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INTRODUCTION AND SUMMARY
0.1 Introduction

This thesis primarily deals with search designs (see Srivastava (1975))
of various types for general symmetric and asymmetric factorials. The thesis
also considers some other types on fractional factorials. We have made use of
Kronecker products and various other results from matrix theory.

In the first four chapters, different types of search designs have been
studied. Chapter SA considers the construction of orthogonal main-effect plans
for general factorial experiments under the presence of a linear time trend.
Chapter 5B extends the calculus for factorial arrangements to a fractional facto-
rial set-up and examines critically the proportional frequency plans from the
point of view of estimability and efficiency.

Section 0.2 contains a review of the literature on search designs and also
on trend-free plans and proportional frequency plans. While reviewing the liter-
ature, we have restricted ourselves to the results pertaining to the topics discussed
in this thesis. Section 0.3A,B present the main notations, plan of the thesis and
a detailed chapterwise summary. The motivation for the different chapters has
been discussed and all main results have been recalled. For ease of reference,
the serial numbers of these theorems and definitions are the same as those in

the main chapters.

0.2 Review of the Literature

Through the contributions of numerous researchers, the area of fractional
replication is now so rich that it is difficult to make a comprehensive review
of the entire literature in a limited space. We, therefore, begin with a brief
overview of the general area of fractional replication and indicate some of the
key references including review articles and monographs. This has been done

in the next paragraph. The rest of this section presents a detailed review of



the literature on the topics pertaining to this thesis.

The idea of fractional replication in factorial experiments was introduced
and popularized by Finney (1945). Among the early authors, Plackett and Burman
(1946), Kempthorne (1947) and Rao (1947) studied the problem in more detail and
gave several fractional plans. Rao (1947) developed the theory of fractional repli-
cation for symmetric factorials through the use of orthogonal arrays. Box and
Hunter (1961a,b) introduced the notion of resolution which was subsequently gener-
alized by Webb (1968). The development of orthogonal fractional factorial plans,
including studies on their optimality properties (vide Cheng (1980)), attracted the
attention of many authors over the last four decades and for a review, together
with a comprehensive list of references, we refer to Dey (1985). Also, we refer
to Raghavarao (1971), Rao (1973) and Hedayat and Stufken (1988) (and the refer-
ences therein) for discussion on orthogonal arrays which play a crucial role in the
context of orthogonal fractional factorial plans. Another very important area was
opened up by Bose and Srivastava (1964) who considered fractional factorial plans
based on balanced arrays - for further results in this line, together with studies
on optimality, see Srivastava and Chopra (1971), Shirakura (1976) and Yamamoto,
Shirakura and Kuwada (1976), among others. A detailed list of references on frac-
tional factorial plans based on balanced arrays is available in Kuwada and Nishii
(1988). As for review articles on fractional replication, reference is made to
Addelman (1963, 1972) for informative reviews up to those stages. For more up-
to-date excellent reviews, together with detailed lists of references and discussion
on open problems, we refer to Srivastava (1978), Raktoe, Hedayat and Federer

(1981), Dey (1985) and Srivastava (1987). *

In the usual fractional factorial designs, the object of the design is to

estimate certain factorial effects, assuming that the remaining (or a subset of



the remaining) effects are negligible. One may wonder, in general, as to what
extent the assumption regarding higher order effects being zero, is valid. This
problem was first raised by Srivastava who pioneered the new concept of search
designs in a paper presented at the International Symposium on Statistical Design
and Linear Models in 1973. Srivastava (1975) considered the following general

linear model :

(V) = X, 14 + Xp T » Disp(Y) = %1 ©.2.1)
(Nx1) (o) :
where Y/ is a vector of observations, X; ,  (i=1,2), are the so called
()

design matrices and T i , (i =1, 2), are vectors of fixed unknown parameters,
With T = (T4 5 Tjp 5 = » Tin_). Suppose we want to estimate the elements of T,. Also
suppose it is given that the elements of 1, are all negligible, except possibly
for a set of at most k= elements, where k' would be considered quite small
compared to n,. Srivastava (1975) described a search design with resolving power
{t; ,7,, K} as one which enables the searching of the non-negligible elements
of T, and which also permits the estimation of them together with the elements
of T, . Following Srivastava (1975), the case when 0% = 0 will be called the noise-
less case.

Theorem 0.2.1 (Srivastava (1975)). Consider the model (0.2.1) together with the

assumptions mentioned above and let g2 = 0. Then a design S, corresponding to

*
the observations Y , is a search design of resolving power {t; , T, k } if and only if

N
for every submatrix %gg‘”‘ ) of X, , we have

2
*
Rank [X; , Xpq 1= ny + 2k (0.2.2)
Srivastava (1975) also developed a detailed theory covering some aspects
of 2™ search designs. Search designs in the presence of noise were also consi-

dered in that paper. Further results on search designs were reported by Srivastava

(1976).



The path breaking works of Srivastava (1975, 1976) led to a considerable
interest and a resulting growth in the literature on search designs. It will be
convenient to recall the following definitions while reviewing the literature.

Defini

n 0.2.1 (Srivastava (1975)). A search design S for a 2™ factorial experi-
ment is said to be a 'main effect plus k (MEP.k")' plan, when in the search model
(0.2.1) 1; consists of the general mean and all main-effects and 1, consists of
the two-factor and higher order interactions.
Definition 0.2.2 (Srivastava and Ghosh (1976)). A search design S for a 2™ facto-
rial experiment is said to be a 'balanced resolution V plus one (BARE 5.1)' plan
if it is a balanced resolution V plan which, with reference to the model (0.2.1),
allows the search and estimation of at best one non-negligible parameter in
T, , which consists of the three-factor and higher order interactions, and also
which permits the estimation of the parameters of T, containing the general
mean, all main-effects and all two-factor interactions.

For 2™ factorials, Srivastava and Ghosh (1976) showed that if S consists
of the N treatments of the set Sy, S », S 1, S where S, (v = 0, 1, w.. , m)
is the set of (7') treatments in which exactly v factors occur at level 1 and
(m-v) factors occur at level 0, then S is a BARE 5.1 plan in N = 1 + 27") + (3') runs.
Srivastava and Ghosh (1977) reported some further interesting findings on BARE
5.1 plans (including some necessary and sufficient conditions for existence) for
2™ factorials on the basis of the following general result:
Theorem 0.2.2 (Srivastava and Ghosh (1977)). Let S be a design of resolution
V and with reference to model (0.2.1), let rank (X) = ny . Then the search design
problem, where T, contains the general mean, all main-effects and two-factor
interactions and ‘lz contains all three-factor and higher order interactions, can
be completely solved in the noiseless case if and only if for every (N x 2k ) submatrix

X,g ©of Xy , the relation



Rank(W) = 2k~
holds where
W = XpgXag = Xpp%q 0 x )7, %20 *

Srivastava (1977) recognized that, because of possible bias in the under-
lying model, the usual optimal designs may not be optimal and that the theory
of search models offers possibility of 'searching' the bias and 'correcting' the
same. In this paper the concept of optimal search designs and the criteria of
AD-optimality and DD-optimality were introduced and studied.

With reference to the model (0.2.1) with o? = 0, Srivastava and Gupta
(1979) derived an interesting reduction of the necessary and sufficient condition
in the Theorem 0.2.1. Suppose X, has rank n, and X,; be an (nyxn,) matrix

of X; of rank n, . Accordingly partition Y, X;, X, as

2

v‘(YAl) x ‘[X‘”] x 7[X12]
V2 1 X21 2 )(22

¥ Rl
and let X, = X, = XpyXy7 Xqg

Theorem 0.2.3 (Srivastava and Gupta (1979)). A necessary and sufficient con-
dition for X, to satisfy condition (0.2.2) for all X,y is that every set of 2k
distinct columns of X;z 1s linearly independent.

In the set-up of Theorem 0.2.3, let S be the set of treatment combinations
constituting a search design and S| , S, be subsets of S corresponding to Y,
and ¥,, respectively. Considering 2™ factorials in particular, Srivastava and Gupta
(1979) applied Theorem 0.2.3 to obtain a necessary and sufficient condition for
S to be an MEP. 1 plan (vide definition 0.2.1) for given Sj . Ghosh (1980) obtained
further interesting results on MEP. 1 plans for 2™ factorials, where m = 2"-1(h >2),
in N = 1+ m + (m-h)Xh+1) runs. He gave a necessary and sufficient condition
for 5, as defined above, to be a good MEP. 1 plan when S} is a good main-effect

plan.



Anderson and Thomas (1980) obtained a series of weakly resolvable (cf.
Srivastava (1975)) search designs for the s™ factorial experiment for which the
mean and all main-effects are estimable in the presence of any number of two-
factor interactions and for which any combination of three or fewer pairs of
factors that interact may be detected. They assumed s to be a prime or a prime
power and considered designs in N = s + ms(s-1) runs except in some cases where
additional runs are required. Ghosh (1981) obtained MEP.1 search designs with
reasonably small number of treatments for 2™ factorial experiments, 3< m <8.
There he gave a necessary and sufficient condition on the existence of MEP.1
search plans. Gupta and Carvajal (1984a) derived a necessary condition for the
existence of MEP.1 search plan S for 2™ factorials, where S consists of S .5,

and Sm (here S, S: s S, S.I, Sm are as already defined in the context of Srivastava

and Ghosh (1976) and Srivastava and Gupta (1979)). Gupta and Carvajal (1984b,
1987), Morris (1984) and Gupta (1988) gave several lower bounds on the number
of runs in MEP.1 search designs for Zm factorials. Shirakura and Ohnishi (1985)
generalized the ideas in Srivastava and Ghosh (1976, 1977). Based on Theorem
0.2.2, they reported a simple necessary and sufficient condition for a balanced
2™ factorial design of resolution 2% + 1 to be a BARE (2£+ 1). 1 plan. They also
gave BARE 5.1 plans for various values of m and N on the basis of AD-optimality
criterion defined in Srivastava (1977). Ohnishi and Shirakura (1985) reported some
further interesting results in continuation of Ghosh (1981). Ghosh and Zhang (1987)
presented two series of search designs for 3™ factorial experiments in N = 1+3m
and N = (1+m+2m?) runs respectively. In the first series of designs they considered
a set-up where, with reference to (0.2.1), T, contains the general mean and all
main-effects and '(2 contains two-factor interactions while in the second series
'l',| contains the general mean, all main-effects and two-factor interactions and

T, contains all three-factor interactions. Either series is capable of searching



one among the n, elements of T, and estimating it along with the elements of
Ty - For a comprehensive review and further references on various aspects of
search designs reference is made to Gupta (1990). Search designs of the above
types are discussed in this thesis in chapters 1-4.

In industrial and agricultural experimentation, when the observations are
taken over a period of time, it happens in many practical situations that the
observations are affected by a time trend in addition to the effects of the treat-
ments under consideration. The problem of factorial experimentation in. the
presence of such time trend was considered among others by Hill (1960), Daniel
and Wilcoxon (1966), Draper and Stoneman (1968), Phillips (1968) and Joiner and
Campbell (1976) (see also Dey (1985) in this context) and more recently by Cheng
(1985), Coster and Cheng (1988) and Cheng and Jacroux (1988). These authors
discussed in detail the philosophical basis of the problem, cited numerous prac-
tical applications and suggested relevant experimental plans mainly with reference
to 2™ factorials. Chapter 5A of the thesis deals with the problem of constructing
trend-free main-effect plans. In addition to trend-free fractional factorials, there
is a vast literature on trend-free block designs for varietal trials. This is, however,
beyond the scope of this thesis and we only refer to Bradley and Yeh (1980),
Yeh and Bradley (1983) and Stufken (1988) and the references therein.

Plackett (1946) introduced the criterion of proportional frequency in a
multifactor setting. It was contended by Addelman (1962) that fractional factorial
plans based on this criterion lead to orthogonal estimation of lower order facto-
rial effects when higher order effects are assumed to be absent. Lewis and
John (1976) and later, in more detail, Kuwada and Nishii (1979) , Mukerjee
(1980) had shown that the contention of Addelman regarding orthogonality in
proportional frequency plans is not in general true and established, in the general

case,the criterion of equal frequency (in terms of orthogonal arrays) as a necessary



and sufficient condition for orthogonal fractional factorial plans. However, there
are situations where orthogonal plans based on the equal frequency criterion
are non-existent (cf. Mukerjee (1980)). Hence in factorial experimentation under
such circumstances, one has no other alternative than to forgo orthogonality
and search for possibly non-orthogonal plans. In this context, because of their
wide availability (Addelman (1963, 1972)), it may be worthwhile to critically
examine the proportional frequency plans in terms of estimability and efficiency.

This has been attempted in Chapter 5B of this thesis.

0.3A Major Notations Used in the Thesis

This thesis primarily deals with search designs of various types. A detailed
chapterwise summary has been presented in Section 0.3B. For ease in presentation,
it will be convenient to introduced the major notations. This is done below first
considering the case of symmetric factorials. Then the natural extension of the
notations to the asymmetric case has also been indicated.

With reference to a symmetric (s™) factorial set-up m >2, s >2, the follow-
ing notational system will be helpful:

()  Define the (m x 1) vectors a}” (0 <j <s-1) such that in al'’, all the elements

are j; let AC) be an (m xs) array whose columns are given by é})for all j.

(i) For 0 <j <s-1, define the (m x1) vectors "j(zu)a (1 <u<m, 0 <iy<s1, i, #))
i,

such that in "fzu)i ) the uth element is i, and the remaining elements all equal

i,

js tet A% be an (m x m(s-1)) array whose columns are a2 for all u and i .

J y Y 5Usi,, u

(iii) For 1_<j< s-2, define tha (m x1) vectors a) . . (1 <u,<u, <m,

L=< s, i (1Sug<up <

Tyl

3)

0<min(i , i )< j < max(i ,i )< s-1)such that ina . . ,the ujth and
oy uy uy” luy Foupugiiy, iy, 1

uythe elements are i, and i respectively and the remaining eltménts all equal j;
tet A®) be an (m x [m(m-1j(s-j-1)D array whose columns are a®®

) Jvu1 vuzvlu
3) y

i

for all

Uy, Uy, i and i . Note that A is defined only when s > 3 .
172 uy o




(V) For 0 < j < s-2, define the (m x 1) vectors al® =
- Wty o

41 <i L0 <sDsuchthatina® ., theuith and ujth elements are
Syl < R 1 2
1 up 1y oy
2
respectively and the remaining elements all equal j; let A(;‘) be an
2 ) )
(m x [m(m-1)(s-1)2/2]) array whose columns are a\ .. forall upu,i and
RN, izl
iy, Note that A(;‘) is defined only when s > 3. 1
2
(v)  Define the (m x 1) vectors afu) b (15 j< 81,15 up < uy < m) such that in
L b
(5)
BJ,U,I,UZ, the ujth and u,th elements are 0 and the remaining elements all equal
js tet A® be an (m x [m(m-1)s-1)/2]) array whose columns are given by aﬁ] .. for
Yy
all j, uy and u, .
(vi) Define the (m x 1) vectors a\®) (A<j<sl1<u <uy<us;<m
Js U11U21U3 — = = 4 33—

such that in a§6)

,the u,th, u,th and u.th elements are 0 and the
Jrugsupug 1 2 3

remaining elements all equal j; let A®) be an (m x [m(m-1Xm-2)(s-1)/6]) array whose

i (6) .
columns are given by T for all j, ug, u, and uy -
. 9 i (7)
(vii) For 1 < j < s-2, define the (m x 1) vectors a; i (O=upc<
- = ) U11U2;U31|u1 uy

u, <ug<m,i =0,i =0, < i < s,y and i represent
2 U3 M) T i, (uy) (w7 1wy 2 iy

the non-decreasingly ordered arrangement of i , i and i , €e.g. if i 0,i =2,
up e, us u u,
iu =0, then i( )= i( )= o, i( y = 2) such that in sg)u (TRRTIN | i i the u,llh >
3 Y Y2 U3 b Upligtisly oly ol
12 s
uyth and usth elements are i, , i, and i, respectively and the remaining
2 3

elements all equal j; let A(j” be an (m x [m(m-1)Xm-2s-j-1)/2]) array whose columns

are given by a'”) o , and . Note that

Js UgsUnsUgsl ol
iz,

for all u,, u,, ugy i i
1772 }u,‘ uy

3

) s defined only when s > 3 .

A
J



(viii)  For 1 < j < s-2, define the (m x 1) vectors a@) .
= JqU‘lvUZyU}y 1

u; <up<m,0< i(u1)_< -1, 41 < i(uz) s i(u})_< s-1, i(u1) : i(uz) and i(u}> are as

(8)

defined above) such that in a , the u,th, u,th and u,th
Jp U Uy, U3, 1 3

2

elements are i , i and i  respectively and the remaining elements all equal j;
1 3

tet A9 be an (m x [ m(m-1)Xm-2)i(s-j-1)2/2)) array whose columns are given by

(8) o ) ®)
al St for all us, Uy, ug, i .0 and i . Note that A® s

Js Ugs Upy U3, 'u1‘ ‘”Z’ iy 12727 =3 uy us j
defined only when s > 3 .

(ix) For 2 < j < s-2, define the (m x 1) vectors a'®) (< <

9
JyUgy Ugy Ugy iy
1752 %3 tap ey

Uy <uz<m, i(u1) =0,1< i<u2)5 =1, j+1 < I(UB)_< s-1, i(u1) ) i(uz) and i(u3) are

as defined above) such that in a.(g) N N B
JoUgs Uy Uz i 50
72 T3 Uy’ Uy ug

and i, respectively and the remaining elements all equal j; let
3

s the ujth , uyth and usth

elements are i |,
|

A(J?) be an (m x [m(m-1)(m-2)(j-1)s-j-1)]) array whose columns are given by

9)

for all ug, uy, us, iu1, i . Note that A(f) is defined

a N N ¥
Jy Ugs Upy Ugy 050y u
L R VR VR v 3
only when s> 4.
. . (10)
(x) For 1< j < s-2, define the (m x 1) vectors al S <u <
<jx Ja Uy Upy Uz i sy =
'y s
U, <ug <M+l <i i ,i < s-1)such that inal'® L. ., the uth,
2 3= = Uy ey g Jo g gy Ugy i 0 1
1 U s
Upth and usth elements are i, i and i respectively and the remaining elements
2 3 Uy’ u, u.
all equal j; let A(jm’ be an (m x [m(m-1)m-2)(s-j-1)°/6)) array whose columns are given
by a0 forall uj, u,, ug, i ,i  andi . Note that A0
1 Y2 Uy i

JoUpy Ugy gy i iy
1772 3u1 u) u



is defined only when s > 3 .

Turning now to more general factorials, not necessarily symmetric, consider

ans; xs,x...xs_, m> 2, factorial, where, without loss of generality, let

s, S8, (2 < v < m). Also, for notational convenience, define Sy = 0.

(i) For1<v<m-,ifs

s,~ 1) such that in hj“"’)

)

<5, » then define the(m x 1) vectors b{™ (s, < j <

v-1
; the first (v-1) elements equal 0 and the remaining elements

all equal j; let B”’V be an (m x (sv- sv_1)) array whose columns are given by b? v for

all j. Note that BY) g defined only when Sy <5y -

(i) For1.<v<m2ifs, <s, ., then define the (m x 1) vectors h]( ) G, <j<
S telsusvici <s»1)suchtha!lnb(zv,)

el , the uth element is i, the

last (m v) elements all equal j and the remaining elements all equal 0; let BZY pe an

(mxl3 (s~ s, 4 - 5,)) array whose columns are given by b]gzu,vi) for all j, u and
i

v+l
gV

u=
i« Note that is defined only when's < s and m > 3.
u v v+1 =

(i) For1<v.<m2ifs , <s , then define the (mx 1) vectors h(} Y (s, <

j<s T, v<u<mO<i <s-1,i £) such thatinb’") | the flrst (v-1) elements
-V == = u="u u ity

(3,v)

equal n the uth element is i and the remaining elements all equa] j; let B be an

,v)

(mx[ z (s~ 5,_1Xs,- 1)) array whose columns are given by b for all j,u and

(3 v)

iy - Nute that B is defined only when Sy1< sy and m > 3.

(v) s, <s_ -1, then define the (m x 1) vectors “g:) (s j<s -1,

-2 'm-1

Smg < K< 8= 1, £K) such that in b¥), the last two elements are j and k and all

m-2 = m-1

other elements equal 0; let 8 be an (m x [(s,, ;- 5, - (s - 1D array whose

(4)

-5
m “m-2

columns are given by bt) for all j and k . Note that 8% is defined only when

<s -1.

*m-2 < %m-1

W Ifs » then define the (m x 1) vectors b (s, < k< s -1,k £s_-1)

<s
m-2 m

such that in b, the last two elements are s -1 and k and the remaining elements



all equal 0; et B be an (mx (s =5 ,=1+ 6, ) array, where §,
m-2"m-1 'm-2"m-1
(5) (5)

” for all k . Note that B

is the Kronecker delta, whose columns are b, is defined

only for Sm-2 < Sm *

) N (6) .
) If sy < Sy, » then define the (m x 1) vectors hu,iu,k <ucx <y <8,
1,8 <k<s -1 suchthat inb®  , the uth element is i , the (m-1)th element

m-1 < K< s Uik u
is s 1= 1, the mth element is k and the remaining elements all equal 0; let B(S) be

m-2
(6) .
an (mx [(s_- sm_,l) ZE (su- 1)) array whose columns are bu"u‘ for all u, iy and k.

m k
Note that B is defined only when's . < s
m-1 < m *
(Vi) Ifs_ . <s ., then define the (m x 1) vectors b . (m 2 < u<m s . <
m-3 < Sm-2 o i, Susmsg 5

J S Sppm 1 1<y < s- 1,0 £ ) such that in b7 the first (m-3) elements equal
u

'm-2 Uy i
(7)

0, the uth element is i and the remaining elements equal j; let B') be an

m
(R () JE., (" 2 array whose columns are given by bj(7u)]

(7)

for all j, u
u

and iu. Note that B is defined only when sm»} < Sm-2 andm > 3.
(viil) For1<v<ms3,ifs <s_, then define the (m x 1) vectors b®Y)
- - v v+1 ]»u1vuzvlu vlu
172

Gy <iss

(8,v)
SIRTIRTIN )
12,

-1,‘l_<u1_<v,‘l_<|‘_| 5su-1,v+1£u21m,)+1§|u _<su—1)
1 1 2 2
such that in b, » the ujth element is i , the remaining of the first v
1

elements equal 0, the u,th element is i, and the remaining elements all equal j;

v s, -1 m
1et BB be an (mx[ I G, -z " I (s, --ND array whose columns
U, j=s, uy=vel
are given by b?eu"’)u o i forall jupuyi, and i . Note that 88V is defined
st 12U u1y’u2 1
only when s, <'s . and m > 4.
9,v)

PN . . (
() For1.<v.<ms3,ifs, g <s, then define the (mx 1) vectors b
i2tuply,
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(s, . <j<s <u, <m,j+l <

<s -1,j#1 < i <s -1)such that in
2 Uy ug uy

v-1
(9,v)
b. s f
JoUgsUosi i
1772 Uy,

» the first (v-1) elements equal 0, the u th and uzth elements are

iy, and i and the remaining elements all equal j; let B*Y) be an (m x
1 2
Rl UL ©9,v)
[z z L (s, -i-Ws, -j-D array whose columns are given by AT
J=5,q UpEv U=y K TR
I
for all j, uj,uyi and i, . Note that B™Y) is defined only when's_ . < s. and
ity A, v-1 < Sy
51-1 m m
m > 4. Forv=1,we further define the (mx [3' I I (s, --1s, -i-UD
1 U=l et 2
U<
g% . : 1
array 8" which we obtain from 8" after deleting the (mix 1) vectors

(9,1) .
hj,n.: s with j =0
120y,

(x) For1<v<ms3,ifs . <s_, then define the (m x 1) vectors b\107Y) =
svs v-1 sy (R
1

(sy 1228,/ jt0,v< up Su; <m0, <5 -1, 0 <y <5 -1, minG
1T Y PR 1
< maxi, , i ) such that in b'%Y) the first (v-1) elements equal 0, the u, th
TR olgsUnsi i 1
1Y L ST

and u,th elements are iy and i, and the remaining elements all equal j; let 840"
2

s m m
bean (mx(z' I I s + s,,- 2-2)D) array whose columns are given by
J=syqupsv uev YTt
U<y,
p{10W) for all jyu,ui  and i . Note that B'0Y) g defined only when
JsUqstinsl sl 17°2%u
1y 1
2
Sy.q <8, andm>4.

(i) Ifs_ , <5, then define the (m x 1) vectors bj(jlll,iu Gz J < 57471

B z (1)
<kx< st k1 <u<m2,1< iy < su-1) such that in b,

s .
Iokash

e , the uth

element is i, the last two elements are j and k and the remaining elements all equal

-2
. (11) o
0; let B'' '/ be an (m x [(u)::1 (5,-18, 178, o), -5, ,=1)D array whose columns are
(11) . . (11) . "
given by b; for all jyk,u and i . Note that B"' " is defined only when s  ,<s ..

Ik



N . (12,v)
(xii) For1<v<m3,ifs ; <s , then define the (m x 1) vectors bJ gty 5y-1

<j<s 1,0, v<u <u

;< Uy < m) such that in b2V the first (v-1) elements,

Jruqsuy
the ujth and uyth elements all equal 0 and the remaining elements all equal j; let

B(1Z’V) be an (m x [((m»v+1)(m-v)/2)(s -s,.1~ 84,)) array whose columns are
p(12

b}’ "” for all possible ju; and u, . Note that B'%") is defined only when s, < s
Uy

v-1 v

and m_>4.

(13)
(W) 11 5,3 < 37,5 o then define the (m x 1) vectors 61D o 63 <
2
jSsppl,m2<up<uy<m0<i, < su1 -1,0< I“zf suz—1,rrnn(|u,|u )=0
max(i i ) > j) such that in b“” ., the first (m-3) elements equal 0, the
uy o) (R
Uy iy
ujth and uth elements are i, and i, and the remaining element equals j; let B'>)
1 2
T
bean mx[ "2 31 3 (5, + 8.~ 2i-2))) array whose columns are
i=s, 2
m-3
b2 13
Byl h, for all possible jupui, and i, . Note that B! is defined only when
2 1 2
Sm-3 < Smo2 and m > 3.

03B Detailed Chapterwise Summary of the Thesis
As mentioned earlier, this thesis primarily deals with search designs;
the first four chapters of this thesis considers search designs of various types while
the last chapter, which is divided into two parts, deals with linear trend-free plans
and proportional frequency plans.
The results on search designs relate to general symmetric and asymmetric

factorials and we may emphasize that the numbers of levels of the different factors
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have not been assumed to be primes or prime powers. Admittedly, the proofs are
often lengthy and they have been presented in the appendices in order to ensure

greater readability. In Chapter 1, most of the proofs have been given in detail. In

the chapters, ionally, we have presented condensed version of the
proofs to save space. In Chapters 1-3, we start with symmetric factorials to motivate
the ideas which have subsequently been extended to the asymmetric case. All the

main results have been illustrated with examples.

In the concluding remarks in Chapters 1-3, we have compared our search
designs with the existing ones whenever possible. However, very often, especially
in the asymmetric case, no search plan other than ours is available in the literature.
It is a standard practice (see e.g. Anderson and Thomas (1980), Ghosh and Zhang
(1987)) to compare search designs also with the corresponding regular fractional
plans in terms of numbers of runs. Under such comparisions, our plans turn out to

be quite satisfactory es illustrated in tabular form in some of the chapters.

We have attempted to retain notational uniformity as far as practicable.
In the beginning of each chapter, the notation has been explained in full. Although

this leads to some repetition, it is hoped that this will ensure greater readability.

The main results in this thesis are presented below:

Chapter 1 : In Chapter 1 we consider search designs for searching one among the
two-factor interactions in the general asymmetric factorial set-up through the symme-
tric one. A fractional factorial design will be said to be a search design for search-
ing one among the two-factor interactions if it is capable of estimating the general
mean and all main-effects and permits the detection and estimation of the possibly
present at best one among the two-factor interactions.

The linear model considered in this chapter and also in Chapters 2-4 resembles

c.osely to that of Srivastava (1975) (vide (0.2.1). Let YN*D be the observational

vector with



E(Y) = X T35 Disp(Y) = o2l (.2.1)
where

(Nen) - (Nxn,)
X =[x X ]

; )
is the known design matrix and T = () , Ty), T, being an (n, x 1) vector of unknown
fixed parameters and T, being an (n, x 1) vector of fixed parameters which is partially
known in the following sense. It is known that T, may be partitioned as :

T, = @) By s sr")' (1.2.2)
and among B, B, .. » B, at most k" are non-null, k* being small compared to .
The problem is to search the non-null vectors among B, B, « , B and to draw
inference regarding them and T, . Let the partitioning of X, corresponding to (1.2.2)
be X, = [Xy91 Xggr s » Xy ] Then we have the following theorem which serves as an
important tool in obtaining the results in Chapters 1-4 :

Theorem 1.

. Consider the model (1.2.1), together with the assumptions stated
above. A necessary and sufficient condition that the above search design problem
will be completely solved in the noiseless case is that for arbitrary g;, Gy, e
9 ,(01<g,<g, <. <g 4, <n),the matrix [Xo, X, 3 X, 4 ey X 1 has
ok h < 92 o 4 17 729, * "2g, 29,
full column rank.

The above theorem is virtually another version of Theorem 1 in Srivastava
(1975) (presented as Theorem 0.2.1 above) and may be proved along the same
line. Unlike Srivastava (1975), we consider the case where the B;'s are possibly
vector-valued- the change is essential as we shall be considering general factorials
where an interaction may be represented by more than one independent parameters.

Section 1.4 deals with the construction of search designs in the general

symmetric factorial set-up. The following are the main results of this section.

Theorem 1.4.1. If m = 3, then the following level combinations {(i,j,), (jsi»j); (j»jsi)s

0 <i,j<s-1,j#i}give a search design of the required type in 3s(s-1) runs.
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Theorem 1.4.2.  If m > 4, then the level combinations {(0, 0, «.. , 0), (iyjy «ee 5 §); (o

Dy eee s Goly we » )50 > iyj < -1, j #i} give a search design of the required type in
1 + ms(s-1) runs.
-m,

m *,
In Section 1.5, we consider the search design problem for s ' x (s") facto-

rial set-up where my < m. A two-factor interaction Fv Fv will be said to be of type
1 72

D if 1< vy < vy <my, of type (22) if my+1 < vy < v) < m, and of type (12) if

1<v

< m,, m+1 < v, < m. This section develops some results on the estimation

1 1
of the general mean and all main-effects and the detection and estimation of the possi-
bly present at best one two-factor interaction when among the two-factor interactions
at most one is present and that one is of (i) type (12), (ii) type (11), (iii) type (22),
(iv) type (11) or type (22), (v) type (11) or type (12), (vi) type (12)or type (22) and
(vii) any of the three types. The designs appropriate for cases (i)-(vii) will be called
search designs of types A,-A, respectively. Obviously, case (vii) above is the most
general, although, as explained in Chapter 1, the other cases may also be of practical
relevance.

Definition 1.5.1. A subset of the level combinations of F1' FZ’ oy Fm alone (ignoring
1

3 s s F) will be called

m+
(a) a type By, design if it represents a saturated main-effect plan in terms of F,
For s Fros
1

() a type By, (search) design if given that among the main-effects Fy, Fpy wn )
Fm , at most one is present, it allows the estimation of the general mean and detec-

1
tion and estimation of the possibly present main-effect,
() a type B, 3 (search) design if given that among two-factor interactions

FoOF (1<v, <V

A 15 V2
general mean and the main-effects and detection and estimation of the possibly present

< m,) at most one is present, it allows the estimation of the

two-factor interaction.



Similarly, considering subsets of the level combinations of Fm REESE] Fm alone

(ignoring F o, F,, «.. , F ) one may define a type B, (saturated) design and (search)
9 9 T2 P B21

m.
1

designs of types B,, and B,y . Then we have the following results :

Theorem 1.5.1.  The level combinations {(0,0, «.. , 0), (i,0, «. , 0), (Oyiy wee 5 O)y wev s

(0,0, «.. , )3 0 < i < s-1} of the factors Fpo Fgoeees F constitute a type B, design

™

in ’I+m1(s-'|) runs.

For my > & and 1 < i, < s-1, define the (my x m,) circulant matrix

LI PR
[ I 05" e s
igiy 2 1 2
i iy 0 e,
i,l iz iZ""U

Then we have :
Theorem 1.5.2. If s(= 2u + 1) be odd and my 2 4, the columns of the matrix [I],Ez.| )
EA}‘ vy Eaj 2u - 1]’ interpreted as the level combinations of F,I, FZ’ .y Fm1 , give a

type B, search design in mu +1(= hy,) runs.

Theorem 1.5.3. If s(=2 ) be even and m, > 4, the columns of the matrix [0 , E,, ,
€43 > Ea2 203 » g 1 g7 b interpreted as the level combinations of F, ,

Fpr e s Fin » Give & type By, search design in my +1(= hy ) runs.

Theorem 1.5.4. If my = 3, the level combinations {(0,0,0), (i,0,i), (i,i,0)1< i < s-1}

give a type By, search design in 2s-1(= hy,) runs.

Let S”, 512, 51} (521, 522, 52}) be not necessarily disjoint subsets of distinct

(F

level combinations of F, F
g mye e,

2o s Fn F ) forming designs of types B, ,,

8120 By3 (B, Byys Byy) respectively. For each ty,t, (1= 1,25 t,= 1,2,3), by, is the
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cardinality of S, , ;S is any singleton subset of S, . and 5, =S . -5 . .
L1tz t,ltz l1f. l,llz L,Ilz L,Ilz

The (symbolic) direct product, 51 ] 52 , of a subset S.‘ of the level combinations of

o Fgr oo Fm1 (ignoring Fm1+1 £ Fm1~2 s e s F) and a subset S, of the level com-

binations of F_ Fm1+Z s wee s Fpp Gignoring F oy, F oy wee Fm1) will be a subset

of the level combinations of F1‘ FZ’ vy Fm obtained by combining each member of

Sy with each member of S, . Then we have the following theorems :

Theorem 1.5.5. Each of the unions (a) (S, ® 5, )(S;, ® 5,), (b) (5,, ®5,))U
(§” ® S,,) gives a type A; search design in hyy + hyo(h, - 1) and hyy + hy,hy=1)

runs respectively.

Theorem 1.5.6. (a) The union (5,5 ® 5,,)U (5,5 ® S,;) gives a type A, search design
in h21+ h13~1 runs.

X S
(b) The union (5,1 @ 5,5)J (S,; B 5,5 gives a type A search design in hy + hys-1

runs.

. " '
Theorem 1.5.7.  Each of the unions (a) (S, ® 523)U (S35 ®S,y3), (0) (S5 ® S50 U

(513 B Sy3) gives a type A, search design'in hy + h,s-1 runs.

Theorem 1.5.8. (a) The union (S:I} ® 521)U(§1} ® 522) gives a type Ag search design
in hyy + hyolhy 3 -1) runs.
(b) The union (S, ®S,5)|J(S;, ® 523) gives a type A search design in hy, + hy(hy5-1)

runs.
Theorem 1.5.9. Each of the unions (a) (S’I} ® 523)U (S12 ® 52})y (b) 513 ® SZ}) U
63 B SZZ) gives a type A, search design in hy 5 + h12(h23-1) and hyy + hzz(h”»ﬂ
runs respectively.

In this connection, one may note that in any particular situation, among the

two designs suggested in Theorems 1.5.5 and 1.5.9, the one with the smaller number

of runs should be used.
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Section 1.6 considers the construction of search designs for the general asym-
metric factorial set-up that allow the estimation of the general mean, all main-effects
and permit the detection and estimation of at most one possibly present non-zero

two-factor interaction.

Let
m-1 m2 v m2 m
Io(s,-s, )+ I I (s-1s, -5)+ I I(s -s .)x
v VTR B B e s e T T Gy sy
Gy 1+ (g =y Do =55 1)+ (s =5 -1
m-2
8 Y+ (s _-s ) L (s, -1)
Sm-1Sm2 M M1 Ly T
where § s the Kronecker delta and with reference to Section 0.3A, define
m-1%m-2

the following (m x N) array

Q- [5(1,1) 5 (1,2 et g(Tm-1) i g@n s g(2:2) i g(2m-2) )

BGN 53D gBmD) g@ o) o) (6.1

where in @ any subarray of the form BY) or B is included provided it is defined.
Then we have the following theorem with reference to the search design problem

stated above :

Theorem 1.6.1.  The columns of the array Q, interpreted as the level combinations

of F1y Fyy v s F L, give the required search design in N runs.

Chapter 2. A fractional factorial design will be said to be a search design for
searching one among the three-factor interactions if it is capable of estimating the
general mean, all main-effects and two-factor interactions and permits the search
and estimation of the possibly present at best one among the three-factor interactions.

This chapter considers search designs of the above type.

Section 2.3 describes the construction of search designs for th= given problem

in the general symmetric factorial set up. Let



Ny =s+ ms(s-1)+m(m-1)s(s-1)(s-2)/6+m(m-1)s(s-1)(2s-1)/12,

N, = 1+ms(s-1)+m(m-1)s(s-1)(s-2)/6+m(m-1)s(s-1)(25-1)/12

and define the following arrays :

_aM A@ \@) (2) A0 (3) @) @) @)
@y =[A, A AT, e AT AT, A AT, AT, L AT s
L0, A A@ @ A0 A5 6) A& A
@, =0, AT, AT s s AL AT AT, e A AT AR,
@
s ALY D (2.3.2)

Then we have the following theorems :

Theorem 2.3.1. For m < 6, the columns of the matrix Q, , interpreted as the level

combinations of F1, FZ‘ ..y Fm, give the required search design in N1 Tuns.

Theorem 2.3.2. For m > 6, the columns of the matrix Q,, interpreted as the level

combinations of Fy, Foy w. F oy give the search design of the type considered in

this section in N2 runs.

Section 2.4 develops search designs of the type mentioned above in the general
asymmetric factorial set-up. In order to describe the search plan presented in this
section, we first define

m-2 m-2 v m-3 m
N=Z (s, -s )+ I (s, -1Xs s)+L I (s, -s ,)s 1)+
va1 V¥ v-1 vel uel Y v+l v vel ey VY v-1"u
m-3 v sv+1-1 m
AL (s, -M{Z z (s -1} +
u,=1 1 = 172

v=1 j

m
Gm2sm.3) T (5,2
u=m-: j=s,  u,=v+

m3 s-1 m m m3 s mom

LI A CNE R O S I S A S A O

V=1 s, g ugsv upey U 2 V=l s, qup=vup=v 4
u1<u2 u1<u2

m-2
suz-Zj-Z) + G~ e s o1 UE=1 (s,



and the following (m x N) array

Q- [B(1,1) s B(1,v-n-2) X g@n T g(&m-2) i g1 ,

gOm3) g™ g&D g Bm3) O gOme3)
g0, . g10m-3) g(11) 4 R
where in Q any subarray of the form B®Y) or B is included provided it is defined.

The main result in this section is the following :

Theorem 2.4.1. The columns of the matrix Q, as defined in (2.4.1), interpreted

as the level combinations of Fy, Fp, w. , F_. give the required search design in

the general asymmetric factorial set-up in N runs.

Chapter 3.  This chapter extends the search design problem considered in Chapter

1. A fractional factorial design will be said to be a search design for searching
one among the two and three-factor interactions if it is capable of estimating
the general mean, all the main-effects and permits the detection and estimation
of the possibly present at best one among the two and three-factor interactions.

This chapter considers search designs of this type.

In Section 3.3, we present the above mentioned search designs in the general
symmetric factorial set-up. Let
N =s + ms(s-1) + m(m-1)(s-1)/2 + m(m-1)s(s-1)(s-2)/6 + m(m-1)(s-1)(s-2)(2s-3)/12
and define the following (m x N) array :
0 =1aM, AD, AD | AD A0 AP O, , AW

s AL sy ALy s

@) @) )
ALY s ALy A

(3.3.1)

The main result in this section is :

Theorem 3.3.1. The columns of the matrix Q, as defined in (3.3.1), interpreted



as the level combinations of F1 ' FZ’ eee g Fm » give the required search &:’4
runs.

Section 3.4 describes search designs for searching one among :-= g
three-factor interactions in the general asymmetric factorial set-up. v- «§
1 m-2

m- v m-2 m
N :vi1 (s, -8, 1)+ v§1 u}:=1 (s My g -8 + 5:=1 uz=v s, -5, . %

(sm_.l-sm_2—1)(sm-sm_2—1)+(sm—s -1+ 8 -

m Sm-1°m-:
m-3 v sl m m-3 sv-‘\ m -
[z (s, -1 ¥ I (s, -M+Z T I g
v=1 u1:‘l 1 j=sv u2=v¢1 2 v=l  j=t vo1 Y= -
j#0 uy < -
sv-1 m m
z z I j(s, +s, -2j-2)+ _ _e
v=l jes, g upsviuysv Y1 Y2 -
up<uy”
m-2 m-3
5m-22G5m ~ Smo2 - 1)u}i (s, - M »v}:= (m-v+)m-v)s -5, , - B
s -1 m m
DA z (s, +8, -2i-2,
j=sm_} u1=m—2 u2=m-2 2
u< Uy

and the following (m x N) array :

@-mM®D, L MmN g@N) | gem2) GG 2

@, g™, g®M  _  g®mM3 FON gOm-3)

E;(111,1)’ s B(1D,m-3) b E‘(11), B(12,1) AR B(jz,m-z) ) g’” '

where in Q any subarray of the form B(u,v) or B(u) is includ= = >rugd
it is defined. The main result in this section is =

Theorem 3.4.4. The columns of the matrix Q, as defined in (3.4.1), inte — =gy

level combinations of F1, Fz, R Fm » give the required search design - *« -mg
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Chapter 4. This Chapterfurther extends the search design problem considered in
Chapters 1 and 3. We consider search designs in the general symmetric factorial
set-up for searching one among the two, three and four-factor interactions. A
fractional factorial design will be said to be a search design for searching one
among the two, three and four-factor interactions if it is capable of searching
one among the two, three and four factor interactions and also permits its estima-
tion together with the general mean and all main-effects. The available literature
on this search design problem relates to 2™ factorials only. So in the general
symmetric factorial set-up our plans are the only plans available in the literature.
Let i
N = s + ms(s-1) + m(m-1)(s-1)/2 + m(m-1)s(s-1)(s-2)/6 +
m(m-1)(s-1)(s-2)(2s-3)/12 + m(m-1)(m-2)(s-1)/6 +
m(m-1)(m-2)(s-1)(s-2)(s2-2)/12 ,

and define the following (m x N) array :

(1) (2) A2 (2) (3) A3 (3) (4)
Q=a", AT, AT, A AT A AT A

@) @ AG) A6 A D @) (®)
A2 s AL AT A s AT AL sy AgD s AL

(8) (8) 9) 9) 10) ,(10) (10)
AQ s e Agy s AY e AT ALY ALY, e AL

(4.3.1)
Then we have the following theorem :

Theorem 4.3.7. The columns of the matrix Q, given by (4.3.1), interpreted as

the level combinations of F, Fy, «. , F ., give the required search design in N

m

runs.

Chapter 5A.  This chapter deals with the construction of orthogonal main-effect
plans for factorial experiments under the presence of a linear time trend. Consider

an s xs. x s factorial, a typical level combination being denoted by (i

1igs
sy htsvem.tets=(6P, i, ., Wroctana

1
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be a set of level combinations such that the level combination (i(? s i(z‘) Sy i(m‘))
is applied at time point t. Here we have assumed the N points to be equispaced
as happens in most practical situations. Let y  denote the observation corresponding

to the level combination (i(1‘) s i(zt), sy i(r:]) ). Then assuming a linear time trend and

the absence of all interactions, we take the following fixed effects linear model:

Ely) =ag +ogt + O, @Y (5A.1.1)
1 2 m

where R St (1 < v < m) are unknown parameters. It is assumed that the N
vy,
observations are independent and homoscedastic.

