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Notations & Abbreviations

Set of first n natural numbers, {1,2,...,n}.

Set of all natural numbers.

Set of all whole numbers, N U {0}.

Set of all integers, real numbers, and complex numbers, respectively.
Set of all non-negative, positive real numbers, respectively.
max{0,r} ; r € R.

Real part of z € C.

Closed disc of radius r centered at the origin in C.

Closed half-plane {z € C : Rz < r}.

Unital commutative ring.

Fields.

Standard basis vectors of the n-dimensional vector space K™ over K

with K understood from the context.
Set of all m x n matrices with entries coming from R.
Zero matrix in My, »(R); with R understood from the context.

Matrix in M, ,(R) whose (1,1)-entry is equal to the identity of R,

and rest of the entries are equal to the zero of R.



NOTATIONS & ABBREVIATIONS

O, In

X2

Set of all n x n matrices over R.
Zero and identity matrices, respectively, in M, (R).

Elementary matrix in M, (R), whose (i, )™ entry is equal to the
identity of R and rest of the entries are equal to the zero of R.

Set of all invertible matrices in M, (R).

Set of all upper-triangular matrices in M, (R).

Set of all polynomials, in the variable z, over R.
Characteristic polynomial of the matrix A € M,(R), in R[z].
Determinant of A € M,,(K); with K understood from the context.
Principal diagonal of A € M,,(K), viewed as a vector in K".
Diagonal matrix in M, (K), with principal diagonal ¢ € K".
Set of all Borel subsets of C.

Topological spaces.

Set of all continuous functions from € to €.

Set of all complex continuous functions on 2.

Constant functions in C(Q2) with value 0 and 1, respectively; with

Q understood from the context.

Complex Banach spaces.

Set of all bounded linear maps from X to 9.
Set of all bounded linear operators on X.
Spectrum of the operator A € #(X).
Spectral radius of A € #(X).

(€1 — A)~1; resolvent of A € %(X) with respect to & € C\sp (A).
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| Al
dom(f)
ran( f)

ker(f)

0%, I

AfH(%)

M, N

Al

NPS

Operator norm of A € #(X).

Domain of a function f.

Range of a function f.

Kernel of a linear transformation f of vector spaces.
Complex Hilbert space.

Set of all compact operators in A(.7).

Weak operator topology on B(.).

Strong operator topology on %B().

Projection onto the range of A € Z(7).

von Neumann algebra acting on Hilbert space 2.

Zero and the identity operators, respectively, in & ; the subscript

is dropped when & is understood from the context.

Set of all densely-defined closed linear operators acting on J# that are
affiliated with Z.

Finite von Neumann algebras.

(A*A)% ; for A € B(H), or a densely-defined closed linear operator A

affiliated with a finite von Neumann algebra.

Normalized power sequence, {|Ak|%}keN, of operator A described above.






Introduction

A central theme in mathematics is the reduction of complex structures into simpler, more
tractable parts. Among the most classical and elegant results, exemplifying this principle,
is the Jordan—Chevalley decomposition. Originating in the 19th century from the work
of Camille Jordan, and later algebraically formalized by Claude Chevalley in the context
of algebraic groups and Lie algebras (see [Chebla)), this decomposition expresses a linear

transformation 7" of a finite-dimensional vector space ¥ over a field K as a unique sum,
T=D+N

where D is semisimple (diagonalizable over the algebraic closure of K), and N is nilpotent,
with the additional condition that D and N commute.

For a linear transformation given in a Jordan canonical form, this decomposition is
readily described : the semisimple part corresponds to the diagonal component, while the
nilpotent part is the strictly upper-triangular (off-diagonal) component. Furthermore, the
Jordan-Chevalley decomposition exists under significantly weaker assumptions than those
required for the existence of a Jordan canonical form. For instance, the Jordan canonical
form of T' € M,,(K) exists (in M, (K)) only when the characteristic polynomial of T" splits
over K, whereas the Jordan-Chevalley decomposition exists (in M, (K)) under the weaker
assumption that the minimal polynomial of T' is a product of separable polynomials over
K (see [CEZ11], [Hum&0]). In this sense, the Jordan-Chevalley decomposition refines the

Jordan canonical form.

Jordan-Chevalley decomposition underpins several important results in the theory of
associative algebras, representation theory, and the structure theory of Lie algebras, most

notably in connection with the Wedderburn principal theorem (see [Hum80], [Beh72]).

Although traditionally rooted in algebra, the Jordan—Chevalley decomposition has found
significant applications in the analysis of asymptotic behaviour of matrix powers. In [Nay23],
Nayak proved that for any matrix A € M, (C), the sequence {|Ak|%}keN, with the notation
|T| := (T*T)%, is convergent, and provided a concrete description of the limit in terms of
certain orthogonal projections associated with the diagonalizable part of A in its Jordan-
Chevalley decomposition. We refer to the sequence, {|A* ‘%}keN, as the normalized power

sequence (NPS) of A. More generally, the notion of normalized power sequence can be
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defined in the same way for bounded linear operators acting on a Hilbert space, and for

densely-defined closed linear operators affiliated with a finite von Neumann algebra.

It is natural to ask whether the structural insights offered by the Jordan-Chevalley de-
composition in finite dimensions, carry over to infinite-dimensional Hilbert space operators.
N. Dunford, in the foundational work [Dun54], developed an analogous theory for bounded
linear operators on Banach spaces by introducing the notion of spectral operators, a broad
class of (generally non-normal) operators that still admit a spectral resolution. Algebraically,
spectral operators are characterized as those operators that admit a unique decomposition
into a sum of a scalar-type operator and a quasinilpotent operator, which commute with

each other, closely mirroring the Jordan—Chevalley decomposition (see [Dun58], [DS88]).

However, the landscape in infinite dimensions is more nuanced. Not every bounded linear
operator on a Hilbert space is spectral — an example due to Kakutani (see [DS88, §XV.2])
highlights this limitation. The issue becomes more intricate when considering operators in
type I1; von Neumann algebras, particularly the hyperfinite 117 factor as these operators
are often informally regarded as “continuous matrices”, making questions of spectrality —
whether they admit Dunford-type decompositions — both natural and compelling. In recent
years, this direction has attracted attention in the work of Dykema and Krishnaswamy-Usha
(see[DKU21], [DKU20], [DKU24]), yet a comprehensive and definitive framework remains

elusive.

In [HS09], using tools from free probability theory and ultrapower techniques, Haagerup
and Schultz proved that the normalized power sequence of operators in a type II; von
Neumann factor converges in the strong operator topology (and being a norm-bounded
sequence, in the ultra-strong topology), and the spectral resolution of the limiting positive
operator is described in terms of the so-called Haagerup-Schultz projections. Furthermore,
an elementary example — due to Voiculescu (see [HS09, Example 8.4]) — of a weighted shift
operator on an infinite-dimensional Hilbert space shows that the normalized power sequence

of (infinite-dimensional) Hilbert space operators need not converge in SOT.

Furthering the inquiry into the convergence of normalized power sequences for infinite-
dimensional Hilbert space operators, Bhat and Bala have shown in [BB24], that the NPS of
a compact operator acting on a complex separable Hilbert space, ¢, is norm convergent,
making essential use of Nayak’s theorem for matrices. In [BB24, Example 3.12], they con-
sider yet another example of a weighted shift operator whose normalized power sequence
does not converge in WOT. In the context of real semisimple Lie groups, Huang and Tam
proves a generalization of Nayak’s theorem in [HT24]. In §3.4 we show that the normalized

power sequence of a spectral operator acting on a complex Hilbert space is norm-convergent.

Interestingly, in [DKU21], one starts with the Haagerup-Schultz theorem about SOT-
convergence of the normalized power sequence of operators in a type I1; factor, say £, and

uses its consequences to establish ‘spectrality’ of a large class of operators in .Z, in terms of
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the UNZA (uniformly non-zero angles) property (see [DKU21, Theorem 4.7-(ii)]). An op-
erator in .Z is said to have the UNZA property if the angles between its Haagerup—Schultz
projections are uniformly bounded away from zero. This suggests an intimate connection be-

tween the spectrality of operators and the convergence of their normalized power sequences.

In view of Bhat and Bala’s results, one is thus prompted to investigate whether compact
operators acting on a complex separable Hilbert space, ¢, are spectral. We show in §4.3,
that a compact operator in #(.7°) need not be spectral in the Dunford’s sense. However,
if we relax the boundedness conditions on the components of the Dunford-decomposition,
and allow densely-defined closed linear operators, compact operators in #(.#°) do admit a

Dunford-type decomposition (§4.4).

It is perhaps not surprising that the setting of (unbounded) densely-defined closed linear
operators emerges as the appropriate framework to formulate a Dunford-type decomposition
for operators acting on an infinite-dimensional Hilbert space. The germs of this phenomenon
already arise in finite dimensions : In §2.6, we show that the mapping on M,,(C), which sends
a matrix to the diagonalizable part in its Jordan-Chevalley decomposition is unbounded for
n > 3. Another instance of such phenomenon will be illustrated in Chapter 5, where
we establish Jordan-Chevalley-Dunford decomposition for operators in a finite type I von

Neumann algebra .#, which necessarily involves unbounded affiliated operators in Aff(.#Z).

In this thesis we study Jordan—Chevalley type decompositions in several contexts along
these developments, and discuss the convergence of the normalized power sequence of the
operators that admit such decompositions. In particular, our main contributions are as

follows:

1. We present an elementary computational proof of the existence and uniqueness of
the Jordan-Chevalley decomposition of a matrix A € M, (K), viewed as a matrix in
M, (L), where L is the splitting field of the characteristic polynomial of A. Further,
using standard techniques, we show that the potentially-diagonalizable and nilpotent
parts of A are matrices over the fixed field of the set of all automorphisms of I which
fixes every element of K. While at it, we also present an elementary computational

proof of the Jordan canonical form of A in M, (L).

We reiterate that, despite its seemingly algebraic nature, the Jordan—Chevalley de-
composition encodes subtle analytic properties; we show that the map on M, (C),
which sends A to its diagonalizable part (or nilpotent part), in its Jordan-Chevalley

decomposition, is not norm-bounded in general.

2. We show that for a bounded spectral operator A acting on a complex Hilbert space,
the normalized power sequence, {|Ak|%}keN, converges in norm. Moreover, we provide
an explicit description of the limit in terms of the idempotent-valued spectral resolution
of A. When restricted to the finite-dimensional case, this gives a different, succinct

proof of Nayak’s theorem [Nay23, Theorem 3.8].
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Furthermore, we characterize all unilateral weighted shift operators for which the

normalized power sequence converges in norm.

3. We prove a spatial version of Nayak’s theorem [Nay23, Theorem 3.8 for compact
operators acting on an infinite-dimensional complex Hilbert space. When restricted to
complex separable Hilbert spaces, this gives a concise proof of Bhat and Bala’s result
[BB24, Theorem 3.10]. We also provide an explicit description of the limit in terms of

the Riesz idempotents associated with the compact operator.

Furthermore, we extend the notion of Dunford decomposition to the setting of compact

operators acting on a complex Hilbert space.

4. We extend the classical notion of the Jordan—Chevalley decomposition to matrices
in M, (N(X)), where N(X) is the -algebra of normal (unbounded) functions on a
Stonean space X, containing C'(X') as a x-subalgebra (see Definition. Leveraging the
unboundedness of the Jordan—Chevalley decomposition in the case of M, (C) , we show
that when n > 3 and X has infinitely many points, the diagonalizable and nilpotent
components of an operator in M, (C(X)) need not lie in M,(C(X)). Building on
our results for the type I, Murray-von Neumann algebra, which are precisely of the
form M, (N (X )) for some Stonean space X, we prove the existence and uniqueness
of the Jordan—Chevalley—Dunford decomposition in type I Murray von Neumann al-
gebras, which involves what we call u-scalar-type and m-quasinilpotent operators (see
Definition 5.4.5).

Furthermore, we show that the normalized power sequence of an operator in a type
I Murray-von Neumann algebra converges in the m-topology, the intrinsic measure

topology on Murray von Neumann algebras (see [Nay21, Definition 3.3]).

We now outline the structure of the thesis. The work is divided into a preliminary chapter

and four chapters containing the main results.

Chapter 1: Preliminaries. This chapter lays the foundational material necessary for the
rest of the thesis. It begins in §1.1 reviewing basic concepts from matrix analysis, with
particular focus on the notion of similarity. In §1.2 we discuss elementary definitions from
field theory, relevant in Chapter 2. In §1.3, we list some pertinent results from operator
theory, including operator inequalities, spectral resolution of the identity, spectral and com-
pact operators. These results are crucially used in Chapter 3 and 4. Section 1.3.3 is devoted
to the theory of unbounded linear operators acting on a Hilbert space. In §1.4.1, we briefly
discuss Stonean spaces, highlighting few properties that are useful to us, and §1.4.2 provides
an overview of partially ordered sets and the Scott topology, which is used in establishing
one of the key results (Proposition 5.3.10) of Chapter 5.

We conclude the chapter with a concise treatment of the structure theory of type I,
AW x-algebras and type I, von Neumann algebras in §1.5, and basic definitions concerning

affiliated operators and Murray von Neumann algebras in §1.6.
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Chapter 2: Jordan—Chevalley decomposition of matrices over arbitrary fields.
The primary goal of this chapter is to present an elementary computational proof of the
existence and uniqueness of the Jordan-Chevalley decomposition and the Jordan canonical
form, for square matrices over an arbitrary field K. The main strategy is to arrive at an
appropriate block-diagonal form of a given matrix via similarity transformations obtained
from solutions of certain Sylvester equations associated with the matrix, which is discussed
in §2.2.

Let A be a matrix in M,,(K), and L be the splitting field of the characteristic polynomial
of A. In Theorem 2.3.2, we show that A, viewed as a matrix in M, (IL), is similar to a block-
diagonal matrix in M, (L), where each diagonal block is an upper-triangular matrix having
exactly one eigenvalue, and distinct diagonal blocks have distinct eigenvalues. Using this,
we prove two fundamental (basis-independent) results about K-linear transformations on a
K-space. Firstly, the Cayley-Hamilton theorem (see Theorem 2.4.2) follows as an immediate
corollary. Secondly, we prove the existence and uniqueness of the Jordan-Chevalley decom-
position of A in M, (L) (see Theorem 2.4.5). Then using standard techniques, in Corollary
2.4.8, we show that the potentially-diagonalizable (see Definition 2.4.3) and nilpotent parts
of A are in fact matrices over the fixed field of Aut(IL/K) (see definition 1.2.7). In particular,
when K is a perfect field (field of characteristic zero, finite field, etc.), they are both matrices
in M, (K), as noted in Theorem 2.4.9. In Theorem 2.5.5, we algorithmically obtain Jordan
canonical form of A € M, (L).

We conclude this chapter in §2.6, by uncovering a somewhat surprising phenomenon that
the map A — D(A) : M,,(C) — M,(C), where D(A) is diagonalizable part in the Jordan-
Chevalley decomposition of A, is norm-unbounded on any neighbourhood of the zero matrix
in M, (C) for n > 3.

Chapter 3: Dunford decomposition and norm convergence of normalized power
sequence. The main goal of this chapter is to show that the normalized power sequence
of a spectral operator in B(#), for 7 a complex Hilbert space, converges in norm. We
set up the context by reviewing Yamamoto’s classical theorem on singular values alongside

Nayak’s generalization, which is the main motivation of our quest.

In §3.2 we recall the algebraic characterization, the Dunford-decomposition of spectral
operators, thereby providing a generalization of Jordan—-Chevalley decomposition in Z ().
In Remark 3.2.4, we note that an operator in A() is spectral if and only if it is similar
to a commuting sum of a normal operator and a quasinilpotent operator in Z(7). Lemma
3.2.6 provides an approximation argument for the normalized powers of spectral operators
of the form M + N, where M and N are commuting normal and quasinilpotent operators,
respectively, in B(H).

The main result of §3.3 is Theorem 3.3.5, which shows that for a positive operator H
and an invertible operator S, in %(), the sequence {(S*H*S )%}keN converges in norm,

and provides an explicit description of the limiting positive operator in terms of the spectral



10 Introduction

projections of H. This result, along with the technical tools, Lemma 3.4.1 and Lemma 3.2.6,
serves as a crucial step towards the main theorem of the chapter, Theorem 3.4.2. As an
application, in Theorem 3.4.4, we describe the long-term behaviour of one-parameter groups

in #() whose infinitesimal generator is a spectral operator.

In the final section §3.5, we characterize all unilateral weighted shift operators for which

the normalized power sequence converges in norm.

Chapter 4: Dunford-type decomposition for compact operators Drawing on the
techniques developed in Chapter 3, in §4.2, we prove that the normalized power sequence of
a compact operator acting on a complex Hilbert space 7, converges in norm to a positive
operator in (). This supplements the result of Bhat and Bala [BB24, Theorem 3.10],
which establishes the norm convergence of the normalized power sequence of compact oper-
ators acting on a complex separable Hilbert space. We begin with Proposition 4.2.3, which
proves the result in the setting of finite-rank operators in (), and subsequently extend
the argument to general compact operators in Theorem 4.2.4. Our approach also yields
an explicit description of the limiting positive operator in terms of the Riesz idempotents

associated with the compact operator under consideration.

In §4.3, making essential use of Theorem 2.6.4, we construct two examples of compact

operators acting on the separable Hilbert space @,y C3, that are not spectral.

In §4.4, we explore the resemblance between compact and spectral operators and highlight
several spectral-theoretic properties exhibited by compact operators. Motivated by this
analogy, for a complex infinite-dimensional Hilbert space 7, Theorem 4.4.9 establishes that
every compact operator in Z () admits a Dunford-type decomposition, where the scalar-
type and quasinilpotent components are realized as densely-defined closed linear operators
acting on J#, that are simultaneously quasi-similar to bounded commuting normal and

nilpotent operators, respectively. Moreover, the decomposition is shown to be unique.

Chapter 5: The Jordan—Chevalley—Dunford decomposition for operators in type
I Murray—von Neumann algebras. The primary goal of this chapter is to examine the

Jordan-Chevalley decomposition in the setting of type I,, von Neumann algebras (for n € N).

As noted in §1.5, every type I, (n € N) von Neumann algebra is algebraically of the
form M, (C (X )) for a (hyper-)Stonean space X’; more generally, every type I, AW*-algebra
is algebraically of the form M, (C(X)), for a Stonean space X. We are thus interested in
the study of Jordan-Chevalley decomposition for matrices over C'(X), where X" is a Stonean

space.

In §5.2.1, exploiting the extremally-disconnected nature of the Stonean spaces, we es-
tablish a key lemma (Lemma 5.2.11), which facilitates a transference of results from M, (C)
to My, (C(X)). The ‘unboundedness’ of the Jordan-Chevalley decomposition in M, (C) dis-
cussed in §2.6, suggests that the candidates for the diagonalizable and the nilpotent parts
in the (infinite-dimensional) analogue of the Jordan-Chevalley decomposition in M, (C(X))



Introduction 11

are not necessarily bounded. However, we observe that they are affiliated operators, when
M, (C(X)) is a von Neumann algebra.

For a finite von Neumann algebra .4", we denote the Murray-von Neumann algebra (see
Definition 1.6.2) of densely-defined closed linear operators affiliated with .4~ by Aff(.4"). In
[Kad86], Kadison introduced the notion of normal functions on a Stonean space, providing
a function representation for unbounded operators affiliated with abelian von Neumann
algebras. More precisely, the set of all normal functions on X, denoted by N (X), is the x-
algebra Aff(C'(X)) for a hyper-Stonean space X'. Using [Kad86, §3, §4] and [Nay21, Theorem
4.15], one identifies Aff(M,(C(X))) with M, (Aff(C(X))). In §5.2 we define the notion of
Y-valued normal functions on a Stonean space, for a locally compact Hausdorff space ), and
in Remark 5.2.9, we identify M, (C)-valued normal functions on a Stonean space X with

matrices in M, (/\/ (X )) in a natural manner.

In Theorem 5.3.11, we establish the existence and uniqueness of the Jordan-Chevalley-
Dunford decomposition for matrices in M, (N (X )), which is a key step towards the main
result of this chapter, Theorem 5.5.3. This immediately yields a version of the Jordan-
Chevalley decomposition in the context of type I,, Murray-von Neumann algebras, which we
record in Proposition 5.5.1-(i). This decomposition involves a ‘u-scalar-type operator’ (see
Definition 5.4.5), and a nilpotent operator, which commute with each other. In Proposition
5.5.1-(ii) we note the convergence of the normalized power sequence of such operators in the

m-topology (see Definition 1.6.3).

Using restriction and direct sum techniques afforded by §5.4.1, the results from type
I, Murray-von Neumann algebra case are pieced together to establish the main theorem,
Theorem 5.5.3, of this chapter which asserts the existence and uniqueness of the Jordan-
Chevalley-Dunford decomposition for operators in type I Murray-von Neumann algebras,
and the m-convergence of the normalized power sequence of such operators. In Remark
5.5.2, we note that while the property of being a u-scalar-type is preserved under infinite
direct sums, nilpotency is not. However, the property of being an m-quasinilpotent (see
Definition 5.4.5) is preserved under infinite direct sums (see Lemma 5.4.12), making it an

appropriate choice for the ‘nilpotent part’ in the Jordan-Chevalley-Dunford decomposition.

In Proposition 5.5.7, we note that for every n € N, there is a unital normal embedding of
the type I,, von Neumann algebra, M, (€°° (N )), into a type I1; von Neumann algebra. This,
along with the functoriality of the Jordan-Chevalley-Dunford decomposition established in
Corollary 5.5.5, suggests that any meaningful Jordan-Chevalley-Dunford decomposition for
operators in type Iy von Neumann algebras will necessarily involve affiliated operators, as
noted in Remark 5.5.8.

In summary, this thesis develops new insights into the Jordan—Chevalley decomposition,
its analogues in infinite dimensions, and explores its connection with the convergence of
normalized power sequences. The chapters that follow give detailed proofs and a thorough

discussion of these results.






Chapter 1

Preliminaries

This chapter presents the essential background required to follow the developments in the
rest of the thesis. We have aimed to keep the exposition fairly self-contained, and have
included all the key concepts and results that will be used in later chapters. Notations that
are not explicitly introduced here may be found in the section ‘Notations & abbreviations’.
As we move forward, we will often return to this chapter for the foundational results collected

here for ready references.

1.1 Linear algebra

Definition 1.1.1 (Similarity). Let K be an arbitrary field. Two matrices A, B € M, (K)
are said to be similar in M, (K) if there exists an invertible matrix S in GL,(K) such that
S~1AS = B. We use the notation A ~gm B, to indicate that A and B are similar.

It is easily verified that the relation ~ygjy, is an equivalence relation on M, (K). We say that
S in GL,(K) implements the similarity A ~gm B in M,(K) if S1AS = B. By the phrase
conjugation with an invertible matrix S € G L, (K), we mean the mapping A — SAS~! on

Definition 1.1.2 (Similarity invariants). A function f defined on M, (K) is said to be a
similarity invariant if the equation f(A) = f(S~'AS) holds for all S € GL,(K). In other
words, we have f(A) = f(B) whenever A ~gjy, B in M, (K).

Let ¥ be an n-dimensional K-space and T': ¥ — ¥ be a K-linear transformation. If f is
a similarity invariant on M, (K), then we may unambiguously define f(T") := f(1), where
T is the matrix representation of T' with respect to a basis B for #". The trace, determinant,
rank, and characteristic polynomial are some examples of similarity invariants, which may

thus be defined for any K-linear transformation on ¥'.

Lemma 1.1.3. Let K be a field and ¥ be a finite-dimensional vector space over K. Let
T:7 — ¥ be a K-linear mapping such that the characteristic polynomial of T splits over
K. If ¥ is a subspace of ¥ invariant under T, then the characteristic polynomial of the
restriction of T to V", Ty : V' — ¥, splits over K.

13
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Proof. Let the dimension of ¥ be n, and the dimension of ¥’ be m. Let B := {v1,..., v}
be a basis for ¥’ which is extended to a basis B := {v1,...,v,} for ¥. The matrix of T
with respect to the basis B is then of the block-triangular form,

A C
€ M, (K)

On—m,m B

where A € M,,(K) is the matrix of 7’|, with respect to the basis B’. Thus the characteristic
polynomial of T' is given by x () = det(zln — A)det(xl,,—m — B) and the characteristic
polynomial of T'|y+ is given by X, (x) = det(xl,, — A). Clearly X7, (z) divides x,()
and hence Xr,, (x) splits over K. O

Lemma 1.1.4 (Simultaneous triangularization). Let K be a field and A, B be commuting
matrices in M, (K) such that the characteristic polynomials of both A and B split over K.
Then there is a matrix S € GL,(K) such that S~'AS and S~'BS are both upper-triangular
matrices in M, (K).

Proof. We prove the result by induction on n. For n = 1 there is nothing to show. Thus, we
may assume that n > 2. Let A € K be an eigenvalue of A and #), C K" be the corresponding
eigenspace. Since A and B commute, B leaves ¥, invariant. By Lemma 1.1.3, B| " has an
eigenvalue in K. In other words, B| 7o and thus B, has an eigenvector in #). In summary,

A and B have a common eigenvector v € K", say with respective eigenvalues A and u.

Let Sy be an invertible matrix in M,,(K) which maps the standard basis vector e; € K" to
v. Then e; is a common eigenvector for the matrices S, 1 48, and Sy 1BS, with eigenvalues

A and p, respectively, so that

A X w Y
SytAS = , Sy BSy= ,
011 A 011 B

for some X, Y € M ,,—1(K) and A", B’ € M,_1(K). Note that this proves the result in
the case of n = 2. Since A and B commute, so do S[;lASO and SngSO and a quick
computation shows that A’ and B’ also commute. Assuming that the result holds for
matrices in M,,_1(K), there is a matrix S’ in GL,_1(K) such that S'"tA’S" and S'~'1B'S’

are both upper-triangular matrices in M,,_1(K).

Setting S := So(1 @ 9'), it is clear that S~1AS and S~'BS are both upper-triangular
matrices in M, (K). O

Remark 1.1.5. With B = I,, in Lemma 1.1.4, we note that every matrix A in M, (K)
whose characteristic polynomial splits over K, is similar to an upper-triangular matrix in
M, (K).
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Lemma 1.1.6. Let K be an algebraically closed field and ¥ be a finite-dimensional vector

space over K. If T, T' : ¥ — ¥ are commuting K-linear maps, then
sp(T +T") Csp(T) + sp(T").

Proof. Let A and A’ be matrix representations of the linear transformations 7' and 717,
respectively, with respect to some basis of . From Lemma 1.1.4, without loss of generality,
we may assume that both A and A’ are upper-triangular matrices. Clearly, A + A’ is
also upper-triangular. Since the eigenvalues of an upper-triangular matrix are precisely
its diagonal entries, it follows that sp(A + A’) C sp(A) + sp(A4’). Hence sp(T' + T") C
sp(T) + sp(T”). O

1.2 Field theory

Let K be a field. A field extension of K is a field I containing K as a subfield. We denote this

by L/K. For the sake of completeness, we recall the definitions of standard field extensions.

Definition 1.2.1 (Finite extension). A field extension L/K is said to be finite if L is a

finite-dimensional vector space over K.

Definition 1.2.2 (Algebraic extension). Let L/K be a field extension. An element o € IL
is said to be algebraic over K if there exists a non-zero polynomial p(z) € K[z]| such that
p(a) = 0. In such a case, the unique monic irreducible polynomial m(z) € K[z] of lowest

degree such that m(a) = 0 is called the minimal polynomial of o in L /K.
If every element of L is algebraic over K, the extension L /K is called an algebraic extension.

Definition 1.2.3 (Splitting field extension). Let p(z) € K[z] be a non-zero polynomial. A
field extension L is called the splitting field of p(x) over K, if IL is the smallest field extension
of K such that p(x) splits completely in L[z], that is, factors into linear terms in L[z].

Definition 1.2.4 (Normal Extension). An algebraic extension L/K is said to be normal if
every irreducible polynomial p(x) € K[z]| that has at least one root in L splits completely

over L, that is, all its roots lie in L.

Definition 1.2.5 (Separable Extension). An algebraic extension L/K is called separable if

the minimal polynomial of every o € L over K has distinct roots in its splitting field.

Definition 1.2.6 (Galois Extension). A field extension L /K is called a Galois extension if

it is both normal and separable.

For our discussion in Chapter 2, we mainly need the following definitions.

Definition 1.2.7 (Fixed field of a field extension). Let L be a field extension of K. Then the
set of all field automorphisms of . which fixes every element of K is denoted by Aut(L/K).
The set F consisting of elements of L fixed by every automorphism in Aut(L/K) is a field,
with K C F C L, and is called the fized field of Aut(L/K).
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If L/K is a Galois extension, then Aut(L/K) forms a group, referred to as the Galois

group of the extension.

Definition 1.2.8 (Perfect field (see [DF04, pg. 549], [Lan05, pg. 252])). A field K is said
to be perfect if either K has characteristic 0, or when K has characteristic p the Frobenius
endomorphism z — 2P is an automorphism of K, that is, every element of K is a p'" power
in K.

There are several equivalent definitions of perfect fields in the literature. For instance,

K is perfect if any one of the following equivalent conditions holds:

(i) Every irreducible polynomial over K is separable.
(ii) Every finite extension of K is separable.

(iii) Every algebraic extension of K is separable.

Remark 1.2.9. The key fact about perfect fields that we use (in Theorem 2.4.9), is that
every splitting field extension of a perfect field is a Galois extension; in particular, if L is a
splitting field extension of a polynomial in K[z], then the fixed field of Aut(L/K) is K (see
[Lan05, Chapter 6]).

Example 1.2.10. Some commonly encountered perfect fields include :

(i) Fields of characteristic zero; in particular, Q, R, C, the p-adics.
(ii) Algebraically closed fields.

(iii) Finite fields, Fpyn.

1.3 Operator theory

We invoke four basic operator inequalities labelled (OI1), (OI2), (OI3), (OI4) repeatedly in

our discussion in Chapter 3 and 4, which we list below.
(i) ([KR83, Proposition 4.2.3-(ii)]) If A is a self-adjoint operator in A(.7), then
—[l Al < A < [JA]]. (OT1)

Moreover, ||A]| is the least non-negative real number such that the above inequality holds
(see [KR83, Exercise 2.8.11]).

(ii) ([Bha96, Proposition V.1.6]) If H is a positive invertible operator in #(.7), then

1111
[

[<H<|H|IL (O12)
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(iii) ([KR83, Corollary 4.2.7]) If A and B are self-adjoint operators in Z() such that
A < B, then
T*AT < T*BT forall T € B(). (OI3)

(iv) ([Bha96, Proposition V.1.9]) If H and K are positive operators in () such that
0 < H < K, then

==

0 < Hi < K& forall keN. (O14)

Apart from these inequalities, for T' € (), we also make frequent use of the C*-identity,
|[T*T|| = ||T||* = ||TT*||, along with the spectral radius formula limyen ||Tk||% =1(7T).

Theorem 1.3.1 (Fuglede’s theorem [Fug55, Theorem I]). Let M € ZA() be a normal
operator. Then, for an operator T' € H(), M commutes with 7" if and only if every spectral
projection of M commutes with T. Consequently, MT = T'M if and only if M*T = TM*.

Lemma 1.3.2. Let H be a positive operator in %(). Then the following are equivalent:

(i) ran(H) is a closed subspace of F.
(ii) Either H is invertible, or 0 is an isolated point of sp (H).

(iii) limg_ o0 Hr = R(H) in norm.

Proof. Let E := R(H). Since H is self-adjoint, H and E commute.

(i)<=(ii) : Note that ran(H) = ran(E) if and only if ran(H) is a closed subspace of 7.
By the Douglas factorization lemma (see [Dou66]), ran(H) = ran(FE) if and only if there are
positive real numbers 0 < A < p such that A2E < H? < p?E. From (OI4) for k = 2, we have
AE < H < pE. Using the continuous function calculus in the context of the commutative
C*-algebra generated by H and E, we observe that this is equivalent to the spectrum of H
being contained in {0} U [\, u.

