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Abstract

This dissertation addresses the challenge of scaling Graph Transformers by proposing
a subgraph-based strategy to reduce attention complexity. The proposed framework
preserves representational power while making attention computation tractable for large-

scale graphs.

The method begins by partitioning the input graph into K subgraphs using the METIS
algorithm. Each subgraph is encoded using a combination of local structural features
from a Graph Convolutional Network (GCN) and global positional cues from Laplacian
Positional Embeddings (LPEs). These embeddings are fused via a trainable projection

function to form subgraph tokens.

A supergraph is constructed to model interactions among subgraphs, allowing attention
to be applied over a K x K matrix instead of the full n x n space, thereby reducing
complexity from O(n?) to O(K?). Finally, a component-aware prediction strategy maps

subgraph-level predictions to individual nodes using learned weights and regularization.

Empirical evaluations demonstrate that the framework delivers higher accuracy, improved

convergence, and scalability across diverse benchmark datasets.

Keywords: Graph Transformer, Subgraph Attention, Laplacian Positional Embeddings,

Component-Aware Propagation, Scalable Graph Learning
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Chapter 1

Introduction

1.1 Background and Motivation

Graphs are versatile data structures used to capture relationships among entities across
a wide range of applications, including social networks, biological systems, and recom-
mendation platforms. Graph Neural Networks (GNNs) have become widely adopted for
learning from such data due to their ability to encode local topological patterns and

support tasks such as node classification, link prediction, and community detection.

Despite their success, conventional GNNs are limited by their reliance on local message
passing, which hinders their ability to model long-range dependencies. To overcome
this, Transformer-based architectures have been extended to graph domains, leveraging
attention mechanisms to capture global context. However, these models face scalability
issues due to the quadratic cost of computing full attention: for a graph with n nodes, this
requires evaluating an n x n attention matrix, which is often prohibitive for large-scale

graphs.

This dissertation proposes a scalable solution based on subgraph-level modeling for graph
Transformers. The core idea is to partition the input graph into k smaller subgraphs
(k < n), compute representations for each, and perform self-attention over the result-
ing subgraph tokens. This strategy reduces attention complexity from O(n?) to O(k?),

making the model more efficient while preserving structural expressiveness.

To model interactions between subgraphs, we introduce a supergraph, where each sub-
graph becomes a node and edges represent inter-subgraph connectivity. We compute
Supergraph Laplacian Positional Embeddings (Supergraph LPE) to capture
global graph layout. These global positional encodings are fused with local subgraph
embeddings to form attention-aware tokens. This dual representation enables the model

to scale efficiently while preserving both local and global structural signals.



A novel challenge in this pipeline is label propagation: since attention is performed at the
subgraph level, how do we map predictions back to individual nodes? To solve this, we
introduce a component-aware propagation mechanism that assumes all nodes within
a connected component of a subgraph share the same label. This assumption allows label
logits to be distributed back to nodes effectively and enables node-level classification from

subgraph-level inference.

1.2 Problem Statement

Graph Transformers are powerful but inherently unscalable for large graphs due to their
quadratic attention complexity. Partitioning graphs into subgraphs reduces this burden,

but raises new challenges:
e How to retain inter-subgraph interactions?
e How to generate expressive embeddings that preserve local and global structure?

e How to ensure accurate label propagation from subgraph-level predictions to node-

level outputs?

This dissertation aims to address these questions through a unified pipeline involving
subgraph decomposition, supergraph construction, embedding fusion, and component-

aware label propagation.

1.3 Objectives
The specific objectives of this dissertation are:

e To reduce the attention complexity from O(n?) to O(k?) using graph partitioning

into subgraphs and attention over subgraph tokens.

e To construct a supergraph capturing inter-subgraph relations and compute Super-

graph Laplacian Positional Embeddings.

e To design a fusion module that combines local subgraph embeddings with global

positional encodings.

e To enable node-level predictions through component-aware label propagation within

subgraphs.

e To introduce a regularization strategy that balances the contribution of components

within each subgraph during training.

e To evaluate the proposed framework on benchmark datasets with varying structural

properties.



1.4 Contributions

The key contributions of this dissertation are summarized below:

e A subgraph-level Graph Transformer framework that substantially reduces atten-

tion complexity, thereby improving scalability on large-scale graphs.

e A global structural modeling approach using supergraph abstraction and spectral

positional encodings based on Laplacian eigenvectors.

e A trainable fusion strategy that combines local GCN-based subgraph features with

global supergraph positional encodings to generate informative subgraph tokens.

e A component-sensitive prediction mechanism that leverages subgraph connectivity

patterns to derive node-level predictions through weighted attention.

e A regularization objective designed to prevent large components from dominating

the learning signal during training.

e Empirical validation conducted on six benchmark datasetsCora, Citeseer, Pubmed,
Chameleon, Squirrel, and Actordemonstrating gains in both predictive performance

and scalability.

1.5 Structure of the Dissertation

This dissertation is structured across seven chapters, each addressing a specific aspect of

the research:

e Chapter 2 lays the theoretical groundwork, covering fundamentals of graph theory,
Graph Neural Networks (GNNs), attention mechanisms, and embedding strategies
for subgraphs and supergraphs.

e Chapter 3 surveys related literature in Graph Transformers, spectral methods,

subgraph-based modeling, and techniques for reducing attention complexity.

e Chapter 4 describes the proposed framework in detail, including graph partition-

ing, local and global embedding generation, fusion mechanisms, and model training.

e Chapter 5 outlines the algorithmic pipeline and evaluates its computational effi-

ciency in terms of time and space requirements.

e Chapter 6 presents empirical evaluations, including visualizations, ablation stud-

ies, and comparisons against existing baselines.

e Chapter 7 wraps up the dissertation by summarizing the contributions and out-

lining possible future research directions.



Chapter 2
Preliminaries

This chapter outlines the core mathematical and algorithmic principles that underpin
the scalable Graph Transformer approach introduced in this dissertation. We begin with
fundamental notions from graph theory, including adjacency matrices and Laplacians,

which are central to structural and spectral graph analysis.

In addition, we introduce key concepts in Graph Neural Networks (GNNs) [1], focusing on
their message-passing mechanisms for learning node representations. The Transformer
architecture is then presented in the context of graphs, emphasizing its self-attention

operation and associated computational costs.

We further explore techniques for graph embedding generation, with particular atten-
tion to Graph Convolutional Networks (GCN) and Laplacian Positional Embeddings
(LPE)two foundational components in the subgraph-level design of our model [2]. Col-
lectively, these preliminaries establish the theoretical basis for the methodological inno-

vations discussed in subsequent chapters.

2.1 Graph Structures and Laplacian Foundations

We define a graph G = (V, E), where V' denotes the collection of nodes (or vertices), and
E C V x V indicates the set of edges that represent pairwise connections. The graph’s
connectivity can be encoded using an adjacency matrix A € R™*", where an entry A;; =1

signifies an edge between nodes v; and v;, and A;; = 0 otherwise.

The degree matrix D is a diagonal matrix that captures node degrees along its diagonal,
with each element defined as D;; = > ; Ajj.

A key construct in spectral graph theory is the unnormalized graph Laplacian, given by:

L=D-A



This matrix operator encapsulates essential information about the graph’s topology. Its
eigenvectors, referred to as Laplacian eigenvectors, form a spectral basis that reveals the
graph’s global structure. These are commonly utilized in spectral embedding methods to

position nodes in a coordinate space that preserves topological features.

In this work, Laplacian eigenvectors are employed to compute Laplacian Positional
Embeddings (LPE), which embed each node in a latent space reflecting its structural
role within the graph. These embeddings are especially valuable for modeling subgraphs
and supergraphs, as they incorporate long-range dependencies not captured by purely

local features.

