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Abstract

Bivariate current status data with competing risks arises in many application areas,

for example, carcinogenicity studies, epidemiological studies, reliability studies, etc..

As par of our knowledge, bivariate current status data with competing risks has not

received much attention in literature. We initiate this research focusing on modeling

and estimation of quantities of interest in absence of any covariate.

We model bivariate current status data with competing risks through different

frailty structures in order to describe different kinds of association. We consider

multiplicative frailty effect on different cause-specific baseline hazard functions. One

important part of our analysis is to investigate the identifiability of a proposed model.

It has been shown that, when both the cause-specific baseline hazard function and

frailty distribution are non-parametric, then the model is not identifiable.

Motivated by the previous result, we consider the analysis of following three differ-

ent combinations of cause-specific baseline hazard and frailty distributions, namely,

(a) both the cause-specific baseline hazard and frailty distribution are parametric, (b)

the cause-specific baseline hazard functions are parametric and the frailty distribution

is non-parametric, (c) the cause-specific baseline hazard functions are non-parametric

and the frailty distribution is parametric. For the parametric frailty distribution, we

have considered Gamma distribution of different kinds.

We have used the maximum likelihood estimation method to estimate the param-

eters when both the cause-specific baseline hazard functions and frailty distribution

are assumed to be parametric. In case of parametric cause-specific baseline hazard

and non-parametric frailty, we have implemented an algorithm to estimate mixing

distribution in order to obtain the NPMLE of frailty distribution. We have used

the Bernstein polynomials to model the non-parametric cause-specific baseline haz-

ard functions, and using sieve maximum likelihood estimation, we have estimated the

non-parametric cause-specific baseline hazard function and relevant frailty parame-

ter(s). In every case, simulation studies have been carried out in order to investigate

the finite sample properties of the proposed methodologies. We have illustrated the

proposed methods through the analyses of a hearing loss data.
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Chapter 1

Introduction

Survival analysis is a discipline within Statistics that focuses on analyzing time-to-

event data (See Kalbfleisch and Prentice, 2002, Cox and Oakes, 2018, Klein and

Moeschberger, 2006, Klein et al., 2014, Kleinbaum and Klein, 1996, Fleming and

Harrington, 2013, Liu, 2012, Guo, 2010 etc). In survival analysis, our main concern is

the inference about the positive random variable that represents the times of certain

events. It is also known as the analysis of failure time data. By failure, we mean the

occurrence of the well-defined event of interest. For example, failure can be death,

the onset of some disease, the failure of some machine components, and many others.

Failure time data generally arises in medical studies, but there are other areas, such

as biological studies, economic and financial studies, reliability, and sociological and

psychological studies. The failure time random variable describes the length of time

from a suitably chosen starting point to the occurrence of failure at an end point.

The random variable corresponding to failure is usually continuous.

In many studies, for example, in clinical trials, some of the individuals might with-

draw from the trial before the end of the follow-up time without failure. Hence, there

is incomplete information on the failure time. An individual with such incomplete

information is known as censored. When there is no censoring, the usual inference

methodologies are used to analyze the data. However, these methodologies do not

work in the presence of censoring. In our case, the type of censoring we encounter is

termed as “interval censoring”. When the exact failure time of an individual is not

known but is observed within an interval, it is known as interval censoring. See Sun

(2006), Sun and Chen (2022).
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1.1 Current Status Data

Current status data is an extreme case of interval-censored data (See Sun, 2006).

Only the failure status of an individual, i.e., whether the failure has occurred or

not at some monitoring time, is observed. Many fields, for example, carcinogenicity

studies, epidemiological studies, and reliability studies, give rise to current status

data. Let us describe the current status with the help of an example from reliability

studies. Suppose our event of interest is the time of occurrence of a non-fatal and

non-observable fault in a machine, but one can only observe the failure status at some

inspection point.

An ample amount of research work on current status data already exists in sta-

tistical literature. A great deal of parametric, non-parametric, and semi-parametric

methods on current status data have been studied. It can be noted that the likelihood

of current status data is a function of distribution functions computed at monitoring

times. If the monitoring times are assumed to be fixed and finite, then the likelihood

function boils down to a product binomial likelihood where the binomial probabilities

are the distribution functions computed at the monitoring times, which are non-

decreasing, therefore satisfying some isotonic constraints. Hence, it is a constrained

optimization problem with some isotonic constraints. Ayer et al. (1955) were the

first to study nonparametric maximum likelihood estimation with such constraints.

In order to compute the maximum likelihood estimates of the binomial probabilities,

they proposed the pool-adjacent-violators algorithm. The paper by Keiding et al.

(1996) extensively investigates statistical methods for analyzing current status data.

Authors specifically focused on the non-parametric maximum likelihood estimation

(NPMLE) based on current status data, and they mentioned that even though some

methods for computing the NPMLE had been known for a long time, the mathe-

matical properties of the NPMLE had recently been established at the time of their

writing. In this work, the authors applied the NPMLE to compute the cumulative

probability of immunization by a certain age using data from a rubella seroprevalence

survey conducted in Vienna in 1988. They also conducted a comparative study of the

fully parametric, the NPMLE, and semi-parametric approaches.

Diamond et al. (1986) used a semi-parametric proportional hazards model in order

to study the association between a group of explanatory variables and failure time.

The event of interest in this study was the weaning of an individual, and the data

was available only in the current status form. The authors fitted a generalized linear

model, which was computationally extensive. Therefore, the authors recommended

3



another approach where they modeled the baseline hazard using splines with a lim-

ited number of parameters. Rossini and Tsiatis (1996) introduced a semi-parametric

proportional odds model to study current status data. They proposed to approxi-

mate the baseline log-odds function with a step function, thereby transforming the

infinite-dimensional nuisance parameter to a finite-dimensional one. Then, the au-

thors applied the method of maximum likelihood to estimate the regression coeffi-

cients. The consistency, asymptotic normality of the estimators, and semi-parametric

efficiency were established. A detailed simulation study was performed to illustrate

the finite sample behavior of the proposed estimators. Lin et al. (1998) proposed a

semi-parametric additive hazards model to study current status data. This model

assesses how different covariates affect the hazard function additively. A notable as-

pect of their approach is that, under specific assumptions, the analysis of current

status data using this additive hazards regression model can be transformed into a

framework similar to the proportional hazards model for right-censored data. This

enabled the authors to derive the asymptotic properties of the proposed estimators.

To demonstrate a practical use of their estimators, the authors applied this method-

ology to a data from a carcinogenicity experiment. However, the assumptions made

on the monitoring time and the method itself may not be appropriate.

All the papers mentioned above are based on the assumption that all individuals

under study are susceptible to failure. However, there exist studies where the sample

also includes individuals not susceptible to failure, known as the cured group. A sub-

stantial amount of research already exists in the area of lifetime data in the presence

of cured individuals (See Fang et al., 2005, Li et al., 2007, Othus et al., 2009 among

many others). A significant amount of work has been done on current status data

in the presence of a cured subgroup. Lam and Xue (2005) considered the analysis of

current status data with cured proportion using a mixture model that combines the

logistic regression formulation for the probability of cure and a semi-parametric re-

gression model for the time to occurrence of failure. This semi-parametric model also

enables one to study the possible nonlinear effect of some covariate on the response.

The asymptotic properties of the estimators had been studied, and it was shown that

the estimators are strongly consistent under mild assumptions. Thorough simulation

studies had been performed to investigate the finite sample behavior of the proposed

estimators and the proposed methodologies were applied to a dataset from a cataract

study.

The works mentioned are based on the assumption that the failure time of the

event and the monitoring time are independent of each other. But in practice, there

4



may be some scenarios where it doesn’t hold true. This is known as dependent cen-

soring. Ma (2009) considered a generalized linear model for the cure probability,

and linear and partly linear proportional hazards models were used to model the

failure time under dependent censoring. The authors used the penalized maximum

likelihood approach for estimation, and large sample properties of the proposed esti-

mators were studied extensively. Weighted bootstrap methods were applied for the

inference about the regression coefficients. To illustrate the behavior of the proposed

estimators in practical cases, a detailed simulation study and a real data application

had been performed. The regression analysis for current status data with the cured

subgroup in the presence of dependent censoring had also been received attention.

Liu et al. (2017) introduced a latent variable to model the dependence between failure

time and inspection time. A sieve maximum likelihood approach is introduced along

with the use of latent variable and Bernstein polynomials. An EM algorithm was

proposed to estimate the model parameters. Asymptotic properties of the estimators

were established and a detailed simulation study, including a real data analysis, was

performed. In most of the dependent censoring works, it is assumed that the depen-

dence structure is known (See Ma, 2009,Zhao et al., 2015 etc.), which may not be

so in reality. Cui et al. (2018) introduced a new copula-based approach that doesn’t

require any association assumption. They proposed a new two-step sieve estimator

where the marginal proportional hazards model for monitoring time is first estimated,

and then the regression and association parameters are estimated.

1.2 Current Status Data with Competing Risks

Competing risks data arises when there is more than one causes for the occurrence

of failure but only one of them becomes responsible for the failure. For each failure,

the cause of failure is observed. There may be current status data in the presence of

competing risks in which case the cause of failure is also observed if the status at the

monitoring time is observed to be failure. A substancial amount of research work has

been done for analyzing current status data with competing risks.

Hudgens et al. (2001) were the first to study the interval censored and truncated

data with competing risks. In order to obtain non-parametric maximum likelihood

estimate of the underlying failure time distribution, they proposed an EM algorithm.

Jewell et al. (2003) addressed the problem of non-parametric estimation of survival

functions using current status data with two competing risks, which can be general-

ized to more than two competing risks. In this work, they proposed an algorithm for

5



computing the NPMLE of the sub-distribution functions, in addition to two naive es-

timators of the same which have some limitations. Subsequently, it has been observed

in the simulation studies that NPMLE works better than the other two approaches.

The methodologies have been illustrated using the menopause data from Krailo and

Pike (1983). Jewell and Kalbfleisch (2004) viewed the sub-distribution functions for

current status data with competing risks as ordered multinomial parameters and pro-

posed an iterative algorithm using a modified version of the pool adjacent violators

algorithm to compute the NPMLE in this case. In this work, they also established

the uniqueness of the NPMLE and the convergence of the proposed algorithm to

the unique NPMLE. Maathuis (2006) conducted an extensive study on the asymp-

totic properties of the NPMLE and the naive estimator proposed by Jewell et al.

(2003). She proved consistency, n
1
3 -rate of convergence, and asymptotic distribution

of both the naive estimator and the NPMLE. See also Groeneboom et al. (2008a,b)

and Maathuis et al. (2011) for more details. Koley and Dewanji (2019) focused on

the problem of NPMLE of the sub-distribution function based on current status data

with competing risks. This is generally a constrained optimization problem. The au-

thors used a re-parametrization in terms of interval hazards to transform the problem

into a non-constrained one. An EM algorithm was proposed to estimate the unknown

hazards. The missing cause of failure is a common problem in the case of competing

risks data. Koley and Dewanji (2022) discussed a parametric approach for current

status data with two competing risks and missing failure types.

1.3 Bivariate Current Status Data

Bivariate current status data arises when a pair of related individuals is inspected

at some monitoring time to note the corresponding failure status at that time. For

example, consider the cancer onset times of a mother and her daughter. The exact

cancer onset times are not observed, but their presence or status can be ascertained,

if at all, only at some monitoring time. Bivariate current status data also arises

when one records the failure status of two different organs of the same individual at

a monitoring time. For example, one may be interested in the hearing loss status in

both left and right ears at a monitoring time. While the mother-daughter pair with

their cancer onset status constitutes an observational unit in the former example, an

individual with hearing loss status in both ears is treated as an observational unit in

the latter example.

A significant amount of research exists for analysis of bivariate current status data

6



with an effort to model association between the two components in an observational

unit in different ways. Wang and Ding (2000) modeled the association using a copula

model, and a two-stage estimation procedure is proposed to estimate the Kendall’s

tau like association parameter. For a common observed monitoring time, van der

Laan and Jewell (2002) observed that the identifiable part of the joint distribution

function is represented by the two marginal cumulative distribution functions and

the joint cumulative distribution function evaluated at the diagonal. They proposed

an EM algorithm to compute the NPMLEs of these distribution functions. They

used these NPMLEs to construct a test of independence of two survival random

variables and a goodness of fit test for the copula model used in Wang and Ding

(2000). Ding and Wang (2004) introduced a non-parametric test for independence

based on bivariate current status data. Unkel and Farrington (2012) proposed a new

time-varying measure of association in bivariate current status data. This measure

is convenient and particularly helpful due to its interpretability for suggesting the

correct frailty model. An estimator of this measure is introduced and compared with

another existing association measure for current status data.

One alternative way to model association in bivariate lifetime and current status

data is to consider frailty variables. This approach has received considerable attention

in research activities. Chen et al. (2009) studied the regression analysis of multivariate

current status data. A full likelihood based approach based on the proportional

hazard frailty model was introduced. An EM algorithm is provided for the estimation

of model parameters. An added benefit of the frailty variable is that it helps to

understand individual heterogeneity. Even though the use of shared frailty is very

common, Hens et al. (2009) remarked that the use of correlated frailty eliminates the

need to assume that unobserved factors within a cluster act similarly. The authors

analyzed data from a cross-sectionally collected serological dataset on hepatitis A and

hepatitis B to illustrate this phenomenon. Wen and Chen (2011) proposed a semi-

parametric maximum likelihood analysis of clustered current status data with the

Gamma-frailty Cox model, using an efficient computational algorithm. Wang et al.

(2015) introduced a novel EM algorithm assuming the Gamma frailty proportional

hazards model to analyze bivariate current status data. The conditional baseline

cumulative hazard functions are approximated using monotone splines, which leads

to estimation of a finite number of parameters along with model flexibility. The

authors argued that this algorithm is easy to implement, robust to initialization,

and converges quickly. Li et al. (2020) studied regression analysis of multivariate

current status data using the EM algorithm under a class of flexible semi-parametric
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transformation models. Tran et al. (2020) proposed a general frailty model employing

a copula function between the frailty terms to construct flexible bivariate frailty

distributions with applications to current status data. The proposed model enjoys less

correlation structure than the other popular frailty models. Different copula functions

were explored, and the Gamma distribution was chosen for the marginals because of

its mathematical convenience. A detailed numerical study shows that the proposed

method outperforms the use of additive correlated Gamma frailty model of Yashin

et al. (1995), especially in the case of negative correlation between the frailties. The

proposed method is applied to a bivariate serological dataset. There are many other

works related to regression analysis of bivariate current status data. See, for example,

Wang et al. (2008), Chen et al. (2015), Kim (2014), Liu and Qin (2018), Hu et al.

(2017), Tong et al. (2012) among many others.

1.4 Bivariate Current Status Data with Compet-

ing Risks

When we have current status data on failure of multiple individuals in a cluster who

may be related, or failure of multiple organs or components from a single individual,

and each failure is subject to several competing risks, then this is known as multi-

variate current status data with competing risks. In this thesis, we focus on bivariate

current status data with competing risks.

Even though there is an extensive amount of research on univariate current status

data, with or without competing risks, and also on bivariate current status data,

as per our knowledge, analysis of bivariate current status data with competing risks

has not received much attention in the literature. In this thesis, the focus is on the

analysis of bivariate current status data with competing risks using different frailty

structures. In particular, we focus on parametric and non-parametric estimation of

the model parameters, including frailty parameters.

Even though many different models, including the frailty models, have been used

for the analysis of bivariate current status data, identifiability issues of the models

have not been properly addressed. Model identifiability is an important issue that

needs to be addressed in the case of competing risks data (See Tsiatis, 1975). A review

of identifiability results for bivariate frailty models can be found in Iachine (2004). It

was shown in this work that shared frailty models could sometimes be non-identifiable

in case of infinite frailty mean. Therefore, a proper study of identifiability issues is
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an important aspect while dealing with bivariate current status data with competing

risks. Abbring and Van den Berg (2003) studied the identifiability of a copula based

bivariate lifetime regression model in the presence of two competing risks. Hence, for

the sake of completeness, we have investigated the identifiability issues of the different

models introduced in this thesis.

1.5 Modeling of Bivariate Lifetime Data

Extensive research work for the analysis of bivariate lifetime data exists in the lit-

erature. The dependence in bivariate survival model can be induced by a common

random effect variable, known as shared frailty. See Clayton (1978) and Oakes (1986).

Oakes (1989) also introduced a class of bivariate survival distributions arising from

shared frailty, allowing for negative association. Hougaard (1984, 1986),Yashin et al.

(1994),Yashin et al. (1995),Wienke et al. (2001),Zdravkovic et al. (2002) and many

others used the correlated Gamma frailty to model association in bivariate survival

data. Hanagal and Pandey (2015) discussed shared Gamma frailty model by intro-

ducing two new hazard functions, namely, generalized log-logistics and generalized

Weibull. The authors applied Bayesian estimation procedure to estimate the model

parameters. Hanagal and Sharma (2015) also studied bivariate survival data us-

ing shared inverse-Gaussian frailty. To overcome the limitations of the shared frailty

model, Hanagal et al. (2017) used correlated frailty models with the same two hazards

for bivariate survival data.

Another widely used approach to model the association in bivariate survival data

is through copula. Shih and Louis (1995) proposed a two-stage parametric and a two-

stage semi-parametric estimator to estimate the association parameter of the copula.

A new class of bivariate survival models based on Archimedean copula is introduced

by dos Reis Miranda Filho and Demarqui (2025), which accommodates many of the

well-known copulas. The baseline hazards are assumed to be piecewise constant and

also approximated by means of Bernstein polynomials.

1.6 Modeling of Bivariate Lifetime Data with Com-

peting Risks

A summarized study of modeling and analysis of multivariate survival data with com-

peting risks can be found in the book by Crowder (2012). Bakoyannis and Touloumi
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(2012) discussed a review of the practical applications of competing risks data. In

this paper, the authors described the widely used Fine and Gray model for sub-

distribution function to analyze competing risks data under the assumption of ad-

ministrative censoring. Several numerical studies have been conducted, and it was

shown that incorrect assumptions about administrative censoring have little effect

on the inference for sub-distribution functions. Finally, the proposed methods were

applied with CASCADE data on HIV-1 seropositive patients from a collaborative

multicentre study.

1.6.1 Parametric Modeling

Bandeen-Roche and Liang (2002) proposed a measure of association for bivariate sur-

vival data with competing risks based on a measure of Oakes (1989). The authors

also described the estimation of this association parameter. Wang and Ghosh (2003)

observed that the absolutely continuous bivariate Exponential distribution is unsuit-

able for standard inferential procedures due to identifiability issues. Therefore, the

integrated likelihood approach was generally considered in the frequentist paradigm.

In this work, the authors presented a Bayesian approach using a non-informative prior

such as Jeffrey’s prior. Ibrahim and Kudus (2009) developed a decision tree model

for prognostic classification of multivariate survival data and competing risks. Shoaee

and Khorram (2020) introduced a new bivariate distribution based on the Marshal-

Olkin model, which can be applied in the presence of competing risks. The authors

have suggested an EM algorithm to compute the maximum likelihood estimate.

1.6.2 Non-parametric Modeling

There have been some efforts in non-parametric modeling of bivariate lifetime data

with competing risks in terms of bivariate cause-specific hazard functions (See Sankaran

et al., 2006) and subsequent non-parametric estimation of the cause-specific joint sub-

distribution functions. Sankaran and Antony (2007) considered modeling in terms of

bivariate cause-specific hazards, defined by Johnson and Kotz (1975) and in line with

Dabrowska (1988) for bivariate lifetime data, and then non-parametric estimation of

the cause-specific sub-distribution functions. Both of these works do not consider

any explicit modeling of the association between the two lifetimes, possibly due to

different competing risks.

One important aspect of the analysis of bivariate survival data with competing

risks is modeling the association and estimating the association parameters. Bandeen-
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Roche and Ning (2008) proposed the “conditional cause-specific hazard ratio” mea-

sure, a modification of the “conditional hazard ratio” (see Oakes, 1989). The authors

provided an intuitive, non-parametric estimator that localizes Kendall’s tau. Cheng

et al. (2007) provided non-parametric estimators for the bivariate cause-specific haz-

ard functions and joint sub-distribution functions without any explicit assumption on

the dependence measure including competing risks.

1.6.3 Semi-parametric Modeling

Ng and McLachlan (2003) studied a semi-parametric mixture regression model, fo-

cusing on inference concerning the effect of regressors on both the probability of

occurrence and the hazard rates conditional on each of the failure types. The joint

estimation of the logistic and the regression coefficients was considered while the base-

line hazard functions remained completely unspecified. An Expectation Conditional

Maximization algorithm was proposed to estimate the model parameters. Naskar

et al. (2005) considered a general class of lifetime distributions to analyze clustered

competing risks data. It was assumed that the marginal probabilities of the various

failure types are logistic functions of the covariates. The authors proposed a hybrid

estimation method under the non-parametric frailty distribution using the Dirich-

let process. Mixture regression modeling is a widely used way to model competing

risks data (See Lu and Peng, 2008). Scheike et al. (2010) studied the multivariate

competing risks data using a semi-parametric random effects model. In this model,

dependence between the cause-specific hazard rates was modeled by copula functions

that were allowed to depend on cluster-specific regressors. A two-stage estimation

procedure was introduced where the marginal models were estimated at the first

stage and then followed by estimation of the association parameters. Dixon et al.

(2011) studied a proportional hazards model for multivariate competing risks data

where the frailty term acts multiplicatively. The baseline cause-specific hazard func-

tions were assumed to be non-parametric, and the Gamma distribution with mean

unity was considered for the frailty variable. The authors proposed a profile likelihood

approach for parameter estimation.

1.6.4 Copula Modeling

Cheng and Fine (2012) observed that the bivariate cumulative incidence function is

non-parametrically identifiable based on bivariate survival data with competing risks

because each likelihood contribution can be written in terms of bivariate cumulative
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incidence function. They modeled the bivariate incidence function using a copula

between univariate incidence functions. Then, parametric and non-parametric es-

timation of the univariate incidence functions were proposed. In this regard, two

estimating equations were proposed to estimate the association parameter.

1.6.5 Frailty Modeling

Gorfine and Hsu (2011) introduced a new frailty-based competing risks model, gen-

eralizing the work of Prentice et al. (1978) to accommodate frailty variables to model

association in clustered survival data. This was a cause-specific proportional hazards

frailty model enjoying many attractive features, for example, the inclusion of covari-

ates, flexible dependence structures within clusters, etc. Lai et al. (2017) modeled

clustered survival data with competing risks by introducing a bivariate random effects

term in the cause-specific hazard functions.

1.7 Four Types of Frailty

Vaupel et al. (1979) introduced the concept of frailty variable to account for hetero-

geneity due to the unobserved covariate effect to study the mortality of an individual.

Another important use of frailty variable is to model association in clustered sur-

vival data (See Wienke, 2010). Thus, in the context of bivariate failure time data,

frailty generally describes the between pair heterogeneity and also the within pair

association.

The shared frailty model, where individuals in a cluster experience the common

effect of a random frailty variable, was introduced in the literature by K.P. Clay-

ton in his 1978 Biometrika paper, although not using the term ‘frailty’. In this

work, Gamma distribution was considered for the shared frailty variable. Hougaard

(1984, 1986, 2000), Duchateau and Janssen (2008) and others elaborated and pro-

vided applications of this frailty model. Until now, this model has been widely pop-

ular among many practitioners. Murphy (1994, 1995) established consistency and

asymptotic normality of maximum likelihood estimator of the shared frailty model

without covariates. But as mentioned earlier, Iachine (2004) proved this model can

be non-identifiable sometimes. One major criticism of using this model for analyzing

clustered survival data is that it does not entirely consider individual heterogeneity.

This is another important reason why the correlated frailty model has been devel-

oped for the analysis of clustered survival time data. Yashin et al. (1994), Pickles
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and Crouchlev (1994), Petersen (1998), Wienke et al. (2003) and others investigated

correlated frailty model to overcome this difficulty. The correlated frailty model not

only captures the common effect of the frailty variables within a cluster but it also

induces individual heterogeneity among the cluster members. Yashin et al. (1995),

Yashin and Iachine (1997), Petersen (1998), Wienke et al. (2001, 2003) and Zdravkovic

et al. (2002) applied the correlated Gamma frailty model to different settings. Parner

(1998) studied the asymptotic properties of the maximum likelihood estimator of

correlated Gamma frailty variables with observed covariates.

When one encounters more complicated data, for example, bivariate survival (or

bivariate current status) data with competing risks, there can be many kinds of depen-

dence structures. In this regard, Gorfine and Hsu (2011) introduced shared cause-

specific frailty (although they did not use the term ‘shared cause-specific frailty’)

models with covariates, in addition to several other kinds of frailty structures, de-

pending on the failure types, and possibly on time as well, to describe different types

of associations within clusters and between the failure types. See also Ha et al. (2018).

To consider such a wide spectrum of frailty structures leads to complications and lack

of interpretation. Therefore, in this thesis, we consider two other types of frailty

structures, in addition to shared and correlated frailty, depending on the cause of

failure. We call them the ‘shared cause-specific frailty’ and ‘correlated cause-specific

frailty’. See Section 2.4 for more details.

1.8 Objectives of the Thesis

There are many scenarios, for example, in carcinogenic studies and reliability experi-

ments, which give rise to current status data. When the failure status (1 for failure, 0

for no failure or censoring) of two related individuals (or two components of a single

machine) is observed only at some monitoring or inspection time, then we have bivari-

ate current status data. When each of the failures, if they occur, may be due to one

of several causes, we have bivariate current status data with competing risks. As per

our knowledge, bivariate current status data with competing risks has not received

much attention in the literature. In this thesis, we intend to initiate this research on

bivariate current status data with competing risks, in particular, focusing on model-

ing and estimation of the quantities of interest in the absence of any covariate. The

main objectives of the thesis are listed in the following.

1. Modeling of bivariate lifetime data with competing risks through different

frailty structures in order to describe different kinds of associations. This is achieved
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through multiplicative frailty effect on the different cause-specific baseline hazard

functions.

2. Investigating model identifiability for the four types of frailty under situations

when the different cause-specific baseline hazard functions and frailty distribution can

be parametric or entirely unspecified (non-parametric).

The models in the first objective and the identifiability results of the second objec-

tive are useful in the analysis of bivariate lifetime data with competing risks. It is

proven that, when both the cause-specific baseline hazard functions and frailty distri-

bution are non-parametric, then the model is not identifiable. For parametric frailty

distribution, we consider the commonly used Gamma frailty of different kinds.

3. Maximum likelihood estimation when (a) both the cause-specific baseline haz-

ard functions and frailty distribution are parametric, (b) the cause-specific baseline

hazard functions are parametric and the frailty distribution is non-parametric, and

(c) the cause-specific baseline hazard functions are non-parametric and the frailty

distribution is parametric.

4. Carry out extensive simulation studies to investigate the finite sample proper-

ties of the estimates and empirically validate the convergence results.

5. Conduct an analysis of a real dataset on hearing loss (See Section 1.12) to

illustrate our methodologies.

1.9 Chapter-wise summary of the thesis

In this section, we provide a summary of the thesis work, as presented in the sub-

sequent chapters. This gives a fairly good idea about the content of the thesis and

facilitates some understanding of its importance.

In chapter 2, we introduce the modeling of bivariate lifetime data with competing

risks using a general frailty distribution. The four different frailty types under con-

sideration, namely, shared, correlated, shared cause-specific, correlated cause-specific

are special cases of this general model. It is of interest to measure the association

between the failures of the two individuals in a pair, each due to a failure type from a

set of competing risks. In this regard, we use the measure “conditional cause-specific

hazard ratio” function proposed by Bandeen-Roche and Liang (2002). Then, we also

define model identifiability for bivariate current status data with competing risks,

which also applies to bivariate lifetime data with competing risks.

In chapter 3, we consider the fully parametric model; that is, both the baseline

cause-specific hazard functions and the four different kinds of frailty distributions are
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modeled parametrically. For this, we introduce a family of parametric life distribu-

tions that includes many commonly used parametric distributions as special cases.

We also consider different gamma frailty distributions for the four frailty types. We

establish model identifiability under fairly weak conditions. Then, we derive the con-

ditional cause-specific hazard ratio function corresponding to the four frailty types.

This conditional cause-specific hazard ratio is shown to be greater than 1 for shared

Gamma frailty model indicating a positive association; for the other three frailty

types, the conditional cause-specific hazard ratio function is plotted for some pa-

rameter values and found to be greater than 1. Maximum likelihood estimation is

considered for the model parameters; consistency and asymptotic normality of the

estimators are established. We carry out an extensive simulation study to observe

the finite sample properties of the estimators. Finally, we fit the four frailty models to

a dataset on hearing loss (See Section 1.12) to illustrate the proposed methodology.

In chapter 4, we model bivariate current status data with competing risks with

parametric baseline cause-specific hazard rates and non-parametric frailty distribu-

tion. We consider the same parametric family for baseline cause-specific hazards

introduced in Chapter 3. For each of the four frailty types, we prove model identifia-

bility under some fairly weak conditions. Then, we introduce an iterative algorithm in

which the estimates of parameters of baseline cause-specific hazards and those of the

non-parametric shared frailty distribution are alternatively updated to increase the

overall likelihood. This algorithm adopts a slight modification of that mentioned in

Wang (2007) for estimating a mixing distribution. We have carried out a simulation

study assuming constant baseline cause-specific hazards to empirically validate the

convergence results and study the finite sample properties of the estimators. Con-

vergence of this algorithm to the maximum likelihood estimates is established by a

theorem from Lindsay (1983). However, nothing is known about the convergence rates

and the limiting distribution of the estimators. Therefore, we suggest a sub-sampling

approach of Politis et al. (1999) to estimate the convergence rate and then obtain the

standard errors of the estimates along with the sub-sampling based approximate 95%

confidence intervals. We have demonstrated our proposed algorithm by analyzing the

hearing loss data, assuming constant baseline cause-specific hazards.

In chapter 5, we consider non-parametric cause-specific baseline hazard functions

and Gamma frailty distribution. First, we establish model identifiability for the

four types of Gamma frailty distributions. Then, we explore the estimation problem

of the non-parametric baseline cause-specific hazard functions with shared Gamma

frailty distribution. Following Osman and Ghosh (2012), we model the baseline cause-
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specific hazard functions using Bernstein polynomials, and then, using the method

of sieve maximum likelihood estimation proposed by Geman and Hwang (1982), we

estimate the relevant model parameters. We carry out a limited simulation study to

investigate error in this estimation method through integrated absolute error (IAE)

and integrated mean squared error (IMSE). Finally, we demonstrate the method

through analysis of the hearing loss data.

In chapter 6, we present a summary of the results and include some discussion on

the limitations, possible improvements and potential applications of the methodolo-

gies developed in this thesis with some concluding remarks. We also indicate some

future problems that we wish to attempt in near future.

1.10 Mathematical and Statistical Tools for the

Thesis

In this thesis, we have used some important mathematical and statistical tools already

present in the literature. A brief description of the same is provided below.

1.10.1 Uniqueness Theorem of Laplace Transformation

The Laplace-Stieltjes transform of a random variable X with cumulative distribution

function F is given as

LF (s) = E[e−sX ] =

∞∫
0

e−sxdF (x) = F (0) +

∫
(0,∞)

e−sxdF (x), s > 0.

Theorem 1.1. Let 0 ≤ X ∼ F and let the sequence of real numbers 0 < n1 <

n2 < · · · satisfy
∞∑
k=1

1
nk

= ∞. Then, the distribution F is uniquely determined by the

countable set of values {LF (nk), k = 1, 2, · · · } of its Laplace-Stieltjes transform.

Proof. See Section 3 of Lin and Dou (2021).

Let us consider two random variables, X and Y, with the joint distribution function

H and marginal distributions F and G; that is, (X, Y ) ∼ H,X ∼ F, Y ∼ G. Denote

the Laplace-Stieltjes transformation of H by LH. Formally,

LH(s, t) = E[exp (−sX − tY )] =

∞∫
0

∞∫
0

e−sx−tydH(x, y), s, t > 0.

16



Theorem 1.2. Let 0 ≤ X ∼ F, 0 ≤ Y ∼ G and (X,Y ) ∼ H. Assume further that

the two sequences mk, nk, for k = 1, 2, · · · , satisfy
1. 0 < m1 < m2 < · · · with

∞∑
i=1

1
mi

= ∞, and

2. 0 < n1 < n2 < · · · with
∞∑
j=1

1
nj

= ∞.

Then the bivariate distribution H can be uniquely determined by the countably many

values of its Laplace-Stieltjes transform: {LH(mi, nj) : i, j = 1, 2, · · · }.

Proof. See Section 3 of Lin and Dou (2021).

Let us consider m random variables satisfying 0 ≤ Xi, i = 1, · · · ,m with joint dis-

tribution function H on Rm
+ . For si > 0, i = 1, · · · ,m, the Laplace-Stieltjes transform

of H is given as

LH(s1, s2, · · · , sm) = E
[
exp

(
−

m∑
i=1

siXi

)]

=

∞∫
0

∞∫
0

· · ·
∞∫
0

exp
(
−

m∑
i=1

sixi

)
dH(x1, x2, · · · , xm).

Theorem 1.3. Let {nik, k = 1, 2, · · · }, i = 1, · · · ,m, be the m(≥ 3) sequences of real

numbers satisfying 0 < ni1 < ni2 < · · · and
∞∑
k=1

1
nik

= ∞ for all i = 1, · · · ,m.

Then, any m-dimensional distribution function H on Rm
+ is uniquely determined by

the countably many values of its Laplace-Stieltjes transform.

Proof. See Section 4 of Lin and Dou (2021).

The Laplace-Stieltjes transformation has various applications in probability and

statistics. In case of frailty modeling, the unconditional survival function is the

Laplace-Stieltjes transformation of the distribution function of the frailty variable(s)

at the baseline cumulative hazard function(s). We have used the above theorems in

proving the identifiability results in Chapter 4 to establish uniqueness of the frailty

distribution(s).

1.10.2 Asymptotics of the Maximum Likelihood Estimator

Let us restate the asymptotic properties of maximum likelihood estimators in the

multiparameter case. We assume that the distribution depends on a parameter vector
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θ = (θ1, · · · , θp). Let X1, · · · , Xn be a set of n i.i.d. observations from the probability

distribution f(.,θ). The likelihood function of parameter vector θ is given as

L(θ|X1, · · · , Xn) =
n∏

i=1

f(Xi;θ).

The maximum likelihood estimator, θ̂ is defined as

θ̂ = arg max
θ∈Ω

L(θ|X1, · · · , Xn) = arg max
θ∈Ω

L(θ;X),

where the set Ω is the parameter space and X = (X1, · · · , Xn). It is often advanta-

geous to work with the log-likelihood function ℓ(θ;X) = log(L(θ;X)). The estimator

will remain same since the log function is a strictly monotone increasing function. Let

us make the following assumptions.

• A.1 The distributions Pθ of the observations are distinct for θ ∈ Ω. Otherwise,

θ cannot be estimated consistently.

• A.2 The distributions Pθ, for θ ∈ Ω, have common support. This implies that

the support of the distributions Pθ is independent of the parameter vector θ.

• A.3 The observations X = (X1, · · · , Xn), where the observations Xi’s are i.i.d.

with density function f(x,θ) with respect to a σ-finite measure µ.

• A.4 The parameter space Ω contains an open set ω for which the true parameter

value θ0 is an interior point.

• A.5 The first and second derivatives of ℓ = logL satisfy

E

[
∂

∂θj
log f(x;θ)

]
= 0,

and

Ijk(θ) = E

[
∂

∂θj
log f(x;θ).

∂

∂θk
log f(x;θ)

]
= E

[
− ∂2

∂θj∂θk
log f(x;θ)

]

for j, k = 1, 2 · · · , p, where p is the dimension of θ.

• A.6 The p × p matrix I(θ), comprising of Ijk(θ)’s, is a dispersion matrix, and
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it is positive semidefinite. For all θ ∈ ω, the p statistics[
∂

∂θ1
log f(x;θ)

]
, · · · ,

[
∂

∂θp
log f(x;θ)

]

are affinely independent with probability 1.

• A.7 There exist functions Mjkl such that

| ∂3

∂θj∂θk∂θl
log f(x;θ)| < Mjkl(θ)

for all ω ∈ Ω and mjkl = Eθ0Mjkl(X) < ∞.

Theorem 1.10.1. Let X1, · · · , Xn be i.i.d., each with a density f(x;θ) (with respect

to measure µ) which satisfies A.1−A.7. Then, with probability tending to 1 as n → ∞,

there exists solutions θ̂ = θ̂(X1, · · · , Xn) of the likelihood equations such that

• (1) the estimator θ̂j is consistent for estimating θj, for j = 1, 2, · · · , p.

• (2)
√
n(θ̂ − θ) d→ N(0, I−1(θ)) as n → ∞.

Proof. The proof can be found in Lehmann and Casella (2006) (pages 463−465) and

hence skipped.

1.10.3 Estimation of Mixing Distribution Function

Note that the frailty variables are essentially independent random effect variables

having a common unknown distribution function G. Although Kiefer and Wolfowitz

(1956) studied and proved consistency of the maximum likelihood estimators (MLEs)

of both the model parameters (associated with the baseline cause-specific hazards)

and the unknown mixing (frailty) distribution G, under some regularity conditions

including identifiability of the model, they did not suggest any method for obtaining

the MLEs or making related inference. Lindsay (1983) investigated the geometric

properties of these MLEs by looking at the convex hull of the set of likelihood func-

tions obtained from all singular values of the random effect. By exploiting the results

of convex geometry, this paper established that unique MLE of G exists, under quite

general conditions, with support size no more than the number of distinct observations

in the sample. See also Laird (1978). Finding this MLE of G reduces to a convex op-

timization problem, utilizing the directional derivatives of the log-likelihood function
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with respect to the distribution G. A convergent algorithm, namely, vertex direc-

tion method (VDM), has also been proposed. Lindsay and Lesperance (1995) gave

a nice review of all this development, along with some application areas. Heckman

and Singer (1984b) first proposed modeling and estimation of frailty with arbitrary

mixing distribution G using results of Lindsay (1983) in order to explain population

heterogeneity.

Several algorithms have been suggested over the years to find the MLE of G, start-

ing from the use of EM algorithm Laird (1978), which initiates with a large number of

support points. Other methods start with a smaller number of initial support points

and then add one or more new support points at each iteration. Apart from the VDM

of Lindsay (1983), we have the vertex exchange method (VEM) of Böhning (1985),

the intra-simplex direction method (ISDM) of Lesperance and Kalbfleisch (1992),

etc., among some others. However, these methods seem to converge too slowly to be

useful, especially in simulation studies when the MLE needs to be calculated many

times. See Böhning (1995) for a review of these computational methods. Wang (2007)

suggested a fast algorithm using a linear regression formulation of the quadratic pro-

gramming method, extending the same proposed by Atwood (1976) and Böhning

(1985) in the context of finding optimal design. One important characteristic of this

algorithm is to avoid the need of keeping track of support points, while collapsing

similar ones and discarding ones with very small probability. In the following, we

give some details of the algorithmic method proposed by Wang (2007) to estimate

the mixing distribution G non-parametrically, for given the updated estimates of the

model parameters, and alternately estimate the model parameters, for given the up-

dated estimate of G. From the geometry of mixture likelihood as discussed in Lindsay

(1983), it is well-known that Ĝ, the non-parametric MLE of the mixing distribution

G, is a discrete distribution with the size of support points not exceeding the number

of distinct observations in the sample. Therefore, finding Ĝ reduces to the problem

of finding a proper set of support points along with their mixing proportions, includ-

ing their common dimension; see Wang (2007). He suggested starting with any finite

support and then updating the set with adding all the local maxima of the directional

gradient of log-likelihood with respect to the mixing proportions. Then, an estimate

of mixing proportion is obtained by a slight modification of a quadratic approxima-

tion developed in Atwood (1976). Zero entries of this set are dropped and a new set

of support and mixing proportions is found. This procedure is continued until one

finds a set of support points and a set of mixing proportions where the maximum

value of the directional derivative is less than a given precision. We use this method
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in Chapter 4 for our semi-parametric estimation of the parameters associated with

the baseline cause-specific hazard rates and the arbitrary frailty distribution G.

1.10.4 Subsampling Bootstrap

In many areas, for example, in time series and spatial data analysis, practitioners

often deal with dependent data. Therefore, the standard bootstrap is not applicable

or may not perform well in such scenarios. The subsampling bootstrap technique

(See Politis et al., 1999) seems to be useful instead of the usual bootstrap. In sub-

sampling bootstrap approach, smaller subsamples are drawn randomly and without

replacement from the original sample.

Subsampling bootstrap is often more advantageous than the usual bootstrap in

cases of statistical computations involving large datasets because of smaller sample

size, thereby making it computationally less burdensome (Moolgavkar et al., 2013).

There are some research works that have investigated and discussed the efficiency of

subsampling bootstrap in the case of heavy-tailed data. Kokoszka and Parfionovas

(2004) examined the applicability of bootstrap-based unit root tests to time series with

heavy-tailed error distribution. Also, Cornea-Madeira and Davidson (2015) addressed

the inconsistency of Efron’s bootstrap for heavy-tailed distributions. Sengupta et al.

(2016) proposed a computationally efficient and robust bootstrap technique under

mild conditions for massive datasets also including heavy-tailed distributions based

on subsampling bootstrap.

The asymptotic distribution of an estimator may be non-normal with or without

the knowledge of the convergence rate; in such cases, the subsampling bootstrap has

been explored to provide meaningful estimates of the standard error and confidence

interval. Romano and Shaikh (2012) investigated conditions under which subsam-

pling and bootstrap methods produced uniformly valid inference for a broad class

of distributions. The main focus of this study was to construct confidence regions

and tests that maintain nominal coverage probabilities even when usual asymptotic

approximations are inadequate. It is also robust to model misspecification since it

does not assume the underlying true distribution. Subsampling is helpful even when

the convergence rate of a statistic is unknown or intractable. Bertail et al. (1999) pro-

posed a method to estimate this rate using subsampling, enabling the construction

of asymptotically valid confidence regions without prior knowledge of convergence

rate. Even though it enjoys many attractive properties, one should be a bit careful

about the selection of subsample size. There are some data-driven methods, one of
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them is the Minimum Volatility method by Politis and White (2004). It should be

noted that the performance of the subsampling procedure depends on certain tuning

parameters like subsample size, number of subsamples, etc.. In a recent work, Ma

et al. (2024) have developed methodologies to select this tuning parameter optimally

for large datasets. This paper provides a closed-form solution of optimal subsam-

ple sizes and demonstrates the improved performance of these optimized methods by

simulation.

We have implemented the subsampling bootstrap technique in Chapter 4 of this

thesis to compute the rate of convergence of the proposed estimators, asymptotic

standard errors, and asymptotic confidence intervals.

1.10.5 Bernstein Polynomials

Approximation of a continuous real-valued function arises in various fields of Statis-

tics, for example, in non-parametric regression, density estimation, hazard rate esti-

mation, smoothing of time series data, functional data analysis, machine learning and

data science, and many others. In this regard, there have been many applications

of kernel method (See, for example, Nadaraya, 1964; Watson, 1964; Ramlau-Hansen,

1983; Wand and Jones, 1994) and spline smoothing (See, for example, Wahba, 1990;

Green and Silverman, 1993; Hao et al., 2020; Wu et al., 2022) in the literature. An-

other alternative is to use the Bernstein polynomials, although not as common as

kernel method and spline smoothing. Some of the advantages of the use of Bern-

stein polynomials have been mentioned in Tenbusch (1994, 1997), including spatial

adaptability and better boundary behaviour (See also Osman and Ghosh, 2012).

