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Abstract

Generative modeling focuses on the task of producing new data samples that
closely resemble those drawn from an original, unknown distribution. Despite
being well-known in statistical estimation theory, the approach has gained sub-
stantial traction in recent years, driven by groundbreaking results in areas such
as image synthesis, natural language generation, and network modeling. The
complexity of modern-era data domains and the ensuing adaptations that suit-
able models must undergo have presented new challenges. These advances raise
several fundamental questions, the first of which is: When do generative models
accurately approximate the true data distribution? One may also ask: How well
do these models perform under contaminated data? This work explores these
questions through the lens of generative modeling frameworks that, by design,
involve distinct data spaces.

We focus on two major classes of such models that blend optimal transport and
representation learning in their objectives: Wasserstein autoencoders (WAE) and
Cycle-consistent cross-domain translators. WAE, on its way to regeneration,
learns a latent code, which in turn aids the simulation of newer pseudo-random
replicates. By providing statistical characterizations of the latent distribution and
the transforms inducing a dimensionality reduction in the process, we present a
detailed error analysis underlying WAEs. From a non-parametric density estima-
tion perspective, we establish deterministic bounds on the latent and reconstruc-
tion errors that adapt to the intrinsic dimensions of input data. We also study
the extent of distortion that WAE-generated samples suffer when learned using
contaminated data. Key takeaways for practitioners from our analysis include
specific architectural suggestions that foster near-perfect sampling.

The framework developed thus far fittingly extends to unpaired cycle-consistent
cross-domain models. We show that the sufficient conditions for successful data
translation under Sobolev and Hélder-smooth distributions resemble those in the
case of WAEs. Our analysis also suggests error upper bounds due to ill-posed
transformations and validates the choice of divergences used in objectives.

Finally, in search of a consolidated solution to the robustification problem, we
present parallel formulations based on the Gromov-Wasserstein (GW) distance.
Due to the equivalence of Gromov-Monge samplers (GW), following GW, and
cross-domain translation models, including WAE and GWAE, this answers the
second question. We study the robust recovery guarantees, concentration, and
tractable computational properties of the newly introduced distance measures
under diverse contamination scenarios. We substantiate all our findings based on
real-world data in varying generative tasks.
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Chapter 1

Introduction

1.1 Generative Modeling as Learning a Distribution

The task of generating pseudo-random data from a distribution has been a time-hallowed
problem in Statistics. Traditional approaches to generative modeling, such as those based on
graphical models (Koller and Friedman, 2009), are grounded in explicitly defined probabilistic
assumptions. While these models are easy to interpret and are widely utilized in classical
statistics, in time, necessities have evolved, even to the extent of aiming to develop algorithms
capable of synthesizing realistic audio, generating coherent text, or producing images aligned
with a given description. These tasks are inherently difficult due to the complex and often
intractable nature of the underlying data distributions, rendering once-capable techniques
(Diggle and Gratton, 1984) ineffective. The primary task of characterizing such data, e.g.,
a convincing image, from a statistical perspective poses a challenge itself. Fortunately, for
many domains of interest, real instances of data lie in abundance. Coupled with the rapid
increase in computational capacity, this opens the door to a data-driven approach: instead
of specifying the target distribution explicitly, we can aim to learn it from the observed data.
Once such a model is trained, it can guide the synthesis of new data samples that reflect the
learned structure of the original distribution.

To contextualize, let us revisit what it means to ‘learn’ a family P of distributions, given
n € Ny independent and identically distributed samples ~ p € P. If the family is exactly
characterized by a set of parameters, i.e., P = {ug : 0 € ©}, it suffices to output an estimate
6. This approach is much akin to Fzplicit generative modeling and evidently falls apart in the
presence of complex, high-dimensional data, such as images. From a non-parametric view-
point (Tsybakov, 2008; Wasserman, 2006), the goal is recast to output instead an evaluator,
i.e., a function & : X — R such that fi(-) is an efficient point-wise estimator of u(-). The
convergence of such estimators can only be made to avoid the curse of dimensionality if the
underlying data is supported on an intrinsic space, whose dimensionality is much smaller

compared to dim(X) (Kim et al., 2019). Otherwise, one is rather constricted to search for



1. Introduction

deterministic pathways to model the sampling process of the target distribution. In other
words, given a random seed w, the goal becomes to find a generator G : Z — X such that
the law of G(w), conditioned on the input observations, is approximately p. Typically, w is
drawn following a distribution supported on Z, which is easy to sample from. In introduc-
ing one of the earliest algorithms to generate Gaussian replicates this way, Box and Muller
(1958) remark, “When an electronic computer is used it is desirable . .. rather than to rely on
tables”. An immediate example of such an Implicit generative modeling is the Probability
Integral Transform (PIT), where w ~ U(0,1) and G is defined as the inverse of the distribu-
tion function corresponding to a univariate u. This approach favors modern-day generative
tasks since instead of estimating p, the focus is shifted towards learning a transformation,
inducing a sampler.

From an information-theoretic perspective, the last two methods are equivalent. Since
all the information at one’s disposal remains encapsulated in the observed samples from u,
learning an accurate density estimate g will allow further sampling. On the other hand, mod-
eling an optimal generator will enable simulating newer observations, and in turn, reducing
errors due to subsequent estimations. The difference lies in their computational complexity.
Given prior knowledge on the regularity of i, finding an optimal density estimator boils down
to adaptability in terms of the bandwidth (Goldenshluger and Lepski, 2011; Kerkyacharian
et al., 1996). Otherwise, the basis functions during the construction of energy estimates
need careful adaptation (Cleanthous et al., 2025; Donoho and Johnstone, 1995; Efroimovich,
1986). All such techniques incur little computational cost; however, their poor scalability
onto high-dimensional, sparse data domains leads to limited applicability in modern genera-
tive modeling. In contrast, generators parametrized by deep neural networks (DNN) approx-
imate ideal transformations onto such data domains with high precision. While the search
for frugal training algorithms to curb incurred costs continues, currently, all state-of-the-art
samplers originate from this approach.

The empirical success of these models drives theoretical scrutiny of their machinery. This

work is primarily motivated to answer the following questions:

e Under which sufficient conditions do deep implicit generative models accurately sample

from the target distribution?

e To what extent are these models capable of withstanding contamination in input data, and

is there an actionable way to make them robust?

To answer the first question, we investigate whether a suitably characterized G enables ac-
curate estimation of u. In the process, we provide detailed prescriptions on how to build an
efficient model, given that the input distributions are ‘smooth’. The second question is even
more crucial as implicit models only have access to a set of samples, and any corruption of

the same, in the form of outliers, quickly derails the estimation. To that end, we find cost-
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Figure 1.1: Generative models involving diverse spaces.

effective solutions that robustify with minimum alteration to the architecture. As the list of
deep generative models (DGM) keeps growing, each being unique in its design, we focus on

a special class, namely those involving unlike data spaces.

1.2 The Landscape of Deep Generative Models

Among the plethora of DGMs conceived to date, the ones gaining widespread usage include
Generative Adversarial Network (GAN) and its variants (Arjovsky et al., 2017; Goodfellow
et al., 2014; Li et al., 2017), GAN-based cross-domain samplers (Kim et al., 2017; Yi et al.,
2017; Zhu et al., 2017), Variational Autoencoder (VAE) and its progenies (Higgins et al.,
2017; Kingma and Welling, 2014b; Tolstikhin et al., 2018), diffusion models (Ho et al., 2020;
Sohl-Dickstein et al., 2015; Song et al., 2021a,b), normalizing flow-based and flow matching
techniques (Gat et al., 2024; Lipman et al., 2023; Papamakarios et al., 2021; Rezende and
Mohamed, 2015), rectified flow-based and consistency models (Liu et al., 2023; Song et al.,
2023). Aiming to cater to diverse tasks, ranging from graph generation (Guo and Zhao,
2022), protein sequence modeling (Tang et al., 2024), speech enhancement (Richter et al.,
2023), and text-to-image translation (Zhou et al., 2021), categorization of DGMs is highly
subjective and needs to be contextualized. To suit our narrative, we classify them based on
the role and nature of Z, namely the latent space.

The first characterization emerges due to the informativeness of p, i.e., the distribution
supported on Z that supplies the random seeds. This is commonly termed the latent distri-
bution. In GANS, p is typically chosen as a standard Gaussian or Uniform and matches the
target distribution p in terms of the ambient dimensionality (Goodfellow et al., 2014). As
a result, the objective of GANs turns out as minimizing the discrepancy dp(Gxp, 1), where
dp(-,-) denotes a divergence measure endowed with discriminators D. Evidently, p is oblivi-
ous to the samples originating from the unknown p, and can be treated as an uninformative
prior. Diffusion (Song et al., 2021b) and consistency (Song et al., 2023) models, built around
two interconnected stochastic processes, share a similar trait in their design. The first is
a predefined forward (or noising) process {ft}te[O,T]a which gradually corrupts the sampled
data from p over time, with its marginals denoted by ¢;. The goal of this propagation is

to reach p in distribution. In practice, however, it suffices to approximate a stationary sur-



1. Introduction

rogate. The second process is a learnable reverse (or generative) process {i}te[oﬂ, with
marginals p;, trained to approximate the time-reversed dynamics of {X;}. To generate new
data, one samples from the latent distribution p and runs the reverse process to obtain Yr,
which is intended to closely resemble samples from p. Generative models inspired by the
VAE dynamic, e.g., Wasserstein AE (WAE) (Tolstikhin et al., 2018), Gromov-Wasserstein
AE (Nakagawa et al., 2023), differ in this aspect. Generally, samples from p are first embed-
ded into Z (¢x 4p), trying to closely approximate the distribution p. The goal of such an
encoding lies in preserving the input information to the greatest extent. The latter generative
part samples from this encoded law to eventually transform them ((¢z o ¢x) #,u) into new
replicates following p. Several unpaired cross-domain models also assume the existence of a
shared latent space between participating input laws (u,v) (Liu et al., 2017a). Instead of
direct transform sampling, the problem is reformulated as finding an optimal alignment be-
tween ¢x 4 p and ¢y 4v. Clearly, the encoded latent distributions remain informative about
the ambient laws.

The second characterization, already hinted at in the previous discussion, is based on the
dimensionality of the participating spaces. GAN variants and diffusion-based architectures
only deal with latent spaces that have the same ambient dimensionality as X. For most ap-
plications, e.g., images, word embeddings, X is a subset of R%, and by ambient dimension, we
refer to d. This implies that the underlying generator transform G maps onto the same space.
In WAESs, however, the latent representation typically demands a dimensionality reduction
(dim(Z) < d). Such encoded distributions have multiple applications in visualization and
clustering. In cross-domain models, the existence of multiple data spaces () C RY | given
d # d'), e.g., image-to-image, text-to-image, makes the distinction even more prominent.
In the thesis, our focus lies in this latter class of generative models, which involve distinct
spaces and informative priors. We observe that a GAN-like framework can be extended to
accommodate latent spaces of varying dimensionalities (Bunne et al., 2019), thereby leading

to the models of interest in this work.

1.3 Thesis Overview

Most of the earlier theoretical scrutiny into DGMs has been directed towards GANs. Fur-
thermore, it is only recently that similar studies on diffusion models have gained momentum
(Benton et al., 2024; Bortoli, 2022; Bruno et al., 2025; Chen et al., 2023a,b; Li et al., 2024;
Silveri and Ocello, 2025). This thesis, based on a selection of my works, focuses on finding

statistical guarantees for the less-studied models developed between the two.
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Regeneration and Latent Space Consistency of Wasserstein Autoencoders

In Chapter 2, based on Chakrabarty and Das (2021); Chakrabarty et al. (2025a), we recast the
WAE (WAE-GAN and WAE-MMD) objective as concurrent density estimation tasks using
neural-network induced transforms. By introducing the notion of information preservation
(IP), a simple probabilistic characterization of what an ideal encoding should entail, we
prescribe model architectures to foster consistency of estimators in the latent space. The
guarantee comes with deterministic upper bounds on the latent loss incurred by WAEs in
a non-parametric regime, which adapt to the intrinsic dimensions (e.g., Minkowski, upper
Wasserstein) of the input distribution (1) and allow for p to be invariant to group actions. We
also show that in case the encoded density is smooth enough (& la Besov), finding an optimal
encoder boils down to searching for the minimum distance estimate in the latent space.
Moreover, the complexity of the associated Scheffé tournament becomes as large as solving
an optimal transport. While decoding using WAE-MMDs, we show that reconstruction
is achieved as a consequence of latent consistency under carefully chosen kernels. All of
our theoretical findings, from IP to the error rates of convergence, are reflected exactly in
numerical experiments based on real and simulated data sets. Finally, we find the extent
of additional error one incurs while estimating the target density based on WAE-generated

samples in case the input observations suffer Huber contamination.

Translation and Cycle Consistency of Cross-domain Generative Models

In Chapter 3, following Chakrabarty and Das (2022), we extend the non-parametric estima-
tion framework developed in Chapter 2 to unpaired cross-domain generative models imposing
cycle-consistency. We analyze the statistical errors involved in translations based on IP net-
works and their margin due to ill-posedness. Under Sobolev-smooth input laws, we find that
using L' norm and 1-Wasserstein distance in the cyclic loss tends to be equivalent, attesting
to (Zhu et al., 2017)’s observation that the latter does not improve performance. We also
demonstrate that it is sufficient to ensure translation consistency to achieve cycle-consistency
in total variation, if the translations preserve smoothness. This is significant as the result
may not hold in general. Our earlier prescriptions of IP networks are also shown to be adept

in cross-domain models.

Robustifying Cross-Domain Generative Models

In Chapter 4, searching for robust solutions to DGMs from the previous chapters, we pro-
vide principled methods to robustify Gromov-Wasserstein (GW) distances under a diverse
landscape of contamination models (Huber, Wasserstein, etc.). This presents a unique way
of metrizing the equivalence class of isomorphic metric-measure (mm) spaces under corrup-
tion. Our discussion in this chapter is based on Chakrabarty et al. (2024, 2025b). Drawing
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from classical truncation techniques in robust statistics, we propose Tukey and Huber’'s GW
‘distances’, which offer outlier-robustness alongside preserving topological (metric) proper-
ties of the original metric. They tend to be asymptotically unbiased towards estimating the
unperturbed GW value if the number of outliers from both spaces increases at a slower rate
compared to the inliers. The algorithmic computations follow a similar complexity to the
original and easily adapt to entropic regularization. Provably, Tukey’s GW (TGW) becomes
a lower bound to existing robust OT metrics (ROBOT (Mukherjee et al., 2021)), given that
the distributions are supported on the same ambient metric space. We also propose a lower
bound to TGW, which essentially offers stricter robustification at the cost of the usual tri-
angle inequality. The benefits of such a proxy (termed Locally Robust GW) include the
relation to a dual formulation that connects the problem to solving a robust OT dual. It
extends the framework to probabilistic mm spaces, proposing a way to robustify Sturm’s
formulation, also leading to a robust cross-domain sampler. As a consequence, we find a
way to robustify cycle-consistent cross-domain DGMs. Empirical evidence also shows that
our prescribed models surpass existing benchmarks on image synthesis, shape-matching, and

barycentric interpolations.

Conclusion

Finally, we summarize our findings from the thesis in Chapter 5, and discuss the impact
of our approach in the literature. We also point towards several open problems for future

pursuit.



Chapter 2

Regeneration and Latent Space
Consistency of Wasserstein
Autoencoders

Summary

Amongst the numerous variants Variational Autoencoder (VAE) has inspired, the Wasser-
stein Autoencoder (WAE) stands out due to its heightened generative quality and intriguing
theoretical properties. WAFEs consist of an encoding and a decoding network— forming a
bottleneck— with the prime objective of generating new samples resembling the ones it was
catered to. In the process, they aim to achieve a target latent representation of the encoded
data. This chapter offers a comprehensive theoretical understanding of the machinery behind
WAFEs. From a statistical viewpoint, we pose the problem as concurrent density estimation
tasks based on neural network-induced transformations. This allows us to establish determin-
istic upper bounds on the realized errors WAFEs commit, supported by simulations on real and
synthetic data sets. We also analyze the propagation of these stochastic errors in the presence
of adversaries. As a result, both the large sample properties of the reconstructed distribution

and the resilience of WAE models are explored.

2.1 Introduction

Variational Autoencoder (VAE) (Kingma and Welling, 2014a) is one of the earlier agents
of modern-day deep generative modeling. Vanilla autoencoders, a precursor to VAEs and
conceived primarily to address representation learning, lacked the ability to add stochastic
variation in the reconstructed signal. As a result, they could not ‘generate’ new observations
resembling the target. VAEs came into being with the promise of overcoming this limitation,
inspiring numerous variants in the process (Wei et al., 2020). Perhaps the one that stirs up a

statistician’s intrigue the most is the Wasserstein autoencoder (Tolstikhin et al., 2018). Ap-
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proaching the problem from an optimal transport (OT) point of view, it achieved significant
improvement in generated image quality.

As motivated in the introduction, the discussion on WAEs starts with an unknown target
probability distribution p. The goal lies in simulating new observations from the same by
learning it gradually based on samples. Statistically, input observations such as images are
often deemed residents of a high-dimensional non-Euclidean space, perhaps manifolds. In
our discussion, we surmise that j, in general, is defined on a Borel subset X of R%. This
also conforms to the well-known fact that the information necessary to ‘represent’ an image
typically possesses a low-dimensional structure compared to its ambient dimension d (Bengio
et al., 2013). There lie two constituents in a typical WAE model: an ‘encoder’ (E), and
a ‘decoder’ (D). Sampled observations from p are fed into the encoder, which produces
replicates of a low-dimensional representation of the same. As such, it may be viewed as
a parametric class of Borel functions from X to the ‘latent space’ Z C R¥, d > k. In
practice, both encoders and decoders are parameterized by neural networks (NNs). The goal
of encoding is to reach a desired distribution p defined on this space, fittingly called the
‘latent law’. Evidently, there must remain some discrepancy between the encoded and the
desired latent distributions. Tolstikhin et al. (2018) prescribes the usage of Jensen-Shannon
divergence (JS) and Maximum Mean Discrepancy (MMD) to encapsulate this ‘latent loss’.
This quantity makes a major contribution toward the overall objective that drives WAEs.
It is also the target latent law that inspires smooth interpolation between modes of p while
generating new observations.

Once the encoding is over, reconstruction must take place. Decoders can be similarly
described as the class of functions (mapping Z — X’) that aim to induce inverse maps to
those fostered by the encoders. Encoded observations go through such a transformation in an
attempt to get back to where they originally came from, u. The deviation of the regenerated
distribution from the input law makes for the reconstruction error. In a WAE model, this

loss is represented by the Wasserstein distance (WD).

2.2 Background

The first instance of a VAE-variant achieving comparable generative performance to that
of Generative Adversarial Networks (GAN) came in the form of WAE. Husain et al. (2019)
supported this empirical similitude theoretically by showing a primal-dual relationship be-
tween the two objectives. However, while statistical scrutiny of VAEs has come a long way,
WAESs remain underappreciated in this regard. For example, it is well-known that a VAE
model with Gaussian decoders behaves similarly to Robust PCA (Candes et al., 2011) under
mild assumptions. As a result, such VAEs are capable of recovering uncorrupted observa-

tions hailing from input data manifolds, fending off outliers (Dai et al., 2018). However, the
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ability of WAE architectures towards robust reconstruction lies unchecked. The Gaussian
assumptions on both the encoder and decoder networks also have a profound impact on the
VAE’s capability to reconstruct the input law. Dai and Wipf (2019) shows that in case the
data manifold has the full ambient dimension, reaching the global minima of the VAE loss
is equivalent to ensuring a successful recovery. However, for image data, where the observa-
tions typically have a lower-dimensional true representation, non-unique solutions may exist.
Similar avenues for WAEs awaited exploration.

In our works (Chakrabarty and Das, 2021; Chakrabarty et al., 2025a), we set out to answer
some of these questions. We reformulate the WAE-GAN objective as a minimum distance
estimation. Under regularity conditions on networks deployed, we show that f-WAEs (Husain
et al., 2019) can recover approximately both latent and reconstruction targets, given that they
are smooth. Recently, Chakraborty and Bartlett (2024), in a similar approach, modified the
error bounds based on the upper Minkowski dimension of the input distribution. However, no
prior work corroborates error convergence rates and regeneration guarantees with simulations

based on real datasets.

Contributions. Key highlights of this chapter are as follows:

e We introduce a probabilistic characterization of information preservation (IP), which be-
comes the cornerstone of our depiction of ideal encoders in a WAE model [Section 2.4.1].
We explore divergence metrics that allow IP, which in turn, enables us to prescribe ideal

model architectures that foster consistency of estimators in the latent space.

e We establish deterministic upper bounds on the latent loss incurred by WAE-GAN and
WAE-MMDs in a non-parametric regime [Theorem 2.4]. The bounds are adaptable to
intrinsic dimensions of p and allow for the target latent law (p) to be invariant to group
actions. In the process, we explore the desirable properties of underlying kernels in a

WAE-MMD setup that promote latent space consistency.

e The reconstruction guarantees we propose [Theorem 2.5, Remark 2.10] assume no regularity
of the decoder network and come with accompanying prescriptions of the model architec-
ture. All of our theoretical results are empirically substantiated by numerical experiments
based on real and simulated data sets [Section 2.4.3, 2.5.1].

o We additionally examine the effects of contamination in input data on reconstructions using
WAES [Section 2.6]. The discussion explores desirable properties of kernel estimates that
limit the corruption in translated data and WAEs’ inherent capability to offer robustness

against distribution shifts.

Organization. Section 2.3 is devoted to basic definitions and the statistical formulation of

the WAE problem. It outlines the assumptions on which the forthcoming analysis is based.
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Similar characterizations also extend to Chapter 3 and are contextualized topically. Section
2.4 builds toward a statistical guarantee regarding consistent estimation while encoding in
WAESs. In the process, we explore a sufficient condition that encoders need to satisfy to
promote latent space consistency [Section 2.4.1]. We identify real architectures that preserve
information [Example 1, 2, and 3], which we eventually test in simulations [Section 2.4.3].
Our approach addresses the issue of lossy encoding [Remark 2.6] and ties the search for a
minimum distance estimate to an OT optimization [Remark 2.7]. The following discussion
provides deterministic upper bounds on the reconstruction error incurred by WAEs [Section
2.5], which we also validate based on experiments [Section 2.5.1]. Finally, we check the
extent of inherent robustness WAEs possess, given contamination in input data, in Section
2.6. Prioritizing the organization, we place additional figures in the Appendix, along with all

proofs of theorems and additional lemmas.

2.3 Preliminaries

We consider the input data space X', equipped with the metric ¢, to be Polish. For most
real scenarios, a typical characterization of the same is R%, d > 1. We refer to the space
of probability measures defined on X as P(X’). We denote the associated sigma-algebra by
Yx. The same conventions follow for the latent space Z C R¥ (k < d), equipped with the
metric ¢,. The class of measurable functions mapping X to Z is denoted by .Z (X, Z). For
ease of understanding, we abbreviate the ‘encoder’ and ‘decoder’ transforms as E and D,
respectively. Given non-negative real sequences {a,}nen and {b,}nen, the suppression of
the universal constant C' > 0, such that limsup,,_, . ‘g—z < C, is represented as a, < by, or

equivalently a, = O(b,). We also denote z V y := max{x,y} and z Ay := min{z, y}.

Definition 2.1 (Push-forward). Given f € F(X,Z), the push-forward of p € P(X) is
defined as fyp(w) = p(f~(w)), where w € Xz.

Definition 2.2 (Integral Probability Metric (Miiller, 1997)). For a class of bounded, measur-
able evaluation functions F = {f : X — R}, the integral probability metric (IPM) measuring
the discrepancy between pu,v € P(X) is given by

dr(y,v) = sup /f Jaju(z /f Y

Remark 2.1. In our discussion, we frequent a particular variant of this measure, namely,
Mazimum Mean Discrepancy (MMD). It is obtained by taking F as the unit ball in a repro-
ducing kernel Hilbert space (RKHS) H, i.e. F = {f:|fllyy <1}. In case the kernel k(-,-)
based on a compact metric space that results in H is continuous— also, dense in the space of

bounded continuous functions— the associated MMD becomes a metric (Gretton et al., 2012).

10
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1

Cg’

tions with respect to ¢y, the 1-Wasserstein metric also boils down to an IPM (Villani (2009),
Remark 6.5). This duality may not hold in general, which is evident from the definition of

On the other hand, given that the underlying class of critics F := L. , i.e. 1-Lipschitz func-

the r-Wasserstein distance:

1

W! (p,v) = inf / cx(z,y)] dy(z, ",
)= dnt L] Jew gl y)]
where T(p,v) = {v € P(X x X) : [pv(@,y)dy = pn, [y(z,y)ds = v} is the set of all

couplings between measures  and v; r € [1,00).

Definition 2.3 (Probability space automorphism). Let us denote X = (X, Xx,u), where
wePX). Wecdl f: X — X an automorphism if it admits a measure preserving, essential
inverse f/ such that f o f/ = f/ o f =1idx, u almost everywhere.

2.3.1 Problem Setup and Background

Throughout the forthcoming discussion, we denote the input data distribution by u and that
corresponding to the latent space by p. Typically, the Lagrangian formulation of the WAE

loss is given as

et {We, (1 (Do E)gp) + A~ Q(Egp, )}, (2.1)
where A > 0 and Q : P(Z) x P(Z) — R>p. In general, the resultant encoder E (as in (2.1))
maps each x € X to a (conditional) posterior measure in the latent space and only upon
rescaling becomes a probabilistic encoder (Husain et al., 2019). To establish consistency of
plug-in estimates under the empirical WAE-GAN loss (Tolstikhin et al., 2018), it becomes
sufficient to consider €(-,-) as the total variation (TV) metric (Chakrabarty and Das, 2021).
This is based on the fact that TV acts as an upper bound to the Jensen-Shannon divergence
(JS), classically deployed as a regularizer. This modified framework has attracted theoretical
intrigue due to its equivalence with the original one under the invertibility of decoders. It is
often called the f-WAE (Husain et al., 2019). Building on this density-matching regime, in
the current article, we also analyze the WAE-MMD architecture, i.e., when Q = dy.

First, let us focus on the set of solutions that bring about zero loss. This is crucial
since, during training, practitioners frequently achieve such near-perfect results. However,
the solution maps thus obtained may result in noisy reconstructions. It stems from the fact
that WAESs essentially try to solve an ‘inverse’ problem. Our first result suggests that if the
latent space admits nontrivial automorphisms, non-unique solutions may exist that achieve

zero loss.

Lemma 2.1 (Invariance of zero solutions (Moriakov et al., 2020)). Let Z = (Z,%z,p). Also,
the encoder-decoder pair (E,D) satisfies L., x = 0 for a probability divergence Q(-,-) that

11
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metrize P(Z). Then, given a non-trivial probability space automorphism ¢ : Z — Z, the pair

(=Y o E,D o) also brings about zero loss.

Observe that simply applying an automorphism can result in a multitude of distinct
zero solutions. Coupled with the intractability of ¢, prescribing an unambiguous solution
to a practitioner solving the WAE problem based on neural network-based maps becomes
difficult. Moreover, the disentangled representation is sensitive to rotations of the latent em-
bedding (Rolinek et al., 2019). Thus, one needs to do more than just point out solutions that
achieve zero loss. Also, when seen from an OT point of view, the existence and consequently,
approximation of such non-unique target maps becomes questionable. We elaborate on the

same in Section 2.4.1. This brings us to adopting the constrained formulation instead:

Ee;}g(,Z) w} (1, (Do E)gp) subject to Q(Egxpu,p) < t, (2.2)
where t > 0 signifies the tolerable error margin. Although the Lagrangian form (2.1) is
dual to (2.2), it is more intuitive to establish non-asymptotic deviation bounds (and hence,
consistency) of estimators in the latent space under the latter formulation. For instance, given
t > 0, it essentially narrows down our search for an ideal E' among candidates € .7 (X, Z) that
limit the error incurred during encoding to t. On the other hand, such a deterministic upper
bound readily enables checking the sample complexity of an existing encoder architecture to
incur an error t. Our proofs of sufficient conditions to achieve regeneration consistency and

accompanying prescriptions of networks that capacitate the same also stem from (2.2).

2.3.2 Data Distributions

Typically, WAE-based architectures deal with image data. The statistical construct we follow
favors such cases without being restricted to them only. For example, pixel values of raw image
data tend to lie in bounded intervals. As such, considering the support of the probability
distribution from which they may originate to be bounded seems plausible. Feature-extracted
image data also attests to this assumption. A key aspect of input distributions that we are
interested in is their regularity. Earlier, we (Chakrabarty and Das, 2021) tested WAEs’ ability
to reconstruct Holder densities based on compact supports. Here, let us extend our setup to
cater to more diverse distributions.

Let us denote the space of p-fold Lebesgue-integrable functions by Lp(Rd)7 endowed with

the norm || - [|,, p € [1,00). The uniform norm is denoted by | - ||

Definition 2.4 (Sobolev Space). Given o = (v, sz, ... ,aq), a; € NT U {0}, a multi-index
such that |a] = Zle «; stands for the length, the mixzed partial weak differential operator of

] .
0% . Here, 2 = z5"... zy? whenever x € RY. Under this

o Do _
order |a| is given by FrE

12
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setup, the LP-Sobolev Space of order m with radius R € R>q is defined as

Wit (RY) = {f € LR : D°f € LyR) ¥a] < m | flywms = I/, + 3 ID%f, < B},

laf=m

Remark 2.2. In case f : RY — R is differentiable at x, set D*f = f(@) j.e., the classical
mized partial derivative. Also, denote by Cy(RY) the space of uniformly continuous functions.

This allows us to extend the earlier class for p = oo, namely

W =R = {1 € Cu(RY : 1) € Cu®D Vol <m0 [fllym = If e+ 3 1@l < B},

|al=m

We find the extension of this class for non-integer s € Ry, with its integer part |s],

particularly helpful in the analysis. The following definition formalizes the same.

Definition 2.5 (Holder-Zygmund Space). Under the setup described in Remark (2.2), define

s D*f(x) - D*f(y

ChRY = { € Cu®Y) : [fllee = [Flwi + Y sup ZIE DOt
o) Py, T
a=ls z,yeR?

Let us denote the input density corresponding to u by p,, with respect to the Lebesgue

measure.

Assumption 2.1 (Regularity of Input Law). There exists mg € N such that p, € W' (Qy),
where the support Q, C X is compact, p € [1,00).

This assumption is put in place to give coherence to the discussion so far. We will focus
on the case of unbounded domains under varying regularity as generalizations of the initial
results. The more challenging of tasks is perhaps characterizing the latent distribution.
In our density matching paradigm, it should ideally be a distribution that embodies the
dimensionality-reduced representation of p,. Let us similarly assume that p also has the

corresponding density p,,.

Assumption 2.2. p, is based on a compact and convex support Q. C Z, such that there

exists a positive constant ¢ satisfying inf, p,(z) > c.

The generative aspect of WAEs comes from their capability to simulate novel samples
that resemble input observations. The generated set includes smooth interpolations between
modal values of y. As such, the latent law— encapsulating the geometric input information—
must distribute positive mass between encoded modes. Tolstikhin et al. (2018) demonstrates
the same fact with facial image data. This stems from the idea that the meld between
two faces in the Wasserstein geodesic might result in another one, even if unrealistic. The

convexity of the support of p,, coupled with its departure from nullity, is a mathematical

13
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representation of the same philosophy. Asatryan et al. (2023) argues that an explicit lower
bound to the density can always be found for a slightly modified measure (Remark 3.3). As
such, we assume p to have a strong density. Also, to conform to disentanglement, p should
ideally have a diagonal or block-diagonal dispersion matrix. In our non-parametric depiction,

we keep ample room for such specifications without being restricted to these only.

2.4 Latent Space Consistency

With the foundations laid, let us concentrate on the encoding. In an empirical WAE problem,
we only have access to a set of samples {X;}" ; drawn i.i.d. from p. Thus, the sample version
of the optimization task (2.2) needs to satisfy the corresponding constraint: Q(E4fin, p) < t,

% >, dx, is the classical plug-in estimate. We use the same notation

givent > 0. Here, fi, =
to signify the empirical distribution throughout the article. Observe that the resultant set
of encoder transforms that fulfill this criterion are indeed functions of n, i.e., E = E(n). In
the absence of uniqueness, our suggestions of a capable encoder begin with a definition of its

chassis: neural networks.

Definition 2.6 (Feed-Forward Neural Networks). Given L € Nt a Neural Network (NN)
with L hidden layers is defined as the collection of maps ¢ : RNo — RNL+1 {Ni}iL:JE)l e Nt
given by

¢(z) :=ApocoAp_j10---000 Ay(x),

where A;(y) = My + b;; M; € RNi+1xNi gnd b, € RNe+1 s an affinity, i = 0,...,L. Here,
o signifies the activation function, applied componentwise. Under this setup, we call W =
VszlNi the width of the network and L its depth. Denote this collection by ®(W, L)%g“.
Additionally, the quantity S = ZiL:1 N; is said to be the size. A reparameterized version of

the same, given as N(®) =d+ S, denotes the number of neurons in the network.

Remark 2.3. Based on its simplicity and resilience to vanishing gradients, ReLU (o(x) =
x V0, also called ramp or first order spline) has emerged as one of the most desired activa-
tions to practitioners. However, we highlight the remarkable capability of ReLU-based NNs
to approximate reqular functions (Petersen and Voigtlaender, 2018; Yarotsky, 2017, 2018).
Another activation function that is critical to our analysis is GroupSort (Anil et al., 2019).
Given a vector x = (x1,- -+ ,Trp) € R™, where r > 2, it splits the components into n groups

each of size r, followed by sorting them in decreasing order, i.e.,

_ 1 1 n n
O-T(l'ly"'vxr‘,"' axrn—(r—l)w"amrn) = (:L'(r)a"'vl‘(l)?"' 7$(r)7"'am(1))7
Group 1 Group n

where .%Z('j) denotes the jth order statistic from the ith group. Preserving all the goodness
offered by ReLU, it additionally provides adversarial robustness (Huster et al., 2019). We
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highlight that NNs deploying GroupSort (equivalently OPLU, when grouping size is 2 (Chern-
odub and Nowicki, 2016)) are better suited to universally approximating non-linear Lipschitz

maps.

2.4.1 Encoder maps

Encoders are transformations that enforce dimensionality reduction, preserving key properties
of u. Though not obvious, typically, such maps enforce a non-linear reduction due to the non-
linearities (activations, e.g., tanh) present in the underlying NN. The process it undergoes is
significantly different from the classically known DR techniques. However, in case the maps
are assumed to be linear embeddings (decoder as well), latent factors obtained by a VAE tend
to align along the Principal Component (PC) directions (Rolinek et al., 2019). Regularized
VAEs can also be related to the DR carried out by non-linear ICA (Hyvérinen and Pajunen,
1999) under a parametric regime. The similarity stems from the achievement of identifiability
of the parameters characterizing the latent law in both methods (Khemakhem et al., 2020).
This departure from traditional techniques forces us to change our viewpoint on DR as we
know it. Besides, the encoding in the posterior density-matching setup of WAEs differs even
further. Instead of looking at the encoder’s capacity to conserve local and broader geometry
of the spaces in terms of distances, we focus on its trait to limit distortions of estimators.

Let us provide a probabilistic definition of the same.

Definition 2.7 (Information Preserving Transform). Given an estimate fi,, based on n ob-
servations from the distribution p and € > 0, a map I € F (X, 2) is said to be Information

Preserving under the distance metric d(-,-) if there exist constants ki, ks > 0, such that

P(d(f#ﬂn, @m) < 6> >1-— kle—kz(n/\m)é’
where @m denotes an estimate of the translated distribution based on m € N1 i.i.d.

samples.

The immediate question that comes to mind may be, what are the transformations that
behave as IPTs? Precisely, the answer lies in the regularity of the functions. Though not
apparent, the notion of IPTs is intrinsically related to Bourgain’s discretization theorem and
Lipschitz embeddings. To that end, we first explore the capability of Lipschitz continuous
maps— between the input and latent space— to pose as IPTs. Let us denote by Zy (X, Z)
the class of U-Lipschitz functions mapping (X,¢;) to (£,¢;), U > 0. So far, we have not
imposed any regularity on the class of latent distributions. In such a general setting, the role
of the underlying divergence, metrizing the measure space, becomes crucial. In this context,
we recall the caution sounded by Sriperumbudur et al. (2009) that the total variation metric

(df = drv, where F = {f :||f|lo < 1}) is often unable to ensure strong consistency of
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estimators under them. The issue is rooted in the class of critics F being ‘too large’. The

first method to circumvent this problem is to look at IPMs employing more precise critics.

Theorem 2.1 (Information Preservation of Lipschitz Encoders). Let H denote a class of
bounded real-valued functions on Z, such that the associated entropy has at most polynomial
discrimination. In other words, there exists q, A € Rsqg such that Ve > 0, log N (H, ||| . €) <
Ae~ 1. Then for any g € Fy(X, Z) there exists constants l, E1, Fy and Es > 0 such that given
0<t<2,

Mz

+O(m™77)

dy (g#ﬂm @m> <t+ Wwh

holds with probability > 1 — (Ey + Eg(‘ﬁ(frﬁz %) exp {—E3(m A nh?)t?}, where fin, is a den-
sity estimate of p based on the Regularly invariant kernel k (see Definition 2.8), satisfying
SUp,, SUP,eq, k() < 1, and with bandwidth h = h, 0.

The theorem implies that Lipschitz transforms can approximately pose as IPTs. By choos-
ing h judiciously, one may show that the approximation error turns o(1) in the asymptotic
regime. We deliberately use the smoother kernel density estimate instead of the plug-in to
appreciate Assumption 2.1. The choice of the kernel function— as regularly invariant— is of
high significance, which the proof (see Appendix) demonstrates. We elaborate on the same
while discussing MMDs (Definition 2.8). Note that here, our goal is to demonstrate IP, which
eventually leads to guarantees in latent approximation. To search for optimality in terms of
kernel estimators, the theorem can be extended to adaptive bandwidth and kernel selection a
la Goldenshluger and Lepski (2011). The adaptability improves for added boundary correc-
tion (Bertin et al., 2019) on the kernel estimates to remove the so-called boundary bias. Now,
the classes ‘H whose entropy increases polynomially lie in abundance (Nickl and Pé&tscher,
2007). A particular case that we emphasize on is Eiz, i.e. 1-Lipschitz functions with respect
to c.. It is known that log V' (LL_, |||, €) < ¢(Z1)e*, where ((Z2!) is the Lebesgue measure
of the set {z : ¢;(z,Z) < 1} (van der Vaart and Wellner (1996), Theorem 2.7.1). The choice

of critics as Lipschitz, also provides a generalization over most Besov functions.