A fraction, involving N observations or runs will be called a Trend-Free
Orthogonal Main-Effect plan (TFOME plan) if under the model (5A.1.1) it allows
estimation of the main-effect contrasts on ¥,j orthogonally among themselves and also
orthogonally to ’&a and &, , the best linear unbiased estimators of a, and a, respective-
Iy- In the absence of a time trend (i.e., if a; = 0 in (5A.1.1)) it is well-known (cf. Rao
(1947, 1973)) that an orthogonal array of strength 2, with its columns interpreted
as level combinations, represents an orthogonal main-effect plan and such plans
are universally optimal for the estimation of the main-effects (see e.g., Cheng
(1980), Mukerjee (1982)). It iz, therefore, natural to examine the conditions under
which such an array represents a TFOME plan under the model (5A.1.1).

For0<j<s,-1,1<v<m,let Ryj = Zt, the summation being taken over
those t for which if/” equals j. Then we have the following theorem which is useful
in proving the subsequent results:

Theorem 5A.1.1.  Assume that the N level combinations included is S form an

orthogonal array of strength 2 and further that

R =R ., =..=R foreach v(1 <v<m) (5A.1.2)
vo v1 vsv-‘l e

Then S represents a TFOME plan for an s, x s, x ... x 5 factorial.
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A comprehensive discussion on the available methods for the construction
of orthogonal arrays of strength 2 is available in Raghavarao (1971). The remaining
sections of this chapter investigate the appropriate modifications of these methods

50 as to generate TFOME plans.

Section S5A.2 investigates orthogonal arrays obtained through the use of
projective geometry.Let B be an OA [s" , msr, 5,2] where m, r > 2. Suppose B, can
be partitioned as B = [B , By 1, where B, is (v x s") and B, is (m x ) such that for
02y 8y, s 8 <51, the (Rgs™! 4 256"% 4 s g )th column of B, is given
by (%35 85 5wy £). Then in this section it has been proved that the columns
of Bg, interpreted as the level combinations, represent a TFOME plan in s" runs

for an s™ factorial.

Orthogonal arrays obtained by the method of differences are studied in
Section 5A.3 to obtain TFOME plans. Let V be a module with s elements ug u,,
9 Ugq s the zero element being given by uj . Let Aj be an (m+1) xr) array
with entries given by the members of V such that among the differences arising
out of the corresponding elements in any two distinct rows of Ag, every element
of V occurs exactly X times (e, r = 2s). Let A =[Aj, A}, ., A ] where A0 <
j < s-1) be an ((m+1) x r) array obtained by adding uj to each element of A . Further
let A be an (m x rs) array obtained by deleting the top row of A. Then the following

holds :

Theorem 5A.3.1.  The columns of A, interpreted as level combinations, represent

a TFOME plan in rs ( = A s2) runs for an s™ factorial.

In Section 5A.4, we have investigated Modified Addelman-Kempthorne (1961)

plans. Let L be an 0A [2s" , m+r, 5,2 ], where m, r > 2. Suppose Lg can be partitioned
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where Ly, Ly, Ly, L, are of orders (r x M), (r x s"), (m x s, (m x s") respectively.
Then under suitable conditions on L1‘ LZ’ L} and LA , it has been shown that the
columns of T‘D = [L}. LA]‘ interpreted as level combinations, represent a TFOME

plan in 25" runs for an s™ factorial.

Some further results, including those based on direct products, have also
been considered in this chapter. It is thus seen that corresponding to many of
the well-known systematic methods for the construction of orthogonal arrays of
strength 2 (cf. Raghavarao (1971), Dey (1985)), there exist suitable modifications
which yield TFOME plans.

Chapter 5B : In this chapter the calculus of factorial arrangements is extended
to a fractional factorial set-up in order to investigate critically the worth of propor-
. tional frequency plans in terms of estimability and efficiency. Although such plans
are not necessarily orthogonal (vide Lewis and John (1976), Mukerjee (1980)), they
are available in abundance (Addelman (1963, 1972)) and, therefore, when orthogonal
plans are non-existent, it may be practically useful to study the utility of propor-

tional frequency plans.

Consider an unblocked m-factor design in which the ith level combination

is replicated r, ( > 0) times. Let for 1 < Vi <ew < vp<mi<a<m 0 < <5 -
it= - q-— == = v vy
(Vs Vs ee 2V )
11<8<q,n ', 9. represent the number of times the level combination
By Py ey
Teytia q
(iv1 s ivz Mhsenns ivq) of the factors FV1 , sz . qu occur among the level combina-

tions included in the experiment. The chosen level combinations will be defined
to represent a proportional frequency plan of strength d ( < m) if for every Vir Vo s

yeeady, (T <vac Cvgsm30<i <s -1,

wey v, and for every i , i < =
d 2 Ve I3

V2

1<8<d)
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(v1, Vs e Vg

d(v,)
n m

= n-(d-1) n 2

v, y lvz y ooy lvd 9=1 v

>0 (5B.3.1)

L
where n:Eri(>D).

Here we consider the usual fixed effects linear model with a constant error

variance.

In Section 5B.3, we have studied the worth of proportional frequency plans
from the point of view of estimability. In this section, we have the following

theorem :

Theorem 5B.3.1.  If the chosen level combinations form a proportional frequency
plan of strength 2g (< m) then all constrasts belonging to effects involving g
or less factors are estimable when all effects involving more than g factors

are absent.

One would naturally like to investigate the possible extension of the above
theorem to the case g <t i.. to examine whether all constrasts belonging to
effects involving g or less factors are estimable when all effects involving more
than t factors are absent given that the chosen level combinations form a propor-
tional frequency plan of strength (g+t). The answer, however, wiil, in general, be

in the negative and in support of this an example has been presented there.

Finally, in Section 5B.4, we consider the case g = t:and study the condition
under which a proportional frequency plan has high efficiency with respect to the

factorial effects of interest.



Chapter 1
SEARCH DESIGNS FOR SEARCHING ONE AMONG THE TWO-FACTOR INTERACTION
EFFECTS IN THE GENERAL SYMMETRIC AND ASYMMETRIC FACTORIAL SET-UP

1.1 Introduction

In this chapter, the method of Kronecker products is applied to construct
search designs for searching one among the two-factor interactions in the general
asymmetric set-up through the symmetric one. In the symmetric set-up, the designs
presented here do not require that the number of levels of a factor to be a prime
or a prime power. A fractional factorial design will be said to be a search design
for searching one among the two-factor interactions if it is capable of estimating
the general mean, all the main-effects and permits the detection and estimation

of the possibly present at best one among the two-factor interactions.

The concept of search designs was pioneered by Srivastava (1975) in a paper
presented at the International Symposium on Statistical Design and Linear Models
in 1973. Perhaps the best description of the concept is from the summary of that
paper. "We introduce a new concept, called search designs, and study the basic
related problems. Briefly, consider a linear model situation, where the location
parameters are divided into categories 1 and I, with (say) n; and n, parameters
respectively. All parameters of category I are estimated. Regarding the parameters
in category II, it is known that all but k' of them are zero, where k' is small
compared to n,. However, it is not known which k' parameters in category II
are possibly non-zero. A 'Search Design' is a design which would enable us to
estimate the n, parameters in category I, and search the non-negligible set of

parameters in category II, and estimate them".

The basic mathematical formulation of the search design problem and some
necessary/necessary and sufficient conditions for such designs were given by Srivas-

tava (1975,1976). Some examples for the 2™ series were given in those papers.
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Srivastava (1977) also introduced the concept’ of optimal search designs and in
this context gave the criteria of AD-optimality and DD-optimality. In that paper,
Srivastava also considered the bias and some interesting applications of search

models.

Since 1975, a good number of research papers on search designs by various
authors had appeared in the literature. But most of the work which had been done
under the present search linear model set-up, so far, were on constructing the
search desis‘;ns for the 2™ factorials. Srivastava and Gupta (1979) gave a necessary
and sufficient condition for the existence of search designs for searching at best
one among the two-factor and higher order interactions. fhey also gave corpre-
hensive construction procedures for such designs in the 2™ factorial setting. Ghosh
(1980, 1981) obtained further interesting results on search designs of the above
type for 2™ factorials, where m = 2" -1 (h>2),in N =1+m+ (m-h)Xh+1) runs. He

also gave a necessary and sufficient condition on the existence of good search
designs for searching at best one among the two-factor and higher order inter-
actions. Anderson and Thomas (1980) considered methods of constructing a series
of weakly resolvable search designs for the s™ factorial experiment, where s is
a prime or a prime power, which permits the estimation of the general mean and
all main-effects in the presence of any number of two-factor interactions and
for which any combination of three or fewer pairs of factors that interact may
be detected. In most cases, the proposed designs require N = s + ms(s-1) runs.
Gupta and Carvajal (1984a) suggested a necessary condition for the existence of
search designs for the 2™ factorials that permit the estimation of the general
mean, all main-effects and to search and estimate possibly present at best one
non-zero effect -among the two-factor and higher order interactions. Several lower
bounds on search designs of the above mentioned type for 2™ factorials were given

among others by Gupta and Carvajal (1984b, 1987), Morris (1984) and Gupta (1988).
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Shirakura and Ohnishi (1985) reported further interesting results on search designs.
Obhnishi and Shirakura (1985) gave some further results in continuation of Ghosh
(1981). Recently, Ghosh and Zhang (1987) gave a new series of search designs with
small number of runs that can search at best one parameter corresponding to a
non-zero two-factor interaction and estimate it along with the general mean and

all main-effects for 3™ factorials.

The aim of this chapter is to give search designs in the general asymmetric
factorial set-up through the symmetric one. The proposed designs can search at
best one non-zero two-factor interaction and estimate it along with the general

mean and all main-effects.

In Sections 1.2 and 1.3 we have given the search linear model and the nota-
tions and preliminaries. Section 1.4 describes the construction of search designs
in the general symmetric factorial set-up. Section 1.5 considers the construction

m, x M-m
of search designs for s ' x (s")

7 factorial set-up while Section 1.6 provides the
construction for general asymmetric factorials. Section 1.7 gives a brief discussion
on the contents of this chapter. The proofs of the theorems and the lemmas are
given in Section 1.8.

1.2 The Search Linear Model

The linear model considered in this chapter and also in Chapters 2-4 resembles
closely to that of Srivastava (1975) (vide (©.2.1). Let Y™ be the observational

vector with
E(Y) = X 1 ; Disp (Y) = 6% (1.2.1)

where

oy
is the known design matrix and T = (1, , 1'2) , T, being an (n; x 1) vector of unknown
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fixed parameters and T, being an (n, x 1) vector of fixed parameters which is partially

known in the following sense. It is known that T, may be partitioned as :

(1.2.2)

1080 s B

and among B, , B, » . , B, , at most k" are non-null, k" being small compared to

n - The problem is to search the non-null vectors amongB, , B,, - » 8, and to draw
inference regarding them and T, . It is at this point where we deviate slightly from
Srivastava (1975) who considered a set-up where each of B.I B BZ y eee sy aﬂ involves a
single component. This change, however, is irmperative since in the general asymmetric
factorial set-up, a factorial effect may be represented by more than one independent

parameters.

Let the partitioning of X, corresponding to (1:2:2) be X, = [X;1 » Xy » ome s X ]
and assume that the error variance is negligible (i.e. 0% = 0 which corresponds to the
noiseless case). Then we have the following fundamental result concerning this problem
which is virtually another version of Theorem 1 of Srivastava (1975) (see also Chatterjee

and Mukerjee (1986))and may be proved along the same line.

Theorem 1.2.1.  Consider the model (1.2.1), together with the assumptions stated
above. A necessary and sufficient condition that the above search design problem
will be completely solved in the noiseless case is that for arbitrary g;, gy, «

, 1has

9r 129y <gy << 9y, < ™, the matrix [X, , ><291 » Xy

X.
9 292k

full column rank.

1.3 The Set-up

Consider a factorial experiment involving m(m > 2) factors Fy, Fy, v , Fat
519 80 e s S levels respectively (s, > 2, 1 < v < m), where without loss of generality,

suppose

(1.3.1)
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A typical level combination will be denoted by iy, i, v, i i 0 < <8 h1<vem,

'
Let ‘v =(0,1,2, )8y, - 1) be a vector whose elements denote the levels of Fv’ T<v<m,

Then the symbolic direct product ® ®.. Q may be used to order lexicogra-
15 % m 9

m

phically the sy level combinations. Throughout this work, unless otherwise specified,
v=1

the level combinations will always be written in this standard order. For any (i1,i2, ey i)

0<i, < sy-hl<ve<m, T(i1, igy wee s im) will represent the fixed effect corresponding

to the level combination (i1, iZ’ vy im). Here T will stand for a vector with elements

'((i1, i2' vy im) taken in standard order.
A treatment constrast

i r(i1, igs ey im)

where % j  are real numbers which are such that
1o im

P Ei ; =0
T S m
will be said to belong to the factorial effect FqFg = FL (1 < v < m) if for every
[P Y

Vin‘l"" im'; :Uviz,...,ir;
i T

i
T

Y T ir41 = lm
. 2 lli

. =0Vi
i, e iy 17

NP NN

Similarly contrasts belonging to other factorial effects can be defined.

1)

(s, x f
| Letfor1<vm,1,Y  =(1,1, ., 1) and P, be ans x (s, - 1) matrix with full

'
column rank such that P, 1, =0 . Note that the choice of P, (1 < v < m) may be non-
unique. It will be clear from our subsequent discussion (see e.g. the proofs of the theorems
of this chapter and of the following chapters) that our results will be valid for every choice

l f P, (1 < v < m) satisfying the stated conditions. Define for 1 <v<m,



v
=P, ifx, =1,
v v
Let
m m
1= x 1,2 =x P (8§ ):t1<v<m and
w’ ‘v wy' PSSV S
w1 wel
m
z x P, w8, )51<v <vy<m.
Ve w1 W W2
where 5wv N ewv are kronecker deltas and x denotes the Kronecker product. Suppose
1 2

prior information is available regarding the absence of all interactions involving three
or more factors. Throughout this chapter these interactions will be assumed to
be absent. Then it is easy to observe that if one observation is made for each

of the level combinations of F'I’ FZ’ «. , F_, the resulting design matrix will be

m
of the form

1,242y 002 ] (1.3.2)

Z1p 213 = 2 m

where 1 corresponds to the general mean and the columns of Z, and Z, | corresponds
12

to the main-effect F_ (1 < v < m) and interaction F_ F_ (1 < v, < v, < m) respec-
LA ViV o 1 2=

tively. Of course (1.3.2) incorporates zv N only when the associated interaction
172

F_ F_ is included in the model. Let
vy vy

Hi= 0,25, Zg0 e, 2]

m

Hy = (Zyys Zypo s Zng

and S be a subset of N distinct level combinations of Fy, Fpy we , F{ with the corres-
ponding sub-matrices of H, and H, as, say, Ty = [ €, Ly, Ly« s L Jand

T 1 one observes that S

= [G12’ Gygo s G g m] respectively. From Theorem 1.:

*
represents a search design for the above problem with k= 1 if and only if for each
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Qp Gy A3, 9, (1 < qp < gy <m,1<qg<q,<m, (ay5 ay) # (a3, q,), the matrix

7,, G, s G 1 has full column rank.
17Ty " a3,

1.4 Search Designs for the General Symmetric Factorial Set-up

This section deals with the construction of search designs for general symme-
tric factorials that allow the estimation of the genmeral mean, the main-effects
and detect at most one two-factor interaction. In order to construct search designs
for the above set-up, consider the case where s, = s, = .. = s = s ,say, where
s is not necessarily a prime or prime power. We have the following theorems

the proofs of which are given in the Appendix.
Theorem 1.4.1. If m = 3, then the following level combinations { (i,j,))y (jsi»})
(yjsi); O < i, j < s-1, j# i } give a search design of the required type in 3s(s-1) runs.

Theorem 1.

. If m > 4, then the level combinations {(0,0, «.. , 0), (ijy w5 j)y
Gjsiy ewe s )y wee s Gpjy wee 5 )3 0 < iy j < s-1, j £i} give a search design of the required
type in 1 + ms(s-1) runs.

The following examples will illustrate the above theorems:

Example 1.4.1. Let m=3 and s=4. Then the following level combinations, written
as columns, give a search design in 36 runs that will provide the estimation of
the general mean, all the main-effects and will permit the detection and estimation
of possibly present one two-factor interaction.

123000000023111111013222222012333333
000123000111023111222013222333012333

000000123111111023222222013333333012

Example 1.4.2. Letm m=5 and s=3. Then the following level combinations, written

as columns, giva a search design of the required type in 31 runs.
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0120000000002111111110122222222
0001200000011021111112201222222
000001200011110211112222012222
0000000120011111102112222220122
0000000001211111111022222222201

. 1 ™ .
1.5 Search Designs for s 'x () Factorial set up

In many practical situations there may be a natural partitioning of the set of

factors into two groups, namely F, , ... , F__ and F'"1‘ 4 ey Fo(my < m) such
that the factors within the same group have the same number of levels. To that effect,

let sq

*
=s ands =s . This section develops

m, o1 T me 2 T
my o ememy
some results on search designs for s | x (s) factorials. The proofs of all the

results in this section have been presented in the Appendix. A two-factor interaction

F, will be said to be of type (11)if 1 < v, < v, < my, of type (22) if my + 1 <
2

< m, and of type (12) if 1 < Vi< my,my e 1<y, <me

1 2-

In the above situation the presence or absence of interaction between two
factors may depend on whether they belong to the same group or not. Taking this
possibility into account, this section develops some results on the estimation of the
general mean and all main-effects and the detection and estimation of the possibly
present at best one two-factor interaction when among the two-factor interactions
at most one is present and that one is of (i) type (12), (ii) type (11), (iii) type (22),
(iv) type (11) or type (22), (v) type (11) or type (12), (vi) type (12) or type (22) and
vii) any of the three types. It may be remarked that among the seven cases mentioned

sbove, the last one is the most general and is meaningful even when there is no
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grouping of factors. Still then a study of the first six cases remains important since
they may be relevant in particular practical situations. For example, the m factors
may represent m fertilizers of which the first m, are traditional and the last (m-m,)
are newly introduced ones. Now if prior knowledge is available that at most one two-
factor interaction is present and further that traditionally used fertilizers do not

interact among themselves then an investigation of case (vi) becomes appropriate.

In the following, designs appropriate for cases (i) - (vii) will be called search
designs of types A,-A, respectively. This section describes in a sense the construction
of higher order search designs from lower order ones. To that effect, the following

definition is introduced.

Definition 1.5.1. A subset of the level combinations of F1, FZ' .y Fm alone

(ignoring Fm‘ﬁ 4+ s F ) will be called

(a) a type BH design if it represents a saturated main-effect plan in terms of F.l,

2

(b) a type By, (search) design if given that among the main-effects F, Fyy v, F
1

at most one is present, it allows the estimation of the general mean and detection

and estimation of the possibly present main-effect,

(c' a type B13 (search) design if given that among two-factor interactions

F,F, (1 <v,<v,<m,)at most one is present, it allows the estimation of the
Vi Vg = 1 2=
general mean and the main-effects and detection and estimation of the possibly present

two-factor interaction.

Similarly, considering subsets of the level combinations of F s s F

m,+1 m

alone (ignoring Fy, Fy, we s F ) one may define a type B, (saturated) design and
1

(search) designs of types B,, and B,y .
The (symbolic) direct product, S; ® S, , of a subset S, of the level combinations

of Fyy ey F - (ignoring rm‘l‘,| s+ s F ) and a subset S, of the level combinations of
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Fm1$1’ .y Fm (ignoring F1, ...,Fm1) will be a subset of the level combinations

of F1, «w. , F__ obtained by combining each member of 5,| with each member of Sz.

m
The following notations will be helpful in describing the construction of search designs

of types A, - A, . Define

m . ™
2y = xe s ) 1 vem,
w=1
m
22 % P (6 ),m+l<vem,
v w oWy 1
w:m.lo‘l
) 1
b4 Sox' P (6. +8.  ),1<v <v,<m
VqVy w=1 wvy wvz' 1 2 1
(2) Bk
2= x Py (8, + 8, my + 1S v <vy<m,

m
WM, el T
w=1 w:m1’1

M m m (1)

HY =11 ,z1,...,zm1],
(2) @ (2) (2)
HY =11 ,zm1‘1,...,zm],

(1 (1) (1) (1)
H2 =[z ,213,...,2 m1]and

12 m,-1
2 _ 1,2 (2) (2)
Hy' = [Zm,‘/l mpe2? Zmo m3 0 2ot )

It is easy to observe that a subset of N,I (NZ) level combinations of F,’, FZ’ ey

)

1 and

(Fm'ﬁ" N Fm1‘2 3y ey Fm) dictates N.I (Nz) rowed submatrices of H

H(21) (H(12) and H(ZZ) ). Our ultimate objective is to construct search designs of types

F
™

A, - A, for which consideration of designs of types By , By, ; Byz (t = 1,2) will be helpful.
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In this connection, we have the following lemma, part (a) of which is well known

and parts (b) and (c) of which follow as corollaries of Theorem 1.2.1.

Lemma 1.5.1. Let S,I be a subset of N1 level combinations of F’I’ FZ' .y Fm

1
with the corresponding submatrices of H<11) . H(Z” as, say, T(11) =pelt), L§1) 5ot ,L(;‘) ]
DM g (1) !
and T<Z' -6y, cfy, -, Gm1_.| o 1 respectively. Then S, represents

M

(a) a type B1’I design if and only if T,I has full column rank and S'I has cardinality

m
1. 211 (s,-1) = 1 + my(s-1) (so that T{") becomes a square matrix).
.-
(b) a type B, , design if and only if for each v, ,v,(1< vy < v, < m,), the matrix
€, LD LD ] has full column rank, and
v 7y,

(©) a type B design if and only if for each vy, v, 5 v3, v, o1 < vy < v, <my

1< vy < vg s my s (v vp) £ (v, v s the matrix (T G(ijz , G‘V’; ) nes ol

column rank.

The existence of a dual of this lemma associated with the factors F, —

m, 41 m
is obvious. The following theorems will suggest designs of types B, \ (t; = 1,2, t)= 1,2,3).
12
Theorem 1.5.1.  The level combinations {(0, 0, ... , 0), (i, 0, ... , 0), (0, iy «ee , 0), wue
(0,0, .., )3 0 < i < 51} of the factors Fy, Fy, ..., F_ | constitute a type B, , designs
1

in 1+ m.l(s-‘l) runs.

Form, > 4and 1< iy, i, < s-1, define the (m, x m,) circulant matrix

0 i ....iZ
iz 0 i‘l ....iz
E . = i i 0 ...
igiy 2 2 2
iy i2 i2.... 0
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Theorem 1.5.2. If s(= 21 + 1) be odd and my > 4, the columns of the matrix [0 , E

21’
E43r s gy 9y, 1, interpreted as the level combinations of Fy , Fy e ) rm1 4
give a type By, search design in my i+ 1(= hy,) runs.

Theorem 1.5.3. If s(= 24 ) be even and m, > 4, the columns of the matrix [0, E,, ,

Eyzooes By 2u 30 EZp R ], interpreted as the level combinations of Fro

Fapo s rm1 » give a type B, , search design in my u+ 1 (<h, ,) runs.

Theorem 1.5.4. If m, = 3, the level combinations {(0,0,0), (i,0,i), (i,i,0); 1 < i < s-1}

give a type By, search design in 25-1(=h, ,) runs.

Following Theorems 1.4.1 and 1.4.2 one can obtain search designs of type

B3 and its dual yielding search design of type B, for the factors r"‘1*1' Fer,...,
Fin - 1t is also easy to develop duals of Theorems 1.5.1-1.5.4 giving a type B, design

and search designs of type B,, for the factors F__ 1, ..., F

m

EXample 1.5.1. Lets=7(=2x3 + 1), my = 5. The following level combinations, written

as columns, of the factors F, Fp, ..., Fg , give a type By, search design in 16 runs.

0021110433306555
0102113043350655
0110213304355065
0111023330455506
0211104333065550

Example 1.5.2. Let s = 8(= 2 x 4), m| = 5. The following level combinations, written

as columns, of the factors Fy, F,, . , Fg, give a type B,, search design in 21 runs.

002111043330655507666
010211304335065560766
011021330435506566076
011102333045550666607
021110433306555076660

Let Spps Syor Sq3 (Syq, Sppe Sp3) be not necessarily disjoint subsets of distinct
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level combinations of F’I’ FZ' we s F (F N
my m,IH

types B“, B12' B13 (821 . BZZ‘ BZB) respectively. For each 11, t, (t1 =1, 2 ty= 1,2,3),

mez s ey F ) forming designs of

tt, T

. 12

w1~ 5, - The following theorems present the construction of search designs
1tz hitz

of types A; - A, employing direct products involving designs of types By, , By,

h'.1 "2 is the cardinality of St w3 5'.1[2 is any singleton subset of Sle and S,

B3 (t=1,2).

Theorem 1.5.5.  Each of the unions (a) (S, ® S,;) U (5, 8 5,), (bXs,, ®5,) U
(5}, ® S,,) gives a type A, search design in hyy + hyy(hyy -1) and hyy s hyylhyy <1) runs

respectively.

. . 30ae
Theorem 1.5.6. (a) The union (S5 @ S,,) U (5,5 B S,,) gives a type A, search design
in hZ‘I + h”- 1 runs.

(b) The union (S, ® S,)U(S,; ® 523) gives a type Ag search design in hyy + hy5- 1 runs.

Theorem 1.5.7.  Each of the unions (a) (S, ® 523)U (S5 B 5,5), (b) (5,5 ® sz})U
(5,5 ® S,3) gives a type A, search design in hyy + h,5- 1 runs.
Theorem 1.5.8.  (a) The union (S, ; & 521>U (5,5 ® S,,) gives a type A search design
inhy, + hZZ(hU - 1) runs.
(b) The union (S, ® S,)U (S;, ® 5,5) gives a type A, search design in hyy + hyp(hys-1)
runs.
Theorem 1.5.9. Each of the unions (a) (5,5 ® S,5)U (5, ® 5,5), () (5,5 @ 5,9 U
(5,3 B S,,) gives a type A search design in hy + hyo(hys = 1) and hyss hyo(hy 5= 1)
runs respectively.

In this connection, one may note that in any particular situation, among the
two designs suggested in Theorems 1.5.5 and 1.5.9, the one with the smaller number
of runs should be used. The examples given below will be helpful in illustrating the

plans discussed above.
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Example 1.5.3. Letm =7, m; = 3,5 =4,5 = 5 Then the following level combinations,
given by the array (S, ® 521)U(§11 ®5,,), give a type A, search design (following

Theorem 1.5.5(b)) in 98 runs.

0123000000 0 01234000000000000 002110433

S”: 0000123000 ; S;.‘ :0; 521 : 00000123400000000 ; SZz : 010213043
0000000123 0 00000000012340000 011023304
00000000000001234 021104330

00000000000000000111111111222222222333333333000000000000
00000000000000000000000000000000000000000000111111111222
00000000000000000000000000000000000000000000000000000000
(S; 1 ® 5217U(§1 1 ® 522) : 01234000000000000002110433002110433002110433002110433002
00000123400000000010213043010213043010210343010213043010
00000000012340000011023304011023304011023304011023304011
00000000000001234021104330021104330021104330021104330021

(Contd.)
000000000000000000000000000000000000000000
2222223333 000000000000000000000000000

000000000000000111111111222222222333333333
110433002110433002110433002110433002110433
213043010213043010213043010213043010213043
023304011023304011023304011023304011023304
104330021104330021104330021104330021104330

Note that in this example the first column of the array S, s taken as S, - If one chooses
any other column of S, as 5;1 ,one gets another set of level combinations, given
by the form of an array, giving a type A, search design (following Theorem 1.5.5(b))
in 98 runs. One may also note that the number of level combinations required to
get a type A, search design through Theorem 1.5.5(s) is 122. The corresponding

regular plan requires at least 170 runs.
Example 1.5.4. Let m =6, m, =3,5=3, s = 4. (a) The following level combinations,

given by the array (5,3 ® S,1)UJ (5,5 8S,,), give a type A, search design (following

Theorem 1.5.6(a)) in 27 runs.
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120000021111012222 1 0123000000 0
' '
513 : 001200110211220122 ; 51} :0 3 SZ1 : 0000123000 ; S21 : 03
000012111102222291 0 0000000123 0

111111111120000021111012222
000000000001200110211220122
(s;3 &8s, )UG; & 551) : 000000000000012111102222201 ;
012300000000000000000000000
000012300000000000000000000
000000012300000000000000000

(b) The following level combinations, written as columns of (5, ® 8'23)\) (5;1 [:] 523),

give a type A; search design (obtained from Theorem 1.5.6(b)) in 42 runs.

0120000 0 123000000023111111013222222012333333 1
S_|1 : 0001200 ; S,.I,I : 0 ; 523 : 000123000111023111222013222333012333 3 5;3 : 0 ;
0000012 0 000000123111111023222222013333333012 0
012000000000000000000000000000000000000000
000120000000000000000000000000000000000000
(511 = 5;3)U (S,"1 [:] §ZZ) : 000001200000000000000000000000000000000000 5
111111123000000023111111013222222012333333
000000000123000111023111222013222333012333
000000000000123111111023222222013333333012

(©) The following level  combinations, given by the columns of the array (5,5 ® s;})u
(573 8 5,5), give a type A, search design (obtained from the Theorem 1.5.7(a) in 53 runs.

12000002111101222211111111111111111111111111111111111
00120011021122012200000000000000000000C
(558 s'z})U(s;3 ® 5,5 00001211110222220100000000000000000000000000000000000
11111111111111111123000000023111111013222222012333333
00000000000000000000123000111023111222013222333012333
00000000000000000000000123111111023222222013333333012

)000000

Here one may note that same number of level combinations will be required to get
a type A search design through Theorem 1.5.7(b). The rugular plans corresponding

to (a), (b) and (c) involve at least 53, 122 and 149 runs respectively.



44

1.6 Search Designs for the General Asymmetric Factorial Set-up

This section describes the construction of search designs for the general
asymmetric factorial set-up that allow the estimation of the general mean, all main-
effects and detect and estimate possibly present at best one non-zero two-factor
interaction. The following notations will be helpful in describing the search designs
considered here. Admittedly, the notation is somewhat involved, but it may be seen
that the plan described below arises through a kind of natural generalisation of the
case of symmetric factorials. Anyway, it is expected that the examples stated later

in this section would be helpful in illustrating the plan under consideration.

Let s = 0 and recall (1.3.1). We now define the following :

() For1<v.<m,ifs 4 <s,then define the (m x 1) vectors b“ Vs, 4 <ix

s, - 1) such that in h(j1‘V), the first (v-1) elements equal O and the remaining elements

ail equal j; let 877 be an (m x (s, - s, ) array whose columns are given by h“ ") for
(,v) . .

all j . Note that B is defined only when s, < s, .

(i) For 1< v< m2,if s, <5, , then define the (m x 1) vectors b(z ") (s <P,

T<u<v,1<i, <s, -1 suchthat in b<J V) the uth element is i, » the last (m-v)

u
v
elements all equal j and the remaining elements all equal 0 let 82V be an (mx[ 2 (s,-
X6, - 5, ) array whose columns are given by h(.zl;‘? for all j, uand i, . Note that
v s,
@) . g
82V is defined only when's_ < s . and m > 3.
v v+1 =

(i) For 1 < v < m-2, if s, < s, , then define the (m x 1) vectors G "’3 <)
s, - L v<usSmO<i <s -1, #) such that in b] 3%) | the first (v-1) elements
(3,v)

equal 0, the uth element is i and the remaining elements all equal j; let B be an

(mx [ ): (sv - s,_q)s, - DD array whose columns are given by hl(} V) for all j, u and iy
(3,v)

Note that B is defined only when Sy.q <8y and m > 3.
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) ; o) )
iv) If Sme2 < Smot T 1, then define the (m x 1) vectors ka (sm>2>< i<sphq - 1,
(8
Smp < K < s =1, £K) such that in b Pl the last two elements are j and k and all
. (4)

other elements equal 03 let B be an (m x [(s 4 = s, - W -5 - D) array
whose columns are given by bj(:) for all j and k. Note that B is defined only when
Sz < St <1
V) 1f s <s then define the (m x 1) vectors b(S)(s <k<s -1, kts_ -1

m-2 < %m K Gmp S ks - hkfsg,
such that in b2 , the last two elements are s 1 - 1 and k and the remaining elements
all equal 0; let B be an (mx (s -5 -1+ 6 ) array, where § is

a ’ m " "m-2 s s Y S S
m-2°m-1 m-2°m-1

the Kronecker delta, whose columns are b(") for all k . Note that B®) is defined only
fors, o< -

. . (6) i
(Vi) If s 4 < s, then define the (m x 1) vectors bu,lu,k (T<u<m2,1<i <5 -

© -
1,8, 4 < k< s - 1) such that in hu,iu,k , the uth element is i, the (m-1)th element
iss 4 1, the mth element is k and the remaining elements all equal 0; let B(é) be an
i s ) F e - 1D whose col re b©®  forall u, i and k. Note
(mx (e - 5 5 array otumns are ) u i, and k.
u=1 u’
© . .
that B is defined only when's <5 .
Let
m-1 m-2 v m-2 m
N=Z (s -s D+ I (o, -, q-s)+ 5 I G s G,
=l v=1 u=1 v=1 u=v
Dals -5 <Dl -5 o -Dels -5 -1+ )i
m-1 " Sm-2 m ~ ®m-2 m ” Sm-2 S ez
m-2
6 -s I (s, -1
m m-1 u=1 u

and define the following (m x N) array
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@ -, gD ghm g2 g2 | g@m-2)

gG:1) | g32) |

, 83D g gO) p6) (1.6.1)

where in Q@ any subarray of the form B{M"Y) or BM is included provided it is defined.
Then we have the following theorem with reference to the search design problem

stated in the beginning of this section.

Theorem 1.

1. The columns of the array Q, interpreted as the level combinations
of 5 Fyy weey Foy give the required search design in N runs.

The proof of the above theorem follows from Theorem 1.2.1 and the following

Lemma which has been proved in the Appendix.

Lemma 1.6.1.  The level combinations of the factors F, Fy, w. , F,, given by

the columns of the array @, are such that the matrices

@ [T,, G G, h < < B
1 Saq,q, 7 Cajay ], whereqq < q; < g3

(b) [T1 2 Gq1q3 . quq3 1, where q; , ay < a3, a4 tay

© [Ty, Gq1°2 ) Guzq3 1, where q; < g, < g3, and

(d) [T1,Gq1qz,cq}%], where q; <qz,g}<qa,q1£q3,qa;q2£q3‘q4,

have full column rank.

As indicated earlier, depending on s;, s,, .. , s, some of the subarrays
in the definition of Q (see (1.6.1)) may not arise in practice. This is illustrated by
the following examples. In Example 1.6.1, all the subarrays arise while in the next

two examples some of the subarrays are not meaningful and hence do not arise.

Example 1.6.1.  Let m = 5 51 = 3,5, = 4, 53 = 5, 54 = 7, 55 =

. Then the following

level combinations taken together as in (1.6.1), which are given as columns, give
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the search design in 164 runs that will permit the estimation of the general mean,

all the main-effects and allow the search and estimation of possibly present one

nzero two-factor interaction.

12 12000
33 5 822 ;00123
33 44444
33 44444
33 e

1200000000000000000000002111111111111111111111

0012300000000000000000011023111111111111:111111

0000012340000000000000011111023411111111111111
0090000001234560000000011111111102345611111111
0000000000000001234567811111111111111102345678

012 0 0 00

g1 01z 5 g3y 800 81 00 5 8
012 3 4 00
012 3 4 56
012 3 4 56
120000000120000000

523 ; 001230000001230000 5 8" 3
000001234000001234
555555555666666666
555555555666666666

Contd.)

01222222222222222222222
22013222222222222222222 B
22222013422222222222222
22222222201345622222222
22222222222222201345678

(3,2)

000000000000000000000

333012433333333333333
333333301245633333333
333333333333301245678

000 000 120000000120000000

5@ o0 ; 8®: om0;  8©: oo1z30000001230000 5
000 000 000001234000001234
555 666 666666666666666666
678 578 777777777888888888

- Example 1.6.2. Let m = 5, sy =

: 012333333333333333333; B

(3,3)

000000000000000000

: 000000000000000000 3
012344444444644644
444401235644444444
444444444401235678

3,5, = 5 55 = 5 5, = T, 55 = 7. Then as before

the following level combinations, written as columns, give a search design of the

required type in 139 runs.
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01 00 1212 12000000001200000000
B 012, 81D 54y g4, 3366 5 82%; 00123400000012340000
012 34 3344 00000012340000001234
012 34 3344 55555555556666666666
012 34 56 3344 55555555556666666666

120000000000000000000002111111111111111111110122222222222222222222
5(3'1> : 001234000000000000000011023411111111111111112201362222222222222222
000000123400000000000011111102341111111111112222220134222222222222
0000000000123456000000111111111102345611111122222222220 3456222222
00000000000000301234561111111111111111023456222222222222222201 3456

0000000000000000000000000000000000000000

0 0
8072+ 0124333333333333333301236446446644644404 ; 8905 89 0,
333301243333333333334444012344446L464444 0 0
3333333301245666666644444446012356444444 5 6
3333333333333301245644446444444644012356 6 5
Here 8(1’}) y B(Z’Z) , B(S’Z) and B(s) are not defined.

Example 1.6.3.  Let m = 6, 5, = 4,5, = 4, 55 = 5, 5, = 6, S5 = 6, 5 = 6. Under
this set-up, the level combinations, written as columns, given below give a search

design of the required type in 156 runs.

0123 0 0 123000 1230000000
8 0123 5 8P, o g9, g 3 822 1000123 ; 8% ; goo1230000 f
0123 4 0 464444 0000001234
0123 4 5 446644 5555555555
0123 4 5 444644 5555555555
0123 4 5 444444 5555555555

12BUUODDUDDGUDODUUDUUEI[]DDUZ}'I1’I1111'I’I’I1‘\1111111111U1}2222222222222222222222
UDU'IZKDDDDUUDODUODUUUUBOM1102}111111|’I1’l'l'l1111’I‘l1ZZZU132222222222222222222
2 GUDDUU’Q2340000000000000001111110234111111111111’I112222220134222222222222222
00000000001234500000000001111111111023451 1111111112222222222013452222222222
EIDUDUDDDDUUUUCIU’I23450000!]11111'I11111111IDZBLJS‘)’H’I1ZZZZZZZZZZZZZZZDT34522222
000000000000000000001234511111111111111111111023452222222222222222222201345

RERN
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(Contd.)

0123333333333333333333333 0000000000000000000 000000000000000
3330123333333333333333333 0000000000000000000 00000000000000
3333330124333333333333333 ;. 8% ; 0123004060060660404 ;3 8 000000000000000 5
3333333333012453333333333 LA640123564406466404 012345555555555
3333333333333330124533333 LALALLALE0123566404 555550123455555
3333333333333333333301245 L44444444444444801235 555555555501234
rere 812 | g(19), g2 g2) 53,2 5@ ) 56) Lo ot gefined.

It may be remerked that the regular resolution V plans correspondind to

Examples 1.6.1, 1.6.2, 1.6.3 require 224, 211 and 284 runs respectively.

1.7 Discussion

Search designs considered in this chapter involve considerably small number
of runs compared to corresponding regular resolution V plans. These regular plans
are, indeed, capable of estimating many more parameters than those considered
in this chapter. Anywav, if prior knowledge is available that at most one among all
two-factor interactions is present then such elaborate estimation is not required
and, in such situations, the designs presented here appear to be economic (vide

Table 1.7.1).

For symmetric s™ factorials, Anderson and Thomas (1980) described search
designs in at least s + ms(s-1) runs. Although, their designs are capable of detecting
even more than one two-factor interactions, unlike us they require that s must be
a prime or a prime power. The plan described by Ghosh and Zhang (1987) for 3™
factorials cannot be compared with our plan in Section 1.4, since our plan is capable
of searching more parameters than their plan. With reference to the search linear
model given in Section 1.2, the plan due to Ghosh and Zhang is capable of searching
one among the n, elements of T, and estimating it together with the elements of
Ty while our plan is capable of searching one among B, , B, , « , 8, (where in the 3m

factorial set-up, each of Bys By ey Bn involve more than a single element of 12) and



estimating it along with the elements of T, .

As for 2™ factorial set-up, our plan requires 6 runs when m = 3 and 1 + 2m
runs when m > 4 (vide Theorems 1.4.1 and 1.4.2, with s = 2) which at best equals the
number of runs in the corresponding plans due to Srivastava (1975), Ghosh (1980,
1981), Shirakura and Ohnishi (1985) and Ohnishi and Shirakura (1985) for 2™ factorials.
However, our plans are inferior to those of Srivastava (1975), Ghosh (1980, 1981)
and Ohnishi and Shirakura (1985) since the later plans are capable of searching and
estimating one among two-factor and higher order interactions. Notwithstanding the
above, it appears from a review of the literature that there is no obvious way of
generalizing the available results in the 2™ setting (vide Gupta (1990)) to more
general symmetric and asymmetric factorials and, as indicated earlier, for such

situations our plans seem to be the only ones available in the literature.

TABLE 1.7.1

SOME EXAMPLES ILLUSTRATING THE NUMBER OF RUNS REQUIRED FOR THE
PLANS PRESENTED IN SECTIONS 1.4 AND 1.6 AND THE CORRESPONDING
RESOLUTION V PLAN.

Serial no. Set-up Number of runs

Our plan  Regular plan
1 27 15 29
2 2" 17 37
3 2° 19 46
4 712 25 79
5 37 43 99
6 Pxi’xs 93 173
7 310 61 201
8 s 85 211

6
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(Contd. Table 1.7.1)

Serial no. Set-up Number of runs
Our plan  Regular plan

10 8 97 277
" 2 x 56 130 290
12 x5 x6 153 315
13 W2 x 6% x 7 191 351
n s’ 141 365
15 2x6x8x9 246 w18
16 ©@x6x8 232 437
17 UxS5x6xTx8x9 276 479
18 58 161 481
19 3x6" x7 227 496
20 5> x6%x7 227 499
21 6" x 87 254 514
22 2x6 x9 276 518
23 2x6x7x9 282 548
2 3 x5’ 195 695
25 Pxsx7 343 1097
26 2°x3° x50 280 1476
27 31047 x 5° 310 1831
28 37«51 335 2127

1.8 Appendix

This section considers the proofs of some of the theorems stated in the earlier
sections. The proofs of the remaining theorems follow in a similar manner. Before

going into the proofs of the theorems, we first prove the following lemma.
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Lemma 1.8.1. Let P = (g , Py » - » Py ;) be an (s x (s-1)) matrix such that n:>'1s -0

and P s of full column rank. If (] = py) €= 0, j = 1, 2, w s 51, then § = 0 .

. * 1 P

Y, and P = | F,U . Then by the definition of P,
s-1

the square matrix P is non-singular. Premultiplying P~ by the non-singular matrix

Proof : LetP=(p; , «ee s P _

1 0
and noting that

-1 1 o P-1ip |

it follows that the square matrix P - 1__, py ¢=0,

j=1,2, e, s-1, then P - LI Py )¢ =0 and the non-singularity of B - 1__, py implies

is non-singular. Now, if (p; -

that ¢ =0 .