One of the most widely used applications of Bernstein polynomials in statistics is

in density estimation, dating back to the work by Vitale (1975). Several years later,

many researchers such as Petrone (1999), Babu et al. (2002), Choudhuri et al. (2004)

investigated the use of Bernstein polynomials in different statistical applications. In

the non-parametric regression setting, Chang et al. (2007) applied Bernstein polyno-

mials. Chang et al. (2005) used Bernstein polynomials for hazard function approxima-

tion in the Bayesian framework without considering any covariate for right censored

survival data. Considering the semi-parametric setting, Osman and Ghosh (2012)

non-parametrically modeled the baseline hazard functions using Bernstein polynomi-

als to analyze right censored survival data with covariates. The authors motivated

the use of Bernstein polynomials from a result by Carnicer and Pena (1993) which

states that Bernstein polynomials have the best shape-preserving property among
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all approximating polynomials. Wang and Ghosh (2012) used Bernstein polynomials

to estimate various shape restricted non-parametric regression function, for example,

monotonicity, convexity, etc. Guan (2021) used Bernstein polynomials to approximate

baseline hazard function in the cox proportional hazard model for interval censored

data. He also proved that the proposed estimate of the survival function enjoys al-

most n
1
2 convergence rate, faster than the existing estimators with n

1
3 convergence

rate. Dib et al. (2021) estimated joint distribution function of two random variables

using Bernstein polynomials, when one of them is right censored establishing strong

uniform convergence of this estimator.

In this context of Bernstein polynomials, the Weierstrass approximation theorem

(originally introduced in 1885) plays a crucial role. This theorem asserts that, for

any continuous function f(x) on a closed interval, there exists a ploynomial P (x)

approximating f(x) uniformly in the sense that, for any ϵ > 0, |f(x) − P (x)| < ϵ

for all x. In 1911, Russian mathematician Sergei Bernstein provided another well-

known proof of this theorem using Bernstein polynomials (See Lorentz, 2012; Cui

and Pillichshammer, 2025). In the following, we first formally introduce Bernstein

polynomials.

Definition 1.1. For each positive integer m ≥ 1, the mth Bernstein polynomial of

a function f ∈ C[0, 1] (that is, f is a continuous real-valued function defined on [0,1])

is defined as

Bm(x, f) =
m∑
i=0

f
( i

m

)(m
i

)
xi(1− x)m−i, for x ∈ [0, 1].

We have considered approximation of baseline cause-specific hazard rates using

Bernstein polynomials in Chapter 5, while analyzing bivariate current status data

with competing risks when the baseline cause-specific hazards are unspecified. Use of

Bernstein polynomials has some apparent computational advantages in our particular

setting (See Sections 1.8 and 1.9), as explained later in Section 5.3. Also, since the

baseline cause-specific hazards need to be continuous functions for the sake of model

identifiability (See Section 5.2), use of Bernstein polynomials to approximate these

hazard functions seems to be more suitable for easy implementation of numerical

methods to maximize the complicated likelihood function (See Section 2.6) as that in

our setting.

For the purpose of getting smooth estimates of the unspecified baseline cause-

specific hazards, we have used sieve maximum likelihood estimator (Grenander, 1981;

Geman and Hwang, 1982), as described briefly in the following with reference to
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our particular setting. Consider the two classes H1 and H2 of continuous baseline

cause-specific hazard functions for the two individuals in a pair (See Section 2.5). It

is difficult to carry out likelihood maximization over the infinite dimensional space

H1×H2. So, we consider a subspace H1m×H2m of it for the purpose of maximization,

where Hkm denotes the class of mth Bernstein polynomials approximating all the

baseline cause-specific hazard functions for the kth individual, for k = 1, 2, with

the typical ith coefficient of the form f( i
m
) in each polynomial treated as unknown

constant γi to be estimated. The sequence of subspaces, such as H1m ×H2m, of the

original parameter space H1 ×H2, for m ≥ 1, is called a sieve.

Under some standard regularity conditions, in the context of right censored sur-

vival data with covariates, Osman and Ghosh (2012) proved that there exists an

estimator in the corresponding mth subspace which converges to the true hazard

function, as m → ∞, with respect to the Hellinger metric. See also Geman and

Hwang (1982). This estimator in the mth subspace, obtained by corresponding like-

lihood maximization, is called the sieve maximum likelihood estimator.

1.11 Computational Tools

1.11.1 Numerical Optimization

Almost every problem in applied statistics boils down to an optimization problem

with some objective function. Nowadays, we often deal with complicated objective

functions. It is often a challenging task to obtain an analytical solution to such dif-

ficult optimization problem. Therefore, we resort to various numerical optimization

algorithms (see Nocedal and Wright, 1999) to get an approximate solution to the

difficult optimization problem at hand.

In this thesis, we have encountered both linear and non-linear constrained optimiza-

tion problems in order to compute both parametric and non-parametric MLEs. We

have used the R function ‘optimParallel’ of the ‘optimParallel’ package to apply

quasi-newton methods like limited memory BFGS for box constrained optimization,

‘Nelder-Mead’ method in ‘optim’ function for derivative-free optimization of objec-

tive function with computationally expensive gradient calculations, and ‘solnl’ of the

‘NlcOptim’ package for nonlinear constrained optimization method, respectively.
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1.11.2 Parallel Computing

Parallel computing is a handy and effective tool used in the area of computation. It

enables the user to perform the task faster by splitting the task into smaller parts and

processing them independently and simultaneously on multiple processors instead of

performing the same task with the help of one processor. We explain it with the help

of the following example.

Suppose that the given task is to build a house with four rooms. If we have four

people instead of one and each of them works independently of each other and builds

one room simultaneously, the house will be built much faster. Parallel computing also

works according to the same principle. Parallel computing is heavily used in scientific

computing, which arises in many fields like artificial intelligence, big data analytics,

video game graphics, search engines, weather forecasting, etc. Today, statisticians

often deal with problems that involve computationally burdensome calculations and

processing of large data sets. Also, some statistical methodologies like bootstrapping

need multiple replications of a single step. In all of these cases, parallel computing

turns out to be highly beneficial for statisticians.

Parallel and doParallel packages of R software are used extensively in this thesis for

parallel computing to handle difficult computation problems like numerical maximiza-

tion of the complicated log-likelihood function.

1.11.3 Integration of Software packages

Nowadays, it is a common practice to integrate different software packages to consoli-

date the strengths of each software and tackle the complications of a difficult research

problem. Different software turns out to be optimal for solving different tasks. It

is also helpful for a collaborative work where the collaborators are from other disci-

plines. For example, R is popular for statistical analysis and C++ is popularly known

for its high performance and accurate computing. Therefore, R and C++ integration

can be highly useful for complex statistical analysis and computing. In this regard,

Dirk Eddelbuettel and Romain Francois created and proposed the use of Rcpp; see

Eddelbuettel (2013).

Rcpp, RcppNumerical, and some other packages along with parallel computing have

been used to combine strengths of R and C++ to optimize their performance in

different simulation studies and data analyses presented in this thesis.
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1.12 Data Set

We have illustrated the different methodologies discussed in this thesis using a dataset

on hearing loss. A short description of this dataset is given below.

Hearing loss is a common phenomenon that can occur at any age and gradually

increases with age. The problem of hearing loss can be broadly classified into two

categories according to which part of the ear is affected. Sensorineural hearing

loss (SNHL) is related to any sensory problem or neural structures in the inner ear.

Conductive hearing loss occurs due to obstructions in the outer or middle ear so that

the sound does not properly enter through the outer ear to the middle ear. There are

few observations with both the types of hearing loss being present, called Mixed type.

For our analysis, we consider the failure time as the occurrence time of first hearing

loss, so that the corresponding cause of failure is uniquely defined. However, due to

the nature of current status data, we have some observations with both causes present

(the Mixed type). These can be treated as observations with missing failure type, the

analysis of which is beyond the scope of this thesis. For illustration, we discard these

observations with Mixed type of hearing loss. In this thesis, this reduced dataset has

been analyzed using parametric and semi-parametric modeling in chapters 3, 4 and

5.

This dataset has been collected from the department of speech and hearing, Ali

Yavar Jung National Institute of Speech and Hearing Disabilities, Eastern Regional

Centre, Kolkata. This dataset comprises 880 individuals who appeared with problem

of speech impairment in the time span of January to February, 2016. As a related

issue, hearing loss diagnosis, if any, is also carried out for these patients and the

outcome of such diagnosis is the response of interest in our study. The monitoring

time (X) has been considered to be the age (in months) of an individual at the time

of diagnosis; see Koley and Dewanji (2022). We consider observations on only those

individuals with hearing loss diagnosis in both left and right ears, so that we have

bivariate current status data with the two types of hearing loss as competing risks.

We have such information for 726 out of 880 individuals. We use the data on this

smaller set of individuals for our analyses in this thesis. We use the labels 1 and

2 for the two competing risks, namely, SNHL and Conductive, respectively, for our

analyses. The hearing loss data is summarized in Table 1.1, with cause of failure 0

denoting right censored observation. The full data is available from the author upon

request.
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Table 1.1: The cross-classified frequency table for the hearing loss data.

Left Right ear
ear 0 1 2
0 261 0 1
1 0 435 0
2 1 0 28
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Chapter 2

Modeling of Bivariate Current
Status Data with Competing Risks

2.1 Introduction

As discussed in Section 1.4, bivariate current status data with competing risks arises

from two different scenarios. One scenario is when the failure status of two related

individuals are observed at some monitoring or inspection time, and the failure of each

individual occurs due to only one out of a set of possible causes. For example, the

onset times of cancer in mother and daughter, with two types of cancer, namely, breast

and ovarian, may be observed at some routine clinical check. Another scenario is when

the failure status of two parts of a single individual or a machine are monitored. For

example, hearing loss in an individual’s left and right ears can occur due to one of

three different causes (See Section 1.12). In our subsequent description, we shall refer

to the first scenario and call the two failure times as those of the first and the second

individual.

2.2 General Modeling using Frailty

Let T1 and T2 denote the failure times of the first and the second individual, respec-

tively, with J1 and J2 denoting the corresponding causes of failure. It is assumed that

the random variable Jk takes values in the set {1, · · · , Lk}, for k = 1, 2. Therefore,

the set of competing risks can be different for the two individuals. In some cases, we

need to consider the same set of competing risks.

In the case of bivariate current status data with competing risks, the quadruplet

(T1, T2, J1, J2) is not observed directly. Rather, the failure status of an individual due

to a particular risk is observed. If the observed status is failure, then we also observe
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the corresponding cause of failure, J1 or J2. LetX1 andX2 be the monitoring times for

the first and the second individual, respectively. This allows for different monitoring

times for the two individuals although, in most situations, the two individuals have

the same monitoring time denoted by a random variable X. It is assumed that the

monitoring time random variables X1 and X2 are independent of the failure time

random variables, given by (T1, T2, J1, J2), without having any common parameter.

Note that the observed data is of the form (X1, X2, J1, J2). From now on, we will

follow the convention that J1 or J2 takes the value 0 when no failure is observed for the

corresponding individual at the monitoring time, being a right censored observation.

We also assume that the two failure times T1 and T2 are absolutely continuous.

The sub-distribution function corresponding to the kth individual due to cause j

at time tk is

F
(k)
j (tk) = P

[
Tk ≤ tk, Jk = j

]
=

tk∫
0

f
(k)
j (u)du,

for all tk > 0, j = 1, · · · , Lk and k = 1, 2, where f
(k)
j (u) is the sub-density function for

the kth individual due to cause j. The cumulative distribution function corresponding

to the kth individual is

F (k)(tk) = P
[
Tk ≤ tk

]
=

Lk∑
j=1

F
(k)
j (tk),

and the survival function for the kth individual is

S(k)(tk) = P
[
Tk > tk

]
= 1− F (k)(tk).

The primary quantity of interest in the context of bivariate failure time data with

competing risks is the joint sub-distribution function, given by

Fj1j2(t1, t2) = P
[
T1 ≤ t1, T2 ≤ t2, J1 = j1, J2 = j2

]
,

for tk > 0, jk = 1, · · · , Lk and k = 1, 2.

Explicit expressions for all these quantities, including the joint sub-distribution

function, require modeling of dependence between the failure times of the two indi-

viduals, possibly differently for different failure types. As discussed in Sections 1.5

and 1.6, we model this dependence solely by means of different types of frailty vari-

ables, so that the two failure times and types (T1, J1), and (T2, J2) are conditionally

independent, given the frailties. In our development of the model, in addition to the
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frailty distributions, we also require modeling of the cause-specific baseline hazard

functions, as described below.

The jth cause-specific hazard function of the kth individual at time tk is defined as

λ
(k)
j (tk) = lim

h→0+

P
[
tk < Tk < tk + h, Jk = j|Tk ≥ tk

]
h

=
f
(k)
j (tk)

S(k)(tk)
,

for all tk > 0, j = 1, · · · , Lk and k = 1, 2. In general, let ϵ(k) = (ϵ
(k)
1 , ϵ

(k)
2 , · · · , ϵ(k)Lk

) be

the vector of frailty variables related to the kth individual. The conditional cause-

specific hazard function for the kth individual due to cause j, given the frailty vector

ϵ(k), is modeled multiplicatively as

λ
(k)
j (tk|ϵ(k)) = h

(k)
0j (tk)ϵ

(k)
j , (2.1)

for tk > 0, j = 1, · · · , Lk and k = 1, 2, where h
(k)
0j (tk) is the cause-specific baseline haz-

ard function for the kth individual due to cause j at time tk andH
(k)
0j (tk) =

tk∫
0

h
(k)
0j (u)du

denotes the corresponding cause-specific cumulative baseline hazard function for in-

dividual k.

The conditional cause-specific cumulative hazard, given the frailty vector ϵ(k) is

Λ
(k)
j (tk|ϵ(k)) =

tk∫
0

λ
(k)
j (u|ϵ(k))du =

tk∫
0

h
(k)
0j (u)ϵ

(k)
j du = H

(k)
0j (tk)ϵ

(k)
j ,

for tk > 0, j = 1, · · · , Lk and k = 1, 2. The conditional cumulative hazard for the kth

individual, given the frailty vector ϵ(k), is

Λ(k)(tk|ϵ(k)) =
Lk∑
j=1

Λ
(k)
j (tk|ϵ(k)) =

Lk∑
j=1

H
(k)
0j (tk)ϵ

(k)
j ,

for tk > 0 and k = 1, 2. The conditional survival function for the kth individual at

time tk, given ϵ
(k), is

S(k)(tk|ϵ(k)) = exp
[
− {Λ(k)(tk|ϵ(k))}

]
= exp

[
−

Lk∑
j=1

H
(k)
0j (tk)ϵ

(k)
j

]
,

for tk > 0 and k = 1, 2. The sub-distribution function due to cause j for the kth
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individual, conditional on ϵ(k), is

F
(k)
j (tk|ϵ(k)) =

tk∫
0

λ
(k)
j (u|ϵ(k))S(k)(u|ϵ(k))du =

tk∫
0

h
(k)
0j (u)ϵ

(k)
j exp

[
−

Lk∑
j′=1

H
(k)
0j′ (u)ϵ

(k)
j′

]
du,

for tk > 0, j = 1, · · · , Lk and k = 1, 2. Using the conditional independence of T1

and T2 given the frailty vector ϵ(1) and ϵ(2), the unconditional joint sub-distribution

function Fj1j2(t1, t2) at time t1 and t2 corresponding to causes j1 and j2 for the two

individuals, respectively, is

Fj1j2(t1, t2) = E
[
F

(1)
j1

(t1|ϵ(1))F (2)
j2

(t2|ϵ(2))
]

=

∞∫
0

· · ·
∞∫
0

[
2∏

k=1

tk∫
0

h
(k)
0jk

(uk)ϵ
(k)
jk

exp
(
−

Lk∑
j′=1

H
(k)
0j′ (uk)ϵ

(k)
j′

)
duk

]
g(ϵ(1), ϵ(2))dϵ(1)dϵ(2),

(2.2)

for tk > 0, jk = 1, 2, · · · , Lk and k = 1, 2, where g(ϵ(1), ϵ(2)) is the joint probability

density function of the frailty vectors ϵ(1) and ϵ(2), respectively. The unconditional

joint sub-density function is

fj1j2(t1, t2) =
∂2

∂t1∂t2
Fj1,j2(t1, t2)

=

∞∫
0

· · ·
∞∫
0

[
2∏

k=1

h
(k)
0jk

(tk)ϵ
(k)
jk

exp
(
−

Lk∑
j′=1

H
(k)
0j′ (tk)ϵ

(k)
j′

)]
g(ϵ(1), ϵ(2))dϵ(1)dϵ(2),

(2.3)

for tk > 0, jk = 1, · · · , Lk and k = 1, 2. The unconditional joint survival function is

S(t1, t2) = E
[
S(1)(t1|ϵ(1))S(2)(t2|ϵ(2))

]
=

∞∫
0

· · ·
∞∫
0

[
exp

(
−

2∑
k=1

Lk∑
j′=1

H
(k)
0j′ (tk)ϵ

(k)
j′

)]
g(ϵ(1), ϵ(2))dϵ(1)dϵ(2), (2.4)

for t1, t2 > 0. The unconditional sub-distribution function for the kth individual due
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to cause j is

F
(k)
j (tk) = E

[
F

(k)
j (tk|ϵ(k))

]
=

∞∫
0

[ tk∫
0

h
(k)
0j (u)ϵ

(k)
j exp

(
−

Lk∑
j′=1

H
(k)
0j′ (u)ϵ

(k)
j′

)
du

]
g(k)(ϵ(k))dϵ(k), (2.5)

for tk > 0, j = 1, · · · , Lk and k = 1, 2, where g(k)(ϵ(k)) is the marginal density of the

frailty vector ϵ(k). The unconditional sub-density function for the kth individual due

to cause j is

f
(k)
j (tk) =

∂

∂tk
F

(k)
j (tk)

=

∞∫
0

h
(k)
0j (tk)ϵ

(k)
j exp

(
−

Lk∑
j′=1

H
(k)
0j′ (tk)ϵ

(k)
j′

)
g(k)(ϵ(k))dϵ(k), (2.6)

for tk > 0, j = 1, 2, · · · , Lk and k = 1, 2.

2.3 Conditional Cause-specific Hazard Ratio

One important aspect of modeling bivariate failure time data with competing risks

is to provide a measure of association of failure times of the two individuals, where

each failure occurs due to one cause out of a set of possible causes. For bivariate

failure time data, Oakes (1989) proposed the measure of association θ(t1, t2), called

‘conditional hazard ratio’, as

θ(t1, t2) =
λ(t1|T2 = t2)

λ(t1|T2 > t2)

=

f(t1, t2)

/
− ∂

∂s2
S(t1, s2)

∣∣∣∣
s2=t2

− ∂
∂s1

S(s1, t2)

∣∣∣∣
s1=t1

/
S(t1, t2)

=
f(t1, t2)S(t1, t2)[

− ∂
∂s2

S(t1, s2)

∣∣∣∣
s2=t2

]
×
[
− ∂

∂s1
S(s1, t2)

∣∣∣∣
s1=t1

] ,
for all tk > 0, k = 1, 2, where λ(t1|T2 = t2) and λ(t1|T2 > t2) are the conditional

hazards of T1, given T2 = t2 and T2 > t2, respectively. Note that this measure
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θ(t1, t2) is defined to be the proportion by which the first individual’s failure risk at

time t1, given that the second individual has failed at time t2, is increased over the

same failure risk, given that the second individual has not yet failed by time t2.

Motivated by this, Bandeen-Roche and Liang (2002) extended this measure to the

case of bivariate failure time data with competing risks. They proposed the following

measure, named the ‘conditional cause-specific hazard ratio’, as given by

CRj1j2(t1, t2) =
λ
(1)
j1
(t1|T2 = t2, J2 = j2)

λ
(1)
j1
(t1|T2 > t2)

=
S(t1, t2)fj1j2(t1, t2)[ ∞∫

t2

L2∑
j=1

fj1j(t1, t)dt
]
×
[ ∞∫
t1

L1∑
j=1

fjj2(t, t2)dt
] ,

for tk > 0, jk = 1, 2, · · · , Lk, k = 1, 2. It is easy to see that this measure is always

positive. The conditional cause-specific hazard ratio CRj1j2(t1, t2) is the risk of failure

of the first individual at time t1 due to cause j1, given the second individual has failed

at time t2 due to cause j2, over the same failure risk, given that the second individual

has not failed at time t2. According to Clayton (1978) (See also Oakes, 1989, Bandeen-

Roche and Liang, 2002, and Gorfine and Hsu, 2011), if CRj1j2(t1, t2; ξ,θ) = 1, there

is no association between failure of the first individual at time t1 due to cause j1 and

failure of the second individual at time t2 due to cause j2. When CRj1j2(t1, t2; ξ,θ) is

larger (smaller) than 1, we have positive (negative) association between such failures

of the two individuals.

2.4 Four Types of Frailty

As described earlier, frailty variables are used to model association in bivariate or

multivariate failure time data. The use of shared and correlated frailty is widely

popular to model the common and cluster-specific associations. But, for bivariate

failure time data with competing risks, many other complicated types of associations

exist, which we model through the frailty variables, possibly depending on the cause

and time of failure as well (Gorfine and Hsu, 2011).

2.4.1 Shared Frailty

Often, a common random effect is used to describe association between the two fail-

ure times regardless of their failure types. This common random effect is the shared
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frailty, which induces dependence between the two failure times and types. For exam-

ple, the association between cancer onset times of a mother and daughter pair may

be described by shared frailty because of their common family environment. If we

substitute ϵ
(k)
j = ϵ, for all j = 1, · · · , Lk and k = 1, 2, then the general model (2.1)

reduces to

λ
(k)
j (tk|ϵ) = h

(k)
0j (tk)ϵ,

where ϵ is the shared frailty variable. Since the frailty variable is not specific to failure

type, the model can accommodate two different sets of competing risks for the two

individuals.

2.4.2 Correlated Frailty

As the shared frailty model assumes a common frailty for both the individuals, thereby

not being able to capture individual effects, correlated frailty model allows this indi-

vidual heterogeneity by considering two correlated frailty variables for the two individ-

uals within a pair. For example, the association between the cancer onset times of a

mother-daughter pair arises due to the two correlated frailty variables describing their

individual heterogeneous effects. Formally, writing ϵ
(k)
j = ϵ(k), for all j = 1, 2, · · · , Lk,

then the general model (2.1) reduces to

λ
(k)
j (tk|ϵ(k)) = h

(k)
0j (tk)ϵ

(k),

where ϵ(k) is the frailty variable for the kth individual and the pair (ϵ(1), ϵ(2)) are

correlated. As for the shared frailty, the two correlated frailty variable are not specific

to the failure types. Hence, the model also allows two different sets of competing risks

for the two individuals.

2.4.3 Shared cause-specific Frailty

There are other complicated dependencies in bivariate failure time data with compet-

ing risks, which cannot be modeled through the shared or correlated frailty model.

For example, the dependence between the breast cancer onset time of a mother and

the same for her daughter, in the presence of other cancer types, requires a frailty

variable specific to breast cancer incidence. Similarly, the breast cancer incidence

in a mother and ovarian cancer incidence in her daughter may be associated with

each other in a complicated way which cannot be captured simply by a shared frailty

variable or correlated frailty variables. We need a more complicated frailty struc-
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ture; a simple alternative is to introduce frailty variables specific to failure types.

Shared cause-specific frailty is one such model in which different frailty variables are

considered for the different failure types, each of which is shared between the two

individuals. Therefore, we need the set of competing risks to be the same for the two

individuals with L1 = L2 = L, say. Formally, writing ϵ
(k)
j = ϵj for j = 1, · · · , L, the

general model (2.1), reduces to

λ
(k)
j (tk|ϵj) = h

(k)
0j (tk)ϵj,

where ϵj is the shared frailty between two individuals due to cause j, for j = 1, · · · , L.

2.4.4 Correlated cause-specific Frailty

In further generalization of the shared cause-specific frailty model described in the

previous subsection, this model incorporates heterogeneity between the two individ-

uals with respect to failure times due to certain failure types, while capturing the

dependence through the correlated frailty variables specific to failure types. As a re-

sult, this model also requires the same set of competing risks for the two individuals

with L1 = L2 = L, say. Formally, we have (ϵ
(1)
j , ϵ

(2)
j ) as the correlated pair of frailty

variables corresponding to failure type j, for j = 1, 2, · · · , L. Thus, we write the

general model (2.1) as

λ
(k)
j (tk|ϵ(k)) = h

(k)
0j (tk)ϵ

(k)
j ,

for j = 1, · · · , L and k = 1, 2.

2.5 Model Identifiability

Clearly, the pivotal quantity in the modeling of bivariate failure time, or current

status, data with competing risks is the unconditional joint sub-distribution func-

tion Fj1j2(t1, t2) in (2.2), or the unconditional joint sub-density function fj1j2(t1, t2)

in (2.3). All other quantities introduced in Section 2.2 can be derived from this

joint sub-distribution function. That is, specification of this unconditional joint sub-

distribution function describes the model for bivariate failure time, or current status,

data with competing risks. We, therefore, discuss model identifiaiblity through this
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quantity, as in the following. Let us define the classes H1, H2, and G as

H1 =

{(
h
(1)
01 (x), · · · , h

(1)
0L1

(x)
)
: h

(1)
0j (x) > 0 for x > 0, j = 1, · · · , L1 and

∞∫
0

L1∑
j=1

h
(1)
0j (x)dx = ∞

}
,

H2 =

{(
h
(2)
01 (x), · · · , h

(2)
0L2

(x)
)
: h

(2)
0j (x) > 0 for x > 0, j = 1, · · · , L2 and

∞∫
0

L2∑
j=1

h
(2)
0j (x)dx = ∞

}
,

G =

{
G(ϵ(1), ϵ(2)) : G(ϵ(1), ϵ(2)) is the joint CDF of L1 + L2 variate frailty vector.

}
.

Definition 2.1. The general model (2.1) is identifiable within families H1,H2, E , if
for some h

(1)
0 (x) =

{
h
(1)
01 (x), · · · , h

(1)
0L1

(x)
}
, h̃

(1)
0 (x) =

{
h̃
(1)
01 (x), · · · , h̃

(1)
0L1

(x)
}
,where

h
(1)
0 (x), h̃

(1)
0 (x) ∈ H1, h

(2)
0 (x) =

{
h
(2)
01 (x), · · · , h

(2)
0L1

(x)
}
, h̃

(2)
0 (x) =

{
h̃
(2)
01 (x), · · · , h̃

(2)
0L2

(x)
}
,

where h
(2)
0 (x), h̃

(2)
0 (x) ∈ H2, and G(ϵ(1), ϵ(2)), G̃(ϵ(1), ϵ(2)) ∈ G, leading to ex-

pressions of Fj1j2(t1, t2;h
(1)
0 ,h

(2)
0 , G) and F̃j1j2(t1, t2; h̃

(1)
0 , h̃

(2)
0 , G̃), respectively, using

(2.2), the equality

Fj1j2(t1, t2;h
(1)
0 ,h

(2)
0 , G) = F̃j1j2(t1, t2; h̃

(1)
0 , h̃

(2)
0 , G̃), for all tk > 0, jk = 1, · · · , Lk and k = 1, 2,

implies that h
(k)
0j (x) = h̃

(k)
0j (x), for all x > 0, j = 1, · · · , Lk, k = 1, 2, andG(ϵ(1), ϵ(2)) =

G̃(ϵ(1), ϵ(2)) almost everywhere.

As described above, the classes H1,H2 and G are non-parametric in the sense that

the baseline cause-specific hazards in H1,H2 and the frailty distributions in G do not

belong to any specific parametric families. In the following, we prove that, in this

generality, the model (2.1) is not identifiable.

From Section 2.2, note that the expression for joint sub-density function is

fj1j2(t1, t2) =

∞∫
0

· · ·
∞∫
0

2∏
k=1

(
h
(k)
0jk

(tk)ϵ
(k)
jk

)
exp

[
−

2∑
k=1

Lk∑
j=1

H
(k)
0j (tk)ϵ

(k)
j

]
×

dG(ϵ
(1)
1 , · · · , ϵ(1)L1

, ϵ
(2)
1 , · · · , ϵ(2)L2

),

where h
(k)
0jk

(tk) ∈ Hk, for tk > 0, jk = 1, · · · , Lk and k = 1, 2. Let us write

h̃
(1)
0j1

(t1) = c1h
(1)
0j1

(t1) and h̃
(2)
0j2

(t2) =
1

c2
h
(2)
0j2

(t2),
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for all t1, t2 > 0, jk = 1, · · · , Lk and k = 1, 2, where c1 and c2 are some positive con-

stants. It can be easily verified that the h̃
(k)
0jk

(tk), for k = 1, 2, are also valid baseline

cause-specific hazard functions, thus belonging to H1 and H2, respectively.

Also, let us consider the frailty distribution given by

G̃
(
ϵ(1), ϵ(2)

)
=

cL1
1

cL2
2

G
(
c1ϵ

(1),
1

c2
ϵ(2)
)
.

Since G ∈ G, it is an easy exercise to check that G̃ also belongs to G. Using the

transformation of variables, δ(1) = c1ϵ
(1) and δ(2) = 1

c2
ϵ(2), one can check that∫∞

0
· · ·
∫∞
0

dG̃
(
ϵ(1), ϵ(2)

)
= 1.

With this choice of h̃
(k)
0jk

(tk), for k = 1, 2, and G̃
(
ϵ(1), ϵ(2)

)
, we have the corre-

sponding joint sub-density function given by

f̃j1j2(t1, t2) =

∞∫
0

· · ·
∞∫
0

c1h
(1)
0j1

(t1)
1

c2
h
(2)
0j2

(t2)ϵ
(1)
j1
ϵ
(2)
j2

exp

[
−

L1∑
j=1

c1H
(1)
0j (t1)ϵ

(1)
j −

L2∑
j=1

1

c2
H

(2)
0j (t2)ϵ

(2)
j

]

× cL1
1

cL2
2

dG(c1ϵ
(1)
1 , · · · , c1ϵ(1)L1

,
1

c2
ϵ
(2)
1 , · · · , 1

c2
ϵ
(2)
L2
)

=

∞∫
0

· · ·
∞∫
0

2∏
k=1

(
h
(k)
0jk

(tk)δ
(k)
jk

)
exp

[
−

2∑
k=1

Lk∑
j=1

H
(k)
0j (tk)δ

(k)
j

]
× dG(δ

(1)
1 , · · · , δ(1)L1

, δ
(2)
1 , · · · , δ(2)L2

),

which is same as fj1,j2(t1, t2), for tk > 0, jk = 1, · · · , Lk and k = 1, 2. Therefore, when

both the baseline cause-specific hazards and the frailty distribution are unspecified,

the model (2.1) is not identifiable.

2.6 The Likelihood

From Section 2.2, we know that the observed data is of the form (X1, X2, J1, J2).

Suppose (xi1, xi2, ji1, ji2) denotes the realization of (X1, X2, J1, J2) for the ith pair in

the sample, for i = 1, · · · , n. In order to construct the likelihood function based on

the above observations, let us consider a typical observation from a pair of individuals

as (x1, x2, j1, j2), where x1 > 0 and x2 > 0 denote the monitoring times of the
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two individuals with j1 and j2 being the corresponding causes of failure, for jk =

0, 1, · · · , Lk and k = 1, 2. Recall that jk = 0 means that the corresponding observation

is right censored. We consider likelihood contributions for different combinations of

(j1, j2), as given below.

Let h(x1, x2) denote the joint density of the two monitoring times (X1, X2), which

is not of interest and considered as nuisance. Then, for jk = 1, · · · , Lk, k = 1, 2, the

likelihood contribution is proportional to

P
[
T1 ≤ X1 = x1, T2 ≤ X2 = x2, J1 = j1, J2 = j2;h

(1)
0 ,h

(2)
0 , G

]
h(x1, x2), which is

given by

f ∗(x1, x2, j1, j2;h
(1)
0 ,h

(2)
0 , G) =

[ x1∫
0

x2∫
0

fj1j2(u1, u2;h
(1)
0 ,h

(2)
0 , G)du1du2

]
h(x1, x2)

∝ Fj1j2(x1, x2;h
(1)
0 ,h

(2)
0 , G).

Also, for j1 = 0 and j2 ∈ {1, · · · , L2}, we have {T1 > X1 = x1, T2 ≤ X2 =

x2, J2 = j2}. Then, the likelihood contribution is proportional to

f ∗(x1, x2, j1, j2;h
(1)
0 ,h

(2)
0 , G) =

[ x2∫
0

f
(2)
j2

(u2;h
(2)
0 , G)du2 −

x1∫
0

x2∫
0

L1∑
j=1

fjj2(u1, u2;h
(1)
0 ,h

(2)
0 , G)du1du2

]
× h(x1, x2)

∝

[
F

(2)
j2

(x2;h
(2)
0 , G)−

L1∑
j=1

Fjj2(x1, x2;h
(1)
0 ,h

(2)
0 , G)

]
.

Similarly, for j1 ∈ {1, · · · , L1} and j2 = 0, we have {T1 ≤ X1 = x1, J1 = j1, T2 >

X2 = x2} and the likelihood contribution is proportional to

f ∗(x1, x2, j1, j2;h
(1)
0 ,h

(2)
0 , G) =

[ x1∫
0

f
(1)
j1

(u1;h
(1)
0 , G)du1 −

x1∫
0

x2∫
0

L2∑
j=1

fj1j(u1, u2;h
(1)
0 ,h

(2)
0 , G)du1du2

]
× h(x1, x2)

∝

[
F

(1)
j1

(x1;h
(1)
0 , G)−

L2∑
j=1

Fj1j(x1, x2;h
(1)
0 ,h

(2)
0 , G)

]
.
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Finally, when failure times of both the individuals are censored (that is, j1 =

j2 = 0), we have {T1 > X1 = x1, T2 > X2 = x2} and the likelihood contribution is

proportional to

f ∗(x1, x2, j1, j2;h
(1)
0 ,h

(2)
0 , G) =

[ ∞∫
x1

∞∫
x2

f(u1, u2;h
(1)
0 ,h

(2)
0 , G)du1du2

]
h(x1, x2)

∝ S(x1, x2;h
(1)
0 ,h

(2)
0 , G).

Suppose we have data from n independent pairs of individuals giving observations

(xi1, xi2, ji1, ji2), for i = 1, 2, · · · , n. Then, the likelihood function is given by

L(h
(1)
0 ,h

(2)
0 , G) ∝

n∏
i=1

f ∗(xi1, xi2, ji1, ji2;h
(1)
0 ,h

(2)
0 , G).

Note that this likelihood function is proportional to the product of n independent and

identically distributed (iid) density functions like f ∗(x1, x2, j1, j2;h
(1)
0 ,h

(2)
0 , G) of the

random vector (X1, X2, J1, J2). The corresponding dominating measure µ is given by

L × L × C1 × C2, where L is the Lebesgue measure and Ck is the count measure on

{0, 1, · · · , Lk} for k = 1, 2. This likelihood function can be rewritten as

L(h
(1)
0 ,h

(2)
0 , G) ∝

n∏
i=1

L1∏
ji1=1

L2∏
ji2=1

{
Fji1ji2(xi1, xi2;h

(1)
0 ,h

(2)
0 , G)

}δ
(1)
ji1

δ
(2)
ji2

×
{
F

(1)
ji1

(xi1;h
(1)
0 , G)−

L2∑
ji2=1

Fji1ji2(xi1, xi2;h
(1)
0 ,h

(2)
0 , G)

}δ
(1)
ji1

(1−δ
(2)
i )

×
{
F

(2)
ji2

(xi2;h
(2)
0 , G)−

L1∑
ji1=1

Fji1ji2(xi1, xi2;h
(1)
0 ,h

(2)
0 , G)

}(1−δ
(1)
i )δ

(2)
ji2

×
{
S(xi1, xi2;h

(1)
0 ,h

(2)
0 , G)

}(1−δ
(1)
i )(1−δ

(2)
i )

,

where δ
(k)
jik

= I(Tik ≤ xik, Jk = jik), δ
(k)
i =

Lk∑
jik=1

δ
(k)
jik

for xik > 0, jik = 1, · · · , Lk, k =

1, 2, i = 1, · · · , n. It is easy to see that all the terms (or, the contributions) in this like-

lihood function can be derived from the joint sub-distribution function Fj1j2(t1, t2;h
(1)
0 ,h

(2)
0 , G).
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2.7 Concluding Remarks

In this chapter, we have discussed modeling of bivariate failure time (or, current

status) data with competing risks in terms of baseline cause-specific hazard rates and

general frailty distribution(s). When both the baseline cause-specific hazards and

the frailty distribution(s) are unspecified, this model is proven to be non-identifiable

in Chapter 5. Thus, in Chapters 3-5, we consider the other three configurations,

namely, (1) both being in some parametric families, (2) the baseline cause-specific

hazards being in a parametric family, while the frailty distribution is unspecified, and

(4) the baseline cause-specific hazards are unspecified, while the frailty distribution

being in a parametric family, respectively.

Although we suggest only four types of frailty in Section 2.5, there is possibility of

more general frailty structure, possibly depending on failure times and failure types

(See Gorfine and Hsu, 2011). Working with such general frailty structure may be

challenging in terms of model interpretatbility, investigating identifiability, etc.

In this thesis, we consider bivariate current status data with competing risks. In

general, one can consider multivariate, or clustered, current status data with compet-

ing risks with more than two, or even unequal, number of individuals within a cluster.

Although the shared frailty model can be easily applied to such general data struc-

ture, one needs some suitable generalization of the correlated frailty model, possibly

using some copula structure, as in Tran et al. (2020), in particular with unequal num-

ber of individuals within a cluster. Similarly, generalizing the shared cause-specific

frailty for multivariate current status data is straightforward with the same set of

competing risks for all the individuals within a cluster. Generalizing the correlated

cause-specific frailty for multivariate current status data, on the other hand, may be

challenging.
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Chapter 3

Parametric Analysis of Bivariate
Current Status Data with
Competing Risks

3.1 Introduction

As discussed in Chapter 1, if we have current status data on failure of a pair of

individuals or failure of two organs or components from a single individual, and each

failure is subject to several competing risks, then we have bivariate current status data

with competing risks. For example, we may have current status data on incidence

times of first major disease from a couple (husband and wife) while the different

major diseases may be treated as the competing risks. On the other hand, we have

current status data on hearing loss in both right and left ears in which the hearing

loss may be due to three different primary reasons, namely, SNHL, Conductive and

Mixed (See Koley and Dewanji, 2022). Dependence between the two failure times is

modeled through introduction of random frailty (Duchateau and Janssen, 2008 and

Wienke, 2010). Modeling multivariate failure time with competing risks using frailty

seems to be natural (See Gorfine and Hsu, 2011) because of its simple and appealing

interpretation.

In this chapter, we consider a parametric class of cause-specific baseline hazard

functions, as described in the next section, while different kinds of Gamma frailty

distributions are assumed for the four types of frailty (See Sections 1.7 and 2.4).

That is, we consider a fully parametric analysis of bivariate current status data with

competing risks. We also investigate identifiability of the four models in terms of the

corresponding joint sub-distribution function (See Section 2.5) for the four different

frailty types. For each model, we derive the conditional cause-specific hazard ratio
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measure (Bandeen-Roche and Liang, 2002) to study the nature of association (See

Section 2.3). Two of our proposed frailty models allow for dependence at the level

of competing risks, unlike the commonly used shared and correlated frailty models,

incorporating a variety of dependence structures.

In Section 3.2, we describe the data and the four models with proofs of the cor-

responding identifiability results. We compute the conditional cause-specific hazard

ratio as a function of the bivariate failure time (t1, t2) for all possible pairs of (j1, j2)

in Section 3.3. In Section 3.4, we discuss maximum likelihood estimation of the asso-

ciated parameters. We also study the asymptotic properties of maximum likelihood

estimators (MLEs) of the parameters under some regularity conditions. Section 3.5

presents a detailed simulation study to investigate finite sample properties of the

MLEs. Section 3.6 considers analysis of the hearing loss data using the four models

and compares them using the AIC criterion. Section 3.7 ends with some concluding

remarks.

3.2 Modeling and Identifiability

Recall from Section 2.2 that T1 and T2 denote the failure times of the first and the

second individual of a pair, respectively, with J1 and J2 denoting the corresponding

causes of failure. Also, X1 and X2 denote the monitoring times for the first and

the second individual, respectively. For bivariate current status data with competing

risks, our observed data consists of n independent realizations of the quadruplet

(X1, X2, J1, J2).

As discussed in Section 3.1, we model dependence between (T1, J1) and (T2, J2) by

means of different types of frailty variables, in particular, having some Gamma dis-

tributions. In our development of the model, in addition to the frailty distributions,

we also require modeling of the cause-specific baseline hazard functions, as described

below.

The jth cause-specific hazard function of the kth individual at time tk is defined

as

λ
(k)
j

(
tk;η

)
= lim

h→0+

P
[
tk < Tk < tk + h, Jk = j|Tk ≥ tk;η

]
h

=
f
(k)
j

(
tk;η

)
S(k)

(
tk;η

) ,
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where f
(k)
j (tk;η) is the sub-density function for the kth individual due to cause j

and S(k)(tk;η) is the survival function for the kth individual, as in Section 2.2, with

associated parameter vector η, for tk > 0, j = 1, · · · , Lk and k = 1, 2.

In general, let ϵ(k) = (ϵ
(k)
1 , · · · , ϵ(k)Lk

) denote the vector of frailty variables corre-

sponding to different failure types for the kth individual, for k = 1, 2. Note that the

parameter vector η consists of two sets of parameters, one for the baseline cause-

specific hazard functions, denoted by ξ, and the other for the frailty models, denoted

by θ, so that η = (ξ,θ). Following Section 2.2, we consider the general multiplicative

model for the conditional cause-specific hazard function of the kth individual, given

the frailty vector ϵ(k), as

λ
(k)
j (tk; ξ|ϵ(k)) = h

(k)
0j (tk; ξ)ϵ

(k)
j , (3.1)

for tk > 0, j = 1, · · · , Lk and k = 1, 2, where h
(k)
0j (tk; ξ) is the jth cause-specific

baseline hazard function for the kth individual. The corresponding cumulative cause-

specific baseline hazard function for the kth individual is H
(k)
0j (tk; ξ) =

tk∫
0

h
(k)
0j (u; ξ)du.

As already mentioned, we consider parametric models for the cause-specific base-

line hazard functions h
(k)
0j (tk; ξ)’s with associated parameter vector ξ ∈ Ξ. We as-

sume these parametric cause-specific baseline hazard functions h
(k)
0j (tk; ξ), for j =

1, · · · , Lk, k = 1, 2, to be identifiable within Ξ in the sense that if, for some ξ and ξ̃

in Ξ, the equality h
(k)
0j (tk; ξ) = h

(k)
0j (tk; ξ̃), for all tk > 0, j = 1, · · · , Lk, and k = 1, 2,

implies ξ = ξ̃.

For our purpose, we introduce a new parametric class of cause-specific baseline haz-

ard functions h
(k)
0j (tk; ξ)’s which includes hazards of Exponential, Weibull, Gamma,

Log− logistic and Weibull−Gompertz distributions as special cases. This paramet-

ric class is particularly helpful as it contains various types of cause-specific baseline

hazard functions such as increasing, decreasing and bathtub-shaped. We define this

parametric class of h
(k)
0j (tk; ξ), suppressing the dependence on k and j for simplicity,

as

h(t; γ, α) = a(γ, α)tγ−1b(t; γ, α), (3.2)

for all t > 0, where α > 0 and γ > 0 are scale and shape parameters, respectively,

a(γ, α) is a positive-valued function of γ and α; it is also assumed that a(γ, α) is an

one-one function in α for fixed γ. The function b(t; γ, α) is positive and such that
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lim
t→0+

b(t; γ, α) = 1. It can be easily proved, letting lim
t→0+

, that this parametric class

(3.2) is identifiable in α and γ in the above-mentioned sense. Note that the parame-

ters α and γ depend on k and j in general. Therefore, the parameter ξ is the vector

of all these α’s and γ’s. The special cases are given below.

