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Chapter 0

Introduction

In this thesis, we study positive matrices (matrices whose entries are nonnegative as
well as matrices which are positive semidefinite) with Coxeter groups as the underlying
theme. For an exposition on Coxeter groups see Humphreys (1990).

A Cozeter system consists of a pair (W, S); where W is a group and S is a set
which consists of the generators of the group W. The elements of the set S have only
the relations of the form (ss')™*#) = 1; where m(s,s) = 1, m(s, ') = m(s',s) > 2 for
s # s in S. In case no relation occurs for a pair s,s’, we make the convention that
m(s,s') = co.

To represent a Cozeter system (W, S) we need a finite set S of generators and a
symmetric matrix M whose rows and columns are indexed by S with entries in Z U {co}
subject only to the conditions : m(s,s) = 1, m(s,s’) > 2 if s # . Equivalently,
one can draw a graph G with S as the vertex set, joining vertices s and s’ by an edge
labelled m(s, s') whenever this number ( oo allowed) is at least 3. If distinct vertices s
and s are not joined, we understand that m(s,s’) = 2. G is called the Cozeter graph
corresponding to the Coxeter system (W, S). A Coxeter system is said to be irreducible
if the corresponding Coxeter graph G is connected.

The adjacency matriz of a Coxeter graph G, usually denoted by A(G) = ((as;))
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is defined to be a square matrix of order |V| (|V| denotes the cardinality of V); where
a;; = 2cos(x/p) if the edge (i, ) is labelled with the integer p, and 0 if there is no edge
joining the vertex i with vertex j. Note that p = co corresponds to a;; = 2 for #j and
a;=0fori=1,2...,n.

Since each of the generators s € S have order 2 in W, each w # 1 (identity) in W
can be written in the form w = $,53...s, for some s; (not necessarily distinct) in S. If
r is the smallest integer for which the above expression is possible, then r is called the
length of w, written I(w).

The root system & of W is the collection of all vectors w(a,); where w € W and
s € S. To understand the root system ®, we look at the geometrical representation of W.
Let (W, S) be the given Coxeter system. We consider a vector space V over IR, having
a basis {a,|s € S} which has one-to-one correspondence with S. We give a geometry on

V in such a way that the ‘angle’ between a, and ay i . Based on this geometry,

we define a symmetric bilinear form B on V by taking:

L4
B(a,, a,) = —cos )

(This expression is interpreted to be —1 in case m(s, s') = 00.) We then get a relation
AG)=2(I - B).

There are several criteria for the finiteness of a Coxeter group ( see Proposition 4.1
of Deodhar (1982)). We just state four of them which are based on the definitions given
above.

Assume (W, S) to be irreducible. Then the following statements are equivalent:
1. W s finite,
2. @ is finite,

3. The set {¢(w)|w € W} is bounded above,
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4. The bilinear form B(- , -) is positive definite.

In the first chapter, we give a new criterion for the finiteness of a Coxeter group.
The matrices which appear in the first chapter have nonnegative entries. We have de-
noted by A, the adjacency matrix of the path on n vertices. For any positive integer k,
we denote by Py the characteristic polynomial of Ax. We also make the convention that
Py = 1. We have

Py(A) = det(M — Ay) fork=1,2,...
It can be easily seen that Py()) is a polynomial in A of degree k and corresponds to the
Chebyshev polynomial of the second kind.

For any Coxeter graph G, we evaluate the matrix Py(A(G)). For a fixed integer
k, Pi(A(G)) is defined to be the kth path-matriz of the Coxeter graph G. A (Coxeter)
graph G is said to be path-positive of order m, if for all k = 1,2,...,m, the kth path-
matrix of G is nonnegative. Furthermore, the (Coxeter) graph is said to be path-positive,
if for all positive integers k the kth path-matrix is nonnegative .

‘We first show that the graphs which are not path-positive exhibit periodicity in
the sequence Py(A(G)). We then show that if G is a supergraph of the graph G and
if G is path-positive then so is G. This Lemma makes our task easy in the sense that
for characterising all the Coxeter graphs, we need to show the path-positivity of fewer
graphs. In the fourth section of the first chapter, we show path-positivity of some graphs
using the following technique: for showing the path-positivity of a Coxeter graph G,
dj matrix. The adj matrix A(G)

we use the spectral ition of its
of any undirected graph G is a real symmetric matrix. So, there exists an orthogonal
matrix Q such that A(G) = QDQY; where the matrix D is a diagonal matrix whose

entries are the eigenvalues of A(G). Since Q is orthogonal,
Pu(A(G)) = P(QDQ') = QP(D)Q*

This technique enables us to give the exact form of the matrices Py(A(G)) for any

Coxeter graph G and for any k € Z*, and this in turn proves the conjectures of Bapat
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and Lal (1991). In Appendix 4, using an advoc method, we show that the graphs Z,
and Z; are path-positive.

The main result in this chapter is the following : A connected Cozeter graph is
path-positive if and only if it is not in Cy of Appendiz 1. The result can be interpreted
as a new criterion for the infiniteness of a Coxeter group.

In the last section, we discuss undirected graphs. A directed graph D = (V, £)
consists of a finite nonempty set V of vertices together with a collection £ of ordered
pairs of distinct vertices. Using the main result, we go on fo characterise undirected
graphs as well on the basis of path-positivity.

In the second and third chapter, we consider matrices which are positive semidefi-
nite. It is well known that S,, the symmetric group on n elements, is a Coxeter group.
Using the Coxeter group S,, we define the g-permanent of a matrix A, denoted by per,(A)
as n

pery(A4) = 3 ¢ ] aioqy s
ces. i
where for o € S,, i(o) denotes the number of inversions of 0. Observe that per, (A) =

per A, per_,(A) = det A and perg(A) = [I%, ai;; where “per” and “det” denote the

P and ds i pectively.
It follows from a result of Bozejko and Speicher (1990) that if A > 0 then

per,(4) 20, -1<g¢<1l

In the second chapter, we construct a similar function based on the sign change
group By, which like ,, is a Coxeter group. If A is an n x n matrix, then for a complex
¢, the g- permanent of A with respect to the sign change group B, denoted by Qy(A), is
defined as

@A) = (=)™ [T ajagy 5
GEBn =1

where

;] = card({i € {1,2,...,n} : (i) € {-1, ,—n}}),
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and for & € By, n(5) is the number of inversions of 5. In Lemma 2.1.1, we explicitly

calculate the coefficient of the term [I]-; dj(;) and hence show that
Q) = ¥ ¢TI - ¢} T g

PR =} =1

where for 1 < £ < n, f7, denotes the number of inversions in
1,0,(2,0,...,(¢-1,9
for a fixed 0 € S,. For the sake of convenience, we take 47 = 0.
We also show that if A is positive semidefinite then Qq(A) is nonnegative for

—1 < ¢ < 1. It can be easily seen that the above function generalises the determinant
function.

In the third chapter, we study the behaviour of the function per,(A). Let A =
((ai3)) be any n x n positive semidefinite matrix. In 1893, Hadamard proved that

detA < [T

Fifteen years later, E. Fischer showed that if A is partitioned into blocks

B C ]
A= (0.0.1)

c* D

where B and D are square matrices then

det A < det B.det D < (0.0.2)

=t

In 1963, M. Marcus proved the Hadamard theorem for permanents, namely

perA > [T

=1

Shortly thereafter, E. H. Lieb (1966) proved the corresponding dual of (0.0.2),
which shows that
perA > perB. perD 2 J] aii;
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where A is partitioned as in (0.0.1). The main aim of section two in the third chapter
is to prove a generalised version of the Lieb’s inequality and then obtain a generalised
Hadamard inequality.

It is conjectured in Bapat (1991) that if A is positive definite and is not a diagonal
matrix then per,(A) is strictly increasing in [-1,1]. The conjecture has been verified for
n < 3 in Bapat (1991). In the third section of this chapter, we settle the conjecture for
a special case, namely, when the matrix A is tridiagonal. We also show that per,(A)
is strictly increasing in [-1, 1], for a 3 x 3 positive definite matrix A, using a different
method than the one used in Bapat (1991).

‘We now define the Schur g—power matrix : We know that for any n x n matrix
A = ((ai5)), the Schur power matrix of A is the matrix TI(4) of order n! x nl. The rows

and columns of this matrix are indexed by the elements of the group S,. For o, 7 € S,

(A = Tt rem10-

We define, the Schur g—power matriz of A to be the matrix
11,(A) = T(A4) o M = (T] & ro-1a""* ™ oresu-
P

In the fourth section, we show, following the technique in Bapat and Sunder (1986),
that for a 3 x 3 positive semidefinite matrix A, per,(A) is the largest eigenvalue of
I,(A), 0 < g < 1. Here, we also conjecture that per,(4) is the largest eigenvalue of
My (A) for0< g < 1.

In the last section of this chapter, we show the relation between the two conjectures
and then go on to show that the conjecture that “ per_(A) is the smallest eigenvalue of

T,(A) for 0 < ¢ < 17 is false.



Chapter 1

Path-Positivity and infinite Coxeter

Groups

1.1 Introduction
We start with a few definitions which will be needed throughout this chapter.

Definition 1.1.1 : A graph G = (V, E) consists of a finite nonempty set V (the vertez

set) together with a set E (the edge set) of unordered pairs of distinct elements of V.

Definition 1.1.2 : A Cozeter graph is a connected graph, whose edges are labelled with
integers > 3 or with the symbol co. Since the label 3 occurs frequently, we omit it when

representing a graph by a picture.

Definition 1.1.3 : A directed graph D = (V, E) consists of a finite nonempty set V of

vertices together with a collection E of ordered pairs of distinct elements of V.

Definition 1.1.4 : The adjacency matriz of a Coxeter graph G, usually denoted by
A(G) = ((ai;)) is defined to be a square matrix of order [V| (V| denotes the cardinality
of V); where a;; = 2cos(r/p) if the edge (i, 7) is labelled with the integer p, and 0 if there
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is no edge joining the vertex i with vertex j. Note that p = oo corresponds to

i#jandag=0fori=12,..,n

In the first five sections of this chapter, we consider only Coxeter graphs and devote
the last section for directed graphs. For basic concepts in Graph Theory which are not

explicitly defined here, we refer to Harary (1969).

By a supergraph of a graph G = (V, E), we mean a graph G = (V
vev, E:i:,o:E;E,mdmsﬁ.;ueEcE‘haslabelminGandmna.

E) such that

A path on n vertices ( or a path of length n — 1) is the graph with n vertices, say

1,2,..,n, with n — 1 edges such that vertex i and i + 1 are adjacent, i = 1,2,..,n — 1.

The adjacency matrix of the path is clearly the tridiagonal matrix with 1 on the super-
and sub- diagonals and zeros elsewhere. We will denote the adjacency matrix of the path

on n vertices by A,.

For any positive integer k, we denote by Py the characteristic polynomial of Aj.
‘We also make the convention that Po = 1. We have
Py(\) = det(AT— A) fork=1,2,... (1.1.1)
Throughout this chapter, for any matrix A, by A > 0 we mean the matrix A to be
a nonnegative matrix , that is, the entries of the matrix A are nonnegative. Also, A > B

will mean a;; > b;; for all 7, j. We introduce the following definitions :

Definition 1.1.5 : The kth path-matriz of the graph G is defined to be the matrix
P(A(G)).

Definition 1.1.6 : A (Coxeter / directed) graph G is said to be path-positive of order
m, if for all k = 1,2,...,m, the kth path-matrix of G is ive. Furth the

(Coxeter / directed) graph is said to be path-positive, if for all positive integers k the kth

path-matrix is nonnegative .
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It was conjectured in Bapat and Lal (1991) that any connected graph (that is, a
connected Coxeter graph, each of whose edges is labelled three (also known as a simply-
laced Coxeter graph) ) is path-positive with the exception of the cases A, D and E (see
list C; in Appendix 1). It was brought to our notice by Professor J. J. Seidel that the
proof of this conjecture is contained in de la Harpe and Wenzl (1987). We briefly describe
the main result in that paper: (See Goodman et al (1989) for the definitions and basic
prerequisites in von Neumann algebras.)

Let £ be the set of all algebraic integers which appear as spectral radii of symmetric
matrices with entries in A = {0,1,2,---}.

Then for any A € £ with A > 2, there exists a pair Mo C My ( Mo and M, are

semisimple complex algebras of finite dimension, where Mp is a subalgebra of M, which

contains identity) with the inclusion matrix A which is symmetric, irreducible, and has
spectral radius A.

1t is also true that any symmetric matrix A with entries in A can be viewed (see
[11], §2.3) as an inclusion matrix describing Mo C M;; where M, and M, are both
semisimple complex algebras of finite dimension.

Let Mo C My C M C M3 C --- be the basic tower construction of finite di-
mensional C*— algebras (see [16]) with every inclusion matrix being A. If the spectral
radius A of A is at least 2, then by [14], the matrix Pi(A) is the inclusion matrix of
pMo C pMip, for any k, and for a certain projection p in Mj N M. Hence Py(A) has
nonnegative entries, and A is path-positive.

Since it is well-known that A, D¢, Eq( for n = 6,7,8.) are the only graphs with
spectral radius less than 2, the conjecture mentioned earlier is seen to be true.

It appears that the technique that was used in de la Harpe and Wenzl (1987) will
not give the path-positivity of the additional cases, namely D, C., Zi, and Zs,

due to the following reasons. In de la Harpe and Wenzl (1987), it is shown that if A is a
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symmetric matrix over the nonnegative integers, and if
MoCMyCM;CM;C---
is the basic tower of finite- dimensional C*— algebras with every inclusion matrix being
A, then Pi(A) is the inclusion matrix of pMo C pMp, for a certain projection p in
M0 M.
The proof depends on the fact that if I' is the inclusion matrix of Mo C M, and

if {p1, P2, -+, PN} is a partition of unity into projections in Mg N Mk, then

where T'¢ is essentially the inclusion matrix of peMo C peMype (augmented by suitable
zero rows and columns).

If A is a symmetric matrix with entries from
[2,00) U {2 cos(x/n) :n > 2}

(the adjacency matrix of a Coxeter graph as we consider in the present paper is one such
matrix) then A may be viewed (see [11], §3.5) as an inclusion matrix describing Mo C My

where Mo and M, are both finite direct sums of finite factors. If
MyCcMyCM;C---

is the result of applying the basic construction to Mo C Mj, then it is true that A still

describes the inclusion matrix of M, C M. However, it is not clear to the author that

have nice

the inclusion matrix of Mo C My will n
to the partitions of unity in MN Mj. This is because there is no reason why trag and tra,
should agree on Mj N My - which does happen when Mo and Mj are finite- dimensional,
the case discussed in de la Harpe and Wenzl (1987). In particular, we do not know if the
Theorem in de la Harpe and Wenzl (1987) about Py(A) describing suitable compressions

of My C M, remains valid in the more general setting.
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Our technique is as follows: for showing the path-positivity of a Coxeter graph G
(marked/unmarked), we use the spectral decomposition of its adjacency matrix. The
adjacency matrix A(G) of any undirected graph G is a real symmetric matrix. So, there
exists an orthogonal matrix Q such that A(G) = QDQ'; where the matrix D is a

diagonal matrix whose entries are the eigenvalues of A(G). Since Q is orthogonal,
PL(A(G)) = Pi(QDQ") = QP:(D)Q".

This technique enables us to give the exact form of the matrices Px(A(G)) for any
Coxeter graph G and for any k € Z*, and this in turn proves the conjectures of Bapat
and Lal (1991).

In this chapter, we prove the conjectures. Thus the main result in this chapter is
the following : A connected Cozeter graph is path-positive if and only if it is not in Cy
of Appendiz 1. The result can be interpreted as a new criterion for the infiniteness of a
Coxeter group. Using the main result, we go on to characterise directed graphs as well

on the basis of path-positivity.

Several equivalent criteria for the finiteness of a Coxeter group can be found in

Proposition 4.1 of Deodhar (1982). We will just state four of them. For this we state a

few definitions which have been taken from Chapter 5 of Humphreys (1990).

Definition 1.1.7 : A Cozeter system is a pair (W, S); where W is a group and S ¢ W

is the set of generators, subject only to the relations of the form

(ss)m)

where m(s,s) = 1, m(s,s’) = m(s',s) 2 2 fors #s' in S. In case no relation occurs
for a pair s, s’, we make the convention that m(s,s’) = co.

To represent a Coxeter system (W, S), we need a finite set S of generators and a
symmetric matrix M whose rows and columns are indexed by S, with entries in ZU{co}

subject only to the conditions : m(s,s) = 1, m(s,s') > 2 if s # s". Equivalently, one
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can draw a graph G with S as the vertex set, joining vertices s and ' by an edge labelled
m(s, ') whenever this number ( oo allowed) is at least 3. If distinct vertices s and s' are
not joined, we understand that m(s,s') = 2.

The label m(s, s) = 3 is omitted as it occurs frequently and we call G a Cozeter

graph.

Definition 1.1.8 : A Coxeter system is said to be irreducible if the corresponding

Coxeter Graph G is connected.

Since each of the generators s € S have order 2 in W, each w # 1 (identity) in W

152... 5, for some s; (not necessarily distinct) in S. If

can be written in the form w
r is the smallest integer for which the above expression is possible, then r is called the
length of w, written £(w).

Before, we define the root system & of W, let us first see the geometric representa-
tion of W, with the help of which the concept of the root system @ can be understood :
suppose, we are given a Coxeter system (W, S). We begin with a vector space V over R,
having a basis {a,|s € S} which has one-to-one correspondence with S. Now, we impose
a geometry on V in such a way that the ‘angle’ between a, and a, is compatible with
the given number m(s, '), that is, the angle between @, and &y is =g -

The root system ® of W consists of a set of unit vectors in V permuted by W, that
is, @ is the collection of all vectors w(a,), where w € W and s € S. Accordingly, we
define a symmetric bilinear form B on V by requiring :

By, ay) = _cosm—(::,).

(This expression is interpreted to be —1 in case m(s, s') = 00.) Evidently B(a,, a,) =

while B(ay, ay) < 0 if s # &'. It is easily seen that by Definition 1.1.4,
A(G) =2(I - B). (1.12)

The first four criteria in the following list are from Proposition 4.1 of Deodhar
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(1982) and the fifth is new. For the equivalence between the fourth and the fifth criterion
see Lemma 1.5.1, Corollary 1.5.3 and the Observation 1.1.2.