Corollary 2.1. Given g € Fy (X, Z) and the empirical distribution [i,,, there exists a positive

constant E}, such that

—

dey (9aiin, (9g0),,) <t + O(m~"2) + O(n~4)

holds with probability at least 1 — e‘Ei(”/\m)ﬁ.

Remark 2.4 (Extension for b-Lipschitz critics). In case of the divergence dpy (-,-), a result
similar to that of the earlier theorem can be established based on the fact that log N (5227 /] o e) <
N (Z,c., §)log (8) (Gottlieb et al. (2017), Lemma 6), given b > 0. Observe that it also en-

ables one to remove the boundedness of the support latent class of measures lie on. Instead,
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we may impose milder restrictions, such as having sub-exponential tails (essentially bounded).
_ (log m)®

Specifically, if Eq{HZ||]l{||Z||>log(m)}} = O(m % ), where ¢ € P(Z) and § > 0; we may
1+%).

recover Corollary 2.1 with only an altered approximation error (’)(mfi(log m)

Now, let us focus on the second remedy, that being more regulated classes of translated
laws. This is crucial since otherwise, the convergence of empirical measures under TV might
become arbitrarily slow (Devroye and Gyorfi, 1990). To that end, let us first recall the notion
of Yatracos classes (YC) (Devroye and Lugosi (2001), Chapter 6). Given F : Z — R, the
Yatracos class associated to it is the set system {z € Z : f(z2) > ¢g(2); f,g € F}, denoted
by Y(F). In other words, it characterizes the domain in terms of candidates in a Scheffé
tournament defined on it. Our next result suggests that if the Vapnik-Chervonenkis (VC)
dimension of the YC corresponding to the family of latent distributions is finite, we can
recover Theorem 2.1. The proposition becomes quite intuitive following the maximal packing
argument of Van Handel (2014), Theorem 7.16.

Corollary 2.2. Let the VC-dim[]Y(P(Z2))] = v, < oco. Then for any g € Fy(X,Z) and
0<t< % the constants E1, FEo and E3 > 0 are retained such that

—

dry (g#ﬂn, (g#u)m> <t+

holds with probability > 1 — (E1 + Eg(‘ﬁgﬁz)d) exp {—Eg(m A nhd)tQ}, where fin s a Regu-
larly Invariant kernel (RIK) density estimate of p (see Definition 2.8).

There are two key highlights of the latest result that turn out to be indispensable in the
upcoming discussion on latent consistency. The first aspect we emphasize is the tail condition
of the target law. Sub-exponential is a fairly general notion in the sense that all bounded
and sub-Gaussian distributions fall under its umbrella. Moreover, all results obtained under
such a characterization can be directly extended to sub-Weibull distributions (Vladimirova
et al., 2020). In practice, WAEs are mostly trained with multivariate Gaussian as conjugate
prior (and hence, posterior) latent laws (Tolstikhin et al., 2018), which also conforms to
our argument. The second facet— arguably the cornerstone of the analysis by Chakrabarty
and Das (2021), and responsible for controlling the complexity of the underlying space— is
the quantity VC-dim[Y(-)]. The finiteness assumption on the same is frequented in density
estimation (Ashtiani et al., 2018; Jain and Orlitsky, 2020) solely based on its plausibility. It
is known that the class of k-dimensional Gaussian distributions have VC-dim[Y(-)] = O(k?).
The same corresponding to axis-aligned densities hailing from k-variate exponential families
turn out to be O(k) (Devroye and Lugosi (2001), Theorem 8.1).

Remark 2.5. The IP bounds (Theorem 2.1, Corollary 2.2) suffer from the curse of di-

mensionality due to the usage of kernels that are oblivious to intrinsic structures of the data
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support. In real high-dimensional datasets, especially images, the manifold hypothesis is often

found empirically valid. If p has a finite volume dimension < d, defined as

£(Bauler) _ )

dyor(p) = sup{'y >0 : limsup sup S
r

r—0 zeX
the error rates can be shown to adopt instead dyo under additional integrability assumptions
on the underlying kernels (Kim et al., 2019). This particularly occurs if p has an effectively

intrinsic manifold support.

Before moving on to further examples of IPTs, let us examine the worth of NN-based maps
in the same context. Observe that, the transformations A;() (see Definition 2.6) can be easily
shown to be Lipschitz continuous by limiting |||, = sup lyll, =1 | Miyl|, < t, given t > 0.
Anil et al. (2019) gave simple recipes to preserve such norms in case p = 2 and co. Given this
fact, coupled with the Lipschitz continuity of activation functions (e.g., ReLU, leaky ReLU,
GroupSort, tanh, sigmoid, etc.) typically applied, it is not difficult to show NN-transforms to
be exactly so. However, not all such o(-) preserve gradient norms under composition without
additional regularization (e.g., ReLU). Furthermore, recovering the exact Lipschitz constant,
and hence the map, often turns out to be NP-hard (Virmaux and Scaman, 2018). So, instead,
we harness the approximation capabilities of deep NNs to our aid. ReLLU has attracted the
most attention in this regard (Chen et al., 2019; Daubechies et al., 2022; Gribonval et al.,
2022; Montanelli and Du, 2019; Suzuki, 2019). To motivate our next result, we present a

simple observation:

Lemma 2.2. Given 1,2 € P(X) and ¢ € ®(W, L)%, under arbitrary IPM dz(-,-), such
that F = {f : Z — R} is symmetric, we obtain

d , —d , <2[ inf — E(F, L],
F(Spirs dppz) —dry (gpp, gppa) < [96;(1)(72) 6 = gllo + E(F, Le,)]
where E(F,LL)) = supserinfiepn [|f — 1|, denotes the essential disagreement between classes

of critics and c, = L.

Observe that the statement holds true under arbitrary choices of the second class of

evaluation functions. We mention £! , in particular, to continue our discussion in light

Ca
of Corollary 2.1. The result suggests that it is sufficient for a feed-forward NN-induced
function to approximate Lipschitz maps (between the input and latent space) to behave
like an IPT. Under the TV metric, the proof becomes much simpler based on the fact that
drv(Pup, dxpe) < drv(p, pe), for ¢ € F(X, Z). However, difficulties may arise in case
the underlying distance measure is MMD. Let us first go through some rudiments of kernel

methods to facilitate our investigation on the same.
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2.4.2 MMD and Kernel Mean Embedding

The well-known Riesz representation theorem ensures the existence of a unique representer
K(z) € H, such that Vf € H, f(z) = (f, K(x)) for all z € X. In this setup, the function
k(z,y) = (K(z), K(y)) is called the reproducing kernel of H. The opposite characterization
also holds. By Aronszajn’s theorem, given a symmetric, positive definite k on X x X, there
exists a unique RKHS H,. This inspires us to meaningfully narrow down our focus on the
distributions P, = {n € P : [ \/k(x,z)|n|(dz) < cc}. The MMD between two of such laws
p, g2 can be rewritten as dyy, (g1, p2) = [[K (1) — K (p2)|l4, , i-e. the Hilbert space distance
between the respective kernel mean embeddings (KME), given by K(n)(z) = [ k(z, y)n(dy).
For a detailed exposition, one may turn to Sriperumbudur et al. (2010). Since it is the kernel
function that determines the nature of the RKHS, we introduce some regularities, which in

turn aid our cause.

Definition 2.8 (Regularly Invariant Kernels). A measurable function k(z,y) : X x X - R
is said to be regular, if for N € N it satisfies

(i) [ysup,ex (v, v —u)||ulVdu < oo, and
(ii) [y (v, v+u)du=1; [} k(v,v +u)u“du =0 for every v € X and |a| =1,..., N — 1.

If such a kernel additionally satisfies the weaker invariance property:

{ [ et - dw,uww}i — O (v - ul),

given v > 1; we say it is reqularly invariant.

Observe that most kernel functions based on standard probability distributions with finite
and centered moments will tend to be regular. Moreover, an immediate example of our version
of invariant would be Energy kernels: rq(u,v) = |Ju]®® + ||v % u,v € X and

€ (0,1) (Modeste and Dombry, 2024). For further coherence, we introduce the notion

of strong invariance. A kernel function is called strongly invariant if the following holds:

2
1% = llu = o]

| K(u) — K(v)|| = O (||lu—vl||). This, in turn, implies weak invariance based on the fact that

/|/<a w,v) — k(w,u)|” dw} < || K (v) u)l| /HK )" dw
For example, in case of Energy kernels, ||K(u) — K (v)|| = 2|ju — v||*. Based on such func-

tions, MMD indeed promotes exponential decay in information dissipated while encoding. To

set the stage for a supporting mathematical argument, let us first notice that given u € P, (X),
d%—t,.g (fins p) = (K (fin — 1), K(fin — )11, = /X ¥ £(2,y) (fin — 1) ® (fin — p)(dzdy).
X
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. 1
AlSO, E [dHn (Mna /L)] < \/%Sllpzeflz I‘i($, :‘U) 2.
The next result contextualizes our search for NN-induced maps promoting IP.

Theorem 2.2 (Information preservation under MMD). Let u € P, (X), where k(-,-) is a
strongly invariant kernel satisfying sup,cq. k(2,2) < Cyx, such that Cx > 0. Given g €
Fu(X, Z), there exists ¢ € (W, L)% which implies that

Bln (2) 20, 1
V3 2=+ VD6 - gl%
m N——

(+)

Bln(3)
2

o —

i, (Opfins (9410),,,) < (m An)~

ol

+ 4| O(cgn(d2n) 1) + U(m An) " Zeyn

holds with probability at least 1 — §, 6 > 0. Here, B is a positive constant dependent on Cly,

and both Dy, and cq, are sequences based on n that 0 almost surely as n — oo.

Observe that the quantity (%) in Theorem 2.2 acts as an upper bound to the departure of
an NN-induced map from its exemplar g. The following examples look for the sharp upper
bounds on (%) under different circumstances.

Example 1 (Information Preservation of ReLU Encoders (Shen et al., 2019)). There
exists ¢ € ®(W, L)% based on ReLU activations with W = (’)(dLNléj VNi+1) and L = O(N3),
that satisfy Theorem 2.2 for any Nj, No € NT, such that () = (’)(\/&UBIN;%NQ_%). Here,
B, := diameter of €, with respect to the metric c,. O

Example 2 (Information Preservation of GroupSort Encoders (Tanielian and Biau, 2021)).
Given € > 0, there exists a GroupSort NN induced map ¢ € ®(W, L)]g of depth L =
O(d? logy(2Y?)) and size S = (24)%, also satisfying ||Molly o = SUp o=t [|Mozllo < 1,
max{ || M| ;i = 1,---,L} < 1 and max{ ||bj||..;j = 0,---,L} < oo, such that (x) =
O(e). O

Example 3 (Barron Functions as IPT). Based on our previous discussion, it becomes
evident that being Lipschitz continuous is a desirable property for encoder transforms to
behave as IPTs, approximately at the least. This very fact accentuates the importance of the
class of functions known as Barron functions. While there exist several characterizations of

the same (Wojtowytsch et al., 2022), we keep to the following definition.

Definition 2.9 (Barron Class (Caragea et al., 2020)). A function f : Q,(C R?) — R is said
to belong to Barron class with constant C > 0 (say, Bo(Qy)), if the exists © € Q, and a
measurable function g : R — C such that Yz € Q, both the conditions

1. Jgasupgeq, (.2 —a")|lg(n)ldn < C and
2. f(z) —c= [ga(e"™m — e M)g(n)dn
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are satisfied, where |c| < C.

For vector-valued functions f : Q, — R, in which we are mostly interested, the same
criteria need to be satisfied componentwise. Lee et al. (2017) provides an equivalent defini-
tion (also based on Fourier inversion) of the Barron class. It is intriguing to observe that
Bec embeds continuously into the class of real-valued Lipschitz maps under the L; metric
(Wojtowytsch et al. (2022), Theorem 3.3). As such, Barron functions are naturally prone to
preserving information while serving as encoders (Theorem 2.1). Now, observe that the real
architectures suggested in the context of IPT so far might suffer from the curse of dimension-
ality. Also, they both tend to be deep, scaling exponentially with the input data dimension.
While this serves our purpose in the asymptotic regime, shallow networks (L = 1) might be
of greater priority to practitioners.

Meanwhile, the Barron class can be shown to accommodate all finite norm-bounded neural
networks and their limits (Wojtowytsch et al., 2022). This is crucial since it allows one to
demonstrate shallow networks’ capability to act as an IPT approximately. Barron (1993), in
his seminal paper, first proved that a function f € Bg can be approximated up to arbitrary

accuracy by a shallow NN deploying sigmoidal activations.

Definition 2.10. A bounded measurable function h : R — R is said to be sigmoidal if

lim, oo h(x) = 0 and lim,_,o h(z) = 1. Common examples of such activation functions
include logistic, hyperbolic tangent, and h(x) = ReLU(z) — ReLU(x — 1).

In other words, there exists ¢ € ®(W,1); with N(®) = m, such that {f, (f(z) —
qS(x))Q,u(dsc)}% =|f=9¢l < m~%. In the asymptotic regime, however, to achieve an in-
finitesimally small error, the map ¢ approaches an infinitely wide NN. Wojtowytsch et al.
(2022) draws the same conclusion based on p having a finite second moment (Theorem 3.8).
This approximation can be further improved in case p has bounded support, conforming to
Assumption 2.1. Klusowski and Barron (2018) shows the existence of such a ¢, based on gen-
eral Lipschitz activations, that ensures ||f — ¢[|, < mm_%_é. Despite being the
highlight, our discussion on the approximation of Barron functions is not limited to shallow
networks. The information-preserving behavior of Barron maps stays intact under compo-
sitions as well. This is again rooted in them being Lipschitz continuous. As an immediate
consequence, we find an alternative avenue to show that sigmoid-activated deep encoders too
act as IPTs.

Theorem 2.3 (Information Preservation of Sigmoidal Encoders (Lee et al., 2017)). Let
{Ni}fjol € NT be a sequence of intermediate dimensions as given in Definition 2.6, where
No =d and Ny 1 = k. Also let f; : RNi-1 — RNi such that f| € Bc, (o) and for2 <i < L+1
and a given parameter s > 0, f; € Bcifl(fo\{"_l). Here {C;}L, > 0 and Qf;]\lfi‘l ={y =
y1+ye 1 y1 € Q1,0 € BNi=1(s)}, BNi-1(s) being the Lo ball of radius s in RNi=1 | that satisfy

fi(Qi1) € Q4,1 < i < L+ 1. In particular, define Qo = Q, and Qp41 = Q.. Under this
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setup, given fi.p+1:= fio foo---o fr41 and € > 0, there exists an L-deep sigmoid-activated
¢, with O(N;e=2) nodes in the ith layer, such that (x) = O(e). O

With the desired regularity of an ideal encoder specified, we move closer to testing whether
the constraint, as in (2.2), is met in a sample problem. While our probabilistic notion based on
estimators provides a view into the solution, encoding might also be seen in the light of local
geometry. This not only provides further clarity to the definition of representation but also
opens up a pathway to understanding decoding in greater detail. Observe that the process
of encoding seeks to learn embeddings onto the latent space. A meaningful characterization
of the same might be a map that aims to preserve pairwise distances between discrete points
(the sample set) residing in the input space (Courty et al., 2018). It turns out to be crucial
for techniques that rely on the latent space to identify clusters (Jiang et al., 2017). Such a
map F : Q, — Q, satisfying ac,(z,y) < c,(E(z), E(y)) < Acz(x,y) is said to be bi-Lipschitz
(BL) with distortion D(FE) = % < 00. These immediately satisfy IP. Moreover, the inverse
of such embeddings turns out to be Lipschitz as well. We will later see that this fact can be
exploited to aid in efficient decoding. Another feature that stands out is that E restricts the
encoded law from being degenerated at a point. Now, the immediate question that arises is
whether such embeddings exist. The first affirmative evidence was presented by Johnson and

Lindenstrauss (1984), taking both ¢, and ¢, to be Ly in their respective spaces.

Lemma 2.3 (Johnson-Lindenstrauss Embedding). Given a set of size n from €, and 0 <

e < %, there exists a Bi-Lipschitz map E : R? — RF with distortion (1 + ¢), such that
— 0 (log(n)

k=0(=5").

This result additionally ties the extent of distortion to the optimal value of the latent
dimension k. We include an expository note on this in the Appendix. The bound in the
lemma turns out to be optimal up to constant factors (Larsen and Nelson, 2017). Later,
Bourgain (1985) also showed the existence of BL transforms that achieve encoding onto
k = O(log®n) with distortion < log(n). In our case, however, it is sufficient to show the

existence of Lipschitz benchmarks. To that end, we turn to the following result.

Lemma 2.4 (Bartal et al. (2011)). Given X C €, for every ¢ > 0, there exists a finite
1-Lipschitz embedding E : X — R¥ such that k = O (5*2d* (X) (M)), where d*(X) is

the doubling dimension' of X.

This is an exact deterministic answer to our search for an ideal encoder. Such a map
can immediately be extended to the whole input space using Kirzbraun’s theorem. Now, to

show latent space consistency, first observe that given a metric {2 and encoder F, the realized

'The doubling dimension is defined as d*(X) = log, A, where A > 1 (doubling constant) is the smallest
number such that at most A balls of half radius are needed to cover every ball in X.
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latent loss turns out to be Q(E4fi,, p). It can be fragmented into the following parts based

on the independent sources of variation:

QEgfin, p) < UEgfin, (Egp),,) + Q(Egp),,, p) - (2.3)
Information dissipated Estima?if)n error

While a suitably chosen IPT takes care of the first part, the latter embodies the error com-
mitted trying to estimate p using samples from the encoded law. In a lossless encoding
(Egp=qp), it will boil down to the usual estimation error. Otherwise, one might be left with
a surplus error due to the discrepancy between (f\#u)m and a certain p,,. In the light of
Corollary 2.2, a non-asymptotic upper bound on the same based on the empirical Yatracos
minimizer of p,, can be immediately obtained (Chakrabarty and Das (2021), Theorem 1).
This demands the finiteness of VC-dim[)(+)] corresponding to P(Z). Before stating further

results, let us look at the ‘lossless’ setting itself.

Remark 2.6 (Lossless encoding in WAESs). As a phenomenon, this occurs only when E is
an exact measure-preserving map. Since we allow the distributions to have densities, the idea
translates to having a change of variables given as [, pp(z)dz = [q (pp o E)(2) [Jg(z)]dz,
where in general, Jp(z) is the generalized Jacobian at x (Chiappori et al., 2017). For the
exact form the transported density achieves under the co-area formula, we refer the reader to
McCann and Pass (2020), Section 2. In general cases concerning transformations between
variables, the surplus multiplicand is rather vol[Jg(z)] := product of singular values of the kxd
Jacobian matrixz Jg (Ben-Israel, 1999). This boils down to the more familiar |det(VE(x))|,
given E : R = R? is injective on its domain and continuously differentiable. Consequently,
our desired distribution p, turns out to be the density corresponding to a k-marginal of Exp
2. The existence, let alone the reqularity of such a map is not automatically guaranteed. In
case both p and p are nonatomic, such that p vanishes on all Lipschitz (d — 1)-surfaces, there
exists a unique E (p a.e.), that offers a lossless encoding (McCann, 1995). Brenier’s theorem
(Brenier, 1991) argues the same under the additional assumption that the distributions have
finite variance. Though obtained under restrictive scenarios, a Brenier map pushing forward
the standard Gaussian measure to a uniformly log-concave target distribution would be locally
Lipschitz (Caffarelli, 2000; Colombo and Fathi, 2021). While this belongs to the class of
possible encoders under a special case, it is rather challenging to verify that minimizing the
WAE loss attains such a solution. Moreover, given a sample (semi-discrete) problem like
ours, the optimal map is likely to be discontinuous. Even if they are not, the injectivity will
be sacrificed when the supports are unbounded, since they cannot be continuously embedded

at the same time.

2Such transformations can merely be of the Rosenblatt type. Given that pp € CH*(£22), for some m. € Rxo;
E can be shown to be smooth in the sense of Holder-Zygmund (Asatryan et al., 2023).
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The practical intractability of lossless encodings compels us to focus on finding the tol-
erable margins of associated losses instead. The exploration of deterministic upper bounds
rests on the decomposition (2.3). To obtain the same in the case of WAE-GANS, first notice
that given p1, p2 € P(Z), equipped with corresponding densities such that p; < pa,

3S(pr. o) < [w In (}T) F(1-mh (1;)} dev(pr. p2) < In(2) dry (o1 p2)

(this form is also called the Information Transmission Rate (Topsoe, 2000)), 0 < m < 1.
While easier to calculate, dealing with JS from a density estimation perspective is often
technically challenging. By convention, it is assigned the value +o0 in case the underlying
distributions do not have densities, and as a result, it does not metrize P(Z) in general.
However, when taken under the square root, JS follows the triangle inequality (Endres and
Schindelin, 2003). Now, given a Lipschitz encoder E, let us consider the realized latent loss
under JS-divergence due to the RIK estimator fi,, (as discussed in Theorem 2.1), defined as
% = # S K (%, %), x € Q, where h, — 0. Fragmenting the same based on unique

sources of variation yields,

F(m) "L IS(Epfin, p) = A < drv (Egiin, (Byi),, ) + drv (P p) (2.4)
given that Ag, = dTV(@?),mﬁn), which essentially (in asymptotic regime) determines
how much latent regularization can be tolerated. As such, the choice of the optimal en-
coder must be the one that minimizes Ag,. It coincides with the minimum distance
estimator (Devroye and Lugosi (2001), Theorem 6.4) of p amongst encoded candidates
(E} = argmin dTV(@)n,ﬁn)). Since the other error terms shrink arbitrarily asymptot-
ically (n — oo with fixed d, k), given t € Ryg (as in 2.2), we only need to ensure that
A Exn <t.

Remark 2.7 (Cost to the Scheffé Tournament). Given the smoothness of the target distribu-
tions, substituting the plug-in estimates (E#\u)n and py, with smoother alternatives might be

computationally beneficial. A successful search for the minimum distance-achieving encoder

takes quadratic time (Acharya et al., 2014). Instead, let us consider estimators (Eyxp) and p

respectively, such that d(gf”) , % € L1(R¥). The benefit is rooted in viewing the problem from

an OT standpoint. Let us write,

—_—

2drv((Eg),,, pn) = I[(Egn), — pnll,

—_— —_~—

< [(Egn), — Kn((Bxmw) )l + 1Kn(Exp),) — Kn(po)ll, + [1Kn(pn) = pully,  (2.5)
() (i) (i)
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where given p1 € P(Z),

Kh(m)—/Q Kh(-,y)m(dy)—hlk/ﬂ K(;%)pl(dy)

defines the convolution with RI kernel K. Also, ¥ = (4, ..., h) for h > 0. The terms (i)
and (iii) both — 0 as h — 0 (Giné and Nickl (2021), Proposition 4.53.31). On the other hand,

18 (Esr),) - Kol < [ {3 [ K D) =K G )|as}anw) 20
:/{“K(Z’Té__j(ﬁ’h)dz Hly = o' llam(y y)
< i/l!y—yllldﬂ(y,y/), (2.7)

P

where (2.6) is due to Jensen’s inequality and 11 denotes a coupling between (Exu) —and
pn- The invariance of K implies the inequality (2.7), which holds for all such measure
couples. Hence, given c, = Lo, the quantity (ii) < %dﬁ}:z((g;’é_;)n,ﬁn). As such, to ob-
tain an optimal encoder E)— achieving latent consistency— it is sufficient to compute
A;J;;,n = infg dﬁéz ((@Z)n,ﬁn) instead. This is highly maneuverable computationally due
to the sheer attention the problem has received in recent years. One can achieve a complexity
of O(é A ?—22) (Dvurechensky et al., 2018), even beyond what Sinkhorn’s algorithm offers.
This gives us an estimate of the cost associated with finding a latent-consistent encoder from

a density estimation perspective.

Inequality (2.4) provides a clear pathway to a non-asymptotic upper bound to the realized
latent loss in a WAE-GAN setup. Given that Assumption 2.1 and 2.2 hold, we begin with
fin, an RIK density estimate (strongly invariant) of p based on bandwidth h = h,, — 0 as

— oo. Corollary 2.2 implies the existence of a positive constant Ei/

n — 00, such that o
such that

hd]
. T m _1
drv (g4, (941),,) < L+ O(W™ v \fizn™h) (28)

holds with probability > 1 — E} exp {—E3(1 A h)nt?}, whenever ¢t > ,/ “Oghh”' (Giné and
Guillou, 2002) and g € %y (X, Z). This eventually determines the rate associated with the

probabilistic statement
IS(g#hin, p) — f(m)Aun = op(1),

obtained as a consequence of (2.4) and assuming VC-dim[Y(P(Z))] = v, < co. Here, Ay, =
infyc 7, (x,2z) drv((g#n),,, Pn). 1f one employs instead a NN-based encoder ¢ € ®(W, L)k
according to our previous prescriptions (e.g., Example 1 or 2), an additional estimation error

is duly incurred. This, along with the realized Ag , contributes to the extent of tolerable
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2. Regeneration and Latent Space Consistency of Wasserstein Autoencoders

latent loss.

Remark 2.8. There are some interesting implications in the WAE-GAN regime, if along
with Assumption 2.2, there exists m. € Ro, such that p, € Cp7 (Q2), R > 0. By definition

N 1 N
JS(E#MTH p) > 9 [ﬂ-d2TV (E#Mna ME#ﬂn,P(ﬂ-)) +(1- 7T)d2TV (P, ME#ﬁn,P(Tr)) } (2.9)
1 N
= 51— )%y (Egfin, p) (2.10)
1 N
> (1= m) | Egiin = plI*

where we define the mirture as Mg,p, p(7) = TEyfin + (1 —m)p, © € [0,1]. The step (2.9)
is due to Pinsker’s inequality. We reach (2.10) using

drv (Bgfin, MEyp,,p(T)) = Sup |Egfin(w) — TEy fin(w) — (1 — m)p(w)]
weiz

=(1-m) Sup |Egfin(w) — p(w)| = (1 = m)drv (Egfin, p) -

Typically, the value of w is taken to be 1/2. Now,
~ 2 . ~ 2
1B~ ol 2 i 5~ ol

where the infimum is taken over the class of RIK density estimates based on n i.i.d. samples

from p,. Such estimators, under the Lo loss tend to have the optimal convergence rate, i.e.
2my

inf;, E| pn — pl? = n"zn=% (van der Vaart (2000), Theorem 24.4). As such, this gives us a

sharp lower bound for latent performance.

Before showing latent consistency, we need to acknowledge another aspect of p. Since it
embodies the hidden representation in input images, it must also remain invariant to certain
deformations. For example, latent codes corresponding to an image of a lesion and its rotated
counterpart (SO(k)) should ideally appear equiprobably. Generative models achieve this by
ensuring group symmetry in the target space (Birrell et al., 2022). Now, given a group © (an
ordered pair of a nonempty set and a binary operation, satisfying the group axioms), a group
action ¢ on Z is an automorphism defined as vy = ¢(0,-) : Z — Z, V0 € O, also satisfying
Vo, © Yo, = Po,-05, V01,02 € O. The following definition completes the characterization of p.

Definition 2.11 (Invariant Distributions). Given a group ©, the class of ©-invariant prob-

ability distributions on Z is defined as
Po(Z)={PeP(Z):P=(pp)xP, V0 € O}.

Throughout the chapter, we only consider finite groups, i.e., |©| < oco. This makes the

representation of the underlying space under group actions much easier. To that end, let us
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introduce the fundamental domain Zy C Z, which is defined such that the subsets 02, 0 € ©
form a locally finite cover of Z without sharing common interior points. This translates to
saying that there exists a unique zg € Zy corresponding to each z € Z such that z = 0z
(Chen et al., 2023c). In order to adapt to the estimation of O-invariant latent distributions,

we make additional assumptions for the underlying kernels in MMDs.

Assumption 2.3 (Group Invariant Kernels). The kernel k(-,-) satisfies VO(# id) € ©
(i) Given 2,7 € Z, H(HZ,GZI) = k(z,2), and
(11) There exists 0 < g, 0 < 1 such that k(0z, z) < <, 0C), where z € Zy.

Theorem 2.4 (Latent Space Consistency in WAE-MMD under Invariance). Let, p € Pg(§2,)
such that |O] < co. Also, let k(-,-) be strongly invariant satisfying Assumption 2.3 such that
SUp,cq, K(z,2) < Cy, for Cy > 0. Then, there exists a probabilistic encoder ¢ € ®(W, L)]j,
based on ReLU activations with W = O(dLNléj V N1+ 1) and L = O(Na) such that given
0 > 0, we have with probability 1 — §

(maX{Bﬁ,‘lCn[l Yoo (Ol <2)>i

2n 5

1+ Sk,© (|®| - 1)
1+\/ B ]

where both D,, and cq, are sequences based on n that \, 0 almost surely as n — oo.

Ayt (Dtfin: p) = VCr 8D Mg < /Cgn
p n

2 _2 2
+ Oy ag(dn) ) + O(/ADNT Ny #) 4| 20

The result says that the realized latent loss in a WAE-MMD converges (in P) to a small
data-dependent error margin, which indicates the extent to which the constraint in (2.2) is
satisfied.

o] /|=]2]v]S|é]7]6]2]
O] |23l #]5]£17]8]9] .
o] 1]z]s]v]S]é]7] &] 9] :
o] 7]2]3]4|s]e]7]#]a] .
o] t]z]3]s]s]¢]7]2] 3] ;
o\ 113 fqfs6]7]e]9)
o] /]12]>2]4]5]4] 7]R] 7]
o] 1]2|=]4]s]i]o]2] 7]
o] L]2]z]¢]s]e]7]€]7]
o]/ ]2]3]y]sé]~7]&]a]
(@ (b)

Figure 2.1: The (a) Five-Gaussian, (b) MNIST, and (c) Swiss roll data sets.
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Figure 2.2: Latent loss corresponding to Five-Gaussian data under Jensen-Shannon diver-
gence using ReLU encoders. The Lagrangian weight assigned to the latent space, as given
in (2.1), remains A = 0.2. We consider both Gaussian and Exponential marginal densities as

standard. The parameters for Beta marginals are taken as (0.5,0.8).
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Figure 2.3: Propagation of sample corrected (xn) latent JS loss for Five-Gaussian data under

ReLU encoders.

Remark 2.9 (Mitigating Curse of Dimensionality). The term contributing to a slower con-

vergence rate (second on the RHS) due to its dependence on d is rooted in the estimation

error under the Wasserstein metric (see proof). While we do not allow the input dimension

d to grow as a function of n, it being inherently large degrades the sharpness of the non-

asymptotic bound. In search of a remedy, we recall the solution showed in Chakrabarty and

Das (2021), namely the 1-upper Wasserstein dimension (di). It is typically smaller com-

28



2. Regeneration and Latent Space Consistency of Wasserstein Autoencoders

3500

3000

2500

2000

1500

-wos o

MMD Loss
MMD Loss
co e o

*

4 .

2 . 1000 ¢ e
[ ]

.

Rl "ldad

: & 2
o> o o ] >
VR R

S

Figure 2.4: Propagation of (a) sample MMD losses and (b) sample corrected (xn%) MMD
losses corresponding to Five-Gaussian, trained with the Lagrangian parameter A = 0.2 using
ReLU encoders.

pared to the Minkowski—Bouligand dimension. However, in case p is essentially supported on
a ‘latent’ reqular space, e.g. a compact d -dimensional differentiable manifold (d/ <d), we
have d} = d (Weed and Bach, 2019). This suits our discussion since such a phenomenon

reqularly occurs in image datasets (Pope et al., 2021). The definition of di goes as follows

<s},

where N denotes the covering number. Now, if s > df(u), the second term on the right

NE(Magﬁ)

: lim sup ~log(®)

e—0

& (1) = inf{s € (2, 00)

hand of the inequality in Theorem 2.4 can be replaced by O( cgmn_?ls). This approach
also generalizes that of Chakraborty and Bartlett (2024). We also point out that the other
term carrying d in the exponent does not contribute to asymptotic rates since the encoders
constructed are usually of fized proportions. Since the upper bound becomes o(1), using the
Borel-Cantelli lemma, the latent WAE-MMD error deviated from J@Supp®n A, vanishes

almost surely.

2.4.3 Simulations

To validate our findings empirically, we carry out experiments on both real and synthetic
data [Fig. 2.1]. The existing data set we work on is MNIST (LeCun et al.), consisting
of 70,000 2D images of hand-written digits. The ‘Five-Gaussian’ data set is a collection of
50,000 observations drawn independently at random out of five trivariate Gaussians with unit
dispersion and mean at five vertices of a unit cube. To corroborate the dependence of the
convergence rate solely on the latent dimension, we consider the ‘Swiss roll’ data. It consists
of 50,000 observations lying on a curved 2D plain. We run both WAE-GAN and WAE-MMD
to reconstruct observations from the data sets. All the experiments are carried out on an
RTX 3090 GPU.
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Five-Gaussian. The encoders we use in the case of Five-Gaussian data map the points
to a 2D latent space. The first kind we deploy is a 4-deep, ReLLU-activated network. However,
the last layer uses an additional rescaling to span the target support and mitigate zero infla-
tion. To suit our theoretical specifications, we experiment with diverse latent distributions,
namely, bivariate standard Gaussian and the classes of bivariate distributions having Beta
and Exponential marginals, respectively. We call them Beta and Exponential copulas. This
way, we encompass unbounded supports, multimodality, and skewed densities. Firstly, we
train the model based on the entire sample (n = 50,000) to obtain the nearest estimate of
the population loss. Our goal is then to observe the propagation of the losses as we gradually
increase the sample size n = (1000, 3000, 5000, - - - , 50000), drawn uniformly at random. To
account for the variation due to sampling, we carry out 20 runs corresponding to each n. The

following discussion interprets our findings.
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Figure 2.5: Bin estimates of ReLU-encoded ( ) vs latent distribution (blue) in case of
the Five-Gaussian data. Under the JS loss, we observe (a) Beta (0.5,0.8) and (b) standard
Exponential copula, (c¢) shows standard Gaussian under MMD loss. (Effective range of values
scaled to aid visualization)
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Figure 2.6: Latent JS loss under Groupsort encoders of grouping size 2 for Five-Gaussian
data.
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The illustrations show that for all three latent laws, the sample losses approach their pop-
ulation counterpart with diminishing variance [Fig. 2.2]. In search of the sharpest asymptotic
rate associated— even beyond the theoretically achievable (’)(nfé)— we observe the move-
ment of the loss multiplied by n. In our experiments [Fig. 2.3], such a sequence also tends
to converge to a small constant, namely, the population error margin. This is an empirical
guarantee to the impression Asatryan et al. (2023) [Remark 4.6] had (djs ~ n~') in a para-
metric GAN (Goodfellow et al., 2014) generation. However, using a GroupSort activated
encoder (grouping size 2) one may observe the approximate rate of (’)(n_%) in diminishing
MMD losses [Fig. 2.22 (b), (c)]. Note that the regularizing parameter A is chosen based on
a trade-off between quality reconstruction and latent performance.

We follow the same experimental protocol for WAE-MMD [Fig. 2.4], taking the latent
distribution as bivariate standard Gaussian. Here as well, a similar trait is noticed. The
observed MMD losses gradually decrease to their population counterpart with diminishing
variability. The rate of convergence however, becomes comparable to O(nfé), attesting
the theoretical result. While the latent loss— asymptotically at the least— moves close to
nullity, the bin estimates corresponding to the target and the encoded law must differ. This
discrepancy, as we have already discussed, is rooted in the information preserved.

We study the concentration of encoded bins in contrast with the latent ones over regular
intervals of 200 training epochs. It is fascinating to observe the rearrangement of density as
the losses slowly diminish. We present a detailed commentary on the same in the Appendix
[Fig. 2.16, 2.17]. Here instead, we show the encoded estimates after the completion of 2000
epochs [Fig. 2.5]. The information retention can be readily identified from the high-density
areas representing the distinct clusters. The quantile-quantile (QQ) plots [Fig. 2.20a] between
the empirical encoded distribution and the targets also tells the same story. To check the
extent of approximation, we also perform multivariate goodness-of-fit tests (see Appendix
2.8).

For checking the efficacy of GroupSort activations in encoding, we repeat the experiment
in a WAE-GAN setup [Fig. 2.6]. The regularization remains at A = 0.2, and the grouping
size is taken as 2 (OPLU). Quite similar to previous observations, the losses tend to decrease
at a familiar rate.

MNIST. The individual images in MNIST are of size (28 x 28). In vectorized form, the
input observations are reduced to d = 512. Here also, we deploy a 4-deep ReLLU encoder
with layers of width 512-256-128-64=Fk. During decoding, the output tensor is reshaped to
have a size (batch size, 1,28, 28), enabling us to calculate the reconstruction loss. Keeping in
mind the high dimensionality of the latent space, we only consider a multivariate standard
Gaussian target. The findings from training runs on both WAE-GAN and WAE-MMD with
regularization A = 0.2 are obtained as in Fig. 2.7.

Swiss roll. Following Theorem 2.4, we construct the encoder with intermediate widths
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Figure 2.7: Latent (a) JS and (b) MMD loss for MNIST data set with Gaussian targets.
Both losses tend to converge to the population benchmark at a sharp rate.

given as 3-6-12-32-64-32-12-2=k. The activations remain ReLLU throughout, with rescaling
in the encoded output. We keep the target latent distribution to be Gaussian and the
regularization A = 0.2. In this setup also, the sample latent losses converge to the population
near estimate with diminishing variance [Fig. 2.8]. It is fascinating to observe that the
convergence rate adapts to the intrinsic dimension (nfé) rather than d = 3 [Fig. 2.8a]. We
also get a clearer look at IP and its gradual realization over epochs [Fig. 2.9]. The encoded
observations simultaneously retain the intrinsic pattern of the data and meet the marginal
constraints [Fig. 2.18]. Here, one may observe a more prominent mode-covering effect in the

marginals.
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Figure 2.8: Propagation of (a) sample corrected (xn%) MMD losses and (b) corresponding
variances for Swiss roll data.

2.5 Reconstruction Consistency

With a clearer understanding of WAESs’ performance towards meeting the constraint it was
formulated under, we move on to its main objective. If we position ourselves along the flow

of information— first through the encoder and now at the footsteps of the decoder— we have
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(500, 1000, 2000, 4000) (left to right from top) in WAE-MMD for Swiss roll data.

ourselves a density estimation task in higher dimensions. This is typical of inverse models,
and the underlying goal is to utilize the encoded information at one’s disposal to reach as close
as to fin. It comes as a consequence of the error W (fin, (D o E;(t))4fin) being minimized,
given the optimal encoder E}(¢) incurring latent loss < ¢.