1. With γ = 1, a(1, α) = α and b(t, 1, α) = 1 for all t > 0, we have the Exponential

hazard with h(t; γ, α) = α, a constant.

2. With a(γ, α) = γαγ and b(t, γ, α) = 1, for all t > 0, we have h(t; γ, α) = αγγtγ−1,

the Weibull hazard.

3. With a(γ, α) = αγ

Γ(γ)
and b(t, γ, α) = Γ(γ) exp (−tα)

∞∫
tα

e−yyγ−1dy
, for all t > 0, we have the

Gamma hazard of the form h(t; γ, α) = αγ tγ−1 exp (−tα)
∞∫
tα

e−yyγ−1dy
.

4. With a(γ, α) = γαγ and b(t, γ, α) = 1
1+(tα)γ

, for all t > 0, we have the Log −
logistic hazard given by h(t; γ, α) = αγγtγ−1

1+(tα)γ
, which is a non-monotonic (upside

bathtub shaped) function.

5. With a(γ, α) = γαγ and b(t, γ, α) = eαt for all t > 0, we have the expression

similar to that of Weibull-Gompertz hazard (dos Santos et al., 1995) given by

h(t; γ, α) = γαγtγ−1eαt, which is a non-monotonic function.

The conditional survival function of kth individual, given ϵ(k), is

S(k)(tk; ξ|ϵ(k)) = exp

[
−

Lk∑
j=1

tk∫
0

h
(k)
0j (uk; ξ)ϵ

(k)
j duk

]

= exp

[
−

Lk∑
j=1

ϵ
(k)
j H

(k)
0j (tk; ξ)

]

for tk > 0, j = 1, · · · , Lk and k = 1, 2. The conditional jth sub-distribution function

of the kth individual, given ϵ(k), is

F
(k)
j (tk; ξ|ϵ(k)) =

tk∫
0

h
(k)
0j (uk; ξ)ϵ

(k)
j exp

[
−

Lk∑
i=1

H
(k)
0i (uk; ξ)ϵ

(k)
i

]
duk,

for tk > 0, j = 1, · · · , Lk and k = 1, 2.
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Using the conditional independence between T1 and T2, given the frailty vectors

ϵ(1) and ϵ(2), the unconditional joint sub-distribution function Fj1j2

(
t1, t2; ξ,θ

)
at

time t1 and t2 due to causes j1 and j2, respectively, turns out to be

∞∫
0

· · ·
∞∫
0

[ t1∫
0

t2∫
0

2∏
k=1

(
h
(k)
0jk

(uk; ξ)ϵ
(k)
jk

exp

(
−

Lk∑
j′=1

H
(k)
0j′ (uk; ξ)ϵ

(k)
j′

))
duk

]
× g(ϵ(1), ϵ(2);θ)dϵ(1)dϵ(2),

for tk > 0, jk = 1, · · · , Lk and k = 1, 2, where g(ϵ(1), ϵ(2);θ) denotes the joint density

of the frailty vectors ϵ(1) and ϵ(2) with the associated parameter vector θ ∈ Θ. In

the following subsections, we shall consider different types of Gamma density for this

frailty vector (ϵ(1), ϵ(2)).

The corresponding unconditional joint sub-density function fj1j2
(
t1, t2; ξ,θ

)
is

∞∫
0

· · ·
∞∫
0

[
2∏

k=1

(
h
(k)
0jk

(tk; ξ)ϵ
(k)
jk

exp

(
−

Lk∑
j′=1

H
(k)
0j′ (tk; ξ)ϵ

(k)
j′

))]
g(ϵ(1), ϵ(2);θ)dϵ(1)dϵ(2).

It is of interest to investigate identifiability of the model for bivariate failure

time with competing risks (T1, T2, J1, J2) given by the joint sub-distribution function

Fj1j2

(
t1, t2; ξ,θ

)
with different Gamma frailty distributions. Note that these iden-

tifiability results are important while analyzing bivariate current status data with

competing risks (X1, X2, J1, J2) since the likelihood contributions (See Section 2.6)

can be obtained from the joint sub-distribution function.

Definition 3.1. The model (3.1) for bivariate failure time with competing risks

is identifiable within Ξ×Θ if, for some ξ, ξ̃ ∈ Ξ and θ, θ̃ ∈ Θ, the equality

Fj1j2

(
t1, t2; ξ,θ

)
= Fj1j2

(
t1, t2; ξ̃, θ̃

)
,

for all tk > 0, jk = 1, · · · , Lk and k = 1, 2, implies ξ = ξ̃ and θ = θ̃.

In Sections 3.2.1-3.2.4, we investigate identifiability of the model for the four

different types of frailty, discussed in Section 2.4.

The conditional cause-specific hazard ratio function, denoted by CRj1j2(t1, t2),

between failure of the first individual at time t1 due to cause j1 and failure of the
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second individual at time t2 due to cause j2 is defined as (See Section 2.3)

CRj1j2(t1, t2; ξ,θ) =
S(t1, t2; ξ,θ)fj1j2(t1, t2; ξ,θ)(

∞∫
t1

L1∑
j=1

fjj2(u1, t2; ξ,θ)du1

)
×

(
∞∫
t2

L2∑
j=1

fj1j(t1, u2; ξ,θ)du2

)

for tk > 0, jk = 1, · · · , Lk and k = 1, 2. In the following subsections, in addition

to investigating model identifiability, we also derive this cross-ratio function for the

models arising from the four different Gamma frailty distributions.

3.2.1 Shared Gamma Frailty

The model is given by

λ
(k)
j

(
tk; ξ|ϵ

)
= h

(k)
0j

(
tk; ξ

)
ϵ, (3.3)

for tk > 0, j = 1, · · · , Lk and k = 1, 2, where ϵ is the shared frailty variable.

We assume the shared frailty ϵ to follow Gamma( 1
σ2 ,

1
σ2 ) distribution, for some

σ > 0, with density given by

g(ϵ;σ) =
1

σ
2
σ2Γ( 1

σ2 )
e−

ϵ
σ2 ϵ

1
σ2−1, (3.4)

having mean 1 and variance σ2. The frailty parameter space is, therefore, given by

Θ = {σ : σ > 0}.
Following the discussion in the beginning of this section, for this shared Gamma

frailty model, conditional on the shared frailty ϵ, we have

S(k)(tk; ξ|ϵ) = exp
[
−

Lk∑
j=1

H
(k)
0j (tk; ξ)ϵ

]
= exp

[
− ϵH

(k)
0 (tk; ξ)

]
,

where H
(k)
0 (tk; ξ) =

Lk∑
j=1

H
(k)
0j (tk; ξ), and

F
(k)
j (tk; ξ|ϵ) =

tk∫
0

h
(k)
0j (uk; ξ)ϵ exp

[
− ϵH

(k)
0 (uk; ξ)

]
duk,

for tk > 0, j = 1, · · · , Lk and k = 1, 2. Therefore, the unconditional joint sub-

distribution function can be obtained, using conditional independence and then inte-
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grating with respect to the Gamma density of ϵ, as

Fj1j2(t1, t2; ξ, σ) = E
[
F

(1)
j1

(t1; ξ|ϵ)× F
(2)
j2

(t2; ξ|ϵ)
]

=

t1∫
0

t2∫
0

2∏
k=1

h
(k)
0jk

(uk; ξ)

{ ∞∫
0

exp
[
− ϵ
( 2∑

k=1

H
(k)
0 (uk; ξ)

)]
ϵ2g(ϵ;σ)dϵ

}
× du2du1

=

t1∫
0

t2∫
0

∏2
k=1 h

(k)
0jk

(uk; ξ)

σ
2
σ2Γ( 1

σ2 )

{ ∞∫
0

exp
[
− ϵ
( 2∑

k=1

H
(k)
0 (uk; ξ) +

1

σ2

)]
ϵ2+

1
σ2−1dϵ

}
× du2du1

=

t1∫
0

t2∫
0

(1 + σ2)
(∏2

k=1 h
(k)
0,jk

(uk; ξ)
)
du2du1[

1 + σ2
∑2

k=1H
(k)
0 (uk; ξ)

]2+ 1
σ2

,

with the corresponding unconditional joint sub-density function as

fj1j2(t1, t2; ξ, σ) =
∂2

∂t1∂t2
Fj1j2(t1, t2; ξ, σ) =

(1 + σ2)
∏2

k=1 h
(k)
0jk

(tk; ξ)[
1 + σ2

∑2
k=1H

(k)
0 (tk; ξ)

]2+ 1
σ2

,

for all tk > 0, jk = 1, · · · , Lk and k = 1, 2. The unconditional joint survival function

is obtained as

S(t1, t2; ξ, σ) =

∫ ∞

0

(
2∏

k=1

S(k)(tk; ξ|ϵ)

)
g(ϵ;σ)dϵ =

[
1 + σ2

2∑
k=1

H
(k)
0 (tk; ξ)

]− 1
σ2

,

for all t1, t2 > 0.

For the shared frailty model, as per Definition 3.1, we have the following defi-

nition of identifiability.

Definition 3.2. The shared Gamma frailty model (3.3) is identifiable within Ξ×Θ

with Θ = {σ : σ > 0} if, for some ξ, ξ̃ ∈ Ξ and σ, σ̃ ∈ Θ, the equality of

Fj1j2(t1, t2; ξ, σ) and Fj1j2(t1, t2; ξ̃, σ̃
2) with the above expressions, for all tk > 0, jk =

1, · · · , Lk and k = 1, 2, implies ξ = ξ̃ and σ = σ̃.

Note that, for the parametric family of cause-specific baseline hazard functions

described in (3.2), the parameter vector ξ can be written as

ξ = {(γ(k)
j , α

(k)
j ), j = 1, · · · , Lk, k = 1, 2}.
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We can also write ξ = (ξ(1), ξ(2)), where ξ(k) = {(γ(k)
j , α

(k)
j ), j = 1, · · · , Lk}, for

k = 1, 2. With this break-up of notation, it is to be noted that the unconditional jth

sub-distribution function for the kth individual depends only on ξ(k) and σ and is

given by

F
(k)
j (tk; ξ

(k), σ) =

∞∫
0

tk∫
0

h
(k)
0j (uk; ξ

(k))ϵ exp
[
− ϵH

(k)
0 (uk; ξ

(k))
]
g(ϵ;σ)dukdϵ

=

tk∫
0

h
(k)
0j (uk; ξ

(k))

σ
2
σ2 .Γ( 1

σ2 )

{ ∞∫
0

exp
[
− ϵ
(
H

(k)
0 (uk; ξ

(k)) +
1

σ2

)]
ϵ1+

1
σ2−1dϵ

}
duk

=

tk∫
0

h
(k)
0j (uk; ξ

(k))
[
1 + σ2H

(k)
0 (uk; ξ

(k))
]−1− 1

σ2

duk

=

tk∫
0

a(γ
(k)
j , α

(k)
j )u

γ
(k)
j −1

k b(uk; γ
(k)
j , α

(k)
j )duk[

1 + σ2H
(k)
0 (uk; ξ

(k))
]1+ 1

σ2

, (3.5)

for all tk > 0, j = 1, · · · , Lk and k = 1, 2.

Theorem 3.1. The shared Gamma frailty model (3.3), with the cause-specific base-

line hazard functions belonging to the family defined in (3.2), is identifiable within

Ξ×Θ.

Proof. The equality of the joint unconditional sub-distribution functions with (ξ, σ)

and (ξ̃, σ̃) implies equality of the corresponding sub-distribution functions F
(k)
j (tk; ξ

(k), σ)

and F
(k)
j (tk; ξ̃

(k), σ̃), for all tk > 0, j = 1, · · · , Lk and k = 1, 2. Differentiating both

sides with respect to tk, for fixed k, we get equality of the corresponding unconditional

sub-density functions to have

a(γ
(k)
j , α

(k)
j )t

γ
(k)
j −1

k b(tk; γ
(k)
j , α

(k)
j )[

1 + σ2H
(k)
0 (tk; ξ

(k))
]1+ 1

σ2

=
a(γ̃

(k)
j , α̃

(k)
j )t

γ̃
(k)
j −1

k b(tk; γ̃
(k)
j , α̃

(k)
j )[

1 + σ̃2H
(k)
0 (tk; ξ̃

(k))
]1+ 1

σ̃2

,

for k = 1, 2. After rearranging the terms, we get

1 = t
γ̃
(k)
j −γ

(k)
j

k

a(γ̃
(k)
j , α̃

(k)
j )

a(γ
(k)
j , α

(k)
j )

×
b(tk; γ̃

(k)
j , α̃

(k)
j )
[
1 + σ2H

(k)
0 (tk; ξ

(k))
]1+ 1

σ2

b(tk; γ
(k)
j , α

(k)
j )
[
1 + σ̃2H

(k)
0 (tk; ξ̃

(k))
]1+ 1

σ̃2

. (3.6)

Now, letting tk → 0+, the right hand side of (3.6) tends to 0 or ∞ depending on
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whether γ̃
(k)
j is larger or smaller than γ

(k)
j , while the left hand side remains at 1,

resulting in a contradiction. Hence, γ̃
(k)
j = γ

(k)
j for all j = 1, · · · , Lk and k = 1, 2.

Heckman and Singer (1984a) used a similar technique for univariate failure time

model without competing risks. Now, putting this equality in (3.6) and again letting

tk → 0+, we get α̃
(k)
j = α

(k)
j for all j = 1, · · · , Lk and k = 1, 2, since a(γ, α) is a

one-one function in α for fixed γ. So, we have ξ̃(k) = ξ(k), for k = 1, 2. Therefore,

from (3.6), we get

[
1 + σ2H

(k)
0 (tk; ξ

(k))
]1+ 1

σ2

=
[
1 + σ̃2H

(k)
0 (tk; ξ

(k))
]1+ 1

σ̃2

,

for all tk > 0 and k = 1, 2.

Note that, for fixed k, H
(k)
0 (tk; ξ

(k)) is the cumulative hazard function of a continu-

ous random variable. Therefore, there exists a unique value t∗k for whichH
(k)
0 (t∗k; ξ

(k)) =

1. Taking limit as tk → t∗k, we get

[
1 + σ2

]1+ 1
σ2 =

[
1 + σ̃2

]1+ 1
σ̃2 .

It can be checked that the function g(x) = (1 + x)1+
1
x , for x > 0, is a monotonically

increasing function with limx→0+ g(x) = e and hence is a one-to-one function. There-

fore, the above equality implies σ = σ̃. Hence the shared Gamma frailty model (3.3)

is identifiable.

3.2.2 Correlated Gamma Frailty

The correlated Gamma frailty model is given by

λ
(k)
j

(
tk; ξ|ϵ(k)

)
= h

(k)
0j

(
tk; ξ

)
ϵ(k), (3.7)

for tk > 0, j = 1, · · · , Lk and k = 1, 2. The two correlated frailty variables ϵ(k), k =

1, 2, are constructed in such a way that they have a common part accounting for the

correlation between them and the other parts accounting for the individual effects

(see Yashin et al., 1995). We write ϵ(k) = µ0

µk
Y0 + Yk, for k = 1, 2, where Yi follows

a Gamma(µi, κi) distribution, for i = 0, 1, 2. We also assume that the Yi’s are in-

dependent random variables with µ0, µ1, µ2, κ0, κ1, κ2 > 0 satisfying µk = κ0 + κk

for k = 1, 2. These two relationships between the parameters ensure that the frailty
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means are equal to unity. The association between ϵ(1) and ϵ(2) is modeled through

the common random variable Y0. Note that there are three independent parameters

in this model. We consider the re-parametrization of these parameters given by

σ1 =
1√

κ0 + κ1

, σ2 =
1√

κ0 + κ2

, ρ =
κ0√

κ0 + κ1

√
κ0 + κ2

,

such that σk is the standard deviation of ϵ(k) and ρ is the correlation coefficient

between ϵ(1) and ϵ(2) satisfying the condition ρ < min
(
σ1

σ2
, σ2

σ1

)
. The frailty parameter

space is, therefore, given by

Θ = {θ = (σ1, σ2, ρ) : σ1 > 0, σ2 > 0, 0 < ρ < min
(σ1

σ2

,
σ2

σ1

)
}.

The joint density g(ϵ(1), ϵ(2);θ) of (ϵ(1), ϵ(2)) can be written in terms of the three in-

dependent Gamma densities of Y0, Y1 and Y2.

As before, given the frailty variable ϵ(k), we have

S(k)(tk; ξ|ϵ(k)) = exp

[
− ϵ(k)H

(k)
0 (tk; ξ)

]
= exp

[
−
(µ0

µk

Y0 + Yk

)
H

(k)
0 (tk; ξ)

]
and

F
(k)
j (tk; ξ|ϵ(k)) =

tk∫
0

h
(k)
0j (uk; ξ)ϵ

(k) exp

[
− ϵ(k)H

(k)
0 (uk; ξ)

]
duk,

for tk > 0, j = 1, · · · , Lk and k = 1, 2. Then, the unconditional joint sub-distribution

function Fj1j2(t1, t2; ξ,θ) for the correlated Gamma frailty model is obtained as, using

conditional independence and integrating with respect to the densities of Y0, Y1 and

Y2,

t1∫
0

t2∫
0

∏2
k=1 σ

2
kh

(k)
0jk

(uk; ξ)(
A(u1, u2; ξ, σ1, σ2)

) ρ
σ1σ2

∏2
k=1

(
Bk(uk; ξ, σk)

)( 1

σ2
k

− ρ
σ1σ2

) ×

[
ρ

σ1σ2
( ρ
σ1σ2

+ 1)(
A(u1, u2; ξ, σ1, σ2)

)2+
2∑

k=1

ρ
σ1σ2

(
1
σ2
k
− ρ

σ1σ2

)
A(u1, u2; ξ, σ1, σ2)Bk(uk; ξ, σk)

+
2∏

k=1

(
1
σ2
k
− ρ

σ1σ2

)
Bk(uk; ξ, σk)

]
du2du1,

where A(u1, u2; ξ, σ1, σ2) = 1 +
∑2

k=1 σ
2
kH

(k)
0 (uk; ξ), Bk(uk; ξ, σk) = 1 + σ2

kH
(k)
0 (uk; ξ)

for uk > 0 and k = 1, 2.
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The unconditional joint survival function is given by, using conditional indepen-

dence and integrating with respect to the densities of Y0, Y1 and Y2 as before,

S(t1, t2; ξ,θ) = (A(t1, t2; ξ, σ1, σ2))
− ρ

σ1σ2

2∏
k=1

(
Bk(tk; ξ, σk)

)−(
1

σ2
k

− ρ
σ1σ2

)
,

for all t1, t2 > 0. The unconditional joint sub-density function fj1j2(t1, t2; ξ,θ) is given

by

2∏
k=1

(
σ2
kh

(k)
0jk

(tk; ξ)
)
S(t1, t2; ξ, σ1, σ2)

[ ρ
σ1σ2

(
ρ

σ1σ2
+ 1
)

(
A(t1, t2; ξ, σ1, σ2)

)2+
2∑

k=1

ρ
σ1σ2

(
1
σ2
k
− ρ

σ1σ2

)
A(t1, t2; ξ, σ1, σ2)Bk(tk; ξ, σk)

+
2∏

k=1

(
1
σ2
k
− ρ

σ1σ2

)
Bk(tk; ξ, σk)

]
,

for all tk, jk = 1, · · · , Lk and k = 1, 2.

Definition 3.3. The correlated Gamma frailty model (3.7) is identifiable within

families Ξ×Θ with Θ as described above in this subsection if, for some ξ, ξ̃ ∈ Ξ and

(σ1, σ2, ρ), (σ̃1, σ̃2, ρ̃) ∈ Θ, the equality of Fj1j2(t1, t2; ξ, σ1, σ2, ρ) and Fj1j2(t1, t2; ξ̃, σ̃1, σ̃2, ρ̃)

with the above expressions, for all tk > 0, jk = 1, · · · , Lk and k = 1, 2, implies ξ = ξ̃

and σk = σ̃k, for k = 1, 2 and ρ = ρ̃.

For k = 1, 2, integrating F
(k)
j (tk; ξ|ϵ(k)) with respect to the distribution of ϵ(k), or Y0

and Yk, we get the corresponding unconditional sub-distribution function F
(k)
j (tk; ξ, σ1, σ2, ρ)

as

∞∫
0

∞∫
0

( tk∫
0

h
(k)
0j (uk; ξ)

(µ0

µk

y0 + yk

)
exp

[
−
(µ0

µk

y0 + yk

)
H

(k)
0 (uk; ξ)

]
duk

)

× µκ0
0

Γ(κ0)

µκk
k

Γ(κk)
exp [−µ0y0 − µkyk]y

κ0−1
0 yκk−1

k dy0dyk

=

tk∫
0

h
(k)
0j (uk; ξ)[I1j(uk) + I2j(uk)]duk,
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say, where

I1j(uk) =
µ0

µk

µκ0
0

Γ(κ0)

µκk
k

Γ(κk)

∞∫
0

∞∫
0

exp

[
− µ0y0

(H(k)
0 (uk; ξ)

µk

+ 1
)
− µkyk

(H(k)
0 (uk; ξ)

µk

+ 1
)]

× yκ0+1−1
0 yκk−1

k dy0dyk

=
κ0

µk

[H(k)
0 (uk; ξ)

µk

+ 1
]−κ0−κk−1

=
κ0

µk

[H(k)
0 (uk; ξ)

µk

+ 1
]−µk−1

and

I2j(uk) =
µκ0
0

Γ(κ0)

µκk
k

Γ(κk)

∞∫
0

∞∫
0

exp

[
− µ0y0

(H(k)
0 (uk; ξ)

µk

+ 1
)
− µkyk

(H(k)
0 (uk; ξ)

µk

+ 1
)]

× yκ0−1
0 yκk+1−1

k dy0dyk

=
κk

µk

[H(k)
0 (uk; ξ)

µk

+ 1
]−κ0−κk−1

=
κk

µk

[H(k)
0 (uk; ξ)

µk

+ 1
]−µk−1

.

Note that this unconditional sub-distribution function depends only on ξ(k) and σk

and is given by

F
(k)
j (tk; ξ

(k), σk) =

tk∫
0

h
(k)
0j (uk; ξ)

(
κ0 + κk

µk

[H(k)
0 (uk; ξ)

µk

+ 1
]−µk−1

)
duk

=

tk∫
0

a(γ
(k)
j , α

(k)
j )u

γ
(k)
j −1

k b(uk; γ
(k)
j , α

(k)
j )duk[

1 + σ2
kH

(k)
0 (uk; ξ

(k))
]1+ 1

σ2
k

,

for tk > 0, j = 1, · · · , Lk and k = 1, 2. This expression is similar to (3.5), the un-

conditional sub-distribution function for the shared Gamma frailty model (3.3) with

σ replaced by σk.

Theorem 3.2. The correlated Gamma frailty model (3.7), with the cause-specific

baseline hazard functions belonging to the family defined in (3.2), is identifiable within

Ξ×Θ.

Proof. The equality of unconditional joint sub-distribution functions also implies the

equality of unconditional marginal sub-distribution functions evaluated at (ξ,θ) and

(ξ̃, θ̃). Since the unconditional marginal sub-distribution functions have the same

form as those of the shared Gamma frailty model, following the same technique as
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that was used to prove Theorem 3.1, we have

ξ
(k)
j = ξ̃

(k)
j and σk = σ̃k,

for j = 1, · · · , Lk, k = 1, 2.

Next, using the equality of unconditional joint survival functions S(t1, t2; ξ, σ1, σ2, ρ)

and S(t1, t2; ξ̃, σ̃1, σ̃2, ρ̃), along with ξ
(k)
j = ξ̃

(k)
j and σk = σ̃k for j = 1, · · · , Lk, k = 1, 2,

we have

[
1 +

2∑
k=1

σ2
kH

(k)
0 (tk; ξ)

]− ρ
σ1σ2

2∏
k=1

[
1 + σ2

kH
(k)
0 (tk; ξ)

]( ρ
σ1σ2

− 1

σ2
k

)

=
[
1 +

2∑
k=1

σ2
kH

(k)
0 (tk; ξ)

]− ρ̃
σ1σ2

2∏
k=1

[
1 + σ2

kH
(k)
0 (tk; ξ)

]( ρ̃
σ1σ2

− 1

σ2
k

)
,

for all t1, t2 > 0. This implies

[∏2
k=1

(
1 + σ2

kH
(k)
0 (tk; ξ)

)
1 +

∑2
k=1 σ

2
kH

(k)
0 (tk; ξ)

] ρ−ρ̃
σ1σ2

= 1,

for all t1, t2 > 0. Hence, we get ρ = ρ̃. Therefore, the correlated Gamma frailty model

(3.7) is identifiable.

3.2.3 Shared Cause-specific Gamma Frailty

The shared cause-specific Gamma frailty model is given by

λ
(k)
j

(
tk; ξ|ϵj

)
= h

(k)
0j

(
tk; ξ

)
ϵj (3.8)

for all tk > 0, j = 1, · · · , L and k = 1, 2. We write ϵ = (ϵ1, · · · , ϵL) and assume

that the ϵj’s independently follow Gamma( 1
σ2
j
, 1
σ2
j
) distribution with σj > 0, so that

E(ϵj) is unity with density similar to that given in (3.4), for j = 1, · · · , L. The frailty
parameter space is, therefore, given by

Θ = {θ = (σ1, · · · , σL) : σj > 0, j = 1, 2, · · · , L}.
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As before, conditional on ϵ, the survival function of kth individual is

S(k)(tk; ξ|ϵ) = exp

[
−

L∑
j=1

H
(k)
0j (tk; ξ)ϵj

]

and the jth sub-distribution function of kth individual is

F
(k)
j (tk; ξ|ϵ) =

tk∫
0

h
(k)
0j (uk; ξ)ϵj exp

[
−

L∑
j′=1

H
(k)
0j′ (uk; ξ)ϵj′

]
duk,

for all tk > 0, j = 1, 2, · · · , L and k = 1, 2. The unconditional joint sub-distribution

function, Fj1j2(t1, t2; ξ,θ), is given by

∞∫
0

· · ·
∞∫
0

[ t1∫
0

t2∫
0

(
2∏

k=1

h
(k)
0jk

(uk; ξ)ϵjk

)
× exp

(
−

L∑
j=1

ϵj

2∑
k=1

H
(k)
0j (uk; ξ)

)
du2du1

]
g(ϵ;θ)dϵ,

for all tk > 0, jk = 1, · · · , L and k = 1, 2, where g(ϵ;θ) is the joint density of L

independent Gamma variables ϵ1, · · · , ϵL. The expression of Fj1j2(t1, t2; ξ,θ) simplifies

to

Fjj(t1, t2; ξ,θ) = (1 + σ2
j )

t1∫
0

t2∫
0

(
2∏

k=1

h
(k)
0j (uk; ξ)

)
×
[
1 + σ2

j

2∑
k=1

H
(k)
0j (uk; ξ)

]−2

×
L∏

j′=1

[
1 + σ2

j′

2∑
k=1

H
(k)
0j′ (uk; ξ)

]− 1

σ2
j′ du2du1,

for j1 = j2 = j (say), and

Fj1j2(t1, t2; ξ,θ) =

t1∫
0

t2∫
0

2∏
k=1

(
h
(k)
0jk

(uk; ξ)
)
×

2∏
k=1

[
1 + σ2

jk

(
H

(1)
0jk

(u1; ξ) +H
(2)
0jk

(u2; ξ)
)]−1

×
L∏

j′=1

[
1 + σ2

j′

2∑
k=1

H
(k)
0j′ (uk; ξ)

]− 1

σ2
j′ du2du1,

for j1 ̸= j2 and tk > 0, jk = 1, 2, · · · , L, k = 1, 2. Then, the joint sub-density function
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fj1j2(t1, t2; ξ,θ) is given by

fjj(t1, t2; ξ,θ) = (1 + σ2
j )

(
2∏

k=1

h
(k)
0j (tk; ξ)

)
×
[
1 + σ2

j

2∑
k=1

H
(k)
0j (tk; ξ)

]−2

×
L∏

j′=1

[
1 + σ2

j′

2∑
k=1

H
(k)
0j′ (tk; ξ)

]− 1

σ2
j′ ,

for j1 = j2 = j (say), and

fj1j2(t1, t2; ξ,θ) =

(
2∏

k=1

h
(k)
0jk

(tk; ξ)

)
×

2∏
k=1

[
1 + σ2

jk

(
H

(1)
0jk

(t1; ξ) +H
(2)
0jk

(t2; ξ)
)]−1

×
L∏

j′=1

[
1 + σ2

j′

2∑
k=1

H
(k)
0j′ (tk; ξ)

]− 1

σ2
j′ ,

for j1 ̸= j2 and tk > 0, jk = 1, · · · , L, k = 1, 2. The unconditional joint survival

function is given by

S(t1, t2; ξ,θ) =

∞∫
0

· · ·
∞∫
0

exp

[
−

L∑
j=1

ϵj

2∑
k=1

H
(k)
0j (tk; ξ)

]
g(ϵ;θ)dϵ

=
L∏

j=1

[
1 + σ2

j

2∑
k=1

H
(k)
0j (tk; ξ)

]− 1

σ2
j ,

for all t1, t2 > 0. Now, it is easy to check that the unconditional survival function of

the kth individual, by letting tk′ → 0 for k′ ̸= k, is given by

S(k)(tk; ξ
(k),θ) =

L∏
j=1

[
1 + σ2

jH
(k)
0j (tk; γ

(k)
j , α

(k)
j )
]− 1

σ2
j ,

depending only on ξ(k) and θ.

Definition 3.4. The shared cause-specific Gamma frailty model (3.8) is identifiable

within families Ξ×Θ withΘ as described above in this subsection if, for some ξ, ξ̃ ∈ Ξ

and θ = (σ1, · · · , σL), θ̃ = (σ̃1, · · · , σ̃L) ∈ Θ, the equality of Fj1j2(t1, t2; ξ, σ1, · · · , σL)

and Fj1j2(t1, t2; ξ̃, σ̃1, · · · , σ̃L) with the above expressions, for all tk > 0, jk = 1, · · · , L
and k = 1, 2, implies ξ = ξ̃ and σk = σ̃k, for k = 1, · · · , L.

Note that, as in Section 3.2.1, the unconditional jth sub-distribution function

F
(k)
j (tk; ξ

(k), σj) for the kth individual depends only on ξ(k) and σj and is given by
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the same expression as that in (3.5), with σ replaced by σj, for j = 1, · · · , L and

k = 1, 2.

Theorem 3.3. The shared cause-specific Gamma frailty model (3.8), with the cause-

specific baseline hazard functions belonging to the family defined in (3.2), is identifi-

able within Ξ×Θ.

Proof. The equality of the joint unconditional sub-distribution functions with (ξ,θ)

and (ξ̃, θ̃) implies equality of the corresponding unconditional sub-density functions

(See Section 3.2.1) f
(k)
j (tk; ξ

(k),θ) and f
(k)
j (tk; ξ̃

(k), θ̃) for tk > 0, j = 1, · · · , L and

k = 1, 2. This gives, after some rearrangements as in (3.6),

t
γ
(k)
j −γ̃

(k)
j

k =

a(γ̃
(k)
j , α̃

(k)
j )b(tk; γ̃

(k)
j , α̃

(k)
j )
[
1 + σ2

jH
(k)
0j (tk, γ

(k)
j , α

(k)
j )
] L∏
j′=1

[
1 + σ2

j′H
(k)
0j′ (tk, γ

(k)
j′ , α

(k)
j′ )
] 1

σ2
j′

a(γ
(k)
j , α

(k)
j )b(tk; γ

(k)
j , α

(k)
j )
[
1 + σ̃2

jH
(k)
0j (tk, γ̃

(k)
j , α̃

(k)
j )
] L∏
j′=1

[
1 + σ̃2

j′H
(k)
0j′ (tk, γ̃

(k)
j′ , α̃

(k)
j′ )
] 1

σ̃2
j′

,

(3.9)

for all tk > 0, j = 1, · · · , L and k = 1, 2. Then, using similar arguments as those in

the proof of Theorem 3.1, one can show

γ
(k)
j = γ̃

(k)
j and α

(k)
j = α̃

(k)
j for j = 1, · · · , L and k = 1, 2.

Putting these equalities in (3.9), we get

1 + σ2
jH

(k)
0j (tk, γ

(k)
j , α

(k)
j )

1 + σ̃2
jH

(k)
0j (tk, γ

(k)
j , α

(k)
j )

=

L∏
j′=1

[
1 + σ̃2

j′H
(k)
0j′ (tk, γ

(k)
j′ , α

(k)
j′ )
] 1

σ̃2
j′

L∏
j′=1

[
1 + σ2

j′H
(k)
0j′ (tk, γ

(k)
j′ , α

(k)
j′ )
] 1

σ2
j′

=
S(k)(tk; ξ

(k), θ̃)

S(k)(tk; ξ
(k),θ)

,

(3.10)

for all tk > 0, j = 1, · · · , L and k = 1, 2.

Now, the equality of the joint unconditional sub-distribution functions with (ξ,θ)

and (ξ̃, θ̃) also implies the equality of the corresponding unconditional survival func-

tions for the kth individual; that is, S(k)(tk; ξ
(k), θ̃) = S(k)(tk; ξ

(k),θ). Using this

equality in (3.10) yields σj = σ̃j, for j = 1, · · · , L. This completes the proof.
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3.2.4 Correlated Cause-specific Gamma Frailty

The correlated cause-specific Gamma frailty model is given by

λ
(k)
j

(
tk; ξ|ϵ(k)j

)
= h

(k)
0j

(
tk; ξ

)
ϵ
(k)
j , (3.11)

for all tk > 0 and j = 1, · · · , L, k = 1, 2. As in Section 3.2.2, we assume that the pair

(ϵ
(1)
j , ϵ

(2)
j ) follows a correlated Gamma distribution, as defined therein but with the

corresponding set of parameters (σ1j, σ2j, ρj) depending on j. We also assume that

the L pairs of Gamma frailty variables (ϵ
(1)
j , ϵ

(2)
j ), for j = 1, · · · , L, are independent.

Therefore, the frailty parameter space is given by

Θ = {θ = ((σ1j, σ2j, ρj), j = 1, · · · , L)},

such that σ1j > 0, σ2j > 0, 0 < ρj < min
(σ1j

σ2j
,
σ2j

σ1j

)
, for j = 1, · · · , L. As in subsec-

tion 3.2.2, the joint density g(ϵ
(1)
j , ϵ

(2)
j ;θ) can be written in terms of three indepen-

dent Gamma densities of Y0j, Y1j and Y2j with set of parameters (σ1j, σ2j, ρj), for

j = 1, · · · , L.

We have, conditional on frailty vector ϵ(k) = (ϵ
(k)
1 , · · · , ϵ(k)L ),

S(k)(tk; ξ|ϵ(k)) = exp
[
−

L∑
j=1

H
(k)
0j (tk; ξ)ϵ

(k)
j

]
= exp

[
−

L∑
j=1

H
(k)
0j (tk; ξ)

(
µ0j

µkj

Y0j + Ykj

)]
and

F
(k)
j (tk; ξ|ϵ(k)) =

tk∫
0

h
(k)
0j

(
uk; ξ

)
ϵ
(k)
j exp

[
−

L∑
j′=1

H
(k)
0j′ (uk; ξ)ϵ

(k)
j′

]
duk,

for all tk > 0, j = 1, · · · , L and k = 1, 2.

The unconditional joint survival function S(t1, t2; ξ,θ) is given by

L∏
j=1

[
1 +

2∑
k=1

σ2
kjH

(k)
0j (tk; ξ)

]− ρj
σ1jσ2j

×
2∏

k=1

L∏
j=1

[
1 + σ2

kjH
(k)
0j (tk; ξ)

]( ρj
σ1jσ2j

− 1

σ2
kj

)

=
L∏

j=1

[
Aj(t1, t2; ξ, σ1j, σ2j)

]− ρj
σ1jσ2j

2∏
k=1

L∏
j=1

[
Bkj(tk; ξ, σkj)

]( ρj
σ1jσ2j

− 1

σ2
kj

)
(say),

whereAj(t1, t2; ξ, σ1j, σ2j) = 1+
∑2

k=1 σ
2
kjH

(k)
0j (tk; ξ) andBkj(tk; ξ, σkj) = 1+σ2

kjH
(k)
0j (tk; ξ),
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for all tk > 0, j = 1, · · · , L and k = 1, 2.

The unconditional joint sub-distribution function Fj1j2(t1, t2; ξ,θ) is obtained as

t1∫
0

t2∫
0

2∏
k=1

(
σ2
kjh

(k)
0j (uk; ξ)

)
S(u1, u2; ξ,θ)

[ ρj
σ1jσ2j

(
1 +

ρj
σ1jσ2j

)
(
Aj(u1, u2; ξ, σ1j, σ2j)

)2 +
2∏

k=1

1
σ2
kj
− ρj

σ1jσ2j

Bkj(uk; ξ, σkj)

+
2∑

k=1

ρj
σ1jσ2j

(
1

σ2
kj
− ρj

σ1jσ2j

)
Aj(u1, u2; ξ, σ1j, σ2j)Bkj(uk; ξ, σkj)

]
du2du1,

for j1 = j2 = j (say), and

t1∫
0

t2∫
0

2∏
k=1

(
σ2
kjk

h
(k)
0jk

(uk; ξ)
)
S(u1, u2; ξ,θ)×

[
2∏

k=1

ρjk
σ1jk

σ2jk

Ajk(u1, u2; ξ, σ1jk , σ2jk)
+

2∏
k=1

1
σ2
kjk

− ρjk
σ1jk

σ2jk

Bkjk(uk; ξ, σkjk)
+

ρj2
σ1j2

σ2j2

(
1

σ2
1j1

− ρj1
σ1j1

σ2j1

)
(
Aj2(u1, u2; ξ, σ1j2 , σ2j2)

)(
B1j1(u1; ξ, σ1j1)

) + ρj1
σ1j1

σ2j1

(
1

σ2
2j2

− ρj2
σ1j2

σ2j2

)
(
Aj1(u1, u2; ξ, σ1j1 , σ2j1)

)(
B2j2(u2; ξ, σ2j2)

)]du2du1,

for j1 ̸= j2. Accordingly, the unconditional joint sub-density function fj1j2(t1, t2; ξ,θ)

is given by

2∏
k=1

(
σ2
kjh

(k)
0j (tk; ξ)

)
S(t1, t2; ξ,θ)

[ ρj
σ1jσ2j

(
1 +

ρj
σ1jσ2j

)
(
Aj(t1, t2; ξ, σ1j, σ2j)

)2 +
2∏

k=1

1
σ2
kj
− ρj

σ1jσ2j

Bkj(tk; ξ, σkj)

+
2∑

k=1

ρj
σ1jσ2j

(
1

σ2
kj
− ρj

σ1jσ2j

)
Aj(t1, t2; ξ, σ1j, σ2j)Bkj(tk; ξ, σkj)

]
,

for j1 = j2 = j (say), and

2∏
k=1

(
σ2
kjk

h
(k)
0jk

(tk; ξ)
)
S(t1, t2; ξ,θ)×

[
2∏

k=1

ρjk
σ1jk

σ2jk

Ajk(t1, t2; ξ, σ1jk , σ2jk)
+

2∏
k=1

1
σ2
kjk

− ρjk
σ1jk

σ2jk

Bkjk(tk; ξ, σkjk)

+

ρj2
σ1j2

σ2j2

(
1

σ2
1j1

− ρj1
σ1j1

σ2j1

)
Aj2(t1, t2; ξ, σ1j2 , σ2j2)B1j1(t1; ξ, σ1j1)

+

ρj1
σ1j1

σ2j1

(
1

σ2
2j2

− ρj2
σ1j2

σ2j2

)
Aj1(t1, t2; ξ, σ1j1 , σ2j1)B2j2(t2; ξ, σ2j2)

]
,

for j1 ̸= j2.

Definition 3.5. The correlated cause-specific Gamma frailty model (3.11) is identifi-

able within the family Ξ×Θ with Θ as described above in this subsection if, for some
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ξ, ξ̃ ∈ Ξ and θ = ((σ1j, σ2j, ρj), j = 1, · · · , L), θ̃ = ((σ̃1j, σ̃2j, ρ̃j), j = 1, · · · , L) ∈ Θ,

the equality Fj1j2(t1, t2; ξ,θ) = Fj1j2(t1, t2; ξ̃, θ̃) with the above expressions, for all

tk > 0, jk = 1, · · · , L and k = 1, 2, implies ξ = ξ̃ and σkj = σ̃kj, ρj = ρ̃j for

j = 1, · · · , L and k = 1, 2.

As in the previous subsetions, the unconditional jth sub-distribution function

F
(k)
j (tk; ξ

(k), σkj) for the kth individual depends only on ξ(k) and σkj and is given by

the same expression as that in (3.5), with σ replaced by σkj, for j = 1, · · · , L and

k = 1, 2.

Theorem 3.4. The correlated cause-specific Gamma frailty model (3.11), with the

cause-specific baseline hazard functions belonging to the family defined in (3.2), is

identifiable within Ξ×Θ.

Proof. Following the same techniques as those in the proof of Theorem 3.3, using

the equality of the unconditional marginal sub-density functions f
(k)
j (tk; ξ

(k), σkj) and

f
(k)
j (tk; ξ̃

(k), σ̃kj), one can prove that

ξ
(k)
j = ξ̃

(k)
j and σkj = σ̃kj,

for all j = 1, · · · , L and k = 1, 2. With these equalities and the equality of uncondi-

tional joint sub-density functions fjj(t1, t2; ξ,θ) and fjj(t1, t2; ξ̃, θ̃), for tk > 0, j =

1, · · · , L and k = 1, 2, as implied by Definition 3.5, we get

[ ρj
σ1jσ2j

(
1 +

ρj
σ1jσ2j

)
(
Aj(t1, t2; ξ, σ1j, σ2j)

)2 +
2∑

k=1

ρj
σ1jσ2j

(
ρj

σ1jσ2j
− 1

σ2
kj
)

Aj(t1, t2; ξ, σ1j, σ2j)Bkj(tk; ξ, σkj)
+

2∏
k=1

(
ρj

σ1jσ2j
− 1

σ2
kj
)

Bkj(tk; ξ, σkj)

]
×

L∏
j′=1

[
Aj′(t1, t2; ξ, σ1j′ , σ2j′)

]−( ρj′
σ1j′σ2j′

)
2∏

k=1

L∏
j′=1

[
Bkj′(tk; ξ, σ1j′)

]( ρj′
σ1j′σ2j′

− 1

σ2
kj′

)
=

[ ρ̃j
σ1jσ2j

(
1 +

ρ̃j
σ1jσ2j

)
(
Aj(t1, t2; ξ, σ1j, σ2j)

)2 +
2∑

k=1

ρ̃j
σ1jσ2j

(
ρ̃j

σ1jσ2j
− 1

σ2
kj
)

Aj(t1, t2; ξ, σ1j, σ2j)Bkj(tk; ξ, σkj)
+

2∏
k=1

(
ρ̃j

σ1jσ2j
− 1

σ2
kj
)

Bkj(tk; ξ, σkj)

]
×

L∏
j′=1

[
Aj′(t1, t2; ξ, σ1j′ , σ2j′)

]−( ρ̃j′
σ1j′σ2j′

)
2∏

k=1

L∏
j′=1

[
Bkj′(tk; ξ, σ1j′)

]( ρ̃j′
σ1j′σ2j′

− 1

σ2
kj′

)

for tk > 0, j = 1, · · · , L and k = 1, 2.

