1.68) (2.38) (1.52) (2.22) (2.73) (2.07) (2.80) (3.62) (3.37) (5.10) (5.35)
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Table 4.9: Proportion of exact (overestimation in brackets) for different rank-estimation

methods when using robust SVD for the simulation setting of 50 x 40-dimensional matrix

with decreasing singular values.

Method S0l S02  S03  S11 S12  S13 S21 S22 S23  S31  S32  S33
Elbow (rsvd)  1.00 055 0.09 097 036 0.03 093 032 00l 086 011 004
(0.00) (0.00) (0.02) (0.00) (0.00) (0.02) (0.00) (0.00) (0.02) (0.00) (0.01) (0.02)
AIC (rsvd) 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
BIC (rsvd) 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PC1 (rsvd) 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PC2 (rsvd) 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
PC3 (rsvd) 100 0.00 000 074 000 000 027 0.00 000 000 0.00 0.00
(0.00) (1.00) (1.00) (0.26) (1.00) (1.00) (0.73) (1.00) (1.00) (1.00) (1.00) (1.00)
IC1 (rsvd) 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
IC2 (rsvd) 000 000 000 000 000 000 000 000 000 000 000 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
IC3 (rsvd) 100 0.00 000 074 000 000 027 000 000 000 0.00 0.00
(0.00) (1.00) (1.00) (0.26) (1.00) (1.00) (0.73) (1.00) (1.00) (1.00) (1.00) (1.00)
DICMR 085 044 020 090 052 022 094 052 013 096 052 0.03
(0.15)  (0.50) (0.27) (0.10) (0.42) (0.27) (0.06) (0.28) (0.12) (0.04) (0.11) (0.01)
WCV (MSE)  1.00 078 024 100 075 024 100 055 022 093 033 023
(0.00) (0.00) (0.00) (0.00) (0.00) (0.04) (0.00) (0.00) (0.09) (0.00) (0.00) (0.19)
WCV (MAE)  1.00 078 024 100 075 024 100 054 022 094 033 023
(0.00) (0.00) (0.00) (0.00) (0.00) (0.04) (0.00) (0.00) (0.09) (0.00) (0.00) (0.19)
WCV (MAD) 100 065 020 100 065 031 099 048 014 090 027  0.26
(0.00) (0.00) (0.03) (0.00) (0.00) (0.10) (0.00) (0.00) (0.09) (0.00) (0.02) (0.18)
ECV (MSE) 100 089 024 1.00 089 016 1.00 079 015 1.00 055 0.14
(0.00) (0.00) (0.02) (0.00) (0.00) (0.00) (0.00) (0.02) (0.09) (0.00) (0.06) (0.27)
ECV (MAE)  1.00 036 000 100 024 001 1.00 024 000 100 012 0.01
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
ECV (MAD) 100 041 007 100 034 009 099 038 005 099 021 0.05
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.03) (0.05) (0.00) (0.07) (0.15)
GCV (MSE) 082 056 027 073 045 017 079 029 016 046 003  0.00
(0.18) (0.44) (0.60) (0.27) (0.55) (0.75) (0.21) (0.71) (0.80) (0.54) (0.97) (1.00)
GCV (MAE) 084 053 027 079 039 016 072 025 015 042 001  0.00
(0.16) (0.47) (0.63) (0.21) (0.61) (0.78) (0.28) (0.75) (0.81) (0.58) (0.99) (1.00)
GCV (MAD) 044 039 020 049 026 009 053 015 009 025 004 001
(0.56) (0.61) (0.69) (0.51) (0.74) (0.83) (0.47) (0.83) (0.86) (0.75) (0.96) (0.99)
BCV (MSE) 092 038 029 08 034 022 080 024 019 058 003 0.05
(0.08) (0.62) (0.57) (0.19) (0.66) (0.64) (0.20) (0.76) (0.63) (0.42) (0.97) (0.94)
BCV (MAE) 093 041 028 078 035 022 079 023 018 060 003 0.05
(0.07) (0.59) (0.57) (0.22) (0.65) (0.63) (0.21) (0.77) (0.65) (0.40) (0.97) (0.94)
BCV (MAD) 058 029 027 058 039 016 056 022 012 039 004 0.02
(0.42) (0.71) (0.52) (0.42) (0.61) (0.61) (0.44) (0.78) (0.63) (0.61) (0.96) (0.94)
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Table 4.10: Bias (RMSE in brackets) for different rank-estimation methods when using

robust SVD for the simulation setting of 50 x 40-dimensional matrix with decreasing

singular values.

Method S0l S02 S03  S11 SI2 S13 S21 S22 $23 831 $32 $33
Elbow (rsvd) 000 -212 -526 —0.03 -3.04 -569 —0.07 -3.89 —599 —027 -581 —6.43
(0.00) (3.79) (6.19) (0.17) (4.54) (6.45) (0.26) (5.24) (6.62) (1.12) (6.69)  (7.05)
AIC (rsvd)  —247 —9.00 —9.00 —3.00 —9.00 —-9.00 —345 -897 —9.00 -419 -849 —8.87
(2.52)  (9.00)  (9.00) (3.03) (9.00) (9.00) (3.49) (8.97) (9.00) (4.23) (851) (8.88)
BIC (rsvd)  —9.00 —9.00 —9.00 -9.00 —9.00 -9.00 -9.00 —9.00 —9.00 —9.00 —9.00 —9.00
(9.00) (9.00)  (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)  (9.00)
PCI (rsvd)  —6.65 —9.00 —9.00 —6.96 —9.00 —9.00 —7.12 —9.00 —9.00 —7.56 —9.00 —9.00
(6.67) (9.00)  (9.00) (6.98) (9.00) (9.00) (7.14) (9.00) (9.00) (7.58) (9.00)  (9.00)
PC2 (rsvd)  —9.00 —9.00 —9.00 —-9.00 —9.00 —9.00 -9.00 —9.00 —9.00 —9.00 —9.00 —9.00
(9.00) (9.00)  (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)  (9.00)
PC3 (rsvd) 000 939 1000 027 949 1000 1.05 955 10.00 2.82 959  10.00
(0.00) (9.41) (10.00) (0.54) (9.51) (10.00) (1.33) (9.57) (10.00) (2.92) (9.60) (10.00)
IC1 (rsvd) —6.65 —9.00 —9.00 —6.96 -9.00 -9.00 -7.12 -9.00 -9.00 -7.56 -9.00 —9.00
(6.67) (9.00)  (9.00) (6.98) (9.00) (9.00) (7.14) (9.00) (9.00) (7.58) (9.00)  (9.00)
IC2 (rsvd) —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 —9.00 —9.00
(9.00) (9.00)  (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00) (9.00)  (9.00)
IC3 (rsvd) 000 939 1000 027 949 1000 105 955 1000 2.82 959  10.00
(0.00) (9.41) (10.00) (0.54) (9.51) (10.00) (1.33) (9.57) (10.00) (2.92) (9.60) (10.00)
DICMR 019 075 -049 0.10 045 —068 006 015 —147 004 -037 —2.73
(0.54) (1.37) (1.51) (0.32) (0.87) (1.87) (0.24) (0.84) (2.14) (0.20) (0.93)  (3.06)
WCV (MSE) 000 —023 —150 000 —027 —131 000 -053 —123 —0.07 —090 —0.74
(0.00) (0.50)  (1.93) (0.00) (0.56) (1.86) (0.00) (0.83) (1.83) (0.26) (1.17)  (1.57)
WCV (MAE) 000 —023 —1.49 000 -027 —132 000 -054 —122 —0.06 -090 —0.74
(0.00) (0.50)  (1.92) (0.00) (0.56) (1.87) (0.00) (0.84) (1.82) (0.24) (1.17)  (1.57)
WCV (MAD) 000 —046 —159 000 —040 —1.06 —0.01 —069 —141 —011 —097 —0.80
(0.00) (0.85) (2.19) (0.00) (0.71) (1.88) (0.10) (1.03) (2.01) (0.36) (1.32) (1.67)
ECV (MSE) 000 —0.14 -247 000 -0.13 -284 000 -028 -238 000 —-038 —1.05
(0.00) (0.45) (3.52) (0.00) (0.41) (3.81) (0.00) (L.11) (3.78) (0.00) (0.98)  (2.89)
ECV (MAE) 000 -28 -881 000 —355 —844 000 -28% -840 0.00 -3.54 —T7.49
(0.00) (4.39) (8.85) (0.00) (4.88) (8.63) (0.00) (3.99) (8.56) (0.00) (4.62) (7.92)
ECV (MAD) 000 —-196 —6.39 000 -219 —581 —0.01 —1.64 —511 —0.01 —186 —3.22
(0.00) (3.19) (7.15) (0.00) (3.27) (6.66) (0.10) (2.80) (6.25) (0.10) (3.13)  (5.09)
GCV (MSE) 030 071 100 043 130 218 044 256 321 216 625  7.12
(0.82) (1.25) (L.74) (0.93) (2.16) (3.14) (1.10) (3.66) (4.30) (3.53) (6.81) (7.45)
GCV (MAE) 024 075 119 035 157 268 068 287 376 216 666  7.30
(0.71)  (1.28)  (2.02) (0.88) (2.46) (3.73) (1.46) (3.97) (4.86) (3.36) (7.16) (7.62)
GCV (MAD) 120 149 188 116 253 315 157 341 433 329 659  7.26
(2.04) (2.29) (2.85) (1.90) (3.71) (4.17) (2.85) (4.47) (5.37) (4.42) (7.22) (7.61)
BCV (MSE) 011 096 070 021 136 104 028 187 148 1.00 421 430
(0.44) (1.37)  (L51) (0.50) (1.96) (2.05) (0.68) (2.55) (2.72) (1.90) (4.70)  (4.91)
BCV (MAE) 010 088 068 026 135 103 031 192 154 084 418 422
(0.42) (1.29) (1.52) (0.58) (1.97) (2.09) (0.74) (2.60) (2.75) (1.64) (4.70)  (4.85)
BCV (MAD) 075 130 086 082 162 114 106 238 138 147 459 461
(1.32) (1.76) (2.17) (1.46) (240) (2.51) (1.95) (3.28) (3.05) (2.20) (5.32) (5.37)

120



Chapter 5

Breakdown Analysis of Minimum

Super Divergence Estimator

5.1 Introduction

The influence function and the breakdown point are two of the most popular metrics
to measure the robustness of an estimator. Unlike the influence function which is a local
measure of robustness, the breakdown point of an estimator (Hampel, 1971) can determine
its global reliability. It refers to the minimum proportion of observations in the sample
which can be replaced to arbitrarily modify the value of an estimator. Previously in
Section 1.3.3 of Chapter 1, we described the notion of breakdown point in detail.

In previous chapters, we discussed how the minimum density power divergence estima-
tor (MDPDE) can be used to perform matrix factorization techniques (such as SVD and
PCA) robustly, which is a primary ingredient of many high-dimensional statistical infer-
ence problems. In this chapter, we aim to quantify the robustness of this estimator and
provide a justification for its applicability and strong robustness properties in the high-
dimensional context. To illustrate this point, we shall show that a broad class of minimum
distance estimators (including the MDPDE) has an asymptotic breakdown point no less
than a dimension-independent lower bound. In comparison, the classical M-estimators
that are affine-equivariant have a diminishing asymptotic breakdown point as the data

dimension increases (Maronna, 1976).

5.2 Existing Literature

Among various traditional robust estimators of location, the sample median and Hodges-
Lehman estimator (Hodges, 1967) have asymptotic breakdown points as 1/2 and (1—1/v/2)
respectively. To gain more efficiency compared to these classical estimators, Huber (1964b)
introduced M-estimators which were further developed later on by Maronna (1976) for
multivariate location and scatter estimation. However, Rousseeuw (1985) showed that all
affine-equivariant M-estimators have an asymptotic breakdown point at most 1/(p + 1)

where p is the dimension of the data. Therefore, for high-dimensional data, the robustness
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of an M-estimator can decay rapidly. To counter this, Rousseeuw (1985) introduced min-
imum volume ellipsoid (MVE) and minimum covariance determinant (MCD) estimators,
and Rousseeuw and Yohai (1984) introduced the general class of “S-estimators”, which
were shown to be less efficient than M-estimators but with a relatively high asymptotic
breakdown point. Davies (1987) extended the S-estimators to the setup of multivariate
location and scatter and derived the asymptotic properties of the same for the exponential
family of distributions. Till now, numerous studies have investigated both finite-sample
and asymptotic breakdown points of different classes of M-estimators and S-estimators;
see Smucler (2019), Fishbone and Mili (2021), Park et al. (2022) and the references therein
for further details.

Compared to the vast literature on the asymptotic breakdown points of various clas-
sical robust estimators, the results on the breakdown points of the minimum divergence
estimators are rather limited. They are often restricted to some special classes of diver-
gence measures and restricted setups of location or scale families of model densities. Park
and Basu (2004) demonstrated that the asymptotic breakdown point of a minimum diver-
gence estimator within the ¢-divergence family is 1/2 under suitable conditions. However,
Park and Basu (2004) only consider cases of breakdown when the absolute value of the
estimator goes to infinity, which does not encompass all kinds of breakdown, e.g., the
breakdown of the scale parameter with the scale going to 0. Ghosh and Basu (2013) es-
tablished similar results for the minimum density power divergence estimator (MDPDE) of
the location parameter for independent but non-homogeneous sample observations from
a location-scale family of distributions with a fixed scale parameter. In particular, the

authors restricted their attention towards the model family of densities of the form

f:{1f<y_l(“)>:9=(M,a)eRx(o,oo)}, (5.1)

g g

where [ : R — R is an arbitrary but known one-one function. Under such models, they
derived the breakdown point of the MDPDE of the location parameter p to be equal to
1/2 at the model density, while the scale parameter o was assumed to be fixed at oyp;
for example, o¢ can be substituted with any suitable robust scale estimator. They also
assumed that the true data generating density ¢ to reside in the model family F.

Under a different set of assumptions, the minimum Hellinger distance estimator (MHDE)
has been shown to attain an asymptotic breakdown point of at least 1/4 by (Tamura
and Boos, 1986) for multivariate location and scatter estimation. Toma (2008), later, im-
proved this bound to 1/2. On the other hand, Simpson (1987) showed that the asymptotic
breakdown point for MHDE can be as large as 1/2 under multinomial setup models with
discrete countable support. These specific results are remarkable as they show the highly
robust properties of the MHDE, which is a minimum divergence estimator, by achieving an
asymptotic breakdown point free of the dimension of the data, unlike the shrinking bounds
offered for the M-estimator. For the minimum generalized negative exponential dispar-
ity estimator (MGNEDE), a different family of minimum divergence estimator, Bhandari
et al. (2006) proved that the asymptotic breakdown point of MGNEDE is 1/2 when the
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true distribution belongs to the model family, under assumptions similar to those of Park
and Basu (2004).

However, to the best of our knowledge, there does not exist any literature on the
asymptotic breakdown point of the minimum super-divergence estimator (MSDE) as de-
fined in Section 1.3.5, except for the few special cases of density power divergence or power
divergence family as discussed above. In this section, we aim to investigate the breakdown
properties of this estimator, and demonstrate that under some reasonable assumptions,
the resulting breakdown point has a dimension-free breakdown point. This makes MSDE
a very attractive choice among robust estimators for multivariate problems, such as ma-
trix factorization problems. As a consequence, our results also generalized many of these
scattered theoretical results mentioned above, under a single unified framework.

The rest of this chapter is arranged as follows. In Section 5.3, we present our theoretical
results. We present a few key assumptions under which we establish our general result,
and then indicate some different sufficient conditions that are often easier to verify. In
Section 5.4, we show multiple examples to demonstrate the applicability of our results
across various setups. Section 5.5 corroborates these theoretical findings by simulation
experiments, and also provides additional empirical illustrations beyond the scope of the

results present in this chapter.

5.3 Theoretical Analysis of Breakdown Point

In this section, we first investigate the asymptotic breakdown properties of the MSD
functional given in (1.14). Subsequently, we shall show, in Theorem 5.2, that the same
breakdown analysis also applies when data density g is substituted by a suitable density
estimate g, based on the sample observations, provided that the density estimate g, satis-
fies a few suitable assumptions. The results pertaining to the MDPDE and the minimum
power divergence functional will then follow from these general results with A = 0 and
a = 0 respectively.

In view of the sufficient conditions given in Section 1.3.5 to ensure the finiteness of
the S-divergence, we restrict our attention to the situations where both A, B > 0 and the
densities f and ¢ in consideration are L't®T_integrable for some § > 0. Since the form
of S-divergence is valid as long as at least one of A =1+ A(1 —«) and B =a — A(1 — «)
are nonzero, technically, therefore, one can allow the tuning parameter o to go beyond 1.
However, as discussed in Basu et al. (1998), choices of a@ > 1 lead to unacceptably low
efficiencies, and are generally avoided in practical implementations. Hence, we restrict the
choice of « in the unit interval [0, 1]. This, together with the nonnegativity of A and B
implies that either « = 1, or @ € [0,1) and —1/(1 — ) < A < a/(1 — «). These choices
are not too restrictive, they include the special classes of density power divergences at
A = 0, power divergences at a = 0, and, S-Hellinger distances (SHD) at A\ = —1/2. For
the particular cases when A = 0 or B = 0, we additionally restrict our attention to the

pair of densities satisfying the support condition and the condition on the finiteness of the
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cross-integrals as required (see Section 1.3.5 for details). Note that, both A and B cannot
be equal to 0 simultaneously as (A + B) = (1 +«a) > 1.

Let G be the true distribution with density g, K, denote a sequence of contaminating
distributions with densities k,, and let G, = (1 — €)G + €K, denote the e-contaminated
distributions with densities ge,,. To investigate the asymptotic breakdown point of the
MSD functional T, »)(G) as defined in (1.14), we shall look into how 7|, )(Gem) changes
as a function of € as m tends to infinity. In the following, we present the key assump-
tions underlying our results. These are similar in spirit but cover more general model
setups, compared to the assumptions considered by Ghosh and Basu (2013) to obtain the
asymptotic breakdown point of the MDPDE for the location parameter.

(BP1) The sequence of contaminating densities k,, becomes asymptotically singular to the

true density g, i.e., [ min{g, km }du — 0 as m — oo.

(BP2) The sequence of contaminating densities k,, is such that for any compact subset
S C © with SN IO = ¢, we have [min{fy, ky}du — 0 as m — oo uniformly on
0es.

(BP3) The density fp belonging to the model family is such that for any sequence of pa-

rameters 6, — 05 where 0, € 90, the integral [‘min{g, fs,, }dp — 0 as m — oo.

m

(BP4) If A > 0, the model family and the family of contaminating densities are uniformly

L'*integrable, i.e.,

lim sup/kHa < 00, and, sup/ e < o,
m—r0o0

For A = 0, these families of densities are uniformly L'T®+9-integrable for some § > 0,

and additionally, the integrals

/ fi+e In(g

sup
0cO

, and, supsup’/f”a In(k ‘
fcO m

exist and are finite.

The Assumptions (BP1) and (BP2) ensure that the sequence of contaminating densities
is asymptotically singular to the true density g and the model family of densities for the
parameters lying in the interior of the parameter space. The Assumption (BP3) ensures
that the true density g is asymptotically singular to the model family of densities when the
parameter tends towards the boundary of the parameter space. These three assumptions
are standard in the breakdown point literature, see Park and Basu (2004), Ghosh and
Basu (2013). Finally, Assumption (BP4) ensures finiteness of the S-divergence itself. This

assumption holds in many different situations as follows:

1. In any setup with @ = 0, i.e., when restricting the S-divergence to only the power

divergence family.
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2. For a location estimation problem where both the model family and the contami-

nating densities belong to a location model family.

3. For a scale estimation problem where the model family and the contaminating den-
sities belong to a scale model family, and the contaminating scale remains bounded
away from zero, including the case when the contaminating scale parameter “ex-

plodes” to infinity.

5.3.1 Main Results

We begin by indicating the general result regarding the asymptotic breakdown point of
MSD functional.

Theorem 5.1. Let B > 0 and the Assumptions (BP1)-(BP/) hold. Additionally, assume
that there exists €\ € (0,1/2] such that for all € € [0,€4,)), the S-divergence between
€k and fo,, satisfy the inequality

e(1+a)

lim inf S, \)(€km, fo,,) > limsup

m—r m—o0 B

1+ 1+
[kmlliie + d@xn (1 =€) llgllita (5.2)
for any sequence of parameters {0, }o0_ satisfying 0 — 0 € 0O as m — oo, where

5 — g if A>0,
Q) (€) = A AB for any € € (0,1]. (5.3)
In(1/e) — (1+a)~t if A=0,
Then if the true density g belongs to the interior of the model family of densities F, i.e.,
g = fes for some 09 € ©\ 0O, then the MSD functional T, )(G) has an asymptotic

breakdown point at least min{1/2,€ »)}-

There are a few key points to note here. Firstly, the function ek,, is not a density per se,
but there is no mathematical difficulty in constructing the quantity S, ) (€km, fo,,) in the
usual way in (5.2). Secondly, since the true density g is assumed to belong to the model
family F, the minimum S-divergence estimator exists and is unique (Ghosh et al., 2017),

hence discussing its asymptotic breakdown point is a meaningful endeavour.

Remark 5.1. Note that, Theorem 5.1 only refers to the boundary 0O through a sequence
of estimates 0, = O, € 00. It does not use any special property of the boundary 00.
Therefore, if one wishes to consider only a specific type of breakdown, it can be done by
considering a restriction to any non-empty subset of 00, including singletons containing
only a specific point.

For ezample, a scale parameter § € (0,00) can exhibit both “imploding” and “exploding”
breakdowns as 00 = {0,00}. However, if one wishes to consider only the “exploding” type
of breakdown (i.e., oy, — 00 where oy, is the scale parameter for contaminating density ki,
form =1,2,...), one may consider a restriction on the parameter space as © = [y, 00)
for some small 69 > 0. In this case, the boundary is 00 = {dp,00}. However, for the
point &y € 00, the singularity assumptions (BP1)-(BP3) are not usually satisfied. In this
case, to consider only “explosion”-type breakdown, one can apply Theorem 5.1 only for the
proper subset {+00} of the boundary 0© = {Jp, 00}.
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Now, we proceed with the proof of Theorem 5.1.

