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CHAPTER 1
INTRODUCTION

1.0 General Introduction

The wide acceptance of Statistics as a basic tool in technblogical growth, later recog-
nised as a ‘Key technology’, gained ground with the pioneering work of Shewhart
in 20’s, introducing Statistical Quality Control (SQC) in manufacturing industry.
Around the same time a solid statistical basis was being worked out for the ageold
concepts of sampling inspection for industrial products. By 1930, acceptance sam-
pling for lot by lot inspection was being applied in Western Electric Company and
elsewhere, Since then statistical tools have been the major technical inputs of To-
tal Quality Management which has spread far and wide as a movement for better
customer satisfaction as well as reduced loss and cost for manufacturing industries,
Statistical techniques may be broadly used in industry for (i) Process Control (ii)
Acceptance Sampling for Quality Evaluation and Assurance (iii) Special in-depth
studies with a view to achieving Process Improvement and (iv) Design and Planning
of Industrial Experimentation for optimal determination of factor combinations for
a breakthrough.

In our present work we have mainly dealt with (a) selection of Optimum Continuous
Sampling plans that minimise the amount of inspection when the incoming process
quality is maintained at a desirable level.

We have also studied a few topics of interest such as (b) computation of Tolerance
Factor A (c) institution of Gauge Control chart (d) determination of Optimum
Inspection Interval for controlling wastes of a high speed printilig machine and (e)
gssesSment of the effect of Inspection Ervor on lot by lot acceptancé rectification
inspection, covering ranges of application in the domains of quality evaluation,
process control and quality assurance.

1.1 Introduction to CSP Plans Several authors have enriched the field of

Continuous Sampling Plan since the publication of CSP - 1 by Dodge (1943). A



first comprehensive review of the work was made by Bowker (1956}, This has been

updated properly from time to time by various authors including Lieberman (1965),
Phillips (1969), Banzhof and Brugger (1970), Wetherill (19%7) and Stephens (1979).
Close on the heels along with Dodge, Wald and Wolfowitz (1945) introduced SPA
plans which, unlike CSP - 1, start with sampling inspection first and change to cent
per cent inspection whenever required. The authors also modified SPA to SPB;
several other related modifications were later introduced by Sahani (1979).

Dodge and Torrey (1951) in their plans, CSP - 2 and CSP - 3 suggested some
modifications over CSP - 1 regarding return to cent per cent inspection from the
sampling inspection phase, Derman, Johns and Lieberman (1959) considered fur-
ther modifications and proposed CSP - 4 and CSP - 5. Lieberman and Solomon
(1955) introduced a major change in the operating rules of C5P’s by suggesting
Multilevel Sampling Plans (MLP) introducing two to an infinite number of levels
of inspection. Read and Beattie (1961) introduced the concept of variable lot size

in the same context.
In industry, however, Dodge type CSP plans became popular largely due to its

adoption by US Army Ordnance Corps in the early fifties for inspection of ammuni-
tion components, aircraft engines and propellers. Various standards, viz., NAVORD
OSTD - 81 (1952), ORDM 608 1I (1954), AMC Manual (1956), H 106, H 107, MIL
- STD 1235 ORD (1962), MIL -~ STD - 1235 A (1974) were developed, modified and
finally revised to MIL - STD - 1235 C (1988). '

While several authors have suggested important and useful modifications to CSP
plans, many have worked in the area of Multilevel Sampling Plans. Appreciable
work on the use of Continuous Sampling Plan in the field of trouble shooting and
adaptive control has been done by a large number of research workers. The idea
of CSP leads to the development of some special purpose plans also. An attempt
has been made to list the notable contributors in all these areas in section A of the
reference. The range of contributions gives a broad idea about the main directions of
theoretical development and widening areas of application of what can be generally
characterised as Continuous Sampling Plans originally introduced by Dodge (1943).

2



1.2 Scope of the Present Work on CSP (in chapters 2,3,4 and 5)

A common feature of Dodge’s CSP - 1, G5 - 2, CSP - 3 as well as Multilevel CSP
plan is that several combinations of plan parameters are possible which will ensure
a desired AOQL. This makes the choice of a CSP plan extremely difficult.
Stephens (1981) provided a procedure of selecting the plan parameters (i,f) for CSP
- 1 for which the consumer’s risk is 0.10 for a stipulated value of incoming process
quality called the Limiting Quality Level (LQL). The plan is somewhat analogous
to Dodge’s LTPD stipulated plan for lot-by-lot acceptance rectification inspection,
Though this restricts the choice of (i,f) in a narrower region it does not lead to a
unique choice of (i, f). Govinda Raju (1989) provided methods to find plan pa-
rameters of CSP - 1 which will satisfy a given combination of (LQL, AOQL) or
(Acceptable quality level (AQL), AOQL). However, all combinations were not com-
patible, moreover the values of i were found to be exceedingly large in many cases,
limiting its practical use. Agarwal (1980) studied the optimal determination of CSP
- 1 under uncertainty using decision theoretic approaches of Wald’s minimax crite-
rion, Laplace’s criterion, Savage's regret criterion and Hurwic’s criterion. However,
choice of any one of these criteria is subjective, adding fresh controversy over the
choice of plan parameters. Further, all such modifications have been tried on CSP
- 1 and no attempts are observable in developing practically useful methods for
determination of plan parameters in case of CSP - 2 and OSP - 3 or Multi level
CSP plans,

In the present work, we are primarily concerned with the unique selection of plan
parameters of CSP - 1, CSP - 2, CSP - 3 and Multilevel plan with k = 2 (MLP - 2),
herein after referred to as Two level CSP Plan, by incorporating some practically
meaningful and useful criteria along with the specified AOQL. In this we follow the
classical approach of Dodge and Romig (1941) as in the case of AOQL stipulated
Iolt-by—'lot' inspection scheme.

For the case of continuous inspection, in Chapter 2, we have developed procedures
to find plan parameters (i,f) in case of CSP - 1 and to find (i,f), given k for plan




parameters (i,f,k) in case of C5P - 2 and CSP - 3 uniquely which will minimise
the average fraction inspected (AFI} for a given process average 7, while ensuring
a desired AOQL. A major hurdle in studying CSP - 2 and CSP - 3 plans was the
absence of a precise analytical procedure to find the combinations of plan parameters
(i,f,k) which will ensure a given AOQL. We have succeeded in developing a neat
procedure for the purpose.

In Chapter 3, Stephens’ (1981) work on LQL - based continuous sampling plan
(CSP - 1) has been extended to find unique optimum combination of (i,f) which
will (a) ensure a stipulated LQL with associated consumer’s risk of 0.10, (b) ensure
an AOQL which is less than or equal to some given value p; and (¢} minimise the

AFI for a given process average p among those plans satisfying (a) and (b).
In Chapter 4, we have also developed a procedure for finding the optimum plan

parameters (i,f) for CSP - 1 which will minimise the AFI when incoming quality p
follows any known distribution. This has been extended to C5P - 2 and CSP - 3
plans also,

The minimum AFI for the given process average 7 is found to be same for all the
optimum CSP plans (1,2 and 3). So, in Chapter 5, the performances of optimum
CSP plans are compared with respect to other performance criteria like p; (%), the
resulting AOQ curve and the average fraction inspected curve over the entire range
of p.

Since expressions for p; (%) for CSP - 2 and CSP - 3 are not available in literature
we have worked out the expressions for these two plans using Markov Chain formu-
lation of the plans. The scope of comparisons has also been extended to Two level
CSP plan (MLP (k = 2)) as the operational difficulty for this plan is more or less
comparable to CSP - 2 and CSP - 3 plans. |

To make the comparison valid, we have found out, empirically, the unique optimum
plan parameters for the Two level CSP plan and also obtained expression for p; (%)
in this case,

The comparison of the performances of different optimum plans facilitates the se-

lection of the most appropriate plan under a wide variety of situations.



1.3 Summary of Results in Different Areas of Statistical Quality Control
in Chapter 6

(a) Section 6.1 deals with the Tolerance Factor A. Wald and Wolfowitz (1946)
provide us with a formula for the Tolerance Factor to obtain two sided tolerance
limits for a quality characteristic which is distributed normally and whose mean
and variance are both unknown. Bowker (1946) proposed an approximate formula
for A which performs well for large samples. We have developed two formulas for A
which perform well for both large and small samples.

(b) Inorder to improve the performance of ‘c - a’ and ‘c + a’ gauge charts introduced
by Stevens (1948), we propose in section 6.2 a Median Gauge chart which is a
combination of the usual Median ( X ) chart and Steven’s ‘c + a' chart in a manner
that no measurement is required, ensuring the retention of the benefit of gauging
and yet we get better efficiency as compared to Stevens’ chart.

(¢) In section 6.3 we determine the Optimum Inspection Interval for the control
of bulk damage for a high speed printing machine in Texbile industry, Extending
Duncan (1956) we develop a procedure to minimise the total cost per cycle com-
prising of (a) the cost of unnecessary stoppages plus (b) the cost of avoidable waste,
by proper choice of the inspection interval.

(d) In section 6.4 we study the effect of two kinds of inspection errors on acceptance
rectification sampling scheme. We observe that if the incoming quality p exceeds
some value, p¥ which depends only on the magnitude of inspection errors and the
desired AOQL, then the AOQL stipulation can not be met. If, however, the inspec-
tion errors are of the same order and both less than the desired AOQL, then it is
shown that the value of p* exceeds 0.50. Since the actual p is usually expected to
be less than 0.50, the application of Dodge - Romig plans to ensure a stipulated

AOQL can be safely recommended in the above case where inspection errors are

presens.



CHAPTER 2

OPTIMUM CSP PLANS MINIMISING AMOUNT OF INSPECTION
FOR PROCESS AVERAGE p

2.0 Introduction

Continuous sampling plans were devised for processes involving a continuous flow
of products. CSP plans provide for corrective inspection with a view to having a
limiting average outgoing quality called AOQL, no matter what quality is submit-
ted for inspection. The basic assumptions are that (i) all defectives found during
inspection are rectified or replaced by good items and (ii) the process is statisti-
cally controlled at some p i.e. the process is producing defectives with probability
p [Wetherill (1991)).

The pioneering work in the field of continuous sampling plans is due to Dodge
(1943). His original plan designated as CSP - 1 is characterised by two parameters
(i,f) and suggests 100 percent inspection of products at the outset till i successive
units are found to be non-defective. There after only a fraction f of the items is to
be inspected. As soon as a single defective item is observed, immediate reversion to
100 percent inspection takes place, which continues until again i non-defective items
are found in succession. The plan parameters (i,f) are chosen to attain a desired
AOQL.

Dodge & Torrey (1951) offered two modifications of CSP - 1 plan which are desig-
nated as CSP - 2 and CSP - 3, |

In CSP - 2 the decision criterion for changing over to cent percent inspection is
relaxed. Thus the plan CSP - 2 essentially differs from CSP - 1 in that once
sampling inspection is started, 100 percent inspection is not invoked immediately
when a defect is found but is invoked only if a second defect occurs in the next
k or less sample units, The factor k may be theoretically assigned any value. It
is difficult to find analytically (i,fk) that would ensure a given AOQL. Dodge &




Torrey studied CSP - 2 plans with k = i and obtained several combinations of (i,f,i)
by trials to ensure a desired OQL.

CSP - 3 introduces a simple and effective refinement of CSP ~ 2 and aims at providing
extra protection against sudden deterioration of incoming quality. Following the
occurrence of a defective unit during a sampling phase, the next four consecutive
units are inspected and are required to be free of defects, for sampling to continue
on the CSP - 2 basis. Otherwise, the 100 percent inspection phase is invoked
immediately. The parameters of CSP - 3 plans are also (i,fk) with the compulsory
inspection ‘rule of four’. The flow charts of operation for CSP - 1, CSP - 2 and CSP
- 3 are given in Fig. 2.0.1, |
The basic problem with all the CSP plans is that there will be many combinations
of plan parameters, namely, (i,f) for CSP - 1 and (i,f,k) for CSP ~ 2 and CSP - 3
that would ensure a given AOQL. Yet, there is no well defined criterion of choosing
a particular combination for a given AOQL. Coupled with this, the CSP - 2 and
CSP - 3 plans have not been studied adequately in literature in the absence of well
defined procedures to find (i,f,k) for them. In the present work we are primarily

concerned with these two problems.
For a formal presentation of the problems in Mathematical terms we need to in-

troduce a few symbols. For all the plans to be considered AOQL is given and the
given value is denoted by p;. The process is producing defectives with probability
p which is taken as the incoming quality. ¥ is the desired process average (in the
Dodge Romig sense) at which the process should be ideally controlled and is given.
i, f and k are the plan parameters. Let AOQ represent in general the average out.
going quality and F the average fraction inspected (AFI) for a given p. p; denotes
the quality level at which the AOQL is reached.

All these quantities are also functions of plan parameters. Thus the symbols used

are .



pi(i, f), F'(i, f,p), AOQ (4, f,p) for CSP—1 .
pi(i, £, k), F°(3, f,k,p), AOQ*(i, f, k,p) for CSP—-2 ; (2.0.1}
p3(i, £, k), Fo(i, f.k,p), AOQ™ i, f k,p) for CSP— 3 °

Let us define the following sets :

N = Set of all natural numbers,
R = Set of real numbers,
= {p € Ro<p<1}

Then (i,f) € Nx Q and (i, k) e NxQ x N.
Thus the functions introduced above can be appropriately defined with their do-

mains and ranges specified as follows :

Fl{i, fip) : NxQxQ— 0
F2(i,fkp) : NXQOXNxQ— O
F2(,fkp) : NXOQxNxQ— N
AOQ' (4, £,p) : NXxQxQ— 0
AOQ? (i, £ k,p) : NXQxXNxQ— 0
AOQ (3, f k,p) : NXQXNxXQ— 0
L, f) : NxQ—

pP (i, fk): NxQxN-Q

P, fk) s NxQxN—=

It may be noted that mathematically
AOQL = Maximum of AOQ function with respect to p € 2, given

the plan parameters (i, f) in case of CSP - 1 and (i, f, k) in case of

CSP - 2 and C5P - 3, - (2.0.2)
For a plan with AOQL specified to be p;, f can be written in terms of (i) i in case

of CSP - 1 and (ii) (i, k) in case of CSP - 2 and CSP - 3.
Thus for plans with AOQL = p;, given, we will use the corresponding symbols as



pit(i), FY(3,p), AOQ(i,p) forCSP —1 |
p¥(i, k), F%(i,k,p), AOQ*(i,k,p) for CSP — 2 (2.0.3)
pil(i, k), F34(i,k,p), AOQ*(i,k,p) for CSP — 3 °
The domains and ranges of the functions are obvious from preceding discussions.
The parameters B, p, f, pr, i and k will always be used in the present work in

chapters 2 through 5 in the same sense as explained. When multiple, say m values,
of AOQL are to be considered simultaneously, we may also use the symbols py;, i

=1, 2, .... m for them.
In all subsequent discussions and statements in chapters 2 through 5, whenever the

aforementioned symbols are used it is tacitly assumed that

0,0, [, pL,priy € @ and i,k € N

This may not always be stated explicitly.
" Now we are in a position to state the problems formally and they are presented in

the following lines :
(i) Given AOQL = p; € {, find the parameters (i, f, k) € N x £ x N that will
ensure the given AOQL, in case of CSP - 2 and CSP ~ 3.

(i) Given AOQL = p;, €  and § = process average € {}, find a CSP - 1 with
unique (i, f) € N x ) which while ensuring the AOQL at p;, will minimize the
AFI, viz., F1¥ at B, among all the CSP - 1 plans with AOQL = p;.

(iii) Given AOQL = p;, € , P = process average € {1, and k € N, find a CSP -
2 (CSP - 3)with unique (i, f) € N x {2 which, while ensuring the AOQL at p;
will minimize the AFI, viz., F** (F8L) at p among all CSP - 2 (CSP - 3) plans with
AOQL = p;. | _ |
The problems (i) and (iii) in case of CSP - 2 under the additional condition k
= 1 have been completely solved Mathematically in the present chapter, where as
practical solutions have been provided for (i) and (iii) in the general situation (k
not necesarily equal to i) for both CSP - 2 and CSP - 3 although no exact analytical
solution could be provided. In the latter case the approach is partly Mathematical

9 :



and partly empirical based on numerical computations in the normal region of
interest. The CSP - 2 and CSP - 3 plans so established are found to be unique in all
numerical examples covered in our computation (presented in Appendix - 1,2 and
3).

All relevant results and observations in this connection are presented in Section 2.1

through 2.4, :
Some of the results presented here in Sec. 2.1, 2.2 and 2,3 have been published in

Ghosh (1988, 1989, 1990 and 1990).

The problem of finding the combination of (i, f) for CSP - 1 which will minimise
the amount of inspection for a given § was also considered by Resnikoff (1960). It
may be mentioned that (i) our approach is different, (ii) done independently and
already published and (iii) provides results which are stronger and more general

(with some overlap).

2.1 Optimum CSP - 1 Plan
2.1.1, Introduction

Since several combinations of (i, f) are possible for a stipulated AOQL in CSP - 1,
it is difficult to select a particular combination of (i, f).
One procedure would be to select £ not too low such that the spotty quality p, (%)as
defined by Dodge is not high. [p, (%) = the percent defective in a consecutive run
of N = 1000 units for which the probability of acceptance under sampling phase is
0.10.] However, p; (%) may not always be a suitable criterion, firstly because the
incoming quality may never be as bad as p; (%) and secondly because it depends
on the value of N which has been choosen somewhat arbitrarily as 1000. The same
value 1000 of N was used by Stephens (1979) and others. We also follow the same
convention for the sake of parity but it may be noted from table 2.1.1 that a change

in N can substantially alter the p; (%) for a given f.

10



Table 2.1,1 : p, (%) For Different NN.
N

f 1606 2000 3000 4000 5000

0020 100.0 57.5 384 288 23.0

0266 8.6 :43 29 22 17

It is also not true that for a specified AOQL selection of a higher value of f to
protect against spotty quality will necessarily amount to larger inspection. This

can be seen from the amount of inspection for a few plans given below.,

Table 2.1.2 ¢+ Average Fraction Inspected (%) For a Few Selected Plans,

Each Ensuring an AOQL of 5%.
AFT (%)

Plan1l Plan2 Plan 3
Process f=.20 f=.10 f=.05 "

Averagep i=13 i=21 =29
01 23.2  12.9 6.7
02 957  14.5 8.7
.03 287 174 115
.04 31.3 207 149
05 341 245 192
.06 37.3 289 244
07 40.6 - 337 305
.08 440 889  37.6
.09 475 445 452
10 51.5  50.83  53.2
12 583 619  68.6

It would appear that for plans with ¥ upto 0.08, lower value of f will result in
lesser inspection., But for § between 0.09 and 0.12 higher f, which ensures better

protection against spotty quality, may also result in lower inspection.

11



Let us consider two plans, one with i = 10 and f = .2851 and the other with i = 50
and f = .0105. Both the plans ensure an AOQL of 5%. The AFI (%) for the two
plans for § = 0.06 is shown below :

Plan AFT (%)
parameters at p = 0.06
i =10, f = .2851 42.54
i = 50, = .0105 19.02

Thus the choice of (i, f) in a particular situation greatly affects the amount of
inspection,

For all the lot by lot acceptance rectification sampling plans developed by Dodge
and Romig the criterion to minimise the amount of inspection if the process is
controlled at a certain proces average 7 was followed.

It is, therefore, natural to look for a combination of (i, f) that would not only ensure
AOQL but would also require the minimum amount of inspection for a given process
average P.

2.1,2 Buasic Formulas

The symbols and the formulas used here are either those originally adopted by

Dodge or others given in the introduction 2.0.

In a typical cycle of complete and sampling inspections in a CSP plan let

u stand for the expected' number of items inspected under complete enumeration
phase and

v stand for expected number of items that ave produced during the sampling phase

of the cycle.
We have, in CSP - 1,

B | |
U = quq | (2.1.1)

12



vV = -fg’ (2.1.2)

where ¢ = 1 - p.

The Average Fraction Inspected as defined by F'(i, f,p) in CSP - 1 in (2.0.1), is
given by

w+ fu
U+ v

. f
= FrA- 0= (2.1.8)

and the Average Outgoing Quality function as defined by AOQ! (i, {, p) in (2.0.1)
is given by

ﬁﬂ(‘i,ﬁ,p) -

A40Q'(, fip) = pl1~ F*) = p(1- L) (2.1.4)

U+ v
py, is the specified AOQL as mentioned before. Now the plan identified by the plan

parameters (i, f) must satisfy this AOQL specification. One can easily see that

. ' f
—. pld 3 W
P = O P A=) )
giving
SHORR &0
and f = (1= p}*(&)** (2.1.7)

ipr, + (1 — pi*(i))H+
Here it may be recalled that p}¥ (i) is the value of p where the specified AOQL is
attained. Also, it may be repeated here that given p;, f of the plan is simply a
function of i and hence in the argument of p}* only one element i is used.

13



2.1.8 On Some P*rope*rtzes of pit, 4, f and F* for CSP - 1

Lemma 2.1.1 : For a given py, the value of proportion defective pi* (i) for
which the AOQL value is attained decreases as i increases.

, in; + 1 (i+Dp,  1-pL 1—-1p;
Proof : pik(i) = -2k = I | 1 I
roof : py“(7) T T RS pL -+ 1

Since -1;‘_—;%& decreases as i increases, the result follows.
Lemma 2.1.2 : For a given pr, the sampling fraction f decreases as ¢ increases.

(1 — pl= (i)™
Proof: f = - —— from (2.1.7
F= vy tom @D
or—1~ = e 2% -1

foo @-pit(i)H

. 1—ps
ey — 1
Againl — p1*(i) 1 - (pg, + T )
1
i
= (1—p).
1 1P 1
f (1 pL)i+1 ?;T"i')iﬂ '

(‘3 + 1)1+1

I

{ps. M )""1} 1

91(1) ga(i ) +1

I

where g; (i), g2(i) are both > 0 for all i > 0 and have positive differential coeflicients
for alli > 0.

14



Thus, % increases with i.
Hence the result.
Lemma 2.1.3 : For a given pr,, the average fraction inspected as measured by

AL (i p)is given by

1

(i+1¥41 pp ¢ 1-p
1+ it l-pr’ 1“1:'1.)

(2.1.8)

FﬂL(iap) =

Proof, Using (2.1.3) and (2.1.7) we have

f

F+A-Ha-p)
_ 1 _ 1

1+ (% _ 1)(1 —p)’ 1+ (1_1,; () '(1 —p)’

FY(i, p)

l

Using (2.1.6) we have

’?:pL. Py - (‘f- -+ 1)i+1
(1 — pi“(i))i+ 1 (1 = pr)it
(1‘ +- 1)i+1 PL 1

—
[Ty

i 1-p, (1-pr)
Hence the result.
Thus for a given py, AFI is a function of i alone as mentioned before and hence in

the notation the argument f is dropped. Treating i as a continuous variable and p
fixed along with p; we rewrite F'* (i, p) as F(x), where

1
Hm) = I+ Cb"".(m—!—:zﬂr (2.1.9)
It may be noted that ¢ = T—F—‘{FE and b = 1—1_3"; are here constants, It may be noted

that b < 1 for all p > pr.
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We define ¥(xz) = cb‘”.(“"*ﬂf}“{ and
4(o) = In U(a)

and obtain ¢'(z) = Inb+in(z+1) ~ inz (2.1.10)
" 1 1 ’
and ¢ (z) = 1 =
- (2.1.11)
 a(e+1) o
which is less than zero for all x > 0.
Lemma 2.1.4 : F ("B)% 0. according as x '-:'= o where 4o = b
Proof : We have F(x) = gy = a0
Ha) o
: e ¢’ ()
and F'(x) @+ 1)
(=)
= - = [In h Inb]

Hence the result.

Lemma 2.1.5 : The functian hiz) = m(mil) {lmf—"’ﬁ"“:———ll]»2 is positive for all
postttve integer © < ap and for all b < 1,
Proof : We have

2a + 1 1
W) = Tg(i :—T_ )2 + 2{Inb + In(x + 1) — Inxr}. (e 1)
. 1 2 1 1
1 1 1 1 1 1 1
B (x4 1) [“fﬂ z+ 1 * anb_+ 2{:1; 9 T+ 323 4z + 9)4}]

16



where (0 < 6 < 1.

1 1 1 1 2 1

== b _
z(z + 1) [2in z 41 3 T 3z%  2(x+ 9)4]
<0 for x > 2.
At g, b = —ﬂ_?_—l- and hence In b("";:"l) = (.
Thus h(m[)) —_— (—I{]"i"].) - 0 > 0

It can be easily verified that h(x) > 0 forx = 1 and for all b < 1.
So, h(x) > 0 for 1 £ = £ =, and hence the result follows,
Lemma 2.1.6 : F''(x) >0 for all z L 29 and b < 1.

Proof : We have

F'(z) = =) +1){e!(g '(2))* + e %24 " (a)}~
2e 44 (a) (e ¥ + T)e 4§ (@)] /(e H + 1" _

(e *®) + 1)e #@){(¢/(w))* + ¢ "(x)} — 26* (¢ ())’

I

(6 ¢{z) + 1)3
(=)
T (e ﬁ; Tryle @ (@) +e M () + (¢(m) + ¢ "(2) — 265(¢ ()"
o $(z)
=~ @+ e #) + (@) (1 - e )

Using (2.1.10) and (2.1.11), the sufficient condition for F" (x) > 0 is that .

17



1 + e P(x)
o{x + 1)

— (¢'(x))?(1 - e *®) > 0

1
mm(fc-l-l

> (¢'(z))°

a:(m::- 1) > {mb(m; - P

a condition which is true in view of lemma 2.1.5, This completes the proof.

or

2.1.4 Optimum Combination of (1, f) that Minimises AFI for a Given Pro-
cess Average D and Ensures a Desired AOQL.

The problem has been formally introduced in Section 2.0. The procedure is devel-

oped on the basis of the following theorems.

Theorem 2.1.1 : For a given p;, F*(i,p) for a given incoming quality P

i ]

decreases monotonically for all i as long as 7y < =2 and then increases

monotonically for all i for which i‘i’i > -llffg t.e. attains tts minimum for the

value of ¢ for which E";'-'I = %};E- for allD > p;.

Proof : Consider F**(i,%) as given in (2.1.8)
The above result follows from Lemmas 2.1.3 and 2.1.4 once we note that b = ff% <1

) 1-7
hus F4(3,9) | in i for ——
Thus (g,p)11n10ri+1 S 1-p
and Fi*(4,5) T in1i for o > L-p
1 1 -pg
* ' P ; — 1-p
and attains its minimum for ;f:f 1-—-15{
1—5
i = —_7P (2.1.12)
¥—PL -



Theorem 2.1.2 : For a given p; and the process average § > py,, F'2(i,7) goes
on decreasing with increase in 1 and corresponding decrease in ptt (i) as long
as pit (i) > P and becomes minimum when pi* (i) =p.

Proof : Let P be less than or equal to pi? (i)

_ : ing+] 1-
Then p < pi(i) = 23 = p, + L&

I A=p
= 71 S

Hence the result.

= S 1L(2 45 1
Thus we have, p = p; (i) <+ m}—f—l_m..

We thus have a unique combination of (i, f), say (g, f5), which minimises the AFI

for a given process average J provided 7 > p;. _
The procedure for finding (g, fo) is given in the following algorithm.

Algorithm : MNFCS1 (B, p1, 1, f)
(* input parameters : P, pr,

output parameters : i, f *) |
(* Given P, pr, the algorithm gives (i, f) that ensures AOQL = p; and minimise

AFT at 7 under CSP - 1 inspection *)
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Begin
: 1~5
{ — L
?' P-pp!
if 1 is not an integer then

begini « |1 |;
if (F2(i,5) > F14(i + 1,5)) then
ie—i+1 |

(* F1(4,7) is calculated ﬁsiug (2.1.8) *)

end;

| 1—'&* & (]“E!)i-lnl .
P11 P i1 lf" iepp+{1—p)"?

(* See formula (2.1.7) *)

end.
The following points may be highlighted at this stage.

N.B. 2.1.1
It may be noted that there my be atmost two consecutive i’s for which the

same minimum inspection is satisfied given pr and p. However, given 7 and
pL, the large number of examples worked out by us show that (i, fo) turns out

to be unique,

N.B. 2.1.2

It is interesting to note that given ¥ and py, the opttmum plan is one for
which the specified AOQL as py, 1s attained at p}t (i) = P. In view of this the
optimum combination (ig, fo) also leads to the minimum amount of inspection
to achieve the AOQQL considering the class of all CSP plans (not merely CSP
- 1 plan and not necessarily of Dodge’s type) with AOQL specified to be p;.
This 18 so because, given any CSP plan, AOQL = p; will be attained at some
D, say p1, which may or may not be same as § . Now assuming unimodality
of AOQ curves (for these plans), if py is different from p, AFI of the plan at p
will be greater than or equal to the AFI for the given CSP - 1 plan for which
AOQL of p;, 1s attained at p. This is so because of the following relationship
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being satisfied for all CSP - Plans. For incoming quality p for any given CSP
plan, tf F(p) represents the AFI and AOQ (p) the AOQ, then AOQ (p) = p

(1 - F(p)).

The optimum inspection plans for a wide range of AOQL and process average p is
given in Appendix I. The table gives (4o, fo) for a given p;, and p for § varying from
0.005 to 0.20 and p,, ranging from 0.005 to 0.10 and 7 > py. It is not meaningful to
devise a plan minimising AFI at 7 where p happens to be less than p;. However, in
a practical situation if needed, it is recommended that the plan for § which is just

greater than py, in the table should be used.

2,1.5 Optimum (1, | ) under the Restriction That p, (%) Should Not Exceed

a Given Value

The customer may stipulate some value of p, (%) say pf (%) to protect against any
sudden deterioration of quality and this chosen value may differ from what results
from the optimum plan given in Appendix 1. Under such a situation the proce-
dure given in See 2.1.4 is to be modified to accommodate the additional restriction

relating to p,(%).
The problem can be stated formally as follows :

Given py, P and p € 2, find (i, f) for a CSP - 1 plan, which will (i) ensure AOQL
= p;, and p, < p°, and in addition will (i) minimize F'* (i, 7) among all CSP - 1

plans satisfying (i}, |
For CSP - 1, it can be easily seen that p, = 'lj (1-(.10)%" ). Stephens (1979) used
an approximate formula for the same as p, =~ 2.3 x 107%/ f. The alogorithm modified

to accommodate the stipulation on p, (%) is presented below.

Algorithm : MNPTCS1 (P, p, 2%, i, f)
(* input parameters : 7, pr,p;
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output parameters : i, f ¥)

(* Finding optimum (i, f) for CSP - 1 minimising AFI at P satisfying AOQL = p;
and p; < p) *)

Begin

1-(;10)% ,
f]. ¢ p? 1!?’ &« 1? ,
repeat

pr ol f o lopl
if (f > f1) then begin 1 + ¢+ 1; f2 +— f; end;
until (f < fi);
i 1-1;1f ¢ fo
MNFCS1 (P, pr, o, fo);
if (f < fo) then begin f+ fy;1 «— ig; end;

end.

It is easy to see that the plan so selected is the minimum inspection plan under the

additional condition imposed.

N.B. 2.1.3
The problem discussed in section 2.1.1 was also considered by Resnitkoff (1960)

in his paper entitled ‘Mintmum Average Fraction Inspected for a Continuous
Sampling Plan’, The results appearing in the above paper coincide with a part
of our result enumerated. However, it is the difference in approaches which
is worth noting. While Resnikoff has made a crucial assumption that FL (i,
p) is mintmum when AOQY (i, D) 1,e average out going quality at P equals
to p;, we have proved it. That makes a fundamental difference in approach.
Moreover, to make a blanket assumpiion of this type may not always be valid
e.g. we have seen that the same is not true for Multilevel CSP plan proposed

by Lieberman and Solomon (1955).

Besides, we have other results on the behaviour of F't (i, p) for different i,
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interrelationship between P, pi* (i) and p, and uniqueness of optimum solu-
tion. These results are stronger as they lead to (a) development of optimum
plans when p follows a probability distribution as demonstrated in Chapiter 4
and (b) modified optimum plan in the presence of additioal restriction on p,
(%), as already discussed in the present section.

2.2 Optimum CSP - 2 Plan with k = i
2.8, 1 | Introduction

Dodge and Torrey (1951) introduced CSP - 2 plans with parameters (i, f, k). The
CSP - 2 plan with k =i is eagier to handle and some exact results have been obtained
in this case. Accordingly we treat this case separately.

Dodge and Torrey too considered CSP -~ 2 with k = i only. For a whole range of
AOQL they obtained several combinations of (i, f, i) that would ensure a desired
AOQL following a trial and error method. Abraham (1971) developed a graplucal
method of selecting (i, f, i) CSP - 2 plans.

We have obtained algebraic relations, for the first time, to determine plan parame-
ters (i, f, i) and also developed a procedure for obtaining optimum CSP - 2 (k = i)
plan which will minimise AFI at the process average 7 among all CSP - 2 (k = i)
plans which ensure a desired AOQL. Our results are presented below.

2.2,.2 Notation and Formulas

The symbols © and v have already been introduced in Section 2,1,2. From the

results of Dodge and Torrey we have in case of CSP - 2 in general

U = 11;;:?1 - | (2.2.1)-
1 q* 1 kg
f‘I.J=-- llﬂqk( +k)+5"“1ﬂq&
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2— ¢ 2—q
- = T fork=i 2.
pA—q) ~ pA—gq) rF= (22.2)

Now,

U+ fu ;
U -+ v

Fe(i, f,4,p) =

f
(- HER - ) | ' 223)
andAOQ"(i, fyi,p) = p(1~F(4, f,i,p)) (2.2.4)

The symbols used in (2.2.3) and (2.2.4) are introduced in (2.0.1),
2.2.3 Determination of (i, f, i) for a Desired AOQL under CSP - 2 (k = 1)

Scheme of Inspection.

The probiem has already been introduced in Sec 2.0. Using (2.2.3) and (2.2.4) we

have

_— b
AOQ i, £,1,p) = pli . . 2.2.0
Hence, given AOQL = p;, using (2.0.3) we can also write |

. f
pe = PO T R e - @6 D)

where it may be recalled p$*(i,i) = 1 — q3%(¢,4) is the value of of p for which the
AOQL is reached.