Note that, as tk → 0+, for k = 1, 2, we haveAj(t1, t2; ξ, σ1j, σ2j) → 1, Bkj(tk; ξ, σ1j) →
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1, for k = 1, 2. Hence, letting tk → 0+, for k = 1, 2, in the above equality, we get

ρj
σ1jσ2j

(
1+

ρj
σ1jσ2j

)
+

ρj
σ1jσ2j

( 1

σ2
1j

− ρj
σ1jσ2j

)
+

ρj
σ1jσ2j

( 1

σ2
2j

− ρj
σ1jσ2j

)
+
( 1

σ2
1j

− ρj
σ1jσ2j

)( 1

σ2
2j

− ρj
σ1jσ2j

)
=

ρ̃j
σ1jσ2j

(
1+

ρ̃j
σ1jσ2j

)
+

ρ̃j
σ1jσ2j

( 1

σ2
1j

− ρ̃j
σ1jσ2j

)
+

ρ̃j
σ1jσ2j

( 1

σ2
2j

− ρ̃j
σ1jσ2j

)
+
( 1

σ2
1j

− ρ̃j
σ1jσ2j

)( 1

σ2
2j

− ρ̃j
σ1jσ2j

)
for j = 1, · · · , L. Therefore, both sides of the above equality being the same quadratic

functions of in ρj and ρ̃j, respectively, we get ρj = ρ̃j for j = 1, · · · , L. This completes

the proof.

3.3 Conditional Cause-specific Hazard Ratio

In this section, we investigate the conditional cause-specific hazard ratio CRj1j2(t1, t2; ξ,θ)

(See Section 2.3) for the four different frailty distributions.

3.3.1 Shared Gamma Frailty

For the shared Gamma frailty model, the conditional cause-specific hazard ratio

CRj1j2(t1, t2; ξ, σ) is obtained as follows. First,

∞∫
t2

L2∑
j2=1

fj1j2(t1, u2; ξ, σ)du2 =

∞∫
t2

L2∑
j2=1

(1 + σ2)h
(1)
0j1

(t1; ξ
(1))h

(2)
0j2

(u2; ξ
(2))[

1 + σ2
(
H

(1)
0 (t1; ξ

(1)) +H
(2)
0 (u2; ξ

(2))
)]2+ 1

σ2

du2

=
h
(1)
0j1

(t1; ξ
(1))[

1 + σ2
∑2

k=1H
(k)
0 (tk; ξ

(k))
]1+ 1

σ2

,

using the transformation z = 1+σ2
(
H

(1)
0 (t1; ξ

(1)) +H
(2)
0 (u2; ξ

(2))
)
, where h

(2)
0 (u2; ξ

(2)) =

L2∑
j=1

h
(2)
0j (u2; ξ

(2)), for j1 = 1, 2, · · · , L1 and t1 > 0. Similarly, we have

∞∫
t1

L1∑
j1=1

fj1j2(u1, t2; ξ, σ)du1 =
h
(2)
0j2

(t2; ξ
(2))[

1 + σ2
∑2

k=1H
(k)
0 (tk; ξ

(k))
]1+ 1

σ2

,

60



for j2 = 1, 2, · · · , L2 and t2 > 0. Then, we have the expression for CRj1j2(t1, t2; ξ, σ)

as
(1+σ2)

∏2
k=1 h

(k)
0jk

(tk;ξ
(k))[

1+σ2
∑2

k=1 H
(k)
0 (tk;ξ

(k))
]2+ 1

σ2
×
[
1 + σ2

∑2
k=1H

(k)
0 (tk; ξ

(k))
]− 1

σ2

h
(1)
0j1

(t1;ξ(1))[
1+σ2

∑2
k=1 H

(k)
0 (tk;ξ

(k))
]1+ 1

σ2
× h

(2)
0j2

(t2;ξ(2))[
1+σ2

∑2
k=1 H

(k)
0 (tk;ξ

(k))
]1+ 1

σ2

= 1 + σ2,

for tk > 0, jk = 1, · · · , Lk and k = 1, 2. Therefore, the failure at time t1 due to

cause j1 for the first individual and the failure at time t2 due to cause j2 for the

second individual are positively associated and this association measure is constant

for any two times t1, t2 and two causes j1, j2 for the first and the second individual,

respectively. Recall that σ2 is the variance of the shared Gamma frailty variable

ϵ. Hence, larger the variance of shared frailty, higher is the value of the association

measure.

3.3.2 Correlated Gamma Frailty

In this case, the conditional cause-specific hazard ratio function CRj1j2(t1, t2; ξ, σ1, σ2, ρ)

between occurrence of failure at time t1 due to cause j1 for the first individual and

the occurrence of failure at time t2 due to cause j2 for the second individual is given

by
(∏2

k=1 σ
2
kh

(k)
0jk

(tk; ξ)
)
(S(t1, t2; ξ, σ1, σ2, ρ))

2(
∞∫
t2

L2∑
j=1

fj1j(t1, u2; ξ, σ1, σ2, ρ)du2

)
×

(
∞∫
t1

L1∑
j=1

fjj2(u1, t2; ξ, σ1, σ2, ρ)du1

)
×

[ ρ
σ1σ2

(
ρ

σ1σ2
+ 1
)

(
A(t1, t2; ξ, σ1, σ2)

)2 +
2∑

k=1

ρ
σ1σ2

(
1
σ2
k
− ρ

σ1σ2

)
A(t1, t2; ξ, σ1, σ2)Bk(tk; ξ, σk)

+
2∏

k=1

1
σ2
k
− ρ

σ1σ2

Bk(tk; ξ, σk)

]

for tk > 0, jk = 1, · · · , Lk and k = 1, 2.

In case of constant cause-specific baseline hazard (that is, h
(k)
0j (tk; ξ) = α

(k)
j , for j =

1, · · · , Lk and k = 1, 2), the above expression for CRj1j2(t1, t2, ξ, σ1, σ2, ρ) simplifies

to

61



1∏2
k=1 σ

2
kα

(k)
× (S(t1, t2; ξ,θ)

2)D(t1, t2; ξ,θ)
∞∫
t1

S(u1, t2; ξ,θ)D(u1, t2; ξ,θ)du1 ×
∞∫
t2

S(t1, u2; ξ,θ)D(t1, u2; ξ,θ)du2

where

D(t1, t2; ξ,θ) =

[
ρ

σ1σ2
( ρ
σ1σ2

+ 1)

(A(t1, t2; ξ, σ1, σ2))
2 +

2∏
k=1

1
σ2
k
− ρ

σ1σ2

Bk(tk; ξ, σk)
+

2∑
k=1

ρ
σ1σ2

( 1
σ2
k
− ρ

σ1σ2
)

A(t1, t2; ξ, σ1, σ2)Bk(tk; ξ, σk)

]

and α(k) =
Lk∑
j=1

α
(k)
j . It is difficult to find this function analytically, even to obtain a

suitable lower bound. Note that this function is the same for all (j1, j2), indicating

that the measure of association does not depend on the two causes of failure, although

depending on the two failure times. We numerically evaluate this for constant cause-

specific baseline hazards and different values of (t1, t2), as presented in Figure 3.1. We

assume two competing risks for each individual with ξ(1) = (α
(1)
1 , α

(1)
2 ) = (0.2, 0.25)

and ξ(2) = (α
(2)
1 , α

(2)
2 ) = (0.15, 0.1). The frailty parameter vector θ = (σ1, σ2, ρ) is

taken as (0.95, 0.85, 0.8). In Figure 3.1, we give plots of the conditional cause-specific

hazard ratio function CR1,1(t1, t2; ξ,θ) against t1 for five different values of t2 as

(0.05, 0.2, 0.5, 0.9, 2). For this particular set of model parameters, Figure 3.1 shows

that the conditional cause-specific hazard ratio function is always greater than unity.

We have computed this function for other parameter values and observed the same

pattern (not reported here). Therefore, failure times of the two individuals due to

some fixed causes seem to be positively associated.

3.3.3 Shared Cause-specific Gamma Frailty

In this case, the conditional cause-specific hazard ratio function CRj1j2(t1, t2; ξ, σ1, · · · , σL)

between occurrence of failure at time t1 due to cause j1 for the first individual and

occurrence of failure at time t2 due to cause j2 for the second individual is given by

(1 + σ2
j )
(∏2

k=1 h
(k)
0j (tk; ξ)

)
S2(t1, t2; ξ,θ)×

[
1 + σ2

j

∑2
k=1H

(k)
0j (tk; ξ)

]−2

[ ∞∫
t2

L∑
j′=1

fjj′(t1, u2; ξ,θ)du2

]
×
[ ∞∫
t1

L∑
j′=1

fj′j(u1, t2; ξ,θ)du1

] ,
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Figure 3.1: The conditional cause-specific hazard ratio function corresponding to the
correlated Gamma frailty model.

for j1 = j2 = j, and

(∏2
k=1 h

(k)
0jk

(tk; ξ)
)
S2(t1, t2; ξ,θ)

2∏
k=1

[
1 + σ2

jk

(
H

(1)
0jk

(t1; ξ) +H
(2)
0jk

(t2; ξ)
)]−1

[ ∞∫
t2

L∑
j′=1

fj1j′(t1, u2; ξ,θ)du2

]
×
[ ∞∫
t1

L∑
j′=1

fj′j2(u1, t2; ξ,θ)du1

] ,

for j1 ̸= j2.

It is difficult to find a closed form of this conditional cause-specific hazard ratio

function, even to obtain a suitable lower bound. Thus, we numerically evaluate

this function with two competing risks for different values of (t1, t2) and (j1, j2), as

presented in Figure 3.2. In this case also, we consider the Exponential type cause-

specific hazard rates with the same set of parameters as in subsection 3.2.2. We have

taken (σ1, σ2) as (1.65, 0.45). We again plot the conditional cause-specific hazard ratio

function against t1 for the five different values of t2, as in Figure 3.1. Note that, in this

case, this function depends on (j1, j2). The plots for the four different combinations

of (j1, j2) are presented in the four panels 3.2a−3.2d. We see from Figure 3.2 that the

conditional cause-specific hazard ratio function is greater than unity in each panel.

Therefore, failure times of the two individuals due to any particular combination of

(j1, j2) seem to be positively associated.
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(a) (b)

(c) (d)

Figure 3.2: The conditional cause-specific hazard ratio function corresponding to the
shared cause-specific Gamma frailty model.

3.3.4 Correlated Cause-specific Gamma Frailty

The conditional cause-specific hazard ratio function CRj1j2(t1, t2; ξ,θ) between the

occurrence of failure at time t1 due to cause j1 for the first individual and occurrence

of failure at time t2 due to cause j2 for the second individual is

[ ∏2
k=1

(
σ2
kjh

(k)
0j (tk; ξ)

)
(S(t1, t2; ξ,θ))

2(
∞∫
t2

L∑
j′=1

fjj′(t1, u2; ξ,θ)du2

)
×

(
∞∫
t1

L∑
j′=1

fj′j(u1, t2; ξ,θ)du1

)]×
[ ρj

σ1jσ2j

(
1 +

ρj
σ1jσ2j

)
(
Aj(t1, t2; ξ, σ1j, σ2j)

)2 +
2∑

k=1

ρj
σ1jσ2j

(
ρj

σ1jσ2j
− 1

σ2
kj

)
Aj(t1, t2; ξ, σ1j, σ2j)Bkj(tk; ξ, σkj)

+
2∏

k=1

(
ρj

σ1jσ2j
− 1

σ2
kj

)
Bkj(tk; ξ, σkj)

]
,
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for j1 = j2 = j, say, and

[ ∏2
k=1

(
σ2
kjk

h
(k)
0jk

(tk; ξ)
)
(S(t1, t2; ξ,θ))

2(
∞∫
t2

L∑
j=1

fj1j(t1, u2; ξ,θ)du2

)
×

(
∞∫
t1

L∑
j=1

fjj2(u1, t2; ξ,θ)du1

)]

×

[
2∏

k=1

ρjk
σ1,jk

σ2,jk

Ajk(t1, t2; ξ, σ1jk , σ2jk)
+

ρj2
σ1j2

σ2j2

(
ρj1

σ1j1
σ2j1

− 1
σ2
1j1

)
Aj2(t1, t2; ξ, σ1j2 , σ2j2)B1j1(t1; ξ, σ1j1)

+

ρj1
σ1j1

σ2j1

(
ρj2

σ1j2
σ2j2

− 1
σ2
2j2

)
Aj1(t1, t2; ξ, σ1j1 , σ2j1)B2j2(t2; ξ, σ2j2)

+
2∏

k=1

(
ρjk

σ1jk
σ2jk

− 1
σ2
kjk

)
Bkjk(tk; ξ, σkjk)

]
,

for j1 ̸= j2.

As in the previous subsection, it is also difficult to find a closed form of this

conditional cause-speific hazard ratio function, even to obtain a suitable lower bound.

Therefore, we numerically evaluate this function for different values of (t1, t2) and

(j1, j2), as presented in Figure 3.3. In this case also, we consider the Exponential type

cause-specific hazard rates with the same set of parameters as before. In addition,

we take (σ11, σ12) = (1.2, 1.8) for the first individual and (σ21, σ22) = (0.8, 0.4) for the

second individual. The cause-specific correlation parameters ρ1 and ρ2 are taken as 0.7

and 0.25, respectively. As before, we plot the conditional cause-specific hazard ratio

function against t1 for the five different values of t2 in the four panels 3.3a − 3.3d

for the four different combinations of (j1, j2). Again, we see from Figure 3.3 that

this function is greater than unity in each panel. Therefore, failure times of the

two individuals due to any particular combination of (j1, j2) seem to be positively

associated.

3.4 Maximum Likelihood Estimation

Recall, from the beginning of Section 3.2, that the observed data is of the form

(X1, X2, J1, J2). Let us write Jk = 0 when the failure time corresponding to the

kth individual is right censored at the monitoring time Xk, for k = 1, 2. A typi-

cal observation from a pair of individuals is, therefore, (x1, x2, j1, j2), where x1 > 0

and x2 > 0 denote the monitoring times of the two individuals with j1 and j2 be-

ing the corresponding causes of failure, for jk = 0, 1, · · · , Lk, k = 1, 2. Suppose

(xi1, xi2, ji1, ji2) denotes the realization of (X1, X2, J1, J2) for the ith pair in the sam-
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(a) (b)

(c) (d)

Figure 3.3: The conditional cause-specific hazard ratio function corresponding to the
correlated cause-specific Gamma frailty model.

ple, for i = 1, · · · , n. Following Section 2.6, the likelihood function based on the

above observations is given by

L(ξ,θ) ∝
n∏

i=1

f ∗(xi1, xi2, ji1, ji2; ξ,θ),

where f ∗(x1i, x2i, j1i, j2i; ξ,θ) is the likelihood contribution from the ith pair giving

observation (x1i, x2i, j1i, j2i) (See Section 2.6) under the assumed fully parametric

model for the random vector (X1, X2, J1, J2) in the present chapter. As argued in

Section 2.6, this f ∗ is the joint density of the random vector (X1, X2, J1, J2). As

a result, the likelihood function can be written as proportional to the product of

n independent and identically distributed density functions, which can be useful to

study the asymptotic properties later in this section.

For the purpose of maximizing this likelihood function with respect to the asso-

ciated model parameters, we can rewrite this in terms of the joint sub-distribution
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function (See Section 2.6) as

L(ξ,θ) ∝
n∏

i=1

L1∏
ji1=1

L2∏
ji2=1

{
Fji1ji2(xi1, xi2; ξ,θ)

}δ
(1)
ji1

δ
(2)
ji2

×
{
F

(1)
ji1

(xi1; ξ
(1),θ)−

L2∑
ji2=1

Fji1ji2(xi1, xi2; ξ,θ)
}δ

(1)
ji1

(1−δ
(2)
i )

×
{
F

(2)
ji2

(xi2; ξ
(2),θ)−

L1∑
ji1=1

Fji1ji2(xi1, xi2; ξ,θ)
}(1−δ

(1)
i )δ

(2)
ji2

×
{
S(xi1, xi2; ξ,θ)

}(1−δ
(1)
i )(1−δ

(2)
i )

,

where δ
(k)
jik

= I(Tik ≤ xik, Jk = jik), δ
(k)
i =

Lk∑
jik=1

δ
(k)
jik

for xik > 0, jik = 1, · · · , Lk, k =

1, 2, i = 1, · · · , n.
It is important to note that we have a fairly complex likelihood function so that

it is not possible to obtain analytic solution of the maximum likelihood estimators

(MLEs) of the model parameters. Therefore, we have to make use of some efficient nu-

merical maximization procedure to compute the MLEs. We have performed the task

of numerical maximization of the likelihood function with the help of parallel comput-

ing. We have used optimParallel function from the optimParallel package of R

statistical software for this purpose. The optimParallel function generally requires

a cluster of 1+2p processor cores to solve a minimization problem consisting of p pa-

rameters. The computational burden is lesser for the shared and correlated Gamma

frailty models, because we have closed form expressions of the joint sub-distribution

functions. To speed up the parallel computation in the case of shared and correlated

cause-specific Gamma frailty models, we have also used RcppNumerical package of

R software to numerically evaluate the integrals present in the likelihood functions.

The asymptotic variance-covariance matrix of the MLEs is estimated by inverting the

corresponding hessian matrix computed at the MLEs. See Section 1.11 for details.

let η0 = (ξ0,θ0) be the true parameter vector. Since the likelihood function can

be expressed as a product of n independent and identically distributed (iid) densities

f ∗(xi1, xi2, ji1, ji2; ξ,θ)’s, derivation of the asymptotic results, including consistency

and asymptotic normality of maximum likelihood estimator η̂ = (ξ̂, θ̂) of η = (ξ,θ)

follows routinely from the standard likelihood theory under some regularity conditions

(See Section 1.10.2). The regularity conditions required for the asymptotic results are:
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1. The parameter vector η is identifiable with respect to the density function

f ∗(.;η).

2. The parameter space Ξ×Θ is open.

3. The observations (xi1, xi2, ji1, ji2), for i = 1, 2, · · · , n, are iid random vectors

with common density f ∗(.;η).

4. The sample space of the random vector (X1, X2, J1, J2), that is the support of

the density f ∗(.;η), is independent of the parameter vector η.

5. All third-order partial derivatives of f ∗(.;η) exist and are continuous functions

of η.

6. The third-order partial derivatives of f ∗(.;η) are bounded above by functions

of (x1, x2, j1, j2) in the neighbourhood of the true parameter vector η0.

7. The Fisher information matrix corresponding to the joint density f ∗(.;η) is

positive definite.

Then, we have the following theorem, the proof of which follows from Lehmann

and Casella (2006) and hence skipped.

Theorem 3.4.1. The maximum likelihood estimator of the parameter vector η, de-

noted by η̂, satisfies

1. η̂
P→ η0 and

2.
√
n(η̂ − η0) asymptotically follows a mean zero multivariate Normal distribu-

tion with variance-covariance matrix estimated by the inverse of hessian matrix

computed at η̂.

3.5 Simulation Studies

In order to carry out a simulation study to investigate the finite sample behaviour of

η̂, we consider the same monitoring time X = x for both the individuals in a pair,

which vary over the different pairs according to a distribution given by the density

function h(x;µ), say, with an associated parameter µ. For our study, we consider

Exponential distribution with mean 1/µ for the common monitoring time X. In

order to study the effect of censoring on the estimate η̂, we choose the value of µ so
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that the probability of both the failure times T1 and T2 being censored equals a fixed

value pcen, say. That is,

∞∫
0

P [T1 > x, T2 > x;η0]h(x;µ)dx = pcen.

We consider different values of pcen resulting in different values of µ by numerically

solving the above equation.

For a sample of n pairs, we simulate n i.i.d. monitoring times x1, · · · , xn from the

Exponential distribution with mean 1/µ. Note that, for each i, given X1 = X2 = xi,

the pair (J1, J2) follows a multinomial distribution with (L1 + 1) × (L2 + 1) num-

ber of cells and the cell probabilities as worked out in Section 2.6 and indicated in

the likelihood L(ξ,θ) of Section 3.4. Therefore, given the monitoring time xi, we

simulate the cause of failure Jk = jik, taking values in {0, 1, · · · , Lk}, for k = 1, 2,

using the above multinomial distribution. Repeating this for i = 1, · · · , n, we ob-

tain one simulated sample of bivariate current status data with competing risks,

{(xi, xi, ji1, ji2); i = 1, · · · , n}. The above procedure is repeated 10000 times to get

10000 such simulated samples each of size n.

For our simulation, we consider two competing risks for each individual (L1 =

L2 = 2) with constant or Exponential type baseline cause-specific hazard function

for each cause; that is, h0j(tk; ξ) = α
(k)
j , for j = 1, 2 and k = 1, 2, with ξ =

(α
(1)
1 , α

(1)
2 , α

(2)
1 , α

(2)
2 ). We consider the four different frailty models discussed in Section

2.4. For the shared frailty model, we take (α
(1)
1 , α

(1)
2 , α

(2)
1 , α

(2)
2 ) = (2.4, 5.8, 3.5, 4.5) and

θ = σ = 0.95. For the correlated Gamma frailty model, we take (α
(1)
1 , α

(1)
2 , α

(2)
1 , α

(2)
2 ) =

(3, 2, 2.5, 0.8) and θ = (σ1 = 0.9, σ2 = 0.7, ρ = 0.65). For the shared cause-specific

Gamma frailty model, we take (α
(1)
1 , α

(1)
2 , α

(2)
1 , α

(2)
2 ) = (7, 6, 8.5, 10) and θ = (σ1 =

0.95, σ2 = 0.85). While trying with the correlated cause-specific Gamma frailty model,

we encountered some issues with the convergence of likelihood maximization by nu-

merical method. From our experience with real data analysis using this frailty model,

we find that the numerical method is more complicated than the previous three models

possibly because of larger dimension of the parameter space. Therefore, some manip-

ulation with the initial parameter values is required, which could not be replicated

for simulation studies. We intuitively feel that very large and informative datasets

are required to produce reasonable estimates for the correlated cause-specific Gamma
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frailty model. Li et al. (2001) noted that convergence issues of maximum likelihood

estimators may arise due to irregular behaviour of the log-likelihood function in the

neighbourhood of the maxima, which may be the case here as well.

For every simulated dataset, we obtain the MLEs of the model parameters and

their standard errors using the method described in Section 3.4. Then, the estimated

bias of each parameter estimate is obtained by subtracting the true value of that pa-

rameter from the average over the corresponding estimates from the 10000 simulated

samples. For each parameter, the average of the 10000 standard errors is obtained

and denoted by ASE. We also compute the square root of the sample variance of

these 10000 MLEs to get sample standard error (denoted by SSE). Next, for each pa-

rameter, we compute the proportion of times the corresponding 10000 approximate

95% confidence intervals based on normal approximation contain the true value. This

gives an estimated coverage probability, denoted by CP, of the approximate 95% con-

fidence interval for that parameter. We carry out the simulation study for sample

sizes n = 50, 150, 300.

The results for the three frailty models are summarized in Tables 3.1-3.3. In each

of the three cases, we see decrease in bias, ASE and SSE with increase in sample size,

as expected. The values of ASE and SSE tend to be closer with increasing sample

size, as expected. The CP values also tend to 0.95 with increasing sample size giving

evidence in favour of asymptotic normality. We have carried out similar simulation

studies with different values of the model parameters, but the results are not reported

here, as those are qualitatively similar.

To investigate the effect of joint censoring probability pcen on the different MLEs, we

consider two values of pcen, 0.1 and 0.2. There is no definite pattern for the bias, ASE,

SSE and CP values corresponding to the two values of pcen. As the joint censoring

probability pcen is increased from 0.1 to 0.2, it is found that the probabilities of the

other possibilities, including those of one individual being censored, are sometimes

decreased. There does not seem to be any definite pattern of information loss or

gain. As a result, the effect of such increase in pcen is not clear and we observe this

indefinite pattern in our simulation result as well.
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Table 3.1: Simulation results for shared Gamma frailty model for different joint cen-
soring probability.

pcen n Properties α̂
(1)
1 α̂

(1)
2 α̂

(2)
1 α̂

(2)
2 σ̂

Bias −0.2310 −0.6091 −0.2798 −0.3960 −0.2281
50 SSE 1.0839 2.0898 1.5835 1.9169 0.2414

ASE 1.3336 2.9576 1.9244 2.4028 0.3601
CP 0.8473 0.8545 0.8470 0.8416 0.8977
Bias −0.1812 −0.4514 −0.2697 −0.3397 −0.1303

0.1 150 SSE 0.6717 1.4275 0.9280 1.1754 0.1242
ASE 0.7963 1.7954 1.1125 1.4081 0.2197
CP 0.8943 0.8937 0.8993 0.8995 0.9407
Bias −0.1706 −0.4096 −0.2362 −0.3024 −0.0993

300 SSE 0.4745 1.0294 0.6446 0.8076 0.0842
ASE 0.5662 1.2816 0.7948 1.0046 0.1594
CP 0.9137 0.9204 0.9216 0.9230 0.9493
Bias −0.0367 −0.0811 −0.0483 −0.0598 −0.0320

500 SSE 0.4052 0.8987 0.5636 0.7116 0.0790
ASE 0.4560 1.0301 0.6373 0.8051 0.1241
CP 0.9435 0.9441 0.9433 0.9415 0.9567
Bias −0.0226 −0.0547 −0.0333 −0.0427 −0.0171

1000 SSE 0.2927 0.6529 0.4074 0.5143 0.0679
ASE 0.3251 0.7339 0.4537 0.5729 0.0892
CP 0.9489 0.9522 0.9486 0.9499 0.9613
Bias −0.1665 −0.4312 −0.1979 −0.2601 −0.2108

50 SSE 0.9914 1.8407 1.3894 1.6486 0.2257
ASE 1.1229 2.3651 1.5632 1.9311 0.3718
CP 0.8718 0.8820 0.8780 0.8785 0.9141
Bias −0.1410 −0.3311 −0.1862 −0.2502 −0.1273

0.2 150 SSE 0.5840 1.1851 0.8039 0.9666 0.1225
ASE 0.6612 1.4116 0.9030 1.1206 0.2272
CP 0.9141 0.9207 0.9130 0.9153 0.9431
Bias −0.1210 −0.2986 −0.1790 −0.2322 −0.0893

300 SSE 0.4172 0.8445 0.5552 0.6836 0.0848
ASE 0.4728 1.0082 0.6416 0.7974 0.1645
CP 0.9284 0.9306 0.9269 0.9271 0.9523
Bias −0.0287 −0.0639 −0.0413 −0.0543 −0.0324

500 SSE 0.3454 0.7131 0.4629 0.5637 0.0912
ASE 0.3767 0.8012 0.5102 0.6335 0.1284
CP 0.9499 0.9530 0.9501 0.9513 0.9595
Bias −0.0165 −0.0396 −0.0221 −0.0313 −0.0184

1000 SSE 0.2487 0.5147 0.3357 0.4096 0.0689
ASE 0.2684 0.5710 0.3641 0.4520 0.0921
CP 0.9524 0.9573 0.9546 0.9586 0.9660
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Table 3.2: Simulation results for correlated Gamma frailty model for different joint
censoring probability.

pcen n Properties α̂
(1)
1 α̂

(1)
2 α̂

(2)
1 α̂

(2)
2 σ̂1 σ̂2 ρ̂

Bias 1.5273 1.0162 1.4087 0.4493 −0.0296 0.0950 −0.0961
50 SSE 5.1014 3.4022 3.9115 1.3526 0.2782 0.2461 0.3503

ASE 4.8932 3.2608 3.5827 1.2012 0.3904 0.4091 1.1411
CP 0.9120 0.9130 0.9801 0.9623 0.9951 0.9926 0.9999
Bias 0.3964 0.2611 0.3618 0.1146 −0.0246 0.0163 −0.0814

0.1 150 SSE 2.0332 1.3450 1.2447 0.4102 0.1927 0.1768 0.2864
ASE 1.8929 1.2121 1.1170 0.3839 0.2021 0.2161 0.5177
CP 0.9176 0.9152 0.9651 0.9595 0.9863 0.9846 0.9994
Bias 0.0234 0.0296 0.1625 0.0507 −0.0145 0.0062 −0.0552

300 SSE 1.0641 0.7175 0.6503 0.2284 0.1367 0.1280 0.2244
ASE 1.0192 0.6896 0.6809 0.2365 0.1382 0.1455 0.3051
CP 0.9219 0.9223 0.9661 0.9608 0.9621 0.9833 0.9934
Bias 0.0155 0.0172 0.0994 0.0315 −0.0109 0.0036 −0.0345

500 SSE 0.7831 0.5289 0.4811 0.1712 0.1062 0.0998 0.1781
ASE 0.7520 0.5103 0.5046 0.1759 0.1060 0.1111 0.2219
CP 0.9269 0.9307 0.9667 0.9624 0.9522 0.9754 0.9859
Bias 0.0084 0.0093 0.0518 0.0152 −0.0051 0.0022 −0.0172

1000 SSE 0.5206 0.3528 0.3270 0.1155 0.0741 0.0701 0.1260
ASE 0.5154 0.3499 0.3453 0.1205 0.0746 0.0777 0.1488
CP 0.9425 0.9413 0.9697 0.9629 0.9539 0.9720 0.9786
Bias 1.2595 0.8514 1.1080 0.3538 0.0283 0.1312 −0.0702

50 SSE 4.1206 2.8198 3.0998 1.0841 0.3191 0.2874 0.3315
ASE 3.7998 2.5914 2.7069 0.9352 0.4383 0.4637 0.9992
CP 0.9190 0.9126 0.9842 0.9613 0.9944 0.9907 0.9991
Bias 0.2867 0.1916 0.3002 0.0953 −0.0204 0.0336 −0.0589

0.2 150 SSE 1.4890 1.0073 0.9537 0.3672 0.2196 0.1996 0.2691
ASE 1.3328 0.9109 0.9262 0.3351 0.2347 0.2554 0.4927
CP 0.9271 0.9256 0.9760 0.9606 0.9855 0.9819 0.9954
Bias 0.1141 0.0706 0.1624 0.0498 −0.0165 0.0202 −0.0413

300 SSE 0.8716 0.5925 0.5571 0.2065 0.1571 0.1478 0.2096
ASE 0.8411 0.5751 0.5933 0.2157 0.1610 0.1752 0.2914
CP 0.9295 0.9314 0.9717 0.9600 0.9613 0.9776 0.9850
Bias 0.069 0.0420 0.0960 0.0308 −0.0103 0.0133 −0.0256

500 SSE 0.6530 0.4472 0.4051 0.1527 0.1247 0.1142 0.1664
ASE 0.6323 0.4328 0.4400 0.1609 0.1237 0.1347 0.2145
CP 0.9358 0.9334 0.9772 0.9696 0.9536 0.9778 0.9807
Bias 0.0209 0.0120 0.0523 0.0173 −0.0076 0.0078 −0.0117

1000 SSE 0.4400 0.3017 0.2816 0.1042 0.0866 0.0827 0.1200
ASE 0.4336 0.2973 0.3030 0.1110 0.0869 0.0949 0.1466
CP 0.9413 0.9397 0.9750 0.9698 0.9550 0.9737 0.9761
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Table 3.3: Simulation results for shared cause-specific Gamma frailty model for dif-
ferent joint censoring probability.

pcen n Properties α̂
(1)
1 α̂

(1)
2 α̂

(2)
1 α̂

(2)
2 σ̂1 σ̂2

Bias 0.3132 0.3448 0.4420 0.6502 0.1270 0.1475
50 SSE 3.4688 3.1404 4.0554 4.9451 0.7937 0.9567

ASE 3.6174 3.3713 4.2811 5.0905 0.8272 0.9276
CP 0.9170 0.9137 0.9238 0.9205 0.9880 0.9726
Bias 0.1699 0.1557 0.1678 0.2456 0.0292 0.0364

0.1 150 SSE 1.9770 1.8282 2.2922 2.7348 0.4105 0.4756
ASE 1.9402 1.8021 2.2603 2.6988 0.3902 0.4566
CP 0.9388 0.9320 0.9400 0.9402 0.9213 0.9216
Bias 0.0694 0.0762 0.1000 0.1046 0.0120 0.0198

300 SSE 1.3751 1.2829 1.6074 1.9153 0.2807 0.3301
ASE 1.3458 1.2567 1.5767 1.8795 0.2680 0.3166
CP 0.9392 0.9369 0.9385 0.9406 0.9236 0.9286
Bias 0.0521 0.0447 0.0694 0.0743 0.0049 0.0110

500 SSE 1.0353 0.9796 1.2334 1.4712 0.2105 0.2465
ASE 1.0408 0.9688 1.2167 1.4481 0.2058 0.2428
CP 0.9454 0.9406 0.9432 0.9419 0.9364 0.9386
Bias 0.0197 0.0219 −0.0044 0.0111 0.0017 0.0066

1000 SSE 0.7984 0.6883 0.9454 1.0236 0.1767 0.1670
ASE 0.7833 0.6905 0.9210 1.0283 0.1735 0.1623
CP 0.9380 0.9364 0.9420 0.9430 0.9350 0.9350
Bias 0.3027 0.3050 0.3074 0.6349 0.1537 0.1482

50 SSE 3.0609 2.7242 3.4885 4.5166 0.8040 0.9393
ASE 3.1078 2.8411 3.6258 4.4740 0.8195 0.9233
CP 0.9303 0.9338 0.9381 0.9383 0.9935 0.9790
Bias 0.1485 0.1033 0.1546 0.2216 0.0271 0.0441

0.2 150 SSE 1.6827 1.5469 1.9703 2.4492 0.4022 0.4771
ASE 1.6628 1.5279 1.9442 2.3931 0.3902 0.4680
CP 0.9465 0.9422 0.9454 0.9428 0.9362 0.9306
Bias 0.0659 0.0499 0.0903 0.0952 0.0119 0.0218

300 SSE 1.1745 1.0772 1.3701 1.6915 0.2755 0.3221
ASE 1.1603 1.0715 1.3609 1.6662 0.2701 0.3171
CP 0.9456 0.9451 0.9483 0.9453 0.9358 0.9410
Bias 0.0312 0.0397 0.0435 0.0793 0.0155 0.0079

500 SSE 0.9578 0.8366 1.1369 1.2973 0.2550 0.2394
ASE 0.9666 0.8339 1.1340 1.2861 0.2507 0.2347
CP 0.9476 0.9468 0.9483 0.9452 0.9439 0.9430
Bias 0.0137 0.0293 0.0069 0.0675 0.0095 −0.0017

1000 SSE 0.6888 0.6224 0.8185 0.8832 0.1811 0.1666
ASE 0.6805 0.5903 0.7980 0.9073 0.1762 0.1642
CP 0.9480 0.9380 0.9450 0.9550 0.9470 0.9440
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3.6 Data Analysis

Possibility of hearing loss slowly increases with age, a common phenomenon known

as presbycusis. Broadly, there are two causes of hearing loss depending on the part

of an ear. Sensorineural hearing loss (SNHL) occurs due to any sensory problem

or a neural structure related problem in the inner ear; Conductive hearing loss is

causally related to any hindrance in the outer or middle ear so that sound cannot

enter the inner ear properly. In this section, we analyze the dataset collected from the

department of speech and hearing, Ali Yavar Jung National institute of Speech and

Hearing Disabilities, Eastern Regional centre, in Kolkata, India. This dataset contains

information about hearing loss of 880 individuals who appeared for diagnosis in the

time span of January to February month of the year 2016. The monitoring time (X)

is considered to be the age (in months) of an individual when he(she) appeared for

diagnosis. See Section 1.12 for details. We intend to use hearing loss information in

both the ears so that we have bivariate data. We have such information from 726

out of 880 individuals. Since hearing loss can occur due to any of the two above-

mentioned causes, this gives a bivariate current status dataset with two competing

risks, namely SNHL and Conductive with corresponding labels 1 and 2, respectively.

A summary of the dataset is presented in Table 3.4 below, with cause of failure 0

meaning censored observation. There is evidence of high positive correlation between

the causes of hearing loss in the two ears since only two observations appear in the

off-diagonal cells. This is also evident from the results in this section where the MLEs

of the correlation parameters are found to be close to 1.

Table 3.4: A summary of the hearing loss dataset.

Cause J1 Cause J2 for T2

for T1 0 1 2
0 261 0 1
1 0 435 0
2 1 0 28

We start by assuming constant (Exponential type) baseline cause-specific hazards

α
(k)
j ’s, denoting the jth cause-specific hazard due to cause j for the kth individual,

for j = 1, 2 and k = 1, 2. The MLEs of the model parameters and the corresponding

standard errors (SE) along with the AIC value for each of the four frailty distribu-

tions are reported in Tables 3.5 (for shared and correlated Gamma frailty) and 3.6

(for shared and correlated cause-specific Gamma frailty), respectively. From Tables
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3.5 and 3.6, we observe that SNHL is the dominating cause of hearing loss in both ears.

Table 3.5: Results for the constant baseline cause-specific hazard model with shared
and correlated Gamma frailty.

Shared Gamma frailty Correlated Gamma frailty
Parameter MLE SE AIC Parameter MLE SE AIC

α
(1)
1 8.9551 6.9567 1423.9852 α

(1)
1 9.2268 5.4607 1427.1321

α
(1)
2 0.6123 0.4981 α

(1)
2 0.6597 0.4350

α
(2)
1 8.5792 6.3573 α

(2)
1 9.5207 5.8413

α
(2)
2 0.5813 0.4516 α

(2)
2 0.7043 0.4956

σ 3.0123 0.1612 σ 3.0816 0.1402
- - - ρ 0.9998 0.0056

From our calculation, we observe that the magnitudes of the MLEs of σ1 and σ2

for constant cause-specific baseline hazards with correlated Gamma frailty are very

close. Therefore, it is of interest to test the hypothesis, H0 : σ1 = σ2 vs H1 : σ1 ̸= σ2.

The likelihood ratio test statistic comes out to be 0.2784, lesser than 3.84, the upper

0.05 point of χ2
1 distribution. Hence, we fail to reject the null hypothesis of equality

of frailty variances at 0.05 level of significance. We, therefore, assume σ1 = σ2 = σ,

say, for a simplified analysis and the corresponding results are presented in the right

panel of Table 3.5. It is to be noted that the equality of σ1 and σ2 in the correlated

frailty model does not make it the shared frailty model.

We next fit the two cause-specific frailty models with constant cause-specific haz-

ards. For the shared cause-specific Gamma frailty model, we have two frailty param-

eters σ1 and σ2. For the correlated cause-specific Gamma frailty model, we have six

frailty parameters σkj, ρj, for j = 1, 2 and k = 1, 2. In view of our previous calcula-

tions, it is of interest to test for the equality of σ1j and σ2j, for j = 1, 2, so that there

may be some reduction in number of parameters. The likelihood ratio test for this

hypothesis, for the sample at hand, leads to the observed value of the test statistic

as 0.0232 to be compared with χ2
2 distribution. This is lesser than the corresponding

95th percentile. Therefore, we fail to reject the equality at 5% significance level. So,

we assume this equality σ1j = σ2j = σj (say), for j = 1, 2, for further analysis and the

results are reported in Table 3.6. In case of constant baseline cause-specific hazards

with shared and correlated cause-specific Gamma frailty models, we have computed

the asymptotic standard errors of the MLEs using the bootstrap method.
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Table 3.6: Results for the constant baseline cause-specific hazard model with shared
and correlated cause-specific Gamma frailty.

Shared cause-specific Gamma frailty Correlated cause-specific Gamma frailty
Parameter MLE SE AIC Parameter MLE SE AIC

α
(1)
1 42.7027 30.9252 1216.8936 α

(1)
1 1521.5801 51.0891 1208.6964

α
(1)
2 0.0578 0.0110 α

(1)
2 0.1733 0.0498

α
(2)
1 44.1087 32.9971 α

(2)
1 1541.6708 52.1110

α
(2)
2 0.0598 0.0142 α

(2)
2 0.1349 0.0167

σ1 11.8831 1.0925 σ1 3.9893 0.0997
σ2 41.5261 18.5925 σ2 12.8552 0.0735
- - - ρ1 0.9991 0.0039
- - - ρ2 0.9978 0.0076

Note that the AIC value for the correlated cause-specific Gamma frailty is the

lowest indicating the best fit with constant baseline cause-specific hazards. For this

model, both the parameters σ1 and σ2 appear to be significant. So, there is evidence

of dependence between occurrence of hearing loss in left and right ears due to a par-

ticular cause.

Next, we consider Weibull type baseline cause-specific hazards (that is, power

functions of time) with the scale parameters α
(k)
j and shape parameters γ

(k)
j , for

j = 1, 2 and k = 1, 2. We use four Gamma frailty models as before. The results for

shared Gamma frailty and correlated Gamma frailty models are presented in Table

3.7. Similar to the case of constant cause-specific hazards, we test the equality of

frailty variances (that is, σ2
1 = σ2

2) for the analysis of correlated frailty model. In this

case, the likelihood ratio test statistic comes out to be 0.0245. So, we cannot reject

the null hypothesis since this value is less than 3.84. So, we assume σ1 = σ2 = σ, say,

for further analysis, the results of which are presented in the right panel of Table 3.7.

Note that the AIC values are decreased compared to those for the constant cause-

specific hazards in Table 3.5. There is evidence of time dependence on the baseline

cause-specific hazards from the estimates of γ(1) and γ(2), indicating increasing cause-

specific hazards with age. Contrary to the results of constant baseline cause-specific

hazards, correlated Gamma frailty model gives better result than the shared Gamma

frailty model. Again, we have used bootstrap to approximate the asymptotic stan-

dard errors of the MLEs for the power function baseline cause-specific hazard with
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shared and correlated Gamma frailty models.

Table 3.7: Results for the power function baseline cause-specific hazard model with
shared and correlated Gamma frailty.

Shared Gamma frailty Correlated Gamma frailty
Parameter MLE SE AIC Parameter MLE SE AIC

α
(1)
1 10.6668 1.5778 1291.3132 α

(1)
1 10.7854 0.5985 1218.7970

α
(1)
2 0.0593 0.0477 α

(1)
2 0.0201 0.0276

α
(2)
1 13.5783 1.7545 α

(2)
1 23.4554 0.9932

α
(2)
2 0.0291 0.0216 α

(2)
2 1.4341 0.4965

γ
(1)
1 1.8712 0.0856 γ

(1)
1 4.2621 0.0323

γ
(1)
2 0.3872 0.0650 γ

(1)
2 0.3240 0.0687

γ
(2)
1 1.7982 0.0928 γ

(2)
1 3.8178 0.0347

γ
(2)
2 0.3481 0.0770 γ

(2)
2 0.7037 0.0876

σ 3.9339 0.1010 σ 6.0581 0.1202
- - - ρ 0.9992 0.0036
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Table 3.8: Results for the power function baseline cause-specific hazard model with
shared and correlated cause-specific Gamma frailty.

Shared cause-specific Gamma frailty Correlated cause-specific Gamma frailty
Parameter MLE SE AIC Parameter MLE SE AIC

α
(1)
1 63.5871 4.6621 1175.3721 α

(1)
1 68.2560 2.6277 1175.5856

α
(1)
2 0.3556 0.2406 α

(1)
2 0.4147 0.2518

α
(2)
1 34.4121 4.1326 α

(2)
1 34.2791 2.2893

α
(2)
2 0.2570 0.2071 α

(2)
2 0.3164 0.1347

γ
(1)
1 3.1908 1.4924 γ

(1)
1 3.3882 0.0993

γ
(1)
2 3.0352 1.2006 γ

(1)
2 3.1607 0.3195

γ
(2)
1 3.4541 1.5987 γ

(2)
1 3.6732 0.0953

γ
(2)
2 3.0345 1.2313 γ

(2)
2 3.4327 0.3245

σ1 5.9858 1.1507 σ1 5.9188 0.0609
σ2 15.1334 2.9455 σ2 15.2319 0.1601
- - - ρ1 0.9998 0.0011
- - - ρ2 0.9938 0.0094

Finally, we consider the two cause-specific frailty models with power function (that

is, Weibull type) baseline cause-specific hazards having different shape parameters for

the different causes. As before, we assume σ1j = σ2j = σj, for j = 1, 2, for the corre-

lated cause-specific Gamma frailty model. The corresponding results are presented in

Table 3.8. We observe better fit compared to all other models in terms of AIC value

(See Tables 3.5-3.8). Also, the estimates of the shape parameters are significant,

indicating time dependence. The model with Weibull type baseline cause-specific

hazards and shared cause-specific frailty gives the least value of AIC. However, one

should use caution before adopting this model. These are complicated models with

many parameters, and numerical stability of the estimates is an issue. Although some

models may be identifiable, it does not guaranty efficient estimation, for example, see

Li et al. (2001). In summary, there is evidence of strong time dependence on the dif-

ferent cause-specific hazards with the cause SNHL dominating the other cause. Also,

there is evidence of some association between occurrence of hearing loss in left and

right ears, the nature of which seems to depend on the underlying cause.
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3.7 Concluding Remarks

In this work, we consider parametric modeling and analysis of bivariate current status

data with competing risks, while association between the two individuals in a pair is

modeled through four different Gamma frailty distributions possibly depending on the

cause of failure. These four different frailty distributions cover a wide range of depen-

dence as discussed in Section 2.4. The baseline cause-specific hazards are assumed to

belong to a parametric family that includes many commonly used parametric hazard

functions. However, there are some other parametric hazard functions, for example,

Log-normal, Pareto, generalized Gamma, etc., which do not belong to this family. A

remaining task is to construct and analyze models consisting of the above-mentioned

cause-specific hazard functions with the four different Gamma frailty distributions.

