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Abstract

Automated planning has been a steady branch of research in the field of Artificial Intelligence.
A very interesting branch of such planning studies is epistemic planning. Epistemic plans are
such plans where the attained goal revolves around knowledge of some intelligent agents.
One of the more popular modeling techniques and underlying language to handle knowledge
of intelligent agents is provided by dynamic epistemic logic (DEL). It uses Kripke models
that have possible states of truth and relations to model knowledge. It also uses a similar
technique to model actions or events that update the knowledge state. Since DEL deals with
how actions updating knowledge, it provides a natural way to deal with epistemic planning.
Besides DEL, there are several other logical frameworks as well dealing with change in
knowledge. One of them is epistemic temporal logic LTL𝑘 . Deciding plan-existence problem
using such logical frameworks are quite complicated and lie in the higher complexity classes.
Epistemic planning has been proven to be undecidable. This is because in order to find a
finite sequence of actions from a finite set, the updated knowledge models become arbitrarily
large. The main motivation behind this thesis is this: Coming up with a decidable and much
easier fragment of epistemic planning.

In order to do that, we have taken the help of the modeling techniques and language of
the logical framework called public observation logic (POL). POL deals with how public
observations change knowledge of intelligent agents. This framework uses a similar modelling
technique as DEL that uses Kripke models. However, in POL, each possible state of the
model has a regular expression assigned to it. This expression expresses the set of expected
observations in that particular possible state. The formulas also use operators with regular
expressions to denote change in knowledge after some public observation. This thesis majorly
deals with two problems:

The first problem is the model-checking problem of POL. Here this thesis investigates the
decidability of the problem. Moreover it also gives a tight complexity result. In addition to
that, it also deals with fragments whose model-checking lie in much easier complexity classes.
This problem finds application in epistemic planning. Considering the atomic observations
as actions, using the Kleene star operator in regular expressions, one can decide whether
there is a finite sequence of actions or a plan to achieve some change in knowledge.
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The second problem is the satisfiability problem of POL. Just like the model-checking
problem, this thesis also investigates various fragments. Infact, it provides tight complexity
results for the satisfiability of such fragments. For the full language decidability, this thesis
uses careful application of automata techniques to build an automata like model which is
equivalent to a POL model.

Even though model-checking decides existence of a plan in a specific model, satisfiability
finds utility in deciding the plan-existence problem for not just a specific model, but a class
of models. In addition to all of this, this thesis also provides interesting connections of POL
with LTL𝑘 as well as much popular public announcement logic.
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Chapter 1

Introduction

Building intelligent systems has been an important aim of Artificial Intelligence (AI) research
from the beginning. From recommendations in YouTube, to far more important domains
such as finance and healthcare, building intelligent automated systems has been a priority.

For the last few decades, designing various logical systems, and studying their computa-
tional behaviors have been of utmost importance in building such automated systems [50].
Formal logical systems that reason about various aspects of intelligent agents, such as
observability in the environment, state of the system, actions of the agents, and others,
garnered much importance in such studies.

Among these aspects, one of the most important ones for the agents to reason on is
knowledge. In particular, such logical frameworks formalise the notion of what an agent
knows. For example, the epistemic logic [37]. This framework formalises knowledge
using what is called Kripke or possible world models. Intuitively, each world is a possible
description of facts, and the agents cannot distinguish between certain possibilities using an
indistinguishability relation. This will be formalised in following chapters, but for the time
being, consider an example:

Example 1. Agents 𝐴, 𝐵,𝐶 pick three face-down cards 1,2,3. Each agent can see its own
cards and not others. Consider 𝐴 got card number 2. Hence 𝐴 cannot distinguish between
the possibility where 𝐵 has 1 and 𝐶 has 3 and the possibility where 𝐵 has 3 and 𝐶 has 1.

This example, or at least a version of it, has been well studied in [60] to motivate Dynamic
Epistemic Logic. On the face of it, Epistemic logic gives ability to reason about the knowledge
and possibilities considered by agents. But the setting seems very static. In particular, take
the example 1. What if 𝐵 tells 𝐴 about its card? Assuming all agents are truthful, this event
causes a change in the knowledge of agents, especially of 𝐴. Because 𝐴 now knows exactly
which agents posess what cards. As is evident, epistemic logic does not take such events into
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account. To introduce such dynamic nature of knowledge, an extension of epistemic logic,
called the dynamic epistemic logic (DEL) by van Ditmarsch et al. [60] is used. In addition to
representing indistinguishability among facts or truths to represent knowledge, DEL uses
similar indistinguishability among events to represent event models. These event models
are used to update the knowledge introducing a dynamic perspective. It is to be noted that,
various simpler dynamic extensions of epistemic logics were also introduced such as the
public announcement logic (PAL) by Plaza [48]. Here, the event was modelled as a formula
which represented an announcement of a fact to all agents publicly.

Another set of logical systems in a similar line of study and development is the collection
of temporal logics. These logical systems are mostly used for specification and verification
of systems.

Humans interact with innumerable amount of devices and programs that fulfill their tasks
in an automated fashion. But, what is the evidence that such devices or programs shall
maintain suitable properties after any interaction? What is the proof that they are safe at
every point of time? The difficulty arises more from the fact that most of such programs and
devices are supposed to run ideally forever along with numerous interactions with the users.
Take for example, an Operating system. Even after the computer is turned off, an OS saves its
state (relevant information about memory and programs) and starts from that saved state after
it is turned back on. So, technically, an OS is projected to run for an infinite amount of time
in the future. An user interacts with it any number amount of time. But what is the guarantee
that this OS will not run into any deadlock ever?

To verify such safety properties, temporal logics, especially linear temporal logic (LTL)
by Pnueli [49], come into play. In order to reason about certain safety properties of a system,
runs of that system are modeled, which are just infinite transition structures where each node
is a state of the system. To check whether a certain safety property always satisfies in such a
system, such infinite run is represented using finite transition structures like an automata and
the property is verified.

Both DEL and temporal logics have found utility in one of the most important branch of
studies in Artificial Intillegence: Automated Planning. In simple terms, a plan is a sequence
of actions to be performed in order to reach a certain goal. One of the most important decision
problem studied in automated planning is the plan-existence problem. Formally, given an
initial scenario and a goal, deciding whether there is a plan to reach the goal is called the
plan-existence problem.

Classical planning [30] has been around for quite some time. It essentially uses a state
transition system. Each state is characterised by truths represented by propositions and
functions over variables. In addition, there is a set of actions defined along with their
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pre-conditions. Pre-conditions of an action decides the states on which action can be
implemented.

Classical planning with propositional fact-checking has been proven to be decidable,
whereas the use of functional symbols lead to semi-decidability: if there is a plan, the decision
algorithm will stop and return yes, if not it might stop and return no or might run forever.

With the introduction of DEL, another line of research in the planning domain, viz.
epistemic planning [13] became quite popular . In epistemic planning, the main goal is to
attain a knowledge state of agents. Since DEL can verify properties like “after a certain
action, an agent knows some fact", the framework became one of the most important ones in
automated planning. For single-agent, the plan-existence problem of epistemic planning was
proved to decidable [38] . However, even for three agents, the problem has been proven to be
undecidable by Bolander et al. [14] even though model-checking of DEL has been proven to
be PSPACE-complete by Aucher and Schwarzentruber [6]. Intuitively, this is because while
talking about whether there exist some finite iteration of some set of actions in epistemic
planning (composition by Kleene-star), the product model can become arbitrarily large. This
does not happen in DEL since actions are not composed using Kleene-star.
With respect to these existing results, this thesis answers the following questions:
Question 1. Can we find a restricted framework which gives a decidable fragment of
Epistemic Planning? How about we consider atomic actions instead of event models that
have multiple possible actions?

In 2014, van Ditmarsch et al. [62] introduced the public observation logic (POL) to
reason about how public observations about the environment can change the knowledge of
agents. Note that, public actions are also dealt in PAL as well, but finite iterations of public
actions can also be dealt using POL.

This thesis shows that the model-checking problem of POL can be used in Epistemic
planning. It is also showed that the problem is indeed PSPACE-complete and involves
composition of atomic action using Kleene Star, since observations are regular expressions.

Along with the model-checking query, this thesis also answers the questions involving
existence of such plans in a class of models using the satisfiability problem of POL.

Let us note that Linear temporal logic (LTL) is a framework used to verify whether at a
certain point in time, some propositional fact holds. Extending this phenomena, to reason
about the concurrent processes and knowledge, epistemic linear temporal logic (LTL𝐾) [34] is
used. This framework can verify whether in distant future, certain knowledge change occurs
in the processes or agents.

A very useful, and also integral to POL, assumption is the no-forgetting [34, 41] and
synchronous knowledge [34] assumption. The first one suggests once an agent gains a
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knowledge, it never forgets. The second assumption suggests that all the agents are aware of
each time unit changing, that is, has access to a global clock. With common knowledge, this
logic becomes undecidable, whereas, without common knowledge, the satisfiability problem
of the logic lies in the non-elementary complexity region [34, 33]. In addition to the first
question, this thesis also tries to answer the following question as well:
Question 2. Does there exist any fragment of LTL𝐾 with no-forgetting and synchronous
assumptions that lies far below the non-elementary region?

As it turns out, POL gives one such fragment of LTL𝐾 and its satisfiability lies in
2−EXPSPACE, which is way below non-elementary classes of complexities. In addition to
that, due to the extra power of regular expression, it can verify whether at some even point of
time in the future, a knowledge change occurs. LTL𝐾 cannot count even or odd number of
points in the future. This thesis also looks into a decidability proof of model checking of an
extension of POL called epistemic protocol logic (EPL) [62]. .

Key Contributions

The following are the key contribution that this thesis makes:

1. Model-Checking Complexity of Public Observation Logic: The POL model-
checking, just like DEL, plays an important role in the plan-existence problem of
epistemic planning. In this thesis, we have a tight bound for this problem. The
upper-bound proof uses an oracle that efficiently traverses along updated models.

2. Satisfiability of Public Observation Logic: When the question is the plan-existence
problem for a class of scenarios unlike a specific scenario, satisfiability of POL is a
much more relevant question to answer rather than the model-checking. Here, the
class of scenario is characterised by a property expressed in the POL syntax. We have
tight bound for the satisfiability without Kleene-star and for the entire POL, we give
decidability in double-exponential space.

3. Model-Checking of Epistemic Protocol Logic (EPL): In addition to POL, we look
into an extension of POL called EPL as well. We study the decidability of the
model-checking problem of this extension.

Outline of Chapters

Chapter 1 gives a brief introduction to the literature of planning and verification. It also lists
the questions this thesis tackles with respect to planning and verification.
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Chapter 2 is the basics and preliminary. This chapter introduces the basic definitions of
the logical frameworks : public observation logic (POL), epistemic protocol logic (EPL).
It introduces the syntax and semantics of these logic, including the models and different
components such as regular expressions, protocols with verifiers, that they use. Along with
that, this chapter introduce the principle running examples this thesis use to motivate its
contribution.

Chapter 3 is on the model-checking study of POL. This chapter dives into a brute-force
decidability proof after introduction and motivation. After giving a dynamic programming
approach to the problem, it goes on to give the efficient algorithm along with a matching
lower bound.

Chapter 4 is on model-checking of fragments of POL. This chapter introduces constraints
over the input of the model-checker and proves their complexity. It also discusses application
of the model checking algorithm in Epistemic planning and implementation using an example.

Chapter 5 is on fragments of the satisfiability of POL. This chapter does not include the
full POL satisfiability problem. It uses the popular tableau method to prove the upper bound
before proving matching lower bounds.

Chapter 6 is the full satisfiability problem of POL. This chapter also shows the connection
between POL and Epistemic Temporal Logic (EPL).

Chapter 7 concludes this thesis along with a discussion of decidability of the model-
checking of Epistemic Protocol Logic (EPL).





Chapter 2

Background and Preliminaries

In this chapter, we provide definitions to all the notions and frameworks that are being used in
this thesis. We start with introducing the dynamic epistemic logic (DEL) [60]. This logic is
the principle driving force behind the domain of epistemic planning [14]. We also introduce
the epistemic linear temporal logic (LTL𝐾) [34], which is another framework used in this line
of research. Then we move on to introduce the logical frameworks whose computational
complexity has been studied in detail in this thesis: public observation logic (POL) [62] and
epistemic protocol logic (EPL) [62]. For notational reasons, we first specify the symbols
used throughout the thesis.

Let I be a finite set of agents, P be a countable set of propositions describing the facts
about the world and 𝚺 be a finite set of actions. Below, we will not differentiate between
the action of observing a phenomenon and the phenomenon itself. The same notations for
agents, propositions and actions will be used while defining the other frameworks as well, if
not specified otherwise.

2.1 Dynamic epistemic logic (DEL)

Dynamic epistemic logic (DEL) [60] is a logical framework extending the well-known
epistemic Logic [37]. This logic reasons about the dynamics of knowledge of multiple
intelligent agents based on the events surrounding these agents. Recall example 1 in Chapter 1.
To reason about the knowledge of agents 𝐴, 𝐵, and 𝐶 regarding the cards that the other agents
have, it is essential to model all the possibilities of hands. This forms the basic approach of
epistemic models defined below.
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𝐴1, 𝐵2,𝐶3

𝐴1, 𝐵3,𝐶2𝐴3, 𝐵2,𝐶1
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𝐶𝐶

𝐶

Fig. 2.1 Epistemic modelM𝑐𝑎𝑟𝑑𝑠 with respect to example 1.

2.1.1 Epistemic models

In this section, the epistemic models are introduced, which is essentially the basic model that
is being used in describing the planning scenarios in this thesis.

Definition 1 (Epistemic model). Given a finite set of agents I, a set of propositions P, an
epistemic modelM = ⟨𝑊,𝑅,𝑉⟩ has three components:

• 𝑊 is a countable set of possible worlds or states.

• 𝑅 = {∼𝑖}𝑖∈I is a set of equivalence relations which are called indistinguishability
relations. Each ∼𝑖 denotes the indistinguishability relation of agent 𝑖.

• 𝑉 :𝑊 → 2P is a valuation function that assigns a set of propositions to a world.

Take for example, figure 2.1 for the epistemic model describing example 1 in Chapter 1. The
agents is I = {𝐴, 𝐵,𝐶} and the set of propositions is P = {𝐴1, 𝐴2, 𝐴3, 𝐵1, 𝐵2, 𝐵3,𝐶1,𝐶2,𝐶3}.
A proposition, say for example, 𝐴1 denotes that agent 𝐴 has card 1. The modelM𝑐𝑎𝑟𝑑𝑠 =

⟨𝑊,𝑅,𝑉⟩ contains every possible hand. These are modelled by the worlds 𝑠, 𝑡, 𝑢, 𝑣,𝑤,𝑥 and
the valuations in them. The indistinguishability relations are given by the edges labelled by
agents. For example, since 𝐴 has card 1 in both the worlds 𝑠 and 𝑡 and does not know what
cards the others have, 𝐴 cannot distinguish between the worlds where 𝐵 has 2 or 𝐵 has 3.

2.1.2 Action models and updates

Recall the discussion after example 1. An event can change the knowledge state of the agents.
To model this, action models and updates are proposed [60]. Action models use a similar
approach of possibilities and indistinguishability.
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𝑝𝑟𝑒 : 𝐵1

𝑝𝑟𝑒 : 𝐵2𝑝𝑟𝑒 : 𝐵3

𝑒

𝑓𝑔

𝐶𝐶

𝐶

Fig. 2.2 Action model A𝑐𝑎𝑟𝑑𝑠 with respect to example 2.

Definition 2 (Action model). Given a set of propositions P and and a set of agents I, an
action model A = ⟨𝐸, 𝑅, 𝑝𝑟𝑒⟩ consists of three components:

• 𝐸 is a countable set of possible events.

• 𝑅𝑒 = {∼𝑒𝑖 }𝑖∈I is a set of equivalence relations, which are indistinguishability relations,
∼𝑒
𝑖

of each agent 𝑖.

• 𝑝𝑟𝑒 : 𝐸→L(P) is a pre-condition function which assigns a Boolean formula over the
set of propositions P, where L(P) is the set of Boolean formulas over P.

Intuitively, each event comes equipped with a pre-condition that tells us whether that
event can be executed in a world. The following example makes it clearer.

Example 2. Consider the action of “𝐵 tells 𝐴 its own card". The action model A𝑐𝑎𝑟𝑑𝑠

depicting this event is in figure 2.2. For each card 𝐵 can have, there can be an event, thus
there are three possible events 𝐸 = {𝑒, 𝑓 , 𝑔}. The event that 𝐵 tells 𝐴 privately that it has
card 1 corresponds to the event labelled 𝑒, the event 𝑓 corresponds to a similar phenomenon
when 𝐵 has card 2 and 𝑔 corresponds to 𝐵 having card 3. Since these events can only be
executed when 𝐵 actually has the respective cards, the pre-conditions for the events state as
much. Note that, 𝐵 has told about the card to 𝐴 privately, in the sense that 𝐶 has not heard it.
Hence, 𝐶 cannot distinguish between 𝑒, 𝑓 and 𝑔.

We have now modelled actions and we move on to consider how to reflect the update of
knowledge in these epistemic models after a certain action is performed. This phenomenon
is called an action update or a knowledge update. We describe it formally:

Definition 3 (Knowledge update). Given an action model A = ⟨𝐸, 𝑅𝑒 = {∼𝑒𝑖 }𝑖∈I, 𝑝𝑟𝑒⟩ and
an epistemic model M = ⟨𝑊,𝑅 = {∼𝑖}𝑖∈I,𝑉⟩, the knowledge update operation M⊗A =

⟨𝑊′, 𝑅′ = {∼′
𝑖
},𝑉 ′⟩ produces an epistemic model as follows:

• 𝑊′ = {(𝑠, 𝑒) | 𝑠 ∈𝑊,𝑒 ∈ 𝐸,𝑉 (𝑠) ⊨ 𝑝𝑟𝑒(𝑒)}

• 𝑅′ = {∼′
𝑖
}𝑖∈I, where each ∼′

𝑖
= {((𝑠, 𝑒), (𝑡, 𝑓 )) | 𝑠 ∼𝑖 𝑡 and 𝑒 ∼𝑒

𝑖
𝑓 }
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𝐴1, 𝐵2,𝐶3

𝐴1, 𝐵3,𝐶2𝐴3, 𝐵2,𝐶1

𝐴3, 𝐵1,𝐶2 𝐴2, 𝐵3,𝐶1

𝐴2, 𝐵1,𝐶3

𝑠, 𝑓

𝑡, 𝑔𝑢, 𝑓

𝑣, 𝑒 𝑤,𝑔

𝑥, 𝑒

𝐵

𝐵

𝐵

𝐶𝐶

𝐶

Fig. 2.3 Updated epistemic modelM𝑐𝑎𝑟𝑑𝑠 ⊗A𝑐𝑎𝑟𝑑𝑠 for examples 1 and 2 .

• 𝑉 ′((𝑠, 𝑒)) =𝑉 (𝑠)

Since a valuation at a world 𝑠, say, 𝑉 (𝑠), is basically a set of propositions, the statement
𝑉 (𝑠) ⊨ 𝜑 for any propositional formula 𝜑, expresses the fact: when all the propositions in
𝑉 (𝑠) hold, the formula 𝜑 holds as well. In what follows, we will use the terms knowledge
update and action update interchangeably.

Going back to examples 1 and 2, the modelM𝑐𝑎𝑟𝑑𝑠 ⊗A𝑐𝑎𝑟𝑑𝑠 turns out to be as depicted
in figure 2.3. The worlds are labelled as pairs of worlds (in the original epistemic model) and
events (executed on them). For example, the world 𝑠, 𝑓 in the updated model is the result of
the event 𝑓 being executed on the world 𝑠. Note that, since 𝐴 was told about the card owned
by 𝐵 privately, in the model (cf. figure 2.3), there is no indistinguishability relation with
respect to 𝐴. This is because of the fact that they all knew what cards are there on the deck
and can see their own card. Thus, the moment the information about another agent’s card
came to 𝐴, it would know what cards all the three agents have.

2.1.3 Syntax of DEL

We have introduced the concepts of epistemic and action models and their interactions, aka
knowledge update models. We are now ready to describe a logical language to express
properties of knowledge, actions and the updates. In this section, we introduce the language
of DEL. A property expressed in the language is termed as a formula. The formal definition
of DEL formulas is given below.
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Definition 4 (DEL Syntax). Given a finite set of agents I, a set of propositions P, a DEL
formula 𝜑 can be of the following form:

𝜑 ::= ⊤ | 𝑝 ∈ P | 𝜑∧𝜑 | ¬𝜑 | 𝐾̂𝑖𝜑 | ⟨A, 𝑒⟩𝜑,

where A is an action model and 𝑒 is an event in it.

In addition to Boolean formulas, DEL includes formulas of the form 𝐾̂𝑖𝜑 which can be
read as ‘agent 𝑖 considers 𝜑 a possibility’. We represent the dual notion of this operator as 𝐾𝑖𝜑
(𝐾𝑖𝜑 ≡ ¬𝐾̂𝑖¬𝜑) which expresses ‘agent 𝑖 knows 𝜑’. . The formula ⟨A, 𝑒⟩𝜑 is used to express
the following: there is an occurrence of the event 𝑒 in A at the current world after which 𝜑
holds. For example, ⟨A𝑐𝑎𝑟𝑑𝑠, 𝑓 ⟩𝐾𝐴 (𝐶3∧𝐵2) expresses the fact that after 𝐵 tells 𝐴 it has card
2 (expressed by the modal operator ⟨A𝑐𝑎𝑟𝑑𝑠, 𝑓 ⟩), 𝐴 knows that 𝐶 has 3 and 𝐵 has 2. The dual
notion of this is represented as the box operator [A, 𝑒]𝜑, where [A, 𝑒]𝜑 = ¬⟨A, 𝑒⟩¬𝜑.

2.1.4 Semantics for DEL

We now define the interpretations of these formulas in terms of the models introduced earlier.
Essentially, given an epistemic model, a formula is evaluated at a world/state in the model.

Definition 5 (Truth Conditions of DEL). Given an epistemic modelM = ⟨𝑊,𝑅 = {∼𝑖}𝑖∈I,𝑉⟩,
a world 𝑠 ∈𝑊 (pointed model) and a DEL formula 𝜑, the truth definition of 𝜑 at the pointed
modelM, 𝑠, denoted byM, 𝑠 ⊨ 𝜑, is given inductively as follows:

M, 𝑠 ⊨ 𝑝⇔𝑝 ∈ 𝑉 (𝑠)
M, 𝑠 ⊨ ¬𝜑⇔M, 𝑠 ⊭ 𝜑

M, 𝑠 ⊨ 𝜓∧ 𝜒⇔M, 𝑠 ⊨ 𝜓 andM, 𝑠 ⊨ 𝜒

M, 𝑠 ⊨ 𝐾̂𝑖𝜓⇔∃𝑡 : 𝑠 ∼𝑖 𝑡 andM, 𝑡 ⊨ 𝜓

M, 𝑠 ⊨ ⟨A, 𝑒⟩𝜓⇔𝑉 (𝑠) ⊨ 𝑝𝑟𝑒(𝑒) andM⊗A, (𝑠, 𝑒) ⊨ 𝜓

Coming back to the examples 1 and 2, recall the models M𝑐𝑎𝑟𝑑𝑠 and A𝑐𝑎𝑟𝑑𝑠, and
the formula ⟨A𝑐𝑎𝑟𝑑𝑠, 𝑓 ⟩𝐾𝐴 (𝐶3 ∧ 𝐵2). It holds at the pointed model M𝑐𝑎𝑟𝑑𝑠, 𝑠. Formally,
M𝑐𝑎𝑟𝑑𝑠, 𝑠 ⊨ ⟨A𝑐𝑎𝑟𝑑𝑠, 𝑓 ⟩𝐾𝐴 (𝐶3 ∧ 𝐵2). with respect to definition 5, since 𝐵2 ∈ 𝑉 (𝑠), 𝑓 is
indeed executable on 𝑠. Moreover,M𝑐𝑎𝑟𝑑𝑠 ⊗A𝑐𝑎𝑟𝑑𝑠 is the model given in figure 2.3. Now,
all that is left to check is whether M𝑐𝑎𝑟𝑑𝑠 ⊗A𝑐𝑎𝑟𝑑𝑠, (𝑠, 𝑓 ) ⊨ 𝐾𝐴 (𝐶3 ∧ 𝐵2). Note that, as
given in figure 2.3, (𝑠, 𝑓 ) is the only world 𝐴 cannot distinguish from (𝑠, 𝑓 ) in the model
M𝑐𝑎𝑟𝑑𝑠 ⊗A𝑐𝑎𝑟𝑑𝑠 (cf. figure 2.3) and both 𝐶3 and 𝐵2 hold there.
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2.1.5 Model checking problem for DEL

An interesting computational problem regarding DEL is the model checking problem. Given
a pointed epistemic modelM, 𝑠 and a DEL formula 𝜑, the model checking problem for DEL
is to check whetherM, 𝑠 ⊨ 𝜑. This problem has been shown to be PSPACE-complete [6].

As mentioned earlier, for obvious reasons, the model-checking problem of DEL plays
a huge role in epistemic planning. The fact that DEL formulas can express whether after
an execution of some action updates certain agents’ knowledge plays a crucial role in
planning. Aucher and Schwarzentruber [6] considered composing actions in the modalities
with non-deterministic choice (⟨(A1, 𝑒1) + (A2, 𝑒2)⟩𝜑) and sequential execution (⟨(A1, 𝑒1) ·
(A2, 𝑒2)⟩𝜑). They showed that the model checking problem for this extended language is
PSPACE-complete as well.

However, the most important question that is tackled in epistemic planning is "whether
there exists a sequence of actions such that after executing them, a certain knowledge formula
holds". To incorporate such an expressibility, the DEL syntax needs to be extended with a
form of iteration, Kleene star, for example (⟨((A1, 𝑒1) + (A2, 𝑒2))★⟩𝜑). Unfortunately, this
extension makes the model checking problem undecidable since it has been shown that such a
model checking problem can be reduced to epistemic planning [5] which is undecidable [14].

This thesis, however, studies a logical frameworks, POL, which is capable of expressing
such iterations while keeping the model checking problem decidable. We will introduce these
frameworks in later sections. Before that, we introduce another logical framework, LTL𝑘 ,
which is also used in epistemic planning.

2.2 Epistemic temporal logic (LTL𝑘)

Consider the following general scenario given by [34]: A system of 𝑚 processors run
concurrently. As previously, these processes can be considered as agents. We want to reason
about the knowledge these processes or agents have of the system and of other agents and the
temporal effect on such knowledge, that is, how knowledge changes with time, as the overall
state of the system changes.

2.2.1 Epistemic temporal models

An epistemic temporal model is similar to the models previously introduced, the only
difference being that the indistinguishability relations are defined on points in runs. To
formally introduce the model, we first introduce some terms.
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𝑝, 𝑞 𝑝 𝑞 𝑝,𝑟 p 𝑟
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Fig. 2.4 An epistemic temporal modelMLTL𝑘
of one process.

Definition 6 (Epistemic Temporal Model). Given a system of 𝑚 distributed processes (agents)
and a set of propositions P, a system is represented by a countable set R of runs. Each 𝑟 ∈ R
is a function 𝑟 : N→ 𝐿, where 𝐿 is a countable set (possibly infinite) of labels. A single point
in a run 𝑟 at 𝑛 ∈ N is denoted by 𝑟 (𝑛). An interpreted model ⟨R,𝑉⟩ consists of the set of runs,
R and an evaluation function 𝑉 : R ×N→ 2P assigning truth value to points in the runs. An
epistemic temporal model is given byM = ⟨R, 𝑅 = {∼𝑖}𝑖∈I,𝑉⟩, where I = [𝑚], ∼𝑖’s give the
indistinguishability relations on the points in runs with (𝑟 (𝑛), 𝑟′(𝑛′)) ∈∼𝑖 denoting that agent
𝑖 cannot distinguish among the 𝑛𝑡ℎ point of run 𝑟 and the 𝑛′𝑡ℎ point of run 𝑟′.

Essentially, the set R consists of all possible runs that a system can form. Each run is a
(possibly) infinite linear string of labels or points, each point representing a state of the entire
distributed system. The agents (𝑚 processes) may not distinguish among different points over
the runs. The function 𝑉 assigns truth values to each of these points.

For example, figure 2.4 represents an epistemic temporal model with one process. Here,
𝑅 = {𝑠, 𝑡, 𝑢, 𝑣} is the set of all possible runs the process can achieve. Each node (e.g., 𝑠,1
or 𝑡,4 in the grid) is a run-point and the valuation is mentioned inside those points, for
example 𝑉 (𝑠,1) = {𝑝, 𝑞}. The indistinguishability (equivalence) relation here has been given
by equivalent class of ∼1. Each color represents one equivalent class, that is, if the system is
in point (𝑢,3), it cannot distinguish this point and every orange points.

2.2.2 Epistemic temporal logic (LTL𝑘) syntax

We now introduce a language to reason about such temporal models. Since the questions
we want to ask out of these models involve both "what an agents knows" and "properties
satisfying in some finite future", we have knowledge operators as well as temporal operators.
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Definition 7. Given a finite set of agents or processes I, a set of propositions P, an LTL𝑘
formula 𝜑 can be of the form:

𝜑 ::= ⊤ | 𝑝 ∈ P | 𝜑∧𝜑 | ¬𝜑 | 𝐾̂𝑖𝜑 | 𝑋𝜑 | 𝜑𝑈𝜑

Besides the usual propositions and the knowledge operators, this syntax also uses
additional operators for verifying temporal properties. The formula 𝑋𝜑 expresses that 𝜑
holds in the next run point. The formula 𝜑𝑈𝜓 expresses that 𝜑 holds in the run until a point
arrives where 𝜓 holds. There are other operators that have also been used in literature, such
as 𝐹𝜑 = ⊤𝑈𝜑, which expresses that at some future point in the run, the formula 𝜑 holds.
Also there is a global operator 𝐺𝜑 = ¬𝐹¬𝜑 which expresses that 𝜑 will always hold.

For example, the formula (𝑝 ∨ 𝑞 ∨ 𝑟)𝑈¬(𝑝 ∨ 𝑞 ∨ 𝑟) expresses that one of 𝑝, 𝑞 or 𝑟
should conmtinue holding until there will be a point where none of them holds. Also,
(𝐾̂ 𝑝)𝑈 ((𝐾𝑝) ∧ 𝑋 (¬𝐾𝑝) says that the process will keep considering 𝑝 a possibility until a
point comes when it knows 𝑝 but loses the knowledge in the next point.

2.2.3 Semantics for LTL𝑘

The only question that remains in LTL𝑘 is how are the properties that are expressed using the
above language in definition 7 are interpreted in the model in definition 6.

Definition 8 (Truth Conditions of LTL𝑘 ). Given an epistemic temporal modelM = ⟨R, 𝑅 =

{∼𝑖}𝑖∈I,𝑉⟩ and a point (𝑟, 𝑖) where 𝑟 is a run and 𝑖 ∈ N and given an LTL𝑘 formula 𝜑, whether
the formula 𝜑 holds inM, 𝑟, 𝑖, noted asM, 𝑟, 𝑖 ⊨ 𝜑 is defined inductively as:

M, 𝑟, 𝑖 ⊨ 𝑝⇔𝑝 ∈ 𝑉 (𝑟, 𝑖)
M, 𝑟, 𝑖 ⊨ ¬𝜑⇔M, 𝑟, 𝑖 ⊭ 𝜑

M, 𝑟, 𝑖 ⊨ 𝜓∧ 𝜒⇔M, 𝑟, 𝑖 ⊨ 𝜓 andM, 𝑟, 𝑖 ⊨ 𝜒

M, 𝑟, 𝑖 ⊨ 𝐾̂𝑖𝜓⇔∃(𝑟′, 𝑖′) : (𝑟, 𝑖) ∼𝑖 (𝑟′, 𝑖′) andM, 𝑟′, 𝑖′ ⊨ 𝜓

M, 𝑟, 𝑖 ⊨ 𝑋𝜓⇔M, 𝑟, 𝑖+1 ⊨ 𝜓

M, 𝑟, 𝑖 ⊨ 𝜓𝑈𝜒⇔∃ 𝑗 > 𝑖 : for all 𝑖′ ∈ [𝑖, 𝑗 −1],M, 𝑟, 𝑖′ ⊨ 𝜓 andM, 𝑟, 𝑗 ⊨ 𝜒

Take for example the model MLTL𝑘
in figure 2.4 and the formulas discussed after

definition 7.
Note that,MLTL𝑘

, 𝑠,1 ⊨ (𝑝∨ 𝑞∨ 𝑟)𝑈¬(𝑝∨ 𝑞∨ 𝑟), since at 𝑠,5, nothing holds true and it
is the first point to do so.
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Also,MLTL𝑘
, 𝑣,1 ⊨ (𝐾̂ 𝑝)𝑈 ((𝐾𝑝) ∧ 𝑋 (¬𝐾𝑝)). This is so because in all the initial points

in 𝑣 from 1, the process considers 𝑝 possible, that is it lies in the orange region. But as soon
as it enters 𝑣,4, the process knows 𝑝 because 𝑝 is true in all the blue points. Moreover, as
soon as it moves to the next point which is a white one, 𝑝 is not a knowledge then. Note
that, since the example involves only one process, the operators 𝐾̂ and 𝐾 does not have any
subscript to it. Although, one can use 𝐾̂1 and 𝐾1 in such single process cases to be precise,
we choose to ignore it.

2.3 Epistemic Propositional Dynamic Logic (EPDL)

In this section, we discuss another logical framework, EPDL, that is used in epistemic
planning. This logic is a combination of propositional dynamic logic (PDL) and epistemic
logic. The syntax and semantics of PDL is not discussed here, but can be found in [35]. For
detailed discussions on EPDL, we refer the reader to [41].

Definition 9 (EPDL Syntax). Given a finite set of agents I, a set of propositions P, a finite set
of actions 𝚺, an EPDL formula 𝜑 and a program 𝜋 can be of the following form:

𝜑 ::= ⊤ | 𝑝 ∈ P | 𝜑∧𝜑 | ¬𝜑 | 𝐾𝑖𝜑 | [𝜋]𝜑,
𝜋 ::= 𝑎 ∈ 𝚺 | 𝜑? | 𝜋 · 𝜋 | 𝜋+ 𝜋 | 𝜋★

Here, the expressions 𝜋 are treated as programs and the formula [𝜋]𝜑 expresses that
after every possible execution of the program 𝜋, the formula 𝜑 holds. The program 𝜋 can be
an action 𝑎 ∈ 𝚺, a test 𝜑? (which checks whether 𝜑 holds in the current state), a sequential
execution of two programs (𝜋1 · 𝜋2), a non-deterministic choice between two programs
(𝜋1+ 𝜋2) or an iteration of a program (𝜋★).

2.3.1 Semantics for EPDL

First we introduce the model for EPDL formulas. The model is an extension of the epistemic
models introduced in definition 1. In addition to the indistinguishability relations, the model
also includes transition relations for each action in 𝚺.

Definition 10 (EPDL Model). Given a finite set of agents I, a set of propositions P and a
finite set of actions 𝚺, an EPDL model is a tupleM = ⟨𝑊,𝑅 = {∼𝑖}𝑖∈I, {→𝑎}𝑎∈𝚺,𝑉⟩ where
𝑊,∼𝑖’s and 𝑉 are as in definition 1 and each→𝑎⊆𝑊 ×𝑊 is a transition relation for action
𝑎 ∈ 𝚺. Further more this transition relation can be extended to programs as follows:

• 𝑠→𝜑? 𝑡 iff 𝑠 = 𝑡 andM, 𝑠 ⊨ 𝜑 as per definition 11.
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• 𝑠→𝜋1;𝜋2 𝑡 iff there exists a 𝑢 ∈𝑊 such that 𝑠→𝜋1 𝑢 and 𝑢→𝜋2 𝑡

• 𝑠→𝜋1+𝜋2 𝑡 iff 𝑠→𝜋1 𝑡 or 𝑠→𝜋2 𝑡

• 𝑠→𝜋★ 𝑡 iff there exists a sequence of worlds 𝑠0, 𝑠1, . . . , 𝑠𝑛 such that 𝑠 = 𝑠0, 𝑡 = 𝑠𝑛 and
for each 0 ≤ 𝑖 < 𝑛, 𝑠𝑖→𝜋 𝑠𝑖+1

Now we give the truth conditions for EPDL formulas.

Definition 11 (Truth Conditions of EPDL). Given an EPDL modelM = ⟨𝑊,𝑅 = {∼𝑖}𝑖∈I, {→𝑎

}𝑎∈𝚺,𝑉⟩, a world 𝑠 ∈𝑊 (pointed model) and an EPDL formula 𝜑, the truth definition of 𝜑 at
the pointed modelM, 𝑠, denoted byM, 𝑠 ⊨ 𝜑, is given inductively as follows:

M, 𝑠 ⊨ 𝑝⇔𝑝 ∈ 𝑉 (𝑠)
M, 𝑠 ⊨ ¬𝜑⇔M, 𝑠 ⊭ 𝜑

M, 𝑠 ⊨ 𝜓∧ 𝜒⇔M, 𝑠 ⊨ 𝜓 andM, 𝑠 ⊨ 𝜒

M, 𝑠 ⊨ 𝐾𝑖𝜓⇔∀𝑡 : 𝑠 ∼𝑖 𝑡,M, 𝑡 ⊨ 𝜓

M, 𝑠 ⊨ [𝜋]𝜓⇔∀𝑡 : 𝑠→𝜋 𝑡,M, 𝑡 ⊨ 𝜓

As we will see later, the syntax of EPDL is very similar to the logical framework POL
that is studied in this thesis. Hence EPDL is another such logic that can talk about finite
iterations. Although, as it can be seen in the previous definition, how the knowledge changes
with execution of programs is explicitly mentioned in the EPDL model. Hence, even though
model-checking is computationally easier, the input itself is quite space consuming.

Moreover, the programs are not fine-grained enough. To be precise, unlike DEL, the
programs do not carry a formal mechanism of how the knowledge is changing. It is just
hardcoded in the model. Whereas in POL, such programs (observations in POL) has a
formal mechanism of knowledge update.

2.4 The Public Observation Logic (POL) and an Extension

First a few of the running examples are introduced which are used in this entire thesis.
We introduce scenarios that we model and interpret using the logical frameworks we use,
especially POL and EPL framework. Following which we formally define the logic, its
syntax and semantics.
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2.4.1 Running Examples

Let us first provide two examples showing the diverse nature of such reasoning phenomena.

• Consider a person traveling from Switzerland to France in a car. Here is one way she
would know whether she is in France. According to her expectations based on the traffic
light signals of the different states, if she observes the sequence of (green∗-amber-red∗)∗

(∗ denotes the continuance of such sequences), she would know that she is in France,
whereas if she observes (green∗-amber-red∗-amber)∗, she would know that she is not.

• Consider three agents denoted by Sender (S), Receiver (R) and Attacker (A). Suppose S
and R have already agreed that if S wants to convey that some decision has been taken,
S would send a message, say 𝑚, to R; otherwise, S would send some other message,
say 𝑚′, to R. Suppose also that A has no information about this agreement. Then upon
getting a message from S, there would be a change in the knowledge state of R but not
A.

The first example concerns a certain rule that we follow in our daily life, and the second example
brings in the flavour of coded message-passing under adversarial attacks. Expectations about
the moves and strategies of other players also occur naturally in game theory, and possible
behaviours of players are represented in these terms. Moving from theory to actual games, in
the strategy video game Starcraft1, one player may know/expect that the other player will
attack her base as soon as possible, and thus may play accordingly. Games like Hanabi2,
and Colored Trails [24] also consider the connection between expectations and observations
regarding the moves and strategies of the other players. Besidees these examples that is used
to motivate the definitions, three (very similar) example scenarios are used to motivate the
utility of the algorithms in this complexity study. The examples follow an automated robot
(cleaning bot or a drone) and two agents whose knowledge vary as per their observations on
how the drone moves.