To determine AOQL, we differentiate (2.2.5) with respect to p, equate it to zero
and this equation will obviously yield the solution p? (i, f, i), which we for simplicity
denote by p; in the subsequent expressions, It is to be noted that our problem is to
obtain the value of p; for AOQL given to be p;, . Thus, we have the equation :

LA (B +G)




where Ay = f2 + f(1 — 1 — Pl)i(2 ~ {1 — Pl)i)
By = (1-f).—i(l—p) (2~ (1= m))
Ci = (1=-Hl-p) =il - p) ' —1

and Dy = {f+(1— f)(l “Pl)i-(Q - (1 - Pl)ﬂi)}2

£+ f(1- a2 - ¢) +ipf1 - Hi 2 - 24)) _
F+-Al-py-C~0-pm)P

or 1
or £+ f(1~HA(2~ @) +imfQ - N (2 - 24))

= £+ 1- 02— q)f +2f0- Ha - 4)

which implies that

_d _ i+1/o _ i\2
2 — 241 f 2— 24
Writing 2 - 2¢} = s, and 2 - ¢ = 7, we have

ipy =

(1= p1)rs - (227)

I'l —h f-l- —— . f
ip; S f+Q=HQ1~-p)r
1—-p1 7y _
ipy 81 f+ Q1= ) =p)r

0

or 1

It follows from (2.2.6) that

181 + 7 — 1 = 181 |1 —
(is1 + 71)p1 1 lpl_[ f+ (1~J°)(1-p1)"F'1
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= ?:Si PL (2.2.8)

| ipg + I
and hence p; = P L (2.2.9)
81 ,
From (2.2.7) and (2.2.8) we have
1— .
1 iprt+p—~1 = 7 f(l p )
1
— 1 — 1
or pilisi+11) — 11 . f(l pr)*
T
1~ ;
or DL f(l — p1) + T1
ri f
S ]
or ﬁPL;‘i‘ = (1= )1 —p1)" "y
S 11
or fi p,{,-;l + faittom = gt
1
- @ (2.2.10)
and hence f = t'pz,-f% e

Thus for a given i and p;, p; can be obtained by solving (2.2.9) numeric:ally. For
this we express (2.2.9) as a function of py and solve numerically the equation g(p;)

=0,

» 2_‘q§, . # _
where g(p)) = %p1+2_2q{(p1—-1) ipy,
y Tl ...,..' _.:T_:'!_
= py(i+ 31) 1Py, o

For finding a solution to g(p;) = 0, we differentiate g(p;) w.r.t. p; and get
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L 2-d —~2i(1 — py )i~
= i+ (p1 — 1) |
J(p) 2 - 24} (=) {2-2(1 - p )i}
= i+ L+ 1(2";51)
I Sl 31

Using Newton - Raphson method and writing as usual p;(n) as the value of p; at
the nth iteration, qi(n} = 1 — py(n), and ry(n){s(n)) denoting =(s;) where p; is
replaced by pi(n) in the corresponding expressions,

pi(n+1) = p(n) gg,%;ll((z))))

pi(n )( + Dy — gpy, - )

s1( n.) a1 {n)

= p1(n) S TSMECEAO)
( _l_ r + H2— 1(;)

s3(n) (ip. ;ﬂ(ﬁ%mm(n)( ~ 51(n))
sH(n)(i + LU +4(2 — s1(n))

Ltl hrovides a reasonbly good approximate solution to (2.2.9) when p, is

(2.2.11)

I

- P i1

not too small and i is moderately large.
The iterative procedure can therefore be started with

ipr +1 ; o
pi(0) = ZE=m(0) = 2~ g}(0), :1(0) = 2~ 24}(0)

and the iteration may be terminated when | py(n 4+ 1) — pi(n) |< ¢, for some ¢, a
preassigned small positive number, say 0.005 or smaller depending on the desired
degree of accuracy. Once p; is obtained f can be obtained from (2.2.10).

It is noted that every choice of i leads to a particular value of p; and hence that of
f. Thus there will be many combinations of (i, f, i) ensuring the same AOQL. The
p1 thus obtained for AOQL giveﬁ to be p;, has been denoted by the symbol pi* (i, i).

2.2.4 The Nature of pt* (i, i) of CSP - 2 (k = i) Plan
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We are now interested in studying how p3% (i, 1) is affected by different choices of i
for a given pr. Treating pi” (i, i) as a variable depending on i and writing p for it
(consequently writing symbols r & s for 7; and s; respectively introduced in Section
2.2.3), we have the following Lemmas

- Lemma 2.2.1 : For a given i, I which is a function of p decreases as p

INCTreases.

d(!) — d[lg"—(l""p){]
" dp dp 2 —2(1 —p)!
~2i(1 — p)*~’
{2—-2(1-p)}

< 0 for all p in the range 0 < p < land for all i > 0.

Hence the result.
. . | . ppl ) : .
Lemma 2,2.2 : For a given ¢ the expression 25t §s o decreasing function of

I
p bounded by 1 and %”fl Jor 0 <p < 1.

' | o+ 5 (+ipr) | f(1-pu)
Pr'oof.Wehavei_I_E = (i+§)_+ (“’E’
= pt (=Pl - )

Forp—+0,1-ﬂi:£ rland forp=1,Z=1
In view of Lemma 2.2.1, for a given i, [1 - 'H—Lf] decreases with increase of p.

Hence the whqle expression is a decreasing function of p lying between 1 and %ill
for0<p< 1. |
Lemma 2.,2.8 : For a given i and py, there exists a unique p, called p3* (i, 1)

for which the equation (2.2,9) is satisfied.

~ Proof : We are considering the solution for the following equation
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ipL + =
14 5
The left hand side is a monotonically increasing function of p over o < p < 1. The

right hand side is a monotonically decreasing function of p ranging from 1 to %ﬁ*‘—l

1
for0 < p <1

Since, py, < 1, %ﬁi <1

Hence as p increases from 0 to 1, there is a unique value of p for which the left hand

yy—_
i

side and the right hand side will coincide.
Lemma 2.2.4 : For a given p1, the value of proportion defective pit (1, 1) at
which the AOQL 1s attained decreases as t increases.

' r
Proof; Wehaveq?f’ L

T
z-l-ﬂ

pr+ (1—pr) G(i,p)
H(4,p), say.

QT—%

where G(i,p) = at
re G{i, p) i+ S

I

Treating G as a function of i alone for a given p we have

2igtlogq 2—gf
dG  (ady ~ 2

asO<q<land§""{%>O

1 £ L] ¥ L .| ¥
Hence %i!-'- is a decreasing function of i for a given p and
' .

G(i+1,p) <G (ip) and hence
H(i+1,p) < H(i,p) for all p.
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Since pt” (i, i) satisfies equation (2.2.9), p?* (i, i) is the abscissa of the intersection
ofy=HI(i, p) and y = p, Hence p?* (i + 1,i + 1) < p?* (i, i) and the result follows.

The value of p3* (i, 1) for different values of i are given in Table 2.2.1 for a few
choices of py..

Table 2.2.1
Values of p¥ (i, i) for different AOQL

AOQL (%)
i 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
1 058069 068405 0.68743 0,59083 0,59425 0.59769 060115 060463 0.60812 0.61164
2 0397309 040210 0.40685 0.41184 041677 042174 042675 043181 043690 0.44203
3 030233 030790 031352 0,31922 032497 033079 0.33687 034260 0.34860 0.35465
4 024450 0.25053 0.25668 0,26287 0.28918 0.27554 028199 0,28851 0,29510 0.30176
6 020562 021199 0.21846 0.22504 0.23173 0.23850 0,24337 0.25232 0.25936 0.26648
6 017770 0.18432 0,19106 0,19792 0,20491 021200 0,21919 0,22648 0,23387 0.24133
7 0156669 016350 017045 0.17765 0.18477 0,19212 0,19958 0,20715 (©.21481 0.22266
8 0,14030 0,14727 0.15440 0.16169 0.16912 0,17668 0.18436 0.19216 (.20006 0.20805
8 012717 013426 014155 0,14900 0.15661 0,16436 0.17223 0,18022 0,18832 0.19651
10 011640 0,12361 0.13103 0.13863 0.14639 0.15430 0,06234 0.17051 017877 0.18714
11 010742 0,114Y3 0,12226 0,12999 0,13789 0.145695 0.15414 0.16245 017087 0.17938
12 0.00082 010722 0.11485 0,12270 0.13072 0.13890 0,14723 0.15567 = 0.16422 0,17286
13 0,09330 0,10078 0.,10851 0.116460 0,12459 0,13289 0.14133 0.149890 0.15856 0.16731
14 008764 009519 0.10301 011106 0.11529 012770 0.13625 0.14491 0.15368 0.16253
15 0.08269 0,09031 0.09821 0,10634 0.11467 G.12318 (.,13182 0.14038 0.14944 0.15838
16 007832 008600 0.09307 0,10219 0.,11081 0.11920 012793 0.13677 0.14572 0,15475
17 0.07443 0,08217 0.09022 0.00851 010701 0.11568 012449 0.13342 0.14243 0.15153
18 0,07095 0.07875 0.08686 0,09523 0.,10380¢ 0,11255 0,12143 0,13043 0.13951 0.14867
19 0.06782 0.07567 0,08385 0.09228 0.10093 0.10974 0.11869 0.12776 013890 0.14611
20 0,06499 0,07289 0.08112 0.08962 009833 0.10721 01622 012534 0.13454 0.14381
21 0.06242 007036 007865 0.08721 009598 010492 011399 0.12131 013241 0.14172
22 006007 006806 007640 0.08502 009384 0.10283 011196 0.12118 0.13047 0.13983
23 005791 0.06595 0.07434 008301 0,0918% 0.10093 0,11010. 0.11937 0.12871 0.13810
24 005693 006400 0,07245 0.08117 0.09010 0.09919 010841 0.11771 012709 0.13652
25 0.05410 0.06222 0.07070 007947 0.08845 0,09759 010685 0.11619 0.12560 0.13506

2.2.5 Determination of Optimum (i, f, 1) that Minimises F*L (i, ¢, B) Given

Dr.
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The problem has been formally introduced in Section 2.0

Theorem 2.2.1 : For given py, and PeS), there exists a combination (7, f, 1)
eN x 1 x N which minimises F** (i, i, 5) at b among all CSP - 2 (k = 1) plans
with AOQL = py, pmm’dedﬁ > Pr. F‘urthevmw&, the minimum 13 attained
for that value of i for which p¥" (i, %) ,'

Proof : Let p?”(41,11), p?2(4, 1) and P (4, 45) be respectwely the values of p at which
the desired AOQL = py, is attained for 4; < 7 < 45. Let p¥’(i,1) be equal to P.

It is known that p3*(iy,1;) > p3(i,©) > p?(is, ;). Hence we have from the unimodal

property of AOQ curves (as in (2.1.4) for CSP - 1)
p(l — F*(iy,i1,7) < po
ﬁ(lﬂFﬁL(i:’i:ﬁ)) = PL

(1~ F*(iy,15, D)) < py

These imply that F%(i,4,P) is the minimum of the three. Since this is true for all
b <1< iy, O (1,%,D) is the minimum over all values of i.

Since for an optimum plan p3(i,7) = P it follows from equation (2.2.9) that
2-7° - 2-7
iy N in =0
p(2+2“"2(_]t) E'PL 2_22-]'1
i 1-7
= = :
i+XL  1-p

For P < p;, T:J’— > 1 but the L.h.s. is less than 1 since 3‘-'3:; > 1.
Thus for ¥ < pr, we cannot find any optimum plan as it can be easily verified
that the amount of inspection goes on decreasing as i increass. So, we impose the
restriction ¥ > pr, which seems to be very natural for a practical problem. Hence

the theorem is proved.
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The algorithm to find the optimum combination (ig, fy, %) can be stated as follows

Algorithm ; MNCS2A (7, py, i, £)
(* input parameters : 7,p;,
: output parameters : i, f ¥) |
(* Finding optimum (i, f) for CSP - 2 (k = i) minimising AFI at § and satisfying
AOQL = py, *)
Begin
i e |52 ] = 15p1a ¢ 05dp = 0;
(* the optimum i for CSP - 2 (k = i) is greater than optimum i for CSP -~ 1. See
lemma 2.2.6 *)
repeat
114 1;
P1CS2A (i, pr, p1):
P11 Praj by ¢ g
Pz < Priie ¢ 4
(* this gives two consecutive values of i, one of which is optimum *)
until (p; < P);
i (| pu~Fl<|pra—71)
then begin ¢ « i;;p1 « pi1; end
else begin ¢ < ia;p1 + pio; end;
@ = 1~ piim 2 - Gi; 814 2~ 24¢;;

F i*Pnﬂ-&Hi‘“; (* see (2.2.10) *)
r - |

end,

Procedure : P1CS2A (i, pr, )
(* input : i, py; output : p;, computes p3* (i, i) given i, p *)
Begin -
pig — BREEL (¥ starting value for p?% (i, i) *)
- repeat
g — 1 =Py & 2~ qig; 81— 2~ 2% gl
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{ (up;,+-—'~)+up“t(2-sl)
pl i'('.l‘v-l-"l') H(Z'-'El) ’

P14 < Py;
until ([ p1 — pia {< €);
(* € a preassigned small positive number, say, .005. Also see

(2.2.11) *)
end,
N.B. 2.2.1

The search effort for optimum ¢ can be reduced considerably by determining
pk (z i) only for ¢ > -132- as it has already been pointed out that p ~ p}* (i,

-
z) > 2LTe 1+1 .
2.2.6 The Nature of F** (%, i, §) for CSP - 2 (k = %)

Let us recall F2& (i, i, p) refers to CSP - 2 with k =i and F* (i, P) refers to CSP - 1
with the same specified AOQL = p; and same process average P. Using equations
(2.2.8),(2.2.9) and (2.2.10) we have

F34,4,9) = [1+ (% -1)7'2-3°)"

_( ,E]_):-}-l

81 2""'-'(?"

-1
7]

P Ly

=1 ¢ T 2
where p,, r1 and ¢, are as defined in section 2,2.3.
= [L+ Dy(i)]™ say (2.2.12)
We have from equation (2.1.8) in Section 2.1.

)™ B ( Ly

FGp) = [1+
(4,p) = Dt —F—

= [1+Di(3)] ™,
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Do) AT s 27

D (1) (i + 1) "ry 2 — g
Lemma 2.2.5 1 For given AOQL = pr and process average P, the minimum
of F* (i, 4, B) over i for CSP - 2 (k = 1) plans is same as the minimum of
- F (3, p) over ¢ for CSP - 1 plans.

Th (2.2.13)

Proof : Let the respective minimum values be attained at i; and 4, for CSP - 1 and
CSP - 2 (k = i). The result follows trivially from the fact

pif(iy) = pi“(izyds) = P.

This result has already been pointed out in N.B. 2.1.2. |

Lemma 2.2.6 : If the minimum AFI referred to in Lemma 2.2.5 is attatned
at i1 and iy for CSP - 1 and CSP - 2 (k = 1) respectively then iz 2 1.
Proof : For CSP - 1, we have from (2.1.6),

7 = 1L, ==
P M (1'1) 11__!_.1

From Lemma 2.2.2 we have

TSI iopr, + 1
i9,12) 2 —
pl (2! 2) e l,..','2_|_1
opgt1 2L(s 4\ — 7 — Hertl
Therefore, % < pHlig,dy) = 7 = %‘
= ’ig > ’51.

Lemma 2.2.7 : If for process average P = pu), FE (4, 4, py) 15 minimum at
i =i, and for process average B = pw), F** (1, ¢, pw)) s minimum at 1 = i,

and moreover ppy = pay, then iy < iy,

Proof : As has been pointed out before pt“ (i1,41) = pg) and pr(iz,_ig) = P(2)
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BL ¥ ' 2L ¥ ¥ ] ' | ’ " E‘ v * ’ b
Hence pt* (ig9,12) 2 pi“(41,4;) and 43 < 4;, since » (i, 1) is a decreasing function

of 1.

Remark 2.2.1 .

Assuming AOQL to be fized at py, it has been observed that the amount of
inspection at p for CSP - 2 (k = i) plan is greater than that for CSP - 1 for
all © < iy and smaller than that for CSP - 1 for all i > iy where iy is the value
of 1 at which F*% (i, i, §) is minimum.

This may be intuitively explained as follows :

Recalling the expression for D, (i) and D, (i) in (2.2.13).

D, (i) 2-7
| L o -, because
D\(i)  2-¢

it is easy to see that both

E{ -——:rlﬂndjf: y 1 as 1 — oo,

This can be verified from Fig. 2.2.1 which shows the values of

2—g (i+ 2" Dy (i

2= G U D)
different values of i for § = .05 and p; = .01

As expected %f%% is approximately represented by 22—:;%: in both form and magnitude.

plotted against

, =7 < , <,
Since 2121 for =g
2—4q;” >

D (1) % Dy() according as i % iy which implies that F*“(¢,4, p) % F'L(4, 5 according
as i % i9, | | .

Theorem 2.2,2 : For given AOQL = p; and a process average > p, the
" AFI under CSP - 2 (k = i), viz., F*4(1,1,7) decreases monotonically for all ¢



as long as pt (i, 1) > P and then increases monotonically for which p?* (i, i)
< P i.e. attains a unique minimum for the value of © for which pi* (i, 7)) =P
Proof : For notational simplicity let us write p; for p?* (i, i); ¢; = 1 - p; and use 4,
sy and Dy (i) as defined in section 2.2.3.

qi = liL-.u-, g = 1—pr
181
or 1+ :f‘l _ ‘IL;
15] q1
or 18] 11 = qr ,
1 qr. — ¢
. | | |
Q'l(l""g'i') = qi+1) - igg (2.2.14)
. i1 i
and —2— = cH (2.2.15)

From (2.2.12) we have

(i‘l”ﬁ)iﬂﬂ 2“‘? PL(ﬁ)i
o ™ 2—¢q\ qr 49

71 \;, 181 2 - ?I' pr .4
= (1+4+ —)° 1), - =, (=
@ P ey 22 R (L
= (Ly Ty 22 B 2 (2.2.16)
¢i° A~ @ 241 qr 9L -
Let F2 (i, i, p) attain its minimum at 4, for which p}*(io,%) = PF. Then, conse-

quently D, (i) has a maximum at 2.
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We define ¢(i) = logDy(i)
= i(logqr, — logq1) +logqr, — log(qr — @) + log(2 — ') — log(2 — ¢i) + log + ilog(L)

Treating i as a continuous variable and differentiating ¢(¢) w.r.t. i,

g _ im(i) _m(i) - Flog | gilogg, ,. igm(3)

(1) = log | : —~ 4+ lo g 2.2,17
#) ¢ @ G- q 2-7 2—q 2 — qi qu ( )
N A
where m(i) = yr

Using (2.2.14) and (2.2.15), the sum of the terms containing m(i) in (2.2.17) is given

as

L1 i igH
m(t)[fIL—ql q 2‘:"‘}’;]

NE+1)q — gy q
= mi(1
( )[ (QL - fh)fh

qu(1—2) R
(‘JL = q1)q1 SI(Q'L — ql)

= m(i)[

2—-2q§-—-2+qi—|-q“i
_(%*"‘%)31

]




and by = logq, by = logg

We have, ¢' (i) = | ay | | by | =] as || by |, as a;,a9,b; and by are all negative.
Moreover, for i < iy, we have,

¥

pp>pPand ¢ <G
ay < ag and b, < b,
|la1| >]az| and | by | > | by

and hence |ay |t | >az] by

Similarly for i > 4p, | a3 } by ] < | az | by |; the equality sign holds only when { = 1.

Thus for all i < g, ¢ (i) and therefore D, (i) increases with i, reaches a maximum
at %9 and then decreases, We also note that there is only one solution to ¢(i) = 0.
Hence, F*£(1,1,P) has a unique minimum at i = 4. This completes the proof of the

theorem.

2.3 Optimum CSP - 2 Plan with Any k
2.8.1 Introduction

Dodge and Torrey (1951) introduced CSP - 2 plan with parameters (i, £, k). We
have already dealt with CSP - 2 plan with paraméters (i, f, i) as exact results were
- obtained for this special case. We now consider the general case.

‘The general CSP - 2 plan has not been studied elaborately as no procedure is avail-
able so far to determine plan pafameters (i, f, k) which will ensure a desired AOQL.
We develop here, for the first time, a procedure to determine (i, {, k) for a desired
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AOQL under CSP - 2 inspection procedure. As before, this is followed by selection
~ of a particular combination of i and f, given k, which while satisfying the AOQL
stipulation will in addition, minimise the AFI for a given process average p within
the restricted class. A method of search for the selection of the unique optimum.
plan within the restricted class in the context is provided and this procedure is jus-
tified mathematically only in part. But it is verified empirically for a large number

of cases.

2.3.2 Notation and Formulas

The relevant formulas due to Dodge and Torrey as can be recalled from section 2.2

are as follows :

U e (2.3.1)
_2-¢
fv o= ) (2.3.2)

(- d(2~ &) s
A= d)1- ) + 42— ¢) (233)

Fe(i,f,k,p) = 1
2. _ (1-Ng(2-¢")
and AOQ*(4, f, k,p) = p[f(l-q")(l—-q")—f-q"@—q")]_ (2.3.4)

2.8.8. Determination of (1, f, k) fm* a Desired AOQL for CSP - 2 Plan with
Any k. |

The problem has been formally introduced in Sec 2.0, Given AOQL = py, writing
p1 for p?L (i, k), it follows from (2.3.4) that

_ (1- fgi(2 - ¢) _ -
i = PR g- d) T 42— B (2:35)
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To determine p; for a given plan, we differentiate (2.3.4) w.r.t. p, equate it to zero
and solve for p.

s A0, £k, p) (1- HFE—g¢)
dp -0~ ¢ )

: p(l — DG + k)¢ — 24 [f(1 — ¢)(1 = &) + ¢(2 — ¢*)]
[A(1~¢)(1—g*) 4+ ¢(2 — ¢F))?

(1= HFC—ANfd (1 - ) + kg1 = ¢) + (i + k)gt* ! — 216
(1=~ ¢') (1~ g*) + g2 — ¢¥))?

_(1-HD (1= HA(fC+D) - (1~ )D[fB+A]
fo+p ¥ (fC + Dy’
where A = (i + k)¢ ! — 2ig'!

P

(2.3.6)

B

i1~ ) + ket (1 - )
O=(1-d)1- )
D =g'(2 - ¢*)

Using the subscript 1 to denote the value of A, B, C and D at p; and setting
dAOQZ@’f'k’EZ = ), we have '
P

(1=HD (- HAfCL+ D) = (1= HDifB + 4]
fCi+Dy (fCr + Dy)?

‘Then, from (2.3.5) given AOQL = p;, this equation reduces to

pr (1= HAC + D)~ (1~ NDi[fBi + Al _

0

— + 0
P o (JCL + Dh)*
o Pr - HA (= HDipfB; +A] _
p o fCi+D (fC1 + Dy)?
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pr  p(l—HA _ pulfBi+ Al _

or — | O
D1 fCy + D, fC + Dy
pr  prAr — pifAL — prfBy — prd;
or — - = 0
P fCy + Dy

br _ flpdy + pLBi1) +prA; — pidy
P1 | fcl + Dy
It follows from (2.3.5)

or

Substituting this value of fin (2.3.7) we have

Pr _ ?ngilﬁfg:’ (P14 pB) +prdr — Ay

I ) -
P1 rr.C14p1.Dy 'Cl T ’Dl

Dipipi(A1 + Bi) — piprAi[C1 + D) +p1[Crd1 — Dy By

eppp—

D1p1 [O] -+ D1]

Dypy{Ch + D]

R = Dipi[4; + Bi] = p1A1[Ch + Dh) + pi[CL Ay — D1 By

(2.3.7)

(2.3.8)

or D1P1 [Al -+ Bl] —p1A1 [01 + Dl] +pL[OiA1 - DIBI]- = Dl[01+ Dl] .

Dy[Cy + Dy] — pi|CrA1 — Dy By]
Di[A; + By) — A [Cy + Ds]

+ D1[Cy + Dy
PLY DB _AC

orp; =

= Pr + G(is kspl)
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. . Dic+Dy]
where G(’l,k,pl) o BllBl'l'-Alél

_ 4@=-a)la-d)1-d)+d2-a)
(6@~ lig (1~ ) + k(1 - gb)

= (i + k)gi*! — 2ig 7] (1 - ¢) (1 - 1)} (2.3.10)

The value of p, for any choice of i and k can be obtained by solving equation (2.3.9)
with a suitable iterative procedure to any desired degree of accuracy. fis obtained
by substituting this value of p; in equation (2.3.8). This combination of (i, f, k) will
ensure the desired AOQL.

This is illustrated with an example. It is required to find f for i = 10 and k = 8 so
that the combination (10, f, 8) ensures an AOQL of 0.05, no matter what quality
' is submitted. From (2.3.9) we find the value of p; to be 0.14600. Equation (2.3.8)
gives the value of f as 0.42418. AOQ? (i, £, k, p) values for different p as obtained.
from (2.3.4) are plotted against p in Fig. 2.3.1. | o
Since i and k can be chosen arbitrarily there wll be many combinations of (i, f, k)

ensuring the same AOQL,
2.9.4 On the Nature of pt(i, k) for General CSP - 2

The determination of p?£ (i, k) and the study of its relationship with i and k for
given AOQL = p;, are of vital importance from the view point of optimal CSP - 2
plans. We write as in the preceding section, simply p for p? (i, k) and then we

- have from equation (2.3.9),

PO )+l =3+
b — 4 Mk it | 2.3.11
Pr =P CIgh(—k) +ig T Br + 2igi + ¢ g1 (k — 31) ( )

. However, given pz, i and k, the value of p; can be computed by numerically finding

the point of intersection of the curves :
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Yy = pand
y = pr+G(i,k,p) (2.3.12)

By putting k = i, it can be easily verified that we get the same expression for p%L

(i, i) as in the simpler case of CSP - 2 with k = i. For this special cise it was noted

that p3* (i, i) is a decreasing function of i and we should expect a similar behaviour

of p?~ (i, k) for the general CSP - 2 as well.

It has not been possible to establish the expected results analytically. However, the

function G (i, k, p) was evaluated for a large number of combinations of (i, k). It

was found in all cases that | |

(i) G (i, k, p) is a decreasing function of p in the range 0 < p < 1 for given i and k.

ii) For giveniandk, G (i, k, p) intersects y = p at one point only, and

iii) G (i, k, p) is a decreasing function of i for given p and k.

 Following the same line of arguments as in proving Lemmas 2.2.1 through 2.2.4,
~ we conclude from the nature of the curve G (i, k, p), viz., as deﬁionst_rated by the

behaviour (i), (i) and (iii) outlined above that for general CSP - 2 also pi" (i, k)

decreases as i increases for given k and p;.

This is illustrated in Fig. 2.3.2.

It will be noted from table 2.3.1 that, for a fixed i, p}” (i, k) for a given py does

not always decreases with increase in k. Hence, subsequently we will study the

‘behaviour of general CSP - 2 plan by considering the behaviour of p* (i, k) for

- different i, keeping k fixed.

In this context, assuming the monotonically decreasing property of pi (i, k) wrti,
for any given k as demonstrated by a large volume of numerical computations from
which the table 2.8.1 is selected for the purpose of illustration! there will always
exist an iy such that p?*(ip, k) = "ﬁ for some given P in the normal range, and of

course given k.
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Table 2.3.1
Values of p#* (i, k) for some choices
of (i, k) to ensure an AOQL of 0.05

0

6

7

8

9

10

11

12

LD 00 3 O | .

10

14

0.2317
0.2049
0.1849
0.1693
0.1569
0.1467

0.1195

0.2322
0.2049
0.184Y
0.1689
0.1563
0.1461

0.1189

0.2329
0.2063
0.1848
0.1689
0.1562
0.1460

0.1186

0.2337
0.2059
0.1851
0.1691
0.1564
0.1460

0.1185

0.2345
0.2065
0.1857
0.1694
0.1566
0.1462

0.1185

0.2354
0.2072
0.1862
0.1698
0.1569
0.1464

0.1186
0.1139

0.2362
0.2079
0.1887
0.1703
0.1573
0.1467

0.1187
0.1140

0.2369
0.2085
0.1872
0.1708
0.1576
0.1470

0.1189
0.1142

15 0.1148 0.1143 0.1139 0.1138 0.1138

2.8.6 On the Determination of 1 and f (Given k) That Minimise the AFI for

“a Given Process Average D.

The problem has been introduced in Section 2.0. The findings based on extensive
numerical studies undertaken in the usual region of interest are enumerated below

as observations.

Observation 2.3.1 : For given py and k, there exists a particular combination
(1, f, k) which minimises the AFI atp under CSP - 2 inspection provided § >
pr. Furthermore, as explained in section 2.53.4 the minamum s attained for

the value of © for which pi“(i, k) =
Observation 2.8.2 : For given py, and k, the AFI under C'SP 2, viz., F*L (],

k p p) for a given pmces average P decreases monotonically for all i as long as
2L (1, k) > 5 and then increases monotonically for all i for which pi® (i, k)
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< P f,e attains a unique mintmum for the value of 1 for which p?L(i,k) =~ P
for allD > pr.

The above observations are based on empirical studies. Though we have not exact
mathematical proof for them, it is not difficult to explain the phenomena at least
intuitively. The results rest on two properties of p?* (i, k), Iiamely,

(a) Uniqueness property of pi” (i, k) for given p;, and k, and (b) decreasing propérty
of p?’ (i, k) with increase of i for given k.

As 1 increases we find a unique value i3 for which

p(ip, k) ~ P and p2l(dp, k) (1 — F**(io, k, p*L (40, k))) = pr

ie. P(l—F"(io,k,P)) = pr (2.3.13)

For all other i different from 4, 7 (1 - F*% (i, k, §)) will be less then py, because of
the unimodal property of AOQ curve.

The restriction > p; comes because of the fact that p?” (i, k) > py, for all i because
of (2.3.9). Thus we cannot find an 4, for which p}“(iy k) = 7 when 5 < p;. For 7
< pr no optimum plan exists.

It may be recalled that given any k € N, the unique values of i and £, so determined
(i) ensures the value of AOQL to be p; and (ii) minimize the AFI at p among all
such plans satisfying (i). What is interesting is that this minimum AFI at p given
by equation (2.3.13) remains same for all k started with. Hence, as far as the crite-
ria of the AOQL stipulation and minimization of AFI at p are concerned, all these
plans for different k happen to be equivalent and are not distinguishable from the
optimum (i, f, i) CSP - 2 plan dealt with in section 2.2. However, in the matter
of the choice for the best k one can be guided by some other physically meaningful

and important criterion additionally to be discussed in Chapter 5.

2.8.6 An Algorithm to Find Optimum CSP - 2 General Plan for a Given
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AOQL.

Algorithm : MNCS2B (3, py, k, i, f)
(* input parameters ; 7, p;, k

output parameters; i, f *) |
- (* Finding optimum (i, f) for CSP - 2 (k # i) minimising AFI at $ and satisfying
AOQL = py, given k, P, p; *)

Begin
1 ¢ 05 p12 « 0549 « 0;
repeat
T 141

Q1 = 1~=P;dy G * (2= q);

c e (1-g)*(1-¢q);

by —ixq 7k (1—q)) +kx g™ (1-q1);
ay — (E4+ k) % g™~ 257 % g '
Py

- Pu e Pra iy € o

P12 ¢ P1ita ¢ 4

until (p < 7); |
(* solves (2.3.9) with p; = P in the r.hs. to give two consecutive

values of i one of which is optimum *) |
P1CS52B (pu,p1, k, i1, Pl); Pu < Py
P1CS2B (pu, pi, k, 42, p1); p12 « P1;
if (| pu—PI<|pr2~P1|) '
then begin i « iy;p; « pn; end
else begin i « ig; p1 ¢ p1a; end;
g1 — 1 —piydi — ¢ * (2 - q7);
ey (1—gi) * (L - gp);

f o BUABLL (% oo (2.3.8) ¥)

end.
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Procedure : P1CS2B (p,py, k, i, p;)
(* input : p, pryk,, output : p;, computes p}% (i, k) given py, k, i and p, a suitable
initial value for p;. In extreme case it may be taken as 1 *)
Begin
P1 D
repeat
1 — 1= py,dy gy * (2~ ¢f);
¢y — (1—¢) % (1 - qp);
bi =ik gy (L= gf) +hx g™ # (1~ g});

ay + (S k) i = 2 in gl
d|*(t‘:1+d1)
i LY ’
P < PLT 3o —ane
Py & Pig

until'(]plg —p1 | < .0005; .
(* solves equation (2.3.9) for p** (i, k) *)

end,

2.4 Optimum CSP - 8 plans
2.4.1. Introduction |
In this section is considered the logical extension of the procedures dealt with in

section 2,3 for C8P - 2 plans. The CSP - 3 plans have not been studied in de-

tail in literature largely because there is no procedure, graphical or otherwisé, to
determine the plan paraﬁieters (i, f, k} which will ensure a desired AOQL. In this
seciton we first propose to develop a procedure to determine the plan parameters
for a plan with AOQL given to be p; and then search for that (i, f, k) which will
- additionally minimise the AFI for a given 7 among the class of plans satisfying the
AOQL stipulation, | | | |

2.4.2 Notation and Formulas

We will use frequently the following formula which was obtained by Dodge and
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Torrey : | |
AOQ (i, fik,p) = p(l— B3, f,k,p))

(1 — f)qI(Q T qk+4)' | (241) -__

- F [?(1 = @)1= ¢*) + 42 — ¢ + A fpgiat |

2.4.83 Determination of (i, f, k) for a Desired AOQL Under CSP - 3

The problem is formally stated in Section 2.0. It follows from (2.4.1) that given
AOQL = PL,

(1~ Nii(2 ~ i) L g

Pr = pl[ 1 o ol 3 g 1 .
FAl—a)1-a™ + &2 - ™) + 4fmdi &

writing p; for pi* (i, k)

For the determination of p, for a given plan with parameters (i, f, k) we proceed
in the same manner as we did in the general case of CSP - 2, We first differentiate

(2.4.1), given (i, f, k) w.r.t. p, equate to zero and solve for p.

o dAOQi,fkp) _ (1=HD  (1- A(C+D) = (1= fDIfB+ A
e dp - gD TP (fC + D)2

(2.4.3)

~where A = (i k_;'4)qi+&+3_2,iqf—i
B = ig= (1 - ¢*) 4 (k+ 470~ ) + 4l =+ Bpr)

C = (1-¢) 1 Y + 4pg ™t and

D = ¢(2- g+
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Using the subscript 1 to denote the valuee of A B, C and D at p; and setting
3
dAOQ Lf»*""f—’1 = 0, we ultlmately have

Dy — PL_DI

F= p1.C1 + pi Dy (2.4.4)
and P =. pr+ Hﬁ: k:‘pl): (245)
. | Dh[C1 + Dl]L
where H(i,k, =
¢ Hiikp) D\B; — A\,

The value of p; can be obtained numerically to any degree of accuracy by finding
the intersection of the curves :

and  y = p;+ H(ik,p) (2.4.6)

This is illustrated in Flg 2.4.1. For p;, = 0.05, i = 31 and k = 8 we have p; =
0.07997 and f = 0.09302 as obtained from (2.4.6) and (2.4.4) respectively. It will be
seen from the AOQ? curve that at p = 0.08 the AOQL of 0.05 is attained. Since i
and k can be chosen arbitrarily there will be many combinations of (i, f k) satisfy-

ing a given AOQL requirement.