(ii)«<=(iii) : Note that the commutative C*-algebra generated by H may be viewed as
the space of complex-valued continuous functions on sp (H). Let fi : sp(H) — R>¢ be
the continuous function given by z — 2%. We observe that the sequence of continuous
functions, {fx}ren, converges uniformly in C(sp (H)) if and only if either 0 ¢ sp (H) or 0 is
an isolated point of sp (H); moreover, in that case, fi converges uniformly to the indicator
function of sp (H) \ {0}. At the level of operators, this is equivalent to the assertion that
limy, oo HE = R(H) in norm. O

Lemma 1.3.3. Let H be a positive operator in B(), and o > 0. Then

(H* + o* 1)t < H + al.
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Proof. Since H* +o*I < H* +a*I + an;ll (T]:;) P M H™ = (H + al)¥, the assertion follows
from inequality (OI4). O
Lemma 1.3.4. Let H,K be positive operators in () such that 0 < H < K. Then

R(H) < R(K).

Proof. From inequality (OI4), we observe that 0 < H F< K Using [KR83, Lemma 5.1.5]
and taking SOT-limits as k — oo, we get the desired result. O

Remark 1.3.5. Let T € A(), and let S, 5" be invertible operators in (7). Then
ran(STS") = ran(ST) = Sran(T). Thus, T has closed range if and only if ST'S” has closed
range. In particular, for a projection E € Z(H), it follows that S*ES has closed range,

and
R(S*ES) = R(S™E).

Lemma 1.3.6. Let E be a projection and S be an invertible operator in (). Then,
R(S*ES)=1—-R(S™(I - E)S).

Proof. Since S~!'(I—E)S is a closed-range operator, and S*ES is a positive closed-range op-
erator, it suffices to show that ran(S™(I—FE)S) = ker(S*ES). Clearly, (S*ES) (S™'(I — E)S)

= 0, whence it follows that

ran(S™HI — E)S) C ker(S*ES).

Conversely, let = € ker(S*ES). Since S* is invertible, Sz € ker(E). In other words,
ESz =0, whence S™!(I — E)Sx = x, that is, z € ran(S™1(I — E)S). Thus,

ker(S*ES) C ran(S™(I — E)S). O

Definition 1.3.7 (Resolution of the identity (see [KKR83, §5.2])). A family {FE)}rcr of
projections in ZA () indexed by R is said to be a resolution of the identity on S if it

satisfies :

(i) /\)\E]R E) =0 and V,\ER E\=1;
(ii) Ex < Eyx when A < X ;
(iii) Ex = Ayoy Ex-
If there is a constant a € R such that £y, = 0 when A < —a and E) = I when a < A,
then {E)}aer is said to be a bounded resolution of the identity.

Theorem 1.3.8 (Spectral resolution of a self-adjoint operator. (see [KR83, Theorem
5.2.2])). If A is a self-adjoint operator in (), then there is a resolution of the identity,
{Ex\}rer, on S, such that
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(i) Ex =0 when A < —||A||, and E\ = I when ||A]|| < X ;
(ii) AE)\ < AE) and \(I — E)\) < A(I — E)) for each \ ;

(iii) A = fﬂHKH AdFE) in the sense of norm convergence of approximating Riemann sums.

Moreover, \g ¢ sp (A) if and only if there is a neighborhood of \g where E), as a function

of A, is constant.

The family {E)}er so determined, is called the spectral resolution of A.

Remark 1.3.9. Let H be a positive operator in A() with spectral resolution { Ex} xcr-
Then Ey = 0 for A < 0 and Ey = I for A > ||H||, and H = [J*IXdE\. For Ay > 0, the
spectral resolution of the positive operator (I — Ey,)H is given by {EAO +(— E,\O)E,\}»O.

The notion of spectral resolution may be defined for a more general class of operators

called spectral operators.

1.3.1 Spectral operators

We rely on [DS88] as the main reference for our discussion on spectral operators. For the

following definitions, we refer to [Dun58g].

Definition 1.3.10 (Idempotent-valued spectral resolution of an operator (see [Dun58, §1])).
Let T € #(X) and B be the o-algebra of Borel sets in the complex plane. Let £ : B — Z(X)

be an idempotent-valued map such that the following properties are satisfied :
(i) Tg(f’) = E(B)T, Sp (T|ran(5(ﬁ))) - Ea VB eDB.
(ii)) £(@) =0, E(C)=1I, and E(C\B)=I—-&(B) for B e B.

(111) FOI' [31, [32 S %,

EB1NB2) =EB1) NEB2) =EB1EB2):
EB1UB2) =EB1) VEMB2) =EB1) +EB2) —EMB1EBS)-

(iv) ||EB)|| < e V B € B, for some constant ¢ > 0.

(v) E(B) is countably additive with respect to the strong operator topology (SOT), that

is, for every sequence, {},cy, of disjoint Borel sets, we have

£ (U Bk> x = ZS(Bk)a:, for every x € X.
k=1 k=1
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If such a mapping B — &(B) exists, then it is uniquely determined by 7', and is called
the idempotent-valued resolution of the identity for 7', or the idempotent-valued spectral

resolution of 7. We denote the idempotent-valued spectral resolution of T" by Ep.

Definition 1.3.11 (Spectral operator). An operator T' € #(X) which has an idempotent-

valued spectral resolution is called a spectral operator.

Definition 1.3.12 (Scalar-type operator). A spectral operator D € #(X) is said to be

scalar-type if

D= /CA dEp(N),

where £p is the idempotent-valued spectral resolution of D.

We now outline some fundamental properties of spectral operators below. For the sake

of brevity, the proofs of the theorems are omitted.

Definition 1.3.13 (Analytic extension of R(p;T)x). Let T' € ZA(X) and let R(u; T') denote
the resolvent, (ul —T)~!, of T corresponding to the point p in the resolvent set C \ sp (T).
For x € X, an X valued function f defined and analytic on an open subset dom(f) C C
containing C \ sp (7T') is said to be an analytic extension of R(u;T)x if

(I =T)f(p) =z ; p € dom(f).

It is clear that for such an extension f,

f(w)=R(w;T)z ; peC\sp(T).

Definition 1.3.14 (Single valued extension property). Let T € %(X) and let x € X. The
function R(u;T)x is said to have a single valued extension property if every pair f,g of
analytic extensions of R(u;T)x coincide on dom(f) Ndom(g). That is, f(u) = g(p) ¥V p €
dom(f) Ndom(g).

Definition 1.3.15. (Local spectrum and resolvent) Let T' € (%) and let x € X be such
that R(u;T)x has the single value extension property . Then the resolvent of x, denoted by
pp(z), is defined as the union of all the sets dom(f) as f varies over all analytic extensions

of R(u; T)x. The spectrum o (z) of  is then defined to be the complement of p_.().

Theorem 1.3.16 ([DS88, Theorem XV.3.2]). Let T € A(X) be a spectral operator. Then
for each x € X, the function R(u;T)x has the single valued extension property.

It follows from the above theorem that for a spectral operator T' € #(X) and z € X,
the function R(y;7)z has a maximal analytic extension defined on p..(x). We denote the

maximal extension of R(u;T)z by (1)

Corollary 1.3.17 ([DS88, Theorem XV.3.3]). Let T € #(X) be a spectral operator. Then
the spectrum o,.(z) of x € X is empty if and only if x = 0.
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With the help of the notions defined above, a concrete description of the idempotent-

valued spectral resolution of a spectral operator can be given.

Theorem 1.3.18 ([DS88, Theorem XV.3.4]). Let T € A(X) be a spectral operator with

spectral resolution Er and let C be a closed set of complex numbers. Then
Er(C)X={zeX:0,(x) CC}.

Corollary 1.3.19 ([DS88, Corollary XV.3.7]). Let T be a spectral operator in %(X), and
let Er be the idempotent-valued spectral resolution of T. If A € A(X) commutes with T,
then A commutes with Er(B) for every Borel subset B C C. Moreover, o.,(Ax) C o..(x) for
allz € X.

Theorem 1.3.20 ([DS88, Theorem XV.3.10]). Let T be an operator in #(X) and &, ..., &,
be idempotents in Z(X) such that each & commutes with T and &, +---+ &, =1. Then T
is a spectral operator if and only if each restriction T'|¢,x is a spectral operator. Moreover,
if T' is a spectral operator then the idempotent-valued spectral resolution of the restriction

T|e,x is the corresponding restriction of the idempotent-valued spectral resolution of T.

Theorem 1.3.21 (see [DS88, Theorem XV.5.6]). Let T be a spectral operator in Z(X)
and let Ep be the idempotent-valued spectral resolution of T. If f : C — C is an analytic
function, then f(T) is a spectral operator whose idempotent-valued spectral resolution is
given by

Erry(B) =&r (f_l([i)) for a Borel subset f3.

1.3.2 Compact operators

Definition 1.3.22. Let X and 2 be Banach spaces and T € #(X,2)). Then the following

conditions are equivalent:

(i) The image of the unit ball of X under T is relatively compact in 9);
(ii) The image of any bounded subset of X under T is relatively compact in 9);
(iii) The image of any bounded subset of X under T is totally bounded in 9);

(iv) For any bounded sequence {x,, }nen in X, the sequence {1z, },en contains a converging

subsequence.

Any T € #A(X,9)) satisfying any (and hence, all) of the above properties is said to be a

compact operator.

Below we discuss the Fredholm alternative, and define the Riesz idempotents associated

with a compact operator in (7).
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Theorem 1.3.23 (Fredholm Alternative (see [Dou98, Theorem 5.22])). Let C' € HA(I) be
a compact operator. Then sp (C) \ {0} is countable with 0 as the only possible limit point,
and each \ € sp (C')\ {0} is an eigenvalue of C' with finite multiplicity and X is an eigenvalue
of C* with the same multiplicity. Moreover, the generalized eigenspace of C corresponding
to A is finite-dimensional and has the same dimension as the generalized eigenspace of C*

corresponding to .

Definition 1.3.24. Let C' € #(H) be a compact operator, and let sp (C')\ {0} # @. Then,
for A € sp (C) \ {0} the operator &y, defined using the holomorphic functional calculus,

1
S=-— [l -0)""d
A 270 ’y(:u ) My
where 7 is a Jordan contour that encloses only A from sp (C'), is an idempotent in (%) such
that £, commutes with C' and sp (C|g, ») = {A}. It is referred to as the Riesz idempotent

of C' corresponding to .

Remark 1.3.25. Note that if £, denotes the Riesz idempotent of C corresponding to
A € sp(C)\ {0}, then the generalized eigenspace of C' corresponding to A is precisely £,57,

and the generalized eigenspace of C* corresponding to \ is precisely EXH.

1.3.3 Unbounded operators

To facilitate our discussion in Chapter 4, and Chapter 5, we collect a few basic definitions

concerning unbounded operators acting on an infinite-dimensional Hilbert space 7.

By an unbounded operator 1" acting on a Hilbert space ¢ we mean a linear operator
with dom(7"), ran(7") C J; if dom(7') is dense in .77, we say that T is densely-defined. Note

that the word ‘unbounded’ is meant as ‘not necessarily bounded’ rather than ‘not bounded’.

Definition 1.3.26. Two unbounded operators S,7T acting on J# are equal, written as
S =T, if dom(S) = dom(T) and Sx = Tz for all z € dom(S).

Definition 1.3.27. For unbounded operators S,T acting on &, we say that T is an ex-
tension of S, symbolically written as S C T, if dom(S) C dom(T") and Sz = Tz for all
x € dom(S5).

Definition 1.3.28 (Closed operator). An unbounded operator T acting on . is said to
be closed if the graph of T, 4(T) = {(z,Tx) : © € dom(T)}, is a closed subset of 2.7 .
T is said to be pre-closed or closable if the closure of ¢(T') is the graph of an operator; this

operator is referred to as the closure of 7' and is denoted by T.

Remark 1.3.29. Interpreting the closure of G(7T') in limit terms, we see that T is closed
if and only if convergence of the sequence {x,} C dom(T) to = and {T'z,} to y implies = €
dom(7T") and Tx = y; T is preclosed if and only convergence of the sequence {z,,} C dom(7)
to 0 and {T'z,} to y implies y = 0.
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Definition 1.3.30. Let S, T be unbounded operators acting on 7. Then the operators
S + T and ST are defined as follows :

dom(S +T):=dom(S)Ndom(T), (S+T)x:=Sz+ Tz, for all x € dom(S + T);
dom(ST) : = {z € dom(T) : Tz € dom(S)}, (ST)x := S(Tz), for all z € dom(ST).

If S, T are closed operators on ¢ such that S+ T (ST, respectively) is pre-closed, then its
closure S+ T (ST, respectively) is called the strong-sum (strong-product, respectively) of
S and T, and is denoted by S+T (S*T, respectively).

Definition 1.3.31 (Core). Let T be a closed linear operator acting on #. A linear subspace
D C dom(T) is called a core for T if the closure of the restriction of 7" to D is equal to T'.

In terms of the operator graph, D is a core for T if and only if G(T'|p) = G(T)

Definition 1.3.32. Let # and % be Hilbert spaces and T be a linear transformation with
dom(T) dense in s, and ran(7") C #. Then the adjoint operator T is defined as follows:

dom(T™) :={y € H : Iz, € S with (z,2y) = (Txz,y) V x € dom(T)},

and T*y = z, for y € dom(7T™).
A densely-defined linear operator T acting on ¢ is said to be self-adjoint if T% = T.

From [KR83, Theorem 2.7.8], when T is closed, T*T is a densely defined self-adjoint

operator.

1.4 Topology

Below we note two elementary results from point-set topology, before moving on to Stonean

spaces.

Lemma 1.4.1. Let ) be a topological space.

(i) If O1, 04 are disjoint open subsets of §2, then O1 N Oy = &.

(ii) If Q is a clopen subset of ), then for every subset S C (2,
QNS=0QNS.

Proof. (i) Since O1 N Oy = &, Oy is a subset of the closed set 2\O; so that Oy C Q\Oy,
that is, O; N Oy = @.

(ii) Note that @ N'S is a closed set containing @ N'S. Hence QNS C QN S. For the
other direction, take x € @ N'S. For every open neighbourhood O of x, @ N O is an open
neighbourhood of z. Since z € S, we must have (Q NS)NO = (QNO)NS # I, so that
ze€QNS. Thus, QNS =QNS. O
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Theorem 1.4.2. Let Q, Q' be topological spaces. A function f : Q — ' is continuous if for
a collection of open sets O, of Q with |J, Oq = Q, the restriction of f to O, is continuous

for each o.

Proof. Let O’ be an open subset of . Note that f~1(0') N O, = f|5i(0’). Since f|o, is
continuous, f\a{l1 (0') is open in O, and hence open in 2. Thus f~1(0") = U, (f~1(0")N0O.)
is open in €. O

1.4.1 Stonean spaces

Stonean spaces arose from the work of Stone in [Sto40], where he introduced such spaces,
relating them to their algebras of continuous functions, and also alluded to the possibility

of dealing with unbounded continuous functions.

Definition 1.4.3 (Stonean space). A compact Hausdorff space X is said to be a Stonean
space if the closure of each open set in X is open in X; such spaces are also known as

extremally disconnected spaces in the literature.

In [Kad86], Kadison described the structure of unbounded continuous functions on
Stonean spaces, to fully understand the algebra of unbounded normal operators contain-

ing an abelian von Neumann algebra and a relation between the two.

Definition 1.4.4 (see [Kad86, Definition 1.1]). Let X be a Stonean space. A (finite)
complex-valued function f defined and continuous on X \ Z, where Z is a closed nowhere-
dense subset of X, is said to be a normal function (on X') when, given a point z € Z and a
positive a, there is an open set O in X' containing z such that |f(y)| > « for each y € O\ Z.
If f is real-valued, we say that f is a self-adjoint function (on X).

We denote by N(X) and S(X), respectively, the family of normal functions on X and the

family of self-adjoint functions on X.

Lemma 1.4.5. Let X be a Stonean space, and O1 O Oy be open subsets of X. Then

01\02 = 01\02.

Proof. Since X\Os is clopen, from Lemma 1.4.1-(ii), we observe that,

01\02 = 01N (X\O2) = 01 N (X\O2) = 01\O2. O

Theorem 1.4.6 (Extension theorem). Let X be a Stonean space, O be an open subset
of X, and Z be a compact Hausdorff space. Then every continuous map f : O — Z has
a unique continuous extension f : O — Z. (Note that, by the universal property of the

Stone-Cech compactification, the closure O must then be homeomorphic to 0.)

Proof. This may be found in standard textbooks such as [Wal74, Exercise 2J.4], [GJ60,
Problem 1H.6]. O
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It is well known that every infinite compact F-space (see the definition in [G.J60, §14.24))
contains a copy of SN (see [GJ60, Problem 14M.5]). Using Theorem 1.4.6, below we prove

this result in the special case of infinite Stonean spaces for the convenience of the reader.

Proposition 1.4.7. A Stonean space X with infinitely many points contains a copy of SN,
that is, there is a continuous injection SN — X. (Since N is compact, it is homeomorphic

to its image in X.)

Proof. As X is Hausdorff, there is a non-empty open subset of X which is not dense in X,
and considering its closure we have a proper non-empty clopen subset @) of X'. Since X is
infinite, either @ or X'\@ must be infinite. Thus, there is an infinite clopen subset Q1 C X.
Note that @ itself is an infinite Stonean space. Inductively, we get a sequence {Qy }nen of
infinite subsets of X', such that

and each @, is a clopen subset of (,,_1, and thus a clopen subset of X.

For n € N, we define O,, := @,-1\@Qn. Clearly O,’s are mutually disjoint non-empty
(cl)open subsets of X'. For every n € N, we choose a point x,, € O,. It is clear that the
set A := {x,, : n € N} is an infinite discrete subset of X, so that the mapping from N to A

given by n — z, is a homeomorphism.

Let Z be a compact Hausdorff space, and f : A — Z be a function; note that f is
automatically continuous as A is a discrete subset of X. Let F' : |J,cyOn — Z be the
function defined as F(z) = f(x) if z € O,. Since O, ’s are pairwise disjoint open sets, by
Theorem 1.4.2, F' is a well-defined continuous mapping on the open set O := | J,,cyy On- By
Theorem 1.4.6, F' extends uniquely to a continuous map Fon O. As A is dense in A, there
is at most one continuous extension of f on A, and thus the restriction of F to A is the

unique continuous extension of f to A.

By the universal property of Stone-Cech compactification (see [GJ60, Theorem 6.5]),
A C X is homeomorphic to BA. Since N and A are homeomorphic, so are SN and BA.
Hence, AN is homeomorphic to A C X', ]

1.4.2 Partially ordered sets and Scott topology

The discussion in this subsection will be useful in Lemma 5.2.11, which facilitates the ‘gluing’
of combinatorial matrix properties, for continuously varying matrices parametrized by a

Stonean space X.

Definition 1.4.8 (Partially ordered set). A set 8 with a binary relation, <, that is reflexive,
antisymmetric, and transitive, (called a partial order) is said to be a poset (short for partially
ordered set). For x,y € P, we write, x < y, when z # y and = < y. Below we note the

example of a finite poset which is the most relevant to us.
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Example 1.4.9. Let &, denote the set of all partitions of [n]. For m,my € &, we write
w1 < mo if 7o is a refinement of 71, that is, each element of 7o is a subset of some element
of 1. It may be easily verified that < defines a partial order on &,. Note that &7, has a
unique maximal element, the partition {{1}, {2},..., {n}}, and a unique minimal element,
the partition {[n]}.

Definition 1.4.10 (upper set). Let (3, <) be a partially ordered set. A subset U C ‘B is
said to be an upper set if y € U whenever z < y for some x € U. The upper set,

ahi={yeP:z <y},
is called the principal upper set generated by = € PB.

Definition 1.4.11 (The Scott topology). Let (I3, <) be a partially ordered set. A subset
U of B is said to be Scott-open if it is an upper set which is inaccessible by directed joins,
that is, any directed set with supremum in U has a non-empty intersection with U. If B is
a finite set, then each upper set is Scott open, and the set of upper sets forms a base for the

Scott topology.

Definition 1.4.12. Let ¥ = (v1,...,v,) be a vector in C", and let ~z be a binary relation
on [n| defined by i ~z j if and only if v; = v;. It is straightforward to see that ~y is an
equivalence relation on [n], so that the set of equivalence classes for ~; forms a partition
of [n]. We denote this partition of [n] by P(¢)). Note that the partition P(7) of [n] groups

together the coordinate indices of ¥ with the same coordinate value.

Lemma 1.4.13. Let (£, <) denote the poset of all partitions of [n], partially ordered via
refinement and equipped with the Scott topology. Then the mapping from C" to &, given

by ¥+ P(v), is continuous.

Proof. For a vector 7 = (v1,...,v,) € C", define £(¥) := min;.;{|v; —v;|}. If U'is a constant

vector we stipulate €(¥) := +o00. Note that |v; — vj| < e(¥) implies that v; = v;. Let @ be

a vector in the open ball of radius @ centred at ¥ with respect to the sup-norm, that is,
v — wg| < # for every k € N. Thus, for every pair of indices ¢, j € [n] with w; = w;, we
have

—»
)

i —vj| < o —wil + Jwi — w;| + |vj — wj| < ()
whence v; = vj. This implies that P () is a refinement of P (). Equivalently, P(@) € P ().

Let @, 7 € C" be vectors such that P (i) € P(¢)!. From the discussion in the above
paragraph, for every vector @ in the open @—ball centred at i, we note that P(w) €
P(@)t € P@)', that is, P(@) € P(¥)". In summary, the inverse image of the principal
upper set 77(17')T is open in C™. Since the principal upper sets form a base for the Scott

topology on &, continuity of the mapping, ¥ +— P(v), follows. O
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1.5 Type I, AW*-algebras

A von Neumann algebra or W*-algebra is a unital *-algebra of bounded linear operators on
a Hilbert space that is closed in the weak operator topology (or equivalently in the strong

operator topology).

An AW*-algebra is an algebraic generalization of the notion of a von Neumann algebra,

introduced by Kaplansky (see [Kap51]).

Definition 1.5.1. A C*-algebra 2 is said to be an AW™-algebra if the set of orthogonal
projections in 2l forms a complete lattice, and each maximal commutative C*-subalgebra is
monotone-complete (that is, every increasing net of self-adjoint elements which is bounded

above, has a least upper bound).

Commutative AW ™*-algebras correspond to complete Boolean algebras, and are of the
form C(X) where X is a Stonean space (see [Kap51, §2]).

Many structural results for von Neumann algebras extend naturally to AW *-algebras.
For instance, AW*-algebras can be classified based on the behaviour of their projections
and admit a type decomposition analogous to that of von Neumann algebras [Ber72]. While
not all aspects of the coarse structure theory carry over, the case of finite algebras of type

I is particularly well-behaved and carries over satisfactorily.

For our purposes, we essentially require the structure theory of type I,, AW*-algebras,

which we summarize in the following remarks.

Theorem 1.5.2 (see [KR97, Theorem 6.6.5] and [KR83, Theorem 5.2.1]). Every type I,
von Neumann algebra is of the form M, (/) for an abelian von Neumann algebra o/ x-
isomorphic to the center of the von Neumann algebra. Since the maximal ideal space of
an abelian von Neumann algebra is extremally disconnected, </ is of the form C(X) for
some (hyper)-Stonean space X. Thus, every type I, von Neumann algebra is of the form
M, (C(X)) for some (hyper)-Stonean space X.

Remark 1.5.3. Every type I, AW*-algebra is of the form M, () for an abelian AW™*-
algebra 2, and thus is of the form M, (C(X)), for a Stonean space X.

Remark 1.5.4. Since a matrix in M, (C (X)) may be viewed as a continuous M, (C)-valued
function on X, there is a natural s-isomorphism between M, (C(X)) and C(X;M,(C))

allowing us to view them interchangeably.

1.6 Murray von Neumann algebras

For the basic concepts from the theory of unbounded operators, we refer to §1.3.3, and
further to [KR83, §2.7].
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Definition 1.6.1 ([[KXR83, Definition 5.6.2]). Let #Z be a von Neumann algebra acting on the
Hilbert space J#. A closed densely-defined linear operator A with dom(A), ran(A) C 72,
is said to be affiliated with Z, if V* AV = A for each unitary operator V in the commutant
of Z. We denote the set of all such affiliated operators by Aff(%).

Definition 1.6.2 (see [KL14, Definition 6.14]). Let 4" be a finite von Neumann algebra
acting on the Hilbert space 7. For A, B € Aff(.4"), the operators A+ B, AB, are pre-closed
and densely-defined (see [K1.14, Proposition 6.8]). The two binary operations +,°, defined
by A+ B= A+ B,A" B = AB, along with the operator adjoint, (-)*, as involution, endow
Aff(_4") with the structure of a x-algebra (see [KL14, Theorem 6.13]). With this x-algebraic
structure, Aff(.4") is called the Murray-von Neumann algebra associated with 4.

If 4 is of type I, (n € N), then we say that Aff(.4") is a type I,, Murray-von Neumann
algebra. Similarly, if 4" is of type 11, then we say that Aff(.4") is a type II; Murray-von

Neumann algebra.

For example, let ) be a locally compact Hausdorff space and p be a Radon measure on
Y. Then, for the abelian von Neumann algebra L (); ), Aff(Loo(y; ,u)) is *-isomorphic
to L°(Y; ), the *-algebra of y-measurable functions on ) (see [Nay21, Remark 5.2]). In
particular, equipping N with the counting measure, we have Aff (€°°(N )) = CN, the x-algebra

of complex-valued functions on N.

For a finite von Neumann algebra .4, the x-algebra Aff(.4") may be defined intrinsically,
independent of the representation of .4 on a Hilbert space (see [Nel74, Theorem 4] and
[Nay21, Theorem 4.3]). This is achieved by realizing Aff(.#") as the completion of .4 in
the m-topology (defined below). For topological and order-theoretic aspects of Murray-von

Neumann algebras, we refer to [Nay21].

Definition 1.6.3 (see [Nay21, Definition 3.3]). Let .4 be a finite von Neumann algebra.

For ¢,§ > 0 and a normal tracial state 7 on .4, we define,
O(1,e,0) :={A € A : there is a projection E € A with 7(I y — E) <4, and ||AE| < e}.

The translation-invariant topology generated by the fundamental system of neighbourhoods
of 0y, {O(1,¢,0)}, is called the m-topology of .4". By [Nay21, Theorem 3.13], this defines
a Hausdorff topology.

The m-topology defines closeness between operators based on their uniform closeness
on subspaces determined by “large” projections, effectively capturing the notion of local
convergence in measure. In our discussion, terms such as ‘m-convergence’, ‘m-limit’, etc.,

are to be understood with their obvious meanings derived from the m-topology.
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Theorem 1.6.4 (see [Nay2l, Theorem 3.12]). Let .4 be a finite von Neumann algebra.
Then the maps,

A A" N = N,
(A,B)» A+B: N XN =N,
(A,B)— AB: N X N — N,

are Cauchy continuous with respect to the m-topology and therefore admit unique extensions

to the m-completion of 4", endowing it with the structure of a *x-algebra.

Remark 1.6.5. Let .4 be a finite von Neumann algebra. From [Nay21, Theorem 4.3], it
follows that the m-completion of .4 is naturally -isomorphic to Aff(.4").

The set of positive operators in Aff(.4") defines a proper cone on the self-adjoint part
of Aff(A"), Aff(A")sq, which is used to endow it with an order structure. By [Nay2l,
Proposition 4.21], Aff(.#")s, is monotone-complete, that is, every bounded increasing net in
Aff(A)sq has a least upper bound in Aff(.A4)s,.

Definition 1.6.6 (cf. [Nay21, Theorem 4.9], [GN24, Definition 4.12]). Let A4, 4", respec-
tively, be finite von Neumann algebras acting on the Hilbert spaces ¢, 7, respectively,
and ® : A4 — A" be a unital normal *-homomorphism. By [Nay21, Theorem 4.9], ® is
Cauchy continuous with respect to the m-topologies on .4 and .4, and uniquely extends
to an m-continuous unital x-homomorphism, ®,g : Aff(.4") — Aff(A7).

By [Nay21, Theorem 4.3], ®,¢ preserves +,°, %, and by [Nay21, Theorem 4.24], ®.¢ is
equivalently a unital normal *-homomorphism. In fact, following the steps in the proof of

[GN24, Theorem 5.8], we note that ®,g is the unique extension of ® that preserves +,°, *.

We shall return to the study of affiliated operators and Murray—von Neumann algebras
in §5.4, with particular focus on their behavior under direct sums, which will be taken up
in §5.4.1.






Chapter 2

Jordan-Chevalley decomposition of ma-
trices over arbitrary fields

2.1 Introduction

The beginnings of linear algebra may be traced to the quest for systematic methods for
solving systems of linear equations. It is no exaggeration to claim that Gaussian elimination
is the foundational algorithm on top of which most of linear algebra rests. Loosely speaking,
Gaussian elimination involves the transformation of a system of linear equations into an
equivalent one via successive elementary row operations on its augmented matrix leading to
a modified augmented matrix, ultimately arriving at the so-called row echelon form. From
there on, understanding the solution space becomes a much more manageable task, both

theoretically and computationally.

Let K be a field, ¥ be a finite-dimensional vector space over K with dim " = n, and let
T : 7 — ¥ be a K-linear transformation. One is naturally motivated to identify a basis
for ¥ in which the matrix of T" has a fairly simple form, making it easily interpretable and
amenable to computations. Or equivalently, given a matrix A € M, (K), one wishes to find
a simple-looking matrix in M, (K) similar to A from which the fundamental properties of A
may be gleaned. This line of investigation leads to the topic of canonical forms, the most

popular of which are the Jordan canonical form and the rational canonical form.

If T has a basis of eigenvectors, then the matrix of T with respect to this basis has a par-
ticularly simple, diagonal form which gives us a quick qualitative idea about the behaviour
of T'; such a linear transformation is said to be diagonalizable. Unfortunately, not all linear
transformations are diagonalizable. In this context, the Jordan-Chevalley decomposition is
a cornerstone result which describes T" as the sum of a potentially-diagonalizable transfor-
mation (see Definition 2.4.3) D and a nilpotent transformation N commuting with each

other.

The primary goal of this chapter is to present elementary computational proofs of the

existence and uniqueness of the Jordan-Chevalley decomposition and the Jordan canonical

31
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form for square matrices over K. We provide a mathematically rigorous, simplified and
general version of the sketch outlined by Howland and Vaillancourt in [HV92] for complex
matrices. The main strategy involves transforming the matrix to an appropriate block-
diagonal form via similarity transformations obtained from Roth’s removal rule ([Rot52,
Theorem II]) as the main technical tool. The connection with Gaussian elimination is more
than an idle analogy as we may interpret Roth’s removal rule as capturing in a condensed

form, successive conjugation with matrices representing certain elementary row operations.

2.2 Sylvester’s equation over arbitrary fields

In this section, we discuss Sylvester’s equation AX — XB =Y (cf. [Syl84], [Ros56]) in the
context of matrices over arbitrary fields, which is useful in setting up Roth’s removal rule
(see Lemma 2.2.3). The complex analogue of the main theorem in this section, Theorem
2.2.2, may be found in [HJ13, Theorem 2.4.4.1]. Although the proof therein applies to the
case of arbitrary fields without major changes, it uses the Cayley-Hamilton theorem in an
essential way; since we intend to apply our tools to prove the Cayley-Hamilton theorem (see
Theorem 2.4.2), we employ a different strategy for proving Theorem 2.2.2 in order to avoid

circular reasoning.

Proposition 2.2.1. Let K be an algebraically closed field, and A € M,,(K), B € M,(K).
Let La,Rp : My n(K) = M, »(K) denote the operators of left-multiplication by A, right-
multiplication by B, respectively, that is, the linear mappings given by X — AX, X — X B,
respectively. Then

sp(La — Rp) Csp(A) — sp(B).

Proof. Clearly, the operators £4 and Rp commute with each other for every choice of
A € M, (K) and B € M, (K). From Lemma 1.1.6 we have sp(£L4—Rp) C sp(L4) —sp(Rp).
Note that, for A € K, A — A\, is invertible if and only if £4_x7,, = L4 — AT is invertible,
where Z denotes the identity operator on M, ,(K). Thus, sp(L4) = sp(A). Similarly,
sp(Rp) = sp(B). Hence sp(La — Rp) € sp(A) — sp(B). O

Theorem 2.2.2 (cf. [HJ13, Theorem 2.4.4.1]). Let K be a field. Let A € Mp,(K) and
B € M,(K). If the characteristic polynomials of A and B are coprime, then the equation
AX — XB =Y has a unique solution X € My, ,(K) for every Y € M,, ,(K).