Example 3. Let us consider an automatic farming drone that is moving in a field represented
as a grid (see Figure 2.5). Two agents 𝑎 and 𝑏 help the farming drone. The system is adaptive
so the global behaviour is not hard-coded but learned. We suppose that the drone moves
on a grid and agents 𝑎 and 𝑏 may observe one of the four directions: 𝚺 := {▶,◀,▲,▼}.
For instance, observing ◀ means that the drone moves one-step left. For this example, we
suppose that agent 𝑎 has learned that there are three possible expectations for the drone:

1https://en.wikipedia.org/wiki/StarCraft_(video_game)
2https://en.wikipedia.org/wiki/Hanabi_(card_game)

https://en.wikipedia.org/wiki/StarCraft_(video_game)
https://en.wikipedia.org/wiki/Hanabi_(card_game)
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Fig. 2.5 Field and an automatic farming drone.

1. the drone may go up-right searching for water, but the drone can make up to one wrong
direction (▼ or ◀).

2. the drone may go down-left searching for power supply, but the drone can make up to
one wrong direction (▲ or ▶).

3. the drone is patrolling making clockwise squares.

Although agent 𝑎 considers all three of the above possibilities, agent 𝑏 has more
information and knows that the behaviour of the drone would include either searching for
water or power supply. Agents 𝑎 is programmed so that if she knows that the drone is
searching for water then she will turn on the valve, and if she knows that the drone is searching
for power, she will prepare the power supply. Agent 𝑏 is programmed in the same way.

Example 4. Let us consider a robotic vacuum cleaner (vbot) that is moving on a floor
represented as a 7×7 grid (see Figure 2.6). On the top right of the floor, there is a debris-
disposal area, and on the bottom left, there is a power source to recharge. Two children
Alice and Bob are awed by this new robotic cleaner. They are watching it move and trying to
guess which direction it is moving. The system is adaptive, thus the global behaviour is not
hard-coded but learned. We suppose that vbot moves on a grid and the children may observe
one of the four directions: right (▶), left (◀), up(▲) or down(▼), and of course, combinations
of them. Note that, for example, observing ◀ means that the bot moves one step left. Let
Alice be aware of a glitch in the bot. Then her expectations regarding the vbot’s movements
include the following possibilities:

1. The bot may go up or right for debris-disposal, but may make an erroneous move, that
is, a down or a left move.

2. The bot may go towards power source without error.

The only difference between Bob’s expectation and that of Alice is that Bob does not consider
the bot to make an error while moving towards debris-disposal since he is unaware of the
glitch.
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Fig. 2.6 A robotic vacuum cleaner on the floor (in the middle of the grid). The power source is at
bottom left, whereas the debris-disposal area is at top right.
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Fig. 2.7 A robot Æ, some power sources �, and the debris-disposal area �.

Suppose the vbot is indeed moving towards power. Hence if the bot makes one left move,
◀, Bob would know that the bot is moving towards power whereas Alice would still consider
moving towards debris-disposal a possibility.

Example 5. Consider a cleaning robot in an 8×8 square maze with power sources on every
alternate border cells (Figure 2.7). Suppose the robot is currently in a charging station, the
third one from the top on the left. Also, it disposes debris on the top left corner of the maze.
Here the assumption is that robot can either go horizontally or vertically, and blink a flag on
display when it stops (Σ = {◀,▶,▲,▼,c}).

Consider two agents 𝐴 and 𝐵, observing the robot moves and guessing the goal of the
robot. The robot can either go to dispose off the debris, one cell at a time, or for a charging
cell, in which case the robot will cover two cells at each step. Some of the charging cells
turning off and on at regular intervals, so that they do not waste power. Thus, the robot, when
going for the charging, she needs to keep on looking until it finds a suitable station.

Agents 𝐴 and 𝐵 both consider the two goals as possible. In addition, 𝐵 is also aware that
while going to the debris disposal area, the robot might face a glitch and then it may blink a
flag after even number of moves towards a charging station and afterwards move on towards
the debris area.

Consider that the robot is actually moving towards debris. Hence, if the robot, from the
current position (cf. Figure 2.7), makes an even number of moves to a charging point and
then blinks a flag, agent 𝐴 would be sure that the robot is going for a charging point, yet 𝐵,
since it is aware of the glitch, would still consider debris area as a possible goal.
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2.4.2 Observations

For our purposes, we assume observations to be finite strings of actions. In the traffic example,
an observation may be green-amber-red-green (abbreviated as 𝑔𝑎𝑟𝑔) or, green-amber-red-
amber-green (abbreviated as 𝑔𝑎𝑟𝑎𝑔), among others, whereas, in the message-passing example,
an observation is either𝑚 or𝑚′. An agent may expect different (even infinitely many) potential
observations at a given state, but to model agent expectations, they are described in a finitary
way by introducing the observation expressions (as regular expressions over 𝚺):

Definition 12 (Observation expressions). Given a finite set of action symbols 𝚺, the language
Lobs of observation expressions is defined by the following BNF:

𝜋 ::= ∅ | 𝜀 | 𝑎 | 𝜋 · 𝜋 | 𝜋+ 𝜋 | 𝜋∗

where ∅ denotes the empty set of observations, the constant 𝜀 represents the empty string,
and 𝑎 ∈ 𝚺.

In the traffic example, the observation expression (𝑔∗𝑎𝑟∗)∗ models the traveller’s expecta-
tion of traffic signals in case she is in France. In the other one, the expression 𝑚 models the
expectation of the receiver in case a decision is made.

In the cleaner bot example 4, the observation expression (◀ ·▼+ ▶ ·▲) models the
expectation of the bot’s movement in either way, towards the power source or the debris-
disposal area, whereas (◀)3 · (▼)3 models the expectation of moving towards the power
source.

Definition 13 (Size of observation expressions). Given an observation expression 𝜋, the size
of 𝜋, |𝜋 | can be defined inductively as follows:
|𝜀 | = |∅| = 0
|𝑎 | = 1
|𝜋 · 𝜋′| = |𝜋+ 𝜋′| = |𝜋 | + |𝜋′| +1
|𝜋∗ | = |𝜋 | +1

In the traffic example, the observation expression (𝑔∗𝑎𝑟∗)∗ models the traveller’s ex-
pectation of traffic signals in case she is in France. Evidently, in this case, the size of the
observation expression, (𝑔∗𝑎𝑟∗)∗, is 6. The semantics for the observation expressions are
given by sets of observations (strings over 𝚺), similar to those for regular expressions [54].

Definition 14 (Semantics of observation expressions). Given an observation expression 𝜋,
the corresponding set of observations, denoted by L(𝜋), is the set of finite strings over 𝚺
defined as follows:
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L(∅) = ∅
L(𝜀) = {𝜖}
L(𝑎) = {𝑎}
L(𝜋 · 𝜋′) = {𝑤𝑣 | 𝑤 ∈ L(𝜋) and 𝑣 ∈ L(𝜋′)}
L(𝜋+ 𝜋′) = L(𝜋) ∪L(𝜋′)
L(𝜋∗) = {𝜀} ∪⋃

𝑛>0(L(𝜋 · · ·𝜋︸︷︷︸
𝑛

))

For example, L(𝑚) = {𝑚}, and L((𝑔∗𝑎𝑟∗)∗) = {𝜀, 𝑎, 𝑔𝑎, 𝑎𝑟, 𝑔𝑎𝑟, 𝑔𝑎𝑟𝑔𝑎𝑟, . . .}. Before
going any further, let us first introduce the notion of residue which play an important role in
providing the semantics of POL:

Definition 15 (Residue). Given an observation expression 𝜋 and a word (finite string over 𝚺)
𝑤, a residue of 𝜋 with respect to 𝑤, denoted by 𝜋\𝑤, is an observation expression defined
with an auxiliary output function 𝑜 from the set of observation expressions over 𝚺 to {∅, 𝜀}.
If 𝜀 ∈ L(𝜋), then 𝑜 maps 𝜋 to 𝜀; otherwise,it maps 𝜋 to ∅:

𝜀\𝑎 = 𝛿\𝑎 = 𝑏\𝑎 = 𝛿 (𝑎 ≠ 𝑏)
𝑎\𝑎 = 𝜀
(𝜋+ 𝜋′)\𝑎 = 𝜋\𝑎+ 𝜋′\𝑎
(𝜋 · 𝜋′)\𝑎 = (𝜋\𝑎) · 𝜋′+ 𝑜(𝜋) · (𝜋′\𝑎)
𝜋∗\𝑎 = 𝜋\𝑎 · 𝜋∗

𝜋\𝑎0 · · ·𝑎𝑛 = 𝜋\𝑎0\𝑎1 . . .\𝑎𝑛

Here 𝛿 is regular expression that represents the empty language (L(𝛿) = ∅). In this thesis,
we use 𝛿 and ∅ interchangeably in case of regular expressions.

Note that, since the auxiliary output function 𝑜 is a conditional function, the residue on
concatenation ((𝜋.𝜋′)\𝑎) can also be given as a conditional function. This thesis generally
follows the convention in [62].

We recall that by Thomson’s construction [54], there is a non-deterministic finite
automaton (NFA) of polynomial size in |𝜋 |, that recognizes the languageL(𝜋). For simplicity
in notations, that NFA is also denoted by 𝜋.

Given a word 𝑤, 𝜋\𝑤 denotes the regular language {𝑣 | 𝑤𝑣 ∈ L(𝜋)}. 𝜋\𝑤 corresponds
to right residuation with respect to the monoid (𝚺∗, ·, 𝜀). The representation of 𝜋\𝑤 is the
NFA 𝜋 augmented by the subset of states of 𝜋 that one reaches after having read 𝑤 from the
initial states of 𝜋. Computing the representation of 𝜋\𝑤 is polynomial in |𝜋 | and |𝑤 |. In
the sequel, 𝐷𝐹𝐴(𝜋) denotes the minimal deterministic finite automaton for 𝜋 (unique up
to isomorphism). Computing 𝐷𝐹𝐴(𝜋) is exponential in |𝜋 | in the worst-case. The regular
language 𝑃𝑟𝑒(𝜋) is the set of prefixes of words in L(𝜋), that is, 𝑤 ∈ 𝑃𝑟𝑒(𝜋) iff ∃𝑣 ∈ 𝚺∗ such
that 𝑤𝑣 ∈ L(𝜋) (namely, L(𝜋\𝑤) ≠ ∅).
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Example 6. (𝑔∗𝑎𝑟∗𝑎)∗\(𝑔𝑎𝑟𝑎𝑔𝑎) = 𝑟∗(𝑔∗𝑎𝑟∗𝑎)∗ denotes the language of words {𝑣 : 𝑔𝑎𝑟𝑎𝑔𝑎 ·
𝑣 ∈ L((𝑔∗𝑎𝑟∗)∗)}. The set 𝑃𝑟𝑒((𝑔∗𝑎𝑟∗𝑎)∗) contains 𝑔𝑎𝑟𝑎𝑔𝑎. However, 𝑔𝑎𝑟𝑔 is not in
𝑃𝑟𝑒((𝑔∗𝑎𝑟∗𝑎)∗) and (𝑔∗𝑎𝑟∗𝑎)∗\(𝑔𝑎𝑟𝑔) is empty.

Example 7. (◀ ·▼)\ ◀= (◀ ·▼+ ▶ ·▲)\ ◀= ▼, and 𝑃𝑟𝑒(◀ ·▼+ ▶ ·▲) = {𝜀,◀,◀ ▼,▶,▶ ▲}.

2.4.3 Protocols

Here we introduce the syntax and semantics of a protocol and also suggest transformers that
takes a protocol and gives a regular expression with respect to a propositional valuation.

Definition 16 (Protocol Expression). Given a finite set of action symbols 𝚺, and propositions
P the language Lprot of protocol expressions is defined by the following BNF:

𝜂 ::= ∅ | 𝜀 | 𝑎 | 𝜑? | 𝜂 · 𝜂 | 𝜂+𝜂 | 𝜂∗

where ∅ denotes the empty set of expressions, the constant 𝜀 represents the empty string,
𝑎 ∈ 𝚺 and 𝜑 is a boolean formula over P.

For example, the expression 𝑝? · 𝑎★+¬𝑝? · 𝑏. This expressions interprets the protocol
that if 𝑝 holds, observing finite iterations of 𝑎 is expected. If not then 𝑏 is expected to be
observed.

The basic idea of interpreting protocols from a regular expression point of view is that
the string represented by a protocol has a propositional evaluation guarding each action. For
example, a word or a string of observations from POL is of the form 𝑎1𝑎2 . . . 𝑎𝑘 where each
𝑎𝑖 ∈ Σ is a letter in the alphabet.

In contrast to that, a word or a string or a guarded observation is of the form 𝜌𝑎1𝜌𝑎2 . . . 𝑎𝑘𝜌

where 𝜌 ⊆ P. Intuitively this represents the expected observation remains step by step as long
as 𝜌 is satisfied. Here in this work we assume no factual change, that is we do not consider
actions that changes the valuation (𝜌) (Guarded observation of the form 𝜌1𝑎1𝜌2𝑎2 . . . 𝜌𝑘𝑎𝑘 ).

In order to do that, we introduce the following definition:

Definition 17 (Language of a Protocol). Given a protocol expression 𝜂, the function L𝑔 (𝜂)
represents a set of guarded observations as:

• L𝑔 (∅) = ∅

• L𝑔 (𝜀) = {𝜌 | 𝜌 ⊆ P}

• L𝑔 (𝑎) = {𝜌𝑎𝜌 | 𝜌 ⊆ P}
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• L𝑔 (𝜑?) = {𝜌 | 𝜌 ⊨ 𝜑, 𝜌 ⊆ P}

• L𝑔 (𝜂1.𝜂2) = {𝑤 ⋄𝑣 | 𝑤 ∈ L𝑔 (𝜂1), 𝑣 ∈ L𝑔 (𝜂2)}

• L𝑔 (𝜂1+𝜂2) = L𝑔 (𝜂1) ∪L𝑔 (𝜂2)

• L𝑔 (𝜂★) = {𝜌 | 𝜌 ⊆ P} ∪⋃
𝑛>0(L𝑔 (𝜂𝑛))

where 𝑤 ⋄𝑣 denotes 𝑤′𝜌𝑣′ where 𝑤 = 𝑤′𝜌 and 𝑣 = 𝜌𝑣′

Coming back to example, consider the previous expression 𝑝? · 𝑎★+¬𝑝? · 𝑏. Consider
P = {𝑝}. Hence the language of the protocol is

L𝑔 (𝑝? · 𝑎★+¬𝑝? · 𝑏) = {{}𝑏{}, {𝑝}, {𝑝}𝑎{𝑝}, {𝑝}𝑎{𝑝}𝑎{𝑝}, . . .}

Now, we introduce the next definition of a transformer function which intuitively extracts
the set of observations that satisfy a given valuation in form of a regular expression. The
basic idea is to assign such expression as expectations to POL models (further explanation in
later definitions).

Definition 18 (Observation Tranformer Function). Given a protocol expression 𝜂 and
propositional valuation 𝜌 ⊆ P, a observation tranformer function 𝑓𝜌 : L𝑝𝑟𝑜𝑡 → L𝑜𝑏𝑠 is
defined as:

• 𝑓𝜌 (∅) = ∅

• 𝑓𝜌 (𝜀) = 𝜀

• 𝑓𝜌 (𝑎) = 𝑎

• 𝑓𝜌 (𝜑?) =
{
𝜀 if 𝜌 ⊨ 𝜑
∅ otherwise

• 𝑓𝜌 (𝜂1.𝜂2) = 𝑓𝜌 (𝜂1). 𝑓𝜌 (𝜂2)

• 𝑓𝜌 (𝜂1+𝜂2) = 𝑓𝜌 (𝜂1) + 𝑓𝜌 (𝜂2)

• 𝑓𝜌 (𝜂★) = 𝑓𝜌 (𝜂)★

Note that

Theorem 1. [62] For any 𝜂 ∈ L𝑝𝑟𝑜𝑡

L( 𝑓𝜌 (𝜂)) = {𝑤 | 𝑤 = 𝑎1𝑎2 . . . 𝑎𝑘 , where 𝑎𝑖 ∈ Σ∪ {𝜀} and 𝜌𝑎1𝜌 . . . 𝑎𝑘𝜌 ∈ L𝑔 (𝜂)}

Take for example, if we want to exatract the expectation from the protocol 𝑝? ·𝑎★+¬𝑝? · 𝑏
with respect to when 𝑝 holds, note that 𝑓{𝑝} (𝑝? · 𝑎★+¬𝑝? · 𝑏) = 𝑎★.
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𝑓 ¬ 𝑓𝑠 𝑡

(𝑔∗𝑎𝑟∗)∗ (𝑔∗𝑎𝑟∗𝑎)∗

𝑇𝑟𝑎𝑣𝑒𝑙𝑙𝑒𝑟

Fig. 2.8M𝑡𝑙 (the traffic light model).

𝑑 ¬𝑑

𝑑 ¬𝑑

𝑠 𝑡

𝑢 𝑣

𝑚 𝑚′

𝑚+𝑚′ 𝑚+𝑚′

𝑅𝑒𝑐𝑒𝑖𝑣𝑒𝑟, 𝐴𝑡𝑡𝑎𝑐𝑘𝑒𝑟

𝑅𝑒𝑐𝑒𝑖𝑣𝑒𝑟, 𝐴𝑡𝑡𝑎𝑐𝑘𝑒𝑟
𝐴𝑡𝑡𝑎𝑐𝑘𝑒𝑟 𝐴𝑡𝑡𝑎𝑐𝑘𝑒𝑟

Fig. 2.9M𝑚𝑝 (the message passing model).

2.4.4 Models

Epistemic expectation models [62] capture the expected observations of agents. They can be
seen as epistemic models [27] together with, for each world, a set of potential or expected
observations. Recall that an epistemic model is a tuple ⟨𝑆,∼,𝑉⟩ where 𝑆 is a non-empty set
of worlds, ∼ assigns to each agent in I an equivalence relation ∼𝑖⊆ 𝑆× 𝑆, and 𝑉 : 𝑆→ 2P is a
valuation function.

Definition 19 (Epistemic expectation model). An epistemic expectation model M is a
quadruple ⟨𝑆,∼,𝑉,Exp⟩, where ⟨𝑆,∼,𝑉⟩ is an epistemic model and Exp : S→Lobs is an
expected observation function assigning to each world an observation expression 𝜋 such that
L(𝜋) ≠ ∅ (non-empty set of finite sequences of observations). A pointed epistemic expectation
model is a pair (M, 𝑠) whereM = ⟨𝑆,∼,𝑉,Exp⟩ is an epistemic expectation model and 𝑠 ∈ 𝑆.

Intuitively, Exp assigns to each world a set of potential or expected observations. We now
provide the model definitions of the examples mentioned in the introduction. The traffic light
example where only one agent (the traveller) is involved can be depicted by the modelM𝑡𝑙

(cf. Figure 2.8). Unless the traveller (𝑇) observes the respective sequences of traffic signals,
she would not know whether she is in France ( 𝑓 ) or not (¬ 𝑓 ). Her uncertainty is represented
by the (bi-directional) link between the two worlds 𝑠 and 𝑡. For the sake of brevity, we do not
draw the reflexive arrows. Similar representations are used in the message-passing example
as well (cf. Figure 2.9). Here, the receiver would get to know about the decision depending
on the message he receives, whereas, the attacker would be ignorant of the fact irrespective
of the message (𝑚 or 𝑚′) she receives.

The main idea for introducing this logic was to reason about agent knowledge via the
matching of observations and expectations. In line of public announcement logic [48], it
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is assumed that when a certain phenomenon is observed, people delete some impossible
scenarios where they would not expect that observation to happen. To this end, the update of
epistemic expectation models according to some observation 𝑤 ∈ 𝚺∗ is defined below. The
idea behind an updated expectation model is to delete the worlds where the observation 𝑤
could not have been happened.

Definition 20 (Update by observation). Let 𝑤 be an observation over 𝚺 and letM = ⟨𝑆,∼
,𝑉,Exp⟩ be an epistemic expectation model. The updated modelM|𝑤 = ⟨𝑆′,∼′,𝑉 ′,Exp′⟩
is defined by: 𝑆′ = {𝑠 ∈ 𝑆 | L(Exp(s)\w) ≠ ∅}, ∼′

𝑖
= ∼𝑖 |𝑆′×𝑆′ , 𝑉 ′ = 𝑉 |𝑆′ , and for all 𝑠 ∈ 𝑆′,

Exp′(s) = Exp(s)\w. Here ∼𝑖 |𝑆′×𝑆′ is the equivalence relation ∼𝑖 restricted only to the ordered
pairs from 𝑆′× 𝑆′ and 𝑉 |𝑆′ is the valuation function 𝑉 restricted only to the domain 𝑆′.

In Definition 20, 𝑆′ is the set of worlds 𝑠 in 𝑆 where the word 𝑤 can be observed, i.e.,
L(Exp(s)\w) ≠ ∅. The definitions of ∼′ and 𝑉 ′ are given by usual restrictions to 𝑆′. The
expectation at each world in 𝑆′ gets updated by observing the word 𝑤: finite strings of actions
that are of the form 𝑤𝑢 are replaced by 𝑢 while strings that are not of the form 𝑤𝑢 get removed
because they do not match the expectation.

Example 8. Consider the modelM𝑡𝑙 of Figure 2.8 and 𝑤 = 𝑔𝑎𝑟𝑔𝑎. The updated model
M𝑡𝑙 |𝑤 = ⟨𝑆′,∼′,𝑉 ′,Exp′⟩ is such that 𝑆′ = {𝑠}: world 𝑡 is removed because 𝑔𝑎𝑟𝑔𝑎 is not
a prefix of any word in L((𝑔∗𝑎𝑟∗𝑎)∗). The expectation Exp(s) is replaced by Exp′(s) =
(g∗ar∗)∗\(garga) = r∗(g∗ar∗)∗. We have ∼′= {(𝑠, 𝑠)} and 𝑉 ′(𝑠) = { 𝑓 }.

Example 9. Consider the modelM𝑚𝑝 of the message passing example stated earlier in
Figure 2.9. It consists of four possible worlds:

1. 𝑠: the message 𝑚 is expected to receive where decision 𝑑 is made.

2. 𝑡: the message 𝑚′ is expected to receive where decision 𝑑 is NOT made.

3. 𝑢: the message 𝑚 or 𝑚′ is expected and decision 𝑑 has been made.

4. 𝑣: the message 𝑚 or 𝑚′ is expected and decision 𝑑 has not been made.

Since the Attacker is unaware of the agreement between Sender and Receiver, it cannot
distinguish between either of the four possibilities, whereas Receiver is only unable to
distinguish between the fact that where the decision 𝑑 is made or not made. Suppose the
actual world is 𝑠. Now suppose 𝑚 is received. M𝑚𝑝 |𝑚 has the world 𝑡 omitted since that
world was expecting the message 𝑚′.

Now we are ready to introduce the protocol models and its updates and finally syntax and
semantics of Epistemic Protocol Logic (EPL).
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𝑑 ¬𝑑𝑠 𝑡

Σ∗ Σ∗

𝐴𝑡𝑡𝑎𝑐𝑘𝑒𝑟, 𝑅𝑒𝑐𝑒𝑖𝑣𝑒𝑟

Fig. 2.10M𝑚𝑝𝑏𝑒 𝑓 (the message passing model before protocol defined).

𝑑? ·𝑚+¬𝑑? ·𝑚′ 𝑚+𝑚′𝑢 𝑣
𝐴𝑡𝑡𝑎𝑐𝑘𝑒𝑟

Fig. 2.11 A𝑖 𝑓 𝑑𝑚 (the message passing protocol model).

Definition 21 (Protocol Model). A Protocol model A = ⟨𝐸,∼, 𝑃𝑟𝑜𝑡⟩ such that

• 𝐸 is a finite set of events

• ∼𝑖⊆ 𝐸 ×𝐸 is an equivalence relation for any agent 𝑖 ∈ I

• 𝑃𝑟𝑜𝑡 : 𝐸→L𝑝𝑟𝑜𝑡 is a function that assigns protocol to an event 𝑒 ∈ 𝐸

Protocol models are means to assign expectations to possible worlds in an expectation
model. For example, let us take a step back through the example of message passing. Note
that, before deciding upon what to expect in each world, a protocol was decided upon that "if
the decidion 𝑑 is made, 𝑚 should be expected and if not 𝑚′". This protocol can be interpreted
using the expression 𝑑? ·𝑚+¬𝑑? ·𝑚′. Note that, we also have to express the fact that the
𝐴𝑡𝑡𝑎𝑐𝑘𝑒𝑟 should not be able to distinguish between this protocol and a general protocol
𝑚+𝑚′ which interprets any one could be expected irrespective of the decision. The protocol
model hence will look like Figure 2.11

Just like an event model and its update with epistemic models in DEL, we have model
updates in EPL as well where a Protocol model is updated with an Epistemic expectation
model, creating and assigning possible worlds with new expectations as per the valuation in
the initial expectation model. Formally

Definition 22 (Product Update). Given an epistemic expectation modelM = ⟨𝑊,∼,𝑉, 𝐸𝑥𝑝⟩
and a protocol model A = ⟨𝐸,∼, 𝑃𝑟𝑜𝑡⟩, the product update A ⊗M = ⟨𝑊′,∼′,𝑉 ′, 𝐸𝑥𝑝′⟩
produces an expectation model such that:

• 𝑊′ = {(𝑒,𝑤) | L( 𝑓𝑉 (𝑤) (𝑃𝑟𝑜𝑡 (𝑒))) ≠ ∅}

• ∼′
𝑖
= {((𝑒,𝑤), (𝑒′,𝑤′)) | 𝑒, 𝑒′ ∈ 𝐸 ;𝑤,𝑤′ ∈𝑊 ;𝑒 ∼𝑖 𝑒′;𝑤 ∼𝑖 𝑤′}

• 𝑉 ′((𝑒,𝑤)) =𝑉 (𝑤)

• 𝐸𝑥𝑝′((𝑒,𝑤)) = 𝑓𝑉 (𝑤) (𝑃𝑟𝑜𝑡 (𝑒))
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Example 10. Now consider the expectation modelM𝑚𝑝𝑏𝑒 𝑓 in Figure 2.10 and the protocol
model A|𝑖 𝑓 𝑑𝑚 in Figure 2.11. Note that, the modelM𝑚𝑝𝑏𝑒 𝑓 ⊗A𝑖 𝑓 𝑑𝑚 will give out the model
M𝑚𝑝 in Figure 2.9 (labels changed).

2.4.5 Public Observation Logic (POL)

To reason about agent expectations and observations, the language for POL is provided below.

Definition 23 (Syntax). The formulas 𝜑 of POL are given by:

𝜑 ::= ⊤ | 𝑝 | ¬𝜑 | 𝜑∧𝜑 | 𝐾𝑖𝜑 | [𝜋]𝜑,
where 𝑝 ∈ P, 𝑖 ∈ I, and 𝜋 ∈ Lobs.

Intuitively, 𝐾𝑖𝜑 says that ‘agent 𝑖 knows that 𝜑’, and [𝜋]𝜑 says that ‘after any observation
in 𝜋, 𝜑 holds’. The other propositional connectives are defined in the usual manner. We
also define ⟨𝜋⟩𝜑 as ¬[𝜋]¬𝜑 and 𝐾̂𝑖𝜑 as ¬𝐾𝑖¬𝜑. We will mostly use these modalities in our
proofs.

Now we talk about various fragments, or special cases, of Public Observation Logic.
Here various restrictions are promised on the syntax of regular languages or the syntax of the
formulas.

Definition 24 (Negative Normal Form (NNF)). Given a set of propositional letters P, the
Negative Normal Form of a POL formula is defined recursively as following:

𝜑 ::= ⊤ | 𝑝 | ¬𝑝 | 𝜑∧𝜑 | 𝐾𝑖𝜑 | 𝐾̂𝑖𝜑 | [𝜋]𝜑 | ⟨𝜋⟩𝜑

where 𝑝 ∈ P, 𝑖 ∈ I and 𝜋 ∈ L𝑜𝑏𝑠.

In simpler words, a POL formula is in a Negative Normal Form if and only if the negations
(¬) occur in the formula only before a propositional letter. Now we can define formally the
various fragments of POL as motivated in the farming drone example previously.

Definition 25 (Star-Free Formula and Star-Free fragment of POL). Given a set of proposi-
tional letters P, the Star-Free formulas of POL is defined recursively as following:

𝜑 ::= ⊤ | 𝑝 | ¬𝜑 | 𝜑∧𝜑 | 𝐾𝑖𝜑 | [𝜋]𝜑

where 𝑝 ∈ P, 𝑖 ∈ I and 𝜋 ∈ L𝑜𝑏𝑠 is defined recursively as:

𝜋 ::= 𝑎 ∈ Σ | 𝜀 | 𝜋+ 𝜋 | 𝜋.𝜋

The Star-Free Fragment of POL consists only Star-Free formulas of POL.
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Note that, by Star-Free fragment, we do not mean the Star-Free language as defined
in [25], where regular expressions allow complementation. The Star-Free fragment of POL
just consists of formulas where the regular expression in the modalities does not contain any
Kleene-Star in it.

Definition 26 (Existential Formula and Existential fragment of POL). Given a set of
propositional letters P, the Existential formulas of POL can be inductively defined as:

𝜑 ::= ⊤ | 𝑝 | ¬𝑝 | 𝜑∧𝜑 | 𝐾̂𝑖𝜑 | ⟨𝜋⟩𝜑

where 𝑝 ∈ P, 𝑖 ∈ I and 𝜋 ∈ L𝑜𝑏𝑠.
The Existential Fragment of POL consists only Existential formulas of POL.

That is, the formulas of Existential Fragments are all in NNF and only contains 𝐾̂𝑖 and
⟨𝜋⟩ operators for an agent 𝑖 and a regular expression 𝜋.

Definition 27 (Star-Free−Existential Formula and Star-Free−Existential fragment of
POL). Given a set of propositional letters P, the Star-Free−Existential formulas of POL
can be inductively defined as:

𝜑 ::= ⊤ | 𝑝 | ¬𝑝 | 𝜑∧𝜑 | 𝐾̂𝑖𝜑 | ⟨𝜋⟩𝜑

where 𝑝 ∈ P, 𝑖 ∈ I and 𝜋 ∈ L𝑜𝑏𝑠, where 𝜋 is inductively defined as:

𝜋 ::= 𝑎 ∈ Σ | 𝜀 | 𝜋+ 𝜋 | 𝜋.𝜋

The Star-Free−Existential Fragment of POL consists only Star-Free−Existential
formulas of POL.

Definition 28 (Word Formula and Word fragment of POL). Given a set of propositional
letters P, the Word formulas of POL is defined recursively as following:

𝜑 ::= ⊤ | 𝑝 | ¬𝜑 | 𝜑∧𝜑 | 𝐾𝑖𝜑 | [𝜋]𝜑

where 𝑝 ∈ P, 𝑖 ∈ I and 𝜋 ∈ L𝑜𝑏𝑠 is defined recursively as:

𝜋 ::= 𝑎 ∈ Σ | 𝜀 | 𝜋.𝜋

The Word Fragment of POL consists only Word formulas of POL.

Therefore, in other words, the Word Fragment of POL contains only POL formulas
where the regular expressions in the modalities are just words over Σ.
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Definition 29 (Truth definition). Given an epistemic expectation modelM = ⟨𝑆,∼,𝑉,Exp⟩,
a world 𝑠 ∈ 𝑆, and a POL-formula 𝜑, the truth of 𝜑 at 𝑠, denoted byM, 𝑠 ⊨ 𝜑, is defined by
induction on 𝜑 as follows:

M, 𝑠 ⊨ 𝑝 ⇔ 𝑝 ∈ 𝑉 (𝑠)
M, 𝑠 ⊨ ¬𝜑 ⇔ M, 𝑠 ⊭ 𝜑

M, 𝑠 ⊨ 𝜑∧𝜓 ⇔ M, 𝑠 ⊨ 𝜑 andM, 𝑠 ⊨ 𝜓

M, 𝑠 ⊨ 𝐾𝑖𝜑 ⇔ for all 𝑡 : (𝑠 ∼𝑖 𝑡 impliesM, 𝑡 ⊨ 𝜑)
M, 𝑠 ⊨ [𝜋]𝜑 ⇔ for all 𝑤 ∈ L(𝜋) ∩𝑃𝑟𝑒(Exp(s))

we haveM|𝑤, 𝑠 ⊨ 𝜑)

The truth of 𝐾𝑖𝜑 at 𝑠 follows the standard possible world semantics of epistemic logic.
The formula [𝜋]𝜑 holds at 𝑠 if for every observation 𝑤 in the set L(𝜋) that matches
with the beginning of (i.e., is a prefix of) some expected observation in 𝑠, 𝜑 holds at
𝑠 in the updated model M|𝑤. Note that 𝑠 is a world in M|𝑤 because 𝑤 ∈ 𝑃𝑟𝑒(Exp(s)).
Similarly, the truth definition of ⟨𝜋⟩𝜑 can be given as follows: M, 𝑠 ⊨ ⟨𝜋⟩𝜑 iff there exists 𝑤 ∈
L(𝜋) ∩𝑃𝑟𝑒(Exp(s)) such thatM|w, s ⊨ 𝜑. Intuitively, the formula ⟨𝜋⟩𝜑 holds at 𝑠 if there is
an observation 𝑤 in L(𝜋) that matches with the beginning of some expected observation in 𝑠,
and 𝜑 holds at 𝑠 in the updated modelM|𝑤. For the examples described earlier, we have:

- M𝑡𝑙 , 𝑠 |= [𝑔∗]¬(𝐾𝑇 𝑓 ∨𝐾𝑇¬ 𝑓 ). This example corresponds to a safety property: there
is no leak of information when observing an arbitrary number of 𝑔’s because it is
compatible with both the expectation 𝑔∗𝑎𝑟∗)∗ of the French traffic light system, and the
expectation 𝑔∗𝑎𝑟∗𝑎)∗ of the non-French one.

- M𝑡𝑙 , 𝑠 |= ⟨(𝑔𝑎𝑟𝑔)∗⟩(𝐾𝑇 𝑓 ). This example in the Existential fragment shows that we
can express the existence of a sequence of observations that reveals that the traveller is
in France.

- M𝑡𝑙 , 𝑠 |= ⟨𝑔𝑎𝑟⟩¬(𝐾𝑇 𝑓 ∨𝐾𝑇¬ 𝑓 ). This example in the Word fragment expresses that the
sequence of observations 𝑔𝑎𝑟 would keep the traveller ignorant about her whereabouts.

- M𝑚𝑝, 𝑠 |= ⟨𝑚⟩((𝐾𝑅𝑑∧¬𝐾𝐴𝑑). This example, also in the Word fragment, expresses
that after receiving the message 𝑚, the receiver gets to know about the decision but the
attacker remains ignorant.

In this thesis, the main results that involve POL are the model-checking and satisfiability
problem.
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Model Checking for POL: Given a finite pointed epistemic expectation modelM, 𝑠,
and a formula 𝜑, does M, 𝑠 |= 𝜑? We are interested in knowing the complexity of this
problem. We will also consider restrictions of the model checking when the input formula
𝜑 is restricted to be in one of the syntactic fragments: Word, Star-Free, Existential and
Star-FreeExistential.

Satisfiability for POL: Given a POL formula 𝜑, does there exist a pointed expectation
model that satisfies 𝜑? Besides providing decidability of this problem, we have also given
tight complexity results for various fragments of it.

2.4.6 Epistemic Protocol Logic (EPL)

Now we introduce the syntax of EPL:

Definition 30 (Syntax of EPL). The formulas 𝜑 of EPL are given by:

𝜑 ::= ⊤ | 𝑝 | ¬𝜑 | 𝜑∧𝜑 | 𝐾𝑖𝜑 | [𝜋]𝜑 | [A, 𝑒]𝜑,
where 𝑝 ∈ P, 𝑖 ∈ I, and 𝜋 ∈ Lobs.

Hence the syntax of EPL is POL extended by the formula [A, 𝑒]𝜑 which is used to
express that after the protocol model is installed, if event 𝑒 is executable in the current
possibility then whether 𝜑 holds true. This becomes clearer in the following truth definition

Definition 31 (Truth definition of EPL). Given an epistemic expectation model M =
⟨𝑆,∼,𝑉, 𝐸𝑥𝑝⟩, a world 𝑠 ∈ 𝑆, and a POL-formula 𝜑, the truth of 𝜑 at 𝑠, denoted byM, 𝑠 ⊨ 𝜑,
is defined by induction on 𝜑 as follows:

M, 𝑠 ⊨ 𝑝 ⇔ 𝑝 ∈ 𝑉 (𝑠)
M, 𝑠 ⊨ ¬𝜑 ⇔ M, 𝑠 ⊭ 𝜑

M, 𝑠 ⊨ 𝜑∧𝜓 ⇔ M, 𝑠 ⊨ 𝜑 andM, 𝑠 ⊨ 𝜓

M, 𝑠 ⊨ 𝐾𝑖𝜑 ⇔ for all 𝑡 : (𝑠 ∼𝑖 𝑡 impliesM, 𝑡 ⊨ 𝜑)
M, 𝑠 ⊨ [𝜋]𝜑 ⇔ for all 𝑤 ∈ L(𝜋) ∩𝑃𝑟𝑒(𝐸𝑥𝑝(𝑠))

we haveM|𝑤, 𝑠 ⊨ 𝜑)
M, 𝑠 ⊨ [A, 𝑒]𝜑 ⇔ if L( 𝑓𝑉 (𝑠) (𝑃𝑟𝑜𝑡 (𝑒))) ≠ ∅

then we have A⊗M(𝑒, 𝑠) ⊨ 𝜑

In addition to the truth definitions of POL, the truth definition of formulas of the form
[A, 𝑒]𝜑 has been added. The formula [A, 𝑒]𝜑 holds at 𝑠 in the expectation modelM if 𝜑
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holds in the updated model A⊗M with the protocols in A from (𝑒, 𝑠) (where 𝑠 is updated
with expectation from 𝑒 as per the valuation in 𝑠) whenever the event 𝑒 is executable at 𝑠
(L( 𝑓𝑉 (𝑠) (𝑃𝑟𝑜𝑡 (𝑒))) ≠ ∅). As per the message passing example:

- M𝑚𝑝𝑏𝑒 𝑓 , 𝑠 ⊨ [A𝑖 𝑓 𝑑𝑚, 𝑢]⟨𝑚⟩(𝐾𝑅𝑑 ∧¬𝐾𝐴𝑑). This example expresses that after the
protocol that "if 𝑑 then send 𝑚 and if not then send 𝑚′" is installed at the world where
decision 𝑑 is made (𝑠), along with the fact that 𝐴𝑡𝑡𝑎𝑐𝑘𝑒𝑟 must not distinguish between
such protocol and 𝑚+𝑚′, whether after observing 𝑚, the 𝑅𝑒𝑐𝑖𝑒𝑣𝑒𝑟 knows the decision
𝑑 is made and 𝐴𝑡𝑡𝑎𝑐𝑘𝑒𝑟 still considers ¬𝑑 a possibility.

Model Checking for EPL: Given a finite pointed epistemic expectation modelM, 𝑠 and an
EPL formula 𝜑, decide whetherM, 𝑠 ⊨ 𝜑. We only discuss the decidability of this decision
problem. We leave its further complexity studies along with lower bounds as part of the
future work.

2.5 Complexity Classes: A Brief Introduction

In this section, we introduce some very basic concepts of complexity classes that are used
in this thesis. It is to be noted that these are very brief introduction. For much broader
understanding, one may look into any well-known Computational Complexity materials such
as by Arora Barak [4], by Papadimitrou [47] among many others.

