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Chapter 1

Introduction

1 Introduction

1.1 Preamble

The objective of all scientific endeavor is to get a proper understanding of different nat-

ural phenomena taking place around us. Technology helps us build tools, based on such

scientific information, to provide us the conveniences of science. Even though there is

great variation in the scope and the approach of the different branches of science, there

is one aspect that is common to all of them; they all generate loads of data (of different

types). This is true not only for disciplines which are explicitly mathematical (such as

physics and engineering), but also for such disciplines which have large observational

or clinical components (such as biology or medical science). In one sense statistics

is the single discipline which binds together all these different branches by providing

quantitative methods that analyze the available data and can lead to the proposal of

and/or validation of suitable models for the unknown data generating process operat-

ing in the background, as well as for testing the veracity of postulated hypotheses that

naturally arise as part of the process. Since practically all data generating processes

are probabilistic and follow appropriate distributional rules, statistical analysis is now

an integral part of any scientific decision making process which is not wholly deter-

ministic. The majority of statistical models used in practice are parametric in nature.

Such models help us to describe the physical data generation process in terms of a

finite number of interpretable (but unknown) parameters. In such cases, the first step

of statistical inference is to optimally estimate the values of the unknown parameters.

These parameter estimates are then utilized for testing different hypotheses as well as

for making future predictions. Thus, the estimation problem is of primary importance

in the context of statistical inference which directly relies on both the available data

and the fitted statistical models. One of the pioneering ideas in the field of classical

statistical inference is the likelihood principle (Fisher (1912) [48], (1922) [49], (1925)

[50]) which has been the basis of a large part of statistical study and analysis done

throughout the last century. The estimator obtained by maximizing the likelihood

function is known as the maximum likelihood estimator (MLE) which is utilized in
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statistical applications in various fields. Maximum likelihood estimators (see Section

1.5) are known to have superior statistical properties, such as consistency, asymptotic

normality, minimax rate of convergence and most importantly, first order efficiency

(i.e., lowest asymptotic variance among all the estimators) under standard regularity

assumptions. However, these estimators as well as some other related classical esti-

mators are severely affected by contamination or presence of anomalous observations

in the sample in many real life datasets (which is not entirely unexpected). In fact,

consistency and minimum asymptotic variance do not guarantee such resistance of the

estimators against anomalous observations (referred to as “outliers”) when model con-

ditions fail. In a broad sense, the property of statistical procedures which ensures the

stability of the same towards data contamination and model misspecification is known

as “robustness”.

Robustness of statistical procedures have been formalized and studied at least since

the 1960s and 1970s when the fundamental works of Box (1953) [17], Box and Ander-

sen (1955) [18], Tukey (1960 [146], 1962 [147]), Huber (1964 [77], (1965) [78]), Ham-

pel (1971 [66], 1974 [67]) and some others were published and popularized. These

works have mainly described the fundamental theoretical issues associated with the

philosophy of robustness, such as quantification of the same via influence analysis and

breakdown behaviour, the trade-off between robustness and asymptotic efficiency and

the study and development of M-estimators (see Section 1.6) which were regarded, at

least initially, as the primary robust alternatives to the maximum likelihood estimator.

Later, the methodological development and subsequent real life applications of robust

methods have been done massively through the works of Maronna (1976) [109], Stahel

(1981) [141], Donoho (1982) [38], Ronchetti (1982 [125], 1982 [126], 1985 [127]), Tyler

(1983, 1987, 2014) [148, 149, 150], Kent and Tyler (1991, 1996) [86, 87], Rousseeuw

(1985) [129], Rousseeuw and Leroy (1987) [131], Rousseeuw and Driessen (1999) [130]

and many others, particularly in the fields of multivariate statistics and regression

analysis. Sometimes, however, these methods have been found to be computation-

ally challenging especially with growing data dimension and increasing complexity of

statistical models. Thus, computationally efficient robust methods are essential for ap-

plications in different domains including the field of multivariate and high dimensional

set-ups. The main goal of this thesis is to develop theoretically efficient and computa-

tionally efficient methods for robust estimation of parameters, including multivariate

location and scale parameters, and their subsequent application in some machine learn-
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ing problems (parametric clustering, classification and anomaly detection) through the

minimization of a particular statistical distance (see Section 1.7). The background and

illustrations of useful prerequisites are discussed in the next few sections.

1.2 General Notation

(i) Unless otherwise mentioned, the notations “log” and “exp” are used to denote

the natural logarithm and the usual exponential function, respectively.

(ii) Bold symbols (e.g., µ and Σ) are used to denote vectors (column vectors unless

otherwise specified) and matrices and for a matrix A, A
′
is its usual transpose

matrix.

(iii) I(A) is used to denote the indicator function of the set A.

(iv) In general, Θ is used to denote the parameter space where θ is the unknown

parameter of interest.

(v) Upper case letters like F , Fθ, G, Gθ are used to denote cumulative distribution

functions (CDF) while the corresponding lower case letters f , fθ, g, gθ are used

to denote probability density functions (PDF). The PDFs are considered with

respect to the standard Lebesgue measure or the counting measure in general. In

multivariate cases, for simplicity, we use the same notation to represent proba-

bility measures and their corresponding CDFs. We will also specify it explicitly,

wherever it will be required.

(vi) In particular, g will denote the true unknown probability density function and fθ

will denote the model density function.

(vii) For a cumulative distribution function G, the corresponding empirical cumu-

lative distribution function based on an identically and independently (i.i.d.)

distributed random sample {X1, . . . , Xn} from G is denoted by

Gn(x) =
1
n

∑n
i=1 I(Xi ≤ x), in case of univariate samples,

Gn(A) =
1
n

∑n
i=1 IA(Xi), in case of multivariate samples.

(1.1)

Additionally, all the random samples considered in this thesis are assumed to be

i.i.d. samples (unless otherwise mentioned).
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(viii) Let θ be an m-dimensional parameter vector. The gradient vector and the Hes-

sian matrix of the model density fθ with respect to θ are denoted by ∇fθ and

∇2fθ, respectively. The first order partial derivative of the function fθ with

respect to θj, the j-th component of θ is denoted by ∂fθ
∂θj

which is the j-th com-

ponent of the gradient vector ∇fθ; the second order partial derivative of fθ with

respect to the i-th and j-th components of θ is denoted by ∂2fθ
∂θi∂θj

.

(ix) The notations
a.s.→,

p→ and
d→ are used to denote convergence in the almost sure,

in probability and in distribution (weak mode) senses, respectively.

(x) In multivariate cases, we characterize the probability distribution with its prob-

ability measure instead of its CDF.

1.3 Asymptotic Efficiency

For an estimator θ̂n of the unknown parameter θ which is
√
n consistent, “efficiency”

will be measured by the inverse of the variance of
√
nθ̂n. That is, the precision of

the estimator increases with its efficiency and decreases with its variance. Exact small

sample probability distributions of these estimators may not be possible to determine

all the time. Asymptotic distributions of the properly standardized versions of these

estimators are utilized in this situation for drawing inferences. In particular, various

versions of the central limit theorem (CLT) provide the basis of asymptotic normality

of many of the well-known estimators. The concept of first order efficiency deals with

the comparison of the asymptotic variance of a particular estimator with the minimum

possible value of the asymptotic variance among all the estimators. To understand the

concept more precisely, let us first delineate the notion of Fisher information.

Let us consider the random variable X with true unknown PDF g that is modelled

by the parametric family of densities FΘ = {fθ : θ ∈ Θ} which exists with respect

to a σ-finite measure ν on R. Let us also assume appropriate regularity conditions so

that for any measurable B ⊂ R, the following differentiation can be taken under the

integral sign (Loève (1977) [96]):

∂

∂θ

∫
B

fθ(x)dν(x) =

∫
B

∂

∂θ
fθ(x)dν(x). (1.2)

Regular exponential families of probability distributions are known to satisfy (1.2).
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The score function uθ(x) of the model is defined as

uθ(x) =
∂

∂θ
log(fθ(x)) =

∂
∂θ
fθ(x)

fθ(x)
.

Using (1.2), it can be shown that,

Efθ(uθ(X)) = 0,

where the expectation is taken with respect to the density fθ. The Fisher information

function I(θ) is defined as the variance of the score function, that is,

I(θ) = varfθ(uθ(X)) = Efθ(u
2
θ(X)). (1.3)

Remark 1.1. We have assumed θ to be a scalar parameter in the aforesaid discussion.

However, if θ = (θ1, . . . , θm)
′
is a m-dimensional parameter vector in Θ ⊂ Rm, then

uθ(x) = (uθ,1(X), . . . , uθ,m(X))
′
=

(
∂

∂θ1
log fθ(x), . . .

∂

∂θm
log fθ(x)

)′

,

and consequently, the Fisher information matrix is defined as

I(θ) = ((Ij,k(θ)))1≤j,k≤m, where, Ij,k(θ) = Efθ(uθ,j(X)uθ,k(X)).

Now, we are in a position to introduce the concept of first order efficiency. Let

θ be a scalar parameter and suppose that we restrict our attention within the class

of consistent and asymptotic normal (CAN) estimators Tn of the parametric function

γ(θ) which satisfy

√
n(Tn − γ(θ))

d→ N(0, v(θ)),

where v(θ) is the asymptotic variance of
√
nTn. It was believed earlier that the lower

bound for v(θ) was provided by the Cramér-Rao lower bound (CRLB)

CRLB(γ(θ)) =
{γ′

(θ)}2

I(θ)
.

However, there exists a class of estimators, known as “superefficient estimators” (Le
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Cam (1953) [91], Cox and Hinkley (1974) [28]), which are asymptotically normal with

asymptotic variances never exceeding and sometimes strictly smaller than the CRLB.

The latter work, however, suggests that the idea of superefficiency is not statistically

important and thus we do not consider such estimators in this thesis. We, therefore,

restrict our attention only to the class of consistent and uniformly asymptotic normal

(CUAN) estimators which are also CAN estimators but the distributional convergence

of
√
n(Tn − γ(θ)) towards normality is uniform in compact intervals of θ. Such an

estimator Tn of γ(θ) = θ is called first order efficient if
√
n(Tn − θ)

d→ N(0, I−1(θ)).

This will be our working requirement for first order efficiency. More generally, if θ is a

vector parameter, T n will be referred to as first order efficient for θ if

√
n(T n − θ)

d→ N(0, I−1(θ)). (1.4)

1.4 Robustness

Statistical models aim to fit complex datasets with probability distributions which can

approximately capture the shape of the data generating distribution as represented by

the observed data. Some discrepancies between these models and the actual structures

of the datasets are not unexpected due to the random fluctuations that occur naturally.

However, in some cases such discrepancies, even though apparently small, may lead

to unsatisfactory model fits and incorrect insight generation. The term “robustness”

refers to a very important property which loosely means the capacity of the statistical

procedure to guard against model misspecification and outliers. To quantify robustness,

certain measures have been developed in the literature. We mainly focus on two such

measures, namely, the influence function and the breakdown point.

1.4.1 Influence Function

The influence function measures the effect of an infinitesimal contamination on the

resulting procedure. To define it formally, let us first introduce the concept of sta-

tistical functionals. Let {X1, . . . , Xn} be a random sample drawn from a probability

distribution with distribution function G and let Tn(X1, . . . , Xn) be a statistic based

on the aforesaid random sample. Let

Gn(x) =
1

n

n∑
i=1

I(Xi ≤ x)
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be the empirical cumulative distribution function. If one can formally express Tn as

a functional of the empirical CDF Gn, i.e., Tn = T (Gn), where T (·) is independent of
n, then T (·) is called a statistical functional. It is defined on a space of distribution

functions including G, all the model distribution functions {Fθ}, all empirical CDFs

Gn and this space is assumed to be closed under convex combinations. In practice,

T (G) will be our unknown parameter of interest and we want to study the properties of

T (Gn) as an estimator of T (G). The notion of statistical functionals were introduced

and studied by von Mises (1936, 1937, 1947) [152, 153, 154].

The concept of influence functions initiates from the idea of the famous von Mises

derivatives. Let, D∗ be a space of distribution functions and for F,G ∈ D∗, consider

the following functional

T (αF + (1− α)G) = T (G+ α(F −G)).

The von Mises derivative T
′
G of T at the distribution function G is defined as

T
′

G(F −G) =
d

dα
T (G+ α(F −G))

∣∣
α=0

, (1.5)

if there exists a real-valued function ϕG(x), independent of F , such that,

T
′

G(F −G) =

∫
ϕG(x)d(F −G)(x). (1.6)

The function ϕG(x) is uniquely defined only upto an additive constant as∫
ϕG(x)d(F −G)(x) =

∫
(ϕG(x) + c)d(F −G)(x),∀ c ∈ R.

However, this non-uniqueness can be removed by imposing the constraint∫
ϕG(x)dG(x) = 0. (1.7)

The function ϕG(·) is the influence function (IF) of the functional T at the distribution

function G and is denoted by ϕG(y) = IF (y, T,G). Equation (1.7) shows that the

influence function has mean zero at the true distribution. Existence of the von Mises

derivative is, however, not needed for the influence function to exist, and the latter
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may be explicitly defined as

IF (y, T,G) =
d

dα
T ((1− α)G+ α∧y)

∣∣∣
α=0

, (1.8)

under appropriate conditions, where ∧y is the cumulative distribution function corre-

sponding to the Dirac mass at the point y. In fact, in the subsequent sections, we will

follow the definition of influence function as given in Equation (1.8). The intuition be-

hind the concept of influence function can be explicitly understood following Equation

(1.8). It essentially demonstrates the effect of adding an infinitesimal contamination

at the point mass y to the existing random sample on the resulting estimator T (Gn).

When the von Mises derivative exists, the function ϕG(·) defined in Equation (1.6) is

the same as the IF (·, T,G) as defined in Equation (1.8).

In practice, IF (y, T,G) is treated as a function of y and is plotted against y.

Boundedness of this function is viewed as being desirable in terms of robustness as

it indicates an infinitesimal contamination cannot exert unbounded influence on the

estimator even when the contamination is at a highly unlikely value. In the following,

we give examples of both bounded and unbounded influence functions.

(E1) The mean functional is defined as

TMean(G) =

∫
xdG,

whose influence function is given by

IF (y, Tmean, G) = y − TMean(G)

which is unbounded in the contamination point y. Thus, the mean is not robust

from the viewpoint of influence analysis.

(E2) The median functional is defined as

TMedian(G) = G−1

(
1

2

)
,

whose influence function is given by

IF (y, Tmedian, G) =
1
2
− I(y ≤ Tmedian(G))

g(Tmedian(G))
,
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which is bounded as a function of y. Thus, the median is robust unlike the mean

functional as per the influence function analysis.

The aforesaid description indicates the robustness aspects of the influence function

in respect of the mean and the median. But, it also plays an important role in the

asymptotic analysis of the estimators (Basu et al. (2011) [12]). To understand this

role, let us consider,

A(α) = T (G+ α(F −G)), for α ∈ [0, 1]

and its Taylor series expansion around α = 0, which is

A(α) = A(0) + αA
′
(0) + Higher Order Terms. (1.9)

Now, replacing F with Gn, denoting the higher order terms by Rn and evaluating (1.9)

at α = 1, we have

T (Gn) = T (G) + T
′

G(Gn −G) +Rn

= T (G) +

∫
ϕG(x)dGn(x) +Rn

which implies

√
n(T (Gn)− T (G)) =

1√
n

n∑
i=1

ϕG(Xi) +
√
nRn, (1.10)

assuming that the von Mises derivative exists. The expansion in (1.10) provides the

linearization of the estimator and is crucial in establishing the asymptotic normality

of the properly standardized estimator
√
n(T (Gn) − T (G)), particularly if the higher

order terms (properly scaled) can be ignored, i.e.,

√
nRn = op(1). (1.11)

In fact, this idea will be the key step to establish the asymptotic normality of our

one-step estimators, which represent a novel class of estimators studied in Chapter 5

of this thesis. Assuming (1.11), it can be trivially concluded that

√
n(T (Gn)− T (G))

d→ N(0, var(ϕG(X))), as n→ ∞
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following CLT and Slutsky’s Theorem. Thus, the asymptotic variance of an estimator

is actually the variance of its influence function under appropriate conditions.

1.4.2 Breakdown Point

The influence function measures the effect of a single contaminating observation on

the estimators or statistical functionals of interest. It is a local measure of robustness.

However, a larger proportion of the sample could be outlying in many real life problems.

To quantify robustness in these scenarios, a different measure of robustness, formally

called the breakdown point of an estimator or functional, has been proposed in the

literature. Intuitively, the breakdown point (BP) of an estimator θ̂ (for the parameter

θ) accounts for the largest proportion of sample observations that can be contaminated

such that θ̂ still carries some “reasonable” information about θ. Suppose Θ be the

parameter space. Assuming Θ to be non-empty, θ̂ is able to provide some information

about the unknown parameter θ only if it is bounded and it lies in the interior of Θ, i.e.,

θ̂ stays away from the boundary of the parameter space Θ. As for example, suppose θ

is a scale parameter with the parameter space Θ = (0,∞). Then, θ̂ should preferably

remain bounded and also remain bounded away from 0 in order to extract helpful

information about θ. The formal definition of asymptotic breakdown point (Hampel

(1968, 1971) [65, 66]) of an estimator θ̂ is as follows.

Definition 1.1. The asymptotic breakdown point ϵ∗(θ̂, F ) of an estimator θ̂ at the

distribution function F is the largest ϵ∗ ∈ (0, 1) such that for all ϵ < ϵ∗, θ̂∞((1− ϵ)F +

ϵG) as a functional of G remains bounded and bounded away from the boundary of Θ.

Here,

θ̂∞((1− ϵ)F + ϵG) = lim
n→∞

θ̂n((1− ϵ)F + ϵG), (1.12)

where θ̂n((1− ϵ)F + ϵG) denotes the estimator of θ based on a random sample of size

n from the contaminated distribution (with distribution function ((1 − ϵ)F + ϵG)).

One may analogously define the finite sample breakdown point (Donoho (1982) [38],

Donoho and Huber (1983) [39]) of θ̂n based on a random sample X of size n as

ϵ∗(θ̂n,X) = max
1≤m≤n

[
m

n
: sup
Y m

||θ̂n(X)− θ̂n(Y m)|| <∞
]
, (1.13)

where the sample Y m is obtained from the original sample X by replacing its m

observations with arbitrary values. Here θ̂n(X) and θ̂n(Y m) are the values of the
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estimators calculated from the samples X and Y m, respectively.

1.5 Maximum Likelihood Estimation

The maximum likelihood principle is perhaps the most prolific cornerstone in the do-

main of classical inference. Although this methodology was evidently used by the

great mathematician Carl F. Gauss in the nineteenth century, the statistical theory

and methodology of the maximum likelihood procedure was systematically developed

and studied by the famous statistician Sir Ronald A. Fisher in the twentieth century.

Some of his notable works in this field include Fisher (1912, 1922, 1925) [48, 49, 50].

To delineate the concept, let {X1, . . . , Xn} be an i.i.d. random sample from some un-

known probability distribution with PDF g (CDF G) and we model this true unknown

PDF by the parametric model family FΘ = {fθ : θ ∈ Θ} of densities. The maximum

likelihood philosophy estimates the unknown parameter θ by maximizing the likelihood

function with respect to θ over Θ which is defined as

L(θ) = L(θ|X1, . . . , Xn) =
n∏
i=1

fθ(Xi). (1.14)

Note that L(θ) is actually the joint density of the random sample but the same is

observed as a function of θ. To maximize the likelihood function with respect to θ, it

is convenient to use the logarithm of the likelihood function instead, i.e.,

logL(θ) =
n∑
i=1

log fθ(Xi).

Note that, maximizing L(θ) with respect to θ is equivalent to maximizing logL(θ)

with respect to θ. Generally, it is more convenient to maximize logL(θ) as most of our

standard parametric models belong to the exponential family. Assuming the model

density fθ to be differentiable with respect to θ, the maximizer of the log likelihood

function can be found by equating its derivative with respect to θ to 0 and then solving

for θ. Let us observe that,

∂

∂θ
logL(θ) =

n∑
i=1

∂

∂θ
log fθ(Xi) =

n∑
i=1

uθ(Xi).

25



Consequently, the maximum likelihood estimator of θ is defined as the solution of the

estimating equation (the likelihood score equation)

n∑
i=1

uθ(Xi) = 0. (1.15)

Standard regularity conditions are required to prove asymptotic results for the maxi-

mum likelihood estimators, such as consistency and asymptotic normality (see Lehmann

(1983) [92]). Under these assumptions, the maximum likelihood estimating equations

have a consistent root θ̂n of Equation (1.15), such that

√
n(θ̂n − θ0)

d→ N(0, I−1(θ0)),

where θ0 is the true value of the parameter. However, the maximum likelihood estima-

tor faces several robustness issues under anomalous observations and model misspecifi-

cation. To understand the robustness of the maximum likelihood estimator, let us first

define the maximum likelihood functional in terms of the true distribution function G.

The maximum likelihood functional TML(G) can be implicitly defined as the solution

of ∫
uθ(x)dG(x) = 0.

It can be easily shown that (Basu et al. (2011) [12]) the influence function of the

maximum likelihood functional is

IF (y, TML, G) = I−1(TML(G))uTML(G)(y). (1.16)

Thus, the robustness of the maximum likelihood functional solely depends on the nature

of the score function uθ as a function of the contaminating point mass y. In most

parametric models including the exponential models, uθ(y) is an unbounded function

of y indicating the robustness issues with the maximum likelihood estimators.

A robust generalization of the maximum likelihood approach was later proposed by

means of the weighted likelihood philosophy. The weighted likelihood framework gen-

eralizes the notion of maximum likelihood estimation by attaching data-driven weights

to the likelihood contributions (i.e., individual scores). Often these weights are chosen

with the aim of downweighting outlying observations which ensures robustness of the
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estimators obtained by solving the weighted likelihood estimating equations. Many

of the minimum distance methods (discussed in Section 1.8) ultimately boil down to

solving weighted likelihood based estimating equations with weight functions which

potentially downweight the outlying observations present in the data and thus these

minimum distance inference procedures become robust. Weighted likelihood based es-

timating equations have deep connection with the M-estimation approach. Some of the

phenomenal works in the area of weighted likelihood approach include the pioneering

work of Green (1984) [62], which discussed the application of iteratively reweighted

least squares technique in the maximum likelihood estimation and proposed an al-

ternative to the maximum likelihood estimator by considering a weighted version of

the score equation, Lenth and Green (1987) [93], the works by Hu (1997) [74], Hu

and Zidek (2001) [75] and (2002) [76]. The works of Markatou et al. (1997) [106],

(1998) [107] and Markatou (2000) [105] provide further advancements in the literature

of weighted likelihood based inference. In particular, Markatou (2000) [105] assessed

the performance of weighted likelihood based robust inference in the context of mixture

models. Agostinelli and Markatou (2001) [3] proposed the application of weighted like-

lihood approach in the development of robust hypothesis testing procedures. One very

appealing feature of the weighted likelihood methodology as proposed by Markatou

and her collaborators is that many of these methods achieve strong robustness proper-

ties simultaneously with full asymptotic model efficiency, and the downweighting effect

eventually vanishes at the correct model.

1.6 M-Estimation

As we have seen, the maximum likelihood estimators may not be robust against data

contamination and model misspecification. In trying to develop robust alternatives

to the maximum likelihood estimator, let us note that the left hand side of Equation

(1.15) is a sum of identically and independently distributed random variables uθ(Xi).

This idea can further be generalized by replacing uθ with some general function ψ :

X ×Θ → R and define the estimator θ̂n as the solution of

n∑
i=1

ψ(Xi, θ) = 0. (1.17)

One can then choose the function ψ, so that the corresponding estimator has suitable

bounded influence function. This type of estimators are known as M-estimators and has
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held a prominent place in the literature of robust statistics for several decades. In fact,

many of the well-known robust statistical tools ultimately boil down to M-estimation.

In the aforesaid discussion, the M-estimator θ̂n is defined as a solution of the estimating

equation (1.17). This type of M-estimators are called ψ-type M-estimators. However,

an M-estimator can also be defined as the minimizer of some “reasonable” objective

function which is very common in practice. That is, the M-estimator θ̂n can also be

thought of as a minimizer of

n∑
i=1

ρ(Xi, θ),

where ρ : X ×Θ → R and the estimator is based on the random sample {X1, . . . , Xn}
of size n. This type of M-estimators are known as ρ-type M-estimators.

We will focus on ψ-type M-estimators for mathematical convenience. The func-

tional Tψ(G) corresponding to the ψ-type M-estimators can be defined implicitly as

the solution of ∫
ψ(x, Tψ)dG(x) = 0,

where G is the true distribution function. Under the differentiability of the ψ function

and certain other regularity assumptions, it can be shown that the influence function

of Tψ is given by

IF (y, Tψ, G) =
ψ(y, Tψ(G))∫

ψ′(x, Tψ(G))dG(x)
,

and

√
n(Tψ(Gn)− Tψ(G))

d→ N(0, σ2
g),

where, σ2
g =

∫
ψ2(x,Tψ(G))dG(x)

(
∫
ψ′ (x,Tψ(G))dG(x))

2 . Let us consider some of the popular examples of

M-estimators.

(i) The maximum likelihood estimator is itself an M-estimator with ρ(x, θ) = − log fθ(x)

and, consequently, ψ(x, θ) = uθ(x).

(ii) The Huber’s M-estimator is defined as either the minimizer of
∑n

i=1 ρk(Xi, θ),

where ρk(x, θ) = ρk(x− θ) is defined through the relation
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ρk(y) =

y2, if |y| ≤ k,

2k|y| − k2, if |y| > k,

or, equivalently, it is the solution of
∑n

i=1 ψk(Xi, θ) = 0, where ψk(x, θ) = ψk(x−
θ) is defined through the relation

ψk(y) =

y, if |y| ≤ k,

sign(y)k, if |y| > k.

Here, k is a positive tuning constant. This M-estimator is useful in the context

of the location model.

It is to be noted that in the first example (i.e., the maximum likelihood estima-

tor), the choice of the ψ function is not bounded in general, whereas, the choice of the

same in the second example (i.e., Huber’s M-estimator) is bounded. Consequently, the

maximum likelihood estimators are non-robust in general (depending on the bounded-

ness of the corresponding choice of ψ), but the Huber’s M-estimator is always robust.

In particular, the Huber’s M-estimator has much improved robustness properties in

the location model. There are other types of M-estimators which have been studied

and utilized for different purposes. We refer to Tyler (1987, 2014) [149, 150], Maronna

(1976) [109], Maronna et al. (2019) [110], Hampel et al. (1986) [68] and Huber (2004)

[79] for detailed discussions on M-estimators.

1.7 Statistical Distances

The principal objective of parametric statistical modelling is to understand the overall

structure of the data by means of probability distributions. Statistical distances (also

referred to as divergences) may be conveniently utilized for this purpose. The notion

of a mathematical distance is formalized by the definition of metrics in the literature

of mathematical analysis. However, statistical distances need not be proper metrics in

that sense. To understand this, let us recall that if (M,d) denotes a metric space with

the underlying metric d, then d :M ×M → R has to satisfy

(i) d(x, x) = 0 ∀x,

(ii) d(x, y) > 0, if x ̸= y,

29



(iii) d(x, y) = d(y, x) ∀x, y, and,

(iv) d(x, y) + d(y, z) ≥ d(x, z) ∀x, y and z.

Here, the first two conditions describe the non-negativity, the third one expresses the

symmetry and the last one states the triangular property of the metric. However,

the last two conditions are not necessary for d to be a divergence. In particular, many

divergences are asymmetric in their arguments and this plays a major role in controlling

the theoretical properties of the estimators based on these measures. It is necessary

for statistical distance measures to be non-negative and to be equal to zero if and

only if the two arguments are identically equal. Let us now formally define statistical

distances or divergences.

Let F be a collection of non-negative real-valued functions. Then d : F × F → R
is a valid statistical distance if,

(i) d(G,F ) ≥ 0 ∀G,F ∈ F and

(ii) d(G,F ) = 0 if and only if G = F .

Here the arguments of the statistical distances are distribution functions. Some of the

well-known examples of distribution function based divergences include the Kolmogorov-

Smirnov distance, the Cramér-von Mises distance, Anderson-Darling distance and

many more (see Basu et al. (2011) [12] for an illustrative discussion). On the other

hand, when the arguments of the measure d(·, ·) in the above formulation are PDFs, it

results in a density based divergence. As divergences belonging to this class represent

the main medium for the approach in this thesis, we provide an expanded description

in the following.

1.7.1 Density based Divergences

Suppose, we have a random sample {X1, . . . , Xn} from the true unknown probability

distribution with CDF G and suppose its PDF g is modelled by a parametric family

of densities {fθ : θ ∈ Θ}. A density based divergence d(g, f) between two probability

density functions g and f with respect to the same measure quantifies the separation

between these two densities (or the distributions that they represent). In our con-

text, we are interested in measuring the separation between the true unknown density

function g and the model PDF fθ. Since g is unknown, either we have to plug-in a

nonparametric estimate of g (based on the aforesaid random sample) in the expression
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of the divergence (when explicitly required) or make use of the empirical distribution

function Gn to get an empirical estimate of the true divergence. Let us consider some

examples in the following:

1.7.2 Discrete Models

To describe the treatment of discrete models, we assume (without loss of generality)

that the true unknown density function g (with respect to the counting measure) is

supported on X = {0, 1, 2, . . . ,∞}. Let dn be the vector of relative frequencies. We

use dn to estimate the true unknown probability density function g.

Let C be a convex, thrice differentiable function on [−1,∞) with C(0) = 0 and

δ(x) = dn(x)
fθ(x)

− 1 (known as the Pearson residual). Then a particular but rich class of

divergences between the estimated true density dn and the model density fθ generated

by the function C can be defined as,

ρC(dn, fθ) =
∞∑
x=0

C(δ(x))fθ(x). (1.18)

The expression ρC(dn, fθ) can be shown to represent a valid divergence (as per the

definition) using the conditions imposed on C and Jensen’s inequality (see Basu et

al. (2011) [12]). Different choices of C generate various divergences between dn and fθ.

Some of the well-known divergences of this type are listed in the following table:

Divergence C(δ) Algebraic form

Likelihood Disparity (δ + 1) log(δ + 1)− δ
∑
dn log dn

fθ
(LD)

Kullback-Leibler Divergence δ − log(δ + 1)
∑
fθ log

fθ
dn

(KLD)
Hellinger Distance 2(

√
δ + 1− 1)2 2

∑
(
√
dn −

√
fθ)

2

(HD)

Pearson’s Chi-square δ2

2

∑ (dn−fθ)2
2fθ

(PCS)

Neyman’s Chi-square δ2

2(δ+1)

∑ (dn−fθ)2
2dn

(NCS)

Table 1.1: Examples in Discrete cases.

The divergences of the type described in Equation (1.18) are referred to in the

literature as ϕ-divergences, f -divergences or disparities. See Csiszár (1963) [30] and

Lindsay (1994) [94] for further details in this topic.
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1.7.3 Continuous Models

In case of continuous distributions, let us consider the following examples:

(i) The twice, squared Hellinger distance between the densities g and fθ is defined

as

HD(g, fθ) = 2

∫
(
√
g(x)−

√
fθ(x))

2 dx.

Here g is unknown and a natural substitute is a kernel density estimate of g based

on the random sample {X1, X2, . . . , Xn} which is defined as

g∗n(x) =
1

n

n∑
i=1

K(x,Xi, hn),

where K(·, Xi, hn) is a smooth kernel function, usually symmetric about Xi, with

bandwidth hn. One of the disadvantages of this distance is the additional theoret-

ical complexity and computational burden due to the kernel density estimation

especially with growing data dimensions along with increasing estimation bias.

The choice of the bandwidth hn is another critical issue in kernel density estima-

tion. However, the second example below can circumvent this difficulty by virtue

of a special algebraic form.

(ii) The Bregman divergence, indexed by a strictly convex and differentiable function

B(·), between the densities g and fθ is defined as

DB(g, fθ) =

∫
[B(g(x))−B(fθ(x))− (g(x)− fθ(x))B

′
(fθ(x))]dx

=

∫
B(g(x))dx−

∫
B(fθ(x))dx−

∫
g(x)B

′
(fθ(x))dx

+

∫
fθ(x)B

′
(fθ(x))dx.

Since we wish to minimize DB(g, fθ) as a function of θ, we may ignore the first

term in the right hand side of the aforesaid equation as it is free of θ. Only the

third term depends on the unknown g in the remainder of the expansion. But
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this term can be rewritten as∫
g(x)B

′
(fθ(x))dx = EG(B

′
(fθ(X)))

which facilitates to approximate the same by replacing the true distribution func-

tion G with the empirical distribution function Gn as defined in Equation (1.1).

Here, we do not need to make use of kernel density estimate of g which may be

challenging in case of higher data dimensions.

1.8 Minimum Distance Estimation

The notion of statistical distances has been introduced in the previous section. As

we have seen, a generic density based divergence D ideally proposes to quantify the

discrepancy between the data and the model by measuring the distance between the

true density g and the model density fθ. Hence, the optimal choice θ̂ of θ ∈ Θ should

minimize the aforesaid distance between g and fθ, i.e.,

θ̂ = argmin
θ∈Θ

D(g, fθ). (1.19)

In practice, of course, the true density g will be unknown and D(g, fθ) will have to

be empirically estimated, either through nonparametric density estimation, or through

the substitution of G by Gn.

The principal aim of this thesis is to provide robust and efficient estimators of the

unknown parameter θ. Minimization of certain statistical distances are utilized in this

purpose. However, the asymptotic and robustness properties of the minimum distance

estimators heavily depend on the form of the divergence which is being minimized.

In particular, the asymptotic normality (with the corresponding convergence rate),

boundedness of the influence functions and the breakdown behaviour explicitly depend

on the statistical distance which is being minimized. In fact, some of the distances

(e.g., the likelihood disparity) may produce completely non-robust estimators with

very high (often, maximum possible) efficiency. On the other hand, there are many

distances which produce highly robust estimators with a minor loss in asymptotic

efficiency. The trade-off between robustness and efficiency significantly depends on the

structure of the underlying distance which is being minimized.

Many of the minimum distance estimators have been found to be M-estimators and
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the standard treatment for M-estimators can be utilized in order to derive the asymp-

totic and robustness properties of the same under general assumptions. However, the

asymptotics of some of these minimum distance estimators have later been established

using less stringent model assumptions. See, e.g., Basu et al. (1998) [10] for a devel-

opment of the minimum divergence estimators in case of the density power divergence

(DPD) in a similar spirit.

1.9 The Density Power Divergence

One of the main objectives of this thesis is to provide robust and efficient estimators of

multivariate location and scale parameters with less computer intensive algorithms and

apply them in various machine learning problems. Estimation through minimization of

suitable statistical distances is one possible way to do that. As we have seen in Section

1.7.3, the true unknown density has to be estimated using some nonparametric method

like the kernel density estimation procedure in case of continuous models for many of the

distances. Consequently, the overall distance minimization procedure inherits all the

complications involved with the aforesaid nonparamtric smoothing, such as selecting

the optimal bandwidth or choosing the appropriate kernel function.

But we have also observed in the second example of Section 1.7.3 that such com-

plications can be bypassed if the distance assumes a particular type of algebraic form.

DPD is one such distance which was originally proposed by Basu et al. (1998) [10].

This distance is indexed by a single non-negative tuning parameter β. The role of β

is crucial in controlling the trade-off between the robustness and asymptotic efficiency

of the estimators derived by minimizing the DPD. To formally define the distance,

let {X1, X2, . . . , Xn} be a random sample from the true unknown distribution with

PDF g (CDF G) and assume this unknown density g to be modelled by the family

FΘ = {fθ : θ ∈ Θ}. Then the DPD between the true density g and the model density

fθ is defined as

Dβ(g, fθ) =

∫ [
f 1+β
θ (x)−

(
1 +

1

β

)
g(x)fβθ (x) +

1

β
g1+β(x)

]
dx, (1.20)

and consequently, the minimum DPD estimator (MDPDE) is defined as

θ̂ = argmin
θ∈Θ

Dβ(g, fθ). (1.21)
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Here, the tuning parameter β crucially controls the nature of the DPD itself as well

as that of the MDPDE. As β → 0, the DPD reduces to
∫
g(x) log g(x)

fθ(x)
dx which is

precisely the likelihood disparity and for β = 1, the divergence becomes the usual

squared error loss function
∫
(g(x)−fθ(x))2dx. As a consequence, the MDPDE coincides

with the usual MLE for the limiting case β → 0 which is highly non-robust but most

model efficient and as β = 1 the minimum DPD estimator becomes very stable and

robust but with a fair loss in efficiency (see Basu et al. (2011) [12]). Thus, the tuning

parameter β actually controls the trade-off between the asymptotic efficiency and the

robustness of the resulting MDPDE with lower β values leading to greater efficiency

and higher β values correspond to greater stability. From efficiency considerations, we

avoid very large values of β and in practice, we restrict β to vary within the interval

[0, 1]. The DPD can also be recognised a member of the Bregman divergence family as

B(f) = f 1+β provides β times the right hand side of Equation (1.20).

This distance (i.e., the DPD) is the main theme of this thesis. Our contributions

are based on this distance as well as the estimators obtained by minimizing the same

in various set-ups. Thus, it is essential to delineate the properties of the MDPDE at

first to set up the background of this thesis.

(i) Minimization: We need to minimize the DPD measure in order to derive the

estimator θ̂. To do that, let us first observe that

Dβ(g, fθ) =

∫ [
f 1+β
θ (x)−

(
1 +

1

β

)
g(x)fβθ (x) +

1

β
g1+β(x)

]
dx

=

∫
f 1+β
θ (x)dx−

(
1 +

1

β

)∫
g(x)fβθ (x)dx+

1

β

∫
g1+β(x) dx,

where the last term in the right hand side is free of θ and thus can be ignored in

the minimization process. The second term involves the true unknown density g,

but fortunately, this term can be written as a constant multiple of EG(f
β
θ (X)) (as

in case of the Bregman divergence). So, we may follow a similar approach (as in

case of the Bregman divergence) by approximating EG(f
β
θ (X)) with EGn(f

β
θ (X)).

Thus, it is enough to minimize

Hn(θ) =

∫
f 1+β
θ (x) dx−

(
1 +

1

β

)
1

n

n∑
i=1

fβθ (Xi) (1.22)

with respect to θ in order to get θ̂. However, the actual minimization of Hn(θ)
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is not straightforward as a closed form solution may not exist in many cases.

Iterative algorithms have to be invoked in order to achieve the minimization of

DPD. Although some research has already been done in this area, one of the prin-

cipal objectives of this thesis is to provide computationally efficient algorithms

to minimize the DPD in various complex multivariate set-ups either explicitly

or implicitly and derive the corresponding theoretical properties with relevant

applications in other scientific disciplines.

(ii) Minimum DPD Functional: The estimator θ̂ is shown to be the minimizer

of Hn(θ) which is a functional of the empirical distribution function Gn based

on the random sample {X1, X2, . . . , Xn}. Analogously, we need to express the

unknown parameter θ as a functional of the true distribution function G in order

to derive the asymptotic and robustness properties of the MDPDE θ̂. We call

this the minimum DPD functional and define it as

θg = argmin
θ∈Θ

H(θ), (1.23)

where

H(θ) =

∫
f 1+β
θ (x) dx−

(
1 +

1

β

)∫
g(x)fβθ (x)dx,

which can be thought of as the population version of Hn(θ).

(iii) Some Prerequisite Expressions: We need to introduce some notation and ex-

pressions for stating the asymptotic properties of MDPDEs (Basu et al. (1998, 2011)

[10, 12]). In the following, we allow θ to be a vector valued parameter. Let us

recall that the score function is

uθ(x) = ∇ log fθ(x),

and the information function is defined as

iθ(x) = −∇uθ(x).
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Let us also define J = J(θg) and K = K(θg) as

J =

∫
uθg(x)u

t
θg(x)f

1+β
θg (x)dx+

∫ [
(iθg(x)− βuθg(x)u

t
θg(x))(g(x)− fθg(x))f

β
θg(x)

]
dx,

(1.24)

and

K =

∫
uθg(x)u

t
θg(x)f

2β
θg (x)g(x)dx− ξξt, (1.25)

where

ξ =

∫
uθg(x)f

β
θg(x)g(x)dx. (1.26)

(iv) Technical Assumptions: We need the following technical assumptions in order

to establish the asymptotic properties of the minimum DPD estimators. These

assumptions have been explicitly made by Basu et al. (1998, 2011) [10, 12]. These

assumptions (or similar ones) will be assumed over and over again in this thesis

in the following chapters to prove various theoretical results in our contributions.

(C1) Both of the true and the model distributions share the same support X =

{x|fθ(x) > 0} which is independent of the parameter θ.

(C2) There exists an open subset ω of the parameter space Θ containing the best

fitting parameter θg such that ∀θ ∈ ω and for almost all x ∈ X , the density

fθ(x) is three times differentiable with respect to θ with continuous third

derivatives.

(C3) The integrals
∫
f 1+β
θ (x)dx and

∫
fβθ (x)g(x)dx can be differentiated three

times with respect to θ and the derivatives can be taken under the integral

sign.

(C4) The matrix J(θ) defined in Equation (1.24) is positive definite.

(C5) There exists a function Mjkl(x) such that

|∇jklVθ(x)| ≤Mjkl(x), for all θ ∈ ω,

where Eg(Mjkl(X)) = mjkl <∞, for all j, k and l. Here Vθ(x) =
∫
f 1+β
θ (x)dx−(

1 + 1
β

)
fβθ (X).
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(v) Asymptotic Properties:

Theorem 1.1 (Basu et al. (1998) [10]). Under the aforesaid regularity assump-

tions, we have the following properties:

(Consistency) The minimum DPD estimating equation

∇Hn(θ) = 0 (1.27)

has a consistent sequence of roots.

(Asymptotic Normality)
√
n(θ̂− θg) has an asymptotic multivariate normal dis-

tribution with zero mean and covariance matrix J−1KJ−1.

(vi) Influence Function: The minimum DPD functional T β(G) can implicitly be

defined as the solution of

∇H(θ) = 0. (1.28)

The influence function of the minimum DPD functional T β(G) (Basu et al. (2011)

[12]) is given by

IF(y,T β, G) = J−1(uT β(G)(y)f
β
T β(G)(y)− ξ).

1.10 Outline of the Thesis

The principal objective of this thesis is, in a nutshell, to provide robust estimators

of multivariate location and scale which have reasonable to high model efficiency but

avoid high computational complexity so as to be practically useful in real problems. We

utilize the minimum DPD and the related philosophy to invoke robustness. There are

some computational issues while minimizing the DPD in different multivariate set-ups.

We will work on this problem rigorously and come up with three types of estimation

procedures which are explicitly or implicitly related to the minimum DPDmethodology,

keeping the computational issue in mind each time. We derive the theoretical properties

(asymptotic and robustness features) of these methods, empirically validate them with

extensive simulation studies in various set-ups and apply them in different problems in

the domains of pattern recognition and machine learning.

In Chapter 2 (Chakraborty et al. (2023) [22]), we develop an iteratively reweighted

least squares (IRLS) algorithm to compute the MDPDEs in case of multivariate normal
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models and subsequently apply them to derive suitable minimum divergence estimators

of the component parameters of the multivariate normal mixture model in the spirit of

the MDPDE. Fujisawa and Eguchi (2006) [54] took a direct approach for minimizing

the DPD objective function in case of univariate normal mixture models. However, we

observe that direct minimization of the DPD in case of multivariate normal mixture

models is computationally challenging especially under growing data dimensions. To

handle this problem, we utilize a particular discriminant rule to construct the initial

cluster configurations which allows us to estimate the parameters of each multivariate

normal component separately rather than under the composite mixture set-up. This

approach leads to the development of the maximum pseudo β-likelihood (MPLEβ)

algorithm which combines robust estimation of the parameters of the different mul-

tivariate normal components followed by a robust clustering and anomaly detection

exercise. In our numerical studies, we have found this new algorithm MPLEβ to be

competitive or better than many of the well-known robust clustering algorithms includ-

ing the TCLUST, trimmed K-means, MCLUST and K-medoids, apart from leading to

very substantial computational improvement over the direct minimization of the DPD

objective function. Note that, because of the modification of the objective function

to bypass the direct minimization of the DPD, the resultant estimator is not strictly

the same as the MDPDE (although similar in spirit). We will refer to this estima-

tor as the maximum pseudo β-likelihood estimator (MPLEβ). The MPLEβ clustering

algorithm is also applied to a satellite image for its reconstruction. To understand

the robustness of this algorithm, we perform the influence function analysis and the

method is found to be robust at multivariate normal mixture models. Existence and

weak consistency of the estimators are established under certain regularity assumptions

in Chapter 3 (Chakraborty et al. (2022) [21]) with further simulations and real data

examples. However, the IRLS algorithm developed for the minimum DPD estimation

in case of multivariate normal model is a naive algorithm and it is sometimes found

to be computationally problematic, particularly, in case of higher data dimensions and

higher values of the tuning parameter β (typically for β > 0.5).

Motivated by the need to bypass this difficulty, we propose a new componentwise

robust estimation procedure of multivariate location and scale parameters in Chapter 4

(Chakraborty et al. (2024) [23]). It is a method which is sequential in spirit where the

MDPDEs of component means, variances and correlations are obtained, separately.

This method, with high probability, is computationally far more tractable and the
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convergence of this algorithm is guaranteed unlike the aforesaid IRLS procedure. The-

oretical properties, such as consistency and asymptotic normality of the estimators,

the asymptotic positive definiteness of the scale estimators and the influence function

analyses of the estimators (suitably defined functionals) are studied. Apart from the

MDPDE which is obtained as the simultaneous minimizer of the overall DPD objective

function, this new method is also compared with many of the popular robust estima-

tion tools through simulation experiments in various set-ups. A real data (credit card

fraudulent transactions) application is also presented to understand the robust nature

of our method in case of higher data dimensions. But, it is found that this procedure

may have very high time complexity specifically with growing data dimensions.

Two types of robust estimation procedures using the idea of minimum DPD estima-

tion have been described in the preceding two paragraphs. The first one may be

computationally problematic in case of higher data dimensions and higher values of

β while the second one has been found to have higher time complexity with growing

data dimensions although failure to convergence is no longer an issue. It is essential

to develop a robust estimation method which is efficient (from theoretical angle) as

well as computationally fast to facilitate practitioners. We develop one such robust

estimation methodology primarily with reduced computational cost without compro-

mising the efficiency to the extent possible in Chapter 5. We utilize the idea of one-step

M-estimators to achieve this goal. M-estimators (ψ-type) are defined as solutions of

Equation (1.17) which need iterative procedures most of the time in practice. One-

step estimators are derived from initial highly robust estimators by performing just the

first iteration step of any iterative method. Existing literature shows some of its re-

markable statistical properties, such as preservation of breakdown (i.e., the breakdown

point of the one-step update is same as that of the initial highly robust estimate) and

increased asymptotic efficiency under theoretical assumptions. Motivated by these,

we study the one-step version of the original minimum DPD estimation method to

build up a computationally faster and theoretically efficient robust procedure for mul-

tivariate location-scale estimation. Here we consider the Newton-Raphson, gradient

descent, iteratively reweighted least squares and Fisher’s scoring iterations with differ-

ent robust initializations to solve the minimum DPD estimating equation (1.27) and

study the corresponding one-step estimators. Theoretical properties like consistency

and asymptotic normality and influence function analyses of these one-step estimators
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are studied under certain regularity assumptions. These one-step estimators are also

assessed through extensive simulation studies and two real data examples. Later, a

slightly modified version of the one-step IRLS estimators are studied especially in mul-

tivariate location-scale set-up where the location estimator is a weighted sample mean

and the scale estimator is proportional to the weighted sample covariance matrix with

the same set of weights. We consider density power weights in this context. Theoretical

properties of these estimators (consistency, asymptotic normality and preservation of

breakdown point) are studied following Lopuhaä and Rousseeuw (1991) [98] and Lop-

uhaä (1999) [100] along with extensive simulation experiments. Finally, this robust

method is applied to a classification problem in case of prediction involving survival of

heart failure patients.

We conclude our thesis with concluding remarks and possible future directions of

our research in Chapter 6.
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Chapter 2

Robust Clustering via Maximum Pseudo

β-Likelihood Estimation

2 Robust Clustering via Maximum Pseudo

β-Likelihood Estimation

2.1 Introduction

Mixture distributions arise in many common practical situations. In particular, when

the population is not homogeneous due to the presence of different categorical at-

tributes, the variable of interest has different behaviour over distinct homogeneous

subgroups which come together to generate an overall heterogeneous mixture sys-

tem. To draw statistical inference based on this kind of heterogeneous datasets, a

single probability distribution may not be adequate to model the data; mixture dis-

tributions provide the appropriate structure in these situations. Mixtures of many

different distributions with varying shapes have been used in the literature to model

datasets coming from different disciplines ranging over astronomy, clinical psychology,

economics, finance, DNA sequencing, image processing, voice recognition, criminol-

ogy, species counting and many others. In parametric mixture modelling, one uses

a model probability distribution constructed as a mixture (convex combination) of

several probability distributions from a particular parametric class with different pa-

rameter values. Mathematically, a mixture probability distribution can be described in

terms of its probability density function fθ =
k∑
j=1

πjfθj , where πj is the weight given to

the j-th component of the mixture having PDF fθj (θj being the j-th component pa-

rameter) for j = 1, . . . , k with
∑k

j=1 πj = 1, and θ = (θ1,θ2, . . . ,θk) is the parameter

vector of interest. Here the component densities fθj , j = 1, . . . , k, are coming from a

particular parametric family (e.g., normal or Cauchy). In practice, the weights πjs are

unknown and hence they also have to be estimated along with the parameters (θjs)

of the component distributions. Normal, Cauchy and Laplace are perhaps the most

common symmetric mixture examples. The normal mixture models are flexible, can

fit a large variety of shapes, and are among the most popular and most used statisti-

cal tools in practice. Moreover, gamma scale mixtures of normal components cover a
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very large class of symmetric mixture distributions (e.g., Andrews and Mallows (1974)

[4]). For non-symmetric or skewed mixture distributions, uniform mixtures of normal

distributions are used (e.g., Qin et al. (2003) [121]). For general references covering

different areas of mixture models (including non-normal mixtures), see Titterington et

al. (1985) [144], Lindsay (1995) [95] and McLachlan and Peel (2004) [114].

Motivated by their huge applicability, here we develop a robust estimation proce-

dure for normal mixture models. However, likelihood based inference, which is asymp-

totically the most efficient under the model, is strongly affected by outliers and model

misspecification. To address the robustness issue, here we take a minimum distance

approach in the spirit of the DPD. We are going to view the problem of minimizing the

DPD as a maximization of a generalized likelihood function. One of our primary objec-

tives in performing robust inference in normal mixtures is its subsequent use in robust

clustering. Clustering is an active area of research and has many real life applica-

tions. Some of the existing clustering methods available in the literature are K-means,

K-medoids and standard likelihood discrimination. The problem with the K-means

method is that it tends to find only spherical or elliptical clusters with “roughly” equal

cluster sizes and equal component covariance matrices. Also the method is based on

traditional cluster mean estimates which makes the algorithm non-robust in the pres-

ence of “anomalous” observations. The presence of anomaly is not a rare thing in

practice. Subjective deletion of outliers, inadvisable as it is, cannot be done in high

dimensions where the data cannot be visualized. Hence, some of the small components

of the cluster may be misspecified and the observations coming from these irregular

clusters become disturbing.

Various modifications of the K-means clustering algorithm have been proposed

in the literature with the aim of robustifying the algorithm. The trimmed K-means

method (Cuesta-Albertos et al. (1997) [31]) is one such example where the same ob-

jective function as the K-means is used but only using a subsample after trimming

the extreme observations from the whole sample. To further generalize the K-means

and trimmed K-means algorithms beyond spherical or elliptical clusters, the concept

of heterogeneous clustering has been considered in the literature. Gallegos and Ritter

(2005) [57] proposed a normal mixture set-up in this context under the “spurious-

outliers model” and developed an algorithm for estimation which is a naive extension

of the Minimum Covariance Determinant (MCD) algorithm (Rousseeuw (1984) [128],

(1985) [129]). But the estimation procedure under this model is too difficult because
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the algorithm often ends up finding clusters made up of observations lying on a low di-

mensional subspace. Moreover, the likelihood function can be unbounded; when one of

the observations is equal to one of the component means, the likelihood tends to infinity

as the determinant of the dispersion matrix of that component goes to zero. To bypass

this difficulty, Gallegos (2002) [56] and Gallegos and Ritter (2005) [57] proposed two

additional methods based on the structure of the component covariance matrices. The

first one proposed an algorithm assuming similar scales of the components while the

second one assumes that the dispersion matrices have an unknown but same covariance

structure. Later, Garćıa-Escudero et al. (2008) [58] proposed the TCLUST approach

which performs a likelihood based discrimination with trimming a certain proportion

of outlying observations; it is still based on the maximum likelihood estimates of the

parameters but obtained only from non-trimmed observations. This method is very

popular and heavily used for robust clustering under normal mixture data.

Some of the other existing robust clustering algorithms based on finite Gaussian

mixture models include Punzo and McNicholas (2016) [119], Scrucca et al. (2016) [137],

Banfield and Raftery (1993) [8] which mainly model the contaminated datasets with

finite mixture Gaussian models and perform parameter estimation with subsequent

data clustering and outlier detection.

Divergence based clustering procedures are also used to derive robust and efficient

parametric clustering literature. Here, the clustering methods are based on robust esti-

mation of the model parameters by minimizing suitable divergence measures (between

probability density functions). The γ-divergence is one of those divergences which are

utilized to build robust clustering tools. The γ-divergence was originally proposed by

Jones et al. (2001) [82] under a different name and was motivated later by Fujisawa

and Eguchi (2006) [55] through the γ-cross entropy. Two interesting robust clustering

algorithms were proposed by utilizing the γ-divergence, viz., those proposed by Chen

et al. (2014) [24] and Notsu et al. (2014) [116]. The former developed a robust cluster-

ing algorithm by combining the q-Gaussian mixture model and minimum γ-divergence

estimation procedure and applied the algorithm on cryo-EM data whereas the latter

developed a hierarchical robust clustering algorithm by minimizing the γ-divergence.

In the present chapter, we develop a fully parametric robust approach to estimate

the parameters under the normal mixture model which leads to a subsequent robust

clustering strategy. An iteratively reweighted least squares approach is developed for

estimating the component means and covariances. It is useful in the same estimation
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and clustering set-up for which TCLUST is one of the existing robust procedures, but

the source of robustness of our estimators and our algorithm lies in suitable density

power downweighting of the observations rather than through invoking likelihood based

trimming. A section of our assumptions are similar to those necessary for TCLUST,

although there are also some assumptions specific to the form of the DPD. The contri-

butions of the present chapter are highlighted as follows.

Firstly, we present a new robust method for model based clustering under the

Gaussian mixture set-up developed in the spirit of the DPD. Thus, the proposed set of

techniques represent a general class of estimation methods which contains likelihood

based methods as a particular case. A single scalar tuning parameter controls the

trade-off between efficiency and robustness and we demonstrate how positive but small

values of the tuning parameter provide more stable performance under noisy data with

little loss in efficiency compared to the likelihood based results.

Secondly, we develop an approximate EM-like algorithm to solve the problem effi-

ciently even in higher dimensions. This is important since a straightforward optimiza-

tion of the proposed objective function is difficult particularly in high dimensions. The

proposed algorithm performs parameter estimation as a precursor to the detection of

the clusters and helps to detect anomalous observations (if present) in the dataset.

Subsequently, the algorithm leads to robust detection of clusters on the basis of the

robust parameter estimates obtained earlier.

Thirdly, under noisy data, the proposed method provides improved results in terms

of the estimated misclassification rates and outlier detection compared to the TCLUST

(which possibly represents the most popular robust and clustering algorithm currently

in use in this area which has an easily implementable software) and the trimmed K-

means methods. Along with the robust methods like the TCLUST, trimmed K-means

and K-medoids algorithms, we have also included the MCLUST method (Scrucca et

al. (2016) [137]) in our analysis which optimally selects the number of clusters unlike

the others. However, we use the MCLUST method with fixed number of clusters (with

uniform noise component) in this work.

Finally, the usefulness of the proposed clustering procedure in image processing is

illustrated through identifying differently colored (anomalous) regions from a colour

image. With appropriately proposed additional refinements, our methodology is seen

to outperform the aforesaid procedures also for this special application as illustrated

through analysis of a real satellite image.
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The rest of the chapter is organized as follows. In Section 2.2, we propose our

algorithm along with the underlying theoretical formulations. In Section 2.3, we present

some of the theoretical properties of our estimators and the behaviour of the influence

functions is explored to justify the claimed robustness. A large scale comparative

simulation study is presented in Section 2.4. Analysis of two real life datasets are

considered in Section 2.5 while an application of our method to image processing is

provided in Section 2.6. Technical proofs and derivations are presented in Section 2.7.

2.2 Proposed Parameter Estimation and Clustering Proce-

dure

Let {X1,X2, . . . ,Xn} be a random sample drawn from a p-dimensional multivari-

ate normal mixture distribution with k components (k is fixed in our set-up) hav-

ing an unknown PDF (since the true values of the component parameters are un-

known) which is modelled by the model density fθ(x) =
∑k

j=1 πjϕp(x,µj,Σj) for

x ∈ Rp, where ϕp(·,µ,Σ) denotes the PDF of a p-dimensional normal distribution

with mean µ and dispersion matrix Σ. The parameter θ ∈ Θ is given by θ =

(π1, π2, . . . , πk,µ1,µ2, . . . ,µk,Σ1,Σ2, . . . ,Σk) where µj ∈ Rp, Σj is a real symmet-

ric, positive definite p× p matrix and 0 ≤ πj ≤ 1 is the weight of the j-th component,

j = 1, 2, . . . , k, with
∑k

j=1 πj = 1. Our objective is to estimate the parameter θ ro-

bustly and to detect the true clusters. Instead of the ordinary likelihood method, we

propose a generalized likelihood approach which is motivated by the minimum DPD

methodology, and subsumes the ordinary maximum likelihood approach.

2.2.1 Theoretical Formulation

As discussed in Chapter 1 (Section 1.9), the MDPDE of the unknown parameter θ can

be obtained by minimizing∫
f 1+β
θ (x) dx−

(
1 +

1

β

)
1

n

n∑
i=1

fβθ (X i)

with respect the θ. Let us observe that the aforesaid minimization problem can also

be viewed as the maximization of

lβ(θ) =

(
1 +

1

β

)
1

n

n∑
i=1

fβθ (X i)−
∫
f 1+β
θ (x) dx (2.1)
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with respect the θ. For a general β > 0, the quantity in the right hand side of Equation

(2.1) has been referred to as the β-likelihood in Fujisawa and Eguchi (2006) [54] and

its maximizer is termed as the maximum β-likelihood estimator. Other robust gener-

alizations of the ordinary likelihood function (and inference based on these generalized

likelihoods) can be found in the works of Cichocki and Amari (2010) [27] (α, β and γ

divergences) and Ferrari and Vecchia (2012) [45] (q-entropy and its relationship with

the DPD). The same quantity (in the right hand side of Equation (2.1)) is indeed also

equal to the Lq-likelihood function with q = 1−β; its use in robust statistical inferences

has been explored by [44, 46, 47, 64, 120, 157].

Returning to the original problem of normal mixture models, the joint likelihood is

given by

LM(θ, Fn) =
n∏
i=1

fθ(X i), with fθ(x) =
k∑
j=1

πjϕp(x,µj,Σj), (2.2)

where Fn is the empirical probability measure of the data. The classical MLE is

defined as the maximizer of LM(θ, Fn) with respect to θ ∈ Θ. The corresponding β-

likelihood can again be defined by Equation (2.1), but now fθ is as given in (2.2). This

may be maximized with respect to θ to obtain the maximum β-likelihood estimator

(or the MDPDE) of θ for a given value of β. However, due to the presence of a

summation term in fθ and the integral of its power in the objective function, the

associated optimization problem becomes extremely difficult. Fujisawa and Eguchi

(2006) [54] have proposed an algorithm for this particular optimization problem to

obtain the MDPDEs for univariate (p = 1) normal mixture models. But the algorithm

is very difficult to implement in higher dimensions and hence the computation of the

maximum β-likelihood estimator in a normal mixture model with p > 1 still remains

a challenging problem.