2.2 Graph Neural Networks (GNNs)

Graph Neural Networks (GNNs) are a class of deep learning models designed to operate
on graph-structured data. Unlike traditional architectures that work on regular grids
(such as images or sequences), GNNs aggregate contextual information from a nodes

local neighborhood to learn expressive representations.

A visual example of this process is shown in Figure 2.1, where a target node aggregates in-
formation from its neighbors using an aggregation function. This illustrates the recursive

message-passing scheme fundamental to GNNs.

Target Node @3

Input Graph

g 0
i
= S

047 Message |, 2 e
Aggregation 'E - o

Updated Node -
Representations E o

Neighbors of A

Figure 2.1: Tllustration of the message passing process in Graph Neural Networks (GNNs).
The target node A aggregates information from its neighbors B, E, and F', each of
which computes messages based on its own neighborhood. This two-layer propagation
mechanism enables recursive representation learning.

A fundamental operation in GNNs is message passing, where nodes iteratively update
their representations by aggregating signals from neighboring nodes. The general formu-

lation is:



hHD = o (AGGREGATW ({ FOBD, RO ) | j € N(i)})) . (2.1)

Here, hgl) denotes the feature vector of node i at the [-th layer, AV (i) is the set of its
neighbors, e;; represents edge features, and o is a non-linear activation function such as
ReLU. The transformation function f® and aggregation function AGGREGATEWY are

both learnable components of the model.

A widely used GNN variant is the Graph Convolutional Network (GCN), which uses the

following propagation rule:

! 1 !
W= | 3 ——=wl . (2.2)

jeN(y V did;

Here, d; is the degree of node 7, W® is a trainable weight matrix, and symmetric nor-

malization ensures scale invariance and numerical stability during feature propagation.

In this work, we adopt a two-layer Graph Convolutional Network to derive node embed-
dings within each subgraph. These embeddings capture both local structure and attribute
information. A pooling operation is then applied to summarize node-level embeddings

into a fixed-dimensional subgraph representation.

2.3 Transformer Self-Attention

The Transformer is a neural network architecture initially introduced for sequence mod-
eling tasks, and its adaptability has enabled extensions to a variety of domains, including
graphs. A central feature of the Transformer is its self-attention mechanism [3, 4], which
enables the model to selectively aggregate information from different input tokens based

on their contextual relevance.

In self-attention, each token is mapped into three distinct vectors: a query (@), a key
(K), and a value (V). The attention score between two tokens is computed by measuring
the similarity between their query and key representations. These scores are used to

weight the value vectors.

To increase representational capacity, multiple self-attention heads are used in parallel.
Each head independently attends to different parts of the input and produces a distinct
output. These outputs are then concatenated and projected through a linear transfor-

mation:

MultiHead(Q, K, V) = Concat(heads, . .., head,)W°



A detailed illustration of this multi-head attention mechanism is shown in Figure 2.2.

Multi-Head Attention

Linear
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Bouly

Figure 2.2: Illustration of the scaled dot-product attention and multi-head attention
mechanisms used in Transformer architectures. The left diagram shows how queries (Q),
keys (K), and values (V') interact through scaled dot-product attention. The right side
shows multiple attention heads being linearly transformed, concatenated, and passed
through a final projection.

Although highly expressive, the self-attention mechanism has a computational complexity
of O(n?), where n is the number of input tokens. In the context of graphs, where each
token corresponds to a node, this quadratic scaling can be prohibitive for large graphs,

leading to high memory and computational demands.

2.4 Subgraph Partitioning for Scalable Attention

In large-scale graphs, applying self-attention across all nodes can become prohibitively
expensive due to the quadratic increase in attention matrix size. To alleviate this, a
common approach is to reduce the number of attention tokens by abstracting the graph

into coarser units.

This reduction is typically performed by decomposing the original graph into k disjoint
subgraphs using partitioning algorithms such as METIS. The goal of such algorithms
is to segment the graph in a way that minimizes inter-subgraph edge connections while

keeping the node count relatively balanced across partitions.

After partitioning, each subgraph is treated as a single token within the Transformer.
Consequently, the attention matrix size is reduced from n x n to k x k, where k < n,

significantly decreasing computational and memory requirements.

Each subgraph is then processed independently to extract two types of features: structural

encodings (e.g., via Graph Convolutional Networks) and positional encodings (e.g., based



on spectral methods). These subgraph-level representations are used as inputs to the

Transformer, enabling scalable attention mechanisms over large graphs.

2.5 Supergraph Construction and Encoding

Once the input graph has been divided into multiple subgraphs, preserving global context
becomes essential for downstream tasks. To achieve this, a higher-order abstraction called

a supergraph is constructed.

In this formulation, each node in the supergraph represents a distinct subgraph from the
original graph. An edge is added between two supergraph nodes if there exists at least one
edge in the original graph that connects nodes belonging to their respective subgraphs.

Formally, the supergraph is defined as Gg = (Vs, Eg), where:

e Vs denotes the set of subgraphs, each treated as a node in Gg;

e (u,v) € Eg if at least one edge in the original graph links a node in subgraph u

with a node in subgraph v.

This supergraph structure offers a compact and efficient way to model inter-subgraph

relationships, facilitating the integration of global information into the learning process.

To further enrich each subgraph token with global positioning cues, Laplacian Posi-
tional Embeddings (LPEs) are computed over the supergraph. These embeddings are
obtained from the eigenvectors of the normalized Laplacian matrix of Gg, encoding the
relative structural positions of subgraphs within the overall graph topology. Incorporating
LPEs into subgraph representations allows the model to reason about both fine-grained

local structures and coarse global interactions.

2.6 Embedding Fusion with Supergraph Context

Once both the structural (GCN-based) and positional (Laplacian-based) embeddings have
been generated for each subgraph, they are fused to create a unified subgraph token
representation. This fusion step is critical, as it combines localized information with

global structural awareness.

Each subgraph token is formed by combining;:

e The GCN-based embedding that captures local connectivity and node features
within the subgraph.

e The Supergraph LPE, which encodes the position of the subgraph relative to others

in the overall graph.



Two primary strategies are used for fusion:

e Weighted Sum: The structural and positional embeddings are combined using a

learnable weight parameter that controls the contribution of each branch:
Zi:Oé’chn‘i‘(l—Oé)‘gi,

where « € [0, 1] is updated during training.

e Concatenation and Projection: The local and global embeddings are concate-
nated and passed through a lightweight neural network to map them into a fixed-

dimensional representation:

z; = ¢([Zgen || 8i),

where ¢ is a parameterized transformation functiontypically implemented using a

dense layer followed by a non-linear activation function.

This fusion allows each subgraph token to encapsulate detailed node-level characteris-
tics as well as high-level positional cues, enabling more effective integration within the

Transformers attention framework.

2.7 Component-Aware Label Propagation

Since the attention mechanism in this framework operates at the subgraph level, a mech-
anism is needed to convert subgraph-level predictions back to node-level outputs. To
achieve this, each subgraph is further decomposed into its connected components using
standard graph traversal algorithms like Breadth-First Search (BFS).

An important assumption made during label propagation is that all nodes within a con-
nected component tend to share the same label. This is particularly useful in semi-
supervised learning, where labels are sparse, and local consistency within components

can be exploited for better generalization.

During training, the Transformer produces a prediction (logit vector) for each subgraph
token. These logits are then broadcasted to the nodes within each component using
component-specific weights. In essence, each node inherits the prediction of its cor-
responding component, allowing the model to make fine-grained node-level predictions

without requiring full node-level attention.