2.5.1 Model of Computation

The study of complexity deals with how much computational resource a computer takes to
compute a function. Hence, to define such measuring metrics, a notion is needed to be defined
to measure what is computable. To be precise, when can a function be called computable and
when it can not. To define such notion, several models of computations are used. One such
model, which we use in this thesis, is the Turing machine.

Before procedding further to formal definitions, it is to be noted that the problems or
functions that we consider are called decision problems. Given some input 𝑥 ∈ Σ★, from
some alphabet Σ and in some representation, 𝑓 (𝑥) ∈ {0,1}. On the basis of this, over all such
inputs, we define the notion of language of that decision function. An input 𝑥 ∈ L 𝑓 , where
L 𝑓 is language of function 𝑓 , if and only if 𝑓 (𝑥) = 1. Now we proceed to give a formal
definition of Turing machine:

Definition 32. A Turing machineM = ⟨𝑄,Σ, 𝑞0 ∈ 𝑄,𝛿, 𝐹⟩ is a finite state machine such that:
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𝑎 𝑐 𝑐 𝑐 𝑎 𝑎 𝑐 𝑎 𝑎

𝑞

. . . . . .

Fig. 2.12 A Turing Machine

• 𝑄 is the set of finite states

• Σ is the set of letters called alphabet

• 𝑞0 is the initial state when the machine starts

• 𝐹 ⊆ 𝑄 is the set of halting final states

• 𝛿 :𝑄×Σ→𝑄×Σ× {𝐿, 𝑅} is called the transition function.

The Turing machine, shown in figure 2.12, is imagined to have a tape, which is an infinite
linear series of one-letter memory cell. There is a header which points at one cell of the tape
and the machine is said to be reading that letter in the cell. For example, in the figure 2.12,
the Turing machine is in state 𝑞, currently reading the letter 𝑐 where the head (arrow edge) is
pointing at. The head can move left or right one cell at each transition. For example, if the
turing machine in the figure has the transition function such that 𝛿(𝑞, 𝑐) = (𝑞′, 𝑎, 𝐿), then in
the next step, the head replaces the 𝑐 with 𝑎, moves one cell to the left (𝐿) and gets into state
𝑞′. A Turing machine is said to accept an input 𝑥 iff it halts at some state in 𝐹.

Other than this, there are other variations in the Turing machine as well. For example, in
some literature, the tape can be thought of multi-tape, that is not just one tape, but 𝑘 many
tapes. Also, there are variations on which way the tape is infinite, whether it is towards or
right or left. It can be proven that each of these machines can be represented with the other
with very small blow-up in the size of the machine.

2.5.2 Non-determinism

Another notion in the world of computation is the notion of non-determinism. Given a
decision problem, or a language L, and given an input 𝑥 ∈ Σ★, to decide whether 𝑥 ∈ L,
there are two things that have to be made sure of. Firstly, search whether there is a witness
that can certify 𝑥 ∈ L. Secondly, if there is such a witness, verify if it is the correct witness.
Non-determinism takes away the first part. Precisely, a non-deterministic machine does not
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spend resource on searching for the existence of such a witness, it is just if such a witness
exists it verifies and returns 1.

Formally, a non-deterministic Turing Machine is same as in definition 32, except the
transition function is of the form 𝛿(𝑞, 𝑎) ⊆ 𝑄 ×Σ× {𝐿, 𝑅}. Hence given a state 𝑞 ∈ 𝑄 and
reading a letter 𝑎 ∈ Σ, the machine chooses which state to go to, what to write on the tape
and which way the head moves among some specified tuples in 𝑄×Σ× {𝐿, 𝑅}, such that if
the input is in the language, the machine ends up halting at an accepting state.

2.5.3 Some Complexity Classes

Now we introduce the complexity classes. Although there are numerous such classes, we
discuss the primary ones that are used in this thesis. A complexity class 𝑋 contains languages
as members. These classes are defined from the perspective of how many steps a Turing
machine takes, or how much of the tape is used by the machine with respect to the input
size, in order to decide the input belongs to in a member language. Before introducing such
classes, let us define the notions of hardness and completeness

Definition 33 (Hardness). Given a complexity class 𝑋 , and a language 𝐿, 𝐿 is said to be
𝑋-hard if for any language 𝐿′ ∈ 𝑋 , there is a function 𝑓 : Σ★→ Σ★ such that for any 𝑥 ∈ Σ★

both the following conditions satisfy:

• 𝑓 (𝑥) ∈ 𝐿 iff 𝑥 ∈ 𝐿′

• there is a polynomial 𝑝 such that 𝑓 (𝑥) can be computed by a Turing machine in at most
𝑝( |𝑥 |) steps.

The notion of hardness gives a lower-bound on the resources that has to be used in order
to decide a language. The function 𝑓 in the definition is called the polynomial reduction
function. Essentially, when a language is 𝐿 is 𝑋-hard, it means that for any algorithm or
Turing machine that can be designed to decide 𝐿 is bound to take at least the amount of
resources (steps or tape space) that is taken by any language that is in 𝑋 .

Definition 34 (Completeness). Given a complexity class 𝑋 , and a language 𝐿, 𝐿 is said to
be 𝑋-complete if both the following condition satisfies

• 𝐿 ∈ 𝑋

• 𝐿 is 𝑋-hard.
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Completeness gives one the idea that to decide a language, this is as good as it gets in the
worst case. Precisely, if a language 𝐿 is 𝑋-complete, it means a turing machine can spend in
terms of its resources in the worst case to decide 𝐿 is 𝑋 , also, any turing machine one can
design, in the worst case it should take at least that much resource represented by 𝑋 .

Next, we bring in the major complexity classes we use in the thesis.

The Class P

The class P is the set of all languages that can be decided in polynomial time. More formally

Definition 35 (P). A language 𝐿 ∈ P if there exists a polynomial 𝑝 : N→ N such that for
any 𝑥 ∈ Σ★ there is a Turing machineM that decides whether 𝑥 ∈ 𝐿 and takes at most 𝑝( |𝑥 |)
many steps.

Many model-checking problems such as model-checking DFA are problems that lie in P.

The Class NP

The class NP stands for non-deterministic polynomial. Here, just like languages in P, the
decision is done by a Turing machine, but a non-deterministic one instead. Hence, the
problems that lie in NP, it is not known whether it is polynomially possible to find a witness
of belongingness, but if such a witness exists, it is small or polynomial in size. More formally,

Definition 36 (NP). A language 𝐿 ∈ P if there exists a polynomial 𝑝 : N→ N such that for
any 𝑥 ∈ Σ★ there is a non-deterministic Turing machineM that decides whether 𝑥 ∈ 𝐿 and
takes at most 𝑝( |𝑥 |) many steps.

The most classical problem that is in NP is the satisfiability problem for propositional
logic. In fact,

Theorem 2 (Cook-Levin Theorem). The satisfiability problem of propositional logic is
NP-complete.

It is also to be noted that, any problem in P is bound to be in NP. But whether the
inclusion is proper is a big open problem. In fact, the propositional satisfiability problem
plays a major role here. The fact that it is NP-complete implies that if one can design a
deterministic Turing machine that decides it in polynomial steps, then the inclusion becomes
proper, that is P = NP, else P ⊊ NP.
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The Class PSPACE

Moving on from number of steps or time a machine takes, we now talk of how much space it
uses. The class PSPACE is the class of languages that takes polynomial space to decide.

Definition 37 (PSPACE). A language 𝐿 ∈ PSPACE if there exists a polynomial 𝑝 : N→ N

such that for any 𝑥 ∈ Σ★ there is a Turing machineM that decides whether 𝑥 ∈ 𝐿 and takes
at most 𝑝( |𝑥 |) many tape cells.

Just like NP, there is a classical PSPACE-complete language as well called the TQBF.
A QBF or Quantified Boolean Formula is of the form 𝑄1𝑥1𝑄2𝑥2 . . .𝑄𝑛𝑥𝑛𝜑(𝑥1, 𝑥2, . . . , 𝑥𝑛),
where 𝑄𝑖 ∈ {∃,∀} and 𝜑(𝑥1, 𝑥2, . . . , 𝑥𝑛) is a propositional formula on variables 𝑥1, . . . , 𝑥𝑛. For
example, ∀𝑥∃𝑦∀𝑧(𝑥 ∨¬𝑦) ∧ (𝑦∨ 𝑧) is a QBF. Deciding whether, given such a formula, it
can be made True or not is called TQBF. Just like NP, a corresponding complexity class
is also defined for PSPACE that decides using non-deterministic Turing machines called
the NPSPACE. But as it turns out, non-determinism does not give much power in terms of
space:

Theorem 3 (Savitch’s Theorem). NPSPACE ⊆ PSPACE

The basic idea why this is happening is because in time, the number of steps add up. But
in case of space, there are spaces, or tape cells that has been used for some previous steps
could be re-used. More clearly, whenever a machine makes a choice and it realises it was a
bad choice, in terms that the initial choice will not guarantee the decision, when it moves on
to make another choice, it simply reuses the space used for the previous choice.

Higher Complexity Classes

Just like in the polynomial level, there are similar classes that can be defined in exponential
levels as well. Before formally defining them, let us introduce this expression 𝑒𝑥𝑝(𝑚,𝑛),
where 𝑚,𝑛 ∈ N, which is defined as

𝑒𝑥𝑝(0, 𝑛) = 𝑝𝑜𝑙𝑦(𝑛)
𝑒𝑥𝑝(𝑚,𝑛) = 2𝑒𝑥𝑝(𝑚−1,𝑛)

where 𝑝𝑜𝑙𝑦(𝑛) is a polynomial over 𝑛.
Now we define a series of complexity classes. The basic idea is, higher the𝑚 in 𝑒𝑥𝑝(𝑚,𝑛),

one gets similar classes on that 𝑚 level.
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Definition 38 (𝑚−EXPTIME). A language 𝐿 ∈ 𝑚−EXPTIME if there exists a polynomial
𝑝 : N→ N such that for any 𝑥 ∈ Σ★ there is a Turing machineM that decides whether 𝑥 ∈ 𝐿
and takes at most 𝑒𝑥𝑝(𝑚, 𝑝( |𝑥 |)) many steps, where 𝑚 > 0.

Similarly, using non-deterministic Turing Machines:

Definition 39 (𝑚−NEXPTIME). A language 𝐿 ∈𝑚−NEXPTIME if there exists a polynomial
𝑝 : N→ N such that for any 𝑥 ∈ Σ★ there is a non-deterministic Turing machineM that
decides whether 𝑥 ∈ 𝐿 and takes at most 𝑒𝑥𝑝(𝑚, 𝑝( |𝑥 |)) many steps, where 𝑚 > 0.

And lastly, from the perspective of space:

Definition 40 (𝑚−EXPSPACE). A language 𝐿 ∈ 𝑚−EXPSPACE if there exists a polyno-
mial 𝑝 : N→ N such that for any 𝑥 ∈ Σ★ there is a Turing machineM that decides whether
𝑥 ∈ 𝐿 and takes at most 𝑒𝑥𝑝(𝑚, 𝑝( |𝑥 |)) many tape cells, where 𝑚 > 0.

In this thesis, for 𝑚 = 1, we dont specify 𝑚. Hence, 1−EXPTIME = EXPTIME,
1−NEXPTIME = NEXPTIME and 1−EXPSPACE = EXPSPACE. And lastly, we have
the following hierarchy:

P ⊆ NP ⊆ PSPACE ⊆𝑚>0 (𝑚−EXPTIME ⊆ 𝑚−NEXPTIME ⊆ 𝑚−EXPSPACE)

It is to be noted that it is not yet known anything about the inclusivity among
P,NP,PSPACE, also among 𝑚 −EXPTIME,𝑚 −NEXPTIME,𝑚 −EXPSPACE, but it
is known that P ≠ EXPTIME ≠ 2−EXPTIME . . . and so on.



Chapter 3

POL Model Checking

3.1 Introduction

In this chapter, we look into the model-checking problem of the Public Observation Logic.
Precisely, given an epistemic expectation modelM = ⟨𝑊,𝑅,𝑉, 𝐸𝑥𝑝⟩, as introduced in the
last chapter (like the modelM𝑚𝑝 in figure 2.9), pointed at some world 𝑠 ∈𝑊 , and given some
POL formula 𝜑, the model-checking problem is deciding whetherM, 𝑠 ⊨ 𝜑.

We look into the upperbound on the time complexity in two different ways. First we
look into a basic decidabilitity algorithm which takes exponential time. Later, we give a
much efficient algorithm with tight bound. The main statement we are trying to prove in this
chapter is:

Theorem 4. The model checking of POL is PSPACE-complete.

Besides an exhaustive exponential time decidability algorithm, the second algorithm we
prove to be in PSPACE. Both the algorithms use techniques from automata theory, including
reasoning using them for complexity analysis. We also prove matching lowerbounds from
two syntactic fragments of POL.

A simple utility of such model-checking algorithm can be in verification of certain
properties in the model [53]. Take the message passing example modelM𝑚𝑝 in figure 2.9.
To verify whether after message 𝑚 is passed, although 𝑅𝑒𝑐𝑒𝑖𝑣𝑒𝑟 knows about the decision,
𝐴𝑡𝑡𝑎𝑐𝑘𝑒𝑟 still does not know it, one can run model-checking to decide whetherM𝑚𝑝, 𝑠 ⊨

⟨𝑚⟩𝐾𝑅𝑒𝑐𝑒𝑖𝑣𝑒𝑟𝑑∧ 𝐾̂𝐴𝑡𝑡𝑎𝑐𝑘𝑒𝑟¬𝑑.

Outline. Section 3.2 deals with a brute force decidable model-checking algorithm that runs
in exponential time. Section 3.3 proves the model checking poblem to be PSPACE-complete.
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3.2 Decidability

In this section, we give a brute-force algorithm for the model-checking problem for POL.
Furthermore, we also give an algorithm using a dynamic programming approach.

The unique case for POL model-checking, other than the epistemic logic operators is the
case for model-checking the formula ⟨𝜋⟩𝜓. By the definition 29,

M, 𝑠 ⊨ ⟨𝜋⟩𝜓 iff ∃𝑤 ∈ L(𝜋) ∩𝑃𝑟𝑒(Exp(s)) :M|w, s ⊨ 𝜓

Here 𝑃𝑟𝑒(𝐸𝑥𝑝(𝑠)) is the language of all the prefixes of 𝐸𝑥𝑝(𝑠) (defined in page 2.4.2).
Hence, for a decision procedure of such formula, we need to find an upper bound on the size
of such 𝑤 such that the procedure can search all such words of at most that size and verify the
rest.

Definition 41. For any model 𝑀 , starting state 𝑠 and finite POL formula 𝜑 we define Λ𝑀,𝑠,𝜑

recursively as follows:

• If 𝜑 is a a propositional formula

Λ𝑀,𝑠,𝜑 =

{
L(𝑃𝑟𝑒(Exp(s))) ifM, 𝑠 ⊨ 𝜑

∅ ifM, 𝑠 ⊭ 𝜑

• If 𝜑 = ¬𝜓

Λ𝑀,𝑠,𝜑 = Λ𝑀,𝑠,𝜓

• If 𝜑 = 𝜓′∨𝜓
Λ𝑀,𝑠,𝜑 = Λ𝑀,𝑠,𝜓′ ∪Λ𝑀,𝑠,𝜓

• If 𝜑 = 𝐾̂𝑖𝜓

Λ𝑀,𝑠,𝜑 = (∪𝑡:𝑡∼𝑖𝑠Λ𝑀,𝑡,𝜓) ∩L(𝑃𝑟𝑒(Exp(s)))

• If 𝜑 = ⟨𝜋⟩𝜓

Λ𝑀,𝑠,𝜑 =
{
𝑤 | ∃𝑤′ ∈ L(𝜋) and L(Exp(s)\ww′) ≠ ∅ and ww′ ∈ 𝛬M,s,𝜓}

As shown the following lemma, Intuitively, Λ𝑀,𝑠,𝜑 is the set of words that are publicly
observable in 𝑠 and such that by observing them, 𝜑 still holds in 𝑠.
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Lemma 5. For any model 𝑀 , starting state 𝑠 and finite POL formula 𝜑

Λ𝑀,𝑠,𝜑 = {𝑤 | 𝑀 |𝑤, 𝑠 ⊨ 𝜑}

Proof. We prove this by induction on the size of 𝜑. Consider Δ𝑀,𝑠,𝜑 = {𝑤 | 𝑀 |𝑤, 𝑠 ⊨ 𝜑}
Base Case. 𝜑 is a propositional formula. Hence by definition 41,

Λ𝑀,𝑠,𝜑 =

{
L(𝑃𝑟𝑒(Exp(s))) ifM, 𝑠 ⊨ 𝜑

𝜑 ifM, 𝑠 ⊭ 𝜑

If 𝑀, 𝑠 ⊭ 𝜑 then Λ𝑀,𝑠,𝜑 is empty and the result trivially stands true.
Now consider 𝑀, 𝑠 ⊨ 𝜑. Let 𝑤 ∈ Λ𝑀,𝑠,𝜑.

𝑤 ∈ Λ𝑀,𝑠,𝜑 =⇒ 𝑤 ∈ L(𝑃𝑟𝑒(Exp(s)))
=⇒ 𝑀 |𝑤, 𝑠 ⊨ 𝜑, since L(Exp(s)\w) ≠ ∅
=⇒ 𝑤 ∈ Δ𝑀,𝑠,𝜑

Now let’s consider 𝑤 ∈ Δ𝑀,𝑠,𝜑.

𝑤 ∈ Δ𝑀,𝑠,𝜑 =⇒ 𝑀 |𝑤, 𝑠 ⊨ 𝜑
=⇒ L(Exp(s)\w) ≠ ∅
=⇒ 𝑤 ∈ L(𝑃𝑟𝑒(Exp(s)))
=⇒ 𝑤 ∈ Λ𝑀,𝑠,𝜑

Induction Hypothesis. For any finite model 𝑀, starting state 𝑠, any POL formula 𝜓
where |𝜓 | ≤ 𝑚, Λ𝑀,𝑠,𝜓 = Δ𝑀,𝑠,𝜓 .

Inductive Step. Here we will go case by case on the form of 𝜑.
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• 𝜑 = ¬𝜓.

𝑤 ∈ Λ𝑀,𝑠,¬𝜓 =⇒ 𝑤 ∈ Λ𝑀,𝑠,𝜓

=⇒ 𝑤 ∉ Λ𝑀,𝑠,𝜓

=⇒ 𝑤 ∉ Δ𝑀,𝑠,𝜓 , by Induction Hypothesis

=⇒ 𝑀 |𝑤, 𝑠 ⊭ 𝜓
=⇒ 𝑀 |𝑤, 𝑠 ⊨ ¬𝜓
=⇒ Δ𝑀,𝑠,¬𝜓

𝑤 ∈ Δ𝑀,𝑠,¬𝜓 =⇒ 𝑀 |𝑤, 𝑠 ⊨ ¬𝜓
=⇒ 𝑀 |𝑤, 𝑠 ⊭ 𝜓

=⇒ 𝑤 ∈ Δ𝑀,𝑠,𝜓

=⇒ 𝑤 ∈ Λ𝑀,𝑠,𝜓 , by Induction Hypothesis.

=⇒ 𝑤 ∈ Λ𝑀,𝑠,¬𝜓 , by definition 41

• 𝜑 = 𝜓∨𝜓′.

𝑤 ∈ Λ𝑀,𝑠,𝜑 =⇒ 𝑤 ∈ Λ𝑀,𝑠,𝜓 ∪Λ𝑀,𝑠,𝜓′

=⇒ 𝑤 ∈ Δ𝑀,𝑠,𝜓 ∪Δ𝑀,𝑠,𝜓′ , by Induction Hypothesis

=⇒ 𝑤 ∈ Δ𝑀,𝑠,𝜓 or 𝑤 ∈ Δ𝑀,𝑠,𝜓′

=⇒ 𝑀 |𝑤, 𝑠 ⊨ 𝜓 or 𝑀 |𝑤, 𝑠 ⊨ 𝜓′

=⇒ 𝑀 |𝑤, 𝑠 ⊨ 𝜓∨𝜓′

=⇒ 𝑤 ∈ Δ𝑀,𝑠,𝜑

𝑤 ∈ Δ𝑀,𝑠,𝜓∨𝜓′ =⇒ 𝑀 |𝑤, 𝑠 ⊨ 𝜓 or 𝑀 |𝑤, 𝑠 ⊨ 𝜓′

=⇒ 𝑤 ∈ Δ𝑀,𝑠,𝜓 or 𝑤 ∈ Δ𝑀,𝑠,𝜓′

=⇒ 𝑤 ∈ Λ𝑀,𝑠,𝜓 or Λ𝑀,𝑠,𝜓′ , by Induction Hyporthesis

=⇒ 𝑤 ∈ Λ𝑀,𝑠,𝜓 ∪Λ𝑀,𝑠,𝜓′

=⇒ 𝑤 ∈ Λ𝑀,𝑠,𝜓∨𝜓′ , by definition 41
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• 𝜑 = 𝐾̂𝑖𝜓.

𝑤 ∈ Λ𝑀,𝑠,𝐾̂𝑖𝜓 =⇒ 𝑤 ∈ (∪𝑡:𝑡∼𝑖𝑠Λ𝑀,𝑡,𝜓) ∩L(𝑃𝑟𝑒(Exp(s)))
=⇒ 𝑤 ∈ (∪𝑡:𝑡∼𝑖𝑠Δ𝑀,𝑡,𝜓) ∩L(𝑃𝑟𝑒(Exp(s))), by Induction Hypothesis

=⇒ (∃𝑡 ∼𝑖 𝑠 such that 𝑤 ∈ Δ𝑀,𝑡,𝜓) and 𝑤 ∈ L(𝑃𝑟𝑒(Exp(s)))
=⇒ (∃𝑡 ∼𝑖 𝑠 such that 𝑀 |𝑤, 𝑡 ⊨ 𝜓) and L(Exp(s)\w) ≠ ∅
=⇒ 𝑀 |𝑤, 𝑠 ⊨ 𝐾̂𝑖𝜓

=⇒ 𝑤 ∈ Δ𝑀,𝑠,𝐾̂𝑖𝜓

𝑤 ∈ Δ𝑀,𝑠,𝐾̂𝑖𝜓 =⇒ 𝑀 |𝑤, 𝑠 ⊨ 𝐾̂𝑖𝜓
=⇒ L(Exp(s)\w) ≠ ∅ and ∃t ∼i s such that M |w, t ⊨ 𝜓
=⇒ 𝑤 ∈ L(𝑃𝑟𝑒(Exp(s))) and ∃t ∼i s such that w ∈ ΔM,t,𝜓

=⇒ 𝑤 ∈ L(𝑃𝑟𝑒(Exp(s))) and ∃t ∼i s such that w ∈ ΛM,t,𝜓 , by IH

=⇒ 𝑤 ∈ L(𝑃𝑟𝑒(Exp(s))) and w ∈ (∪t:t∼isΛ
M,t,𝜓)

=⇒ 𝑤 ∈ L(𝑃𝑟𝑒(Exp(s))) ∩ (∪t:t∼isΛ
M,t,𝜓)

=⇒ 𝑤 ∈ Λ𝑀,𝑠,𝐾̂𝑖𝜓 , by definition 2.1

• 𝜑 = ⟨𝜋⟩𝜓

𝑤 ∈ Λ𝑀,𝑠,⟨𝜋⟩𝜓 =⇒ ∃𝑤′ ∈ L(𝜋) and L(Exp(s)\ww′) ≠ ∅ and ww′ ∈ ΛM,s,𝜓

=⇒ ∃𝑤′ ∈ L(𝜋) and L(Exp(s)\ww′) ≠ ∅ and ww′ ∈ ΔM,s,𝜓 , by Induction Hypothesis

=⇒ ∃𝑤′ ∈ L(𝜋) and L(Exp(s)\ww′) ≠ ∅ and M |ww′ , s ⊨ 𝜓

=⇒ 𝑀 |𝑤, 𝑠 ⊨ ⟨𝜋⟩𝜓
=⇒ 𝑤 ∈ Δ𝑀,𝑠,⟨𝜋⟩𝜓
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𝑤 ∈ Δ𝑀,𝑠,⟨𝜋⟩𝜓 =⇒ 𝑀 |𝑤, 𝑠 ⊨ ⟨𝜋⟩𝜓
=⇒ ∃𝑤′ ∈ L(𝜋) such that L(Exp(s)\ww′) ≠ ∅ and M |ww′ , s ⊨ 𝜓

=⇒ ∃𝑤′ ∈ L(𝜋) and L(Exp(s)\ww′) ≠ ∅ and ww′ ∈ ΔM,s,𝜓

=⇒ ∃𝑤′ ∈ L(𝜋) and L(Exp(s)\ww′) ≠ ∅ and ww′ ∈ ΛM,s,𝜓 , by Induction Hypothesis

=⇒ 𝑤 ∈ Λ𝑀,𝑠,⟨𝜋⟩𝜓

□

Hence, while model-checking formulas of type ⟨𝜋⟩𝜓, the publicly observable 𝑤 ∈ L(𝜋)
will always belong in the set ΛM,𝑠,⟨𝜋⟩𝜓 . But note that, such a set can have countably infinite
many words. However, such a set is mostly built out of regular languages (since 𝜋 as well
as the expectations Exp of any state of world of the model is regular). Hence, we prove the
following lemma.

Lemma 6. For any model 𝑀, starting state 𝑠 and finite POL formula 𝜑 the set Λ𝑀,𝑠,𝜑 is
regular.

Proof. We prove this by inducting on the size of 𝜑.
Base Case. Consider 𝜑 to be propositional formula. By definition 41:

Λ𝑀,𝑠,𝜑 =

{
L(𝑃𝑟𝑒(Exp(s))) ifM, 𝑠 ⊨ 𝜑

𝜑 ifM, 𝑠 ⊭ 𝜑

The language of empty set is regular. Also, by definition of any finite model 𝑀, for a
state 𝑠, Exp(s) is regular. Hence the language of every possible prefix of Exp(s), that is
L(𝑃𝑟𝑒(Exp(s))) is also regular (Given the DFA of Exp(s), mark every state that can reach
the accepting state in it as an accepting state, including the start state.).

Induction Hypothesis. For any finite model 𝑀, starting state 𝑠 and a POL formula 𝜓,
such that |𝜓 | ≤ 𝑚, for a positive integer 𝑚, Λ𝑀,𝑠,𝜓 is regular.

Inductive Step.

• 𝜑 = ⟨𝜋⟩𝜓.

Let A1 = (𝑄A1 ,Σ, 𝛿A1 , 𝑞
A1
0 , 𝐹A1) be the DFA accepting the language

{𝑤 | 𝑤 ∈ L(𝑃𝑟𝑒(Exp(s))) and w ∈ ΛM,s,𝜓}.
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Let A𝜋 = (𝑄A𝜋 ,Σ, 𝛿A𝜋 , 𝑞
A𝜋

0 , 𝐹A𝜋 ) be the DFA accepting L(𝜋).

And let A2 = (𝑄A2 ,Σ, 𝛿A2 , 𝑞
A2
0 , 𝐹A2) be the product DFA accepting the language

{𝑤 | 𝑤 ∈ L(𝑃𝑟𝑒(Exp(s))) and w ∈ ΛM,s,𝜓} ∩L(𝜋).

That is 𝑄A2 = 𝑄A1 ×𝑄A𝜋 and 𝐹A2 = 𝐹A1 × 𝐹A𝜋 . Let 𝑇 be the set of states in A2

from where the final states are reachable.

Consider the DFA B = (𝑄A1 ,Σ, 𝛿A1 , 𝑞
A1
0 , 𝐹B) whose states and transition functions

are same as A1 and the set of final states is defined as follows:

𝐹B = {𝑡 ∈ 𝑄A1 | (𝑡, 𝑞A𝜋

0 ) ∈ 𝑇}.

Claim 7. The DFA B is the DFA accepting the language{
𝑤 | ∃𝑤′ ∈ L(𝜋) and L(Exp(s)\ww′) ≠ ∅ and ww′ ∈ ΛM,s,𝜓} .

Proof. A state 𝑡 is in 𝐹B iff (𝑡, 𝑞A𝜋

0 ) ∈ 𝑇 , that is (by definition of 𝑇) means there exists
𝑤′ such that 𝛿A1 (𝑡,𝑤′)1 ∈ 𝐹A1 and 𝛿A𝜋 (𝑠,𝑤′)1 ∈ 𝐹A𝜋 . The second condition means
𝑤′ ∈ L(𝜋).

Intuitively, this means that any state 𝑡 is a final state which is tracking the prefix of
𝐸𝑥𝑝(𝑠) as well as once can start verifying 𝜋 in the product automata as well (𝑞A𝜋

0 ).

So 𝑤 is accepted by B iff 𝛿A1 (𝑞A1
0 ,𝑤) ∈ 𝐹B that is there exists 𝑤′ such that

𝛿A1 (𝑞A1
0 ,𝑤𝑤′) = 𝛿A1 (𝛿A1 (𝑞A1

0 ,𝑤),𝑤′) ∈ 𝐹A1 and 𝑤′ ∈ L(𝜋). □

• 𝜑 = ¬𝜓. Here Λ𝑀,𝑠,𝜑 = Λ𝑀,𝑠,𝜓 . By Induction hypothesis, Λ𝑀,𝑠,𝜓 is regular and since
regular language is closed under complementation, Λ𝑀,𝑠,𝜑 is regular.

• 𝜑 = 𝜓∨𝜓′. Henre Λ𝑀,𝑠,𝜓∨𝜓′ = Λ𝑀,𝑠,𝜓 ∪Λ𝑀,𝑠,𝜓′ . By Induction hypothesis, Λ𝑀,𝑠,𝜓 and
Λ𝑀,𝑠,𝜓′ is regular. Since regular language is closed under union, Λ𝑀,𝑠,𝜑 is regular.

• 𝜑 = 𝐾̂𝑖𝜓. Here Λ𝑀,𝑠,𝜑 = (∪𝑡∼𝑖𝑠Λ𝑀,𝑡,𝜓) ∩L(𝑃𝑟𝑒(Exp(s))). Since regular language is
closed under finite union and intersection, Λ𝑀,𝑠,𝜑 is regular.

□

Decide (Algorithm 1) is an algorithm for checking if 𝑀, 𝑠 ⊨ 𝜑.
1Here 𝛿̂, where 𝛿 is a usual transition function of a DFA, is the conventional extension of the transition

function from letter to words as defined in [40].
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Algorithm 1 Decide(𝑀, 𝑠, 𝜑)
1: procedure Decide(M, 𝑠, 𝜑)
2: if 𝜑 is a propositional formula then
3: Return True if 𝜑 ∈ 𝑉 (𝑠); False otherwise
4: if 𝜑 = 𝜓′∨𝜓 then
5: Return Decide(𝑀, 𝑠,𝜓) or Decide(𝑀, 𝑠,𝜓′)
6: if 𝜑 = ⟨𝜋⟩𝜓 then
7: if there exist |𝑤 | ≤ 2|𝜋 | ×2|Exp(s) | ×2max𝑠∈𝑆 ( |Exp(s) |)×O(mn−1) , where 𝑚 is the size of
𝑀 in terms of the states and relation, 𝑛= |𝜑 |, such that𝑤 ∈ L(𝜋) and𝑤 ∈ L(𝑃𝑟𝑒(Exp(s)))
and Decide(𝑀 |𝑤, 𝑠,𝜓) then

8: Return True
9: else

10: Return False
11: if 𝜑 = 𝐾̂𝑖𝜓 then
12: if if there exists a 𝑡 ∈ 𝑆 such that 𝑡 ∼𝑖 𝑠 and Decide(𝑀,𝑡,𝜓) then
13: Return True
14: else
15: Return False
16: if 𝜑 = ¬𝜓 then
17: Return not Decide(𝑀, 𝑠,𝜓)

Definition 42 (POL Syntactic Tree). The POL Syntactic tree for a POL formula 𝜑 is
constructed as:

• For a node 𝜑, where 𝜑 ∈ P, where P is the set of propositional formulas, keep the node
as it is.

• For a node 𝜑 = 𝐾̂𝑖𝜓, create POL syntactic subtree for node 𝜓 rooted at node 𝐾̂𝑖.

• For a node 𝜑 = ⟨𝜋⟩𝜓, create POL syntactic subtree for node 𝜓 rooted at ⟨𝜋⟩.

• For a node 𝜑 = ¬𝜓, where 𝜓 ∉ P, create POL syntactic subtree for node 𝜓 rooted at ¬.

• For a node 𝜑 = 𝜓∨𝜓′ where 𝜓 ∉ P and where 𝜓′ ∉ P, create POL syntactic subtree
for left node 𝜓 and right node 𝜓′ rooted at ∨

Also, consider 𝑃𝑀 = 𝑚𝑎𝑥𝑠∈𝑆 ( |Exp(s) |).
Next we prove the size of the DFA of the regular language ΛM,𝑠,𝜑 in order to gain an

upper-bound on the search-space of the words (bound on the word size in line 7 of algorithm 1)
and prove the correctness of the algorithm Decide.
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Lemma 8. For any finite model 𝑀, starting state 𝑠 and a finite POL formula 𝜑, the size of
DFA of Λ𝑀,𝑠,𝜑, 𝐷Λ𝑀,𝑠,𝜑 , is given by |𝐷Λ𝑀,𝑠,𝜑 | ≤ 2𝑃𝑀 (𝑂 (𝑚 (𝑛−1) )) ×2𝑃𝑀 , where 𝑛 is the depth of
POL Syntactic tree of 𝜑 and |𝑀 | = 𝑚

Proof. Given a finite model 𝑀 ,

𝑆𝑀 (𝑛) = max
𝑠∈𝑆,𝜑:|𝜑|≤𝑛

{
the size of the DFA accepting the regular language Λ𝑀,𝑠,𝜑

}
Now we will form a recursion of 𝑆𝑀 (𝑛) for each case as in definition 41:

• 𝜑 is propositional case.
Exp(s) is by model definition a regular expression. Hence the size of the DFA of
Exp(s) is 𝐷Exp(s) ≤ 2|Exp(s) |. Hence 𝑆𝑀 (1) ≤ 2𝑃𝑀 .

• 𝜑 = ¬𝜓. Here Λ𝑀,𝑠,𝜑 = Λ𝑀,𝑠,𝜓 . Hence 𝑆𝑀 (𝑛) = 𝑆𝑀 (𝑛−1).

• 𝜑 = 𝜓∨𝜓′. Here Λ𝑀,𝑠,𝜑 = Λ𝑀,𝑠,𝜓 ∪Λ𝑀,𝑠,𝜓′ . Hence 𝑆𝑀 (𝑛) ≤ 𝑆𝑀 (𝑛−1)2

• 𝜑 = 𝐾̂𝑖𝜓. Here Λ𝑀,𝑠,𝜑 = (∪𝑡∼𝑖𝑠 (Λ𝑀,𝑡,𝜓)) ∩L(𝑃𝑟𝑒(Exp(s))). Considering the maxi-
mum adjacency a state 𝑠 can have is |𝑀 |, then 𝑆𝑀 (𝑛) ≤ 𝑆𝑀 (𝑛−1)𝑚 ×2𝑃𝑀 .

• 𝜑 = ⟨𝜋⟩𝜓. By definition 41, Λ𝑀,𝑠,𝜑 = {𝑤 | ∃𝑤′ ∈ L(𝜋) such that L(Exp(s)\ww′) ≠
∅ and ww′ ∈ 𝛬M,s,𝜓}. In Lemma 6, a DFA B was constructed for this language using a
product DFA of 𝑃𝑟𝑒(Exp(s)) and Λ𝑀,𝑠,𝜓 . Hence 𝑆𝑀 (𝑛) ≤ 2𝑃𝑀 × 𝑆𝑀 (𝑛−1).

From the above cases it can be deduced that the last two cases produce the largest sized
DFAs. Hence, 𝑆𝑀 (𝑛) ≤ (𝑆𝑀 (𝑛−1)𝑚 ×2𝑃𝑀 ).

𝑆𝑀 (𝑛) ≤ 𝑆𝑀 (𝑛−1)𝑚 ×2𝑃𝑀

Observation 9. 𝑆𝑀 (𝑛) ≤ 2𝑃𝑀×𝑂 (𝑚𝑛−1) ×2𝑃𝑀

Proof. We will prove it by induction on 𝑛.
Base Case. 𝑛 = 1. Therefore 𝜑 is propositional.Hence 𝑆𝑀 (1) ≤ 2𝑃𝑀 ≤ 2𝑃𝑀×𝑂 (1) ×2𝑃𝑀 .

Induction Hypothesis. For every integer 𝑖 ≤ 𝑛, 𝑆𝑀 (𝑛) ≤ 2𝑃𝑀×𝑂 (𝑚𝑖−1) ×2𝑃𝑀 .
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Inductive Step. Consider 𝑆𝑀 (𝑛+1).

𝑆𝑀 (𝑛+1) ≤ 𝑆𝑀 (𝑛)𝑚 ×2𝑃𝑀

≤ (2𝑃𝑀×𝑂 (𝑚𝑛−1) ×2𝑃𝑀 )𝑚 ×2𝑃𝑀 , by Induction Hypothesis

≤ 2𝑃𝑀 (𝑂 (𝑚𝑛)+𝑚) ×2𝑃𝑀

≤ 2𝑃𝑀 (𝑂 (𝑚𝑛)) ×2𝑃𝑀

□

Hence 𝑆𝑀 (𝑛) ≤ 2𝑃𝑀 (𝑂 (𝑚 (𝑛−1) )) ×2𝑃𝑀 □

Finally, we prove the correctness.

Theorem 10. The above algorithm Decide(𝑀, 𝑠, 𝜑) correctly decides if 𝑀, 𝑠 ⊨ 𝜑.

Proof. We will prove Decide(𝑀, 𝑠, 𝜑) returns True iff 𝑀, 𝑠 ⊨ 𝜑 by induction on the size of
𝜑.
Base Case. Consider 𝜑 to be propositional formula. 𝑀, 𝑠 ⊨ 𝜑 iff the propositional variables
are assigned according to 𝑉 (𝑠) iff Decide(𝑀, 𝑠, 𝜑) returns True.

Induction Hypothesis. For any POL formula |𝜓 | ≤ 𝑚, any finite model 𝑀 and any state
𝑠, Decide(𝑀, 𝑠,𝜓) returns True iff 𝑀, 𝑠 ⊨ 𝜓.

Inductive Step. We will now go case by case over the form of 𝜑.

• 𝜑 = 𝜓∨𝜓′.

𝑀, 𝑠 ⊨ 𝜓∨𝜓′ iff 𝑀, 𝑠 ⊨ 𝜓 or 𝑀, 𝑠 ⊨ 𝜓′

iff Decide(𝑀, 𝑠,𝜓) = True

or Decide(𝑀, 𝑠,𝜓′) = True , by Induction Hypothesis

iff Decide(𝑀, 𝑠, 𝜑) = True, as per line 4- 5

• 𝜑 = 𝐾̂𝑖𝜓.

𝑀, 𝑠 ⊨ 𝐾̂𝑖𝜓 iff ∃𝑡 ∼𝑖 𝑠 such that 𝑀,𝑡 ⊨ 𝜓

iff ∃𝑡 ∼𝑖 𝑠 such that Decide(𝑀,𝑡,𝜓) = True

iff Decide(𝑀, 𝑠, 𝜑) = True, as per line 12-15
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• 𝜑 = ⟨𝜋⟩𝜓.