Proof. Let K be the algebraic closure of K. We may view A and B as matrices over the field
extension K. Since the characteristic polynomials of A and B are coprime in K[z], they are
coprime in K[z]. Thus sp(A4) Nsp(B) = &, so that 0 ¢ sp(A) —sp(B). By Proposition 2.2.1,
since sp(La—Rp) C sp(A)—sp(B), we observe that 0 does not belong to sp(£L4—Rp). Thus

La—RpB: My n(K) = My, n(K) is invertible; Moreover, it leaves M,, ,(K) invariant. Since
La—Rp: Mpyn(K) = My, »(K) is a K-linear injective mapping, it must be surjective (by
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the rank-nullity theorem). Rephrasing the equation, AX — XB =Y, as (L4 —Rp)X =Y,

we get the desired conclusion. O

Lemma 2.2.3 (cf. [Rot52, Theorem II] ). Let K be a field. Let A € M,,(K), B € M, (K)
and C,C" € M, »,(K). If the matrix equation AX — X B = C'—C" has a solution in My, ,(K),

then we have the matrix similarity,

A C A
~sim in Mypyn (K) .

Proof. Let X € My, ,,(K) be such that AX — X B = C' —C’. Then the assertion follows from

the following matrix computation,

L, X A C L, —-X A C+XB-AX A

On,m In On,m B On,m In On,m B On,m B

2.3 The block-diagonal form

In this section, we deduce Theorem 2.3.2 which is the main technical tool of the chapter,

generalizing [HJ13, Theorem 2.4.6.1] from the field of complex numbers to arbitrary fields.

Lemma 2.3.1. Let K be a field. Let Ay, Aa, ..., Ap be matrices in My, (K), M,,(K),...,
M, (K), respectively, such that their characteristic polynomials are pairwise coprime, and
let n =ny +ng + -+ npy. Then for any choice of matrices A; j € My, »;(K) (i < j € [m]),

the two matrices,

Ay Ao Alm A1 Opyng 0n1 1,
0'rL2,7L1 AQ A2,m Ong,nl A2 Ong,nm
T = ) D = )
Onm,nl Onm1n2 o Am Onm,m Onme T Am

are similar in M, (K). (Note that T is block-triangular and D is block-diagonal and both

have the same diagonal blocks.)

Proof. The proof is by induction on m. For m = 1, there is nothing to show. We begin
with the non-trivial step corresponding to m = 2. Since the characteristic polynomials of
Ay and Ay are coprime, from Theorem 2.2.2, there is a unique matrix X € M, »,(K) such
that 41X — XAy = A; 2. From Lemma 2.2.3, we conclude that T' ~gn, D in M, (K) with

n =mni + no.
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Next, we assume that the statement is true for m — 1 ; m > 2 and define

Tig:= A1 A1z - Aim|>
- A2 A2,3 T A2,m- - A2 OnQ,ng te Ong,nm-
T Ongny Az oo Agim D= Onsmy Az 0 Ongnyy
_Onm,ng Onm,ng e Am ] _Onm,ng Onm,ng e Am ]

Since the characteristic polynomial of T” is the product of the characteristic polynomials of
As, ..., Ay, the characteristic polynomial of Ay and the characteristic polynomial of 7" are

coprime. From the base case of m = 2, we have that,

Aq T172 Ay 0 n—
T = ~ogitn T i M (K). (2.3.1)

/ !
O’I’L*ﬂl,’n]_ T Onf?’bl,’nl T

By the induction hypothesis, 7" ~gm D’ in M,,_,, (K) so that

Al Onl,nfrn Al Onl,nfrn .
~sim D = in M, (K). (2.3.2)

/ !/
0n—nim T 0n—nim D

Note that the similarity in (2.3.2) is implemented by the matrix I,,,@ S € GL,(K), where
S € GLp—pn,(K) implements the similarity 7" ~g, D’. From the matrix similarities in
(2.3.1) and (2.3.2), we conclude that T ~gm D in M, (K). O

Theorem 2.3.2 (cf. [HJ13, Theorem 2.4.6.1]). Let K be a field, and let A € M,(K)
be such that the characteristic polynomial of A splits over K. Let A1, As,..., Ay € K be
the distinct roots of XA(x) with algebraic multiplicities ni,...,nm,, respectively, so that
n=mni+ -+ ny. Then A is similar to a block-diagonal matrix @;" | A;, where A; is an

upper-triangular matrix in M, (K) all of whose diagonal entries are equal to \;.

Proof. From Remark 1.1.5, there is an upper-triangular matrix 7' such that A ~gn T in
M, (K). Without loss of generality, we may assume that T is such that the eigenvalues of A
appear on the diagonal of T" according to the enumeration A1, Ao, ..., A\, so that all equal

eigenvalues are grouped together along the diagonal of 7. Thus, T may be viewed as a
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block-triangular matrix of the form,

Th1 Th o T1m
Ong,nl TQ,Q e TQ,m . 3
T = i Tij € My, n;(K) , i < j € [m]
Onmﬂh Onm,nz e Tm,m

such that each diagonal block 7;; is an upper-triangular matrix in M, (K), all of whose

diagonal entries are equal to A;.

Note that the characteristic polynomial of Tj ; is (x — ;)™ . Since the \;’s are distinct, the
characteristic polynomials of the T;;’s (i € [m]) are pairwise coprime. By Lemma 2.3.1, T,
and thus A, is similar to the block-diagonal matrix @211 T; ;. Setting A; := T;; completes
the proof. O

2.4 The Jordan-Chevalley decomposition

In this section, we illustrate how the concrete block-diagonal form for a matrix given in
Theorem 2.3.2 may be fruitfully used to infer some fundamental results about linear trans-
formations. We begin with a short proof of the Cayley-Hamilton theorem. As the main
application, we show the existence and uniqueness of the Jordan-Chevalley decomposition
of a square matrix over a field K. Note that the matrices in the decomposition may be over

a larger field in general; the details are provided in Corollary 2.4.8.

Lemma 2.4.1. Let K be a field and A € M, (K) be such that the characteristic polynomial
of A splits over K. Let A1, As,..., A\ € K be the distinct roots of XA(a;) with algebraic

multiplicities ny, . .., Ny, respectively, so that n = n1+- - -+n.,,. Then we have the following:

(i) K" = @i, ker ((A — NI)™),

(ii) ker ((A — X\I)™) = ker ((A — NI)") fori € [m].

Proof. Note that for every polynomial p(z) € K[z] and invertible matrix S € GL,(K), we
have
ker (p(S~'AS)) = ker (S7'p(A)S) = S ker (p(A)).

Thus, it follows that the assertions in (i) and (ii) hold for A if and only if they hold for some
matrix similar to A. Using Theorem 2.3.2, without loss of generality we may assume that A
is in block-diagonal form, ;" A;, where A; is an upper-triangular matrix in M,, (K) with
all of its diagonal entries equal to \;. Viewing K" as the direct sum K™ @K™ --- P K"

via concatenation of coordinates, the block-diagonal form makes it straightforward to verify
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that
ker ((A—XND)™) = {0}gm @ D K" @+ P{0}inm = ker ((A - NI)™T) VLeN,
from which (i) and (ii) follow immediately. O

We now present a brief, self-contained proof of the classical Cayley—Hamilton theorem,

which states that every square matrix satisfies its own characteristic polynomial.

Theorem 2.4.2 (Cayley-Hamilton theorem). Let K be a field, A be a matrix in M, (K),
and x ,(z) € K[z] be the characteristic polynomial of A. Then x ,(A) =0 in M, (K).

Proof. Let L be the splitting field of x ,(x) and A1,. .., Ap, be distinct roots of x , in L with
multiplicities ni, ..., ny,, respectively, so that n = ny 4+ --- + n,,. Viewing A as a matrix in
My (L), x,(x) = [[iZ(x — \)™ € Liz]. Note that ker (x ,(A4)) = ker ([TiZ,(A — \iI)™)
is a subspace of " which contains ker ((A — A\;J)™) V i € [m]. From Lemma 2.4.1-(i), we
conclude that ker (x A(A)) = L™ which is equivalent to saying that x ,(A4) = 0 in M,(L).
Since x ,(z) is a polynomial in K[z], the equality x ,(A) = 0 holds in M, (K). O

Definition 2.4.3. A matrix A in M, (K) is said to be diagonalizable if there is a diagonal
matrix D € M, (K) such that A ~g, D in M, (K). It is said to be potentially-diagonalizable
if there is a field extension L/K such that A is diagonalizable when viewed as a matrix in
M, (L).

Definition 2.4.4. Let K be a field and A € M, (K). Then a Jordan-Chevalley decomposition
of A in M,(K) is an expression of the form, A = D + N, involving a commuting pair of
matrices D, N € M, (K) such that D is potentially-diagonalizable and N is nilpotent.

Theorem 2.4.5. Let K be a field and A be a matrix in M,,(K) such that the characteristic
polynomial of A splits over K. Then A has a unique Jordan-Chevalley decomposition in
M, (K).

Proof. Let A1, s, ..., Ay be the distinct eigenvalues of A with algebraic multiplicities ni, ns,
...y, respectively, so that n = ny +na + -+ + n,y,. From Theorem 2.3.2, there exists
an invertible matrix S € GL,(K) such that ST'AS = @, A; where A; is an upper-
triangular matrix in M,, (K) all of whose diagonal entries are equal to A;. In other words,
each A; is of the form A; = \;I,, + N; where N; € M, (K) is strictly upper-triangular. Let
D' = @;%, \il,, and N’ := @;"| N;. Then D’ is a diagonal matrix, and N’ is strictly
upper-triangular, hence nilpotent, in M, (K) such that

m
@ A; =D + N and D'N' = N'D'.
=1
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Setting D := SD'S™!, N := SN'S~! we have,
A=D+ N and DN = ND.

Clearly D, N are diagonalizable, nilpotent, respectively, in M, (K). Thus, D+ N is a Jordan-
Chevalley decomposition of A.

Uniqueness. Let A = Dy+ Ny be a Jordan-Chevalley decomposition where Dy is potentially-
diagonalizable, and Ny is nilpotent. Let IL be a field extension of K such that Dg is diago-
nalizable when viewed as a matrix in M,(IL). Let L denote the algebraic closure of L. For

the rest of the proof, we view A, D, N, S, Dy, Ny as matrices in M, (LL). Since D is diago-
nalizable in the context of M, (K), a fortiori it is diagonalizable in the context of M, (L),
and the same holds for Dy. Thus A = D + N and A = Dg+ Ny are both Jordan-Chevalley

decompositions of A in M, (L).

Since DyNg = NoDy and the spectrum of a nilpotent matrix is {0}, from Lemma 1.1.6

we have
sp(A) = sp(Do + No) € sp(Do) + sp(No) = sp(Dp).

Conversely, since A and Ny commute, we have
sp(Do) = sp (A + (=No)) € sp(A) +sp(—No) = sp(A).

Thus sp(Dyp) = sp(A4), that is, Dy and A have identical sets of eigenvalues.

The block-diagonal form of A, S71AS = @, A;, and the corresponding diagonal form
of D, ST'DS = @D, \iln,, makes it clear that the A;-eigenspace of D in L" is equal to
ker (A — NI)™).

Let % be the \-eigenspace of Dy in L" so that Doly, = \I|y,. Thus (A — Dy)|y, =
(A — \I)]y,. Since Ny is a nilpotent matrix in M,(LL), from Lemma 2.4.1-(i) we have
N = 0 which implies that (A — X\ I)"|y, = (A — Do)"|y; = 0. Thus ¥ is contained in

ker ((A — NI)™) =ker ((A — X\I)™) (see Lemma 2.4.1-(ii)) for i € [m].

From the diagonalizability of D and Lemma 2.4.1, we have
. m m
L" = @ V; C @ker (A= ND)™) =L"
i=1 i=1

Thus the \;-eigenspace of Dg, ¥;, is in fact equal to ker ((A — )\iI)"i). Since both Dy and

D are diagonalizable over M, (L) with identical spectrum and \;-eigenspaces for i € [m],

we must have Dy = D in M, (L) and Ng = A — Dy = A— D = N. This establishes the

uniqueness of the Jordan-Chevalley decomposition of A. O

Remark 2.4.6. Note that the above proof shows that a matrix A € M, (K) admits a
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unique Jordan-Chevalley decomposition in M, (L), where L is the splitting field of the char-
acteristic polynomial of A. In particular, every potentially-diagonalizable matrix in M, (K)
is diagonalizable in M, (K).

Remark 2.4.7. For the discussion in this remark, we retain the notation used in the proof
of Theorem 2.4.5. Since (4; — A\iI,,)™ = 0, it is easily verified that for any polynomial
p(z) € K[z] with p(z) = A\ (mod (z — \;)™), we have p(A4;) = A\il,. Thus in order to find
a polynomial p(x) such that p(@",A4;) = @™, \il,,, it suffices to find a solution to the

system of congruence equations,
p(x) =X (mod (z —X)™), (i€ [m)]).

The ring-theoretic version of the Chinese remainder theorem (see [Art91, pg. 383]) assures
us of the existence of such a polynomial p(z). In that case, p(A) = D and for the polynomial
q(x) =z — p(x) we have N = ¢q(A); the potentially-diagonalizable and nilpotent parts of A

are polynomials in A.

The starting point of the standard proof(s) of Theorem 2.4.5 (see [Humg80, pg. 18]) is
the above ring-theoretic setup. The advantage of our proof of Theorem 2.4.5 is that no
knowledge of the Chinese remainder theorem is necessary; in fact, the above remark may

serve as a motivation to pursue its study.

Corollary 2.4.8. Let K be a field and A € M, (K). Let L be the splitting field of the
characteristic polynomial of A. Let F be the fixed field of Aut(L/K) so that K C F C L.
Then the Jordan-Chevalley decomposition of A, viewed as a matrix in M, (L), in fact holds
in M, (F).

Proof. Since the characteristic polynomial of A splits over L, by Theorem 2.4.5, A has a
Jordan-Chevalley decomposition in M, (L), explicitly, A = D+ N for a diagonalizable matrix
D € M, (L) and a nilpotent matrix N € M, (L) such that D and N commute.

Let ¢ € Aut(IL/K). Note that the mapping Ay : M, (L) — M,,(IL) defined via entry-wise
application of ¢ gives a ring homomorphism which leaves M, (K) invariant. It is straight-
forward to see that A4(D) is diagonalizable, Ay(IN) is nilpotent and Ay(D) and Ag(N)

commute.

Since A = Ay(A) = Ap(D) + Ag(N), by the uniqueness of Jordan-Chevalley decomposi-
tion, we conclude that Ay(D) = D, Ay(N) = N; In other words, every ¢ € Aut(LL/K) leaves
the entries of D, N invariant. Thus all entries of D and N lie in F so that D, N € M, (F). O

Theorem 2.4.9. Let K be a perfect field and A € M,(K). Then A has a unique Jordan-
Chevalley decomposition in M, (K).

Proof. Since K is a perfect field, the fixed field of Aut(L/K) is K (Remark 1.2.9) and the

assertion is an immediate consequence of Corollary 2.4.8. O
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2.5 The Jordan canonical form

In this section, we prove the existence and uniqueness of the Jordan canonical form of square
matrices over a field whose characteristic polynomial splits over the field. A standard proof
of the existence of Jordan canonical form of A uses generalized eigenvectors, which naturally
lead to the consideration of shift operators and corresponding Jordan matrices. Since we
eschew that path in favour of a computational approach, how are we to stumble upon the
central role played by Jordan matrices in the discussion of similarity classes of a square
matrix? The answer lies in our proof of Proposition 2.5.3. Although it is similar in spirit
to the proof in [HJ13, Theorem 3.1.5] for complex matrices, we believe that the individual

steps in our proof are more natural and a little less mysterious.

Definition 2.5.1 (Jordan matrix). For A € K, the Jordan matrix J,,()) is defined to be
the m x m upper-triangular matrix which has all of its diagonal entries equal to A, all of its

super-diagonal entries equal to 1, and the rest of the entries equal to 0. For example,

A1 0
A1
JM)N,JM)— S = o a1
0 X
0O 0 X\

Lemma 2.5.2. Let K be a field. If ny > ng > --- > n,, are positive integers with nq > 2,

then for ag, as, ..., a, € K, we have the matrix similarity,

JIn (O) <a2e o e ) m
1 n1,n2 meni,nm ~aim @Jm(o) in Mn1+__.+nm(K).
0z 44, DiZs Jni(0) =

Proof. Let £ > n be positive integers with £ > 2, and X; be the matrix in M, (K) whose
(i, — 1)—entry is 1 for 2 < i < ¢, and the rest of the entries are 0. We may verify via direct

computation that the X = X; is a solution to the matrix equation,

Ji(0)X — X.J,(0) = e (2.5.1)

For 2 < i < m, from the above discussion in the context of ¢ = ni,n = n;, there exist

matrices X; € My, ,, satisfying the matrix equation(s),

Jn1 (O)XZ — Xlan(O) = enl,ni.
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Since the matrix |:042X2 . ame] € My, ng+t-tnn (K) is a solution to the matrix equa-

tion,
m
Jna (0)X =X <@ JW(O)) - I:O‘2en1,n2 T Omenyngy, |
=2

the result follows from Lemma 2.2.3. O

The appearance of Jordan matrices in Lemma 2.5.2 may seem prescient, but the lemma
is merely an organizational tool (as are most lemmas) that we isolate to facilitate the use

of Roth’s removal rule in Proposition 2.5.3 below.

Proposition 2.5.3 (cf. [HJ13, Theorem 3.1.5]). Let K be a field and A be a strictly
upper-triangular matrix in M,(K). Then there is a unique collection of positive integers
ni > ng > ... > ny, satisfying ny + - -+ + n,, = n such that A is similar to @;", Jp,(0) in
M, (K).

Proof. Existence. We proceed via induction on n. The case of n = 1 corresponds to A = [0],

proof of which is trivial. For the case of n = 2, note that every strictly upper-triangular

e
matrix in My (K) is of the form for some o € K. If & = 0, then it is already of

0 0
the form J1(0) @ J1(0). If a # 0, then by conjugation with the invertible matrix 1 @ « in
GLy(K), we get Jo(0).

Let us assume that the assertion is true for strictly upper-triangular matrices in M,,_; (K).

0 Ao
Let A = where A12 = |a15 aj3 -+ aj,_q| and
0,—11 A2
0 ag3 -+ azn
Ago = - . € My-1(K).
0 0 o An—1n—1
0 O 0

By the induction hypothesis, A2 2 ~sim D;rq Jn,(0) in M,_;(K) for some m € N and

positive integers ny > ng > ... > ny withny +---4+n,y =n — 1.

Let S be an invertible matrix in GL,—1(K) which implements the similarity between As o
and @, Jn,(0). A direct computation tells us that the invertible matrix 1 @ S € GL,(K)
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implements a similarity of A with a matrix in M, (K) of the form,

0 <””1 /,“2 DY ””n_l)
, for some r{,719,...,rp_1 € K.

On—1,1 D, Jn.(0)

Observation 1 : There are ay, ...,y € {0,1} such that,

O (a e DY a e >
A ~gim hm ML i M (K). (2.5.2)
0n-11 DL Jn:(0)

Proof of Observation 1. Let ¢; denote the cumulative sum ny + - -+ + n; with the conven-
tion that go = 0. For the row vector X = (4, py ... rn1> € M ,—1(K), from a

straightforward computation, we observe that
0-X — X (BiZ,/n:(0))

:<7"191,n1 Tg1+1€1,ns - Tqm1+1e1,nm>_<7“1 ro - Tnl)'

Using Lemma 2.2.3 (Roth’s removal rule), we have,

O <r1 7"'2 P /"’ _1)
A ~gim " (2.5.3)
On—1,1 D1 Jn; (0)
0 <r1e1 T 41€1my ~*0 T 1€1 >
~im N q1+ ;M2 qm—1+ MNm . (2.5.4)
On—l,l @;11 an (O)

Consider the function f : K — K which maps 0 to 1 and a non-zero element of K to

itself. By conjugating the matrix in (2.5.4) with the invertible diagonal matrix

1 @ (@ f(rqz'lJrl)Ini) in GLn(K)v
1=1

the non-zero entries in the first row transform to 1 with the remaining entries left unchanged.

Thus A is similar to a matrix of the form given in (2.5.2) where

Lif Tgi_1+1 7é 0
a; =

0 ifrg 41 =0.
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In the matrix similarity (2.5.2), if a; = 0 for all 4 € [m], then A ~gm @7 J,,(0) with
Nm+1 ‘= 1, and we are done. If not all of the a;’s are zero, then the Observation 2 below

completes the proof of existence of the Jordan canonical form.

Observation 2 : Let ¢ be the smallest number in [m] such that ay = 1. Then

/-1 m
A ~sim (@ Jni(0)> D Jn,+1(0)D ( GB Jni(o)) in My(K),
1=1

i=C+1
where the first summand is interpreted as being non-existent when ¢ = 1

Proof of Observation 2. Let o be the permutation on [n]| consisting of one non-trivial cycle
given by (qg_l +1, -1, q-1—1, ---, 2, 1); recall that ¢; denotes the cumulative sum
ni+---+n; with ¢gg = 0. Let S, be the matrix obtained from I,, by permuting its columns
according to o, that is, the i*" column of S, is e,(j)- Conjugating the matrix in (2.5.2) with

Sy, we observe that,

-1 0 <a €eln co €l )
A ~aim (@ Jnl(0)> @ 74 1, 4 1, m
0

=1 e+ +nm,1 @;15 Jm (0)

/-1 m
~sim <® Jnl(0)> @Jnngl(O)@ ( @ an(0)> )

=1 i=0+1

where the second similarity follows from Lemma 2.5.2. U

Uniqueness. Let ny > ng > ... > n,, be positive integers satisfying ni + - -+ 4+ n,, = n such
that A ~gm D" Jn; (0) in M, (K). Let S be an invertible matrix in GL,(K) such that
S7LAS = @, Jn,(0). Then for every positive integer k, we have S~1A*S = @, J,,(0)*
so that A* ~gm @I, Jn, (0)%.

It is straightforward to verify via direct computation that rank(J,,(0)*) = (m — k)T for
m, k € N. Since rank is a similarity invariant, with the convention A° := I, for every positive

integer k, we have

m

rank(J,,, (0)F~1) — Z rank (J, (0)%)
1 =1

I

rank(A*~1) — rank(A¥) =

7

|

((nz —k+ 1)+ — (nl — k)+) .

=1

Since (n;—k+1)*—(n;— k)" is equal to 1 if and only if k¥ < n;, and 0 otherwise, the quantity
Sy ((ng — k+1)T — (n; — k)™) counts how many of the Jordan blocks in @}, Jp, (0) are
of size at least k. Thus the number of Jordan blocks in 6", Jy,(0) having size exactly k is
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given by the formula,
(rank(Ak_l) - rank(Ak)) — (rank(Ak) — rank(AkH)) . (2.5.5)
This proves the uniqueness of the Jordan decomposition. 0

Remark 2.5.4. Let K be a field. For a matrix A € M,(K) and A € K, the sequence of
integers,

rank <(A — AI)kil) — rank ((A - )\I)k) ,
is called the Weyr characteristic of A associated with A (see [HJ13, pg. 168, 170]).

Theorem 2.5.5 (Jordan canonical form). Let A € M,(K) and let L D K be the splitting
field of the characteristic polynomial of A. Let Ay, A2,..., A\ € L be the distinct roots of
XA(:U) with algebraic multiplicities ni, ..., nm,, respectively, so that n = ny+---+n,,. Then
for each i € [m], there are positive integers ¢; < n; such that A is similar to a unique matrix
of the form @7, (DI, Ty, (A)) with mig = niz > - = nys, and S5 miy =n; -

Proof. By Theorem 2.3.2, the matrix A is similar to a block-diagonal matrix ", 4; in
M, (L), where A; is an upper-triangular matrix in M,, (L) all of whose diagonal entries are
equal to A;. Each A; is of the form \;I,,,+N; where N; € M, (L) is a strictly upper-triangular
matrix. By Proposition 2.5.3, each IV; is similar to a matrix of the form @?:1 Jn; ;(0) with
N1 > Ni2 > -+ > nig and Z?:l n;; = n;. Thus each A; is similar to a matrix of the form

D%, Jn. (\i) which implies that A is similar to a matrix of the form @b, (@&:1 In; ()\Z)> .

=1 Yni,; J

To deduce the uniqueness of the Jordan canonical form, we note from the formula in
(2.5.5) that for every ¢ € [m] the integers n;; are completely determined by the sequence,
{rank(A — /\iI)k}keN' O

2.6 Unboundedness of the Jordan-Chevalley decomposition

For a matrix A € M, (C), let A = D(A)+ N(A) be its Jordan-Chevalley decomposition. In
this section, we establish one of the key results of this thesis, namely that that the mapping
A — D(A) is norm-unbounded on the unit ball of M, (C) for n > 3.

Proposition 2.6.1. For every matrix A € M>(C), we have |D(A)|| < ||A|. Thus, the
image of the unit ball of M3(C) is norm-bounded under the mapping A — D(A).

Proof. Let A € My(C). If A has two distinct eigenvalues, then A is diagonalizable. Thus
we have D(A) = A and N(A) = 0, and in this case, | D(A)|| = ||A]|. If A has only one
eigenvalue A € C (with multiplicity 2), then D(A) must be similar to the scalar matrix A5,
whence D(A) = Al. Thus, in this case, ||[D(A)|| = [|A 2] = |A] < ||A]]. O
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Remark 2.6.2. From the uniqueness of Jordan-Chevalley decomposition, it is easily veri-
fied that for a matrix A € M,,(C) and an invertible matrix S € GL,,(C), we have D(SAS~!) =
SD(A)S~L. Since sp(A) = sp(D(A)), and for A € C, \I,, is the only diagonalizable matrix
in M,,(C) with spectrum {\}, we see that if sp(A) = {\}, then D(A) = AI,,.

Proposition 2.6.3. Let A\, A2 € C be distinct complex numbers. Let A € M,,(C) and
B € M,(C) be complex matrices with sp (A) = {\1} and sp (B) = {\2}, and C € M,, »(C).
Let X € My, ,(C) be the unique matrix satisfying AX — XB = C. Then the diagonalizable

part of the matrix

A C
0,m B

in its Jordan-Chevalley decomposition, is given by

My, (A —X\)X

On,m >\2In

Proof. Since sp (A) N sp(B) = @, from Theorem 2.2.2, there is a unique matrix X in
M, ,(C) solving the Sylvester equation AX — XB = C. Let

A C A 0r.n I, X
M = , M = , and S :=
On,m B On,m B On,m In
Note that,
X A C I, —-X A 0nn
SMS™! = = =M
On,m In On,m B On,m In On,m B
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and the diagonalizable part of M is

D(M)=D(S'M'S)=S"'D(M")S =

Theorem 2.6.4. For n > 3, the image of the unit ball of M,(C) under the mapping
A — D(A) is norm-unbounded.

Al
Proof. First we prove the result for n = 3. Let A € C\ {0}, A4 := € M>(C), and

0 A
0
v = € M>1(C). Then the equation AyX = v has a unique solution, given by
1
1 1 1
1 _111p _1
X)\ _ A;lv _ A A2 _ A2
1 1
0 x| [! X
Let T\ € M3(C) be defined by
A1 0
Ay w
Ty := =10 N1
0172 0
0 0 O

Since Ay X — X -0 = v, from Proposition 2.6.3 the diagonalizable part of T in its Jordan-

Chevalley decomposition is given by

A0 -1
My AX),

D(T)) = =10 X 1
012 O

00 0
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Thus the Jordan-Chevalley decomposition of T} is given by,

0 XN 1|/=1l0ox 1|+]0o o0 of- (2.6.1)

With A\ := % for k € N, we note that the sequence {7, }ren converges in norm to a Jordan
matrix (and hence norm-bounded), while the sequence {D(T),)}ren is unbounded in norm
as the (1,3)-entry of D(T},) is —k.

For n > 3, considering the sequence {T, @ 0,,—3}ken in M, (C), a similar conclusion may
be drawn. 0

2.7 Concluding remarks

While the Jordan-Chevalley decomposition and the Jordan canonical form are classical
results, our approach offers new proofs. Conventional proofs of the Jordan—Chevalley de-
composition (such as in [HK71, Chapter 7]) typically rely on the structure theorem for
finitely generated modules over a principal ideal domain (PID); the relevant PID being the
univariate polynomial ring K[z], and the finitely generated K[z]-module being K" via actions

of polynomials in A € M, (K).

Apart from the above pedagogical application, we must emphasize that when dealing with
operators on an infinite-dimensional Hilbert space, a hands-on computational approach may
be more helpful as illustrated in our treatment of the Jordan-Chevalley decomposition of
matrices over C'(X) for X a Stonean space; this line of reasoning continues in subsequent

chapters on the convergence of normalized power sequences.



Chapter 3

Dunford decomposition and convergence
of normalized power sequences

3.1 Introduction

Let 47 be a complex Hilbert space, and T be a bounded operator on 5. The spectral
radius formula,

lim [|T%][ = x(T),

k—o00

indicates that the asymptotic growth-rate of the sequence {||Tk is governed by, and

thus carries information about the spectral radius of T'. This suggests that the asymptotic
behaviour of the power sequence, {T%}cn, may yield finer information about the spectral
properties of T'. In this vein, the spectral radius formula was considerably generalized by

Yamamoto as follows.

Yamamoto’s theorem (see [Yam67, Theorem 1]) Let A be a matrix in M, (C) and |\;|(A)
denote the j''-largest number in the list of modulus of eigenvalues of A (counted with

multiplicity). Then
lim s;(A%)% = |A](4),

k—o0

where s;(AF) denotes the j'i-largest singular value of A*.

Nayak significantly strengthened this result by proving a spatial version of Yamamoto’s
theorem, showing that for any matrix A € M, (C), the normalized power sequence |A¥|V/*,
converges in norm. In fact, an explicit description of the limiting positive-semidefinite matrix
is provided in terms of the diagonalizable part in the Jordan-Chevalley decomposition of

the matrix, as follows.

Nayak’s theorem (see [Nay23, Theorem 3.8]). Let A € M,(C) and {ai,...,an} be the
set of modulus of eigenvalues of A such that 0 < a1 < ag < -+ < ay,. Let A= D + N be
the Jordan-Chevalley decomposition of A into its commuting diagonalizable and nilpotent

parts (D, N, respectively). For 1 < j < m, let E; be the orthogonal projection onto the

47
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subspace of C" spanned by the eigenvectors of D corresponding to eigenvalues with modulus

less than or equal to aj, and set Ey := 0. Then the following assertions hold:

(i) The normalized power sequence of A converges in norm to the positive-semidefinite

matrix,

m
> aj(Ej — Ej).
j=1
(ii) A non-zero vector x € C™ is in ran(Ej)\ran(E;_1) if and only if limy_, HAk:L'H% = aj;.

The above result has been generalized to the context of real semisimple Lie groups, in
[HT24], by Huang and Tam. In [BB24], Bhat and Bala have shown that the normalized
power sequence of a compact operator on acting on a complex separable Hilbert space is

norm-convergent, making essential use of the above result for matrices.

The main goal of this chapter is to prove a generalization of [Nay23, Theorem 3.8] to the
context of spectral operators in B() (see Definition 1.3.11). We note the relevant result

below.

Theorem 3.4.2 Let A be a spectral operator in B(), and E4 be the idempotent-valued
spectral resolution of A. For A\ € R, let Fy := R(£4(Dy)). Then the following assertions
hold:

(i) {F)} er is a bounded resolution of the identity and

1 r(A)
lim |A*|% :/ A dF), in norm.
0

k—o00

Moreover, the spectrum of the limiting positive operator, for W\ aF N, IS,

sp (A) [ :=={|Al: A esp(4)],
the modulus of the spectrum of A.