2.8 Regularization for Component Balance

A potential challenge in component-level propagation is the risk of large components

disproportionately influencing the training objective. Without proper safeguards, the



model might focus on optimizing predictions for larger regions of the graph while ignoring

smaller, yet equally important, components.

To address this, a regularization term is introduced into the loss function. This term
penalizes imbalances in the weighted contributions of components based on their sizes.
Specifically, the regularization ensures that the sum of attention weights, scaled by compo-
nent size, remains close to a fixed reference (e.g., 1.0) for each subgraph. This encourages
balanced learning across components, improves fairness in prediction, and helps avoid

overfitting to dominant structures.

This chapter presented the fundamental concepts underlying the proposed scalable Graph
Transformer architecture. By establishing a solid understanding of graph structures,
GNNs, attention mechanisms, positional encodings, and component-wise reasoning, we
set the stage for the next chapter, where the full model design, training pipeline, and

inference mechanism are described in detail.

10



Chapter 3
Literature Review

This chapter surveys key developments in the fields of Graph Neural Networks (GNNs),
Graph Transformers, and recent advancements in scalable, component-aware representa-
tion learning. It highlights both conceptual progress and practical limitations in existing
methods, setting the stage for the subgraph-supergraph framework proposed in this dis-

sertation.

3.1 Graph Neural Networks

As noted in previous surveys, “Graph Neural Networks (GNNs) have become a widely
adopted framework for processing graph-structured data due to their ability to learn node

and graph representations” [1].

The Graph Convolutional Network (GCN) [2] introduced spectral aggregation based on
graph Laplacians. Subsequent models, such as GraphSAGE [5], extended this by en-
abling inductive generalization through sampling-based neighborhood aggregation. The
Graph Attention Network (GAT) [3] further incorporated attention mechanisms to assign
adaptive weights to neighboring nodes. Other variants like GIN [6], GraphSAINT [7],
and SGC [8] have focused on enhancing model expressivity and scalability, while recent

works analyze GNN depth and over-smoothing [9].

While effective, traditional GNNs rely heavily on local message passing, which limits their
capacity to capture long-range structural dependencies. As the number of layers increases,
these models may suffer from over-smoothing, causing node representations to become
indistinguishable. Furthermore, many GNN variants assume dense and homogeneous
neighborhoods—an assumption that does not hold in real-world graphs with irregular or

sparse connectivity.

11



3.2 Graph Transformer Architectures

Transformers, originally proposed for sequential data [4], have been adapted to graph-
structured data by redefining attention over nodes and their relations. Unlike traditional
GNNs, Graph Transformers offer global receptive fields and dynamic attention mecha-
nisms. Early efforts such as the Graph-BERT [10] model leveraged relative positional
embeddings and virtual nodes to adapt Transformer layers for arbitrary graphs. Dwivedi
and Bresson [11] introduced Graph Transformer Networks (GTNs) by integrating Lapla-
cian eigenvectors for positional encoding, demonstrating the feasibility of spectral-aware

attention mechanisms.

Recent surveys [12] categorize graph Transformer models by how they handle neighbor-
hood definition, positional encodings, and sparsity. For instance, NodeFormer [13] reduces
attention complexity by learning soft structure masks, while NAGphormer [14] introduces
a tokenized paradigm by abstracting neighborhoods as sequences of learned embeddings.
Work such as SIGN [15] and FIND [16] demonstrates the value of preprocessing and

structure manipulation in reducing attention bottlenecks.

Scalability remains a central challenge. Models such as GOAT [17], SGFormer [18],
and CoAtGIN [19] reduce computational overhead by enforcing global structural priors
and simplifying attention via low-rank approximations. DAG-specific variants like DAG-
Former [20] handle topological constraints by modulating attention masks based on causal
orderings. These architectures lay the foundation for our component-aware subgraph ap-

proach, which aims to combine scalability, structure-awareness, and interpretability.

3.3 Scalable Subgraph-Based Models

To address the scalability limitations of full-graph Transformers, recent research advo-
cates partitioning strategies. These models divide the graph into smaller components
(e.g., via METIS [21]), apply local encoding, and subsequently integrate global informa-

tion.

GOAT [17] performs cluster-wise attention and then propagates global summaries across
partitions. SGFormer [18] further simplifies the encoding process by approximating self-
attention using grouped sparse tokens. These models inspire our hybrid formulation,
where both local (subgraph) and global (supergraph) structures are modeled explicitly.
Benchmark datasets like OGB [22] and Cluster-GCN [23] further emphasize the need for

scalable designs that can adapt to real-world graph complexity.

Unlike GNNs that suffer from over-smoothing, subgraph Transformers maintain repre-
sentation diversity and facilitate parallel computation. NAGphormer [14] introduces a

tokenization pipeline that learns graph-patch tokens, effectively decoupling graph size
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from Transformer complexity. This enables scalable training even on large and noisy

graphs.

Our approach builds upon these insights, but adds a component-aware fusion step that

blends learned local and global features, preserving both granularity and context.

3.4 Component-Aware Graph Learning

Beyond subgraph partitioning, structural components within each partition often encode
meaningful semantic clusters. Recognizing this, we adopt a component-aware strategy
where connected components within subgraphs are independently embedded, followed by
global integration. Prior studies on community detection in graphs [24] and differen-
tiable pooling [25] support the hypothesis that such components often reflect meaningful

substructures.

This idea is orthogonal yet complementary to approaches like NodeFormer [13], which
learns structure masks implicitly. In contrast, our model explicitly constructs component
tokens and processes them through shared Transformer layers. DAGFormer [20] motivates
our strategy of topology-aware attention by showing that attention masks can encode

causal constraints.

By combining local embeddings, supergraph topology, and component-wise attention,
our model offers an interpretable and scalable alternative to flat attention-based models.
This structure-aware representation learning is key to capturing long-range dependencies

in graph-structured misinformation and fake video data.

3.5 Fusion of Structural and Positional Embeddings

Many Graph Transformers leverage a combination of structural features and positional
encodings. Graph-BERT[10] concatenates Weisfeiler-Lehman (WL) encodings with node
features, while CoAtGIN [10] proposes coarse-to-fine fusion strategies. However, these
approaches often use static or fixed-weight fusion techniques that do not adapt to the

topology of individual subgraphs.

The integration of global and local context—especially via learnable fusion between GCN-
based embeddings and Laplacian Positional Embeddings (LPEs) [26]—remains underex-
plored. Existing models rarely use separate global positional encodings derived from a
supergraph abstraction, nor do they adaptively weight structural vs positional informa-

tion at training time.
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3.6 Supergraph Abstraction in Graph Learning

The idea of constructing a higher-level graph (supergraph) to model interactions between
substructures has been explored in molecule graphs and hypergraph models [27], but
not in the context of Transformer-based attention reduction. Existing works do not
treat subgraphs as independent tokens connected via a supergraph nor derive positional

encodings at the supergraph level.

This dissertation is among the first to:

e Explicitly construct a supergraph where each node represents a partitioned sub-

graph.
e Compute Supergraph LPEs to encode global structure across subgraphs.

e Fuse Supergraph LPEs with subgraph embeddings to form enriched attention to-

kens.

3.7 Identified Research Gaps

Based on the above review, we identify the following key gaps in the literature:
e Scalability: Most Graph Transformers are inapplicable to large graphs due to
quadratic attention complexity.

e Component modeling: Existing subgraph models ignore internal structural di-

versity, especially disconnected components.

e Fusion strategy: Prior fusion mechanisms are static and do not adapt to subgraph

topology or incorporate supergraph-level context.

e Label propagation: There is a lack of principled approaches to map subgraph-

level predictions back to nodes in a component-aware fashion.