Assume (W, S) to be irreducible. Then the following statements are equivalent:

. W is finite

4

9 is finite

1

The set {£(w)|w € W) is bounded above

. The bilinear form B(- , - ) is positive definite

-

. The Coxeter graph corresponding to (W, ) is not path-positive.

=

1.2 Preliminaries

We begin with the observation that the matrix A, is given by
{1, ifli—jl=1;

0, otherwise.

(An)is = (1.2.1)

We see that A, is a symmetric matrix and hence any power of A, or any polynomial in
A, will give rise to a symmetric matrix. On expanding the determinant in (1.1.1) along

the first row, we get the recurrence relation given by
Pu(A) = APa(A) — Paca(h)  for k=2,3,... (1.2.2)

with P,(A) = A . The recurrence relation can be used to get a closed expression for P,

see Lovasz (1979), page 72, which is

%/2) -
P =Y (k Y “) AEBH (1) (1.2.3)
3
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where [z] denotes the greatest integer less than or equal to z. It will be used in the proof

of Lemma 1.4.4.

Lemma 1.2.1: For any positive integer k and square matrices A and B of the same

order, we have the following identity:

Pu(A+ B) = P(A) + kf P,(A)BPi-1-.(A+ B). (1.2.4)

Proof: We use induction on k. For k = 1, the L.H.S. of (1.2.4) is equal to Py(A+ B) =
A+ B = P(A) + B, which is same as the R.HS. of (1.2.4). Let (1.2.4) be true for
1 < k < m. Using (1.2.2), we get
Prsi(A+B) = (A+ B)Pu(A+ B) = Pni(A+B)
= AP,(A+ B)— Pu-a(A+ B) + BPn(A+ B)

= A{Pn(A)+ Z P,(A)BPn_1-4(A+ B)} + BP(A+ B)

—{ P (A) + Z Py(A)BPm-2-,(A+ B)}
= AP.(A) - ,.,.(A )+ ABP,,_\(A+ B) + BP,(A+ B) +
Z(AP (A) = Pocs(A)} BPmo1os(A + B)
= P,..“(A + BPn(A+ B) + ABPn_y(A+ B)
+ Z Posi(A)BPr_ios1)(A + B)
=
= Pupr(A)+ X P(A)BPn_,(A+ B).
=
Hence the result is proved. -
Lemma 1.2.2: Let G = (V. E) be a graph with |V| = n. Suppose G is a supergraph of
G. If G is path-positive, then G is also path-positive.

Proof: We consider two cases,
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Case (i): VCVand E 2 E. Suppose G = (V, E); where V = V Ui, for i ¢ V and
E = E U (i1, 1) for some I € V. Number the vertices of the graph G in such a way that
the vertex iy is given number 1 and the vertex I € V is given number 2. The renumbering
of the vertices does not affect the path-positivity of the graph G.

We have to show that, the kth path matrix of G is nonnegative for all positive

integers k.
The matrix A(G) is a square matrix of order n + 1 and
. 0 ¢
AG) = = A+ B (say);
e A(G)

where e = (1,0, ...,0) € IR" ( t denotes transpose ),

A=(° o ),and B:(O Q;).
0 AG) o 0

We shall use induction on k to show that the kth path-matrix of G is nonnegative

for all positive integers k.

For k = 1, the claim is trivial. Let the claim hold true for all k, 1 < k < m. We

shall prove it for k = m + 1. By Lemma 1.2.1, we get

Prii(A(G) = Pnu(A+B)
Prt1(A) + 3° Pi(A)BPrn_s(A+ B). (1.2.5)
=

We observe the following about the expression on the RHS of (1.2.5) :

. P,(A) 2 0 for all s = 0,1,2,...,m + 1, except possibly for the entry (1,1) which

may be —1.

2. B20;

L

By induction hypothesis, Pe(A + B) > 0 for all £,0 < £ < m; and
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4. The matrix P(A(G)) is a symmetric matrix as A(G) is a symmetric matrix.

Hence, we see that by (1.2.5), the (m + 1)st path-matrix of A(G) is nonnegative

except possibly for the entry (1,1). We shall show that

(Pmr(A(G))n 2 0.
We have

Prta(A(G)) = Pmna(A+B)
= (A+ B)Pn(A+B) — Pua(A+ B).  using (1.2.2)

Since the first row of A is zero, we get,

(P (AG)n =

]

=

(Pm(A+ B))n = (Pma(A+ B))n

[Pm(A) + Z P,(A)BPp_1_,(A+ B)ln
(P ,(A + B))“ using Lemma 1.2.1
(Pr(A))2r + Z(P(A)BP"- 1-+(A+ B))n
+(Po(A)BPm x(A +B))ar = (Pnoa(A+ B))n
E(P (A)BPpn-1-,(A+ B))n

+(Pm 1(A+ B = (Pmoa(A + B))u
g(P,(A)BPm,k.(A + B))21

0

the absence of (Pn(A))z in the fourth equality is due to the fact that (Pn(A))z = 0.

We get the last inequality due to the following: the second row of P,(A) is nonnegative

foralls, 1<s<m-1

;B > 0, and by induction hypothesis the first column of

P,(A+ B) is nonnegative for 1 < ¢ < m — 1. Hence the result.

Case(ii): V =V, E = E, and m < n for some e € E = E; where e has label m in

G and 7 in G. In this case, we write A(G) = A(G) + B = A+ B (say); where B is of

order n with each entry nonnegative.
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Let us prove this case also by induction on k. Clearly Pi(A+ B) > 0. Let
P(A+B)20V k, 1<k<m.
Since the graph G is path-positive, P,(A) 2 0 for all positive integer s. Also the
matrix B > 0. Therefore, using Lemma 1.2.1, and the induction hypothesis, we get
Pasi(A+B) = Pnn(A)+ 2 P(A)BPn-i(A+ B)
=
0.

v

Hence the result. L]

1.3 Periodicity of the graphs A,, B,, and D,

In this section, we show the periodic nature of the graphs A,, B,, and D,. It can
casily be seen that all the graphs which appear in the list C; (see Appendix 1) behave
periodically. We do not discuss the remaining as those cases can be casily verified. Let
us denote by A, A; the ith row and the jth column of the matrix A respectively.
The following result is essentially contained in Beezer (1984). We include a proof for

completeness.

Lemma 1.3.1: For 1<k<n
1, ifi+j=k+2r withi,j2randr=12-,n—k
(Pk(Au)).;={ (1.3.1)

0, otherwise.

Proof: We will prove the lemma by induction on k.
Step 1. For k = 1, Pi(An) = An. Here we have i +j = 1 +2r with i,j 2 r and
r=1,2,---,n— 1. That is,
(i)ifi=rthenj=r+1,and (i)if i = r+1 thenj =rwithr = 1,2, n~1. Hence,
we see that in either case |i — j| = 1. Therefore, (1.3.1) gives us

s ={; =3l =1

0, otherwise.
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which is same as (1.2.1).
Step 2. Let the lemma be true for 1 < k < m < n — 1. We have
Prt1(An) = AnPr(An) = Pno1(An)
and hence
(Prt1(4n))i. = (AnPr(An))i. = (Pm-1(4n))i.
1. The RHS of (1.3.2) is given by

(AnPrm(Aa)h. = (Pm-i(An)h
= (Pn(An))z. = (Pn-1(An)

-,0,\1{0.1,0,---,0)*(0,---,U.¢.0w'-,0) by (1.3.1)
mi

mih
= (0,0, 1 ,0,-:,0) = (Pmsa(A)h. by (1.3.1)
(m+2)th

(13.2)

Case 2: 2<i < n— 1. We will give a proof for i = 2. The cases i = 3,4,-+-,n — 1 can

be handled is a similar way. The RHS of (1.3.2) is given by
(AnPn(An))2. = (Pm-1(An))2
= (Pn(Ah. + (Pn(An))s. = (Pm-1(An))z.
= (0,---,0, 1 ,0,--+,0)+(0,---,0, 1_,0,1,0,1,0,---,0)

< ~
(m+1)st (m—1)st
—=(0,++,0, 1 ,0,1,0,-+,0) by (1.3.1)

L ,0,1,0,++,0) = (Prsa(4n))e. by (1.3.1)

~
(m41)st

Case 3: i = n. The RHS of (1.3.2) is given by

(AnPr(An))n. = (Pm-1(An))n
= (Pn(An)a-1. = (Pm-1(An)n.

= 00 L 01,000 = (0,0, (L 0,4,0) by (131)

(nemet)st (n-m1)st
= (0,50, 1 ,0,::,0) = (Pmsa(An))n. by (1.3.1)

~
(n-mt)st
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Hence the result.

Corollary 1.3.2: For k=1,2,---,n, (P(An))i; 20 for1<i,j<n.

Proof: By Lemma 1.3.1 each entry of Py(A,) either takes the value 1 or 0.

Note that according to Corollary 1.3.2, the path on n vertices is path- positive of

order n. The Cayley- Hamilton theorem for A, may also be derived from Lemma 1.3.1

as follows.
Corollary 1.3.3: Fori=1,2,--,n andj = 1,2,---,n, (Pa(A,));; = 0.
Proof: Since k = n, the result follows trivially from (1.3.1) .

Lemma 1.3.4: For any integer k € Z*, 1 < £ < k, and for any matriz A,

Py(A) = P(A)Pet(A) = Proy(A) Pecr-r (A).

Proof: For € = 1, the RHS of (1.3.3) is given by

PUA)Pia(A) — Po(A)Paca(A) = AP.cs(A) = Pea(A)
= Py(A)  using (1.2.2).

(13.3)

Now let (1.3.3) be true for 1 < £ < m < k — 1. Using induction hypothesis and

(1.2.2), we get
Pi(A) = Pn(A)Prom(A) = Pror(A) Piormr(A)
= Pu(A{APi_m-1(A) = Peem-2(A)} = Pno1(A)Peom_1(A)
= {Pn(A)A = Pno1(A)}Phom1(A) = Pr(A)Peom-z(A)
= Poy1(A)Piem-1(A) = Pp(A)Pecm_o(A).
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—Pa_s1)(An), ift is odd;

Hence the result follows. N
Theorem 1.3.5: Let k = t(n + 1) + i where i = 0,1,---,n. Then
Pi(An), if t is even;
Pi(An) = { (1.3.4)

where P_y(Ay) is the zero matriz.

Proof: We will prove the result by induction on t. Clearly the expression (1.3.4) holds

for t =
Case 1: Let us assume that (1.3.4) holds for 0 < ¢ < 2m. Now consider the case

t=2m+1, thatis, k = (2m + 1)(n + 1) + i with i = 0,1,- -, n. Since Pa(A,) = 0, we
have Py(A,) = 0 for £ = 2m(n + 1) + n. We also have, k — £ = i + 1. Now, using Lemma
1.3.4, we get
Pi(An) = P(An)Pr-t(An) = Pe-r(An) Peze-1(An)
= Pi_e(An) % 0 — Pi(An)Pa_1(As) ( by the induction hypothesis)
= —Pi(An)Poor(4n)
= Payini(4n)
= =Pa_g+1(An) P+i+1=1(n+1)+

Note that
Payis1(An) = Pa(An)Pina(An) = Paa(An)Pi(An)
= —Pa_1(A.)Pi(A,) using Lemma 1.3.4.
Case 2: Let us assume that (1.3.4) holds for 0 < t < 2m + 1. Now, consider the case
t=2m+2, thatis, k = (2m +2)(n +1) +i with i = 0,1,-++,n. Since P_;(A,) =0, we
have P(An) = 0 for £ = (2m + 1)(n + 1) + n. We also have, k — £ = i + 1. Now, using

Lemma 1.3.4, we get

Pi(An) = PlAn)Pice(An) = Peor(An) Pieer(4n)
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i

Figure 1.1: Bopm

= 0 {=Po(An)} Pi(Aa) ( by the induction hypothesis)
= Pi(A)Po(An)
= Pi(An).

Hence (1.3.4) holds for all &. .

Remark. We see that Pi(A,) is periodic with period 2n + 2, as
P_1(An) = Pansr(An), Po(An) = Prnsa(An), Pi(A) = Panga(An)s---s
Pya(An) = Pins2(An), Prnir(An) = Panya(An), and so on.

Evaluating P at a broom

In this subsection, first of all we describe the pattern of Pi(Ba,m) for any integer m
and k < n. The graph of By can be seen in figure 1.1 above. The order of the matrix
Bpm is (n +m) x (n+ m). Let

m  n
Bam = m ( Bu B
n \Bn Bz
with By = 0, Biz = (em,0) = By, and By = A,. Here the zero matrix in By is of
-, 1)t e R™.

order m x (n— 1) and e = (1,1,

Theorem 1.3.6: For k < n, if we partition the matriz Pu(Bnm) = P{" (say) according
to the partition of the matriz By m, then we have :
) .
0, ifk is odd;

Pl = 1.3.5
(R {D,, if k is even with k = 2¢, (1.3
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where
00 1{“7"((m—1)“+(—1)’), ii=j (136)
D7V Dow + (-1, i s
)
((P;"),,);,-={('“_”" ifj=k—2r withr =0,1,2,---,[¢52], asn
0

otherwise.

Note that the RHS of (1.3.7) does not depend on i; hence ((P{*)12)i; = ((P{)12)y;-

3)
(P[22 = Pu(An) + Cr (1.3.8)
where
—yt j= —or withr =1,2,---, [
(€)= {m(m )Y ifidj=k+2—-2r withr =1,2,---, (%], (13.9)
otherwise.

Proof: Let us use induction on k. For k =1, PJ" = B, .. Now let the theorem be true

for 1 <k <t<n-—1. Consider
Piyr(Bom) = Bam Pi(Bam) = Peor(Bam)- (1.3.10)

We will prove the result for ¢t odd, the proof for ¢ even can be given on similar

lines.
(1) Using (1.3.10), we get (P1)n = Bua(PM)a — (PZy)n,  thatis,

(PRI = (P2 — (P
= ((PMha)i — (PZ1)u)ij-

since ¢ is odd, 5! € Z*. Therefore

((PE)n)is
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- { (m= 1) = 22 {(m =17+ (1)) = (1

(m—1) =22 {(m=1)"" +(-1)}
_ {"‘T"((WH1)'+(-1)'“)+(—1)’“v ifi #j,
ol = {m -1+ (- ifi=j,

¢

ifi# ],
ifi=j,

23

where r = 51, which is equal to the expression on the RHS of (1.3.6) after replacing ¢

by r+1.
(2) From (1.3.10), we get

(PR 1) = (Bu(PM)x)is — (Pli)i
= ((PM)a); — (PZ)ha)i

= (P(A)h; + (C7; = (PZa)na)s

that is,

(PR
= (P(A)h. + (CTN. = (PZ)a)s

= (0,---,0, 1_,0,---,0)+(0,0a,0,05-1,0,---, @ ,0,---
g

U

(e+1) st oo

—(0,65,0,-++, Bo ,0,---,0),

(e-1) st

where a =[] = 1 = [52] = b, a; = m(m —1)"}, and §; = (m — 1)’. So

(PR 12)i. = (0,va41,0,00,0,---,0, w0 0,
[

,0),

where v; = (m — 1)7 which is same as the row obtained by using (1.3.7) .

(3) Here we have ((PZ1)22)i; = (Ba(PMh2)is + (Baa(PM)a)is — (P24)a)is

Case (i): For i =1, we get

((P1)zh

»0)
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= m((FM + (PM)a)2. — (PZ)a

= m{(0,0,0,000-1,0, 5 00,0, +,0)} + (0, ,\1/,0,1 0,--+,0)
h B3
+(v5,0, %4-1, 0. Vo 50,--,0)
(e=Dnd
=(0,+,0,1,0,---,0) = (,0, Yo, 50,:04,0),
cih (=Dnd

where a = [$52], b=[§] - 1=[5"] (m—1), and v; = m(m—1)y"1. So
(PR ). = (va,0,74-1,0,7+,14,0,1,0,--,0),

where d = [451], which is same as the row obtained by using (1.3.8) and (1.3.9) .
Case (ii): Fori # 1, n, we have
(PR
= (Bu(PM)i. + (B PM)n)i. — (PLh)2):i
= (PMm)ior + (P2 — (PT1)n)ic
= (P(An) + C)icr. + (P(An) + C7)ivr. = (Peea(An) + Cy)i
= (Pia(An))i + (CMimr. + (CT)inr. — (CT4)i
Since i > 1, i+j > 2. Now let i =2, s0 we get

(PR)2)2. = (Pua(An)z. + (C7 + (CT)s. = (CTy)a-

(CMn.+(CM)a. = (C)a

= (0,a,0,0005 o, ,0,-+,0) +(0,1,0,- »0)
et
—(0,v5,0,---,0, ¥ ,0,--+,0),
(=) rd

2 -1=[)-1=c,y=mm—1y"

where a = (4] =1, b=
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Therefore,
(CTN. +(CM)s. = (C)2. = (C7 . = (Clh)zs

as ¢ is odd and hence [£] = [£1]. In a similar way, we can handle

i=3,4,---,n—1
Case (iii): For i = n, consider
((P31)22)n.
= ((PM)22)n-1. = (Pe=1)22)n.
(Pe(An))n-1. + (CM)nm1. = (Peca(An))n. = (C2y ).
= (Pa(An))n. + (C)no1. = (C 1)

For t < n — 1, we have the condition as n + j < n. This holds true only for j = 0.
Hence (C7)a-1. = (0,+++,0) = (C2,)n.- Also, (CT, 0,---,0), using (1.3.9) . Hence

((PF1)a2)n. = (Pesa(An))n. + (Ci)n

Now combining the three cases, we see that the theorem is true for ¢ odd. Hence

the result. =

Corollary 1.3.7 : For m = 2, we have

o 0, ifk is odd,
,  if k is odd,
e = {5 v
Dy ifk is even with k = 2¢,
vhere i+ (-0, ifim
(De)s = { : A
(Dou+(—1) ifi#j.
@

fi=k—2r withr = )
((P'?)u)u:{l if = k—2r withr =0,1,2,---,[$54],

0 otherwise,
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and (3) (P2)n = Pu(An) + Cf; where
(€D = {2 ifidj=k+2—2r withr=1,2,--,[4],

0 otherwise.