2.4.4. On the Nature of pit (i, f, k) for CSP - 5
It was found mathematically in case of CSP - land in the speelal case (k = i) of

CSP - 2 that p; at which the AOQL is reached is a decreasing function of i for a
- given AOQL. The same result for p, was obtained empirically for all given k in the
general case of CSP - 2. For the CSP - 3 also, we proceed in the same line to study
the nature of p; which, as mentioned in section 2.0 is denoted by p* (i, k).

The function H (i, k, p) as in (2.4.6) was evaluated for a large number of combi-

natins of i, k and p. It was found in all cases that
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(i) H (i, k, p) is a decreasing function of p in the range of 0 < p < 1 for given i
and k, for all i > 2 when k is small and for all i > 1 for k large.

(i) H{, k,p)isa decreasing function of i for all given k and P-

The observations made above have been amply verified by exhaustive numerical
computations. As an illustration we present below in table 2.4.1 the values of H (i,
k, p) for a few combinations of (i, k, p).

The salient points made above are clearly exhibited by the table. So, we note as in

sec. 2.3.4 empirically that p3’ (i, k) decreases as i increases, for a given k.

By following the arguments as in the general CSP - 2, it is clear from observation
(ii) above that given a choice of k and p;, we can find for every F > p, a unique i
such that

H{i, k,p).

P = PrL

Thus given k, for any choice of 7> p; we can find an 4, such that pi* (4o, k) = P,
this p; leads to the AOQL whose value is given to be py. |

Table 2.4.1 | |
Values of H (i, k, p) for Some Choices of i, k and p

p= .5
|k = 4 8§ |k= 4 8

p=.1
k =2 4 8

o1 B L e

10
15
20

0.714
0.530
0.412
0.330
0.271
0.126
0.074
0.049

1.057

0.666

0.472
0.358
0.283
0.123
0.072
0.049

2.088
0.896
0.552
0.389
0.295
0.121
0.070
0.048

1.428
0.597
0.346
0.232

0.170
0.071
0.046
0.034

1.656

0.581
0.329
0,222
0.165
0.072
0.047
0.035

1,162
0.363
0.200
0.136
0,104
).030
0.033

0.025

0.772
0.315
0.188
0.133
0.103
0.050
0.033
0.025 |

0.956
0.334
0.192
0.134
0.103
0.050
0.033
0.025




2.4.5 On the Determination Gf (%, f, k) that Minimises the F*X (%, k, 1), for
a Given Process Average p

The problem is formaly stated in Section 2.0. Based on empirical studies over the
usual range of AOQL and p we have arrived at the following observations.

Observation 2.4.1 : For o given p; and an arbitrarily chosen k, there exists
a unique combination (i, f, k) which minimises the AFI F8t '(-z.', k, P) at P
given under CSP - 8 inspection provided 'p‘- > pr,. Furthermore, the minimum
s attained for the value of 1 for which pi* (i, k) = p. In case p3 (i, k) is
not exactly equal to P, the value of ¢ for whzch ol (i, k) is nearest to D is the

optimal choice.

Observation 2.4.2 : For given py, 7 k, the AFI, Pt (i, k, §) under CSP - 3
decreases monotonically for all 1 as long as p¥" (i, k) > P and then increases
monotonically for all © for which p3 (i, k) <P i.e. attains a unique minimum
for the value of 1 for which p? (z,k) = pforall 7> py

The above observation is an outcome of the decreasing nature of p* (i, k) with i
given p; and k. The explanation provided in case of CSP - 2 in Sec. 2.3.5 is also
relevant here, To illustrate this point we present the AOQ values for 5 plans each
ensuring the same AOQIL = 0.05 and having i values within a close range of 29 - 33
and k == 8, in Table 2.4.2. Givenk = 8, p; = 0.05 and § = 0.08, the plan (31, 8)
minimises F?* (i, k, ) and the choice of i is obviously unique. The same feature is

observed in all the problems of the type, given k, p; and P.
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Table 2.4.2
AOQ® For a Few Plans With Some Consecutive
Values Of i, Each Ensuring p;, = 0.05 (The Plan
with i = 31, k = 8 minimises F*L (i, k, p),
‘where p = 0.08)

P

k=8

i =29

1= 30

=3l

1= 32

i = 33

.060
062
065
.067
070
072
075
077
080
.082
085
087
090

044931
045976
046910
047727
048425
048998
049444
049760
049945
049999
049920
049711
049373

045251
046282
047196
047989
048655
049191
049593
049859
049987
049977
.049830
049546
049130

045550
046566
047460
(048226

048860

(049358

049715

049929
050000
049926
049708
049349
048552

045830
046831
047704
048444
049045
049503
049814
049976
049986
049847
049558
049123
048545

046092
047077
047928
048641
049208
049625
049889
049997
049948
049742
049380
048867
048207

2.4.6 An Algorithm to Find Opt-imu?'n_ C’S’P - & Plan for a Desired AOQL.

The algorithm can be stated as follows :

Algorithm : MNCS3 (5, pr, k, i, f)

~ (* input parameters : 7, pL, k;

output parameters : i, f; *) | |
(* Finding optimum (i, f) for CSP - 8 minimising AFI at p and satisfying AOQL =

PrL, give'n k:.ﬁ:pfz *) o | | o
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Begin
v = 0;p12  0;45 « 0;
repeat |
i1+ 1¢ 1—pid, 1——-q‘§ X (2—-—1"{1‘“);
o1 (L= i) ¥ (1 — ¢f*) + dpgf*;
by i % ¢ (1~ &Y
HE+ (1 = g) + 4(g ~ (@ + k)pr gt
ay = (1 4+ k4 4) * M+ — 94481,
p1 & pr+ ghilatd),
P11 & D) 1y & g
P1a + Pryia & 4
until (p; < p)
(* solves (2.4.5) with p; = F in r.h.s. to give two consecutive values

‘of i one of which is optimum *)
P1CS3 (p11,p1, k.41, P1); P11+ p1;
P1CS3 (p12, b, Ry, p1); P12 < pi;
if (| pn~Pl<|p—-5))
then begin p; « pjy;1 «— 4;; end
else begin p; ¢ p1a; ¢ & 1y end;
Q1 1 ~pi;dy ¢ * (2 — ¢™);
o e (1= i) * (1 — i) +dpygith;

f Hﬁ:zp.:j:;' (* see (2.4) *)

| end.

~ Procedure : P1CS3 (p, L, ki, pr)

(* input : p, py, k,4; output : py, computes piL (i, k) given p;, k, i and a suitable p
-as intitial value of pl.. In extreme case p may be taken as 1 *) o

Begin

p1 DB

repeat o
q—1-pydi g *(2-q™);
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€1 *_(1""01 % (1 - JLH)-I-ﬁLplq _
by — t#q 1% (1~ ¢ + (k—4)¢+3(1 (1~) +4(¢H ~ (34 K)pygtt*)
a1+—-(i+k+4)*q';+’~+3._g*”ql 1,

i

until (] pla ~ p1 < .0005);
(* Solves (2.4.5) iteratively for p; *)
end.

2.6 Some Concluding Remarks
Remark 2.5.1

The optimum plans for CSP - 1 are given tn Appendiz - I for different val-
ues of AOQL ranging from .05% to 10.0% and p from .05% to 20.0%. The
opttmum plans for CSP - 2 with k = < are given in Appendiz - II for AOQL
from 1.0% - 10.0% and p from 1% - 10.0%. The optimum plans for general
CSP - 2 are given in Appendim . II for the same range of AOQL and P and
for two values of k, namely, k =t - 10 and k = © + 10. The optimum plans
for CSP - 3 are given in Appendiz - III for k = 1 - 10, k = t and k =

+ 10 for AOQL ranging from 1.0% to 5.0% and P from 1.0% to 10.0%. It
may be noted that for all the pl&ms supplied in cases of general CSP - 2 and
CSP - 3 the observations on and properties of the optimum plans which were

established empirically have been found to hold. |

Remark 2.5.2

The optimum CSP plans can be chosen only whenp > py. In the relevant
sections we have discussed how this condition arises, For § < py, we do not
have any optimum ;o.lazn. In fact in such a situation no inspection is needed.
But inspection cannot be altogether avoided as incoming quality may deterio-
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- But inspection cannot be altogether avoided as incoming quality may deterio-
rate and if not detected and controlled quickly different segments of outgoing
products may have inferior quality, wbrse'than the AOQL. Thus ford < pi,
we recommend the plan for which the tabulated value of ¥ is just greater than

the required AOQL.

:

Remark 2.5.3

The problem of finding (io, fy) for a CSP - 1 which ensures a given p, (%)
and an AOQL = p; and moreover minimizes AFI at given ¥ among all such
~ plans satisfying the AOQL and p,(%) stipulation has been solved in section

- 2.1.5. We have developed procedures in Chapter § for finding the correspond-
ing plan parameters for CSP - 2 and CSP - 3 ensuring a given pi(%). Thus
if the same p, (%) restriction 1is imposed on CSP - 2 and CSP - 3, optimum
plans tn those cases under exactly the same stipulations can be easily obtained.

Remark 2.5.4

It has been shown in sec. 2.1 that in CSP - 1, for given p; and pgy > py,
iy > i, where 1; and iy are respectively the optimum choice of 1 for Drocess
© averages pp) and pg) respectively.

. The same is true for CSP - 2 and CSP - 8 plans also given pi and k. Thzs
- 4s again a direct outcome of decreasing nature of the il or pit functions with

increase in 4, grven k.
Remark 2.5.5

From a comparison of optimum plans for CSP - 1, CSP - 2 and CSP - 3 it
will be seen that the optimum value of 1 in all the cases lies within a close
range whereas the variation in values of f 1 quite high. This is found to be so
within the range of values of k chosen for our computation in cases of CSP
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- 2 and CSP - §.
Remark 2.5.6

The mintmum AFI’s, 'Y, F*L gnd F8L ot § for the optimum CSP - 1, CSP -
2 and CSP - 8 plans, respectively are all equal and this minimum is also the
barest minimum AFI required at B within the class of aell CSP plans satisfying
the destred AOQL = p;. Thus all these optimum CSP plans are also globally

optimum as elaborated in connection with CSP - 1 plans in section 2.1.4.
(NB 2.1.2).
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FLOW CHART FOR CSP PLANS

- L5 -

Fig, 201
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yet been found after intreduction of sampling phase in CSP-2 and
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phase. i = Number of consecutive good ilems in 100 percent

inspection stage leading to sampling phase (clearance number)
' k= minimum number of good ilems hetween two defectives in (he
sompling phase of inspection allowing sempling phase lo continue.




050

040

A

030

o 0200
- |

<

010}

D2
Dy

Values of for different i

50

0 10 20 30 40

Fig: - 2.2

AOQ Curve for CSP -2 with K= 8, 1= 10,

f=424185 PL: 05




Intersection of Y =

Kaz1
1.0
0.8 L E)!
A
4\
0.6 |7
o
o
o
Gor (= \i=5
.2
1=10
1220
ﬂlﬂ L | b b o 1 P=
0.1 0.3 0.5 0-7 0.9
- P -
K=15
10
h
0.8 t=1 . a?
06F
Uth-
iz$
0.2F
1210 5 G
(
1= 20 hk$}
0.0 A S S U’ : T ——,
0.4 0.3 09 07 09
s >

P and Y = Glikp) for
different values of k ond i
K=10
Lol
}
ek iz1
@
.6}
>-
0.4
f= §
02+ i=10
Y
2 G -
f= 2 ‘Lk,p}
0.0 ,;_L_ﬂL ) ﬂ_h——+-:::zsg=q
0.4 0.3 p0.5 g7 0.9
r
. K = 20
10
) |
] i=1 .-.Q
0.8 oY
0.55
}-
0.4}
=3
0*2" i=w J” | '
Y6 -
. o (i,k,b
A —
0‘1 ﬁ.i 0‘5 ﬂ;} . 0*9
b -
Fig:- 2.3.2



AOQ

03F

02f

01}

06}

AOQ  Curve for CSP- 3 Plan
K=8, L 31,1=09302, P| =.05

8 12 16 200 24
100 p ———

Fig. 2.4

- 40 -

28



CHAPTER - 3

LQL INDEXED OPTIMUM CSP - 1 PLAN THAT
'MINIMISES AMOUNT OF INSPECTION

3.1 Introduction

The acceptance rectification scheme for lot-by-lot inspection introduced by
Dodge and Romig was developed to ensure either (i) a desired AOQL or (ii)
a given LTPD as a means of consumer protection. To safeguard the pro-

ducer’s interest plan parameters were 50 chc:-sen as to minimise the average
fraction inspected for a given process average p in add1t1or1 to satlsfymg the
AOQL or LTPD restrictions. |

The equivalent of 'lot-by-lot L'TPD plans in continuous sampling inspection
was developed by Stephens (1981) by sélécting plan parameters (i, f) of CSP
- 1 in such a manner that the plan provided customer protection based on
LQL i,e Limiting Quality level.

LQL as defined by Stephens is as follows :

This is the incoming quality p for which the ‘percent of total production

units accepted on a sampling basis is 0.10 i,e the value of p for which

v ¢

= 0.10
L(p) = wtv  f+(1-fd

However, ne1ther Dodge nor Stephens considered the problem of minimising

the AFI at p in case of continuous sampling plan to safeguard producer’s
interest. In this chapter we present a procedure of select_ing plan parameters

(i, f) of CSP - 1 such that the plan ensures a given LQL = p', say, along
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with a desired AOQL, say, < p; and additionally, minimise the amount
of Inspection for a given process average p among all the CSP - 1 plans
satisfying the LQL and AOQL stipulations. |

Thus the work presented here together, with those in chapter 2 supplies a
complete analogue for continuous sampling plans of Dodge - Romig lot-by-

lot sampling plans based on AOQL and LTPD approaches.
3.2 Definitions and Notation

LQL has been defined in section 3.1. So, LQL indexed plan will have a
fixed consumer’s risk of 0,10. Thus LQL cm'i‘esponds to LTPD of Lot-by-
Lot sampling inspection. It may be pointed ﬂut. here that LQL is not to be
confused with p, (%) which has been used in CSP plans to designate spotty
gquality and already introduced in section 2.1.1. | -

As the restriction is on LTPD in the plans considered in the present chapter,
it will be needed to consider 1ﬁlans with different AOQL values simultane-
ously and compare them. We will use the notation F™ (i, p) to denote the
AFI, F1¢ (i, p) when p, = py, (given) for all i e N and all p e2. This is
done for simplicity of notation, as we are considering only CSP - 1 in the

present chapter. o
Using Stéphens (1979), let us write for a given (i, f) CSP - 1,

M) = gy = /00 &2

Let p* denote the LQL |
Then it follows from (3.2.1) that

9q.'l' ..
1- q"

f = (3.2.2) :
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¥

where ¢ = 1—9p'
From Stephens (1981) we have equations for (in terms of f and p*) and p*

(in terms of f and i).

They are as follows :
i = [Inf-In(9+ )/in(1-p*) (3.2.3)

and p' = 1-[f/(9+ P} (3.24)
3.3 Determination c}f_ Optimum (i, f) for CSP - 1 Ensuring a
Given LQL. . |

Stephens (1981) provided nomograph and tables for finding plan parameters
(i, f) for LQL stipulated CSP - 1 plan. The general feature of these plans
is that there are a large number of combinations of (i, f}) which ensure the
same LQL (as can be seen from equation (3.2.2)). We note from the table
provided by Stephens that for every such (i, f) the AOQL will be different
though the resulting LQL is same for all the plans. o

We consider two plans from Table 1 and Table 2 of Stephens (1981) such
that both ensure the same LQL of 32.5%. The AFI at a process average of

10% for the two plans is shown below :

. LQL = 32.5% “
| Plan (i, f) AFI(%) Resulting
N . atp=0.1 AOQL (%)
1 (9,.838) 523 476

.

o (18,.010) 55 1324
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From the viewpoint of AFT at p = 0.1, certainly plan 2 will be preferred,
but the AOQL of this plan is considerably high, viz., 13.24% , making it
not so useful for practical purpose. One can in this case with given LQL,
find a C5P - 1 plan for which the AFI at the process average is nearly 0
and the AOQL in that case will become arbitrarily large. Thus the need
for a judicious choice of (i, f) to meet a given LQL, taking into account the

other criterion of AOQL, can hardly be overemphasised.

We, therefore, given p, p;, and p'e {1, set out to find a combination of (i,

f) for a CSP - 1 plan which will ensure.

(a) LQL = p’
(b) AOQL < pr '

and also (¢) minimization of AFI at 7 viz., F'(4, f,P)

among all the CSP - 1 plaus satisfying (a) and (b). “The need for the
inclusion of (b) in the present set of criteria is quite clear from the preceding
discussion. | |

The main results of this sectibu are presented in the following theorems.
Theorem 3.3.1 Let there be n. CSP - 1 plans each ensuring the same
LQL. Let the .plﬁ.n parameters for the m* plan be (im, fm) having cor-
responding AOQL as py,, for 1 < m < . Then, 4 <i3 < ... <linp

_@'mplz'es PL; < PLyeees < Pr, - |
Proof : We have from Lieberman and Selomon (1955), for CSP - 1 plan

with AOQL = p;.

f - (I-pm -1
—— R S {i 1:‘+
(1—p)t +pL. =

il

)i+l. | |
(3.3.1)
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Let us assume that the given value of LQL isp'=1-q". Combmmg (3.3.1)
with (3.2.2), we have

0" (1 - pg )+

e

1~ (}H (1 ""EJL)1+1 "J';U (1+1)t+1

or 9¢" { (1= pL)*! +py. (f*},?'“} = (1= ¢")(1 — pg)i*

or (1—¢" = 9¢"}(1 —ps)*! = Op. ¢

or In(1 — 10¢") + (i + 1)ln.(1 ~p) = In9+ Inp;, + ilng*

+(i + (i +1) - dlnd - (3.3.2)

Given LQL = ¢*, there can be different CSP - 1 pla.ns with different values
of i and the corresponding AOQL values denoted by p;, here will be diferent
for these different plans, Treating i as a continuous variable the implicit

function (3.3.2) in i and py, is continuous. Differentiating with respect to i. |

1 i t+1 . dpy,
{—~10¢" Ing*] - - .
o100 ing] 1 m,( @i’
= L% 4 Ing +Zn(1+1)+ —ni— 3
- 1y 3
or (== + {£- B = ~Ing' — In* 11[}31;:3

10g" 1
= —|] z "'ln1+
[1 l_laqi]nq ( )
. N o .
el i l —'lﬂ-l'i'
- . nq ( )_

65



we will show that the last expression > (

. 1 “ 1
1, € 1_10{}*{( ing') > zn(1+.1._.)

e —ing > (1~10q*‘)zn(1+%) (3.3.3)

Since n (1 + -}) < 7 fori> 1 asufficient condition for (3.3.3) is that

. 1-10¢"
~ing’ > ~— L (3.3.4)
Writing - In ¢* = x, x is positive
or ¢ = e7?
It is, therefore, necessary to show that
iz > 1—10e7®
or 1—iz < 10e™, for x positive. | - (3.3.5)

which is trivially true.

Thus %‘}f > (). Hence the result

Lemma 3.3.1 Givenﬁ, let there be two CSP - 1 plans with same i and
diﬁewent values of f, given AOQL wvalues p; and p,:;! with pr, > py,.

Then Flz (4, ) < F (i, p) for all ¢ N.
Proof : For any given i and p, F“* (i, P) considered as a continuous

function of pri = the value of AOQL (eqn 2.1.8) can be easily shown to

be strictly monotomcally decreasmg Hence the proof,
Lemma 8.3.2 Let in and iy be respectwe!y the mlues of 7 fw which

P (i,7) and F(i, p) attain thew mzmmum Then ig < toz ¢f pr, < pi,.
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Proof : we have from Theorem 2.1.1.

) 1—75 —
—— = . and & 1-p
201+ 1 1 -9, %02 -+ 1 1 - pia

: | 1
Since p;, < py,, ~ <

‘E{]I f09
Thus < ~— and hence 4 ]
" " .!l < 1 ql

| Theorem 3.3.2 Let there be k CSP -7 plans, each ensuring the same
LQL = p" such that the prarameters of the m* plan are (i,, , f., ) with
corresponding AOQL asp;, , 1 < m < k. Then <t <., < 0,

rmplies

min Fon(i,,B) = F(i,p) for all P < pr

I€m<k
Proof : : It follows from Theorem 3.3.1 that

L < pr, < ... .<ka_aS

N 4':-2'_3 < ., <ﬂ}{

Now, given p;, and 7, F* (i, 7) is monotonically decreassing for all i as 7
< p1, (from Theorem 2.1 1) Also FLJ(z B) > Fm(i. ) for m > J and for
all i (Lemma 3.3. l)

Hence the theorem. |
This result stated in Theorem 3.3.2 is illustrated in Fig. 3.3.1.
Theorem 8.8.3 Let i) < i3 < ... < % be the clearance numébers for

k CSP - 1 plans, 'eacﬁ'ensum‘ng the same LQL = p'. Let the corre-
sponding AOQL’s be py,,pry--...pr,. Let p. be the process average such
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that F™ (i, p.) 1s minimum over all ¢ ensuring the same AOQL as

Prg. Then forp,, <5 < p, Fé4(i,. %) = min Fém (4., )
1Iams<k

Proof: It is to be noted that for the CSP - 1 plan with ¢ = 4, and AOQL

=pLg:FLk(ik:p) ~=

Iﬂl}fnﬁ‘l'_* (i, p) for some p and this value of p is denoted
by pe.

Now, in view of Theorem 3.3.1

Pry, < pr, <...<pr <P <p, where p, is obtained by solving

i 1— pe
i+l 1-pL - (3.3.6)

(See Theorem 2.1.1)

Given py, and P, let F* (4,P) be minimum at'i =4,’, Then it will be shown
in Lemma 4.1.2 that 1,/ > 4.

Hence given 7 £ p, and py,, F4{i,P) is monotonically decreasing for all i
< i (See Lemma 2.1.4 and Theorem 2.1.1). Then essentially the same

arguments as in Theorem 3.3.2 implies the results.

Remark 3.8.1 It is in:te?’eStz'ﬁg to note here that with all other con-
ditions same as in Theorem. 3.3.8, but 5 > p, F4(ik,B) is not nec-
essarily the minimum over all the k plans. The arguments provided
below clarify the'point. Since § > p,, the optim*uim io that minimises
FY*(4,5) over all i will be such that iy < 4. Thus F™(3,B) is an in-
creasing funciian of i for all i > dg and P > p.. If tn any case ty1 > %o

(there will be many situations where it will be so) then
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F*(iy_1,P) < F¥(iy,7) as iy < ipy < i

But in view of Lemma 8.8.1,
Doy < Ly — F i1, B) > F(ig_1,B) so, PB1(i_1,P) may not
be greater than F_L-" (ik, 7).

In view of the above results, the essence of the procedure to be adopted to

find a solution o the problem can be described as :

Given p; and p* find the C5P - 1 plan with largest infeger i satistying
AOQL < py, and LQL = p*, by using equations (3.2.2) and (3.3.2). Denocte
it by 4x. Then find p. for this plan' using equation (3.3.6).

If 5 < p,, the CSP - 1 plan obtained above (i, fi) is the required optimum
plan. If 5 > p., consider all CSP - 1 plans with AOQL < p; and LQL = p’
(Let there be k such plans (im, fm), 1 <m < k with 4 < 4g....... < 4; such
that pz, < pr,.... < pr,). Compute the AFI for each one of the plans. The

plan with minimum AFI amongst them is the requred CSP - 1 plan. The

algorithm giving the formal scheme of computerization is presénted be_low;
The optimum (i, f) cornbination. is given in Appendix 4 for LQL ranging
from 5.0 - 32.0%, AOQL ranging from_l.OO% - 15.00% and the process av-
erage ranging from 1.0% - 20.0%. ' | |

Algorithm : MNCS1 p__"(po-,.PL:Ei: f)

(* input parameters : po, P, P;

output parameters : i, f; *) o |
(* Given py,ps, P the algorithm gives (i, f) for CSP : 1
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which will satisfy LQL = p;, AOQL < p; and minimise AF]

at P ¥)

(* ii, ppr, ff are array variables each of dimension 150 *)

Begin

L= 03k & 050 « 1 — py;

repeat
i1+ 1Lk e—k+1;
const « In{(9) + i * In(go) + (i 4+ 1) * In(i + 1) — i % In(3)

—in(1-10%¢));
1 DLy
repeat
1 — 1— pry@ « (const + in(p1)) /(1 + 1);
pu 1 =€ p1 & pu;
until (| py; — p1 |< €);
(* e is a preassigned small positive number say .0005.
For a given i corresmndihg AOQL is obtd by solving
(3.3.2) given pp *)
ii(k) « 4 ppL(k)  pr; FAK) — £,
antil (ppr(k) > pr);

- (¥ for a given i corresponding AOQL and f ensuring p;,
and pp as given by (3.2.2) are stored *) '
ke k=1 p, o HERREIE,
if (p < p.) then

‘begin i - di(k); f — Ff(k); end

~ else begin

@1}—.1.0; |
forj=1tokdo
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end,

if FY(4i(4),P) < val then
begin val «+ Flﬂ(ii(j),ﬁ);
store « j
end;
end;
(* F_lf*(-i-i(j)j) is calculated
using (2.1.8) *)

i « ii (store); f « fI(store);
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ILLUSTRATION OF THEOREM 3.3.2

H

i01 and i02 are tihe_'values of _i for Whic_h F“(i,b)dnd FL2(i,E}
are minimum, U, {2,\Kk are the values of .| for which three
plans have the same LaL. o |

- Min F_Li (ij.TJ) =_FL|< (kP )

(€j<K - '
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CHAPTER 4
AOQL LINKED OPTIMUM CSP PLANS THAT
MINIMISE AMOUNT OF INSPECTION WHEN
INCOMING QUALITY FOLLOWS A DISTRIBUTION.

4.0 Introduction

The underlying assumptimi in obtaining optimum combination of plan parameters
of CSP plans is that incoming qﬁality is controlled all the time at a single value,
However, it is more realistic to assume that incoming quality follows a distribution.
For exarﬁple, to start with the simplest case, we may assume that the desirable
incoming quality which is normally expected follows a two point Binomial distribu-
tion. For the sake of uniformity with the preceding chapters we call this desirable
quality also, process average and denote it by the same p. But here F is not fixed.
It is a random variable. It may be quite logical and practical too to assurne that the
pi*ocess is such that most of the time 7 assumes the value p(;y and occasionally dete-
riorates to p) (> p(l)), which when de_tected is brought back to the usual level p(j).
I.n section 4,1 we continue with AOQL pl_ans'a,nd work out the optimum CSP plans
under the assumption that 7 is pyy with probability wy and Pea) with probability ws
so that 0 < p; < puy <P < 1 and wy +wy =1, wy,wn 2 0. |

We choose the plan parameters in such a way that the AOQL is py, (glven) and the
expected AFI, viz., By (F**) is minimum among all the CSP - t plans satisfying
the'AOQL stipulation, t = 1; 2 3. Here, E5 (f (P)) denotes the expectation of the
function f(7) w.r.t. the probability distribution of p.

The assumption that 7 follows a three point Binomial distribution may also seem
appropriate in some cases. For example, f may be consxdered to be controlled at

p(2) most of times. Yet incoming quality may deteriorate to pgy for some assignable
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cause and continue at that level till it is brought back to P2y following diagnosis and
trouble shooting exercises. Again, P may also improve to py) from pray. However,
this desirable situation may not prevail for long and 7 again attains the usual level
pa). In section 4.2 we work out the optimum CSP - 1, k =i and k # i cases of
CSP - 2 and the general case of CSP - 3 plar}s under the assumption that the P
is p;) with probability w;, 1 <4 < 3, so that 0 < p;, < pyy < pray < pmy < 1 and
wy + wp + w3 = 1. We seek to minimise, as before, By (F£) subject to the AOQL
requirement, t = 1, 2, 3.

In section 4.3 we consider the most general case where 7 follows any discrete {finite)
probability distribution.

In section 4.4 we make some observatic}ns relevant to CSP plans.

In this chapter we retain, by and large, the symbols introduced in chapter 2.
Some of the results presented in this chapter have appeared in Ghosh (1988, 89, 90

and 91). |
4.1 Optimum CSP plans When 7 Follows A Two point Binomial Distri-

bution.
4.1.1. Determination of (i, f) For O-pt'imum CSP - 1 plan

As already stated, we assume that"ﬁ takes values pay and pey with probability w;

- and w, respectively so that 0 < pz < pg) < p) < 1 and wy+wy =1. Ouraim s to

choose (i, f) for CSP - 1 such that AOQL = max AOQ (i, f, p) = pr and E; (F*L
(i, §)) is minimum among all CSP - 1 plans having AOQL = py. Under the given
situation the expected AFI is |

P = w F (i, py) + we F* (i, proy) (4.1.1)
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1

‘where (i, p ) =
where (4, p ) T T o (l-p N (4.1.2)
1 Tl-pr N 1epy,
The optimum 1 is obtained by solving the equation |
dFlL(‘L) | 0
di 7
1,€ w1A1 [log ; i loglmp(l)] ; ‘i!ﬁgf-la llﬂg ?: logl e = 0 (4.1.3)
| R | 1 —ps X 141 l1-py

where A; = . i=1,2
J i+ 1)1 1-pgyvi1a? )
{1 ( i) 12%:-(1——15%)}

[See Lemma 2.1 4]

 The optimum plan is based on the following Lemmas and Theorem.

Lemma 4.1.1 F'“(i,pw) is greater than FE(i,pyy) fpr all 0 < poy < pay < 1
and for all integer i. |

Proof The result follows immediately once we compare F'(i,p(r)) with FUL (1, peay)
~ using (4.1.2). .

Lemma 4.1.2 Let i; be the value of 4 which minimizes F*“(i,p(), § = 1,2.
Then iy > iz tf pay < Pay-

' 1-poy . 4 N i P
—11.-—! ¥ s [ |
| Proof We have T TRt T Tom and Py < P2)

Hence the result.

Lemma 4.1.3 The second derivative of F *:(i,p;)) with respect to i is positive

fﬂ?" CLHI?: < ‘ij,'j = 1, 2.
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. . |
Proof: Since py, < pr) we have b = —Ij; ? < 1 of Lemma 2.1.8 and hence the result

follows from the lemma.

Theorem 4.1.1 There exists @ untque 1op(dy < iy < 41) for which the amount
of inspection F'°(i) is minimum provided 0 < p;, < Py < Py < 1.

Proof : We note the following from Lemma 2.1.4 and Lemma 4.1.3 treating i as
a continuous variable and using the symbols :

dF'“(d Pw) dFL(3 peay )
a{i) e and b(i) = 7

(a) for i < i, a(i) < 0,4(i) <0

(b) for ¢ > 4y, a(i) > 0,b(3) > 0
(c) a(iy) = 0, b(i) = 0
(d) for iz <4 <41, a(i) <0 a’(5) >0 and b(1) > 0

(e) wy > 0, we >0,

Thus, dﬁ:é(i) = ag; + by changes sign from -ﬁe to +ve from 15 to 13, Also the solution

of a(i) + b(i) = 0 is unique. Hence the result follows.

The optimum integer iy can be obtained by evaluating F‘L(i) for integral values of
i in the range (is,4;) till i = iy such that F1%(ig + 1) > F'%(4y) and fixing i at 45, f;
the corresponding value of f in the CSP - 1, can then be obtained from equations

(2.1.6) and (2.1.7).

The AFI (%) for a given p, for different values of i when p follows a two _point'.
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Binomial distribution is given in the accompanying Fig. 4.4.2 to illustrate the

choice of 1p.
4.1.2 Determination of Optimum (4, f, i) for CSP - 2 (k = i) Plan.

We consider here the problem of choosing (i, f, i) for CSP - 2 (k = i) such that
AOQL = p;, and E5(F®"(i,1,7) is minimum among all CSP - 2 (k = i) plans with
AOQL = py. for 0 < pr, < puy < pry < 1,1 > 0, ws > 0 and wy +wp = 1. |

Let 4, and iy be respectively, the values of i which minimise F®* (3,1, pqy) and
- F*2(i,4,p@y). Then in view of Lemma 2.2.7 we have 4, > 4. The optimum (i,
f, i) can be obtained by using the following theorem. | .
Theorem 4.1.2 For a given pr, there exists an i (i < o < 1) for which the
expected AFI, Ex(F*“(i,i,9)) under CSP - 2 (k = i) is minimum for the two
point Binomial distribution of p [pay : w1,p@  wef provided 0 < pp < py <

pe) < L * |
Proof Let us write F2X(3,4) for Eﬂﬁ“(i,_i,'ﬁ)). Then

FOL(34) = wiFh(i, 4, poy) + wa PP (G, 4, py) (4.1.1)

. - ' Lfr ' . -

Treating i as a continuous variable, 4y is the solution of dF’ df"‘) = {), i.e. the solution
. . dF*(i,i : dFL(iip,

of wic(t) + wed(i) = 0 where c(i) = (;I. P0) and d(i) = ( = e,

We note from various results in sec, 2.2.4 - 2f2.6 that

(a) 1y <4
(b) For i < 45, c(i) <0, d(i) <0

(c) For i >y, ci) >0, di)>0
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(d) c(d1) =0, dfiy) =0
(e} For &, <i <1y, c(i) <0, d()>0
(f) wy >0, we >0, w +wy=1,

Thus F®*(i,4) changes sign from -ve to +ve as i changes from 1y to 4;. So, there
dF2L(i 4) |
di

- exists an 4p, f9 < fg < 47 for which i~i,= 0. Hence the theorem.
N.B. 4,1.1 :

In the case of CSP - 1, the uniqueness of this ?:0. could be established as

d’F L(ilp(l})
di*

to prove the same. It is clear that the optimum tnteger ip lies between iy and
iy and can be obtatned by evaluating F®2(i,i) as n (4.1.4) for all integers in
the range (is,1,) and choosing that i as ig for which FL(ig,io ) is mintmum of
- FRL(4,4) din the range iy < 4 < 4;. The value of fy, i.e. the corresponding f of
the CSP - 2 plan can be obtained from equations (2.2.9) and (2.2.10).