3.8 Novelty of the Proposed Work

To address these limitations, this dissertation introduces a subgraph-based Graph Trans-

former framework with the following novel aspects:

e Subgraph-to-supergraph abstraction: Graphs are partitioned into subgraphs,
which form the nodes of a supergraph. Attention is applied at the supergraph level

using fused embeddings.
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e Fusion of global and local signals: Each subgraph embedding is constructed
via learnable fusion of local GCN-based features and global Supergraph LPEs.

e Component-aware label propagation: A novel propagation scheme is intro-
duced based on the assumption that nodes within a connected component share

the same label.

e Regularization for balanced training: A component-size-aware regularization

term is incorporated to prevent dominance of large components.

This framework offers a unified pipeline that balances scalability, structural heterogeneity,
and adaptive learning. Empirical results across graph datasets exhibiting both similarity-
based (homophilic) and dissimilarity-based (heterophilic) connections highlight the ro-
bustness of the proposed approach in delivering reliable, interpretable, and high-quality

node-level predictions.
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Chapter 4
Proposed Methodology

This chapter outlines the architectural design and core algorithmic contributions intro-
duced in this work to enable scalable and effective learning over large graph-structured
data. A key motivation is to mitigate the computational burden associated with stan-
dard self-attention mechanisms in Graph Transformers, which typically scale quadrati-
cally with input size. By shifting computation to the subgraph level, the method retains
efficiency while maintaining node-level granularity through component-aware mechanisms

and a trainable fusion strategy.

The proposed framework is structured around several key stages: graph partitioning,
computation of subgraph-level embeddings, construction of a supergraph for global con-
text, fusion of local and global representations, Graph Transformer-based processing,

component-aware label propagation, and regularization.

4.1 Overall Framework

The input graph is divided into subgraphs; this division is a disjoint partition, i.e., a node
belongs to only one subgraph. This division is performed using the METIS algorithm.
We use METIS because it provides a balanced number of nodes in each partition. After
partitioning, we go through each subgraph and perform component analysis within it.
This component analysis later helps in label propagation from subgraph logits to node
labels.

After component analysis, we conduct two parallel tasks, as shown in Figure 4.1:
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Firstly, we compute subgraph embed-
dings using Graph Convolutional Networks
(GCN), which capture local structure. Sec-
ondly, we have created a supergraph and
computed LPE embeddings for the sub-
graphs that capture the global structure of
the graph.

The reason behind computing supergraph
embeddings is that they capture the infor-
mation loss that occurred during the parti-
tioning of the graph into subgraphs.

Now, we fuse both embeddings; this fusion is
learnable. After these pre-processing steps,
we move to the input stage of the Graph
Transformer. The Graph Transformer takes
these embeddings as input, and inside the
transformer, there will be a k x k atten-
tion matrix for computing contextual em-
beddings of subgraphs. Note that this is not
n x n, but K x K, where K < n.

This contextual embedding is then passed to
the Transformer’s MLP classifier and we get

logits per subgraph.

Output
Node Label
Prediction * *--/.°"

Component- Aware
Transformation

)

Graph Transformer

Block
t .
Embedding
Fusion
— ] [
Supergraph
GCN LPE Encoding
Subgraph g
Embedding
Supergraph
L Construction )

| T

METIS Graph Partitioning

Figure 4.1: End-to-end pipeline of
the proposed model. The frame-
work begins with METIS-based
graph partitioning, followed by par-
allel local (GCN) and global (su-
pergraph LPE) embedding streams.
These are fused and passed to a
Graph Transformer block. Final
node label predictions are made us-
ing Component-Aware Transforma-
tion.

These subgraph logits are propagated using our novel technique, which is Component-

Aware Transformation. Finally, we obtain logits per node, then apply SOFTMAX and get

the predicted label of the node. Thus, our model performs node classification. This is

the overall process. We'll go over each step in the next section.
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4.2 Subgraph Partitioning and Component Analysis

We apply metis partition(G, k) to divide the input graph G into k disjoint subgraphs.
Each node v; € V receives a partition label p; € {1,2,...,k}, resulting in subgraphs
G4, G, . .., Gy that collectively span the graph:

k
G=|JGi where G;=(Vi,E;), with V;\V; =0 for i # j.

i=1

Following partitioning, we perform component analysis on each subgraph G; to detect
disconnected regions. We use breadth-first search (BFS) to identify connected compo-
nents {Ci1, Cia, . .., Cim, }. Each Cj; is a subset of node indices from V; that satisfies the

condition:

C;; € Vi such that Yu,v € Cj;, a connecting path exists between v and v

We implement this using a BFS-based component extractor that iterates through unvis-

ited nodes in G; and assigns component labels.

For each component, we record the following metadata:

e Node List: Node indices comprising the component.
e Size: Cardinality of the component, later used for normalization.

e Subgraph Index: A map linking global node IDs to component IDs.

These components serve as the fundamental units for label propagation in subsequent
processing stages. Since all nodes within a component are structurally linked, we assume

a strong likelihood of label consistency among them.

4.3 GCN-Based Local Subgraph Embeddings

Following the partitioning of the graph into subgraphs, we compute node embeddings
using a two-layer Graph Convolutional Network (GCN), which captures structural infor-
mation internal to each subgraph. Each subgraph is processed independently using its

local graph topology.

The GCN refines node representations by performing localized message passing, where
each node integrates feature signals from its immediate neighbors. This mechanism en-

ables each node to incorporate contextual cues from its local surroundings.
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Let G; = (V;, E;) be the i*® subgraph, where V; denotes the set of nodes. For every node
v € V;, the GCN computes an embedding h, by aggregating features from both the node

itself and its connected neighbors. Once all nodes in G; are processed, we obtain:
{h1,ha, ..., hp}.

To summarize GG; into a single fixed-length vector, we perform mean pooling over the

en_ 1
75" = v Zh”'

veV;

node embeddings:

The resulting vector z™ serves as a condensed local representation of subgraph G;. It
captures both structural layout and node-level features, forming one component of the
input to the fusion module. This local encoding is subsequently integrated with global

positional information for Transformer-based subgraph modeling.

4.4 Supergraph Construction and Global Positional
Encoding

Subgraph partitioning often results in a loss of global structural context. To address
this, we construct a supergraph S = (V, E;), where each node v; € V; corresponds to a
subgraph G; from the original graph. An edge (v;,v;) € Ej is introduced whenever there
exists at least one connection in the original graph linking any node from G; to any node
from Gj:

Ju € Gy, v’ € G such that (u,u’) € E.

The edge weight (v;, v;) is set to the total number of inter-subgraph edges between G; and

G, enabling the supergraph to reflect global structural dependencies across subgraphs.

Once the supergraph is formed, we compute its normalized Laplacian and extract the

top-d eigenvectors to obtain global positional encodings g; for each subgraph:

g; = SuperGraphLPE(S)[i], g € R%

These encodings g; represent the global topological roles of the subgraphs within the
original graph. Later, they are fused with the local subgraph embeddings before being
processed by the Graph Transformer, ensuring both local and global structural signals

are preserved during representation learning.
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4.5 Fusion of Structural and Positional Features

After we compute the local subgraph embeddings using GCN, and the global positional
encodings from the supergraph, we bring them together. The goal is to form a single,
rich representation for each subgraph. We use a small neural module to fuse these two
views the local details and the global structure. This helps ensure that each subgraph
token understands both its neighborhood and its position in the bigger graph.

Let z8" € R? be the local embedding of subgraph G;, obtained by applying mean or
hybrid pooling over the GCN outputs. Let g; € R? be the global positional encoding
from the Laplacian embedding of the supergraph. We then combine them to get the final

representation z; € R? using one of two methods:

e Weighted Sum Fusion:
zi=a- 28"+ (1—a)- g.