Proof: In Theorem 1.3.6, put m = 2. -

Consider guy2(\) = det(A — Doy2). Expanding the determinant along the first

row, we get

4n2(A) = MPara(A) = Paa(N)}
= APana(A) = Pa(A) + Pa(A) = APaca(X)
= Pas2(A) = Paa(N)-

By Cayley- Hamilton Theorem, gaya(Day2) = 0. Hence

Prsa(Das2) = Paca(Dus), } (o)

Drt2{Pat1(Dns2) = Paor(Das2)} = 0.

Lemma 1.3.8 : For n even, Pap1(Dns2) = Paoi(Dns2)-

Proof: Let n be an even positive integer, so that n + 1 and n — 1 are odd. There-
fore, Corollary 1.3.7 gives us (P2,)1 = (P2_,)u = 0. Let us partition the matrix
Pot1(Das2) = Paci(Dny2) into four blocks according to the partition of the matrix Dy,
and let them be Pyy, Pz, Pn, and Py But Py = 0 = (P2,,)u — (P2_,)u. Therefore,
using (1.3.11), we get By Py = 0, with By, = A,

But the matrix A, is nonsingular for n even, and thus Py = Pf;. Again BpPy =0

with By; = A,, and hence Py, = 0. Therefore, for n even,

Pat1(Dnyz) = Paoi(Dnsa)- =



1.3 Periodicity of the graphs A, Bn, and Da 27
Corollary 1.3.9 : For n even, Poix(Dnsz) = Pak(Dnya) for k=1,2,---,n.

Proof: It was proved in Lemma 1.3.8 that for n even Pai(Dns2) = Paci(Dnya), that
is, the result is true for k = 1. Now let the result be true for 1 < k < n — 1. Using the

induction hypothesis and (1.2.2), we get
Patxt1(Dns2) = Dns2Pask(Das2) = Pasi-1(Dns2)
= Dn42Pa-i(Dn42) = Paoks1(Dns2)
Pri-1(Dns2)-

Hence the result. L]

‘We will just state the analogous result for n odd, which can be proved on similar

lines.

Fact: Let k be an odd nonnegative integer. Then,
(i) ifn+k=4m for m € Z*, we have

Pask(Dny2) = Paor(Dnsa) = ( (

and (ii) ifn+k=4m+2 form € Z*, we have

(—~1 1 B
Pn+k(nm)—Pn,k(Dn+z)=( 1 71) )

Theorem 1.3.10 : For alln € Z*, the matriz Pn41(Dny2) = 0.

Proof: We will consider the cases n odd and n even separately. Using Lemma 1.3.4,

note the following:

Prnin()
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= Poya(M)Paos(A) = Paa(A) Paa(X)
= Pas2(A)Pa-1(A) = Paci(A) Paca(A) + Paca(A)Pr2(A) = Pasr(A)Paza(A)

= Paci(V{Pas2(A) = Pacz(N)} + Pac2(M){Pa-a(X) = Para(V)}.

Case 1: Let n be even. Then using the above, we have

Prns1(Dns2) = Paoa(Dns2){Pns2(Dns2) = Pa-2(Dny2)}
+Pn-2(Dn42){Pa-1(Dn42) = Pos1(Dns2)}
= Paci(Dny2) X 0+ Pooa(Dpya) X 0

= 0, using Lemma 1.3.8

Case 2: Let n be odd. Since n is odd n—2 is odd. Therefore P,_3(A) = AR(n, A), (say).
Thus

Prnt1(Dns2) = Pucr(Dne2){Pns2(Dns2) = Pro2(Dny2)}
+R(n, Duy2) Dny2{Pn-1(Dns2) = Pry1(Dnya)}.

Now using (1.3.11), we get Pans1(Dnyz) = 0. -

The following result is analogous to Theorem 1.3.5:

Pi(Dny2), if ¢ is even;
Pi(Dnya) = L (13.12)
—Pani(Daya) if tis 0dd;

where k = ¢(2n +2) + i with i = 0,1,2,---,2n + 1, and P_;(Dp42) = 0. To prove this,

= P_(Dny2) implies that P,(Dpyz) =0

use induction, observing that Pza41(Dn+2)
for s = m(2n +2) + 2n + 1 whenever m < ¢. Now proceed along the lines of the proof of

Theorem 1.3.5 to get (1.3.12) .

Now, let us describe Pi(By), for any integer k € Z*. We will write A in place of
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the adjacency matrix A(Ba41)- Let us partition the matrix A in four blocks as:

where b = V2 €.

Lemma 1.3.11: For k < n, if we partition the matriz Py(A) according to the partition
of the matriz A, then:

(1) we have

- {1. if k is even
= 1.3.13
P =0, oherice. (1:3.13)
2)
V2, ifj=k=—2r withr=0,1,2,---,[%
((Pe(A)12)r; = { /i 5] (1.3.14)
0, otherwise,
and (3) (Px(A))2z = Piu(An) + Bi; where
ifidj=k—2r withr=0,1,2,---,[§] -1, (13.15)

otherwise.

one(:

Proof: Let us use induction on k. For k = 1, P,(A) = A. Now, let the lemma be true

for 1 <k <t<n— 1 Consider
Py (A) = AP(A) — Pioy(A). (1.3.16)

We will prove the result for ¢ odd and the proof for t even can be given in a similar

way.
1. Observe that ¢ odd and (1.3.16) gives us

(Pa(A)n = B (P(A)n = (Pea (A
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= V2ei(P(A)n —1 using(1.3.13) and (1.3.14)
= V2 ((P(A))a)n —1
= 2-1=1 using(1.3.14).
that is, (1) is true with k = ¢+ 1 as t is odd.
2. Using (1.3.16) , we have

((Pera (A2,
= (b(P(A)22)r. = (P=a(A)12)r.
= ((P(A)2)1. = (Pe=r(ADr2r.
= (P(A) + (B)r. = (Pa (A2
= Vv2{(0,---,0, 1_,0,---,0)+(0,2,0,---, 2 ,0,---,0)}

SN N

(et (s
—(0,v2,++,0, ¥/2 ,0,:--,0)
X2
et
= (0,V2,---,0, ¥2,0,-:-,0)
X2
(0 ot

which is same as the row obtained by using (1.3.14) .

3. Here, we have

(P (A))22)i. = (5(Pe(A)a)s. + (B(Pi(A)z2)i. = (Pe=a(A))2):i.
and we need to consider three subcases.
case (i): For i = 1, we get

((Pea(A))22)r.
= VZ((P(A)) + (P(A)22)2. = (P-1(A)22)r
= V2(v2,0,---,¥/2,0,---,0) +(0,-+,0,1,0, 1 ,0,::+,0)

—

i (42 nd

+(2,0,-++, 2 ,0,:+,0) = (0,--+,0, 1,,0,---,0)
(=) nd
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—(2,0,, 2, ,0,-4,0)
2
(«ornd
= (2,0,2,0,45,2,0, 1 ,0,:--,0)
(t+2) nd

which is again seen to be the same as the row obtained by using (3) of Lemma 1.3.11 .

case (ii): For i # 1,n, we have

((Pe41(A))22):
= ((P(A)z)i-1,. + (P A))z2)ins, = (Pea(A))z2)s.
= (Per(An))i. + (Boicr, + (Bo)inr, — (Bem)i.

Since i > 1, i+ j > 2. Now let i = 2, so that we have

(B, + (Bo)s,. = (Be-r)a,.
= (0,2,0,---, 2 ,0,---,0)+(0,2,0,--, 2

L0t v Lo
(t=1) st (t=3) rd
~(0,2,0,-, 2 ,0,:-,0)
e
= (0,2,0,--+, 2 ,0,--:,0)
(t=1) st

= (Bu)a.
case (iii): For i = n, we have
((Pesr(A))22)n
= (P(A)22)n-1. = (Pe=r(A))22)n
(Pe(An))n-r. + (Bn-r. = (Peca (An))n. = (Bec)n,
= (Pi(A)n. + (B)aor. = (Bima)n. -

For t < n — 1, the condition becomes n + j < n which holds true only for j = 0.
Hence (Bt)a-1. = (0,-++,0) = (Be=1)n.. Also (Beya)s. = (0,--,0) using (1.3.15). Thus,
we have

((Pes1(A)z2)n. = (Pesa(An))n. + (Besr)n. -
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Now combining all the above cases, we see that the result holds true for ¢ odd.

Hence the result. L]

Consider ra41()) = det(Al — A). Expanding the determinant along the first row,

we get
Tns1(A) = APy(A) = 2Poa(X). (1.3.17)

But Pay1(A) = APa()) — Paca(A). Substituting for APa(A) in (1.3.17), we get
Ta+1(A) = Papa(A) = Paos(A).
By Cayley- Hamilton Theorem, ra41(A) = 0, and hence
Pasa(4) = Poa(4).
Therefore, it can be easily shown by induction that
Prsk(A) = Pack(A) for k=1,2,---,n,

and which gives us
Prii(4) =

The following result is analogous to Theorem 1.3.5 :
P(Basr), if t is even,

1.3.18]
—PanilBasa), i tis odd, (:319)

Pi(Bnin) = {

where k = (2n +2) + i with i = 0,1,2,+,2n + 1, and P_;(Bas1) = 0. To prove this,
use induction, observing that Pzt1(Bat1) = 0 = P_y(Bn41) implies that P,(Bay;) = 0
for s = m(2n +2) +2n + 1 whenever m < t. Now proceed along the lines of the proof of

Theorem 1.3.5 to get (1.3.18) .
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1.4 Path-positivity of graphs in C;

As mentioned on page 8, the proof of the path-positivity of A, B., Es, E; and
Eq is contained in de la Harpe and Wenzl (1987). There we have also made a remark
that we are not able to use the same technique that was used in de la Harpe and Wenzl
(1987), for proving the path-positivity of additional graphs B., Cn, Z, and Zs.
Hence, we use another technique, already mentioned. In the process, we give a complete
description of all path-matrices of the graphs An, Bn, Cn, Dn, Es, Er and Es. See
Lemmas 1.4.3, 1.4.4, 1.4.5, 1.4.6, and Appendix 3. For showing the path-positivity of
Z4 and Zs we had to use a different ad hoc method.

The adjacency matrix A(G) of any graph G is a real symmetric matrix. So, there
exists an orthogonal matrix Q such that A(G) = QDQY where the matrix D is a

diagonal matrix whose entries are the cigenvalues of A(G). Since Q is orthogonal,
Pu(A(G)) = P(QDQ') = QP(D)Q". (1.4.1)

Hence we look at the behaviour of Pi()) for A € R.

The spectral decomposition of
An, Dn, Es, Er, and Ey

have been taken from David and John (1981) with slight modification while those of B,

and C, were not found in the literature and are given here for the first time.
Lemma 1.4.1: For any A € R, the following difference equation
Pi(A) = APeoa(A) = Peoa() fork=2,3,... (1.4.2)

with
Py(A) =1 and  Py(A) =X (1.4.3)
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has the solution
dnk4l)s ifA=2cosz, 0<z <}
PN =4 k+1 ifA=2; (1.4.4)
doh(k41): if A =2coshz, 0< 2.

Proof: An easy computation gives the result. -
Remark: 1. It can be checked that in general, we also have

Pu() = (A VA4 V;‘"ﬂun_(*-i ‘/2*’-4)“!], (1.4.5)

for \#£2
2. It is easily seen that Py(—A) = (=1)*Pi(A).

Corollary 1.4.2: We have the following:
(i) Pe(0) =0 if k is odd and (=1)*/? if k is even.
(ii) For \= 0+ 6%, €£=0,1,2,..,r — 1, where 0 = exp(2)
k
Pi(X) = 3 0k (1.4.6)
=
In particular, for positive integers m,
(a) Pom(1) = Poms1(1) = 1 = =Pomys(1) = —Pomsa(1)
Pomt2(1) = Pomys(1) = 0.

(6) Pin(V2) = (=)™ = Pans2(v2), Pamsa(v®) =0, Pumia(V2) = (-1)"V2

(c) For ay = 25 and a = =155, we have

1
g

Psm(ai) = 1= —Psmya(ei),  Pomya(o

Pompa(ai) = @i = —Psmaa(c).
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Proof: Assertion (i) is easy to prove.
(ii) Let A = 6% + 6=%. Then using Lemma 1.4.1, we get
sin(4E41) . o)

PO = =G

which gives us
§Ule+1) _ g-e(k+1)

el

which in turn gives us the required result.

P(N) =

35

From now on, we use expression (1.4.5) to get the exact forms of Pe(}) for particular

values of A.
(a) For A=1, VAT=4=/3i and
[et=ti ‘/_') = cos(r/3) £ isin(r/3).
Therefore,

(1x2\/§z)cm _ u:\/i;),),m

= ((cos(n/3) £ isin(x/3)))*" = (—

for any positive integer m. The above equation shows that we need to consider k of the

form 6m + € for €=0,1,2,3,4,5, that is,

k

Now substituting for A gives us the required result.

b) I A=vE, VAT=d=V3i

and X
M — cos(n/4) £ isin(r/4).
Therefore
(ﬁiTﬁ")‘" = (cos(r) % isin(m))™

=

¢ (mod6) for £=0,1,2,...,5
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Figure 1.2: A,
for any positive integer m. The above equation shows that in this case we need to have

k

¢ (mod4) for £=0,1,2,3.
Substituting for A gives us the desired result.
() fA=aq for i =1,2, it can be seen that

ALV oe(2n/5) & isin(2n/5).

Therefore

Ak V/ATZ
(%)3" = (cos(2n/5) £ isin(27/5))™
= ()™ 1
for any positive integer m. The above equation shows that here we need
k= (mod5) for £=0,1,2,3,4.

Again substituting for ), gives the desired result. .

From now on we will be using the following notations:

(i) 1x denotes the indicator function of the set X, and X denotes the complement
of the set X.

(ii) We will wite G in place of A(G), for the adjacency matrix of the graph G.

Lemma 1.4.3: The cycle A, for n > 2 is path-positive.

Proof: The graph of the cycle A, on n vertices can be seen in Figure 1.2. The spectral
decomposition of A, is A, = QDQ*; where

D = diag (' +w™) for j=0,1,---,n
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and
Q = (@) anx(nen) for j,k=0,1,...
with gjx = 2 and w = exp(25).

For 1 <i<j<n+1, consider

(Pu(An))i; = (-~:‘1.pk(w.+w,.)

- Z wli-e Z wlk-29s

n+l

1
G-tk
nl ? paft :

=

using (1.4.6)

Let X = X(i,j,k) ={u:i—j+k—2u=0 (modn+1)}. Then

(Pk(A ))u

= Z Ix(w)+ =7 i:

n+l

k _(wn“).—nkm
= ;1){(“)*? T
p
= X ix(w)
=
>0

Hence the result.

Lemma 1.4.4: The graph D,, for n > 4 is path-positive.

imjk-2uynsd
e lxe(w)

Lxe(u)

37

Proof: The graph of D, can be scen in Figure 1.3. The spectral decomposition of D,, is

Dn=QDQ" ;

where

D = diag(6°+07¢ for €=1,2,---,n—3, 2, —2,0,0)
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n et
nt I: 2 n-)[ -2

Figure 1.3: D,

with 0 = exp(3

o

( V2(0% + 07*) )

Gk=1,2...,n—

1 2 (-1) 0 0
9= Jm=s (-2 1 (=) —va-2 va=2
(-2 1 (-) va-2 —Va-2
V2 1 1 V=2 —/n-2
V2 1 1 V=2 n-2

We have to show Px(D,) > 0 for all positive integers k. We shall only consider
those 1, j for which there exists a path of length k, for if there docs not exist a path of
length k from the vertex i to vertex j , then (1.2.3) gives us (Py(Dn));; = 0.

The entries of the matrix @ clearly tell us that we shall have to consider different
cases. We will be repeatedly using a similar analysis as was used in Lemma 1.4.3.
Case(i): It is clear from the graph of D, that we need k to be even for a path from i to

j to exist for n <i < j < n+ 1. Consider

(Pe(Dn))ss
= L pywaeini "*‘ k k1 ¢
= 5(-1) tast Vs +07Y
I PNV (k=2u)¢ .
= 5 1) o 2"_4;‘;‘9 using (1.4.6)

- (1)“/*+:*'+ k1 n-3 Elx(u)
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1 k] gk-2u)n-3)

o T e ()

0
where

X={u:k—2u=0 (mod2n—4)}.
Clearly X # 8 as k/2 € X. Since k — 2u is even, we have

(Pu(Dn))ss

.
=~ 2 (0x(w) + Le ()

LI i G

o4 E‘, T— g5 x< ()
= (pymremil g lilx(u).(, 1 Xk:(l it Sl VT
PRER=1 -4 T—oF2
1, 1&
_ (71)::/“;7.5 +3 5 1x(w)
=

> o

A similar reasoning goes to show (Py(D,));; > 0,forn—2<i<j<n-—1.
Case(ii): It is again clear from the graph of D, that we need k % j to be even for the

path of length & from i to j to exist, forn <i <n+1and 1 <j <n—3. Consider

. _o2k41) | 2=+ 1)
BlDs = g v s
o3
+2n1~ . 3 (66 4 9=U=D) (9 + 97¢)

=

_ 2Ak+1) LRGN pmme y g-(i-2)0 gh-2ue

= 2"74*—2"’41:2“;_0(0 +6 )(6%-2)L

Let

Xy={u:k—2u+j-2=0 (mod2n—4)}

X;={u:k—2u—j+2=0 (mod2n—4)}.
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Since k — 2u % j + 2 is even, we get

5 2(k+1 n-—3
By = D 28 S+ 1)

k_ghrutica _ (gra)Cioe-y
1
1 3 Hk*iu*j&l_(ﬂn*?)?('—;‘lAV7l)
1-¢

1xg (u)

—Tuti-2

1xs (u)

+

n—4 ]

A

= 3 0xW +1nW)
o

E?;‘)IX(")

0;

v

where X = X, U X;.
Case(iii): Let n <i<n+1 and n—2<j <n— 1. In this case we must have k + n

even for the path of length k to exist from i to j. Consider

(Pu(Dn))i; k41 (kDD

in— in-8
s
+7_ E(*U'Pk(ﬂ’+0”)
k41 .
= -1 2n-422( oy

X={u:k—2u=0 (modn-—2)}

Y={u:k—2u=0 (mod2n—4)}.
Clearly Y C X, and when k and n are both odd Y = 0.