In spirit, the role of the decoder is somewhat similar to a generative map. The aspects
in which they differ from those in a GAN architecture are mainly twofold. Firstly, there
is no dynamic critic in the form of a discriminator to guide its learning. The role is taken
up by £ix only. However, on the upside, while the latent distribution in GANSs is non-
informative, WAEs have latent laws with input information ‘preserved’. During decoding, this
very information needs to be utilized with the utmost efficacy. Since the resemblance between
spaces of different dimensions in a sample problem lies in the local geometry based on pairwise
distances between samples, quasi-isometries or bi-Lipschitz maps can be identified as ideal
decoders (Chakrabarty and Das, 2021). However, R* is not quasi-isometric to R?, d > k in
general. There may only exist bi-Lipschitz maps from Q. — R, I < d, which can thus be used
to form outer extensions mapping R* — R¢ (Mahabadi et al., 2018). Such extensions typically
preserve distortions up to constant factors and, as a result, do not depreciate the asymptotic
behavior of estimates post-translation. Another technique to ensure bi-Lipschitzness is to

search for regular maps f : R¥ — R? defined as a Lipschitz map f : (Z,c.) — (X,cz)
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if there exists a constant C' > 0 such that given any ball B in Z, f~!(B) can be covered
by at most C balls, each of radius C - rad(B) (David and Semmes, 2000). These, in turn,
make the restriction of f to Q. (closure) to be BL. While bi-Lipschitz transforms acting as
decoders automatically enforce non-degeneracy in reconstructed signals, it is sufficient to have
Lipschitz decoders to obtain an upper bound on the associated error. Most theoretical studies
on GANs tend to impose this restriction on generators. The existence of such a benchmark
Lipschitz transform, however, is readily guaranteed if encoders are considered according to
Lemma 2.3. This also supports the practical convention of building the decoder as the exact
inverse of E*(t).

We, on the contrary, prescribe constructing a decoder map that utilizes the information
encapsulated in the latent law wholly and efficiently. To demonstrate the notion, let us

fragment the reconstruction loss, given an encoder E, as follows

W) (1, (Do E)yfin) < W2 (Do E)gfin, Dyp)+ W2 (Dup,fin)  +WL (i, p). (2.11)
~—————

Decoder Translation Error

Observe that the first term on the right is essentially the propagated disagreement in the
latent space. If the metric measuring the discrepancy follows a data-processing inequality, we
can expect a non-asymptotic upper bound of the same order as that obtained on the latent
error. As such, D must be constructed keeping in mind the sole aim of minimizing the semi-

discrete translation error. The following lemma provides the backbone of the construction.

Lemma 2.5 (Yang et al. (2022)). Let v be an univariate absolutely continuous distribution
and i, € p®". Given W > 7d + 1 and L > 2, there exists a NN transform based on ReLU
activation ¢ € ®(W, L) such that Ve > 0

WcleLl (Iam Qb#V) S g,

whenever n < WL | Wod=l | L)y 9

The transport hinted in the lemma is essentially a piecewise linear map, Lipschitz contin-
uous on bounded balls. The restriction on n indicates the number of breakpoints. Since the
result holds for all probability measures v having densities, the only modification required
in our case is projecting p onto R, using linear maps beforehand. Given such a linear map
Dy : €, — R, and ¢ according to lemma 2.5, the desired decoder is given by D = ¢ o Dj.
This operation also preserves the Lipschitz continuity in the resultant decoder. Since there is
no unique way of selecting the linear transform, one may use instead a pooled distribution.
As such, D = ¢ o ZZle D; = Zlel ¢ o D;, where Dy, - - - , Dy, are individual linear maps
aimed at preserving different aspects of p. This is especially useful when |©| > 1. In this case

also, D turns out to be Lipschitz (since the property itself stems from individual components
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and summation— that too without scaling— only changes the associated constant). The

following result formalizes our discussion.

Theorem 2.5 (Reconstruction Consistency in a Latent-Consistent WAE). Given a margin
of latent error t > 0, let E’(t) be an optimal encoder satisfying latent consistency under the
metric dry. Then, there exists a decoder D € ®(W, L)g, d > 3 based on ReLU activations,
with W > 7d+1 and L > 3 such that

=

E [We, (1, (D o Ey (1) gfm)] — O(t) Sn74,
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Figure 2.10: Wasserstein reconstruction loss for Five-Gaussian data corresponding to three
latent distributions, under MMD using ReLU encoders. The penalization on the latent loss
is kept at A = 0.2.

The theorem reveals the extent to which the realized latent loss can potentially amplify
during reconstruction. The corresponding excess error always stays (’)(nfﬁ), with high
probability (using McDiarmid’s inequality). A similar result for general f-WAE reconstruc-
tions can be shown assuming invertibility of D (Chakrabarty and Das, 2021). The result also

allows for the formulation of WAESs to be made general by replacing W(}x with W2, p>1.In

T

p=1 1
such a case, the observation: WP (uy, p2) < Bz? W(u1,po)?, p1, w2 € P(X) coupled with
Theorem 2.5 provides the regeneration guarantee.

Remark 2.10 (Reconstruction as a Consequence of Latent Consistency in WAE-MMD).
Considering a latent error drv (E(t)4fin, p) < t, one may show reconstruction consistency
for both WAE models (WAE-GAN and WAE-MMD) based on the fact that TV is a natural
upper bound to both JS and MMD. However, if the bounded kernel k applied in a latent space
(in WAE-MMDs) is strictly positive definite and follows strong invariance, we have the partial

inequality— given Assumption 2.1 and 2.2— as follows
W, (D o E)gfin, Dyp) S We (Egiin, p) < Ce dyy,, (Egfin, p) + €,
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for some C. > 0 and Ve > 0 (Modeste and Dombry (2024), Proposition 3.9). The first
inequality is due to the Lipschitz continuity of D. Now, if MMD, equipped with the same K is
applied on the input space as well, the same D constructed so far satisfies dy,, (Dyp, fin) < €,
Ve > 0 (Yang et al. (2022), Lemma 3.3). As a result, the right-hand side of inequality (2.11)
can be written entirely in terms of MMD. Hence, Theorem 2.4 can be readily plugged in to

obtain a deterministic upper bound to the realized reconstruction error.

2.5.1 Simulations

We continue with the earlier experimental setup to provide empirical validation. In fact,
reconstruction outputs are obtained simultaneously with latent results. Conforming to our
previous prescription, we employ 4-deep decoders for the Five-Gaussian data set (decoder
architecture: k=2-22-16-16-3). On the other hand, to reconstruct observations corresponding
to MNIST, we take a pragmatic approach while choosing network widths (k=64-128-256-512).
The final output tensor is suitably reshaped to have the size of an image (batch size, 1, 28, 28).
For Swiss roll, following Theorem 2.5, we deploy a ReLLU-activated decoder with intermediate
widths k=2-32-64-32-3.

(a) Input data (b) Gaussian (c) Beta copula

Figure 2.11: Reconstructed samples (n = 10000) from the Five-Gaussian dataset under JS
latent loss for given latent distributions, using ReLU encoders after 1500 epochs.

The diminishing trait of error values with shrinking variance is evident in Fig. 2.10.
The limiting margin of error, where the sequence converges (for all latent distributions un-
der consideration), remains well below the tolerable latent loss. This further attests to our
theoretical bound. The optimizations not only make the error eventually vanish but also
produce perceptually alike samples [Fig. 2.11]. Reconstruction errors corresponding to Five-
Gaussian in a WAE-MMD setup also tend to follow a convergence rate (’)(n_%) [Fig. 2.22].
This corroborates Remark 2.10, even under the deployment of GroupSort encoders. Recon-

structions of MNIST also result in photo-realistic copies of the input samples [Fig. 2.12].
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The corresponding errors exhibit sharply decaying behavior under both WAE architectures.
Reconstruction errors for Swiss roll in a WAE-MMD setup also exhibit parametric decay
towards the population benchmark [Fig. 2.13]. Corresponding reconstructions turn out to

be near-perfect on convergence [Fig. 2.19].
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Figure 2.12: MNIST reconstruction error given Gaussian latent laws under (a) JS and (b)
MMD latent loss, using ReLU encoders. In (c), the odd rows hold the input digits, and the
even ones are their reconstructed counterparts.

Even though the decoder model specification from Theorem 2.5 outlines a sufficient con-
dition for reconstruction consistency, we examine the effect of a D violating the criteria on
the loss. In contrast to the earlier architecture, if we alter the width of the decoder network,
given Five-Gaussian data, as follows: k=2-18-16-8-3, i.e., W = 18 # 7d + 1, the reconstruc-
tion errors tend to diverge under sample correction (xn%, since d = 3) [Fig. 2.21(b)]. Notice
that the modified decoder remains comparable to the former in the number of parameters.
The corresponding regenerated samples also fail to recover variations in the clusters [Fig.
2.21(c)].

2.6 Robustness to Data Corruption

The quality of deep generative model outputs is often marred by contamination in the data.

Images, and consequently WAEs, are very much susceptible to such adversarial corruption.
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Figure 2.13: Swiss roll reconstruction error in a WAE-MMD given Gaussian latent law, using
ReLU encoders.

In our model recommendation, we have prioritized the free flow of information through them.
As such, a corrupted set of input samples runs the risk of spoiling all the downstream tasks.
Thus, to get a comprehensive look at the machinery of WAE, one must test its innate ca-
pability to preserve regeneration quality under the influence of adversaries. Some of the
well-recognized models in robust statistics include Adaptive, Oblivious, and the Huber con-
tamination model (Chen et al., 2016; Zhu et al., 2022). In Huber contamination, instead of
assuming independent replicates from the input density p,, it is assumed that there lies a
probability € > 0 that the sample comes from a contamination p. € P(X). The density p. is

independent of the input law and remains unknown. As such, input observations
Xi, -, Xp~pi=(1—€)p,+ epe (2.12)

are what we have at hand. Under such a setup, Liu and Gao (2019) showed that given
Pu € Ci(£2;), kernel density estimates incur euclidean losses (’)(n_%il \/es%sl). The underlying
kernels are considered to be square-integrable and bounded, with centered moments. This
result is particularly motivating since given that D o E' = id a.e., it gives us a bound on the
regeneration error for VAEs.

The regime we consider in our following discussion is closer to oblivious contamination.
We assume that the contaminated input distribution p is such that Expy~p,Cz (X,Y)<ea
more general notion compared to Huber. Observe that such a criterion automatically implies
1-Wasserstein contamination under metric ¢, (Liu and Loh, 2022). No additional assumption
on the regularity of p is assumed. The goal remains the same: reconstructing p, based on
an input estimator. In other words, in the absence of additional regularization, we check for
the extent of inherent distributional robustness WAESs possess.

We have already seen that both the encoder and decoder under careful construction can

follow Lipschitz continuity. As a result, their composition behaves similarly. To generalize
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such composite maps, in this section, we consider maps G : X — X that induce group actions.
Now, if G € G satisfies information preservation, it is approximately equivalent to construct-
ing an estimator based on translated observations rather than translating a pre-constructed
estimator to approach p,. As such, given replicates Xi,---, X, ~ p, we essentially need to
look for upper bounds to the loss W2 (pn,pu) < |Pn — pull;» where p, € Li(R?) is based on
{G(Xa) -

To cope with the adversary, first, we modify the properties of the regularly invariant
kernels we utilized earlier. We call a kernel k(z,y) : X x X — R transformation invariant
if given action G € G, k(G(z),y) = x(z,G~(y)) (Liu et al., 2022). The following theorem

provides the extent of WAEs’ resilience based on such kernel estimates.

Theorem 2.6 (Reconstruction Consistency under Contamination). Let the contaminated
distribution p be such that supg p(x) < oo. Also, let the kernel  be regular, translation
invariant with respect to Ly (2.8) and transformation invariant which satisfies [ K2 (v, v —

u)du < 0o. Then, given any G € G, a kernel density estimate p, = ppn based on k satisfies
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Figure 2.14: Reconstruction errors incurred by a ReLU-induced WAE-MMD for MNIST,
under different contaminating distributions at level 0.2. In all the experiments, the latent

distribution is kept standard Gaussian. In (d), the first row represents contaminated samples
(standard Cauchy at level 0.2), and the second row contains their reconstructed counterparts.

The result can be interpreted as the following: observations regenerated using WAEs
under contamination are distributed sufficiently accurately following p,, such that it can be

recovered with high precision by only deploying a suitable kernel.
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(a) Actual Data (b) Contaminated Data (¢) Reconstructed Data

Figure 2.15: Reconstructed samples (n = 10,000) from the Five-Gaussian dataset with half
the observations contaminated at level 0.2, under JS latent loss. The corrupting distribution
is taken to be Dirichlet(5, 3, 5).

2.6.1 Simulations

During empirical validation, based on the diverse natures of their support, the thickness of
tails, and central tendencies, we select three potential contaminating distributions: Standard
Gaussian, Cauchy, and Dirichlet. While the Five-Gaussian data set is corrupted with the
latter two, we apply all three on MNIST. For utmost rigor in our experiments, we adopt an
elaborate contaminating regime. We not only vary the proportion of observations getting
corrupted but also regulate the extent of it. For example, there may be a set of input
observations {X;}; |, out of whom [ % | are replaced by (0.8)X; + (1 —0.8)Y;, where {Y;};cs
are replicates from a contaminating law. % denotes the set of indices suffering corruption, i.e.,
|€’| = [5]. We refer to the mixing proportion as level (o). This regime generalizes the entire
contamination landscape in statistics. The specific choice of parameters for Dirichlet is taken
as (5,3,5). Perhaps the most interesting observation from our huge body of experiments is
some of the near-accurate reconstructions.

In the case of the MNIST data set, even at a significant level of contamination, the recon-
struction errors continue to converge to a near-zero value. The corresponding reconstructed
samples are of remarkably sound resolution, given the regenerative capability of WAEs in
general [Fig. 2.14]. We also study the effect of varying o on reconstructed image quality
[Fig. 2.25], which hints at tolerable levels of contamination. Simulations on Five-Gaussian
and Swiss roll data also showcase the inherent denoising capability of WAE-MMD [Fig. 2.23,
2.24], even in the presence of extreme outliers. Remarkably, based on our prescribed net-
works, WAEs recover denoised reconstructions of Five-Gaussian samples under skewed noise
[Fig. 2.15].
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2.7 Discussion

In this chapter, we provide statistical guarantees regarding the concurrent tasks Wasser-
stein autoencoders carry out, i.e., achieving both the latent and reconstruction benchmark
laws. Under probabilistic characterization of the input data, we establish deterministic upper
bounds to both losses. Our non-parametric estimation approach caters to both WAE archi-
tectures, namely WAE-MMD and WAE-GAN. In the process, we find out sufficient properties
an encoder must possess to become information preserving. This notion further enables us
to prescribe to a practitioner the architectural specifications of an ideal encoder network.
Deployment of such a network, in turn, aids the latter process of reconstruction. In a WAE-
MMD framework, we explore the sufficient conditions the deployed kernel needs to satisfy
to ensure latent consistency. We put to test our theoretical findings in simulations based
on real and synthetic data sets. The phenomenon of information preservation in the latent
space is fascinating to witness in the flesh. The encoded distributions tend to maximize their
alignment with the latent target without losing the local geometric properties of the input.
Similarly, we recommend decoder frameworks that achieve near-perfect regeneration. Such
results are also substantiated by accompanying numerical experiments that show sharply
decaying losses over varying sample sizes. Finally, in a density estimation setup, we test
the degree of robustness WAESs hold naturally against distribution shifts without additional
regularization.

We dedicate the rest of the section to pointing out possibilities that our theoretical frame-
work spawns. The first question arises regarding the modes of the distributions involved. Re-
generated samples using a WAE are not known to be plagued by ‘mode collapse’ as severely
as vanilla GAN outputs. However, it is not uncommon for real data distributions (u) to
have non-convex support. In such a case, the OT (due to Brenier) map between the latent
distribution and g will mostly be discontinuous. Moreover, NN-based transforms often fail
to universally approximate such discontinuous functions. This may lead to significant mis-
matches between the supports of © and D4p, however good the representative samples may
be. As such, there always lies an innate possibility of missing out on modes of u, even if
the effect is benign to the eye. The question also involves the role of underlying divergences.
In generative modeling, they are typically judged based on their capacity of mode covering
and mode seeking (Li and Farnia, 2023). A mode-covering divergence tends to prioritize the
spread of masses to all target modes and, as a result, generates out-of-sample observations.
While mode-seeking distances avoid doing so, their conservative mass assignment leads to the
model missing out on one or several modes. Unfortunately, both TV (weakly mode-seeking)
and JS (uniformly mode-seeking) lean toward the latter characterization. As such, in case p
is multi-modal and there exists a mismatch between the number of modes of p (unknown)
and p, WAEs operate under a heightened risk of losing information on some modes. In

our non-parametric setup, we do not specify the modality of input and latent distributions.
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This creates an interesting prospect to study the effect of varying numbers of modes in p on
information preservation and reconstruction. Future work may also look into the tolerable
modality of input laws in a WAE-MMD before mode collapse transcends benignity. This is

particularly intriguing since the mode-seeking properties of MMD remain unexplored.

Code availability

All codes, along with implementation details, can be found in the following repository https:
//github.com/Thecoder1012/Decons_Wae.

2.8 Appendix: Proofs and Experimental Details

2.8.1 A Note on the Optimal Latent Dimension

The problem that unites theorists and practitioners in shared discomfort is the precise pre-
scription of the latent dimension k. The question remains simple: Given a set of samples
from a distribution, what should be the extent of dimensionality reduction (DR) such that they
can be reconstructed?. In generative exercises, however, the data distribution lies unknown,
unlike the ambient dimension of its support. The answer should be multifaceted since there
lie several entwined aspects that contribute to the complexity.

The first hint comes from the input data dimension itself. Signals from naturally occur-
ring events are mere instantiations of underlying random processes. Variability in a set of
observations is rooted in this very idea. The explanatory attributes and their corresponding
directions encapsulate this variation, giving rise to the notion of ‘dimensionality’ of the data.
As characterized by Bennett (1969), this quantity is formally known as the embedding (am-
bient) dimension (Eneva et al., 2002). However, dealing with high-dimensional real datasets
(e.g., images), we have come to observe that such a space tends to have a lower-dimensional
structure (typically submanifolds M) where most of the variation lies, with a high probability
(Fefferman et al., 2016). The smaller set of directions this ‘Manifold Hypothesis’ points at is
called the intrinsic dimension (ID). While there is significant disagreement between authors
regarding the exact definition of the same (e.g., Minkowski dimension), we recognize ID as
the topological dimension of M. Several attempts have been made to estimate its ID given
the data distribution (Facco et al., 2017; Levina and Bickel, 2004; Pope et al., 2021). We
emphasize the importance of such an intrinsic pattern of the signal to reflect on the encoded
law as well. If one goes by the notion of ID being the set of independent dimensions that
capture most of the variation in the dataset, k should be a near-estimate of it.

Since WAEs are restricted to reconstructing input observations, they must preserve as
much information as possible while encoding. In our density estimation regime, the notion of

‘information’ is somewhat different from that offered by geometry. While the responsibility
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to preserve local and broader geometric signatures (based on topologies) lies with the encoder
transform, our impression of the statistical information being conserved is that ‘the estimates
perform with comparable accuracy even after being pushed forward’. Observe that the neces-
sity to learn a latent representation puts an upper bound on the encoded dimension. At the
same time, the need to preserve information hints at the existence of a lower bound. As such,
the dimensions in between these two extremities invoke a trade-off between the accuracy of
achieved representation and the amount of information lost.

Along with this discussion comes the call to clarify what we mean by a good represen-
tation. Though WAESs prioritize the task of regeneration, one must not forget the roots of
its predecessors in learning a disentangled representation. Without a robust definition, the
idea of disentanglement is marred by subjectivity. Most, however, deem it as the process
of compartmentalizing information into groups of independent ‘semantic’ attributes (Bengio
et al., 2013; Higgins et al., 2018). The underlying assumption being M = U;’zl M, where v
is the number of such groups and M, are the support submanifolds. The notion of indepen-
dence may be softened to ‘uncorrelatedness’ in case group actions are linear (Higgins et al.,
2018). Yu et al. (2020) argues that, additionally, such representations should be between-
class heterogeneous and within-class homogeneous to the greatest extent. However, based
on human perception, no measurement of this extent can summarize the whole picture (Do
and Tran, 2020). This discussion finds great motivation in Rubenstein et al. (2018)’s experi-
ments showing WAESs as efficient representation learners. With further regularization on the
latent space, we may expect to enhance the efficiency in both static (Gaujac et al., 2021)
and dynamic (Han et al., 2021) data regimes. From a statistical viewpoint, we understand
disentanglement as the process of attaining a distribution with a block diagonal (axis-aligned
as a special case) dispersion matrix. This should ideally contribute to the characterization of
the latent distribution. In other words, a disentangled law will be our key to the latent di-
mension. However, finding such a law, devoid of inductive biases, in an unsupervised setting
is theoretically impossible (Locatello et al., 2019).

It is evident that a typical WAE model, during encoding, performs a nonlinear dimen-
sionality reduction. The standard convolutional architecture carries out a feature aggregation
in the process that is intractable and is not expected to attain a disentangled law without
additional regularization (Kim and Mnih, 2018; Mathieu et al., 2019). Thus, instead of pur-
suing the optimal value of k directly, we turn our focus to the transformation induced by
the encoder. The resilience of such functions against distortion along with their regularity

becomes paramount in our discussion.

2.8.2 Testing Encoded vs. Latent Distributions

To check the efficacy of a WAE-encoding statistically, we perform two-sample non-parametric

tests of equality on target latent and encoded observations. Peacock (1983) suggested a multi-
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dimensional generalization to the well-known Kolmogorov—Smirnov test, which, however, has
high computational complexity. In our study, we identify the test suggested by Fasano
and Franceschini (1987) (FF) as a suitable alternative based on its manageable complexity
without sacrificing the power and consistency®. Many suggestions have been made to improve
the reliability of two-sample tests in higher dimensions since. However, given the ease of
implementation, we use FF’s version of the KS test. To ascertain our findings, we additionally
carry out a referral test of equality of distributions, based on kernelized distances between
pairs of observations, namely the Cramér test (Baringhaus and Franz, 2004). Unlike FF, the

test statistic corresponding to Cramér?

is not distribution-free, and requires bootstrapping
to obtain the p-value. We utilize two of such methods, namely the usual Monte-Carlo (MC)
and calculating the approximate eigenvalues (EV) as the weights to the limiting distribution
(of the statistic). Test results on the Five-Gaussian data at 5% level of significance, given

A = 0.8, are as reported in Table 2.1.

Table 2.1: Two-sample tests of equality on latent and encoded distributions.

Architecture ‘ Latent ‘ KS test ‘ Cramér test
‘ Distribution ‘ ‘ MC EV
Gaussian X X X
WAE-GAN ‘ Exponential ‘ X ‘ X X
Gaussian X X X
WAE-WAE ‘ Exponential ‘ X ‘ X X

The decisions ‘Accept’ and ‘Reject’ against the null hypothesis that the two distributions are equal are
denoted by the symbols (v') and (X) respectively.

Though we only establish an upper bound to the latent loss, it is apparent that there lies
an optimization error due to the minimum distance estimate. As such, under a metrizing
measure of discrepancy, the target latent law and the encoded estimate must be distinct
in distribution. The rejection of the null hypothesis corroborates the same observation.
It is not unusual to arrive at such a contrasting conclusion, as optimization errors in deep
generative models often become large enough to overwhelm significance testing, e.g., in GANs,
transformations between standard random variables often fail to meet the desired test output
despite generating reliable pseudo-random replicates (Dutta et al., 2024).

It becomes even clearer looking at the histograms corresponding to samples from the
two, overlaid. The interesting observation from Fig. 2.16, 2.17 is the visual manifestation of
information preservation. Semantic information, in the form of cluster structures originally
present in the dataset, remains intact in encoded distributions while trying to maximize

similarity with their target counterparts. The evolution of this ‘maximization’ is clear from

3We follow the fasano.franceschini.test implementation (Puritz et al., 2021) on R.
“We implement the cramer package (Franz, 2006) in R with underlying kernel specified to x(z) = /z/2.
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the histograms obtained over epochs. Another viewpoint that attests to this finding is the

quantile-quantile plot [Fig. 2.20] of the marginals.
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Figure 2.16: Concentration of bin estimates corresponding to Five-Gaussian data under
ReLU encoders ( ) against target latent Beta(0.5,0.8) copula (blue), over epochs
(200, 800, 1400, 2000) (left to right from top) in a WAE-GAN setup.
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Figure 2.17: Concentration of bin estimates corresponding to Five-Gaussian under
ReLU encoders ( ), given latent bivariate Gaussian distribution (blue), over epochs
(200, 800, 1400, 1800) (left to right from top) in a WAE-MMD setup with regularization
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Figure 2.18: Concentration of bin estimates ( ) against latent Gaussian distribution

(blue) and corresponding QQ plots of marginals (upper), for epochs 500 (top row) and 4000
(bottom row) for Swiss roll data. Evidently, the encoded distribution preserves information
from the input data and matches the target marginals simultaneously.
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Figure 2.19: Actual Swiss roll data (top left) vs reconstructed samples (n = 10000) after
epochs (1000, 4000, 8000) (clockwise from top right) under MMD latent loss.

(a) Gaussian (b) Beta Copula

Figure 2.20: Evolution of information preservation over epochs (0,200,1000,1800) (clock-
wise) based on the propagation of quantile-quantile (QQ) plots of marginals corresponding
to encoded (blue) vs latent distribution (red) under ReLU encoders given Five-Gaussian in-

put data, in a WAE-MMD setup with regularization A = 0.1.
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Figure 2.21: Sample corrected (xn%) Wasserstein reconstruction error corresponding to
WAE-MMD for Five-Gaussian input data using (a) a decoder that follows the architecture
of Theorem 5.2, and (b) one that violates the width criteria therein, having a comparable
number of parameters. (c) Regenerated sample from the latter model after 4000 epochs. The
second model does not exhibit accurate reconstruction, and the associated errors follow a
much slower convergence rate in the process.
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Figure 2.22: Reconstruction error of Five-Gaussian data under (a) JS and (b), (c) sample
corrected (xn%) MMD latent loss, using GroupSort encoders (grouping 2).

(a) Actual Data (b) Contaminated Data (¢) Reconstructed Data

Figure 2.23: Reconstructed samples (n = 10000) from Five-Gaussian dataset with 10% ob-
servations contaminated at level 0.2, under MMD latent loss. The corrupting distribution
remains standard tri-variate Cauchy.
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(b) Contaminated data

(c) Reconstructed data
(a) Actual data

Figure 2.24: Reconstructed samples (n = 2000) from Swiss roll dataset with 10% observations
contaminated at level 0.01 & 0.1 (left to right) and 20% observations contaminated at level
0.1, under MMD latent loss. The corrupting distribution is taken to be standard tri-variate
Cauchy.
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Figure 2.25: Reconstructed samples (n = 10,000) from Five-Gaussian dataset with 10%
observations contaminated at level 0.2, under MMD latent loss. The corrupting distribution
is taken to be standard tri-variate Cauchy.

(b) Cauchy
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2.8.3 Proof of Lemma 2.1

Let £E: X - Z and D : Z — X be measurable maps— namely a encoder-decoder pair—
that satisfy
We, (1t (D o E)gpt) + AQ(Egp, p) = 0, (2.13)

given A > 0. Since (2 is a divergence metric metrizing the underlying class of probability
distributions, it is implied that Fxu = p. As such, we observe a lossless encoding in the

population sense. Now,
)
Euyp=p = (DoE)yp=Dyp = p= Dyp,

where (1) is due to (2.13). This hints towards an absolute information preservation in recon-
struction based on the fact that D o E = idx a.e.
Given a probability space automorphism ¢, VA € Z

p(e(A)) = p(e~ ' (0(A))) = p(A),

since ¢! also becomes an automorphism. Hence,

W2 (1 (Dog)o (o7 o B)yup) + XQ((¢ ™" 0 E)yp, p)
= W2 (1, (Do (popt) o B)gp) + AUe, (Exp), p)
=W (11, (D o B)yp) + A Q%' p, p) = 0.

As such, the encoder-decoder pair (o~ o E, D o ¢) is also a zero-solution of the population

loss function. Also, in case ¢ # id, the pair clearly differs from (E, D) a.e.

2.8.4 Proof of Theorem 2.1

Given a transform g € (X, Z), the information dissipated can be decomposed using the

triangle inequality as follows
dy (9#/% (g#u)m) < dyy (ggehin, g1t) + dy (9#% (Q#M)m> : (2.14)

Here, fi,, denotes the RIK estimator (see Definition 8), defined as dg’% = ﬁ Sk (F %) =
pr(z), x € Q, where h is the bandwidth. Also, since the kernels are bounded, there exists B >
0 such that supq_#(-,-) = B < 1. In most cases, with choices of kernels being distributions

themselves, the modal values tend to satisfy this criterion. Since members of H are bounded,
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total variation turns out to be a natural upper bound for the associated loss. In particular,

dy (gafin, gupt) = sup / h(z) d(gsfin — gu1t)

—U swp / W () d(fin — )

h’El'Hog
= /’ph ~ pulz)lde (2.15)
< 5 {/ 1Dn(x) — Elpp(x)]|dx + || E[pn ()] —pu|1} 7 (2.16)

where Hog = {hog: h € H} such that ||k o g||,, = max, |h(g(z))| < co. The first inequality
is obtained by taking the supremum over all bounded real-valued functions on X. As such,
it is sufficient to find the concentration of p;, around p, under the essential supremum norm.

The bias term under the norm satisfies
Blpn(@)] - pu(2) = 5q [ # (52 1) puw)dy = pi(o)
:/ (5.7 — ) Ipuler — hue) — pu(a))du (2.17)
) >

_ —u D* Pu( )
/ ( lo|] <mz—1

!
r T (7Uh)a ! My — «
+mx/ﬁ(h,h—u) > /0(1—t) ==1DY, (x — tuh)dt

la|=mg

— //01 . (% % - u) (—u)mzhmIWszpu(:c — tuh)dt du,
(2.19)

(—uh)*du (2.18)

where (2.17) is obtained using the change in variables ¥ = £ — . In (2.18), we use Taylor’s
expansion for multivariate functions, in particular, p, € sz’p (). The first part of the
sum vanishes due to the regularity of underlying kernels (see Definition 8). Now, using
Minkowski’s inequality for integrals, given p = 1 we get

. m 1 1 _ t mg—1
L o R T Ny e O e | a=gm
v 0 (mx — 1)'

< e (2.20)

dt

again due to the regularity of x and Assumption 1.
Let us define 2 = {f(:p, )= #KJ (%, E) ‘T € Qz} Now, given the invariance of the
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underlying kernels k, the bracketing number of J# turns out to satisfy

d
UVdB, >

hd+1¢

-/\[[](1%/7[’1(:”)7@ < En (

where E,, > 0 is an universal constant depending on d (van der Vaart (2000), Example 19.7).
Also, observe that

Var() < [ P <17l [ 1fldi < 3

where the last inequality utilizes the fact sup, E|f| < E[sup;|f|]. Hence, using Bernstein’s
inequality (see Yukich (1985) for details regarding such a bracketing argument) we infer that

d n€2 d
pr (Sgp 1pn () — Efpn(2)]| > e) < 4B, (%) exp {_E h } o)

B

where E > 0 is an universal constant® and 0 < € < % This enables us to state a concentration
bound for dy (g4 fin, g# 1) readily using (2.16) and (2.20).

Bounding the expected estimation error based on the translated data (second term in
2.14) is comparatively straightforward. We present the refined Dudley’s entropy integral,

which becomes the cornerstone of the rest of the proof.

Lemma 2.6. Given a symmetric class of functions H, satisfying suppeqy ||hlloc < M, M >0

we have

Bl omp) <2 nt (204 22 [ g O i)

5e(0,M)

where p € P(Z2).

As such, given that the entropy corresponding to the underlying critic functions satisfy

polynomial discrimination, we obtain an upper bound corresponding to the infimum as follows

E [ (940 (410),,)| s m~ 72, (2.22)

To obtain a probabilistic concentration inequality corresponding to the same error, observe
that

— 1 &
e (g0 o)) = sup { > oY) - Egyuh} i= W (Y1, | Yn),

SLafferty et al. (2008) derive the sharp value of E under Lipschitz continuous kernels.
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given Y7,---,Y,, ~ gup. As such, for yq,--- ,ym,y;n

‘W(yb Jym) - W(ylu" : 7y;n)‘

m m—1
]. / / ! ’ /
=—|sup h(y;) —E,,.h) — sup h(yi) —Eg,..h ) +h(y,,) —Eg..h
2223 (h1) ~ Eqput) m;( (56) — Bgyuh) + 1 (4pn) = By
1 / 2M
ok [sup i) = (i) < 22
M heH m

Applying McDiarmid’s inequality,

—_— __1
dy (g#u, (g#u)m> <e+O(m 2)

holds with probability > 1 —exp {— 2’}&22 }, where € > 0. This bound, along with (2.21) ensure
the existence of constants [, 1, F5 and E3 > 0 that proof the theorem. Observe that the
bound satisfies for arbitrary choices of h. To ensure that the realized error is indeed o(1)
with high probability, we specify h := h,, = ( %)5 such that £ > é.

2.8.5 Proof of Lemma 2.2

Given any ¢ € ®(W, L)fl and p1, o € P(X), by the definition of IPMs

dey (Pupa, Papiz)
=sup E, [lo¢p] —E,,[l o]

leLl,

= sup (B l10] - By l100] + Euall00] ~ Bl 6] + By 1 og] ~ Bl o)
eLt,

SZSIZIB {Epllog—logl+Eullog—log|+Ey[log] —Eu[log]}
ect,

<2[l¢ — gl + sup Ey [log] — Epllo g,

leLl,

where the first inequality is due to Jensen’s inequality and in the second one we use the fact

that [ € £}, given ¢, = L. The arbitrary choice of g € F (X, Z) makes the result hold for
the infimum as well. As such,

d : <2 inf - d : . 2.23
1 (Pppn, xp2) < geylr(le)IW 9lloo +der_ (g, gpi2) (2.23)
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Now, under the critic F, Ve > 0 there exists f. € F such that

d}'((b#/ilv ¢#M2) < E¢##1 [fe] — Efb#m [fe] +€
= E¢#M1 [fe = 1]+ E¢#u2 (= f]+ Ed’#ul 1] - E¢#H2 ] +e
<2 fe = Ul + sup Egyp [1] — Egp, [1] + €.
leLl,

Similarly, taking infimum over all such choices of [

dr (P, i) < 26(F, Ly)) +dpy (S, dypia) + e (2.24)

The inequalities (2.23) and (2.24) together proof the lemma.

2.8.6 Proof of Theorem 2.2

Given any NN-induced map ¢, using the triangle inequality on MMDs, one can write

ra, (Spfins Opit),) < o, (S, i)+, (G411, (Ggm),,) - (2.25)
(@) (i)

Since the underlying kernels are bounded to begin with, an immediate upper bound for (ii)

might be: dy, (dpp, ( qﬁ#u < \/SUp,eq. K(2, 2) drv(dup, gb#u) ) (Sriperumbudur et al.
(2009), Theorem 14 (ii)). Bemg larger in general, TV may enforce information preservation

onto MMDs. However, the very property of boundedness of the kernels enables us to show
the concentration of empirical measures under MMD as well. Observe that, for bounded

kernels, MMD satisfies the bounded difference inequality with the universal upper bound
m1y /sup,cq, K(z,z). As such, using McDiarmid’s inequality

o — ) mt2

P (do, (bt (010)) < Bl (S, (D), )] +8) 21— 750, (2.26)

where Cj is a positive constant such that sup,cq. #(z,2) < Ck. Furthermore, we observe

1
that E [dmw#u, ((b#u)m)] < [IE &, (D, (qb#u)m)} ? < /2% (Briol et al. (2019), lemma
2). In pursuit of establishing an upper bound to (i), one needs additional enforcement. The

first of which is presented as the following lemma.

Lemma 2.7. Given arbitrary ¢,g € F(X,Z) and p1, uo € Px(X) such that the underlying
kernel function k is strongly invariant, there exists a constant D > 0 (dependant on k and

the latent dimension) for which

A3y, (bppr, dpp2) < Do — glloo + dFy, (gtin, gupia).
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Proof of lemma 2.7. Observe that

|3y, (Dgpir, D) — Ay, (gapn, gpiz)|

= /Q o [k(o(), d(y)) — k(g(z), 9(y))] (11 — p2) ® (11 — ug)(da;dy)’

/Q . [5((2), (y) — k(g(z), (y)) + K(g(x), d(y)) — K(g(x), 9(y))] (11 — p2) @ (u1 — p2)(dzdy)

—~
—

= /Q (K (pgp1 — dpp2)(0(2)) — K (g — Ppi2)(9(2))] (11 — p2)(dix)

+/Q (K (ggr — gi2)(9(y) — K(ggm — ggp2)(9(y))] (p1 — p2)(dy)

< /Q (K (¢pp1 — dppin) (d(x)) — K(dppr — dpp2)(9(@))|[pa — p2|(dx)
+ /Q [K (9401 — g3112) (6(y)) — K (g — gg12) (9(y)) |1 — pz|(dy),
where (1) is due to the fact
[ #(6(a). 0w — 12) © (1~ ) (dady
— [ #(0(@). )0~ p2) @ (D10 = Sys) ) = [ K (D11 = 1) (0()) (1 — o)),

Now,

K (dgpin — bpiin)($(x)) — Kby — dyppia)(a(c)
/ 5 wg(x), 9)l |6 mn — dppal(dy)

(
2 / 1K (6(2)) — K ()| 0] éwiur — bzl (dy)
< l6(@) - 9@l / VR bt — bl (dy),

where (2) is due to the reproducing kernel property, coupled with the Cauchy-Schwartz
inequality. The strong invariance of the underlying kernel inspires (3). Noticing the quantity

under the integral to be finite, we obtain

/ K (apt1 — dipn) (0(2)) — K (G — bospiz) (9(a)) | — pral(de)
/ 16() — g(@)llln — pel(dz) S 16— gllov,
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since the dominating measure is sigma-finite. The suppressed constant is, namely, k (the

latent dimension). Similarly, observing sz VEW Y)|gum — gxpe|(dy) < oo in addition, we
conclude

|3, (D, dupz) — diy, (gur, gp12)| S 16— gll
As such, there indeed exists a constant that satisfies the lemma. ]
Now, let us choose in particular g € Zy (X, Z). For ease of understanding, we continue with

the distributions p1, e € Pk(X). Using the reproducing property again, we get

ﬁd%mgwﬁZ/ k(g(@), g(u)) (11 — ) © (i1 — o) (daly)
Qe XQyp

- /Q K(gpm — gane)(9(x)) (1 — p2)(dz).