In our data analysis in Section 3.6, we have assumed Exponential type baseline

cause-specific hazards and also Weibull type baseline cause-specific hazards with dif-

ferent shape parameters for these two failure types. In practice, the different baseline

cause-specific hazards need not have the same parametric model (Exponential or

Weibull); in many cases, they may have different shapes suggesting different theoreti-

cal models (See Section 5.5 for the analysis with non-parametric baseline cause-specific

hazards). Therefore, the parametric analysis described in this chapter (in particular,

in Section 3.6) suffers from some lack of flexibility. This is, however, a drawback for

any parametric analysis in the absence of a proper goodness of fit test.

Note that we have used different Gamma frailty in this work because of its pop-

ularity and mathematical tractability. It is also an important task to consider other

frailty distributions, for example, inverse Gaussian, Log-normal (see Gorfine and Hsu,

2011), etc., which also produce tractable expressions in many cases, and consequently

analyze the resulting models for bivariate current status data with competing risks.

From our data analysis in Section 3.6, it is seen that the fit of the model substantially

depends on the kind of frailty distribution. In view of that, it is of interest to inves-

tigate different types of frailty distributions subject to identifiability of the resulting

bivariate model. This applies to routine analysis of bivariate failure time data as well

using some specific frailty distribution.

As evident from Sections 3.5-3.6, our analysis involves heavy computation and

some manipulation with initial values possibly because of some irregular behaviour

of the likelihood in the neighbourhood of the true maxima. This numerical problem

gets further compounded with larger number of competing risks. Even if the model

is identifiable, one needs large number of observations to tackle this problem of nu-
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merical instability. With a smaller dataset, one may be advised to consider a simpler

frailty model and possibly combine several causes to have fewer number of competing

risks.

Extending this work to multivariate current status data with competing risks

seems, in principle, straightforward. But it is associated with quite an amount of

complications in terms of notation, mathematical tractability to derive identifiability

results, etc., and also computational issues for analysis.
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Chapter 4

Bivariate Current status Data with
Competing Risks: Parametric
Baseline Hazards and
Non-parametric Frailty

4.1 Introduction

In Section 2.5, the general model (2.1) is shown to be non-identifiable when both the

baseline cause-specific hazards and the frailty distribution are unspecified. In Chapter

3, we have considered a fully parametric model for both along with an investigation

of the corresponding model identifiability. In this chapter, we consider parametric

models for the baseline cause-specific hazards, but the frailty distribution remains

unspecified, resulting in a semi-parametric setup. Nevertheless, it is relevant to study

identifiability of models with such parametric hazards but with non-parametric frailty

distribution.

We consider the same parametric class of baseline cause-specific hazard functions

(3.2) introduced in Section 3.2. This parametric class is particularly helpful as it con-

tains various shapes of hazard functions. Hence, it enables us to choose appropriate

baseline cause-specific hazard functions according to the nature of the observed data.

As described in Section 2.2, we model the dependence between the failure times using

frailty variables. We also consider the four different frailty structures mentioned in

Section 2.4. The common assumption of these models to ensure identifiability is that

the frailty mean(s) is/are equal to unity.

In Section 4.2, we describe the data and the four frailty models with proofs of

corresponding identifiability results. In Section 4.3, we discuss the semi-parametric
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estimation procedure under the non-parametric shared frailty model by means of esti-

mation of mixing distribution. Section 4.4 discusses some computational issues related

to this semi-parametric estimation method. In Section 4.5, we first estimate the con-

vergence rates of the proposed estimators using subsampling bootstrap method. We

also propose bootstrap based confidence intervals for the related parameters and the

unknown quartiles of the frailty distribution. Section 4.6 presents a simulation study

to investigate the finite sample properties of the proposed estimators. We illustrate

the estimation method through analysis of the hearing loss data in Section 4.7 using

the non-parametric shared frailty model. We end with some concluding remarks in

Section 4.8.

4.2 Modeling and Identifiability

Recall from Section 2.2 that T1 and T2 denote the failure time of the first and the

second individual of a pair, respectively, with J1 and J2 denoting the cause of failure

for the first and the second individual, respectively. We assume that Jk has support

{1, 2, · · · , Lk}, out of which only one is responsible for the failure of the kth individual,

for k = 1, 2. The cause-specific hazard function λ
(k)
j (tk|ϵ(k)) for the failure of the kth

individual at time Tk = tk due to cause j, conditional on the frailty vector ϵ(k), is

defined as

λ
(k)
j (tk|ϵ(k)) = h

(k)
0j (tk)ϵ

(k)
j , (4.1)

for tk > 0, j = 1, · · · , Lk and k = 1, 2, where h
(k)
0j (tk) is the jth baseline cause-specific

hazard at time tk for the kth individual. We consider the same class of parametric

baseline cause-specific hazard functions h
(k)
0j (tk; ξ) (See Section 3.2), where ξ ∈ Ξ is

the associated parameter vector.

As in Section 2.2, the conditional survival function of the kth individual, given

the frailty vector ϵ(k), is

S(k)(tk; ξ
(k)|ϵ(k)) = exp

[
−

Lk∑
j=1

ϵ
(k)
j H

(k)
0j (tk; ξ

(k))

]
,

where H
(k)
0j (tk; ξ

(k)) =
tk∫
0

h
(k)
0j (uk; ξ

(k))duk, and the jth sub-distribution function of
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the kth individual, conditional on the frailty vector ϵ(k), is

F
(k)
j (tk; ξ

(k)|ϵ(k)) =
tk∫
0

h
(k)
0j (uk; ξ

(k))ϵ
(k)
j exp

[
−

Lk∑
j′=1

H
(k)
0j′ (uk; ξ

(k))ϵ
(k)
j′

]
duk,

for all j = 1, · · · , Lk and k = 1, 2. Therefore, using conditional independence given

frailty, the joint unconditional sub-distribution function Fj1j2(t1, t2; ξ) under the gen-

eral model (4.1) is

Fj1j2(t1, t2; ξ) =

∞∫
0

· · ·
∞∫
0

[ t1∫
0

t2∫
0

2∏
k=1

(
h
(k)
0jk

(uk; ξ
(k))ϵ

(k)
jk

)

× exp

(
−

2∑
k=1

Lk∑
j=1

H
(k)
0j (uk; ξ

(k))ϵ
(k)
j

)
du2du1

]
dG(ϵ(1), ϵ(2)), (4.2)

for all jk = 1, · · · , Lk and k = 1, 2, where G(ϵ(1), ϵ(2)) is an arbitrary probability

measure on [0,∞)L1×[0,∞)L2 , representing the joint frailty distribution of (ϵ(1), ϵ(2)).

In this work, we assume it to belong to a family G of arbitrary joint distribution

functions. It is to be noted that this joint sub-distribution function also depends on

the joint frailty distribution G(ϵ(1), ϵ(2)) ∈ G; so we write this as Fj1j2(t1, t2; ξ, G)

for completeness. The focus of this section is to investigate identifiability of the

model for bivariate failure time with competing risks (T1, T2, J1, J2) given by the joint

sub-distribution function Fj1j2

(
t1, t2; ξ, G

)
with the four different arbitrary frailty

distributions, as mentioned earlier. For this, we need the following definition of model

identifiability. Note that the family G of the joint frailty distribution functions differs

in nature and dimension for the four different frailty types.

Definition 4.1. The model (4.1) for bivariate failure time with competing risks with

the baseline cause-specific hazards given by (3.2) is identifiable within Ξ × G if, for

some ξ, ξ̃ ∈ Ξ and G, G̃ ∈ G, the equality

Fj1j2

(
t1, t2; ξ, G

)
= Fj1j2

(
t1, t2; ξ̃, G̃

)
,

for all tk > 0, jk = 1, · · · , Lk and k = 1, 2, implies ξ = ξ̃ and G(ϵ(1), ϵ(2)) =

G̃(ϵ(1), ϵ(2)) almost surely.
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4.2.1 Shared Frailty

The non-parametric shared frailty model is the simplest one with one common frailty

variable ϵ that is shared between the two individuals in a pair. So, we have ϵ
(k)
j = ϵ,

for all j = 1, · · · , Lk and k = 1, 2. This model enjoys the flexibility of allowing two

different sets of competing risks for the two individuals. Formally, the model is given

by

λ
(k)
j (tk; ξ

(k)
j |ϵ) = h

(k)
0j (tk; ξ

(k)
j )ϵ, (4.3)

for tk > 0, j = 1, · · · , Lk and k = 1, 2. Here the shared frailty ϵ > 0 is assumed to

have an arbitrary distribution function G defined on [0,∞). So, the class G of the

arbitrary frailty distributions is given by

G = {G(ϵ) : ϵ > 0}.

The conditional survival function of kth individual, given the shared frailty ϵ, is

S(k)(tk; ξ
(k)|ϵ) = exp

[
− ϵ

Lk∑
j=1

H
(k)
0j (tk; ξ

(k))

]
= exp

[
− ϵH

(k)
0 (tk; ξ

(k))

]
,

where H
(k)
0 (tk; ξ

(k)) =
Lk∑
j=1

H
(k)
0j (tk; ξ

(k)), for all tk > 0 and k = 1, 2. Also, the condi-

tional jth sub-distribution function of kth individual, given ϵ, is

F
(k)
j (tk; ξ

(k)|ϵ) =
tk∫
0

ϵh
(k)
0j (uk; ξ

(k)
j ) exp

[
− ϵH

(k)
0 (uk; ξ

(k))
]
duk

=

tk∫
0

ϵa(γ
(k)
j , α

(k)
j )u

γ
(k)
j −1

k b(uk; γ
(k)
j , α

(k)
j ) exp

[
− ϵH

(k)
0 (uk; ξ

(k))
]
duk,

using (3.2), for all tk > 0, j = 1, · · · , Lk and k = 1, 2. Following (4.2), the uncondi-

tional joint sub-distribution function Fj1j2(t1, t2; ξ, G) is given by

∞∫
0

t1∫
0

t2∫
0

ϵ2
2∏

k=1

(
a(γ

(k)
jk

, α
(k)
jk
)u

γ
(k)
jk

−1

k b(uk; γ
(k)
jk

, α
(k)
jk
)

)
×exp

[
− ϵ

2∑
k=1

H
(k)
0 (uk; ξ

(k))

]
du2du1dG(ϵ).

Similarly, the unconditional jth sub-distribution function for kth individual is given
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by

F
(k)
j (tk; ξ

(k), G) =

∞∫
0

tk∫
0

ϵa(γ
(k)
j , α

(k)
j )u

γ
(k)
j −1

k b(uk; γ
(k)
j , α

(k)
j )×exp

[
− ϵH

(k)
0 (uk; ξ

(k))

]
dukdG(ϵ),

with the corresponding unconditional sub-density function

f
(k)
j (tk; ξ

(k), G) =

∞∫
0

ϵa(γ
(k)
j , α

(k)
j )t

γ
(k)
j −1

k b(tk; γ
(k)
j , α

(k)
j )×exp

[
− ϵH

(k)
0 (tk; ξ

(k))

]
dG(ϵ).

(4.4)

Definition 4.2. The non-parametric shared frailty model (4.3) for bivariate failure

time data with competing risks with the baseline cause-specific hazards given by (3.2)

is identifiable within Ξ × G if, for some ξ, ξ̃ ∈ Ξ and G, G̃ ∈ G = {G(ϵ) : ϵ > 0},
as defined in the beginning of this subsection, the equality

Fj1j2

(
t1, t2; ξ, G

)
= Fj1j2

(
t1, t2; ξ̃, G̃

)
,

for all tk > 0, jk = 1, · · · , Lk and k = 1, 2, implies ξ = ξ̃ and G(ϵ) = G̃(ϵ) almost

surely.

Theorem 4.1. The non-parametric shared frailty model (4.3) for bivariate failure

time data with competing risks with the baseline cause-specific hazards given by (3.2)

is identifiable within Ξ× G, provided limt→∞ H
(k)
0 (t; ξ(k)) = ∞ for all ξ(k), k = 1, 2,

and E(ϵ) =
∫∞
0

ϵdG(ϵ) = 1.

Proof. From the equality of the joint unconditional sub-distribution functions as in

Definition 4.2, for all tk > 0, jk = 1, · · · , Lk and k = 1, 2, we get equality of

the unconditional sub-distribution functions F
(k)
j (tk; ξ

(k), G) and F
(k)
j (tk; ξ̃

(k), G̃); in

particular, we get equality of the corresponding unconditional sub-density functions

f
(k)
j (tk; ξ

(k), G) and f
(k)
j (tk; ξ̃

(k), G̃). From the expression above in (4.4), we have

∞∫
0

ϵa(γ
(k)
j , α

(k)
j )t

γ
(k)
j −1

k b(tk; γ
(k)
j , α

(k)
j ) exp [−ϵH

(k)
0 (tk; ξ

(k))]dG(ϵ)

=

∞∫
0

ϵa(γ̃
(k)
j , α̃

(k)
j )t

γ̃
(k)
j −1

k b(tk; γ̃
(k)
j , α̃

(k)
j ) exp [−ϵH

(k)
0 (tk; ξ̃

(k))]dG̃(ϵ)

for all tk > 0, j = 1, · · · , Lk and k = 1, 2.
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Following the technique used by Heckman and Singer (1984a) to show identifia-

bility of shape parameters, we rearrange the above equation to write

t
γ
(k)
j −γ̃

(k)
j

k

a(γ
(k)
j , α

(k)
j )b(tk; γ

(k)
j , α

(k)
j )A(tk; ξ

(k), G)

a(γ̃
(k)
j , α̃

(k)
j )b(tk; γ̃

(k)
j , α̃

(k)
j )A(tk; ξ̃

(k), G̃)
= 1, (4.5)

where A(tk; ξ
(k), G) =

∞∫
0

ϵ exp [−ϵH
(k)
0 (tk; ξ

(k))]dG(ϵ), for tk > 0, j = 1, · · · , Lk and

k = 1, 2. Note that, by dominated convergence theorem, we have lim
tk→0+

A(tk; ξ
(k), G) =

∞∫
0

ϵdG(ϵ) = 1 by the assumption of the theorem. Similarly, we have lim
tk→0+

A(tk; ξ̃
(k), G̃) =

∞∫
0

ϵdG̃(ϵ) = 1.

Now, depending on whether γ
(k)
j > γ̃

(k)
j or γ

(k)
j < γ̃

(k)
j , the limit of the left hand

side of (4.5), as tk → 0+, is 0 or ∞, while the same limit of the right hand side of

(4.5) is 1, which is a contradiction. Therefore, we have γ
(k)
j = γ̃

(k)
j , for j = 1, · · · , Lk

and k = 1, 2. Using this equality in (4.5) and re-arranging the terms again, we get

a(γ
(k)
j , α̃

(k)
j )

a(γ
(k)
j , α

(k)
j )

=
b(tk; γ

(k)
j , α

(k)
j )A(tk; ξ

(k), G)

b(tk; γ̃
(k)
j , α̃

(k)
j )A(tk; ξ̃

(k), G̃)
.

Now, as before, letting tk → 0+ in both sides of the above equation, we have

a(γ
(k)
j , α̃

(k)
j )

a(γ
(k)
j , α

(k)
j )

= 1.

Therefore, using the one-to-one property of the function a(·, ·), we get α(k)
j = α̃

(k)
j , for

j =, · · · , Lk and k = 1, 2. Therefore, we now have ξ = ξ̃.

Now, equality of the joint unconditional sub-distribution functions also implies

equality of the unconditional survival functions S(k)(tk; ξ
(k), G) = S(k)(tk; ξ̃

(k), G̃),

with ξ(k) = ξ̃(k), for all tk > 0. Using the expression of the conditional survival

function S(k)(tk; ξ
(k)|ϵ) in the beginning of this subsection, we therefore have

∞∫
0

exp
[
− ϵH

(k)
0 (tk; ξ

(k))
]
dG(ϵ) =

∞∫
0

exp
[
− ϵH

(k)
0 (tk; ξ

(k))
]
dG̃(w),
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for all tk > 0. Since the cumulative baseline hazard functions are monotonically

increasing with H
(k)
0 (0; ξ(k)) = 0 and limt→∞ H

(k)
0 (t; ξ(k)) = ∞, there exists exactly

one time point t∗kn such that H
(k)
0 (t∗kn; ξ

(k)) = n for each n ∈ N, by intermediate value

property. Now, taking limit as tk → t∗kn for each n ∈ N in the above equation, we get

∞∫
0

exp (−nϵ)dG(ϵ) =

∞∫
0

exp (−nϵ)dG̃(ϵ) for each n ∈ N.

From the above equation, it follows that G(ϵ) = G̃(ϵ) almost surely for all ϵ > 0

by the uniqueness theorem regarding Laplace-Stieltjes transformation (See Section

1.10.1). Hence, the identifiability of this model is proved.

4.2.2 Correlated Frailty

Let ϵ(1) > 0 and ϵ(2) > 0 be two correlated frailty variables associated with failure

times of the first and the second individual, respectively, regardless of the causes of

failure. Dependence between the two failure times is modeled through the correlation

between these two frailty variables. The joint distribution function of (ϵ(1), ϵ(2)) is

denoted by G(ϵ(1), ϵ(2)) and defined on [0,∞)× [0,∞), so that the family G is now

G = {G(ϵ(1), ϵ(2)) : ϵ(1) > 0, ϵ(2) > 0}.

Let us denote the marginal distribution of ϵ(k) as G(k)(ϵ(k)), for k = 1, 2, which can

be obtained as G(1)(ϵ(1)) = G(ϵ(1),∞) and G(2)(ϵ(2)) = G(∞, ϵ(2)). Formally, the

non-parametric correlated frailty model is

λ
(k)
j (tk; ξ

(k)
j |ϵ(k)) = h

(k)
0j (tk; ξ

(k)
j )ϵ(k), (4.6)

for tk > 0, j = 1, · · · , Lk and k = 1, 2. As before, the conditional survival function

for the kth individual, given ϵ(k), is

S(k)(tk; ξ
(k)|ϵ(k)) = exp

[
− ϵ(k)H

(k)
0

(
tk; ξ

(k)
)]
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and the conditional jth sub-distribution function of the kth individual, given ϵ(k), is

F
(k)
j (tk; ξ

(k)|ϵ(k)) =
tk∫
0

ϵ(k)a(γ
(k)
j , α

(k)
j )u

γ
(k)
j −1

k b(uk; γ
(k)
j , α

(k)
j ) exp [−ϵ(k)H

(k)
0 (uk; ξ

(k))]duk,

for all tk > 0, j = 1, · · · , Lk and k = 1, 2. Therefore, the unconditional joint sub-

distribution function Fj1j2(t1, t2; ξ, G) is given by

∞∫
0

∞∫
0

t1∫
0

t2∫
0

2∏
k=1

(
ϵ(k)a(γ

(k)
jk

, α
(k)
jk
)u

γ
(k)
jk

−1

k b(uk; γ
(k)
jk

, α
(k)
jk
)

)

× exp

[
−

2∑
k=1

ϵ(k)H
(k)
0 (uk; ξ

(k))

]
du2du1dG(ϵ(1), ϵ(2)),

for all tk > 0, jk = 1, · · · , Lk and k = 1, 2. Similarly, the unconditional jth sub-

distribution function F
(k)
j (tk; ξ

(k), G) of the kth individual is

∞∫
0

tk∫
0

ϵ(k)a(γ
(k)
j , α

(k)
j )u

γ
(k)
j −1

k b(uk; γ
(k)
j , α

(k)
j ) exp [−ϵ(k)H

(k)
0 (uk; ξ

(k))]dukdG
(k)(ϵ(k))

with the corresponding unconditional sub-density function f
(k)
j (tk; ξ

(k), G) given by

∞∫
0

ϵ(k)a(γ
(k)
j , α

(k)
j )t

γ
(k)
j −1

k b(tk; γ
(k)
j , α

(k)
j ) exp [−ϵ(k)H

(k)
0 (tk; ξ

(k))]dG(k)(ϵ(k)),

for all tk > 0, j = 1, · · · , Lk and k = 1, 2.

Definition 4.3. The non-parametric correlated frailty model (4.6) for bivariate fail-

ure time data with competing risks with the baseline cause-specific hazards given by

(3.2) is identifiable within Ξ×G if, for some ξ, ξ̃ ∈ Ξ and G, G̃ ∈ G = {G(ϵ(1), ϵ(2)) :

ϵ(1) > 0, ϵ(2) > 0}, as defined in the beginning of this subsection, the equality

Fj1j2

(
t1, t2; ξ, G

)
= Fj1j2

(
t1, t2; ξ̃, G̃

)
,

for all tk > 0, jk = 1, · · · , Lk and k = 1, 2, implies ξ = ξ̃ andG(ϵ(1), ϵ(2)) = G̃(ϵ(1), ϵ(2))

almost surely.

Theorem 4.2. The non-parametric correlated frailty model (4.6) for bivariate failure

time data with competing risks with the baseline cause-specific hazards given by
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(3.2) is identifiable within Ξ× G, provided limt→∞H
(k)
0 (t; ξ(k)) = ∞ for all ξ(k) and

E(ϵ(k)) =
∫∞
0

ϵ(k)dG(k)(ϵ(k)) = 1, for k = 1, 2.

Proof. As in the previous subsection, equating the unconditional jth sub-density

functions f
(k)
j (tk; ξ

(k), G) and f
(k)
j (tk; ξ̃

(k), G̃), we get

∞∫
0

ϵ(k)a(γ
(k)
j , α

(k)
j )t

γ
(k)
j −1

k b(tk; γ
(k)
j , α

(k)
j ) exp [−ϵ(k)H

(k)
0 (tk; ξ

(k))]dG(k)(ϵ(k))

=

∞∫
0

ϵ(k)a(γ̃
(k)
j , α̃

(k)
j )t

γ̃
(k)
j −1

k b(tk; γ̃
(k)
j , α̃

(k)
j ) exp [−ϵ(k)H

(k)
0 (tk; ξ̃

(k))]dG̃(k)(ϵ(k)),

for all tk > 0, j = 1, · · · , Lk and k = 1, 2. Rearranging the terms as in the previous

subsection, we now have

t
γ
(k)
j −γ̃

(k)
j

k

a(γ
(k)
j , α

(k)
j )b(tk; γ

(k)
j , α

(k)
j )A(tk; ξ

(k), G(k))

a(γ̃
(k)
j , α̃

(k)
j )b(tk; γ̃

(k)
j , α̃

(k)
j )A(tk; ξ̃

(k), G̃(k))
= 1,

for tk > 0, j = 1, · · · , Lk and k = 1, 2. Note that this is the same identity as that

in (4.5) in the previous subsection with G replaced by G(k). Therefore, following the

same arguments as those used in the proof of Theorem 4.1 and using the assumption

of Theorem 4.2, we can prove that ξ = ξ̃.

Now, the equality of the unconditional joint sub-distribution functions implies

equality of the unconditional joint survival functions S(t1, t2; ξ, G) and S(t1, t2; ξ̃, G̃)

with ξ = ξ̃, for all tk > 0 and k = 1, 2. Using the expression of the conditional

survival functions S(k)(tk; ξ
(k)|ϵ(k)), for k = 1, 2, in the beginning of this subsection

and using conditional independence, the above equality of the joint survival functions

gives

∞∫
0

∞∫
0

exp
[
−

2∑
k=1

ϵ(k)H
(k)
0 (tk; ξ

(k))
]
dG(ϵ(1), ϵ(2))

=

∞∫
0

∞∫
0

exp
[
−

2∑
k=1

ϵ(k)H
(k)
0 (tk; ξ

(k))
]
dG̃(ϵ(1), ϵ(2)).

Since the cumulative baseline hazard functions are monotonically increasing with

H
(k)
0 (0; ξ(k)) = 0 and limt→∞ H

(k)
0 (t; ξ(k)) = ∞, there exists exactly one point t∗kn
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such that H
(k)
0 (t∗kn; ξ

(k)) = n, for every n ∈ N and for k = 1, 2, by intermediate value

property. Therefore, taking limit as tk → t∗kn for every n ∈ N and for k = 1, 2 in the

above equation, we get

∞∫
0

∞∫
0

exp [−
2∑

k=1

ϵ(k)n]dG(ϵ(1), ϵ(2)) =

∞∫
0

∞∫
0

exp [−
2∑

k=1

ϵ(k)n]dG̃(ϵ(1), ϵ(2)).

Therefore, it follows from the uniqueness theorem regarding bivariate Laplace-Stieltjes

transformation (See Section 1.10.1) that G(ϵ(1), ϵ(2)) = G̃(ϵ(1), ϵ(2)) almost surely for

ϵ(k) > 0, for k = 1, 2. Hence, the identifiability of this model is proved.

4.2.3 Shared Cause-specific Frailty

Unlike the previous two subsections, we now assume the non-parametric frailty to

depend on the cause of failure, but shared by the two individuals in a pair (See

Ghosh et al., 2024a,b). In this case, we need the set of competing risks to be the

same for both the individuals since the shared frailty is cause-specific. So, we assume

L1 = L2 = L, say. Let ϵj > 0 denote the shared frailty for the jth cause, for

j = 1, · · · , L, and write ϵ = (ϵ1, · · · , ϵL). Dependence between the two individuals is

modeled through the common frailty variables in ϵ. The model is given by

λ
(k)
j (tk; ξ

(k)
j |ϵ) = h

(k)
0j (tk; ξ

(k)
j )ϵj, (4.7)

for tk > 0, j = 1, · · · , L and k = 1, 2. Let us write the joint distribution function of ϵ

as G(ϵ) and the corresponding marginal distribution of ϵj as Gj(ϵj), for j = 1, · · · , L,
which can be obtained from G(ϵ). In contrast with the shared cause-specific Gamma

frailty model of Section 3.2.3, we do not need to assume independence between the

ϵj’s. So, the family of G of frailty distributions is defined as

G = {G(ϵ) : ϵj > 0, j = 1, · · · , L}.

As before, the conditional survival function for the kth individual, given ϵ, is

S(k)(tk; ξ
(k)|ϵ) = exp

[
−

L∑
j=1

ϵjH
(k)
0j

(
tk; ξ

(k)
j

)]
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and the conditional jth sub-distribution function of the kth individual, given ϵ, is

F
(k)
j (tk; ξ

(k)|ϵ) =
tk∫
0

ϵja(γ
(k)
j , α

(k)
j )u

γ
(k)
j −1

k b(uk; γ
(k)
j , α

(k)
j ) exp [−

L∑
j′=1

ϵj′H
(k)
0j′

(
tk; ξ

(k)
j′

)
]duk,

for all tk > 0, j = 1, · · · , L and k = 1, 2. Therefore, the unconditional jth sub-

distribution function F
(k)
j (tk; ξ

(k), G) of the kth individual is

∞∫
0

· · ·
∞∫
0

tk∫
0

ϵja(γ
(k)
j , α

(k)
j )u

γ
(k)
j −1

k b(uk; γ
(k)
j , α

(k)
j ) exp [−

L∑
j′=1

ϵj′H
(k)
0j′

(
uk; ξ

(k)
j′

)
]dukdG(ϵ)

with the corresponding unconditional sub-density function f
(k)
j (tk; ξ

(k), G) given by

∞∫
0

· · ·
∞∫
0

ϵja(γ
(k)
j , α

(k)
j )t

γ
(k)
j −1

k b(tk; γ
(k)
j , α

(k)
j ) exp [−

L∑
j′=1

ϵj′H
(k)
0j′

(
tk; ξ

(k)
j′

)
]dG(ϵ)

for all tk > 0, j = 1, · · · , L and k = 1, 2. Similarly, the unconditional joint sub-

distribution function Fj1j2(t1, t2; ξ, G) is

∞∫
0

· · ·
∞∫
0

t1∫
0

t2∫
0

2∏
k=1

(
ϵjka(γ

(k)
jk

, α
(k)
jk
)u

γ
(k)
jk

−1

k b(uk; γ
(k)
jk

, α
(k)
jk
)

)

× exp

[
−

2∑
k=1

L∑
j=1

ϵjH
(k)
0j (uk; ξ

(k)
j )

]
du2du1dG(ϵ),

and the corresponding unconditional joint sub-density function fj1,j2(t1, t2; ξ, G) is

∞∫
0

· · ·
∞∫
0

2∏
k=1

(
ϵjka(γ

(k)
jk

, α
(k)
jk
)t

γ
(k)
jk

−1

k b(tk; γ
(k)
jk

, α
(k)
jk
)

)
exp

[
−

2∑
k=1

L∑
j=1

ϵjH
(k)
0j (tk; ξ

(k)
j )

]
dG(ϵ),

for tk > 0, jk = 1, · · · , L and k = 1, 2.

Definition 4.4. The non-parametric shared cause-specific frailty model (4.7) for

bivariate failure time data with competing risks with the baseline cause-specific

hazards given by (3.2) is identifiable within Ξ × G if, for some ξ, ξ̃ ∈ Ξ and

G, G̃ ∈ G = {G(ϵ) : ϵj > 0, j = 1, · · · , L}, as defined in the beginning of this
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subsection, the equality

Fj1j2

(
t1, t2; ξ, G

)
= Fj1j2

(
t1, t2; ξ̃, G̃

)
,

for all tk > 0, jk = 1, · · · , L and k = 1, 2, implies ξ = ξ̃ and G(ϵ) = G̃(ϵ) almost

surely.

Theorem 4.3. The non-parametric shared cause-specific frailty model (4.7) for bi-

variate failure time data with competing risks with the baseline cause-specific hazards

given by (3.2) is identifiable within Ξ×G, provided limt→∞H
(k)
0j (t; ξ

(k)
j ) = ∞, for all

ξ
(k)
j , and E(ϵj) =

∫∞
0

ϵjdGj(ϵj) = 1, for j = 1, · · · , L and k = 1, 2.

Proof. As before, equating the unconditional jth sub-density functions f
(k)
j (tk; ξ

(k), G)

and f
(k)
j (tk; ξ̃

(k), G̃), we get

∞∫
0

· · ·
∞∫
0

ϵja(γ
(k)
j , α

(k)
j )t

γ
(k)
j −1

k b(tk; γ
(k)
j , α

(k)
j ) exp [−

L∑
j′=1

ϵj′H
(k)
0j′

(
tk; ξ

(k)
j′

)
]dG(ϵ) =

∞∫
0

· · ·
∞∫
0

ϵja(γ̃
(k)
j , α̃

(k)
j )t

γ̃
(k)
j −1

k b(tk; γ̃
(k)
j , α̃

(k)
j ) exp [−

L∑
j′=1

ϵj′H
(k)
0j′

(
tk; ξ̃

(k)
j′

)
]dG̃(ϵ),

for all tk > 0, j = 1, · · · , L and k = 1, 2. Re-arranging the terms as in the previous

subsection, we now have

t
γ
(k)
j −γ̃

(k)
j

k

a(γ
(k)
j , α

(k)
j )b(tk; γ

(k)
j , α

(k)
j )Bj(tk; ξ

(k), G)

a(γ̃
(k)
j , α̃

(k)
j )b(tk; γ̃

(k)
j , α̃

(k)
j )Bj(tk; ξ̃

(k), G̃)
= 1,

where Bj(tk; ξ
(k), G) =

∞∫
0

· · ·
∞∫
0

ϵj exp [−
∑L

j′=1 ϵj′H
(k)
0j′

(
tk; ξ

(k)
j′

)
]dG(ϵ), for all tk >

0, j = 1, · · · , L and k = 1, 2. Note that this is the same identity as that in (4.5)

in Section 4.2.1 with the univariate G replaced by the L-variate G and A(tk; ξ
(k), G)

replaced by Bj(tk; ξ
(k), G). However, as for A(tk; ξ

(k), G), one can prove, by using

the dominated convergence theorem and the assumption of Theorem 4.3, that

lim
tk→0+

Bj(tk; ξ
(k), G) = lim

tk→0+
Bj(tk; ξ̃

(k), G̃) = 1.

Therefore, following the same arguments as those used in the proof of Theorem 4.1

and using the assumption of Theorem 4.3, we can prove that ξ = ξ̃.

Now, the equality of the unconditional joint sub-distribution functions implies
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equality of the unconditional joint survival functions S(t1, t2; ξ, G) and S(t1, t2; ξ̃, G̃)

with ξ = ξ̃, for all tk > 0 and k = 1, 2. Using the expression of the conditional

survival functions S(k)(tk; ξ
(k)|ϵ), for k = 1, 2, in the beginning of this subsection and

using conditional independence, the above equality of the unconditional joint survival

functions gives

∞∫
0

· · ·
∞∫
0

exp
[
−

L∑
j=1

ϵj

2∑
k=1

H
(k)
0j (tk; ξ

(k)
j )
]
dG(ϵ)

=

∞∫
0

· · ·
∞∫
0

exp
[
−

L∑
j=1

ϵj

2∑
k=1

H
(k)
0j (tk; ξ

(k)
j )
]
dG̃(ϵ).

Now, let {m1n} be a sequence of positive, strictly increasing, real numbers and

bounded above strictly by 1, for n ∈ N. Since the cumulative baseline cause-

specific hazard functions are monotonically increasing with H
(k)
0j (0; ξ

(k)
j ) = 0 and

limt→∞ H
(k)
0j (t; ξ

(k)
j ) = ∞, for all ξ

(k)
j and for j = 1, · · · , L, there exists exactly one

point t∗kn such that H
(k)
01 (t

∗
kn; ξ

(k)
1 ) = m1n, for every n ∈ N and for k = 1, 2, by inter-

mediate value property. So, we can write t∗kn = H
−(k)
01 (m1n; ξ

(k)
1 ), where H

−(k)
01 (·; ξ(k)1 )

denotes the inverse function of H
(k)
01 (·; ξ

(k)
1 ), for k = 1, 2, which exist by the definition

in (3.2). Let us define, for j = 2, · · · , L and for every n ∈ N,

mjn =
2∑

k=1

H
(k)
0j (t

∗
kn; ξ

(k)
j ) =

2∑
k=1

H
(k)
0j (H

−(k)
01 (m1n; ξ

(k)
1 ); ξ

(k)
j ).

These mjn’s, for fixed j, are clearly a sequence of positive and strictly increasing real

numbers. Also, since m1n < 1 for every n ∈ N, we have

mjn <
2∑

k=1

H
(k)
0j (H

−(k)
01 (1; ξ

(k)
1 ); ξ

(k)
j ) = cj, say,

for j = 2, · · · , L and for every n ∈ N. Therefore, we have

∞∑
n=1

1

mjn

= ∞,

for j = 1, · · · , L. Then, taking limit as tk → t∗kn for every n ∈ N and for k = 1, 2 in
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the above equality of the joint survival functions, we get

∞∫
0

· · ·
∞∫
0

exp
[
−

L∑
j=1

ϵjmjn

]
dG(ϵ) =

∞∫
0

· · ·
∞∫
0

exp
[
−

L∑
j=1

ϵjmjn

]
dG̃(ϵ),

for every n ∈ N. Hence G(ϵ) = G̃(ϵ) almost surely for ϵ > 0, by the uniqueness

theorem regarding multivariate Laplace-Stieltjes transformation (See Section 1.10.1).

Therefore, the identifiability of this model is proved.

4.2.4 Correlated Cause-specific Frailty

This is a further generalization of the frailty models we considered in the previous

three subsections. As in Section 4.2.2, we have two correlated frailty variables for

the two individuals; however, as in Section 4.2.3, these two frailties depend on the

specific cause of failure. That is, for each cause, say the jth, there is a pair of frailty

variables ϵj = (ϵ
(1)
j , ϵ

(2)
j ) for the two individuals which are correlated as in Section

4.2.2. In this case also, we need the set of competing risks to be the same for both

the individuals since the pair of frailties is cause-specific. So, we have L1 = L2 = L.

Let us write ϵ(k) = (ϵ
(k)
1 , · · · , ϵ(k)L ) denoting the frailties for the kth individual, for

k = 1, 2. Dependence between the two individuals is modeled through the pairs ϵj ’s

for j = 1, · · · , L. Formally, the model is given by

λ
(k)
j (tk; ξ

(k)
j |ϵ(k)) = h

(k)
0j (tk; ξ

(k)
j )ϵ

(k)
j , (4.8)

for tk > 0, j = 1, · · · , L and k = 1, 2. Let us write the joint distribution function

of ϵ = (ϵ(1), ϵ(2)) as G(ϵ) and the corresponding marginal distribution of the frailty

vector ϵ(k) as G(k)(ϵ(k)), for k = 1, 2, which can be obtained from G(ϵ). For that

matter, let G
(k)
j (ϵ

(k)
j ) denote the marginal distribution of the frailty variable ϵ

(k)
j , for

all j and k. Here also, we do not need to assume independence between the ϵ
(k)
j ’s for

different j and k. So, the family of G of frailty distributions is defined as

G = {G(ϵ) : ϵ
(k)
j > 0, j = 1, · · · , L, k = 1, 2}.

The conditional survival function for the kth individual, given the frailty vector
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ϵ(k), is

S(k)(tk; ξ
(k)|ϵ(k)) = exp

[
−

L∑
j=1

ϵ
(k)
j H

(k)
0j

(
tk; ξ

(k)
j

)]

and the conditional jth sub-distribution function of the kth individual, given ϵ(k), is

F
(k)
j (tk; ξ

(k)|ϵ(k)) =
tk∫
0

ϵ
(k)
j a(γ

(k)
j , α

(k)
j )u

γ
(k)
j −1

k b(uk; γ
(k)
j , α

(k)
j ) exp [−

L∑
j′=1

ϵ
(k)
j′ H

(k)
0j′

(
tk; ξ

(k)
j′

)
]duk,

for all tk > 0, j = 1, · · · , L and k = 1, 2. Therefore, the unconditional jth sub-

distribution function F
(k)
j (tk; ξ

(k), G) of the kth individual is

∞∫
0

· · ·
∞∫
0

tk∫
0

ϵ
(k)
j a(γ

(k)
j , α

(k)
j )u

γ
(k)
j −1

k b(uk; γ
(k)
j , α

(k)
j ) exp [−

L∑
j′=1

ϵ
(k)
j′ H

(k)
0j′

(
uk; ξ

(k)
j′

)
]dukdG

(k)(ϵ(k))

with the corresponding unconditional sub-density function f
(k)
j (tk; ξ

(k), G) given by

∞∫
0

· · ·
∞∫
0

ϵ
(k)
j a(γ

(k)
j , α

(k)
j )t

γ
(k)
j −1

k b(tk; γ
(k)
j , α

(k)
j ) exp [−

L∑
j′=1

ϵ
(k)
j′ H

(k)
0j′

(
tk; ξ

(k)
j′

)
]dG(k)(ϵ(k)),

for all tk > 0, j = 1, · · · , L and k = 1, 2. Similarly, the unconditional joint sub-

distribution function Fj1j2(t1, t2; ξ, G) is

∞∫
0

· · ·
∞∫
0

t1∫
0

t2∫
0

2∏
k=1

(
ϵ
(k)
jk
a(γ

(k)
jk

, α
(k)
jk
)u

γ
(k)
jk

−1

k b(uk; γ
(k)
jk

, α
(k)
jk
)

)

× exp

[
−

2∑
k=1

L∑
j=1

ϵ
(k)
j H

(k)
0j (uk; ξ

(k)
j )

]
du2du1dG(ϵ),

and the corresponding unconditional joint sub-density function fj1j2(t1, t2; ξ, G) is

∞∫
0

· · ·
∞∫
0

2∏
k=1

(
ϵ
(k)
jk
a(γ

(k)
jk

, α
(k)
jk
)t

γ
(k)
jk

−1

k b(tk; γ
(k)
jk

, α
(k)
jk
)

)
exp

[
−

2∑
k=1

L∑
j=1

ϵ
(k)
j H

(k)
0j (tk; ξ

(k)
j )

]
dG(ϵ),

for tk > 0, jk = 1, · · · , L and k = 1, 2.

Definition 4.5. The non-parametric correlated cause-specific frailty model (4.8)

for bivariate failure time data with competing risks with the baseline cause-specific

hazards given by (3.2) is identifiable within Ξ × G if, for some ξ, ξ̃ ∈ Ξ and
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G, G̃ ∈ G = {G(ϵ) : ϵ
(k)
j > 0, j = 1, · · · , L, k = 1, 2}, as defined in the beginning of

this subsection, the equality

Fj1j2

(
t1, t2; ξ, G

)
= Fj1j2

(
t1, t2; ξ̃, G̃

)
,

for all tk > 0, jk = 1, · · · , L and k = 1, 2, implies ξ = ξ̃ and G(ϵ) = G̃(ϵ) almost

surely.

Theorem 4.4. The non-parametric correlated cause-specific frailty model (4.8) for

bivariate failure time data with competing risks with the baseline cause-specific haz-

ards given by (3.2) is identifiable within Ξ × G, provided limt→∞H
(k)
0j (t; ξ

(k)
j ) = ∞,

for all ξ
(k)
j , and E(ϵ(k)j ) =

∫∞
0

ϵ
(k)
j dG

(k)
j (ϵ

(k)
j ) = 1, for j = 1, · · · , L and k = 1, 2.

Proof. As in the previous sections, equating the unconditional jth sub-density func-

tions f
(k)
j (tk; ξ

(k), G) and f
(k)
j (tk; ξ̃

(k), G̃), we get

∞∫
0

· · ·
∞∫
0

ϵ
(k)
j a(γ

(k)
j , α

(k)
j )t

γ
(k)
j −1

k b(tk; γ
(k)
j , α

(k)
j ) exp [−

L∑
j′=1

ϵ
(k)
j′ H

(k)
0j′

(
tk; ξ

(k)
j′

)
]dG(k)(ϵ(k))

=

∞∫
0

· · ·
∞∫
0

ϵ
(k)
j a(γ̃

(k)
j , α̃

(k)
j )t

γ̃
(k)
j −1

k b(tk; γ̃
(k)
j , α̃

(k)
j ) exp [−

L∑
j′=1

ϵ
(k)
j′ H

(k)
0j′

(
tk; ξ̃

(k)
j′

)
]dG̃(k)(ϵ(k)),

for all tk > 0, j = 1, · · · , L and k = 1, 2. Rearranging the terms as in the previous

subsection, we can write

t
γ
(k)
j −γ̃

(k)
j

k

a(γ
(k)
j , α

(k)
j )b(tk; γ

(k)
j , α

(k)
j )Cjk(tk; ξ

(k), G(k))

a(γ̃
(k)
j , α̃

(k)
j )b(tk; γ̃

(k)
j , α̃

(k)
j )Cjk(tk; ξ̃

(k), G̃(k))
= 1,

where Cjk(tk; ξ
(k), G(k)) =

∞∫
0

· · ·
∞∫
0

ϵ
(k)
j exp [−

∑L
j′=1 ϵ

(k)
j′ H

(k)
0j′

(
tk; ξ

(k)
j′

)
]dG(k)(ϵ(k)), for

all tk > 0, j = 1, · · · , L and k = 1, 2. This is again the same identity as that in (4.5)

in Section 4.2.1 with the univariate G replaced by the L-variate G(k) and A(tk; ξ
(k), G)

replaced by Cjk(tk; ξ
(k), G(k)). However, as for A(tk; ξ

(k), G), one can prove, by using

the dominated convergence theorem and the assumption of Theorem 4.5, that

lim
tk→0+

Cjk(tk; ξ
(k), G(k)) = lim

tk→0+
Cjk(tk; ξ̃

(k), G̃(k)) = 1.