4.1.8 Determination of Optimmum (4, f, k) for General CSP - 2 Plan, Given k.

> 0 for iy < i < 45. But in case of CSP 2, it has not been possible

We consider here the problem of choosing (i, f) giveh k for CSP - 2 (general case)
. such that AOQL = p, and Ez(F**(i, »,p) is minimum among all GSP - 2 plans given
-k with AOQL = p; for 0 < p; < ppy < pey < 13wy > 0,wp > 0 and w; +wy = 1.

The procedire can be developed in view of the following obseravation which is based

on empirical study of a large number of cases.
Observation 4.1.1 : For given py and k, there exists an o (12 < do < ir) for

which the expected AFI, viz. FL(i k) = Ey(F**(i,k,p)) under general CSP -
2 is minimum for the two point Binomial distribution of Plpay © wi3p(2)  wal,
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provided 0 < py, < pay < py < 1. | |
The result follows similarly if we accept the properties of pi”(i, k) established em-

pirically in Section 2.3.4. Thus we have, assuming i; to be the value of i for which

Fﬂ‘r‘(i,k,pg)) is minimum, given k, 7 = 1, 2.

(a) 4 > 12 for pey > Py [Sincé. (a) Dptitﬁum is reacheed when piL(4, k) equals P(1)
or p(z) depending upon the problem and (b) p}(1, k) is a decreasing function

of i for a given k|,

* L 1 ¥ * ) + ' ¥ t ' *
(b) Given k, F*“(i,k,p(;) is a decreasing function of i for i < ¢; and increasing
funciton of i for i > i; and assumes a unique minimum for i = 4, for j = 1, 2.

(¢) Thus given k, there must exists an i in the range (i2,41) for which FEL(i, k) =

wy F2L (4, K, py) -+ waF3" (2, k, pay) is minimum.

The value of 4y is obtained by evaluating F°" (4, k) in the range (is,1;) and choosing
~ that i for which F**(4, k) is minimum. The value of f, is obtained by using equations
(2.3.8) and (2.3.9). '

4.1.4. Determination of Optimum (i, f, k) for General CSP - & Plan.

Given p; and k, we consider heré the problem_of choosing (i, f) for CSP - 3 such
that AOQL = p; and E3(F*4(i,k,p)) is minimum among all CSP - 3 plans with
- AOQL = py, when 7 follows the two point Binomial distributiﬂﬁ as before.
The procedure is based on the following observation arrived at empirically.
Observation 4.1.2 For given py and k, there exists an i (i <_ iy < 4y) for
which the empect.ed AFT, viz., FPL(i,k) = Eﬁ(FﬁL(ia k,p)) under general CSP -

8 is mintmum for the two point Binomial distribution of Plpay « W;Pe) wnf,

provided 0 < pr < (1) <P(.‘3) < 1.
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The above observation can be justified by using similar arguments as in Sec. 4.1.3

in case of general CSP - 2, once we accept the properties of p3(, k) esstablished

empirically for CSP - 3 in Sec. 2.4.4.

The value of 4 can be determined as before by evaluating F5% (i, k) for all integer

[ in the range (43,4;). The value of fy can be obtained from equation (2.4.4) and
(2.4.5). |

4.2 Optimum CSP plans when P Follows A Three-point Binomial Dis-

~ tribution
4.2.1 Determination of Optimum (i, f ) For CSP - 1 Plan

- This is a logical extension of the two-point Binomial case. Here we consider the
problem of choosing (i, f) for CSP - 1 such that AOQL = p; and E5{F'L(i,p)) is
minimum among all CSP - 1 plans with AOQL = p;, for 0 < p;, < puy < pey < Py
<1, w; > 0, wy >0, wg >0 and w;y +w, + wz = 1. The solution is based on the

following theorem. | _
Theorem 4.2.1 : Let the underlying distribution of p be three-point Bino-

mial such that pyy oceurs with pmbability'wj and 0 < pp < Py < P < PE)
< 1 holds. Then, given p; there exists a unique i under CSP - 1 for which

FL(4) = w P4, pay) + we U4, py) + wy (1, pray) 18 manimum.

Proof : Let i; be the optimum value of i for which FIL_(i,pG)) is minimized, j = 1,
2 3. - |

" Then i3 < 19 < 44

Let us write G(i) = wy F(i, peay) + wa F'L(i, pgy)

Then, FAL(5) = wy F*E(i, pry) + G(i). _
In view of Theorem 4.1.1, there exists a unique im (is < im < o) for which G(i)
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attains its minimum value. Fori < 4, G(i) decreases monotonically and fori > i,,,

G(i) increases monotonically.

We note that 1, < iy.

o 4R N (p) : *
Writing —"* = a(i) and ﬂtﬁﬂ = ¢(4), we further note that for

(8) 1 <im, a(i) <0, e(d) <0
(b) i>14y, a(d)>0, e(i)>0
(c) a(;) =0, e(ip)=0
(d) im <4<y, a(d) <0, a'(i) > 0and e(d) >0
(e)w; >0

Thus as in Theorem 4.1.1, there exists & unique ip in the range (i3,1;) for which

dPk(i)
di

~ The optimum 4y can be easily obtained by evaluating F'#(3) for all integral i in
~ the range (43,1;), till F2{(iy + 1) > F'(iy) and taking i as 4. The value of fo

corresponding to %y can be obtained from equatioﬁs (2.1.6) and (2*1.7)..

4.2.2 Determination of Parameters of Optimum CSP - 2 (k = 1), CSP - 2

(general) and CSP - § (general) Plans. B |

= (}, Hence the result.

Here given p; and k when k # i (for CSP - 2 and CSP - 3 plans) we consider the
problem of determining plan pal'a,met_ers for the above plans such that AOQL = DL
and E3( (i, k,p)) is minimum among all CSP : t plans with AOQL = py, t = 2,
~ 3and 7 follows the three point Binomial distribution considered in Section 4.2.1.
This is based on the following theorem. _
" Theorem 4.2.2 Let the underlying distribution of P be three point Binomial
 such that § takes the value pyy with probability w; and 0 < pr < ppy < P
< pay < 1 holds. Then, given k (when # i for CSP - 2 and CSP - 8 plans)
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there exists a value of ¢ for which

(i) Bs(F**(1,1,P)) is minimum for CSP - 2 (k = i) plans,
(ii) B5(F*(4, k,P)) is minimum for CSP - 2 (k # i) plans,
(iii) E;—,(FBL (i, k,P)) is minimum for CSP - 3 plans.

The above theorem can be proved analytically for the special case of CSP - 2 (k =
) plan by extending the arguments of Theorem 4.1.2 as we have just done in case

of Theorem 4.2.1,

The truth of the above theorem can be similarly established for the general case of
CSP - 2 and CSP - 3 once we accept the properties of p?“(4, k) and p3*(i, k) which
have been established empirically. S

The exact determination of iy and f; can be made by following a procedure similar to

that in case of two point Binomial case as discussed in Sections 4.1.2, 4.1.3 and 4.1.4.

4.3 Optimum CSP Plans When p Follows An m-point Probability Dis-

tribution.
4.8.1 Determination of Optimum (i, f ) For CSP - 1 Plans

We now extend the procedure developed earlier to find optimum GSP - 1 plan when
P follows either a discrete distribution or_' a continuous distribution which can be
approximated by discrete probability masses being distributed over a finite number
of values, S

We assume that the distribution of P is such that p assumes the values p(; with
probability w;, 1 < 5 < m and that 0 < py < pay < Py < Pmy < Lws >0,
.ij = 1. We are interested in choosing (i, f) such that AOQL = py, B5(F'“(i,7))
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is minimum among all CSP - 1 plans with AOQL = Py

The procedure is based on the following theorem.

Theorem 4.3.1 : Let p follow a distribution whech can be represented by

discrete probabilities w; assigned to a finite number of points py), § = 1, 2,
nl

. m such that ) w;=1. Let i; be the values of ¢ for which F':(i,py;) is
j=1 -

mimemum, § =1, 2, ... m. Then there exists a unique iy in the range (im,i1)
i
for which F'X(4) jZIwJFlL i, p()) 18 mindmum, assuming 0 < pr, < pay < P
. < Pm)

Proof : The proof follows easily as in 2 or 3 point Binomial case.

The operative part is, as before, to evaluate FM(4) for successive values of i in the
range (im,11) till i = 4y such that F**(iy -+ 1) > F'(4,) and fixing i as é¢. The value
of f5 can be obtained by using equations.(2.1.6) and (12.1.7).

4.8.2 Determination of Parameters of Optimum CSP - 2 (k = 1 or k # 1)
and CSP - 3 Plans. '

Assuming a distribution of B as stated in section 4.3.1, given p;, and k, when not
equal to i, we attempt to choose the parameters { and f for CSP - t plans in such a
manner that AOQL = p;, and Es(F*“(i, ¥, D) is minimum among all CSP - t plans
with AOQL =p;, t =2,3, '

The procedure is based on the following theorem.

Theorem 4.3.2 Let the underlying distribution for p be appmmimatéd by
discrete p?‘obabilities wj for a finite number of points, py, J = 1, 2, ... m

11

~ such that z w; = 1. Let 0 < pr < pyay < e < pmy. Given pr and k

(when # z) let i; be the value of i for which FL(z k,py) s minimum j = 1,
2 ... m. Then there exists an iy in the range (2m, 1) for wh.mh E5(FL(i,k, )
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18 minimum, t = 2, 3,

The above theorem can be proved by repeated applicatioh of Theorem 4.1.2 for the
special case of CSP - 2 where k.= i, |

For the general case of CSP - 2 and CSP - 8, the theorem is observed to hold from
the empirical study of a large number of numerical problenis as discussed in case of
two point and three point Binomial distribution of 7.

The value of 4p in case of CSP - t, can be obtained by evaluating E5(F(i, k, ),
- for all integer 1 in the range (i,,,11) and taking that value of i as 4, for which this
quantity is minimum, t = 2, 3. The value of f can be obtained by using relevant

formulas for f developed earlier in sections 2.2.3, 2.3.3, and 2.4.3.

4.4 Some Remarks

We conclude our discussion with the followmg remarks.

Remark 4.4.1: The procedures for finding optimum pammeters of the CSP
- plans when the process average P follows «a distribution fail, if any one of
p)’s s found to be smaller than p. If all pyy's are smaller than py we treat
the problem as one with o assuming the value p(m) with probability 1. Since
this fized value pyy < pr; we consider the CSP plan from chapters 2 for which
the fized p is just greater than the specified py. If only a few of the PG ‘s are
less than pp then we can use the followiﬂg heuristic procedure

Compute p = 2w;p;) and obtaih the optimum CSP plan having process average at
this computed P, following the procedures described in sections 2.1, 2.2, 2.3 or 2.4
as the case may be, | ' -

Remark 4.4.2 It may be noted tha,t the optimum 4 has been proved to be
unique tn case of CSP - 1 only when F follows a distribution. For other

. types of CSP plans, uniqueness of ip has not been establﬁshed, _ As a result,
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computational effort is more for CSP plans other than CSP - 1. However,
numerical ezamples show that 1y 1s unique n all cases of CSP plans considered
by us.

In any case, the search for 4y in the range (im,%1) can be reduced as g has been

- found to be close to ¢ where ¢ is the value of i which minimises PL(3,D) in case of

m

CSP - 1, F¥(1, A,F) in case of CSP -, t =2, 3 and p = Z PGyw;. This is in agree-
j=1

_ .1
ment with the general result that E5(g(p)) =~ g(Es(F)) for all continuous functions g,

Remark 4,4.3 All along the emphasis has been in obtaining a plan that min-
imises the expected AFT for a given probability distribution of p. If, howeuver,
there is a stipulation on p, (%) in addition to AOQL, it should be ezamined
- whether the optimal plan (i, fo) in case of CSP - 1 [(iy, fo, k) in case of CSP
-t t = 2, 3] for the given AOQL also satisfies the stipulation on p, (%). If
not, the plan parameters are to be worked out by tﬁal and a procedure has
been suggested in Section 2.1.5 for CSFP - 1. This can also be extended to
other CSP plans also using expressions for p, (%) as developed in the next

chapter, It is obvious that the expected AFI in such a case will be more than

that of the optimum plan without restriction on p, (%).

Remark 4.4.4 : The expected AFI in case of CSP - 1, 2 and 3 plans for
different values of © for some given p, values and a few arbitrarily selected

distribution of P are shown in Figs. 4.4.1 through 4.4.3.
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CHAPTER 5 -
A COMPARATIVE EVALUATION OF DODGE TYPE
OPTIMUM CSP PLANS,

5.0 Introduction

We have seen that the AFI at process average P for all the optimum CSP plans
considered are same. This is so because the optimum plan parameters (1,, fg) for
CSP - 1 or plan parameters (fp, fo) given k for CSP - 2 or CSP - 8 are such that the
corresponding pi*(do), pi*(io, k) or p (4o, k) as the case may be, at which AOQL =

py, Is attained is approximately 7.

It is, therefore, necessary to compare the performances of different types of 0ptiinurn
CSP plans with regard to some other performance criteria, The criteria selected
for the purpose of comparisons are (i) p; points (ii) AFI at some selected values of
inﬁoming quality in relation to ¥ say .25, .50, .75, 1.00, 1.25, 1.50, 1.75 and 2.00
times given ¥ and (iii) the nature of the resulting AOQ curve and not just the
AOQL only and (iv) the nature of the AFI curve for the whole range of incoming

quality and not just its value at 7.

However, we have enlarged the scope of comparison to another Dadge type CSP
plan, viz., two level continuous Sampling plan, a special case of Multilevel continu-
ous sampling plans developed by Lieberman and Solomon (1955). As pointed out
earlier, two aspects of CSP - 1 plan, viz, (a) an abrupt change between partial
inspection and 100% inspection and (b) extent of protection against spotty quality
lead Dodge to modify it. The primary purpose of Lieberman and Solomon { 1955)

was to extend Dodge’s approach in such a way that (a) it allows for smoother transi-
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tion between sampling inspection and 100% inspection (b) requires 100% inspection
only when the quality submitted is quite inferior and (c) allows for a very low AFI
when quality is definitely good. This was achieved by Multilevel (k) CSP plan. The
0SP-1 plan can be easily recognised as a special case of the above plan with k=1,

The two level CSP plan (k = 2) is of special interest to us as it is comparable to CSP

.9and CSP - 3 in the sense that this too delays the return to 100% inspection from

sampling and from the aperational point of view the level of difficulty is more or less
same. For two level G5 plans too, there will be a large number of combinations
of (i, f) which will ensure a desired AOQL. It is interesting to study if there exists
2 combination of (i, f) for two level CSP plan which minimises the AFI at 5. Our

enquir'y affirms this to be true.

Insec 5.1 we introduce two level continuous sampling plan and develop an empirical
procedure of finding optimum (i, £) which will ensure a given AOQL, say pg, and in
addition minimise the AFI at a given P within the class of all two level CSP’s with

AOQL = 11,

The comparison of CSP plans with respect to p, (%) available in literature has so
far been incomplete, largely because the expressions for p, (%) were not known
before except in case of OSP - 1. In section 5.2 we develop expressions for i (%)
analytically for CSP - 1 and extend it to CSP - 2, C5P ~ 3 and two level CSP plans. |

In section 5.3 we uncertake the comparisons of these CSP plans with regard to the

criteria already stated.
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51 Optimum Two Level Continuous Sampling Plan,

» 1.1, Introduction

The Multilevel Inspection Plan (M.L.P) as proposed by Lieberman and S{jlorno11 is

 as follows !

(0) At the outset inspect 100 percent of the units consecutively until i nnits in

succession are found clear of defects,

(1) When 1 units in succession are found clear of defects, discontinue 100 percent
- inspection and inspect only a fraction f of the units. If the next i inspected

units are non-defective proceed to the next level; if a defective occurs, revert

immediately to 100 percent inspection.

(2) When at rate f, i inspected units are found clear of defects, discontinue sam-
pling at rate f and proceed to sampling at rate f°. If the next i inspected

" units are non defective, proceed to the next level; if a defective occurs, revert

immediately to sampling at rate f

(3) When at rate f°, i inspected units are found clear of defects, discontinue sam-
pling at rate f2 and proceed to sampling at rate f°. If the next i inspected

units are non defective proceed to the next level; if a defective occurs, revert

- immediately to sampling at rate Ao

(k) When at rate f#1, i inspected uits are found .clear' of defects discontinue sam-
pling at rate f~! and proceed to sampling at rate f*. If a defective occurs,

revert immediately to sampling at rate -1, otherwise continue sampling at

rate f*,
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Wwe note that for k = 1, the MLP reduces to first Dodge plan, viz. CSP - 1. A flow
chart for the two level OSP plan (k = 2) is given in Fig (5.1.1). |

5 1.2, Notation and Formulas

The (i, f) are the parameters of a two level CSP. The symbols « and v used in the
chapters 2 though 4 mean the same thing here also

For the average fraction inspected or AFT ab the incoming quality level, p in case
of a two level CSP, we will use the notation F2*(s, fip). Similarly for AOQ we write
AOQ*(i, f,p) and for the value of p, called p; where AOQL is reached we write
pit(1, f). For the class of two level CSP’s given AOQL = py, f can be treated as a

function of i and so for this class of plans, the notation can be simplified as :

F*r (i p) for AFI,
AOQ** (1, p) for AOQ.
p¥ (1) for p1, where the maximum of the AOQ curve i.e. AOQL is attained.

The domain and range of the functions are obvious from the definitions and follow

similar lines as explained in connection with other CSP plans in Chapter 2.

Now, we have from Lieberman and Solomon (1955),

vy i f'i‘f}' |
AOQ (‘L}f:p) = pg'(l- f){f‘) (}(sz f)—i-q?*(l Ft+ fz)} (5.1.1)

The combination (i, f) which ensure a desirecd AOQL = py, will satisfy the Equﬂtlﬂﬂ
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g = FEN (1= )P ~ A3 +14) + 2
il +if]+ G (PE +20) - 2f] + g [~2i )
oA+ —if = o ' - (512

where p; = 1- ¢ stands for pi“*(3) = the abscissa fo the AOQ curve where the

ordinate is ecjual to py.

For given i, f and p, the following relation is known to hold between AFI and AOQ,

Viz.,
AOQ™(i, f,p) = p(1—F"(i, fp))
and given AOQL = py,

AOQ™ (i,p) = p(1— F(ip) (5.1.3

5.1.8 Determination of the Optimum Plan Parameter (4, f) Which Min-

imises Average Fraction Inspected For a Given Process Average P and En-

sures a Desired AQOQL.

The optimum combination of (i, f) is to be obtained empirically following the pro-

cedure outlined below.

(1) Given p; one can use figure 2 in Lieberman and Solomon (1955) to find (i,
f) for a two level CSP. Lieberman and Solomon consider the range of values
of AOQL from .01 percent to 10 percent and the rarige of values of i from
10 to 40,000. In all cases, given AOQL = pi, i decreases monotonically as {
increases, Using this figure the maximum value of i which corresponds to f
= .01 can be easily determined. This value of i is denoted by ime, and for
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investigation of the optimum plan, the value of { < 4, are only considered.
This means given py, the choice of f is restricted to be > .01 as implicitly
suggested by Lieberman and Solomon (1955) from practical considerations,

e.g. for pr, = 0.02, i can take values upto 4, = 170.

Thus given an AOQL, iyq. will be obtained by use of the graph as mentioned
above and this will provide a required input to the further calculations that

follow.,

(2) An algorithm is presented below for finding an optimal (i, f) which minimises
the AFT at process average § among all two level CSP plans satisfying AOQL

=PL*

(i) The exact value of f for a selected < imez Can be obtained by iteratively
solving equations (5.1.2) and (5.1.1) simultaneously. For a given i and the
approximate value of f, equation (5.1.2) is solved for ;. These values of
(i, f; @) are substituted in (5.1.1) to find AOQ*(i, f,p1). If the resulting
AOQ* (4, f,p1) is found to be equal to py, the values of i, fand py = 1 - ¢
are recorded. Otherwise, the value of f is suitably adjusted till AOQ*(1, f, )

becomes equal to py.

(i) For a given 7 and py, (F > p1), the value of F**(i, £,7) is computed for all the
 plaps in (i) with § € 4y to find 4o for which F¥*(i, £,p) is minimum. The

corresponding value of fy and p; are recorded.

~Algorithm : MN2LCS (].51 Prs Lmazs 1, f)
(* input parameters : P, pr, Imaz;

output parameters : i, f)
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(* The algorithm finds (i, f) for two level CSP plan

which ensures AOQL = p;, and minimise AFI at p given

F;PL:Imum *)
(* ii, ff, AAF are array variable each of dimension 300 *)

Begin

k:{——D;’ifﬂ—O;ﬁ — 1;p; <—‘1;<11"r‘1“‘]711?f‘ 1 —7;
repeat
=i+ 1 ke—k+1
repeat
repéat
g — (I4 fi— gy x (=2xix fi)
S s (B (24 251) ~ 2% £)
-t 1% f7) -
(1) - (424
@R (A=A DR GE+D)
& din |
until (| ¢ —qn |< & |
(* solves (5.1.2) for q; given i, f;, € is small preassigned

positive no, say, .005 *)

P 1—q |
A ot (1 {,_q htel - }

Q < py g * (L= AN g g=nyra-h )
if (AQ < pyr) then fi & fi — € else |

begin

€1 S

fi = fite;

“end,;

until (| AQ — peL [ <é€);
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(* for a given i and py, solve (5.1.1) for £*)
AQPB G * (1 — i) gyl 3
WPB = p* 7+ (L= W st e b

AF «— 1 - (AQPB/p);
li(k) « 4; Ff(k) « fi; AAF(E) + AF;

until (i = Z,4z);

val « 1

fork =1 to . do -

if AAT (k) < val then

begin val « AAF (k); store « k; end:

i « ii (sotre); £+ fF (store);

end;

The optimum combination of (4, fo) as obtained by using the above procedure is
shown in Tables 5.1.1 and 5.1.2 for two values of AQQL,

N.B, 5.1.1 : It was observed that for a given p and py, F*4H(i,B) decreases
with 1 initially, attains a minimum at iy and then increases with incresse in
1. However, the value of pi**(i) at which AOQL is reached is not always equal
to . For § very ldme compared to py, the difference between pi“*(ig) and p
18 noticeable, Thus for the two level CSP plan, the minimum AFI ot B will
be greater than or equal to the minimum AFI at P for other plans, viz., CSP

- 1, CSP - 2 and CSP - & plans for all of which d happens to coimfida with p;.
'N.B, 5.1.2 : In view bf the nature of F*Lt(4,9) for diﬁerenﬁi’s, 7t will be

possible to find optimum two level CSP plans when P follows a probability

- distribution by following procedures similar to those in Chapter 4.
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Table 5.1.1

Optimum Combination of (i, f) for Two Level
C51? Plan Ensuring an AOQL of 5,0%

IProcess

‘average i f P AFlat 7 AOQ at 77
0.06 56 0.0176 0.0600 0.1667 005
0.07 28 0.1132 0.0702 02857 0.5
0.08 19 0.2209 0.0798 0.3750  0.05
0.09 14 0.3258 0.0905 04444  0.05
0.10 11 0.4132 01018 05001 0.5

Table 5.1.2

Optimum Combination of (i, f) for Two Level
CSP Plan Ensuring an AOQL of 2.0% _

F ’rocess

average J i f p AFlatd AOQatp
0.03 59 0.1626 00301 0.3333  0.0200
004 30 03932 00403 05000  0.200
0.05 21 05214 0.0495 0.6003 ~ 00200
006 16 0.6095 0.0891 0.6667  0.0200
0.07 13 0.6600 00684 0.7144  0.0200
0.08 11 0.7115 00774 07502 ~ 0.0200
0.00 10 0.7336 0.0831 0.7789  0.0200
0.10 10 0.7336 0.0831 0.8054 . 0.0195
0.11 10 0.7338 0.0831 08206  0.0187
012 10 07336 00831 08514 00178
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5,2 Expressions For p,(%) of CSP - 1, CSP - 2 and CSP - 3 Plans.
59,1 Introduction

p(%) for continuous sampling plans is defined as the value of inmnﬁng quality
(in percent defective) in a consecutive run of N = 1000 product units for which
the probability of acceptance, F;, is 0.10 during the sampling phase. Let. us note
that during the sampling phase of inspection, an item is either inspected or not
inspected. When the item is inspected, it may be found to be defective or non -
defective. If it is non defective on inspection it is accepted and if it is defective it is
rejected. An item which is not inspected is naturally always accepted, irrespective
of whether it is defective or not. Thus acceptance of an item implies that in the
sampling phase the item is either not inspected or found to be good on inspection.
Thus 0.10 probability associated with p,(%) is actually the pmbability that each of

the N = 1000 consecutive items in the sampling phase is either non ~ inspected or

found good on inspection.

Thus, we can define p (%) as follows :
In the notation below P (A / B) denotes the condlt‘.lonal pmbabﬁlty of the event

A, given the event B.]
Let 1 - p, = P (an item is inspected and found defective / the item is in samphng

phase of inspection. ) | | .
Then p, = P (an item is accepted / the item is in sampling phase of 'inspec.tion)
and pl% = P (consecutive 1000 items are accepted / all the items are in sampling

phase of inspection.)
Setting pmm 0.10, the corresponding value of p, the incoming quality is c calcu-

lated. This value of p so determined is called the p, of the plan :

08



Stephens (1979) obtained an expression for p,(%) for GSP - 1 using following argu-

ment.
During the sampling phase,

(i) the unit is sampled with probability f and is found on inspef:tion to be good

with conditional probability q =1 - p,
(i} the unit is not sampled (and hence not inspected) with probability 1 - £

Thus For GSP - 1, py=fq + (1-f) =1-f(1-q) =1-fp

Py = (1= fp)te (5.2.1)

Thus solving the equation (1 ~ fp,)1% = 0,10

we have p, = (1~ (0.10)"")/f = (2.2999 x 107°)/f (5.2.2)

However, it is difficult to extend the above logic to OSP - 2, CSP - 3 or 2 levels CSP
where operational procedures are quite complicated. In fact no explicit expressions
for C5P - 2, CSP - 3 and 2 level CSP are given in literature, Defining '!:_he states of a
system under a CSP plan appropriately, a Markov Chain model can be developed.
Roberts (1965) has defined the states and presented flow diagrams of transitions
from and to the states for CSP - 1, CSP - 2 and CSP - 3 and this is shown in Fig.
0.2.1, In the figure to avoid the clumsiness in appeai'ance some dummy stages de-
noted by Dy, Dy, DS)...D8) are intorduced, All transition probabilities indicated
by arcs leading to dummy stages are exactly 1.0. However in writing the steady

state probabilities these dummy stages can be completely ignored.

The steady state probabilities for the different states of the Mark_ov-Chain were
obtained by Roberts (1965) for CSP - 1. The same for CSP - 2 and CSP - 3 were

9



solved by Stephens (1979). The Markov Chains are found to be. irreducible in all

these cases.

The solutions lead to the expressions for AOQ and other performa.nce character-
rotics for the CSI plans in the steady state, which have been used earlier. Usiﬁg
these solutions, we obtain expressions for p,(%) for CSP - 1, CSP - 2 and CSP - 3
plans by using the precise definition given above. In the developments which follow
for CSP - 1, CSP - 2 and CS5P - 3, we follow the notation and state designations as
provided by Roberts (1965) and Stephens (1979).

5.2.2 Expression for P,(%) for CSP - 1

The equilibrium probability for a state, say I is denoted by Pr. _They are as follows.

Py, = pg-q‘ ”

Py, = %’ﬁ; F=1,2,....4 .
Py = %ﬂ‘_—-} o | (5.2.3)
P, = Igfﬂil | _ -
Py = 45

where D = f+ (1 -f)*]'i |

For further details the original paper by Stephens (1979) may be referred to.
Obviously, in this case of CSP - 1

_ PN"I‘P}”
Ps = B+ P+ Py
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B+ o U
This can be simplified to
Pe = 1-p ' (5.2.4)

This expression for p, is same as (5.2.1) obtained by Stephens (1979) and p,(%) can
be taken as the solution of

(1= fp)™ = 0.10 - | (5.2.5)

iep = {2.2999 107 ) / f- which is same as the expression obtained by Stephens
(5.2.2) | |

5.2.8 Expression for p, (%) for CSP - 2

The equilibrium probabilities for the different states of a CSP - 2 plan have been

worked out by Stephens (1979) as follows.

Py, = &(J-«Q(H"), ]
Py, = Y= 5198, i
Py = 2, )
Py = LEF, |
Py = 1;}#‘1 : ; ' (5.2.6)
Py, = Lp‘*ﬂg"f'-,_ n=123.k |
P, = 2L n=1,2,3..k
and Py, = =007 n=1,2,8..k |
where D = f(1 — (1 - ¢)+d(2- q~)

L

For further detalls we refér to Fig. 5.2.1 and also t'ﬂ'_Stephens (1979).
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In this cuse of B -2 again, olwiously

Lt Lyt Dy, - Py,

,,' ﬁ L r-r._ - LR TR TP ﬂﬂwm,ﬁm chadoduHrbes

f;.; f 11,1 oA Py o f d, I P;,,"F:.{Tﬁ;:

which can be simnplified to

1, (lmfp) (5.2.7)

Hence p, is given by the solution of

(1= fp)™ = 0,10 - C(5.2.8)
§.8.4 Fepression forp (%) for CSP - 8 '

Here agnin, the equilibrivum probabilities for varlous states of CSP - 3 as shown in
Fig., 8.2.1 are taken from Stephens (1979) and are presented below,

Thug Py, = gﬁg{%{ﬂl__ﬁ
PAJ s Li%l&il j'"”-*"'-l,g, o
Py, = I,

d e
Ikl

" D
(1~ g
- 5.2.9
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I /2 s R
Ii'# [!.Hm{w{_w ,):‘ ?114 e 1 21 3 4.

b
ViR
Pri, = $p n=119.k
: |- VAR+])
"Itwh- - ;L#vlgﬁiwwwm"l n = 1::3 ..... R

wheve 1) s f(1- gt ) (1= @) + ¢ (1+ ¢ = ¢+ + 4 fipgf

- P, dm ™ )_,PM,. PId

m

| ~Pog
where Py gives the probability that the item is in 100% inspection stage.

We have the denominator as iﬂL!,m‘..@%ﬂm{ﬁ and the numerator as

In this case

’j.ﬁ Tt Bt A [ e i R A P o TN R b e Rk

| _ | | Z fpﬂ ibndd
ACR Nt S EIRY L ,.fmf’ﬂ lem‘? = M . 4
D o D D
L O - edfyt fg{dp - o)) - g fed
D D D D
S ACKR A YL s Fl4p ~ g1 - ¢') +pg'(1 - ¢) +p]
D

(L g gt A fp) - fq [5p — q(1 = ¢") + pa' (1 — ¢%)]
e ™ F+ ¢ = ¢ +4fp)

, fpls — Hl=e) !‘* + g1 = ¢*)] _ (5.2.10)
SR WO e T R
Hence py is the value of p for which
(5.2.11)
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5.5 Frpression Fov p(5) For Two Level Continuous Sampling Plan.

For this, we first define the states and present flow diagrams of transitions from
and to the stutex Tor Two Level Coutinuous Sampling Plans in Fig. 5.2.2, The
states defined have muore or less the same rationale as in other CSP plans for which
similar procedures were developed by Roberts (1965) and Stephens (1979). The

states hawve their abviows meanings and are quite clear from the symbols used for

them. However, in the figure to avoid chumsiness in appearance some dummy states
are introduced, denated by Dy, Dy .0 Dyand DS, The transition probabilities
denotad by ares leading to duwnmy states are all exactly 1,0, This introduction of so
called dumimy states does not affect the transition probability table given in table
5.2.1. Iu eomputing the steady state probabilities and all subsequent expressions
depending on them the duminy states can be completely ignored. Equations for
the steady state probabilities of the above states are obtained from the successive
columns of the trangition matrix given in Table §.2.1 yielding 44 + 4 equations and
one additional equation stipulating the sum of probabilities over all states equating
to 1. We are interested in obtaining a non-negative solution to the system of equa-

tions given next page,
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Lag Uy 4 Lgy b Pagi) +p(Pug, -+ o Pryy)
'11“1; . fj}l I”'J(lhf: """'|’P1di)
JJIJ - {[I,al,

1 j#h = gy, 1

' Lol L) S REEES LT AT T R | e HO P T Ty

Doy = [pl + [pPy + fpPy (5.2.12)
Plu; o fe Py, 4 falPn, + [Py,
(1 - f)f AT ( nPM “ (1 ~ ﬁpﬁdl

IR I b e Dt b A 2 U L S P Pt el L

Pray = fp(Poy + Py,)
pjn;; - fq(le . PN‘.}I)
Py = (1= (P F P

th; e fp(jllul I'PN)
PI”I = fq(lel FP;‘\)

MWMﬁWWMWW@EW w (1 f)(P g+ EN, }
Pﬁ*dl e f]p(P;”, t Pﬂ_m + Pﬂfﬁ)
Pg", *= fal?(le + P‘.?u; - P"Ni)
Pj:s‘ 57 (l - f)(P;m + Pay, + Pan, )y with
Z VA 2_, Py, + L Py, + ZPNJ + Pag + Pony + Pany, = 1
yol joul Jorl jus)
It may Le uoted that a unique non-negative solution to (5.2.12) will imply the
Markov Cliain irreducible.