While proving Lemma 2.7, we have observed that the function K (g1 — gupo) is Lipschitz

continuous with accompanying constant cg (u1,p2) fQ VEWY, Y)|gap1 — gup2|(dy). We men-
tion that for Energy kernels, the same function rather turns out to be Holder continuous. As

such,

By (g, gan) < P sup [ Fl9(@)) (un — po)(de)
fELtJ‘:ZELQ Qo

4
= Céﬂl:#Q)dﬁéz (g1, g p2) < céﬂlvﬂQ)Udﬁ{lzz (1, p2),

where (4) is due to the Kantorovitch-Rubinstein duality. Hence, we may write

By, (Dspiin, D) < Dl = gll oo + M Udpy (fin, ), (2.27)

(fim )

where D,, and cyg are no longer constants, but sequences based on n that converge to 0

almost surely as n — oo (by dominated convergence theorem). In particular,

) = ¢, = /Q VE Y gaiin — gupl(dy) = /Q k(9(y), 9() i — pl(dy)

and Dy, = o(cgn V csn). Applying the concentration of fi, around p under the metric d.; ,
along with the inequalities 2.25 and 2.26 we infer that given ¢ > 0

I (G410) 20“ fin, -1 fin,
F <dHK (Cb#[tn, (qb#'u)m) St \/Z"’ Dn”qb - gHoo + \/O(Cé'u 'u)(d2n) d) + céu ‘M)Ut)

remains at least 1 — 2exp{ (—M)}, where B = max{B2,4C,}. The quantity B,
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symbolises the diameter of €2, under the metric c,.

2.8.7 Proof of Theorem 2.3

The proof takes inspiration from Theorem 3.5 of Lee et al. (2017). First, let us construct

@1.L+1 = @1 0 -+ 0 ¢r+1 where the individual functions are defined as

T
¢; - RNi=1 — RNi such that (¢i(z)); = cijo + Z cijko ({Miji, ) + biji)
k=1

where c;j, bijr € R and my;j € RYi-1 are model parameters in accordance with Definition
6. Since these are shallow networks, the quantity r;,1 < ¢ < L + 1 denotes the number
of nodes they have. Observe that, following Barron’s argument, f; : R — R can be
approximated using ¢1 (under the Lo norm, with respect to p). The same result holds for
all intermediate individual pieces, with respect to measures at their respective domains. Our
goal is to approximate the composition of them all. To invoke an induction argument, let us
first consider a sequence of nested sets {Sz}{fll C R? such that S; = S;_1 N {z: ¢1.;_1(x) €
Qf’_l\ffl}. The measure p, restricted onto S;, when pushed-forward by the map ¢1.;—1 yields
p' = (¢1:-1)#(Ls; i) (need not be a probability measure). The support of ' is thus obtained
to be ¢1.;-1(S;) C Qf’_J\lf"_l. Let us denote the Lipschitz constant corresponding to f; by || fillz
4C2N;

[

(Wojtowytsch et al., 2022). Now, given any £ > 0, define r; = . Now,

1

</ HSZ'HfI:i - ¢11H2dﬂ) ’
Rd

(1) p 3

< </ Ls, | fio frie1 — fio ¢1:i—1||2dﬂ>2 + (/N fi — ¢i‘|2d(¢1:i—1)#(:ﬂ‘sfiu)> :
Rd RNi—1

1
3
<|fillg (/Rd Ls, || fri-1 — ¢1:i1||2d,u> +e

o) 2 \?
< | fillg /]Rd Is, | friic1 — érial|dp ) +e¢

i i+1
Vilsls) —1
Villfils =1

i
< |1+ 1 fillg + Mfillgllfiallg + -+ ] If5llg] € < 7
j=1
where (1) is due to the triangle inequality. The second term in the same stage turns out
to be < ¢ using Barron’s theorem (Barron, 1993; Lee et al., 2017) given our specific choice
of r;. The inequality (2) is based on the filtration offered by S;. Observe that, in case the

maximum of the Lipschitz constants is exactly 1, the upper bound becomes ic. This implies
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that

- i—141
Vitlslsh -1 e

-1 2"
1 fillg—1 s

p(Sic1U{z s || fri-1(z) — ¢ri—1(2)]] > s}) <

As such,

p(Si) = u(Si—1) — p(Si—1 U{x : || fric1(x) — ¢ria ()| > s})
2 I+1 2
“ifillgt —1 g2 i1 Vi -1
> p(Si-1) — { B} 221 32§: { 1 B}
T

il -1 =1 Villfils -

(2.28)

CIJ

1
In other words, there exists ¢ = ¢1.1,4+1 such that (fRd sl fin+1 — qSHQdu) ’ < O(e) for a set
S C R? satisfying inequality 2.28. Now, owing to the compactness of the base domain and
its regularity, the range of ¢; = (¢i1, iz, -+ , Pin,) is always contained in a space of finite

diameter. Hence,

/ | fri — b1l dps S/ | fri — 1l Pdpe +/ | froi — 1l Pdpe
Qz Si 57

i) -1 :
i} ) (2

Villfills =1

Taking the square root and choosing ¢ corresponding to the ultimate layer, we prove the

result.

2.8.8 Proof of Theorem 2.4

Given an encoder ¢ € ®(W, L)Z and an empirical distribution corresponding to p (based on

n i.i.d. replicates), let us fragment the realized latent WAE-MMD loss as usual,

drty (S piins P) < g, (Sspiin, D), ) + o, (i) n) + o, (Prsp)  (2:29)

which holds for all empirical p,, based on n i.i.d. samples from p. Observe that the
first quantity is the information dissipated during encoding and can be put under a de-

terministic upper bound using Theorem 4.5. The second quantity, due to the observation
HM.)Z) _ "i(vz/) y < 2\/07,_6]1#2/, satisfies

((¢#M n,pn) < /Crdrv (( ( Daht),ys P ) : (2.30)
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Now, recall that p € Pg(€2,). As such, the observations from p, forming its empirical coun-
terpart, are first projected onto the subset of ©-invariant distributions. This is termed sym-

metrization and the corresponding operator enabling it, S€ : P(Z) — P(Z) is defined as

Egoraf = | [ /@ F(20(2))ne(d8) | dp(z) = BBy [f o o0,

where pg is the Haar measure on the compact group © and f denotes any bounded measurable
function. In other words, the recipe to obtain samples from S© [p] in general is to draw i.i.d.
{#zi}1 ~ p and {0;}7 ~ pe independently, followed by the operation py,(z;) (Birrell et al.,
2022). This, in turn, enables us to narrow down the class of critic functions under MMD to
its ©-invariant subset H?. We use the same idea to obtain an upper bound to the remaining

estimation error in (2.29) as follows. Let,

7(217227 e azn) - dﬂn(ﬁna ) - dH@(ﬁnvp)
= sup_{Egeps)f —Epf}

I fll5,. <
n O]
f(0;z) —E,f}
" Wl ”V@’ 2; g
n O]
< sup f(0;z2) — (2.31)
an <1 ”|@|Z;;

To look for the specific constant satisfying the bounded difference property, observe that

/

’7(Z17... iy zm) = (21 2 2m)
g /
= Wl nl@l Zf i) = 1(05%)
g g ,
< n|@|{ ZK (0;2) ) + ;K(szi) ) 3 (2.32)
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where

N

O] JEI

ZK(QJ'ZZ') = Z H(szi, 9]'21') + Z K(szi, elzi)

i=1 . L= i

= | > w(052,052) + D w(bjzi, =) (2.33)

j=1 0;#id

< VB[ [1 + seo (10] — 1)) (2:34)

As such, using only the one-sided McDiarmid’s inequality, for every ¢ > 0 we have with

K 2
probability > 1 — exp{ - 2cﬁ[1+7f!>t<|e\—1>]}

day, (P, p) = Eldp, (b, p)] < t. (2.35)

In order to upper bound the expectation, we use the symmetrization trick as follows

n 9]
1
Eqzane, sup |——= f0;z)—E,f
{Z:}7 pllf\\mgl n|O| ;; (6; P
1 & |©] > O] /
£l <1 =1 =1 ==
1 & o] /
<Ey, sup |—= f(052:) — f(02
Z,Z 1y, <1 n|O)| ;; (602) (052;)
1 & O] /
=Ey; 7 sup el D &> f62) — f(6;2) (2.36)
”f”’;-gﬂgl n i=1 j=1
Ci[l+sue (|0 —1)]
<2 . 2.

where (&1, &2, -+ ,&,) ~ i.i.d. standard Rademacher and (2.37) is due to Chen et al. (2023c),
Lemma A.14. As such, 2.35 implies that

. Ce [l +¢x0 (|0 = 1)] 1.1
< 2 — —
d#,. (Pny ) < 2\/ njo| 1+ 5 In 5

holds with probability 1 — § for § > 0. Observe that, the proof of this concentration bound

acts as a generalization to the usual MMD, which arises in case |O] = 1.
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Going back to 2.29, we write

A, (ppfin, p) — / Ci 7§11(P) App < dyu, <¢#ﬂn, (¢#M)n> + da,. (Pns p)
n{p
where the supremum is taken over possible estimators based on replicates from p of size n. It
becomes evident that the quantity on the left has finite expectation and is essentially bounded
in probability. Based on the concentration found in Theorem 4.5, along with the bound as

in Example 1, we conclude that given ¢ > 0

dy,. (P4fin, p) — VC Sup Apn < VE(\/egnlU +2V1) + O 1/cg,n(alzn)_ﬁ) (2.38)

2CI{ 1 K @ - 1 _2 _2
+4/= 1+\/ R ’@‘g‘ | +O(v/dD, N, N, )
holds with probability at least 1 — 2exp ( ~ max{B2AC f{ﬁ NCE 1)]}). Observe that, here

Cgn 18 as described in Theorem 4.5 and typically behave as O(n_%) due to the strong law.
1
Ny and Ny specify the width W = O(d| Ny ] V N1 +1) and length L = O(N3) of the encoder.

Applying a change in variables on (2.38) we prove the theorem.

2.8.9 Proof of Theorem 2.5

Given an optimal encoder Ej(t) that incurs latent loss drv (E)(t)#fin, p) < t, fragmenting

the reconstruction error according to (2.11) yields
We, (1, (D 0 B (8)) e fin) < We, (D 0 Ep(t)) ghin, Dgp) + W (Dgep, fin) + We, (fin, 11)-

The decoder transform is constructed as D = ¢ o Dy, where ¢ is according to lemma 5.1
and Dy : Q, — R is a linear map (or an ensemble of several). D can be equivalently written
as D = gb ooy o Dy, where oy is the identity activation, applied componentwise. As such,
based on our definition, D indeed belongs to ® (W, L)g with depth > 3. As discussed earlier,

the resultant D thus turns out to be Lipschitz continuous. If ¢, is taken as L1, then observe

W ((D o E}(t)#fin: Dup) < Badry (D o Ej(t))sfin, Diup)
= B, sup |Ej(t)ufin(D ™ (w)), p(D~(w))]

wEX x

< B, sup ‘E* )fin(w ), p(w)
WEEZ

= Ba:dTV( n(t)#ﬂn7 P) <tB,,
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where the latter inequality is reached by taking supremum over all measurable sets belonging
to the Borel sigma-algebra on Z instead of the particular path directed by D~!. Also, the
definition of D implies that given arvitrary € > 0, W' (Dgp, fin) < € (lemma 5.1).

As such, the concentration of the reconstruction error is essentially determined by the

statistical estimation error in the input space. Taking expectation over the samples, we write
N _1
E [We, (1, (D o Ey(t)) gfin)] — tBy < O(n”7),

whenever d > 3. Using the naive estimator, this is the sharpest rate one can achieve. However,
to remove the influence of the dimensionality d, here, also Weed and Bach (2019)’s device
can be applied (see Remark 8).

The bound, based on the empirical estimator, does not appreciate the smoothness of the
input density p,. On the other hand, given m > 0, if m, > m we have W3*" C %I’}}](R),
for some R > 0, where 1 < ¢ < oo and 1 < p < oo i.e. belonging to the general Besov space
(Giné and Nickl (2021), Section 4.3). Thus, if wavelet estimates (as in Weed and Berthet
(2019)) are deployed instead, the rate can be expected to be (’)(n_dl%?n) given d > 3.

2.8.10 Proof of Theorem 2.6

Let us consider the kernel (x,y) to be of the form k(xz —y), without loss of generality. Given
replicates X1, - -, X,, ~ p, the density estimate based on transformed (due to G € G) samples

is given as

R 1 <« G(X;) -z
pn(w) = WZH (h )
=1
where h is the bandwidth. Decomposing the L; reconstruction error yields

Dn(x) = pu(@)| < Pn(x) — Elpn(2)]] + [Epn(2)] — pu(G(@))| + [pu(x) — pu(G ™ (2))]-
(2.39)

Now, observe that

Elpn(x) — Elpn(@)]| < \/E (5n(z) — Elpn(2)])’
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where (1) is due to the transformation invariance of the kernel. The inequality (2) is obtained
as a result of | #x?(u)du < co. The suppressed constant in the process is the upper bound to

the density p. For the bias term, we write
~ — 1 Xz -
[ (0)] - 60| = |y | (S ) )

i)
< [oss [ (=5 >} H”ij“”)H

1 Y — 13:
+ B 5 (75 ()}mmmw
31 X-Y .

where in (3) we use the invariance of s for the first term, and the second bound is obtained
using Giné and Nickl (2021), Proposition 4.3.33. We emphasize the fact that kernels sat-
isfying Lipschitz continuity are commonly taken in practice, which are readily invariant to
translations. The latter inequality is due to the contamination model. As such, assuming

without loss of generality that the transform G preserves the origin, we get

N 1 m
Eljn(0) ~ pu(O) S | = V 5 VI

11
Taking h = n~ 4+2mz V €2d+mz | we prove the theorem.
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Chapter 3

Translation and Cycle-Consistency
of Cross-domain Generative Models

Summary

The task of unpaired image-to-image translation has witnessed a revolution with the intro-
duction of the cycle-consistency loss to Generative Adversarial Networks (GANs). Numerous
variants, with Cycle-Consistent Adversarial Network (CycleGAN) at their forefront, have
shown remarkable empirical performance. The involvement of two unalike data spaces and
the existence of multiple solution maps between them are some of the facets that make such
architectures unique. In this chapter, we investigate the statistical properties of such unpaired
data translator networks between distinct spaces, bearing the additional responsibility of cycle-
consistency. In a density estimation setup, we derive sharp non-asymptotic bounds on the
translation errors under suitably characterized models. This, in turn, extends the sufficient
reqularity conditions that maps must obey to carry out successful translations. We further
show that cycle-consistency is achieved as a consequence of the data being generated with suf-
ficient smoothness in each space based on observations from the other. In a first-of-its-kind
attempt, we also provide deterministic bounds on the cumulative reconstruction error. In the
process, we establish tolerable upper bounds on the discrepancy responsible for ill-posedness

m such networks.

3.1 Introduction

The overwhelming number of variants GAN (Goodfellow et al., 2014) has inspired, while
catering to its vast application domains, is a testament to its versatility. One such family of
progenies, having remarkable accolades of its own, owes its genesis to the cycle-consistency
constraint. Possibly the most influential one belonging to this group is CycleGAN (Zhu et al.,
2017). It offers an unsupervised image-to-image (I12I) translation framework for unpaired ob-

servations hailing from unrelated data spaces. In terms of the architecture, both DualGAN
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(Yi et al., 2017) and DiscoGAN (Kim et al., 2017) are immediate relatives to CycleGAN. In
the chassis of such networks lie two concurrent adversarial generation processes, commonly
termed translations, regularized by a cyclic loss. This penalization ensures the reconstruction
of input data from either space post-translation. In addition, models such as DTN (Taigman
et al.,, 2017) and UNIT (Liu et al., 2017a) assume the existence of a shared latent space
between the domains. This allows the restructuring of the model without altering the objec-
tive. By stacking multiple translator networks, SCAN (Li et al., 2018) promises significant
performance improvement, especially for high-resolution images. Some members of the fam-
ily ((Zhu et al., 2017), U-GAT-IT (Kim et al., 2020), Moriakov et al. (2020)) also deploy an
additional identity loss to remove tilt-shift in generated images. We call this broad class of 121
translation machines ‘cycle-consistent networks’. The constraint of cycle-consistency should
be primarily credited for the masterly generative capability of such models, from which tasks
like style transfer, object transfiguration (Zhu et al., 2017), and data augmentation (Sandfort
et al., 2019) benefit immensely.

In this chapter, we intend to rise above the empirical evidence by providing a statistical
backbone to the fact that cycle-consistent networks can simultaneously translate data both
ways without losing the capacity to reconstruct. We call the two maps, operating in opposite
directions, Translators. Both underlying distributions portraying purposeful image data, in
the absence of conventional latent laws, call for such transformations to differ from usual
generators used in vanilla GANs. Unlike GANs, there may exist non-unique solution maps
bringing about ‘zero’ realized loss in this case (Moriakov et al., 2020). As such, searching
for translators that minimize the error is not sufficient. This fact motivates us to study
the desirable regularities of the maps that facilitate the statistical convergence of output
measures, which in turn define our notion of consistency. Theoretically, the concept of ‘cycle-
consistency’ is analogous to ‘regeneration’ (Chapter 2) in case of Variational Autoencoders
(Kingma and Welling, 2014b). In such inverse problems, maps reconstructing the input
signal become sensitive to slight perturbations due to noise. A noisy output from earlier
translations contributes to this ambiguity in the inverse generation process, formally known
as ‘ill-posedness’ (Sim et al., 2020). Theoretical insights regarding the source and admissible
error margins of ill-posedness remain absent to date. Confronted with such challenges, this
chapter provides a fresh perspective on the theoretical machinery of the cycle-consistent

adversarial networks. Our contributions can be summarized in the following way:

o We show that translators, based on deep ReLLU networks, prevent the information provided
by input empirical laws from dissipating during generation cycles. In Theorem 3.1 and
Corollary 3.1, we prove that the same translators not only achieve zero generation loss
asymptotically, but the generated sequence of distributions also converges to the target

density almost surely.

e Under Sobolev-smooth input laws, we establish that the uses of L1 norm and 1-Wasserstein
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distance in the cyclic loss are equivalent, attesting to Zhu et al.’s Zhu et al. (2017) obser-

vation that the latter does not improve performance [Theorem 3.3].

e Furthermore, we prove that a network deploying the aforementioned translators may
achieve cycle-consistency as a consequence of translation consistency in both directions
[Theorem 3.3, (3.4)], a fact that does not hold in general.

3.2 Background

Playing catch-up to earlier empirical success, theoretical scrutiny of GANs fostered a series
of notable works in recent years. Liu et al. (2017b) characterized the objective functions of
several GAN architectures (f-GAN (Nowozin et al., 2016), WGAN (Arjovsky et al., 2017),
etc.) as adversarial divergences. This allowed them to analyze the convergence of gener-
ated distributions towards the target law in a unified framework. Meanwhile, Arora et al.
(2017) explored the expressiveness of generator networks and the generalization performance
of GANs under the neural net distance. In a later work, however, we observed Zhang et al.
(2018) show improved results over both. Convergence and related asymptotic properties of
the density estimates in a GAN setup can also be found in the parametric approach of Biau
et al. (2020). On the other hand, error decomposition of the GAN-objective under both
parametric and non-parametric regimes may lead to non-asymptotic concentration bounds.
Several works followed this approach with various smoothness assumptions on the data dis-
tributions and the transformations involved (Chen et al., 2020; Huang et al., 2021; Liang,
2021). A more recent study of the same nature also focused on learning from low-dimensional
latent laws using smooth maps (Schreuder et al., 2021). One may also come across several
GAN variants inspiring similar pursuits. Biau et al. (2021) presented a comprehensive study
of the convergence and related asymptotic properties of the parametric density estimates in a
WGAN setup. From a non-parametric viewpoint, Haas and Richter (2020) derived determin-
istic upper bounds on the expected WGAN loss, under both conditional and unconditional
generation processes. Lately, a non-asymptotic approach of a similar spirit has been utilized
to establish risk bounds on the realized Bidirectional-GAN (BiGAN) error (Liu et al., 2021b).

Cycle-consistent networks, despite marking a triumph in deep generative modeling, have
not received such independent attention yet. This scarcity makes the existing attempts even
more meaningful. Moriakov et al. (2020) proved that multiple solutions to the CycleGAN
problem exist, as a consequence of the existence of nontrivial automorphisms in either data
space. Tiao et al. (2018) pointed out that the cycle-consistency loss boils down to an expected
posterior log-likelihood in a Bayesian setup. On the contrary, the CycleGAN objective can
also be recognized as the Unbalanced Gromov-Monge Divergence (UGMD), when the trans-
formations are assumed to be isometric (Zhang et al., 2022). However, all the above studies

refrain from exploring the statistical guarantees a cycle-consistent translator aims to provide
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by following its concurrent objectives. Our work is an original attempt to fill this gap.

3.3 Preliminaries

3.3.1 Notations

We follow notational conventions from the previous chapter. In this section, we reiterate
some for ease of reading. The two data spaces involved X and ), equipped with respective
distances ¢ and c/, are considered to be Polish (i.e., separable and completely metrizable).
A simple characterization of the same might be R? for d > 1. Let P(X) denote the space
of probability measures defined on X. We refer to the set of measurable functions mapping
X to Y as #(X,Y). The ‘forward’ and ‘backward’ translator maps between the spaces are
denoted by F' and G, respectively. Observe that a probabilistic forward translator belongs
to .Z (X, P())), as the translated observations conditioned on the inputs follow a probability
distribution. Similarly, G € #(Y,P(X)). The two discriminator networks at both ends
induce functions Dx and Dy, which play the role of critics in the two simultaneous adversarial

games. Let us now revisit some concepts that we frequently utilize in the upcoming discussion.

Definition 3.1 (Wasserstein Distance). For a metric ¢ : X x X — R>¢ and measures
P,Q € P(X), the r'" Wasserstein Distance between P and Q is defined as

1

wirQ) = it { [ flelaren)

vel'(P,Q)

where T(P,Q) = {v € P(X x X) : [y y(z,y)dy = P, [,~(z,y)dz = Q} is the set of all

measure couples between P and Q; r € [1,00).

Remark 3.1. In our analysis, we make extensive use of a particular case of this discrep-
ancy measure, namely when v = 1. We also reiterate the fact that W} can be written as
WHP,Q) = Supje #1 { [ W(z)dP(z) — [, 1(2)dQ(z)}, where £} := class of 1-Lipschitz func-
tions with respect to ¢ [Remark 6.5 in Villani (2009)]. However, we adopt the notation d 4
instead to maintain consistency with the other Integral Probability Metrics (IPMs).

3.3.2 Problem Setup

Throughout our discussion, we denote the distributions at both ends by p € P(X) and
v € P()) respectively. The adversarial loss that the backward generation process (u & v)

tries to minimize is given by,

Lpy (v, G) = ExNM[DX(fE)] - Eyw[DX(G(y))]-
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The same convention leads to the forward generation (1 EiN v) loss, Lp, (v, i, F'). The string
tying these two processes together comes in the form of the cyclic loss. Based on our notations,

it can be written as

Loyelts v, F,G) = Epmy [l = GE@)Ily| + By [lly = FG)I ]

where ||||; represents the L' norm. We point out that this specific choice of the norm
is based on the recommendation of Zhu et al. (2017). According to them, the usage of
an adversarial loss instead does not improve the regenerated image quality. Through the
following illustration (Figure 3.1), we offer the reader a glimpse of our idea of concurrent

translations and reconstructions.

Forward Translator (F)
Forward Translator (F)

Backward Translator (G) ) v

Forward Translation Backward Translator (G) Reconstruction Error: .
Error: dp,, (v, Fyp) v = (F o G)gvlly

(a) (b)

Figure 3.1: (a) Forward and backward translations with corresponding errors, (b) Recon-
struction in the space Y, all viewed through the glass of density estimation.

Backward Translation
Error: d, (1, Gyv)

A typical CycleGAN (Zhu et al., 2017), or equivalently DiscoGAN (Kim et al., 2017)

formulation, carries out the following optimization task:

inf ﬁcc ) 7F7G )\ﬁ s ,G >\£ , ,F , 3.1
Feﬂ(léré,P(y))D}S(g%X{ ye(th, v )+ MLpy (v, G) + Ao Lpy, (v, p )} (3.1)
GeZ(Y,P(X)) Dy ey

where Yx and % are classes of discriminator functions and the maps F, G are sculpted

using translator networks. Also, A1, A2 > 0. Observe that, (3.1) can be rewritten as

inf {Ecyc(u,u,F,G)+)\1 sup Lp,(u,v,G)+ Ay sup EDY(I/,,U,,F)}

FEF(X,P())) Dre#x b
GeZ(V,P(X))

= ! f cye ’ 7F’ >\ d ’ >\ d 7F ’ 2
Fef(lilc,P(y)){Ey (v, F, G) + Md g (1, Gyv) + Aad gz (v #M)} (3.2)
GeF(V,P(X))

given that dx(P, Q) = supscr {Ep [f]—Eq [f]} The only feature that differentiates the Du-
alGAN (Yiet al., 2017) objective from (3.2) is the employment of the conventional generation
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technique based on noise. Furthermore, in an attempt to preserve the colour composition in
images, models such as the extended CycleGAN (Moriakov et al., 2020; Zhu et al., 2017),
U-GAT-IT (Kim et al., 2020) impose a constraint that penalizes the translators’ tendency to

move away from the identity. It is given by,

Lialp, v, F.G) = B[l = F@)lly] + Eyus [lly = Gl

Observe that such regularization is feasible only when the two data distributions are equi-
dimensional. The map F' is built with the fundamental motivation of transforming p into v.
As such, the discrepancy || — Flupl[; should not be minimized beyond the difference between

1 and v. We provide a detailed discussion on the same in the Appendix.

3.4 Theoretical Analysis

3.4.1 Data Distributions

Depicting real images as observations from probability distributions is a completely theoret-
ical construct. The representation provides practitioners with a refined view of the problem.
Moreover, the transformed objective of density estimation has its benefits. Perhaps this is
the idea that inspired the genesis of ‘Roundtrip’, a CycleGAN progeny (Liu et al., 2021a).
In our study, we consider X = R? and ) = R¥; d,k € N*. The two dimensions need not be
equal in general. The consequences of the special case of equality will be discussed at a later
stage. Let us now characterize the data distributions under consideration.

Particularly, we consider p and v to have corresponding densities p, and p,, with re-
spect to Lebesgue measures, in their respective spaces. The following assumption provides

coherence to their characterization.

Assumption 3.1. (Regularity of distributions) There exists mg,my € N1 such that p, €
WP (Qy) and p, € Wzny’q(Qy), where the supports Q. C R? and Q, C R* are both compact,
p:q € [1,00).

Feature-extracted image data, in vectorized form, tends to hail from bounded domains in
each of its coordinates. Our characterization of input laws having compact support comple-
ments this fact. Perhaps it is the very reason that motivates Chen et al. (2020) and Liang

(2021) to assume the same, contextually.

3.4.2 Class of Discriminator Functions

Functional classes Zx, %y are characterized based on their ability to tell apart real and
generated observations. Some of the notable choices of the same include functions defined
over a Reproducing Kernel Hilbert Space (RKHS) (Dziugaite et al., 2015), Lipschitz (Arjovsky
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et al., 2017), and Sobolev functions (Mroueh et al., 2018). In our work, we concentrate on two
families, namely £} and W™, Our first choice is motivated by the heightened generative
quality that the Wasserstein distance brings along to deep models. It also offers a pathway to
fend off mode collapse and vanishing gradients. On the other hand, the latter class of critics
enables us to study the effect of improved smoothness on translation and regeneration.

So far, we have only discussed the Lagrangian formulation of the optimization problem at
hand. In fact, (3.2) is the embodiment of the exact Lagrange dual function. The forthcoming
analysis, however, relies on the ‘constrained version’ [Chapter 5 of Boyd and Vandenberghe

(2004)] given as follows:

Fe,,@‘(i)%fp(y)) {Ecyc(ﬂ, v, F, G)} subject to dg, (1, Gyr) <t1 and dg, (v, Fypp) < ts, (3.3)
GeZ (Y, P(X))

where £1,t2 > 0. Solutions from (3.2) turn out to be lower bounds to those derived from (3.3),

a fact that inspires the forthcoming theory. We say ‘simultaneous successful translations have

taken place’ only when the constraints in (3.3) are met. The immediate inquiry that follows

involves checking the feasibility of an architecture to achieve cycle-consistency. As supporting

evidence for both phenomena, we produce deterministic upper bounds on the respective errors

along with convergence guarantees of distributions.

3.4.3 Translation Guarantees

Let us concentrate on the backward translation (p & v) first. Observe that, a realized sample
counterpart of the objective turns out to be dg, (fin,, G4ln,), where fi,, = n% > dx, is
the empirical distribution corresponding to p, based on ny € N iid. samples {X;}1,.
Similarly, 7y, stands for the same in case of v, given ng € NT samples. As a consequence,
any backward translator G € .% (), P(X)) should be recognized as G(n1,n2). Non-uniqueness
of the members residing in the kernel of CycleGAN loss is a well-known fact (Moriakov
et al., 2020). Our goal is to prescribe real architectures that induce maps satisfying the first

constraint in the sample version of (3.3). Such recommendations rely on the next definition.

Definition 3.2 (ReLU Neural Network). Given L € NT, a L-deep Neural Network (NN) is
defined as the collection of maps ¢ : RNo — RNz+1 {Ni}Z-L:JBl € NT given by

¢(x):=Apoco0Ar_q10..000 Ay(z),

where A;(y) = My + bi; M; € RNi+>Ni gnd b; € RNiv1, 4 = 0,..., L is an affinity. The
activation o(y) = y vV 0, y € R. Under this setup, we call W = VL |N; the width of the
network. Denote this collection by (W, L)%g“.

It is fair to say that ReLU is the most commonly used activation function in modern deep
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NNs. It is simple to use and also speeds up training, much to practitioners’ delight. Moreover,
it is superior at dealing with vanishing gradients compared to sigmoid or tanh. However, we
draw inspiration from the remarkable approximation capability that ReLU-based networks
offer (Yarotsky, 2017, 2018), especially towards smooth functions (Petersen and Voigtlaender,
2018).

Theorem 3.1. There exist backward translators ¢, based on ReLU neural network ®(W, L)g
with width W > 7d + 1 and depth L > 3, such that whenever ny < %L% L%J +2,
we have

E[do1 (finy s b0ny)] 3 (Kn2) % + VEW RL7E.

This result enables us to formally present what we mean by ‘translation guarantee’. The

next corollary can be seen as an embodiment of the same idea.

Corollary 3.1 (Translation consistency). Asmin (n1,n2) — 00, we have d o1 (fin, , 40, ) 25
0.

In other words, given sufficient information from both the distributions, the backward
translation method governed by a map ¢ satisfies the constraint in the sample version of
(3.3). The corollary is an asymptotic statement that ensures the error eventually shrinks
below any given t; > 0. A crucial observation in this context is that for m > 1, W™ is a
sub-family of bounded Lipschitz functions. In our case, since the supports of the distributions
are taken to be bounded, one may equivalently say W™ C ZLY ¢ = Li. As such, Wy

playing the role of the critic should produce results similar to Theorem 3.1.

Theorem 3.2. For a backward translator ¢ of width W and depth L, as specified in Theorem

3.1
log na

2 2
+VEW RL®,
N

E[dW{”"’O (/ln17¢#’9n2)] N n2_% +
where ny < W= | Wodsd || L)y 9 gnd ny € NT.

One might wonder what makes Lipschitz transformations so relevant to this context. The
first rather evident observation is that it restricts any further amplification of the distance
between laws post-translation. The next reason, a particular consequence of the former,
brings us back to the concept of Information preserving transformations (IPT).

Here, @n is an empirical counterpart of the translated law Ixv based on n € Nt
samples. As such, IPTs are maps that ensure the error committed while replacing I47,, with

-

(I4v),, (information dissipated) remains arbitrarily small, with a high probability.

Remark 3.2. Recalling Chapter 2, maps induced by ReLU feed-forward networks can simi-
larly pose as IPT, incurring an additional approximation error of order O(Wf%[f%) [Lemma

3.4].  This near-perfect behaviour makes the choice of ReLU-NNs, as suitable translators,
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rather inevitable. However, neural networks based on tanh (De Ryck et al., 2021), sigmoid
(Langer, 2021), and GroupSort (Tanielian and Biau, 2021) activations have also been shown
to approximate Lipschitz functions with high precision. We feel, a comparative analysis of
the activations based on their effectiveness in the face of information dissipation may lead to

improved prescriptions.

Remark 3.3 (Forward translation). We stress the fact that so far in our discussion, the data
dimensions d,k have no restrictions put on them. As such, the same arguments hold true
for the forward generation process (u L v) as well. A forward translator map ¢ € ®(W, L)’j
can be similarly constructed that achieves translation consistency. In other words, one may

easily check that the second constraint in (3.3) is also satisfied for arbitrary values of ts.

Cycle-consistent networks find themselves under the obligation to reconstruct the input
signal following their translation. A major obstacle in the process, however, that often mars
the quality of regenerated observations is ill-posedness. It stems from a translation belonging
to the feasible set of solutions that results in noisy output, devoid of sufficient information
to aid the reconstruction. Theoretically, the remedy to ill-posedness lies in the formation
of a ‘perfect’ transport map between the measures. Having IPT (Lipschitz) as a reference,
NN-based transports tend to overcome this issue asymptotically [Corollary 3.1]. However,
measurable maps, in general, lack such approximation capability. Our following discussion
sheds light on the same.

For this section, let us assume the dimensions of the two data domains to be equal,
i.e., d = k. This occasion, in particular, has interesting consequences. Given that p, and
py have finite variance, Brenier’s theorem (Brenier, 1991) ensures the existence of a unique
solution v = (Id x T')4v to the Kantotovich Optimal Transport (OT) problem: WSELQ. In
other words, we get hold of a map T' € #(),P(X)) such that Tyr = p. It is clear that
any function aspiring to subdue ill-posedness should lie in an e-envelope of T', ¢ > 0 being
as small as possible. The larger the deviation, the greater is the extent of degradation in
reconstructed image quality. Drawing inspiration from this fact, Lu et al. (2019); Sim et al.
(2020) deploy OT-based regularizers to guide the solution map toward 7. However, the
regularity properties of T' can only be determined under very specific assumptions on the
data domains (Caffarelli, 1992; Colombo and Fathi, 2021). Moreover, we only have access to
an empirical counterpart of the target law in the sample version of the problem. As a result,
approximations of the transport map are likely to be noisy. Our next result aims at pointing

out the tolerable error margin due to ill-posedness in a sample backward translation.
Lemma 3.1. For a discriminator class Lx, and a backward translator G
diﬂx (ﬂnlvG#l)nz) S gl + 82 + 837

where J% = ||fin, — Tyv||;, (Statistical approximation error in target space),

72



3. Translation and Cycle Consistency of Cross-domain Generative Models

& = By||I'n, — (Gyr) = N(nyny)s given Ty, = argmin cp(y) T = il pys Be =

'FLQT
—

diam(Q) with respect to the metric ¢, and E3 = dp, ((G#Z/)m, G4ny) (Information dissi-
pated).

The quantity A represents the cost incurred by (G4 1/)n2 for partaking in the Scheffe

ni,n2
tournament (Devroye aild Lugosi, 2001) to approach fi,,. Observe that it remains an ad-
missible amount of deviation if limpyin () no)—00 Anime) < t1 (3.3). The maps, ensuring
lMypin (ny no) =00 A(nime) = 0, belong to the set of ‘pure’ solutions (Moriakov et al., 2020).
Theoretically, the negative effect of such maps on the regeneration quality would be benign.
We elaborate on the same in Proposition 3.1. Also, observe that Lemma 3.1 re-emphasizes

the necessity of a backward translator to be an IPT.

Remark 3.4 (Mode collapse). In real situations, supports of data distributions at both ends
are often non-convex. This is an important feature that makes OT maps (T) discontinuous
(Lei et al., 2019). On the other hand, neural networks lack proficiency in approzimating such
discontinuous functions. For multi-modal input laws, an estimated transformation approzi-
mating only the continuous branches of the target OT map results in mode collapse during
translation (Lei et al., 2019). As such, the error associated with mode collapse remains con-
voluted in €. Fragmenting the realized estimation loss into finer components to address mode

collapse may be taken up as potential future work.

Let us now shift our focus towards the residual task a cycle-consistent 121 translator needs
to execute.
3.4.4 Cycle Consistency Analysis

The cyclic loss, as given in (3.2), measures the expected discrepancy between the input data
and its reconstructed counterpart. However, the density estimation approach we follow allows

us to reframe the objective as a divergence between distributions, given as
Leye(p, v, F,G) = |lp = (G o Fgpll, + |lv = (F o G)xvl];.

For two distributions P,Q; ||P —Q|l; = 2|P — Qll;v = [ lpp — poldX, given that % = pp
and ‘fTQ = pg- This formulation provides a stronger notion of the loss. The first result of this

section discovers the relationship between translation and reconstruction.

Lemma 3.2. For G € Z(Y,P(X)) and F € Z(X,P())),

Loyelpt,v, F,G) < 2{ Il = Gyolly + v = Fyal, }.

The extent to which a cycle-consistent translator can be inaccurate is determined by its

performance in the simultaneous generations. This is a rather desired outcome. However,
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the indication of much intrigue that this result gives is that in case the translations are
‘successful’ in both directions, cycle-consistency can be achieved. One key feature of the
input distributions that becomes crucial henceforth is their smoothness. As a consequence
of Corollary 3.1, we infer ¢4, — p weakly. A similarly constructed forward translator v
may also ensure that 14fi,, — v weakly. Based on such guarantees, we make the following

assumptions about the regularity of the transported laws.

Assumption 3.2. The translated distributions ¢uv and 1y possess corresponding densities
given by py,, € Wz"b””’p/ (Qz) and py,,,. € Wgy’q/(ﬂy); p,q €[1,00).

Before presenting upcoming theoretical results, let us recall the Regularly Invariant kernels
(Definition 2.8), which play a key role henceforth. Here, we assume the invariance property
to hold under the absolute difference between the arguments, i.e., O(|v — ul).

We mention that the total variation metric can also be expressed as a transportation
distance, the underlying cost function being c(x,y) = 1,4,. However, as Chae and Walker
(2020) points out, the topologies that the TV and Wasserstein distances generate are hardly
comparable. For Sobolev densities, TV often fails to appreciate the nuances that ‘smoothness’
brings along. A method to alleviate such difficulties lies in regular kernels. Minute deviations
between smooth functions can be apprehended in greater detail when convoluted with such
kernels. Inevitably, regularly invariant kernels become the cornerstone of our next result.