𝑀, 𝑠 ⊨ ⟨𝜋⟩𝜓 iff ∃𝑤 ∈ L(𝜋) such that L(Exp(s)\w) ≠ ∅ and M |w, s ⊨ 𝜓
iff ∃𝑤 ∈ (L(𝜋) ∩L(𝑃𝑟𝑒(Exp(s))) ∩ΛM,s,𝜓), by Lemma 5

Now, by Lemma 6, Λ𝑀,𝑠,𝜓 is regular, and by Lemma 8, the size of the DFA of
Λ𝑀,𝑠,𝜓 is at most 2𝑃𝑀 (𝑂 (𝑚𝑛−1)) ×2𝑃𝑀 . Also 𝜋 and 𝑃𝑟𝑒(Exp(s)) being regular, hence
the size of DFA of L(𝜋) ∩L(𝑃𝑟𝑒(Exp(s))) ∩𝛬M,s,𝜓 will be at most 2|𝜋 | ×2|Exp(s) | ×
2max𝑠∈𝑆 ( |Exp(s) |)×O(mn−1) . Therefore from above deduction

𝑀, 𝑠 ⊨ ⟨𝜋⟩𝜓 iff ∃𝑤 ∈ (L(𝜋) ∩L(𝑃𝑟𝑒(Exp(s))) ∩ΛM,s,𝜓)

iff ∃𝑤, |𝑤 | ≤ 2|𝜋 | ×2|Exp(s) | ×2max𝑠∈𝑆 ( |Exp(s) |)×O(mn−1)

and 𝑤 ∈ L(𝜋) and 𝑤 ∈ L(𝑃𝑟𝑒(Exp(s))) and

Decide(𝑀 |𝑤, 𝑠,𝜓) = True

• 𝜑 = ¬𝜓

𝑀, 𝑠 ⊨ ¬𝜓 iff 𝑀, 𝑠 ⊭ 𝜓

iff Decide(𝑀, 𝑠,𝜓) = False, by Induction Hypothesis

iff Decide(𝑀, 𝑠, 𝜑) = True, as in Line 17

□

Hence we have an algorithm that correctly decides the model-checking problem for POL
(Decide). Also, by Lemma 8, the algorithm terminates. In the next subsection, we look
into further optimising this algorithm. Note that, by Lemma 8, for formula ⟨𝜋⟩𝜓, the size of
witness 𝑤 can range at most upto double exponential in size with respect to input (line 7).
We take a dynamic programming approach to reduce that bound in the next subsection.

3.2.1 A Dynamic Approach

In this section we will be computing an upper bound on the POL model checking problem
using a dynamic approach.
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Observation 11. For a finite modelM = ⟨𝑆,∼,𝑉,Exp⟩, a world 𝑠 ∈ 𝑆, and for every pair
of words 𝑤,𝑤′ ∈ Σ∗, if 𝑤 and 𝑤′ are simulated in the 𝐷𝐹𝐴(Exp(s)) = (Q,𝚺, 𝛿,q0,F), with
both simulations ending in the state 𝑞 ∈ 𝑄, then 𝐷𝐹𝐴(Exp(s)\w) = DFA(Exp(s)\w′).

Proof. From the definition of residue (definition 15) we have 𝑢 ∈ L(𝐷𝐹𝐴(Exp(s)\w)) iff
𝑤𝑢 ∈ L(𝐷𝐹𝐴(Exp(s))). Note that,

𝑢 ∈ L(𝐷𝐹𝐴(Exp(s)\w))
iff 𝑤𝑢 ∈ L(𝐷𝐹𝐴(Exp(s)))
iff 𝛿̂(𝑞0,𝑤𝑢) ∈ 𝐹
iff 𝛿̂(𝛿̂(𝑞0,𝑤), 𝑢) ∈ 𝐹
iff 𝛿̂(𝛿𝑠 (𝑞0,𝑤′), 𝑢) ∈ 𝐹,

the last if and only if holds as by assumption 𝛿̂(𝑞0,𝑤) = 𝛿̂(𝑞0,𝑤′). Finally note that,

𝛿̂(𝛿̂(𝑞0,𝑤′), 𝑢) ∈ 𝐹 iff 𝑤′𝑢 ∈ L(𝐷𝐹𝐴(Exp(s)))
iff 𝑢 ∈ L(𝐷𝐹𝐴(Exp(s)\w′))

□

Hence we prove that, even though there are countable infinite many unique words in Σ★,
given a regular expression, there are similar DFA representation of residue over different
words. This helps us bounding the number of unique projections M|𝑤 given M over
any 𝑤 ∈ Σ★. Using Observation 11 we can obtain an upper bound on the size of the set
MΣ★ = {M|𝑤 | 𝑤 ∈ Σ∗}.

Lemma 12. Given a finite POL modelM = ⟨𝑆,∼,𝑉,Exp⟩, the size of |MΣ★ | ≤ Π𝑡∈M2|Exp(t) |.

Proof. For any given world 𝑠 ∈ 𝑆 and 𝐷𝐹𝐴(Exp(s)) = (Qs,𝛴, 𝛿s,q0
s ,Fs), relation 𝑍M𝑠 ⊆

Σ∗×Σ∗ is defined as:
(𝑤,𝑢) ∈ 𝑍M𝑠 iff 𝛿𝑠 (𝑞0

𝑠 ,𝑤) = 𝛿𝑠 (𝑞0
𝑠 , 𝑢)

Clearly, 𝑍M𝑠 is an equivalence relation, hence creates a partition over Σ∗. Therefore
by Observation 11, for any pair (𝑤,𝑤′) ∈ 𝑍M𝑠 , 𝐷𝐹𝐴(Exp(s)\w) = DFA(Exp(s)\w′). In
other words, any 𝑤 from a single partition [𝑤]𝑠 over Σ∗ by 𝑍M𝑠 , will produce the same
𝐷𝐹𝐴(𝐸𝑥𝑝(𝑠)\𝑤). Therefore, number of partitions over Σ∗ by 𝑍M𝑠 is at most the number of
states in 𝐷𝐹𝐴(Exp(s)), that is, 2|Exp(s) |.
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For the modelM, let 𝑛 = |𝑆 |. Consider the following 𝑛-tuple 𝑇𝑤M = (𝐷𝑤
𝑠1
, . . . , 𝐷𝑤

𝑠𝑛
) for

all 𝑤 ∈ Σ∗, where 𝐷𝑤
𝑠𝑖
= 𝐷𝐹𝐴(𝐸𝑥𝑝(𝑠𝑖)\𝑤) for the world 𝑠𝑖 ∈ 𝑆. Note that |MΣ★ | = |{𝑇𝑤M |

𝑤 ∈ Σ∗}|, because for every 𝑤 ∈ Σ∗, 𝑇𝑤M is the tuple enumerating the 𝐸𝑥𝑝 function ofM|𝑤
according to the worlds of M (Note that, if a world vanishes in M|𝑤 for some 𝑤, the
corresponding DFA will be of empty language).

For each world 𝑠𝑖, the total number of 𝐷𝑤
𝑠𝑖

possible is at most 2|Exp(si) |, and hence the total
number of such tuples possible is Π𝑡∈M2|Exp(t) |. □

Consider |𝑄𝑀 | = max𝑠∈𝑆 ( |𝑄𝑠 |), where for every 𝑠 ∈ 𝑆, 𝑄𝑠 is the set of states in the
𝐷𝐹𝐴(Exp(s)). Consider the following definition required to prove the following theorem.

Definition 43. Given a model 𝑀 , for any 𝑤 ∈ Σ∗, define Δ𝑤
𝑀
= {𝑤′ | 𝑀 |𝑤′ = 𝑀 |𝑤}.

Lemma 13. Given a model 𝑀 =< 𝑆, 𝑅,𝑉,Exp >, for any 𝑤̄ ∈ Σ∗, Δ𝑤̄
𝑀

is regular. Moreover,
the size of the DFA of Δ𝑤̄

𝑀
, |𝐷𝐹𝐴(Δ𝑤̄

𝑀
) | ≤ |𝑄𝑀 | |𝑆 |.

Proof.

𝑤 ∈ Δ𝑤̄𝑀 iff 𝑀 |𝑤̄ = 𝑀 |𝑤
iff ∀𝑠 ∈ 𝑆,𝑤 ∈ [𝑤̄]𝑠
iff 𝑤 ∈ ∩𝑠∈𝑆 [𝑤̄]𝑠

Given a state 𝑠 ∈ 𝑆, by definition of the relation 𝑍𝑀𝑠 as in the proof of Lemma 12, 𝑤 ∈ [𝑤̄]𝑠 if
and only if 𝛿𝑠 (𝑞0

𝑠 ,𝑤) = 𝛿𝑠 (𝑞0
𝑠 , 𝑤̄), where 𝛿𝑠 is the transition function of the 𝐷𝐹𝐴(Exp(s)) =

(Qs,𝛴, 𝛿s,q0
s ,Fs). Therefore the 𝐷𝐹𝐴( [𝑤̄]𝑠) = (𝑄𝑠,Σ, 𝛿𝑠, 𝑞

0
𝑠 , 𝐹[𝑤̄]𝑠 = {𝛿𝑠 (𝑞0

𝑠 , 𝑤̄)}). Infor-
mally, the language of [𝑤̄]𝑠 takes the DFA of Exp(s), unmarks all its final/accepting states
and marks the state where 𝑤̄ reaches when simulated on it from the start state, as final. Hence
[𝑤̄]𝑠 for any state 𝑠 ∈ 𝑆 is regular.
Therefore, Δ𝑤̄

𝑀
= ∩𝑠∈𝑆 [𝑤̄]𝑠 is regular. Also 𝐷𝐹𝐴( [𝑤̄]𝑠) for any state 𝑠 ∈ 𝑆 has |𝑄𝑠 | states,

which is at most |𝑄𝑀 |. Therefore |𝐷𝐹𝐴(Δ𝑤̄
𝑀
) | = |𝐷𝐹𝐴(∩𝑠∈𝑆 [𝑤̄]𝑠) | ≤ |𝑄𝑀 | |𝑆 |. □

Hence we have the following theorem:

Theorem 14. For any POL formula 𝜑, a finite pointed POL model 𝑀, 𝑠, there exists a 𝑤 ∈ Σ∗,
such that if 𝑀 |𝑤, 𝑠 ⊨ 𝜑 then |𝑤 | ≤ |𝑄𝑀 | |𝑆 |.

Proof. Create a graph structure 𝐺𝑀 (𝑀Σ★, 𝐸𝑀). 𝐸𝑀 is a set of labelled directed edges
(labelled with letters 𝑎 ∈ Σ) between nodes from 𝑀Σ★.

For every 𝑎 ∈ Σ, (𝑀 |𝑢, 𝑀 |𝑢′ , 𝑎) ∈ 𝐸𝑀 iff 𝑢𝑎 ∈ Δ𝑢′
𝑀

. Now consider the longest path in
𝐺𝑀 from 𝑀 (that is, 𝑀 |𝜖 ). Each edge in that path contributes an alphabet to the string and
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the biggest path that can occur in this graph is |𝑀Σ★ |. Hence there exists a 𝑤 such that
|𝑤 | = |𝑀Σ★ | ≤ |𝑄𝑀 | |𝑆 | □

Let Γ[𝑀] = {Δ𝑤̄𝑀 | 𝑤̄ ∈ Σ
∗}.

Lemma 15. For any finite POL formula 𝜑, finite model 𝑀, starting state 𝑠, there exists a
subset 𝑆 ⊆ Γ[𝑀] such that Λ𝑀,𝑠,𝜑 = ∪Δ𝑤̄

𝑀
∈𝑆 (Δ𝑤̄𝑀).

Proof. By Lemma 5, Λ𝑀,𝑠,𝜑 = {𝑤 | 𝑀 |𝑤, 𝑠 ⊨ 𝜑}. Now, define a relation 𝑍𝑀 ⊆ Λ𝑀,𝑠,𝜑×Λ𝑀,𝑠,𝜑,
such that for any 𝑤,𝑤′ ∈ Λ𝑀,𝑠,𝜑, (𝑤,𝑤′) ∈ 𝑍𝑀 if 𝑀 |𝑤 = 𝑀 |𝑤′ . Again, 𝑍𝑀 is an equivalence
relation. Therefore, it forms a partition over Λ𝑀,𝑠,𝜑. Let [𝑤] be one such partition with the
string 𝑤 in it.

Note that, [𝑤] = {𝑤′ | 𝑀 |𝑤 = 𝑀 |𝑤′} = Δ𝑤
𝑀

. Hence there exists a subset 𝑆 ⊆ Γ[𝑀] such
that Λ𝑀,𝑠,𝜑 = ∪Δ𝑤̄

𝑀
∈𝑆 (Δ𝑤̄𝑀) □

Corollary 16. Given a model 𝑀 =< 𝑆, 𝑅,𝑉,Exp >, a formula ⟨𝜋⟩𝜑 for any POL formula
𝜑 and regular expression 𝜋 over Σ, and a start state 𝑠, there exists a string in L(𝜋) ∩
L(𝑃𝑟𝑒(Exp(s))) ∩𝛬M,s,𝜑 of length at most 2|𝜋 |+|Exp(s) | × |𝑄𝑀 |𝑂 ( |𝑆 |

2) .

Proof. From Lemma 15, we know Λ𝑀,𝑠,𝜑 = ∪Δ𝑤̄
𝑀
∈𝑆 (Δ𝑤̄𝑀) for some 𝑆 ⊆ Γ|𝑀 |. Also from

Lemma 13, we know |𝐷𝐹𝐴(Δ𝑤̄
𝑀
) | ≤ |𝑄𝑀 | |𝑆 |. Also |𝑀Σ★ | = |Γ[𝑀] | ≤ |𝑄𝑀 | |𝑆 |. Hence,

|𝐷𝐹𝐴(Λ𝑀,𝑠,𝜑) | ≤ |𝑄𝑀 |𝑂 ( |𝑆 |
2) . Therefore, the DFA of L(𝜋) ∩ L(𝑃𝑟𝑒(Exp(s))) ∩𝛬M,s,𝜑

will have at most 2|𝜋 |+|Exp(s) | × |𝑄𝑀 |𝑂 ( |𝑆 |
2) states. Hence there exists a string in L(𝜋) ∩

L(𝑃𝑟𝑒(Exp(s))) ∩𝛬M,s,𝜑 of length at most 2|𝜋 |+|Exp(s) | × |𝑄𝑀 |𝑂 ( |𝑆 |
2) . □

In this section, we present the model checking decidability algorithm for POL. Given a
finite POL formula 𝜑, a finite POL model 𝑀 =< 𝑆, 𝑅,𝑉,Exp >, and a start state 𝑠 ∈ 𝑆, decide
𝑀, 𝑠 ⊨ 𝜑.

Notational Preliminaries

The algorithm CreateDelta(𝑀) returns every possible tuple (Δ𝑀 , 𝑤̄), where Δ𝑀 is a DFA
such that L(Δ𝑀) = {𝑤 ∈ Σ∗ | 𝑀 |𝑤 = 𝑀 |𝑤̄} and 𝑤̄ is the smallest word in Δ𝑤̄

𝑀
. This tuple

represents the same language Δ𝑤̄
𝑀

defined in definition 43, and the DFA was constructed in
the proof of Lemma 13.
The algorithm StringRepresent(𝑀,𝜋, 𝑠,Γ[𝑀]) returns every possible DFA of L(𝜋) ∩
L(𝑃𝑟𝑒(Exp(s))) ∩𝛥M over all tuple (Δ𝑀 , 𝑤̄) ∈ Γ[𝑀] . Each DFA is named 𝛽𝑀𝑤̄,𝜋,𝑠 over every
possible 𝑤̄, which, by Lemma 12, is |𝑄𝑀 | |𝑆 | many. 𝑤𝑚𝑖𝑛 (𝛽𝑀𝑤̄,𝜋,𝑠) is the minimum length
string accepted by 𝛽𝑀𝑤̄,𝜋,𝑠. Hence at most |𝑄𝑀 | |𝑆 | such minimum strings (of length at most
2|𝜋 |+|Exp(s) | × |𝑄𝑀 | |𝑆 |, by Lemma 13) are stored in the set 𝐵𝑀𝜋,𝑠 and is returned.
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Algorithm 2 CreateDelta(𝑀 =< 𝑆, 𝑅,𝑉,Exp >)
1: procedure CreateDelta(𝑀 =< 𝑆, 𝑅,𝑉,Exp >)
2: 𝐷𝐹𝐴𝑀𝑎𝑡𝑟𝑖𝑥 [𝑠𝑖] ← ∅ for all 𝑠𝑖 ∈ 𝑆
3: for each 𝑠𝑖 ∈ 𝑆 do
4: 𝐷𝑠 = (𝑄𝑠,Σ, 𝛿𝑠, 𝑞

0
𝑠 , 𝐹𝑠) ← CreateDFAFromREG(Exp(s))

5: 𝐷𝐹𝐴𝑟𝑟𝑎𝑦[𝑞] ← ∅ for all 𝑞 ∈ 𝑄𝑠

6: for each 𝑞 ∈ 𝑄𝑠 do
7: 𝐷

𝑞
𝑠 = (𝑄𝑠,Σ, 𝛿𝑠, 𝑞, 𝐹𝑠)

8: 𝐷𝐹𝐴𝑟𝑟𝑎𝑦[𝑞] ← 𝐷
𝑞
𝑠

𝐷𝐹𝐴𝑀𝑎𝑡𝑟𝑖𝑥 [𝑠] ← 𝐷𝐹𝐴𝑟𝑟𝑎𝑦

9: Γ[𝑀] ← ∅
10: for each 𝑛-tuple (𝑞𝑠1 , 𝑞𝑠2 ...𝑞𝑠𝑛) for all 𝑠𝑖 ∈ 𝑆 where 𝑞𝑠𝑖 ∈𝑄𝑠𝑖 a state in DFA of Exp(si)

do
11: Δ𝑀 ←∩𝑠𝑖∈𝑆 (𝐷𝐹𝐴𝑀𝑎𝑡𝑟𝑖𝑥 [𝑠𝑖] [𝑞𝑠𝑖 ])
12: 𝑤̄← the string from shortest path from start state of Δ𝑀 to a final state
13: Γ[𝑀] ← Γ[𝑀] ∪ {(Δ𝑀 , 𝑤̄)}
14: Return Γ[𝑀]

The algorithm StoreStrings(𝑀,𝜑) returns every possible 𝑤𝑚𝑖𝑛 (𝛽𝑀𝑤̄,𝜋,𝑠), over all 𝑤̄, every 𝜋
in the set of regular language modalities of 𝜑 (in the algorithm, the set is called 𝜑𝑅), over
every state 𝑠 ∈ 𝑆. The 2-D matrix𝑊𝑚𝑖𝑛 is indexed by every 𝜋 ∈ 𝜑𝑅 and 𝑠 ∈ 𝑆. 𝑊𝑚𝑖𝑛 [𝜋] [𝑠]
contains every possible DFA of L(𝜋) ∩L(𝑃𝑟𝑒(Exp(s))) ∩𝛥M over all tuple (Δ𝑀 , 𝑤̄) ∈ Γ[𝑀]
in the state 𝑠, for the regular language 𝜋.
Finally, the Decide2(𝑀, 𝑠, 𝜑,𝑊𝑚𝑖𝑛) decides whether 𝑀, 𝑠 ⊨ 𝜑, as the algorithm previously
stated. Only difference is in the case where 𝜑 = ⟨𝜋⟩𝜓. Here, instead of exhaustively
searching for all strings in L(𝜋) ∩L(𝑃𝑟𝑒(Exp(s))) upto a certain size (double exponential),
a more memoization approach is taken. By StoreStrings, we store every possible small-
sized 𝑤𝑚𝑖𝑛 (𝛽𝑀𝑤̄,𝜋,𝑠) and refer them accordingly. The argument 𝑊𝑚𝑖𝑛 is passed as ∅. The
StoreStrings subroutine is called once in a recursion subtree of Decide2, for the rest, we
just refer to𝑊𝑚𝑖𝑛, which is indexed by 𝜋 and 𝑠. By Lemma 15, we know that there exists a
𝑤 ∈ {𝑤′|𝑀 |𝑤 ⊨ 𝜓}, such that it is in at least one of Δ𝑤̄

𝑀
. For any formula 𝜓, we search every

possible (at most) single exponential many strings 𝑤𝑚𝑖𝑛 (𝛽𝑀𝑤̄,𝜋,𝑠) over all possible 𝑤̄, each of
which are of at most single exponential size.

Time Complexity

Lemma 17. The algorithm CreateDelta(𝑀 =< 𝑆, 𝑅,𝑉,Exp >) takes at most 𝑂 (2𝑃𝑀 × |𝑆 | +
|𝑄𝑀 | |𝑆 |) steps to complete.
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Algorithm 3 StringRepresent(𝑀,𝜋, 𝑠,Γ[𝑀])
1: procedure StringRepresent((𝑀,𝜋, 𝑠,Γ[𝑀]))
2: 𝐷𝜋← 𝐶𝑟𝑒𝑎𝑡𝑒𝐷𝐹𝐴𝐹𝑟𝑜𝑚𝑅𝐸𝐺 (𝜋)
3: 𝐷Exp(s) = (𝑄𝑠,Σ, 𝛿𝑠, 𝑞

0
𝑠 , 𝐹𝑠) ← 𝐶𝑟𝑒𝑎𝑡𝑒𝐷𝐹𝐴𝐹𝑟𝑜𝑚𝑅𝐸𝐺 (Exp(s))

4: 𝐹𝑃𝑟𝑒(Exp(s))← ∅
5: for each 𝑞 ∈ 𝑄𝑠 such that 𝑞 can reach a final state do
6: 𝐹𝑃𝑟𝑒(Exp(s))← 𝐹𝑃𝑟𝑒(Exp(s)) ∪ {𝑞}
7: 𝐷𝑃𝑟𝑒(Exp(s))← (𝑄𝑠,Σ, 𝛿𝑠, 𝑞

0
𝑠 , 𝐹𝑃𝑟𝑒(Exp(s)))

8: 𝐷𝜋,𝑠← 𝐷𝜋 ∩𝐷𝑃𝑟𝑒(Exp(s))
9: 𝐵𝑀𝜋,𝑠← ∅

10: for (Δ𝑀 , 𝑤̄) ∈ Γ[𝑀] do
11: 𝛽𝑀𝑤̄,𝜋,𝑠← 𝐷𝜋,𝑠 ∩Δ𝑀
12: 𝑤𝑚𝑖𝑛 (𝛽𝑀𝑤̄,𝜋,𝑠) ← string representing the shortest path from start state to a final

state in the DFA of 𝛽𝑀𝑤̄,𝜋,𝑠
13: 𝐵𝑀𝜋,𝑠← 𝐵𝑀𝜋,𝑠 ∪ {𝑤𝑚𝑖𝑛 (𝛽𝑀𝑤̄,𝜋,𝑠)}
14: Return 𝐵𝑀𝜋,𝑠

Algorithm 4 StoreStrings(𝑀,𝜑)
1: procedure StoreStrings((𝑀,𝜑))
2: Γ[𝑀] ← CreateDelta(𝑀)
3: 𝜑𝑅← {𝜋 | ⟨𝜋⟩is a modality in 𝜑}
4: 𝑊𝑚𝑖𝑛 [𝜋𝑖] [𝑠 𝑗 ] ← ∅ for all 𝜋𝑖 ∈ 𝜑𝑅 and 𝑠𝑖 ∈ 𝑆
5: for each 𝜋 ∈ 𝜑𝑅 do
6: for each 𝑠 ∈ 𝑆 do
7: 𝑊𝑚𝑖𝑛 [𝜋] [𝑠] ← StringRepresent(𝑀,𝜋, 𝑠,Γ[𝑀])
8: Return𝑊𝑚𝑖𝑛

Proof. To create DFA from regular expression takes 𝑂 (2|Exp(s) |) steps, where Exp(s) is the
observation function of a state 𝑠 ∈ 𝑆. Also, the said DFA has 𝑂 (2|Exp(s) |) number of states in
it. Hence with the loop at line number 3 (goes over every state in model) and the loop inside
at line number 6, line 3-9 takes at most 𝑂 (2𝑃𝑀 × |𝑆 |).
The number of such 𝑛-tuples possible in line 10 is at most |𝑄𝑀 | |𝑆 |, as each such tuple
corresponds to one 𝑇𝑤

𝑀
in proof of Lemma 12.

Hence the algorithm takes at most 𝑂 (2𝑃𝑀 × |𝑆 | + |𝑄𝑀 | |𝑆 |) steps. □

Lemma 18. The algorithm StringRepresent(𝑀,𝜋, 𝑠,Γ[𝑀]) takes at most 𝑂 (2|𝜋 |+𝑃𝑀 ×
|𝑄𝑀 | |𝑆 |) steps to complete.
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Algorithm 5 Decide2(𝑀, 𝑠, 𝜑,𝑊𝑚𝑖𝑛 = ∅)
1: procedure Decide2((𝑀, 𝑠, 𝜑,𝑊𝑚𝑖𝑛 = ∅))
2: if 𝑊𝑚𝑖𝑛 = ∅ then
3: 𝑊𝑚𝑖𝑛← StoreStrings(𝑀,𝜑)
4: if 𝜑 is a propositional formula then
5: Return True if 𝑀, 𝑠 ⊨ 𝜑; False otherwise
6: if 𝜑 = 𝜓′∨𝜓 then
7: Return Decide2(𝑀, 𝑠,𝜓,𝑊𝑚𝑖𝑛) or Decide2(𝑀, 𝑠,𝜓′,𝑊𝑚𝑖𝑛)
8: if 𝜑 = ⟨𝜋⟩𝜓 then
9: for each 𝑤𝑚𝑖𝑛 (𝛽𝑀𝑤̄,𝜋,𝑠) ∈𝑊𝑚𝑖𝑛 [𝜋] [𝑠] do

10: if Decide2(𝑀 |𝑤𝑚𝑖𝑛 (𝛽𝑀𝑤̄,𝜋,𝑠
) , 𝑠,𝜓,𝑊𝑚𝑖𝑛) = True then

11: return True
12: return False
13: if 𝜑 = 𝐾̂𝑖𝜓 then
14: if if there exists a 𝑡 ∈ 𝑆 such that 𝑡 ∼𝑖 𝑠 and Decide2(𝑀,𝑡,𝜓,𝑊𝑚𝑖𝑛) then
15: Return True
16: else
17: Return False
18: if 𝜑 = ¬𝜓 then
19: Return not Decide2(𝑀, 𝑠,𝜓,𝑊𝑚𝑖𝑛)

Proof. From lemma 12, |Γ[𝑀] | ≤ |𝑄𝑀 | |𝑆 | (|Γ[𝑀] | = |𝑀Σ★ |). Hence loop in line 10 runs at
most |𝑄𝑀 | |𝑆 | times. To create 𝛽𝑀𝑤̄,𝜋,𝑠 takes at most 2|𝜋 |+𝑃𝑀 × |Δ𝑀 |. Hence StringRepresent
takes at most 𝑂 (2|𝜋 |+𝑃𝑀 × |𝑄𝑀 | |𝑆 |), as by Lemma 13, |Δ𝑀 | ≤ |𝑄𝑀 | |𝑆 |. □

Let 𝜋𝑀 be the largest sized regular expression among all the regular modalities in a given
POL formula 𝜑.

Corollary 19. The algorithm StoreStrings(𝑀,𝜑) takes at most 𝑂 ( |𝜑 | × |𝑆 | × 2|𝜋𝑀 |+𝑃𝑀 ×
|𝑄𝑀 | |𝑆 |) steps to complete.

Proof. Line 1 takes𝑂 (2𝑃𝑀 × |𝑆 | + |𝑄𝑀 | |𝑆 |) steps to complete (Lemma 17). The loop from line
4-8 takes at most |𝜑𝑅 | × |𝑆 | ×𝑂 (2|𝜋𝑀 |+𝑃𝑀 × |𝑄𝑀 | |𝑆 |) (𝜑𝑅 is the set of all regular expressions
occuring in 𝜑) steps to complete (using Lemma 18). Hence the algorithm takes at most
𝑂 ( |𝜑 | × |𝑆 | ×2|𝜋𝑀 |+𝑃𝑀 × |𝑄𝑀 | |𝑆 |) steps to complete. □

Theorem 20. The algorithm Decide2(𝑀, 𝑠, 𝜑,𝑊𝑚𝑖𝑛 = ∅) takes at most 𝑂 ( |𝑄𝑀 | |𝑆 |×(𝑛+1) +
(𝑛× |𝑆 | ×2|𝜋𝑀 |+𝑃𝑀 × |𝑄𝑀 | |𝑆 |)) steps to complete.

Proof. Note that subroutine StoreStrings(𝑀,𝜑) only get called once, to populate the matrix
𝑊𝑚𝑖𝑛. Hence the case where 𝜑 = ⟨𝜋⟩𝜓, only takes time to refer to𝑊𝑚𝑖𝑛 and the loop in line 11-
15 runs for at most |𝑊𝑚𝑖𝑛 [𝜋] [𝑠] | steps at worst case, which is the number of (Δ𝑀 , 𝑤̄) in Γ[𝑀] ,
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which is |𝑄𝑀 | |𝑆 |. Assuming random access, the recurrence relation for time complexity stands:

𝑇 (𝑛) ≤ |𝑄𝑀 | |𝑆 | ×𝑇 (𝑛−1),

where𝑇 (𝑛) is time taken by Decide2(𝑀, 𝑠, 𝜑) excluding the call to subroutine StoreStrings(𝑀,𝜑)
and 𝑛 is the depth of the POL syntactic tree of the POL formula 𝜑.
We shall now prove 𝑇 (𝑛) ≤𝑂 ( |𝑄𝑀 | |𝑆 |×𝑛).
Base Case. For 𝑛 = 0, the formula is a propositional formula, and hence 𝑇 (1) ≤𝑂 ( |𝜑 |) ≤
𝑂 ( |𝑄𝑀 | |𝑆 |).
Induction Hypothesis. 𝑇 (𝑖) ≤𝑂 ( |𝑄𝑀 | |𝑆 |×𝑖) for any integer 𝑖 ≤ 𝑛.
Inductive Step.

𝑇 (𝑛+1) ≤ |𝑄𝑀 | |𝑆 | ×𝑇 (𝑛)
≤ |𝑄𝑀 | |𝑆 | ×𝑂 ( |𝑄𝑀 | |𝑆 |×𝑛), by Induction Hypothesis

≤𝑂 ( |𝑄𝑀 | |𝑆 |×(𝑛+1))

Hence along with the call to subroutine StoreStrings(𝑀,𝜑), Decide2(𝑀, 𝑠, 𝜑) takes at
most 𝑂 ( |𝑄𝑀 | |𝑆 |×(𝑛+1) + (𝑛× |𝑆 | ×2|𝜋𝑀 |+𝑃𝑀 × |𝑄𝑀 | |𝑆 |)) steps to complete. □

3.3 Complexity Results

The main complexity result that is proven is given below.

3.3.1 POL Model Checking is in PSPACE.

For proving the upper bound result, that is, showing that POL model checking is in
PSPACE, we design the algorithm mcPOL (Algorithm 6). It takes as input a POL model
M = ⟨𝑆,∼,𝑉,Exp⟩, an initial starting world 𝑠 ∈ 𝑆, and a POL formula 𝜑 and returns True iff
M, 𝑠 |= 𝜑. We also prove mcPOL uses polynomial space. The recursive algorithm mcPOL is
divided into various cases depending on the structure of 𝜑. The subtle case is the observation
modality ⟨𝜋⟩𝜓 (that is dealt with in lines 8 to 12). It follows from the truth definition that
M, 𝑠 ⊨ ⟨𝜋⟩𝜓 iff there exists a 𝑤 ∈ L(𝜋) such thatM|𝑤, 𝑠 ⊨ 𝜓. We observe that for anyM and
𝑤 the modelM|𝑤 can be represented by a string of size polynomial in the size ofM (This is
becauseM andM|𝑤 just differ by their expected observation functions as follows: for any
world 𝑡, Exp′(t) = Exp(t)\w and Exp(t) share the same Non-deterministic Finite Automata
(NFA), just the set of initial states is different.). Let us define a notationM𝜋 in the following
way: Given a modelM, and a regular expression 𝜋, defineM𝜋 = {M|𝑤 | 𝑤 ∈ L(𝜋)}.
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Thus if we consider the set MΣ★ = {M|𝑤 | 𝑤 ∈ Σ∗}, the set of every updated model
M|𝑤, for a POL modelM, over all 𝑤 ∈ Σ∗, we realize that all the models inMΣ★ has size
polynomial in the size ofM. Thus, by using both the observations together, when mcPOL
has to check ifM, 𝑠 ⊨ ⟨𝜋⟩𝜓 (in the for loop in lines 9 to 11) it goes over all modelsM′ in
MΣ★ and (in line 9) checks ifM′ =M|𝑤 for some 𝑤 ∈ L(𝜋) and finally (in line 11) calls
mcPOL recursively to check ifM|𝑤, 𝑠 ⊨ 𝜓. Thus mcPOL needs to call a polynomial space
subroutine to check ifM′ =M|𝑤 for some word 𝑤 ∈ L(𝜋). To prove that there exists such a
polynomial space algorithm we present a slightly convoluted argument. Algorithm 7 provides
a non-deterministic procedure running in polynomial space for deciding thatM′ =M|𝑤 for
some word 𝑤 ∈ L(𝜋). By Savitch’s theorem [52] which states that NPSPACE = PSPACE,
we have that a polynomial space algorithm also exists. Algorithm 7 starts by guessing a word
of exponential length, sufficiently long enough to explore all subsets of current states for
NFAs of Exp(t) for all worlds 𝑡 inM and for the NFA of 𝜋. Then the algorithm guesses the
word 𝑤 letter by letter and it progresses in the NFAs (note that it does not store the word 𝑤 as
it can be of exponential length). Algorithm 7 accepts when 𝑤 ∈ L(𝜋) (i.e., 𝜖 ∈ L(𝜋′)) and
M =M′. Otherwise, it rejects.

A crucial step in mcPOL is when (in line 10) it uses an oracle to check ifM′ =M|𝑤 for
some word 𝑤 ∈ L(𝜋). So to prove that the algorithm mcPOL uses polynomial space, we
need to prove the existence of a polynomial space subroutine to check ifM′ =M|𝑤 for some
word 𝑤 ∈ L(𝜋). For this we design the Algorithm 7 (ResidueModelExistence) which is
a non-deterministic polynomial space algorithm to check the same. And using Savitch’s
theorem we can conclude that a deterministic polynomial space algorithm must also exist.
We start by proving the correctness and complexity of Algorithm 7 and then using this we
present the proof of correctness and complexity of mcPOL.

Correctness and Complexity of Algorithm 7

Before we prove the correctness of mcPOL we need to first prove that there is a PSPACE
algorithm (oracle) for checking ifM′ =M|𝑤 for some word 𝑤 ∈ L(𝜋). We will first prove
that Algorithm 7 is a non-deterministic algorithm for checking ifM′ =M|𝑤 for some word
𝑤 ∈ L(𝜋) that takes polynomial space. For that we need to understand the following: for these
two modelsM andM′, what is the length of the smallest 𝑤 ∈ L(𝜋) such thatM′ =M|𝑤?
Lemma 21 takes care of this query. We use Observation 11 to show that the length of the
smallest such 𝑤 is bounded by 2𝜋 ×Π𝑡∈M2|Exp(t) |.

Now using the Lemma 12 we prove Lemma 21 that would be used to prove the correctness
of the Algorithm 7.
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Algorithm 6 mcPOL
1: procedure mcPOL(M = ⟨𝑆,∼,𝑉,Exp⟩, s ∈ S, 𝜑)
2: if 𝜑 = 𝑝 is a propositional variable then
3: return True if 𝑝 ∈ 𝑉 (𝑠); False otherwise
4: if 𝜑 = ¬𝜓 then
5: return not mcPOL(M, 𝑠,𝜓)
6: if 𝜑 = 𝜓′∨𝜓 then
7: return mcPOL(M, 𝑠,𝜓) or mcPOL(M, 𝑠,𝜓′)
8: if 𝜑 = ⟨𝜋⟩𝜓 then
9: for all modelsM′ inMΣ★ do

10: if 𝑠 ∈M′ and the oracle ResidueModelExistence(M,M′, 𝜋) accepts then

11: return mcPOL(M′, 𝑠,𝜓)
12: return False
13: if 𝜑 = 𝐾̂𝑖𝜓 then
14: if ∃𝑡 ∈ 𝑆 such that 𝑡 ∼𝑖 𝑠 and mcPOL(M, 𝑡,𝜓) then
15: return True
16: else
17: return False

Lemma 21. Given a POL modelM = ⟨𝑆,∼,𝑉,Exp⟩, a world 𝑠 ∈ 𝑆 and a formula ⟨𝜋⟩𝜓,
M, 𝑠 ⊨ ⟨𝜋⟩𝜓 iff ∃𝑤 ∈ L(𝜋) of length at most 2|𝜋 | ×Π𝑡∈M2|Exp(t) | such thatM|𝑤, 𝑠 ⊨ 𝜓 and the
world 𝑠 survives inM𝑤.

Proof. The ⇐ direction is easy: if there exists a 𝑤 ∈ L(𝜋) such thatM|𝑤, 𝑠 ⊨ 𝜓 then by
definitionM, 𝑠 ⊨ ⟨𝜋⟩𝜓.

Now for the⇒ direction, consider the edge graph 𝐺M (MΣ★, 𝐸M) on vertex setMΣ★

and and edge from vertexM|𝑢 to vertexM|𝑢′ is present if and only if there exists a 𝑎 ∈ Σ
such thatM|𝑢𝑎 =M|𝑢′ . From Lemma 12 we know that the number of vertices in the graph is
at most Π𝑡∈M2|Exp(t) |. Thus it is easy to observe that for any two verticesM|𝑢,M|𝑢′ ∈MΣ★

the set ΔM|𝑢,M|𝑢′ := {𝑤 ∈ Σ∗ | M|𝑢𝑤 =M|𝑢′} is a regular language accepted by a DFA of
size at most Π𝑡∈M2|Exp(t) |.

LetM, 𝑠 ⊨ ⟨𝜋⟩𝜓. Then by definition there exists a 𝑤0 ∈ L(𝜋) such thatM|𝑤0 , 𝑠 ⊨ 𝜓. Note
thatM andM|𝑤0 are both vertices of the graph 𝐺M . So all the {𝑤 ∈ L(𝜋) | M|𝑤 =M|𝑤0}
is nothing but the the set L(𝜋) ∩ΔM,M|𝑤0

. So we know there is a 𝑤 ∈ L(𝜋) ∩ΔM,M|𝑤0
of

size at most 2𝜋 ×Π𝑡∈M2|Exp(t) | and for that 𝑤,M|𝑤, 𝑠 ⊨ 𝜓. □

From Lemma 21 we know that ifM′ =M|𝑤 for some 𝑤 ∈ L(𝜋) there exists a 𝑤0 ∈ L(𝜋)
with |𝑤0 | ≤ 2|𝜋 |×Π𝑡∈𝑆2|Exp(t) | andM′ =M|𝑤0 . Since Algorithm 7 guesses a𝑤 = 𝛼1 . . . , 𝛼 𝑗 . . .

(one letter at a time) of length at most 2|𝜋 | ×Π𝑡∈𝑆2|Exp(t) | and M′ =M|𝑤0 and checks if
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Algorithm 7 ResidueModelExistence: Non-deterministic procedure to decides thatM′ =
M|𝑤 for some word 𝑤 ∈ L(𝜋)

1: procedure ResidueModelExistence(M = ⟨𝑆,∼,𝑉,Exp⟩,M′ ∈M𝛴★, 𝜋)
2: 𝜋′ := 𝜋
3: for 𝑖 = 1 to 2𝜋 ×Π𝑡∈𝑆2|Exp(t) | do
4: if 𝜖 ∈ L(𝜋′) andM =M′ then
5: accept
6: guess a letter 𝑎 from Σ

7: 𝜋′ := 𝜋′\𝑎
8: for each world 𝑡 in 𝑆 do
9: Exp(t) := Exp(t)\a // we modifyM locally

10: reject

M′ =M|𝑤 , from Lemma 21 we see that the algorithm is correct. Note that Algorithm 7 is a
non-deterministic algorithm. The algorithm uses only polynomial space (in the size ofM),
since at any point of time (say at the 𝑗 th iteration of the for loop in Line 3) the algorithm only
have to update the model fromM|𝛼1...𝛼 𝑗−1 toM|𝛼1...𝛼 𝑗

which can be done using polynomial
space. Note that the Algorithm 7 does not have to remember the string 𝛼1 . . . 𝛼 𝑗 . . . which can
be of size exponential. So the Algorithm 7 is a non-deterministic polynomial space algorithm.
Thus we have

Theorem 22. Algorithm 7 (ResidueModelExistence) is a non-deterministic polynomial
space algorithm that correctly checks ifM′ =M|𝑤 for some 𝑤 ∈ L(𝜋).