It ean be seen that

Sl b

.
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g, ! T I Jﬂh’l . Pllli + 12 oy b I 2N,
apy 14 erng ]
8 Igdl R Pln;

writing Pay, = Py, o0 D and Py == 0 we arive at the solution in stages I, II, III
and 1V,

Stage = 1,

Pﬂ:ﬁ D,
Py, = 4.D
Poy, = $5L.D
Py = o le; for k=1,2,8,...
Stage - 11

we linve Py = fp(Pin, + P
Py, = (1= (P + D)
which lead to Py, = L"}IPW_I
aed Py, s _[}(*’iﬁﬂm e plf’;l_,m,t_1 for b=2,3,....1

Stage ~ 111

we have 1y, = fa{ Py +'PN,.)
fQ('plm.,l +- l?i'-lep..j,)
s Py, fOr k= 2,3, f...i

i

- o . . - . i‘
Thus knowing Pr., we can find Py, Py, and P, for all k = 2, 3,
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Stage - IV

We have fOy == (1= g o+ D) giving Ly, = M(Gihl’ﬂ -+ D) I
CThus P, = fo(q' e+ DY b g1 - N e+ D) = gl¢'e + D).
and pra, = fpy' P b DY 4 p(1 - P + D) = p(¢~'s + D).

Thus we can rewrite equations (5.2.12) as follows

Pige = p* g T -+ D)
.Plnx e rfk(qilvllm " D)

i
‘:%.

Py, == m[,?i g le+ D) = -—i,q‘*’”_‘.’) k-::2, 3y et

il
=
S |

;.-..
"'k.:
ey
il
B
_Ea:

s S R, s
Prg, = pg” I:L + D) = 'TJ'EDT
Py = (g™ e+ D) = ¢.3
A = M4 D) = S
Lagy = D
Pﬂul = ﬁD
e e————————— fm. = E_ﬁ__l?_
pﬂlu = *LMM'MD)(I-"Q) iﬂiLD
Ly, = "“'"i" ” = vl h=1,2,.

Finally we have the equations in a compact form as :
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> (5.2.14)

The value of ID ean be obtained l:y solvlng Lhe equation that sum of all the prob-
abilities in (05.2.14) is 1. However, the exact value of D is not required for our
pUrpose. s .

Henee, for the 2 level CSD, if P, denotes the probability that an item chosen at

random is in sampling phase of inspection,

then Py == m-];)_/q* -} sz¢+_.f & Y

_Dl-q f?'+£f...} -  (5.2.15)

“We lmm finally,
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Fp '
Fumri s “-:m" o (5.2-16)
Thus g is taken as that value of p for which

. fin 1000 .
(1 , ?TM) = 0.10 C(5.2.17)

8.3 Comparison of Optimum CSP Plaus In Respect of Different Criteria,

5.8, 1 Intreduction

For the sake of comparison, only those plans having same AOQL and the mini-

mum of inspeetion ar the process average i ave cousidered. The criteria considered
relevant for the purpose of eompnrison are as follows @
(1) (%) points

(i) Average Fraction Inspected, AFI and average outgoing quality, AOQ at some
selected values of incoming quality in relation to J, say, .255, .50p, .757, 1.00p,

1.25%, 1.50p, 1755 and 2.00p. and
109



(iii) the nature of the resulting AT curve and not just the value of AFI at p and
the natare of AQQ ewrve and not just AOQL for the whole range of incoming

quality p from () to ],

Generally we compnre all the other plans against the corresponding CSP - 1.

For the purpose of comparison we select two values of AOQL namely p; = 0.02 and
0.05. For ready reference we present in Table 5.8.1 the parameters of the different
optimum G5 plans taken from the relevant appendices giving the details of differ-

ent optimiun plans,
58.2 Comparison with respeet to p,(%).

Using the expression fro p(%) as developed in section 5.2 for different plans we
compute the (%) for different optimum plans for different values of ﬁ(:‘:. py) for
two values of pg, viz., 0.02 and 0.05, The values ave shown in Table 5.3.2,

It will be seen that (%) for CSP - 2 plans is smaller than that of CSP - 1 plans.
Similarly p, (%) for CSI* - 3 plans is smaller than that of the corresponding CSP
- 2 plans for smaller values of §. Again among CSP - 2 and CSP - 3 plalis, those
with smaller values of k perform better in detecting sudden deterioration of quality
as revealed by the p(%). This is possibly due to the fact that the value of f, the
sampling frequency, for CSP - 2 and CSP - 8 plans are higher as compared to OSP
- 1. Though the value of fis smaller for CSP - 3 as camparéd to CSP . 2, the
improved porformance of CSP - 3, particularly when 7 is small i.e. close to py,, may

be attributed to the beneficial effect of ‘rule of 4’ as applied in CSP - 3.

The performance of two level CSP plans in respect of p;(%) is better than that of
CSP - 2 particularly when ¥ is small, close to pg. For larger value of 7, however,
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CSP - 2 porlorms better though in numerical terms the difference is not of much
consequence. Broadly speaking, CSI? . 3 generally performs the best in this respect.
But it does not perform uniformly better than the other plans for all pr and 7, It is
found for instance from Table 5.3.2 that for pj, = 0,05 and 5 = 0.06 the performance
of the two lavel CSP is the best. The reason for this difference is not obvious from

- the table and may be a subject for further investigation.

5.8.8 Comparison in respeet of AFI and AOQ for Some Sclected Values of

p in reletion Lo .

In table §.3.3 {a) ~ 6.3.8 (d), we present the values of AFI and AOQ for different
- optimum plans agninst different values of p in relation to 7 for two levels of AOQL,

viz., 0.05 and 0.02,
It may be pointed out that for a given optimum CSP, AFI increases as AOQ de-

creases, Hence the two criteria can be discussed simultaneously.

It may be broadly concluded by studying the tables that

(8) for optimum plans with ¥ close to py, AFI (AOQ) for CSP - 1 > (<) AFI
(AOQ) for Two level CSP plans for all values of p # P.

(b) for optimum plans with  large compared p;, AFI (AOQ) for CSP -1 < (>)
AFI (AOQ) for Two level CSP for smaller values of p.

And AFI (AOQ) for CSP - 1 > (<) AFI (A0Q) for two level CSP for higher

values of p. .
(¢) ATI (AOQ) for CSP - 1 < (>) AFI (AOQ) for CSP - 2 for all p # .

(d) AFI (AOQ) for C8P - 1 < (>) AFI (AOQ) for CSP - 3 for all p # 7.
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For GSI' - 2 and GSP - 3, no vegular pattern is observed between k =i - 10, k = i
and k == i - 10 plans,

The behaviour of Two level CSP plan is interesting in the sense that even though
it has a smaller value of p,(%) as compared to CSP - 1 this is achieved without
increasing the amount of inspection patticularly for larger value of p iﬂdicatiug de-
terioration of quality. For smaller values of p the increase in AFT over CSP - 1 is
comparatively smaller, In CSP - 2 and CSP - 3 plans also there is a reduction in
(%) in compavison with CSP - 1 plans, but at the cost of increased amount of

ingpection for all p 5 7,
5.8.4 Comparison in respect of AFI and AOQ Curves.

To study this we trace the Al and AOQ curves for the different optimum plans
with J = (.08 and AQQL = 0.02 in Figures 5.3.1 tllrough- 5.3.6. Since no regular
pattern has been observed in section §.3.3 in CSP - 2 and in CSP - 3 for different
values of k, we have considered only CSP - 2 (k = i) and CSP - 3 (k = i) plans.

The figures more or less confirm the findings in section §.3.3. For the purpose of a -

ready reckoner, we use the following codes for the different criterion.

Smaller p, (%) - Code 1
Better AFI curve - C;:de 2
Better AOQ curve - Code 3

The meanings of the terms smaller and better are clear from the context in which
they are used. From the study of figures and different tables we may broadly follow
a course of action with regard to an appropriate cho_ice_of the sampling plan in a

given situation, as indicated in the table below :
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TN o g R My speroh

Codo

_waae Appropriate plans
1 CSP - 3, Two level CSP, CSP - 2

Bt w5l B L i i AR L B [0 Y T A

) Og'% - 1, Two level CSP
4 CSP-2,08p.3
- 1}1:‘1(12 - Tw@?level CSP
..,1..‘;1:!{1 3 r CSP - 3, CSP - 2
2ad3  OSP-1 i

[ g By = f S T LA o L T r—

It may be noted that all the plans in the table above are optimum plans given a

value of AQQIL and a value of . Hence, the plans have the same AOQL value and

the sama value of AT at 7,
To further pin point the choice of a plan additional numerical computations leading

to the AFIT, AOQ curves and p,(%) in the list may be carried out and one can arrive

at an approprinte compromise solution, based on this partial investigation.
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Flow Chart for Two Level CSP Plan
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AFI CURVE FOR OPTIMUM CSP-1 AND CSP-3
Pt = 0.02,P = 0.08.
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AO0Q CURVE FOR OPTIMUM CSP-1 AND OPTIMUH CSP-3
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Table 5.2.3

Transition Hatrix- for Two Level 8P Plan
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Table 5.3.1

Plan parameters for different optimxn CSP plans

*‘-r-m-u-nu..n

l l !
02
l Pian type _ ; |
],?.:-33 i 1':,:..&':@4i 5=.a5{ p=- ﬁ&i r=.07 1 p=-08 | p= ﬂ?i;F.IB % %.561
- * l "
1 1 ! 1 |
- C5P - 1 i 97 | 48 i 32 24 i 15 ’ is 13 94 { %
| £ liuzsq ] .1235 | .z252 | .3118 | .3864 | .4621 ] 50567 -5566 | 0006 } l
| cP-20e3-10) 3 {99 (st 135 |26 |21 |18 116 114 | 94 | [
N - - £ ].0460 | 1943 l -3256 | .4403 ! .5237 | .5835 ! -5292[ .6823 | .0012 ’ -0258 | .0839 | .1469 { .2256
| i . ; o i t 1 1
i_ CSP. - zr.k—i) S 1 lreq ls1 l 35 l 26 Z1 18 l 15 13 94 47 32 24 19
v £ {-0856 | .1896 | .3136 | .4188 | .4925 | .5431 | .5991 .6397 | .001z | .0253 | .0743 | .1363 | .2013
| osp=20i+10) 1 100 ls1 | 3 27 21l fi1s {13 96 | 48 32 24 20 |
£ \-3441 L1810 | .3074 | .3966 | .4812 .5306_',-5853 .6251 | .0012 | .0234 | .0731 | .1329 | .1807
= _ —1 ' : —
- CSP - 3(k=i-10) i |99 51 35 27 | 22 18 {16 |14 94 47 32 24 19
- o f 1.0453 -1915 | .3177 | .4111 | .4834 | .5504 | .5871 6260 0012 | .0255 ; .0757 | .1397 | .2074
CSP - 3(k=i) i | 100 52 35 | 27 22 18 |16 |14 94 | a7 32 24 20
e f 0442 1 .1821 | .3095 | .3991 | .4685 | .5328 |} .5685] .6064 -0012 | .0252 | .0736 | .1341 | .1822
CSP - 3(k=i+10) i {100 l 52 |36 {27 |22 |18 16 14 | 94 48 32 25 | 20
f |.0440 | .1800 | .2958.| .3936 | .4624 | .5267 | .5625| .6010 1 .0012 | .0234 | .0728 | .1225 | .1795
. - , - 1 .
Two level CSP i |59 30 l22 {1 13 11 10 10 56 | 28 19 14 11
£ 1.1626 | .3931 } 5214 | .6095 | .6690 | .7115 | 7336, .7396 ; .0176 | .1132 ; .2209 | .3258 | .4132
. | ) | ) |
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Table 5.3.2

Py {%) for Different Optimum Flans

i — —
P, = 2.0% | P = 5-0%
i B (%) 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 | 5.0 7.0 8.0 9.0 10.0
1 CSP — 1} . 2.06 1.B6 1.02 0.74 0.60 0.50 D.45 D.41] 100.0 1_15:.43 5.31 2.75 1.76— -
" CSP - zm—i—lu} } 5.00  1.18 0.70 0.52  0.43 0.39 0.36 0.34 | 100.0  8.92 2.74 1.56 1.02
: CSP — 2(k=1) 5.04 1.21 9.73 0.55 0.46 0.42 0.39 0.36 | 100.0 9_09 3.10 = 1.69 1.13
l CSP - Z(k—i-l-lﬂ} L 5.21 127 0.75 0.58 0.48 0.43 0.39 . 0.37 | 100.0 9.81 3.15 . 1.73 1.27
‘ SP - 3(1("1—10) -2-49 O;BQ 0.61 0.50 0.45. 0.40 0.38 0.36 47 .41 4_44 2.00 1.34 0.98
.__GSP - 3(k=i) '2.53 . 0.9¢  0.61  0.50 0.45 0.40  0.38  0.36 47.41 4.45  2.60  1.34  1.00
CSP = 3(k=i+10) 2.53 0.90 0.61 6.50 0.45 - 0.40 0.38 0.36  47.41  4.52 . 2.00 1.34 1.00
]| Two level CSP o | | |
| ”'Pﬁan - 2.79 1.21 0.78 - 0.59 0.50 . 0.45 0.42  0.42 13.31 5.39 3.07 1.83 . 1.24
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Table 53.3.3 (2)

Comparision of AFI{%) and AOQ for Different Optimum Plans at Some Selected Values of p.

p, = 0.05 1 p = 0.0
Yalues of ) csp - 1 sy - 2 &5p - 2 Cs5P - 2 5P - 3 cse - 3 CsSP - 32 Two lavel
p k=i~10 k=i k = i+10 k = i-1D x = & kK = i-10 csD
25 p AFI(3) -25 .28 .28 .29 6.28 8.29 0.29 8.12
AOD .6150 .0150 .0150 .8156 0.6150 6.0350 8.0150 0.0%50
50 p AFI(%) 1.03 1.06 1.07 1.08 1.67 1.08 1.08 0.74
 AOQ -6297 0.0297 0.0297 0.0297 0.0297 0.0297 0.0297 0.0298
.15 » . AFI(R)  4.32 4.37 4.38 4.39 | 4.37 5.39 4.40 3.97
| A0Q 0.0431 0.0430 0.0430 0.0430 6.0430 0.0430 0.0430 0.0432
1.00 p AFI(%) 16.67 16.79 16.80 16.81 16.79 16.81 16.82 16.67
| : B ;q_mp . 0.0500 : 0.0499 0.0499 0.0499 0.0499 ' 0.0499 0.0499 ¢.0500
1.25 p AE‘I(%) 47.57 47.78 47.79 - 47.79 47.78 47.79 47.79 44.71
... .AOQ .. 0.0393 0.0392 . 0.0392 0.0392 0.0392 . 0.0392 0.0392  0.0415
1.50 5 AFI(3) 80.8a  80.95 - 80.97 80.97 ' 80.97 80.97 80.97 - 73.11
- a0Q 0.0172 0.0171 - 0.0171 0.0171 0.0171 0.0171 0.0171 0.0242
1.75  AFI(%) 95.27 95.30 95.30 95.30 95.30 95.30 95.30 88.89
. A0Q 0.0050 0.0049 0.0049 0.0049 0.0049 0.0049 0.0049 6.0117
2.00 p AFI(3) 9%.00 99.00 99.00 99.00 99.00 99.00 99.00 95.66
| - a0Q - 0.092 - 0.0012 0.0012 . 0.0012 0.0012 0.0012 0.0012. 0.0052

e il —
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Table 5.3.3 (b}

Comparison of AFI{3) and ADQ for Different QOptimum Plans a2t Some Selected Valves of p

p, = 0.85 ; p = 8.10 |
: - 4
i R R : ] ;
| CSP - 2 gCSP-Z 52 - 3 CcsP - 3 !CSP-E Two lavel )
i k = i | x = :-10 k = i-10 k | X = $+10 csP
i : { |
i 22.78 ; 21.33 23.86 ! 21.75 21.76 21.14 |
} 0.0193 ; 0.0197 00190 ! 0.0196 0.0196 0.0197 |
. L ) i
50 p AFI(R)] 27.42 29.563 29.16 28.27 29.83 | 28.44 ' 28.52 28.22
AOQ 8.0363 6.0352 0.0354 0.0359 0.0351 0.0358 | 0.0357 0.0359
75 3 AFUS)| 37.91 ! 38.39 | 33.48 | 38.03 [ 38.71 b 38.04 ! 38_19 38_23 !
. T a0Q | o0.0466 | 0.0462 l 0.0461 E 0.0465 l 0.0460 0.0465 0.0464 0.0463
1.00 » - AFI(%)l 50.00 50.00 i 50.00 - l 50.00 { 50.02 1' 50.00 50.00 50.01 |
~ AOQ - 0.0500 0.0500 0.0500 } 0.0500 0.0500 0.0500 0.0500 0.0500
125 = IS (%)} 6241 62.79 62.39 % 62.83 62.40 62_88 62.73 61.78
P ao0 | o.0em 0. 0465 0.0470 i 0.0455 0.0470 0.0464 0.0466 0.0478
T T - | _ ] .
11.50 p _#?T(%) 73.67 | 74.62 } 73.88 74.65 73.98 74.75 74.53 72.04
. © a0n. | o.039s 0.0381 0.0392 0.0380 0.0390 0.0379 0.0382 0.0419
| 1.75 p -~ AFL(3) 82.72 '83.99 83.16 84.06 83.32 84.15 83.96 80.17
~ A0Q | 0.0302 0.0280 | 0.0295 0.0279 0.0291 0.0277 0.0281 0.0347
2.00 p AFL(%); 89.28 90.51 89.80 | 90.63 89.97 90.70 90.56 86.21 )
. AOQ |- 0.0214 ~ 0.0190 l 0.0204 0.0188 0.0200 0.0186 0.0189 0.0276
| | o



Comparison of AFI{%)
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Table 5.3.3 {)

and AOLQ for Different Optimum Plans at Some Selected Values of p

| -

p, = 0.02 : p = 0.05
i’hlucsnf iCSP-—-*I gGSF-Z C5P9 - 2 ECE?—Z g1{352-"*--3 52 - 3 gCSP—3 Iwo lev
P g §k=i-lﬁ k=1 -gk=i+1a §k=i-1ﬁ k=3 I k = §+10 CcsP
— I . S " I
.25 p AFI(3)} 30.30 35.03 34.35 E 35.12 3 3502 34.53 33.54 32.04
| ACQ ‘ 6.0087 0.0081 0.0082 _l 0.0082 ! 0.0081 6.0082 0.0083 0.0085
. . i | ]
50 p AFI(%) | 39.52 % £1.27 b os1.11 41.18 41.49 ! £1.38 40.79 39.77
AOQ 0.6151 ! 0.0147 ‘ 0.0147 0.0147 0.06146 0.0147 0.0148 6.0151
— : | _ i i
.75 B AFI{%)E £9.69 49.99 | s0.05 } 55,15 50.17 | 50.20 | 49.94 | 49.59
o AO0Q ~ 0.018% | 0.0188 l 0.0187 . 0.0187 0-0187 0.0187 0.0188 0.0189
1.00 p AFI(%)} s0.00 60.00 1 40.00 ! 60.00 ; 60.00 60.00 50.00 60.00
| AOQ | o0.0200 0.0200 . o0.0200 { 0.0200 | 0.0200 0.06200 0.0200 0.0200
1.25 p AFI(%)] 69.63 | 69.91 69.76 69.63 69.77 69.65 69.86 69.56
S ADG ! 0.019¢ | o.0188 0.0189 0.0190 0.0189 | 0.0190 0.0188 0.6190.
1.50 » CAFI(%)| 77.89 78.60 78.3¢ | 78.13 | 78.38 78.17 78.52 77.47
T CA0Q 0.0166 0.0160 0.0163 0.0164 06.0162 0.0164 0.0161 0.0169
1.75 p AFI(%)j 84.48 85.48 85.18 . 84.96 85.25 85.02 85.42 83.59
AOQ 0.0135 0.0127 0.0130 0.0132 0.0129 0.0131 0.0128 0.0144
| .- | -
2.00 p AFI(%)] 89.43 90.51 90.24 90.05 96.31 190.10 90.49 88.13
. ADD 0.0106 0.0095 | '0.0098 0.0100 0.0097 0.0099 0.0095 0.0119
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Table 5.3.3 {d)

Comparison of AFI{i} and AQCD for Different Optimum Plans 2t Some Selected Valuves of p

?L:: 0.02 s P - .07
Yalnes of sy - 1 Cs5P - 2 csp - 2 éCSP-Z CSP - 3 %CSE;-3 gCSP‘-E %-mitvei E
k= i-10 x = i %1-:=£+m x = i-iD § ko= i ik=:.+w§cs?pm %
0} | _ | _ B
i 2 g
.25 P AH(%) 46_83 53.99 51.77 ] 51.24 E 531.60 50.51 s0.35 | 49.30
0.0093 6.0089 0.0084 5 0.0085 ‘ 0.0085 0.06085 0.0087 0.G089
50 p AFI(%)] 55.34 58.32 57.32 _ i 57.29 57_13 56.74 56.74 ! 55.92
1 - AOD { 0.8156 1 0.0146 | 0.0149 0.0150 6.0150 0.015% 0.0151 } 0.0154
1
. F §
75 AFL(%)}§ &3.70 | 64.47 64.22 1 64.31 l 64-04 63.98 64.03 63.70 ‘I
1 - ADQ 0.0191 0.0187 ~ | ©0.0188 0.0187 0.0189 0.0189 0.0189 6.0191 |
| l * B | | |
[1.00 5 AFI(%)! 71.43 71.43 | 71.43 | 71.43 71.43 71.44 71.43 | 71.44
AOQ . | 0.0200 6.0200 0.0200 0.6200 i 0.0200 0.0220 0.0200 0.0200 '
—_ '
11.25 p  AFI(%)] 78.20 78.23 - 78.17 78.04 78.45 78.39 | 78.31 | 78.27 |
RS T AOD ‘ 0.0191 0.0191 0.0191 - 0.0192 0.0189 G.0189 0.0190 0.0190
. . l : .
" - - J A
1.5¢ p  AFI(%)] 83.83 §4.17 . 83.97 83.76 84.48 84.33 84.20 83.81
AOQ 0.0170 0.0166 0.0168 0.0170 0.0163 0.0165 0.0166 | 0.0170
1.75 p  AFI(%) | 88.29 88.92 88.63 88.40 89.24 89.06 88.92 88.07
| AOQ 0.0143 0.0134 0.0133 0.0142 0.0132 0.0134 0.0136 0.0146
l2.00 5 AFI(%)]| 91.71 92.47 | 92.17 91.95 92.78 92,59 92.47 91.25
. A0Q - 0.0116 0.0105 0.0110 l 0.0113 0.0101 0.0104 0.0105 0.0123
| e —“




CHAPTER 6
A FEW OTHER SQC PROBLEMS

6.0 Introduction

In this chapter we consider four different problems which have a practical relevance
and can be expected to be of interest to the users of Statistical Quality Control
tecliniquies in industry.

Section 6.1 deals with the computation of A, the tolerance factor for two sided
tolerance interval for a Normal population whose parameters are not known, The
formula for A considered in this section haﬁ_b%n adojjted by the Bureau of Indian
Standards for its publication ‘Statistical Tolerance Interval - Methods For Determi-
nation : IS 13131 : 19917

Section 6.2 introduces Median - Gauge chart for process control using go-no go
gauge data generated automatically during production, ' ' |
Section 6.8 gives a procedure for determination of oplzimﬁm sampling inter‘ifal.for
inspection for a situation where the appearance of an assignable cause makes the
entire production till its correction and removal unsuitable for use. The model
was developed while working on a live problem of controlling incidence of excessive
damages in a printing machine in the processing department of a textile mill.
Section 6.4 studies the effect of inspection exror on average outgoing quality of a
single sampling acceptance rectificabion systeni in which the apparent defecl:wes are

replaced wlhenever they are encountered during mspectmn
Contents of sections 6.1, 6.2, 6.3 and 6.4 have been puhhshed in Ghosh (1980 1985,

1981, 1985).
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6.1 Computation of Tactor for Tolerance Limits for a Normal Distribu-
tion., |
6.1.1 Introduction

In an industry it is often recuired to obtain a range for a quality characteristic
(which is usually found to be distributed normally) such that a certain percenbagé
of the product from a manufacturing process under control have the quality char-
acteristic falling between the limits, The problem for two sided tolerance limits can

be formally stated as follows :

variance unknown. Then the tolerance limits L; and L, defined as the functions

of 1,9, ...y Are to be so obtained that for given 8, v € (), and X, a random

variable which represents the value of the quality chavacteristic of a unit chosen at

random from the process,

P(P(Ly<X<Ly) 2 7) = f ' o (811)

It may be noted that L; and Lg, being functions of the random sample are themselves
random variables and hence the expression P(L; < X < Lg) in (6.1.1) is itself a

random variable.
It was shown by Wald and Wolfowitz (1946) that the best 't*_wm sided tolerance limits,

L, and L, in the above situation are given by Ly = T — As, Ly = T+ As,

where A = 2 [—5— | N (6.1.2).

Here N represents sample size,
T represents sample mean,

¢ represents sample standard deviation,
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P2l o y & ¥ " . : 2 A |
x5 is the value such that Px; > %2 o] = B, where x2 represents a 2 with n d.f
and 1 is the root of the equation

7}? g
f ™t = (6.1.3)

The determination of A = tolemnce factm Is computationally tedious largely be-
cause finding r as the root of the equation (6.1.3) involves an iterative procedure

and is quite time consuming even for large N, Further, x? g 1s not readily available

for all values of N particularly when N is large. The values of ) for selected values
of N, B and v were tabulated by Bowker in Eisenhart et. al (1947).

However, the table may not be readily available for Quality Control practitioners

or even if available the intervest may be on values of N, § and  outside the range

of tabulation there.
It is, therefore, useful to have an approximate formula for A which will be satisfac-

tory for practical purposes.
0.1.2 Bowker’s Apm'ommate Formaula for Large _N |

Bowker (1946) proposed the following formula for A when N is large

VNt TN

1 I"N _tgxz | '
where ~== f et edt =
\/ 2 J-re L

(6.1.4)

A o= ro(l-

and @) is defined by

[

1t in computing A a table for Normal dlstrlbutlon alone

This has the advantage ¢
values of N the error due to approximation in (6.1.4) ;s

is required. But for small
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considerable,

1t will be noted from Bowker (1946) that his formula (6.1.4) is derived in two stages.

[ L

(i) ris expressed as r = 75 (1 + 55) retaining terms of order L

(i) The series expansion of x* in terms of the powers of a normal deviate which

can be found in Goldberg and Levine (1946) gives

X 1 Vg | 20 51
Rt + | - :
n vno 8 n

‘ , . Ny - \ o ' l
after neglecting terms containing higher powers of =,

6.1.8 An Approximate Formala for A for all N,

Lemma 6.1.1 The tolerance factor A can be approzimaiely written as -

where o(Jg) denotes a term of order less than 75 -

Using Bowker's result we have clearly,

r/n = roV N+ D(_\/l"—ﬁ)

Hence, we have the result ignoring the term ﬂ(;%ﬁ)'
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y approximabe formula A o po /Y has .
The approximate formula A o g -7 has been called formula Fy in subsequent

ng

digscusgsions,

It is interesting to compare the form of F, namely,

J?ﬂ; with the exact for I]’lllli‘t = P ,‘E.‘; AS giV611 by Wald and Wolfowitz.

Now keeping the fivst four terms (e, upto accuracy of order 71}-?) of the formula

given by Goldberg and Levine (1946) for Y* in terms of a standard Normal deviate

we have
x,’i g = n-+Gz)/n+ Ga(2) + G\rs/(gl
wllow Gh(r) = 22y
9 9 | ‘B?_ﬂﬁ“'f’l}l -,
vy Em e Galg) = 6.1.
o) = glels=1), Galo) = DL (6.15)

We note that in order to facilitate expansion of (7~ )* BG‘WkGI used the first 3 terms

only in expression (6.1.5)).
The values of &\ (@) , Ga(z) and Gy (=), which are independent of n, can be tabulated
for different values of 8 onca for all. ‘ |
Hence, we have the following result which is stated in the form of & lerma.
Lemma 6.1.2 A can be {':pp:'*om.fmartely written as A = 7o ¥, where D =
n+ Gy(x) /1 4 Ga(w) + \!&1 '

The formula given by Lemma 6.1.2 which makes use of the Normal l;able only has

been called Fy in future discussions. F is expected to work satisfactorily for N not

very small.
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6.1.4 Pevformunce of The Proposed Formulas Fy and F,.

By can he ased whepe X2 4 can be obtained readily, By is to be used where only
standard Normal table is available, |
We present in table 6.1.1 the values of A obtained by formula Fy and that by using

the exact formula (6.1.2), as given in Table 2.1 of Eisenhart et. al. (1947) for
B =95 and ~ = .05 and .99, |

Table 6.1.1

Values of A as evalualed by F) and the exact formula

 B=0

N| a=.05 | 7=.99
WWF; Exact ”Fl Exact
5 5.199 5079 6.832 6.634
§ 3.766 3.732 4949 4.891
10 3.309 3.379 4.467 4.433
13 3.001 3.081 4.063 4.044
15 2.961 2054 3.892 3.878
18 2.824 2.819 3711 3.702
00 2756 2.752 3.622 3.615 |
98 2.677 2.673 3518 3.512
o5 2.633 2.631 3.4061 3.457 |
08 2.581 2.570 3.302 3.388
30 2.551 2549 3.3563 3.350

It will ba scen from Table 6.1.1 that Jy which is in.a very elegant form closely
Wolfowitz performs quite well

resembling the exact formula proposed by Wald and
| ess than 0.005. This agreement

for N > 10 and for N > 25 the maximum difference is
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should be considerad to be satisfactory particularly when we notice that it eliminates
completely the tedious iterative procedure to be followed in the exact case.

Now we compare the performance of 24y with that of Bowker's formula.

1n order to study the performance of these two formulas for large as well as small
N the approximate values of A were computed by both formulas for different N for
all combinations of (8,4) with 0.75, 0.95 and 0.99 for values of g and 0.75, 0.95 and
0.909 for values of 4. These are compared with the exact values of A given in Table
5 1 of Bisenhart ot al, (1947) and with that in Table 1, page 239 of Bowker (1946)
(which gives A correet upto places of decimals for some selected values of N 2
50).

The maxinum and minimum difference over all combinations of {8, 7) in the above

range for a given N are shown in table 6.1.2.

Table 6.1.2

Comparative Performance of Approximate Tormulas for A
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O Ity *' Bowker -
N - emor | error
Min Max Min Max

10 0.007 0063 0051 1112
15 0003 0.020 0015 0.511]
o0 0001 0.010 0015 0.304
o5 0.001 0.006 0.010 0.206
a0 0001 0.004 0.007 0.151
50 0.000 0.001 0.003 0.063
100 0.000 0.000 0.001 0.020
160 0.000 0.000 0.001 0.010
500 0.000 0.000 0.000 0.002
800 0.000 0.000 0.000 0.000
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The proposed formula Jy performs better than the one given by Bowker for all N
Fy values coincide with exact values upto 3 places of decimals for N > 50 where as

Bowker’s values coincide with exact values for N > 500.

6.2 Median Gauge Chart - A NGW Procedure ‘P.br Process Control BY
Gauging. |
6.2, 1 Introduction

 The usual X - R chart for controlling a variable characteristic requires measurement
of items. Taking measurements is costly, time consuming and at times difficuit.
Tippett had suggested gauging (testing product against a. pair' of go and no-go
gauges) instead of measurements, Gauging is cheap and, what is more., is always
done by an operator during production. The enormous volume of information thus
“generated is hardly utilised in a syételnatic manner. It did not, however, receive
much attention by Quality Control practitioners as earlier efforts indicated that a
gauge control chart would be less sensitive than X - R chart.

Stevens (1948) made an elaborate study in his celebrated paper ‘Control by gauging’
and concluded that by a judicious choice of gauging points.eﬂﬁcient detection of
change in i {process average) and o (process yariﬂbility) was possible. o
We introduce the Median Gauge Chart - a variation of Stevens’ chart - as a new -
procedure for control. ' |
6.2.2 Stevens’® Gauge Control Chart

If we have a pair of gauges set to the valuesuy and @ (u) < ug;_and-u; a.n;d_- %7 NOL-
necessarily the specification limits) the observation x for a variable characteristic

can be put into one of the three disjoint classes (-), (0) and (+) where
(-) indicates © < wu;
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(0) indicates wy 5 @ < Uy

(-+) indicates @ >

Let a, b and ¢ be the number of obsevvations in (-), (0) and (+) classes respectively.
Let p, q and r be the proportion of observations in the respective classes in the
population.
Stevens proposed

¢ - a as an indicator for population mean and

¢ -+ a ag an indicator for population standard deviation.

Control limits for the two charts are as follows

P el AL - VAR v oy Lall Y E T

C - 4 _chﬂl‘t ) ¢ + a chart
n(r+p)
£3,/n(r +p)(1 == p)

e el | BN Jury 1 Lo2n o Ry

Central line

Control limits

S el o L Y e P ol P P L w0 o

The efliciency of ¢ « a chart which is used as an hidi_cator for p (process mean) is
measured as the ratio of the variance of the estimate of u, obtained from exact n
measurement i.c. T to the variance of the esti.mate'of' 1 ob'tained_ by analysis of
gauging data of n items. o |

Similarly, the efficiency of ¢ -+ a chart which is used as an indicator for o (process
standard deviation) is measured as the ratio of the variance of the estimate of &
obtained from exact measurements to the variance of the estimate of o, obtained by
the analysis of gauging data of n {tems. It has been observed by Stevens-(l 948) that
these efficiencies depend on gauge points u and g which define gauge proportlon |
| P, q and r. A gange with gauge proportion p, g and t s denoted by (p, ) gauge. For
symrmetrical gauge proportios i,e p = 1 or a gauge (p, p), the efficiency of ¢ - a chart

increases while that of ¢ + a chiart decreases with increase in p. The efficiencies for

different (p, p) gauges were tabulated by -Steﬁé”s (1948)': |
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Any attempt to improve the efticiency of ¢ - a charl will bring down the efficiency
of ¢ + a chark. To strike a balance, Stevens suggested gauge proportions p =

= .1041 where both ¢ - o and ¢ - 8 charts have the same efficiency of 62.74% as
compared to control chiarts based on exact measurements, The gauge points u; and
up are so chosen that p = 1041 = [ F(x) dx and P =.1041 = {2 f (x) dx where
f (x) denotes the pel.f of the variable X, denoting the quality characteristic under

consideration. Assuming Novmal distribution, u; and uy can be easily obtained.