We hereby propose an alternative EM like algorithm for robust parameter estima-

tion in case of normal mixture models without directly maximizing the β-likelihood

(equivalently minimizing the DPD) as done by Fujisawa and Eguchi (2006) [54]. In

particular, we consider an alternative version of the likelihood using the β-likelihood

of the individual component densities, as described below, rather than considering the

β-likelihood for the overall mixture density fθ as in Fujisawa and Eguchi (2006) [54].

Our approach leads to a valid objective function which has a much simpler form that

is fairly straightforward to maximize through EM type iterative algorithms even for
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higher dimensions (p > 1). As a result, our algorithm also leads to clustering and out-

lier detection and is structurally similar to the TCLUST algorithm (Garćıa-Escudero

et al. (2008) [58]) but the source of robustness is different. Instead of performing a like-

lihood based trimming, we invoke the β-likelihood from the minimum DPD approach.

The motivation comes from the fact that outliers (if present) may also provide useful

information about the system; so they should be further scrutinized rather than be

eliminated by trimming.

In order to describe our proposed algorithm, let us note that even the likelihood

function of the normal mixture model given in (2.2) is difficult to maximize directly

with respect to θ and a different expression for the likelihood function is used for the

computation of MLE via EM algorithms. Consider the missing assignment functions

Zj(X i,θ) =

1, if X i ∈ Cj

0, otherwise

with Cj as the j-th cluster, j = 1, 2, . . . , k. If these assignment functions are known,

the likelihood function can also be presented as,

L(θ, Fn) =
k∏
j=1

∏
i∈Cj

πjϕp(X i,µj,Σj) =
n∏
i=1

k∏
j=1

π
Zj(Xi,θ)
j ϕp(X i,µj,Σj)

Zj(Xi,θ).

It is mathematically equivalent and convenient to maximize,

l(θ, Fn) = log L(θ, Fn)

=
n∑
i=1

k∑
j=1

Zj(X i,θ)[log πj + log ϕp(X i,µj,Σj)]

=
k∑
j=1

[nj log πj +
∑
i∈Cj

log ϕp(X i,µj,Σj)],

where nj =
∑n

i=1 Zj(X i,θ) represents the number of observation in the j-th cluster

for j = 1, . . . , k.

Now our goal is to use the β-likelihood instead of the ordinary log-likelihood for

the estimation of the parameter θ. Hence, for j = 1, . . . , k, we replace separately

the individual term
∑

i∈Cj log ϕp(X i,µj,Σj) by
nj

1 + β
l
(j)
β (θ), an appropriate constant
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multiple of the β-likelihood function l
(j)
β (θ) of the j-th component density given by,

l
(j)
β (θ) =

(
1 +

1

β

)
1

nj

∑
i∈Cj

ϕβp (X i,µj,Σj)−
∫
ϕ1+β
p (x,µj,Σj) dx. (2.3)

Our β modified objective function thus becomes,
∑k

j=1

[
nj log πj +

nj
1+β

l
(j)
β (θ)

]
, which

after some algebra simplifies to

nEFn

[
k∑
j=1

Zj(X,θ) log πj +
1

β

k∑
j=1

Zj(X,θ)ϕβp (X,µj,Σj)

− 1
1+β

k∑
j=1

Zj(X,θ)

∫
ϕ1+β
p (x,µj,Σj) dx

]
.

(2.4)

Hence, it is enough to maximize,

Lβ(θ, Fn) = EFn

[
k∑
j=1

Zj(X,θ)

[
log πj +

1

β
ϕβp (X,µj,Σj)−

1

1 + β

∫
ϕ1+β
p (x,µj,Σj) dx

]]
.

(2.5)

Equation (2.5) represents the empirical objective function. Assuming F to be the true

probability measure of X1, the corresponding theoretical objective function is given

by,

Lβ(θ, F ) = EF

[
k∑
j=1

Zj(X,θ)

[
log πj +

1

β
ϕβp (X,µj,Σj)−

1

1 + β

∫
ϕ1+β
p (x,µj,Σj) dx

]]
.

(2.6)

To solve the aforesaid estimation problem, we need a specific algebraic form of Zj(X i,θ).

That is, we need a discrimination rule which can assign a particular observation X i to

a cluster Cj systematically. The most well-known discrimination rule is based on the

likelihood method, originally proposed by R.A. Fisher, and was used in the TCLUST

method by Garćıa-Escudero et al. (2008) [58]. We are also going to use the likelihood

based discrimination rule which is defined below:

Discriminant Function: Given θ ∈ Θ, we define the discriminant functions

Dj(X,θ) = πjϕp(X,µj,Σj) and D(X,θ) = max
1≤j≤k

Dj(X,θ)

and we include a particular observation X i to the j-th cluster Cj if D(X i,θ) =
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Dj(X i,θ).

Note that although the discrimination is based on the likelihood, we compute its

empirical values by substituting the robust parameter estimates obtained through the

maximum pseudo β-likelihood method, which guarantees proper stability. In terms of

these discriminant functions, the assignment functions can be written as Zj(X i,θ) =

I [D(X i,θ) = Dj(X i,θ)] .

These discrimination functions will also be used for outlier detection at the end of

our algorithm. A small value of the discriminant function is a good indicator of possible

anomaly in respect of a particular observation in relation to the presumed cluster (as

the discriminant function is proportional to the posterior likelihood of that particular

observation).

We refer to the right hand side of Equation (2.5) as the empirical pseudo β-likelihood

function and the right hand side of Equation (2.6) as the theoretical pseudo β-likelihood

function. We define the maximizers of these empirical and theoretical pseudo β-

likelihood functions, with respect to θ, as the maximum pseudo β-likelihood estimator

(MPLEβ) and the maximum pseudo β-likelihood functional (MPLFβ), respectively.

It may be noted that after using the alternative version of the β-likelihood for

the individual component densities, our objective function in Equation (2.5) is no

longer the objective function of the actual MDPDE of the normal mixture model. We

differ in this respect from the Fujisawa and Eguchi (2006) [54] approach, although

the two approaches coincide for β = 0 (the case of the ordinary likelihood). The

source of robustness of our procedure as well as our motivation and philosophy are,

however, strictly in line with those of the MDPDEs. Accordingly we feel that the

“pseudo β-likelihood” and the “maximum pseudo β-likelihood estimator” represent

logical nomenclature for our method and our estimator.

However, as we have already noted in the previous section, the mixture normal like-

lihood is unbounded as a function of the parameters, so that, its direct maximization

is not a well defined problem. The same difficulty also arises in case of the pseudo

β-likelihood of the mixture normal model leading to singularities in the estimates of

covariance matrices. To circumvent this problem in one dimension, Hathaway (1985)

[69] proposed a constraint on the ratios of component standard deviations. Later,

Garćıa-Escudero et al. (2008) [58] generalized this constraint in the multivariate set-up

in terms of eigenvalues to avoid singularity of the dispersion matrix estimators. We

will impose the same eigenvalue ratio constraint in our case. Let us denote λjl to be
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the l-th eigenvalue of the covariance matrix Σj for 1 ≤ j ≤ k and 1 ≤ l ≤ p, and

put M = max
1≤j≤k

max
1≤l≤p

λjl and m = min
1≤j≤k

min
1≤l≤p

λjl, the largest and smallest eigenvalues,

respectively.

Eigenvalue Ratio (ER) Constraint: For a prespecified constant c ≥ 1, the system

satisfies the condition
M

m
≤ c. (2.7)

Along with the eigenvalue ratio constraint, we will make the following additional

assumption to avoid singularity and establish the existence and consistency of our pro-

posed estimators in the next chapter.

Non-singularity (NS) Constraint: We assume that the smallest eigenvalue m sat-

isfies m ≥ c1 for some small positive constant c1 which is prespecified.

Under the above two constraints, characterized by constants C = (c, c1), our search

for the estimator can be confined with the restricted parameter space defined as

ΘC =

{
θ : θ = (π1, π2, . . . , πk,µ1,µ2, . . . ,µk,Σ1,Σ2, . . . ,Σk) with

M

m
≤ c and m ≥ c1

}
.

(2.8)

For the sake of completeness, note that c = 1 provides the strongest possible restric-

tion in case of the eigenvalue ratio constraint. But a large value of c is more pragmatic

in the sense that the estimation problem becomes less restrictive in this case. Along

with that, a small but positive value of c1 is preferred both in terms of theoretical

aspects (such as existence and consistency) as well as practical aspects (in the sense

that the constraint does not become too stringent).

The non-singularity constraint is not really a stringent assumption in the presence

of the eigenvalue ratio constraint. We need the non-singularity constraint (in the

presence of the eigenvalue ratio constraint) only when the sequence of the smallest

eigenvalue tends to 0 and the sequence of the largest eigenvalue is of same order as

that of the sequence of smallest eigenvalues. This scenario is quite rare in practice

especially under the positive definiteness of the dispersion matrices. This assumption

is crucial to establish existence and consistency of the proposed estimators even in case

of the above mentioned pathological case. We will study these theoretical properties

51



(i.e., existence and consistency of our estimators) in the next chapter.

2.2.2 Computational Algorithm for the MPLEβ

To estimate the unknown parameters, to form the clusters and to detect the outliers

present in the dataset, we need to optimize the empirical objective function on the right

hand side of Equation (2.5). We hereby propose an approximate EM like algorithm

which solves this empirical problem and provides reasonable estimates of the unknown

parameters. We refer to this algorithm as the MPLEβ algorithm. Before describing

this algorithm, we need to derive another iterative procedure to find the minimum

DPD estimators of µ and Σ based on a random sample {X1,X2, . . . ,Xn} (note that

this sample is not the sample mentioned at the beginning of Section 2.2 which was

modelled by a multivariate normal mixture distribution) which is modelled with a

Np(µ,Σ) model. To find the aforesaid estimators, we need to minimize the objective

function

1

1 + β

∫
ϕ1+β
p (x,µ,Σ) dx− 1

nβ

n∑
i=1

ϕβp (X i,µ,Σ),

(which is a constant multiple
(

1
1+β

)
of the original DPD objective function) with

respect to µ and Σ (which is same as the maximization of β-likelihood with respect to

µ and Σ). This minimization can be done by simultaneously solving the equations:

1

n

n∑
i=1

e−
β
2
(Xi−µ)

′
Σ−1(Xi−µ)(X i − µ) = 0, (2.9)

1

n

n∑
i=1

e−
β
2
(Xi−µ)

′
Σ−1(Xi−µ)

(
Σ− (X i − µ)(X i − µ)

′
)
=

β

(1 + β)
p
2
+1

Σ. (2.10)

This is formally stated and described in Theorem 2.1 and the mathematical derivations

of the aforesaid system of equations are presented in Section 2.7.2. Here we propose an

iteratively reweighted least squares algorithm to solve the aforesaid system of equations

as follows.

Algorithm 2.1 (IRLS)

1. Starting Value: A non-robust starting value may affect a robust algorithm
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severely. Thus, we will use robust starting values for both the mean and the

dispersion matrix. For the mean vector, we use the componentwise sample me-

dians, that is, µ̂0 = (u1, u2, . . . , up) where uj = median{X1j, X2j, . . . , Xnj} for

1 ≤ j ≤ p. For the dispersion matrix we have chosen the starting value as Σ̂
0

such that,

Σ̂
0

ij =

1.48262 median{(Xli − ui)
2, 1 ≤ l ≤ n}, if i = j,

1.48262 median{(Xli − ui)(Xlj − uj), 1 ≤ l ≤ n}, otherwise.

Σ̂
0
can be treated as the multivariate generalization of the median absolute de-

viation (MAD) estimator of dispersion in one dimension.

2. Update: Let, µ̂l and Σ̂
l
be the estimates at the l-th step of iteration. Calculate

the current weights,

wli = e−
β
2
(Xi−µ̂l)

′
(Σ̂

l
)−1(Xi−µ̂l).

Now update,

µ̂l+1 =

n∑
i=1

wliX i

n∑
i=1

wli

and

Σ̂
l+1

=

n∑
i=1

wli(X i − µ̂l+1)(X i − µ̂l+1)
′

n∑
i=1

wli −
nβ

(1 + β)
p
2
+1

.

3. Stopping Rule: Repeat step 2 for a large number of times until, ||µ̂l−µ̂l+1|| ≤ ϵ

and ||Σ̂
l
− Σ̂

l+1
|| ≤ ϵ for some small (prespecified) ϵ > 0.

Now, let us introduce the MPLEβ algorithm for clustering, the main focus of the

present chapter.
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Algorithm 2.2 (MPLEβ)

1. Initialization: Initially, k many random observations from the dataset are cho-

sen as initial cluster centers, identity matrices of proper dimensions as initial

dispersion matrices and the vector ( 1
k
, 1
k
, . . . , 1

k
) as initial weights. Then the

initial clusters C0
1 , C

0
2 , . . . , C

0
k are constructed by the maximum likelihood prin-

ciple which assigns a particular data point to the cluster which maximizes its

likelihood. (See subsequent Remark 2.1 for the effects of different initialization

schemes on our algorithm).

2. Update: Let, C l
1 , C

l
2, . . . , C

l
k be the clusters at the l-th step of the algorithm

(l = 0, 1, . . .).

(a) For each 1 ≤ j ≤ k, obtain nlj = |C l
j|, π̂lj =

nlj
n

(see Theorem 2.2 for the

justification).

(b) For each 1 ≤ j ≤ k, given nlj, obtain µ̂l
j and Σ̂

l

j by maximizing the β-

likelihood of the observations which are currently assigned to the j-th cluster

C l
j. Specifically,

(µ̂l
j, Σ̂

l

j) = argmax
µj ,Σj

 1

nljβ

∑
i∈Clj

ϕβp (X i,µj,Σj)−
1

1 + β

∫
ϕ1+β
p (x,µj,Σj) dx

 .
(2.11)

(by the above mentioned IRLS Algorithm 2.1.)

(c) If the full set of eigenvalues Λ = (Λ1, . . . , Λk) of the component disper-

sion matrix estimates does not satisfy either of the ER or NS constraints,

we replace Λ by another vector Λ̃ which minimizes ||Λ̃ − Λ||2 subject to

the aforesaid constraints. That is, we need to obtain another vector “clos-

est” to the existing set of eigenvalues which satisfies both the constraints.

The ER constraint can be mathematically rephrased as λjl − cλsu ≤ 0 for

all (j, l) ̸= (s, u). The NS constraint can mathematically be rephrased as

λjl ≥ c1 for all (j, l). Both of these constraints are linear constraints. Dyk-

stra’s algorithm (Dykstra (1983) [42]) can be used to solve the aforesaid

constrained minimization problem.
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(d) The estimates of the current step are then given by

θ̂
l
= (π̂l1, π̂

l
2, . . . , π̂

l
k, µ̂

l
1, µ̂

l
2, . . . , µ̂

l
k, Σ̂

l

1, Σ̂
l

2, . . . , Σ̂
l

k). (2.12)

(e) Construct the updated clusters C l+1
1 , C l+1

2 , . . . , C l+1
k as follows. For each

1 ≤ i ≤ n, assign X i to C
l+1
j if Dl

j(X i, θ̂
l
) = Dl(X i, θ̂

l
), where

Dl
j(X i, θ̂

l
) = π̂ljϕp(X i, µ̂

l
j, Σ̂

l

j) and Dl(X i, θ̂
l
) = max

1≤j≤k
Dl
j(X i, θ̂

l
).

3. Stopping Rule: Repeat step 2 for a large (preassigned) number of times or

until the cluster configurations become stable.

4. Outlier Detection: After the process terminates and the final clusters C1, C2, . . .

, Ck and their configurations are available, let the final parameter estimate be

θ̂ = (π̂1, π̂2, . . . , π̂k, µ̂1, µ̂2, . . . , µ̂k, Σ̂1, Σ̂2, . . . , Σ̂k). Now, for each 1 ≤ i ≤ n, if

X i is assigned to Cj for some 1 ≤ j ≤ k, calculate Dj(X i, θ̂) = π̂jϕp(X i, µ̂j, Σ̂j).

If Dj(X i, θ̂) ≤ T for some small positive prespecified constant T , classify X i as

an outlier.

Remark 2.1. To initialize the aforesaid algorithm, we have applied a random ini-

tialization scheme as stated in the initialization step of the algorithm. But randomly

selected data points can produce very good as well as very bad estimators after complet-

ing the iterations. Hence, the algorithm should be repeated several times using different

choices of initialization and then provide the solution which leads to the maximum

value of the objective function. This initialization scheme has also been proposed in

Garćıa-Escudero et al. (2008) [58], although an improved version has been proposed in

Fritz et al. (2013) [53]. Non-robust initial choices produce spurious maxima and the

misclassification rates along with the bias and mean squared errors of the parameter es-

timates increase drastically. This problem also arises in case of other robust clustering

algorithms like TCLUST and trimmed K-means.

Remark 2.2. For positive β, our method smoothly discounts the ill effects of anomalous

observations without physically deleting them. On the other hand, TCLUST forcefully

trims those anomalous observations along with others that may not be anomalous.

55



2.2.3 Selection of Tuning Parameters

To implement the algorithm, we have to choose the tuning parameters β, c, c1 and T

with appropriate justification. These choices are not straightforward in general; some

comments are provided in the following discussions.

As we have seen in Chapter 1, the tuning parameter β in the DPD balances robust-

ness and asymptotic efficiency of the resulting MDPDE; a small value (close to 0) of β

is appropriate to achieve higher asymptotic efficiency whereas a large value is appro-

priate for higher stability. Thus, as β approaches 0, our algorithm becomes non-robust.

To achieve robustness as well as high asymptotic efficiency, we use a small but positive

value of β (in the interval (0, 0.5]). Sophisticated theoretical techniques for choosing an

optimal value of β have been described by Warwick and Jones (2005) [155] and Basak

et al. (2021) [9]. What these methods essentially do is that they create an empirical

estimate of the true mean square error as a function of the tuning parameter (and a

suitable pilot estimator) which can then be appropriately minimized over the tuning

parameter to obtain an “optimal” estimate of the unknown tuning parameter. But, in

our algorithm, component parameters need to be estimated separately for each cluster,

in each iteration. Each of these cases would, ideally, require different optimal choices

of the parameter β and thus a single optimal choice of β is not reasonable to derive for

the full clustering problem. Further mathematical details of these procedures can be

found in Section 2.7.8.

On the other hand, a large value of the tuning parameter c makes the optimiza-

tion problem almost unrestricted. For some reasonable choices of c, we refer again to

Garćıa-Escudero et al. (2008) [58] and Farcomeni and Punzo (2020) [43]. It is natu-

ral to choose the value of c1 to be close to 0 as the value of this constant is needed

to be positive to serve certain theoretical purposes but a small value of the same is

less restrictive. To find an approximate optimal choice of the tuning parameter T , a

“maximal-gap” approach may be useful. This approach declares those observations

as outliers whose estimated discriminant values (the realized value of the discriminant

function: π̂jϕp(·, µ̂j, Σ̂j) if the observation belongs to the j-th cluster) drop below the

threshold value of T . So, we first rearrange these discriminant values of all the n obser-

vations in an increasing order. This rearrangement should bring the discriminant values

corresponding to the outliers (if any) at the first few positions of the sequence. Since

the distant outliers are expected to have very low discriminant values in comparison

with those of the regular observations, the sorted vector of discriminant values should
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contain a (possibly big) jump between the region containing the outliers and the re-

gion containing the regular observations. One can then choose T to correspond to this

“jump” region; a pictorial illustration can be found in Section 2.7.9. This maximal-gap

idea can also be implemented with the TCLUST methodology (and possibly to some

other robust clustering methodologies) to improve outlier detection. It could be the

subject of a future research to investigate how this type of refinement might improve

the performances of these methods. However, although the maximal-gap strategy has

worked satisfactorily in practically all of our numerical studies, we do not expect that

choosing T by this philosophy will work perfectly in every possible situation. For

example, when we have a not-so-remote background contamination together with an

additional extremely remote outlying observation, only the remotest data point would

be discarded by the maximal-gap strategy, without discarding the not-so-remote back-

ground noise. There might be a way to generalize the idea of maximal (largest) gap

by choosing the value of T around the position of the t-th largest gap (t = 2 will serve

the purpose for this example) depending on the situation. But choosing the optimal

value of t in this refinement may be a very difficult problem in itself. On the whole,

the choice of the tuning parameter T is, at the least, a complicated proposition and

substantial future research will be needed for a completely satisfactory solution.

Finally note that, although we have performed robust estimation in the multivariate

normal mixture model, the primary focus of our proposed algorithm has been on robust

clustering. We need to choose the number of clusters k appropriately. In many of the

well-known clustering techniques, performance improves with increasing the value of

k, but increasing the value of k indefinitely may be inappropriate. Hence an optimal

choice of k is needed. Rate distortion theory gives nice insights into the problem of

detecting optimal number of clusters. It applies the “jump” method which detects k

by maximizing efficiency and minimizing error using information based measurements.

We refer to Sugar and James (2003) [142] for details. A novel penalized likelihood

based method was also proposed by Cerioli et al. (2018) [20] to optimally select the

pair (k, c) (c of ER constraint).
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2.3 Properties of the Proposed Algorithm

2.3.1 Theoretical Results

Theorem 2.1 (MDPDEs). Suppose {X1,X2, . . . ,Xn} be a random sample drawn

from an unknown PDF g which is modelled by a family of p-dimensional normal dis-

tributions with mean vector µ and dispersion matrix Σ. Then the MDPDEs of µ and

Σ can be obtained by solving Equations (2.9) and (2.10).

The detailed derivation of the aforesaid system of equations can be found in Section

2.7.2.

Our next theorem provides the mathematical justification behind the update of the

estimate π̂j in Step 2(a) of our proposed clustering algorithm.

Theorem 2.2. Given a particular cluster assignment C1, C2, . . . , Ck and the estimates

µ̂j, Σ̂j, the optimal value of πj that maximizes (2.5) is given by, π̂j =
nj
n

where

nj = |Cj|.

The proof is presented in Section 2.7.3. We have also studied further theoretical and

asymptotic properties, such as (i) existence of a solution to the optimization problems

in Equations (2.5) (sample version) and (2.6) (population version) for the proposed

procedures and (ii) consistency of the resulting parameter estimates, as defined in

Equation (2.5), which also yields the consistency of the estimated cluster centers, dis-

persions and proportions. A detailed discussion (along with the mathematical proofs)

can be found in Chapter 3 of this dissertation (also in Chakraborty et al. (2022) [21]).

2.3.2 Robustness: Influence Function

To justify the robustness of our proposed estimators of cluster proportions, means and

dispersion matrices, we will study the behaviour of their influence functions. Deriving

these influence functions in higher dimensions is substantially difficult with respect

to computational aspects. So, we will focus on the one dimensional case with two

components (p = 1, k = 2); the implications will be in the same direction for higher

dimensions. Ruwet et al. (2012) [136], the only existing literature (as per our knowl-

edge) for studying the robustness of TCLUST, also studied this special case only. We

make the following assumption in order to circumvent cumbersome calculations.

(IF) We assume that θ ∈ interior(ΘC), that is,
M
m
< c and m > c1.
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(a) IF (π1, P, y) (b) IF (π2, P, y)

(c) IF (µ1, P, y) (d) IF (µ2, P, y)

(e) IF (σ2
1, P, y) (f) IF (σ2

2, P, y)

Figure 2.1: Influence functions of different functionals.
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To derive the influence functions under our simple case (p = 1, k = 2), we first have

to present our MPLFβ (maximum pseudo β-likelihood functional) of the parameter

θ = (π1, π2, µ1, µ2, σ
2
1, σ

2
2) as a functional of the true CDF P (corresponding PDF p(·)),

namely,

θβ(P ) = (π1(P ), π2(P ), µ1(P ), µ2(P ), σ
2
1(P ), σ

2
2(P )).

In our simple case (i.e., p = 1 and k = 2), the true distribution is itself a 2-component,

univariate normal distribution. This functional θβ(P ) can be implicitly described

through the following system of equations (see Section 2.7.4, for their mathematical

details):

π1(P ) =
∫ b
a
p(x) dx,

π1(P ) + π2(P ) = 1,

D1(c,θ(P )) = D2(c,θ(P )) for c = a and b,∫ b
a
fβ(x, µ1, σ

2
1)(x− µ1)p(x) dx = 0,∫

x/∈(a,b) f
β(x, µ2, σ

2
2)(x− µ2)p(x) dx = 0,∫ b

a
fβ(x, µ1, σ

2
1)
(

(x−µ1)2
2σ2

1
− 1
)
p(x) dx+ β(P (b)−P (a))

2(2π)
β
2 (σ2

1)
1+

β
2 (1+β)

3
2

= 0,∫
x/∈(a,b) f

β(x, µ2, σ
2
2)
(

(x−µ2)2
2σ2

2
− 1
)
p(x) dx+ β(1−P (b)+P (a))

2(2π)
β
2 (σ2

2)
1+

β
2 (1+β)

3
2

= 0,

(2.13)

where f(·, µ, σ2) is the PDF of univariate normal distribution with mean µ and variance

σ2.

The aforesaid system of equations will lead us to the influence functions of the

necessary functionals through simple differentiation.

Let IF (θβ, P, y) = (IF (π1, P, y), IF (π2, P, y), IF (a, P, y), IF (b, P, y), IF (µ1, P, y),

IF (µ2, P, y), IF (σ
2
1, P, y), IF (σ

2
2, P, y))

′
be the vector of influence functions of the afore-

said functionals in θβ. Now considering the contaminated version of the System (2.13)

(replacing P with Pϵ = (1 − ϵ)P + ϵ∧y) and differentiating that with respect to ϵ at

ϵ = 0, we obtain the following system of linear equations:

Aβ(θ0, a0, b0)IF (θβ, P, y) = Bβ(y,θ0, a0, b0), (2.14)

where θ0, a0, b0 are the values of θ, a and b, respectively, at the true model,Aβ(θ0, a0, b0)

is a 8 × 8 coefficient matrix whose entries are independent of the contamination

point y and Bβ(y,θ0, a0, b0) is an element in R8 which depends on y only through
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I(y ∈ (a0, b0)), (y−µj0)
lexp(−β(y−µj0)2

2σ2
j0

) for j = 1, 2, l = 1, 2 and p(y), the true density

function corresponding to P . Detailed expressions for Aβ and Bβ are given in Section

2.7.5 along with the derivation of Equation (2.14).

The functions I(y ∈ (a0, b0)), (y − µj0)
le

−
β(y−µj0)

2

2σ2
j0 for j = 1, 2 and l = 1, 2 are

bounded while the PDF p by itself is not in general. This observation leads to the

boundedness of the influence functions so that our estimators (and hence the clustering)

are robust against outliers.

Theorem 2.3. The influence function vector IF (P, y) exists if the coefficient matrix

Aβ(θ0, a0, b0) is invertible. Moreover, in case β > 0, it is componentwise bounded as a

function of y, if the true PDF p is bounded.

The proof is trivial from the above discussion and the form of Bβ given in Section

2.7.5. Note that, the density p is always bounded for a non-singular normal mixture

model, which is our case.

Now, let us study the behaviour of the influence functions graphically in a special

case. Let us take the true distribution P as a mixture of N(0, 1) and N(5, 4) with

mixing proportions π1 = π2 = 0.5. We have taken β = 0.1, 0.2 and 1 and the true

values of the boundaries a and b are found to be −5.5 and 1.95 respectively. We

have taken c and c1 to be 5 and 0.1 so that the restrictions
M

m
= 4 < 5 = c and

m = 1 > 0.1 = c1 are satisfied. The influence functions of the functionals are plotted

in Figure 2.1.

The boundedness of the curves in Figure 2.1 indicates the stability and the ro-

bustness of our estimators. Additionally, the respective ranges of each of the influence

functions shrink drastically as β increases. It may also be noted that the influence

functions are practically identical for β = 0.2 and β = 1. This observation indicates

that very strong levels of stability have been already attained, at least in this scenario,

for very small values of β. In case of β = 0, the influence functions are unbounded; in

fact at β = 0 the curve increases so fast, that a proper depiction of this case together

with the positive β cases in the same frame is not informative at all.
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2.4 Simulation Studies

2.4.1 Simulation Set-up

We now present some simulation experiments for investigating the finite sample per-

formance of our algorithm in terms of the obtained estimators and the subsequent

clustering, and compare it with the TCLUST, trimmed K-means (TKMEANS), K-

medoids (with data matrix and the Manhattan distance, abbreviated as KMEDOIDS)

(Kaufman and Rousseeuw (1987) [84]) and the MCLUST (Scrucca et al. (2016) [137])

algorithms, some of the well-known and/or state-of-the-art robust clustering methods.

To carry out the simulation study, we have generated samples of size n = 1000 from

3-component (i.e., k = 3) and p-dimensional normal mixtures with component means

µ1 = (0, 0, . . . , 0)t, µ2 = (5, 5, . . . , 5)t and µ3 = (−5,−5, . . . ,−5)t and identical co-

variance matrices Σ. Different choices of p and Σ are taken to cover a reasonable

range of data shapes. To study the robustness and efficiency of our algorithm, both

pure (contamination free) and contaminated datasets are used. Three types of data

contamination are used for this purpose: (i) uniform noise contamination from the

p-dimensional cuboid [−10, 10]p, where only those data points whose squared Maha-

lanobis distances from any of the cluster centers are more than the 97.5-th percentile

of the χ2(p) distribution are chosen; this type of contamination will be referred to as

“uniform (chi-squared method) contamination”; (ii) uniform noise contamination from

the p-dimensional annulus (centered at the origin with the inner and the outer radii

15 and 20, respectively), and (iii) outlying cluster contamination with the outlying

cluster center at (20, 20, . . . , 20)t and identity dispersion matrices with 10% (approx-

imately) contamination in each case. A similar motivational example is provided in

Section 2.7.1. For the pure datasets, the cluster assignment probabilities are taken

as 0.33, 0.33 and 0.34 and in case of contaminated datasets, the cluster assignment

probabilities are 0.3 for each of them and the rest of the observations (approximately

10% of the sample) are outlying observations. As accuracy measures, we have focused

on the estimated misclassification rates and the proportions of regular observations

misclassified as outliers in case of the pure datasets; smaller values of these measures

indicate greater accuracy. In each type of contaminated datasets the estimated misclas-

sification rates of the regular observations (which are not outliers) and the estimated

proportion of undetected outliers are the accuracy measures considered; again smaller

values of these measures indicate greater accuracy. Estimated bias and mean squared

errors of the estimated cluster means are also presented in Section 2.7.7. Datasets of

62



five different dimensions, namely, p = 2, 4, 6, 8 and 10, have been generated with

three choices of the common dispersion matrix Σ, namely, Ip, 3Ip and 5Ip (Ip is

the p × p identity matrix). Together with the above, another simulation set-up with

differentially dispersed clusters has also been considered where the component means

are again µ1 = (0, 0, . . . , 0)t, µ2 = (5, 5, . . . , 5)t and µ3 = (−5,−5, . . . ,−5)t with data

dimensions p = 2, 6. But the component dispersion matrices are no longer identical

and are taken to be Ip, 3Ip and equicorrelation matrix of order p with common corre-

lation ρ = 0.5, respectively, and the cluster assignment probabilities are taken as 0.30,

0.35, 0.35 for pure datasets. For the contaminated datasets, the cluster assignment

probabilities are 0.25, 0.30, 0.35; the remaining 10% observations are outliers gener-

ated by either of the three respective contamination schemes as described in (i), (ii)

and (iii). Tables 2.1, 2.2, 2.3, 2.4 and 2.5 exhibit the estimated (mean) misclassifi-

cation rates in case of pure datasets, uniformly (chi-squared method) contaminated

datasets, uniformly (from annulus) contaminated datasets, outlying cluster contami-

nated datasets, and datasets with differentially dispersed clusters, respectively, based

on 100 replications.

Further, different tuning parameters are chosen as follows in all our simulation ex-

periments. In particular, we have taken c = 5, c1 = 0.1 and T = 10−3, 10−5, 10−8, 10−18

and 10−24 for p = 2, 4, 6, 8 and 10, respectively, in our proposed algorithm (as dis-

cussed in Section 2.2.3). Also for the TCLUST method, we have used c = 5.

The trimming proportion α in TCLUST and trimmed K-means methods are taken

as 0.0 and 0.05 for pure datasets and 0.10 and 0.15 for contaminated cases. The

MCLUST method is used with a fixed number of clusters (G = 3) and uniform noise

component (only in case of contaminated datasets) to make it resistant against outliers

according as its R implementation. Several values of β are taken in the range [0, 0.5]

for our method; values of β larger than 0.5 have been avoided in order to limit the

loss in model efficiency. The R packages tclust ([52]), trimcluster ([71]), cluster ([103])

and mclust ([137]) are used to carry out the simulations for the TCLUST, trimmed

K-means, K-medoids and MCLUST algorithms, respectively.

2.4.2 Discussion of Simulation Results

The simulations that have been performed here are quite extensive, and it is necessary

to clearly pinpoint what the salient features of these numbers are. These features are

described in the following.
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MPLEβ TCLUST TKMEANS KMEDOIDS MCLUST

p Σ β = 0 β = 0.1 β = 0.3 β = 0.5 α = 0.0 α = 0.05 α = 0.0 α = 0.05

2 I2 0.0003 0.0003 0.0004 0.0004 0.0003 0.050 0.0012 0.051 0.0003 0.0004
(0.0001) (0.0001) (0.0002) (0.0002) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

3I2 0.029 0.029 0.029 0.029 0.030 0.076 0.028 0.074 0.029 0.029
(0.0002) (0.0002) (0.0003) (0.0004) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

5I2 0.082 0.082 0.082 0.082 0.093 0.129 0.077 0.122 0.079 0.078
(0.001) (0.001) (0.001) (0.001) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

4 I4 0.000 0.000 0.0001 0.0002 0.000 0.050 0.001 0.050 0.000 0.0004
(0.001) (0.001) (0.0001) (0.0002) (0.000) (0.050) (0.0001) (0.050) (0.000) (0.000)

3I4 0.003 0.004 0.004 0.004 0.003 0.051 0.0034 0.051 0.0034 0.003
(0.001) (0.001) (0.001) (0.002) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

5I4 0.020 0.019 0.021 0.022 0.019 0.066 0.017 0.064 0.029 0.019
(0.002) (0.002) (0.003) (0.003) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

6 I6 0.000 0.000 0.000 0.000 0.000 0.050 0.001 0.050 0.000 0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

3I6 0.000 0.000 0.000 0.000 0.0004 0.051 0.001 0.050 0.000 0.0002
(0.000) (0.0001) (0.0003) (0.0004) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

5I6 0.005 0.005 0.006 0.006 0.004 0.053 0.005 0.053 0.007 0.004
(0.000) (0.001) (0.001) (0.001) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

8 I8 0.000 0.000 0.000 0.000 0.000 0.050 0.001 0.050 0.000 0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

3I8 0.000 0.000 0.000 0.000 0.000 0.052 0.001 0.05 0.000 0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

5I8 0.001 0.001 0.001 0.001 0.001 0.051 0.002 0.051 0.002 0.002
(0.000) (0.000) (0.000) (0.000) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

10 I10 0.000 0.000 0.000 0.000 0.000 0.050 0.001 0.050 0.000 0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

3I10 0.000 0.000 0.000 0.000 0.000 0.050 0.001 0.050 0.000 0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

5I10 0.0002 0.0002 0.0002 0.0003 0.0003 0.051 0.001 0.051 0.001 0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.050) (0.001) (0.050) (0.000) (0.000)

Table 2.1: Estimated misclassification rates of regular observations (and proportions
of regular observations misclassified as outliers within parentheses) for pure datasets.

64



MPLEβ TCLUST TKMEANS KMEDOIDS MCLUST

p Σ β = 0 β = 0.1 β = 0.3 β = 0.5 α = 0.1 α = 0.15 α = 0.1 α = 0.15

2 I2 0.018 0.013 0.029 0.031 0.009 0.056 0.013 0.055 0.002 0.011
(0.123) (0.081) (0.007) (0.005) (0.085) (0.000) (0.080) (0.000) (1.000) (0.068)

3I2 0.061 0.053 0.056 0.061 0.040 0.078 0.036 0.077 0.028 0.053
(0.184) (0.158) (0.057) (0.011) (0.096) (0.0002) (0.096) (0.000) (1.000) (0.002)

5I2 0.135 0.127 0.129 0.134 0.108 0.133 0.085 0.127 0.084 0.117
(0.213) (0.198) (0.146) (0.060) (0.107) (0.001) (0.085) (0.000) (1.000) (0.000)

4 I4 0.008 0.007 0.009 0.010 0.007 0.057 0.008 0.056 0.000 0.001
(0.060) (0.008) (0.006) (0.006) (0.041) (0.000) (0.036) (0.000) (1.000) (0.022)

3I4 0.009 0.007 0.009 0.010 0.010 0.058 0.009 0.056 0.003 0.008
(0.271) (0.150) (0.064) (0.060) (0.072) (0.000) (0.067) (0.000) (1.000) (0.063)

5I4 0.029 0.028 0.033 0.036 0.028 0.073 0.028 0.071 0.022 0.028
(0.286) (0.190) (0.072) (0.053) (0.091) (0.0002) (0.079) (0.000) (1.000) (0.061)

6 I6 0.003 0.0005 0.0006 0.0008 0.006 0.055 0.005 0.056 0.000 0.0004
(0.061) (0.004) (0.004) (0.004) (0.034) (0.000) (0.032) (0.000) (1.000) (0.004)

3I6 0.008 0.006 0.010 0.011 0.005 0.053 0.004 0.053 0.001 0.002
(0.079) (0.026) (0.016) (0.014) (0.051) (0.000) (0.053) (0.000) (1.000) (0.003)

5I6 0.010 0.007 0.009 0.011 0.011 0.060 0.009 0.056 0.007 0.008
(0.093) (0.017) (0.083) (0.077) (0.073) (0.001) (0.067) (0.000) (1.000) (0.074)

8 I8 0.002 0.000 0.000 0.000 0.005 0.056 0.004 0.055 0.000 0.000
(0.672) (0.007) (0.008) (0.008) (0.022) (0.000) (0.035) (0.000) (1.000) (0.000)

3I8 0.003 0.000 0.000 0.000 0.005 0.058 0.005 0.057 0.001 0.001
(0.711) (0.000) (0.000) (0.058) (0.041) (0.000) (0.030) (0.000) (1.000) (0.013)

5I8 0.009 0.007 0.011 0.014 0.007 0.055 0.007 0.057 0.003 0.003
(0.839) (0.048) (0.025) (0.022) (0.052) (0.000) (0.049) (0.000) (1.000) (0.048)

10 I10 0.005 0.000 0.000 0.000 0.004 0.055 0.003 0.054 0.000 0.000
(0.479) (0.004) (0.003) (0.003) (0.048) (0.000) (0.037) (0.000) (1.000) (0.001)

3I10 0.004 0.000 0.000 0.000 0.004 0.055 0.004 0.055 0.000 0.000
(0.612) (0.022) (0.019) (0.019) (0.044) (0.000) (0.037) (0.000) (1.000) (0.005)

5I10 0.007 0.002 0.004 0.006 0.005 0.054 0.004 0.055 0.001 0.002
(0.997) (0.032) (0.018) (0.016) (0.043) (0.000) (0.039) (0.000) (1.000) (0.025)

Table 2.2: Estimated misclassification rates of regular observations (and proportion of
undetected outliers within parentheses) for uniformly (chi-squared method) contami-
nated datasets.

In case of pure datasets, the estimated misclassification rates (averaged over the

100 simulated samples) along with the proportion of regular observations misclassified

as outliers are presented in Table 2.1. All the methods are very similar in terms of the

estimated misclassification rates. As expected, the proposed method performed the

best in case of β = 0, the case corresponding to maximum likelihood along with the

ER and NS constraints. Further, in the present proposal, the proportions of regular

observations misclassified as outliers (presented in parenthesis below the misclassifica-

tion rates) are very small indicating the method is doing the correct thing when the

data are from pure models.

In case of uniformly (chi-squared method) contaminated datasets, the estimated
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MPLEβ TCLUST TKMEANS KMEDOIDS MCLUST

p Σ β = 0 β = 0.1 β = 0.3 β = 0.5 α = 0.1 α = 0.15 α = 0.1 α = 0.15

2 I2 0.004 0.001 0.001 0.001 0.004 0.057 0.006 0.058 0.001 0.002
(0.497) (0.000) (0.000) (0.000) (0.029) (0.000) (0.025) (0.000) (1.000) (0.000)

3I2 0.038 0.040 0.029 0.029 0.053 0.079 0.032 0.079 0.029 0.032
(0.632) (0.280) (0.000) (0.000) (0.034) (0.000) (0.039) (0.000) (1.000) (0.000)

5I2 0.092 0.095 0.096 0.093 0.146 0.132 0.081 0.126 0.080 0.085
(0.698) (0.396) (0.038) (0.032) (0.039) (0.000) (0.041) (0.000) (1.000) (0.000)

4 I4 0.001 0.0002 0.0002 0.0002 0.004 0.053 0.003 0.053 0.0003 0.0002
(0.071) (0.000) (0.000) (0.000) (0.036) (0.000) (0.043) (0.000) (1.000) (0.000)

3I4 0.010 0.003 0.003 0.004 0.007 0.055 0.007 0.058 0.003 0.004
(0.105) (0.014) (0.009) (0.008) (0.044) (0.000) (0.028) (0.000) (1.000) (0.007)

5I4 0.026 0.021 0.021 0.021 0.023 0.072 0.022 0.070 0.024 0.021
(0.147) (0.065) (0.038) (0.037) (0.046) (0.004) (0.045) (0.002) (1.000) (0.032)

6 I6 0.0001 0.000 0.000 0.000 0.006 0.054 0.005 0.060 0.002 0.000
(0.147) (0.000) (0.000) (0.000) (0.031) (0.000) (0.033) (0.000) (1.000) (0.001)

3I6 0.002 0.0005 0.0008 0.0008 0.004 0.055 0.005 0.055 0.0006 0.001
(0.239) (0.012) (0.009) (0.009) (0.038) (0.001) (0.038) (0.001) (1.000) (0.010)

5I6 0.007 0.004 0.005 0.005 0.010 0.059 0.010 0.060 0.008 0.006
(0.329) (0.046) (0.040) (0.039) (0.045) (0.004) (0.044) (0.004) (1.000) (0.032)

8 I8 0.0001 0.000 0.000 0.000 0.005 0.056 0.003 0.053 0.003 0.000
(0.893) (0.003) (0.003) (0.002) (0.021) (0.000) (0.043) (0.000) (1.000) (0.000)

3I8 0.0003 0.000 0.000 0.000 0.006 0.057 0.005 0.056 0.0002 0.001
(0.925) (0.014) (0.012) (0.012) (0.031) (0.000) (0.035) (0.000) (1.000) (0.005)

5I8 0.004 0.002 0.003 0.005 0.008 0.057 0.006 0.057 0.003 0.003
(0.997) (0.020) (0.017) (0.015) (0.032) (0.002) (0.038) (0.002) (1.000) (0.023)

10 I10 0.000 0.000 0.000 0.000 0.004 0.056 0.004 0.056 0.000 0.000
(1.000) (0.0002) (0.0002) (0.0002) (0.031) (0.000) (0.026) (0.000) (1.000) (0.000)

3I10 0.000 0.000 0.000 0.000 0.005 0.057 0.005 0.057 0.000 0.001
(1.000) (0.025) (0.022) (0.024) (0.029) (0.000) (0.031) (0.000) (1.000) (0.002)

5I10 0.0005 0.0003 0.0004 0.0008 0.005 0.055 0.004 0.054 0.001 0.001
(1.000) (0.060) (0.026) (0.025) (0.038) (0.002) (0.044) (0.001) (1.000) (0.015)

Table 2.3: Estimated misclassification rates of regular observations (and proportion
of undetected outliers within parentheses) for uniformly (from annulus) contaminated
datasets.

misclassification rates of the regular observations (which are not outliers) along with the

estimated proportion of undetected outliers are presented in Table 2.2. In many cases,

the proposed method with β ≈ 0.1 or 0.3 have lower estimated regular misclassification

rates in comparison with the trimming based methods, while being competitive in other

cases. The K-medoids method generates slightly lower missclassification rates than

the proposed method for several of the cases. However, the K-medoid method is not

adaptable for detection of outliers and fails in this respect. The MCLUST method

produces marginally better results in comparison to almost all the methods in this

case.

The relative performance (presented in Table 2.3) of the MPLEβ method in compar-
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MPLEβ TCLUST TKMEANS KMEDOIDS MCLUST

p Σ β = 0 β = 0.1 β = 0.3 β = 0.5 α = 0.1 α = 0.15 α = 0.1 α = 0.15

2 I2 0.042 0.019 0.019 0.019 0.041 0.056 0.030 0.056 0.413 0.563
(0.058) (0.000) (0.000) (0.000) (0.099) (0.000) (0.080) (0.000) (1.000) (0.990)

3I2 0.108 0.107 0.068 0.067 0.213 0.088 0.106 0.080 0.486 0.471
(0.238) (0.209) (0.000) (0.000) (0.470) (0.009) (0.151) (0.000) (1.000) (0.999)

5I2 0.251 0.260 0.169 0.156 0.414 0.248 0.268 0.126 0.505 0.510
(0.354) (0.401) (0.068) (0.000) (0.992) (0.492) (0.405) (0.000) (1.000) (0.995)

4 I4 0.218 0.008 0.009 0.010 0.033 0.055 0.062 0.055 0.376 0.541
(0.849) (0.000) (0.000) (0.000) (0.095) (0.000) (0.124) (0.000) (1.000) (0.999)

3I4 0.113 0.111 0.053 0.057 0.219 0.057 0.094 0.054 0.414 0.459
(0.930) (0.869) (0.000) (0.000) (0.560) (0.000) (0.204) (0.000) (1.000) (0.999)

5I4 0.218 0.222 0.134 0.135 0.368 0.320 0.153 0.071 0.464 0.490
(0.857) (0.900) (0.000) (0.000) (0.920) (0.480) (0.226) (0.000) (1.000) (0.999)

6 I6 0.339 0.001 0.001 0.001 0.050 0.057 0.021 0.058 0.369 0.516
(0.990) (0.000) (0.000) (0.000) (0.154) (0.000) (0.037) (0.000) (1.000) (0.992)

3I6 0.309 0.027 0.011 0.013 0.165 0.056 0.034 0.054 0.441 0.518
(1.000) (0.720) (0.000) (0.000) (0.421) (0.000) (0.058) (0.000) (1.000) (1.000)

5I6 0.290 0.076 0.035 0.036 0.311 0.192 0.109 0.058 0.450 0.533
(1.000) (1.000) (0.020) (0.000) (0.800) (0.360) (0.173) (0.000) (1.000) (1.000)

8 I8 0.337 0.000 0.000 0.000 0.070 0.053 0.047 0.053 0.382 0.479
(1.000) (0.000) (0.000) (0.000) (0.242) (0.000) (0.123) (0.000) (1.000) (0.999)

3I8 0.344 0.004 0.001 0.000 0.116 0.054 0.107 0.053 0.408 0.499
(1.000) (0.400) (0.000) (0.000) (0.301) (0.000) (0.175) (0.000) (1.000) (1.000)

5I8 0.357 0.012 0.002 0.002 0.293 0.100 0.096 0.057 0.425 0.471
(1.000) (0.980) (0.000) (0.000) (0.760) (0.120) (0.151) (0.000) (1.000) (1.000)

10 I10 0.335 0.000 0.000 0.000 0.035 0.056 0.064 0.055 0.356 0.495
(1.000) (0.000) (0.000) (0.000) (0.119) (0.000) (0.117) (0.000) (1.000) (0.999)

3I10 0.344 0.004 0.000 0.000 0.145 0.053 0.048 0.056 0.395 0.535
(1.000) (0.520) (0.000) (0.000) (0.382) (0.000) (0.115) (0.000) (1.000) (1.000)

5I10 0.352 0.029 0.005 0.002 0.200 0.101 0.180 0.054 0.443 0.467
(1.000) (0.980) (0.000) (0.000) (0.520) (0.120) (0.293) (0.000) (1.000) (1.000)

Table 2.4: Estimated misclassification rates of regular observations (and proportion of
undetected outliers within parentheses) for outlying cluster contaminated datasets.

ison with the other methods is better in case of uniformly (from annulus) contaminated

datasets (as compared to that for uniformly (chi-squared) contaminated datasets). The

proposed method clearly beats trimmed K-means and has a very similar performance

to that of the MCLUST method. The K-medoids have slightly lower misclassification

rates but have no outlier detection capability.

The simulation outputs for the outlying cluster contaminated datasets, presented in

Table 2.4, indicate that the proposed method clearly outperforms the other methods

in this case. It should be noted that the outlying cluster simulation scheme, being

stochastic in nature, sometimes generates a contaminating proportion slightly larger

than 10% (although the assignment probability is exactly 0.1 for the contaminating

part), and consequently, some of these contaminated observations (very distant) are
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MPLEβ TCLUST TKMEANS KMEDOIDS MCLUST

Type p β = 0 β = 0.1 β = 0.3 β = 0.5 α = 0 α = 0.05 α = 0 α = 0.05

Pure 2 0.004 0.004 0.004 0.004 0.003 0.051 0.010 0.055 0.009 0.004
(0.000) ( 0.0002 ) (0.0002) ( 0.0002 ) (0.000) ( 0.050 ) (0.001) ( 0.050 ) (0.000) ( 0.000 )

Pure 6 0.0002 0.0002 0.0003 0.0003 0.000 0.052 0.001 0.001 0.0004 0.0005
(0.0001) ( 0.0002 ) (0.0002) ( 0.0003 ) (0.000) ( 0.050 ) (0.001) ( 0.050 ) (0.000) ( 0.000 )

α =0.10 α =0.15 α =0.10 α = 0.15

Uniform 2 0.029 0.028 0.022 0.024 0.008 0.058 0.012 0.057 0.009 0.021
(chi-squared) (0.180) ( 0.147 ) (0.000) ( 0.000 ) (0.030) ( 0.000 ) (0.038) ( 0.000 ) (1.000) ( 0.000 )
Contaminated

Uniform 6 0.003 0.002 0.003 0.003 0.005 0.054 0.005 0.056 0.0003 0.001
(chi-squared) (0.054) ( 0.000 ) (0.000) ( 0.000 ) (0.032) ( 0.000 ) (0.036) ( 0.000 ) (1.000) ( 0.000 )
Contaminated

Uniform 2 0.014 0.013 0.006 0.005 0.008 0.053 0.013 0.057 0.010 0.009
(Annulus) (0.000) ( 0.022 ) (0.000) ( 0.000 ) (0.038) ( 0.000 ) (0.042) ( 0.000 ) (1.000) ( 0.000 )

Contaminated

Uniform 6 0.003 0.0002 0.0004 0.0004 0.004 0.057 0.005 0.056 0.0002 0.002
(Annulus) (0.002) ( 0.004 ) (0.003) ( 0.004 ) (0.044) ( 0.0003 ) (0.038) ( 0.000 ) (1.000) ( 0.004 )

Contaminated

Outlying 2 0.067 0.068 0.026 0.025 0.104 0.057 0.090 0.058 0.358 0.340
Cluster (0.271) ( 0.240 ) (0.000) ( 0.000 ) (0.274) ( 0.000 ) (0.255) ( 0.000 ) (1.000) ( 0.999 )

Outlying 6 0.036 0.018 0.003 0.003 0.094 0.053 0.084 0.055 0.336 0.332
Cluster (0.996) ( 0.700 ) (0.000) ( 0.000 ) (0.266) ( 0.000 ) (0.188) ( 0.000 ) (1.000) ( 0.999 )

Table 2.5: Estimated misclassification rates with proportions of regular observations
misclassified as outliers (in case of pure datasts) and proportion of undetected outliers
(in case of contaminated datasets) (within parentheses) for datasets with differentially
dispersed clusters.

not trimmed by the α = 0.1 trimming level in TCLUST. This can have a potentially

negative impact on the performance of TCLUST in such cases. The K-medoids per-

forms poorly in terms of the misclassification rate of regular observations. MCLUST

performs the worst in terms of classification of regular observations and also fails poorly

in detecting outlying observations.

For the differentially dispersed simulation set-up, the proposed method has more or

less performed the best as compared to the other methods in terms of misclassification

rates as well as bias and mean squared errors of the cluster means. The superiority is

more prominent in case of outlying cluster contaminated datasets.

Although the K-medoids method performs better than some of its competitors in

terms of estimated regular misclassification rates in some cases, it completely fails to
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detect outliers and also has higher bias and mean squared errors of the estimated cluster

centers compared to those obtained by the present proposal with moderate values of β

(see Section 2.7.7).

The estimated bias and mean squared errors of the estimated cluster means are

presented in Section 2.7.7. The proposed method performs quite well on the average.

The use of TCLUST with an α = 0.15 trimming level (i.e., a trimming level larger than

the actual contamination rate) also performs quite well with respect to these accuracy

measures.

2.4.3 Empirical Running Times

To compute the empirical running times of the MPLEβ algorithm and its other alter-

natives (considered in the simulation experiments), we have simulated 100 uniformly

(chi-squared method) contaminated datasets of sample size n = 1000 with number

of clusters k = 3, component means at µ1 = (0, 0, . . . , 0)t, µ2 = (5, 5, . . . , 5)t and

µ3 = (−5,−5, . . . ,−5)t, cluster covariance matrices Ip, cluster proportions 0.25, 0.30

and 0.35 (rest 10% of the observations are the contaminating observations) and data

dimensions p = 2, 4, 6, 8 and 10. The average running times per sample (in seconds)

of our method along with its robust and non-robust competitors based on these simu-

lated datasets are provided in Table 2.6.

p MPLEβ TCLUST TKMEANS KMEDOID MCLUST
β =0.0 β =0.1 β =0.3 β =0.5

2 6.11 14.02 15.34 15.95 0.26 4.13 0.10 0.001
4 6.63 16.22 16.83 17.06 0.26 4.84 0.14 0.001
6 7.09 16.92 18.26 20.34 0.26 5.10 0.16 0.001
8 19.95 20.05 21.51 26.05 0.87 8.92 0.18 0.02
10 20.31 23.34 24.79 31.17 1.03 11.01 0.20 0.05

Table 2.6: Empirical running times (in seconds) per sample of different clustering
algorithms under the uniformly contaminated (chi-squared method) set-up.

As observed, our method requires comparatively higher running times to converge pos-

sibly because of the minimum DPD estimation of each of the component means and

covariance matrices at each of the iterations. One of our future plans is to improve this

algorithm with the one-step estimators (discussed in Chapter 5) of component means

and covariance matrices which will surely reduce the time complexity of the present

clustering algorithm.
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2.4.4 Cluster Stability

From a statistical perspective, cluster stability essentially means that the derived

cluster orientations do not change drastically if the datasets become slightly mod-

ified. In order to observe this empirically, we have simulated 100 uniformly (chi-

squared method) contaminated datasets of sample size n = 1000 with number of

clusters k = 3, component means at µ1 = (0, 0, . . . , 0)t, µ2 = (5, 5, . . . , 5)t and

µ3 = (−5,−5, . . . ,−5)t, cluster covariance matrices Ip, cluster proportions 0.25, 0.30

and 0.35 (rest 10% of the observations are the contaminating observations) and data

dimensions p = 2, 4, 6, 8 and 10. The average misclassification rates of the regular

p Sample MPLEβ
β =0.1 β =0.3 β =0.5

2 Original 0.013 0.029 0.031
(0.081) (0.007) (0.005)

Reduced 0.012 0.027 0.032
(0.078) (0.009) (0.006)

4 Original 0.007 0.009 0.010
(0.008) (0.006) (0.006)

Reduced 0.007 0.008 0.009
(0.007) (0.005) (0.006)

6 Original 0.0005 0.0006 0.0008
(0.004) (0.004) (0.004)

Reduced 0.0006 0.001 0.001
(0.003) (0.004) (0.005)

8 Original 0.0004 0.001 0.0001
(0.007) (0.008) (0.007)

Reduced 0.0005 0.0009 0.0002
(0.006) (0.008) (0.009)

10 Original 0.0003 0.0003 0.0003
(0.004) (0.003) (0.003)

Reduced 0.0004 0.0003 0.0003
(0.002) (0.002) (0.004)

Table 2.7: Average misclassification rates of the regular observations and the average
proportions of undetected outliers (within parentheses) of our method based on the
original and reduced datasets under the uniformly (chi-squared method) contaminated
set-up.

observations and the average proportions of undetected outliers have been determined

based on the aforesaid simulated datasets. Along with these, we have obtained 100

additional datasets of sample size n = 950 from the aforesaid 100 simulated datasets

(sample size n = 1000) by randomly discarding 50 observations from each of the sam-

ples of size n = 1000. The average misclassification rates of the regular observations

and the average proportions of undetected outliers have also been determined based on
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the aforesaid reduced datasets (of size n = 950). The average misclassification rates of

the regular observations (based on both original and reduced datasets) and the average

proportions of undetected outliers (based on both original and reduced datasets) are

provided in Table 2.7.

It can be easily observed that the estimated misclassification rates or the propor-

tions of undetected outliers for the original and the reduced samples do not differ much

which indicates the stability of the clusters derived by the MPLEβ algorithm.

2.4.5 Other Accuracy Measures

We have only considered the estimated misclassification rate and the proportion of

undetected outliers as the accuracy measures to assess our proposed clustering algo-

rithm along with its competitors. To understand them in terms of macro-precision,

macro-recall and F -score, we have again considered the same simulation set-up (100

uniformly (chi-squared method) contaminated samples of size n = 1000) as considered

in the last couple of subsections. The outputs are presented in Table 2.8.

p Measure MPLEβ TCLUST TKMEANS KMEDOID MCLUST
β =0.0 β =0.1 β =0.3 β =0.5

2 Precision 0.979 0.985 0.998 0.997 1.000 1.000 0.906 0.994
Recall 0.995 0.994 0.991 0.991 0.938 0.938 0.998 0.994
F-score 0.987 0.990 0.995 0.994 0.968 0.969 0.950 0.994

4 Precision 0.993 1.000 1.000 1.000 1.000 1.000 0.907 1.000
Recall 0.995 0.996 0.995 0.995 0.939 0.938 0.999 1.000
F-score 0.994 0.998 0.997 0.997 0.968 0.967 0.951 1.000

6 Precision 0.992 1.000 1.000 1.000 1.000 1.000 0.897 1.000
Recall 1.000 1.000 1.000 1.000 0.949 0.950 1.000 1.000
F-score 0.996 1.000 1.000 1.000 0.974 0.977 0.946 1.000

8 Precision 0.926 0.999 0.999 0.999 1.000 1.000 0.909 1.000
Recall 1.000 1.000 1.000 1.000 0.939 0.939 1.000 1.000
F-score 0.961 0.999 0.999 0.999 0.969 0.969 0.952 1.000

10 Precision 0.924 0.999 0.999 0.999 1.000 1.000 0.910 1.000
Recall 1.000 1.000 1.000 1.000 0.938 0.939 1.000 1.000
F-score 0.960 0.999 0.999 0.999 0.968 0.967 0.953 1.000

Table 2.8: Estimated macro-precision, macro-recall and F -scores of different clustering
algorithms under the uniformly (chi-squared method) contaminated set-up.

This is to be noted from the aforesaid values of the macro-precision, macro-recall

and F -scores of different clustering algorithms that almost all the methods are per-

forming reasonably in terms of these accuracy measures. However, the MPLEβ and

the MCLUST algorithms remain superior compared to the other methods in terms of

these measures.
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2.5 Real Data Examples

2.5.1 Swiss Bank Notes Data

These data, originally considered in Flury and Riedwyl (1988) [51], have been accessed

from the R-cloud of datasets. The data consist of 200 old Swiss 1000-franc bank notes.

It is known that the first 100 notes are genuine and the remaining are counterfeit. Our

interest is in determining whether our algorithm can detect the counterfeit notes based

on these data. Six measurements are made on each bank note: (i) length of the bank

note, (ii) height of the bank note (measured along the left side), (iii) height of the bank

note (measured along the right side), (iv) distance of inner frame to the lower border,

(v) distance of inner frame to the upper border and (vi) length of the diagonal.

To study these data, we begin with an exploratory data analysis. We split the data

into two groups according to the true nature of the notes (i.e., genuine or counterfeit)

and then estimate the location and dispersion of each of these groups using the MCD

method. We then estimate the squared Mahalanobis distances of the observations from

their respective group (or cluster) centers. For the i-th observation X i, therefore, we

compute,

di =

(X i − µ̂1)
′
Σ̂

−1

1 (X i − µ̂1), for 1 ≤ i ≤ 100,

(X i − µ̂2)
′
Σ̂

−1

2 (X i − µ̂2), for 101 ≤ i ≤ 200,
(2.15)

where µ̂j and Σ̂j are the MCD based location and dispersion estimates of the j-th

group, j = 1, 2.