By Savitch’s Theorem [52],there is a deterministic polynomial space oracle for checking
ifM′ =M|𝑤 for some 𝑤 ∈ L(𝜋). Thus we have

Theorem 23. There is a deterministic polynomial space algorithm that correctly checks if
M′ =M|𝑤 for some 𝑤 ∈ L(𝜋).

Correctness and Complexity of mcPOL

Using the Theorem 23 we now present the proof of correctness and complexity of mcPOL.

Lemma 24. mcPOL(M, 𝑠, 𝜑) returns True iffM, 𝑠 ⊨ 𝜑.

Proof. We will prove mcPOL(M, 𝑠, 𝜑) returns True iffM, 𝑠 ⊨ 𝜑 by induction on the size of
𝜑.
Base Case. Consider 𝜑 to be a proposition. M, 𝑠 ⊨ 𝜑 iff 𝜑 ∈ 𝑉 (𝑠) iff mcPOL(M, 𝑠, 𝜑)
returns True.
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Fig. 3.1 StoringMΣ★

Induction Hypothesis. For any POL formula |𝜓 | ≤ 𝑚, any finite modelM and any world 𝑠,
mcPOL(M, 𝑠,𝜓) returns True iffM, 𝑠 ⊨ 𝜓.
Inductive Step. We go case by case over the forms of 𝜑. For all the cases except when
𝜑 = ⟨𝜋⟩𝜓, the inductive step is trivial. So we focus on the crucial case when 𝜑 = ⟨𝜋⟩𝜓.

By definition we know thatM, 𝑠 ⊨ ⟨𝜋⟩𝜓 iff there exists a 𝑤 ∈ L(𝜋) such thatM|𝑤, 𝑠 ⊨ 𝜓.
In other words, M, 𝑠 ⊨ ⟨𝜋⟩𝜓 iff there exists M′ ∈ MΣ★ such that M′ =M|𝑤 for some
𝑤 ∈ L(𝜋) and the world 𝑠 survives and M′, 𝑠 ⊨ 𝜓. By induction hypothesis M′, 𝑠 ⊨ 𝜓
iff mcPOL(M′, 𝑠,𝜓) is True. In the for loop Lines 9 to 11 the algorithm goes over all
M′ ∈ MΣ★. For each of theM′ the algorithm in Line 10 calls the oracle (Algorithm 7) to
check ifM′ =M|𝑤 for some 𝑤 ∈ L(𝜋) and if the world survives calls mcPOL(M′, 𝑠,𝜓)
recursively. Since we have already argued correctness of Algorithm 7 by Theorem 22 , the
correctness of the algorithm follows. □

Next before proving the complexity of mcPOL, we prove a crucial result regarding Line 9.
Note that to enumerate every model in the set MΣ★, exponential memory is required to
store eachM|𝑤 with respect to size ofM and 𝜋. This next results prove that we need only
polynomial many bits to represent all the models givenM.

Lemma 25. Given a POL model M, the set MΣ★ needs polynomial many bits to be
represented with respect to |M|.

Proof. Consider the modelM has 𝑚 many worlds 𝑠1, 𝑠2, . . . , 𝑠𝑘 . Since size of an NFA is
bounded polynomially by the size of a regular expression, let 𝑛 be the largest number of states
of NFA of the expectations among all the worlds. Formally, let 𝜋𝑖 be the NFA for world 𝑠𝑖.
Hence 𝑛 = 𝑚𝑎𝑥𝑖∈[𝑚] ( |𝜋𝑖 |).

Consider a memory space𝑊 of 𝑚 bits, each bit space𝑊 [𝑖] for each world 𝑠𝑖. In addition
ot this, consider 𝑚 many 𝑛 bits, each 𝑛 sized bitspace 𝑁𝑖 corresponding to the NFA 𝜋𝑖.
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The residuation of an NFA is just changing the start state of the NFA. For a model
M|𝑤 ∈MΣ★ we set the bits like this (Figure 3.1):

• 𝑊 [𝑖] = 1 iff 𝑠𝑖 ∈M|𝑤

• For every 𝑖 ∈ [𝑚], 𝑁𝑖 [ 𝑗] = 1 iff the state 𝑞 𝑗 of NFA of 𝜋𝑖 is the start state in 𝐸𝑥𝑝(𝑠𝑖)
ofM|𝑤.

Hence, givenM, every modelsM|𝑤 ∈MΣ★ can be evaluated from at most 𝑚𝑛 many bits □

Note that, the 𝑚𝑛 bits in the previous lemma can also express models which are not in
MΣ★. But the oracle ResidueModelExistence will never produce it, hence for such models
it will reject.

Hence in the algorithm 6, the line 9 does not directly enumerate every model by storing
all models inMΣ★ simultaneously. For each combination of 𝑚𝑛 bits, it evaluates anM′ from
the bits andM, and then evaluates the rest of the loop.

Now we move on to prove that mcPOL uses polynomial amount of space. This (along
with Lemma 24 and Theorem 23) would prove that mcPOL is in PSPACE.

Lemma 26. mcPOL uses polynomial space.

Proof. Since the algorithm is recursive, the formal argument (as in the proof of Lemma 24)
should go via induction. It can be observed that in all the cases except when 𝜑 = ⟨𝜋⟩𝜓,
mcPOL only uses a constant amount of space before making the recursive call. In the
case when 𝜑 = ⟨𝜋⟩𝜓, since the algorithm goes over allM′ ∈MΣ★ (for loop from Line 9 to
Line 11), the algorithm will have to do some bookkeeping to keep a track on whenM is
being processed and to store the currentM. But sinceMΣ★ has size exponential (Lemma 12)
and since all M′ ∈ MΣ★ can be represented in size polynomial in the size of M so it is
possible to do the bookkeeping and tracking using only polynomial space (Lemma 25). For
anyM′ inside the for loop the only non-trivial thing to do is the call to the oracle in Line 10.
By Theorem 23, there exists an algorithm in PSPACE that given two modelsM andM′

and regular expression 𝜋 checks if there exists 𝑤 ∈ L(𝜋) such thatM′ =M|𝑤. This space
can of course be reused for any iteration of the for loop in Line 9. So mcPOL uses at
most polynomial space before making a recursive call and hence the total space used by the
algorithm is polynomial. □

By combining Lemma 24 and 26 we have the following:

Theorem 27. POL model-checking is in PSPACE.
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3.3.2 Model checking for POL is PSPACE-hard:

Interestingly, there are two reasons for the model checking to be PSPACE-hard: Kleene star
in observation modalities as well as alternations in modalities (sequences of nested existential
and universal modalities). We prove the PSPACE-hardness of model checking against the
Existential fragment and the Star-Free fragment of POL respectively.

Theorem 28. The model checking for the Existential fragment of POL is PSPACE-hard.

Proof. Kozen [39] proved that the following problem, called the intersection non-emptiness
problem, is PSPACE-complete: given a finite collection of DFAsA1, . . . ,A𝑛, decide whether
L(A1) ∩ · · · ∩L(A𝑛) ≠ ∅. Let us reduce this problem to the model checking for POL. For
that we construct the instance tr(A1, . . . ,A𝑛) = (M, 𝑠0, 𝜑) as:

• M = (𝑆,∼,𝑉, 𝐸𝑥𝑝) where

– 𝑆 = {0,1, . . . , 𝑛} ∪ {0′,1′, . . . , (𝑛−1)′}.

– ∼1= {(𝑖, 𝑖′), (𝑖, 𝑖), (𝑖′, 𝑖′), (𝑖′, 𝑖) | 𝑖 = 0, . . . , 𝑛− 1}, ∼2= {(𝑖′, 𝑖 + 1), (𝑖′, 𝑖′), (𝑖 + 1, 𝑖 +
1), (𝑖+1, 𝑖′) | 𝑖 = 0, . . . , 𝑛−1},

– 𝑉 (𝑠) =𝑉 (𝑠′) = ∅ for all 𝑠 ≤ 𝑛−1, 𝑉 (𝑛) = {𝑝}.

– 𝐸𝑥𝑝(0) = 𝐸𝑥𝑝(0′) = Σ∗, 𝐸𝑥𝑝(𝑖) = 𝐸𝑥𝑝(𝑖′) = A𝑖 for all 𝑖 = 1 . . . 𝑛 − 1 and
𝐸𝑥𝑝(𝑛) =A𝑛.

• 𝑠0 = 0.

• 𝜑 = ⟨Σ∗⟩(𝐾̂1𝐾̂2)𝑛+1𝑝.

The modelM is a chain of worlds: starting with two worlds 0, 0′, labeled by an automaton
for the universal language Σ∗. followed by worlds 1, 1′ labelled by automaton A1, followed
by worlds 2, 2′ labelled by automaton A2, etc. It ends with worlds 𝑛−1, (𝑛−1)′ labelled
by automaton A𝑛−1, followed by a world 𝑛 labelled by A𝑛. Proposition 𝑝 is false in all
worlds except 𝑛. The formula 𝜑 says that there exists a word 𝑤 such that (𝐾̂1𝐾̂2)𝑛+1𝑝 holds
inM|𝑤,0. As 𝑛 should still be reachable, it means that the word must be in L(A𝑖) for all
𝑖 ∈ [𝑛]. Now, tr(A1, . . . ,A𝑛) is computable in polynomial time in the size of (A1, . . . ,A𝑛).
Furthermore we have L(A1) ∩ · · · ∩L(A𝑛) ≠ ∅ iffM, 𝑠0 |= 𝜑. □

Theorem 29. The model checking for POL is PSPACE-hard, when the POL formulas are
Star-Free.
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Proof. We shall prove by a reduction from TQBF. Given a Quantified Boolean formula
𝜑 = 𝑄1𝑥1 . . .𝑄𝑛𝑥𝑛𝛾, where 𝛾 is in CNF containing 𝑛 variables {𝑥1, . . . , 𝑥𝑛} and 𝑚 clauses
𝐶 = {𝑐1, . . . , 𝑐𝑚} and𝑄𝑖 ∈ {∃,∀} for all 𝑖 ∈ [𝑛], we shall construct our reduction. Consider the
translations tr(𝑥𝑖) = 𝑎𝑖, tr(¬𝑥𝑖) = 𝑎′𝑖, tr(∃𝑥𝑖) = ⟨𝑎𝑖 + 𝑎′𝑖⟩ and tr(∀𝑥𝑖) = [𝑎𝑖 + 𝑎′𝑖] for all 𝑖 ∈ [𝑛].
Now we present the model checking instance that we construct from 𝜑.

• Alphabet: Σ𝜑 = ∪𝑖∈[𝑛]{tr(𝑥𝑖), tr(¬𝑥𝑖)}.

• Model: M𝜑 = ⟨𝑆𝜑,∼𝜑,𝑉𝜑, 𝐸𝑥𝑝𝜑⟩, where

– 𝑆𝜑 = {1, . . . ,𝑚}.

– A single agent 1 and ∀𝑖, 𝑗 ∈ 𝑆𝜑, 𝑖 ∼1 𝑗 .

– 𝑉𝜑 ( 𝑗) = {𝑝 𝑗 } for all 𝑗 ∈ 𝑆𝜑.

– For each clause 𝑐 𝑗 ∈𝐶, 𝐸𝑥𝑝𝜑 ( 𝑗) = (
∑
ℓ∈𝑐 𝑗 (Σ𝜑 \{tr(ℓ), tr(¬ℓ)})∗tr(ℓ) (Σ𝜑 \{tr(ℓ), tr(¬ℓ)})∗),

where the sum is over the literals in the clause 𝑐 𝑗 .

• Formula: 𝜓 := tr(𝑄1𝑥1) . . . tr(𝑄𝑛𝑥𝑛)
∧
𝑖∈[𝑚] (𝐾1𝑝𝑖).

• Starting world: 𝑠 is any world from 𝑆.

We need to prove that the QBF 𝜑 is True iffM𝜑, 𝑠 ⊨ 𝜓. Let us start by proving the forward
direction: that is if 𝜑 is True then we prove thatM𝜑, 𝑠 ⊨ 𝜓.

Consider the set T all assignments of (ℓ1, . . . , ℓ𝑛) (with ℓ𝑖 ∈ {𝑥𝑖,¬𝑥𝑖} that make the CNF
formula 𝛾 evaluates to True. Since we assumed that the QBF 𝜑 is True we observe that there
exist a subset T ′ ⊆ T that has the “structure" of 𝑄1𝑥1 . . .𝑄𝑛𝑥𝑛. By the construction of tr and
the formula 𝜓 we see that all we need to show is that for all assignment (ℓ1, . . . , ℓ𝑛) ∈ T ′

M𝜑 |tr(ℓ1)...tr(ℓ𝑛) , 𝑠 ⊨ 𝜓.
Let 𝑤 = tr(ℓ1) . . . tr(ℓ𝑛) where (ℓ1, . . . , ℓ𝑛) ∈ T ′. Consider any world 𝑗 (corresponding to

the clause 𝑐 𝑗 = (ℓ𝑝 ∨ ℓ𝑞 ∨ ℓ𝑟)). What happens to the world 𝑗 inM𝜑 |𝑤? If we think ofM𝜑 |𝑤
as a series of 𝑛 updates (namely,M𝜑 |tr(𝑦1) ,M𝜑 |tr(𝑦1)tr(𝑦2) . . . M𝜑 |tr(𝑦1)...tr(𝑦𝑛)) then note that
if the variable 𝑥𝑖 is not in the clause 𝑐 𝑗 then the update by tr(𝑦𝑖) does not affect the world 𝑗 .
At the same time, since 𝑦1 . . . 𝑦𝑛 is a satisfying assignment to the 𝜑 so at least one of ℓ𝑝, ℓ𝑞, ℓ𝑟
is in the set {𝑦1, . . . , 𝑦𝑛} and hence after the updating by tr(𝑦𝑝), tr(𝑦𝑞) and tr(𝑦𝑟) the world
𝑗 survives. Wlog if we assume ℓ𝑝 = 𝑦𝑝 then the 𝐸𝑥𝑝( 𝑗) will have (Σ \ {tr(ℓ𝑝), tr(¬ℓ𝑝)})∗

added in the updated model, which guarantees the survival of the world in subsequent updates.
Thus for any world 𝑗 (corresponding to the clause 𝑐 𝑗 = (ℓ𝑝 ∨ ℓ𝑞 ∨ ℓ𝑟)), in theM𝜑 |𝑤 the

world 𝑗 survives, that is, no world vanishes after the update. And since 𝑠 ∼1 𝑗 for all 𝑗 ,
hence,M𝜑 |𝑤, 𝑠 ⊨

∧
𝑖∈[𝑚] (𝐾1𝑝𝑖) for any 1 ≤ 𝑗 ≤ 𝑚, since all the initial 𝑚 worlds are in the
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same equivalence class of ∼1. Since this is true for any 𝑤 corresponding to any satisfying
assignment of 𝛾, soM𝜑, 𝑠 ⊨ 𝜓.

Conversely, assume 𝜑 is unsatisfiable. Note that if for a set of literals ℓ := ℓ1, . . . , ℓ𝑛 if 𝛾
evaluates to False then there exists 𝑖ℓ such that the world 𝑖ℓ does not survive inM𝜑 |tr(ℓ1)...tr(ℓ𝑛) .
This is because there exist at least a clause, say 𝑐𝑖ℓ in 𝛾, that evaluates to False when the
the literals ℓ is assignment True. Consider the The world 𝑖ℓ inM𝜑 corresponding to 𝑐𝑖ℓ ,
will have 𝐸𝑥𝑝(𝑖ℓ)\𝑤 = 𝛿. In that case, note thatM𝜑 |𝑤, 𝑠 ⊭ 𝐾1𝑝𝑖ℓ . Thus there is a bijection
between the set T of all satisfying assignments of 𝛾 and the set {𝑤 | M𝜑 |𝑤, 𝑠 ⊨ 𝐾1𝑝𝑖ℓ }. Now
from the construction of the formula 𝜓 we see that 𝜑 is satisfiable iffM, 𝑠 ⊨ 𝜓. □



Chapter 4

Model Checking Fragments and
Application

4.1 Introduction

Although the model-checking of DEL is PSPACE-complete [6], deciding the plan-existence
problem of Epistemic Planning is undecidable [14]. This is due to the reason that action
model in DEL get composed using regular language operators including Kleene Star.

With respect to that, POL deals with public observations, which are actions which all
the agents can distinguish among. That is, action model has a single action point. It is to
be noted that POL model checking do involve all the regular language operators including
Kleene Star that are composing the atomic observations. Hence POL model-checking has a
natural utility in Epistemic Planning. In this chapter, we show such utility using example 3.

Although the model-checking algorithm is PSPACE-complete, for practical purposes,
we investigate syntactic fragments that offer better complexities than reasoning in the full
language of POL (see Figure 4.1), and are suitable for relevant verification tasks:

• the Word fragment, where any regular expression 𝜋 is a word, is sufficient to verify
that some given plan leads to a state satisfying some epistemic property;

• the Existential fragment, where the dynamic operators of POL are all existential, is
suitable for epistemic planning (e.g., does there exist a plan?);

• the Star-Free fragment, where the regular expressions 𝜋 are star-free, embeds bounded
planning (in which sequences of observations to synthesize are bounded by some
constant). In particular, the Star-FreeExistential fragment (i.e. the intersection of the
Star-Free and the Existential fragments) is suitable for bounded epistemic planning.
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Full language
(Th. 27)

Star-Free
(Th. 29)
Existential
(Th. 28)

Star-Free
Existential
(Th. 30)

Word
(Th. 34)

PSPACE-completeNP-completein PTIME

Fig. 4.1 Complexity results of model checking for different fragment of POL. (arrows represent
inclusion of fragments).

Outline. Section 4.2 explores various syntactic fragments of POL model-checking problems
and their complexity. Section 4.3 shows applications of POL model-checking in Epistemic
planning using the farming drone example. In addition to that, there are also implementations
of fragments on the example instances. In section 4.4, we discuss literature that are related
with POL model-checking and its applications. Finally, in section 4.5, we conclude the POL
model-checking work.

4.2 Model checking for Star-Free Existential and Word
fragment of POL

While Theorems 28 and 29 proved the PSPACE-hardness of the model checking for the
Existential fragment and the Star-Free fragment of POL, respectively, if we consider the
Star-Free Existential fragment then we can show that the model checking is NP-complete.
Finally, we also prove that the model checking for the Word fragment is in P. We start
with proving that the model-checking problem for the Star-Free−Existential is in NP. To
prove that the model-checking problem for the Star-Free−Existential is in NP we present
an algorithm WorldsNP and in Lemma 32 we prove the correctness and complexity of
the algorithm mcSF&EXIT. Note that, the algorithm WorldsNP is a non-deterministic
algorithm, since it guesses letters from the alphabet Σ in line 20 of the algorithm.

In Lemma 33 we prove that the model-checking problem in NP-hard. Thus Lemma 32
and 33 combined gives us

Theorem 30. The model checking problem for the Star-Free Existential fragment of POL
is NP-complete.

The algorithm mcSF&EXIT calls a non-deterministic subroutine WorldsNP that takes
the modelM and NNF formula 𝜑, which is a Star-Free−Existential formula, and returns
the set of all worlds 𝑠 such thatM, 𝑠 ⊨ 𝜑. The subroutine WorldsNP uses another subroutine



4.2 Model checking for Star-Free Existential and Word fragment of POL 65

Algorithm 8 mcSF&EXIT
1: procedure mcSF&EXIT(M = ⟨𝑆, 𝑅,𝑉, 𝐸𝑥𝑝⟩, 𝑠 ∈ 𝑆, 𝜑, where 𝐸𝑥𝑝 are NFA, and 𝜑 is a

Star-Free−Existential Formula)
2: if 𝑠 ∈WorldsNP(M, 𝜑) then
3: Return True

ResidueByLetter that in turn uses a subroutine AuxOut. The goal of the subroutine
ResidueByLetter is to take as input a regular expression 𝜋 and a word 𝑎 and output the
residue 𝜋\𝑎 in polynomial time. Although the algorithm ResidueByLetter is straightforward
for the sake of completeness we present the pseudo-code formally. The proof of correctness
and the complexity of the algorithms (formally stated in Lemma 31) follows from standard
arguments.
Lemma 31. Given a regular expression 𝜋 over Σ, and 𝑎 ∈ Σ, ResidueByLetter returns 𝜋\𝑎
in polynomial time.

Proof. The algorithm is a recursive one that directly follows the inductive definition 15 of
Residue. Hence the correctness and the complexity of the algorithm follows. □

Lemma 32. Given a finite POL model M = ⟨𝑆, 𝑅,𝑉, 𝐸𝑥𝑝⟩, an 𝑠 ∈ 𝑆 and a Star-Free−
Existential formula 𝜑, the algorithm mcSF&EXIT is a polynomial time non-deterministic
algorithm that outputs True iffM, 𝑠 ⊨ 𝜑.

In other words, the model-checking problem for the Star-Free−Existential fragment of
POL is in NP.

Proof. We prove the lemma in two parts: first we will prove the correctness of the algorithm
WorldsNP - that is we show that given a finite POL modelM = ⟨𝑆, 𝑅,𝑉, 𝐸𝑥𝑝⟩, an 𝑠 ∈ 𝑆 and
a Star-Free−Existential formula 𝜑, 𝑠 ∈WorldsNP(M, 𝜑) iffM, 𝑠 ⊨ 𝜑. The correctness of
the algorithm mcSF&EXIT follows immediately.

We then prove the complexity of the algorithm mcSF&EXIT.

Proof of Correctness of WorldsNP Let us start by proving the correctness of the algorithm
WorldsNP. This can be proved by induction over the size of 𝜑.

Base Case. Consider the case where 𝜑 = 𝑝, where 𝑝 ∈ P. In the scope of the IF case in
line 2, the set 𝑆′ is populated with all the worlds 𝑠 ∈ 𝑆 where 𝑝 ∈ 𝑉 (𝑠). Hence,M, 𝑠 ⊨ 𝜑 iff
𝑠 ∈WorldsNP(M, 𝜑)

Induction Hypothesis (IH). Given a finite POL modelM = ⟨𝑆, 𝑅,𝑉, 𝐸𝑥𝑝⟩, an 𝑠 ∈ 𝑆 and
a Star-Free−Existential formula 𝜑, 𝑠 ∈WorldsNP(M, 𝜑) iffM, 𝑠 ⊨ 𝜑, where |𝜑 | ≤ 𝑘 , for
an integer 𝑘 .

Inductive Step.
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Algorithm 9 WorldsNP
1: procedure WorldsNP(M = ⟨𝑆, 𝑅,𝑉, 𝐸𝑥𝑝⟩, 𝜑, where 𝐸𝑥𝑝 are NFA, and 𝜑 is a

Star-Free−Existential Formula)
2: if 𝜑 = 𝑝 is a propositional variable then
3: 𝑆′ = ∅
4: for 𝑠 ∈ 𝑆 do
5: if 𝑝 ∈ 𝑉 (𝑠) then
6: 𝑆′ = 𝑆′∪ {𝑠}
7: Return 𝑆′
8: if 𝜑 = ¬𝑝, where 𝑝 is a propositional variable then
9: Return 𝑆 \WorldsNP(M,𝜓)

10: if 𝜑 = 𝜓1∨𝜓2 then
11: Return WorldsNP(M,𝜓1) ∪WorldsNP(M,𝜓2)
12: if 𝜑 = 𝜓1∧𝜓2 then
13: Return WorldsNP(M,𝜓1) ∩WorldsNP(M,𝜓2)
14: if 𝜑 = ⟨𝜋⟩𝜓 then
15: 𝜋′ = 𝜋
16: M′ =M
17: for 𝑖 = 1 to |𝜋 | do
18: if 𝜖 ∈ 𝜋′ and 𝑠 ∈ 𝑆 then
19: Return WorldsNP(M′,𝜓)
20: Guess a letter 𝑎 ∈ Σ
21: 𝜋′ = 𝜋′\𝑎 (using ResidueByLetter)
22: for each state 𝑠 ∈ 𝑆 do
23: 𝐸𝑥𝑝(𝑠) = 𝐸𝑥𝑝(𝑠)\𝑎 (using ResidueByLetter)
24: if 𝜑 = 𝐾̂𝑖𝜓 then
25: 𝑆′ = WorldsNP(M,𝜓)
26: Return {𝑠 ∈ 𝑆 | ∃𝑡 ∈ 𝑆′ and 𝑡 ∼𝑖 𝑠}

• 𝜑 = ¬𝜓

M, 𝑠 ⊨ ¬𝜓
iffM, 𝑠 ⊭ 𝜓

iff 𝑠 ∉ WorldsNP(M,𝜓), by IH

iff 𝑠 ∈ 𝑆 \WorldsNP(M,𝜓)
iff 𝑠 ∈WorldsNP(M,¬𝜓)
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Algorithm 10 ResidueByLetter
1: procedure ResidueByLetter(Regular expression 𝜋 and a letter 𝑎 ∈ Σ)
2: if 𝜋 ∈ Σ∪ {𝜖, 𝛿} then
3: if 𝜋 = 𝑎 then
4: Return 𝜖
5: else
6: Return 𝛿
7: if 𝜋 = 𝜋1+ 𝜋2 then
8: Return ResidueByLetter(𝜋1, 𝑎) +ResidueByLetter(𝜋2, 𝑎)
9: if 𝜋 = 𝜋1.𝜋2 then

10: Return ResidueByLetter(𝜋1, 𝑎).𝜋2+AuxOut(𝜋1).ResidueByLetter(𝜋2, 𝑎)
11: if 𝜋 = (𝜋1)∗ then
12: Return ResidueByLetter(𝜋1, 𝑎).(𝜋1)∗

Algorithm 11 AuxOut
1: procedure AuxOut( A regular expression 𝜋)
2: Create 𝐴𝜋 =< 𝑄𝜋,Σ, 𝛿𝜋, 𝑞

𝜋
0 , 𝐹𝜋 >, the NFA for 𝜋

3: if 𝑞𝜋0 ∈ 𝐹𝜋 then
4: Return 𝜖
5: else
6: Return 𝛿

• 𝜑 = 𝜓1∨𝜓2

M, 𝑠 ⊨ 𝜓1∨𝜓2

iffM, 𝑠 ⊨ 𝜓1 orM, 𝑠 ⊨ 𝜓2

iff 𝑠 ∈WorldsNP(M,𝜓1)
or 𝑠 ∈WorldsNP(M,𝜓2), by IH

iff 𝑠 ∈WorldsNP(M,𝜓1)
∪WorldsNP(M,𝜓2)

iff 𝑠 ∈WorldsNP(M,𝜓1∨𝜓2)



68 Model Checking Fragments and Application

• 𝜑 = 𝜓1∧𝜓2

M, 𝑠 ⊨ 𝜓1∧𝜓2

iffM, 𝑠 ⊨ 𝜓1 andM, 𝑠 ⊨ 𝜓2

iff 𝑠 ∈WorldsNP(M,𝜓1)
and 𝑠 ∈WorldsNP(M,𝜓2), by IH

iff 𝑠 ∈WorldsNP(M,𝜓1)
∩WorldsNP(M,𝜓2)

iff 𝑠 ∈WorldsNP(M,𝜓1∧𝜓2)

• 𝜑 = 𝐾̂𝑖𝜓

M, 𝑠 ⊨ 𝐾̂𝑖𝜓

iff ∃𝑡 ∼𝑖 𝑠 andM, 𝑡 ⊨ 𝜓

iff ∃𝑡 ∼𝑖 𝑠 and 𝑡 ∈WorldsNP(M,𝜓), by IH

iff WorldsNP(M, 𝐾̂𝑖𝜓)

• 𝜑 = ⟨𝜋⟩𝜓

M, 𝑠 ⊨ ⟨𝜋⟩𝜓
iff ∃𝑤 ∈ L(𝜋) : L(𝐸𝑥𝑝(𝑠)\𝑤) ≠ ∅

andM|𝑤, 𝑠 ⊨ 𝜓
iff ∃𝑤 : |𝑤 | ≤ |𝜋 | and L(𝐸𝑥𝑝(𝑠)\𝑤) ≠ ∅

and 𝑠 ∈WorldsNP(M|𝑤,𝜓)

Since 𝜋 is star-free, hence all words in L(𝜋) is size at most |𝜋 |. Loop in line 17
guesses 𝑤 ∈ L(𝜋) letter by letter, residues 𝜋 (Line 21) and updates model (the for loop
starting from Line 22), and recursively calls WorldsNP(M|𝑤,𝜓) once 𝜋 is exhausted
(condition in Line 18), that is 𝑤 ∈ L(𝜋). The residuation in Line 21 and the model
updation can be done by ResidueByLetter, which is correct by Lemma 31. Therefore,
M, 𝑠 ⊨ ⟨𝜋⟩𝜓 iff 𝑠 ∈WorldsNP(M, ⟨𝜋⟩𝜓)
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Complexity of WorldsNP Now for the complexity of the algorithm, WorldsNP let us prove
that the algorithm is a non-deterministic polytime algorithm. WorldsNP is a recursive
algorithm that returns the worlds inM where 𝜑 holds. The algorithms labels each world 𝑠 in
theM with 𝜓 ⊆ 𝜑 iff 𝜓 holds in 𝑠.

For each case of propositional operators, that is,

𝜑 = 𝑝 | ¬𝑝 | 𝜓1∨𝜓2 | 𝜓1∧𝜓2

, assuming the worlds are labelled by the subformulas of 𝜑, deciding the worlds where 𝜑
holds require linear steps with respect to the worlds inM.

In case of 𝜑 = 𝐾̂𝑖𝜓, for each world 𝑠 to be decided whether to label by 𝜑, at worst case at
most all the related worlds of 𝑠 needs to be checked whether at least one of them is labelled
by 𝜓. Hence, assuming all the worlds satisfying 𝜓 are labelled, this step takes quadratic steps
with respect to the number of worlds inM.

In the case of 𝜑 = ⟨𝜋⟩𝜓, 𝜋 is promised to be star-free. Hence, any word 𝑢 ∈ L(𝜋) is such
that |𝑢 | ≤ |𝜋 |. Hence, there exists a sequence of letters 𝑤 of length at most |𝜋 |, such that
M|𝑤, 𝑠 ⊨ 𝜓 if and only ifM, 𝑠 ⊨ ⟨𝜋⟩𝜓. By Lemma 31, the residuation in Line 21 and Line 23
takes polynomial time. Also at each step, there are constant number of guesses (a letter from
Σ).
Also, there can be at most |𝜑| number of subformulas of 𝜑, each of size at most |𝜑 |.

Hence WorldsNP is the NP algorithm for model checking problem where the input
formula is promised to be Star-Free−Existential. Thus the algorithm mcSF&EXIT is also
a non-deterministic polytime algorithm.

□

Lemma 33. The model-checking problem for the Star-Free−Existential fragment of POL
is NP-hard.

Proof. We shall prove this by a reduction from 3-SAT. Given a 3-SAT CNF-formula 𝜑
containing 𝑛 variables {𝑥1, . . . , 𝑥𝑛} and 𝑚 clauses 𝐶 = {𝑐1, . . . , 𝑐𝑚}, we shall construct our
reduction. Consider the translations tr(𝑥𝑖) = 𝑎𝑖, tr(¬𝑥𝑖) = 𝑎′𝑖 for all 𝑖 ∈ [𝑛]. Now we present
the model checking instance that we construct from 𝜑.

• Alphabet: Σ𝜑 = ∪𝑖∈[𝑛]{tr(𝑥𝑖), tr(¬𝑥𝑖)}.

• Model: M𝜑 = ⟨𝑆𝜑,∼𝜑,𝑉𝜑, 𝐸𝑥𝑝𝜑⟩, where

– 𝑆𝜑 = {1, . . . ,𝑚}.

– A single agent 1 and ∀𝑖, 𝑗 ∈ 𝑆𝜑, 𝑖 ∼1 𝑗 .
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– 𝑉𝜑 ( 𝑗) = {𝑝 𝑗 } for all 𝑗 ∈ 𝑆𝜑.

– For each clause 𝑐 𝑗 ∈𝐶, 𝐸𝑥𝑝𝜑 ( 𝑗) = (
∑
𝑙∈𝑐 𝑗 (Σ𝜑 \{tr(ℓ), tr(¬ℓ)})∗tr(ℓ) (Σ𝜑 \{tr(ℓ), tr(¬ℓ)})∗),

where the sum is over the literals in the clause 𝑐 𝑗 .

• Formula: 𝜓 := ⟨𝑎1+ 𝑎′1⟩ . . . ⟨𝑎𝑛+ 𝑎
′
𝑛⟩

∧
𝑖∈[𝑚] (𝐾1𝑝𝑖).

• Starting world: Any 𝑠 from 𝑆.

Note that, since we are dealing with Star-Free−Existential, we have Kleene star only in the
model, but not in the formula. Also, we only have ⟨⟩ and 𝐾̂𝑖 operators in the formula. All we
need to show now is that the CNF-formula 𝜑 is satisfiable iffM𝜑, 𝑠 ⊨ 𝜓.

Let us start by assuming 𝜑 is True. We have to prove thatM𝜑, 𝑠 ⊨ 𝜓. Hence there exists
an assignment 𝜎 = (𝑙1, 𝑙2, . . . , 𝑙𝑛), where 𝑙𝑖 ∈ {𝑥𝑖,¬𝑥𝑖}, such that it evaluates 𝜑 to True. Now
the consider the corresponding word 𝑤 = tr(𝑙1)tr(𝑙2) . . . tr(𝑙𝑛). By construction, proving
M𝜑 |𝑤, 𝑠 ⊨

∧
𝑖∈[𝑚] (𝐾1𝑝𝑖) proves our claim.

We can considerM𝜑 |𝑤 to be updated from a series of updatesM𝜑 |tr(𝑙1) ,M𝜑 |tr(𝑙1)tr(𝑙2) ,
. . .,M𝜑 |tr(𝑙1)tr(𝑙2)...tr(𝑙𝑛) . Let us consider a world 𝑗 in the modelM𝜑, corresponding to the
clause 𝑐 𝑗 = (𝑙𝑝 ∨ 𝑙𝑞 ∨ 𝑙𝑟), where 𝑙𝑝, 𝑙𝑞, 𝑙𝑟 are literals in the clause. Note that, if neither of
the literals in 𝑐 𝑗 contains 𝑥𝑖, the update of the model with tr(𝑥𝑖) or tr(¬𝑥𝑖) does not affect
the world 𝑗 . Now, on the other hand, without loss of generality, since 𝜎 is a satisfying
assignment, consider literal 𝑙𝑝 is in 𝜎, since at least one of the literals in 𝑐 𝑗 has to be in the
satisfying assignment. Note that after updating corresponding to tr(𝑙𝑝), the 𝐸𝑥𝑝( 𝑗) will have
the residue regular expression (Σ \ {tr(𝑙𝑝), tr(¬𝑙𝑝)})∗ which guarantees the survival of the
world 𝑗 in future updates.

Hence, since 𝜎 is a satisfying assignment, every clause will have at least one literal in 𝜎,
hence guaranteeing the survival of all the worlds inM𝜑 |𝑤. Since all the world survives and
𝑠 ∼1 𝑡, for every 𝑡 ∈ 𝑆𝜑, henceM𝜑 |𝑤, 𝑠 ⊨

∧
𝑗∈[𝑚] 𝐾 𝑗 𝑝 𝑗 .

Conversely, let 𝜑 is unsatisfiable. Hence, for any assignment 𝜎 = (𝑙1, 𝑙2, . . . , 𝑙𝑛), there
exists at least one clause, say 𝑐 𝑗 = (𝑙𝑝 ∨ 𝑙𝑞 ∨ 𝑙𝑟), such that ¬𝑙𝑝,¬𝑙𝑞,¬𝑙𝑟 is in the 𝜎. Note
update in the world 𝑗 corresponding to clause 𝑐 𝑗 . After the update corresponding to tr(¬𝑙𝑝),
the term (Σ \ {tr(𝑙𝑝), tr(¬𝑙𝑝)})∗tr(𝑙𝑝) (Σ \ {tr(𝑙𝑝), tr(¬𝑙𝑝)})∗ in 𝐸𝑥𝑝( 𝑗) becomes 𝛿 (regular
expression for the empty regular language). Same occurs for the update corresponding to
tr(¬𝑙𝑞) and tr(¬𝑙𝑟). Hence the 𝐸𝑥𝑝( 𝑗), after all the three updates, becomes 𝛿, due to which
the world 𝑗 does not survive. HenceM𝜑 |𝑤, 𝑠 ⊭

∧
𝑗∈[𝑚] 𝐾 𝑗 𝑝 𝑗 , where 𝑤 = tr(𝑙1)tr(𝑙2) . . . tr(𝑙𝑛).

□

Theorem 34. Model checking for the Word fragment is in P.
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Algorithm 12 mcWords
1: procedure mcWords(𝜑)
2: if 𝑠 ∈mcWordPOL(M, 𝜑) then
3: Return True

Algorithm 13 mcWordPOL
1: procedure mcWordPOL(M = ⟨𝑆, 𝑅,𝑉, 𝐸𝑥𝑝⟩, 𝜑, where 𝜑 is a Word Formula)
2: if 𝜑 = 𝑝 is a propositional variable then
3: 𝑆′ = ∅
4: for 𝑠 ∈ 𝑆 do
5: if 𝑝 ∈ 𝑉 (𝑠) then
6: 𝑆′ = 𝑆′∪ {𝑠}
7: Return 𝑆′
8: if 𝜑 = ¬𝜓 then
9: Return 𝑆 \mcWordPOL(M,𝜓)

10: if 𝜑 = 𝜓1∨𝜓2 then
11: Return mcWordPOL(M,𝜓1) ∪mcWordPOL(M,𝜓2)
12: if 𝜑 = ⟨𝑤⟩𝜓 then
13: M′ =< 𝑆′, 𝑅′,𝑉 ′, 𝐸𝑥𝑝′ >=M
14: for 𝑠 ∈ 𝑆′ do
15: 𝐸𝑥𝑝′(𝑠) = 𝐸𝑥𝑝(𝑠) \𝑤
16: if 𝐸𝑥𝑝′(𝑠) = 𝛿 then
17: 𝑆′ = 𝑆′ \ {𝑠}
18: 𝑅′ = 𝑅′ \ {{𝑠, 𝑡}} for every 𝑡 ∈ 𝑆

Return mcWordPOL(M′,𝜓)
19: if 𝜑 = 𝐾̂𝑖𝜓 then
20: 𝑆′ = mcWordPOL(M,𝜓)
21: Return {𝑠 ∈ 𝑆 | ∃𝑡 ∈ 𝑆′ and 𝑡 ∼𝑖 𝑠}

Proof. The model checking algorithm for POL, when 𝜋’s are words, can be designed in a
similar way as the folklore recursive model checking algorithm for epistemic logic. Only
modification is when, checking whether M, 𝑠 ⊨ ⟨𝜋⟩𝜑 recursively call M|𝑤, 𝑠 ⊨ 𝜑 where
L(𝜋) = {𝑤}.

