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Answer all the questions but maximum you can score is 50.

(1) (a) If a > 0, then prove that lim, . a'/™ = 1. [5]
(b) Let f : R — R be a continuous function. If f(z) = f(z?), for all z € R,
then prove that f is a constant function. 5]

%
(2) (a) Suppose {a,} is a sequence of real numbers. If Z na, converges then prove

n=1
that the series Z na,,1 also converges. 6]

n=1

(b) Prove that for any « € (1,2), the series

o]
Z (n+ 1
n=1

converges. 6]

(3) Suppose f: R — R is a bounded, continuous function. Prove that there exists

19 € R, such that f(zy) = zo. 6]
(4) Let B be a bounded subset of R and f : B — R be uniformly continuous. Prove
that f(B) is a bounded subset of R. (6]
(5) Let f: (0,00) — R be a differentiable function. If lim f() =1 € R, then prove
T—H0
that lim f(z)/z = I. (6]
00

(6) Let f: R — R be a twice differentiable function and f@(z) > 0, for all z € R.
If f is a bounded function then prove that it is a constant function. 6]

(7) Let f :[0,1] — R be such that the third derivative f® is continuous on [0,1].
Suppose that f(0) = f/(0) = f@(0) = f/(1) = f@(1) = 0 and f(1) = 1. Prove
that there exists ¢ € (0,1) such that f®(c) > 24. 6]
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