Figure 2.2a presents the index plot of these (robust) squared Mahalanobis distances;

the first 100 indices represent the squared Mahalanobis distances of the genuine notes

while the last 100 represent the same for the counterfeit notes. In this plot, some

points are far above the baseline with ordinates that are much larger compared to the

ordinates of the general cloud of points concentrated near the horizontal axis. These

observations are “far away” from their true cluster centers in terms of their estimated

squared Mahalanobis distances and are therefore anomalous. It should also be noted

that these anomalous observations are primarily from the group of counterfeit notes.

In the figure, the genuine notes are represented as orange squares, and the counterfeit

notes as blue circles.

Now, we apply our robust method on these data along with theK-medoids, trimmed

K-means, TCLUST and MCLUST methods. For our proposed method, we have taken

β = 0.5. For the TCLUST we have taken α = 0.10, while for the trimmed K-means
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(a) Original (b) K-medoids

(c) MPLEβ, β = 0.5 (d) MCLUST

(e) TCLUST, α = 0.10 (f) Trimmed K-means, α = 0.15

Figure 2.2: Clusters derived from different methods for the Swiss Bank Notes data. The
vertical axis presents estimated squared Mahalanobis distances of the observations from their
respective estimated (MCD) cluster centers.
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α = 0.15 has been used. The MCLUST method has been applied with 2 clusters (and

uniform noise component). The other panels of Figure 2.2 contain the clusters derived

from each of these methods. Since the data are 6 dimensional, it is not possible

to present the clusters along with the scatterplot of the data. So, in the remaining

panels of Figure 2.2, we present the squared Mahalanobis distance values (as depicted

in Figure 2.2a) for each index (through the observed magnitudes), the classification

results according to the specified algorithm (orange squares representing observations

classified as genuine and blue circles representing observations classified as counterfeit)

and the outliers detected by the algorithm (depicted by red crosses).

In general it appears that the robust methods are all successful in doing the clas-

sifications and labelling the outliers correctly. There are rare misclassifications in the

K-medoids case, but, more importantly, the latter makes no contribution to the issue

of anomaly detection.

2.5.2 Seed Data

These data1 contain measurements of geometrical properties of three different varieties

of wheat, namely, Kama, Rosa and Canadian. This dataset consists of 210 (70 of each

type) observations on seven attributes that are all continuous and real-valued. The

attributes are (i) area A, (ii) perimeter P , (iii) compactness C = 4πA/P 2, (iv) length

of kernel, (v) width of kernel, (vi) asymmetry coefficient and (vii) length of kernel

groove, respectively.

As we have done in case of the Swiss Bank Notes data, we first perform an ex-

ploratory data analysis by calculating the MCD estimates of cluster centers and dis-

persion matrices and calculate the estimated squared Mahalanobis distances of the

observations from their respective cluster center estimates (MCD). These distances are

presented in Figure 2.3a which confirms the presence of some outlying observations.

These observations are “far” away from the baseline as the squared Mahalanobis dis-

tances of these points from their respective estimated (MCD) cluster centers are much

larger compared to majority of the points.

The presence of such outlying observations suggests the need for robust clustering

tools to analyze these data. We will apply our method with β = 0.3 and compare

it with the K-medoids, TCLUST (with α = 0.2), trimmed K-means (with α = 0.2)

and MCLUST algorithm with 3 clusters (with uniform noise component). Once again

1Source: https://archive.ics.uci.edu/ml/datasets/seeds
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(a) Original (b) K-medoids

(c) MPLEβ, β = 0.3 (d) MCLUST

(e) TCLUST, α = 0.20 (f) Trimmed K-means, α = 0.20

Figure 2.3: Clusters derived from different methods for the Seed data. The vertical
axis presents estimated squared Mahalanobis distances of the observations from their
respective estimated (MCD) cluster centers.
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we represent the derived clusters and outliers, in Figure 2.3, by expressing the squared

Mahalanobis distance index plot using different colours and shapes, with orange square

(cluster 1), blue circle (cluster 2) and green triangle (cluster 3) representing the three

clusters, and red crosses indicating the outliers.

The classifications observed in Figure 2.3 indicate that the K-medoids algorithm,

apart from failing in terms of outlier detection, lead to too many misclassified obser-

vations. Our proposed algorithm, the TCLUST and the trimmed K-means algorithms

provide improvements through better classification and outlier detection, although nei-

ther classification nor outlier detection is done as perfectly as in case of the Swiss Bank

Notes data. Our proposal does marginally better than the TCLUST and the trimmed

K-means methods in terms of controlling the misclassification. The MCLUST method

failed to detect the outlying observations properly.

2.6 Extension to Image Processing

Unsupervised methods for image analysis with anomaly detection is an important class

of techniques in computer vision with applications in astronomy, biology, geology and

many other fields. We analyze a satellite image1 presented in Figure 2.4 with our

method along with the aforesaid algorithms. For this purpose, we divide the original

high resolution picture into 500 × 500 pixels (Figure 2.5a). Each pixel consists of a

combination of three different colours (red, blue and green) with different intensities

ranging from 0 to 1. We observe the intensities of the colours in a pixel as a multivariate

three dimensional observation.

The two main components of the picture are the ocean body (blue region along the

bottom and the left border of the image) and the coastal area (rest of the image along

the top and right border) adjacent to it. But the flying body (the white body with

black wings) and the shadow like regions (comparatively black regions in the coastal

part, just adjacent to the ocean) should be treated as anomalies as they do not really

belong to any of the two primary components. Thus we describe the image as a sample

of size 500×500 = 2.5×105 from a three dimensional, two component normal mixture

population where the dimensions are the intensities of red, blue and green colours and

the mixing components are the ocean body and the coastal area along with the afore-

said anomalies. We apply our method (along with the TCLUST, trimmed K-means,

1Source: https://medium.com/swlh/using-deep-learning-semantic-segmentation-method-for-ship-
detection-on-satellite-optical-imagery-ffeaae8c1ab, see [140]
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Figure 2.4: An Example of Satellite Image.

MCLUST and the ordinary K-means algorithms; K-medoids is avoided due to very

large sample size of this data (250000) which is not permissible in the “PAM” function

of the R software that is used to implement theK-medoids algorithm) with two clusters

and check whether these methods can correctly identify those components and detect

the anomalous structures (the flying object and the shadow like regions). In analyzing

the dataset and reconstructing the original image, we make the following modifications

to our algorithm.

Initialization: The initialization and estimation methods are same as before.

Modification 1: The first modification is in the assignment step. We use the mini-

mum distance principle rather than the maximum likelihood principle in assigning the

observations to different clusters. That is, we now assign X (the intensity vector of

red, green and blue colours for a particular pixel) to Cj if the intensity vector of the

cluster centre corresponding to Cj is closest to X (in the Euclidean norm) compared

to all other cluster centres (instead of assigning X to the cluster which maximizes its

likelihood).

Modification 2: The second modification is in the outlier detection step. Although in

our data analysis examples in Section 2.5, declaration of outliers has not been cluster
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specific, outliers may have different sources of possible anomalies, so a further classi-

fication among them may be useful. Note that, prior to the identification of outliers,

our algorithm assigns all data points among the regular clusters. While we have not

distinguished between the outliers so far, we can use these class memberships to con-

sider a classification of the outliers; thus with k clusters, there can be k different types

of outliers according to their final cluster assignments. It is likely that these points will

end up representing different things in the reconstructed image.

It may be noted that the above modifications are not specific to the image un-

der considerations; they can and should be appropriately incorporated while applying

our proposed clustering techniques for any image under study. The distance based

assignment (modification 1) is common in most image processing techniques. To see

the requirement of the second modification, let us consider the example image given

in Figure 2.4; in this image the shadow like regions and the flying object both can be

regarded as outliers compared to the ocean body and coastal area but they are actually

different objects. The MPLEβ as well as the TCLUST, trimmed K-means and ordi-

nary K-means methods will recognize these regions as outliers ignoring the structural

difference between them. But this will not be helpful if the clustering algorithms aim

to separately identify the anomalous flying object. Such problems are of great practical

importance, e.g., in aeronautics and marine science. Although in our example we have

illustrated the classification of outliers in two groups, the proposed method can be

extended to similarly classify more than two types of outliers, as required, depending

on the image under consideration.

Now, we implement our proposed method to analyze the image under study in

Figure 2.5a (divided into 500×500 pixels); here we take β = 0.2, T = 0.02, c = 20 and

c1 = 0.1 in our proposal, whereas for the TCLUST method c = 20 and α = 0.1 are

taken and for the trimmedK-means method α = 0.1 is taken; MCLUST is applied with

2 clusters (with uniform noise component). The reconstructed images with different

methods are presented in Figure 2.5. The water body and the coastal region can be

clearly identified from the reconstructed images using all the algorithms. The brown

shades indicate the possible anomalous regions in case of the TCLUST method and

the trimmed K-means method. The trimmed K-means method is somewhat inefficient

in detecting the outliers as some of the shadow like regions in the coastal area are

misclassified as water body (blue regions within the brown outlying parts). But in

our method the brown shades correspond to the shadow like regions whereas the white
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(a) Original image with 500× 500 pixels (b) Output of MPLEβ method

(c) Output of trimmed K-means method (d) Output of TCLUST method

(e) Output of K-means method (f) Output of MCLUST method

Figure 2.5: Original and reconstructed images after applying different methods of
clustering.

shades correspond to the flying object. Some regions in the coastal area which are

close to white in the original image, are also detected as white outliers in our method.

So, we may conclude that the MPLEβ and the TCLUST algorithms successfully

point out these areas except for some areas on the wings of the flying object but the

trimmed K-means method cannot classify those areas perfectly. On the other hand,

the MCLUST algorithm could not detect either the flying object or the shadow like

anomalous region in the coastal area properly.

Additionally, our method specifically points out and distinguishes the flying object

separately from the shadow like region through further classification of identified out-
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liers. The existing implementations of the TCLUST or the trimmed K-means methods

(in CRAN) do not distinguish between the outlier types. This additional refinement

of our proposed methodology specifically helps to identify different small parts in the

image making it a very useful robust clustering technique for image processing.

For all the three clustering methods considered here, however, a little amount of

misclassification occurs possibly due to the reduced resolution of the original image.

2.7 Appendices

2.7.1 Robust clustering tools: A motivation

While Appendices are mainly for the technical proofs, here we provide a small descrip-

tion by way of motivation. Let us consider the following scatter plots in Figure 2.6. In

the left panel of the plots, along with three main clusters, two outlying clusters (in red)

are present. In the right panel, the three main clusters are contaminated with uniform

noise (red points) from an annulus. If a clustering procedure with three clusters based

on the estimation of the cluster mean using classical methods is run on the contami-

nated data, the cluster means are strongly affected and as a result the detection of the

actual clusters could be highly inaccurate. The outliers affect both the estimators and

the misclassification rates. Clearly, robust clustering methods may be useful in these

situations to properly control the noise in the data.

Figure 2.6: Scatter plots with outlying cluster contamination (left panel) and uniform
(from annulus) contamination (right panel), for a three cluster bivariate dataset.
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2.7.2 Proof of Theorem 2.1

To find the MDPDEs of µ and Σ, it is enough to minimize,

H(µ,Σ) =
1

1 + β

∫
ϕ1+β
p (x,µ,Σ) dx− 1

nβ

n∑
i=1

ϕβp (X i,µ,Σ)

with respect to µ and Σ where,

ϕp(x,µ,Σ) =
1

(2π)
p
2 |Σ| 12

e−
1
2
(x−µ)′Σ−1(x−µ) for x ∈ Rp.

Since Np(µ,Σ) model is a location-scale model, the first integral term in H(µ,Σ)(
given by 1

(2π)
pβ
2 |Σ|

β
2 (1+β)

p
2+1

)
is independent of µ. So differentiating H(µ,Σ) with

respect to µ and equating the derivative to zero, the first estimating equation becomes,

1

n

n∑
i=1

ϕβp (X i,µ,Σ)
∂ log ϕp(X i,µ,Σ)

∂µ
= 0. (2.16)

But, we have

log ϕp(x,µ,Σ) = −p
2
log (2π)− 1

2
log |Σ| − 1

2
(x− µ)′Σ−1(x− µ)

and hence,

∂ log ϕp(X i,µ,Σ)

∂µ
= Σ−1(X i − µ).

So, the first estimating equation in Equation (2.16) simplifies to

1

n

n∑
i=1

ϕβp (X i,µ,Σ)(X i − µ) = 0. (2.17)

Next, to obtain the second estimating equation, our task is to differentiate H(µ,Σ)

with respect to Σ. But it will be cumbersome and thus we will carry on the calculation

with respect to Σ−1 as was done to find the maximum likelihood estimates of µ and

Σ in Mardia et al. (1979) [104]. To do that, the following lemma (Mardia et al. (1979)

[104]) is required.
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Lemma 2.4 (Mardia et al. (1979) [104]). Suppose f : Rm×n → R be a differentiable

function. Then,

1. The derivative of f(X) with respect to X = [[xij]] is given by,

∂f(X)

∂X
=

[[
∂f(X)

∂xij

]]
.

2. If X is symmetric,

∂|X|
∂xij

=

X ii, if i = j,

2X ij, otherwise,

where X ij being the (i, j)-th cofactor of X.

3. If X is symmetric,

∂tr(XA)

∂X
= A+A

′ −Diag(A),

where tr(A) denotes the trace of the matrix A and Diag(A) denotes the diagonal

matrix whose diagonal elements are that of the matrix A.

Coming back to our problem,

∂ log ϕp(x,µ,Σ)

∂Σ−1 =
∂

∂Σ−1

[
1

2
log |Σ−1| − 1

2
tr(Σ−1(x− µ)(x− µ)

′
)

]
=

∂

∂V

[
1

2
log |V | − 1

2
tr(V (x− µ)(x− µ)

′
)

]
, V = Σ−1.

Now, using Lemma 2.4,

∂

∂V
log |V | = 1

|V |
∂|V |
∂V

whose (i, j)-th element is


2V ij

|V | , if i ̸= j,

V ii

|V | , if i = j,

where V ij is the (i, j)-th cofactor of V and

∂

∂V
tr
(
V (x− µ)(x− µ)

′
)
= 2(x− µ)(x− µ)

′ −Diag(x− µ)(x− µ)
′
.
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Since, V = Σ−1 is symmetric, the matrix with elements
V ij

|V | equals V
−1 = Σ. Hence,

∂ log ϕp(x,µ,Σ)

∂Σ−1 =
∂

∂V

[
1

2
log |V | − 1

2
tr(V (x− µ)(x− µ)

′
)

]
,V = Σ−1

=
1

2
M − 1

2
(2S −Diag(S)),

where S = (x− µ)(x− µ)
′
and M = 2Σ−Diag(Σ). Hence, differentiating H(µ,Σ)

with respect to Σ−1 and equating the derivative to zero, we have the second estimating

equation

1
n

∑n
i=1 ϕ

β
p (X i,µ,Σ) ∂ log ϕp(Xi,µ,Σ)

∂Σ−1 = e0

=⇒ 1
n

∑n
i=1 ϕ

β
p (X i,µ,Σ)1

2
(M − (2Si −Diag(Si))) = e0,

(2.18)

where Si = (X i − µ)(X i − µ)
′
and

e0 =
∂

∂Σ−1

[
1

1 + β

∫
ϕ1+β
p (x,µ,Σ) dx

]
=

∫
ϕ1+β
p (x,µ,Σ)

∂ log ϕp(x,µ,Σ)

∂Σ−1 dx

=
M

2

∫
ϕ1+β
p (x,µ,Σ) dx−

∫
(x− µ)(x− µ)

′
ϕ1+β
p (x,µ,Σ) dx

+
1

2

∫
Diag(x− µ)(x− µ)

′
ϕ1+β
p (x,µ,Σ) dx.

Now using the facts that,

ϕ1+β
p (x,µ,Σ) =

1

(2π)
pβ
2 |Σ|β2 (1 + β)

p
2

ϕp(x,µ,Σ0) (2.19)

with Σ0 = 1
1+β

Σ and (X − µ)(X − µ)
′
follows a p-dimensional Wishart distribution

with scale parameter Σ0 and 1 degree of freedom for a random vector X which follows

Np(µ,Σ0),

e0 =
M

2

1

(2π)
pβ
2 |Σ|β2 (1 + β)

p
2

− M

2

1

1 + β

1

(2π)
pβ
2 |Σ|β2 (1 + β)

p
2

=
Mβ

2(2π)
pβ
2 |Σ|β2 (1 + β)

p+2
2

.
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Precisely, the second estimating equation in Equation (2.18) becomes,

1

n

n∑
i=1

ϕβp (X i,µ,Σ)
1

2
(M − (2Si −Diag(Si))) =

Mβ

2(2π)
pβ
2 |Σ|β2 (1 + β)

p+2
2

=⇒ 1

n

n∑
i=1

ϕβp (X i,µ,Σ)(M − (2Si −Diag(Si))) = c0M

which is algebraically equivalent to

1

n

n∑
i=1

ϕβp (X i,µ,Σ)(Σ− (X i − µ)(X i − µ)
′
) = c0Σ, (2.20)

where c0 = β(2π)−
pβ
2 |Σ|−β

2 (1 + β)−
p+2
2 . Now, by expanding the multivariate normal

density ϕp(X i,µ,Σ) in Equations (2.17) and (2.20), we get the following simplified

versions of the aforesaid estimating equations.

1

n

n∑
i=1

e−
β
2
(Xi−µ)

′
Σ−1(Xi−µ)(X i − µ) = 0,

1

n

n∑
i=1

e−
β
2
(Xi−µ)

′
Σ−1(Xi−µ)(Σ− (X i − µ)(X i − µ)

′
) =

β

(1 + β)
p
2
+1

Σ.

This completes derivation of the estimating equations.

2.7.3 Proof of Theorem 2.2

Since the cluster assignments and the estimates µ̂j, Σ̂j are known, the values of the

assignment functions Z(·, ·) are also known. Thus, maximizing the empirical objective

function with respect to (π1, π2, . . . , πk) is equivalent to the optimization problem:

maximize
k∑
j=1

nj log πj, subject to
k∑
j=1

πj = 1.

Now the optimal choice of πj can be directly obtained by optimizing the Lagrangian,

l(π1, π2, . . . , πk, λ) =
k∑
j=1

nj log πj − λ

(
k∑
j=1

πj − 1

)
.
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2.7.4 Derivations of the Systems of Equations defining the Maximum Pseudo

β-Likelihood Functional (MPLFβ)

Consider the set-up and notation of Section 2.3.2. We now present the derivation of

the system of equations defining the MPLFβ θ(P ), given in system (2.13) of equations.

Let us first note that, under p = 1, k = 2 and the true distribution function P , our

objective function for the MPLFβ functional is given by

Lβ(θ, P ) = EP

[
2∑
j=1

Zj(X,θ)

[
log πj +

1

β
fβ(X,µj, σ

2
j )−

1

1 + β

∫
f 1+β(x, µj, σ

2
j ) dx]

]]
,

(2.21)

where f(·, µj, σ2
j ) is the pdf of univariate normal distribution with mean µj and vari-

ance σ2
j for j = 1, 2, P is the true but unknown distribution function and hence the

parameter as a functional can be written as,

θβ(P ) = argmax
θ∈ΘC

Lβ(θ, P ). (2.22)

In our case, the assignment functions can be presented as,

Z1(X,θ) = I(D1(X,θ) ≥ D2(X,θ)) and

Z2(X,θ) = 1− Z1(X,θ).

Note that D1(X,θ) and D2(X,θ) are bell-shaped convex functions. Hence,

D1(X,θ) ≥ D2(X,θ)

=⇒ (X − µ2)
2

σ2
2

− (X − µ1)
2

σ2
1

≥ 2 log
π2σ1
π1σ2

=⇒ a1X
2 + a2X + a3 ≥ 0

for suitable values of a1, a2 and a3. Since, a quadratic equation can have at most two

real roots, the aforesaid inequality leads to the following possibilities,

Possibility 1: X ∈ (a, b) if a1 < 0.

Possibility 2: X ∈ (−∞, a) ∪ (b,∞) if a1 > 0.

Possibility 3: X ∈ (−∞, a) or X ∈ (a,∞) if a1 = 0.

Let us carefully note that, the constants a and b depend on the parameter θ. So, we

have to consider these additional functionals a = a(P ) and b = b(P ) in order to derive
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the influence function of θ(P ). The above possibilities can be graphically observed in

Figure 2.7.

(a) Possibility 1 (b) Possibility 2

(c) Possibility 3 (d) Possibility 3

Figure 2.7: Different possibilities.

We will first derive the influence function in possibility:1; the derivation of the same

for the remaining possibilities are similar. To do that, let us first study the mathemat-

ical relationships among these functionals. The proportion functional satisfies,

π1(P ) + π2(P ) = 1.

From the plots in Figure 2.7, the functional θβ(P ) satisfies,

D1(a,θβ(P )) = D2(a,θβ(P )),

D1(b,θβ(P )) = D2(b,θβ(P )).
(2.23)
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Next let us simplify Lβ(θ, P ) under k = 2 and p = 1.

Lβ(θ, P ) = EP

[
2∑
j=1

Zj(X,θ)

[
log πj +

1

β
fβ(X,µj, σ

2
j )−

1

1 + β

∫
f 1+β(x, µj, σ

2
j ) dx]

]]

= EP

[
I(D1(X,θ) > D2(X,θ))

[
log π1 +

1

β
fβ(X,µ1, σ

2
1)−

1

1 + β

∫
f 1+β(x, µ1, σ

2
1) dx]

]]
+ EP

[
I(D2(X,θ) > D1(X,θ))

[
log π2 +

1

β
fβ(X,µ2, σ

2
2)−

1

1 + β

∫
f 1+β(x, µ2, σ

2
2) dx]

]]
= EP

[
I(X ∈ (a, b))

[
log π1 +

1

β
fβ(X,µ1, σ

2
1)−

1

1 + β

∫
f 1+β(x, µ1, σ

2
1) dx]

]]
+ EP

[
I(X /∈ (a, b))

[
log π2 +

1

β
fβ(X,µ2, σ

2
2)−

1

1 + β

∫
f 1+β(x, µ2, σ

2
2) dx]

]]
=

[
(P (b)− P (a)) log π1 +

1

β

∫ b

a

fβ(x, µ1, σ
2
1)p(x) dx−

P (b)− P (a)

1 + β

∫
f 1+β(x, µ1, σ

2
1) dx

]
+

[
(1− P (b) + P (a)) log π2 +

1

β

∫
x/∈(a,b)

fβ(x, µ2, σ
2
2)p(x) dx

− 1− P (b) + P (a)

1 + β

∫
f 1+β(x, µ2, σ

2
2) dx

]

with p(x) as the true density corresponding to the true distribution function P (x).

Now using (2.19),∫
f 1+β(x, µj, σ

2
j ) dx =

1

(2π)
β
2 σβj (1 + β)

1
2

, j = 1, 2.

Hence,

Lβ(θ, P ) =

[
(P (b)− P (a)) log π1 +

1

β

∫ b

a

fβ(x, µ1, σ
2
1)p(x) dx−

P (b)− P (a)

(2π)
β
2 σβ1 (1 + β)

3
2

]

+

[
(1− P (b) + P (a)) log π2 +

1

β

∫
x/∈(a,b)

fβ(x, µ2, σ
2
2)p(x) dx−

1− P (b) + P (a)

(2π)
β
2 σβ2 (1 + β)

3
2

]
.

To find the estimator of µj and σ
2
j , we require differentiating the above with respect

87



to the respective parameters. Differentiating Lβ(θ, P ) with respect to µ1 and µ2 gives,∫ b

a

fβ(x, µ1, σ
2
1)(x− µ1)p(x) dx = 0,∫

x/∈(a,b)
fβ(x, µ2, σ

2
2)(x− µ2)p(x) dx = 0.

And differentiating Lβ(θ, P ) with respect to σ2
1 and σ2

2 gives,∫ b

a

fβ(x, µ1, σ
2
1)

(
(x− µ1)

2

2σ2
1

− 1

)
p(x) dx+

β(P (b)− P (a))

2(2π)
β
2 (σ2

1)
1+β

2 (1 + β)
3
2

= 0,∫
x/∈(a,b)

fβ(x, µ2, σ
2
2)

(
(x− µ2)

2

2σ2
2

− 1

)
p(x) dx+

β(1− P (b) + P (a))

2(2π)
β
2 (σ2

2)
1+β

2 (1 + β)
3
2

= 0.

Additionally,

π1(P ) =

∫ b(P )

a(P )

p(x) dx

with p(x) being the density function corresponding to P (x). So, the functional θβ(P ) =(
π1(P ), π2(P ), µ1(P ), µ2(P ), σ

2
1(P ), σ

2
2(P )

)
can be implicitly described through the

following system of equations.

π1(P ) =
∫ b(P )

a(P )
p(x) dx,

π1(P ) + π2(P ) = 1,

D1(c,θβ(P )) = D2(c,θβ(P )) for c = a(P ) and b(P ),∫ b
a
fβ(x, µ1, σ

2
1)(x− µ1)p(x) dx = 0,∫

x/∈(a,b) f
β(x, µ2, σ

2
2)(x− µ2)p(x) dx = 0,∫ b

a
fβ(x, µ1, σ

2
1)
(

(x−µ1)2
2σ2

1
− 1
)
p(x) dx+ β(P (b)−P (a))

2(2π)
β
2 (σ2

1)
1+

β
2 (1+β)

3
2

= 0,∫
x/∈(a,b) f

β(x, µ2, σ
2
2)
(

(x−µ2)2
2σ2

2
− 1
)
p(x) dx+ β(1−P (b)+P (a))

2(2π)
β
2 (σ2

2)
1+

β
2 (1+β)

3
2

= 0

which is exactly the same system described in system (2.13) of equations.
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2.7.5 Derivation of the Influence Functions

Consider the set-up and notation of Section 2.3.2. Recall, we have assumed that, M
m
< c

and m > c1. In case of p = 1,

M

m
=

max{σ2
1(P ), σ

2
2(P )}

min{σ2
1(P ), σ

2
2(P )}

< c.

The strict inequality is assumed to confirm that, the same constraint also holds in case

of contaminated distribution, that is,

Mϵ

mϵ

=
max{σ2

1(Pϵ), σ
2
2(Pϵ)}

min{σ2
1(Pϵ), σ

2
2(Pϵ)}

< c,

for some small enough ϵ > 0 (recall Pϵ from Section 2.3.2). If the aforesaid eigenvalue

ratio constraint does not hold for the contaminated distribution, it is not possible

to derive the influence functions of our estimators which are derived under the same

constraint. Similarly, the second inequality (m > c1) confirms the fact that the non-

singularity constraint also holds under contamination.

Now, to derive the influence functions of our estimators, let us introduce the follow-

ing notations. Our functionals are (π1(P ), π2(P ), a(P ), b(P ), µ1(P ), µ2(P ), σ
2
1(P ), σ

2
2(P ))

which satisfy the system (2.13) of equations and suppose IF (θβ, P, y) =
(
IF (π1, P, y),

IF (π2, P, y), IF (a, P, y), IF (b, P, y), IF (µ1, P, y), IF (µ2, P, y), IF (σ
2
1, P, y), IF (σ

2
2, P, y)

)′
be the vector of influence functions of the aforesaid functionals. Also let θϵ, aϵ and bϵ

are the contaminated versions of θβ(P ), a(P ) and b(P ) respectively. Then, we have

π1ϵ =

∫ bϵ

aϵ

dPϵ(x)

= (1− ϵ)

∫ bϵ

aϵ

p(x) dx+ ϵI(y ∈ (aϵ, bϵ)).

Hence,

IF (π1, P, y) =
∂π1ϵ
∂ϵ

∣∣∣
ϵ=0

= [P (a0)− P (b0)] + [p(b0)IF (b, P, y)− p(a0)IF (a, P, y)] + I(y ∈ (a0, b0)).
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The equation,

π1(P ) + π2(P ) = 1

gives

IF (π1, P, y) + IF (π2, P, y) = 0.

Next let us recall (Equation (2.23)) that,

D1(aϵ,θϵ) = D2(aϵ,θϵ)

and

D1(bϵ,θϵ) = D2(bϵ,θϵ).

Differentiating the above equations with respect to ϵ at 0 gives,

2

[
IF (π1, P, y)

π10
− IF (π2, P, y)

π20

]
+

[
IF (σ2

2, P, y)

σ2
20

(
1− (a0 − µ20)

2

σ2
20

)

− IF (σ2
1, P, y)

σ2
10

(
1− (a0 − µ10)

2

σ2
10

)]

= 2IF (a, P, y)

[
(a0 − µ10)

σ2
10

− (a0 − µ20)

σ2
20

]
+ 2

[
(a0 − µ20)IF (µ2, P, y)

σ2
20

− (a0 − µ10)IF (µ1, P, y)

σ2
10

]
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and

2

[
IF (π1, P, y)

π10
− IF (π2, P, y)

π20

]
+

[
IF (σ2

2, P, y)

σ2
20

(
1− (b0 − µ20)

2

σ2
20

)

− IF (σ2
1, P, y)

σ2
10

(
1− (b0 − µ10)

2

σ2
10

)]

= 2IF (b, P, y)

[
(b0 − µ10)

σ2
10

− (b0 − µ20)

σ2
20

]
+ 2

[
(b0 − µ20)IF (µ2, P, y)

σ2
20

− (b0 − µ10)IF (µ1, P, y)

σ2
10

]
.

Let us observe that (from system (2.13) of equations),∫ bϵ

aϵ

fβ(x, µ1ϵ, σ
2
1ϵ)(x− µ1ϵ) dPϵ(x) = 0 implies

(1− ϵ)

∫ bϵ

aϵ

fβ(x, µ1ϵ, σ
2
1ϵ)(x− µ1ϵ)p(x) dx+ ϵfβ(y, µ1ϵ, σ

2
1ϵ)(y − µ1ϵ)I(y ∈ (aϵ, bϵ)) = 0.

Differentiating the above with respect to ϵ at 0 gives,

−
∫ b

a

fβ(x, µ1, σ
2
1)(x− µ1)p(x) dx+

∂

∂ϵ

∫ bϵ

aϵ

fβ(x, µ1ϵ, σ
2
1ϵ)(x− µ1ϵ)p(x) dx

∣∣∣
ϵ=0

+ fβ(y, µ1, σ
2
1)(y − µ1)I(y ∈ (a, b)) = 0.

To evaluate the middle term in the above equation we use the Leibniz integral rule

(Intermediate Calculus (1985) [118]) as follows.

∂

∂ϵ

∫ bϵ

aϵ

fβ(x, µ1ϵ, σ
2
1ϵ)(x− µ1ϵ)p(x) dx

∣∣∣
ϵ=0

= fβ(b, µ1, σ
2
1)(b− µ1)p(b)

− fβ(a, µ1, σ
2
1)(a− µ1)p(a) +

∫ b

a

∂

∂ϵ
fβ(x, µ1ϵ, σ

2
1ϵ)(x− µ1ϵ)p(x)

∣∣∣
ϵ=0

dx.

The calculation of ∂
∂ϵ
fβ(x, µ1ϵ, σ

2
1ϵ)(x − µ1ϵ)p(x)

∣∣∣
ϵ=0

is straightforward and it can be

easily observed that, this integration will be a linear combination of IF (µ1, P, y) and

IF (σ2
1, P, y). The rest of the linear equations can be similarly derived as of those in

the system (2.13) of equations. The derivation of these influence function in other

possibilities (Figure 2.7) are similar and hence omitted.
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These calculations finally lead to the following system of linear equations defining

the required influence function IF (θβ, P, y).

Aβ(θ0, a0, b0)IF (θβ, P, y) = Bβ(y,θ0, a0, b0),

where θ0 = (π10, π20, µ10, µ20, σ
2
10, σ

2
20), a0, b0 are the values of θ, a and b, respectively,

at the true model and

Bβ(y,θ0, a0, b0)

=

(
P (a0)− P (b0) + I(a0 < y < b0), 0, 0, 0,

∫ b0

a0

(x− µ10)f
β(x, µ10, σ

2
10)p(x) dx−

(y − µ10)f
β(y, µ10, σ

2
10)I(a0 < y < b0),

∫
x/∈(a0,b0)

(x− µ20)f
β(x, µ20, σ

2
20)p(x) dx

− (y − µ20)f
β(y, µ20, σ

2
20)I(y /∈ (a0, b0)),

∫ b0

a0

fβ(x, µ10, σ
2
10)

(
(x− µ10)

2

σ2
10

− 1

)
p(x) dx

− fβ(y, µ10, σ
2
10)

(
(y − µ10)

2

σ2
10

− 1

)
I(a0 < y < b0),∫

x/∈(a0,b0)
fβ(x, µ20, σ

2
20)

(
(x− µ20)

2

σ2
20

− 1

)
p(x) dx

− fβ(y, µ20, σ
2
20)

(
(y − µ20)

2

σ2
20

− 1

)
I(y /∈ (a0, b0))

)
.
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The 8× 8 matrix Aβ(θ0, a0, b0) has the j-th row as Aj∗, for j = 1, . . . , 8, where

A1∗ = (1, 0, p(a0),−p(b0), 0, 0, 0, 0) ,

A2∗ = (1, 1, 0, 0, 0, 0, 0, 0) ,

A3∗ =

(
2

π10
,
−2

π20
,−2

(
(a0 − µ10)

σ2
10

− (a0 − µ20)

σ2
20

)
, 0,

(a0 − µ10)

σ2
10

,−(a0 − µ20)

σ2
20

,

(a0 − µ10)
2

σ4
10

− 1

σ2
10

,
1

σ2
20

− (a0 − µ20)
2

σ4
20

)
,

A4∗ =

(
2

π10
,
−2

π20
, 0,−2

(
(b0 − µ10)

σ2
10

− (b0 − µ20)

σ2
20

)
,
(b0 − µ10)

σ2
10

,−(b0 − µ20)

σ2
20

,

(b0 − µ10)
2

σ4
10

− 1

σ2
10

,
1

σ2
20

− (b0 − µ20)
2

σ4
20

)
,

A5∗ =

(
0, 0,−fβ(a0, µ10, σ

2
10)(a0 − µ10)p(a0), f

β(b0, µ10, σ
2
10)(b0 − µ10)p(b0), C3, 0, C5, 0

)
,

A6∗ =

(
0, 0,−fβ(a0, µ20, σ

2
20)(a0 − µ20)p(a0), f

β(b0, µ20, σ
2
20)(b0 − µ20)p(b0), 0, C4, 0, C6

)

A7∗ =

(
0, 0,

βp(a0)

C0σ
2+β
10

− fβ(a0, µ10, σ
2
10)

(
(a0 − µ10)

2

σ2
10

− 1

)
p(a0),−

βp(b0)

C0σ
2+β
10

+ fβ(b0, µ10, σ
2
10

(
(b0 − µ10)

2

σ2
10

− 1

)
p(b0),

−2C1

σ2
10 + 2C5

, 0, C8 − C7

+ (P (a0)− P (b0))
β

C0σ
(4+2β)
10

, 0

)
,

A8∗ =

(
0, 0,

βp(a0)

C0σ
2+β
20

− fβ(a0, µ20, σ
2
20)

(
(a0 − µ20)

2

σ2
20

− 1

)
p(a0),−

βp(b0)

C0σ
2+β
20

+ fβ(b0, µ20, σ
2
20

(
(b0 − µ20)

2

σ2
20

− 1

)
p(b0), 0,

2C2

σ2
10 − 2C6

, 0, C9 − C10

+ (1− P (a0) + P (b0))
β

C0σ
(4+2β)
20

)
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and

C0 =
β

2(2π)β/2(1 + β)1.5
,

C1 =

∫ b0

a0

(x− µ10)f
β(x, µ10, σ

2
10)p(x) dx,

C2 =

∫
x/∈(a0,b0)

(x− µ20)f
β(x, µ20, σ

2
20)p(x) dx,

C3 =

∫ b0

a0

fβ(x, µ10, σ
2
10)

(
(x− µ10)

2

σ2
10

− 1

)
p(x) dx,

C4 =

∫
x/∈(a0,b0)

fβ(x, µ20, σ
2
20)

(
(x− µ20)

2

σ2
20

− 1

)
p(x) dx,

C5 =

∫ b0

a0

1

2
p(x)fβ(x, µ10, σ

2
10)

(
(x− µ10)

3

σ4
10

− x− µ10

σ2
10

)
dx,

C6 =

∫
x/∈(a0,b0)

1

2
p(x)fβ(x, µ20, σ

2
20)

(
(x− µ20)

3

σ4
20

− x− µ20

σ2
20

)
dx,

C7 =

∫ b0

a0

p(x)fβ(x, µ10, σ
2
10)

(x− µ10)
2

σ4
10

dx,

C8 =

∫ b0

a0

p(x)fβ(x, µ10, σ
2
10)

(
(x− µ10)

2

σ2
10

− 1

)2
1

2σ2
10

dx,

C9 =

∫
x/∈(a0,b0)

p(x)fβ(x, µ20, σ
2
20)

(x− µ20)
2

σ4
20

dx,

C10 =

∫
x/∈(a0,b0)

p(x)fβ(x, µ20, σ
2
20)

(
(x− µ20)

2

σ2
20

− 1

)2
1

2σ2
20

dx.

2.7.6 Influence of a single contamination on the MDPDEs

To illustrate the effect of moving a single sample observation too far from the original

data cloud on the resulting MDPDEs of a mixture normal model, we have taken a

random sample of size 99 and dimension 2 from a 3-component normal mixture with

component means (0, 0)t, (5, 5)t, (−5,−5)t, dispersions I2 (for all the components) and

weights 0.33, 0.33 and 0.34. Now, we contaminate this sample with a single additional

observation (δ, δ)t, with δ running from −15 to 15 in intervals of 0.5, and calculate the

(summed) squared L2 norms of the biases of the component mean estimates (corre-

sponding to β = 0.1). This summed squared norm bias is plotted in Figure 2.8 against
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δ. It may be observed that as δ becomes too large or too small, in which case the ad-

ditional observation becomes a clearly incongruent observation in relation to the rest

of the data, the effect of this outlier actually vanishes, and the summed squared norm

of the biases settles down on what one would have had (represented by the horizontal

dashed line) if that observation was just not there in the sample. This is a consequence

of the fact that for very distant observations, the strong density-power downweighting

applied by the minimum DPD method makes the contribution of the corresponding

term practically vanish.

Figure 2.8: The summed squared bias of the MDPDEs of the component means from
contaminated samples (blue) and the horizontal red line corresponds to the bias of the
MDPDEs of the component means based on the original sample.

2.7.7 Bias and Mean Squared Errors of the Cluster Means

The bias (L2 norm) and the mean squared errors of the cluster means for pure, uni-

formly (from chi-squared) contaminated, uniformly (from annulus) contaminated, out-

lying cluster contaminated and datasets with differentially dispersed clusters are pro-

vided in Tables 2.9, 2.10, 2.11, 2.12 and 2.13, respectively.

95



MPLEβ TCLUST TKMEANS KMEDOIDS MCLUST

p Σ β = 0 β = 0.1 β = 0.3 β = 0.5 α = 0.0 α = 0.05 α = 0.0 α = 0.05

2 I2 0.014 0.016 0.019 0.021 0.014 0.019 0.019 0.021 0.014 0.030
(0.018) (0.018) (0.019) (0.022) (0.018) (0.021) (0.019) (0.024) (0.043) (0.018)

3I2 0.030 0.037 0.054 0.063 0.032 0.094 0.048 0.058 0.043 0.029
(0.076) (0.077) (0.081) (0.087) (0.078) (0.091) (0.068) (0.087) (0.133) (0.060)

5I2 0.086 0.110 0.163 0.194 0.181 0.142 0.168 0.060 0.126 0.082
(0.279) (0.379) (0.296) (0.310) (0.219) (0.320) (0.154) (0.178) (0.288) (0.146)

4 I4 0.024 0.022 0.021 0.023 0.031 0.029 0.023 0.026 0.097 0.028
(0.035) (0.037) (0.043) (0.053) (0.037) (0.044) (0.034) (0.041) (0.444) (0.036)

3I4 0.040 0.040 0.043 0.046 0.042 0.057 0.053 0.059 0.131 0.044
(0.105) (0.110) (0.132) (0.163) (0.110) (0.121) (0.113) (0.132) (1.395) (0.117)

5I4 0.067 0.071 0.081 0.092 0.075 0.050 0.094 0.077 0.205 0.043
(0.230) (0.230) (0.257) (0.307) (0.222) (0.225) (0.227) (0.252) (2.423) (0.197)

6 I6 0.025 0.026 0.028 0.035 0.038 0.031 0.035 0.040 0.193 0.030
(0.055) (0.057) (0.069) (0.090) (0.054) (0.061) (0.055) (0.061) (1.612) (0.056)

3I6 0.066 0.067 0.069 0.072 0.056 0.063 0.066 0.073 0.307 0.066
(0.164) (0.169) (0.203) (0.167) (0.184) (0.195) (0.174) (0.201) (4.923) (0.170)

5I6 0.046 0.048 0.053 0.063 0.057 0.091 0.059 0.073 0.386 0.062
(0.253) (0.281) (0.341) (0.443) (0.281) (0.309) (0.285) (0.311) (7.821) (0.270)

8 I8 0.040 0.039 0.043 0.055 0.044 0.045 0.044 0.051 0.162 0.043
(0.073) (0.077) (0.100) (0.141) (0.074) (0.083) (0.075) (0.085) (3.202) (0.075)

3I8 0.058 0.059 0.068 0.081 0.073 0.074 0.054 0.056 0.490 0.086
(0.207) (0.217) (0.277) (0.384) (0.218) (0.233) (0.217) (0.242) (10.196) (0.210)

5I8 0.087 0.084 0.087 0.101 0.088 0.078 0.085 0.088 0.563 0.100
(0.381) (0.396) (0.504) (0.711) (0.382) (0.431) (0.369) (0.415) (16.049) (0.344)

10 I10 0.054 0.054 0.057 0.065 0.043 0.041 0.040 0.048 0.324 0.041
(0.088) (0.094) (0.129) (0.201) (0.089) (0.100) (0.090) (0.100) (5.240) (0.095)

3I10 0.058 0.058 0.067 0.089 0.062 0.085 0.081 0.085 0.626 0.062
(0.258) (0.272) (0.375) (0.600) (0.272) (0.310) (0.260) (0.299) (15.654) (0.259)

5I10 0.09 0.090 0.103 0.128 0.116 0.115 0.071 0.070 0.720 0.082
(0.498) (0.523) (0.704) (1.112) (0.492) (0.498) (0.482) (0.531) (26.962) (0.418)

Table 2.9: Estimated bias and mean squared errors (within parentheses) for pure
datasets.

2.7.8 Optimal choice of β

The optimal selection of the β parameter in the minimum DPD estimation has been

explored primarily in simple estimation scenarios by, among others, Warwick and Jones

(2005) [155]. They essentially evaluated the performance of the estimator through its

asymptotic summed mean squared error (MSE)

E

{(
θ̂β − θ∗

)T (
θ̂β − θ∗

)}
= n−1tr

{
J−1
β

(
θgβ
)
Kβ

(
θgβ
)
J−1
β

(
θgβ
)}

+
(
θgβ − θ∗)T (θgβ − θ∗) ,

(2.24)

where θgβ is the best fitting parameter value and θ∗ is the actual target parameter. If the

true unknown density belongs to the model family, θ∗ = θgβ, the detailed expressions

of Jβ (θ) and Kβ (θ), the matrices involved in the asymptotic covariance matrix of
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MPLEβ TCLUST TKMEANS KMEDOIDS MCLUST

p Σ β = 0 β = 0.1 β = 0.3 β = 0.5 α = 0.1 α = 0.15 α = 0.1 α = 0.15

2 I2 0.101 0.041 0.013 0.014 0.022 0.041 0.016 0.018 0.077 0.016
(0.076) (0.036) (0.023) (0.024) (0.024) (0.026) (0.020) (0.022) (0.107) (0.025)

3I2 0.106 0.076 0.039 0.039 0.044 0.027 0.068 0.078 0.093 0.056
(0.154) (0.129) (0.095) (0.091) (0.100) (0.089) (0.094) (0.097) (0.501) (0.086)

5I2 0.159 0.110 0.061 0.051 0.126 0.144 0.129 0.066 0.056 0.194
(0.309) (0.275) (0.245) (0.261) (0.352) (0.310) (0.253) (0.249) (1.193) (0.228)

4 I4 0.058 0.028 0.027 0.030 0.020 0.033 0.033 0.028 0.120 0.028
(0.060) (0.037) (0.042) (0.052) (0.046) (0.051) (0.039) (0.044) (0.471) (0.040)

3I4 0.061 0.031 0.033 0.043 0.044 0.046 0.065 0.060 0.166 0.051
(0.206) (0.127) (0.119) (0.143) (0.124) (0.145) (0.119) (0.132) (1.464) (0.119)

5I4 0.114 0.092 0.081 0.080 0.054 0.073 0.062 0.079 0.295 0.071
(0.352) (0.272) (0.256) (0.301) (0.252) (0.274) (0.253) (0.265) (2.685) (0.256)

6 I6 0.049 0.037 0.039 0.046 0.037 0.033 0.037 0.036 0.152 0.032
(0.173) (0.065) (0.078) (0.099) (0.069) (0.072) (0.066) (0.072) (1.697) (0.061)

3I6 0.066 0.054 0.057 0.063 0.067 0.059 0.048 0.054 0.394 0.061
(0.310) (0.216) (0.247) (0.307) (0.187) (0.207) (0.187) (0.222) (5.234) (0.186)

5I6 0.097 0.094 0.102 0.116 0.088 0.073 0.068 0.067 0.367 0.074
(0.438) (0.364) (0.421) (0.532) (0.314) (0.367) (0.312) (0.335) (7.889) (0.315)

8 I8 0.094 0.030 0.033 0.038 0.038 0.039 0.044 0.034 0.284 0.051
(0.220) (0.088) (0.112) (0.156) (0.092) (0.088) (0.088) (0.089) (3.513) (0.092)

3I8 0.086 0.062 0.061 0.080 0.050 0.073 0.089 0.085 0.452 0.082
(0.363) (0.260) (0.336) (0.467) (0.257) (0.280) (0.278) (0.282) (10.232) (0.257)

5I8 0.138 0.113 0.118 0.133 0.109 0.197 0.103 0.103 0.655 0.085
(0.525) (0.411) (0.510) (0.715) (0.411) (0.444) (0.429) (0.454) (17.489) (0.413)

10 I10 0.066 0.040 0.046 0.055 0.042 0.046 0.054 0.051 0.267 0.046
(0.308) (0.107) (0.140) (0.213) (0.111) (0.113) (0.108) (0.110) (5.576) (0.104)

3I10 0.086 0.068 0.078 0.103 0.089 0.086 0.088 0.088 0.474 0.075
(0.437) (0.306) (0.401) (0.613) (0.318) (0.319) (0.329) (0.345) (16.821) (0.291)

5I10 0.122 0.115 0.129 0.168 0.085 0.090 0.119 0.118 0.819 0.112
(0.645) (0.537) (0.720) (1.101) (0.545) (0.570) (0.497) (0.554) (27.373) (0.511)

Table 2.10: Estimated bias and mean squared errors (within parentheses) for uniformly
(chi-squared method) contaminated datasets.

the minimum DPD estimator with tuning parameter β, can be found in Basu et al.

(1998), Warwick and Jones (2005) [155] or Basak et al. (2021) [9]. Now, there are

two unknown quantities in Equation (2.24), namely, θgβ and θ∗. In practice, Warwick

and Jones (2005) [155] suggested θgβ to be replaced by θ̂β, the MDPDE of θ and θ∗

to be replaced by some suitable robust pilot estimator θ̂
P
. Later, Basak et al. (2021)

suggested an iterative procedure to find the optimal choice of β. This is basically a

refinement of the procedure proposed by Warwick and Jones (2005) [155] which chooses

the optimal parameter estimate at any particular stage as the pilot estimate for the

next stage and continues the process till convergence.

Any of the approaches above can be adapted to the clustering situation considered

by us. However, there is one issue involved here. The literature has so far considered
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MPLEβ TCLUST TKMEANS KMEDOIDS MCLUST

p Σ β = 0 β = 0.1 β = 0.3 β = 0.5 α = 0.1 α = 0.15 α = 0.1 α = 0.15

2 I2 0.794 0.035 0.038 0.040 0.072 0.022 0.051 0.021 0.135 0.014
(0.810) (0.021) (0.023) (0.026) (0.059) (0.023) (0.030) (0.027) (0.125) (0.020)

3I2 0.697 0.174 0.061 0.076 0.514 0.060 0.123 0.061 0.237 0.064
(0.749) (0.255) (0.085) (0.093) (1.741) (0.109) (0.098) (0.082) (0.448) (0.077)

5I2 0.778 0.311 0.254 0.293 1.962 0.247 0.300 0.053 0.429 0.070
(1.151) (0.513) (0.393) (0.402) (37.672) (0.439) (0.319) (0.212) (0.863) (0.173)

4 I4 0.057 0.026 0.028 0.030 0.048 0.026 0.054 0.019 0.118 0.031
(0.225) (0.040) (0.045) (0.054) (0.046) (0.045) (0.053) (0.051) (0.516) (0.044)

3I4 0.131 0.078 0.069 0.076 0.093 0.069 0.047 0.043 0.141 0.045
(0.317) (0.132) (0.145) (0.171) (0.132) (0.134) (0.129) (0.137) (1.485) (0.122)

5I4 0.219 0.094 0.083 0.088 0.105 0.067 0.086 0.059 0.237 0.084
(0.524) (0.269) (0.246) (0.277) (0.248) (0.292) (0.241) (0.262) (2.275) (0.248)

6 I6 0.050 0.045 0.049 0.056 0.036 0.041 0.036 0.036 0.136 0.037
(0.250) (0.061) (0.073) (0.095) (0.066) (0.073) (0.065) (0.069) (1.545) (0.063)

3I6 0.096 0.059 0.069 0.082 0.059 0.068 0.069 0.080 0.322 0.062
(0.357) (0.185) (0.229) (0.297) (0.188) (0.207) (0.185) (0.213) (4.988) (0.195)

5I6 0.127 0.069 0.089 0.107 0.082 0.080 0.110 0.107 0.357 0.095
(0.435) (0.287) (0.344) (0.453) (0.342) (0.352) (0.346) (0.383) (8.597) (0.319)

8 I8 0.059 0.045 0.047 0.050 0.034 0.032 0.049 0.035 0.191 0.042
(0.305) (0.081) (0.105) (0.146) (0.087) (0.091) (0.089) (0.086) (3.279) (0.083)

3I8 0.091 0.072 0.076 0.075 0.081 0.067 0.090 0.092 0.489 0.065
(0.394) (0.247) (0.304) (0.415) (0.248) (0.277) (0.248) (0.266) (10.136) (0.243)

5I8 0.088 0.093 0.107 0.127 0.102 0.100 0.084 0.083 0.512 0.097
(0.548) (0.429) (0.543) (0.771) (0.392) (0.458) (0.411) (0.465) (16.497) (0.426)

10 I10 0.076 0.042 0.051 0.064 0.048 0.046 0.055 0.051 0.305 0.048
(0.279) (0.109) (0.148) (0.231) (0.119) (0.119) (0.113) (0.116) (5.410) (0.010)

3I10 0.093 0.064 0.073 0.098 0.069 0.079 0.093 0.100 0.539 0.080
(0.451) (0.289) (0.384) (0.592) (0.330) (0.331) (0.304) (0.343) (16.047) (0.303)

5I10 0.101 0.090 0.088 0.115 0.098 0.115 0.099 0.102 0.836 0.112
(0.612) (0.492) (0.641) (0.998) (0.507) (0.560) (0.571) (0.601) (27.712) (0.513)

Table 2.11: Estimated bias and mean squared errors (within parentheses) for uniformly
(from annulus) contaminated datasets.

the estimation of an optimal β parameter for one sample of real data. Our situation is

a little more complex than that. Here one has to estimate the parameters of each of

the k populations, separately, and then again this process has to be repeated in each

iteration. Thus, tuning parameter selection has to be performed separately for each

population at each iteration. Therefore it does not make sense to talk about a single

optimal value of β, as these cases may result in distinct optimals. Otherwise there is no

conceptual difficulty in optimal tuning parameter selection in our clustering problem.

However, we believe that the implementation of this should be reserved for a future

work, given that the level of refinement is quite intricate.
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MPLEβ TCLUST TKMEANS KMEDOIDS MCLUST

p Σ β = 0 β = 0.1 β = 0.3 β = 0.5 α = 0.1 α = 0.15 α = 0.1 α = 0.15

2 I2 4.870 0.028 0.029 0.030 2.232 0.025 1.424 0.021 20.888 22.152
(23.97) (0.018) (0.021) (0.024) (47.236) (0.028) (27.977) (0.027) (457.109) (497.0417)

3I2 4.876 4.487 0.062 0.070 10.536 0.427 3.187 0.053 21.928 21.762
(24.141) (20.599) (0.087) (0.094) (233.780) (10.392) (68.016) (0.093) (482.016) (482.281)

5I2 9.712 10.096 0.990 0.566 21.899 20.053 8.837 0.064 26.925 21.938
(145.236) (158.673) (28.353) (0.685) (485.105) (461.605) (191.516) (0.189) (491.365) (486.658)

4 I4 6.860 0.025 0.030 0.037 2.661 0.030 3.249 0.030 29.363 31.221
(47.878) (0.040) (0.045) (0.054) (77.778) (0.050) (98.839) (0.052) (906.572) (987.839)

3I4 6.881 6.310 0.055 0.059 17.412 0.051 5.772 0.048 30.596 30.730
(47.980) (44.003) (0.131) (0.155) (547.829) (0.145) (172.106) (0.144) (941.274) (959.393)

5I4 6.974 7.079 0.089 0.093 28.472 21.841 6.983 0.047 30.767 30.856
(49.457) (51.252) (0.239) (0.283) (892.367) (689.382) (217.568) (0.243) (951.243) (968.882)

6 I6 8.757 0.033 0.038 0.041 5.511 0.033 0.993 0.036 36.762 38.104
(109.060) (0.064) (0.076) (0.097) (204.188) (0.067) (31.582) (0.068) (1393.215) (1472.076)

3I6 8.343 6.886 0.063 0.065 15.997 0.067 1.784 0.054 37.819 38.054
(75.015) (66.517) (0.208) (0.275) (617.990) (0.195) (61.955) (0.196) (1444.099) (0.172)

5I6 7.859 9.443 0.320 0.128 30.467 13.672 6.331 0.076 37.696 0.061
(75.932) (90.913) (6.551) (0.495) (976.222) (526.805) (238.451) (0.356) (1432.805) (1470.286)

8 I8 14.642 0.042 0.054 0.059 9.995 0.044 4.623 0.042 42.513 43.710
(215.859) (0.086) (0.108) (0.150) (430.428) (0.088) (188.793) (0.087) (1872.28) (1937.060)

3I8 14.509 4.952 0.095 0.117 13.260 0.061 7.295 0.069 43.359 43.846
(214.399) (61.377) (0.307) (0.429) (591.215) (0.272) (321.262) (0.249) (1903.009) (1951.052)

5I8 14.555 11.787 0.099 0.114 33.417 5.136 6.360 0.103 43.435 43.567
(213.653) (143.740) (0.551) (0.758) (1191.519) (225.505) (279.669) (0.571) (1909.009) (1926.959)

10 I10 16.282 0.047 0.057 0.070 5.188 0.045 5.211 0.048 45.457 48.981
(267.572) (0.103) (0.138) (0.218) (242.153) (0.117) (248.064) (0.109) (2232.301) (2432.958)

3I10 16.293 7.749 0.076 0.092 18.751 0.084 5.091 0.078 48.279 49.325
(268.224) (116.158) (0.396) (0.616) (935.354) (0.328) (236.564) (0.408) (2370.414) (2466.566)

5I10 16.357 14.035 0.119 0.163 25.640 5.964 14.062 0.110 48.664 48.745
(272.519) (231.636) (0.620) (1.092) (1281.557) (298.761) (698.405) (0.550) (2408.094) (2411.771)

Table 2.12: Estimated bias and mean squared errors (within parentheses) for outlying
cluster contaminated datasets.

2.7.9 Determination of T

We choose the optimal value of T following the maximal-gap philosophy. To understand

this, we present the plots of the negative log likelihood values of the sample observations

along with the choice of −log(T ) in Figure 2.9. The figure clearly indicates how the cut-

offs correspond to maximal gaps. If there is no contamination in the data, normality

of the clusters suggests that the concentration of the sample observations will be more

in the central region and less in the low probability zones which are distant from the

cluster means. Thus, the maximum gap is expected to be found in the low probability

zones containing a few extreme observations. Hence, in case of no contamination, the

maximal-gap strategy will, in most cases, find the threshold far away from the central

region and the number of declared outliers will be small, as one would ideally expect.
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MPLEβ TCLUST TKMEANS KMEDOIDS MCLUST

Type p β = 0 β = 0.1 β = 0.3 β = 0.5 α = 0 α = 0.05 α = 0 α = 0.05

Pure 2 0.018 0.019 0.026 0.032 0.025 0.027 0.108 0.025 0.064 0.015
(0.027) (0.027 ) (0.030) (0.034 ) (0.027) (0.034 ) (0.044) (0.054 ) (0.075) (0.030 )

Pure 6 0.057 0.057 0.058 0.061 0.049 0.058 0.044 0.045 0.170 0.037
(0.084) (0.087 ) (0.107) (0.141 ) (0.105) (0.123 ) (0.098) (0.115 ) (2.422) (0.086 )

α =0.10 α =0.15 α =0.10 α =0.15
Uniform 2 0.136 0.094 0.060 0.042 0.030 0.047 0.135 0.062 0.102 0.042

(chi-squared) (0.134) (0.098 ) (0.041) (0.043 ) (0.042) (0.040 ) (0.064) (0.061 ) (0.353) (0.047 )
Contaminated

Uniform 6 0.077 0.114 0.053 0.066 0.073 0.055 0.049 0.044 0.249 0.023
(chi-squared) (0.251) (0.115 ) (0.121) (0.154 ) (0.125) (0.123 ) (0.113) (0.130 ) (2.639) (0.101 )
Contaminated

Uniform 2 0.586 0.820 0.018 0.025 0.142 0.048 0.185 0.030 0.290 0.032
(Annulus) (0.966) (0.940 ) (0.034) (0.037 ) (0.093) (0.047 ) (0.106) (0.062 ) (0.285) (0.040 )

Contaminated

Uniform 6 0.087 0.037 0.044 0.049 0.040 0.045 0.057 0.050 0.193 0.061
(Annulus) (0.357) (0.107 ) (0.126) (0.156 ) (0.107) (0.116 ) (0.112) (0.123 ) (2.653) (0.102 )

Contaminated

Outlying 2 4.911 4.538 0.018 0.017 6.0677 0.037 5.318 0.064 21.599 21.505
Cluster (24.337) (20.865 ) (0.040) (0.044 ) (129.004) (0.050) (110.232) (0.057 ) (467.394) (462.341 )

Outlying 6 8.622 6.970 0.039 0.047 9.707 0.048 6.810 0.074 36.805 37.312
Cluster (83.850) (70.038 ) (0.127) (0.158 ) (358.676) (0.129) (257.010) (0.128 ) (1389.584 (1392.408 )

Table 2.13: Estimated bias and mean squared errors (within parentheses) for datasets
with differentially dispersed clusters.

As we have mentioned in the main manuscript earlier, there could be situations

where the performance of the maximal-gap strategy may not be fully satisfactory.

Using the t-th largest gap (rather than the overall largest) may provide a way around

in such cases but the optimal choice of this T may itself pose a major challenge. All in

all, the choice of the tuning parameter T remains a difficult problem for which a fully

satisfactory solution, covering all different cases, is not yet available.
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(a) Pure Data (b) Uniformly contaminated (χ2 type) data

(c) Annulus contaminated Data (d) Outlying cluster Contaminated Data

Figure 2.9: Plots of the negative log likelihoods of sample observations with the optimal
choice of −log(T ) as outlier thresholds.