(ii) For every vector x € €, there is a smallest non-negative real number A\, such that x
lies in the range of the spectral idempotent £4(Dy,), which may be obtained as the
following limit,

lim [|A*z|[% = A,
k—o0

Furthermore, in Theorem 3.4.4, as a consequence of Theorem 3.4.2, we obtain some
results pertaining to the asymptotic behaviour of one-parameter groups in %B(.#°) whose
infinitesimal generator is a spectral operator. Our techniques in proving Theorem 3.4.2
are necessarily different from those used in [Nay23|, where the trace in M, (C) plays an

important role in inferring spectral properties of A via the computation of its moments.
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Since there are spectral operators which are not trace-class (for example, invertible scalar-
type operators when . is infinite-dimensional), a direct imitation of the proof strategy in
[Nay23] is destined to fail.

It is worth pointing out that although in [Nay23], the spectral radius formula is never
used, and in fact, follows as a consequence of [Nay23, Theorem 3.8], whereas in our proofs
make generous use of the spectral radius formula in our arguments. Fuglede’s theorem (see
Theorem 1.3.1) helps us in splitting the problem into two parts, one involving invertible
spectral operators, and another involving spectral operators whose spectrum is contained in
a small disc centred at the origin of C. The argument is based on a careful analysis of the

interplay of these parts.
Let .# be a I1; factor. In [HS09, Theorem 8.1], Haagerup and Schultz showed that for an

operator in ./Z , its normalized power sequence converges in the strong-operator topology and
the spectral resolution of the limiting positive operator is described in terms of the so-called
Haagerup-Schultz projections. An operator in .# is said to be SOT-quasinilpotent if its
normalized power sequence converges to 0 in the strong-operator topology. In this context,
Dykema and Krishnaswamy-Usha ([DKU21]) identified an appropriate modification of the
notion of spectrality called the UNZA property (uniformly non-zero angles property). An
operator in .Z is said to have the UNZA property if the angles between its Haagerup—Schultz
projections are uniformly bounded away from zero. In [DKU21, Theorem 4.7-(ii)], it is
noted that every operator in .# with the UNZA property has a decomposition of the form
D+ N where D is a scalar-type operator and N is a SOT-quasinilpotent operator such that
DN = ND. In [DKU21, Example 5.1], an example is given of an operator in .# which is

not spectral in the sense of Dunford.

Interestingly, the path in [DKU21] is in the opposite direction to the one in our discus-
sion. There, one starts with the Haagerup-Schultz theorem about SOT-convergence of the
normalized power sequence of operators in .#, and uses its consequences to establish the
‘spectrality’ of a large class of operators in .# (the operators with UNZA property), whereas
we start with the spectrality of an operator and use it to prove the norm-convergence of its

normalized power sequence.

3.2 Dunford decomposition : Spectral operators

We have discussed the notion of spectral operators and some of their properties in §1.3.1.
The following theorems give a canonical reduction of bounded spectral operators, which we

shall refer to as the Dunford decomposition of a spectral operator.

Theorem 3.2.1 (see [DS88, Theorem XV.4.5]). An operator A € #(X) is spectral if and
only if there is a scalar-type operator D and a quasinilpotent operator N, in %(X) such
that DN = ND and A = D + N. Furthermore, this decomposition is unique, and A and D

have identical spectra and identical idempotent-valued spectral resolutions.
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Theorem 3.2.2 (cf. [DS88, Theorem XV.6.4]). An operator D € HB() is a scalar-type
operator if and only if there is a normal operator M and an invertible operator S, in B()
such that D = S~'MS.

It follows that the spectral projection of M corresponding to the Borel set  is given by

E(B) = SEp(B)S™,
where £p denotes the idempotent-valued spectral resolution of D.

Remark 3.2.3. In view of the above theorem, the Dunford decomposition of spectral oper-
ators in Z(s) may be regarded as a generalization of the Jordan—Chevalley decomposition
for matrices, since quasinilpotent operators in Z(J) generalize nilpotent matrices, and

scalar-type operators in # () generalize diagonalizable ones.

Since the property of being a quasinilpotent operator is preserved under similarity, and
the commutation relation is preserved under similarity implemented by the same invertible

operator, we make the following remark.

Remark 3.2.4. An operator A € B() is spectral if and only if it is similar to a sum
of a normal operator and a quasinilpotent operator in (%), which commute with each
other, that is, there is a normal operator M, a quasinilpotent operator N, and an invertible
operator S, in #() such that A = S~1(M + N)S.

In Lemma 3.2.6, we note an approximation result concerning the terms in the normalized
power sequence of spectral operators of the form M + N, where M and N are commuting
normal and quasinilpotent operators, respectively, in % (7). This result encapsulates the
norm convergence of the NPS for such spectral operators, with the limit being the positive

operator |M|.

Lemma 3.2.5. LetT € #B(), and N be a quasinilpotent in B(.), such that TN = NT.
Then,

(i) TN is quasinilpotent.
(ii) sp(T'+ N) =sp (T'). In particular, T + N is invertible if and only if T' is invertible.

Proof. Note that sp (N) = {0}, as N is quasinilpotent. Since TN = NT, from [KRS83,

Proposition 3.2.10], we observe that,

3p(T'N) C sp (T)sp (V) = {0}, (3.2.1)
sp(T'+ N) Csp(T)+sp(N)=sp(T). (3.2.2)

(i) Since the spectrum of an operator is non-empty, from (3.2.1), we note that sp (T'N) = {0}.
Thus, T'N is quasinilpotent.
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(ii) Since T'+ N and —N commute, as an application of (3.2.2), we also have the opposite

inclusion,

sp(T) =sp((T'+ N)+ (=N)) Csp(I'+ N) +sp(=N) =sp(T+ N).
In particular, 0 ¢ sp (T'+ N) if and only if 0 ¢ sp (T); equivalently, T'4+ N is invertible
if and only if T is invertible. O

Lemma 3.2.6. Let M be a normal operator and N be a quasinilpotent in %B(), such
that NM = MN. Let e > 0, and E; and E. = I — E. be the spectral projections of M
corresponding to D, and C\Dg, respectively. Then, there is a positive integer n(e) € N such
that for all k > n(e),

(1—e)? (M*M)*EL < (M +N)*)" (M +N)* < (1+¢)* (M*M)*EL+ (2¢)** E.. (3.2.3)

Proof. To begin with, we derive operator inequalities (see (3.2.4) and (3.2.7)) in two cases
based on simplifying assumptions on the normal operator IV, and eventually combine both

to arrive at inequality (3.2.3).

Observation 1 : If M is invertible, then there is a positive integer n(e) € N such that for
all k > n(e),

(1— ) (M*M)* < (M + N)EY (M + N)F < (1+ )2 (M M)E. (3.2.4)

Proof of Observation 1. Let S := 1+ M~'N. Since MN = NM, we have M + N = MS =
SM. Since M~ commutes with N, by Lemma 3.2.5, we note that M ' N is quasinilpotent

and that S is an invertible operator. For each k£ € N, we have the operator inequality
IS7FI72 < (S%)*s* < ||ISH|PL
From inequality (OI3), we have

[SHI"2MF ME < MFTSKTSFME = (M 4+ NYF) (M + N)* < | S52MM ME. (3.2.5)

By Lemma 3.2.5-(ii), sp (S) = sp (I) = {1} so that sp (S™1) = sp ($)™" = {1}. Hence,

from the spectral radius formula, there is a positive integer n(¢) € N such that
IS¥I < (1 +¢e)*, and ||S7F|| < (14 &)k, for all k> n(e). (3.2.6)

Keeping in mind that (1 —¢) < (1 +¢)!, and combining the inequalities in (3.2.5) and
(3.2.6), we get inequality (3.2.4). O
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Observation 2 : Ifsp (M) C D, then there is a positive integer n(e) € N such that for all
k> n(e),
0< ((M+N)*)"(M+ N)* < (2¢)*1. (3.2.7)

Proof of Observation 2. Since M and @ commute, by Lemma 3.2.5, note that sp (M) =
sp (M + N) C D.. From the spectral radius formula, for large enough n, we have

I(M + N)M|| < (20)",
whence inequality (3.2.7) follows from (OI1). O

Now that the result has been established in the above two special cases, we proceed
towards the case of general M. Since N commutes with M, by Fuglede’s theorem, N
commutes with all spectral projections of M. In particular, M, M*, N, N* commute with

the projections E. and E..

Note that ELM, ELN may be viewed as an invertible normal operator, a quasinilpotent
operator, respectively, in % (Eé(%” )), and they commute with each other. By inequality
(3.2.4) in Observation 1, there is a positive integer n;(e) such that for all k& > nq(e),

(1 =) (M*M)*EL < (M + N)*)" (M + N)*EL < (1 + ¢)**(M*M)*EL. (3.2.8)

Similarly, we view E.M as a normal operator and E.N as a quasinilpotent operator,
in %’(Eg(%”)) Clearly, M E. and NE. commute with each other, and sp (E;) C D.. By
inequality (3.2.7) in Observation 2, there is a positive integer na(e) such that for all £ >
ni(e),

0< ((M+N)*)"(M+N)*E. < (2¢)**E.. (3.2.9)

Let n(e) = max{ni(g),n2(e)}. Keeping in mind the orthogonal sum E. + E. = I, and
adding the inequalities in (3.2.8) and (3.2.9) for £ > n(e), we get our desired inequality
(3.2.3). 0

We note that Lemma 3.2.6 is crucially used in our proof of Theorem 3.4.2. Thus it may
be useful to keep in mind that our approach essentially splits the problem into two parts,
one involving invertible spectral operators, and another involving spectral operators whose

spectrum is contained in a small disc centred at the origin.

3.3 A preparatory analysis

In this section, our main goal is to prove the norm-convergence and find the norm-limit of
the sequence {(S*H kS)%}keN, for S an invertible operator and H a positive operator in
PB(H). We first establish this for the case where H has finite spectrum, and subsequently

extend the result via an approximation argument to obtain the result for the general case.
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This is a crucial step for transition from the special case of spectral operators, those of
the form M + N, where M and N are commuting normal and quasinilpotent operators,
respectively, in Z(J), to the general case of spectral operators in #() in the context of
Remark 3.2.4.

Lemma 3.3.1. Let Hy, Ho,...,Hy, be positive closed-range operators in #(). Then,

for sequences {a1 i }reN, {a2,k }keN, - - -, {@m i }ken of non-negative real numbers, the limit

k—o0

m
1=1

exists in norm if and only if the limit

e

k—o0

m

lim (Z aix R(H;))
i=1

exists in norm. Moreover, when the limits exist, they coincide with each other.

Proof. Let h_1 : R>g — R-( be the function defined by h_j(z) = 27! for € R0, and
h_1(0) =1, and h1 : R>9 — R>( denote the square root function, x + /.
1R >

For each ¢ € [m], since the range of H; is closed, by Lemma 1.3.2, sp (H;)\{0} is a
compact set, whence h_; is an invertible continuous function on sp (H;). Note that the
restriction of the function hih_jh1 to sp (H;) is the indicator function on sp (H;) whose

2 2
support is the closed set sp (H;) \{0}. Using the continuous function calculus for H;, we
observe that the operator S; := h_1(H;) is positive and invertible in Z(J), satisfying
(Hi) = (hih-1h1)(H;) = R(H;).
Let a := min {||S; (|7}, and 8 := max{||S;||}. Then, using (OI2), we have
1€[m] i€[m]

al < S5; < Bl ;iem]

It follows from (OI3) that,

Since a;1’s are non-negative real numbers, for each k € N, we have

aiai,k H; < iai,k R(H;) < 5%%1@ H;.
=1 =1 ;

=1
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It follows from (OI4) that,

and by simple algebraic manipulation,

% Zasz % < ZazkH % < « % Zasz

z-\»—‘

Since 0 < a < 3, we have limy_, ak = limy oo ﬁ% =1, and the result follows from the

sandwich theorem for limits. O

Proposition 3.3.2. Let a1 < -+ < a,, be non-negative real numbers and Hy,...,H,,
be positive operators in %() such that for each i € [m], the reverse cumulative sum,
> j; Hj, is a closed-range positive operator. Define G; := R(}_[L; Hj) for i € [m], with
the convention that G,,+1 := 0. Then,

m
khﬁrg() (Za;C HZ)% :Zai(Gi — Giy1), In norm.

= =1

Proof. For i € [m], let us denote the reverse cumulative sums by,

m
K; = ZH
j=i

so that G; = R(K;) for i € [m], and Gj41 = 0 as stipulated in the hypothesis of the theorem.
Since K1 > K9 > --- > K,,,, using Lemma 1.3.4, we have

G >G> >Gp.

Thus {G; — G,11 : i € [m]} consists of mutually orthogonal projections, and using Abel’s

summation by parts, we have

(Zai(Gi_GH—l)) = Z af (G; — Giy1) = af G1 + Z afy —al) Gij,

i=1 =1 i=1

Hence, for all k£ € N, we have

(al G1+ Z ak z+1>

==

> ai(Gi = Gipr). (3.3.1)
=1
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Again using Abel’s summation by parts, we get

m k—1
k k k k
i=1 i=1
: k k _ k k _ k f : 1
Since {af}ren,{as — af}tren,....{ay, — a},_;}ren are sequences of non-negative rea

numbers, and by our hypothesis K;’s are positive closed-range operators, using Lemma
3.3.1 and equation (3.3.1),

1 1

lim (Dl Hy) ¥ = lim (af Ko+ ) (alfyy — af) Kin)®
i=1 i=1

m—1 1

- khjgo (a’f G+ Z (a§+1 —ay) Giy1)*
i=1

= a;i(Gi—Gin),

i=1
where the above limits are taken in the norm topology. O
Corollary 3.3.3. Let a1 < ... < a,, be non-negative real numbers. Let Ei,...,E, €

PB(H) be mutually orthogonal projections such that Fy + -+ + E,, = I, and S be an
invertible operator in B(¢). Fori € [m], let F; := R(S_1(22:1 E;)S) with Fyy := 0. then,

el

m m
lim (Zaf S*E,-S) = Z%’(Fz’ — F;_1), in norm.
oo 4 i=1
Proof. Clearly for each i € [m], the operator S*E;S is positive, and Z;”:z Ej; is a projection,
being a sum of mutually orthogonal projections. From Remark 1.3.5, the reverse cumulative
sum Y 0, S*E;S = (301, Ej)S, is a positive closed-range operator.

Let G; := R(S* (371, £)S) for i € [m], with Gj41 := 0. From Lemma 1.3.6, for i € [m]

we observe that

m i—1

G; —I—R(S_l(I—ZEj)S) —I—R<S_1(2Ej)5’> =1-F_;.

j=i j=1

Hence, keeping in mind that F,,, = I, we have G; — G;4+1 = F; — F;_1, for each i € [m)].
The result then follows from Theorem 3.3.2. O

Lemma 3.3.4. Let {E)\} \cr be a bounded resolution of the identity on a Hilbert space
€, and S be an invertible operator in ¢. Then the family {R(S‘lEAS)})\e]R defines a
bounded resolution of the identity on €.

Proof. Let Sy be an invertible operator in #(). For A € R, let Fy := R(S5E\S0).
We first show that {F)},ecr is a bounded resolution of the identity. From Remark 1.3.5,
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F\ =R(S5E)). Since Sj is invertible, note that Sj ran(F)) is a closed subspace of ¢ and
ran(Fy) = S5 ran(E)y).

(i) Since Mycgran(Ey) = {0} and g ran(E)) is dense in 7, from the invertibility

of S5 we have

() ran(Fy) = S5Negran(Ey)) = {0},
AER

U ran(F)) = S5 (U cgran(Ey)) is dense in 2.
AER

ThllS, /\)\GRFA = 0, and \/)\GRFA =1.

(i) If X < X, then

Ey < Exy = SgE\Sy < S;E\So
= R(S5ExS) < R(S;ENSo)

= F\ < Fy.

(iii) Since E) = Ay~ Ey, we observe that ran(Ey) = (s, ran(£y). Thus,
ﬂ ran(Fy) = S5 (Nysaran(Ey)) = S; ran(Ey) = ran(F)),
A >A
which implies that Ay, Fx = F).
From the above, we conclude that {F},cr is a resolution of the identity. Note that F = 0,

F = I, respectively, if and only if F\ = 0, E\ = I, respectively. Thus {F)},cr is a bounded

resolution of the identity.

Let us choose Sy to be the invertible operator (S~!)*. Using Remark 1.3.5, we have
R(ST'E\S) = R(ST'E)\) = R(SE)) = R(S;E\So).

From the preceding discussion, we conclude that {R(SflE ) )} e defines a bounded res-
olution of the identity on J2. O

Theorem 3.3.5. Let H € B(H) be a positive operator with spectral resolution { E} xcr,
and S be an invertible operator in B(). For X\ € R, let Fy := R(ST'E\S). Then {F)\}\cr

is a bounded resolution of the identity and

IH]|
(S*HkS)% z/ A dF), in norm.
0

lim
k—o0

In addition, the spectrum of the limiting positive operator, OHH” A dF), coincides with the

spectrum of H.
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Proof. From Lemma 3.3.4, { F\} »cr is a bounded resolution of the identity. Since F)\ — Fy, =
0 if and only if Fy — Ey = 0, from Theorem 1.3.8 it follows that the spectrum of the positive
operator fOHH” A dF), coincides with the spectrum of H.

Without loss of generality (by replacing H with H/||H| if necessary), we may assume
that ||H|| = 1, so that sp (H) C [0, 1]. Below we set up some notation. Let K := f”HH A dF).
For m € N, we partition [0, 1] uniformly into intervals [%, %} ; @ € [m], and let E;,, and
F; ;, denote the spectral projections for H and K, respectively, corresponding to the interval

[0, %] The lower and upper approximations to H are defined as follows :

m m
i— 1 7
m —Ei 1m ’ E —Ei- 1,m)-

i=1

Similarly, the lower and upper approximations to K are defined as follows :

m m
Km = Z % (Fz,m - -Fi—l,m) ) Kq/’n = Z % (E,m - Fi—]_7m) :
i=1 i=1
Our main interest is in the norm-convergence of the sequence T} := (S*H kS)% The

approximation argument involves lower and upper approximations of Ty by

Ty = (S*HE S)E | = (S*H'.*S)%, for m,k € N.

mk -
By Corollary 3.3.3, for every m € N, we have

lim T, = Ky, ,  lim T, . =K.
k—o00 ’

k—o0

Given ¢ > 0, fix a positive integer m. such that mis < §. There is an n(e) € N such for
all k > n(e), we have

e
1T = Kol < 5 o [ Thus

By inequality (OI1), we see that,
—5I < Ty — K, < 51, =51 < T, — K, < 5I Yk>n(e). (3.3.3)

Since H¥ < H* < H!.* for all m,k € N, we have

S*H*s < S*HES < S*H' 'S, by inequality (OI3)
= T < Tp < Ty by inequality (OI4)
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Combining with (3.3.3), we see that for all £ > n(e),

_%I+Km5 < Tma,k < Tk < T/ k < K»:ne_‘_%l-a

Mme,

— i+ Ky K <Th—K < K, —K+5I.

Since || Ky, — K|| < == < 5 and | K,  — K|| < mie < §, for all k > n(e) we have,

1
me
—l < T, — K < el

In summary, for every ¢ > 0, there is a positive integer n(e) such that for all & > n(e),
we have ||T, — K|| <e. Thus, limy_, o Tf, = limkﬁoo(S*HkS)% =K. O

3.4 Norm convergence of the normalized power sequence of

spectral operators

In this section, we prove the main result of this chapter, which asserts the norm-convergence
of the normalized power sequence of a spectral operator, providing an explicit description
of the limiting positive operator in terms of its idempotent-valued spectral resolution. We
recall that for r > 0, D, denotes the disc of radius r in C centred at the origin, and for
r < 0, we stipulate that D, = &; in addition, for r € R, H,. denotes the closed half-plane of

complex numbers with real part less than or equal to r.
The following lemma serves as a technical tool which facilitates the use of Theorem 3.3.5

in Theorem 3.4.2.

Lemma 3.4.1. Let T € #A() and S be an invertible operator in (7). Then the
NPS (normalized power sequence) of S~'T'S converges in norm if and only if the sequence
{(S*T*"TkS )i}keN converges in norm. Moreover, when the limits exist, they coincide with

each other.
Proof. Since S is invertible, we observe that

15721 < S~V < (ISP, by inequality (O12)
— ||S]| 728 TR TRS < S* TR ST SRS < ||STY RS TFITRS. by inequality (OI3)

Thus from inequality (OI4), it follows that,

|SI7* (" T T )% < |(STTSHE < |STE(S T TS (34.0)

By basic algebraic manipulation, from inequality (3.4.1), we get

IS~ =F|(STITS)H| % < (ST ThS) 7 < |[S||F|(S™'TS)k. (3.4.2)
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Since limy_s00 HS||% = limg_ o0 HS‘1||% = 1, the result follows from inequalities (3.4.1)

and (3.4.2), using the sandwiching of limits. O

Theorem 3.4.2. Let A be a spectral operator in B(), and E4 be the idempotent-valued
spectral resolution of A. For A\ € R, let Fy := R(£4(Dy)). Then the following assertions
hold :

(i) {F)} er is a bounded resolution of the identity and
L r(A)
lim |AF|* :/ A dF), in norm.
k—oo 0

Moreover, the spectrum of the limiting positive operator, for W\ ar N, IS,
sp (A) [ == {|A] : A € sp(A)},

the modulus of the spectrum of A.

(ii) For every vector x € ¢, there is a smallest non-negative real number \, such that x
lies in the range of the spectral idempotent £4(Dy,), which may be obtained as the
following limit

lim [|AFz|% = A,
k—o0

Proof. Let the unique Dunford decomposition of A be given by D + N, where D is scalar-
type, and N is a quasinilpotent operator commuting with D. From Theorem 3.2.2, there
is a normal operator M and an invertible operator S, in %(s#) such that D = S~1MS.
Without loss of generality, we may assume that ||S|| = 1, by replacing S with S/||S]| if
necessary. Let N’ := SNS~!. Note that

sp (N') =sp (SNS™1) = sp (N) = {0},

so that N’ is a quasinilpotent operator. Since DN = ND, clearly M = SDS~! and
N’ = SNS~! commute with each other, and A = S~*(M + N')S.

(i) For a Borel set B € B, note that the spectral projection of M corresponding to B is
E(B) := SEA(B)S™!L. For A € R, we define E) := E(D)) = SE4(Dy)S™?; recall that
Ea(Dy) = €4(@) = 0 when A < 0. It is not difficult to see that {E)}xer is a bounded

resolution of the identity.

Let 0 < e < 1,and E. := SE4(C\D,)S~! = I — E.. Then, from Lemma 3.2.6, there is
an no(e) € N such that for all £ > ng(e),

(1—e)?* (M*M)*E. < (M + N")*)*(M + N')* (3.4.3)
< (1+4e)* (M*M)*E! + (2¢)% E..
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Clearly, ELM™ M* = |E.M|**. For the sake of convenience, we introduce the following

notation:

H.:=|E'M|=(I-E)|M|, H:=|M|, Tj:=(S"(M+N)"(M+ NSz,

Note that H is a positive operator with spectral resolution {E)}\er, and from Remark

1.3.9, the spectral resolution of the positive operator H. is given by

B = E.+ (I - E.)E\ =5 EA(D.) S™' + (S E4(C\D.) S™1)(S Ea(Dy) S71)  (3.4.4)
=S5 &4 (D: U (Dy\D.)) S~L

Clearly, H. < H and recall that ||S|| = 1. Using inequality (OI3) in inequality (3.4.3),
for all k > ng(e) we have,

(1—¢)k S*H?*S < TZ*

IN

(14¢)% §*H?*S + (26)* S*E.S
< (L4e)* S*HZFS + (2)* |IS)1° 1

< (14¢)%* S*H™S 4 (2¢)%F1.
Consequently, from inequality (OI4) and Lemma 1.3.3, we observe that for all & > ng(e),
1

(1—e) (S*HZ*S)* < T, < (1+e¢) (S*H%S)ﬁ + 2¢l. (3.4.5)

For \ € R, let F\:=R(S'E\S) =R(£4(D))) and
F = R(SEYS) = R(£4(D. U (Dy\Dy)))

From Lemma 3.3.4, we observe that that F), F )(\E) are bounded resolutions of the identity.
Let
]| 1 He|l ©
K::/ AP, K. ::/ AdFY.
0 0

Since F = F;\a) for A > £, we note that

|K: — K|| < 2e.
From Proposition 3.3.5,
lim (S*szS)ﬁ =K, lim (S*szS)i =K., in norm, (3.4.6)
k—o0 k—oo €

with sp (K) = sp (H) = [sp (M) | = [sp (A) |, and sp (K.) = sp (He) = [sp (ELM) |.
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From the norm-convergence in (3.4.6), there is a positive integer n(e) > ng(e) such that

for all k£ > n(e), we have
I(S*HZES)% —K.|| < ¢ and |(S"H*S) — K| < e,
which, using (OI1), yields the following operator inequalities,

—eI < (S*H?*S)2r — K. < el and —cl < (SH*S)% — K < ¢l (3.4.7)

Using inequality (3.4.7) in combination with inequality (3.4.5), for all & > n(e), we have

(1—e)(K.—el) < Tiy < (1+¢&)(K+el)+2¢l. (3.4.8)

Recall that € < 1. Since K < || K||I, we get the following upper bound for T}, — K from
inequality (3.4.8),

T, — K <el +eK + &% + 21 < (44 ||K||)el, for k > n(e).
Since ||K — K.|| < 2¢, clearly
—2e] < K—-K. < 2, |K|<|K|+2<|K|+2,
and we get the following lower bound for T}, — K from inequality (3.4.8),

Ty —K>(—K+K,)—ecl —e(K.—¢el) > —2el —el — ||K.||el
> =3¢l — (|[K|| +2)el > —(5+ ||K|))el, for k > n(e).

Thus, for k > n(e), we have
—(5+||K|)el <Tp — K < (4+ || K|)el,

which implies that [T, — K| < (5 + ||K]|)e. We conclude that the sequence {Tj}ken,
converges in norm to K. Finally, from Lemma 3.4.1, it follows that the normalized power

sequence of A = S~Y(M + N')S converges in norm to K.

Let Ag € R. Note that as a function of A\, F) is constant in a neighbourhood of \q if
and only if £4(D)) is constant in a neighbourhood of Ay if and only if F) is constant in
a neighbourhood of \g. From Theorem 1.3.8, we observe that Ao ¢ sp (K) if and only if
Ao ¢ sp (|M]), from which it follows that,

sp (K) = sp (|M]) = [sp (M) | = |sp (D) | = [sp (4) |.

(ii) For a vector z € A, let Ay := {\ > 0: x € ran (£4(Dy))}. Since ran(Ea(Dy(a))) = A,
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clearly r(A) € A, so that A, is a non-empty subset of R>o. Let A\; denote the infimum of
A,. Note that {R(E4(Dy))}aer is a bounded resolution of the identity as shown in part (i),
and from the monotonicity and right-continuity of resolutions of the identity (see Definition
1.3.7), one readily verifies that A\, € A,.

For 11 > 0, let ¥, := ran(€a(D,)) and #}, := ran (E4(C\D,)) = ker (€4(D,)). The
idempotent £4(C\D,) is the projection onto the subspace %, along the complementary
subspace ¥7},. In particular, for every pair of vectors v € ¥, w € #},, we have E4(C\D,,)(v+

w) = w. Since ¥, and ¥, are invariant under A, for every n € N we have,

E4(C\D,)(A*v + AFw) = AFw. (3.4.9)

Observation 1 : For u > 0 and a vector x in ¥, we have
. T
limsup ||A%z||* < p.
k—o0

Proof of Observation 1. Note that sp (A|'7/u) C D,. For every vector z in ran(EA(ID)u)),

using the spectral radius formula we have,

. 1 . 1 . 1 1
tin sup | A%z = T sup (4]l < timsup (11(A]y,0)411E ]}

k—o0 k—o0 k—o0

. TS . 1
(Jim b1 ) (i ol )
L.

Observation 2 : For 0 < u < r(A) and a vector x in S\ ¥ u, we have

IN

lim inf HAkiL'H% > .
k—ro0

Proof of Observation 2. Since the assertion is trivially true for u = 0, we may assume that
> 0. Note that sp (A’“///u) is contained in the closed annulus m, so that Ay, is
invertible. From the spectral mapping theorem, it follows that sp((A|y,)~"') is contained
in the closed annulus W. Using the spectral radius formula, we observe that
limy oo [|(Aly) FIF < k|-
vector x in # u, we get the following inequality,

, which implies limj_,o |[(Alxp) F > u. For a non-zero

o SRS . k i . —n =1 +
lim inf | A%a||E = Tim inf || (Al al|E 2 Hming (I(Abr) )7 l2])

_1 . 1
= (i b1 ) (i ol )

> .

More generally, for a vector x in J#\¥ i, there is a unique pair of vectors v € ¥ p,w €
W such that @ = v + w and w # 0. Note that £4(C\D,) # 0 as p < r(A4), so that
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|E4(C\D,)|| > 0. For a := [|Ea(C\D,)[|™* > 0 and n € N, using (3.4.9) we have the
inequality, ||A¥v + AFw| > a||A*w||. Tt now follows from the first part of the proof that

h’gnlnf HAka ko= hmlnf | A*v + Aka k> hmlnf (ozk || A*w]|® )

<hm1nf\|A w||k> <lim allc>
k—o00

> W U

For a vector = € 57 and € > 0, from Observation 1, Observation 2, and the definition of
Az, it follows that

Az —€ < liminf HAka% < limsup HAka% <Az
k—o0 k—o00

Thus, for every vector x in ¢, the limit of the sequence {HAk:UH%}kGN exists, and is equal
to Az. ]

Remark 3.4.3. We record two immediate consequences of Theorem 3.4.2. Firstly, note
that the norm-limit of the normalized power sequence of a spectral operator does not depend
on the quasi-nilpotent part in its Dunford decomposition. Secondly, since every matrix in
M,,,(C) is a spectral operator, [Nay23, Theorem 3.8] follows as an immediate corollary of
Theorem 3.4.2.

As a natural corollary of Theorem 3.4.2, below we derive some results on the asymptotic
behaviour of a one-parameter dynamical system with state space . whose infinitesimal

generator is a spectral operator.

Theorem 3.4.4. Let A be a spectral operator in B(), and €4 be the idempotent-valued
spectral resolution of A. For A € R, let Gy := R(Ea(H)y)). Then the following assertions
hold:

(i) {Gx}aer is a bounded resolution of the identity and

r(A)
tli)m \exp(tA)ﬁ :/ exp(A) dGy, in norm.

—00

Moreover, the spectrum of the limiting positive operator, fi(o‘g) exp(A\) dG), is,
exp (R (sp (4))) = {exp(RA) : A € sp(A4)}.

(ii) For every non-zero vector x € J¢, there is a smallest real number ,, such that x lies in
the range of the spectral idempotent £4(H.,, ), which may be obtained as the following
limit,

o (| exp(tA) ) _

t—o00 t

€T
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Proof. Let A be a spectral operator, and £4 be the idempotent-valued spectral resolution
of A. Since the scalar function z — exp(z) is analytic on sp (A), it follows from Theorem
1.3.21 that exp(A) is a spectral operator, whose idempotent-valued resolution of the identity,

Eexp(A)» 18 given by Eqya)(B) = Ex(exp~! B) for a Borel set .
For A\ € R, let F) := R(gexp(A) (D)\)). Note that gexp(A) (Dexp()\)) = 5A(HA) for all

A € R, whence Gy = Fyp(y) for all A € R. Since exp |r is a strictly increasing continuous
function and {F)} cr is a bounded resolution of the identity, it follows that {G)}acr is a
bounded resolution of the identity. Moreover, the projection-valued measure corresponding
to {Gx}xer is the pushforward of the projection-valued measure corresponding to {F)}rer
under exp |g. Thus, using Theorem 3.4.2-(i) and noting from the spectral mapping theorem
that r(exp(A4)) = exp(r(A)), we conclude from a change of variables (cf. [Bog07, Theorem
3.6.1]) that

=

r(exp(A)) r(A)
:/ A dF), :/ exp(A\) dG), in norm,
0

—00

lim |exp(kA)]
k—ro0

and the spectrum of the limit is,

|sp (exp(A)) | = {[Al: A € sp(exp(A))} = {[exp(A)[ : A € sp(A)}
= {exp(RA) : A € sp (A)} = exp (R (sp (4))) -

From Theorem 3.4.2-(ii), for every vector x € %, there is a smallest non-negative real
number )\, such that x lies in the range of the spectral idempotent Ep(4)(Dy, ), which may

be obtained as the following limit,

lim || exp(kA) z||F = A,.
k—o0
keN

Let o € J be a non-zero vector. Since exp(A), being invertible, has trivial nullspace, we
observe that Ay := {X > 0: z € ran (Eexp(a)(Da))} is bounded below by (r(exp(A)_l))_l.
In particular, A, = min A, > 0 for all z # 0.