Proof.  (of Theorem 5.1) We shall follow an approach similar to that of Park and Basu
(2004). Let, € (< €*) be a fixed level of contamination where the breakdown occurs. This
means, there exists a sequence of densities {k,, } for contamination such that the minimum
S-divergence (MSD) functional 0, minimizing S, ) (ge,m, fo) satisty O0m — 0 as m — oo
where 0 is a boundary point of ©.
Step 1:

In the first step of the proof, we shall find the limit of the S-divergence between the

sequence of contaminated densities gc,, and the model densities fg, . Note that

San (Gems fo.,) = /A S(a) (Gems fo,,) + /A Sa) (Gems fo,) (5.4)

where
%f“a—%fBQAJr%g“a ifA>0
Frn(ffg) — e fH + et ifA=0
and Ay, = {z : g(x) > max{k,,(z), fp,, (x)}}. We will show that the first integral in (5.4)
is asymptotically equivalent to (1 — ¢)!+® ||g||%ig
in (5.4) is asymptotically same as S, x)(€km, fo,,) as m — oo. We show this separately
for A > 0 and A = 0 cases.
Step 1, First term, A > 0:

It follows from Assumption (BP2)-(BP3) that [, km = [kmla, — Oand [ fp, 14, —

0 as m — oo. Therefore, we have gc,,14, — (1 — €)g pointwise, and fp, 14, — 0

8(04,)\) (gv f) =

/B as m — oo and the second integral

pointwise. Also, sup,, [|gemlan,lliiq < |9'T|| < oco. Hence, by Lemma 5.A.1 with
9m = 9emla,,, fm = fo,,14,, and g, = (1 — €)gly,, it follows that as m — oo, we get

IgemLa, hTe = (1 =) llgla, 1 1a,

where the symbol < denote the asymptotic equivalence as m — oo. Also, applying

Lemma 5.A.1 with ¢, = fp,,14,,, gm = 0 and f,, = g, we further obtain

1o, 1, 1172 — 0, and ((fo,,,914,.) 54| — 0, as m — oco.

Combining all these above and noting that A,, — {z : g(x) > 0}, we obtain for A > 0, as

m — 00,

- (1 — 6)1+a 1+a
/Am S(a,)\)(QG,m7f9m) ~~— 8B HgHIJra'

Step 1, Second term, A > 0:

Now, focusing on the behaviour of the divergence on the set A§, and by using Assump-
tions (BP2) and (BP3) we obtain that [,. g = [glac — 0 as m — oo. It implies that
(Ge,m — €km)1ac — 0 pointwise. Additionally, we note that

SUP/ S L < Sup/ max{ fy, b} < sup / f3te -+ sup / ELF < oo,
m m m

m
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ykm } on AS, and max{a,b} < (a+0b) for a,b > 0,
along with Assumption (BP4). For A > 0, an application of Lemma 5.A.1 with g, =

where we use the fact that ¢ < max{fy

m

Ge;mlac, s fm = fo,,1ac, and gp = €kp14e yields that as m — oo, we get

/gelj)_%a]_A%L— /k1+a1Ac /fmgemlAc — € /fem mlAC

Hence, for A > 0, we must have the following convergence

— 0, and — 0.

/I; S(a,)\)(ge,mafem) _/S(a,k)(Ekm7f9m) —

Combining the above two subcases, it follows that as m — oo, for all B > 0 and A > 0,

(1)

we have
Stan) Gems fon,) = || 112 = Stan (€km, fo,,)-
Now, we turn to the case when A = 0.
Step 1, First term, A = 0:

Starting with the integral over A,,, we note that

/A S(a)\A =0) (gem» fo) / f1+a1n (fo,0/Gem) — / fl+a / geljna'

By the same argument for the case with A > 0 as before, it follows that f A, Ha -0

and [, gt — (1-¢'t lgll;=% as m — oo. To deal with the cross- mtegral term, we

additionally have by the triangle inequality

/f(}IO‘lAm n(fo,,./gem) /f91+O‘1A In(fp,,) '/f(}*"‘lA ln(gem)‘.

We will show that both of these terms go to 0 as m — oco. For the first term, we take

9m = fm = fo,,14,, and g, = ]?m = 0, and apply Lemma 5.A.2. For the second term,
we take g, = fo,,14,.; fm = Gemla,,, gm = 0 and fm = (1 — €¢)g and again apply
Lemma 5.A.2. To show the integrability of the cross-entropy terms in this case, we notice

the chain of inequalities

/fgl;:a].Am In(gem) < /f;;ralAm In(g), (since, g > ky, on A,)

:/ fel;ro‘ ln(g)+/ felio‘ In(g)
Am{z:g(x)<1} Am{z:g(z)>1}

< / fAt®1In(g), (since the first term is nonpositive)
m{w:g(z)>1}

m

< / gHO‘ In(g), (since g > fp,, on Ap,),

m

which is finite as shown in the proof of Lemma 5.A.2. On the other hand, we have

/f1+a1A7rL 1n ge,m)

fgl;yl;a 1n(ge,m) + / fol;:a]_Am ln(ge,m)

/Amﬁ{wifem (2)Zkm ()} Am{z: fo,, (€) <km(z)}

fon(fa,,)

m

S (1 - ) fo) + /
AmN{z: fo,, (x)<km(x)}

— / foIn(fy )—i—ln(l—e)/ fate,
Amn{z: fo,, (x)>km (x)}
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which is again finite due to the uniform L'T®+9-integrability of fo,, and noting that 0,, €
©. This shows that the cross-entropy term satisfy

sup ’/f;;ro‘lAm ln(gﬁ,m)' < 00.
m

For g,, = 0 and fm = (1 —¢€)g, the boundedness of the cross-entropy term follows trivially
from L'*%integrability of g. Therefore, for A = 0, we obtain

(1 B 6)1+a 1+a
lglliia| =

/ S(oz,A) (ge,m7 f@m)
Am

as m — oo.
Step 1, Second term, A = 0:

Now we turn to the integral over A¢, for A = 0 case. To show this, consider the chain

of inequalities

» Stan) (Gems for,) —/S(a,x)(ek‘m,fem)
_ 14+o 1 k 1 14+« 1 1+ak1+a
= cfem n(e m/ge,m)+1+a Cge,m “1ra c€ m
<| [ £t gm) — [ 231, (e ‘+ ’ [, - e [ R,

That the second term goes to 0 follows from an application of Lemma 5.A.1 as indicated
earlier. For the first term, we use Lemma 5.A.2 instead. For this to be valid, we again

need to show the boundedness of the cross-entropy terms, i.e.,

sup ‘/fgl:falA,cn 1H(€k‘m)‘ < 00, and sup
m m

/fgl;ralA%l hl(ge,m)' < o0.

1
/f@T:(XlAfn )

which is finite due to Assumption (BP4) and the uniform L'T®%-integrability of fp, for

For the first cross-entropy term, we have

‘/f¢91+a1AC In(ek, ’ ‘/f(}*“lAc In(ky, )‘ +1n(1/€)

any € > 0. For the second cross-entropy term, we again bound the integral from two sides

as shown below.

/ fé::a]-Afn ln(ge,m)
FH (g ) + / F49 (g m)

/A%Lﬂ{x:fgm (2)<km(z)} Ag,{x: fo,, (®)>km(x)}

< o (k)

m

fo, (1~ €) fa,),

o
/AC {2 fo,, (2)<km(2)} Af @ fo,, (2)>km (z)}

both the integrals are finite due to Assumption (BP4) for all € € [0,1). For the lower

bound, consider

[ 8045 g = / FE In(ely)

/ 1+a 1n (k) + In(e / 1+a7
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which is finite for all € € (0,1). For € = 0, the finiteness of [ felT:O‘lAgn In(g) is immediate
as 0,, € 6.
Therefore, for A = 0, we obtain that

(1 — 6) || ||1+a

S(a,/\);A:O(ge,ma f&m) -~ 1+a — a )\);A:O(ekmy me)a

as m — oo.

This completes Step 1 of the proof.
Step 2:

Now, since the true density g belongs to the interior of the model family of densities,
there exists a 9 € O \ 9O such that g = fgs. In this case, our objective is to find the
asymptotic behaviour of S(, x)(9ge,m, fos) and demonstrate that

61+a
St Geams Jor) = = [knlE55 + o) (L= €) I fos 12

14+«

€ 1 1
= [Emlliie + (= llglhiie, (5.5)

where
T(a,\) (E) = 4(a,\) (6) + ElJrOZ/‘B' (56)

In this case, we again consider splitting the integral as in (5.4) but over the sets B, =
{z: k() > max{g(z), fpa(x)}} = {z : kn(x) > g(x)} and BE,. As before, due to As-
sumptions (BP2) and (BP3), we get that the set B,, is asymptotically negligible set under
g (or fgs) and the set BS, is asymptotically negligible set under ky,.
Step 2, A > 0:

Since fgs = g, the S-divergence for the case A > 0 reduces to

H [es I+« 1+a

S(a,A) (Qe,ma fos) = +a = AR (9, 9e m>B A +5 ng m”1+a .

Similar to the argument before for Step 1, it is easy to see that as m — oo,

1+a 1+ 14+ Hk

1
lgemlli e = (1= &) llgliia —e e

mHl—&—a'

For the cross-integral term, we split the integral into two sets, on B;, and on Bf,. Due
to Assumptions (BP2) and (BP3), we have that g1p,, — 0 and k,1pe, — 0 pointwise as
m — oo. Therefore, ge,m1p,, — 0 pointwise as it is dominated by k,,15,,. On the other
hand, (gemlpe, — (1 —€)glpe,) = 0 as m — co. Now, by an application of Lemma 5.A.1
with fr, = g, 9m = gem1B,, and g, = 0, it follows that

On the other hand, again applying Lemma 5.A.1 with f, = g, gm = gemlBe, and gp, =

(1 —€)glpe, yields that
‘/ngéxmlen _/ gt
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Note that, the uniform integrability of the respective quantities follows directly from the

L't integrability of g and k,, as mentioned in Assumption (BP4). Therefore, we have
A AL
[ oPotn = -0 gl
Combining all these, the claim given in (5.5) readily follows for the case A > 0.

Step 2, A =0:
For the A = 0 case with fps = g, the S-divergence between g, ,, and fps reduces to

1 1
StaGems for) = [ 7 0(0/00m) = Tz Nl + T laenlliZa 5T)

As before, the last term is asymptotically equivalent to (e!*® ||k ;% +(1—€) '+ [|g]l;72) /(1+

«) as m — oo. For the first term, we split the integral as

/ 9 In(g/gem) = / g In(g) — / g In(gem)1p,, — / 9" In(gem)1pe, -

As before, due to Assumptions (BP2) and (BP3), we have that g1p, — 0, kplpe, — 0,
9e;mlB,, —+ 0 and (gemlpe — (1 —€)glpe ) — 0 pointwise as m — oo. In order to apply
Lemma 5.A.2, we just need to show that the corresponding cross-integrals are uniformly
integrable.

It is easy to see that the first integral [ g'*In(g) is finite due to the L'**-integrability
of g, for details see the proof of Lemma 5.A.2.

For the second integral, we have

/ 9" In(g)1p, < / 0" (g m)Lp,, < / 9" (k) L.

The lower-bound is finite due to the L't®Ho_integrability of g, and the upper bound is
also uniformly bounded due to Assumption (BP4). Reverse inequality holds for the third
term fgl‘m In(ge,m)1Be, . Therefore, an application of Lemma 5.A.2 yields that

[ o) =~ [0 -0 = a1 - )

Combining this with (5.7) yields that

- 1 (1—¢)ite o, €71 l+a
S(a,/\);AZO(gE,mvaQ) -~ —hl(]. - 6) - 1+« + 1+a H Hl—i—a Hkmul—&-a’

as m — oo, which we intended to show.
Step 3:

Now, we will have a contradiction to our assumption that ¢ is a breakdown point
if this constant 69 lying away from the boundary 9© produces a value of S-divergence
smaller than the asymptotic limit of S, x)(ge,m; fo,,). Then the sequence {6,,} would not
minimize S(q, x)(ge,m, fo) over 0 € © for every m.

Therefore, asymptotically there is no breakdown at e if, for sufficiently large m, we
have

(1 - 6)1+a 1+

1 1
5 lglhiza > mllida + 7@n (1 = o llglh e

> Stan) (Gems fos),

Stan (€kms fo,,) +
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which can be rearranged as

et a a
S(a,)\)(ekma f9m> > ? Hk’m”iia + 4(a, )\)(1 - 6) HgHiia :

Clearly, the condition (5.2) ensures that the above inequality is true for all € < €, y). This
completes the proof.
O

The result in Theorem 5.1 depends heavily on the condition (5.2) to provide the choice
of €(q,\), Which acts as a lower bound of the breakdown point €*. This condition compares
the extremity of the contaminating density with respect to the model family of the densities
when the parameter tends to the boundary of the parameter space. They are similar to
Assumption (BP3) of Ghosh and Basu (2013) and Ghosh et al. (2017) in spirit, but with
a more complicated lower bound. However, this condition is difficult to verify in practice
in different parametric setups. Therefore, in the following discussion, we shall show three
other sufficient conditions which imply the condition (5.2) and help in deriving the exact
value of €., ) under many general parametric setups. With the knowledge of the model
family of densities and the contaminating densities, one can easily check these alternative
conditions as we will demonstrate later through some specific examples in Section 5.4.

We start with a lemma that provides a lower bound to the S-divergence itself.

Lemma 5.1. Let, f and g be two densities such that || f|,,, > |lglli o Assume A >
0,B >0 and o € [0,1] and define

. [B/(1+a)Y4 ifA>0 58)
@V ervare) ifA=0 |

Then, the corresponding S-divergences satisfy S(a.x)(€g, f) = S, (€9, 9) for any choice
of e < ez‘a NE provided that these S-divergences on both the sides are well-defined.

Proof. We will illustrate the proof for the cases A = 0, B = 0 and positive A and B
separately.
Case A =0:

In respect to Eq. (1.11), we need to show that

(e} (e 1 o
[ remnse) - IR = [ gm0 - 1 el

Note that, it can be rearranged as

[ #misia) + (o - ) (7 - ol > o

The first term of the left-hand side is bounded below by a scalar multiple of the KL

divergence between two densities proportional to f17® and ¢g't®

nonnegative. Since, € < limy_,04(B/(1 4 a))/4 = e~1/(0+2) and ||f|]iig > ||g||}ig, the

respectively, and hence

second term is also nonnegative.
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Case B =0

When B = 0, we have e’(k N 0. By continuity, since lim,_,o 2! 7 log(x) = 0 for all
o € (0,1], it follows that Saxp0)(0, f) = IFI12 /(1 + a). Since |£]112 > [lgll 142, it
readily follows that

S(a,)\) (07 f) > S(a,)\) (079)

Case A >0 and B > 0:
Using the form of S-divergence as in (1.10) for positive A and B, and applying Holder’s

inequality,
1 1 (1+Oé) 1
S(a)\)(egaf):Z||f”1¢g_7<f> >BA+ H Hlig
A
1 e (1+a) A 1
> 71— SO 18, e + S gl

since A+ B = (1+a). As ¢ < [B/(1+a)]"4, hence 0 < (1 + a)/B < 1. Using

[fll14a = llglli4ss Wwe obtain the following two inequalities;

I82 |5 - 2 2 naitts |5 - (5:9)
and
A e s AL 2 i, (5.10)
Summing up both the 1nequaht1es in (5.9) and (5.10), we obtain
Liitte - s g, > Lgits et ED gt s

Adding et || gHﬁZ /B to both sides of the above inequality (5.11) yields the result. [

A corollary of the above lemma yields a similar bound in the case of the DPD which

immediately follows by taking A =1 and B = «a.

Corollary 5.1. Let, f and g be two densities, and let d(g, f) denote the DPD between
these two densities for a > 0. If e < a/(1+a) and |[f|l,14 > l9ll1 1o, then da(eg, f) >
do(€g,g), provided the DPDs on both sides are well-defined.

Now, we turn to describe our first alternative condition which is sufficient (but not

necessary) for the generic condition (5.2) provided in Theorem 5.1.

Corollary 5.2. Assume A and B are both nonnegative and the Assumptions (BP1)-(BPj4)

are true. Also, assume that the contaminating densities {kn,} satisfy the inequality

Hkm”pra < Hfﬁm”l-m (5-12)

for sufficiently large m for any sequence {0} with a limit point on the boundary 0O of
the parameter space. Then if the true density g belongs to the interior of the model family
of densities F, then the MSD functional T\ (G) has an asymptotic breakdown point at

least €(q,n) = min{e?‘a ol =€, /\)}, where €], ) is as given in (5.8).
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Proof. We shall show that the condition given in (5.12) implies the generic condition(5.2)
so that an application of Theorem 5.1 then completes the proof.

If B =0, then A > 0 and so €,y = 0. Since any estimator has an asymptotic
breakdown point at least 0, the result holds trivially. So, we shall focus on the case with
B > 0. Under condition (5.12), an application of Lemma 5.1 yields that for all € < E?a,A)
the inequality

Sta) (€km, f0,,) = T (€) [Emlli 10,

holds for all sufficiently large m, where 7, »)(€) is as defined in (5.6). Therefore, the con-
dition (5.2) follows if we can show that the quantity r(, x)(e )Hkm\|1+a is greater than
or equal to the right-hand side of inequality (5.2), for all € < €y ), where €4 ) =
min{e?a’ )’ 1— eZ‘m )\)}. We shall show this for the A > 0 and A = 0 cases separately.

To this end, for A > 0, we have

1 «
W@ 28 > S el + [1 EChV e)/ﬂ gl

1+a 14+« A ARB 1+«
1 1 (1 + a) (1+a)
= |kmlhiie = Ealile 5 > [lglhie - 7 (1= ) llgllita
B
<~ (EAbm — (1 — G)A) < m(bm — 1)

= (i) (arg a0t <o

where b, = Hkm\Hig/HgMIg This inequality holds true if ¢ < (B/(1+ a))"4 and
e<1—(B/(1+ a))l/A. Since € < €(4,)), the inequality holds.
For A = 0, the proof follows similarly. Since e’(ka N e~1/(+2) " choosing € <

min{er, \),1 — €, )} ensures that
() + | Bl 2 02 [0 — ) — | gll1e
1 +a 14+ 14+«

Now add €'+« Hkmﬂiig /(14 «a) to both sides of the above inequality yields condition (5.2).
O

The analogous result for MDPDE follows from substituting A = 1 and B = « in Corol-
lary 5.2.

Corollary 5.3. Under the same conditions as in Corollary 5.2, the MDPDE functional
minimizing do (g, fo) has an asymptotic breakdown point at least a/(1 + «) for a € [0, 1],
provided that the true density g belongs to the interior of the model family of densities.

Remark 5.2. When A =0, Corollary 5.2 assures that the asymptotic breakdown point of
the MSD functional is at least min{e=1/(1+2) 1 — e=1/(+)} for gll o € [0,1]. Note that,
this bound is increasing in « from 0 to o* = 1/1In(2) — 1 =~ 0.443, and then decreasing
in the interval [o*,1]. This shows that while increasing the tuning parameter o results
in more robust estimators for the case of MDPDE with A = 1, this may not be true in
general for the MSD functional.
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Remark 5.3. When B = 0, Corollary 5.2 ensures that the asymptotic breakdown point
of the MSD functional is at least 0, which contains no meaningful information. However,
this bound cannot be improved further. To see this, consider the example of estimating the
location parameter in a normal model family of densities N(6,1) where 6 € R. Clearly,
here || folli1a = ll9ll11o for any 0 € R. In this case, the minimization of the MSD func-
tional is equivalent to the minimization of the Kullback-Leibler (KL) divergence between

the densities proportional to f91+a and g't®

. This minimization results in the mean of the
true density g for any a € [0, 1], because of the specific choice of normal densities. It is

known that the mean functional is nonrobust with an asymptotic breakdown point of 0.

It is remarkable that unlike the shrinking breakdown offered by the usual M-estimators
for multivariate location and scatter (Maronna, 1976), the MDPDE has an asymptotic
breakdown point with a lower bound independent of the dimension of the data, as ob-
served from Corollary 5.3. Thus, the MDPDE is more suited for robust inference of the
parameters for arbitrarily high-dimensional or multivariate data. In Figure 5.1, we show
the quantity €, ) as a heatmap for different combinations of o and A. The choices of
a and A for which either A < 0 or B < 0 are indicated by the black regions; for these
situations, as the assumptions do not hold, our analysis does not guarantee any useful
lower bound of the asymptotic breakdown point of the corresponding MSDE. The green
dotted line indicates the pairs (a, \) for which (B/(1 + a))/4 = 1/2, which represents
the highest possible asymptotic breakdown point 1/2 when o < 1. It follows that, as «
increases, the asymptotic breakdown point also increases considerably for all A\ approx-
imately larger than (—1.63). However, when A\ < (—1.63), as « increases from 0 to 1,
the asymptotic breakdown point increases till the green line and then decreases. On the
other hand, increasing A has an opposite effect of reducing the breakdown point. This
figure is in agreement with Figure 5 of Ghosh et al. (2017) where the authors indicate
the region where both A and B are positive, corresponding MSDE has an asymptotic
breakdown point of 1/2 for location estimators. Figure 5.1 also depicts that the MSDE is
highly robust for a wide range of choices of & and A; the majority of the choices of a and
A lead to an estimator with an asymptotic breakdown point at least 1/4, for which the
corresponding contour is denoted by the solid white line.

When o = 1 in the MSD functional, MSDE coincides with the robust minimum L2
distance estimator irrespective of the value of A. It has an asymptotic breakdown point
of 1/2 which can also be seen from Figure 5.1. Another one of the important divergences
among the S-divergence family of divergences is the Hellinger distance (A = B = 1/2).
Minimum Hellinger Distance Estimator (MHDE) which aims to minimize the Hellinger
distance between the empirical density and the model density function has been found to
be extremely robust, and is often a popular choice for multivariate location and scatter
estimate. Tamura and Boos (1986) and Toma (2008) showed that under some suitable
assumptions, the asymptotic breakdown point of MHDE is at least 1/4, independent of
the data dimension. This is a special case of Corollary 5.2 where we obtain the same

bound under a different set of assumptions.
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Figure 5.1: Lower bound €, ) as in Corollary 5.2 of the asymptotic breakdown point of
MSDE for different choices of o and A. The black regions indicate either A < 0 or B < 0.
The dotted green line indicates the implicit curve (B/(1 4 a))/4 =1/2.
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When the parameter of interest is the location parameter and the support of the model
family of densities is the whole R?, for some positive integer d, Assumption (BP4) and the
condition (5.12) are satisfied automatically if the contaminating density also belongs to
the same family. Hence, for the location estimation problem, Corollary 5.2 implies that the
asymptotic breakdown point of the MSDE functional is at least min{(B/(1 + a))"/4,1 —
(B/(1 4 )4} for A > 0, and min{e~ /(1) 1 — ¢~ 1/(+)1 for A = 0, regardless of the
dimension d.