.
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Chapter 3

Theoretical Properties of the Maximum Pseudo

β-Likelihood Estimation

3 Theoretical Properties of the Maximum Pseudo

β-Likelihood Estimation

3.1 Introduction

The MPLEβ algorithm has been developed in Chapter 2 for performing robust estima-

tion in the multivariate normal mixture set-up with subsequent robust clustering and

anomaly detection. The proposed method is validated with simulation experiments and

real data applications (comparative study with the existing popular robust clustering

methods). The robustness of the algorithm is assessed through the influence function

analysis. However, theoretical validation of the proposed methodology is required to

understand the correctness of the algorithm. We present some important theoretical

properties of the MPLEβ method in the present chapter. In particular, we establish

the existence and consistency of the parameter estimates obtained from the MPLEβ

algorithm in case of the multivariate normal mixture models under a set of sufficient

conditions. Before going to prove these theoretical properties, let us recall the proba-

bilistic set-up of the MPLEβ method once again. As earlier, let, {X1,X2, . . . ,Xn} be

a random sample drawn from a p-dimensional multivariate normal mixture distribution

having k components with true unknown probability measure F . The corresponding

true unknown PDF is modelled by the family {fθ : θ ∈ Θ}, with,

fθ(x) =
k∑
j=1

πjϕp(x,µj,Σj), (3.1)

where θ = (π1, π2, . . . , πk,µ1,µ2, . . . ,µk,Σ1,Σ2, . . . ,Σk) is the parameter vector of

interest. Let us also recall the empirical objective function (same as Equation (2.5))

Lβ(θ, Fn) = EFn

[
k∑
j=1

Zj(X,θ)

[
log πj +

1

β
ϕβp (X,µj,Σj)−

1

1 + β

∫
ϕ1+β
p (x,µj,Σj) dx

]]
,

(3.2)
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which is maximized with respect to θ over the restricted parameter spaceΘC (Equation

(2.8)) assuming the ER and NS constraints. The theoretical objective function (same

as Equation (2.6))

Lβ(θ, F ) = EF

[
k∑
j=1

Zj(X,θ)

[
log πj +

1

β
ϕβp (X,µj,Σj)−

1

1 + β

∫
ϕ1+β
p (x,µj,Σj) dx

]]
(3.3)

is now crucial to consider for the formal presentation of the theoretical results.

The remainder of the chapter is organized as follows. Section 3.2 provides the de-

tailed proofs of the two main results on existence and consistency. Section 3.3 provides

simulation experiments where our method is compared with other alternatives in terms

of bias and mean squared errors of the component mean and covariance matrix esti-

mates. The application of our method is further illustrated in Section 3.4 on two real

datasets. Section 3.5 contains a few relevant lemmas.

3.2 Theoretical Results

Let us first state the following technical assumptions which will be crucial to prove

some of our results.

Assumption 3.1. For the true (unknown) density function f =
∑k

j=1 π
0
jϕp(·,µ0

j ,Σ
0
j )

(true probability measure F =
∑k

j=1 π
0
jFj(·,µ0

j ,Σ
0
j )), let us assume that, max

1≤j≤k
π0
j ≥

(1 + k0) β

(1+β)1+
p
2
for some k0 > 0.

Assumption 3.2. min
1≤j≤k

πj ≥ πmin > 0, i.e., none of the cluster components are

empty.

Remark 3.1. If πj = 0, i.e., the j-th component is empty, it will have no role in the

data generation process. As the number of components is finite, it is therefore reason-

able to assume that each component probability is bounded away from zero. Following

Assumption 3.2 and the NS constraint, we have

−∞ < log πmin ≤ log πj < 0 and 0 <
1

|Σj|
≤ 1

cp1
<∞, ∀j. (3.4)

We first present the result on the existence of the optimizers (both empirical and

population versions) and then the consistency of the resulting estimators under the

multivariate normal mixture model.
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Theorem 3.1 (Existence). Let P be a probability distribution (either F or Fn in our

case) and Assumption 3.1 is satisfied by F . Then, there exists θ ∈ ΘC that maximizes

Lβ(θ, P ) = EP

[
k∑
j=1

Zj(X,θ)

[
log πj +

1

β
ϕβp (X,µj,Σj)−

1

1 + β

∫
ϕ1+β
p (x,µj,Σj) dx

]]

under the ER and NS constraints (for a sufficiently large sample size n in case of Fn).

Proof. Let {θr} = {(πr1, πr2, . . . , πrk,µr
1,µ

r
2, . . . ,µ

r
k,Σ

r
1,Σ

r
2, . . . ,Σ

r
k)} be a sequence in

ΘC such that,

lim
r→∞

Lβ(θ
r, P ) = sup

θ∈ΘC

Lβ(θ, P ). (3.5)

Let us assume, without loss of generality, that, π0
1 = max

1≤j≤k
π0
j . Let, θ

a = (πa1 , π
a
2 , . . . , π

a
k ,µ

a
1,

µa
2, . . . ,µ

a
k,Σ

a
1,Σ

a
2, . . . ,Σ

a
k) ∈ ΘC such that,

πaj = 1 , µa
j = µ0

j , Σ
a
j = c

′
Σ0
j for j = 1,

where c
′
is a positive real; choice of c

′
will be fixed appropriately. This implies that,

Zj(X,θa) =

1, if j = 1

0, if 2 ≤ j ≤ k.

Hence,

lim
r→∞

Lβ(θ
r, P ) = sup

θ∈ΘC

Lβ(θ, P ) ≥ Lβ(θ
a, P ).

If P is the true unknown distribution function (i.e., F ), then,

Lβ(θ
a, P ) = EF

(
1

β
ϕβp (X,µ0

1, c
′
Σ0

1)

)
− 1

1 + β

∫
ϕ1+β
p (x,µ0

1, c
′
Σ0

1) dx

≥ π0
1EF1

(
1

β
ϕβp (X,µ0

1, c
′
Σ0

1)

)
− 1

1 + β

∫
ϕ1+β
p (x,µ0

1, c
′
Σ0

1) dx

=
1

β(2π)
pβ
2 |c′Σ0

1|
β
2 (1 +

β

c′
)
p
2

[
π0
1 −

β

(1 + β)1+
p
2

(
1 +

β

c′

) p
2

]
(after some algebra).

Now, the positivity of the aforesaid term can be achieved by taking a large enough c
′
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(as a consequence of Assumption 3.1), and thus

Lβ(θ
a, P ) ≥ 0.

But if P is the empirical distribution Fn (n represents the sample size),

Lβ(θ
a, P ) =

1

nβ

n∑
i=1

ϕβp (X i,µ
0
1, c

′
Σ0

1)−
1

1 + β

∫
ϕ1+β
p (x,µ0

1, c
′
Σ0

1) dx.

The positivity of the above quantity can be established by an application of the strong

law of large numbers (SLLN) assuming a moderately large sample size n followed by

the aforesaid argument in case of P = F . So, the sequence {θr} satisfies,

lim
r→∞

Lβ(θ
r, P ) ≥ 0. (3.6)

Since (πr1, π
r
2, . . . , π

r
k) ∈ [0, 1]k and [0, 1]k is a compact set in Rk, the sequence {θr} has

a subsequence {θr}l such that {πr1, πr2, . . . , πrk}l is convergent. To simplify the notation,

we will denote this subsequence {θr}l as the original sequence {θr}.
Hence the sequence must satisfy the following properties.

1. For the proportion sequence {πr1, πr2, . . . , πrk},

πrj → πj ∈ [0, 1] for 1 ≤ j ≤ k. (3.7)

2. For the mean sequence {µr
1,µ

r
2, . . . ,µ

r
k},

µr
j → µj ∈ Rp for 1 ≤ j ≤ g and ||µr

j || → ∞ for g + 1 ≤ j ≤ k for some 0 ≤ g ≤ k,

(3.8)

where || · || denotes the standard L2 norm.

3. Finally, the dispersion sequence {Σr
1,Σ

r
2, . . . ,Σ

r
k} must satisfy exactly one of the

following conditions. Either,

Σr
j → Σj ∈ Rp×p for 1 ≤ j ≤ k, (3.9)
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or,

Mr → ∞, (3.10)

or,

mr → 0, (3.11)

where Mr and mr are the largest and the smallest elements of the set of eigen-

values of Σr
1,Σ

r
2, . . . ,Σ

r
k, respectively.

Now, by Lemma 3.4, presented in Section 3.5, the condition in (3.8) holds for g = k

in case of component means (if πj > 0 for all j = 1, 2, . . . , k in (3.7)) and (3.9) holds

for the component covariance matrices. Thus, if πj > 0 for all j = 1, 2, . . . , k in (3.7),

then, the choice of the optimizer is obvious. But, if πj > 0 for j = 1, 2, . . . , g for some

1 ≤ g < k, and πj = 0 for j > g, then take πj = lim
r→∞

πrj for j = 1, 2, . . . , g and

πj = 0 for j > g, µj = lim
r→∞

µr
j , Σj = lim

r→∞
Σr
j for j = 1, 2, . . . , g and µj and Σj

arbitrarily (satisfying the ER and NS constraints) for j > g. These values will provide

the maximizer of the objective function in consideration. This completes the proof of

Theorem 3.1.

Our next theorem provides consistency properties of the MPLEβ (that is, the con-

sistency of the sample version (optimizer in Equation (3.2)) to the population version

(optimizer in Equation (3.3)). To achieve this, we need uniqueness of the maximizer

of (3.3) under the ER and NS constraints and the following prerequisite result in order

to establish the consistency.

Theorem 3.2 (Corollary 3.2.3, van der Vaart and Wellner (1996) [151]). Let Mn be a

stochastic process indexed by a metric space Θ and let M : Θ → R be a deterministic

function. Suppose the following conditions hold.

1. Suppose that ||Mn −M ||Θ → 0 in probability.

2. There exists a point θ0 such that, M(θ0) > sup
θ/∈G

M(θ) for every open set G that

contains θ0.

3. Suppose a sequence θ̂n satisfies Mn(θ̂n) > sup
θ
Mn(θ)− op(1).
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Then, θ̂n → θ0 in probability.

Theorem 3.3 (Consistency). Suppose that θ0 be the unique maximizer of (3.3) subject

to the ER and NS constraints and suppose Assumptions 3.1 and 3.2 hold. Then, if θ̂n

is a maximizer of (3.2) based on a sample of size n, we have θ̂n → θ0 in probability as

n→ ∞.

Proof. In order to derive the estimators, we had maximized the objective function

Lβ(θ, Fn) which is not differentiable with respect to the parameter θ. Hence, the

standard Taylor series expansion approach (used to derive the asymptotics of maximum

likelihood estimators) may not work for this problem. Thus, we are going to use the

modern empirical process tools (Theorem 3.2) to establish weak consistency.

Following the notations of Theorem 3.2, we have,Mn(θ) = Lβ(θ, Fn) = EFn(mθ(X))

andM(θ) = EF (mθ(X)) with

mθ(X) =
k∑
j=1

Zj(X,θ)

[
log πj +

1

β
ϕβp (X,µj,Σj)−

1

1 + β

∫
ϕ1+β
p (x,µj,Σj) dx

]
.

The third condition of Theorem 3.2 is satisfied due to Theorem 3.1. The second

condition of Theorem 3.2 is also satisfied due to the assumption of the existence of

a unique maximizer of the theoretical objective function in Equation (3.3). Thus, we

have to check the first condition only. To verify this, we need a Glivenko-Cantelli (GC)

property (van der Vaart and Wellner (1996) [151]) of the class F = {mθ(X) : θ ∈ ΘC}.
To do that, first let us observe the fact (van der Vaart and Wellner (1996) [151])

that any appropriately measurable Vapnik-C̆ervonenkis (VC) class is Glivenko-Cantelli

(GC) provided its envelope function is integrable with respect to the underlying prob-

ability measure (the true probability measure F in our case). Hence, it is enough to

show that, F is VC with an integrable envelope function.

To establish that F is GC, we will follow the methodologies developed in Section

2.6 of van der Vaart and Wellner (1996) [151] and Kosorok (2008) [88]. Let us observe

the following facts.

� The functions (X −µj)
′
Σ−1
j (X −µj) are polynomials of degree 2. Hence, these

functions together form a finite dimensional vector space and hence is VC.

� The function ϕ(x) = e−x is monotone and continuous hence ϕ ◦ G is VC if G is

VC.
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� The collection {Zj(X,θ) = 1} can be obtained through polynomials of degree

2 and hence is VC. Thus, the collection {Zj(X,θ)} (as indicators of the sets

{Zj(X,θ) = 1}) is VC.

� Suppose F1,F2, . . . ,Fk be GC classes of functions on the probability measure P

and ϕ is a continuous function from Rk to R. Then H = ϕ(F1,F2, . . . ,Fk) is GC

with respect to the true probability measure provided that H has an integrable

envelope function (Kosorok (2006) [88], Wellner (2012) [63]).

The first observation implies that the collection of functions {(X − µj)
′
Σ−1
j (X −

µj)} is VC. Now, the second observation implies that {ϕβp (x,µj,Σj)} is VC with

envelope function (2πc1)
− pβ

2 (by the NS constraint, see Remark 3.1) which is integrable

with respect to the true probability measure and hence is GC. Similarly, the third

observation implies that the collection of functions {Zj(X,θ)} is VC (with envelope 1

which is again integrable) and hence is GC.

Now the fact that F is GC can be concluded by the fourth observation with F1j =

{Zj(X,θ), θ ∈ ΘC}, F2j = {log πj+
1
β
ϕβp (X,µj,Σj)− 1

1+β

∫
ϕ1+β
p (x,µj,Σj) dx, θ ∈

ΘC} for j = 1, . . . , k and ϕ(x11, . . . , x1k, x21, . . . , x2k) =
∑k

j=1 x1jx2j. The inte-

grability (with respect to the true probability measure) of the envelope function of

ϕ(F11, . . . , F1k,F21, . . . , F2k) follows from the facts that

Zj(X,θ) ∈ {0, 1}, −∞ < log πmin ≤ log πj < 0, and

0 < ϕβp (X,µj,Σj) ≤
1

(2π)
pβ
2 |Σ|β2

≤ 1

(2πc1)
pβ
2

,

∀j, where the last couple of inequalities follow from Assumption 3.2 and Remark 3.1.

This completes the proof of Theorem 3.3.

Remark 3.2. We explicitly assume that the true unknown distribution (with proba-

bility measure F ) belongs to the normal mixture family of distributions. However, it

is observed that this assumption is only essential to prove the inequality (3.6). If we

assume that the true unknown distribution satisfies inequality (3.6), the results can

be extended to more generalized set-ups. In case of real datasets, it is expected that

the data come from distributions which are not exactly of normal mixture type. The

aforesaid assumption (inequality (3.6)) can help to establish the theoretical results for

distributions which lie in a certain neighbourhood of the normal mixture family. For
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example, let us consider the contaminated normal mixture distribution with density

f =
k∑
j=1

π0
jϕp(·,µ0

j ,Σ
0
j ) + π0

k+1g(·),

where the density g is the density of some contaminating distribution and π0
k+1 is the

contamination proportion. The proof of inequality (3.6) depends only on the normal

component density with the highest component weight and Assumption 3.1. Thus, the

aforesaid inequality is valid in case of the aforesaid contaminated normal mixture dis-

tribution if the contaminating proportion does not exceed all of the regular component

weights, i.e., π0
k+1 ≤ max {π0

1, . . . π
0
k} which is quite expected in real life scenarios.

3.3 More Simulation Experiments

We have assessed the comparative performance of the MPLEβ method through simu-

lation experiments in various set-ups by means of estimated misclassification rates and

estimated bias and mean squared errors of the cluster mean estimates in Chapter 2.

In this section, we further investigate the same via simulation (with slightly different

set-ups), but this time, in terms of the estimated bias and mean squared errors of both

the cluster mean and covariance estimates. To do this, multivariate normal mixture

datasets are generated with different data dimensions (p = 2, 6), cluster components

(k = 2, 3) and various sample sizes (n) depending on p and k. To assess the robustness

of all the competing algorithms, contaminated datasets are used with 10% contaminat-

ing proportion. Component means, covariances, weights and sample sizes for different

set-ups (depending on p and k) are tabulated in Table 3.1. The contaminating obser-

vations are generated using uniform distributions on p-dimensional spheres (centred at

the origin and radius 30). Observations from the aforesaid distributions are generated

and only those ones are used for contamination whose squared Mahalanobis distances

from all of the component means exceed 10χ2
0.975,p; χ

2
0.975,p being the 97.5-th percentile

of the χ2
p distributions (p = 2, 6). A couple of two dimensional simulated datasets

following the aforesaid methodology with k = 2 and k = 3 are presented in Figure

3.1. For each of the aforesaid simulation set-ups, 100 samples are generated and the

component mean and covariance estimates are obtained based on them. The average

bias (L2 normed bias) and mean squared errors are tabulated in Tables 3.2 and 3.3,

for k = 2 and k = 3, respectively. As earlier, the competitors of our MPLEβ algorithm
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k p Means Covariances Weights Sample sizes

2 2 (5, 0)
′

I2 0.4 100, 200, 200

(0, 5)
′

∆ 0.5

6 (5, 0, 0, 0, 0, 0)
′

I6 0.4 200, 300, 400

(0, 5, 0, 0, 0, 0)
′

[
∆ 02×4

04×2 I4

]
0.5

3 2 (5, 0)
′

I2 0.35 200, 300, 400

(0, 5)
′

∆ 0.30

(5, 5)
′

3I2 0.25

6 (5, 0, 0, 0, 0, 0)
′

I6 0.35 500, 750, 1000

(0, 5, 0, 0, 0, 0)
′

[
∆ 02×4

04×2 I4

]
0.30

(5, 5, 0, 0, 0, 0)
′

3I6 0.25

Table 3.1: The component means and covariances in various set-ups with ∆ =

[
2 1
1 2

]
.

Contamination accounts for the remaining 10% weights in each case.
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(a) k = 2, n = 100.
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(b) k = 3, n = 200.

Figure 3.1: Structures of simulated datasets.

used here are the TCLUST [58], trimmed K-means (TKMEANS) [31], K-medoids [84]

and the MCLUST [137] methods. The non-robust likelihood based method is also

presented for comparison.

Let us now understand the implications of the simulation outputs presented in

Tables 3.2 and 3.3. The ordinary maximum likelihood based method (i.e., MLE based)

and the K-medoids algorithm produce large bias and mean squared errors due to

the presence of the potential contaminating observations. But the MPLEβ algorithm

along with the trimming based methodologies (TCLUST and trimmed K-means) are
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p = 2 p = 6
Method Tuning n Location Scale n Location Scale

Parameter Bias MSE Bias MSE Bias MSE Bias MSE
MLE 100 2.456 102.911 89.511 33525.003 200 1.490 39.583 90.632 31877.026

200 2.043 55.030 126.075 51841.075 300 2.182 33.074 111.770 42793.568
300 1.929 36.675 116.745 46775.057 400 2.355 21.025 119.032 42263.149

MPLEβ 0.1 100 0.057 0.131 0.216 1.006 200 0.038 0.161 0.097 1.420
200 0.027 0.075 0.088 0.420 300 0.028 0.104 0.097 0.868
300 0.008 0.042 0.057 0.242 400 0.020 0.083 0.095 0.693

0.3 100 0.063 0.146 0.249 1.073 200 0.035 0.192 0.146 1.900
200 0.028 0.079 0.132 0.456 300 0.032 0.123 0.156 1.163
300 0.008 0.047 0.094 0.262 400 0.019 0.098 0.173 0.937

0.5 100 0.067 0.168 0.360 1.442 200 0.035 0.255 0.167 2.798
200 0.028 0.087 0.233 0.604 300 0.037 0.158 0.198 1.693
300 0.010 0.053 0.185 0.352 400 0.023 0.125 0.227 1.331

TCLUST 0.1 100 1.024 59.916 5.897 577.924 200 0.676 57.445 14.757 4829.239
200 1.020 40.727 5.009 291.974 300 0.488 80.375 20.296 6667.174
300 0.376 16.151 2.698 110.372 400 0.969 73.178 18.696 5332.256

0.15 100 0.014 0.151 0.478 1.426 200 0.042 0.185 0.390 2.081
200 0.039 0.081 0.437 4.130 300 0.019 0.118 0.312 1.148
300 0.021 0.057 0.579 0.637 400 0.031 0.079 0.321 0.891

TKMEANS 0.1 100 0.164 0.266 2.061 29.67 200 0.058 0.243 1.869 40.497
200 0.148 0.185 1.976 19.631 300 0.062 0.154 1.395 22.100
300 0.090 0.091 1.321 10.195 400 0.033 0.107 1.190 16.107

0.15 100 0.044 0.184 0.936 1.774 200 0.042 0.192 0.845 1.824
200 0.023 0.094 0.987 1.255 300 0.029 0.116 0.849 1.485
300 0.020 0.060 1.077 1.314 400 0.018 0.095 0.840 1.297

KMEDOIDS 100 0.324 6.92 47.589 3682.42 200 0.192 2.155 39.704 2560.485
200 0.16 0.272 47.014 2877.583 300 0.183 1.626 38.900 2159.686
300 0.129 0.171 44.982 2496.328 400 0.173 1.472 38.518 1967.819

MCLUST 100 0.456 12.157 4.661 1385.746 200 0.215 5.015 5.961 3392.367
200 0.030 0.075 0.066 0.352 300 0.030 0.100 0.086 0.867
300 0.020 0.046 0.107 0.256 400 0.026 0.074 0.094 0.616

Table 3.2: Estimated bias and mean squared errors of different methods in case of
k = 2.

successful in producing small bias and mean squared errors due to their robust natures.

The MPLEβ clearly outperforms all its competitors in terms of estimated bias and mean

squared errors, especially with small values of β (0.1 or 0.3). Although the MCLUST

method performs closely in case of the two component set-up (k = 2), the same is

found to be not that efficient in case of the three cluster models. It is observed that

the convergence of the MCLUST method requires substantially larger sample sizes

particularly for the three component set-up.
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p = 2 p = 6
Method Tuning n Location Scale n Location Scale

Parameter Bias MSE Bias MSE Bias MSE Bias MSE
MLE 200 7.028 259.287 221.808 118324.918 500 4.167 59.609 201.924 91847.286

300 6.083 193.402 242.414 135285.542 750 5.086 69.364 239.843 95023.254
400 4.225 106.831 251.179 133127.074 1000 5.211 54.509 239.101 86296.694

MPLEβ 0.1 200 0.289 2.848 25.531 12830.310 500 0.131 0.345 0.483 5.235
300 0.411 5.059 25.637 14755.109 750 0.116 0.235 0.385 3.393
400 0.272 4.270 16.570 8395.707 1000 0.103 0.160 0.449 2.633

0.3 200 0.174 0.474 0.252 2.974 500 0.105 0.417 0.882 8.057
300 0.065 0.328 0.176 2.008 750 0.093 0.262 0.751 4.927
400 0.119 0.257 0.211 1.723 1000 0.085 0.187 0.865 4.077

0.5 200 0.168 0.504 0.229 4.048 500 0.183 0.697 1.356 13.774
300 0.066 0.307 0.594 4.127 750 0.076 0.320 1.052 7.289
400 0.079 0.257 0.344 2.535 1000 0.069 0.231 1.152 5.967

TCLUST 0.12 200 0.895 43.434 2.142 86.929 500 0.570 18.736 3.017 332.234
300 1.121 34.043 1.699 18.225 750 0.432 9.539 2.777 323.290
400 0.560 14.420 1.532 5.867 1000 0.187 0.200 1.179 4.242

0.15 200 0.368 0.846 1.960 6.829 500 0.233 0.617 1.848 9.584
300 0.315 0.564 2.021 5.951 750 0.239 0.364 1.844 7.487
400 0.228 0.357 1.985 5.261 1000 0.175 0.234 1.825 6.376

TKMEANS 0.12 200 0.305 0.554 1.668 4.903 500 0.701 20.683 3.877 437.964
300 0.268 0.363 1.569 4.044 750 0.397 0.433 1.674 4.802
400 0.457 6.815 1.632 9.424 1000 0.428 0.395 1.673 4.416

0.15 200 0.239 0.579 2.170 5.302 500 0.352 0.614 2.248 7.781
300 0.157 0.356 2.044 4.636 750 0.348 0.442 2.272 6.861
400 0.221 0.305 2.003 4.372 1000 0.387 0.385 2.271 6.420

KMEDOIDS 200 4.326 146.706 72.435 12268.229 500 1.018 34.213 54.660 6547.075
300 4.592 147.494 72.143 11719.062 750 0.545 3.702 47.612 2929.350
400 3.5 113.030 67.284 8937.877 1000 0.682 3.476 49.184 2948.087

MCLUST 200 2.179 98.377 6.839 1169.55 500 1.684 92.432 38.103 18314.392
300 2.052 73.679 4.297 285.849 750 4.530 123.320 113.597 37746.933
400 1.157 42.544 2.986 136.394 1000 4.155 50.796 166.641 56291.524

Table 3.3: Estimated bias and mean squared errors of different methods in case of
k = 3.

3.4 Further Real Data Examples

We now illustrate our method using two more real life datasets (in addition to the

datasets used in Chapter 2); one of them involves univariate data while the other is a

multivariate example.

3.4.1 Univariate Case

Here we apply our method on the red blood cell sodium-lithium countertransport (SLC)

dataset which has been analyzed in the past by several authors including Dudley et al.
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(1991) [41], Roeder (1994) [124] and Fujisawa and Eguchi (2006) [54].

Geneticists are concerned about SLC as it may correlate blood pressure and hence

may be a potential factor behind hypertension. SLC is also less complicated to assess

than blood pressure, because the latter is a complex quantitative trait influenced by

environmental and genetic factors. The sample size is 190 and the dataset consists of

3 genotypes, namely, A1A1, A1A2, A2A2. We analyze these data using the ordinary

maximum likelihood approach, the maximum pseudo β-likelihood approach, as well

as the approach of Fujisawa and Eguchi [54]. Figure 3.2 presents the histogram of

the original data with different fits overlaid, including the maximum likelihood fit, the

Fujisawa-Eguchi (FE) fit with β = 0.45, the maximum pseudo β-likelihood fit with

β = 0.5, all with both 3 clusters and 4 clusters. The component parameter estimates

of the aforesaid models are presented in Table 3.4.

Methods Clusters ω̂1 ω̂2 ω̂3 ω̂4 µ̂1 µ̂2 µ̂3 µ̂4 σ̂2
1 σ̂2

2 σ̂2
3 σ̂2

4

MLE 3 0.442 0.137 0.421 - 0.182 0.288 0.450 - 0.001 0.001 0.005 -
MLE 4 0.100 0.421 0.289 0.190 0.180 0.261 0.342 0.473 0.001 0.0003 0.0008 0.005

FE (β = 0.45) 3 0.076 0.584 0.340 - 0.187 0.227 0.336 - 0.0001 0.004 0.012 -
FE (β = 0.45) 4 0.103 0.447 0.367 0.073 0.202 0.232 0.270 0.343 0.007 0.007 0.008 0.014

MPLEβ (β = 0.5) 3 0.422 0.289 0.289 - 0.185 0.260 0.365 - 0.001 0.0004 0.004 -
MPLEβ (β = 0.5) 4 0.421 0.289 0.153 0.137 0.185 0.261 0.330 0.422 0.0008 0.0004 0.0003 0.002

Table 3.4: Component parameter estimates for the SLC data.

The SLC dataset was originally composed of three clusters (representing the three

genotypes). The histogram of the data shows three possible modes for the three prob-

able clusters. However, it is observed that although the first two clusters (around the

first two modes in the histogram) are approximately symmetric and bell-shaped in na-

ture, the third cluster appears to significantly deviate from symmetry with a very long

right tail. This leads to the discovery of only one significant real mode by the method

of maximum likelihood (with 3 clusters), together with an almost invisible (and incor-

rect) second mode, and an entirely inaccurate third mode which is pushed way to the

right to accommodate some very large observations on the right tail. The FE method

(with 3 clusters) possibly identifies the second mode, but it is far too tentative and

diffused, perhaps due to its closeness with the first mode. The third mode is not at all

discernible in the figure in this case, a consequence of the large estimated variance for

the third component. The FE solution also appears to be substantially affected by the

very large observations on the right tail. The MPLEβ method (with 3 clusters) pro-

vides a much more improved fit compared to the previous two. The first two modes are
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(a) MLE based fit using 3 clusters.
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(b) MLE fit using 4 clusters.
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(c) FE fit using 3 clusters with β =
0.45.
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(d) FE fit using 4 clusters with β =
0.45.
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(e) MPLEβ fit using 3 clusters with
β = 0.5.
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(f) MPLEβ fit using 4 clusters with
β = 0.5.

Figure 3.2: Fitted densities using different methods.

very accurately determined with suitable separation. The estimated third mode does

not fully match the observed third mode, possibly because of the skewed pattern in

the third cluster. However, unlike previous two fits, this fit clearly discounts the effect

of the very large outliers to the right. Observing the skewed third cluster in the data

which is representing a model misspecification, a 4-component normal mixture model

has also been fitted using all of the aforesaid methods (with the aforementioned tuning

parameters). The three modes are now successfully and accurately recognized by the

MPLEβ method with the fourth fitted cluster pooling the skewed and misspecified part
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in the overall data. In this case also the large outliers are clearly discounted. On the

other hand, the maximum likelihood method and the FE method (with 4 clusters) are

still unable to fit the histogram appropriately; the former finds the modes inaccurately

while the latter fails to distinguish among the different clusters. In an overall sense,

it can be concluded that the MPLEβ method (with both 3 and 4 component normal

mixture models) has provided substantially improved fits to these data compared to

the maximum likelihood and FE methods.

3.4.2 Multivariate Case

We now describe the utility of our method by applying it on a multivariate dataset,

namely, the Thyroid Gland data1. The data provide information on 215 patients about

the laboratory test outcomes of five medical attributes. These attributes are (i) T3-

resin uptake test (in percentage, RT3U), (ii) total serum thyroxin as measured by the

isotopic displacement method (T4), (iii) total serum triiodothyronine as measured by

radioimmuno assay (T3), (iv) basal thyroid-stimulating hormone (TSH) as measured

by radioimmuno assay (TSH) and (v) maximal absolute difference of TSH value after

injection of 200 micro grams of thyrotropin releasing hormone as compared to the basal

value (DTSH).

Component MLE MPLEβ

Means Original Contaminated Original Contaminated
µ̂1 93.194 93.190 95.781 95.786

17.019 17.019 15.993 15.993
4.161 4.167 3.654 3.658
0.975 0.982 0.953 0.953
−0.047 −0.047 −0.049 −0.044

µ̂2 110.908 111 110.414 110.411
9.156 9.132 9.006 9.007
1.725 1.724 1.690 1.690
1.324 1.327 1.246 1.244
2.582 2.711 2.388 2.383

µ̂3 124.577 134.039 126.936 124.291
3.635 12.696 2.925 3.833
1.031 6.418 0.920 1.047
14.677 30.864 12.608 10.697
19.596 33.601 19.173 17.727

Table 3.5: Component mean estimates for the Thyroid Gland data (MPLEβ method
with β = 0.3 and MLE) in case of the original and the contaminated datasets.

The data also reveal the actual thyroidal state of these 215 patients, i.e., whether

1Source: https://archive.ics.uci.edu/ml/datasets/thyroid+disease and the R package mclust [137]
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they are suffering from euthyroidism (normal thyroid gland function), hypothyroidism

(underactive thyroid not producing enough thyroid hormone) or hyperthyroidism (over-

active thyroid producing and secreting excessive amounts of the free thyroid hormones

T3 and/or thyroxine T4). Thus, we can fit a 3-component normal mixture model (with

5-dimensions) using the MPLEβ method. Here the original cluster sizes are not equal

and two of the original cluster sizes are only 30 and 35 while the data dimension is 5.

For this relatively larger p
n
value, the MPLEβ estimates for each clusters need a stable

starting value. We thus used S-estimates of location and scale (Lopuhaä (1989) [97])

in this regard. An exploratory analysis of these data appear to indicate that there

are no major outliers in the dataset. This is also suggested by the similarity of the

component mean estimates in case of the MPLEβ (with β = 0.3) and the non-robust

maximum likelihood estimates in Table 3.5. To establish the outlier stability of the

MPLEβ method, we contaminate the original data artificially with 10 additional points

which are discrepant in comparison with the original data and can be viewed as out-

liers. These contaminating observations are listed in Section 3.5.2. The component

mean estimates of this artificially contaminated dataset by the maximum β-likelihood

method (with β = 0.3) and usual likelihood based method are also presented in Table

3.5. The stability of the MPLEβ method is immediately observed in the minimal shifts

in the component mean estimates which obviously cannot be claimed for the MLEs.

The variation in the estimates of the third cluster is higher than those of the other two,

but here also the MPLEβ estimator is far more stable than the MLE. The superiority

of the MPLEβ approach over the ordinary likelihood version is quite apparent, at least

as far as the evidence of this example. The covariance matrix estimates for the original

data and the artificially contaminated data for both likelihood based and MPLEβ al-

gorithms are presented in Section 3.5.3. The superiority of the MPLEβ approach over

the ordinary likelihood version can again be observed in terms of greater stability of

the estimated covariance matrix elements and greater sign consistency of the same.

3.5 Appendices

3.5.1 A Required Lemma

Lemma 3.4. Consider the set-up of Theorem 3.1, its proof and assume that πj > 0

for j = 1, · · · , k in (3.7). Then, we have the following results under the ER and NS

constraints.
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1. g = k in (3.8) for the mean sequence in the proof of Theorem 3.1.

2. The dispersion sequence {Σr
1,Σ

r
2, . . . ,Σ

r
k}, from the proof of Theorem 3.1, only

satisfies (3.9) (and not (3.10) or (3.11)).

Proof. To prove the lemma, we need the following inequalities which hold trivially from

the definitions of Mr and mr.

I1 For 1 ≤ j ≤ k and r ∈ N,

mp
r ≤ |Σr

j | ≤Mp
r .

I2 For 1 ≤ j ≤ k and r ∈ N,

(X − µr
j)

′
(Σr

j)
−1(X − µr

j) ≥M−1
r ||X − µr

j ||2.

I3 For 1 ≤ j ≤ k and r ∈ N,

1

1 + β

∫
ϕ1+β
p (x,µr

j ,Σ
r
j) dx =

1

(2π)
pβ
2 |Σr

j |
β
2 (1 + β)

p+2
2

≥ 1

(2π)
pβ
2 M

pβ
2
r (1 + β)

p+2
2

.

Using the above inequalities, we have,

Lβ(θ
r, P ) ≤ EP

[
k∑
j=1

Zj(X,θr)

[
log πrj +

1

β(2π)
pβ
2 m

pβ
2
r

e−
βM−1

r
2

||X−µrj ||2 − 1

(2π)
pβ
2 M

pβ
2
r (1 + β)

p+2
2

]]
.

(3.12)

Let us first prove the second part of Lemma 3.4 . Suppose that (3.10) holds. Then the

eigenvalue ratio constraint implies,

mr ≥
Mr

c
→ ∞.
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These would imply,

lim
r→∞

Lβ(θ
r, P )

≤ lim
r→∞

EP

[
k∑
j=1

Zj(X,θr)

[
log πrj +

1

β(2π)
pβ
2 m

pβ
2
r

e−
βM−1

r
2

||X−µrj ||2 − 1

(2π)
pβ
2 M

pβ
2
r (1 + β)

p+2
2

]]

≤ lim
r→∞

EP

[
k∑
j=1

log πrj

]
< 0

which contradicts (3.6). Now, let us assume that (3.11) holds. But this contradicts

the non-singularity constraint. Hence the dispersion sequence can only satisfy the

condition in (3.9), and not the conditions (3.10) or (3.11).

To prove the first part of the Lemma (i.e., g = k in (3.8)), let us observe that if

g = 0 then, ||µr
j || → ∞ and thus e−||X−µrj ||2 → 0 for all 1 ≤ j ≤ k. Hence, (3.12) again

implies lim
r→∞

Lβ(θ
r, P ) < 0, which contradicts (3.6). Hence g > 0.

Next let us assume that, 1 ≤ g < k. Then bounded convergence theorem implies,

EP

(
k∑

j=g+1

Zj(X,θr)

)
→ 0. (3.13)

Now,

limsup
r→∞

Lβ(θ
r, P )

= limsup
r→∞

EP

[
k∑
j=1

Zj(X,θr)

[
log πrj +

1

β
ϕβp (X,µr

j ,Σ
r
j)−

1

1 + β

∫
ϕ1+β
p (x,µr

j ,Σ
r
j) dx

]]

≤ limsup
r→∞

EP

[
g∑
j=1

Zj(X,θr)

[
log πrj +

1

β
ϕβp (X,µr

j ,Σ
r
j)−

1

1 + β

∫
ϕ1+β
p (x,µr

j ,Σ
r
j) dx

]]

+ limsup
r→∞

EP

[
k∑

j=g+1

Zj(X,θr)

[
log πrj +

1

β
ϕβp (X,µr

j ,Σ
r
j)−

1

1 + β

∫
ϕ1+β
p (x,µr

j ,Σ
r
j) dx

]]
.

The second term in the right hand side of the above inequality less than equal to 0 due
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to (3.13). Hence,

limsup
r→∞

Lβ(θ
r, P )

≤ limsup
r→∞

EP

[
g∑
j=1

Zj(X,θr)

[
log πrj +

1

β
ϕβp (X,µr

j ,Σ
r
j)−

1

1 + β

∫
ϕ1+β
p (x,µr

j ,Σ
r
j) dx

]]

= EP

[
g∑
j=1

Zj(X,θ∗)

[
log πj +

1

β
ϕβp (X,µj,Σj)−

1

1 + β

∫
ϕ1+β
p (x,µj,Σj) dx

]]

where,

θ∗ =
(
π1, π2, . . . , πg,µ1,µ2, . . . ,µg,Σ1,Σ2, . . . ,Σg

)
= lim

r→∞

(
πr1, π

r
2, . . . , π

r
g,µ

r
1,µ

r
2, . . . ,µ

r
g,Σ

r
1,Σ

r
2, . . . ,Σ

r
g

)
and πj, µj and Σj are as in (3.7), (3.8) and (3.9) respectively. Let us observe that∑g

j=1 πj < 1 due to the assumption that πj > 0 for all 1 ≤ j ≤ k. Motivated by this

observation, we introduce the following standardized weights,

π
′

j =


πj∑g
j=1 πj

, for 1 ≤ j ≤ g

0, for j > g.

It is easy to observe that,

1. For all 1 ≤ j ≤ g, log πj < log π
′
j.

2. This aforesaid modification keeps the orderings of the discriminant functions

{Dj(X, ·) : 1 ≤ j ≤ k} invariant so that values of the assignment functions

{Zj(X, ·) : 1 ≤ j ≤ k} would not change.
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The aforesaid facts together imply,

limsup
r→∞

Lβ(θ
r, P )

≤ EP

[
g∑
j=1

Zj(X,θ∗)

[
log πj +

1

β
ϕβp (X,µj,Σj)−

1

1 + β

∫
ϕ1+β
p (x,µj,Σj) dx]

]]

< EP

[
g∑
j=1

Zj(X,θ∗′)

[
log π

′

j +
1

β
ϕβp (X,µj,Σj)−

1

1 + β

∫
ϕ1+β
p (x,µj,Σj) dx]

]]
= Lβ(θ

∗′ , P ),

where θ∗′ =
(
π

′
1, π

′
2, . . . , π

′
g,µ1,µ2, . . . ,µg,Σ1,Σ2, . . . ,Σg

)
∈ ΘC . But this contradicts

(3.5). Hence, g = k, completing the proof of the Lemma.

3.5.2 Contaminating Observations Added to the Thyroid Gland Data

The contaminating observations added artificially to the Thyroid Gland data are as

follows:

Units Contaminating Observations

1 155.704 36.535 17.451 66.078 64.804
2 156.124 35.039 20.026 67.200 66.104
3 154.383 33.625 20.428 68.302 66.031
4 156.890 34.951 20.496 66.417 65.875
5 156.572 34.154 17.831 68.719 65.724
6 155.042 35.240 18.686 68.095 65.878
7 154.823 33.750 20.586 66.143 66.802
8 153.185 36.636 19.510 66.242 68.082
9 155.616 35.583 19.511 67.386 64.267
10 155.996 36.244 20.071 66.410 64.583

Table 3.6: Contaminating observations added to the Thyroid Gland data.

3.5.3 Component Covariance Matrix Estimates for the Thyroid Gland

data

The component covariance matrix estimates for the Thyroid Gland data are as follows:
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Cluster Original Data Contaminated Data

1 218.051 -30.978 -21.142 -1.284 0.608 218.047 -30.973 -21.148 -1.281 0.604
-30.975 20.704 5.188 0.154 0.006 -30.978 20.704 5.182 0.154 0.007
-21.144 5.188 5.130 0.063 0.014 -21.142 5.188 5.125 0.067 0.011
-1.281 0.154 0.063 0.162 -0.030 -1.286 0.152 0.062 0.162 -0.031
0.604 0.006 0.011 -0.039 0.061 0.607 0.006 0.011 -0.035 0.061

2 77.360 9.764 2.166 -0.355 -0.129 77.000 9.469 2.126 -0.325 0.783
9.764 6.356 0.515 -0.040 -1.283 9.469 6.326 0.514 -0.047 -1.493
2.166 0.515 0.265 -0.005 0.003 2.126 0.514 0.263 -0.006 -0.009
-0.355 -0.04 -0.005 0.245 0.106 -0.325 -0.047 -0.006 0.243 0.138
-0.129 -1.283 0.003 0.106 3.784 0.783 -1.493 -0.009 0.138 5.037

3 72.254 -5.453 -0.858 -12.438 -58.142 248.724 203.876 119.329 317.760 248.581
-5.453 4.118 0.807 -14.686 11.245 203.876 219.471 126.209 341.553 320.974
-0.858 0.807 0.285 -2.802 3.722 119.329 126.209 73.552 201.171 183.511
-12.438 -14.686 -2.802 153.898 -6.269 317.760 341.553 201.171 669.271 490.303
-58.142 11.245 3.722 -6.269 245.921 248.581 320.974 183.511 490.303 628.838

Table 3.7: Component covariance matrix estimates for the Thyroid Gland data in case
of the maximum likelihood estimation.

Cluster Original Data Contaminated Data

1 155.261 -28.989 -17.165 -0.107 0.002 155.263 -28.983 -17.165 -0.105 0.002
-28.989 24.782 5.454 -0.233 0.251 -28.984 24.782 5.449 -0.237 0.256
-17.165 5.454 3.845 -0.058 0.082 -17.162 5.453 3.841 -0.052 0.086
-0.102 -0.233 -0.058 0.167 -0.021 -0.105 -0.231 -0.053 0.162 -0.020
0.002 0.251 0.082 -0.020 0.057 0.002 0.252 0.084 -0.021 0.055

2 66.207 5.769 1.480 -0.034 2.163 65.676 5.728 1.470 -0.033 2.136
5.769 4.493 0.393 -0.030 -0.452 5.728 4.456 0.391 -0.029 -0.436
1.480 0.393 0.220 -0.002 0.099 1.470 0.391 0.218 -0.002 0.100
-0.034 -0.030 -0.002 0.202 0.041 -0.033 -0.029 -0.002 0.199 0.039
2.163 -0.452 0.099 0.041 3.232 2.136 -0.436 0.100 0.039 3.169

3 62.309 -3.334 -1.324 -5.678 -109.539 98.298 -13.328 -2.083 21.443 -69.500
-3.334 2.852 0.734 -4.840 22.356 -13.328 6.382 1.236 -12.788 12.732
-1.324 0.734 0.311 -1.418 6.925 -2.083 1.236 0.388 -2.276 4.817
-5.678 -4.840 -1.418 31.978 -10.720 21.443 -12.788 -2.276 52.686 -0.003

-109.539 22.356 6.925 -10.720 386.560 -69.500 12.732 4.817 -0.003 321.714

Table 3.8: Component covariance matrix estimates for the Thyroid Gland data in case
of the minimum DPD estimation.
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Chapter 4

Sequential Minimum Density Power Divergence

Estimation

4 Sequential Minimum Density Power Divergence

Estimation

4.1 Introduction

We have developed an IRLS based algorithm for minimizing the DPD in case of mul-

tivariate normal models and applied this estimating algorithm to develop a robust

clustering tool (MPLEβ) in Chapter 2. This methodology is broadly illustrated with

its theoretical properties (in Chapter 3), simulation experiments, real data examples

and an application in image reconstruction. Although this algorithm enjoys some novel

theoretical properties, some computational difficulties can be observed, especially with

growing data dimensions and large values of β (specially β > 0.5) which is essential to

achieve a desired level of robustness. This problem is mainly associated with the afore-

said IRLS algorithm for the estimation of component means and covariance matrices.

In particular, this IRLS algorithm is found to be non-covergent in some situations (for

large data dimensions or large values of β) mainly due to the non-singularities of the

covariance matrix iterates in intermediate steps of iteration. Observing this hindrance,

we attempt to search for possible modifications of the IRLS procedure for estimating

the location and scale parameters in multivariate location-scale set-up. In the present

chapter, we propose a new componentwise robust estimation procedure for elliptically

symmetric models in the spirit of minimizing the DPD.

Efficient estimation of covariance and correlation matrices is of prime interest in the

analysis of multivariate data arising across all scientific disciplines. Many celebrated

statistical tools, such as discriminant analysis (linear as well as quadratic), principal

component analysis, factor analysis and cluster analysis are based on the covariance

structures of different attributes; see, e.g., Mardia et al. [104]. That is why numerous

estimation procedures for multivariate location and scatter have been proposed in the

literature. The most eminent classical covariance estimator based on a random sample

of multivariate observations, {X1, X2, . . . , Xn}, is the sample covariance matrix
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Σ̂ = 1
n

∑n
i=1(X i − X̄)(X i − X̄)

′
, where X̄ is the sample mean. In fact, this is

the method of moments estimator of Σ (the population covariance matrix) which is

consistent, location invariant and scale equivariant. Under normality of the data, it is

also the MLE and thus asymptotically the most efficient one under standard regularity

conditions. But, this estimator is not resistant to outliers as it depends on the absolute

values of the deviations of sample observations from the non-robust sample mean. The

asymptotic breakdown point of this estimator is indeed zero indicating its extreme non-

robust nature. However, the subjective complexity of real life practical problems as well

as the volume of data are increasing by the day and hence the analyses of such data are

often expected to face the issues of model misspecification and sensitivity to outliers.

Although non-parametric methods based on ranks, signs and depth measures provide

possible solutions for non-robustness against model misspecification, they often lead

to a major compromise in asymptotic efficiency along with the curse of dimensionality.

Alternatively, when the majority of the data can be well-fitted by a parametric model,

the effects of the outlying minority can be handled robustly, without a major loss in

asymptotic efficiency, by using appropriate parametric robust procedures.

For robust estimation of covariance (or correlation) matrix, however, one cannot

avoid the estimation of the corresponding location parameter. Bickel (1964) [15], and

Sen and Puri (1971) [138] proposed coordinatewise median (see Small (1990) [139] for a

detailed discussion on generalization of medians into higher dimensional settings) and

R estimators for multivariate location estimation, respectively. Later Maronna (1976)

[109] proposed the pioneering idea of simultaneous M-estimation of multivariate loca-

tion and scatter for the elliptically symmetric distributions. The breakdown bounds

and influence functions are calculated to show strong robustness properties of these

multivariate M-estimators, although the upper bounds of their breakdown points
(

1
p+1

in dimension p, Donoho (1982) [38]
)
decrease to zero as the dimension grows to infinity.

Tyler ((1983) [148], (1987) [149], (2014) [150]) and Kent and Tyler ((1991) [86], (1996)

[87]) made significant contributions to the area of M-estimations of multivariate loca-

tion and scatter, which include the constrained M-estimators (Kent and Tyler (1996)

[87]), distribution free M-estimators (Tyler (1987) [149]), redescending M-estimators

(Kent and Tyler (1991) [86]) and some more. Theoretical properties, indicating their

robustness and efficiencies, have also been discussed in some of the aforesaid works. In

particular, Tyler (2014) [150] has shown that the asymptotic breakdown point of the

multivariate scatter M-estimator is bounded above by 1
p+1

only under certain “copla-
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nar” contamination of the data. Under the absence of such “coplanar” contamination,

the breakdown point of the scatter M-estimator is close to 1
2
which fixes the problem of

poor breakdown values of the scatter M-estimators in higher dimensions (a drawback

of Maronna’s method [109]). Another popular approach to construct robust estima-

tors of location and scatter is to perform trimming on sample observations, leading to

the popular minimum covariance determinant (MCD) and minimum volume ellipsoid

(MVE) estimators. A detailed exposition of MCD and MVE estimators can be found

in Rousseeuw and Driessen (1999) [130] and Rousseeuw (1985) [129], respectively. A

major drawback of the MVE estimators is its slower convergence rate of o(n− 1
3 ). How-

ever, the MCD estimators are n
1
2 -consistent but compromise significantly in asymptotic

efficiency compared to maximum likelihood to achieve robustness (higher breakdown

value) under normality assumption. Stahel (1981) [141] and Donoho (1982) [38] have

independently proposed estimators of multivariate location and scatter as weighted

means and weighted covariance matrices of the data where the weights are based on

reasonable measures of “outlyingness”. Some other recent works in the field of robust

estimation of multivariate location and scatter matrix include Danilov et al. (2012)

[35], who have dealt with data contamination and missing data at the same time,

Maronna and Yohai (2014) [111] and Agostinelli et al. (2015) [2], who have proposed

estimates of multivariate location and scatter that are resistant to both cellwise and

casewise contamination, and Agostinelli and Greco (2019) [1], who have proposed a

weighted likelihood based approach for estimating multivariate location and scatter.

Minimum distance methodology have also been utilized to produce robust and efficient

estimators of multivariate location and scatter matrices; see Basu et al. (2011) [12],

Ghosh et al. (2017) [61].

One of the crucial challenges behind constructing robust estimators in multivariate

set-ups is the resulting lower asymptotic efficiency along with significantly higher com-

putational costs as dimension increases. Most existing robust estimators that enjoy

high asymptotic efficiency (e.g., methods based on sophisticated iterative algorithms)

are computationally expensive and, hence, it becomes really problematic to compute

them for large and high-dimensional multivariate datasets. A satisfactory solution to

this problem is extremely important for analyzing modern large datasets that we are

frequently encountering in the twenty-first century. One possible approach to settle

this issue could be the incorporation of a two-stage procedure where a highly robust

but inefficient estimator is first taken as the initial choice and subsequently an efficient
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estimator is produced in the second stage by solving suitable estimating equations.

Gervini (2003) [60] has presented such a two-stage procedure that uses the reweighted

estimators of multivariate location and scatter with data-driven weights, starting from

a highly robust and fast (but not necessarily efficient) estimator at the first step. Com-

ponentwise estimation of location and scatter is another possible solution, which is

computationally much simpler and often can maintain desirable robustness and asymp-

totic efficiency, simultaneously. Mehrotra (1995) [115], Ma and Genton (2001) [101]

are two such examples where elementwise estimation of scatter matrix is done, respec-

tively, using the modified A-estimator (Lax (1985) [90]) of scale and using a highly

robust estimator of scale by bypassing the estimation of location vector.

In the present chapter, we propose a new robust estimation procedure for the mul-

tivariate location vector and the scatter matrix for the class of elliptically symmetric

distributions, which is easy to compute via a suitably parallelised computational algo-

rithm and also has significantly high asymptotic efficiency at the model distribution.

In particular, the component means and variances are first estimated separately for

each variable (in parallel), which are subsequently used to estimate the correlation

coefficients between each pair of variables (in parallel). The covariances are then com-

puted from the estimated variances and correlation values. In each step of estimation,

we utilize nice properties, e.g., strong robustness and high efficiency, of the MDPDE.

As a result, our proposed estimators, which we refer to as the sequential minimum

DPD estimators (SMDPDEs) of multivariate location and scatter, also become highly

robust and efficient along with computational tractability in all scenarios, particularly

for large dimensional datasets. In contrast, the IRLS procedure developed in Chapter

2 does not have such computaional tractability in case of either large data dimensions

or large values of β.

We present some important theoretical properties of our estimators in Sections 4.3

and 4.4 (detailed proofs are deferred to Section 4.8), such as consistency and asymp-

totic normality of our estimators, asymptotic positive definiteness of our covariance

matrix estimator and the influence function analysis of our functionals. Asymptotic

relative efficiencies of our estimators (component means, variances and correlation esti-

mators) and the explicit forms of the influence functions of our functionals are derived

under the assumption of normality. In this scenario, we observed the superiority of

SMDPDEs over the ordinary MDPDEs in terms of asymptotic efficiency, especially

for the location and scale estimators; in case of the correlation also the SMDPDEs
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are, at the least, competitive with the ordinary MDPDEs. Simulation experiments are

conducted to compare the sequential method with the (non-robust) maximum likeli-

hood method and (robust) ordinary minimum DPD method and some non-parametric

methods including the MCD and MVE algorithms (and others) which also suggest the

possible superiority of the sequential method in terms of bias and mean squared er-

rors. Obtaining numerical solutions (with small to moderate computing effort) for the

estimates is guaranteed under the sequential approach. Finding the ordinary MDPDE

(the simultaneous minimizer) may, on the other hand, be an uphill task, particularly

under growing dimensions and larger tuning parameter β; one will occasionally come

across a situation, more common in small sample sizes (relative to dimensions), where

practically none of the root solving techniques will be able to find numerical solutions

for the simultaneous minimization problem.

Importantly, since our newly proposed algorithm is componentwise, it can also be

applied to high dimensional set-ups (n≪ p) for analyzing massive datasets. However,

to deal with sparsity, a crucial assumption in high dimensional literature, appropriate

thresholding or regularization tools are needed to be incorporated.

In summary, the following positive points stand out among the benefits of our new

proposal.

� Computational Superiority: The principal advantage of this new sequential

method over the ordinary minimum DPD estimation procedure is the huge com-

putational success of the componentwise philosophy. It offers fully converged

estimates of the location vector and scale matrix even in case of small sample

sizes and large values of the tuning parameter β. The ordinary minimum DPD

method, unfortunately, cannot match this performance which provides the prime

motivation of this work.

� Improved Empirical Performance: As reflected in the simulation outputs,

the new sequential method performs comparatively better than the existing

methodologies (MCD, MVE, S, etc.) in terms of bias and mean squared errors,

especially for the covariance matrix estimators.

� Ease of Extension to High Dimensions: Although we develop a sequential

method for robust and efficient estimation of multivariate location and scale under

higher data dimensions in this work, our method can also be applied to standard

high dimensional set-up, where number of parameters is greater than the sample
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size. As long as we have 4−5 observations, our method can technically be applied

to a multivariate data of any dimension; however, we recommend to apply this

method with at least a sample of size around 50 to get a reasonable accuracy of

the parameter estimates.

The present chapter is organized as follows. The method along with its statistical and

probabilistic background is described in Section 4.2 while its theoretical properties are

provided in Sections 4.3 and 4.4. The asymptotic relative efficiencies of our estimators

and the detailed structures of our influence functions are presented in special cases in

Section 4.5. Simulation experiments and results are discussed in Section 4.6. In Section

4.7, we apply our method on a real life dataset on credit card transactions (with some

fraudulent ones) to understand the capability of our method in maintaining desired

robustness even in higher dimensions. All the proofs of the aforesaid theoretical results

are provided in Section 4.8.

4.2 Model Set-up and the Proposed Estimation Procedure

4.2.1 Elliptically Symmetric Distributions

Let Z = (Z1, Z2, · · · , Zp)
′
be an absolutely continuous random vector in Rp which is

spherically symmetric around the origin, that is,

Z
d
= PZ (4.1)

for any orthogonal matrix P of dimension p×p. The PDF of Z is of the form kψ(||z||),
z ∈ Rp for a non-negative real valued function ψ and normalizing constant k > 0, where

|| · || represents the L2-norm. By choosing P = −Ip it can be shown that E(Z) = 0p.

By choosing P to be different p× p permutation matrices, it can be shown that all the

component variances of the random vector Z are same (c, say). Finally, by choosing

P = Diag(1, 1, · · · , 1, −1, 1, · · · , 1) where the i-th diagonal element is −1, it can be

shown that Cov(Zi, Zj) = 0 for any j ̸= i. Thus it gives E(Z) = 0p and V ar(Z) = cIp.

We assume c = 1 for standardization. Let µ ∈ Rp and Σ be a symmetric, positive

definite p× p matrix. We define the random vector X as,

X = µ+Σ
1
2Z, (4.2)
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where Σ
1
2 is the positive square root of Σ. Hence, E(X) = µ and V ar(X) = Σ. Then

X is said to have an elliptically symmetric distribution, with the corresponding PDF

of X being given by,

fω(x) =
k

|Σ| 12
ψ

(√
(x− µ)′Σ−1(x− µ)

)
, ω = (µ,Σ). (4.3)

We refer to Kelker (1970) [85] and Chmielewski (1981) [25] for further details about

spherical and elliptical distributions. The multivariate normal distribution is an exam-

ple of elliptically symmetric distributions with k = (2π)−
p
2 and ψ(x) = exp(−x2

2
).

4.2.2 Our Proposed Estimation Algorithm: The Sequential MDPDE

Let us introduce the notation Ep(µ,Σ) to denote the family of elliptically symmetric dis-

tributions of dimension p, as described in Section 4.2.1, with mean µ = (µ1, µ2, . . . , µp)
′
,

covariance matrix Σ = [[σij]] and PDF fω, as in Equation (4.3). Note that, the corre-

lation between the j-th and k-th components is given by ρjk =
σjk√
σjjσkk

. Now, suppose

we have a random sample of multivariate observations {X1, X2, . . . , Xn} (with X i =

(Xi1, Xi2, . . . , Xip)
′
for i = 1, 2, . . . , n) from an unknown probability distribution

with density g (distribution G) and we model this unknown g by the Ep(µ,Σ) model

family. Our objective is to estimate this µ and Σ and subsequently, the correlation ma-

trixR = [[ρjk]]. Thus, our parameter of interest is ω = (µ,Σ) and the parameter space

is Ω =
{
ω = (µ,Σ) : µ ∈ Rp, Σ ∈ Rp×p, Σ is symmetric and positive definite

}
. Let

us consider the problem of estimating µ and Σ of the model distribution Ep(µ,Σ)

based on the sample {X1, X2, . . . , Xn}. Now, we additionally assume that, for

each j = 1, . . . , p, the marginal PDF of the j-th component be fj which is fully char-

acterized by the parameters µj and σjj. Similarly, let the joint marginal PDF of

the j-th and k-th components is fjk which is fully characterized by the parameters

µj, σjj, µk, σkk, and ρjk for all 1 ≤ j < k ≤ p. Such assumptions often hold for

common elliptically symmetric distributions including the multivariate normal distri-

bution; in the latter case fj and fjk are univariate and bivariate normal PDFs for all

1 ≤ j < k ≤ p, respectively. Analogously, let gj (Gj) and gjk (Gjk) be the true (un-

known) marginal density (distribution) of the j-th component, j = 1, . . . , p and the

joint density (distribution) of the j-th and k-th components, respectively.

Now, in order to propose the new componentwise algorithm for estimating µ and

Σ, let us introduce some new notation by systematically reparametrizing µ and Σ.

128



For notational simplicity, we hereonwards denote the j-th component variance σjj by

σ2
j . The parameter of interest is θ = (θ1, . . . , θp,ρ) with θj = (θj1, θj2) = (µj, σ

2
j ) for

j = 1, . . . , p and ρ = (ρjk : 1 ≤ j < k ≤ p) where ρjk = Cor(Xij, Xik) =
σjk
σjσk

for

1 ≤ j < k ≤ p. The parameter space is given by Θ = {θ = (µ1, σ
2
1, . . . , µp, σ

2
p, ρjk :

1 ≤ j < k ≤ p) : µj ∈ R, σ2
j > 0, j = 1, . . . , p, ρjk ∈ [−1, 1], 1 ≤ j < k ≤ p}. Let,

Hjn(θj) =

∫
f 1+β
j (x,θj) dx−

(
1 +

1

β

)
1

n

n∑
i=1

fβj (Xij,θj) =
1

n

n∑
i=1

Vj(Xij,θj), and

Hjkn(θj,θk, ρjk)

=

∫
f 1+β
jk (x1, x2,θj,θk, ρjk) dx1 dx2 −

(
1 +

1

β

)
1

n

n∑
i=1

fβjk(Xij, Xik,θj,θk, ρjk)

=
1

n

n∑
i=1

Vjk(Xij, Xik,θj,θk, ρjk),

where Vj(x,θj) =
∫
f 1+β
j (t,θj) dt−

(
1 + 1

β

)
fβj (x,θj), j = 1, . . . , p and Vjk(x1, x2,θj,

θk, ρjk) =
∫
f 1+β
jk (u, v,θj,θk, ρjk) du dv −

(
1 + 1

β

)
fβjk(x1, x2,θj,θk, ρjk), 1 ≤ j < k ≤

p. The proposed SMDPDEs are defined as,

θ̂jn = argmin
θj

Hjn(θj), ρ̂jkn = argmin
ρjk∈[−1,1]

Hjkn(θ̂jn, θ̂kn, ρjk) (4.4)

and thus θ̂n = (θ̂1n, . . . , θ̂pn, ρ̂jkn : 1 ≤ j < k ≤ p) for n ≥ 1. We can now summarize

these estimators to describe the new sequential algorithm, as follows.