Proof of Theorem 1.4.2. Under the notation of Section 1.3, consider the matrix

Lo

20 by 1, where without loss of

T,,G G = [Veu, ikt G G
M 19, 5 q;qal lestqs 9,9, 7 7939,

generality, suppose

ay <4, » a5 <q; G, <q, and (a, a)) (a5, 9 - a.8.1)
By Theorem 1.2.1, it is enough to prove the linear independence of the columns
of the above matrix. Since the stated plan is invariant under the renaming of factors,
it is enough to verify the linear independence of the columns of the above mentioned
matrix for q; = 1, d, = 2, 5 = 1, g, = 3 and q = 1, a, = 2, g3 = 3, q, = 4. We
first start with q; = 1, 4, = 2, 95 = 1, , = 3. To prove the linear independence

of the columns of the above matrix, consider

[e,LyyLysmm LGy, Gslo=0, (1.8.2)

where © = (9 ,8; 0, , wwe s 8, &), 8)) ysay.Letp, (1< v<m,0<j<s)
denote the jth row of F’v . Recalling the definitions of L1, L2 5 eee g Lm, G'IZ and G‘l} ,

one gets from (1.8.2), the equations (1.8.3a - e) stated below :
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m . . 0 " "
8, + 5:1 Py 8, *+ ®10 X Py &1 + Py xP3g) &, = 0, (1.8.3a)
v m 0 0 ' "
6, + Py 8y * E::z Puj O + @1 X Py &y + by xP3) 8y =0, (1.8.3b)
0 m 0 ' " 0 '
By + Py B, + W)‘.:1 Puj O * P15 X Py &y + by X P3) 8y =0, (1.8.3¢)
w#2
B + Ps; 05 + fm Puj O+ B X Py &1+ (g xp3) 8, =0, (1.8.3d)
wi3
' m . 0 ' 0 .
B, + Py O + \f 1 Pwi 8, + 1% Py &y + (g xP3) 4y =0, (1.8.3e)

Where 0 < i, j<s-1,i#j,4 <t <m.Hereitistobe noted that PW:...=P K

For any fixed t, 4 < t < m, if one subtracts (1.8.3a) from (1.8.3e) with j = 0,

one gets
(Py; - P) 8 =0, (1.8.4)

where 1 < i < s-1. Then from Lemma 1.8.1 and (1.8.4), one obtains

8, <0,4<t<m. (1.8.5)
For any fixed r, 1 < r < s-1, if one subtracts (1.8.3a) from (1.8.3c) with i = r, j = 0, one
gets

o | o
(Pyp = Py By + [Py x Py - Pyp) 167 =0 - (1.8.6)
For any fixed r, 1 < r < s-1, if one subtracts (1.8.3b) with i = r, j = 0 from (1.8.3d) with

i=0,j=r, one obtains on employing (1.8.5),
(P - Pog) 8 + [Py x (Pyp - Pyg) 107 =0 (1.8.7)
For any fixed 1, 1 < r < s-1, if one subtracts (1.8.3c) with i = 0, j = h from (1.8.3c)

with i =, j = h, one gets

Py = Pyg) 05 + [Py x Py - Pyg) 164 =0, (1.8.8)



where 1 < h < s-1, h £ r. Summing the s equations that (1.8.6), (1.8.7) and (1.8.8)

together, one obtains

(. - Py 6,=0,1<r<s1. (1.8.9)

So that analogously to (1.8.5), (1.8.9) implies

Again from the equations (1.8.6), (1.8.7) and (1.8.8), one gets

[u1h x (er - Py ]¢1 =0, (1.8.10)
where 0 < h < s-1,1 <1< 1. Now (1.8.10) implies that (P, x pz’ )$, = 0, where
* . . ' . *
Py s an ((s-1) x (s-1)) matrix with rows (py, - py), 1 < 1 < 5-1 . Since P, and P are
both of full column rank, one obtains
6, =0.
In a similar manner, one can obtain
4,=0.
From the equation (1.8.3a), it is now easy to see that eo =0.Hence® =0 .
Next suppose q; = 1, = 2, g5 = 3 and q, = & . To prove the linear independence
of the columns of the matrix stated at the beginning of the proof of this theorem, consider
le lyslyy eyl Gy, Gy lo=0, (1.8.11)
where 8 is defined as earlier. If one recalls the definition of L, L, , ey L5 Gy 5
Gy, » (1.8.11) gives the equations (1.8.12a-f)

. v
P08y + Prg X Pyp) &1 + 3g X Pyg) &, =

, -(1.8.12a)

m
6 + I
)

w=

1



55

' m 0 .
%P0+ T p;”. 6, + by x p;j) DR p;j) 4 -0, (1.8.12b)
' m ' ' 0 ' "
0.+ Py; 8, + ‘)':121 Puj 0, + B x Py &y + (B}, x Py ¢, =0, (1.8.12¢)
wh2
' m v ' ' ' '
8, + Py 85 + 5:1 P8 + €15 X Py 7 + (g, x Py 4, =0, (1.8.12d)
wi3
' m ' ' ' 0 '
B, + Py B, + W):~1 Puj Oy + By xPy) &y + B3 %P, ¢, =0, (1.8.12¢)
wih
(1.8.12f)

' m 0 ' ' ' v
8 *Py; By + P O Py ey 4 3 xpy) 8,
wht
where 0 < i, j<s-1,itj,5<t<m.
Here first suppose m = 4. For any fixed r, subtracting (1.8.12a) from (1.8.12b)
with i = 1, j = 0, one obtains
i e o i
©1 =Py 8 + [0 - Py xppg 18 =0, 1<r <o, (1843
For any fixed r, 1 < r < s-1, if one subtracts (1.8.12¢) with i = 1, j = 0 from (1.8.12¢)
with i = 0, j = r, one gets

=0.

@1 =1 0y + (3 - p3g) 05 + [y - Py by, ] #1+(p5 p30)x pygl
(1.8.14)
If one subtracts (1.8.12a) from (1.8.12d) with i = r, j= 0, one gets, for any fixed r ,

1<r<s1,

o i e .
@31 - P3g) 05 + [3, - p3) x pyg ] (1-8.15)
If one subtracts (1.8.15) from (1.8.14), one gets for any fixed r, 1 < © < -1 ,
" G
®1, P18y + [y, - py) x by 14y =0 - .8.16)

For any fixedr, 1 < r < s-1, subtracting (1.8.12b) with i = 0, j = h from (1.8.12b) with

i=r,j=h,one gets
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R N :
®1p - P10 8 + (@ - Py x Py T4, =0, .8.17)
where 1 < h < s-1, hi . The s equations that (1.8.13), (1.8.16) and (1.8.17), when

added gives

O Py) 0 =0, 1 <1 <5, (1.8.18)

Hence analogously to (1.8.5), one obtains

6,=0. (1.8.19)

.
Then from the equations (1.8.13), (1.8.16), (1.8.17) and (1.8.19), one obtains
oy ;
L@y, - Pyg) %Py 18, =0, (1.8.20)
where 1< r < 51,0 < h < s-1. Now (1.8.20) implies that (P} x P,) ¢, = 0 where
N v

Py s an (G-1) x (5-1) matrix with rows @y - pyo) 1< r < s-1 . Since P} and P, are
both of full column rank, one obtains

¢ -0.
Proceeding in a similar manner it can be shown that , = 0 , 85 = 0,8, =0, ¢, = 0
and 8 = 0 . Hence from (1.8.2), one obtains

-0 .
For m > 5, the proof follows along the line as the proof of the earlier case.

Proof of Theorem 1.5.2.  As in Lemma 1.5.1(b), for 1 < g, < a, < m, , consider the
matrix [ e, L'g”, Lg” J. To prove the linear independence of the columns of the
19

above matrix, consider
[5(1) i L 5 L ]e: -0, (1.8.21)
q ' g,
" . i
where 0, = 6,4, , 9,) ,say .

First suppose, g, = gy + 1,1 < q; < m,- 1. Then by (1.8.21) and from the defini-

tions of L and L ; , one gets the equations (1.8.22a-e) as stated below :
1 h
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U g

6, + pq1u €+ pqr1 0%=0, (1.8.22a)
. .

6, + Pq, 20 [ Pg, 10 ¢, =0, (1.8.22b)
. .

6y + pq12r_1 6+ pq1d 2n®=0, (1.8.22c)
. .

6, + P, 0 [ Pg,+1 201 ¢,=0, (1.8.22d)
. .

% * Pq, 2r-1 41 Pq,+1 2019270 (1.8.22e)

where 1 <r <p.
If one subtracts (1.8.22a) from (1.8.22b), one gets, for any fixed r, 1 < r <y,

=0. (1.8.23)

. .
(Pq1 2 -pq1 0)¢
Again, if one subtracts (1.8.22d) from (1.8.22e), one obtains for any fixed r, 1 < r <,
(pq1 il pq10) 6, =0. (1.8.24)
Hence as before, one gets from (1.8.23) and (1.8.24),

(1.8.25)

Next suppose q, and g, be such that q, £ q,+1 . Here (1.8.21) gives the equations
1.8.26a-g)

. .

[ Pg,0 [ P, 0 ¢, =0, (1.8.26a)
' .

8, + Pg, 0 6+ Pg, 20-1 ¢,=0, (1.8.26b)

[

' .
o * P, 20 [ Pa, 2r-1 6, =0, (1.8.26¢)
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'

8, + pq1 21 ¥t pqz 0% =0, (1.8.26d)
. '

6, + pq1 20191 * q, 2 ¢,=0, (1.8.26e)

6, + pq1 04+ pqz 2t =0, (1.8.26f)
i .

[ Pq. 201 [ pqz 2w1%:0, (1.8.269)

2
where 1 <t <y . Note that the equation (1.8.26f) arises when 9y =1and 9, =m and
in this case the equation (1.8.26b) does not arise. First suppose (q,I » Gy) £ (1, m). If one

subtracts (1.8.26a) from (1.8.26b), one gets for anyvfixedr, 1 < r <y,
' '
“’qzzm “Pg,0 )6, =0, (1.8.27)
Again subtracting (1.8.26d) from (1.8.26€), one obtains for ény fixedr, 1 <r <y,
' '
(quZr - pqzu Jé,=0. (1.8.28)
Then as before, (1.8.27) and (1.8.28) implies
4, =0. (1.8.29)
From (1.8.26a,c,d) and (1.8.29), one can easily obtain 01 =0, e0 =0 . Hence (1.8.21) gives

6, =0.

=

The proof of the case (g, q,) = (1, m) follows similarly .
1’ 52

Proof of Theorem 1.5.5. First consider the proof of part (a) of the theorem. The sub-

matrix of H(12) dictated by S, is, say,
2 @ (2) (2)
Ley™s b1 17 bmpez 170 Ly 1

which may be partitioned as
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, L@ @' L@
Empa1 1 mpez 1 e A
(1.8.30)
(2)* (2)* (2)" (2)*
& Emy+1 1 bzt 00t b
(1)

Similarly for j' = 1,2, the submatrices of H';” dictated by Sj may be denoted by

) ) m ™
[sj. Lijt s ey Lm1.,].

J'

Then under the absence of two-factor interactions of types (11) and (22), the design

matrix of the plan (a) may, analogously to (1.2.1), be expressed as X = X, 5 X3,

where g
Xy efPxr STZ\)'” Y (,fo' FT ‘51) 22,
j Xy e L(Z)'E e« Lﬂ?’z:‘z 1o e @
with
X1 =[s,(|1), L,ﬂ) : |7(:) oo Lr(:\;ﬂ ,
Xy, = e x ", LD el L Lr(r111)2 xe@* ] ang
L N gt = By 10 o L
X, =
LDy Lfi’i, P @ Lr(r1|1>1 x Lr(f); preeea 8 j1 <L

By Theorem 1.2.1, it is enough to show that for every Gy» 9p» A3, Qy where 1 < q, ,

AG<my, m+1< 93, 9, < m, and (q1’ q}) L(qz, q“), the matrix

(1) () 1) @)
q] J.q A qu1 x4
(1.8.31)

*

™) (2)* ™)
Lq12 qu}1 La2 ™

,:,,\
=8
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has full column rank. Observe that by elementary column transformations (1.8.31)

can be reduced to the matrix

X, o B o o o
1.8.32)
M)\ (2% M, L@ (1) (2)* (1) A2
iz M M) Loz * Man og2 * Mat
where M(Z)* Lg)'- e?)* r.t(f)' (my+1 < t < m). Since S, is a type B, design, by

Lemma 1.5.1(a), X11 has full column rank and hence by (1.8.32), it remains to show that
the matrix

ePx M(fz“ Mm@, .(111)2 M@ L“) (52'1] (1.833)

IREERRRE a1
has all columns linearly independent.

Firet suppose q; £ g, . Since S, is a type B, , design, by Lemma 1.5.1(b), the

matrix .

€, L(n ’L(12]

is of full column rank. Further, since, S, is a type B,, design, by the dual of

Lemma 1.5.1(a) for F s+« .+, F_, the matrix (1.8.30) and hence the matrix
m1+1 m

1 o' ce. O

2 (2)*
€ Mnge1 1

which may be obtained from (1.8.30) through elementary column transformations,

is of full column rank. Therefore [Mr;z::1 Mr(nZ)q 2ness M(Z)*] and consequently
(1) (1) (1) (2)* (2)“
[e Ly L s 1x [Mm REEERRRL A (1.8.34)

has full column rank. Since (1.8.33) may be obtained from (1.8.34) by deleting some

of the columns of the latter, linear independence of the columns of (1.8.33) is immediate.
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Next suppose q; = q, (a5 # q,). This case may be similarly treated noting that
=Y L“) 1 has full column rank. This proves the result for the design (a). Since the
deslgn (b) is the dual of (a), obtained by interchanging the roles of the two groups

of factors, clearly (b) also represents a type A, search design.

Proof of Theorem 1.5.6. Consider first (a). The submatrices of H(:) and H(,IZ) dictated

by S, are, say,

m 1) M) m (1) (1) (1)
[ey ,LU,LZ},...,Lm"}]andC\I » Gy s s G _1m1]
which may be partitioned as
ay ay ay
1 L Lo e r.m 3
(1.8.35a)
()* [§id (1)* (1=
€5 L1 L23 ....Lm13
and
(1) (1) Ol
912 913 CSmpm
X (1.8.35b)
1)* (1)* (1)
G, Gy +eee GO -t my

similarly the submatrix of H(;) dictated by S, is given by (1.8.30). Then under the
absence of two factor interactions of the types (12) and (22), the design matrix of the

plan (a) may, analogously to (1.2.1), be expressed as X = [X, , X,), where

(2) ay @ ay ) *
e 2y xel? Ll lm13x£1 X
X,=
(4 (1)* (‘I)* *
5 L Setsin m 3 X/p
with
xl L@ L@ [®))
m+11'm*21,~~~-.L 11,

* @)
Xip = €3 x 200

211

* L@ (2)'
AL SRR P a?
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1) (2) (1) (2 (1) (2)
912 * €1 913 *€1 e Impaim X6
XZ =
(1)* (1)% (1)*
G‘IZ (313 Gm1-1 m,

8y Theorem 1.2.1, it is enough to show that for every q;, Gy Gs, G, where 1 < g < q,<

o 1< A3 < g, <my, (q,| > qz) A(q}, q“). the matrix

(1) ) (1) ()
9aya, * 1 Faza, * 1
X 1.8.36)
(1)* (1)*
Ca,a, Casa,

has full column rank. Observe that by elementary column transformations (1.8.36)
can be reduced to the matrix

(2) *

€ o oA R AR o
: (1.8.37)

(1 (1)* (1)* (1)* * (1)* (1)*
€ M ™M e M R R

3 13 23 M3 %2 Raa, Fajq,

() _ (1) ay, _(nx (* _ ()% (1) (1)

where M9 = L™ - 0P x e3P ( <t < m)) and Rorap = Cayty ~ %aga, <3 *

(* _ () (1) a» o & N
Rq}q“ = Gq}qA ~ %40, Since S, is a B, design, by the dual of Lemma 1.5.1(a),

[ESIZ) , )(:1] has full column rank and hence by (1.8.37), it remains to show that the matrix

(* (1% (xS gt
IMy M oL Mm13 Rq1q2 Rq}qa] (1.8.38)

has all columns linearly independent. Since S, is a type B design, by Lemma 1.5.1(c),

the matrix

0y ay

ay )
1 L L, cees
13 23 m,3 q19; 939,

(1.8.39)
cM* g

(1)* (1)* (1)* (1*
€5 Ly Ly e Lm13 Gy,

and hence the matrix
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1 0 o o o 0
(1.8.40)

Y PR v
1 192 3%

which may be obtained from (1.8.39) through elementary column transformations,

is of full column rank. Consequently (1.8.38) has full column rank. This proves the

design (a). Proceeding in a similar way it can be proved that the design (b) of

Theorem 1.5.6 gives a type A search design.
Proof of Lemma 1.6.1. (a) To prove this Lemma, consider

[T, G Je=le, Ly Ly,---5LG je =0,

, G G
9" 993 9, "3

(1.8.41)
Vo eSS .
where 8 = 8,81 40, 4«10 & 8, ,say. If one recalls the definitions of

, G » G

L‘I B LZ‘ ceey Lm a9, q}, (1.8.41) and (1.6.1) give the equations (1.8.42a-f) as

9
stated below :
V=Ei m ,
6.+ % pg0,+ I P
w=

el Py O+ [8 (B0 g X g ) + 01 -

. . ' . .
B(V,qz))(pq1D x pqzi)) + (1-B(V,q,|))(pq1j x quj)] ¢+ [8(v,q1)(B(V,q3)(;)q1D x
Pagn ) + (1-Bas) (B g x P ) + (1-Buay) by ;P 14y =0+ (18420

where 1 < v<m-l,s , <j<s 1, B(vy,vy) = 0 if vy < vy 5= 1 if vy > v, and x
is the Kronecker product. Note that for given v, the equations (1.8.42a) are defined

only when s, 4 < s -

v
Vo ' mo, .
8, z o, 18 z . 1, 1 )
o * oq Pwo Ow T Pui Bu TR Py 8, + [Bv+1,07)Bv+ '“2)(5uq1("q11q1"
whu
' ' ' . '
8 T - - 2

pqzu) + uqz(pq1D x pq2‘q2) + Q0 suq1 suqz)("q10 x quD B+ (- Blv+1 ,

Sye. @ny xp ) s (- y y ) o
a0 (8uq, <pq1,q1qu2j> a %q1’ (pq1uqu2j Mm@ s(m,q1)>(pq1,x
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Vo + Bveta) Brta) 6. @ - xpo )+ 8. @ g xPy; )+
Q) 1 il 3 ug, ' q 1q1 QBD uqg q.ID q3lq}

Suq{ )(pq10 *Pqz0 e (-8 (v+la3)) {Guq1(pq11 pq;i) s

(1.8.42b)

' ' '
§ % 1- 1 . . =0

ug, ) (Pq10 x pq}] M+ (1- Blv+1,a5) (pqﬂ x pq}J N ¢,
where 1 < v<m2, 1<u<v,0<i <518 <j< s 4 -1 and § is the Kronecker

delta. Note that for given v, the equations given by (1.8.42b) are defined only when

<s m>3.
sy V”and >3

v-1 m B B
6, + E P 6 I py, 0, + Py 8, + 8 (v,a) (8 (va) by oxP o+
w=v u 90 "9

wo Ow *
wh

-8 (V,qz)) { Suqz‘pq10 x pqziq )+ (1- duqz) (pq1n xp, ¥ M +(1- B (v,
2

5 \ ] xp AT :
)t Uq1(pq1lq1 *Pa,j ) 6uqz("q11 ks "qz.qz (10, Gqu) Q’up -

M, +[8 (uap) (8 (uag) b o xPg o)+ (- B agh { éuq;";p x
1 2

pq}iq3 )+ (1= 6,00 By Py I + (1-8 (vay) {6uq1(pq1jq1 *Be )t

s - . -6, -8 ) Me,=0 (1.8.42¢)
uay (ptm & pq;lq}) 7t ua, uq; ("qﬂ " Paj e, =0,
where 1< v<m2,v<u<m0<i <s;-1s ;< j<sn iy #j . Note that for

given v, the equations given by (1.8.42¢) are defined only when's, , < s and m > 3
[J +[8 (m-1,9,) (8 (m—‘l,qz) (pq10 x

' '
9 i ): prew+pm-1j m-1 +pmkem

" i 1, ' i " ' 3
Pago )+ (1= B M40 181 ¢ By 0% Py 5 ) + Simq P 0 % Py + €



8 (m1iay) g Py 14y + [Bim-t, q) 18 (m-t.qy) P 0 Pa) + (1 -

. ' . '
B (m-1,q) {6, q}(pq10 x pq}j )+ qu}(p%o x pq}k M+ (-8 (m-1,

(1.8.42d)

o) G %Py 14,

where s, < j < S S S k<8 -1, # k. Note that the equations given by
1.8.42d) are defined only when's , <5 1.

m-2 f f "
L Z . Pwo P Srpq =1 Om-1 * Prmic O + [8 (M-T,a,) {8 (m-1,q,) "’q10 il

Pa,0 )+ (=Bt {8,y o (g 0XPg, 5 1)+ Srng (P, % P *
(0B 10 (g 1 Py W&y + [8 (m-1iap) (B (m-1ia5) (B g xpy ) +

)+ ®, M+Q-

4 )
A -BmYa) {8 4 @ 5mq3 9,0 * Pask

, 6
2 P, -
1957940 " Fags o1

8 (m-1,,) Pqq 1 Py N4, =0 (1.8.42¢)

~here s\ 5 < k< s -1, k#s  1-1. Note that the equations given by (1.8.42e) are

sfined only when s, <5 and

m-2 f f '
ot E L Pw0 O i Bt Pt s 1 Ot * P Oy + (B (M-l (me1,

il.l
wh

ap Suq1 (Pq,liq1

8

3 . . .
s
*Pq,0 Y (pq10 " Paig ua, ) (pq10 *

)+(1-8 -8
uq, ) ua,

o
9

@ . xp. Yed i p
™19 aiq, " 9ty md,

Payo )+ (1B (m1ia) {6, (6
Pag? + (800 L8 g, g0 xPg e 1) g @ g xpg M +

(-8 30,0 (g g Py ey + 18 (m-tap {8 (m-t,ay) ¢ Sua, P,
1
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.
p. )+ &
930

; . ¢ .
: (R SR At qse
uas (P‘HU i pq}'q, i uay  uag ) (p'h“ * Pas0 s

8 (m-1,q5)) { Suq1 18 4 a (Pq1iq1 *Pagsng-l )+ smq} (pq1iq1 * Pq i 3+

g . \ \ . o
(1= 8400 U1 g, Bq0 Pager, 41 * Smay Pa,0 * Pk M+ C

8 (m-1,q,)) (p“15m~1‘1 *Pqui Ne, =0, (1.8.42f)

where 1 < u<m-2,1<i <s-1,s . <k<s -1.Note that the equations given
su= Sl S8y m-1 = K S %y

oy (1.8.42f) are defined only when s, < s .

For any fixed t (1 < t < m, t £qy, qp Q3), subtracting (1.8.42a) with v =

=1,
= 0 from (1.8.42¢) with u =t, v = 1, j = 0, one gets,
(pti‘ S0 =0, 1<y <51 (1.8.43)
Then from (1.8.43) and from Lemma 1.8.1, one obtains
6 =0, (1.8.44)

where 1 <t <m,t# s Qoy . For any fixedr (1 < r <s_ -1), if one subtracts
sts< A7 5 Gy A3 % <rx<

92
1.8.42a) with v = 1, j = 0 from (1.8.42¢) with u = @y, iy =71, v =1, j = 0, then one
2
obtains
. . . ' '
& 8 . =0. 1.8.45
g pq20> o, [pq1D x ("q2r Pa,0 Né, ( )
Ifs,_4 < s, then for any fixed r (sv_1 <r<sq,r #0), if one subtracts (1.8.42c)
with u = q, , ig =0, j =1 from (1.8.42a) with j = r, one obtains
2
' ' ' . '
- [ - -0, 1.8.46,
(P e ~Pa,0 )%, * g o % Ggp =Py o V4 1.8.46)
where 1 < v< a - For any fixedr (1 <r <s
2V Srssg,
95 iqz =r,j=hwhens, , <s ,one obtains

- 1), subtracting (1.8.42¢) with u = q, ,

iq,= 05§ = h from (1.8.42¢) with u =
2

-p g i ot =0 1.8.47
aye ~Payn ), * [Pon* @y =g o ey =0 (1.8.47)

where s, ; <h<s-1,1<v<aq,,h#0, r Note that the equations (1.8.46) and
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(1.8.47) are defined only when s <8, . The sq equations that (1.8.45), (1.8.46) and
1

v-1

(1.8.47), when added gives, for any fixed r (1 < r <5, - 1)
2
. .
] -0. 1.8.48
{pqzr pqzn) [} a, ( )

Then from (1.8.48) and from Lemma 1.8.1, one gets
6 =0. 1.8.49
a § )
From (1.8.45), (1.8.46), (1.8.47) and (1.8.49), one gets
. . .
- -0, 1.8.50,
[pq1h x (pqzr pqzu)] ¢, § )
where 0 < h<'s -1,1<t<s_-1.Now (1.8.50) implies that (P, x Py )&, =0,
== "q, . 9 %

X . y
here P is a - 1) x (s, - 1)) matrix with 2 1<r<s -1
where a is an ((sqz ) (sqz )) matrix with rows (pqzr quD ),1<r< ay
Since P and P; are both of full column rank, one gets
h 2

¢, =0. (1.8.51)

Analogously to the derivations of (1.8.49), (1.8.51), it follows from (1.8.42a - f) that

6 =0 and

0.
]

Now from the equations (1.8.42a) and (1.8.42c), it is easy to verify that 6, = 0,8, = 0.
i
This completes the proof of part (a) of this lemma.

Next consider the proof of part (b) of this lemma. To prove this, consider

y P 0= Loy Loy eeesl G, G 6=0 (1.8.52]
R R m Cayay’ Cagas) )

where @ is defined as earlier. Recalling the definitions of Ly, Loy« ey L G B
1 "2 m 9,93

Gq q, @nd using (1.6.1), (1.8.52)gives the equations (1.8.53 a-f) as stated below:
273
v-1 m f ' ) ¢
z [} o) 1-
0, + e P00 \iv Py Oy * [8 (v,qy) {8 (V.q3) (pq1u x pQBD + (1 -8 (v,

as) (pq1u x quj B+ (1- B (v,a0) (pq1j x uq} j)] &, + [8 (v,ay) {8 (v,a5) (pClZD x
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) - 5 y y f 1 - i 3 e =0,

"q30 )+ (1 -8 (va3) (pqzU x |:-q}J %+ (-8B (vay) (pqzl x Pq31 Ne,
(1.8.53a)
where 1 < v<m-1,s 4 <j<s-1 and 8(vq, Vo) is defined as earlier. Note that

for given v, the equations given in (1.8.53a) are defined only when s 4 < s, +

v ' m i '
6, + L pr w * Pui 0, + 27 Puj o, + (3 (v+1,q1) {8 (v+1,q}) { Guq (pq i %
w=1 u w=v+1 1%,
whu
) . . . . .
; - - 1- 1
pq}D )+ suq} (pq’lu x pQ}'q}) + (1 suq1 suqz) (pq1D x Pq}ﬂ 3N+ (1- B (v41,

a { 5uq1(pq1iq1 xBagy ) + 1= 84q,) B 0 o * (-8 (vt apg ;X

pq}i Ne, +[8 (v+1,9,) { B (v+15a3) { suqz (pqziqz x pq}n )+ Suq3(pqzn x pq}iq; +

Q- éuq )(pq 0% pCl o B v -8 (vahyas) { Buqz(pqz pq3j )+ Q-

o ) (pqzu x pq}j))} + (1 -8 (v+1, qz)) (yqzl x |:|q}J ) 4, = 0, (1.8.53b)

where 1 < v<m-21<u<v,0<i < su-1 ss, <2 sw1_1 . Note that for given v,

the equations given by (1.8.53b) are defined only when s, < s, 4 andm2 3.

v-1 o m o ' ' .
o, + ‘f: Puo O * I Pyi0y * puiueu +[8 (v,ap) { B (v,a3) ("q‘n x pq}u) +
whu
- 3 Vs - 1 -
-8 (v.q3)) { Buq}(pq1n x pq3|q3 Y+ (1 -8 ) (p 10 x p )}) + (1 -8 (v

s . - ' oxp 1.8, -8 ,
D g, G Py Sy B Py, 1 Sy ;) ®aqs *

. ' '
pqu » ].01 +[B (v,a,) {8 (v,a5) (pqzn x pq}n )+ (1-B (v { éuq;pqzu x

Pagiy) * (1 8,0 Py * Py W + (1= B () {Sug, P Pag? *
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! . A
xp 18 . ) -0, 1.8.53
6uQ; ‘qul & pq;lq; b 5quz SUq; (”qzi " Pay e, . ©)

where 1 < v<m2,v<u<mO0<i <s-1,s .<j<s-1,jti .Itistobe
sv=s sus S8y v-1 515 8y u

noted that for given v, the equations given in (1.8.53c) are defined only when Syq <8,

andm > 3.

m-2 f i .
6, + Wx_1 Pu0 O * Pt Omot * Pro O + (8 (M1, 0 (8 (m-1,q3)(pq10 x

Pago )+ (1B (mlia) (6, 1 o @ )+ S1mq, (P 0 * PV +(1 =

9,0 ™ Paj
8 (m-1,9,)) (l)q1j x quk Né, + B (m-1,9,) { B (m-1,q5) (qun x pq}[_J )+ (-

8 (m-1,a5) { 8 4 N (,,;20 x p; )+8_ @

' '
5 ma; Pa,0 x pq}k M+ (-8 (m,

ay) (pqzj xp, N, =0, (1.8.53d)

where's < j<s_ -1,s . <k<s -1,j#k. The equations given by (1.8.53d)
are defined only when s, < s -1 .

m2 ,
6, + I Py
w=1

.
wo O *Pmts 18
m-1

i * Pro O + [ 8 (-1, ) {8 (m-1,

. ' . .
as) (Pq10 x p“}D) + (-8 (m-1050 {8 4 a (p°1[’ x pq} sl )+

Simay Pa,0 % Page W + (1= 8 (M1iapg oy xpg My + (8 (1,

)+

ap) {8 (m-1,a5) (";zf’ x p;}n )+ (-8 (m-1a) { ik

- ®, 5P,
m-1a579,0 " Tazs, 4

“qu (pqzu %Pk M+ (1 -8 (m-1,0, ) (pqzsm_14 * P N, =0,
(1.8.53e)
where s, <k <s -1, k#s_ -1. The equations given by (1.8.53) are defined

saly when's o < .



m2 . \ .
8t I POy tPy O *Prqs 19m1 * Pk O * [B(m-1,
w=1 u m-1

whu

. . ' .
-1, . . 1-6, -
a,) {B(m-1,a5) (Guq1 <pq1,q1 x Dq}o) + Gu% ("q1n x pq},q}) +( ua,

Suqy ) a0 % Pao ) + (1= Bm-tia) (6, (8, 4 Q}(pq1iq1 xPg o

qu3 (pq1iq1qu}k B+0-8,.)1{8 )+

. .
a9, *°m-1 qy ("q1u""q s -1

3 “m-1

qu} (uq1ﬂ *Poyi M+ (1- B(m-1,q,) ("q1sm_1-1 *Poi N ¢, + [B(m-1,

o A N 1- -
ap) Bm-1,ay) (8, (uqz'qz %P0 ) * Sy, Pa,0 pq}]q; UL

8 1- -1 8 8 )
ay) a0 *Pago ) + (1= BT (8,0 {6,y o (pqzlqupq}sm_1_1)+

@, ®,

. .
§ : 1- 8 8
ma Pagi, *Pag LR L

s
m-1 a3 Pa,0 " Pags ;-1 % ’““‘3®qz” i

) x p; e, =0, (1.8.53f)
3

' .
Pq}k MW+ (- B(m-1,0,)) <qusm_ R
where 1 <u<m-2,1<i <s-1,s . <k<s_-1.Itistobe noted that the equa-
=4"= = =% m-1= %= m
tions given by (1.8.53f) are defined only when s _ 4 < 's .
For any fixed t (1 <t < m, t#Qqy, q,Q5), subtracting (1.8.53a) with v = 1,
= 0 from (1.8.53c) with u = t, v = 1, j = 0, one gets

' '
(ptit SR8 =0, 1< i <51 (1.8.54)
Hence as before,one gets from (1.8.54) and Lemma 1.8.1
at:u,1_< t< m,tﬁq_l,qz,q}.

First suppose q; < m-1. For any fixed r (1 < r < s -1), if one subtracts (1.8.53a)
1



7

with v =1, j = 0 from (1.8.53c) with v = 1, u = a5 iq =r, j = 0, then one obtains
1

' ' . . '

& - 0. 1.8.55.
(pq1,. Pq10) 0q1 + [(pq1r Pq,0 ) x Pa,0 e, ( )
1f's, 4 < s, then for any fixed r (s, q < T <s-1,1 #0), if one subtracts (1.8.53c)

With U = q;, ig =0, j = r from (1.8.53a) with j = 1, one obtains
1
' ' ' ' '
- )6 - =0, (1.8.56)
Cq,r Pq,0) O, * [0 -y o) 7Py 14y
where 1 < v < qaq - If s < s , then for any fixedr (1 < r <s_-1), subtracting
Sv=s v-1 < Sy == %q

(18:53¢) with u = qp, ig =0, j = h from (1.8.53¢) with u = q,, iq, =™ =h one gets
h 1

' . ' ' '
= ) = =0 1.8.57
(oq1r pq1u) q1+ [(Pq1r pq1ﬂ) x pq3h 1¢, s ( )
where s, <h<s-1,1<v< 9y 5 h £0, r . Note that for any given v the equations

given by (1.8.56) and (1.8.57) are defined only when s, ; < s . For any fixed r (1 < 1 <

-1
sq,~1) if one subtracts (1.8.53a) with j = h fors . < h<s-1,q, +1<v< q, from
ay v-1 = NS sy prisvsas

(1.8.53b) with u = q;, i =1, j=hfors, <h<s . -1,q, <v< qgs 1, then one obtains
g, v Ssyn h S V=as

. . . . B
N - =0. 1.8.58
(pq1r pq1ﬂ) 9q1 + [(pq1r pq1D) x pQBh 1¢, ( )

It is to be noted that for given v (q, < v < g,-1), the equations given by (1.8.58) are
1= Tl

defined only when s, < s, . Summing the 54, equations that (1.8.55), (1.8.56), (1.8.57)
3

and (1.8.58), one gets for any fixed r (1 < r < 5, 1
1
' '
-p, )8 =0. (1.8.59
(qu Pq,0’ %, )
Hence as before, (1.8.59) and the Lemma 1.8.1 gives
8 =0. (1.8.60)
4

Hence from (1.8.55), (1.8.56), (1.8.57), (1.8.58) and (1.8.60), one gets

[(pq” - pq10 ) x pq}h l¢, =0, (1.8.61)
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where 1< 1 < s »1 »0.< h< s - 1. Now (1.8.61) implies that (P qu )8, =0,
3 3
where P is an «s + 1) x (5 - 1) matrix with rows (p hisrss 1.
N '41 Sy
Since Pq and Pq are both Df full column rank, one obtsms
1 3
.1 =0. (1.8.62)
Analogously to the derivation of (1.8.60) and (1.8.62), it follows fl:om (1.8.53a-f) that

eq2=u and ¢,=0.

Next suppose q; = m and g, < m-2 . For any fixed r (1 < r < s - 1), if one
. h
subtracts (1.8.53a) with j = h for s

v Sh<s 1,941 < v < m-1 from (1.8.53b) with
=q ,iq1:r,j=hforsv_< h<s  4-1,9) < V< m2 one gets
' ' ' ' '
(pEl1r - pq10) eq1 + [(p‘11r B pq1D) x pq}h] ¢, =0 (1.8.63)

Here it is to be noted that for given v, q, < v < m-2, the equations given by (1.8.63)
are defined only when s, < s, . For any fixed r (1 < r < s -1), subtracting (1.8.53¢)
1
with k = h from (1.8.53f) with u = q,, iq1 =1, k = h, one gets
®,

. . . .
-p. )8+l -p Jxp ] (1.8.64)
9r 790" "qq qr "q.0 qsh

where Sma1 < h < sm-‘l - Note that the equations given by (1.8.64) are defined only when
Sme1 < St The sq equations (1.8.55), (1.8.56), (1.8.57), (1.8.63) and (1.8.64), when added
3
sives for any fixedr (1 < r < 8" 1),
1

- e =0. 1.8.65)
(‘,“1" p"‘1u) 9 -8
~ence as before, from (1.8.65) and from Lemma 1.8.1, one gets
e =0. (1.8.66)
W
“rom (1.8.55), (1.8.56), (1.8.57), (1.8.63), (1.8.64) and (1.8.66), it follows that

o~ (1.8.67.
g, e - Pa0) * P )
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where 1<r<s -1,0<h<s -1.Nuw<1.a.67)imp1iesmat(P;qu).1=n.
h 9

Y9 93
Since P; and P are both of full column rank, one obtains
1 3
¢, =0 . (1.8.68)

Analogously to the derivation of (1.8.66) and (1.8.68), one can obtain from (1.8.53a-f)

6 =0 and ¢,=0.
9, ¢

Finally suppose g, = m-1. Here the proofs of 8 =0 and ¢, = O follow the
2 9, 1

same line as earlier. The proofs of 6, =0 and ¢, = 0 are shown below :
2
For any fixed r (1 < r < s - 1), if one subtracts (1.8.53a) with v = 1, j = 0
2
from (1.8.53c) with v = 1, u = q,, i_ =r, j = 0, one obtains
2’ lq,

(1.8.69)

(‘lqz’ ) quo) P05t [(pqz’ " Pa,00 Pq}o]
"

1fs,q <s,,forany fixedr (s, <r<s-1,r1#0),if one subtracts (1.8.53c)

#ith u =gy ig =0, j = r from (1.8.53a) with j = r, one gets
2
. . . . .
c = =0 1.8.70
®ar = Pay0) O, * [bg Pa,0) X Pa 14, = 0, 1.8.70)

where 1 < v < m-2. Note that for given v, the equations given by (1.8.70) are defined

only when's . <'s . For any fixed r (s

o i < s~ 1), subtracting (1.8.53c) with

<
m-2= T

c=hj=0,u=aqy iq3 =r from (1.8.53a) with v = q,, j = r, one obtains
' ' ' ' '
b P’y - -0. 1.8.71
(pqzr pqzﬂ) q{ [(pqzr pqzu) x pt|3r ]¢2 ( )

~iere one may note that the equations given by (1.8.71) are defined only when s, <

«If's, 4 < s, then for any fixed r (1 < r <s_-1), if one subtracts (1.8.53c)

q
2
~ith u = g , iqz= 0, j = h from(1.8.53c) with u = qy, i

-1 v-1

r, j = h, one gets

92

. ; i . .
- ) - =0

apr ~ Pay0’ %, * [(pqzr pq20> * Pash le,=0,

() (1.8.72)

“here's, ; <h<s-1,1<v<m2h#0,r. Note that for given v, the equations
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given by (1.8.72) are defined only when s, | < s, .If one subtracts (1.8.53¢c) with v = 1,

j=0,u=qs i =h from (1.8.53d) with j = r, k = h, one gets for any fixed r (s_ . <
U9 lg, m-2

F<so gD,

o - 0 1.8.73
Cayr Py O, * pg = P o) X B 119, =0, (1.8.73)

where's  , < h< S~ h £1 . Note that the equations given by (1.8.73) are defined
only when's  , <'s_ .- 1. Subtracting (1.8.53c) with v =1, j =0, u = a5, iq3 =h
from (1.8.53e) with k = h, one gets

) 5 . .
. R -0 1.8.74
®q23m~1.1 qug) G,“24 [(lr‘qzsm-f1 quu’ * p“}h] $2=0, ( )

where s, <h<s -1,h#s - 1. Note that the equations given by (1.8.74) are

defined only when's_ , <'s . Summing the s__equations that (1.8.69 - 73), one gets
m-2 < °m as
for any fixedr (1 <r<s -1)
Srssg

, .
% o -0. 1.8.75)
(qur p“z”) % ¢
From (1.8.75) and Lemma 1.8.1, one gets
o =-0. 1.8.76)
9, \
Hence from (1.8.69 - 73) and (1.8.76), one obtains
[(pqzr - pqzﬂ) x pq}h ]02 =0, (1.8.77)
where 1 <r<s_ -1,0<h<s -1.Now (1.8.77) implies that (P~ x P, V4, =0.
= St Rrae a," "ay
Since P and Py are both of full column rank, one obtains
2 3
¢, =0
From the equations (1.8.53a) and (1.8.53c), it is now easy to verify that 6,=0, eq =0.
3
This completes the proof.

The proofs of parts (c) and (d) of the lemma will be similar.
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Chapter 2
DESIGNS FOR SEARCHING ONE AMONG THE THREE-FACTOR INTERACTION
EFFECTS IN THE GENERAL SYMMETRIC AND ASYMMETRIC
FACTORIAL SET-UP.

2.1 Introduction
A fractional factorial design will be said to be a search design for searching
one among the three-factor interactions if it is capable of estimating the general
mean, all the main-effects and the two-factor interactions and permits the search
and estimation of the possibly present at best one among the three-factor inter-

actions. This chapter deals with the above mentioned search design problems.

As mentioned earlier, the basic mathematical formulation of the problem
was due to Srivastava (1975). The present problem was considered among others
by Srivastava and Ghosh (1976, 1977) and Shirakura and Ohnishi (1985) who confined
themselves in 2™ factorial set-up. Ghosh and Zhang (1987) considered the construc-
tion problem for 3™ factorial set-up. They gave a new series of search designs
that can search one parameter corresponding to a non-zero three-factor inter-
action and estimate it along with the general mean, all main-effects and all two-

factor interactions for the 3™ factorial set-up.

The aim of this chapter is to give search designs of the above type in the
general asymmetric factorial set-up through symmetric one by the use of the
method of Kronecker products. In Section 2.2 we have given the notations and
preliminaries. Section 2.3 describes the construction of search designs for the given
problem in the general symmetric factorial set-up. Section 2.4 considers the cons-
truction in the general asymmetric factorial set-up. A brief discussion has been
given in Section 2.5. The proofs of some of the theorems have been given in Section
2.6. The proofs of the remaining theorems and of the lemmas follow exactly in

a similar way.
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2.2 Notations and Preliminaries
Consider a factorial set-up involving m(m > 3) factors Fy, Fpy - - -, F 8t
SqrSgr e e s S levels respectively (sv_> 2, 1 < v < m) where without loss of gene-
rality, suppose

) S8y <...<s . (2.2.1)

X P 48, + 8, KTV <y, <vy<m,
1 2 3

where 8's are Kronecker deltas and x is the Kronecker product. Suppose prior infor-
mation is available regarding the absence of all interactions involving three or
more factors. Throughout- this chapter these interactions will be assumed to be
sbsent. It is now easy to observe that if one observation is made for each of

m

T s, level combinations of F, Fp, . . ., F_, then analogously to (1.3.2), the
v=1
resulting design matrix will be of the form :

0, Z,I, z

2 2 21 Zq3 - s s T o ez Zagge oo

FACPalast 10 (2.2.2)

where 1 corresponds to the general mean and the columns of Z,, Z

, s Z
Vavy' Tvavyvs

correspond to the main-effect Fv(1 < v < m), the two-factor interaction Fv Fv <
172
¥y < Vo < m)and the three-factor interaction Fv1Fv2Fv3(1 SV <V <vz<m)

respectively. Of course (2.2.2) incorporates Z,, only when the associated inter-

1v2¥3

action F_ F_ F_ s included in the model. Let
vy vy v

*
=002 2y 0002520500200 2 4 ] and

M
H2=ios Zigw o -0 Znamaa m )

~lso let S be a subset of N level combinations of F,‘, F2, ceey Fm with the corres-



M *
ponding sub-matrices of Hy and H"z as, 53y, Ty=[e 4 Lys Ly« Ly Gpp G s
* 3,
e G 1 and Ty = IVas Vigy s e o5 Vo5 oo o ] respectively. From
Theorem 1.2.1 of Chapter 1, one observes that S represents a search design of the
problem stated in Section 2.1, if and only if for each ;i =1,2,...,6 (1 < q; <
Gy <a3<m1<q, <g5<qgg<m,I(qay as) £(q, a5 gg)), the matrix
*
0,V ,V 1 has full column rank.
17 Taq993 7 9,959
2.3 Main Result in the Symmetric Case
This section considers the construction of search designs for the general
symmetric factorial set-up that allow the estimation of the general mean, all
main-effects and the two-factor interactions and are capable of detecting and
estimating the possibly present at best one among the three-factor interactions.

Here we consider s, = s,= . . = s = s, say, in (2.2.1). The following notations

'm

will be helpful in describing the search designs considered here.