Let 7, := In ;. Since Eo(H)) = Eexp(a) (Dexp(r)) for all X € R and exp() is a strictly
increasing function, it follows that ~, is the smallest real number such that x lies in the

range of the spectral idempotent £4(H,,). Hence,

lim | exp(kA) || % = exp(y;)
k—o0

keN
o a2l
k—oo k

keN
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Imitating the steps in the proof of [Nay23, Theorem 4.1], we conclude that

1
t

. . 1
Jim [exp(tA)|7 = lim [exp(kA)[%,

teR keN
and that
lim || exp(tA) xH% = lim || exp(kA) xH% = exp(7,) for every x € . O
t—o0 k—o0
teR keN

3.5 Normalized power sequences of weighted shift operators

In [HS09, Example 8.4], an example of a weighted shift operator due to Voiculescu is given
whose normalized power sequence does not converge in SOT, and a fortiori, does not
converge in norm. In [BB24, Example 3.12], Bhat and Bala consider yet another example of
a weighted shift operator that does not converge in WOT, and a fortiori, does not converge
in norm. In Proposition 3.5.2 below, we characterize all unilateral weighted shift operators

for which the normalized power sequence converges in norm.

Definition 3.5.1. Let w = {wg}ren be a bounded sequence of complex numbers, with
the convention that wg := 0. Let {6y }ren denote the standard orthonormal basis of £2(N),
with the convention dy := 0. The bounded operators Fy, By, : £>(N) — ¢*(N) defined on
the standard orthonormal basis as Fy,(dp) = Wmdm+1, Bw(0m) = Wmdm—1, respectively, for
m € N, are said to be the unilateral weighted forward-shift operator, weighted backward-shift

operator, respectively, with weight w.

Proposition 3.5.2. Let w = {wg}ren be a bounded sequence of complex numbers.

(i) For m,k € N, let

1
k—1 ®
Qo 1= (H ]wmﬂ-\) .
i=0

Then the normalized power sequence of F,, converges in norm if and only if there is a
non-negative real number o such that limy_, oy, = o uniformly in m; in this case,

. 1 .
limy, o0 |FE|%* = al in norm.

(ii) The normalized power sequence of B,, converges in norm if and only if limy_,~, wy = 0;

. . . 1 .
in this case, limy_,o |BF|¥ = 0 in norm.

Proof. We use the convention wy, := 0 for m € Z\N. Note that F;(6,,) = Wyn_1 dm—1 and
B! (0m) = Wmt19m+1 for m € N. Let Ej, denote the projection onto the span of d,, for
m € N. A straightforward computation tells us that (F¥)*Fk = ZmeN(Hi‘:ol |wim+il?)Es,,

k—
and (BY)"Bj, = 3 pen(ITi=g [wm—il*)Es,-
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(i) Since

k-1
‘Fzﬁ}% = Z (H ’wm+z‘\)%Eém = Z ami Es,,,

meN =0 meN

the assertion follows.

(ii) Note that |ij)]% — 0 in SOT. So the only possibility for its norm-limit is 0. From

above, we have

Sl

5 = 3 (] fwmi)

Es .
meN =0

Observe that for each m € N, the limit limj_ oo Hi':ol |wm—i|] = 0, and this convergence

is uniform in m if and only if limg_,o |wg| = 0 if and only if limg_,o wr = 0. Thus the

assertion follows.

O]

3.6 Concluding remarks

From [HS09], [DKU21] and our discussion, there appears to be an intimate connection
between the notion of spectrality of an operator (and its variants) with the convergence of
its normalized power sequence in an appropriate operator topology (such as norm-topology,
SOT, WOT, etc.). Although the normalized power sequence of every compact operator on
A converges in norm (see [BB24]), there are compact operators which are not spectral in
the sense of Dunford (see Examples 4.3.1, 4.3.2). Might some modification of the notion
of spectrality account for all compact operators? Or is there a phenomenon broader than
spectrality which governs the convergence (or lack thereof) of the normalized power sequence

of operators? In view of these mysteries, one may pose a general question.

Question : Characterize all operators A € %B(.#) for which the normalized power sequence
converges in norm/ SOT/ WOT.



Chapter 4

Dunford-type decomposition for compact
operators

4.1 Introduction

Compact operators are often viewed as infinite-dimensional analogues of matrices, serving
as a natural bridge between the finite and infinite dimensions. Beyond their approximation
by finite-rank operators, compact operators also exhibit deep spectral behaviour reminiscent
of spectral operators. While compact operators are not, in general, spectral operators, they
still enjoy a notable spectral theory : each non-zero spectral value of a compact operator is
isolated, and admits a Riesz idempotent, which projects onto the corresponding generalized
eigenspace. These Riesz idempotents, though not uniformly bounded, play a role analo-
gous to the idempotent-valued spectral resolutions available for spectral operators. This
resemblance is more than superficial; it points toward a deeper structural affinity between

compact and spectral operators.

Further evidence of this affinity arises from the behaviour of normalized power sequences.
For a compact operator acting on a complex separable Hilbert space, Bhat and Bala showed
in [BB24] that the sequence {|C* ]%} ken converges in norm. This further motivates the quest
to understand compact operators through the lens of spectral-type decompositions. The
question of whether a Dunford-type decomposition exist for compact operators guides our
investigation in this chapter. In Theorem 4.4.9, we establish a Dunford-type decomposition
for compact operators in Z(s). While the components of this decomposition need not
be bounded, they retain enough structure to justify the terminology of a Dunford-type
decomposition; the scalar-type and quasinilpotent parts are shown to be simultaneously
quasi-similar to a bounded normal operator and a bounded quasinilpotent operator, which
commute with each other. In the context of Remark 3.2.4, this decomposition generalizes
the Dunford decomposition, by relaxing the notion of similarity to that of quasi-similarity.

Furthermore, such a decomposition is shown to be unique.

We begin this chapter by revisiting the norm convergence of normalized power sequences

for compact operators and prove a more general version of the result of Bhat and Bala.

67
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We then construct two examples of non-spectral compact operators acting on the infinite-
dimensional complex separable Hilbert space @), oy C3, before moving on to the final section,

which is devoted to the main result of this chapter.

4.2 Norm convergence of the normalized power sequence of

compact operators

In this section, motivated by the techniques used in Chapter 3, we provide an alternative
proof of [BB24, Theorem 3.10], which asserts the norm-convergence of the normalized power
sequence for compact operators acting on a complex separable infinite-dimensional Hilbert
space. Note that our proof in Theorem 4.2.4 is valid for non-separable Hilbert spaces as well.
It is motivated by the fact that compact operators are not too far from being spectral, and
may admit an idempotent-valued spectral resolution if the condition of uniform boundedness,
Definition 1.3.10-(iv), is dropped; the natural candidates for the spectral idempotents being
the associated Riesz idempotents. Our approach also yields an explicit description of the

limiting operator in terms of the Riesz idempotents associated with the compact operator.

Lemma 4.2.1. Let 5 be a complex Hilbert space, and £ be a bounded idempotent in
PB(H). Then,
EP+ I -EP =EE+(T-E)I-E),

is a positive invertible operator.

Proof. Since £* is an idempotent in Z (), ran(E*) +ran(l — %) = J, so that the angle
between ran(€*) and ker (£*) is non-zero. By a corollary of Douglas lemma ([Dou66]),
ran(\/|E]2 + [T — €?) = ran(€*) + ran(I — £*) = . Thus [E*| + | — £|* is a positive

operator with full range, whence it is invertible. O

Lemma 4.2.2. Let C € HA(J¢) be a compact operator, and 0 < u < 1. Let £, be the
Riesz idempotent of C' corresponding to sp (C') NID,. Then there is a positive integer n ()
such that for all k > n(u), we have

==

(1= ) [(C = E)F[F <[CHF < (1+p) [(CT = €))F|F +4ul.

Proof. Note that C' and £, commute with each other, and sp (C€,) C D,,. From the spectral
radius formula, there is an ny(u) € N such that ||(CE#)]“H% < 2pu for all k > nq(p). It follows
from (OI1) that

(CRY (£, E)Ck < (2u)* 1,  for all k > ny(u). (4.2.1)

Let &), := I — &,. Adding the positive operator C’k*é’L*SLC’k both the sides in (4.2.1), for
all £ > ni(u), we have

crErElCch < CM(EE + £16,)CF < CMETECH + (2p)*F I (4.2.2)
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Let Hy, := &€}, 4+ &€, By Lemma 4.2.1, H,, is an invertible positive operator. Thus from
(OI2), we have the operator inequality,

|7 < Hy < H
and from (OI3), we have
|5 teR ek < ¢ H,CF < ||H,|cFCt. (4.2.3)
Combining the LHS of (4.2.3) with RHS of (4.2.2), for all £ > n;(u), we have
IH, Y| "ieR er < ¢ E,CR < CFT el ELCR + (2u) T
Using (OI4), we have

1 =L 1 * * L 1
IH, "2 |CF[x < (CFE7E,CH + (2u)*MT)F < [(CE)F|* + (2u)]  for all k > ny(p).

Since limy_s oo HHlin =1=limy_, HHuH_i, we note that there is an no(u) € N such
that ]|Hl;1||ﬁ < 1+4pand HHMH_ﬁ > 1—pforall k > na(p). Let n(p) = max{ni(u), na(w)}.
Then,

CHI% < (1+ p) [(CENF(F +4ul  for all k > n(p). (4.2.4)

From the LHS of (4.2.2), we have
(CEN P < |CPH, - for all k > n(u),

and it follows from (OI4), that

EA (AN
— (1—w|(CEYHF < |CHF  for all k > n(u) (4.2.5)
The assertion follows by combining the inequalities in (4.2.5) and (4.2.4). O

We now restrict the spectral operator version of the result to finite-rank operators, before

extending it to compact operators.

Proposition 4.2.3. Let A be a finite-rank operator in () with non-zero eigenvalues
having modulus strictly greater than € > 0. For A > 0, let £, denote the Riesz idempotent
of A corresponding to Dy. For A > 0, let F := R(€)) and for A < 0, define F\ = 0. Then

F)\ is a bounded resolution of the identity and we have

lim |Ak|% :/ AdF), in norm.
(ex(A)]

k—o00
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Moreover, the spectrum of the limiting positive operator is |sp (A)|, the modulus of the

spectrum of A.

Proof. Since A is finite-rank, A* is finite-rank (see [Conl3, Theorem 4.4]). Let ¥ be the
span of ran(A) and ran(A*), then 7 is a finite dimensional subspace of .7#°. Note that
7+ C ker(A) Nker(A*).

Let Fy denote the orthogonal projection onto the subspace ¥ C . Then Ey commutes
with both A and A*, and A = AFEy. Thus, we may view A as an operator in A(¥).
Since ¥ is finite-dimensional, A is spectral. Observe that the family of Riesz idempotents
{&\} satisfies the properties listed in Definition 1.3.10, and hence coincides with the unique
idempotent-valued spectral resolution of A for spectral operators, that is, £4(Dy) = &, for
all A > 0. The assertion then follows by an application of Theorem 3.4.2. O

Theorem 4.2.4. Let C € B(H) be a compact operator, and for A\ > 0, let £, denote the
Riesz idempotent of C corresponding to Dy. Let Fy := R(E)) for X > 0; Fy := Ny Fv;
and I =0 for A < 0. Then {F)}xcr is a bounded resolution of the identity and we have

! r(C)
lim |C*|% :/ AdF), in norm.
0

k—o00
Moreover, the spectrum of the limiting positive operator, for © 5 dF}y, is,
[sp (C) | :=A{[A[: A e sp ()},
the modulus of the spectrum of C.

Proof. First we prove that { F)} cr is a bounded resolution of the identity. Clearly A,cg Fa =
0, and since £, = I when A > 1(C), we have \/3cg Fx = 1. If 0 < A < X, then Dy C Dy,
so ran(&y) C ran(€y) and hence Fy < Fy. Since sp (C) \ {0} is a discrete subset of C, we
observe that [sp (C) ]|\ {0} is a discrete subset of R. If A > 0 and 6 = d(\, |sp (C) | \ {A\}),
then for A < X < A+ 8 we have £ = &£, so that F\» = F\. Thus, clearly F) = Axsa Fy
for X > 0. For A <0, by definition F) = Ay, Fy. This shows that {F\} is a bounded

resolution of the identity.

Let 0 < € < 1, and define

H. ::/ AdF), and H := A dF)y.
(e,(C))] [0,r(C)]

Let & := I — &.. Note that ran(&.) is finite-dimensional, so that CE&. is a finite-rank
operator. Moreover, sp (C&[) C (D) \ D:) U {0}. From Proposition 4.2.3,

lim |(C€é)k|% = H., in norm.
k—ro0
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Then there is an ng(e) € N such that || [(CEL)* - H.|| < ¢ for all k > ng(e). From

|
Lemma 4.2.2; there is a positive integer n(e) > ng(e) such that

(1 —e)|(CEYF|F < |CH|F < (14 e)[(CENF|* +4el  for all k > n(e). (4.2.6)

Clearly ||H — H.|| < e, so that from (OI1), we have —eI < H — H. < eI. Then, from the
RHS inequality of (4.2.6), for all £ > n(e),

ICF|%F — H < (14 &) (|(CEV*F — Ho) + (1 + &) (He — H) + eH + 4el
<2e(14e)l +¢||H||I +4el
< (8 4[| H])eI-

Similarly, from the LHS inequality of (4.2.6), for all k& > n(e),

CH% — H > (1—e)(|(CELY|F — H.) + (1 — &)(H. — H) —eH
> 2c(1—¢e) —¢||H|I
> —(2+ ||H|)el.

Hence, for all £ > n(e), we have H|Ck|% - HH < (84 ||H]|)e. In summary,

: 1 :
lim |C*|% = H, in norm.
k—o0

Let A\p € R. Note that as a function of A, &, is constant in a neighbourhood of Aq if
and only if F) is constant in a neighbourhood of A\g. From Theorem 1.3.8, we observe that
Ao ¢ sp (H) if and only if Ao ¢ |sp (C) |, which completes the proof. O

4.3 Examples of non-spectral compact operators

In this section, we show that a bounded compact operator acting on an infinite-dimensional

Hilbert space is not necessarily spectral.

Example 4.3.1. For k € N, consider the 3 X 3 complex matrix,

1
O
Ac=lo b B
0 0 0

viewed as an operator acting on the Hilbert space C3 with the standard inner product. Then
the operator defined by the orthogonal sum @, .y Ay Is a compact operator acting on the
separable Hilbert space @keNC3, which is not spectral in the sense of Dunford.
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Proof. Let 2 denote the separable Hilbert space @,cnC?. Since |[Ag|| < ||A1]| for all
k € N, A is a bounded linear operator on .. Furthermore, since ||Ag|| — 0 as k — oo,
A is seen to be the norm-limit of the sequence of finite-rank operators {@2;1 Ak}m e SO
that A is a compact operator in B(). It is easy to see that the spectrum of A is given by

sp(A) = {3 : ke N}U{0}.

Suppose, if possible, that A is a spectral operator, and let £4 be the idempotent-valued
spectral resolution of A. For k € N, define the 3 x 3 matrix,

A straightforward computation shows that for each & € N, & is an idempotent such that
A = EAr = Ai, with sp (Aklg,c2) = {1}, and sp (Akl(1—gp)c2) = {0} Indeed, if
€4, denotes the idempotent-valued spectral resolution of the spectral operator Ay, then
& = Ea ({7 D)

For k € N, define &, := @,,cn0kmEk, where dy,, denotes the Kronecker delta. Then &
is an idempotent in Z(H).

Claim : Foreachk €N, &, = 5A({%})|5lfc%’-

Proof of Claim. Let A) := @D, cnOrkm Ak Since €4, is the idempotent-valued spectral resolu-
tion of Ay, from the uniqueness of the idempotent-valued spectral resolution, €, cnOrkm&a,
must be the idempotent-valued spectral resolution of the finite-rank operator €, cnOkm Ak-
On the other hand, since A is a spectral operator, from Theorem 1.3.20, A| g = A
is a spectral operator whose idempotent-valued spectral resolution, £ AL is given by the
restriction of £4 on &£ Thus,

&k = BmendimEc = OmendimEa, ({1}) = Ea, ({11 = Ea{z D lepre- O

Observe that ||€]| = ||€. From the above claim, it is clear that ||| < [[Ea({z})]-
Since ||E|| — oo as k — oo, [|Ea({£})]| blows up as k — oo, which contradicts the property
(iv) of Definition 1.3.10. Hence, A cannot be a spectral operator. O

Example 4.3.2. For k € N, consider the 3 X 3 complex matrix,

1
Fo(EE 0
Be:=fo0 L (L],
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viewed as an operator acting on the Hilbert space C3 with the standard inner product. Then
the operator B := @), .y By is a compact operator acting on the separable Hilbert space,
I = @keN(C3, with the following two properties:

(i) There is a pair D, N of commuting operators in %(.#’) such that D is quasi-similar
to a bounded normal operator, N is a nilpotent operator, and B =D + N.

(ii)) The operators D, N do not lie in K(7¢) + CI, where K(7¢) denotes the ideal of
compact operators in B(H).

Proof. Since ||Bi|| < ||B1|| V k € N, B is a bounded linear operator on . Since each By is
a finite-rank operator and ||Bg|| — 0 as kK — oo, B is a compact operator in (). Note
that sp(B) = {4 : k € N} U{0}.

(i) For k € N, let

Lo -1 0 (b 1 10 —k
Dp=10 L (hz|, Ne==]0 0 0. Se=|0 1 k2
00 0 0 0 0 00 1

For each k € N, note from Theorem 2.6.4 that Dy and Nj are commuting diagonalizable
and nilpotent parts, respectively, in the Jordan-Chevalley decomposition of By, and Sy is
an invertible matrix such that SkaSk_l = diag{0, %, % .

Let D := @,cnyDr, and N := @, .yNi. Then, D and N are bounded operators on ¢
as |[|D|| < ||Di1]| and ||N|| < [|N1||. It is clear that D and N commute with each other,

B =D+ N, and N is a nilpotent with N3 = 0.
Let M = @cndiag{0,+,+}, S == @pentSk, and " = @cniSy - Then M is a
normal operator, and S, S’ are quasi-invertible operators, in Z ().

It is straightforward to verify that SD = M S, and DS’ = S’M, which shows that D and

M are quasi-similar operators.

(ii). Let {ey : k € N} denote the standard orthonormal basis of the Hilbert space .7#”. Note
that Ne3k 4+ 1 = e3k for k € Ny, so the image of this bounded sequence under N has no
convergent subsequence. This shows that N is not a compact operator. Moreover, for a
non-zero scalar a € C, sp (N — al) = {—a} so that N — o[ is invertible, and thus cannot

be compact.

Thus, N does not lie in K(.7) + CI. Consequently, since B = D + N is a compact
operator, D does not lie in () + CI. O

Remark 4.3.3. We note, by imitating the proof in Example 4.3.1, that B is another

example of a non-spectral compact operator. Alternatively, one can show that if B is
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spectral, then D must be the scalar-type operator in the Dunford-decomposition of B.
Example 4.3.2-(ii) then contradicts [DS88, Corollary XV.7.3] (The scalar-type component
and the quasinilpotent component of a compact spectral operator are both compact), proving

that B cannot be spectral.

The non-spectral compact operators A and B, encountered in Example 4.3.1 and Example
4.3.2 differ significantly : the candidate for the scalar-type part of A (in Example 4.3.1) is
unbounded, whereas for B (in Example 4.3.2), it is bounded.

4.4 Dunford-type decomposition for compact operators

We have seen that a compact operator need not be spectral, and thus may not admit
a Dunford decomposition. Nevertheless, compact operators share some properties with

spectral operators, as listed below.

Proposition 4.4.1. Let C € #B(H) be a compact operator. Then for each x € €, the

function R(u;C)x has the single valued extension property.
Proof. Let x € 5, and let f, g be two analytic extensions of R(u;C)z. Define,

h(p) = f(p) — g(p) ; p € dom(f) N dom(g).

If h(po) # 0 for some py € dom(f) N dom(g), then there is a neighbourhood, O,, C
dom(f) Ndom(g), of g, such that

W) £ 0, (ul — C)h(u) =0 ¥ € O

This shows that each u € O, is an eigenvalue of C', which is a contradiction as a compact

operator has countably many eigenvalues at the most. O

Thus, using the Definition 1.3.15 for a compact operator C' € B(°), we may define the

local spectrum o (z) for each z € 7.

Corollary 4.4.2. If C is a compact operator in (), then the local spectrum, o (),
of x is empty if and only if x = 0.

Proof. 1t is immediate that o,(0) = @. Conversely, let o (z) = @. Then, the maximal
extension z,(u) of R(u; C)z is an everywhere defined single valued function, hence entire.

Note that for each continuous linear functional ¢ on JZ, we have

lim ¢ (e (n) = lim - ¢(R(u; O)z) =0,
né¢sp(C)



4.4. Dunford-type decomposition for compact operators 75

which, from Liouville’s theorem, implies that qb(a;c(u)) = 0 for all p € C. Since qb(a:c(u)) =
0 for each continuous linear functional ¢ on 57, by a corollary of Hahn-Banach separation
theorem (see [KR83, Corollary 1.2.11]), z (1) = 0 and thus z = (ul — C)z (1) = 0. O

Proposition 4.4.3. Let C € B(H) be a compact operator with sp (C') \ {0} # &. Let &)
denote the Riesz idempotent of C' corresponding to A € sp (C) \ {0}. Then,

(i) ExH ={z e H: o.(z) C {7},
(i) (I —&\H ={xeAH: o(x) Csp(C)\ {A}}.

Proof. Let Cy and C\ be the restriction of C to £x¢ and (I — €\)H#, respectively. Since
E\F? is the generalized eigenspace of C' corresponding to the eigenvalue A\ # 0, observe that

sp (Cx) = {A} and sp (C}) = sp (C) \ {A}.

(i) Let z € £, so that Exz = x. It is seen from the relation
R(p; Ch)x = R(p; C)éxx = R(u; C)x,

that R(u;Cy)z is an analytic extension of R(u;C)x to the open set C\ sp(C)). Thus
po(x) 2 C\sp(Cr) and o, (x) C sp (Cy) = {A}.

Conversely, assume that o (r) C {A}. Note that R(u;Cy)(I — &)z is an analytic
extension of R(y; C)(I—&x)z to C\sp (C}). Moreover, if z,(¢) denotes the maximal analytic
extension of R(u; C)z, then (I — E\)x (1) is an analytic extension of R(u; C)(I — Ex)x to
P (). Thus, R(p; C)(I — Ex)z has an analytic extension to p,(z) UC \ sp (C}) = C. This
implies that O’C((I - SA)x) = @. From Corollary 4.4.2, (I — £))xz = 0 and hence Eyx = .

(ii) Let x € (I — &E\)A. Since R(p; Cyv)x is an analytic extension of R(u;C)x to the open
st €\ sp(C}), po(@) 2 T\ sp (C}) and o, () C 50 (C}) = s (C) \ A}

Conversely, assume that o, (z) C sp (C)\{A}. Since R(y; Cy)Exz is an analytic extension
of R(p; C)éxx to C\sp (C), and Exz (1) is an analytic extension of R(u; C)Exz to p (),
it follows that R(u;C)Exz has an analytic extension to C \ sp (Cy) U p,(z) = C. From
Corollary 4.4.2, Exx = 0 and hence (I — &)z = x. O

We now proceed to show that all bounded compact operators admit a Dunford-type-
decomposition, where both the scalar-type part and the quasinilpotent part may possibly
be unbounded. Analogous to the case of bounded operators acting on a Hilbert spaces, we
define the notions of similarity and quasi-similarity in the context of closed operators, as

follows.

Definition 4.4.4. (Similarity) Let S, T be closed linear operators acting on Hilbert spaces
JC, X respectively. We say that S and T are similar if there is an invertible operator
X € B(H, ), such that dom(S) = X dom(T) and Su = XTX u for all u € dom(S),
Tv = X"15Xv for all v € dom(T). In other words, S C XTX ! and T C X 1SX.
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Note from the above definition that if an operator acting on 7 is similar to a bounded

operator, then it must be bounded.

Definition 4.4.5. (Quasi-similarity) Let S,T" be closed linear operators acting on Hilbert
spaces S, & respectively. We say that S and T are quasi-similar if there are quasi-invertible
operators X,Y in B(A ,H), B(H, ) respectively, such that dom(S) O X dom(T),
dom(7T) O Y dom(S) and SXv = XT for all v € dom(T'), Y Su = TY u for all u € dom(S5).
In other words, XT C SX and YS CTY.

Note that in the above definition, it is possible for an unbounded operator to be quasi-
similar to a bounded operator; this extends the notion of similarity for bounded operators to
a suitable notion of similarity of unbounded operators with bounded ones, without forcing

boundedness.

Proposition 4.4.6. Let C € B(J) be a compact operator with sp (C')\ {0} # @, and €y
denote the Riesz idempotent of C corresponding to A € sp (C)\{0}. If A is a linear operator
acting on S such that CA C AC and E ¢ C dom(A), then ExA C AE\. Moreover,
o (Az) C o, (z) for every x € ExH.

Proof. Let A € sp(C) \ {0} be such that £, C dom(A).
Claim : For x € £y, the range of an analytic extension of R(u; C)x is contained in ExF .

Proof of Claim. Let f(u) be an analytic extension of R(u;C)z, and let ug € dom(f), then
it is enough to show that f(ug) € ExH.

Note that C\ sp(C) = C, as C is compact. In particular, for pg, there is a sequence
{pr}ren C C\ sp (C) such that

Wi — Ho as k — oo.

Since f(u) is an analytic extension of R(u;C)z, we have

f(pe) = f(po) as k — oo, (4.4.1)
and F) = R(up; C)z = (I = C) ' =) M:HC% with €% :=I.
=0

Since C' leaves the subspace ). invariant, it follows that if x € £, then R(ux;C)x is
contained in £,5¢ for each n. Thus, from (4.4.1), f(po) € ExI = E\I. O

For z € x5, let x,(p) be the maximal analytic extension of R(y; C')x. From the above

claim, the range of xc(u) is contained in £,.7¢. Then, it is clear from the equation

Ax = A(pl — Cz(p) = (uf — C)Az (1), (4.4.2)
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that Az (u) is an analytic extension of R(u; C)Ax to p.(x). Hence p(Az) 2 p (), so
that o (Az) C o (). Using Proposition 4.4.3,

A\ C E A and A(L — Ey)dom(A) C (I — &) .
This shows that £yA(I — £x)dom(A) = 0, and for each = € dom(A),
E\Ax = E AT — &) + &) = ExAb\x = Aéy\x. (4.4.3)

Since dom(€yA) = dom(A) C J = dom(AE)), it is clear from equation (4.4.3) that £yA C
AE,. O

Remark 4.4.7. Note that in the above proof, we only used the weaker relation (CA)|g, » =
(AC)|g, » instead of CA C AC, as captured in equation (4.4.2), to show that (ExA)|g, » =

(Ag/\)|8>\éf~

Lemma 4.4.8. Let C € HB(H) be a compact operator, and let £, denote the Riesz
idempotent of C corresponding to A € sp (C) \ {0}. Then the subspaces ¥ and # defined

by

o Span(UAesp(c)\{o} ran(é}\)) if sp(C)\ {0} # @
{0} if sp (C) = {0}

W — ﬂ)\Esp(C)\{O} ker(Ey) if sp(C)\ {0} # @
4 if sp (C) = {0}

are invariant under C' with ¥ N # = {0} and ¥ + # is a dense subspace of F .

Proof. 1f sp (C') = {0}, then the result holds trivially. Thus, without loss of generality we
may assume that sp (C) # {0}. Since for each A € sp(C) \ {0}, the subspace £, is
invariant under C, it follows that ¥ is an invariant subspace of C. Moreover, ¥ is also
invariant subspace of C. Indeed, for z € 7, let {z}}ren be a sequence in ¥ such that
xp — x as k — oo, so that Cxp, — Cx as k — oo. Since {Czy}ren C ¥, it follows that
Cx € ¥. Thus ¥ is an invariant subspace of C.

Using Remark 1.3.25 for the compact operator C*, it follows from the equation

L
Y — m ker(€y) = ( U ran(c‘f}f)) ;

Aesp(C)\{0} Aesp(C)\{0}

that #* is invariant under C*. In other words, # is invariant under C.

Since £)’s are idempotents, ran(€y) and ker(£)) are complementary subspaces, that is,
ran(Ey)Nker(€y) = {0} and ran(&y) +ker(Ey) = 2, from which it follows that ¥’ N%# = {0}
and ¥ + W = K. O
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Theorem 4.4.9. Let 7 be an infinite-dimensional complex Hilbert space, C' € Z(#) be
a compact operator, and ¥, # be subspaces of ¢ as defined in Lemma 4.4.8. Then there

exist unique closed linear operators D, N acting on ¢ such that

(i) ¥V +# C dom(D) N dom(N);
(ii) CD C DC and CN C NC;

(iii) D and N are simultaneously quasi-similar to a commuting pair of a bounded normal

operator and a bounded quasinilpotent operator respectively; and

(iv) C = D+N.

Proof. Without loss of generality we may assume that sp (C) # {0}, as in that case
C' is quasinilpotent (hence spectral), and the result follows trivially from the Dunford-

decomposition of such operators.

Recall from Lemma 4.4.8 that ¥ is an invariant subspace of K, and # is a closed
invariant subspace of K such that ¥ N%# = {0} and ¥ + # is a dense subspace of 7. We

divide the proof into three exhaustive cases based on the subspace 7.
Case 1 : 7 is finite-dimensional.

Then, sp (C) is finite. Set £ := 3\ o0y €. Then € being a sum of finitely-many
orthogonal idempotents, is an idempotent. Clearly £ = ¥, and £ commutes with C.

Note that C€& is a finite rank operator, hence spectral. Let Dy and Ny be the commuting

scalar-type and quasinilpotent operators in the Dunford-decomposition of CE.

Set D := Dy€ and N := NoE+C(I—E&). Note that £ commutes with Dy and Ny, so that
from the uniqueness of the Dunford decomposition of CE, Dy = Do = D is a scalar-type
operator, Ng = Ng€ is a quasinilpotent operator. From Lemma 3.2.5, N being a sum of two

commuting quasinilpotents is a quasinilpotent operator. Moreover,

C=CE+CUI—-E)=DoE+NE+C(I—-E)=D+ N, and
DN = DyENyE = DyNy = NoDy = NoEDoE = ND.

Thus, C' = D 4+ N is the Dunford-decomposition of C', and the result follows.
Case 2 : 7 is infinite-dimensional, and ¥ = 7.

In this case, note from Lemma 4.4.8 that # = {0}. Since ¥ is infinite-dimensional,
sp (C') must be an infinite set. Let {\;} be an enumeration of sp (C) \ {0}, so that A\, — 0

as k — oo.

FEzistence : Recall that for each A € sp (C) \ {0}, £, is a finite-dimensional subspace of
S (see theorem 1.3.23), invariant under C. Let C) denote the restriction C|¢, ». Then

being a linear transformation of a finite-dimensional space, C admits a Jordan-Chevalley
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decomposition. Let D) and N, be the diagonalizable part and the nilpotent part, respec-
tively, in the Jordan-Chevalley decomposition of Cy. Let D, N be linear operators acting

on JZ as follows:

dom(D) :={x € H: ZD,\kSAkx converges in .7}
keN

dom(N) :={z € J: ZN,\kS)\kx converges in .}, and
keN

Dz = ZD)\kE,\k:r Vx €dom(D), Nz= ZN)\ké',\k:r vV x € dom(N)
keN keN

Since €y, €5, = 0 whenever k # £, note that £, C dom(D)Ndom(N) for all A € sp (C)\{0}.
Thus ¥ C dom(D) Ndom(N), so that D, N are densely-defined linear operators on ..