Step 1: For each j = 1, . . . , p, we estimate the j-th component mean µj and

variance σ2
j by minimizing the marginal DPD based objective function as

(µ̂jn, σ̂
2
jn) = (θ̂j1n, θ̂j2n) = argmin

θj

Hjn(θj). (4.5)

It gives us the marginal MDPDEs of the mean and the variance corresponding

to the j-th component.

Step 2: For any 1 ≤ j < k ≤ p, we estimate the correlation coefficient of the

j-th and k-th components, ρjk, by using the (marginal) MDPDEs of component

means and variances obtained in Step 1. In particular,we estimate the correlation

coefficient ρjk by minimizing the joint (bivariate) DPD based objective function
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corresponding to the j-th and k-th components after plugging in the (marginal)

MDPDEs of component means and variances, obtained in Step 1, as

ρ̂jkn = argmin
ρjk∈[−1,1]

Hjkn(θ̂jn, θ̂kn, ρjk). (4.6)

The resulting estimators of µ and Σ, as obtained from the above algorithm via µ̂n =

(µ̂1n, µ̂2n, . . . , µ̂pn)
′ and Σ̂n = ((σ̂jkn)) with σ̂jkn = σ̂jnσ̂knρ̂jkn ( σ̂

2
jn = σ̂jjn, 1 ≤ j ≤ p),

are referred to as the “sequential minimum DPD estimators” (SMDPDE). The corre-

sponding SMDPDE of the correlation matrix is given by R̂n = ((ρ̂jkn)) with ρ̂jjn = 1

for all j = 1, . . . , p. Note that, we have estimated the component means and variances

at first and then use these estimates to estimate the correlation coefficients further. So,

the unknown correlation coefficients cannot affect the estimation of component means

and variances. Following this observation, we can expect that our estimators of compo-

nent means and variances will achieve greater efficiency than the usual (multivariate)

MDPDE (discussed in Chapter 2); this advantage would be further illustrated in the

subsequent sections, concretely under normal model distributions.

Remark 4.1. The optimization problem in Equation (4.5) does not have any closed

form solution. Standard numerical procedures like Newton-Raphson, IRLS, etc, can be

used to iteratively solve this optimization problem. In our numerical illustrations, we

have used a suitable IRLS algorithm which is a simplified version of Algorithm 2.1 in

Chapter 2; for general elliptical families the derivation of such iterative procedure is

algebraically similar. The second constrained optimization problem in Equation (4.6)

can be solved easily using any standard statistical software packages, e.g., the optim

function in R software (R core team (2018), [123]). In particular, we have utilised the

Brent method within the optim function to solve the constrained optimization stated in

Equation (4.6).

Remark 4.2. We will prove that our proposed SMDPDE of the covariance matrix

is asymptotically positive definite (Theorem 4.4). However, it is to be noted that our

method does not necessarily guarantee the positive definiteness of the covariance matrix

estimator Σ̂n in every finite sample case. This is a common problem of any compo-

nentwise procedures of covariance matrix estimation (see for example, Ma and Genton

(2001) [101]). Some possible corrections were suggested by Rousseeuw and Molenberghs

(1993) [132] and Higham (2002) [72]. In particular, the second one proposed a numeri-

cal algorithm to compute the nearest positive semi-definite correlation matrix to a given
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symmetric matrix which is approximately a correlation matrix. Such a correction needs

to be incorporated in order to make the proposed SMDPDE Σ̂n positive definite in prac-

tical applications (i.e., real datasets with comparatively small sample sizes) if the need

arises. The output of the Higham’s method (if applied on the estimated correlation ma-

trix which is not positive definite) will be positive semi-definite (with some eigenvalues

as zero). A further eigenvalue truncation step can be applied to make it positive def-

inite which replaces the zero eigenvalues by some small positive constant. This entire

two-stage procedure (Higham’s method followed by the eigenvalue truncation step) can

be implemented in the R software through the nearPD function available in the Matrix

package (Bates and Maechler (2019) [13]) which will be utilized as necessary.

In the next section, we will show that the proposed SMDPDEs are consistent even

if the true density (g) does not belong to the model family Ep(µ,Σ). However, in

such a case, the SMDPDE will converge to the best fitting value of the parameter

θg = (θg
1 , . . . ,θ

g
p , ρ

g
jk : 1 ≤ j < k ≤ p), defined as,

θg
j = argmin

θj

Hj(θj), ρ
g
jk = argmin

ρjk∈[−1,1]

H(θg
j ,θ

g
k , ρjk), (4.7)

whereHj(θj) = EGj(Vj(Xij,θj)), j = 1, . . . , p, Hjk(θj,θk, ρjk) = EGjk(Vjk(Xij, Xik,θj

,θk, ρjk)), 1 ≤ j < k ≤ p.

4.3 Asymptotic Properties

4.3.1 Technical Assumptions

In order to establish the asymptotic properties of our estimators, we need the following

technical assumptions. The first three assumptions have been taken from Basu et

al. (2011) [12] (Section 9.2.1) with little modifications.

Assumption 4.1. There is an open subset γ0 of the parameter space Θ such that

for almost all (x1, x2) ∈ R2 and all θ ∈ γ0, the densities fj (1 ≤ j ≤ p) and fjk

(1 ≤ j < k ≤ p) are four times differentiable with respect to θ and the fourth partial

derivatives are continuous with respect to θ.

Assumption 4.2. The integrals
∫
f 1+β
j (x,θj) dx,

∫
f 1+β
jk (x1, x2,θj,θk, ρjk) dx1dx2

and
∫
fβj (x,θj)gj(x) dx,

∫
fβjk(x1, x2,θj,θk, ρjk)gjk(x1, x2) dx1dx2 are differentiable

four times with respect to θ for 1 ≤ j ≤ p, 1 ≤ j < k ≤ p and the derivatives

can be taken under the integral signs.
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Assumption 4.3. There exist L1 bounded functions M j
k1l1m1

(x) which satisfy,

|∇k1l1m1Vj(x,θj)| < M j
k1l1m1

(x),

for all θj, (j = 1, · · · , p) and x ∈ R.

Assumption 4.4. Let, Uρjk(x1, x2, ρjk | θj,θk) =
∂log fjk(x1,x2,θj ,θk,ρjk)

∂ρjk
. Then, there

exist L1 bounded functions Mjk(x1, x2, ρjk) (with a finite integral) and Njk(x1, x2, ρjk)

which satisfy∣∣∣ ∂

∂θj1k1
f 1+β
jk (x1, x2,θj,θk, ρjk)Uρjk(x1, x2, ρjk|θj,θk)

∣∣∣ < Mjk(x1, x2, ρjk),∣∣∣ ∂

∂θj1k1
fβjk(x1, x2,θj,θk, ρjk)Uρjk(x1, x2, ρjk|θj,θk)

∣∣∣ < Njk(x1, x2, ρjk),

for all θ ∈ γ0, ρjk ∈ [−1, 1] and (x1, x2) ∈ R2, where (j1, k1) ∈ {(j, 1), (j, 2), (k, 1), (k, 2)},
1 ≤ j < k ≤ p.

Assumption 4.5. There exist L1 bounded functions v
jk
1 (x1, x2,θj,θk) and v

jk
2 (x1, x2,θj,

θk) which satisfy

∣∣∣∂3Vjk(x1, x2,θj,θk, ρjk)
∂3ρjk

∣∣∣ < vjk1 (x1, x2,θj,θk),∣∣∣∂4Vjk(x1, x2,θj,θk, ρjk)
∂3ρjk∂θj1k1

∣∣∣ < vjk2 (x1, x2,θj,θk),

for all θ ∈ γ0, ρjk ∈ [−1, 1] and (x1, x2) ∈ R2, where (j1, k1) ∈ {(j, 1), (j, 2), (k, 1), (k, 2)},
1 ≤ j < k ≤ p.

Some remarks on these assumptions are provided in Section 6. It is important to

note that, we have derived the estimator θ̂jn marginally by assuming {X1j, . . . , Xnj}
as a univariate random sample (1 ≤ j ≤ p). The weak consistency of θ̂jn (1 ≤ j ≤ p)

is already established in Basu et al. (2011) [12] (Theorem 9.2) and Basu et al. (1998)

[10] (Theorem 2) under appropriate assumptions (which are covered by Assumptions

4.1-4.3). Thus, with probability tending to 1, there exists a sequence of estimators

{θ̂jn}∞n=1, which satisfy,

θ̂jn
p→ θg

j , 1 ≤ j ≤ p. (4.8)

So, assuming the existence of these estimators, it remains to prove the consistency of
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ρ̂jkn, defined as in Equation (4.6). Then, utilizing consistency of these estimators, we

will establish their asymptotic normality.

Since the proposed estimating algorithm is componentwise, it is sufficient to prove

the theoretical results under bivariate case (p = 2) at first and then extend the results

to general p-dimensional cases (p ≥ 3).

4.3.2 Properties of the estimators in Bivariate Case (p = 2)

As we have decided in the last paragraph, we now present the consistency and asymp-

totic normality of the SMDPDEs only for the bivariate case. So, here p = 2 and

hence the parameters are θ1,θ2 and ρ12 only. But for further notational simplicity,

we will drop the suffix “12” from the required notations and expressions needed as

the only possible pair of components is the pair of the first and second components

under p = 2. Precisely, we simply denote ρ = ρ12, ρ̂n = ρ̂12n, ρ
g = ρg12, f = f12,

Hn = Hn12, H = H12 and V = V12. In fact, these notations will also be used in

Sections 4.4 (the influence function analysis under p = 2) and 4.5 (the normal model

family).

Now, by the aforesaid notations, ρ̂n can be described as the solution of,

∂Hn(θ̂1n, θ̂2n, ρ)

∂ρ
= 0. (4.9)

Theorem 4.1. [Consistency] Under Assumptions 4.1-4.5, Equation (4.9) has a con-

sistent sequence of solution {ρ̂n} with probability tending to 1.

Our next job is to establish the asymptotic normality of θ̂n to study the asymptotic

variances (thus asymptotic efficiencies) of the individual SMDPDEs. To state and prove

the result, we need to introduce the following expressions. Let us define the random

vector

ζ =
(∂ V1(X11,θ1)

∂ θ11
,
∂ V1(X11,θ1)

∂ θ12
,
∂ V2(X12,θ2)

∂ θ21
,
∂ V2(X12,θ2)

∂ θ22
,

∂ V (X11, X12,θ1,θ2, ρ)

∂ ρ

)∣∣∣′
θ=θg

and its covariance matrix is given by Γ0 = V arg(ζ). Let us also define the matrix B

as,
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B =


b
(1)
11 b

(1)
12 0 0 0

b
(1)
21 b

(1)
22 0 0 0

0 0 b
(2)
11 b

(2)
12 0

0 0 b
(2)
21 b

(2)
22 0

e11 e12 e21 e22 a

 ,

where, b
(1)
jk = Eg

(
∂2 V1(X11,θ1)
∂ θ1j ∂ θ1k

) ∣∣∣
θ1=θg

1

, b
(2)
jk = Eg

(
∂2 V2(X12,θ2)
∂ θ2j ∂ θ2k

) ∣∣∣
θ2=θg

2

,

ejk = Eg

(
∂2 V (X1,θ1,θ2,ρ)

∂ θjk ∂ ρ

) ∣∣∣
θ=θg

for j, k = 1, 2 and a = Eg

(
∂2 V (X1,θ1,θ2,ρ)

∂ ρ2

) ∣∣∣
θ=θg

.

Theorem 4.2. [Asymptotic Normality] Under Assumptions 4.1-4.5,
√
n(θ̂n−θg) con-

verges in distribution to a normal distribution with zero mean and covariance matrix

Γ = B−1Γ0B
−1′.

4.3.3 Properties of the Estimators under General Multivariate Set-up (p ≥
3)

Our next task is to extend the previous results in general p-dimensional scenarios. Un-

der the general p-dimensional case, the parameter θ = (θ1, θ2, . . . , θp, ρ12, . . . , ρ1p,

ρ23, · · · , ρ2p, . . . , ρp−1,p) is P = p2+3p
2

-dimensional. Now we have the following result.

Theorem 4.3. [Multivariate Consistency and Asymptotic Normality] For the gen-

eral p-dimensional case, and under Assumptions 4.1-4.5, the estimator θ̂n
p→ θg and

√
n(θ̂n − θg)

d→ N(0, Γ̃), where Γ̃ = B̃
−1
Γ̃0B̃

−1′

.

Here, the matrix Γ̃0 is the covariance matrix of the random vector(
∂ V1(X11,θ1)

∂ θ11
,
∂ V1(X11,θ1)

∂ θ12
, · · · , ∂ Vp(X1p,θp)

∂ θp1
,
∂ Vp(Xp2,θp)

∂ θp2
,

∂ V12((X11, X12),θ1,θ2, ρ12)

∂ ρ12
, · · · , ∂ Vp−1,p((X1,p−1, X1p),θp−1,θp, ρp−1,p)

∂ ρp−1,p

)∣∣∣′
θ=θg
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and

B̃ =



b
(1)
11 b

(1)
12 0 0 · · · · · · · · · · · · · · · · · · · · ·

b
(1)
21 b

(1)
22 0 0 · · · · · · · · · · · · · · ·

0 0 b
(2)
11 b

(2)
12 · · · · · · · · · · · ·

0 0 b
(2)
21 b

(2)
22 · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 · · · · · · · · · b

(p−1)
11 b

(p−1)
12 · · · · · ·

0 0 · · · · · · · · · b
(p−1)
21 b

(p−1)
22 · · · · · ·

0 0 · · · · · · · · · · · · · · · b
(p)
11 b

(p)
12 · · · · · ·

0 0 · · · · · · · · · · · · · · · b
(p)
21 b

(p)
22 · · · · · ·

e
(1)
12 e

(2)
12 e

(3)
12 e

(4)
12 0 0 · · · 0 · · · a12 0 · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 · · · · · · · · · e

(1)
p−1,p e

(2)
p,p−1 e

(3)
p−1,p e

(4)
p−1,p 0 · · · · · · ap−1,p



.

with b
(j)
k1l1

= Egj

(
∂2 Vj(X1j ,θj)

∂ θjk1 ∂ θjl1

) ∣∣∣
θj=θg

j

for k1 = l1 = 1, 2,

e
(l)
jk = Egjk

(
∂2 Vjk((X1j ,X1k),θj ,θk,ρjk)

∂ θj1 ∂ ρjk

) ∣∣∣
(θj ,θk)=(θg

j ,θ
g
k),ρjk=ρ

g
jk

for l = 1,

e
(l)
jk = Egjk

(
∂2 Vjk((X1j ,X1k),θj ,θk,ρjk)

∂ θj2 ∂ ρjk

) ∣∣∣
(θj ,θk)=(θg

j ,θ
g
k),ρjk=ρ

g
jk

for l = 2,

e
(l)
jk = Egjk

(
∂2 Vjk((X1j ,X1k),θj ,θk,ρjk)

∂ θk1 ∂ ρjk

) ∣∣∣
(θj ,θk)=(θg

j ,θ
g
k),ρjk=ρ

g
jk

for l = 3,

e
(l)
jk = Egjk

(
∂2 Vjk((X1j ,X1k),θj ,θk,ρjk)

∂ θk2 ∂ ρjk

) ∣∣∣
(θj ,θk)=(θg

j ,θ
g
k),ρjk=ρ

g
jk

for l = 4 and

ajk = Egjk

(
∂2 Vjk((X1j ,X1k),θj ,θk,ρjk)

∂ ρ2jk

) ∣∣∣
(θj ,θk)=(θg

j ,θ
g
k),ρjk=ρ

g
jk

, j < k = 1, . . . , p.

Our next result is to establish the asymptotic positive definiteness of our covariance

matrix estimator Σ̂n = ((σ̂nij))
p
i,j=1. The true covariance matrix is Σg = ((σgij))

p
i,j=1. It

will be established as a consequence of Theorem 4.1 under a specific assumption. We

assume the following.

Assumption 4.6. The minimum eigenvalue of Σg is bounded away from 0, that is,

there exists a positive constant c such that λg(1) ≥ c where λg(1) is the minimum eigenvalue

of Σg.

Theorem 4.4. [Asymptotic Positive Definiteness] Under Assumptions 4.1−4.6, the

estimator Σ̂n is positive definite with probability tending to 1 as n→ ∞.

135



Detailed mathematical derivations of all the aforesaid theoretical results are pro-

vided in Section 4.8.

4.4 Influence Functions of the SMDPDEs

As noted previously, it is enough to study the properties of the SMDPDE in the bi-

variate case as our procedure is indeed based on all possible bivariate combinations

from given multivariate data; in particular, the same is true for the influence function

as well. Let us use the same notations as in Section 4.3.2. To derive the influence

functions, we have to study the algebraic relationships among the statistical function-

als corresponding to our SMDPDEs (i.e., the corresponding best fitting parameters,

observed as functionals of the true density g), viz., θg11, θ
g
12, θ

g
21, θ

g
22, and ρ

g (i.e., µg1,

σg
2

1 , µg2, σ
g2

2 and ρg, respectively). By definition, θgjk (j, k = 1, 2) can be derived by

solving,

∂

∂ θjk

[∫
f 1+β
j (x,θj) dx−

(
1 +

1

β

)∫
fβj (x,θj)gj(x) dx

]
= 0 for j, k = 1, 2.

Since the model density f belongs to a location-scale family,
∫
f 1+β
j (x,θj) dx is inde-

pendent of θj1 for j = 1, 2. So, the aforesaid equation boils down to∫
fβj (x,θj)Uθj1(x,θj)gj(x) dx = 0, j = 1, 2, (4.10)

and[∫
f 1+β
j (x,θj)Uθj2(x,θj) dx−

∫
fβj (x,θj)Uθj2(x,θj)gj(x) dx

]
= 0, j = 1, 2, (4.11)

where Uθjk(x,θj) =
∂

∂ θjk
log fj(x,θj) for j, k = 1, 2.

The functional ρg can be derived by solving,[ ∫
f 1+β(x1, x2,θ

g
1 ,θ

g
2 , ρ)Uρ(x1, x2,θ

g
1 ,θ

g
2 , ρ) dx1dx2−

∫
fβ(x1, x2,θ

g
1 ,θ

g
2 , ρ)Uρ(x1, x2,θ

g
1 ,θ

g
2 , ρ)g(x1, x2) dx1dx2

]
= 0,

(4.12)
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where Uρ(x1, x2,θ
g
1 ,θ

g
2 , ρ) = ∂

∂ ρ
log f(x1, x2,θ

g
1 ,θ

g
2 , ρ). To derive the influence func-

tions, our first step is to contaminate the true distribution at a prefixed point in R2.

In particular, the contaminated distribution function is given by Gϵ = (1− ϵ)G+ ϵ∧y

where y = (y1, y2) is the point of contamination. Note that, the marginals correspond-

ing to Gϵ would be Gjϵ = (1− ϵ)Gj + ϵ∧yj for j = 1, 2. Let us also assume that θjkϵ for

j, k = 1, 2 and ρϵ are the best fitting parameters corresponding to the contaminated

distribution, i.e., Gϵ. Now, by definition, the influence functions of the functionals can

be derived by solving the Equation System (4.13).

∂
∂ϵ

[∫
fβ1 (x,θ1ϵ)Uθ11ϵ(x,θ1ϵ)dG1ϵ(x)

] ∣∣∣
ϵ=0

= 0,

∂
∂ϵ

[∫
f 1+β
1 (x,θ1ϵ)Uθ12ϵ(x,θ1ϵ) dx−

∫
fβ1 (x,θ1ϵ)Uθ12ϵ(x,θ1ϵ)dG1ϵ(x)

] ∣∣∣
ϵ=0

= 0,

∂
∂ϵ

[∫
fβ2 (x,θ2ϵ)Uθ21ϵ(x,θ2ϵ)dG2ϵ(x) = 0

] ∣∣∣
ϵ=0

= 0,

∂
∂ϵ

[∫
f 1+β
2 (x,θ2ϵ)Uθ22ϵ(x,θ2ϵ) dx−

∫
fβ2 (x,θ2ϵ)Uθ22ϵ(x,θ2)dG2ϵ(x)

] ∣∣∣
ϵ=0

= 0,

∂
∂ϵ

[ ∫
f 1+β(x1, x2,θ1ϵ,θ2ϵ, ρϵ)Uρϵ(x1, x2,θ1ϵ,θ2ϵ, ρϵ) dx1dx2

−
∫
fβ(x1, x2,θ1ϵ,θ2ϵ, ρϵ)Uρϵ(x1, x2,θ1ϵ,θ2ϵ, ρϵ)dGϵ(x1, x2)

]∣∣∣
ϵ=0

= 0.

(4.13)

Further simplification of the system (4.13) is not possible in general for any arbitrary

elliptically symmetric probability model but can be done in specific cases. The simpli-

fied algebraic forms of the aforesaid influence functions are derived for the normal case

in Section 4.5.2 where a specific example is also presented pictorially to illustrate its

behaviour indicating robustness.

4.5 Example: Normal Model Family

4.5.1 Asymptotic Relative Efficiencies

Now we study asymptotic relative efficiencies (ARE, with respect to the MLEs) of

our estimators in case of normal models. We assume that the true distribution is

bivariate normal with component means 0 and 0, component variances 1 and 1 and

correlation coefficient ρ. We will consider seven different values of ρ, namely, −0.7,

−0.5, −0.3 ,0, 0.3, 0.5 and 0.7 representing the true correlation coefficient. This range

of the correlation coefficient is used to observe the nature of the ARE of the correlation

estimator under both high and low correlation structures.

From Basu et al. (2011) [12], it follows that the asymptotic variance of
√
nθ̂j1
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is
(
1 + β2

1+2β

) 3
2
θgj2 and

(
1 + β2

1+2β

)2
θgj2 (j = 1, 2), respectively for the SMDPDE and

MDPDE. Clearly, the ARE of the sequential method is higher than that of the ordinary

method, at least for the component mean estimators. Explicit calculations of the

asymptotic variances of the component variance and correlation estimators in case of

both SMDPDE and MDPDE are extremely cumbersome. Thus, the algebraic forms of

these asymptotic variances are provided in Section 4.8.5. The AREs (in percentage) of

our estimators (MDPDEs and SMDPDEs) are tabulated in Tables 4.1 and 4.2.

Estimators Methods β
0 0.1 0.3 0.5 0.7

Mean
SMDPDE 100.000 98.717 92.081 83.822 75.700
MDPDE 100.000 98.328 89.606 78.989 68.966

Variance
SMDPDE 100.000 97.561 85.507 73.046 63.452
MDPDE 100.000 97.135 83.368 69.300 58.207

Table 4.1: AREs (in percentage) of component mean and variance estimators.

β
ρg 0.0 0.1 0.3 0.5 0.7

−0.7 100(100) 97.378(97.378) 84.967(84.691) 70.845(70.270) 59.361(57.269)
−0.5 100(100) 97.574(97.574) 84.789(84.917) 70.375(70.287) 58.161(57.332)
−0.3 100(100) 97.527(97.527) 84.663(84.836) 69.992(70.229) 57.222(57.261)
0.0 100(100) 97.561(97.561) 84.890(84.890) 70.225(70.225) 57.274(57.274)
0.3 100(100) 97.527(97.527) 84.663(84.836) 69.992(70.229) 57.222(57.261)
0.5 100(100) 97.574(97.574) 84.789(84.917) 70.375(70.287) 58.161(57.332)
0.7 100(100) 97.378(97.378) 84.967(84.691) 70.845(70.270) 59.361(57.269)

Table 4.2: AREs (in percentage) of correlation estimators for the SMDPDE; the same
for the corresponding MDPDEs are given in parentheses.
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4.5.2 Influence Functions

After simplifying and solving the system (4.13) in case of bivariate normal model family,

we have the following influence functions of the respective functionals.

IF (θj1, yj, gj) = (θgj2)
β
2 (1 + β)

3
2 (2π)

β
2 (yj − θgj1)f

β
j (yj,θ

g
j ), j = 1, 2,

IF (θj2, yj, gj) =
fβj (yj,θ

g
j )(−θ

g
j2 + (yj − θgj1)

2)−
∫
f 1+β
j (x,θg

j )(−θ
g
j2 + (x− θgj1)

2) dx

1
2

∫
f 1+β
j (x,θg

j )
(

(x−θgj1)2

θgj2
− 1
)2

dx, j = 1, 2,

IF (ρ, y1, y2, g) =
fβ(y1, y2,θ

g
1 ,θ

g
2 , ρ

g)Uρg(y1, y2,θ
g
1 ,θ

g
2 , ρ

g)∫
B(x1, x2)fβ(x1, x2,θ

g
1 ,θ

g
2 , ρ

g)Uρg(x1, x2,θ
g
1 ,θ

g
2 , ρ

g) dx1dx2

−
∫
(1 + A(x1, x2, y1, y2))f

β(x1, x2,θ
g
1 ,θ

g
2 , ρ

g)Uρg(x1, x2,θ
g
1 ,θ

g
2 , ρ

g) dx1dx2∫
B(x1, x2)fβ(x1, x2,θ

g
1 ,θ

g
2 , ρ

g)Uρg(x1, x2,θ
g
1 ,θ

g
2 , ρ

g) dx1dx2
,

where, detailed algebraic expressions for A(x1, x2, y1, y2), B(x1, x2) and the integrals in

the aforesaid influence functions are provided in Section 4.8.6.

Let us observe that the functions IF (θj1, yj, gj) and IF (θj2, yj, gj) are linear in

(yj−θgj1)f
β
j (yj,θ

g
j ), (yj−θ

g
j1)

2fβj (yj,θ
g
j ) and f

β
j (yj,θ

g
j ) for j = 1, 2. Since each of these

functions are bounded in yj, the boundedness of IF (θj1, yj, gj) and IF (θj2, yj, gj) for

j = 1, 2 are trivial. By observing

Uρg(y1, y2,θ
g
1 ,θ

g
2 , ρ

g) =
ρg

1− (ρg)2
−
ρg
[
(y1−θg11)2

θg12
+

(y2−θg21)2
θg22

]
− (1 + (ρg)2)

(y1−θg11)(y2−θ
g
21)√

θg12θ
g
22

(1− (ρg)2)2
,

it is easy to establish that IF (ρ, y1, y2, g) is a linear function of IF (θj1, yj, gj), IF (θj2, yj

, gj) for j = 1, 2 and (yj−θgj1)2fβ(y1, y2,θ
g
1 ,θ

g
2 , ρ

g), fβ(y1, y2,θ
g
1 ,θ

g
2 , ρ

g) for j = 1, 2 and

(y1−θg11)(y2−θ
g
21)f

β(y1, y2,θ
g
1 ,θ

g
2 , ρ

g). The boundedness of IF (ρ, y1, y2, g) is now easily

followed by the boundedness of the aforesaid components of IF (ρ, y1, y2, g). To see the

behaviour explicitly, we present a special case pictorially where the model family is

bivariate normal and the true distribution is also bivariate normal with component

means θg11 = 1, θg21 = 4, component variances θg12 = 4, θg22 = 9 and correlation ρg =

0.5. The influence functions of the component means and variances are presented in

Figure 4.1 and the influence functions (for different values of β including the maximum

likelihood case) of the correlation are presented in Figure 4.2.
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(a) IF (θ11, y1, g1) (b) IF (θ12, y1, g1)

(c) IF (θ21, y2, g2) (d) IF (θ22, y2, g2)

Figure 4.1: Influence functions of component means and variances.

4.6 Simulation Experiments

4.6.1 Experimental Set-up and Performance Measures

We now assess the performance of our method along with the other existing methods

under the multivariate normal set-up. Here we assume that the true distribution is also

multivariate normal, i.e., the true distribution belongs to the model family. To carry

out our simulation experiments, we simulate 100 random samples of size n = 1000 from

multivariate normal distributions of dimension p with mean vector µ and covariance

matrix Σ. Different choices of p, µ and Σ are taken to vary the simulation set-ups.

Data from 2, 5, 10, 20 and 30 dimensions are simulated with mean vector 0 and two

types of covariance structures are used, viz., diagonal and a special kind of non-diagonal

structure. Identity matrices of appropriate dimensions are taken as diagonal covariance

matrices. For the non-diagonal choice, we consider the following p × p matrix (with

p1 =
[
p
2

]
and p2 = p− p1).

Σ =

[
U(0.7) 0p1×p2

0p2×p1 Ip2

]
,
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(a) MLE (b) β = 0.1

(c) β = 0.3 (d) β = 0.5

Figure 4.2: Influence functions of correlation coefficients.

where U(ρ) = [[uij]]
p1
i,j=1 with uij = ρ|i−j| for 1 ≤ i, j ≤ p1 and −1 ≤ ρ ≤ 1. This

structure is known as block-banded covariance matrix. But for p = 2 (only), we take

Σ =

[
1 0.7

0.7 1

]
.

We are going to evaluate two measures of accuracy, viz., L2 bias and mean squared

error (MSE) for the mean and covariance matrix estimators, separately. Suppose, µ̂i

and Σ̂i be the estimators of the mean vector and the covariance matrix from the i-th

replication, 1 ≤ i ≤ 100. We calculate the L2 bias and mean squared errors as follows:

Bias of mean estimators =
∣∣∣∣∣∣ 1

100

100∑
i=1

µ̂i − µ
∣∣∣∣∣∣
2
, MSE of mean estimators =

1

100

100∑
i=1

∣∣∣∣∣∣µ̂i − µ
∣∣∣∣∣∣2

2
,

Bias of covariance matrix estimators =
∣∣∣∣∣∣ 1

100

100∑
i=1

Σ̂i −Σ
∣∣∣∣∣∣
F
,

MSE of covariance matrix estimators =
1

100

100∑
i=1

∣∣∣∣∣∣Σ̂i −Σ
∣∣∣∣∣∣2
F
,
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Dimension Different Location Vector Scatter Matrix
(p) Methods Bias MSE Bias MSE
2 MLE 0.005 0.002 0.006 0.007

SMDPDE (β = 0.1) 0.004 0.002 0.007 0.007
SMDPDE (β = 0.3) 0.004 0.002 0.007 0.008
SMDPDE (β = 0.5) 0.004 0.002 0.006 0.009

MCD 0.003 0.002 0.019 0.013
MVE 0.004 0.002 0.022 0.016
GK 0.003 0.002 0.355 0.133
MM 0.006 0.002 0.006 0.008
S 0.004 0.003 0.016 0.015

5 MLE 0.009 0.005 0.013 0.029
SMDPDE (β = 0.1) 0.009 0.005 0.014 0.029
SMDPDE (β = 0.3) 0.009 0.005 0.017 0.034
SMDPDE (β = 0.5) 0.008 0.006 0.020 0.041

MCD 0.005 0.005 0.022 0.041
MVE 0.007 0.006 0.040 0.052
GK 0.005 0.006 0.341 0.149
MM 0.005 0.005 0.012 0.032
S 0.005 0.006 0.013 0.039

10 MLE 0.013 0.010 0.028 0.110
SMDPDE (β = 0.1) 0.013 0.010 0.028 0.119
SMDPDE (β = 0.3) 0.013 0.011 0.029 0.130
SMDPDE (β = 0.5) 0.013 0.012 0.031 0.156

MCD 0.008 0.010 0.038 0.131
MVE 0.007 0.011 0.049 0.158
GK 0.009 0.012 0.323 0.223
MM 0.011 0.010 0.032 0.118
S 0.011 0.010 0.033 0.123

20 MLE 0.011 0.020 0.062 0.425
SMDPDE (β = 0.1) 0.010 0.020 0.063 0.435
SMDPDE (β = 0.3) 0.010 0.022 0.067 0.497
SMDPDE (β = 0.5) 0.010 0.022 0.073 0.598

MCD 0.013 0.020 0.082 0.489
MVE 0.015 0.022 0.085 0.520
GK 0.015 0.023 0.317 0.555
MM 0.014 0.020 0.066 0.441
S 0.014 0.019 0.066 0.434

30 MLE 0.027 0.030 0.177 0.932
SMDPDE (β = 0.1) 0.027 0.030 0.183 0.955
SMDPDE (β = 0.3) 0.031 0.036 0.204 1.074
SMDPDE (β = 0.5) 0.031 0.035 0.225 1.328

MCD 0.039 0.031 0.217 1.094
MVE 0.040 0.033 0.222 1.141
GK 0.041 0.034 0.382 1.146
MM 0.035 0.032 0.203 0.991
S 0.035 0.032 0.200 0.958

Table 4.3: Estimated bias and mean squared errors in case of diagonal covariance
structures under pure data.

where || · ||2 is the L2-norm and || · ||F is the Frobenius norm of a matrix.

To study the robustness and efficiency of our method, we consider both pure as

well as contaminated datasets in each of the aforesaid set-ups (depending on data di-

mension and covariance structure). As we have discussed earlier, the pure datasets are
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Dimension Different Location Vector Scatter Matrix
(p) Methods Bias MSE Bias MSE
2 MLE 2.806 7.939 71.435 5136.492

SMDPDE (β = 0.1) 0.001 0.003 0.012 0.007
SMDPDE (β = 0.3) 0.002 0.003 0.054 0.011
SMDPDE (β = 0.5) 0.002 0.003 0.102 0.021

MCD 0.006 0.003 0.408 0.186
MVE 0.006 0.003 0.408 0.188
GK 0.014 0.003 0.297 0.096
MM 0.004 0.003 0.310 0.109
S 0.004 0.004 0.313 0.119

5 MLE 4.497 20.410 180.956 32986.971
SMDPDE (β = 0.1) 0.010 0.006 0.031 0.034
SMDPDE (β = 0.3) 0.010 0.006 0.098 0.049
SMDPDE (β = 0.5) 0.010 0.007 0.175 0.081

MCD 0.008 0.006 0.345 0.176
MVE 0.007 0.007 0.349 0.191
GK 0.010 0.007 0.262 0.108
MM 0.005 0.006 0.406 0.214
S 0.007 0.006 0.408 0.222

10 MLE 6.281 39.757 357.579 128617.184
SMDPDE (β = 0.1) 0.007 0.011 0.057 0.130
SMDPDE (β = 0.3) 0.007 0.012 0.144 0.175
SMDPDE (β = 0.5) 0.006 0.013 0.250 0.259

MCD 0.009 0.012 0.319 0.273
MVE 0.008 0.013 0.324 0.296
GK 0.014 0.013 0.260 0.201
MM 0.008 0.012 0.549 0.477
S 0.009 0.012 0.550 0.482

20 MLE 8.971 81.329 721.061 524251.729
SMDPDE (β = 0.1) 0.015 0.024 0.090 0.500
SMDPDE (β = 0.3) 0.016 0.026 0.210 0.640
SMDPDE (β = 0.5) 0.017 0.028 0.362 0.889

MCD 0.0131 0.026 0.330 0.709
MVE 0.014 0.026 0.321 0.721
GK 0.017 0.028 0.248 0.570
MM 0.015 0.023 0.732 1.198
S 0.015 0.023 0.731 1.189

30 MLE 11.077 123.377 1089.409 1191872.749
SMDPDE (β = 0.1) 0.040 0.034 0.225 1.101
SMDPDE (β = 0.3) 0.043 0.035 0.328 1.395
SMDPDE (β = 0.5) 0.046 0.038 0.494 1.896

MCD 0.033 0.037 0.379 1.392
MVE 0.030 0.037 0.377 1.402
GK 0.034 0.039 0.327 1.196
MM 0.033 0.036 0.922 2.234
S 0.033 0.036 0.919 2.202

Table 4.4: Estimated bias and mean squared errors in case of diagonal covariance
structures under contaminated data.

simulated from multivariate normal distribution and the contaminated datasets are

simulated by generating observations from a mixture normal distribution. The main

component of this mixture distribution is multivariate normal with mean 0 and covari-

ance matrix Σ and the contaminating component is a multivariate normal with mean
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Dimension Different Location Vector Scatter Matrix
(p) Methods Bias MSE Bias MSE
2 MLE 0.004 0.002 0.006 0.006

SMDPDE (β = 0.1) 0.004 0.002 0.006 0.007
SMDPDE (β = 0.3) 0.004 0.002 0.005 0.008
SMDPDE (β = 0.5) 0.004 0.003 0.004 0.009

MCD 0.004 0.002 0.02 0.012
MVE 0.001 0.002 0.008 0.013
GK 0.005 0.002 0.434 0.195
MM 0.004 0.003 0.006 0.009
S 0.006 0.004 0.008 0.017

5 MLE 0.004 0.004 0.029 0.032
SMDPDE (β = 0.1) 0.004 0.005 0.029 0.034
SMDPDE (β = 0.3) 0.004 0.005 0.03 0.039
SMDPDE (β = 0.5) 0.004 0.006 0.03 0.046

MCD 0.013 0.005 0.019 0.043
MVE 0.013 0.006 0.042 0.06
GK 0.014 0.006 0.364 0.166
MM 0.007 0.005 0.018 0.029
S 0.007 0.006 0.021 0.035

10 MLE 0.007 0.01 0.036 0.115
SMDPDE (β = 0.1) 0.006 0.01 0.037 0.118
SMDPDE (β = 0.3) 0.006 0.01 0.04 0.136
SMDPDE (β = 0.5) 0.006 0.011 0.044 0.163

MCD 0.006 0.011 0.037 0.133
MVE 0.006 0.012 0.05 0.156
GK 0.006 0.012 0.428 0.305
MM 0.011 0.009 0.027 0.118
S 0.011 0.009 0.026 0.122

20 MLE 0.014 0.02 0.066 0.443
SMDPDE (β = 0.1) 0.014 0.02 0.064 0.455
SMDPDE (β = 0.3) 0.015 0.021 0.066 0.525
SMDPDE (β = 0.5) 0.016 0.023 0.072 0.631

MCD 0.018 0.021 0.073 0.498
MVE 0.019 0.022 0.081 0.527
GK 0.018 0.022 0.45 0.672
MM 0.019 0.021 0.070 0.455
S 0.019 0.020 0.070 0.447

30 MLE 0.032 0.032 0.191 0.973
SMDPDE (β = 0.1) 0.032 0.032 0.195 0.999
SMDPDE (β = 0.3) 0.034 0.033 0.209 1.142
SMDPDE (β = 0.5) 0.036 0.037 0.227 1.365

MCD 0.036 0.032 0.203 1.114
MVE 0.037 0.034 0.211 1.136
GK 0.037 0.035 0.494 1.269
MM 0.039 0.032 0.213 1.071
S 0.038 0.032 0.209 1.037

Table 4.5: Estimated bias and mean squared errors in case of non-diagonal covariance
structures under pure data.

vector (20, 20, . . . , 20) and identity covariance matrix. The mixing proportions are 0.9

and 0.1, so that, the data represent 10% contamination of the pure model. In each

case, we are considering three values of the tuning parameter β, namely, 0.1, 0.3 and

0.5. From efficiency considerations, we are not going to take higher values of β. We
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Dimension Different Location Vector Scatter Matrix
(p) Methods Bias MSE Bias MSE
2 MLE 2.829 8.071 71.912 5205.541

SMDPDE (β = 0.1) 0.005 0.002 0.009 0.007
SMDPDE (β = 0.3) 0.005 0.002 0.063 0.012
SMDPDE (β = 0.5) 0.006 0.003 0.125 0.025

MCD 0.002 0.003 0.505 0.272
MVE 0.003 0.003 0.507 0.279
GK 0.011 0.003 0.29 0.092
MM 0.006 0.002 0.392 0.167
S 0.009 0.004 0.392 0.173

5 MLE 4.434 19.877 178.341 32072.472
SMDPDE (β = 0.1) 0.009 0.005 0.034 0.037
SMDPDE (β = 0.3) 0.01 0.006 0.107 0.055
SMDPDE (β = 0.5) 0.011 0.006 0.191 0.091

MCD 0.002 0.006 0.379 0.201
MVE 0.003 0.006 0.388 0.22
GK 0.011 0.006 0.285 0.124
MM 0.008 0.005 0.452 0.256
S 0.008 0.006 0.454 0.266

10 MLE 6.265 39.664 357.366 128759.552
SMDPDE (β = 0.1) 0.025 0.012 0.043 0.14
SMDPDE (β = 0.3) 0.025 0.013 0.157 0.191
SMDPDE (β = 0.5) 0.024 0.014 0.298 0.3

MCD 0.012 0.012 0.405 0.337
MVE 0.01 0.012 0.411 0.352
GK 0.009 0.013 0.311 0.24
MM 0.009 0.011 0.706 0.697
S 0.009 0.011 0.708 0.705

20 MLE 8.858 79.225 712.878 512080.801
SMDPDE (β = 0.1) 0.012 0.022 0.08 0.529
SMDPDE (β = 0.3) 0.013 0.024 0.236 0.683
SMDPDE (β = 0.5) 0.014 0.026 0.442 0.986

MCD 0.013 0.024 0.395 0.76
MVE 0.014 0.024 0.39 0.775
GK 0.013 0.025 0.349 0.641
MM 0.016 0.024 0.952 1.579
S 0.016 0.024 0.951 1.571

30 MLE 11.061 123.419 1088.910 1193694.140
SMDPDE (β = 0.1) 0.031 0.035 0.231 1.116
SMDPDE (β = 0.3) 0.033 0.037 0.393 1.450
SMDPDE (β = 0.5) 0.034 0.039 0.645 2.073

MCD 0.042 0.037 0.441 1.487
MVE 0.045 0.037 0.436 1.487
GK 0.045 0.040 0.419 1.331
MM 0.034 0.035 1.207 2.952
S 0.034 0.035 1.202 2.907

Table 4.6: Estimated bias and mean squared errors in case of non-diagonal covariance
structures under contaminated data.

present the output of the simulation experiments in Tables 4.3, 4.4, 4.5 and 4.6 which

involve our method along with the ordinary maximum likelihood estimators (MLE,

corresponds to β = 0 case), MCD, MVE, orthogonalized Gnanadesikan-Kettenring

(GK) (see Maronna and Zamar (2002), [112]), MM estimators of location and scale

145



(MM) (originally proposed by Yohai (1987) [158] in regression set-up and later Tat-

suoka and Tyler (2000) [143] developed the multivariate location-scale version) and

S-estimators of location and scale (Rousseeuw and Yohai (1984) [134], Ruppert (1992)

[135]). Appropriate R-packages [145, 81, 102] are used for computing these estimators.

4.6.2 Discussion of Simulation Results

The simulations that we have performed are quite extensive, and it is necessary to

clearly pinpoint what the salient features of these numbers are. In the following we

describe these features.

1. It can be trivially observed that, for contaminated datsets, the SMDPDEs (as well

as its robust competitors) are much better than the MLEs both in terms of bias

and MSEs. But the MLEs are a little better for almost all the robust methods

in case of pure datasets. In particular, the bias and MSEs of the SMDPDEs are

slightly more than those of the MLEs in case of lower β values for pure datasets

and this difference is greater in magnitude for higher β values as well as for most

of the other robust competitors of our estimator.

2. For pure datasets and diagonal covariance structures, the SMDPDEs are the

best in terms of MSEs (for both location and scale estimation) among the robust

methods most of the time; however, they have marginally higher bias (especially,

in case of location vectors) in higher dimensions. But for the corresponding

non-diagonal cases, the lack of unbiasedness of the SMDPDEs disappears with a

little loss in MSEs. In case of pure datasets, both the MM and the S estimators

maintain very close competitions with the SMDPDEs.

3. However, for contaminated datasets, the SMDPDEs are undoubtedly the best

among all the robust alternatives, especially with lower values of β (specifically

0.1). The pairwise GK method improved a lot in case of contaminated datasets

for covariance estimation and it is better than the MCD, MVE, MM and S

estimators both in terms of bias and MSEs.

4. None of the SMDPDEs of the covariance matrices have been found to be non-

positive definite throughout our entire simulation exercise.
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Data Covariance Dimension SMDPDE MDPDE
Type Structure (p) β Bias MSE Bias MSE
Pure Diagonal 2 0.1 0.004 0.002 0.005 0.002

0.3 0.004 0.002 0.004 0.002
0.5 0.004 0.002 0.004 0.002

5 0.1 0.009 0.005 0.009 0.005
0.3 0.009 0.005 0.008 0.006
0.5 0.008 0.006 0.007 0.008

10 0.1 0.013 0.01 0.012 0.01
0.3 0.013 0.011 0.011 0.014
0.5 0.013 0.012 0.011 0.02

Non-Diagonal 2 0.1 0.004 0.002 0.004 0.002
0.3 0.004 0.002 0.004 0.002
0.5 0.004 0.003 0.004 0.003

5 0.1 0.004 0.005 0.005 0.005
0.3 0.004 0.005 0.006 0.006
0.5 0.004 0.006 0.007 0.008

10 0.1 0.006 0.01 0.007 0.01
0.3 0.006 0.01 0.009 0.013
0.5 0.006 0.011 0.011 0.02

Contaminated Diagonal 2 0.1 0.001 0.003 0.001 0.003
0.3 0.002 0.003 0.001 0.003
0.5 0.002 0.003 0.001 0.003

5 0.1 0.01 0.006 0.009 0.006
0.3 0.01 0.006 0.01 0.007
0.5 0.01 0.007 0.01 0.008

10 0.1 0.007 0.011 0.008 0.012
0.3 0.007 0.012 0.009 0.014
0.5 0.006 0.013 0.012 0.02

Non-Diagonal 2 0.1 0.005 0.002 0.005 0.002
0.3 0.005 0.002 0.006 0.002
0.5 0.006 0.003 0.006 0.003

5 0.1 0.009 0.005 0.011 0.005
0.3 0.01 0.006 0.013 0.007
0.5 0.011 0.006 0.015 0.008

10 0.1 0.025 0.012 0.026 0.013
0.3 0.025 0.013 0.026 0.017
0.5 0.024 0.014 0.027 0.024

Table 4.7: Estimated bias and mean squared errors of mean estimators for the sequen-
tial and ordinary minimum DPD methods.

4.6.3 Comparison of SMDPDE with Usual MDPDE

A comparative study on bias and mean squared errors of the mean, variance and

correlation estimators based on MDPDEs and SMDPDEs are presented separately in

Tables 4.7, 4.8 and 4.9, respectively, in case of lower data dimensions. Let us discuss
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Data Covariance Dimension SMDPDE MDPDE
Type Structure (p) β Bias MSE Bias MSE
Pure Diagonal 2 0.1 0.006 0.004 0.006 0.004

0.3 0.007 0.005 0.006 0.005
0.5 0.006 0.006 0.005 0.006

5 0.1 0.006 0.01 0.007 0.01
0.3 0.007 0.011 0.007 0.013
0.5 0.008 0.013 0.009 0.017

10 0.1 0.008 0.021 0.009 0.022
0.3 0.009 0.024 0.01 0.03
0.5 0.01 0.028 0.013 0.046

Non-Diagonal 2 0.1 0.005 0.004 0.005 0.004
0.3 0.005 0.005 0.005 0.005
0.5 0.004 0.006 0.005 0.006

5 0.1 0.014 0.011 0.015 0.011
0.3 0.016 0.012 0.018 0.014
0.5 0.017 0.015 0.022 0.018

10 0.1 0.019 0.021 0.018 0.021
0.3 0.02 0.024 0.013 0.028
0.5 0.02 0.028 0.014 0.044

Contaminated Diagonal 2 0.1 0.012 0.005 0.012 0.005
0.3 0.054 0.008 0.051 0.008
0.5 0.102 0.017 0.09 0.015

5 0.1 0.028 0.011 0.027 0.011
0.3 0.097 0.022 0.077 0.019
0.5 0.174 0.046 0.11 0.03

10 0.1 0.046 0.024 0.045 0.025
0.3 0.139 0.046 0.093 0.043
0.5 0.247 0.094 0.107 0.067

Non-Diagonal 2 0.1 0.008 0.004 0.008 0.004
0.3 0.051 0.008 0.048 0.007
0.5 0.1 0.016 0.088 0.014

5 0.1 0.031 0.013 0.03 0.013
0.3 0.098 0.024 0.08 0.023
0.5 0.174 0.048 0.113 0.035

10 0.1 0.03 0.026 0.029 0.026
0.3 0.126 0.046 0.081 0.041
0.5 0.234 0.092 0.097 0.061

Table 4.8: Estimated bias and mean squared errors of variance estimators for the
sequential and ordinary minimum DPD methods.

the implications of these comparative studies in the following points.

1. For the mean estimators (Table 4.7), it can be observed that both MDPDEs and

SMDPDEs have almost similar bias and MSEs in lower dimension (p = 2). But as

p increases to 5 or 10, the SMDPDEs tend to have less bias and MSE, especially
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Data Covariance Dimension SMDPDE MDPDE
Type Structure (p) β Bias MSE Bias MSE
Pure Diagonal 2 0.1 0.002 0.001 0.002 0.001

0.3 0.001 0.001 0.001 0.001
0.5 0.001 0.002 0.001 0.002

5 0.1 0.009 0.01 0.009 0.01
0.3 0.011 0.011 0.013 0.012
0.5 0.013 0.014 0.017 0.017

10 0.1 0.019 0.046 0.019 0.047
0.3 0.02 0.053 0.022 0.066
0.5 0.021 0.064 0.026 0.105

Non-Diagonal 2 0.1 0.001 0.001 0.001 0.001
0.3 0.001 0.001 0.001 0.001
0.5 0.001 0.001 0.001 0.001

5 0.1 0.016 0.009 0.016 0.009
0.3 0.015 0.011 0.015 0.012
0.5 0.015 0.013 0.016 0.016

10 0.1 0.019 0.041 0.018 0.042
0.3 0.021 0.048 0.023 0.059
0.5 0.025 0.058 0.034 0.096

Contaminated Diagonal 2 0.1 0.003 0.001 0.003 0.001
0.3 0.004 0.002 0.004 0.002
0.5 0.005 0.002 0.005 0.002

5 0.1 0.009 0.011 0.009 0.011
0.3 0.01 0.013 0.011 0.014
0.5 0.011 0.015 0.014 0.019

10 0.1 0.023 0.052 0.024 0.053
0.3 0.025 0.059 0.029 0.073
0.5 0.028 0.071 0.035 0.115

Non-Diagonal 2 0.1 0.001 0.001 0.001 0.001
0.3 0.001 0.001 0.001 0.001
0.5 0.001 0.001 0.001 0.001

5 0.1 0.006 0.01 0.005 0.01
0.3 0.006 0.012 0.004 0.013
0.5 0.006 0.014 0.004 0.017

10 0.1 0.019 0.045 0.02 0.047
0.3 0.022 0.052 0.026 0.066
0.5 0.026 0.063 0.033 0.103

Table 4.9: Estimated bias and mean squared errors of correlation estimators for the
sequential and ordinary minimum DPD methods.

under higher values of β (0.5, in particular) for pure as well as contaminated

datasets.

2. In case of the variance estimators (Table 4.8), the bias and MSEs of both SMD-

PDEs and MDPDEs are similar in lower dimension but as dimension increases
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Data Covariance Dimension SMDPDE MDPDE
Type Structure (p) β Bias MSE Bias MSE
Pure Diagonal 2 0.1 0.007 0.007 0.007 0.007

0.3 0.007 0.008 0.006 0.008
0.5 0.006 0.009 0.005 0.01

5 0.1 0.014 0.029 0.015 0.03
0.3 0.017 0.034 0.02 0.037
0.5 0.02 0.041 0.025 0.05

10 0.1 0.028 0.113 0.029 0.117
0.3 0.029 0.13 0.033 0.161
0.5 0.031 0.156 0.039 0.257

Non-Diagonal 2 0.1 0.006 0.007 0.006 0.007
0.3 0.005 0.008 0.006 0.008
0.5 0.004 0.009 0.005 0.01

5 0.1 0.029 0.034 0.03 0.034
0.3 0.03 0.039 0.032 0.042
0.5 0.03 0.046 0.035 0.054

10 0.1 0.037 0.118 0.035 0.121
0.3 0.04 0.136 0.037 0.168
0.5 0.044 0.163 0.05 0.27

Contaminated Diagonal 2 0.1 0.012 0.007 0.012 0.007
0.3 0.054 0.011 0.052 0.011
0.5 0.102 0.021 0.09 0.019

5 0.1 0.031 0.034 0.03 0.034
0.3 0.098 0.049 0.079 0.049
0.5 0.175 0.081 0.111 0.071

10 0.1 0.057 0.13 0.057 0.134
0.3 0.144 0.175 0.102 0.197
0.5 0.25 0.259 0.119 0.313

Non-Diagonal 2 0.1 0.009 0.007 0.009 0.007
0.3 0.063 0.012 0.059 0.011
0.5 0.125 0.025 0.108 0.022

5 0.1 0.034 0.037 0.033 0.038
0.3 0.107 0.055 0.087 0.056
0.5 0.191 0.091 0.124 0.08

10 0.1 0.043 0.14 0.043 0.143
0.3 0.157 0.191 0.105 0.207
0.5 0.298 0.3 0.127 0.32

Table 4.10: Estimated bias and mean squared errors of covariance matrix estimators
for the sequential and ordinary minimum DPD methods.

the SMDPDEs tend to have more bias for pure datasets and more bias and MSEs

for contaminated datasets with higher β values (0.3 and 0.5, in particular).

3. In case of correlation estimators (Table 4.9), both the SMDPDEs and MDPDEs

are comparable in terms of bias and MSEs under lower dimension but as the
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dimension grows up, the SMDPDEs become more accurate (in terms of bias and

MSEs) under higher values of β under both pure and contaminated datasets.

4. Now, for the entire covariance matrix estimators (Table 4.10), both SMDPDEs

and MDPDEs perform quite similarly for smaller values of β. As β increases to

0.3 or 0.5, the MDPDEs become slightly less biased, although their MSEs still

remain comparable.

4.6.4 Cellwise Contamination

So far, we have only considered casewise (or rowwise) contaminations in the afore-

said simulation experiments, where some of the sample observations (rows of the data

matrix) are perturbed. However, cellwise (columnwise) contamination does arise in

real life datasets where some of the components (columns of the data matrix) are per-

turbed. This results in the contamination of a comparatively larger proportion of the

sample observations, at least partially. Discarding or downweighting all those partially

contaminated observations may result in a significant loss of information which affects

the efficiency of the resulting estimators. Since the proposed methodology in this work

is sequential in nature, it is intuitively expected that this procedure can tackle the

cellwise contaminated datasets more efficiently as compared to the ordinary minimum

DPD method. We simulate 100 datasets (sample size 1000, dimension 4) where the

first 600 observations are simulated from a standard 4-dimensional normal distribution.

The remaining 400 observations are divided into 4 subsets S1, S2, S3 and S4. The sub-

set Si is generated from a 4-dimensional normal distribution with mean vector 5ei and

identity covariance, where ei is the i-th canonical vector in R4, 1 ≤ i ≤ 4. That is, the

true value of the mean vector and covariance matrix are (0, 0, 0, 0)
′
and I4, respectively

and the last 400 observations are contaminated cellwise. We obtain the estimates of

the mean vector and the covariance matrix based on these 100 samples using the ordi-

nary and sequential minimum DPD methods and their competitors (considered in the

simulation experiments) and present the mean squared errors (separately for the mean

vector and the covariance matrix) for different values of β in Figure 4.3. The supe-

riority of the sequential method can clearly be observed over all its competitors with

the ordinary minimum DPD and GK methods being the closest ones. It should also

be noted that the sequential method achieved lower mean squared errors for smaller

values of β as compared to the ordinary minimum DPD method.

It is one of our future plans to investigate the performances of both ordinary and
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Figure 4.3: Mean squared errors of the estimates of mean vector and covariance matrix
for different values of β.

sequential minimum DPD methods in case of cellwise contamination in a detailed

manner.

4.6.5 Scalability of the Proposed SMDPDE

We have already realized the fact that the sequential minimum DPD estimation is

computationally far more efficient than the ordinary minimum DPD estimation in the

Methods p
β 2 5 10 20 30 40 50

Number of Parameters 5 20 65 230 495 860 1325
SMDPDE 0.1 100 % 100 % 100% 100% 100% 100% 100%

0.3 100 % 100 % 100% 100% 100% 100% 100%
0.5 100 % 100 % 100% 100% 100% 100% 100%
0.7 100 % 100 % 100% 100% 100% 100% 100%

MDPDE 0.1 100 % 100 % 100% 100% 100% 92% 83%
0.3 100 % 100 % 100% 94% 81% 32% 5%
0.5 100 % 100 % 78% 46% 0% 0% 0%
0.7 100 % 100 % 28% 0% 0% 0% 0%

Table 4.11: Empirical convergence rates of the indicated methods for a sample size of
n = 2000.

sense that the existence of the SMDPDE is computationally guaranteed for almost

all possible combinations of n, p and β unlike the ordinary MDPDE. Especially, in

higher dimensions, the algorithm used to obtain the ordinary MDPDE may fail to

converge. The empirical convergence rates of the ordinary and sequential minimum
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DPD methods are shown in Table 4.11 where this fact is clearly borne out. In fact for

large data dimensions and large values of β, the minimum DPD method practically

never leads to convergence. Convergence rates of the other competitors are found to

be perfect like the sequential minimum DPD method.

4.7 Credit Card Transactions Data

We now apply the sequential minimum DPD method on a real data containing in-

formation about credit card transactions by European cardholders on two particular

days of September, 2013; some of these transactions were fraudulent. The dataset1

consists of 28 features (first 28 principal components of the original dataset which is

confidential; the original dataset has been collected and analysed during a research

collaboration of Worldline and the Machine Learning Group2 of ULB (Université Libre

de Bruxelles) on big data mining and fraud detection) along with the elapsed times

(from the first transaction), transaction amount and original transaction labels (i.e.,

genuine or fraudulent). This dataset has been analyzed in recent years using various

machine learning tools [33, 34, 32]. For time and space complexity, we analyze a subset

of this dataset with the first 10000 transactions of which only 38 are fraudulent and

the remaining 9962 are genuine. We consider these fraudulent transactions as outlying

observations present in the dataset (as observed in Figure 4.4). But the proportion of

outliers is only 0.0038 which implies the dataset can almost be regarded as a noise-free

one and no robust method is expected to show its supremacy through drastic differ-

ences in comparison with the traditional likelihood based procedure if applied on this

dataset. To make the contamination stronger, we perturb another 362 observations

which represent genuine transactions. This is done following two approaches. Let us

note that, we only have to choose a sub-sample of size 362 of genuine observations

(transactions) out of a total of 9962 genuine observations (transactions). Either we

can choose this sub-sample randomly (without replacement) or we may choose those

362 genuine observations which are mostly concentrated around their central tendency.

That is, if µ̃ is the sample componentwise median of the 9962 genuine observations,

then we may choose those 362 genuine observations whose distances from µ̃ are the

least.

We now apply our method along with the likelihood estimation procedure to fit the

1Source: https://www.kaggle.com/mlg-ulb/creditcardfraud/version/3
2http://mlg.ulb.ac.be
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Figure 4.4: Pairwise scatter plots of some of the components with blue points as genuine
observations and red as fraudulent ones.

Resampling Method Difference between Difference between

Type estimated mean vectors estimated covariance matrices

Most MLE 2.007 50.584
Concentrated SMDPDE (β = 0.1) 0.268 1.506

SMDPDE (β = 0.3) 0.109 0.378
SMDPDE (β = 0.5) 0.353 1.678

Random MLE 2.013 50.857
SMDPDE (β = 0.1) 0.740 10.616
SMDPDE (β = 0.3) 0.280 2.213
SMDPDE (β = 0.5) 0.211 1.516

Table 4.12: L2 differences between estimated mean vectors and covariance matrices
based on the genuine sub-samples (size 362) and the contaminated sub-samples (size
400).

aforesaid sub-samples using multivariate normal distribution (observing (Figure 4.4)

an approximate elliptic nature of the overall dataset). To understand the robustness of

our method, we first consider the noise-free sub-samples of the data with 362 genuine

observations and then the contaminated sub-samples of size 400 where 38 fraudulent

transactions were added to the previous noise-free sub-samples of size 362. We observe

the differences (L2 distances) between the estimated mean vectors (and the estimated
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covariance matrices) based on the noise-free sub-samples and the contaminated sub-

samples. To model either the noise-free sub-samples or the contaminated sub-samples,

we need 28-dimensional normal distributions (comprising 434 parameters) but we only

have samples of size 362 or 400. Thus, none of the robust alternatives to our method

(i.e., the ordinary minimum DPD method, MCD, MVE etc.) used in the simulation

experiments can be successful in producing the estimates of mean vector and covariance

matrix for possible singularity. The L2 differences between the estimated mean vectors

(and the estimated covariance matrices) based on the noise-free sub-samples and the

contaminated sub-samples by the likelihood method and the sequential minimum DPD

method are presented in Table 4.12. These differences for our method are much less

than those in case of the likelihood method which establish the superiority of our

method in terms of robustness. Also, this application have shown the applicability of

our method in case of such a higher dimensional dataset where the data dimension is

28, so that, we need to estimate 434 unknown parameters which is indeed greater than

the sample size 400. For this particular data example, Higham’s algorithm (followed

by an eigenvalue truncation step, as discussed in Remark 4.2) is utilized to find the

nearest positive definite correlation matrices (of dimension 28 × 28) to the estimated

correlation matrices by our method.