(

(i) Define the (m x 1) vectors aj” (© < j < s1) such that in aj(” , all the elements

are j; let AM be an (m x s) array whose columns are given by a?) for all j .
(ii) For 0 < j < s-1, define the (m x 1) vectors "ﬁ)i (T<u<m0<i <51,
Uy
u

iy #j) such that in e<.2) i » the uth element is i  and the remaining elements all equal
u

DUl
A2 @
J

js let be an (m x m(s-1)) array whose columns are a5 i forall uand i .
U, .
u

(iii) For 1< j < s-2, define the (m x 1) vectors &) . . (1 <u, <u, <m
<= Jupstgsiy iy, TS < V2 S
1Y
0 < minGi, , iy ) < j < max(iy , i) < s-1) such that in &) i i »the uth and
) 2 f R ST

u,th elements are i, and i respectively and the remaining elements all equal j; let
1 2

A<j}> be an (m x [m(m-1)j(s-j-1)]) array whose columns are given by a?g e Tor
hUpslipsl,,
B

all uj, Uy, i and i . Note that A is defined only when s > 3 .
1 Yy, uy j i
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(V) For 0 < j < s-2, define the (m x 1) vectors & = (1< u <u, <m)
<is FRoRe ] Suugesaug i<
120y,
1<y, < s-Dsuch thatina® | the u th and u.th slements are
Sy, < s i " 2
1y iy,
iy @nd i, respectively and the remaining elements all equal j; let A(j")
1 2

be an

(m x [m(m-1Xs-j-1)/2)) array whose columns are a®®

g, i, for all uy s, and
i, - Note that A(j") is defined only when s > 3 .
Let 3
Ny =s+ mS(s-1)m’\(m-1)s(s~1)(S—Z)/6+rn(m4)5(54)(25—1)/12Y
Ny = T+ms(s-1)+m(m-1)s(s-1)(s-2)/6+m(m-1)s(s-1)(2s-1)/12
and define the following arrays :
9, =140, 4D A®), L, ADL B AP L, A2,
AR AW A9 2.3.1)
oz:[n,Aé”,/-\‘12),...,A(sz_>1,Ag3),A(23),...,Af]z,
A AL A9 (2.3.2)

Then we have the following theorems:

Theorem 2.

For m < 6, the columns of the matrix @, interpreted as the level
combinations of F,, Fp, . . ., F . give the required search design in N, runs.
Theorem 2.3.2. Form >6, the columns of the matrix Q,, interpreted as the
level combinations of Fy, F), . .., F , give the search design of the type con-
sidered in this section in N, runs.

Remark:  That Theorem 2.3.2 does not hold for m < 6 follows from (2.6.19) in

Section 2.6

The example given below will be helpful in illustrating the plan described above.
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Example 2.. Let m = 7 and s = 3. Then according to the Theorem 2.3.2, the
following level combinations, which are written as columns, give a search design

of the required type in 190 runs.

1] 12000000000000 0211111111111 01222222222222
0 00120000000000 1102111111111 22012222222222
0 00001200000000 1111021111111 22220122222222
0 00000012000000 1111110211111 22222201222222
0: 0 ; A?: 0000000020000 ; AP oz KD+ 22200020012222
0 0000000001200 1111111111021 22222222220122
0 00000000000012 1111111111102 22222222222201

020202020202111111111111111111111111111111
201111111111020202020211111111111111111111
112011111111201111111102020202111111111111
&3): 111120111111112011111120111111020202111111;
111111201111111120111111201111201111020211
111111112011111111201111112011112011201102
111111111120111111112011111120111120112020

11221122112211221122112200000000000000000000000000000000000000000000000
12120000000000000000000011221122112211221122000000000000000000000000000
00001212000000000000000012120000000000000000112211221122112200000000000
%). 00000000121200000000000000001212000000000000121200000000000011221122112
00000000000012120000000000000000121200000000000012120000000012120000000
00000000000000001212000000000000000012120000000000001212000000001212000
00000000000000000000121200000000000000001212000000000000121200000000121

P

(Contd.)
0000000000000
0000000000000
0000000000000
2000000000000
0112211220000
0121200001122
2000012121212
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2222221111111
211111222221111111111
121111211112222111111
112111121112111222111
111211112111211211221
111121111211121121212
111112111121112112122

(@)

Here one may note that the corresponding regular resolution VII plan

requires a total of 379 runs.

2.4 Main Result in the Asymmetric Case
This section presents the construction of search designs for the general
asymmetric factorial set-up that are capable of detecting the possibly present
at best one non-zero three-factor interaction and estimating it together with
the general mean, all main-effects and two-factor interactions. Generalizing

the ideas for the symmetric case, we first introduce the following notations.
Let sg = 0 and recall (2.2.1). Then define :
. 5 . (1,v) 5
(i) For 1 < v < m-2, if s,.1 < s, » then define the (m x 1) vectors bj G5, 4< i<

s,-1) such that in bé’"” , the first (v-1) elements equal 0 and the remaining elements

all equal j; tet 81" be an (m x (s,- 5,_4)) array whose columns are given by bg"") for

all j. Note that 87"") is defined only when s, ; < s, .

- i ) (2,v)
(i) For 1 < v < m-2, if sy < S,,q » then define the (m x 1) vectors bj,u,iu (s, <

i in b2V) e
J<s - 1<u<vy, 1< [ 1) such that in bj,u,iu » the uth element is iy

the last (m-v) elements all equal j and the remaining elements all equal 03 let B(Z*Y)

v
. (2,v)
be an (m x [u;i (5= ) (5 4~ s,))) array whose columns are given by bj,u,iu for all

j» uand i, . Note that B is defined only when s, <

v+1

(i) For 1< v < m=3, if s, < s, then define the (m x 1) vectors bfu”‘;) oy q <



81

j<s-1,v<u<m,0<i <s-1,i Aj)suchmaunb("v.),mef.rsz(u)
<8y AU Sy, s

elements equal 0, the uth element is i, and the remaining elements all equal j; let
B

8% be an (mx[Z G, -5, ) (s, - 1D array whose columns are given by b(]}";’i)

u=v "

for all j, u and i Note that B is defined only when s, ; < s, and m > 4.
(V) 1f s 5 <s_ ., then define the (m x 1) vectors b{")

Ui

u

e . . RNC)) .
-1 i S0y < sym 1y iy #) such that in byl i the first (m-3) elements

-2 < < <
m2<u<ms <

12 850

equal 0, the uth element is i, and the remaining elements equal j; let 87 be an

m
, ) (7)
(mx s s"‘")u:zm»z (s, 2))) array whose columns are given by bj,u,iu for all

<

, (I
j» uand i, . Note that B'" is defined only when s _ 5 <'s_ ..

(W For1<v.<m3,ifs, <s, ., then define the (m x 1) vectors (&Y

v+l Ju1,u2,l
(sv—<j—<sv+1—1’1—<u‘lfv’1—<iu Ssy -1, vl <uy <m, el <y _<su-
1 1 2 2
1) such that in h(B v) , the u th element is i, the remaining of the first
u1,u2,| ,n 1 uy

v elements equal 0, the u,th element is i, and the remaining elements all equal

! (8,v) M Svi1s M, .
jlet B bean (mx[2 (s, - MLZ z (s, -j - 1D array whose columns
uy=1 L] jss,  up=val M2
(8,v) ) S < (B5v) i
are given by b for all j, u,, u,, i andi . Note that B’ is defined
ju. 1,u2,| ,| g lor 5 uy u,
Y2

only when's, < s, and m>4.

v)

(vi) For 1 < v < m-3, if s, S ,| .
17%:2 uy"u,

4 < s, » then define the (m x 1) vectors b’
(5,4 <j<s, Nhv<u <u

1
that in b7 3
iatg Ui, T,

-1 , < m,j+1§iu1_< su1'1’j'1 <i _<su-1)su|:h

Y2

» the first (v-1) elements equal 0, the u1lh and uzlh elements

and i and the remaining elements all equal j; let B*Y) be an (m x
1
m o
I I (s, -j-1)s, -j- 1) array whose columns are given by
u=vu=v U1 g2
e
o Bl
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Re)

. i forallj,u,uy i andi . Note that B”Y) is defined only when
Joupalped i, 1”72 uy u,
174,

s <s andm> 4.
v-1 < Sy 2
(Vi) For 1 < v < m-3, if s, <s_, then define the (m x 1) vectors b.'%")
b v-1 v Jupugi, ol
1 Y2
(sv_1_g j< sv-1,j#0,v_< up <uy < m,U_<iu1_5 -1,0< iu2_< su2-1,

(10,v)

minGi , i ) < j < max(i, , i )) such that in bl .., the first (v-1) elements
ugtuyt 5 up oy gy iy,

equal 0, the u,lth and uzlh elements are iu and iu and the remaining elements all
2
(10,v) 1 m o m
equal j; let B* "/ be an (m x [ I I Z jls, + sy~ 2 - 2)) array whose
R 18, q Ug=v uy=v 2 .

u, < u,

1< Y
columns are given by b'%Y)  for gl uw i andi . Note that B(10Y)
JoUasUosi i 172 u.
1y, 1 2
is defined only whens . <s  andm > 4.
v-1< 8y 2
i) Ifs o <s then define the (m x 1) vectors b\.)) . (s <j<s -1
m-2 < Sm-1 inkowiy, m-2 = )5 Smom

(11)

< k< s 1 #Ek 1 <u<m2,1< i, < sy 1) such that in bj,k,u,iu

*m-2 = 5 the

uth element is iu, the last two elements are j and k and the remaining elements all

equal 0 let B' be an (m x [("21:2 (5= M (4= 51 5) G5, = 5 ,= DD array whose
columns are given by bEJIJyL,iu for all jk,u and i, . Note that 81" is defined only
when Sm_z < Sm_1 .
Let
m-2 m2 v m3 m
N = v::1 (s,- 5, 1)+ VZ=1 u:21 (5= D (s q-8) + VZ:1 uEv G, -

m-3
s, ) (s -1+ (s -8 );:n (s-Z)»E(; (s, -
v-1) By W Gy - s u y
u=m-2 vl st
5.1 m m3 s-1 m om
DR AL D S N A I A
j:sv u2=v+'| 2 v=1 ’:sv_,l Up=v U=V

up<u,
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m-3 s-1 m m

s, -5+ £ 2 L L s, +s, -2j-2)+
u, Ut Ty,

v=1 j=sv»1 Ug=V U=V

e

(817 8m-2) &,

m-2
& o Sm2” (G-
u=1

and define the following (m x N) array

G [B(1,1) Sty o B(1,m-2), B(2,1), e B(Z,m»Z)’ BO’U,

gBm3) g0 BN g@m3) o gOm3)

g(10,) e e g(10,m-3) i (1M ] (2.8.1)

where in @ any subarray of the form B™Y) or B is included provided it is

defined. Then we have the following theorem :

Theorem 2.4.1.  The columns of the matrix Q, as defined in (2.4.1), interpreted
as the level combinations of F,I, Fz, e e ey Fm, give the required search design

in the general asymmetric factorial set-up in N runs.

Example 2.4.1. Let m = 6, s = 2, sy = 2, s3 = 2, s, = 3, S = 4, sg = 5. Then accord-
ing to Theorem 2.4.1, the following level combinations, written as columns,
give the search design in 152 runs that permits the estimation of the general
mean, all main-effects and all two-factor interactions and allow the search

and estimation of possibly present one non-zero three-factor interaction.

01 0 100 10000
01 0 010 01000
gV o1y 8 0, 523, go1; 824 : oot00;
01 2 222 00012
01 2 222 33333
01 2 222 33333
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100000000000011111111111 000000 111000000
010000000000101111111111 000000 000111000

83" ; 001000000000110111111111 ; 87+ oooooo ; 8®>) : ooo000111 5
000120000000111021111111 122222 222222222
000001230000111110231111 213222 322322322
000000001234111111110234 222134 234234234
1111111111100000000000000000000000000000000000000000000011111111111
1000000000011111111110000000000000000000000000000000000011111111111

8" 0100000000010000000001111111110000000000000000000000000011111111111;
0012000000001200000001200000001112221111222200000000000022222111111
0000123000000012300000012300001231230000000011112222333323111222333
0000000123400000012340000012340000001234123412341234123411234234234
000000111111111111111111111111 10000
111111000000111111111111111111 01000

B(1u’1):111111111111000000111111111111 H B(11): 00100 ;
211111211111211111002000211111 00012
123111123111123111230111100023 33333
1112564111234111236111234023400 444

1D g(13) g2 @) 32 g6 @D 8D 0D 03 002

B(w’}) » are not defined.

Example 2.4.2. Let m =6,5; =3,5)=3,85=3,5,=4,8,=4,s,=4. Then accord-
ing to Theorem 2.4.1, the following level combinations, written as columns, give the

search design of the type stated above in 265 runs.

012 0 120000
012 o 001200
8. mz; 8 05 8@ ooo0iz;
012 3 333333
012 3 333333
012 3 333333
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(Contd.)
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120000000000000021111111111111012222222222222 000000
001200000000000110211111111111220122222222222 000000
000012000000000111102111111111222201222222222 5 B(7) : 000000 ;
000000123000000111111023111111222222013222222 123333
000000000123000111111111023111222222222013222 331233
000000000000123111111111111023222222222222013 333312

112211221112221112221112220000000000000000000000000000000000000000
121200000000000000000000001122111222111222111222000000000000000000
000012120000000000000000001212000000000000000000111222111222111222
000000001231230000000000000000123123000000000000123123000000000000
000000000000001231230000000000000000123123000000000000123123000000
000000000000000000001231230000000000000000123123000000000000123123

000000000000000000000000000222222221111111111111111111111111222
000000000000000000000000000211111112222222111111111111111111222
000000000000000000000000000121111112111111222222111111111111222
111222333111222333000000000112311111231111231111223322331111332;
123123123000000000111222333111123111112311112311232311112233323
000000000123123123123123123111111231111123111123111123232323233

B(‘IU,’I) 5

(Contd.)

02020020020021111111111111111111111111111111101010122222222222222
20111111111110200200200211111111111111111111122222201010122222222
11201111111112011111111100200200211111111111122222222222201010122
11112301111111123011111123011111100230023111133222233222233222201
11111112301111111123011111123011123001111002322332222332222332233
11111111112301111111123011111123011112300230022223322223322223322

2222222222
2222222222
2222222222 4
3301332222
0122220133
2233013301
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B(1.2> ¢ B(1’}) - B(ZJ) . B(Z’Z), B(Z,ll) : B(}.Z) . B(},}) g B(8,1) s B(E,Z) , B(B,}) g B(?,’Z),
g3 | g10.2) g10:3) g1 Lo not defined.

Here one may note that the regular resolution VII plans corresponding

to the Examples 2.4.1 and 2.4.2 require 199 and 414 runs respectively.

2.5 Discussion

The present chapter describes a method for constructing search designs
for the general symmetric and asymmetric factorials that allow the estimation
of the general mean, all main-effects and two-factor interactions and search
and estimate the possibly present at best one among the three-factor inter-
actions. The proposed designs are useful when m > 5, where m is the number
of factors; then, as in the last chapter, our plans require considerably smaller
number of runs compared to the corresponding regular resolution VII fractional

factorials.

In the 2™ setting, when m < 6, our plan requires (m? + 3m + 4)/2 runs while
the corresponding plans due to Srivastava and Ghosh (1976) involve (m? + 3m + 2)/2
runs, but when m > 6, both the plans require equal number of runs. However,
compared to our plans the scope of search is broader in the plans due to
Srivastava and Ghosh (1976). The plans due to Shirakura and Ohnishi (1985)
for 2™ factorial set-up are slightly better than ours in respect of the number

of runs.

For 3™ factorial set-up, our plan cannot be compared with those
in Ghosh and Zhang (1987) for reasons as described in Section 1.7 of the previous

chapter.
For the search problem considered in this chapter, with more general

symmetric and asymmetric factorials no plan other than ours has been reported

in the literature.
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2.6 Appendix
This section considers the proofs of the Theorems 2.3.2 and 2.4.1. The
proof of Theorem 2.3.1 follows from Theorem 2.4.1 as a special case and is,

therefore, omitted here.
Proof of Theorem 2.3.2. Under the notations of Section 1.3 and 2.2, consider the

5 .
trix [T, , V v - Ly eeaesl ,G e
matrix [Ty 5 Vg g g, 7 Va5, ] oyt m G122 G130+ -+ Gt

Vq1q2q3 5 vq4q5q6 J, where without loss of generality, suppose
Q) < ay < a3, 9, < dg < Qg+ Q3 < gg and (ays apr a3) A(ay, gy Gg)-
(2.6.1)
By Theorem 1.2.1, it is enough to prove the linear independence of the columns

of the above matrix. The proof of this involves a number of cases.

First suppose q; = g, » G, = G and @;< qg. Then consider

-
e, Lypbgreees b Gypr Gyzr o s = s Grim?® vq1q2q3, vq1qzq6]e =0,
(2.6.2)
* o ' o | K
where 87 = @ 58, 58,5 -+« s 8 1000 0155 -0 g by 5 @), say. Let

p (1< v.<m,0 < j< s-1) denote the jth row of P_ . Recalling the definitions of
Vit = VS <jx " 9

L NG Cl g e - - 5 G, ,V d Vv ne gets from
1 b2 s b B2 B3 * Cm-1 m* Vayq,0; " ;9,95 " "

(2.3.2) and (2.6.2), for a typical level combination (iy, iy -+ + » i) the following

equati
m ' m m . . |
o + L p,. O, + I : P . )8 [
0 Tani=1 Yew W wa=1wy=1 “’1'w1 Wz‘w2 WqWa 9lq
w1<w2
P . xp_ . )¢1+(p'. xp‘4 x
92lq,  93ia, Ailg, " 2lq,

Gy igs =+ s i) € 5@ (26.3)
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where SZ(GZ) is the set of level combinations given by the array @, given by
(2.3.2). Recalling the structure of Q,, as given by (2.3.2), it is evident that
the system of equations (2.6.3) can be split up into subsystems (2.6.3a), (2.6.3b),

(2.6.3c) and (2.6.3d) which arise from the level combinations given by the

2 2 3 3 4) A&
columns of 0, (A2, A2, ., A@ 3, (4P, aD, L, AP, Tand (aY A,
ceey A(i)z ] respectively. For example, taking care of the definition of the column

vectors a(. ) . which constitute the columns of [A(z) y A(Z) '8 vy A(Z) J, the sub-
Just 0 1 s-1

system of equations (2.6.3b) corresponding to the columns of [A(g) s A(,IZ) yeee ‘A(sz»)‘l]

is given by

xp )+ 8 xp
Pa,i * Pasj )+ uq, ®q,j > Pa,i

xp. )+8  ( .xp .x
a, 93 ugz Payj Payj

P, )+ -8 -8 -8 ) .xp .xp )]é, +
q}.q} ugy Tug,  Tugg’ Tqqj Tt Ta,)  Tas) 1

(8, G, L oxp. )+ 8, xp )
vy Payig, *Pq,i *Pagi ' * ua, Q’q,j * pqziqz *Pagj’*

' . ' .
8 A g 1 1- - - .
uqg (’qp *Pgyj X pq(,lqs e 6uu1 Guuz Suas ) ("011 =

. '
Pa,i * Pagi Ne,=0, (2.6.3b)

where 0 < j <s-1,1<u<m,0< i, < s, iy #j . Similarly the other equations
can be written down in detail.
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For any fixed t (1 <t < m,t#q ay a3 q6) , if one subtracts (2.6.3a)

from (2.6.3b) with j = 0, u = t, one gets
(o -pg)8, + I [p, ox by -8 T,
Py - P + x(py; - P + P -
tiy t0 " Tt wa<t w.ln tiy t0 wyt wy>t tiy
pm) Py o ]Btw =0, (2.6.4)
2 2
where 1 < i, < s-1.For any fixed t (T<t<mté Qq » Ay 93, qg), if one sub-
tracts (2.6.3b) with j = 0, u = r from (2.6.3d) with j = 0, uy =, u, = t, one obtains

® -p)6 + I b
th t0” "t W1_<lﬁ’ 1

Pyg) X Pu,0 ]em2 + [prir x(p, (2.6.5)

where 1 <t <t,1<i ,i < s-1. Similarly, for any fixed t (1 <t < m, t £q;, d, ,

t’r
a3, Qg), if one subtracts (2.6.3b) with j = 0, u = r from (2.6.3d) with j =0, uy = t,

u, =r, one obtains

' . . !
P8 + I [p, gx oy -
0t <t w0 sty

)
P! ew,ll. bt wz
2

. 5 RR ’
Pyg ) x Puw,0 ]eth + [("uL - Py )% prir] 8, =0 (2:6.6)

where t < T <m, 1 <i,i < s-1. Now summing the s equations that (2.6.4) and

¢
(2.6.5), one gets for any fixed t (1 < t < m, t £q;, Gy 3 » G

@ -p)0 + I o oxG. -p 8, ,+ L [ -
Ll'. t0” Tt w1<th W1U tlt t0’ w1t Wz>t tlt

' .
Py ) %Py 0 ]etw; o, (2.6.7)
2

where 1 < r < t, 1< i < s-1, if one subtracts (2.6.7) from (2.6.4) and (2.6.5), one

obtains
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= (pti( - PN, =0, (2.6.8)

where 1 <r<t<mt #q1. ay 93 9 0<i < s-1and 1 < it—( s-1. Similarly,

from equations (2.6.4) and (2.6.6), one obtains
' ' '
[("nt' P "rir 1o, =0, (2.6.9)

where 1 <t <r < m,L£q1,q2,q3,q6,U_< irf s-1 and 1 < it—< s-1. Now
e *
(2.6.8) and (2.6.9) implies that for 1 < r <t < m,t £, Ay A3 Gg » [F’r x Py ]ert
* *
=0 andfor1 <t<rx< m,l£q1,qz,q},qs,[F—’le’r]e“=0,wherePt is an
. .
((s-1) x (5-1)) matrix with rows (.. - pi), 1 < i, < s-1 . Since P_and P, are both
“L t0’ e T t
of full column rank, one obtains for any fixed t (1 < t < m, t £y, Gy d3s )y
0,=0,1<r<t<m and 6, =0,1<t<r<'m (2.6.10)

Then from (2.6.4) and (2.6.10), one obtains (py; - Pyg) 8 =0, 1< t < m, t #ay, ay
{

93) 9 - From Lemma 1.8.1 of Chapter 1, one obtains
9t=0,1515m,tﬁq,l,qz,q},qs. (2.6.11)

For any fixed k3 “=< k;f s-1), if one subtracts (2.6.3a) from (2.6.3b) with

j=0,u=qs iq} = ks » one obtains

o

-Peg 0.t I p, g% - Py 8, + I [(Pg.k.”
agks T30 a3 Ty <qy W10 T Osks 30" "Wqd3 'y >q; 953
: 2 i b C e e
P o) XP, + xp. X -p =0.
450 w0 3 Cagw, * 1Pq 0% Pq 0 Pasi;” Pas0™ 1
(2.6.12)

For any fixed ks, kg, 1< ks, kg < s-1, if one subtracts (2.6.3b) with j = 0, u = q,

i, = kg from (2.6.3d) with j = 0, uj = a3, iq} = , one gets

%

Ju =q .0 =
2= % 'q,

®, . -P, g8, + Z [p, gx®,  -Py )0
agks’ Ta30° a3y cqy W10 T34 9307 "wqas



91

. ) . . . .
b Oxp. 018 +l@. , -p. dxps . 16+ [po o x
a30" " Pw,y0 T Tagwy " Thasks” Tas00 T Fagks T Taza," a0
P ox@. , -p ), =0. (2.6.13)

90 " Tazky  Tazs0 7T

Now summing the s equations that (2.6.12) and (2.6.13), one gets for any fixed ks ,

1< k3_< s-1,
(S S U YR N e B T S . , -
asks  "a30" “ay wy<ay w40 " Tagks Tas0" Twyay wy>askag asks
) xX P, 18, o, - ey =0 (2.6.14)
b ) xp . xp. o x@. . -p S0, (26
G307 5 Twa gy a0l RaD o ek TR0 1
If one subtracts (2.6.14) from (2.6.12) and (2.6.13), one obtains
e, -p )xp. 06 =0 (2.6.15)
asks” "a30° " PagkeUgza o

where 1 < ks < 51,0 < kg < s-1 . Now (2.6.15) implies that [P;3 x Pq6] %50,
0, where P;} is an ((s-1) x (s-1)) matrix with rows (p;}k}- p'q}u) J1<ky<s.

Since Pr: and Pq are both of full column rank, one obtains
3 6

() =0 (2.6.16)
3%

For any fixed Ky, ks, 1 < ky, kg < s-1, if one subtracts (2.6.3b) with

j=0u=aq,, iq1 = k, from (2.6.3d) with j = 0, u; = q;, iq, = kiU = O3 iq = ks s

then one gets on using (2.6.10) and (2.6.16),

@ 1. Po) O, *+ oy X By - Py N0 o+l o x @ -
a3k3 "a30° “az T Tagky T Tazks 79307 Taqa;3 T a0 ¢ Tagky

i . . . .
N6 +lp , xp ox(p. ., -p. é, =0. (2.617)
9507 "99; © Tagky T Tap0 " Fagky T Fey07 T

For any fixed ky, ks, 1 < ky, kg < -1, if one subtracts (2.6.3b) with j = 0, u = q, ,
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u, =qz, iq = k3 , then one

o " k, from (2.6.30) with j = 0, u; = q, , iqz
gets on using (2.6.10) and (2.6.16),

(p L i T g A ) PN ) S S
asks a30" "a3 T g0 " Fazks” Fa;07 Taga5" Pak, X Pagks
(2.6.18)

) - = 0.
o a5 * a0 Pagk, * Pagicy ~Pa0l 41
For any fixed ks, 1 < ky < s-1, if one subtracts (2.6.3b) with j = ks, u=aqs i =0
< kg < a
from’(2.6.3b) with j = ky , u = t, iy =0, t £qy, qy a3, g4, one obtains on using

(2.6.10), (2.6.11) and (2.6.16),

®g i Pa0) 8.+ [pg X @r -y 1O+ oL, x b

P -p + x -p + x -
a3k3 Ta30" "a3 T Tagks T Tazky” Pag07 Taga5” Pasks” Pagks

0. (2.6.19)

N6 4lp. . xp. . x@. L-p. N
307 79503 7 Tagks T Tapks T Pagks” Pas0” 1

Here, one may note that the equations (2.6.20-26) stated below are obtained on

using (2.6.10) and (2.6.16). For any fixed ky, ks, 1 < ky 5 Ky < 81 k # ks, if one
= 0 from (2.6.3b) with j = kysu= as iq}:

subtracts (2.6.3b) with j = kppu = ass iq

ks, then one gets

@, )8, oy, iy ™ Pages” Pa010q o+ o\ @y -
a3ks qs” a3k 74307 "aqa3 T Tayky T Tagks

(2.6.20)

)16 P
p“}”] a3 " [p“1"1 " Pyl m“}"} pqsu)] *
For any fixed ky, ky 1.5 ky < ky < 51, if one subtracts (2.6.3¢) with j = ks, u; =
% lg, T Ky oty = Gy 4 ig = O from (2.6.36) with § = ks, u = qy iq, = Ky » one
gets
. i 3 L i : ]
asks” Paz0’ Y5 [pq1“1 * Pagks” Pa;0” g a5 [pqz"z ¢ (pqz“z %
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') b, : ®, e, =0 (2.6.21)
P + xp. . x -p ¢ =0. 26
930" "a,05 © T agky T Ak T Tagky Tas07 T

For any fixed ky, ks , 1< Ky < kp < s-1, if one subtracts (2.6.3¢) with j = ks, uy =
% 1 g, Ky Uy = ay s iq}: 0 from (2.6.3b) with j = ks , U =y » iqz = kyy then one
obtains

®, , -P, 0 +Ip x @, Py g0, o+ [P x @y -
a3ky” a30" "a5 T Tagks T Tagky Taz07 Tagagt Tapk,

: . . . .
pN6 _alp . xp., x@., -p. e, =0. (2.6.22)
Q307 "aa5” T aqks T Tapk, T Tagky Tqz07 T

For any fixed ky, kyy ks, 1 < kg < k, < ky < s-1, if one subtracts (2.6.3c) with j =
Ky s up = ay, iq1= Kps Uy = 35 iq}: 0 from (2.6.3¢) with j =k, , Uy = ay » iq1= Ky
u, =a, iq} = ks , one gets

© P 8 + o x @ P N0 o oy Xy
a3ky” Pa30° “ag” Pagky T TagkyT Taz0T Tagay T Tagky T Tasks

! . . . .

P, )0 +[p xp x (p - Né,=0. (2.6.23)
930 "aga5 * Fagky T Pagky T Tazks © Tag07

For any fixed ky » K kg » 1< kg < ky < k, < o1, if one subtracts (2.6.3¢) with

j= kg s Uy :qz,iq2=kz,u2=q3,iq}:ufrom(z.&}c)wi:hj:k1 Jup =gy,

iq2= Ky s Uy = a3, iq} = kg , one gets

: : s . . . 8
@ L -p 08 +lp , x@  -pe N6 o +lpn, xG . -
asks Paz0’ “ag” Pagky " Pagks” Paz0” Tagay T Tagky T Tagks

f ; ; . ]
bl N0 +lp. . xp., x@ . Py e =0 (2.6.26)
930" “a95" Pagky " Pagky T Tagks Tas00 T

For any fixed k1 ) kz s k} ,1 < k2_< s-2, kz < k1’ k;_( s-1, if one subtracts (2.6.3c)

with j =k, , Uy =qq iq1 =ky, Uy =ag, iq} = 0 from (2.6.3d) with j = k, , uy =q,

iq1= Ky Uy =05 iq}: ks , one gets
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@, . -p, 8, +[p x(Py . = Py )@ +[p, x
agks Pa30" "ag” Tagky T Tagkst T30 Tagas T Tagky T Tasks
. e . e x G, L e =0 (2.6.25)

P s xp , x =p 0. 6.
9307 0505 " Tagky " Tagky T Tagks - Tag07 M

For any fixed Ky , kp » Ky 1< Ky < 82, ky < ky 5 kg < s-1, if one subtracts

(2.6.3c) with j = Ky s Up=d,, iqz =kysupy =0z, iq3 =0 from (2.6.3d) with j =

Uy =ay, iqz =ky oy =g, iq} = kg , one obtains

® ) ®, -
azk3 a0 a3k3

asks 1

Sp e +lp . x( 00 i [p e e
a0 a3 " Tagkg 993 a2k,

) . 0. 2.6.26
P30 ®aya; * Pac, * Paie, * Payiy Pa,0 #1 A

Now combining the equations (2.6.12), (2.6.17-26) and using (2.6.10) and (2.6.16), one

gets for any fixed ky, kpy kg, 1< kg < 8-1,0 < ky 5 ky , < 51,

®, - Py )0, + [P, *x Py 1 =Py "8 +Ip  x®, -
Q3ky "a30" "az T Tagky T Tasky Ta307 Tagaz T Tapky Tazky

po8  +lp . xp.L x@ . -p. T, =0. (2.6.27)
9307 79593 Tagky T Tagk,y T Tagks Tag00 T

For any fixed k2, k}, 0< k2 <s1,1< k3_< s-1 ,the s equations that (2.6.27), when

added, gives
®, )0 +[p, ®, e 0 (2.6.28)
- . x -p -o0. 6
a3y 930" "a3” Tapk, T Tasks Ta307 Tayag

Again summing the s equations that (2.6.28) one gets for any fixed k3, 1 < k3 < s-1,

®

q3k} - pq}ﬁ) Oq} =0 . Then from Lemma 1.8.1, one obtains

=0. 2.6.29
eq} ( )
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From (2.6.28) and (2.6.29), one gets for any fixed kz, k}, 0< kz <s1,1< k}_< s-1,

b, ® . -P.

x e
kp Ta3ky a0

-0 (2.6.30)
9293

which implies [P x P~ 18 =0.Since P_ and P are of full column rank, one
92 95 9% 92 s
obtains

e =0. (2.6.31)
929
For any fixed k; and ks, 0 < k; < s-1, 1 < ky < s-1, summing the s equations that

(2.6.27) one gets on using (2.6.29) and (2.6.31)

x @

Ip, -p. e =0 (2.6.32)
Agkq " Tazky Taz0 T agay

which again implies [P x P* 18 =0 . Since P_ and P" are both of full column
9,7 Tag " Va05 a a5

rank, one obtains

-] =0. 2.6.33
5 (2.6.33)

From (2.6.27), (2.6.29), (2.6.31) and (2.6.33), one gets for any fixed ky, ky, ks, 0 < ky

ky <8-1,1<kg<s1,
Ip . xp o x(Py -P. o), =0. (2.6.34)
Qpkq Tagky Tazky Ta30 T

* *
Equati 2.6.34) implies that [P, P =0.Si P P d P
quations (; ) implies that [ a x qu x as 1 4, ince P a an as are

of full column rank, one obtains

. (2.6.35)
In a similar way, a set of equations similar to (2.6.12), (2.6.17-27) may be obtained
from which one can get

=0,6

[ =0,0 =0,¢,=0.
9% A9 999 A\
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It is then easy to prove that 6 =0,0_ =0,8_ =0 and 6_ =0 . This completes
9,9, a, ay °

the proof in this case. The proofs of other cases follow exactly the same way.
Proof of Theorem 2.4.1. Under the notation of section 2, consider the matrix

*
U7 Vg 0. Vasaea, 1 =€ LasLys oo o5 Ly s Gyp Gygo e e o5 Gy s
19293 7 9959

Vq1q2q} & vqaqsqe 1, where without loss of generality, suppose
Q) <9y < 93,9, < Qg < q, 3 < g and (a5 Gy, a3) £ (qy, ag, Gf)-
(2.6.36)
By Theorem 1.2.1 , it is enough to prove the linear independence of the columns of

the above matrix. First suppose q, = qg, ds = Qg, A, # q, - We then consider

[EvL1,LZ,.--,Lm,G12,G1},...,Gm_1m,quq g
19293
v 10" (2.6.37)
949,93 5 S
" , R e ) Wit
where 8" = (€8 ,0; ;.- .,0 ,8,,,0, 1 m 2 158, ) 5 say. Recalling

the definitions of Ly, Ly -« 5 Ly Gyps Gygo e o o5 G s vq1q2q} . anqz“;’

(2.4.1) and (2.6.37) give, for a typical level combination (i, iy, « - « i, ), the following

equation
m N m m ' v .
o + I p, 8,+Z I (. xp,; )8 s x
08 ewi, Wi ¥ W=l wy=1 W1'w1 Walw, Wi%2 "1'.;1
w1<w2

P oxp e+ . xp . xp. .
a5, ™ Paslq, 1 auiq, ™ Pagiq, ™ Pasiq,
(g igr e s i) e S@, (2.6.38)
where S(Q) is the set of level combinations given by the columns of the array Q .

Recalling the structure of Q, as given by (2.4.1), it is evident that the system of equa-

tions (2.6.38) can be split up into subsystems (2.6.38a), (2.6.38b) , « « . , (2.6.38h) which
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arise from the level combinations given by the columns of [B("""), , ghm-2)y,

s [3(3,1) At g(3sm-3) ], A , [8(8,1) e B(B,m-))] Do+ [3(10,1) %

.., 800m3) g g0 o pectively. For example, taking care of the definition of
(2,v)

the column vectors b’ " @ L g@m-2y
U
u

which constitute the columns of [B

the subsystem of equations (2.6.38b) corresponding to the columns of (8"

B8@™2)) ig given by

v v ' m ' v 0
0,+ % b0, +Py; 8,+ I PO + I @y, o *

w=1 u Y weval wy=1wy=1 1

whu

Wq<W,hu
0 ' ' v 0 T

Puy0 O w, BP0 X P )0t IR X Py ) O

2 W< wy>u 2
v m i i m " v
oz ® PRL) .z ©. xp. )6 =+
waml wpmval W10 TWall TWawy Ty oy Tl T TwWg) T uw,
b
m m ' '
z z P, .xp, )6 + [B (v+1,q,) {B(v+1,q,) {B(v+1
wysvl wysval W1l TWall Twawy gy =2 ’
W1<W2
. . . . . .
q3) {8 ®. . Xp_ xp.)+8 ®. aXP.: XP. o)+
> uay Taglg,TaP Tas0 udg "0 Taglg, " Tas0
i ] . . ;
s ) -8, -6, -8
uay ("“1'J " Paj0 > pq3'q3 )10 Sug, ua, “qz) (pq1” " Pay0
; . . . .
P o )+ (1- Blv+1,q5)) {8 P, ; XPygXPg:)+$ (I
a0 3 uq, q1lq1 9,0~ Tazj uq, “q,0

. ' . ' .
N . 1- 8 -8 N Q- 1
qulqz x quJ )+ ( ua ua, ) ("q.lu x pqzﬂ x pq3] W+ B(v+1,

'

8 N 5 ' 1- z &
o) 8y, wq1,q1 %P ;% P )+ (1 8,0 ) (B o x g x Py i+

(1- Blv+1,q »<p:11j xpy ;% p;}j N ey + [Bv+1,9, ) {B(v+1,a,) (BT,

)
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93 (g, (pq“i“a *Pq,0* Pas0) * Suq, Pq 0¥ "qziq2 *Pq,0) *

Pq,

®

5uq3 a0 x

R T

xp . )+(1-8 -8 -8 )
20 i,

' ' . f .
quU x pq}U ¥+ Q- B(v+1,q5)) (Guqa (quiqa x pqzn x p,__'}j )+

: )
2 (ano " Payi

xp. ) +(-8 -8
2'q, 93 ua,

. .
Y, gxP, o %
ug, © 7q,0 " Fq,0

. Yo

x
q,0

Pasi M+ (- Blvet,a) (8, G * oy *Pays )+ -8,

uq, q“iqa 9, 9,

Payi *Pays W + (1801, ) oy x Payi*Pay N =05 @638)

where s, < j <5, 4-1,1<u<v,1<i <s;-1 and Bvy,v,) =0if v, <

V3 =1 if v; > v, . Note that for given v, the equations given by (2.6.38b) are

defined only when s < s
v < v

Now for any fixedt (1 <t <m,t# Aqs Gy 935 9 ) if one subtracts
equation (2.6.38a) with v = 1, j = 0 from equation (2.6.38c) with v =1, j =0, u = t,
one obtains

@y -Pl0 + I [p, ox@; -pgle,  + I [ -
"‘v. t0 t w1<t w1U tlt t0 w1t wz>t tlt

pLD) x pwzlJ ]OLWZ =0, (2.6.39)

where 0 < iy < s,-1.Forany fixedt (1 <t <m,t#aq qy a5 q), if one sub-
tracts (2.6.38c) with v = 1, j = 0, u = r from (2.6.38f) with v = 1, j =0, u; =1, u, =
t, one obtains

' '

. .
@ -Pyg)0 + = [p x (p,
tiy t0 * Tt w1<tk w,'ﬂ




29

Pyg) X pwzﬂ ]elw2 + [prir x (Ptit - Py ) 6,=0, (2.6.40)

. Similarly, for any fixed t (1 <

where 1 <r<t1<i <s-1,1<i <s-
- = "t=% = ="

t<m,téayay, 93, qy), if one subtracts (2.6.38c) with v = 1, j = 0, u = r from
(2.6.38) with v = 1, j = 0, uy = t, u, = r, one gets
. . . ' ' .
-p)0 + £ Ip x(p,. -p,g 0 + I p,. -
¢ P’ <t w0 Prip T Pro Wit wprt ke o,

. . . . '

P xp, o108, +lp; -pg)xp, 18, =0, (2.6.41)
2 2 t T
where t <r<m,1<i <s-1,1<i <s-1.Summing the s_equations that
(2.6.39) and (2.6.40), one gets for any fixed t (1 < t < m, t 4y, qy a3, ) »
' . . '
)e + I o, ox@. -p-)6. .+ I [p. -
t w0 " Prip “Pro 7w e wy>t tiy

.
P,
o Wy <té

\ !
Prg ) % Puy0 )eth -0, (2.6.42)

where 1 < it_< sL-1 » 1 < r < t. Similarly the equations (2.6.39) and (2.6.41), when

added, give
b f . .
(”nt P )8 + \5‘1« [Pw1n x ("n( i ”to)]°w1t * v the Ty 5
o) *Pry 018, =0 s (2.6.43)
2 2
where 1 < il.—( 5~ 1,t <r < m.Now if one subtracts (2.6.42) from the equations
(2.6.39) and (2.6.40), one gets for any fixed t (1 <t <m,t# Q45 Qg a3» qy)

& . .
[prir x (pﬂl - e, =0, (2.6.44)

where 1 <r<t,0<i <s-1,1<i < s,- 1 and if one subtracts (2.6.43) from

the equations (2.6.39) and (2.6.41), one obtains for any fixed t (1 < t < m, t £q,,

A5 935 9) 5
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. . .
[(pl.‘t Py ) % Pei, 16, =0, (2.6.45)

wheret <r<m,0<i <s -1,1T<i <s-1. Now (2.6.44) and (2.6.45)

*
implies that for 1 < r <t <m,t Lq1, Gps-G30 9y » [r—’r x P ]0‘_t =0 and for

r T

* *

1<t<rx< m‘tLqqu'“}’qA‘[Ptxpr]e:r=ﬂ’ where P, is an((st-1)x
i ' ' . y *

(s~ 1)) matrix with rows (ptil - Py )y 150y < s-1.Since P and Py are both

of full column rank, one obtains for any fixed t (1 <t < m,t# Qs 9pr 930 ay)

6,=0,1<r<t<mand @ =0,1<t<r<m, (2.6.46)

Then from (2.6.39) and (2.6.46), one obtains

(p[il -y 0 =0, (2.6.47)
where 1<t < m,tAa,ay,d;,q,and 1< i < s-1.From (2.6.47) and from
Lemma 1.8.1, it follows that

eL:n,1it§m,L£q1,qZ,q3,q4. (2.6.48)

Let g, < q, and g, < m-1 . For any fixed kq , 1 < ky < s, -1, if one
1

subtracts (2.6.38a) with v = 1, j = 0 from (2.6.38¢c) with v =

=aqp, i =
eSS

k, and if one uses (2.6.46), one obtains

® b )0, [Py Py o) xPy g0 o + 0,
aqkq 7940 " Tay akq a0 90 " a9, gk

o o) %P g8 o v - Py )X Py 018 o + (B
9,0 9,0 “aga, © Pagky T Pag0n " Fas0 ragag T gk

pq1u> % Pq,0 *Pay0 14, =0. (2.6.49)

For any fixed k; , k,, 1< ky <3 -1, if one subtracts (2.6.38c) -
Sa | 4

with v =1, j=0,u =q, iqA: kg from (2.6.38f) with v =1, j =0, uy =qq, i

'1'1—<ku—<5q
=k,
9 1

Uy =a, iqa =k, , one gets on using (2.6.46)
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Je, 4+[(pq "

®, Py 0 + b . -Pn o) xP,
Qqkq 79907 Tag T Tragky  Tag0 77 Tagk, ey 1K1
Py ) %Py 0180 o + by Py g)xpy 100 o+ [l - -
940" 77,0 “Tagq; T TMagky T Taq07 " Tagl Tagas T ragky
: . .
Pay0) % Paj0*Pao 141 = 0. (2.6.50)
Summing the s equations that (2.6.49) and (2.6.50), one gets for any fixed ky, 1 <

ky<s -1,
1= %,

®y Py 0 + [P P ) xpe 10 o+ (.
Qikg 990" Tag T agky T Fag07 " P 07 Tagq, T gk
) xp. () [, ) xp. i 0 2.6.51
% . 0. (e
Pa,0) % Pa0] 8. q, * (Pq i, = Pq,0) * P 0 * Pa,0) &1 (2.6.51)

If one subtracts (2.6.51) from (2.6.49) and (2.6.50), one obtains

[, " el e 0 (2.6.52)
- -0, 6.