Claim : D and N are pre-closed operators.

Proof of Claim. We prove that D is a pre-closed operator, the proof for N follows via a
similar reasoning. Let {z,}nen be a sequence of vectors in dom(D) such that x, — 0 and
Dz, — y € . In view of Remark 1.3.29 it is sufficient to show that y = 0.

Since each &) is bounded, we have lim,_,o, ExDx, = E\y for all A € sp(C) \ {0}. On
the other hand, ExDx, = Ex) 1oy Daéntn = EDrE\Tn = D)z — 0 as n — o0
because lim, .oz, = 0 and D)&)’s are bounded operators. Consequently, £y = 0 for all
A €sp(C)\{0}. In other words, y € # = {0}. O

By passing to the closures of D and N, we henceforth assume that both D and N are

closed operators.

(i) It is clear from the definition of D and N that ¥ + # = ¥ C dom(D) N dom(N). In
fact, ¥ is a core for both D and N.

(ii) For x € ¥, observe that

CDx=C>» Dy&yz=>)» CDyEyx=> C\DyE\z

keN keN keN
- Z Dy, CxExx (. Cx\.Dy, = DAkC)\k)
keN
=Y D) Cé&x=> Dy&,Crx=DCx
keN keN

Passing to limits (whenever exists), this shows that dom(D) is invariant under C and
CDlgom(p) = DCldom(p)- Equivalently, CD C DC. Likewise, CQ C QC.

(iii) Let ny be the dimension of the subspace £,.7. Then the operators C, Dy, Ny can be
viewed as complex matrices in M,,, (C). Since sp (Cy) = {A}, from Remark 2.6.2, Dy = \I,,,,
viewed as a matrix in My, (C). Let J(N)) € M,,(C) denote a Jordan canonical form of
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Ny. Note that J(Ny) ~sim AJ(Ny) in My, (C), whence there exists an invertible operator
Sy € B(Exs) such that S\N\Sy ', viewed as a matrix in M,, (C) (with respect to the
standard orthonormal basis of C™) is AJ(N)).

Define the linear operators X : 5 — @, cnyEr, A and Y : @ cnén, 0 — H by

155, @
251155 M

1 5\,&,.x
Xz = A =
keN

It is easy to see that X and Y are well-defined linear maps. Since || Xz[? < 3,y 4% |||
and [Y@zi|? < (Xren 2%”%”)2 < (Yken ﬁ)(ZkeN |zk||?), X and Y are bounded. If
Xz =0, then 53, &\, = &y, = 0 for all £ € N which implies #" > x = 0. In other words,
X is injective. Observe that every vector of the form x1 @z ®--- Pz, D 0 & 0 B -- -,
where x), € &\, for k,n € N, lies in ran(X) so that ran(X) is dense in @ Er, . A
similar argument using invertibility of S),’s shows that Y is an injective map, and noting
¥ C ran(Y) follows that ran(Y") is dense in #. Hence X,Y are quasi-invertible. Define the
linear operators M, No : @cn Ex, H — DBpen En, 7 by

M = @kGNS)\kDAkSAkil and Ny = @kENSAkNAkSAkil .

Observe that maxgen ||S,\k,D,\kS,\k_1H = MaxgeN \|S,\kN>\kS>\k_1|| = maxken |Ak| < oo, thus
M and Ny are bounded linear operators. Viewing M and Ny as elements of ey M, (C),
it is easy to see that M = EBkeNAkImk is a compact normal operator, and a straightforward
calculation shows that sp (Ng) = sp (@renAed (Ny,)) = {0}, that is, Ny is a quasinilpotent

operator. Clearly, M and Ny commute with each other.

By virtue of the construction it is readily verified that ran(Y) C dom(D) N dom(N);
XD C MX, DY = YM and XN C NogX, NY = YNy. In particular, D and N are

simultaneously quasi-similar to M and Ny, respectively.

(iv) For € ¥, observe that

(D + N)fL‘ = Z D)\kg)\kl‘ + Z N)\k(‘;}\kl‘ = Z C)\ké‘)\kx = ng,\k.T =(Cu.
keN keN keN keN
Passing to limits, it follows that D+ N C C. Let {z,} be a sequence in dom(D) N dom(NV)
such that x, — 0 and (D + N)x, — y as n — oo. Then y = lim,,_,o, Cx,, = 0, whence
D + N is a pre-closed operator from Remark 1.3.29.

Next, let x € . If {z,} is a sequence in dom(D) N dom(N) converging to x, then
(D + N)z, = Czx,, — Cx as n — oo. This implies that z € dom(D + N). In other words
D + N is bounded. Since D + N coincides with C' on a dense subspace, we must have
C=D+N=D+N.

Uniqueness : Let D' and N’ be closed linear operators acting on . such that the conditions
(1) — (iv) are satisfied.
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It follows from (iv) that ¥’ := dom(D’) N dom(N’) is a dense subspace of .#. Using (ii)

and (i) in Proposition 4.4.6, we have
ED'CDE, and EN' CNE,, (4.4.4)

whence both D’ and N’ leaves each £, invariant.

From (iii), for some Hilbert space %", let M’, Njj € Z(.#") be normal and quasinilpotent
operators, respectively, and X' : 7 — &Y' : ¥ —  be quasi-invertible operators such
that ¥’ 2 ran(Y') and,

X'DcMX', DY =Y'M and X'N' CNX', NY'=Y'N|. (4.4.5)

Since £y is finite-dimensional, and X' is quasi-invertible, X'|¢, » is invertible. Note from
(4.4.4) and (4.4.5) that X'E\ ¢ is invariant under the action of M’ and the restrictions
D'\g, » and M'|xg, » are similar. Indeed,

X'leyw Dleyw X'glw = M| xe,00-

Likewise, X'E)4¢ is invariant under the action of N} and the restrictions N’|¢, » and

Nyl xre,. are similar, with

X'leyw N'leyw X'zl = Nolxrg, -

Thus, D'|¢, » and N'|¢, » are scalar-type and quasinilpotent operators respectively. From
(ii), it follows that both D'|g, » and N'|¢, »» commutes with Cy. Thus, C\ = D'|g, » +
N'|¢, » is a Dunford-decomposition of C'y. From the uniqueness of the Dunford-decomposition,
we must have Dy = D'|g, » and Ny = N'|g, s for all A € sp (C) \ {0}. Since ¥ is a core for
the linear operators D and N, this shows that D’ and N’ are closed extensions of D and N,

respectively.

Below we show that dom(D’) = dom(D) = dom(N) = dom(N").
For 2/ € dom(D’), choose a sequence {z,} C ¥ converging to 2’. Note that Nz, =
Cxy, — Dz, — C2’ — D'z’ which, from the closedness of N, implies that 2/ € dom(N).
Thus, dom(D’) € dom(N) C dom(N’). A symmetric argument shows that dom(N’) C

dom(D) C dom(D'). Combining these inclusions gives the desired result.
Case 3 : 7 is infinite-dimensional, and ¥ is a proper subspace of JZ.

Since 7 and # are complementary subspaces of ./, there is an idempotent £ in Z(7)
such that €7 = ¥ and £# = {0} (see [KR83, Theorem 1.1.8]). Since ¥ and # are
invariant under C' (Lemma 4.4.8), note that C' commutes with £. From Case 2, the result

holds for the restriction C|> € (7). Let Dy and Ny be a pair of closed operators acting
on ¥ such that conditions (i)-(iv) hold for C|5.
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Let D, N be linear operators acting on .77, given by:
dom(D) :=dom(Dy)+ %, dom(N):=dom(Ny)+# , and

Dz =Dy&x ¥V zedom(D), Nzx=NyEx+C(—-E)xVYxedom(N)
It is easy to see that D and N are densely-defined linear operators on 7.
Claim : D and N are closed operators.

Proof of Claim. Let {z,,} be a sequence of vectors in dom(D) such that z,, - x and Dz,, — y
as n — o0o. Since £ is bounded we have £x,, — £z, and Dx, = Dy Ex, — y. The closedness
of Dy implies that £z € dom(Dy) and DyEx = y. Consequently, x = Ex + (I — &)z €
dom(Dy) + # = dom(D) and Dx = y. Thus, D is a closed operator. A similar argument
using closedness of Ny and boundedness of C'(I — &) shows that N is closed. O

(i) From Case 2, since ¥ C dom(Dy ) = dom(Ny), it is clear from the definition of D and
N that ¥ + # C dom(D) = dom(N); in fact, ¥ + # is a core for both D and N.

(ii) For € dom(D), observe that
CDx =CDy&x = ClyDyEx = DyC|ypE€x = DyECT = DC'r,

CNz=CNyEx +C*(I - E)x = NyECx +C(I — E)Cx = NCx
This shows that both dom(D), dom(/V) are invariant under C' and CD C DC, CN C NC.

(iii) For some Hilbert space %, let Xy, Yy be quasi-invertible operators in %B(¥, #5),

PB(Ho, V') respectively and, My and Nyy be commuting normal and quasinilpotent opera-
tors, respectively in Z(#}) be such that dom(Dy) = dom(Ny) 2 ran(Yy ), and

XyDy CMyXy , DyYy =YyMy and XyNy C NoyXy , NyYy =Yy Nyy.

Define the linear operators X : 7 — #, @ # and Y : #y @ W — I by
Xe=XyExd (I —-Ex, Y(w®w)=Yywy+w. (4.4.6)

Clearly, X and Y are well-defined bounded linear operators. Since Xy, Yy are quasi-
invertible and I — £ is identity on %, it is not difficult to see that X and Y are quasi-

invertible.

Let M, Ny : % @ W — #y @& # be the bounded linear operators defined by
M = M”j/ @0 and N() = N()«y/ @ C‘W (4.4.7)

Since My is a compact normal operator in Z(#;), M is a compact normal operator in
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B(HWo+W ). Moreover, sp (Nog) =sp (Noy) Usp (Cly) = {0} shows that Ny is a quasinilpo-
tent operator. Noting that. My and Nyy commute with each other, it follows easily that

M and Ny commute with each other.

Invoking the corresponding results from Case 2, it is straightforward to verify that
dom(D) = dom(N) Dran(Y) ; XD C MX, DY = YM and XN C NoX, NY = Y Np,

proving that D and N are simultaneously quasi-similar to M and Ny, respectively.

(iv) For x € dom(D) = dom(N), note that
(D+N)x=DyEx+ NyEx+C(I—-E)x=ClzpEx+C(I - &)z =CEx+ C(I - E)x = Cr.

Following the argument detailed in Case 2-(iv), we conclude that C = D + N = D+ N.

Uniqueness : Let D' and N’ be closed operators acting on # such that the conditions
(1) — (iv) are satisfied.

By reasoning analogous to the uniqueness argument in Case 2, specifically arriving at
(4.4.4), we observe that ¥ and # are invariant under both D" and N’. Consequently, the
uniqueness of the Dunford-type decomposition for C' reduces to the analysis of its restric-
tions, Cl5> and C|y . The result then follows by applying the uniqueness criteria established

in Cases 2 and 1, respectively. O

Remark 4.4.10. Note that the closed operators D and N, facilitating the Dunford-type-
decomposition of the compact operator C' € Z() in Theorem 4.4.9, commute with each
other on a dense subspace of 7. In particular, the core ¥ + # is preserved under both D
and N and

DNx=NDzx forallze ¥ +¥.

Corollary 4.4.11. Let C € B(H) be a compact operator. Then for some Hilbert space
A there is a compact spectral operator C' € B( %), and quasi-invertible operators X €
B(A, ) andY € B(A , ), such that XC = C'X and CY =Y.

Proof. Let M and Ny be bounded normal and quasinilpotent operators, respectively, as
defined in (4.4.7). Then it is not difficult to see that C’ := M + Ny is a compact spectral

operator.

Let X,Y be quasi-invertible operators as defined in (4.4.6). Then it is straightforward
to verify that XC = C'X and CY =Y ('. O

4.5 Concluding remarks

Through the examples and the results discussed in this chapter, we have highlighted both the
limitations and the potential for generalization of the Dunford decomposition for compact

operators operators acting on complex Hilbert spaces. It remains an open and intriguing
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area to investigate how these generalized decompositions interact with broader classes of

operators.

On another note, it is easy to see that the class of spectral operators is closed under
similarity transformations. In the light of Corollary 4.4.11, and Theorem 4.2.4, one may

pose the following question.

Question : Does the normalized power sequence of operators in the quasi-similarity orbit

of spectral operators converge in norm?



Chapter 5

The Jordan-Chevalley-Dunford decompo-
sition for operators in type I Murray-von
Neumann algebras

5.1 Introduction

In the previous chapters, we have discussed infinite-dimensional analogues of the Jordan-
Chevalley decomposition, in the context of spectral and compact operators. In this chapter,
we take a conscious step back and carefully examine the Jordan-Chevalley decomposition
in the setting of type I,, AW™*-algebras (for n € N), before specializing to the type I,, von
Neumann algebra case and then piecing the results together for type [ finite von Neumann
algebras. Note that every type I, AW*-algebra is algebraically of the form M, (C (X )) for
a Stonean space X (see Remark 1.5.3).

For a finite von Neumann algebra .4”, we denote the Murray-von Neumann algebra (see
Definition 1.6.2) of densely-defined closed operators affiliated with .4 by Aff(.#"). Forn € N,
let ., be a type I,, von Neumann algebra acting on a Hilbert space 7. Note that every
type I, von Neumann algebra is of the form M,, (%) for an abelian von Neumann algebra o7
and & is *-isomorphic to C'(X) for a (hyper-)Stonean space X (see Theorem 1.5.2). Using
[Nay21, Theorem 4.15], we may identify Aff(M, (<)) with M, (Aff(</)) as unital ordered
complex topological x-algebras; where the order structure refers to the self-adjoint part of

these x-algebras.

In [Kad86], drawing on the works of Stone, Fell and Kelley (see [Sto49], [FK52]), Kadi-
son discusses complex-valued normal functions on a Stonean space with the intention of
providing a function representation for affiliated operators (see Definition 1.6.1) for abelian
von Neumann algebras. The space of complex-valued normal functions on a Stonean space
X (though their domains are in fact open dense subsets of X) is denoted by N(X) (see
Definition 1.4.4). Using the remarks in [Kad86, §3, §4], we may identify AH(C(X)) with
N (X) as monotone-complete ordered *-algebras, in a natural manner. Thus, every type I,

Murray von Neumann algebra is of the form M, (N (X )) for some (hyper)-Stonean space X.

85
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In §5.2, for a locally compact Hausdorff space ), we define the notion of }-valued normal
functions on a Stonean space, with primary interest in the case of ) = M,,(C). In Remark
5.2.9, we identify M, (C)-valued normal functions on a Stonean space X with matrices in
M, (N (X )) in a natural manner. A key result of this chapter is Theorem 5.3.11, which
asserts the existence and uniqueness of the Jordan-Chevalley decomposition for matrices in

Theorem 5.3.11 immediately yields a version of the Jordan-Chevalley decomposition in
the context of Aff(.#,,), which we record in Proposition 5.5.1-(i). An operator in a Murray-
von Neumann algebra is said to be u-scalar-type if it can be transformed into an (unbounded)
normal operator via an (unbounded) similarity transformation; note that the word ‘un-
bounded’ is meant as ‘not necessarily bounded’ rather than ‘not bounded’ In Proposition
5.5.1-(i), we observe that every operator in Aff(.#,) may be uniquely decomposed as the
strong-sum of a u-scalar-type operator and a nilpotent operator in Aff(.#,,) which commute
(in strong-product) with each other. In Proposition 5.5.1-(ii), making essential use of Theo-
rem 3.4.2, we show that the normalized power sequence of an operator in Aff(.#,,) converges

in the m-topology (see Definition 1.6.3).

The passage from the type I,, case (for n € N) to the setting of type I finite von Neumann
algebras via infinite direct sums introduces some subtleties. Specifically, while the property
of being u-scalar-type is preserved under infinite direct sums, it is not guaranteed that
nilpotency will be preserved (see Remark 5.5.2). The notion of m-quasinilpotence, which we
introduce in this chapter, emerges as the appropriate substitute for nilpotence. An operator
A in a Murray-von Neumann algebra is termed m-quasinilpotent if its normalized power
sequence, {]Akﬁ}keN, converges to 0 in the m-topology. Let .Z be a type I finite von
Neumann algebra. In Theorem 5.5.3, which is the main result of this chapter, we show that
every operator in Aff(.#) may be uniquely decomposed as the strong-sum of a commuting
pair consisting of a u-scalar-type operator and an m-quasinilpotent operator, which we call
its Jordan-Chevalley-Dunford decomposition. Moreover, the normalized power sequence of

any operator in Aff(.#') converges in the m-topology.

We emphasize that the natural home for a Jordan-Chevalley-Dunford decomposition of
operators in . is in Aff(.#). Using Theorem 2.6.4, in Remark 5.5.6 we note an example
of an operator in the type I3 von Neumann algebra, M3 (EOO (N)), whose diagonalizable and
nilpotent parts do not lie in M3(¢>°(N)).

In Proposition 5.5.7, we note that for every n € N and a type II; von Neumann algebra
£, there is a unital normal embedding of the type I, von Neumann algebra, M, (EOO(N)),
into .Z. Taking into account the preceding observations and the functorial nature of Murray-
von Neumann algebras (as detailed in [Nay21, §4], [GN24, §4]), we are strongly inclined to
believe that any meaningful Jordan-Chevalley-Dunford decomposition for operators in type

I1; von Neumann algebras will fundamentally rely on affiliated operators (see Remark 5.5.8).

It is worthwhile noting that our path to the proof of Theorem 5.3.11 yields insights
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that may be more broadly applicable. An important class of examples of Stonean spaces is
given by the maximal ideal space of L>(Y; u), where ) is a locally compact Hausdorff space
equipped with a Radon measure p. Thus in studying the Jordan-Chevalley decomposition of
matrices in M, (Loo(y; ,u)), one naturally expects challenges of a measure-theoretic nature,
which may be translated into a topological language using Stonean spaces; for example,
as is the case in the topological proof of the spectral theorem due to Stone (see [Sto32],
[KR83, §5.2]). In this vein, Lemma 5.2.11 facilitates the ‘gluing’ of combinatorial matrix
properties (such as rank, multiplicity of eigenvalues, invariant factors, etc.) for continuously
varying matrices parametrized by a Stonean space X. We anticipate that it will be generally
applicable to transferring results about matrices in M, (C) to the context of matrices in
M, (C (X )) and M, (/\/ (X )) and eventually to type I finite von Neumann algebras. We also
aspire for this work to offer a modest contribution towards a general principle for extending
results from von Neumann factors to general von Neumann algebras, potentially providing
a more user-friendly and accessible alternative to the established direct integral approach
(see [KR97, Chapter 14]).

5.2 Vector-valued normal functions on Stonean spaces

In this section, we broaden the scope of the notion of normal functions on Stonean spaces
(see [Sto49], [FK52], [Kad86]) to encompass functions with values in a finite-dimensional
C*-algebra 2, and explore their basic properties. A key finding is that the set of these

2A-valued normal functions defined on a Stonean space carries a natural *-algebra structure.

Theorem 5.2.1. Let X be a Stonean space, O be an open dense subset of X, and ) be
a locally compact Hausdorff space. Then, every continuous map f : O — Y has a unique
maximal continuous extension, f, relative to X, and the domain of f, is an open dense
subset of X.

Proof. Let a) denote the one-point compactification of ). By Theorem 1.4.6, there is a
unique continuous function f: X — a) which extends f. Since ) is an open subset of a)/,
we note that f~1()) is an open subset of X'; furthermore, f~1()) is a dense subset of X’ as
it contains O. Let fy be the restriction of f to f~1()), so that dom(fy) = f~1()). Since
O is dense in X, any continuous extension g of f with dom(g) C X', must be equal to the
restriction of f to dom(g), so that dom(g) C dom(fy). This shows that fy is the unique

maximal continuous extension of f relative to X. O

Definition 5.2.2. Let X be a Stonean space and ) be a locally compact Hausdorff space.
Let O be an open dense subset of X and f : O — ) be a continuous function. We call
the extension f, of f, given in Theorem 5.2.1, as the normal extension of f relative to X.

When the ambient space X is clear from the context, we omit the phrase ‘relative to X".
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The function f is said to be a normal function on X (though dom(f) = O is really only
dense in X) if f is its own normal extension, that is, fy = f. In order to emphasize the

codomain space ), we will often refer to such f as a YV-valued normal function.

We denote the set of all Y-valued normal functions on X by N (X;)).

The usage of the adjective ‘normal’ stems from its traditional usage in the context of
Y = C in the study of the spectral theorem for unbounded normal operators on Hilbert
space (see [KR83, §5.6]).

Proposition 5.2.3. Let X be a Stonean space, (B, || -||) be a finite-dimensional normed
linear space, and f be a B-valued continuous function defined on an open dense subset of
X. For m € N, let

Om = {z € dom(f) : [|f(@)[| <m}.

Then f € N (X;B) if and only if dom(f) = ,,cn Om-

Proof. Note that in a finite-dimensional normed space, closed balls are compact, so that B
is a locally compact Hausdorff space, and N (X'; B) makes sense. It is clear that dom(f) C
Upnen Om- Below we show f € N(X;B) if and only if |J,,cpy Om C dom(f).

(=) Let B(0,m) denote the open ball of radius m centred at 0 in B. Clearly O,, =
f~1(B(0,m)) is open in dom(f) and hence in X. Since B(0,m) is a compact Hausdorff
space, by Theorem 1.4.6, there is a unique continuous extension of f|o, , }}vn, to the clopen
subset O,, taking values in B(0,m). From the uniqueness, it is clear that for k < m, fk is
the restriction of fm to Oy. Thus, there is a well-defined continuous function fon Unmen Om
defined as f(z) = fin(z) for « € Op,. Clearly, dom(f) = Umen Om € Upnen Om = dom(f).

Thus, f is a continuous extension of f, and as f is a normal function, we have dom(f) D

dOHl(f) 2 UmEN m

(«<=) Let g be a continuous extension of f and x € dom(g). Let k be a positive integer
strictly larger than ||g(x)||. There is a neighborhood U, of z in X such that ||g(z)|| < k for
all z € U, Ndom(g). Thus, U, N (dom(f)\Ox) C U, N (dom(g)\Ox) = @. From Lemma
1.4.5, we note that the closure of the open set dom(f)\Oy is X\Op. Thus, from Lemma
1.4.1-(i), U, N (X\Oy) = 9, so that U, C Oy C dom(f). In particular = € dom(f), whence
dom(g) = dom(f). In particular, f = fy and hence f € N (X;B). O

Remark 5.2.4. In view of Proposition 5.2.3 above, one may verify that the definition of
normal functions (see Definition 1.4.4) is equivalent to our definition in the case when B = C
with the absolute value, |- |, as the norm, that is, N'(X;C) = N(X).

Let 21 be a finite-dimensional C*-algebra. Clearly, 2 is a locally compact Hausdorff
space. Let O(X;2) be the set of 2A-valued continuous functions whose domains are open
dense subsets of X'; note that N'(X;2A) C O(X;2). Since the intersection of two open dense
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subsets of a topological space is again an open dense subset, we may endow O(X; ) with

two binary operations +, -, and an involution, *, as follows:

(i) For fi, f2 € O(X;RA), dom(f1 + fa) = dom(f1) Ndom(fa) and (f1 + f2)(2) = fi(x) +
fa(x) for z € dom(f1) Ndom(f2);

(i) For f1, fa € O(X;2), dom(f; - fo) = dom(f1) Ndom(fz) and (f1 - f2)(x) = fi(z)fa(z)
for z € dom(f1) N dom(f2);

(iii) For f € O(X;2A), dom(f*) = dom(f) and f*(z) = f(z)" for x € dom(f);
(iv) For f € O(X;2) and A € C, dom(Af) = dom(f) and (Af)(z) = Af(z) for x € dom(f).

It is easily verified that the binary operations, +, - are commutative and associative.

Definition 5.2.5. Let f,g € O(X;2). We write f ~ g if and only if f and g have identical
normal extensions, that is, fyr = gur. It is easy to see that ~, defines an equivalence relation
on O(X; ).

Lemma 5.2.6. Let X be a Stonean space, and 2 be a finite-dimensional C*-algebra. Let
fi, fo € O(X;). Then f1 ~o f2 if and only if the restrictions of fi, fa, to the open dense
subset, dom(f1) Ndom( f3), are identical.

Proof. Let f1, fo € O(X;2), with Op := dom(f1) and Oy := dom(f2). If f; ~o f2, then by

definition they have a common normal extension, f, and hence
f1|(')10(92 = f|01ﬁ02 = f2‘(’)1|’702'

Conversely, let g := filo,n0, = f2|l0,n0,- By the uniqueness of normal extension (see
Theorem 5.2.1), (f1)x = gn = (f2)n- In other words, fi ~o fa. O

Corollary 5.2.7. Let X be a Stonean space, and 2 be a finite-dimensional C*-algebra.
Let f1, f2, 91,92 € O(X; Q) such that fi ~» fo and g1 ~o g2. Then we have

(i) fi+g1~o f2o+g2; (ii) f1-91 ~o fo- g2 ; (iii) f1* ~o f2" ;

(iv) Afi ~o Afz s (v) fi+ (=f1) ~0 0.

Thus, O(X;)/ ~o forms a unital x-algebra with the everywhere-defined constant functions

0,1 serving as the zero, multiplicative identity, respectively.

Proof. The assertions follow from straightforward applications of Lemma 5.2.6. O

Remark 5.2.8. From Corollary 5.2.7, it follows that O(X;2A)/ ~ is a *-algebra. Using the
natural one-to-one correspondence between normal functions in N (X;2l) and ~ equivalence
classes in O(X;2() (via normal extensions), we may identify N (X;2) with O(X;2)/ ~o
and also treat it as a x-algebra. The set of elements in N (X;2() with domain X is precisely
C(x; ).
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Remark 5.2.9. Let X be a Stonean space. Let A € O(X; M,(C)), so that dom(A) is an
open dense subset of X'. For z € dom(A) and i, j € [n], let a;;(z) be the (i, 5)" entry of the
matrix A(xz) € M,(C). Clearly a;; : dom(A) — C, defined by x — a;;(z), is a continuous
function, and thus belongs to O(X; C). This gives us a natural mapping

¢ : O(X; M, (C)) — M, (O(X;C)) defined by A — [aj;]

n
ij=1-

Note that ¢ respects +, -, x. Moreover, if A ~, A" in O(X; Mn((C)), then
aij = [p(A)lij ~o [0(A)]ij = aj;,

in O(X;C) for 1 <1i,j < n. Passing to the equivalence classes (see Remark 5.2.8), we get a
unital *-homomorphism

@ N(X; My (C)) = M, (N(X)).

In the other direction, consider a matrix [aij]?’jzl in M, ((’)(X; (C)), with a;; € O(X;C),
and let O’ = ﬂijl dom(a;;). Note that O is an open dense subset of X. Clearly, A :

O — M, (C), defined by A(x) = [a;;(z)]};_1,
(’)(X; Mn((C)) Thus, we have a natural mapping

is a continuous function, and thus belongs to

¥ : My, (O(X;C)) = O(X; My(C)) defined by aij]i =1 — A.

Note that v respects +, -, *. Moreover, for 1 < ¢,7 < n, if a;j is a collection of functions in
O(X;C) such that a;; ~o aj; in O(X;C) for all i,5 € [n], then

1.
A=1([aij]ij=1) ~o Y([a};]i =) = 4,
in (’)(X ; Mn((C)) Passing to the equivalence classes, we get a unital x-homomorphism,

b N (X5 M (C)) — M, (N(X)).

It can be easily verified that ¢ and 1; are in fact inverses of each other. We conclude that
N (X; M, (C)) and M, (N(X)) are x-isomorphic in a natural manner. We will often view

these x-algebras interchangeably.

5.2.1 Transference results

In [DP63, Theorem 2], Deckard and Pearcy proved that for a Stonean space X', every ma-
trix in M, (C (X )) may be transformed into upper-triangular form via unitary conjugation.
Making essential use of this result, below we prove that every matrix in M, (N (X )) may
be transformed into upper-triangular form via unitary conjugation. The core of the proof
demonstrates a method of transferring results from M, (C(X)) to M, (N (X)), via normal
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extensions; a recurrence of this method will be encountered in the proof of Proposition
5.5.1-(ii).

Theorem 5.2.10. Let X be a Stonean space, and A € M, (N (X)). Then there is a unitary
matrix V € M, (C(X)) such that B = V*AV lies in UT, (N (X)).

Proof. With Remark 5.2.9 in mind, we view A as an element ofN(X; Mn((C)) For m € Ny,
let
Op, = {z € dom(A4) : [|A(x)|| < m}.

By Proposition 5.2.3, dom(A) = UmGNm‘ For m € N, let X, := O;,\Om—_1. Then
men Xm = dom(A); in
particular, the A},’s are Stonean spaces. From [DP63, Theorem 2], and identifying the AW™*
algebras M, (C(Xn)) and C(Xm; My(C)) (see Remark 1.5.4), there is a unitary element
Vi € C(Xp; My (C)) such that By, = V;: A|x,, Vin lies in C(X,n; UT,(C)). From Theorem
1.4.2, the mapping,

X is a family of mutually disjoint clopen subsets of X with (J

V :dom(A) — M,(C) given by V(z) = V,(z) for x € X,

is continuous. Since V' (z) is a unitary matrix for each € dom(A), the range of V' lies in the
compact subset of unitary matrices in M, (C). Thus, by Theorem 1.4.6, there is a unique
continuous extension, V, of V on dom(A) = X. In other words, V € C(X; M, (C)). Clearly,
B = V*AV lies in N(X;UT, (C)), and thus may be viewed as an element of UT;, (N(X))
using Remark 5.2.9. O

The following lemma offers a transfer of discrete matrix invariants such as rank, eigen-
value multiplicities etc. from M, (C) to M, (N (X )), by identifying a suitable family of
disjoint open subsets of X with union dense in X, such that on each of the open subsets, the
desired matrix result (captured in the choice of the poset) may be obtained continuously.
In the context of Jordan-Chevalley decomposition, the poset of all partitions of [n] ordered
via refinement, emerges as an appropriate choice. Utilizing Lemma 5.2.11 in Proposition

5.3.10, we achieve the primary goal of this chapter in Theorem 5.3.11.

Lemma 5.2.11. Let X be a Stonean space, O be an open dense subset of X', and (B, <)
be a finite partially ordered set equipped with the Scott topology. Let ¢ : O — (B, <)
be a continuous mapping, and for p € B, consider the subset &, := ~Hp} of O. Then
there is a collection {Oy},ep of mutually disjoint open subsets of X' such that O, C &, and
UpE‘.B Op C O is dense in X.

Proof. For p € B, we define A, := U, Xy, A}, = U,-, Xy, and Oy = Ap\AT” with the
convention that A; = @ if p is a maximal element in P. Since every principal upper-set

of B is open in the Scott topology (see Definition 1.4.11), for every p € B, the subset
{¢geP:p<q}= Up<q ¢" is an open subset of .
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Let p be any element of 3. From the continuity of ¢, the sets

N=Ux=UeHar =67 (),

p<q p<q
A=A =Uo Mt =o' {aeB:p<a)) =97 (U qT) :
p<q p<q p<q

are open subsets of O, and hence of X. Note that O, is an open subset of X', and since
A, = AP\A;, we have O, C A),. Moreover, since the &},’s are mutually disjoint, the collection

{Op}peyp consists of mutually disjoint open subsets of X', with

Uo,clx=0

peEP pEP

Note that Q := Upg43 Oy, is a clopen subset of X. Below we show that () = X', from which

the desired assertion follows.