4.8 Appendices

4.8.1 Proof of Theorem 4.1

Proof. We follow the same approach which was taken by Basu et al. (2011) [12]. Our

plan is to show that for all sufficiently small ϵ, Hn(θ̂1n, θ̂2n, ρ
g) < Hn(θ̂1n, θ̂2n, ρ) for all

points ρ ∈ Surface(Qϵ) with probability tending to 1 where Qϵ is a sphere of radius

ϵ > 0 with center at ρg. Hence, Hn(θ̂1n, θ̂2n, ρ) has a local minima in the interior of

Qϵ. Now, let us observe the fact that at a local minimum, the Equation (4.9) must

be satisfied. Thus for any sufficiently small ϵ > 0, Equation (4.9) has a solution ρ̂nϵ

depending on ϵ with probability tending to 1 as n → ∞. To execute our plan, let us

consider the following Taylor series expansion of Hn(θ̂1n, θ̂2n, ρ) around ρ = ρg:

Hn(θ̂1n, θ̂2n, ρ) = Hn(θ̂1n, θ̂2n, ρ
g) + (ρ− ρg)∂Hn(θ̂1n,θ̂2n,ρ)

∂ρ

∣∣∣
ρ=ρg

+ (ρ−ρg)2
2!

∂2Hn(θ̂1n,θ̂2n,ρ)
∂ρ2

∣∣∣
ρ=ρg

+ (ρ−ρg)3
3!

∂3Hn(θ̂1n,θ̂2n,ρ)
∂ρ3

∣∣∣
ρ=ρ∗

= Hn(θ̂1n, θ̂2n, ρ
g) + S1 + S2 + S3

(4.14)
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for some ρ∗ lying between ρ and ρg. Now let us observe that,

1

1 + β

∂Hn(θ̂1n, θ̂2n, ρ)

∂ρ

∣∣∣
ρ=ρg

=

∫
f 1+β(x, θ̂1n, θ̂2n, ρ

g)Uρ(x, ρ
g|θ̂1n, θ̂2n) dx (4.15)

− 1

n

n∑
i=1

fβ(X i, θ̂1n, θ̂2n, ρ
g)Uρ(X i, ρ

g|θ̂1n, θ̂2n),

where Uρ(x, ρ | θ̂1n, θ̂2n) =
∂log f(x,θ̂1n,θ̂2n,ρ)

∂ρ
.

Let,M(x, θ̂1n, θ̂2n, ρ
g) = f 1+β(x, θ̂1n, θ̂2n, ρ

g)Uρ(x, ρ
g|θ̂1n, θ̂2n) andN(X i, θ̂1n, θ̂2n, ρ

g) =

fβ(X i, θ̂1n, θ̂2n, ρ
g)Uρ(X i, ρ

g|θ̂1n, θ̂2n). Thus,

1

1 + β

∂Hn(θ̂1n, θ̂2n, ρ)

∂ρ

∣∣∣
ρ=ρg

=

∫
M(x, θ̂1n, θ̂2n, ρ

g) dx− 1

n

n∑
i=1

N(X i, θ̂1n, θ̂2n, ρ
g).

(4.16)

Now, we are going to consider the first order Taylor series expansions of the func-

tions M(x,θ1,θ2, ρ
g) with respect to (θ1,θ2) and around (θ1,θ2) = (θg

1 ,θ
g
2) and

1
n

∑n
i=1N(X i,θ1,θ2, ρ

g) with respect to (θ1,θ2) and around (θ1,θ2) = (θg
1 ,θ

g
2) and

evaluate the same functions at (θ1,θ2) = (θ̂1n, θ̂2n).∫
M(x, θ̂1n, θ̂2n, ρ

g) dx =

∫
M(x,θg

1 ,θ
g
2 , ρ

g) dx

+
∑
j,k

(θ̂njk − θgjk)

∫
∂M(x,θ1,θ2, ρ

g)

∂θjk

∣∣∣
(θ1,θ2)=(θ∗

1 ,θ
∗
2 )
,

where (θ∗
1 ,θ

∗
2) lies between (θ̂1n, θ̂2n) and (θg

1 ,θ
g
2) and

1

n

n∑
i=1

N(X i, θ̂1n, θ̂2n, ρ
g) =

1

n

n∑
i=1

N(X i,θ
g
1 ,θ

g
2 , ρ

g)

+
∑
j,k

(θ̂njk − θgjk)
1

n

n∑
i=1

∂N(X i,θ1,θ2, ρ
g)

∂θjk

∣∣∣
(θ1,θ2)=(θ∗∗

1 ,θ∗∗
2 )
,

where (θ∗∗
1 ,θ

∗∗
2 ) lies between (θ̂1n, θ̂2n) and (θg

1 ,θ
g
2). Now by weak law of large numbers

(WLLN) and Assumption 4.4,
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1

n

n∑
i=1

N(X i,θ
g
1 ,θ

g
2 , ρ

g)
p→ Eg (N(X1,θ

g
1 ,θ

g
2 , ρ

g) ,

∣∣∣ 1
n

n∑
i=1

∂N(X i,θ1,θ2, ρ
g)

∂θjk

∣∣∣
(θ1,θ2)=(θ∗∗

1 ,θ∗∗
2 )

∣∣∣ < 1

n

n∑
i=1

∣∣∣∂N(X i,θ1,θ2, ρ
g)

∂θjk

∣∣∣
(θ1,θ2)=(θ∗∗

1 ,θ∗∗
2 )

∣∣∣
<

1

n

n∑
i=1

Njk(X i, ρ
g)

p→ Eg(Njk(X1, ρ
g)) <∞.

We also have

∣∣∣∣∣ ∫ ∂M(x,θ1,θ2,ρg)
∂θjk

∣∣∣
(θ1,θ2)=(θ∗

1 ,θ
∗
2 )
dx

∣∣∣∣∣ < ∫ ∣∣∣∂M(x,θ1,θ2,ρg)
∂θjk

∣∣∣
(θ1,θ2)=(θ∗

1 ,θ
∗
2 )

∣∣∣ dx <∫
Mjk(x, ρg) dx < ∞. From (4.8), we have θ̂njk

p→ θgjk for j, k = 1, 2. Now using the

aforesaid observations, we can write from Equation (4.16) that,

∂Hn(θ̂1n, θ̂2n, ρ)

∂ρ

∣∣∣
ρ=ρg

p→
∫
M(x,θg

1 ,θ
g
2 , ρ

g) dx− Eg (N(X1,θ
g
1 ,θ

g
2 , ρ

g))

=
∂H(θg

1 ,θ
g
2 , ρ)

∂ρ

∣∣∣
ρ=ρg

= 0

as ρg = argmin
ρ

H(θg
1 ,θ

g
2 , ρ). Thus, ∂Hn(θ̂1n,θ̂2n,ρ)

∂ρ

∣∣∣
ρ=ρg

p→ 0 as n → ∞. Since ρ ∈

Surface(Qϵ), |ρ− ρg| = ϵ and by the fact that ∂Hn(θ̂1n,θ̂2n,ρ)
∂ρ

∣∣∣
ρ=ρg

p→ 0, we have

|S1| < ϵ3 (4.17)

with probability tending to 1. Our next agenda is to handle the term S2 in the right

hand side of Equation (4.14). Let us note that,

1
1+β

∂2Hn(θ̂1n,θ̂2n,ρ)
∂2ρ

∣∣∣
ρ=ρg

= (1 + β)
∫
f 1+β(x, θ̂1n, θ̂2n, ρ

g)U2
ρ (x, ρ

g|θ̂1n, θ̂2n) dx

+
∫
f 1+β(x, θ̂1n, θ̂2n, ρ

g)∂ Uρ(x,ρ|θ̂1n,θ̂2n)

∂ρ

∣∣∣
ρ=ρg

dx

−β
n

∑n
i=1 f

β(X i, θ̂1n, θ̂2n, ρ
g)U2

ρ (X i, ρ
g|θ̂1n, θ̂2n)

− 1
n

∑n
i=1 f

β(X i, θ̂1n, θ̂2n, ρ
g)∂ Uρ(Xi,ρ|θ̂1n,θ̂2n)

∂ρ

∣∣∣
ρ=ρg

.

(4.18)
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Now, by using the same first order Taylor series expansion trick as in case of S1, we

can prove (after some algebra) that,

∂2Hn(θ̂1n, θ̂2n, ρ)

∂2ρ

∣∣∣
ρ=ρg

p→ ∂2H(θg
1 ,θ

g
2 , ρ)

∂2ρ

∣∣∣
ρ=ρg

> 0

as ρg is the minimizer of H(θg
1 ,θ

g
2 , ρ). Thus for any ρ ∈ Surface(Qϵ), with probability

tending to 1,

S2 > cϵ2 (4.19)

for some constant c > 0. Now it only remains to take care of the third term S3 in the

right hand side of Equation (4.14). Let us observe that,

∂3Hn(θ̂1n, θ̂2n, ρ)

∂3ρ

∣∣∣
ρ=ρ∗

=
1

n

n∑
i=1

∂3V (X i, θ̂1n, θ̂2n, ρ)

∂3ρ

∣∣∣
ρ=ρ∗

=
1

n

n∑
i=1

∂3V (X i,θ
g
1 ,θ

g
2 , ρ)

∂3ρ

∣∣∣
ρ=ρ∗

+
∑
j,k

(θ̂njk − θgjk)
1

n

n∑
i=1

∂4V (X i, θ̂1n, θ̂2n, ρ)

∂3ρ∂θjk

∣∣∣
ρ=ρ∗,(θ1θ2)=(θ†

1,θ
†
2)
.

We utilize Assumption 4.5 at this point to show that S3 is finite in absolute sense with

probability tending to 1. By Assumption 4.5 and WLLN, we have,∣∣∣∣∣ 1n
n∑
i=1

∂3V (X i,θ
g
1 ,θ

g
2 , ρ)

∂ρ3

∣∣∣
ρ=ρ∗

∣∣∣∣∣ < 1

n

n∑
i=1

∣∣∣∣∣∂3V (X i,θ
g
1 ,θ

g
2 , ρ)

∂ρ3

∣∣∣
ρ=ρ∗

∣∣∣∣∣
<

1

n

n∑
i=1

v1(X i,θ
g
1 ,θ

g
2)

p→ Egv1(X1,θ
g
1 ,θ

g
2) = d(Say)

<∞,
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∣∣∣∣∣ 1n
n∑
i=1

∂4V (X i, θ̂1n, θ̂2n, ρ)

∂ρ3∂θjk

∣∣∣
ρ=ρ∗,(θ1θ2)=(θ†

1,θ
†
2)

∣∣∣∣∣
<

1

n

n∑
i=1

∣∣∣∣∣∂4V (X i, θ̂1n, θ̂2n, ρ)

∂ρ3∂θjk

∣∣∣
ρ=ρ∗,(θ1θ2)=(θ†

1,θ
†
2)

∣∣∣∣∣
<

1

n

n∑
i=1

v2(X i,θ
g
1 ,θ

g
2)

p→ Egv2(X1,θ
g
1 ,θ

g
2)

<∞

for j, k = 1, 2. From (4.8), we have θ̂njk
p→ θgjk for j, k = 1, 2. Thus, for ρ ∈

Surface(Qϵ),

|S3| =

∣∣∣∣∣(ρ− ρg)3

3!

∣∣∣∣∣
∣∣∣∣∣∂3Hn(θ̂1n, θ̂2n, ρ)

∂ρ3

∣∣∣
ρ=ρ∗

∣∣∣∣∣ < dϵ3, for some constant d > 0. (4.20)

Now, from (4.14), (4.17), (4.19) and (4.20), we have

Hn(θ̂1n, θ̂2n, ρ
g)−Hn(θ̂1n, θ̂2n, ρ) = −S1 − S2 − S3 ≤ |S1| − S2 + |S3| < ϵ3 − cϵ2 + dϵ3,

which is less than 0 if ϵ < c
1+d

. Hence, for any sufficiently small ϵ, we haveHn(θ̂1n, θ̂2n, ρ
g)

< Hn(θ̂1n, θ̂2n, ρ) for all ρ ∈ Surface(Qϵ) with probability tending to 1. This implies,

with probability tending to 1, there exists a sequence {ρ̂nϵ} ∈ Interior(Qϵ) which

minimizes Hn(θ̂1n, θ̂2n, ρ) for all sufficiently small ϵ.

Let us define ρ̂∗n to be the minimizer which is closest to ρg among all ρ̂nϵ for any

sufficiently small ϵ. Thus ρ̂∗n ∈ Interior(Qϵ) for all small ϵ with probability tending to

1 as n→ ∞. Then,

P (|ρ̂∗n − ρg| < ϵ) = P (ρ̂∗n ∈ Interior(Qϵ)) → 1

as n → ∞ for all sufficiently small ϵ > 0. This completes the proof of the existence of

a consistent sequence of minimizer of the function Hn(θ̂1n, θ̂2n, ρ).
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4.8.2 Proof of Theorem 4.2

Proof. Here also we are going to use the same Taylor series expansion trick as we did

in Equation (4.14).

∂Hn(θ̂1n, θ̂2n, ρ)

∂ρ

∣∣∣
ρ=ρ̂n

=
∂Hn(θ̂1n, θ̂2n, ρ)

∂ρ

∣∣∣
ρ=ρg

+ (ρ̂n − ρg)
∂2Hn(θ̂1n, θ̂2n, ρ)

∂ρ2

∣∣∣
ρ=ρg

+
(ρ̂n − ρg)2

2!

∂3Hn(θ̂1n, θ̂2n, ρ)

∂ρ3

∣∣∣
ρ=ρ∗∗

for some ρ∗∗ lies between ρ̂n and ρg. Hence, from Equation (4.9), we can rewrite the

above as,

−
√
n
∂Hn(θ̂1n, θ̂2n, ρ)

∂ρ

∣∣∣
ρ=ρg

=
√
n(ρ̂n − ρg)

[∂2Hn(θ̂1n, θ̂2n, ρ)

∂ρ2

∣∣∣
ρ=ρg

(4.21)

+
(ρ̂n − ρg)

2!

∂3Hn(θ̂1n, θ̂2n, ρ)

∂ρ3

∣∣∣
ρ=ρ∗∗

]
.

Now, let us consider the term in the left hand side of Equation (4.21). We can expand

it as,

√
n
∂Hn(θ̂1n, θ̂2n, ρ)

∂ρ

∣∣∣
ρ=ρg

=
√
n
∂Hn(θ

g
1 ,θ

g
2 , ρ)

∂ρ

∣∣∣
ρ=ρg

+
∑
j,k

√
n(θ̂njk − θgjk)

∂2Hn(θ1,θ2, ρ)

∂ρ ∂θjk

∣∣∣
(θ1,θ2)=(θg

1 ,θ
g
2 ),ρ=ρ

g

+
∑
j,k

∑
j′ ,k′

√
n(θ̂njk − θgjk)(θ̂nj′k′ − θg

j′k′
)
∂3Hn(θ1,θ2, ρ)

∂ρ ∂θjk ∂θj′k′

∣∣∣
(θ1,θ2)=(θa∗

1 ,θa∗
2 ),ρ=ρg

=
√
n
∂Hn(θ

g
1 ,θ

g
2 , ρ)

∂ρ

∣∣∣
ρ=ρg

+
∑
j,k

√
n(θ̂njk − θgjk)

[
∂2Hn(θ1,θ2, ρ)

∂ρ ∂θjk

∣∣∣
(θ1,θ2)=(θg

1 ,θ
g
2 ),ρ=ρ

g

+
∑
j′ ,k′

(θ̂nj′k′ − θg
j′k′

)
∂3Hn(θ1,θ2, ρ)

∂ρ ∂θjk ∂θj′k′

∣∣∣
(θ1,θ2)=(θa∗

1 ,θa∗
2 ),ρ=ρg

]
.
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Hence, Equation (4.21) can be rewritten as,

−
√
n
∂Hn(θ

g
1 ,θ

g
2 ,ρ)

∂ρ

∣∣∣
ρ=ρg

=∑
j,k

√
n(θ̂njk − θgjk)

[
∂2Hn(θ1,θ2,ρ)

∂ρ ∂θjk

∣∣∣
(θ1,θ2)=(θg

1 ,θ
g
2 ),ρ=ρ

g

+
∑

j′ ,k′ (θ̂nj′k′ − θg
j′k′

)∂
3Hn(θ1,θ2,ρ)
∂ρ ∂θjk ∂θj′k′

∣∣∣
(θ1,θ2)=(θa∗

1 ,θa∗
2 ),ρ=ρg

]
+

√
n(ρ̂n − ρg)

[
∂2Hn(θ̂1n,θ̂2n,ρ)

∂ρ2

∣∣∣
ρ=ρg

+ (ρ̂n−ρg)
2!

∂3Hn(θ̂1n,θ̂2n,ρ)
∂ρ3

∣∣∣
ρ=ρ∗∗

]
.

(4.22)

Next, let us consider the estimators θ̂1n and θ̂2n which were derived separately before

finding ρ̂n. To do that, let us first introduce the following notations. Let Hj
1n(θ1) =

∂ H1n(θ1)
∂θ1j

, Hj
2n(θ2) = ∂ H2n(θ2)

∂θ2j
for j = 1, 2. Similarly, Hjk

1n(θ1), H
jk
2n(θ2) and Hjkl

1n (θ1),

Hjkl
2n (θ2) denote the second and third order partial derivatives of H1n(θ1) and H2n(θ2),

respectively. Let us consider the following Taylor series expansion,

Hj
1n(θ̂1n) = Hj

1n(θ
g
1) +

∑
k

(θ̂1kn − θg1k)H
jk
1n(θ

g
1) +

1

2!

∑
k,l

(θ̂1kn − θg1k)(θ̂1ln − θg1l)H
jkl
1n (θ

∗
1)

for some θ∗
1 lying between θ̂1n and θg

1 . But from Equation (4.4), we have Hj
1n(θ̂1n) = 0.

Thus the aforesaid equation can be rewritten as,

−
√
nHj

1n(θ
g
1) =

∑
k

√
n(θ̂1kn − θg1k)

[
Hjk

1n(θ
g
1) +

1

2!

∑
l

(θ̂1ln − θg1l)H
jkl
1n (θ

∗
1)

]
. (4.23)

Similarly, we have

−
√
nHj

2n(θ
g
2) =

∑
k

√
n(θ̂2kn − θg2k)

[
Hjk

2n(θ
g
2) +

1

2!

∑
l

(θ̂2ln − θg2l)H
jkl
2n (θ

∗
2)

]
(4.24)
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for some θ∗
2 lying between θ̂2n and θg

2 . Now let us consider System (4.25) of linear

equations which is derived by assembling Equations (4.22), (4.23) and (4.24).

∑
k

√
n(θ̂1kn − θg1k)b

(1)
jkn = −

√
nHj

1n(θ
g
1), j = 1, 2,

∑
k

√
n(θ̂2kn − θg2k)b

(2)
jkn = −

√
nHj

2n(θ
g
2), j = 1, 2,

∑
j,k

√
n(θ̂njk − θgjk)ejkn +

√
n(ρ̂n − ρg)an = −

√
n
∂Hn(θ

g
1 ,θ

g
2 ,ρ)

∂ρ

∣∣∣
ρ=ρg

,

(4.25)

where b
(1)
jkn =

[
Hjk

1n(θ
g
1) +

1
2!

∑
l(θ̂1ln − θg1l)H

jkl
1n (θ

∗
1)
]
, b

(2)
jkn =

[
Hjk

2n(θ
g
2) +

1
2!

∑
l(θ̂2ln − θg2l)H

jkl
2n (θ

∗
2)
]
,

ejkn =

[
∂2Hn(θ1,θ2,ρ)

∂ρ ∂θjk

∣∣∣
(θ1,θ2)=(θg

1 ,θ
g
2 ),ρ=ρ

g
+
∑

j′ ,k′ (θ̂nj′k′−θ
g

j′k′
)∂

3Hn(θ1,θ2,ρ)
∂ρ ∂θjk ∂θj′k′

∣∣∣
(θ1,θ2)=(θa∗

1 ,θa∗
2 ),ρ=ρg

]

for j, k = 1, 2 and an =

[
∂2Hn(θ̂1n,θ̂2n,ρ)

∂ρ2

∣∣∣
ρ=ρg

+ (ρ̂n−ρg)
2!

∂3Hn(θ̂1n,θ̂2n,ρ)
∂ρ3

∣∣∣
ρ=ρ∗∗

]
. Now, by

following the proof of Theorem 9.2(b) of Basu et al. (2011) [12], we can show that,

b
(l)
jkn

p→ b
(l)
jk for j, k, l = 1, 2 (recall the elements of the matrix B (Theorem 4.2)). Using

similar kind of arguments and assumption we have made to prove theorem 4.1, it can

be proved that, ejkn
p→ ejk, j, k = 1, 2 and an

p→ a as n→ ∞.

By the central limit theorem (CLT), we have

√
n

(
−
√
nH1

1n(θ
g
1),−

√
nH2

1n(θ
g
1),−

√
nH1

2n(θ
g
2),−

√
nH2

2n(θ
g
2),−

√
n
∂Hn(θ

g
1 ,θ

g
2 , ρ)

∂ρ

∣∣∣
ρ=ρg

)
d→ N(0,Γ0).

Now, using the aforesaid observations and Lemma 4.1 of Lehmann (1983) [92], we have

√
n(θ̂n − θg)

d→ N(0,B−1Γ0B
−1′),

where θ̂n = (θ̂11n, θ̂12n, θ̂21n, θ̂22n, ρ̂n) and θg = (θg11, θ
g
12, θ

g
21, θ

g
22, ρ

g).

4.8.3 Proof of Theorem 4.3

Proof. According to our algorithm, we first derive µ̂jn and σ̂2
jn marginally from each of

the p components. Thus by Theorem 9.1 of Basu et al. (2011) [12], we have, µ̂jn
p→ µgj

and σ̂2
jn

p→ σg2jn as n→ ∞. In the next step, our algorithm finds the estimates ρ̂jkn for

each pair of components separately. By Theorem 4.1, we have, ρ̂jkn
p→ ρgjk. For a fixed
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ϵ > 0,

P [||θ̂n − θg||2 > ϵ] = P [||θ̂n − θg||22 > ϵ2] = P

[
P∑
l=1

(θ̂nl − θg
l)
2 > ϵ2

]

≤
P∑
l=1

P

[
(θ̂nl − θg

l)
2 >

ϵ2

P

]
(by Boole’s inequality)

→ 0 as n→ ∞

and this is true for all ϵ > 0. Thus, θ̂n
p→ θg. Now the asymptotic normality of θ̂n can

be similarly proved but the form of the asymptotic covariance matrix of
√
nθ̂n is quite

large which is provided just after stating Theorem 4.3. The proof is exactly the same

as the proof of Theorem 4.2.

4.8.4 Proof of Theorem 4.4

Proof. Let, Sn = {x = (x1, x2, · · · , xp) ∈ Rp : x
′
Σ̂nx > 0 and x

′
x = 1}. It is enough

to show that P (Sn) → 1 as n→ ∞.

Since Σg is positive definite, x
′
Σgx > 0 ∀ x ̸= 0. By considering the spectral

decomposition of the symmetric matrix Σg, we have

x
′
Σgx ≥ λg(1) ≥ c. (4.26)

From Theorem 4.1, we have, σ̂ijn
p→ σgij as n→ ∞, 1 ≤ i, j ≤ p. Let us fix an ϵ ∈ (0, c

p
).

So,

|σ̂ijn − σgij| ≤ ϵ =⇒ |xixjσ̂ijn − xixjσ
g
ij| = |xi||xj||σ̂ijn − σgij| ≤ |xi||xj|ϵ

=⇒ xixjσ̂ijn ≥ xixjσ
g
ij − |xi||xj|ϵ

with probability tending to 1 for all 1 ≤ i, j ≤ p (here |xi| is the i-th component of the
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unit vector x). Now,

x
′
Σ̂nx

=
∑
i,j

xixjσ̂ijn ≥
∑
i,j

xixjσ
g
ij − ϵ

∑
i,j

|xi||xj|

= x
′
Σgx− ϵ

(
p∑
i=1

|xi|

)2

≥ c− pϵ , by (4.26) and Cauchy-Schwarz inequality

> 0

with probability tending to 1 for all unit vector x(̸= 0) ∈ Rp. Thus P (Sn) → 1 as

n→ ∞.

4.8.5 Asymptotic Variances of the SMDPDE and MDPDE Variance and

Correlation Estimators

Let us first introduce a set of algebraic expressions, namely, d22 =
β2+2

4(2π)β/2(1+β)
3
2 σβ+4

1

,

d44 =
β2+2

4(2π)β/2(1+β)
3
2 σβ+4

2

, E12 = ρ(1 + β2) + ρβ
(
1− β − 2ρ4−4ρ2+2

(1+β)(1−ρ2)2

)
,

e1 = − E12

2σ2
1(σ1σ2)

β(2π)β(1−ρ2)1+
β
2 (1+β)

, e2 = − E12

2σ2
2(σ1σ2)

β(2π)β(1−ρ2)1+
β
2 (1+β)

, F = 1 + ρ2(1 +

β)− β(2ρ6−3ρ4+1)
(1+β)(1−ρ2)2 and a = F

(σ1σ2)β(2π)β(1−ρ2)2+
β
2 (1+β)

. Let us consider the matrix

B =

d22 0 0

0 d44 0

e1 e2 a

 .
Let us also define, γ22 = 1√

1+2β

[
1
2
+ 3

2(1+2β)2
− 1

1+2β

]
− β2

2(1+β)3
, Γ22 = (1+β)2

2(2π)βσ2β+4
1

γ22,

Γ44 = (1+β)2

2(2π)βσ2β+4
2

γ22, γ24 = 1√
(β+1)2−(βρ)2

[(
1 − 1+β(1−ρ2)

(β+1)2−(βρ)2

)2
+ 2ρ2

((β+1)2−(βρ)2)2

]
− β2

(1+β)3
,

Γ24 =
(1+β)2γ24

4(2π)β(σ1σ2)β+2 , Γ25 =
β2ρ

2(2π)
3β
2 σ2β+2

1 σβ2 (1−ρ2)
1+

β
2 (1+β)

3
2

[
1− 2(1+β)2

(1+2β)
3
2

]
,

Γ45 =
β2ρ

2(2π)
3β
2 σ2β+2

2 σβ1 (1−ρ2)
1+

β
2 (1+β)

3
2

[
1 − 2(1+β)2

(1+2β)
3
2

]
, γ55 =

ρ2

1+2β
+ 1−3ρ4+2ρ6

(1−ρ2)2(1+2β)3
− 2ρ2

(1+2β)2
−
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β2ρ2

(1+β)4
and Γ55 =

(1+β)2γ55
(2π)2β(σ1σ2)2β(1−ρ2)β+2 . Let us consider the matrix

Γ0 =

Γ22 Γ24 Γ25

Γ24 Γ44 Γ45

Γ25 Γ45 Γ55

 .
For the SMDPDE method, the asymptotic variance of

√
nρ̂n is the third diagonal ele-

ment of the matrix B−1Γ0B
−1

′
.

Similarly, for the asymptotic variance of the ordinary MDPDE correlation estimates, let

us define, J22 =
1

4σ4
1(2π)

β(σ1σ2)β(1−ρ2)
β
2 (1+β)2

[
β2+2−ρ2

1−ρ2

]
, J44 =

1

4σ4
2(2π)

β(σ1σ2)β(1−ρ2)
β
2 (1+β)2

[
β2+

2−ρ2
1−ρ2

]
, J55 =

1

(σ1σ2)β(2π)β(1−ρ2)2+
β
2 (1+β)

[
ρ2(1 + β) + 2ρ6−3ρ4+1

(1+β)(1−ρ2)2 − 2ρ2
]
,

J24 =
1

4(σ1σ2)β+2(2π)β(1−ρ2)
β
2

[
1− 2

1+β
+ 1−2ρ2

(1−ρ2)(1+β)2

]
, J25 =

ρ

2σ2
1(σ1σ2)

β(2π)β(1−ρ2)1+
β
2 (1+β)

[
1−

β − 2
1+β

]
and

J45 =
ρ

2σ2
2(σ1σ2)

β(2π)β(1−ρ2)1+
β
2 (1+β)

[
1− β − 2

1+β

]
. Let us consider the matrix

J =

J22 J24 J25

J24 J44 J45

J25 J45 J55

 .
Let us also define, K22 =

1
4σ4

1(2π)
2β(σ1σ2)2β(1−ρ2)β

[
(1+β)2

(1+2β)3

(
4β2 + 2−ρ2

1−ρ2

)
−
(

β
1+β

)2]
,

K44 =
1

4σ4
2(2π)

2β(σ1σ2)2β(1−ρ2)β

[
(1+β)2

(1+2β)3

(
4β2+ 2−ρ2

1−ρ2

)
−
(

β
1+β

)2]
,K55 =

γ55
(2π)2β(σ1σ2)2β(1−ρ2)2+β ,

K24 =
1

4σ2
1(2π)

2β(σ1σ2)2β(1−ρ2)β

[
(1+β)2

(1+2β)3

(
4β2 − ρ2

1−ρ2

)
−
(

β
1+β

)2]
,

K25 =
ρ

2σ2
1(2π)

2β(σ1σ2)2β(1−ρ2)1+β

[
(1+β)2

(1+2β)2

(
1− 2β − 2

1+2β

)
+
(

β
1+β

)2]
and

K45 =
ρ

2σ2
2(2π)

2β(σ1σ2)2β(1−ρ2)1+β

[
(1+β)2

(1+2β)2

(
1 − 2β − 2

1+2β

)
+
(

β
1+β

)2]
. Let us consider the

matrix

K =

K22 K24 K25

K24 K44 K45

K25 K45 K55

 .
For the ordinary MDPDE method, the asymptotic variances of

√
nσ̂2

1n,
√
nσ̂2

2n and
√
nρ̂n are the first, second and third diagonal elements of the matrix J−1KJ−1, re-
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spectively.

4.8.6 Algebraic Details of the Influence Functions

The expressions for A(x1, x2, y1, y2) and B(x1, x2) are given by,

A(x1, x2, y1, y2) = −1

2

[
IF (θ12, y1, g1)

θg12
+
IF (θ22, y2, g2)

θg22

]
− 1

2(1− (ρg)2)

∂zϵ
∂ϵ

∣∣∣
ϵ=0

and

B(x1, x2) =
ρg

(1− (ρg)2)
− zgρg

(1− (ρg)2)2
+

1

(1− (ρg)2)

(x1 − θg11)(x2 − θg21)√
θg12θ

g
22

,

where, zϵ = (x1−θ11ϵ)2
θ12ϵ

+ (x2−θ21ϵ)2
θ22ϵ

− 2ρϵ(x1−θ11ϵ)(x2−θ21ϵ)√
θ12ϵθ12ϵ

and zg = zϵ|ϵ=0. After some

algebraic manipulations, it can be found that,∫
f 1+β
j (x,θj)(−θj2 + (x− θj1)

2) dx =
−β

(2π)
β
2 (θj2)

β
2
−1(1 + β)

3
2

,∫
f 1+β
j (x,θj)

(
(x− θj1)

2

θj2
− 1

)2

dx =
β2 + 2

(2π)
β
2 (θj2)

β
2 (1 + β)

5
2

,∫
(1 + A(x1, x2, y1, y2))f

β(x1, x2,θ, ρ)Uρ(x1, x2,θ, ρ) dx1dx2

=

∫
fβ(x1, x2,θ1,θ2, ρ)Uρ(x1, x2,θ1,θ2, ρ) dx1dx2

+

∫
A(x1, x2, y1, y2)f

β(x1, x2,θ1,θ2, ρ)Uρ(x1, x2,θ1,θ2, ρ) dx1dx2, where∫
fβ(x,θ1,θ2, ρ)Uρ(x1, x2,θ1,θ2, ρ) dx1dx2 =

ρβ

(2π)β(θ12θ22)
β
2 (1− ρ2)1+

β
2 (1 + β)2

,∫
A(x1, x2, y1, y2)f

β(x1, x2,θ1,θ2, ρ)Uρ(x1, x2,θ1,θ2, ρ) dx1dx2

=
−ρ(1 + β2)

2(2π)β(θ12θ22)
β
2 (1− ρ2)1+

β
2 (1 + β)3

[IF (θ12, y1, g1)
θ12

+
IF (θ22, y2, g2)

θ22

]
,∫

B(x1, x2)f
β(x1, x2,θ1,θ2, ρ)Uρ(x1, x2,θ1,θ2, ρ) dx1dx2

=
1

(2π)β(θ12θ22)
β
2 (1− ρ2)2+

β
2 (1 + β)

[
ρ2 +

1− 3ρ4 + 2ρ6

(1− ρ2)2(1 + β)2
− 2ρ2

1 + β

]
.
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Chapter 5

On One-step Estimation using Density Power

Reweighting

5 On One-step Estimation using Density Power

Reweighting

5.1 Introduction

The principal objective of this thesis is to develop sophisticated robust statistical tools

for estimating multivariate location and scale in case of elliptically symmetric prob-

ability models and apply them to solve various problems in the domain of pattern

recognition and machine learning, e.g., clustering, classification, anomaly detection

(outlier and fraud detection schemes), image processing, etcetera. The problems re-

lated to the robust estimation of multivariate location and scale have been studied for

long and thus a vast literature on this topic is already available. In fact, we have devel-

oped two different methodologies for robust estimation in multivariate location-scale

set-ups in this thesis so far. The IRLS based methodology (described in Chapter 2)

is found to be computationally problematic in case of larger values of either the data

dimension or the DPD tuning parameter β. This problem is resolved by proposing the

SMDPDE in Chapter 4. However, the latter algorithm (i.e., the sequential procedure)

also requires a substantial computational effort in case of larger data dimensions (al-

though the algorithmic convergence is assured). Additionally, the positive definiteness

of the covariance matrix estimates is assured only under certain assumptions.

Affine equivariance is another desirable property of location and scale estimators

apart from the asymptotic and robustness properties. To understand the notion, let

{X1, . . . ,Xn} be a random sample from some unknown distribution with µ and Σ

as the unknown location and scale parameters, respectively. Let, {Y1, . . . ,Yn} be an

affine transformation of the first sample, i.e., Y i = AXi + b, 1 ≤ i ≤ n, for a non-

singular positive definite matrix A. The estimators µ̂ and Σ̂ are said to be affine
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equivariant if

µ̂(Y1, . . . ,Yn) = Aµ̂(X1, . . . ,Xn) + b,

Σ̂(Y1, . . . ,Yn) = AΣ̂(X1, . . . ,Xn)A
′
.

Computational complexity is another challenge in the practical implementations of var-

ious robust estimation procedures. Especially, this complexity becomes prominent as

the dimension of data increases which we have already experienced in case of computing

SMDPDEs. Thus, in the era of big data, implementing robust algorithms on multi-

variate datasets with large dimensions or high dimensional datasets is a big technical

challenge. Either this difficulty comes from non-convergence (mainly due to singularity

of matrices) or severe time complexity. So, robust algorithms with high efficiency along

with smooth convergence and low computational costs are of prime importance for real

life applications. Precisely, ideal robust estimators of location and scale should have

(i) high breakdown values, (ii) bounded influence functions, (iii) high asymptotic effi-

ciency, (iv) affine equivariance and (v) low computational costs associated with smooth

convergence.

M-estimation (Section 1.6, Chapter 1) is one of the popular paradigms for deriving

robust estimators. In particular, Maronna (1974) [108] and (1976) [109] proposed the

idea of simultaneous M-estimation of location and scale in multivariate set-ups which

provides location and scale estimators µ̂ and Σ̂, respectively, by solving the following

system of equations, namely,

1

n

n∑
i=1

u1(di)(Xi − µ) = 0,

1

n

n∑
i=1

u2(di)(Xi − µ)(Xi − µ)
′
= Σ,

where {X1, . . . ,Xn} is a random sample from an unknown distribution which is mod-

elled by a location-scale family {f(µ,Σ) : µ ∈ Rp,Σ ∈ SPD(p)} (SPD(p) is the

class of all p × p real-valued, symmetric, positive definite matrices) of distributions,

di =
√

(Xi − µ)′Σ−1(Xi − µ) is the Mahalanobis distance of the i-th sample observa-

tion from the location vector µ. Under certain theoretical assumptions on the functions

u1 and u2, these estimators possess strong theoretical properties like
√
n-consistency,

asymptotic normality and bounded influence functions. However, one major drawback
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of the scale estimate Σ̂ is that its breakdown point is at most 1
p+1

, p being the data

dimension. Thus, Σ̂ (as well as µ̂) becomes less robust (in terms of experiencing a

reduced breakdown value) as the data dimension increases. Another difficulty in the

implementation of this estimation procedure is its increasing computational complexity

with growing data dimensions. Thus, an alternative of this simultaneous M-estimation

of multivariate location-scale was keenly required. Several approaches have been pro-

posed in order to combine M-estimators with high breakdown values and bounded

influence functions. Bickel (1975) [14] (later Davies (1992) [36]) proposed a procedure

in the context of linear models which initiates with a
√
n-consistent estimator and per-

form the first-step of the Gauss-Newton iteration of the corresponding M-estimating

equation. In this work, it was also established that the resulting “one-step” estimator

may improve the rate of convergence (as compared to that of the initial estimator) and

has the same asymptotic distribution as the original M-estimator (i.e., the fully con-

verged solution of the aforesaid M-estimating equation) under suitable assumptions in

the context of linear models. It is, however, important (for the computation of both the

original M-estimator and the aforesaid one-step M-estimator) to initiate the process

of iteration with a highly robust estimator which is (i) easy to compute, (ii) has high

breakdown point (close to 1
2
is preferable) and (iii) has bounded influence function.

A fair bit of research has been done on one-step M-estimators in the context of linear

models by mimicking the “great” idea of Bickel (1975) [14]. For example, Rousseeuw

and Leroy (2005) [131] (first published in 1987) proposed the idea of a two-step regres-

sion procedure where in the first step, least median of squares (LMS) regression is used

to estimate the parameters and subsequently, another ordinary least square estimation

is performed after discarding those sample observations whose corresponding residual

values (found using the LMS estimates of first step) exceed some reasonable cut-off

value. This procedure produces robust estimates of the regression parameters with

high breakdown values, although, the rate of convergence remains the same as that

of the initial estimator, i.e., LMS estimates in this case (He and Portnoy (1992) [70]).

Later, Welsh and Ronchetti (2002) [156] provided a unified treatment of different types

of one-step M-estimation procedures in the regression framework. They have presented

a comparative study of the joint effects of different methods (Newton-Raphson, scoring

and iteratively reweighted least squares) and different initial estimators on the one-step

regression M-estimates.

The idea of one-step M-estimation was later imported from the regression frame-
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work to multivariate framework for estimating the unknown location and scale pa-

rameters in elliptically symmetric models. In fact, Rousseeuw and Leroy (2005) [131]

(first published in 1987) also proposed a similar two-step estimation procedure in the

multivariate context, where in the first step the MVE estimators are used to estimate

the unknown location and scale, and then the sample mean and covariance matrix of

those observations are taken whose Mahalanobis distances (calculated based on the

aforesaid MVE estimators) are less than a certain threshold. In general, the high

breakdown point of an estimate is counterbalanced by its asymptotic efficiency in case

of corrupted samples. One possible way to bypass this problem is to first identify

the “good” observations in the sample. Once these good observations are recognized,

classical estimators, constructed by the aforesaid good observations, may achieve high

breakdown and efficiency simultaneously. This can be done by calculating the weighted

sample mean and covariance matrix of the entire sample in such a way that the good

observations get higher weights and the bad observations get less weights. Lopuhaä and

Rousseeuw (1991) [98] provided a detailed discussion on this topic where the authors

have shown that for the weighted mean and covariance estimators, the breakdown

point of the initial estimators are preserved under certain assumptions. On another

note, this work established a link between the idea of breakdown point and large de-

viations which perhaps gives an alternative interpretation of breakdown point apart

from being a measure of robustness. Later, Lopuhaä (1999) [100] worked further in

this connection and established the asymptotic properties of reweighted estimators of

multivariate location and scale parameters. Specifically, this work established that

reweighted estimators converge at the same rate as the initial estimators. Moreover, if

smoothed S-estimators are used as initial estimators, the reweighted estimators will be
√
n-consistent and asymptotic normal and these estimators will be able to bypass the

trade-off between efficiency and high breakdown property. This work has also shown

the connection between the reweighted mean and covariance matrix estimators with

the one-step M-estimators.

Our objective in this chapter is to study the one-step versions of the original mini-

mum DPD estimators which constitute a new class of robust, efficient and computation-

ally tractable estimators of location and scale in univariate and multivariate set-ups.

We first study the exact one-step versions of the original minimum DPD estimators us-

ing four different iterative algorithms, namely, Newton-Raphson (NR), gradient descent

(GD), iteratively reweighted least squares (IRLS) and Fisher’s scoring (FS) methods
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with different highly robust initializations in Section 5.2. Consistency and asymptotic

normality of these estimators are established for the exact one-step Newton-Raphson,

gradient descent and Fisher’s scoring methods along with their influence function anal-

yses. Detailed mathematical proofs of these results are provided in Section 5.6. These

methods are illustrated with simulation experiments and two real data examples. A

generalization of the exact one-step IRLS procedure is further studied in details in Sec-

tion 5.3. Theoretical properties of these generalized estimators are discussed following

Lopuhaä and Rousseeuw (1991) [98] and Lopuhaä (1999) [100]. This generalized pro-

cedure is illustrated with multivariate simulation experiments and an application to a

classification problem related to prediction on survival of heart failure patients. Simu-

lation experiments are described in Section 5.4 and real data examples (including the

prediction on survival of heart failure patients example) are described in Section 5.5.

Although our focus is on estimating location and scale in case of elliptically symmet-

ric probability models, some other examples (including Weibull and shifter Gompertz

models) are also considered in the real data applications.

5.2 One-step Minimization of the Density Power Divergence

Let, {X1,X2, . . . ,Xn} be a random sample from an unknown probability distribution

with PDF g having CDF G. Suppose, this unknown density g is modelled by a para-

metric family of densities FΘ = {fθ : θ ∈ Θ}. Let us recall that the minimum DPD

estimator (i.e., MDPDE) of the parameter θ is obtained by minimizing

Dβ(θ) =

∫
f 1+β
θ (x) dx−

(
1 +

1

β

)
1

n

n∑
i=1

fβθ (X i) (5.1)

with respect to θ. We first consider the one-step minimization of Dβ(θ) using four

different iterations in the following subsection

5.2.1 Different One-step Iterations

Suppose θ̂0 is the initial (highly robust) choice for θ in the minimization of Dβ(θ).

Let us also denote the gradient vector and the Hessian matrix of the objective function

Dβ(θ) by ∇Dβ(θ) and ∇2Dβ(θ), respectively. Then, the different one-step updates

are as follows:

(i) One-Step Newton-Raphson (NR) Update: The one-step Newton-Raphson
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estimator is defined as

θ̂NR = θ̂0 −∇2Dβ(θ̂0)
−1∇Dβ(θ̂0). (5.2)

This method is a second order method as it requires the Hessian matrix.

(ii) One-Step Gradient Descent (GD) Update: The one-step gradient descent

estimator is defined as

θ̂GD = θ̂0 − γ∇Dβ(θ̂0), (5.3)

where γ is the step-size. Typically, a large value of γ will lead to divergence,

whereas, a small value of γ makes the convergence rate slower. So, an optimal

choice of γ is required. We follow a grid-search method to choose γ appropriately.

(iii) One-Step IRLS Update: Suppose the gradient vector ∇Dβ(θ) can be ex-

pressed as ∇Dβ(θ) =
n∑
i=1

w(X i,θ)(X i − θ), where w(X i,θ), i = 1, . . . , n, are

data driven weights. In that case, the estimating equation ∇Dβ(θ) = 0 becomes
n∑
i=1

w(X i,θ)(X i − θ) = 0. If we estimate the weights w(X i,θ) by w(X i, θ̂0)

and replace the weights with these estimated weights in the estimating equation,

then we can solve for θ from the modified estimating equation (with estimated

weights) in closed form as:

θ̂IRLS =

n∑
i=1

w(X i, θ̂0)X i

n∑
i=1

w(X i, θ̂0)

. (5.4)

We call θ̂IRLS as the one-step IRLS estimator of θ. We will see later that the

one-step IRLS location estimators have the aforesaid algebraic form. However,

the one-step IRLS scale estimators will have a slightly different form. It will be

illustrated through the normal and Cauchy models. Thus, the one-step IRLS

estimators do not follow any explicit algebraic form in general unlike the other

one-step estimators.

(iv) One-Step Fisher’s scoring (FS) Update: The one-step Fisher’s scoring es-
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timator is defined as

θ̂FS = θ̂0 −
(
Efθ̂0

∇2Dβ(θ̂0)
)−1

∇Dβ(θ̂0), (5.5)

where the usual Hessian (as in the Newton-Raphson method) is replaced by its

expectation with respect to fθ̂0
, the model density corresponding to θ̂0.

5.2.2 Asymptotic Properties

The one-step Newton-Raphson, gradient descent and Fisher’s scoring updates admit

specific algebraic representations unlike the one-step IRLS update. These explicit forms

help us to derive the asymptotic properties of the aforesaid one-step estimators. We

now present the asymptotic results (consistency and asymptotic normality) related to

the one-step Newton-Raphson, gradient descent and Fisher’s scoring estimators. A

generalized form of the one-step IRLS update will be studied in Section 5.3 following

Lopuhaä (1999) [100].

Let us introduce the following representation of

Dβ(θ) =
1

n

n∑
k=1

V (Xk,θ), (5.6)

where V (x,θ) =
∫
f 1+β
θ (u) du −

(
1 + 1

β

)
fβθ (x). To establish consistency of the one-

step estimators, we need the following technical assumptions. In addition, Theorem 5.1

is essential for establishing the consistency of the one-step estimators. For simplicity,

the initial estimator is denoted by θ̂0, although it depends on the sample size n. Let

us also assume that θ0 ∈ Θ ⊆ Rm is the true (unknown) value of the parameter θ and

the true unknown PDF g ∈ Fθ, so that, g = fθ0 , in particular. Detailed proofs of all

of Theorems 5.1, 5.2 and 5.3 are provided in Section 5.6.

Assumption 5.1. The integral
∫ ∣∣∣fβ−1

θ (x) ∂
∂ θj

fθ(x)
∂

∂ θi
fθ(x)

∣∣∣
θ=θ0

dx <∞, for

all 1 ≤ i, j ≤ m.

Assumption 5.2. There is an open subset γ0 of the parameter space Θ such that for

almost all x and all θ ∈ γ0, the model density fθ is three times differentiable with

respect to θ and the third partial derivatives are continuous with respect to θ.

Assumption 5.3. The integrals
∫
f 1+β
θ (x) dx and

∫
fβθ (x)g(x) dx are differentiable

three times with respect to θ and the derivatives can be taken under the integral signs.

173



Assumption 5.4. There exist real-valued functions Uj′ji, such that,

∣∣∣ ∂3

∂ θj′∂ θj∂ θi
V (x,θ)

∣∣∣ ≤ Uj′ji(x),

∀ x ∈ Rp and θ ∈ Bϵ(θ0) for some ϵ > 0 with Efθ0 (Uj′ji(X)) <∞ ∀ j′, j, i.

Some remarks on these assumptions are provided in Section 6.

Theorem 5.1. Under the aforesaid assumptions and the consistency of θ̂0 (to θ0),

∇Dβ(θ̂0)
p→ 0, as n→ ∞. (5.7)

The consistency of the one-step Newton Raphson, gradient-descent and Fisher’s

scoring estimators can now be established as a consequence of Theorem 5.1.

Theorem 5.2. Under the consistency of the initial estimator θ̂0 and Assumptions

5.1-5.4,

θ̂NR
p→ θ0, θ̂GD

p→ θ0, and θ̂FS
p→ θ0 as n→ ∞,

where θ̂NR, θ̂GD and θ̂FS are the one-step updates corresponding to Equations (5.2),

(5.3) and (5.5), respectively.

To establish asymptotic normality of θ̂NR, θ̂GD and θ̂FS, we need one additional

assumption on the initial estimator θ̂0.

Assumption 5.5. The initial estimator θ̂0 admits the following asymptotic expansion:

θ̂0j − θ0j =
1

n

n∑
k=1

Zj(Xk,θ0) + op(n
− 1

2 ), 1 ≤ j ≤ m, (5.8)

where Efθ0 (Zj(Xk,θ0)) = 0 and Vfθ0 (Zj(Xk,θ0)) <∞, for all j = 1, . . . ,m.

Remark 5.1. The algebraic form presented in Equation (5.8) is required to prove

the asymptotic normality of
√
n(θ̂0 − θ0) =

√
n 1
n

∑n
k=1 Zj(Xk,θ0) + op(1), where the

first term converges weakly to a normal distribution (by the central limit theorem)

and the second term converges to 0 in probability. Thus, the asymptotic normality of
√
n(θ̂0 − θ0) follows from Slutsky’s Theorem.
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Let us now present the asymptotic normality of θ̂NR, θ̂GD and θ̂FS in the following

Theorem.

Theorem 5.3 (Asymptotic Normality). If Assumptions 5.1-5.5 hold and the initial

estimator θ̂0 is consistent (to θ0), then

√
n(θ̂NR − θ0)

d→ Nm(0,Σ(θ0)),
√
n(θ̂GD − θ0)

d→ Nm(0,ΣGD(θ0)),
√
n(θ̂FS − θ0)

d→ Nm(0,Σ(θ0)),

where Σ(θ0) = F−1G(θ0)F
−1, ΣGD(θ0) = V ar(H (X1,θ0)), F = [[fij]]

m
i,j=1 with

fij = (1 + β)
∫
fβ−1
θ0

(x) ∂
∂ θj

fθ(x)
∣∣∣
θ0

∂
∂ θi

fθ(x)
∣∣∣
θ0

dx, G(θ0) = V ar(∇V (X1,θ0)) and

H (Xk,θ0) = (Im − γF )Z(Xk,θ0)− γ∇V (Xk,θ0), Z(Xk,θ0) = (Z1(Xk,θ0), . . . ,

Zm(Xk,θ0))
′
. The matix F is assumed to be positive definite.

Remark 5.2. Theorems 5.1 and 5.3 are specially significant in the literature of min-

imum DPD based inference. In particular, Theorem 5.1 ensures that any consistent

estimator θ̂0 (for θ0) will asymptotically solve the minimum DPD estimating equation

∇Dβ(θ) = 0 if the true unknown distribution belongs to the model family under the

stated assumptions. Moreover, Theorem 5.3 ensures that the one-step Newton-Raphson,

Fisher’s scoring and the original minimum DPD estimators are asymptotically equiva-

lent and the asymptotic distribution does not depend on the initial estimator. But, the

same conclusion cannot be drawn for the one-step gradient descent estimator.

5.2.3 Influence Function Analyses

To understand the robustness of the one-step estimators (except the one-step IRLS

one), we hereby present the boundedness of the influence functions of the functionals

corresponding to the aforesaid one-step estimators. Firstly, we derive the influence

function of the one-step gradient descent estimator. To do that, let us observe that,

θ̂GD = θ̂0 − γ∇Dβ(θ̂0)

= θ̂0 −
γ

n

n∑
i=1

∇V (X i, θ̂0).
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Let us define the one-step gradient descent functional as,

θGD(G) = θI(G)− γ

∫
∇V (x,θI(G))g(x)dx, (5.9)

where G is the true CDF (and g is the true unknown PDF) and θI(G) is the functional

corresponding to the initial estimator θ̂0. For ease of understanding, we consider the

j-th component of System (5.9), i.e.,

θjGD(G) = θjI(G)− γ

∫
∇jV (x,θI(G))g(x)dx. (5.10)

In the above, the interchange of the integral and differential may be justified by As-

sumption 5.3. To derive the influence function of θGD(G), we need to consider the

contaminated distribution with CDF Gϵ = (1 − ϵ)G + ϵ∧y, where ∧y is the CDF of

the degenerate distribution at the point mass y, respectively. We assume that the

derivatives of the following functionals (at the contaminated distribution with CDF

Gϵ) with respect to ϵ can be taken under the integral signs. The influence function of

θjGD(G) (from Equation (5.10)) is defined as

IF (θjGD, G,y)

=
∂

∂ϵ
θjGD(Gϵ)

∣∣∣
ϵ=0

=
∂

∂ϵ
θjI(Gϵ)

∣∣∣
ϵ=0

− γ
∂

∂ϵ

∫
∇jV (x,θI(Gϵ))dGϵ(x)

∣∣∣
ϵ=0

= IF (θjI , G,y)− γ
∂

∂ϵ

∫
∇jV (x,θI(Gϵ))(1− ϵ)g(x)dx

∣∣∣
ϵ=0

− γ
∂

∂ϵ

[
ϵ∇jV (y,θI(Gϵ))

]∣∣∣
ϵ=0

= IF (θjI , G,y)− γ

∫
∂

∂ϵ
∇jV (x,θI(Gϵ))

∣∣∣
ϵ=0
g(x)dx+ γ

∫
∇jV (x,θI(G))g(x)dx− γ∇jV (y,θI(G))

= IF (θjI , G,y)− γ

∫ 〈 ∂

∂θ
∇jV (x,θ)

∣∣∣
θ=θI(G)

, IF (θI , G,y)
〉
g(x)dx

+ γ

∫
∇jV (x,θI(G))g(x)dx− γ∇jV (y,θI(G)) (applying the chain rule)

= IF (θjI , G,y)− γ

∫ 〈 ∂

∂θ
∇jV (x,θ)

∣∣∣
θ=θI(G)

, IF (θI , G,y)
〉
g(x)dx− γ∇jV (y,θI(G))

+ γ

∫
∇jV (x,θI(G))g(x)dx,

which is a linear combination of the influence function vector IF (θI , G,y) of the func-

tional θI(G) and the function ∇V (y,θI(G)). Assuming that the initial estimators
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have bounded influence functions, the one-step gradient descent functional θGD(G)

has bounded influence function vector if ∇V (y,θI(G)) is bounded as a function of the

contamination y.

Now, let us derive the influence functions of the functionals corresponding to the

one-step Newton-Raphson and Fisher’s scoring estimators. Specifically, the one-step

Newton-Raphson estimator is given by

θ̂NR = θ̂0 −∇2Dβ(θ̂0)
−1∇Dβ(θ̂0) = θ̂0 − θ̂H , (5.11)

where θ̂H satisfies

[∇2Dβ(θ̂0)]θ̂H = ∇Dβ(θ̂0). (5.12)

Let, θI(G), θNR(G) and θH(G) are the functionals corresponding to θ̂0, θ̂NR and θ̂H ,

respectively. Then, Equation (5.11) implies that the aforesaid functionals should satisfy

θNR(G) = θI(G)− θH(G), (5.13)

so that, the influence functions of the functionals in Equation (5.13) satisfy,

IF (θNR, G,y) = IF (θI , G,y)− IF (θH , G,y). (5.14)

So, it is enough to determine the algebraic form of IF (θH , G,y) to understand the

behaviour of IF (θNR, G,y) as a function of the contamination y. To do that, let us

first observe that,

∇Dβ(θ̂0) =
1

n

n∑
i=1

∇V (X i, θ̂0), and ∇2Dβ(θ̂0) =
1

n

n∑
i=1

∇2V (X i, θ̂0).

Thus, from Equation (5.12), the functional θH(G) satisfies[∫
∇2V (x,θI(G))dG(x)

]
θH(G) =

∫
∇V (x,θI(G))dG(x). (5.15)
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For ease of understanding, we consider the j-th component of System (5.15)

m∑
k=1

θkH(G)

∫
∇2
jkV (x,θI(G))dG(x) =

∫
∇jV (x,θI(G))dG(x). (5.16)

Now, to find the influence function of θH(G) (i.e., IF (θH , G,y)), we put G = Gϵ in

Equation (5.15) and evaluate the derivative of both sides with respect to ϵ at ϵ = 0

which imply

∂

∂ϵ

[
m∑
k=1

θkH(Gϵ)

∫
∇2
jkV (x,θI(Gϵ))dGϵ(x)

] ∣∣∣
ϵ=0

=
∂

∂ϵ

∫
∇jV (x,θI(Gϵ))dGϵ(x)

∣∣∣
ϵ=0
.

After some algebra, it can be shown that

m∑
k=1

IF (θkH , G,y)

∫
∇2
jkV (x,θI(G))g(x)dx

+
m∑
k=1

θkH(G)

∫ 〈 ∂

∂θ
∇2
jkV (x,θ)

∣∣∣
θ=θI(G)

, IF (θI , G,y)
〉
g(x)dx

+
m∑
k=1

θkH(G)

∫
∇2
jkV (x,θI(G))(∆y − g(x))dx

=

∫ 〈 ∂

∂θ
∇jV (x,θ)

∣∣∣
θ=θI(G)

, IF (θI , G,y)
〉
g(x)dx

+

∫
∇jV (x,θI(G))(∆y − g(x))dx, ∀ j = 1, . . . ,m.

The aforesaid form essentially depicts the fact that IF (θH , G,y) can be obtained by

solving a linear system

A(θI(G))IF (θH , G,y) = b(θI(G),θH(G),y),

where the vector in the right hand side is a linear combination of IF (θI , G,y),∇jkV (y,θI(G))

and ∇jV (y,θI(G)), ∀j, k. This fact establishes the boundedness of IF (θH , G,y) (and
hence the boundedness of IF (θNR, G,y)) assuming the boundedness of IF (θI , G,y)

and the functions∇2V (y,θI(G)) and∇V (y,θI(G)) in y. The boundedness of IF (θFS, G,y),

the influence function of the one-step Fisher’s scoring functional, can be similarly es-

tablished as in case of the one-step Newton-Raphson functional θNR(G).
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5.2.4 Example: The Normal Model Family

Let us now illustrate the aforesaid theoretical results through the univariate normal

models. In particular, we assume the univariate standard normal model with µ0 = 0

and σ0 = 1.

(i) Influence Functions: The exact algebraic forms of the influence functions of

the one-step Newton-Raphson, gradient descent and Fisher’s scoring funtionals have al-

ready been derived in Section 5.2.3. These influence functions are shown to be bounded

under certain conditions. In particular, the influence functions of the aforesaid func-

tionals (with S-initialization) along with that of the maximum likelihood functional in

case of the univariate standard normal model are presented in Figure 5.1; the bound-

edness of these curves can be trivially observed.

To bypass the complex calculations of the influence functions (even in case of uni-

variate normal models which require the influence functions of the initial functionals),

we evaluate the influence functions numerically and plot them in Figure 5.1. To do

that, we first generate a random sample (say X0) of size 999 from the standard normal

distribution (the true distribution in this case) and let θ̂ be the one-step estimator

(Newton-Raphson, gradient descent or Fisher’s scoring with S-initialization) of the

unknown parameter θ (either µ or σ2 in the univariate normal scenario) based on

X0. In the next step, X0 is contaminated with the single point mass y (resulting

in 1000 observations in the dataset) and let this contaminated sample be denoted

by X. Suppose, θ̂(y) is the one-step estimator (Newton-Raphson, gradient descent

or Fisher’s scoring with S-initialization) of θ based on the contaminated sample X.

We do it for y ∈ {−20,−19.5, . . . , 19.5, 20}, separately and the influence function

IF (θ(G), G, y) of the functional θ(G) (functional corresponding to the parameter θ)

at the point of contamination y should be numerically evaluated by IF0(y) = θ̂(y)−θ̂
0.001

(since the contaminating proportion is 0.001). But, we must make a small adjustment

to IF0(y) following the fact that influence functions should have zero mean (Basu et

al. (2011) [12]). In particular, we center the term IF0(y) with its empirical mean

IF = 1
81

∑
y∈{−20,−19.5,...,19.5,20} IF0(y) and obtain the influence function IF (θ(G), G, y)
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of the functional θ(G) numerically by

IF (θ(G), G, y) = IF0(y)− IF

=
θ̂(y)− θ̂

0.001
− IF .