Subcase (a): & and n arc both odd. Then

(P(D2))is
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oat . phore _ (—ghruyes

= 5 uz:;lx(u)+? =" 1xe (u)
L . b _ghn g gy

=3k Py DM e e ®
O : R,

=3X D O ey D

:
= %le(u) as k—2u is odd
> 0.

Subcase (b): k and n are both even. Then n — 3 is odd and hence we have
k+1 n—3

(Pe(Dn))is = m—itm—i Z Txr(u)

1
+2n—42

=)

g+~ Zu_(_ak —2uyn-2

Taree e ®

1& 1 &
= 5t g iy
b _ght _ (grayatia—
2; 1+(0HZ oy ()

+
- %); Lol + 21()(\7) (w)

Agk_h _
T Ly ®)

5
1k

= 1Sl
2‘2 v

> 0

Case(iv): Let 1 <i < j < n—3. Now again using the graph of D, we get k+i j to
be even for the path of length k to exist from i to j. Consider

(Pu(Da))ii
_ 4(k+1) 1) 4(k + 1)(=1)k+iit
- 4n - 8 an — *

+ 0762 (gU=D 4 g=G=D) P, (¢ + 077)
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L i

™ i 2 At n

Figure 1.4: C,

1 k
= 4§

2n —

"Aj(g(l’ﬂ—‘)‘ 06y glitne g gl-imsroeyge-ruye , AR HD)
2n—14 -
f

=

Here we have X = U, X;; where
Xy={u:k—2u+i+j—4=0 (mod2n—4)},

Xy={u:k—2u+i—j =0 (mod2n—4)},

Xs={u:k—2u—i+j =0 (mod2n—4)},

Xy={u:k—2u—i—j+4 =0 (mod2n—4)}.

Proceeding as in case (ii), we get

.
(PUB)s = 33 1x(w)
%
0.

Case(v): Let 1 <i<n—3andn—2<j <n-—1 A similar argument as in case(iii)
gives us
(Pu(Dn))is 2 0.

The above five cases give us the desired result. .
Lemma 1.4.5: The graph C, for n > 2 is path-positive.

Proof: The graph of C, can be seen in Figure 1.4. The proof goes on the lines of the

proof of Lemma 1.4.4; where

D= diag(6°+ 6 forl=1,2,---,n—1, 2, —2)
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and Vi -2
(67 + 673%) V2 V2
_ 1 g k=1,2,...,n =1 : :

T Von V2 (~1)E
((—1)‘\/7) (1 (-1)“)
. V2 11
with 0 = exp(2).

The following can be easily obtained:

() (Pe(Ca))nsrmir = Shoo Lx(u); where

X={u:k—2u=0, (mod2n)}.

The same is true for the entry (n,n) .
(ii) For 1 < j < n — 1, we have

R
(PuCdnsrs = 5 (13,10 + 1, 1)

where
Xy={u:k—2u+j—1=0, (mod2n)},
and
Xo={u:k—-2u—j+1=0, (mod2n)}.
(i)
N Thoolx(u), ifn is odd;
(PlCnin =4 57° e
Sk o lxyy(u), if n is even.
where
X={u:k-2u=0, (modn)},
and

Y ={u:k—-2u=0, (mod2n)}.
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(iv) For 1 <i <j <n—1, we have

.
(PCa)s = 5 2 1x(w)
&

where
X =UL, X;
with
Xy ={u:k—2u+i+j—-2=0 (mod2n)},
Xp={u:k—2u+i—j =0 (mod2n)},
Xs={u:k-2u—i+j =0 (mod2n)},
and

Xe={u:k—2u—i—j+2=0 (mod2n)}.

(v) For 1 €i < n—1, we have
F5 Theo(liy (u) + 1x,(w)), if n s odd;
Z1 Zhoo(lxawn (8) + 1xaw (w), if 7 s even.

(PCr))in = {

where
Xy={u:k—2u+i—1=0 (modn)},
uik—2u+i—1=0 (mod2n)),
Xy={uik—2u—i+1=0 (modn)},

and

Y, ={u:k—2u—i+1=0 (mod2n)).

Hence we get the desired result.

Lemma 1.4.6: The graph B, for n > 3 is path-positive.
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e T 7 n2 £ol
Figure 1.5: B,
Proof: The graph of B, can be seen in Figure 1.5. Here we have separate spectral
decomposition for n 0dd and n even.

Case(i): n even. The spectral decomposition of B, is B, = QDQ* ;

where
D = diag(6'+ 0 for I=1,2,---,n—2, 2, =2, 0)
and
2 (-1)2 o
V2(07* + 9-3%) 2 (-1)22 0
<],k=1,2,. -2.) H : H
Q=; 2 2(-1)"? 0 ,
2=T (-1)*v2 1 -1 —\2(n-1)
(=1)*v2 1 =1 \2(n-1)
2 vz V2 0

with 0 = exp(;255).

Subcase (i)t (Pe(Ba)nsinst = oo Lx(w) ; where
X={u:k-2u=0 (mod2n—2).
Subcase (ii): For 1 < j < n — 2, we have
R
BBy = 75 () + 1)

where

wik—2utj—1=0 (mod2n—2)}

and
Xp={u:k=2u—j+1=0 (mod2n—2)}
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Subcase (iii): For n — 1 < j < n, we have
" 1 &
(P(Bn))ns15 = ﬁ“z::nlx(“) ;
where

X={u:k—2u=0 (modn—1)}

as n is even.

Subcase (iv): For 1 <i < j < n— 2, we have

) A
(B = 5 2 105

where
X =UL, X;
with
Xy={u:k—2u+i+j—2=0 (mod2n-—2)},
Xp={u:k—2u+i—j =0 (mod2n—2)},
Xs={u:tk—2u—i+j =0 (mod2n-2)},
and

Xe={u:k—2u—i—j+2=0 (mod2n—2)}
Subcase (v): For 1 Si<n—2andn—1<j <n, wehave

(BB = 3 300,00 + 1)

where

{uik—2u+j—1=0 (modn—1)}

Xy={u:k-2u—j+1=0 (modn—1)}.
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Subcase (vi): Let n — 1 < i,j < n. Using the graph of B, we get k to be even for the
path of length k to exist from i to j. For i # j, we have
B 142
(BB = 3 3 x-S
where
X={u:k—2u =0 (mod2n—2)}
which is non-empty as u = & € X. For i = j, we have
12
(Pu(Bn))ii = 5 Z Le(y + & )

which is also non-empty as u = £ € X.

Case(ii): n odd. The spectral decomposition of By is By = QDQ" ;

where

D = ding (0°+ 0 for [=1,2,-,n—2with k#2212, ~2,0,0)

=l = S 0
f
= = Vi Ve
L ok 0 0
A A
s s 7
A A x =
Q=
= = 0
1 1 VG o2y
AT AT 2
1 1 (=
T AT 0 %’T»
\ s s v
/A1) /An-T) M fmtnT)

with 0 = exp{3
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3
T Y
E, G,
s 2 ! ! 2 34': s
= A
IZ'E 4
Figure 1.6:

For this case, we note that n — 1 is even. Therefore,

and hence

o 107 =0

Thus, for any odd integer k, we get
0 4 0™5 ™ = 0.
Therefore, in this case, we will get a similar expression for (Pg(B,));; for 1 <i €
j <n+1asin the Case (i). Hence the result. .
Lemma 1.4.7: The graphs Es ,E; ,Es ,Fy ,G; ,and A, are all path-positive.

Proof: The graphs of £ , Er ,Es ,F; ,G; ,and A; can be seen in Figure 1.6. Let
G be any graph from the six graphs given above. Then the spectral decomposition of ¢
is G = QDQY where D is a diagonal matrix and @ is an orthogonal matrix. For each
case we give the matrices D and Q.

Case (i): For Eg, we have

D = diag (2,-2,0,-1,-1,1,1)
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and

|

viz o 2v2 V2 V2 2v2
V2 2wv2 20'VZ 2wVZ 20VE
V2 V2 2wv2 20'V2 2wV2
0 -2v2 -2 22 2
0 —2wv2 —2wV2 2wVZ 2w'V2
0 —2w?/2 —2wv2 2uw'VZ 2uwV2
-V12 0 0 0 0

Sl Sl

with w = exp(22£).
Case (ii): For Es, we have

D = diag (2,-2,0,-1,0,1,v2,—=V?2)

11 2v3 2vEZ VB 2v2 VB VB
11 -2v3 2v2 V6 22 —v6 -6

2 0 -2v2 26 -2v2 0 0
-2 0 -2v2 0 2v2 23 -2/8
2v2 -2v3 2V3
3 -2v3 0 V6 0 V6 V6
3 23 0 -6 0 -6 -6

4 -4 0 22 0 -2v2 0 0

Case (iii): For Eg, we have

§]‘_
3
S

|

&

°

|

&

N

-

D = diag (2,-2,0,-1,1,a1, 0, a3, —a1)

with

a = %(—1 +V5) and @y = %(—1 - V5)



1.4 Path-positivity of graphs in C; 50

and

1 1 V30 2v5 25 2v3 2V3 2V3 2v3

2 -2 0 -2V 26 2m,V3 20V3 —2m:vV3 -2aV3
2 =2 0 26 26 2:vV3 2aV3 —2aV3 —20,V3
3 3 —v30 0 0 —20;V3 —200V3 —2:V3 —20,/3
3 3 —V30 0 0 —20V3 —20V3 —20,V3 —20,V3
14 4 0 2v5  2v5  -2v3 23 23 23
4 -4 0 2V -2v6 -2v3  -2V3 23 2v3
5 5 V30 -2V -2V5 0 0 0 0
6 —6 0 0 0 2v3 2v3 -2v3  -2v3

In this case we also have the following relations:
it =—1=a-a,

o+’ =3,

a’ta’=

Case (iv): For £y, we have

D = diag (2,1,0,~1,-2)

1o2v2 VB 2v2 1
2 22 0 -2v2 -2
3 0 -6 0 3
2v2 -2 0 2 -2v2
vZ -2 2v3 -2 V2

Case (v): For G, we have

D = diag (2,0,-2)
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and Vi 3 VB
1

75t 2v3 0 -2V3

3 -6 3

Case (vi): For A;, we have
D = diag (2,-2)

1 (11
=7 (1 71) )

Except for the cases (v) and (vi), the real number 1 is an eigenvalue of each graph.
Hence, from (i) of the Corollary 3.2, we see that we shall have to consider at least six
subcases.

Therefore for each case, we have made a table to show that (P(G));; > 0 whenever
there exists a path of length k from vertex i to vertex j.

From Appendix 3, where we have given the table for each case, we get the required

result. L]

Lemma 1.4.8: Z, and Zs are path-positive.

Proof: See Appendix 4. .

We have shown that all the graphs listed in C; of Appendix 1 are path-positive

1.5 The Main Theorem

We first obtain a preliminary result.

Lemma 1.5.1: If G is any graph from the list C; of Appendiz 1, then G is not path-

positive.
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Proof: By definition
Pu(A) = det[A — Ay] for k=1,2,---. with Py(A) = 1. Also

.
Pi(3) =TT - 2c0s(225)) (15.1)
B

as the eigenvalues of Ay are 2 cos() for j = 1,2,---,k
‘We claim that for each G in C; there exists a positive integer N such that
Pn(G) = 0.

This N depends on G. From page 125 of Mehta (1989) (see also Grove and Benson
(1985) and Coxeter and Moser (1980)) the following can be seen:

- Eigenvalues of An, n > 1:2cos(Z), j=1,2,---,n

Eigenvalues of B,, n > 2: 2cos(§2), j=1,3,5,---,2n — 1.

»

. Eigenvalues of D, n >4 :2cos(3522;), j=1,3,5,---,2n—3,n— 1.

@

. Eigenvalues of Eq : 2cos(%), j =1,4,5,7,8,11.

'S

@

. Eigenvalues of Ey : 2cos(2), j =1,5,7,9,11,13,17.

. Eigenvalues of Eg : 2cos(3), j =1,7,11,13,17,19,23,29.

o

b

Eigenvalues of Fy: 2cos(2), j=1,5,7,11.

. Eigenvalues of /;(m) : 2cos(Z), j=1,m — 1.

3

. Eigenvalues of Hs : 2cos(%), j =1,5,9; and

©

. Eigenvalues of Hy:2cos(%), j=1,11,19,29.

5
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Now, using the spectral decomposition of any graph G, we get P4(G) = QPy(D)Q%
where Q is an orthogonal matrix and D is the diagonal matrix with entries the eigenvalues
of G.

To show Py(G) = 0 for some N, we need to show Py(D) = 0 for some N, that is,
to show Py(A) =0 V A€ D.

But from (1.5.1), we get Py(}) = 1, {A — 2cos(557)}. Hence, for each graph

G, take N to be the maximum value of j ing in the eigenvalue list. Thus, for
X = 2cos( ), we have
e
Pu(d) = Pu(eos(y)

» o
- H{?cos(Nﬂi‘)—Zcos(Nil)}

=1

=0, as 1<m; <N,

Hence Py(G) = 0 for some N. The choice of N clearly depends on the graph G.
We write Ng in place of N.

For another proof of the fact that there exists a nonnegative integer N such that

Py(G) = 0 for each of the above graphs G, see Seidel (1991).

We will show that the graphs in C; are not path-positive. For each G in C;, consider
Pi(G). If Py(G) for some k < Ng has at least one negative entry, then by definition G is
not path-positive. On the contrary, let P(G) be entrywise nonnegative for all integers
k < Ng. Now, let T be the smallest integer for which Pr(G) = 0 and Pr_,(G) has at
least one entry positive (the integer T exists as we already have Py, (G) = 0, for each
graph G in C;). Consider

Pra(G) = GPr(G) — Pr(G)
—Pr_y(G)
0.

]

IA
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Since Pr_,(G) is entrywise nonnegative with at least one entry positive, we get, at
least one entry of Pr;1(G) to be negative .

Hence we see that G is not path-positive. -
Theorem 1.5.2: A graph G is not path-positive if and only if G is from the list Cy of
Appendiz 1.

Proof: Suppose a graph G is not path-positive. Then by Lemma 1.2.2 , G cannot be a
supergraph of any graph which is in list C; of Appendix 1. That is, we have

(a) G does not have A, as a subgraph, hence G is a tree.

(b) G does not have Dy as a subgraph, hence no more than three edges can originate

at a given vertex of G.

(c) G does not have D, for n > 5 as a subgraph, hence atmost one vertex of G can

have degree 3.

(d) G cannot have C, for some n > 2 as a subgraph, hence G cannot have two or more

edges marked (that is, having label other than 3).

(e) In view of the path-positivity of Gz and Ay, if the label of any edge of G exceeds 5,
then the number of vertices n in G cannot be more than 2, and the label must be

finite.
(f) G does not have Fj as a subgraph, hence G can only be Fj.
(g) G does not have Zy and Zs as sugraphs, hence the graph G is either Hs or H,.

(h) G does not have B, as a subgraph, hence G can have a branch point, but no edge

of G can be marked.
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(i) G does not have Es, E;, and Ejg as subgraphs, hence G will have branches of
lengths p, ¢, r with
(pg,r) = (1,2,2),(1,2,3),(1,2,4),(1,1,m).
Therefore, we see that whenever G is not path-positive, we get the list C; of Ap-

pendix 1.
Conversely, suppose G is from the list C; of Appendix 1. Then by Lemma 1.5.1 G

is not path-positive. .

: The graphs in list Cy of Appendiz 1 are the only connected graphs with

Corollary 1.5.

Perron-eigenvalue less than 2.

Proof: We will denote the Perron-eigenvalue of a graph G by p(G).

Suppose on the contrary that there exists a connected graph G which docs not
appear in list C; but has p(G) < 2.

Since p(G) < 2, we can write p(G) = 2 cos(Z) for some positive real number q > 2.
Hence 7 lies in the first quadrant. Since A(G) is a nonnegative matrix, by Perron-
Frobenius theorem there exists a positive vector z (G is connected implies that A(G) is
irreducible) such that

A(G)z = p(G)z-
It can be easily seen that
Pi(A(G))z = Pe(p(G))z-

That is, Px(p(G)) is the Perron-eigenvalue of Py(A(G)) with Perron-eigenvector z.
This is same as saying,

Pu(p(G)) = p(P(A(G)))-

Since G is not from the list C;, Theorem 1.5.2 tells us that G is path-positive. That
is the matrix P4(A(G)) is entrywise nonnegative. Hence we must have

P(P(A(G))) 2 0 (1.5.2)
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But from (1.4.4), we have
Pp(G) = Pu(zeos(D))
sin({&$hx)

sin(%)

Choose a positive integer k such that
w < Bl o 3x
thatis,1<£§!<§
thatis,g—1<k< ¥ -1
Therefore the range for k is

39 _
2

as g > 2. Hence we can always find a positive integer k such that

7 < U < 3% That is, 417 lies in the third quadrant. Therefore Pi(p(G)) < 0, a

l—(q—l)=%>1

contradiction to (1.5.2).

Conversely, if G € Cy, then as already seen p(G) < 2. Hence the result. "

Remarks (i) : If G is in C; then we have in fact proved that Py(A(G)) is nonnegative
and nonzero for all k. It then follows from Lemma 1.2.2 that any Coxeter graph G is
cither in C; or has the property that Py(A(G)) is nonnegative, nonzero for all k.

(ii) : Any connected graph on n vertices is path-positive of order n. This can be
seen as follows: for An, Ba, and D, see Section 1.3 .For other graphs which are in list
Cy ('see Appendix 1), it can be casily verified. Other connected graphs are path-positive

by Theorem 1.5.2.