Let, if possible, ) be a proper clopen subset of X', so that O\(Q is a dense open subset
of the non-empty clopen set X\ Q. Since B is a finite poset, we may choose x € O\Q such
that ¢(r) is a maximal element of $(O\Q) C P. Clearly x € Xy(,) C Ay At the same
time, since z ¢ Q, we have ¢ Oy () = A¢(z)\A;(x). Thus, & must be contained in A:zb(x)' In

particular, A;(x) N (O\Q) # @, whence from Lemma 1.4.1-(i), we have Aiﬁ(:p) N(0\Q) # 2.
For any y € A;(x) N (O\Q), we have ¢(y) € ¢(A;s(x)) = Us(w)<q q", which implies that

¢(z) < ¢(y), contradicting the maximality of ¢(x) in ¢(O\Q). We conclude that Q@ = X. O

5.3 Jordan-Chevalley decomposition for matrices over nor-

mal functions on a Stonean space

In this section, we prove a key result of this chapter, Theorem 5.3.11, which asserts that for a
Stonean space X, a matrix in M, (AN'(X)) admits a unique Jordan-Chevalley decomposition
(see Definition 5.3.3). Moreover, we note that for an n x n matrix over the subring C(X') of
N(X), the diagonalizable and nilpotent parts need not lie in M, (C(X)).

Before we begin, we note the following definitions for matrices over a unital commutative

ring R, although we are particularly interested in the case of R = C(X), N (X).

Definition 5.3.1. Two matrices A, B € M,,(R) are said to be similar in M, (R) if there is
an invertible matrix S € GL,(R) such that B = SAS™!. Tt is straightforward to verify that
similarity is an equivalence relation on M, (R). We refer to the corresponding equivalence

classes as similarity orbits.

Definition 5.3.2. We say that a matrix A € M, (R) is diagonalizable in M,(R) if A is
similar to a diagonal matrix in M, (R). We say that a matrix N is nilpotent if N¥ = 0,, for
some k € N.
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Definition 5.3.3. A matrix A € M, (R) is said to have a Jordan-Chevalley decomposition in
M, (R) if there is a commuting pair of matrices D, N € M,,(R) such that D is diagonalizable
in M,(R), N is nilpotent, and A = D + N. The decomposition A = D + N is said to be a
Jordan-Chevalley decomposition of A.

Note that for R = C, every matrix in M, (C) has a unique Jordan-Chevalley decompo-
sition (see [HK71, Chapter 7]). In this context, we use the notation D(A), N(A) for the
diagonalizable, nilpotent parts, respectively, of A € M, (C).

Let ni,...,n,, be positive integers such that ny + --- +n,, = n, and let A1,..., A\
be complex numbers. For 1 < ¢ < m, let N; be a strictly upper-triangular matrix in
M,,(C), which is clearly nilpotent. It is straightforward to see that A; = A\ I,, + N;
is an upper-triangular matrix in M,,(C) whose diagonalizable and nilpotent parts (in its
Jordan-Chevalley decomposition) are \;I,, and Nj;, respectively. Thus, the diagonalizable
and nilpotent parts of the matrix ;" A; in M,(C) are given by €., \il,, and ;" N;,
respectively. For such matrices, the Jordan-Chevalley decomposition is readily available

without the need for any computation.

Definition 5.3.4. We say that an upper-triangular matrix A = [a;;]};_; in My(C) is good

if a;; = 0 whenever a;; # a;;.

For example, the block-diagonal matrix @.",(\;I,, + N;) is a good upper-triangular

matrix.

In Lemma 5.3.5 below, we note that the Jordan-Chevalley decomposition of a good upper-
triangular matrix can be easily read off. In the course of our discussion in this section, we see
that every matrix in M, (C) is similar to a good upper-triangular matrix, hence reducing the
problem of ascertaining Jordan-Chevalley decomposition of a matrix to the much simpler

setting of good upper-triangular matrices.

Lemma 5.3.5. Let A = [aij]ﬁjzl be a good upper-triangular matrix in M,(C), that is,
a;j = 0 whenever a;; # aj;. Then the diagonalizable part of A is D := diag(ai1,...,ann),
which is obtained by replacing the off-diagonal entries of A by 0, and the nilpotent part of
Ais N := A — D, which is obtained by replacing the diagonal entries of A by 0.

Proof. Observe that N is a strictly upper-triangular matrix, hence nilpotent. Using the
uniqueness of the Jordan-Chevalley decomposition, it is enough to show that D and N

commute with each other. A straightforward calculation shows that,
DN - ND = [aij(a“' — ajj)]zjzl.

Since a;; = 0 whenever a;; # aj;, it follows that DN = ND. O
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Definition 5.3.6. We define a total ordering called the twisted lexicographical ordering on

[n] x [n] as follows: For two elements (i1, j1), (i2, j2) in [n] X [n], we stipulate

(i1, 1) <u (i2, J2),

if either 41 < iy, or i1 = i9 and j; > jo.

Note that the total ordering, <y, on [n| x [n] has (1,n) as its minimum and (n, 1) as its

maximum element. This ordering can be visualized by traversing an n x n grid as follows:

1. Begin at the top-right cell (corresponding to (1,n));
2. Move leftward across the current row.

3. Upon reaching the left edge, proceed to the rightmost cell of the row below and continue

moving left.

4. The traversal ends at the bottom-left cell (corresponding to (n,1)).

Lemma 5.3.7 below is the main tool in Proposition 5.3.9 which we use to identify a good

upper-triangular matrix in the similarity orbit of a given upper-triangular matrix.

Lemma 5.3.7. Let A be an upper-triangular matrix in M, (C) and ¢ < j be fixed indices
in [n]. For X\ € C, let A\ := (I, + AE;j)A(I, — AE;;). Then Ay is an upper-triangular
matrix similar to A such that the (k, €)™ entry of Ay coincides with the (k,¢)™ entry of A
whenever k = { or (i,7) <u (k,?).

Proof. Note that (I, + AE;i;)(In — AE;;) = I, — )\QEZ-QJ- = I,, and hence (I, + )\Eij)_l =
I, — AE;;. Since i < j, Ej; is a strictly upper-triangular matrix, so that Ay = (I, +
AE;ij)A(I, — AE;j) is an upper-triangular matrix similar to A. Clearly, the diagonal of Ay

coincides with the diagonal of A.

For k,?¢ € [n], let age denote the (k,£)™ entry of A. Since A is upper-triangular, and

© < j, we have aj; = 0 and,

Ay = (In + )\EU)A(In - )\E”) =A+ )\EZ]A — )\AEU — )\QEijAEij
= A+ \Ej;jA— MAE;; — Na;;E;;
= A—F)\[Eij, ] (5.3.1)

It is straightforward to check that for any matrix A € M, (C), the (k,£)'" entry of the

commutator [Ej;, A, is given by
[Eij, Alke = ajedpi — aridje.

Note that dy; = 0 = ax; when @ < k, and d;y = 0 = aj, when j > . We conclude that if
(i,7) <u (k, L), then [Ejj, Alxe = a;e0x; — aridje = 0.
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Thus, from equation (5.3.1), it follows that the (k, £)'" entry of Ay is equal to aj,, whenever
(%]) <y (k7£) ]

Definition 5.3.8. Let &7, denote the set of all partitions of [n]. For 7 € &, let ~, be a
binary relation on [n] defined by i ~ j if and only if i, 7 belong to the same subset of [n]

from the partition .

For v € C", recall from Definition 1.4.12 that, ~z is an equivalence relation on [n], which
gives rise to the partition P(%) on [n]. Clearly, ~5 and ~p(y define the same equivalence

relation on [n]. For a partition 7 of [n], we define the following sets

UT(m): = {A € UT,(C) : P(dvec(A)) = }.
GUT(m):={A= [aijlij=1 € UT(7) : aij = 0 whenever i » i}

Note that UT'(7) is the set of all upper-triangular matrices whose principal diagonal, by
grouping together the diagonal indices corresponding to the same eigenvalue, induces the

partition 7, and GUT () is the collection of all good upper-triangular matrices in UT (7).

Proposition 5.3.9. Let Q) be a topological space, and m be a partition of [n]. Let A : Q —
UT,(C) be a continuous function with range in UT(m). Then there is a continuous function
S:Q — UT,(C)NGL,(C) such that SAS~! has range in GUT(w). In other words, every
upper-triangular matrix over C(€2) is similar to a good upper-triangular matrix over C(€2),

with the similarity implemented by an invertible upper-triangular matrix over C(£2).

Proof. Note that the x-algebras C(Q; Mn((C)) and M, (C(Q)), are naturally *-isomorphic,
allowing us to view them interchangeably. Let A = [aij]ﬁjzl with a;; € C(Q2). Consider the

sets,

Fr:={(i,j) €[n] x[n]:i<jandi~;j}C[n]xn],
O(A) := {SAS™': S € UT,(C(Q)) N GL,(C(R)) with dvec(S) = (1,...,1)}.

Observe that O(A) consists of upper-triangular matrices similar to A in M, (C()), and
the diagonal of every matrix in Q(A) coincides with the diagonal of A. Below we show
that there is a matrix B € O(A) all of whose Fr-entries are 0. Clearly, for such a B,
ran(B) C GUT(w), which proves the result.

Suppose, if possible, every matrix B = [b;;]; je[,) in O(A) has a non-zero entry for some
index in F,. Let

(k,0) := BIE%?A) {max{(i, j) € Fr : bijj # 0}}, (5.3.2)

where the min and max are taken with respect to the twisted lexicographical ordering on
[n] x [n]. Since F is a totally ordered finite set, there is a matrix B’ = [b},]; jen) in O(A)
such that

max{(i,7) € Fr : bj; # 0} = (k,£).
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Note that k < ¢, b}, # 0,and b}; = 0 for all (i, j) € I such that (k,£) <y (i, 7).

Since ran(A) C UT(n), it follows that a;(x) # a;j(x) for all (i,j) € Fy, and z € 2. In

other words, agr — ag is an invertible function in C'(€2). Define
S i= I, + (ark — ape) Ve Epe.

Clearly S € UT,(C(9)), and dvec(S) = (1,...,1). It follows from the computation in
Lemma 5.3.7 that S is invertible in UTn(C’(Q)) with S7™' = I,, — (aps — agf)_lbz,eEkg, SO
that SB’'S™! lies in O(A), and the (k, £)*™® entry of SB’S~! is given by

[SB'S™ e = by + (ark — aee) ™ g (bl — bey.)
= by + Ve (ark — ane) " (aw — arr) (as bj; = ay Vi € [n])
=0.

Again, from Lemma 5.3.7, if (k,¢) <g (i,7), then the (4,7)™ entry of SB’S™! is equal to
by;. In particular, if the index (i, j) € Fy satisfies (k, ) < (i,7), then [SB'S™!];; = b}; = 0.
Thus,

max{(i,j) € Fy : [SB'S™];; # 0} <y (k,£).

This contradicts the minimality of (k,¢) in (5.3.2), and the assertion follows. O

Proposition 5.3.10. Let X be a Stonean space, and A € ./\/(X; Mn((C)) Then there is an
open dense subset O of X, which is contained in dom(A), and S € C(O; GLn((C)) such that
S(z)A(x)S(z)~! is a good upper-triangular matrix (see Definition 5.3.4) for every x € O.

Proof. From the proof of Theorem 5.2.10, there is a unitary element V € C(X;M,(C))
such that B = V*AV lies in N'(X;UT,(C)). Let O’ := dom(B), and ¢ : O' — 27, be the

map defined by the following commutative diagram,

o —r 2,

BJ 7

UT,(C) o cn
that is, ¢(z) = P(dvec(B(z))) for z € O'. Clearly, B and T ~ dvec(T) are continuous
maps, and the continuity of the map ¢ — P(¥) follows from Lemma 1.4.13. Thus, ¢ is

continuous.

From Lemma 5.2.11, there is a collection {Or }re, of disjoint open subsets of O’ such
that O C ¢ !(m) = {2 € X : P(dvec(B(z))) =7} and U, Ox C O is dense in X. It is
immediate from their very definitions that for each partition 7 of [n], the continuous function
Blo, : Or — UT,(C) has range in UT'(mw). From Proposition 5.3.9, there is a continuous
function S’ : Oy — UT,(C) N GL,(C) such that S’ B|o.S. " has range in GUT ().
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Define O := o, Or. Since Or’s are mutually disjoint open sets, Theorem 1.4.2 tells
us that the map

SO0 —=UT,(C)NGL,(C) given by S'(z) = S.(z) if x € Oy,

is a well-defined continuous map. Define the map S : O — M, (C) by S(z) = S'(z)V (z)*
for x € O. Clearly, S = S+ (V*|p) is a continuous map. Moreover, for every = € O, S(x) is
invertible with S(z)~! = V(2)S'(z)™", so that S € C(O; GL,(C)).

Since for each partition , the range of S.B IOWS;F_l lies in GUT(7), it is clear that
S(z)A(z)S(z)™' = S'(x)V*(2)A(2)V (2)S ()" = S'(z)B(x)S'(x)~ !, is a good upper-

triangular matrix for every point x in O. 0

Theorem 5.3.11. Let X be a Stonean space, and A be a matrix in M, (N(X)). Then
there is a unique commuting pair of matrices D, N € M, (N(X)) such that D is diagonal-
izable in M, (N(X)), N is nilpotent, and A = D + N. In other words, every matrix in
M, (N(X)) admits a unique Jordan-Chevalley decomposition in M, (N (X)). (We refer to
D, N, respectively, as the diagonalizable part, nilpotent part, respectively, of A.)

Proof. In view of Remark 5.2.9, from Proposition 5.3.10, there is an open dense subset O
of X which is contained in dom(A), and an S € C(O; GL,(C)) such that S(z)A(z)S(z)~*

is a good upper-triangular matrix for every =z € O.

Viewing S as a matrix in GL,(C(0)), and A|p as a matrix in M, (C(0)), let T :=
S(Alo)S™! € UT,(C(0)). Let Dr be the diagonal matrix in M, (C(0)), whose diagonal
coincides with the diagonal of T'. Since T'(z) is a good upper-triangular matrix for every
x € O, it follows from Lemma 5.3.5 that Dr(x) is the diagonalizable part and T'(z) — Dr(x)
is the nilpotent part in the Jordan-Chevalley decomposition of T'(z).

For S~'DrpS, S~ (T—Dr)S, viewed as elements in C'(O; M, (C)), we denote their normal
extensions by D, N, respectively, and view them as elements of M, (N (X )) (via Remark
5.2.9). Note that D is diagonalizable in M, (N(X)), N is a nilpotent, and dom(D) =
dom(N). Clearly, A = D+ N and DN = ND follow from Remark 5.2.8; and A(z) =
D(z) + N(z) for every x € dom(D).

The uniqueness of the pair D, N, follows from the uniqueness of the Jordan-Chevalley
decomposition of complex matrices, A(x) for x € dom(D), and the uniqueness of normal

extensions. O

Proposition 5.3.12. Let SN denote the Stone-C'ech compactification of the set of natural
numbers endowed with the discrete topology. Then there is a matrix A € Ms (C (ﬁN)) C
M3 (N(BN)) such that the diagonalizable and nilpotent parts of A do not lie in Mj3 (C’(BN)).
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Proof. Let A : N — M3(C) be the bounded mapping given by,

110
An)=10 L 1
00 0

By Theorem 1.4.6, there is a unique continuous extension of A to SN which we again denote
by A by abuse of notation. As discussed in Remark 5.2.9, below we view the x-algebras
N (BN; M5(C)) and M3(N(BN)) interchangeably. Let D(A) € Ms3(N(BN)) denote the
diagonalizable part in the Jordan-Chevalley decomposition of A, as obtained in Theorem
5.3.11. From the uniqueness of the Jordan-Chevalley decomposition for matrices in M3(C)
and Theorem 2.6.4, it is clear that D(A)(x) is the diagonalizable part of the complex 3 x 3
matrix A(z), for every z € dom(D(A)). It follows from equation (2.6.1) that {D(A(n))}nen
is an unbounded sequence, which implies that dom (D(A)) is a proper subset of SN. Thus,
neither D(A) nor N(A) belongs to Ms(C(8N)). O

Corollary 5.3.13. Let X be an infinite Stonean space. Then there is a matrix A in
Ms (C(X)) C Ms (/\/’(2()) such that the diagonalizable and nilpotent parts of A do not lie
in M3(C(X)).

Proof. By Proposition 1.4.7, there is a closed subset S of X which is homeomorphic to
BN. By Proposition 5.3.12, there is a continuous function A : S — M3(C). By the Tietze
extension theorem (cf. [Mun00, Theorem 35.1}), there is a continuous extension of A to the
whole of X'. Using the argument by contradiction, as in the proof of Proposition 5.3.12, we

arrive at the desired conclusion. O

5.4 Affiliated operators and Murray-von Neumann algebras

In this section, we review foundational concepts related to affiliated operators and Mur-
ray—von Neumann algebras, with particular emphasis on their behaviour under direct sums,
in preparation for the results developed in §5.5. Our main references for the theory of af-
filiated operators and Murray von Neumann algebras are [GN24] and [Nay21], respectively;

for basic definitions we refer to §1.6.

In [GN24], Ghosh and Nayak have investigated algebraic aspects of affiliated operators
in the setting of general von Neumann algebras, which are, in particular, applicable to finite
von Neumann algebras. Below we record two remarks pertinent to the finite setting which

facilitates our study.

Remark 5.4.1. For a finite von Neumann algebra 4", and A € Aff(.4"), we note two types

of quotient representation for A.
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(i) There are bounded operators P, @ € .4 with @ one-to-one such that
dom(A) = ran(Q), ran(A) = ran(P), and A = PQ™ .

In other words, A is given by the mapping, Qz +— Pz, for x € 5 (see [GN24, Theorem
5.4-(i)] and the discussion in [GN24, §4.2]).
(Note that @ automatically has dense range as .4 is finite, and thus Q= € Aff(.4).)

(ii) The operator A is of the form A = Q~'P, where P,Q € .# with Q being one-to-one
(see [GN24, Theorem 5.4-(ii)]).

Remark 5.4.2. Let .4, 4" be finite von Neumann algebras acting on the Hilbert spaces
I, 7, respectively, and ® : A — A4’ be a unital normal *-homomorphism. Let A €
Aff(/), and P be an operator in .4 and @ be a one-to-one operator in .4 such that
A= Q7 'P. By [GN24, Lemma 2.2], ®(Q) is a one-to-one operator in .4 and from [GN24,
Theorem 5.5, Theorem 4.14], we have

Car(4) = (Q) 7' (P). (5.4.1)

In fact, it may be deduced from [GN24, Theorem 5.8] that ®,¢ is the unique extension of @
(see Definition 1.6.6) which maps operators of the form Q1P to ®(Q)~1®(P).

Lemma 5.4.3. Let .4 be a finite von Neumann algebra, .#"' be a von Neumann algebra,
and ® : A — A be a surjective unital normal x-homomorphism. Then we have the

following.

(i) The kernel of ® is a WOT-closed two-sided ideal of .4 and there is a unique central
projection E of A such that ker(®) = A (I — E). For every A" € A", there is a
unique A € 4 in the preimage of A’ under ® that satisfies A = EAE.

(ii) The von Neumann algebra 4" is finite.

(iii) The map @, : AH(AN) — Afl(AN"), as defined in Definition 1.6.6, is surjective. For
every A" € Af(A"), there is a unique A € Aff(./") in the preimage of A" under @ g
that satisfies A = FAE.

Proof. (i) Since ® is WOT-WOT continuous, it is clear that the kernel of ® is a WOT-closed
two-sided ideal of 4. By [KR97, Theorem 6.8.8], there is a unique central projection E of
A such that ker(®) = A (I y — E).

For A" € 47, let B € 4 be such that ®(B) = A’. Then, A := EBE € ./ is such that
®(A) = ®(EBE) = &(B) = A' and EAE = E(EBE)E = EBE = A. If A, Ay € A are
such that (I)(Al) =A = q)(AQ), and FA1E = A1, EAyE = Ay, then (Al — Ag)(IJV — E) =
A(Ly — E)—As(Iy — E) = 0y, and since A; — Ay € ker(®) = A (I 4 — E), we have
Ay — Ay = (A1 —A)(Iy — E)=04.
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(ii) From part (i), it is clear that ® : E./'E — 4" is a unital normal *-isomorphism. Clearly
A" is finite as EAE is finite (see [KR83, Exercise 6.9.16]).

(iii) Let A’ € Aff(4"). From Remark 5.4.1-(ii), A’ = Q'"~' P’ where P', Q" € 4" with Q' one-
to-one. Since ® is surjective, there are operators P,Q € .4 such that ®(P) = P',®(Q) = Q'.
Replacing Q with EQE+ (I y — E) if necessary, we may assume that @ is one-to-one. Using
equation (5.4.1), A = Q7 'P is in the preimage of A’. Thus, ®,g is surjective.

For A" € Aff(A7), let A € Aff(4") be such that ®,4(A) = A’, then EAE € Aff(./) is
such that ®,4(EAFE) = A’, and E(EAE)E = EAE. For the uniqueness part, it suffices to
show that if A € Aff(.4") is in the preimage of 0_y and satisfies A = FAE, then A =0 4.
Let A be of the form Q' P with P,Q € .4, and Q one-to-one, so that Q~! € Aff(_#"). Since
®,5(A) = 0y, from equation (5.4.1), we must have ®(P) = 0_4~. That is, P € ker(®), and
hence PE =0 4. Thus, A= EAE = ER'PE =04. O

Lemma 5.4.4. Let A, 4" be finite von Neumann algebras, ® : 4 — A" be a unital
normal *-homomorphism, and ®,g: AH{(A") — Aff(AN") be the extension of ® as defined in
Definition 1.6.6. Let A € Aff{(N).

(i) For every k € N, we have ®,q(|A*|%) = |Dag( A)F| 7.

(i) If m-limg_,o0 |AF|E = B, then m-limy_,o0 |®an(A)F|E = Don(B).

Proof. (i) Since ®uq is a *-homomorphism, @, ((4F)*A%) = ((I)aﬁ‘(A)k)*(I)aﬁ(A)k for all
k € N. From the functorial nature of the Borel function calculus (see [Nay21, Corollary

6.11]) in the context of the continuous function ¢ t2% on R>0, we have,

Do(|AF|F) = |@a(A)F|F for every k € N.

(ii) The assertion follows from part (i) and the m-continuity of ®,g. O

Definition 5.4.5 (u-scalar-type and m-quasinilpotent operators). Let .4 be a finite von
Neumann algebra acting on the Hilbert space #. We say that an operator D € Aff(./4) is
a u-scalar-type operator, if there is an invertible operator S in Aff(.4") such that S > D > S~}

is a normal operator in Aff(.4").

We say that an operator N € Aff(.4) is m-quasinilpotent if the normalized power se-
quence of N, {\Nk]%}keN, converges to 04 in the m-topology (see Definition 1.6.3).

Since we allow unbounded similarity, in the definition of u-scalar-type operators, it is
not clear whether bounded u-scalar-type operators are necessarily scalar-type operators (see
Theorem 3.2.2), in the sense of Dunford; the interested reader may take upon themselves to

address this curiosity.



5.4. Affiliated operators and Murray-von Neumann algebras 101

5.4.1 Restrictions and direct sums of Murray-von Neumann algebras

In this subsection, we essentially define and work with restrictions and direct sums of oper-
ators in Murray-von Neumann algebras, but only to the extent necessary for our problem of
interest (see Theorem 5.5.3). The definitions for restrictions and direct sums are recorded

in Proposition 5.4.8 and 5.4.10 respectively.

Lemma 5.4.6. Let ¥ be a finite von Neumann algebra, and (E, ) er be an increasing net
of central projections in .4 with least upper bound I 4. Let (A;);en be a net of operators
in Aff(.A") such that for every v € I', the net (A;E,);cp converges in the m-topology. Then
{A;}iea converges in the m-topology.

Proof. For v € I, let By := m-lim;ep (A;E). Since {E, },er is an increasing net, for indices
n' > nin I', we have EyE, = E,, and hence (4;E,)E, = A;E,, for all i € A. Using

Theorem 1.6.4, and passing to m-limits, we have

B,y E, = B, whenever i’ > 1. (5.4.2)

Let 7 be a normal tracial state on .4, and €, > 0. Since {E, } er T I 4, the normality of 7
tells us that {7(1y — Ey)} er { 0 ; thus, there is an index € I" such that 7(I 4 — E,) < 9.
Then

[(By = By )Ey|| = || By — Byll = 0 < ¢ for all 7,7 >,

shows that B, — B, lies in the fundamental neighborhood O(7, ¢, ) for all 7,4" > 7. Thus,
{B,}er is Cauchy, and hence convergent to an operator B € Aff(.4") in the m-topology.

Next we show that (A;);ea converges to B in the m-topology. From equation (5.4.2), and

Theorem 1.6.4 (joint m-continuity of multiplication), note that

BE, = m- glélll B\E, = B, forallneT. (5.4.3)
Fix a € T such that 7(Iy — E,) < g. Since m-lim;cp A;Fy = Bg, there is an index
j(e,6) such that for every for every i > j(e,d), there is a projection F; € .4 satisfying
T(Ly — F;) < % and ||(4;Eq — Bo)Fi| < e. Since E, is a central projection, E,F; and
(Iy — Eq)(Iy — F;) are projections in .A4". Since (Iy — Eo)(Iy — F;) > 04, we see that
Iy —EF;<(Iy—Ey)+ Uy —F),whence 7(I y — E,F;) < 7(Iy — Ey) +7(Ly — F).
Then, 7(Iy — EoF;) <0 for all i > j(e, ). Moreover, using equation (5.4.3), we have

[(Ai — B)E,Fi|| = ||[(AiEq — Bo)Fi|| <e Vi>j(ed).

Thus, A; — B € O(r,¢,0) for all i > j(e, ), and we conclude that {A;};cn converges to B
in the m-topology. O
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Corollary 5.4.7. Let .4 be a finite von Neumann algebra, and {E7 :v € I'} be a collection
~er 7 =1y. Let (Ai)iEA be
a net of operators in Aff(.4") such that for every v € I', the net (A;E,);cp converges in the

of mutually orthogonal central projections in A4~ such that )

m-topology. Then (A;);en converges in the m-topology.

Proof. Let F(A) be the set of all finite subsets of A with the partial order given by set
inclusion. For F € F(A), let Ep := >y E,. Clearly (Er)per(s) is an increasing net of
central projections in 4", directed by inclusion with { Ep}rer(a) T Ly From Theorem 1.6.4
( m-continuity of addition), for F € F(A) note that

-lim(A; Ey) -lim(A;E,)
el Ade) = 3l

Thus, the net (A;Fr);cp converges in the m-topology for every F € F(A). From Lemma
5.4.6, the net (A;);ea converges in the m-topology. O

Proposition 5.4.8. Let .4 be a finite von Neumann algebra acting on the Hilbert space
4, and E be a central projection in A . (Note that for A € A, AE = EAFE implies
that the range of A|gy) lies in E(J), and allows us to view A|g) as an operator in
PB(E(H))). Then, we have the following:

(i) The restriction mapping U|g : A — B(E(X)) given by, A — Alp(), is a unital
normal *-homomorphism. Moreover, its image, which we denote by 4|, is a finite

von Neumann algebra acting on E(J¢).

(ii) The map (Il|g)ag : A A") — Af(A|g), which is the extension of II| g as described in
Definition 1.6.6, is the restriction mapping, A +— A|g(x), where A|g( ) denotes the
restriction of A to dom(A)NE(J). For A € Af{(./'), we define A|g () := (Il|g)an(A).

(iii) For an operator A" € Af(.AV |g), there is a unique operator A € Afl(.#") such that
A= FAFE, and Alg( ) = A'. In fact, A= A'E

Proof. Tt is straightforward to verify that II|g is a unital x-homomorphism. Let (A;);ca be
a net in .4/, SOT-convergent to A € A". Clearly, Ai|g.»r) — Algw) in SOT. It follows
that II| g is SOT-SOT continuous, whence it is normal using [KR97, Theorem 7.1.12]. Thus,

g : A — A|g is a surjective unital normal x-homomorphism.
(i) Follows immediately from Lemma 5.4.3-(i)-(ii).

(i) Let A € Aff(_#"). As noted in Remark 5.4.1-(i), A = PQ~!, for some P,Q € .4, with
@ one-to-one, and dom(A) = ran(@). From equation (5.4.1) in Remark 5.4.2, we see that,

(Hlg)ar(A) = (| p)ar(PQ™) = U|p(P)IE(Q) ™" = Plpur)(Qlewe)) ™"
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Thus, in particular,

dom ((II|g) ¢ (A)) = ran(Q!E(%ﬂ)) =ran(QFE) = ran(Q) N E(%)
=dom(A) N E(S7).

Since dom(A) is dense in .77, by [GN24, Theorem 5.5-(i)], we note that dom(A4) N E(57) is
a dense linear subspace of E(J). It is easily verified that (II| g)ag(A) = P|px)(Ql ()
is the restriction of A = PQ~! to E(57).

(iii) Follows immediately from Lemma 5.4.3-(iii) O

Lemma 5.4.9. Let .4 be a finite von Neumann algebra acting on the Hilbert space ¢,

and E be a central projection in ./#". Then, we have the following:

(i) If S € Aff(.¥') is invertible, then so is S|p( ) € AN |E);
(ii) If M € Afl(./) is normal, then so is M|g») € AN |E);
(iii) If D € Aff(./") is u-scalar-type, then so is D|g ) € AN |E);

(iv) If N € Aff(.#¥") is m-quasinilpotent, then so is N|g ) € AN |E).

Proof. Let (I|g)ag : Aff(A) — Aff(A4|g) be the unital normal *-homomorphism as de-

scribed in Proposition 5.4.8.
(i) Follows from Theorem 5.5 and Theorem 4.14-(iii) of [GN24] in the context of (II|g)ag.
(ii) Follows from Theorem 5.5 and Theorem 6.6-(vi) of [GN24] in the context of (II|g)ag-

(iii) Since D € Aff(./#") is u-scalar-type, there exists an invertible operator S, and a normal
operator M, in Aff(.#) such that D = S~ > M * S. Using [GN24, Theorem 4.14-(iii)], note
that (H’E)aﬂr(sfl) = (H‘E)aﬁ?(S)fl. Thus,

Dlgwy = M|g)ar(D) = [|p)ar(S) ™" * (U])ar(T) * (U|5)as(S),
is u-scalar-type.
(iv) Follows from Lemma 5.4.4-(ii). O

Proposition 5.4.10. Let .# be a finite von Neumann algebra, acting on the Hilbert
space S, and {E; : i € A} be a collection of mutually orthogonal central projections in A
partitioning the identity operator, that is, Y ;.\ E; = I y. If {A; : i € A} is a collection of
operators such that A; € Afl(.¥|g,), then there is a unique operator A € Aff(_4") such that
(I, ) ar(A) = A; for all i € A. We define @;cpAi == A.

Proof. For i € A, note that A;F; € Aff(.4"), as described in Proposition 5.4.8-(iii). Then

(A;E;)ien is a net of operators in Aff(.47). Since for each j € A, the net ((AiEi)Ej)ieA has
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all but one term, corresponding to j, equal to 0_y, it is convergent in the m-topology. From
Corollary 5.4.7, the net (A4;E;);cp converges in m-topology to an operator A € Aff(.4),
given by

A=m- ]FehJ-‘n(lA) (m— %13\1 (AiEiZjeFEj)> - JFeliJ-‘H(lA) (ng; AjEj) B m—g\ ks

From the m-continuity of (II|g,)ag (see Proposition 5.4.8-(ii)),

(11| )asr(4) = (] )ar(m-D_ A1 ;) = As

JEA

Let A’ € Aff(.#") be another operator such that (II|g,).z(A") = A; for all i € A. Then,
A/Ei = AZE,L = AEZ, and hence A/ = ZiGA A/EZ = EiEA AEl = A. ]

Lemma 5.4.11. Let ./ be a finite von Neumann algebra acting on the Hilbert space
A, and {E;};cp be a family of mutually orthogonal central projections in .4 such that
ZiEA E;,=1,. Forie A, let R;,S; € AIT(:/V’EZ) Then,

Dica(Bi = Si) = (@ZEAR@') - (@ieASi), (5.4.4)
(@iGARi)* = @iGAR;k' (5-4-5)

Proof. Since (II| g, )ag is a *-homomorphism (by Proposition 5.4.8-(ii)), for ¢ € A, we have,
(H|Ei)aﬁ((@ieARi> : (@ieASi)) = ((H’Ei)aff(@ieARi)) : ((H|Ei)aﬁ(@ieASi)>
=R; " S,

Similarly, for i € A,

(1]t ((DieaRs)”) = (Mg )an (BreaRs)” = Bi-
The result immediately follows from the uniqueness clause in Proposition 5.4.10. ]

Lemma 5.4.12. Let ./ be a finite von Neumann algebra acting on the Hilbert space
A, and {E;};cp be a family of mutually orthogonal central projections in 4" such that
> ica Ei = Iy. By Proposition 5.4.8-(i), note that 4|g, is a finite von Neumann algebra.