However, when A > 0, a better lower bound can be obtained by directly applying
Theorem 5.1. Note that since the model family is a location family of densities, the
quantity || foll,,, is independent of the choice of #, the location parameter. Also, assume
that the contaminating densities k,,, belong to the same location family. Then, for A, B >
0, applying Holder’s inequality to the term [ ffn (:c)k;?l(x)da: appearing in the S-divergence
S(an) (€km, fo,,), a sufficient condition for the inequality in (5.2) turns out to be ed—(1-
e)A < 0. This yields, €4,x) = 1/2. Therefore, the asymptotic breakdown point for MSDE
when both A > 0 and B > 0 is 1/2 for the location parameter when both the model family
and the contaminating distributions are from the same location family of distributions.
The same result is also obtained independently by Ghosh et al. (2017) via investigating this
special case only. The breakdown results obtained for the MDPDE for location parameter
in Basu et al. (1998) and Ghosh and Basu (2013), and for MHDE in Toma (2007) are all
special cases of this situation.

The condition (5.12) considers a dynamic bound to the sequence of contaminating den-
sities via the model family of densities. On the other hand, because of Assumption (BP4),
we know that there must exists some constant C' > 0 such that sup,, [|knll;,, < C. In
view of this, we can have another sufficient condition when the previous sufficient condi-
tion (5.12) is not satisfied.
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Corollary 5.4. Assume that A > 0,B > 0, the Assumptions (BP1)-(BP}) hold true and
the model family of densities contain the true density g in its interior. Additionally, the
contaminating densities {kn} satisfy

lim sup ||k |18 < C (5.13)
m—ro0

for some deterministic constant C > 0. Then, the MSD functional T(, »)(G) has an
asymptotic breakdown point at least min{e'(a Nt 1/2} where e’( NS (0,1) is the unique

P

solution to the equation

C
2t g (1 - ) gl e =0

Proof. We shall show that the specific choice of e’(a’ N along with the condition (5.13)
implies the generic condition (5.2). Note that, the quantity on the left-hand side of the
inequality in (5.2) is nonnegative, as they are valid S-divergences. Therefore, it is sufficient
to show that the right-hand side of the inequality is negative.

Consider the case A > 0 first. Because of the condition (5.13), it is enough to ensure
that

C 1iq 1 14+« o
he) = St +(— <1—e>A) gl <o,

B A AB Lo
for all e < €, ). Note that, h(0) = — 9|1t /B < 0 and h(1) = C/B + ||g|;=¢ /A > 0

as C' > 0. Also, h(-) is continuous and strictly increasing in the interval (0,1). Therefore,
by Intermediate Value Theorem, there must exist a unique root e’( an € (0,1) such that

h(e) <0 for all € < 6/(04 A)» as we intended.

For the case A = 0, again it is enough to ensure that

¢, 1 1+
tale) = e = (1 + (1 - ) laliz3 <o
Similar to the argument presented before, we have ho(0) = — ||g||%iz /(14+ «a) < 0 and

li(m )ho(e) = 00 > 0. By using the continuity and strictly increasing nature of ho(e) and
e—(1—

an application of the Intermediate Value Theorem, the same conclusion follows, completing
the proof. 0

Since the conditions (5.12) and (5.13) cover all uniformly integrable contaminating den-
sities, such conditions may not provide a reasonably sharp lower bound to the asymptotic
breakdown points. Also, Corollary 5.4, which is dependent on the condition (5.13), requires
the knowledge of ||gl|,,, which may be unknown. However, in view of the asymptotic sin-
gularities between the model family, the true density and the contaminating densities as
asserted by Assumptions (BP2) and (BP3), one might hope for some orthogonality to be
present between the model family densities fg,, and the contaminating densities k,,, i.e.,
/ felfn kA to tend to 0 at a faster rate than || fj, Hiig This is formulated in the following
corollary, which provides yet another sufficient condition to obtain an explicit lower bound

of the asymptotic breakdown point of the MSD functional.
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Corollary 5.5. Assume that A, B > 0, the assumptions (BP1)-(BP4) are true and the
model family of densities contain the true density g in its interior. Additionally, the

contaminating densities {kp,} satisfy

L= Jliminf L, >0 (5.14)
m—00,0m —00
where -
| for li e
- moerae if A >0
<f9m’km>B,A yAa=0
L, = (5.15)
I+ay ki
/ o, ({i”;/ ) ifA=0,

for any sequence of {0,,} with a limit point in the boundary of parameter space 0. Then,

the MSD functional T(, »)(G) has an asymptotic breakdown point at least

£ = mi“{@@)lm’l—(&)lm,%} if A>0,

€
()
min {e~ /)L ] _ ~1/(4e) I ir 4 = 0.

Proof. The scenario with B = 0 follows trivially since every estimator has an asymptotic
breakdown point of at least 0. Therefore, we restrict our attention to the case where
B >0.

For A =0, the condition (5.2) can be rewritten as

« o 17 o
[ e mnn, febn) = 1 a4 > = [ + 1= )| gl

Now if € < 1 — e /(4% we have In(1 — €) + 1/(1 + a) > 0 implying that the right-hand
side of the above inequality is some negative number. Therefore, it is enough to ensure
that the left-hand side of the above is a positive quantity.

This means, for sufficiently large m, we require to show
1
1+ 1+
/f “In(f,,/km) — ||f0m|’1+g[ (€)+1_|_OJ > 0.

If we pick € to be lesser than e~ 1/(+®)+L  then the above inequality follows from the
definition of L in (5.15). Now, an application of Theorem 5.1 completes the proof for the
A =0 case.

When both A > 0 and B > 0, it is enough to show that the condition (5.2) of

Theorem 5.1 holds in this case. Note that, it can be rewritten as

1 + o 1+«
1 1
I fo i Te — e (for km)pa > |1 - 11— lglits, (5.16)

for all sufficiently large m and for all € < €., ), where €, ) < 1/2 is a predetermined
quantity. Since [|g||;,,, is the integral corresponding to the true density g which is un-

A
)Y,

known, it can be arbitrarily large or arbitrarily small. For any ¢ < 1 — (B/(1 + «

we have the right-hand side of (5.16) as some negative real number. Hence, the only way
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for the inequality (5.16) to hold true is to ensure that the left-hand side is nonnegative
for sufficiently large m. This is possible if we choose € < (BL/(1 + a))/4. Therefore,
choosing ¢ less than the minimum of (BL/(1+ «))*4 and 1 — (B/(1 + o))"/ ensures
that the inequality (5.16) holds true. Finally, we apply Theorem 5.1. O

When A > 0, B > 0, the condition (5.12) is a stronger variant of (5.14), i.e., when (5.12)
holds, the quantity L in (5.14) is at least 1 by a direct application of Holder’s inequality.
An application of this Corollary 5.5 is demonstrated in Section 5.4.6 through an example
of estimating the rate parameter for exponential distribution contaminated by a normal

family of densities.

5.3.2 Asymptotic Breakdown point of minimum S-divergence estimator

So far, we have investigated the breakdown point of the MSD functional T{, »)(G) assum-
ing the knowledge of the true distribution G. However, in practice, the true distribution
G and corresponding density g is not known, and hence T{,, ) (G) must be replaced with
its empirical version T{, »)(Gr) that minimizes S, x)(gn, fo) for a suitable density esti-
mate g, based on sample observations Xi,..., X,. For this, we shall require a few more

assumptions as follows:

(BPF1) With probability tending to 1, the density estimate g,(z) converges to g(z) in
L? norm, ie., [|g, — g/’ — 0 as n — oo, where p = (1 + ) when A > 0 and
p=(1+a+0) for some § >0 when A = 0.

(BPF2) The minimizer T(, »)(G) is a well-separated minimizer of the S-divergence S, x)(9; fo),
i.e., for every d > 0,

San (9 fr, (@) < inf S, (9, fo)-
(e, A) (a0 (G) 0=T(n) (©)]| 56 (@A)

(BPF3) Either A > 0, or for all n > 0 there exists a compact set K, C © such that for
all sufficiently large n and m and any € € (0,1/2),

sup / 1+0‘1 < €)n + 1) <m, sup / 1+O‘l ( — )9 + 1>‘ <mn,
0¢ K, km 0¢ K, km
and,
sup /fl+a In(g,)| <mn, sup /fHa In (g ‘
04K, 0¢ K,

Under these assumptions, we establish the following theorem that ensures that the
asymptotic breakdown point of the sequence of estimators T{, x)(Gy) is greater than or

equal to the asymptotic breakdown point of the population functional T{,, )\)(G).

Theorem 5.2. Assume that A >0 and B > 0, Assumptions (BPF1)-(BPF3) hold along
with Assumption (BP/). Let €} € [0,1/2) be the asymptotic breakdown point of the MSD
functional T, 1) (G) as defined in (1.7) and € € [0,1/2) be the asymptotic breakdown point
of the corresponding sequence of MSDE T, 5(Gy) as defined in (1.6). Then, €5 > €.

138



BREAKDOWN ANALYSIS OF MSDE

Before we discuss the proof of this theorem, let us spend some time understanding the
nature of the Assumptions (BPF1)-(BPF3). The first assumption (BPF1) ensures that the
choice of the density estimate is reasonable and sufficiently close to the true density. One
choice of g, is a kernel density estimate based on the sample observations X1, Xo,..., X,

given by

n
Gula) = "221“) (55).

where b, is a bandwidth sequence and w(-) is a properly chosen weight function called

kernel function (Bickel and Rosenblatt, 1973). The basic premise under which asymptotic

properties of g, are derived requires b, — 0, nb, — co as n — oo. Under some reasonable

assumptions on the density function g, if b, = o(n=%?), n=1/*(logn)'/?(loglogn)'/* =

o(bn) as n — oo, Bickel and Rosenblatt (1973) showed that

b2 b [18.(0) - @) Pata)de ~ [ geatite [weas]

is asymptotically normally distributed with mean 0 and a constant variance 03 depending

on the choice of w, g and a. If we choose a(z) = 1, then it follows that

b/ [nbn / [Gn(2) — g(z))2dx — / w2(z)dz} 2 N(0,02),
= b, / [Gn(z) — g(2)]2dz — / w(2)dz % N(0,b,02),

= nbn/[ﬁn(x) — g(2))%dx 4 N (/ wz(z)dz,bnag> ,
= [nte) - st S (- [t a?).
= @) - 9@ Bo.

where % denotes the convergence in distribution, L, denotes convergence in probability
as n — oo. This establishes L?-type convergence of g, to g, which, in turn, implies
Assumption (BPF1) for all nonnegative A and B except when A =0 and B = 2.

The second condition (BPF2) about the well-separated minimizer is quite common in
the literature of M-estimation; for further details, see Vaart (1998). The third assump-
tion (BPF3) holds trivially for A > 0. For the A = 0 case, it is a stronger variant of the
asymptotic singularity condition present in Assumptions (BP2)-(BP3). To see this, note
that by choosing sufficiently large K,, we can ensure that 6 ¢ K, implies 6 is close to the
boundary 00, and as a result, when fy > 0, g is asymptotically negligible. Hence, one

would expect

g€7m1{f9>0} = (1 — E)gl{f9>0} + Ekml{f9>0} ~ ekml{f0>0},

resulting in

1+« (1_6)9 1+a Gem
/f9+ 111( Ekm +]_> :/f€+ 1{f9>0}1n<6km +1>

~ /f91+a1{f0>0} ln(l) =0.
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Assumption (BPF3) entails that this approximation holds uniformly.

Proof. (of Theorem 5.2)

We will prove it by contradiction. Assume that €5 < €. Then, pick some € € (€3, €]).
Clearly, for this particular choice of ¢, the sequence of estimators 7{, »)(Gr) breaks down
at e-level of contamination. Hence, by the definition of the breakdown point as in (1.6), we
have a 05 € 0O and a contaminating sequence of distributions {K,,}>°_; with densities
{km }on=1 such that [|T(4 x)(Gn,€,m) — 0| — 0 as n — oo for any fixed m with nonzero
probability. Here, we use the notation G, ¢m = (1 — €)G)y, + €Ky, Since € < €], we will
have a contradiction if we show that || Ti4,\)(Gem) — Ol — 0 as m — co. We will show
this in three steps.

Step 1:
Consider the difference between the S-divergences evaluated at the densities ge., =

(1—€)g+ €kp, and gnem = (1 — €)Gn + €k, i€,

|S(a,)\) (gE,TTL) fo) — S(a,)\) (gn,e,mu f@)‘ .

In this step, we shall show that for any fixed m, the above difference goes to 0 as n — co
uniformly over 8 € ©. We show this separately for A > 0 and A = 0 cases.
Step 1 with A > 0:

First, let us consider the case with both A > 0 and B > 0. Fix any m and € € [0,1/2).
Then,

‘Sa)\ (Gems fo) — aA)(gnemafG
1 1
S‘/ gn:t:);n ge—’rtma /f@ In.em gem)‘

1 1 1 1+« 1
<B‘/ gn:tgln g€;i—na) + 5 AB ‘f@”l—i—a </5n:t?n> )

where Onem = |9 cm — 9004 Now, since [[gn — g|'*® — 0 as n — oo, we have

the pointwise convergence gy, (z) — g(v) almost surely for all x as n; — oo, for some
subsequence {n;}22,; see Theorem 3.12 of Rudin (1987). This implies, for any fixed m
and any fixed € € [0,1/2), we have pointwise convergence g cm — ge,m as n; — oo almost
surely for all z.

Now, note that

sup/g,llto;n = sup/((l —€)gn + ekm)Ha < sup/g,lfa /k}n“‘
n n n
< sup/(\ﬁn —gl+9)'+ /krln+a
n

< 2l*e (sup / [Gn — g7 + / g”“) + / o < 00,
n

where we use the L'+ convergence of g, to g along with Assumption (BP4). Therefore, by
applying Lemma 5.A.1 with g, = gn.e,m, gn = ge,m for fixed € and m, we note that the first

term of the bound goes to 0 for the subsequence {n;} as n; — oo. For the second term,
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due to Assumption (BP4), we have ||fs||,,, < M for some sufficiently large M > 0 and
i 571L+?m converges to 0 as n; — oo (see the proof of Lemma 5.A.1 for details). Therefore,

by taking supremum over # € ©, we obtain that
?%Lﬂankmhﬁ)—SmAﬂ%q@mhhﬂ—+Q
€

as nj — oo for any A, B > 0 and for any fixed m and € € [0,1/2).
Step 1 with A =0:
For A =0, we have

Sup‘Sa)\ gemyfd?) a)\)(gn,e,mafe)‘

1
< 1+a1 In,e;m / 1+a 1+a
< zgg/ n(gem tita (Ineam — Gen' )
< Sug /fHaln gn,e,m)_/fHa In(ge,m) ’4"/ grlztc')rén gelj;za) .
€

Since g, e,m converges to g, pointwise as n; — oo for any fixed m and € € (0,1/2),

and both g em and ge,, are LiTo+o.

integrable (as shown in the previous case), by an
application of Lemma 5.A.1, it follows that the second term goes to 0 as n; — oo.

For the first term, note that for a fixed € ©, we can apply Lemma 5.A.2 along
with L'*e+o_integrability of g, and g. In particular, choosing g, = G = fs, and f; =

Injems fn = ge,m in Lemma 5.A.2 yields that

’/fl—‘raln gnjﬁm /f1+a1n Je,m ’ 0,

as nj — oo, for any fixed 6 € ©, fixed m and fixed € € [0,1/2).
Now, pick any n > 0. By Assumption (BPF3), there exists a compact set K, such
that for sufficiently large m and n, we have for any € € (0,1/2),

sup /fHo‘l < )9n +1>‘ <7, and, sup /f1+o‘ln< )9 +1>‘
0¢ K 0¢ Ky
Therefore,
sup /f1+aln Gn.e;m) /f“”lln Jem ‘
O¢ Ky

= sup / Ho‘ln (Gn,em) /f91+aln (ekm / 1—iro‘ln g@m)—i—/fal—"aln(ekm))

04K,
< esgéup /f91+a ln(gn,e,m) _/f5+aln(€k ‘—{_ngéup /f1+a ln ge,m) _/fglJraln(Ekm)‘
Ky Ky
. /f$+aln<(l—6)gn+€km>‘+ sup /f1+a1 ( €)g + €km )‘
0¢ K, ekm, 02K, ek,
< 2,

for all € € (0,1/2). For e = 0, we have

/ 1+a hl gn,e,m) - /f@l+a ln(gsm ' = sup

0¢ K,

sup
O¢ Ky

/Ho‘lngn /1+O‘ln '<27]
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On the other hand, by the compactness of K, and the pointwise convergence established

before, it follows that

sup
0K,

/fHaln gnj,em /fHaln Ge,m ' <n <2,

for all sufficiently large subsequence indices n;. As n > 0 was arbitrary, we get that for

all sufficiently large m and fixed € € [0,1/2),

/f1+a1n gnj,em /f1+a1n Gem ' 0,

as n; — oo for any fixed m and fixed e € [0,1/2). This completes Step 1 for the A =0

sup
0cO

case.
Step 2:
Since T(q,2)(Ge,m) minimizes the function 0 — Si,,z)(ge,m, fo), we have

Sta) (Gems I Ty 2 (Grem)) = S(an) (Gems I Ty 5 (Gem))

(
(

) ge,m7 fT(Qy)\) (Ge,m))

IN

Sta) (Gems I T 3 (Grrem)) — S(an
+ S(a) (Gnems [T 5 (Gem)) = San) Gniems [T 5 (Grem))

IN

2sup }S(a)\) (gn,e,wm 9) - S(a,)\) (ge,ma 9)| )
(2SS

where the first inequality follows from the definition of T(, »)(Grn.em). Now, the first step
assures that this quantity converges to 0 for the specific subsequence {n; };’;1 as nj — oo,
for any fixed m and any fixed € € [0,1/2). Combining it with Assumption (BPF2) of
a well-separated minimizer, it then follows that HT(a,A)(an,e,m> — T(a,,\)(Ge,m)H — 0 as
n; — oo, for any fixed choice of m and any € € [0,1/2), with probability tending to 1.
Step 3:

Now, we pick any d > 0. By the hypothesis (of the contradiction) at the start of the

proof, there exists My such that for any m > M) and n > 11y, we have
HT(OL,)\) (Gn,e,m) — eooH < (‘)-/27

with some nonzero probability pg. Now by Step 2 above, we also have that for every m,

there exists ngy, from the subsequence indices {n; };";1 such that ng,;, > ni,;,. Then,
HT(%)\) (Gem) = T(OQA)(G'anyE,m)H <4/2,

with probability at least (1 — pg/2). Now, due to Bonferroni’s inequality, both of these
inequalities hold for any m > M; with probability at least pg/2 which is positive. Hence,
it is possible to pick a sample w of size na,, for which both inequalities are true. Now, we

have by the triangle inequality

||T(a,A)(Ge,m) - 000” < ||T(a,A)(Gn2m,e,m)(w) - 900”
+ 1T (a0 (Gem) — Tian) (Grop,em) (W) < 9,

for any m > M, and we use T4 1) (Gny,.e,m)(w) to denote the value of the MSDE com-
puted for the sample w. Since § > 0 is arbitrary, this completes the proof. O
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5.4 Examples and Illustrations

In this section, we discuss about several examples where the results present in this chapter
are applicable and provide a lower bound to the asymptotic breakdown point of the MSD

functional.

5.4.1 Normal Location Model (Univariate)

This example concerns the popular parametric setup regarding the estimation of location
in a Gaussian family of distributions with a known variance. Let us assume, without loss of
generality, that the known variance is 1. Therefore, we have the true distribution N (69, 1)
and the model family of distributions is A'(6,1) for § € R. Let us also assume that the
contaminating densities {k,,} belong to the same model family with location parameters
Oy, such that |0 | — oo as m — oco. Assumptions (BP1)-(BP3) clearly hold for this
choice of contaminating densities. Also note that, both || f9m||%i§ and ||km]Hig are equal
o0 (21)~%/2(1 4+ a)~ /2 for all m, which implies Assumption (BP4). The condition (5.12)

also holds trivially in this case. Therefore, an application of Corollary 5.2 for the location

m

estimation case reveals that the MSD functional has an asymptotic breakdown point of
1/2 when A > 0 and B > 0, whereas it is at least min{e=%/(+®) 1 —¢=1/(+)1 for A = 0.
When, B = 0, the lower bound min{(B/(1 + «))"4,1—(B/(1 + a))'/*} yields 0, which is
also tight as indicated in Remark 5.3. Hence, for the MDPDE, the asymptotic breakdown
point equals 1/2 for all o € (0,1] and 0 for o = 0.

5.4.2 Normal Scale Model (Univariate)

Another popular parametric setup is estimating the scale parameter for a known location
parameter in the Gaussian family of distributions. Without the loss of generality, we
assume that the known location parameter is 0; otherwise, one can work by subtracting
the known location from the random variate under consideration. Let, N(0, (c9)?) be
the true distribution, while the model family of distributions is A(0, 0%) with o € (0, c0)
and the corresponding densities are denoted by f,. Therefore, breakdown occurs if the
estimate of the variance parameter o either “implodes” to 0 or “explodes” to co. Let us
also assume that the contaminating density k,, belongs to the same Gaussian family of
distributions namely N (7, O']%m) such that J,%m either tends to 0 or tends to oo as m — oo.

It follows that ||fJHﬂg = (27)~*/26=%/2(1 + a)~1/2. Therefore, if & = 0, Assump-
tion (BP4) is satisfied with ||knll, o = [fo,.]l11o = 1. In this case, the condition (5.12) is
satisfied irrespective of whether oy, “explodes” or “implodes”. So, applying Corollary 5.2,
we obtain an asymptotic breakdown point of the minimum power divergence functional
as at least (—\)Y/0+N for all A € (—1,0] and e~! ~ 0.368 for A = —1.

If a > 0, then || foll;,,

problem near zero, we must restrict our attention to only “explosion”-type breakdown

does not remain bounded when o goes to 0. To avoid the

in this case, which is indeed the more important case of scale breakdown as pointed out
by Dasiou and Moyssiadis (2001) and Huber and Ronchetti (2011). As mentioned before
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in the discussion following Theorem 5.1, we restrict the parameter space to [y, 00) for
some small 6y > 0 and apply the corollaries for only the subset {oco} of the boundary of
the parameter space. So, if cr,%m “explodes” to oo, then ||k ||, ., tends to 0 as m — oo and
the condition (5.13) is satisfied with C' = 0. Hence, Corollary 5.4 can be applied, resulting
in an asymptotic breakdown point of the MSD functional being at least min{1/2,1 —
(B/(1+ )4} for A >0, and min{1/2,1 — e~ /041 for A = 0.

5.4.3 Normal Location Model and Scale Model (Multivariate)

For the estimation of the location parameter under the multivariate normal setup, the
contaminating densities k;,, are assumed to be multivariate normal with mean p; —and
known dispersion matrix with ||p;, || — oo as m — oo, where ||-|| denotes the Euclidean L?
norm. The same conclusion as in Example 5.4.1 follows for this case; the MSD functional
achieves the highest possible asymptotic breakdown of 1/2 whenever both A and B are
positive and « > 0, irrespective of the data dimension p.