Therefore, following the same arguments as those used in the proof of Theorem 4.1

and using the assumption of Theorem 4.5, we can prove that ξ = ξ̃.
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Equality of the unconditional joint sub-distribution functions implies equality of

the unconditional joint survival functions S(t1, t2; ξ, G) and S(t1, t2; ξ̃, G̃) with ξ =

ξ̃, for all tk > 0 and k = 1, 2. Using the expression of the conditional survival

functions S(k)(tk; ξ
(k)|ϵ(k)), for k = 1, 2, in the beginning of this subsection and using

conditional independence, the above equality of the joint survival functions gives

∞∫
0

· · ·
∞∫
0

exp
[
−

L∑
j=1

2∑
k=1

ϵ
(k)
j H

(k)
0j (tk; ξ

(k)
j )
]
dG(ϵ)

=

∞∫
0

· · ·
∞∫
0

exp
[
−

L∑
j=1

2∑
k=1

ϵ
(k)
j H

(k)
0j (tk; ξ

(k)
j )
]
dG̃(ϵ).

As in the previous subsection, let {m(k)
1n } be a sequence of positive, strictly increas-

ing, real numbers and bounded above strictly by 1, for k = 1, 2 and n ∈ N. Since the
cumulative baseline cause-specific hazard functions are monotonically increasing with

H
(k)
0j (0; ξ

(k)
j ) = 0 and limt→∞H

(k)
0j (t; ξ

(k)
j ) = ∞, for j = 1, · · · , L, there exists exactly

one point t∗kn such that H
(k)
01 (t

∗
kn; ξ

(k)
1 ) = m

(k)
1n , for every n ∈ N and for k = 1, 2, by

intermediate value property. For k = 1, 2, let us define

m
(k)
jn = H

(k)
0j (t

∗
kn; ξ

(k)
j ) = H

(k)
0j (H

−(k)
01 (m

(k)
1n ; ξ

(k)
1 ); ξ

(k)
j ),

for j = 2, · · · , L and n ∈ N. These m(k)
jn ’s, for fixed j and k, are clearly a sequence of

positive and strictly increasing real numbers. Also, since m
(k)
1n < 1 for every n ∈ N,

we have

m
(k)
jn < H

(k)
0j (H

−(k)
01 (1; ξ

(k)
1 ); ξ

(k)
j ) = d

(k)
j , say,

for j = 2, · · · , L and for every n ∈ N. Therefore, we have

∞∑
n=1

1

m
(k)
jn

= ∞,

for j = 1, · · · , L and k = 1, 2. Then, taking limit as tk → t∗kn for every n ∈ N and for

k = 1, 2 in the above equality of the joint survival functions, we get

∞∫
0

· · ·
∞∫
0

exp
[
−

L∑
j=1

2∑
k=1

ϵ
(k)
j m

(k)
jn

]
dG(ϵ) =

∞∫
0

· · ·
∞∫
0

exp
[
−

L∑
j=1

2∑
k=1

ϵ
(k)
j m

(k)
jn

]
dG̃(ϵ),

for every n ∈ N. Hence G(ϵ) = G̃(ϵ) almost surely for ϵ > 0, by the uniqueness
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theorem regarding multivariate Laplace-Stieltjes transformation (See Section 1.10.1).

Therefore, the identifiability of this model is proved.

4.3 Method of Estimation

In this section, we propose a method of estimating the parameter vector ξ associated

with the parametric baseline cause-specific hazard functions and the non-parametric

frailty distribution G by means of maximizing the corresponding likelihood function.

From the construction of the likelihood function for bivariate current status data

with competing risks in Section 2.6 (and also in Chapter 3), it is evident that each

likelihood contribution arises from the density of a mixture distribution in which the

frailty distribution G plays the role of the mixing distribution. Therefore, we utilize

the technique of estimating mixture distribution G, as described in Section 1.10.3.

In this context of semi-parametric modeling, in particular, we need to estimate

both ξ and G. Following Wang (2010) (See also Lindsay and Lesperance, 1995), we

estimate G for given ξ and then estimate ξ for given G alternatively to increase the

overall likelihood at each iteration. In order to keep the description of the estimation

method simple, we consider only the shared frailty model in the following discussion.

Some indication of how to extend the methodology to other three more general frailty

models is given in Section 4.8.

Recall from Section 2.2 that the observed data is of the form (X1, X2, J1, J2). The

observed data for the ith pair is denoted by (xi1, xi2, ji1, ji2) for i = 1, · · · , n. The

parameter vector that is needed to be estimated is η = {ξ, G}, where ξ ∈ Ξ and G

is the distribution function of the shared frailty variable ϵ belonging to G = {G(ϵ) :

ϵ > 0,
∫∞
0

ϵdG(ϵ) = 1}, in view of the identifiability result in 4.2.1. Following the

likelihood construction in Section 2.6, we can write the likelihood function in this

setup as

L(ξ, G) ∝
n∏

i=1

f ∗(xi1, xi2, ji1, ji2; ξ, G),

where each likelihood contribution can be written as

f ∗(xi1, xi2, ji1, ji2; ξ, G) =

∫ ∞

0

f ∗(xi1, xi2, ji1, ji2; ξ|ϵ)dG(ϵ),

for i = 1, · · · , n. The expressions for these integrands f ∗(xi1, xi2, ji1, ji2; ξ|ϵ), the

conditional likelihood contributions given the frailty variable ϵ, can be easily obtained
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from the individual contributions worked out in Section 2.6 (See also Section 4.2.1).

For example, with jk = 1, · · · , Lk and k = 1, 2, we have

f ∗(x1, x2, j1, j2; ξ|ϵ) ∝ Fj1j2(x1, x2; ξ|ϵ),

for a typical observation (x1, x2, j1, j2). This brings us to the semi-parametric mixture

framework of Lindsay and Lesperance (1995) and Wang (2010) to estimate ξ and G

alternatively.

Note that the log-likelihood function is

ℓ(ξ, G) ∝
n∑

i=1

log [f ∗(xi1, xi2, ji1, ji2; ξ, G)] .

We need to find the semi-parametric maximum likelihood estimator (ξ̂, Ĝ) of (ξ, G)

which maximizes this log-likelihood function ℓ(ξ, G). From Section 1.10.3, for every

fixed ξ, the non-parametric MLE of the mixing distributionG is a discrete distribution

with number of mass points not exceeding the number of distinct observations in the

observed data. For such a G, let us suppose that there are K mass points θ1, · · · , θK
with masses π1, · · · , πK , respectively, where θ = (θ1, · · · , θK) and π = (π1, · · · , πK)

and also the dimension K(≤ n) are all unknown and to be estimated. Then, we can

write the density f ∗(x1, x2, j1, j2; ξ, G) for a typical observation (x1, x2, j1, j2) as

f ∗(x1, x2, j1, j2; ξ, G) =
K∑
k=1

f ∗(x1, x2, j1, j2; ξ|ϵ = θk)πk,

and the log-likelihood function can be written as

ℓ(ξ, G) ∝
n∑

i=1

log

[
K∑
k=1

f ∗(x1i, x2i, j1i, j2i; ξ|ϵ = θk)πk

]
.

This log-likelihood may now be written as ℓ(ξ,θ,π) to reflect the explicit dependence

on the parameter vector η = (ξ,θ,π), including the dimension K. The individual

conditional likelihood contributions f ∗(x1i, x2i, j1i, j2i; ξ|ϵ = θk), given ϵ = θk, worked

out from Section 2.6 and 4.2.1.

For a fixed ξ, we use a slight modification of the fast algorithm proposed by Wang

(2007) based on directional derivative for the computation of the non-parametric MLE

of G, or (θ,π) including K. For this purpose, we consider two distribution functions

G = (θ,π) and δθ, where δθ is the degenerate distribution function having mass 1 at
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point θ, θ > 0. The directional derivative of G in the direction of δθ (also called the

gradient function) is defined as

d(δθ, G, ξ) =
∂ℓ{ξ, (1− ω)G+ ωδθ}

∂ω
|ω=0 =

n∑
i=1

[
f ∗(x1i, x2i, j1i, j2i; ξ|ϵ = θ)

K∑
k=1

f ∗(x1i, x2i, j1i, j2i; ξ|ϵ = θ)πk

−1

]
.

Characterization of semi-parametric MLE (Wang, 2010): If the log-likelihood

function ℓ(ξ, G) is bounded for all ξ ∈ Ξ and G ∈ G, then a semi-parametric MLE

(ξ̂, Ĝ) must satisfy the following conditions:

∂ℓ(ξ, Ĝ)

∂ξ
|ξ=ξ̂ = 0, and (4.9)

sup
θ∈R+

d(δθ, Ĝ, ξ̂) = 0. (4.10)

In order to describe the algorithm to non-parametrically estimate G, or (θ,π) includ-

ing K, for fixed ξ, let us write

si(ξ,θ,π) =

∂ log
{ K∑

k=1

f ∗(x1i, x2i, j1i, j2i; ξ|ϵ = θk)πk

}
∂π

=

(
f ∗(x1i, x2i, j1i, j2i; ξ|ϵ = θ1)

K∑
k=1

f ∗(x1i, x2i, j1i, j2i; ξ|ϵ = θk)πk

, · · · , f ∗(x1i, x2i, j1i, j2i; ξ|ϵ = θK)
K∑
k=1

f ∗(x1i, x2i, j1i, j2i; ξ|ϵ = θk)πk

)
,

for i = 1, · · · , n. Let us denote

ST = ST (ξ,θ,π) =
(
s1(ξ,θ,π), · · · , sn(ξ,θ,π)

)
Therefore, the score vector corresponding to the parameter vector π is

∂ℓ(ξ,θ,π)

∂π
=

n∑
i=1

si(ξ,θ,π) = ST1,

where 1 = (1, · · · , 1), a vector of 1’s. It can be shown that

∂2ℓ

∂π∂πT
= −STS

Following Atwood (1976), we approximate ℓ by Taylor series expansion with respect
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to π up to the quadratic term to get

ℓ(ξ,θ,π′) ≈ ℓ(ξ,θ,π) +
( ∂ℓ

∂π′ |π′=π

)T
(π′ − π) + 1

2
(π′ − π)T ∂2ℓ

∂π′∂π′T |π′=π(π
′ − π)

= ℓ(ξ,θ,π) + 1TS(π′ − π)− 1

2
(π′ − π)TSTS(π′ − π)

Therefore, writing Q(π′|π,θ, ξ) = ℓ(ξ,θ,π)− ℓ(ξ,θ,π′), we have

Q(π′|π,θ, ξ) ≈ −1TS(π′ − π) + 1

2
(π′ − π)TSTS(π′ − π).

Let us write ψ = π′ − π. Then,

Q(π′|π,θ, ξ) ≈ −1TSψ +
1

2
ψTSTSψ

=
1

2
(Sψ)TSψ − 1TSψ

=
1

2

[{
Sψ − 1+ 1

}T{
Sψ − 1+ 1

}]
− 1TSψ

=
1

2

[(
Sψ − 1

)T(
Sψ − 1

)
+
(
Sψ − 1

)T
1+ 1T

(
Sψ − 1

)
+ 1T1

]
− 1TSψ

=
1

2
||Sψ − 1||2 − n

2

=
1

2
||S(π′ − π)− 1||2 − n

2

It can be shown that Sπ = 1. Substituting this in the above equation, we get

Q(π′|π,θ, ξ) = 1

2
||Sπ′ − 2||2 − n

2
.

For a fixed ξ and given θ, in order to obtain the next update π′ of π, we need to

minimize Q(π′|π,θ, ξ), or ||Sπ′−2||2, with respect to π′ subject to three constraints,

namely, (i) πk ≥ 0, for all k = 1, · · · , K, (ii)
∑K

k=1 πk = 1 and (iii)
∑K

k=1 θkπk = 1.

In the following, we propose a modification of the Algorithm 2 (CNM-AP) of Wang

(2010) to compute the semi-parametric MLE, which applies the idea of the Algorithm

1 (CN10) of Wang (2007) to non-parametrically estimate G for a fixed ξ by adding

one additional mass point for G at each iteration of the algorithm. For this reason,

we name the modified algorithm as ‘CN10-AP’, where ‘AP’ stands for ‘alternating

the parameters’ ξ and (θ,π) for estimation in the algorithm.

Algorithm (CN1O-AP)
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Set j = 0. We start with an initial estimate (ξ0, G0) = (ξ0,θ0,π0) such that

ℓ(θ0,π0, ξ0) > −∞

1. Compute θ∗j = supθ∈R+ d(δθ;Gj, ξj), where Gj = (θj,πj). If d(δθ∗j ;Gj, ξj) = 0,

stop.

2. Set θ+j = (θj, θ
∗
j )

T and π+
j = (πj, 0)

T . Let us denote the optimized solution of

Q(π′|π+
j ,θ

+
j ) by π−

j+1 with the identifiability constraint π+
j

T
θ+j = 1. Define

G−
j+1 = (θ+j ,π

−
j+1).

3. Find ε ∈ [0, 1] which maximizes ℓ(Gj + ε(G−
j+1 −Gj)) with respect to ε.

4. Set Gj+1 = Gj + ε(G−
j+1 −Gj).

5. update ξj to ξj+1 by maximizing ℓ(ξ,θj+1, πj+1) with respect to ξ using a

quasi-Newton method, for example BFGS. Set j = j + 1.

6. Repeat step 1 to 5 until convergence.

4.4 Computational Issues

There are several computational issues related to the CN1O-AP algorithm to find

the semi-parametric MLE discussed in Section 4.3. In step 1, we require to compute

supθ∈R+ d(δθ, Gj, ξj). According to Wang (2007), finding the set of local maxima

of the gradient function d(., Gj, ξj) and appending that to the set of mass points,

instead of only the supremum, makes the algorithm faster. We found it to be more

time-consuming possibly because the gradient function is complicated in our case. It

is numerically difficult to find all local maxima of the gradient function. Therefore,

we only compute the supremum numerically and append it with the set of mass points

at each iteration. In order to find the maximum, the directional derivatives (or, the

gradients) are computed on a set of grid points (say, 100 points) and we compute the

supremum from the gradient values at these grid points.

4.5 Asymptotic Standard Error and Confidence In-

terval

Derivation of asymptotic distribution of the semi-parametric MLE, obtained by the

method of Wang (2010) or the previous section, is difficult and has not been at-

tempted. Even in the context of estimating the mixing distribution non-parametrically
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by the method of Lindsay (1983) or Wang (2007), asymptotic distribution of the corre-

sponding estimator has not been derived. Therefore, there is no result in the literature

on interval estimation of such non-parametric MLE of G, or semi-parametric MLE of

(ξ, G). In particular, asymptotic standard errors of the relevant estimates have also

not been provided. For that matter, even the rates of convergence of the proposed

estimators are not known. See Lindsay and Lesperance (1995) for a discussion on

this.

In view of the above, we resort to the subsampling method of Politis et al. (1999)

(See Section 1.10.4) to estimate the convergence rates of the proposed estimators,

followed by computation of the standard errors and approximate 95% confidence in-

tervals. We first describe the subsampling method to estimate the rate of convergence

of an estimator. Let X1, · · · , Xn be a sample of size n from a distribution character-

ized by a single parameter θ. We consider an estimator θ̂n = f(X1, · · · , Xn) of the

parameter θ and assume that there is some convergence rate τn such that

τn(θ̂n − θ)
D→ Some distribution. (4.11)

There are
(
n
b

)
ways to select a subsample of size b(< n) without replacement from

the sample of size n. Denote a subsample of size b by (X∗
1 , X

∗
2 , · · · , X∗

b ) and the

corresponding estimator of θ based on the subsample by θ∗b = f(X∗
1 , · · · , X∗

b ), the

subsample bootstrap analogue of θ̂n. Then, we have

τb(θ
∗
b − θ)

D→ Some distribution, (4.12)

as b → ∞ where ‘Some’ refers to the same distribution as in (4.11). The assumptions

required for the subsampling method are

b → ∞,
b

n
→ 0, τb → ∞,

τb
τn

→ 0, (4.13)

as n → ∞. It easily follows from the set of assumptions (4.13) that

τb(θ̂n − θ)
D→ 0. (4.14)

Subtracting (4.14) from (4.12), we get

τb(θ
∗
b − θ̂n)

D→ Some distribution, (4.15)
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where ‘Some’ refers to the same asymptotic distribution in (4.11). The above result

is useful in order to estimate the convergence rate and subsampling based confidence

intervals.

Let us write τn = nβ, where we need to estimate the unknown constant β. For

this, subsamples of different sizes (b) are drawn and we observe the distribution of

θ∗b − θ̂n based on subsampling bootstrap method for different sizes (b). Let G∗−1
b (t)

be the tth quantile of the distribution of θ∗b − θ̂n, for a fixed b. Then, we have

G∗−1
b (t) ≈ b−βF−1(t), (4.16)

where F is the CDF of the same asymptotic distribution of nβ(θ̂n − θ), as in (4.11).

The proof of this result (4.16) can be found in Chapter 8 of Politis et al. (1999). For

s < t, using 4.16, we have

G∗−1
b (t)−G∗−1

b (s) ≈ b−β
[
F−1(t)− F−1(s)

]
,

which gives

log
[
G∗−1

b (t)−G∗−1
b (s)

]
≈ −β log b+ log[F−1(t)− F−1(s)]. (4.17)

Now, the problem reduces to estimation of β by means of linear regression. We choose

several subsample sizes bj and several pair of quantiles si < ti , with si < 0.5 < ti, as

suggested by Politis et al. (1999). Then, we write,

yij = log
[
G∗−1

bj
(ti)−G∗−1

bj
(si)
]

and

ci = log[F−1(ti)− F−1(si)].

Averaging over the index i (pair of the quantiles), we have

ȳj ≈ −β log(bj) + c̄,

where ȳj is the mean of yij’s over i and c̄ is the mean of the ci’s. Politis et al. (1999)

recommends regressing ȳj on the log bj, based on different j’s, to estimate β as

β̂ = −cov[ȳ, log b]

var[log b]
.
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At the end of this section, we report the result of this method to estimate the rate of

convergence for our estimators of Section 4.3.

This gives the estimated rate of convergence as τ̂n = nβ̂, or . τ̂b = bβ̂ for the

subsample size b. Hence, for a suitable subsample size b, an approximate standard

error of θ̂n, denoted by SE(θ̂n), is given by

SE(θ̂n) = SE(θ∗b )×
bβ̂

nβ̂
,

where SE(θ∗b ) is the standard error of θ∗b based on subsampling bootstrap method with

subsample size b. We consider this computation of standard error for our estimates

of Section 4.3 in our simulation study in Section 4.6 and real data analysis in Section

4.7.

We estimate the asymptotic distribution function F by its empirical analogue F ∗
b ,

obtained by using the subsampling bootstrap method based on bβ̂(θ∗b − θ̂n), for a

suitable b. Note that, for large enough n,

F−1
(α
2

)
< τn(θ̂n − θ) < F−1

(
1− α

2

)
occurs with probability approximately equal to 1−α, where F−1(α

2
) and F−1(1− α

2
)

are the α
2
th and (1 − α

2
)th quantiles of F. The functional form of F is unknown but

it can be estimated by F ∗
b for large b and n, satisfying 4.13. Therefore,

F ∗
b

(α
2

)
< τn(θ̂n − θ) < F ∗

b

(
1− α

2

)
(4.18)

holds with probability approximately equal to 1− α. Replacing τn by τ̂n in equation

4.18 and then rearranging it suitably, we get

θ̂n − τ̂−1
n F ∗−1

b

(
1− α

2

)
< θ < θ̂n − τ̂−1

n F ∗−1
b

(α
2

)
(4.19)

as the approximate 100(1 − α)% confidence interval of the parameter θ based on

subsampling bootstrap method. These approximate confidence intervals have been

reported in Sections 4.6 and 4.7 for our simulation study and data analysis, respec-

tively.

In the following, we describe the estimation of the convergence rates for the semi-

parametric estimators of ξ and G (See Section 4.3) using the subsampling method,

as discussed in the beginning of this section. In particular, for our shared frailty

model and constant baseline cause-specific hazards with two competing risks for each
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individual, we have four parameters in ξ with h
(k
0j(t) = α

(k)
j , for j, k = 1, 2. We

consider estimating the convergence rates of the corresponding four estimators and

also the same for the three quartiles of the estimated G.

In order to apply the subsampling method for this purpose, we consider simulation

of bivariate current status data with competing risks of the form (X1, X2, J1, J2) from

the above model having constant baseline cause-specific hazards with two competing

risks (α
(1)
1 = 0.8, α

(1)
2 = 1.3, α

(2)
1 = 0.2, α

(2)
2 = 1.1) and exponential monitoring time

distribution with mean 3.9848 for both the individuals. Also, we consider 5 different

sample sizes n = 1000, 2000, 5000, 10000, 20000, and 7 subsample sizes (bj’s) suitably

chosen for each n. Again, we consider 5 pairs (si, ti), namely, (s1, t1) = (0.25, 0.75),

(s2, t2) = (0.4, 0.6), (s3, t3) = (0.3, 0.7), (s4, t4) = (0.35, 0.65), (s5, t5) = (0.32, 0.68).

We estimate β for the convergence rate nβ for each of the four parameter estimates

and the three estimated quartiles of G. We expect and assume that the convergence

rates for the four parameter estimates are the same, and those of the three estimated

quartiles are also the same but may be different from those of the parameter estimates.

We, therefore, take average of the estimated convergence rates of the four parameter

estimates and over the five sample sizes (n) as the estimated common convergence rate

for the estimators of the parametric components of the model. Similarly, we obtain

the estimated common convergence rate for the estimators of the non-parametric

components (three quartiles) of the model.

From our simulation based subsampling method, we find the estimated conver-

gence rate for the parameter estimates as n0.3118, while the same for the estimated

quartiles as n0.2812. This aligns with the finding of Chen (1995) which states that,

while a n
1
2 convergence rate is achievable if the number of components (mass points)

in the mixing distribution G is known, the best possible rate is only n
1
4 if it is unknown

(See Chen, 1995).

4.6 Simulation Studies

In order to investigate finite sample properties of the semi-parametric MLE η̂ =

(ξ̂, Ĝ) = (ξ̂, θ̂, π̂), we consider a simulation study with the similar setup as that in

Section 3.5. We consider the same monitoring time X for both the individuals in a

pair, where X follows an Exponential distribution with mean 1
µ
. We solve the value

of µ from the joint censoring probability P
[
T1 > X, T2 > X;µ

]
= pcen, for a fixed

value of pcen (say, 0.1), as in the Section 3.5.

We take L1 = L2 = 2 and consider constant or Exponential type baseline cause-
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specific hazards; that is, h
(k)
0j (tk) = α

(k)
j , for k = 1, 2 and j = 1, 2, with ξ =

(α
(1)
1 , α

(1)
2 , α

(2)
1 , α

(2)
2 ) = (0.8, 1.3, 0.2, 1.1). We also consider shared Gamma frailty

model with σ = 0.632. We carry out simulation of a sample of size n with each

observation of the form (x, x, j1, j2) following the same method as that in Section 3.5.

This procedure is repeated 1000 times to get 1000 simulated data sets each of the

form {(xi, xi, ji1, ji2); i = 1, · · · , n}.
For each simulated dataset, we calculate the semi-parametric MLE (ξ̂, θ̂, π̂) us-

ing the CN1O-AP algorithm described in Section 4.3. We save the value of ξ̂ and

the three estimated quartiles of G (denoted by ζ̂0.25, ζ̂0.5 and ζ̂0.75, respectively) in

each case. For each estimator, the corresponding bias is estimated by subtracting the

average of 1000 estimates from its true value. The sample standard error (SSE) is

computed by taking the square root of the sample variance of these 1000 estimates.

We also compute the standard error of each estimate in a simulated sample by the

subsampling bootstrap method described in Section 4.5. Averaging these 1000 stan-

dard errors produces the average standard error (ASE). Then, for each parameter, we

obtain the corresponding subsampling bootstrap based approximate 95% confidence

interval and compute the proportion (CP) of times these 1000 confidence intervals

contain the corresponding true value, as an estimate of the corresponding coverage

probability. We carry out this simulation study for n = 500, 1000, 2000.

The results of this simulation study are summarized in Table 4.1. Corresponding

to each parameter, we observe that Bias, SSE, and ASE decrease with the sample size,

as expected. Additionally, the value of SSE and ASE become closer as the sample size

increases, validating the computation of asymptotic standard error by subsampling

bootstrap method. Note that the CP value for each of the four parameter estimates

tends to 0.95 with the increase in sample size. We also observe that the convergence

of the non-parametric MLE (the three estimated quartiles of G) is slower. We have

carried out similar simulation studies for other values of the parameter vectors and

found similar results, which are not reported here.
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Table 4.1: Simulation results for the semi-parametric MLEs under constant baseline
cause-specific hazards and non-parametric shared frailty model with joint censoring
probability pcen = 0.1.

n Properties α̂
(1)
1 α̂

(1)
2 α̂

(2)
1 α̂

(2)
2 ζ̂0.25 ζ̂0.5 ζ̂0.75

Bias 0.0722 0.0930 0.0254 0.0912 0.0619 0.0806 −0.0415
500 SSE 0.1854 0.2926 0.0498 0.2261 0.2637 0.3491 0.4936

ASE 0.2334 0.3645 0.0608 0.2659 0.1965 0.2230 0.3258
CP 0.9300 0.9000 0.9650 0.8600 0.4900 0.3600 0.5300
Bias 0.0554 0.0894 0.0177 0.0816 0.0473 0.0297 −0.0408

1000 SSE 0.1514 0.2382 0.0426 0.1951 0.2454 0.3348 0.4546
ASE 0.1739 0.2660 0.0459 0.2114 0.1757 0.2100 0.3001
CP 0.9500 0.9300 0.9500 0.9300 0.5400 0.3700 0.4700
Bias 0.0342 0.0541 0.0053 0.0412 0.0303 0.0207 −0.0356

2000 SSE 0.1264 0.1815 0.0291 0.1582 0.2159 0.3045 0.3585
ASE 0.1478 0.2265 0.0354 0.1776 0.1651 0.2001 0.2656
CP 0.9600 0.9600 0.9300 0.9100 0.6500 0.5000 0.5500

4.7 Data Analysis

Recall from Section 1.12 that the hearing loss of both the ears of an individual can

occur due to any one of two causes, namely, SNHL and Conductive. For ease of our

use, we label them as 1 and 2, respectively, as in Section 3.6. In this section, we analyze

the hearing loss dataset under the Exponential or constant type baseline cause-specific

hazards with non-parametric shared frailty, That is, we assume h
(k)
0j (t) = α

(k)
j , for

j = 1, 2 and k = 1, 2. We compute the semi-parametric MLEs of the α
(k)
j ’s and the

frailty distribution G using the method of Section 4.3 and calculate the corresponding

asymptotic standard errors (ASE) using the method of Section 4.5. We also report

the approximate 95% confidence intervals (CI) for all the parameters in ξ and also

the three quantiles of G based on the subsampling bootstrap method of Section 4.5.

The results are summarized in Table 4.2. We observe that SNHL is the dominating

cause for both left and right ear. The non-parametric estimate of G has 5 mass points

at 1.62× 10−6, 0.0010, 0.0653, 0.0694, and 3.6915 with corresponding masses 0.3315,

0.0332, 0.3062, 0.0648, and 0.2642. One can verify that the mean of this estimated

G is 1. The three quartiles of this estimated G are presented in Table 4.2. Note that

the lower confidence limits of the first two quartiles, ζ̂0.25 and ζ̂0.50, are obtained as

slightly smaller than zero, so we decided to truncate them at zero.
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Table 4.2: Analysis of the hearing loss data under constant baseline cause-specific
hazards and non-parametric shared frailty model.

Parameter MLE ASE Approx. 95% C.I

α
(1)
1 1.4720 0.3639 [0.6728, 2.1788]

α
(1)
2 0.0981 0.0312 [0.0295, 0.1496]

α
(2)
1 1.4363 0.5890 [0.2700, 2.4052]

α
(2)
2 0.0957 0.0481 [0.0057, 0.1550]

ζ0.25 1.62× 10−6 0.0003 [0, 4.32× 10−5]
ζ0.50 0.0653 0.2654 [0, 0.0761]
ζ0.75 3.6915 1.0291 [3.0145, 5.0983]

4.8 Concluding Remarks

Modeling of bivariate failure time data with competing risks using frailty has been

studied by several authors, for example, see Bandeen-Roche and Liang (2002) and

Gorfine and Hsu (2011). Even though identifiability study of the resulting models is

an essential aspect of statistical inference (See condition 1 in p69 for the asymptotic

results to hold), there is no investigation for such identifiability, as far as we know.

In this work, we have studied this model identifiability with a particular class of

parametric baseline cause-specific hazard functions and four different types of non-

parametric frailty distributions. We have proved identifiability results under fairly

reasonable assumptions.

In Section 4.7, we have assumed Exponential type baseline cause-specific haz-

ards for simplicity. This is a very restrictive modeling assumption since, in practice,

the baseline cause-specific hazards may have different forms depending on time (See

Section 5.5). One common alternative is to try Weibull type baseline cause-specific

hazards, possibly with different shape parameters. It is of interest to study how the

non-parametric estimate of the mixing distribution G changes with such different

models for the baseline cause-specific hazards.

In Chapters 1-3, even till Section 4.2, we have mentioned four types of frailty,

whereas in Section 4.3, while describing the semi-parametric estimation of ξ and G,

we consider only the shared frailty model. This was done for the ease of notation

and some simplicity in explaining the related ideas of estimating the frailty distri-

bution G non-parametrically. The generalization to the other three types of frailty

is, in principle, similar to that for the shared frailty model by viewing the mixing

distribution G as that of the random frailty vector ϵ = (ϵ(1), ϵ(2)), while estimating
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it non-parametrically. Following Lindsay (1983), the method works as long as the

space of all such ϵ is a sigma field of measurable sets containing all the single points

of the form ϵ. This property holds since the concerned space is some manifolds of

R+. Therefore, for a given ξ, the non-parametric estimate of G is a discrete distri-

bution with number of mass points in that space of frailty vectors not exceeding n,

the sample size. These mass points may be denoted as θ1, · · · , θK , with K ≤ n , as

in Section 4.3, and the θk’s belong to that space of frailty vectors.

Although the notation becomes complicated and the coding may be more difficult,

the description of the method follows exactly the same way as in Section 4.3. For

example, for the correlated frailty model, we consider G as the joint distribution

of (ϵ(1), ϵ(2)) defined on R2
+. The non-parametric estimate of G is discrete with at

most n mass points (say, θ1, · · · , θK , with K ≤ n) in that plane. The derivation of

directional derivatives (or, gradients) follows similarly having the same expression as

that in Section 4.3. The rest follows similarly by writing the finite number of θk’s and

the corresponding masses (the πk’s) as vectors θ and π, respectively. There are now

two identifiability constraints for the means of (ϵ(1) and ϵ(2)) being unity which need

to be considered while minimizing the corresponding Q(π′|π,θ, ξ) function.
In this paper, we have only studied the models with a parametric class of baseline

cause-specific hazard functions which includes a number of commonly used popular

hazard functions as special cases. However, there are several other choices (for exam-

ple, Gumbel and generalized F) for baseline cause-specific of hazard functions which

do not belong to this class. The identifiability study of these models is also of inter-

est. Similarly, extension of the present work to multivariate failure time data with

competing risks is of importance. Although the four types of frailty models consid-

ered in this work cover a wide range of dependence structures including heterogeneity

between individuals, one can possibly think of other forms of frailty, for example,

time-dependent frailty. This will certainly mean a much bigger challenge in terms of

notation, proof of identifiability and computation as well.
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Chapter 5

Bivariate Current Status Data
with Competing Risks:
Non-parametric Baseline Hazards
and Parametric Frailty

5.1 Introduction

In view of the development in Chapters 3 and 4, it is now relevant to study mod-

eling and analysis of bivariate current status data with competing risks using non-

parametric baseline cause-specific hazards with parametric frailty models. In particu-

lar, we consider the four different Gamma frailty models, as discussed in the previous

chapters. However, for simplicity, we describe our estimation procedure, and sub-

sequent simulation study and data analysis, using only the shared Gamma frailty

model.

As discussed before, identifiability is an important aspect of model building, espe-

cially in the context of bivariate failure time data with competing risks using frailty

models. To highlight the issue further in this chapter, we give an example of non-

parametric baseline cause-specific hazards and parametric frailty model which is non-

identifiable. Subsequently, we consider non-parametric baseline cause-specific hazards

in general and Gamma frailty to investigate identifiability of the corresponding mod-

els. Then we develop an estimation method for bivariate current status data with

competing risks under the above modeling setup, but with shared Gamma frailty. We

choose Gamma distribution for frailty, as it produces analytically tractable quantities.

In Section 5.2, we develop the frailty model for bivariate failure time data with

competing risks in terms of the joint sub-distribution function. This section also es-
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tablishes the corresponding model identifiability. Section 5.2.1 presents an example of

a non-identifiable model even when the frailty distribution is assumed to be paramet-

ric, while Sections 5.2.2-5.2.5 investigate identifiability of the four different Gamma

frailty models, as discussed. Section 5.3 describes the estimation procedure for the

shared Gamma frailty model, where we approximate the non-parametric baseline

cause-specific hazards using Bernstein polynomials. A limited simulation study using

the shared Gamma frailty model is provided in Section 5.4. The hearing loss data has

been analyzed in Section 5.5 using the proposed non-parametric cause-specific haz-

ards with the shared Gamma frailty model. Section 5.6 ends with some concluding

remarks.

5.2 Modeling and Identifiability

As in Chapters 2-4, we consider the multiplicative frailty model for λ
(k)
j (tk|ϵ(k)), the

conditional cause-specific hazard for failure of the kth individual due to cause j, given

the frailty vector ϵ(k), as given by

λ
(k)
j (tk|ϵ(k)) = h

(k)
0j (tk)ϵ

(k)
j , (5.1)

for tk > 0, j = 1, · · · , Lk and k = 1, 2, where h
(k)
0j (tk) is the jth baseline cause-specific

hazard at time tk for the kth individual. We assume, for each model, the existence of

finite frailty mean.

As in Section 2.2, the marginal survival function of the kth individual, conditional

on the frailty vector ϵ(k), is

S(k)(tk|ϵ(k)) = exp

[
−

Lk∑
j=1

H
(k)
0j (tk)ϵ

(k)
j

]
,

and the jth sub-distribution function of the kth individual, conditional on frailty

vector ϵ(k), is

F
(k)
j (tk|ϵ(k)) =

tk∫
0

h
(k)
0j (uk)ϵ

(k)
j exp

[
−

Lk∑
j′=1

H
(k)
0j′ (uk)ϵ

(k)
j′

]
duk,

for all j = 1, · · · , Lk and k = 1, 2. Also, the joint sub-distribution function Fj1j2(t1, t2)
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under the general model (5.1) is

Fj1j2(t1, t2) =

∞∫
0

· · ·
∞∫
0

[ t1∫
0

t2∫
0

2∏
k=1

(
h
(k)
0jk

(uk)ϵ
(k)
jk

)
exp

(
−

2∑
k=1

Lk∑
j=1

H
(k)
0j (uk)ϵ

(k)
j

)
du2du1

]
× g(ϵ(1), ϵ(2);θ)dϵ(1)dϵ(2), (5.2)

for all jk = 1, · · · , Lk and k = 1, 2, where the non-parametric baseline cause-specific

hazards h
(k)
0j (tk)’s, j = 1, · · · , Lk, belong to the family Hk, for k = 1, 2 (See Section

2.5), and g(ϵ(1), ϵ(2);θ) is the joint density of the random frailty vector (ϵ(1), ϵ(2))

with the associated parameter vector θ ∈ Θ, the frailty parameter space.

In the next subsection, we provide an example of a parametric family of frailty

distributions that leads to non-identifiability of the model (5.1) with non-parametric

baseline cause-specific hazards to demonstrate that parametric frailty does not always

ensure identifiability. The subsequent four subsections consider the four types of

Gamma frailty distributions, since Gamma frailty is commonly used by many authors

for its convenience (Yashin et al., 1995; Iachine, 2004; Duchateau and Janssen, 2008;

Wienke, 2010 etc).

5.2.1 A Non-identifiable Model

To work with a parametric family of frailty distribution, the joint sub-distribution

function Fj1j2(t1, t2) in (5.2) is written as Fj1j2(t1, t2;θ) to indicate the dependence

on the parameter vector θ ∈ Θ.

Definition 5.1. We say that the model Fj1j2(t1, t2;θ) is identifiable within the class

H1 ×H2 ×Θ if, for some h
(k)
0 , h̃

(k)
0 ∈ Hk, for k = 1, 2, and θ, θ̃ ∈ Θ, the equality

Fj1j2(t1, t2;θ) = Fj1j2(t1, t2; θ̃) for all tk > 0, jk = 1, · · · , Lk, k = 1, 2,

implies

h
(k)
0 (x) = h̃

(k)
0 (x) and θ = θ̃ for all x ≥ 0, k = 1, 2.

Let us consider the model

λ
(k)
j (tk|ϵ(k)) = h

(k)
0 (tk)ϵ

(k)
j , (5.3)

for tk > 0, j = 1, · · · , Lk and k = 1, 2, where h
(k)
0 (tk) is the arbitrary jth baseline

cause-specific hazard function for the kth individual, being the same for all j =
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1, · · · , Lk. Therefore, the class Hk now reduces to

Hk =

{
h
(k)
0 (x) : h

(k)
0 (x) ≥ 0,

∫ ∞

0

h
(k)
0 (x)dx = ∞

}
,

for k = 1, 2. Let us define the frailty variable ϵ
(k)
j in the general model (5.1) as

ϵ
(k)
j = aη

(k)
j ,

for j = 1, · · · , Lk, k = 1, 2, where a is a positive random variable, which acts as the

shared frailty between the two individuals in a pair, and η
(k)
j is j-th cause-specific

frailty for the k-th individual. We assume that η(k) = (η
(k)
1 , · · · , η(k)Lk

) ∼ Dir(α(k)),

for k = 1, 2, where Dir(α(k)) denotes a Dirichlet distribution with parameter vector

α(k) = (α
(k)
1 , · · · , α(k)

Lk
), with α

(k)
j > 0, j = 1, 2, · · · , Lk, for k = 1, 2. While we assume

independence between the two frailty vectors η(1) and η(2), these are also assumed to

be independent of the shared frailty a. Also, a is assumed to follow a Gamma( 1
σ2 ,

1
σ2 )

distribution, for some σ > 0, with density given by (3.4) so that E[a] = 1. So, the

parameter space Θ is given by

Θ =
{
θ = (α(1),α(2), σ) : α(k) ∈ RLk

+ , for k = 1, 2, and σ > 0
}
.

The joint frailty density function g(ϵ(1), ϵ(2),θ) can be derived from the above

description. The choice of Dirichlet distribution for cause-specific frailty vector η(k)

facilitates the derivation because we have
Lk∑
j=1

η
(k)
j = 1 almost surely, for k = 1, 2. Also,

the Gamma distribution for the shared frailty variable a makes the computation for

joint sub-distribution function easier.

Note that η
(k)
j marginally follows the Beta

(
α
(k)
j ,

∑
j′ ̸=j

α
(k)
j′

)
distribution. Therefore,

we have

E(η(k)j ) =
α
(k)
j

Lk∑
j′=1

α
(k)
j′

,

for j = 1, · · · , Lk and k = 1, 2. Also, since a is independent of the η
(k)
j ’s and E(a) = 1,

we have E(ϵ(k)j ) = E(η(k)j ). The survival function for the kth individual, conditional
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on frailty variables a,η(k), is given by

S(k)(t|a,η(k)) = exp

[
−

t∫
0

Lk∑
j=1

λ
(k)
j (u|a,η(k))du

]

= exp

[
−

t∫
0

ah
(k)
0 (u)

Lk∑
j=1

η
(k)
j du

]

= exp

[
−

t∫
0

ah
(k)
0 (u)du

]
= exp[−aH

(k)
0 (t)],

where H
(k)
0 (t) =

∫ t

0
h
(k)
0 (u)du, for k = 1, 2. Hence, the jth sub-distribution function

for the kth individual, conditional on the frailty variables a,η(k), is

F
(k)
j (tk|a,η(k)) =

tk∫
0

λ
(k)
j (uk|a,η(k))S(k)(uk|a,η(k))duk

=

tk∫
0

h
(k)
0 (uk)aη

(k)
j exp {−aH

(k)
0 (uk)}duk

= η
(k)
j

aH
(k)
0 (tk)∫
0

e−zdz

= η
(k)
j

(
1− exp {−aH

(k)
0 (tk)}

)
,

for tk > 0, j = 1, · · · , Lk and k = 1, 2. Therefore, the unconditional joint sub-

distribution function Fj1j2(t1, t2;θ) is derived, using conditional independence given

a,η(1) and η(2), as

Fj1j2(t1, t2;θ) = E
[
F

(1)
j1

(t1|a,η(1))F
(2)
j2

(t2|a,η(2))

]
= E

[
η
(1)
j1
η
(2)
j2

(
1− exp

{
− aH

(1)
0 (t1)

})(
1− exp

{
− aH

(2)
0 (t2)

})]
=

[
2∏

k=1

E(η(k)jk
)

]
× E

[
(1− exp

{
− aH

(1)
0 (t1)

}
)(1− exp

{
− aH

(2)
0 (t2)

}
)

]

=

[
2∏

k=1

E(η(k)jk
)

]
×
[
1−

2∑
k=1

E
(
exp

{
− aH

(k)
0 (tk)

})
+ E

(
exp

{
− a

2∑
k=1

H
(k)
0 (tk)

})]
.
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Note that

E
[
exp

[
− aH

(k)
0 (tk)

]]
=

∞∫
0

exp
{
− aH

(k)
0 (tk)

}exp (− a
σ2

)
a

1
σ2−1

σ
2
σ2Γ( 1

σ2 )
da

=
1

σ
2
σ2Γ( 1

σ2 )

∞∫
0

exp
[
− a
(
H

(k)
0 (tk) +

1

σ2

)]
a

1
σ2−1da

=
1

σ
2
σ2Γ( 1

σ2 )
×

Γ( 1
σ2 )(

H
(k)
0 (tk) +

1
σ2

) 1
σ2

=
1(

1 + σ2H
(k)
0 (tk)

) 1
σ2

,

for tk > 0 and k = 1, 2. Hence, we have

Fj1j2(t1, t2;θ) =


2∏

k=1

α
(k)
jk

Lk∑
j=1

α
(k)
j

×
[
1−

2∑
k=1

(
1+σ2H

(k)
0 (tk)

)− 1
σ2

+
(
1+σ2

2∑
k=1

H
(k)
0 (tk)

)− 1
σ2

]
,

for all tk > 0, jk = 1, · · · , Lk and k = 1, 2.