(i) Fori € A, let S; be an invertible operator in Aff(.4|g,). Then @,;c,S; is an invertible
operator in Aff(N).

(ii) For i € A, let M; be a normal operator in Aff(A'|g,). Then @;c,M; is a normal
operator in Aff(.N).

(iii) Fori € A, let H; be a self-adjoint operator (positive operator, respectively) in AN |g,).
Then @, H; is a self-adjoint operator (positive operator, respectively) in Af{(.A").
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(iv) Fori € A, let D; be a u-scalar-type operator in Af{.A'|g,;). Then @;c,D; is a u-scalar-
type operator of Aff{(A").

(v) For i€ A, let A; be an operator in Aff(.4 |g,) whose normalized power sequence con-
verges in the m-topology to a positive operator H; in Aff{.4|g,). Then the normalized
power sequence of the operator @;c A; in A1), converges in the m-topology to the
positive operator @, H; in Af(A").

(vi) For i € A, let N; be an m-quasinilpotent operator in Aff(.A|g,). Then @;c\N; is an
m-quasinilpotent operator in Af{(.A).

Proof. (i) Let S;* € Aff(_#|,) be the inverse of S;. Using Lemma 5.4.11, we have

(DicaSi) * (BienSi ") = BienlSi - 57 = DiepBi = Ly
Similarly, (@ieASfl) B (G9z'eASi) = I 4, which proves the result in this part.

(ii) Since M; is a normal operator in Aff(A|g,), we have M; * M’ = M}’ * M;. Using
equations (5.4.4) and (5.4.5), we have,

(BicaMi) = (BicaMi)” = (BicaMi) * (BicaM;) = Bjen(M; = M)
= @ieA(Mi* S M;) = (@z‘eAMi*) : (@ieAMi)
= (@ieAMi)* : (GazeAMl)

(iii) If H; is self adjoint in Aff(A|g,), we have H = H; for all i € A. Using equation (5.4.5),
we get,

(@ieAHi)* = (@ieAHik) = (@z’eAHi)-

For i € A, let H; be a positive operator in Aff(.4|g,), then H; = A7 A; for some operator
A; in Aff(A|g,) (see [Nay21, Proposition 6.14]). Thus from equation (5.4.4),

Dicati = Diea (47 * Ai) = (@ieAAi)* : (@ieAAi)7
is a positive operator in Aff(.4").

(iv) Since D; is a u-scalar-type operator in Aff(.4|g,), there is an invertible operator S,
and a normal operator M;, in Aff(.4|g,), such that D; = S;' * M; * S;. From part (i),
(@;caSi) is an invertible operator in Aff(.#") with (@ieASZ-)fl = (EBZ-GASi_l). From part
(i), (@;caM;) is a normal operator in Aff(.#"). Using equation (5.4.4) and part (i), we have

DicaDi = Bica(Si = M; - Sz‘_l) = (@z‘eASi) - (@ieAMi) : (@iEASi_l)
= (BicaSi) * (BieaM) (@ZEASZ-)_I.

Thus, @;cpD; is a u-scalar-type operator in Aff(.47).
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(v) By repeated application of equation (5.4.4), for every k € N, we have (@;c)A:)* =
®;cpAF. Using Lemma 5.4.4-(i) in the context of the II|g,’s and equations (5.4.4) and
(5.4.5), for every k € N we see that

=

@ieA’Aﬂ% = ‘(@ieAAi)k‘ (5.4.6)

For i € A, since m-limy_, ]Af]% = H;, by Lemma 5.4.4-(ii) in the context of the II|g,’s,

equation (5.4.6), and the uniqueness clause in Proposition 5.4.10, we have,

el

m- kh_?;o‘(@ieAAi)k} = @Den i

(vi) Since each N; € Aff(.4|g,) is an m-quasinilpotent operator, the normalized power
sequence, {|Nf|%}keN, of Nj, converges to 0 |, in the m-topology for all i € A. The result

immediately follows from part (v). O

5.5 The Jordan-Chevalley-Dunford decomposition in type [

Murray-von Neumann algebras

In this section, using the groundwork laid in §5.3 and §5.4, we establish the existence and
uniqueness of Jordan-Chevalley-Dunford decomposition of operators in type I Murray-von
Neumann algebras. Furthermore, we discuss ramifications of these results for any meaningful
version of the Jordan-Chevalley-Dunford decomposition in the context of type I1; Murray-

von Neumann algebras.

Proposition 5.5.1. Forn € N, let .#,, be a finite von Neumann algebra of type I, acting
on the Hilbert space 5, and let A € Afl(.#,,). Then we have the following:

(i) There is a unique pair of commuting operators D, N in Aff(.#,) such that D is u-
scalar-type, N is nilpotent, and A =D + N.

(ii) The normalized power sequence of A converges in the m-topology to a positive operator

in Aff(A,).

(iii) The operator A is m-quasinilpotent if and only if it is nilpotent.

Proof. Using Theorem 1.5.2, the discussion in [Kad86, §3-§4], and [Nay21, Theorem 4.15],
we note that there is a Stonean space X such that .4, is *-isomorphic to M, (C (x )), and
Aff(,) is *-isomorphic to M, (N(X)). Throughout this proof, we move back and forth
between the operator-theoretic and topological viewpoints depending on which is more apt

for the situation.

~

(i) The assertion is simply a rephrasing of Theorem 5.3.11 in the context of Aff(.#,)
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(ii) Let A = D+ N be the Jordan-Chevalley decomposition of the matrix A in M, (N (X)) as
given by Theorem 5.3.11. Let S € M, (N(X)) be an invertible matrix such that SDS~! = M
is a diagonal matrix in M, (N (X)).

Let O := dom(A) Ndom(D) N dom(S); note that O is an open dense subset of X. We

define an increasing sequence of open subsets of X as follows,
Op = {z € X : max{[|[A(@)||, |ID@)|, |S@)II, [|S(@) "]} <m} ; meN

Since the clopen set O,, is contained in Om+1 and contains Oy, clearly O = UmeN O, =
Usmen Om; moreover, ||M(z)|| = [|S(z)D(x)S(z)™|| < m? for all # € Op,. The indicator

function for the clopen set O,,,

I,, ifzeO,,

En(r) = .
0,, ifzeX\Op

corresponds to a central projection in .#,, which we also denote by F,,. As noted above,
{m}meN is an increasing sequence of clopen sets and O = UmeN O, is a dense open subset

of X, whence E,, 1 I 4, as m — oc.

Note that AE,,, SE,,, DE,,, S~ E,, are bounded operators in .#, as their norm is less
than or equal to m, and M E,, is a bounded normal operator in .4, as its norm is less than
or equal to m3. Thus SE,, + (I 4, — E,,) has bounded inverse S~'E,, + (L4, — Ey,), and

ME,, = (SEy, + (Ly, — En)) (DEn) (S En + (L, — En)) .

Thus, DE,, is a scalar-type operator in A(°) (see Theorem 3.2.2), whence AFE,, is a
spectral operator in Z(J) (see Theorem 3.2.1) with the Dunford decomposition AE,, =
DE,, + NE,,. By Theorem 3.4.2-(i), the normalized power sequence of AFE,, converges in
norm to a positive operator in .#,,, and hence also converges in the m-topology to the same

operator, as the m-topology is coarser than the norm topology.

For every m,k € N, clearly |(AEm)k\% = |Ak|%Em as E,, is a central projection in .Z,.
Using Lemma 5.4.6, we conclude that the normalized power sequence of A converges in the
m-topology. Since the normalized power sequence of A comprises of positive operators, by

[Nay21, Proposition 4.10-(ii)], the m-limit must be a positive operator in Aff(.#,,).

(iii) If A is nilpotent, then the normalized power sequence of A is eventually 0, , and
thus clearly m-quasinilpotent. Conversely, assume that A is m-quasinilpotent, that is,
m-limy o0 |Ak|% =04, For ¢ € N, we have m-limy_, ’Ak’%Eg = 0_4,, and from part (ii),
we know that norm-limy_, . \(AEg)kﬁ exists; since its m-limit is 0_4, , so must be its norm-
limit. Thus for every £ € N and = € Oy, using the spectral radius formula, sp(A4(z)) = {0},
that is, A(z) is a nilpotent matrix in M, (C). We conclude that A" is 0,, on O which is an
open dense subset of X. Thus, A € M, (N (X )) is nilpotent. O
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Remark 5.5.2. For m € N, let J,,,(0) be the m x m Jordan matrix in M,,(C) with 0’s on
the diagonal. As noted in Lemma 5.4.12-(v), m-quasinilpotence is preserved under arbitrary
direct sums, whereas nilpotence is not, as demonstrated by the direct sum, €,,cxJm(0),
which is not nilpotent in the type I finite von Neumann algebra @,y Mm(C). The theorem
below shows that substituting nilpotence with the weaker condition of m-quasinilpotence
allows for the desired generalization of Proposition 5.5.1 to the setting of type [ finite von

Neumann algebras.

Theorem 5.5.3. Let .# be a type I finite von Neumann algebra acting on the Hilbert
space H, and let A € Aff{(.#'). Then we have the following.

(i) There is a unique pair of commuting operators D, N in Aff(.#) such that D is u-
scalar-type, N is m-quasinilpotent, and A =D 4+ N.

(ii) The normalized power sequence of A converges in the m-topology to a positive operator

in A(A).

Proof. By the type decomposition of type I von Neumann algebras (see [KR97, Theorem
6.5.2]), there is a subset A of N and a collection of mutually orthogonal non-trivial central
projections {E,, : m € A} such that >\ E, = I, and for every m € A, the von

Neumann algebra .#|g,, acting on the Hilbert space E,, () is of type I,.

m

(i) By Proposition 5.5.1, there are operators D,,, Ny, in Aff(.#|g,, ) such that
Alp#) =D + Nty D * Ny = Ny * Dy and N2V = 0,41, .

From Lemma 5.4.12-(iv), D := @®,,cp D is u-scalar-type, and by Lemma 5.4.12-(vi), N :=
@D menNm is m-quasinilpotent. From Proposition 5.4.10, A = @meAA’Em(%’) =D+ N, and
it is clear from Lemma 5.4.11 that D * N = N * D.

Let A = D' + N’ also be another such decomposition. Since each (II|g,,)a is a ho-
momorphism, note that Alg, (») = Dlg,.#) + Nlg,#), and D|g, ) and Nlg, ()
commute with each other. From Lemma 5.4.9, D| Em(#) 18 of u-scalar-type, N | Em () 18
m-quasinilpotent. By Proposition 5.5.1-(iii), N|g,, () is nilpotent. Then from the unique-
ness clause in Proposition 5.5.1-(i), D|g, ) = D'|E,. ) Nlgnr) = N'|g,, ) for every
m € A. Using Proposition 5.4.10, we conclude that D = D’ and N = N’, which proves the

uniqueness of the decomposition.

(ii) Note that A = €D,,cp Am Where Ay, := A|g, () is an operator in Aff(.#|g,, ). Since
M g, () is a type I, von Neumann algebra, by Proposition 5.5.1-(ii), the normalized power
sequence of A, converges in the m-topology to a positive operator in Aff(.#Z|g,, »)). By
Lemma 5.4.12-(v), the normalized power sequence of A converges in the m-topology to a
positive operator in Aff(.Z). O
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Definition 5.5.4. For a type [ finite von Neumann algebra .#, we call the decomposition
of an operator A in Aff(.#) as described in Theorem 5.5.3 as the Jordan-Chevalley-Dunford

decomposition of A.

Corollary 5.5.5. Let .#,.#' be type I finite von Neumann algebras, ® : .# — .#' be
a unital normal x-homomorphism, and ®.g : Af(.#) — Aff(.#") be the extension of ®, as
given in Definition 1.6.6. For A € Aff(.#), let A = D 4+ N be the Jordan-Chevalley-Dunford
decomposition of A. Then ®,q(A) = ®.q(D) + ®.(N), is the Jordan-Chevalley-Dunford
decomposition of ®,4(A).

Proof. Note that D is u-scalar-type, N is m-quasinilpotent, and D * N = N * D. Since ®.g¢

is an m-continuous *-homomorphism, clearly we have,
P.q(A) = Pag(D + N) = ©,q0(D) + ®.5(N).

From the uniqueness of the Jordan-Chevalley-Dunford decomposition of ®,¢(A) in Aff(.#"),
it suffices to show that ®,¢(D) is a u-scalar-type operator, ®,4(N) is an m-quasinilpotent
operator, and that ®,4(D) and ®,¢(N) commute with each other.

Since D is u-scalar-type, there is a normal operator M and an invertible operator S in
Aff(#) such that D = S > M > S71. From [GN24, Theorem 4.14-(iii)] and [GN24, Theo-
rem 6.6-(vi)], it follows that ®,g(S) is an invertible operator in Aff(.#') with ®,(S5)~! =
®.g(S71), and ®,p(M) is a normal operator in Aff(.#"), respectively. Thus, ®.g(D) =
Dop(S) T Pag(M) » Pap(S) 7L is u-scalar-type.

Since |Nk|% — 0.4 in the m-topology, from Lemma 5.4.4, we have |(baﬂ‘(N)k|% — 0
in the m-topology. Thus, ®,4(N) is m-quasinilpotent. Since D and N commute, we have
Do(D) * Pop(N) = Pog(N) * Pug(D). O

Remark 5.5.6. A standard faithful normal representation of the von Neumann algebra
¢>°(N) is on the Hilbert space ¢?(N) via the multiplier action. Let .#3 denote the type I3 von
Neumann algebra, M3 (¢>(N)), acting on the Hilbert space ¢ := (*(N) @ (*(N) @ (*(N).
Since ¢*°(N) is *-isomorphic to C'(N), it follows from Proposition 5.3.12 that there is an
element of .#3 for which its u-scalar-type part and nilpotent part both lie in Aff(.#5)\.#5,
that is, they are densely-defined closed operators on JZ that are not bounded.

Proposition 5.5.7. For n € N, let .#, denote the type I, von Neumann algebra,
M, (¢>*(N)), and £ be a type I1I; von Neumann algebra. Then .#, is *-isomorphic to

a von Neumann subalgebra of £ .

Proof. Without loss of generality, we may assume that .Z is a represented von Neumann
algebra acting on the Hilbert space 7. We first prove the assertion for n = 1. Using [KR97,

Lemma 6.5.6], we may inductively choose a sequence {E,}men of mutually orthogonal
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projections in . whose sum converges to I in SOT. Define the map,

¢ 4°(N) = £ given by a — Z a(m)En,.
meN

It is straightforward to verify that ¢ is a unital injective x-homomorphism. In what follows,
we show that ¢ is normal. Let {a;}icr be an increasing net in ¢*°(N)T with least upper
bound « € ¢*°(N)*. Clearly, for every m € N, a;;(m) 1 a(m), and as E,, is a projection, we
have a;(m)Ey, T a(m)E,, in SOT. Since the E,,’s are mutually orthogonal and sup; ||ai]|sc <
|allos < 00, it is easy to verify using Parseval’s identity (||z[|? = Y, ,cx [[Ema]|? for z € ),
that > nai(m)En T ey a(m)Ey, in SOT. In other words, ¢(a;) T ¢(a) in SOT. This
shows that ¢ is a unital normal embedding of .#; = ¢>°(N) into .Z.

We next prove the result for general n € N. By [KR97, Lemma 6.5.6], there are mutually

orthogonal Murray-von Neumann equivalent projections E1, Eo, ..., E, € £ such that
E1+E2++En:Ig

Using [KR97, Lemma 6.6.3-6.6.4], we observe that . is -isomorphic to M, (E1.ZE,). Note
from [KR97, Exercise 6.9.16] that ¢ := E1.£E) is a type II; von Neumann algebra acting
on the Hilbert space F1(#). From the case of n = 1, we have a unital normal embedding
¢ : °(N) —» &' Tt follows from [KR97, Theorem 11.2.9-11.2.10] that

¢ ®idy, : My, (€°(N)) = M, (&) = <,
is a unital normal embedding of M, (¢**(N)) into .Z. O

Remark 5.5.8. Let .Z be a type I1; von Neumann algebra. In light of Corollary 5.5.5,
Proposition 5.5.7, and the example in Remark 5.5.6, it appears that any meaningful notion
of Jordan-Chevalley-Dunford decomposition for operators in .Z would involve operators in
Aff(.Z), that do not necessarily lie in .Z.

5.6 Concluding remarks

Inspired by Theorem 5.5.3, we conclude our discussion with two conjectures about operators

affiliated with a type I1; von Neumann algebra .Z.

Conjecture 1:. Every operator A in Aff(.#) can be uniquely decomposed as A =D + N,
where D is a u-scalar-type operator in Aff(.#) and N is a m-quasinilpotent operator in
Aff(.#) such that D and N commute.

Conjecture 2: The normalized power sequence of every operator A in Aff(.Z) converges

in the m-topology.



Bibliography

[And13]

[Art91]

[Baj11]

[BB24]

[Beh72]

[Ber72]

[Bha6]

[Bog07]

[BRY7]

[CEZ11]

[Chebla)]

Tsuyoshi Ando, Unbounded or bounded idempotent operators in Hilbert space,
Linear Algebra Appl. 438 (2013), no. 10, 3769-3775.

Michael Artin, Algebra, Englewood Cliffs, NJ: Prentice-Hall, 1991, ISBN : 0-13-
004763-5.

B. Bajorska, On Jordan-Chevalley decomposition, Zeszyty Naukowe. Matematyka
Stosowana / Politechnika Slaska (2011), no. 1, 7-27.

B V Rajarama Bhat and Neeru Bala, Nayak’s theorem for compact operators,
2024, available at : https://arxiv.org/abs/2408.16994.

Ernst-August Behrens, Ring theory. Translated from the German by Clive Reis,
Pure Appl. Math., Academic Press, vol. 44, New York, NY: Academic Press,
1972.

Sterling K. Berberian, Baer *-rings, Grundlehren Math. Wiss., vol. 195, Springer,
Cham, 1972 (English).

Rajendra Bhatia, Matrix analysis, Grad. Texts Math., vol. 169, New York, NY:
Springer, 1996, ISBN : 0-387-94846-5.

V.I. Bogachev, Measure theory, Measure Theory, no. v. 1, Springer Berlin Hei-
delberg, 2007, ISBN : 9783540345145.

Rajendra Bhatia and Peter Rosenthal, How and why to solve the operator equation
AX — XB =Y, Bull. Lond. Math. Soc. 29 (1997), no. 1, 1-21.

Danielle Couty, Jean Esterle, and Rachid Zarouf, Décomposition effective de
Jordan-Chevalley et ses retombées en enseignement, Preprint, arXiv:1103.5020

[math.RA] (2011), 2011.

Claude Chevalley, Théorie des groupes de Lie. Tome II. Groupes algébriques,
Actualités scientifiques et industrielles. 1152. Publ. Inst. Math. Univ. Nancago,
I. Paris: Hermann & Cie. VII, 189 p. (1951)., 1951.

111



Bibliography BIBLIOGRAPHY

[Cheb1b)

[Conl3]

[DF04]

[DKU20]

[DKU21]

[DKU24]

[Dol15]

[Dou66]

[Dou9s]

[DP63]

[DS88]

[DSZ15]

[Dunb4]

[Dun58]

, Théorie des groupes de Lie. Tome II. Groupes algébriques, Actualités
scientifiques et industrielles. 1152. Publ. Inst. Math. Univ. Nancago, 1. Paris:
Hermann & Cie. VII, 189 p., 1951.

J.B. Conway, A course in functional analysis, Graduate Texts in Mathematics,
Springer New York, 2013, ISBN : 9781475738285.

David S. Dummit and Richard M. Foote, Abstract algebra, 3rd ed., Chichester:
Wiley, 2004, ISBN : 0-471-45234-3.

Ken Dykema and Amudhan Krishnaswamy-Usha, Some mnon-spectral DT-
operators in finite von Neumann algebras, Preprint, arXiv:2012.00903 [math.OA]
(2020), 2020.

, Angles between Haagerup-Schultz projections and spectrality of operators,
J. Funct. Anal. 281 (2021), no. 4, 26, Id/No 109027.

, Some non-spectral DT-operators in finite von Neumann algebras. II:
Measures with atoms, J. Math. Anal. Appl. 531 (2024), no. 1, 11, Id/No 127823.

Javad Doliskani, Computing in algebraic closures of finite fields, Ph.D.
thesis, The School of Graduate and Postdoctoral Studies, The Uni-
versity of Western Ontario, London, Canada, 2015, available at

https://ir.lib.uwo.ca/cgi/viewcontent.cgi?article=4836 & context=etd.

R. G. Douglas, On majorization, factorization, and range inclusion of operators
on Hilbert space, Proc. Am. Math. Soc. 17 (1966), 413-415.

Ronald G. Douglas, Banach algebra techniques in operator theory., 2nd ed. ed.,
Grad. Texts Math., vol. 179, New York NY: Springer, 1998, ISBN : 0-387-98377-5.

D. Deckard and C. Pearcy, On matrices over the ring of continuous complex
valued functions on a Stonian space, Proc. Am. Math. Soc. 14 (1963), 322-328.

Nelson Dunford and Jacob T. Schwartz, Linear operators. Part I1I: Spectral op-
erators. With the assistance of William G. Bade and Robert G. Bartle, reprint
of the original publication 1971, Paperback ed., New York. John Wiley & Sons
Ltd./Interscience Publishers, Inc., 1988, ISBN : 0-471-60846-7.

Kenneth Dykema, Fedor Sukochev, and Dmitriy Zanin, A decomposition theo-
rem in 1Ii-factors, Journal fiir die reine und angewandte Mathematik (Crelles
Journal) 2015 (2015), no. 708, 97-114.

Nelson Dunford, Spectral operators, Pac. J. Math. 4 (1954), 321-354.

Nelson Dunford, A survey of the theory of spectral operators, Bulletin of the
American Mathematical Society 64 (1958), 217-274.



Bibliography 113

[FK52]

[Fugh5]

[Gaub3a]

[Gau53b]

[Geldl]

[GJ60]

[GN24]

[HI13]

[HKT1]

[HS09)

[HT24]

[Hums0]

[HV92]

[Kad86]

[Kap51]

[KL14]

J. M. G. Fell and J. L. Kelley, An algebra of unbounded operators, Proc. Natl.
Acad. Sci. USA 38 (1952), 592-598.

Bent Fuglede, A commutativity theorem for normal operators, Proc. Symposium
spectral theory and differential problems, 221-227, (1955).

Werner Gautschi, The asymptotic behaviour of powers of matrices, Duke Math.
J. 20 (1953), 127-140.

, The asymptotic behaviour of powers of matrices. II, Duke Math. J. 20
(1953), 375-379.

I. Gelfand, Normierte Ringe., Rec. Math. Moscou, n. Ser. 9 (1941), 3-24 (Ger-

man).

Leonard Gillman and Meyer Jerison, Rings of continuous functions, Princeton-
Toronto-London-New York: D. Van Nostrand Company, Inc., 1960.

Indrajit Ghosh and Soumyashant Nayak, Algebraic aspects and functoriality of
the set of affiliated operators, Int. Math. Res. Not. (2024), no. 21, 13525-13562.

Roger A. Horn and Charles R. Johnson, Matriz analysis., 2nd ed., Cambridge:
Cambridge University Press, 2013, ISBN : 978-0-521-54823-6.

K. Hoffman and R.A. Kunze, Linear algebra, Prentice-Hall, 1971, ISBN
9780135368213.

Uffe Haagerup and Hanne Schultz, Invariant subspaces for operators in a general
II; -factor, Publ. Math., Inst. Hautes Etud. Sci. 109 (2009), 19-111.

Huajun Huang and Tin-Yau Tam, FEztensions of Yamamoto-Nayak’s theorem,
Linear Algebra Appl. 694 (2024), 1-17.

James E. Humphreys, Introduction to Lie algebras and representation theory. 3rd
printing, revised version, Grad. Texts Math., vol. 9, Springer, Cham, 1980, ISBN
: 978-0-387-90052-0.

James L. Howland and Rémi Vaillancourt, Rational transformation from Schur
to Jordan form, Comput. Math. Appl. 23 (1992), no. 11, 91-101.

Richard V. Kadison, Algebras of unbounded functions and operators, Expo. Math.
4 (1986), 3-33.

Irving Kaplansky, Projections in Banach algebras, Ann. Math. (2) 53 (1951),
235-249.

Richard V. Kadison and Zhe Liu, The Heisenberg relation — mathematical formu-
lations, SIGMA, Symmetry Integrability Geom. Methods Appl. 10 (2014), paper
009, 40.



Bibliography BIBLIOGRAPHY

[KR83]  Richard V. Kadison and John R. Ringrose, Fundamentals of the theory of operator
algebras. Vol. 1: Elementary theory, Pure Appl. Math., Academic Press, vol. 100,
Academic Press, New York, NY, 1983, ISBN : 978-0-8218-0819-1.

[KRI7] , Fundamentals of the theory of operator algebras. Vol. II: Advanced theory.
2nd printing of the 1986 orig, 2nd printing of the 1986 orig. ed., Grad. Stud.
Math., vol. 16, Providence, RI: American Mathematical Society, 1997, ISBN :

0-8218-0820-6.

[Lan05] S. Lang, Algebra, Graduate Texts in Mathematics, Springer New York, 2005,
ISBN : 9780387953854.

[LR59] Gunter Lumer and Marvin Rosenblum, Linear operator equations, Proc. Amer.
Math. Soc. 10 (1959), no. 1, 32-41.

[Mun00] James R. Munkres, Topology., 2nd ed. ed., Upper Saddle River, NJ: Prentice
Hall, 2000, ISBN : 0-13-181629-2.

[MWP20] Panagiotis Misiakos, Chris Wendler, and Markus Piischel, Diagonalizable shift
and filters for directed graphs based on the jordan-chevalley decomposition,
ICASSP 2020 - 2020 IEEE International Conference on Acoustics, Speech and
Signal Processing (ICASSP), 2020, pp. 5635-5639.

[Nay20] Soumyashant Nayak, Matriz algebras over algebras of unbounded operators, Ba-
nach J. Math. Anal. 14 (2020), no. 3, 1055-1079.

[Nay21] , On Murray-von Neumann algebras. I: Topological, order-theoretic and
analytical aspects, Banach J. Math. Anal. 15 (2021), no. 3, 40, Id/No 45.
[Nay23] , A stronger form of Yamamoto’s theorem on singular values, Linear Al-

gebra Appl. 679 (2023), 231-245.

[Nel74]  Edward Nelson, Notes on non-commutative integration, J. Funct. Anal. 15 (1974),
103-116.

[NS24] Soumyashant Nayak and Renu Shekhawat, A stronger form of Yamamoto’s the-
orem II — Spectral operators, Preprint, arXiv:2410.16318 [math.FA] (2024), 2024.

[Pav22]  Dmitri Pavlov, Gelfand-type duality for commutative von Neumann algebras, J.
Pure Appl. Algebra 226 (2022), no. 4, 53, Id/No 106884.

[Pet24]  P.H. Petkov, The numerical Jordan form, World Scientific Publishing Company,
2024, ISBN : 9789811286469.

[Ros56]  Marvin Rosenblum, On the operator equation BX — X A = @, Duke Math. J. 23
(1956), 263-269.



Bibliography 115

[Rot52]

[Ruds7]

[Sak9g]

[SL20]

[Sto32]

[Sto40]

[Sto49]

[Syl84]

[Tak02]

[Wal74]

[Yam67]

William E. Roth, The equations AX —YB =C and AX — XB = C in matrices,
Proc. Amer. Math. Soc. 3 (1952), 392-396.

Walter Rudin, Real and complex analysis., 3rd ed. ed., New York, NY: McGraw-
Hill, 1987, ISBN : 0-07-054234-1.

Shoichiré Sakai, C*-algebras and W*-algebras., reprint of the 1971 edition ed.,
Class. Math., Berlin: Springer, 1998 (English).

Felix Sarnthein-Lotichius, Jordan Chevalley decomposition - implementa-
tion and numerical analysis, Bachelor’s thesis, April 2020, availvable at :
https://acl.inf.ethz.ch/people/chrisw /projects/felix/thesis.pdf.

M. H. Stone, Linear transformations in Hilbert space and their applications to
analysis., Colloq. Publ., Am. Math. Soc., vol. 15, American Mathematical Society
(AMS), Providence, RI, 1932.

, A general theory of spectra. 1., Proc. Natl. Acad. Sci. USA 26 (1940),
280-283 (English).

, Boundedness properties in function-lattices, Can. J. Math. 1 (1949), 176—
186.

J. Sylvester, Sur l’équation en matrices pr = xq., C. R. Acad. Sci., Paris 99
(1884), 67-71 (French).

M. Takesaki, Theory of operator algebras. I, Encyclopaedia of Mathematical Sci-
ences, vol. 124, Springer-Verlag, Berlin, 2002, Reprint of the first (1979) edition,
Operator Algebras and Non-commutative Geometry, 5. MR 1873025

Russell C. Walker, The Stone-Cech compactification, Ergeb. Math. Grenzgeb.,
vol. 83, Springer-Verlag, Berlin, 1974.

Tetsuro Yamamoto, On the extreme values of the roots of matrices, J. Math. Soc.
Japan 19 (1967), 173-178.






List of Publications

1. S. Nayak, and R. Shekhawat
On the Convergence of the Normalized Power Sequence of Spectral Operators on Hilbert
space (accepted for publication in the Journal of Operator Theory)
Available at https://arxiv.org/abs/2410.16318.

2. S. Nayak, and R. Shekhawat
On the Jordan-Chevalley-Dunford decomposition of operators in type I Murray-von

Neumann algebras
Available at https://arxiv.org/abs/2506.17227.

117


https://arxiv.org/abs/2410.16318
https://arxiv.org/abs/2506.17227

	Acknowledgements
	Contents
	Notations & Abbreviations
	Introduction
	1 Preliminaries
	1.1 Linear algebra
	1.2 Field theory
	1.3 Operator theory
	1.3.1 Spectral operators
	1.3.2 Compact operators
	1.3.3 Unbounded operators

	1.4 Topology
	1.4.1 Stonean spaces
	1.4.2 Partially ordered sets and Scott topology

	1.5 Type In AW*-algebras
	1.6 Murray von Neumann algebras

	2 Jordan-Chevalley decomposition of matrices over arbitrary fields
	2.1 Introduction
	2.2 Sylvester's equation over arbitrary fields
	2.3 The block-diagonal form
	2.4 The Jordan-Chevalley decomposition
	2.5 The Jordan canonical form
	2.6 Unboundedness of the Jordan-Chevalley decomposition
	2.7 Concluding remarks

	3 Dunford decomposition and convergence of normalized power sequences
	3.1 Introduction
	3.2 Dunford decomposition : Spectral operators
	3.3 A preparatory analysis
	3.4 Norm convergence of the normalized power sequence of spectral operators
	3.5 Normalized power sequences of weighted shift operators
	3.6 Concluding remarks

	4 Dunford-type decomposition for compact operators
	4.1 Introduction
	4.2 Norm convergence of the normalized power sequence of compact operators
	4.3 Examples of non-spectral compact operators
	4.4 Dunford-type decomposition for compact operators
	4.5 Concluding remarks

	5 The Jordan-Chevalley-Dunford decomposition for operators in type I Murray-von Neumann algebras
	5.1 Introduction
	5.2 Vector-valued normal functions on Stonean spaces
	5.2.1 Transference results

	5.3 Jordan-Chevalley decomposition for matrices over normal functions on a Stonean space
	5.4 Affiliated operators and Murray-von Neumann algebras
	5.4.1 Restrictions and direct sums of Murray-von Neumann algebras

	5.5 The Jordan-Chevalley-Dunford decomposition in type I Murray-von Neumann algebras
	5.6 Concluding remarks

	Bibliography