2.8 Medion Guuyge Chart For Qdd n.
The proposed Median Gange chart (MG) is a combination of usual median (5{)
control chart nud Stevens' ¢ ++ a chart (SG). The basis for the MG chart is provided
by the {ollowing theorem. ' |
Theorem 6.2.1 Lel X be N (ﬂg.crﬂ) and @ be the sample medmn Suppose |
= Jig = Lo~ ot g = fig b tm are the lower and upper gauge pﬂmts for a

£
spcczjml t > 0. Then for a mndam sample of size n where n 1s odd

Prob {a > g} = Prob {¢> g} = 1- Ft)

| !
where F{t) = Prob (- P ¢ t)

o m"ﬂ}m f o F Jd:r:(fzmsmrning Normal dlSt_I‘lbthlOll for {G).
om Jeou R -

Proof: Let @y, #9....0, be avranged in order of increasing magnitude so that

1) < B@)eress K WA L el Where g s the k-th order statistic. Then for odd

the theorem is trivial once we note

—ty

N, ®(yen) 18 the sample median, The proof o
that -
oy | - d

{:’r: = ([ )4) < 'u,l} == @ > § all .
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o e n
(= mggan > wa) = > 2

Pixing the type 1 ervor ala would amount to setting gauge points at u; and ug as
) 4 €

fl

defined above, where F(E) == 1 -4,

It is thus noted that. for a sample of size n from a manufacturing process where n is
odd, if ¢ or a exceads or equals [4] 1 then the sample median @ must have viclated
one of the control limits of the Median control chart and hence the population mean
may he considered to have changed. This Median Chart combined with Stevens’ ¢ +
o chart to control variability is tormed as Median Gauge chart, Thus, by restricting
sample size to odd 1 we can do away with actual measurements of any of the items.

It is further noted that for n == 7 the 3 - sigma control limits for sample median

(j10 - Scr;ﬁ ) define symmetrieal gauge points (uy,ug) having (p, p) = (.0844, .0844),
this p being smaller than the one (.1041) suggested by Stevens for his ¢ - a and ¢
+ a chart. | ' '

As a result, the officiency of Median Gauge chart in detecting y'w_ill.be that of the
usual Medinn (i) chart where as the efficiency in detecting e will be more for this
chart as p for the gange (13, p) is smalier heve, _ o |
The efficiency of the proposed Median Gange chart (MG) and that of Stevens' Gauge
chart (SG) as compared with usual control charts based on exact measurements s

shown in Tabic 6.2.1.

Tﬂble - 6!2#1 |
Approximate Efficiency of MG and 3G as compared with

Coantrol charts based on exact measurements_

wmﬂwmmmmmwﬁwﬂmm

chart sam)le PEfﬁciepcy (%)
site MG SG

e e i .
For control of i 7 67.90 62.74
For control of ¢~ 7 _64.&0 62.74_

WM
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1t may be noted that the efliciency of @ chart is given by 75 x 100. For efficiency

L)
of ¢ = & aml e 4 ehart we vefer to Stevens (1948),

1t is, therefore, nahwral to expect that if we sot the gauge. points at u; and w,
as defined for o= 7, the Median Gauge chart will have better discrimination in
detecting change in g and o than that possessed by Stevens’ ¢ - a-and ¢ + a charts

for the samae sanple size.

6.2.4 Procedure For Control

The procedure for control by Median Gauge chart can be ontlined in the following

steps |
(i) Take n random sunple of 7 consecutive items,

(i) Fix the upper gauge point g ws iy + 3 ax and the lower gauge point u; as
pto = 3 . The value of 3 o~ is tabulated as F for different values of n in

Tabie 11.2 in ‘FPormulae and Tables for Statistical work’ edited by Rao, Mitra,
Mathai and Ramumurthy (1966). | |

(il}) Draw control limits for the chart for control of 1 as

i
J:- .

UCL = [351 +1

i
!
=

ICL m'-—-[%]—-l
CL = 0

(iv) Draw control limits for the ¢ -+ a chart for the control of o

UCL = n.2p+3y/n2p.(1-2p)
LCL = nip-— 3\/;!»_._2-?-(1 — 2p)
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CL = n.2p.

1 Rl I
] ik

1;"3!].1'(1”.‘(3 } = - —‘f _\!‘?/2 g oo ~12 10
| \/ﬁ'ﬂ' . C dt ] /_l_lg_:y_q_ e / (t.
. %

(v) Make a go and no-go gauge with dimensions u; and U respectively.

(vi) Count; ¢, the number of items above the upper gauge, and a, the number of

items below thie lower gauge.

(vii) Determine maximum of {¢, a). If maximum occurs at ¢ plot it as +c against
the subgroup in the chart for control of mean. If maximum occurs at a plot

it as ~-a.

(viii) Lack of control is indicated by a point if it reaches or exceeds the respective

control limits.

(ix) If o and o are not known decide upon the choice of o and oo by process

capahility study using X - R chart.

(x) In the ¢ - a chart plot the value of ¢ + a as usual.

6.2.5 Comparison Of Performance
I. Operating Characteristic Curve (OC)

In order to compare the performance of Median Gziﬁge c:'h'a.rl_:_ (MG) j:irith Stevehs’ (c-
a, c+a) chart (SG) at the fixed gauge points (p,p) = (.1041, .1041) as recommended
by him the Qperating Characteristic function giving the probability of acceptance
by the respective charts for the two systems. are eﬁalu’ate’d f{}r two values of n,.
namely, 7 and 9. | | |

The MG chart for n = O defines the gauge (p,p) where p is greater than .1041.

~ From a study of efficiency for different valuas_of. (p,p)-aS-'gi-ygn inIStevens (1948) it is
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expected thab ek clinrt tn 5G system should perform better than the corresponding
chart in MG systewm. However, the performance of MG chaft in contfolling j¢ should |
he betber than Lhat of cen chart in ¢ system,

For n=7, the performance of MG system in respect of both 1 and o is expected to
be better than 5G system. For purpose of compamson we have choosen n as 7 and
0 which appear to be the most convenient sizes.

We compute the probability of acceptance by the respective charts in the two SyS-

tems whaon
(i) the process mean changes from g, gp remaining same, and
(i) the process standard deviation changes from oy, g remaining same,
The probabilities are obtained by evaluéting the trinomial frequency function

!
Ma,b, ¢} = v SoPre

alble!
The performance can be compared from the OC curve as shown in Fig. 6.2.1, the
top two curves represent case (i) and the two cuwrves below represent case (ii).

The MG system of charts is found to detect a change in i or ¢ more quickly than

the SG system for both n== 7 and 9.

The performance of c-+a in MG system for n = 9 is more or less same as that of
cta chart in SG system when change in ¢ is not much pronounced As o changes
more, MG system performs better than SG system, ‘contrary to our expectation
as discussed carlier, This suggests that the performance of SG dep_ends not only

_ ‘ A b ow . )
on (p,p) as suggested by Stevens and moreover the order of AcCUracy of Stevens

approximation procedure has not been investigated proper ly as yet
In Fig. 6.2.2 we study further the per formance of c—l—a chart at gauge pomts defined

by MG system with n==7 and that of ¢c+a chart at Stevens gauge points (. 1041- _
1041) with n = 10. It is interesting to note that c+=:1 Chart for n="7 under MG‘_
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system I8 more powerful then ea chart for n = 10 under SG system for £ - < 1.6,
However, for % > 1.0, the former is found to be Jess powerful than the latter, as

expected. .
1I. Joint OC surface

It will be interesting to study haw the two systems behave when both (1, 0) vary
For this we explore the joint OC surface giving the probability of acceptance by

both charts in a system for diflerent combinations of (u, o).

For MG system this probability is taken as

.P[fﬂ < "“"‘,ﬂ- "": LC‘L“.ﬂ <eta <L UCLE.{_H ‘ f.L -CT]

For SG system this is given by

PLCLe.a < ¢ & < UCLeray LCLera < ¢ @ < UCLete | o

These are given in “lable 6.2.2. |

It is evident that MG system is more powerful in detecting a change than the
SG system for both n = 7 and 9. Recalling that the efficlency of MG chart for
controlling i and o as 67.9(%) and 64.60(%) (see ’I‘ﬂbl_& 6.2.1) resj)ectively.fﬁr n =
7, the equivalent sample size for X - chart is 4.75 and that for R chart is 4.51. Since
in X - R chart we usually prefer a sample of size 4 or 5, we safely recommend a MG
chart with n == 7 for use in practice. ' B | o

6.2.6 Control of Thickness Of Reﬁactam La,dle Brick With MG Chart - An- |

Ezample.

The control of thickness of Ladle brick is very important for the life of Ladles which
are used in steel plants. For this the operator used a go-no go gauge to check..

the thickness as soon as a lmclc is released from thc mould by the press The._
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gpecification btk i B0 i ok 1.5 mm, Both X - R charts and MG charts
wore tried T this processs The X - R oehart with n = 5 and MQ chart with n =7
are given i s 2 d,

A vanddorn samnple of siac 7 were tuken o carrent production and the first 5 were
gsedd as a0 subgronp e N W claet and all the 7 for MG chart. ;

It it clear from e aveompauying hgure that we can conveniently use a MG control
chart with oo 7 withont any actual measurement of the items in place of X - R
ttt‘lll[‘l‘nl eliarts l't*tltiél'ill}t pciaenients of i items el sulz::grc}up.

6.2.% Crontral Behvnne Witk Feen n,

When the sianpde size uis even, the efficiency of Median Gauge chart can be still
il‘l"lpl‘(fw{:!tl if wo are preypaned o yneasine a fow items in some cases. Assuming we
take 1o G, the anedinn is obitnined by taking the mean of o) and wy). We take
advantnge ol the fact that L for 1 == G is smaller than o~ forn=7,

The efficiency of Stevens” systemy with gange point (1041, .1041) is compared wath
MG system for noo 6 i Tabde 6.2,

Table 6G.2.3

Comparative Performance For n = 0

o T s p R ST TR Am ¢ ST D AT T T T

Efficiency
1 ype Ji 9

B A T S R ST L v 2 TP T A THG

‘3(1 (t v § eda) 2 (12.74 GQ.?![
N(: (r { o) 77,00 | 64.90

ARl A IR Eed S R A S B WMWW

"" ‘ ' ' items for the-
However, while werking with even n, we will have to measure SOMe it J

[ollowing two cases
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mind {ii) w <€ R

Lot k :; '
Then the probability of weaswing k -+ 1 items for 1 <4 < f — 11is given by

]'--""f; it klﬂ Fores ’\‘ e i] *I“ .P[fl =3 }J - ‘i,C = kl . (6'2‘1)