Let us consider

θ̃ = (α̃
(1)
1 , · · · , α̃(1)

L1
, α̃

(2)
1 , · · · , α̃(2)

L2
, σ̃),

where α̃
(k)
j = ckα

(k)
j , for some ck > 0 and j = 1, · · · , Lk, k = 1, 2; also, σ̃ = σ. This

implies
Lk∑
j=1

α̃
(k)
j = ck

Lk∑
j=1

α
(k)
j , for k = 1, 2. We also take h̃

(k)
0 (x) = h

(k)
0 (x), for all x > 0

and k = 1, 2. Then, the joint sub-distribution function F̃j1j2(t1, t2; θ̃) simplifies to

F̃j1j2(t1, t2; θ̃) =


2∏

k=1

α̃
(k)
jk

Lk∑
j=1

α̃
(k)
j

×

[
1−

2∑
k=1

(
1 + σ2H

(k)
0 (tk)

)− 1
σ2

+

(
1 + σ2

2∑
k=1

H
(k)
0 (tk)

)− 1
σ2

]

=


2∏

k=1

α
(k)
jk

Lk∑
j=1

α
(k)
j

×

[
1−

2∑
k=1

(
1 + σ2H

(k)
0 (tk)

)− 1
σ2

+

(
1 + σ2

2∑
k=1

H
(k)
0 (tk)

)− 1
σ2

]

= Fj1j2(t1, t2;θ),
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for all tk > 0 and jk = 1, · · · , Lk and k = 1, 2. Hence, this model (5.3) is non-

identifiable.

5.2.2 Shared Gamma Frailty

In this case, the model (5.1) reduces to

λ
(k)
j (tk|ϵ) = h

(k)
0j (tk)ϵ (5.4)

where ϵ
(k)
j = ϵ is the common shared frailty variable, for j = 1, · · · , Lk and k = 1, 2.

The shared frailty ϵ is assumed to follow a Gamma( 1
σ2 ,

1
σ2 ) distribution with density

given by (3.4), for some σ > 0. Thus, the parameter space is Θ =
{
σ : σ > 0

}
.

Following the same technique as before, the marginal survival function of the kth

individual, conditional on the shared frailty ϵ, is

S(k)(t;h
(k)
0 |ϵ) = exp

[
− ϵ

Lk∑
j=1

H
(k)
0j (t)

]
= exp

[
− ϵH

(k)
0 (t)

]
,

where H
(k)
0 (t) =

∑Lk

j=1H
(k)
0j (t), for k = 1, 2, unlike that in Section 5.2.1. Also, the

marginal sub-distribution function due to cause j for the kth individual, conditional

on the shared frailty ϵ, is

F
(k)
j (tk;h

(k)
0 |ϵ) =

tk∫
0

h
(k)
0j (uk)ϵ exp

{
− ϵH

(k)
0 (uk)

}
duk,

for j = 1, 2, · · · , Lk and k = 1, 2. Therefore, as before, the unconditional joint sub-

distribution function Fj1j2(t1, t2;h
(1)
0 ,h

(2)
0 , σ2) is written as

∞∫
0

[ t1∫
0

t2∫
0

(
2∏

k=1

h
(k)
0jk

(uk)

)
ϵ2 × exp

(
− ϵ

2∑
k=1

H
(k)
0 (uk)

)
du2du1

]
g(ϵ;σ2)dϵ,
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where g(ϵ; σ2) is the density of the Gamma( 1
σ2 ,

1
σ2 ) distribution. This simplifies the

unconditional joint sub-distribution function Fj1j2(t1, t2;h
(1)
0 ,h

(2)
0 , σ2) as

=

∞∫
0

[ t1∫
0

t2∫
0

(
2∏

k=1

h
(k)
0jk

(uk)

)
ϵ2 × exp

(
− ϵ

2∑
k=1

H
(k)
0 (uk)

)
du2du1

]
exp

(
− ϵ

σ2

)
ϵ

1
σ2−1

σ
2
σ2Γ( 1

σ2 )
dϵ

=

t1∫
0

t2∫
0

[ ∞∫
0

1

σ
2
σ2Γ( 1

σ2 )
exp

(
− ϵ
( 2∑

k=1

H
(k)
0 (uk) +

1

σ2

))
ϵ2+

1
σ2−1dϵ

](
2∏

k=1

h
(k)
0jk

(uk)

)
du2du1

=
1

σ
2
σ2Γ( 1

σ2 )

t1∫
0

t2∫
0

(
2∏

k=1

h
(k)
0jk

(uk)

)
Γ(2 + 1

σ2 )(∑2
k=1H

(k)
0 (uk) +

1
σ2

)2+ 1
σ2

du2du1

=
1

σ
2
σ2Γ( 1

σ2 )

t1∫
0

t2∫
0

(1 + 1
σ2 )× 1

σ2 × Γ( 1
σ2 )
(∏2

k=1 h
(k)
0jk

(uk)
)

(∑2
k=1H

(k)
0 (uk) +

1
σ2

)2+ 1
σ2

du2du1

=

t1∫
0

t2∫
0

(1 + σ2)

(
2∏

k=1

h
(k)
0jk

(uk)

)
(
1 + σ2

2∑
k=1

H
(k)
0 (uk)

)2+ 1
σ2

du2du1,

for tk > 0, jk = 1, · · · , Lk and k = 1, 2. Similarly, the unconditional sub-distribution

function is obtained as

F
(k)
j (tk;h

(k)
0 , σ2) =

∞∫
0

[ tk∫
0

h
(k)
0j (uk)ϵ exp

{
−ϵH

(k)
0 (uk)

}
duk

]
exp

(
− ϵ

σ2

)
ϵ

1
σ2−1

σ
2
σ2Γ( 1

σ2 )
dϵ

=

tk∫
0

h
(k)
0j (uk)(

1 + σ2H
(k)
0 (uk)

)1+ 1
σ2

duk, (5.5)

for j = 1, · · · , Lk and k = 1, 2. The general definition of identifiability in Section 2.5

now reduces to the following.

Definition 5.2. The shared Gamma frailty model (5.4) is identifiable within the

family H1 × H2 × Θ if, for some h
(k)
0 , h̃

(k)
0 ∈ Hk, for k = 1, 2, and σ, σ̃ ∈ Θ, the

equality

Fj1j2(t1, t2;h
(1)
0 ,h

(2)
0 , σ2) = Fj1j2(t1, t2; h̃

(1)
0 , h̃

(2)
0 , σ̃2),

for all tk > 0, jk = 1, · · · , Lk and k = 1, 2, implies

h
(k)
0j (x) = h̃

(k)
0j (x) for all x > 0, j = 1, · · · , Lk, k = 1, 2 and σ = σ̃.

Theorem 5.1. The shared Gamma frailty model (5.4) with non-parametric baseline
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cause-specific hazard functions is identifiable within the family H1 ×H2 ×Θ, where

Θ =
{
σ : σ > 0

}
, provided H

(k)
0j (·) is differentiable and its inverse, denoted by

H
−(k)
0j (·), exists for all j = 1, · · · , Lk and k = 1, 2.

Proof. From the equality of the joint of the sub-distribution functions as in Def-

inition 5.2., for all tk > 0, j = 1, · · · , Lk and k = 1, 2, we obtain equality of

the marginal sub-distribution functions F
(k)
j (tk;h

(k)
0 , σ2) and F

(k)
j (tk; h̃

(k)
0 , σ̃2), for all

tk > 0, j = 1, · · · , Lk and k = 1, 2. In particular, we have equality of the correspond-

ing marginal sub-density functions obtained from (5.5), as given by

h
(k)
0j (tk)

[1 + σ2
∑Lk

j′=1 H
(k)
0j′ (tk)]

1+ 1
σ2

=
h̃
(k)
0j (tk)

[1 + σ̃2
∑Lk

j′=1 H̃
(k)
0j′ (tk)]

1+ 1
σ̃2

,

for all tk > 0, j = 1, · · · , Lk and k = 1, 2. This equality can be written as

d
dtk

H
(k)
0j (tk)

d
dtk

H̃
(k)
0j (tk)

=
[1 + σ2

∑Lk

j′=1H
(k)
0j′ (tk)]

1+ 1
σ2

[1 + σ̃2
∑Lk

j′=1 H̃
(k)
0j′ (tk)]

1+ 1
σ̃2

.

Now, writing y = σ2H
(k)
0j (tk) and z = σ̃2H̃

(k)
0j (tk), this equality reduces to

σ̃2

σ2
× dy

dz
=

[1 + σ2
∑Lk

j′(̸=j)=1H
(k)
0j′ (H

−(k)
0j ( y

σ2 )) + y]1+
1
σ2

[1 + σ̃2
∑Lk

j′(̸=j)=1 H̃
(k)
0j′ (H̃

−(k)
0j ( z

σ̃2 )) + z]1+
1
σ̃2

.

This is equivalent to, after integration from 0 to some w > 0,

w∫
0

[1 + σ2
∑Lk

j′(̸=j)=1H
(k)
0j′ (H

−(k)
0j ( y

σ2 )) + y]−1− 1
σ2 dy

w∫
0

[1 + σ̃2
∑Lk

j′(̸=j)=1 H̃
(k)
0j′ (H̃

−(k)
0j ( z

σ̃2 )) + z]−1− 1
σ̃2 dz

=
σ2

σ̃2
.

Now, taking the limit as w → 0+ and using the L’hospital rule, we have

lim
w→0+

[
1 + σ2

∑Lk

j′(̸=j)=1H
(k)
0j′ (H

−(k)
0j ( w

σ2 )) + w

]−1− 1
σ2

lim
w→0+

[
1 + σ̃2

∑Lk

j′(̸=j)=1 H̃
(k)
0j′ (H̃

−(1)
0j ( w

σ̃2 )) + w

]−1− 1
σ̃2

=
σ2

σ̃2
.

Since the composite functions appearing in the above equality are also continuous
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functions, we have

lim
w→0+

H
(k)
0j′ (H

−(k)
0j (

w

σ2
)) = lim

w→0+
H̃

(1)
0j′ (H̃

−(k)
0j (

w

σ̃2
)) = 0,

for j ̸= j′. Hence, we obtain σ2

σ̃2 = 1, or σ = σ̃.

Now, equality of the joint sub-distribution functions also implies the equality of the

marginal survival functions S(k)(tk;h
(k)
0 , σ2) and S(k)(tk; h̃

(k)
0 , σ̃2), for all tk > 0 and

k = 1, 2. This gives, with σ = σ̃,

[
1 + σ2H

(k)
0 (tk)

]− 1
σ2 =

[
1 + σ2H̃

(k)
0 (tk)

]− 1
σ2 ,

for all tk > 0, which implies

H
(k)
0 (tk) = H̃

(k)
0 (tk),

for all tk > 0 and k = 1, 2.

Again, from the equality of the sub-density functions f
(k)
j (tk;h

(k)
0 , σ2) and f

(k)
j (tk; h̃

(k)
0 , σ̃2)

and using σ = σ̃ and H
(k)
0 (tk) = H̃

(k)
0 (tk), for all tk > 0, we obtain

h
(k)
0j (tk)[

1 + σ2H
(k)
0 (tk)

]1+ 1
σ2

=
h̃
(k)
0j (tk)[

1 + σ2H
(k)
0 (tk)

]1+ 1
σ2

.

This implies

h
(k)
0j (tk) = h̃

(k)
0j (tk),

for all tk > 0, j = 1, · · · , Lk and k = 1, 2.

Hence, the shared Gamma frailty model (5.4) is identifiable.

5.2.3 Correlated Gamma Frailty

The correlated frailty model is given by

λ
(k)
j (tk|ϵ(k)) = h

(k)
0j (tk)ϵ

(k), (5.6)

for tk > 0, j = 1, · · · , Lk and k = 1, 2, where ϵ(k) is the frailty variable for the

kth individual and the frailty vector (ϵ(1), ϵ(2)) has a correlated Gamma distribution

(see Yashin et al., 1995; Wienke, 2010), as described in Section 3.2.2. The frailty

parameter space Θ is given by

Θ =
{
θ = (σ1, σ2, ρ) : σ1 > 0, σ2 > 0, 0 < ρ < min (

σ1

σ2

,
σ2

σ1

)
}
.
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As before, the survival function of the kth individual, conditional on the frailty

variable ϵ(k), is given by

S(k)(tk;h
(k)
0 |ϵ(k)) = exp

[
− ϵ(k)H

(k)
0 (tk)

]
= exp

[
−H

(k)
0 (tk)(

µ0

µk

Y0 + Yk)
]
,

for k = 1, 2. Also, the jth sub-distribution function of the kth individual, conditional

on ϵ(k), is

F
(k)
j (tk;h

(k)
0 |ϵ(k)) =

tk∫
0

h
(k)
0j (uk)(

µ0

µk

Y0 + Yk) exp
[
−H

(k)
0 (uk)(

µ0

µk

Y0 + Yk)
]
du,

for j = 1, · · · , Lk and k = 1, 2. Then, Fj1j2(t1, t2;h
(1)
0 ,h

(2)
0 ,θ), the unconditional

joint sub-distribution function, is given by

∞∫
0

∞∫
0

[ t1∫
0

t2∫
0

(
2∏

k=1

h
(k)
0jk

(uk)ϵ
(k)

)
×exp

(
−

2∑
k=1

ϵ(k)H
(k)
0 (uk)

)
du2du1

]
g(ϵ(1), ϵ(2);θ)dϵ(1)dϵ(2),

for all tk > 0, jk = 1, · · · , Lk and k = 1, 2, where g(ϵ(1), ϵ(2);θ) denotes the joint

density of (ϵ(1), ϵ(2)) following a correlated Gamma distribution, as in Section 3.2.2.

From the expression of the jth sub-distribution function of the kth individual,

conditional on ϵ(k), or equivalently Y0 and Yk, we get the corresponding unconditional

jth sub-distribution function, for k = 1, 2, as

F
(k)
j (tk;h

(k)
0 ,θ) =

∞∫
0

∞∫
0

[ tk∫
0

h
(k)
0j (uk)

(
µ0

µk

y0 + yk

)
exp

(
−H

(k)
0 (uk)

(
µ0

µk

y0 + yk

))
duk

]

×
∏
l=0,k

(
µκl
l

Γ(κl)
exp [−µlyl]y

κl−1
l dyl

)

=

tk∫
0

h
(k)
0j (uk)

[
I1(uk) + I2(uk)

]
duk (say),

where

I1(uk) =
µκ0
0

Γ(κ0)

µκk
k

Γ(κk)

µ0

µk

×
∞∫
0

∞∫
0

exp

[
−
(
H

(k)
0 (uk)

µk

+ 1

)∑
l=0,k

µlyl

]
yκ0
0 yκk−1

k dy0dyk

=
κ0

µk

(
H

(k)
0 (uk)

µk

+ 1

)−κ0−1−κk

=
κ0

µk

(
H

(k)
0 (uk)

µk

+ 1

)−µk−1
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and

I2(uk) =

(∏
l=0,k

µκl
l

Γ(κl)

) ∞∫
0

∞∫
0

exp

[
−
(
H

(k)
0 (uk)

µk

+ 1

)∑
l=0,k

µlyl

]
yκ0−1
0 yκk

k dy0dyk

=
κk

µk

(
H

(k)
0 (uk)

µk

+ 1

)−κ0−1−κk

=
κk

µk

(
H

(k)
0 (uk)

µk

+ 1

)−µk−1

,

for all uk > 0. Hence,

F
(k)
j (tk;h

(k)
0 ,θ) =

tk∫
0

h
(k)
0j (uk)

[
κ0 + κk

µk

(
H

(k)
0 (uk)

µk

+ 1

)−µk−1
]
duk

=

tk∫
0

h
(k)
0j (uk)duk

(1 + σ2
kH

(k)
0 (uk))

1+ 1

σ2
k

,

for all tk > 0, j = 1, · · · , Lk and k = 1, 2. Note that this unconditional jth sub-

distribution function F
(k)
j (tk;h

(k)
0 ,θ) has the same form as that in (5.5) for the shared

Gamma frailty model of the previous subsection with σ2
k replacing σ2. Since this

unconditional jth sub-distribution function depends on θ only through σ2
k, we write

this as F
(k)
j (tk;h

(k)
0 , σ2

k).

Definition 5.3. The correlated Gamma frailty model (5.6) is identifiable within the

family H1 ×H2 ×Θ if, for some h
(k)
0 , h̃

(k)
0 ∈ Hk, for k = 1, 2, and θ, θ̃ ∈ Θ, where

θ = (σ1, σ2, ρ), θ̃ = (σ̃1, σ̃2, ρ̃), the equality of the joint sub-distribution functions

Fj1j2(t1, t2;h
(1)
0 ,h

(2)
0 ,θ) = Fj1j2(t1, t2; h̃

(1)
0 , h̃

(2)
0 , θ̃),

for all tk > 0, jk = 1, · · · , Lk and k = 1, 2, implies

h
(k)
0j (x) = h̃

(k)
0j (x) for all x > 0, j = 1, · · · , Lk, σk = σ̃k, for k = 1, 2, and ρ = ρ̃.

Theorem 5.2. The correlated Gamma frailty model (5.6) with non-parametric base-

line cause-specific hazard functions is identifiable within the familyH1×H2×Θ, where

Θ =
{
θ = (σ1, σ2, ρ) : σ1 > 0, σ2 > 0, 0 < ρ ≤ min (σ1

σ2
, σ2

σ1
)
}
, provided H

(k)
0j (·) is

differentiable and its inverse, denoted by H
−(k)
0j (·), exists for all j = 1, · · · , Lk and

k = 1, 2.

Proof. Note that the equality of joint sub-distribution functions, as per Definition

5.3, implies equality of the unconditional jth sub-distribution functions F
(k)
j (tk;h

(k)
0 , σ2

k)
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and F
(k)
j (tk; h̃

(k)
0 , σ̃2

k). Therefore, following the same technique as that used in the

proof of Theorem 5.1 for the shared Gamma frailty model in the previous subsec-

tion, we have

h
(k)
0j (tk) = h̃

(k)
0j (tk) and σk = σ̃k,

for all tk > 0, j = 1, · · · , Lk and k = 1, 2.

Now, the equality of joint sub-distribution functions, as per Definition 5.3, also

implies equality of the unconditional joint survival functions S(t1, t2;h
(1)
0 ,h

(2)
0 ,θ)

and S(t1, t2; h̃
(1)
0 , h̃

(2)
0 , θ̃). Note that the unconditional joint survival function can be

obtained as

S(t1, t2;h
(1)
0 ,h

(2)
0 ,θ) =

∞∫
0

∞∫
0

∞∫
0

exp

[
− µ0y0

(
1 +

2∑
k=1

H
(k)
0 (tk)

µk

)
−

2∑
k=1

µkyk

(
1 +

H
(k)
0 (tk)

µk

)]

×
∏

l=0,1,2

(
µκl
l

Γ(κl)
yκl−1
l dyl

)

=

(
1 +

2∑
k=1

H
(k)
0 (tk)

µk

)−κ0

×
2∏

k=1

(
1 +

H
(k)
0 (tk)

µk

)−κk

=
(
1 +

2∑
k=1

σ2
kH

(k)
0 (tk)

)− ρ
σ1σ2 ×

2∏
k=1

(
1 + σ2

kH
(k)
0 (tk)

)− 1

σ2
k

+ ρ
σ1σ2 ,

for all t1, t2 > 0. Now, using the above expression in the equality of S(t1, t2;h
(1)
0 ,h

(2)
0 ,θ)

and S(t1, t2; h̃
(1)
0 , h̃

(2)
0 , θ̃), along with the already obtained equalities h

(k)
0j (tk) = h̃

(k)
0j (tk),

for all tk > 0, j = 1, 2, · · · , Lk, and σk = σ̃k, for k = 1, 2, we have

(
1 +

2∑
k=1

σ2
kH

(k)
0 (tk)

)− ρ
σ1σ2 ×

2∏
k=1

(
1 + σ2

kH
(k)
0 (tk)

)− 1

σ2
k

+ ρ
σ1σ2

=
(
1 +

2∑
k=1

σ2
kH

(k)
0 (tk)

)− ρ̃
σ1σ2 ×

2∏
k=1

(
1 + σ2

kH
(k)
0 (tk)

)− 1

σ2
k

+ ρ̃
σ1σ2 ,

for all t1, t2 > 0. This implies

[(
σ2
1H

(1)
0 (t1) + 1

)(
σ2
2H

(2)
0 (t2) + 1

)
(
σ2
1H

(1)
0 (t1) + σ2

2H
(2)
0 (t2) + 1

) ] ρ−ρ̃
σ1σ2

= 1,

for all t1, t2 > 0. Hence, ρ = ρ̃.

Therefore, the correlated Gamma frailty model (5.6) is identifiable.
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5.2.4 Shared Cause-specific Gamma Frailty

The shared cause-specific frailty model is given by

λ
(k)
j (tk|ϵ) = h

(k)
0j (tk)ϵj, (5.7)

for all tk > 0, j = 1, · · · , L and k = 1, 2, where ϵj is the shared frailty variable between

the two individuals for failure due to cause j, j = 1, · · · , L, and ϵ = (ϵ1, ϵ2, · · · , ϵL).
Note that, in this case, L1 = L2 = L. We assume that the cause-specific frailty vari-

ables ϵj’s are independent with ϵj following Gamma( 1
σ2
j
, 1
σ2
j
) distribution with σj > 0

having density similar to that in (3.4), so that E(ϵj) = 1, for j = 1, · · · , L. Therefore,
the frailty parameter space Θ is given by

Θ =
{
θ = (σ1, · · · , σL) : σj > 0, j = 1, · · · , L

}
.

. Then, as before, the survival function of the kth individual, conditional on ϵ, is

S(k)(tk;h
(k)
0 |ϵ) = exp

[
−

L∑
j=1

H
(k)
0j (tk)ϵj

]
,

and the jth sub-distribution function of the kth individual, conditional on ϵ, is

F
(k)
j (tk;h

(k)
0 |ϵ) =

tk∫
0

h
(k)
0j (uk)ϵj exp

[
−

L∑
j′=1

H
(k)
0j′ (uk)ϵj′

]
duk,

for all tk > 0, j = 1, · · · , L and k = 1, 2. The unconditional joint sub-distribution

function Fj1j2(t1, t2;h
(1)
0 ,h

(2)
0 ;θ) is given by

∞∫
0

· · ·
∞∫
0

[ t1∫
0

t2∫
0

(
h
(k)
0jk

(uk)ϵjk

)
× exp

(
−

L∑
j=1

ϵj

2∑
k=1

H
(k)
0j (uk)

)
du2du1

]
g(ϵ;θ)dϵ,

for all tk > 0, jk = 1, · · · , L and k = 1, 2, where g(ϵ;θ) denotes the product density of

L independent Gamma densities for ϵ1, · · · , ϵL, as described above. The unconditional

sub-distribution function F
(k)
j (tk;h

(k)
0 ,θ) is given by

=

tk∫
0

h
(k)
0j (uk)

[ ∞∫
0

· · ·
∞∫
0

ϵj exp

(
−

L∑
j′=1

H
(k)
0j′ (uk)ϵj′

) L∏
j′=1

e
−

ϵj′
σ2
j′ ϵ

1

σ2
j′
−1

j′

σ

2

σ2
j′

j′ Γ( 1
σ2
j′
)

dϵj′

]
duk
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=

tk∫
0

h
(k)
0j (uk)

[(
1

σ

2

σ2
j

j Γ( 1
σ2
j
)

∞∫
0

exp

(
− ϵj

(
H

(k)
0j (uk) +

1

σ2
j

))
ϵ

1

σ2
j

j dϵj

)
×

L∏
j′(̸=j)=1

(
1

σ

2

σ2
j′

j′ Γ( 1
σ2
j′
)

∞∫
0

exp

(
− ϵj′

(
H

(k)
0j′ (u) +

1

σ2
j′

))
ϵ

1

σ2
j′
−1

j′ dϵj′

)]
duk

=

tk∫
0

h
(k)
0j (uk)

[(
1

σ

2

σ2
j

j Γ( 1
σ2
j
)

Γ( 1
σ2
j
+ 1)(

H
(k)
0j (uk) +

1
σ2
j

) 1

σ2
j

+1

)
×

L∏
j′(̸=j)=1

(
1

σ

2

σ2
j′

j′ Γ( 1
σ2
j′
)

×
Γ( 1

σ2
j′
)(

H
(k)
0j′ (uk) +

1
σ2
j′

) 1

σ2
j′

)]
duk

=

tk∫
0

h
(k)
0j (uk)

[(
1(

1 + σ2
jH

(k)
0j (uk)

) 1

σ2
j

+1

)
×

L∏
j′(̸=j)=1

(
1(

1 + σ2
j′H

(k)
0j′ (uk)

) 1

σ2
j′

)]
duk

=

tk∫
0

h
(k)
0j (uk)

[
1

1 + σ2
jH

(k)
0j (uk)

×
L∏

j′=1

(
1(

1 + σ2
j′H

(k)
0j′ (uk)

) 1

σ2
j′

)]
duk, (5.8)

for all tk > 0, j = 1, · · · , L and k = 1, 2.

Definition 5.4. The shared cause-specific Gamma frailty model (5.7) is identifiable

within the family H1×H2×Θ if, for some h
(k)
0 , h̃

(k)
0 ∈ Hk, for k = 1, 2, and θ, θ̃ ∈ Θ,

where θ = (σ1, · · · , σL), θ̃ = (σ̃1, · · · , σ̃L), the equality of the joint sub-distribution

functions

Fj1j2(t1, t2;h
(1)
0 ,h

(2)
0 ;θ) = Fj1j2(t1, t2; h̃

(1)
0 , h̃

(2)
0 ; θ̃),

for all tk > 0, jk = 1, · · · , L and k = 1, 2, implies

h
(k)
0j (x) = h̃

(k)
0j (x) for all x > 0, σj = σ̃j, for j = 1, · · · , L and k = 1, 2.

Theorem 5.3. The shared cause-specific Gamma frailty model (5.7) with non-

parametric baseline cause-specific hazard functions is identifiable within the family

H1 ×H2 ×Θ, where Θ =
{
θ = (σ1, · · · , σL) : σ1 > 0, · · · , σL > 0

}
, provided H

(k)
0j (·)

is differentiable and its inverse, denoted by H
−(k)
0j (·), exists for all j = 1, · · · , L and

k = 1, 2.

Proof. As before, the equality of joint sub-distribution functions, as per Definition

5.4, implies equality of the unconditional jth sub-distribution functions F
(k)
j (tk;h

(k)
0 ,θ)
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and F
(k)
j (tk; h̃

(k)
0 , θ̃), as given by (5.8), for all tk > 0, j = 1, · · · , L and k = 1, 2.

Hence, we have equality of the corresponding sub-density functions, as given by

h
(k)
0j (tk)

{
1 + σ2

jH
(k)
0j (tk)

}−1
L∏

j′=1

{
1 + σ2

j′H
(k)
0j′ (tk)

}− 1

σ2
j′

= h̃
(k)
0j (tk)

{
1 + σ̃2

j H̃
(k)
0j (tk)

}−1
L∏

j′=1

{
1 + σ̃2

j′H̃
(k)
0j′ (tk)

}− 1

σ̃2
j′ , (5.9)

for all tk > 0, j = 1, · · · , L and k = 1, 2. This implies

d
dtk

[
1
σ2
j
log(1 + σ2

jH
(k)
0j (tk))

]
d
dtk

[
1
σ̃2
j
log(1 + σ̃2

j H̃
(k)
0j (tk))

] =

{
1 + σ̃2

j H̃
(k)
0j (tk)

}− 1

σ̃2
j

L∏
j′(̸=j)=1

{
1 + σ̃2

j′H̃
(k)
0j′ (tk)

}− 1

σ̃2
j′

{
1 + σ2

jH
(k)
0j (tk)

}− 1

σ2
j

L∏
j′(̸=j)=1

{
1 + σ2

j′H
(k)
0j′ (tk)

}− 1

σ2
j′

,

for all tk > 0, j = 1, · · · , L and k = 1, 2. Let us now write y = log[1 + σ2
jH

(k)
0j (tk)]

and z = log[1 + σ̃2
j H̃

(k)
0j (tk)]. Then, from the above equality, we have

σ̃2
j

σ2
j

× dy

dz
=

e
− z

σ̃2
j

L∏
j′(̸=j)=1

[
1 + σ̃2

j′H̃
(k)
0j′

(
H̃

−(k)
0j

(
ez−1
σ̃2
j

)) ]− 1

σ̃2
j′

e
− y

σ2
j

L∏
j′(̸=j)=1

[
1 + σ2

j′H
(k)
0j′

(
H

−(k)
0j

(
ey−1
σ2
j

)) ]− 1

σ2
j′

.

This is equivalent to, after integrating from 0 to some w > 0,

∫ w

0
e
− y

σ2
j

L∏
j′(̸=j)=1

[
1 + σ2

j′H
(k)
0j′

(
H

−(k)
0j

(
ey−1
σ2
j

)) ]− 1

σ2
j′ dy

∫ w

0
e
− z

σ̃2
j

L∏
j′(̸=j)=1

[
1 + σ̃2

j′H̃
(k)
0j′

(
H̃

−(k)
0j

(
ez−1
σ̃2
j

)) ]− 1

σ̃2
j′ dz

=
σ2
j

σ̃2
j

.

Now, taking limit as w → 0+ and applyling L’opital rule, we get

lim
w→0+

e
− w

σ2
j

L∏
j′(̸=j)=1

[
1 + σ2

j′H
(k)
0j′

(
H

−(k)
0j

(
ew−1
σ2
j

)) ]− 1

σ2
j′

e
− w

σ̃2
j

L∏
j′(̸=j)=1

[
1 + σ̃2

j′H̃
(k)
0j′

(
H̃

−(k)
0j

(
ew−1
σ̃2
j

)) ]− 1

σ̃2
j′

=
σ2
j

σ̃2
j

.

Note that, as in Section 5.2.2, the composite functions appearing in the above equality
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are continuous functions. Hence, for j′ ̸= j,

lim
w→0+

H
(k)
0j′

(
H

−(k)
0j

(ew − 1

σ2
j

))
= lim

w→0+
H̃

(k)
0j′

(
H̃

−(k)
0j

(ew − 1

σ̃2
j

))
= 0.

Hence, since lim
w→0+

e
− w

σ2
j = lim

w→0+
e
− w

σ̃2
j = 1, we get

σ2
j

σ̃2
j
= 1, or σ2

j = σ̃2
j , for j = 1, · · · , L.

Using this equality in (5.9) and then summing over j = 1, · · · , L, we get

(
L∏

j′=1

[
1 + σ2

j′H
(k)
0j′ (tk)

]− 1

σ2
j′

)
×

(
L∑

j=1

h
(k)
0j (tk)

1 + σ2
jH

(k)
0j (tk)

)

=

(
L∏

j′=1

[
1 + σ2

j′H̃
(k)
0j′ (tk)

]− 1

σ2
j′

)
×

(
L∑

j=1

h̃
(k)
0j (tk)

1 + σ2
j H̃

(k)
0j (tk)

)
,

for all tk > 0 and k = 1, 2. Writing

c(tk) = log
L∏

j′=1

[
1 + σ2

j′H
(k)
0j′ (tk)

] 1

σ2
j′ and c̃(tk) = log

L∏
j′=1

[
1 + σ2

j′H̃
(k)
0j′ (tk)

] 1

σ2
j′ ,

the above equality reduces to

e−c(tk)
d

dtk
c(tk) = e−c̃(tk)

d

dtk
c̃(tk),

for all tk > 0. By integrating both sides, we get e−c(tk) = e−c̃(tk), since lim
tk→0+

c(tk) =

lim
tk→0+

c̃(tk) = 0. This implies c(tk) = c̃(tk) for all tk > 0. That is,

L∏
j′=1

[
1 + σ2

j′H
(k)
0j′ (tk)

] 1

σ2
j′ =

L∏
j′=1

[
1 + σ2

j′H̃
(k)
0j′ (tk)

] 1

σ2
j′ .

Using this equality in (5.9) and then integrating, we get

tk∫
0

h
(k)
0j (uk)

[
1 + σ2

jH
(k)
0j (uk)

]−1
duk =

tk∫
0

h̃
(k)
0j (uk)

[
1 + σ2

j H̃
(k)
0j (uk)

]−1
duk.

This gives H
(k)
0j (tk) = H̃

(k)
0j (tk), or h

(k)
0j (tk) = h̃

(k)
0j (tk), for all tk > 0, j = 1, · · · , L and

k = 1, 2. Hence, the theorem is proved.
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5.2.5 Correlated Cause-specific Gamma Frailty

The correlated cause-specific frailty model is given by

λ
(k)
j (tk|ϵ(k)) = h

(k)
0j (tk)ϵ

(k)
j , (5.10)

where ϵ(k) = (ϵ
(k)
1 , · · · , ϵ(k)L ), for all tk > 0, j = 1, · · · , L and k = 1, 2. Here, we also

have L1 = L2 = L. We assume that, while (ϵ
(1)
j , ϵ

(2)
j ) follows a correlated Gamma

frailty distribution for a particular j (See Sections 3.2.2 and 3.2.4 for details), the L

pairs of frailty variables (ϵ
(1)
j , ϵ

(2)
j ), for j = 1, · · · , L, are independent. As in Section

5.2.3, the frailty parameter space for correlated cause-specific Gamma frailty model

is given by

Θ =
{
θ = (σ1j, σ2j, ρj) : σ1j > 0, σ2j > 0, 0 < ρj < min (

σ1j

σ2j

,
σ2j

σ1j

), j = 1, · · · , L
}
.

. The survival function of the kth individual, conditional on the frailty vector ϵ(k), is

S(k)(tk;h
(k)
0 |ϵ(k)) = exp

[
−

L∑
j=1

H
(k)
0j (tk)ϵ

(k)
j

]
,

and the jth sub-distribution function of the kth individual, conditional on frailty

vector ϵ(k), is

F
(k)
j (tk;h

(k)
0 |ϵ(k)) =

tk∫
0

h
(k)
0j (uk)ϵ

(k)
j exp

[
−

L∑
j′=1

H
(k)
0j′ (uk)ϵ

(k)
j′

]
duk,

for all tk > 0, j = 1, · · · , L and k = 1, 2. The unconditional joint sub-distribution

Fj1j2(t1, t2;h
(1)
0 ,h

(2)
0 ,θ) is

∞∫
0

· · ·
∞∫
0

[ t1∫
0

t2∫
0

2∏
k=1

(
ϵ
(k)
jk
h
(k)
0jk

(uk)
)
× exp

(
−

2∑
k=1

L∑
j′=1

H
(k)
0j′ (uk)ϵ

(k)
j′

)
du2du1

]
× g(ϵ(1), ϵ(2);θ)dϵ(1)dϵ(2),

for all tk > 0, jk = 1, · · · , L and k = 1, 2, where g(ϵ(1), ϵ(2);θ) denotes the joint den-

sity of (ϵ(1), ϵ(2)) following correlated cause-specific Gamma distribution, as described

above.

As in Section 5.2.3, from the expression of the jth sub-distribution function of
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the kth individual, conditional on ϵ(k), we get the corresponding unconditional jth

sub-distribution function, for k = 1, 2, as

F
(k)
j (tk;h

(k)
0 ;θ) =

tk∫
0

∞∫
0

∞∫
0

· · ·
∞∫
0

h
(k)
0j (uk)

(
µ0j

µkj

y0j + ykj

)
exp

[
−

L∑
j′=1

H
(k)
0j′ (uk)

(µ0j′

µkj′
y0j′ + ykj′

)]
×

∏
l=0,k

L∏
j′=1

(
µ
κlj′

lj′

Γ(κlj′)
e−µlj′ylj′y

κlj′−1

lj′ dylj′

)
duk

=

tk∫
0

h
(k)
0j (uk)

(
I1j(uk) + I2j(uk)

)
duk (say),

where I1j(uk) is given by(
µ0j

µkj

∏
l=0,k

L∏
j′=1

µ
κlj′

lj′

Γ(κlj′)

) ∞∫
0

· · ·
∞∫
0

exp

[
−

L∑
j′=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)( ∑
l=0,k

ylj′µlj′
)]

× y0j

L∏
j′=1

∏
l=0,k

(
y
κlj′−1

lj′ dylj′
)

=

µ0j

µkj

µ
κ0j

0j

Γ(κ0j)

∞∫
0

exp

[
−
(
1 +

H
(k)
0j (uk)

µkj

)
y0jµ0j

]
y
κ0j

0j dy0j


×

 L∏
j′(̸=j)=1

µ
κ0j′

0j′

Γ(κ0j′)

∞∫
0

exp

[
−
(
1 +

H
(k)
0j′ (uk)

µkj′

)
y0j′µ0j′

]
y
κ0j′−1

0j′ dy0j′


×

 L∏
j′=1

µ
κkj′

kj′

Γ(κkj′)

∞∫
0

exp

[
−
(
1 +

H
(k)
0j′ (uk)

µkj′

)
ykj′µkj′

]
y
κkj′−1

kj′ dykj′


=

(
µ0j

µkj

κ0j

µ0j

(
1 +

H
(k)
0j (uk)

µkj

)−κ0j−1
)

×

 L∏
j′(̸=j)=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−κ0j′


×

(
L∏

j′=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−κkj′

)

=

(
κ0j

µkj

L∏
j′=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−κ0j′−κkj′

)
×
(
1 +

H
(k)
0j (uk)

µkj

)−1

=
κ0j

µkj

(
1 +

H
(k)
0j (uk)

µkj

)−1
L∏

j′=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−µkj′
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and I2j(uk) is given by(∏
l=0,k

L∏
j′=1

µ
κlj′

lj′

Γ(κlj′)

) ∞∫
0

· · ·
∞∫
0

exp

[
−

L∑
j′=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)∑
l=0,k

ylj′µlj′

]
ykj

∏
l=0,k

L∏
j′=1

y
κlj′−1

lj′ dylj′

=

 µ
κkj

kj

Γ(κkj)

∞∫
0

exp

[
−
(
1 +

H
(k)
0j (uk)

µkj

)
ykjµkj

]
y
κkj

kj dykj


×

 L∏
j′(̸=j)=1

µ
κkj′

kj′

Γ(κkj′)

∞∫
0

exp

[
−
(
1 +

H
(k)
0j′ (uk)

µkj′

)
ykj′µkj′

]
y
κkj′−1

kj′ dykj′


×

 L∏
j′=1

µ
κ0j′

0j′

Γ(κ0j′)

∞∫
0

exp

[
−
(
1 +

H
(k)
0j′ (uk)

µkj′

)
y0j′µ0j′

]
y
κ0j′−1

0j′ dy0j′


=

(
κkj

µkj

(
1 +

H
(k)
0j (uk)

µkj

)−κkj−1
)

×

 L∏
j′(̸=j)=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−κkj′


×

(
L∏

j′=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−κ0j′

)

=
κkj

µkj

(
1 +

H
(k)
0j (uk)

µkj

)−1
L∏

j′=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−κ0j′−κkj′

=
κkj

µkj

(
1 +

H
(k)
0j (uk)

µkj

)−1
L∏

j′=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−µkj′

for all uk > 0 and k = 1, 2. Therefore, we have

F
(k)
j (tk;h

(k)
0 ,θ) =

tk∫
0

h
(k)
0j (uk)

[
κ0j + κkj

µkj

(
1 +

H
(k)
0j (uk)

µkj

)−1

×
L∏

j′=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−µkj′
]
duk

=

tk∫
0

h
(k)
0j (uk)

[
1

1 + σ2
kjH

(k)
0j (uk)

L∏
j′=1

1(
1 + σ2

kj′H
(k)
0j′ (uk)

) 1

σ2
kj′

]
duk

for all tk > 0, j = 1, · · · , L and k = 1, 2. Note that this unconditional jth sub-

distribution function of the kth individual has the similar form as that in (5.8) for

the shared cause-specific Gamma frailty model of the previous subsection with σj’s
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replaced by σkj’s.

Definition 5.5. The correlated cause-specific Gamma frailty model (5.10) is identi-

fiable within the family H1 ×H2 ×Θ if, for some h
(k)
0 , h̃

(k)
0 ∈ Hk, for k = 1, 2, and

θ, θ̃ ∈ Θ, where θ = (σ1j, σ2j, ρj; j = 1, · · · , L), θ̃ = (σ̃1j, σ̃2j, ρ̃j; j = 1, · · · , L), the
equality of the joint sub-distribution functions

Fj1,j2(t1, t2;h
(1)
0 ,h

(2)
0 ;θ) = Fj1,j2(t1, t2; h̃

(1)
0 , h̃

(2)
0 ; θ̃),

for all tk > 0, jk = 1, · · · , L and k = 1, 2, implies

h
(k)
0j (x) = h̃

(k)
0j (x) for all x > 0, k = 1, 2, and σ1j = σ̃1j, σ2j = σ̃2j, ρj = ρ̃j, for j = 1, · · · , L.

Theorem 5.4. The correlated cause-specific Gamma frailty model (5.10) with non-

parametric baseline cause-specific hazard functions is identifiable within the fam-

ily H1 × H2 × Θ, where Θ =
{
θ = (σ1j, σ2j, ρj) : σ1j > 0, σ2j > 0, 0 < ρj <

min (
σ1j

σ2j
,
σ2j

σ1j
), j = 1, · · · , L

}
, provided H

(k)
0j (·) is differentiable and its inverse, de-

noted by H
−(k)
0j (·), exists for all j = 1, · · · , L and k = 1, 2.

