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Abstract

In this thesis, we identify a few gaps in the existing methods of dimensionality reduc-
tion for data visualization and classification and propose some solutions to those as
summarized below.

Most of the data visualization methods do not learn any explicit function to project
high dimensional data to a lower dimension. To overcome the difficulty associated with
the absence of an explicit map, in Chapter 2, we propose a framework to estimate
explicit maps for data visualization in a supervised setting. The quality of output of
any regression-type system depends on the quality of the target data. However, even
for simple data, sometimes the target data for visualization may be severely distorted.
We present a framework that can significantly correct such distortions in the output
for data visualization.

For any supervised data visualization method the availability of target data is in-
dispensable, which limits the applicability of such methods. Another problem with
most of the methods is that they always produce some output given any input, even
when the test input is far from the “sampling window” of the training data. In Chap-
ter 3, using a fuzzy rule-based system (FRBS), we propose an unsupervised approach
to learn explicit maps for data visualization that addresses the previously mentioned
issues. The proposed method can project out-of-sample instances in a straightforward
manner. It can also refuse to project an out-of-sample instance when it is far away
from the sampling window of the training data. We have demonstrated the generality
of the proposed framework using different objective functions for learning the FRBS.

When a data set has significant differences between its class and cluster structure,
features selected considering only the discrimination between classes would lead to poor
clustering performance. Similarly, features selected considering only the preservation of
cluster structures would lead to poor classification performance. To address this issue,
in Chapter 4, we propose a neural network-based feature selection method that focuses
both on class discrimination and structure preservation. For large datasets, to reduce
the computational overhead we propose an effective sample-based method.

When a data set has class-specific characteristics, selecting a single feature subset
for the entire data set may not characterize the data correctly, although the classifier
performance may be satisfactory. To address this, in Chapter 5, we have proposed
class-specific feature selection (CSFS) schemes using feature modulators embedded in
a fuzzy rule-based classifier. The parameters of the modulators are tuned by minimizing
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a loss function comprising classification error and a regularizer to make the modulators
completely select or reject features in a class-specific manner. Our method is free from
the hazards of most of the existing CSFS methods, which suffer due to the use of one-
vs-all strategy. We have extended the CSFS scheme so that it can monitor class-specific
redundancy between selected features. We note here that data from a particular class
may have multiple clusters and different clusters may be effectively defined by different
subsets of features. To address this, finally, our CSFS framework is generalized to a
rule-specific feature selection framework.
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Chapter 1

Introduction

Dimensionality reduction methods transform high-dimensional data to a lower-dimension,
preserving the “relevant” information as much as possible. It is often an important and
necessary step when we need to deal with high dimensional real-world data such as
digital photographs, video sequences, functional magnetic resonance imaging (fMRI)
scans, mass spectrometric data, chemical data, biomedical data, text data, meteoro-
logical data, and financial data [6–11]. Even for data having moderate dimensions,
dimensionality reduction is often required for data visualization to get a better un-
derstanding of the characteristics of the data. Dimensionality reduction methods can
improve the performance of the decision-making systems, enhance their generalization
ability, and mitigate the curse of dimensionality, and other undesired properties of high-
dimensional data like the need for extra storage space and high processing time [12].
The key idea of dimensionality reduction is, given a P -dimensional data set, we try to
find a Q(Q < P ) dimensional representation of the data so that the target problem can
be solved satisfactorily using the Q-dimensional representation. Sometimes, the target
problem is known; such as regression, classification, clustering, or visualization, while
in some other cases, no target problem may be specified. In the latter case, dimension-
ality reduction can be done by preserving some properties of the high-dimensional data
in its lower-dimensional representation. Over the last few decades, with an increase in
the number of fields adopting machine learning (ML) based models, the importance of
dimensionality reduction methods has also increased. The performances of ML models
are greatly influenced by the data representations they use. Dimensionality reduction,
being a means of providing data representations effective for learning the models, is in
great demand [13]. One may wonder that in this era of AI-ML(Artificial Intelligence
and Machine learning) when large-scale models with billions of parameters trained on
massive data sets are not uncommon [14–17], is dimensionality reduction still rele-
vant? Yes, it is still relevant because many problems are not big data problems, for
many critical problems, such as healthcare, visualization is very important. For such
applications, users demand an interpretable system with explainability. Dimension-
ality reduction can help to achieve these goals. The research community is showing
interest in exploring dimensionality reduction in connection with emerging ML tools
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such as deep neural networks [18], convolutional neural networks [19], deep belief net-
works [20], transformers [13,21], deep generative models [22], and explainable artificial
intelligence [23]. Under this scenario, research for addressing the issues which are not
solved or solved with some limitations by the state-of-art dimensionality reduction
methods carries great relevance. In this thesis, we consider the dimensionality reduc-
tion methods primarily designed for visualization and classification. We have identified
some gaps and drawbacks in some of the existing body of work in dimensionality re-
duction. We propose some solutions for those gaps and drawbacks in this thesis. In
this context, we primarily use two computational intelligence tools, neural networks
and fuzzy systems [24–33]. In subsequent sections, we discuss some concepts related to
dimensionality reduction that are relevant to this thesis.

1.1 Categorization of dimensionality reduction approaches

Based on the reduction approach, dimensionality reduction schemes can be divided into
two broad categories: feature extraction and feature selection. We now formally define
dimensionality reduction. Let us denote the input space by X ⊆ RP , where, P is the
original dimension of the data. Let the feature set corresponding to input space be
{x1, x2, · · · , xP }. Let us denote the output space, i.e, the space where the data are
projected in lower dimension by Y ⊆ RQ, where, Q is the output dimension or reduced
dimension of the data and Q < P . Let the feature set corresponding to the output
space be {y1, y2, · · · , yQ}. Dimensionality reduction is a mapping ϕ : X 7→ Y. For a
point x ∈ X, its projection in lower dimension, y ∈ Y is given by y = ϕ(x).

1.1.1 Feature Extraction

Feature extraction generally constructs a smaller number of new features from the orig-
inal features. Feature extraction is more appropriate when the user does not care about
the physical meaning of the extracted features and focuses principally on preserving
some information e.g., variance and/or structure, present in the original data. We use
the word ‘generally’ because in a broader sense feature extraction can generate features
in a dimension higher than that of the input [34,35]. For example, for an image of size
M×N , the pixel values provide a feature vector in RMN . Now, for each pixel, using the
neighborhood information we can generate another M ×N features making the image
represented by a vector in R2MN . However, in this thesis, feature extraction always
refers to dimensionality reduction. Hence, we shall assume Q < P . In feature extrac-
tion, new features yks, where, k ∈ {1, 2, · · · , Q}, are constructed by either linear or
non-linear combinations of the original features xjs, where, j ∈ {1, 2, · · · , P}. When
yks are generated by linear combinations of xjs, the mapping ϕ is linear. Similarly,
when yks are generated by non-linear combinations of xjs, the mapping ϕ is non-linear.
Examples of linear methods include principal component analysis (PCA) [36], canonical
correlation analysis [37], linear discriminant analysis (LDA) [38], factor analysis [39],
locality preserving projections [40]. Note that these linear methods are not suitable
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for capturing information if the data set has non-linear structures. Some of the non-
linear feature extraction methods are Sammon’s projection [41], ISOMAP [42], Locally
linear embedding (LLE) [43], Laplacian Eigenmaps (LE) [44], autoencoder based meth-
ods [24], t-distributed stochastic neighbor embedding (t-SNE) [45], and Uniform Man-
ifold Approximation and Projection (UMAP) [46, 47]. Linear methods are extensively
used due to their simple geometric interpretations and computational properties [48].
However, non-linear methods find applications in real-world datasets that often have
non-linear structures. Apart from linear and non-linear, feature extraction methods
can also be categorized based on the parametric nature of the mapping function ϕ.
Some of the feature extraction methods are non-parametric, i.e., they map the original
input data into the lower dimensional output space implicitly. Given an input dataset
X, the non-parametric methods learn the corresponding lower dimensional output Y,
without learning the mapping ϕ explicitly. Sammon’s projection, ISOMAP, LLE are
examples of non-parametric feature extraction methods. On the other hand, there are
some feature extraction methods that learn ϕ and compute the lower dimensional rep-
resentations Y as y = ϕ(x), ∀ x ∈ X, y ∈ Y. These feature extraction methods are
called parametric methods or explicit mapping methods. PCA, LDA, and the autoen-
coder based method are examples of parametric feature extraction methods. Needless
to say, parametric methods can directly map unseen or new points to the lower dimen-
sional space through the available mapping ϕ whereas, non-parametric methods have
to recompute the projections with the augmented data, i.e., previously available points
along with the new points. Naturally, non-parametric methods are computationally
intensive compared to parametric methods in handling out-of-sample points. There are
also other advantages of parametric methods that we will discuss in Chapter 2 in a
relevant context. Whether ϕ be an explicit or implicit mapping function, to learn it
an objective function ψ is optimized. Usually, ψ is a function of the input dataset X,
and output dataset Y, if Y is available. If the objective function ψ does not contain
any local optima, the solution space is said to be convex, and hence the correspond-
ing feature extraction method is called a convex feature extraction method. Similarly,
when the objective function ψ contains local optima, the corresponding feature extrac-
tion method is non-convex. PCA, LDA, ISOMAP, and LLE are examples of convex
methods whereas, Sammon’s projection, autoencoder based method, t-SNE, UMAP are
examples of non-convex methods. Non-convex methods suffer from the presence of local
optima in the search space causing difficulty in finding the global optima. However,
some of the studies [10, 45] have shown that non-convex methods such as autoencoder
based method [49], t-SNE [45] perform better than convex methods. In some cases,
optimization of convex objectives is infeasible for large real datasets [45]. In Chapters
2 and 3 of our thesis, we deal with feature extraction based dimensionality reduction
methods.

1.1.2 Feature Selection

Feature selection chooses a subset of the original features to represent the data faithfully
for some intended task. The selected feature set, {y1, y2, · · · , yQ} ⊆ {x1, x2, · · · , xP }, is
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a subset of the original feature set. It is obvious that for feature selection, the mapping
ϕ is linear. We can represent the selected features as the following.

y1 = θ1,1x1 + θ1,2x2 + · · ·+ θ1,PxP

y2 = θ2,1x1 + θ2,2x2 + · · ·+ θ2,PxP
...

yQ = θQ,1x1 + θQ,2x2 + · · ·+ θQ,PxP

(1.1.1)

given, θk,j ∈ {0, 1},
∑

j θk,j = 1,
∑

k θk,j = 1, ∀k, j.
In feature selection, the aim is to learn {y1, y2, · · · , yQ}. Note that, learning {y1, y2, · · · , yQ}
implies learning the coefficients θk,js. So by default, the feature selection methods are
explicit mapping methods. When a data set is projected by feature selection, the re-
duced space maintains the identity of the original features. If the original features
carry some meaning, the selected features are also meaningful. This adds to the inter-
pretability of the underlying system that uses the selected features. Feature selection
methods require some criterion to measure the relevance of each feature. Once a fea-
ture selection criterion is decided, a procedure must be followed to find a subset of
the most relevant features. The procedures can be broadly classified into three groups:
filter, wrapper, and embedded methods. Filter methods rank the features and select
some highly ranked ones. These methods do not take any feedback from the predic-
tor system where its output is used. Having chosen a subset without any guidance
from the underlying predictor system, the filter methods may not produce optimum
subsets with respect to the predictor system [12, 50]. Fisher score or F score [51] and
mutual information [52, 53], normalized mutual information [53–56] are examples of
filtering criterion for filter based feature selection methods. In wrapper methods, the
feature selection criterion is the performance of the predictor system. The subset of
features that yields the highest score from the predictor is selected. To find the op-
timum feature subset, actually, all possible feature subsets need to be offered to the
predictor system. For P input features, to find the best subset, (2P -1) subsets need to
be evaluated. This makes the wrapper method infeasible when P is even moderately
high [12,50]. To overcome this difficulty different searching strategies such as best first
search, branch and bound, sequential search, hill climbing, simulated annealing, and
genetic algorithms have been used [12,57]. On the other hand, embedded methods per-
form feature selection in an integrated manner with the primary learning task i.e., they
learn the predictor system simultaneously while choosing the best subset for the predic-
tor system. Usually, embedded methods are more efficient than the other two families
of methods [12,50,57]. Some popular approaches of the embedded category are: prun-
ing based, decision tree based, and regularization based. Recursive feature elimination
with support vector machines (SVM) is an example of a pruning based method; CART,
C4.5, ID3 are examples of decision tree based methods; and least absolute shrinkage
and selection operator (LASSO), Elastic net are the examples of regularization based
embedded methods [12,58]. There are several embedded methods based on neural net-
works, fuzzy systems, and evolutionary computing [25–27, 30, 31, 33, 50, 59–61]. Note
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that, filter and wrapper methods choose subsets according to some score based on the
feature selection criterion, however, embedded methods optimize an objective function
to learn the predictor system as well as the required set of features. The objective
functions of the embedded feature selection methods can also be convex or non-convex,
although primarily non-convex. LASSO is an example convex method [12]. In Chapters
4 and 5 of our thesis, we deal with feature selection for classification based on neural
networks and fuzzy systems using the embedded framework.

1.2 Target tasks of dimensionality reduction methods

As discussed at the beginning of this chapter, when we reduce the dimensionality of the
data, there may or may not be an associated target problem. When there is no specified
target problem, the dimensionality reduction is done to get rid of redundant or noisy
information mainly to reduce the computational burden and the storage requirement.
However, in many cases, dimensionality reduction is a pre-processing step before a
pattern recognition task. In those cases, the aim of the dimensionality reduction is to
help the underlying pattern recognition task. The pattern recognition task at hand may
be a supervised or an unsupervised one. In the next subsections, we define unsupervised
and supervised pattern recognition and briefly elaborate on the two target problems
that we mainly deal with, in this thesis. We also present overviews of the approaches in
which the dimensionality reduction methods produce data representations to facilitate
the target applications.

1.2.1 Unsupervised

For an unsupervised pattern recognition task, the input data are not labeled or we
can say that no target outputs are provided. To recognize the patterns or structures
in the input data, no supervision is provided, and hence the corresponding task is
called an unsupervised task. Data visualization, compression, denoising, clustering,
association, mining, and information retrieval are some prominent unsupervised target
tasks of dimensionality reduction methods [62–65]. Among these unsupervised tasks, in
this thesis, we have explored and proposed dimensionality reduction methods for data
visualization. So, We briefly discuss it in the following.

Data visualization

Data visualization require representation of the information present in the data ef-
fectively through graphical means. The agenda for data visualization is to recognize
patterns/structures in the data through visual inspection. Clearly, we can not plot more
than three dimensions graphically. There are two broad approaches to data visualiza-
tion. In the first approach, the data is kept intact and some mechanisms are utilized to
display more than two dimensions graphically. Examples are parallel coordinates, tree
maps, and Chernoff face [66, 67]. The other approach is the dimensionality reduction
approach where high dimensional data are reduced to three or two dimensions with a



6 1.2. TARGET TASKS OF DIMENSIONALITY REDUCTION METHODS

view to keep the necessary information intact to the extent possible. Several dimen-
sionality reduction methods [11, 41, 45, 68–73] have been adapted as data visualization
tools. These dimensionality reduction methods are applied to reduce high dimensional
input data into two or three-dimensional data which are then graphically represented
in a scatter plot. In data visualization, we would like to discover the underlying struc-
tures and uncover the patterns present in the original data. To serve this purpose, the
dimensionality reduction methods should preserve some properties of the original data
in its lower dimensional representation. It is worth mentioning that linear methods are
less used as data visualization tools because most of the real datasets are expected to
have complex nonlinear structures. A linear method like PCA preserves the variance of
the data in the lower dimensional representation through linear projections. However,
it fails to project the nonlinear structures in the original data faithfully in the lower
dimensions.

The nonlinear dimensionality reduction methods for data visualization can be broadly
categorized on the property of the data they preserve in the lower dimensional pro-
jections. A group of dimensionality reduction methods aims at preserving inter-point
distances. Multi-Dimensional Scaling (MDS) [74], Sammons projection [41], curvilinear
component analysis [75], and curvilinear distance analysis [76] are examples of distance
preserving methods. Spectral dimensionality reduction methods such as LLE [43],
ISOMAP [42], LE [44], and maximum variance unfolding (MVU) [77] preserve some
properties on the spectrum of the neighborhood graph of the original data. These meth-
ods learn the underlying manifold of the data through the neighborhood graph [70].
Stochastic neighborhood embedding (SNE) [78], t-SNE [45] are methods whose ob-
jective is to preserve the neighborhood distribution of the original data in the lower
dimensional space. Another group of methods: self-organizing map, and generative
topographic map [79] focus on preserving the ‘geometric structure’ or topology of the
original data in the projected map. There are several other dimensionality reduction
methods that use different objectives for preserving relevant information to facilitate
visualization of the input data [28,47,49,80–83].

1.2.2 Supervised

For some pattern recognition tasks, the input data are labeled, i.e., the corresponding
target outputs are provided. The objective of supervised learning is to estimate the
parameters of a decision-making system using the labeled training data. This kind of
task is said to be a supervised learning task. All the supervised pattern recognition tasks
can be broadly divided into two: classification and regression or function approximation.
In our thesis, we have explored and proposed dimensionality reduction methods for the
classification tasks, hence, we discuss the classification problem next.

Classification

For a classification problem, the input consists of a set of instances where each in-
stance is associated with a label called class. The task is to train a decision making
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system that can assign a class to an unseen instance whose label is not known [84].
Mathematically, we could define the classification problem as follows. Let the set of
input instances be given by, an n × P matrix X = {xi ∈ RP }ni=1. Here, xi is a P
dimensional row vector of the form, xi = (xi1, xi2, · · · , xiP ). The collection of class
labels of X be Z = {zi ∈ {1, 2, · · · ,K}}ni=1, where, zi is the class label corresponding
to xi. Let the input space associated with the input data X be X. In classification, a
function Υ : X 7→ {1, 2, · · · ,K} is learnt to predict the class label of an instance x̂ with
unknown class label as Υ(x̂). Many of the problems, addressed by machine learning
or pattern recognition can be posed as classification problems. Speech recognition [85],
handwriting recognition [86], bio-metric identification [87], document classification [88],
image classification [89], sentiment analysis [90] are examples of real world applications
of classification. Dimensionality reduction, when applied as a preprocessing step in a
classification task, is expected to improve the classification performance in addition
to providing its usual benefits. Note that, for visualization, generally feature extrac-
tion based dimensionality reduction methods are adapted, but in classification, both
feature extraction and feature selection based methods are widely used to reduce the
data dimensionality. Non-parametric classifiers such as k nearest neighbors and prob-
abilistic neural networks perform poorly under low sampling density. These classifiers
benefit directly from the dimensionality reduction of the data as it increases the sam-
pling density [91]. For some classifiers, the objective is to generate a latent space via
a dimensionality reduction method that preserves the class discriminatory information
maximally. Linear discriminant analysis (LDA) is a popular feature extraction based
linear dimensionality reduction technique. LDA aims to find a projection that best
discriminates the classes by maximizing between-class scatter and minimizing within-
class scatter in the projection [92]. Several extensions of LDA were proposed to over-
come the drawbacks of LDA. Regularized LDA [93], LDA with generalized singular
value decomposition [94], null space LDA, orthogonal LDA [95] are examples of such
LDA extensions. Note that, all of these are dimensionality reduction methods (fea-
ture extraction) that exploit class-label information to ensure class separability. The
widely used non-negative matrix factorization (NMF) has been adapted to supervised
versions by many. There are two broad approaches. The first approach [96–98] de-
fines the objective function, taking into account a loss function involving class label as
used in classification along with the NMF loss. The second approach [99–101] specif-
ically involves the LDA objective i.e, minimizing within-class scatter and maximizing
between-class scatter with the NMF loss. Supervised versions of common manifold
learning algorithms [102–107] have been proposed to exploit the class labels to improve
classification performance. Feature selection based dimensionality reduction methods
are being used extensively for classification tasks. In feature selection, the identity of
the features remains as it is, making the associated classifier more comprehensible. We
have already mentioned that in a wrapper based feature selection, the feature selection
criterion is the performance of the underlying predictor system. For a classification
task, the predictor system is a classifier. Wrapper based methods use a classification
score to decide the optimum subset. Clearly, wrapper based methods target at finding
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the best performance of a classifier by choosing the optimum feature subset for it. The
embedded feature selection methods integrate the process of learning the classifier with
the process of learning the optimum feature subset for it. So, both the wrapper and
embedded feature selection methods reduce data dimensionality with the objective of
improving the associated classification performance. Filter based methods set a filter-
ing criterion for selecting or eliminating features and do not take any feedback from
the predictor system that will use the selected feaatures. However, for a classification
task, the filtering criterion may involve the class labels to improve the classification
performance. Fisher score or F score is one such filtering criterion. It assigns a high
score to a feature that shows similar values for the instances from the same class and
different values for the instances from different classes.

1.3 A few other relevant pattern recognition concepts

Let us briefly discuss some topics from pattern recognition so that the subsequent
contents of this thesis are easy to follow.

1.3.1 Regression

Regression analysis is a statistical technique for modeling relationships between some
variables. The aim of regression is to approximate a function that maps the independent
variables, called the predictors or explanatory variables to dependent variables, called
the response or target variables [108,109]. Mathematically we can define regression as,

yi = g(xi,b) + ei; i = 1, 2, · · · , n.

Here, {xi, yi; i = 1, 2, · · · , n}, the collection has n observations. xi represents the
values of predictors or explanatory variables for the ith observation. yi is the response
or target variable for the ith observation, ei is the error in estimating the response
yi. g() is the regression model. If g() is linear, it is defined using parameters b =
(b0, b1, b2, · · · , bP ). If xi is a single variable, the corresponding regression is called simple
regression and if xi is a set of multiple variables, the corresponding regression is called
multiple regression [110]. Similarly, if the response is composed of a single variable yi,
the regression is called single variate regression and when the response has multiple
components (yi1, yi2, · · · , yiQ), the regression is called multi-variate regression [111].
The most common practice is to take g() as a linear equation. This type of regression
is called linear regression. Assuming P predictors or explanatory variables, the linear
regression model is expressed as follows.

ŷi = b0 + b1xi1 + b2xi2 + · · ·+ bPxiP = bxT
i

ei = yi − ŷi

Here, xi = (xi1, xi2, · · · , xiP ) is a P dimensional row vector representing explanatory
variables for the ith observation. When the model g() is non-linear, the correspond-
ing regression is called nonlinear regression. g() could be a polynomial function, an
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exponential function, and so on. The work in Chapter 2 of our thesis involves the
polynomial regression as well as neural networks for learning an explicit map for di-
mensionality reduction. We have discussed the formulation of polynomial regression in
detail in Chapter 2.

Feature selection can be done by keeping the structures (clusters) present in the
data in view. In Chapter 4, we have proposed a method that tries to select features
maintaining both class and cluster structures. Hence for the sake of completeness, next,
we briefly introduce clustering.

1.3.2 Clustering

Clustering is an indispensable tool for artificial intelligence and its allied fields such
as image processing, pattern recognition, and data mining. Clustering is used to solve
problems of biology, banking, finance, marketing, weather and atmospheric science,
web search, recommendation, healthcare, urban development, privacy protection, and
so on [112,113]. clustering is an unsupervised task. Clustering refers to the partitioning
of an unlabeled dataset X into some sets, X1,X2, · · ·Xnc , such that members from the
same set are similar and members from the different sets are dissimilar; X =

⋃nc
i=1Xi;

Xi
⋂
Xj = ∅ [112]. Such clustering is known as crisp/hard clustering. There are

other families of clustering algorithms where a data point may belong to more than
one cluster. Such clustering where the sets may overlap, is known as soft clustering
[114,115].

Based on the approaches, clustering algorithms can be assigned to the following
categories [113,116].

� Partitional Clustering

� Hierarchical Clustering

� Density-Based Clustering

� Grid-Based Clustering

� Model-Based Clustering

The c-means (more commonly known as K-means) clustering [36], Gaussian mixture
model (GMM) [116] and fuzzy c-means clustering (FCM) [117] are the most widely used
clustering algorithms. The c-means and FCM are partitional clustering algorithms,
whereas, GMM is a model-based clustering algorithm [116]. The c-means clustering is
a hard clustering technique whereas GMM and FCM are soft clustering techniques [114]
as they produce a soft partition of the data.

In this thesis, our proposed methods primarily use two computational intelligence
tools, neural networks and fuzzy systems. This motivates us to briefly discuss the
computational intelligence tools.
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1.4 An introduction to some relevant computational in-
telligence tools

Computational intelligence (CI) tools or algorithms may be defined as a set of “nature-
inspired” algorithms used for modeling complex problems and generally, they can deal
with uncertain, imprecise, and incomplete knowledge [118,119]. The three most promi-
nent pillars of CI are evolutionary computation, fuzzy logic, and artificial neural net-
works. The methods based on all three fields are extensively used for reducing data
dimension by feature selection or extraction. There are several dimensionality reduc-
tion methods, based on both feature extraction and feature selection approaches that
employ evolutionary computation [61,120–124], fuzzy logic [29–33], and artificial neural
networks [24–28].

Now we will discuss two widely used computational intelligence tools- fuzzy rule
based system (FRBS) and multi-layer perceptron (MLP) which is a type of artificial
neural network. The following discussion will provide some foundation for the subse-
quent chapters as we have proposed models based on FRBS and MLP in our thesis.

1.4.1 Fuzzy Rule-Based System

FRBSs are widely used for building interpretable systems for complex problems in
various fields such as control engineering, robotics, and bioinformatics. FRBSs can
address uncertainty, imprecision, and non-linearity, the common aspects of a real-world
problem. The FRBS is an extension of the classical rule-based system, composed of
“If FA Then FC” type rules, where the antecedent FA and the consequent FC both
are fuzzy sets [125,126]. Let us define here, what fuzzy sets are. A classical set is based
on bivalent logic. Any instance would be a member or not be a member of a classical
set. In other words, for a classical set, memberships of its elements can be either 1 or
0. Fuzzy sets introduce degrees or grades of membership. A member of a fuzzy set
has a membership value in [0, 1]. In a fuzzy set, a membership function defines the
grade of memberships of its elements. So formally we may define that a membership
function on X is any function µ(x) : X 7→ [0, 1]; x ∈ X. We formally define a fuzzy set
A as A = {⟨x, µ(x)⟩|x ∈ X} [127]. The fuzzy set theory allows modeling the linguistic
variables and rules with natural language. With respect to rule structures there are
three types of FRBSs: Mamdani Assilian (MA) type, Takagi Sugeno Kang (TSK) type,
and classifier type [125,126].

In the MA model, both antecedent propositions and consequent propositions of a
rule are defined by linguistic variables. A rule here is of the following form.

If x1 is FA1 and x2 is FA2 and · · ·xP is FAP
Then y is FC .

where, xis and y are linguistic variables and FAis and FC are linguistic values. The
components of a MA model are shown in Fig. 1.1. A crisp input is fuzzified to lin-
guistic values through the fuzzification process. The fuzzified input is processed in the
inference engine according to a set of ‘If Then’ fuzzy rules. The fuzzy rules are stored
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Figure 1.1: The components of MA model

in rulebase (RB) and the corresponding definitions of the fuzzy sets and parameters of
the membership functions are stored in a database (DB). RB and DB together form the
knowledge base. The outputs from the inference engine are also linguistic values. They
are defuzzified to crisp values through the defuzzification process. The TSK model is
almost similar to the MA model, except here, the consequent does not involve any fuzzy
set rather the consequent is a function of the input variables. For the TSK model, a
rule is of the following form.

If x1 is FA1 and x2 is FA2 and · · ·xP is FAP
Then y = h(x1, x2, · · · , xP ).

Since there is a function at the consequent part for the TSK model, the output y
is a crisp value, no need to defuzzify it. However, for a given input, different rules
will produce different outputs which need to be aggregated to obtain the final rule-
base output. For classification rules, also the antecedent remains the same but the
consequents are class labels. Thus the classification rules take the following form.

If x1 is FA1 and x2 is FA2 and · · ·xP is FAP
Then class is k.

We note that the TSK model can also be used for classifications.
A TSK-type FRBS is used in the work proposed in Chapter 3 of our thesis. The

proposed FRBS generates a lower dimensional representation of input data preserving
the underlying manifold structure in an unsupervised learning setting. A brief working
principle of a TSK-type FRBS would be discussed in Chapter 3. We have also explored
FRBS as a classifier with an embedded feature selection mechanism in our work for
Chapter 5 of this thesis. The working details of FRBS as a classifier would be discussed
in Chapter 5.

1.4.2 Multi-layer Perceptron

An artificial neural network (ANN) is a tool that mimics the brain to some extent
for performing a task. An ANN comprises simple computing units called ‘neurons’ or
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Figure 1.2: Architecture of multi-layer perceptron network with two hidden layers

‘processing units’ that are interconnected to build a massive network. ANN can learn
from its environment and store the knowledge as the brain does [128]. A multi-layer
perceptron (MLP) is an ANN having layered architecture and of feedforward type. It
has one or more hidden layers between the input and output layers [128–130]. The
architecture of an MLP is shown in Fig.1.2. Let us discuss how an MLP learns from a
given input-output data set. Here we are considering the supervised learning paradigm.
So, the input data are provided with the corresponding target output. Let the input
data be X = {xi ∈ RP }ni=1,where, xi = (xi1, xi2, · · · , xiP ), a P dimensional row vector.
The target data be T = {ti ∈ RQ}ni=1, where, ti = (ti1, ti2, · · · , tiQ), an Q dimensional
row vector. ti is the output corresponding to xi. For a function approximation task,
ti would be the value of the function corresponding to the ith input instance xi. For a
classification task ti would be the class label vector of xi. Essentially the input layer
has P nodes, the same as the input dimension and the output layer has Q nodes, the
same as the dimension of the target outputs. Let the output obtained from the neural
network be Y = {yi ∈ RQ}ni=1, where, yi = (yi1, yi2, · · · , yiQ), a Q dimensional row
vector. The input layer is a fan-out layer. As the ith instance xi is applied to the MLP,
it fans out the input as it is. As per Fig.1.2, let us consider that the MLP has two
hidden layers with H1 and H2 number of nodes, respectively. Each circle in the hidden
layers and the output layer (Fig.1.2) is a neuron or processing unit. At each neuron,
the weighted inputs from the outputs of the previous layer are summed and the sum is
then applied to a special function called the activation function. The value produced
by the activation function is the output of a neuron. The outputs of the neurons in a
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layer are the input to each neuron of the next layer. Let the activation function of the
neuron be represented by S(). Some of the popular activation functions are sigmoidal,
hyperbolic tangent, radial basis functions, and rectified linear unit (ReLU) [131]. With
xi as the input to the MLP, the input to the kth node of the first hidden layer is given
by,

sik,1 =
P∑

j=1

wjk,1xij + wk,1 ; k = 1, 2, · · · , H1. (1.4.1)

wjk,1is the synaptic weight between the jth input node and the kth neuron of the first
hidden layer. wk,1 is the bias term for the kth neuron of the first hidden layer. The k th

neuron of the first hidden layer, passes the input sik,1 through an activation function.
Considering the sigmoidal activation function, the output of the kth neuron of the first
hidden layer is given by.

hik,1 =
1

1 + exp (−sik,1)
; k = 1, 2, · · · , H1. (1.4.2)

Similarly, the input and output of the lth neuron of the second hidden layer are respec-
tively given by

sil,2 =

H1∑
k=1

wkl,2hik,1 + wl,2 ; l = 1, 2, · · · , H2; (1.4.3)

hil,2 =
1

1 + exp (−sil,2)
; l = 1, 2, · · · , H2. (1.4.4)

where, wkl,2 is the synaptic weight between the kth node of the first hidden layer and
the lth neuron of the second hidden layer and wl,2 is the bias term for the lth neuron
of the second hidden layer. If there were more hidden layers, the inputs, and outputs
would be calculated in a similar way. For the MLP shown in Fig.1.2, the final output
signal yi = (yi1, yi2, · · · , yiQ) is calculated as

sim =

H2∑
l=1

wlmhil,2 + wm ; m = 1, 2, · · · , Q; (1.4.5)

yim =
1

1 + exp (−sim)
; m = 1, 2, · · · , Q. (1.4.6)

Thus, the instantaneous error for the ith instance is

Ei =

N∑
m=1

(tim − yim)2. (1.4.7)

The loss in (1.4.7) is the square-loss function. There are many different loss functions
that are used according to requirements and applications [132]. The synaptic weights of
an MLP are initialized randomly. During the learning phase, the weights are updated
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to reduce the loss. The back-propagation learning is one such learning paradigm that
is extremely popular for training an MLP [128–130]. MLPs are used in various pat-
tern recognition problems such as classification, regression, sequence generation, and
so on. In the study covered in Chapter 2 of this thesis, we have proposed a method
for learning an explicit map for dimensionality reduction employing MLP as a function
approximator. We have proposed an embedded feature selection scheme that simul-
taneously discriminates classes and preserves the cluster structure using an MLP in
Chapter 4 of our thesis.