The proof, placed in the Appendix, highlights its contribution.

Theorem 3.3. Given the metric ¢ = Ly, there exists a constant M > 0 dependent on my,
such that

1

o7 [ (b)) 1.

b = Pooll, < MID™ ], + |0 b

Remark 3.5. This result is a multivariate generalization of Theorem 2.1 in Chae and Walker
(2020).

Note that a similar conclusion can also be drawn for the loss, indicating the difference
between the target and generated density in case of forward translation. That is to say,

1

prosr _Mmy
o7 e )] T, (34)

[ O = T 2 A

where M’ is a constant depending on my. Likewise, any pair of translators (G, F') that pre-
serve the smoothness of input densities onto generated ones satisfy Theorem 3.3 and (3.4).
The collective evidence from these two results suggests that a sufficient condition for achiev-
ing cycle-consistency is the arbitrary closeness between real and translated Sobolev-smooth

densities, in both domains, under the 1-Wasserstein metric. Moreover, we already know
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that B%dgg (1, puv) < || — ¢uv|l; (Gibbs and Su, 2002). As such, establishing translation

consistency under the critic .2} is equivalent to attaining cycle-consistency.

Remark 3.6. The observation, however, does not hold in general. While empirically the
deployment of cycle-consistency loss seems mnecessary, without the smoothness assumptions
on the translated laws, one may construct counterexamples. For example, given X =) =R,
consider the distributions p = v <y [0,1]. Observe that taking both F' and G as identities
satisfy Fup = v and Gyv = p a.e. However, as Chakraborty and Bartlett (2025) suggests,
for F(z) = 1S bl (z e (L, 2] and G™(z) =z —= Z?;ol 1(z = j/n), though Fju 4y

n

d
and Gv 4 p hold, we have (G™ o F™)up /4 p.

Now, let us focus on the sample version of the cyclic loss, given as Leyc(fin,, Vno, F, G).
The inability of translation maps to approximate optimal transports up to arbitrarily high
accuracy affects cycle-consistency as well. Noisy outputs from a backward generation process
should not ideally recover, even under a ‘perfect’ forward translator. Meanwhile, a ‘perfectly’
translated forward image will be distorted due to such imperfect backward generators. If the
effects due to the departure of translator maps from their ‘ideal’ benchmarks get multiplied,
we may observe severe corruption in reconstruction quality. Much to our relief, the next

result assures that the effects of ill-posedness amplify only as a sum.

Proposition 3.1. Denote By) F;LQ — (R/#I)

v A/(m,nz)’ given that

F;LQ = argmin.cpyy (|7 — Oy [y, By = diam(Qy) with respect to the metric ¢ . Then

ni

!/

An n An n
EcyC(ﬂnuﬁnzaFvG)_Zl{ (Bh 2 4 (Bh 2)}§5f+557
z y

where EF := 4{||fin, — pllpy + [|Pny — vl } (Cumulative statistical approzimation error),
& = 4{H(F#“)n1 — Fyfin, HTV + H(G#l/)n2 — Gy, TV} (Total information dissipated).

It is expected of the pair of maps that commit zero translation error (e.g., (¢,), asymp-
totically) to belong to the ‘kernel’ of a cycle-consistent network. In other words, the realized
cyclic loss should also lie near zero. To showcase the idea of reconstruction consistency, let

us concentrate on the term:

A~

Lcyc(ﬂnl,ﬁnwd},(ﬁ) = HM - (¢0¢)#ﬂn1||1 + ||V - (d} o ¢)#ﬁn2||1

Since the smoothness of underlying distributions is paramount in our analysis, usage of

regularly invariant kernel density estimates (fin, , Un,) instead may lead to improved approxi-

. . 1A dji ,
mation. Based on the same set of observations we build p,, », () = Z;l = mlhd S K (%, %),

x €  where h = h(n1). Similarly define p, p,.
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Theorem 3.4. For the pair of forward-backward maps (1, ¢), as constructed in Theorem 3.1

m

E [ﬁcyc(ﬂnly Up,, P, (;S)] :\<’ max {nl_ @v2ymzTd , ng (FV2my+k }

The eventual nullification of the average reconstruction loss is a desirable outcome. How-
ever, the concentration of random empirical losses around such an aggregate bears more
significance. On that note, we present the concluding result that embodies our idea of recon-

struction consistency.

Corollary 3.2 (Regeneration consistency). As min (n1,n2) = 0o, we observe (¢po))yfin, —
poand (Y o @)y, — v, both in total variation.

Remark 3.7. While the usage of ‘smoother’ estimates produce faster convergence rates, usual
empirical distributions (fin,, Un,) also lead to an outcome similar to Corollary 3.2, given that
the VC dimensions of both Y(P(X)) and Y(P(Y)) are finite.

3.5 Discussion

This chapter establishes statistical translation and regeneration guarantees of cycle-consistent
networks. In the process, we recommend precise recipes to build translator maps to achieve
such consistency. At its time of publication, it was the first endeavour of its kind in this
context. We prove that deep ReLU-based translators, being fine approximators of Lipschitz
functions, asymptotically behave like IPTs. We theoretically show that for Sobolev-smooth
input data, deployment of the 1-Wasserstein distance and L' in the cyclic loss are equivalent.
This substantiates the conclusion Zhu et al. (2017) had reached for CycleGAN. A key highlight
of our analysis is the absence of any restrictions on the data dimensions. We also discuss the
ramifications of ill-posedness during translation and the impact it leaves on the regeneration.
The decomposition of the translation and cyclic errors in the process, based on independent
sources of variation, is also new in this setting.

Our analytical approach has since paved the way for further scrutiny of cycle-consistent
networks. One aspect that yet lies unexplored is their robustness to outliers in the data, es-
pecially since such networks are found to be prone to self-attack. In case the target mapping
is many-to-one (e.g., photos to semantic labels), the realized translators tend to hide infor-
mation as a noisy component in the translated law, imperceptible to discriminators. Though
effective defense mechanisms against self-attack (adversarial training with noise, and using
guess discriminators) have been proposed (Bashkirova et al., 2019), deterministic bounds on
the permissible departure of maps from their theoretical references remain absent.

Observe that we can always establish upper bounds in the spirit of Theorem 2.6 for cycle-
consistent models. However, a more responsible line of questioning seeks a way to robustify

the translations. To that end, we mention a remark made by Zhang et al. (2022). They
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observe that optimizing (3.1) is rather equivalent to solving the Bidirectional Gromov-Monge

(GM) divergence, under a relaxed isometry requirement, given as

inf A F.G)+ ML G) + XL F
FG?(IE,P()))) D)S(Ié%)( { l(luv v, I, ) + 1~Dx (M? v, ) + 2~ Dy (V7 M, )}7
GeF(V,P(X)) Dyety

where Ap(p, v, F,G) = Agg)(u, F)+ Ag?)(y, G) + AP (u, v, F,G), such that for p > 1

Xy
Ag?)(u,F) = (E [|dx(X, X") — dy(F(X), F(X")|" ])%
AP (1,G) = (E[|dx(G(Y), GO - dy<w>< ), and

AP (v, F.G) = (E [|dx(X, G(Y)) — dy(F(X),Y)[])7 .

As such, finding a robust cross-domain translator boils down in principle to robustifying GM-
type solvers. In Chapter 4, taking inspiration from the same, we propose a unified solution to
the contamination problem in generative models with diverse spaces involved. Our methods
consolidate both Chapter 3 and Chapter 2 since WAEs can also be extended to GM-type AE
architectures (Nakagawa et al., 2023).

3.6 Appendix: Proofs

3.6.1 Proof of Theorem 3.1

Let us begin by fragmenting the translation error as follows,

dfel (ﬂn1 ) gb#ﬁnz) < dfcl (lanl ) QS#V) + dfcl (d)#l/a qb#ﬁnz) (35)

Before moving forward, denote the set of discrete probability measures based on at most
n € Nt points in R? by, P,(d) := {Z?zl aidg, 1 a; > 0,50 ja; = 1,{z;}, € Rd}. The
following lemma allows us to show that the first term on the right-hand side of (3.5) can be

made arbitrarily small.

Lemma 3.3 (Yang et al. (2022)). Let p be an absolutely continuous univariate distribution
and m € Pp(d). There exists qﬁ € (W, L)¢ with W > 7d+ 1 and L > 2, such that whenever
n < wW— d ll_W “. J

dg1(m, oyp) <€, givene > 0.

Observe that, fin, € Pn,(d). Now, choose ¢ € ®(W, L) such that the first layer deploys
an additional linear map A that projects v to a one-dimensional absolutely continuous dis-

tribution first. This can always be done due to the absolute continuity of v itself. For the
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resultant map ¢, we notice L > 3, and the specifications of W,n; remain as directed by
Lemma 3.3. As a result, d o1 (fin,, p»v) < € for arbitrary € > 0.

The second term in (3.5) is the portion of the density estimation error from the base
domain that translates onto the target space. To get control over such a discrepancy, we
exploit the regularity of the transformation ¢. Observe that the activation function ¢ =
ReLU is 1-Lipschitz. The transformation carrying signal y from *" layer to the next is of
the form A;(y) = My + b;; M; € RNi+1*Ni and b; € RNi+1 4 = 0,..., L. The matrix M; can
be constructed such that || M|, = SUP|ly | =1 [Miyll, < ki, for some constant k; > 0. For
cases p = 2 or oo, Anil et al. (2019) present exact techniques to ensure HMsz = 1. Under
such a framework, A;’s become k;-Lipschitz transforms. Since Lipschitz functions are closed
under composition, we can expect ¢ to behave similarly, with a constant k* dependent on
{ko, k1, ..., kL}.

However, deep ReLLU networks are much more expressive and are capable of approximating
a vast array of smooth functions. Let us denote the class of Lg-Lipschitz functions mapping
(Qy,¢) = (Qu,¢) as GLip, where Lg > 0. The following two results encapsulate our idea

precisely.
Lemma 3.4. For o, € P(Y), dgi(pga, oxB) < 2infeec,, |9 — 9l + La dor (o, B).

Proof of Lemma 3.4. Let us begin by specifying the class of discriminators Ly = .Z!. Now,
given a, 8 € P(Y)

dgy (ppa, p40) = [Epual —Eg,pl] = sup [Eq(lo @) —Eg(lod)].

sup
le%x leLx
Due to the definition of supremum, for any € > 0 3 [, € Zx for which

dzy (g, o48) < Eallc o @) —Eg(lco @) + ¢
= _inf {Eal(leoqﬁ)—gl—Eﬁl(leoqb)—91+Ea(9)—Eﬁ(g)}+6

gElEOGLZ‘p
<2 inf H(Z)—g,H —|—{ sup [Ea(log*)—Eﬁ(log*)]}—i—e, Vg* € Grip.
QIEGLip o8} leLx

Here, lc o Grip:={lco f: f € Grip}. Now,

Sup [Ea(log*) —Eg(log")] =Weirr(liﬁ)/0(9*(x),g*(y))d7(x,y)

<L inf /c/ xz,y)dy(z,y), 3.6
¢ ot (@, y)dv(z,y) (3.6)

where (3.6) is due to the fact that g* € G';p. As such,

Aoy (0p0,df) <2 il o —g| +Lady (a,B).
g eGLip o0 c
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O]

Lemma 3.5 (Shen et al. (2019)). Let g € GLip. Also, ¢ is the ReLU NN-induced function
as given in Lemma 3.3, having width O(W) and depth O(L). Then

6 — gll.o < OCLW—FL™%),

where Cy > 0 is a constant, dependent on Lg,Vk, and diam(§Yy).

Using both lemmas, we obtain d g1 (fin,, ¢4n,) < €+ La d g1 (v, Uny) + O(Clw_%[,_%)_
The sole task remaining is to upper-bound the statistical estimation error in the base space.

To that end, by applying Corollary 2.1 of Liang (2018) for k > 2, we get E,[d o1 (v, In,)] <
O((k?ng) ).

3.6.2 Proof of Corollary 3.1

We have already noticed Ey[d o1 (v, Pn,)] < C’)((anz)_%), k > 2. Since the distance d 41 (., .)
satisfies the bounded difference inequality, the application of McDiarmid’s inequalitycleads

to

2not? }7 (3.7)

_1
P(d gy (v 7) < O((K%ng) ) +) 21— exp { - 25
¢ Yy

where B, = diam(§,) with respect to the metric ¢. We point out that (3.7) is a generalized
version of Proposition 20 in Weed and Bach (2019). Now, Theorem 3.1 tells us,

A1 (finy» d7ms) < €+ L dopr, (v, 0ny) + O(CYW ELTE),

W—-d-1 L W—d-1

given € > 0 and n; < = L] L] + 2. Combining these two results, we get

_1 1+ Lg)B 1
P (s (jimy > Sns) < O((KPnz) *) + Wn2—$\/ In (5) + O(CWFL7H)) > 14,

o 2n2t2
B,?
n1, ng with min(ny, ng). In such a case, the Borel-Cantelli lemma implies that d o1 (fin, , ¢40n,) —

by taking 0 = exp{ } The statement also holds if we replace the two sample sizes

0 almost surely (under P), provided d, k remain fixed.

Remark 3.8. We draw the attention of the reader to a particular consequence of this result.
Observe that the width (W) and depth (L) of the translator network are intrinsically related
to the sample size (n1) from the target law. In case min(ni,ng) — oo, W also follows suit,
given that L remains constant. As such, our ideal backward translator, achieving generation
consistency, is a finite sample approximation of an infinitely wide ReLU network. Maps

induced by such an infinitely wide network converge in distribution to a Gaussian process
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de G. Matthews et al. (2018). This determines the large sample property of ¢. Finding out
the exact statistical properties of such a process in a parametric setup might be taken up as

future work.

Remark 3.9. For any n1 € N¥, dy1 (1, dpin,) < dgi (i, fin,) + dgr (finy, ¢40m,). We have
already seen that the second term on the right-hand side of the inequality vanishes eventually
[Corollary 1]. Moreover, similar to (3.7)

27’th2 }

A 2 -1
P(dzp (1. i) < O((dnn) ) 1) 21— exp{ = g

As a result, d g1 (i, fin, ) 2% 0 (using Borel-Cantelli lemma). Hence, it can be concluded that
Guly, converges weakly to p in P(X) [Theorem 6.9 in Villani (2009)].

3.6.3 Proof of Theorem 3.2

Let us carry out the decomposition of the realized backward translation error, similar to that

in Theorem 3.1.

dW{”"X’ (Amy, my) < dW{""’O (Any, d3v) + dW{”"x’ (@41, D 0n,y ).

Observe that W™ C Wll ">° for any positive integer m. Also, the class )/\/11 "> is a dense
subset of 1-Lipschitz functions on X. As such, dyym.c(fin,, ¢v) < dg1(fin,, pv) < €, where
€ > 0 (as in the proof of Theorem 3.1).

The remaining approximation error can similarly be upper bound using the same tech-
nique. However, it would be far from tight. Let us recall the class of Hélder functions that

eventually help in the pursuit of sharper bounds.

Definition 3.3. For s € Ry, with |s| indicating the largest integer strictly smaller than s,
the Hélder space of order s is defined as

s (mdy _ dy . _ |Df(x) — D*f(y)|
CiRY) = {f € Cu®) : [Iflles = Iflwies + 3 up T
lal=Ls 0

<L}.

Now, similar to the proof of Lemma 3.4, for any € > 0 3 I, € W™ such that

dW{n,oo(Qs#a’ d4B) < Eo(lyop) —Eg(ls o)+ e/, where a, 8 € P())
=  inf {Ea\(la o) — g’ — E6|(le' o) — g\ +Eal(g) — Eﬁ(g)} e

gelG/OGLip
<2 inf Hd) — ng + { sup [Ea(l og*) —Egs(l og*)]} + 6/, Vg* € Grip-
g €GrLip 00 lew e
(3.8)
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The first term in (3.8) is obtained due to the Lipschitz property of I/. Here,

swp_[Eaflog) ~Esllog")] = dyp=(go. 036) < dep(ghog}f) (39
ewrr
— sup {EZNQU(:C)]—EINB[Z(:U)]}. (3.10)
leCmog*

Inequality (3.9) is based on the observation that there exists > 0 for which W/"> c C™
Schreuder (2020). Given any f € C* and ¢g* € Grp,

1fog*lle = {sup|f(g(¥))| : y e R*} = {sup|f(z)| : = = g*(y) € R%,y € R"}
< {sup|f (@) : 2 € RY} = | f| -

Moreover, for z,y € RF, 2 #y

D[ (g"(x)) = D f(g™ ()| _ [D*f(g"(x)) — D*f(g"(v))] { lg*(x) — g* (y)| }stsJ
|z — y[s—Ls] lg* () — g*(y) |5~ L] |z —y|

< |Daf(f*) :Djlf(y*)’ (LG)S—\_SJ,
|la* — y*[s=Le)

assuming z* # y* € R?. Here, we choose both the metrics ¢, ¢ to be Ly in their respective
spaces. This convention conforms to the rest of the discussion as well.
Also, for 1 < |s| < m we have

(D" ),

D*(fog")(@) = s! TP (g ),

1<[i|<|s]

where Ps;(g*;x) is a homogeneous polynomial of degree |i|. Schreuder et al. [Lemma 7.2
in Schreuder et al. (2021)] show that |D*(f o g*)(x)| < C, where C' > 0 is a constant. This
implies that there exists 7* > 0 for which f o g* € C(R¥). As such, we may upper bound
(3.10) by replacing the supremum over C™(R%) o g* by the same over C7% (RF).

Hence, for ¢ > 0

s (fing D) <2 inf |6 — g+ dep (v,50s) + €
g €Grip o0

The expected approximation error in the base domain can be put under a deterministic upper
< ny Tk 4 k)ng; [Lemma 2.8 in Huang et al. (2021)]. As

~

such, we get E[dwin,oo(ﬂm,¢#ﬁn2)] < (’)(ng_% + M) + O(\/ELgByW_%L_%).

n2

bound given by E, [dc:g (V, Uny)]
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3.6.4 Proof of Lemma 3.1

Our characterization of the critics allow Zx to be £} or W{™™. Under this setup, for any

backward translator G

iy (finy, Gpmy) < dazy (finy (Gyv),,,) + daz (Gy),,,» Gn,) (3.11)

o —

S Bx /:Lnl - (G#y)nZ

+&
TV

< Bx Hﬂrm - F711||TV + A(n1>”2) + 53’

where 'y, = argmin,cpyy [|T — fin, Iy It is often called the Empirical Yatracos Minimizer
Devroye and Lugosi (2001). Observe that ||ftn, — I'n;||py < |lftn, — #]|py- Now, in case the
OT map T exists such that Twv = p, we get ||fin, — In, |lpy < &1

Remark 3.10. The information loss (in the right-hand side of (3.11)) can be taken care
of by deploying an IPT as the translator. As such, it is the term dgy (fin,, (Ggv),,) that

mainly contributes to the upper bound. We had built the empirical distribution fi,, based on

o —

{Xi} b p. Similarly, let (Gyv),, — be based on {Y;}/2, o Guv. We may write

—

dy (finy (G#V)nz) = sup
feZx

N
> Wif(Z:)

i=1

, (3.12)

where N = ny+no; W; = L when Z; = X;,i=1,...,n1 and Woigi = —

1 Y.
o — when Zp,+; =Y,

n2
j=1,....,n9. Under this framework, the solution to (3.12) can be achieved by solving a linear

program, given that x = £} [Theorem 2.1 in Sriperumbudur et al. (2012)]. This provides a

pathway to get hold of the realized approximation error, making the upper bound deterministic.
3.6.5 Proof of Lemma 3.2
Given translator maps G € #(Y,P(X)) and F € .#(X,P(Y)), the cyclic loss in the space

X can be broken down as the following:

= (G o F)yplly < llu— Gyuvlly + 1Gyv — (G o Flypul,,

where
G = (G o F)puly = G = GulFmlly =2_sup [Gyv(e) = Gi(Fu)()

=2 sup UG (@) — Fyu(G(w)
wCo(X)

<2 sw |v(w) - Fpn(w)| = llv = Pyl
wlgo()})
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The inequality holds by taking supremum over all measurable sets belonging to the Borel

o-algebra on ) instead of the particular path directed by G~'. As such
= (G o F)gplly < llp—Gyrlly +[lv — Fypll;-
Similarly, [[v — (F o G)yv||; < |lv — Fypll, + || — Gyr||,. Hence the proof.

3.6.6 Proof of Theorem 3.3

Given a measurable function f : R — R, let us define its convolution with the kernel
K :R% x R? — R as the following:

Knh) = [ Kalan oy = 1 | KGe Drws

R4 ﬁ
where ¥ = (¥, ..., yﬁ)/, h > 0. We begin by taking K to be regularly invariant. Now,

121 = Poolly < 1P = Kn(pu)lly + | Kn(pn) = Kn(pou) |l + [ Kn(Po,) = polly
< JHPM - Kh(Pu)Hp + HKh(pu) - Kh(P¢#V)H1 + JHKh(PqS#u) — Poyv

/
P )

(3.13)

where J > 0. The existence of such a constant, and hence the inequality (3.13), is ensured
by the fact [|f[; < J|[f[l,, p > 1 since we have A({2;) < co. Also, there exists a constant [
depending upon m, and K, such that ||Kx(pu) — pull, < {[D™py|| ,h™ [Proposition 4.3.33
in Giné and Nickl (2021)]. As such, we get hold of a constant J* = JI for which

Hpu _p¢#VH1 < J*{HDmxpu”p + HDmquﬁ#l/ p'}hmx + HKh(pu) - Kh(p¢#1/)H1

(by Assumption 3.2). Observe that,
1 Ty T oz
Kn0p)(@) ~ Knlpo,)(@) = g [ {KGL D) = K5 }an(w. )

where k is a coupling between ;1 and ¢4v. Hence,

[8nte) = Koy, < [ {a [JKG D = KGDlao}astrns)  (319)
LREREERR
<5 [ o= slasty. ). (3.15)
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where M* is a positive constant. The step (3.14) is due to Jensen’s inequality, whereas (3.15)
exploits the invariance of K. Since the inequality holds for all possible measure couples x,

we conclude .

M
| En(pu) = Kn(poyn)]|, < TWQ(M, V),

given that ¢ = Ly. A similar inference can be drawn for a general class of metrics ¢ by altering

the specification of the same in the definition of invariance. Now, choose

1

. We (1, dyv) e

Finally, we obtain

1 mg
T I (s )] 7

I = poolly <MD" pull, + [ D™Dy
where M = 2(J* VvV M*).

3.6.7 Proof of Proposition 3.1

Using Lemma 3.2,

‘CcyC(ﬂnu Uy, F, G) = || fin, — (G o F)#ﬂmnl + ||Ony — (F o G)#’annl
< 4{”:[%1 - G#ﬁnzHT\/ + Hl)nz - F#ﬂm HTV}‘
Now, a similar decomposition of the translation errors under the TV metric, as in the proof
of Lemma 3.1, results in the following:

o —

Iy, — (Gyr)

v H(G#V)W ~ Gitn,

”ﬂm - G#ﬁnzHTV < Hlam - FmHTV + ‘ no TV

« A(n ,n2) 272" .
< lins = bllpy + =572 + (@), — Gt

Similarly, given that F;m = argmin cpy (|7 — Ons |7y

/

A _—
9z = Fofins lpyy < 1oms = vl + =2 + || Fyet),, = Fpfiny
Yy

TV
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3.6.8 Proof of Theorem 3.4

Let ¢ € ®(W,L){, as specified in Theorem 3.1. Also, let 1 € @(W/,L/)Z be a forward

translator that achieves consistency. Observe that

Leyellings s 6, 8) < fim, = il + 19y = vl + Loyl v, ,9)
< liny = pilly + 5, = vy +2{ e = S0l + v = gl . (3.16)

For 1 < p,q < oo, we know that
E [ Ifum — pall,] 3 m =5,

[Theorem 6.1 in Cleanthous et al. (2019)]. Similarly, for the estimation error in Y, E [Hﬁym -ol,| 3
my

no 2wtk Moreover, Theorem 3.3 implies that

mg+1

{Hpu _p¢#VH1} e < Rd.,f(,l (/L’ d)#y) <R {d,i”cl (:U’vﬂnl) + dfcl (ﬂn1,¢#l/)}, (317)

mg+1

where R = M % [||D™p, [, + || D™pg,.
corresponding to p. The term dgi(fin,,¢xv) can be made arbitrarily small due to the

1
mo L .
Y , and i, is an usual empirical measure

construction of ¢ [Lemma 3.3]. Also, we have already seen that E [d 21 (1, finy)] 3 ny .
As such,

E [lfin, — #lly + 2l — 6401, ] < O (ma~ @)

by applying Jensen’s inequality to (3.17). This bound, together with a similar result corre-

sponding to its forward counterpart, will imply

~ _ mg _ my
E [ﬁcyc(ﬂma I;TL27 1/]7 ¢)i| j max {nl (dv2)me+d ) (kv2)my+k }

3.6.9 Proof of Corollary 3.2

We point out that, K(x,y) can be taken in particular as f((|a: - y|), where K : R? = R

identically follows the traits of K. Under such a kernel function,

B[P ] = pully < 170,

for some constant [* > 0 (Giné and Nickl, 2021). Now, given an € < %, concentration

inequalities on kernel density estimates tell us: there exist constants F1, F» > 0 such that

P (I — Bl ]l > €) < B1 (L052) exp{ (— Bt }.
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The exact value of Fy = 28%(0) can be obtained based on the convention that K (.) achieves

its modal value at 0. Such a centering can always be done. Hence,

P[Py — Pully > €+ A" ) < By (;ffz)dexp{( - Bt} (3.18)

By applying Borel-Cantelli lemma one can show that [|p, ., —pull; — 0 almost surely,
under suitable choice of h = h(ni,m,,d). (3.18) inspires a similar concentration for the
estimate p,,, around p,, under L. As such, by taking the corresponding bandwidth ' =
R (na,my, k), it can also be said that ||py.n, — pvll; — 0 almost surely. To unify the two
processes, one may assess the convergence based on n = min{ni,ns}. Putting these results
back in (3.16), along with (3.17), we conclude

Leye(finy s Ung, ¥, ) — 0, almost surely.

In other words, (¢ 0 )yfin, — p and (¢ o ¢)xDy, — v, both in total variation.

Identity loss

Let us first rewrite the identity loss in terms of the underlying measures. Based on the

notations in our framework,
Lia(p,v, F,G) = [|p = Fyplly + lv = Gyrll;.-
Observe that the distributions must be equivariate to conform to this loss. Moreover,

I =vlly = 1Fgn—vily < llw— Fypll;- (3.19)

If the forward translated law Fl i is Sobolev-smooth of order m, (Assumption 3.2), Theorem
3.3 asserts the existence of a constant R > 0 such that le, — pF#MH1 <R [dzl/ (v, F#u)] %
In case F' is also translation consistent, the second term on the left-hand side of (3.19) van-
ishes. A similar conclusion can be drawn for the quantity || — Gxv||, as well. As such,
the cumulative identity loss from both domains cannot be minimized beyond the intrinsic

discrepancy between the input distributions.
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Chapter 4

Robustifying Cross-Domain
(Generative Models

Summary

The Gromov-Wasserstein (GW) distance is an effective measure of alignment between dis-
tributions supported on distinct ambient spaces. Calculating essentially the mutual departure
from isometry, it has found vast usage in domain translation and network analysis. It has
long been shown to be vulnerable to contamination in the underlying measures. All efforts
to introduce robustness in GW have been inspired by similar optimal transport (OT) tech-
niques, which predominantly advocate partial mass transport or unbalancing. In contrast, the
cross-domain alignment problem, being fundamentally different from OT, demands specific
solutions to tackle diverse applications and contamination regimes. Deriving from robust
statistics, we discuss three contextually novel techniques to robustify GW and its variants.
For each method, we explore metric properties and robustness guarantees along with their
co-dependencies and individual relations with the GW distance. For a comprehensive view,
we empirically validate their superior resilience to contamination under real machine learning

tasks against state-of-the-art methods.

4.1 Introduction

Aligning unalike objects (images, networks, point clouds, etc.) based on their geometry
remains the crux of machine learning challenges such as style transfer, graph correspondence,
and shape matching. The first hint of a statistical measure of discrepancy between two
such distinct distributions came in the form of Gromov-Wasserstein distance (Mémoli, 2011),
quickly finding continual application in data alignment (Demetci et al., 2022), clustering
(Chowdhury and Needham, 2021; Gong et al., 2022), and dimensionality reduction (Clark
et al., 2024). Emerging as an LP-relaxation of the Gromov-Hausdorff distance, it calculates

the minimal distortion between replicates from distributions p and v, themselves defined on
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4. Robustifying Cross-Domain Generative Models

spaces X' and ) respectively. In other words,

igf HdX(ﬂZ,wl) - dY(y)y/)HLIJ(T@w)’

where 7 denotes a coupling between distributions (u, ) and the spaces are endowed with the
respective metrics dy and dy, p > 1. We note that the metric space (X, dx) coupled with the
measure p defines a metric measure (mm) space. Resembling the Kantorovich formulation
in OT, it immediately inspires a Monge-like upper bound to the distance (namely, Gromov-
Monge (GM)), given by

inle HdX(:L‘,x/) — dy (¢(z), Qb(ﬁ/))HLp(u@#)’

where the infimum is instead over measure preserving maps ¢ : supp(x) — supp(v). In both
cases, the underlying cost, measuring the extent of departure from strong isometry, differen-
tiates the problem from mass transportation. It is rather the susceptibility to contamination
that unites alignment and OT. The value of GW can be arbitrarily perturbed only by im-
planting an arbitrarily ‘outlying’ observation. However, the defense against such outliers in
the context of alignment turns out to be much more nuanced compared to OT (see Sec-
tion 4.4). Its diverse applications, coupled with the objective of aligning geometries, demand
unique solutions in different contexts. The very formulation of GW also hints towards several
avenues to search for a robust formulation. On the other hand, existing approaches to robus-
tify GW and its progenies all draw insight from similar techniques in OT. While relaxing the
optimization following partial (Chapel et al., 2020) or unbalanced (Séjourné et al., 2021) OT
fosters capable solutions, it is perhaps unfounded to expect them to serve every context. For
example, relieving the set of feasible couplings from meeting the marginal constraints also
takes away metric properties. Moreover, despite showing that image-to-image (I2I) trans-
lation architectures such as CycleGAN (Cycle-consistent Generative Adversarial Networks)
are indeed special cases of GM-like distances (Zhang et al., 2022), current literature does not
provide a pathway to accurate generation under contaminated source data. As remedies, this
chapter analyzes three principal means of robustifying the cross-domain alignment problem.
This way, besides suggesting solutions to the problems discussed in earlier chapters, we ad-
dress the larger landscape of contamination. We refer the reader to Section 4.4 for a detailed
outline of the discussion.

Contributions: The key takeaways of our discussion are as follows.

e The first method introduces penalization to large distortions while calculating GW in
the spirit of Tukey and Huber. In context, it gives rise to relaxed GW distances that
preserve topologies and usual metric properties (Proposition 4.1). We show that GW,
under Tukey’s penalization, becomes robust to Huber contamination (Theorem 4.1) and

promotes resilience to underlying distributions (Corollary 4.1). Provably, it extends the
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4. Robustifying Cross-Domain Generative Models

Robust OT (ROBOT) to distributions supported on distinct mm spaces. We provide
algorithms to calculate the Tukey and Huber GW distances, which in applications such
as shape matching exhibit superior performance compared to existing techniques, under
contamination. We also suggest data-dependent parameter tuning schemes that produce

precise levels of robustness.

e Offering a finer control over extreme pairwise distances from either space, the second
method rather deploys relaxed metrics that preserve topology. The resultant locally ro-
bust distance, surrogate to GW, becomes a lower bound to the first formulation (lemma
4.1). We prove that solving the same boils down to calculating an OT between truncated
observations from g and v (Theorem 4.2). We also show that the notion can be general-
ized to define robust distances over probabilistic mm spaces. This eventually leads to a
framework that offers denoising capability to Image translation models, assuming a shared

latent space.

e The third approach regularizes the optimization based on ‘clean’ proxy distributions to
achieve robust measure-preserving maps. We show its connection to robust OT formu-
lations (lemma 4.2) and the sample complexity that such optimizations demand under
contamination. The resultant optimization generalizes the notion of partial alignment,
as plans corresponding to the latter can be shown to be an amenable candidate of ours.
Based on the same, we propose RRGM, a novel image-to-image translation architecture
that exhibits superior denoising capacity while generating handwritten digit images under

contamination.

4.2 Background

Recovering unperturbed transport plans under contamination poses a significant challenge in
cross-domain alignment. In most treatments based on GW (and Sturm’s GW (Sturm, 2006)),
the unbalanced relaxation to the class of underlying couplings is used to ensure robustness
(De Ponti and Mondino, 2022; Séjourné et al., 2021). As a result, the ‘denoised’ solutions
in both spaces become merely positive Radon measures. In case the marginal constraints
are imposed using the TV norm (instead of Csiszar or ¢-divergence), the idea boils down to
transporting only a fraction of the mass under the distributions (Bai et al., 2024; Chapel et al.,
2020). UCOOT’s (Tran et al., 2023) robust formulation to deter Huber contamination utilizes
a similar relaxation additionally on the feature spaces of the domains. While such a mass-
trimming approach penalizes outliers, the resultant distance suffers significant deviations
from its balanced counterpart (Nguyen et al., 2023). Moreover, the alignment problem,
fundamentally different from mass transportation, raises more unanswered questions. For

example, in most image-to-image translation problems, only one domain runs the risk of
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contamination. Unbalancing turns out to be ill-posed to handle such a semi-constrained
robustification (Le et al., 2021). Also, the landscape of contamination models stretches way
beyond that of Huber’s, which the current unbalanced techniques are solely equipped to deal
with. The most recent technique offering robustness in GW alignment (Kong et al., 2024)
reinforces unbalancing, based on inlying surrogate distributions over graphs. This, essentially
being an upper bound to UGW, carries all the aforementioned issues. As such, a detailed
exploration of robust alignment between distinct domains subject to diverse underlying tasks
remains overdue.

Notations: We reiterate some notational conventions from earlier chapters to improve
readability. Given a Polish space X, we denote by P(X) and M(X) the set of Borel prob-
ability measures and signed Radon measures defined on it, respectively. For p € [1,00),
measures p € P(X) with finite p-th absolute moment, M,(p) := [ ||z||Pp(dz) < co form the
space Pp(X). The Total Variation (TV) norm of p € M(X) is denoted as |p|lpy = 3|p|(X).
The space of measurable functions f : X — R satisfying || f|/;»(,) = ([ fIPdp)t/? < oo
is denoted by LP(p). The pushforward of p € P(X) by a measurable map f is defined as
fap = p(f~1). We define the uniform norm as || f|,, = supycx |f(z)|. The notation ®
denotes the tensor-matrix multiplication, whereas ® and @ signify element-wise product and
division in matrices, respectively. The notation used for the Frobenius norm is ||-||z. Given
a,b € R, we write a V b = max{a, b} and a A b = min{a,b}. The uniform e-covering number
of a class of functions F, based on n points {z;}" ;, with respect to (w.r.t.) the metric
d(f, [") = max;ep | f(zi) — f'(2:)] is denoted as Nuo(e, F,n). We also write inequalities, sup-
pressing absolute constants, as < and 2. In case a < b, we equivalently write a = O(b). Given
that the previous relation holds for a polylogarithmic function of b (i.e., a = O(blog®" b)),
we write a = O(b). If there exists a (strong) isometry between the spaces X and Y, we write
Xy

4.3 Preliminaries

Before introducing our robust formulations, we review the basics of transportation and align-
ment between metric measure spaces.

Optimal Transport and Entropic Regularization: Given a Polish space X endowed
with a metric d(-,-), the OT problem between p,v € P(X) is defined as

OT.(ur) = inf [ cla)in(z.y) (4.1)
m€ll(p,v) Jxxx

where ¢ : X x X — R, is the lower semi-continuous transportation cost and II(u,v) = {r €
PX xX):7w(-x X) = p,m(X x-) =v} is the set of couplings between p and v. We note

that (4.1) is the Kantorovich formulation and can be shown to possess a minimizer. Given
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c(z,y) = d(x,y)P, p > 1 it defines the p-Wasserstein metric W,(u, v) == [OT (4, v)]Y/? on the
space Pp(X) and metrizes weak convergence (Villani, 2009). OT is a typical linear program,
and it is an entropic regularization that makes it strictly convex. Given a parameter £ > 0,
reinforcing the marginal constraint under the Kullback-Leibler (KL) divergence yields the
primal Entropic OT (EOT) problem:

EOTG (u, v) = OTe(p,v) + edr(n|p @ v). (4.2)

Unlike its unregularized counterpart, the convergence rate corresponding to the empirical
EOT cost (towards the population limit) becomes devoid of dim(&Xx’) (Mena and Niles-Weed,
2019). Entropic regularization also enables computing d-approximate estimates of the trans-
port cost in O(n?/d) time (Blanchet et al., 2024). Despite computational and theoretical
prowess, observe that the EOT cost (also OT) and corresponding potentials can be arbitrar-
ily perturbed if either p or v (or both) is perturbed the slightest in TV.

The Gromov-Wasserstein distance: As mentioned before, we call the triplet (X, d, 1)
a metric measure space, where p has full support, i.e. supp(u) = X. While it is technically
convenient to define GW as an extension of OT between two distinct mm spaces, we differ-
entiate them based on their origins in mass transportation and object alignment. Given two
Polish mm spaces (X, dx, p) and (), dy,v), the GW distance in all its generality is defined

as

D=

dowtur)= (ot [ [ M) P o)’

where A : Ry x Ry — R, is a pseudometric measuring the extent of distortion, 1 < p < oc.
We also sparingly write dgw (X, Y’). Observe that (4.3) is essentially the LP-relaxation of the
Gromov-Hausdorff distance (Mémoli (2011), Section 4.1), an operation similar to what leads
to the Kantorovich-Rubinstein formulation in OT (W),). Now, considering A = Ay(a,b) =
+la —bq|1/q, g < oo one can recover the (p,q)-GW distance (Arya et al., 2024), which
induces a metric over the class of strongly isomorphic! mm spaces with finite p-diameter,
e [y, yldx(x,2")|Pux(dr)ux(da’) < co. Different choices of dx,dy also lead to interesting
variants of the GW distance, e.g., considering dx = (-,-) (withp =2,¢ = 1) and ||- — -|| (with
p = 4,q = 2) makes the corresponding distances invariant to orthogonal transformations
and translations, respectively. Bauer et al. (2024) proposes Z-GW distances by further
generalizing dx : X x X — Z (also dy) as network kernels, given any complete and separable
metric space Z. Despite enjoying structural maneuverability, unlike OT, GW distances pose
a quadratic assignment problem (QAP) and are, in general, NP-hard to compute. While
it is still feasible to determine the exact value of (4,2)-GW between spheres (Arya et al.,

1(/1’, dx,p) and (Y, dy,v) are said to be strongly isomorphic if there exists a measure preserving isometry
¢: X =Y (ie ¢ppp=vand dy(¢(z),o(x')) = dx(z,x’)) which is also a bijection.
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2024), given samples from arbitrary distributions, one must resort to entropic regularization
to ensure computational tractability (Rioux et al., 2023; Scetbon et al., 2022). Following the
setup in (4.3), the Entropic GW (EGW) distance is defined as

EGW* (p,v) = daw (i, v) + €dKL(7T‘,u R V). (4.4)

This becomes particularly useful in case both the mm spaces are Euclidean with (u,v) €
Pu(X) x Py(Y), as it ties the underlying (4,2)-EGW? optimization to EOT with an altered
cost. However, the issue regarding uncontrolled perturbation under contamination still per-

sists.