1.6 Directed Graphs

Directed graphs have already been defined (see Definition 1.1.3). We now define the

adjacency matrix of the directed graph and combinatorial symmetry. The definition of
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combinatorial symmetry and the list of the directed graphs shown in Appendix 2 has

been taken from Berman, Moody and Wonenburger (1972).

Definition 1.6.1 : A matrix B = (b;;) is said to be combinatorially symmetric if

=0 whenever b;; =0

Definition 1.6.2 : By the adjacency matriz of a directed graph D = (V, £) we mean
the square matrix A(D) = (a;;) of order [V]; where a; is equal to the number of edges
from vertex i to vertex j.

If in the graph, there is no edge from vertex j to vertex i but at least one edge
from vertex i to vertex j then a;; = 1 and a; is equal to the number of edges from vertex

i to vertex j.

Definition 1.6.3 : A directed graph D is said to be combinatorially symmetric if the ad-

jacency matrix A(D) of the directed graph D is combinatoriall ic. Through

this section, we consider combinatorially symmetric graphs.

In this section our main result is the following: A directed graph D is not path-
positive if and only if D is from the list Dy of Appendiz 2.

Before coming to the main result, let us note that for this section the adjacency
matrix is not symmetric. Hence our aim is to symmetrize the adjacency matrices in such

a way that we are able to use the results of Section 1.4 .

Definition 1.6.4 : A matrix B is said to be symmetrizable if there exists a nonsingular

diagonal matrix D such that DBD™! is symmetric.

Definition 1.6.5 : The directed graph D is said to be symmetrizable if its adjacency

matrix is symmetrizable.

Lemma 1.6.1 : The directed graphs in list D, of Appendiz 2 are symmetrizable.
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1 9 3 4 $
Figure 1.7: Fy

| I 3

Figure 1.8: G,
Proof : For each of the five directed graphs in list D, we give the nonsingular diagonal
matrix D, such that the resultant symmetric matrix in each case is the adjacency matrix

of the corresponding graph of list C; of Appendix 1.

100 0 0
010 0 0
¥p=[0o0o1 0 o,
000 V2 0
000 0 V2
then DFyD~! = F.
H 10 0
p=|0o1 o |,
0 V3
then DG D™ = Ga.
| 3 4 n !

Figure 1.9: B,
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Figure 1.10: C,

I, 0
D:< o ﬁ)

For B,,

and hence DB,D™" = B,.

For the first Cn,

10 o
D=|0 V2L O,
0 0 1
and for the second e
D=10 Fh O
[
In each case DC, D~ = C,. Hence the result. ]

The next Lemma is a generalization of Lemma 1.2.2 .

Lemma 1.6.2 : Let D = (V,E) be a directed graph with |V| = n. Suppose D is a

supergraph of D. If D is path-positive then D is also path-p

Proof : We consider two cases :
Case (i): Suppose D = (V, E); where V = V Ui, for i € V and
E = EU (i, €) for some € € V. Since we are considering only combinatorially symmetric

graphs, we get £ = E U (i1, €) U (£,i,). Number the vertices of the graph D in such a
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way that the vertex i, is given number 1 and the vertex £ € V is given number 2. The
renumbering of the vertices does not affect the path-positivity of the graph D.

We have to show that, the kth path matrix of D is nonnegative for all positive

integers k.

The matrix A(D) is a square matrix of order n + 1 and

. 0 e
A(D) = ~ = A+ B (say);
er A(D)
where e} = (1,0,...,0) € IR* ( t denotes transpose ),
[ [
= .|, and B= .
0 A(D) )

‘We shall use induction on k to show that the kth path-matrix of D is nonnegative

for all positive integers k.

For k = 1, the claim is trivial. Let the claim hold true for all k&, 1 < k < m. We

shall prove it for k = m + 1. By Lemma 1.2.1, we get
Pnii(A(D)) = Pmya(A+ B)
= Pny1(A)+ Y P(A)BPn_,(A+ B). (1.6.1)
=
We observe the following:
1. P,(A) 2 0 for all s = 0,1,2,...,m + 1, except possibly for the entry (1,1) which
may be —1;
2. B>0;and
3. by induction hypothesis, P((A + B) > 0 for all £,0 < £ < m.

Hence, we see that by (1.6.1), the (m + 1)st path-matrix of A(D) is nonnegative
except possibly for the first row. We shall show that (Pry1(A(D))i > 05 for 1 <i <
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n + 1. We have

Pria(A(D)) = Pnyi(A+B)
= (A+ B)Pn(A+ B) = Pn_y(A+ B), using (1.2.2).

Since the first row of A is zero, we get,

(Prs1i(AD))i = (Pu(A+ B))z- (Pm-1(A+ B))i
= [Pa(A)+ Z P,(A)BPp_y_,(A+ B)ly
—(Pa(A T B)).‘, using Lemma 1.2.1,
= (Pn(A))z + Z(F (A)BPr_1_,(A+ B))x:
+(Po(A)BP »n(A + B))zi = (Pma(A+ B))yi
Z(P (A)BPr_1-.(A+ B))ai
+(P,,. 1(A+ B))yi — (Pmos(A + B))y;
= Z(P,(A)BP,,.,.,,(A + B))
>0
The first inequality is due to the fact that (Pm(A4))x > 0. We get the second
inequality as the second row of P,(4) 2 0 foralls, 1 <s<m—1, B >0 and by
induction hypothesis the i** column (1 <i <n+1) of P(A+B) > 0for 1 <£<m—1.

Hence the result.
Case(ii): The proof is similar to the proof of Case (ii) of Lemma 1.2.2 . =

Theorem 1.6.3 : A graph G is not path-positive if and only if G is from the list D, of
Appendiz 2.

Proof : “If’ part: we want to show that if G is any graph from the list D; of Appendix
2, then G is not path-positive. First note that all the directed graphs from the list D,

of Appendix 2 are symmetrizable and they correspond to the adjacency matrix of the
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Figure 1.11: B,

corresponding graph of list C; of Appendix 1. For example, consider B,. The graph

of B, can be seen in Figure 1.11. Since B, is we get a
diagonal matrix D such that DA(B,)D~" = A(B,). Hence by Lemma 1.5.1, there exists
an N = 2n — 1 such that Px(A(B,)) = 0. Since
- Ancr 2en I 0
A(B,) = 1ot ) Geget D= ' .
e 0 [V

n-1

Therefore, we see that DA(B,)D A(B,) and
Pn(A(B,) = Pu(D™ A(Ba)D) = D™ Px(A(B,))D = 0.

A similar argument will show that for each of the graphs G in list D, of Appendix 2
there exists an N such that Py(A(G)) = 0.

For the only if part, proceed as in Theorem 1.5.2 . Hence the result. .

Corrolary 1.6.4 : The graphs in list Dy of Appendiz 2 are the only connected directed

graphs with Perron-eigenvalue less than 2.

Proof : A similar reasoning as in Corrolary 1.5.3 gives the required result. -



Chapter 2

The Sign Change Group

2.1 The g- permanent with respect to B,

From this chapter, by A > 0 (A > 0) we mean that the matrix A is hermitian positive
definite (positive semidefinite). Also A > B means that A >0, B >0,and A—B > 0.
The determinant and the permanent of the matrix A will be denoted by det A and per
A respectively. As usual, S, denotes the symmetric group of degree n, and (o) = 1 or

—1 according as & € S, is even or odd. Thus

detA= 3 (<1 [awe and perd= 3 I
=4 =i

0€Sni=1

ON

If ¢ € Sy, then i(c) will denote the number of inversions of o. Recall that an
inversion of o is a pair (i, j),1 < i, j < n such that i < j and o(3) > o(j).
Let A be an n x n matrix and ¢ a complex number. Then the g—permanent of A,
denoted by per,(A), is defined as
per,(4) = 3 ¢ [T ai (2.1.1)
JE
Observe that per, () = per A, per_,(A) = det A and pero(A) = IT%; as:. It follows
from a result of Bozejko and Speicher (1990) that if A > 0 then
per(4) 20, -1<¢<L

63
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In this chapter, we construct a similar function Q,(A) using the sign change group
B,, which like S,, is a Coxeter group. We also show that for ¢ € [=1,1], Q,(A) > 0.
Let €1, €a,-..,en be the standard basis for R" with ef = (0,...,0,1,0,...,0)
where the 1 occurs at the i-th place, for 1 < i < n. Recall (see Humphreys (1990),
page 72 or Benson and Grove (1985), page 76.) that a root system corresponding to the

Coxeter group B, can be taken as
®={te,1<i<n; e;te;1<ij<n}

The root system of any Coxeter group can be written as a disjoint union of two
systems, namely, the positive root system Il and the negative root system —II. For the

Coxeter group B, let us take

<i<n; ete,1<j<i<n}
and hence
M= {—e;,1 <i<n; —(e;te;),1<j<i<n}
Clearly
®=TuU-IL

For any element & € By, the number of inversions of &, denoted by n(5), is defined

n(&) = Cardinality (TIn&~*(~11))
= Cardinality ((IT) N —1I)

— number of positive roots being sent to — I by .
For example, for n = 3, we have
I1 = {e, e2,€3,2 — €1, €2+ €1,€3 — €2,€3 + €2,€3 — €1, €3+ €1}

—TI = {—e;,—ez, —€3, —€2 — €1,€1 — €2, —€3 — €2, €2 — €3, —€3 — €1, €1 — €3}
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(i) Let

Then,
(M) = {—e1,e3,—€2, €5+ €1,€3 — €1, —€3 — €3, —€2 + €3, —€ + €1, —€2 — €1 }.
and hence

n(3) = Card {—ey,—es,—e = ea,—z + €1, €2 — 1)

= B

1 2 3
(ii) Let & ( ).Then.
-1 -2 -3

G(I) = {~e1,—e2, —e3, —€2 — €1, — €3, —€3 — €2, €5 — €3,—€3 — €1, €; — e3}.

and hence n(&) = 9.
It is an easy exercise ( see, Humphreys (1990), page 14 ) to see that n(3) = i(3);
where (&) is the length of the element & € B,.

Let us denote by 7, 1< ¢ < n, the number of inversions in
(1,0),(2,0),...,(€—1,8)
for a fixed o € S,. For the sake of convenience, let us take §7 = 0.
Consider the following two maps:
(i) ¢ {1,2,...,n) — {1,-1}

and let
Jo={i €{1,2,...,n} 1 e(i) = -1},



2.1 The ¢- permanent with respect to B,

(ii) Towt {120 ,n) — {£1,42,...,4n)

defined as
Toe(i) = €(i)a(i) ,

for each i € {1,2,...,n} and each fixed & € S,..

Lemma 2.1.1 : For each fized o € S,

(=1l

I - g?ero-t); (21.2)
=

where |J.| denotes the cardinality of the set J,.

Proof: Since i(5) = n(&) for each & € By, the equality (2.1.2) can be written as

S 1) gt — qnw)lﬁl(l _ g1, (2.13)

Note that the summation in the left hand side of (2.1.3) is over all the 2" clements
of B, for a given fixed o € S,. We get the 2" elements of B, for a fixed o € S, by taking
€(£) as 1 or —1 for each £, 1< €< n. The 2" clements generated by ¢(¢), for 1 < £ < n

are ®,¢(¢). That is, the 2" elements of B, corresponding to the fixed o € S, are
{Tou 1 € € @ye(€)}.
Hence

S (= 1)Plgntree) I'-'I g (2.1.4)

=@
Let us now count the number of positive roots which are being sent to —IT by 7, ;).

For this, we partition the positive root system IT = Uy, Il ; where for cach £, 1< ¢ < .,
He={ececte; 1< <)

We note the following about the element 7, € B, :
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Case (i) : if €(€) > 0 then 7, ¢(cc — ¢;) € —II whenever o(£) < o(j). Therefore,

we get
£>j and o(€) < o(j) for the pair (¢,5)

as e, — e; € II. Hence, whenever ¢(€) > 0, the number of roots of Il, being sent to —II is

exactly f7.
Case (ii) : (a) if (£) < 0 then o g(ee) = —eo(q € 1L

(b) if €(€) < 0 and €(j) > 0 for 1 < j < £ then
o) (ee = €5) = =(eo(o + €o() € —11
and if €(¢) < 0 and ¢(j) < 0 for 1 < j <€ then

—(eo(e) + €o(j)) € —11.

Toee)(ec + €
Hence, if €(€) < 0 then the number of roots of Il, being sent to —IT is at least £—1
asl1<j<e.
(c) if €(£) < 0 and ¢(j) > 0 for 1 < j < € then
Toxo(ee+€5) € =Tl <= —eq) + €o(;) € —1I

= o(f) > a(j),

and if (£) < 0 and ¢(j) < 0 for 1 < j <, then
Toao)(ec — €;) € =Tl <= —eo(0) + eo(;) € 11

= o) > (i)
Therefore, using (a) , (b) and (c), we see that whenever €(£) < 0, the number of

roots in IT, being sent to —II is exactly
1+4¢—1+ ( number of non-inversions) = 1+€—1+(€—1-47)=2(—1-57

Therefore, for a given £, 1 < € < n, using the two cases, we have

P&t if e(¢) >0

(=1)Ogntroe) =
—g?1A f e(6) < 0
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Therefore, using (2.1.4), we get
S 1)Hgried = fl(qﬁ“ _ qear-ary
ot P
- ﬁ FE{1 - o1y
=

= T AT [[{1 - gh0
=

@ TT{1 — gHe-s0-1)
=1

It will be ient for us to assume this section and the next chapter

that the elements of S, have been ordered in the following way: if , 7 € S, then o pre-

cedes 7 if o precedes 7 in the ordering, or eq , if the first non-zero

difference o(i) — 7(i), i=1,2,...,n, is negative. Thus the elements of Sy are ordered

as follows:

123,132,213, 231,312, 321.

For any permutation & € B, by (5], we denote the element of S, corresponding to

1 2 .. n
[5]=( g g 7 ) ;
el 16@2) ... lo(n)l

where | - | denotes the absolute value.

5. That is,

For each fixed o € S,, we order the 2" elements of B,, in the following way :

(i) To.cr precedes To,q; if |Jy | < | g, or

(i) if |Jiy] = /s ] then 7., precedes 7y, if the first non-zero difference o(i)ey (i) —
o(i)ea(i), i = 1,2,...,n, is negative. Thus, for the clement 123 of Ss we have the
ordering as

123,-123,1-23,12-3,-1-23,-12-3,1-2-3,-1-2-3.
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Therefore, for B, we have the ordering as
(i) & precedes 7 if [5] precedes [7] as an element of S,, or
(ii) if () = [7] then & precedes 7 according to the ordering defined for a fixed

T E Sp.

Thus the elements of B, are ordered as follows:

12,-12,1-2,-1-2,21,-21,2—1,-2 1.

Let M = ((m;z3)) be a 2"n! x 2"n! matrix with

may = q"®™  for 4,5 € B (2.1.5)

If Aia an n x n matrix, then the Schur power matriz of A, denoted by TI(A), is
defined to be the n! x n! matrix X
(<‘l:I‘ a50r@));
see, for example, Merris (1987).

We will use the following notation :

. For two matrices A and B, by A x B, we mean the Kronecker product of the

matrices A and B. If A and B are hermitian positive semidefinite matrices then
it is well known that the Kronecker product gives rise to a hermitian positive

semidefinite matrix, and

The Hadamard product of the two matrices A = ((ai;)) and B = ((b;)) with the

same dimensions and entries in a given ring is the entrywise product Ao B =

ad

((aijbi5)), which has the same dimension as A and B. It is well known that if A > 0

and B > 0 are matrices of the same dimension, then Ao B > 0.

Lemma 2.1.2: The matriz M defined in (2.1.5) is positive semidefinite.
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Proof: The Lemma follows from Bozejko, Januszkiewics and Spatzier (1988); where it

has been done for an arbitrary Coxeter group. -
If Ais an n x n matrix, then for a complex ¢, the ¢- permanent of A with respect
to the sign change group B,, denoted by Q,(A), is defined as

Qi(4) = }:( 1%1g@ T a5
=1

where
5] = card({i € {1,2,...,n} : 5(3) € {~1,-2,...,=n}}).

By Lemma 2.1.1,

Qu(4) = Z 7 H(l — iy Ha,,(,>

Theorem 2.1.3 : If A2 0 then Qu(A) 20 for =1 < g < 1.

Proof: Let N be a n! x n! matrix. We index the rows and columns of the matrix N
with the elements of the group S,. Define
(N)or = 32 T (=1)Megn®; (2.1.6)
o o
where ¢ =

fixed o and 7 in S,. Note that

rc2(To.) " and both the summations run over all the 2" elements of B, for

el = al + Jal  (mod 2).
We first claim that the matrix N > 0. We will show that

S (N)oxr(@)r(m) 2 0
for arbitrary r : S, —» €. Using (2.1.6), that is same as showing

2 ): 2( 1)Pelg"Or(a)r(x) > 0
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which is same as showing

2 X (—)Palr(e)g"@(=1)Malr(m) > 0. (2.1.7)

Let
y= r®( S L LR I L SR ) € R™™ .
[yl = card ({€ € {1,2,...,n} : €(6) = —1})

for 1 <i < 2", and 7,4 for 1 < i < 2" are the 2 elements of B, corresponding to the

fixed o € S,.

Therefore, from (2.1.5) and (2.1.7) we see that we just need to show that

yMy=0;
which by Lemma 2.1.2 is true.

Since TI(A) is a principal submatrix of A x A X ... x A taken n times, it follows
that for A >0, TI(A) > 0. Therefore, the matrix II(A) o N > 0.

Let us observe the following: For each fixed 7,0 € S, we get a fixed y = o='r.
Thus, in each row and column of the matrix ((¢7(€)))znxzn; Where € = (7,,,) 717, ., we get
all the 2" elements of B, corresponding to the fixed 7 € S, as B, is a group. Therefore,

1
_)elgntma — L
,ZM:( 1)Mlg 52 (Nox
and hence
1
Qu(A) = 523 °(1(A) 0 V),
>0

Remark: If A is a n x n matrix, then for a complex g, the g- permanent of A with
respect to the Cozeter group D, (the subgroup of B with |J.| even ), denoted by Ry(A),
is defined as

Ry(A) = 32 4" T sy
GEDn =1



~
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2.4 Introduction

(i) An argument similar to the one used to prove Qq(A4) > 0 for A > 0 and
—1<g<1 will show that R(A) 2 0for A>0and -1 <g< 1.