|
?,! ST, Y | & --.J.*H i

A( "!.Wlmimu}f 5 W

|
‘TIZ LIH.L[IL-

‘.'I'v-lrh R 1Y O I RO R L S PP T 1 e d R AR FUT R T SE——

( o i)'(n v QR )AL P

?1! 1 |
ey |:|¢Mmi-h'-a:rﬁ-ﬂ:w:.!.-' "L W i'l' drwti
ST 1) 7; o' (]]a I“) | (6.2.2)

~~~~~ w Jeew Ooewe B) 4+ Plas bies0)+ Pla=ke=k) .

The average munber of irems (ANI) which ave required to be measured is given by

[ |
n/ ciarl 1

) ? - ﬁm N T * } . _-:
ANT i%l(!»bl )L'a'( Hﬁ),p ¢ 1-i-?,.,,)
I ”.{Ij(ﬂ i E‘il (2 :“i) hlm IT(L i 816 —-) f- Jj(fb - }C ha— O)}
o, 'ﬂi ! I 1 1 |
_I:'- £ “'II: weunast o1 LK ‘ + 6.2_|3
E.} 1) " ](A - l)ﬂ’ {1 (IJ !“? 'Uf(ﬁ +17) j'J‘J"} ( | )

For a given {pu, ¢rg) and uy, g, ssmple size n deterrmnes P, <, and ) uniquely. The

average mimher of items to be neausred depends on g for a given oo as any change

in i will alter the values of p, q and r, for given u; and up.
The following table 6.2.4 shows ANI for different values of p for a MG chart drawn

for the control of a N {0, 1) process with n = 0.
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Table 6.2.4
ANTEa Contiad OF 1 N (0, 1) Process (n = 6)

RLIIEE o T Sy

1 ANI
00 010
L 1.0 1.39
LD 1.83
200 0.93
£330 002

v <t 1 TR i e M E Ry Brh g

We note that AN (p) daes nal exeved 2 0 the present case,

6.2.8 Drovedwre For Control

Suplz}tmﬂ T )

Wo comsisler twsr eases - () o 4, e € 8 and (i) @ € §, ¢ = 2. We measure the
requisite: il of k4 i ifews {which varies between 7 and n) to determine 23
and ey omsl Braadly obtain v ey )/ 2. For control, the observed value of
the mwedian sluadd be bedween gonge mits wy and us.

For all other sitwations, e proceditee is same as elaborated for odd n. The control

fimits for o cliagt i MG systen are (§,-5).

6.3 Opthmum Inspection Interval Tor Control Of Bulk Damage Tor High
Speed Printing NMachine In a Textile Mill. |
0.9.1 Imtranlurvtion

. \ . B, 3 . . 3 ’ ' ' t ﬁf

There nre ynny indisboal situatfons where it is not possible to inspect the outpu _
f. \ i ‘ ince d stop-

a manulacturing systesn without stopping the machine. Since all such forced stop
| ; iri inl measures | 3s important

pages may not reveal a situation requiring remedial measures it becomes importa

‘ * ' ' | - t is minimised
to determine the optianum inspection interval s that the total cos .
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aneder he fusipeections sehewmes "Phe tobad cost, comprises of

(u) L eonlo ol wimneeessary SEoppagres, ad

(b) Clie eosd of aveddnbde waslo,
Wo coustder o particaln model. We assume that once a delect makes ks appear-

aee, Ll process wy | condinne willy ik giving rise to waste which makes the entirve

produelkion unsnibabibe fow veie till Che assipnable eanse is eliminated. Such a situa-

1o, for exanpde, nrises in textile industry, where high speed machines are employed

for printing of vlotl,

The present model was develaped in the context of a textile mill where it was origi-

nally applicd, Howeser, siimtlar problems are also encotntered in rolling, packaging

ained paper indast pies.

6,889 The Muodel

We sssiine Hhat The aerivad of Hie defect follows a Poisson Process with parameter
A, the sverage pmber of appearances of the deleet per hour,

Let the nuwehine be stapped for inspection at a uniform interval of b hours as shown

holow,

Ww ) ’ '..--.-1.',...4...+_1
0O h 2h  3h niy (ntl/h
E(T) h-E(T)

Inspection schieme at an interval of & hours,

Let s nsstne Uit e nssiguable cause for adefect oceurs between the nth and
(- Dl time points of inspection. Also, let the random variable T denole the

time that elapses antil the ocearrence of the defect within the interval since the

beginning of the intecval.
As shown by Dunean (1956), the conditional expectation, E,(T) = B(T| a delect
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geenrs for thie lest P i the interval (b, Qo -+ 1))

Y IRV
J‘ji _:l.Atf | ;h N 1 - AMie~ M. {:*MI
1 . r“-e.;‘ii‘l - j\(l s (} ﬁjw (6:3!1)

where Jos fuspresf g berval

A = mrrival dgsaty,

2 L1 is elearly independent of woand hence the unconditional expectation E(T)
= Jo, (1), where BT demotes the expected amount of time that elapses in the
interval upto the aerigenee of the defeer (from the start of the interval) in which
the defeel npprears b e Best rime,

Let N be the randon varialde representing the number of stoppages until the first
defect. Tl |

PN w0 o Proali fue defoet in (0, nh) and at least one in (oh, (o - 1) h) ]
¢ ”*”‘('l - M;) (6.3.2)

Thus the expected wonnbier of woevessary stoppages

s |
2;‘ T O R
U

(1 Ml) o Al

_r;p}um:.-.-ci:r-aﬁm

(1 - ﬂw;\h)? '
ﬂw.‘l}t
1 e

Therefore, the expreeted nnmbier of stoppages (5) including the one where a defect

(6.3.3)

e
R

i5 detectod is given hy

- 1 | '

{'!

y L -1<'-w1‘r¢-+1ﬁxnﬂ1ﬂlr#ﬂl‘ﬂ-m n 1 6 . 3 . 4 )
'5 ] = g~ l 1 s (J'MMI | (

Tlhie expected length of a eycle (a cycle being the period of time from the start of

production following a defect to the datection of the next defect) = h.s.
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Lok us dedive The dallinsing,

A = Tl et b stoppangs aomachine (whicl includes the inspection cost and the

cost die foeansegqiiend bss of praduction);

Then C, the expeeted total cost wder the iuspection scheme for a cycle is given by

€ = AS+ BP(h ~ E(T))

oA Al 1 g
S BT R Y 685
l.“!:x[ﬂ:*t‘l't*tl (ot er il of e = E: oo il,. ol .,w(,\], 1 +a":\h) (6.3.6)
| hw  h Al |

It is easy tosee that other things remaining constant expected C.P. U, (cost per unit
of time) is n funetion of nspection interval h. The function is denoted by f(h). We
now sliow that expected CUUL has a uiigue extremum.,

Differentiug f{h) w.a.t.h. we hiave,

' ’E‘ nr BP = M Ef Al
Fin = et gt e A g

Eenating to o we have,

A B~ MiBPe ™ = BPeM = 0

) IV
or 1 M+ 1) = = BE
M
T BP
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writing Ah = @
AA

wehave e #(z +1) = 1 3.7
1) = 1- 25 (6:3.7)

The differential coefficient Gf L.H.5. of (6.3.7) with respect to x gives

—xe “which is < 0 for all 2 > 0.

Thus the L.h.s. which takes value 1 at x = Oisa steadily decreasing function of x.

For o < M

~ Thus thele exists a unique x (> 0) and hence a unique h (> 0) for which f(h) has

< 1, r.h.s. is a fixed const less than 1.

~an extremum,
We note that Lt f(h) =

h-—0)

and Lt f(h) = BP, a finite quantity.

o0

Further, at the initial stage as h increases from o, f(h) starts decreasing. Since f(h)
‘has a unique extremum, there exists a unique positive h for which f(h) is.minimised

' plG‘Ulded 0 < M < 1. The condition on M o usually met with in practice.

BP
6.2.8 5 olutwn Pfrocedwe

‘The equation (6.3.7) can be solved following Newton - Rapson method. Using

(6.3.7) we define

. AA -
9(’3) as e "{x -+ 11) +m — 1 where m = -515

Thus g(z) = e “(g+1)+m—1 = 0 (6.3.8)

| 'Leﬁ :ﬁﬂ be the approximate solution of g(x) =0 a't'th_e nth stage of iteration. Then

Tpe1l = Ty g’(iE )
- a)
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E”mﬂ(mi + &y, + 1) +m-—1

Pkl
[—
Sl

p— (on simplification)
L

The initial solution z, can be obtained by replacing ¢ by (1 - }:) in (6.3.8) and

this is given as

{Euz\/ﬂa-

Hence the iterative procedure can be given as

—_r ¥
e (w, +a, + 1) +m -1
(N

and 2o = /m. (6.3.9)

L r

mn—l-] —

rl

- 6.8.4 A General Procedure For Finding h' For a Number Of Varieties with
Different Arrival Rates.

" The optimum inspection interval h' can be obtained as above for any given value
ofm = A\ /BP. However,' even for a small factory there will be a large number of
'_._'so'rts ! to deal with, having different values of X\, A, B élld P. The optimum &' in
~each case depends oilly on A and k = £, Given the values of \ and k, one should
be able to find optimum h, called A*. With that 'p_urpose, the table 6.3.1 is pfepared

and presented for practical use by factory personnel. |
- 6.8.5 A Case Study | -

‘Ina composite- textile mill the bulk'damage at -printing-was found to be 24.0 percent,
Using the procedure described in Sections 6.3.3 and 6.3_._4} the optimum inspection

interval was worked out for all the sorts in the factory.

11t is the customary practice in textile industry to identily a particular variety of cloth by a sort

. number, which specifies interalia the quality of the fabric, the printing design as well as all other

; technical details related to it,
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Along with short time corrective measures long term preventive measures were also
planned with the experience gained from the feedback on type of defects. This
brought down the values of A for almost all the sorts. The values of A, B and

P were not affected by these measures. With each such improvement optlmum

inspection interval was recalculated.

The printing performance, as reviewed after two months, is shown in Table 6.3.2.

Table - 6.3,2

Recovery Percentage In Different Grades

Categmy Befcue (%) After (%)

Fresh 19 a1
"Seconds 57 - 32
Damage 24 17

The effective use of optimum inspection interval reduced the pefcentage of damage
category significantly and the consequent information feedback from each inspec- |
tion (even when bulk damage was not présent) revealed certain types of defects.
Introductions of 1*emedia,l measures along with the optimum inspection procedure

brought down th per centage of seconds category app1 eciably, resulting in a mgmf-

icant rise of fresh category (good quality) cloth. |
The above example is cited to serve as a live demonstration of the impact of follﬂwmg

an optimum inspection scheme for control of defects gmng rise to bulk damage.
6.4 Effect Of Inspection Error On AOQ Of a Single Sampling Plan :
Acceptance R_ecti'ﬁcation System. |

6.4.1 Introduction
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In recent times several authors have studied the nature and inagm'tude of inspection
error and its effect on acceptance sampling plans, an account of which may be
had in Dorris et. al (1978) and Mittag & Rinne (1993). Different approaches
have been used Lo investigate the effect of inspection errors in different acceptance
sampling set ups, viz., acceptance rejection, accepbance rectiﬁcal:imi and continuous
sampling plans, (Case et al .1973). Some have attacked the problem from the point
of view of optimization, Bauer (1987) has considered the problem of propagation
and estimation of inspection errors and has studied the cost optimal acceptance
rejection sampling plans in the sense of Bayes in the presence of these errors. In
acceptance rectification scheme an entire lob may have to be inspected at times and
hence error in inspection cannot be avoided altogether, Hence the study of effect
of inspection error in case of acceptance rectification scheme assumes additional
significance, | | .

AOQ expressions for different types of sample and lot, d:spasztmns in presence of
~ inspection error are available in Case et. al (1975) and Wortham et. al (1970).
InSpecltion error was found by Case a.nd others to cause a signiﬁcant change in the
~ shape of AOQ curve. Givén the inspection errors e; and e; (defined in section 6.4.2),
AOQ curve first rises with increase in p, reaches an initial peak, then decreses for a
while and afterwards increases monotonically as p — 1. The conventional concept
of the Average Outgoint Quality _Li;r_nit (AOQL) is, thus, not meaningful in.the

presence of inspection errors. |
From the practical point of view we are not mterested in the whole AOQ curve |

The incoming lot quality p is expected to lie within a certaln range and certainly

under no c1rcumstances will be allowed to be very large.

‘Hence we study the effect of inspection error in details for the acceptance rectifi~

cation scheme 53 - L3 as designated by Case et. al (1975) in which the apparent

defectives are replaced-whenever they are found either in the sa_mple or in the lot.
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What we find is that the AOQL concept is still very much applicable, provided we
can assume p to be < p*, some upper bound dependent on e; and e;. AOQ under
the influence of inspection errors > stipulated AOQL, if p > p* It is established
that if both e; and e; are equal and also less than AQOQL, then p* > 0.5. Several

other related results are also presented.
6.4.2 Notation

The inspection error may be of two types.
e; = the probability of classifying a good item as a defective one;

and ez = the probability of classifying a defective item as a good one.

For a given Samﬁliug plan, the average outgoing quality without inspection error
for an incoming lot quality p is denoted by AOQ (p). The same with inspection
error is denoted by AOQ.{p). The value of the AOQL is indicated as earlier by py.
'L(p) as usual denotes the probability of acceptance of a lot of guality p assuming
no inspection error. The same with inspec:ti::jn error is dentoed by L. (p). P(c, p)
will denote the probability of obtaining ¢ defectives in a sample of size n for a lot
of qu'ality p, assuming no inspection error. | .

6.4.8 Effect Of Inspeaiﬂion-E-rmrs (81.,-82 ) On Average Outgomg Q-u'alit’y

It has been shown by Lavin (1946) and Collins et. al ( 1976) that due to error in
inspection the probability of acceptance of a lot will be obtained by replacing the

true frat:ti_on defective p by the apparent fraction defective p, given by

ﬁe = p(] 'I‘efz:) + (1 -p)e; . (6.4.1)

h 2 dine as
- where p. = p according as
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€1
P;—
- e]"i‘ﬂ*}

and consequently Le(p) = L(p,) = = L{p)

(6.4.2)

< €
according as p= = :
ey + E'.-}

For the acceptance rectification S3 - L3 plan, where a defective is replaced as soon

as 1t is found in the sample or lot inspection, we have from Beainy et al (1981)

AOQE(P) _ PLE(p) | pea(]i:-;’ﬂ(ﬂ)) (643)

We have % 1 - p and assuming Poisson approximation -

i

8-[!(]75) :+l nt |

Be; e"""ﬁ lhp)zn l (r -—1)1 )
~n(1 - p)P(c,pf-.). '
4900) _ s priany
+p(1 — P){i_'g [ﬂ“(l — PE)P((?{J—e)pSE(l ~ Le(p)) <0
' for all pifes =0 ' (6.4.4)

 Thus we have the folléwing lemma.
| Lemma 6.4.1 For a given 58 - LS plan, if es = 0 c::_nd e .> 0, AOQE (p) <

AOQ (p) for all p € Q1.
- Lemma 6.4, 1 generalises the findings of Case, Bennett and Schmidt (1975), who

establish the same for a partmulm value of e,
It will be interesting to study the behaviour of AOQE (p) curve in the presence of

both kinds of mspectmn errors in relation to the AOQ (p ) curve for different values
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It fDllO‘fVS from (6.4-8) t]_]_at AOQE (p) %A_OQ (p) if

| ea(l — LE
Le(p) — Lip) + - ( i B) > 0 (6.4.5)
- —Pe <
We note that forp > ==, the following hold :
(i) p2>pe

() L(p) < Zp) < 1
(iii) 1-p, <1 .

Hence the L.H.S, in (6.4.5) > 0 in this case. Thus, we have the following Lemma.

Lemma 6.4.2 For a given 53 - L3 plan, fo*r* P2 e ADQ.(p) 2 ACQ(p).

It thus follows from Lemma 6.4.2, that if e; = 0, then for all p > 0, AOQ, (p) will
be larger than AOQ (p). Thus the particular case considered in Case et. al (1975)
is in agreement with this general result pr esented in Lemma 6.4.2

Now we 11west1gate what happens when p < == AOQ. ( ) can still be great-er

-~ than AOQ (p) for some values of p in this 1.-:1nge. The-relevant result is presented

in the form of a Lemma.

Lemma 6.4.3 For a given S8 - L3 plan, jor 0 <p < ande tep < 1

() AOQu(p) < A0Q(R) = L(p) > 1

| and (i1) there exists a unigue po Such that AOQ.(p) > ACQ(p) for allp > po.
Proof It follows from (6.4.5) that o

: | - ° .-
AOQe(p)EA0Q(p) for 0 p < — i

Ll - i) - o (846)



er +e2 < 1= 1% <1 forall p
Hence (i) immediately follows. (This is demonstrated in Fig. 6.4.2)
Now f(p) = L(p) — T-p, 18 monotonically decreasing in p for given (e;, e5) with the
value at p = 0 positive and the value at p = 1 negative. Hence there exists a unicgue

po such that f(po) = 0 and £(p) < 0 for all p > M.

On the other hand the function h(p) = L.(p)[1 7=-] remains positive for all p
€ {}. So, we can safely say that for all p > po, A0Q, (p) > AOQ (p) from (6.4.6).
6.4.4 Incoming Quality p For Which AOQ, (p) is More Than The Specified
AQOQRL.

Given e; and es, as p — 1, AOQ. (p) increases steadily and as pointed out earlier,
the sampling plan will not ensure an AOQL as visualised by Dodge - Romig in the
perfect inspection case. However, from astley of AOQ. (p) curve it appears that
if the incoming quality lies within some particular range, the AOQ, () will still
not exceed the prescribed AOQL value of the sampling plan. Since in practical

situations, the incoming quality p from a controlled process will lie within some

known range, an attempt is made to find

(i) a set of values of incoming quality for which a specified AOQL, say py, is not

exceeded given a pair of (e, ey},

(ii) the allowable range of (ej,es) which can be absorbed by the sampling plan

without violating the AOQL given that the incoming quality in practice will

not exceed a specified value.

(a) It is difficult to determine the maximum value p° of p such that AOQ.(p) < p1
= specified value of AOQL, for all p < »°, without knowing the elements of

the sampling plan and its OC. However, some usuful approximation can be
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made. We have the folliwng Lemma :

Lemma 6.4.4 For an 53 - 1.8 plan with e; + ey < 1, AOQ.(p) > ;. for all ,
> p*, where 5 =1+ o ‘1;&
v L

Proof We have from (6.4.3)

AOQ. (p) = py if and only if

En | En
Le(p)l = —2 22 Pl
E(p)[ 1 _pf] + 1 “]JE < p (6'4'?)

E&. ' I L ¥l h : # ') ’ ’ r .
Now, 18 a decreasing function of p. The uantity '1'"5;; is an increasing function

lying between 72 and 1 under the assumption e; + e; < 1. Hence L.(p)[1 —

lies between 1 and 0. Suppose for some p* the curve y = 1% crosses the curve
) = 1:;'«, Then, AOQ.(p) = py, for all p > p. '
Recalling that p¥ = p*(1 — es) + (1 — p*)ey, we have

P _pL

(I=pY) Fpilete)—e  en

y pr(l—e) |
OI‘ — u 6#4!8
e ey +pr{l — e — es) ( )

(6.4.8) can be simplified as

- K Lo b + 1, where A = 22 (6.4.9)

p’u ' Dy | 1—“81

It is noted from Lemma 6.4.4 that if the incoming .quality exceeds p* (note that p*
does not depend on the parameters of the sampling plan and depends only on py
and on the inspection errors e, and e, only through the ratio of e; to 1 — e;) with
inspection errors, AOQL stipulation can never be met. |

The exact value of the incoming quality upto whigh 'AOQE (p) will not exce__ed. Dy

i.e.p’. as defined in Lemma 6.4.3 may be obtained by solving (6.4.7) numerically
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and obviously p“ < p*. p* can be taken as the initial value of p° for starting the
iteration, This is shown in IFig. 6.4.3.

However, we can assume, as adequately demonstrated by numerical computa-
tions in resonable circumstances (refer Table 6.4.2) that if the incoming quality p
does not exceed p*, the AOQL stipulation will be met or at least not be disturbed
violently. In fact, the departure from the stipulated value of AOQL can be de-
termined by computing the exact value of AOQ.(p*), given the parameters of the
sampling plan. .
Values of p* for different values of k and pr, are given in table 6.4.1 to iﬂustrate
how p* changes with different values of k for a given AOQL. It is noticed from
(6.4.9) that for a given pr, p* decreases as k increases indicating that strict control

is needed to keep the value of k low during inspection.

(b) We now assume that the incoming quality of a given process does not exceed

p*. The AOQL stipulation will be met or at least not disturbed violently if

bl il — TJL(l B E]) _ PL
Pr=F es + pr{l — € — ea) k(1 — pi) '|‘]«'*L
1 —pt =
which implies that & < pifl =7 2 : (6.4.10)
| (1 - po)p N

The abaove equation gives us a criterion to judge whether existing inspection er-
ror can be tolerated for a manufacturing process whose incoming quality p is not
expected to exceed p*, a known quantity and which is expected to meet certain

specified AOQL., o
6.4.5 Comparison Of AOQL With Maximum .Of AOQ. (?)_F?T p<pt.

In order to study the extent of depafture from stipulated AOQL, if the incoming

quality is controlled within p*, AOQ. (p) is computed for a few single sampling
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plans as given by Dodge Romig for some selected AOQL. Two groups of sampling
plans are considered. Three error levels for each of ¢; and e, are considered. They

are as follows :

e .01, 09, .10
Co ., .01, .05, .10

The rasult of the study is shown in Table 6.4.2, The sampling plans are grouped

into two types. Details of the sampling plans under group 1 and 2 are as follows.

i,

7 (%) Max AOQ. (p)

Group lotsize n
31-50 30 0.00-001 05  0.50-1.39
26-50 22 0 0.00-002 10  1.00-2.10
] 16-50 147 0 0.00-0.04 2.0 2.00 - 3.60
6-50 6 0 0.00-010 5.0 5.00 - 9.50
4-50 3 0.00 -0.20 10.0 10,00 - 20.00

0.21-0.30 0.5 0.50 - 0.51

0.01 -040 1.0  1.00- 1.04

9 801-1000 65 2 0.81-120 20  200-205
801-1000 37 2.01-3.00 5.0 5.00 - 5.40
801.1000 25 4 4.01-600 100  10.00- 1055

801-1000 145
§01-1000 80

b~ Lo NN = O OO O D o

|

Maximum AOQ. (.p) as presented in the extract above is obtained as follows : Find
Max of AOQ{, (p) for p £ p* for each of the 9 level combinations of (e1,e2). Then
the range is indicated as a-b if a is the minimum of these 9 values.

It will be seen from table 6.4.2 that for plans under group 2, the maximum of ADQ.

!
(p) in presence of 11151‘.)0(1[:1011 arror is almost same as respective specified AOQL
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for p < p* and for e; £ .10. This is, however, not true for group 1 plans which are
characterised by very small lot size and acceptance number ¢ = 0. However, for
small lot sizes as in group 1, inspection error should not be a serious problem.
Since in most practical cases lot size is large or around that of group 2 plans, it
can be said that if p remains smaller than p*, the AOQL stipulation will not be
seriously disturbed unless ey is very large.

6.4.6 Relationship between p* and &
&1+ &

We note from (6.4.8) that

u €1 j’?L(l —81) €]
> —— = -
P ey -+ €9 eg(l--pL)i—pL(l-—el) ” e + éq

= eapl > ejeq

= e) < pL (6.4.11)

In fine, what are study reveals is that the application of Dodge - Romig plans |
in presence of inspection errovs under S8 - L8 scheme can be safely recom-
mended without causing any serious departure from stipulated AOQL if p* is

reasonably large and p can be safely assumed to be < p*,

For a given e, ETiLE:E can be made large by keeping es small and it 15 noted that
of e and ey are of the same order and less than pL, the value of p* exceeds
0.50 which is already too large an upper bound for the incoming quality p of a
controlled process. As far as the practical applications of Dodge - Romig single
sampling plans are concerned, the AOQL specifications are hardly affected as
long as the lot sizes are reasonably large and e; > ey < pl and the PTOCESsSs
does not become too erratic resulting in an incoming lot '-quqlitfy p > 0.8.

It may be noted that the tnvestigation has been carried out under the 53 - L3

scheme of inspection. The other schemes mentioned by Case et. al (1981)
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can also be similarly studied. The genercl features observed in the present

study are expected to be preserved by all the schemes.
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Control of thickness:
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TABLE 6.2.2 -

JOINT OC SURFACE
o 1 Probability of acceptance g
_ﬂ_!_— - - - "1 ] - ——§
l 0.5 ‘ 1.0 1.5 ! 2.0 2.5 i
‘ SG MG | SG MG SG MG i SG MG - 5G MG }
‘ | s
_ |
‘\l-ﬁﬁﬂﬁﬁ ' 1.00000 ‘ 0.99930 0.99582 0.97971 8.91891 I 0.92120 8.75366 0.84290 (.58133 !
0.99998 0.99992 0.99248 0.97082 0.96323 0.86592 80.90617 0.71073 0.83297 0.55372 |
0.97026 0.94948 ‘ 0.90885 0.79412 0.88220 0.69269 | 0.848540 0.58714 0.79746 0.47598
- | 0.38695 0.29380 | 0.59420 0.39308 0.68386 0.42282 0.72695 0.41027 0.72466 0.36435 |
2.0 0.00937 1 0.00339 |  ©0.20344 0.08660 0.40510 0.18064 0.54299 0.23387 0.60968 0.24442 i
} 2.5 } 0.00001 0.00000 | 0.03123 0.00667 0.17734 0.05109 "0.34116 0.10591 0.0464565 0.14168
"-3.0: | 0.00000 - 0.00000 0.00212 0.00023 0.05021 0.00928 0.17667 0.03753 0.31598 0.07794
1 :
0.0 | 1.00000 1.00000 0.99829 0.99683 0.96240 0.93869 0.86245 0.80178 0.73657 0.62456
0.5 | 0.99989 6.99978 0.97302 0.96174 0.91500 0.86786 0.82405 0.74107 | 0.71648 0.60524
1.0 0.89844 0.86436 0.75037 0.70834 0.72767 0.63825 0.69905 0.57268 0.63725 0.49411
g 1.5 0.11811 0.08678 0.28376 0.24782 0.41665 0.32351 0.49526 0.35383 0.51212 0.34528
2.0 ' 0.00015  0.00008 0.03548 0.02837 0.14433 0.10146 0.27491 0.16643 | 0.35821  0.20244
2.5 0.00000 0.00000 0.00127 0.00092 0.02944 0.01852 0.11494 0.05796 0.21265 0.09799
3.0 | 0.00000 0.00000 0.00000 0.00001 0.00340 0.00191 0.03555 0.01472 | 0.10551 0.03876
- }
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Table - 6.3,1

Values of h* (in hour) for different k and )

W

i

A

K 0.26 050 075 1,00 126 1.80 175 2.00

0.02
0.04
0.06
0.08

0.10

0.12
0.14
0.106
0.18
0,20
0.272
0.24

0.26

0,28
0.30
0,32
0.34
0.36
0,38
0.40
0,42
0.44
0.46
0.48

0.414

(.69

0.736
0.859
0.969
1,070
1.165
1,254
1,340
1,421
1,500
1577
1.651
1,723
1,794
1,863
1,931
1,977
2,063
2.127
2.191
2254
2.316
2,377

0.297

0.429

0.535
0.627
0.711
0,788
0.602
0.931
0,999
1.0G
1,127
1,188
1,249
1.308
1.366

1.424

1.481

1,637

1,503
1,640
1,704
1,750
1.814
1.868

0.245
0.387
0.4495
0,520
0,598
0.666
0.730
0,792
0.8572
0.911
0.9G8

1.025

1.081
1,136
1,191
1.245
1.300
1,35
1,409
1.463
1.518
1.573
1.028
1.68

0.215
0.314
0.394
0,466
0,532
0.594
0.654
0.712
0.769
0.824
0,869
0.934
0,988
1,043
1.007
1,152
1,207
1,263
1.319
1,376
1,434
1,493

1,604

1615

0.194
0.284
0.359
0.425
0.487

0.547
0,60

0.65%
0.714
0,769
0.823
0.878
0.933
0.983
1,044
1,101
1.159
1.219
1.280

1-3"13.

1,408

1,475

1,549
1.618

0.178
0.263
0.333
0.396
0.455
0.512
0.568
0,623
0.677
0.732
0,786
0,842
0.899
0.956
1.016
1.077
1,140
1,206
1,275
1,348

1,425

1.507
1.595
1,691

0.166
0.246
0.313
0.373
0.431
0.487
0.542
0.596
0.650
0.708
0.762
0.820
0.879
0.941
1.005
1.073
1.145
1.221
1.30-]
1.394
1.493
1.604

1.730

1.879

0.157
0.233
0.297
0.356
0.412
0.467
0.621
0.576
0.631
0.688

0,747

0.808
0.872
0.939
1,011
1.089
1.174
1,268
1,374
1,497
1,644
1,820
2,084
2.506
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AOQLk(-% )

.01

.02
.03

.04
.05

06
07
.08
.09
.10

.11

.12
.13

.14
W15

.16

« 17
.18

.19

.20
.21
.22

.23

.24
.25

- 169 -

TABLE 6.4.1 : VALUES OF 100p , FOR DIFFERENT VALUES OF p, AND K

.10 .25 .50 .75 1.00 1.50 2.00 2.50 3.00 4.00 5.00 7.00 10,00
9.10 20.04 33,44 43.04 50.25 60.36  67.11 71.94  75.57 80.45 84.03  88.27 91.70
4.77 11.14 20.08 27.42 33.56 43.22 50.50 56.18 60.73 67.57 72.46  79.01 84.75
3.23 7.71 14.35 20.12 25.19 33.67 34.01 46.08 50.76 58.14 63.49  T71.50 78.74
PR T - 5.90 11.16 15.89 20.16 27 .57 33.78 39.06 43 .60 51.02 56.82 65.30 73.53
1.96 4.77 9.13 13.13  16.81 23.35 28.99 33.90 38.22 45.45 51.28  60.09 68.96
1.64 4.01 = 7.73 11.19 14.41 20.24 25.38 29.94 34.01 40.98 46.73 55.64 64.94
1.41 . 3.46 6.70 9.74 12.61 17.87 22.57 26.81 30.64  37.31 42.91 51.81 61.35
1.24 3.04 5.91 8§.63 11.21 15.99  20.32 24.27 27.88 34.25 39.68  48.48 58.14
1.10 2.71 5.29 7.75 10,09  14.47 18.48 22.17 25.58  31.65 36.90 45.54 55,25 -
0.92 2.45 4,78 7.03 © 9,17  13.22 16.95 20.41 23.62  29.41 34.48 42.94  52.63
0.90 2.23 4.37 6.43 8.41 12.16 15.56 18.90 21.95  27.47 32.36  40.63 50.25
0.83 2.05 4.02 5.92 7.76 11.26 14.53 17.61 20.49 25.77 3(.49 38.49 48.08
0.76 1.89 3.72 5.49 7.21  10.49 13.57 16.47 19.22  24.27 28.82  36.67  46.08
0.71 1.76 3.46 5.12 6.73 9.81 12,72  15.48 18.09 22.94  27.32  34.97 44.25
0.66 1.64 3.24 4.80 6.31 9.22 -11.98  14.50 17.09 21.74 25.97 33.41 42.55
0.62 1.54 3.05 4.51 5.94 8.69 11.31 13.81  16.20 20.66 24.75 31.99  40.98
0,59 1.44 2.87 4,26 5.61 8.22 10.72 13.11 15.39 19.68 23.64 30.69 39.53
0.55 1.37 2.72 - 4.03 = 5.31 7.80 10.18  12.47 14.66 18.80  22.62 29.49  38.17
0.52 1.30 2.58 3.83  5.05 7.42 9.70 11.89  14.00 17.99 21.69  28.37  36.90
0.50 1.23 2.45 3,64 4.81 7.08 9.26 11.36  13.39 17.24 20.83 27.34  35.71
0.47 1.18 - 2.34 3.47 4.59 6.76 8.86 10.88 12.84  16.56 20,04 26.38  34.60
0.45 1,13 2.23 3.32 4.39 6.47 8.49 10.44 12.32 15.92 19.30 25.49  33.56
0.43 1.08 2.14  3.18 4.21 6.21 8.15 10.03  11.85 15.34 18.62 24.65  32.57
0.42 1.03  2.05 3.05 4.04 5.97 7.84 9.65 11.41 14.79 17.98 23.87  31.465
0.40 0.99 1.97 2.93 3.88 5.74 7.55 9.30 11.00 14.26 17.39  23.14  30.77
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TABLE 6.4.2 : COMPARISON OF MAXIMUM OF AOQ WITH AOQL FOR p <p° FOR SOME PLANS
FOR DIFFERENT ERROR LEVELS.

N T ' —

AOQL (%) | .05 L 10
max.ot AOQ(%) E_ max.ot AOQ(E) | ' max.of ACLQ{E)
‘ PLi PL., 100p®] | PL, PLZHH 160p" 1_ !PLI PLZ 100p> J!
E— |
0.5 ‘ .01 | 0.95 0.50 33.22 1.12  0.50 .05 1.39  0.51 4.74
1.0 s 1.40 1.00  50.00 1.62  1.00 16.67 2.10 1.04 9.09
2.0 .01 l 2.38 2.00 66.891 | 2.70  2.00 28.18 | 3.60 2.05  16.81
5.0 .01 ! 6.03 5.00 83.90 | 2.40  s.00 51.03 9.50  .5.08 34.25
10.0 ‘ -0.'_[ 1 12.50 10.40 G1.66 ! 1I8.00 10.00 68.75 20.900 10.55 52.38
0.5 .05 | o.50 0.50 32.31 0.67  0.50 8.72 0.77  0.50 4,56
1.0 .05 | 1.00 1.00 48.97 | 1.20  1.00 16.10 1.51  1.00 8.76
2.0 ‘ .05 1 2.00 2.00 65.98 2.36 2.00 27.94 3.03 2.00 16.24
5.0 .05 | 5.00 5.00 83.33 7.24  5.00 50.00 8.70  5.40 33.33
10.0 .05 | 15,00  10.00  91.35! | 18.50 10.00  67.85 19.90 10.00  51.35
B 0.5 ".10 0.50 0.50 31.14 0.52  0.50 8.29 0.56  0.50 4.33
1.0 10 1 1.00  1.00  47.62 1.09  1.00 15.38 1.15  1.00 8.33
2.0 .10 | 2.00 2.00 £4.75 2.15  2.00 26.87 2.61  2.00 15.52
5.0 .10 | 5.00 5.00  82.75 7.00  5.00 48.65 | 820 5.00.  32.14
10.0 | .10 | 16.00  10.00 90.91 18.75 10.00 66.67 }13-92 10.20 50.00
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ensuring a given AQQL,
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APPENDIX - 1 (Contd.)

{
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| ensuring a glven AQQL,
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Appendix 2
52
Optimum ({i,f) for given valupes of ADQL (%) and Preocess Average ()

ACOL (%)
1 2.0 : 3.0 : 2.0 E 5.5
o > — ?.... - 5 3 " ] -
% E=i+19§£=i-lﬂg X=3 %E:i*lﬂ%i:i-lﬂ %s:i gx;i+iﬁgi=i—19§ X=i §x:l—z@§x=iﬂ;ﬁ§ k=i !xesielo
P ; ;
| ' : : § ] : ; |
¥ i ¥ g - i x g ® X% i * o ® * :
: 1 L % : i |
2 : | : ' ; : é
* * * * x { % * % x| & %
-1824 |.0460 |.0456 | 0441 ! g : |
- i - - = = " . i
55 99 99 100 | Q7 T o7 & * 5 * i & ;
L3993 1.0460 §1.04556 | 0441 {.0125 {.0122 1.01:24 g
_ - ;
37 51 51 52 97 7 Q7 95 95 95 | 4 - N _}
.5334 1.1943 }.1896 | .1810 1.0125 }.0124 j_0124 |.0038 }.0038 }.0038 ﬂ
: | |
28 135 135 35 | 49 k50 50 - 95 LE 95 94 94 {os
.6173 ].3256 }.3136 | .3074 |.0962 }.0898 }.0886 |.0038 |.0038 j.0038 }.0012 }.0012 j.0012
22 ’2& 126 27 33 34 .34 |48 48 49 94 a4 fq@
| | .7145 {.6909{ .6809 }.4403 |.4188 | .3966 |.2044 11864 |.1826 |.0486 |.0476 [.0445 |.0012 |.0012 {.0012
7.0 19 18 19 |21 21 21 25 b5 26 133 133 33 a7 47 48
.7535 {.7376 | .7152 |.5237 |.4925 | .4812 |.3042 {.2853 |.2653 |.1286 |.1154 [.1133 {.0258 |.0253 |.0234
n
8.0 17 16 16 |18 18 18 20 20 21 24 25 25 31 32 32
1 7814 |.7621| .7516 |.5835 |.5431 | .5306 |.3949 13630 {.3365 |.2169 [.1891 |.1844 |.0839 [.0743 |.0731
I 9.0 15 114 14 16 15 15 17 17 17 20 20 20 24 24 24
.8121 1.78741 .7769 |.6292 1.5991 | .5853 1.4658 [.4199 }.4079 .2860 |.2595.1.2519 |{.1469 |.1363 {.1329
10.0 13 112 12 114 "{13 13 15 15 15 17 17 17 19 19 20
.8470 }.8136| .8032 §.6823 |.6397 | .6251 |.5239 |.4630 |.4496 1.3560 {.3145 |.3047 [.2256 [.2013 }.1807
] i ' _

* Use the first available plan below in the column.

| A



Optimam (1,f} for given values of AOQL (%) and Process Average { ; )

Apoendix 2 {Contd.)

{S8-2

AOQL (%) ;
8.6 g . g 10.0
i 18} wor Jweistoires_inl ve: lxcieiniw—i_inl we:i | veiotm
K—i—iﬁi K=i 3-{-1-**13%3:—&, Zﬂi X=i : —l*iﬂiﬁ—l 16; R=i ;K—z*h ;
! a E « 1 = § I o« | =2-1 = _? S :
a z | % 3 1 % P
T 3 3 3 O ] i I
= »* g & % - i = i = i * i L = f
! 3 L S DI B i i ;
} . g - g . i . i . 5 . 1 1 . § . xif
.- s T — - - . ;
*x * x x ! x 3 e > l » x 2
RN R 1 |
l > { * ¥ I » 1 ax } L . 1 x |'| »x 5
| i
i ] } | |

* * " % * * - * * *
3 ‘\ |

« { = * * * | x * * *

.0601 | .0001 { 0001 | ’ ;
8.0 g2 93 92 91 4 g1 & 91 L] = . * N . 1.
.0142 |.0140 1 .0129 |.0001 | .0001 ! 0001 {4200 ~ {&A0 © {4hdo | -
9.0 31 31 32 46 47 46 191 191 91 90 90 90 - . ,[,
-_L.-:ISIB {0497 { 0449 |.0074 | .D074 | .0073 475102 | amag® 4?::10—6]1?5:10-6 130 e 1?ﬂ0'6 ' _
_f 1
10.0 23 t 24 [2¢ |30 31 31 45 45 A5 490 - {gg * |90 % 90 89 | 50
1100 |.0927 | .0907 |.0357 |.0311 | .0307 |.0044 |.0043 |.0043 {1707 |1ma0™® {1ma06® | eao® {eas™® | wag®

* Use the first available plan below in the column.
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Appendix 3
CsSP-3
Cptimem (i,f} for given walnes of AOQL (%) and Process Average { p )

* Use the fj

rst available plan below in the column.

’ { ACOL (%)
o 2.0 ! 3.0 | 4.0 i 5.0 g
- — - Sdtpe e - - '%' i . - P ] E . ;
; % X=1 %E:i*iﬂ §K=i-15 % K=1 §£=£+1ﬂ %z=i-3ﬁ % E=i K=i#10 'X7i-10 % =i  X=3si03
T o bw |- | o, . . . ..
1.4 | * g * * « § = * i % x | =% { * A
.1848171.183111}.179018 g % a % : | g ;
- - —— 3 % _7' F
2.0 j1es {105 {106 |90 100|100 . i . . 3—* . . . | o= )
.184817}.183111 1179018 | 045833 | 024239 044018 | | ﬁ g ; 1
: N ] | - :
3.0 |54 55 155 (99 100  }io00 97 -%q7 97 + _! * I N . .
-413762}.401112].397013 {.0458331.0442391-044018 -0124&&!-&12%16 -012384 |
| 4.0 37 37 37 |s1 52 52 97 97 97 95 95 95 . . .
1.344909].535597 |.530091 | 191483 |. 182146 | - 180019 | 012466 | . 012416 | . 012384003802 | 003794 | . 003789 | |
5.0 |28 28 {28 135 35 36 49 150 {50 95 95 los 94 94 (94 ’
-630863 619496 {.613613 |.317656 |.309527.295760 | 094923 | .089142 | 088244 {.003802 |. 003794 |- 003789 | . 001189 | 001188001187 |
, ' 1 .
2z 23 27 27 27 34 34 34 |28 48 49 94 94 {94 4
.682804 1.666049 |.411074 |.399122|.393580 |.189438 | 184030 |. 181433 |.048072 {. 047335 |. 044365 |.001189 {.001188 |. 001187
—
| 7.0 |19 19 19 22 22 |22 26 26 26 33 33 33 47 47 48
| |.7302241.716904 {. 711575 | . 483425 |. 468456 {. 462351 | .277186 {.267375 {. 263289 |.117501 |.114148 |. 112686 |.025504 |. 025211 |. 023394
| 8.0 16 |16 16 18 18 18 21 21 21 25 25 25 32 32 32
1.7663981.752756 |. 748062 | 550385 |.532832 | . 526689 | . 352844 1.338851 |.333789 {.193467 |. 185973 |. 183177 | .075694|. 073642 |.072831
9.0 |14 14 14 16 16 16~ |17 17 18 20 20 20 24 24 25
- -791224(.777684 |.773621 {.587106 | .568376 | . 562476 | .428378 |. 410255 {.385586 |. 266126 |.253950 |.250052 |.139693 |.134059 |.122542
0.0 |13 12 |12 14 14 14 15 |15 15 17 17 17 19 20 20
| .803777].803475 .800264 |.625955 {.606371 |.600986 +4718791.451648 [.446167{.322817 |.306823 |.302348 {.207354 |.182242 |.179526
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Appendix « 4

Optimun (3, [} Minhiising AFL ul 3 brusuring LQYL and an AOQL < a
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Appendix - 4 (Contd.)

Optimunm (i, F) Minimising AT at 3 Iinsuring LQL and an AOQL < a
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Optimum (i, £) Minimising AT at j} Ensaring LQL and an AO QL < a

Incoming

rocess

nvernge (V)

1.0
2.0
3.0
/.0
S0
(.4}
(AL
]
0.0
10.0
11.0
12.0)
1.0
14.0
15.0
16.0
17.0
1R.0
16.0
20.0

i
A
Al
i
A
o} (3
glt

105

2 L¥
A
At
A6
i
40}
40
a[¢
31
A7
29
e

24

T T et W A A e S g2 e i il o Es eb e

005810

[

A0510)

L0510
L0510
L0510
L0810
LK1
JHI 10
L0510
AR} 10
L0H10
A5 10
L0510
LK 10

L0510
L0014
J 1160
16024
L8008

AL

given pr.,

"M, B O L L S L TR R Ty P
aly r U{V

liQ[: =2 18, O

1 LI T R e L PR BT e dnbea 1y

pL o 1.0 pros A0
T R T L IETIVP I FER TR | TS0 0 B e e P A e H

i

TR
SH018
44018
JH018
4018
018
KEINE.
G018
SHI018
1018
44018
SA018
1018
1018
S401R
34018
018
S4018
JA018

S018

p 1 A TRy PP el IV Pl STy Y

15

IJQ[J — 2[:];0%

pr S B0

ny < 6.0

pL S.. 7'0

[

[

|

[

i

f

i

f

17

17
17
17
17
17
17
17
17
17
17
17
17
17
17

17

17
17
17
17

21211
21211
21211

21211
21211

21211
21211
21211
21211

21211

21211
21211
2191
21211
21211
21211
21211
21211
21211

19
19
19
19
19
19
19
19
19
19
19
19
19
9
19
19

10
19
19

15 13352

13352
13352
13352
13352
13352
13352
13352
13352
13352
13352
13352
13352
13352
13352
13352
13352
13352
13352

13352

22
22
22
22
22
22
22
22
22
22
22
22
22
22
272
22
22
22
22
22

06740
06740
06740
06740
06740
06740
06740
06740
06740
06740
06740
06740
006740
06740
06740
06740
06740
06740
06740
08740

26
26
20
26
26
26
20
20
26
20
20
26
20
20
20
26
26
20
26
26

02737
02737
02737
02737
02737
02737
02737
02737
02737
02737
02737
02737
02737
02737
02737
02737
02737
02737
02737
02737




A""]‘.n‘l

Appondix « 4 (Contd.)

Optimum (i, ) Minimising AFI at 7 Ensuring LQL and an AOQL < a

INE b ot s taekar dan e o WRWEY el TR

Icoming

L] Lhah JEREL e o N R P

given py,

LOT = 20.0%

LQL = 25.0%

avorage (V)

[y e TeEae g L W e A=

10
2.0
4.0
40
5.0
6.0
7.0
8.0
0.0
10.0
11.0
12,0
(4.0
14.0
5.0
16.0
7.0
18,0
1.0
20.0

i

LR LR B R LERE D B FREn b 1 e

.61397
013497
013407
LTI
L) T
L1397
D107
L1497
01397
013497

24
29
24
FA
2
29
20
24

29

[

01347
A3497
01307
013597

01397

01397

014497
01397

01397

A%

3
333
KX
3
34
3
34
SR
34
KR
KK
3
33
33
AR
KK
34
34
33

"Enhbind e,

00571
00571
00571
00571
00571
00871
00571
00571
00571
00571
00571
D0571
005671
00571
Q0571
00571
0571
00571
00571
00671

T T A RIEET NDO a EXb i] R r FR  TA 4oh ETEPLAM O t TM CLETT Bd  Y FrPP=Ctfgrw MTLiep Sepnbisrp

f

pr, < 6.0

P, £ 7.0

[

*

f

|

[

12
12
12
12
12
12
12
12
12
12

12

12
12
12
12
12
12
12
12
12

300
304104
30:40:
304104
3040+
3040:]
30404
30:04
30404
304404