For the scatter matrix estimation under the multivariate normal setup, we assume
that the contaminating densities k,, are also p-variate normal densities with mean 1 and
variance X, such that det(3y, ) — 0 or det(Xy, ) — oo. It follows that

lkmlliie = /(27T)_(1+°‘)p/2 det(Zy,,) " 2 exp [— (—n)S, ) (@~ n)] da

-1
= (om) P den(B,) 0 [ exp [—i(w o () e n)] da

= (27) P2 det (2, ) "2 (1 + o) P2,

If a = 0, we have ||kp|l; o = I fo,.]l11q = 1 for any p > 1. Similar to Example 5.4.2,
for both the “exploding” and “imploding” type of contaminations, the minimum power

1+X) for

divergence functional achieves an asymptotic breakdown point of at least (—)\)1/ (
all A € (=1,0], and e~ ! for A = —1.

If a > 0, we again need a restriction to the parameter space as
O = {X: ¥ is positive definite and det(X) € [dp, )},

for some small but fixed dp > 0, to ensure that Assumption (BP4) is satisfied. Note that, if
det(Xy,,) — oo, we get ||k || — 0 and hence the condition (5.13) is satisfied. Therefore, an
application of Corollary 5.4 on the appropriate subset of 9© then ensures the asymptotic
breakdown point of the MSD functional to be at least min{1/2,1 — (B/(1 + «))/4} for
A >0, and min{1/2,1 — e~ /0+)} for A = 0.

5.4.4 Gamma distribution (Scale Family)

In this example, we consider the gamma family of distribution as the model family of
distributions, with a fixed shape parameter ¢ and unknown inverse-scale parameter 6.
The true distribution is Gammal(t,#?), and the densities kj, are also assumed to belong

to the same family with inverse scale parameter 6y . Clearly, contamination happens if
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0,, — 0 or Oy, — oo. It turns out that if fy is the gamma density function with shape ¢

and inverse-scale 6, then
I falli e = 6%(1 + @) (1 + a)t — a)T(8) ).

Therefore, if @ = 0, both the Assumption (BP4) and the condition (5.12) are satisfied.
As a result, Corollary 5.2 provided a lower bound to the asymptotic breakdown point of
the minimum power divergence functional as (—A) 1+ for all A € (—1,0], and e~! for
A=-—1.

When « > 0, we need to restrict our attention to the subset (0, M] for some large but
fixed M > 0 as the parameter space in order to satisfy Assumption (BP4). Considering
the subset {0} of the boundary 00, it follows that when 6, — 0, condition (5.13) is
satisfied with C' = 0. Hence, the asymptotic breakdown point of the MSD functional
becomes at least min{1/2,1— (B/(1 + a))/4} for A > 0, and min{1/2,1 — e~+/(+®)} for
A = 0. As a special case, for the case of MDPDE, the asymptotic breakdown point is at
least a/(1 + «) for all a € (0,1].

5.4.5 Gamma distribution (Shape Family)

This example also considers the model family of gamma distributions as in Example 5.4.4,
but with the parameter of interest being the shape parameter instead of the rate parameter.
Without loss of generality, we fix the rate parameter at 1 and consider the model density
fe(x) =T () tat~te~®, for all z > 0. In this case,

1S = (14 @) O (¢(1 + @) — a)T(1) =0+,

The contamination density k,, also belongs to the same family with shape parameter ¢,
with either ¢, — oo or t,, — 0.

Let us first consider the case when t;, — oco. By using Stirling’s approximation on
k156, we get
(14 a)(ty, — 1)) 1+t —a=1/2¢ (1=t ) (1+0)

(tr, — 1)tk —1/2)(A+0) o (1—tiy, ) (1+0)

= 2m) (1 + a) (b, — 1),

k|l e = (1 + @) (et (2m)=e/2

for sufficiently large t,,. Hence, for any o > 0, it now follows as ||k |;,, — 0. This
implies that the condition (5.13) is satisfied in this case and the Corollary 5.4 is applicable.
Hence, we have a lower bound of the asymptotic breakdown point of MSD functional as
min{1/2,1 — (B/(1 + a))} for A > 0, and min{1/2,1 — e /0+9)} for A = 0. For the
case of MDPDE, the lower bound again turns out to be 1/2 for all « € (0, 1].

On the other hand, if t;,, — 0, then we use the approximation I'(ty,, ) ~ t,;rll It then
follows that

k152 = (1 + @)°T(—a)ti ) — 0, for a € (0,1).

Therefore, the condition (5.13) holds for any « € (0,1), and we obtain the same lower

14+«
1+«

tion (BP4), hence it is out-of-scope of the results presented here.

bound as in the first case. For o = 1, |lkp]| is not finite as required by Assump-
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Finally, when o = 0, we have | f¢|,,,, = 1 implying that the condition (5.12) is satisfied.
Using the corresponding Corollary 5.2, we obtain that the asymptotic breakdown point of
the minimum power divergence functional is at least (—\)/(1*) for any A € (-1, 0], and

e~ ! for A\ = 0 as before.

5.4.6 Exponential Distribution with Normal Contamination

In this example, we explore the effect of contamination on the asymptotic breakdown point
of MSDE for different density families for the model family and the contaminating density

family. In particular, we choose the corresponding densities as

1 (z = pm)?
)
f@(l‘) = fe $1{z>0}, anda km(x) = \/% exp <_2Tn )
for x € R. Without the loss of generality, the true density is taken to be the standard
exponential distribution, with rate parameter equal to 1. The contaminating density k.,
is a Gaussian density such that the absolute value of the mean parameter |p,,| — oo as
m — oo. Note that, we take the variance parameter o of the contaminating density as 1,

but the same argument can be modified appropriately for any fixed ¢ > 0.

To begin with, we note that

90&
I+a _ I+a —a/2 —1/2
||f9H1+a - (1 + Oé)’ anda ijmHl—&-a - (277) / (]‘ + Oé) /

If gy, = —o0 and a breakdown occurs, the mean of the estimated exponential density
decreases towards 0, hence the rate parameter 6,, — oo. Therefore, we would have
1 f0,0 1o — 00 in this case, which violates uniform L'**-integrability of {fy : § € ©} and
hence Assumption (BP4) is not satisfied. Hence, we restrict our attention to the subset of
the parameter space (0, M] for some predetermined large constant M as in the previous
examples.

Conversely, if j,, — oo, then 6,, — 0, then the condition (5.12) is not satisfied. We
can make use of either the condition (5.13) or the condition (5.14) in this case. Let,
without the loss of generality, assume #9 = 1 and consider the case when B > 0. Using
condition (5.13), we obtain an asymptotic breakdown point of at least min{1/2, €, )}

where €,y is a solution of

o VIFa 1/JA—(1+a)1—-e)4/AB if A>0,

- 5.17
@2m)* 2B | (1 4+ @) +1In(1 - €) if A=0. 47

In this case, the lower bound is not explicitly obtained, and it has to be calculated as a
solution to this implicit equation. However, it is possible to find an exact lower bound

using condition (5.14) instead.
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In order to apply condition (5.14), we consider the quantity

/ SE (@) (2)de
= 6p(2m) / T B Al 2
0

= 05 (2m) A e A2 / T A 2 A0 B) g
0

_ By A2 A2 /2 T B 2 1 5 [ Atm — Bbm
07 (2m) € \/ﬂexp [(A,um OmB) QA} <1+<I>< N

62 B2 ~ [ Ay — BO
m (27) 51 P | Toa M — AL

for A, B > 0. Here, EJ() is the error function given by

d(x) := ﬁ /095 e~ dt.

Note that, since u,, — oo and 6, — 0, it follows that (Au,, — BO,,) — oo for A, B > 0.

Applying Dominated Convergence Theorem (DCT) on the function e‘t21[07( Aptm—BOm))]
then yields that ® (%) — 5(00) = 1. Hence, we have an asymptotic equivalence

V2 62 B2
—A/2 T exp |: m

/ffn(x)ké(x)d:c = 952(2#) i oA /LmHmB} ,

for sufficiently large m. Therefore, we have an asymptotic approximation of L as in (5.15)

given by
L =< liminf 97(;‘_1)(277)('471)/2\/Z
im0 (1 + Oé)

62, B?

BO _m2

exp [ mbbm =~ }
Now, depending on the limit inferior of the sequence u,,0,, and the choice of A, the
quantity L will change, and so will the asymptotic breakdown point in this case. The

resulting cases are summarized in Table 5.1.

Table 5.1: The asymptotic breakdown of MSD functional for different situations for expo-
nential distribution as model family and normal distribution as contamination, with mean

tending to +o00, as shown in Example 5.4.6 The quantity €, ) is a solution to (5.17).

A O, and piy, Bound on I Lower bound to Asymptotic BP
A= lim inf O e, < 2/(1 + @) oo 1/2
A=0 lim inf Oy, 1, > 2/(1 + @) 0 0
0 <A<1 no restriction 00 min{1/2,1 — (B/(1 + a))/4}
A=1 lim inf 6, b, = 00 00 1/2
A=1 lim inf €y, i, = ¢ € [0, 00) e*/(1+ a) min {1/27 max {E(Q,A;A:O)v %}}
A>1 lim inf 6., gy, = ¢ € [0, 00) 0 min{1/2, €4, }
lim inf (B0, o+ (2m)(A=1)/2 /Ao . - (VAB)L/Aec/A
A>1 S minqg1/2, maxq€q.n), ~ Y g :
lim inf (B
A>1 im inf (Bt + % min{1/2,1 — (B/(1+ a))/4}

(A= 1)log(6,,)) = o0

147



BREAKDOWN ANALYSIS OF MSDE

For A = 0, we consider the integral

/ oo m(fo, /km) = / > gliae—(1+a)ma (m(@m) — Oz — In(27) /2 — }(x _ um)2>
:914—04 In(6,, ) — 2 > —(14-)0mz
e (o2 — 2 2) [ e

00 1 00
+ O}n—i_a(ﬂm N Qm)/o xe—(l—&—a)ﬁmm o 91—&-04/() 1,26—(1-1—04)97”1’

2 m
— g« (ln(em/ v 27T) _ 'ugn/Q) 4+ ea—l (:um - Hm) o 97(3;1_2

1+« 1+a)? (14«3

Therefore, when A = 0, the quantity L can be calculated exactly as

-1 - -2
L =timjnf (In(6/v2r) - 2,/2) + & ((fi a)em) o a iinay

) 2 014 62 1
= liminfln | e Hm/2 m I )
00 n(,/gwe >+<(1+a) (1+a)2> 1+a

= lim inf ! {Hglum —In (\/%9;126(“%/2*9%2/(1+a))> — 1]

m—o0 + «

The resulting value of L now depends on the limit inferior of (12,/2 — 6,.2/(1+ «)) which
becomes the dominating factor in the exponential. The asymptotic breakdown point, in

this case, is also illustrated in Table 5.1.

5.5 Empirical Studies

In Section 5.4, we directly use the theory developed in the paper to obtain the asymp-
totic breakdown points of the MSD and MDPD functionals. In contrast, in this section, we
empirically verify them by observing the behaviour of the estimate as a function of the con-
taminating proportion €. Here, we consider the S-divergence between the e-contaminated
density and the model family of distribution for different setups, and obtain the MSD
functional by minimizing the S-divergence directly. We repeat this for varying choices of

€ and observe the changes in the estimated parameter.

5.5.1 Normal Model Family

In this simulation exercise, we consider normal distribution NV (u, 0?) as the model family.
Let us assume, without loss of generality, that the true distribution is the standard normal
distribution with density ¢. We have the contaminating distribution as A (uo, 0(2) ) where
po and o are to be chosen according to the type of contamination. Assume that the
sample observations come from the contaminated mixture model with (1 — €) proportion
of the data coming from the standard normal distribution and e proportion of the data
coming from the N (;Lo,O'(Q)) distribution. Now for any choice of /,60,0'8, one can obtain
the minimizer u and o2 of the S-divergence between the model density ¢((z — p)/o) and
(1 —€)p(x) + €p((x — po)/oo) as a function of the contaminating proportion e. For any

2

positive A, B, the MSD functional for estimation of i or ¢ can be obtained by minimizing
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the objective function

1 Tr —
2 [ gt ylita) (T H
A/J ¢ < o )dx

- 1;; o PgP (T‘) [(1 — )¢ (x) +eop Lo (““O)rdm (5.18)

00

However, it is difficult to obtain a closed form of the S-divergence for general values of «
and A because the second term becomes intractable. Only when A = 0 (i.e., A = 1), the
S-divergence reduces to the density power divergence (DPD) which has a neat solution.

This can be obtained by noting that the cross-integral between two normal densities are

_ x — oo T
/011 < O_lm>><a2 ¢ < JQ'UQ)dx

-1 _— > 1 (z — M1)2 a(r — M2)2
_ 1 «@
= 0] 0, /_OO 22 exp [— — dx

G
< 1 1 1 « o2t ?
-1_— —a/2
o7 toy(2m) /OO 5 &P | —5 (cr%—l_cr%) (:L’— i2 é
o1

2
= o3
2 2 L)
[0 2
T - ; ; e
01 03 2 %
= o, loy%(2n)” Q/Q&exp 1 lﬁ aﬂ%_(u102+augal)2
1 2 \/m 2 0’% O'% G%U%(agl + 0—2)

_ (271_)704/2 0-27(0171) P |:_ _a(ﬂl - /‘2)2:|

ex
Vaoi + o3 2(ao? +03)

This means the objective function for MDPDE becomes proportional to

—a o ap _ elu—pg)?
o (1 n 1) g ) (29 5y L € aemep U (5.19)
« Vo2 4+ a \/02—|—a03

Now for any choice of pg, 03, one can obtain the minimizer u and o2 as a function of the
contaminating proportion e.

For A # 0, although the S-divergence is intractable, we can express the second integral
n (5.18) as

e i (252) o (552 |

where Ex denote the expectation operator with respect to a random variable X following

a normal distribution with mean p and variance o2. Therefore, to calculate this integral,
we perform a Monte Carlo integration technique and then proceed with the minimization.

First, we wish to see the effect of contamination for MSDE of a location parameter in
the normal model family. For this, we pick o2 = 0(2] =1, and pg = 5. This ensures that
the mean of the contaminating density lies beyond the 3o-limit of the true density, which
approximates the asymptotic singular conditions present in Assumptions (BP2)-(BP3).
The resulting estimates for the MSDE (including MDPDE) are depicted in Figure 5.2
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for some choices of o and A such that A and B are positive. It is clearly seen that the
breakdown point of the location estimator is close 0.5 for all values of a > 0, as indicated

by the theoretical analysis.

Figure 5.2: Behaviour of MSDE (including MDPDE) under normal location model as a
function of the contamination for different choices of @ and A (denoted in the title of

individual plots).
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Next, we shall consider simultaneous estimation of both location and scale parameters.
Note that, the “implosion”-type breakdown of the scale parameter is out-of-scope of our
results since Assumption (BP4) is not satisfied in this case when oo > 0. However, it is still
possible to perform the numerical simulation exercise to gain insights into the behaviour
of the MSDE in this case.

In this experiment, we fix the contaminated location as ug = 5 but take oy = 0.01,
emulating the setup where the variance of the contaminating distribution “implodes” to
zero. The resulting estimates are shown in Figure 5.3. Due to the very small og, the
contaminating distribution is extremely spiky and almost singular to the true distribution,
thus, even for a very small a > 0, the resulting MDPDE for location parameter exhibits a
high breakdown point near 0.5. However, for a = 0, the resulting location estimate is the
maximum likelihood estimate, which is a linear function of the contamination proportion
€, hence the MLE breaks down at any positive e.

A very interesting situation ensues for the estimates of the scale parameter. For oo = 0,
the resulting MLE for the precision parameter becomes linear in €, which translates to
the circular arc as shown in Figure 5.3 (right panel) for the variance (or scale) parameter.

For a > 0, the scale estimator remains close to the true value of 1 up to € € (0.2,0.4)
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Figure 5.3: Behaviour of MDPD estimates under normal location-scale model as a function

of the contamination proportion €, with the location parameter in the left panel and the

scale parameter in the right panel.
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Figure 5.4: Behaviour of MSDE under normal location-scale model as a function of the

contamination proportion €, with the location parameter in the left panel and the scale

parameter in the right panel, for different choices of A (denoted in the title of individual

plots).
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depending on the value of «, after that, it immediately increases to a very high value and
around € = 0.5, the estimator drops to the neighbourhood of 0 as the majority of the data
then comes from N(5,0.012) distribution. In Figure 5.4, we show the MSDE for different
values of A. A similar phenomenon of increase in the estimate of the variance parameter

is also observed across all values of A, for contamination proportion between 0.3 and 0.5.

5.5.2 Gamma Distribution (Shape Family)

In Example 5.4.5, we demonstrated that the MDPDE of the shape parameter has an
asymptotic breakdown of a/(1 4+ «), using the theoretical results derived in this chapter.
In this section, we perform a simulation study to empirically verify this fact.

We consider the Gamma family of distributions Gamma(t, 1) (with the rate parameter
equal to 1), where the true value of the unknown parameter ¢t is 1. The contaminating
density is Gamma(tg, 1), where t(y is a very large value or a very small value close to 0.
To obtain the MDPDE estimate of the shape parameter under e-level contamination, we

minimize the objective function

H(t,1) — <1 + i) (H (1) + (1 — O H(t o)),

for any @ > 0, where

F(a(t1 — 1) + tg)
L(t1)°T(ta)

H(ty,t2) = (1 + o)1=t

with respect to the unknown parameter t. Then, we visualize how the estimate is changing

as the contaminating proportion € increases.

Figure 5.5: Behaviour of MDPD estimates under gamma density model as a function of
the contamination proportion e, for two values of shape parameter typ = 10 (Left) and
to = 0.001 (Right).
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In the first experiment, we choose ty9 = 5 and in the second experiment, we choose
to = 1073, to demonstrate two contrasting types of contamination possible. The resulting
estimates are depicted in Figure 5.5. As seen from both the figures, the resulting MDPDE
remains very close to the true value of 1 in both cases for moderately high values of o > 0.
In comparison, for o = 0, the resulting estimator (i.e., the MLE) breaks down at € = 0,

as expected by its non-robust behaviour.
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5.5.3 Exponential Distribution (Scale Parameter)

Let us assume, without loss of generality, that the true distribution is the standard expo-
nential distribution with the rate parameter 1. Under e-level contamination (e € [0,1]),
we assume that the sample observations follow a mixture of the standard exponential dis-
tribution with mixing proportion (1 — €) and the contaminating exponential distribution
with rate parameter 6y. The model family of distributions under consideration is again a
family of exponential distributions with unknown rate parameter 6 with ¢ > 0.

In this case, the MDPDE aims to minimize the objective function

/6’(1+°‘)e_(1+0‘)9md93 - (1 + 1> [/ g 0T {(1 —ee ¥+ 6906_9093} daz} .
o'

It simplifies to
1 1 1—c¢ €ty
« — 14— .
o [l—i-a < +a> <(a9+1)+(a9+00)>}

Given a choice of 8y, we can obtain the minimizer of the MDPD objective function with

respect to 6 and visualize how the MDPDE behaves as a function of the contamination
proportion €. Asindicated before, the rate parameter of the contaminating distribution can
either implode to zero or explode to infinity, in view of Assumption (BP2). So, in the first
experiment, we choose 8y = 10 and in the second experiment, we consider §y = 0.01. The
corresponding absolute biases of the MDPDE of the inverse rate parameter as a function
of e for varying tuning parameter o have been illustrated in Figure 5.6. For both cases,
0o = 10 and 6y = 0.01, the resulting MDPDE of the inverse rate parameter corresponding
to a = 0 (i.e., the MLE) turns out to be a linear function of the contamination proportion
€, and the absolute bias also remains linear in e. When 6y = 10, for higher values of «, the
bias increases as a convex function of ¢ and the curvatures of those functions increase in
«, resulting in an estimator with a higher breakdown. On the other hand, when 6y = 0.01,
the robust behaviour of the MDPDE can be effectively seen from Figure 5.6. As the
contamination proportion € increases, the resulting MDPDE moves away from the true
inverse rate parameter 1 to the contaminated value 1/6y = 100, but at a very slow rate
for av > 0.25.

Figure 5.6: Behaviour of MDPD estimates under exponential model as a function of the

contamination proportion €, for 6y = 10 (Left) and 6y = 0.01 (Right).

1.00 100

75 a

0.1

= 0.25 50 = 0.25

[1/8-1|

= 0.5 = 0.5

0.75 0.75

0.25

We also analyse the behaviour of the resulting estimate under different levels of con-

tamination for the gamma distribution setup. The results are very similar to the results
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obtained for the exponential case with the exception that the choice of the shape parame-
ter t governs the curvatures of the curves shown in Figure 5.6; increasing ¢ results in more
robust behaviours of MDPDE with o > 0.

5.5.4 Binomial Model

Here we consider an example from Basu et al. (2011), for which we empirically demonstrate
the breakdown point of the minimum S-divergence estimator. Let the model family of
distributions be a binomial distribution with size parameter 12 and unknown success
probability 8 € [0, 1]. We assume that the true value of 6 is 0.5 which is the target quantity
to estimate. Clearly, this discrete setup does not naturally come under the paradigm of
minimum S-divergence estimation which assumes the existence of the densities for the
model distribution. Additionally, the Assumptions (BP2) and (BP3) do not hold for any
choice of the contaminating distribution which has bounded support in [0,12]. Despite
this, we can still obtain an estimator analogous to the MSDE by minimizing a discretized
version of S-divergence, where we replace the densities with corresponding probability
mass functions. To satisfy the asymptotic singularity as required by Assumptions (BP2)
and (BP3) as much as possible, we may consider the contaminating distribution as the
Dirac delta distribution at 12. This also yields the maximum effect of contamination

possible in this discrete setup. Therefore, we denote

(@) = (1 — )2 12 (f) +edia(x), @€ {0,1,...,12}, (5.20)

as the contaminated probability mass function (PMF) at level € € [0, 1] from which the
samples are assumed to be generated. Here, d12(x) is identically equal to 0 for all x €
{0,1,...,11} but at = = 12, it is equal to 1. Now, the definition of the S-divergence can
be readily extended to measure the statistical discrepancy between two probability mass
functions in a discrete setup, and hence the MSD functional for this particular setup can

be written as

§(a’,\)( )fargmln (AZ fat(x 1+a2f9 )9l ( ZQHQ )

where g.(z) is as defined in (5.20) and fy(x) is the probability mass function of the binomial

distribution with size parameter 12 and success probability 0 evaluated at x.