Proof. Equality of the unconditional sub-distribution functions F
(k)
j (tk;h

(k)
0 ,θ) and

F
(k)
j (tk; h̃

(k)
0 , θ̃) follows from the condition of equality of the corresponding joint sub-

distribution functions in Definition 5.5. Therefore, following similar techniques as

those used in the proof of Theorem 5.3 for the shared cause-specific Gamma frailty

model in the previous section, we get

h
(k)
0j (tk) = h̃

(k)
0j (tk) and σj = σ̃j

for tk > 0, j = 1, · · · , L and k = 1, 2. In order to prove ρj = ρ̃j, for j = 1, · · · , L,
we need to consider equality of the unconditional joint sub-distribution functions

Fj,j(t1, t2;h
(1)
0 ,h

(2)
0 ,θ) and Fj,j(t1, t2; h̃

(1)
0 , h̃

(2)
0 , θ̃), for all j = 1, 2, · · · , L, which also

follows from Definition 5.5. Now, the unconditional joint sub-distribution function

Fj,j(t1, t2;h
(1)
0 ,h

(2)
0 ,θ) can be obtained as

E

[ t1∫
0

t2∫
0

(
2∏

K=1

h
(k)
0j (uk)ϵ

(k)
j

)
× exp

(
−

L∑
j′=1

2∑
k=1

H
(k)
0j′ (uk)ϵ

(k)
j′

)
du2du1

]

=

t1∫
0

t2∫
0

∞∫
0

∞∫
0

· · ·
∞∫
0

(
2∏

K=1

h
(k)
0j (uk)

)
×
(

µ2
0j

µ1jµ2j

y20j +
µ0j

µ1j

y0jy2j +
µ0j

µ2j

y0jy1j + y1jy2j

)
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× exp

[
−

L∑
j′(̸=j)=1

2∑
k=1

H
(k)
0j′ (uk)

(
µ0j′

µkj′
y0j′ + ykj′

)]
× exp

[
−

2∑
k=1

H
(k)
0j (uk)

(
µ0j

µkj

y0j + ykj

)]

×

(
2∏

l=0

L∏
j′=1

µ
κlj′

lj′

Γ(κlj′)
e−µlj′ylj′y

κlj′−1

lj′ dylj′

)
du2du1

=

t1∫
0

t2∫
0

(
2∏

k=1

h
(k)
0j (uk)

)
×
[
I1j(u1, u2) + I2j(u1, u2) + I3j(u1, u2) + I4j(u1, u2)

]
du2du1, (say),

where

I1j(u1, u2) =
µ2
0j

µ1jµ2j

∞∫
0

· · ·
∞∫
0

exp

[
−

L∑
j′(̸=j)=1

2∑
k=1

H
(k)
0j′ (uk)

(
µ0j′

µkj′
y0j′ + ykj′

)]

× exp

[
−

2∑
k=1

H
(k)
0j (uk)

(
µ0j

µkj

y0j + ykj

)]
y20j

×
2∏

l=0

L∏
j′=1

(
µ
κlj′

lj′

Γ(κlj′)
e−µlj′ylj′y

κlj′−1

lj′ dylj′

)

=
µ2
0j

µ1jµ2j

L∏
j′(̸=j)=1

µ
κ0j′

0j′

Γ(κ0j′)

∞∫
0

exp

[
−
(
1 +

2∑
k=1

H
(k)
0j′ (uk)

µkj′

)
µ0j′y0j′

]
y
κ0j′−1

0j′ dy0j′

×
µ
κ0j

0j

Γ(κ0j)

∞∫
0

exp

[
−
(
1 +

2∑
k=1

H
(k)
0j (uk)

µkj

)
µ0jy0j

]
y
κ0j+1
0j dy0j

×
L∏

j′=1

2∏
k=1

 µ
κkj′

kj′

Γ(κkj′)

∞∫
0

exp

[
−
(
1 +

H
(k)
0j′ (uk)

µkj′

)
µkj′ykj′

]
y
κkj′−1

kj′ dykj′


=

κ0j(κ0j + 1)

µ1jµ2j

(
1 +

2∑
k=1

H
(k)
0j (uk)

µkj

)−2

×

L∏
j′=1

[(
1 +

2∑
k=1

H
(k)
0j′ (uk)

µkj′

)−κ0j′

×
2∏

k=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−κkj′
]
,

I2j(u1, u2) =
µ0j

µ1j

∞∫
0

· · ·
∞∫
0

exp

[
−

L∑
j′(̸=j)=1

2∑
k=1

H
(k)
0j′ (uk)

(
µ0j′

µkj′
y0j′ + ykj′

)]

× exp

[
−

2∑
k=1

H
(k)
0j (uk)

(
µ0j

µkj

y0j + ykj

)]
y0jy2j

×
( 2∏

l=0

L∏
j′=1

µ
κlj′

lj′

Γ(κlj′)
e−µlj′ylj′y

κlj′−1

lj′ dylj′

)
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=
µ0j

µ1j

L∏
j′(̸=j)=1

µ
κ0j′

0j′

Γ(κ0j′)

∞∫
0

exp

[
−
(
1 +

2∑
k=1

H
(k)
0j′ (uk)

µkj′

)
µ0j′y0j′

]
y
κ0j′−1

0j′ dy0j′

×
µ
κ0j

0j

Γ(κ0j)

∞∫
0

exp

[
−
(
1 +

2∑
k=1

H
(k)
0j (uk)

µkj

)
µ0jy0j

]
y
κ0j

0j dy0j

×
L∏

j′=1

µ
κ1j′

1j′

Γ(κ1j′)

∞∫
0

exp

[
−
(
1 +

H
(1)
0j′ (u1)

µ1j′

)
µ1j′y1j′

]
y
κ1j′−1

1j′ dy1j′

×
L∏

j′(̸=j)=1

µ
κ2j′

2j′

Γ(κ2j′)

∞∫
0

exp

[
−
(
1 +

H
(2)
0j′ (u2)

µ2j′

)
µ2j′y2j′

]
y
κ2j′−1

2j′ dy2j′

×
µ
κ2j

2j

Γ(κ2j)

∞∫
0

exp

[
−
(
1 +

H
(2)
0j (u2)

µ2j

)
µ2jy2j

]
y
κ2j

2j dy2j

=
κ0jκ2j

µ1jµ2j

(
1 +

2∑
k=1

H
(k)
0j (uk)

µkj

)−1

×
(
1 +

H
(2)
0j (u2)

µ2j

)−1

×
L∏

j′=1

[(
1 +

2∑
k=1

H
(k)
0j′ (uk)

µkj′

)−κ0j′ 2∏
k=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−κkj′
]
,

I3j(u1, u2) =
µ0j

µ2j

∞∫
0

· · ·
∞∫
0

exp

[
−

L∑
j′(̸=j)=1

2∑
k=1

H
(k)
0j′ (uk)

(
µ0j′

µkj′
y0j′ + ykj′

)]

× exp

[
−

2∑
k=1

H
(k)
0j (uk)

(
µ0j

µkj

y0j + ykj

)]
y0jy1j

×
( 2∏

l=0

L∏
j′=1

µ
κlj′

lj′

Γ(κlj′)
e−µlj′ylj′y

κlj′−1

lj′ dylj′

)

=
µ0j

µ2j

L∏
j′(̸=j)=1

µ
κ0j′

0j′

Γ(κ0j′)

∞∫
0

exp

[
−
(
1 +

2∑
k=1

H
(k)
0j′ (uk)

µkj′

)
µ0j′y0j′

]
y
κ0j′−1

0j′ dy0j′

×
µ
κ0j

0j

Γ(κ0j)

∞∫
0

exp

[
−
(
1 +

2∑
k=1

H
(k)
0j (uk)

µkj

)
µ0jy0j

]
y
κ0j

0j dy0j

×
L∏

j′(̸=j)=1

µ
κ1j′

1j′

Γ(κ1j′)

∞∫
0

exp

[
−
(
1 +

H
(1)
0j′ (u1)

µ1j′

)
µ1j′y1j′

]
y
κ1j′−1

1j′ dy1j′

×
µ
κ1j

1j

Γ(κ1j)

∞∫
0

exp

[
−
(
1 +

H
(1)
0j (u1)

µ1j

)
µ1jy1j

]
y
κ1j

1j dy1j

×
L∏

j′=1

µ
κ2j′

2j′

Γ(κ2j′)

∞∫
0

exp

[
−
(
1 +

H
(2)
0j′ (u2)

µ2j′

)
µ2j′y2j′

]
y
κ2j′−1

2j′ dy2j′
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=
κ0jκ1j

µ1jµ2j

(
1 +

2∑
k=1

H
(k)
0j (uk)

µkj

)−1(
1 +

H
(1)
0j (u1)

µ1j

)−1

×
L∏

j′=1

[(
1 +

2∑
k=1

H
(k)
0j′ (uk)

µkj′

)−κ0j′ 2∏
k=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−κkj′
]

and

I4j(u1, u2) =

∞∫
0

· · ·
∞∫
0

exp

[
−

L∑
j′(̸=j)=1

2∑
k=1

H
(k)
0j′ (uk)

(
µ0j′

µkj′
y0j′ + ykj′

)]

× exp

[
−

2∑
k=1

H
(k)
0j (uk)

(
µ0j

µkj

y0j + ykj

)]
y1jy2j

×
( 2∏

l=0

L∏
j′=1

µ
κlj′

lj′

Γ(κlj′)
e−µlj′ylj′y

κlj′−1

lj′ dyli

)

=
L∏

j′=1

µ
κ0j′

0j′

Γ(κ0j′)

∞∫
0

exp

[
−
(
1 +

2∑
k=1

H
(k)
0j′ (uk)

µkj′

)
µ0j′y0j′

]
y
κ0j′−1

0j′ dy0j′

×
L∏

j′(̸=j)=1

µ
κ1j′

1j′

Γ(κ1j′)

∞∫
0

exp

[
−
(
1 +

H
(1)
0j′ (u1)

µ1j′

)
µ1j′y1j′

]
y
κ1j′−1

1j′ dy1j′

×
µ
κ1j

1j

Γ(κ1j)

∞∫
0

exp

[
−
(
1 +

H
(1)
0j (u1)

µ1j

)
µ1jy1j

]
y
κ1j

1j dy1j

×
L∏

j′(̸=j)=1

µ
κ2j′

2j′

Γ(κ2j′)

∞∫
0

exp

[
−
(
1 +

H
(2)
0j′ (u2)

µ2j′

)
µ2j′y2j′

]
y
κ2j′−1

2j′ dy2j′

×
µ
κ2j

2j

Γ(κ2j)

∞∫
0

exp

[
−
(
1 +

H
(2)
0j (u2)

µ2j

)
µ2jy2j

]
y
κ2j

2j dy2j

=
κ1jκ2j

µ1jµ2j

2∏
k=1

(
1 +

H
(k)
0j (uk)

µkj

)−1

×
L∏

j′=1

[(
1 +

2∑
k=1

H
(k)
0j′ (uk)

µkj′

)−κ0j′ 2∏
k=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−κkj′
]
,

for j = 1, · · · , L. Therefore, the joint sub-distribution function Fj,j(t1, t2;h
(1)
0 ,h

(2)
0 ,θ)

is given by
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t1∫
0

t2∫
0

(
2∏

k=1

h
(k)
0j (uk)

µkj

)
L∏

j′=1

[(
1 +

2∑
k=1

H
(k)
0j′ (uk)

µkj′

)−κ0j′ 2∏
k=1

(
1 +

H
(k)
0j′ (uk)

µkj′

)−κkj′
]

×

[
κ0j(1 + κ0j)

(
1 +

2∑
k=1

H
(k)
0j (uk)

µkj

)−2

+

(
1 +

2∑
k=1

H
(k)
0j (uk)

µkj

)−1

×
2∑

k=1

κ0jκkj

(
1 +

H
(k)
0j (uk)

µkj

)−1

+
2∏

k=1

κkj

(
1 +

H
(k)
0j (uk)

µkj

)−1
]
du2du1

=

t1∫
0

t2∫
0

(
2∏

k=1

σ2
kjh

(k)
0j (uk)

)
×

L∏
j′=1

(
1 +

2∑
k=1

σ2
kj′H

(k)
0j′ (uk)

)−
ρj′

σ1j′σ2j′

×
2∏

k=1

(
1 + σ2

kj′H
(k)
0j′ (uk)

)−
(

1

σ2
kj′

−
ρj′

σ1j′σ2j′

)

×

[ ρj
σ1jσ2j

(
1 +

ρj
σ1jσ2j

)
(
1 +

∑2
k=1 σ

2
kjH

(k)
0j (uk)

)2 +

ρj
σ1jσ2j(

1 +
∑2

k=1 σ
2
kjH

(k)
0j (uk)

) 2∑
k=1

1
σ2
kj
− ρj

σ1jσ2j(
1 + σ2

kjH
(k)
0j (uk)

)
+

2∏
k=1

( 1
σ2
kj
− ρj

σ1jσ2j

1 + σ2
kjH

(k)
0j (uk)

)]
du2du1.

Note that the equality of the two joint sub-distribution functions, as mentioned

above, also implies the equality of the corresponding joint sub-density functions

fj,j(t1, t2;h
(1)
0 ,h

(2)
0 ,θ) and fj,j(t1, t2;h

(1)
0 ,h

(2)
0 , θ̃), for j = 1, 2, · · · , L, which can be

obtained by differentiating the joint sub-distribution functions with respect to t1

and t2. Utilizing the already obtained results h
(k)
0,j (tk) = h̃

(k)
0,j (tk), for all tk > 0, and

σkj = σ̃kj, for j = 1, · · · , L and k = 1, 2, in the equality of the corresponding joint

sub-density functions, we get

L∏
j′=1

[(
1 +

2∑
k=1

σ2
kj′H

(k)
0j′ (tk)

)−
ρj′

σ1j′σ2j′
2∏

k=1

(
1 + σ2

kj′H
(k)
0j′ (tk)

)−
(

1

σ2
kj′

−
ρj′

σ1j′σ2j′

)]

×

[ ρj
σ1jσ2j

(
1 +

ρj
σ1jσ2j

)
(
1 +

∑2
k=1 σ

2
kjH

(k)
0j (tk)

)2 +

( ρj
σ1jσ2j

1 +
∑2

k=1 σ
2
kjH

(k)
0j (tk)

)
2∑

k=1

1
σ2
kj
− ρj

σ1jσ2j

1 + σ2
kjH

(k)
0j (tk)

+

2∏
k=1

( 1
σ2
kj
− ρj

σ1jσ2j

1 + σ2
kjH

(k)
0j (tk)

)]
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=
L∏

j′=1

[(
1 +

2∑
k=1

σ2
kj′H

(k)
0j′ (tk)

)−
ρ̃j′

σ1j′σ2j′
2∏

k=1

(
1 + σ2

kj′H
(k)
0j′ (tk)

)−
(

1

σ2
kj′

−
ρ̃j′

σ1j′σ2j′

)]

×

[ ρ̃j
σ1jσ2j

(
1 +

ρ̃j
σ1jσ2j

)
(
1 +

∑2
k=1 σ

2
kjH

(k)
0j (tk)

)2 +

( ρ̃j
σ1jσ2j

1 +
∑2

k=1 σ
2
kjH

(k)
0j (tk)

)
2∑

k=1

1
σ2
kj
− ρ̃j

σ1jσ2j

1 + σ2
kjH

(k)
0j (tk)

+

2∏
k=1

 1
σ2
kj
− ρ̃j

σ1jσ2j

1 + σ2
kjH

(k)
0j (tk)

],
for tk > 0, j = 1, 2, · · · , L and k = 1, 2. Letting limit as t1 → 0+ and t2 → 0+ on

both sides of the above equation, we get ρj = ρ̃j, for j = 1, 2, · · · , L. This completes

the proof.

5.3 Estimation

In this section, our objective is to estimate the arbitrary baseline cause-specific hazard

functions h
(k)
0j (·), for j = 1, · · · , Lk and k = 1, 2, non-parametrically along with the

parameters of the relevant Gamma frailty distribution(s). Recall from the identifia-

bility conditions of the models in Section 5.2, the cumulative baseline cause-specific

hazards H
(k)
0j (·)’s need to be continuous so that the corresponding inverses exist. With

this objective in mind, we approximate the hazards by Bernstein polynomials (See

Section 1.10.5) with some suitable degree m and then carry out maximization of

the likelihood function with this approximation. This is known as the method of

sieve maximum likelihood estimation (Geman and Hwang, 1982) in the sense that,

as m → ∞, the estimators converge to the true hazards with respect to the Hellinger

metric.

Following the description of Bernstein polynomials in Section 1.10.5, we define

the model for the baseline cause-specific hazard function due to cause j for the kth

individual as

h
(k)
0j (t; cm(k)

j
) =

m
(k)
j∑

l=1

c
m

(k)
j l

g
m

(k)
j l

(t) = (c
m

(k)
j
)Tg

m
(k)
j
(t), (5.11)

for a suitably chosen degree m
(k)
j , as an approximation for the true baseline cause-

specific hazard h
(k)
0j (t), for j = 1, · · · , Lk and k = 1, 2. Here, cT

m
(k)
j

=
(
c
m

(k)
j 1

, · · · , c
m

(k)
j m

(k)
j

)
is a vector of unknown constants satisfying c

m
(k)
j l

≥ 0, for all l = 1, · · · ,m(k)
j , and
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g
m

(k)
j
(t) =

(
g
m

(k)
j 1

(t), · · · , g
m

(k)
j m

(k)
j
(t)
)T

is a vector of some known real ‘base’ func-

tions satisfying g
m

(k)
j l

(·) ≥ 0 and
∫∞
0

g
m

(k)
j l

(u)du < ∞, for l = 1, · · · ,m(k)
j . Then, the

corresponding model for baseline cumulative cause-specific hazard is

H
(k)
0j (t; cm(k)

j
) =

m
(k)
j∑

l=1

c
m

(k)
j l

G
m

(k)
j l

(t), (5.12)

where G
m

(k)
j l

(t) =
t∫
0

g
m

(k)
j l

(u)du for all t > 0, j = 1, · · · , Lk, for k = 1, 2. The total

baseline hazard function for the kth individual is

h
(k)
0 (t; c(k)) =

Lk∑
j=1

h
(k)
0j (t; cm(k)

j
) =

Lk∑
j=1

m
(k)
j∑

l=1

c
m

(k)
j l

g
m

(k)
j l

(t),

where c(k) =
(
c
m

(k)
1
, c

m
(k)
2
, · · · , c

m
(k)
Lk

)
, for k = 1, 2. The total baseline cumulative

hazard for the kth individual is

H
(k)
0 (t; c(k)) =

t∫
0

h
(k)
0 (u; c(k))du =

Lk∑
j=1

m
(k)
j∑

l=1

c
m

(k)
j l

G
m

(k)
j l

(t),

for t > 0 and k = 1, 2. It is important to note that the monotonicity property of

H
(k)
0 (t; c(k)) is maintained because each element of the vector of coefficients c(k) is

non-negative and the base functions g
m

(k)
j l

(t) ≥ 0, for l = 1, · · · ,m(k)
j , j = 1, 2, · · · , Lk

and k = 1, 2.

We construct the base functions g
m

(k)
j l

(.) and G
m

(k)
j l

(.), for all l = 1, · · · ,m(k)
j , j =

1, · · · , Lk and k = 1, 2, using the Bernstein polynomials (See Osman and Ghosh,

2012, for similar approximation model for hazard function). For the true continuous

baseline cumulative cause-specific hazard function H
(k)
0j (.) on the interval [0, τ ], the

approximating Bernstein polynomial of order m
(k)
j is given by

H
(k)
0j (t; cm(k)

j
) =

m
(k)
j∑

l=0

c
m

(k)
j l

(
m

(k)
j

l

)( t
τ

)l(
1− t

τ

)m(k)
j −l

.

The time limit τ may be, in theory, defined as inf{t : S(t, t;h(1)
0 ,h

(2)
0 ,θ) = 0}. The

Weierstrass theorem ensures that H
(k)
0j (.; cm(k)

j
) → H

(k)
0j (.), the corresponding true

baseline cumulative hazard function, uniformly over the interval [0, τ ], as m
(k)
j → ∞,
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for j = 1, · · · , Lk and k = 1, 2. See Lorentz (2012). The derivative of this approx-

imating polynomial gives the corresponding baseline cause-specific hazard function

and can be written as

h
(k)
j (t; c

m
(k)
j
) =

m
(k)
j∑

l=1

{
H

(k)
0j

( l

m
(k)
j

τ
)
−H

(k)
0j

( l − 1

m
(k)
j

τ
)}1

τ
fβ

( t
τ
; l,m

(k)
j − l + 1

)
,

where fβ(·; l,m(k)
j − l+ 1) is the probability density function of the beta distribution

with parameters l and m
(k)
j − l + 1. From the theory of approximating Bernstein

polynomial, we also know that h
(k)
0j (t; cm(k)

j
) → h

(k)
0j (.) , the corresponding true baseline

hazard function, as m
(k)
j → ∞. See Lorentz (2012).

We model the base function g
m

(k)
j l

(t) as 1/τ × fβ(t/τ ; l,m
(k)
j − l + 1) in (5.11), so

that

G
m

(k)
j l

(t) =

t∫
0

g
m

(k)
j l

(u)du =

t∫
0

fβ(u/τ ; l,m
(k)
j − l + 1)d(u/τ).

Also, the unknown coefficient c
m

(k)
j l

is equated with the unknown quantityH
(k)
0j (

l

m
(k)
j

τ)−

H
(k)
0j (

l−1

m
(k)
j

τ), for l = 1, · · · ,m(k)
j and for all j = 1, · · · , Lk, k = 1, 2. This gives the

complete description of the approximate model (5.11) for the baseline cause-specific

hazards, h
(k)
0j (·, cm(k)

j
), in which the coefficients c

m
(k)
j l

’s are the unknown parameters.

In the subsequent description of the methodology, for ease of notation and coding

afterwards, we consider m
(k)
j = m, for all j = 1, · · · , Lk, k = 1, 2. This simplification

allows the base functions gml(t)’s and Gml(t)’s to be the same for all j, k; but the

unknown coefficients c
m

(k)
j l

’s will depend on j and k; so, henceforth, we denote these

coefficients with a common m by c
(k)
j,ml. Also, we write c

(k)
j,m = (c

(k)
j,m1, · · · , c

(k)
j,mm)

T ,

so that the baseline cause-specific hazards in (5.11) are written as h
(k)
0j (·, c

(k)
j,m), and

c
(k)
m = {c(k)j,m, j = 1, · · · , Lk}, for k = 1, 2.

As discussed in Section 1.10.5, instead of attempting to estimate the unspecified

baseline cause-specific hazards in the infinite dimensional space H1 ×H2, we restrict

our search in the subspace of models defined by h
(k)
0j (·, c

(k)
j,m) in (5.11) with the common

m and the base functions gml(t)’s. We write this space as H1m ×H2m, where

Hkm = {h(k)
0j (·, c

(k)
j,m), for t > 0, j = 1, · · · , Lk},

for k = 1, 2. The sequence of subspaces H1m ×H2m of the original parameter space

H1 × H2, for m ≥ 1, is called a sieve. In the following, we consider the likelihood
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function for bivariate current status data with competing risks under the model de-

fined by (5.11). The estimates obtained by maximizing this likelihood with respect

to the baseline cause-specific hazards in the space H1m ×H2m and σ > 0 are called

the sieve maximum likelihood estimators (Geman and Hwang, 1982).

For the sake of simplicity in describing the method and also the related coding

for maximization of likelihood, we consider the shared Gamma frailty model (See

Section 5.2.2) for further discussion and analysis, as in Chapter 3. Also, for practical

consideration, while deriving the likelihood contributions, we suitably fix τ as a time

larger than the largest monitoring time. Using the expression 5.5 and the above-

mentioned approximate model (5.11) for the baseline cause-specific hazards, the jth

sub-distribution function for the kth individual is

F
(k)
j (t; c(k)m , σ2) =

t∫
0

h
(k)
0j (uk; c

(k)
j,m)
{
1 + σ2H

(k)
0 (uk; c

(k)
m )
}−1− 1

σ2

duk

=

t∫
0

m∑
l=1

c
(k)
j,mlgml(uk)

{
1 + σ2

Lk∑
j′=1

m∑
l′=1

c
(k)
j,ml′Gml′(uk)

}−1− 1
σ2

duk,

(5.13)

for all t > 0, j = 1, · · · , Lk and k = 1, 2. The joint survival function is given by

S(t1, t2; c
(1)
m , c(2)m , σ2) =

[
1 + σ2

{
H

(1)
0 (t1; c

(1)
m ) +H

(2)
0 (t2; c

(2)
m )
}]− 1

σ2

=

[
1 + σ2

{
L1∑
j=1

m∑
l=1

c
(1)
j,mlGml(t1) +

L2∑
j=1

m∑
l=1

c
(2)
j,mlGml(t2)

}]− 1
σ2

,

(5.14)

for all t1, t2 > 0. The joint sub-distribution function Fj1j2(t1, t2; c
(1)
m , c

(2)
m , σ2) is given
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by

(1 + σ2)

t1∫
0

t2∫
0

h
(1)
0j1

(u1; c
(1)
j1,m

)h
(2)
0j2

(u2; c
(2)
j2,m

)

×
[
1 + σ2

{
H

(1)
0 (u1; c

(1)
m ) +H

(2)
0 (u2; c

(2)
m )
}]−2− 1

σ2

du2du1

= (1 + σ2)

t1∫
0

t2∫
0

m∑
l=1

c
(1)
j1,mlgml(u1)

m∑
l=1

c
(2)
j2,mlgml(u2)

×

[
1 + σ2

{
L1∑

j1=1

m∑
l=1

c
(1)
j1,mlGml(u1) +

L2∑
j2=1

m∑
l=1

c
(2)
j2,mlGml(u2)

}]−2− 1
σ2

du2du1.

(5.15)

Now, following Section 2.6, the likelihood function L, for some suitably chosen m,

is

L(c(1)m , c(2)m , σ) ∝
n∏

i=1

f ∗(xi1, xi2, ji1, ji2; c
(1)
m , c(2)m , σ),

where each likelihood contribution can be obtained by using (5.13)-(5.15) (See also

Section 5.2.2), as in Section 2.6.

The corresponding log-likelihood function is

ℓ(c(1)m , c(2)m , σ) ∝
n∑

i=1

log
[
f ∗(xi1, xi2, ji1, ji2; c

(1)
m , c(2)m , σ)

]
,

which is maximized with respect to η = (c
(1)
m , c

(2)
m ,σ) using some numerical method

to obtain the corresponding sieve maximum likelihood estimate η̂ = (ĉ(1)m , ĉ(2)m , σ̂).

5.4 Simulation Studies

Now, we investigate the finite sample behaviour of the semi-parametric sieve MLE

η̂ = (ĉ(1)m , ĉ(2)m , σ̂) of the parameter vector η = (c
(1)
m , c

(2)
m , σ) using a simulation study.

Again, we consider the similar setup, as in Section 3.5. We consider same monitoring

timeX for both individuals and we assume thatX follows an Exponential distribution

with mean 1
µ
. The unknown parameter µ of the monitoring time X is solved by

equating the joint censoring probability to a fixed value pcen = 0.1(say).

We consider two competing risks corresponding to both individuals; that is, L1 =

L2 = 2. We consider constant or Exponential type true baseline cause-specific haz-
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ards; that is, h
(k)
j (t) = α

(k)
j , for j = 1, 2, and k = 1, 2 with (α

(1)
1 , α

(1)
2 , α

(2)
1 , α

(2)
2 ) =

(2.4, 5.8, 3.5, 4.5). We consider the value of σ as 0.75. In this case, we fix τ as the

99th percentile of the monitoring time distribution and we ignore any monitoring

time that turns out to be greater than τ . Considering this setup, we draw a sample

of size n with each observation of the form (x, x, j1, j2) following the same method as

that in Section 3.5. This procedure is repeated 500 times to get 500 such simulated

datasets.

Table 5.1: Simulation results on integrated absolute error (IAE) under constant base-
line cause-specific hazards and shared Gamma frailty with parameter σ for different
values of n and m with pcen = 0.1.

n = 300,m = 7 n = 300,m = 10 n = 300,m = 15
j = 1 j = 2 j = 1 j = 2 j = 1 j = 2

k = 1 1.937 2.280 0.673 0.763 0.413 0.457
(1.332) (1.311) (0.313) (0.386) (0.215) (0.225)

k = 2 1.961 2.120 0.688 0.658 0.448 0.441
(1.198) (1.241) (0.338) (0.351) (0.229) (0.219)
n = 500,m = 7 n = 500,m = 10 n = 500,m = 15
j = 1 j = 2 j = 1 j = 2 j = 1 j = 2

k = 1 1.812 1.955 0.645 0.739 0.421 0.431
(1.031) (1.044) (0.291) (0.324) (0.197) (0.191)

k = 2 1.958 1.910 0.683 0.676 0.424 0.438
(1.108) (1.087) (0.322) (0.310) (0.192) (0.211)

For each simulated dataset, we compute the semiparametric sieve MLE (ĉ(1)m , ĉ(2)m , σ̂)

using the method described in Section 5.3. We denote the estimated baseline cause-

specific hazard function as ĥ
(k)
0j (t; ĉ

(k)
j,m), for j = 1, 2 and k = 1, 2. For each dataset,

we compute Integrated Absolute Error (IAE) (Osman and Ghosh, 2012) and Inte-

grated Mean Squared Error (IMSE) (Wang and Ghosh, 2012) corresponding to each

estimated baseline cause-specific hazard defined as

IAE(ĥ
(k)
0j ) =

τ∫
0

|ĥ(k)
j (u; ĉ

(k)
j,m)− α

(k)
j |du

and

IMSE(ĥ
(k)
0j ) =

τ∫
0

(ĥ
(k)
0j (u; ĉ

(k)
j,m)− α

(k)
j )2du, respectively.

For a fixed value of m and n, we compute 500 values of IAE and IMSE from 500
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simulated datasets. For each combination of j and k, we report the sample mean and

standard deviation (in parentheses) of IAE and IMSE, based on the 500 simulated

samples, in Tables 5.1 and 5.2, respectively. We carry out this simulation for m =

7, 10, 15 and n = 300, 500. The corresponding standard deviation of the 500 values of

σ̂ are presented in Table 5.3.

Table 5.2: Simulation results on integrated mean square error (IMSE) under con-
stant baseline cause-specific hazards and shared Gamma frailty with parameter σ for
different values of n and m with pcen = 0.1

n = 300,m = 7 n = 300,m = 10 n = 300,m = 15
j = 1 j = 2 j = 1 j = 2 j = 1 j = 2

k = 1 1.463 1.876 0.172 0.257 0.066 0.085
(2.438) (2.083) (0.165) (0.238) (0.061) (0.081)

k = 2 1.446 1.663 0.187 0.194 0.078 0.081
(1.664) (2.212) (0.169) (0.176) (0.070) (0.075)
n = 500,m = 7 n = 500,m = 10 n = 500,m = 15
j = 1 j = 2 j = 1 j = 2 j = 1 j = 2

k = 1 1.092 1.346 0.141 0.205 0.057 0.069
(1.078) (1.249) (0.132) (0.192) (0.051) (0.062)

k = 2 1.325 1.240 0.159 0.166 0.061 0.071
(1.255) (1.125) (0.151) (0.153) (0.053) (0.064)

From Table 5.1 and 5.2, we observe that means of both IAE and IMSE decrease

if either one of m and n increases, as expected. From Table 5.3, it can be seen that

mean absolute deviation of estimated σ does not seem to depend on the value of

m, as expected, since m is involved only in the approximation model (5.11) for the

unspecified baseline cause-specific hazards. However, it decreases with increase in n.

Table 5.3: Standard deviation of the estimated σ based on 500 simulated samples
from constant baseline cause-specific hazards and shared Gamma frailty.

n m
7 10 15

300 0.057 0.053 0.054
500 0.049 0.047 0.042

In order to get an idea about the fitted curves, we plot the averaged (over 200

replications of datasets with sample size 500) fitted baseline cause-specific hazard

functions along with the true baseline cause-specific hazard functions h
(k)
0j (·)’s (shown

in red line) in Figure 5.1(a)-(d). These estimated curves ĥ
(k)
0j (t; ĉ

(k)
j,m), for j, k = 1, 2,
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are obtained by fitting the approximate model (5.11) with m = 10, 15 and 20 based

on simulated data of sample size n = 500 under the constant baseline cause-specific

hazards model with h
(1)
01 (·) = 2.4, h

(1)
02 (·) = 5.8, h

(2)
01 (·) = 3.5, h

(2)
02 (·) = 4.5 and σ = 0.75.

While the graphs in Figure 5.1(a)-(b) are for the fitted averaged curves ĥ
(1)
0j (t; ĉ

(1)
j,m),

for j = 1, 2, respectively, those in Figure 5.1(c)-(d) are for the fitted averaged curves

ĥ
(2)
0j (t; ĉ

(2)
j,m), for j = 1, 2, respectively. The ”dashed”, ”dottdash” and ”dotted” curves

represent the fitted averaged curves corresponding to m = 10, 15 and 20, respectively.

It is evident from the graphs that the fitted curves produce reasonably good estimates

of the true curves at least in this example. Also, although there seems to be some

improvement for higher m, the degree of Bernstein polynomial, the difference does

not seem to be that notable.
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Figure 5.1: Fitted baseline cause-specific hazard functions, averaged over 200 repli-
cations of datasets with sample size n = 500 under constant baseline cause-specific
hazards, for m = 10, 15 and 20 with dashed, dottdash and dotted lines, respectively.
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5.5 Data Analysis

As discussed in Section 1.12, any one of the two causes, namely, SNHL and Conduc-

tive, is responsible for the hearing loss in each of the ears of an individual. Following

the same notation as in Sections 3.6 and 4.7, we label the two causes as 1 and 2, re-

spectively. In this section, we analyze the hearing loss dataset using non-parametric

baseline cause-specific hazards with shared Gamma frailty using the method of Sec-

tion 5.3. We consider the approximate model (5.11) for the unspecified baseline

cause-specific hazard functions using Bernstein polynomials with three different val-

ues of m, namely m = 10, 15 and 20. There are four unknown baseline cause-specific

hazards h
(k)
0j (·, c

(k)
j,m), for j = 1, 2 and k = 1, 2, to be estimated for each m. These

four estimated curves are shown in Figure 5.2(a)-(d), each panel having three graphs

for the three m values, showing the effect of increasing m. In each panel, these three

graphs for m = 10, 15 and 20 are shown using three different line types, namely,

‘solid’, ‘dottdash’ and ‘dashed’, respectively. The curves in Figure 5.2(a)-(b) are for

the fitted curves h
(k)
01 (t; ĉ

(k)
1,m), for k = 1, 2, and those in Figure 5.2(c)-(d) are for the

fitted curves h
(k)
02 (t; ĉ

(k)
2,m), for k = 1, 2, respectively.

Figure 5.2 clearly shows (See the ‘dashed’ line corresponding to m = 20) that

the baseline cause-specific hazard for the first cause (that is, SNHL) is dominating

in early ages, and then decreases with age in both the ears. The same for the other

cause (that is, Conductive hearing loss) is smaller in the early ages and then increases

with age, having a peak at the age around 200 months (about 16 years), and finally

decreases at later ages. The same phenomenon is observed in both the ears.

This opposing patterns of baseline cause-specific hazards due to SNHL and Con-

ductive hearing loss, as observed in this semi-parametric analysis with unspecified

baseline cause-specific hazards, have gone unnoticed in the analyses of Chapters 3 and

4 in which we have assumed parametric models for the baseline cause-specific hazards.

These parametric models (Exponential and Weibull type) have forced the methods to

give constant or monotonic estimates for the hazards. The semi-parametric analysis

in this section reveals that all the hazards do not behave in the same increasing or

decreasing manner.

The estimates of σ, the standard deviation of the shared frailty, corresponding

to the three m values 10, 15 and 20, are obtained as 2.8816, 2.8169 and 2.6134,

respectively. Note that these estimates do not change much withm, as expected, since

the degree m of Bernstein polynomials is relevant to the unspecified baseline cause-

specific hazards only. Interestingly, in the parametric analysis of the same data in
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Figure 5.2: Fitted baseline cause-specific hazard functions corresponding to SNHL
and Conductive hearing loss in both ears for m = 10, 15 and 20 with solid, dottdash
and dashed lines, respectively.

Section 3.6 assuming Weibull (Exponential) type baseline cause-specific hazards with

common shape parameter for all the causes and shared frailty, the estimate of σ came

out to be 18.3432(6.3803), indicating much larger between pair heterogeneity in the

cause-specific hazards. We have observed opposite patterns of baseline cause-specific

hazards in our semi-parametric analysis of the present section. These heterogeneous

patterns are not reflected in the assumed parametric models of Section 3.6. As a

result, in those parametric analyses, the inherent heterogeneity in the baseline cause-

specific hazards are absorbed in the frailty distribution, thereby inflating the estimate

of σ. In the semi-parametric analysis of the present chapter, as the heterogeneous

patterns of the baseline cause-specific hazards are incorporated through the model

(5.11), the estimate of σ of the shared frailty model comes down to a reasonable level.
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5.6 Concluding Remarks

In this chapter, we consider non-parametric baseline cause-specific hazard functions

and Gamma frailty. We establish identifiability of the models corresponding to the

four different Gamma frailty distributions under fairly reasonable conditions. We

have used only shared Gamma frailty to describe the estimation procedure in Section

5.3 for simplicity, but this can be easily extended to the other three frailty models

with considerably increased computational burden.

The computational burden increases with m and also with the number of com-

peting risks. With L number of competing risks for both the individuals, the number

of coefficients c
(k)
j,ml is 2mL; in addition, we also have the frailty parameters, which

is 1 for the shared Gamma model. This large number of parameters not only makes

the computation an enormous job (that is why, we consider only 500 replications in

our simulation study), the convergence of likelihood maximization is also slow and

difficult. This also prohibits investigating the convergence rate, etc., by simulation

through the method of subsampling, as in Section 4.5.

As discussed in Section 1.10.5, one could consider an approximate model for the

unspecified baseline cause-specific hazards by means of kernel or spline smoothing,

both of which involve similar computational challenges. We believe the Bernstein

polynomial approximation has certain advantages. Nevertheless, it is worth exploring

the other two approximations.
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Chapter 6

Discussion

6.1 Summative Remarks

As mentioned in Section 1.3, bivariate current status data with competing risks arises

when a pair of related individuals are inspected at some monitoring time(s) to note

the corresponding failure status at that time, when the failure may be due to one of

several causes. In order to model dependence between the bivariate failure time data,

we consider frailty modeling with four different types of frailty, possibly depending on

the failure type as well. We also consider general multiplicative frailty models in the

sense that, given the frailty, the conditional cause-specific hazard for an individual is

the corresponding baseline cause-specific hazard multiplied by the associated frailty.

We also assume that the dependence is solely through these frailty variable(s) so

that, conditional on the frailty, the failure times and types of the two individuals are

independent. For an association measure between the two failure times and types, we

consider the “conditional cause-specific hazard ratio” introduced by Bandeen-Roche

and Liang (2002). In this context, we have also defined model identifiability and

shown that, when both the baseline cause-specific hazard functions and the frailty

distribution are arbitrary, this model is not identifiable.

In view of this non-identifiability result, we have discussed parametric modeling

and analysis of bivariate current status data with competing risks in Chapter 3.

Here, we have proposed a parametric class of hazard functions which includes many

well-known hazards of different shapes. This class enables choosing a suitable baseline

cause-specific hazards for a given data, possibly based on some additional information

on the incidence of different failure types. We have established the corresponding

identifiability results for each of the four different Gamma frailty distributions. Then,

we have considered maximum likelihood estimation method to estimate the unknown
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model parameters. We have carried out an extensive simulation study and analyzed

the hearing loss data considering Exponential and Weibull type baseline cause-specific

hazard functions with four different Gamma frailty models. It has been observed that

the Weibull distribution is a better choice as baseline cause-specific hazard than the

Exponential distribution. The cause-specific frailty models have performed better

than the shared and correlated Gamma frailty models in terms of AIC. It has been

found that SNHL is the dominant cause for the hearing loss for both ears of an

individual. Nevertheless, some inflexibility in the shape of parametric baseline cause-

specific hazard functions may affect the conclusions of such a parametric analysis,

especially in the absence of a suitable goodness of fit test. We have not been able to

develop such a test for bivariate current status data with competing risks.

In view of such limitation of a fully parametric analysis, as an alternative, we

have considered two kinds of semi-parametric analyses. In one, we consider parametric

models for the baseline cause-specific hazards from the same class and arbitrary frailty

distribution G; then suggest semi-parametric estimation of the model parameters and

G as well. Although we have considered only the shared frailty model for G for our

description of the methodology, it can be extended to the other three types of frailty

distributions. In the second semi-parametric analysis, we consider unspecified baseline

cause-specific hazards and parametric Gamma frailty. We suggest an approximating

model for the unspecified baseline cause-specific hazards using Bernstein polynomials

and then carry out what is known as sieve maximum likelihood estimation. In both

the semi-parametric analyses, we have carried out some simulation studies and then

analysis of the hearing loss data. Some interesting features regarding the incidence

of the three types of hearing loss have been revealed through these analyses.

As described in Section 1.12, this hearing loss data has been collected on a group

of patients who appeared at the mentioned health institute with some problem of

speech impairment. For these patients, in addition, hearing loss diagnosis has also

been carried out. Our response variable of interest in this thesis has been the outcome

of such diagnosis in both left and right ears. Therefore, all the conclusions drawn

from the different analyses in this thesis refer to the population from which this

group of patients appears; that is, the population of individuals with some problem

of speech impairment and seeking treatment in this particular institute. Since speech

impairment can usually be detected in the early ages, a majority of these patients in

the sample are in the early age group of 0-10 years, many of them developing hearing

loss due to SNHL. However, there are some elderly patients as well; some of those

patients are with some hearing loss problem, mostly with Conductive or Mixed type.
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Nevertheless, one should use some caution before generalizing the conclusions to the

general population. Even for general group of patients, one needs a multi-institute

study to draw any such conclusion on the incidence of the three types of hearing loss.

6.2 Future Works

In this section, we identify some important topics related to this thesis work which

may be of practical interest and taken up in future.

6.2.1 Regression analysis of bivariate current status data with

competing risks

In this thesis, we have not considered any covariate. In many real life situations,

covariates play an important role to describe the behaviour and pattern of the different

cause-specific hazard rates representing failure time and type. Andrews et al. (2005),

Wang et al. (2008) and many others studied regression analysis of current status

data. Gorfine and Hsu (2011) also investigated clustered survival data with competing

risks using covariates. Some works on interval-censored data with competing risks

in presence of covariates are present in the literature (See Mao et al., 2017, Kim,

2017 and many others). Regression analysis of bivariate current status data with

competing risks to incorporate effects of covariates is considered an important topic

for future work. Presence of covariates may also facilitate identifiability of models, as

in Heckman and Singer (1984a).

6.2.2 Multivariate current status data with competing risks

The focus of this thesis has been modeling and analysis of bivariate (paired) current

status data with competing risks. One can also think of multivariate (clustered) cur-

rent status data with competing risks, possibly with different cluster sizes. It may

still be convenient to model the dependence using different frailty distributions, as

studied in this thesis. Although multivariate interval-censored data has been consid-

ered by many authors (See, for example, Chen et al., 2009, Wen and Chen, 2011, Li

et al., 2020), we do not know of any work related to multivariate current status data

with competing risks.

The shared Gamma frailty model and the shared cause-specific Gamma frailty

model can be easily generalized for modeling multivariate failure time with compet-

ing risks. More generally, these two models can be used for clustered failure time data
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with unequal number of individuals in different clusters. While the shared Gamma

frailty model can allow different sets of competing risks for different individuals, the

shared cause-specific Gamma frailty model requires same set of competing risks for

all individuals. Extension of the correlated Gamma frailty model for modeling mul-

tivariate failure time requires similar manipulation to induce dependence in the joint

distribution of the multivariate frailty (ϵ(1), · · · , ϵ(k)), where k denotes the number of

individuals in a cluster by introducing different independent Gamma variables, the

Yi’s (See Section 3.2.2). Here also the modeling can be used for clustered failure

time data with unequal number of individuals possibly with different sets of com-

peting risks. The correlated cause-specific Gamma frailty model may be similarly

generalized to multivariate or clustered failure time data with some complicated ma-

nipulation to induce dependence, but requiring the same set of competing risks for

all the individuals.

6.2.3 Bivariate current status data with competing risks and

dependent monitoring time

Throughout this thesis, we have assumed that the failure time and the monitoring

time are independent random variables. However, there can exist situations where

these two random variables are not independent. For example, in case of the hearing

loss data, a particular individual goes for a check-up only if he/she has some speech

or hearing issue. We know about some works in literature dealing with current status

data and dependent monitoring time, for example, see Ma et al. (2015), Xu et al.

(2019) etc. There are also some works on dependent interval-censored data (See

Finkelstein et al., 2002, Chen and Shen, 2017 etc.). There does not seem to exist any

work on bivariate current status data with competing risks and dependent monitoring

time. One can consider a copula function between the failure time and monitoring

time to model the dependence.

6.2.4 Bivariate current status data with competing risks and

missing failure types

Analysis of bivariate current status data is a well-studied topic in the literature (See

Jewell et al., 2005, Wang et al., 2008, Groeneboom, 2013, Hu et al., 2017, Liu and Qin,

2018, among many others). Current status data with competing risks has also been

studied by several researchers (See Jewell et al., 2003, Maathuis, 2006, Groeneboom
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et al., 2008b, Maathuis et al., 2011 and many others). There are some recent works

on univariate current status data with competing risks and missing failure types (See

Koley and Dewanji, 2019, 2022). But, bivariate current status data with competing

risks and missing failure type has not been addressed in the literature. Therefore, it is

an important topic for future work. This also can be generalized to the multivariate

case.

6.2.5 Cure rate model in the presence of bivariate current

status data with competing risks

There is some research work on the analysis of current status data in the presence of a

cured subgroup (See Lam and Xue, 2005, Ma, 2011, Liu et al., 2017, Diao and Yuan,

2019, Lam et al., 2021 and many others). Also, there are some works on regression

analysis of cure rate model in case of bivariate interval-censored data; for example,

see Yang (2021). There have been works on competing risks data in presence of cure

rate models (See Austin et al., 2016, Choi et al., 2018, Nicolaie et al., 2019, among

many others). Hudgens et al. (2014) studied parametric analysis of interval censored

data with competing risks using cure type model. There has not been any work on

analysis of cure rate models in case of bivariate current status data with competing

risks. It is an important topic for future work.
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