Pagk; ~Pa;0’ * Payk, *%aya,

where 1 < ki <s -1,0<k, <s -1.Now (2.6.52) implies that [P’ x
1 CH = 4= "q 9
-0, where P; is an ((sq1- 1) x (sq1» 1)) matrix with rows (p;1k1 -

P e
LA
o Qs 1< Ky <. -1 Since P* and P_ are both of full column rank, one obtains
a, = "= a, q
o -0 (2.6.53a)
a9,
similarly, if q, < q; , it can be proved that
(2.6.53b)

) =
CACH

Here, one may note that the equations (2.6.54-61) stated below are

obtained on using (2.6.46) and (2.6.53a,b). For any fixed ky, kyy 1< kg < sp =1,
1
=T 0=0,u=qy iy =k from

1< ky < B 1, if one subtracts (2.6.38¢c) with v



(2.6.38f) with v = 1, j = 0, u; = qy, iq1 =ky Uy =0y iqz = k, » one obtains

O TP S S P SU LI (N
aikq 79407 ey a;ky  Taq0 Gpky " Tagay Ak

3 . . . ! .
P )xp Je + [p -p )% p. xp, J¢,=0. (2.6.54a)
9,0 * " Paz0 “Taqa; T Pagky a0 77 Fagk, T Tag0 T

For any fixed ky, kg, 1.5 ky < g - 1,15 ky < 5y - 1, if one subtracts equation
,i=0,u=as,i, =k from the equation (2.6.387) with v = 1,
a3 3

2 6.38c) with v =

j=0,uy =q,i =kyu,=qs i =ks,one obtains
1= %00 T Y2 793 lg, T NS

) . . . ! .
(P, -p_ )06 +lp_, -P, ) xP, gl + [
akq ~7aq0" Ty Gpkq 700077 a0 Tagg, T Tagky

; ‘ , ) . 3
P, o) XP, 1 18 +Mp. , -P, ) XP, gx P, Jb, =0 (2.6.54b)
910”* Pagky’ “agaz * "Pagky” Fag00 7 T 0 % FagkyT M

If' s,y < s, » then for any fixed ky, s, 4 < ky < 5,71,k £0, if one subtracts

(2.6.380) with j = ky , Uy = @y, i = 0 from (2.6.383) with j =k, , one obtains
1

]

. . . . . ]
[ -p, 6 +[p - P, o) %P, [} + [p, -
aqky” Pag0” Pay T TPagky” Fag0n T Fagkyt Taga, T agky

: . . . . .
b Yxp 18 4l - P )X Py XPy )by =0 (2.6.55)
010" Pagky” "agaz T “Pagky T Pa 00" Payy T Pagky T T

where 1 < v <q . If Sy1 S Sy then for any fixed k‘l’ kz, 1< k,| =< sq1- 1, Syq S

Ky < 8,-1 5 ky £ ky 40, subtracting (2.6.38¢) with j = kyy U = a4y, g = 0 from

2
(2.6.38c) with j = kps U =0y, iq1 =k, , one obtains

P, ]e . + [(pq1k -

; . . .
-p. 10 +[p -P. ) XP,
akq 79907 Tag T Magky Taq07 7 Tagk,y” Taqq 1

. . . . ! ;
b Yxp 10 4l - Py )X Py XPo J&; =0, (2.6.56)
0,0’ Pagk,’ “agas T "Pagky” Pag0” " Fagk, © Fagk, T
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where 1 < v < q1 If sv_1 <s, , then for any fixed Ko Koo 8y q < Ky <571,

1EO k1 <k, s, if one subtracts (2.6. 389) with uy = a;,ig =0,

=5 g -kz,j_k frum(2638c)w|thu:qz,|q2_k2

4+ One obtains

. } . .
(P, -P, 0 8, + (@ - P
kg "0 ey Tagky

Yxpy 18, +[E, . -
9,0 a4kq

Gk N9

. ] . . . .

b xp 18 [ -p. ) xPy . xPy, 1, =0 (2.6.572)
910" " Pasky” Taqay T hagky” Tag0n T Tagky T gkt T T T

where 1< v< qq - Ifs, 4 <s, then for any fixed ky, kg, 5,1 < ky < 5,1,

Ky £O kyel S g < s -1, iF one subtracts (2:6:380) with = kq, g = Gy g =0

uy = ags iq} = kg from (2.6.380) with j = k;, u = 45, iq3 = kg, one obtains
®, 8, + [, %Py 18 o,
Py k. - P + [Py - Py o) X P, + Iy -
kg 790 oy Qpkq Tag00 7 TagkyT Taga, T Tagky

; . . . .
P dxp 18 (@ -p Dxp., xp, &, =0, (2.6.57b)
90" " Tagky Tagay T Tagky Tqq07 " Tyl T Tagkyt T

where 1 < v < qp - 1fs 4 <s , then for any fixed k;, kp» k3,1 < ky < kp-1,

v-1

Sq S Hg S5, 1 kg RO g 1 < kg < s o 1, sublracting (2.6.389) with | = ks ,
U= g g =0y = Gy g =y from (26389 with ) = by g = Gy g, =Ky »
u; = Q3 iq} = k}, one obtains
®. " 0.+ o, )P 18 o,
Payiey " Pay0’ Pa; " MPagiey ~ P00 Payi, Paga, T Pak,
) * Py 18 [, . ) %P, 1, =0 (2.6.582)
Pa;0” * Pagics” Payaz " “Pagky ~ Pag0’ * Payk, * Pagks ol e

where 1 < v < q.1fs 4 <s_,then for any fixed ky, ko, kg, 1 < kg < kg- 1,
= h V-1 < 8y 17 Kpr kg T2 kg 2 kg

< k. s_ -1, subtracting (2.6.38g) with j = k} )
9

Sy-1 = K3 2 <

up =ap iq' =0,u, =9, iqzz k, from (2.6.389) with j = ks , u; = ay iq1: Ky

<51 kg BO, kerl < K
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vy =gl - k, » one obtains

) . . ; . .
(P, -p. 0 +[p P, ) XP, 16 + [lp, -
kg 7907 Tag T Tragky - Taq07 7 Tagky T Taqa; Ak

' . ! . . .
P, o) %P, 16 + [(p -p, o) XP, xp 1¢, =0, (2.6.58b)
90" " Fazks “aq5 kg Taq07 7 Tagky Tagks T

where 1 < v < q; . Note that for given v, 1 < v < q; , the equations (2.6.55-58) are

defined only, when s, ; < s, . For any fixed ky, 1 < k; < s - 1, if one subtracts

v-1 = %q

1
(2.6.38a) with j = k,, for s,_1 < ky < 8- 1,q) + 12 v < q, from (2.6.38b) with
u=aq, iq1 :k,l ,j:szorsv‘f k24< Syt -1,q1_< v < qz-1,oneubtains

d . 5 ; ;
Cpy Py 0 +[p  -p )xpy 10 [ -
kg 7807 ey T TTagky T P07 T Fagky Tagay T Ak,

. . . . . .
b Oxp 18 +lp , -p. )XP., xp., 1é; =0.  (2.6.59
9,077 Fazky Tagaz T Thagky T Taq07 " Fagk, T Tagky' T

It is to be noted that for given v, q; < v < q,- 1, the equations given by (2.6.59)

are defined only when s < s .1fs _; < s, then for any fixed ky, ky, kg s, 1 <

Ky < sym 1y kg A0, kg + 1 < Ky < s Tyks + 1.5 ky < sy -1, if one subtracts
(2.6.389) with j = ks, u; = q, ig, = 0, u, = a, iqz = k, from (2.6.38) with j = ks,

uy = ayp iq1 = Ky Uy = Apy iq2 =k, , one obtains
®, " e, + [, )Xy, 10 o,
Py k. - +Upy . - Py o) %P, +Upg -
kg "9y0" Ty akq  Taq0" " Tagky’ Tagay T Tagky

. . . . . !
P, o) %P, 1e + [(p, -p, o) X P, xp 1¢, =0, (2.6.60a)
91077 Pagks " Taqay " Tragky  Ta 077 Tagky T Faskst 1

where 1 < v < q, . Similarly if s, < s, then for any fixed ky, kyy K3y 5, 4 <

Ky < sym 15k B0, Kyt 1< Ky < s 1, kot 1.5 ky < sy -1, if one subtracts

b 3
= ks, from (2.6.380) with j = k; ,

(2.6.38g) with j =

U= A ig =00y = 3 ig
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up =ap iq1 =Ky Uy = a5 iq} = k3 , one obtains

@ Py )0+ [0 Py Xy 10, o + [,
kg g0 ey T agky C Taq00 T Tagk,t Taga, T T agky

p‘ ) x p' 1K) + [(|:vI - p‘ ) x p' x p' 1¢,=0, (2.6.60b)
94077 Tagkst Tagay T TTagky - Tag07 " Tagky T Pagkst

where 1 < v < q; . Note that for given v, 1 < v < q , the equations (2.6.60a) and
(2.6.60b) are defined only when's . < s . For any fixed ky, 1 < k, <'s_ -1, if one
v-1 < %y 112k 28,

subtracts (2.6.38¢) with j = Kops U = a3 iq} =kg fors, 4 <k, <s,- g +1<ve

s k2+ 1< k3 < sq}- 1 from (2.6.38e) with j = ky s Uy =ap, iq1 = k1, U =a, iq}:
k3 10 8, % g < 8,17 10 Ay £ V.S G Ty kp#1 < kg < 5 1, oo obtains
o, " 28, + [, Py 8 [,
Payk; ~Pay0’ oy " MPayky T P00 Pk, Caga, © Pagky
(2.6.61a)

. . . . . .
Py ) xPy 18, '+l . =Py )X xPo 1, = 0.
94077 Tagky’ Taqq3 " TTagky - Taq07 T Fagky T Fagkyt T

Finally for any fixed k_l, 1< k1 < sq - 1, if one subtracts (2.6.38¢c) with j = kj, u=qy
1

1q2 =ky fors, 4 < ky <5 -1, qp41 <V < gy kytl < ky < sqz- 1 from (2.6.38e) with

1:'(3’“1 =qp iq1 :k1 ,u2=q2.iq2=k2 forsv_< k}_< sv+1-1 1gq SV q2-1,

3

+1 <k, <'s_ -1, one obtains

3 2= %,

. i . . . .
) -p, 00, +[p - P, o) %P, 16 + [p
kg "o 0 Ty Qqkq 10077 Tagky Tagay T Ak

. ’ ; .
P, o) XP, 16 + [p -p, o) %P, xp, 1¢,=0. (2.6.61b)
91077 Pagkst Taqa3 T TTagky Taq00 T Fagky T Tagkst T

1

Now combining the equations (2.6.49), (2.6.54-61), one obtains

(p" -p. )6 +[(p‘ -p' )xp' ]e «[(p'
Qpkq 7907 Tay T Tragky  Tag07 T Fagkyt Taga, T T agky
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;] - =) 2.6.6.
Pay0’ * Pagk;) %aya, * (g i, = Pa,0 > Pajl, Pastcy] #1510 Rz CE6D)

where 1 < kg < sq1- 1,0< k2_< sqz— 1,0< k}_< sq - 1. Analogously to the deri-

vations of (2.6.46) and (2.6.48), one can obtain from (2.6.62)

e -=0,0 -0,0 =0and$, =0 .

a a9, ’aqa5 and &,
Exactly in a similar way one can obtain from the equations (2.6.38a-c, e-g), 8, =0,
e_ue,,ne -0,8 -0,8 0,0
a, a A9, T 9493 9,ds
The proof of "= 0, when 3= m, follows analogously through the equations (2.6.38 a-h).

=0, ozzﬂandhencee~0.

Next suppose q; = q, and the remaining q; 's are all distinct satisfying the
conditions stated in (2.6.36). To prove the linear independence of the columns of [e ,

Lprlgr oo Ly Gogy ooy G, ), consider

'm-1m v Y,
N9 9%

R Y« I € H Vq1qzq3 ,

"
v 8" -0 2.6.63
91959 ! g ( )

where 8" is defined as earlier. Following the definitions of Lpplyee s Lu Gy

v v (2.4.1) and (2.6.63) give, for a typical level
w1 m* Va,a,; 7 Vaya50, ( ) give, for a typi ve
combination (i, iy « « .+, i), the following equation:

Gy -+ 45 G

m ., m m ' ' 0
6 + L p. 6 +3I I . oxp. . )8 +p . x
ot 2 Pui O oE Py woio ) Owow q,i
w=1 Wy Wyt wy=t il Wl WYy 1lq,
w1<w2

P oxp o )+
%iq, " "asiq, 1

P kP xp i Yy =0y (g ey
gy 9lgg delg L

) € S(@), ) (2.6.64)

where S(Q) is the set of level combinations given by the columns of the array Q . As
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earlier, it is evident that the system of equations (2.6.64) can be split up into sub-

systems (2.6.64a), (2.6.64b), . . . , (2.6.64h) exactly as was done with system (2.6.38).
i . (8,1)
which constitute the columns of [B'%"",

2
B(8 i 3)] give the subsystem of equatmns (2.6.64€) corresponding to the columns

For example, the column vectars b®") )
J,u1,u2,1 "u

of [B(SJ) g hed B(B,m-l)] .

' ' m 0 ]
Py Py O, + I P8, P, 6, +
e, Y1 wevet

2'u,
whi, z

v
8 + %
° w=1

bt

M<

v " 0 ] '

wf=1 wy=1 Puy0 * P 0 Curyy +wi<u1 Puyo* p”1iu1) T
Wy <w, ki

Ve . .

@ (Pw1u = szj) Ouqw,

¥ v
ugi XPw )y W * I
2 2

"2 w,=1 wzfm
1 2"
wakig waki,

w2>u Tu

m [} v v ' ' '
z xpo )8+ I (. oxp o )0+ . x
T I L T LT

272 ) Wk

' e Ef G oxp )0 2 e
P, . + P . XPp. + p,, . x
2uy U192 wimvet wymvet Wl W T WY, wyzvel )

Wy <wohuy

' m . '
Py ; * pw2j )euzwz + [B(v+1,q,){B(v+1,

z
1“2 wyru, U2,

. . . .
1 . 8 "
ay) {B(v+ »a3) Mu,‘q,‘ (pq1lq1 x quD x pq}u) + 8, 9 (pq1 pqzlqzx

Pap™* 8y g B gxp oxpe . )+(-6. -8 - )
930" " "u4a5 Fa,0 " Pay0 iy way ~ Puga, ™ Cugay P‘h



1-f 1 8 "
Pa0 * Pago ) + (1B liaz) (8, o (8, o S

P )+(-8 ). xpogxp. 8 s ®
Ulay U293 g, a0 " Tas) uq9z

. ' . .
P xp. . )+(Q-8 Y axp. . xp. O+ (1-8 &
qzlqz q3-q3 u,qs” 9.0 qzlqz qasi uqq,y

. . . . .
) {6 G xp oxp. . )-8 ) (p o xp. X
1920 Up93 T 0 Tag0 A uzas’ 10" Tay0

Pay; B+ -Bluetiap) (8, o (8 )+

. . xp.: xpo .
1 Y% Glg T92lg, 9

. ) . )
.. xp..xp. . )+ -8 -8 Y, . xp, X%
2851 alq, 92) =3l U292 U2d3 “q 92

] . . . .
R s ) s
Pasj S U9 i uz9z (pq1° ) pqZ'q2 " Pasj o upas (pq10 =

. . ' . '
. N 1-8§ ' -8 N N 1-| 1,
pqzl x pq3‘q3) + u,a, uij) (pq‘ID x pqzl x pq;J M} + (1-B(v+

. . f . . .
8 . . R 8 N B B
q1)) { u,a, (pq1|q‘I x pqz] x pq}l )+ uya, (pq1J x pqzlqz x pq}]) +
. . ; '
8 B N N 1-8 -8 -8 B
U293 (pq11 i pqzl G p“s'n; L Y299 Y292 U293 ) (D‘HJ *
pq2j x quj M &, + [B(v+1,q,) {Bv+1,q5) {B(v+1,q4) (6u1q1 (pq1i

Rl
o . N o .
P o xp.: xp, . B X p. %
195 7940 " Tasig " Tag0 Usds 970 Azl
s ) b, i . e
- P oxp. ox . (-
%iq, uray ” “ujag " Sujag’ Pa 0 Pago * Pag0

Bv+1,ag) {8, o (6
1M

. . . .
(. . xp.gxp.: )+QA-86. D@ . x
U2% iq, 90 Tdlq, U9 T aiig
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. . . .
xp, B+ 8 {s Py g*xPg i XPg; )+0Q-
0" Tagl Uqds " Updg 940 95las %lqg

. . . .
8 Yp_axp . xp_ )+ (1-8 -8 ) {8 [
Uy a0 95lqs % Ugdy TUqds T Upgg g0

)+ (-8, 3 ) (Pq1u x Pq5ﬂ x quj M+ (1-B(v+1,

P g XP.
950~ Magi, q,
5 6l 2
Nis, o 16, . (. y LS, :
), b . xp . xp )+ b . xp . x
2T ey T upag Hlq, 9lgg % “2% Tlq, )

) !
P )+(1-8 -8 Y(p. . xp .xp. )} +(-
%6'ag V2% 2% TSilq 951 TG

'

B )08, L (s s it ) & s i e
U187 up05 a0 T Tasia T g Uz 940 " Tasi

I , . .
; )+Q-8 -8 ) . . 1-B(v+1
qu.qs s ujas ™ Cujag <pq1g x pc's’ x pqsl M+ (1-B(v+1,
\ . . . .
wNs b o )8 .
17 Pugay Pagig % Pagi ™ Pagi upas Paqi * Pagiy * Pagj
8, o (pr  xp. )+ (1-8 s y
Uyt Pagi ™ Pasi ¥ Pagiy 7" 100, 7 Cujag T Cujag (pqﬂx

(2.6.64e)

' .
quj x pqu MNe,=0,

where 1 < v<m3,s <j<s

v 101 S |u5su~1,v+1_<u2_<m,j+1_<|u25

s,.- 1+ Note that for given v, the equations given by (2.6.64€) are defined only when
2

Now for any fixed t (1 <t < m,t £ s Gy G35 G, Ggh if one subtracts the
equation (2.6.64a) with v = 1, j = 0 from the equation (2.6.64c) with v = 1, j =0, u = t,

one obtains
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' ' ' ' ' '
®,. -p06 + Z Ip x(p. -p, )10, + L [, -
tlt t0” "t W1<t W10 “t t0 W.IL W2 >t tlt

) !
Py ) % P ]eLWZ =0, (2.6.65)

where 0 < iy < 's-1.Forany fixedt (1 <t<m,t Aq1, s Q31 s Gg), if one

subtracts (2.6.64c) with v = 1, j = 0, u = r from (2.6.64f) with v = 1, j = 0, u=r,
_, = t, one obtains

(G -p )6 + L I, ox@®. -pN0  + I [p. -
tlt t0” "t w1<t L w10 th t0 w1t wz>t ':1t

. ! ! ) '
Pro ) % pwzn ]eth % [prir % (ptit -Pl O =0, (2.6.66)

where 1 <r <t 1<i <s-11<i <s-1.Similarly, for any fixed t (1 < t <
m, t £ Qys Ap» A3 Ags qé), if one subtracts (2.6.64c) with v =1, j = 0, u = r from

(2.6.64f) with v = 1, j = 0, Uy =t u, =, one obtains
'

P -p8 + 2 [p, o xp,. -pl0, .+ I p,. -
“l t0” “t w1<t w.lﬂ tlt t0 w1t w2>t/=r [lt

Pg) "w20] O, * [("ut - Pyg) X prir] 8, =0, (2.6.67)

wheret <r<m,1<i < Sp- 1,1< it—< Sp™ 1. Analogously to the derivations of

T
(2.6.46) and (2.6.48) from (2.6.45), one can obtain from the equations (2.6.65-67),

6,=0,1<r<t<m@ =0,1<t<r<mand@ =0, (2.6.68)

where 1 <t <m, t £qy, qp g3 dgy 9

Let G, <93 < gg < q < m-1 . For any fixed ks' 1< k5_< sqs- 1, if one
subtracts (2.6.64a) with v = 1, j =0 from (2.6.64c) with v =1, j =0, u = ag, i =kg
S5

and if one uses (2.6.68), one obtains



m

. . . , . ,
(p, -p, )8_ +[p_ x(p -p, o8 +[p_ ox
Gsks 150 " "as ~ Tay0 " Tagks ~ Tag0 Taqas © Tay0

ne, [,
5 " Pagks

- )18 [( -
(quks p“sU] a,95 " ["q30 * Pagks ~ Pas0” “agq
L )xp 18 b, o % . L ) xp g 1e,=0 (2.6.69)
P, o) %P, +lpy g% Py . - Pg )P =0. X
950" " Tag0 " agag - g0 " Tagks - "qg0” " Tag0 T T2
For any fixed ky ks, 1< ky < 5 = 15 1.< kg < g < 1y if ono subtracts (2.6.640)
VIR v = 1, 5= 0,6 = g g = Ky from (26640 with v = 1} = 0,y =y g <Ky »

up =g s iq5 = kg, one gets on using (2.6.68)
y e o x (. " e oy
agks ~ Pagd’ "ag * q,0 * Pagi ™ Pag0 % q; * Payi, *

(P, -p, 18, +[p, g%, -p, g)l@ + [p, -
Qsks  Ta507 "apq5 © Ta30 © Tagks  Tag0 T azdg - gk

. ] . . . .
b Oxp 18 +lp ox(@. . -p xp. 14, =0. (2.6.70)
950" " Tag0 " "agqg | Tay0 " Fagks -~ Tag0” " Fq 07 T2

equations that (2.6.69) and (2.6.70), when added, gives for any fixed kg, 1 <

The s
92
kg < % 1,
®. ST % G, - e >,
Pagks ™ Pagd’ “a * [pq1° * Pagks ~ Pag0” “aga T Pag0 ™
®. . le o, . D xpy 10 y
Pagks ™ Pas0” “azag * MPagks ~ Pag0’ * Pagd “Caga, g 0
®, ) xp, 0 (2.6.71)
pqs“s “Pay0 x pqéﬂ 1¢,=0. 6.
Now, if one subtracts (2.6.71) from (2.6.69) and (2.6.70), one gets
(2.6.72)

o, x®y . -p, O =0,
Gokz " Tasks - 450" "a5q5
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where 0 < k, <5 -1,1<ke <s -1.Now (2.6.72) implies that [P x
S fendy L 9

5= Sqq

*

Pos Je agag =0+ WheTe P;S s an (g - = (sq5< 1)) matrix with rows (p;Sk -

P, )»1<ks<s_ -1.Since P and P" are both of full column rank, one obtains
90" 7 = 5= Tag 9 9s
8, =0 (2.6.73a)
95

Proceeding in a similar manner, one can obtain through the equations (2.6.64a, c,f)

0,0 o, (2.6.73b)

8 = =0,6 =0
395 2% 3%

For any fixed ky, 1 < k, < §q,- 1 if one subtracts (2.6.642) with v = 1, j = 0
2
from (2.6.64¢c) with v =1, j =0, u = a, iq = ky , one obtains on using (2.6.68),
2
(2.6.73a) and (2.6.73b)

; . . . ; .
P, P, g8, +lp oxp -p, 1@ +[(p -
Gokp T80 Tay T a0 " Fagky T Fay07 Taga, T Pagk,

P, oa)xp_ 180 +lp. Ax@p -p_ Jxp. 1, =0. (2.6.74)
90 7" 930 TTapa5 T T 0 7 Tagk, T P07 Pas0t

Here, one may note that the equations (2.6.75-80) stated below are obtained on using

(2.6.68) and (2.6.73a,b). For any fixed k2, 1< l<2 < sq - 1,if one subtracts (2.6.64c)
2

with v =1,j =0, u=q, iq1 = ky from (2.6.64f) with v = 1, j = 0, u; = q;, iq1 =Ky

u; =gy, 1q2 = kz, one then obtains

. . . . . ’
[ -p. 0 +[p x (p -p. )6 +[p -
G2ko 7900 Tap T Tagky T Tagky T Tap07 Tagq, T TPagk,

. . ) . . .
P, o) %P, nl86 +[p, x (p - )xp 1¢, =0, (2.6.75a)
907" 730 “aya3 T Tagky T Fagk, T Pay07 " Pas0t ®1

where 1< k, <'s_ -1, and for any fixed k.
b = %

29 12 ky <5 -1, subtracting (2.6.64c)
ve1,j=0,u =q2,iq2‘

with v = 1, j = 0, u = qy, i = ky from (2.6.64f) with
b
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4y = A g = by one abtains
®. e +[p, ox (o . le, o,
P, . - P +Ipy ox Py . - P, + [y, -
gk, Pag0 May T Pag0 " Pagk, T Ta 07 Maga, T agk,

. .
P )xp, . 18
90" Tasks

+[p' ><(pI -p‘ )><pI 1¢,=0 (2.6.75b)
9,05 * Pag0 % Pagk, " Pay0” " Fagkst T 7 T

where 1< ky < sq - 1.0f s, 4 < 5, then for any fixed ky , 5, 1 < kp < 8,1 kg £
0, if one subtracts (2.6.64c) with j = ky, Uy = @y » iy =0 from (2.6.64a) with j = ky,
- e A 2

one obtains

(p, -p o0 +Ip x (p, -p, )18 + [,
agky " Pag0 Ya, T Fagky T Tagky T Ta0m Taga, T Thagk,

P o) %P, . 10 +[p x (p, -p )xp_ , 16,=0, (2.6.76)
0,0 * Pagk,” “ayag " Pak, T Tagky T Tay07 " Fagky T

where 1 < v < ay « If 5,4 < s, , then for any fixed ky, k, subtracting (2.6.64c)

with j = ky, U = gy iqz = 0 from (2.6.64c) with j = ky , U = Ag iqz =k, , one obtains

. . , . . .
() - )8 +[p x (p -p 16, + [p, -
agky T Pay0’ Ya, T Pagky T Pagky T Fap07 Taga, T Tragky

. : . \ . .
Py X Pgi )@ +[p x (p -P, o) XPy 8 =0,
0 Pagky” “ayas " Pagky T Pagky T Tap0n " Fagkyt T

(2.6.77)
%

where1_<V_<q1,sv41_<k1_<sv-1,1_<k2_<sq2-1,k1{=kzku.lfsv_1<sv,

then for any fixed ky, kg 5, 1 < Ky < 8,71 ky A0, ky#1 < Ky < s - 1, if one sub-

tracts (2.6.649) with uy = 4y 5 ig = =0, j = k, from (2.6.64c) with
1

10Uy =qz,iq2
u =q1,iq1 =Ky 1 = ko 4 O obtains

P, -p. 0 +[p x (p, -p 10 + [, -
gk, T Pay0” Cay” Pagky T Tagky TTa07 Taga;

22

o Yxp 10 Do, xG. , -p. P)xp, 10, =0 (2.6.78a)
0,0 * Pagk, “ayaz * Pagky * Pagky” Pay0”” Fagky T1 T
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wnere 1 < v < q.Ifs , <s,, then for any fixed k), ks, 5, 4 < k; < s,/ -1, ky *
Ty kptl < kg < % -1, if one subtracts (2.6.64g) with uy =q, , qu =0,uy =05,

. ks 5 j = ky from (2.6.64¢) with u = a5 , iq} = kg, j =k, , one obtains
' '
)
(pqzkZ pq o [p K (pq K, lJ)] a3, + [(pqzk

P o) xp, 10 +[p x (p -p, %P, 16, =0 (2.6.78b)
650" Tagks’ "apa3 T Tagky T Tagky T Tap0" " Fagkst T T T

where 1 < v < qq - If Sy <8y then for any fixed Kqs Koy k3, 1< k2_< k1—1, 8y =
S5l ky B0, kgl < kg < % -1, if one subtracts (2.6.64g) with j = k, , uy = gy,
: =0,u, = 3 i i, = ks from (2.6.649) with j = ky, uy =q, , iqz =ky Uy =az, iq;
<3, one obtains

P -p_ )0  +[p xp_ . -p, 186 +[p -
Ggkp 10" Ay T Tagky T Tagky Tap07 Taqq, T Tagk,

Yxp. .10 +lp., x@. L -p Jxp., T4 =0 (2.6.792)
90" Tazks” Tapa3 " Tagky T Tagky Ta0n " Fagkst T T

were 1< v < qy .15, < s, , then for any fixed ky, Ky K3y 1.5 Ky < ky=Ty 5 4 <
€5 <5, kg £O, kgrl < Ky < sq1—1, subtracting (2.6.649) with j = ks, ug =y » iq1
Uy =ay iqz = 0 from (2.6.64g) with j = kg, uy =y, iq1 =Ky Uy = ap iqz =Ky

e obtains
®. " 98, +lo . x G . 18, o,
P k. - P, B x @, P, +lo, , -
Ggka 0" Tay T Tagky T Tagky - T,07 Tagd, T Tragky

p.Jxp . 16 +Ip x (p -P, ) XPy 18, =0 (2.6.79b)
-7a50" " Pagks” Tapq3 T Tagky T Tagk, T Fag00 " Fagkst T T T
wnere 1 <v<q.Ifs 4 < s 5then for any fixed ky, kpy kg 5, 1 < kg < 8.1,

5 E0 Kyl < kg < sq1»1, kytl < ky < sq2—1, if one subtracts (2.6.649) with j = ks,
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U =qp iq1 = k1 » Uy = Qg iq2 = 0 from (2.6.64f) with j = k}, Up =g iq1 =kqs U =
Gy iqz = kz, one obtains
G, -p )0+, xp , -p JO  +[p
pqz"z ’ pqzU ) i pq1"1 i pqz"z ’ quo 9% . p“z"z :
C oxp 18 +lp . x(  -p Jxp., ] (2.6.800)
. 5 =0, .6.80a)
a0’ Pagcs Yoy o * Pagk, ~Pagg)* Paye 4 =0

where 1 < v'_< q - Finally, if .1 <8y then for any fixed k1Y k2’ k}, 8,1 < k1 <

sv-1, k.I £0, k1+1 < k2_< sqz-1, k

1 < kg < 5 -1, if one subtracts (2.6.64g) with
3

j=kyauy = ap iqz =0, Uy = a3, iq3 = k3 from (2.6.64f) with j = k‘l’ g =gy iqZ N kz,
Uy = d3 iq3 B k}, one obtains
' ' ' ! ' \
Pagey "o %, * Py, * Page, PO, % WPy, ”
' ' ! ' ! '
quﬂ) X pq2k3] 0q2q3 + [pq‘|k1 x (pqzkz - pqzo) X pq}k}] 0,0, (2.6.80b)

where 1 < v < q,+ Note that for given v, the equations (2.6.76-80) are defined only

when's, , < s, - From the equations (2.6.74-80), ane can obtain, exactly in a similar
manner as was done earlier, 6* =0.

The proof of the linear independence of the columns of [e , L1, LZ‘ ceey
Lm i G12’ G”, oL B Gm_1 m Vq,‘qzq} : thq5q6] for all other cases follow analo-

gously to the earlier cases.
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Chapter 3
DESIGNS FOR SEARCHING ONE AMONG THE TWO AND THREE-FACTOR
INTERACTION EFFECTS IN THE GENERAL SYMMETRIC
AND ASYMMETRIC FACTORIAL SET-LP

3.1 Introduction
We define a fractional factorial design as search design for searching one
smong the two and three-factor interactions if it is capable of estimating the general
mean, all the main-effects and permits the detection and estimation of the possibly pre-
=nt at best one among the two and three-factor interactions. This chapter considers

=arch designs of this type.

This search design bl was earlier i among others by Srivastava
7975, 1977), Srivastava and Gupta (1979), Ghosh (1980, 1981), Gupta and Carvajal
79843, b, 1987), Ohnishi and Shirakura (1985) and Gupta (1988). All of them considered

e case of 2™ factorials.

This chapter deals with search designs for searching one among the two and
nree-factor interactions for the general asymmetric factorial set-up. As in the
wevious chapters, to motivate we begin with the general symmetric factorial set-up.
® Section 3.3, search designs for the general symmetric factorials have been pre-
=nted. Section 3.4 of this chapter describes the construction of search designs of
Te above type in the general asymmetric factorial set-up. A brief discussion has
e=n presented in Section 2.5. Finally, in Section 2.6 the proofs of some of the theo-

~~s have been given.

3.2 Notations and Preliminaries
Consider a factorial set—n.;p involving m(m > 3) factors F FZ’ ‘ . i Fm ats, ,
t...., s levels respectively (s, > 2, 1 < v_< m), where without loss of generality,
a.0pose
i<

81 S8y < ... S8 (G.2.1)
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Suppose prior information is available regarding the absence of all interactions involv-
ng four or more factors. Throughout this chapter these interactions will be assumed
:o be absent. Now, one may observe that if one observation is made for each of

m

:he s level combinations of Fy, Fy, « .« , F_, then with reference to the notations
v=1

siven in the previous chapters and also analogously to (2.2.2), the design matrix will be of

the form

0020 2y e oo 2w Zyp Zygo o v o0 Zo g oy Zagy Zyguo = o o0
Lot o ] (3.2.2)
corres-

where 1 corresponds to the general mean and the columns of Z_, Z_ . Z
v v, Svv,vs

sond to the main-effect F (1 < v < m), the two-factor interaction F, F (1 < vy <
1
7 < m) and the three-factor interaction FV1 sz Fy. (12 vy < vy < vy < m) respective-

ly. Of course (3.2.2) incorporates Z, z only when the associated interaction
Vv AN
F sz or FV1 FVZ rv} is included in the model. Let

e
Hy =0,2,2,...,2 )and

%

Ry =iy Zis oo o0 2 om0 212y Zagw -+ 00 g et i

Further let S be a subset of N level combinations of F1, FZ‘ ceey Fm with the corres-
*%

. : *x P *x
ponding sub-matrices of Hy and H, as, say, T, =l , Ly, Ly -, L Jand T, =

[G1pr Gy3r v+ » Gt m » V1231 Va24r =+ <+ V-2 me1 m) FESPeCtively. From Theorem

1.2.1 of Chapter 1, one observes that S represents a search design of the present type if
and only if the following matrices

*x
s, ), where 1 < q; < g, <m, 1<q5<q,<m,

[P
a9, * Td39,

(ag5 ap) £(azs qy) 5

. xx
i (M, Gq1q2 p VQ}“A“S ], where 1 < gy < g, <m, 1<q;<q, <qgg<m and
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*
i) [T, ,V ,V ], where 1< q, <qg,<qg<m,1<aq,<
17 T949,95 7 4959, 1 2 3 -4

95 < 95 < m, (aq, ay, a3) K4y, A5y )y
have full column rank.

3.3 Main Result in the Symmetric Case

To motivate, we start with the general symmetric factorial set up.
This section considers the construction of search designs that allow the esti-
mation of the general mean, all main-effects and permit the search and esti-
mation of possibly present at best one among the two and three-factor inter-

actions. Here we consider sy =

2 =+ ++ =5 =3 say. The following notations,
some of which have already been used in the previous chapters, will be helpful
in describing the search designs considered here.

(i) Define the (m x 1) vectors a(j1) (0 < j < s-1) such that in a?) , all the elements
)

are j; let A(") be an (m x 5) array whose columns are given by a") for all

(2)

(ii) For 0 < j < s-1, define the (m x 1) vectors a5 (1<u<m0x i, < s,
Ui,
(2)

Jsuy

i #j) such that in a ; » the uth element is iu and the remaining elements all
u

equal j; let AJ(Z) be an (m x m(s-1)) array whose columns are a]fzu)i for all uand i .
iy

(i) For 1 < j < s-2, define the (m x 1) vectors al>) . <u; <u, <m,
sz o unsugtestan (1S Sy <
192,
0 < min (|u1, uz) <j< rnax(lu1, nuz)‘< s-1) such that in aj’”1’”2’iu1’iu2 » the u,th

and u,th elements are i and i, respectively and the remaining elements all equal
1 2

s let A(j})

be an (m x [m(m-1)j(s-j-1)]) array whose columns are given by

a3

) i is defined only when s>3 .
Jugaliy iy 5>
etz

- g ()
for all Uy Ups 'u1 and |u2 . Note that Ai

(iv) For 1 < j < s-2, define the (m x 1) vectors a*) (<u <u<m,
2

””1'”2"u1"u
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j+1 <i ,i < s-1) such that in a@) . ., the u,th and u,th elements are
I Jpstgeiy oiy 1 2
172
'y

and i, respectively and the remaining elements all equal j; let A%“) be an
1 2

(m x [m(m-1)(s-j-1 212D array whose columns are af") .. for all uj,u.,i

Taugatgsly, iy 1772 Uy

N2

and i, . Note that A(j“) is defined only when s > 3 .
2

(v) Define the (m x 1) vectors 8> (1 <j<s1,1<u
11‘-'1’”2 T .y
o)

$ s the u,th and u,th elements are zero and the remaining elements all equal
rug o, il 2

4 < uy <m)such that in

js let A® be an (m x [m(m-1)(s-1)/2]) array whose columns are given by a® fol

JsUqsUy
all j, uy and up .
Let
N = s+ms(s-1) + m(m-1)(s-1)/2 + m(m-1)s(s-1)(s-2)/6 +
m(m-1)(s-1)(s-2)(2s-3)/12
and define the following (m x N) array :
_aM A2 @) 2) ,03) 3) @)
=0, Ay, A, Ak A A AT A,

(@) @) A05)
A e AL AP (.3.0)

Then we have the following theorem :

Theorem 3.3.1. The columns of the matrix Q, given in (3.3.1), interpreted as the

level combinations of F1, F2’ ety Fm, give the required search design in N runs.
The following example will illustrate the plan stated in this section.

Example 3.3.1. Let m = 7 and s = 3. Then according to Theorem 3.3.1, the following

level combinations, written as columns, give a search design of the present type in

150 runs while the corresponding regular plan requires a._total of 379 runs.



012 12000000000000 0211111111111
012 00120000000000 1102111111111
012 00001200000000 1111021111111
AD: 0125 AP : ooooooi1z0000005 AP : 1111110211115
012 00000000120000 1111111102111
012 00000000001200 1111111111021
012 00000000000012 11111111111102

01222222222222 020202020202111111111111111111111111111111
22012222222222 201111111111020202020211111111111111111111
22220122222222 112011111111201111111102020202111111111111
22222201222222 5 A(1}): 111120111111112011111120111111020202111111 5
22222222012222 111111201111111120111111201111201111020211
22222222220122 111111112011111111201111112011112011201102
22222222222201 111111111120111111112011111120111120112020

2222221111111
211111222221111111111
121111211112222111111,
112111121112111222111 5
111211112111211211221
111121111211121121212
111112111121112112122

@),
A_I :

000000111111111111111000000222222222222222
011111000001111111111022222000002222222222
101111011110000111111202222022220000222222
A : 110111101110111000111220222202220222000222;
111011110111011011001222022220222022022002
111101111011101101010222202222022202202020
111110111101110110100222220222202220220200

3.4 Main Result in the Asymmetric Case
This section presents the construction of search designs for the general

asymmetric factorial set-up that are capable of detecting the possibly present



at best one non-zero effect among the two and three-factor interactions
and estimating it along with the general mean and all main-effects. The
following notations will be helpful in describing the search designs considered

here.

Let sy = 0 and recall (3.2.1). We define :

@) For1.<v.<m-,ifs , <s, then define the (m x 1) vectors b§1’v)(sv_1 <
j < s,-1) such that in b?"’) , the first (v-1) elements equal O and the remaining
elements all equal j; let 8" be an (m x (s, - 5,_4) array whose columns are

given by b(j1"’) for all j. Note that 8" is defined only when s,.1 <s,

(i) For1<v<m2ifs, <s_ . ,then define the (m x 1) vectors b2 (s <
T v < Sy i, By <

. . in b(2V) N
j< sv+1'1’ T<u<v,1< [ 1) such that in hj,u,iu’ the uth element is

i, » the last (m-v) elements all equal j and the remaining elements all equal 03

a@v)

\2
let bean (mx [ I (s,- 1s,,4 - s,)D array whose columns are given by
u=
62Y) for an j uand i . Note that BZY) is defined only when's, <s_ ..
i, u’ v v+1

(i) For1<v<m2ifs _ <s_ ,then define the (m x 1) vectors £2¥) (s . <
T v-1 v Jousi v-1 =

J< s, 1, v<u<m 0<i <s,- 1,0, #)) such that in h?""‘:zu , the first (v-1)

elements equal 0, the uth element is i, and the remaining elements all equal j;

m
let B3 be an (mx [ & (s,- 5,_1) (5~ D) array whose columns are given by
u=v
62" for all j, u and i . Note that 83Y) is defined only when's, . <'s .
i, u V-1 < Sy

< : 4 E
(iv) If s 5 < s 4= 1, then define the (mx 1) vectors bik) (2 i<s 4=

Sm-2 S K< s -1, £Kk) such that in h(jﬁ) , the last two elements are j and k and

all other elements equal 0; let 8 be an (m x (s, 17 Smop™ 18- 5, o= 1D array



whose columns are given by b(ji) for all j and k. Note that B is defined only

whens  , <s. 4 -1.
) If s 5 < s, then define the (m x 1) vectors b( ) (Spp S K< s -,
k £5__.-1) such that in b) , the last two elements are s -1 and k and the
-1 k m-1
remaining elements all equal 0; let 8 be an (m x (s RN »
m - m-2 B
m-2°m-1
array,where §_ s the Kronecker  delta , whose  columns are b for
m-2%m-1
all k . Note that B is defined only fors_ , <s_ .
m-2 < °m
(Vi) For1<v.<m3,ifs, <s ,,then define the (m x 1) vectors &)

JaUgaUgl, ,1
1772 uy

(5,228, 4 Hh1<u vl <s, -1,v+1 <u

v+l ug= Uy

p <M, el <y <8 -1)

such that in £8°Y) ., the u th element is i, the remaining of the first v
gt ,.u 1 u,
2

elements equal 0, the uZLh element is i, and the remaining elements all equal j;
2

v . s,
et 88% be an (mx [ £ (s, -1 2 j-1))) array whose columns
j=s

u1:1

are given by p8v) (8,v)

. is defined
hu. 1vu2v| 1I

for all jyuy, Uy, i

and i . Note that B
Y2

vz
only when's_ < s and when m > 4.
v v+1 -

(vii) For 1< v < ms3,ifs  <s_ , then define the (m x 1) vectors sV 3
SV v-1 JaqsUgsly, ok

1772 uy Uy

(syq S i< s,/ HhvSu <up<m, 1 < iu1_< su1-1, j*1 < iu2_< suz- 1) such

(9,v)

that in b; .
gy oy,

, the first (v-1) elements equal 0, the u,,th and uzth elements

(9,v)

are i, and i, and the remaining elements all equal j; let B be an (m x
1 2

s-1 m m
[ R0 g iy

- (su1- j -1)(suz- j - 1)) array whose columns are given by
j=s,_q Up=v U
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OV
J,u1,u2,l ,qu

(9,v)

for al j, uj, u,, i and i, . Note that B is defined only when
1 Y2ty u,

-1m m
< sy and m > 4. For v = 1, we further define the (m x [ E z z (s

s _
=1 up=t =t Y

v-1

<u,

upsuz

j - s - § -1 array 8" which we obtain from B after deleting the (m x 1)
Y2

vectors b1

. 0.
1,u1.u2,l M

with j

(vii) For1 < v.<m3,if s, <s, , then define the (m x 1) vectors b*¥)
<vz v-1 Joug gy, ,l
U

(5,42 i<s, b k0 VU <y, <s -1,0<i <s -1,
{10,V

, the first (v-1) elements
gty sy,

min(i , i ) < j < max(i, ,i_ ))such that in
U Y2 Y1 Y2

equal 0, the ujth and u,th elements are i —and i snd the remaining elements
' 1 2 ™ u,
. (10,v) g1 m m
all equal j; let B ’" be an (m x [ I z z - 2j - 2)]) array whose
j=s, U, =V u,=v
V-1 2
Ll,l <u2
columns are b{10) for all j, uj, uy, i and i . Note that B9V is defined
JaUq U, ,| ol 17”72’ 'u u.
12, i 2
only when s, <s, andm 3> 4.
. (11) .
(ix) If Sme2 < Sm-1? then define the (m x 1) vectors byku,n CHPI S 3 Sma11

. i (11)
Sme2 < k < sm_1,JLk,1_< u< m-2,1_<|u_<s -1)sz.u:hthatmb]kul , the

uth element is iu’ the last two elements are j and k and the remaining elements all

m-2
equal 05 let B be an (m x [(E (s 1) (s, - 5, 9) G, - 51 - DD array whose

u= m-2 Sm-2

columns are given by b(;:) (1) is defined only
X

“"‘u for all j,k,u and iu . Note that B

when's_ o <s . -

(12,v) Gs.