We use the algorithm mcWords for model checking the Word fragment. The algorithm
mcWords calls the subroutine mcWordPOL which is a polytime algorithm that takes a
model M and a word-formula 𝜑 and outputs the set of all states 𝑠 such that M, 𝑠 ⊨ 𝜑.
The correctness of the algorithm mcWords follows from the correctness of the algorithm
mcWordPOL. The proof of correctness of the algorithm mcWordPOL is presented in
Lemma 35. □
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Lemma 35. Given a finite POL modelM = ⟨𝑆, 𝑅,𝑉, 𝐸𝑥𝑝⟩, an 𝑠 ∈ 𝑆 and a Word formula 𝜑,
𝑠 ∈mcWordPOL(M, 𝜑) iffM, 𝑠 ⊨ 𝜑.

Proof. This can be proved by induction over the size of 𝜑.
Base Case. Consider the case where 𝜑 = 𝑝, where 𝑝 ∈ P. In the scope of the IF case in

line 2, the set 𝑆′ is populated with all the worlds 𝑠 ∈ 𝑆 where 𝑝 ∈ 𝑉 (𝑠). Hence,M, 𝑠 ⊨ 𝜑 iff
𝑠 ∈mcWordPOL(M, 𝜑).

Induction Hypothesis. Given a finite POL modelM = ⟨𝑆, 𝑅,𝑉, 𝐸𝑥𝑝⟩, an 𝑠 ∈ 𝑆 and a
POL formula of the Word fragment 𝜑, 𝑠 ∈mcWordPOL(M, 𝜑) iffM, 𝑠 ⊨ 𝜑, where |𝜑 | ≤ 𝑘 ,
for an integer 𝑘 .

Inductive Step.

• 𝜑 = ¬𝜓

M, 𝑠 ⊨ ¬𝜓
iffM, 𝑠 ⊭ 𝜓

iff 𝑠 ∉ mcWordPOL(M,𝜓), by IH

iff 𝑠 ∈ 𝑆 \mcWordPOL(M,𝜓)
iff 𝑠 ∈mcWordPOL(M,¬𝜓)

• 𝜑 = 𝜓1∨𝜓2

M, 𝑠 ⊨ 𝜓1∨𝜓2

iffM, 𝑠 ⊨ 𝜓1 orM, 𝑠 ⊨ 𝜓2

iff 𝑠 ∈mcWordPOL(M,𝜓1)
or 𝑠 ∈mcWordPOL(M,𝜓2), by IH

iff 𝑠 ∈mcWordPOL(M,𝜓1) ∪mcWordPOL(M,𝜓2)
iff 𝑠 ∈mcWordPOL(M,𝜓∨𝜓2)

• 𝜑 = 𝐾̂𝑖𝜓

M, 𝑠 ⊨ 𝐾̂𝑖𝜓

iff ∃𝑡 ∼𝑖 𝑠 andM, 𝑡 ⊨ 𝜓

iff ∃𝑡 ∼𝑖 𝑠 and 𝑡 ∈mcWordPOL(M,𝜓), by IH

iff mcWordPOL(M, 𝐾̂𝑖𝜓)
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• 𝜑 = ⟨𝑤⟩𝜓
Since 𝑤 is a word, 𝐸𝑥𝑝(𝑠)\𝑤 is calculated in line 15, and hence for all 𝑠 ∈ 𝑆 in the loop
in 14-18. Also a certain state 𝑡 (∈ 𝑆) ∉ 𝑆′ if 𝐸𝑥𝑝(𝑡)\𝑤 = 𝛿, that is, L(𝐸𝑥𝑝(𝑡)\𝑤) = ∅.
By Lemma 31, we have the correctness of the residuation. Hence after the termination
of loop 14-18,M′ =M|𝑤.

M, 𝑠 ⊨ ⟨𝑤⟩𝜓
iff L(𝐸𝑥𝑝(𝑠)\𝑤) ≠ ∅

andM|𝑤, 𝑠 ⊨ 𝜓, since 𝑤 is word

iff L(𝐸𝑥𝑝(𝑠)\𝑤) ≠ ∅
and 𝑠 ∈mcWordPOL(M′,𝜓), by IH

iff 𝑠 ∈mcWordPOL(M, ⟨𝑤⟩𝜓)

□

4.3 Application

Recall example 3, that of farming drone introduced in chapter 2 (Figure 4.3). There were
three possibilities, each having its own expectation.

1. For the possibility of the drone going up-right searching for water with at most one
wrong direction (▼ or ◀), the corresponding set of expectations is captured by the
regular expression (▶ ∪▲)∗(▼∪ ◀ ∪𝜀) (▶ ∪▲)∗ where 𝜀 stands for the empty word
regular expression.

2. For the possibility of the drone going down-left for power supply with at most one
wrong direction (▲ or ▶), the corresponding set of expectations is captured by the
regular expression: (◀ ∪▼)∗(▲∪ ▶ ∪𝜀) (◀ ∪▼)∗.

3. For the possibility of the drone patrolling making clockwise squares, the expectation is:
(▶+ ▼+ ◀+ ▲+)∗.

The modelM, depicted in Figure 4.2, can be obtained by techniques described in [62]
(they use a mechanism from DEL for constructing the epistemic expectation model, by
assigning the expectations at each world). The regular expressions (the expectations) may be
learned by the agents after observing several executions (see for instance [9]) or might be
computed by planning techniques [16].
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𝑤𝑎𝑡𝑒𝑟

(▶ ∪▲)∗(▼∪ ◀ ∪𝜀) (▶ ∪▲)∗
𝑝𝑜𝑤𝑒𝑟

(◀ ∪▼)∗(▲∪ ▶ ∪𝜀) (◀ ∪▼)∗

𝑝𝑎𝑡𝑟𝑜𝑙 (▶+ ▼+ ◀+ ▲+)∗

𝑠 𝑡

𝑢

𝑎, 𝑏
𝑎

𝑎

Fig. 4.2 Model describing the initial knowledge of the two agents 𝑎 and 𝑏 about the expectation of the
automatic farming drone.

Fig. 4.3 Field and an automatic farming drone.

Now, verification tasks related to epistemic planning (e.g., verifying whether 𝐾𝑎𝑤𝑎𝑡𝑒𝑟,
𝐾𝑏𝑤𝑎𝑡𝑒𝑟 , 𝐾𝑎𝑝𝑜𝑤𝑒𝑟 , or 𝐾𝑏𝑝𝑜𝑤𝑒𝑟 is true after some observations) reduce to the POL model
checking problem. Let us now discuss the expressivity of the fragments: Word, Existential,
Star-Free−Existential and Star-Free.

In the Word fragment, words are fixed sequences of observations. The fragment thus
enables to write formulas of the form ⟨𝑤⟩𝜑, meaning that 𝜑 holds after the sequence 𝑤 of
observations (that can be considered as the observations produced by the plan executed by the
system). Thus, this fragment enables to write formulas to verify properties after the execution
of a plan.

Example 11 (verification of a plan, Word fragment). Does agent 𝑎 know that the drone is
searching for water after the sequence ▶▶▶?

M, 𝑠 |= ⟨▶▶▶⟩𝐾𝑎𝑤𝑎𝑡𝑒𝑟

Epistemic planning is the general problem of verifying whether there exists a plan leading
to a state satisfying a given epistemic formula. In our setting, it can be expressed by a formula
of the form ⟨𝜋⟩𝜑 where 𝜋 denotes the plan search space (more precisely the search space of
sequences of observations produced by a plan).

Example 12 (epistemic planning, Existential fragment). Does there exist a plan for the
drone such that agent 𝑏 would know that the drone is searching for water while agent 𝑎 would
still consider patrolling a possibility?

M, 𝑠 |= ⟨(▶ ∪▼∪ ◀ ∪▲)∗⟩(𝐾𝑏𝑤𝑎𝑡𝑒𝑟 ∧ 𝐾̂𝑎𝑝𝑎𝑡𝑟𝑜𝑙𝑙𝑖𝑛𝑔)
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In planning (and also in epistemic planning), we may ask for the existence of a plan of
bounded length, e.g., less than 4 actions. The Star-FreeExistential fragment is sufficiently
expressive to tackle the so-called bounded epistemic planning.

Example 13 (bounded epistemic planning, Star-Free Existential fragment). Does there
exist a sequence of at most 4 moves such that agent 𝑏 would know that the drone is searching
for water while agent 𝑎 would still consider patrolling a possibility?

M, 𝑠 |= ⟨(▶ ∪▼∪ ◀ ∪▲∪ 𝜖)4⟩(𝐾𝑏𝑤𝑎𝑡𝑒𝑟 ∧ 𝐾̂𝑎𝑝𝑎𝑡𝑟𝑜𝑙𝑙𝑖𝑛𝑔)

Interestingly, the Star-Free fragment and the full language are able to express properties,
mixing existence and non-existence of plans, in respectively the bounded and unbounded
cases.

Example 14 (Star-Free fragment). Agent 𝑎 would not gain the knowledge that the drone will
search for water with less than or equal to 2 movements but it is possible with 3 movements:

M, 𝑠 |=[(▶ ∪▼∪ ◀ ∪▲)2]¬𝐾𝑎𝑤𝑎𝑡𝑒𝑟]∧
⟨(▶ ∪▼∪ ◀ ∪▲)3⟩𝐾𝑎𝑤𝑎𝑡𝑒𝑟

Example 15 (full language). It is impossible for the agent 𝑎 to know that the drone is
searching for water with only down and left movements but there is a plan if all movements
are allowed:

M, 𝑠 |=[(▼∪ ◀)∗]¬𝐾𝑎𝑤𝑎𝑡𝑒𝑟]∧
⟨(▶ ∪▼∪ ◀ ∪▲)∗⟩𝐾𝑎𝑤𝑎𝑡𝑒𝑟

4.3.1 On implementation.

We have implemented in this work, the Star-Free−Existential fragment and the Word
fragment of POL.

Star-FreeExistential Implementation

The model checking for the Star-FreeExistential fragment can be implemented via a
reduction to SAT. In this section, we explain how to provide an efficient implementation for
the Star-Free−Existential fragment of POL model checking by providing a reduction to
SAT. We explain how to check thatM,𝑤 |= ⟨𝜋⟩𝜑, where 𝜋 is star-free and 𝜑 is an epistemic
formula. In other words, we aim at checking whether there is a guessed word that belongs to
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the language of 𝜋 such that 𝑤 survives the announcement of that word and 𝜑 holds in the
updated model. As 𝜋 is star-free, the guessed word is bounded by the size of 𝜋. W.l.o.g.
we suppose that the guessed word is of length 𝑘 . We also suppose that all the automata are
deterministic. This costs an exponential time in principle, but we can rely on an efficient
minimization algorithm to obtain small deterministic automata in practical cases.

We now explain how to define a Boolean formula 𝑡𝑟 (𝑀,𝑤, ⟨𝜋⟩𝜑) such thatM,𝑤 |= ⟨𝜋⟩𝜑
iff 𝑡𝑟 (𝑀,𝑤, ⟨𝜋⟩𝜑) is a satisfiable Boolean formula. To this end, we introduce several
propositional variables:

• 𝑝𝑡,𝑎: the 𝑡-th letter of the guessed word is 𝑎

• 𝑡𝑢,𝜓: subformula 𝜓 (of 𝜑) holds in world 𝑢 in the updated model

• 𝑎𝐴,𝑡,𝑞: in the automaton 𝐴, the state after having read 𝑡 letters in the guessed word is
𝑞. Note that 𝐴 can denote either an automaton for 𝜋 or that for any prefix language
Exp(u).

Given a finite set 𝑃 of propositional variables, we write #(𝑃) = 1 for a Boolean formula
saying that exactly one propositional variable in 𝑃 is true. We construct the following Boolean
formula

𝑡𝑤,𝜑∧𝑔𝑢𝑒𝑠𝑠𝑒𝑑𝑊𝑜𝑟𝑑∧𝑔𝑜𝑜𝑑∧ 𝑠𝑢𝑟𝑣∧ 𝑟𝑢𝑙𝑒𝑠

which is satisfiable iffM,𝑤 |= ⟨𝜋⟩𝜑. The first part 𝑡𝑤,𝜑 enforces that the formula 𝜑 is true in
𝑤 after the announcement of the guessed word.

The second part 𝑔𝑢𝑒𝑠𝑠𝑒𝑑𝑊𝑜𝑟𝑑 says that the guessed word is uniquely determined by the
propositions 𝑝𝑡,𝑎. More precisely, that part is:

∧
𝑡=1..𝑘 #({𝑝𝑡,𝑎 | 𝑎 ∈ Σ}) = 1.

In other words, it means that there is a path in the non-deterministic automaton 𝐴

corresponding to 𝜋, starting from the initial state 𝑞0, following the guessed word, and leading
to a final state. Given 𝐴, the automaton for 𝜋, the formula 𝑔𝑜𝑜𝑑 is the conjunction of:

• 𝑎𝐴,0,𝑞0;

•
∧
𝑡=0..𝑘 #({𝑎𝐴,𝑡,𝑞 | 𝑞 ∈ 𝑄}) = 1;

•
∧
𝑡=0..𝑘−1,𝑞,𝑎 𝑎𝐴,𝑡,𝑞 ∧ 𝑝𝑡,𝑎→ 𝑝𝐴,𝑡+1𝛿(𝑞, 𝑎)

•
∨
𝑞∈𝐹 𝑎𝐴,𝑘,𝑞.

The part 𝑠𝑢𝑟𝑣 says that the guessed word belongs to the prefix language of Exp(s). That
formula is similar to 𝑔𝑜𝑜𝑑 but for the automaton corresponding to the prefix language of
Exp(s). Finally, 𝑟𝑢𝑙𝑒𝑠 is a formula that mimics the semantics of 𝑡𝑤,𝜑 in the same spirit as
Tseitin transformation. Formula 𝑟𝑢𝑙𝑒𝑠 is the conjunction of:
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• 𝑡𝑢,𝑝↔⊤ if 𝑢 |= 𝑝;

• 𝑡𝑢,𝑝↔⊥ if 𝑢 |= 𝑝;

• 𝑡𝑢,¬𝜓↔¬𝑡𝑢,𝜓;

• 𝑡𝑢,𝜓1∧𝜓2 ↔ (𝑡𝑢,𝜓1 ∧ 𝑡𝑢,𝜓2);

• 𝑡𝑢,𝐾𝑖𝜓↔
∧
𝑣 |𝑢→𝑖𝑣

𝑠𝑢𝑟𝑣(𝑣) → 𝑡𝑢,𝜓

where 𝑠𝑢𝑟𝑣(𝑣) is a propositional variable saying that world 𝑣 survives the announcement
of the guessed word. The variable 𝑠𝑢𝑟𝑣(𝑣) alone is not sufficient. It is accompanied by a
collection of clauses in the same spirit as 𝑠𝑢𝑟𝑣 but with the automaton of the prefixes of
Exp(v).

We haveM,𝑤 |= ⟨𝜋⟩𝜑 iff 𝑡𝑟 (𝑀,𝑤, ⟨𝜋⟩𝜑) is a satisfiable Boolean formula. Moreover, the
truth values of propositions 𝑝𝑡,𝑎 in a valuation satisfying 𝑡𝑟 (𝑀,𝑤, ⟨𝜋⟩𝜑) gives a plan, i.e. the
guessed word in the language of 𝜋 such that 𝜑 holds after executing that word fromM,𝑤.
The full case of Star-Free−Existential fragment follows the same idea but is cumbersome.

The reduction to SAT has been implemented in Python3 using the library pySAT (with
the SAT solver Glucose) and the library automata-lib. To get an idea, the running
time for checking Example 3 is around 10ms.1

Word Implementation

The model checking for the Word fragment can be implemented in poly-time with a bottom-up
traversal of the parse tree of the formula, as for CTL [7, Section 6.4].
The input POL formula is a string that follows the following syntax. Let 𝑡𝑟 (𝜑) be the string
corresponding to the POL formula 𝜑 which is defined as :

• When 𝜑 = 𝑝, where 𝑝 is a propositional formula, 𝑡𝑟 (𝑝) =′ 𝑝′.

• When 𝜑 = 𝜓∨ 𝜒, then 𝑡𝑟 (𝜑) =′ 𝑂𝑅(𝑡𝑟 (𝜓), 𝑡𝑟 (𝜒))′.

• When 𝜑 = 𝜓∧ 𝜒, then 𝑡𝑟 (𝜑) =′ 𝐴𝑁𝐷 (𝑡𝑟 (𝜓), 𝑡𝑟 (𝜒))′.

• When 𝜑 = ¬𝜓, then 𝑡𝑟 (𝜑) =′ 𝑁𝑂𝑇 (𝑡𝑟 (𝜓))′.

• When 𝜑 = 𝐾̂𝑎𝜓, then 𝑡𝑟 (𝜑) =′ 𝐾𝑃(𝑎, 𝑡𝑟 (𝜓))′, where 𝑎 is an agent.

• When 𝜑 = ⟨𝑤⟩𝜓, then 𝑡𝑟 (𝜑) =′ 𝐷𝐼𝑀 (𝑤, 𝑡𝑟 (𝜒))′, where 𝑤 is a word.
1The accompanying codes can be found in the following link:

https://github.com/francoisschwarzentruber/polmc
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The POL model is a dictionary instance with the following index names:

• ’worlds’ is a set of worlds in the model.

• ’agents’ is a set of agents in the model.

• ’propositions’ is the set of propositions valuations of the worlds are on.

• ’relation’ is a dictionary indexed by agents. Each agent index ’a’ has a dictionary
indexed by the worlds, each world index ’u’ is a set of worlds ’a’ cannot distinguish
from ’u’.

• ’valuation’ is a dictionary indexed by worlds, each world ’u’ has a set of propositions
valuated TRUE in ’u’.

• ’expectation’ is a dictionary indexed by worlds, each world ’u’ has an NFA which is the
expectation in the world.

Note that, we are using NFA is expectation instead of regular expressions, although it does
not add much to the complexity, since the conversion overhead between them is polynomial
with respect to the size of NFA or regular expression.
The function "wordMC" in the program returns the set of worlds in the input model where
the input formula stands TRUE. The function is a recursive function on the formula. The
interesting case is of the diamond operator, where it calculates the residue model letter by
letter of the word in the diamond iteratively. It uses the function "residue", which given an
NFA and a letter, returns an NFA which is the residue of input NFA with the letter. It returns
"None" (Python Datatype) if the residue is empty (𝛿).
The code has been implemented using Python3 and uses the library automathon. The
example of drone as well as traffic signal has been shown in the code.2

4.4 Related Work

Dynamic epistemic reasoning The model checking of standard epistemic logic (EL)
is PTIME-complete [53]. Public Observation Logic (POL) is quite similar to Public
announcement logic (PAL) [48]. When public announcements are performed, the number
of possible worlds reduces, making the model checking of PAL still in PTIME [56] as
for standard epistemic logic. When actions can be private, the model checking becomes
PSPACE-complete for DEL with action models [6].

2The accompanying codes can be cloned or found here: https://github.com/itsmeavi/POLmc.git
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In PAL, a possible world is equipped with a valuation, while in POL it is also equipped with
a regular expression denoting the expectation in that world. In PAL, the public announcement
is fully specified and its effect is deterministic. In POL, we may reason on sets of possible
observations represented by regular expressions 𝜋. When these sets are singletons, we again
obtain a PTIME upper bound (Theorem 34). In this sense, POL is close to Arbitrary PAL
(APAL) [29] whose model checking is also PSPACE-complete [1]. In APAL, any epistemic
formula can be announced: there are no expectations. However, in POL, we have to reason
about the constraints between the possible expectations, and the set of observations (given by
𝜋). Our contribution can be reformulated as follows: we prove that (i) reasoning about these
constraints can still be done in PSPACE, and, (ii) this reasoning is sufficiently involved for
the model checking to be PSPACE-hard.

In POL, regular expressions are used to represent sets of observations, while van Benthem
et al. [57] used regular expressions (actually, programs of Propositional dynamic logic (PDL)
[28]) to denote epistemic relations. Charrier et al. [22] considered a logic for reasoning about
protocols where actions are public announcements and not abstract observations as in POL:
in this sense, POL is more general.

Epistemic temporal reasoning It is natural to describe computational behaviours with
regular expressions. Finite-state controllers, i.e., automata are used to describe policies in
planning [16]. Interestingly, Lomuscio and Michaliszyn [42] studied an epistemic logic
where formulas are evaluated on intervals and the language provides Allen’s operators on
intervals: in their setting, the model is an interpreted system, and a propositional variable 𝑝
is true in an interval 𝐼 if the trace of 𝐼 matches a given regular expression associated to 𝑝.
In contrast, POL is not based on an already set-up model but relies on updates in a model.
Bozzelli et al. [17] studied the complexity of the model checking of that logic depending on
the restrictions on the allowed set of Allen’s operators. Their framework is similar to ours
because it relies on regular expressions but the approach is orthogonal to model updates and
hence, to epistemic planning.

Epistemic planning As far as we know, epistemic planning frameworks (based on DEL
[15], or the so-called MEP for Multi-agent Epistemic Planning [46]) all provide a mechanism
for reasoning about preconditions and effects of actions. Expectations about others or about
the world are not dealt with. However, Saffidine et al. [51] propose a collaborative setup
for epistemic planning where each agent executes its own knowledge-based policy/program
(KBP) while agents commonly know all the KBPs that are being executed, meaning that agents
expect that the other agents follow their own KBP. On the contrary, in POL, observations
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are public but expectations are in general not commonly known. Reasoning about some
epistemic properties that are true after the execution of any kind of KBPs is undecidable, but
is PSPACE-complete for star-free KBPs. The complexity is high for different reasons: the
initial model is represented symbolically; observations are not already public, and KBPs may
contain tests.

Strategic reasoning Usually in logics for strategic reasoning (e.g., alternating-time temporal
logic [2], and strategy logic [23]), agents do not have expectations: an agent may consider
all possible strategies for the others. Recently, Belnardinelli et al. [10] propose a variant of
strategy logic (SL) where a player may know completely the strategy of another player. In
contrast, in POL agents may have partial information about the expectations. In POL, agents
also have higher-order knowledge about these expectations. In SL, strategies are abstract
objects in the logical language whereas in POL, observations are represented as composite
structures that the agents can reason about, similar to the work on games and strategies
presented in [31]. In this sense, POL can be seen as EL extended with PDL operators.

4.5 Conclusion

In this chapter and the last, we showed that the model checking for POL is PSPACE-complete.
Such complexity studies were left open in [62]. We also identified more tractable fragments
(see Figure 4.1) of POL. Finally, we discussed the applicability of our study in verifying
various features of interactive systems related to epistemic planning. A discussion on
implementation is also provided.

Many interesting features of such interactive systems remain to be investigated : private
observations, like in DEL with action models [60]; dynamic aspects (e.g., changing expecta-
tions); richer languages of expectations (e.g., context-free grammars for expectations), among
others. Symbolic model checking can be considered as well following the trends of [58] and
[22].

This paper also opens up a research avenue for developing variants and extensions for
reasoning about expectations and observations that can be expressive enough with reasonable
complexities for the model checking problem.

To sum up, POL mixes epistemic logic and language theory for modelling mechanisms of
social intelligent agents, and the current investigations on model checking set it up as a useful
tool in building social software for AI.

We investigate model checking for EPL, an extension of POL, also proposed in [62], in a
later chapter. Next, we move on to the satisfiability problem for POL.



Chapter 5

Star-Free Satisfiability

5.1 Introduction

In this chapter, and the next, we look into the satisfiability problem for POL. Earlier, we were
looking into verifying properties with respect to a specific model. Unlike model-checking,
satisfiability is a tool to check properties in a class of models. Hence, even the applications
of epistemic planning can be extended here as well, for example, whether an epistemic goal
can be achieved in a class of scenarios that satisfy certain conditions.

Recall the example 4 introduced in chapter 2 (Figure 5.1) involving the cleaner bot moving
for power supply in one corner and debris on another. The example concerns certain rules that
we follow in our daily life, they deal with situations where agents expect certain observations
at certain states based on some pre-defined protocols, viz. the bot mechanism in the example.
They get to know about the actual situation by observing certain actions which agree with
their expectations corresponding to that situation. POL does not deal with the protocols
themselves, but the effect those protocols have in our understanding of the world around
us in terms of our expectations and observations. In [18] as well as chapters 3 and 4, we
have investigated the computational complexity of the model-checking problem of different
fragments of POL, and in this chapter, we will deal with the computational complexity of
the satisfaction problem of various proper fragments of POL (cf. Figure 5.2). We will show
how certain simple fragments of POL give rise to high complexity with respect to their
computational behaviour.

Recall that the logic POL− is the Star-Free fragment of POL, that is, it is the set of
formulas in which the 𝜋’s do not contain any Kleene star ∗. A more restricted version is the
Word fragment of POL−, where 𝜋’s are words. We consider both the single-agent word
fragment of POL−, and multi-agent word fragment of POL−. Furthermore, we consider
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Fig. 5.1 A robotic vacuum cleaner on the floor (in the middle of the grid). The power source is at
bottom left, whereas the debris-disposal area is at top right.

Single-agent Multi-agent
Word POL− NP-complete PSPACE-complete
POL− PSPACE-Hard NEXPTIME-complete

Fig. 5.2 Complexity results of satisfiability of various fragments of POL−.

single-agent POL−, and multi-agent POL− (full POL−). The main theorem we prove in
this chapter is:

Theorem 36. Satisfiability problem of POL− is NEXPTIME-complete.

Furthermore, we prove similar theorems as well for fragments. The list of results in this
chapter is listed in Figure 5.2. To prove the complexity results of some of these fragment(s)
of POL we use a translation to Public announcement logic (PAL) [48], whereas, for other
fragment(s), a tableau method is utilized where the tableau rules provide a mix of modal
logic reasoning and computations of language theory residuals.
Outline. In Section 5.2, we describe an application of the satisfiability problem of POL−.
In Section 5.3 we present a NEXPTIME algorithm for POL− using the tableau method. In
Section 5.4, we prove that POL− is in NEXPTIME-Hard. In section 5.5, we present the
complexity results for various fragments of POL−. Section 5.6 discusses related work, and
Section 5.7 concludes the chapter.

5.2 An application

Let us now consider a scenario which can be aptly described using the satisfiability problem
of POL−. We go back to the cleaning bot example (Figure 5.1) introduced earlier (Example
4). Let Alice be agent 𝑎 and Bob be agent 𝑏. Figure 5.3 shows an epistemic expectation
model of this Example 4. Unlike model-checking, which verifies a property with respect to a
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𝑑𝑒𝑏𝑟𝑖𝑠

(▶ ∪▲)≤3

𝑝𝑜𝑤𝑒𝑟

(◀ ∪▼)≤3

𝑑𝑒𝑏𝑟𝑖𝑠 (▶ ∪▲)≤3(▼∪ ◀ ∪𝜀) (▶ ∪▲)≤3

𝑠 𝑡

𝑢

a, b

a a

Fig. 5.3 Model describing the initial knowledge of the two agents Alice and Bob about the expectation
of the vbot.

specific model, one of many utilities of satisfiability is checking whether a property holds in
every models from a class of models represented by some formula.

Suppose the vbot is moving towards the power source without making any error. Evidently,
the possibilities considered by the agents, based on the information available to them are
given as follows:

- Possibilities considered by Alice who has the information about the glitch in the bot:

𝐾̂𝑎𝑑𝑒𝑏𝑟𝑖𝑠∧ 𝐾̂𝑎⟨◀ +▼⟩𝑑𝑒𝑏𝑟𝑖𝑠∧ 𝐾̂𝑎𝑝𝑜𝑤𝑒𝑟

- Possibilities considered by Bob who is not aware of the glitch in the bot:

𝐾̂𝑏𝑑𝑒𝑏𝑟𝑖𝑠∧ 𝐾̂𝑏𝑝𝑜𝑤𝑒𝑟

Now, we model the expectations as follows: Consider the expression, 𝜋𝑝𝑛 = (▼+ ◀)𝑛 that
represents a sequence of moves of length 𝑛 the bot can make to get to to the power source
without any error. We use a formula 𝑃𝑛 to express the following: As long as the bot is
observed to make 𝑛 many moves towards the power source, reaching it is still a possibility.

𝑃𝑛 =(⟨◀⟩⊤∧ ⟨▼⟩⊤)
∧ [𝜋𝑝1 ] (⟨◀⟩⊤∧ ⟨▼⟩⊤)
∧ [𝜋𝑝2 ] (⟨◀⟩⊤∧ ⟨▼⟩⊤) . . .
∧ [𝜋𝑝𝑛 ] (⟨◀⟩⊤∧ ⟨▼⟩⊤)

The first conjunct of 𝑃𝑛 translates to move towards the power source, a move towards down or
left can be observed. The second conjunct translates to the following: after the observation
of a single left or down movement, another left or down movement can be observed. The
other conjuncts can be described similarly.
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For the scenario described in the introduction, we can consider 𝑃𝑛 to create a formula
where n is at most 3, without an error. Let us denote such a formula by 𝜓𝑝. Similarly, a
formula can express the movement towards debris-disposal with at most one error and with
no error as 𝜓𝑑𝑒 and 𝜓𝑑 , respectively. A situation where the bot is moving towards the power
source without any error, but 𝑎 considers the possibility of moving towards debris-disposal
with an error can be expressed as 𝐾̂𝑎𝜓𝑑𝑒 ∧𝜓𝑝. Similarly, a formula can be considered for
modelling the expected observation when both the agents consider the possibility of the bot
moving towards debris-disposal area without an error: 𝐾̂𝑎𝜓𝑑 ∧ 𝐾̂𝑏𝜓𝑑 . We call the (finite) set
of all such formulas, Γ𝑝. Similarly, we can construct a set Γ𝑑𝑒 of formulas, when the bot can
make an error while going towards debris-disposal area or Γ𝑑 when it is moving towards the
debris-disposal without any error.

Suppose we want to conclude the following in the current scenario: After one wrong
move, 𝑏 knows that the bot is not moving towards debris-disposal, but 𝑎 still considers the
possibility. The formula, INFO𝑎𝑏, say, turns out to be

⟨▼+ ◀⟩(𝐾𝑏𝑝𝑜𝑤𝑒𝑟 ∧ 𝐾̂𝑎𝑑𝑒𝑏𝑟𝑖𝑠)

The actual scenario is that the bot is indeed moving towards 𝑝𝑜𝑤𝑒𝑟 . Hence, to check whether
INFO𝑎𝑏 can be concluded in this scenario, a satisfiability solver for POL− can check the
(un)satisfiability of the formula

¬((
∧
𝜓∈Γ𝑝

𝜓) → INFO𝑎𝑏)

Note that, checking whether the above formula is valid implies INFO𝑎𝑏 is valid property
that holds in every model that satisfies

∧
𝜓∈Γ𝑝

𝜓. Moreover, the model in Figure 5.3 is one
such model where the formula holds from the possibility 𝑡.

5.3 Algorithm for the Satisfiability Problem of POL−

In this section, we design a proof system using tableau method to prove satisfiability of POL−.
A term in a tableau proof is of the form (𝜎 𝑤 𝜓) | (𝜎 𝑤 ✓) | (𝜎,𝜎′)𝑖, where 𝑖 ∈ 𝐴𝑔𝑡.

The 𝜎 is called a state label that represents a state in the model, 𝑤 ∈ Σ∗ is a word over a finite
alphabet and 𝜓 is a formula in POL−.

The term (𝜎 𝑤 𝜓) represents the fact that the state labelled by 𝜎 survives after the model
is projected on the word 𝑤, and after projecting on 𝑤, 𝜓 holds true in the state corresponding
to 𝜎.
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The term (𝜎 𝑤 ✓) represents the fact that the state labelled by 𝜎 survives after the
model is projected on word 𝑤.

The term (𝜎1,𝜎2)𝑖 represents in the model, the states represented by 𝜎1 and 𝜎2 should be
indistinguishable for the agent 𝑖 ∈ 𝐴𝑔𝑡, where 𝐴𝑔𝑡 is a finite set of agents.

For space reasons, the term (𝜎1,𝜎2)𝑖∈𝐴𝑔𝑡 stands for the set of terms {(𝜎1,𝜎2)𝑖 | 𝑖 ∈ 𝐴𝑔𝑡}.
Without loss of generality, the formula 𝜑 is assumed to be in Negative Normal form, the

syntax of which is as follows:

𝜑 :=⊤ | 𝑝 | ¬𝑝 | 𝜓∨ 𝜒 | 𝜓∧ 𝜒 |
𝐾̂𝑖𝜓 | 𝐾𝑖𝜓 | ⟨𝜋⟩𝜓 | [𝜋]𝜓

For the satisfiability results, in this chapter and in the next, we need a vital notion of
Fischer-Ladner closure.

Definition 44. Fischer-Ladner Closure The Fisher-Ladner closure of a formula 𝜑 , denoted
𝐹𝐿(𝜑), is the smallest set containing 𝜑 and satisfying

• if 𝜓 ∈ 𝐹𝐿(𝜑) and 𝜓 not starting with ¬ then ¬𝜓 ∈ 𝐹𝐿(𝜑)

• if ¬𝜓,𝐾𝑖𝜓, 𝐾̂𝑖𝜓, [𝜋]𝜓 or ⟨𝜋⟩𝜓 in 𝐹𝐿(𝜑) then 𝜓∈𝐹𝐿(𝜑)

• if 𝜓∧ 𝜒 or 𝜓∨ 𝜒 are in 𝐹𝐿 (𝜑) then 𝜓, 𝜒 ∈ 𝐹𝐿 (𝜑)

• if ⟨𝜋1;𝜋2⟩𝜓 ∈ 𝐹𝐿(𝜑) then ⟨𝜋1⟩⟨𝜋2⟩𝜓 ∈ 𝐹𝐿 (𝜑)

• if ⟨𝜋1+ 𝜋2⟩𝜓 ∈ 𝐹𝐿(𝜑) then ⟨𝜋1⟩𝜓, ⟨𝜋2⟩𝜓 ∈ 𝐹𝐿(𝜑)

• if ⟨𝜋★⟩𝜓 ∈ 𝐹𝐿 (𝜑) then ⟨𝜋⟩⟨𝜋★⟩𝜓 ∈ 𝐹𝐿 (𝜑)

• if [𝜋1;𝜋2]𝜓 ∈ 𝐹𝐿 (𝜑) then [𝜋1] [𝜋2]𝜓 ∈ 𝐹𝐿 (𝜑)

• if [𝜋1+ 𝜋2]𝜓 ∈ 𝐹𝐿 (𝜑) then [𝜋1]𝜓, [𝜋2]𝜓 ∈ 𝐹𝐿 (𝜑)

• if [𝜋★]𝜓 ∈ 𝐹𝐿 (𝜑) then [𝜋] [𝜋★]𝜓 ∈ 𝐹𝐿 (𝜑)

In simple words, Fischer Ladner closure of a formula talks of all the subformulas that
are to be considered in a satisiability argument in order to satisfy the original formula. Note
that if [𝜋]𝜓 ∈ 𝐹𝐿 (𝜑), we have [𝜋\𝑎]𝜓 ∈ 𝐹𝐿 (𝜑). For example, suppose [𝑏★𝑎𝑏]𝜓 ∈ 𝐹𝐿 (𝜑).
Note that 𝑏★𝑎𝑏\𝑎 = 𝑏. By definition ??, [𝑏★] [𝑎𝑏]𝜓 ∈ 𝐹𝐿 (𝜑) implies [𝑎𝑏]𝜓, [𝑏] [𝑏★] [𝑎]𝜓 ∈
𝐹𝐿 (𝜑). Since [𝑎𝑏]𝜓 ∈ 𝐹𝐿 (𝜑), therefore [𝑎] [𝑏]𝜓 ∈ 𝐹𝐿 (𝜑), which finally implies [𝑏]𝜓 ∈
𝐹𝐿 (𝜑). The same is also true for the diamond formulas (⟨𝜋⟩𝜓) as well.
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Example 16. Consider 𝜑 = ⟨(▶ + ◀)★⟩𝑝𝑜𝑤𝑒𝑟 . Hence 𝐹𝐿 (𝜑) = {𝜑,¬𝜑, 𝑝𝑜𝑤𝑒𝑟, ⟨▶ + ◀⟩⟨(▶
+ ◀)★⟩𝑝𝑜𝑤𝑒𝑟, . . .}.

Observation 37. [35] Given 𝜑, |𝐹𝐿 (𝜑) | ≤𝑂 ( |𝜑 |).

Given a formula we denote by 𝜑, 𝐹𝐿 (𝜑) the Fischer-Ladner Closure of 𝜑, (for more
details, see [35]).

5.3.1 The Tableau Rules

The tableau rules for this fragment have been shown in Figure 5.4. Here an inference rule

looks like this:
𝐴

𝐶1 |𝐶2 | . . . |𝐶𝑛.
Here each 𝐶𝑖 and 𝐴 is a set of tableau terms. The 𝐶𝑖s are called consequences, 𝐴 is the

antecedent. Intuitively the rule is interpreted as "If all the terms in 𝐴 are true, then all the
terms in at least one of 𝐶𝑖’s are true".

In Figure 5.4, the left column is the rule name and the right column is the rule. For
example, the Box Project rule states that "The state labelled by 𝜎 survives after projection on
word 𝑤 and it satisfies [𝜋]𝜓 (the term (𝜎 𝑤 [𝜋]𝜓) in the numerator) and 𝜎 still survives a
further projection on letter 𝑎(the second term (𝜎 𝑤𝑎 ✓) in the numerator) then after further
projection on 𝑎, [𝜋\𝑎]𝜓 should hold true in the state labelled by 𝜎 (the term (𝜎 𝑤𝑎 [𝜋\𝑎]𝜓)
in the denominator).". Recall 𝜋\𝑎 denotes the residual of 𝜋 by 𝑎 (see chapter 2).

Similarly, the Diamond Project rule says that if a certain state 𝜎, under some word
projection 𝑤 has to satisfy ⟨𝑎⟩𝜓, then that state 𝜎 has to survive projection on 𝑤𝑎 and also
satisfy 𝜓 under the same projection.

A tableau proof can be assumed a tree T . Each node of the tree is a set of tableau terms
Γ. An inference rule can be applied in the following way:

If 𝐴 ⊆ Γ and 𝐶𝑖’s are not in Γ, the children of Γ are Γ∪𝐶𝑖 for each 𝑖 ∈ [𝑛].
When no rules can be applied on a Γ, we say Γ is saturated (leaf node in the proof tree).
If ⊥ ∈ Γ, we say that branch is closed. If all the branches of the proof tree is closed, we

say the tableau is closed, else is open.
Given a POL− formula 𝜑, we start with Γ = {(𝜎 𝜖 𝜑), (𝜎 𝜖 ✓)} ∪ {(𝜎,𝜎)𝑖, 𝑖 ∈ 𝐴𝑔𝑡}.