(ii) For each fixed o € S, the closed form expression for the coefficient of [T, ao(;)

is given by .
¢TI +g¢0).
=2

The proof of this goes on the lines of the proof adopted to get the Lemma 2.1.1
proved.

(iii) It can be easily seen that Q_y(A) = 2"det A , R_y(A) = 2*'det 4 ,
Ry(A) = 2° perA, and Qo(A) = Ro(A) = [T}, a;. That is, we have constructed matrix
functions which take nonnegative values on positive semidefinite matrices and which
generalise the determinant in the case of By, and the determinant and the permanent
in the case of D,. The functions make use of the Coxeter groups B, and D,. A similar
function based on S,, denoted by per,(A), will be considered in greater detail in the next

chapter.



Chapter 3

Some Inequalities for the ¢—

permanent

3.1 Introduction

Let S, denote the symmetric group on n symbols. If o € S, then i(c) will denote the
number of inversions of o. Recall that an inversion of o is a pair (3,7),1 < i, j < n such
that i < j and o(i) > o(j).

We write A >0 (A > 0) to indicate that A is a hermitian positive semidefinite
(positive definite) matrix. Also A > B means that A>0, B>0, and A— B > 0. If
Ais an n X n matrix, then for a complex g, the g—permanent of A, denoted by per, (A)
is defined as

per,(A) = 3 ¢ f[a.,(.,. (3.1.1)
cess i

Observe that per,(A) = per A, per_;(A) = det A and pero(A) = [T, aii; where

“per” and “ det” denote the permanent and determinant respectively.

It follows from a result of Bozejko and Speicher (1990) that if A > 0 then

per,(A) 20, -1<g<lI. (3.1.2

73
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We now define the Schur g— power matrix : we know that for any n x n matrix
A = ((ai;)) the Schur power matrix of A is the matrix I1(A) of order n! x nl. The rows

and columns of this matrix are indexed by the elements of the group S,. For o, 7 € S,,
(1A, = 1;1‘ P
We define, the Schur g—power matriz of the matrix A to be the matrix
TI,(A) = II(A) o M = ((f{ 4500107 orresn
-

It is conjectured in Bapat (1991) that if A > 0 and is not a diagonal matrix then
per,(A) s strictly increasing in [-1,1]. The conjecture has been verified for n < 3 in Bapat
(1991). In the fourth section, for a 3 x 3 positive semidefinite matrix A, we show that
per,(A) is the largest eigenvalue of I1,(4),0 < q < 1. In the third section of this chapter,
we settle the conjecture for a special case, namely, when the matrix A is tridiagonal. We
also show that per,(A) is strictly increasing in [-1, 1], for a 3 x 3 positive definite matrix

A using a different method than the one used in Bapat (1991). In the second section, we

prove a weaker form of the j which 1 Lieb’s i ity, the classical

Hadamard incquality as well as the permanental Hadamard inequality of Marcus (1963).

3.2 A Generalization of Lieb’s Inequality

The following results are known for any n x n positive semidefinite matrix A = ((a;;))

In 1893, Had d lished his celeb d theorem on d which states
that
det A < I (3.2.1)
Fifteen years later, E. Fischer showed that if A is partitioned into blocks
B C
A= (3.2.2
c D
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where B and D are square matrices then
det A < det B.det D < I, aii. (3.2.3)
In 1963, M. Marcus proved the Hadamard theorem for permanents, namely
perA > I, aii. (3.2.4)

Shortly thereafter, E. H. Lieb (1966) proved the corresponding dual of (3.2.3).

which shows that
perA > perB. perD > I ai; (3.2.5)
where A is partitioned as in (3.2.2).

The main aim of this section is to prove a generalised version of the Lieb’s inequality
and then obtain a generalised Hadamard inequality.

We now introduce some notation: by J,, we mean the n x n matrix which has all
the entries equal to 1.

We assume throughout this section that the elements of S, have been ordered
lexicographically, as we did on page 61 of Chapter 2.

For each fixed t, 1 < ¢t < n, we also assume throughout this section that the
subsets of the numbers {1,2,...,n} of cardinality ¢ have been ordered in the following
way:

consider two subsets I = {i; < iz < ...<i} and J = {ji < j2 <... < ji}. Clearly
|1| = |J| = ¢; where |S| denotes the cardinality of the set S. The subset I precedes the
subset J if the first non-zero difference i — ji for k = 1,2,...,t with ix € [ and ji € J
is negative. That is, the ordering is lexicographic.

Let Sy be the set of all permutation of the numbers from the set /. Similarly. we
define the set S;. For fixed I, the permutations in S; are ordered lexicographically. If
I precedes J then all the permutations in Sy precede all the permutations in S;. For

example, for n = 4 and t = 3, we have the ordering as

123, 132, 213, 231, 312, 321, 124, 142, 214, 241, 412, 421.
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134, 143, 314, 341, 413, 431, 234, 243, 324, 342, 423, 432.
As already defined TI(A) = ((IT%
clements of S,. Since TI(A) is a principal submatrix of A X A X ... X A, taken n times,

it follows that for A >0, TI(A) > 0.

For a matrix A, we define the t-th compound matriz Cy(A) = ((c1s)) (whose rows

1@0(i)r()) is a n! X n! matrix indexed by the

and columns are indexed by the subsets I and J of the numbers {1,2,...,n} of cardinality

¢, arranged lexicographically.) of order () x (7) by
crs = per,(A[l; J));

where per,(A[l;J]) denotes the ¢- permanent of the submatrix of A which consists of

the rows and columns of A corresponding to the subscts I and J respectively.

Lemma 3.2.1 : Let A > 0 be partitioned as

Au Aun ... Au
An An ... An
P s i [
Aa A - A
where A are square matrices, i = 1,2,..., k. Let B = ((bi;)); where by is the sum of all
the entries in Ai;. Then B 2 0.
Proof: An easy exercise gives us the result. .

Lemma 3.2.2: The compound matriz C(A) 20 for 1 St < n.
Proof: Let D be the principal submatrix of
C = Ju X Ju X ...Ju X AX AX ... x A corresponding to the rows and columns indexed

T Y
by {0 : 0 € 5.} with o arranged in lexicographic ordering defined earlicr. Since C >

0, D >0 and D is a n! x n! matrix.
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Now, we take out a  principal submatrix E of D in the following
way: for a fixed subset I of {1,2,...,n} of cardinality ¢, consider a per jon & € Sy.

Now from the matrix D, consider the rows and columns which have been indexed by the

permutation o € S, with

o(i) = 6(i) for,i=1,2,

o(j) > (i +1) forj=t+1,t+2...,

< i} of theset {1,2,...,n}; we are

Once we have fixed the numbers {i; < i, <

left out with n — ¢ numbers {1,2 n}\{i1 < iz <... < i} which can be arranged in

(n —t)! ways. Therefore the matrix E which we have got from the matrix D is of order
and since D 20, E >0.

Let us permute the rows and columns of £ symmetrically so as to get the matrix F,

which has the rows and columns indexed by the ordering defined in page 67 of Chapter
3. Therefore, F >0 as E > 0.

Consider the matrix L = ((I,+)) of order ¢! t! whose rows and columns are indexed
by the lexicographic ordering defined for S, with I,, = ¢"’* ™). From page 9 of Boicjko
and Speicher (1990), we get L > 0.

Hence the matrix M = Jy x L > 0; where N = () and thus the order of the

matrix M is ((3)21) x ((3)#!) which is same as G2 x 2ty
We now get a (7) x (7) matrix G = ((g914)) from the 2 x 24 matrix F o M.

by taking
915 = 32(F 0 M)ews
&n
where ¢ € Sy and n € S;. Using Lemma 3.2.1 and the fact that FoM > 0, we get G > 0.
Let us now observe the entry grs of the matrix G for a fixed subsets I and J of
{1,2,...,n} with cardinality t. We have J = {i; < iy < ... <i}and J = {j; < j; <
. < j¢}. The summation over ¢ and 7 tells us that we are summing ¢! x ¢! entries in

all to get just one entry of the matrix G. This summation is nothing but the sum of all
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the entries of the type (F 0 M )¢,k taks. ki Where for each i, 1<i<t, & €I and
ki € J. But the ! x ! submatrix of F o M corresponding to the rows and columns / and
J respectively, has the same entries in each row and column as S is a group. Therefore,
we get
1
o= a 917

But G > 0 and hence Ci(A) > 0. [

Theorem 3.2.3: Let A > 0 be an n x n matriz. Suppose A is partitioned as

An A
A= ;
An An
where the submatriz Ay, is of order r x r, then

pery(A) 2 per,(An) per,(Az) for 0< ¢ <1

Proof: For g = 0, we get

perg(A) = [T s = [T TT @i = pero(u) pero(Az).

i=r41
First suppose —1 < ¢ <1, g # 0. Let
=3¢ T ajoiis
=1
where the summation is over all the permutations o such that

| {o(1),0(2),...,0(r)}N{1,2,...,r} | =1t

Then a, = per,(Au1) per,(Az). We will show that
@20, 0St<r—1

For the sake of convenience, let us introduce some more notation. For a fixed

t,0<t<r—1:



3.2 A Generalization of Lieb’s Inequality 79

1. by R, and Cy, we will mean the subsets {ij < i, <...<i}and {ji <jz<...<
i} of the set {1,2,.

,7}, respectively;

o

. by R, and C;, we will mean the subsets { < & < ... < £n_2,4.} and {m; <m; <
... < Mp_gr4e) of the set {r+ 1,7 +2,...,n} respectively;

3. by R, we mean the subset {1,2,...,r}\R; and similarly, we have

C:={1,2,...,r\Cy, Rs={r +1,r +2,...,n}\R;, and

Cs={r+1,r+2,...,n}\Cx;

Lol

by A[R;C], we mean the submatrix of A which has been taken corresponding to

the rows and columns, indexed by the subsets R and C respectively.
Using the above notation, we have

a = g*pery(A[Ry, C\])pery(A[Ra, Cal)pery (A[R], C3))per, (A[R, CTl)
RiF G
= ¢{Ci(An1) X Cocarsi(Az)z, )i where (3.2.6)

u=(r—t)+(n—2r+t)(n+2r—t+1)—t(t+ 1)+i(ik + 7k) —n§:¢‘(l.+m,)
=1 =

and z is a vector of order (;)(,"7,.) X 1 which is same as (7) (7[) x 1. We index
the rows of the vector z with the lexicographic ordering defined for any subsets of the
set {1,2,...,7} and the anti-lexicographic ordering for any subsets of the set {r+1,r+
2,...,n}. (The anti-lexicographic ordering is the ordering got after reversing the positions
in the elements in the lexicographic ordering.) The entry of the vector z corresponding
to Ri’s and C's is

¢*per,(ARE, C3)),

where
—1)? = —2r+t —t+1) Yt L ik
kz(r 2) 1+(1| r+)(7;+2r +)—(;”+Z’t— 3 e
= =

=
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Note that (n — 2r + t)(n + 2r — t + 1) and t(t + 1) are even numbers and since
0<t<r—1, (r—t)? 21 we can take one g outside in (3.2.6).

Now let us see how we get the number u using the permutation, say o, which has
given rise to sets Ry, Ry, Cy and Cy. The number u is nothing but the total number of
inversions due to this permutation o which we count as follows:

Case (i) : if i,j € R then the number of inversions is taken care of with the help of
per,(A[R; S]); where R is any one of the sets Ry, Ra, Rf and R and S'is the corresponding
set of columns.

Case (if) : if i € Ry and j € R; then we get o(i) < o(j), and therefore no inversion.

Case (iii) ¢ if i € B and j € Ry, we have o(i) > 0(j), and hence the number of

inversions is equal to
{G3): i€ R, jeRii<j}l
= (=D +@E=-2)+.. .+ —1)
S (R}
= X >
Case (iv) : if i € R, and j € Ry then we have i < j and o(i) < o(7). That is, there is
no inversion. Similarly, if i € R; and j € R, then there will not be any inversion as we
have i > j.
Case (v) : if i € Ry and j € R5 then we have i < j and therefore, the number of
inversions is equal to
|{(¢,k): €€ C1, k€CY, £>Fk}|
= h=D+0 =2+ +0G—1)
i], t(t+1)
= - o
=1 2
Case (vi) : if i € RS and j € Ry then i > j, and hence no inversion.
Case (vii) : if i € R§ and j € R, then we have i < j, and hence the number of inversions

is equal to

1{(&,k) :i € C5, k€ Ca, €> K}
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= (n—m)+n—ma—1)+...4(n—Mp_grpe—(n—2r+t—1))
(n— r+l)(r;+2rft+l]7"’§':"

=

my

Case (viii) : if i € R; and j € R§ then i > j, and thus we don’t get any inversion.
Case (ix) : if i € R and j € RS then we have i < j and (i) > o(j). Thus the number
of inversion is equal to (r —t)%.

Case (x) : if i € RS and j € R then i > j, and hence no inversion.

Case (xi) : if i € R, and j € R§ then we have o(i) > o(j), and hence the number of

inversions is equal to

{(6,k) :i € Rz, k € Rs, £< k}|

= (=) +(n—b—1)+...t (n—lo gy — (n—2r+t—1))
(n—2r+t)(n+2r—t4+1) "I
2 - g &

Case (xii) : if i € RS and j € R; then we have o(i) < o(j), and therefore no inversion.

Now adding the different cases, we get the number u.
Suppose 0 < ¢ < 1. Now using Lemma 3.2.2 and the fact that Kronecker product
of two positive semidefinite matrices gives rise to a positive semidefinite matrix, we get
a;>0for0 <t <r—1.But then
per(4) = Yo
=
-1
= oty
=
that is

pery(A) — per,(Au) pery(Az) =

Hence the result.
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lization of Had di lity for permanent

As a corollary to this, we get a

as well as determinant.
Corollary 3.2.4: Let A >0 be an n X n matriz. Then

per(A) < [[ai —-1<g<0
=
per(A) 2 JJas 0<q<1.
=i

Proof: The case 0 < ¢ < 1 follows by a straightforward application of Theorem 3.2.3

and induction.

For —1 < ¢ < 0, we partition the matrix A as

an z
A= :
z A1)
,ain) and A(1,1) is the principal submatrix of A got by deleting

where 2% = (@12, @13, - - -

the first row and the first column of A. Therefore, we have in this case
'
per,(A) =3 ar = a0+ .
=

Using (3.2.6), we get o = anperg(A(1,1)) and ao = ¢(Ca-2(A(1,1))y, y) and it
can be easily seen that y* = (a12,9a13,--,¢" 2a1,). Hence
pery(4) — aupery(A(1,1))

q

ao

> 0.

Since =1 < g < 0, we get per,(A) < anper,(A(1,1)) for 1 < q < 0. Now

repeated application gives us the required result.
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3.3 Monotonicity of the g—Permanent

The following notations will be used:

1. If § C {1,2,...,n}, then by A(S) we mean the principal submatrix of A corre-
sponding to S.

2. 5= {ii+1,...,j}, 1 <i<j<n, then we will write Afi, ;] in place of A(S).

We also make the convention that Afi,j] =1 (a1 x 1 matrix ) for i > j.

Let us denote by S, the set of all bijections from {2,3,...,n} to{1,2,...,k,...,n};

where k indicates that the index k is not included in the set {1,2,...,n}. Then we
11—k
can write each o € S, as 0 = ) ; where o(1) = k and 7 € S¥, with
x
x(l) = o(l) for I=2,3,...,n. The number of inversions i(r) for = € &, is defined

in the same way as for o € S,. It is easy to see that
. 11—k
i(o)=k—1+i(r) if o= .
x

The above observation gives us the following lemma:

Lemma 3.3.1: Let Ay; be the (n — 1) x (n — 1) matriz obtained from A by removing its
i-th row and j-th column. Let Aijuc be the (n —2) x (n — 2) matriz obtained from A by

removing its rows i and k as well as columns j and £, i #k, j # € Then

pery(A) = anper,(An) + 3 3 ¢ Canarpery(Ani;) (3.3.1)
=1
Remark : (3.3.1) is an analogue of Cauchy expansion for the determinant. .

Lemma 3.3.2 : Let A be an n x n tridiagonal matriz. Then

pery(A) = anper,(Al2,n]) + qlara|*per, (A[3,n]).
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Proof: Using Lemma 3.3.1, we get

perg(A) = anpery(An) + 33 ¢+ 2ajiaper, (A ;)

= auper,(Au) + glan|*per, (A1 22)
= anper,(A[2,n]) + glaia|*per,(A[3, n])
as ay; = 0 for i = 3,4,...,n. Hence the result. N
Note that, using Lemma 3.3.2, we see that if A > 0 is a tridiagonal matrix and A
is not a diagonal matrix then per,(A) is strictly increasing for 0 < ¢ < 1.
Theorem 3.3.3: Let A be an n x n tridiagonal matriz. Then forn > 3
d 2
2P = Jalper, (413, n) +

a3
3 pery(Allyi + 1])laisaissl*per, (Ali +4,n])
=

Proof : We shall prove the theorem by induction on the order of the matrix A. Suppose

A'is a 3 x 3 tridiagonal matrix, then using Lemma 3.3.2

d d
Eperv(AJ = E(ﬂuper,(/ﬂ?,ﬂ)+q|ﬂn|’Pefq(A[3.3]))

d

= ay EPEN(AIZ 3)) + laxz"per,(A[3,3]) +
d

qlunl’zpcr,(A[SJ])

anlaxl® + aral*per, (A[3,3])

lara[*pery(A[3,3]) + per,y(A[l, 1])|ax|*per,(A[4,3])

which is same as the RHS for n = 3, as by convention per,(A[4,3]) =
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Let the theorem be true for all tridiagonal positive semidefinite matrices A of order

n, 1 < n < m. We shall now prove it for the matrix A of order m+1. We have, using
Lemma 3.3.2,
,pe, (A4)
= ;(ﬂnper (A[2,m + 1]) + glara|*pery(A[3,m + 1))}
- a,.d pery(A[2,m + 1)) + |anz|*per,(A[3,m + 1))} +
q\ani’—per,(/i[&m +1))

Z pery(A[2,7 + 1))|aisz 43/ per, (Afi + 4,m + 1)) +

laiz[* ycr,(Als m + 1)) + aui|ax|’pery(A[4,m + 1]) +
glan® E per,(A[3,¢ + 1])laiszisal per, (Al +4,m + 1)) +
glar|? \a34|’perv A[5,m + 1)) using induction

= [au]zper,(A[:i m + 1)) + anlaz|*pery(Ald, m + 1]) +

gqlanl® Z pery(A[3,i + 1)laiszisal*per,(Afi +4,m +1]) +

an Z pery(A[2,i + 1))[aiszival*pery(Ali +4,m + 1)) +
qlanl l«m\ per,(A[5,m +1])

= lanzlper,(A[3,m + 1]) + anlazn|*per,(A[4,m + 1]) +
[auper.(AP 2)) + glara[*]lasa*per, (A[5, m + 1]) +

Z[anper,(A[z i+ 1)) + glar*per, (A3, i + 1])]laisz,iss perg (Ali + 4,m + 1))

I

Iaul pery (A3, m + 1)) + pery(A[1, 1))lazs|*per, (A[4,m +1]) +
Z perg(A[L i + 1])|ai2isal*perg (Ali +4,m + 1)) +
perq(A[l 2])las|*per,(A[5,m + 1]),  using Lemma 3.3.2,

= |anl*per,(Al3,m + 1)) + Z per¢(A[l,i+l]){a.-“‘;.*alzperw(A[n+4.ma»lf)
=
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and hence the theorem is proved. .

