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Answer ALL questions. Marks are indicated in bracket which add up to 55.

However, the maximum you can score is 50.

(1) Let M be a smooth manifold of dimension n and let TM be the set {(z,v): € M,v €
T,.M?}. Prove the following:
(i) TM is a smooth manifold of dimension 2n.

(ii) T'M is orientable. [5+10=15]

2. Let M be the level set of some regular smooth map ® : R* — R™ (m < n), say
M = &~1({c}) for some ¢ € B(R") € R™. Let N(M) be the set of all pairs (p. v) where

1 "

p€ M and v € (T,M)*. Prove that this set has the structure of a smooth manifold. [10]

3. Let z,y, 2z be the usual Euclidean coordinate variables of R? and Or, 0y, 0. dencte the
corresponding globally defined vector fields, given by partial derivative w.r.t. r,y, z respec-
tively. Let R be the vector field defined by, R(z,y, z) = 28, + ydy, + 20, and let D be the
family of subspaces of tangent spaces defined by D, = {v € TR?) . < v, R(p) >= 0}, for any
nonzero p € R® and where < -,- > denotes the Euclidean inner product. Prove that D is a
smooth 2-dimensional distribution on R*\ {0} and it is integrable. What are the maximal

integral submanifolds? [10]

4. Find out (with proof) all the geodesics on the conical surface S C R3 given by
S={(r,y.2): 2>+ =2 2>0}L
110}

5. Prove that there cannot be a globally defined, smooth vector field X on the 2-sphere
8% = {(z.y,2) : 2% +y? + 2% = 1} which is nonzero at every point. [Hint: You can assume

the fact proved in class about the Gaussian curvature of the sphere. | [10]
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