1.5 Scope and organization of the thesis

As we have mentioned previously, our thesis broadly deals with the dimensionality re-
duction methods primarily designed for visualization and classification. In Chapters 2
and 3, we have proposed feature extraction based methods, and in Chapters 4 and 5,
we have proposed feature selection based methods. To be specific, in Chapters 2 and 3,
we have addressed some issues related to some common manifold learning algorithms,
a special category under the feature extraction methods [133]. As the common mani-
fold learning algorithms are widely used for data visualization, the application area for
Chapters 2 and 3 is data visualization. The works in Chapters 4 and 5 have proposed
feature selection methods for classification tasks but the methods in addition to focus-
ing solely on classification performance, handle some other important aspects. In the
following, we present chapter-wise brief discussions on the problem statements and our
contributions to solving those problems.

1.5.1 Chapter 2: Supervised learning of explicit maps with ability to
correct distortions in the target output for manifold learning [1]

Most manifold learning algorithms [42, 43, 77, 134] are non-parametric, they use unsu-
pervised approaches, and hence lack prediction capability. Some of these methods have
been adapted for out of sample points, but often they require the original training data.
We propose a framework to estimate an explicit map for manifold learning in a super-
vised setting. We consider outputs from an unsupervised manifold learning method as
the target in our supervised learning framework. However, even for simple data, often
the outputs (target) get severely distorted. For high-dimensional data, it is difficult
to assess and correct if the target data are distorted. To address these problems our
proposed method in this chapter contribute in the following way.

1. We propose a supervised framework for learning an explicit map for manifold
learning-based dimensionality reduction. Even if some of the target output data
are distorted versions of the underlying manifold structure and they violate the
actual neighborhood relationships for some regions, our model is capable of re-
moving the distortion and restoring the actual neighborhood structure to a great
extent. In this context, three variants of a structure-preserving regularizer have
been proposed.
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2. The proposed framework is a general one. We have explored the polynomial
function and MLP to learn the explicit maps but other machine learning tools
can also be used.

3. For high-dimensional data like image data, the model complexity of polynomial
function having degree three or more is enormous. Our model exploits the spatial
characteristics of image pixels and reduces the model complexity significantly.

1.5.2 Chapter 3: Nonlinear dimensionality reduction for data visual-
ization: An unsupervised fuzzy rule-based approach [2, 3]

Dimensionality reduction methods that are intended to be used as data visualization
tools in real-world problems should satisfy at least the following desirable characteris-
tics: D1: preserve the local geometry of the original data in the lower dimension; D2:
can make a faithful projection of test data points in a straightforward manner without
requiring the training data; D3: unsupervised in nature; D4: can refuse to project test
points which are coming from an area far from the “sampling window” of the training
data, and D5: are interpretable/understandable at least to some extent. Our proposed
methods in Chapter 2 although satisfy D1 and D2, but they do not satisfy D3, D4,
and D5. In this chapter, we propose a general framework for the unsupervised fuzzy
rule-based dimensionality reduction which enjoys the following advantages.

1. It is an unsupervised system, yet it learns an explicit parametric system for
projecting high dimensional data into a lower dimensional space. Thus, out-of-
sample instances can be projected in a straightforward manner.

2. It can refuse to project an out-of-sample instance, when it is far away from the
sampling window of the training data, i.e., the system is equipped with an ap-
propriate reject option. Most machine learning systems cannot do so.

3. The system is reasonably transparent as it is based on fuzzy reasoning, where each
rule-antecedent represents a small hyper-ellipsoidal region in the input space and
its consequent is a local linear function of the inputs.

4. Because of the structure of fuzzy reasoning, the generalization ability of the pro-
posed system is very good.

5. The proposed model is very robust to the initial condition.

6. It provides a general framework for fuzzy rule-based unsupervised dimensionality
reduction. We can use different objective functions to preserve different char-
acteristics of the original data in the projected space. For example, in [2], we
have used conventional Sammons’ Stress [41] as the objective function, and in [3]
we have used a modified form of Sammons’ Stress involving geodesic distances
among the input points.
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Finally, to the best of our knowledge, this is the first unsupervised method based on
fuzzy rules for nonlinear manifold learning. The proposed method performs better or
its performance is comparable to several state of-the-art non-fuzzy methods.

1.5.3 Chapter 4: Feature selection simultaneously preserving both
class and cluster structures [4]

Based on whether the class label information is used or not, feature selection methods
can be broadly classified as supervised and unsupervised. Supervised feature selec-
tion methods use the class label information and aim at selecting features that make
different classes discernible. Generally, these methods do not consider or ensure the
separability of the clusters, that may be present in the data, explicitly. On the other
hand, unsupervised feature selection schemes are generally used when the underlying
problem is not a classification problem, and naturally, class information is either not
available or not considered. These methods usually focus on preserving data distribu-
tion, e.g. cluster structures. However, for a dataset when class and cluster structures
are not identical or similar, the available supervised and unsupervised feature selec-
tion methods cannot guarantee reasonably high classification scores and good cluster
separability simultaneously. For a practical system, the data samples represented with
the selected features may be used in a classifier and also for clustering. For example,
given gene expression data for a set of cancers, users may want to develop a diagnostic
system (classifier) as well as to find subtypes (clustering), if present, of a given cancer.
We could not find any feature selection method that focuses both on class and cluster
separability. To bridge this gap, we propose a feature selection method, governed by an
objective function that consists of classification error and a regularizer to preserve the
cluster structure. With a proper choice of the multiplier to the structure-preserving reg-
ularizer, we choose a set of features that is good enough in terms of both classification
performance and structure preservation.

1.5.4 Chapter 5: Understanding the classes better with class-specific
and rule-specific feature selection, and redundancy control in a
fuzzy rule based framework [5]

Recently, several studies [135–142] have claimed that using class-specific feature subsets
provides certain advantages over using a single feature subset for representing the data
for a classification problem. Unlike traditional feature selection methods, the class-
specific feature selection methods select an “optimal” feature subset for each class.
Typically class-specific feature selection (CSFS) methods use one-versus-all (OVA) split
of the data set that leads to issues such as class imbalance, decision aggregation, and
high computational overhead. In this chapter, we propose a CSFS scheme embedded
in a fuzzy rule-based classifier (FRBC) that does not use the OVA strategy. Our main
contributions in this study are summarised as follows.

1. We propose an embedded CSFS method that is not based on the OVA strategy
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like most of the existing CSFS schemes. Thus, our method is free from the
weaknesses of the OVA strategy.

2. We propose a classifier framework that is defined by class-specific fuzzy rules
involving class-specific feature subsets.

3. Our method can monitor the level of redundancy in the selected features.

4. We also propose a generalized version of our class-specific feature selection method
that not only chooses different subsets for different classes but also, chooses differ-
ent subsets for different rules within a class if different substructures are present.

1.5.5 Chapter 6: Conclusions, limitations, and future scopes

In Chapter 6, we conclude our thesis by mentioning the limitations of the works done
and the potential areas for future works.
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Chapter 2

Supervised learning of explicit
maps with ability to correct
distortions in the target output
for manifold learning [1]

2.1 Introduction

A manifold is a topological space that locally resembles Euclidean space [143]. In
the real world, many high dimensional data sets may essentially lie on low dimen-
sional manifolds; i.e., the low dimensional manifold is embedded in a high dimensional
space. A class of non-linear feature extraction methods primarily used for visualization
is categorized as manifold learning. Manifold learning aims to identify the intrinsic
lower-dimensional structure or manifold on or around which the high dimensional data
points lie. Manifold learning algorithms are of great importance as they serve sev-
eral application areas such as aligning and clustering of gene network [144], 3D body
pose recovery [145], face recognition [146], and data visualization [147]. In manifold
learning for data visualization, the objective is to produce a low-dimensional (usu-
ally two or three) representation of the high-dimensional data by preserving the local
neighborhood (local geometry). Local Linear Embedding (LLE) [43], ISOMAP [42],
Laplacian Eigenmaps (LE) [134], Maximum Variance Unfolding (MVU) [77], Hessian
LLE (HLLE) [81], and Local Tangent Space Analysis (LTSA) [82] are some popular
manifold learning methods. However, these popular manifold learning methods are
non-parametric, i.e., they map the original input data into a lower dimensional output
space implicitly. The absence of an explicit map leads to various limitations. First,
the cost associated with projecting new/unseen test points is not O(1) as in the case of
explicit mapping methods. To generate outputs for the test points, an implicit method
repeats its whole process considering the training and the test points together lead-
ing to enhanced computational cost. Moreover, this demands the availability of the
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training data at the time of projecting a new test point. Second, for implicit methods
generalization ability cannot be analyzed. Third, no provision for constructing inverse
mapping functions in the case of implicit methods. For explicit maps, sometimes it
is possible to determine an inverse map at least locally. The availability of an inverse
map may determine pre-image for novel output points and help to get deeper insight
regarding the mapping. With the help of the inverse map, it is possible to obtain a
reconstructed version of the original inputs from the lower dimensional outputs. The
dissimilarity between the original and reconstructed input helps to analyze the infor-
mation preservation capability of the underlying mapping method [10,70].

To avoid the difficulties associated with the embedding of new points, for many of
the implicit manifold learning methods, out-of-sample extensions have been proposed
[70, 148–150]. But all of those extensions are not necessarily based on explicit maps.
Some of the out-of-sample extension methods need all the training points to predict
the outcome for new instances. These methods do not provide much improvement in
the computational and space requirements. On the other hand, explicit maps, store
the information extracted from the training data in the trained model. Storing model
parameters is generally much more space-efficient than storing the entire training set.
In [70] a general framework for finding explicit maps to deal with out-of-sample mapping
is proposed. In general, learning an explicit mapping function could be supervised or
unsupervised. A supervised approach requires the target or desired output. In the
considered problem the target output is the lower dimensional representation of the
high dimensional input produced by the concerned manifold learning algorithm. When
the target data are not at hand, the explicit map is to be learned in an unsupervised
framework. Examples of unsupervised explicit manifold learning methods are [3, 49,
83,151]. The authors of [151] proposed a framework for training a feed-forward neural
network with the objective function of the method t-SNE [45]. The study in [83]
presents a polynomial function-based explicit map which is learned by minimizing the
objective function of LLE. A “generalized autoencoder” was proposed in [49] which
incorporates the concept of manifold learning in the autoencoder framework. The work
in [3] explores a generalized fuzzy rule-based framework for manifold learning.

When low-dimensional target outputs corresponding to high-dimensional input points
are given, the task of learning an explicit map simply becomes a problem of “func-
tion approximation through regression”. In other words, given the input data matrix
X ⊂ RP and its corresponding lower-dimensional output data matrix Y ⊂ RQ,Q < P ,
the task at hand is to approximate the function ϕ : RP 7→ RQ. RP and Y are the
input space and the output space respectively. One may question if such a method
would perform well on future data points. As long as the input data points are gener-
ated from a time-invariant distribution, such a method would do a good job. In many
practical scenarios, we may easily generate Y for a given input data using a standard
manifold learning scheme but may not be interested to repeat the whole procedure
with X ∪ XNew, where XNew is the set of new input points. The procedure would
be more cumbersome if the new input points appear one by one separated by some
time interval but the lower-dimensional representation corresponding to a new point



2. EXPLICIT MAPS FOR MANIFOLD LEARNING 21

is to be produced as soon as it appears. To solve this problem, a possible way is to
train a parametric model with the aid of the input-output data set pair (X,Y). The
parametric model realizes the map ϕ explicitly and hence directly can estimate YNew.
There have been a few attempts [29,152] using neural networks and fuzzy logic to learn
such mappings for generating lower dimensional representation minimizing Sammon’s
stress function [41]. Note that Sammon’s stress function preserves inter-point distances
with more emphasis on short distances which leads to the preservation of some sort
of local structure but not really in a manifold learning sense. The methods proposed
in [28,153] illustrate supervised learning of explicit maps for manifold learning. In [153],
following [83] the mapping ϕ is considered a polynomial function. The target output Y
is generated using the graph embedding framework proposed in [154]. The coefficients
of the polynomial are estimated by minimizing the square loss with L1-regularizer. In
the autoencoder-based model in [28], the encoder is trained in a supervised framework
with the diffusion map [155] embedding of the input data as the target output Y.
Similarly, the decoder is trained to reconstruct the high-dimensional input from the
low-dimensional diffusion map embedding.

In this work, we consider a supervised framework to learn an explicit map that
embeds the high-dimensional input data into a lower-dimensional space preserving the
local neighborhood structure of the input. In other words, through supervised learning,
we aim to learn an explicit map that approximates the underlying manifold correspond-
ing to an input data set. In practice, the explicit map should be realized through a
nonlinear function to unfold the nonlinear input structure if any. As mentioned previ-
ously, [83] and [153] employed a polynomial-based regression model to build an explicit
map for manifold learning. Unlike MLP or fuzzy rule-based models, a polynomial
regression-based model leads to a convex objective function eliminating the chances
of obtaining a local minima as the solution. This motivates us to consider first the
polynomial model. However, the proposed approach is applicable to models like neural
networks and fuzzy systems also. When considering a supervised model an important
factor is the appropriateness or correctness of the target output data. Many of the
manifold learning algorithms are based on graph spectral decomposition of the neigh-
borhood graphs. These methods sometimes introduce some structural distortions or
disagreement of the neighborhood relationships between input and output, due to their
nature or improper choice of the neighborhood size [156]. So, when taking the outputs
of those methods as the target outputs in a regression-based model, even for the best
fit model those distortions/ disagreements would propagate in the output generated by
the model. This immediately raises a question, if that is true (which can be known
only for synthetic data) how can we fix the distortion? To address this we have added
a structure-preserving regularizer term to the usual square error loss function of the
regression model. As regularizers, we have chosen the loss function of the method Lapla-
cian Eigenmap [134] called the Laplacian with three variants of edge weighting functions
of the neighborhood graph or Laplacian graph to rectify the structural distortions and
restore the disturbed neighborhood relations, if any. The use of the Laplacian matrix
to characterize local structures for manifold learning is quite well established [157–159].
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The literature on the use of hypergraph Laplacian for various tasks that exploit neigh-
borhood relations is quite rich. For example, in [160] a hypergraph Laplacian is used
for image classification using a transductive learning framework. On the other hand,
Wu et al. in [161] used hypergraph Laplacian for image click prediction which is then
used for reranking of images. The overall objective function of our system including
the regularizer is convex and has a direct analytical solution. A unique characteristic
of this approach is that even when the target data have distortion (often it is the case),
the proposed system can rectify that to a great extent along with providing a prediction
system. In the case of image data, the dimension of the inputs is generally high which
not only causes computational burden but also demands a large number of training
instances. To address this issue, we have exploited the spatial characteristics of image
pixels, which reduces the number of learnable parameters significantly. The proposed
framework is quite general where in place of the polynomials, other explicit models can
be used. In this study, we have also implemented the framework with an MLP network
and shown its effectiveness on synthetic and image data sets. We can use other machine
learning models like radial basis function networks with the proposed framework.

2.2 Proposed Method

Let the input data be denoted by an n × P matrix, X =
{
xi ∈ RP

}n
i=1

. Here, xi

is a P -dimensional row vector of the form xi = (xi1, xi2, · · ·xiP ). We assume that
the input points xis essentially lie in a Q-dimensional manifold embedded in a P -
dimensional space, where Q < P . Since we consider a supervised setting, the target
outputs of our system, that is, the Q-dimensional representations corresponding to
X are available. Let the target output data be Y =

{
yi ∈ RQ

}n
i=1

, a matrix of size
n×Q. yi is a Q-dimensional row vector of the form yi = (yi1, yi2, · · · yiQ). The relation
between the input and output data points may be linear or non-linear. Even data
sets without labels or targets may have nonlinear structures, i.e., the data structure
cannot be well understood using linear projections of the high dimensional data to
lower dimensions. Of course, there are real-life data sets on which linear approaches
may work pretty well. However, non-linear function based models such as polynomials,
neural networks, and fuzzy systems are more general and can handle both linear and
non-linear structures. Hence, we consider the non-linear function that maps xi to yi

as an lth degree polynomial function. Let the estimated value of yi by the polynomial
function be ŷi. The m

th component, ŷim, of ŷi is given by,

ŷim =
∑

k=(k1,k2,··· ,kP )s.t.
kr∈I

0≤kr≤l,r=1 to P

0≤
∑P

r=1 kr≤l

bkmx
k1
i1 x

k2
i2 · · ·xkPiP (2.2.1)

where I is the set of non-negative integers, bkms are coefficients of the polynomial
function. Considering all Q components of ŷi, we can extend equation (2.2.1) to the
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following.

ŷi =

(∑
bk1x

k1
i1 x

k2
i2 · · ·xkPiP ,

∑
bk2x

k1
i1 x

k2
i2 · · ·xkPiP , · · · ,

∑
bkQx

k1
i1 x

k2
i2 · · ·xkPiP

)
(2.2.2)

The summation conditions in equation (2.2.2) are the same as the summation con-
dition in equation (2.2.1). They are omitted to keep the equation neat. An lth degree
polynomial function involves terms from the first degree to lth degree and a constant
term. Let T be the total number of possible terms of an lth degree polynomial. So we
can write a matrix B of size T × Q which is a collection of all coefficients bkms, for
m = 1 to Q and for all possible values of k, involved in the lth degree polynomial map.
We can effectively express (2.2.2) as the following.

ŷi =
(
1, xi1, xi2, · · · , xiP , · · ·xli1, xl−1

i1 xi2, · · ·xl−1
i1 xiP , · · · , xliP

)
B (2.2.3)

= aiB (2.2.4)

Let us define, A = {ai}ni=1, a n×T matrix and Ŷ = {ŷi}ni=1, a n×Q matrix. Then,

Ŷ = AB (2.2.5)

Under the supervised settings, the optimum values of the model parameters, i.e., the
coefficients of the polynomial map, B are obtained by minimizing the square error
involving the target outputs and the estimated outputs.

B∗ = argmin
B

Els (B) (2.2.6)

= argmin
B

1

2

n∑
i=1

∥yi − ŷi (B)∥2L2 (2.2.7)

= argmin
B

1

2

n∑
i=1

∥yi − aiB∥2L2 (2.2.8)

We can also express Els in terms of Y and Ŷ.

Els =
1

2
∥Y − Ŷ∥2F (2.2.9)

=
1

2
∥Y −AB∥2F (2.2.10)

As discussed earlier when target outputs Y are generated by any spectral manifold
learning algorithm or by any other manifold learning method there are chances of having
structural distortions, which can damage the neighborhood relationships in the lower-
dimensional representation. Unless the data are synthetically generated and effectively
lie in two or three dimensions, we would not be able to know if there are such distortions.
Any regression model that minimizes Els alone, at its best can learn the target data
perfectly. Consequently, the role of the target data becomes very important. However, if
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the target data suffer from any undesirable distortion, the regression model may not be
able to correct those distortions. For manifold learning, as we shall see, such distortions
happen. There could be many possible causes such as limitations of the model, improper
choice of neighborhood, and dependence on the initial condition. Our objective is to
deal with the distorted targets properly (without knowing explicitly which targets are
distorted) so that the identified regression model is not significantly affected by the
distorted targets and the regression outputs corresponding to the distorted targets are
corrected.

To address this problem, we propose the addition of a suitable local structure-
preserving regularizer with the square error term. Thus, in addition to the targets,
we also exploit the information on the distribution of the inputs to modify the loss
function. The regularizer that we use has the following form.

Ereg =
1

4

n∑
i=1

n∑
j=1

∥ŷi − ŷj∥2L2wij . (2.2.11)

This expression in (2.2.11) is used in [134] as an objective function for manifold learning.
An edge weight of the neighborhood graph wij is a function of xi and xj and captures
the local geometry of the data. The collection of wijs for i = 1 to n and j = 1 to n,
defines an n × n matrix W with (i, j)th entry as wij . In [134], wij is realized using a
Gaussian function and a simple 1-0 function. We have explored three variants of wij .
We use the Gaussian function, given in (2.2.12) along with two other functions: the
inverse quadratic, given in (2.2.13), and inverse sub-quadratic, given in (2.2.14).

wij = exp

{
−
∥xi − xj∥2L2

2σ2

}
if xj ∈ N(xi)

= 0 otherwise
(2.2.12)

wij =
1

1 + γ∥xi − xj∥2L2
if xj ∈ N(xi)

= 0 otherwise
(2.2.13)

wij =
1√

1 + γ∥xi − xj∥2L2
if xj ∈ N(xi)

= 0 otherwise

(2.2.14)

N(xi) is a defined neighborhood around xi. For all three variants of W, defined in
(2.2.12), (2.2.13), and (2.2.14), the value of wij corresponding to two input points, xi

and xj is the maximum (equals to 1) when they are coincident. As the distance between
xi and xj increases, the value of wij falls off gradually and becomes zero when xi and
xj are not within the predefined neighborhood. Due to this nature, the regularizer
error function Ereg in (2.2.11), tries to place the nearby input points close and distant
input points far apart in the generated lower-dimensional map. The overall objective
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function that we minimize is the following.

E = αEls + βEreg

=
α

2
∥Y − Ŷ∥2F +

β

4

n∑
i=1

n∑
j=1

∥ŷi − ŷj∥2L2wij (2.2.15)

The error function in (2.2.15) is convex. Using the first-order necessary condition
of minimum and with some algebraic manipulation, the solution of minimization of
(2.2.15) with respect to the model parameters B is,

Bopt =
(
αA′A+ βA′LA

)−1 (
αA′Y

)
(2.2.16)

Here, L = D−W, where D is a diagonal matrix with entries dii =
∑n

j=1wij for i = 1
to n. To avoid over-fitting a common practice is to add an L2 regularizer on the model
parameters, i.e., the sum of squares of the model parameters to the main objective
function. Adding the L2 regularizer to (2.2.15), the overall loss function becomes

E = αEls + βEreg + θEL2 (2.2.17)

=
α

2
∥Y − Ŷ∥2F +

β

4

n∑
i=1

n∑
j=1

∥ŷi − ŷj∥2L2wij +
θ

2
∥B∥2F (2.2.18)

The objective function in (2.2.17) is still a convex function with its optimal solution as
follows:

Bopt =
(
αA′A+ βA′LA+ θI

)−1 (
αA′Y

)
(2.2.19)

I is an Identity matrix of size T × T .

For solving Eqn. 2.2.19 or 2.2.16, the major computational steps and their corre-
sponding complexities are as follows:

1. Generation of the matrix L has the computational complexity O(n2P ).

2. Computational complexity for generating the matrix (αA′A+ βA′LA+ θI) is
O(nT 2 + n2T ).

3. Inversion of the matrix (αA′A+ βA′LA+ θI) or (αA′A+ βA′LA) has the com-
putational complexity O(T 3), where T is the total number of terms in the lth

degree polynomial and T =
(
P+l
l

)
.

4. Computational complexity for generating the matrix (αA′Y) is O(nT ).

5. The final multiplication (multiplication of the matrices in the above two steps)
for computation of Bopt involves O(T 2).

For T >> n and for n and T of comparable order, the overall computational
complexity is O(T 3) and for n >> T , the overall computational complexity is O(n2T ).
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We note here that, in [159] also, a Laplacian regularized polynomial regression is
proposed for wireless sensor network localization. But there is an essential difference
between our approach and the method in [159]. The authors estimated an explicit
polynomial function for mapping high-dimensional signal space to a two-dimensional
physical space. Formalizing in our notation, the signal space is characterized so that
the ith high-dimensional vector xi consists of the geodesic distances of the i

th node from
P anchor nodes and yi is a two-dimensional vector representing the physical location.
So, xizr is the geodesic distance between ith node and rth anchor node or in general
say zrth node. The expression in (2.2.11) is used as the regularizer with wij defined as
the following.

wij = exp

{
−
g2ij
2σ2

}
, (2.2.20)

where, gij = xij if j is an anchor node. Here, gij ̸= ∥xi−xj∥2L2. So, the two differences
from (2.2.12) are: i) wij does not exploit any neighborhood to define it and ii) wij

is not a function of ∥xi − xj∥2L2. The regularizer term in [159] ensures to place yis
in accordance with the global geodesic distances where yis are actually a nonlinear
function of geodesic distances. In our formulation, the regularizer defined by (2.2.11)
associates a penalty on placement of a pair (yi,yj) according to ∥xi − xj∥2L2 if xi

and xj are neighbors. Moreover, [159] uses semi-supervised learning, while ours uses
completely supervised learning.
Remark 1: One may think that our method is a kind of ‘knowledge distillation’.
In knowledge distillation, the knowledge is transferred from a bigger model (teacher
model) to a smaller one (student model) without significant loss [162, 163]. Keeping
this interpretation in mind, we may view the unsupervised method as the bigger or
the teacher model and the trained model as the smaller or student model because the
knowledge of the unsupervised method is transferred to it. Moreover, the trained model
is computationally efficient and can do the job of the unsupervised method for a given
problem without much loss. So we may view it as distillation learning. On the other
hand, for our problem, although the objective of the unsupervised method is good,
it may not always produce faithful outputs and our trained model tries to fix that.
Thus, the trained model is an efficient realization of the teacher model, but it can also
improve the performance over that of the teacher, which may not be the typical case
for ‘knowledge distillation’.
Remark 2: One may draw a connection between the proposed method and learning
with inaccurate supervision, a class of weak supervision. Inaccurate supervision deals
with learning when some of the training instances have incorrect labels [164–166]. In our
problem also we are dealing with learning when the targets of some of the training data
points may be severely distorted. Thus, it may be viewed as learning with inaccurate
supervision. However, we are dealing with a regression type problem. Unlike class
labels, for regression problems, for no training data instance, we can say that the target
is correct or wrong. The truths about the targets are not binary; the target of every
instance is likely to have some error. However, most targets may be accurate enough to
solve the problem under consideration, while for the rest it may not be the case. This
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makes the present problem different from the conventional weakly supervised learning,
in particular learning with inaccurate supervision.

2.3 Experiment

2.3.1 Data Set

To demonstrate the effectiveness of the proposed method, we have considered two
synthetic data sets and one real-world data set. As our work deals with nonlinear
mapping and local structure preservation of the data, we have picked up the data
sets that are commonly used for manifold learning studies. The synthetic data sets,

(a) Swiss Roll (b) C Curve
(c) COIL

Figure 2.1: Data sets

as shown in Fig.2.1, are three-dimensional data but contained completely within a
two-dimensional space. Each of these synthetic data sets consists of 2000 points. The
Swiss Roll (Fig.2.1a) data set is generated using the ‘scikit-learn’ package [167] (version
0.19.2) of Python. The C Curve data set (Fig.2.1b) is generated by the equations: x1 =
2 cos t;x3 = 2 sin t, where t takes 2000 random values from the interval (0.5, 2π − 0.5),
and x2 takes 2000 random values from the interval (0, 21). The two synthetic data sets
are topologically equivalent to a 2-D flat sheet. The real-world data set considered here
is the COIL [168] data set. It consists of images of 20 different objects. For each object,
72 images are captured from 72 equally spaced angles i.e, each image is captured from
five degrees apart views. We have considered the first object of the COIL data set
(we shall refer to it as COIL). Each image is of resolution 32 × 32. Thus, the input
dimension is 1024, and the number of instances is 72. We refer to the consecutive views
by consecutive numbers from 1 to 72. Figure 2.1c, shows 36 instances of the COIL data
set chosen alternatively from the 72 instances.

2.3.2 Generation of Regression Target

As discussed in Sec.2.2, our work is based on supervised learning. We aim to generate an
explicit non-linear map for manifold learning-based dimensionality reduction provided
some target outputs are available. We also aim to rectify the structural defects present
in the target outputs if any. We have extensively studied our method using the target
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outputs generated by the LLE method. Later we shall also use targets generated by
t-SNE and ISOMAP. With the previously-mentioned data sets, we have tried different
neighborhood sizes to generate targets with significant structural distortions. Note that,
with appropriate choices of parameters, all three algorithms, ISOMAP, t-SNE, and
LLE can produce better projections. We have used distorted targets to investigate how
effective the proposed method is to recover from the distortion. The LLE outputs for
Swiss Roll, C Curve, and COIL data sets with three different choices of neighborhoods
are shown in Fig.2.2.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 2.2: LLE representation: Swiss Roll with ϵ = (a)15, (b)20, (c)25; C Curve with
ϵ = (d)15, (e)20, (f)25; COIL with ϵ = (g)2, (h)3, (i)4.

We have defined the neighborhood size in terms of the number of nearest neighbors,
ϵ. For Swiss Roll and C Curve data sets ϵ is chosen as 15, 20, and 25. Ideally, the
unfolded version of each of the two data sets should be approximately a two-dimensional
rectangle. In the case of the Swiss Roll data set for ϵ = 15 and 25, (Figs. 2.2a, 2.2c) it
has unfolded quite asymmetrically. For the C Curve data set with ϵ = 25, the lower-
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dimensional output (Fig. 2.2f) is squeezed at one side. For these three outputs, we
have investigated how effective the polynomial mapping, along with the regularizers,
is in reducing the distortion to recover the desired structure. Figures 2.2g, 2.2h, and
2.2i show the results of the LLE outputs of the COIL data set for ϵ = 2, 3, and 4,
respectively. For COIL data set as mentioned in Sub-sec.2.3.1, instances are images
of an object captured from five degrees apart consecutive views (See Fig. 2.1c), so its
ideal two-dimensional embedding should be a circle formed of the instances where the
instances with consecutive views should be placed next to each other.