(ii) Asymptotic Relative Efficiency: The asymptotic normality of the one-step

Newton-Raphson, gradient descent and Fisher’s scoring estimators have been estab-

lished in Section 5.2.2 under certain technical assumptions. We now present the asymp-

totic relative efficiencies of the aforesaid estimators in case of the univariate standard

normal model.

Parameter Estimator β = 0.1 β = 0.3 β = 0.5√
nµ̂n NR 98.717 92.081 83.822

GD 90.992 73.746 50.942
FS 98.717 92.081 83.822

√
nσ̂n NR 97.466 85.470 73.099

GD 75.188 62.422 58.617
FS 97.466 85.470 73.099

Table 5.1: Asymptotic relative efficiencies (in percentage) of the mean and standard
deviation estimators (properly scaled) at the N(0, 1) model.

As we have seen in Theorem 5.3, the one-step Newton-Raphson and Fisher’s scoring

estimators are asymptotically normal with the asymptotic covariance matrix same as

that of the corresponding (fully converged) MDPDE under certain assumptions. The

expressions for these asymptotic variances in case of univariate normal models are pro-

vided in Basu et al. (2011) [12]. However, the asymptotic variances of the one-step

gradient descent estimators are difficult to obtain in closed forms. Thus we have ob-

tained these numerically based on a large sample. The asymptotic relative efficiencies

of the one-step Newton-Raphson, Fisher’s scoring estimators and the empirical asymp-

totic relative efficiencies of the one-step gradient descent estimators are presented in

Table 5.1. It can be trivially understood that the one-step Newton-Raphson, Fisher’s

scoring and the fully converged minimum DPD estimators are much more efficient

than the one-step gradient descent estimators in terms of these asymptotic relative

efficiencies.
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(a) One-step NR mean (b) One-step NR variance

(c) One-step GD mean (d) One-step GD variance

(e) One-step FS mean (f) One-step FS variance

Figure 5.1: Influence curves of different one-step functionals and the minimum DPD
functionals in case of the standard normal model.
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5.2.5 One-step Estimators: Specific Examples

Now, let us present the aforesaid one-step updates for some of the well-known proba-

bility models explicitly.

(i) Univariate Normal Model: For theN(µ, σ2) model (with model density f(·, µ, σ2)),

we have the parameter vector θ = (µ, σ2). For the DPD objective function Dβ(θ) =

Dβ(µ, σ
2), the gradient vector is ∇Dβ(θ) =

(
∂Dβ(µ,σ

2)

∂µ
,
∂Dβ(µ,σ

2)

∂σ2

)′

and the Hessian

matrix is ∇2Dβ(θ) =

[
∂2Dβ(µ,σ

2)

∂2µ

∂2Dβ(µ,σ
2)

∂µ∂σ2

∂2Dβ(µ,σ
2)

∂µ∂σ2

∂2Dβ(µ,σ
2)

∂2σ2

]
Detailed expressions of the gradient vec-

tor and Hessian matrix are provided in Section 5.6 and these are essential to imple-

ment the one-step Newton-Raphson update. For the one-step Fisher’s scoring up-

date, we need to compute the expected Hessian matrix with respect to the model

density f(·, µ, σ2) at µ = µ̂0, σ = σ̂0. The expected Hessian matrix is given by 1

σβ+2(2π)
β
2
√
1+β

0

0 β2+2

4σβ+4(2π)
β
2 (1+β)

3
2

 at µ = µ̂0 and σ = σ̂0; the off-diagonal terms be-

come 0 as the integrands are odd functions of (x− µ).

However, the one-step IRLS update was derived in multivariate normal context

in Equations (2.9) and (2.10) of Chapter 2 (originally derived in Chakraborty et al.

(2023) [22]). In case of univariate normal (i.e., data dimension 1), the one-step IRLS

updates of µ and σ2 are as follows:

µ̂ =

∑n
i=1 e

−β
2

(
Xi−µ̂0
σ̂0

)2

Xi∑n
i=1 e

−β
2

(
Xi−µ̂0
σ̂0

)2 , σ̂2 =

∑n
i=1 e

−β
2

(
Xi−µ̂0
σ̂0

)2

(Xi − µ̂)2∑n
i=1 e

−β
2

(
Xi−µ̂0
σ̂0

)2

− nβ

(1+β)
3
2

. (5.17)

It is easy to observe that, the one-step IRLS updates of the mean and covariance ma-

trix estimates have a physical interpretation of being weighted mean and covariance

matrix of the sample where the weights (which decrease as the observations become

more extreme) are calculated using the initial estimates. Motivated by this observa-

tion, we will propose a new class of generalized weight based one-step estimators for

location and scale in Section 5.3.

(ii) Cauchy Model: Now, let us assume the model to be Cauchy(µ, σ) (i.e., θ =

(µ, σ)
′
) distribution, i.e., the Cauchy distribution with location parameter µ and scale
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parameter σ with PDF f(x, µ, σ) = 1

πσ
[
1+(x−µσ )

2
] , x ∈ (−∞,∞). Unlike the normal

model, it is not possible to derive a closed form expression of the first integral term of

the DPD, i.e.,
∫
f 1+β(x, µ, σ) dx = 1

(πσ)β
E
[

1
(1+Z2)β

]
, where Z is a standard Cauchy ran-

dom variable. We work with the Monte Carlo estimate of E
[

1
(1+Z2)β

]
to bypass this dif-

ficulty. Just like the normal model, we need to calculate the gradient vector ∇Dβ(θ) =(
∂Dβ(µ,σ)

∂µ
,
∂Dβ(µ,σ)

∂σ

)′

, and the Hessian matrix ∇2Dβ(θ) =

[
∂2Dβ(µ,σ)

∂2µ

∂2Dβ(µ,σ)

∂µ∂σ
∂2Dβ(µ,σ)

∂µ∂σ

∂2Dβ(µ,σ)

∂2σ

]
of the

DPD objective function Dβ(θ) = Dβ(µ, σ). Detailed expressions of the elements of the

gradient vector and Hessian matrix are provided in Section 5.6. Using these expres-

sions, the gradient vector and the Hessian matrix can be calculated explicitly and these

expressions are sufficient to derive the Newton-Raphson and the gradient descent algo-

rithms. Since the Cauchy distribution is heavy tailed and the expectation and variance

do not exist, we are not going to implement the Fisher’s scoring algorithm in this case.

The one-step IRLS updates of µ and σ are as follows.

µ̂ =

∑n
i=1wiXi∑n
i=1wi

, σ̂2 =

∑n
i=1wi(Xi − µ̂)2∑n

i=1wi −
nβ

(1+β)
E
[

1
(1+Z2)β

] , (5.18)

where wi =
1[

1+
(
Xi−µ̂0
σ̂0

)2
]β+1 for i = 1, 2, . . . , n.

(iii) Weibull Model: For the Weibull(k, λ) model, we assume the model density

to be

f(x, k, λ) =
k

λ

(x
λ

)k−1

e−(
x
λ)

k

, x ≥ 0,

where k > 0 and λ > 0 are the shape and scale parameters, respectively. Elements

of the corresponding gradient vector and Hessian matrix are provided in Section 5.6

which are necessary to construct the one-step estimators.

(iv) Shifted Gompertz Model: For the shifted Gompertz (SG) model, we assume

the model density to be

f(x, σ, η) = σe−σxe−ηe
−σx

(1 + η(1− e−σx)), x ≥ 0,

where σ > 0 and η > 0 are the unknown scale and shape parameters, respectively. Ele-
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ments of the corresponding gradient vector and Hessian matrix are provided in Section

5.6 which are necessary to construct the one-step estimators.

(v) Multivariate Normal Model: For the multivariate normal model, the one-step

IRLS estimators of the location vector µ and the scatter matrix Σ can be explicitly

found in Equations (2.9) and (2.10) (Chapter 2). But for the rest of the one-step meth-

ods, we require a reparametrization of µ and Σ to construct a single parameter vector.

In particular, we consider the parameter vector θ = (µ1, . . . , µp, σ
2
1, . . . , σ

2
p, ρ12, . . . ρp−1,1),

where µj and σ
2
j are the respective mean and variance of the j-th component and ρjk

is the correlation coefficient between the j-th and k-th components. But, the gradient

vector and Hessian matrix, i.e., ∇Dβ(θ) and ∇2Dβ(θ) are not straightforward to ob-

tain for this reparametrization as the objective function Dβ(θ) is highly nonlinear in

the component means, variances and correlations in case of p > 2. Thus, we obtain the

individual components of the gradient vector and the Hessian matrix numerically as:

∂

∂θj
Dβ(θ)

∣∣
θ=θ̂0

≈ Dβ(θ̂0 + ϵej)−Dβ(θ̂0)

ϵ
,

∂2

∂θj∂θk
Dβ(θ)

∣∣
θ=θ̂0

≈ Dβ(θ̂0 + ϵ(ej + ek))−Dβ(θ̂0 + ϵej)−Dβ(θ̂0 + ϵek) +Dβ(θ̂0)

ϵ2
,

for a small prespecified constant ϵ > 0. Here, ej is the j-th canonical vector of dimen-

sion p(p+3)
2

, for 1 ≤ j ≤ p(p+3)
2

.

5.2.6 Initial Estimators

We have seen the asymptotic results of the one-step Newton-Raphson, gradient descent

and Fisher’s scoring estimators so far. Although the asymptotic properties of the one-

step Newton-Raphson and Fisher’s scoring estimators do not depend on the choice of

the initialization (under certain assumptions), but those of the one-step gradient de-

scent estimator depends on the initialization. In fact, one may expect the performances

of these one-step estimators (including the one-step IRLS one) should depend on both

the choice of the initial estimator and the type of iteration used in small sample cases.

We utilize two types of estimators of location and scale as initial choices, namely,

trimmed sample moment based estimators and quantile based estimators. The normal

model is a location-scale model with finite moments. Thus, we may use both moment

based as well as quantile based robust initial estimators for the location (i.e., mean)
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and scale (i.e., standard deviation) parameters. But for the Cauchy model, even the

first population moment (i.e., population mean) does not exist. We thus use quantile

based initial estimators only in this case. In particular, for the univariate normal model

we consider four different choices of initialization:

� Sample Median and Median Absolute Deviation: Here we use the sam-

ple median X̃ and a constant multiple of the sample median absolute deviation

(MAD)= median{|Xi− X̃|, i = 1, . . . , n} (the constant is multiplied to make the

estimator consistent), viz., 1.4826 MAD to estimate the population mean µ and

population standard deviation σ, respectively.

� Trimmed sample Mean and Variance: Here we are taking a trimmed version

of the sample mean and sample variance with an auto-driven trimming proportion

following the metrical trimming approach and the standard χ2 rule for outlier

detection. Suppose {X1, . . . , Xn} be the sample, X̃ be the sample median, s =

1.4826 MAD (MAD being the median absolute deviation of the sample) and

di =
(
Xi−X̃
s

)
for 1 ≤ i ≤ n. If d2i is greater than the 97.5-th percentile of the

χ2(1)- distribution, we trim the observation Xi from the sample. The mean and

standard deviation of the remaining observations are used as initial choices of µ

and σ, respectively.

� Minimum Covariance Determinant Estimator: Here we use the mini-

mum covariance determinant (MCD) estimators of mean and covariance matrix

(Rousseeuw (1985) [129]) which are basically trimmed sample mean and covari-

ance matrix but the trimming is performed on the basis of minimizing the deter-

minant of the covariance matrix (in the one-dimensional case it is equal to the

variance) of possible subsamples.

� S-Estimator of Location and Scale: In this case, we use the S-estimator of lo-

cation and scale which was first proposed by Rousseeuw and Yohai (1984) [134] in

the regression set-up and later studied by Davies (1987) [37] and Lopuhaä (1989)

[97] in the multivariate location-scale estimation set-up.

For the Cauchy model, we use the following initial estimators:

� Sample Median and Median Absolute Deviation: Here we use the sample

median X̃ to estimate the location parameter µ and the sample median absolute

deviation to estimate the scale parameter σ, initially.
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� Hodges-Lehmann Estimator: Here also we use the sample median X̃ to es-

timate the location parameter µ, but to estimate the scale parameter σ, we use

the Hodges-Lehmann estimator which is given by log σ̂ = 1
2
median(log|(Xi −

X̃)(Xj − X̃)|) where 1 ≤ i < j ≤ n. (see Kravchuk and Pollett (2012) [89] for

details).

In addition, for the Weibull model, we use the following highly robust initial estimators

which were considered in Olive (2006) [117] and later used in Boudt et al. (2011) [16].

� For the shape parameter k and scale parameter λ, we use

λ̂0 = eµ̂, and k̂0 =
1

σ̂
,where (5.19)

σ̂ = 1.3037 MAD(log(Xi)), and µ̂ = median (log(Xi), 1 ≤ i ≤ n)− σ̂ log log 2

for initialization.

For the shifted Gompertz model, we consider the maximum likelihood estimators of

the model parameters as initial estimators where the maximum likelihood estimators

are obtained after removing the outlying observations present (using exploratory data

analysis) in the datasets.

5.3 Generalization of the One-step IRLS Estimation for El-

liptically Symmetric Models

Exact one-step estimation based on the Newton-Raphson, gradient descent, IRLS and

Fisher’s scoring iterations have been developed in Section 5.2. Although exact alge-

braic forms of these one-step estimators can be derived in case of the Newton-Raphson,

gradient descent and Fisher’s scoring methods, the one-step IRLS method does not

convey any general algebraic form. However, we have derived the exact one-step IRLS

estimators of location and scale parameters in normal and Cauchy cases. From Equa-

tions (5.17) and (5.18), the exact one-step IRLS location estimators are found to be

weighted sample means and the exact one-step squared-scale or variance estimators

are found to be weighted sample variance type estimators; these cannot be considered

as weighted sample variance estimators as they are of the form
∑n
i=1 wi(Xi−µ̂0)2∑n

i=1 wi−c
, where

c is a non-zero constant. However, these scale estimators can be modified in a way

so that they become constant multiples of weighted sample variance which have been
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extensively studied from theoretical viewpoints (Lopuhaä and Rousseeuw (1991) [98],

Lopuhaä (1999) [100], Croux and Haesbroeck (1999) [29], Hubert et al. (2018) [80])

in the past years. In contrast, the other exact one-step estimators do not follow such

statistical intuition in general.

Motivated by these observations, we are going to develop and study a new form of

robust estimators for the location and scale parameters of elliptically symmetric models.

These new estimators are based on the generalization of the exact one-step (following

IRLS) minimum DPD estimators of location and scale in case of normal models. To

develop the generalized one-step estimation, let us consider the Np(µ,Σ) model. As

derived in Chapter 2 (Equations (2.9) and (2.10)), the minimum DPD estimators of µ

and Σ based on the random sample {X1,X2, . . . ,Xn} can be obtained by solving the

following system of equations:

1
n

∑n
i=1 ϕ

β
p (X i,µ,Σ)(X i − µ) = 0,

1
n

∑n
i=1 ϕ

β
p (X i,µ,Σ)(Σ− (X i − µ)(X i − µ)

′
) = c0Σ,

(5.20)

where c0 = β(2π)−
pβ
2 |Σ|−β

2 (1 + β)−
p+2
2 . If µ̂0 and Σ̂0 are some robust and consistent

initial estimators of µ and Σ, respectively, exact one-step IRLS estimators of the same

can be expressed as

µ̂ =

∑n
i=1w(X i, µ̂0, Σ̂0)X i∑n
i=1w(X i, µ̂0, Σ̂0)

, Σ̂ =

∑n
i=1w(X i, µ̂0, Σ̂0)(X i − µ̂)(X i − µ̂)

′∑n
i=1w(X i, µ̂0, Σ̂0)− nβ

(1+β)1+
p
2

(5.21)

by simplifying the system (5.20), where, w(X,µ,Σ) = e−
β
2
(X−µ)

′
Σ−1(X−µ).

Remark 5.3. Several things are to be noted in System (5.21). The location estimator

µ̂ is exactly the weighted sample mean with weights w(X i, µ̂0, Σ̂0) and the form of the

scale estimator Σ̂ is close to that of the weighted sample covariance matrix with weights

w(X i, µ̂0, Σ̂0); the little difference is due to the presence of the constant nβ

(1+β)1+
p
2
in the

denominator. The weight function is decreasing in the squared Mahalanobis distance

(X − µ)
′
Σ−1(X − µ), so that the observations in the central region of the data cloud

get greater importance compared to the extreme observations. This kind of weights are

ideal to produce robust estimators of location and scale as the resulting estimators are

less affected by outliers due to the aforesaid downweighting of the extreme observations.

Although the scale estimator Σ̂ is not exactly a weighted sample covariance matrix,
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it can be thought of as a constant multiple of the weighted sample covariance matrix

under certain assumptions. Let us first heuristically justify this fact. It is easy to

rewrite Σ̂ as

Σ̂ =

∑n
i=1w(X i, µ̂0, Σ̂0)(X i − µ̂)(X i − µ̂)

′∑n
i=1w(X i, µ̂0, Σ̂0)− nβ

(1+β)1+
p
2

=

∑n
i=1w(X i, µ̂0, Σ̂0)(X i − µ̂)(X i − µ̂)

′∑n
i=1w(X i, µ̂0, Σ̂0)

∑n
i=1w(X i, µ̂0, Σ̂0)∑n

i=1w(X i, µ̂0, Σ̂0)− nβ

(1+β)1+
p
2

=

∑n
i=1w(X i, µ̂0, Σ̂0)(X i − µ̂)(X i − µ̂)

′∑n
i=1w(X i, µ̂0, Σ̂0)

1
n

∑n
i=1w(X i, µ̂0, Σ̂0)

1
n

∑n
i=1w(X i, µ̂0, Σ̂0)− β

(1+β)1+
p
2

,

where the first fraction is the weighted sample covariance matrix with weights w(X i, µ̂0, Σ̂0)

and the second fraction is a function of the mean of the weights 1
n

∑n
i=1w(X i, µ̂0, Σ̂0).

Now, the sample is assumed to be modelled by a Np(µ,Σ) distribution and let us

assume (for simplicity) that the true unknown probability distribution belongs to the

model family (i.e., the true unknown distribution is also a p-variate normal with mean

µ0 and covariance Σ0; µ0 and Σ0 being the true (unknown) values of the parameters).

Assuming a large sample size, we may approximate

1
n

∑n
i=1 w(Xi,µ̂0,Σ̂0)

1
n

∑n
i=1 w(Xi,µ̂0,Σ̂0)− β

(1+β)
1+

p
2

≈
1
n

∑n
i=1 w(Xi,µ0,Σ0)

1
n

∑n
i=1 w(Xi,µ0,Σ0)− β

(1+β)
1+

p
2

≈ ENp(µ0,Σ0)
(w(X1,µ0,Σ0))

ENp(µ0,Σ0)
(w(X1,µ0,Σ0))− β

(1+β)
1+

p
2

(5.22)

by virtue of consistency of the initial estimators and the weak law of large numbers

(WLLN). The right hand side of (5.22) is just a constant, so that, the one-step estima-

tor is approximately a scalar multiple of the weighted sample covariance matrix with

weights w(X i, µ̂0, Σ̂0).

Motivated by the above heuristic discussion, we propose a new robust estimation

procedure for estimating the location and scale parameters in case of elliptically sym-

metric models. This estimation procedure is based on weighted sample means and

variances with data-driven weights which have close connection with the minimum

DPD estimation at least under normality.
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5.3.1 Model Assumptions and Parameter Estimates

Let us assume that the random sample {X1,X2, . . . ,Xn} is modelled by an elliptically

symmetric model with PDF

f(x,µ,Σ) = |Σ|−
1
2h
(
(x− µ)

′
Σ−1(x− µ)

)
, x ∈ Rp, (5.23)

where µ ∈ Rp is the location vector andΣ ∈ Rp×p is the scale matrix which is symmetric

and positive definite. Multivariate Normal, t, logistic and many other distributions are

members of this family.

Let us observe from system (5.21) that for the multivariate normal model with PDF

ϕp(x,µ,Σ) = 1

(2π)
p
2 |Σ|

1
2
e−

1
2
(x−µ)

′
Σ−1(x−µ), the data-driven weights were w(X i, µ̂0, Σ̂0) =

e−
β
2
(Xi−µ̂0)

′
Σ̂

−1
0 (Xi−µ̂0) ∝ ϕβp (X i, µ̂0, Σ̂0) (with proportionality constant (2π)

pβ
2 |Σ̂0|

β
2 ).

Here, we generalize these weights through the density power weights, namely, w(X i, µ̂0, Σ̂0) =

hβ((X i − µ̂0)
′
Σ̂

−1

0 (X i − µ̂0)) ∝ fβ(X i, µ̂0, Σ̂0) (the proportionality constant being

|Σ̂0|
β
2 ) and propose our new estimates of location and scale based on these weights.

We need some further notations (following Lopuhaä (1999) [100]) to formally define

our estimators. Let Mn and V n be the initial robust (high breakdown) estimators

of the location µ and scale Σ, respectively, i.e., we denote µ̂0 by Mn and Σ̂0 by V n

from hereon. Thus, the data-driven weights based on these initial estimators are given

by w(X i,Mn,V n) = hβ((X i − Mn)
′
V −1

n (X i − Mn)) and we define the following

weighted sample mean and covariance matrix based on the aforesaid weights:

T n =
∑n
i=1 w(Xi,Mn,V n)Xi∑n
i=1 w(Xi,Mn,V n)

=
∑n
i=1 h

β(d2(Xi,Mn,V n))Xi∑n
i=1 h

β(d2(Xi,Mn,V n))
,

Cn =
∑n
i=1 w(Xi,Mn,V n)(Xi−Tn)(Xi−Tn)

′∑n
i=1 w(Xi,Mn,V n)

=
∑n
i=1 h

β(d2(Xi,Mn,V n))(Xi−Tn)(Xi−Tn)
′∑n

i=1 h
β(d2(Xi,Mn,V n))

,

(5.24)

where d2(X i,Mn,V n) = (X i − Mn)
′
V −1

n (X i − Mn) is the squared Mahalanobis

distance of X i from Mn with respect to the scale V n. Following the intuition behind

(5.22), it should be noted that the actual scale estimator should be a scalar multiple

of the aforesaid weighted sample variance. The weight function in our set-up solely

depends on the function h in the elliptical density f(x,µ,Σ). Several assumptions on

the weight function w (in the general set-up) and the function h have been assumed in

Lopuhaä and Rousseeuw (1991) [98] and Lopuhaä (1999) [100] in order to ensure high

breakdown, consistency and asymptotic normality of the weighted statistics T n and

Cn defined above. It is enough to assume the required regularity conditions on the
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function h in this work as the weight function w explicitly depends on h in our set-up.

Remark 5.4. A typical choice of the weight function is w(x,µ,Σ) = I(d2(X i,Mn,V n)

≤ c) which has been popularly utilized in many of the past literatures including Lop-

uhaä and Rousseeuw (1991) [98], Lopuhaä (1999) [100], Rousseeuw and van Zomeren

(1990) [133], Gervini (2003) [60], Hubert et al. (2018) [80] and Croux and Haes-

broeck (1999) [29]. In particular, the last four of the aforesaid works were developed

to improve the MCD estimators of location and scale in terms of efficiency. In fact,

the existing implementation for evaluating MCD based location and scale estimates in

the R software (covMcd function in the package robustbase [102]) allows an optional

reweighting step with this weight function. This weight function essentially cleans the

data by detecting and deleting the sample observations whose Mahalanobis distances

exceed a certain threshold and then calculate the ordinary sample mean and covariance

based on the cleaned data.

5.3.2 Regularity Conditions

In order to study the asymptotic and robustness properties of our proposed estimators,

we need certain prerequisite conditions on the function h which automatically provide

the required assumptions on the weight function. The following assumptions are made

on the function h for the aforesaid objectives:

(H1) h : Rp → R is continuously differentiable.

(H2) The model density f(x,µ,Σ) admits a finite fourth moment, i.e.,∫
(x

′
x)2h(x

′
x) dx <∞.

(H3) h is bounded and non-increasing as a function of the squared Mahalanobis dis-

tance d2(x,µ,Σ).

The condition (H3) is required to maintain a high breakdown of the weighted estimators

as it guarantees downweighting of the extreme observations. In general, the weight

function w requires some further regularity conditions in order to preserve the high

breakdown of the initial estimates as well as for establishing asymptotic properties

of the weighted estimators. Let us first look into those required conditions and then

examine to what extent these can be established using (H1), (H2) and (H3). In
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general, the weight function w[0,∞) → [0,∞) (here w is considered as the function of

the squared Mahalanobis distance) is required to satisfy

(W1) w is bounded and non-increasing.

(W2) There exists a constant C1, such that, w(y) = 0 for y ∈ [C1,∞).

(W3) w is of bounded variation, and continuous almost everywhere on [0,∞).

The conditions (W1) and (W2) have been assumed by Lopuhaä and Rousseeuw (1991)

[98] for high breakdown preservation, while (W3) is assumed by Lopuhaä (1999) [100]

for establishing the asymptotic properties. In our case, w (d2(x,µ,Σ)) = hβ (d2(x,µ,Σ))

for β > 0. So, the boundedness and monotonicity (i.e., non-increasing nature) of our

weight function can be directly established using (H3). Thus, our weight function sat-

isfies (W1). But the later conditions ((W2) and (W3)) will not be followed from (H1),

(H2) and (H3), because by the non-negativity of the function h, our weight function

w (d2(x,µ,Σ)) = hβ (d2(x,µ,Σ)) will always be positive. Thus in this case, a finite

constant C1, as indicated in (W2), will not exist. On the other hand, the notion of

bounded variation is usually defined on closed intervals. Thus, our choice of the weight

function does not satisfy (W2) and (W3) in general. So, we need to modify our weight

function in such a way that the aforesaid prerequisites can be satisfied by the same.

We define our modified weight function

w1

(
d2(x,µ,Σ)

)
= w

(
d2(x,µ,Σ)

)
)I(w

(
d2(x,µ,Σ)

)
≥ c) (5.25)

for some prespecified constant c. This modified weight function is defined in spirit of

the traditional 0 − 1 weight function (Remark 5.4); the thresholding is performed on

w (d2(x,µ,Σ)) = hβ (d2(x,µ,Σ)). The modified weight function w1 clearly satisfies

all of (W1), (W2) and (W3). Intuitively, the modified weight function w1 should not

differ much from w, at least numerically. The value of w and w1 are equal for large or

moderate values of w and w1 becomes 0, when w is small enough (equivalently, large

values of the Mahalanobis distance), i.e., sufficiently small values of w are replaced by

0. Our weight function is a little bit advantageous compared to the traditional 0 − 1

weight function. Both of these functions perform hard thresholding, but the amount of

jump in case of our modified weight function w1 is much smaller than that of the 0− 1

weight function (jump of constant height 1). Figure 5.2 represents this pictorially. The

advantage of this phenomenon is that even if an extreme observation is erroneously
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included in the cleaned sample, it will be given peripheral weightage by our modified

weight function w1 in contrast with the traditional 0− 1 weight function which assigns

the same weight to all the observations. By (W1), the modified weight function can

also be written as

w1

(
d2(x,µ,Σ)

)
= w

(
d2(x,µ,Σ)

)
I(w

(
d2(x,µ,Σ)

)
≥ c)

= w
(
d2(x,µ,Σ)

)
I(d2(x,µ,Σ) ≤ c∗) (5.26)

for some constant c∗.

(a) 0− 1 weight function (b) w1 with c = 0.1

(c) w1 with c = 0.02 (d) w1 with c = 0.001

Figure 5.2: The 0 − 1 weight function versus our modified weight function w1 (with
h(x) = e−0.5x).

So, we work with this weight function from hereon and the modified weighted

sample mean and covariance matrix based on the new weight function are defined as

T 1n =
∑n
i=1 w1(Xi,Mn,V n)Xi∑n
i=1 w1(Xi,Mn,V n)

,

C1n =
∑n
i=1 w1(Xi,Mn,V n)(Xi−T 1n)(Xi−T 1n)

′∑n
i=1 w1(Xi,Mn,V n)

.
(5.27)
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5.3.3 Breakdown and Asymptotic Properties

Now, we are in a position to discuss the robustness (in terms of breakdown) and

asymptotic properties (consistency and asymptotic normality) of T 1n and C1n. For

the result on breakdown, we follow Theorem 5.1 of Lopuhaä and Rousseeuw (1991)

[98]. Our relevant result is given in the following Theorem.

Theorem 5.4. Suppose the initial robust estimators Mn and V n of location and scale

are affine equivariant and their corresponding robust ellipsoid E(Mn,V n, c0) (defined

as {x : d2(x,Mn,V n) ≤ c20}) satisfies

|{i : X i ∈ E(Mn,V n, c0)}| ≥
[
n+ p+ 1

2

]
(5.28)

for any random sample X = {X1,X2, . . . ,Xn} from a p-dimensional elliptical distri-

bution with n ≥ p + 1, where |S| is the cardinality of the set S (see Equation (5.1) of

Lopuhaä and Rousseeuw (1991) [98] for more details). Under (W1) and (W2),

min{ϵ∗(T 1n,X), ϵ∗(C1n,X)} ≥ min{ϵ∗(Mn,X), ϵ∗(V n,X)}, (5.29)

where ϵ∗(Sn,X) is the breakdown point of the estimator Sn based on a random sample

X = {X1,X2, . . . ,Xn} of size n.

Here, the weight function w1 satisfies (W1) and (W2) and the proof of Theorem 5.4

thus follows from that of Theorem 5.1 of Lopuhaä and Rousseeuw (1991) [98]. Some

remarks are necessary in order to understand the pertinence of the aforesaid breakdown

result.

Remark 5.5. The inequality in (5.29) directly shows the preservation of the breakdown

behaviour of the initial estimators Mn and V n in the sense that the minimum of the

breakdown points of the weighted sample mean T 1n and covariance C1n, calculated

with the data-driven weights based on Mn and V n is no less than the minimum of the

breakdown values of the initial estimators.

Remark 5.6. As described in Lopuhaä and Rousseeuw (1991) [98], typical choices of

the initial estimates Mn and V n include the minimum volume ellipsoid estimates of

location and scale (Rousseeuw (1985) [129]) and the S-estimates of location and scale

(Lopuhaä (1989) [97]). If we assume n ≫ p, then
[
n+p+1

2

]
≈ n

2
and the inequality in

(5.28) ensures that at least half of the sample observations must be used to construct
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the initial estimators. This is crucial to maintain the high breakdown of the resulting

estimates. If the MCD estimators are used as initial estimators, that must also be

constructed using at least half of the sample observations.

Our next agenda is to discuss the consistency of our one-step estimators T 1n and C1n

generated by the modified weight function w1 which satisfies (W3) in particular. We

follow the approach of Lopuhaä (1999) [100] in this regard. In particular, our result can

be established as a consequence of Theorem 4.1 and Corollary 4.1 of Lopuhaä (1999)

[100]. Before stating the result formally, we need to define the following constants:

c0 =
2π

p
2

Γ( p2)

∫∞
0

2
p
w1(r

2)h
′
(r2)rp+1 dr = 2π

p
2

Γ( p2)

∫ √
c∗

0
2
p
hβ(r2)h

′
(r2)rp+1 dr,

c1 =
2π

p
2

Γ( p2)

∫∞
0

w1(r
2)h(r2)rp−1 dr = 2π

p
2

Γ( p2)

∫ √
c∗

0
h1+β(r2)rp−1 dr,

c2 =
2π

p
2

Γ( p2)

∫∞
0

w1(r
2)
(
h(r2) + 2

p
h

′
(r2)r2

)
rp−1 dr

= 2π
p
2

Γ( p2)

∫ √
c∗

0
hβ(r2)

(
h(r2) + 2

p
h

′
(r2)r2

)
rp−1 dr,

c3 =
2π

p
2

Γ( p2)

∫∞
0

1
p
w1(r

2)h(r2)rp+1 dr = 2π
p
2

Γ( p2)

∫ √
c∗

0
1
p
h1+β(r2)rp+1 dr,

c4 =
2π

p
2

Γ( p2)

∫∞
0

w1(r
2)
[
r2

p
h(r2) + 2r4

p(p+2)
h

′
(r2)

]
rp+1 dr

= 2π
p
2

Γ( p2)

∫ √
c∗

0
hβ(r2)

[
r2

p
h(r2) + 2r4

p(p+2)
h

′
(r2)

]
rp+1 dr,

(5.30)

where the constant c∗ in the upper limits of the integrations has been defined in Equa-

tion (5.26). We assume that the true unknown distribution belongs to the model family,

i.e., the random sample {X1,X2, . . . ,Xn} is distributed with the PDF f(·,µ0,Σ0),

where µ0 and Σ0 are the true values of the unknown location µ and scale Σ, respec-

tively.

Theorem 5.5. Let {X1,X2, . . . ,Xn} be a random sample from an elliptic distribution

with PDF f(·,µ0,Σ0), location µ0 and scale Σ0. If the initial estimators Mn and V n

converge in probability to µ0 and Σ0, respectively, and the function h satisfies (H1),

(H2) and (H3), then the one-step estimators T 1n and C1n converge to µ0 and c3
c1
Σ0,

respectively, as n→ ∞.

It is trivial to observe that although the generalized one-step location estimator T 1n

is consistent for the location parameter µ, the corresponding scale estimator is not.

In fact, a scalar multiple of the weighted sample variance, viz., c1
c3
C1n is consistent

for Σ. We refer to the multiplier c1
c3

as the “consistency factor”. In case of the mul-

tivariate normal model, we have heuristically seen (in (5.22)) that the exact one-step
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(IRLS) estimator of the scale (covariance matrix in case of normality) is asymptotically

equivalent to a scalar multiplie (provided in (5.22)) of the sample weighted covariance

matrix with weight function w. We now show that this constant is indeed the same

consistency factor c1
c3

in a special case.

Theorem 5.6. If c∗ = ∞ (equivalently, c = 0 which ensures w = w1), the consistency

factor c1
c3

is equal to the constant on the right hand side of (5.22) under normality.

This relationship illustrates the link between the exact one-step (IRLS) estimation

and our newly proposed generalized one-step estimation at least under normality. The

proof of Theorem 5.6 is provided in Section 5.6.

The asymptotic normality of our proposed estimators need to be discussed now.

Lopuhaä (1999) [100] (Theorem 5.1 in [100]) established the asymptotic normality

of T 1n and C1n with smoothed S-initialization. Assuming the regularity conditions

assumed in Lopuhaä (1999) [100] and (1997) [99], this result states the following.

Theorem 5.7. If the generalized one-step estimators T 1n and C1n are constructed

using smoothed S-initialization, then,

√
n (T 1n − µ)

d→ N(0, αΣ), and
√
n
(
C1n − c3

c1
Σ
)

d→ N(0,Σ),
(5.31)

where Σ = σ1(I +Dp,p)(Σ
⊗

Σ) + σ2vec(Σ)vec(Σ) and they are asymptotically inde-

pendent.

The values of α, σ1, σ2 and Dp,p can be found in Lopuhaä (1999) [100] (Section 5,

Page-1652).

5.4 Simulation Experiments

We have proposed the exact one-step minimization of the DPD with different iterative

procedures and various initializations in Section 5.2 and the asymptotic and robustness

properties of the resulting estimators have been extensively discussed. Following the

salient statistical interpretation of the exact one-step IRLS estimators in case of normal

and Cauchy models, it has also been generalized for elliptically symmetric probabil-

ity models in Section 5.3 and the theoretical properties of these generalized one-step
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estimators have been discussed following Lopuhaä and Rousseeuw (1991) [98] and Lop-

uhaä (1999) [100]. We now assess the comparative performances of these newly pro-

posed estimators along with the initializations and other weighted estimators through

simulation experiments.

5.4.1 Simulation Experiments in Univariate Set-ups

To understand the relative strengths of the exact one-step estimators proposed in Sec-

tion 5.2, we simulate random samples from univariate normal and Cauchy distributions

at first. Since the Cauchy distribution is heavy-tailed in nature, random samples from

Cauchy distribution are expected to carry some extreme observations. However, the

normal distribution is not heavy-tailed. Thus, to observe the resistant effects of the

proposed exact one-step estimators (against outliers), we work with both pure and

contaminated normal distributions along with the Cauchy distribution. For the pure

normal set-up, 1000 random samples of sizes n = 30, 100 are generated from theN(0, 1)

distribution. For the contaminated normal set-up, we simulate 1000 random samples

of sizes n = 30, 100 from a normal mixture distribution with a N(0, 1) component

with mixing proportion 90% and another N(30, 1) component with mixing proportion

10%. Basically, we are contaminating the N(0, 1) distribution with some distant ob-

servations from N(30, 1) distribution and the contaminating proportion is 10%. For

the Cauchy distribution, we simulate 1000 random samples of sizes n = 30, 100 from

the Cauchy(0, 1) distribution. We present the estimated absolute bias and variances of

different exact one-step estimators (with different initializations and iterations), fully

converged minimum DPD estimators (with different initializations) and the initial es-

timators in Tables 5.2, 5.3 and 5.4. Let us now briefly discuss the salient features of

the simulation outputs.

� It is evident from each of the Tables 5.2, 5.3 and 5.4 that our exact one-step

updates are definitely improving the performances of the initial estimators except

the Newton-Raphson method (in some cases, especially for the Cauchy set-up).

� The absolute bias and variances of different exact one-step estimators are not

similar (especially in case of n = 30) for different initializations. In case of con-

taminated normal samples, the trimmed mean and variance estimators become

the best initialization scheme in terms of absolute bias and variances with S-

estimators being a close competitor. In case of the Cauchy samples, the Hodges-

196



n Initial Estimator β Parameter Accuracy Measure NR GD IRLS FS MDPDE Initial

30 Median and MAD 0.1 Mean Absolute Bias 0.002 0.003 0.002 0.002 0.002 0.006
Variance 0.033 0.033 0.033 0.033 0.032 0.046

Variance Absolute Bias 0.110 0.050 0.041 0.037 0.028 0.002
Variance 0.084 0.116 0.071 0.071 0.069 0.171

Trimmed Mean, Variance 0.1 Mean Absolute Bias 0.002 0.002 0.002 0.002 0.002 0.005
Variance 0.033 0.033 0.033 0.033 0.032 0.039

Variance Absolute Bias 0.110 0.068 0.060 0.047 0.028 0.203
Variance 0.079 0.050 0.071 0.072 0.069 0.084

MCD Estimators 0.1 Mean Absolute Bias 0.002 0.002 0.002 0.002 0.005 0.002
Variance 0.033 0.033 0.033 0.033 0.032 0.044

Variance Absolute Bias 0.039 0.019 0.032 0.024 0.028 0.017
Variance 0.070 0.072 0.069 0.070 0.069 0.081

S-Estimators 0.1 Mean Absolute Bias 0.006 0.006 0.002 0.003 0.002 0.008
Variance 0.038 0.039 0.035 0.034 0.032 0.097

Variance Absolute Bias 0.111 0.010 0.036 0.023 0.028 0.063
Variance 0.096 0.077 0.071 0.084 0.069 0.112

100 Median and MAD 0.1 Mean Absolute Bias 0.0001 0.0001 0.0001 0.0001 0.0002 0.0003
Variance 0.010 0.010 0.010 0.010 0.010 0.015

Variance Absolute Bias 0.050 0.023 0.011 0.009 0.007 0.002
Variance 0.022 0.035 0.021 0.021 0.020 0.058

Trimmed Mean, Variance 0.1 Mean Absolute Bias 0.0002 0.0001 0.0001 0.0001 0.0001 0.0003
Variance 0.010 0.010 0.010 0.010 0.010 0.012

Variance Absolute Bias 0.062 0.061 0.027 0.015 0.007 0.169
Variance 0.023 0.014 0.021 0.021 0.020 0.027

MCD Estimators 0.1 Mean Absolute Bias 0.0002 0.001 0.0001 0.0001 0.0002 0.001
Variance 0.010 0.010 0.010 0.010 0.010 0.014

Variance Absolute Bias 0.010 0.003 0.008 0.005 0.008 0.002
Variance 0.020 0.021 0.021 0.020 0.020 0.023

S-Estimators 0.1 Mean Absolute Bias 0.003 0.003 0.004 0.003 0.0001 0.005
Variance 0.010 0.011 0.010 0.010 0.010 0.031

Variance Absolute Bias 0.043 0.001 0.010 0.011 0.007 0.025
Variance 0.021 0.026 0.020 0.021 0.020 0.035

Table 5.2: Estimated absolute bias and variances of various exact one-step estimates
in case of pure normal samples.

Lehmann scale estimators are slightly better than the median absolute deviation

in terms of estimated absolute bias and variances. These observations definitely

suggest the explicit dependence of the exact one-step updates on their respective

initialization schemes. But for n = 100, the estimated variances of the exact

one-step Newton-Raphson and Fisher’s scoring updates and those of the original
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n Initial Estimator β Parameter Accuracy Measure NR GD IRLS FS MDPDE Initial

30 Median and MAD 0.3 Mean Absolute Bias 0.008 0.093 0.035 0.015 0.009 0.162
Variance 0.038 0.052 0.039 0.038 0.037 0.064

Variance Absolute Bias 0.024 0.345 0.033 0.05 0.011 0.362
Variance 0.148 0.468 0.105 0.129 0.095 0.494

Trimmed Mean, Variance 0.1 Mean Absolute Bias 0.012 0.011 0.011 0.012 0.009 0.021
Variance 0.036 0.035 0.036 0.036 0.035 0.04

Variance Absolute Bias 0.081 0.064 0.047 0.049 0.024 0.158
Variance 0.082 0.06 0.077 0.077 0.076 0.087

MCD Estimators 0.3 Mean Absolute Bias 0.009 0.01 0.009 0.009 0.009 0.01
Variance 0.036 0.038 0.037 0.036 0.037 0.042

Variance Absolute Bias 0.005 0.489 0.069 0.026 0.011 0.542
Variance 0.116 0.383 0.103 0.096 0.095 0.372

S-Estimators 0.3 Mean Absolute Bias 0.017 0.005 0.001 0.0004 0.009 0.004
Variance 0.044 0.052 0.045 0.042 0.037 0.089

Variance Absolute Bias 0.004 0.236 0.031 0.051 0.011 0.259
Variance 0.119 0.283 0.094 0.099 0.095 0.24

100 Median and MAD 0.3 Mean Absolute Bias 0.002 0.075 0.023 0.001 0.003 0.142
Variance 0.012 0.016 0.013 0.012 0.012 0.021

Variance Absolute Bias 0.061 0.307 0.076 0.073 0.039 0.336
Variance 0.032 0.109 0.032 0.031 0.028 0.117

Trimmed Mean, Variance 0.1 Mean Absolute Bias 0.002 0.002 0.002 0.002 0.004 0.008
Variance 0.012 0.012 0.012 0.012 0.011 0.013

Variance Absolute Bias 0.022 0.044 0.006 0.009 0.006 0.100
Variance 0.025 0.019 0.024 0.024 0.023 0.029

MCD Estimators 0.3 Mean Absolute Bias 0.003 0.003 0.003 0.003 0.003 0.003
Variance 0.012 0.012 0.012 0.012 0.012 0.012

Variance Absolute Bias 0.045 0.511 0.106 0.047 0.039 0.563
Variance 0.029 0.101 0.031 0.027 0.028 0.098

S-Estimators 0.1 Mean Absolute Bias 0.002 0.001 0.0004 0.0003 0.004 0.001
Variance 0.012 0.014 0.012 0.012 0.011 0.029

Variance Absolute Bias 0.024 0.245 0.014 0.037 0.006 0.306
Variance 0.029 0.069 0.023 0.025 0.023 0.079

Table 5.3: Estimated absolute bias and variances of various exact one-step estimates
in case of contaminated normal samples.

(fully converged) minimum DPD estimators are close to each other (in most of

the cases) which supports the fact that the asymptotic variances of the exact

one-step Newton-Raphson, Fisher’s scoring and the original minimum DPD esti-

mators are same. The observation is prominent particularly in case of the pure

normal set-up.
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n Initial Estimator β Parameter Accuracy Measure NR GD IRLS MDPDE Initial

30 Median and MAD 0.1 Location Absolute Bias 0.008 0.003 0.002 0.002 0.001
Variance 0.084 0.083 0.081 0.079 0.091

Scale Absolute Bias 0.046 0.028 0.02 0.004 0.028
Variance 0.29 0.081 0.078 0.072 0.085

Median and HL Estimator 0.1 Location Absolute Bias 0.011 0.002 0.002 0.009 0.001
Variance 0.152 0.083 0.081 0.069 0.091

Scale Absolute Bias 0.008 0.007 0.004 0.002 0.003
Variance 1.941 0.076 0.077 0.074 0.079

100 Median and MAD 0.1 Location Absolute Bias 0.001 0.001 0.001 0.001 0.001
Variance 0.02 0.022 0.021 0.021 0.024

Scale Absolute Bias 0.03 0.011 0.007 0.003 0.01
Variance 0.027 0.024 0.023 0.021 0.027

Median and HL Estimator 0.1 Location Absolute Bias 0.001 0.001 0.001 0.005 0.001
Variance 0.02 0.022 0.021 0.022 0.024

Scale Absolute Bias 0.005 0.001 0.001 0.002 0.004
Variance 0.025 0.021 0.021 0.021 0.021

Table 5.4: Estimated absolute bias and variances of various exact one-step estimates
in case of Cauchy samples.

� The existence of cross-effects between different iterations and initializations on

the exact one-step updates can clearly be seen for the pure and contaminated

normal and the Cauchy outputs. In particular, the Newton-Raphson method is

the most unstable one with different initial estimators in case of the contaminated

normal random samples. In turn, the Fisher’s scoring update is quite more stable

than the Newton-Raphson update. It is probably due to the non-smooth nature

of the second derivative of the objective function which is used in the Newton-

Raphson method but its expectation with respect to the model density (at the

initial estimators) is used in the Fisher’s scoring exact one-step updates which

is free of sampling fluctuations (thus expected to be smoother). On the other

hand, the two first-order methods, i.e., gradient descent and IRLS (since they

consist of the first derivatives of the objective function only) are more or less

stable, although the effects of different initial estimators can clearly be observed.

On an average, the IRLS and the Fisher’s scoring exact one-step updates are the

best performers.

� As expected, the fully converged minimum DPD estimators are marginally better

(in terms of the estimated absolute bias and variances) than the exact one-step

updates but the loss is minimal and the exact one-step updates are fairly compa-

199



rable with the fully converged estimates (especially the exact one-step IRLS and

Fisher’s scoring estimators).

We need to observe an important computational aspect at this point. Let us recall

the fact that either in case of normal or in case of Cauchy models, we are estimating

the location and scale parameters. Although the location parameter is unrestricted,

the scale parameter is strictly positive. We have not imposed this constraint in our

exact one-step methods. And if we look into the systems of estimating equations

(5.2),(5.3),(5.5),(5.17),(5.18), none of them can theoretically guarantee the positive

definiteness of the exact one-step scale estimators. A safeguard is required indeed to

avoid this hindrance. We use a reparametrization of the scale parameter σ = eλ and

perform the corresponding exact one-step estimation procedures if the original exact

one-step scale estimates (without the reparametrization) are found to be negative.

The proportion of time this does not happen (i.e., the exact one-step variance/scale

estimates are found to be positive without the reparamterization) in the simulation ex-

periments are tabulated in Tables 5.5 (for pure normal set-up), 5.6 (for contaminated

normal set-up) and 5.7 (for Cauchy set-up). Clearly, there is no problem with the dif-

n Initial Estimator β NR GD IRLS FS

30 Median and MAD 0.1 0.938 1.000 1.000 1.000
Trimmed Mean, Variance 0.1 1.000 1.000 1.000 1.000

MCD Estimators 0.1 1.000 1.000 1.000 1.000
S-Estimators 0.1 0.998 1.000 1.000 1.000

100 Median and MAD 0.1 0.997 1.000 1.000 1.000
Trimmed Mean, Variance 0.1 1.000 1.000 1.000 1.000

MCD Estimators 0.1 1.000 1.000 1.000 1.000
S-Estimators 0.1 1.000 1.000 1.000 1.000

Table 5.5: Proportion of times the exact one-step pure normal variance estimates are
found to be positive.

n Initial Estimator β NR GD IRLS FS

30 Median and MAD 0.3 0.750 1.000 1.000 1.000
Trimmed Mean, Variance 0.1 1.000 1.000 1.000 1.000

MCD Estimators 0.3 0.631 1.000 1.000 1.000
S-Estimators 0.3 0.854 1.000 1.000 1.000

100 Median and MAD 0.3 0.848 1.000 1.000 1.000
Trimmed Mean, Variance 0.1 1.000 1.000 1.000 1.000

MCD Estimators 0.3 0.664 1.000 1.000 1.000
S-Estimators 0.1 0.867 1.000 1.000 1.000

Table 5.6: Proportion of times the exact one-step contaminated normal variance esti-
mates are found to be positive.
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n Initial Estimator β NR GD IRLS

30 Median and MAD 0.3 0.963 1.000 1.000
Median and HL Scale Estimator 0.1 0.975 1.000 1.000

100 Median and MAD 0.3 1.000 1.000 1.000
Median and HL Scale Estimator 0.1 1.000 1.000 1.000

Table 5.7: Proportion of times the exact one-step Cauchy scale estimates are found to
be positive.

ferent algorithms except the Newton-Raphson method. As discussed in the simulation

discussion, the Newton-Raphson method may be heavily affected by the non-smooth

nature of the second derivative of the objective function which may cause the prob-

lem of both producing negative variance estimates as well as heavy fluctuations in the

absolute bias and variances of the exact one-step Newton-Raphson updates.

We now present the simulation experiments in multivariate set-ups including the

exact one-step gradient descent, IRLS and Fisher’s scoring estimators and generalized

(density power and traditional 0 − 1) weight based one-step estimators along with

different initial estimators.

5.4.2 Simulation Experiments in Multivariate Set-ups

Here we utilize five different initial highly robust location and scale estimators for this

purpose. These include the MCD estimator, the MVE estimator, the orthogonalized

Gnanadesikan-Kettenring (GK) estimator (Maronna and Zamar (2002), [112]), MM es-

timators of location and scale (MM, Tatsuoka and Tyler (2000) [143]) and S-estimators

of location and scale (Rousseeuw and Yohai (1984) [134], Ruppert (1992) [135]). We

utilize three different probabilistic set-ups for the simulation experiments. Firstly, we

generate observations from pure and secondly from contaminated multivariate nor-

mal distributions of different dimensions and sample sizes to observe the comparative

performances of the one-step methodologies under contamination free and outlier con-

taminated set-ups. Finally, observations from multivariate t-distributions of different

dimensions are generated to assess the performances of the generalized weight (with

density power and traditional 0 − 1 weights) based estimators in case of heavy tailed

set-ups. Datasets of different dimensions and sample sizes (depending on the data

dimensions) are simulated from the aforesaid distributions (with 1000 replications).

For both pure and contaminated normal set-ups, we simulate datasets of dimen-

sions p = 2, 6 and 10 with respective sample sizes n = 100, 200 and 300. For the pure
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Initialization Parameter Accuracy MLE GD IRLS FS MDPDE Initial
β β β β Estimators

Measures 0.05 0.1 0.05 0.1 0.05 0.1 0.05 0.1
MCD Location Bias 0.003 0.003 0.003 0.004 0.005 0.006 0.006 0.004 0.004 0.006

MSE 0.02 0.024 0.024 0.02 0.02 0.024 0.024 0.02 0.02 0.024

Scatter Bias 0.024 0.026 0.023 0.016 0.015 0.024 0.028 0.021 0.02 0.026
MSE 0.057 0.098 0.098 0.061 0.063 0.061 0.063 0.058 0.059 0.094

MVE Location Bias 0.003 0.002 0.002 0.003 0.004 0.01 0.011 0.004 0.004 0.005
MSE 0.02 0.025 0.025 0.021 0.021 0.023 0.024 0.02 0.02 0.025

Scatter Bias 0.024 0.013 0.011 0.011 0.011 0.022 0.02 0.021 0.02 0.013
MSE 0.057 0.09 0.092 0.061 0.06 0.064 0.064 0.058 0.059 0.095

GK Location Bias 0.003 0.004 0.004 0.004 0.004 0.009 0.011 0.004 0.004 0.006
MSE 0.02 0.027 0.027 0.02 0.021 0.023 0.024 0.02 0.02 0.028

Scatter Bias 0.024 0.347 0.358 0.048 0.066 0.026 0.04 0.021 0.02 0.377
MSE 0.057 0.169 0.18 0.058 0.063 0.065 0.064 0.058 0.059 0.203

MM Location Bias 0.003 0.004 0.004 0.001 0.001 0.012 0.015 0.004 0.004 0.001
MSE 0.02 0.02 0.02 0.021 0.021 0.023 0.024 0.02 0.02 0.021

Scatter Bias 0.024 0.036 0.039 0.021 0.021 0.022 0.024 0.021 0.02 0.032
MSE 0.057 0.069 0.069 0.06 0.062 0.061 0.062 0.058 0.059 0.069

S Location Bias 0.003 0.003 0.003 0.001 0.001 0.011 0.016 0.004 0.004 0.003
MSE 0.02 0.032 0.032 0.021 0.022 0.023 0.023 0.02 0.02 0.035

Scatter Bias 0.024 0.011 0.011 0.025 0.028 0.021 0.026 0.021 0.02 0.014
MSE 0.057 0.127 0.127 0.061 0.064 0.06 0.061 0.058 0.059 0.137

Table 5.8: Estimated bias and mean squared errors of exact one-step (GD, IRLS
and FS) and fully converged minimum DPD location-scale estimators for pure nor-
mal datasets with p = 2.

Initialization Parameter Accuracy MLE GD IRLS FS MDPDE Initial
β β β β Estimators

Measures 0.05 0.1 0.05 0.1 0.05 0.1 0.05 0.1
MCD Location Bias 4.275 0.002 0.002 0.002 0.002 0.012 0.012 0.008 0.008 0.001

MSE 19.907 0.023 0.023 0.022 0.023 0.02 0.02 0.024 0.024 0.025

Scatter Bias 161.67 0.436 0.436 0.008 0.028 0.017 0.019 0.007 0.006 0.438
MSE 27972.04 0.36 0.361 0.071 0.075 0.065 0.069 0.068 0.071 0.36

MVE Location Bias 4.275 0.006 0.006 0.008 0.008 0.008 0.008 0.008 0.008 0.009
MSE 19.907 0.026 0.026 0.024 0.024 0.024 0.024 0.024 0.024 0.025

Scatter Bias 161.67 0.435 0.435 0.008 0.029 0.029 0.032 0.007 0.006 0.445
MSE 27972.04 0.347 0.348 0.07 0.074 0.073 0.075 0.068 0.071 0.363

GK Location Bias 4.275 0.004 0.004 0.008 0.008 0.007 0.007 0.008 0.008 0.008
MSE 19.907 0.029 0.03 0.024 0.024 0.024 0.024 0.024 0.024 0.03

Scatter Bias 161.67 0.271 0.279 0.024 0.033 0.039 0.04 0.007 0.006 0.294
MSE 27972.04 0.138 0.145 0.068 0.072 0.07 0.071 0.068 0.071 0.162

MM Location Bias 4.275 0.004 0.004 0.002 0.002 0.008 0.012 0.008 0.008 0.002
MSE 19.907 0.022 0.022 0.022 0.023 0.025 0.026 0.024 0.024 0.023

Scatter Bias 161.67 0.297 0.297 0.005 0.023 0.023 0.025 0.007 0.006 0.313
MSE 27972.04 0.209 0.21 0.07 0.073 0.074 0.077 0.068 0.071 0.23

S Location Bias 4.275 0.003 0.003 0.002 0.003 0.012 0.012 0.008 0.008 0.005
MSE 19.907 0.03 0.03 0.023 0.023 0.026 0.027 0.024 0.024 0.032

Scatter Bias 161.67 0.321 0.32 0.003 0.018 0.024 0.025 0.007 0.006 0.334
MSE 27972.04 0.293 0.294 0.07 0.073 0.075 0.076 0.068 0.071 0.316

Table 5.9: Estimated bias and mean squared errors of exact one-step (GD, FS and
IRLS) and fully converged minimum DPD location-scale estimators for contaminated
normal datasets with p = 2.

normal set-up, datasets are generated from p-dimensional standard normal distribu-

tions of the aforesaid data dimensions and sample sizes. For the contaminated normal
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Initialization Parameter Accuracy MLE GD IRLS FS MDPDE Initial
β β β β Estimators

Measures 0.05 0.1 0.05 0.1 0.05 0.1 0.05 0.1
MCD Location Bias 0.004 0.007 0.007 0.004 0.004 0.013 0.013 0.004 0.004 0.005

MSE 0.03 0.033 0.033 0.03 0.031 0.031 0.031 0.03 0.031 0.033

Scatter Bias 0.02 0.051 0.05 0.017 0.016 0.061 0.061 0.018 0.018 0.05
MSE 0.21 0.274 0.276 0.214 0.223 0.212 0.219 0.213 0.22 0.281

MVE Location Bias 0.004 0.006 0.006 0.004 0.004 0.015 0.016 0.004 0.004 0.003
MSE 0.03 0.033 0.033 0.03 0.031 0.033 0.033 0.03 0.031 0.034

Scatter Bias 0.02 0.03 0.031 0.019 0.018 0.066 0.068 0.018 0.018 0.035
MSE 0.21 0.285 0.286 0.214 0.223 0.219 0.227 0.213 0.22 0.29

GK Location Bias 0.004 0.005 0.005 0.004 0.004 0.011 0.012 0.004 0.004 0.005
MSE 0.03 0.036 0.037 0.03 0.032 0.033 0.034 0.03 0.031 0.037

Scatter Bias 0.02 0.335 0.335 0.036 0.045 0.055 0.06 0.018 0.018 0.351
MSE 0.21 0.33 0.33 0.213 0.224 0.228 0.233 0.213 0.22 0.354

MM Location Bias 0.004 0.005 0.006 0.005 0.005 0.018 0.018 0.004 0.004 0.005
MSE 0.03 0.031 0.031 0.031 0.032 0.031 0.032 0.03 0.031 0.032

Scatter Bias 0.02 0.02 0.02 0.016 0.016 0.042 0.041 0.018 0.018 0.017
MSE 0.21 0.225 0.224 0.212 0.219 0.206 0.212 0.213 0.22 0.22

S Location Bias 0.004 0.004 0.004 0.005 0.005 0.018 0.019 0.004 0.004 0.006
MSE 0.03 0.035 0.035 0.031 0.032 0.032 0.032 0.03 0.031 0.035

Scatter Bias 0.02 0.018 0.018 0.018 0.018 0.044 0.042 0.018 0.018 0.016
MSE 0.21 0.258 0.254 0.212 0.22 0.207 0.211 0.213 0.22 0.254

Table 5.10: Estimated bias and mean squared errors of exact one-step (GD, IRLS
and FS) and fully converged minimum DPD location-scale estimators for pure normal
datasets with p = 6.