(0 For1<v.<ms3,ifs 4 <s,, then define the (m x 1) vectors by ooy Bet <
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j<s-1,j40,v<u, <u,<msuch that in b“z V) the first (v-1) elements,
— v -1 2-= 12Up

the ujth and u,th elements all equal 0 and the remaining elements all equal j; let

812 be an (m x [(m-v+1) (m-v}/2) (s, - s, ; - ,,)) array whose columns are

(’IZ V)

for all possible j, u; and u, . Note that 812V
jaugauy

is defined only when

< > 4.
Sy.q <s,andm >4

. ? (13)
(xi) If Sm-3 < Sm.p » then define the (m x 1) vectors b'; R, 'iu (s -3 < 1<
2
Spe2 " 1imM2<up<uy<m,0<i <, -1,0<i0, _gsu -1, min (i
1 1 2 2
" (13)
o, max(lu K ) > j) such that in b
1

Uqs

u.?

, the first (m-3) elements equal

0, the u;th and uyth elements are i, and i, and the remaining element equals j ;

13) Smz”! ™ m
let B be an (mx[ Z™ z z (s + s~ 2j - 2))) array whose columns
j=s, up=m-2 u,= Yo%
m-3 1 27
uy <uZ
are b( 3) for all il ] i [ (13) i
possible j, u,, u,, i ~amdi . Note that B is defined
j,u1,u2,| 172 1 uy

only when's | 5 <5 .

-2
Let
m-1 m2 v m-2 m
N=Z (s -8, )+ 5 E (gN(,q-3)+ L £ (s~
o vt v L s R

B NCHE D RN N CHS S D CHEE S

m-2
m-3 v
1+8 )+ £ [Z (s z (s, -j-
*m-1°m-2 v=1 up=1 =val Y2
Y2
m3 s m m
M+ = (s, - i
val jes, g ugsvoupev U1
jA up<u,
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m3 sl moom
DA z 27 oy +8, =2 =D+ -8 ) -
v=l jes,_, ui=vu=v Y1 Y2
R e ]
u1 <u2
m-2 m-3
Smez - E sy -V + T Um-ve1) (m-v)s -5, 4 - §,) /2] +
u=1 PE]
[P m
" b2 T (s, +s, -2j-2),
j=s u,=m-2 u,=m-2 Y1 Y2
m-3 1= 2=
I.I,|<u2

and the following (m x N) array :

Q=" ... , g(1m-1) ,8@D . g@m2) 830,

gGmD @ ) g®D  g@m3) 5O

B(‘},m-}) X g(10,1) .. s g(10,m-3) s g1 . B(12,1)

g(12m-3) 513 G.4.1)

(u)

(u,v)

where in Q any subarray of the form B or B™ is included provided it is defined.

Then the array Q provides search designs of the type considered in this
chapter. We have the following theorems in this connection. Theorem 3.4.4 is the
main result of this section. Theorems 3.4.1-3.4.3 lead to Theorem 3.4.4 (see e.g.

the discussion at the end of Section 3.2).
Theorem 3.4.1. The columns of the matrix Q, interpreted as the level combinations
of F1, FZ’ ey Fm‘ be a subset of N level »cumbmations of F1, FZ‘ cee Fm for

e
which the matrix [Ty ,

Gq1q2 N Gq;qh 1, where 1 < q; < gy < m, 1< a3 < q < m,

(ay.5 a) # (a3, ), has full column rank.

Theorem 3.4.2. The columns of the matrix Q, interpreted as the level combinations

of Fyy Fyy oo F 1y be a subset of N level combinations of Fy, Fp, « .. , F  for
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*x
which the matrix [T;" , Ca.q,’ Vasa,a 1, where 1< q; < g, <m, 15<q5<
172 37455
9 < as < m, has full column rank.
Theorem 3.4.3. The columns of the matrix @, interpreted as the level combinations
of Fuy Fpr oo oy Fy be a subset of N level combinations of Fy, Fy, « o+, F for
*x
which the matrix [T, , V. , Vv ], where 1 < q, < g, < gz <m, 1<
1 A19,93 7 94959 1 2 3
q < Qs <9 < m, (qy, Ay a3) £(qy, 5, qg), has full column rank.
Theorem 3.4.4. The columns of the matrix Q, interpreted as the level combinations
of Fy, Fpy o ooy Fi, give the required search design in N runs.

The example, cited below, will illustrate the plans discussed in this section.

Example 3.4.1. Let m =

Sy =385 =38, =4,5)=04.
Then the following level combinations, written as columns, give the required search

design in 217 runs. The corresponding regular resolution VII plan requires 536 runs.

012 0 1200000000

012 1] 0012000000

0 0000120000

8D - o12; 8798 - o; 8% - 0000001200 5
012 o 0000000012

012 3 3333333333

012 3 3333333333

120000000000000002111111111111110122222222222222
001200000000000011021111111111112201222222222222
000012000000000011110211111111112222012222222222
000000120000000011111102111111112222220122222222 5
000000001200000011111111021111112222222201222222
000000000012300011111111110231112222222222013222
000000000000012311111111111110232222222222222013

g3 _
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2222222211111111111111111111111112
21111111222222211111111111111111112
12111111211111122222211111111111112
11211111121111121111122222111111112
11121111112111112111121111222211112
11112311111231111231112311231122333
11111123111112311112311123112323233

RCON

0000000022222211111111111111111111111111111111111111110101
21%1111101111100000002222211111111111111111111111111112222
1211111110111121111110111100000022221111111111111111112222
1121111111011112111111011121111101110000022211111111112222
1112111111101111211111101112111110112111101100002211112222
1111231111110111123111110111231111011231110123110100233322
1111112311111011111231111011112311101112311011231023002233

g(10,1),

(Contd.)

22222222222222222222
01012222222222222222
22220101222222222222
22222222010122222222 3
22222222222201012222
33223322332233220133
22332233223322333301

000000111111111111111000000222222222222222
011111000001111111111022222000002222222222
101111011110000111111202222022220000222222
110111101110111000111220222202220222000222
111011110111011011001222022220222022022002
111101111011101101010222202222022202202020
111110111101110110100222220222202220220200

(12,1 .

In the above example one may note that 8(1+2), g1, g(:¥) | g(1:9) g2 g2,
827, g2 B2 g0 g0 g5 gl | o) g8 g2 g8
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B(B,‘l) 5 B(9,2) : B(‘),}) . B(9,4) 2 B(‘IU,Z) i B(1U,3) R B(1D,b) s B(1‘|) i B(‘IZ,Z) s B(12,3) 1

B(1Z,A) B(13)

, and are not defined.

3.5 Discussion and Concluding Remarks

In the literature, methods for the construction of search designs for
searching one among the two and three-factor interactions for the 2™ facto-
rial set-up have been proposed by various authors. Although for 2m factorials,
our plans are not the samllest ones (see e.g. Srivastava (1975, 1977), Ghosh
(1980, 1981), Gupta and Carvajal (1987) and Ohnishi and Shirakura (1985)
for general s™ factorial set-up our plans are the only ones available in the
literature. This advantage of our method is accentuated by the fact that
apparently there is no obvious way of extending the plans for 2™ factorials,

as available in the literature, to the general s™ factorial set-up.

Turning to asymmetric factorials we may mention that here also no
plan other than ours is avail‘able in the literature. One may note that the
plans proposed here are worthwhile when m > 5 where m is the number of
factors. These plans also usﬁally require a small numbers of runs compared
to the corresponding regular fractions. These regular plans are, indeed, capable
of estimating many more parameters than those considered in this chapter.
Anyway, as mentioned earlier, if prior knowledge is available that at most
one among two and three-factor interaction is present, then such elaborate
estimation is notrequired and, in such situation, the designs presented in this

chapter appear to be economic (vide Table 3.5.1).
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TABLE 3.5.1
SOME EXAMPLES ILLUSTRATING THE NUMBER OF RUNS REQUIRED
FOR THE PLANS PRESENTED IN SECTIONS 3.3 AND 3.4
AND THE CORRESPONDING REGULAR RESOLUTION

VII PLAN

Serial no. Set-up Gur ot Roguler plan
1 28 46 93
2 ' 2'0 67 176
3 2 x32xs 93 184
A 2" 79 232
5 28 x 32 99 277
6 2% 3 92 288
7 22 x3° 125 318
8 : 26 x32 x4 1264 320
9 2%« 3% 122 330
10 27 x 3% 17 362
1 2% x 3% 14 354
12 2 %3 106 366
13 2% x 38 145 392
14 22x3P x4 148 394
15 26 x 3% 138 418
16 210 x 32 130 444
17 214 121 470
18 27«32 x5 165 472
19 2% x 162 492
20 B x3?xs 159 508"

x 3% x
21 27 x 3% 155 520
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(Contd. Table 3.5.1)

Number of runs

Serial no. _Set-up Our plan __ Reqular plan
22 2% x 3% 150 534
23 2% %3 137 562
24 2B x32xs 185 585
25 2% x 36 180 607
26 : 2834 173 637
27 T2 32 165 667
28 2% x 3% 192 770
29 215 5 32 184 802
30 21433 207 937
31 218 191 988
32 27 x 3% x 42 277 1002
33 217« 32 225 124
34 27 x3 x4xs 326 1133
35 27 %3 211 1142

3.6 Appendix

The proofs of Theorem 3.4.2, 3.4.3 are indicated below. The proof
of Theorem 3.4.1 follows similarly. Theorem 3.4.4 follows as an immediate
consequence of Theorem 3.4.1 - 3.4.3. Theorem 3.3.1 follows as a special

case of Theorem 3.4.4.

Proof of Theorem 3.4.2. Under the notation of Sections 1.3, 2.2 and 3.2, consi-

e
der the matrix [T, , G \ = I T
= matrix [T, , a9, ’ q}qaqs] e, Ly Ly

sGy e
m° a9

v, ], where without loss of generality, suppose
a39,49s



129 <g<m,1<q3<q, <qg<m. (3.6.1)

According to the Theorem 1.2.1 , here it is enough to prove the linear independence

of the columns of the above matrix.

We first suppose that q;'s (i = 1, 2, . .., 5) are all distinct satisfying the

conditions stated in (3.6.1). Now consider

cles by,

lJe-=o0, (3.6.2)

» G 2V,
™ 9192 " 93995

' . ' . '
wheree=(6°,01 PRI Y X ,02) ,say.Letpvj(15 v<m0<j< sv«1)
denote the jth row of P_ . Recalling the definitions of Ly, L, «..,L , G s
v 1 b m Zq,a,
v , one gets from (3.4.1) and (3.6.2) , for a typical level combination (i,,
939,95 1
iy« « i), the following equation
m

6 + L p.
w=1 Wy W

+

; ]
b . xp . )+
q1.q1 ayi 1

b . xp. . x
qsi a,i
9y 3as 4a,
p;i )8y =0, (g g+ e vs i )e S (@, (3.6.3)
5q,
S

where S (Q) is the set of level combinations given by the array.Q as stated in
(3.4.1). Recalling the structure of Q, it is evident that the system of equations
(3.6.3) can be split up into subsystems (3.6.3a), (3.6.3b), . . . , (3.6.3k) which arise

from the level combinations given by the columns of [8(11)

, ghm-y

YL @My g @ g@mey a3
tively. For example, taking care of the definition of the column vectors
bj(f]“,:’)“zviu i, whieh constitute the columns of [ , B®M I the sub-
system nf1equzations (3.6.3f) corresponding to the columns of B&V , ..., g®m-3); .
is given by
V. . ! -
% ‘WE1 Puo Oy wj Ow Puziuzeuz‘ (8ev+1,
whu




' ' '
1 .
q{B(v+1, a,) {6u1q1 (pq1lq1 x quﬂ) + Gu1q2 (pq10

(1—&Sq1q1 - 6u1q2 ) (pq10 * Pq,0 ¥+ (1-B(v+1, g ) {

. 3
" i~ 1-
Pagl, % Po, } + (18, 40 (8

.

)+ (1-8 ), .
u,q. qqi

2 272 1q1

;
Pqi

)+ 8 [¢ R g
Pa,i’ * Puya, Pagi ™ Payi

)+ (1-8 -8
a, Y299 Y292

[B(v+1, ag) {B(v+1, a,) {B(v+1, ag) {6, . (. , xp,

as Pasi
193 " 9lq,

8 (P, Xp_ . xp )+ 8 (p, x p,
419 930 7 Tagig, © Tas0 ugds Taz0 " Ta 0

S -8 -8

' '
) (p, x p
19, Y195 Ta30

v " 0
q.) {8 {8 . . xp xp_ . )+ (1-8
37 T8 a5 Tasi o Ta,0 " Tagig

. ' . .
$ 5
Pq,0 > Pq51 3} o+ 6u1 { P, g * P,

.
 oxp .
G 29 930 Tagiq - Tasiq

; : H
Suyay) Pago * Pastg, * Pos B8, - 8yq)
' o . X . .

Pa,0 ™ pqslqs) 1 6“2“5 . (p“BU " Pq,0 ™ ,pqsl L

ER RN

)+ (-8 ) (p oxp. M+ (1-Bv+1, q, IS ®.
a, Uzdz 40 " Tagi 1 u

uy95° Tasi

132

'
S
x pqzlqz +

'
S {8 P . x
Y% Y92 q1'q1

:
[} x
Uy, "qq0

e
2% q1‘q1

) (pq1< x pqzj)}] 4, +

)

;
9,0 * Pag0’ *

x pqsiq5 )+ (1 -

0 * p;sﬂ B+ (1-Blv+1,

) (p' x
4

)+ (1=

.
{8 (P x
uzds a0

+ (1-B(v+1,

(P, . xp_ . xp_ .)+8 P . x
193 - Y29% 3lqy ql&'qb ~-9s) Y295 “3'q3
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s . . , .
: : 1-8 -5 ) ) )
Pq,i * "qans )+ u,a, ~ Sujag ) (r'q3|q3 P s P D

1-6. (s ) s )
¢ uqa3 ¢ uya, Paz0 p“‘l'qa *Pagi ) * Uz (p°3° " Pa

' . f
L)+ (1-8 -8 ) (p, xp_ .xp O+ (1-B(v+1
as Ug% Uz9 " Ta30 " Ta,) T Tagi 4

. ' .
) : i =0 3.6.
6u2q5) (pq}J x pqaj x DqSJ M e, s (3.6.3f)

where 1 < v<m-3,s <j<s <v,1<

v vl <up < _iu1_< su1-1,v»1_<u <

2
m, j#1 < i, <s, -1.Note that for given v, the equations (3.6.3f) are defined
2 2 '

only when s, <s

v+l
For any fixed t (1 <t < m, t ¢ s i=1,2,...,5),if one subtracts

(3.6.3a) with v = 1, j = 0 from (3.6.3c) with v = 1, j = 0, u = t, one gets
' .
(ptit -Pp )8 =0, (3.6.4)

where 1 < iy <'s, -1 . From Lemma 1.8.1, it follows from (3.6.4) that

8, =0,1<t<m,tfq,i=12..,5. (3.6.5)

For any fixed ks , 1 < kg < 8q,~ 1» if one subtracts (3.6.3a) with v = 1,
3
j =0 from (3.6.30) with v = 1, j = 0, u = a5 , iy = k3 , one gets
a3

v - ' ' v L] T
P, -p, )0  +[p -p_)xp_xp_ lé, =0. (3.6.6)
asks  "a30" “az " Wazky T Ta307 7 Fq,0 7 Pag0” %2
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1£5,.4 < s, » then for any fixed Ky , 5,y < ks < 8, -1, kg £0, if one sub-
tracts (3.6.3j) with j = kg , Uy =3, Uy = dg from (3.6.3¢) with j = kg , Uy = dg »
iqs =0, one gets
®. e+ (. SRETS ' 14,=0 6
. s x : 3.6
Pagks ™ Pas0’ %a; " {Pasks ~ Pas0’ * Payks ™ Pago N

where 1 < v < as - If Sy < Sy then for any fixed k3, sy S k3_< sy -1, k3 0,

subtracting (3.6.3)) with j = ks, =gg, u, = q, from (3.6.3c) with j
v 3 3; 2 4

ks 5 Ug= qg

i_ =0, one gets
a ’ g

' ' ' ' ' '
- 0 - e .6.7b,
(pq3k3 pq}n) as + [(pq}k3 pq}n) x pqhu x pq5k}] $,=0, (3.6.7b)
where 1< v < a5 . If 5,4 < 5, then for any fixed ks , k,, , if one subtracts

(3.6.3]) with j = ke » Uy = @y 5 up = dg from (.63 with uy = a5 ig_ = ks s

uZ:qS,iqs:U,j:ka,uneqets

(p, -p_ )0 +[(p -p. ) XP, xp_lé, =0 (3.6.8a)
a5ks ~ Pas0’ Yag T Pagky T Pag0’ " Pyl T Pag0n T2 T

Whe"esv_1_<kz.fsv'1'ka’én’ka”_(k;_(sq"'715"_(‘13-”5\,_1<

s, » then for any fixed ks , ks , subtracting (3-6.3)) with j = ks , uj = a3, up = 9

from (3.6.3h) with u = a5, iq) =kgaup =, iqA =0, =kg,one gets

' ' ' ' ' '
N 0 & =0 3.6.8b)
(pq}k3 Pq}(p as + qu}k} quo) x quU x pqsksl [ 3 «
where s 4 < kg < s~ 1, kg FO, ket < kg < e 1, 1 < v < g3 - Now suppose
4 <Ay <ag<q <ag<ml.dfs, g <s, then for any fixed kg , ky, if one
subtracts (3.6.3c) with j =0, u = qy iqa = ku from (3.6.3h) with Uy =94 iq = Ky

. 4
uZ:q5’iq5:U’j=k3‘°ne‘35ts’
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(p' -p‘ )6 «(p' -p‘ )0 +(p' -p' )0+
agks " Paq 07 Tay" Pagks T Tay0% Tay T Tagks - Taz07 Tag

Apks

x

4

. . . . . .
@ *Payks ™ Pa;0 * Pay0 1403t [(pq}"{ quu) ™ Pa k

Po01%2 =0 | Gesw
where s 4 < k3 < s -1 s kg £0, kgl < ka<sq-1,1_< v<a-Ifs

<
vt Byt

then for any’fixed ks , k, , subtracting (3.6.3c) with j = 0, u = q; , iqh =k, from

(3.6.3h) with uj = q, iqb =Ky s Uy = ag s iqs =0, )=k, one gets
5 g i vpers § ; .
Pagks ~ Pay0’ %, * Pagky " Pas0 “¥q; " [pq1° " Pays

’ . ) . ’ .
P, xp_ ol o, + [(p =P, o) %P, xp 1¢,=0 (3.6.9b)
940~ "qp 00 1 asks " Pas0" " Pagk, " Tag0 T T2 T Y

where s, g < k3 < 5,1, kyel <k, < s - T,ap S vSay - lfs, g <,
then for any fixed ks , k;, , if one subtracts (3.6.3¢) with j = 0, u = q, , iqA: Ky

one obtains

from (3.6.3h) with u, :qn,iqz‘:ka,uz =q5,iq5=0,j: 5

’ : . ! . !

P -p. 6 +I[p -p_ )xp xp, l¢,=0, (3.6.9¢)
azks ~ Pas0’ “ag" “Pasky T Fa07 " Tayk, " Fas0 T T2

where s _, < kg < sv-1 ) k}#l < ky < sq[‘- 1, a, +1<v<ag. If Syq S Sy

then for any fixed ks , ks , subtracting (3.6.30) with j = 0, u = a5, i = ks

5
, one gets

from (3.6.3h) with u; = q, , iqb =0,uy=qg, iqS =kgyij=
) ! ! .
B [ . [
(pq1"3 p“1”) a " (pqz‘% qun) a9

. [ , . . : .
lp X p, ) xp, 1¢, + [p, -p. ) XPg %
aiks Tagky Taq0 " Tap0 T asks " 7a30° " Ta,0

K 1, =0, (3.6.10a)

P
95Xs
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< k

where s
v-1—=

<51, kg £0, kgt S kg <5 -1,1<v<q.lfs 4 <

3 q -1
5
Sy then for any fixed k3 y k5’ if one subtracts (3.6.3c) with j = 0, u = 9 » iq5=

kg from (3.6.3h) with uy =q, , iqA =0,u, =95, iCls = kg 5 j = kg , one obtains

® ., -p 0 +G , -p. N8 +lp xp
gk Tap0" "ay T Tazks  Tq307 Tz T a0 k

9243
: " 10, + (G, . )xp. 18, =0 (3.6.10b)
P o xp clp. . P ) XDy o XP - 6.
990 " Fap0 771 T Tragks T Tas0 T T, 0 T Fagkst 2 T T
where s, 1 < kg < o1 kgl kg <o s Tl S vy Ifa, g <ay,

then for any fixed ky , ks , if one subtracts (3.6.3c) with j = 0, u = a5, ig
5

from (3.6.3h) with Uy =q, iqa =0, U, =g 5 iq5 = k5 s j= k} » one obtains

[ -p. 0 +I[p -P. )XP. oXP 1¢,=0 (3.6.10c)
azks " e300 Tay T Trasks T Taz0” " Fqu0 " Fagkst 2 T T

where s, 4 < k3 <51, kgtl < kg <sg -1, d, + 1.5 V< az . Here one may

9s
note that the equations given by (3.6.9a,b,c) and (3.6.10a,b,c) are obtained on

using (3.6.5). If s,y < s, then for any fixed ky , 8,1 < ky < 5,-1, ks # 0,

subtracting (3.6.3¢c) with j = ks, u=qs, iq =0 from (3.6.3a) with j = k3 , one
3
gets

(p, -p, 0.  +[p -p, o) xP, xp 14, =0 (3.6.11)
a5ks " e300 Tay T Thagky T Tag0” " Fauks T Fagkst T2 T

where 1 < v < qy.1fs, 4 <s,, then for any fixed ks , k, , subtracting (3.6.3c)

-1

with j =k, , u=qs, iq} = 0 from (3.6.3c) with j =k, , u = = k3, one gets

q},iq}
®. L 0. + [, ) xp, C 1e,=0, (.62
Pagks ™ Paz0’ ®a; " KPajic; ~Pas0) X Paie, ™ Pagie, 142 = 0 » i

wheresv_1_<kai%-1,kbko,1§k}§sq}-1,kaﬁk3,1_<v_<q}.lfsv_1 <=

s, » then for any fixed ky, k, , subtracting (3.6.3h) with j = ks, uy = a3, iq} -0,
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U =q,, iqa = k4 from (3.6.3¢) with j = k; , u = q; , iq“ =k, » one gets

! . ' ' ' .
(, -p, 00  +[p -p, o) XP xp 1é,=0 (3.6.13a)
93k3 Ta30" "ag T asky Ta50° " Fauk, " Pagky P2 7 0

where s, | < kg <5 -1 ,kséu,k3+1_< k, < 5q4'1’1—< v<az.lfs ;<
sy then for any fixed k3 N k5 » if one subtracts (3.6.3h) with j = k) yUp=as,
iq3 =0, uy =as , iq5 = k5 from (3.6.3¢c) with j = k} su=qg, iCl5 = |<5 , one gets

(, -p, 90 +[p -p. ) Xp xp 1¢,=0 (3.6.13 b)
G3k3 79307 "a3 T azky T Tag0” " Pa ks ™ Pagkst #2 = 7

wheresv_,l_(k3_<sv—1,k}£0,k3+15k5_<sq~1,1_<v_<q3.lfsv_1<

3y » then for any fixed ks , k, , ks , if one subtracts (3.6.3h) with j = k, , u; = a5 ,
|q3 =0, Up =dg » iq5 = k5 from (3.6.3h) with j = k
iq B k5 » one obtains

5

401 =30 dq T ks up = a5y

P -p. 0 +[(p -P, o) XP, xp 1¢, =0 (3.6.14a)
a5k Ta30” Tas T Tagky” Faz0” " Payk, < Pagkt $2 = T

wheresv>1_<k4_<sv—1,1_<k}_<kA—1,k4¢1_<k5_<sq5-1,1_<v§q3.If

Sy-1 < 8 » then for any fixed ky , kg » Kg 5 subtracting (3.6.3h) with j = kg 5 uy =
q3,iq}:EI,uz=q4,iq4=k4from(3.6.3h)withj:ks,u1 :q},iq}=k},u2=
q iqa = klx , one obtains

®r . P )0+, -p dxp. . xp .14, =0 (3.6.14b)
A3ks 750" "az T azky” Tas07 " Payk, < Pagks’ 2 7 T

where s | < kg <s-1,1< kg < kg=1, kg1 < k, < sqb—1 1S v<agg.If

Sy-1 < 8 » then for any fixed k3 5 K, 5 kg, if one subtracts (3.6.3h) with j = Ky s

=k

CRETINELIPEL iq5 = kg-from (3.6.3g) with j = k T

4,u1:q3,irq
uy :qs,iq5=k5,one gets - -



: ; } . . ;
(@, -p, 00, +[p -p. o) Xp, xp 1¢,=0, (3.6.15a)
a3k3  "az0" a3 Tazky Ta307 7 Fagk, T TagksT T2

where s 4 <k, <51,k £0, k+1 < kg < sq)— 1, ky#1 < kg < qu_ 1,1<
v<ag.Ifs,  <s ,then for any fixed ks , k, » kg  if one subtracts (3.6.3h)

withj:ks,u,l-q},iq}:U,u =qa,iqa=k4from(3.6.}g)withj-ks,u1=

Qg 5 i 2k, yu,='q. 1 =k, , one gets
37097 302 =% 0 g, K

R . . . :
®y, =P, )8, + b, -p, pxp, xp, , 1¢,=0 (3.6.15b)
9sks 5D TasT Tagks TasD' T Tg e T Tagkst T2 T

where s, ; < kg < 8-1,ks A0, kg+l < ky <5 —1,k5+1_<k4_<sqa<‘l,1_<

3
v < g5 - Note that for given v, the equations (3.6.7-15) are defined only when
s, < s, - For any fixed kg , k; , subtracting (3.6.3a) with j = k, for s, _; < k, <
s,-1, a5+1 < v < g, from (3.6.3b) with j =k, , u =q5, iq} =k for 1< kg <

S1,8, <Kk, <8

sq} » -1, q35 v < qA—‘l , one gets

v+l

@ . -p. )8 +[p , -p JIxp. . xp. .1, =0. (3.6.16a)
a3ks  Tagl “az” Tagks - Pas0 T Tguk, T Fagk,” T2

For any fixed kg, ky ; kg , if one subtracts (3.6.3c) with j =k, , u = g5 , iqS =
for s,y <k, < -1, kel < kg < %, 1, a5+1 < v < q, from (3.6.3f) with j =
ka‘“1=q3‘iq}=k3'“2=q5'iq5=k5f°rsv—< ka_fsv”»1,ka+1_< k5_<
sqs— I A3 < V< q, 1,1< k}_< sq}- 1, one obtains

P, -p, g8, + [p - P, o) XP, xp 1¢,=0. (3.6.16b)
G3ks  Ta30° Tay” Tragkst Taz0” " agk, T Tagkst T2

Finally, for any fixed ks, k;, kg , if one subtracts (3.6.3¢) with j = kg , u = q; ,

ig =k fors 4 < kg <s -1, kgl <k, < sq“- 1, a3+1 < v < q, from (3.6.3f)

Koy = A3siq =k Uy = a0 ig =k fors, < <8y o1, ksl <

Ky < qu-1 y A3 S Vel 1S k< sq}-1 , ore gets
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; ; . . . .
[ -p, 0 +[p -p. ) xP, xp 1¢,=0. (3.6.16c)
53 U N T LS TR L LT . )

Note that for given v, q3+1 < v < q, , the equations (3.6.16a,b,c) are defined only

when s, _; <s . For any fixed ks, summing the 5q equations that (3.6.7a), (3.6.11),
. .
(3.6.13b) and (3.6.15b), one obtains (pq}k}- pq}u) eq} =0,1<ky<s - 1. Then

3,
from Lemma 1.8.1, it follows that

e =0. 3.6.17.
as 0 ( )

Here one may note that the equations (3.6.18-20), which are stated below, are obtained

-1, summ-
h

ing the s, _equations that (3.6.9a), (3.6.12), (3.6.13a), (3.6.14a,b), (3.6.15b) and (3.6.16a,
s

on using (3.6.17). For any fixed k}, kll’ 1< k}_< sq1- 1, k3+1 < k44< s

b,c) appropriately, one obtains
@ L -p. )8 +( , -p. )8 +[p , Xp . -p. X
Giky T9q07TayT Tagks T Tap07 Tay Tagky T Tagks Tay0
;
pq20 1¢,=0. . (3.6.18)
If one subtracts (3.6.18) from (3.6.9a), one obtains, for any fixed ks, Ky,
(P, | - Py o) * P, 16, =0 (3.6.198)
P, -p )XP., XP - .6.19a
asky Taz0" " Tagk, T Fag07 T2 T

where 1.< k; < s, - 1, kgt < Ky < 9 1. Again for any fixed ks, k,, one obtains

from the equations (3.6.9b), (3.6.12), (3.6.13a), (3.6.14a,b), (3.6.15b) and (3.6.16a,b,c),
° " )X, 14, =0 (3.6.19b)
Pasks” Paz0’ * Pa k, ™ Pag0 o= e

where s, < e < s - 1y kgl < ey 9, 1. Similarly, for any ks, kg, one obtains

from the equations (3.6.10a,b), (3.6.12), (3.6.13b), (3.6.14a,b), (3.6.15a) and (3.6.16a,b,c),

' 3 ' ' by i
[(p =P, ) XP, o %P, 1¢,=0 (3.6.20)
asky Taz00 " 7,0 " Fagkst T2 T T
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where 1 < ks < sy -1, ky#l < kg < 8¢ - 1. Now, combining the equations
(3.6.6), (3.6.Ta,b), (3.6.8a,b), (3.6.90), (3.6.10c), (3.6.19), (3.6.20) and using (3.6.17),
one obtains for any fixed “y kn and l<5 ,
o, " ) xp,  16,-0 G.6.21)
Py 1.~ Pa.o) X Pg 1. X P = 6.
agks Pag0’ " Pagky, " Tagkst T2 T T
where 1< kg < 5 < 1,05 ky < 3.0 1 0.5 S s - 1. Now (3.6.21) implies that

* .
P xP.xP_ 1¢,=0,where P_ isan ((s_ - 1)x(s_ - 1) matrix with rows
% G, G520, 93 93 93

' ' *
(pq}k} S pq}u) s 1< k} < sq3 - 1. Since Pq} ) qu and F’uS are of full column rank,
one gets

4, =0. (3.6.22)
Then it is easy. to prove, from (3.6.3a) and (3.6.3c), that

e =-0,0 =0,6 =0,06 =0 =0,6 =0
oy =078, =0 70,70:0=0, 4 =06,

and hence 8 = 0 . The proof of 8 = 0, for all other cases, follows exactly along the

same line from the equations (3.6.3a-k) .
Proof of Theorem 3.4.3 : Under the notation of Section 1.3., 2.2 and 3.2, consider

mematrix[T:‘, l=le,Lplyseeesly

v % v v
Q19,93 " 949594 Q9,95 qaqsqsl ’

where without loss of generality, suppose

1<q <, <a3<m,1<Qq,<qs<q<m,a5<q, (.0,

as) £ (a agy ag) ) (3.6.23)
According to the Theorem 1.2.1 , here it is enough to prove the linear independence

of the columns of the above matrix. First suppose that q;'s G(i=12...,6)are

all distinct satisfying the conditions stated in (3.6.23) and also q5 < q; - Consider
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5| I ST B v =0 3.6.24
e, Ly » L Vaga,057 qaqs“s] s ( )

where 8 is as defined earlier. Recalling the definitions of L1, LZ’ ceey Lrn , Vv

9%’
% » one gets from (3.4.1) and (3.6.24) , for a typical level combination (i, , i, ,
94959 5 12
o siacy im) » the following equation
o g‘ 0 9 4 ' 0 0 ) 4 " 0
+ P +@ . xp . xp . )é,+( . xp_ . x
o * I Py 8y, + Py ; 9, asi )1t Py qci
w=1 Wiy g, %lq, Ulgg lq, Ilag
i
pqéi )OZ:U,(LI ,iz,-..,im)SS(G), (3.6.25)
%

where S (Q) is the set of level combinations given by the array Q as stated in (3.4.1) .
Following the structure of Q, it is evident that the system of equations (3.6.25) can
be split up into subsystems (3.6.25a), (3.6.25b), . . . , (3.6.25k) which arise from the

level combinations given by the columns of (8", ..., 8™y g@1
g™y gD, 8@V, L, 8@y 809 regpectively. For exam-

ple, taking care of the definition of the column vectors hﬁ?’vu) ., which consti-
7717720,y

17z
tute the columns of (801, 810:2) | g(0m-3) 1 o (insystem of equations

(3.6.25h) corresponding to the columns of (840" | g(10:2) | g(10:m-3) g0 ey

by
o R ' e . (8
+ % p . P8 +p b + [Bv.
0 o1 w0 “w o wj W u1lu1 Uy uznuz uy 2
whiyu,

a,) {8(v,qy) {B(v,q5) (pq10 x quﬂ x pq}U ) + (1-B(v,a5) (6u1q3(pq10 x

Pa 0P

!
9,
2" Blgy

.8 oo Tap Pep Py n (s
g3 m a0 a0 el g9z

Y ' ' . - -
§ g A 1- §
uqu) (pq1u x quU x pq}]))} + (1-Bv,a,)) { uyq, {6u2q3 (pq1n x



. .
Pei XP
q,i
2 q, 3'q
: ST ke (=8 s, - ) (s
P ap )k (A -
92 q3lq3 U192 W93 U292

S ()
U293 "9

. .
xp i xp. . )+ (1-8 E\s
07 Tagl ~ Tasig U9,

|:vq}j mr + (1—6(v,c|.I ) (Gu1q1 {s,

'
(.
29 N lq1

s (.. xp_ xp . )+ (1-§ -
Y293 “Glg T92) 'q, U292

M W s ) .
Pasj w,a, { uyag <Pq1y * Pa,i

xp
2

v . 0 '
)+ 8 [¢ " .
*Payi ¥ T Pujay Pagj X Pay X P

xp_ .xp_.)+ &

)+ 8 ¢

; : ) N 1-8
Pq,j uyas Payj * Pa,j ™ "q,lq; +a-8,

)48, )@ axp. . xp. R+ 6
Ulq, Uz95 "0 " Tagig, a5 ug

P, ; (p_ . x i
193 Y29 Tlq T 793 Te2892 7G5 91

. .
(pq10 *Pq i

)(p. ><p'
Ud3 " Taq0 " e

' '

xXp_ . xXp_ .
Clzlqz as)

29 Y292

s
Y293

K
2)

)+

Xp.

'
X
qq)

pqzj x pq}j M ¢, + [Blv,q, ){B(v,qs) {B(v,qs) (pqhg x Pq50 x pqsu) +

(1-B(v,q4)) (6”1“6 <|:-qa0 x pq50 xp_ . )+ &

d6iq,

'

29,

ag) {8 s P axp . xp.
U195 U9 T a0 9lag  elqg

] .
(3 x p,
Uz9 940 "as0

x

: E 2 . ' . o
pqé'qé )+ ( uyag s, 6') <Pq40 x pqsqf quJ M + (1-8(v,

)+ (1-8 Y. o xp.
U9~ a0

agi

142

x
9s



. . . .
D : )+ Q-8 -
Pagi A+ U9 (pqao ™ Pagj p“&'qs TR
s s y - C)es y .
U9 N a9 (quD * p“$'q; *Pagi . uz29% (pqa" " Pagj
. . . .
" 1-§ -8 ; ; -
Pagig,* Sug ™ Suzag ) Pay0 *Pagi* g W + (-8
. ’ 3 . .
e e T o T R o . xp ik
47 uga, T uaag Ylq, 95'qs %) Y2% " lq, 9
[ Froiny (34425 5, . ). oxpy s, (8
pqeiqs " %0057 Puyag pqzaiqa *Pagi * Pagi ¥ * Pujas “Cuja,
(r %P, B e .
b . xp . xp . )+ (1- b . xp xp. b+
o ™ Pagiq, ™ Pagiq, uyag ” Pa,i gy %)
{ . .
s ) : ) 1-8 -8 -8 s
Y19 (anl z pqu x pq§'q6 I Y19 Yr9s ”1“5) { Y29,
o . b oot o . . Eg
‘pqhiqb a5i ™ Pagi ’ " Cujag Pai Pq5iq5 * Pag uya5Pa,i
X ) Q- s s, ). :
Pagj * pq6iq6 * %050, 7 Cuyag T Pujag ) Payi X Pagi
h
: -0 3.6.25h)
Pag Moz =0 p
where 1 < v<m3,s , <j<s-1,jf0,v<uy <u25m,u_<'u155u1—1
0< iu2_< suz— 1, min (iu1 » iy ) < j < max (i“1 N iuz) .

For any fixed t (1 < t_<m,t£qi,i:1,2,

(3.6.25a) with v = 1, j = 0 from (3.6.25c) with v = 1,

("tiL “Py )0 =0,

., 6), if one subtracts

j=0,u=t,one gets

(3.6.26)
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where 1 < il < SL_1 . From Lemma 1.8.1 and from (3.6.26), it follows that

0,=0,1<t<m,thg,i=12...,6. (3.6.27)

For any fixed k; , 1 < kg < 89, 1, if one subtracts (3.6.25a) with v = 1,
1

j = 0 from (3.6.25¢) with v = 1, j = 0, u = a , iy =k, , one gets
h

(P, -p, 90, +p, , -P,g)xP, gxPy gl =0- (3.6.28)
apky 7aq07 Tay T Tagky Taq0 77 Fap0 T Tas0 1T

If s _; <s,, then for any fixed k; , if one subtracts (3.6.25)) with j = kq, uy =q,,

Uy = q from (3.6.25c) with j = k1 sU=0,, iq2= 0, one obtains
' ' ' ' ' '
" 0 i & 3.6.29
Pquk, ~Pay0’ %, * [(pq1"1 Pa,0 s Pa,0* p“}k1] 4 =0 ¢ 2

wheresv_1_<k1_<sv-1,k1£u,1_<v_<q1.lfs

<'s_, then for any fixed
v-1 < Sy

k, » subtracting (3.6.25)) with j = k; , uy = q; , Uy = a, from (3.6.25¢) with j = k, ,
u:q},iq}=0,uneqets

@, -p )8 +[p , -p g)xp . xp. gl =0 (3.6.29b)
Qykq " Pag0" Tay T Tagky T Fag0 7T Fagky T a0 1T T T

where s, < kq <5 -1,k £0,1<v<aq.Ifs 4 <s , then for any fixed
k1 s kg if one subtracts (3.6.25j) with j = k; s Uy =0qp5Uy) =0y from (3.6.25h)

withu,l=q1,iq1:k1,uz:qz,iqzzﬂ,j:k},unegets

[ -p, Yo+ [ -p )xp xp 1¢ 0 (3.6.30a)
apky T 7aq0 7 TayT Thaqky T Ta0 77 Fgp0 T Fagkyt T T T

wheresv_1_<k}_<sv-1,k3£0,k}+15k155q1—1,15v_<q1.lfsv_1<sv,

then for any fixed k; , k, , subtracting (3.6.25)) with j =k, , Uy = qq , Uy = q5

from (3.6.25h) with uy = qq iq1 =Ky Uy =azs i =0, =k, , one gets

' I ' 31 0 ' -
G . Py 8, +lp, o Py )X Py XPy ol =0 (3.6.300)
aky a0 ey Qykq T T90” " Fagky T Tas00 T T T
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wheresv_.|_<k2_<sv-1,kZAD,kZ+1_<k1_<sq-1,1_<v_<q1.lf <

B

v-1
s, » then for any fixed k; , ks., if one subtracts (3.6.25¢) with j = 0, u = a5 ,
iq} = kg from (3.6.25h) with u; =q, , iqz =0,u, =05, iq3 = ks, j=ky,one
gets on using (3.6.27)

[ -p )8+ (p -p )e_ +(p -p. )6  +(p N
Qgkq a0 Ty Tagky T 0 gy T Tagky - Fag0’ Tag T Tagky

P, 08 * [ =Py g)XPygXP, 1¢, +[p xp, x
960 9 kg 79907 Tap0 " Tagky T T T Tk T Tagky

P,

- =0 3.6.31
a9 qug x p“s” x pqsu 1¢, s ¢ a)

wheresv_1§k1jsv-1,k1£0,k1+15k355 S1,1<v<qg.lfs 4 <

a3 -1
s, » then for any fixed k, , k, , subtracting (3.6.25¢) with j = 0, u = a s iqz =ky
from (3.6.25h) with u, = q, , iqz =ky,uy=ay, aq} =0,j =k, one gets on
using (3.6.27)
. . . . ] . .
§ - [ - [} L [ -
Pasiy pq10) a " (pqa"1 ang) " (pqs“1 pqsu) as” (pqs"1
" 8. + [, o) %P, 014, + b, ;
P, +Upg = Pg o) *Pg i XP + Py | X Pg . X
90 96 aqkq 40T Tagky T Tag0 TE T Fayky T Tagky
: : : o 1e,=0 (3.6.31b)
Pq6k1 = pqao % pqso x "qéu $,=0, ‘ <6..

where s, < k1_<5v'1v“1‘Gvk1*1§k2_<9q‘1v1_<V§Q1-If5V_1 <

s, » then for any fixed k; , if one subtracts (3.6.25¢) with j = ky , u=q iq =0
i

from (3.6.25¢) with j = ky, u=q; , i , one gets

a ”

g ) . . . =
) -p._ )0 +[p -p. )xp xp, 14, =0 (3.6.32)
akq "0 Ty apky 00T Tagky T agky 1T T Y
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where s, < ky <s-1, krt 0,1<v<aqy.Ifs , <s , then for any fixed
ks kz , if one subtracts (3.6.25c) with j = kz yu=4qq, iq =0 from (3.6.25¢c) with
1

j=kysu=gqq,i :k1,oneobtains

9
)

() -p. 0  +[(p -p. ) xp xp 1¢, =0 (3.6.33)
arky 9q07 Tay T Tagky T Fag00 T Fagky T Tagk,t 1 T

where s, < k2_<_ sv-1,k2,£u,1_< v < q1,1_< k1_< sq1-1’k1£k2'[fsv<‘l <

s, » then for any fixed Ky 5 ky 5 subtracting (3.6.25h) with j = k; , uy = q; , iq1: o,

Uy =4y, iqz = k, from (3.6.25¢) with j = kysu=ay, iqz =k, , one gets

P -p. )0 +[(p =P, o) XP, xp 16, =0 (3.6.34a)
Qrkq 79907 Tay T Tragky T Tag07 " Fagk, T Fggky T T T

where s, 4 < kg <5 -1, k) A0, ky#l < ky < sq2-1 s1<v<agn. Ifs 4 <s
then for any fixed l(1 s k3 , if one subtracts (3.6.25h) with j = kysup=ag, iq =
1

0,uy=0a3, iq}: ks from (3.6.25¢) with j = kys u =qg, iq3 = k3 , one gets

(p, -p. 6 +[(p -p_ ) xp xp 1¢, =0 (3.6.34b)
Grkq 7907 Tay T Tragky T Tag07 " Fagky T FagkyT Y1 T T

where s 4 <k <5 -1,k A0, kel < ks < % -1, 1< v < aq, . Note that for
given v, the equations (3.6.29-34) are defined only when s, ; < s, . For any fixed
kq » k; 5 subtracting (3.6.25a) with j = kp fors, <k, <s-1,q+1 <v<aq,
from (3.6.25b) with j = k, , u = q; , iq1 = kq for 1< ky < sq1-1 ys, S ky <8 -
1, qpSv< q2-1 , one obtains

® . P )8 +lp . -p. )xp., xp., 16, =0. (3.6.35)
Arkq 790" Tay T Tragky  Tag07 " Fagk, T Tk, T2

Note that for given v, g +1 < v < g, , the equations given by (3.6.35) are defined

only when s, <'s . 1If s, < s then for any fixed k;, ky, ks , if one subtracts
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(3.6.25h) with j = kZ »Up =Gq, 1q1 =0, u; =4ds, lq} = k} from (3.6.25h) with

j=kyoup=ap i =k1,u2:q},iq3:k3,onegets

R
®. 90, + [, . )P, ) (3.6.363)
P -p + [(p, -p xp xp ¢, =0 .6.36a,
Qykq " 70907 Ty T Tragky T Faq07 " Fagky T Fagkyt T2 T T

where s, g < ky £ 8,1 kg A0, 1<Ky S kg kgl S K <8y 1, 1S v S

qy - If 5,4 < s, then for any fixed k; , k, , ks , if one subtracts (3.6.25h) with

j k}qU1:CI1,iq1:U,uzzqz,iqzzkzfrum(}.é.ZSh)withj:kj,u,l:q1,

|q1= k,l s Uy =0y, |q2 = kz , one ontains
My s i ] L : -0, 3.6.36b)
(pq1"1 p“10) ay " [(pq1"1 p“1n) *Pagk, p“}"zl * ¢ )

wheresv_1_<k3_<sv-1,k}#u,1_<k1_<k}-1,k3»1_<k2_<sq-1,1_<v_5

Qp - Ifs,_; <'s,, then for any fixed k; , k, , kg , if one subtracts (3.6.25h) with

v-1
j=kysup=a, iq1 =0,uy=q5, iq} = ky from (3.6.259) with j = k, , Uy = q; »
‘q1 =ky,u, =a, iq} = ks , one gets

P P8 i P dxp. .y Xp. Lok, =05 3 A (GE3Ta)
kg T9407 Tag " Tragky - Fa 0m " Tagk, T Tagks T T

where s, 4 < k) <5 -1, ky A0, kytl < kg < sq1-1 s kytl < kg < sq}- 1,1<
v<aq,. If Sy <8y then for any fixed Ky kg ks subtracting (3.6.25h) with
j=kyup=a ,iq1:D,uz:q2,iq2:k2 from (3.6.25g) with j = ks , Uy = aq »
iq1 =k, uy=aq,, iqz =k, , one obtains

} ) . . . .
(p, -p. 0 +[p -p, o) %P, xp . 14, =0 (3.6.37b)
Qqkq " 94077 ay T Thagky TR0 Tagk, T Tagkst 17 T

wheresv_1_<k}_<sv-1,k}éﬂ,k3*1_<k1<sq1-1,k}¢1_<k2_<sq<1,1 <

v < q; . Note that for given v, 1 < v < q, , the equations given by (3.6.36 - 37)
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are defined only when s, ; < s . For any fixed k, , k, , ks , if one subtracts
(3.6.25¢) with j = k, , u = a5, iq}: ks for s, g < ky <81, kotl < Ky < sq}-‘l,
a1 < v < q from (3.6.250) with j = k; , uy = qq , iq1 =ky Uy =ay, iq}: ks

forsv_<k2_<sb1—1,k2+1_<k}A<s -’I,q1_<v_<q2-1,1_<k1<s -1

Y a3 = e

one obtains

. . . . ' .
- ) = =0. +6.38:

®ayic a0’ %, * (ea i, p“1”)x"“z"2w“3"3] b .