Here o € [0, 1] is a learnable weight, which is initialized evenly and updated during

training.

e Concatenation and Projection:

zi = o ([27" || &) -

In this case, we first concatenate the two vectors. Then, a small neural network
¢ : R?* — R? maps the combined vector back to the original size using two layers

and a non-linear activation.

The entire fusion module is fully differentiable, allowing it to be jointly optimized with
the rest of the model during training. Once fused, the resulting vector z; serves as the
input token for the Graph Transformer, enabling the architecture to effectively capture

how local subgraph features contribute to the broader structural context of the graph.

4.6 Graph Transformer Layers

To model high-level dependencies and relational interactions between subgraphs, we apply
a sequence of Graph Transformer layers to the fused subgraph embeddings {z1, zs, . . . , zx }.
These layers are adapted from standard Transformer architectures and tailored to func-

tion at the subgraph level.

Each Graph Transformer layer comprises the following components, as shown in Fig-

ure 4.2:
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e Multi-Head Attention: For each sub- 1

graph token z;, attention is computed Output | Subgraph logits |
A
across all other subgraph tokens, enabling / ' \
MLP
cross-subgraph information exchange. The | ‘ _________ T ______________
query (Q), key (K), and value (V') vectors ila);:rs R —
are derived from linear projections of the Feed ’
F d
input tokens. Subgraph-level attention is F
computed as: —>  Add & Norm
XH Multi-Head
] heads Attention
QKT i
Attention(Q, K, V) = softmax ( >V :

—
Scaled Dot-Product
Attention

Linear l i
g g

This operation captures long-range de-

pendencies across different regions of the

graph. A S

e Residual Connection and Normaliza- \ [ ':;“ea' J /
tion: Each attention output is combined
with its corresponding input using a resid- Input [ SRR 1,0 ]

T
ual connection, followed by layer normal-

ization to ensure training stability:. Figure 4.2: Ilustration of a Graph

Transformer Layer applied to sub-
o Feed-Forward Network (FFN): A graph tokens. The architecture in-

position-wise two-layer MLP further pro- cludes multi-head attention, resid-
cesses the attended representations. This ual connections, feed-forward lay-
ers, and final classification via an
MLP, adapted for subgraph-level
reasoning.

component also includes residual connec-

tions and normalization.
Within each Transformer layer, subgraph embeddings are iteratively refined using global
context. Let zgl) denote the embedding of subgraph G; at layer [. The update rule is:

Z(H—l)

_ @
. = TransformerLayer(z,; ).
Stacking L such layers allows effective propagation of information across subgraphs.
This subgraph-level formulation also enhances scalability: instead of computing attention
across n X n nodes, we restrict it to k x k subgraph interactions, significantly reducing

computational overhead.
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4.7 Component-Aware Prediction and Propagation

After contextualizing each subgraph via the Transformer, we generate subgraph-level

predictions by passing the graph token z; through a multi-layer perceptron (MLP):
yi = MLP(z;), ¥:€ R,

where C' is the number of target classes.

A single prediction may be insufficient for subgraphs containing multiple disconnected
regions that exhibit distinct structural patterns. To address this, we adopt a method
known as component-aware transformation, which tailors predictions at the level of

connected components within each subgraph.

Let {Ci1,Cia, ..., Cin,} denote the connected components within subgraph G;. Each
component Cj; is assigned its own transformation using a lightweight MLP MLP;; and

an associated trainable weight w;;. The component-specific prediction is computed as:
Yij = wij - MLPij(S’i)~

This yields a distinct prediction for each component. Every node v € Cj; is then assigned

the corresponding y;;.

This mechanism enhances the model’s flexibility in handling heterogeneous subgraphs by
allowing different regions to receive context-aware labels. The use of learnable weights
enables the model to emphasize more informative regions. After processing all compo-
nents, we obtain node-level logits, to which a softmax is applied to produce the final label

predictions.

By focusing on subgraph-level modeling while preserving node-level detail, this strategy

achieves efficiency without sacrificing predictive accuracy.

4.8 Regularization for Balanced Component Contri-

bution

In our setup, each component Cj; inside a subgraph G; is given a learnable weight w;;.
This weight controls how much that component contributes when we're spreading pre-

dictions to its nodes.

But theres a catch without any checks, the model might start favoring a few components
too much. That usually ends up being the bigger ones, and smaller components may get
ignored. To avoid this, we introduce a regularization term that keeps the total weighted

contribution of all components in a subgraph balanced.
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More specifically, for subgraph G; with components {Cj1,Cia, ..., Ciy, }, and each com-

ponent’s size |C;;|, we define the regularization loss as:

k m; 2
‘Creg == Z (Z wij . |CZ]| — ]_> .
=1

j=1

This loss term penalizes the model if the total weighted size of components in any sub-
graph strays too far from 1. The idea is simple: the sum _; w;; - |Cy;| reflects how much
overall "influence” the subgraphs prediction has across its nodes. By keeping this value

close to 1, we ensure that no single component dominates, and all parts get a fair say.

We add this regularization to our training loss, scaled by a hyperparameter \ so we can

control how much it affects the overall learning process.

4.9 Final Training Objective

We train the model using two loss terms:

e Cross-Entropy Loss (Lcg): Standard loss over labeled nodes using component-

aware logits. Class weights handle imbalance based on label frequency.

e Regularization Loss (L,eg): Encourages fair weight distribution across compo-

nents, as discussed earlier.

The final loss is:
L=Lcg+ N Lyeg.

Here, A controls how much regularization matters. We train with Adam and use learning
rate scheduling and early stopping to improve convergence. This regularization technique

keeps predictions accurate and avoids over-reliance on large components.

4.10 Summary

This chapter presented a modular architecture for node classification by operating at the
subgraph level with Graph Transformers. Instead of processing the full graph at once,
the graph was partitioned into smaller subgraphs using METIS, and each was analyzed

to uncover its internal structure.

To extract local context, Graph Convolutional Networks (GCNs) were used to learn node-
level representations. For global structural cues, a supergraph was formed by linking the
subgraphs, and spectral embeddings were derived from its Laplacian. The fused local and
global features were then passed through Transformer layers to capture inter-subgraph

relationships.
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To bridge subgraph-level outputs and node-level predictions, a component-aware mech-
anism was employed. Each subgraph component generated its own prediction, weighted
through trainable parameters. A regularization term was introduced to ensure equitable

contribution across subgraphs of varying sizes.

This subgraph-based strategy achieves a balance between computational efficiency and
predictive accuracy. The following chapter delves into the implementation details and

performance analysis of the proposed approach.
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Chapter 5
Algorithms and Complexity Analysis

In this chapter, the complete algorithmic design behind our subgraph-based Graph Trans-
former model is described in detail. Each step, from pre-processing of the graph to
training of the network, is explained with a focus on clarity, practical design, and com-

putational efficiency.

5.1 Graph Partitioning and Component Extraction

Input: Graph G = (V, E)
Output: Subgraphs {G1,..., G} and component metadata

Algorithm 1 Subgraph Partitioning and Component Identification

Require: Graph G, target number of partitions k
1: Use METIS to partition G into k£ subgraphs
2: for each subgraph G; do
3 Convert G; to NetworkX format
4: Run BFS to identify connected components {Cjy, ...}
5 Store node indices and sizes for each Cj;
6: end for
7: return Subgraphs and their components

Complexity:
e METIS partitioning: O(|V| + | E]).

e Component detection: O(|V] + |E]).