In Figs. 2.2g, 2.2h, and 2.2i, each instance has been marked by its corresponding
number as described in Sub-sec. 2.3.1. As seen in Fig. 2.2g, the LLE with ϵ = 2
has embedded the input points in two-dimensions in a nearly circular form preserving
the neighborhood structure. For ϵ = 3 and 4, the LLE outputs, shown in Figs. 2.2h
and 2.2i, clearly fail to preserve the neighborhood structure. As seen from Figs. 2.2h
and 2.2i a section of points have almost merged to form spike-like extensions where
local structures are not preserved. For example, in Fig. 2.2h, 15, 16, and 17 are nearest
neighbors of 72 but in reality 1 and 71 are the two nearest neighbors of 72. We have done
experiments on COIL data set with target outputs produced by LLE corresponding to
ϵ = 3 (Fig. 2.2h) to investigate whether such severe distortion in the targets can be
corrected by the proposed method.

2.3.3 Experimental Setting

As discussed in Sec.2.2, our model employs a polynomial function to realize the re-
quired non-linear explicit map. We have used a polynomial function of degree 3 for the
synthetic data sets. The form of ai, in this case, is the following.

(
1, xi1, xi2, · · · , xiP , x2i1, xi1xi2, · · ·xi1xiP , x2i2, xi2xi3, · · ·xi2xiP , · · · , x2iP , x3i1, x2i1xi2, · · · , xi1x2iP , · · ·x3iP

)
(2.3.1)

In the case of the COIL data set, we have taken a polynomial function of degree 2 with
certain restrictions. Here we have only 72 instances and the number of features P =
1024, even using a polynomial function of degree 2, we shall have too many parameters
to be estimated. Hence, we use a judiciously chosen restriction to consider the product
terms in the regression model. Let xir represent the rth pixel of the ith image. The
terms of the form xiuxiv are considered only if u and v are neighboring pixels based on a
predefined neighborhood. We have defined such a setup because the interaction between
two non-neighboring pixels may not be as useful as that between two neighboring
pixels. The interaction between the neighboring pixels is very important to characterize
an image as neighboring pixels define boundaries between two distinct regions, i.e.,
edges. Thus, the use of pixel pairs over a spatial neighborhood is likely to constitute
good features to model a non-linear mapping from high-dimensional input (image)
space to a lower-dimensional output space. In this investigation, we consider spatial
neighborhoods of size 3× 3. If we do not consider product terms like xiuxiv if u and v
are non-neighboring pixels, it reduces the number of coefficients involved significantly.
With input dimension, P = 1024, a polynomial function of degree 2 which includes
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all the product terms, consists of 525, 825 terms, and in turn, it needs to estimate
525, 825 × Q coefficients, which is computationally difficult and expensive. Moreover,
for a reliable estimate of such a larger number of parameters we need a large training
set. In our setup with a 3×3 neighborhood, the total number of terms reduces to 5, 892,
which is practically a useful one. To reduce the chances of overfitting, for COIL we
have additionally explored the L2 regularized model with the loss function in (2.2.17).

The weights of the least square error term Els and the regularization error term
Ereg are α and β respectively. We have set α = 1 for all the experiments. In each
experiment, we have also generated one result using only the least square error term
Els shown in (2.2.9), i.e., without the regularizers. This helps us to understand the
benefit of the proposed regularizers by comparing the results of unregularized and
regularized cases. Different values of β have been tried to investigate the impact of the
regularization term. The value of σ in (2.2.12) and γ in (2.2.13) and (2.2.14) decide
the range of the input distance over which wij takes significant values. In other words,
σ and γ control the limit on the input distance which is approximately preserved in
the lower-dimensional representation. We have explored the effect of different values
of σ and γ. For all three forms of the regularizer as defined in (2.2.12), (2.2.13), and
(2.2.14), a neighborhood N(x) has to be defined. We have defined N(x) as the k nearest
neighbors of x. For all the experiments involving the regularizers, we have set k = 10.

2.4 Results and Discussion

Figures 2.3 and 2.4 show results with the Swiss Roll data set. The LLE output with
the ϵ = 25 shown in Fig. 2.3a is the regression target for the results shown in Fig. 2.3.
Note that, the horizontal ends of the LLE output in Fig. 2.3a are skewed, in particular,
the left end is heavily squeezed. Figure 2.3b shows that when no regularizer is applied,
our model approximates the target output more or less as it is. Figs. 2.3c, 2.3d, and
2.3e are the output produced by the three different regularizers defined using (2.2.12),
(2.2.13), and (2.2.14), respectively. For all three variants of regularizers, we find that
the quality of the lower-dimensional output data improved in terms of skewness.

Figure 2.4 shows the results of our experiments on Swiss Roll using the regression
target in Fig. 2.4a, which is generated by LLE with ϵ = 15. In this case, the target
output, shown in Fig. 2.4a, gets gradually compressed from the left to the right. As
mentioned earlier, the ideal output should be a rectangle on the 2D plane, but the target
output under consideration shows a significant change in width between the left and
the right ends. The output without any regularizer is shown in Fig. 2.4b, which reveals
a further increase in the (left to right) width-variation-degradation. Application of the
regularizers in all four cases (Figs. 2.4c (Gaussian, σ = 0.5, β = 500), 2.4d (Gaussian,
σ = 0.5, β = 1000), 2.4e (Inverse quadratic γ = 30, β = 1000), 2.4f ( Inverse Sub-
quadratic γ = 100, β = 500) ) have controlled the instilled distortions to some extent.
In the case of the Gaussian-based regularizer, the improvement is better than that with
the inverse quadratic and inverse sub-quadratic-based regularizers.

Since our regularizer is the objective function of the LE method [134], one may
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(a) (b) (c)

(d) (e)

Figure 2.3: Results of polynomial map-based regression on Swiss Roll data set. (a) Re-
gression target (generated by LLE with ϵ = 25 ). (b) Regression outputs without regu-
larizer. Regularized regression outputs (k = 10, β = 200) : (c) Gaussian-based weights
(σ = 0.5), (d) inverse quadratic-based weights (γ = 10), (e) inverse sub-quadratic-based
weights (γ = 100).

be interested to see the output of this method. To demonstrate this in Fig. 2.5 we
depict the output of the Gaussian kernel-based LE method (implemented using the class
‘manifold.SpectralEmbedding’ of ‘sklearn’ (scikit-learn) package [167] (version 0.19.2)
of python) with neighborhood 25 (Fig. 2.5a), 15 (Fig. 2.5b) and 10 (Fig. 2.5c). In
these three cases, the method could not produce the desirable unfolding of the Swiss
Roll.

We report the results of our experiments on the C Curve data set in Fig. 2.6. Here
also the target output displayed in Fig. 2.6a is generated by the LLE method with
ϵ = 25. Like Swiss Roll, for the C Curve also, the ideal two-dimensional embedding is
a rectangle on the 2D plane. However, the generated target output shown in Fig. 2.6a
is close to a triangle as one side of the desired rectangle is squashed to a point. The
output without a regularizer, shown in Fig. 2.6b almost replicates the target. The three
outputs corresponding to the three regularizers are shown in Figs. 2.6c, 2.6d, and 2.6e.
They demonstrate that each of the three regularizers has improved the quality of the
embedding by expanding the squashed region. Among the three, the Gaussian-based
regularizer has produced the best result followed by inverse sub-quadratic followed by
inverse quadratic. For the C Curve data set, we also find that the Gaussian kernel-based
LE method with ϵ = 10 produces an undesirable result (Fig. 2.6f).

Figure 2.7 depicts the results of the experiments on the COIL data with the target
output as the corresponding LLE output (Fig. 2.7a) with ϵ = 3. From Figs. 2.7a
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(a) (b) (c)

(d) (e) (f)

Figure 2.4: Results of polynomial map-based regression on the Swiss Roll data set.
(a) Regression target (generated by LLE with ϵ = 15). (b) Regression outputs without
regularizer. Regularized regression outputs ( k = 10) : (c) Gaussian-based weights (β =
500, σ = 0.5), (d) Gaussian-based weights (β = 1000, σ = 0.5), (e) inverse quadratic
based weights (β = 1000, γ = 30), and (f) inverse sub-quadratic based weights (β =
500, γ = 100).

(a) (b) (c)

Figure 2.5: Outputs of LE (Gaussian) method on the Swiss Roll data for different
choices of k : (a) k = 25, (b) k = 15, and (c) k = 10.

and 2.7b we note that the polynomial mapping without the regularizer reproduces the
target output almost as it is. As can be observed in Figs. 2.7c and 2.7d, the Gaussian
regularizers have restored the original neighborhood relationship in the output. How-
ever, the inverse quadratic (Fig. 2.7e) and inverse sub-quadratic (Fig. 2.7f) regularizers
could not do as good a job as by the Gaussian regularizer.

We can also see from Figs. 2.7c and 2.7d that the Gaussian-based regularizer has
significantly corrected the local structural distortions. The cluttered points in the three
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(a) (b) (c)

(d) (e) (f)

Figure 2.6: Results of polynomial map based regression on C Curve data set. (a)
Regression target (generated by LLE with ϵ = 25). (b) Regression outputs without
regularizer. Regularized regression outputs ( k = 10) : (c) Gaussian-based weights
(β = 100, σ = 1), (d) inverse quadratic-based weights (β = 100, γ = 30), (e) inverse
sub-quadratic-based weights (β = 100, γ = 50). (f) Output by LE (Gaussian) with
k = 10.

spike-like extensions present in the target output are placed continuously following the
original topology. The inverse quadratic-based regularizer has also improved the output
as revealed by Fig. 2.7e. In the case of the inverse sub-quadratic-based regularizer (Fig.
2.7f) the improvement due to the regularizer is not significant.

For the COIL dataset, the Gaussian kernel-based LE output shown in Fig. 2.8 em-
beds the data in the desired manner. As mentioned earlier, we have also considered an
L2-regularized version of the model. We have explored the effect of the addition of L2-
regularizer to our proposed regularized polynomial regression framework. The results
of the COIL data set with Gaussian, inverse quadratic, and inverse sub-quadratic-based
regularizers in the L2 regularized framework are shown in Figs. 2.9, 2.10, and 2.11,
respectively. For all the results shown in Figs. 2.9, 2.10, and 2.11, the coefficient of
the structure restoring regularizer Ereg, i.e., β is set to 200. As defined in (2.2.17),
θ is the coefficient of the L2 regularization loss. We depict the results in Figs. 2.9,
2.10, 2.11 with θ = 0, 1, 10, and 100, respectively. Even with θ = 100, the output map
remains almost the same as that with θ = 0.

Note that, for all three data sets, for all three variants of the regularizers that we
have used, the generated embeddings are scaled down by some factor. This is because
the regularizer term (2.2.11) does not impose any constraint on the magnitude. The
function (2.2.11) tries to put the proximate points in the input space nearby each
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(a) (b) (c)

(d) (e) (f)

Figure 2.7: Results of polynomial map-based regression on COIL data set. (a) Re-
gression target (generated by LLE with ϵ = 3). (b) Regression outputs without
regularizer. Regularized regression outputs ( k = 10) : (c) Gaussian-based weights
(β = 100, σ = 1.45), (d) Gaussian-based weights (β = 200, σ = 1.45), (e) inverse
quadratic-based weights (β = 200, γ = 13), (f) inverse of sub-quadratic-based weights
(β = 200, γ = 13).

Figure 2.8: LE (Gaussian based) Output on COIL dataset.

other in the projected space, but on the other hand, (2.2.11) is also reduced when the
projected points are squeezed into a small hyper-box. This may be avoided using some
constraints.
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(a) (b)

(c) (d)

Figure 2.9: Gaussian Based Regularized (β = 200) Ridge Regression Outputs on COIL
data set with θ = (a) 0, (b) 1, (c) 10, (d) 100.

2.4.1 Results with Targets Generated using t-SNE and ISOMAP

In the previously mentioned experiments, we have considered the manifold learning
method LLE for generating targets. However, in place of LLE, we can choose any
other manifold learning method. To show the effect of the target generation method
on the output, we have considered targets generated by two popular manifold learning
methods: t-SNE and ISOMAP on one synthetic data (Swiss Roll) and one real-world
data (COIL). As already mentioned, here also we have generated distorted outputs
intentionally to check the effectiveness of the proposed method. Figs. 2.12 and 2.13
show results on Swiss Roll with targets generated by t-SNE and ISOMAP respectively.

The target in Fig. 2.12a appears as groups of some clutter points. Here, points
are placed very close to some of their neighbors but much far from their other neigh-
bors, disturbing the uniform local neighborhood structure of the original Swiss Roll.
The target shown in Fig. 2.13a also shows an undesired non-uniformity. The poly-
nomial regression-based output (without the regularizers) for the t-SNE-based target,
shown in Fig. 2.12b, spreads the cluttered projected points to move towards the de-
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(a) (b)

(c) (d)

Figure 2.10: Inverse quadratic based regularized (β = 200) ridge regression outputs on
COIL data set with θ = (a) 0, (b) 1, (c) 10, (d) 100.

sired uniformity to some extent. The polynomial regression-based output (without the
regularizers) for the ISOMAP-based target, depicted in Fig.2.13b, does not improve
much in terms of smoothness from its respective target. However, the outputs with the
regularizers for both t-SNE and ISOMAP-based targets as shown in Figs. 2.12c, 2.12d,
2.12e and Figs. 2.13c, 2.13d, 2.13e are improved in terms of the local neighborhood
structures and unfolding of the representation.

We have mentioned earlier that for COIL, the ideal two-dimensional representation
of its underlying manifold is a circle. t-SNE with perplexity parameter= 3 generates a
2-D representation of COIL (Fig.2.14a) which deviates from forming a closed circular
shape although the neighborhood relations are preserved. The polynomial regression-
based outputs for COIL without the regularizers, as shown in Fig.2.14b, mimic the
target. On the other hand, the regularized outputs on COIL, displayed in Figs. 2.14c,
2.14d, and 2.14e have restored the neighborhood structures and formed closed circular
structures. Fig. 2.15 shows results on COIL using targets generated by ISOMAP. As
seen from Fig.2.15a, the target output is far from the ideal 2-D representation which is
a circle. Even the regularizers in all three cases (Figs. 2.15c, 2.15d, 2.15e) have failed to
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(a) (b)

(c) (d)

Figure 2.11: Inverse sub-quadratic based regularized (β = 200) ridge regression outputs
on COIL data set with θ = (a) 0, (b) 1, (c) 10, (d) 100.

restore the actual neighborhood structure. However, the inverse sub-quadratic-based
regularizer has reconstructed (see Fig. 2.15e) the target towards the right direction
significantly.

2.5 Implementation with Neural Networks

As mentioned in Sec.2.1, the regularized regression framework proposed here is generic
in nature. In the previous experiments, the explicit mapping function f was a poly-
nomial function. In this section, we realize f with a neural network, in particular, a
multi-layer perceptron (MLP) having a single hidden layer. We choose an MLP consid-
ering its universal approximation capability. Here also to learn the network parameters
we have minimized (2.2.15), where Ŷ in (2.2.15) is produced by the MLP. To avoid
under-fit or over-fit, an optimum number of hidden nodes (nh) is to be chosen for the
MLP. Note that computational complexity of the MLP-based implementation of the
proposed method is O(nPnh) [10]. For Swiss Roll data set, based on the average vali-
dation error (the squared error Els, averaged over five runs on the validation set), we
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(a) (b)

(c) (d)

(e)

Figure 2.12: Results of polynomial map based regression on Swiss Roll data set with
t-SNE as the target. (a) Regression target (generated by tSNE with perplexity=20
). (b) Regression outputs without regularizer. Regularized regression outputs (k =
5, β = 1000) : (c) Gaussian based weights (σ = 1), (d) inverse quadratic based weights
(γ = 10), (e) inverse sub-quadratic based weights (γ = 10).
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(a) (b)

(c) (d)

(e)

Figure 2.13: Results of polynomial map based regression on Swiss Roll data set with
ISOMAP as the target. (a) Regression target (generated by ISOMAP with k = 25
). (b) Regression outputs without regularizer. Regularized regression outputs (k =
5, β = 1000) : (c) Gaussian based weights (σ = 1), (d) inverse quadratic based weights
(γ = 10), (e) inverse sub-quadratic based weights (γ = 10).
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(c) (d)

(e)

Figure 2.14: Results of polynomial map based regression on COIL data set with tSNE
as the target. (a) Regression target (generated by tSNE with perplexity=3 ). (b)
Regression outputs without regularizer. Regularized regression outputs (k = 5, β =
200) : (c) Gaussian based weights (σ = 1.45), (d) inverse quadratic based weights
(γ = 13), (e) inverse sub-quadratic based weights (γ = 13).

have chosen nh = 70. The two synthetic data sets considered, i.e., Swiss Roll and C
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(c) (d)

(e)

Figure 2.15: Results of polynomial map based regression on COIL data set with
ISOMAP as the target. (a) Regression target (generated by ISOMAP with k = 1
). (b) Regression outputs without regularizer. Regularized regression outputs (k =
10, β = 200) : (c) Gaussian based weights (σ = 1.45), (d) inverse quadratic based
weights (γ = 13), (e) inverse sub-quadratic based weights (γ = 13).
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(a) (b) (c) (d)

Figure 2.16: Results of neural net-based regression on Swiss Roll data set. (a) Re-
gression target (generated by LLE with ϵ = 25). (b) Regression outputs without
regularizer. Regularized regression outputs ( k = 10) : (c) Gaussian-based weights
(β = 0.75, σ = 0.3), (d) Gaussian (β = 0.5, σ = 0.4).

(a) (b) (c) (d)

Figure 2.17: Results of neural net-based regression on C Curve data set. (a) Regression
target (generated by LLE with ϵ = 25). (b) Regression outputs without regularizer.
Regularized regression outputs ( k = 10) : (c) Gaussian-based weights (β = 1, σ = 0.2),
(d) Gaussian-based weights (β = 0.25, σ = 0.3).

Curve have the same input dimension, and the same number of instances, and both
are topologically equivalent to a 2-D flat sheet. So, for the C Curve also the same
value of nh, i.e., 70 should provide reasonably good results. We note here that use
of a validation set may suggest a different optimal choice of nh, but this is not the
primary issue here. For the COIL data set, similar experiments with average validation
error suggested nh = 100. Figs. 2.16, 2.17, and 2.18 depict the results produced by
the neural net-based implementation corresponding to Swiss Roll, C Curve, and COIL
data sets respectively. For the Swiss Roll, the results depicted in Fig. 2.16, correspond
to the target output generated by the LLE output with ϵ = 25, which is shown in Fig.
2.16a. Similarly, Fig. 2.17a displays the target for the C Curve data set. Since we
have used sigmoidal activation functions for the output layer nodes, in both cases we
have normalized the target data to lie in between [0, 1] to facilitate neural net-based
learning. Also in both the cases we have explored all the three regularizers defined
in (2.2.12), (2.2.13), and (2.2.14) in the regularization loss term (2.2.11). For Swiss
Roll, as seen from Figs. 2.16c and 2.16d, the skewness present in the left end of the
target (Fig. 2.16a), which is propagated in the unregularized learning of the neural
network (Fig. 2.16b), has been corrected by the proposed MLP based method. Also,
the target output shows a left to right width variation which should not be there in the
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desirable embedding. Figs. 2.16c and 2.16d show almost rectangular shapes recovering
from those width-variation distortions. In Fig. 2.17a, the target data of the C Curve,
exhibits a significant distortion where one side of the desirable rectangular shape has
squeezed almost to a point. As the results in Fig. 2.17c and 2.17d reveal, with the
application of Gaussian-based regularizers, the squeezed end of the shape has opened
up to some extent. For these data sets, we may also apply the inverse quadratic or
inverse sub-quadratic-based regularizers defined in (2.2.13) and (2.2.14) respectively.
For the COIL data, the unregularized output shown in Fig. 2.18b has transferred the
distortions of the neighborhood relationships of the target output (Fig. 2.18a) and
added some more distortions. The outputs obtained by applying the Gaussian, inverse
quadratic, and inverse sub-quadratic-based regularizers are shown in Figs. 2.18c, 2.18d,
and 2.18e, respectively. In all three cases, the regularized outputs show that the ac-
tual neighborhood relationships are restored. Although due to the application of the
regularizers, the generated outputs are squeezed (for display purposes, we scale up the
figures), in terms of preserving neighborhood relations, they represent the input data
far better than the target output data generated by LLE.

2.6 Conclusion

We have proposed a general supervised framework for manifold learning-based dimen-
sionality reduction that can correct distortions in the target data, if any. The method
estimates an explicit map for the concerned dimensionality reduction task. This im-
proves the computational complexity in the test phase as it can be directly used to
project new test data points. It also helps to analyze the projection system better.
The use of supervised methods demands some target data. For supervised manifold
learning problems, the target data are generally obtained using an unsupervised man-
ifold learning method. The goal here is to produce a lower-dimensional representation
that preserves the local neighborhood structure. It is almost impossible to guarantee
that a given unsupervised method of manifold learning will preserve the neighborhood
structure for all data sets or even for the same data set the neighborhood structure
will be preserved over the entire data. As we have demonstrated that even for a simple
three-dimensional synthetic data set the neighborhood preservation may not be uniform
over the entire data set - for a part of the data set the algorithm may do an outstanding
job while for some other parts, there may be significant distortions from the desired
projection. On the other hand, except for synthetic data sets, it is practically very dif-
ficult, if not impossible, to assess without post-processing whether the actual topology
of the data is preserved in the lower dimension or not. The proposed approach, not
only tries to find a faithful mapping from the input dimension to the lower dimension
but also tries to remove any distortion of local neighborhood structure injected in the
target data. To achieve this we have proposed a set of suitable regularizers that are
added to the loss function of the regression model. Due to the regularizer, the method
rectifies the structural distortion present in the target data to a great extent. As the re-
gression model, we have considered polynomials and multi-layer perceptron networks.
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Figure 2.18: Results of neural net-based regression on COIL data set. (a) Regression
target (generated by LLE with ϵ = 3). (b) Regression outputs without regularizer.
Regularized regression outputs ( k = 5) : (c) Gaussian-based weights (β = 0.5, σ = 2),
(d) inverse quadratic-based weights (β = 0.5, γ = 0.01), (e) inverse sub-quadratic-based
weights (β = 0.5, γ = 0.01).
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We explored three variants of the regularizers. We inspected a limited set of values
as the multipliers for the regularizer terms, however, since we are using a supervised
learning set up, all these parameters can be chosen using cross validation. The method
is validated on synthetic as well as on image data sets considering three different al-
gorithms for the generation of the target data. For image data, typically the input
dimension is high, which leads to polynomials with a large number of coefficients even
for degrees two or three. Thus, for a faithful estimation of the parameters not only we
need a large training set but also it will demand a huge computational overhead. To
address this issue, we have exploited the spatial characteristics of image pixels, which
reduces the number of learnable parameters significantly. Although we have considered
polynomials and multi-layer perceptron networks, the framework is quite general and
other tools such as radial basis functions network can also be used.
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Chapter 3

Nonlinear dimensionality
reduction for data visualization:
An unsupervised fuzzy rule-based
approach [2, 3]

3.1 Introduction

In Chapter 2, we have discussed the issues associated with the common manifold
learning-based data visualization methods for being non-parametric, i.e., not having an
explicit function to map higher dimensional points to lower dimensions. We have also
pointed out that some of these non-parametric methods have been extended/adapted
so that they can handle out-of-sample points. However, several of these extended ver-
sions need the training data to deal with out-of-sample points. To overcome the issues,
in Chapter 2 we have proposed a method that learns explicit maps through supervi-
sion. One weakness of any supervised system is it depends on the target data. We
dealt with the dependency of the projection on the quality of the target data in the
context of manifold learning in Chapter 2. Our method proposed in Chapter 2 predicts
as well as eliminates distortions in the target data to a great extent in the output.
However, like any other supervised learning method, the availability of the target data
is indispensable, which limits the applicability of such methods. This brings out the
importance of learning explicit maps for manifold learning in an unsupervised setting.
Another problem with the already proposed out-of-sample extension methods is that
they always produce some output given any input, even when the test input is far
from the sampling window of the training data. In literature, these issues are not well
addressed in the context of manifold learning or in general non-linear dimensionality
reduction-based data visualization methods. Considering these issues, we summarize
the desirable characteristics of dimensionality reduction-based data visualization meth-
ods as follows. These methods D1: are unsupervised in nature; D2: can preserve the
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local geometry of the data in the lower dimension; D3: can make a faithful projection of
test data points in a straightforward manner without requiring the training data; D4:
can refuse to project test points which are coming from an area far from the “sampling
window” of the training data, and D5: are interpretable/understandable at least to
some extent.

Motivated by these goals we decided to explore fuzzy rule-based systems (FRBSs)
for realizing dimensionality reduction-based data visualization models. FRBSs are
parametric models that are extensively used in different machine learning tasks such
as feature selection [30, 31, 169], control [170, 171], classification [172, 173], and fore-
casting [174, 175]. An FRBS learns a function from a given set of training points and
directly predicts outputs for test points. FRBSs can model a non-linear relationship
between input and output. Moreover, they are easy to understand and develop. They
provide rules that are “explainable”/“comprehensible” at least to some extent. How-
ever, the literature on FRBS is not rich in data visualization applications. Recently,
Lughofer and Nikzad-Langerodi [176] proposed an interesting dimensionality reduction
technique preserving local neighborhood structure to design fuzzy rule based systems.
This method constructs a latent variable space having reduced dimensionality using a
local structure preserving variant of the partial least square method. Then the FRBS is
designed in that latent variable space to predict the target variables of the time-series
data. However, in [176] the fuzzy system is not used to perform the dimensional-
ity reduction task. Apart from the work in [29], which is a supervised method, we
could not find any investigation employing FRBSs for data visualization applications
through dimensionality reduction. In this context, it is worth noting that there are
many fuzzy-rough set based methods for feature selection [177, 178]. One can use any
feature selection method, including the fuzzy-rough set based methods to select two
or three features and use them for visualization. But such feature selection methods
neither are intended for nor can do manifold learning where the local neighborhood
structure needs to be preserved. Moreover, these methods are also not fuzzy rule-based
methods.

We decided to use a Takagi Sugeno (TS) [179] type fuzzy rule based system because
the antecedent of a fuzzy rule represents a small hyper-ellipsoidal region in the input
space (i.e., captures the local geometry) and its consequent represents a local linear
model for the projected data. This is exactly what manifold learning demands- pro-
jections preserving the local structure. Moreover, the TS model enjoys the universal
approximation property [180]. Identification of fuzzy rule based systems for classifi-
cation/regression problems demands either experts to provide the rules or the use of
labeled data where each instance in the training data should have a target output.
However, in our problem, neither we have the output data nor experts who can pro-
vide such rules. This makes the problem challenging. Here, our objective is: given an
unlabelled high-dimensional data set, X, we want to find a lower dimensional repre-
sentation, Y, of X so that the local neighborhood structure of X is preserved in Y.
Due to the absence of target data, traditional approaches to extract fuzzy rule based
systems cannot be used. We propose to use a suitable objective function to design the
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fuzzy system. The novelty of the scheme lies in the fact that it extracts the desired
fuzzy rules for non-linear projection of data without using any target data. Moreover,
it provides a general framework, which enjoys the following advantages:

1. Most of the unsupervised methods for dimensionality reduction cannot project
out-of-sample test data points in a straightforward manner, but ours can.

2. This is one of the few methods of nonlinear data projection that has the reject
option.

3. Our method enjoys some level of interpretability and because of the structure of
the fuzzy reasoning, it is not likely to make a poor generalization.

4. The proposed model is found to be very robust to the initial condition.

5. It provides a general framework for unsupervised dimensionality reduction. We
can use different objective functions to preserve different characteristics of the
original data in the projected space. For example, in [2], we have used Sammons’
Stress [41] as the objective function.

6. A modified form of the geodesic c-means clustering ensures that the cluster centers
are always on the manifold and thereby providing better initial rules.

7. The proposed method performs better than or comparable to several non-fuzzy
methods.

8. Finally, to the best of our knowledge, this is the first unsupervised method based
on fuzzy rules for nonlinear manifold learning.

3.2 Proposed Method

We want to develop a system to project high dimensional data for visualization. The
system should have at least the desirable attributes D1 to D5 listed in Section 3.1.
To realize this, we consider an FRBS as the most appropriate modeling framework.
Although a Mamdani-Assilian (MA) model could be used, considering greater flexibility
we use the TS model. Since this is an unsupervised method the main challenge is to
define a suitable objective function. The second challenge is how to generate the initial
rule base. Typically, we use a clustering algorithm to generate the initial rules. But
when the data points lie on a lower dimensional manifold that is embedded in a higher
dimension, i.e., the intrinsic dimension of the data is lower than the original dimension
of the data, the c-means or the fuzzy c-means [117, 181] algorithm may not be useful
as these algorithms may (usually will) find cluster centers that are significantly away
from the manifold. We denote the input dataset by X = {xi}ni=1, an n × P matrix
and the corresponding projected dataset by Y = {yi}ni=1, an n × Q matrix (Q < P ).
Here, xi is a P -dimensional row vector of the form xi = (xi1, xi2, · · ·xiP ) and similarly,
yi is a Q-dimensional row vector of the form yi = (yi1, yi2, · · · yiQ). Note that only X
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is given and Y has to be estimated along with other system parameters. Let the jth

input variable be xj and the mth output variable be ym. Let, there be nc rules for each
output variable. For the TS model, the kth rule for the mth output variable is of the
form:

Rkm : If x1 is Fk1 AND x2 is Fk2 AND · · · AND xP is FkP

then ykm = akm0 +
∑P

j=1 akmjxj (3.2.1)

where k = 1, 2, · · · , nc; m = 1, 2, · · · , Q; Fkj is the kth fuzzy set (linguistic value)
defined on the jth input feature and akmj ’s are consequent parameters. Let us define
the matrix A = (A1, A2, · · ·Anc)

T where, Ak = (ak10, ak11, . . . , ak1P , ak20, ak21, . . . ,
ak2P , . . . , akQ0, akQ1, . . . , akQP ).