4.4 Robustifying Gromov-Wasserstein

Formulating a mechanism that forestalls the effects of contamination in GW is more elusive
compared to OT. Firstly, there is the context of the underlying optimization itself. In OT,
the treatment ensuring robustness differs based on the task at hand. For example, cases
that prioritize a divergence (e.g., generative models requiring a robust loss) usually call
for a robust surrogate to W), only. As a result, relaxations such as unbalancing or mass
truncation (equivalently, addition) are often appropriate (Nietert et al., 2022, 2023). The
goal in such cases lies mainly to recover W (u,v) based on a robust proxy Wy (jin, o), i.e.
Wyt v) — Wy (fin, 7n)| — 0 in probability, where ¢ > 0 denotes the radius of robustness.
This can also be achieved by defining a margin on the extent of allowable perturbation
while choosing the surrogate (Raghvendra et al., 2024). While such formulations preserve
sample complexity, the resultant transport plans (7)) do not carry robust marginals that are
also necessarily probability distributions. This becomes crucial when one is also interested
in finding a robust measure-preserving map (7. : supp(u) — supp(v)) between the two
distributions in the sense of Monge. A surrogate loss ignoring the marginal constraints is
bound to result in a map whose deviation from the oracle (77) has a non-vanishing lower
bound (i.e. there exists 7. > 0 such that ||Tc — T*|| 2 7). In this regard, Balaji et al. (2020);
Le et al. (2021) (ROT) maintains a balanced transport by optimizing over proxy distributions
instead. While statistical properties of the resulting plans remain unexamined, KL-enforced
regularization makes them tractable with comparable efficacy (O(n2/6), where § > 0 is the
error margin and n is the sample size.).

Due to its role in alignment (e.g., shape matching) and the involvement of two distinct
mm spaces, one needs to be more cautious in approaching the GW problem using similar
techniques. Observe that, dgw(u,v) calculates the optimal p-distortion of a coupling be-
tween p and v (ie. |[A(dx(z,2'),dy (y,¥)ll1o(rem)- As such, it may become extremely

2Essentially the square root of the (4, 2)-EGW distance. A more convenient way of realizing it is to assume
Aq(a,b) == %]a® — b?| instead, under which the parameters become p = 2, ¢ = 2 (Rioux et al., 2023).
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fragile (Blumberg et al. (2014), Proposition 4.3) and sustain uncontrolled fluctuation if a
single observation from either space is perturbed heavily. Unbalancing readily limits mass
allocation to such outliers, resulting in a robust surrogate to dgw. However, unlike OT, it
risks sacrificing geometric information contained solely in pairwise distances. This creates
significant misalignment between the resultant plan and the isometric benchmark. The lat-
ter technique of penalizing the distributions (@ and v) themselves based on robust proxies
also needs additional consideration. For example, when only one of them is contaminated
(semi-constrained), the focus must lie on robustifying the pairwise distances, which is not the
same as making the law robust. The problem is further confounded if near-isometric robust
Monge maps (Dumont et al., 2024)(bidirectional, in case of Reverse Gromov-Monge (Hur
et al., 2024)) are sought.

infrermu) H A(d’X(az,w’), d‘Y(y, y’)) ‘ L (r@m)

:

( Plan Regularization } ‘ Local Robustification

[ Norm Penalization

Figure 4.1: Three disjoint approaches leading to outlier-robustness of different degrees in
Gromov-Wasserstein formulations. The forthcoming discussion follows the course: Section
4.4.1 (), Section 4.4.2 (), and Section 4.4.3 ().

On top of these existing ambiguities, the participating mm spaces might suffer different
types of contamination with varying intensity. As such, the spectrum of contamination
models (Wasserstein, Huber’s e-contamination, etc.) needs to be kept in mind. Based on
the varied demands of cross-domain alignment problems, we identify three solutions to the
robustification problem in GW. The primary and most immediate way is to arrest the extreme
distortions, given pairwise observations (z,y), (2’,4’). In the process, we introduce Tukey’s
and Huber’s relaxation into the GW metric (Section 4.4.1). The second solution stems
from robust surrogates to the metrics dx,dy that limit fluctuations at their nascency while
calculating pairwise distances (Section 4.4.2). Based on the nature of the mm spaces, this
approach may propose both structural and optimization-based robustness. In search of robust
translation maps, the third method advocates relaxing the optimization itself by regularizing
the set of plans II(u,v) (Section 4.4.3). Besides introducing them, the following discussion
demonstrates that these three seemingly distinct solutions are indeed related. The idea that
binds them is the very key to penalization: reallocating mass from outliers to inliers. By
introducing more effective ways to reallocate, we observe intriguing relations to robust OT

formulations and duality emerging.
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4.4.1 Norm Penalization: Towards Huber’s Gromov-Wasserstein

The most recognized contamination model in robust statistics (Huber, 1964) assumes the
existence of an arbitrary distribution p. € P(X) from which outliers originate. Under the
same, it is equivalent to tossing a coin with € € (0, 1) probability in favor of u. during each
independent draw from u. In case p. admits a density with heavy tails, it implies vastly
outlying observations in the sample (see e.g., Figure 4.2(c)). A similar output may occur if
the moments corresponding to p and p, differ significantly. In a shape-matching context, this

amounts to pronounced disfiguration of shapes. Now, let us recall the definition (4.3),

) 1
dGW(:uv V) = Welr%iy) 7||AX,YHLP(7T®7T)’
where Axy = 2Ai(dx,dy) in particular. In a sample problem, the [, norm calculating
the departure from isometry is sensitive to unusually large (or small) observations. We
employ relaxed [, norms to curb the effects of such outliers in distortion. Considering the
computational complexity of the GW formulation, we first invoke the most intuitive way of

implementing a relaxation, namely Tukey’s relaxation (Clarkson et al., 2019).

Definition 4.1 (Tukey loss function). Given a threshold T > 0, the p-Tukey loss function
for p € [1,00) is defined as
2" if el <7

Tol) =

TP otherwise.

Observe that, it is polynomially bounded above? with degree p. It also induces the cor-
responding ‘norm’, || f|l ) = (fXﬁ(f(x))du(x))l/p, given f € LP(u). Though dependent
on the parameter 7, it enables one to define

1

HAX,YH'];(W@)W) = (/./;T'Xy/)(xy%‘dX(x’x,) 7dy(y,y/)‘dﬂ'®7T(£E,y,$/7y,)>p. (45)

We call the quantity draw(p,v) = infreng,.) %||AX,YH7;)(7T®7T)7 Tukey’s GW (TGW, or
specifically (p,7)-TGW). Clearly, it is a lower bound to the corresponding dgw (i, v) and
drew — dow as T — oo. It also carries some major properties of the original GW distance
(Mémoli (2011), Theorem 5.1). The non-negativity and symmetry are obvious, and given
X = Y, it becomes 0. Conversely, given a threshold 7 > 0, drgw (i, ) = 0 implies that the
mm spaces X and ) are isometric, for p € [1,00). Here, we only define the loss for p < oo
since given 7 > 1, the essential norm at p = oo spoils the thresholding and eventually the
robustness. Our goal also lies in avoiding large deviations between TGW from its perturbed

GW benchmark, caused solely due to large thresholds. As such, it is not in our interest to

3 An increasing function f : R, — R, is said to be polynomially bounded above with degree p if ;EZ% < (g)p.

94



4. Robustifying Cross-Domain Generative Models

check the continuity of ||H7; () W.r.t. the weak convergence of 7. Hence, a feasible coupling
7w € II(u,v) that realizes the infimum only exists for p € [1,00) (Mémoli (2011), Corollary
10.1). Proving the same only requires modifying the first part of the proof of Corollary 10.1
as follows: Define f : [0, M] — Ry ast — tP if t < 7, and 7P if 7 < t < M, which also
becomes Lipschitz with constant pMP~!. Observe that, 7 > M = diam(X') Vv diam())) implies

the exact function as in Mémoli (2011). Also, the triangle inequality exists owing to the same
property for ||| .
Proposition 4.1 (Metric properties). Let (X,dx,px), (V,dy,py) and (Z,dz, pnz) denote

arbitrary Polish mm spaces. Then,

(i) (Triangle inequality)
drew(X,Y) < drew(X, Z) + drew(Z,Y).
(i1) Given v € I(ux, py), for all 0 < p <p' < oo
IAx ¥l 0oy = IMxyllz, Gy

(i1i) For " > 1 >0, we have (p,7)-TGW < (p,7")-TGW.

The properties altogether make drgw a pseudometric over the collection of isomorphism
classes of mm spaces. It also limits the corruption due to Wasserstein and Huber’s e-
contamination. For simplicity, let us assume only one of the distributions is contaminated,
say . As such, one now has observations from p/ = (1 —e€)p+ €p. instead, where . € Pp(X).
Under this setup, the following result gives the extent to which the population-level loss can

propagate.

Theorem 4.1. Given that the two distributions u,v belong to the same mm space (i.e. they

are namely (X,dx, p) and (X,dx,v)), if u suffers Huber’s e-contamination, we have
1
dTGW(/'L/’ V) < Ter + W’];(,U,, V)a

where W, = infn [|dx|| . is the OTqy distance under the p-Tukey norm.

The result also implies that TGW can pose as a provably robust estimate to GW, i.e.,
draw (1, v) — daw (i, v) < T€'/P_if the distributions are supported on the same space. This
observation is instrumental in robust shape-matching and generation problems. Theorem 4.1
also has interesting consequences under specific assumptions on the contamination model.
For example, if there exists k£ > 1 such that W, (u, ue) = kWy (1, v) (Balaji et al., 2020), we
have

drew (i, v) < (1+ ken)Wy(u,v),
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due to the trivial upper bound on W7, by the p-Wasserstein distance. On the other hand,
Wasserstein contamination (Zhu et al., 2022) only assumes that W), (1, 1) < €, regardless of
the nature of the adversary. This typically occurs if all observations are perturbed by small
degrees. In such a case, the inequality, as in Proposition 4.1, adapts to give the following

upper bound < 7 A e+ W\ (u,v).

Remark 4.1 (Resilience under TGW). Theorem /4.1 (see proof, Appendiz) also enables one
to discuss the ‘resilience’ of a distribution p under drgw. p € P(X) is said to be (p,e)-
resilient w.r.t. the divergence d if Vi € P(X) such that i < %_E,u, we have d(p, 1) < p,
where 0 < € < 1 and p > 0. It boils down to checking the mazimum change in Wy, if a
e-fraction of mass under u is deleted and renormalized to form i < l—isu. Nietert et al.
(2023) show that |Ezldx (Y, z0)?] — Eldx (Z,z0)P]| < p implies resilience under Wy, given
xg € X (Lemma 11). In the process, it is sufficient to assume that p has a finite p-moment.

Observe that,

[Ea[Tp(dx (Y, 20))] — Eu[Tp(dx (Z, 20))]|
< By, zou| To(dx (Y, 20)) — Tp(dx (Z, x0))|
< Eyopzepldx (Y, 20)P — dx(Z, 20)?|

<\ Varaldx (¥, 20)7] + |/ Var[dx (Z,20)7] + [Ealdx (Y, 20)") — Byldx (Z, 20)"]]

where the first inequality is due to Jensen’s inequality. As such, since the variances are finite,
the mean resilience also implies the same under T,. However, in case fi results in a vastly

distinct variance, the associated resilience bound on Wy, becomes weak.

Corollary 4.1 (Nietert et al. (2023)). Given Z ~ p and xo € X, let E,[dx(Z,x0)P] < o?
1 1
for some o > 0. If T,(dx(Z,x0)) is (p,€)-resilient in mean, then  is <2<(p5 +er(oAT))A

1
gp T) , 8) -resilient w.r.t. Wr..

Observe that the bound is non-trivial only when o < 7. While a user-defined T ensures
resilience for distributions having thicker tails, the result hints towards distributions (u) that
imply sharper resilience bounds. One immediate example is the class of sub-Gaussian distri-

butions.

Remark 4.2 (Lower bound to ROBOT). TGW has a surprising relation to existing robust
efforts in OT, following from Theorem 4.1. Given a transportation cost ¢ : X x X — Ry,
Mukherjee et al. (2021) (formulation 2) define the \-ROBOT distance between pu,v € P(X)
as OTe, (p,v), where cx(x,y) = lax(c(z,y)) = min{c(z,y),2A}. Specifically for ¢ = dx, we
write Wi ax(p, v). It metrizes the underlying class of distributions and was shown earlier to
lead to faster cost computation in tasks such as image retrieval (Pele and Werman, 2009). On

the other hand, if p = 1, the Tukey loss boils down to the exact functional ly(z) = min{z, T},
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x > 0. As such, for any coupling 7, by assuming T = 2A we have

Hmin{2AlvT}HL1(7r®7r) < Hmin{dX(a:,y) + dX(xlvy/)’T}HLl( ) < 2||min{dx(x7y)vT}”Ll(w)'

TR

Taking infimum over II(p,v) we conclude (1,2X)-drgw < Wi ax. Observe that such a trun-

cation gives an immediate solution to make WAE robust against outliers.

Remark 4.3 (Concentration). In reality, often outlying observations find their way into
the pool of samples, which is unlike drawing i.i.d. replicates from a contaminated distribution
p = (1—€)u+epuc. Rather, in a set of samples {x;}1™",, we are left with |Z| i.i.d. observations
from w and the rest, |O| := n — |Z| drawn independently from adversaries. If the outliers also
follow . identically and |O| = me, it becomes equivalent to Huber’s contamination regime in
an empirical setup. Lecué and Lerasle (2020) call this the O UZ framework. This is crucial
since it allows one to comment on the concentration of the empirical dpaw. In such a setup,

gwen samples {(x;,y;)}™", we get for p =2

o XY | oX| 0¥ |0X[10Y
‘dQTGWWm’Vn) A% " I |M4 (| |+| ‘_‘ I \)7

m n mn

where fiy,, Uy, are the usual empirical distributions based on {(z;,y;)}™", and fif, = ’IX ’71 Y icrx Oz,
is the same based on inliers. The same goes for X in the other space. Moreover, OX and
OY denote the set of outliers. As such, given ‘OX‘ \% ‘(’)Y‘ = o(m A n), obtaining TGW
may be done alternatively by calculating GW solely based on the inliers. The associated error

becomes arbitrarily small. Moreover,

‘E[dQTGW(/lm7 ﬁn)] - dQGW(/J'v V)| < ]E’dZTGW(ﬂmv ﬁn) dGW(Nm? n)‘ + 817 (46)

where, (4.6) utilizes Jensen’s inequality and the estimation error Er is bounded from above
as the following due to Zhang et al. (2024), Theorem 3

&r = |Eldaw(ik,, 75)] — daw(p, v)|
M4

< 4 ~ @i Lrand/=a
NW+(1+M) \/ |[Z| @rdhvi(log |Z|) tard'=1}.

IX IV

As such, in the OUZ framework, LRGW estimates the squared GW distance between inlying

distributions asymptotically unbiasedly, and hence robustly.

The theoretical richness of TGW gives us a solid foundation to search for better approx-
imations using data-dependent thresholding. It is also quite intuitive that a misspecified
7 > 0 may lead to heavier penalization than required, generating a large deviation from GW.

In practice, even minute fine-tuning errors lead to a significant loss in tail information. A
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4. Robustifying Cross-Domain Generative Models

smoother thresholding may achieve a nearer robust approximation without sacrificing favor-

able properties. This leads us to the Huber ‘norm’.

Definition 4.2 (Huber loss function). The Huber loss with threshold T > 0 is defined as

Hx) = x? /27 if x| <7

|x| — 7/2  otherwise,

which induces the corresponding norm, || flly ) = ([ H(f(x))du(:v))l/2.

Observe that, H(:) is continuously differentiable and given 7 ~ 0, closely approximates
the l; loss. The robust penalization also becomes data-dependent, making it essential in
robust M-estimation and regression (Loh, 2017). Following our previous formulation, for
() € P2(X) x Pa(Y), we define ducw (i1,v) = infrer,.) %||AX7Y||H(W®N)7 namely the
Huber’s GW (HGW). Addressing the robustness of GW for p = 2 in particular, [[Ax yll,
does not admit a monotonic property. However, based on the fact that H3 is subadditive
(Clarkson and Woodruff, 2014), one can recover a Minkowski-type inequality as in TGW.
Moreover, HGW poses as a robust estimate of the corresponding GW value as it follows
a property similar to Theorem 4.1. The result involves defining the Huber version of the
modified Wasserstein ‘distance’ Wy, := infyy [|dx||,;. Consequently, it promotes resilience to
a distribution under it upon mass truncation.

To empirically demonstrate HGW’s robustness, we devote the rest of the section to build-
ing an algorithm to solve a sample HGW. Given m and n € N, i.i.d. samples from p and
v respectively, let us denote the two pairwise distance matrics (based on dx and dy) as
CX € RP™ and CY € R™. Then, dqy boils down to solving the familiar non-convex
optimization (Peyré et al., 2016)

. X Y . X Y

periin Z;J H(Ciyr — Cjyo)migmiry = weHI(IETS,Dn)<H(C -CchHoemm), (47
where [iy,, I, are empirical distributions or rather simplexes and IT € R"*". To adapt to the
Sinkhorn scaling framework (Cuturi, 2013), we additionally impose an entropic regularization
di(m) to (4.7), which at the k-th iteration calculates dkr,(m|m*) = (m,logm — log 7*). The
resultant Huber’s EGW formulation follows the Algorithm 1. It is immediately beneficial for
computing a robust loss, compared to Unbalanced GW (UGW) or Partial GW (PGW), since
it results in marginal distributions and computationally scales with the EGW (O(m?n?))
exactly.

While we present a simple working algorithm*, HEGW also adapts to lower-complexity

approximations. In Algorithm 1, computing the cost C(7) alone incurs the high complexity

4This allows seamless integration into existing libraries: https://pythonot.github.io/
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Algorithm 1 Huber’s Entropic Gromov-Wasserstein

Input: Initialised distributions p, ¢, regularization parameter £, number of inner and outer
iterations No, V7.
Output: HEGW

Compute pairwise distance matrices CX,CY
Initialise 79 = pgT, a(® =1,,, and @ =1,
for i € {0,1,--- ,N; — 1} do

E (D)~ H(CX —CY)or® > Compute cost matrix
K@ exp{( - @)} o > Compute kernel
for j €{0,1,--- ,No — 1} do
{aUHD) pU+DY « fp o (KDbWD), g @ (K(i)Ta(j“))} > Sinkhorn scaling
end for
7D« diag(a®™2)) KO diag(b(V2))
end for

Return <(5(7T(N1)), Tr(Nl)>

O(m?n?). However, we can write H(a—b) = f1(a)+ fa(b)—hi(a)ha(b), where given |a — b| < 7,
fila) = a?/27, f2(b) = b?/27,hi(a) = a/7,ho(b) = b and if a — b > 7, we have fi(a) =
a, fa(b) = —b, hi(a) = 7,ha(b) = 1/2. As such, the cost computation can be eased down to
O(m?*n + mn?) (Peyré et al. (2016), Proposition 1). This is the best complexity achievable
if u, v are not sliced first or no additional constraint on the matrices satisfying lower ranks
is imposed. However, if along with the robust penalization, we identify a set of indices
S ={(7,7)} with |S| = s, such that

~ H(Cs —CY)) if(i,j)eS
H(CZ)Z(I_C;;/): ( i j]) 1 (Z .7)

0 otherwise,

where (i,7) € S, the modified HEGW problem can be solved with accompanying complexity
O(mn+ s%) (Li et al., 2023). While this results in a truncated plan (), it effectively thwarts

outliers in graphs.

Experiment: Shape Matching with Outliers

We deploy HGW for robust 2D shape matching based on point cloud data (Mroueh and
Rigotti, 2020). Observe that the underlying mm spaces are essentially (R?, || - ||,), endowed
with measures fi,, and 7, respectively. Given two shapes (e.g. cat and heart), we identify
one as the target and the other as the source. The contamination regime we follow is the
following: for o € (0,1), we randomly sample ma observations from the source point cloud
and replace them with replicates from an adversary p. (e.g., standard bi-variate Cauchy). For
comparison, we use the vanilla GW, FGW (Vayer et al., 2020), PGW (Chapel et al., 2020),
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(a) Source (cat) and target (heart) shapes (b) Gaussian outliers (c) Cauchy outliers

Figure 4.2: (a) Point clouds (m = n = 500) corresponding to shapes of cat (source) and
heart (target). Contaminated source with 20 outliers drawn independently from a standard
(b) bivariate Gaussian and (c) bivariate Cauchy.

and UGW (Séjourné et al., 2021) as baselines under p = 2. For the unbalanced methods,
we allocate unit mass to each point, and for the rest, we normalize. Each method, at each
level of contamination, is repeated 100 times to cover for any variation generated due to
optimization. The parameters for each distance are selected based on the recommendations
by the respective authors, e.g. in the case of FGW, the mixing coefficient of GW and the OT
is kept at 0.5. The regularization parameter for PGW is taken as 0.001. We find that only
such small values, chosen judiciously, can strike a balance between adequate penalization
and a low enough value of the corresponding loss. In TGW (and HGW), the method’s
accuracy hinges on the selection of 7. Very low values lead to over-penalization and large
deviations from the actual robust benchmark. In our study, we devise a data-driven scheme
for selecting 7. Given observations {(z;,y;)}™" ~ p ® v, we scrutinize the distribution of
2 |. An immediate estimate for

sample distortion values (say, Jxy) | ||z — x| — yj — vy
a threshold that trims outlying Jx y values is a higher percentile, e.g., 98%, 95%, which we
use as a reference. Our choice of an appropriate 7 becomes m + 36, where m and & are the
median and mean absolute deviation about median of Jx y. Ideally, for a standard folded
Normal distribution, the value turns out ~ 2.04 (see Appendix). The method enables a
dynamic parameter selection that adjusts according to the proportion of outliers. We present
a detailed discussion in Appendix.

Based on the proposed scheme, the value of 7 is chosen dynamically at each level a for
HGW. As a reference, we use the 95-percentile of Jxy in TGW. The immediate observation
is that TGW remains the most stable under increasing contamination. On the other hand,
HGW exhibits performance comparable to that of partial mass allocation, as in PGW. Since
the threshold only penalizes extreme values of Jx y, pairwise distances between outliers that
are similar to those between inliers contribute to the overall loss. This implies a minute
increase in HGW. The effect is much pronounced in Gaussian outliers (see Appendix). The

stability of PGW is intuitive since its optimal plan ignores the outliers altogether. Remark-
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Figure 4.3: (a) Average loss values under increasing proportion of bi-variate Cauchy outliers
(0.02,0.04,0.08,0.1,0.16) in the source domain. (b) Empirical distribution of deviations be-
tween pairwise distances under 80 Cauchy outliers. Realized 95-percentile and m + 36 are
0.753 and 0.889 respectively. The stability of TGW (and HGW) under increasing corruption
corroborates the concentration (Remark 4.3).

ably, HGW simulates the same effect without altering the plan. FGW (with a mixing ratio
0.5) shows elevated fluctuation as its OT component is also vulnerable to contamination. The
instability of UGW might stem from mass-splitting and the partial dependence of its plan
on outliers (as also pointed out by Bai et al. (2024)). However, despite relying on a full plan
connecting outliers to points in the target shape, HGW results in robust estimates of the cor-
responding loss. In Appendix, we show the results corresponding to Gaussian contamination

and compare the effects due to varying 7.

4.4.2 Local Robustification

Techniques that make the distortion A(dx (z,z'), dy (y,v')), given (z,y), (',y’) € u®v, robust
to outliers, offer a robust estimate to the extent of deviation from isometry. It is equivalent
to selecting a different measurement to compare the two local geometries, however perturbed;
for example, TGW. In other words, the penalization applies over the discrepancy in pairwise
distances, rather than dx(z,2’) and dy (y,y’) themselves. This may suffer from inefficiency
in information retention, as given only an outlying observation ' € X, it depreciates the
contribution of a ‘clean’ dy (y,y’). An earlier-stage robustification of the distances solves this
issue. In search of nearer GW approximates, we turn to robust surrogates of dx and dy.
For typical choices of metric spaces (for example, (R?, || - [)), it is quite straightforward to
retain metric properties of dx under thresholding (e.g., Tukey) or Winsorization. For exam-
ple, the truncated surrogate l)(dx) = min{dx, A}, A > 0 satisfies non-negativity, symmetry
and the triangle inequality. Based on the fact that T3(a — b) > |Ix(a) — Ix(b)|?, for a,b > 0,
it immediately improves the corresponding robust GW formulation, evoking a lower bound

to Tukey-type distances.
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Lemma 4.1. Given (p1,v) € Py(R?) x Py(RY), the (2, \)-TGW between them satisfies

1

drew(p,v) > we%lr%,fw)//‘l)‘ |z — 2| )—ZA(Hy—y’“2>‘2d7r(§§7r>5

We call such formulations, as in the lower bound, locally robust GW ((p, \)-LRGW, in
general). Infima of the corresponding optimization are always realized at relaxed optimal
couplings (see Appendix). The modification gives greater control over the extent of robustifi-
cation based on distinct choices of A, X > 0 for the two mm spaces. Based on its formulation,
LRGW is particularly adept at providing robustness in the face of geometric outliers. In other
words, if there are outliers in a pool of samples, lying at a distance with identifiable sepa-
ration from the ambient points, LRGW proves to be significantly more effective compared
to conventional methods. LRGW also follows most metric properties of GW, particularly
non-negativity, symmetry, and triangle inequality. The proofs become similar to showing the
same for GW under altered mm spaces of the form (X, )(dx),u), A > 0. For completeness,

we mention some properties of LRGW, including its dependence on the threshold .
Proposition 4.2 (Properties). Given Polish mm spaces (X,dx,u), (¥,dy,v); and p € [0, 0]

(i) for N > X\ >0, we have (p,\)-LRGW(u,v) < (p, \')-LRGW(u,v). In fact,

(p, X)-LRGW(p,v) — (p, A\)-LRGW(p, v) < E&Ig(fu » 123 (I (dx)) = Dy Un(dy )| Lo (e

where Iy(z) = max{z, \} and 11" is the set of couplings optimal for (p, \)-LRGW.
(1) (p,00)-LRGW(p,v) = p-GW(p,v).
(iii) If p>q > 1, then (p, \)-LRGW(p,v) < (A A 2M)'"5[(g, \)-LRGW(p1, v)]7 .

Observe that, Proposition 4.2(ii) rather holds for any A > M = diam(X) V diam(}),
given diam(X) = max, ,cx dx(z,2’), which however may become arbitrarily large in the
presence of outliers in a sample problem. As a consequence of Proposition 4.2 (%), X = Y
implies that the associated LRGW nullifies. However, the converse does not hold necessarily
since, I)(dx (z,2")) = Ix(dy (y,v’)) a.s. does not imply dx(z,z") = dy(y,y’) a.s. While this
formulation sacrifices non-degeneracy, it preserves geometric sensitivity under appropriately
tuned A. It delineates an estimated support of the distribution of distances based on inlying
observations®. Though finer than TGW, such a filtration allows distances corresponding to
outlying samples within A-radius to each other to pass through. This hints towards addressing
contamination due to distribution shifts and mass reallocation as a result. The proof of

Proposition 4.2 involves showing that the infimum of the underlying optimization is always

®Given z € X, define the map u) : X — [0, ) by u(z') = Ix(dx (z,2’)). Then, ui#u € P([0,)\)) denotes
the distribution of distances supported on the trimmed interval.
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realized at a relaxed optimal coupling. In other words, given a threshold A, there exists
7 € M(p,v) such that drraw(p,v) = ||Ix(dx) = U(dy)llp(rrgrr)- Now, let us consider
two couplings 7r’\,7r)‘/ that are optimal for the LRGW problem under thresholds A and )
respectively, where A’ > X\ and p = 1. Letting X' — X\ < ¢ for some ¢ > 0, we have

|N-LRGW — A-LRGW| = /|lx(dX)—l,\/(dy)|d7r’\,®7r>‘, —/|l,\(dX)—l>\(dy)|d7r>‘®7r’\

< / Iy (dx) — Ly (dy)|dm @ = / a(dy) — Iy (dy)|d @ =
(4.8)

= / (’l)\/(dx) — l)\/<dy)’ - ‘l)\(dx) - l)\(dy)’)dﬂ/\ & 7

<N -X<6.

Since the choice of § is arbitrary, LRGW is continuous in A, given p = 1. The inequality
(4.8) is due to 7* not necessarily being optimal (suboptimal) for N-LRGW. This implies that
limy_ 0o LRGW = GW. As such, the degeneracy LRGW suffers is removable.

Let us now look at some invariants (Chowdhury and Mémoli, 2019) of LRGW— appearing

as lower bounds— onto the real line.

Proposition 4.3 (Hierarchy of lower bounds). Let us denote by C : X x Y — R, the cost
matriz C(z,y) = Wy(ud(-) g, uz‘()#y) Then, for p € [1,00], the following holds

d > inf ||&) = inf |C 111
LRGW(M, V) - TFEII_II%[,L,V) pxY Lp(m) ﬂell_lr%/%l/) H ”LP(W) ( )
> ‘sizel’j\(/'\,’) — size;,‘(y)‘, ey

where 513\7)(73, : X XY — Ry denotes the ‘truncated outgoing joint eccentricity function’, defined

as £ v y(,y) = nfrenup) 1 [dx (2, )] = Wdy (Y, Nl oy and sizey(X) = [I(dx)]] Lo (g
is the pth root of the p-diameter under the altered metric. Moreover,

drrew(p,v) = Wy (Ia(dx) 4 (1 @ p), (dy) 4 (v @ v)). (1)

The lower bounds can be deemed linearizations of the LRGW problem into R. Besides
providing a simpler explanation for the locally robust alignment, they can also be computed
by solving an OT. For example, 513\7 ny(:c, y), for each =,y ~ p ® v is solvable using a linear
program (Sriperumbudur et al., 2012), in turn, implying the same for the lower bound in
(III). In fact, it assumes a closed form. On the other hand, size)

P
the global information present in an mm space under contamination. Being particularly easy

is a scalar quantification of

to compute, the bound (I) presents a low-level view into the extent of misalignment between

them. The bound in inequality (II) can be interpreted as the optimal transportation cost
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between the pairwise distance distributions based on X and ).

Later in the chapter, we discuss the origin of local penalization ([)) in a generalized
setup. To motivate, we mention that similar costs are often used to devise robust OT-
based divergences metrizing P(X) (see Remark 4.2). Remarkably, impartially trimmed-W,
due to Czado and Munk (1998) becomes equivalent to trimming the underlying univariate
measures (Alvarez-Esteban et al., 2008). In this line, our next result shows that variational

representations of LRGW formulations link the alignment problem to certain robust OT

costs, relying on trimmed observations instead. Given two mm spaces (R%, | - ||, 1) and
(Rgm Il - 1l,7), let us consider the locally robust inner product GW distance (Mémoli, 2011)
) 1
2
dLR[G\N(,u,,l/;)\) = Ell_Inf //‘l)\ x, 1‘ l/\(<y7y’>)‘ dﬁ@ﬂ(%’,y’xljy/))
T (v

Notice that such subspaces remain Polish equipped with the inherited metric (Fristedt and
Gray (2013), Chapter 18.1). We may equivalently choose [0, 1]¢, which is sufficient for the
IGW formulation. In both cases, the corresponding problem boils down to assessing the
alignment between distributions corresponding to non-negative multivariate random vari-
ables. Here, the robustification translates to limiting extreme angular deviation. At A\ — oo,
the cost circles back to IGW. To state the result, let us first decompose the squared LRIGW
cost in the following way:
di piaw (1, vi A) = Fi + F,

where

Fi(j i \) = / n (@, ")) [P ® (i, 2”) + / (5, )P © w(y, ),

Fo(u,vi)) =  inf —Q/Z)\((:U,:Jc’))l)\(<y,y'>)d7r®7r.
well(p,v)

Theorem 4.2 (Locally robust IGW duality). Given (u,v) € 734(]1%%0) X 774(RC£0) define

M;iu = /Ma(1; \) My (v; \), where for any distribution p, Ma(p; \) = [ |[Ix(x)||*dp(z), A >

0. Then, there exists an upper bound to Fy, say F», satisfying

Fo(pvi (dvd)N\) = | inf 8| A+ 0Ty (m,v),

A
My

where Dy = [0, Miy/Q]dXd, and & : (z,y) € R%o X Rgo — —8Ix(z)T Aly\(y) denotes the
cost function deployed under OTCQ-

While it is intuitive that a sample-level robustification is sufficient for LR, Theorem 4.2
additionally provides the deterministic extent to which the associated cost may propagate.

This reassures the claim that LRGW turns out to be effective in a contamination regime
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where outliers are significantly remote from unperturbed observations under the ambient
metric. The complexity related to computing such a bound shrinks down to that of an OT.
To observe that, by denoting (d V d')A% = X, let us write

n . 3 — o 2 — ] w,v
F2(luﬂ v, )\) = Ae%lnik 8H‘A”F + Och,_\\ (,ua V) = Aelprll\ik U)\ (A)
v 2214

Now, given any other i € Py(R >0) and 7 € P4(Ri0) Theorem 4.2 ensures the existence
of A A € Dysy,, such that By(p,v;\) = U{""(A) and By(fi, 73 \) = Uf’”(A). As such, by
optimality

By, vi X) = Falfi, 75 N)| < [UF(A) = UR7(A)] + |U4 (A) - UF7(A)

_ ‘OTCX (1,v) = 0T (1, )

<2 sup ’OTCA (u,v) — OT o (1, 7)].
AE’DM,L)) A A

Since OTCQ essentially calculates the transportation cost between truncated observations
from p and v — which offers finer control over extreme values — LR turns out to achieve
arbitrary accuracy in finding a robust surrogate to the GW cost. By plugging in the empirical
distributions fi = fi, and ¥ = ¥, in the stability bound (4.9), one can also comment on the
sample complexity of F,. First, observe that M ﬁ\u < A2 and based on the truncation, the

measurable cost cAA is absolutely bounded. This narrows down the search for dual potentials
(¢ : R, — R) corresponding to OTCQ to the class F == pep , Fa such that
= MR,

Fani={6130:RE R 36 = %56l Il S A

where 9¢ (the c-transform of 9 : Rgo — R w.r.t. ci‘&) is given by ¢¢ = inf, c’\A(-,y) —Y(y).
As such, we can further upper bound (4.9) to obtain

/qbdu fin] /wduyn

where F§ = AeD, Fa. (Groppe and Hundrieser, 2023). This reduces the problem to
w,v

Py 03 A) = Paljin, 0 V)| < 4 sup
PEF

+ 4 sup
YEFS

controlling the two erﬁpirical processes over Fy and F§. The involvement of raw empirical
measures (fin, Uy ), susceptible to outliers, makes further upper bounding the individual errors
in terms of entropy only feasible in an O U Z framework. We identify this as a potential
future work since it does not follow directly by adopting the approach of Ma et al. (2023)
into the framework of Zhang et al. (2024) [Theorem 3]. However, the trivial upper bound (see

Remark 4.2) along with properties such as resilience (Corollary 4.1) and robust estimation
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of corresponding GW (Theorem 4.1) hold as a result of lemma 4.1. Nonetheless, it is not
apparent how a penalization as C>A addresses shifts in mass allocation due to contamination.
In this line, to motivate our upcoming formulation, let us first unify the underlying spaces
under the general framework of probabilistic mm spaces.

Probabilistic metric spaces (X, px) are generalizations of typical metric spaces based on

the deterministic ‘distance’ px following a modified triangle inequality
T{px(x,2")[0, s],px (', 2")[0,4]} < px(x,2")[0,s + 1],

where T : Ry x Ry — Ry (Bauer et al., 2024), for z,2’,2” € X and s,t > 0. In case
px is replaced by the distribution function, specific choices of T equate them to Menger
spaces (e.g., taking 7' = min or max) or Wald spaces (T' = x*, convolution) (Schweizer
et al., 1960). Defining a measure on this collection X completes the triplet (X, px, i), which
we call a probabilistic mm (pmm) space. In our setup, we particularly choose the pair
(X = Py(X),W,), where P, C P, is the collection of probability measures with full support
on X C R? having finite p-moments, p > 1. This reinforces the notion of generalization
based on the fact that given z, 2z’ € X, we have W1 (dz,0,) = OT 4y (05, 0,) = dx (z,2"). The
idea can similarly be extended to an alignment problem between distinct pmm spaces, which
brings us back to GW. Observe that, considering a distance OTj, (4, recovers our earlier
LR formulation, as in lemma 4.1. We may alternatively choose the Lévy-Prokhorov (LP)
metric (p) to construct our pmm space since it ensures that (X, p) remains Polish, given that
(X,dx) is Polish (Fristedt and Gray (2013), Chapter 18.7).

Before discussing further generalizations LR motivates, let us demonstrate its efficacy
to provide a robust solution. In particular, we put LRGW to the test in finding robust

interpolations between the shapes (namely, cat and heart as in Fig. 4.2).

