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SUMMARY. Using moasure-thoorotic mothods, it is proved that if an additive arithmotical

function has a distribution, 0 must bo in tho spoctrum of that diatribution ; so also evory valuo assumed
by the function.

Again, it is shown that if an additive function has a distribution locally on onoe intorval, it has
a distribution on (—co, o).

Finally, the joint distribution of infinitly many additive arithmotical functions is considored.
PRELIMINARIES
Theorem A : Let p, = 2, Py Py .. be the prime numbers in ascending order
of magnitude. Let X, consist of the points 0,1,2,... and X, X, ... be copies of

X,. The point r of X, carries probability (1‘_%) % P r=0,1,2 0 i =123 ..
Let X be the carlesian product XyXXyX ... and P the product measure. The addilive
arithmetical function f has a distribution if and only if E; ](p:"),z,ex w converges almost
everywhere on X. (Sce Paul, 1963, p. 278).

Theorem B: Let S be any st of positive integers. In the space X above,
Tet M,(S) be the set of points (2, Zy, %, ...) such that 2. 3 ... P €8 for all sufficiently
large n (how large n should be may vary from point to point). Then P{My(8S)} < the
lower logarithmic density of S.

This theorem is proved in Paul (1962). 1 ,(S) is there called the lower magni-
fication of S.

Theorem C: As in Theorem A, consider the space X and the measure P in it.
Let f and g be two addilive arithmetical functions, each having a distribution. Then
£ and g have a joint distribution in the sense of logarithmic density and this is the same as
the joint distribution of the vandom variables % { (p2) and Sg(p¥) (Pavl, 1963;
Theorem 3). " "

This may bo extended to any finite number of additive arithmetical functions
such that each has a distribution.

1. ON THE SPECTRUM OF THE DISTRIBUTION
We recall that the spectrum of a probability distribution consists of points
z such that every open interval containing 2 carries positive probability. In this sec-
tion, we shall prove that if an additive arithmetical function f has a distributi
every valuo assumed by f is in the spectrum of the distribution. Roughly, if f assumes
a valuo onco, f assumes that valuo or neighbouring values fairly frequently.
In particular, since f(1) = 0, the number 0 invariarbly occurs in the spectrum

of f.
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Theorem 1: Let f be an additive arithmetical function having a distribution.
Then f(1) = 0, f(2), £(3), all belong lo the spectrum of the distribution.
Proof : Let f (p:") = g(z) ;  stands for tho point (z,, z,, ...). Take any
€> 0 and & such "m-o < &< 1. Let I bo a subsct of X such that P(I]) < & and
such that on II’, tho scries EI i (p:‘) converges uniformly.

Let N bo so large that

N1

Ef(plﬂ),< ¢ on II'.

Denoto

£1 (s) vy o) E 1 (o) by ¢t
Then
Yel+é(e) = gelpp on X.
P(Igia)] <) > P > 18,

Plyz) =0} > (l—-;-) (1—%‘) >0.

Now consider the joint distribution of the random variables ¢(z) and ¥(z); in this
two-dimensional distribution, the interval (—¢, €) on the ¢-axis carries probability

1 1 PR T .
> (l—?) (I—E). (1—8). So P{|g(x)| <€} > 0. But distribution of g(z) is
the same as that of f. So the point 0 belongs to the spectrum of the distribution. The
rest of the theorem is proved similarly.

2. LOOAL DISTRIBUTIONS
In this section, we prove that if an additive arithmetical function f
any given value on a set of positive integers having positive density, then f must have
a distribution. In fact we prove more general theorems.

Theorem 2: Let f be a nonnegative valued additive function. If there is

Jinile interval I(open or closed, non-degenerale or not) such that f-Y(I) has positive upper
nalural densily, then f has a distribution.

Proof : If f has no distribution, then I f (p:“) diverges towards+c0 with
"
probability 1, by the zero-one law. So the sequence of distributions of the partial
sums escapes towards-co.
Let gy(n) bo the truncated additivo function defined over all the positive
integers by
1,02

o235 5r') = £ (£") bt (P2 5
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hero the a’s are arbitrary nonnegative integers and r > M. gy has a distribution of
the discrete typo. Let 8> 0 be a common continuity point of the distributions of
1 03 Jy» +-- and let [0, A] cover the interval 1. As 3/—» o, density of g5'[0, 8] tends
to 0. Hence f-1[0, #] has density O contradiction.

If wo remove the hypothesis that f bo nonnegativo, the theorem cases to be
true. However, we salvage the result by imposing a stronger condition.