5.2 Supergraph Construction and Global Positional
Encoding

Input: Subgraphs {G,...,Gy}
Output: Supergraph S = (V, E;) and LPEs
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Algorithm 2 Supergraph Construction and LPE Computation

1: Initialize Vi = {G4, ..., Gy}

2: for each pair (G;,G,) do

3 if nodes in G; are connected to GG; in G' then

4 Add edge (i,7) to E, with weight = #cross-edges
5: end if

6: end for

7: Build adjacency matrix Ay, degree matrix D,

8: Compute normalized Laplacian Ly = I — Ds_l/QASDS_I/2
9: Perform eigendecomposition to get top-d LPEs

10: return Supergraph and embeddings

Complexity:

e Edge construction: O(k?).

e Laplacian eigenvectors: O(k?).

5.3 Subgraph Embedding and Fusion

Input: Subgraph G;
Output: Unified embedding z;

Algorithm 3 Subgraph Embedding and Fusion

1: Run 2-layer GCN on G; to obtain zf™"
2: Retrieve supergraph-level LPE g; corresponding to G;
3: Fuse features using either:

e Weighted sum: o -z5" + (1 — a) - g;

e Projection: ¢([z5"||gi])

4: return Fused embedding z;

Complexity:

o GCN: O(|E,|d).

e Fusion: O(d).

5.4 Training and Forward Pass

Input: Subgraph tokens {z;}, component metadata, labels
Output: Trained model

Complexity:
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Algorithm 4 Graph Transformer Training

1: for epoch =1 to T do

2 Split data into batches of subgraph embeddings

3 for each batch do

4 Run Graph Transformer: multi-head attention + FFN
5: for each component Cj; in G; do

6 Compute y;; = w;; - MLP;(y;)

7 Assign y;; to all nodes in Cj;

8

9

end for
: Compute loss: £ = CrossEntropy + A - Lyeq
10: Backpropagate and update model
11: end for
12: end for

13: return Trained model

e Transformer: O(L - k - d?).

e Component propagation: O(k-m - d).

5.5 Inference and Prediction

Input: Test subgraphs, trained model
Output: Node-level predictions

Algorithm 5 Inference Pipeline

1: for each subgraph G; do

Compute fused embedding z;

Get logits from Transformer

for each component C;; do
Predict: y;; = w;; - MLP;(y;)
Assign y;; to all nodes in Cj;

end for

8: end for

9: return Node-level predictions

Complexity:

e Inference is forward-only, no gradient computation.

e Runtime is dominated by Transformer forward + component projection.
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Chapter 6
Experimental Results

In this chapter, an experimental evaluation of the proposed Graph Transformer architec-
ture is presented. The aim of the experiments is to validate the effectiveness of a global
fusion strategy via subgraph-based attention reduction, component-level label propaga-
tion, and supergraph positional embeddings. We describe the datasets, training config-
uration, and evaluation strategy, followed by detailed results, ablation study, evaluation

metrics, and key interpretations.

6.1 Experimental Setup

6.1.1 Datasets

We evaluate our approach on a variety of graph datasets that span different levels of
homophily. These datasets are categorized as either homogeneous or heterophilic based

on their structural properties. Detailed statistics for each dataset are shown below.

Table 6.1: Homogeneous graph datasets used for node classification.

Dataset Domain #Nodes #Edges Feat. Dim #Classes
CoraSmall Citation (reduced) 2,708 5,429 1,433 7
CoraFull Citation (full) 19,793 65,311 8,710 70
Citeseer Citation 3,327 4,732 3,703 6
Pubmed Citation 19,717 44,338 500 3
AmazonComputer E-Commerce 13,381 245,778 767 10
AmazonPhoto E-Commerce 7,487 119,043 745 8

Each dataset is preprocessed by partitioning the graph into k disjoint subgraphs using
METIS. Within each partition, connected components are identified using breadth-first

search (BFS). A supergraph is constructed to capture interactions between these sub-
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Table 6.2: Heterophilic graph datasets used to evaluate generalization under weak ho-
mophily.

Dataset Domain #Nodes #Edges Feat. Dim #Classes
Chameleon Wikipedia 2,277 31,421 2,325 5
Squirrel Wikipedia 5,201 217,073 2,089 5
Actor Co-occurrence 7,600 33,544 931 5

graphs. We also compute Laplacian Positional Encoding (LPE) using the top-d eigen-

vectors of the normalized Laplacian matrix to capture node position information.

Our model is implemented in PyTorch and Deep Graph Library (DGL), with modular

design to support flexible experimentation across tasks and datasets.

6.1.2 Evaluation Metrics

e Test Accuracy: Accuracy of node classification on the test set

Train Accuracy: Peak accuracy achieved during training

Loss Curves: Trends of total, classification, and regularization losses

Epochs to Converge: Number of epochs until early stopping

Inference Speed: Average time taken for a forward pass

6.2 Results on Homogeneous Graphs

Table 6.3: Performance on Homogeneous Datasets

Dataset Test Accuracy (%) Train Accuracy (%) Epochs to Converge
CoraSmall 70.2 90.7 600
CoraFull 65.0 75.0 1000
Citeseer 38.6 72.0 525
Pubmed 59.4 85.0 610
AmazonComputer 80.0 83.0 250
AmazonPhoto 73.2 77.0 320

As shown in Figure 6.1, our model demonstrates stable convergence and consistent pre-

diction quality across homogeneous graphs.

Observations : The model effectively integrates structural and positional information.
GCN-based embeddings offered robust local representations, while the supergraph LPE
contributed global awareness. The use of weighted fusion improved convergence con-
sistency. Additionally, the inclusion of component-specific MLPs allowed more precise

handling of disconnected subgraph regions, enhancing overall prediction quality.
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Figure 6.1: Training curves and subgraph-level prediction visualizations for homogeneous
datasets (Cora, Citeseer, PubMed). The left panels show loss trends, while the right
panels compare original vs. predicted node labels within selected subgraphs.

While absolute accuracy scores on homogeneous datasets such as Cora, CiteSeer, and
Pubmed lag behind those of specialized SOTA models, our method consistently main-
tained stable training behavior and moderate generalization. This reflects the strength
of subgraph-level abstraction even in more regular and homophilic settings, although fur-
ther tuning or integration of hierarchical refinement could be beneficial. Notably, the
ability to achieve high training accuracy (e.g., 90.7% on CoraSmall) without overfitting
indicates that our architecture is capable of effectively utilizing both local and global cues

under supervision.

6.3 Results on Heterogeneous Graphs

Table 6.4: Performance on Heterogeneous Datasets

Dataset  Test Accuracy (%) Train Accuracy (%) Epochs to Converge
Chameleon 47.2 54.6 320
Squirrel 39.3 52.9 250
Actor 27.6 42.8 200

Figure 6.2 illustrates model behavior on heterophilic graphs, where label consistency is

maintained despite structural irregularity.
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Figure 6.2: Training loss breakdown and subgraph prediction overlays for heterogeneous
datasets (Chameleon, Squirrel). Each row shows classification and regularization loss
dynamics, along with corresponding prediction accuracy per subgraph.

Observations : The proposed model demonstrated strong generalization capability on
structurally irregular and heterophilic graphs. The use of subgraph abstraction and
component-aware propagation proved effective in maintaining label consistency, even
across fragmented graph regions. Regularization played a crucial role in preventing over-
fitting, particularly by balancing the influence of small and large components during

training.

Among the three evaluated datasets, our method achieved its best relative performance on
Chameleon, outperforming several baseline models and showing resilience to heterophily.
This suggests that subgraph tokenization and supergraph encoding are especially effec-
tive when long-range dependencies and diverse neighborhood patterns dominate. While
performance on Actor and Squirrel was moderate, the stability of training and prediction
overlays indicate the method’s robustness. Future improvements in fusion dynamics or

attention calibration may further elevate performance on such challenging graphs.