In Figure 5.7, we plot the values of é\(a)\)(e) for different choices of o and A as a
function of e. For @« = 0 and A = 0, when the MSD functional corresponds to the
minimum Kullback-Leibler divergence functional (or the maximum likelihood functional),
the estimate becomes a linear function of the contamination proportion €. For A = 0, as
« increases to 1, the estimate becomes more robust. As shown in Figure 5.7, for values of
a closer to 1, the estimator remains near 0.5 when ¢ < 0.5 and jumps rapidly to 1 when
€ > 0.5. For A < 0, a wider range of « ensures this robust behaviour. However, when
A > 0, only comparatively higher values of a (usually o > 0.5) demonstrate this robust

behaviour.
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Figure 5.7: Minimum S-divergence estimate of success proportion under different levels of
contamination in the binomial model for different choices of oz and A\ (A is denoted in the

title of each individual plot).
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5.A Appendix: Proof of the useful lemmas

Lemma 5.A.1. Fiz ana > 0. Let, {fm }o0_1, {gm }oo_1 and {Gm }5°_ be three sequences of
nonnegative functions such that they are uniformly L'T®-integrable, i.e., supmff}n‘m <

00, Sup,, [ gt < oo, and sup,, [ Gt < oco. Also, let (gm — Gm) — 0 pointwise as
m — co. Then,

‘/ 1+a_ gitel 50, and, ‘/ B A

as m — oo, where A>0,B >0 and (A+ B) = (1+ a).

-0,

Proof. We begin with the first convergence result. Note that,

‘/ 1+a ~1+a /|g1+a §1+a‘
m

<(1+a) / masx{g, 3%} 1gm — G,

(since, |2' T — 1| < (1 + @) max{z,y}*|z — y|)

= (1 + Oé) /g%l{gngm”gm - gm‘ + (1 + Ol) /g%l{gngmﬂgm - gm‘

The proof now follows if we can show that both of the above terms go to 0 as m — oc.
We shall show the convergence for the first term only; the convergence for the second term
follows analogously. Now pick any € > 0. Since, g,, is uniformly L'*®-integrable, there

exists a sufficiently large M such that

1+ €
/gm al{gsz} < 4(1 +Oé)7

for any m. Therefore, it follows that
(1 + a) /gg@l{gngm}|gm - §m|
= (14 0) [ g zimanoanlon — Gl + (15 ) [ 6824020000200l — G
< 2(1+a) [ g T goan + 0+ @M [l = GnlLg<ata<an
€ ~
< 5t (14 a)M*® / |9m — Gm|1{g,, <M, Gm<nr}-

Now an application of the Dominated Convergence Theorem (DCT) shows that the second
term can be made arbitrarily small, in particular, smaller than €/2(1 4+ «)M® by choosing

sufficiently large m. Combining both of these, we obtain that

(14 ) [ 55025019 — Gnl <
as we wanted to show.
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For the second convergence result, note that when A, B > 0, we can apply Holder’s

A< [ sfot -
B/(1+«) A/(14a)
< </ frln-i-a) (/ 67%1-5—04)
B/(1+a) A/(14+a)
< (Sup/fl—i-a) (/ 6rln,+a>

where d,, = |g;5 — GA|'/A. Therefore, it is enough to show that [JLF® — 0 as m — oo.

inequality as follows

Similar to the proof of the first convergence result, we can split the integral [ S into

two parts: one where g,, > G, and another where g, < §,,. For the first part, note that
1 ~ ~ (1+a)/A
/6m+a1{gm>§m} = / ((gm —9m + gm) - gm) 1{9m>§m}

~ ~ a ~14a\(1+a)/(1+a
S/((gm_gm+gm)l+ — gy T g

where we use the fact that for any y,z > 0, the quantity [(y + 2)* — y*]/* is increasing
for z > 0. Now it follows from the first convergence result that the above tends to 0 as
m — 0o. The second part of the integral, i.e., the part where ¢g,, < g, can be dealt with

similarly. 0

Lemma 5.A.2. Fiz an o > 0. Let, {fm}2_1,{gm}o0_; be two sequences of nonnegative
functions such that they are uniformly L*Tot9 integrable, i.e., Supmff,l,fo””s < o0 and
sup,, [ gitetd < oo, for some § > 0. Also, let (fm— fim) — 0 and (gm—Gm) — 0 pointwise
where fm and Gy, are also uniformly L*To19 integrable. Furthermore, assume for each m,

Supp(gm) C Supp(fm) and Supp(gm) C Supp(fm), where Supp(-) denotes the support of a

‘/gl‘m In(f, /g},ja ln(fm)’ -0
as m — oo provided that

Sup‘/g“‘aln fm) ' < 00, sup‘/g“'o‘ln )‘ < 00.

function. Then,

Also, if gm = fim OF Gm = fm, the corresponding conditions follow trivially from LTo+d.
finiteness assumption. In case, fm = 0 and g, = 0, we use the convention 01n(0) := 0 for
calculating the integral [ gL In(fp) with o > 0.

Proof. We are given that

ap [l ta] <

In case g, = fin, we have

\ [ ok \ < [ 1ok mtom)

= /grln+aln(gm)1{gm§1} +/g}n+a 1m(gm)l{gm>1}

/g —|—C/ 1+a+46
m )
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where C' is positive constant independent of m, and we use the fact that zIn(z) > (—1).
By the uniform L'*%.integrability of g,,, we obtain that sup,, [|g®In(gm)| < oo.
Similarly, it follows that {supm [gLre ln(gm)‘ also exists and is finite.

In the case when g, # fm OF Gm # fm, the finiteness of the integrals [ gl In(f,)
and [ gLt In(f,,) are guaranteed by the conditions of the Lemma 5.A.2.

Now let us denote hy,, = g-t®In(f,,) and hy, = L In(f,,). Then, given an e > 0,
because of the finiteness of the above integrals, we can choose a sufficiently large M such

that

[ fif o
= / [ = B L 5 oy +/|hm = Bl <l
< 2/ (Aol L gjhn 500y + 2/ o L7500y + / o = b L iz
< % + / (on = hon L3, <01 <00y

Now, due to the pointwise convergences (gm, — gm) — 0 and (fy, — fm) — 0 asm — oo and
the support conditions for the well-definedness, we have the pointwise convergence (h,, —
ilm)l{\hmléM,\fzmISM} — 0 as m — oo a.e. by continuous mapping theorem. Here, we use
the convention 01n(0) := 0 whenever appropriate. Now, an application of the Dominated
Convergence Theorem (DCT) implies that the second term can be made arbitrarily small,
in particular, smaller than €/2 by choosing sufficiently large m. This completes the proof.

O
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Chapter 6

Breakdown Analysis of Minimum
Generalized Alpha-Beta

Divergence Estimator

6.1 Introduction

In Chapter 5, we illustrated how the minimum S-divergence estimator achieves a high
asymptotic breakdown point across many setups, independent of the dimension of the
data or the parameter. It turns out that such a phenomenon holds for even a broader
spectrum of minimum divergence estimators, namely the minimum Generalized Alpha-

Beta divergence estimators.

As noted earlier, Ghosh et al. (2017) introduced the S-divergence family by connecting
the family of Cressie-Read power divergence smoothly to the squared L? divergence using
two hyperparameters « and A. Parallelly, Maji et al. (2014) proposed the logarithmic
density power divergence family which was later extended to the logarithmic S-divergence
family by Maji (2019); members of this family have been noted to have stronger robustness
properties compared to the S-divergence family (Fujisawa and Eguchi, 2008). In another
direction, Jones et al. (2001) developed a (¢, y)-divergence family, which includes both the
density power divergence (DPD) and the logarithmic density power divergence (LDPD)
families. For an application to a robust nonnegative matrix factorization problem, Cichocki
et al. (2011) introduced a family of Alpha-Beta divergence (also known as AB divergence)
which is a superclass of the S-divergence family but extending beyond the choices of the
hyperparameters o« > 0 and A € R, to allow « to take even negative values. The authors
also hint at a similar generalization using logarithms which produces a superclass of the
logarithmic S-divergence family.

These divergence measures and their relationships provide guidance to develop new
divergences with interesting properties such as robustness, efficiency, convexity, etc., which
are useful in different applications; see Cichocki and Amari (2010). As a generalization

to all of the divergences mentioned above, we introduce a generalized Alpha-Beta (GAB)
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divergence family in Section 6.2 of this chapter. This family was partially hinted by Maji
(2019), but no proper characterization of the divergence measure was provided. Even
whether this generalized class results in a well-defined statistical divergence measure has so
far been unknown, until it was partially solved for the case of the functional density power
divergence (FDPD) family by Ray et al. (2023). Therefore, in Section 6.3 we provide the
necessary and sufficient conditions for the proposed GAB measure to be a valid divergence
measure. Then, in Section 6.4, we show that under some reasonable assumptions as
n (BP1)-(BP4), the minimum generalized Alpha-Beta divergence (MGABD) functional
has a dimension-free lower bound to its asymptotic breakdown point. Section 6.5 provides
some numerical illustrations and example applications of these results across different

setups.

6.2 Generalized Alpha-Beta Divergence Family

Let F and G be two nonnegative measures dominated by a common measure p and let f
and g be their corresponding nonnegative Radon-Nikodym derivatives. Note that, F' and
G may not be probability measures and hence f and g may not be probability density
functions. In this general cases, we shall refer to them as non-normalized density functions
instead. Let us also consider a differentiable function v : (0,00) — R such that its first
order derivative is continuous, i.e., 1 € C((0,00)), satisfying the conditions described
later in Section 6.3. Then, the generalized Alpha-Beta (GAB) divergence is defined as

9500 = 5y (10155) + sy (190553) = 259 ((00s) - 61

when a, 3, (a + B) are all nonzero, provided that the integrals [ fo+#, [ g®+# and [ fog°
exist and are finite. With the choice of ¢(z) = z, this leads to the Alpha-Beta (AB)
divergence proposed by Cichocki et al. (2011). Also note that, the S-divergence as in (1.10)

is a subclass of the GAB divergence as shown below:
1+A(1—-a),a—A(1l—-a T)=T
St (g f) = dgipl e ANV =g ) 0 > 0,0 e R

Similarly, the choice ¥ (x) = In(z) leads to the logarithmic Alpha-Beta divergence family.
With additional restriction that a4+ 8 = (1 + a) for some a > 0, it further reduces to the
logarithmic S-divergence family. On the other hand, choosing ¥ (z) = 2%/¢, a = v and
B =1 leads to the (¢,~)-divergence family considered by Jones et al. (2001). A detailed
summarization of these relationships is provided in Table 6.1.

Since ¥ € C*((0,00)), one can define the form of GAB divergence for « = 0,3 = 0 or

a + 8 = 0 cases using the corresponding limits,

L (W12 [ Fom(re/e™) = v FIS) +w(lglD)  if a #0,8=0,
Ao (f ) = & (Wlg3) S ° m(e”/1%) = w(llgl) + e (IF15) i a=0.5#0,
L (') [ g/ 1)+ (f £2/9%) = (1) if o =—f #0,
YW [(In f - Ing)? if o =B =0.
(6.2)
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Table 6.1: Different families of statistical divergence that arise as special cases of the

Generalized Alpha-Beta divergence family, up to a multiplicative constant.

Divergence Family Form of the divergence U(x) Hyperparameters

I‘ faﬂ'i B f f{vgﬁ N fg(wr[}
Bla+p6) af ala+ )

Alpha-Beta Family P(z) ==z a,8€R\ {0}, (a+8)#0

Density Power Divergence ff“r” — <1 + l) [ feg+ 1 fg”“ Y(z)=2x a=a,p=1
. R pE
1 .
Power divergence YR [J P32 =X[F+(A=1)[g] P(z) =z a=\8=(1-))
Kullback Leibler divergence [ fIn(f/g) Yv(z) =1z a=1,=0
" flta " glta
S-divergence It IA;a [P+ Ig P(z) =x a=B,=A=(1+a—a)
AC divergence w1712, 0l ] — 1 [0£.90/57] @) =) afeR\ {0} (a+8) £0
Logarithmic S-divergence In ||f||]1:aa /4 Hnglﬁa)/B —In [(f,g)i;;a)mﬂ Y(z)=In(z) a=B,=A=(1+a—aq)
. 1 f g 1—y ]
-divergence P(x) = In(z a=v8=(1-
-divers 5T [”uglv @)= a=28=01-7)
(6.9 )-divrgence R e L e M R St

It is easy to see that when ¢ (x) = z, ¥'(x) = 1 and the above limiting cases match exactly
with the corresponding cases for the AB divergence family as provided in Cichocki et al.
(2011).

The specific form of the GAB divergence allows us to derive some nice properties of it

using elementary calculations, as described below.
1. Duality Property: The GAB divergence satisfy a duality property given as
A" (F.9) = A (9, ). (6.3)
2. Scaling Property: For any ¢ > 0, let ¢.(x) := 1(c*Pz). Then,
dGin" (cf.c) = dGiB" (£.9) (6.4)

3. Zooming Property: For any ¢ # 0, we have

At (£g) = S (£, gV, (6.5)

In particular, this allows us to scale either of the hyperparameter o or 8 to be
equal to 1 (provided they are nonzero), which reduces the GAB divergence to a
generalized one-parameter divergence family defined on the class of appropriately

zoomed densities. Mathematically, we have

dent(f.9) = /32 A (18, %) = déifé” (g% (6.6)

6.3 Characterization of GAB Divergence Family

Before we move forward, it is important to establish the class of generating functions ¢ such
that the corresponding GAB divergence measure is a well-defined statistical measure of
discrepancy. In this section, we aim to characterize this class by obtaining some necessary
and sufficient conditions for the class of i-functions. A statistical divergence measure

should satisfy the following two key criteria.
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1. Nonnegativity: For any pair of non-normalized densities f and g, dgif];w( fig) >0,

provided that the corresponding integrals are finite.

2. Strict positivity: For any two non-normalized densities f and g, d(GaAﬁB)’w( f,9)=0

if and only if f/g is a constant almost surely with respect to the common dominating

measure (.

If both «, 8 > 0, then it is easy to verify by an application of Holder’s inequality and
Jensen’s inequality that if ¢ is monotonically increasing and convex, the form in (6.1)
turns out to be nonnegative for all pair of non-normalized densities f and g (also see
Lemma 6.A.3). However, this characterization does not encompass the entire class of
generating functions ¢ for which the resulting GAB divergence is a valid divergence. In
particular, the family of logarithmic super-divergences (LSD) or the logarithmic Alpha-
Beta divergence which are known to be valid divergence measures (Ghosh et al., 2017), its
corresponding generating function ¥ (z) = In(x) is not convex.

To completely characterize this class of valid generating functions, we follow the foot-
steps of Ray et al. (2023). In fact, our results are more general than that of the functional
density power divergence (FDPD) class proposed by Ray et al. (2023), as it covers a signif-
icantly larger class of divergence measures with general choices of o and 5. The results for
the FDPD case then follows from our general results with a simple replacement of g = 1.
However, because the forms of GAB divergence as in Eq. (6.2) are only valid when the
generating function ¢ is differentiable with a continuous first-order derivative, we shall re-
strict our attention to only this class of functions throughout this Chapter. Although it is
possible to have a statistically valid divergence with not-so-smooth ¢ functions (as in the
case of FDPD; see Ray et al. (2023)), the interesting properties of the resulting minimum

divergence estimators ensue only for continuously differentiable generating functions e.g.,

P(x) =, ¢(x) = In(z), () = 27 /7, ete.

6.3.1 GAB divergence for a+ 3 =1

We consider the special case a + = 1 separately in this section. For this special case,

the GAB divergence reduces to

siay (B0 = 6 9)ana)) o ¢ {01},
dSAn" (F.9) = Sw'1) [ Fin(f/g) ifa=1,8=0,
W'(1) [ gln(g/f) ifa=043=1,
when we restrict the choices of f and g to be density functions. Based on the forms for the
limiting cases, it clearly follows that it is a valid divergence if and only if ¥'(1) > 0, i.e.,

1 is strictly increasing at 1. We shall show that this is indeed a necessary and sufficient

condition for this special case.

Theorem 6.1. For o + 3 = 1, the generalized Alpha-Beta divergence is nonnegative if

and only if the corresponding generating function i satisfies the following:
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1. When a € (0,1), ¥(z) < (1) for all x < 1, i.e., ¥ is increasing on the left-hand
side of 1.

2. When a < 0 or a > 1, ¥(x) > (1) for any x > 1, i.e., 1 is increasing on the
right-hand side of 1.

3. When o € {0,1}, ¢ is increasing at 1.

Proof. The cases with a = 1,8 =0 and § = 1, = 0 is immediate. Therefore, we focus
on the case with a ¢ {0,1}. Now, because the Cressie-Reed power divergence is a valid

divergence, it follows that for any a ¢ {0,1} and any pair of densities f and g,

1 - 1
al—a) " a(l—a)

<f7 g)a,l—a .

We will consider two separate cases now.
Case 1 with o € (0,1):

Assume that v is increasing on the left-hand side of 1. By the form of the power
al-a < 1. Using
) < ¥(1). The nonnegativity of

divergence, it follows that for any pair of densities f and g, we have (f, g)
the increasing behaviour of 1, it follows that ¥ ({f, g)

the GAB divergence now follows by rearranging this inequality.

a,l—a

Conversely, assume that the GAB divergence is nonnegative. Since (f, g) al-a € (0,1],
it is enough to show that for any = € (0,1), ¢(z) < ¥(1). Consider the densities f(x) =
(0 + 1) " gq(x) and g(x) = (0 + 1)"'1p g49(2). The nonnegativity of the GAB
divergence between the densities f and ¢ in this case reduces to ¥(0/(6 + 1)) < ¥(1).
Letting 6 = /(1 — x) now yields ¥ (z) < ¥(1) as we intended.

Case 2 with o <0 or o > 1:

Assume that 1 is increasing on the right-hand side of 1. As in the previous case, it
> 1, by nonnegativity
) > ¥(1). The

follows that for any pair of densities f and g, we have (f,g)

al—a
of the power divergence. Since 1 is increasing at 1, we have ¥((f,9),1_,
nonnegativity of the GAB divergence now follows.

Conversely assume that the GAB divergence is nonnegative. As before, it is enough
to show that for any = > 1, we have ¢(x) > 1(1). Let f and g be the density functions
for Gaussian distributions with mean 0 and 6 respectively with common variance equal
to 1. It is easy to see that (f,9),1 o = exp(—0%a(l — a)/2). As a ¢ [0,1], we must
have a1 — «) < 0. If we pick 6 = \/—2z/(a(1 — «)), then the nonnegativity of the GAB

divergence between f and g yields the inequality (1) < i(z) as we wanted.

O]

In general, when the class of nonnegative functions f and g are not restricted to be
probability densities, but are any non-normalized density functions, the integrals [ f and
| g can be arbitrary. In such cases, the necessary and the sufficient condition presented in
Theorem 6.1 reduces to the condition that 1 function must be monotonically increasing

on (0,00), instead on increasing at a single point z = 1.
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6.3.2 Necessary and Sufficient Condition for nonnegativity of GABD for

non-limiting cases

Now that we have established a characterization for the special case o + 5 = 1 of the
GAB divergence, we restrict our attention to the case when oo+ 8 # 1. In this section, we

additionally consider the case when «, 5 and (« + (3) are all allowed to be nonzero.

Theorem 6.2. Define ¥(x) = (e®) for all x € [0,00). If U is strictly increasing
and convex, then the GAB divergence generated by 1 is nonnegative for all choices of

a, B, (a+ B) # 0 such that o+ 8 # 1.

Proof. Based on the signs of af, a(a+ ) and S(a+ ), we deal with different cases sepa-
rately using different versions of Holder’s inequality. Let, f and g be two non-normalized
density functions.
Case 1: af > 0,a(a+ ) > 0,8(a+ ) > 0:

By applying Hélder’s inequality on f**# and ¢®*#, we have

/fag’B . </ fa+6>a/(a+/5) </ga+ﬁ>ﬁ/(a+ﬁ). 6.7)

Since ¥ is convex, by applying Lemma 6.A.1, we have

o (1128) + 25 (191523) = 0 (1125 o) = 0 (4F.90as).

where the last inequality follows from the inequality (6.7) and the strictly increasing nature
of ¢. Dividing both sides by af now shows that the GAB divergence form as in (6.1) is
nonnegative. Note that, the equality holds if and only if f@T# = c¢g®*? for some constant
c>0.
Case 2: af < 0,a(a+ ) >0,8(a+ p) <O0:

Note that, (a4 )/ > 0 and —f/a > 0 and they add up to 1. Therefore, by applying
Hélder’s inequality on f%¢? and ¢®*?, we get

(/ fagf3> (o) /ex </ga+ﬁ> —B/a . /fa+6‘

Using the increasingness and geometric-convexity of ¢, we obtain the chain of inequalities

(15 900s) ~ 2o (lo1212)

a so((fra) " () ) e,

Dividing both sides by B(« + ) yields,

5% (F90) = a7 (191233) < g (1165)-

A rearrangement of the above shows that the GAB divergence between f and ¢ is non-

negative. As in the previous case, it is easy to see that the equality holds if and only if
f = cg almost surely for some constant c.
Case 3: aff < 0,a(a+ B) <0,8(a+ B) > 0: This follows from the previous case and the

duality property of the GAB divergence as presented in (6.3). O
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When o« =1 and 8 > 0, then Theorem 6.2 reduces to the sufficient condition for the
function of the functional density power divergence (FDPD) class, as in the Proposition
4.1 of Ray et al. (2023). Thus, Theorem 6.2 is a generalization of this result to the family
of generalized Alpha-Beta divergences. Similar to the case of FDPD, it turns out that the
condition of the geometric convexity and monotonicity of the v function is also a necessary

condition for the GAB divergence to be a valid statistical divergence.

Theorem 6.3. If the GAB divergence with a generating function v € C*((0,00)) is

nonnegative, then W (x) := (e*) must be strictly increasing and convex, for any choice of

a#0,86#0,(a+8)#0 and (a+ B) # 1.

Proof. To establish the necessary condition, we proceed by carefully constructing a pair of
nonnegative measures such that the nonnegativity of the GAB divergence between them
yields the necessary increasing and convexity properties. As in the proof of Theorem 6.2,
we split the proof by considering three scenarios separately depending on the signs of «
and .

