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Answer any five of the following questions

1. Let the density matrix of a qubit be %([ — %0;,,. -+ %O'.U).
a) Determine whether the above density matrix represents a pure or a mixed
state.
b) If spin measurement is performed on this state along x-axis, what is the
probability for the spin down resutt?
¢) Let you be given a two-qubit state which is one of the four orthogonal
Bell states |¢7), |¢7), &) and ¢h7). How do you determine the Bell state

provided you are allowed to perform two-qubit C, Hadamard gate H and

single qubit measurement in the computational basis?
o
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2. Consider the following three qubits state shared between Alice, Bob
and Charlie stationed at distant laboratories:

‘ 1
W) ape = EHUOW + 1),

where |0) and |1) form an orthogonal basis in two dimensional Hilbert space.
i) Show that the state can neither be written in the form ()4 ® [¢)5 @ |¥)c
nor in the form [n) ap & [7)c.
it) Let Alice be given another qubit whose state is not known to her. She has
to prepare the state in Bob’s lab. Show how this task can be made successful
if all three parties cooperate hy local operation and classical communication.
-1ii) Alice, Bob and Charlie stationed in three different labs share a 3-qubit
state as described above. If Alice shares another 2-qubit state

6 ap = %iom n —@(11>
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with Dick sitting inanother fab. then show trat tiis state can be transferred
[}
to Beb and Charlic if all of theyn, cooperate using local operations and clas-

sical commmications.

3. Consider the following general (normalized) state shared Letween Al-
ice, Bob and Eve

1) ape = al00) 4plda) - + 0I01) agldoi) e + c|10) apldo) g + A1) anlgy)

where each of Alice and Bob has one qubit and |@,;) £'s refer to states of Eve’s
system which may be associated with higher dimensional Hilbert space. The
statistics obtained by Alice and Bob satisfy the following conditions:

i) The results of local spin measurements hy Alice and Bob along any dircc-
tions, are completely random.

ii) Alice and Bob’s results are fully correlated when they both measure spin
along Z-axis or X-axis.

a) Then show that Alice and Bob actually share a two-qubit maximally en-
tangled state which is completely uncorrelated with Eve’s system.

b) Describe a protocol of sharing secret key by using entanglement and dis-
cuss how the above result can be applied to guarantee secure key between
Alice and Bob. ‘

1

8+ 4]

4. a) Let a single qubit unitary gate U be realized in the following way:
U = Ac,Bo,C

where A, B and C are also single qubit gates with ABC = J. By using ap-
propriate diagram, show how two-qubit gate C'— U can be implemented by
single qubit gates and Cyor gates.

b) Let A be a Hermitian operator with 42 = /. Find a arrangement. that
implements the measurement of A.

¢) The function f: {0,1}* — {0,1} is such that;

Jf(z)=1,for z =wand f(z) =0 for = # w

i) In the classical world, how many queries are required to find w?

ii) Show how a quantum algorithm can provide a quadratic speed up for this
search problem.
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(b} Discass the guantmm algoritim by which the period can be found i
1
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olvnomial time.
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6. a) Discuss how phase c1ror of a qubit in computational basis
10) = 10) and [1) — —]1)
can be corrected by using the multi-qubit quantum code.

b) Consider the following two nine-qubit orthogonal states:

1

! >L 2\/5[\0(
1y, = 5-1\5“00(» — LIL)]{1000) — 111))[j000) — [111)]

Show that by using these states as quantum codes, any error on a single
qubit can be corrected.

10) + LD][1000) + [111)][j000) + 1111)]
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