Experiment: Fixed-Support Barycenters

In the context of alignment, it boils down to solving for the Fréchet mean between general

mm spaces { (X, dx,, i) ¥, k > 2 given as

k
argmin » _ pidrraw (i, ), (4.10)

Yoooi=1

where p; > 0 with Zle p; = 1. Since our setup demands an interpolated shape as the
solution®, the barycenter problem (4.10) only involves optimizing over a suitable measure
supported on R?. On the other hand, since k = 2, a free-support solution to (4.10) leads to the
optimal mm space (X' XY, p1lx(dx)+p2lx(dy)), where the associated measure corresponds to a

®This inherently specifies the intermediate metric space as (R*,Ix|| - |,)-
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geodesic in the GW space (Sturm, 2023). Recall that, unlike partial alignment techniques (Bai
et al., 2024), LRGW maintains a full plan. As such, solving (4.10) becomes equivalent to
finding a GW barycenter due to Peyré et al. (2016) under truncated metrics. In other words,
the optimization boils down to argming .. Zle pMCﬁQ — C| ® m;, m;), where m; € II(u;,v)
and C f ¢ denotes the matrix of truncated pairwise distances. The simultaneous minimization
over C and {m;}¥ follows a block-coordinate descent, where the latter uses a Sinkhorn-based
projected gradient descent to reach the optima. For details regarding the parameter setting,
we refer the reader to the code repository. Updations corresponding to C have a closed form
under the Loy distortion, which eventually produces the visualization of the barycenters upon
multidimensional scaling (MDS) (Flamary et al., 2021).
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Figure 4.4: GW and LRGW barycenters between source (cat) and target (heart) datasets at
levels t = 0/5,1/5,--- ,5/5. The source contains 10% Gaussian outliers, whereas the target
is contaminated with 10% Cauchy. The A values for both domains are taken as respective
98-percentiles, i.e., 1.752 and 1.414. Even under far-lying Cauchy noise, LRGW barycenters
recover original structures.

The contamination regime in this case remains similar to that in the shape-matching
experiment. From Fig. 4.4, we observe that the barycentric shapes corresponding to LRGW
(under Cauchy outliers in the target) suffer significantly less perturbation compared to GW.
For example, at t = %, LRGW recovers the geometric integrity of the corresponding noise-free
interpolation, where ¢ = p;. Similar traits can be observed under Gaussian contamination
in both domains (see Appendix). This is even more challenging since Gaussian noise crowds
the local neighborhood, triggering pronounced distortion of shapes. The improvement in
barycenters using LRGW is remarkable, as it does not redistribute weights assigned to out-
liers, and the underlying optimization involves a full plan. Note that the arbitrary orientation

of the barycenters is due to MDS, which does not affect alignment.
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Remark 4.4 (Localization leading to pmm spaces). Though Dirac measures are the easiest
choice to show that individual x’s are represented in the pmm space, it is only a special case
of a localized measure. Given o € P(X), a localized measure mk(x) € P(X) is tasked with
preserving information about the neighborhood of x € X under the localization operator L.
Given the choice of the metric as W), in the pmm space, it implies that W,(mL(z), mZ(z2')) =
dE(z,2'): a generalization over the metric dx. This is the precise reason we name our

proposal of a robust GW based on robust dx ‘local robustification’.

Given two of such pmm spaces (X, W), 1) and (), W), v), the GW distance (Z-GW ac-

cording to Bauer et al. (2024), Section 3.2.5) between them turns out as

1

daw(p, v) = ( inf / (Wp(z,2) — Wp(y,y’)}p dr ® 7r) ) (4.11)
mell(pv) Jaxy Jxxy

For simplicity, we will always assume p = p’. However, it is not straightforward to imagine

the ambient measures u, v and the feasible couplings II they form. Let us look at an example

that puts the problem in context.

Example 4.1 (Gromov-Wasserstein between mixture of Gaussians). Consider the mm spaces
(N (R, Wa, i) and (N(RT), Wy, v), where N (R?) is the space of d-variate Gaussian distri-

butions. Observe that

(I) since Gaussians are exactly identifiable based on their mean and covariance matrizc, a
finite Gaussian mizture € G(R?) = ;50 Gr(RY)® can be deemed a discrete probability
distribution on N'(R?).

(II) Endowed with Wa, N'(R%) becomes Polish.

(III) Given o; = N (m;,%;), i = {1,0} due to Dowson and Landau (1982)

1 1
WQQ(OJ(), 041) = Hmo - m1H2 + tT[Zo + 21 — 2(23 2128)% .

Hence, for any a = Zle a;o; € Gp(RY) and B = 23:1 b;B; € GI(RY), there uniquely
exist p = Ele a;a;, € PIN(R?) and v = Zé-:l bjdg, € PN (RY)) respectively, where
a = {a;}f_, € Ay and b = {bj}ézl € Ay (using (I)). (III) implies that, under such a p,
(N(RF), Wo, 1) has finite 2-diameter, i.e. fN(Rd)xN’(Rd) W2(x, 2" )dp(z)du(z’) < oo (same
holds for (N(Rd/), Wa,v)). As such, the corresponding dgw(p,v) (as in (4.11), given p = 2)
exists and follows all metric properties of GW. Salmona et al. (2024) show that solving the

"L maps P(X) to Markov kernels over X (Memoli et al., 2019).
8G1(R?) := set of Gaussian mixtures with < k components.
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problem (4.11) essentially boils down to

M=

( inf Z|W2(05i7as)_W2(/8jaﬁt)’27ri,j7rs,t) ; (4.12)

w€ll(a,b)

,L?]?S?t

where Il(a,b) is a subset of the simplex Ay, with marginals a and b. This example can
be further extended to gemeral distribution classes C Py(R?) owing to the fact that G(R?) is
dense in ﬁp(Rd) for Wy, as long as they are complete and separable.

Evidently, observations from the distributions g and v can suffer arbitrary corruptions
as before. In cases such as Example 1, one or more contaminated individual Gaussian com-
ponents from either space may contribute to such corruption. To remedy e-contamination
in the components, we replace W, with the smallest cost achieved by ‘optimally’ removing
e-mass from them. This extends our LR framework to alignment models concerning pmm
spaces, endowed with W). Given «, 8 € P(X), it is defined as

Wilap)= it Wyla @), (4.13)
a€Be(a’),BEB(B)

where Be(a) == {(1 —€)a+ ey : vy € P(X)} denotes the e-Huber ball centered at a (Nietert
et al., 2022). In this context, € € [0, 1] signifies the radius of robustness, which when chosen
distinctly for the two distributions generalizes the notion (i.e. W;’E/). Remarkably, the dual
formulation of OTj, (4,) can be derived as a special case of that of (4.13) (see Appendix). Tt
also ties the threshold leading to truncation to the underlying optimization. Based on (4.13),

we define the locally robust GW distance between pmm spaces (4.11) as

1

dLRGW(M,I/;G) = ( inf / / |W;(.%',£C/) - Wp(yvy/)‘pdﬂ—@)ﬂ.)ga (414)
mell(pv) Jxxy Jaxy

which also serves as a robust proxy to MGW3 (Salmona et al., 2024) or the Z-GW distance.

While a generalization is imminent, the asymmetric robustness (only on space X') in (4.14) is

specifically useful in cross-domain generative tasks, e.g., unpaired image-to-image translation.

Proposition 4.4 (Dependence on robustness radius). For any p € [1,00) and 0 <e <€ <1

we have

(i) deraw(p,v;0) = dew(p,v),
1
(ii) |dpraw(p, vi€) — drraw(p, vi€')| S <61/:§> "
Remark 4.5 (Local robustness based on Lévy-Prokhorov metric). The LP distance between
o, € P(X) is defined as

pla, B) =1inf{e > 0: B(A) < a(Ac) + €,V Borel A C X },
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4. Robustifying Cross-Domain Generative Models

where Ae = {x € X :dx(x,A) < €} is the closed e-ball around A. It inherently carries mass
allocation robustness, allowing free movement of an e-fraction mass between o and 3. To
observe the same, let us write LP in its alternative characterization due to Strassen’s theorem
(Villani (2021), Section 1.4)

inf inf 0: o d < . 4.15
it {intfe> 0 m({(e,y)  dx(@y) > ) < e} (4.15)
As such, it follows that |p(c, ) —inf{e > 0: W1 ¢(a,B) < e}’ becomes arbitrarily small,
given X has unit diameter (Raghvendra et al., 2024). As a result, the feasibility of LR

formulations equivalent to (4.14) based on LP metrics is guaranteed. We show that local ro-

bustification using truncation, i.e., Ix(dx), also extends to pmm spaces under the LP metric.
It becomes evident due to the relation between W), x (ROBOT) and the modified LP.

Proposition 4.5. Define p(a, 8) = inf cry(a,pg) {inf{e >0 7({lx(dx(z,y)) > €}) < e}},

for X > 0. Then

1
—W < oy < Wi .
Y LAS PSS /WA

4.4.2.1 Sturm’s GW and robust image-to-image translation

Instilling intrinsic robustness to outliers in a measurable map (induced by neural networks)
X +— Y, learned based on contaminated data requires additional regularization. While in-
troducing trimming methods (as in HGW or LRGW) in a GM setup may lead to denoised
translations, the approximation capability of the maps thus produced remains shrouded. In
this section, we rather connect natural upper bounds of GW to losses that fuel existing 121
models. This way, we ensure robustness guarantees without compromising complexity in an
121 translator.

In our pursuit, let us first define Sturm’s GW distance (Sturm, 2006) between the altered
spaces (X, I\(dx),p) and (Y,I\(dy),v) as infg ||J||Lp(7r). Here, the infimum is over 7w €
(p,v) and d € P(Ix(dx),Ix(dy)), the set of metric couplings®. Observe that, for A > 0,
P = 1\(2(dx,dy)) C Z(Ir(dx),1x(dy)). As such,

i inf dl oy < _inf ||d]|o(ry = drscw (1, v), (4.16)
de2(Ix(dx),lx(dy)),7 deg

which we call the (p, A\)-Robust Sturm’s GW, p € [1,00). The distance essentially embodies

a locally robust formulation based on the couplings between dx and dy. We refer to the

lower bound of (4.16) as the lower RSGW. Complementing the relationship between GW

and Sturm’s GW, the respective robust formulations follow a similar inequality.

9@(d;g7 dy) = the set of metrics on X LY that extend dx and dy (Sturm, 2006).
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Theorem 4.3 (Upper bound to LRGW). Given p € [1,00) and A > 0,
(9, \)-LRGW < 2(p, \)-IRSGW.

Also, for § € (0, %], whenever (p, \)-LRGW< &°, we have (p, \)-IRSGW < A4\ + 5)%

The immediate benefit of such a result is that minimizing a realized loss of the RSGW-
type arbitrarily in an I2I setup establishes a near-isometric relation between the two image
spaces. Intuitively, this should produce robust translations that preserve geometry. To invoke
the notion of an actual architecture, we recall the equivalent formulation of Sturm’s GW. In

our setup,

dnsow ()= ik @l =, 0E Wyr(@xp v 40) (4.17)
where the infimum is over all isometric embeddings ¢x : X — Z and ¢y : Y — Z into a
latent space Z, endowed with the metric d (Sturm (2006), lemma 3.3). We deliberately bring
on the term ‘latent space’ to emphasize the connection to I2I architectures. The formulation
also makes it sufficient to embed observations from both spaces into an optimal Z prior to
truncation. Observe that if instead of W), x, we deploy py based on the metric d in (4.17), we
obtain the robust Gromov-Prokhorov (RGP) metric (Blumberg et al. (2014), Section 2.5).
By definition, RGP < ¢ implies the existence of a metric space Z with embeddings ¢x, ¢y
into it, that satisfy px(dx g, dy 4v) < e

Equivalence of losses. With the foundation in place, we explore the similarity between
the loss (4.17) and that of I2I translation models such as UNIT (Liu et al., 2017a) and Ge-
GAN (Fu et al., 2019). We choose the two models based on their sustained relevance in
the domain. However, the equivalence about to be shown can be extended to models that
recognize the role of a latent space or deploy a cycle-consistency (CC) loss, such as Dis-
tanceGAN (Benaim and Wolf, 2017), StarGAN (Choi et al., 2018), or MUNIT (Huang et al.,
2018). The cornerstone of successful 121 learning is inarguably the CC loss. In the population
regime, it can be expressed as Wy (p, G o F'u ) for the space X', where F, G are optimized over
measure-preserving (transport) maps parametrized using neural networks (NN). It becomes
equivalent to optimizing the commonly used L' norm if ;1 possesses a Holder smooth density
(Chakrabarty and Das, 2022).

(X, )

S

(4.18)
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Now, recognizing the existence of a shared latent space, we may construct G = ¢’y o ¢y
and F' = ¢l o ¢x, where ¢, : Z — Y is the left-inverse of ¢y, and ¢y : Z — X is the
right-inverse of ¢x. We can assume them to be full functional inverses, as the same applies
to isomorphic embeddings, in which case CC is achieved a.s. However, the maps ¢, ¢} may

not be measure-preserving in general. Therefore,

WI(M7 Go F#:U’)

— it / dx (2, 8% o by (y)) dm(z,y)

e (p, Fyp )

= _int fa(ox(@). (6x 0 %) 0 0y ) drlay) (119)

WGH(I‘L7F#IU‘)

[ dta.y) dr(ay)

inf
€M (px 41, (y 0P )odx 4 11)

inf /d:v,y dm(x,y
€ (w,(Py ody ) w) (z.9) dn(z,)

= Wi(w, ¢y o ¢y »w), (4.20)

where d € 2(dx,dy)'°. We list out some immediate observations from the upper derivation.
Firstly, constructing such a chaining (X < Z < ) reduces the problem of achieving CC
in X to that of ensuring accurate autoencoding of w based on the contextual latent law
v (4.20). The same choice of F,G also guarantees CC in ) a.s. Observe that, for any F
satisfying Fiup = v, given an optimal Z and the pair of embeddings into it, (4.19) equates to
SGW. As such, SGW is an upper bound to the optimal CC loss inf g Wi (u, G o Fypu) when
G follows our construction optimally, which is rather intuitive. It becomes much simpler if
v € PES(R?), in which the construction can be made uniquely (see Appendix).

The second common loss component between UNIT and GcGAN is the constraint that
ensures Flup = v and Guv = p. Typically, the imposition is done using a GAN or WGAN

objective. In our framework, a WGAN loss under 1-Lipschitz critics turns out as

Wiln Gyw) = _inf [ dx(.Glu) dr(,) = Wilonc g v ),
s "%
which, again, at an optimal latent space equals SGW. Similarly, the loss Wi (Fypu,v) boils
down to solving (4.20). As such, it is sufficient to optimize SGW between p and v subject to
the autoencoding constraint (4.20) to solve the UNIT problem.
The only additional term GcGAN employs is namely the geometric-consistency (GC) loss.

19T6 avoid complications, we do not differentiate the two Wi metrics in terms of notations, which are indeed
calculated based on dx and d respectively.
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4. Robustifying Cross-Domain Generative Models

In the population regime, a X L Y translation model incurs a GC loss

Wl(F O SX 4, Sy O F#/")?

where sx and sy are automorphisms in X and ) respectively, e.g. rotation. Based on our
construction, considering sxy = ¢')’( o ¢px and sy = QSQ, o ¢y = Idy meets the constraint.
Combining all the above observations gives the clear impression that effectively choosing a
latent space Z — in turn, enabling appropriate construction of F' and G — implies consistent
121 translation in UNIT and GcGAN. Remarkably, all the results hold exactly under the
altered metric Wi ) (also, W) since the constructions remain same for [(dx) and [)(dy)
(4.17). As such, robustifying UNIT or G¢cGAN only requires updating their dependence on
SGW to one with RSGW.

Experiment: Style transfer with noise

The first experiment we conduct tests the denoising capability of a robust GcGAN deploying
(4.13) during I21 style transfer. Despite an overhaul in the optimization, we call our proposed
model ‘robust GecGAN’ for simplicity. Notably, this is the first outlier-robust cross-domain
generative model to our knowledge. Based on the dataset ‘Apples-Oranges’ (Zhu et al.,
2017), the underlying task is to translate the visual style of oranges onto apples that are
contaminated. Unlike the Huber setup here, standard Gaussian noise is added to the RGB
channels of each target sample (apple). The mixing intensity « is kept at 0.2. We present
a detailed discussion on the experimental setup in Appendix. As discussed in the previous
section, it is sufficient to optimize the RSGW loss for a suitable Z, which in this case is
the image space itself. As a regularizer, we add the GC loss, taking sx, sy as 90° clockwise
rotations in their respective spaces. Model architecture and the choice of the Lagrangian

parameter remain similar to that directed by the GcGAN authors. For comparison, the
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Figure 4.5: Style transfer performance of robust GcGAN under contamination (o = 0.3).
Images encircled in ‘blue’ represent clean target samples, in ‘red’ are noisy versions of them,
and the ones in ‘green’ act as sources of the style to be transferred. At e = 0.5, the robust
translations (third row) maintain sharpness and prevent artifacts from appearing, improving
the FID score to 152.65 (compared to 154.74 in the noiseless setting: first row).
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experiment contains three phases. As in the first row of Figure 4.5, we generate samples
using the original GeGAN (without any modifications) on clean observations (control). The
second row shows the degradation in translation once noise is added. Finally, applying our
robust formulation at € = 0.5 we observe a significant improvement in images, both qualitative
and quantitative. We present our parameter selection scheme in Appendix, in the form of an

ablation study.

MNIST —— USPS

Figure 4.6: Unpaired translation under contamination (o = 0.4) using robust UNIT. At
e = 0.5, RUNIT recovers the visual quality of generated USPS samples (FID = 262.48,
compared to 304.39 in case of UNIT under pixel noise).

The second experiment is of a different spirit in terms of the dissimilarity between di-
mensions of the two spaces, namely handwritten digit datasets MNIST (28 x 28) and USPS
(16 x 16). Our goal lies in checking the robust domain translation capacity of a UNIT ar-
chitecture reinforced with RSGW. Unlike style transfer, here, samples from MNIST (base
distribution) are subjected to Gaussian noise. Keeping the robustness radius at 0.5, the
robust UNIT model produces USPS samples with improved FID score (see Figure 4.6) com-
pared to vanilla UNIT. Besides the expected denoising, the heightened image quality is a
result of employing WGAN instead of vanilla GAN regularization.

4.4.3 Plan Robustification

All existing efforts to make GW robust to outliers rely on penalizing the plan 7 based on
partial mass transport. Relieving the constraint from aligning all points enables the opti-
mization to filter out outliers as only their contribution to the total mass is ignored. In a GW
setup, unbalancing (Séjourné et al., 2021; Tran et al., 2023) in principle achieves the same by
relaxing II(p, v) to M4 (X x Y), i.e. the set of positive Radon measures. However, it does
not restrict the amount of mass to be pruned in its imposition of marginal constraints under
quadratic ¢-divergences. Moreover, it fails to guarantee an optimal plan in the exact sense.
While a rescaling afterward produces a joint probability distribution, it only redistributes
the leftover mass to inlying points from both spaces uniformly. Using the TV metric instead
connects the problem to PGW (Bai et al., 2024). It readily carries out the redistribution,
which ties the idea to our previous truncation methods (TGW and LRGW). While the redis-
tribution pathway in TGW is not uniform, it is directed to the points, which through their
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interactions with the other space, result in 7 > 0 distortion. In LR, points almost A > 0
apart receive the mass.

Though imposed on top of an unbalanced GW between surrogates of 1 and v, Kong et al.
(2024) is the only method to date that employs a direct penalization to robustify in the spirit
of robust OT (Balaji et al., 2020). Since our motivation lies in constructing a robust 121
translation architecture, we rather prioritize a balanced formulation of the same kind that
results in an optimal plan, and eventually maps. As encouragement, we draw an immediate
connection between the robust penalization and ROT (Le et al., 2021). Observe that, the
(4,2)-GW distance between Euclidean mm spaces can be fragmented as dayy (11, ) = S1+S2,

where

Sa(uv) = _inf T(m)=_int [ <lalPlolinen =2 3 ([ oadnen)

mell(p,v) mell(p,v 1<i<d
1<5<d!

and S; depends solely on the marginals u, v (Zhang et al., 2024). It enables us to define

Sa(p, v) = ﬂelfgf;f; Lnin I'(m) + M Dy (filp) + XDy (D|v), (4.21)
ve

where Dy is some f-divergence and A1, A2 > 0.

Lemma 4.2 (Duality). Given (u1,v) € Py(R?) x P4(RY), if Dy = dgy, we have

— - 2
Salwv) = inf © inf 8[| A|[p+ ROTe,(p,v),
7eP(Y) Hov
where Dy, , = [—M?D/Q,lefl;/Q]dXd/ (see Theorem 4.2) and ROT.,(p,v) = OTc, (1, 7) +
Mdgr(filp) + Modr(9|v) is based on the cost ¢4 mapping (z,y) — —|z|?|y||* — 82T Ay.

As such, the optimization underlying robust alignment is essentially a moment-constrained
robust OT. If we only regularize based on one marginal (e.g., p only), the optimization boils
down to solving a semi-constrained problem, namely RSOT. The GW estimate corresponding
to such a Sg(u,u) can be made robust by plugging in the optimal marginals so obtained,
i, 7 in the functional S7. This marks the potential that the robust penalization (4.21) has.
In search of learnable maps between the spaces, we may narrow down the feasible set of
couplings following Hur et al. (2024). Instead of II(f, ), we may choose the path-restricted

distributions that follow the binding constraint
{r i = (Id, F)gfi = (G, 1d) 47} € (i, 9),

where F, G are measurable maps between X, ) (see illustration 4.18) and f, 7 are supposedly

‘clean’ marginals. One can also relax this by choosing a larger subclass of Il that imposes only
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Fyp=vand Gyv = fi. In any case, the resultant robust distance— an upper bound to GW
under a similar penalization (Hur et al. (2024), Proposition 5.4)— only inculcates maps that
transport inlying marginals to those in the other space. In a Huber contamination model,
this readily implies that the corresponding set of couplings is non-empty. However, it is in
principle different from learning a map possessing a denoising ability in the sense Flup = .

Maps of the latter kind promote carrying out the optimization over couplings given as

{m:m=(1d, F)gp = (G,1d) 4},

where Id denotes the denoising operation that pushes forward u to fi (also v in its ambient
space). The set containing such couplings is also non-empty since partial mass transport
guarantees the existence of such ‘robustifiers’ Id, and hence a pair of amenable maps (F,G).

Given € € [0, 1), let us define the partial couplings
M (p,v) = {7 : 7= (1d°, F)gp = (G,1d)4v}, (4.22)

where Ia;a < (1—¢€)a, for a € P(X). The inequality should be understood setwise. We can
also generalize the notion based on distinct mass fractions to be clipped in the two spaces. It
is (4.22) that we base our final proposition on constructing a robust 121 translation model. We
call the term inf crr () [ldx — dy||rr(rgn), the robust reversible Gromov-Monge (RRGM)
distance. The formulation essentially is a robust surrogate to the RGM distance due to Hur
et al. (2024) based on a partial alignment. To favor comparative analysis, we only consider
p = 2 in our experiments. During transform sampling, RGM uses additional penalization
imposing the constraints of measure preservation. The preferred metric for the same is often
chosen as Maximum Mean Discrepancy (MMD). To eliminate the critical question of the
ideal kernel given an empirical problem, we employ instead W;. Under the same, the RRGM
loss'! can be written in a Lagrangian form given as

1

int | [ (dx(2).Gw) - dy (@' (0), Fl@))) dusv]”

)

+ MW (INdf#,u, G#I/) + /\2W1(F#;L, IH;EV), (4.23)

where the infimum is over measurable maps and A, A2 > 0. We may find a further lower

bound to the loss owing to the fact that
Wl(Ia;é:u’v G#V) 2 Wf(/,t, G#V)a (424)

where W only carries out a partial transport of p asymmetrically (see (4.13)). The same

"The loss (4.23) relaxes the binding constraint (as in (4.22)) and only imposes robust measure preservation.
As such, it is essentially a lower bound to RRGM.
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argument holds for the other term, given an asymmetric W| employment on the other space.
During demanding 121 translations, it is often beneficial to have learnable discriminators over
1-Lipschitz dual maps. The usage of W is also advantageous since it enables deploying a
larger class of neural network-induced critics. As such, the two added losses can be optimized
using WGAN-GP (Gulrajani et al., 2017) architectures. Despite promoting a different redis-
tribution pathway of inlying mass, the sample complexity of transform sampling under W7y
should be of a similar order to LR constraints (Nietert et al. (2023), Theorem 4). We note
that the convergence rate corresponding to the latter depends only on the inlying sample size

(see Appendix) if outliers remain bounded in number.

Experiment: Image-to-image translation with noise

We test RRGM in a noisy MNIST<+USPS domain translation experiment. The contamina-
tion regime for the experiment remains the same as that in RUNIT. Maintaining o = 0.4, we
randomly select pixel locations following a Gaussian law and set their values to 1.0 (bright
white) for all channels, adding visible outlier points to the image. Since handwritten digit
images have all information regarding the numerical in the shape of white pixels, this con-
tamination becomes quite challenging for an I2I model. For example, CycleGAN (Zhu et al.,
2017) performs poorly despite employing a cycle-consistency component and generative losses
in both directions. In contrast, RRGM (based on (4.24) with € = 0.5) under \; = 0.2; ¢ = 1,2
generates significantly sharper and denoised samples (Figure 4.7a). For a fair comparison,
we also present both clean and noisy samples to the discriminators in CycleGAN. Even if the
discriminators are shown noisy observations only, the generation quality of RRGM surpasses
that of CycleGAN. As a reference, we maintain a similar parameter selection for RGM (Hur
et al., 2024), which deploys an additional MMD loss to impose the binding constraint. How-
ever, in the absence of dedicated critic modules, it lags behind. Our model outperforms both

techniques by a significant margin, in terms of both quantitative and qualitative measures.

4.5 Discussion

We explore three major possibilities for the robustification problem in a GW setup. Drawing
from classical techniques in robust statistics, we propose novel GW surrogate distances TGW
(and HGW) and LRGW that limit contamination due to outliers. We study their interrelation
and their respective dependence on the truncation parameters. For TGW, we comment on
its population-level robust guarantees and the resilience it offers to underlying distributions.
Based on a data-dependent parameter selection scheme, we present a working algorithm to
solve the HGW distance, which exhibits superior protection against outliers compared to
existing methods in shape-matching tasks. On the other hand, solving LRGW-type measures

boils down to calculating an OT loss between trimmed samples from the underlying distri-
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Figure 4.7: (a) FID scores corresponding to robust cross-domain generations between USPS
and MNIST data under Gaussian contamination, using CycleGAN, RGM, and RRGM (ours).
(b) Denoised generated samples using RRGM in both domains. The robust recovery empiri-
cally demonstrates the concentration around unperturbed losses (Proposition 4.6).

butions. It also hints at the effective level of trimming necessary (\) given a sample problem.
We generalize our notion to probabilistic mm spaces, which allows one to define LR alignment
between mixtures of distributions of distinct dimensions. We extend this setup to introduce
robust image translation networks that surpass existing benchmarks. We also propose in
RRGM a cross-domain transform sampling framework that is robust to outliers. It promotes
robust concentration and uniform deviation bounds, besides significantly improving image
quality in I21I translations.

Our robust solutions to GW (also GM) and associated robust OT upper bounds can be
immediately adopted to WAE and CycleGAN-type networks. In fact, we introduce superior
translation architectures surpassing earlier benchmarks. As a potential future direction, we
suggest integrating our solutions with GWGAN (Bunne et al., 2019) and GWAE (Nakagawa
et al., 2023) models, which extend the learning of GAN and WAE-type architectures to

diverse participating spaces.
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4. Robustifying Cross-Domain Generative Models

4.6 Appendix: Proofs and Experimental Details

4.6.1 Proof of Proposition 4.1

(i) First, let us prove the triangle inequality for the ‘norm’ [|-||z-  (not a norm following the
formal definition). Assume f,g € LP(u), where u € P(X'). Now,

||f + QH%(M) =

(7 (D + 7 @) (Tl +0)'7 ) (4.25)

[ )+ ([ i) ]( [ 70 +oa) T @

-1
117,y + Nl oy ) IS + 1

Il
Yo

where inequality (4.25) is due to the subadditivity of 7;,% (Musco et al. (2021), Lemma C.12)
and Holder inequality implies (4.26). In the process, we assume that the norm itself is not 0.

Given arbitrary € > 0, one can obtain feasible optimal couplings mxz € II(ux, uz) and
wzy € (uz, py) that satisfy the following

1 1
§HAX’ZH7;(7FXZ®TFXZ) + §”AZ7YH7;(7TZY®7TZY) = dTGW(Za Y) + dTGW(Xa Z) + 2e. (427)

The Gluing lemma ensures the existence of 7 € P(X x Y x Z) with marginals m7xz on X' x Z
and mzy on Z x ). Also, let mxy be the marginal of m on X x ). Observe that, given
z, 7' € X, y,y €Y and 2,2 € Z, the triangle inequality of A; implies

A(dx (z,2"),dy (y,9) < Mi(dx(x,2),dz(2,2") + Ai(dz (2, 2), dy (y,9))
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4. Robustifying Cross-Domain Generative Models

(r ® m)-a.e. Now,

draw(X,Y) < SlIAXY 7 (rxy omxy) = 5% Y 7 )

IN

1
SIAxz + Azylly (rem)

IN

1 1
§HAX,ZH7;(7T®,T) =+ EHAZ,Y”%(ﬂ.@ﬂ.) (4.28)

§HAX’ZH7;(7FXZ®7TXZ) + iHAZ’YHE(WZY@?TZY)

= dTGW(Z7 Y) + dTGW(Xv Z) + 25)

where (4.28) is due to the triangle inequality of the Tukey norm. Since the choice of £ > 0 is
arbitrary, this completes the proof.

(i) The proof of this part follows from the monotonicity of LP norms. Observe that

(i4i) The definition of the Tukey loss implies that the corresponding distance is non-

1
[Axy T (Axy)

LP(7®7) LY (y&7)

decreasing in T.

4.6.2 Proof of Theorem 4.1

Triangle inequality of dx implies that given (z,v), (2/,y") ~ p/ @ v
2M1 (dx, dx) = |dx (z,2") — dx(y,y')| < dx(z,y) + dx (=, 7).

Thus, for a coupling m € II(¢/, v), the triangle inequality of the norm |[|-|| - implies

12A1]| 7 (remy < 2Mldx |7 () (4.29)
Now,
1
inf laxly i = 1, ([ Toax(oin)” = w0
SWn(l e)p + epte, 1) + W, (1, v) (4.30)
< Wr, (ep, epe) + Wr, (1, v) (4.31)
< er W, (1 pe) + W (11, v)
< Tev + W, (1, v), (4.32)
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4. Robustifying Cross-Domain Generative Models

where (4.31) is due to the fact that for any a, € P(X), we have OTy, (o, ) < OTy, (v —
aAB,8—aAp). The triangle inequality of W7y, (4.30) follows a similar proof to that of
the p-Wasserstein distance. Inequality (4.32) is due to the trivial upper bound of the Tukey

function. This, along with the previous observation, completes the proof.

4.6.3 Proof of Corollary 4.1

For any i < %_E/,L, by choosing an appropriate f € P(X) we can write p = (1 — €)n + £f5.

Now,

D=

W%(Naﬂ) <e (Wﬁ(ﬂa(sﬂﬁo) + Wﬁ(é‘xovﬂ))
1
= &7 {llax (¥, 20) 7 g) + ldx (¥ 20) 7, |

1
<2er s [ldx(Vi20) (4.33)
a€P(X),a< 1715, o

where ¢/ == ¢V (1 —¢). Given that the expectation is finite, the definition of 7, implies
Eo[Tp(dx (Y, z0))] < 7P for all such « as in (4.33). Moreover,

Ea[Tp(dx (Y 20))] < [Ea[Tp(dx (Y, 20))] = Ep[Tp(dx (Z, 20))]| + Eu[Tp(dx (2, 20))]

< <1 v %)p + (o A TP), (4.34)

where the first inequality is due to triangle inequality. As such, combining inequality (4.34)
with the bound (4.33) yields,

Wr, (1, i) < 2((p7 +2v(0 AT)) Aevr).

4.6.4 Existence of optimal couplings in LRGW

Given Polish mm spaces (X, dx, i), (¥, dy,v) define the locally robust p-distortion realized
by a coupling 7 € II(u,v) as, p € [0, o0]

T () = [l1a(dx) = I (dy) | oo rom
where A > 0. Then,

Lemma 4.3. There ezists a coupling 7 € I(p,v) such that, (p, \)-LRGW = J)\(r).

The lemma can be proved by extending Corollary 10.1 of Mémoli (2011) for the mm spaces

with modified metrics [)(dx) and [)(dy). We give a version of the proof for completeness.

Proof. First, observe that the set of couplings II(u, ) is sequentially compact in P(X x ))
(Sturm (2023), lemma 1.2). Hence, for 1 < p < oo, it suffices to show that JZ;\ (7) is continuous
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4. Robustifying Cross-Domain Generative Models

on II(u, v). Let us choose the metric d*((z,y), (z,9')) = Ix(dx (z,2")) +Ix(dy (y,y')) mapping
X x Y to [0,2]]. Given ((z;,y:), («},y.)) ~ 7@ for i = 1,2, observe that

|[Ix(dx (1, 21)) — Ia(dy (y1,91))| — |Ia(dx (2, 25)) — Ia(dy (2, 15))||
'

|
.Ig,xlz
/
2

< [a(dx (21, 27)) — In(dx( )) + In(dy (y2,95)) — I (dy (y1,91))]

< |a(dx (z1,27)) — D (dx (z2, 29)) | + |In(dy (y2, ¥5)) — D (dy (y1,91))]|

< [In(dx (21, 22)) + I(dy (Y1, ¥2))] + [In(dx (21, 23)) + W (dy (y1,92))] (4.35)
= d*((x1,11), (z2,92)) + A (@1, 1), (25, 15)), (4.36)

which implies the Lipschitz continuity of f; = 2A1(Ix(dx),Ix(dy)) for the metric given by
(4.36). The step (4.35) follows from the triangle inequalities of [)(dx) and I)(dy). Now,
consider a function fa : [0,2A\] — R4 mapping ¢ + P, which in turn implies that fa o f is
Lipschitz with constant < p(2A)P~!. Thus, given a sequence {7, }neny C P(X x V) such that

w
T, — T, we have

‘//ho 17 (d(, ) (' 4) //f20f17r (,y)) m(d(2', /)

=frn (2'y') =fr(@"y’)
<| [ e = £ matd@ )| +| [ Fomalial ) = 1w’ )|

<(n}a>/<)|f7rn fﬂ|+‘/fnd7Tnf7rd7T‘a

where the first term on the right-hand side vanishes as n — oo due to the uniformly convergent
fr, — fr (based on the point-wise convergence of f and the Lipschitz continuity of fao f1).
The weak convergence of 7, ensures that the second term also vanishes. As such, J;‘ () —
Jg‘(ﬂ') as n — oo. Hence, the proof.

To show the result for p = oo, first observe that given 7, the sequence {J(m)} is non-
decreasing in 1 < I < oo (using Jensen’s inequality) and limy,_,o J)'(7) = J2 (7) = sup{J, :
1 < p < oo}. As such, J2 (7) is lower semi-continuous. Now, invoking the compactness

argument proves the infimum is achieved in II(u, v). O

4.6.5 Proof of Proposition 4.2

(i) Given X' > X > 0, observe that

lIx(dx) — Ix(dy)] < |ix(dx) — Ly (dy)],
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4. Robustifying Cross-Domain Generative Models

a.s. (p® v)®?%, which proves the first claim. Also, for all @ € R the following equality holds
Iyv(a) — Ix(a) = min{\, max{a, \}} — A = Iy (Ix(a)) — \.
We point out that, even a stronger equality holds in general almost surely
v (dx) = Ly (dy)] = [Ia(dx) = In(dy)] + [Iv (I (dx)) — L (I (dy)]- (4.37)
Now, given any 7 that solves the (p, \)-LRGW (u, v) problem

(5, N)-LRGW (1, ) — (p, \-LRGW (1,17) < [l (dx) — Iy (@) 1o sy — (9 A-LRGW (1, )
< linv (Ia(dx)) — lx/(iA(dY))\}Lp(n®ﬂ)a
where the second inequality is due to (4.37) and the the triangle inequality of LP norms. The

proof follows since the choice of 7 is arbitrary in II*. We also present an upper bound that

depends on the spaces’ regulated p-diameters. First, Va € R let us write
Dxix (@) = v (@) = lo(Ia(a = \).
Now, for any optimal coupling 7 € II(u,v) for the (p, \')-LRGW problem, we get

(P, A+ X)-LRGW (1, v) < [[lasn(dx) = b (@) | 2o (rm)
< llian (dx) = v (dx) oo uep + 1 (dx) = v (dy) | o (rem
+ lix (dy) = D (dy )| Lo (v
< Jllo(a(dx (@, 2") = M) oy + (02 A)-LRGW (1, v)
+ Hl_o(l,\(dY(y»?//) - X))HLp(,@V)
= dy) +dyyy + (p, N)-LRGW (p, v), (4.38)

where

1) | o gy = A
= Hl_o(l)\(dx(%x,) - )‘/))HLP(M(@/L)
= |3 Do (@ (2,2)) = M| 1o s

> Iy (

‘l)\—&-)\’(dX(x’ 5'3/))HLP(/A®#)) -

= l_o(Hl>\+>\/(dX)||Lp(u®u) -X).
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!/

As such, (p, A+ N)-LRGW (11, v) — (p, X)-LRGW (11, v) < 2maxze(x,y) d) -
(it) Choosing ' = oo in the first argument of (i) proves the result.
(111) For a,b > 0 and p € [1, 00), the following inequality holds Ix» (|a—b|P) > [Ix(a) — Ix(b)|".

Based on the same, given arbitrary z,z’ ~ p and y,y’ ~ v, we find
A ldx (2, 2")] = Wldy (y, )] < (A A2M)P715[dx (2, 2")] — L [dy (y,9/)]]?

holds a.e. Here, A > M = diam(X) V diam())). Now, picking a feasible coupling 7 € II(u, v)
yields

SR

(p, N-LRGW (11, 1) < [l1a(dx) = Ix(@y) | o () < (AA2M)'T <HZ)\(dX)_l/\(dY)HL‘I(ﬂ'®7r)) :

This proves the result since 7 is arbitrary.

4.6.6 Proof of Proposition 4.3

The Proposition can be proved by extending Theorem 3.1 of Chowdhury and Mémoli (2019)
for the mm spaces with modified metrics [)(dx) and [x(dy). We give a version of the proof

for completeness. To show the inequality (III), observe that

drrew(X,Y) = ﬂel.l_[r%fi ) 1 (dx) = WAy )| Lo (nom)

> inf Li(dx) — h(d ) )
> W,W,é%(#,,,)” A(dx) = (@) Lo (rapmn

> inf

4.39
well(p,v) ( )

inf Ix|d J] = Id . /
7r/611_111(%1/) ” )\[ X(l', )} /\[ Y(yv )]HLP(T()

Lp(m)

= inf
well(p,v)

g)x
XY Lo(m)’

where the first inequality is achieved by taking infimum over a larger set. Now, given
the fact that for measurable maps f : X - R and g : Y — R we have W,(fxu, gxv) =
infremn(uo) 1f = 9ll Loy (Chowdhury and Mémoli, 2019), the following holds

Epxy = _inf |Wdx ()] = Lldy (Y, Ml oy = Wo (Ialdx (2, ) g, Wldy (y, )lpv) = Cla,y).

mell(p,v)
Now, we show that (III) . Let us first denote 5’\ x(@) = [[\[dx (2, )]l 1s(,) mapping
X — Ry, such that 51ze = H . Observe that for a coupling 7, using Minkowski’s
inequality

et =il 2 €8], = 825,000 | = bt — stk
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where

1Ixldx (2, )] = Ixldy (Wl Loy = | NIaldx (@, )]l oy = 1Ay (9, )l Loy | = ‘52,;((96) — &),

again due to Minkowski’s inequality. Hence, using (4.39) we conclude the proof.
Finally, to show (II), observe that an optimal m € II(u,v) satisfies 7 ® 7 € II(u®2, v®2).
As such,

direw(X,Y) > inf [|lx(dx) — W(dy)|l ()

WEH(M®2 7V®2)

where assuming f = [)(dx) and g = [)\(dy) proves the bound.