Case 1, aff > 0,a(a+ 3) > 0 and S(a+ 3) > 0:

Increasing Property: To show that W is strictly increasing, it is enough to show that v

is strictly increasing. Take any y > z > 0. Consider the non-normalized densities f(x) =
+ -

1 y)(z) and g(x) = 1jy ., »(2). Note that, [|f515 = I9lliT5 = v and (f,9)q =

y—(y—2z) = z. Since there does not exist a constant ¢ such that f = cg, the corresponding

GAB divergence between f and g must be strictly positive. Therefore, we have

1 1 1
mw(.@) + m@/}(y) — —1h(2) >0,

which can be rearranged as 1 (y) > ¢(z). Since y > z is arbitrary, this establishes the
strict increasing nature of .
Convexity Property: To show the convexity, consider again any y > z > 0. Let us

consider the pair of non-normalized densities f and g given by
flz) =Co~ a1 5 (2), glz) = Cp~ 271, (2), (6.8)

where C' = (y(a 4 8) + 1)/@+8) and v > (—1). Then it is easy to verify that

HfHOH—B _ 97(a+ﬁ)+1

at+p T ’
lgllats ==+,
9(74_1)54_(1—0[—5)7]—(’74‘1)5 if 0 <n,
<f7 g>a,ﬁ =

9*(7+1)a77(’y+1)a+(170475) if 0 >n,

where 0, 1, v are parameters to be suitably chosen. We take § = ¢~ ¥/(a+8=1) p — ¢=2/(a+f-1),
Now if @ 4+ 8 > 1, then y > z implies that § < n. The nonnegativity of the GAB
divergence in this case reduces to

e s (i Bt BT
ﬁ(am)‘”y”a(awfl’()>aﬁ‘1’<<1 a+ﬁ—1>y+(a+ﬂ—1) >
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Picking v = —1/(a + ) and multiplying both sides by a3 we get that ¥ is a/(a + (3)-
convex on R. Now an application of Lemma 1.2 of the Appendix A of Ray et al. (2023)
along with the continuity of the v function completes the proof that ¥ is convex.

On the other hand, o + § < 1, we note that as 5/a > 0 and (1 + 3/a) > 1. Letting
o/ =1 and B = B/« as new hyperparameters instead of « and £, and an application of
the zooming property given in (6.6), now lead to the former case with (o + ) > 1.
Case 2, aff < 0,a(a+ 3) >0 and B(a+ ) < 0:

Increasing Property: As in the previous case, to show the increasing nature of W, it is

enough to show that for any y > z > 0, ¢)(y) > ¥(z). To see this, we consider the pair of

standard normal densities

1 1
f(z) = —— "7 and, g(x) = = o (@=0)?/20%
2ro o

Elementary calculations yield that

a+pB _ a+B _ _ 04/802
’|f“a+5 = H9Ha+5 =C, <f,9>a75 = Cexp <_2(o¢+5)a2 )

where C' = (27)~(@+8-1/25=(e+5=1) (o 4 3)~1/2 If (a+ B) € (0,1), then we choose
o= (2r) V2 (a+ g)"VHABD = (@B and, 0 = /—2(a + 8)/aB(n(y/2))?0.
With this specific choice, the nonnegativity of the GAB divergence leads to the inequality

) — ) + s >

Bla+ ) af a+f)

Multiplying both sides by a5 and simple rearrangement yields 1 (y) > 1 (z), as we wanted.
This proves the increasingness of .

If a+p8 < 0or o+ B > 1, then note that we have f/a < 0 and (a + f)/a =
(1+ B/a) € (0,1). Therefore, as before, an application of the zooming property (6.6)
reduces it to the former subcase with (a+ ) € (0,1) with new hyperparameters o’ = §/a
and ' = (a+ B)/a.

Convezity Property: To show that ¥ is convex, let us consider two real numbers
y > z > 0. We consider the pair of non-normalized densities given in (6.8) again. Since
af < 0, at least one of o and 8 must be positive. Without the loss of generality, assume
that @ > 0. Then we take n = e~ ¥/(@+F=1) and 0 = ne¥—2)/(v+1)e_ For this specific choice
of the parameters, the nonnegativity of the GAB divergence yields

v (57 vz (- T ) v e,

If « + B > 1, then taking v = —1/(a + /) shows that ¥ is (—f/a)-convex on R. We can
now apply Lemma 1.2 of the Appendix A of Ray et al. (2023) along with the continuity
of the 1 function to complete the proof that ¥ is convex for (o + ) > 1 case.

When o + 8 < 1, we must have (o + 3) € (0,1) since a(a + ) > 0. Hence, there
exists a sufficiently large but fixed M > 0 such that M («a+ ) > 1. Now an application of
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the zooming property (6.5), reduces it to the former case with o/ + 8’ > 1 where the new
hyperparameters are o/ = Ma and 3 = Mp.
Case 3, aff < 0,a(a+ ) <0 and S(a+ B) > 0: This case follows from the previous

case and is a direct application of the duality property of GAB divergence as shown
in (6.3). O

6.3.3 Necessary and Sufficient Condition for nonnegativity of GABD for

the limiting cases

Before we proceed further to establish similar necessary and sufficient conditions for the
nonnegativity of the GAB divergence for either &« = 0 or § = 0 cases, we rewrite the
form of GAB divergence to show its connection to the popular Kullback Leibler (KL)
divergence. Note that,

[ remismrg =l [ e (£ 1515 /g g]2)

= 715 [dre (7, g1) + (L £12) ~ m(lgl2)]

where dKL(f[a],g[o‘]) is the KL divergence between the a-zoomed versions of f and g, i.e.,
the densities proportional to f¢ and g®. These densities will exist when both f and g¢
are L“-integrable, which we assume to be the case. Therefore, we can rewrite the GAB

divergence for the o £ 0, 8 = 0 case as

(&4 1 / @ « o @ (e} «@
asy” = =5 [0 U 1A (dre(FE0, g0) + 115 — nClgl))

—¢(IA13) + (gl (6.9)

Similarly, for o = 0, 8 # 0 case, we get

1
agy” = =5 [/ 1913 (¥, £ + m(lgl3) — m(1£15))

32
~u(lgl ) + (5] (6.10)

This connection demonstrates that the GAB divergence for the cases with either a =
0,6 # 0 or a # 0,8 = 0 can be visualized as a localized affine transformation of the
KL divergence between the zoomed versions of the corresponding densities. When a@ = 0
and 8 # 0, if 8 > 0 holds, then the corresponding tails of these zoomed densities are
down-weighted. This results in comparatively higher robustness than the usual minimum
KL-divergence estimators, i.e., the maximum likelihood estimator (MLE).

In the following theorem, we present a sufficient condition for the GAB divergence to

be valid for these two cases, which follows easily from Eq. (6.10)-(6.9).

Theorem 6.4. Define ¥(x) := ¢(e®) for all x € R. If U is strictly increasing and is
convex for all x € R, then the GAB divergence generated by v is nonnegative when either
a#0,8=00ra=0,8+#0.
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Proof. We shall show the proof only for the case when o # 0,8 = 0, as the case for
a =0, # 0 would then follow from the duality property shown in (6.3).
Let f and g be two non-normalized densities that are L*-integrable. Denoting » =

In(]| f]|5) and y = In(||g||5), in the GAB divergence given in (6.9), we obtain
2000% _ (Ve (F9, gledy & (W(y) — W(z) — W _
Y (@)drr(f, ¢) + (¥(y) — ¥(z) — V'(2)(y — 2)).

Since, ¥'(x) > 0 due to the increasing nature of ¥ and the KL-divergence is nonnegative,
it is enough to show that W(y) — ¥(z) — ¥V'(z)(y — x) is nonnegative. It now follows from
the fact that ¥ is convex and W’(z) is a subgradient of ¥ at x. In particular, there can
be three cases. If y = z, then the right-hand side is 0, hence nonnegative. If y > x,
then by exploiting the convexity and increasing property of ¥, we get ¥'(z) < ¥/(y) and
U(z) < ¥(y). So, by Lagrange’s Mean Value theorem, there exists z € (z,y) such that

U(y) — 0
V() < W(z) = LWV gy
y—x
For the other case when y < x, reversing the roles of x and y completes the proof. O

As the cases a = 1,8 =0o0or a = 0,8 = 1 are already discussed in Section 6.3.1, while

developing the necessary conditions below, we disregard these two specific cases.

Theorem 6.5. Suppose either a ¢ {0,1},8 =0 or a« = 0,5 ¢ {0,1} holds. If the GAB
divergence with generating function ¢ € C1((0,00)) is nonnegative, then V(z) := (%)

must be strictly increasing and converz.

Proof. As before, we shall show the proof only for the case when a # 0,5 = 0. The case
for « = 0,8 # 0 would then follow from the duality property of the GAB divergence as
in (6.3).

Increasing Property: Since 1 € C1((0,00)), to show that W is strictly increasing, it is
enough to show that for any y > 0, ¢'(y) > 0. Consider the pair of Gaussian densities f

and g as, ) )
_ 712/202 _ 7(x79)2/202
r)=—t¢ , g(x) = —e , x € R.
f@) = —— g) = —7—

It follows that ||f]|* = [|g]|¢ = (2m)~(@=1/26=(@=1q~1/2 Since a # 1, we may take

o= (271')_1/2<a>_1/2(a_1)y_1/(0‘_1)7

which is well-defined and nonnegative. The nonnegativity of the GAB divergence as

in (6.9) now reduces to

& (Y)ydier (f, g1°1) — y(y) +v(y) > 0,

and since the KL-divergence is nonnegative, it implies that ¢'(y) > 0, as we wanted to
show.
Convezity Property: Moving on to the convexity condition, let us pick any y > z > 0.

We consider again the family of non-normalized densities f and g given in (6.8). If a > 1,
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then we pick 8 = e %/ (@1 and n = e~ #/(®=1_ As 0 < 1, elementary calculations show
that

[ £ 1n(8/9) = (-4 1)In(6) = nm)e~ ) = (4 De¥(z )/ - ).
Therefore, the nonnegativity of the GAB divergence translates to the inequality

M¢/(ey)ey(z — y) — '(/](ey) + w(ez) > 0.

Choosing v = —1/a yields ¥/ (y)(y—2)— (¥ (y)—¥(z)) > 0 for any y > z, which establishes
the convexity of ¥ function.

When o € (0,1), we choose M > 0 sufficiently large such that Ma > 1. With the
new hyperparameter o’ = M« and an application of the zooming property given in (6.5)
reduces it to the former case with o > 1. This takes care of all the cases with positive a.

If & < 0, we again appeal to the zooming property given in (6.5) with ¢ = (—1). As the
zooming property does not change the ¢ function, the same argument as provided above

can be applied. O

6.4 Asymptotic Breakdown Results

Now that we have characterized the generalized Alpha-Beta divergence, we shall move on
to establishing its robustness properties, in particular, the asymptotic breakdown point
of the corresponding minimum divergence estimator. Given a family of model densities
F ={fp: 6 € O} and a true density g with distribution function G, we define the minimum
generalized Alpha-Beta divergence (MGABD) functional as

T ,(G) := argmin Ay (fo,9),
(o:8) 6o

provided that the minimum exists.

As in Chapter 5, we shall consider e-contaminated densities gem = (1 —€)g + €k, with
distribution functions G ,, for a sequence of contaminating densities k,, with correspond-
ing distribution functions K, for m = 1,2,.... To investigate the asymptotic breakdown
point of the minimum GABD functional ngﬁ)(G), we shall look into how T(ﬁﬁ)(Ge,m)
changes as a function of € as m tends to infinity. The main theorem of this chapter follows
an approach similar to that of Chapter 5 of this thesis and Park and Basu (2004). The
key assumptions in this chapter remain the same as before, namely (BP1)-(BP3), with
the exception that Assumption (BP4) must be modified as the following to accommodate

both hyperparameters a and £.

(BP5) If 5 > 0, the model family and the family of contaminating densities are uniformly
LothA integrable, i.e.,

limsup/kfjfﬁ < 00, and, sup/fgwrﬁ < 00,
0cO

m— 00
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For B = 0, these families of densities are uniformly L**+#+9-integrable for some § > 0,

and additionally, the integrals

YR

Furthermore, though the hyperparameters o, 8 can take any real values, we consider

sup
ISS]

, and, supsup’/fg‘ ln(k‘m)‘,
fcoO m

exist and are finite.

only the case when both of them are nonnegative. Also, the true density g is expected
to be LTH integrable for o, f > 0 case and L*#+9_integrable for some § > 0 whenever

either « = 0 or 5 =0, as in the case of Assumption (BP5) for fy and ky,.

6.4.1 Asymptotic Breakdown Point of MGABD functional for positive
a and

We first proceed with exploring the behaviour of the asymptotic breakdown point of the
MGABD functional for positive o and 3. The following theorem establishes the general
result as in Theorem 5.1, but with a sufficient condition which is modified appropriately

to accommodate the general nature of ¢ function.

Theorem 6.6. Let us assume that (BP1)-(BP3) and (BP5) hold. Also, assume that for
a >0 and > 0, there exists € € [0,1/2] such that for all € < 6& 8 there exists 09 € ©
(which may depend on €) such that for sufficiently large m, we have

U (1= (fors9)a5) = (& Yo kmdas) = == (v (I 255) = v (1o l255))
(6.11)

whenever O, — O for some O, € 00 and for all contaminating densities {kp,}. Then, the

asymptotic breakdown point of the minimum generalized Alpha-Beta divergence (MGABD)

functional with a continuous ¥-function is at least 61& )

Proof. Let € < & 8 be a level of contamination where the breakdown occurs. This means,

o,
there exists a Se(quence of contaminating densities {k;,,} such that for the corresponding
e-contaminated densities ge,, = (1 —€)g + €ky,, the MGABD functional 6,,, = T&ﬁ,)(Ge7m)
satisfies 6,,, — 0~ for some 0., € 90.

The proof now follows exactly the same steps as the proof of Theorem 5.1. In Step
1, we find an asymptotic lower bound of the GABD between fp, and gc,,. Next, for a
fixed 09 as provided by condition (6.11), we find an asymptotic upper bound of the GABD
between fps and ge . In the final step, we compare these bounds by using the minimality
of GABD at 6,, and aim to recover a bound on the € from it.
Step 1:

Consider the set A,, = {z : g(z) > max{kn,(x), fo,, (x)}}. Due to Assumptions (BP1)-
(BP3) and (BP5), similar to the proof of Theorem 5.1, we obtain that

/ f5 98 =0,
Am

. F82,98m = € (fo,0 km)ays

170



BREAKDOWN ANALYSIS OF MGABDE

as m — 0o, where =< denotes asymptotic equivalence of the two sides as m — oc.

Due to the continuity of ¥-function, it follows that

d(GAB (f0m>ge m)

:5(061‘|‘5>¢ <||f0m”zig) B 041[3¢ <<f9m’ge’m>oé7ﬁ> + a(al_*_ﬁ)@b (ng,m”zig)
0 (anlStE) ¥ (¢ U kmdas) ¥ (laml)
Bla+p) af + ala+B)

We denote the right-hand side of Eq. (6.12) by 6,,(e).
Step 2:
Since 8 > 0, we have the inequality

(6.12)

s 9oy = [ 30— g+ cin)® 2 (1= 07 [ 26" = (1= 0" (9}

Therefore, we have

A" (fon. geun)
= g (1w 1233) = 259 (U gmdas) + sy (lemlZ35)
< gy (158) — 0 (A= 0 Ums)o) + gt (laaml313).

(6.13)

Here, we make use of the strictly increasing behaviour of the v function. We denote the
right-hand side of Eq. (6.13) by Ay, (e).
Step 3:
Now, we will have a contradiction to the assumption of breakdown at e, if, for all
sufficiently large m, we have
Ap(€) < Om(e). (6.14)
This comparison leads to the inequality

/3<a1+5>¢ (1 l28) = 50 (0= s

< gar g (1nl23) = 250 (€ oo hindas)
= ((1 —¢)f <f99,g>a,5> - (66 (fo,n5 km>a,5>

> o (0 (i) = (15,0523))

However, according to the condition (6.11), the above inequality is satisfied for the specific

choice of € (since € < Eq(ba B)) and the choice of 69 depending on e. Therefore, we have a
contradiction, which means the MGABD functional does not asymptotically break down

at €. Since € < 61(@ 5) is arbitrary, the result follows. O

In Theorem 5.1, we have found asymptotic breakdown point of the minimum super

divergence (MSD) functional under a similar condition given in Eq. (5.2), for the specific
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case when the true density g belongs to the model family of densities F := {fy : 0 € O}.
This is simply a special case of Theorem 6.6 with the choice of 1(x) = z, the identity
function. To see this, note that for this choice of ¢ and as g = fys, the condition (6.11)

1_ 6/a+6ﬁ/akﬁ> a/a+ﬁ /a+,6_

Letting A =g and B =a = (1 +a — A), the S-divergence between ek,, and fp,, satisfy

reduces to

S (€km; fo,,)

- /f1+a_1+aA/fm L1 il

lta | 1+a 01+a B/B A A+B A+B
/f /k " AB [<A+B_(1_€)>/g A+B/f ]
|

where A is such that A = 8 =1+ A(1 — a). Taking limit infimum to both sides of this

inequality with respect to m translates to the condition (5.2).

\%

The condition (6.11) is usually difficult to verify directly in practice. However, there
are some alternative stronger conditions including specific classes of the -functions and
specific parametric setups, which are sufficient to imply that the condition (6.11) holds.
In the following discussion, we explore these alternate conditions.

Firstly, we note that due to Assumption (BP5), there must exist a large constant C' > 0
such that ||k |, g < C for all sufficiently large m. This is the weakest condition that can
be imposed to obtain a lower bound on the asymptotic breakdown point of the MGABD
functional. However, this does not produce the lower bound explicitly, but as an implicit

solution to a nonlinear equation, depending on the choice of -function.

Corollary 6.1. Suppose that o, > 0,(a + B) # 1 and the Assumptions (BP1)-(BP3)
and (BP5) hold. Let C' = lmsup,, , [[kmllo5- Then, the asymptotic breakdown point
of the MGABD functional for any valid continuous ¥-function is at least min{1/2, e?a ﬂ)}’

where ez‘a 8) s a solution of

o (Mosl5) - aiﬁ (o) =0, (615)

in the interval [0, 1] provided it exists. If the solution does not exist, we take e’(ka ) 08 0.

¥ (or, (1= 9)as) —

Proof. First note that, since the resulting GAB divergence is well-defined and nonnegative,
an application of Theorem 6.3 establishes that ¢ is increasing and geometrically-convex.

Therefore,

6 (oms ehimdas) <0 (H Jou &5 lekmllf ) by Holder's inequality

< (||f0m ”Zi@ + L@D <||ek:m||gig> , by geometric convexity.

a+ﬁ
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Continuing, we get

6 (16, 243) < 20 (lebnlstd) < Louicom),

6 (s ks ) — = P

where the last inequality follows from the increasing nature of ¢ function.
In view of the condition (6.11), it is therefore enough to show that for all € < e’("a 3y the
following inequality holds

() <<feg, (1-— €)g>a,ﬁ> - %Ww (Hf@ﬂ@ié) - f_ﬁlb ((Cg)aJrB) > 0.

Clearly, when € = efa’ 5 the left-hand side of the above inequality is 0. Since ¥ is strictly
increasing and (fps, (1 — €)g), 5 = (1 — €)? <f9g,g>aﬂ is decreasing function of €, the first
term in left-hand side is strictly decreasing in € in [0,1]. Since C > 0, 1 ((Ce)*+#)
is increasing in e. Hence, the left-hand side is strictly decreasing in e. Hence, for all

€< ezk o.5) the left-hand side of the above inequality must be positive. O

In general, Eq. (6.15) may not have a solution in [0, 1]. However, if ¢ is continuous, the
range of v is a subset of nonnegative real numbers, and, the true density g belongs to the
model family F | i.e., fgs = g, then the equation must have a solution. To see this, note that
when e = 0, the left-hand side of the equation is a+ﬂw(HgHgig) > 0. On the other hand,
when ¢ = 1, the left-hand side of the equation is —a+ﬁ¢(||g||gig) - O%/Bw(C'OH'B) < 0.
Now that Eq. (6.15) has a solution follows from an application of the intermediate value
theorem. This also means that when ¢ (x) = In(z), i.e., in the case of the minimum
logarithmic S-divergence (MLSD) functional, Corollary 6.1 only provides the trivial bound
to the asymptotic breakdown point.

When the inference problem under consideration deals with estimating a location pa-
rameter in a location model family, we can explicitly obtain a lower bound to the asymp-

totic breakdown point, unlike Corollary 6.1.

Corollary 6.2. If the model family { fo} is a location family, 0 is the location parameter to
be estimated and the true density g and the sequence of contaminating densities {k,,} all
belong to the same location family, then under Assumptions (BP1)-(BP3), the asymptotic
breakdown point of MGABD functional for any valid continuous v function is equal to
1/2, for any a, B > 0.

a+
a+

is independent of § € ©. Also, since g € {fp : € O}, the density at the best fitting

a+
a+

these, Assumption (BP5) is automatically satisfied.

Proof. We start by noting that due to the consideration of the location family, || fg|| =c

parameter satisfy fgps = g. Clearly, ||kn,]| also equals to ¢ in this case. As a result of

Hence, in condition (6.11), the RHS of the inequality becomes equal to 0. Also, the
strictly increasing nature of ¢ along with its continuity implies that ¢ is one-one, and its

inverse function is also strictly increasing. Hence, the inequality in (6.11) reduces to

1= [ 107> [ 15,85
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Now, it follows by Holder’s inequality that

+
o kmdas < Momloss lbmlll s = c = 1 fosll 25 = (fo0, 9)a s
B8 B8

Therefore, to ensure the inequality in condition (6.11), it is enough to ensure (1—¢)? > €7,
i.e, € < 1/2. Thus, choosing 6?; 5 = 1/2 satisfies condition (6.11), and as a result, the
MGABD functional in this case has an asymptotic breakdown point equal to 1/2. ]

Note that, the above Corollary 6.2 generalizes the result of the MSD functional for the
location estimation case to general i-functions and also extending the range of hyperpa-
rameters to a+ 5 € (0,1).

While the above Corollary 6.2 restricts the parametric setup under consideration, one
can alternatively restrict the choice of the divergences by restricting the generating func-
tion 1) to be of a particular form, namely the ones proposed by Jones et al. (2001). The

corresponding result is indicated below.

Corollary 6.3. Suppose that o, f > 0 and the Assumptions (BP1)-(BP3) and (BP5) hold.