Initialization Parameter Accuracy MLE GD IRLS FS MDPDE Initial
β β β β Estimators

Measures 0.05 0.1 0.05 0.1 0.05 0.1 0.05 0.1
MCD Location Bias 7.352 0.004 0.004 0.006 0.006 0.013 0.013 0.007 0.007 0.007

MSE 56.37 0.035 0.036 0.033 0.034 0.034 0.035 0.033 0.034 0.035

Scatter Bias 483.993 0.359 0.361 0.023 0.044 0.064 0.067 0.021 0.028 0.382
MSE 242136.3 0.49 0.491 0.242 0.255 0.243 0.256 0.236 0.247 0.513

MVE Location Bias 7.352 0.008 0.008 0.007 0.007 0.013 0.012 0.007 0.007 0.008
MSE 56.37 0.034 0.034 0.033 0.034 0.034 0.035 0.033 0.034 0.034

Scatter Bias 483.993 0.338 0.34 0.024 0.041 0.053 0.062 0.021 0.028 0.351
MSE 242136.3 0.461 0.461 0.238 0.25 0.245 0.251 0.236 0.247 0.47

GK Location Bias 7.352 0.009 0.009 0.007 0.007 0.014 0.014 0.007 0.007 0.009
MSE 56.37 0.039 0.039 0.033 0.034 0.034 0.035 0.033 0.034 0.039

Scatter Bias 483.993 0.276 0.279 0.027 0.024 0.053 0.057 0.021 0.028 0.286
MSE 242136.3 0.313 0.314 0.235 0.248 0.241 0.249 0.236 0.247 0.329

MM Location Bias 7.352 0.005 0.005 0.005 0.005 0.017 0.017 0.007 0.007 0.005
MSE 56.37 0.034 0.034 0.035 0.035 0.035 0.036 0.033 0.034 0.035

Scatter Bias 483.993 0.412 0.411 0.014 0.033 0.061 0.064 0.021 0.028 0.419
MSE 242136.3 0.524 0.524 0.239 0.251 0.245 0.249 0.236 0.247 0.425

S Location Bias 7.352 0.005 0.005 0.005 0.005 0.015 0.016 0.007 0.007 0.006
MSE 56.37 0.036 0.036 0.035 0.036 0.036 0.036 0.033 0.034 0.038

Scatter Bias 483.993 0.418 0.419 0.013 0.03 0.057 0.059 0.021 0.028 0.425
MSE 242136.3 0.563 0.563 0.239 0.251 0.245 0.249 0.236 0.247 0.564

Table 5.11: Estimated bias and mean squared errors of exact one-step (GD, IRLS and
FS) and fully converged minimum DPD location-scale estimators for contaminated
normal datasets with p = 6.

set-up, we simulate again from p-dimensional standard normal distributions but they

are now contaminated with observations from another normal component with mean
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Initialization Parameter Accuracy MLE GD IRLS FS MDPDE Initial
β β β β Estimators

Measures 0.05 0.1 0.05 0.1 0.05 0.1 0.05 0.1
MCD Location Bias 0.005 0.006 0.007 0.006 0.006 0.015 0.017 0.005 0.005 0.006

MSE 0.033 0.04 0.04 0.034 0.035 0.035 0.036 0.033 0.034 0.037

Scatter Bias 0.022 0.073 0.077 0.019 0.019 0.069 0.075 0.02 0.021 0.071
MSE 0.366 0.46 0.462 0.374 0.392 0.373 0.388 0.373 0.389 0.459

MVE Location Bias 0.005 0.012 0.014 0.005 0.006 0.02 0.021 0.005 0.005 0.007
MSE 0.033 0.037 0.039 0.033 0.034 0.036 0.036 0.033 0.034 0.036

Scatter Bias 0.022 0.047 0.047 0.021 0.02 0.077 0.075 0.02 0.021 0.035
MSE 0.366 0.432 0.434 0.374 0.392 0.381 0.392 0.373 0.389 0.454

GK Location Bias 0.005 0.008 0.01 0.005 0.005 0.018 0.019 0.005 0.005 0.006
MSE 0.033 0.04 0.04 0.034 0.035 0.036 0.036 0.033 0.034 0.04

Scatter Bias 0.022 0.325 0.327 0.033 0.035 0.059 0.061 0.02 0.021 0.335
MSE 0.366 0.497 0.501 0.373 0.398 0.396 0.409 0.373 0.389 0.515

MM Location Bias 0.005 0.014 0.016 0.005 0.006 0.019 0.019 0.005 0.005 0.006
MSE 0.033 0.036 0.036 0.034 0.035 0.036 0.036 0.033 0.034 0.036

Scatter Bias 0.022 0.041 0.04 0.022 0.021 0.055 0.057 0.02 0.021 0.021
MSE 0.366 0.392 0.395 0.373 0.389 0.375 0.395 0.373 0.389 0.386

S Location Bias 0.005 0.008 0.008 0.005 0.006 0.019 0.02 0.005 0.005 0.006
MSE 0.033 0.036 0.037 0.034 0.035 0.036 0.037 0.033 0.034 0.036

Scatter Bias 0.022 0.032 0.036 0.022 0.022 0.058 0.065 0.02 0.021 0.021
MSE 0.366 0.401 0.403 0.373 0.39 0.378 0.391 0.373 0.389 0.403

Table 5.12: Estimated bias and mean squared errors of exact one-step (GD, FS and
IRLS) and fully converged minimum DPD location-scale estimators for pure normal
datasets with p = 10.

Initialization Parameter Accuracy MLE GD IRLS FS MDPDE Initial
β β β β Estimators

Measures 0.05 0.1 0.05 0.1 0.05 0.1 0.05 0.1
MCD Location Bias 9.499 0.008 0.008 0.005 0.005 0.014 0.016 0.004 0.004 0.005

MSE 93.146 0.038 0.038 0.038 0.039 0.039 0.039 0.037 0.038 0.039

Scatter Bias 808.227 0.355 0.256 0.029 0.049 0.091 0.096 0.022 0.036 0.373
MSE 669715.2 0.704 0.705 0.423 0.446 0.451 0.465 0.416 0.44 0.714

MVE Location Bias 9.499 0.011 0.012 0.004 0.004 0.017 0.018 0.004 0.004 0.005
MSE 93.146 0.039 0.039 0.037 0.038 0.035 0.036 0.037 0.038 0.039

Scatter Bias 808.227 0.332 0.334 0.027 0.048 0.075 0.086 0.022 0.036 0.33
MSE 669715.2 0.641 0.643 0.418 0.44 0.415 0.442 0.416 0.44 0.652

GK Location Bias 9.499 0.012 0.014 0.004 0.004 0.018 0.019 0.004 0.004 0.008
MSE 93.146 0.043 0.044 0.037 0.039 0.036 0.036 0.037 0.038 0.043

Scatter Bias 808.227 0.269 0.269 0.02 0.024 0.075 0.083 0.022 0.036 0.271
MSE 669715.2 0.476 0.478 0.415 0.443 0.424 0.434 0.416 0.44 0.501

MM Location Bias 9.499 0.012 0.013 0.006 0.006 0.019 0.021 0.004 0.004 0.006
MSE 93.146 0.038 0.039 0.038 0.039 0.036 0.038 0.037 0.038 0.039

Scatter Bias 808.227 0.524 0.525 0.033 0.054 0.079 0.092 0.022 0.036 0.539
MSE 669715.2 0.861 0.872 0.424 0.445 0.443 0.462 0.416 0.44 0.89

S Location Bias 9.499 0.009 0.011 0.006 0.006 0.017 0.019 0.004 0.004 0.006
MSE 93.146 0.037 0.037 0.038 0.039 0.037 0.038 0.037 0.038 0.04

Scatter Bias 808.227 0.537 0.541 0.022 0.032 0.077 0.087 0.022 0.036 0.541
MSE 669715.2 0.893 0.897 0.414 0.426 0.443 0.455 0.416 0.44 0.908

Table 5.13: Estimated bias and mean squared errors of exact one-step (GD, IRLS and
FS) and fully converged minimum DPD location-scale estimators for contaminated
normal datasets with p = 10.

(30, 30, . . . , 30)
′
and covariance matrix Ip; the contamination proportion being 10%.

For the multivariate t set-up, datasets are simulated from t-distribution with 5 degrees
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Initialization Parameter Accuracy MLE Density Power Weights 0 − 1 Weights Initial
Measures β = 0.05 β = 0.1 β = 0.3 Estimators

MCD Location Bias 0.003 0.008 0.008 0.008 0.007 0.007
MSE 0.02 0.02 0.02 0.023 0.023 0.024

Scatter Bias 0.024 0.012 0.011 0.005 0.009 0.026
MSE 0.057 0.061 0.063 0.073 0.082 0.094

MVE Location Bias 0.003 0.003 0.003 0.003 0.004 0.005
MSE 0.02 0.021 0.022 0.024 0.024 0.025

Scatter Bias 0.024 0.021 0.020 0.015 0.021 0.013
MSE 0.057 0.061 0.063 0.074 0.085 0.095

GK Location Bias 0.003 0.003 0.003 0.003 0.003 0.006
MSE 0.02 0.022 0.022 0.026 0.029 0.028

Scatter Bias 0.024 0.048 0.07 0.132 0.201 0.377
MSE 0.057 0.062 0.066 0.091 0.131 0.203

MM Location Bias 0.003 0.003 0.003 0.003 0.008 0.002
MSE 0.02 0.02 0.021 0.022 0.022 0.021

Scatter Bias 0.024 0.01 0.01 0.008 0.01 0.032
MSE 0.057 0.061 0.062 0.071 0.081 0.069

S Location Bias 0.003 0.003 0.003 0.004 0.004 0.003
MSE 0.02 0.021 0.021 0.025 0.024 0.035

Scatter Bias 0.024 0.014 0.017 0.022 0.042 0.014
MSE 0.057 0.061 0.064 0.082 0.092 0.137

Table 5.14: Estimated bias and mean squared errors of different weighted location-scale
estimators for pure normal datasets with data dimension p = 2.

Initialization Parameter Accuracy MLE Density Power Weights 0 − 1 Weights Initial
Measures β = 0.05 β = 0.1 β = 0.3 Estimators

MCD Location Bias 4.275 0.003 0.003 0.002 0.003 0.001
MSE 19.907 0.023 0.023 0.024 0.024 0.025

Scale Bias 161.670 0.002 0.018 0.073 0.061 0.438
MSE 27972.040 0.067 0.070 0.090 0.093 0.360

MVE Location Bias 4.275 0.007 0.007 0.007 0.006 0.009
MSE 19.907 0.021 0.021 0.022 0.022 0.025

Scale Bias 161.670 0.005 0.017 0.072 0.068 0.445
MSE 27972.040 0.069 0.072 0.091 0.094 0.363

GK Location Bias 4.275 0.007 0.008 0.010 0.012 0.008
MSE 19.907 0.021 0.022 0.025 0.027 0.030

Scale Bias 161.670 0.037 0.054 0.101 0.149 0.294
MSE 27972.040 0.068 0.072 0.094 0.124 0.162

MM Location Bias 4.275 0.002 0.002 0.003 0.004 0.003
MSE 19.907 0.023 0.023 0.025 0.024 0.023

Scale Bias 161.670 0.005 0.015 0.056 0.053 0.313
MSE 27972.040 0.069 0.072 0.087 0.090 0.230

S Location Bias 4.275 0.002 0.002 0.004 0.003 0.005
MSE 19.907 0.023 0.024 0.026 0.025 0.032

Scale Bias 161.670 0.005 0.010 0.044 0.035 0.334
MSE 27972.040 0.069 0.072 0.093 0.095 0.316

Table 5.15: Estimated bias and mean squared errors of different weighted location-scale
estimators for contaminated normal datasets with data dimension p = 2.

of freedom of dimensions 2, 6 and 10 with respective sample sizes n = 100, 200 and

300, location vector 0p and scale matrix Ip (p is the data dimension).

Two accuracy measures are used to assess the performances of the aforesaid estima-

tors, namely the L2 bias and mean squared error. The empirical estimates of the bias
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Initialization Parameter Accuracy MLE Density Power Weights 0 − 1 Weights Initial
(p) Measures β = 0.05 β = 0.1 β = 0.3 Estimators

MCD Location Bias 0.004 0.005 0.005 0.007 0.005 0.005
MSE 0.03 0.03 0.031 0.035 0.032 0.033

Scatter Bias 0.02 0.017 0.016 0.016 0.025 0.05
MSE 0.21 0.213 0.223 0.274 0.25 0.281

MVE Location Bias 0.004 0.006 0.006 0.006 0.006 0.004
MSE 0.03 0.030 0.030 0.034 0.031 0.034

Scatter Bias 0.02 0.014 0.014 0.018 0.019 0.035
MSE 0.21 0.214 0.222 0.273 0.249 0.290

GK Location Bias 0.004 0.006 0.006 0.006 0.006 0.005
MSE 0.03 0.03 0.031 0.037 0.034 0.037

Scatter Bias 0.02 0.032 0.049 0.096 0.147 0.351
MSE 0.21 0.213 0.223 0.285 0.288 0.354

MM Location Bias 0.004 0.005 0.005 0.007 0.006 0.005
MSE 0.03 0.03 0.031 0.035 0.032 0.032

Scatter Bias 0.02 0.018 0.017 0.016 0.019 0.017
MSE 0.21 0.211 0.217 0.257 0.242 0.22

S Location Bias 0.004 0.005 0.005 0.007 0.006 0.006
MSE 0.03 0.03 0.031 0.036 0.032 0.035

Scatter Bias 0.02 0.019 0.02 0.019 0.028 0.016
MSE 0.21 0.212 0.219 0.268 0.247 0.254

Table 5.16: Estimated bias and mean squared errors of different weighted location-scale
estimators for pure normal datasets with data dimension p = 6.

Initialization Parameter Accuracy MLE Density Power Weights 0 − 1 Weights Initial
Measures β = 0.05 β = 0.1 β = 0.3 Estimators

MCD Location Bias 7.352 0.004 0.004 0.005 0.004 0.007
MSE 56.370 0.034 0.034 0.038 0.035 0.035

Scale Bias 483.993 0.014 0.018 0.069 0.026 0.382
MSE 242136.300 0.238 0.248 0.307 0.269 0.513

MVE Location Bias 7.352 0.002 0.002 0.002 0.003 0.008
MSE 56.370 0.033 0.034 0.037 0.034 0.034

Scale Bias 483.993 0.016 0.024 0.075 0.041 0.351
MSE 242136.300 0.238 0.247 0.303 0.267 0.470

GK Location Bias 7.352 0.002 0.002 0.002 0.004 0.009
MSE 56.370 0.033 0.035 0.041 0.038 0.039

Scale Bias 483.993 0.036 0.048 0.08 0.123 0.286
MSE 242136.300 0.234 0.245 0.305 0.300 0.329

MM Location Bias 7.352 0.003 0.003 0.003 0.005 0.005
MSE 56.370 0.034 0.035 0.039 0.034 0.035

Scale Bias 483.993 0.015 0.028 0.089 0.060 0.419
MSE 242136.300 0.238 0.247 0.305 0.270 0.525

S Location Bias 7.352 0.003 0.003 0.003 0.004 0.006
MSE 56.370 0.034 0.035 0.040 0.035 0.038

Scale Bias 483.993 0.015 0.026 0.084 0.046 0.425
MSE 242136.300 0.238 0.248 0.313 0.267 0.564

Table 5.17: Estimated bias and mean squared errors of different weighted location-scale
estimators for contaminated normal datasets with data dimension p = 6.

and mean squared errors of the estimators can be obtained in the following way. Let, µ̂i

and Σ̂i be the estimators of the location vector and the scale matrix from the i-th repli-

cation, 1 ≤ i ≤ 1000. We calculate the L2 norm of the bias and mean squared errors

as: bias of location estimators =
∣∣∣∣∣∣ 1

1000

∑1000
i=1 µ̂i − µ

∣∣∣∣∣∣
2
, MSE of location estimators =
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Initialization Parameter Accuracy MLE Density Power Weights 0 − 1 Weights Initial
Measures β = 0.05 β = 0.1 β = 0.3 Estimators

MCD Location Bias 0.005 0.005 0.005 0.006 0.005 0.006
MSE 0.033 0.034 0.035 0.042 0.036 0.037

Scatter Bias 0.022 0.018 0.017 0.028 0.028 0.071
MSE 0.366 0.374 0.392 0.502 0.416 0.459

MVE Location Bias 0.005 0.008 0.007 0.008 0.008 0.007
MSE 0.033 0.034 0.036 0.043 0.036 0.036

Scatter Bias 0.022 0.018 0.017 0.023 0.026 0.035
MSE 0.366 0.375 0.393 0.502 0.419 0.454

GK Location Bias 0.005 0.008 0.007 0.008 0.008 0.006
MSE 0.033 0.035 0.036 0.046 0.039 0.04

Scatter Bias 0.022 0.034 0.048 0.082 0.143 0.335
MSE 0.366 0.374 0.396 0.524 0.462 0.515

MM Location Bias 0.005 0.006 0.006 0.007 0.006 0.006
MSE 0.033 0.034 0.035 0.043 0.036 0.036

Scatter Bias 0.022 0.024 0.023 0.024 0.026 0.021
MSE 0.366 0.372 0.388 0.49 0.411 0.386

S Location Bias 0.005 0.006 0.006 0.007 0.006 0.006
MSE 0.033 0.034 0.036 0.043 0.036 0.036

Scatter Bias 0.022 0.024 0.024 0.024 0.028 0.021
MSE 0.366 0.373 0.39 0.497 0.413 0.403

Table 5.18: Estimated bias and mean squared errors of different weighted location-scale
estimators for pure normal datasets with data dimension p = 10.

Initialization Parameter Accuracy MLE Density Power Weights 0 − 1 Weights Initial
Measures β = 0.05 β = 0.1 β = 0.3 Estimators

MCD Location Bias 9.499 0.004 0.006 0.006 0.007 0.005
MSE 93.146 0.037 0.038 0.045 0.038 0.039

Scale Bias 808.227 0.019 0.028 0.085 0.028 0.373
MSE 669715.200 0.421 0.442 0.563 0.457 0.714

MVE Location Bias 9.499 0.006 0.006 0.005 0.007 0.005
MSE 93.146 0.038 0.039 0.046 0.039 0.039

Scale Bias 808.227 0.023 0.032 0.082 0.042 0.330
MSE 669715.200 0.414 0.433 0.547 0.448 0.652

GK Location Bias 9.499 0.006 0.006 0.006 0.007 0.008
MSE 93.146 0.038 0.04 0.05 0.043 0.043

Scale Bias 808.227 0.034 0.045 0.07 0.115 0.271
MSE 669715.200 0.409 0.431 0.561 0.484 0.500

MM Location Bias 9.499 0.005 0.004 0.004 0.010 0.006
MSE 93.146 0.038 0.038 0.045 0.038 0.039

Scale Bias 808.227 0.028 0.047 0.122 0.062 0.539
MSE 669715.2 0.419 0.439 0.566 0.453 0.890

S Location Bias 9.499 0.005 0.004 0.004 0.005 0.006
MSE 93.146 0.038 0.039 0.045 0.038 0.040

Scale Bias 808.227 0.027 0.045 0.120 0.063 0.541
MSE 669715.2 0.419 0.440 0.571 0.450 0.908

Table 5.19: Estimated bias and mean squared errors of different weighted location-scale
estimators for contaminated normal datasets with data dimension p = 10.

1
1000

∑1000
i=1

∣∣∣∣∣∣µ̂i − µ
∣∣∣∣∣∣2

2
, bias of scale estimators =

∣∣∣∣∣∣ 1
1000

∑1000
i=1 Σ̂i −Σ

∣∣∣∣∣∣
F
,

MSE of scale estimators = 1
1000

∑1000
i=1

∣∣∣∣∣∣Σ̂i − Σ
∣∣∣∣∣∣2
F
, where || · ||2 is the L2-norm and

|| · ||F is the Frobenius norm of a matrix. The estimated bias and mean squared errors
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Initialization Parameter Accuracy Density Power Weights 0 − 1 Weights Initial
(p) Measures β = 0.05 β = 0.1 β = 0.3 β = 0.5 Estimators

MCD Location Bias 0.001 0.002 0.002 0.003 0.002 0.005
MSE 0.029 0.027 0.026 0.027 0.031 0.031

Scatter Bias 0.017 0.032 0.076 0.1 0.143 0.269
MSE 0.139 0.109 0.092 0.104 0.134 0.156

MVE Location Bias 0.007 0.006 0.005 0.005 0.005 0.007
MSE 0.03 0.028 0.027 0.028 0.032 0.032

Scatter Bias 0.015 0.033 0.076 0.099 0.139 0.249
MSE 0.139 0.107 0.091 0.103 0.131 0.149

GK Location Bias 0.007 0.006 0.005 0.006 0.005 0.006
MSE 0.029 0.027 0.028 0.03 0.036 0.034

Scatter Bias 0.053 0.106 0.251 0.339 0.494 0.735
MSE 0.13 0.102 0.132 0.188 0.327 0.574

MM Location Bias 0.007 0.007 0.006 0.006 0.01 0.005
MSE 0.029 0.027 0.025 0.026 0.03 0.029

Scatter Bias 0.007 0.034 0.1 0.141 0.214 0.387
MSE 0.155 0.108 0.09 0.102 0.14 0.2

S Location Bias 0.007 0.007 0.007 0.007 0.012 0.005
MSE 0.029 0.026 0.026 0.029 0.033 0.035

Scatter Bias 0.01 0.04 0.113 0.154 0.232 0.372
MSE 0.153 0.106 0.096 0.12 0.171 0.222

Table 5.20: Estimated bias and mean squared errors of different one-step location-scale
estimators for multivariate t-datasets with data dimension p = 2.

Dimension Parameter Accuracy Density Power Weights 0 − 1 Weights Initial
(p) Measures β = 0.05 β = 0.1 β = 0.3 β = 0.5 Estimators

MCD Location Bias 0.007 0.005 0.007 0.008 0.008 0.005
MSE 0.041 0.038 0.039 0.044 0.046 0.041

Scatter Bias 0.022 0.052 0.148 0.201 0.318 0.596
MSE 0.441 0.323 0.314 0.391 0.461 0.579

MVE Location Bias 0.008 0.008 0.007 0.007 0.006 0.004
MSE 0.041 0.038 0.038 0.043 0.046 0.043

Scatter Bias 0.034 0.032 0.112 0.159 0.268 0.516
MSE 0.432 0.316 0.298 0.363 0.417 0.505

GK Location Bias 0.008 0.007 0.007 0.007 0.007 0.005
MSE 0.04 0.037 0.041 0.048 0.052 0.045

Scatter Bias 0.027 0.117 0.328 0.46 0.743 1.16
MSE 0.407 0.301 0.364 0.518 0.826 1.458

MM Location Bias 0.004 0.004 0.005 0.006 0.007 0.006
MSE 0.04 0.036 0.036 0.041 0.043 0.037

Scatter Bias 0.041 0.026 0.128 0.19 0.325 0.594
MSE 0.435 0.321 0.29 0.355 0.425 0.517

S Location Bias 0.004 0.004 0.005 0.006 0.006 0.006
MSE 0.04 0.036 0.037 0.043 0.044 0.038

Scatter Bias 0.037 0.033 0.139 0.193 0.321 0.588
MSE 0.43 0.317 0.305 0.386 0.446 0.533

Table 5.21: Estimated bias and mean squared errors of different one-step location-scale
estimators for multivariate t-datasets with data dimension p = 6.

of the location and scale exact one-step gradient descent, IRLS and Fisher’s scoring

estimators are tabulated in Tables 5.8-5.13. Those of the generalized weighted (with

the density power weights, and traditional 0 − 1 weights) estimators and the initial

estimators are tabulated in Tables 5.14-5.19 for pure and contaminated multivariate
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Dimension Parameter Accuracy Density Power Weights 0 − 1 Weights Initial
(p) Measures β = 0.05 β = 0.1 β = 0.3 β = 0.5 Estimators

MCD Location Bias 0.004 0.004 0.005 0.006 0.005 0.007
MSE 0.041 0.038 0.045 0.061 0.05 0.047

Scatter Bias 0.133 0.027 0.194 0.297 0.496 0.88
MSE 0.813 0.554 0.605 0.92 0.836 1.125

MVE Location Bias 0.006 0.007 0.009 0.011 0.007 0.007
MSE 0.041 0.038 0.043 0.057 0.049 0.046

Scatter Bias 0.127 0.022 0.157 0.259 0.421 0.725
MSE 0.805 0.552 0.554 0.829 0.748 0.894

GK Location Bias 0.006 0.007 0.009 0.012 0.008 0.005
MSE 0.041 0.038 0.048 0.069 0.057 0.047

Scatter Bias 0.072 0.11 0.401 0.622 0.991 1.482
MSE 0.756 0.523 0.681 1.171 1.461 2.386

MM Location Bias 0.002 0.002 0.005 0.008 0.006 0.005
MSE 0.042 0.039 0.044 0.059 0.049 0.04

Scatter Bias 0.134 0.026 0.161 0.254 0.42 0.735
MSE 0.833 0.56 0.551 0.831 0.738 0.82

S Location Bias 0.002 0.003 0.005 0.008 0.006 0.005
MSE 0.042 0.038 0.045 0.06 0.05 0.04

Scatter Bias 0.13 0.027 0.164 0.251 0.416 0.732
MSE 0.828 0.557 0.564 0.852 0.747 0.828

Table 5.22: Estimated bias and mean squared errors of different one-step location-scale
estimators for multivariate t-datasets with data dimension p = 10.

normal set-ups and in Tables 5.20-5.22 for the multivariate t-set-up.

We delineate the critical observations from the aforesaid simulation results in the

following points.

1. The simulation outputs in case of pure normal datasets for the maximum like-

lihood, exact one-step (GD, IRLS and FS), fully converged minimum DPD and

the initial estimators are tabulated in Tables 5.8, 5.10, and 5.12, while those of

the generalized weight based (density power and 0 − 1 weights) and the initial

estimators are tabulated in Tables 5.14, 5.16 and 5.18. As expected from the

angle of statistical efficiency, the maximum likelihood estimators of location and

scale become the best among all the estimators in terms of the estimated bias

and mean squared errors. Additionally, the exact one-step (especially the IRLS

based), density power weight based and fully converged minimum DPD estima-

tors are found to have less bias and mean squared errors as compared to both

the initial as well as the 0− 1 weight based one-step estimators.

2. The simulation outputs in case of contaminated normal datasets for the maxi-

mum likelihood, exact one-step (GD, IRLS and FS), fully converged minimum

DPD and the initial estimators are tabulated in Tables 5.9, 5.11 and 5.13 while

those of the generalized weight based (density power and 0− 1 weights) and the
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initial estimators are tabulated in Tables 5.15, 5.17 and 5.19. The maximum

likelihood estimators perform in the poorest manner following its non-robust na-

ture while all of the remaining estimators are found to be quite resistant towards

contamination. All of the exact one-step and generalized weight based (density

power and 0− 1 weights) estimators are found to improve the initial estimators

in terms of the estimated bias and mean squared errors; the improvement being

significant especially in case of scale (covariance matrix in case of multivariate

normality) estimators.

3. The exact-one step gradient descent estimators are found to perform similarly

to the respective initializations, whereas, the exact one-step Fisher’s scoring es-

timators are a little more biased (although the estimated mean squared errors

are comparable with exact one-step IRLS and fully converged minimum DPD

estimators). Thus, it can be concluded that the exact one-step IRLS estimators

have a superior performance as compared to the remaining exact one-step (GD

and FS) estimators.

4. Observing the outputs of both pure and contaminated normal models, it can

be aggregatively concluded that the exact one-step IRLS and the density power

weight based estimators have similar precisions and they can improve either of

the initial or the 0− 1 weight based and the remaining exact one-step estimators

in terms of bias and mean squared errors.

5. The simulation outputs in case of the multivariate t datasets can be found in Ta-

bles 5.20, 5.21 and 5.22. Similar patterns can be observed in case of multivariate

t simulation set-ups, i.e., our density power weight based method can achieve less

bias and mean squared errors compared to both initial and 0 − 1 weight based

one-step estimators for almost all the initializations with low β values (0.1, in

particular).

5.5 Real Data Examples

We now illustrate our proposed methodologies through modelling three real life datasets.

In particular, we model two univariate datasets (viz., the mice lifetime dataset and

breaking strength dataset) through the exact one-step methodologies and one multi-

variate dataset (viz., the heart failure dataset) through the generalized density power
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weight based and traditional 0− 1 weight based methodologies.

5.5.1 Mice Lifetime Data

The mice lifetime dataset contains information about 38 lifetimes (in number of days)

of male mice who received radiation dose of 300 rads at the age of 5 − 6 weeks. The

dataset was originally published in Hoel (1972) [73] and republished in Kalbfleisch and

Prentice (1980) [83]. We are working on this dataset as reported in Boudt et al. (2011)

[16] who analysed the same using a suitable Weibull distribution. The histogram of

the dataset is presented in Figure 5.3. It is evident from the same that there are three

distant observations, viz., 317, 318 and 337 towards the left tail of the dataset. We

utilize the exact one-step Newton-Raphson and gradient descent procedures assuming

a Weibull model and a normal model, separately.

The exact one-step Newton-Raphson (with β = 0.1) and gradient descent estimators

(with β = 0.3) of the unknown parameters k and λ are derived (with the initialization

described in (5.19)) assuming a Weibull model to fit this dataset. The fitted density

curves with the aforesaid estimators are presented in Figure 5.3. Although these fitted

densities can capture the right tail of the data accurately, the left tail could not be

properly fitted because of the distant observations. Consequently, the fitted densities

also deviate from the histogram around the mode. If we ignore the distant observations

from the data, the remaining observations, however, obey an approximate bell-shaped

pattern. Following this observation, we also fit these data with the exact one-step

Fisher’s scoring estimators (with β = 0.3) of µ and σ2 based on a normal model. This

density (presented in Figure 5.3) is found to fit the histogram more accurately (in

comparison with the Weibull fits) by downweighting the distant observations towards

the left tail.

5.5.2 Breaking Strength Data

The breaking strength data consist of the information about the breaking strengths of

64 single carbon fibres (SCF, tested under tension at gauge length of 10 mm). The

dataset was originally published in Barber and Priest (1982) [6]. Aydin et al. (2018)

[5] later worked on this dataset using a reparametrized version (location-scale) of the

shifted Gompertz distribution. The histogram of the original dataset is presented in

the left panel of Figure 5.4 which presents the positively skewed nature of this dataset.

Following this, we fit the usual shifted Gompertz model with our exact one-step esti-
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Figure 5.3: Different fits on the mice lifetime data.

mators and the usual maximum likelihood estimators on this dataset. It is also to be

noted that, there is no potentially outlying observation in this dataset. To understand

the robustness of our exact one-step estimators, we thus artificially contaminate the

dataset with six more observations (viz., 8.461, 8.258, 8.979, 8.409, 9.128 and 8.857)

and fit the shifted Gompertz model based on the exact one-step estimators and the

usual maximum likelihood estimators again for this artificially contaminated dataset.

For the original dataset, we first determine the maximum likelihood estimators of these

parameters using the “optim” function in R software (R core team (2018) [123]). These

estimators will then be used as initial estimators for deriving our exact one-step estima-

tors for both the original and the artificially contaminated datasets and for computing

the maximum likelihood estimators in case of the artificially contaminated dataset.
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Figure 5.4: Different density fits of the breaking strength data.

For the original data (presented in the left panel of Figure 5.4), the maximum

likelihood fit and the exact one-step fits (both Newton-Raphson and gradient descent

with β = 0.1) coincide with each other and each one of them can capture the shape

of the histogram almost accurately. However, the maximum likelihood fit (right panel

of Figure 5.4) in case of the artificially contaminated data is influenced by the con-

tamination and consequently produces a longer right tail towards the contaminating

observations. But our exact one-step estimators (both Newton-Raphson and gradient

descent with β = 0.3) can capture the actual shape of the histogram successfully by

effectively downweighting the outlying observations.

5.5.3 Application to Prediction on Survival of Patients with Heart Failure

Here we illustrate our generalized weight based (density power and 0 − 1 weights

based) one-step methods with a multivariate real data example through predicting the

survival possibilities of patients with heart failure based on certain clinical attributes,

namely, creatinine phosphokinase, ejection fraction, platelets, serum creatinine and

serum sodium. The original dataset1 [26] consists of some more attributes, such as

age, smoking habit, anaemic, diabetic and blood pressure status, gender and follow-up

1Source: https://archive.ics.uci.edu/dataset/519/heart+failure+clinical+records
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times of 299 patients. However, we have not used these attributes as our methods deal

with continuous probability models. Let us first visualize the data through box plots

of individual clinical attributes in Figure 5.5. The existence of outliers is evident from

the box plots in Figure 5.5 which suggests the need for robust classification tools to

analyse the dataset.
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Figure 5.5: Box plots of individual attributes.

Our goal is to predict whether a patient who have suffered from heart failure will

survive by assessing their aforementioned five continuous clinical components. To do

that, we utilize the standard Bayes classification rule with the generalized one-step

estimators and the initial robust estimators of location and scale.

Precisely, we consider 100 random splits of the data into training and test subsets

with 80% training and 20% test weights, respectively. Assuming joint multivariate
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normality of the continuous clinical attributes, the unknown parameters of the two

classes (who faced heart failures and who have not) are estimated using the general-

ized one-step and the robust initial estimation procedures (along with the non-robust

maximum likelihood estimation) from the training subsets. These estimators are then

utilized to construct the Bayes classification rule and apply it on the test subset obser-

vations and the estimated misclassification rates are computed. The average estimated

misclassification rates are then obtained from the aforesaid 100 different random splits

of the dataset. However, Chicco and Jurman (2020) [26] analysed this dataset and

it was found that two of the clinical attributes, namely, the ejection fraction and the

serum creatinine can predict the survival of patients with heart failure more accurately

than the full set of covariates. Thus, we also develop the classification rule using only

these two clinical features and observed the same, that is, an enhanced accuracy in

classification (decreased misclassification rates). The estimated misclassification rates

are presented in Table 5.23. The classification rule constructed by the density power

weight based one-step estimators (with MVE initialization) are found to be the most

accurate one in predicting the survival of patients with heart failure using only the

ejection fraction and the serum creatinine.

Estimators One-step Weights β-values Estimated Misclassification Rates
All the five attributes Ejection Fraction and Serum Creatinine

MLE 0.302 0.291

MCD Initial 0.341 0.260
Density Power 0.1 0.295 0.243

0− 1 0.296 0.255

MVE Initial 0.271 0.251
Density Power 0.3 0.307 0.238

0− 1 0.298 0.253

S Initial 0.277 0.244
Density Power 0.1 0.292 0.245

0− 1 0.305 0.253

Table 5.23: Estimated misclassification rates using all the five clinical attributes as
well as only ejection fraction and serum creatinine.

5.6 Appendices

5.6.1 Proof of Theorem 5.1

Proof. The proof is based on the Taylor series expansion of the individual components

of the vector ∇ Dβ(θ̂0) around the true parameter value θ0. For i = 1, . . . , m, let us
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consider the following Taylor series expansions:

∂

∂ θi
Dβ(θ)

∣∣∣
θ̂0

=
∂

∂ θi
Dβ(θ)

∣∣∣
θ0

+
m∑
j=1

(θ̂0j − θ0j)
∂2

∂ θj∂ θi
Dβ(θ)

∣∣∣
θ0

+
m∑

j,j′=1

(θ̂0j′ − θ0j′)(θ̂0j − θ0j)
∂3

∂ θj′∂ θj∂ θi
Dβ(θ)

∣∣∣
θ∗i

(5.32)

, where θ = (θ1, . . . , θm)
′
, θ̂0 = (θ̂01, . . . , θ̂0m)

′
and θ∗i is a point on the line segment

connecting θ̂0 and θ0. Now,

∂

∂ θi
Dβ(θ)

∣∣∣
θ0

= (1 + β)

∫
fβθ0

(x)
∂

∂ θi
fθ(x)

∣∣∣
θ0

dx− 1 + β

n

n∑
k=1

fβ−1
θ0

(Xk)
∂

∂ θi
fθ(Xk)

∣∣∣
θ0

p→ (1 + β)

∫
fβθ0

(x)
∂

∂ θi
fθ(x)

∣∣∣
θ0

dx− (1 + β)Efθ0

[
fβ−1
θ0

(X1)
∂

∂ θi
fθ(X1)

∣∣∣
θ0

]
= (1 + β)

∫
fβθ0

(x)
∂

∂ θi
fθ(x)

∣∣∣
θ0

dx− (1 + β)

∫
fβθ0

(x)
∂

∂ θi
fθ(x)

∣∣∣
θ0

dx = 0,

as n → ∞, where the in probability convergence of the second term follows from the

weak law of large numbers (WLLN). Thus,

∂

∂ θi
Dβ(θ)

∣∣∣
θ0

p→ 0 (5.33)

216



as n → ∞. To handle the second term in Equation (5.32), let us observe that for

i, j ∈ {1, . . . , m},

∂2

∂ θj∂ θi
Dβ(θ)

∣∣∣
θ0

= β(1 + β)

∫
fβ−1
θ0

(x)
∂

∂ θj
fθ(x)

∣∣∣
θ0

∂

∂ θi
fθ(x)

∣∣∣
θ0

dx+ (1 + β)

∫
fβθ0

(x)
∂2

∂ θj∂ θi
fθ(x)

∣∣∣
θ0

dx

− (1 + β)(β − 1)

n

n∑
k=1

fβ−2
θ0

(Xk)
∂

∂ θj
fθ(Xk)

∣∣∣
θ0

∂

∂ θi
fθ(Xk)

∣∣∣
θ0

− (1 + β)

n

n∑
k=1

fβ−1
θ0

(Xk)
∂2

∂ θj∂ θi
fθ(Xk)

∣∣∣
θ0

p→ β(1 + β)

∫
fβ−1
θ0

(x)
∂

∂ θj
fθ(x)

∣∣∣
θ0

∂

∂ θi
fθ(x)

∣∣∣
θ0

dx+ (1 + β)

∫
fβθ0

(x)
∂2

∂ θj∂ θi
fθ(x)

∣∣∣
θ0

dx

− (1 + β)(β − 1)

∫
fβ−1
θ0

(x)
∂

∂ θj
fθ(x)

∣∣∣
θ0

∂

∂ θi
fθ(x)

∣∣∣
θ0

dx− (1 + β)

∫
fβθ0

(x)
∂2

∂ θj∂ θi
fθ(x)

∣∣∣
θ0

dx

= (1 + β)

∫
fβ−1
θ0

(x)
∂

∂ θj
fθ(x)

∣∣∣
θ0

∂

∂ θi
fθ(x)

∣∣∣
θ0

dx

which is finite by Assumption 5.1. Now, the consistency of θ̂0 (to θ0) implies

m∑
j=1

(θ̂0j − θ0j)
∂2

∂ θj∂ θi
Dβ(θ)

∣∣∣
θ0

p→ 0 (5.34)

as n→ ∞. The aforesaid manipulations also establish that,

∇2Dβ(θ0)
p→ F , (5.35)

where F = [[fij]]
m
i,j=1 and fij = (1 + β)

∫
fβ−1
θ0

(x) ∂
∂ θj

fθ(x)
∣∣∣
θ0

∂
∂ θi

fθ(x)
∣∣∣
θ0

dx which is

assumed to be positive definite (statement of Theorem 5.3). Now, to tackle the third

term, let us observe that,∣∣∣∣∣ ∂3

∂ θj′∂ θj∂ θi
Dβ(θ)

∣∣∣
θ∗i

∣∣∣∣∣ ≤ 1

n

n∑
k=1

∣∣∣ ∂3

∂ θj′∂ θj∂ θi
V (Xk,θ)

∣∣∣
θ=θ∗i

∣∣∣
≤ 1

n

n∑
k=1

Uj′ji(Xk)
p→ Efθ0 (Uj′ji(Xk))

<∞ (5.36)
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as a consequence of the weak law of large numbers and Assumption 5.4. While applying

Assumption 5.4, we assume a sufficiently large sample size n, so that, θ̂0 (and thus

θ∗i) is contained in Bϵ(θ0) for some ϵ > 0 with high probability as a consequence of

the consistency of θ̂0. The consistency of θ̂0 (to θ0) now implies

m∑
j=1

(θ̂0j − θ0j)
∂3

∂ θj′∂ θj∂ θi
Dβ(θ)

∣∣∣
θ∗i

p→ 0 (5.37)

as n→ ∞. The in probability convergences in (5.33), (5.34) and (5.37) imply ∂
∂ θi

Dβ(θ)
∣∣∣
θ̂0

p→ 0 ∀ i = 1, . . . , m which conclude that, ∇Dβ(θ̂0)
p→ 0 as n→ ∞.

5.6.2 Proof of Theorem 5.2

Proof. Consistency of θ̂GD follows immediately from the facts that

θ̂0
p→ θ0, and ∇Dβ(θ̂0)

p→ 0.

But, we need to show finite in probability limits of both∇2Dβ(θ̂0) and Efθ̂0
(∇2Dβ(θ̂0))

in order to establish consistency of θ̂NR and θ̂FS, respectively. Let us recall (5.35).

One can show that,

∇2Dβ(θ̂0)
p→ F and Efθ̂0

(∇2Dβ(θ̂0))
p→ F (5.38)

by considering the Taylor series expansions of each of the components of the aforesaid

quantities around θ0 with similar methodologies for establishing (5.35) and (5.37). This

will establish the consistency of θ̂NR and θ̂FS.

5.6.3 Proof of Theorem 5.3

Proof. We start with the following Taylor series expansions:

√
n
∂

∂ θi
Dβ(θ)

∣∣∣
θ̂0

=
√
n
∂

∂ θi
Dβ(θ)

∣∣∣
θ0

+
m∑
j=1

√
n(θ̂0j − θ0j)

∂2

∂ θj∂ θi
Dβ(θ)

∣∣∣
θ0

+
m∑

j′,j=1

√
n(θ̂0j′ − θ0j′)

∂3

∂ θj′∂ θj∂ θi
Dβ(θ)

∣∣∣
θ∗i

(θ̂0j − θ0j),

(5.39)
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∀ i = 1, . . . ,m. Assumption 5.5 and Remark 5.1 conclude
√
n(θ̂0 − θ0) converges

weakly to a normal distribution. Thus,

√
n(θ̂0j′ − θ0j′) = Op(1), ∀j′. (5.40)

By the consistency of θ̂0 (to θ0), (θ̂0j − θ0j) = op(1) and

∣∣∣∣∣ ∂3

∂ θj′∂ θj∂ θi
Dβ(θ)

∣∣∣
θ∗i

∣∣∣∣∣ < ∞

from (5.36). Hence the third term (in the expansion (5.39))

m∑
j′,j=1

√
n(θ̂0j′ − θ0j′)

∂3

∂ θj′∂ θj∂ θi
Dβ(θ)

∣∣∣
θ∗i

(θ̂0j − θ0j) = op(1). (5.41)

As a consequence of (5.41), we have,

√
n∇Dβ(θ)

∣∣∣
θ̂0

=
√
n∇Dβ(θ)

∣∣∣
θ0

+∇2Dβ(θ)
∣∣∣
θ0

√
n(θ̂0 − θ0) + op(1),

by representing the expansions in (5.39) in vector and matrix notations. From (5.35)

and (5.40),

∇2Dβ(θ)
∣∣∣
θ0

√
n(θ̂0 − θ0) = (F + op(1))

√
n(θ̂0 − θ0)

= F
√
n(θ̂0 − θ0) + op(1)

√
n(θ̂0 − θ0)

= F
√
n(θ̂0 − θ0) + op(1)Op(1) = F

√
n(θ̂0 − θ0) + op(1).

Thus,

√
n∇Dβ(θ)

∣∣∣
θ̂0

=
√
n∇Dβ(θ)

∣∣∣
θ0

+ F
√
n(θ̂0 − θ0) + op(1). (5.42)

In case of the one-step Newton-Raphson update,

√
n(θ̂NR − θ0) =

√
n(θ̂0 − θ0)−

(
∇2Dβ(θ)

∣∣∣
θ̂0

)−1√
n∇Dβ(θ)

∣∣∣
θ̂0

(5.43)

Following (5.38), we may write

(
∇2Dβ(θ)

∣∣∣
θ̂0

)−1

= F−1 + op(1).
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Thus, Equation (5.42) implies

√
n(θ̂NR − θ0) =

√
n(θ̂0 − θ0)− (F−1 + op(1))

(√
n∇Dβ(θ)

∣∣∣
θ0

+ F
√
n(θ̂0 − θ0) + op(1)

)
= −F−1

√
n∇Dβ(θ)

∣∣∣
θ0

− op(1)
√
n∇Dβ(θ)

∣∣∣
θ0

− op(1)F
√
n(θ̂0 − θ0)− op(1)

Let us note that,

√
n∇Dβ(θ)

∣∣∣
θ0

=
√
n
1

n

n∑
k=1

∇V (Xk,θ0) (from Equation (5.6))

d→ Nm(0,G(θ0)) (by the central limit theorem),

where, G(θ0) = V ar(∇V (X1,θ0)). Hence,
√
n∇Dβ(θ)

∣∣∣
θ0

= Op(1). Thus,

√
n(θ̂NR − θ0) = −F−1

√
n∇Dβ(θ)

∣∣∣
θ0

− op(1)Op(1)− op(1)Op(1)− op(1)

= −F−1
√
n∇Dβ(θ)

∣∣∣
θ0

− op(1).

Since, ∇Dβ(θ)
∣∣∣
θ0

is a sum of identically and independently distributed random vectors,

the application of the central limit theorem (along with the Slutsky’s theorem) now

implies that,

√
n(θ̂NR − θ0)

d→ Nm(0,Σ(θ0))

as n
d→ ∞, where, Σ(θ0) = F−1G(θ0)F

−1. By similar argument, it can be shown

that,

√
n(θ̂FS − θ0)

d→ Nm(0,Σ(θ0)).
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For the one-step gradient descent estimator,

√
n(θ̂GD − θ0) =

√
n(θ̂0 − θ0)− γ

√
n∇Dβ(θ)

∣∣∣
θ̂0

=
√
n(θ̂0 − θ0)− γ

√
n∇Dβ(θ)

∣∣∣
θ0

− γF
√
n(θ̂0 − θ0)− op(1) (Equation (5.42))

= (Im − γF )
√
n(θ̂0 − θ0)− γ

√
n∇Dβ(θ)
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θ0

− op(1)

= (Im − γF )
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n

(
1

n
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Z(Xk,θ0) + op(n
− 1

2 )

)
−
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n
1

n
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γ∇V (Xk,θ0)− op(1)
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√
n
1

n

n∑
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((Im − γF )Z(Xk,θ0)− γ∇V (Xk,θ0))− op(1)

=
√
n
1

n

n∑
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H (Xk,θ0)− op(1).

An application of the central limit theorem (with Slutsky’s theorem) concludes that,

√
n(θ̂GD − θ0)

d→ Nm(0,ΣGD(θ0)), ΣGD(θ0) = V ar(H (X1,θ0)).

This completes the proof.

5.6.4 Proof of Theorem 5.6

Proof. To understand this, let us first note that, h(r2) = 1

(2π)
p
2
e−

r2

2 in case of the

p-dimensional normal model. Since c∗ = ∞,∫ √
c∗

0

e−
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∫ ∞
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2
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)α
2

Γ
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)
, for α > 0.

Putting, α = p− 1, and α = p+ 1 we have
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p
2

Γ
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p
2

) ∫ ∞

0

e−
r2

2
(1+β)rp−1 dr =

2π
p
2

Γ
(
p
2

) 1√
2(1 + β)
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,
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so that, the consistency factor c1
c3

= 1 + β.

In case of the exact one-step (IRLS) estimator of scale, the constant multiplier (upto

the asymptotic extent by virtue of consistency of the initial estimators and WLLN)

was

ENp(µ0,Σ0)(w(X1,µ0,Σ0))

ENp(µ0,Σ0)(w(X1,µ0,Σ0))− β

(1+β)1+
p
2

=
ENp(µ0,Σ0)(e

−β
2
(X1−µ0)

′
Σ−1

0 (X1−µ0))

ENp(µ0,Σ0)(e
−β

2
(X1−µ0)

′Σ−1
0 (X1−µ0))− β

(1+β)1+
p
2

.

Now, (X1 − µ0)
′
Σ−1

0 (X1 − µ0) follows the χ
2(p) distribution, so that,

ENp(µ0,Σ0)(e
−β

2
(X1−µ0)

′
Σ−1

0 (X1−µ0)) = (1 + β)−
p
2 . This implies

ENp(µ0,Σ0)(e
−β

2
(X1−µ0)

′
Σ−1

0 (X1−µ0))

ENp(µ0,Σ0)(e
−β

2
(X1−µ0)

′Σ−1
0 (X1−µ0))− β

(1+β)1+
p
2

= 1 + β.

Thus, the constant multiplier in the right hand side of (5.22) and the consistency factor
c1
c3

are equal in case of normality under c∗ = ∞.

5.6.5 Elements of the Gradient Vectors and Hessian Matrices for Different

Distributions

The elements of the gradient vector and Hessian matrix in case of the univariate normal

model are as follows:

∂Dβ(µ, σ
2)

∂µ
= −1 + β

n

n∑
i=1

fβ(Xi, µ, σ
2)
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σ2
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)2
− 1
)2

+
(1
2
−
(Xi − µ

σ

)2)]]
.
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For the univariate Cauchy model,

∂
∫
f 1+β(x, µ, σ) dx

∂µ
= 0 (since this integral is free of µ),

∂
∫
f 1+β(x, µ, σ) dx

∂σ
= − β

πβσβ+1
E

[
1

(1 + Z2)β

]
,

∂2
∫
f 1+β(x, µ, σ) dx

∂2µ
= 0,

∂2
∫
f 1+β(x, µ, σ) dx

∂µ∂σ
= 0,

∂2
∫
f 1+β(x, µ, σ) dx

∂2σ
= −β(β + 1)

πβσβ+2
E

[
1

(1 + Z2)β

]
,

∂fβ(X,µ, σ)

∂µ
=

2β

πβσβ+2

X − µ[
1 +

(
X−µ
σ

)2]β+1
,
∂fβ(X,µ, σ)

∂σ
=

β

πβσβ+3

(X − µ)[
1 +

(
X−µ
σ

)2]β+1
,

∂2fβ(X,µ, σ)

∂2µ
=

2β

πβσβ+2

1[
1 +

(
X−µ
σ

)2]β+2

[
(2β + 1)

(
X − µ

σ

)2

− 1

]
,

∂2fβ(X,µ, σ)

∂µ∂σ
=

2β

πβσβ+3

(X − µ)[
1 +

(
X−µ
σ

)2]β+2

[
β

(
X − µ

σ

)2

− β − 2

]
,

∂2fβ(X,µ, σ)

∂2σ
=

β

πβσβ+2

1[
1 +

(
X−µ
σ

)2]β+2

[
(β − 1)

(
X − µ

σ

)4

− 2(β + 2)

(
X − µ

σ

)2

+ (β + 1)

]
.

For the Weibull model,

∂f(x, k, λ)

∂k
= f(x, k, λ)

[
1

k
+ log

(x
λ

)
−
(x
λ

)k
log
(x
λ

)]
,

∂f(x, k, λ)

∂λ
= f(x, k, λ)

k

λ

[
−1 +

(x
λ

)k]
,

∂2f(x, k, λ)

∂2k
=
∂f(x, k, λ)

∂k

[
1

k
+ log

(x
λ

)
−
(x
λ

)k
log
(x
λ

)]
− f(x, k, λ)

[
1

k2
+
(x
λ

)k (
log
(x
λ

))2]
,

∂2f(x, k, λ)

∂2λ
=

∂f(x, k, λ)

∂λ

k

λ

[
−1 +

(x
λ

)k]
− f(x, k, λ)

[
k

λ2
+ (k + 1)k

xk

λk+2

]
, and,
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∂k∂λ
=

[
−1 +

(x
λ

)k] [∂f(x, k, λ)
∂k

k

λ
+
f(x)

λ

]
+ f(x, k, λ)

k

λ

(x
λ

)k
log
(x
λ

)
.
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For the shifted Gompertz model,

∂f(x, σ, η)

∂σ
= f(x, σ, η)

[
1

σ
− x+ ηxe−σx − ηxe−σx

1 + η(1− e−σx)

]
,

∂f(x, σ, η)

∂η
= f(x, σ, η)

[
−e−σx + 1− e−σx

1 + η(1− e−σx)

]
,

∂2f(x, σ, η)

∂2σ
=
∂f(x, σ, η)

∂σ

[
1

σ
− x+ ηxe−σx − ηxe−σx

1 + η(1− e−σx)

]
+ f(x, σ, η)

[
− 1

σ2

− ηx2e−σx +
η2x2e−2σx

(1 + η(1− e−σx))2

]
,

∂2f(x, σ, η)

∂2η
=
∂f(x, σ, η)
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−e−σx + 1− e−σx

1 + η(1− e−σx)

]
− f(x, σ, η)

[
1− e−σx

1 + η(1− e−σx)

]2
,

∂2f(x, σ, η)

∂σ∂η
=
∂f(x, σ, η)

∂η

[
1

σ
− x+ ηxe−σx − ηxe−σx

1 + η(1− e−σx)

]
+ f(x, σ, η)

[
xe−σx − xe−σx

1 + η(1− e−σx)
+

ηxe−σx(1− e−σx)

(1 + η(1− e−σx))2

]
.
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Chapter 6

Concluding Remarks and Future Plans

6 Concluding Remarks and Future Plans

The principal focus of this thesis is to develop computationally efficient robust esti-

mation tools in the multivariate location-scale set-up and to apply them to design

sophisticated robust machine learning algorithms (e.g., clustering, classification and

anomaly detection). We have proposed three different approaches of robust estimation

following the minimum DPD philosophy in this purpose. They are illustrated with

various theoretical properties (asymptotic and robustness related), simulation experi-

ments, real data examples and applications in the domain of pattern recognition and

machine learning (such as clustering, classification, anomaly detection and image recon-

struction). Let us now present the concluding remarks and possible future directions

of these research works.

In case of the maximum pseudo β-likelihood estimation, we have proposed an algo-

rithm which robustly estimates the component weights, means and covariance matrices

of a mixture normal model and performs data clustering and anomaly detection in the

spirit of the minimum DPD philosophy. An IRLS algorithm for minimizing the DPD

has been developed (for multivariate normal models) based on which the MPLEβ algo-

rithm can robustly estimate the component means and covariance matrices. Theoretical

results including existence and consistency of the estimators have been derived under

certain technical assumptions. To explore the robustness of this method, we have stud-

ied the influence functions of our estimators and established the boundedness of the

influence functions. Simulation studies have been presented in terms of regular misclas-

sification error rates, proportion of undetected outliers, bias and mean squared errors

of the component mean and covariance matrix estimators. On an average, satisfactory

results have been obtained and our method worked has competitively or better than

many of the well-known robust clustering methods in case of pure and contaminated

datasets. We plan to investigate the following in our future research works.

Firstly, most of the tuning parameters in this work have been selected either sub-

jectively, or through ad-hoc ideas. This has been briefly discussed in Section 2.2.3.

This aspect of the MPLEβ method can possibly be improved, although it is a difficult
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problem because of the reasons mentioned. In future, we will endeavour to build so-

phisticated statistical tools which would lead to the automatic selection of data-driven

tuning parameters taking into account the (unknown) amount of anomaly in the data.

Secondly, the asymptotic results related to the proposed estimators have primarily

been considered in the context of mixtures of multivariate normals; the true unknown

distribution has been assumed to belong to the model family. A possible generaliza-

tion has been briefly discussed in Remark 3.2 under a specific additional assumption in

Chapter 3. In the future, it will be of interest to establish the theoretical results under

more general and relaxed assumptions. Thirdly, the NS constraint is crucial to prove

some of the theoretical results, and at the moment a proof which bypasses this condi-

tion is not available. However, it is required only for some very rare pathological cases

(discussed at the end of Section 2.2.1). In future, it will be among our primary goals

to develop a proof which avoids the use of the NS constraint given the ER constraint,

possibly by assuming some suitable moment conditions. Other possible future works

may include the study of breakdown points of the MPLEβ estimators, extension of the

MPLEβ algorithm to deal with subspace clustering and more real life applications in

the domains of pattern recognition and machine learning.

In case of sequential minimum DPD estimation, we have derived a robust and

asymptotically efficient method to estimate the location and scatter matrices of ellipti-

cally symmetric probability models. This estimation procedure is componentwise and

thus scalable to large dimensions. Computational scalability is the main motivation

behind developing this method and we hope that it will encourage practitioners to use

the sequential minimum DPD method over simultaneous minimization of the DPD in

large dimensions. We have established consistency and asymptotic normality of our

estimators and derived the influence functions and illustrated these aspects explicitly

under the assumption of normality. Finally, the simulation experiments have suggested

the positive features of our newly established method.

In future, it will be interesting to apply our newly proposed sequential procedure

in various machine learning, image analysis, finance and econometrics problems. This

method can also be extended to high dimensional set-ups which is still a quite difficult

statistical (and computational) problem. Apart from these applications, it will be

interesting to study the behaviours of both the ordinary and sequential minimum DPD

methods under cellwise contamination. We have provided one such example in Section

4.6.4. We plan to study the same in detail in a future work.
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Finally, we have studied different one-step versions of the minimum DPD estima-

tor and explored their theoretical properties. Four types of iterative methods have

been utilized, namely, Newton-Raphson, gradient descent, IRLS and Fisher’s scoring

methods. The Newton-Raphson and the Fisher’s scoring exact one-step estimators are

shown to have the same asymptotic normal distribution as that of the original (fully

converged) minimum DPD estimators under certain regularity assumptions. Addition-

ally, these one-step estimators involve reduced computational complexity which makes

it more preferable to practitioners. These methods are validated through simulation

experiments and two real data examples.

The one-step Newton-Raphson, gradient descent and the Fisher’s scoring estimators

do not have any statistical interpretation in general, but, the one-step IRLS estimators

are closely associated with the weighted sample mean and covariance matrix with data-

driven weights. Motivated by this observation, we have proposed a generalized one-step

methodology following the algebraic form of the exact one-step IRLS minimum DPD

estimators under normality. These estimators of location and scale are weighted sample

mean and a constant multiple of the weighted sample covariance matrix, respectively,

with density power weights. The theoretical properties of these newly proposed estima-

tors are discussed following Lopuhaä and Rousseeuw (1991) [98] and Lopuhaä (1999)

[100]. The method has further been validated and compared with the traditional 0− 1

weight based one-step estimators and the initial robust estimators through simulation

experiments and an application to prediction on survival of patients with heart fail-

ure via Bayes classification. Satisfactory results have been found in both simulation

experiments and the medical application.

In future, it will interesting to apply the computationally efficient one-step methods

for building up fast and robust classification, clustering and anomaly detection tools

which will be helpful to deal with real life problems from various domains, including

medical science, genetics and finance. We have proposed our one-step procedures in

standard multivariate set-ups. We plan to extend this idea to regression and gen-

eralized linear models in future. Extension of the one-step methods into standard

high-dimensional set-up with less computer intensive and highly robust initial estima-

tors will be helpful to analyse datasets with larger dimensions as compared to their

sample sizes. We hope to explore this in our future research endeavours.

We have assumed certain technical assumptions for the theoretical discussions and

certain model assumptions in case of modelling the real datasets in this thesis. Some
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remarks must be left in order to understand the testability of these assumptions. For de-

riving the theoretical properties of the proposed algorithms and estimators in this the-

sis, we have required to assume certain mathematical assumptions which were mostly

used in past research works.

For example, in Chapter 2, the eigenvalue ratio constraint was used earlier while

proving the theoretical properties of the TCLUST method (Garćıa-Escudero et al.

(2008) [58]). A vivid discussion on the eigenvalue ratio and non-singularity constraints

has been presented at the end of Section 2.2.1.

In Chapter 3, we have assumed Assumptions 3.1 and 3.2, both of which are technical

assumptions on the true and model cluster proportions (πj), respectively. In Assump-

tion 3.1, it is assumed that at least one of the true cluster proportions is strictly

greater than β

(1+β)1+
p
2
, which is expected in practice provided all the clusters are not

“too small”. A discussion on Assumption 3.2 is provided in Remark 3.1.

In Chapter 4, the first three assumptions (i.e., Assumptions 4.1-4.3) were also as-

sumed by Basu et al. (2011) [12]. We refer to Basu et al. (1998) [10] and (2011) [12] for

discussions on these assumptions. Assumptions 4.4 and 4.5 are similar to Assumption

4.3 where the bounds can be derived from the boundedness of the function ψ (in Equa-

tion 4.3). Assumption 4.6 assumes sufficient positive definiteness of the true unknown

covariance matrix which is quite natural to assume for avoiding non-singularity of the

same.

In Chapter 5, Assumption 5.1 becomes valid if the density f and its partial deriva-

tives with respect to the parameters are bounded above by some L1-integrable func-

tions, which is true at least for the normal distribution. Assumptions 5.2-5.4 were

primarily assumed by Basu et al. (2011) [12]. Assumption 5.5 essentially states that

the initial estimators are asymptotically normal (with a convergence rate of o(n− 1
2 ))

which is required to prove the asymptotic normality of the one-step estimators. This

property is satisfied by most of the robust estimators (e.g., MCD, S and many more)

which can be used as initial robust estimators for the computation of one-step updates

in order to achieve asymptotic normality of the one-step estimators.

In case of real data examples/applications, we have utilized certain probability

models (mostly normal) to fit them. We have chosen the suitable probability models

either following exploratory data analyses of these datasets or some past research works

have used these probability models to fit these datasets. For example, SLC dataset

(Chapter 3) was modelled by normal mixture models in Fujisawa and Eguchi (2006)
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[54], the mice lifetime dataset (Chapter 5) was modelled by the Weibull distribution in

Boudt et al. (2011) [16] and the breaking strength dataset (Chapter 5) was modelled

by a reparametrized version of the shifted Gompertz model in Aydin et al. (2018) [5].
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[96] Loève, M. (1977). Probability Theory I. Graduate Texts in Mathematics. Springer

New York. ISBN: 9780387902104.
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