Finally, for any fixed k; , k, , ks , if one subtracts (3.6.25¢c) with j = ks U= qy

iqZ =kyfors, ; <ky<s -1, k3l < ky < sq2—1 » Ap#1 < v < g, from (3.6.25f)

with j k} » Uy =gy ,iq1 :k1 y Uy =0y ’iqz=k2 forsv_< k}_< sv+1-1 ,k}+1_<

kz_<sq2-1,q1_< v < qz—1,1_< k1_< sq1—1,onegets
®. "0+ [ %P, ] (3.6.380)
- - 20 % +6..
Pajk; ~Pa,0’ %, * HPq i, " Pg 0 Pagky * Pagics] 1

Note that for given v, q+1 <vx d, » the equations given by (3.6.38a,b) are defined
only when S,.1 < s, - Now combining the equations (3.6.28-30) and (3.6.32-38), one

=k
(kg s ky s kg) £y, 0, kg) for 1< ky < sq1—1,k1+1_§ ks < sq}—'land(k,l,kz,

gets for any fixed k1 ’ k2 N k3 y 1< k1 _<sq1.1,0 < k2_< sqz— 1,0< kg < sq}— 1,

k})L(k.‘,kZ,U)for‘l_(k1jsq1—1,k1+1§k2§sqz—1,

. . . , .
(3 -p, )6  +[p -p_ ) xp xp, 1¢,=0. (3.6.39)
LI P 1Ky 7907 Tagk, " Pagkyt 1

The s equations that (3.6.39), when added gives, for any fixed k, , k , 1 < ky <
2

sq1-1,1_§k}_<k1,
. .
e 6 -0. (3.6.40)
(%1“1 9“1”) 9

Then from Lemma 1.8.1 and from (3.6.40), one obtains
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6 =0. 3.6.41
Ay [¢ )

Here one may note that the equations (3.6.42-43) stated below are obtained on

using (3.6.41). For any fixed ky , ks , 1 < ky < s, Thy#l < kg < e 1, summ-

ing the sq equations (3.6.31a), (3.6.33), (3.6.34b), (3.6.35), (3.6.36a,b), (3.6.37a),
2

(3.6.38a,b), one gets

. b . . . ;
(p, -p_ )0  +(p -p, 0. + (@ -p. )0+
Qukq " 790" Tay T Tagky  Tagl "ag T Tagky - T 0" “ag

. . . . .
o, xp., xp. o =P gXP. %P lé,=0. (3.6.42)
Quky " Tagky  Tagky  Ta 0" Tqg0 " Fq 07 T2

If one subtracts (3.6.42) from (3.6.31a), one gets for any fixed ky , ks

[(pq1.<1 B pq1ﬂ) X Pa,0 * Pq ks 1¢, =0, (3.6.43a)
where 1 < ky <s_ -1,k +1 < ks <s_-1.Similarly from the equations (3.6.31b),
15 % 118 Ky S 5
(3.6.33) , (3.6.36a), (3.6.35), (3.6.36a,b), (3.6.37b), (3.6.38a,b), one obtains for any
fixed k; 5 ky »
; , ) )
R -0 3.6.43b
[(pq1k1 pq10) x pqzkz x pq}ﬂ 1e, , ( )

where 1 < ky < sg -1, ky#1 < ky < 50 - 1. Now combining the equations (3.6.39),
1

(3.6.43a) and (3.6.43b) and using (3.6.41), one obtains for any fixed ky , kp » K3 »
®. , -p. y y -0 3.6.00)
t Pajky pq1°) *Pagk, pqz"z] ne ¢

where 1 < ky < sq1 -1,0<k, < sqz -1,0< kg < sq} -1 . Again (3.6.44) implies
* : *
that [P x P P = 0,where P_ i -1 -1 trix with
at 2 Pay ™ q}] 41 = Qywhere Py is an ((sq1 ) x (sq1 )) matrix with rows
' ' *
- , 1 <k, < -1.SinceP_ ,P d P 1l of full column rank,
(pq1k1 pq10) < kg < sq1 ince ay * Pa, an as are all o

one obtains
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Chatper 4

SEARCH DESIGNS FOR SEARCHING ONE AMONG THE TWO, THREE AND
FOUR-FACTOR INTERACTION EFFECTS IN THE s™

FACTORIAL SET-UP

4.1 Introduction

A fractional factorial design will be said to be a search design for searching
one among the two, three and four-factor interactions if it is capable of estimating
the general mean, all the main-effects and permits the detection and estimation
of the possibly present at best one among the two, three and four-factor inter-
actions. The available literature on this search design problem relates to 2™ facto-
rials. Srivastava (1975) gave the basic mathematical formulation of the problem.
Srivastava and Gupta (1979) gave a necessary and sufficient condition for the
existence of the above mentioned search designs for the 2™ factorial set-up.
Ghosh (1980, 1981) considered: the construction procedures for the 2™ factorial
set-up. Gupta and Carvajal (1984a, b, 1987) also considered search designs of

the above type for the 2™ factorial set-up.

This chapter deals with search designs for searching one among the two,
three and four-factor interactions for the s™ factorial set-up where s is not
necessarily a prime or a prime power. In Section 4.3, the construction procedure

for the s™ factorial set-up is given. Section 4.4 deals with the proofs of theorems.

As in the previous chapters, for 2™ factorials, our plans are less economic
than the existing ones (see e.g. Srivastava (1975), Ghosh (1980, 1981)), whereas
for more general symmetric factorials, no plans other than ours have so far been

reported in the present context.



4.2 Notations and Preliminaries

Consider a factorial set-up involving m(m > 4) factors F1, F2' ceey Fm each
at s levels (s > 2), In addition to the notations given in Sections 1.2 and 2.2 of the

earlier chapters, we further define

m
ZV‘I-VZV}VA = ;:1 PW(SWV1+ Gwvz’ swv3+ 6WVA), 1< vy SV < vy < v, < m,

where 8 's (i = 1,2, 3, ) are Kronecker deltas and x is the Kronecker product.
Suppose prior information is available regarding the absence of all interactions invo-
lving five or more factors. Throughout this chapter these interactions will be assum-
ed to be absent. Now one may observe that if one observation is made for each of

the s™ level combinations of Fy, Fp « - « 5 Fy s the resulting design matrix will be

of the form

0,20 Zgp oo o0 200 Zagp Zygo oo o0 Zen v 2123 Zaaa ot 00

Ze 2 ma mo Z1zse 21235 000 Zn3 mez mot m) 2.1
where 1 corresponds to the general mean and the columns of Z , Z | , Z :
v Evav, Svavov
DA b3
and Z correspond to the main-effect F (1 < v < m), the two-factor inter-

VaVaVaVy

action F. F. (1 < v, < v, < m), the three-factor interaction F_F (1< v,<
VitV a2 1 2= vq =il

v, <V (1 <vy <y, <vg <y, <

2

< m) and the four-factor interaction Fv F
1

3

m) respectively. Of course (4.2.1) incorporates Z,  » Zo only

oF ZV V,VaV

1V2¥s 1V2V3V4

when the associated interaction F F , F
2

F, s inclu-
1 Yy

Y1

ded in the model. Let

%

*
Hy =0,24,2y,...,2,] and

*ex

Hy =2y Zyz e oo Znam o 2123 Zazer t

Zpomimr 21236 Zm3 m2 me m )
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Further let S be a subset of N level combinations of Fy , F, , . .., F_ with the
. - P P
corresponding sub-matrices of H'y  and H, as, say, T| =le, Ly, Ly .«

e
LpJland Ty =[Gy5 5 G35 -+ -0 Gy o Vazs Vaza - - V2 mai m ?

W.os4 0 Wigss s+ + s W s 1o moq m] respectively. From Theorem 1.2.1 of
Chapter 1, one observes that S represents a search design of the present type if

and only if the following matrices
b m,e e
i 1+ Sqay’ q}qa],where1_<q1 <gqy<m,1< q3<qa_<m,(q1:
a,) #(az, q,)

i 1™, g

% here 1 < q, < q, < 1<q;<q, <qc<m,
a4, ’ q}q"qslywere <9y <g<m,1<q95<q, <qgg<m

x
iii) [T, G W h 1< £ < 1< <

) [T G o Wo g q a1+ Where 124y < @ m 1<y < q < a5 <
Gg<m,

xx .
iv) [T, % % here 1 < q; < q, < g5 < 1<aq, <qe<
[ L2 ayazas * q“qsqs],were <9y <ay<a3<m,1<q, <qg

g < m,(ay,a;,0a35) £(a,, a5, 9,

-

T. s V w where 1 < < < <m,1< < <
vk, [T ;9,95 ' 9495949 1 S <9 caz=s =9 <95
9 < a; < m, and

.
i ] ¢ w s W h 1< < < b d < 1<
D T Wy oaa, Wagagagag )7 Where 15 1 € g < a3 < gm0
Q5 < gg < q; < ag<m,(a,q,,9d3,9,) (g, 9559;,9g)

have full column rank.

4.3 Main Result

The following notations, which have been partly used in the previous chapters,

will be helpful in describing the search designs considered here.

() Define the (m x 1) vectors aj?” (0 < j < s-1) such that in a\", all the elements
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are j; let A1) be an (m x s) array whose columns are given by ag‘l) for all j .
(i) For 0 < j < s, define the (m x 1) vectors a]?zu)i G<u<m,0<i,<
s
u

s-1, i, #J) such that in "Ezu)i , the uth element is i and the remaining elements
Uy
u

all equal j; let A(jZ) be an (m x m(s-1)) array whose columns are aﬁ}i for all u
0,
u
and Iu &
(iii) For 1< j < s-2, define the (m x 1) vectors al) <y <uy<m,

""1’“2’iu1’iuz
0< mm(:u1 , iuZ) <j< max(|u1, iuz)f s-1) such that the u,th and u,th elements

()

a; .. arei andi respectively and the remaining elements of the
Jugupiy iy u u,
1

same all equal j; let A(j}) be an (m x [m(m-1)j(s-j-1))) array whose columns are

given by af3)

1,u1,u2,iu ‘iu for all Up s Uy
12

and i . Note that A is defined only
1 Y2 )

whens > 3.

(iv) For 1 < j < s-2, define the (m x 1) vectors aga) .. (M <u, <u, <
= JoUgsUosl i = 2=
ul uyuy
m,j*l <i ,i < s-1)such that in a® . the u,th and u,th elements
=<u My — JoUqsUosl i 1 2
1 2 17200y,

are i, and i respectively and the remaining elements all equal j  let A(’j" be an
1 =

(m x [m(m-1)s-j-1)2/2)) array whose columns are a2 . . for all up, Uy, i

Jupugl ol A2 2] uy

172

and i, . Note that A(‘i‘) is defined only when s > 3 .
2

(v) Define the (m x 1) vectors a?? o 1 Sj<s1, 12Uy <uy < m) such
PHytiz

that in BQ) , the u,th and u,th elements are zero and the remaining elements
Jaugsug 1 2
(5)

all equal j; let A*”’ be an (m x [m(m-1)(s-1)/2]) array whose columns are given by

(5)

aj’u1’u2,f°r all j, Uy and uj -

5j55-1,15u1<l:2<u35m)such

(vi) Define the (m x 1) vectors a®
Jauqaugsusg



that in a'® , the ujth , u,th and usth elements are zero and the remain-
Jougaugsug 1 2 3

ing elements all equal j; let A® be an (m x [m(m-1)Xm-2)(s-1)/6]) array whose

" (6) 2
columns are given by aj,u.l,uz,u} for all j, Uy Uy and ug .
(vii) For 1 < j < s-2, define the (m x 1) vectors a'’) N (o e
e JoUqslgsUgsi i i i
1527 .3 Uy’ Uy ug

u, <uz<m, i(u1) -0, i(uz) =0, 1 < i(u}>_< s-1, i(u1) A i(uz) and i(u}) repre-

sent the non-decreasingly ordered arrangement of [

and i, e.g.ifi =
u, ug u,
0,i =0, the i =i =0,i = 2) such that in
u, (ug) = (uy) (ug)
(7) ) . i
B i i i the Ugth, uyth and usth elements are i , i, and i,
177273 Uy Uy ug 2

respectively and the remaining elements all equal j; let A<j7) be an (m x [m(m-1)(m-

2)(s-j-1)/2]) array whose columns are given by a'”) S forallj, u, u,
gy ol 10 Y2
. Note that A7) is defined only when s > 3 .
Co) -
(viii) For 1 < j < s-2 , define the (m x 1) vectors a® . e(2 i
=)= sy oty 1
Uy <ug<m, 0< '(u.l)—( =1, j+1 < 1(u2) s '(u})—( s-1, ‘(u1) ’ .("2) and l(ul) are
" L@
as defined above) such that in sz, i, i, 7 e Ugth » uth and usth ele-

1 Y2 Y3

ments are i, , i, and i, respectively and the remaining elements all equal j ;
3

let A<J?) be an (m x [m(m-1)Xm-2)j(s-j-1)2/2]) array whose columns are given by

(8) . g i (8) .
b oA for all s Uz i nd i . Note that A" is
a),u1,u2,u3,xu1,|uz,|u} L all Ug gk V3 [ lu2 - ug j

defined only when s > 3 .

(i) For 2 < j < 52, define the (m x 1) vectors a\) e o, <
. B ugtizely oty sy
h Y2 Y3
u, <ug<m,i =0,1<1i < g1, 41 < <s1,i i d i
2.5 Y3 > Hup) = M ST I S 25 ) 0 ) a0 iy

sre’as defined above) ucti-Ehat Th e , the ugth , u

ST th and u}th
1772773 Uy g ug

2
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elements are iu . iu and iu respectively and the remaining elements all equal
2 3

j; let A(jg) be an (m x [m(m-1)(m-2)(j-1)(s-j-1)]) array whose columns are given by
a® S forallug,uyug, i i, andi, . Note that A is
J’u1’u2’u3"u1"uz ,lu} 1 2’73 uy uy us j

defined only when s > & .

(x) Finally, for 1 < j < s-2 , define the (m x 1) vectors a\'®) Sl s

== JLTRRTA T B S A
u, < < <m,j+l <i i i < s-1) such that in 3(10) b
1525 U SI 008 = Qunttu it fa g S j,u1,u2,u},iu1,iu2,iu}’

the u,th , uth and usth elements are i, i and i respectively and the remain-
1 2 3 u uy ug

ing elements all equal j ; let A(;O)

. (10)
columns are given by a; . . .
Buggtiziy iy oy

be an (m x [m(m-1)(m-2)(s-j-1)°/6]) array whose

for all Uygy Upy Ug, iu1, iu2 and iy
(0 ?
Note that Aj is defined only when s > 3 .

Let
N = s + ms(s-1) + m(m-1)(s-1)/2 + m(m-1)s(s-1)(s-2)/6 + m(m-1)(s-

1)(s-2)(28-3)/12 + m(m-1)(m-2)s-1)/6 + m(m-1)(m-2)(s-1)(s-2)s? -

2)12,

and define the following (m x N) array :

(1) A2 L@ 2) (3) A3
a=(a", AP, A, L A AT A

(3) (4)
A A

@) @) (5) A(6) 7)) AD (7) (8)
A AT AR A AT A L AT, A

(8) (8 9) (9) (9) (10) (10)
A e A, A LAY L A AT ALY

(10)
Ayl (4.3.1)

Then we have the following theorems :
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Theorem 4.3.1. The columns of the matrix @, interpreted as the level combina-
tions of F, Fj, o ., F, be a subset of N level combinations of F, Fy .oy

*xx
Fm for which the matrix [T,I N <m,1<

G, G, here 1 < q, <
949, q;uh]‘were 299

a3 < q,<m,(q, ) £lag, gy)has full column rank .
Theorem 4.3.2. The columns of the matrix Q, interpreted as the level combinations

of F1 ) Fz Seee Fm » be a subset of N level combinations of F1 5 FZ geeey Fm for

*k
hich tl i
which the matrix [T,I N Gq‘qu y Vq;qaqs 1, where 1 < q <gy<m, 1< as <

, < a5.< m , has full column rank .

Theorem 4.3.3. The columns of the matrix Q, interpreted as the level combinations

of F1 B F2 e e ey Fm , be a subset of N level combinations of F1 N FZ EEEE] Fm

P
for which the matrix [T, , 1, where 1< qq <gy<m,1x

G w
419, 9394959

a3 <q, <qg < q6_< m , has full column rank.
Theorem 4.3.4. The columns of the matrix Q, interpreted as the level combinations

of i, Fy,un.,F_,beasubset of N level combinations of Fy , Fyy.vey F

1 2

m

P
for which the matrix [T, 1, where 1<y <q, <ag<m,

Vv, sV
Q19593 9,95 9

1<q,<ag<ag<m,(@,a, a5 A, a5, ag has full column rank.

Theorem 4.3.5. The columns of the matrix Q, interpreted as the level combinations

of F,I ) FZ yee ey Frn , be a subset of N level combinations of F.I N F2 yeeey Fm

-
for which the matrix [T}, 1, where 1< q, <a, <az<m,

v, w
A99,93 7 9495997

1<9,<Qq5<qg<q;<m, has full column rank.

Theorem 4.3.6. The columns of the matrix Q, interpreted as the lavel combinations

, ..., F_, constitute a subset of N level combinations of Fy , Fy , .« o«
2 m 17552
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pr.
F__ for which the matrix [T, w w here 1 < q, < q, <
o for whic matrix [T, , 249959, * a59497 1, where 1< q < q,
93 < <m,1<qg<q<aqy <ag<m,(ay, ay a5, q,) £ (ds 5 9 5 a7 »ag)s
has full column rank.

Now we give our main theorem of this chapter.

Theorem 4.3.7. The columns of the matrix Q, interpreted as the level combinations

of Fy s Fyye ooy Fl, give the required search design in N runs.

4.4 Appendix
We present below the proof of Theorem 4.3.6 . The proofs of all other theo-
rems are similar. Theorem 4.3.7 follows from Theorems 4.3.1 - 4.3.6.
Proof of Theorem 4.3.6. Under the notation of Sections 1.2,2.2 and 4.2, consider

.
the matrix [T, ", W w T=le, L ,L,,.uu,l_, W
17 719,959, 7 T 594998 . 12 m 7 Ta;9,959,

w her
qsqeq7qs]  where

1_<q1<q2<q3<q4_<m,1_<q5<q6<q7<qa_<m,
9 < ag  and (@;,05,95,9,) # (d5,94,95,9g) (4.4.1)
Here it is enough to prove that the columns of the above matrix are linearly inde-
pendent. To prove this, we first suppose q; = d5 , d, = q , a5 = q; and q, <aq

Bin

(4.4.1) . Consider

[ N R le=o, (4.2

w w
M’ Ta195959, ' "a19,939g
T o N
where 8 = (8, 0,0, » -+, 0,4, ,8,) ,say . If one recalls the definitions

of Lyylyyennsl, , one gets from (4.3.1) and (4.4.2) ,

w ,W
M7 99939, 7 9492939
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the following equation for a typical level combination (i1 N i2 s e e ey im)

m ' 0 ' . .

0+ P xp_ . Xp_. )é.+
g, 3ig,  lq 1

A

8 + L p._. P x
0" g twiy W q11q1

Coxp . Xxp i XPo: Yy =0, (i s,
aig, ™ Paglq, * Pasiq * Pagiq, * *2 100

()

ive s@, (4.4.3)

where S (Q) is the set of level combinations represented by the columns of the
array Q . Recalling the structure of Q , as given by (4.3.1), it is evident that the
system of equations(4.4.3) can be split up into subsystems of equations (4.4.3a),

(4.4.3b), . . . , (4.4.3)) which arise from the level combinations given by the col-

1 2 2 2 10 10 10
umns of A()’[A(D)’A(1)""’A(s-)’l ],-.-,[A(1 ),/-\(2)'--~:A(s_;]
respectively. For example, taking care of the definitions of the column vectors
a® . which constitute the columns of [AD) , AD), ..., A%, the
JoUqsugsl, iy 2 S-]

1o : ; G) AP
subsystems of equations (4.4.3¢) corresponding to the columns of [AD) , AQ)

3) 7.

coe s A2 7is given by

m ' ' '
z

[ ) ; .
0 i Pwitw? p“1'u1 ug " Pugiy
whu,u 2
1792
s, . {8 y ' : : ®,
Pa.i *Pg i xp O
19 - U292 C‘1‘q1 qz'q2 a3) ") Y293 ‘*1‘q1
. . . ' . . o
[ P X P 5 Pq.i *Pq.jXPg i %P + (-
azi  Tasig qy uyq, q1lq1 qpi " Tasi a4l
' !
$ P, X P 5By ke
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p, )+ & Py i X Py i XPy i X P,

D N R T -8
g3 " Azl " Pagig, 2

: . .
i i [s {s [€ . x Lox
a5 ™ Payi Heg + uja; “Suya, ”q1-q1 "qzlqz

55 Pty s s G, . Sxpe o oxpo )
* Pasj * Pagj b Y493 . Y29 Payi ™ qul pq;'q; p"g‘aa

. . ' . . .
Y g i W iy pq3lq} * Pagi. P ujag (Pq1l * Pa,i ™ Pagj ™

)+ (1-8 -8 -8 -8 ) {8 (. . xp_ .x
ag Y199 Y492 Y493 Y198 Y29 q1'q1 az)
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) )+ s - . A s -
955 ™ Pagi s u,a, (pq11 i pqzlqz * Pasj X Pagj ) u,as (pq11 x
. . L e . , i

xpl o oxpe )« b xp. xp. xp. . )+ (-
o) " Pasi, * Pagi U "o Payi * Pagj ™ Pagiy

. s
i dm S B Bl 28 ) sk,

xp xp -0
upay T Tupay T Cupas T Pugag  Pagj  Payi X Pagj * Pagj He, =0,

(4.4.3c)

where 1 < 4 < up<m,0z< min(iu1 , iuz) <j< max(iu1 : iuz)_< -1, 1< j < s2.

For any fixed t (1 <t <m,t £q;a,, 95,0, qg) , if one subtracts equa-

tion (4.4.3a) with j = 0 from (4.4.3b) with u =

,j =0, one gets
\ g
@y, - P, =0 (4.6
where 1 < i, < 5,-1. From (4.4.4) and Lemma 1.2.1 , it follows that
9lzﬂy1jt_<m,tﬁq1,q2,q},qh,qs. (4.4.5)
Subtracting (4.4.30) with j = 1, u; = q; , U, = qj , Uz = ag from (4.4.3e) with j = 1,
Uy =q,, U, =qg, one obtains
£ . . . ) i .
s ) L
("q11 Pq,0 ) a0, * [(Pq11 "q1u) ¥ Pq,1 % Pas1 X Pq 0 Te, +
o, o) %P, i ey 0 (4.6.6)
["q11 - pq10 x pq21 x pq}1 x pqen $,=0. 4.
If one subtracts (4.4.3g) with j = 1, u; = q, , iq, 0 r Uy =9y ig =Ky uy = gg s
iqB =0 from (4.4.3¢) with j =1, u; = q, , iqa =k, Uy =qg s iqa =0, one gets

YRS o . . .
%17 pqlu) q1*[(pq“ pq1ﬁ)qu21><pq31XankA]¢1+

A 5 . . ;
£ =0 (4.4.7a)
[(Pq11 Pq,0 Ix Pq,1 > Pas1 ™ Pag0 1e,=0,
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where 2 < k,, < s-1 . Similarly, subtracting (4.4.39) with j = 1, uy = a; ,ig =0,
1

Uy = ay g

, = ag » iqB = kg » one obtains

azu,u,:q8,-q8=kefmm(a.a.}c)wimj=1,u1=qa,iqb=u,

u
®, 000, + [, o) %P, ) ol
Pa,1 7 Pay0’ %q; " MPqy1 7 Pq 0 X Pgy1 ¥ Pqy1 X Pg 0 b
[p, o) %P, ; . 18,=0 (4.6.75)
Pq1,1 N 9,0 x p“z‘ x pq}1 x pquB ¢, =0, 4.

where 2 < kg < s-1 . If one subtracts (4.4.3e) with j = 1, uy =g, u, = qg from

(4.4.3b) with j=1,u=gqg,i =0, one obtains
8’ g
®, " )0, + [, . Q) xP, ; ]
Pg. 1 - P, + g 4 =Py @)X Py 1 XPg 1 XP, ¢+
91" "q0 " gy 91 "q,0 91 " Fag1 " Fg1 0 M

. (4.4.8a)

Up, 1 =Py o) X Py 4 X Py 1 %Py o1&y =
9,1~ Pa,0 a,1 " Pag1 ¥ Pago 1 ¥2

Similarly, if one subtracts (4.4.3e) with j =1, u; = q; , U, = q, from (4.4.3b) with
j=1,u=q,,i_ =0, one gets
j =g, get
. . . . ' ' .
(p, -p )8+ [(p -p )XP_ . XPp_ .XPp 1¢, +
a1 Tq0 " Vg 91" Tqq0 g1 " Tag1 " Fq0 7T
o ' ' y 0. 4.4.8b
[<pq11 Pq1n ) x pq21 x pq31 x pqa1 le, « )
Subtracting (4.4.3b) with u = q; , ig =0, j = 1 from (4.6.3a) with j = 1 , one gets
1
' . i . . ' '
N ) s
("q11 Pq,0 ) ay * [(”q11 Pq,0 )% Pg,1 * Pas1 * Pg 1 1o, +
[(p, ) %p. : 116, =0 (4.4:9)
qu = pq10 anz1 x pq}1 x an1 ¢, =0.. <4

If one subtracts (4.4.3c) with j =1, uy = qq , iq1 =0,u,=q,, iqA = k,, from
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(636) with = 1, u = g 4 ig, =k, » one obtains
®, 1Py )8, + (o, o), y Ll
Pg.1 - P, + g 4 - XPg 1 XPg g XP, +
gt Ta0 7 T Gy "0 77 Fayl T Tagh T gk, 1T

. . . . .
[ -p, ) xp, xp x P 1 0, (4.4.10a)
a1 "q,0 a,1 " Pag1 " Tagl

where 2 < k,, < s-1. Similarly, subtracting (4.4.3¢) with j = 1, uy = a4, iy =0,
1

u, =ag, iqa = kg from (4.6.3b) with j =1, u = qg , iqe = kg , one gets

. . . . . . .
. o )
(pq11 Pq,0 ) a " [("q11 Pq,0 )% Pq,1 ™ Pay1 X Pg,1 To, +

i = 4.4.10b,
[(pq11 Pq,0 ) x Pay1 * Pas1 * Pagicg le, s ¢ )

where 2 < kg < s-1 . If one subtracts (4.4.3h) with j =1, u, =q, ,i_ =0,u
< kg < 1% g, 2

qb,iqa=kb,u3 =q8,iqa:k.s from (4.4.3d) with j = 1, uy :qb,iq4=ka,uz =

g » i, = kg, one obtains
g7 iy = k8
®. " )08, + [, ) %Py g %P, es
Pay1 “Pa,0 7 %q, " FPa;1 7 Pag0 7 Pa,1 X Pag1 * Pa i, b
. p . . .
Wp. 4 -p ) XP g XP. 4 XPay 14,20, (6.6.11)
a1 7 Pag0 ) * Pa,1 X Pa;1 X Pagicy 142

where 2 < k, , kg < s-1 . For any fixed k, , if one subtracts (4.4.3) with uy = q ,

u2=qA,u}:q8,j:1,fmm(h.éJg)with:1,u1=q1,iq1:k1,uz=qa,
iqA:U,u}:qe,iq8=ﬂ,nnegets

; . i . . ; !
(p, -p, )0, +[p =Py ) XPg1XPg.1%Pg gl +
Aky  Taq0 " Tay ajky " 990 77 Tay1 " Fagl " T 0 - T

. . . : b
() -p, YXP_ . XP_ . XP 14, =0 (4.6.12)
Qykq P90 77 Fapl T Tyl T Tagh “ 2 T T
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where 2 < k; < s-1. For any fixed k, , subtracting (4.4.3€) with j Jup=ag

uy =qg from (4.4.3¢c) with j =1, up=ap, iq1 = k1 Uy = qg iqs =0, one gets
(p, -p, )0 +[p -p, )XPp_ L Xp_ . XP 1, +
ky g0 7 gy Agkq 7940 77 Fap1 T az1 T a1 T
[, o) XPy 4 XP. 518, =0 (4.4.13a)
P L P ) XP. 4 XD . XP < RES
Qpkq " 7ag0 77 Fay1 T Fag1 T Fag0 T2 T

where 2 < ky < s-1. Similarly, for any fixed k, , if one subtracts (4.4.3¢) with j =
1,up=qp U, = q, from (4.4.3c) with j = 1, u, =q1,iq1 =k, ,u2=q,,,iqa=

0 , one obtains

. . . . . , .
5 ) (¢ N
(P“1“1 Pq,0” a " [pq1"1 Pq,0 & Pa,1 % Pag1 * Pg,0 1o, -
o, o) xP, : ) (8.6.23b)
. =0 4.
pq1k1 pq10 x Pq21 x Pq31 x Pqﬂ1 %, B
where 2 < k; < s-1 . For any fixed k, , subtracting (4.4.39) with uy =, » iy =0,
1
U = Gy riq =Ky Uy = dgaig =0, =1 from (4430 with uy = qy 4 ig = Ky s
uz=qb,iq4:ka,u}:qe,iqB:O,j:1 , one obtains
®. 000, + [, SRS ’ ]
£ : x
Pagky “Pay0 ) %, * MPq i, = Pq 0 ) X Pg,1 X Pa 1 X Pq i, 141+
(6.4.14a)

; y ] ) !
[p =Py g)XPgqXPyqXPygl®, =0,
kg 7940 77 Tap1 T Fag1 T Tagh © 2

where 2 < k; , k, < s-1. Similarly, for any fixed k, , if one subtracts (4.4.3g) with
up =g ,iCI1 :U,uz:qa,iqA:O,uz‘:qe,iqB:ks,j:1 from (4.4.3h) with

= kg, J =1, one obtains

Up Qi =k, Uy =q,,i =0,ug=qg,i
1°% g TRt =90 g, =00 U3 =gy Igg

' . . ' . . .
(P, -p, )08, +[p =P, g)XPy 1XPy 1 XP, gl +
Grkq 7990 7 Tag T ragky - Tag0 77 Tyt T Mg T Rq,0 1T
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e, L) xp. ' “iati) ¢L5800 (4.6.14b)
o . - Xp . XPp. 1 %P & 4.
Gikq 7940 77 Fayl T gyl T Pagkg 12 7 7

where 2 < ky , kg < s-1. For any fixed k; , if one subtracts (4.4.3b) with j = 1 ,

uzap, iq1 = 0 from (4.4.30) with j = 1, u = q, , iq, = k1 » one gets
' SR e \ C
) - P, + lp, - P XPg 1 %XPg 1 %P, 4, +
Gikq 7900 " Ay T agky T Pay0 7 Pay1 " Payn X Pg 1l ¢y
o, ./ -p o )xp ' 18, =0 (4.6.15)
pq1k1 - "q1u x pq21 x Pq31 x an1 4, =0, b
where 2 < ky < s-1 . For any fixed k; , subtracting (4.4.3¢) with j = 1, u, = e
g =0,u,=q,, ig, =k from (44.30) with j = 1, u

=qy,i, =ky,u,=q,,
q, 15 %00 T2 =y

1qa 5 kh » one gets
- 0 -
(pq1“1 a0 %, * [(pq1"1 Pag0 Pa,1 ™ Pay1 * Poe, 141 *

Wp, . -po g )xp s xp - xp 16,20, (4.6.162)
a1k 7940 77 eyt T Pag1 T Pagt 192

where 2 < ky , k, < s-1.. Similarly, for any fixed k; , if one subtracts (4.4.3c) with
i=1,u :q1,iq1 =0, =q8,iq8=k8 from (4.4.3d) with j = 1, u Ayl

Ky» g = g 1 ig = kg » one obains
®, )0, + o) %P 1 %P, S
Pajky “Paj0 ' %, " Pq i, “Pqu0 ) Pagt *Paj X Pq,1 11
I, o) xp, : e 16,20 (4.4.16b)
(p“1k1 " Pa;0 7" Pay1 X Pt X Pagy 14220 o

where 2 < ky , kg < s-1. For any fixed k, , subtracting (4.4.3h) with u, = q, , i =
=Ko kg s 1 1%
1u2:qa,iq4:k[‘,u3:qe,iqa:ks,j:1 from (4.4.3)) with u, :q1,iq1 =k

0 "

“'2:qla‘i%:kh’”}:qs’iqukav1=1'°”egets



166

5 o i
®g,k; ™ Pay0 Y8y [(pq1k1 Pqq0 ) Pq,1 * Pas1 X Payi, 1oyt
(e, )%, : ' 16,=0 (6.6.17)
P 1 Py o)X Pg g XPg 1 XP = XN
agky " Pag0 * 7 Pay1 " Pas1 " Fagkg T2 7

where 2 < Kk , k; ; kg < s-1 . Now from the equations (4.4.6-17) and from Lemma
1.8.1 , one observes that
. 0 =0. (4.4.18a)
9
Exactly in a similar manner, it can be shown that

e -0,6 =0 ,6 =0,0 =0 . (4.6.18b)
ay as a ag

Here one may note that the equations (4.4.19-21) , (4.4.23-24) , (4.4.26 36) are

obtained on using (4.4.18a,b). Now for any fixed k, , if one subtracts (4.4.3a) with j =

0 from (4.4.3b) with u = q; , i

ki 0, one obtains

' ) = 419
[Pg,0 xp quux(p BT RURLE (@.6.19)

where 1 < k, < s-1 . For any fixed k, , subtracting (4.6.30) with j =k, uy = dy
=qz, U3 =9, from (4.4.3e) with j = Ky » Uy =y 5 Uy = G35 ONE obtains

: . . . :
b, xp %P gx® . Pyl =0 (4.6.202)
agky " Pay0 ™ Pas0 ™ Pagk, " e, 00 7T T

where 1 < k"j s-1 . Similarly for any fixed kll , if one subtracts (4.4.3f) with suit-

able choices of u, , u, ; Uz and j from (4.4.3¢) with suitable choices of uj , u, and

j , one obtains

o xp o, %P ogX®y . ~Pyg)le =0 ; (4.4.20b)
910 " Pagk, ™ Paz0 ™ Fagky, = Fa,0 7
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. ' ' ' '
- = 0 4.4.20¢
[pq10 x quU x pqzka x (pqakh pq40 Neé, ) (4.4.20c)

where 1 < k, < s-1 . For any fixed k; , subtracting (4.4.3f) with j = Ky s Uy =0y,

uz=q},u3:qafram(b.tn.}g)witnj=|<1 2 Uy :qzyiqZ:D,uzzq},iq3=D,
uz =9q iqa = klx 5 one gets
: 5 Sy o o N, =0 (4.6.212)
[pq1“1 *Pq,0 * Pas0 * Pa,k, ~Pa,0 i Aty

where 1 < ky < k=152 <k, < s=1 . Similarly, for any fixed k; @<k, <51,
if one subtracts (4.4.3f) with suitable choices of uj , u, , us and j from (4.4.3g) with

suitable choices of uy , i, »Up s i, » U3, i, andj, one obtains
1 3

2
5 . . . .

b (%P L xp ox® . -Py gl =0 (6.4.21b)
9,0 ™ Pagk, * Paz0 * Payk, ~ Fa,0 7 F1 70

where 1 < k2_< kza'1 , and

b %P oxp. . x® . -y gl =0 (4.6.210)
910 Pa0 ™ Pagks ™ Payk, " e, T 7 T

where 1 < ks < k,1 . For any fixed k; , subtracting (4.4.30) with j = 0, u = qy »
iq1 = ky from (4.4.3g) with j = Kk, , ug :q1,iq1=k1,uzzqz,iq2=ﬂ,u3=q},
iq, = 0 and using (4.4.5) and (4.6.18b), one obtains

3

[pq1“1 *Pq)0* Paj0 ™ (p“aktx " Pay0 DL k¢ [pq1k1 *Pay0
b xp , -p q)é,=0 (4.4.222)
950 ™ Pagk, ~agd "2 " 7

where ky+1 < ky < s-1 . Similarly, for any fixed k; (1< k; < s-2) , if one subtracts

(4.4.3b) with suitable choices of u , iu and j from (4.4.3g) with suitable choices of Uy r

s Ug s i » Uz s i ~and j and if one uses (4.4.5) and (4.4.18b), one obtains
1 Y2 us
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. . e o . .
[pq1° *Pay, * Pas0 ™ Payk, ~ Pa,0 et [pq1° " Pagk,

. ' .
- =0 4.4.22b
"q}n x (anka PqBU Né, ” ¢ )

where k,+1 < k, < s-1 , and

, [ ,
[p, g% Pg g *P,
90 " T, " Tazks

x (p, -Pg g N +lpg gxpy o

ST T et . T
P x(. . -p. g, =0 (4.6.22¢)
asks gk, Tag0 T2 "’

where k,+1 < ks < s-1. For any fixed k, (1 < k, < s-1), if one subtracts (4.4.3e)

with j = Ky s Up =0, Uy = qy from (4.4.3b) with j = kA U =aqq, iq‘| =0, one gets

. . i . .
o, oxp. . xp., %@ . -p o) =0. (6.4.233)
990 " Tagky T Tagky, T Tagk, - Tq0 T

Similarly, for any fixed k, (1 <"k, < s-1) , if one subtracts (4.4.3e) with suitable

choices of u, , u, and j from (4.4.3b) with suitable choices of u, i, and j , one obtains

the following equations
. . . } !
o, xp ogxp., x(@ . -p o), =0 (6.4.23b)
Ayky a0 " Tagky T gk, T Tq,0 T
T, . %, o e, =0 (6.4.230)
xp. . xp ox( . -p -o0. 4.23¢
Qpky ~ Tagky T Az T Tagk, - Tq0 T

For any fixed k; , subtracting (4.4.3¢) with j = k, , uy = g, , u, = q, from (4.4.3c)

with j = kg s Uy = @y 4iq =0y = G 1 Ig = Ky o one gets
; ; y e 2 0t 4.4.26
[p‘ﬁ” * Payk, * Pagk, * Pak, ~ Pago ne ¢ o)

where 2 < k, < s-1,1 < k, < k,-1 . Similarly, for any fixed k, , if one subtracts
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 (4.6.3e) suitably choosing u; , u, and j from (4.5.3¢) with suitable choices of u, ,

i ,u,,i, andj, one obtains the following equations
72,
b, xp. qxp., x@ o -p )é, =0 (4.4.24b)
LU R PO Lk TP S
where 2 <k, <51, 1< ky < k,-1 , and
' ' x e, =0 (8.6.240)
xp o, xpax@ , -p -0, L4.26¢
Qqkq " Tagke T Ta30 T ek, Tq0 T

where 2 < k, < s-1,1 < k; < k-1 . For any fixed k; , subtracting (4.4.3f) with

j =k Uy =0y 5y = q, Uy = g from (4d.3h) with j =k, 5 ug = ay 5 0g =0,

uy =a,, iqz =ky,uy=as, iq} = k, and using (4.4.5) and (4.4.18b) , one gets
b ; . o i ! .
30 * Pagie, * Pagic, * Pk, ~Pay0 1 &1+ 1Pq 0% Pq i, X
% P, ! e, =0 (6.4.259)
b, x@ . -p -0, L4252
asky ~ Tagk,  Tag0” "2

where 1 < k, < -2 , k,+1 < k, < s-1 . Similarly, for any fixed k, , if one subtracts
(4.6.3f) with suitable choices of u; , u, , uz and j from (4.4.3h) with suitable choices

of ug iu’| 1l iuz Uz iu} and j and if one uses (4.4.5) and (4.4.18b) , one obtains

the following equations
! b . o C o .
[Pq1"1 *Pay0 * Pagke, * Pk, ~Pa,0 1 81+ Pq i, X Pq 0
P x(p . -p )é, =0, (4.4.25b)
a3kq "~ Tagk, g0 " 72

where 1 <k, < 52, ky+1 < ky <51, and

; ’ : . . ] .
[p, X P, xp, g* P =Py g )1¢; +[p xp, x
LELORE Lo Tl S e P i e T B
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' ‘e '
pq}u x (pqﬂka - pqEU )] 4,=0, (4.4.25¢)

where 1 < k, < 52, kl;” < ky < s-1. For any fixed kla » subtracting (4.4.3g) with

:kh,u,l=q1,iq1:k1,uz=q2,iq2=ﬂ,u3=qa,iqz‘=0frum(b.4.3c)with

=k u

1= g, - 1047 = 9 ig, =0, one gets
[pq1k1 *Pg,0 * Paie, * (pqéka - pqz‘u)] ¢ =0, (8.6.26a)

where 1<k, < 52, ky+1 < k; < s-1 . Similarly, for any fixed k, , if one subtracts
(4.4.39) with suitable choices of u, , By 7 U2 Ty, v U By and j from (430) with
suitable choices of uy , i, » uy » i, and j , one obtains the following equations
x x x . Ne, =0, (4.6.26b)
[pq1° Payk, * Pagk, (pqaka Pa,0 14
where 1 < k4_< s-2 , ka+1 < k,2—< s-1,

' . ) .