Additionally, assume that the sequence of contaminating densities is such that |[km||, 5 <

| forllos g for sufficiently large m. If ¢ (x) = 1
breakdown point of the corresponding MGABD functional is at least

o (55) 1= (255) et
O[—|—18 ) a—|—IB <fgg, >aﬂ 2

xY for some v > 0, then the asymptotic

Proof. Let
- N ~1/8 - o 1 1/8
L et ) v (2l 1510)
€(a,5) = Min lim inf ,1—
’ m—00 <f9m7 km>a,ﬁ <f09’g>o¢,,3
- “ o ~1/8 - @ 5 118
et st e) ] [ @)
m—oo <f0m7km>a7ﬁ 7 <f99’g>047,3

Note that the above equality holds due to Lemma 6.A.2. For every e < €, for sufficiently

large enough m, we must have

. 1/8 a 1/8
e <O%f_/3w(”f9m”aig)) (hn <a+ﬁ¢ erq‘ aig )

€ < min 11—

(forskim)a g (f0,:9) 05
This implies that
[t G )]
(formskm)as 7
= U fomrkmbag) < 5750225,
= — (" (fo bm)a 5) > ——wnfemHzIé)- (6.16)
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Similarly, we also get

o /8
1/} (oz—&—ﬁw ergHaig )
<feg79>a,5 ’

= (1= O (fo, )0 5) > ——= (|| fo, | 075)- (6.17)

e<1—

Combining the inequalities in (6.16) and (6.17), we get the condition (6.11).
For ¢(x) = ;:1:7 we obtain that

N 1/8
v (2250 fonll59)
<f9m7 km>a,6

- o 1/8
)W 1f, 11557

<f9m; km>a,ﬁ

Q

+
=@

(07

/B
, by Holder’s inequality

v

a+

1/Bv
a+ﬁ> ’

where the last line follows from noting that [ fy, ||, 5 = [kmll4q g for sufficiently large m.

@™

1 fon It mll5 5

< o )W 1 f, 11857

Therefore,
! : a \VA a YA Hf99||a+ﬁ
€ > min 11— — —_ .
(047/3) o+ ﬁ o+ B <f997g>a,,8
Now an application of Theorem 6.6 completes the proof. O

It is possible to extend the results of Corollary 6.3 to any 1 function satisfying the

following requirement: There exists some v > 0 such that

Ttz ((aiﬁ>wx> ,

for all z € [0, 00). For such #-functions, it is easy to verify that the inequality

o 1/
wfl (a%ﬁw(ermHaig)) >< o )1/&7 ”meoijﬁﬂ
om: Fmloss “N\a+d) | Uoikadan|

holds due to the strictly increasing nature of the 1 function, from which exact same steps
of the proof of Corollary 6.3 can be retraced.

However, Corollary 6.3 is not applicable for the MLSD functional, since one needs to
consider the limiting case v — 0+ for this case. So, in the following corollary, we present

a similar result for the particular case of MLSD, which is an important special case of the
MGABD family.
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Corollary 6.4. Suppose that o, > 0 and the Assumptions (BP1)-(BP3) and (BP5)

hold. Additionally, assume that the sequence of contaminating densities satisfy
lim sup [|kmlloq 5 < 9llaqs-
m—r0o0

Then, the asymptotic breakdown point of the MGABD functional with ¥(x) = In(x) is at

least )
(fos:9) 5 618
1/B o/B ’ (6.18)
<f9979>a,5 + ||f09”a+/3 ”9”a+ﬁ
Proof. Let
o /B
P (10, 1515 (Fo,:9) 0 5)
(ap) = Himinf . /5 - e
(10, 055 T ) 5) " + (10,54 s oo )
Then, for every € < 61& ) and for sufficiently large m we must have
o /B
(erm ||a+ﬂ <f‘99’g>a B)
€< N /8’
(L, s B V) + (10, o))
(1 B 1)’3 erguoc—&—ﬁ {fo.: K >0<,,3
€ ||f9m||a+/j <f09>g>a7/8 )
= (1 - 6)/8 ||f9m||g+/j <f0gag>a5 > 6/3 Hf9 Hz-ﬁ-ﬂ (f@mvkm>ayﬁa
a+,8

— W((1= €7 (fo,,9), 5) + 2550 (o letd) > V(€ (For kmdas) + 2550 fo, [505):
— (1= (Jo,2 )0 5) = B o kmdag) > 525 (0010, [1515) = (Lo 1D ) -

This implies that condition (6.11) is satisfied for the specific sequence of densities {km}
under consideration. Now, by Holder’s inequality, (fs,.. km)a s < I fonllors [ ||° oy
follows that

(ol o 8has)
(012 e 8as) + (10,12 o)
' (o5 (Foyr )
(0,5 (o)) + (10,12 1 N Tinl)
' (oo )85

| fo0r 9) 5 + 1 Fao |05 Wil

<f997g>i/g
" (oo )5+ 1o 125 9 s

where the last line follows from the fact that for sufficiently large m, [|[knll,\ 5 < [l9llo45-

1/8

v

Now an application of Theorem 6.6 yields that the above quantity is a lower bound of
the asymptotic breakdown point of the MGABD functional when ¢(z) = In(z). O
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When the true density belongs to the model family of densities, i.e., there exists 69
lying in the interior of © such that fgs = g, then the asymptotic breakdown point of the

MLSD functional under the same conditions as in Corollary 6.4 is 1/2. It follows clearly

by noting that (fas, ), 5 = || fasl|5r = lgllo15 in (6.18).

So far, we considered the situation when ||k, ||, 5 remains bounded by the LB norm
of either the true density (i.e., [|g[l,,4) or the model family of densities (i.e., || follo4 )
for sufficiently large m. When such a condition is not satisfied and ||k, 5 remains
large, the model family is expected to have some asymptotic orthogonality restrictions to
ensure Assumption (BP2) is satisfied. However, even when ||kl 5 becomes large, it is
possible to use a model family for the estimation in such a way so that || fg,, ||, g becomes
asymptotically smaller than || fos||,, 5 or ||gll, 5. For example, in the scale estimation
problem of normal distribution setup (shown later in Section 6.5.1) one might consider a
location model family instead of the usual scale family to estimate the scale parameter.

Since the location model family does not affect || fg, || it remains bounded as m — oo.

a+p
On the other hand, ||k, |, 4 increases to oo as the confaminating scale “implodes” to 0.
To ensure such nonsensical cases are removed, we restrict our attention to the situations
when both ||k, 5 and || fo,, ||, g grow more than || fgs||,, 5 for any sequence of MGABD
estimators 6, with 6, — 0. € 00. In such situations, the following corollary may be

useful.

Corollary 6.5. Let o, > 0 and the Assumptions (BP1)-(BP3) and (BP5) hold. If the
contaminating densities {kp} is such that [|kpl,y 5 > || fosllars and || fonllass = 1fosllaig

for sufficiently large m, and
lim sup (fgm,k:m>a”3 <,
m

for some constant C > 0 for any possible 0,, — 05 € 0O, then the asymptotic breakdown
point of the MGABD functional is at least

. (foo.9)2
min 1/ﬁ’1/2

Cl/ﬂ + <f09;g>oé”3

Proof. We have, |kl o\ s > Ifosll0ys and || fo,.llars = lfos oy for sufficiently large m

because of the provided assumptions. Also since limsup,, (fo,,., km), 5 < C, to make sure
that the condition (6.11) holds, it is sufficient to ensure

6 (1= 7 oms9)as) = (0 > 225 (wlllfon D) = 0 fonll55)) -
As 1 is strictly increasing, the right-hand side of the above inequality is nonpositive for

sufficiently large m. Therefore, it is enough to have

6 (1= (far, 9)a) > UEC),

1—€\? c
= ( 6) > ———, because of the strictly increasing nature of 1,
€ <f99 ) g)a,ﬁ

(foo )

< .
ClB + <f99,9>i{g

€
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An application of Theorem 6.6 now completes the proof. O

6.4.2 Asymptotic Breakdown Point of MGABD functional for the case
a>0,6=0

In the previous Section 6.4.1, we have analysed the behaviour of the asymptotic breakdown
point of the MGABD functional when both the hyperparameters a and § are positive. A
crucial ingredient of this analysis is Holder’s inequality, which does not hold for the case
when either @« = 0 or § = 0. However, when o = 0, usually the asymptotic breakdown
point only has the trivial lower bound, as seen from Theorem 5.5 for the special case of

1 (x) = x. Therefore, we restrict our attention to only the case a > 0, 8 = 0 in this section.

Theorem 6.7. Let us assume that the Assumptions (BP1)- (BPB) and (BP5) are satisfied.
Suppose, there exists 6? 0) € [0,1/2] such that for all € < e( 0) there exists 69 € © (may

depend on €) such that for sufficiently large m, we have

o, 1) [ F5, 10 (fem) 4/ (w2 [ S5 tog (ufe)g) >

[ (1 fonlla) =% (Il fas )] (6.19)

1
@
whenever 0, — O for some 0, € 00 and for any sequence of contaminating densities

{km}o0_1. Then, the asymptotic breakdown point of the MGABD functional with a valid

continuous generating function v for the o > 0,8 =0 case is at least min{ézba 0y 1/2}.

Proof. The proof is very similar to the proof of Theorem 6.6, with two small differences.
First, the Holder’s inequality is not applicable due to which some convergence results need
to be modified appropriately. Secondly, one has to work with the limiting form of the GAB
divergence for the 8 = 0 case. We only indicate these differences in the proof below.
Step 1:

By choosing the set A,, as before, due to Assumptions (BP1)-(BP3), we obtain that

J 580G S ) = [ B 0 ki),

as m — 00. An application of continuity of the i function then implies that

QAN s o) = @b (1,12 [ 55, 10, ki) = 0 (1, 12+ 6 (lgem2).
(6.20)
as m — oo.
Step 2:
Since gem = (1 — €)g + €kp,, we clearly have the inequality

/ 15 (e fon) = / £ (1~ )g/ foo),

for any m > 1 and any € € (0,1/2]. Since for @ = 0, the necessary conditions for GABD

to be a valid divergence measure is that v is a strictly increasing function, it follows that
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(|| fos]lo) > 0. Therefore, we have the inequality

2 dG %" (fos, gem) < ot (| foo | /fag In(fos /(1 = €)g) = v (1fos2) + ¥ (Igemllyy) -
(6.21)
Step 3:
In step 3, we compare the right-hand sides of the asymptotic equivalence relation (6.20)

and the inequality (6.21) to yield the condition (6.19), completing the proof. O

Now that we have established the general results, we can obtain corollaries similar to
the ones described in Section 6.4. We begin with a corollary similar to that of Corollary 6.1
for the 5 = 0 case.

Corollary 6.6. Suppose that 5 = 0 and the Assumptions (BP1)-(BP3) and (BP5) hold
true. Let C = limsup,,_,, ||kml|,- Then, the asymptotic breakdown point of the MGABD

functional is at least min{1/2, e?‘aﬁ)}, where e’("aﬂ) is a solution of

) [ 108 (“;9)9) Lo = v (=0, (6.22)

(67

in the interval [0, 1] provided it exists. If the solution does not exist, we take EEﬂa,ﬁ) as 0.

Proof. We first note that, the GAB divergence between two non-normalized density func-
tions fp,, and ek, is nonnegative for valid choices of 9-function. In mathematical terms,

this means

Al (Jo: ehm) = 0 (|| fo,, 1 /fa In(f,,/ekm) = ¢ (I fo,, 15) + ¥ (lekmll3) = 0

Since ¥ must be increasing, it follows that

aw’(!lfemlli)/fé"m In(fo,,/€km) — ¢ (I fo..lla) + ¢ (Ce)*) = 0

In view of condition (6.19), it is thus enough to show that for any e < e( B) e have the

inequality
- 200N > vl [ i (225 ) = Lol
=0 k) [ 108 (U2 2) - 21w ((€9) - v w2 > 0

Clearly, when € = 6?057 ) the left-hand side of the above inequality is 0. The first term in
left-hand side is strictly decreasing in € in [0, 1]. Since C' > 0, ((Ce)1+a) is increasing
in €. Hence, the left-hand side is strictly decreasing in €. Hence, for all € < e’("a’ 8) the
left-hand side of the above inequality must be positive.

Now an application of Theorem 6.7 establishes the corollary. 0

As before, when 1 € C'((0,00)) and g belongs to the model family so that g = fgq,
the condition (6.22) must have a solution. Note that, when e = 0, the left-hand side of
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condition (6.22) is o= '(||g]|S) > 0. When € = 1, the left-hand side becomes negative.
The existence of the solution is then guaranteed by the intermediate value theorem.

Similar to the Corollary 6.2, one can show that for the location estimation problem,
the asymptotic breakdown point of the MGABD functional for the oo > 0, 8 = 0 case also
achieves the highest possible breakdown of 1/2.

Corollary 6.7. If F := {fyp : 0 € O} is a location model family of densities where 0 is
the location parameter and the true density g and the sequence of contaminating densities
{km} belong to the same location model family, then under the Assumptions (BP1)-(BP3)
and (BP5), the asymptotic breakdown point of the MGABD functional is 1/2 for any valid
Y-function and hyperparameters o > 0,3 = 0.

Proof. Since we consider the location family, the quantities ||fy||5 = ¢, free of 6. Also,
as the true density g belong to the same location family, we have fps = g and [|g||5 = c.
Hence, the right-hand side of the inequality (6.19) reduces to 0. In fact, the condition (6.19)

reduces to the inequality

v (c) [/ 5 ln <J;9Tf:) ~ cln(e) + eln(1— 6)| > 0. (6.23)

By the necessary conditions established in Theorem 6.5, we know that 1) must be strictly
increasing and hence ¥/(¢) > 0. Also note that, since both fp and k,, belong to the
same location family, their a-zoomed densities are simply given by f(gi] =c! f¢, and

kel = ¢ 1k2 . Therefore, the condition (6.23) further reduces to

(k) > 1 ()

where dgp (-, ) denotes the Kullback-Leibler (KL) divergence. Clearly, the left-hand side
is nonnegative, and hence it is enough to choose € so that the right-hand side is negative.
This means, we need ¢/(1—¢) < 1, i.e., € < 1/2. In other words, for the location parameter
estimation setup, the condition (6.19) remains true for any e < 1/2.

Finally, an application of Theorem 6.7 yields the corollary. O

The following corollary establishes an explicit form of the lower bound of the asymp-
totic breakdown point of MGABD functional, under conditions similar to that of Corol-
lary 6.3, but for the a > 1, 8 = 0 case.

Corollary 6.8. Let « > 1,8 = 0 and the Assumptions (BP1)-(BP3) and (BP5) hold.
Also, assume that the contaminating densities {km} satisfy ||kmll, < || fo,. |, for all suffi-
ciently large m. Then, the corresponding MGABD functional has an asymptotic breakdown
point of at least

(L W) [ SR /e) ‘Il(llfog\i)] 1}
{ep< as‘ipw'm)’l ep[ foo 1 oV ([fas|D] 2

where VU (z) = (e").
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Proof. Using Holder’s inequality and that fact that In(1 + z) < x, it follows that

ek

[ 108 (52 <1000 + [ 15 o =

< N folle () = 1) + [ fo, 157" 1Kl

< 1 fon I n(e),

for all sufficiently large m. Here, we also use the fact that ||k, < |fo,.ll, at the last

step of the inequality. In view of the condition (6.19), it is now enough to show that

1
=0 (I fonlle) o lla (e) = —4 (Il o o) (6.24)

and,
/ . Lia Jos
(8 (ergﬂa)/faj log <(1—6)g

The first inequality given in (6.24) translates to

€ < exp (—%) = Xp <_\I\I’J’((111;11((?)))) 7

where z = || fg, ||o. The division is permissible here since ¢ (z) is strictly increasing for all

) < 2o i) (6.25)

x > 0, resulting in ¢'(z) > 0. This now means, we can take any e such that

con( e 2)

and the inequality in (6.24) will follow.
On the other hand, the second inequality (6.25) translates to

W ) [ 73001 = > o (Ufol3) [ 151t/ ) — 0 i)
LI le) ¥ n(lfal2)

<= In(1 —¢)

1 foslla al (In([l fos lI3))
J foaIn(fos/g) ¥ (In(2))
<:”<1_6Xp{ - _a\IJ’(ln(z))}’

where z = || fpo |5
Since the choice of € given in the statement of the result satisfies both the inequali-

ties (6.24) and (6.25), an application of Theorem 6.7 now completes the proof. O

1

For the special case ¢(x) = v~ 2¥ with 4 > 0, the lower bound of the breakdown point

asserted by Corollary 6.8 results in

min {exp <—1> ,1—exp <‘f Joo ln(fig/g) - 1) } .
ay 1fo 1l ay

Furthermore, if the true density g belongs to the model family of densities F, i.e., we have
g = fps, then the above lower bound vastly simplifies to min{e~1/®7,1 — e~ 1/},
However, for the special case of LSD with ¢(z) = In(z), the quantity sup, ¥(x)/¥’'(x) =

sup,, ¢ = 00, hence the resulting lower bound turns out to be 0. Unfortunately, this lower
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bound cannot be improved further. To see this, note that the GAB divergence between
f and g in this special case is equivalent to the KL-divergence between the corresponding
a-zoomed densities f® and gl®l. This follows easily from the reduction demonstrated
n (6.9). Therefore, minimization of GAB divergence in this case is equivalent to the min-
imum KIL-divergence estimator, i.e., the maximum likelihood estimator (MLE). MLE is

known to be nonrobust with asymptotic breakdown point equal to 0.

6.5 Examples and Illustrations

In this section, we demonstrate how the results described in Section 6.4 are applicable to

different parametric setups.

6.5.1 Normal Distributions

In this example, we analyse the asymptotic breakdown point of the MGABD functional for
estimating location and scale parameter in a model family of d-variate normal densities
(for d > 1). The contaminating densities k,, are also assumed to belong to the same
normal family of densities. The true density g is taken to be the standard normal density
on R¢ with mean vector 0 and dispersion matrix I;.

First, we consider the problem of location estimation. In this, we consider the model
family as the normal densities with mean vector 8 € ® = R? and dispersion matrix I,
and the contaminating densities are assumed to be normal densities with mean vector ,,
and same dispersion matrix, where ||p,,|| — oo as m — oo. Corollaries 6.2 and 6.7 are
applicable in this case, which ensures that the MGABD functional achieves the highest
possible breakdown point of 1/2 for any o > 0 and $ > 0. Remarkably, this breakdown is
free of the data dimension d.

Next, we consider the problem of scale estimation. In this, we take the model family
as the normal densities with mean 0 but unknown dispersion matrix 3 € ©, where ®
denotes the set of all d x d positive definite matrices. The contaminating densities are
taken to be normal densities with mean vectors p,, and dispersion matrices 7,, for each
m =1,2,..., such that either det(7,,) — 0 or det(7,,) = 0o as m — oo. It is easy to see
that for o+ 8 > 0,

||km||gig = (2m)~(a+B-1)d/2 (det(rm))’(‘”ﬁ*l)/? (o + B)~/2.

Case 1 (Explosion type breakdown):

Let us consider “explosion”-type breakdown first, i.e., det(7,,) — oo as m — oo. If
a>0,8>0and («+ f) > 1, then we can apply Corollaries 6.1 and 6.6 with C' = 0. Let

us denote

atB 3 1/B
Slalfh+ —2v0)] a0
8 =0.

a+f)

e (55
el exp[W (gl q
alglls &/ (lglle)

(6.26)
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Then, it follows that the asymptotic breakdown point e?a 3) of the MGABD functional

T(?fx 8) (G) satisfies

€lap) = min{1/2,1 -z, 6}, (@ +5) > 1.

One may apply Corollaries 6.3 and 6.8 also for specific forms of -function to obtain
explicit lower bounds in this case.

If a+pB = 1, then the resulting MGABD functional is equivalent to the minimum power
divergence functional as illustrated in Section 6.3.1. Hence, in this case, the asymptotic

breakdown point of T(ﬁ ,3)(G) is at least min{1/2,a'/#} if 3> 0 and e~ if 5 =0.

a+
o+

tion (BP5). Hence, none of our results are applicable in this particular scenario.

Finally, when oo+ 8 < 1, then ||k, | — 00 as m — 00, thus, violating the Assump-

Case 2 (Implosion type breakdown):

In the “implosion”-type breakdown, we consider the case when det(7,,) — 0 as m —
oo. Contrary to the Case 1, we can only apply our results for the case when aa+ g <1
in this scenario. When a + § < 1, the lower bound to the asymptotic breakdown point
of the MGABD functional is the same as before, namely min{1/2,1 — z, g} where z, g is
as given in Eq. (6.26). On the other hand, if « + 8 = 1, then equivalence of the GAB
divergence and the power divergence yields the lower bound to the asymptotic breakdown
point as min{1/2,a'/#} if > 0 and e~ ' if § = 0.

In all of these case, we again highlight the fact that the lower bound obtained depends
on the hyperparameters o, 3, the )-function and the norm of the true density, i.e., |g|| 5

but remains free of the dimension of the parameter space d.

6.5.2 Gamma Distribution (Scale Family)

In this example, we present the breakdown point analysis for the MGABD functional to
estimate the inverse-scale parameter 6 of a I'(¢,0) family of densities. We assume that
the shape parameter t > 0 is fixed and known. Additionally, let us assume that the true
density ¢ and the contaminating densities k,, also belong to the same family, i.e., g is
a gamma density with shape parameter ¢t and inverse-scale parameter 69, and, k,, is a
sequence of gamma densities with the same shape parameter but different inverse-scale
parameters 7, where 7,,, — 0o or 7, — 0 as m — oc.

Elementary calculations show that

et — (0 Bt — (a4 8- 1)
mila+3 (a+ B)(a+ﬂ)t—(a+ﬂ—1)r(t>(a+ﬁ) ’

a, B, (a+B) > 0.

Therefore, depending on the limit of 7,,, and whether o+ 3 is greater than or less than 1,

the lower bound to the asymptotic breakdown point changes.

a+
a+

as m — oo. Therefore, using Corollaries 6.1 and 6.6 with C' = 0, we obtain that the

When either a + 3 > 1 and 7,, — 0, or 4+ 5 < 1 and 7,,, — 00, then ||ky,|| -0

asymptotic breakdown point of the MGABD functional is at least min{1/2,1 — z, g},

where z, g is as provided in (6.26).
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a+
a+

as m — 0o. In this case, Assumption (BP5) does not hold and hence, the results provided

When either a + 5 < 1 and 7,,, = 0, or o+ 5 > 1 and 7,,, — 00, then ||k, || — 00
in this chapter do not apply.

If « + 8 =1, then irrespective of 7,,, — oo or 7,,, — 0, we can obtain the asymptotic
breakdown point of the MGABD functional. It turns out to be at least min{1/2, a'/?}
for >0 and e~! for f = 0.

Note that, even if the setup is quite different from the earlier example of the normal
scale family shown in Section 6.5.1, the resulting behaviour of the asymptotic breakdown
points remain the same since the convergence behaviour of ||ky,||, 5 is the same. These
exact bounds hold true across many different scale parameter estimation setups, beyond

the few examples illustrated in this section.

6.5.3 Gamma Distribution (Shape Family)

This example is closely related to the former example presented in Section 6.5.2. Here,
instead of estimating the scale parameter, now we are interested in the estimation of the
shape parameter. Without the loss of generality, we assume that the scale parameter is
known and is equal to 1. The model family is, therefore, given by f;, the density function
of a I'(t, 1) random variable where ¢ € (0,00). Let the true shape parameter be t9. The
contaminating densities are given by k,, which are again gamma densities with shape
parameter 7, where 7,, — 0 or 7,;,, — 00. Some elementary calculation as before yields

that
HkaOH-ﬂ _ P((a'i_ﬁ)Tm_ (a+/8_ 1))

at+B — (OZ T B)(04+:3)Tm_(a‘i‘ﬁ—l)r(rm)(a'f‘ﬁ)’ a, B, (Oé + B) > 0.