Let the firing strength of the rule Rkm for the point xi be αk,i; k = 1, 2, · · · , nc. Note
that, for an antecedent, ‘x1 is Fk1 AND x2 is Fk2 AND · · · AND xP is FkP ’ there are
Q consequents, ‘ykm = akm0 +

∑P
j=1 akmjxj ’; m = 1, 2, · · · , Q; resulting in Q rules. But

the firing strength for each of these Q rules remains the same (αk,i). The system output
is computed as:

yim =
∑nc

k=1

(
αk,i/

∑nc
p=1 αp,i

)
ykim (3.2.2a)

=
∑nc

k=1

(
αk,i/

∑nc
p=1 αp,i

) (
akm0 +

∑P
j=1 akmjxij

)
(3.2.2b)

where, i = 1, 2, · · · , n; m = 1, 2, · · · , Q. Typically, for designing a FRBS, the target
outputs for the training data are known and the rule base parameters are estimated by
minimizing the square error defined by the target outputs and the estimated outputs.
But for us, the target output is not available. So we need to define a suitable objective
function that can help to learn the manifold of the input data X as well as the pa-
rameters of the rule base. One promising approach would be to preserve the geodesic
neighborhood relationship, i.e., the geodesic distance structure of the manifold, on to
the projected lower dimension. Note here, in differential geometry, a geodesic is a curve
defining the shortest path between a pair of points on a surface or in a Riemannian
manifold. The length of the geodesic defines the geodesic distance between the two
points. Thus, it is the shortest distance between two points while moving along the
surface. The geodesic generalizes the notion of a “straight line” on a Riemannian man-
ifold. Mathematically, the geodesic distance d(p, q) between two points p and q over
a Riemannian manifold is defined as d(p, q) = infγ L(γ), where, γs are the piece-wise
smooth curve segments from p to q and L(γ) represents length of the curve γ [182]. Let
gdXii′ be the geodesic distance between xi and xi′ , xi,xi′ ∈ RP and edYii′ be the Euclidean
distance between yi and yi′ , yi,yi′ ∈ RQ; yi,yi′ are the projections corresponding to
xi and xi′ , respectively. A good objective function to estimate yis is (3.2.3)

E =
∑n−1

i=1

∑n
i′=i+1

(gdXii′−edY
ii′)

2
/gdX

ii′ . (3.2.3)

The objective (3.2.3) was introduced by Yang in [183]. Note that (3.2.3) is similar to
Sammon’s stress function which uses Euclidean distance in both high and low dimen-
sional spaces. In place of (3.2.3), we can use other functions also. Next, we address the
issue of identification of the rule base.
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3.2.1 Initial Rule Extraction

When both input and output data are provided there are many ways of generating an
initial rule base and its refinement [29,30,180,184–186]. Some of the popular methods
use evolutionary algorithms [186] or clustering [29, 30, 180] of input-output data. Here
we do not have the output data. So we cluster the input data into a predefined number
of clusters and translate each cluster into a rule (to be precise, to a rule antecedent).

The proposed method being a fuzzy rule-based scheme, the obvious choice seems
to be the fuzzy c-means (FCM) clustering algorithm. But we did not do so for two
reasons: First, for the FCM, the cluster centers may not fall on the data manifold.
Since our idea is to use a cluster centroid to model a set of points in the neighborhood
of the centroid, it is better to have the centroid on the data manifold. Second, the
geodesic distance is not defined in terms of an inner-product induced norm and hence
the FCM convergence theory does not hold for the geodesic distance-based FCM. So
we use a slightly modified c-means called Geodesic c-Means (GCM) algorithm. Here we
cluster the input, aiming to obtain some representative points on the input manifold.
To extract information regarding the input manifold structure, we use geodesic distance
as the dissimilarity measure for clustering. Like the conventional c-means, data points
are assigned to a cluster using the minimum distance (here minimum geodesic distance)
criterion and the cluster centroids are computed as the mean vector of the points in a
cluster. Since such centroids may not lie on the manifold, we use an extra step. For
each computed centroid, we find the input data point closest to the centroid and use
that data point as a cluster centroid. We note here that the use of geodesic distance
in the c-means clustering algorithm has been investigated in other studies [187–189]
but their approaches are different from ours. In [187] the authors introduced a class of
geodesic distance which took into account local density information and employed that
geodesic distance in the c-means clustering algorithm. The study in [188] incorporated
geodesic distance in a soft kernel c-means algorithm. The authors in [189] integrated the
geodesic distance measure into the fuzzy c-means clustering algorithm. The algorithmic
description of our clustering algorithm (GCM) is given in Algorithm 1.

To estimate the geodesic distance we have followed an approach similar to that in
ISOMAP [42]. First, we construct a neighborhood graph of the input data points based
on the Euclidean distance. For approximating geodesic distance, every edge is assigned
a weight/cost which is basically the Euclidean distance between the pair of points on
which the edge is incident. For any point, the geodesic distances to its neighboring
points are approximated by the Euclidean distance. The geodesic distance between
two points that are not neighbors, i.e., not connected by an edge is approximated by
computing the length of the shortest path on the neighborhood graph. We compute
the shortest path distance using the Floyd-Warshall algorithm [190].

The kth cluster centroid, vk = (vk1, vk2, · · · , vkP ), obtained by GCM is translated
into the antecedent of the kth rule, Rkm as follows.

If x1 is “close to vk1” AND x2 is “close to vk2”

AND · · ·xP is “close to vkP ”. (3.2.4)
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Algorithm 1: Geodesic c-means algorithm (GCM)

1 Determine Geodesic distances gd between pairs of points in X.
2 Let the number of clusters be nc. Initialize, cluster centroids {v1,v2, · · · ,vnc}

with nc random input points i.e, nc random points from X = {x1,x2, · · · ,xn}
3 Initialize sets Sk = ϕ; k = 1, 2, · · · , nc.
4 while iteration < MaximumIteration do
5 for i = 1 to n do
6 k∗ = argk min gd(xi,vk)
7 Sk∗ = Sk∗ ∪ xi

8 end
9 for k = 1 to nc do

10 v̂k = 1/|Sk|
∑

xi∈Sk
xi

11 i∗ = argimin ed(v̂k,xi)
12 vk = xi∗

13 end

14 end
15 return {v1,v2, · · · ,vnc}

The fuzzy set Fkj in (3.2.1) is defined and interpreted as “ close to vkj”; j = 1, 2, · · · , P .
Thus the kth rule given in (3.2.1) becomes

Rkm : If x1 is “close to vk1” AND x2 is “close to vk2” AND

. . .AND xP is “close to vkP ” then ykm =
∑P

j=0 akmjxj (3.2.5)

where, x0 = 1, k = 1, 2, · · · , nc; m = 1, 2, · · · , Q. We model ‘xj is “close to vkj”’ using
a Gaussian membership function with the center at vkj . To exploit the differentiability
property, we use Gaussian membership functions. This also makes the antecedent of
the kth fuzzy rule to model a hyper-ellipsoidal volume centering at vk in the input
space. For the ith point, the membership to the set “xj is close to vkj” is computed as

µkj,i = exp
{
−(xij−vkj)

2/2σ2
kj

}
. (3.2.6)

Here, σkj is the spread of the Gaussian membership function of the fuzzy set Fkj

centered at vkj . Although any T -norm [191] can be used, we use the product T -norm
to aggregate µkj,i’s to obtain the firing strength αk,i.

αk,i =
∏P

j=1 µkj,i. (3.2.7)

We denote the matrix of cluster centroids as V = (v1,v2, · · · ,vnc)
T = [vkj ]nc×P .

Similarly, the matrix of spreadsΣ = (σ1, σ2, · · · , σnc)
T = [σkj ]nc×P . An initial estimate

of σkj can be taken as the standard deviation of jth feature in the kth cluster or can be
initialized using some other method. The set of consequent parameters A is initialized
randomly. Note that these are just the initial choices that will be refined during the
training.
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3.2.2 The Objective Function and its Optimization

To learn the lower dimensional representations Y of the given input X, the error func-
tion defined in (3.2.3) is minimized with respect to the rule base parameters V,Σ, and
A. Using (3.2.6) and (3.2.7) in (3.2.2b) we obtain the following relation.

yim =
∑nc

k=1

(∏P
j=1 exp

{
− (xij−vkj)

2

2σ2
kj

})(∑P
j=0 akmjxij

)
∑nc

p=1

∏P
j=1 exp

{
−

(xij−vpj)
2

2σ2
pj

} (3.2.8)

Here, xi0 = 1 and yi = (yi1, yi2, · · · , yiQ). Hence yi is dependent on vkj , σkj , and
akmj ;∀k = 1 to nc, j = 1 to P and m = 1 to Q which form V,Σ and A, respectively.
It is evident that we can write the lower dimensional vectors yis as a function of the
rule base parameters V,Σ, and A.

yi = f(V,Σ,A;xi) (3.2.9)

Replacing edYii′ in (3.2.3) as ∥yi − yi′∥ and then using (3.2.9) we get

E =
∑n−1

i=1

∑n
i′=i+1

(
gdXii′ − ∥yi − yi′∥

)2
/gdX

ii′

=
∑n−1

i=1

∑n
i′=i+1

(gdXii′−∥f(V,Σ,A;xi)−f(V,Σ,A;xi′ )∥)
2
/gdX

ii′ . (3.2.10)

The optimum values of V,Σ, A are obtained as

(Vopt,Σopt,Aopt) = argminV,Σ,A (E) . (3.2.11)

To minimize the error function E in (3.2.11), a momentum based gradient descent
approach [128] is used here. The overall process is summarized in Algorithm 2.

3.2.3 Scalability Analysis

Scalability is a desirable property of any algorithm. The error function (3.2.3) of our
method considers all the inter-point distances, i.e., a total of n(n−1)/2 distances. Dur-
ing the training phase, to update the rule parameters, in each iteration, n(n−1)/2 values
need to be computed. So for t iterations, the computational complexity of the proposed
method is O(n2t) for a fixed input dimension. In Table 3.1, we have compared the
computational complexity of the proposed method during the training phase, with the
computational complexities of six popular dimensionality reduction methods for data
visualization. Note that, LLE and ISOMAP perform convex optimization whereas the
other methods including ours perform non-convex optimization with iterative steps.
Similar to our method, Sammon’s projection and t-SNE also involve inter-point dis-
tances in their objective functions. Hence, they have the same complexity as that of the
proposed method. The computational complexity of UMAP is bounded by the approx-
imate nearest neighbor search which is empirically equal to O(n1.14) [47]. Considering
a total of t iterations, computational complexity would be O(n1.14t). Since UMAP
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Algorithm 2: Unsupervised Fuzzy Rule-based Dimensionality Reduction

1 Determine Geodesic distance gdX between every pair of input data points in
X.

2 Cluster the input data X into nc clusters using the Geodesic distance-based
c-means clustering algorithm (Algorithm 1). Let the obtained cluster
centroids be v1,v2, · · · ,vnc ; V = (v1,v2, · · · ,vnc)

T .
3 Translate each cluster (vk) into a rule as explained in (3.2.5) and (3.2.6).

Initialize spreads of the Gaussian membership functions (described in (3.2.6))
by Σ. Here we use a predefined initial value for σkj∀k, j.

4 Let the gradients of the objective function E in (3.2.3) with respect to V,Σ
and A be ∇VE,∇ΣE and ∇AE, respectively.

5 Initialize the consequent parameters A randomly and set the iteration count
t = 1. ∆Vt,∆Σt, and ∆At are updates at time step t corresponding to
centers, spreads, and consequent parameters. ∆V0,∆Σ0, and ∆A0 are set to
zeros.

6 while t < MaximumIteration do
7 Calculate ∆Vt,∆Σt,∆At and update Vt, Σt and At as follows:

∆Vt = −∇VE + α∆Vt−1; ∆Σt = −∇ΣE + α∆Σt−1; ∆At = −∇AE + α∆At−1

(3.2.12)

Vt = Vt−1 + η∆Vt;Σt = Σt−1 + η∆Σt;At = At−1 + η∆At (3.2.13)8

9 α > 0 and η > 0 are momentum and learning coefficient, respectively.

10 end
11 return outputs Y and fuzzy rule base parameters V, Σ, A.

involves the estimation of the nearest neighbors, it needs to store the inter-point dis-
tances. Hence, its space complexity is O(n2). We emphasize that being an explicit
mapping method, during the test phase the proposed method has a computational
complexity of O(1). In [28] authors did not discuss the complexity of training diffusion
net. Diffusion net involves computation of diffusion map (complexity O(n3) [10]) and
training an autoencoder (complexity O(nwt), where w is the number of weights in the
autoencoder [10]). Except for Diffusion net, the other compared methods in their orig-
inal form cannot predict out-of-sample points. They exhibit the same computational
complexity in the test phase as in the training phase. However, their extensions have
lower complexities for projecting test data. In terms of space requirement, like most of
the other methods, our method also exhibits a complexity of O(n2). It is also important
to understand the dependency of an algorithm with the dimension of the input feature
vectors (P ). In our method, the number of rule parameters varies linearly with the
input dimension. So both the computational and space complexity scale up linearly
with the number of input features.
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Table 3.1: Computational complexity of various methods.

Complexity
Method Computational Space

Proposed Method O(n2t) O(n2)
Sammon’s Projection [10] O(n2t) O(n2)

ISOMAP [10] O(n3) O(n2)
LLE [10] O(pn2) O(pn2)
t-SNE [45] O(n2t) O(n2)
UMAP [47] O(n1.14t) O(n2)

Diffusion Net [28] O(n3 + nwt) O(n2)

Here n= size of the training set, t= number of iterations, p= ratio of nonzero to total
number of elements in the sparse matrix related to LLE, and w = number of weights
in the network

(a) Swiss Roll (b) S Curve (c) Helix

Figure 3.1: Data sets

3.3 Experimentation and Results

3.3.1 Data Set Description

For our experiments, we consider three synthetic data sets and three real-world data
sets. We choose these data sets as they are commonly used in manifold learning studies
[41, 43, 45, 83]. The synthetic data sets are: Swiss Roll, S Curve, and Helix as shown
in Figs. 3.1a, 3.1b, 3.1c, respectively. All of these are three-dimensional data but
contained completely within a two-dimensional space. Each of these synthetic data
sets consists of 2000 points. The first two data sets (Swiss Roll was already used in the
previous chapter) are generated using the ‘scikit-learn’ package [167] (version 0.19.2) of
python. Helix data set is generated by the equations: x3 = t/

√
2;x1 = cosx3; and x2 =

sinx3. The variable t is varied from −20 to 20 with steps of 0.02. The real-world data
sets considered are Frey face [192], COIL [168], and USPS handwritten digits [192].
Frey face consists of 1965 gray scale images each of size 20 × 28 pixels, i.e., the input
dimension is 560. These are images of the face of a single person with different face
orientations and facial emotions. The COIL data set was used in Chapter 2. Here also,
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Figure 3.2: Variation of average final error values with number of rules and initial
spreads.

we have considered the first object of the COIL data set. Each image is of resolution
32× 32. Thus, the input dimension is 1024, and the number of instances = 72. USPS
handwritten digits data set contains 1100 images for each of the handwritten digits:
0 - 9. Each image is of size 16 × 16, resulting in inputs of dimension 256. We have
considered the images of the digit 0 only.

3.3.2 Experiment Settings

We compare the results obtained by the proposed method on the above-mentioned data
sets with six other data visualization methods: Sammon’s projection, ISOMAP, LLE,
t-SNE, UMAP, and diffusion net. The synthetic data sets are used directly without
any preprocessing. For image data sets, pixel values are divided by 255 to have their
values in [0, 1]. We compare the predictability of the proposed method with that of the
out-of-sample extension of ISOMAP and LLE [148], autoencoder [24], and simplified
neighborhood preserving polynomial embedding (SNPPE) [83]. For this, we use the
Swiss roll and the Frey face data sets. Following [83] we choose the number of nearest
neighbors, ϵ = 1% of the training samples (rounded to the nearest integer). For the
first object of the COIL data set (we shall refer to it as COIL), the number of instances
is 72. So we use ϵ = 5 instead of ϵ = 1 to construct a reasonable graph. To choose
the number of fuzzy rules, nc, and the spreads of the Gaussian memberships σs, we
perform the following experiment. We run our method on the Swiss Roll dataset with
the number of rules (nc) = 8, 12, 16 and so on till 40 and repeat this experiment for three
different spread initializations of the Gaussian membership functions: σ = r∗feature-
specific range, for r = 0.2, 0.3, and 0.4. For each combination of nc and σ five runs are
performed and the average of the final error values (Eqn. (3.2.3)) over the five runs is
computed. Fig. 3.2 shows the plot of average final error values vs. the number of rules.
We observe that for all three initialization of spread, when the number of rules=20, we
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get an acceptable low average error value. But again we should consider that to model
a data set with a higher number of points satisfactorily, more rules may be necessary.
In the case of the Swiss Roll dataset, the number of input points is 2000. Since 20 is
1% of 2000, nc is set as 1% of the number of input instances (rounded to the nearest
integer). Here also for the COIL data set to avoid under-fit, we choose nc = 5 instead
of nc = 1. With r = 0.2 or 0.3, low average final error values are obtained for all the
values of nc. So, along with Swiss Roll for all three synthetic data sets, we conduct
experiments with these two choices of σ. However, for real data sets, we have to choose
higher values of σ to avoid many cases of no rule firing. For 0s of USPS data set (we
shall refer to it as USPS) and Frey face we initialize σs as 0.4 times the feature-specific
range. For COIL data set, σs are initialized as 0.5 times the feature-specific range. In
all cases, consequent parameters are initialized with random values in (−0.5,0.5).

For both synthetic and real-world data sets, we repeat the experiments five times
for each choice of the spread. For the three synthetic data sets, there are two initial
choices for spread. So ten runs are conducted giving ten rule-based systems for each
synthetic data set. On the other hand, for each real-world data set, we use only one
choice of the initial spread and thereby generate five rule-based systems. Then based on
the minimum value of the objective function in (3.2.3), we choose the best rule-based
system for a given data set. We do not look at any test data and the best result can
always be chosen in an automatic manner without any human intervention based on
(3.2.3) as this gives the training error.

To optimize the objective function (3.2.3) we use the ‘train.MomentumOptimizer’
class of the ‘TensorFlow’ framework [193] with learning rate = 0.1 and momentum
= 0.5. For a fair comparison, for the comparing methods, we apply the synthetic data
sets directly and the real-world data sets are used after feature-wise zero-one normal-
ization. For computing Sammon’s projection, we use the MATLAB implementation of
multi-dimensional scaling [74], mdscale with the parameter ‘Criterion’ set to ‘sammon’.
The dimension of the output is set to two. For other parameters, the default values
are used. The ISOMAP, LLE, and t-SNE are implemented respectively using the
classes ‘manifold.Isomap’, ‘manifold.LocallyLinearEmbedding’, and ‘manifold.TSNE’
of the ‘scikit-learn’(sklearn) package [167] (version 0.19.2) of python. UMAP is imple-
mented using the python API ‘umap’ [46]. The diffusion net is implemented with the
available code [194]. For LLE, ISOMAP, UMAP, and diffusion net we use the same
neighborhood size (number of nearest neighbors) as used by the proposed method. For
t-SNE, there is no provision to set the neighborhood size directly. The ‘perplexity’ [45]
parameter of t-SNE provides an indirect measure of the effective number of neighbors.
So we set the ‘perplexity’ parameter to the number of nearest neighbors used in the
proposed method. For these methods, all other parameters are kept at their default
values as supported by the respective routines. For out-of-sample testing, except for
SNPPE, the other three comparing methods are realized using the Matlab Toolbox for
Dimensionality Reduction (drtoolbox) by Laurens van der Maaten [195]. The results
of SNPPE are generated using the code provided by the authors of SNPPE. In these
cases also the neighborhood size, when required, is set to the same value as used by
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the proposed method. All the other parameters are kept at their default values.

3.3.3 Results and Comparisons

Figures 3.3a, 3.4a, and 3.5a depict the projections made by the proposed method. These
figures reveal that the proposed method successfully unfolds the non-linear structures
present in the three data sets, Swiss Roll, S Curve, and Helix data respectively to a
nearly linear structure. For all three data sets, Sammon’s projection (Figs. 3.3b, 3.4b,
3.5b) cannot unfold the original data to its intrinsic linear structure but it tries to pre-
serve the global geometric structure. ISOMAP tries to preserve the pairwise distances
over the manifold by using the geodesic distance in the classical multidimensional scal-
ing error function [42]. Preserving geodesic distance, ISOMAP is able to unfold the
non-linear structure as shown in Figs. 3.3c and 3.4c. A drawback of the system is that
large distances play a stronger role compared to small distances in its objective. As a
result, in the case of the Helix data set, as seen in Fig. 3.5c, it cannot unfold the data
as desired. LLE, t-SNE, UMAP, and diffusion net try to capture the local structure
present in the original data, in the projected space. Figures 3.3d, 3.4d, and 3.5d reveal
that the LLE can unfold the underlying structure to a reasonable extent but the quality
of unfolding is far from that by the proposed method and ISOMAP. Similarly, t-SNE
and UMAP although they have the same aim, are not able to unfold the data sets
properly as revealed by Figs. 3.3e, 3.3f, 3.4e, 3.4f, 3.5e, and 3.5f. Figures 3.3g, 3.4g,
3.5g indicate that, apart from the Helix data set, (Fig. 3.5g), the diffusion net is not
successful in capturing the variations along the intrinsic dimensions. For both Swiss
Roll and S Curve, the diffusion net embedding captures variations along one intrinsic
feature out of the two. In summary, of the seven methods, only the fuzzy rule-based
method is successful for all three data sets and the next best performing method is
ISOMAP.

The proposed method can also faithfully project real-world data sets in two dimen-
sions. In Fig. 3.6, the two dimensional embedding of the Frey-face data set is shown.
Figure 3.6 reveals that the gradual change in the face orientation from right to left
is roughly related to the increase in the projected feature y1 on the horizontal axis.
Similarly, the change in expressed emotion varies roughly with the extracted feature
(projection) y2.We observe that the smiling, neutral, and annoyed faces are mapped in
the top, middle, and bottom regions, respectively. The results of the five comparing
methods are placed in Figs. 3.7, 3.8, 3.9, 3.10, 3.11, 3.12. Sammon’s projection be-
ing a Euclidean distance preserving method has placed the faces expressing different
emotions in overlapping regions as seen in Fig. 3.7. The other five methods which
preserve neighborhood in some ways through their objective functions, have unfolded
the high dimensional manifold comparatively better than Sammon’s method. All these
five methods are successful in mapping the faces with different emotions apart to some
extent, however, in the projections of LLE (Fig. 3.9), UMAP (Fig. 3.11), diffusion net
(Fig. 3.12) the faces are cluttered in regions instead of unfolding with smooth varia-
tions of emotions. Comparing the results in Figs. 3.8, 3.9, 3.10, 3.11, and 3.12 with the
result in Fig. 3.6 we can infer that the proposed method has mapped the variations of
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure 3.3: Visualization of the Swiss Roll data with (a) proposed method, (b) Sam-
mon’s projection, (c) ISOMAP, (d) LLE, (e) t-SNE, (f) UMAP, and (g) Diffusion net.
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure 3.4: Visualization of the S Curve data with (a) original input space, (b) proposed
method, (c) Sammon’s projection, (d) ISOMAP, (e) LLE, (f) t-SNE, (f) UMAP, and
(g) Diffusion net.
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure 3.5: Visualization of the Helix data with (a) proposed method, (b) Sammon’s
projection, (c)ISOMAP, (d) LLE, (e) t-SNE, (f)UMAP, and (g) Diffusion net.
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Figure 3.6: Visualization of the Frey face data set with the proposed method.

Figure 3.7: Visualization of the Frey-face data set with Sammon’s Projection.
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Figure 3.8: Visualization of the Frey-face data set with ISOMAP

Frey face data set comparatively in a more consistent and desired manner.

Figures 3.13 and 3.14 depict the two dimensional embeddings of the COIL data
set by various methods. For this data set, the expected outcome is obtained by the
proposed method (Fig. 3.13a) as well as by ISOMAP (Fig. 3.13c), t-SNE (Fig. 3.14a),
and diffusion net (Fig. 3.14c). However, results obtained from Sammon’s projection,
LLE, and UMAP shown in Figs. 3.13b, 3.13d, and Fig.3.14b, respectively cannot
recover the manifold faithfully on the two dimensional space.

Figure 3.15 shows a visualization of the handwritten character 0s of the USPS data
set by the proposed method. In this case also, the proposed method successfully projects
zeros with different orientations and line widths in different regions in a continuous
manner. The projections by the other six methods shown in Figs. 3.16, 3.17, 3.18,
3.19, 3.20, and 3.21 reveal that LLE (Fig. 3.18), t-SNE (Fig. 3.19), UMAP (Fig.
3.20), and diffusion net (Fig. 3.21) could not represent the data in a way so that the
orientation and line width of the character vary smoothly in the projected space. In
all three cases of the real-world datasets, the proposed method successfully learns the
approximate two dimensional manifold on which the original data lie.

3.3.4 Impact of Initial Rules

Our method initializes the rule antecedents using the centroids of the clusters obtained
by Algorithm 1. To show the impact of the initial rules we have initialized the rule
antecedents using uniformly distributed random values generated from the smallest
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Figure 3.9: Visualization of the Frey-face data set with LLE.

Figure 3.10: Visualization of the Frey-face data set with t-SNE.
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Figure 3.11: Visualization of the Frey-face data set with UMAP.

Figure 3.12: Visualization of the Frey-face data set with diffusion net.
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(a) (b)

(c) (d)

Figure 3.13: Visualization of the first object of the COIL Data Set with (a) proposed
method, (b) Sammon’s projection, (c) ISOMAP, (d) LLE.
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(a) (b)

(c)

Figure 3.14: Visualization of the first object of the COIL Data Set with (a) t-SNE, (b)
UMAP, and (c) diffusion net.
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Figure 3.15: Visualization of the USPS data set with the proposed method.

Figure 3.16: Visualization of the USPS data set with Sammon’s Projection.
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Figure 3.17: Visualization of the USPS data set with ISOMAP

Figure 3.18: Visualization of the USPS data set with LLE.
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Figure 3.19: Visualization of the USPS data set with t-SNE.

Figure 3.20: Visualization of the USPS data set with UMAP.
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Figure 3.21: Visualization of the USPS data set with diffusion net.

hyperbox containing the training data. The obtained projection for the Swiss Roll
data is shown in Fig. 3.22b. Figure 3.22a shows the result obtained by the proposed
method with rule antecedents defined by the cluster centroids. From Figs. 3.22a and
3.22b it is evident that with or without judicious initialization of rule antecedents, the
proposed method can unfold the non-linear structure satisfactorily. This observation
is also true in the case of the Frey face data set. Fig. 3.23 shows the visualization
of Frey face data set using the proposed method with random initialization of the
antecedents as mentioned above. To investigate further, we have computed the average
final error (equation (3.2.3)) over the ten runs on the Swiss Roll dataset and five
runs on the Frey Face dataset (performed as explained in sub-section 3.3.2) with both
types of initialization of the rule antecedents. Table 3.2 shows that the averages of
the final error values are less in the case of initialization of the rule antecedents by
cluster centroids compared to those by random initialization for both data sets. This
suggests that although in both cases the algorithm ends up in useful local minima, for
the cluster-based initial rules, generally the minima are superior. We have also done 10
experiments on the Swiss Roll data with rules whose Gaussian membership centers are
initialized with random values in [0,1] hypercube. The two results of those experiments
are shown in Fig. 3.24. Even in this case, the results are reasonably good, but not as
good as the cases with judiciously initialized rules. In a few cases, the system could
not unfold. Thus, the system is quite robust with respect to the initial choice of rules
but certainly, cluster-based rules help.
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(a) (b)

Figure 3.22: Visualization of the Swiss Roll data using proposed method with rule
antecedents defined by (a) cluster centroids, (b) random values from the smallest hy-
perbox containing the training data.

Figure 3.23: Visualization of the Frey face data set using the proposed method with
random rule antecedents.
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Table 3.2: Average of the final error values for different initializations

Data Set Initial rule antecedents defined by
Cluster centroids Random

Swiss Roll 0.04740 0.06490
Frey face 0.50459 0.50500

(a) (b)

Figure 3.24: Visualization of the Swiss Roll data set by proposed method with rule
antecedents defined by random values within zero and one: (a) best run (b) worst run.

3.3.5 Validation of Predictability for Out-of-sample Points

One of the key advantages of utilizing an FRBS is that it is parametric and thereby
providing an explicit mapping function from the high dimensional inputs to a lower
dimensional one. So, after the system is trained it is possible to predict the lower di-
mensional data for new test points. As mentioned earlier, to compare the predictability
of the proposed method we consider four methods: out of sample extension of ISOMAP
and LLE [148] and two parametric methods: autoencoder [24] and SNPPE [83]. Note
that SNPPE involves a polynomial mapping. Following [83] we use the 2nd order and
3rd order polynomial-based SNPPE. To assess the predictability of the system, we have
designed three experiments: (i) randomly dividing the data set into training and test
sets; (ii) using a contiguous portion of the manifold as the test set and rest as the
training set; and (iii) leave one out validation. We have performed the first test on the
Swiss Roll and Frey face data sets. We use 75% of the Swiss Roll data set, i.e., 1500
randomly selected points to form the training set and the rest 25%, i.e., 500 points
to form the test set. The training and test data sets are shown in Fig. 3.25a and
Fig. 3.25b respectively. While partitioning the data set, the associated label (color)
vectors are also partitioned accordingly. Figure 3.26a and Fig. 3.26b are the results
corresponding to the training and test data sets by the proposed method. From Fig.
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(a) (b)

Figure 3.25: For experiment 1 on validation of predictability with the Swiss Roll data
: (a) Training Set, (b) Test Set

(a) (b)

Figure 3.26: For experiment 1 on validation of predictability with the Swiss Roll data
proposed method output for (a) Training Set, (b) Test Set.
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(a) (b)

Figure 3.27: For experiment 1 on validation of predictability with the Swiss Roll data
: (a) ISOMAP output for Training Set, and (b) Out of sample extension of ISOMAP
for Test Set.

3.26b it is evident that the predicted locations determined by the proposed method for
the test points are at their expected positions in the lower dimension. Figs. 3.27, 3.28,
3.29, 3.30, and 3.31 show the projections of the training and test sets by ISOMAP,
LLE, autoencoder, 2nd order SNPPE, and 3rd order SNPPE, respectively. Except
for autoencoder, the other compared methods successfully unfold the Swiss Roll struc-
ture in the training phase and appropriately predict the test points. From Fig. 3.29
we observe that the autoencoder-based method is unable to preserve the geometry of
the training data. In Figs. 3.26b, 3.27b, 3.28b, 3.30b, and 3.31b the color assignment
to the projected test points by the label vector shows that the test data set is unfolded
in the desired manner in all five cases.

For the Frey face data set, we have selected 15 random instances as the test set and
the rest of the points as the training set. Figure 3.32 displays the projected output by
the proposed method for the training and test data together where the images with
black rectangular borders correspond to the test instances. For all comparing methods
for this data, we follow the same representation scheme for the training and test data.
In Figs. 3.32, 3.33, 3.34 we can see that the test instances are projected to the regions
where the training instances have the same/similar facial expression and orientation.
Thus, for high dimensional image data sets also the proposed method, as well as LLE
and ISOMAP, are successful in prediction. The autoencoder-based lower dimensional
projection, shown in Fig. 3.35 clustered different facial expressions and different face
orientations in different regions. However, this method is unable to unfold the intrinsic
structure properly because in some cases it placed faces with opposite orientations (left
and right) closer to each other compared to the faces with the same orientations. A
similar placement has occurred for opposite expressions (e.g. happy and annoyed) and
neutral expressions. Figures 3.36 and 3.37 reveal that SNPPE based methods neither
unfolded the higher dimensional data nor predicted the positions of the test points in
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(a) (b)

Figure 3.28: For experiment 1 on validation of predictability with the Swiss Roll data :
(a) LLE output for Training Set, and (b) Out of sample extension of LLE for Test Set.

(a) (b)

Figure 3.29: For experiment 1 on validation of predictability with the Swiss Roll data :
(a) Autoencoder encoded output for Training Set, and (b) Autoencoder encoded output
for Test Set.
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(a) (b)

Figure 3.30: For experiment 1 on validation of predictability with the Swiss Roll data :
(a) 2nd Order SNPPE output for Training Set, (b) 2nd Order SNPPE output for Test
Set.