Let f be an arithmetical function. Let I be an open interval on (—co, )
and let z be a nonnegative measure defined on the Borel sets on I such that M >o.
We shall say that f(r) has distribution 4 on I in case f-}(x, #) has density equal to
M, p) for all a,f such that

(i) ael,fel,a<p,

(i) pla) = p(B)=0.

Theorem 3 : Let f(n) be an addilive arithmetical function and let f(n) have
a distribution s on an open interval I, in the sense of logarithmic or natural density. Then
if this distribution is mot uniform on I (that is, the p-measure should not be proportional
to Lebesgue measure), f has a distribution.

Remark : 1 believe the theorem is true even when the distribution on I
is uniform; but I am unable to prove this.

Proof : 'The proof leans heavily on the results and methods of Paul (1963).
As in the proof of Theorem 2 of Paul (1963), we sce that there are constants dydy ...
such that = {f (p:“) +d,,} is convergent with probability 1. Now if g,(w), go(w), ... i8

"
a sequence of random variables (on any probability space) and if Sg,(w) converges
n

with probability 1, then, as n— oo, the distribution of g,(i) converges weakly to the
distribution in which the wholo probability is concentrated at 0; this is casily proved
by using Egoroff’s theorem. It follows that d,—» 0.

As in the proof of Theorem 1 of Paul (1963), tho partial sums of the infinite
series (dy+dy+...) aro bounded. Moreover, since d,— 0, every number between the
lower and upper limits of the scquence of partial sums is a limit point of this sequence
of partial sums (we assume that the lower limit is less than the upper limit since other-
wise we shall bo assuming the truth of the theorem we are now proving). Let 0 be
any number between these lower and upper limits, Let us tako a sequence J = {im}

In Im
of positive integers such that ¥ d,— 0 as m—co. Then I f (p") converges With
r=1 =1 "

probability 1 to a random variablo g(z), as m—>co. As in tho proof of Theorem 1
of Paul (1963), the random variablo g(z)+0 has distribution 2 on 1. We may vary 0
continuously and deduco that g is uniform. Thus using tho contrary hypothesis,
we conclude that = d,, is convergent. This proves the theorem.

»

Theorem 4 : Let fbe an additive arithmetical function and let f assume the value
@ on a set of positive inlegers having positive densily. Then f has a distribution.
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Remark : & may bo any real number. It is sufficient if the condition stated
above holds for one valuo a.

The proof is practically the samo as the foregoing one. However, it may be
noted that this theorem is not exactly a special caso of the previous theorem.

3. THE JOINT DISTRIBUTION OF INFINITELY MANY ADDITIVE
ARITIMETIOAL FUNCTIONS

Let fy, fur .- bo a sequenco of additive arithmetical functions, each having a
distribution. Then any finito collection of theso functions has a joint distribution in
the senso of logarithmic density (sce Paul, 1963, p. 280).

We now consider an infinite dimensional product space ¥ = ¥;X YyX...,
each ¥, being the space of real numbers. In the space of ¥;X ...X ¥y, we introduco
the joint distribution of fj, ..., f3; wo do this for each k. The scquence of finite-di-

1 distributi thus introduced is easily scem to be consistent in the sense
that the distribution in the Y, ... ¥, space is the orthogonal projection (marginal
distribution) of the distribution in the space ¥;X...X ¥,y Ilence the fundamental
theorem discovered by Daniell, and by Kolmogorov, tells us that there is a unique
probability distribution in the infinite-di ional product space which has the given
finite-dimensional distributions as marginals. Since density is gencrally only finitely.
additive, it is of interest to examino whether this infinite-dimensional distribution
Q has any arithmetical significance. Here we prove a preliminary theorem in this
direction.

Theorem 5: Let fy, fy, ... be all monnegalive additive arithmetical functions,
each havinga distribution. Let ay > 0 be a conlinuily point in the distribulion of fy
Jork=1,2,3,.... Then the set S of positive inlegers n such that simultancoulsy fy(n)
< @y, fuln) € &y, fo(n) € @y ... has a logarithmic density and this density is equal to the
Q-measure of the ‘box’

B = [0, 2,]X[0, 2] X[0, 23] X ...

Proof : Denoting by A, A upper and lower logarithmio density, wo obtain
from the countable additivity (rather, from the consequent continuity) of Q the fact
A(s) < Q(B). Let us now consider the space X and the measure P in it (sco Prelimi-
naries). Consider 2/(S), the lower magnification of 8. Also let f,(Z")-l-f‘.(S") +oe
which converges with probability 1, be gy(z); k= 1,2, 3, ....

So A(S) > P{M(S)}, by Theorem B,
< P E{g(z) < 2 0f2) > 2 )= QB),
by Theorem C, and countable additivity of Q. This proves the theorem.
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