When 7,,, - o0 as m — oo, we can apply Stirling’s approximation I'(n + 1) =<

n+1/26

2mn ~™ to obtain

mila+8 (a + 5)(a+,3)rm—(a+ﬁfl)1‘(7-m)(a+,8)

\/%«O‘ + B)Tm — (Ck —+ 5))(O‘JFB)Tm*(@+5)+1/267(a+ﬁ)7-m+(aJrB)
= (a+ 5)(a+ﬁ)rmf(a+ﬁ71)\/ﬁ(a+ﬁ) (Tim — 1)(@+B)(Tm—1/2) g=(Tm—1)(a+5)

a+
a+

point of T&/B)(G) has a lower bound of min{1/2,1 — z, g} where 2, g is as given in (6.26).

as m — oo. Hence, if (a + 8) > 1, we have ||k,|| — 0, the asymptotic breakdown

On the other hand, if (o + 8) < 1, then ||k, 5 diverges to infinity, which makes our
results inapplicable for this case.
When 7, — 0, we can use the approximation I'(n) < n~! for small n. Therefore, we

get

o ot8 = Lot B — (@45 1)
mlla+3 (a + B)@tB)Tm—(a+B-1)] (7, )(@+h)

=T(=(a+8—1))(a+ p)@HF D (@0,
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Since a, 8 > 0, we have (a+ /) > 0 and hence ||km\|31§ — 0 for any (a+03) ¢ {0,1,2,... }.
Thus, we again have a lower bound to the asymptotic breakdown point as before, i.e.,
min{1/2,1 — 2z, 3} where z, g is as given in (6.26). When (o + ) is a nonnegative in-
teger, then the integral in the gamma function I'(—(a + § — 1)) is not finite. Thus,
corresponding GAB divergences do not fall into the scope of our results, as they violate
Assumption (BP5).

Finally, when o 4+ 8 = 1, the asymptotic breakdown point of the MGABD functional

turns out to be the same as given in Section 6.5.2, for the specific case of a + 3 = 1.

6.6 Numerical Studies

In this section, we shall empirically verify some of the results presented in this chapter
by calculating the GAB divergence between the contaminated density and the model
density to obtain the minimum GAB divergence estimator, and subsequently, observing
how it changes for different levels of contamination. While in Section 5.4, we illustrated
these numerical verifications for the S-divergence family (i.e., GABD with ¢(z) = x),
here we restrict our attention to the logarithmic S-divergence (LSD) family (i.e., GABD
with ¢(x) = In(z)) for the purpose of illustration. Also, we indicate the LSD by the
hyperparameters a and A which relate to the hyperparameters «y and 54 of the GAB

divergence by the relation
ag=a—AN1-a), and, By =1+ A1 —«a).

For a specific choice of contaminating density k and a model family {fy : 0 € O}
containing the true density g, we calculate the LSD between g. = (1 — €)g + €k and fy
for a range of values of € € [0,1] and § € ©. Since we consider a single contaminating
density k instead of a sequence of contaminating densities, it is only possible to choose k
so that the Assumptions (BP1)-(BP3) are satisfied only approximately, but not exactly.
Also, when g, Bq > 0, the cross-integral term [ fg' g% is usually intractable except when

B4 = 1. To circumvent this problem, we consider the decomposition of the integral

[ gseabe = [ 51 = g + ey

/ (1= €)g+ k) 114y () >ha }+/f9 (1= )9 + k)1 g0y <hia))

1_6 /fad Bd_l_eﬁd/fg‘dkﬁd7

where the final approximation holds due to the Assumptions (BP1)-(BP3). It follows that
when g(x) > k(z), then the term (fp, (1 — €)g),,, 5, is the dominating factor in (fp, ge),,, 5,
for any finite § away from the boundary 00©. Therefore, in the following illustrations, we

compute the objective function connected to the LSD functional as

1+
1 foll {0/

p ~
Uan o 90) ~log rayjeas |* (020

((1 - e)ﬁd <f9’g>ad,ﬁd + €fa <f9’ k>0¢dﬁd>
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and minimize it with respect to § € ©. We repeat this procedure for different choices
of € in a grid on the unit interval [0,1], and then plot the estimates as a function of e.
This allows us to inspect the particular value of € where the estimate 6 starts to behave

erratically.

6.6.1 Normal Location and Scale Family

We begin by considering the location and the scale estimation problem in normal family.
The model density is taken to be a univariate normal density with mean g and variance
o2, which contains the true density g with mean g and variance 03. The contaminating
density k is taken to be N (u, J,%) where pj and 0']% are appropriately chosen to indicate

different types of contamination.

Figure 6.1: Behaviour of the MLSD functional for change in contaminating proportion e

for location estimation in the normal family.
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In Figure 6.1, we demonstrate the change in the MLSD functional for the location
problem. Here, the variance components ¢ = o4 = 75, are kept same as 1, while uy, = 0
and pp = 10, a comparatively large value compared to the true mean. According to the
earlier results, namely Theorems 6.2 and 6.7, we expect the asymptotic breakdown should
be at € = 0.5, which is quite clear from the figure.

Figure 6.2 depicts the change in the MLSD functional for the scale model for the fixed
mean 0 and large contaminating variance. Here, we choose 1 = p, = g = 0, o, = 10 and
o4 = 1. From Figure 6.2, it is evident that the breakdown point is higher for large values

of o indicating increased robustness. Additionally, aside from the cases @ = 0, A = —0.5
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Figure 6.2: Behaviour of the MLSD functional for change in contaminating proportion e
for scale estimation in the normal family when the contaminating density is normal with

zero mean and large variance.
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and a = 0.1, A = 0, the breakdown point is seen to be 0.5 for all choices of pairs (a, \)
demonstrated in our simulation exercise.

In contrast to the scenario mentioned above, we also consider the changes in the
MLSD functional for the scale model when the contaminating scale oy is close to zero.
The corresponding behaviour is shown in Figure 6.3. The breakdown point is observed to
be higher for smaller values of a. This is in contrast with the usual understanding that
the high values of « results in increased robustness as is the case for MDPDE and related
estimators (Basu et al., 1998). Unfortunately, this particular case does not fall within

the current scope of our theory as ||k, = ||kmlliLq — o0, 50 we do not have a

aqg+

concrete justification for such a phenomencjn.ﬁi-lowever, both Fujisawa and Eguchi (2008)
and Kuchibhotla et al. (2019) mentioned this phenomenon about a spurious minima for
MLSD near o = 0. The breakdown points, in this case, are not very high, indicating that
the minimum logarithmic S-divergence estimator (MLSDE) for the normal scale model
is unlikely to be able to withstand a large amount of contamination by another normal

density with the same mean and a very low variance.

6.6.2 Exponential Model

In this example, we consider the model family of exponential distributions, with unknown
inverse-scale parameter. We consider the notation Exp(y) to denote the form of exponen-

tial density given by
fy(x) =~ve 7,2 >0,
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Figure 6.3: Behaviour of the MLSD functional for change in contaminating proportion e
for scale estimation in the normal family when the contaminating density is normal with

zero mean and a very small variance.
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where v > 0 is the inverse-scale parameter. The true density is then given by Exp(v4) and
the contaminating density by Exp(7x). Let us also denote the scale parameter as 6 = 1/,
which is also the mean of the Exp(y) distribution.

We conduct two types of experiments, depending on whether we consider “explosion”-
type or “implosion”-type breakdown point. In the first experiment, we take v, = 1 and
vk = 100 (i.e., 8 = 0.01) to be a large value, to understand the effect of “explosion”-type
breakdown. In Figure 6.4, it is seen that the breakdown point (i.e., the point where the
spike occurs in the graph) of the scale estimator increases with an increase in the value of
a, as is expected. The resultant breakdown points are higher than 1/2 apart from a few
cases. Additionally, we note that the estimators corresponding to the hyperparameters
A= —2 and A = —1 performed exceedingly well in this case.

In the second experiment, we consider taking 7 = 1/125, a small value close to 0.
Correspondingly, the mean of the contaminating density is 125. It is easy to see that
[kmll oy, — ©0 as m — oo in this case, our theoretical results do not provide any
guarantee on the asymptotic breakdown point of the MLSDE. However, from Figure 6.5,
we again see a strange behaviour where an increase in the robustness parameter « results

in a lower breakdown point.

6.6.3 Binomial Model

In this exercise, we shall be looking at the binomial model family setup as in Section 5.5.4.
Although the definition of GAB divergence and the Assumptions (BP1)-(BP3) deals with

188



BREAKDOWN ANALYSIS OF MGABDE

Figure 6.4: Behaviour of the MLSD functional for change in contaminating proportion e

for exponential densities with a very large value of contaminating inverse-scale parameter.

A=-2 h=-
1.00- ——1 1.00
0.75- 0.75
0.50 1 0.50 1
0.25- 0,25
0.00L, ! ! : 1| 000l : : : !
0.00 0.25 0.50 0.75 1,00 000 025 050 075 100
A=-05 A=0
1.00- 1.00 =
075+ 0.75-
0.50 \ 0.50 1 0
0.25- 0.251
0.001, L ! ; | 000d, . 04
0.00 0.25 0.50 0.75 1.00 000 025 0.25
=D
h=05 05
1.00- 1.004
0.751 ) | 0754 i
0.50- \ 0.50 0.9
0.25 0.251 ‘
0.001, - : . | 0004, :
0.00 0.25 0.50 0.75 1,00 000 025
h=2
1.00-
0.75 =
0.501
0.251
0.004 - . . )
000 025 050 075 1.00

Figure 6.5: Behaviour of the MLSD functional for change in contaminating proportion e

for exponential densities with a very small value of contaminating inverse-scale parameter.

A=-2 A=-1
125 125
1004 1004
75 754
50 504
254 254
0= . 3 v . 0= : . . v
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
A=-05 A=0
125 125
100 1 100+
75 754
50 504
25 254
0+ T T T T 0-s T T T T
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
<
A=05 A=1
125 125
1004 [] 1004 /
754 754
50 - 504
254 254 ,1
0 v i . i 0- i . 5 v
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
A=2
125 -
100 1 /
75 f
50
254
0-— . i ; .
0.00 0.25 0.50 0.75 1.00

189

01
0.25
0.5
0.75
0.9



BREAKDOWN ANALYSIS OF MGABDE

density functions, there is no difficulty in constructing the divergence with probability
mass functions for discrete distributions. Here, the model family is the family of binomial
distributions with size 12 and unknown success probability 6 € (0, 1), the true distribution
has success probability §, = 1/2 and the contaminating distribution has success probability
equal to 0 = 1. As the support of the binomial distribution is compact, the singularity
assumptions (BP1)-(BP3) do not hold in this scenario. However, by the specific choice of
the contaminating density, we approximately satisfy these singularity assumptions.

In Figure 6.6, we illustrate the change in estimated probability 8 as a function of the
contamination proportion € € [0, 1]. As shown in the figure, when A < 0, the asymptotic
breakdown point for the MLSD estimator seems to decrease with increasing a. On the
other hand, when A > 0, the situation reverses; the asymptotic breakdown point of the

MLSD estimator becomes an increasing function of «.

Figure 6.6: Behaviour of the MLSD functional for change in contaminating proportion e

for binomial model with a binomial with success probability 1.
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6.6.4 Geometric Model

As in the previous example involving the Binomial setup, we study the behaviour of the
breakdown point for another discrete distribution setup, namely the Geometric distribu-
tion. In this case, we pick the model family as Geometric distributions with unknown
success probability 0, true distribution with 8, = 1/2, and the contaminating distribution

with success probability 6,. We consider two cases here: 6, = 0 and 0, = 1 to illustrate
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“implosion”-type and “explosion”-type breakdowns respectively

Figure 6.7: Behaviour of the MLSD functional for change in contaminating proportion
€ for the Geometric model when the contaminating density is Geometric with very low

success probability.
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In the first case with 6, = 0, we depict the estimated probability as a function of € in
Figure 6.7. In this case, the breakdown point is indicated by the proportion of contami-
nation € where the value of the estimator experiences a sharp drop. Also, the breakdown
point may appear to be beyond 1/2 in this case because of numerical approximations, finite
sample size, and the fact that Assumptions (BP1)-(BP3) are only approximately satisfied.
Furthermore, with increasing «, it is observed that the breakdown point increases, as per
our expectations.

However, the same cannot be said for the case when 65 = 1 since Assumption (BP5) is
not satisfied in this case. As evident from Figure 6.8, the value of the estimator steadily
increase to 1 in all cases except the case where A = —1 and « is small. These are the only
cases in which the breakdown point (which is pretty low) can be clearly ascertained from
the plot. This indicates that the MLSD does not produce sufficiently robust estimators
for the geometric family when the contaminating sequence is geometric with a very high
success probability. Unfortunately, this case falls beyond the scope of the theory that we
have provided in this Chapter.
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Figure 6.8: Behaviour of the MLSD functional for change in contaminating proportion

¢ for the Geometric model when the contaminating density is Geometric with very high

success probability.
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6.A Appendix: Proofs of additional results

Lemma 6.A.1. Let f : R — R be a real-valued function and F(z) := f(e*) for any x € R.
Let X € [0,1] be a nonnegative real number. Then, F is A-convex if and only if for any
z,y >0,

Af(x) + (1= Nf(y) > flaty'™)

Proof. We start with assuming F' is convex. Then,

Af (@) + (1= A f(y) = AF(logz) + (1 — A)F(log y)
> F(An(z) + (1 — A In(y)) , by convexity of F
= f(z*y*™), by definition of F

Conversely, for any z,y € R and X € [0, 1], we have

AF(z) + (1= A)F(y) = Af(e”) + (1 = A)f(e¥)
> f((e")Me)' )

_ f(ekx-l—(l—)\)y)

=F(Az+(1-N\)y).
This proves that F' is A-convex on R. ]

Lemma 6.A.2. Consider two non-negative sequences {xy,} and {ym}. Then the following
holds

lggiglof min{z,, Y, } = min {lggglof T, lgri)iglof ym}
Proof. Note that when lim inf z,,, = oo and lim inf y,,, < co, we can say that there exists
sufficiently large M € N such that for all m > M, y,, < x,,, and hence, the lemma would
follow immediately in this case. We, therefore, focus on the case where liminf z,, < oo

and liminf y,, < co. We know that
min{zy, ym} < p and min{z,, ym} < ym
Taking lim inf, we observe that
lim inf min{z,, Y } < liminf z,, and lim inf min{x,,, y,, } < liminf y,,.
m—r0o0 m—0o0 m—0o0 m—ro0
This leads us to the fact that
lim inf min{z,, Y, } < min{liminf z,,, liminf y,, }.
m—o0 m—r0o0 m—0o0

Now, let A = liminf z,,, and B = liminf y,,. So, for every € > 0, there exists N1, Ny € N
such that x,, > A — € for all m > Ny and y,, > B — € for all m > N5. This means that
for any m > max{Ny, Na}, we must have min{x,,, y, } > min{A, B} —e. This implies the
other direction

lingnf min{z,,, yn } > min{A, B}.
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Lemma 6.A.3. If both A, B > 0 and the function 1(z) is monotonically increasing and

¥(x) is a convex function, then GAB divergence d(GAB (f,9) is nonnegative for all f and

g, and it is equal to 0 if and only if f and g are almost surely equal under their common

dominated measure (.

Proof. Applying Holder’s inequality on the cross term, we have

//fagﬁ < IIFIE 5 gl 5 -

Applying weighted AM-GM inequality on this now yields

+ +
oI F1355 + Blalles
1Fl5ss llglls 5 < o .

Using this along with the monotonicity of ¢, we can write

dEiB"(1.9)
a+p a B 1 a+p
- a+5 ( d ) aﬁ¢</‘f ) (a+ﬁ)¢</g >
a+p «a B8 1 a+p
> s (10555) = 59 (10 W) + sy (I9125)
sy _ ] o | £S5 + B llgll ot | s
sarp? (MI535) - o5 ( . taara? (l2i)
1 arpy 1 (155 + Bolglats) 1 s
z@E;@woumw) = - + oy (1sl3)

by convexity of v,
=0

In the above derivation, we used two inequalities, namely the AM-GM inequality and the
Hélder’s inequality. The AM-GM inequality yields equality if and only if || f[[,, 5 = 9]l o5
and the Holder’s inequality yields equality if and only if f and g are almost surely equal. [
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Chapter 7
Conclusion and Future Scopes

This thesis addresses the challenge of robust matrix factorization in high dimensions — an
important method in modern data analysis, from image and video processing to bioinfor-
matics. By using minimum distance estimators, particularly the minimum density power
divergence estimator, it aims to offer a robust and scalable approach to high-dimensional
matrix factorization problems. We focus on two of the most popular and fundamen-
tal techniques: Singular Value Decomposition (SVD) and Principal Component Analy-
sis (PCA). The core contribution of this work lies in demonstrating the effectiveness of
these estimators, especially their robustness in performing SVD and PCA, driven by their
dimension-free breakdown properties. These properties ensure reliable performance even
in the presence of significant contamination in the data, across arbitrarily high-dimensional
spaces.

We presented two novel algorithms — rSVDdpd and rPCAdpd — both based on the
minimum density power divergence estimator (MDPDE). Both of these algorithms were
evaluated theoretically and through various practical applications. The theoretical results
provided guarantees that these estimators are equivariant and consistent, and our results
also explored various other asymptotic properties. We prove the consistency of the pro-
posed estimators under two different asymptotic regimes: first, when the data dimension
p is fixed but the number of observations n grows to infinity; and second, when both
dimensions n and p of the data matrix grow to infinity at a comparable rate. As a result,
our proposed methods are applicable to a broader range of datasets (e.g., genomics data,
spatio-temporal data) where the number of variables exceeds the number of observations
(i.e., n > p), compared to most existing robust PCA algorithms which only work in the
n < p regime.

The practical usefulness of the proposed methods is demonstrated through real-world
scenarios, such as background modeling in video surveillance. In this case, resilience
to outliers and heavy-tailed noise is crucial for maintaining performance, especially in
the presence of camera tampering. We also show the applicability of rSVDdpd beyond
background modeling by using it to estimate latent factors in a spatio-temporal dataset of
pollutants. Extensive simulation studies and comparisons on several benchmark datasets

further establish the superiority of the proposed techniques in terms of both accuracy
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and speed. Our methods maintain (and often improve upon) the performance of existing
algorithms, while using only a fraction of the computational resources. The accompanying
R package, rsvddpd, along with open-source code, makes these tools readily accessible,
paving the way for adoption in both academic research and industry.

The thesis also provides some additional contributions as follows:

1. Proposing a novel penalized criterion to estimate the rank of the low-dimensional
component of a data matrix robustly. Theoretical properties such as selection con-
sistency and influence functions have been derived for this method. This provides
a statistician with the complete toolset to apply the proposed rSVDdpd and rP-
CAdpd methods for a real-life dataset where the rank of the low-rank component L

is typically unknown.

2. Introducing a broader class of statistical divergence measures, namely the General-
ized Alpha-Beta Divergence (GABD) family. This class contains several important
statistical divergence families, including DPD, LSD, Bridge divergence, etc. We
obtained several general results on the asymptotic breakdown point of the mini-
mum GABD functional, which encompasses many existing results on the asymptotic
breakdown point of different minimum distance estimators present in the literature.

We also support our theoretical results with examples and numerical illustrations.

Despite many positive outcomes, there remain some limitations in this study, opening

up newer opportunities for future research.

1. Sparse Matrix Factorization: The proposed rSVDdpd and rPCAdpd algorithms
struggle with the matrix decomposition when the observed data matrix itself is
sparse with some outlying entries. In this case, the algorithm detects the low-rank
component L as the 0 matrix, and assigns the entire data matrix to the sparse
component S. This may lead to limitations in some applications like latent semantic
analysis, recommendation systems, etc. In such cases, it is necessary to develop
some modifications of the proposed algorithms to handle such sparse data matrices.
A viable approach to tackle this problem is to use generalized linear models (GLM)
instead of the usual linear regression model when performing the alternating iterative
steps in the rSVDdpd algorithm. In this case, we may consider a model given as
Xij ~ F(Z;j), for 1 <i <n;1 < j < p and the matrix n(Z) with (¢, j)-th entry
n(Zi;) satisfies the LSN decomposition n(Z) = L + S + N, where F' is a suitable
distribution parametrized by Z;;s and n(-) is a suitable link function. While this
extension is natural, extensive research is needed to study the convergence and the
statistical properties of the resulting algorithm. We plan to tackle this problem in a

future article.

2. Breakdown Analysis: The asymptotic breakdown point analysis presented in
Chapters 5 and 6 are applicable only when the hyperparameters o and § are nonnega-

tive. The breakdown behaviour for negative values of the hyperparameters remained
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unexplored. Also, our analysis considered only the class of contaminating densities
to have uniformly bounded LP norms for some suitable choice of p. Although this
boundedness is quite common, it excludes certain scenarios such as the “implosion”
of the variance parameter in a normal scale model setup. Our numerical experi-
ments in Section 6.6 highlight quite a drastic difference in the breakdown behaviour
in such cases. Theoretical explorations of these scenarios and their implications on
the breakdown behaviour of the minimum GABD functional represent interesting

avenues for future research.

. Applications to new domains: The robustness of the proposed estimators makes
them attractive for a wide range of applications beyond the video surveillance back-
ground modelling example and the spatiotemporal data analysis example discussed
in this thesis. Extending the model for graph-based clustering, signal processing,
image and video watermarking, etc., are some of the potential applications. Ad-
ditionally, latent factor estimation in domains like finance, biosciences, genomics,
etc. where the signal-to-noise ratios are typically low, would be an interesting future

research direction to study the real-life usefulness of the our methods.

. Generalization to higher-dimensional objects: A natural extension of this
work involves generalizing the proposed algorithms to higher-dimensional structures,
such as tensor decomposition. This high-dimensional tensor-SVD has applications
in bioinformatics, brain imaging, modelling convolutional neural networks, etc. This
decomposition (called Tucker decomposition) is typically performed by flattening
the tensor into a matrix and then applying singular value decomposition on the flat-
tened matrices, and alternatively picking different dimensions to flatten the tensor.
A direct robust generalization of this Higher-order Singular Value Decomposition
algorithm (De Lathauwer et al., 2000) would consider replacing the traditional non-
robust SVD at each step with a robust rSVDdpd algorithm. Further studies are
needed to evaluate its theoretical and empirical performances. Interested readers
are referred to Zhang and Xia (2018), Zhang and Han (2019) for more details on

this research direction.
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