(a) (b)

Figure 3.31: For experiment 1 on validation of predictability with the Swiss Roll data :
(a) 3rd Order SNPPE output for Training Set, (b) 3rd Order SNPPE output for Test
Set.
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Figure 3.32: Visualization of the training and test set (black rectangle borders) for Frey
face data set using the proposed method

Figure 3.33: Visualization of the training set using ISOMAP and test set (black rect-
angle borders) with its Out of sample extension for Frey face data set
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Figure 3.34: Visualization of the training set using LLE and test set (black rectangle
borders) with its Out of sample extension for Frey face data set

Figure 3.35: Visualization of the training set using Autoencoder encoded output and
test set (black rectangle borders) for Frey face data set
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Figure 3.36: Visualization of the training set using 2nd Order SNPPE output and test
set (black rectangle borders) for Frey face data set

a desirable manner.

The second test is also done with the Swiss Roll data set. A contiguous portion
of the data set consisting of fifty points has been removed and the remaining 1950
points serve as the training data set as shown in Fig. 3.38a. The removed portion
serves as the test set (Fig. 3.38b). Figure 3.39a displays the output of the proposed
method corresponding to the training set. Figure 3.39b shows the test set outputs of
the proposed method along with the training set. The test set points are demarcated
with the plus (+) symbol in both original and projected spaces. For the comparing
methods, we represent the results in the same manner. Figures 3.40a, 3.41a, 3.42a,
3.43a, and 3.44a show the projections of the training data for ISOMAP, LLE, autoen-
coder, 2nd order SNPPE, and 3rd order SNPPE, respectively. Similarly, Figs. 3.40b,
3.41b, 3.42b, 3.43b, and 3.44b show the projections of the test set (demarcated with
the plus (+) symbol) along with the training set for ISOMAP, LLE, autoencoder, 2nd
order SNPPE, and 3rd order SNPPE, respectively. These results reveal that the pro-
posed method, as well as the comparing methods except for the autoencoder, have
appropriately interpolated the test points.

The third test uses the leave one out validation on the COIL data set. Each of the
72 instances is considered the test instance and the remaining 71 instances are used as
the training set. For each of the 72 training-test sets, outputs are generated. Results
of all 72 tests are shown in Figs. 3.45, 3.46, 3.47, 3.48, 3.49, 3.50, 3.51, 3.52, 3.53,
3.54, 3.55, 3.56. The training points are demarcated in green and the test point is
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Figure 3.37: Visualization of the training set using 3rd Order SNPPE output and test
set (black rectangle borders) for Frey face data set

(a) (b)

Figure 3.38: For experiment 2 on validation of predictability with the Swiss Roll data,
(a) Training Set, (b) Training Set with Test Set.
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(a) (b)

Figure 3.39: For experiment 2 on validation of predictability with the Swiss Roll data,
proposed method output for (a) Training Set, and (b) Training Set with Test Set.

(a) (b)

Figure 3.40: For experiment 2 on validation of predictability with the Swiss Roll data,
(a) ISOMAP output for Training Set, and (b) Out of sample extension of ISOMAP for
Training Set and Test Set.
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(a) (b)

Figure 3.41: For experiment 2 on validation of predictability with the Swiss Roll data,
(a) LLE output for Training Set, and (b) Out of sample extension of LLE for Training
Set and Test Set.

(a) (b)

Figure 3.42: For experiment 2 on validation of predictability with the Swiss Roll data,
autoencoder encoded output for (a) Training Set, and (b)Training Set and Test Set.
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(a) (b)

Figure 3.43: For experiment 2 on validation of predictability with the Swiss Roll data,
2nd Order SNPPE output for (a) Training Set, and (b) Training Set and Test Set.

(a) (b)

Figure 3.44: For experiment 2 on validation of predictability with the Swiss Roll data,
3rd Order SNPPE output for (a) Training Set, and (b) Training Set and Test Set.
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demarcated in red. Instead of showing the images of the object, the consecutive
viewing angles of the images are represented by consecutive numbers. In most cases, it
is found that the test object is placed in the desired position, i.e., in between images
corresponding to input images captured at plus-minus five degrees of the viewing angle
of the given test point.

3.3.6 Declining to Project the Outputs

The proposed method is capable of identifying the test cases where the system may not
produce reliable outputs. In a TS type fuzzy rule-based system, the output is computed
by (2.2.2). The rule having the maximum firing strength mainly characterizes the
output. For test points far away from the training data, no fuzzy rule is expected to
fire strongly. Consequently, for those points, the outputs obtained may not be reliable.
Figure 3.57a shows a set of training points and test points for the Swiss Roll data set.
The training points are depicted in blue, while the test points are in red. Test points
are located away from the training points. If the firing strength of a test point is very
low compared to the firing strength of the training set, then the system should decline
to project for such a test point. In order to decide the threshold on the firing strength,
we consider the histogram of the maximum firing strengths of rules as shown in Fig.
3.57b. Here also the training and test firing strengths are indicated with blue and red
colors, respectively. Figure 3.57b shows that the maximum rule firing strengths of the
test points are noticeably lower than those of the training points. This information can
be used to decide when the system should reject its output (refuse to make a decision).
For example, if the maximum firing strength is less than 0.15, the system output can
be rejected. Note that this threshold can be decided based on the training data only.
In Fig. 3.57c we have depicted the projected outputs for the training and test data
corresponding to Fig. 3.57a without exercising the rejection option. It is clear that the
prediction by the proposed method for the test points (red circles) is inappropriate and
should be discarded. Note that except Diffusion net, other compared methods do not
have any provision for rejecting outputs.

3.3.7 Generalized Nature of the Proposed Framework

The proposed model gives a general framework for learning an unsupervised FRBS for
manifold learning or data projection. Instead of using the objective function in (3.2.3),
we can use different objectives to preserve different characteristics of the data. For
example, the objective function of Sammon’s projection [41] can be used to preserve
the global geometric structure as in [2]. Figure 3.58 shows the Swiss Roll data and its
corresponding lower dimensional output using the proposed method with Sammon’s
stress [41] as the objective function for learning. Similarly, Figs. 3.59 and 3.60 depict
the output produced by the FRBS using Sammon’s stress [41] as the objective function
for the S Curve and Helix data, respectively. In both cases, the projection reveals what
Sammon’s method is expected to do. For these experiments, the other settings are kept
the same as described in subsection 3.3.2. This system can predict for out-of-sample



86 3.3. EXPERIMENTATION AND RESULTS

(a) (b)

(c) (d)

(e) (f)

Figure 3.45: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 1, (b) Set 2, (c) Set 3, (d) Set 4, (e) Set 5, and (f) Set 6.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.46: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 7, (b) Set 8, (c) Set 9, (d) Set 10, (e) Set 11, and (f) Set 12.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.47: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 13, (b) Set 14, (c) Set 15, (d) Set 16, (e) Set 17, and (f) Set 18.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.48: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 19, (b) Set 20, (c) Set 21, (d) Set 22, (e) Set 23, and (f) Set 24.



90 3.3. EXPERIMENTATION AND RESULTS

(a) (b)

(c) (d)

(e) (f)

Figure 3.49: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 25, (b) Set 26, (c) Set 27, (d) Set 28, (e) Set 29, and (f) Set 30.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.50: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 31, (b) Set 32, (c) Set 33, (d) Set 34, (e) Set 35, and (f) Set 36.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.51: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 37, (b) Set 38, (c) Set 39, (d) Set 40, (e) Set 41, and (f) Set 42.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.52: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 43, (b) Set 44, (c) Set 45, (d) Set 46, (e) Set 47, and (f) Set 48.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.53: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 49, (b) Set 50, (c) Set 51, (d) Set 52, (e) Set 53, and (f) Set 54.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.54: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 55, (b) Set 56, (c) Set 57, (d) Set 58, (e) Set 59, and (f) Set 60.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.55: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 61, (b) Set 62, (c) Set 63, (d) Set 64, (e) Set 65, and (f) Set 66.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.56: For experiment 3 on validation of predictability with leave one out sets
composed of the first object of the COIL data set, proposed method outputs corre-
sponding to (a) Set 67, (b) Set 68, (c) Set 69, (d) Set 70, (e) Set 71, and (f) Set 72.
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(a) (b) (c)

Figure 3.57: (a) Training Set (blue circles) and Test Set (red circles), (b) Histogram
of maximum rule firings for Training Set (blue region) and Test Set (red region), and
(c) Proposed method Output for Training Set (blue circles) and Test Set (red circles)
without exercising rejection option.

(a) (b)

Figure 3.58: Visualization of Swiss Roll data with (a) original input space, and (b)
proposed method with Sammon’s Objective.
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(a) (b)

Figure 3.59: Visualization of S Curve data with (a) original input space, and (b)
proposed method with Sammon’s objective.

(a) (b)

Figure 3.60: Visualization of Helix data with (a) original input space, and (b) proposed
method with Sammon’s objective.
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points and that is an advantage over the usual Sammon’s method. We also note that
unlike the fuzzy system in [29], the proposed system does not require any target output
for learning.

3.4 Conclusion and Discussion

Fuzzy rule-based systems have been used for various machine learning tasks but un-
fortunately, FRBSs are almost unexplored for manifold learning or data visualization.
Here, we have proposed a framework for unsupervised learning of a Takagi-Sugeno
FRBS for the projection of high dimensional data. Without using any target data,
the parameters of the FRBS are estimated so that the FRBS can project the high
dimensional data preserving the local neighborhood structure.

Some advantages of the proposed scheme are listed next. (i) It is an unsupervised
system, yet it learns a parametric system for explicit mapping of high dimensional
data into a lower dimensional space. Thus, out-of-sample instances can be projected
in a straightforward manner. (ii) It can refuse to project an out-of-sample instance,
when it is far away from the sampling window of the training data, i.e, the system is
equipped with an appropriate reject option without requiring the training data. Most
machine learning systems cannot do so. (iii) The system is reasonably transparent as
it is based on fuzzy reasoning, where each rule-antecedent represents a small hyper-
ellipsoidal region in the input space and its consequent is a local linear function of the
inputs. (iv) It provides a general framework that can use different objective functions.
(v) The learning algorithm is found to be quite robust with respect to initialization.
(vi) The scheme can be easily extended for Mamdani-Assilian model of fuzzy systems.

We have compared the performance of the proposed system with Sammon’s method,
ISOMAP, LLE, t-SNE, UMAP, and Diffusion net on several data sets. The proposed
system is the only one which performs consistently well on all data sets tested. The
predictability of the proposed system is validated using three types of experiments
involving both synthetic and real-world data sets.

3.4.1 Limitations and scope of improvement

Like several other data projection methods, both the time and space complexities of
the proposed method are quadratic functions of the number of data points, n. So for
a very large n, the computational overhead will be high. The use of GPUs can reduce
the effective complexities significantly. Moreover, a proper sampling scheme [152] that
produces a subset of the original data, which adequately represents the original data
distribution may be used. The firing strength of a rule is computed as the product
of the memberships of the atomic antecedent clauses in the rule. So for a very high-
dimensional data, it is possible that for some instances no rule fires with a significant
strength leading to an undesirable situation. However, this issue is true for any FRBS,
it is not special to the system proposed here. Like several other manifold learning
schemes, the proposed scheme is sensitive to the number of neighbors that is used to
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construct the neighborhood graph for computing geodesic distances. In our study, the
number of fuzzy rules has been chosen empirically. The choice of the number of fuzzy
rules is related to the number of clusters we choose for clustering the training data.
We did not explore the possibilities of using cluster validity indices or other schemes to
decide on the optimal number of clusters as this was not the primary objective of this
study. Moreover, a cluster validity index helps to find the ‘optimal’ number of clusters
in the pattern recognition sense. But here even if the data do not have any cluster
in the pattern recognition sense, we can use clustering to find the initial rule-base.
Our experiments with the Swiss-Roll and other data sets suggest that the performance
of the proposed method is not affected much by the choice of number of rules over
a wide range of choices, hence we decided the number of rule empirically based on
a limited number of experiments. We note here that unlike supervised methods, the
cross-validation scheme cannot be used here. However, starting from an initial number
of rules, we can increase the number of rules one by one and compute the average loss
function over, say 5, repeats of the algorithm. The minimum number of rules for which
the loss becomes less than a threshold, can be used as the number of rules.

The clustering algorithm we use, GCM, depends on the construction of a neigh-
borhood graph using the input data points based on the Euclidean distance. For very
high dimensional data, the GCM algorithm may suffer from the curse of dimension-
ality as Euclidean distance does not behave in the desirable manner for a very high
dimensional space [196]. However, it is worth noting that methods like LLE, Laplacian
Eigenmap, and ISOMAP, which use neighborhoods defined using Euclidean distance
also suffer from the same problem for high dimensional data. For non-image data, a
possible approach to address this problem is to project the data onto a space having
moderate dimension using an unsupervised feature selection scheme or using a para-
metric feature extraction scheme that does not influence much the intrinsic manifold
structure but eliminates redundant features or information. For image data, if the size
of the image is big, it will also result in high dimensional inputs. But here we cannot
use feature (pixel) selection as that may not be effective. However, we may use fea-
ture embedding techniques like an auto-encoder to reduce the size of the image. Then
we can develop the proposed fuzzy rule-based system in the latent space / reduced
space. We have restricted our work to data sets lying on a single manifold. Through
neighborhood graph construction we can only approximate the geodesic distance over
a single manifold or overlapping manifolds. But if the data lie in two (or more) widely
separated manifolds, using a reasonable number of nearest neighbors we may not get a
connected neighborhood graph. We have not proposed any technique to approximate
geodesic distance over a multi-component neighborhood graph. These issues are kept
for future investigation.
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Chapter 4

Feature selection simultaneously
preserving both class and cluster
structures [4]

4.1 Introduction

In Chapters 2 and 3, we have explored feature extraction based dimensionality reduc-
tion methods. The other category of methods that reduce data dimension is feature
selection methods. Feature selection approaches are preferable to feature extraction
approaches when building a comprehensible system. As we have already mentioned
in Subsec. 1.1.2, in feature selection the projected space maintains the identity of the
original features and their semantics, if any, and hence can make the underlying system
comprehensible [197]. In this chapter (Chapter 4) and in the next chapter (Chapter
5), we have explored feature selection schemes. In Chapters 2 and 3, we have dealt
with input data both with and without target outputs, and the intended task was vi-
sualization. In the current chapter (Chapter 4) and the next chapter (Chapter 5), we
deal with labeled data, specifically, data having class labels. Naturally, classification is
the primary task for the feature selection schemes in Chapter 4 and Chapter 5. How-
ever, the feature selection schemes introduced in these two chapters set some additional
goals along with selecting class discriminative features. Feature selection methods can
be broadly classified on the basis of the utilization of class label information. There are
three categories: supervised, semi-supervised and unsupervised [197, 198]. The super-
vised feature selection method exploits the label information to find out the relevant
features which can distinguish samples of different classes [199, 200]. Semi-supervised
feature selection is used when some labeled samples along with plenty of unlabelled
samples are present [201, 202]. Both labeled and unlabelled data are used to modify
a hypothesis obtained from the labeled data [203]. Unsupervised feature selection is
much more difficult as it needs to find out the useful features in the absence of any label
or target information [197,204]. Different criteria have been chosen to select a subset of
original features in different unsupervised feature selection studies. Some of them are:
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preserving the data distribution such as manifold structure [205,206], preserving cluster
structure [207, 208], and preserving data similarity [209, 210]. It is noteworthy that in
the case of unsupervised feature selection, some methods try to preserve the “structure”
or “geometry” of the data in some sense. Contrarily supervised feature selection meth-
ods in most cases do not set any explicit criteria to preserve the structure of the data.
They only pay heed to separating the classes as much as possible with different measures
exploiting class information such as Fisher score [51,211], Laplacian score [212], mutual
information [52, 53], normalized mutual information [53–56], ReliefF [213], class corre-
lation [214], and classifier score [215]. We should note here that the feature selection
criteria are not always led by a single objective. Feature selection methods often follow
a criterion that consists of two or more objectives. The study in [204] proposes a crite-
rion named ‘maximum projection and minimum redundancy’ which is governed by two
goals: projecting data into a feature subspace with minimum reconstruction error and
minimum redundancy. The studies in [216–219] claim that both global structure and
local structure should be preserved in the projected space as both of them may carry
important discriminating information and hence, they have proposed feature selection
schemes that focus both on global and local structure preservation. The investigation
in [220] claims to preserve dual global structures. Going through various feature selec-
tion schemes having multiple objectives we found that whenever class label is available,
no work in feature selection explicitly focused preserving structural information along
with class information although both of these are important discriminative information
and may have positive impact on the generalization ability of the classifier. Suppose,
for a data set, the class and cluster structures are substantially different. Exploiting
only the class labels, it may not be possible to preserve the cluster structures in the
projected space. For a practical system, even when the primary task is classification,
we may need to cluster the samples in the space defined by the selected features. For
example, fuzzy rule based classifiers are often designed by clustering the training data
for each class and translating each cluster into a rule [30,33,59]. We could not find any
feature selection method that focuses both on class and cluster separability together.
To bridge this gap, in this study we propose a feature selection method that selects
features preserving class and cluster-structure information simultaneously. We employ
a multi-layer perceptron (MLP) based neural network to develop an embedded feature
selection scheme. The training of the proposed MLP based feature selection method
is governed by both class discriminating and cluster (structure) preserving objectives.
The philosophy is quite general and can be easily extended to other networks such as
radial basis function network.

4.2 Proposed Method

Let us denote the input data by an n × P matrix, X = {xi ∈ RP }ni=1. Here, xi is a
P dimensional row vector of the form, xi = (xi1, xi2, · · · , xiP ). The collection of class
labels of X be Z = {zi ∈ {1, 2, · · · , C}}ni=1, where, zi is the class label correspond-
ing to xi. We aim to select a subset of size Q from the original set of features such
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that the selected subset performs reasonably well in terms of the classification task
as well as in clustering. In other words, if we design a classifier using the selected
features, the performance of the classifier would be comparable to a classifier designed
using all features. Similarly, if we cluster the data in the reduced dimension as well
as in the original dimension we expect to get a similar partition matrix. Here, we
propose a neural network-based framework to select features. Neural networks have
been explored for feature selection [221–223] as well as for classification [224–227]. In
our proposed model the neural network simultaneously selects features and learns a
classifier as we follow an embedded method for feature selection. Moreover, our pro-
posed network preserves structural information and class discriminatory information
simultaneously, whereas, the feature selection networks in [221,223] solve classification
problems, consider class label information in their loss function but not any structural
information. Note here, the work in [222] considers a system identification problem. To
build the neural network-based embedded feature selector, we employ the multi-layer
perceptron (MLP) based framework used in [25–27]. The basic framework is shown
in Fig. 4.1. As seen in Figure 4.1, preceding the input layer of the MLP, there is a

Figure 4.1: Proposed network for feature selection

layer consisting of P nodes. Before entering to the input layer of the MLP, the jth

feature passes through the node fj(). These nodes act as attenuating gates that allow
or block features from contributing to the output of the neural network effectively. For
the ith instance, it’s jth feature xij on passing the gate node fj() becomes ajxij ; i.e.,
fj(xij) = ajxij . The parameters ajs are to be learned for feature selection. In MLP,
a weighted sum of the values available at the input nodes is applied to the hidden
nodes of the first hidden layer. Zero value at an input node implies that the corre-
sponding feature is not considered. When training of the MLP-based framework is
complete, ajs for the selected features become close to 1, effectively allowing them to
contribute to the classifier. Whereas, for poor or rejected features ajs become close
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to 0, effectively making them not contribute to the classifier. In [25–27], this frame-
work was explored for classification-oriented feature selection, group feature selection,
and redundancy-controlled feature selection. Here, we explore this framework for si-
multaneous structure-preserving and class-discriminating feature selection. Next, we
elaborate on the MLP-based framework and the proposed objective functions to train
the network.

We denote the P nodes before the input layer of the MLP as fj()s for j = 1, 2, . . . P
where fj() is a gate or modulator function applied on the jth feature, xj . Now, we have
to design fj() in such a way,

fj(xj) = ajxj =

{
xj if xj is a useful feature.

0 otherwise.
(4.2.1)

In our framework, the factor, aj is learnable. We implement aj as a smooth continuous
function, aj = exp(−λ2j ). Clearly, when λj = 0, the value of exp(−λ2j ) = 1 and when

λj → ±∞, the value of exp(−λ2j ) = 0. By adding suitable regularizer terms to the
objective function we design our learning system in such a way that, over the learning
process, the gate parameters, λjs for useful features drop close to zero and that for
derogatory or indifferent features rise to high values. So, in our learning system, the
learnable parameters are λjs and the neural network weights are learned together, i.e.,
the loss function is minimized with respect to both λjs and the neural network weights.

Now, we have to define a suitable loss function for selecting features along with
learning the embedded classifier. Our aim is to select features that are reasonably
good for classification as well as for clustering. To satisfy this requirement, we take the
loss function as a combination of two losses Eclass and Estruct. Eclass is considered for
learning the classes and Estruct is considered for preserving structural information. At
this moment let us consider the network for selecting features for efficient classification
only. A suitable loss function to impose class discrimination is the cross-entropy loss
[228]. We define, Eclass as the cross-entropy loss involving actual and predicted class
labels.

Eclass = − 1

n

n∑
i=1

C∑
k=1

tik log (pk(xi)) (4.2.2)

Here, tik is kth element of the one-hot encoded label of the sample xi or in other words,

tik is the kth element of the vector ti ∈ {0, 1}C such that

tik =

{
1 if k = zi

0 otherwise
(4.2.3)

In (4.2.2), pk(xi) is the predicted probability (by the MLP classifier) of xi being in the
kth class. As already discussed above, for effective feature selection, the magnitude of
λjs for the selected features should drop to almost zero and for rejected features should
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rise to high values. To ensure this condition we add the following regularizer.

Eselect =
1

P

P∑
j=1

aj(1− aj)

=
1

P

P∑
j=1

exp(−λ2j )(1− exp(−λ2j )) (4.2.4)

In a feature selection framework, a constraint for selecting a fixed number of features
is necessary. The following regularizer tries to keep the number of the selected features
close or equal to Q.

EQ =
1

Q2
{(

P∑
j=1

aj)−Q}2 = 1

Q2
{(

P∑
j=1

exp(−λ2j ))−Q}2 (4.2.5)

So, the overall loss function for the selection of features with our framework for classi-
fication purposes is the following.

E = Eclass + α1Eselect + α2EQ (4.2.6)

Here, α1 ≥ 0, α2 ≥ 0 are scalar multipliers for adjusting the importance of Eselect and
EQ in the overall error function E. Note that Eclass is also dependent on λjs as the
attenuated features get into the network.

Now let us focus on our original agenda of selecting features that perform satis-
factorily both for classification and clustering. To preserve structural information of
the data in the lower dimensional space formed by the selected Q features, we consider
Sammon’s stress [41] as a loss function. The Sammon’s stress is the loss function for
a non-linear mapping named Sammon’s mapping that is able to capture complex non-
linear structures in data, as a result, also preserves cluster structure. The lower the
value of Sammon’s stress, the better the lower dimensional representations in captur-
ing the original inter-point distances or structures of the original data. We can define
Sammon’s stress involving the original input space and selected feature space as the
following.

Esammons =
1

(
∑n

i,l=1 d
X
il )

n−1∑
i=1

n∑
l=i+1

(
dXil − dX̂il

)2
dXil

(4.2.7)

dXil is the distance between xi and xl. X̂ = {x̂i = (a1xi1, a2xi2, · · · , aPxiP )T ∈ RP }ni=1.

So, dX̂il is the distance between x̂i and x̂l. As discussed earlier, at the end of the
training of our embedded system, ajs will be close to 0 or 1 depending on whether

the corresponding features are rejected or selected. Therefore, for a trained system dX̂il
would signify the distance between ith and lth instances in the latent space formed by
the implicitly selected Q features. So considering Esammons in Equation (4.2.7) as an
regularizer, the resultant overall loss function is given by.

Etot = Eclass + βEsammons + α1Eselect + α2EQ (4.2.8)
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β ≥ 0 is a scalar multiplier that controls the trade-off between the class information
and the structural information in the feature selection process. Note that, the compu-
tational complexity for the loss function in Equation (4.2.7) is O(n2). For a large n,
the overhead of computing Equation (4.2.7) and hence Equation (4.2.8) is intensive.
As the weight update at each iteration will involve computing Equation (4.2.7), the
overall computation cost would be high. For small and moderate n, we use Equation
(4.2.8) as the loss function to be minimized. However, for large n to avoid the high
computational cost we modify Equation (4.2.7) as follows.

Estruct =
1

(
∑

xi,xl∈St
dXil )

∑
xi∈St

∑
xl∈St;xl ̸=xi

(
dXil − dX̂il

)2
dXil

(4.2.9)

Here St is a randomly selected subset of X at the tth iteration. Different Sts are chosen
at different iterations and hence different sets of inter-point distances are preserved.
Since the considered MLP is trained over a large number of iterations, the use of Equa-
tion (4.2.9) is expected to result in almost the same effect as that by Equation (4.2.7).
We have to choose |St| such that Equation (4.2.9) is computationally manageable and
at the same time it should be large enough to make Estruct an effective substitute of
Esammons. Adding Equation (4.2.9) to Equation (4.2.6) we propose the following loss
function for our system.

Etot = Eclass + βEstruct + α1Eselect + α2EQ (4.2.10)

Etot is minimized with respect to the gate parameters λjs and the weights of the network
to find their optimal values. In each iteration, we update P gate parameters and w
weights, where w is the total number of weights of the MLP. Computational complexity
for training the MLP is O(n(P + w)) [10].

4.3 Experimentation and Results

The feature selection framework proposed in this chapter is generic but it can be
adapted to solve specialized problems. We have studied the proposed framework for
general datasets as well as for solving a special problem: band selection of hyperspectral
images. We present the results of band selection for HSIs in a different subsection, Sub-
sec. 4.3.2. We present the results of feature selection for the conventional classification
problem in the following subsection (Subsec. 4.3.1).

4.3.1 Feature selection for conventional classification datasets

We have used five publicly available datasets that are very commonly used for clas-
sification and clustering. The first four datasets are downloaded from UCI machine
learning repository [229]. AR10P is downloaded from the open-source feature selection
repository of Arizona State University [230]. The details of the number of features,
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Table 4.1: Summary of datasets.

Name Number of features Number of classes Number of instances
P C n

E. coli 7 8 336
Glass 9 6 214

Ionosphere 34 2 351
Sonar 60 2 208
AR10P 2400 10 130

number of classes, and number of instances for the five datasets are summarized in
Table 4.1. The datasets are used directly without any pre-processing. The datasets
are partitioned into training and test sets as approximately 90% and 10% of the total
number of instances, respectively. To implement our proposed feature selection scheme
we use the neural network shown in Fig. 4.1 with the number of hidden layers, nH = 1.
The input and output layers have P and C nodes respectively, where P is the number
of features and C is the number of classes corresponding to the considered dataset. The
number of hidden nodes in the hidden layer is 8 (20 for AR10P data set). To get stable
feature selection results, the network weights are initialized in a certain way. To set the
initial weights of the proposed network, we take the following steps. First, we consider
the usual MLP part of our network (i.e. without feature selection), depicted by the
portion within the dotted rectangle in Fig. 4.1, and initialize its weights randomly.
Next, we train the usual MLP with the cross-entropy loss defined in Equation (4.2.2)
with the training set until convergence. The weights of the converged network are used
as the initial weights of the proposed network. The gate parameter λjs are initialized
with values drawn randomly from a normal distribution with mean = 2 and spread
= 1√

P
. The initial values of λjs are chosen around 2 to effectively make the gates al-

most closed initially. As the learning progresses the λjs are updated in a way to allow
the useful features to affect the network. For the proposed system, to select a subset
of Q features, the gate parameters λjs are sorted in ascending order after the training
is over, and the Q features corresponding to the top Q, λjs are selected. The network
weights as well as the gate parameters λjs are learned using the adaptive gradient al-
gorithm, ‘train.AdagradOptimizer’ routine of the ‘TensorFlow’ framework [193]. For
all experiments, both α1 and α2 of the error functions in Equations (4.2.6) and (4.2.8)
are set as 1. The total number of iterations for training the network is set to 20000.

The five datasets we consider here, have the number of instances n < 400, which
is not so large. Therefore, we use (4.2.8) as the overall loss function to train the
MLP based architecture for selecting features that are reasonably good for clustering
and classification. When β = 0 in (4.2.8), effectively, the error function that governs
the learning of our MLP based embedded feature selection scheme is (4.2.6). The
corresponding feature selection scheme now only considers classification. Let us name
this method as feature selection with MLP (FSMLP). When β ̸= 0 in (4.2.8), our
method takes structure preservation into account along with classification. Let us
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name the corresponding method as FSMLPstruct. To understand the importance of
adding the structure preserving regularizer (4.2.7), we perform feature selection with
FSMLP and compare with FSMLPstruct having different β values. We explore three
values of βs 0.1, 1, and 10. Although the exact value of the β that is optimum for
a particular dataset for a particular number of selected features Q cannot be decided
from these three values, we investigate the effect of three widely different βs to see the
role of the weight to the structure preserving regularizer, i.e. β on the performance
of the selected features. We compare with three other methods namely, Independent
Component Analysis (ICA)-based feature selection [231], F-score based filter method
[51], and mutual information based filter method [52, 53]. The performance of both
FSMLP and FSMLPstruct is dependent on the initial weights of the network. So, we
repeat the initialization of the network weights and gate parameters λjs five times and
run each of the schemes, FSMLP and FSMLPstruct five times with the five initializations.
To check the effectiveness of the methods in selecting features that perform well in
classification and clustering simultaneously, we compute the classification scores of
the support vector machine (SVM) and MLP classifiers as well as several structure-
preserving indices: Sammon’s stress (SS) [41], normalized mutual information (NMI)
[54–56], adjusted rand index (ARI) [232], and Jaccard Index (JI) [233]. As the measure
of classification performance, we use the overall classification accuracy (OCA) for both
the classifiers. The optimal hyper-parameters of SVM are determined through five-fold
cross-validation using grid search. For MLPs, we use the same number of hidden nodes
as used by the FSMLP or FSMLPstruct. Note that here the test set is not only unseen
to the SVM classifier but unseen to the feature selection methods also. SS, defined in
Equation (4.2.7) uses the original inter-point distances dXil s and latent space inter-point

distances dX̂il s. Here to compute dX̂il , we use the lower dimensional data formed by the
selected Q features. We use NMI, ARI, and JI as the structure-preserving performance
metrics by supplying the cluster labels obtained from clustering the data in the original
space (using all features) as the true label and the cluster labels obtained from clustering
the data in the reduced space formed by the selected Q features as the predicted cluster
label. So, NMI, ARI, and JI measure how the cluster assignments in the original space
and in the selected space agree, effectively giving a measure for the preservation of the
original cluster structure in the selected space. We know that the maximum value for
NMI or ARI or JI is 1. Here, the value of each of these three measures being close to
1 indicates that the cluster structure in the original space is preserved in the selected
space. As the clustering algorithm we use, the Fuzzy C Means (FCM) algorithm [117]
with the fuzzy exponent m = 2. We set the number of clusters for FCM algorithm
as the number of classes. We use two values for the number of the selected features,
Q. Q = 0.35 × P and Q = 0.5 × P , where these values are rounded up to the nearest
integers using the ceiling function. We report the average of each performance index,
computed using the five subsets of features obtained in the five different runs.