Example 17. Suppose we aim at deciding whether

𝜑 := 𝐾̂𝑖 ⟨𝑎⟩𝑝∧ ⟨𝑎⟩𝐾𝑖¬𝑝

is satisfiable or not. For simplicity we suppose there is a single agent 𝑖. Here are the terms
added to the set of terms:
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Propositional Rules
Clash rule (𝜎 𝑤 𝑝), (𝜎 𝑤 ¬𝑝)

⊥

AND rule
(𝜎 𝑤 𝜓∧ 𝜒)
(𝜎 𝑤 𝜓), (𝜎 𝑤 𝜒)

OR rule
(𝜎 𝑤 𝜓∨ 𝜒)

(𝜎 𝑤 𝜓) | (𝜎 𝑤 𝜒)

Knowledge Rules

Knowledge
(𝜎 𝑤 𝐾𝑖𝜓), (𝜎′ 𝑤 ✓), (𝜎,𝜎′)𝑖

(𝜎′ 𝑤 𝜓)

Possibility
(𝜎 𝑤 𝐾̂𝑖𝜓)

(𝜎,𝜎𝑛)𝑖, (𝜎𝑛 𝑤 ✓), (𝜎𝑛 𝑤 𝜓), (𝜎𝑛,𝜎𝑛)𝑖∈𝐴𝑔𝑡

Transitivity
(𝜎,𝜎′′)𝑖, (𝜎′′,𝜎′)𝑖

(𝜎,𝜎′)𝑖

Symmetry
(𝜎′,𝜎)𝑖
(𝜎,𝜎′)𝑖, 𝑖 ∈ 𝐴𝑔𝑡

Diamond and Box Rules

Diamond Decompose
(𝜎 𝑤 ⟨𝜋𝜋′⟩𝜓)
(𝜎 𝑤 ⟨𝜋⟩⟨𝜋′⟩𝜓)

Diamond ND Decompose
(𝜎 𝑤 ⟨𝜋1+ 𝜋2⟩𝜓)

(𝜎 𝑤 ⟨𝜋1⟩𝜓) | (𝜎 𝑤 ⟨𝜋2⟩𝜓)

Diamond Project
(𝜎 𝑤 ⟨𝑎⟩𝜓)

(𝜎 𝑤𝑎 ✓), (𝜎 𝑤𝑎 𝜓)

Box Project
(𝜎 𝑤 [𝜋]𝜓), (𝜎 𝑤𝑎 ✓)

(𝜎 𝑤𝑎 [𝜋\𝑎]𝜓)

Empty Box
(𝜎 𝑤 [𝜖]𝜓)
(𝜎 𝑤 𝜓)

Survival Rules

Constant Valuation Up
(𝜎 𝑤 𝑝)
(𝜎 𝜖 𝑝)

(𝜎 𝑤 ¬𝑝)
(𝜎 𝜖 ¬𝑝)

Survival Chain
(𝜎 𝑤𝑎 ✓)
(𝜎 𝑤 ✓)

Fig. 5.4 Tableau rules. 𝜎 is any state symbol, 𝑤 is any word, 𝑝 is any propositional variable, 𝑖 is any
agent, 𝜋 is any regular expression, 𝑎 is any letter.

1. (𝜎 𝜖 𝜑), (𝜎 𝜖 ✓), (𝜎,𝜎)𝑖 (initialization)

2. (𝜎 𝜖 𝐾̂𝑖 ⟨𝑎⟩𝑝), (𝜎 𝜖 ⟨𝑎⟩𝐾𝑖¬𝑝) by AND rule

3. (𝜎′ 𝜖 ⟨𝑎⟩𝑝), (𝜎′ 𝜖 ✓), (𝜎,𝜎′)𝑖, (𝜎′,𝜎′)𝑖 by Possibility rule

4. (𝜎′,𝜎)𝑖 by Symmetry rule
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5. (𝜎′ 𝑎 𝑝), (𝜎′ 𝑎 ✓) by Diamond Project on 2

6. (𝜎 𝑎 ✓), (𝜎 𝑎 𝐾𝑖¬𝑝) by Diamond Project on 2

7. (𝜎′ 𝑎 ¬𝑝) by Knowledge rule on 3, 5, 6

8. ⊥ by Clash rule on 5,7

As we obtain ⊥, the formula 𝜑 is not satisfiable (by the upcoming Theorem 38).

5.3.2 Soundness and Completeness of the Tableau Rules

In this section, we provide the soundness and completeness proof of the Tableau method for
the satisfiability of POL−

Theorem 38. Given a formula 𝜑, if 𝜑 is satisfiable, then the tableau forΓ = {(𝜎 𝜖 𝜑), (𝜎 𝜖 ✓), (𝜎,𝜎)𝑖∈𝐴𝑔𝑡}
is open.

Proof. We prove that if 𝜑 is satisfiable then there exists a subtree rooted at some child Γ𝑐 of
the root Γ in T which is open using induction on the depth of the tableau tree T . Let the
pointed epistemic model that satisfy 𝜑 beM, 𝑠.

Base Case. Let the base case be |Γ| = 2+|𝐴𝑔𝑡 |. Since we start from {(𝜎 𝜖 𝜑), (𝜎,𝜎)𝑖∈𝐴𝑔𝑡 , (𝜎 𝜖 ✓)}.
Hence this implies 𝜑 = 𝑙 or 𝜑 = [𝑎]𝜓, where 𝑙 is a literal (a positive propositional letter or a
negation of it). Hence the tableau remains open since no ⊥ ∈ Γ.

Induction Hypothesis. Let the statement be true for any tableau tree T of depth at most
𝑛.

Inductive Step. Consider the tableau tree T rooted at Γ = {(𝜎 𝜖 𝜑), (𝜎,𝜎), (𝜎 𝜖 ✓)}
of depth at most 𝑛+1. Now we go case by case with 𝜑:

• 𝜑 = 𝜓∧ 𝜒: We apply AND rule, and hence Γ′ = Γ∪ {(𝜎 𝜖 𝜓), (𝜎 𝜖 𝜒)}, which is a
child rooted at Γ. SinceM, 𝑠 ⊨ 𝜑, by definitionM, 𝑠 ⊨ 𝜓 andM, 𝑠 ⊨ 𝜒. By IH, tableau
tree rooted at Γ′ is open, which suggestes, T is open.

• 𝜑 = 𝜓∨ 𝜒: We apply OR rule and hence we get two children, Γ1 = Γ∪{(𝜎 𝜖 𝜓)} and
Γ2 = Γ∪ {(𝜎 𝜖 𝜒)}. SinceM, 𝑠 ⊨ 𝜓∨ 𝜒, henceM, 𝑠 ⊨ 𝜓 orM, 𝑠 ⊨ 𝜒. By IH, one of
the sub tableau tree rooted at Γ1 or Γ2 will be open, hence implying T to be open.

• 𝜑 =𝐾𝑖𝜓: By applying the Knowledge rule, Γ′ = Γ∪{(𝜎′ 𝜖 𝜓) | {(𝜎,𝜎′)𝑖, (𝜎′ 𝜖 ✓)} ⊆
Γ}. SinceM, 𝑠 ⊨ 𝐾𝑖𝜓, hence for every 𝑠′ ∈M such that 𝑠 ∼𝑖 𝑠′,M, 𝑠′ ⊨ 𝜓. By IH, the
tableau subtree rooted at Γ′ is open.
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• 𝜑= 𝐾̂𝑖𝜒: By applying the Possibility rule, Γ′= Γ∪{(𝜎𝑛,𝜎𝑛)𝑖∈𝐴𝑔𝑡 , (𝜎𝑛 𝜖 ✓), (𝜎𝑛 𝜖 𝜒)}∪
{(𝜎,𝜎𝑛)𝑖, (𝜎𝑛,𝜎)𝑖} ∪ {(𝜎′,𝜎𝑛)𝑖, (𝜎𝑛,𝜎′)𝑖 | {(𝜎′ 𝜖 ✓), (𝜎,𝜎′)𝑖} ⊆ Γ𝑙}. Since,M, 𝑠 ⊨

𝐾̂𝑖𝜒, hence there is an 𝑠𝑛 ∈M such thatM, 𝑠𝑛 ⊨ 𝜒, also 𝑠𝑛 ∼ 𝑠′ for every 𝑠′ ∈M since
∼ is an equivalence relation. Hence by IH, the sub tableau tree rooted at Γ′ is open.

• 𝜑 = ⟨𝜋𝜋′⟩𝜓: Hence by the Diamond Decomposition rule Γ′ = Γ∪ {(𝜎 𝜖 ⟨𝜋⟩⟨𝜋′⟩𝜓)}.
SinceM, 𝑠 ⊨ ⟨𝜋𝜋′⟩𝜓, henceM|𝑤∗ , 𝑠 ⊨ 𝜓, for some 𝑤∗ ∈ L(𝜋𝜋′) which also suggests,
there is a 𝑤 ∈ L(𝜋) and a 𝑤′ ∈ L(𝜋′) such that 𝑤∗ = 𝑤𝑤′. Hence M|𝑤, 𝑠 ⊨ ⟨𝜋′⟩𝜓,
which impliesM, 𝑠 ⊨ ⟨𝜋⟩⟨𝜋′⟩𝜓. By IH, the tableau for Γ′ is open.

• 𝜑 = ⟨𝑎⟩𝜓. Hence now by Projection rule, Γ′ = Γ∪ {(𝜎 𝑎 ✓), (𝜎 𝑎 𝜓)}. Since
M, 𝑠 ⊨ ⟨𝑎⟩𝜓, therefore 𝑠 ∈M|𝑎 andM|𝑎, 𝑠 ⊨ 𝜓. And hence by IH, tableau tree rooted
at Γ′ is open.

• 𝜑 = [𝜋]𝜓. Say (𝜎 𝑎 ✓) is added for some diamond formula term, say of the form
(𝜎 𝜖 ⟨𝑎⟩𝜓′), hence the proof has added (𝜎 𝑎 [𝜋\]𝜓). By assumptionM, 𝑠 ⊨ ⟨𝑎⟩𝜓′,
and hence 𝑠 ∈M|𝑎. ThereforeM|𝑎, 𝑠 ⊨ [𝜋\𝑎]𝜓, hence the proof starting from terms
{(𝜎,𝜎), (𝜎 𝑎 ✓), (𝜎 𝑎 [𝜋\𝑎]𝜓)} will remain open.

For the other case (𝜎 𝑎 ✓) is not added, hence 𝑠 ∉M|𝑎, therefore the tableau remains
open.

□

Theorem 39. Given a formula 𝜑, if the tableau for Γ = {(𝜎 𝜖 𝜑), (𝜎 𝜖 ✓), (𝜎,𝜎)𝑖∈𝐴𝑔𝑡} is
open, then 𝜑 is satisfiable.

Proof. Since by assumption, the tableau for Γ = {(𝜎 𝜖 𝜑), (𝜎 𝜖 ✓), (𝜎,𝜎)𝑖∈𝐴𝑔𝑡} is open,
there exists a branch in the tableau tree where in the leaf node there is a set of terms Γ𝑙 such
that it is saturated and ⊥ ∉ Γ𝑙 .

For the purpose of this proof, let us define a relation over the words 𝑤̄ that appears in Γ𝑙 .
For any two word 𝑤̄1 and 𝑤̄2 that appears in Γ𝑙 , 𝑤̄1 ≤𝑝𝑟𝑒 𝑤̄2 if and only if 𝑤̄1 ∈ L(𝑃𝑟𝑒(𝑤̄2)).
Now, this relation is reflexive (𝑤̄1 ∈ L(𝑃𝑟𝑒(𝑤̄1))), asymmetric (if 𝑤̄1 ∈ L(𝑃𝑟𝑒(𝑤̄2)) and
𝑤̄2 ∈ L(𝑃𝑟𝑒(𝑤̄1)) then 𝑤̄1 = 𝑤̄2) and transitive (if 𝑤̄1 ∈ L(𝑃𝑟𝑒(𝑤̄2)) and 𝑤̄2 ∈ L(𝑃𝑟𝑒(𝑤̄3))
then 𝑤̄1 ∈ L(𝑃𝑟𝑒(𝑤̄3))). Hence this relation creates a partial order among all the words
occurring in Γ𝑙 . We also denote 𝑤1 <𝑝𝑟𝑒 𝑤2 to interpret the fact that 𝑤1 ≤𝑝𝑟𝑒 𝑤2 and 𝑤1 ≠ 𝑤2.

Now we create a modelM = ⟨𝑊, {𝑅𝑖}𝑖∈𝐴𝑔𝑡 ,𝑉, 𝐸𝑥𝑝⟩ out of Γ𝑙 and prove that 𝜑 is satisfied
by some state in the model.

• 𝑊 = {𝑠𝜎 | 𝜎 is a distinct label in the terms occuring in Γ𝑙}
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• 𝑅𝑖 = {{𝑠𝜎1 , 𝑠𝜎2} | (𝜎1,𝜎2)𝑖 ∈ Γ𝑙}

• 𝑉 (𝑠𝜎) = {𝑝 | (𝜎 𝜖 𝑝) ∈ Γ𝑙}

• 𝐸𝑥𝑝(𝑠𝜎) =
∑
𝑤∈Λ𝜎

𝑤, where Λ𝜎 = {𝑤 | (𝜎 𝑤 ✓) ∈ Γ𝑙 and �𝑤′ : ((𝜎 𝑤′ ✓) ∈
Γ𝑙 and 𝑤 <𝑝𝑟𝑒 𝑤′)}

Note that, the new state label 𝜎𝑛 is only created in the possibility rule, with a reflexive
relation on itself. Now consider the set 𝑅′ = {(𝜎,𝜎′) | {(𝑠𝑖𝑔𝑚𝑎 𝑤 ✓), (𝜎′ 𝑤′ ✓)} ⊆ Γ𝑙}.
Hence this can be considered a binary relation over the set of all distinct 𝜎 that occurs in Γ𝑙 .
When a 𝜎′ is created by the possibility rule, it is reflexive. Also by the relation rules, they
are made symmetrically and transitively related to every other label that has been previously
there. Hence 𝑅′ is an equivalence relation, hence making 𝑅𝑖 in the model an equivalence
relation.

Now, Theorem 39 follows from the following two claims, the proofs of which we present
later.

Claim 40. If (𝜎 𝑤 ✓) ∈ Γ𝑙 then 𝑠𝜎 survives inM|𝑤.

Claim 41. For any word 𝑤 that occurs in Γ𝑙 , any label 𝜎 and any formula 𝜓, if (𝜎 𝑤 𝜓) ∈ Γ𝑙
and (𝜎 𝑤 ✓) ∈ Γ𝑙 then 𝑠𝜎 survives inM|𝑤 andM|𝑤, 𝑠𝜎 ⊨ 𝜓.

Proof of Claim 40. We induct on the size of |𝑤 |.
Base Case. Let |𝑤 | ≤ 1. Hence 𝑤 ∈ {𝜖} ∪Σ . Since Γ ⊆ Γ𝑙 and (𝜎 𝜖 ✓), and 𝑠𝜎 is in

M|𝜖 =M.
For the case 𝑤 = 𝑎, where 𝑎 ∈ Σ: There exists a word 𝑤′ that occurs in a term in Γ𝑙

labelled by 𝜎 such that 𝑤 ∈ L(𝑃𝑟𝑒(𝑤′)) and there is no other word bigger than 𝑤′ such that
𝑤′ is in its prefix, since the proof is on finite words and formula, the proof terminates. Hence
by definition of 𝐸𝑥𝑝(𝑠𝜎), 𝑠𝜎 survives inM|𝑎.

Induction Hypothesis. Assume the statement to be true for |𝑤 | = 𝑛.
Inductive Step. Consider the case where |𝑤 | = 𝑛+1.
By assumption, (𝜎 𝑤 ✓) ∈ Γ𝑙 . Hence by the fact that Γ𝑙 is saturation and by the rule

"Survival Chain", there is (𝜎 𝑤′ ✓) ∈ Γ𝑙 , where 𝑤 = 𝑤′𝑎 for some 𝑎 ∈ Σ. Hence by IH, the
result follows that 𝑠𝜎 survives inM|𝑤′ .

Now, by termination, there are finite many unique words occurring in Γ𝑙 . Clearly,
𝑤′ ≤𝑝𝑟𝑒 𝑤. Since there are finite many words, there is a 𝑤∗, which is of maximum size such
that 𝑤 ≤𝑝𝑟𝑒 𝑤∗ and (𝜎 𝑤∗ ✓) ∈ Γ𝑙 . Hence 𝑤∗ ∈ Λ𝜎 in the definition of Exp of the model.
Therefore 𝑤∗ ∈ L(𝐸𝑥𝑝(𝑠𝜎)) and since 𝑤′ ≤𝑝𝑟𝑒 𝑤 ≤𝑝𝑟𝑒 𝑤∗, 𝑠𝜎 survives inM|𝑤′ , hence 𝑠𝜎
shall survive inM|𝑤. □
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Proof of Claim 41. Naturally, we shall induct upon the size of 𝜓.
Base Case. Let 𝜓 is of the form 𝑝 or ¬𝑝. By the definition of the function 𝑉 for the

model and the previous proof, the statement stands true.
Induction Hypothesis. Let us consider the statement is true for any 𝜓 such that |𝜓 | < 𝑛′

for some 𝑛′.
Inductive Step. We prove for |𝜓 | = 𝑛′. Again, we go case by case on the syntax of 𝜓.

• 𝜓 = 𝐾̂𝑖𝜒. SinceΓ𝑙 is saturated, by the rule of possibility, {(𝜎′ 𝑤 𝜒), (𝜎,𝜎′)𝑖, (𝜎′ 𝑤 ✓)} ⊆
Γ𝑙 . By IH on the subformula 𝜒, the definition of the model, the proof of the previous
statement, and the rule "survival chain", 𝑠𝜎′ survives inM|𝑤 andM|𝑤, 𝑠𝜎′ ⊨ 𝜒. Also
by definition, {𝑠𝜎, 𝑠𝜎′} ∈ 𝑅𝑖, hence provingM|𝑤, 𝑠𝜎 ⊨ 𝐾̂𝑖𝜒.

• 𝜓 = 𝐾𝑖𝜒. Since Γ𝑙 is saturated, and by previous statement 𝑠𝜎′ is surviving for every
(𝜎′ 𝑤 ✓), by the rule of knowledge (𝜎′ 𝑤 𝜒) ∈ Γ𝑙 for every (𝜎,𝜎′)𝑖. Hence by IH
on subformula,M|𝑤, 𝑠𝜎′ ⊨ 𝜒 for every 𝜎′ such that {𝜎,𝜎′} ∈ 𝑅𝑖.

• 𝜓 = ⟨𝜋+ 𝜋′⟩𝜒. Since Γ𝑙 is saturated, hence by the ND Decomposition, either the term
(𝜎 𝑤 ⟨𝜋⟩𝜒) ∈ Γ𝑙 or (𝜎 𝑤 ⟨𝜋′⟩𝜒) ∈ Γ𝑙 . By IH,M|𝑤, 𝑠𝜎 ⊨ ⟨𝜋⟩𝜒 orM|𝑤, 𝑠𝜎 ⊨ ⟨𝜋′⟩𝜒
and henceM|𝑤, 𝑠𝜎 ⊨ ⟨𝜋+ 𝜋′⟩𝜒.

• 𝜓 = ⟨𝜋𝜋′⟩𝜒. Since Γ𝑙 is saturated, hence (𝜎 𝑤 ⟨𝜋⟩⟨𝜋′⟩𝜒) ∈ Γ𝑙 . By IH, since
⟨𝜋⟩⟨𝜋′⟩𝜒 ∈ 𝐹𝐿 (𝜓), henceM|𝑤, 𝑠𝜎 ⊨ 𝜓.

• 𝜓 = ⟨𝑎⟩𝜒. Note that we don’t consider a general word 𝑤′ in the diamond as given
𝑤′ = 𝑎𝑤′′, a formula ⟨𝑤′⟩𝜒 is satisfiable if and only if ⟨𝑎⟩⟨𝑤′′⟩𝜒 is satisfiable.

• 𝜓 = [𝜋]𝜒. Let us consider (𝜎 𝑤𝑎 ✓) ∈ Γ𝑙 for some 𝑎 ∈ Σ. Hence by the proof of the
first statement, 𝑠𝜎 ∈M|𝑤𝑎. Also |L(𝜋) | < |L(𝜋\𝑎) |. Hence by induction on the size
of formulaM|𝑤𝑎, 𝑠𝜎 ⊨ [𝜋\𝑎]𝜒 which impliesM|𝑤, 𝑠𝜎 ⊨ [𝜋]𝜒. □

This completes the proof of Theorem 39 □

5.3.3 A NEXPTIME Upper Bound

Now we design an algorithm based on tableau and prove existence of an algorithm that takes
non-deterministically exponential steps with respect to the size of 𝜑. Now given a 𝜑, we now
create a tree of nodes that contains terms of the form (𝑤,𝜓) and (𝑤,✓), where 𝑤 ∈ Σ∗ is a
word that is occuring in tableau, and 𝜓 is a formula in 𝐹𝐿 (𝜑). Each node 𝑇𝜎 refers to a state
label 𝜎 in tableau, a term of the (𝑤,𝜓) ∈ 𝑇𝜎 intuitively translates to in the state corresponding
to 𝜎, after projecting model on 𝑤, the state survives and there 𝜓 is satisfied, and hence refers
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to the term (𝜎 𝑤 𝜓) in tableau. Similarly, (𝑤,✓) ∈ 𝑇𝜎 means state corresponding to 𝜎
survives after projection on 𝑤, and hence refers to the term (𝜎 𝑤 ✓) in the tableau. The
tableau tree created, we call it TP

For this algorithm, we change the definition of saturation and unsaturation a bit from the
earlier definition. We say 𝑇𝜎 is unsaturated against a rule 𝑅 iff there is a term in (𝑤,𝜓) ∈ 𝑇𝜎
or (𝑤,✓) ∈ 𝑇𝜎, such that (𝜎 𝑤 𝜓) or (𝜎 𝑤 ✓) lies in the numerator of 𝑅 but there is no
denominator (𝜎 𝑤 𝜓′) of 𝑅 such that (𝑤,𝜓′) is in 𝑇𝜎, similar for terms like (𝑤,✓). We call
the term (𝑤,𝜓) or (𝑤,✓) here to be the reason for unsaturation.

We saturate the rules carefully such that each node in the tree corresponds to a single
state in the model. This technique is well studied in [32].

Algorithm 14 StarFree-SAT
1: procedure StarFree-SAT(𝜑)
2: 𝑇𝜎0 ← {(𝜖, 𝜑), (𝜖,✓)}
3: 𝑇𝜎0 is the root of tree T𝑃.
4: while there is a leaf of T𝑃 that satisfies one of the following conditions do
5: if ⊥ ∉ 𝑇𝜎 and 𝑇𝜎 is unsaturated against Propositional and Survival Rules then
6: Let (𝑤,𝜓) or (𝑤,✓) be the reason for unsaturation against the above rules.
7: if 𝜓 = 𝜓1∧𝜓2 then 𝑇𝜎 = 𝑇𝜎 ∪ {(𝑤,𝜓1), (𝑤,𝜓2)}
8: else if 𝜓 = 𝜓1∨𝜓2 then non deterministically choose 𝜓1 or 𝜓2 and

𝑇𝜎 = 𝑇𝜎 ∪ {(𝑤,𝜓1)} or 𝑇𝜎 = 𝑇𝜎 ∪ {(𝑤,𝜓2)} as per choice.
9: else if 𝜓 = 𝑙 where 𝑙 is a literal then 𝑇𝜎 = 𝑇𝜎 ∪ {(𝑤, [𝑎]𝑙), (𝜖, 𝑙)}.

10: else if {(𝑤,𝜓), (𝑤,¬𝜓)} ⊆ 𝑇𝜎 then 𝑇𝜎 = 𝑇𝜎 ∪ {⊥}.
11: else if (𝑤,✓) ∈ 𝑇𝜎 then 𝑇𝜎 = 𝑇𝜎 ∪ {(𝑤′,✓) | 𝑤′ ∈ 𝑃𝑟𝑒(L(𝑤))}.
12: else if ⊥ ∉ 𝑇𝜎 and 𝑇𝜎 is propositionally saturated but unsaturated against

Box and Diamond Rules then
13: Let the reason for unsaturation be (𝑤,𝜓).
14: If 𝜓 = ⟨𝜋1𝜋2⟩𝜓′ then 𝑇𝜎 = 𝑇𝜎 ∪ {(𝑤, ⟨𝜋1⟩⟨𝜋2⟩𝜓′)}.
15: If 𝜓 = ⟨𝜋1+ 𝜋2⟩𝜓′ then nondeterministically choose a 𝜋𝑖, where 𝑖 ∈ {1,2}

and make 𝑇𝜎 = 𝑇𝜎 ∪ {(𝑤, ⟨𝜋𝑖⟩𝜓′)}
16: If 𝜓 = ⟨𝑎⟩𝜓′ then 𝑇𝜎 = 𝑇𝜎 ∪ {(𝑤𝑎,✓), (𝑤𝑎,𝜓′), (𝑤, [𝑎]𝜓′)}.
17: If 𝜓 = [𝜋]𝜓′ and (𝑤𝑎,✓) ∈ 𝑇𝜎 then 𝑇𝜎 = 𝑇𝜎 ∪ {(𝑤𝑎, [𝜋\𝑎]𝜓′)}
18: else if ⊥ ∉ 𝑇𝜎 and it saturated against Propositional, Survival and

Box, Diamond Rules but for all formula 𝜓 that occurs in terms (𝑤,𝜓) ∈ 𝑇𝜎,
there is a 𝜓′ ∈ 𝐹𝐿 (𝜓) such that neither 𝜓′ nor ¬𝜓′ occurs in 𝑇𝜎 then

19: Non-deterministically choose 𝜓′ or ¬𝜓′ and
𝑇𝜎 = 𝑇𝜎 ∪ {(𝑤,𝜓′)} or 𝑇𝜎 = 𝑇𝜎 ∪ {(𝑤,¬𝜓′)} as per choice,
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where ¬𝜓′ is in Negation normal form.
20: else if ⊥ ∉ 𝑇𝜎 and 𝑇𝜎 is saturated against Propositional rules,

Survival Rules and Diamond, Box rules and there is no formula 𝜓 that occurs
as (𝑤,𝜓) ∈ 𝑇𝜎, there is a 𝜓′ ∈ 𝐹𝐿 (𝜓) such that neither 𝜓′ nor ¬𝜓′

occurs in 𝑇𝜎 then
21: for each 𝐾̂𝑖𝜓 that occurs in 𝑇𝜎 do
22: 𝑇 = {(𝑤, 𝐾̂𝑖𝜓′) | (𝑤, 𝐾̂𝑖𝜓′) ∈ 𝑇𝜎} ∪ {(𝑤,𝐾𝑖𝜓′) | (𝑤,𝐾𝑖𝜓′) ∈ 𝑇𝜎}

∪{(𝑤,𝜓) | (𝑤, 𝐾̂𝑖𝜓) ∈ 𝑇𝜎}
23: If there is no 𝑖-ancestor 𝑇𝜎′′ of 𝑇𝜎 such that 𝑇 ⊆ 𝑇𝜎′′ then

add a 𝑖-child 𝑇𝜎′ = 𝑇
24: while 𝑇𝜎0 is not marked do
25: if there is an unmarked leaf node 𝑇𝜎 of T𝑃 then
26: if ⊥ ∈ 𝑇𝜎 or {(𝑤,𝐾𝑖𝜓), (𝑤,¬𝜓)} ⊆ 𝑇𝜎 then
27: Mark 𝑇𝜎0 "UNSAT"
28: else
29: Mark 𝑇𝜎0 "SAT"

30: else
31: 𝑇𝜎 is an unmarked internal node whose all children are marked.
32: if all children of 𝑇𝜎 is marked "SAT" then
33: Mark 𝑇𝜎 "SAT"
34: else
35: Mark 𝑇𝜎 "UNSAT"
36: if 𝑇𝜎0 is marked "SAT" then
37: Return SAT
38: else
39: Return UNSAT

We saturate the rules carefully such that each node in the tree corresponds to a single
state in the model. This technique is well studied in [32].

Theorem 42. The satisfiability of POL− is in NEXPTIME.

Proof. Given the tree TP we create in the procedure, a node 𝑇𝜎 is marked satisfiable iff it
does not have ⊥, {(𝜎 𝑤 𝐾𝑖𝜓), (𝜎 𝑤 ¬𝜓)} ⊈ 𝑇𝜎 and all its successors are marked satisfiable.
We prove three statements:

• Statement 1: Each node is of at most exponential size, that is, has at most exponential
many terms.
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• Statement 2: Maximum children a node can have is polynomial.

• Statement 3: The height of the tree is polynomial.

The above three statements prove the proof tree TP is at most of exponential size and
hence the non-deterministic algorithm can just guess such a tree and verify the correctness of
it in polynomial time with respect to the size of TP.
Proof of Statement 1. Since a term in a node 𝑇𝜎 is of the form (𝜎 𝑤 𝜓), where 𝑤 is a word
over some finite alphabet Σ and 𝜓 is a formula of POL−.

According to the shape of the rules, a formula that can be derived is always in 𝐹𝐿 (𝜑).
Since |𝐹𝐿 (𝜑) | ≤𝑂 ( |𝜑 |)[35], hence there can be at most 𝑂 ( |𝜑 |) many formulas.

Also, since a regular expression 𝜋 occuring in a modality is star-free (that is does not
contain the Kleene star), hence a word 𝑤 ∈ L(𝜋) is of length at most |𝜋 | which is again of
length at most 𝜑. Also there are at most |𝐹𝐿 (𝜑) | many regular expressions. Hence there
are at most |Σ |𝑂 (𝑝( |𝜑 |)) , where 𝑝(𝑋) is some polynomial on 𝑋 , many unique words possible.
Hence therefore, there can be at most exponential many terms in a single node.
Proof of Statement 2. From a node 𝑇𝜎, a child is created for every unique triplet of
(𝜎 𝑤 𝐾̂𝜓) in 𝑇𝜎. Number of such triplets possible is, as proved is at most polynomial with
respect to |𝜑 |.
Proof of Statement 3. For proving this, we use 𝑚𝑑 (Γ), given a set of formulas Γ, is the
maximum modal depth over all formulas in Γ. Finally we define 𝐹 (𝑇𝜎) as the set of formulas
occuring in the node 𝑇𝜎.

Consider 𝑇𝜎, the node 𝑇 𝑖
𝜎′ is 𝑖- successor of 𝑇𝜎 and 𝑇 𝑗

𝜎′′ be the 𝑗 successor of 𝑇 𝑖
𝜎′ (𝑖 ≠ 𝑗).

Note that all the formulas in 𝐹 (𝑇 𝑗
𝜎′′) are from FL closure of all the 𝐾 𝑗 and 𝐾 𝑗 formulas from

𝐹 (𝑇 𝑖
𝜎′).
Also all the formulas in 𝐹 (𝑇 𝑖

𝜎′) are in the FL closure of the 𝐾𝑖 and 𝐾̂𝑖 formulas occusring
in 𝑇𝜎. Hence 𝑚𝑑 (𝑇 𝑗

𝜎′′) ≤ 𝑚𝑑 (𝐹 (𝑇 𝑖𝜎′)). Therefore, there can be at most 𝑂 ( |𝜑 |𝑐) such agent
alterations in one path of T𝑃 (not linear because there can be polynomial many words paired
with each formula).

Now let us consider how many consecutive 𝑖 succesors can happen in a path. Suppose
a 𝑇𝜎 has a new 𝑖-successor node 𝑇𝜎′ for the term (𝜎 𝑤 𝐾̂𝑖𝜓). Due to the fact that the
indistinguishability relation is equivalence for each agent due to the Transitivity, Symmetry
rule and the reflexivity that infers in the possibility rule, hence all the possibility and the
knowledge formula terms of the form (𝜎 𝑤′ 𝐾̂𝑖𝜉) or (𝜎 𝑤′ 𝐾𝑖𝜉) of agent 𝑖 are in the
successor node 𝑇𝜎′ in the form (𝜎′ 𝑤′ 𝐾̂𝑖𝜉) or (𝜎′ 𝑤′ 𝐾̂𝑖𝜉) respectively, along with the
term (𝜎′ 𝑤 𝜓). Hence the number of such unique combination of terms will be at most
polynomial to the size of |𝐹𝐿 (𝜑) |.

Therefore, the height of TP is polynomial with respect to the |𝜑 |. □
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Fig. 5.5 A set of tile types and an empty square, and a solution.

5.4 Hardness of Satisfiability in POL−

In this section, we give a lower bound to the Satisfiability problem of POL−. We reduce the
well-known NEXPTIME-complete Tiling problem to come up with a formula in the POL−

fragment that only has 2 agents.

Theorem 43. POL− satisfiability problem is NEXPTIME-Hard.

Proof. We reduce the NEXPTIME-complete tiling problem of a square whose size is 2𝑛

where 𝑛 is encoded in unary [63] (see Figure 5.5). The instance of the tiling problem is
(𝑇, 𝑡0, 𝑛) where 𝑇 is a set of tile types (e.g ), 𝑡0 is a specific tile that should be at position
(0,0), and 𝑛 is an integer given in unary. Note that the size of the square is exponential in 𝑛.
We require the colours of the tiles to match horizontally and vertically.

The idea of the reduction works as follows. We consider two tilings A and B. We will
construct a formula 𝑡𝑟 (𝑇, 𝑡0, 𝑛) expressing that the two tilings are equal, contains 𝑡0 at (0, 0),
and respect the horizontal and vertical constraints.

With the help of two epistemic modalities 𝐾𝑖 and 𝐾 𝑗 we can simulate a standard 𝐾
modal logic □. For the rest of the proof, we consider such a □ modality and its dual ^. We
encode a binary tree whose leaves are pairs of positions (one position in tiling A and one in
tiling B). Such a tree is of depth 4𝑛: 𝑛 bits to encode the 𝑥-coordinate in tiling A, 𝑛 bits to
encode the 𝑥-coordinate in tiling B, 𝑛 bits to encode the 𝑦-coordinate in tiling A, 𝑛 bits to
encode the 𝑦-coordinate in tiling B. A pair of positions is encoded with the 4𝑛 propositional
variables: 𝑝0, . . . , 𝑝4𝑛−1. The first 𝑝0, . . . , 𝑝2𝑛−1 encodes the position in tiling 𝐴 while the
later 𝑝2𝑛, . . . , 𝑝4𝑛−1 encodes the position in tiling 𝐵. At each leaf, we also use propositional
variables 𝑞𝐴𝑡 (resp. 𝑞𝐵𝑡 ) to say there is tile 𝑡 at the corresponding position in tiling 𝐴 (resp.
tiling 𝐵). The following formula enforces the existence of that binary tree T by branching
over the truth value of proposition 𝑝ℓ at depth ℓ:

∧
ℓ<4𝑛

□ℓ
(̂
𝑝ℓ ∧^¬𝑝ℓ ∧

∧
𝑖<ℓ

(𝑝𝑖→□𝑝𝑖) ∧ (¬𝑝𝑖→□¬𝑝𝑖)
)

(5.1)



96 Star-Free Satisfiability

Now, by using of specific Boolean formulas over 𝑝0, . . . , 𝑝4𝑛−1, it is easy to express equality,
presence of 𝑡0 at (0,0) and horizontal and vertical constraints:

□4𝑛

(∨
𝑡

𝑞𝐴𝑡 ∧
∧
𝑡≠𝑡′
(¬𝑞𝐴𝑡 ∨¬𝑞𝐴𝑡′ )

)
(5.2)

□4𝑛

(∨
𝑡

𝑞𝐵𝑡 ∧
∧
𝑡≠𝑡′
(¬𝑞𝐵𝑡 ∨¬𝑞𝐵𝑡′)

)
(5.3)

□4𝑛 (position in tiling 𝐴 = 0) → 𝑞𝐴𝑡0 (5.4)

□4𝑛 ( 𝑥-coordinate of position in 𝐴
= 1 + 𝑥-coordinate of position in 𝐵

) (5.5)

→
∨

𝑡,𝑡′ |𝑡 matches 𝑡′ horizontally

(𝑞𝐴𝑡 ∧ 𝑞𝐵𝑡′) (5.6)

□4𝑛 ( 𝑦-coordinate of position in 𝐴
= 1 + 𝑦-coordinate of position in 𝐵

) (5.7)

→
∨

𝑡,𝑡′ |𝑡 matches 𝑡′ vertically

(𝑞𝐴𝑡 ∧ 𝑞𝐵𝑡′) (5.8)

The main difficulty is to be sure that all pairs of positions with the same position for - let’s
say - tiling 𝐴 indicates the same tile for the tiling 𝐴 (i.e. the same variable 𝑞𝐴𝑡 is true). To
this aim, we will write a formula of the following form

[𝜋 any position in A ]
∨
𝑡

□4𝑛𝑞𝐴𝑡 ∧ [𝜋any position in B]
∨
𝑡

□4𝑛𝑞𝐵𝑡 .

To be able to perform observations to select any position in tiling A (resp. B) whatever the
position in tiling B (resp. A) is, we introduce the alphabet Σ = {𝐴, 𝐴̄, 𝐵, 𝐵̄}. We write these
two formulas that make a correspondence between valuations on the leaves and observations:

□4𝑛
∧

𝑖=0..2𝑛−1
[𝐴+ 𝐴̄]𝑖

(
(𝑝𝑖→ ⟨𝐴⟩⊤∧ [ 𝐴̄]⊥)∧
(¬𝑝𝑖→ ⟨𝐴̄⟩⊤∧ [𝐴]⊥)

)
(5.9)

□4𝑛
∧

𝑖=2𝑛..4𝑛−1
[𝐵+ 𝐵̄]𝑖−2𝑛

(
(𝑝𝑖→ ⟨𝐵⟩⊤∧ [𝐵̄]⊥)∧
(¬𝑝𝑖→ ⟨𝐵̄⟩⊤∧ [𝐵]⊥)

)
(5.10)

The idea is that a 2𝑛-length word on alphabet {𝐴, 𝐴̄} corresponds to a valuation over
𝑝1, . . . , 𝑝2𝑛−1, and thus a position in tiling A and only that 2𝑛-length word on alphabet {𝐴, 𝐴̄}
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is observable. In the same way, a word on alphabet {𝐵, 𝐵̄} corresponds to a valuation over
𝑝2𝑛, . . . , 𝑝4𝑛−1, thus a position in tiling B.

We also say that the inner node of the binary tree is never pruned by observations (all
2𝑛-length words over {𝐴, 𝐴̄, 𝐵, 𝐵̄} are observable):

□≤4𝑛
∧

𝑖=0..2𝑛−1
[Σ]𝑖 (⟨𝐴⟩⊤∧ ⟨𝐴̄⟩⊤∧ ⟨𝐵⟩⊤∧ ⟨𝐵̄⟩⊤) (5.11)

The formula for ensuring the uniqueness of 𝑞𝐴𝑡 whatever the position in tiling B, and the other
way around are then:

[(𝐴+ 𝐴̄)2𝑛]
∨
𝑡

□4𝑛𝑞𝐴𝑡 ∧ [(𝐵+ 𝐵̄)2𝑛]
∨
𝑡

□4𝑛𝑞𝐵𝑡 (5.12)

The intuition works as follows. When evaluating [(𝐴+ 𝐴̄)2𝑛]□4𝑛𝑞𝐴𝑡 , we consider all worlds
𝑤 in L((𝐴+ 𝐴̄)2𝑛) and we consider any pruningM|𝑤 of the modelM which contains the
binary tree T . InM|𝑤 , only the leaves where the valuation on 𝑝0, . . . , 𝑝2𝑛−1 that corresponds
to 𝑤 stays. With

∨
𝑡 , we choose a tile type 𝑡 in 𝑇 . The modality □4𝑛 then reaches all the

leaves and imposes that 𝑞𝐴𝑡 holds.
The reduction consists of computing from an instance (𝑇, 𝑡0, 𝑛) of the tiling problem

the POL− formula 𝑡𝑟 (𝑇, 𝑡0, 𝑛) which is the conjunction of (1-12), which is computable in
poly-time in the size of (𝑇, 𝑡0, 𝑛) (recall 𝑛 is in unary). Furthermore, one can check that
(𝑇, 𝑡0, 𝑛) is a positive instance of the tiling problem iff 𝑡𝑟 (𝑇, 𝑡0, 𝑛) is satisfiable. □

5.5 Complexity results of Fragments of POL−

In this section, we consider a few fragments of POL− and we give complexity results for
them. First, we consider the single agent fragment of POL−, and then we prove complexity
results for the word fragment of POL− (both single and multi-agent) using reductions to PAL.