6.4 Comparative Evaluation

We evaluated the proposed Graph Transformer method against several established base-
lines and competitive state-of-the-art (SOTA) models across a range of widely-recognized
benchmark datasets, including homogeneous (Cora, CiteSeer, PubMed) and heteroge-
neous graphs (Actor, Squirrel, Chameleon). These benchmarks help quantify the strengths

and limitations of our approach in diverse structural scenarios.

Baseline models considered include classical methods such as GCN, GAT, SGC, and
APPNP, as well as more advanced Graph Transformer variants like NodeFormer, Graphormer,

and NAGphormer. The detailed comparative performance metrics across multiple runs
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are summarized in Table 6.5.

Table 6.5: Mean and standard deviation (with ten independent runs using random ini-
tializations) of testing accuracy on node classification benchmarks. Bold indicates best
performance among baseline models, and purple highlights our methods best comparative
result.

Dataset Cora CiteSeer PubMed Actor Squirrel Chameleon
GCN 81.6 + 04 71.6 £ 0.4 788+ 0.6 30.1+02 386+18 41.3+3.0
GAT 83.0 + 0.7 721+ 1.1 79.0 £ 0.4 298 £06 356 £21 39.2 +£ 3.1
SGC 80.1 + 0.2 71.9 £ 0.1 787+01 27.0+£09 393+23 39.0+33
APPNP 83.3 £0.5 71.8 £ 1.0 80.1 £ 0.2 31.3+£15 353+£19 384 + 2.3
NodeFormer 822 +09 725 +11 799+0.1 369+ 1.0 385415 447+ 3.1
GraphormergyarLer 78 £ 1.1 65.6 £1.0 7573 £028 339+£14 409 + 2.5 419+ 28
NAGphormer 8212 £ 1.18 7147 +1.30 79.73 +£0.28 314+12 365414 42.7+21

Subgraph-based Transformer(Ours) 70.2 &+ 0.6 38.6 £ 0.5 594 +£04 276+04 393+21 472+ 1.8

Although our SubGraphTransformer did not achieve the highest accuracy across all
datasets, it notably outperformed baseline methods on the Chameleon dataset, which
is characterized by heterophilic structures. This indicates that our model is particu-
larly effective in capturing intricate relationships and diverse local structures through
subgraph-level processing and global positional encoding. Conversely, the performance
on homogeneous datasets (e.g., Cora, CiteSeer, PubMed) suggests room for further im-

provement in subgraph tokenization and fusion strategies.

In conclusion, the comparative evaluation underscores the unique strength of our ap-
proach in handling structurally diverse and heterophilic datasets. Future enhancements
could focus on refining subgraph partitioning techniques and more sophisticated fusion
methods to improve performance on homogeneous benchmarks, potentially aligning or

surpassing existing SOTA results.

6.5 Ablation Study

To evaluate the impact of different architectural components, we conducted an ablation
study using the CoraSmall dataset. Table 6.6 summarizes how test accuracy is affected
when we remove individual modules such as GCN embeddings, Learnable Positional

Encoding (LPE), regularization, and fusion strategies.
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Table 6.6: Ablation study results on the CoraSmall dataset. Each row shows accuracy
after removing or altering key modules from the full model.

Configuration Test Accuracy (%)
Full Model (GCN + LPE + Reg + Comp. MLP) 67.0
GCN Only (no LPE, no Reg) 47.1
LPE Only (no GCN, no Reg) 60.5
No Component MLP 62.5
No Regularization 62.4
Concat Fusion (no Reg) 60.2
Add-Non-Learnable Fusion 62.8

The ablation results reveal that both local structural encoding and global positional in-
formation are crucial for model performance. Removing either the GCN or LPE modules
results in a significant drop in accuracy (by more than 6-20%), highlighting their com-

plementary contributions.

Interestingly, omitting the component-specific MLP or regularization term leads to mod-
est but consistent drops in performance, confirming their role in refining predictions and
balancing learning dynamics. The fusion strategy also plays a non-trivial role: replac-
ing the learnable projection with a static method (e.g., non-learnable addition or basic

concatenation) degrades accuracy, reinforcing the value of a trainable fusion module.

These findings support the design choices of the SubGraphTransformer and explain its
relative competitiveness, particularly in heterogeneous settings where multiple structural

cues need to be harmonized.

6.6 Interpretation

Prediction overlays show class-consistent labeling even across disconnected regions, thanks
to component-aware transformation. Attention-based subgraph tokenization effectively

captures global dependencies, while fusion and regularization enable robust convergence.

Visual inspection of subgraph-level predictions reveals that our model is capable of pre-
serving semantic coherence despite fragmented local topology. This is particularly evident
in heterogeneous datasets like Chameleon, where disconnected yet semantically similar
regions receive consistent class labels. The ability to model long-range dependencies

through supergraph positional encoding plays a key role here.

Moreover, attention weights learned across subgraphs often emphasize structurally central
or information-rich components, suggesting that the model prioritizes globally significant
regions without being overwhelmed by graph size. This supports our design choice of

reducing attention space to k x k tokens, enabling both interpretability and efficiency.
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Together, these patterns explain why our model generalizes well in structurally diverse
graphs, even if it does not always achieve the highest raw accuracy. The attention and
fusion design provide meaningful and consistent predictions, especially where traditional

message passing fails due to weak homophily.

6.7 Runtime Efficiency

Instead of node level, our model architecture operates at the subgraph level, which reduce
the computational overhead associated with full-graph attention. Instead of computing
n X n attention matrices, the attention complexity is reduced to k x k, where k < n.

This significantly lowers memory and runtime demands.

From experiments on CoraSmall, the total training time was observed to be under 3
minutes on an NVIDIA GPU (e.g., T4), with each epoch completing in under 0.3 seconds.
Inference, being forward-only, required approximately 20-30 ms per run. These metrics

validate the practical efficiency of our approach in both training and deployment settings.

The fusion and component-aware modules do not introduce noticeable runtime overhead,
as they operate on compact subgraph tokens. The entire pipeline remains scalable even

for larger datasets such as CoraFull and PubMed.

6.8 Runtime Efficiency

Instead of operating at the node level, our model architecture processes subgraphs as
fundamental attention units. This shift reduces the computational overhead associated
with full-graph attention. Specifically, the attention complexity drops from O(n?) to
O(k?), where k < n represents the number of subgraphs. This architectural design is

particularly advantageous when dealing with large-scale graphs.

From experiments conducted on the CoraSmall dataset, the total training time was ob-
served to be under 3 minutes on an NVIDIA T4 GPU, with each epoch completing
in under 0.3 seconds. During inference, forward-only processing requires approximately
20-30 ms per graph. These statistics validate the practical efficiency of our proposed
method.

Importantly, the inclusion of fusion and component-aware modules does not introduce
significant latency. Since these operate on subgraph-level embeddings, the computational
load remains minimal even in datasets with tens of thousands of nodes. Compared to
models like NodeFormer or Graphormergysarer, which may incur quadratic attention
costs or memory bottlenecks, our method maintains scalability with a predictable memory

footprint.
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Overall, the runtime profile of our method strikes a favorable balance between perfor-
mance and efficiency, making it suitable for both resource-constrained environments and

exploratory applications over structurally complex graphs.

6.9 Summary

The experimental results demonstrate the efficacy and scalability of the proposed Graph
Transformer architecture. By leveraging subgraph-level attention, the model effectively
reduces computational complexity while retaining node-level prediction fidelity. The com-
bination of normalized GCN embeddings with global supergraph positional encodings
facilitated stable convergence and enhanced generalization, particularly on structurally

irregular graphs.