Tables 4.2 and 4.3 summarize the performances of the proposed method and other
compared methods for training and test sets, respectively for the E. coli dataset. We
tabulate the four previously mentioned structure preserving measures and one classi-
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Table 4.2: Performance comparison for E. coli, training set for different choices of β
and Q.

Method SS NMI ARI JI SVM OCA NN OCA
Q=3 Q=4 Q=3 Q=4 Q=3 Q=4 Q=3 Q=4 Q=3 Q=4 Q=3 Q=4

ICA 0.2323 0.2146 0.4250 0.4220 0.2643 0.2617 0.4250 0.4220 0.6788 0.6656 0.4338 0.4795
F Score 0.1547 0.0648 0.5417 0.6124 0.3520 0.5073 0.5417 0.6124 0.6325 0.7815 0.6377 0.6517

Mutual Info 0.0726 0.0204 0.6061 0.7511 0.4993 0.6884 0.6061 0.7511 0.6823 0.6719 0.6066 0.4834
FSMLP 0.1391 0.1098 0.4356 0.4751 0.2705 0.3167 0.4356 0.4751 0.8391 0.8828 0.5464 0.4987

FSMLPstruct, 0.1391 0.1098 0.4356 0.4751 0.2705 0.3167 0.4356 0.4751 0.8391 0.8828 0.5179 0.4987
β = 0.1

FSMLPstruct, 0.0902 0.0391 0.5338 0.6138 0.3868 0.4873 0.5338 0.6138 0.9000 0.9007 0.5755 0.5623
β = 1

FSMLPstruct, 0.0766 0.0280 0.5812 0.7137 0.4497 0.6362 0.5812 0.7137 0.8675 0.8768 0.5603 0.5020
β = 10

Table 4.3: Performance comparison for E. coli, test set for different choices of β and Q.

Method SS NMI ARI JI SVM OCA NN OCA
Q=3 Q=4 Q=3 Q=4 Q=3 Q=4 Q=3 Q=4 Q=3 Q=4 Q=3 Q=4

ICA 0.2562 0.2332 0.6191 0.6068 0.2858 0.2775 0.6191 0.6068 0.5588 0.6471 0.4529 0.4706
F Score 0.1389 0.0682 0.7124 0.7150 0.4579 0.4552 0.7124 0.7150 0.5882 0.6471 0.5882 0.5824

Mutual Info 0.0763 0.0426 0.7047 0.8047 0.4541 0.6114 0.7047 0.8047 0.4545 0.5909 0.5647 0.4706
FSMLP 0.1217 0.0976 0.7341 0.7416 0.5284 0.5449 0.7341 0.7416 0.6824 0.7000 0.4941 0.4706

FSMLPstruct, 0.1217 0.0976 0.7341 0.7416 0.5284 0.5449 0.7341 0.7416 0.6824 0.7000 0.4706 0.4706
β = 0.1

FSMLPstruct, 0.0949 0.0382 0.6910 0.8179 0.4215 0.6669 0.6910 0.8179 0.7235 0.8118 0.5000 0.5059
β = 1

FSMLPstruct, 0.0932 0.0346 0.6921 0.8571 0.4171 0.7029 0.6921 0.8571 0.7412 0.8588 0.5412 0.4706
β = 10

fication score for two choices of the number of selected features (approximately 35%
and 50% of the original dimension) i.e., Q = 3, and Q = 4 in Tables 4.2 and 4.3,
respectively. As we have already discussed in Sec. 4.2 the lesser the value of SS, the
better the projected space (formed by selected features) preserves the original pairwise
distances and hence the structure of the original data. We observe in Table 4.2, the
mutual information based method shows the lowest value of SS, and the second lowest
is FSMLPstruct with β = 10 for both Q = 3 and Q = 4. Actually, the SS values for
the mutual information based method and FSMLPstruct with β = 10 are almost the
same, equal up to two places after decimal points in both choices of Q. The SS values
achieved by ICA, the F score based method and FSMLP are comparatively higher. So,
the mutual information based method and FSMLPstruct with β = 10 preserve the orig-
inal pairwise distances most in the projected space. They are also expected to preserve
the structures most. The values of the other three structure preserving measures i.e.,
NMI, ARI, and JI confirm the same. We know that the higher the values of NMI,
ARI, and JI, the closer are the cluster structures of the projected space to the orig-
inal cluster structures. The highest values of the NMI, ARI, and JI are obtained by
the mutual information based method, followed by the FSMLPstruct with β = 10. So,
in cluster structure preservation, mutual information based method and FSMLPstruct

with β = 10 perform better than the other three methods and even better than the
other two models trained by FSMLPstruct with β = 0.1 and 1. β is the weight of the
regualizer Esammons in (4.2.7). Although SS and Esammons are not exactly same, under
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Table 4.4: Performance comparison for Glass, training set for different choices of β and
Q.

Method SS NMI ARI JI SVM OCA NN OCA
Q=4 Q=5 Q=4 Q=5 Q=4 Q=5 Q=4 Q=5 Q=4 Q=5 Q=4 Q=5

ICA 0.2699 0.2216 0.5066 0.5416 0.3343 0.3688 0.5066 0.5416 0.6771 0.6823 0.3729 0.4260
F Score 0.1284 0.1011 0.5961 0.6343 0.5137 0.5750 0.5961 0.6343 0.6979 0.7396 0.4531 0.4771

Mutual Info 0.2091 0.1159 0.5073 0.6113 0.3321 0.5688 0.5073 0.6113 0.6823 0.6719 0.5156 0.4365
FSMLP 0.1968 0.1593 0.5512 0.6028 0.4473 0.5235 0.5512 0.6028 0.6302 0.7094 0.3688 0.3479

FSMLPstruct, 0.1968 0.0747 0.5512 0.7501 0.4473 0.6873 0.5512 0.7501 0.6302 0.7510 0.3688 0.3802
β = 0.1

FSMLPstruct, 0.0494 0.0623 0.7732 0.7965 0.7124 0.7665 0.7732 0.7965 0.7740 0.7708 0.4198 0.3490
β = 1

FSMLPstruct, 0.0309 0.0406 0.8551 0.7394 0.8507 0.6792 0.8551 0.7394 0.8125 0.7667 0.3698 0.4042
β = 10

Table 4.5: Performance comparison for Glass, test set for different choices of β and Q.

Method SS NMI ARI JI SVM OCA NN OCA
Q=4 Q=5 Q=4 Q=5 Q=4 Q=5 Q=4 Q=5 Q=4 Q=5 Q=4 Q=5

ICA 0.3039 0.2333 0.6536 0.6063 0.3409 0.2979 0.6536 0.6063 0.4545 0.4545 0.4182 0.5000
F Score 0.1393 0.1258 0.7028 0.7744 0.5746 0.6861 0.7028 0.7744 0.5455 0.6364 0.5091 0.5364

Mutual Info 0.2034 0.1372 0.7805 0.7728 0.6358 0.6655 0.7805 0.7728 0.4545 0.5909 0.5909 0.4818
FSMLP 0.2027 0.1669 0.7366 0.7425 0.5053 0.5380 0.7366 0.7425 0.5727 0.6727 0.4364 0.3818

FSMLPstruct, 0.2027 0.0806 0.7366 0.7885 0.5053 0.6190 0.7366 0.7885 0.5727 0.6636 0.4364 0.4273
β = 0.1

FSMLPstruct, 0.0406 0.0636 0.8265 0.8300 0.6951 0.7355 0.8265 0.8300 0.6818 0.6727 0.4455 0.4091
β = 1

FSMLPstruct, 0.0215 0.0372 0.9022 0.7950 0.8670 0.6210 0.9022 0.7950 0.6727 0.6818 0.4091 0.4545
β = 10

the influence of Eselect, it is expected that the higher the value of β lesser the value of
SS would be. Table 4.2 reconfirms that. The SS values become lesser as β increases
from 0.1 to 10. SS values of FSMLP (which is basically FSMLPstruct with β = 0) and
FSMLPstruct with β = 0.1 are the same for both the choices of Q. Except for NN
OCA, the methods FSMLP and FSMLPstruct with β = 0.1 have the other ten measures
same. It proves that for the E.coli dataset, β = 0.1 does not give any effective weight
to the structure preservation term and chooses the same subset as that by FSMLP. For
the classification performance measure OCA, FSMLPstruct with β = 1, achieves the
highest value, followed by FSMLPstruct with β = 10. The mutual information based
method and FSMLPstruct with β = 10 have all the structure preserving measures either
almost equal or of comparable values, however for OCA, FSMLPstruct with β = 10 is
better than mutual information based method with a margin more than 18%. For E.
coli data, the test set follows the observed trends in the training set with the following
exceptions. First, for Q = 3, the values of NMI, ARI, and JI have not increased as
β increases from 0.1 to 10. Second, for Q = 4, FSMLPstruct with β = 10 beats all
the methods including mutual information based method. Analyzing the performances
over train and test sets, for E. coli data FSMLPstruct with β = 10 is the winner among
the other six models.

Tables 4.4 and 4.5 report the performance of the Glass dataset on its training and
test sets, respectively.

The chosen numbers of features for the Glass data are 4 and 5. The expected nature
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Table 4.6: Performance comparison for Ionosphere, training set for different choices of
β and Q.

Method SS NMI ARI JI SVM OCA NN OCA
Q=12 Q=17 Q=12 Q=17 Q=12 Q=17 Q=12 Q=17 Q=12 Q=17 Q=12 Q=17

ICA 0.1791 0.0926 0.8261 0.8817 0.8766 0.9250 0.8261 0.8817 0.9492 0.9714 0.8787 0.8889
F Score 0.1753 0.0914 0.9035 0.9313 0.9497 0.9621 0.9035 0.9313 0.9397 0.9746 0.8660 0.9022

Mutual Info 0.1776 0.0803 0.6829 0.8645 0.7838 0.9250 0.6829 0.8645 0.9746 0.9651 0.8952 0.9048
FSMLP 0.1721 0.0895 0.6292 0.7330 0.7246 0.8192 0.6292 0.7330 0.9606 0.9733 0.8971 0.9117

FSMLPstruct, 0.1675 0.0878 0.6689 0.7415 0.7641 0.8243 0.6689 0.7415 0.9638 0.9733 0.8883 0.9054
β = 0.1

FSMLPstruct, 0.1505 0.0776 0.7307 0.7867 0.8051 0.8582 0.7307 0.7867 0.9632 0.9568 0.8737 0.8844
β = 1

FSMLPstruct, 0.1437 0.0766 0.7894 0.8111 0.8533 0.8723 0.7894 0.8111 0.9683 0.9644 0.8425 0.8870
β = 10

of decreasing SS with increasing β is clearly observed for Q = 5 for both the training
and test set. For Q = 4, the Glass data also follows the characteristics of the E. coli
data of having the same values for FSMLP and FSMLPstruct with β = 0.1 in all the ten
measures for both training and test set. For Q = 4, from β = 0.1 onwards, increasing βs
produce decreasing SS values and increasing NMI, ARI, and JI values for both training
and test datasets. We observe from the Tables 4.4 and 4.5, for Q = 5, as the β increases
from 0 (FSMLP) to 0.1, and then to 1, NMI, ARI, and JI values are increased for both
training and test datasets. However, at β = 10, NMI, ARI, and JI values are decreased
compared to β = 0.1 and 1. We can conclude that, for Q = 4, FSMLPstruct with β = 10
gives the best structure preserving performance among the considered models and for
Q = 5, FSMLPstruct with β = 1 is best in structure preservation. In terms of the
classification performance measure OCA, FSMLPstruct with β = 10 and FSMLPstruct

with β = 1 show the highest OCA values for the training set and test set respectively,
with Q = 4. On the other hand, for Q = 5, FSMLPstruct with β = 10 show the highest
OCA values for the training set and FSMLPstruct with β = 1 show the highest OCA
values for the test set. Inspecting all the performance measure values, we may conclude
that for the Glass dataset, both FSMLPstruct with β = 10 and FSMLPstruct with β = 1
are comparatively better in simultaneously preserving both class and cluster structures
than the other methods.

The performances of the Ionosphere dataset are recorded in Tables 4.6 and 4.7
for training and test sets respectively. For the Ionosphere data set, the number
of selected features, Q is set to 12 and 17. Here, in all the cases, whenever the β
is increasing, SS is decreasing and the other structure preserving indices NMI, ARI,
and JI are increasing consistently. Unlike, E. coli and Glass data set, here when β
increases from 0 (in FSMLP) to 0.1, the structure preserving metrics including SS
shifted in the desired direction in most of the cases and remained the same in some
cases. Except for SS, in the other three structure preserving measures, ICA and F
score based methods have performed better than FSMLP and FSMLPstruct for all the
cases. Classification performance is good for almost all methods for the Ionosphere
data set. In the training set, for both Q = 12 and Q = 17, an accuracy of 97.46% is
reached by mutual info and F score based methods, however, FSMLP and FSMLPstruct
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Table 4.7: Performance comparison for Ionosphere, test set for different choices of β
and Q.

Method SS NMI ARI JI SVM OCA NN OCA
Q=12 Q=17 Q=12 Q=17 Q=12 Q=17 Q=12 Q=17 Q=12 Q=17 Q=12 Q=17

ICA 0.1652 0.0964 0.7351 0.7351 0.7782 0.7782 0.7351 0.7351 0.9143 0.9429 0.8571 0.7886
F Score 0.1952 0.1003 0.4325 0.4778 0.3411 0.4152 0.4325 0.4778 0.9429 0.9429 0.8057 0.8229

Mutual Info 0.2186 0.0972 0.5287 0.6541 0.4959 0.6774 0.5287 0.6541 0.9429 0.9429 0.8229 0.8171
FSMLP 0.1801 0.0913 0.6518 0.8284 0.6841 0.8682 0.6518 0.8284 0.9371 0.9143 0.8629 0.8057

FSMLPstruct, 0.1722 0.0885 0.7434 0.8284 0.7714 0.8682 0.7434 0.8284 0.9371 0.9314 0.8229 0.7886
β = 0.1

FSMLPstruct, 0.1437 0.0726 0.7764 0.8597 0.8265 0.8884 0.7764 0.8597 0.8971 0.9257 0.8057 0.8286
β = 1

FSMLPstruct, 0.1310 0.0720 0.7960 0.9146 0.8454 0.9328 0.7960 0.9146 0.9029 0.9257 0.8114 0.8171
β = 10

Table 4.8: Performance comparison for Sonar, training set for different choices of β and
Q.

Method SS NMI ARI JI SVM OCA NN OCA
Q=21 Q=30 Q=21 Q=30 Q=21 Q=30 Q=21 Q=30 Q=21 Q=30 Q=21 Q=30

ICA 0.7830 0.4963 0.0004 0.0276 -0.0040 0.0382 0.0004 0.0276 0.7112 0.8075 0.6417 0.7711
F Score 0.3614 0.2029 0.1167 0.1778 0.1159 0.1926 0.1167 0.1778 0.8289 0.9733 0.8128 0.8321

Mutual Info 0.2247 0.0950 0.4601 0.6601 0.5662 0.7585 0.4601 0.6601 0.9733 0.9465 0.8086 0.8332
FSMLP 0.1880 0.0910 0.3735 0.5293 0.4432 0.6104 0.3735 0.5293 0.9273 0.9765 0.8064 0.8203

FSMLPstruct, 0.1314 0.0779 0.4917 0.5587 0.5698 0.6358 0.4917 0.5587 0.9775 0.9722 0.8075 0.8171
β = 0.1

FSMLPstruct, 0.0620 0.0285 0.5743 0.6838 0.6620 0.7696 0.5743 0.6838 0.9872 0.9840 0.7968 0.8193
β = 1

FSMLPstruct, 0.0481 0.0201 0.6983 0.7473 0.7751 0.8318 0.6983 0.7473 0.9936 0.9968 0.7305 0.8118
β = 10

models have reached more than 96% accuracy in every case. For the test set, all the
structure preserving indices are better for FSMLP and FSMLPstruct than ICA, F score,
and mutual information based methods, although in terms of classification score OCA,
the F score and mutual information based methods have performed marginally better
than FSMLP and FSMLPstruct models. This may have happened because FSMLPstruct

makes a compromise between preserving cluster structure and classifier loss. For the
Ionosphere dataset, our proposed models are not the winner.

For the Sonar data, the summary of the performance on the training and test data
sets in terms of the five measures for two choices of the number of selected features are
included in Tables 4.8 and 4.9. We set, Q = 21 and 30 for the Sonar data set. In
the case of the Sonar data set, not only with increasing β, all the structure preserving
indices improve, in case of the training set, FSMLPstruct with β = 10 are significantly
better than ICA, F score, and mutual information based methods, and FSMLP in all
five scores for both the choices of Q. For the test set, in some cases, FSMLPstruct

with β = 1 is better than FSMLPstruct with β = 10. For the Sonar data set, clearly,
the proposed method performed extremely well in terms of classification and clustering
performance.

Tables 4.10 and 4.11 summarize the performance of the proposed method and other
compared methods for training and test sets, respectively for the AR10P data set. The
original number of features, P for the AR10P data set is 2400, which is comparatively
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Table 4.9: Performance comparison for Sonar, test set for different choices of β and Q.

Method SS NMI ARI JI SVM OCA NN OCA
Q=21 Q=30 Q=21 Q=30 Q=21 Q=30 Q=21 Q=30 Q=21 Q=30 Q=21 Q=30

ICA 0.7556 0.4968 0.2513 0.1993 0.1546 0.2383 0.2513 0.1993 0.7143 0.5714 0.6286 0.4667
F Score 0.3629 0.1941 0.2906 0.3029 0.3519 0.3536 0.2906 0.3029 0.5714 0.8571 0.6286 0.6952

Mutual Info 0.2144 0.0955 0.2906 0.5411 0.3519 0.6378 0.2906 0.5411 0.8095 0.8095 0.5524 0.6286
FSMLP 0.1967 0.0977 0.3918 0.5288 0.4633 0.5850 0.3918 0.5288 0.8190 0.8857 0.6286 0.6762

FSMLPstruct, 0.1436 0.0840 0.4026 0.5540 0.4368 0.6155 0.4026 0.5540 0.7714 0.8762 0.6667 0.6952
β = 0.1

FSMLPstruct, 0.0679 0.0302 0.6905 0.6824 0.7223 0.7146 0.6905 0.6824 0.7619 0.8381 0.6571 0.6381
β = 1

FSMLPstruct, 0.0473 0.0198 0.5001 0.7156 0.5547 0.7490 0.5001 0.7156 0.8000 0.7810 0.7048 0.6762
β = 10

Table 4.10: Performance comparison for AR10P, training set for different choices of β
and Q.

Method SS NMI ARI JI SVM OCA NN OCA
Q=40 Q=60 Q=40 Q=60 Q=40 Q=60 Q=40 Q=60 Q=40 Q=60 Q=40 Q=60

ICA 0.7619 0.7107 0.2807 0.2449 0.2222 0.2066 0.2807 0.2449 1 1 0.6957 0.7436
F Score 0.7933 0.7484 0.1693 0.1709 0.0550 0.0438 0.1693 0.1709 1 1 0.8188 0.8940

Mutual Info 0.7805 0.7309 0.1613 0.1863 0.0429 0.0558 0.1613 0.1863 0.9915 0.9915 0.8376 0.8821
FSMLP 0.7640 0.7109 0.2296 0.2108 0.1038 0.0943 0.2296 0.2108 0.9983 1 0.9470 0.9419

FSMLPstruct, 0.7566 0.7061 0.3828 0.5251 0.3907 0.5654 0.3828 0.5251 1 1 0.9162 0.9094
β = 25

FSMLPstruct, 0.7567 0.7059 0.5307 0.5089 0.5575 0.5268 0.5307 0.5089 1 1 0.8718 0.9043
β = 50

FSMLPstruct, 0.7564 0.7061 0.4849 0.5830 0.4852 0.6353 0.4849 0.5830 1 1 0.8872 0.8957
β = 100

Table 4.11: Performance comparison for AR10P, test set for different choices of β and
Q.

Method SS NMI ARI JI SVM OCA NN OCA
Q=40 Q=60 Q=40 Q=60 Q=40 Q=60 Q=40 Q=60 Q=40 Q=60 Q=40 Q=60

ICA 0.7739 0.7256 0.8255 0.8222 0.0031 -0.0523 0.8255 0.8222 0.6154 0.6154 0.2615 0.3385
F Score 0.7364 0.6856 0.9072 0.9152 0.3645 0.4155 0.9072 0.9152 0.8462 0.8462 0.7538 0.8615

Mutual Info 0.7614 0.7112 0.8451 0.8451 0.0122 0.0122 0.8451 0.8451 0.9231 0.8462 0.8154 0.8462
FSMLP 0.7838 0.7213 0.9051 0.9152 0.3686 0.4155 0.9051 0.9152 0.8462 0.7538 0.8308 0.6615

FSMLPstruct, 0.7795 0.7346 0.9223 0.9146 0.4820 0.4380 0.9223 0.9146 0.4615 0.6154
0.6000 0.6000

β = 25
FSMLPstruct, 0.7815 0.7352 0.9050 0.9050 0.3782 0.3782 0.9050 0.9050 0.4615 0.6154

0.5385 0.6308
β = 50

FSMLPstruct, 0.7804 0.7356 0.9056 0.9136 0.3557 0.4727 0.9056 0.9136 0.4615 0.6154 0.5231 0.5077
β = 100

higher than that of the other four data sets used in this sub-section. The two choices
of the number of selected features here are 40 and 60 and these are not approximately
35% and 50% of the original dimension like in previous cases. The study in [27],
proposed a feature selection scheme for redundancy control in features. They reported
an average number of selected features of 58.9 without practicing redundancy control
and an average number of selected features in the range of 22.8 to 44.2 when practicing
redundancy control for AR10P data set. Hence, we choose the number of selected
features Q as 40 and 60. From the classification scores shown in Table 4.10, we note
that for all the methods for both the choices of Q, classification scores in training set
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are more than 99%. In the training set, we observe that for FSMLPstruct, as β increases
SS decreases in almost all the cases. But for the test set, this is not true. For the other
structure-preserving measures for the training set, FSMLPstruct with β = 50 is best
among all the methods for Q = 40 and FSMLPstruct with β = 100 is best among all
the methods for Q = 60. In the test set, all the methods have performed almost the
same in terms of the structure-preserving measures. The classification performances of
FSMLPstruct are very poor in the test set for AR10P data. The significant differences
in training and test OCA values for FSMLPstruct indicate poor generalization of the
system. This problem may be addressed by choosing optimal number of nodes for
FSMLPstruct through cross-validation.

Results from the five data sets clearly establish the benefit of introducing the pro-
posed structure preserving regularizer term, Esammons in the overall loss function (4.2.8)
of the MLP based embedded feature selection scheme. The classification performance
using MLP networks is generally worse than that of the corresponding SVM classifiers.
This is also true for the features selected by other feature selection methods in most
of the cases. As mentioned earlier, the number of hidden nodes used for every dataset
is the same as that used for the FSMLP network. Thus, the number of hidden nodes
used for testing the performance of the selected features is not likely to be the best
choice because the number of features used in this case is much less than that used by
the FSMLP networks. This may be a possible cause for the poor performance of MLP
for all feature selection methods. This issue needs further investigation. Next we shall
consider the band (channel) selection problem for hyperspectral satelite images.

4.3.2 Band selection in hyperspectral images

Hyperspectral imaging is an advanced imaging technique where the objects are char-
acterized by their spectral reflectances over hundreds of narrow and contiguous bands
from the visible to the near-infrared region [234–236]. A hyperspectral image (HSI)
represents an image scene by a three-dimensional cube where the third dimension is
essentially the spectral information [237]. HSIs may have hundreds of bands to achieve
higher spectral resolution, however, this leads to some difficulties. To overcome the
difficulties, band selection is performed on HSIs. We employ our proposed feature
selection scheme as a band selection scheme for HSI data sets. Let our considered hy-
perspectral image I be of dimension, H ×W × P where, H, W , and P are the height,
width, and number of spectral bands of the image respectively. We can represent the
pixels of I as xi ∈ RP : i = 1, 2, . . . ,H ×W . Let, there be total n pixels annotated
with C land cover classes. Without any loss of generality, we index the n pixels, as xi;
i = 1, 2, . . . n which are having class labels. Our input data for land cover classification
problem be X = {xi = (xi1, xi2, · · · , xiP ) ∈ RP }ni=1. The collection of class labels of
X be Z = {zi ∈ {1, 2, · · · , C}}ni=1, where, zi is the class label corresponding to xi. We
aim to select a subset of size Q from the original set of bands such that the selected
subset performs reasonably well for land cover classification as well as in clustering.

We have performed the experiments with three benchmark HSI datasets for land
cover classification problems- Indian pines, Pavia University, and Salinas [238]. We
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have used the corrected version of the Indian pines and Salinas datasets having the
number of bands 200 and 204 respectively. The Pavia University dataset uses 103
bands. The pre-processing of the datasets is the same as done in [239], following the
code available in [240]. For any dataset, its pixel values are scaled to [0, 1] using the
expression (x − min(x))/(max(x) − min(x)), where, x is a pixel value. The max and
min are computed over the entire HSI. The data are then mean normalized across each
channel by subtracting channel-wise means. The datasets are partitioned into training
and test datasets. For band selection, only the training datasets are fed to the model.
For measuring performance both training and test datasets are used. For splitting the
datasets into training and test subsets, we drop the pixels of the unknown land-cover
type. Let X be the set of pixels with known land-cover type. To obtain the training and
test sets, let us divide X into two subsets A and B such that A

⋃
B = X, A

⋂
B = ϕ,

and A and B contain, respectively, 75% and 25% pixels of X. We use B as the test
set. Note that, all three datasets suffer from the class imbalance problem. To avoid the
learning difficulty raised by class imbalance, in the training set, we consider the same
number of instances from each class. For this, from the subset A, we randomly select
(without replacement) 200 pixels per class. If a class has less than 200 instances in A,
we oversample the class by synthetic minority oversampling technique (SMOTE) [241]
to gather 200 points. For band selection also, we use the same neural network (Fig. 4.1)
with the number of hidden layers, nH = 3. All the hyperparameters of the network,
namely, number of hidden layers, number of nodes, type of activation functions and
number of iterations for training are set according to [239], following the code available
in [240]. The numbers of hidden nodes in the three hidden layers are 500, 350, and
150 respectively. Here the number of input nodes of the MLP is equal to the number
of bands (P ). The network weights and the gate parameters λjs are initialized in
the same way as done for the datasets, described in Subsec. 4.3.1. The subset of Q
bands is also selected in the same way as described in Subsec. 4.3.1. Here also the
adaptive gradient algorithm is used as the learning algorithm and implemented with
the ‘train.AdagradOptimizer’ routine of the ‘TensorFlow’ framework [193]. For all
experiments of the current sub-section, α1 and α2 of the error functions in Equations
(4.2.6) and (4.2.10) are set as 5 and 1 respectively. The total number of iterations for
training the network is set to 50000.

Experiment I

Here the proposed feature selection scheme is used for band selection of remote sensing
images with land cover types as the class labels. To accommodate the complexity of high
dimensional HSI data, we have used a deeper network than that used for the datasets
in Subsec. 4.3.1. Since image data or to be specific HSI datasets are widely different
in nature from the typical classification datasets used in Subsec. 4.3.1, before stepping
into a dual objective of classification and clustering, we first check the performance of
the band selection model for land cover classification. In this experiment (Experiment
I), we consider the band selection for land cover classification as the target problem
and compare the performance of our method with other band selection methods. So,
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we train our MLP-embedded band selection method by taking Equation (4.2.6) as
the loss function. Here we denote the proposed method as BSMLP (Band Selection
MLP). Figure 4.2 shows the classification performances of BSMLP, ICA based band
selection [242], F-score [51], and mutual information [52, 53] based filtering methods.
To measure the classification performance we compute OCA as done in Subsec. 4.3.1.
Figure 4.2a and Figure 4.2b depict the results on the Indian pines dataset for the
training dataset and test dataset respectively. Both for training and test set, BSMLP
shows OCA values higher or comparable to the other band selection methods. For less
number of selected bands (say up to the number of selected bands=100), the OCA of
BSMLP is greater than that of other band selection methods with quite a good margin
for both training (Figure 4.2a) and test sets (Figure 4.2b). As the number of selected
bands increases further the margin of difference in OCA between BSMLP and other
band selection methods, as expected, decreases finally converging at 200 (all bands)
which is natural.

The same observation is true for the Pavia university dataset as seen from its
graphical results in Figure 4.2c (training set) and Figure 4.2d (test set). So, BSMLP
is the winner among the compared methods for the Indian pines and Pavia university
datasets.

For the Salinas dataset, we note from Figure 4.2e (training set) and Figure 4.2f
(test set) that the OCA values of BSMLP and mutual information-based filter method
are almost the same. The F-score-based filter method also shows similar values of
OCAs for the number of selected bands= 40 and beyond. The ICA-based method
shows comparatively low values of OCA. So, for the Salinas dataset, both BSMLP
and the filter method based on mutual information are best among the four methods.
Considering all the results, BSMLP is demonstrated to be a better performing band
selection method for the land cover classification task.

In Figure 4.3, we demonstrate thematic maps of the entire spatial region captured
in the Indian pines dataset. We use the class labels obtained from the SVM classifier
(trained on the considered training set) on the representations by 70 bands (Figure
4.3b), and 140 bands (Figure 4.3c) selected by BSMLP. We also show the mapping by
the ground truth labels in Figure 4.3a. Figure 4.3 reveals that BSMLP is capable of
selecting useful bands that can broadly capture the land cover types. Moreover, with
an increase in the number of selected bands, the accuracy of land cover classification
also increases.

Experiment II

In Experiment II, we use the loss function proposed in (4.2.10). Note that, in (4.2.10),
as a structure preserving regularizer, Estruct defined in (4.2.9) is used. Let us name
this proposed band selection method considering structure-preserving regularizer as
BSMLPstruct. The number of training instances of the Indian pines and Salinas data
set is 3200 and that of Pavia university is 1800. Both of the number of training
instances, n are high. Computation of the Esammons in (4.2.7) would involve computing
(3200)2 or (1800)2 distances. Adding Esammons to the overall loss function would cause
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(a) (b)

(c) (d)

(e) (f)

Figure 4.2: Variations of OCA with the number of selected bands for (a) Indian pines
training set, (b) Indian pines test set, (c) Pavia university training set, (d) Pavia
university test set, (e) Salinas training set, (f) Salinas test set.
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(a) (b) (c)

Figure 4.3: Thematic maps of the Indian pines dataset (a) with ground truth labels,
(b) with labels from classification (SVM) considering 70 bands selected by BSMLP, (c)
with labels from classification (SVM) considering 140 bands selected by BSMLP.

Table 4.12: Performance comparison for Indian Pines training set, with the number of
bands= 70.

Method SS NMI ARI JI OCA

ICA 0.6982 0.5437 0.3071 0.3335 0.7497
F Score 0.5325 0.5567 0.3015 0.0704 0.7978

Mutual Info 0.1966 0.5633 0.3232 0.2493 0.8600
BSMLP 0.0162 0.7994 0.6530 0.6827 0.9157

BSMLPstruct, β=2 0.0153 0.8027 0.6588 0.6894 0.9165
BSMLPstruct, β=5 0.0140 0.8051 0.6627 0.6945 0.9155
BSMLPstruct, β=20 0.0107 0.8188 0.6953 0.7216 0.9153
BSMLPstruct, β=50 0.0071 0.8400 0.7404 0.7549 0.9179

very intensive computation at each iteration. So, instead of Esammons, its proposed
approximation Estruct defined in (4.2.9) is used. In (4.2.9), |St| is taken as 100. Varying
the value of β in (4.2.10), we analyse its effect on the OCA, SS, NMI, ARI, and JI. We
compute SS, NMI, ARI, and JI as described in Subsec. 4.3.1. We also use the same
clustering algorithm with the same settings as used in Subsec. 4.3.1.