Corollary 3.3.4 : If A is a tridiagonal positive semidefinite matriz and A is not a
diagonal matriz, then & per,(A) is positive for g € (~1,0).

Proof: We shall prove the result by induction on the order of the matrix A. Suppose A

is a 3 x 3 tridiagonal matrix, then from Theorem 3.3.3, we get

d
Eper.(A) = aulan|’ + |anl’ass

> 0, asAis not a diagonal matrix and A > 0.

Let the result be true for all matrices A of order n, 1 <n < m. Forn=m+1, we

have from Theorem 3.3.3
i 2, A3,
EP“«(A) = lanzl’pery (A3, m + 1)) +
m-z
3 per, (Al i + 1])|aiszi4sl per, (Ali + 4,m + 1))
=

As observed in Bapat (1991), if A > 0 then per,(A) > det A and the induction
hypothesis implies per,(A) > 0 for g € (=1,0).

Hence gper,(A) is positive for ¢ € (=1,0). -

Note that the Corollary 3.3.4 is valid for ¢ € (0,1) as well.

It follows from the Corollary 3.3.4 that if A > 0 is a tridiagonal matrix and A is

not a diagonal matrix, then per,(A) is strictly increasing for q € [~1,1].

Let D, = diag (a1, 03, *+,an) and D; = diag (B1,B2,"+*B) be two diagonal

matrices of order n. We note that, for any matrix A

per,(D1ADy) = 37 ¢") [[(DrAD2)jes)
R |
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s
= % ¢ (A0 e I A
GESn =1 =1 k=1
= ITes{ 2 ¢ TTAWien} IT Bue
1 des.  gm =1
= pery(D1)per,(A)per,(D2) (3.3.2)

= 3 ¢ [t Pociot
=

Therefore, without loss of generality, we can assume that the diagonal entries of
any matrix to consist just of 1’s.

We now prove the following lemma.

Lemma 3.3.5 : Let A be a 3 x 3 positive semidefinite matriz. Then per,(A) is strictly

increasing in q.

Proof: Because of (3.3.2), we can take the matrix A to be

1 d e
A=|d 1 1
e 71

Since A is positive semidefinite, we must have d?, €2, |f|? < 1. We have, by
definition
per,(A) = 1 +q(d* + /") + 2¢°Re(def) + g¢*. (3.3.3)
Therefore, differentiating (3.3.3) with respect to g, we get
dper,(A
%() = & + |f* + 4qRe(def) + 3g%¢*. (3.3.4)
This is a quadratic equation in ¢ with

e ) e s o,
dg o=t -

Let us denote the discriminant of the quadratic equation (3.3.4) by D. We now

show that the discrimanant D, of the quadratic equation is negative, which in turn. wil
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imply that 2524 is nonnegative for all ; —1 < ¢ < 1. Consider

D = 16{Re(def)}? — 4 x 3¢* x (d* + |f|*)
= 4¢’{4d’( Re(/))* - 34" - 3|f|*}
= 4€*{3d*(Re(/))* + &*(Re(f))? — 3d° - 3/[*}
< 43 ((Re(f))? — 1] + &S = 3|f17}
= 4 {3d*((Re(/))* = 1] + | *[d® - 3]}
0

A

as (Re(f))? —1< 0 and d® —3 < 0. Hence the result. .

3.4  per,(A) as the largest eigenvalue

In this section, following the technique in 3], we show that per,(A) is the largest eigen-
value of the Schur g— power matrix I1,(A), for a 3 x 3 positive semidefinite matrix A.
With0 < g < 1.

We have per,(4) = T,es, ¢ [y ajoy and M = ((¢07™)), . cs.. It can be
casily checked that

11,(A) e = pery(4) ¢

where e € R™ with all entries 1.

Theorem 3.4.1: For 0 < g <1, per,(A) is the largest cigenvalue of T,(A).

Proof: Let us order the elements of S, lexicographically. Let

1 d e
A=|d 1 5
e 71
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be a 3 x 3 positive semidefinite matrix. So we have the condition on the entries as
&, e, |f|* < 1. Now
1P @ def def e
IfI 1 def & e def
ISP def
def |fI?
def & |fP df 1 &
& def def |fP & 1

& s

a
S g
LR
- a,

It can be seen that
1 qfF qd®  g*def qPdef
adff 1 gdef qd e’ grde]

ad  grde] 1 et qlfI? q*def

W)= 247 o 2 2 2
de]  qd- g€ 1 qdef qlf|

q*def @’ qlffP q*def 1 qd?
¢t gidef qdef qlfP qd 1

1+q|f? qd? + g*def  g*def + ge?
(A) = | qd® + ¢*def  1+¢%*  qlf| + qPdef
q*def + g% qlff +qdef 1 +qd
which is obtained from IT,(A) after adding the two by two blocks and then dividing by
2.
The distinct cigenvalues of IT,(A) are per,(A4), —per,(A), and two others which
appear in pairs. It can be seen that if A is an cigenvalue of II,(A4), then it is an eigenvalue
of I,(A), as well. Except for —per,(A) the other three different eigenvalues of IT,(A),

clearly are the cigenvalues of IT,(A). We will show that

pery(A)] — T(A) > 0.
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Clearly per,(A) is an eigenvalue of I[,(4). We have
atf -—a B
per(AI-(A)= | -& a+7 -7 |;
- -7 B+
where a = ¢d? + g*def, 8= q*def + % and 7 = g|f]? + ¢*def.

We observe the following:

(@)
atf = q{d +qdef} +q*{def +qe’)
= pery(4) — pery(A(1,1))
> 0, using Hadamard incquality with a;; = 1,
where A(1,1) is the 2 x 2 matrix obtained from A by deleting the first row and the first
column.
(#)
a+f
_ =ay+Bv+ap
& @
ay+3v+ap

= ¢@{d + qdef IS + qdef} + ¢*{de] + ge*}{|f]* + qdef}
+¢*{def + g¢*Hd" + gdeT}
& + )P + @Ed + @ de|f|* + 2¢*(Re(de f))?

It

+2(¢d” + qlf[* + g°¢*)Re(de f)}
= ¢{(d + NP + @ + eS| + 2 (Re(def))?
+2(d® + |/ + ¢*¢*)Re(def)} (34.1)
Let f = a+ib. We have [f|* = a? + b, Re(def) = dea, and (Re(def))? =
&2 (Re(f))? = d?*(a? - b2). Therefore, (3.4.1) can be written as
{(d* + g*¢*)(a® + B?) + ¢?e?d® + g*d*e*(a® + B) + 2¢7(a? — b?)d%e? + 2q(d? + a?




3.4 per,(A) as the largest eigenvalue 91

g*e?)dea} which is same as

*{3g*d*e?a?+(d* +¢%e? +2gdea)b? +2q(d? +a? +g?e?)dea+ g*(1—b?)d?e? +a*(d* +¢%¢?) ).

Here
1.
d* + g€ + 2qdea

> d® + g*e? — 2q|dea|
> & +q’e —2de (o <|fISD)
= (d—qe)?
> o

2. d%e%a? > 0.

3. 2q(d? +a?+q?e?)dea +q*(1 — b?)d?e? + a*(d? + q%e?) > 0 if dea > 0. Let dea < 0,
then we have
2q(d® + a® + g?e*)dea + ¢*(1 — b?)d?e?® + a*(d? + ¢*¢?)

= 2'Tz + 2¢*(q — 1)e*dea which is nonnegative; where z = (qde, ad, gea) and

1-b% d e
T= d 1 a
e a 1

To complete the proof, it would suffice to prove that T > 0. Without loss of
generality, we assume that the matrix A is positive definite ( The general case can then
be proved by approximation). In this case, every principal submatrix of A is positive
definite, in particular, 1 — [f[? > 0. Hence,

1 a
—1-a21-|f>0.

a 1
Also,

detT = (1—0b*)(1—a?)+2dea—d*—e*
= a®’ +detA

> detA > 0.
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These two inequalities prove that T is positive definite, and the proof is complete.
(i) det (per,(A)] — IT,(A)) = 0 as the row sums are separately zero.

Thus per,(A)I — IT,(A) is positive semidefinite matrix. Hence the result. -

3.5 Concluding Remarks

In this chapter, we have made the following two conjectures:
(i) Let A > 0. Then per,(A) is strictly increasing for ¢ € (=1,1); and
(i4) per,(A) is the largest eigenvalue of IT,(A) for ¢ € [0,1].
Both the conjectures have been verified for a 3 x 3 matrix A. In this section, we
show that the second conjecture immediately implies the first conjecture for g € (0,1).
Before, coming to the proof, note the following result which is already in the literature:
Let A > 0 and B > 0 be two matrices of the same order. Let us denote by p(A) the
largest eigenvalue of the matrix A. Then
p(Ao B) < p(A) x the largest diagonal entry of B. (35.1)
Let g1, gz € (0,1) with g1 < g2. We claim that per,, (A4) < per,,(A).
By definition, TI,, (A) = II(A) o My; where My = ((@2¢"™)),,es, and hence
My > 0. But
or=) (TN
@ ( B 92)
@1y or)
( q;) 9
Let us define,
Mo = (@ Daresni and Ma = (B s,
Since ¢ < g2, % <1 and hence Mg > 0. We also have M; > 0. Clearly,

10, (A) = TI(A) 0 M; 0 Ms.



3.5 Concluding Remarks 93

Now using (3.5.1), we see that

(I, (4)) p(T1(A) 0 M3 0 Ms)
< p(TI(A) o M3) x the largest diagonal entry of Ms
P (4)) x 1

that is, per,, (A) < per,, (A).
Hence the claim holds true.
In view of the above remark and the second conjecture it seems natural to conjec-

ture the following: Let A > 0. Then, per_,(A) is the smallest cigenvalue of IT,(A) for

0<g<l.
But by an example, we show that this conjecture is false. Let
111
A=|1 1 1|, and g€ (0,1}
111
Consider
1 ¢ ¢ ¢
¢ 1 ¢ ¢ ¢ ¢
() =n(om=| ¢ 13 < ‘ ¢
¢ 9 9 1 ¢ g
¢ ¢ ¢ ¢ 1 g
¢ & @ oq q

The eigenvalues of IT,(A) are pery(A), per_,(A) and two other eigenvalues which

appear in pairs. We will show that per_,(A) is not the smallest eigenvalue of IT,(A). To

show this, we consider the matrix

l-¢ —q+¢* ¢&-¢
M(A)=|-¢+¢* 1-¢ -—q+¢
¢?-¢ —q+¢ 1-g
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Here again, it can be seen that if A is an eigenvalue of IT,(A4) then it is an eigenvalue
of TI,(A) as well. Except for pery(A), the other three different eigenvalue of II,(A) are
clearly the eigenvalues of II,(A). We have

per_y(A) =1 — 2+ 2¢* — ¢*.

Then per_,(A) is an eigenvalue of IT,(4) ding to the ei (1,1,1)4

where ¢ denotes the transpose. We now show that
II,(A) — per_,(A)T

is not a nonnegative definite matrix. We have

¢-2¢+¢ —qg+¢ £ -¢

W) —per_(A) = | —g+¢*  2-2 —q+g |,
- —a+d a-20+¢
that is,
—a—f o« 8
M(A) —per_(AI=| &« —a=v 7 |;
B v B
where @ = —g+¢%, B = ¢*— ¢ and 7 = —¢+ ¢* It can be easily seen that

det(IT,(A) — per_,(A)I) = 0. We now see the following:
(i) —a—f=q-2"+¢*=q(1 —2¢+¢*) =q(1 —¢)* 2 0.
(i)

a o —a-7
= ay+aB+pBy

= ay+Ba+7)

= (—9+ )=+ )+ (@ - ) —a+¢" —q+7)
= {1 -9 +2(1-9)(-1+ag}

= ¢*(1-9°(1-29)

<0
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for g € (1,1). Hence per_,(A) is not the smallest eigenvalue of T1,(A).
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Appendix 3: Path-matrice

Table 1.1 Es
keven
= 6n 6n+2 6n+4

nodd |neven || nodd |neven || nodd | neven
i Bl 3 = 3
a1 2 a4l o a1 ng2

B 3 3 3 3 3
304 3 i1 | 3naz [ 3nga | ses2

t 7 7 E g
on41 | 2n+1 | 2n+1|2m+1 | 2nt1|20+1
2n 2n 2n 2n [ 2n+2|2m42
gy | gz || engs | enp o1 | sngs

k odd

= |[6n+1|6n+3 | 6n+5

(
(
Lun

1,4) || n+1 n n+1

15) n

n+l n+l

3n+1 || 3n+2 || 3043

Table 1.2 Fy
k even
6n 6n+2 6n+4
nodd [neven | nodd n even nodd n even
el k3 gl g2 e 2
7| &4 b 54 %
2n+1 | 2041 2n+1 2n+1 2n+1 2n+1
mvZ | 2av2 || @n+DVE| @n+DVZ || 20+ 2)VZ | (2n+2)V2
Sl e g = g2
4n+1 4n+1 an+2 4n+2 4n+3 4n+3
n n+1 n+1 n n n+1
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Table 1.4 A,
k= || 20 | 2041
entry
(11) | o+l 0
a2 | o || o+t
(2,2) || n+1 0

99
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Table 1.5 E7
k even
= 12n 12n+2 12n+4
entry | nodd |neven || nodd [neven || n odd | n even
@y = | a2 3| 3
@2 || =3 R e o I b
(13) | n n n n n+l n+1
(1,6) || =5 C o B s i 3
N o B o A el B
33) [ 2n+1|2n+1 2n 2n 2041|2041
(3,6) || 3n 3n 3n+1{3n+1{{3n+1|3n+1
(4,4) || 2n 2n+1 2n | 2041 ([ 2041 2n
(4,5) || 2n+1 2n 2n+1 2n 2n 2n+1
(4,8) || 4n 4n an+1|4n+1 | an+2[dn+2
(6,6) || 2 7 npl | et | s | fmid
67 || = || e | e || e e
(8,8) 8n+1 8n+1 8n+2 8n+2 8n+3 8n+3
k even
= 12n+6 12n+8 +10
entry || nodd | neven || nodd | neven n even
@y | = 3 | e 3
N N B 3
13) |fn n n+1 n+l n+1
(0 || g | g A | 2 gt
SN ol ol B ol el e
3.3) [|[2n+1|2n+1 | 2n+2 42| 2n41|2n+1
(3,6) |[[3n+2|3n+2|3n+2|3n+2 3n43|3n+3
44) |[2n+2|2n+1 | 2n+1 2n4+2 | 2n+1|2n42
@5) |[2n+1|2n+2( 2n+2|2n+1 2n+2 | 2n+1
(4,8) |[4n+2 |[4n+2 || 4n+3 4n+3 || 4n+4 | 4n+4
(6,6) || smpp | ompe || empl | e | e | e
67) || e | e | amp | mpe o |t
(8,8) 8n+5 8n+5 8n+6 8n+6 8n+7 8n+7
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12n+1

12n+3

12049

12n+5

12n +11
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Table 1.6 Es
ven
k= 30n 300 +2 30n+4 300-+6

entry | modd |neven || nodd [meven || nodd |neven || nodd | neven
aofe= (=2 [ ]| 3 | 5] | * 3
N O I T o I o Bl e
an = | 3 (e | = = o | 3
16) || 20 2n 2n on 20 o || 2041 | 2041
w8 | =2 = ma | @ sy | s || sma =
22) | 2041 | 2041 | 2041 | 2041 || 20 2 20 2n
(23) | 20 20 2 20 2n on || 2041 | 2041
@7 | 40 an | 4n+1 | 4ol || 4n+1 | dntl | dn 4n
(29) | 6n 6n 6n 6n || 6n+1 | 6n+l || 6n+2 | 6n+2
3,9) || 2n41 2041 20 2n 2n on || 2041 | 2041
@7 || 4n an an 4n |[4n+1|dn+1 || 4nsl | dnsl
3,9 | 6n 6n || 6n+1 | 6n+1 || 6o+l | 6ntl || 6ntl | 6ntl
@y | | e || mp | o oms1 | sngz || sngs | empa

3 t 3 £ 3 B 7 7 b
@s) || =2 = e = mar | ompr || emps | ma
(46) | 60 6n || 6n+1 | 6n+1 [ 6n+1 | 6ntl || 6o+l | 6n+l
g |10 | um || mn | ames | asme | asmes | ammes | asges