30:10:4
30404
30404
30404
,30410:
30-10:
304041
30404
30404
30404

22435
22435
22435
22435
22435
22435
22435
122435
29435
22435
29435
22435
22435
22435
22435
22435
22435

14
14
14
14
14
14
14
14
14
14
14
14
14
14
14
1¢
14
14
14
id

16623
16623
16623
16623
16623
16623
16623
16623
16623
16623
16623
16623
16623
16623
16623
16623
16623
16623
16623
16623

16
16
16
16
16
16
16

16
16
16
16

16

16
16
16
16
16
16
16
16

00204
08204
00204
09204
09204
00204
(9204
00204
09204
09204
09204
090204
(8204
09204
09204
09204
00204
09204
05204
09204




i ke K TSR RO e L e Qe A ' e O e ke L e i e | )

[:{QL = 2:5 t{]%

Incoming
I rocess

average (%)

] U St ST TR P TR S A e P P R s T D LR Il e T I T T T L HIE MLy, gy

18
18
18
18
18
1R

18

18
18
18
8
18
18
1R
18
18
18
18
18
18

AH4I'5

Appendix - 4 (Contd.)
Optimum (i, ) Minimising AFI at § Ensuring LQL and an AOQL < a

given py,

05132

05132
L3132

L0132

05132
05132
RUARY.
00142
06132
056134
051432
00132

(6132
00132

05132
05132

05132
03132
(5132
05132

TR gy vty - ey g pigrvplplallpsiald -yl S P —

Di ﬂrﬂﬂq prL K100 pp < 1;.5 p; < 4.0 N < 0.0
I

20 02872 22 01611 26 .00500 & 45181 & .45181
20 02872 22 01611 26 .00509 8 .45181 & 45181
20 02872 22 01611 26 .00509 & 45181 8 45181
20 02872 22 01611 26 .00509 & 45181 8 4518l
20 02872 22 01611 26 .00500 § 45181 8 45181
20 02872 22 01611 26 .00509 8 .45181 8 .45181
20 02872 22 01611 26 .00500 8 45181 8 45181
20 02872 22 01611 26 .00509 8 45181 8 45181
20 02872 22 01611 26 .00509 8 45181 & 45181
20 02872 22 01611 26 00509 & 45181 8 45181
20 02872 22 01611 26 .00509 8 45181 & 45181
20 02872 22 .01611 26 .00500 8 45181 8§ 45181
20 02872 22 01611 926 .00509 & 45181 8 45181
20 02872 22 01611 26 .00B09 8 45181 8 45181
20 02872 22 01611 26 .00509 8 45181 8 45181
20 02872 22 01611 26 .00509 8 45181 8 .45181
20 02872 22 01611 26 .00509 8 45181 8 45181
90 02872 22 01611 26 00509 8 45181 8 45181
20 00872 22 01611 26 .00500 8 .45181 8 45181
20 02872 22 01611 26 8 45181 8 45181

00509



W ey ] g g1 Tt A1 T AL 2 s s TR

Incoming

I’rocess

A~ 4,6

Appendix ~ 4 (Contd.)
Optimum (i, ) Minimising AFI at 5 Ensuring LQL and an AOQL ;g a

given py.

avorage (%) |

“1 {0
2.0
3.0)
4.0)
()
(5.0)
7.0
8.0
9.0
10.0
11.0
12.0
13.0
14.0)
15.0
16.0
17.0
18.0
16.0
20.0

Q)
)
Y
)
0
{)

0
Y
Y
9
)
y
9

20803
20804
29803
29803
20803
29802
29803
29804
20803
20803
29803
20803
20803
20803
20803
20803
20804
29807
20803

£y A

20808

T T S E ST T e S T L e

I:(ZIJ — 32.0%

b, 75: 7.0 L S_ &.0 pr, < 10,0 pp <125 pr < 16,0
S S S T S i i i
10 .19856 11 .13317 13 .06062 1G .01889 19 00592
10 10856 11 .13317 13 06062 16 .01880 19 .00592
10 19856 11 .13317 13 .06062 16 .01889 19 .00592
10 .19856 11 .13317 13 .06062 16 .01889 19 .00592
1019856 11 13317 13 06062 16 .01889 10 00592
1019856 11 13317 13 .06062 16 .01889 19 .00592
10 19856 11 .13317 13 .06062 16 .01889 19 00592
10 19856 11 .13317 13 .06062 16 .01889 19 00592
10 19856 11 .13317 13 .06062 16 01889 19 00502
10 19856 11 .13317 13 .06062 16 .01889 19 00592
10 19856 11 13317 13 06062 16 01889 1D 00592
10 .19856 11 .13317 13 .06062 16 .01889 19 00592
10 .10856 11 .13317 13 .06062 16 .01889 19 00592
10 10856 11 .13317 13 .00062 16 .01889 19 00592
10 .19856 11 .13317 13 ,06062 16 .01880 19 00592
10 .19856 11 .13317 13 .06062 16 .01880 19 .00592
10 .10856 11 .13317 13 .06062 16 01880 19 00592
10 10856 11 13317 13 06062 - 16 .01889 19 .00592
10 10856 11 .13317 13 08062 16 .01889 10 00592
10 11 ,13317 13 .06062 16 .01889 19 00592

19850



3.

R-1

REFERENCES

A. ¢ Continuous Sampling Plan

Anscombe, I'.J. (1958) - ‘Rectifying inspection of a continuous output’, J.
Amer, Statist, Assoc., 53, 702 - 719.

Abraham, Fred, L. (1971) - ‘A Graphical Method of Parameter Selection for
C5P - 1, CSP - 2 and OSP - R under a Non - replacement Assumption’,
Journal of Qaulity Technology, Vol. 3, No. 1, 2 - §.

Agrawal, B.N, (1980) - ‘On Optimal Designs of Continuous Sampling Plans’,
’h, 1D, Thesis, Faculty of Science, University of Calcutta.,

Bagshaw, M.L, and Johnson, N.L. (1975) - ‘The effect of serial correlation on
performance of CUSUM tests - II', Technometrics, 17, 73 - 80.

Barmard, G.A. (1954) - ‘Sampling inspection and Statistical decisions’, J. Roy,
Statist. Soc., B, 16, 151 - 174,

arnard, G.A. (1959) - ‘Control Charts and Stochastic Processes’, J. Roy.
Statist. soc., B, 21, 239 - 271,

o

Barnett, V.D. (1974) - ‘Economic Choice of sample size for sampling inspec-

tion plans’, Appl. Statist., 23, 149 - 157.

Bather, J.A. (1963) - ‘Control Charts and the minimization of costs’, J. Roy.
Statist. Soc., I3, 25, 49 - 80. i

Bishop, A.B3. (1957) - ‘A model for optimum control of stochastic data sys-

tems’, Operations Research, 5, 546 - 550,



10,

11.

13.

14.

10.

16.

17,

18,

R~ 2

Bishop, AL (1960 - ‘Discrete random feed - back models in industrial quality

control’, The Ohio State University Bugincering Experimental Station Bull.,
183V, 29, Htly Sept. 1960,

Beattic, DW. (1968) - ‘Partial inspection’, Appl. Statist.. 1’.';’, 1 - 16.

Bowker, AL (1956) - ‘Continuous sampling plans’, Proc. third Berkeley

Symp. Math. Btatist. and Prob., Berkeley and Los Angeles, Univ. of Cali-

fornia Press, 7H - 85,

Box, G.I.DP, sund Jonking, G.NL (1962) - ‘Some statistical aspects of adaptive
optimisation and control', J. Roy. Statist. Soc., B, 24, 207 - 343.

Box, G.15.P aud Jonking, G.M. (1963) - ‘Further Contributions to adaptive
quality control @ Simulatancous estimation of dynamics 1 Non - zero costs’,

Techuical Report No. 19, Dept. of Statistics, University of Wisconsin.

Banzhof, AL aod Brogger, RN, (1970) - ‘Reviews of standards and specifi-
cations @ MIEL - 8TD « 12356 (ORD), Single and Multilevel Continuous Sams-
pling Procedures and Tables for Inspection by Attributes’, Journal of Quality
Toechnology, Vaol. 2, No. 1, 41 « 53.

Brugger, LM, (1972) - ‘Functional Properties of CSP - 1 Applied to a Finite
Longth Production Run', Proceedings of the 176h Conference on the Design of

Experiments in Avmy Research Development and Testing, Part 2, 929 - 953.

Blackwell, MUTUR. (1077) - "The Effect of Short Production Runs on CSP -
1, Technometries, Vol. 19, No. 3, 289 - 2064. |

Champernowae, D.G. (1953) - “The economics of sequential sampling proce-

dure for defectives’, Appl. Statist,, 2, 118 - 1_30-



19).

21,

22.

23,

.

20,

20.

27,

28.

29,

R -3

Chin, WKL (1974) - *A noew prior distribution for attributes sampling’, Tech-
nometries, 16, 93 - 102,

radg, GG (1868) - “I'he average sample number for truncated single and

double attributes acceptance sampling plans’, Technometrics, 10, 685 - 692.

Doerman, C., Johns, MV, and Lieberman, G.J, (1959) - ‘Continuous sampling
procedures without control’y Ann. Math, Statist,, 30, 1175 - 1191,

Derman, C., Littauer, 8. and Solomon, H, (1957) - ‘Tightened multilevel con-
tinuows sapling plans’, Ann. Math, Statist., 28, 395 - 404.

Dadgre, TLE. (1943) - ‘A sampling inspeciton plan for continuous production’,
Ann. Math. Statist., 14, 264 - 279,

Dodge, LI (1947) - *Sampling Plans for Continuous Production’, Industrial
Quality Control, Vol. 1V, No, 3, § - .

Dodge, LT, and Torrey, M.N, (1951) - ‘Additional Continuous Sampling
Plans', Indtustrial Quality Control, 7,7 - 12,

Dadge, LE. (1952) - ‘Sampling Procedures and Tables for Inspection by At-
cributes on o Moving Line’, NAVORD OSTD - 31, U.S. Navy Bureau of
Ordance, Washington, 1.C.

Dadge, H.F, (1958) - ‘Chain Sampling Inspection Plan’, Industrial Quality
Control, 11, 10 - 13. B

Dodge, 1L, (19556) - ‘Skip - lot Sampling Plan’, Industrial Quality Control,
Vol 11, No. b, 3 - 5. '

Dodge, H.F. (1959) - 'Single Level Continuous Sampling Procedures and Ta-
bles for Inspection by Attributes’, Inspection and Qualit.y Control Handbooks



31.

32.

3.

34.

3.

30.

47,

R -4

(Interim) 10 - 107, Office of the Assistant Secretary of Defence (Supply and
Logisties), Washington, DD.C. |

. Dodge, 1L and ILG. Romig (1959) - ‘Sampling Inspection Tables - Single

add Donble Sampling', John Wiley and Sons, New York, 2nd edition.

Dadge, 1LE. (1960) - ‘Book Review of Inspection and Quality Control Hand
book (Interim) I« 106 Multi Level Continuous Sampling Procedures and
Tables for Inspection by Attributes’, Technometrics, Vol. 2, No. 4, 518 - 520.

Dodge, 11T, (1062) - ‘Single and Multilevel Continuous Sampling Procedure
anel Tables for Inspection by Attributes, MIL - STD --1235 (ORD)’, Depart-
mant of Avmy, Washington, D.C.

Dodge, TLI. (1970) - ‘Notes on the evolution of aceeptance sampling plans -
Part 10, J. Quality Technology, 2, 1 - 8.

Dunteant, AL, (1974) - Quality Contrel and Industrial Statistics, 4th edn.,

Homewoad, 11, Trwin, THinoeis,

Ewan, W.ID. and Kemp, K.W. (1960) - ‘Sampling Inspection of Confinuous
Process with no Autocorrelation between successive results’, Biometrika, 47,

303 - 380,

Elfving, G. (1962) - ‘The AOQL of Multilevel Continuous Sampling Plans’,
7. Wahrscheinlichikeitstheorie, 1, Springer - Verlag, Berlin, 70 - 81. |

Elfving, Q. (1974) - ‘Single and Multilevel Continuous Sampling Procedures
and Tables for Inspection by Attributes’, QSTAG - 340, U.3. Department of
the Army, Washington, D.C., Draft Document. |



38,

39.

41).

41.

12,

443,

44,

40.

R-5

Fortig, IX. W, and Mann, NI ( 1974) - *A decision theoretic approach to defin-
ing varinble sampling plans for finite lots - single sampling for exponential and

Ganssing processes’, J. Amer, Statist, Assoc., 69, 665 - 671,

Girshick, MLA. (1948) - ‘Sampling inspection plans for continuous production’,
unpublished paper delivered at the meeting of the Institute of Mathematical
Statistics, 10 May, 1948.

Girshick, ML.A. aud Rubin, H. (1952) - ‘A Bayes' approach to a cpality control
model’, Ann. Math, Statist., 23, 114 - 125,

Goldsmith, 1L, and Whitfield, H. (1961) - ‘Average run lengths in cumulative

chinrt apadity coutral schiemes’, Technometrics, 3, 11 - 20,

Ginathrie, L) and Johns, M.V, (1958) - ‘Bayes’ acceptance sampling procedure
for avge lots', Ann, Math, Statist., 30, 896 - 925.

Govinda Raju, XK. (1989) - _‘Pmcédur-e and Tables for the Selection of CSP -
1 plans’, Journal of Quality Technology, Vol. 2, 46 - 50.

Ghosh, D.T. (1988) - ‘The Continuous Sampling Plan that Minimises the
Amount of Tnspection’, Sankhia, Vol. 50, 412 - 427.

. Ghosly, DT (1989) - YA near optimum continuous sampling plan CSP - 2 (k

=2 1) to minimise the amount of inspection for a given distribution of incoming
auality p', Quality for Progress and Development, Wiley Eastern Limited,
Neow Deathi, H19 - 523,

Ghosh, DT, (1989) . ‘On the near optimum continuous sampling plan CSP -
9 (with k == i) to minimise the amount of inspection and its performance as

compared to optimum CSP - 1 plan, Sa,nkhija,'\_’ol. 51, 390 - 413.



R-6

47. Ghosh, D.T. (1990) - “The optimum continuous sampling plan CSP - 2 with

48,

k == | that minimises the amount of inspection’, Opsearch, Vol. 27, 31 - 38.

Ghosh, D.T. (1990) - ‘The optimum CSP. - 2 (k = i) plan that minimises

inspection when incoming anality p follows a distribution’, Opsearch, Vol. 27,
153 - 164.

49, Ghosh, DT, (1989) - ‘An optimum continuous sampling plan CSP - 2 with

53.

54.

=X
by |

(k # i) to minimise the amount of inspection when incoming cuality p fol-

lows a distribution’, Technical Report No, SQC-OR 6/89, Indian Statistical
Institute, Calcutta.

. Hald, A. (1960) - ‘The compound hypergeometric distribution and a system

of single sampling inspection plans based on prior distributions and costs’,
"Technometrics, 2, 275 - 340.

. Hald, A. (1968) - ‘Bayesian single sampling atributes plans for continuous

prior distributions’, Technometrics, 10, 667 - 683. |

. Hamaker, I1.C. (1958) - ‘Some basic principles of sampling inspection by at-

tributes’, Appl. Statist., 7, 149 - 159.

Hillier, F.S. (1964) - ‘New criteria for selecting continuous sampling plans’,
Technometrics, 6, 161 - 178. ' |

Horsnell, G. (1957) - ‘Economical acceptance sampling plans’, J. Roy. Statist.
So¢., A, 120, 148 - 201,

. Hurwicz, L. (1951) - ‘Optimality criteria for decision making under ignorance’,

Cowless Commission discussions paper, Statistics, No. 370 (mimeographed).



R-7

56. Ireson, W.G. (1956) - ‘Multilevel continuous sampling acceptance plans for

attributes, proposed AMC manual 74, Department of Industrial Engineering,

Stanford University, Stanford University, Stanford, California.

57. Ireson, W.G. and Biedenbender, R.E. (1958) - ‘Multilevel continuous sam-

58.

b9,

60,

1.

02.

03,

64.

pling procedures and tables for inspection by attributes ', Industrial Quality

Control, Vol. 15, No. 4, 10 - 15.

Kao, E.P.C. (1972) - ‘Economic screening of a continuously manufactured

nroduct’, Technometrics, 14, 653 - 661

Kemp, K.W, (1961) - ‘The averages run length of cumulative sum chart when
V-mask is used’, J. Roy. Statist. Soc., B, 23, 149 - 153.

Kelley, H. W, and Abraham, I'.L. (1969) - ‘Theory and assumptions underlying

the development of CSP - R’, Proceedings of the Fourteenth Conference on

the Design of Experiments in Army Research Development and Testing, U.S.
Army Research Office, Durham, North Carclina, 79 - 102,

Lai, T.L. (1974) - ‘Control charts based on weighted sums’, Ann. Statist., 2,
134 - 147, |

Lenz, H.J. and D. Reectz (1976) - ‘Continuous sampling plans of Dodge type

- theoretical and computational aspects’, Part I, Free University, Berlin, Nr.

5/76.

Licberman, G.J. (1953) - ‘A note on Dodge’s continuous inspection plan, Ann,
Math. Statist., 24, 480 - 454.

Licberman, G.J. (1965) - ‘Statistical process control and impact of 'automa__l:ic'

process control’, Technometrics, 7, 283 - 292,



R -8

65. Lieberman, G.J. and Solomon, 1. (1955) - ‘Multilevel continuous sampling
plang’, Ann, Math., Statist., 26, 686 - 704.

66. Lieberman, G.J. and Bowker, A.H, (1958) - ‘Recent developments in continu-

ous sampling’, Bulletin de |’ Institut International de Statistiaue, Stockholm.

67. LeMaster, V., and McKeague, R. (1958) - ‘Stopping rules used in the proposed
Dod Handbook on single level continuous sampling Plans’, ESM 401 - 0 - 29,

Ammkrition Procurement and Supply Agency, Joliet, I11.

68. Luée, R.D. and Raiffa, jid (1967) - Games and Decisions, John Wiley and

Sons, Inc., New York,

09. Magwire, C. (1956) - ‘Finite continuous sampling plans Involving a stopping
Rule’, Technical Report No. 31, Applied Mathematical and Statistical Labo-

ratory, Stanford University, Stanford, California.

70. Milton, Abramowitz and Irene, A, Stegun (1968) - Handbook of Mathematical |

IFunctions, Dover Publications, Inc., New York.

71. Mood, A.M. (1943) - *On the dependence of sampling inspection plans upon
population distributions’, Ann. Math, Statist. 14, 415 - 425,

72. Moriguti, S. (1955) - ‘Notes on sampling inspection plans’, Report of Statisti-

cal Applications Research, Union of Japanese Scientists and Engineers, 3, No.

4,

78, Murphy, R.B. (1959) - ‘Stoping rules with CSP - 1 sampling inspection plans

in continnous productions’, Industrial Quality Control, 16, 10 - 16.

74. MIL - STD - 105D (1963) - ‘Sampling Procedures and Tables for Inspection
by Attributes’, Department of Defense, Washington, D.C.



7.

70,

77.

73,

79,

80,

51,

52,

5d.

54.

R-9

MIL - STD - 1235 (ORD) (1962) - ‘Single and Multilevel continuous Sampling
Procedurés and Tables for Inspection by Attributes’, Department of the Army,
Washington, D.C.

MIL - STD - 1235C (1988) - ‘Single and Multilevel Continuous Sampling
Procedures and Tables for Inspection by Attributes’, Department of Defense,
Washington, D.C. |

NAVORD OSTD - 81 (1952) - ‘Sampling Procedures and Tables for Inspection
by Attributes on a Moving Line’, U.S. Navy, Bureau of Ordance, Washington,
D.C.

Page, E.S. (1954) - ‘Continuous inspection schemes’, Biometrika, 41, 100 -
114. |

Page, B.S. (1961) - ‘Cumulative sum charts’, Technometrics, 3, 1 - 9.

Page, .5, (1962) - ‘Cumulative sum charts using gauzing’, Technometrics, 4,

97 - 109.

Pearson, K. (1965) - Tables of Incomplete Gamma Functions, University Press,

Cambridge.

Pearson, K. (1968) - Tables of Incomplete Beta Functions, University Press,

Cambridge.

Pearson, 1.5, and Hartley, H.0. (1976) - Biometrika Tables for Statisticians
Vol. 1, Biometrika Trust, University College of London, England.

Planzagl, J. (1963) - ‘Sampling procedures based on prior distributions and

costs’, Technometrics, 5, 47 - 61.



84,

56,

87,

&8,

59,

90.

01.

V2,

03.

R - 10

PPhillips, M..J. (1969) - ‘A survey of sampling procedures for continuous pro-
duction’, J. Roy, Statist. Soc., A, 132, 205 - 228.

Prairie, R.R. and Zimmer, W.J. (1970) - ‘Continuous sampling plans based

on cumulative sums’, Appl. Statist., 19, 222 - 230,

Rai, Gulab (1971) - ‘Continuous acceptance sampling procedure based on

cumulative sum chart for mean’, Trabajos de Estadistica, Investigacion Op-
eration, 22, 218 - 219.

Raiffa, H. and Schlaifer, R. (1972) - Applied Statistical Decision Theory, Mas-

sachusetts; M.I.T. Press.

Reed, D.R. and Beattie, D.W. (1961) - “Variable lot size acceptance sampling
plan for continuous production’, Appl. Statist., 10, 147 - 156,

Resnikoft, G.J. (1960) - ‘Minimum average fraction inspected for a continuous
sampling plan’, The Journal of Industrial Engineering, Vol. XI, No. 3, 208 -
200,

Resnikof, G. {1956) - ‘Some modification of the Lieberman - Solomon mul-
tilevel continuous sampling Plan, MLP', Technical Report No, 26, Applied
Mathematical and Statistical Laboratory, Stanford University, Stanford, Cal-

ifornia,

Roberts, S W, (1965) - ‘States of Markov Chains for evaluating continuous
sampling plans’, Transactions of the 17th Annual All Day Conference on
Quality Control, Metropolitan Section ASQC and Rutgers University, New
Jrunswick, N.J., 106 - 111,

Sackrowitz, M. (1972) - ‘Alternative multilevel continuous sampling plans’,

Technometrics, 14, 645 - 0652,



R - 11

94. Sahani, AK. (1979) - ‘Wald - Wolfowitz type sampling plans for continuous

production’, Technometrics, 21, 21 - 81.

95, Savage, LR, (1959) - ‘A production model and contilluaussamplixlglpian’, J.
Amer. Statist. Assoc., 54, 231 - 247.

96. ohah, D.K. and Pathak, A.G. (1972) - ‘A simplified form of the ASN for a.

curtailed sampling plans’; Technometrics, 14, 925 - 929.

97. Sittig, J. (1951) - “T'he economic choice of sampling systems in acceptance

sampling’, Bull. Int. Statist. Inst., 33, 51,

08. Soundararajan, V. (1978) - ‘Procedures and tables for construction and selec-
tion of chain sampling plans (ChSP - 1) Part I and II; J. Quality Technology,
10, Nos. 2 and 3, 56 - 60 and 99 - 103.

99. Shewhert, W.A. (1931) - Economic control of quality of manufactured product.
New York : D, Van Nostrand Co., Iuc. |

100. Savage, L. Richard. (1955) - ‘A Three decision continuous sampling plan for
attributes’, Technical Report No, 20, Applied Mathematics and Statistics

Laboratory, Stanford University, Stanford, California.

101, Stephens, K.S. (1979) - ‘How to perform continuous sampling; The ASQC

Basic References in Quality Control : Statistical Technicues, Vol. 2, American

society for Quality Control, Milwankee, Wisconsin.

102. Stephens, K.5, (1981) - *‘CSP - 1 for consumer protection’, Journal of Quality
Technology, Vol. 18, 249 - 253. -

103. Taylor, .M. (1965) - ‘Markovian sequential replacement processes’, Ann.

Math. Statist., 36, 1677 - 1694.



104.

LOW%.

100.

107,

106.

109,

110,

111.

112,

113,

R-12

Taylor, 1LM. (1967) - ‘Statistical Control of a Qaussian process’, Technomet-
rics, 9, 29 - 41, |

von Neumann, J. and Morgenstern, O. :(1967) - Theory of Games and Eco-
nomic Lehaviour, John Wiley and Sons, New York.

Wald, A, (1950) - Statistical Decision Functions, John Wiley and Sons, New
York.

Wald, A. and Wolfowitz, J. (1945) - ‘Sampling inspection plans for continuous
production which ensure a prescribed limit on the outgoing auality’, Ann.
Math, Statist., 16, 30 - 49,

Wailer, H. (19065) - “The use of incomplete beta functions for prior distributions

in binomial samnpling’, Technometrics, 7, 335 - 347,

Watherill, G.IB. (1977) - Sampling Inspection and Quality Control, 2nd edn.

. Science papaer-back, Chapman and Hall Ltd., London.

Wetherill, G.J3. and Campling, G.E.G. (1966) - "The decision theory approach
to sampling inspaction’, J. Roy. Statist. Soc., B, 28, 381 - 416. |

Wotherill, G.B. and Chiu, W.X. (1974) - ‘A simplified attributes sampling
schomaes', Appl. Statist., 23, 143 - 148, |

White, 1.8, (1964) - ‘On finding the AOQL's for a lzirge class of continuous

' r 1 1 . \ . g ']:1 n-. '
sampling inspection plans’, Technical Report No. 22, Statistical Engineering

Group, Columbia University.

White, L.5. (1965) - ‘Markovian decision models for the evaluation of a large

clags of continuous sampling plans’; Ann. Math. Statist., 36, 1408 - 1420.



R - 13

114, White, John 5. (1961) - ‘A new graph for determining CSP - 1 sampling plans’,
Industrial Quality Control, Vol. 17, No. 11,18 - 19, |

B : Tolerence Limits

115, BBingham, R.5. (1962) - “Tolerance Limits and Process Capability Studies’,
Industrial Quality Control, Vol, 19, No. 1, 36 - 39.

116. Bowker, A.IL. (1946) - ‘Computation of Factor for Tolerance Limits on Nor-
mal Distribution when the Sample Size is Large’, Annals of Mathematical
Statistics, Vol. 17, 238 - 240,

117, Eisenhart, Churchill,, Hastay, W.M. and Wallis, W A, (Ed.) (1947) - ‘Se-

lected Techniques of Statistical Analysis for Scientific and Industrial Research

and Production and Management Engineering’, Statistical Research Group,
Columbia University, McGRAW - HILL BOOK COMPANY Inc.

118. Fraser, D.A.S. and Guttman, I. (1956) - “Tolerance Regions’, Annals of Math-
ematical Statistics, Vol. 27, 162 - 179.

119, Ghosh, D.T. (1980) - ‘A Note on Computation of Factor for Tolerance Limits
for a Normal Distribution’, Sankhga, Vol. 18, 242 - 245. |

120. Goldberg, . and Levine, H. (1946) - ‘Approximate Formulas for the Pecent-

age Points and Normalization of tand X?', Annals of Mathematical Statistics,

Vol. 17, 216 - 225.

121, Jilek, M. and Likar, O, (1960) - *Tolerance Limits of the Normal Distribu-

tion with known Variance and Unknown Mean’, The Australian Journal of

Statistics, Vol, 2, 78 - 83.



122,

123.

124,

120.

127,
128.

129,
130,

131.

R - 14

Johnson, N.L. and Welch, B.L,. (1 939) - 'Applications of the Non-Central ¢ -
Distribution’, Biometrika, Vol. 31, 362 - 389.

Kelley, T.L. (1938) - “The Kelley Statistical Tﬁbles’ New York.

Lieberman, G.J. (1958) - ‘Tables for One - Sided Statlstmal T{)lerance Limits’,
Industrial Quality Control, Vol. 14, No. 10, 7 - 9.

. Nelson, L.S. (1977) - ‘Tolerance Factors for Normal Distribution’, Journal of

Quality Technology, Vol. 9, No. 4, 198 - 199.

Odeh, E, and Owen, D.B. {1980) - Tables for Normal Tolemnce Limits, Sam-
pling Plans, and Screening’, Marcel Dekker, New York.

Owen, D.B. and Frawley, W.H. (1971) - ‘Factors for Tolerance Limits which

Control Both Tails of the Normal Distribution’, J ournal of Quality Technology,

Vol. 3, No. 2, 69 - 79.

Owen, D.B., Frawley, W.H., Kapadia, C.H. and Rao, J.N.K. (1971) - “Toler-

ance Limits Based on Range and Mean Range’, Technometrics, Vol. 13, No.

3, 651 - 656,

Paulson, Edward. (1943) ‘A Note on Tolerance Limits’, Annals of Mathe-
matical Statistics, Vol. 14, 90 - 93. |

Proschan, T, (1953) - ‘Confidence and Tolerance Intervals for the Normal

Distribution’, Journal of American Statistical Association, Vol, 48, 550 - 564.

Robbins, Herbert., (1944) - ‘On Distribution - Free Tolerance Limits in Ran-
dom Sampling’, Annals of Mathematical Statistics, Vol. 15, 214 - 216.

132, Scheffe, H. and Tukey, J.W. (1944) - ‘A Formula for Sample Sizes for Popu-

lation Tolerance Limits’, Annals of Mathematical Statistics, Vol. 15, 217.



R - 15

133, Wald, A. (1942) - ‘Setting of Tolerance Limits when the Sample is Large’,
Annals of Mathematical Statistics, Vol. 13, 389 - 399. |

134. Wald, A. (1943) - ‘An Extension of Wilk’s Method of Setting Tolerance Lim-
its’, Annals of Mathematical Statistics, Vol. 14, 45 - 55.

135, Wald, A. and Wolfowitz, J. (1946) - ‘Tolerance Limits for a Normal Distribu-
tion’, Annals of Mathematical Statistics, Vol. 17, 208 - 215, |

136. Wilks, $.S. (1941) - ‘Determination of Sample Sizes for Setting Tolerance

Limits’, Annals of Mathematical Statistics, Vol. 12, 91 - 96.

187, Zobel, 8P, (1958) - ‘One-sided Statistical Tolerance Limits’, Industrial Qual-
ity Control, Vol. 15, No. 4, 35. o |



138.
139.
14Q.

141.

142,
143.
~Vol. 5, No, 1,1 - 22,

144,

145,

R-IG

C : Controel Chart

Barnard, G.A. (1959) - ‘Control Chart and Stochastic Processes’, Journal of
Royal Statistical Society, Vol. 21, No. 24, 239 - 271. I

Burr, LW, (1967) - “The Effect of Non-normality on Constants for X - R
charts’, Industrial Quality Control, Vol. 23, 563 - 569. |

Bauer, P. and Hackl, P. (1978) - *The Use of MOSUM for Quality Control’, |
Technometrics, Vol. 20, No, 4, 431 - 436.

Box, G.E.P. and Jenkins, G, M. (1962)-- ‘Some Statistical Aspects of Adaptive
Optimisation and Control’, Journal of Royal Statistical Society, Vol. 24, No.

2, 297 - 331,

Bhattacheryya, B.C. (1955) - ‘A Possible Use of Certain Measurement in
Control by Gauging’, Sankhga, Vol. 15, 210 - 213,

Ewan, W.D, (1968) - *‘When and how to use Cu-Sum Charts’, Technometrics,

Férfel, E.B. (1953) - *Control Charts uSing Mid-Ranges and Medians’, Indus-
trial Quality Control, Vol. 9, No. §, 30 - 34.

Gayen, A K. (1953) - ‘On setting up Control Charts for Non - Normal Sam-
ples’, Indian Society for Quality Control Bulletin, Vol, 1, No. 1, 43 - 47.

146, Ghare, P.M., and Torgerson, P.E. (1968} - “The Multicharacteristic Control

Chart’, The Journal of Industrial Engineering, 269 - 272.



147.

148.

149,

150.

151.

152,

153,

154.

155.

150.

R - 17

Girshik, M.A. and Rubin, M. (1952) - ‘A Bayes Approach to a Quality Control
Model’, Annals of Mathematical Statistics, Vol. 23, 114 - 125,

Grant, E.L. and R.S_. Leavenworth (1972) - StatisticalQuaIity Control,.Mc-*
Graw Hill Book Co., New York, 4th edition, | |

Ghosh, D.T. (1985) - ‘Median Gauge Chart - A Procedure for Control by
Gauging’, Proceeding of 11T Asia Pacific Congress on Quality Control, Beijing,
China, 779 - 789. | |

Hill, D, (1956) - ‘Modified Control Limits', Applied Si:atistics, le. 5, No. 1,
12 h 191 | | |

Howell, J.M. (1949) - ‘Control Chart for Largest and Smallest Values’, Annals
of Mathematical Statistics, Vol. 20, No. 2, 305 - 309.

Jacks.on, J.E. (1956) - ‘Quality Control Methods for T'wo Related Variables’,
Industrial Quality Control, Vol. 12, No., 7,4-8. |

Johnson, N.L. (1961) - ‘A _Simple Theoretical Approach to Cumulative Sum
Control Charts’, Journal of the American Statistical Association, Vol. 56, 835

- 840,

Kemp, K.W, (1961) - ‘Average Run Length of CuSum Charts when a V -

Mask is used’, Journal of Royal Statistical Saciéty, Vol. 23, 149 - 153.

Mitten, L.G. and Sonoh, A. (1961) - “The X warning Limit Ohart_’, Industrial
Quality Control, Vol, 18, No. 2, 15 - 19, |

Moore, P.G. (1958) - ‘Some Properties of Runs in QC Procedures’, Biometrika,
Vol. 45, 89 - 95,



157,
158.
159,
160,
161.

162,

163.

164.
165.

166.

R - 18

Noda, A., Takouchi, H., Uenobe, M and Yamashina, H. (1976) - ‘A Novel
Control Chart with Noulinear Transformation’, TGR. 76 - 30, IECE Japan,

Page, E.S. (1955) - ‘Control Chart with Warning Lines’, Biometrika, Vol. 42,
243 - 257, ' '
Page, E.S. (1962) - ‘A Modified control Chart with Warning Limits’,

Biometrika, Vol. 49, 171 - 1786,

Page, E.5. (1961) - ‘Cumulative Sum Charts’, Technometrics, Vol. 3, No. 1, |
1-09,

Page, E.5. (1962) - ‘Cumulative Sum Schemes Using Gauging’, Technometrics,
Vol. 4, No. 1, 97 - 109.

Weiler, H. (1954) - ‘A New Type of Control Chart limits for Means, Ranges
and Secuential Runs', Journal of the American Statistical Association, Vol.

49, 298 - 314.

Weindling, J.I., Littaker, 5.B., and Tiago De Oliveirs J. (1970) - ‘Mean Action
Time of the X - Control Chart with Warning Limits’, Journal of th Quality

Technology, Vol. 2, No. 2, 79 - 85.

Sarkadi, K. and I. Vincez. (1974) - ‘Mathematical Method of Statistical Qual-

ity Control, Academic Press, London,

Shewhart, W.A. (1925) - ‘Application of Statistics in Maintaining Quality of

a. Manufactured Product’, Journal of American Statistical Association,

Stevens, W.L, (1948) - ‘Control by Gaunging', JRSS, Vol. 10, 54 - 108.

167. Stevens, W.L. (1957) - ‘Sensitivity of a Proposed Method of Quality Control’,

Sankhia, Vol. 18, 13 - 18,



168.
169.
'170.
171.

172.

173. .

174.

175. .

D Econdmic Contro] Chart

Baker, ILR. (1971) - “T'wo Process Models in the Economic Design of an X -
chart’, AIIE Transactions, Vol. 3, No. 4, 257 - 263.

Bather, J.A. (1963) - ‘Control Chart and the Minimisation of Costs’, Journal
of the Royal Statistical Society, Vol. 25, 49 - 80. |

Chiw, W.K, (1974) - ‘The Economic Design of CuSum Charts for Controlling -
Normal Means', Applied Statistics, Vol. 23, No. 3, 420 - 433.

Chiu, WK, (1975) - “The Economic Design of Attribute Control Chart’, Tech-
nometrics, Vol. 17, No. 1, 81 - 87,

Chiu, W.K. and Wetherill, G.B. (1974) - ‘A Simplified Scheme for the Eco-
nomic Design of X - Charts’, Journal of Quality Technology, Vol. 6, No. 2,

63 - 69.
Duncan, A.J, (1956) - “The Economic Design of X - chart used to Maintain
Current Control of a Process’, Journal of the American Statistical Association,

Vol. 51, No. 274, 228 - 242,

Duncan, A.J. (1971) - “The Economic Design of X - chart, when there is a
Multiplicity of Assignable Causes’, Journal of the American Statistical Asso-

ciation, Vol. 66, No, 338, 107 - 121.

Duncan, A.J. (1974) - Quality Control and Industrial Statistics. 4th edition.

Richard D. Trwin, Inc, Homewood, Illinois.



176.

177,

178.

179,

180.

181.

182.

R-20

Duncan, A.J. (1978) - “The Economic Design of p - charts to Maintain Current
Control of a Process, Some Numerical Results’, Technometrics, Vol. 20, No.
3, 235 - 243.

Ghosh, D.T. (1981) - ‘On Optimum Inspection Interval for Control of Bulk
Damage for High Speed Printing Machine in a Textile Mill’, Opsearch, Vol.

18, No. 4, 221 - 228.

Gibra, LN. (1967) - ‘Optimal Control of Process Subject to Linear Trend’,
The Journal of Industrial Engineering, 35 - 41.

Girbra, LN, (1971) - ‘Economically Optimum Determination of the Parame-
ters of an X - R Control Chart’, Management Science, Vol. 17 No. 9, 635 -
646. '

Goel, A.L., and Wu, S.M. (1973) - ‘Economically Optimum Design of CuSum
Charts’, Management Science, Vol. 19, No, 11, 1271 - 1282, -

Mac Gregor, J.F. (1976) - ‘Optimal choice of Sampling interval for Descrete
Process Control’, Technometrics, Vol. 18, 151 - 160. |

Montogomery, D.C. and Klatt, P.J. (1972) - ‘Minimum Cost Multivariate
Quality Control Tests’, AIIE Transactions, Vol. 4, 103 - 110.

183. Montogomery, D.C. and Klatt, P.J. (1972) - ‘Economic Design of 7* control

184.

charts to maintain current control of a Process’, Management Science, Vol

19, No. 1, 76 - 89.

Montogomery, D.C. (1990) - Intréduction to SQC, John Wiley and Sons, New

York, Chichester, Brisbane, Toronoto, Singapore.

. Mukherjee, S.P. (1964) - ‘Economically Optimum Control Limits for X -

charts’, Calcutta Statistical Association Bulletin, Vol. 13, No. 3, April 1964,



180.

187.

188.

189.

R-21

Nagendra, Y. and Rai, G. (1971) - ‘Optimum Sample Size and Sampling In-
terval for Controlling the Mean of Normal Variables’, Journal of the American
Statistical Association, Vol. 66, No. 855, 637 - 640.

Taguchi, G. (1986) - Introduction to Quality Engineering, Asian Prod.uctivity
Organisation, Tokyo.

Taylor, .M, (1968) - ‘The Economic Design of Cumulative Sum Control
Charts’, Technometrics, Vol. 10, No. 3, 479 - 488, |

Weiler, H. (1952) - ‘On the Most Economical Sample Size for Controlling the
Mean of a Population’, Annals of Mathematical Statistics, Vol. 23, 247 - 254.



R - 22

i+ Inspection Error

190. Ayoub, M.M., Lambert, B. and Walvekar, A.G. (1970) - ‘Effects of Two Types
of Inspection Error on Single Sampling Inspection Plans’, Human Factors

Society Conference, San Francisco,

191. Bauer. Lother, (1987) - ‘Inspection errors in quality control by attributes’, -
papers on Applied Statistics, Physica - Verlag, Heidelberg. vi + 105 pp.
ISBN3 - 7908 - 0366 - 9. ' '

192, Bennett, G.X., Case, K.E. and Schmidt, J.W, (1974) - “The Economic Effects
of Inspection Error on Attribute Sampling Plans’, Naval Research Logistics

Quarterly, Vol, 21, No. 3, 431 - 443.

193. Beainy, I. and Case, K.E. (1981) - ‘A Wide Variety of AOQ and ATI Per-

formance Measures with and without Inspection Error’, Journal of Quality

Technology, Vol. 18, No. 1, 1 - 9.

194. Biegel, J .E',‘ (1974) - ?‘Inspectiori Errors and Sampling Plans", AIIE Transac-
tions, Vol, 6, No. 4, 284 - 287. |

195. Bross, I. (1954) - ‘Misclassification in 2 x 2 Tables’, Biometrics, Vol. 10, 478
- 480.

196. Case, K.E., Bennett, G.K. and Schmidt, J W, (1975) - ‘The Effect of Inspec-
tion Errors on Average Outgoing Quality’, Journal of Quality Technology,

Vol. 7, No. 1, 28 - 33.

197, Case, ICE. et al (1978) - The Dodge CSP - 1 continuous sampling plan under
inspectin error’, AIEE Transactions, Vol, 5, 193 - 202.




R - 23

198. Cohen, A.C., Jr. (1959) - ‘Estimation in the Poisson Distribution when Sam-
ple Values ¢ + 1 are Sometimes Eironeously Reported as ¢’, Annals of the
Institute of Statistical Mathematics, Vol. 11, 189 - 193, -

199, Cohen, A.C., Jr. (1960a) - ‘Missclasified Data from a Binomial Population’,
Technomaetrics, Vol 2, 109 - 113,

200. Cohen, A.C., Jr, (1960b) - ‘Estimating the Parameters of a Modified Poisson

Distribution’, Journal of the American Statistical Association, Vol. 55, 139 -
143.

201. Collins, R.D., Case, K.E, and Bennett, G.K. (1972) - “The Effect of Inspection
Accuracy in Statistical Quality Control’, Proceedings of the 23rd Annual ATIE

Conference, Ancheim, California, 423 - 430.

202. Collins, R.D. and Case, K.E. (1976) - ‘The Distribution of Observed Defac-
tives in Attribute Acceptance Sampling Plans under Inspection Error’, AII
Transactions, Vol. 8, No, 3, 375 - 378,

L2

208. Dorris, A.L. (1977) - ‘T_hé'Eﬂ’ec_ts of Inspection Error on the Operation of a ¢
- chart’, AIIE Transactions, Vol, 9, 811 - 314.

204. Dorris, A.L. and Foote, B.L. (1978) - ‘Inspection Errors and Statistical Quality
Control : A Survey', AIIE Transactions, Vol. 10, No. 2, 184 - 192,

205. Ghosh, D.T. (1985) - ‘An Investigation on the Effect of Inspection Error on
AOQ of a Single Sampling Plan Acceptance Rectification System’, Sankhga,
Vol. 47, 233 - 241, |

206. Hoag, L.L., Foote, B.L. and Mount-Campbell, C. (1975) - ‘The Effect of
Inspector Accuracy on the Type I and Type II Errors of Common Sampling
Techniques', Journal of Quality Technology, Vol, 7, 157 - 164,



R - 24

207, Kulapatrapa, S. and Case, K.E. (1976) - ‘Sequential Attribute Sampling :
Inspection Errvor Effects and Compensation’, Proceedings of AIIE Systems
Ingineering Conference, 187 - 198.

208. Kroebar, D.W. (1980) - ‘A Graphical Approach to the Design of Sequential
Attribute Sampling Plans’, Journal of Quality Technology, Vol. 12, 36 - 39.

209. Lavin, Marvin, (1946) - ‘Inspection Efficiency and Sampling Inspection Plans’,
Journal of the American Statistical Association, Vol. 41, No. 236, 432 - 438.

210, Minton, George. (1969) - ‘Inspection and Correction Error in Data Process-
ing’, Journal of the American Statistical Association, Vol. 64, No. 328, 1256
- 12786, *

211, Minton, George. (1972) - *Verification Error in Single Sampling Inspection
Plans’, Journal of the American Statistical Association, Vol. 67, No. 337, 46

~ 04,

212. Maghsoodloo, 5. and Bush, B.K., (1985) - “The Effects of Inspection Error on
Double Sampling by Attributes’, Journal of Quality Technology, Vol. 17, 32 -
20 |

213. Maghsoodloo, S. (1987) - ‘Inspection Ervor Effects on Performance Measures
of a Multistage Sampling Plan’, AIIE Transactions, Vol. 19, 340 ~ 347.

214. Phatak, A.G. (1968) - ‘Misclassified Data from Curtailed Sampling Plans’,
Technometrics, Vol, 10, 489 - 490.

215. Rahali, B. and Foote, B.L. (1982) - *An Approach to Compensate for Uncer-
tainty in Knowledge of Inspection Error’, Joubnal of Quality Technology, Vol.

14, 190 - 198.



210,

217.

218.

219.

220,

R - 25
Raz, T. and Liittschwager, M. (1989) - ‘Ten measures of Inspection Perfor-

mance’, Jowrnal of Quality Technology, Vol. 21, 81 - 86.

Sengupta, S. and A, Majumder. (1985) - ‘Some Considerations of Dodge and
Romig Single Sampling Plans under Inspection Error’, Sankhja, Vol. 47, 242
- 246, |

Tenenbein, A. (1971) - ‘A Double Sampling Scheme for Estimating from Bi-
nomial Data with Misclassification : Sample Size Determination’, Biometrics,
Vol. 27, 935 - 944,

Walsh, J.E., David, Y.T., and Fay, E.A. (1959) - ‘Acceptance Inspection by

Variables when the Measurements are subject to Error’, Annals of the Insti-

“tute of Statistical Mathematics, Vol. 10, 107 - 116.

Wortham, A.W. and Mogg, JW. (1970) - ‘A Technical Note on Average
Qutgoing Quality’, Journal of Quality Technology, Vol. 2, No. 1, 30 - 31,



221,

222,

223,

BOOKS
(of recent origin)

Mittag, H.J. and Rinne, H. - Statistical Methods of Quality Assurance, 1st
edition (1993), Chapman & Hall, New York.

Wetherill, G.B. and Brown, D.W. - Statistical Process Control : Theory and
practice, (1994 reprint), Chapman & Hall, New York.

Schilling, E.G. (1982) - Acceptance Sampling in Quality Control, Marcel
Dekker, Inc, New York and Basel.