Tables 4.12 and 4.13 summarize the comparative results of BSMLPstruct with BSMLP
and other band selection methods, ICA, F score, and mutual information based filter
methods on the training and test datasets of Indian pines respectively. Similarly, Table
4.14 and 4.15 summarize the comparative results on the training and test datasets of
Pavia university and Table 4.16 and 4.17 summarize the comparative results of train-
ing and test datasets of Salinas. In this experiment, we have fixed the number of
selected bands Q, approximately to 35% of the original number of bands P . So, The
number of selected bands is 70 for Indian pines and Salinas, and it is 35 for Pavia
University. Tables 4.12 and 4.13 record the values of the structure-preserving indices
and classification scores on Indian pines for different β values in BSMLPstruct (β values
in Equation (4.2.10)). The considered βs for Indian pines, as well as those for Salinas,
are 2, 5, 20, and 50. Note here that, BSMLP is basically BSMLPstruct with β = 0. We



4. FEATURE SELECTION PRESERVING CLASS & CLUSTER STRUCTURES121

Table 4.13: Performance comparison for Indian Pines test set, with the number of
bands= 70.

Method SS NMI ARI JI OCA

ICA 0.6748 0.5360 0.3052 0.2983 0.6175
F Score 0.5457 0.5518 0.2951 0.1643 0.6738

Mutual Info 0.2041 0.5787 0.3283 0.2395 0.7298
BSMLP 0.0158 0.8729 0.7949 0.8109 0.7871

BSMLPstruct, β=2 0.0148 0.8831 0.8210 0.8384 0.7871
BSMLPstruct, β=5 0.0137 0.8717 0.7881 0.8017 0.7881
BSMLPstruct, β=20 0.0102 0.8896 0.8346 0.8507 0.7882
BSMLPstruct, β=50 0.0066 0.8926 0.8360 0.8505 0.7850

Table 4.14: Performance comparison for Pavia University training set, with the number
of bands= 35.

Method SS NMI ARI JI OCA

ICA 0.3231 0.6941 0.5858 0.6340 0.8433
F Score 0.2386 0.6451 0.4654 0.4748 0.8233

Mutual Info 0.1387 0.8905 0.8769 0.8871 0.8717
BSMLP 0.1686 0.9072 0.8925 0.8863 0.9213

BSMLPstruct, β=1 0.1625 0.9169 0.9014 0.8952 0.9213
BSMLPstruct, β=1.5 0.1616 0.9233 0.9112 0.9033 0.9212
BSMLPstruct, β=2 0.1592 0.9243 0.9121 0.9044 0.9213
BSMLPstruct, β=2.5 0.1590 0.9198 0.9056 0.8993 0.9218

Table 4.15: Performance comparison for Pavia University test set, with the number of
bands= 35.

Method SS NMI ARI JI OCA

ICA 0.3215 0.5533 0.3777 0.2082 0.7573
F Score 0.3350 0.5091 0.3126 0.0886 0.7222

Mutual Info 0.1433 0.8911 0.8814 0.8990 0.7785
BSMLP 0.1584 0.9001 0.8930 0.9084 0.8628

BSMLPstruct, β=1 0.1568 0.9156 0.9131 0.9254 0.8650
BSMLPstruct, β=1.5 0.1573 0.9175 0.9149 0.9270 0.8672
BSMLPstruct, β=2 0.1556 0.9189 0.9166 0.9279 0.8666
BSMLPstruct, β=2.5 0.1562 0.9168 0.9143 0.9261 0.8648

observe in Tables 4.12 and 4.13 that both for training and test datasets as the value
of β increases for BSMLPstruct (in the last five rows of the corresponding Tables) the
value of SS becomes smaller. A similar trend is also observed for the Pavia University
data set (here, β varies as 1, 1.5, 2, and 2.5) for training (Table 4.14) and test (Table
4.15) sets. For the Salinas dataset as revealed from Table 4.16 and Table 4.17, when β



122 4.3. EXPERIMENTATION AND RESULTS

Table 4.16: Performance comparison for Salinas training set, with the number of
bands= 70.

Method SS NMI ARI JI OCA

ICA 0.7159 0.7066 0.5385 0.5111 0.9325
F Score 0.0167 0.9420 0.9307 0.9291 0.9650

Mutual Info 0.0902 0.9207 0.8775 0.8860 0.9628
BSMLP 0.0072 0.9672 0.9589 0.9628 0.9654

BSMLPstruct, β = 2 0.0078 0.9678 0.9603 0.9640 0.9658
BSMLPstruct, β = 5 0.0072 0.9691 0.9626 0.9659 0.9648
BSMLPstruct, β = 20 0.0055 0.9710 0.9657 0.9683 0.9646
BSMLPstruct, β = 50 0.0039 0.9688 0.9630 0.9659 0.9649

Table 4.17: Performance comparison for Salinas test set, with the number of bands=
70.

Method SS NMI ARI JI OCA

ICA 0.7027 0.6297 0.4144 0.3490 0.8670
F Score 0.0230 0.8584 0.7483 0.7615 0.9081

Mutual Info 0.0820 0.8791 0.7950 0.8230 0.8950
BSMLP 0.0078 0.9368 0.9183 0.9265 0.9077

BSMLPstruct, β = 2 0.0084 0.9392 0.9231 0.9305 0.9076
BSMLPstruct, β = 5 0.0079 0.9413 0.9275 0.9340 0.9069
BSMLPstruct, β = 20 0.0061 0.9366 0.9175 0.9258 0.9065
BSMLPstruct, β = 50 0.0044 0.9342 0.9136 0.9229 0.9073

is increased from 0 to 2, the value of SS is increased however, from β = 2 to β = 50
onward, the values of SS are decreased. As we increase the value of β, there is more
stress to reduce the loss function Equation (4.2.9). In most cases, increasing β results
in a drop in SS. This clearly suggests that the loss function Equation (4.2.9) that we
use, is a computationally efficient substitute for the original SS defined in Equation
(4.2.7). The exceptions for the Salinas dataset, while increasing β from 0 to 2 is pos-
sibly due to the fact that we do not use the entire training data in Equation (4.2.9)
and use of |St| = 100 in Equation (4.2.9) is not adequate to capture the structure of
the data faithfully for the Salinas dataset. As discussed earlier, setting the value of
|St| is crucial for approximating Equation (4.2.7) with Equation (4.2.9). We have set
|St| = 100 for all three datasets empirically. However, choosing an optimum value of
|St| for each dataset is expected to avoid the occurred exceptions.

For the Pavia university dataset, we have set the values of β in BSMLPstruct as
1, 1.5, 2, and 2.5. Unlike Indian pines and Salinas datasets, for Pavia university, we
restrict the βs to lower values. This is due to the fact that the number of selected bands
for Pavia university is 35 and that for Indian pines and Salinas is 70. The smaller the
number of bands, the lesser the importance (β) to be given to our structure preserving
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regularizer in Equation (4.2.9) to obtain a desired balance between classification and
clustering performance. Table 4.12 which contains the results for the Indian pines
training data, clearly shows that both BSMLP and BSMLPstruct are better than ICA, F-
score based, mutual information based methods in all four structure preserving metrics
as well as in terms of the OCA. In Table 4.12 we observe that with increasing values of β
there is a consistent improvement in the values of the four structure preserving metrics
while the values of OCAs stay approximately at 91%. The results shown in Table 4.13
for the Indian pines test set also depict that BSMLP and BSMLPstruct perform better
in terms of all the five metrics than the other three methods. Also with an increase in
β all the structure-preserving metrics improve for BSMLPstruct, except the value of JI
slightly decreases when β goes to 50 from 20. The classification metric OCA is around
78% with bands selected by BSMLPstruct for different choices of βs.

It is notable here that the test set is completely unseen in the process of band
selection, yet the selected bands for the proposed method are providing fairly good
results for structure preservation as well as for classification. As observed from Table
4.14 and Table 4.15 for Pavia university training and test sets respectively, the lowest
(best) SS value among all the compared methods is achieved by mutual information
based filter method. However, for the other four metrics i.e. NMI, ARI, JI and OCA;
BSMLP and BSMLPstruct achieve better values. In the case of the Pavia university
dataset with increasing β; NMI, ARI, and JI are not consistently increasing but the
results indicate that, it is possible to find a β, (here β = 2) where the structures are
preserved better maintaining a good classification score. We note from Tables 4.16 and
4.17 that, for the Salinas dataset also BSMLP and BSMLPstruct are better than the
other three methods in terms of all the five metrics used. All four structure preserving
metrics scores for the BSMLPstruct are better than or comparable to those by BSMLP
keeping the classification score OCA at approximately 96% for the training dataset and
90% for the test dataset.

Figure 4.4 illustrates thematic maps of the entire region captured in the Indian
pines dataset represented with 70 bands selected by BSMLPstruct with β = 0, i.e., by
the method BSMLP (Figure 4.4a), and BSMLPstruct considering β = 20 (Figure 4.4b),
and β = 50 (Figure 4.4c). Figure 4.4 ensures that even with the increasing stress
on the structure-preserving regularizer Estruct, our proposed band selection method
BSMLPstruct is able to select bands that maintain a good land cover classification
performance.

4.4 Conclusion and Discussions

To the best of our knowledge, a feature selection method that simultaneously cares
about class discrimination and structure preservation is not available in the literature.
In this study, we have tried to bridge this gap by proposing a neural network-based
feature selection method that focuses both on class discrimination and structure preser-
vation. To learn the proposed system, we use Sammon’s stress as a regularizer to the
classification loss. For datasets having a large number of instances, the computational
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(a) (b) (c)

Figure 4.4: Thematic maps resulting from classifications (SVM) of the Indian pines
dataset with 70 bands selected by BSMLPstruct considering (a) β = 0, (b) β = 20, (c)
β = 50.

overhead associated with Sammon’s stress is very high. Consequently, as the structure-
preserving regularizer, we use Sammon’s stress computed based on a sample of the
original data (using dynamic sampling on each iteration during the adaptive gradient
descent based learning). Using this regularizer in the experiments with datasets having
a large number of instances, we have demonstrated that this regularizer is an effec-
tive and computationally efficient implementation of Sammon’s stress based structure-
preserving regularizer. Our proposed feature selection scheme is generic. So we have
investigated its effectiveness on datasets commonly used for assessing classifiers as well
as for a specialized case: band selection in hyperspectral images(HSI). We have ap-
plied the feature selection scheme to five real-world datasets which are commonly used
typically for assessing classification. In the context of band selection, we have applied
our method to three well-known HSI datasets and compared performances with three
other band selection methods. Based on our experiments, we conclude that the pro-
posed feature selection method is able to produce reasonably good classification and
clustering scores in the majority of the data sets, indicating that the proposed method
is capable of selecting a subset of features that is good both for classification and clus-
tering. Our scheme provides a mechanism to control the number of selected features.
The proposed method is easily extendable to other networks like Radial Basis Function
(RBF) network.



Chapter 5

Understanding classes better:
class-specific and rule-specific
feature selection along with
redundancy control in a fuzzy
rule-based framework [5]

5.1 Introduction

The feature selection schemes that we have introduced in Chapter 1 and explored
in Chapter 4 choose a single “optimal” subset of the features for the entire dataset.
Traditionally, this is how feature selection is done. However, some studies [135–142]
have used class-specific approaches for selecting features, where for each class, a unique
subset of the original features is selected. If there are C classes, in the class-specific
approach, C subsets are chosen. In a traditional feature selection method, the selected
feature subset is chosen based on the global characteristics of the data. It does not take
into account any class-specific or local characteristics of the data which may be present.
For example, there may exist a group of features that follows a distinct distribution for
a specific class but varies randomly over the remaining classes. Such a group of features
plays a significant role in distinguishing the specific class from other classes but may
not be very useful for the C-class problem as a whole. There are application areas like
the discovery of biomarkers for different diseases including cancers where disease(class)-
specific attributes are of special significance which can help to understand the biology
of the disease [141, 142]. Class-specific characteristics may also exist in the form of
class-specific redundancy. Different sets of features could be redundant for different
classes. Two features are called redundant if they have discriminatory power (or are
important for a given task) and one feature is dependent on the other; for example,
the absolute value of correlation between them or mutual information between them
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is high. The two features form a set with redundancy as only one of them is needed
for the task at hand. The class-specific feature selection (CSFS) methods in [135–142]
have proposed suitable frameworks that exploit class-specific feature subsets to solve
classification problems. They have shown that the classifiers built with the subsets
chosen by class-specific methods performed better than or comparable to the classifiers
built with subsets chosen by global feature selection methods. The CSFS may also
enhance the transparency/explainability of the classification process associated with
it [135]. Next, we briefly review the existing studies that deal with CSFS.

In [136], the authors proposed a CSFS scheme with one-against-all or one-versus-all
(OVA) strategy-based multi-class support vector machine (SVM) classifiers. In this
framework, the winning class is decided by aggregating outcomes of the C (number
of classes), binary SVM classifiers. The authors deal with two issues: a) the same
feature subset may not be optimal for all C binary SVMs, so they selected optimum
features for individual OVA sub-problems; b) the reliability of all the classifiers may
not be the same, so they proposed a reliability measure and applied the same for
normalizing outputs from each binary classifier before aggregating them into the final
outcome. The study in [139], proposed a general framework for extending any tradi-
tional feature selection method to a class-specific one. Basically, the authors of [139]
proposed to covert a C-class classification problem into C binary classification prob-
lems and then to apply any traditional feature selection schemes to each of the C binary
classification problems to generate C class-specific feature sets. The authors of [142],
claimed that identifying different bio-markers for different cancer types may improve
the diagnosis and treatments of the same. So, they applied their methods to some pop-
ular gene-expression data sets used for cancer identification. Their proposed scheme is
based on pipe lining two modules: selection of features by maximum relevance binary
particle swarm optimizer (MRBPSO) and class-dependent multi-category classification
(CDMC). At first, the genes were (pre-)filtered using F-statistics. Here also, a C-class
classification problem is converted into C binary classification problems. The optimum
subsets for the binary classification problems are searched by a binary particle swarm
optimizer (BPSO) which uses maximum relevance (MR) as the fitness function. The
C class-dependent subsets learned by MRBPSO are then used in the C classifiers of
the CDMC module. The authors explored fuzzy K-nearest neighbor classifiers and
OVA-based multi-class SVM in the CDMC module. The method proposed in [137] is
called Sparse-Modeling Based Approach for Class-Specific Feature Selection (SMBA-
CSFS). In this work, each class of a dataset is modeled with its sparse representation
using less number of features than the original. Since, instead of the whole data, each
class is modeled, the representative feature sets are class-specific. Exploiting those C
feature subsets an ensemble of C classifiers is built for performing the relevant classi-
fication task. The paper in [138] proposed CSFS for liver cancer classification. Here
also, the original C class problem is decomposed to C-binary sub-problems using the
OVA strategy. For each binary classification problem, the feature selection scheme
in [138] applies two steps- information gain for initial filtering followed by a sequential
forward feature selection. As a result, class-specific feature sets are generated. The
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authors used K-nearest neighbors, decision tree, and naive Bayes classifiers to evaluate
the selected class-specific features. In [140], the author proposed a CSFS method based
on two goals: a) minimize the distances of samples from the same class and maximize
distances between samples from different classes. These two objectives were combined
to form a single objective specific to each class; as a result C class-specific feature sets
were obtained. For classifying points from the test set, the author proposed a rule
to aggregate results from C nearest neighbors classifiers defined in the C sub-spaces
formed by those selected C class-specific subsets. The CSFS method in [141], involves
elastic nets and probabilistic SVMs (PSVM). Again with OVA, C binary classification
problems were generated. Elastic nets were used to select (class-specific) feature sub-
sets for each of the binary classification problems. Then PSVMs were trained on those
class-specific subsets and finally, from their outputs, the final class label was predicted.
The study in [135] proposed a method based on genetic algorithms (GA) and an OVA
strategy. The method in [135] converts a C-class classification problem into C binary
classification problems and then uses GA to find the optimum feature set for each of
the binary classification problems. For each candidate feature subset, its fitness is mea-
sured in terms of the classification score of a binary classifier on the relevant binary
classification problem. The authors of [135] established the advantages of their CSFS
method over the global feature selection methods not only by showing that their pro-
posed CSFS scheme outperformed some popular global feature selection methods but
also by interpreting the output in terms of the class-specific features. Therefore, they
termed the feature selection scheme as an explainable feature selection method.

Note that, the majority of the CSFS methods [135, 136, 138, 139, 141, 142] follow
the OVA strategy to select C class-specific feature subsets. OVA strategy-based CSFS
methods have certain drawbacks. Generally, it leads to class imbalance demanding
careful design of classifiers. The OVA strategy-based methods are computationally
intensive and for testing we need an aggregation mechanism. Even, for the other CSFS
methods [137, 140] which are not OVA strategy-based, to exploit the obtained class-
specific feature subsets in the classification process, C classifiers are employed and
require aggregation of C outputs for testing. Moreover, none of these methods consider
the presence of - (i) class-specific redundancy, and (ii) within-class substructures in
their frameworks.

Here, we propose a CSFS scheme embedded in a fuzzy rule-based classifier (FRBC)
that does not use the OVA strategy. Our method selects class-specific feature subsets
by learning a single FRBC and hence avoids the issues associated with the CSFS
methods involving C classifiers. Moreover, we extend our framework to deal with-
(i) CSFS with redundancy control, and (ii) rule-specific feature selection (RSFS) that
can exploit the presence of substructures within a class. The rules provided by the
FRBC are generally interpretable and more specific. Exploiting the class-specific local
features, the proposed FRBC enjoys more transparency and interpretability than a
standard classifier exploiting class-specific feature subsets. Our main contributions in
this study are summarised as follows.

1. We propose a CSFS method that is not based on the OVA strategy like most of
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the existing CSFS schemes. Thus, our method is free from the weaknesses of the
OVA strategy.

2. We propose a classifier framework that is defined by class-specific fuzzy rules
involving class-specific feature subsets.

3. Our method can monitor the level of redundancy in the selected features.

4. We also propose a general version of our class-specific feature selection method
that not only chooses different subsets for different classes but also, chooses differ-
ent subsets for different rules within a class if different substructures are present.

5.2 Proposed Method

We follow the same notations as those of the previous chapters i.e., the input data set
is denoted by X = {xi = (xi1, xi2, · · · , xiP )T ∈ RP }ni=1. The collection of class labels
of X is Z = {zi ∈ {1, 2, · · · , C}}ni=1, where, zi is the class label corresponding to xi.
For our purposes we represent the class label of xi as ti ∈ {0, 1}C , where tik = 1 if
zi = k and tik = 0, otherwise. We denote the jth feature by xj , the class label by z,
and the target vector by t. The set of original features is f = {x1, x2, · · ·xP }. Let the
optimal class-specific subset of features for the kth class be sk. We need to find out sks
where, sk ⊂ f ∀k ∈ {1, 2, · · · , C}. We propose a CSFS mechanism embedded in a fuzzy
rule-based classifier (FRBC). So next we discuss the FRBC.

5.2.1 Fuzzy Rule-based Classifiers

We employ the FRBC framework used in [30,31]. Each class is represented by a set of
rules. Let there be nk rules for the kth class. The lth rule corresponding to the kth
class, Rkl is given by

Rkl : If x1 is A1,kl and x2 is A2,kl and · · ·xP is AP,klthen z is k. (5.2.1)

Here, k ∈ {1, 2, · · · , C}, l ∈ {1, 2, · · · , nk}, and Aj,kl is a linguistic value (fuzzy set)
defined on the jth feature for the lth rule of the kth class. Let, αkl be the firing strength
of the rule Rkl. The rule firing strength is computed using the product T -norm [191]
over the fuzzy sets A1,kl, A2,kl, · · · , AP,kl. Let the membership to the fuzzy set Aj,kl be
µj,kl. So, αkl is given by the following.

αkl =

P∏
j=1

µj,kl

The final output of the FRBC is of the form o = (o1, o2, · · · , oC), where, ok is the
support for kth class, computed as

ok = max{αk1, αk2, · · · , αknk
}.
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Since “max” is not differentiable, a differentiable approximation of max, known as soft-
max can be used [30, 243]. We may define soft-max with the following formulation
[30,243].

softmax(α1, α2, · · · , αm, θ) =

∑m
i=1 αiexp(θαi)∑m
i=1 exp(θαi)

;αi ∈ [0, 1] (5.2.2)

As θ tends to ∞, the softmax function provides the maximum of αis. To learn an
efficient classifier from the initial fuzzy rule-based system, the parameters defining the
fuzzy sets Aj,kls can be tuned by minimizing the loss function,

Ecl =
∑n

i=1

∑C
k=1(oik − tik)

2. (5.2.3)

To extract the rules, following [30, 31], we cluster the training data of the kth class
into nk clusters. We note here that the kth class may not have nk clusters in the
pattern recognition sense. By clustering we just group the nearby points and then
define a rule for each group. Let the centroid of the lth cluster of the kth class be
vkl = (v1,kl, v2,kl, · · · , vP,kl). The cluster centroid vkl is then translated into P fuzzy
sets, Aj,kl = “close to” vj,kl ∀j ∈ {1, 2, · · · , P}. The fuzzy set ‘ “close to” vj,kl’ is
modeled by a Gaussian membership function with mean vj,kl.

5.2.2 Feature Selection

Following [27,30,31,59,60], we use feature modulators that inhibit the derogatory fea-
tures and promote useful features to take part in the rules of the FRBC. For each
feature, there is an associated modulator. We can have different choices of the mod-
ulator such as M(λj) = 1

1+exp (−λj)
or M(λj) = exp (−λ2j ), [27, 31]. Here, we use the

later one. Thus for each feature j, we use

M(λj) = exp (−λ2j ), where , j ∈ {1, 2, · · · , P}.

To select or reject a feature using the modulator function, the membership values
associated with the jth feature are modified as

µ̂j,kl = µ
M(λj)
j,kl = µ

exp (−λ2
j )

j,kl ∀k, l (5.2.4)

Note that, |λj | ≈ 0 makes µ̂j,kl ≈ µj,kl. Similarly, when |λj | is high (say, |λj | ≥ 2),

µ̂j,kl ≈ 1. The rule firing strength is now calculated as αkl =
∏P

j=1 µ̂j,kl. So, when
µ̂j,kl ≈ µj,kl, jth feature influences the rule firing strength αkl and in turn influences
the classification process, whereas if µ̂j,kl ≈ 1 then the jth feature has no influence on
the firing strength and hence no influence on the predictions by the FRBC. This would
be true for any T-Norm as T (x, 1) = x, x ∈ [0, 1]. Thus, for useful features, |λj |s should
be made close to zero and for derogatory features, |λj |s should be made high. The
desirable values of λjs are obtained by minimizing Ecl defined in (5.2.3) with respect to
λjs. The training begins with λj = 1+ Gaussian noise. M(λj) ≈ 0 indicates a strong
rejection of xj , while M(λj) ≈ 1 suggests a strong acceptance of xj . However, training
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may lead λjs such that M(λj) takes a value in between 0 and 1. This implies that
the corresponding feature influences the classification partially. This is not desirable in
our case, as our primary goal is to select or reject features. To facilitate this, like in
Chapter 4, we add a regularizer term Eselect to Ecl such that Eselect adds a penalty if
any λj allows the corresponding feature partially. In [31], Eselect is set as follows.

Eselect =
1
P

∑P
j=1 exp (−λ2j )(1− exp (−λ2j )) (5.2.5)

So, the overall loss function for learning suitable λjs becomes

E = Ecl + c1Eselect. (5.2.6)

Class-specific feature selection

So far we have not considered the selection of class-specific features. In the class-
specific scenario, for each class, a different set of P modulators is engaged. So, a total
of C×P feature modulators are employed. Consequently, for each class a different set of
features, if appropriate, may get selected. Here, we represent the feature modulator for
the jth feature of the kth class as M(λj,k) = exp (−λ2j,k), where j ∈ {1, 2, · · · , P}; k ∈
{1, 2, · · · , C}. The modulator value M(λj,k) modifies the membership values involved
in the rules corresponding to the jth feature of the kth class as follows.

µ̂j,kl = µ
M(λj,k)
j,kl = µ

exp (−λ2
j,k)

j,kl ∀l = 1, 2, · · · , nk. (5.2.7)

For this problem, the Eselect is changed to

Eselect =
1

CP

∑C
k=1

∑P
j=1 exp (−λ2j,k)(1− exp (−λ2j,k)) (5.2.8)

We now minimize (5.2.6) with respect to λj,ks to find the optimal λj,ks.

5.2.3 Monitoring Redundancy

Suppose a data set has three useful features say x1, x2, x3 such that each of x2 and
x3 is strongly dependent on (say correlated with) x1 then all the three features carry
almost the same information and only one of them is enough. These three features
form a redundant set of features. However, if we just use one of them and there is some
error in measuring that feature, the system may fail to do the desired job. Therefore,
complete elimination of redundancy is not good because then if there is a measurement
error in the selected feature, the system will not be able to recover. So, controlled use of
redundant features is desirable. For the global feature selection framework, redundancy
control has been realized by adding the regularizer (5.2.9) to (5.2.6) [27,31,60]:

Er =
1

P (P−1)

∑P
j=1

∑P
m=1,m ̸=j

√
exp (−λ2j ) exp (−λ2m)ρ2(xj , xm) (5.2.9)

Here, ρ() is Pearson’s correlation coefficient (or it could be mutual information also),
which is a measure of dependency between two features. When xj and xm are highly
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correlated (positively or negatively), ρ2(xj , xm) is close to one (its highest value). In
this case, to reduce the penalty Er, the training process will adapt λj and λm in such
a way that one of exp (−λ2j ) and exp (−λ2m) is close to 0 and the other is close to 1.
Note the (5.2.9) is not suitable for class-specific scenarios. Next, we change (5.2.9) for
class-specific redundancy.

Class-specific redundancy

For class-specific redundancy, we compute ρk(xj , xm) between features xj and xm con-
sidering only instances of the kth class. In the class-specific case, for each class,
we have P feature modulators, M(λj,k) = exp (−λ2j,k), where j ∈ {1, 2, · · · , P}; k ∈
{1, 2, · · · , C}. So, (5.2.9) is modified as following.

Erc =
1

CP (P−1)

∑C
k=1

∑P
j=1

∑P
m=1,m ̸=j

√
exp (−λ2j,k) exp (−λ2m,k)ρ

2
k(xj , xm) (5.2.10)

Considering the class-specific redundancy, our new loss function for learning the system
becomes:

Etot = Ecl + c1Eselect + c2Erc . (5.2.11)

5.2.4 Exploiting Substructures Within a Class.

For some real-world problems, the data corresponding to a class may have distinct
clusters and different clusters may lie even in different sub-spaces. For example, in a
multi-cancer gene expression data set, each cancer may have several sub-types, where
each sub-type is characterized by a different set of highly expressed genes/features. This
generalizes the concept of class-specific feature selection further. To exploit such local
substructures within a class while extracting rules, we need to use rule-specific feature
modulators. Each rule of the kth class is assumed to represent a local structure or
cluster present in the kth class. So, for the kth class there are nk×P feature modulators.
For the overall system there are nrule×P feature modulators where, nrule(=

∑C
k=1 nk)

is the total number of rules. A modulator function is now represented by M(λj,kl) and
the corresponding modulated membership is the following.

µ̂j,kl = µ
M(λj,kl)
j,kl = µ

exp (−λ2
j,kl)

j,kl (5.2.12)

The regularizer, Eselect is now modified as

Eselect =
1

CP

∑C
k=1

1
nk

∑nk
l=1

∑P
j=1 exp (−λ2j,kl)(1− exp (−λ2j,kl)) (5.2.13)

In this framework, we do not consider redundancy. Using (5.2.12) for Ecl and (5.2.13)
for Eselect we define the loss function E = Ecl + c1Eselect for discovering rule-specific
feature subset.

We note that in each iteration, for the CSFS framework, we update CP modulator
parameters and for the rule-specific case, we update nruleP modulator parameters. For
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both the cases, a total of 2nruleP rule-base parameters (mean and spread of the Gaus-
sian memberships) are updated. So, the computational complexity for the proposed
method is O(nnruleP ). Here, we have not included the cost of initialization of the
rule-base as that can be done using different methods including random initialization
as mentioned in Chapter 3.

5.3 Experiments and Results

We have done three experiments to validate the three main contributions of our pro-
posed framework.

Experiment 1: We have shown the effectiveness of the proposed CSFS over the
usual global feature selection using the proposed FRBC framework.

Experiment 2: We have demonstrated the significance of class-specific redundancy
control using our approach.

Experiment 3: A data set having multiple sub-structures in different sub-spaces
within a class has been considered to show the utility of our method.

We have not tuned the rule base parameters of the FRBC and have tuned only
the feature modulators to select/reject features. For clustering, we have used the c-
means algorithm. Each fuzzy set is modeled using a Gaussian membership function
having two parameters: center and spread. The cluster centers are used as the cen-
ters of the Gaussian membership functions and their spreads have been set as 0.2
times the feature-specific range. To minimize the error functions, we use the optimizer,
train.GradientDescentOptimizer from TensorFlow [193]. For all experiments, the learn-
ing rate is set to 0.2 and the stopping criterion is 2000 iterations. However, typically
the loss function reduces very rapidly at the beginning of the training and it converges
within a few hundred iterations. As mentioned in Sec.5.2 we denote the class-specific
feature subset for class 1 as s1, for class 2 as s2 and so on.

5.3.1 Experiment 1

We use a three-class synthetic data set, Synthetic1, with six features having distribu-
tions as described in Table 5.1. Here, N(m, s) represents a normal distribution with

Table 5.1: Description of the dataset Synthetic1

Instances
Features Class

x1 x2 x3 x4 x5 x6 z

x1 · · ·x100 N(0, 0.5) N(0, 0.5) U(−10, 10) U(−10, 10) U(−10, 10) U(−10, 10) 1

x101 · · ·x200 U(−10, 10) U(−10, 10) N(0, 0.5) N(0, 0.5) U(−10, 10) U(−10, 10) 2

x201 · · ·x300 U(−10, 10) U(−10, 10) U(−10, 10) U(−10, 10) N(0, 0.5) N(0, 0.5) 3

mean, m and standard deviation, s; U(a, b) represents a uniform distribution over the
interval (a, b). Without loss of generality, we have assigned the first 100 points to class
1, the next 100 points to class 2, and the last 100 points to class 3. From Table 5.1
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Figure 5.1: Variations of the class-specific feature modulation parameters λj,ks for class
1 over iterations.

we can see that class 2 and class 3 are uniformly distributed over a given interval for
features x1 and x2. On the other hand, class 1 is clustered around (0, 0) in the feature
space formed by x1 and x2. Hence the feature space formed by x1 and x2, discriminates
class 1 from the other two classes. Similarly, (x3, x4) and (x5, x6) discriminates class
2 and class 3 respectively, from the corresponding remaining classes. To understand
the importance of CSFS, we perform global feature selection (GFS) and CSFS and
compare their performances. We have also computed the performance of the FRBC
with all features. The number of rules considered per class is one. We have conducted
5 runs for each of the FRBCs.