4.6.7 Proof of Theorem 4.2

The proof follows the decomposition of the GW cost due to Zhang et al. (2024). Recall the
decomposition of the squared LRIGW cost: dfpqw (i, v) = Fi + Fa, where Fo(p,v;\) =
lnfﬂ'eﬂuu 2fl>\ x x>) lA(<y,y’))d7r®7T(33,y,x’,y’).

Now, for all z,2" ~ p € 734(]1%%0)

d

d
l>\(<x,x>):l>\(; )>Zz3 i >Zz Sl 5 ):<l\/§(:c),l\/§(x)>.

E d

In the last step, the function [, applies componentwise. Similarly, the inequality I)((y,y’)) >
Z;l/:l \/W(yj)l \/W(yé) holds for all y,y ~ v € 774(R‘£0). Let us generalize by defin-

ing M(A)‘) VMo (11; Mo (v; V), where Ma(p; \) = [ |lIxn(x)]|*dp(x) for any p. Also, let
DM()\,A’) = [0, M, /\)‘)/Q]dXd Hence,
wv
B < inf / Var(z,y)) (4.40)
2 < Inf — ()l - (yj)dm(z,y > _
mell(pv) 1<i<d \/g A’ ’

1<j<d’

= inf Z inf 8(a?j—/aijl\/g(xi)l\/?(yj)dw(x,y)) (4.41)

mell(pv) 1<i<d < ,,<Mﬁ\,v
1< =T
= inf inf 8(@2-—/a--l xi)l y;)dm(x y)
acBl ity 2 8l [eat @)l plnintey)
" 1<5<d!
= inf S8||A|%+ inf /c)‘x, dr(x,vy),
act Sl it [ Aein(o

where A = (/A/d,\/A/d) and ¢} : (z,y) € REy x RE) — —8l J7al®) AL s7(y). The
optimization in A can be made unconstrained, however, the optimal a;; in (4.41) is achieved
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at %fl\/m(xi)lm(yj)dﬂ(m,y) € [0,M27V/2] (due to Cauchy-Schwarz inequality), which
enables us to restrict the optimization to Dy -
v
A simple parametrization can result in uniform A-thresholding over the two spaces. Specif-
ically, for the threshold (d V d')\2, we achieve the desired upper bound to Fy, as in (4.40),
satisfying
— ) Ny2Y s 2
Polpovi AV d)V) =l S|AI + 0Ty (1) (4.42)
w,v
Given an optimal coupling 7 for OT o solution A* achieving the infimum in (4.42) can
be expressed as A* = 5 [ 1\(z)lx(y)Tdry - (z,y). The associated optimal value of the upper

bound becomes

= —2/ <l>\(x),l)\(:c')><l)\(y),lA(y/)>d7TZ* @ - (z,y, 2", ).

4.6.8 Relation between W; and truncated OT

Given «a,8 € P(X) such that X is compact, the dual formulation of Wy for p € [1,00)
becomes (Nietert et al. (2022), Theorem 2)

(- Wyl = sup [ oda~ [ o°ds - cRange(o), (4.43)

¢Ecb(X

where Cp(X) == {f : X = R : f is continuous, ||f|., < oo} and ¢° denotes the c-transform
of ¢ w.r.t. the cost dx(-,-)?. On the other hand, the Kantorovich potential ¢ that solves
OTy, (4y) (@, B) = infrema,g) [ x min{dx (z,y), \}Pdr(x,y) is a solution to the dual

sup /gbda — /qbc dg, (4.44)
$ECH(X):
Range($) <\

such that ¢¢ = ¢ (Ma et al. (2023), Theorem 2.1), A > 0. The latter is a constrained
formulation of the regularized dual (4.43). Given any tolerable margin A < oo on the range
of potentials, the solution to (4.44) satisfies (4.43).

4.6.9 Proof of Proposition 4.4

(i) The result is a direct consequence of the fact Wz? = W,.
(i) For 0 <e <€ <1,

dLRGW(Ma v, 6) = ﬂeli_lrbft v) HW;(Q?, l‘,) - Wp(ya y/) HLp(ﬂ.®7r)' (445)
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Now, for (z,y), («',y') ~ p®@v

[Wi(@,2') = Wyly,y))] < |Wila,a!) = Wy (@,2)

+| W @) =Wy (a6)

Due to the dual form (see, Appendix 4.6.8), given any «, § € P(X) we may write

(1—-e)Wy(a,B)! = sup /qﬁda - /qﬁc dp — e Range(¢)

PECH(X)
< sup / ¢ da — / ¢° dB — ¢ Range(@) + 2(¢’ — o)||9]|..
PeCh(X)

NS / / 1
Since ¢ € Cp(X), IK > 0 such that Wy(a, 8) — (%)PWE (o, B) < K(%)P As such,

0 < Wy(x,z') — Wy (x,2")

p
[ A R (=
1 1
<[ awg e (S0 (4.47)

where E;: p =ty a0y W;/ (z,2"), which may only be non-zero given a sample problem. The

last inequality, along with (4.46) and the triangle inequality of LP norms implies that

/

1_ /1 , — 1
diraw(p, vi€) — diraw(p, vi€') < [( : )p - 1}EIE’“ +K(e 6)1"
1—c¢€ ’ l—e

Since (4.46) holds both ways (in €, €'), invoking the trivial upper bound to (4.47) we obtain

e — ¢ 1
|duraw (1, v €) — drraw (1, v €)| S (71 — 6)5

4.6.10 Proof of Proposition 4.5

The proof follows as a modification to Huber (1981), Corollary 4.3. Given any 7 € II(a, ),

observe that

Ex[lx(dx(z,y))] < eP(lx(dx(z,y)) <€) + AP(I(dx(z,y)) > ¢€)
=+ ()\ - 6) P(l)\(dx(l‘,y)) > 6).

Now, consider € = py(«, ). As such there exists 7 such that 7({(x,y) : \(dx(z,y)) > ¢}) <
e. Thus

Erlix(dx(z,y))] < e+ (A—e)e < (1+ e
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1

Taking infimum over all couplings result in

Wi < pr. To show the upper bound, by
using Markov’s inequality, we write
Ex[lx(dx (2, 9))]

P(Ix(dx (z,y)) > ¢) < A ;

where 7 € II(«, 3) is a feasible optimal coupling for W . Observe that we can always choose
g2 = Wi x. As such, py < \/W,\

4.6.11 Proof of Theorem 4.3

Before proving the first inequality, recall that given two mm spaces (X, dx, 1) and (Y, dy,v),
a metric d on X UY (disjoint union) is said to be a coupling of dx and dy if and only if
d(z,2') = dx(z,2') and d(y,y') = dy (y,y') hold for all 2,2’ € X, y,3' € V. Let us denote by
P(dx,dy) the collection of all such couplings.

Now, given (x,y), (z/,y') ~ p®@v and A > 0, we have |l)\(dx(z,2")) — Ix(dy (y,9))| <
Ix(d(z,y) + Ix(d(z',y/)). Hence, for p € [1,00)

Jp () = [ln(dx) = W (dy) | o raomy < 200D Loy

hold for all 7 € II(u,v). Hence, the inequality. To show the upper bound, we require some

additional definitions.

Definition 4.3 (Modulus of trimmed mass distribution). For 6 > 0, the modulus of \-

trimmed mass distribution of p, having full support is defined as
W) = inf{e > 0 pl{e € X s p(BY(z,2)) < 6}) < e},

where By (z,e) = {y € X : I\(dx(z,y)) < €} is the open ball of A\-trimmed radius ¢ > 0

around r € X.

Here, we uniquely consider p to be a probability measure. Observe that only when € < A,
we get By (7,¢) = Bx(z,¢): the usual open ball around z. Otherwise, the ball becomes the
entire X. As such, we only account for the ‘thin points’ residing in the trimmed support.

v} () is essentially equal to min{\, vs(1z) }, where vs is the modulus under the metric dy. This

preserves the continuity in the sense that v (u) 220 (Greven et al. (2009), lemma 6.5).
The relation also implies that an effective trimming requires A < 1 for probability measures.
The proof for the upper bound requires showing a similar statement to lemma 10.3 under the
altered metrics [)(dx) and [)(dy).

Step 1 (Construction of e-nets): Let § € (0,3), and 7 € II(u,v) such that Jg‘(w) < 8.
Since the altered metric space (X,l)(dx)) also contains a maximal 2e-separated net for any

€ > 0, we have the following statement.
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Lemma 4.4 (Greven et al. (2009), lemma 6.9). Given 6 > 0 and v (u) < e, there exist
points {z;}1; € X with N < 3] such that pn(B% (z;,€)) > 6, and M(Ufil By (z,2¢)) > 1—c¢,
Vi=1,---,N. Also, foralli# j=1,--- N, l\(dx(x;,2;)) > €.

Observe that, since the effective range of permissible £ remains (0, ), a maximal net of
(X,dx) may be a feasible candidate satisfying the lemma. Beyond the range, the argument
becomes trivial.

Now, set ¢ = 4v(u). As such, we can find a set of points {z;}YY, € X which ensures
w(UX, By (z,€)) > 1 — e with Iy(dx(z;,2;)) > &/2 for all i # j = 1,--- ,N. The set
may contain arbitrarily far lying observations, yet the argument holds until A > /2. Thus,
following Mémoli (2011), Claim 10.2 we argue that Vi =1,--- , N Jy; € Y such that

W(B)A((xi,e) x By (i, 2(e + 5))) > (1 - 0*)u(By(zi,€)) > 6(1 — 6°). (4.48)

Observe that if A < 2(e+9), the first inequality holds trivially. We denote by S = {(z;,v:),7 =
1,---,N} C X x Y the set of points constructing the nets.

Step 2 (Bounding locally robust distortions): Consider {z;}Y, and {y;}Y, that satisfy
(4.48) with (B3 (7i,€)) > 4. Then, for all 4,5 =1,--- ,N

[Ia(dx (zi,25)) — In(dy (i, y5))| < 6(c +0).

To prove the claim, let us first assume that there exists a pair (7, j) for which it does not hold.
As such, for all 2/ € B (z;,¢), 2" € By (xj,¢€), y' € By(yi,2(e+0)), and y” € B (y;,2(c+96))

we have

[a(dx (', 2")) — \(dy (¥, y"))]

> |Ix(dx (i, 7)) = (dy (yi yj)| = [In(dx (i, 7)) = In(dx (2, 27)))|
= 1@y (5 5") = Iy (5,97))]

>6(e+0) —3c —4(e+ ) = 20.

Then,

M) = 207 ( B (wi,2) % B (s, 2= + 0)) )7 ( B (w1,2) x B (15 2(e +9)))

> 20%(1 — §%)% > 26°,

since § < % This contradicts our initial assumption.
Step 8 (Constructing a suitable metric S): Define dy on X' 1Y as

(2,y) — (:cfi;}ges [lx(dx(x,fﬂl)) + 1(dx) = Idy )| e sxcs) T In(dy (4. 9))],
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also assuming dy = I)(dx) on X x X and d = [5(dy) on Y x ). Using Step 2, we get
dy(z,y) < 2X +6(c +9). (4.49)

However, for i = 1,--- , N, given (z,y) € By (zi,e) X By (yi,2(c + §)) we have

<e+8(c+9), (4.50)

where the last inequality is due to Mémoli (2011), lemma 10.1. Now, in pursuit of frag-
menting X' X ) based on balls around the points that constitute the maximal net, define
L=UY, By(xi,€) x By(yi,2(¢ + 8)). Hence,

| i@ ypary) = [ Beglisen+ [ @w)rine.y)
XxY L XxV\L

< (9e+0)P + (e+0)[2A +6(c + 9)]?,

where the last inequality is due to (4.49), (4.50) and the fact that 7(X x Y\L) < e+ ¢
(Mémoli (2011), Claim 10.5), which is obvious if A < 2(e + J). As such, for p € [1, c0)

L 15
dirscw (i) < (41 + 8)» (62X + )

since € < 4) and § < %
4.6.12 Sample Complexity of Transform Sampling Using Tukey and LR-
guided RGM Under Contamination

While the formulation (4.23) proposes altering the set of amenable couplings, based on our
discussion in the first two sections, it is quite intuitive to think of a formulation that rather
penalizes the norms. For example, we may construct a robust transform sampler drawing

from both LR and Tukey’s robustification techniques as follows:
inf / Ta(dx (@, G(y)) — dy (y, F (@) ) du @ v(w, ) + MW7 (1, Gv) + Aa Wi (e, v), (4:51)

where the parameter underlying 72 is 7 > 0 and A > 0. Typically, in an empirical problem,
both 7, A need to be tuned, and the infimum is taken over arbitrary measurable maps F,G
between spaces X = ). They need not follow the binding constraint, as the Lagrangian
conditions ensure their measure preservation only. We assume that they are continuous and

component-wise uniformly bounded in the following sense.

Assumption 4.1. Given that X C R and Y C R, let Fp(-) : X — R (similarly, Gi(-) :
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Y — R) denote the kth (and lth,l = 1,--- ,d) coordinate of F', which is continuous (similarly,
G), k=1,---,d. There exists b > 0 such that for allk =1,---,d', andl=1,--- ,d

sup || Fi [l oo, sup [|Gi| o < 0.
F G

We denote such classes of functions as FbX —Y and ]-"l?} ~4 respectively.

4.6.12.1 Robust Concentration Inequalities

Given a pair of feasible maps (F,G) € ]:bX =V x ]_—by ~% we observe the non-asymptotic devi-
ation of realized values of (4.51) from a robust population benchmark. We assume, without
loss of generality, that Ay = Ay = 1. Also, let 1,29, -, z,, are sampled following the O UZ
framework with u being the inlier distribution. Similarly, we have y1,y2, -« ,y, from the
other space with inliers drawn i.i.d from v. The inlying (outlying) set of samples are indexed
using ZX and ZY (OX and OY) respectively. Let us denote

T, F.G) = [ Tadx(w.Gl) = dy 0. F(@) die 9 v(z. ),

L(#? v, F, G) = Wf‘(u’G#IJ) + Wf\(F#M,I/)

As such, the population loss function in (4.51) can be written as C(u,v, F,G) = T(F,G) +
L(F,G). The empirical loss under contaminated measures fi,,, oy, is given as T(fim, Un, F, G).
However, to emphasize the robust translations we write the empirical version of L(u, v, F, G)
as L(fim, On, F,G) = WM, Gg0n) + WNFyfim,v). The following two results combined,
present the concentration of C(fin,, Un, F, G) around

T "] . |Z¥] -
o T, 72, F, )] 4+ =B, (W (1, G o)) + B WP )

my» T no

iealvad
£l
mn

Proposition 4.6. There exists a constant K > 0 depending on 72 such that for § > 0

I ((AZXVIZY )
- |7 o ez | (M
T FG)———FE T FGO)II <K
(Mmayna 9 ) mn ,u®l/[ (/Lmaynv ) )] = mn ‘IX’/\’IY’
(10X 0]
L (1941, 10
m n

holds with probability at least 1 — §.
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Proof of Proposition 4.6

Let us denote tpg(z,y) == T2 (dX (z,G(y)) — dy(y, F(w))) Now, following the O U Z setup

T(fims o, F, G) zzn(dx 71, Gly)) — dy (g5, F (1))

=1 j=1

< % >y E(dx(qu(yj)) —dY(yjaF($i)))

i€eZX jeI¥

2
.
+ = (l0¥)|0Y |+ [0¥||Y] + I7¥]|0])
mn

NTY .., 1 . oX| 0¥ |0X||oY
_ 17 |(uﬁ,,§,FG) (I |+| |07 \)'
mn m n mn
Also,
XY OX oY oOX110Y
Iy, o7 .y - (19 101 10O gy
mn m n mn

As such, combining the two inequalities we get

T( i . D FG—ME T(E AIFG
(/UJm7 Un, I, ) mn ,u®l/[ (:uma Vns )]
IIXIIIYI T . OX] | |0 |oX[|oY]
mn ‘T ) n’FG) M®V[T(:um7 nvFG ‘+ ( m + n - mn )

(4.52)
Now, observe that

‘T(lum’ n?FG) M®V[T(ﬂ%ml>7{7FaG)]|

1€ZX jeIYy

IN

IX| Z | Y| Z trc(Tiyj) — Eultra(ziy)] ||+ |IX\ Z E,[tro(ziy)] — EBuevltro(z,y)]
1€1X JETY 1€ZX

(4.53)

Recall that M = diam(X) V diam(Y). The function |Z%|7' Y, 7x tre(s,y) satisfies the
bounded difference inequality with parameter |[Z%|~1(4M2 A 72). Hence, due to McDiarmid’s
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inequality

‘IX’ Z E tpg(xz,y)] —Eu®u[tF,G($7y)]
1€IX

“N] X| Z tra(zi,y) —Eultra(z,y)) S\/(4M2/\72)21n(2/5)

2|Z7X]
i€TX

holds with probability at least 1—§, where the first inequality follows from Jensen’s inequality.

For the first term in (4.53), using the union bound over a similar argument, we get

(4M2 A 72)2 (2|7 |/6)
— > | =57 DL tral@inyy) — Eultra(@,y)] || < Y
7 P bt P 2T |

with probability at least 1 — . As such,

I (2<\IX|5v\zY\>>
IZX] A |ZY]

}T(/J’mﬂ n7F G) EM®V[T([L£MIQ%7 F, G)” 5,

holds with probability > 1 — 2§. Hence, putting this back to (4.52) proves the result.
The proof also shows that it is always possible to replace the term 1z H ‘E ST (L, ok ;L, F,G)]
by T'(u, v, F,G), only by incurring an additional term on the upper bound of O (l(?vl—' + %)

Proposition 4.7. There exists a constant K > 0 depending on X such that for § > 0

X . v X 7X )
W0, Gn) + W (Fpin ) — VB 1, G 7] — LB (it )

R S s ()

n

holds with probability at least 1 — 4.

Proof of Proposition 4.7

First, let us note that Fyji, = = 57§ F(x;) Dased on the transformed observations { F'(x;)}{~,.
Technically, this is rather the empirical distribution (Fxp), . Our consideration remains valid
if F' is taken as an information preserving transform (IPT), which is in abundance (e.g., Lip-

schitz maps) Chakrabarty et al. (2025a). Hence, similar to the proof of Proposition 4.6, we

observe
Al o0X |

m

W (Fgfim, v) — W (Fgfim,v)| <
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This implies that

o I i ZX ]| o oo T AOX|
W (Fpfiom,v) = —EWN ity v)]| < = W (Fpith,v) = EW (P, v)]| + =
(4.54)

Now, using the duality of W;* (see, Appendix 4.6.8) we may write

R 1
Wf\(F#M%w v) = W ¢€SCUI()3,) Z o(F(zi)) — Evo°.
Rangelz¢)</\ i€TX

Due to Assumption 4.1, the composition ¢ o F € Cy(X) for some b > 0. As such,
WI/\ (Ffum, v) satisfies the bounded differences property with upper bound O( \ZX|) Hence,

) . In(2/9
’Wf(F#uﬁ,V) —E[Wf(F#uﬁW)]‘ S |(I)§|)

holds with probability at least 1 — §. Putting the bound back in (4.54) yields,

X X
< o JET mC3) | NO¥|
m m m

that hold with probability at least 1 —§, where K’ > 0 depends on \. Similarly, we can show

that there exists K" > 0 such that
< s [, m275) 0

|
also holds with probability > 1 — é. Combining the last two bounds proves the result.

X 17X X
L LAY

’W1 p, Gyn) — |7 [Wl (u, G AI

Remark 4.6 (Uniform Deviations). The concentration inequalities make it easier to comment
on the uniform deviation
SUD () e FA—Y x FY T (firns Uny FyG) — T, v, F,G)|. Let us assume both dx and dy to be
the Euclidean metrics in their respective spaces. Due to (4.52), the problem boils down to
finding
sup |T(,u,m, n,F G)— M@,,[T(/lm, n,F Q)] ‘ =

(FGYeFFYxFy=™
Since the underlying loss depends solely on inlying observations, using Proposition 4.6 of Hur
et al. (2024), we obtain for any e >0

I ( <|IX\v|IY|

+g+\/2 1108 Nao(e, Fis [ 7))+ 1 log Noole, Gt 77 )

<
TN TN IZXI A ZY ’
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holds with probability > 1 — §, where Fy, and G; are respectively the collections of amenable
functions Fj, and G satisfying Assumption 4.1. Classes Fy, and G; whose metric entropies
scale according to O(1/e)®, for some a > 0 are abundant. For example, Sobolev or Lipschitz-
smooth functions defined on the unit interval [0,1]%. One can similarly derive uniform devi-

ation bounds corresponding to L(fiy,, oy, F, G) and hence, eventually C(fim, o, F,G).

4.6.13 Existence of latent chaining

While it is difficult to characterize a suitable Z that follows the chaining argument given
arbitrary p and v, we give examples that conform to our experiments. Assume that u,v €
P3¢(RY) are fully supported. Moreover, Z is convex, endowed with an absolutely continuous
w (e.g., Lebesgue). Then, due to Brenier’s polar factorization (Brenier, 1991), any transport
map T : Z — X can be decomposed as T' = (V) o s a.e., where ¢ : Z — R is convex
and s : Z — Z is measure-preserving, both uniquely defined a.e. In fact, (Vi) is the
unique optimal transport map between w and p under the Euclidean cost. Hence, we can
construct ¢x = [(V)os’]~1, where s is also bijective (see diagram (4.18)). Similarly, define
¢y = (Vo) o s”, where (Vp) is the OT map between w and v, and s” : Z — Z preserves
measure. As such, F' = (V) 05”0 [(Vg)os']7L. One can similarly define G.

The same can be extended to Z (Also, X and )) being a connected, compact, C3-smooth
Riemannian Manifold without boundary (McCann (2001), Theorem 11). Then, any volume-
preserving transport 7' is represented as exp(—V¢) o s a.e. Based on this, the rest of the

construction follows exactly.

4.6.14 Implementation details

We refer to the repository https://github. com/SankhaSubhra/LRGW/tree/master for codes
corresponding to LR and https://anonymous.4open.science/r/RCDA/ for the rest along
with execution instructions. All experiments were carried out on an RTX 3090 GPU.

4.6.14.1 Parameter selection in TGW and HGW

As mentioned before, we select 7 = m + 35, where m and & are respectively the median and
the mean deviation about median of the deviation values Jxy = |dx — dy|. Observe that,

for an univariate standard folded Normal random variable Z

P(Z < i) = 2®(im) — 1 = =
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where ®(-) is the distribution function of N(0,1). As such, m = 0.69, the third quartile of
N(0,1). Now, given a > 0,

&:]E[\Z—a]]:/Ooo|z—a\f(z)dz:\/z/ooo]z—a\e_zjdz
= 2(/a(a—z)e_zjdz—l—/oo(z—a)e_zjdz)
TxJo

a

2 a2
= \/7(26_2 — 1) +4a®(a) — 3a.
T

As such at a = 0.69, we have 6 ~ 0.46. The corresponding estimate for 7 turns out to be
~ 2.07, which coincides approximately with the 96-percentile of Z. In our experiments, the
deviation between pairwise distances under contamination does not follow such a law. Thus,
calculating only a certain percentile becomes insufficient. Given a set of observations, we

calculate the statistics independently and only use the percentiles as a reference.

(:ng — ~+++ 90th percentile = 0.546
o1 Py H L ~-++ 95th percentile = 0.619
S +++++ 98th percentile = 0.700
FGW < M AMAD =
20 -~ Median + 3*MAD = 0.705
0.1 HGW N :
——ToW N
0.09 Metrics TR
)N
> 15
0.08 Q
2 =]
8 3}
O 0.07 g{
L 10
0.06 Ry
o H/—I_P’;
05 3
0.04 ;
0.03 h}‘f‘ﬂh;:—_
10 20 40 0 80 ) 0.2 0.4 0.6 0.8
Number of outliers |dx - dy]
(a) (b)

Figure 4.8: (a) Average losses under increasing proportion of bi-variate standard Gaussian
outliers (0.02,0.04,0.08,0.1,0.16) in source. (b) Empirical distribution of Jxy under 80
Gaussian outliers. Realized 95-percentile and m + 36 are 0.619 and 0.705 respectively. TGW
follows the 95-percentile selection scheme while HGW is calculated based on m + 36.

Performances of the competing methods alter under a contaminating distribution with
a thinner tail. While Cauchy implants vastly outlying observations with higher frequency,
Gaussian outliers flock to the immediate neighborhood (see Figure 4.2(b)). As a result, we
observe a much more pronounced distortion of the shape instead of extremely large distortion
values (Jxy). Moreover, as the number of outliers increases, only ‘moderately’ high-valued
distances (dx) in the source increase (see Figure 4.9). This noising phenomenon is more
difficult to eliminate using our thresholding scheme as ‘outlying’ dx values are erroneously
considered legitimate. As a result, the vanilla GW value, due to averaging, decreases even
at elevated contamination levels. This is misleading since it does not reflect the distortion in

local geometry. PGW and HGW perform well, and remarkably, TGW not only stays stable
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but also exhibits minute increments, indicating intensifying noise. The OT component’s

increase in FGW also demonstrates the same effect.
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Pairwise distance (dx) Pairwise distance (dx)

(a) Cauchy noise (b) Gaussian noise

Figure 4.9: (a) Empirical density of pairwise distances dx(z,z’) in the source shape (cat)
with 40 outliers.

This motivates a rather finer thresholding technique we call local robustification. Instead
of trimming extreme distortion values, we shift our focus to individual pairwise distances dx

and dy.

4.6.14.2 LR translation using GcGAN and UNIT

For images, contamination regimes become more complex than point data. In case there
are clear outliers (ne out of n) from other image sources (e.g., MNIST samples in a pool of
facial images (Nietert et al., 2023)), the discriminators can still distinguish between them. In
contrast, if all images have noise injected in them in a predefined proportion («), the resultant
generations get much more affected. This is mainly due to the discriminators misclassifying
them. Observe that if a = 1, the noisy image from the second regime becomes an outlier
from the first case. We maintain a flexible framework, striking a balance between the two.

For the experiment under GecGAN, first, we create a copy of the original image tensor
to ensure its data remains unchanged. Next, we generate standard Gaussian noise with the
same shape as the tensor, scaling it by a = 0.2 to control the noise intensity. Finally, we add
this scaled noise to the copied tensor to produce a noisy version of the original.

In the case of UNIT, we inject random bright pixels following a Gaussian law into the
random images based on the image ratio. The wrapper supports datasets with or without
labels by handling tuple or single image outputs and seamlessly integrates into existing data

loaders.
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Ablation study: Parameter selection

Our experimental framework begins with analyzing the generator and discriminator loss prop-
agation (Figure 4.10) under varying values of e. While smaller values imply weaker protection
against noise, larger values tend to degrade discrimination performance (Figure 4.10b). Cou-
pled with the quantitative scrutiny, we introduce an additional experiment based on the qual-
itative outcomes as in Figure 4.11. Here, we observe increased meddling in background color
and oversaturation as € increases. On the other hand, a lower parameter value increases the
likelihood of noise being manifested in the resulting images. Based on a trade-off between
both examinations, we infer that ¢ = 0.5 consistently demonstrates balanced performance

during training, prompting us to an optimal value.

200 5
—c02 —e02

— €065 — €065
4 —e08

Loss

Loss

0 2k 4k 6k 8k 10k 12k 14k 16k 0 2k 4k 6k 8k 10k 12k 14k 16k
Iterations Tterations

(a) Convergence of loss (b) Discriminator performance

Figure 4.10: (a) Realized robust GcGAN loss for varying e under Gaussian noise (o = 0.2).
There is no perceptible difference between € values in this regard. (b) The discriminators also
eventually perform similarly.

G

N B a
P ) NN |

Figure 4.11: Style transfer performance of robust GecGAN for varying e. While small values
(e = 0.2) produce inadequate denoising, high values (e = 0.8) distort the style and oversatu-
rate images.
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4.6.14.3 LR alignment under Gaussian Contamination

In this section, we place the experimental results corresponding to Gaussian contamination in
both domains in LR. Compared to Cauchy outliers, it is much more difficult to find a threshold
A that clearly distinguishes between inlying and outlying samples. This is primarily because
standard bi-variate Gaussian noise clouds the shapes locally. As such, the distribution of
pairwise distances distorts throughout rather than increasing only extremely large deviations.
As a result, often the m + 36 criteria produces thresholds close to fixed percentiles. However,
the margin of error being much lower under Gaussian contamination, it still produces superior

outcomes.

Frequency

Average Distance
Frequency

———

Percentage of Outliers

Figure 4.12: (left) Average loss under increasing percentage (5, 10, 15, 20, 25) of outlier points
in the source domain (cat) drawn independently from bi-variate Gaussian. The target (heart)
shape contains 20% Gaussian outliers. (center) Empirical distribution of pairwise distances
under 20% Gaussian outliers in the target (heart). Realized 98-percentile and m + 36 are
1.616 and 1.649 respectively. (right) Empirical distribution of pairwise distances under 20%
Gaussian outliers in the source (cat). Realized 98-percentile and m + 35 are 1.884 and 1.975
respectively.

For example, as seen in Figure 4.13, it is only LRGW that accurately recovers the origi-
nal (noise-free) GW value ~ 0.03 during shape matching. We emphasize that the thresholds,
being data-dependent and tunable, enable recovering robust surrogates throughout the spec-

trum of increasing noise in both domains.

LRGW (Ours)

Figure 4.13: Average distances under varying levels of Gaussian contamination in both do-
mains.
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The heightened distortion in shapes due to Gaussian outliers also becomes predominant in
barycenters. However, as pointed out in Figure 4.14, LRGW improves over GW by preserving
underlying shapes better.

t=0/5 t=1/5

t=2/5 t=3/5 t=4/5

Figure 4.14: GW and LRGW barycenters between source (cat) and target (heart) datasets
at levels t = 0/5,1/5,---,5/5. Both the source and target shapes are contaminated with
15% Gaussian outliers. The A for both domains are chosen following the m + 36 threshold,
i.e., 1.87 and 1.59 respectively. LRGW barycenters tend to recover robust structures better
than GW (notice, as marked in ).
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Chapter 5

Conclusion

Summary

In this chapter, we summarize the contributions of the previous chapters and point towards
potential future extensions. Moreover, we briefly outline the impact our work has had in the
literature. We also pose some interesting open questions that we have come across during

our 1nvestigations.

5.1 Contributions and Impact

This thesis has centered around two fundamental questions: First, do deep generative models
involving distinct spaces accurately approximate the true data distributions under suitable
characterization? Second, what are the principal ways to robustify the models without al-
tering their architecture, given their extent of inherent denoising capacity? These questions
have been explored specifically in the contexts of Wasserstein autoencoders and unsupervised
unpaired cross-domain translators, maintaining cycle-consistency.

The data approximation aspect, in our approach, is reformulated as a density estimation
task, which, based on our introductory discussion, becomes equivalent to learning a sampler
from the viewpoint of information theory. In Wasserstein autoencoders, under smoothness
assumptions on the data distribution, achieving successful generation is sufficiently dependent
upon learning an information preservation (IP) encoding transform. We establish supporting
deterministic non-parametric upper bounds on latent-space errors, which adapt to the intrin-
sic geometry of the input distribution and remain invariant under group actions. Moreover,
optimal encoders can be provably obtained by solving a minimum-distance problem in latent
space. Additionally, reconstructions via WAE-MMD naturally follow from latent consistency
under regular and invariant kernels. Our approach has since inspired similar studies in VAEs
in a PAC-Bayes setup (Mbacke et al., 2023) and has been adapted to find error bounds
depending on the Pseudo-dimension of input densities (Chakraborty and Bartlett, 2024).

Building on this framework, the thesis extends IP-based methods to unpaired cycle-
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consistent cross-domain generative models. It analyzes the statistical error introduced by
ill-posed translation tasks and shows that, under smooth input distributions, the use of L'
and Wasserstein losses in cyclic objectives yields similar outcomes. Crucially, it demonstrates
that ensuring translation consistency suffices to achieve cycle-consistency in total variation,
provided smoothness is preserved. Our framework has since been adopted to draw similar in-
ferences under a misspecified model (Chakraborty and Bartlett, 2025) and to further enforce
identifiability (Shrestha and Fu, 2024).

In the final part, the thesis addresses the robustness of such DGMs by proposing new
variants of the Gromov-Wasserstein (GW) distance tailored for contaminated data. These
include Tukey-GW and Huber-GW distances, which offer outlier resilience while preserving
metric properties and remain computationally tractable. A more conservative lower bound,
Locally Robust GW, is also introduced, providing stronger robustness at the expense of a
removable degeneracy. These methods extend to probabilistic metric-measure spaces and
enable the design of robust, cycle-consistent cross-domain models. Empirical evaluations
confirm that the proposed techniques outperform existing approaches in tasks such as image

synthesis, shape matching, and interpolation.

5.2 Open Questions

While this thesis advances several core aspects of the subject, it also brings to light a number
of compelling and unresolved questions that merit further exploration. Below, we outline

some of the most intriguing directions for future work.

Consistent truncation in TGW and LRGW

Our prescriptions of suitable truncation parameters for Tukey’s GW (TGW) and Locally Ro-
bust GW (LRGW) in Chapter 4 rely on 7 := m+36, where m and & are the median and mean
absolute deviation (MAD) about median of distortions and pairwise distances, respectively.
While such a data-dependent thresholding is empirically effective in both norm penalization
(Chakrabarty et al., 2024) and local robustification (Chakrabarty et al., 2025b), exploring a
statistically consistent algorithmic solution for choosing 7, such that it estimates the effec-
tive diameter of inlying observations, seems urgent. Our method gives an optimization-free,

low-complexity solution, which may suffer from rigidity and hence suboptimal performance.

Optimal latent dimension in WAEs

As already hinted in Chapter 2, despite recent empirical progress, a fundamental lack of
theoretical guidance remains regarding the optimal latent dimension of a WAE. For instance,

ARD-VAE introduces a hierarchical prior over latent dimensions to dynamically identify
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and prune irrelevant axes, effectively discovering an appropriate latent size for each dataset,
with demonstrated improvements in FID and disentanglement on benchmarks (Saha et al.,
2025). In contrast, Leeb et al. (2022) introduces the concept of ‘latent responses’, which
leverages interventions in the latent space— i.e., selectively altering one latent dimension
while keeping others fixed— to probe the causal and structural dependencies within the
learned representation. Their framework quantifies how one dimension influences others
through a latent response matrix, a tool for detecting inactive dimensions (posterior collapse)
and revealing cross-couplings in the latent manifold. Together, these approaches represent
a shift from heuristic hyperparameter tuning toward adaptive, data-driven determination of

latent size, although a unified theoretical framework for optimality is still forthcoming.

Guarantee of Denoising Diffusion Probabilistic Models (DDPMs)

As also hinted in the introduction, the empirical success of Score-based Generative Models
(SGMs) (Song et al., 2021b) has recently attracted scores of theoretical scrutiny into its mech-
anism. SGMs, instead of modeling the data density p, itself, estimate the gradient of the
log-density (score function) in a discretized (Euler-Maruyama (EM) scheme) process, where
the forward-pass is typically governed by the Ornstein-Uhlenbeck (OU) process. As genera-
tion guarantees seem to establish, most works have focused on showing deterministic upper
bounds on the discrepancy between p, and the law of {?t}, where the backward process
{Z} is terminated after time t*, based on predefined step sizes. An immediate investigation
may look into whether the generation process of SGMs maintains IP, and the ensuing error
bounds can be obtained as an extension to our non-parametric approach. We point out that
from the existing works as a whole, several patterns emerge in terms of their limitations and
technical considerations. (1) For example, most, if not all, rely on the assumption that p,
is log-concave, only recently being relaxed to ‘weak’ log-concavity (Silveri and Ocello, 2025).
Given that log-concave densities are inherently unimodal, such characterization does not ac-
commodate most practical cases, where datasets consist of images with multiple classes and
text having definite groups. Their exponentially decaying tail behavior also makes the studies
incapable of discussing robustness under outlying observations. (2) Moreover, all convergence
bounds to date consider the divergence €(-,-) measuring the discrepancy Q(p,, E{)Tt*) 1) to
be either KL (implied to TV due to Pinsker’s inequality) or W), (Wasserstein, given p = 1,2,
also implied from KL). While the choice remains solely technical, as the underlying processes
do not dictate a favorite, this poses an interesting question: Can sharper error bounds be
established based on MMD, under specific choices of kernels? This is particularly intriguing
since, under stochastic localization, matching scores essentially boil down to comparing mo-
ments. Also, as highlighted in our work, kernels exist that metrize the Wasserstein space,
and showing convergence of probability measures under W), becomes equivalent to showing

the same under corresponding MMD (e.g., Energy kernels (Modeste and Dombry, 2024)).
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The potential benefit of an MMD error bound might be its parametric dependence on data
dimension, which under W5 turns out optimally v/d (Bruno et al., 2025). It is yet to be seen
how convergence bounds adapt to the intrinsic dimensionality of data supports. (3) Works so
far also assume the expected score approximation error to be arbitrarily small or bounded by
a deterministic quantity (see Bruno et al. (2025)). Given that most SGMs employ attention-
based architectures, it would be interesting to explore the parametric optimality conditions

that enable such approximations.

Faster calculation of TGW

The algorithmic computation of TGW (similarly, HGW and LRGW) follows GW under en-
tropic regularization. While this is the most common and frugal way of solving a matching
problem in higher dimensions, often, computing proxies are beneficial. In this context, slicing
has been identified as an effective technique to solve OT, boiling it down to mass allocation
in 1D. In GW, employing a similar technique (Vayer et al., 2019) enables one to obtain
an optimal plan by matching samples through permutations. However, choosing slicing di-
rections uniformly at random over U (S?1) distorts the relation between pairwise distances
post-projection. Furthermore, the complexity (O(nlogn)) does not hold uniformly over all
possible samples. Future work may investigate effective and efficient slicing methods that

incur low cost and offer robust plans for TGW simultaneously.
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