8 T B i 3 T 3 7 T
G | | mp | mp |y || mp | e | e =
(56) | 6n 6n 6n 6n | 6n+l | 6n+1 [ 6n42 | 6nt2
P POt e e i e el
(66) | sn+1 | sn+1 || 8o+l | 8okl || S+l | ol || 8n+2 | Snd2
(6.8) [ 100 10n | 10n+1 | 10041 || 10n+2 | 10042 || 10042 | 10n+2
&) Sn+l || 8n+2 | 8n+2
(1.9 12042 || 12043 | 12043
mnga || 2nst | 2mmse

3 T
9.9) 18n+3 || 18n+4 | 18n+4
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k even
= 30n+8 30n + 10 300 +12 300+14
entry | modd | neven | nodd [neven || nodd |meven | nodd | neven
@y = 3 = H o ol e 3
(1,9 || 35 P I I S o O s ol M
1,9) || = S R Il ol Bl B
16) [ 2041 | 2041 | 20 20 || 2041 | 2041 || 2041 | 2041
OIS Sl o o e ol s ol s
@2 [ 20 on | 2041 | 2041 || 2042 | 2042 || 2041 | 2041
23) 2041 | 2041 | 20 on || 2041 | 2041 || 2041 | 2041
@7 [ 4n+1 | ane1 | ant2 | 4n42 || dne2 | 4nd2 | nd2 | dnt2
(29 | 6n+2 | 6n+2 || on+2 | on+2 || 6nt2 | 6n42 | 6043 | 6n+3
@33 | 20 on [2n+1[2n41 ] 2041|2041 | 241 | 2041
@7 [ant1|ans1 | ant2|ans2 | ant1 | dntl | ans2 | dnt2
(39 | 6n+2 | 6n+2 || on+2 | 6n+2 || 6nt3 | 6nt3 | 6043 | 6n+3
PP ey ey e A R R S
3 7 b 7 7 7 7 7 i
oy | oo | mps | s | e |l ma | | oo | o
3 b 7 7 7 7 7 7 ti
(46) | 6n+2 | 6n+2 || 6n+2 | 6n+2 || 6n+3 | 6nt3 || 6043 | 6n+3
(@8) [ 1smts | uspea | asmes | asmre | dear 15046 || 15047 | lsnds
8 ¥ ¥ 3 7 T 7 7 3
65 | = omg2 || sngs | stz || smar | smsa || oses =
5 i Ei b 7 E 7 7 7
(56) [ 6n 60 6n 6n | on+1 | 6n+l || 6n+2 | 6n+2
58 Sn S 15044 5045 15046 547 15046 15047 15048
2 ¥ T ¥ 7 7 T 3 T
©6) [ n+2 | sn+2 || 8nt3 | 8043 || 8n+d | Butd || Sn+d | Sntd
(68) | 10043 | 10043 || 10044 | 10044 || 10n+4 | 10n+4 | 10045 | 10045
@7 | so+2 | sn+2 || 8n+3 | sn+3 || nta | Sutd | Sn+d | Sn+d
(1.9) || 12044 | 12044 || 12044 | 12044 || 12045 | 12045 | 12046 | 12046
) || sz | mgee | mnse | g | o | sz | zenis | 2
. T T T
(99) || 180+5 | 180+5 | 18047 | 18047 || 18048 | 18048 | 18049 | 18049
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k even
k= 30n +16 30n +18 30n + 20 30n+22

entry || n odd n even nodd | meven nodd | neven n odd n even
@y | % ol B e H
L Bl Bl B Bt

42 20+2 20+1 2041 2n+1 2n+1

n+1 20+1 2n+2 20+2 2042 20+2

0+2 +2 2n+1 20+1 2n+1 2n+1

4n+2 4n+2 4n+3 4043 4n+4 4n+4

6n+4 6n+4 6n+4 6n+4 6n+4 6n+4

241 | 241 42 | m+2 2n+1 2n+1

an+2 | 4n+2 4n+3 | 4n+3 4n+3 4n+3

6n+4 6n+4 6n+4 6n+4 6045 6n+5

(4,6) || 6n+3 6n+4 6n+4 6n+4 6n+4 6n+5 6n+5
P E e I ol el st ool ol Bt
G | mp | ompe | oms | ompe | o ) oeme ] omp) oy
(5,6) || 6n+4 6n+4 6o+4 | 6o+d 6n+4 | Go+d 6n+4 6n+4
9 | g | amgee | s | ampie || G | dinpe § gl e
(6,6) [ 8n+4 8n+4 8n+5 8n+5 8n+6 8n+6 8n+6 8n+6
(6,8) || 10n+6 100+6 10n+6 | 10n+6 10n+7 | 10n+7 | 10048 10n+8
(7,7) || 8n+4 8n+4 8n+5 8n+5 8n+6 8n+6 8n+6 8n+6
(7.9) | 12047 12047 12048 | 12n+8 12048 | 12048 || 12049 120+9
(9,9) || 18n+10 | 180+10 18n+11 | 18n+11 || 18n+13 | 18n+13 || 18n+14 | 18n+14

104




Appendix 3

k even
= 30n + 24 30n + 26 30n + 28

entry || n odd n even n odd n even n odd n even
an | o i B =5 3
(COR B ol Bl Wl B S . S S
[CUN el s S B o e Bl
(1,6) || 2042 20+2 20+2 | 2042 2042 242
(1,8) || s=2 el B S i

(22) || 2042 2042 2041 | 20+l 2041 2n+1
(23) || 2042 20+2 2n+2 | 2042 20+2 2042
(2,7) | 4n+3 4n+3 4n+3 4043 4n+4 4n+4
(2,9) |f 6n+5 6n+5 6n+6 6046 60+6 6n+6
(3,3) | 2n+2 2n 42 m+2 | 2n42 2n+1 2n41
(3,7) || 4n+3 4n+3 dn+4 | dnt4 an+4 4n+4
(39) | 6045 6n+5 6045 6n+5 6n+6 6n+6
(4,4) | =2 o ol Bl Bl
(45) || e il Bl Bl Bl e
(46) || 6n+5 6n+5 6045 | 6n+5 6n+6 6n+6
(48) || mia | domp2 | dsals | lSapls || liopls | lsmplg
(55) || =42 il s S B g
(5.6) || 6n+5 6n+5 6n+6 | 6n+6 6n+6 6n+6
(5.8) || demia | lempd | diaia | dsps | lsepls | Lsntlg
(6,6) |f 8a+7 8n+7 8n+7 8n+7 80+7 8n+7
(6,8) || 10n+8 10n+8 10n+9 10049 | 100+10 | 10n+10
(1.7) || 8047 8n+7 8n+7 | 8n+7 8n+7 8n+7
(7,9) 12n+10 | 120410 f 120411 | 120411 || 120412 | 120412
(9,9) [ 18n+15 | 18n+15 || 18n+16 | 18n+16 || 18n+17 | 18n+17
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odd

k= | 30n+1 [ 300+3 || 300+5 || 300+7 (| 30n+9 (| 30n+11 | 30n+13
entry
1.2) | n+1 n n n n n+l ntl
3 [ n n n ntl n n n+l
a7 2 241 | 20 o | 2041 || 2041 241
19) | 3 30 | 3041 || 3041 || 3n+1 || 301 3n+1
(24) || 30 30 || 3041 || 3041 || 3n41 || 301 3n+1
(25) [ 3n+1 [ 3041 | 30 an | s+l || 3n+2 3n42
(26) | 4n 4n || 4o+l || d4n42 || 4ne2 | ant1 40+2
28) | 5o sn+l || S+l || S+l || Sn42 || Sn42 5042
34) | 3 3+l | 30 [ 3041 | 3041 || 3n41 3n+2
35) | 3 3n | 3041 || 3041 || 3041 | 3041 3n+1
(36) || 4n+1 an || 4n+1 || 4+ || 4042 || 4n+2 4n+2
(38) | 5n sntl [ Sn+l [ Sl | 5n+2 || 5n+2 5n42
@7 | 6n 6n+l [ 6n+l [ 6no+2 [ 6042 | 642 6043
(49) [ on+1 [ on+1 || on+2 | 9n+2 [ 9n+3 || 9n+4 9n+4
7 || 6n+1 | 6n+1 || 6n+1 || 6n+1 || 6n+2 [| 6043 6043
(59 | on on+1 || 9n+2 || 9n+3 || 9n+3 || 9n+3 9n+d
67 | 8 sn+l || 8n+2 | 8n+2 [ 8043 | 8n+3 8n+3
6.9) [ 12041 [ 12042 || 12042 || 12043 || 12044 || 12045 | 12046
(#,8) || 10n+1 || 10041 || 10n+2 || 10043 || 10043 || 10044 || 10045
(8,9) || 15n+1 || 15n+2 || 15043 || 15044 || 15045 || 15046 | 15047
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kodd
= 300+15 || 300+17 || 300+19 (| 30n+21 || 300+23 | 300+25 || 30n+27 || 30n+29
entry
12 [ n n+l nt1 n+l n+l n ntl
3 || n n+l 1 n nt1 n+l n+l ntl
(L7) | 2041 20+1 20+1 2042 20+2 2n+1 +2 2n+2
(1,9) [ 3n+1 3042 3n+42 3n+2 3n+2 3n+2 3n+3 3043
(24) | 3n+2 3n+2 3n+2 3n+2 3n+2 3043 3n+3 3n43
(2,5) | 3n+1 3n+1 3n+2 3n+3 3043 3042 3n+2 3n+3
(2.6) || 4n+2 4n+3 || 4n+3 || 4n+2 | 4043 || dntd || dntd 4nt4
(28) || sn+3 5n+3 || 5043 | 5n+d || Sn+d || Sntd | Snes 5045
(3.4) || 3n+1 3n+2 || 3042 || 3n+2 | 3043 || 3042 || 3043 3n+3
(35) | sn+2 3042 || 3042 || 3n+2 | 3n+2 || 3043 | n43 3n+3
(3,6) [ 4n+2 4n+2 || 4n43 || 4n+3 | 4043 || dntd || 4nt3 an+4
(3,8) [ 5n+3 Sn+3 || 5n+3 || Sn+4 || Sn+d | Sn+d || Sn4s Sn+5
(4,7) | 6n+3 6nt4 || 6ntd || 6n+4 | 6045 || 6n+5 | 6n+6 6n+6
(4,9) [ 9n+5 9n+5 9n+6 9n+7 9n+7 9n+8 9n+8 9n+9
(57 | 6n+3 60+3 || 6044 [ 6n+5 || 6n+5 || 6045 | 6nss 6n+6
(5,9) || 9n+5 9n+6 9n+6 9n+6 9n+7 9n+8 In+9 9n+9
(6,7) || 8n+5 8n+5 8n+5 8n+6 8n+6 8047 8n+8 8n+8
(6:9) || 12046 || 12047 || 12048 || 12049 || 120410 [| 120410 | 120411 || 120412
(7,8) [ 100+5 10046 || 10n+7 || 10047 [ 10n+8 || 100+9 | 10n+9 || 10n+10
(8,9) || 15n+8 || 15n+9 || 150+10 || 150+11 | 150412 || 150413 || 150414 || 150415
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Appendix 4

Let us write A = 2cos(v/5) = 1.618. We will use the observations : (i) A? = A 4 1,
and (i) AA—1) = A=A =1.

Lemma 1: Z, is path-positive.

Proof: For convenience, we will denote the adjacency matrix of Z, by Z. Thus
0100
100
01
0010
The adjacency matrix is symmetric with respect to diagonal positions (1,4), (2, 3), (3,2)
and (4,1). The matrix is symmetric in the usual sense as well. Hence for showing Z is
path-positive it is enough to show the following:

For each nonnegative integer k, (Px(2))i; > 0 for
(5,7) € § ={(1,1),(1,2),(1,3),(1,4),(2,2), (2,3)}.

We shall prove this by induction on k. For k = 1, Py(Z) = Z, which is a
nonnegative matrix. Let the Lemma be true for all k, 1 < k < m and consider
k=m+1.

We claim that

(P2))si = (Peer(2))2i 20 for i=1,2, )

and for any nonnegative integer ¢, 1<t < m+1.
The claim is obviously true for t = 1. Let it be true forall £, 1 < ¢< u < m and

consider t = u + 1. The L.H.S. of (1) for t =u +1is

(Pusr(Z))si = (Pu(Z))ai
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(ZPu(2) = Puc1(2))si = (Pu(Z))ai

A(P(Z)i + (Pu(2))ai = (Pum1(2))3i = (Pu(2))ai

(A= 1{ZPuzs(Z) = Puca(2)}2i = (Pu-r(Z))ai +

{ZP.s(2) - Pu-a(2)}ai

A = D{(Paca(Z)1i + MPua(2))ai} = (Puna(2))si = (Pua(2))si =
(A = 1)(Pu=2(2))2i + (Pu-1(2))si

(Pucr(Z)ai + (A = DI(Pums(2)1i = (Puza(2))ai] = (Pu-a(D)wi
{ZPs(Z) = Puzs(Z)}si = (Paa(2))ai = (A = D)(Pua(2))ai +
(A=1){ZPu2(2) = Pu-s(2)}s

A(Puza(Z))ai + (Puza(2))ai = (Pazs(2))3i = (Pu=a(Z2))si +

(A = D){Puz2(2))ai = (Puza(Z)i = (Pu-2(2))zi}

AMPuca(2))2i = (A = D(Puza(2))i = (Pu=a(Z))ai

MZPus(Z) = Puca(Z) i = (Paza(2))si = (A = 1)(Pu-a(Z)i
A(Puca(2))1i + N (Pu-3(2))si = (Pu=a(2))si =

A(Pu-s(2))zi — (A = 1)(Pu-a(2))i

(Pucal 2D + M(Pu-a(2))si = (Puma(2))ai}

0

using the two induction hypotheses. Hence the claim is true. Consider the following

cases:

Case (i): Using claim, we have

(Pani(Z)n = {ZPn(2) = Pns(Z)In

= (Pa(Z2)n =~ (Pna(Z)n
{ZPns(2) = Pnoa(2)}n = (Pnaa(D)n
= MPn-1(2))a1 = (Pm-2(Z))ms
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2 (Pn-1(@)a = (Pa-a(Z))n 2 0

Cuse (ii): Using the claim again, we have
(Pasr(2)s = Pans(D)a = {ZPn(2) = Paa(2)}a
= (Pn(2))a1 = (Pa-1(2))a
= {ZPn-1(2) = Pn-2(2)}n1 = (Pnr(2))n
= A(Pn-1(2)n = (Pn-a(Z)s
= MZPn-3(2) = Pn-3(2)}n1 = (Pn2(2))n
= M(Pn-2(2)n + X(Pn-2(2))n1 = (Pm-3(Z))m} -
(Pn-2(Z))n1
= A(Pn-2(Z)n + M(Pm-2(2))s1 = (Pn2(2))n} 2 0

Case (iii): For any nonnegative integer k, we have
(Pesr (D) = (P Z2)21 = (Piea(Z))n
and hence
(Pn1(2)12 = (Pasa(2))21 = (Pms2(2)n1 + (Pn(Z))n 2 0.
Case (iv):
(Prs1(2))z2 = {ZPn(Z) = Pn-1(D)}n
= MPa(2)s2 + (Pn(Z)2 = (Pn-1(2))22
(Pa(Z)12 + (Pn(2))s2 = (Pna(Z)) 2 0

\%

by (1), we have
(Pmt1(Z)13 = (Pn41(2))n 2 0; and
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(Pr41(2))n = (Pns1(2))2 2 0-
Hence considering the above four cases we get the required result. -
Lemma 2: Zs is path-positive.

Proof: The adjacency matrix is

0 X000
A 0100
Zs=|0 1010
00101
00010

For convenience, we will denote the matrix Py(Zs) simply by P*. Thus

P*=Z,P*' - P*? | k=2,3,.. and P°=1

We have to show P* is nonnegative for all positive integer k. We will use induction
on k.
For k = 1, we have
Pr=P' =2Zs>0.
Suppose P* is nonnegative for all k, 1 <k < m and consider k = m + 1. That is
to show forall 1 <i<j <5, PFH >0

‘We claim that, for 3 <u<m+1

APy — P - (A= 1)PE3 > 0. (2)

It can be easily checked that the claim holds true for u = 3,4,.

Let the claim be true for 3 Su <t—1<m and consider u = t. For u = t, the

L.HS. of ()

= AP - P - (- DR
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= MAPU 4 P - PP - (- DR
= MO -DP P - P - (- )R
= M= DIAPE? = P+ P = Py = (A= DIPT - P
= MPF?— (A= DPT) + MPT? - P = (- DR - B
= MAPZH P - P = (0= D)+
MPS = Py - A= IR - P
= MPS+ P - PR - APES - (- DR - P
= MPE®+ Pt = PS = Py - (A= )P = P
= MAPS' = PSP - (A= DIPT - PT)
= MADPES 4 PP = P - P = P} = (A= DIP® = P
= MAPS® + P — PO = P = (A= DIPS = PT)
= ADPT - P+ (A= DR - P
MPS = Py = (A= DIP° = BT
= MAPTE - P+ A= D[P - BT+
MPEe - (A=A - P
= MAPTS = BT+ - DR = P+ P - P
= AP - P - (A= DR} AP - P
= MAPE® - P = (A= DR+ AP - P
> 0.
The first term is ive using the inducti ion for (2). The second

term is nonnegative as by using (2) for u =t — 8, we get

that is,

MNP = PI%I = A= DR 20,

AP = P 2 (A= DRI 20
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using the first induction hypothesis.
Hence (2) is true for all i, 1 <i <5 and all positive integer u, 3<u<m+1.

Therefore, using the first induction hypothesis, we get

Py - P,

&)

We now show that for all 1 <i<j <5, PF*' >0.
Case (i): For 1 < i < 5, we have using (3)

PR = AP - PR 2 PR - PR 20,
Case (ii): For 2 < i < 5, using the first induction hypothesis, we get
PR 2 PR 20
Case (iii): For 3 < i < 5, we have
PRt = PR4 PR PR = AP - PR PR
= MPpP-Pp} 4+ PR 2 0.
Case (iv): For 4 < i < 5, we have
PPt = PRAPR-PR = PRT-PRTPH PR
= APRTP- PR 4+ PR = MPRT - PR+ PR
20
Case (v): For i = 5, we have
PRt = PR-PRTt = PRTU-FRTT = PRT-PRT
= APR PRt = MPRT-PET} 20

Hence the result. =