Figures 5.1, 5.2, and 5.3 depict the variations of the class-specific feature modulation
parameters with iterations in run 1 of learning the FRBCs, for class 1, for class 2, and
for class 3, respectively. As we have mentioned in Subsec. 5.2.2, when the absolute
value of a feature modulator parameter (λj or λj,k) tends to zero, in our framework, the
corresponding feature is selected. It is seen from Fig. 5.1, that for class 1, the absolute
value of the modulator parameters for feature 1 (x1) and feature 2 (x2), i.e. |λ1,1| and
|λ2,1| tend to zero i.e., our CSFS scheme effectively selects x1 and x2 for class 1 which
are actually discriminative features for class 1. Similarly, from Figs. 5.2 and 5.3, it
is evident that our framework selects x3 and x4 for class 2 and x5 and x6 for class 3,
respectively. We have discussed previously that x3 and x4 are discriminative features
for class 2 and x5 and x6 are discriminative features for class 3. So, our proposed CSFS
successfully selects features that are most discriminative for a class in its respective
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Figure 5.2: Variations of the class-specific feature modulation parameters λj,ks for class
2 over iterations.

Figure 5.3: Variations of the class-specific feature modulation parameters λj,ks for class
3 over iterations.
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Figure 5.4: Variations of the global feature modulation parameters λjs over iterations.

class-specific subsets.
Figure 5.4 depicts the variations of the (global) feature modulation parameters in

run 1 of learning the FRBCs, λjs versus iterations. In the traditional feature selection
approach using FRBC, a single feature subset is selected. From Fig. 5.4, it is evident
the traditional feature selection scheme using FRBC selects only x3.

In Table 5.2, we record the subsets of the selected features as well as classification
accuracies for our proposed CSFS scheme and the global feature selection scheme using
the same FRBC framework, and also the classification accuracy achieved in the FRBC
using all features. In all five runs the proposed CSFS selects the characteristic features

Table 5.2: Performance on the dataset, Synthetic1

Run
Features selected Avg. accuracy of FRBC (%)

Class-specific Global Class-specific Global All features

1-5 s1 : x1, x2; s2 : x3, x4; s3 : x5, x6 x3 98.7 45.3 62.1

for each class (i.e. x1, x2 for class 1, and so on). The FRBC with the class-specific
selected features has achieved an average accuracy of 98.7% - in fact, each run achieved
the same accuracy. In GFS, the selected subset is x3. The FRBC using a globally
selected feature subset has achieved an accuracy of 45.3% in each of the five runs.
One can argue that the class-specific model uses all six features and performs better
than the global model, which uses one feature. But, when we learn the FRBC rules
using all six features it has achieved an average accuracy of 62.1% over the five runs.
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The importance of class-specific feature selection is clearly established through this
experiment.

5.3.2 Experiment 2

For Experiment 2, we have considered another synthetic dataset, Synthetic2, produced
by appending two additional features x7 and x8 to Synthetic1 data set. For class 1, x7
and x8 are generated as x1 + N(0, 0.1) and x2 + N(0, 0.1), respectively. For the other
two classes, x7 and x8 are generated from U(−10, 10) and U(−10, 10), respectively. To
illustrate the dependency of the variables we generate four feature correlation matrices.
In all four Tables 5.3, 5.4, 5.5, and 5.6, any entry corresponding to the row xj and
column xk is the Pearson correlation coefficient value between those two features. Table
5.3 shows the correlation among the eight features considering the whole data, which
we do conventionally. From Table 5.3, we observe that no two features are strongly
correlated; the maximum absolute correlation value between two features is 0.1323
which is low. Tables 5.4, 5.5, and 5.6 record correlation among the eight features

Table 5.3: Feature correlation matrix with the whole Synthetic2 data

variables x1 x2 x3 x4 x5 x6 x7 x8
x1 1 -0.0300 -0.0170 -0.0162 -0.0111 -0.0094 0.1323 0.0558
x2 -0.0300 1 -0.0236 0.0227 0.1250 0.0144 0.0576 -0.0734
x3 -0.0170 -0.0236 1 0.0308 0.0455 0.0422 0.0454 -0.0034
x4 -0.0162 0.0227 0.0308 1 -0.0947 -0.0733 0.0305 -0.1059
x5 -0.0111 0.1250 0.0456 -0.0947 1 -0.0142 -0.0484 -0.0654
x6 -0.0094 0.0144 0.0422 -0.0733 -0.0142 1 -0.0581 -0.0534
x7 0.1323 0.0576 0.0454 0.0305 -0.0484 -0.0581 1 0.0211
x8 0.0558 -0.0734 -0.0034 -0.1059 -0.0654 -0.0534 0.0211 1

of the Synthetic2 data set considering only points from class 1, class 2, and class
3, respectively. In Table 5.4, which is calculated based on instances from class 1 of

Table 5.4: Feature correlation matrix with the class 1 of Synthetic2 data

variables x1 x2 x3 x4 x5 x6 x7 x8
x1 1 0.0475 -0.0685 -0.0409 -0.0483 -0.0553 0.9849 0.0649
x2 0.0475 1 -0.1331 0.0291 -0.0443 -0.0385 0.0423 0.9859
x3 -0.0685 -0.1331 1 -0.0705 0.0953 0.0870 -0.0877 -0.1157
x4 -0.0409 0.0291 -0.0705 1 -0.1701 -0.1481 -0.0189 0.0146
x5 -0.0483 -0.0443 0.0953 -0.1701 1 -0.0402 -0.0467 -0.0425
x6 -0.0553 -0.0385 0.0870 -0.1481 -0.0402 1 -0.0469 -0.0344
x7 0.9849 0.0423 -0.0877 -0.0189 -0.0467 -0.0469 1 0.0580
x8 0.0649 0.9859 -0.1157 0.0146 -0.0425 -0.0344 0.0580 1

Synthetic2 data set, we observe that x1 is highly correlated to x7 with a correlation
value of 0.9849 and x2 is highly correlated to x8 with a correlation value of 0.9859.
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However, in Tables 5.5 and Table 5.6, which are calculated based on instances from
class 2 and class 3 of Synthetic2, respectively, no feature pair has high correlation value.
We note that x7 is dependent on x1 and x8 is dependent on x2 for class 1 but the

Table 5.5: Feature correlation matrix with the class 2 of Synthetic2 data

variables x1 x2 x3 x4 x5 x6 x7 x8
x1 1 -0.0424 0.1045 -0.0470 -0.0524 -0.0141 0.2504 0.0732
x2 -0.0424 1 0.1298 -0.0677 0.2713 0.0336 -0.0147 -0.0998
x3 0.1045 0.1298 1 -0.0473 0.0970 -0.1600 0.1694 0.2603
x4 -0.0470 -0.0677 -0.0473 1 -0.0912 -0.1553 0.0295 -0.0107
x5 -0.0524 0.2713 0.0970 -0.0912 1 0.0195 -0.0891 -0.1383
x6 -0.0141 0.0336 -0.1600 -0.1553 0.0195 1 -0.1136 -0.1115
x7 0.2504 -0.0147 0.1694 0.0295 -0.0891 -0.1136 1 0.0578
x8 0.0732 -0.0998 0.2603 -0.0107 -0.1383 -0.1115 0.0578 1

Table 5.6: Feature correlation matrix with the class 3 of Synthetic2 data

variables x1 x2 x3 x4 x5 x6 x7 x8
x1 1 -0.0212 -0.0296 -0.0179 0.1305 0.0788 0.0075 0.0350
x2 -0.0212 1 -0.0417 0.0517 -0.1101 -0.0243 0.1352 -0.0569
x3 -0.0296 -0.0417 1 0.1271 -0.0226 0.1592 0.0894 -0.0202
x4 -0.0179 0.0517 0.1271 1 0.0363 0.0444 0.0594 -0.2123
x5 0.1305 -0.1101 -0.0226 0.0363 1 -0.0002 -0.0261 -0.0059
x6 0.0788 -0.0243 0.1592 0.0444 -0.0002 1 0.0716 0.1659
x7 0.0075 0.1352 0.0894 0.0594 -0.0261 0.0716 1 -0.0152
x8 0.0350 -0.0569 -0.0202 -0.2123 -0.0059 0.1659 -0.0152 1

remaining two classes are indiscernible among themselves considering features x7 and
x8. Clearly, features x7, x8 are also discriminatory for class 1. However, do x7, x8 add
any information over x1, x2 for class 1? The answer is no, as for class 1, x7 and x8
are noisy versions of x1 and x2, respectively. This feature-redundancy is specific to
class 1. In Table 5.7 we have described the performances of the FRBCs in the CSFS
framework without and with class-specific redundancy control. Here also, we have set

Table 5.7: Class-specific feature selection on Synthetic2 data set

Run
Without redundancy control With class-specific redundancy control

Selected features Acc. Selected features Acc.

1 s1:x1, x2, x7, x8; s2:x3, x4; s3:x5, x6 99.3 s1:x2, x7; s2:x3, x4; s3:x5, x6 99.3
2 s1:x1, x2, x7; s2:x3, x4; s3:x5, x6 99.3 s1:x1, x8; s2:x3, x4; s3:x5, x6 99
3 s1:x1, x2, x7, x8; s2:x3, x4; s3:x5, x6 99.3 s1:x7, x8; s2:x3, x4; s3:x5, x6 99.3
4 s1:x1, x2, x7, x8; s2:x3, x4; s3:x5, x6 99.3 s1:x7, x8; s2:x3, x4; s3:x5, x6 99.3
5 s1:x1, x2, x7, x8; s2:x3, x4; s3:x5, x6 99.3 s1:x1, x7; s2:x3, x4; s3:x5, x6 99

the number of fuzzy rules per class as one and repeated the experiments five times with
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each model. The term ‘Acc.’ in Table 5.7 refers to accuracy of the FRBC in percentage.
For class 1, features x1 and x7 are heavily dependent. Hence, to avoid redundancy only
one of them should be selected. The same argument is true for features x2 and x8.
Minimizing (5.2.11) which uses (5.2.10) to control class-specific redundancy, the FRBC
has successfully chosen only one from x1 and x7 and one from x2 and x8 to include
in s1 in all five runs (Table 5.7). On the other hand, we observe that without any
redundancy control, the class-specific feature selection framework selects all the four
discriminatory features to include in s1 in four runs. The best accuracy achieved by
the CSFS framework without redundancy control and that of CSFS with class-specific
redundancy control are the same and equal to 99.3% although the later selects only
two features. This establishes the benefit of class-specific redundancy control.

5.3.3 Experiment 3

In experiment 3, we validate our proposed framework for handling the presence of
different clusters in different sub-spaces within a class. We have generated Synthetic3,
a two-class data having four features where each class is composed of two distinct
clusters lying in two different sub-spaces. The data set Synthetic3 is described in Table
5.8. Each class has 200 points. For class 1, instances 1 to 100 create a distinct cluster

Table 5.8: Description of the dataset Synthetic3

Instances Features Class
x1 x2 x3 x4 z

x1 · · ·x100 N(0, 0.5) N(−5, 0.5) U(−10, 10) U(−10, 10) 1

x101 · · ·x200 U(−10, 10) U(−10, 10) N(0, 0.5) N(0, 0.5) 1

x201 · · ·x300 U(−10, 10) N(0, 0.5) N(−5, 0.5) U(−10, 10) 2

x301 · · ·x400 N(5, 0.5) U(−10, 10) U(−10, 10) N(−5, 0.5) 2

around (0,−5) in the feature space formed of x1, x2 and instances 101 to 200 create a
distinct cluster around (0, 0) in the feature space formed of x3, x4. Similarly, class 2 also
has two distinct clusters in the feature spaces formed of x2, x3 and x1, x4 respectively.
To handle this dataset we employ our proposed rule-specific approach implemented
using (5.2.12), and (5.2.13). The number of rules per class is set to two.

As observed from Table 5.9, the rule-specific feature selection is successful in iden-
tifying the two important sub-spaces, i.e., x1, x2 and x3, x4 for class 1 and x2, x3 and
x1, x4 for class 2. We note that for both the classes the selected rule-specific subsets
interchange between rules 1 and 2 because the cluster number assignment to different
groups of points for a class varies. We also note from Table 5.9, using the class-specific
feature selection method, in different runs, s1 comprises of x1 or x2 and s2 comprises of
x2 or x1, x2. These subsets obviously do not characterize the classes correctly. The av-
erage accuracy of the FRBC using feature subsets selected by rule-specific, class-specific
feature selection and using all features are 100%, 77.4%, and 87.5%, respectively. This
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Table 5.9: Features subsets selected for Synthetic3

Run Rule-specific Class-specific
Class 1 Class 2 s1 s2

1 rule 1:x1, x2; rule 2:x3, x4 rule 1:x2, x3; rule 2:x1, x4 x1 x1, x2
2 rule 1:x1, x2; rule 2:x3, x4 rule 1:x1, x4; rule 2:x2, x3 x2 x1, x2
3 rule 1:x3, x4; rule 2:x1, x2 rule 1:x1, x4; rule 2:x2, x3 x2 x2
4 rule 1:x3, x4; rule 2:x1, x2 rule 1:x1, x4; rule 2:x2, x3 x2 x1, x2
5 rule 1:x3, x4; rule 2:x1, x2 rule 1:x2, x3; rule 2:x1, x4 x2 x2

demonstrates the usefulness of our proposed RSFS framework.
Note that, here, we chose the number of rules based on the prior knowledge of

the data sets because our goal was to demonstrate the utility and effectiveness of
class-specific and rule-specific feature selection. For real world data sets where such
knowledge may not be available we can choose the number of rules that provides the
minimum classification error over a validation set.

5.4 Conclusion

In this work, first, we have proposed a class-specific feature selection scheme using
feature modulators embedded in an FRBC. The parameters of the feature modulators
are tuned by minimizing a loss function comprising of classification error and a regu-
larizer to make the modulators completely select or reject features. This framework is
used in [30,31] for selecting globally useful features. We have generalized it to make it
suitable for CSFS. Our proposed CSFS method does not employ an OVA strategy like
most of the existing CSFS works and hence is free from the enhanced computational
overload and hazards associated with the OVA based methods. We have extended the
CSFS scheme so that it can monitor class-specific redundancy by adding a suitable reg-
ularizer. Finally, our CSFS framework is generalized to a rule-specific feature selection
framework to handle the presence of multiple sub-space-based clusters within a class.
There are problems like diagnosis of cancer subtypes or stages, where a particular type
of cancer may have different stages, each of which is characterized by different groups of
genes (maybe with or without overlap). The proposed rule-specific scheme can discover
the genes that characterize the subtypes as well as provide human interpretable rules for
diagnosis. For such applications, interpretability is important. The three approaches
proposed are validated through three experiments on appropriate synthetic data sets.
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Chapter 6

Conclusions and future scopes

6.1 Conclusions

In this thesis, we have addressed certain gaps and drawbacks in some of the existing
dimensionality reduction methods, primarily aiming at data visualization and classi-
fication. Dimensionality reduction is generally done through feature extraction and
feature selection. This thesis covers both approaches. In our study, we primarily use
two computational intelligence tools, neural networks and fuzzy rule-based systems. In
Chapter 2 and Chapter 3, we have proposed feature extraction-based dimensionality
reduction methods. To be specific we have addressed some issues related to some com-
mon manifold learning algorithms, a particular category of feature extraction methods.
In these two chapters, (Chapters 2 and 3), we have dealt with unlabeled data, and
the primary task is data visualization. In Chapter 4 and Chapter 5, we have proposed
feature selection based dimensionality reduction methods. In these chapters (Chapters
4 and 5), we deal with labeled data, specifically, data having class labels. Naturally,
classification is the primary task for the feature selection schemes described in Chap-
ters 4 and 5. However, the feature selection schemes introduced in these two chapters
achieve some additional goals along while selecting class discriminative features.

In Chapter 2, we have proposed a general supervised framework for learning ex-
plicit maps for manifold learning-based dimensionality reduction methods. Note that,
the popular manifold learning methods proposed in [42, 43, 77, 81, 82, 134] do not learn
any explicit function for projecting high dimensional data to a lower dimensional one in
their original form. Our proposed method equips an implicit manifold learning method
with explicit maps and solves a few relevant problems. First, to generate output for
test points, an implicit method repeats its whole process considering the training and
the test points together demanding enhanced computational cost. Moreover, this de-
mands the availability of the training data at the time of projecting a new test point.
All these make such methods unsuitable for real-time applications. With the explicit
maps learned according to our proposed method, the computational cost associated
with projecting new/unseen test points is O(1), and the requirement and hence over-
head for making the training set available is eliminated. Second, for implicit methods,
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generalization ability cannot be analyzed, which can be done for explicit maps. Third,
there is no provision for constructing inverse mapping functions in the case of implicit
methods. However, with explicit maps, sometimes it is possible to determine an inverse
map at least locally. The availability of an inverse map may determine pre-image for
novel output points and help to get deeper insight regarding the mapping. With the
help of the inverse map, it is possible to obtain a reconstructed version of the origi-
nal inputs from the lower dimensional outputs. The dissimilarity between the original
and reconstructed input helps to analyze the information preservation capability of the
underlying mapping method [10,70].

The proposed method of learning explicit maps is a supervised one so, it needs tar-
get data. Here, the target data are the outputs from any one of the implicit manifold
learning methods which are unsupervised. Our goal is to finally produce a lower di-
mensional representation that preserves the local neighborhood structure. It is almost
impossible to guarantee that a given unsupervised method of manifold learning will
preserve the neighborhood structure for all data sets or even for the same data set,
the neighborhood structure will be preserved over the entire data set. Many of the
manifold learning algorithms are based on graph spectral decomposition of the neigh-
borhood graphs. These methods sometimes introduce some structural distortions or
disagreement of the neighborhood relationships between input and output, due to their
nature or improper choice of the neighborhood size [156]. So, when taking the outputs
of those methods as the target outputs in a regression-based model, even for the best
fit model those distortions/ disagreements would propagate in the output generated
by the model. We have demonstrated in Subsections 2.3.2 and 2.4.1 that even for a
simple three-dimensional synthetic data set the neighborhood preservation may not be
uniform over the entire data set - for a part of the data set the algorithm may do an
outstanding job while for some other part, there may be significant distortions from the
desired projection. On the other hand, except for synthetic data sets, it is practically
very difficult, if not impossible, to assess without post-processing whether the actual
topology of the data is preserved in the lower dimension or not.

The proposed approach, not only tries to find a faithful mapping from the input
dimension to a lower dimension but also tries to remove any distortion of local neigh-
borhood structure, injected in the target data. To achieve this we have proposed a set
of suitable regularizers that are added to the loss function of the regression model. Due
to the regularizer, the method rectifies the structural distortion present in the target
data to a reasonable extent in the projections made by our proposed system. As the
regression model, we have considered polynomials and multi-layer perceptron networks.
We explored three variants of the regularizers. The method is validated on synthetic
as well as on image data set considering three different algorithms for the generation of
the target data. For image data, typically the input dimension is high, which leads to
polynomials with a large number of coefficients even for polynomials of degrees two or
three. Thus, for a faithful estimation of the parameters not only we need large training
set but also it will demand a huge computational overhead. To address this issue, we
have exploited the spatial characteristics of image pixels, which reduces the number
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of learnable parameters significantly. Although we have considered polynomials and
multi-layer perceptron networks, the framework is quite general and other tools such
radial basis functions network can also be used.

In Chapter 2 we have proposed a method that learns explicit maps for implicit
manifold learning methods through supervision. For any other supervised learning
based method including our method proposed in Chapter 2, the availability of the target
data is indispensable, which limits the applicability of such methods. This brings out
the importance of learning explicit maps for manifold learning in unsupervised learning
settings. As discussed earlier in Chapter 3, some unsupervised data projection methods
have been extended for dealing with out-of-sample points. A problem with such out-
of-sample extension methods is that they always produce some output given any input,
even when the test input is far from the sampling window of the training data. In
other words, such methods cannot deal with the “open world” [244, 245] nature of the
problem; they do not know when to refuse to make decisions.

In Chapter 3, we have proposed an unsupervised approach to learn an explicit map
for manifold learning employing Takagi-Sugeno type fuzzy rule based system (FRBS)
that addresses the previously mentioned issues in the context of manifold learning or in
general non-linear dimensionality reduction based data visualization methods. FRBSs
are used for various machine learning tasks but unfortunately, are almost unexplored
for manifold learning or data visualization. The proposed method learns the FRBS that
projects the high dimensional datasets into a lower dimensional space, (here we use a
two-dimensional space as it is suitable for visualization) preserving the local neighbor-
hood structure. Our method does not use any target data. We have experimented
on three synthetic and three real world data sets. We have compared the results of
the proposed method with several well-established manifold learning or data visual-
ization methods namely, Sammon’s method [41], ISOMAP [42], LLE [43], t-SNE [45],
UMAP [47], Diffusion net [28], autoencoder [24], and SNPPE [83]. The results from the
experiments have established several advantages of the proposed method that we list in
the following. (i) Comparing the visualizations produced by the proposed method with
other methods for all the datasets, we observe that the proposed system is the only one
which performs consistently well on all the data sets tested. (ii) With the proposed
method the out-of-sample instances can be projected in a straightforward manner. The
predictability of the proposed system is validated using three types of experiments in-
volving both synthetic and real-world data sets. The quality of the produced outputs
for out-of-sample points is better or comparable to the other methods. (iii) It can refuse
to project an out-of-sample instance, when it is far away from the sampling window of
the training data, i.e, the system is equipped with an appropriate reject option, without
requiring the training data. Thus, it can deal with the “open-world” problem. Most
machine learning systems cannot do so. (iv) The system is reasonably transparent as it
is based on comprehensible fuzzy rules and fuzzy reasoning, where each rule-antecedent
represents a small hyper-ellipsoidal region in the input space and its consequent is a
local linear function of the inputs. (v) It provides a general framework that can use
different objective functions. (vi) The learning algorithm is found to be quite robust
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with respect to initialization.

To the best of our knowledge, a feature selection method that simultaneously cares
about class discrimination and structure preservation is not available in the literature.
In Chapter 4, we have tried to bridge this gap by proposing a neural network-based
feature selection method that focuses both on class discrimination and structure preser-
vation. To learn the proposed system, we use Sammon’s stress as a regularizer to the
classification loss. Any other cluster-structure preserving regularizer can also be used.
Although Sammon’s stress is quite effective, for large data sets (large number of in-
stances) it is computationally expensive. To deal with this issue we have proposed
a sample-based approximation of Sammon’s stress. The experimental results indicate
that the proposed sample-based regulaizer is a computationally efficient approximation
of Sammon’s stress for data sets having a large number of instances. The approxima-
tion is also effective in terms of performance. Our proposed feature selection scheme
is generic. So we have investigated its effectiveness for typical numerical datasets used
for assessing classifiers as well as for a specialized case: band selection in hyperspec-
tral images(HSI). We have applied the feature selection scheme on popular real-world
general datasets and compared its performance with three feature selection schemes.
In the context of band selection, we have applied our method to three well-known HSI
datasets and compared performances with three band selection methods based on the
previously mentioned feature selection schemes. Based on our experiments, we con-
clude that the proposed feature/band selection method is able to produce reasonably
good classification and clustering scores in the majority of the data sets, proving that
the proposed method is capable of selecting a subset of features that is good both for
classification and clustering. Our scheme provides a mechanism to control the number
of selected features. The proposed method is easily extendable to other networks like
Radial Basis Function (RBF) network.

In Chapter 5, we have proposed class-specific feature selection (CSFS) schemes using
feature modulators embedded in a fuzzy rule based classifier (FRBC). The parameters
of the feature modulators are tuned by minimizing a loss function comprising of clas-
sification error and a regularizer to make the modulators completely select or reject
features in a class-specific or (fuzzy) rule-specific manner. Our proposed CSFS method
does not employ a one-versus-all (OVA) strategy like most of the existing CSFS works
and hence it is free from the enhanced computational overload and data-imbalance
hazard associated with the OVA based methods. We have extended the CSFS scheme
so that it can monitor the level of redundancy in the selected features by a given class
by adding a suitable regularizer. Finally, our CSFS framework is generalized to a rule-
specific feature selection framework to handle the presence of multiple sub-space-based
clusters within a class. The three approaches proposed are validated through three
experiments on appropriate synthetic data sets.

It is important to note that for the first two contributory chapters (Chapter 2 and
Chapter 3), the proposed dimensionality reduction schemes are for data visualization.
So, for both cases the output dimension is taken to be two. The output dimension can
also be taken as three, but beyond that we cannot visualize the lower-dimensional data.



6. CONCLUSIONS AND FUTURE SCOPES 145

Both for Chapter 2 and Chapter 3, although the lower dimensional data provide very
useful information about the structure of the high dimensional data, these projected
data are not interpretable. On the other hand, in Chapter 4 and Chapter 5, we select
features keeping in view the clustering and classification problems. In these cases the
data in the lower dimension retain the same semantic of the features in the original
high dimension.

6.2 Limitations and future scopes

The methods we have proposed in Chapters 2, 3, 4, and 5 to bridge some gaps and
drawbacks of some of the existing dimensionality reduction methods, also have some
limitations. Next, we discuss those limitations and possible scopes of future works.

In Chapter 2, we have considered three variants of regularizers for adding to the
loss function of the regression model to remove any distortion of the local neighborhood
structure injected in the target data. As observed from Figs. 2.3, 2.4, 2.6, and 2.7, for
all three data sets, for all three variants of the regularizers we have used, the generated
embeddings are scaled down by some factor. This is because the regularizer term in
(2.2.11) does not impose any constraint on the magnitude. The function (2.2.11) tries
to put the proximate points in the input space nearby each other in the projected
space, but on the other hand, (2.2.11) is also reduced when the projected points are
squeezed into a small hyper-box. To avoid this, we should explore adding a proper
constraint on the magnitude of the projected vectors in the loss function governing the
regression. We have already mentioned that the work of Chapter 2 provides a general
framework of a supervised model for learning explicit mappings associated with any
implicit manifold learning method. We have explored polynomials and multi-layer
perception based neural networks to model the explicit maps but we could use any
non-linear functions for example, fuzzy rule based systems and radial basis function
based neural networks. The three regularizers that we have explored for removing any
distortion of local neighborhood structures present in the target data are based on
the Laplacian regularizer (2.2.11) with three different edge weighting functions of the
neighborhood graph as presented in (2.2.12), (2.2.13), and (2.2.14). We may explore
the impact of other neighborhood preserving functions [246,247] as regularizers in our
proposed framework in future studies.

Like several other data projection methods, for the method proposed in Chapter
3, both the time and space complexities are quadratic functions of the number of
data points, n. So for a very large n, the computational overhead will be high. The
use of GPUs can reduce the effective complexities significantly. Moreover, a proper
sampling scheme [152] that produces a subset of the original data, which adequately
represents the original data distribution could be used. In our future study, we want
to explore learning the proposed framework with representative samples of the training
set, instead of the full training set. The firing strength of a fuzzy rule is computed as the
T-norm of the memberships of the atomic antecedent clauses in the rule. In Chapter
3, we have used the product as the T-norm. So for a very high-dimensional data, it is
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possible that for some instances no rule fires with a significant strength leading to an
undesirable situation. Because of this limitation, in Chapter 3 we have used datasets
with a maximum input dimension of 1024. However, in future studies, we could employ
adaptive softmin, a scheme proposed in [33] to overcome the limitation associated
with traditional T-norms encountered while dealing with very high-dimensional data
sets in fuzzy rule based systems. Like several other manifold learning schemes, the
proposed scheme is sensitive to the number of neighbors that is used to construct
the neighborhood graph for computing geodesic distances. Following [83] we have
chosen the number of nearest neighbors, ϵ = 1% of the training samples (rounded
to the nearest integer). However, this scheme may not be optimal for modeling the
underlying manifold using the corresponding neighborhood graph for all data sets. In
future studies, we plan to use an adaptive neighborhood selection mechanism as used
in [248] to construct the neighborhood graph. In our study, the number of fuzzy rules
has been chosen empirically. The choice of the number of fuzzy rules is related to
the number of clusters we have chosen for clustering the training data. We have not
explored the possibilities of using cluster validity indices or other schemes to decide
on the optimal number of clusters as this was not the primary objective of this study.
Moreover, a cluster validity index helps to find the ‘optimal’ number of clusters in the
pattern recognition sense. But here even if the data do not have any cluster in the
pattern recognition sense, we can use clustering to find the initial rule-base. However,
for a given data set, there may be a desirable number of rules, which may simplify
the system and improve its performance further. A detailed investigation to find out
the optimal number of rules using a validation data set is in the future scope of this
study. The geodesic c-Means clustering algorithm that we have used, depends on
the construction of a neighborhood graph using the input data points based on the
Euclidean distance. For very high dimensional data, the GCM algorithm may suffer
from the curse of dimensionality as Euclidean distance does not behave properly in a
very high dimensional space [196]. However, it is worth noting that methods like LLE,
Laplacian Eigenmap, and ISOMAP, which use neighborhoods defined using Euclidean
distance also suffer from the same problem for high dimensional data. For non-image
data, a possible approach to address this problem can be to project the data onto a space
having moderate dimensions using an unsupervised feature selection scheme or using
a parametric feature extraction scheme that does not influence the intrinsic manifold
structure much, but eliminates redundant features or information. For image data, if
the size of the image is big, it will also result in high dimensional inputs. But here
we cannot use feature (pixel) selection as that will not be effective. However, we may
use feature embedding techniques like an auto-encoder to reduce the size of the image.
Then we can develop the proposed fuzzy rule-based system in the latent space / reduced
space. We have restricted our work to data sets lying on a single manifold. Through
neighborhood graph construction we can only approximate the geodesic distance over
a single manifold or overlapping manifolds. But if the data lie in two (or more) widely
separated manifolds, using a reasonable number of nearest neighbors we may not get a
connected neighborhood graph. We have not proposed any technique to approximate
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geodesic distance over a multi-component neighborhood graph. These issues are kept
for future investigation.

In Chapter 4, we have proposed a feature selection scheme that chooses features
which perform reasonably well for both classification and clustering tasks. This feature
selection method would be especially beneficial over the state of art feature selection
methods if the data sets have significant differences between class and cluster structures.
In future studies, we would perform investigations on this type of data set. We note
that for this type of data set maximizing classification performance and maximizing
clustering performance may be conflicting in nature. In our future studies, we plan
to adopt the multi-objective approach based feature selection methods proposed in
[120, 200, 249, 250] with classification performance and clustering performance as the
two objectives.

Finally, in Chapter 5, we have proposed embedded feature selection schemes using
a fuzzy rule based framework for selecting class-specific as well as rule-specific features.
We have used different synthetic data sets to provide compelling evidence to demon-
strate the power of the proposed schemes. However, we have not done any extensive
studies with real-world data sets to show the effectiveness of our proposed scheme. In
future studies, we want to study the performances of the proposed schemes on several
relevant real-world data sets. As mentioned in the future scope of Chapter 3, which is
also based on a fuzzy rule based system, we would employ the adaptive softmin [33] as
T-norm for handling high dimensional data set and perform a detailed investigation to
find out the optimal number of rules in our future studies.
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