Our model performed consistently across both homogeneous and heterogeneous datasets,
with its standout performance on Chameleon indicating robustness in heterophilic en-
vironments. While accuracy on some standard benchmarks did not surpass all state-
of-the-art methods, the models training stability, interpretability, and runtime efficiency
validate its practical utility. Comparative results show that our method holds competitive

ground, especially in scenarios where structural diversity and efficiency are paramount.

The ablation studies confirmed the importance of each architectural component. Both
GCN-based local context and LPE-based global positioning were shown to be essential.
Furthermore, the use of component-aware propagation and learnable fusion strategies

contributed meaningfully to the models robustness and predictive performance.

Altogether, our method offers a promising direction for scalable and interpretable graph
learning, with clear avenues for future enhancement through dynamic partitioning, im-

proved attention calibration, and integration with pretraining techniques.

35



Chapter 7

Conclusion and Future Work

This dissertation explores how Graph Transformers can be made more efficient and scal-
able, especially for large graphs. The main idea is designed around a modular and
interpretable framework for node classification that significantly reduces the computa-
tional cost of attention mechanisms. This is achieved by working with small subgraphs,
using global context through supergraphs, and incorporating structural insights through
component-aware modeling. The entire approach is designed to deliver effective learning

without losing any crucial information whether the graph is simple or complex.

7.1 Summary of Contributions

This dissertation introduces some important novel design to improve the efficiency and
interpretability of graph learning. First, it proposes a method that reduces the attention
complexity by limiting computations to only a fixed number of subgraphs reducing the
cost from O(n?) to O(k?). To retain the global structure, a higher-level supergraph is
constructed that models inter-subgraph dependencies, and spectral Laplacian Positional

Embeddings (LPEs) are used to inject global context.

A key component of this framework is a subgraph-level attention, which is efficient for
large graphs. This architecture also includes a component-aware prediction strategy,
which treats structurally distinct regions within each subgraph differently, which im-
proves classification accuracy in diverse graph structures. In addition, a custom regular-
ization term is introduced, which ensures that small components are not neglected during

training, making learning more fair and balanced.

The entire framework is implemented in PyTorch and DGL, and has been rigorously eval-
uated across multiple standard benchmark datasets. It demonstrated strong predictive

performance, fast convergence, and the flexibility to adapt to a variety of graph types.
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7.2 Limitations

Despite its strengths, the proposed method comes with a few limitations. One issue is
the computational cost of computing spectral embeddings via eigen-decomposition, which
can become significant for very large supergraphs. Another limitation is the reliance on

static graph partitioning using METIS, which is not learned or optimized during training.

Additionally, the model assumes that nodes belonging to the same connected region are
likely to exhibit similar labels, an assumption that might not hold in all real-world

datasets.

Additionally, the model assumes that nodes within a connected component tend to share

the same label, an assumption that might not hold in all real-world datasets.

7.3 Future Work

There are several promising directions for extending this work. One key improvement
would be to replace the static METIS partitioning with a learnable, differentiable module
that can adaptively split graphs in a task-specific manner. The component-level label
propagation can also be refined by incorporating soft attention or uncertainty modeling

to better handle noisy or ambiguous labels.

Local representation learning within subgraphs could be enhanced through the use of
relational GNNs, spectral filters, or even intra-subgraph attention mechanisms. Another
future avenue involves building hierarchical attention architectures that integrate multiple

levels of structure, from components to subgraphs to the supergraph.

Self-supervised pretraining techniques, such as contrastive learning or masked modeling,
could also be explored to improve transferability and generalization. Extending the model
to dynamic or temporal graphs would allow for continual learning in evolving settings.
Finally, the framework has strong potential for practical deployment in domains such
as molecular property prediction, recommendation systems, and graph-based anomaly

detection.
Code Availability: The full implementation of the proposed model, along with training

scripts and evaluation routines, is publicly available at:

https://github.com/ranjanchoubey/SubgraphTransformer.git
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Appendix A

Additional Experiments and

Analysis

A.1 Per-Class Accuracy Results

To provide a more fine-grained understanding of model behavior, we report per-class

accuracy for the Cora Small dataset in Table A.1

Class Accuracy (%)
Case Based 74.3
Genetic Algorithms 65.1
Neural Networks 73.2
Probabilistic Methods 66.0
Reinforcement Learning 64.7
Rule Learning 73.5
Theory 64.8

Table A.1: Per-class accuracy on the Cora Small dataset.

A.2 Failure Cases and Misclassifications

To understand model limitations, we analyzed nodes that were consistently misclassified
across runs. These typically belong to class boundaries with weak feature separation or

occur in structurally ambiguous components. Key failure cases include:

e Nodes in sparsely connected components with noisy or irrelevant neighbors.
e Subgraphs where certain components have imbalanced representation sizes.

e Highly heterophilic nodes in datasets like Actor or Squirrel, where label ho-

mophily is low.
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Figure A.1 shows selected examples of such failure modes, comparing ground truth and

predicted labels at the subgraph level.
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Figure A.1: Visual comparison of original and predicted labels for two subgraphs with
high misclassification rates. These examples illustrate the challenges arising from struc-
tural ambiguity and heterophily.

These cases highlight the need for future extensions involving:

e Uncertainty-aware learning
e Adaptive component weighting
e Subgraph structure-aware attention refinement
These insights motivate future work on incorporating uncertainty estimation and dynamic

component-aware refinement mechanisms to improve reliability and interpretability in

diverse graph settings.
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Appendix B

Implementation Details and

Hyperparameters

This appendix provides technical implementation details, including sample configuration

files, environment setup, execution scripts, and logging tools used in the study.

B.1 Configuration Example: Cora Small (JSON)

Below is an example configuration (in JSON format) used to train the model on the Cora
Small dataset. It controls all major hyperparameters, including learning rate, architec-

ture, regularization, and partitioning.

{
"epochs": 600,
"batch_size": 128,
"init_1lr": 0.0007,
"weight_decay": 0.0,
"dropout": 0.01,
"hidden_dim": 64,
"heads": 16,
"num_subgraph": 60,
"fusion_strategy": "weighted_sum",
"reg_lambda": 0.0009,
"partitioning": "metis",
"use_component_weighting": true,
"gcn_layers": 2,
"lpe_dim": 8

b
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B.2 Environment and Tools

All experiments were conducted in a high-performance computing environment using the

following stack:

e Language: Python 3.10

e Framework: PyTorch 2.0

Graph Library: DGL 1.1.1

Hardware: NVIDIA A100 GPU (40GB VRAM)

Utilities: TensorboardX for real-time metrics visualization

Partitioning: METIS 5.1.0 for graph decomposition

B.3 Execution Scripts

For homogeneous graphs (e.g., Cora, Citeseer, Pubmed):
python main.py --dataset CoraSmall --config configs/cora_small.json --gpu_id O
For heterogeneous graphs (e.g., Chameleon, Squirrel, Actor):

# Heterophilic dataset example

python main-hetero.py --dataset Chameleon --config configs/chameleon.json --gpu_id O

B.4 Code Organization

The codebase is modular and organized as follows:

e main.py, main-hetero.py Script entry points for different dataset types

e data_loader.py Dataset loading and preprocessing

e partitioning.py Subgraph generation and component extraction via METIS
e embedding.py GCN and Laplacian embedding computation

e fusion.py Structural and positional embedding fusion logic

e graph transformer net.py Architecture definition of the Transformer model

e train evaluate.py Training loop and evaluation logic

44



B.5 Logging and Visualization

Metrics are recorded using TensorboardX. Tracked metrics include:

e Training and validation loss curves
e Per-class accuracy on test sets

e Component-wise attention weight trends
Visualization can be launched via:

tensorboard --logdir runs/
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