R = 4.4.26
[Pq1k1 x qukA x p%u x <pqaka quo Né, =0, [¢ c)
where 1 < k, < s-2, k,+1 < kg < -1,

b, gxp. , xp., x@ . -p b =0 (4.6.26)
90 " Tagky " Tagks T gk, ~ g0 TF1 7 T

where 1 <k, < s-2, k,+1 < k3 <s-1,

. ol e = (4.6.26
Pq ik, ™ Pagk, * Paz0 * ®a,u, “Pa,0 ¢ =0 N
where ‘I‘_< ky < 82, k41 < ky < 51, and

. . . . .
b, xp oxp ., x(@ . -p e, =0, . (4.4.26)
Aikg ~ 790 " Tagks T Mgk, T Fq0 T 7 T
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where 1 < k, < 82, k, + 1 < kg < s-1. For any fixed k;, (2 < k, < s-1) , subtrac-
ting (4.4.39) with j = ks , uy = q ,iq1 =0,u2=q2,iq2=k2,u}=q4,iq4=ﬂ

from (4.4.3h) with j = ky , uy = q, rig =0hup = ay s iqz =kpsug=qy, iqa = kg

one gets
. . . 3 .
I xp., xp., x@., -p o)1, =0 (4.6.27a)
940 7 Tagky " Tagks T Tagk, - Tq0 T T T

where 1 < ky < 52, ky+1 < k, 5 k < s-1 . Similarly, for any fixed k, (2 < k; <

s-1) , if one subtracts, choosing suitably the values of u, , gy Yz iy sy

3
and j , the equation (4,4.3g) from (4.4.3h) , one obtains the following equations

[pq],J x pqzkz x pq}k} x (pqhk“ - 3,0 Ne, =0, (4.4.27b)

where 1 < k2_< s-2, k2+1 < kg kg < s-1,
o, : % . e, =0 (4.4.27¢)
Pa.k. X Pg.0* Pauk. X Pq k. - P =0, 4.27¢
Qqkq " Ta0 " agks T Tagk, T Fa,0 T
where 1 < ky < s-2 ,k1+15 kg s ky <81,
; : \ o, ) 0 (6.6.27d)
[p“1"1 *Pay0 * Pagics ™ Pq i, "P0 N #1 =0 o
where 1 < k3 < 8-2, kytl < kyy ky < -1,
T, : : ®., e, =0 (4.4.27e)
b xp., XP aXx@. , -p -0, .4.27e
Qqkq " Tagky T Taz0 T Tagk, - T, 00 T
where 1 < ky < 52 , kg1 < ky 5 kg < -1, and
ey xp., xp gx®., -p.q)és =0, (6.4.276)
Aikq " Tagky T Taz0 T Tagk,  Ta,0 T

where 1 < ky < 52, ky+1 < kg, ky < -1 For any fixed ky (1 <k, < s-3) , sub-

tracting (4.4.3g) with j = ky s Up =aq, iq1 =0, u, = a5, iq} =k, uz=0q,, iq: 0
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from (4.4.31) with j =k, ,u; =qQ, , i =0,U, =Gy ,0i_ =kg,Us=q,,i_ =k, ,
2001 =90 iq = 0oy sy i = ksa Uy =g, =iy
one obtains
] . ] , .
Ip xp xp, x (p - Né, =0, (4.4.28a)
UGk, T agkaa el 7,0 <
where ky+1 < ky < 52, ky#1 < ks < 51 . Similarly, for any fixed k, (1 < k, <
s-3) , if one subtracts (4.4.3g) from (4.4.3i) with suitable choices of uy , i, Uy »
1
i, ,ug, i, andj, one obtains the following equations
up ? 3 Ty
. . . : :
o g %Pyy %P xPr . ~po o )é, =0, (4.6.28b)
910 " Tagky " Tazks T Tagk, T g0 T
where k,+1 < kg < 52, lg#1 < ky < -1,
. . . . .
., xp. axp., x@ . - Ne, -0, (4.6.280)
Aqkq " Ta0 " Tagks T Tagky, - a0 T
where ky+1 < ky < 52, kol < kg < 51,
Ip, . y ®, e, =0 (4.4.284)
xp. oxp . x® . -p - 4.
Aqkq " 70 " Tagky T Tagk, © e 0 TE T
where k,+1 < k3 < $-2, ky+1 < kg < s-1,
. 3 . , .
b, xp. , xp ox@ , -p e, =0, (4.4.28¢)
Hgkie gkts Gl Tapky  Fo,0°" 1
where k,+1 < kg 282, ky+l < ky < s-1, and
. . . . .
., xp. . xp- ox@ . -p ), =0, (8.6.281)
Qqkq " Tagky T Taz0 " Tagky, - Tq0 T

where k,+1 < kj < -2, ky+1 < kg < s-1. For any fixed k, (1 < k; < s-1),, if one_

subtracts (4.4.3b) with u = q, , i =0, j = k, from (4.4.3a) with j = k, , one gets
Y

. . . .
- ) =0. (4.4.29)
[pq1"a " Pagky * Pagk, ™ <p“a"4 Pa,0 14,
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(4.4.3¢) with suitable choices of u, , i
1

ble choices of u, i, and j , one obtains the following equations

) Uy i, and j from (4.4.3b) with suita-
2

o, %Py, *Po . %, “p o Ne, =0, (4.4.32b)
kg Tagky T Tazk, T Tagk, - Tq0 T
where k,+1 < ky < s-1, and
[p' ' ; o i N é (4.4.32¢)
xp . xp x (p -p ) .4.32¢
. kg T Tagky T Tagky, T Tagk, - Ta 0 7 T T

where k,+1 < ki < s-1. For any fixed k, (1 < k, < s-3), if one subtracts (4.4.3h)
with j = ky 5 u, :qz,iqzzkz,uz=q3,iq3:k3,u):q4,iq4:0from(AA.)h)
with j =k, uy =qz,iq2:k2,u2:q3,iq}:k;,u}:qA,iqb:ké,nnegets

b, xp , xp. . x(p _p e, =0, (4.4.33a)
Qqkq " Tagky T Tasks T Tagk, - T 0 7T

where k,+1 < ky < s-2 , ky+1 < ky , Ky < s-1 . Similarly, for any fixed k, (1 <

kaj s-3) , subtracting (4.4.3h) from itself with suitable choices of uy iu 2 Uy
1

i ,ug,i andj, one obtains the following equations
u’ 37 ug .

[p“1“1

. . . .

xp . xp . x( . -p e =0, (4.6.33b)
L TR L PP P

where k,+1 < ky < 52, kytl < Ky kg < -1, and

. g . . .
s s iiprin (e o = po g @m0 (6.6.33¢)
Gy Pk ot aske o ok, a0 o1

where ki +1 < ks < 52, kgl < ky s ky < 51 For any fixed k, (1 <k, < s-3),
if one subtracts (4.6.3c) with j = ky , uy = a5, iy ™ k3 U = 9 1 iq, = O from

(4.6.30) with j = Ky, ug = a5 ',iq3 = k3, Upy=q,, iqa = k, » one obtains

. . , . .
(p xp xp x (p -p, Né, =0, (4.6.3a)
kg Tagky T Tagky T Mgk, - Tq0 T



175

where k,+1 <k < -2, ky+1 < kg < s-1 . Similarly, for any fixed k, (1 < Kk, <
s-3) , subtracting (4.4.3c) from itself with suitable choices of uy , i

,u, , i and
uy 720 N,
j , one obtains the following equations

. . . .
lp xp xp x (p (4.4.34b)
Ak " Tagky T Tagky T Tagky
where k,+1 < k, < s-2, k1¢1 S ko< s-1, and
b, : ' ®, e, =0 (4.6.340)
XPy 1 XP g X By o P -0, 4,360
Gikq " Tagky T T asky T Tagk, T a0 T

where k,+1 < ky < 52, ky+1 < kg < s-1. For any fixed k, (2 < ky < s-1), if
one subtracts (4.4.3¢) with j = ky , Uy = a5, iq} =k, Uy =q, iy =0 from

(4.4.3d) with j = k; , uy = a5, iq} =kyo Uy =0y, iq =k, » one gets

. . . , !
p xp, xp, x (p, -PggNe, =0, (4.4.35a)
Qpkq  Tagky T Tazks T gk, - Ta,0 7T

where 1 < k; <

s-2 , ky+1 < kg 5 ky < 51 . Similarly, for any fixed k, (2 < Kk, <
1), subtracting (4.4.3c) from (4.4.3d) with suitable choices of u, , i

: uy 72,
and j , one obtains the following equations :
Ip, : : ®. p. o N4, =0 (4.4.355)
Pagiey * Payk, * Pagiy ™ Pk, ™ Pay0 # =0 o
where 1 < kg < 8-2, ky+1 < ky 5 Ky < s-1, and
o, y . ®, L oe, =0 (8.4.350)
Paky * Pagky ™ Pagky * Pagie, “Pa,0 141 =0 e

where 1 < ky < 52, ky#1 < Ky s ky < 51 . Finally, for any fixed k, (1 < k, <

s-2) , if one subtracts (4.4.3h) with j

a,u,l:q1,iq1=k1,u2=q2,iqz:k
u}:qh,iqA=Ufrom(u‘4.3d)wilhj:ka,u1:q1,iq1=k1,u2:qz,iq2:kz,
one gets

2
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. . . . .
[p xp, xp x (p, - p, Né¢, =0 (4.4.36a)
aykq " Pagky ™ Pagk, ™ Fagk, T Fq0 T ’

where k,+1 < K,k < s-1. Similarly, for any fixed k, (1 < Kk, < 8-2) , sub-

tracting (4.4.3h) with suitable choices of uy , i, » U, » i, » U3, i, andj from
10t Y2 e s

(4.4.3d) with suitable choices of u, , i y U, s i and j , one obtains the following
10l 2,

equations
!

. . S .
b xp. ., xpo ., x(o . - Ne, =0 (4.4.36b)
agky < Pagk, ™ Pagis ™ Pagke, " Pa,0 7T T

where k,+1 < Ky , kg < s-1, and

. . . | )
[p, x P, xp, x (p, -p. )¢, =0, (4.4.36c)
iy Pagky ™ Pagks ™ Pagk, " Fa,0 T

where kl‘+1 =< k2 N k3_< s-1 . From the equations (4.4.25b), (4.4.30b), (4.4.31), (4.4

(6.6.33b), (4.4.36b) and (4.4.36b), one can obtain for any fixed ky , kg

. R . .
wp o xpe . Xy Py gy =0 (6.4.37)
a1k < Pag0 ™ Pagky ™ Pagk, " Pagd T T2 7 77

[p,

where 1 < k, < kg < s-1. Now, if one subtracts (4.4.37) from (4.4.25b), one

obtains for any fixed ky ; ky »

) y ) S -0 4.4.38
(9 1, * Pag0 * Py * Pagie, ~Pag0 141 0 @.4.382)
where 1 < k, < k; < s1 . Exactly in a similar manner, one can obtain, for any
fixed Ky 1 kg » from the equations (4.4.258), (6.4.30a), (4.4.31), (4.4.33a), (4.4.340)
and (4.4.36c)

' " o ' v '
x - -0 4.4.38b)
[Pq,0* Payk, * Pagic, ™ Payk, ~ Pag0 Ny =0 ¢
where 1 < k,, < k, < s-1 and for any fixed ky , ky , one gets from the equations

(6.4.25¢), (6.4.30c), (4.4.31), (4.4.33¢c), (4.4.34a) and (4.4.36a)
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. !
) xPp,
a1k

. . .
xp, x (p -p, Né, =0, (4.4.38c)
apky  Pas0 " Pagky " Ta,0 T

where 1 < k, < ky < s-1 . From equations (4.4.22a), (4.4.26a), (4.4.27a), (4.4.28c,d)
and (4.4.38a), one obtains for any fixed ky , Kk, »

. . . . .
- -0, 4.4.39
[pq1k1 *Pa,0 * Paj0 Pagk,, ™ Pagd ne ¢ )

where 1 < !(A < kg2 s-1 . If one subtracts (4.4.39) from (4.4.22a), one obtains for

any fixed ky » kg »

. . . . .
Ip xp_ o %P, X P -p oNe, =0, (4.4.40a)
aky " Pag0 ™ Pas0 ™ Payk, " Ta,0 T

where 1 < k, < k; < s-1 . Exactly in a similar way, one can obtain, for any fixed

ky » K » from the equations (4.4.22b), (4.4.26b), (4.4.27a), (4.4.28a,b) and (4.4.38b) ,

. . . 1 .
B o xp. . xpe X @y - Py )8 =0, (4.6.40b)
9,0 ™ Pagk, ™ Pas0 ™ Payk, " Ta,0 T

where 1 < kl& < kz < s-1 and from the equations (4.4.22¢), (6.4.26d), (4.4.27b),

(6.6.28 a,b) and (4.4.38b) , oné obtains for any fixed ks , Ky »

. . \ . .
_ -0 (6..40

[pq1° *Pqy0. > Pagks ™ g,k ~Pa0 ey =0 <)

where 1 < k, < ky < s-1. Now from the equations (6.6.19-21), (6.4,23-20), (6.4.26-36),

*

(4.4.38) and (4.4.40) it follows that [Py x P, x P 14, =0, where P; is an
i 4

x P,
a,” Az 9
. .
((s-1) x (s-1)) matrix with rows (. - P ) » 1 < k, < s-1 . From Lemma 1.8.1,
8 SN LAY — “b=
now it follows that

0. (4.4.41)

L]
From the equations (4.4.3a-j), it is now easy to verify that ¢, = 0 ._The proofs of

the other cases follow exactly in a similar manner.



Chapter 5A

LINEAR-TREND-FREE ORTHOGONAL MAIN-EFFECT PLANS

SA.1 Introduction and Preliminaries

This chapter considers the construction of orthogonal main-effect plans
for factorial experiments under the presence of a linear time trend. In indus-
trial and agricultural experimentation, when the observations are taken over
a period of time, it happens in many practical situations that the observations
are affected by a time trend in addition to the effects of the treatments under
consideration. The problem of factorial experimentation in the presence of such
time trend has been considered among others by Hill (1960), Daniel and Wilcoxon
(1966), Draper and Stoneman (1968), Phillips (1968) and Joiner and Campbell
(1976) (see also Dey (1985) in this context) and more recently by Cheng (1985),
Coster and Cheng (1988) and Cheng and Jacroux (1988). These authors discussed
in detail the philosophical basis of the problem, cited numerous practical appli-
cations and suggested relevant experimental plans mainly with reference to 2™
factorials. In addition to trend-free fractional factorials, there is a vast liter-
ature on trend-free block designs for varietal trials. This is, however, beyond
the scope of this chapter and we only refer to Bradley and Yeh (1980), Yeh
and Bradley (1983) and Stufken (1988) and the references therein. It, however,
appears that much work yet remains to be done on fractions of more complex
factorials in the presence of a time trend. In an attempt to fill this gap to
some extent, the present chapter considers the development of orthogonal main-

effect plans for general factorials in the presence of a linear time trend.

Consider an s; x - - = x 5 factorial, a typical level combination being denoted

. N +(E, (t
by(l,l,....lm),!)_<kvjsv-‘l,157v4<m.Le[S:(lE|),.... Sn)):o_<t_<

N-1} be a subset of level combinations such that the combination G i)

i .
' N

is applied at time point t. Throughout this chapter, the N time points are assumed to
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be equispaced as happens in most practical situations. Let y, denote the observation
corresponding to the combination <i2‘) s i::‘) ). Then assuming a linear time
trend and the absence of all interactions, we take the following fixed effects linear
model

B0 =0 + Ot 4 Y (0 Y gt et Y (s (5A.1.1)
111 2|2 mi

where Q%Y

(1 < v < m) are unknown parameters. For 0 < j < s -1, ,

vi
Vi, )
v

represents the fixed effect due to the level j of the vth factor (1 < v < m) while

s -1
&, and aq are parameters associated with the linear time trend. As usual £’y = 0
j=0

for each v (1 < v < m) and it is assumed that the N observations are independent
and homoscedastic.

A fraction, involving N observations or runs, of an Sy X .. .xs factorial
will be called a Trend-Free Orthogonal Main Effect plan (TFOME plan) if under
the model (5A.1.1) it allows estimation of the main effect contrasts on ij

orthogonally among themselves and also orthogonally to &

and ’51 , the best
linear unbiased estimators of oy and a, respectively. In the absence of a time
trend (i.e., if a; = 0 in (5A.1.1)) it is well-known (cf. Rao (1947, 1973)) that
an orthogonal array of strength 2, with its columns interpreted as level combi-
nations, represents an orthogonal main effect plan and such plans are universally
optimal for the estimation of the main effects (see e.g., Cheng (1980), Mukerjee
(1982)). It is, therefore, natural to examine the conditions under which such
an array represents a TFOME plan under the model (SA.1.1). In this connection,
we have the following theorem, where the notations relating to the subset s

are the same as in the preceding paragraph. Further, for 0< j < s-1;1-< v < m,

let Rvj denote the sum of the time points in which the level j of the vth factor
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is applied, i-e., R, = It , the summation being taken over those t for which

(t) .
i,,” equals j .
Theorem 5A.1.1. Assume that the N level combinations included in S form an

orthogonal array of strength 2 and further that

R, =R for each v (1 < v < m). (5A.1.2)

vo =Ry = =Ry
v

Then S represents a TFOME plan for an 8y % ... x s factorial.
The proof of Theorem S5A.1.1 follows essentially along the line of Phillips

(1968) and is hence omitted here. The plans satisfying the conditions of Theorem
5A.1.1 are not only simple to analyze but also may be seen (cf. Cheng (1980))
to be universally optimal for the estimation of the main effects under the pre-
sence of a linear trend. Theorem 5A.1.1 serves as a very powerful tool in identi-
fying the orthogonal arrays of strength 2 which represent TFOME plans. In fact
orthogonal arrays of strength 2 are available in abundance and one has only
to investigate under what permutation of the columns (which dictates the sequ-
ence in which the corresponding level combinations have to be applied) such
an array satisfies the condition (5A.1.2) in Theorem S5A.1.1. The problem is
highly non-trivial since there are orthogonal arrays for which no permutation
of the columns exists satisfying these conditions. For example, for the ortho-
gonal array of strength 2

0011

0101,

0110
which represents a four-run fraction of a 2° factorial, it may be seen that none
of the 4! permutations of the columns satisfies (5A.1.2) and hence the array

is incapable of generating a TFOME plan.
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A comprehensive discussion on the available methods for the construction
of orthogonal arrays of strength 2 is available in Raghavarao (1971). In the rest
of the chapter, we shall investigate the appropriate modifications of these
methods so as to generate TFOME plans. As usual, an orthogonal array (with
possibly variable symbols - see e.g, Rao (1973) with N assemblies, m cons-

traints, s;5 + -+ Sy symbols and strength 2 will be denoted by an OAIN,m,

Spa e Sy 2). In particular, if s; = s cEsL =S then it will be denoted

by an OAIN,m,s,2].
5A.2 Use of Projective Geometry

Let B, be an OA[s" , mr, s, 2] where m, © > 2 . Suppose By can be parti-
tioned as B, = [B, , By 1, where B, is (v x s and By is (m ) such that for 0 <
I g+ 2,57 4 L+ 2th column of By s given
by 8y 8y - -5 8 « For example, with s = 3, 7 = 3, By should be of the form

00000000b111111111222222222

000111222000111222000111222
012012012012012012012012012

Then we have the following lemma which will be helpful in the sequel:

Lemma 5A.2.1. The columns of By , interpreted as level combinations, repre=

sent a TFOME plan in s" runs for an s™ factorial.

Proof. Clearly By is an OA[s", m, s, 2] It remains to verify the condition
(5A.1.2) in Theorem S5A.1.1. Take any row of By (say, the vth row, 1 < v.< m)

and note that for a fixed j (0 <j < s-1) the symbol j occurs in exactly Ral

posi-
tions in that row. Let a typical position occupied by j in this row be the
€ £, 2 4 . ..+ Eth position where 0 < £y, £y s e e s B S s-1 . Since
B, is an orthogonal array of strength 2, in the two-rowed submatrix of B, given
by the first row of B, and the vth row of Bj every ordered pair of symbols
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occurs as a column vector s"2 times. This phenomenon, together with the special
structure of B, , implies that £, must take each of the valuss 0, 1, . . . , s-1

exactly s"2 times. Similarly, it follows that each of €y 4+ e -, B must take
each of the values 0, 1, . . . , s-1 exactly s"2 times. Hence with the notations

introduced earlier and with reference to the array 83 » one has

r-1, r
Ry =s 20w rs) 6™ o am2, L,y G
vj 2

O<j<s31<v<m (5A.2.1)
Since the right-hand member of (5A.2.1) does not depent on j, the lemma follows.

Remark : If r=2 in particular, then B, is an orthogonal array of strength 2 and

index unity and, by a suitable permutation of the columns, B, can always be

so written that its first two rows are of the form:
00...011...17...8181...51
01...8101....81...01...51

It is then immediate from Lemma 5A.2.1 that the existence of an OA[s2,m+2,s,2]

always implies the existence of a TFOME plan in s% runs for an s™ factorial.

Lemma 5A.2.1 can be applied to construct TFOME plans for s™ factorials
using finite geometries by suitably modifying the methods described in Sections
2.3, 2.4 in Raghavarao (1971). Let s be a prime or prime power, 0 s Py s e
Pg_q be the elements of GF(s) and r( > 2) be a positive integer. Let U be the
set of all points in the projective geometry PG(r-1,s). There are (s"-1)/(s-1)
members in U, a typical member being denoted by by o v vy b). Suppose the
first r members of U are T o= “,0,...,0), T, = ©1, 00,0, ..., T =(0,
0, ..., 1. Form an ("-1)/(s-1)) x s array B, such that

(i) the rows of B1 are identified with the members of U,

(i) forany £, ,2,,...,8 @< L15 %y, ee, 8 < se), in the (b

e
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b)th row of B, the symbol j occurs in the (115“1

position if b, oy, * b, £y, t et by IRLE

Then following Raghavarao (1971), B, is an OA[s",(s"-1)/(s-1),5,2). Further, from
the special pattem of the first r members of U, it may be seen that B, admits
a partitioning B, = [a; , B'}]', where B, is (r x s") and satisfies the conditions
stated in the paragraph preceding Lemma 5A.2.1. Hence by Lemma S5A.2.1 ,
the array By , which is an OA[s",m,s,2] where m = (s"-1)/(s-1) - r, represents
a TFOME plan for an s™ factorial. The following example serves as an illus-

tration.

Example 5A.2.1. Lets = 4, r = 2, Then the elements of GF(s) are pn =0, D’I = 1y
Py = x5 03 = x+1 (with x? = x+1) and taking U = {(1,0), (@,1), (1,1), (1,x), (1,x+1)}
one obtains

0000111122223333

0123012301230123

0123103223013210

0231132020133102
0312120321303021

The subarray B3 , given by the last three rows of B, represents a TFOME plan

for a 4” factorial in 16 runs.
5A.3 The Method of Differences

Here we consider a modification of a method described in Section 2.5
in Raghavarao (1971) so as to obtain TFOME plans. Let V be a module with
s elements Uy , Uy, . . ., Uy, the zero element being given by uy . Let Ag
be an ((m+1)x r) array with entries given by the members of V such that among
the differences arising out- of the corresponding elements in any two distinct

rows of Ay, every element of V occurs exacatly A times (i.e., r =As). Note that
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this property of Aj remains unaltered if a constant is added to each column
of Ay (the constants added to the different colums of Ag being possibly differ-
ent). Hence, without loss of generality, it may be assumed that all the entries
in the top row of Ay equal ug. For 1 < j < s-1, let Aj be an ((m+1) x ) array
obtained by adding uj to each element of Ag- Let A= [Aﬂ, Ao vny AS_1], and
A be an (m x rs) array obtained by deleting the top row of A. Then the following

holds:

Theorem 5A.3.1. The columns of A, interpreted as level combinations, represent

a TFOME plan in rs(= As?) runs for an s™ factorial.

Proof: From Raghavarao (1971, p. 23) A is an OAlrs,m,s,2]. In order to verify
the condition (5A.1.2) in Theorem 5A.1.1, suppose A is partitioned as A = [Ags
Ay e ooy Ay) where each Ki (0 <j <s-1) is of size (mx r). Consider any row
(say, the vth row, 1 <v < m) of A. In view of the special structure of Ag s

the following may be observed:

(i

in the jth row of ‘A‘U » each element of V occurs exactly A times ,
(i) for any fixed j, j' (0 < j, j' < s-1), if Uj - Ujs = Uy, then the element
uj oceurs in the vth row of Zl in precisely the same positions as uj

oceurs in the vth row of Ay .
From these considerations, it follows that the condition (5A.1.2) holds for the
array A, completing the proof.
5A.4 The Modified Addelman-Kempthorne Plans

First we prove a lemma which will be helpful in the subsequent develop-
ment. Let Ly be an DA[2s" , mer , s, 2], where m, r > 2. Suppose Lo can be

partitioned as
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[ (5A.4.1)

where Ly , L, , Ly , L, are of orders (r x ", (v x 87, (m x s7, (m x s) respectively,
such that the following conditions hold :
@ for0< &y, 0y, -nns 8y < s, the (0™ + 2,72 i s gt
, columns of both L, and L, are both given by (£, , %, 5 -« - » L) (ef
the discussion preceding Lemma 5A.2.1), ’

() in each row of Ly , each of the s symbols occurs " times.
Then the following holds :

Lemma 5A.4.1. Under the above assumptions, the columns of T_B =y L)

interpreted as level combinations, represent a TFOME plan in 2s" runs for an

s factorial.

Proof. The proof proceeds along the line of proof of Lemma 5A.2.1. Clearly,

Ty is an OA2s™ , m, s, 2). To verify the condition (5A.1.2) in Theorem 5A.1.1,

consider any row of 'LD (say, the vth row, 1 <v <m) and note that by (b) above,
for any fixed j (0 < j < s-1), the symbol j occurs s’ ' times in the vth row of

L, and 5™ times in the vth row of L, . Suppose a typical position in the vth

3

row of Ly where j occurs is the (&, Ral

. g, [ £, )th position and
a typical position in the vth row of L, where j occurs is the ( ;15"1 . ;Zs"z+
...+;r)thpasition,whereﬂj 51,52,,..,5r,§1,;2....,g‘__< s-1 . For
0<w<s1,1<i<r,let ¢ be the number of times £; equals w, and ¥, be

the number of times Z; equals w .

Now, since Ly is an orthogonal array of strength 2, in the two-rowed

sub-matrix of L given by the top row of [L1 LZ] and the vth row of [L} LA].

every ordered pair of symbols occurs as a column vector 22 times. Therefore,
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by the special structure of L, , L, described in (a) above, it follows that ¢ + ¥y =

26" 20 < w < s-1). A similar argument shows that

O N by = 2672 O<w<s1,1<i<n. (5A.4.2)

Hence under the notations introduced in Section 5A.1 and with reference to the array

L0 , one has

o osn !
Ryi= 2 2 wh oe 2wy, s e a2, AL
i i=1 w=0

by (5A.4.2), on simplification. Thus R, does ot depend on j and the lemma
follows by Theorem SA.1.1. It may be remarked that the term s’ 'x s in the
right-hand member of (5A.4.3) arises because (i) for any £(0<£< s'-1) the occurrence
of j in the 2th position in the vth row of L, implies the occurrence of j in the

(s" +2)th position in the vth row of L and (ii) by (b) above, the symbol j occurs

" times in the vth row of [

The above lemma may be employed for deriving TFOME plans from the
well-known Addelman-Kempthorne plans. Addelman and Kempthorne (1961) deve-
loped an ingenious method for constructing an 0A[2s",{ 2(s"-1)/(s-1)} -1,5,2] where
s is a prime or prime power and r > 2. In order to save space, we do not describe
here the details of their procedure which are available in the original paper
and also in Raghavarao (1971) and Dey (1985). Let L be an orthogonal array
obtained by the approach of Addelman and Kempthorne. Then an inspection
of their procedure readily reaveals that Ly can be partitioned as in (5A.4.1)
such that the conditions (a) and (b) are satisfied. Hence, by Lemma 5A.4.1 ,
the array T , obtained by deleting the first rows of Ly , will give a TFOME

ptan in 25" runs for an s™ factorial, where-m = { 2(s"-1)/(s-1} -1-r. -
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5A.5 The Method of Direct Product
In the following, the (symbolic) direct product of two row vectors a;=
[ 31N1_1) and a, = (ayg » 8y 1« - “7.sz1) is defined as

(cf. Section 1.3 of Chapter 1)

a; @ay =g, a50) @@y a) 5+ -+ (ayg s 32N2-1) »(ayq 5 2500 5

@y )5 o+ s (g s 3, 4) e B g0 B0)»

(31N1-1 1Aq) s e (a1N1_1 ) aZNZ_.l)] .

Theorem 5A.5.1. For i = 1, 2, let C; be an OAIN; , m; , 5;, 2] satisfying the
condition (5A.1.2) in Theorem 5A.1.1. Then there exists a TFOME plan in

NN, runs for an s™ factorial where s = s4s, and m = min {m,,m, }.

Proof. Form an (m x N;N,) array C such that for 1 < v < m, the vth row of C

is given by the (symbolic) direct product of the vth rows of C; and C, . For i =

1, 2, if the symbols in C; be 0, 1, . . ., 5;-1 , then the symbols in C are the ordered
pairs jq 5 jp) » 0 < jy < 8;-1, 0 < j, < sp=1 . Let Cg be an (m x N;N,) array obtain-
ed from C by replacing for each j, , j, , the ordered pair (j; » i) in C by spiy+i, «

It is readily seen that Cg is an OAIN;N, , m, s, 2], where s = 5;s,, the s symbols

in Cg being given by 0, 1, . . . , s-1. From the method of construction of Cg
and also from the fact that both C; and C, satisfy the condition (5A.1.2) in
Theorem 5A.1.1, it is not hard to see that Cg also satisfies the same condition.
Thus the columns of Cg , interpreted as level combinations, give a TFOME plan

for an ™ factorial in N;N, runs. This completes the proof. -

Remark: A repeated application of the above theorem shows that for i = 1,2,
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seey ko, if Cjobe an OA[Ni LI 2] satisfying the condition (5A.1.2) in
k
Theorem 5A.1.1 , then there exists a TFOME plan in I Ni runs for an " factorial,
i=1
where s= Il 5, and m = min m .
i=1 1<i<k

5A.6 Concluding Remarks

It is evident from the preceding sections that corresponding to many
of the well-known systematic methods for the construction of orthogonal arrays
of strength 2 (cf. Raghavarao (1971), Dey (1985)) there exist suitable modifi-
cations which yield TFOME plans. The results described so far, however, all
relate to trend free fractions for symmetric factorials. As for asymmetric facto-
rials the problem appears to be more involved - this is .more so because not
much is available in the literature on systematic procedures for the construction
of orthogonal arrays with variable symbols. Anyway, the following general result

is easy to prove : i

Theorem 5A.6.1. Let D be an orthogonal array (with variable symbols) having
N assemblies, m constraints, S Sy a e ey S symbols and strength 2. Let D
be an (m x N) array obtained from D by writing the columns of D in the reversed
order. Then the (m x 2N) array g = [D, D], with its columns interpreted as
level  combinations, gives a TFOME plan in 2N runs of an 8y XSy Xeu XS facto-

rial.
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Chapter 5B
ESTIMABILITY AND EFFICIENCY IN PROPORTIONAL
FREQUENCY PLANS

5B.1 Introduction

Plackett (1946) introduced the criterion of proportional frequency in a
multifactor setting. It was contended by Addelman (1962) that fractional facto-
rial plans based on this criterion lead to orthogonal estimation of lower order
factorial effects when higher order effects are absent. Lewis and John (1976)
and later, in more detail, Kuwada and Nishii (1979), Mukerjee (1980) had shown
that the contention of Addelman regarding orthogonality in proportional frequency
plans is not in general true and established, in the general case, the criterion
of equal frequency (in terms of orthogonal arrays) as a necessary and sufficient

condition for orthogonal fractional factorial plans.

Unfortunately, however, as. shown in Mukerjee (1980), especially in the
asymmetric case, there are situations where orthogonal plans based on the equal
frequency criterion are nonexistent. Hence in fractional experimentation under
such circumstances one has no other alternative than to forgo orthogonality and
search for possibly nonorthogonal plans. Since it is comparatively simpler to
obtain proportional frequency plans (cf. Addelman (1963, 1972)) such plans may
be considered in this context. But before the proportional frequency plans are
used, their worth with regard to estimability and efficiency should be critically
reexamined. This chapter makes a study in this line by extending the calculus
of factorial experiments (cf. Kurkjian and Zelen (1963)) to a fractional factorial
set-up. Though the main emphasis will be on proportional frequency plans it is
anticipated that the methods developed will be helpful in dealing with other

problems in fractional replication as well.
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5B.2 Notations and Preliminaries
Consider a factorial experiment involving m factors Fy , « .., F,_ats,

« ., s levels respectively (s, > 2, 1 < v < m), there being v* =1 s, level com-

binations in all. Throughout this chapter the v* level combinations will be assumed
to be lexicographically ordered (cf. Kurkjian and Zelen (1963)). Let T be the vector
of treatment effects arranged lexicographically. In analogy with Chapter 1, we

introduce the following notations.

(s x1) ' )
Let for1<v<m,1 ¥ =(,1...,1) and P_ be an (s x (s -1)) matrix
=Vv= v v v Sy
such that [5;1/2 1, , P, 1is orthogonal. Let
Xvo_ 12
P, s, 1 if x =03=P_ if x_=1. (5B.2.1)
v v v v v v

Further let @ = {(x; 5 Xps + =+ » X ) £ X, =0, 1¥ v, not all x's are zero} . For

anyx:(x1,xz,...,xm)cﬂ,writing

X
v

m

x
=x P
v

X, X
P’ =P x...xP T (5B.2.2)

v=1 m

where x denotes Kronecker product, it is easy to check that the ? (sv-nx" linear

functions PXII' represent a complete set of orthonormal treatmevn:t1 contrasts belong-
ing to the factorial effect F? szz - F:;“ (cf. Mukerjee (1980)). At this stage we
differ slightly from our approach in Chapters 1-4. Here for each factorial effect
we deal with a complete set of orthonormal contrasts whilein Chapters 1-4,
we had considered any complete set of contrasts. The consideration of orthogonal
contrasts is helpful, in particular, in obtaining results on efficiency (vide Section
5B.4) which is important in the context of the present chapter since the error

variance is no longer assumed to be zero. Let for 1 < u < m,

Ju={(x1,...,xm):(x1,...,xm)sn,almastuofx,l,...xmarsﬂ,



N A~

(5B.2.3)
P* being included in P 3 if ang only if x € 3, (2 - 3 .

In the factorial context it often happens that the higher order interactions,

say those involving more than t factors, are absent i.e.

-0, (5B.2.4)
N ! T (vex 1) '
Then imposing the side restriction €' T = 0, where € S Ty, D
and following the line of Mukerjee (1980), we have
=P ox, (5B.2.5)

where T* is a vector of new parameters representing treatment effects under

(5B.2.4).

Consider an arrangement of v* level combinations in an (unblocked) com-
pletely randomised design such that for 1 <i<v¥, the ith level combination is
replicated r; times.

(v*x1) - ¢ !

Letr C S I M

ve
),n= I >0

y*

TN _ ector of observed treatment totals, G = €' T

(5B.2.6)
Q=T-n Gr
Then following Mukerjee (1980), assuming the usual fixed effects linear model
with a constant error variance (@2 , say) under the reparametrized set-up (5B.2.5),
the reduced normal equations are found to be

p' c*p®p® - p®'g (s8.2.7)

5B8.3 Estimability in Proportional Frequency Plans

Consider an unblocked m-factor design in which the ith level combination
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is replicated r;( > 0) times, 1 < i < vELlet 1< vy <vy <ul. <V < m,1<
[
g<m,0<i, <s, 10<2<a), n, 779 represents the number of times
2T Ve v,y
the level combination (i, i, s« -« i, ) of the factors Fy , F ..oy Fy
1 Q 1 V2 q
occur among the level combinations included in the experiment. The chosen level

V2

combinations will be defined to represent a proportional frequency plan of strength

d (< m) if for every vy, v, 5+« « 5 vgqand every i, ,ivz,...,ivd(1_<v1<

.”<vd_<m=0_<i"1‘<svl-1(1_< L < d)
(Vyyueneey V) d o (vg)
n,ly _d :n-(d-ﬂ I n LN

X 0 (58.3.1)
""d 2=1 v

13

where n = 7.'.rl (> 0) . In this section we shall study the. worth of such plans from the

point of view of estimability.

For1<v<m,let

D: - Diag (nf]") R, ni:) )

n o @d, e (5B.3.2a)

. (s xs )
v =n'D ,Tv=n_zn(v)n(V) =1V Y

(58.3.2b)




(x,y,) .
vV -2 IO IO Y I
v v

(xsy,)
=v, Y otherwise.

It is then easy to check that for 1 < v < mjx = 0,1 vy

v

Yy V(xv,yv)

€ v e & = B
v Vv ey v
. (5B.3.3)
X\ y (xoy,)
eV T oeV=T VTV
v v v \Z
Forx = (xq e e ey X)) s ¥ = (g s evesyy)y X,y € R, define
m m (x,y,) m o (x,y,)
Kok eV, VXY oy VIV Ty o T VY (5B.3.4)
v v v
v=1 v=1 v=1
By (5B.3.2a,b), (58.3.3) and (5B.3.4), it is immediate that for x ,y € @ ,
m ! ‘ m
& (x vy e = VoY) X (x )€ = T00y) (5B.3.5)
v=1 v=1

Theorem 5B.3.1. If the chosen level combinations form a proportional frequency
plan of strength 2g (< m) then all contrasts belonging to effects involving g
or less factors are estimable when all effects involving more than g factors

are absent.

Proof. Because of the reduced normal equations (5B.2.7) (here g = t) we only
have to show that P@'CP@ is positive definite under the given condition.
Now if the chosen level combinations form a proportional frequency plan (i.e.
if (5B.3.1) holds with d = 2g) proceeding as in the proof of Lemma 2.2 of
Mukerjee (1980) by showing that the corresponding elements of the~two sides

are equal, we have for any X, y € J
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e T RUCE LU
i.e. by (5B.3.5)
" >y

X ce¥aneX ceY, (5B.3.6)

where by (5B.3.2)

m m m O
e x @O - @ A e 07 M) e
v=1 v=1 v=1
-
c = Diag(a1 yees Sv‘,) -aa', (5B.4.7)
CRARI I % N .
where a = (ay y 3y 1« - 1a,0 = x (07" (") . Since the chosen level combina-

v=1
tions form a proportional frequency plan of strength 2g, by (5B.3.1), n(i:) >0V,

v.Hencea, >0, v=1,2...,V*.

By (5B.2.1), (5B.2.2), (5B.3.6), for any x € © , there exists matrix Ly, such
that P* = ¥ L; . Hence by (5B.3.6), under the given conditions for x , y €33

pX'c*pY = n PX'C*"PY, so that by (5B.2.3)
p@'c*p(@ - p@'cMp@ (58.3.8)

By (58.2.1), (58.2.2), (58.2.3), PP (x 1) =0and PP = 1. Further a, > 0,

m
=12, ..., vt and (x 1) a =1 .Hence by (5B.3.7) and some standard steps
v=1
in matrix algebra, it is evident that P@'C**P@ (and hence PP'C"PP , by (58.3.8)

is positive definite.

One would naturally like to investigate the possible extension of the
above theorem to the case g <t i.e. to examine whether all contrasts belong-
ing to effects inolving g or less factors are estimable when all effects involving
more than t factors are absent given that the chosen level combinations form

a proportional frequency plan of strength (g+t).

If g <t, by (5B.2.3), (5B.2.5), the reduced normal equations (5B.2.7)"

can be written as
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' (9)' < *5(gt) (g)' (g)
(9)'~*-(g) P=cp P9 ¢ P%aQ
prer - (58.3.9)
B@' (@ @) *5(g,t) Blot)y o'y
where BOY - (.., P*, .. .), P* being included in POV if and only if

x € Jp-3g. Since here we are interested in estimating the elements of P9y
the problem reduces to examine whether, given that the chosen level combina-

tions form a proportional frequency plan of strength (g+t), it is necessarily

true that
row space [I" , 0]  row space [P®'c*p(ty (58.3.10)

where 1" is identity matrix of order vy, O is null matrix of order v x'(v, - v;)

vy
and v , v, denote respectively the number of rows in p(@' p®,

The answer, however, will, in general, be in the negative as the following

example illustrates.

Example 5B.3.1. Consider the following plan of a 32 x 22 factorial (the level
combinations are written as_columns) which is easily seen to be a proportional

frequency plan of strength 3.

00010111000101110002022200020222
00101011002020220010101100202022
01001101010011010100110101001101
01110001011100010111000101110001

with g = 1, t = 2, it may be checked that (58.3.10) does not hold. The process

. x
which involves actual computation of P'C*P®) is lengthy and is not shown

here. Thus though the chosen level combinations form a proportional frequency
plan of strength 3, it is not possible to estimate all main effect contrasts even

when all interactions involving more than two factors are absent.
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Thus it is seen that further extension of Theorem 5B.3.1 in the line
contemplated above is not possible. As such the use of proportional frequency

plans should be as envisaged in Theorem 5B.3.1.

5B.4 Analysis and Efficiency
We now consider in brief the analysis of such plans. Consider a propor-
tional frequency plan of strength 2g. Then by (5B.2.7) (with g = t), (5B.3.8)
and Theorem 5B.3.1, assuming the absence of all interactions involving more
than g factors
p@' 4 - p@' @) p@'g (5B.4.1)
so that
DispP'D' %) = 2P PP @y T - oZn7l @' Py (5B.4.2)
As such the sum of squares (SS) due to p(9% is given by

a1 g p@ (P(g)'c‘*P(g))—1 @ g

The error S5 is obtained by subtracting this from the total SS. For any x € 3,
pX2 , Disp (PX2) may be obtained from appropriate subvector and submatrix of
(5B.4.1), (5B.4.2) respectively. It should be noted that the plan under study is non-
orthogonal so that separate ANOVA tables would be required for various fac-

torial effects.

We can derive a lower bound for the average efficiency of such plans.

-1

m * **
It is easy to check that x (nD ") = E, say, is a generalised inverse of C .
=1

Hence by (5B.4.2) after some simplification, we have

DispP D) = 2! (PP PO - PP pOEPE pO) p@e p@)
- (58.4.3)



It is difficult to have a compact expression for Trace [Disp(P(g)’i)]. However, noting

that the second term within the square brackets on the right hand side of

(5B.4.3) is nonnegative definite, by (5B.2.3).
Trace (Disp®P@0] < o?n”! Trace (PO'ERPP ]
- o2n~! Trace [€ PY9PP)
~?n L Trace [€ PX PX ] (5B.4.4)
XE Jg

' m X,
By (5B.2.1), (5B.2.2), for any x € & , P*P* = x W V', where for 1 < v < m,
v=1 Y -~

if x, =0.
v

m x,

n o (s,-1)

v=1

Hence writing for x € € , f(x) =

" g m _ .
Trace [€ PPX’ ] = Trace [{ x (D, "} P*PX' 1
v=1

s,-1 s -1
o o 3 el al™)y
iy=0 i =0 " 'm
m -1
S (@
v=1i =0 v

%

Thus by (5B.4.4),
(@ 2 ma ™ ST Wy 1
TracelDispP @D < 2 n™ T {2 @V T kT (5B.4.5)

v=1 iv= v erq

.
Since Disp(P@%) is a square matrix of order I_ f(x) , by (5B.4.5), average vari-
9 xeJ
ance of the elements of P92 . 9
L, m s -1°
PR AR SR
v=1 i =

nf") . (5B.4.6)
v
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As shown in Mukerjee (1982) for any given n, an equal frequency plan (based
on orthogonal array with variable symbols) if it exists is universally optimal

with
DispP YD) = o w1 (5B47)

where [ is identity matrix of appropriate order. For any particular n, even

if an equal frequency does not exist we shall define the relative efficiency

of any other plan relative to a hypothetical equal frequency plan for the sake
of definiteness. Thus by (5B.4.6), (5B.4.7), the average relative efficiency of

a plan based on a proportional frequency criterion (of strength 2g) is at least

m s-1
@h™ 1 (e (5B4.8)
vl i 0 Yy

The smaller the scatter of n(,v) yi=0,1,2 .04, -1, for different v, the
i,y v
greater the value of (5B.4.8).' Hence in the construction of proportional frequency

(v)

plans, n(g) IREREL should be as nearly equal as possible for each v .
v
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