5.5.1 Single agent fragment of POL−

While we have shown (in Theorem 42) that the satisfiability problem of the POL− is
NEXPTIME-hard, the hardness proof holds only for the case when the number of agents is at
least 2. However, we prove that satisfiability problem in the single Agent fragment of POL−

is PSPACE-hard, although single-agent epistemic logic 𝑆5 is NP-complete.
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We prove it by reducing TQBF into our problem. The TQBF problem is: given a formula
𝜑 of the form 𝑄1𝑥1𝑄2𝑥2 . . .𝑄𝑛𝑥𝑛𝜉 (𝑥1, 𝑥2, . . . , 𝑥𝑛) where 𝑄𝑖 ∈ {∀,∃} and 𝜉 (𝑥1, 𝑥2, . . . , 𝑥𝑛) is a
Boolean formula in CNF over variables 𝑥1, . . . , 𝑥𝑛, decide whether the formula 𝜑 is true.

Theorem 44. The satisfiability problem for single agent fragment of POL− is PSPACE-hard.

Proof. Given a QBF formula 𝜑 = ∃𝑥1∀𝑥2 . . .𝑄𝑛𝑥𝑛𝜉 (𝑥1, . . . , 𝑥𝑛), where 𝑄𝑖 is ∃ if 𝑖 odd, and
is ∀ is even, and 𝜉 (𝑥1, . . . , 𝑥𝑛) is a propositional formula in CNF over variables 𝑥1, . . . , 𝑥𝑛.
Without loss of generality, we suppose we have 𝑚 clauses with at most 3 literals in each.
The objective is to define a POL−-formula 𝜏(𝜑), computable in poly-time in |𝜑 |, such that 𝜑
is QBF-true iff 𝜏(𝜑) is POL−-satisfiable. To save space, we denote ¬𝑥𝑖 as 𝑥𝑖, where 𝑥𝑖 is a
variable in the TQBF. We also write 𝑥𝑖 for 𝑥𝑖.

Definition of 𝜏(𝜑). We encode valuations over 𝑥1, . . . , 𝑥𝑛 by words on the alphabet {𝑎𝑥𝑖 , 𝑎𝑥𝑖 |
𝑖 = 1..𝑛}. We say that a literal ℓℎ is consistent with a word 𝑤 if 𝑎ℓℎ appears in 𝑤. For
instance the word 𝑎𝑥1𝑎𝑥2𝑎𝑥3 encodes the valuation in which 𝑥1 is true and both 𝑥2 and
𝑥3 are false. Set of valuations are represented by languages. For 1 ≤ 𝑢 ≤ 𝑣 ≤ 𝑛, 𝐵𝑢𝑣 :=
(𝑎𝑥𝑢+1 + 𝑎𝑥𝑢+1) (𝑎𝑥𝑢+2 + 𝑎𝑥𝑢+2) . . . (𝑎𝑥𝑣 + 𝑎𝑥𝑣 ), (by convention 𝐵𝑢𝑣 = 𝜖 when 𝑢 = 𝑣). Intuitively,
𝐵𝑢𝑣 is the language encoding the set of all possible valuations over propositions 𝑥𝑢+1, . . . , 𝑥𝑣.

• We first define several formulas to express constraints on expectations:

– The formula 𝑇𝑖 := (⟨𝑎𝑥𝑖⟩⊤∧ ⟨𝑎𝑥𝑖⟩⊤) imposes that the current state survives after
observing both 𝑎𝑥𝑖 as well as 𝑎𝑥𝑖 .

– For each literal ℓℎ being 𝑥ℎ or 𝑥ℎ, we build a formula 𝐿ℎ that enforces the
expectation at the current state contains all words encoding valuations over
propositions 𝑥1, . . . , 𝑥𝑛 in which ℓℎ is true:

𝐿ℎ :=
ℎ−1∧
𝑖=1
( [𝐵0

𝑖−1]𝑇𝑖

∧[𝐵0
ℎ−1] (⟨𝑎ℓℎ⟩⊤∧ [𝑎ℓℎ]⊥)

∧
𝑛∧

𝑖=ℎ+1
[𝐵0

ℎ−1𝑎ℓℎ𝐵
ℎ
𝑖−1]𝑇𝑖

– Finally for each clause𝐶 𝑗 = (ℓℎ∨ℓ𝑟∨ℓ𝑘 ), we define the formula tr(𝐶 𝑗 ) :=𝐾 (𝑝 𝑗→
(𝐿ℎ∨ 𝐿𝑟 ∨ 𝐿𝑘 )) ∧ 𝐾̂ 𝑝 𝑗 . The subformula 𝐾̂ 𝑝 𝑗 enforces the existence of a 𝑝 𝑗 -state.
And the subformula 𝐾 (𝑝 𝑗 → (𝐿ℎ∨ 𝐿𝑟 ∨ 𝐿𝑘 )) enforces that any 𝑝 𝑗 -state survives
on all the words from 𝑤 ∈ 𝐵0

𝑛 which are consistent with either 𝑙ℎ, or 𝑙𝑟 or 𝑙𝑘 .



5.5 Complexity results of Fragments of POL− 99

• 𝑆 := tr(𝑄1𝑥1)tr(𝑄2𝑥2) . . . tr(𝑄𝑛𝑥𝑛)
∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗 where tr(∀𝑥𝑖) = [𝑎𝑥𝑖 + 𝑎𝑥𝑖 ], tr(∃𝑥𝑖) =

⟨𝑎𝑥𝑖 + 𝑎𝑥𝑖⟩ for any 𝑖 ∈ [𝑛]. Intuitively, the choice of a valuation over 𝑥1, . . . , 𝑥𝑛 by
the two players ∃ and ∀ in the QBF-prefix 𝑄1𝑥1 . . .𝑄𝑛𝑥𝑛 is simulated by the choice of a
word in 𝐵0

𝑛 by the two players ⟨.⟩ and [.] so that all clauses are true (i.e. all 𝑝 𝑗 -state
survives the observation of 𝑤:

∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗 ).

The POL−-formula 𝜏(𝜑) is defined by

𝜏(𝜑) =
∧
𝐶 𝑗∈𝜑

tr(𝐶 𝑗 ) ∧ 𝑆∧ (
𝑚∨
𝑗=1
𝑝 𝑗 )

Note that 𝜏(𝜑) can be computed in poly-time in |𝜑|. Let us prove that 𝜑 is a QBF-true iff
𝜏(𝜑) is POL−-satisfiable.
⇒ First assume 𝜑 is QBF-true. Hence there is a Quantifier tree that is certifying the

truth. We create a model:

• 𝑊 = {1,2, . . . ,𝑚}

• 𝑅 =𝑊 ×𝑊

• 𝑉 ( 𝑗) = {𝑝 𝑗 }

• 𝐸𝑥𝑝( 𝑗) = ∑
𝑙𝑖∈𝐶 𝑗
(Π𝑖−1

𝑘=1(𝑎𝑘 + 𝑎𝑘 )tr𝑐 (𝑙𝑖)Π
𝑛
𝑘=𝑖+1(𝑎𝑘 + 𝑎𝑘 ))

First we proveM𝜑,1 ⊨ tr(𝐶 𝑗 ) for every 𝑗 ∈ [𝑚].
Consider for any state 𝑗 , since 𝑉 ( 𝑗) = {𝑝 𝑗 }, hence 𝐾̂ 𝑝 𝑗 stands true from any state.

Now we prove, since the formula 𝐾 (𝑝 𝑗 → (tr𝑚 (𝑙ℎ) ∨ tr𝑚 (𝑙𝑖) ∨ tr𝑚 (𝑙𝑘 ))) insists, thatM𝜑, 𝑗 ⊨

(tr𝑚 (𝑙ℎ) ∨ tr𝑚 (𝑙𝑖) ∨ tr𝑚 (𝑙𝑘 ))
Given 𝐶 𝑗 = (𝑙ℎ ∨ 𝑙𝑘 ∨ 𝑙𝑟), since 𝜑 is true, there is a path (among many) is the quantifier

tree where at the end of the path (leaf node), it is true that in every clause at least one literal is
assigned true. Let us consider in 𝐶 𝑗 , in this path, 𝑙ℎ was assigned true.

By induction on 1 ≤ 𝑖 < ℎ, it can be proved thatM𝜑 |𝑤, 𝑗 ⊨ 𝑇𝑖 for every 𝑤 ∈ L(𝐵1
𝑖−1).

By the definition of the model and by the fact that for every 𝑤 ∈ L(𝐵1
ℎ−2),M𝜑 |𝑤, 𝑗 ⊨ 𝑇ℎ−1,

it can be seen thatM𝜑 |𝑤, 𝑗 ⊨ ( [𝑎𝑙ℎ]⊥∧ ⟨𝑎𝑙ℎ⟩⊤) for every 𝑤 ∈ L(𝐵1
ℎ−1)

Again, by induction on ℎ < 𝑖 ≤ 𝑛, it can be proved that, M𝜑 |𝑤, 𝑗 ⊨ 𝑇𝑖 for every 𝑤 ∈
L(𝐵0

ℎ−1𝑎𝑙ℎ𝐵
ℎ
𝑖−1).

HenceM𝜑,1 ⊨ tr(𝐶 𝑗 ).
Now we prove If 𝜑 is true thenM𝜑,1 ⊨ tr𝑐 (𝑄1𝑥1)tr𝑐 (𝑄2𝑥2) . . . tr𝑐 (𝑄𝑛𝑥𝑛)

∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗 .
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We prove for any 𝑖 ∈ {0, . . . , 𝑛−1},M𝜑 |tr(𝑙1)...tr(𝑙𝑛−𝑖) ,1 ⊨ tr(𝑄𝑛−𝑖+1𝑥𝑛−𝑖+1) . . . tr(𝑄𝑛𝑥𝑛)
∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗 ,

where (𝑙1, . . . , 𝑙𝑛−𝑖) represent any assignment respect to the true paths in the quantified boolean
tree upto level 𝑛− 𝑖.

Base Case Consider the case for 𝑖 = 1. Since by assumption 𝑛 is even, tr(𝑄𝑛𝑥𝑛) =
[𝑎𝑥𝑛 + 𝑎𝑥𝑛]

∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗 . Since by assumption, (𝑙1, . . . , 𝑥𝑛) and (𝑙1, . . . , 𝑥𝑛) are a satisfying

assignment for 𝜉, henceM𝜑 |tr(𝑙1)...𝑎𝑥𝑛 ,1 ⊨
∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗 as well asM𝜑 |tr(𝑙1)...𝑎𝑥𝑛 ,1 ⊨

∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗 .

Inductive Step Consider 𝑖 = 𝑘 + 1. Consider the case where 𝑖 is even. Hence
tr(𝑄𝑛−𝑖+1𝑥𝑛−𝑖+1) = ⟨𝑎𝑥𝑛−𝑖+1+𝑎𝑥𝑛−𝑖+1⟩. Therefor by assumption (𝑙1, . . . , 𝑥𝑛−𝑖+1) or (𝑙1, . . . , ¯𝑥𝑛−𝑖+1)
is an assignment that is making 𝜉 true. Hence by IH ,M𝜑 |tr(𝑙1)...tr(𝑙𝑛−𝑖)𝑎𝑥𝑛−𝑖+1

,1 ⊨ tr(𝑄𝑛−𝑖+2𝑥𝑛−𝑖+2) . . . tr(𝑄𝑛𝑥𝑛)
∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗

orM𝜑 |tr(𝑙1)...tr(𝑙𝑛−𝑖)𝑎𝑥𝑛−𝑖+1
,1 ⊨ tr(𝑄𝑛−𝑖+2𝑥𝑛−𝑖+2) . . . tr(𝑄𝑛𝑥𝑛)

∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗 , which impliesM𝜑 |tr(𝑙1)...tr(𝑙𝑛−𝑖) ,1 ⊨

⟨𝑎𝑥𝑛−𝑖+1 + 𝑎𝑥𝑛−𝑖+1⟩tr(𝑄𝑛−𝑖+2𝑥𝑛−𝑖+2) . . . tr(𝑄𝑛𝑥𝑛)
∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗 .

⇐ Now assume 𝜏(𝜑) has a model M such that M, 𝑠 ⊨ 𝜏(𝜑). Now we derive the
quantifier tree certifying 𝜑 to be true.

We prove the following:

Proposition 45. If 𝑡 ∈M|tr(𝑙1)...tr(𝑙𝑛) and 𝑀,𝑡 ⊨ 𝑝 𝑗 then (𝑙1, . . . , 𝑙𝑛) is a satisfying assignment
for clause 𝐶 𝑗 .

Proof. Without loss of generality, let us consider𝐶 𝑗 = (𝑙′ℎ∨ 𝑙
′
𝑟 ∨ 𝑙′𝑘 ). Hence to 𝜎 = (𝑙1, . . . , 𝑙𝑛)

to be a satisfying assignment for 𝐶 𝑗 , at least one of 𝑙′
ℎ
, 𝑙′𝑟 or 𝑙′

𝑘
should be in 𝜎.

Suppose (𝑙1, . . . , 𝑙𝑛) is not a satisfying assignment. Hence 𝑙ℎ = 𝑙′ℎ, 𝑙𝑟 = 𝑙
′
𝑟 and 𝑙𝑘 = 𝑙′𝑘 .

Also by assumption, 𝑝 𝑗 is true in 𝑡. Therefore either 𝐿′
ℎ

or 𝐿′𝑟 or 𝐿′
𝑘

is true here. Consider
the term 𝐿′

ℎ
. By definition the term [𝐵0

ℎ−1] (⟨𝑎𝑙′ℎ⟩⊤∧ [𝑎𝑙′ℎ]⊥) is ANDed and hence is true,
but this cannot be true since after projecting on tr(𝑙1) . . . tr(𝑙ℎ−1), 𝐵0

ℎ−1\tr(𝑙1) . . . tr(𝑙ℎ−1) is
non-empty and henceM|tr(𝑙1)...tr(𝑙ℎ−1) , 𝑡 ⊨ (⟨𝑎𝑙′ℎ⟩⊤∧ [𝑎𝑙′ℎ]⊥). But this is a contradiction since
tr(𝑙ℎ) = tr(𝑙′

ℎ
) = 𝑎

𝑙′
ℎ

. □

Proposition 46. For any 1≤ 𝑖 ≤ 𝑛, If 𝑠 ∈M|tr(𝑙1)...tr(𝑙𝑛−𝑖) andM|tr(𝑙1)...tr(𝑙𝑛−𝑖) , 𝑠 ⊨ tr(𝑄𝑛−𝑖+1𝑥𝑛−𝑖+1) . . . tr(𝑄𝑛𝑥𝑛)
∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗

then 𝑄𝑛−𝑖+1𝑥𝑛−𝑖+1 . . .𝑄𝑛𝑥𝑛𝜉 | (𝑙1,...,𝑙𝑛−𝑖) is true.

Proof. We state that the statement as the Induction Hypothesis. Now we prove the Base Case
for it, that is 𝑖 = 1.

Base Case. By assumption 𝑠 survives in the projection andM|tr(𝑙1)...tr(𝑙𝑛−1) , 𝑠 ⊨ [𝑎𝑥𝑛 +
𝑎𝑥𝑛]

∧𝑚
𝑗=1 𝐾̂ 𝑝 𝑗 . By proposition 1, since at least one state with 𝑝 𝑗 for each 𝑗 is surviving,

hence all the clause is still surviving in 𝜉 | (𝑙1,...,𝑙𝑛−1) . Since 𝑠 has at least one of 𝑝 𝑗 true here
and because of the 𝐾 formula, 𝑠 survives on both projection on 𝑎𝑥𝑛 as well as 𝑎𝑥𝑛 , and hence
after that at least one state where 𝑝 𝑗 is true surviving for each 𝑗 . Hence ∀𝑥𝑛𝜉𝑙1,...,𝑙𝑛−1 is true.

Inductive Step. The Inductive Step is similarly proven as in base case. □
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□

5.5.2 Word fragment of POL−

To investigate the complexity of the satisfaction problem of the word fragment of POL−, we
use a translation of POL− to PAL. Before going forward, let us give a very brief overview of
the syntax and semantics of PAL.

Public announcement logic (PAL)

To reason about announcements of agents and their effects on agent knowledge, PAL [48]
was proposed. The underlying model that is dealt with in PAL is epistemic, ⟨𝑆,∼,𝑉⟩ where 𝑆
is a non-empty set of states, ∼ assigns to each agent in I an equivalence relation ∼𝑖⊆ 𝑆× 𝑆,
and 𝑉 : 𝑆→ 2P is a valuation function. The language is given as follows:

Definition 45 (PAL syntax). Given a countable set of propositional variables P, and a finite
set of agents I, a formula 𝜑 in Public Announcement Logic (PAL) can be defined recursively
as:

𝜑 := ⊤ | 𝑝 | ¬𝜑 | 𝜑∧𝜑 | 𝐾𝑖𝜑 | [𝜑!]𝜑

where 𝑝 ∈ P, and 𝑖 ∈ I.

Typically, [𝜑!]𝜓 says that ‘if 𝜑 is true, then 𝜓 holds after having publicly announced 𝜑’.
Similarly, as in POL− syntax, the respective dual formulas are defined as,

𝐾̂𝑖𝜓 = ¬𝐾𝑖¬𝜓
⟨𝜑!⟩𝜓 = ¬[𝜑!]¬𝜓

Formula ⟨𝜑!⟩𝜓 says that 𝜑 is true, and 𝜓 holds after announcing 𝜑. Before going into the
truth definitions of the formulas in PAL, let us first define the notion of model update.

Definition 46 (Model Update by Announcement). Given an epistemic model,M = ⟨𝑆,∼,𝑉⟩,
𝑠 ∈ 𝑆, and a PAL formula 𝜑, the modelM|𝜑 = ⟨𝑆′,∼′,𝑉 ′⟩ is defined as:

• 𝑆′ = {𝑠 ∈ 𝑆 | M, 𝑠 ⊨ 𝜑}

• ∼′
𝑖
= ∼𝑖 |𝑆′×𝑆′ ,

• 𝑉 ′(𝑠) =𝑉 (𝑠) for any 𝑠 ∈ 𝑆′.



102 Star-Free Satisfiability

Now we are all set to give the truth definitions of the formulas in PAL with respect to
pointed epistemic models:

Definition 47 (Truth of a PAL formula). Given an epistemic modelM = ⟨𝑆,∼,𝑉⟩ and an
𝑠 ∈ 𝑆, a PAL formula 𝜑 is said to hold at 𝑠 if the following holds:

• M, 𝑠 ⊨ 𝑝 iff 𝑝 ∈ 𝑉 (𝑠), where 𝑝 ∈ P.

• M, 𝑠 ⊨ ¬𝜑 iffM, 𝑠 ⊭ 𝜑.

• M, 𝑠 ⊨ 𝜑∧𝜓 iffM, 𝑠 ⊨ 𝜑 orM, 𝑠 ⊨ 𝜓.

• M, 𝑠 ⊨ 𝐾𝑖𝜑 iff for all 𝑡 ∈ 𝑆 with 𝑠 ∼𝑖 𝑡,M, 𝑡 ⊨ 𝜑.

• M, 𝑠 ⊨ [𝜓!]𝜑 iffM, 𝑠 ⊨ 𝜓 impliesM|𝜓 , 𝑠 ⊨ 𝜑.

On complexity

To study the satisfiability problem for the word fragment of POL−, we transfer the following
result from PAL to POL−:

Theorem 47. [43] The satisfiability problem of PAL is NP-complete for the single-agent
case and PSPACE-complete for the multi-agent case.

PAL is the extension of epistemic logic with dynamic modal constructions of the form
[𝜑!]𝜓 that expresses ‘if 𝜑 holds, then 𝜓 holds after having announced 𝜑 publicly’. The
dynamic operator ⟨𝜋⟩ in the word fragment of POL− consists in announcing publicly a
sequence of observations. W.l.o.g. as 𝜋 is a word 𝑎1 . . . 𝑎𝑘 , ⟨𝜋⟩ can be rewritten as ⟨𝑎1⟩ . . . ⟨𝑎𝑘⟩.
In other words, we suppose that the POL− dynamic operators only contain a single letter.
The mechanism of POL− is close to Public announcement logic (PAL). Observing 𝑎 consists
in announcing publicly that 𝑤𝑎 occurred where 𝑤 is the observations already seen so far.

We introduce fresh atomic propositions 𝑝𝑤𝑎 to say that letter 𝑎 is compatible with the
current state given that the sequence 𝑤 was already observed.

For all words 𝑤 ∈ Σ∗, we then define 𝑡𝑟𝑤 that translates a POL− formula into a PAL
formula given that 𝑤 is the already seen observations seen so far:

𝑡𝑟𝑤 (𝑝) =𝑝
𝑡𝑟𝑤 (¬𝜑) =¬𝑡𝑟𝑤 (𝜑)

𝑡𝑟𝑤 (𝜑∧𝜓) =𝑡𝑟𝑤 (𝜑) ∧ 𝑡𝑟𝑤 (𝜓)
𝑡𝑟𝑤 (𝐾𝑖𝜑) =𝐾𝑖𝑡𝑟𝑤 (𝜑)
𝑡𝑟𝑤 (⟨𝑎⟩𝜑) =⟨𝑝𝑤𝑎!⟩𝑡𝑟𝑤𝑎 (𝜑)



5.6 Related work 103

We finally transform any POL− formula 𝜑 into 𝑡𝑟 (𝜑) := 𝑡𝑟𝜖 (𝜑).

Example 18. Consider the POL− formula 𝜑 := [𝑎]⊥ ∧ ⟨𝑎⟩⟨𝑎⟩⊤. 𝑡𝑟 (𝜑) is [𝑝𝑎!]⊥ ∧
⟨𝑝𝑎!⟩⟨𝑝𝑎𝑎!⟩⊤. Note that if 𝑝𝑎 is false, the truth value of 𝑝𝑎𝑎 is irrelevant.

Proposition 48. 𝜑 is satisfiable in the word fragment of POL− iff 𝑡𝑟 (𝜑) is satisfiable in PAL.

Proof. (sketch) ⇒ Suppose there is a pointed POL− modelM, 𝑠0 such thatM, 𝑠0 |= 𝜑. We
defineM′ to be likeM except that for all states 𝑠 inM, for all 𝑤 ∈ Σ∗, we say that 𝑝𝑤 is true
atM′, 𝑠 iff Exp(s)\w ≠ ∅. It remains to prove thatM′, 𝑠0 |= 𝑡𝑟 (𝜑). We prove by induction
on 𝜑 that for all 𝑤 ∈ 𝑤𝑜𝑟𝑑𝑠(𝜑), if Exp(s)\w ≠ ∅ thenM|𝑤, 𝑠 |= 𝜑 iffM′, 𝑠 |= 𝑡𝑟𝑤 (𝜑).

We only show the interesting case of 𝜑 = ⟨𝑎⟩𝜓. Here the tr𝑤 (⟨𝑎⟩𝜓) = ⟨𝑝𝑤𝑎!⟩tr𝑤𝑎 (𝜓). By
assumption,M|𝑤, 𝑠 ⊨ ⟨𝑎⟩𝜓. HenceM|𝑤𝑎, 𝑠 ⊨ 𝜓. Therefore 𝐸𝑥𝑝(𝑠)\𝑤𝑎 ≠ ∅. By definition
ofM′, 𝑝𝑤𝑎 is true in 𝑠. Therefore by IHM′, 𝑠 ⊨ tr𝑤𝑎 (𝜓). And since 𝑝𝑤𝑎 is true, hence
M′, 𝑠 ⊨ ⟨𝑝𝑤𝑎!⟩tr𝑤𝑎𝜓. Conversely, assumingM′, 𝑠 ⊨ ⟨𝑝𝑤𝑎!⟩𝑡𝑟𝑤𝑎 (𝜓). Hence 𝑝𝑤𝑎 is true in 𝑠.
By definition, 𝑝𝑤𝑎 is true iff Exp(s)\wa ≠ ∅. Also by IH,M|𝑤𝑎, 𝑠 ⊨ 𝜓. HenceM|𝑤, 𝑠 ⊨ ⟨𝑎⟩𝜓.
⇐ Suppose there is a pointed epistemic modelM′, 𝑠0 such thatM′, 𝑠0 |= 𝑡𝑟 (𝜑). We

define a POL− modelM likeM′ except that for all states 𝑠, Exp(s) = {w ∈ 𝛴∗ | M, s |= pw}.
It remains to prove thatM, 𝑠0 |= 𝜑. For the rest of the proof, we prove by induction on 𝜑 that
for all 𝑤 ∈ Σ∗, if Exp(s)\w ≠ ∅ thenM|𝑤, 𝑠 |= 𝜑 iffM′, 𝑠 |= 𝑡𝑟𝑤 (𝜑). The proof goes similarly
as earlier. □

Note that the single-agent and multi-agent word fragment of POL− is a syntactic extension
of propositional logic and the multi-agent epistemic logic respectively, which are NP-Hard
and PSPACE-Hard respectively. From the fact that the satisfiability problem of single agent
and the multi-agent fragments of PAL is in NP and PSPACE respectively, we have the
following corollaries of Proposition 48.

Corollary 49. The satisfiability problem of the single-agent word fragment of POL− is
NP-complete.

Corollary 50. The satisfiability problem of the multi-agent word fragment of POL− is
PSPACE-complete.

5.6 Related work

The complexity of Dynamic Epistemic Logic with action models and non-deterministic
choice of actions is NEXPTIME-complete too [6] and their proof is similar to the one of
Theorem 43.



104 Star-Free Satisfiability

The tableau method described for POL− uses a general technique where terms contain
the observations/announcements/actions played so far. This technique was already used for
PAL [8], DEL [6], and for a non-normal variant of PAL [44].

Decidability of (single-agent) epistemic propositional dynamic logic (EPDL) with Perfect
Recall (PR) and No Miracles (NM) is addressed in [41]. Although PR and NM are validities
in POL−, there are differences to consider even in single agent. Firstly, in an EPDL model,
a possible state can execute a program 𝑎 and can non-deterministically transition to a state
among multiple states, whereas in POL−, if a state survives after observation 𝑎, it gives rise
to the same state except the Exp function gets residued. Also, in EPDL, after execution of a
program, the state changes hence the propositional valuation in the state changes, whereas in
POL−, the state survives after a certain observation and hence the propositional valuation
remains the same.

Whereas in POL−, observations update the model, there are other lines of work in which
specifying what agents observe define the epistemic relations in the underlying Kripke model
[21] (typically, two states are equivalent for some agent 𝑖 if agent 𝑖 observes the same facts in
the two states).

5.7 Perspectives

This work paves the way to an interesting technical open question in modal logic: the
connection between POL− and product modal logics. Single-agent POL− is close to the
product modal logic 𝑆5×𝐾 , the logic where models are Cartesian products of an S5-model
and a K-model. Indeed, the first component corresponds to the epistemic modality 𝐾̂𝑖 while
the second component corresponds to observation modalities ⟨𝜋⟩. There are however two
important differences. First, in POL−, valuations do not change when observations are
made. Second, the modality ⟨𝜋⟩ is of branching at most exponential in 𝜋 while modalities
in K-models do not have branching limitations. We conjecture that the two limitations
can be circumvented but it requires some care when applying the finite model property
of product modal logic 𝑆5×𝐾. If this connection works, it would be a way to prove
NEXPTIME-completeness of star-free single-agent POL−.

Recall that POL− is close to PAL with propositional announcements only (see Propo-
sition 48). We conjecture some connections between POL− and arbitrary PAL [29], and
more precisely with Boolean arbitrary public announcement logic [59]. Indeed, the non-
deterministic choice + enables to check the existence of some observation to make (for
instance, ⟨(𝑎+ 𝑏)10⟩𝜑 checks for the existence of a 10-length word to observe), which is
similar to checking the existence of some Boolean announcement.
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The next perspective is also to tackle POL with Kleene-star in the language. This study
rely on techniques used in epistemic temporal logics and also automata. PAL with Kleene-star
is undecidable [45]. Again, the undecidability proof relies on modal announcements. But
in the next chapter, we prove that POL is decidable. The idea would be to exploit the link
between dynamic epistemic logics and temporal logics [61], and rely on techniques developed
for tackling the satisfiability problem in epistemic temporal logics [33].





Chapter 6

POL Decidability

6.1 Introduction

In this chapter, we delve into studying the satisfiability problem for the full POL language.
In the last chapter, we dealt only with Star-free fragment which did not allow Kleene star in
the regular expressions in the formula. These formulas have an advantage of getting reduced
in size with each induction step. To be precise, given a star-free formula, say ⟨𝜋⟩𝜑, assume
there is a pointed modelM, 𝑠 such thatM, 𝑠 ⊨ ⟨𝜋⟩𝜑. Let us look what happens with each
syntactic form of 𝜋:

• For 𝜋 = 𝜋1+ 𝜋2, eitherM, 𝑠 ⊨ ⟨𝜋1⟩𝜑 orM, 𝑠 ⊨ ⟨𝜋2⟩𝜑.

• For 𝜋 = 𝜋1𝜋2,M, 𝑠 ⊨ ⟨𝜋1⟩⟨𝜋2⟩𝜑 which in turn implies there is a 𝑤 ∈ L(𝜋1) such that
M|𝑤, 𝑠 ⊨ ⟨𝜋2⟩𝜑

Note that in both of the above cases, the formula to be checked in order to satisfy the input
formula is of size strictly less than ⟨𝜋⟩𝜑. This is not the case if Kleene star is allowed in 𝜋.
Suppose there is a pointed modelM, 𝑠 such thatM, 𝑠 ⊨ ⟨𝜋★⟩𝜓. This implies eitherM, 𝑠 ⊨ 𝜓,
in which case we take 𝜖 ∈ L(𝜋★) residuing the model. If not so, thenM, 𝑠 ⊨ ⟨𝜋⟩⟨𝜋★⟩𝜓. And
this goes on until we can satisfy. The problem here is when to stop checking? What if the
formula is unsatisfiable (for example, 𝑝∧ ⟨𝑎★⟩¬𝑝)?

Reasoning on similar kind of interpretations are Epistemic Temporal Logics (LTL𝑘 ) [34].
Here the proof goes by reducing the problem of existence of such models to non-emptiness
of a certain automata. We take a very similar approach in this chapter to prove decidability of
POL. Along with that, we also explore, in which sense LTL𝑘 and POL are similar and how
they are different. The main result we prove in this chapter is:

Theorem 51. Satisfiability of POL is in 2−EXPSPACE.
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Fig. 6.1 A robot Æ, some power sources �, and the debris-disposal area �.

Along similar lines, let us recall the example scenario 5, akin to the setting of chapter 5,
yet with subtle differences, especially considering the full POL language we focus on in this
work, in comparison to the simpler star-free fragment in chapter 5.

Recalling the example 5 (Figure 6.1), just like examples 3 and 4, this scenario had three
possibilities, each having a certain expectation.

1. For the possible goal ‘moving towards a charging point’, the expected moves for the
robot is a finite even iteration of horizontal or vertical moves, that is, (ΔΔ)★c, where,
Δ = {▶,▲,▼,◀}.

2. For the possible goal ‘towards the debris’, the expected number of such moves is odd
without any glitch, expressed by Δ(ΔΔ)★c.

3. Lastly, for the possible goal where the goal is the debris but with a glitch is given by
(ΔΔ)★cΔ(ΔΔ)★c+Δ(ΔΔ)★c).

As discussed in the last chapter, in many situations, we do not have a specific model,
but just a set of properties (Γ, say) based on which we either need to synthesize a model, or
need to figure out some other inferred condition (𝜑, say). These tasks basically reduce to the
satisfiability problem of the relevant logic, POL in this case: Checking whether Γ∪ {¬𝜑} is
satisfiable.

Contribution. Our main contribution is to show the decidability of the satisfiability
problem for full POL (with Kleene star). The argument is quite involved and goes on as
follows: We start with the usual filtration argument [12] - if a formula is satisfiable then
it is satisfiable in a model with exponential many states/possibilities. Although filtration
is usually sufficient to prove decidability, for POL it is not the case. This is because of
the fact that the expectated observations associated with each world in a model may be
arbitrary. We provide an algorithm that guesses a finite syntactic structure defined by means
of Hintikka’s sets [55]. The filtration ensures that each node of the structure, called a bubble,
is of exponential size at most. The connection with POL-satisfiability is then established by
carefully applying Arden’s lemma [3]. To put POL in perspective with respect to the other
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𝑑𝑒𝑏𝑟𝑖𝑠
(ΔΔ)★cΔ(ΔΔ)★c+Δ(ΔΔ)★c

𝑝𝑜𝑤𝑒𝑟

(ΔΔ)★c

𝑑𝑒𝑏𝑟𝑖𝑠 (Δ(ΔΔ)★c)

𝑠 𝑡

𝑢

𝐴

𝐴
𝐴, 𝐵

Fig. 6.2 ModelM describing the initial knowledge of the two agents 𝐴 and 𝐵 about the moves of the
robot. Here Δ = {▶,▲,◀,▼}. The model is made up of 3 states 𝑠, 𝑡, 𝑢.

well-known computatation logics of knowledge, we distinguish between the expressive powers
of POL and linear temporal logic with knowledge (LTL𝑘 ) [34], vis-a-vis, their computational
behaviors.

Outline. In Section 6.2, we discuss the satisfiability problem of POL. In Section 6.3,
we show the finite (exponential size) model property. In Section 6.4, we give the proof
for decidability of POL. In Section 6.5, we compare a fragment of POL with LTL𝑘 . We
conclude by discussing other related works, to provide a broad perspective of the work on
POL that we present here.

6.2 The Satisfiability Problem

We start with defining POL satisfiability as follows.

Definition 48 (satisfiability problem). Given a POL formula 𝜑, does there exist a POL model
M and a state 𝑠 in it such thatM, 𝑠 ⊨ 𝜑?

Before delving into the decidability proof of the satisfiability problem of POL, let us
explore a utility of such an algorithm or procedure that decides the satisfiability problem. In
line with an application of the star-free POL satisfiability problem given in [19], we consider
the following one in full POL. The basic motivation is that we want to verify whether a
scenario has a certain property, similar to the model checking problem. However, in this case,
we deal with a class of models satisfying certain properties, that can be expressed by POL
formulas.

Suppose the robot (cf. Example 5) is moving towards a charging station, represented by
the state 𝑡 in Figure 6.2. We use formulas to describe some relevant properties of the model.
Let us call such a formula 𝜑M,𝑡 . It involves three major parts:

1. Assigning propositional truths to each possibility

2. Assigning expectation to each possibility.

3. Interpreting indistinguishability among agents
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Now, consider the following formula:

𝜑𝑡𝐸𝑥𝑝 = ⟨Δ⟩(⟨Δ⟩⊤∧ [c]⊥) ∧ [c]⊥

∧ [(ΔΔ)★] (⟨Δ⟩⟨Δ⟩⊤) ∧ [ΔΔ)★] (⟨c⟩⊤→ [cΣ★]⊥)

The first two conjuncts impose there should exist an observation sequence of the form (ΔΔ)★.
The third conjunct insists that when such an observation sequence ends with c, no more
observation is to be expected.

Similarly 𝜑𝑠
𝐸𝑥𝑝

and 𝜑𝑢
𝐸𝑥𝑝

can be created such that the respective observation expressions
are expected in 𝑠 and 𝑢, respectively. Then, the formula expressing the properties of the
scenario takes the form:

𝜑M,𝑡 = (𝜑𝑡𝐸𝑥𝑝 ∧ 𝑝𝑜𝑤𝑒𝑟 ∧¬𝑑𝑒𝑏𝑟𝑖𝑠)

∧ 𝐾̂𝐴 (𝜑𝑠𝐸𝑥𝑝 ∧ 𝑑𝑒𝑏𝑟𝑖𝑠)

∧ 𝐾̂𝐵 (𝜑𝑠𝐸𝑥𝑝 ∧ 𝑑𝑒𝑏𝑟𝑖𝑠∧𝜑
𝑢
𝐸𝑥𝑝 ∧¬𝑝𝑜𝑤𝑒𝑟)

Consider 𝜑𝑃 := ⟨(ΔΔ)★c⟩(𝐾𝐴𝑝𝑜𝑤𝑒𝑟 ∧ 𝐾̂𝐵𝑑𝑒𝑏𝑟𝑖𝑠). In order to check whether 𝜑𝑃 holds
in every model of 𝜑M,𝑡 , we check the (un)satisfiability of ¬(𝜑M,𝑡→ 𝜑𝑃). We now move on
to the proof of decidability for the POL satisfiability problem.

6.3 Finite model property

We now take the first step and prove the following theorem:

Theorem 52 (Finite model property). If 𝜑 is satisfiable then 𝜑 is satisfied in a model where
the number of states is 2𝑂 ( |𝜑|) .

6.3.1 Filtration

One standard approach to satisfiability is the filtration technique [12], which goes by proving
the small model property. That is, for any satisfiable formula in a logical framework, there
will always exist a small model that satisfies it whose size can be bounded with respect to the
input formula. We prove a similar argument using the following construction of the small
model. Before the definition, we define an equivalence relation among the states of any model
M = ⟨𝑆, {𝑅𝑖}𝑖∈I,𝑉, 𝐸𝑥𝑝⟩ (call it ∼⊆ 𝑆× 𝑆) with respect to a formula 𝜑 as:

𝑠 ∼ 𝑠′ iff for all 𝜓 ∈ 𝐹𝐿 (𝜑), (M, 𝑠 |= 𝜓 iffM, 𝑠′ |= 𝜓)
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Note that, the relation ∼ is reflexive, transitive and symmetric; thus it is indeed an equivalence
relation over 𝑆. For any 𝑠 ∈ 𝑆, we denote [𝑠] to be the equivalence class of ∼ containing 𝑠.
Next we give the small model construction.

Definition 49 (Small Model of a Formula). Given a modelM = ⟨𝑆, {𝑅𝑖}𝑖∈I,𝑉, 𝐸𝑥𝑝⟩ and a
formula 𝜑, a small modelM∼ = ⟨𝑆∼, {𝑅∼

𝑖
}𝑖∈I,𝑉∼, 𝐸𝑥𝑝∼⟩ is such that:

• 𝑆∼ = {[𝑠] | 𝑠 ∈ 𝑆}

• ( [𝑠], [𝑠′]) ∈ 𝑅∼
𝑖

if these conditions hold:

1. there exists 𝑠1 ∈ [𝑠] and 𝑠2 ∈ [𝑠′] s. t. (𝑠1, 𝑠2) ∈ 𝑅𝑖.

2. for all 𝐾̂𝑖𝜓 ∈ 𝐹𝐿 (𝜑), ifM, 𝑠′ ⊨ 𝜓∨ 𝐾̂𝑖𝜓 thenM, 𝑠 ⊨ 𝐾̂𝑖𝜓.

• 𝑉∼( [𝑠]) =𝑉 (𝑠)

• 𝐸𝑥𝑝∼( [𝑠]) = 𝐸𝑥𝑝(𝑠𝑐) for some 𝑠𝑐 ∈ [𝑠].

Note that, the above relation 𝑅∼
𝑖
⊆ 𝑆∼× 𝑆∼ is an equivalence relation. The trickier part is

the transitivity and symmetry. Transitivity can be proved as in [12], and condition 1 imposes
symmetricity. Before proving the small model property, we prove the following lemma, that
show the choice of 𝑠𝑐 in Definition 49 is not important. The main theorem follows.

Lemma 53. For any formula of the form 𝜓′ = ⟨𝜋⟩𝜓 ∈ 𝐹𝐿 (𝜑), if 𝑠 ∼ 𝑠′, then there exists a
𝑤 ∈ L(𝜋) such that (M, 𝑠 ⊨ 𝜓′, 𝑠 survives inM|𝑤 andM|𝑤, 𝑠 ⊨ 𝜓 iffM, 𝑠′ ⊨ 𝜓′, 𝑠′ survives
inM|𝑤 andM|𝑤, 𝑠′ ⊨ 𝜓).

Proof. We prove that using induction on 𝜋.
Base Case 𝜋 = 𝑎. ConsiderM, 𝑠 ⊨ ⟨𝑎⟩𝜓. Hence 𝑠 is inM|𝑎, 𝑠 ⊨ 𝜓. Since 𝑠 ∼ 𝑠′,M, 𝑠′ ⊨ ⟨𝑎⟩𝜓
and hence follows.
Inductive case.

• 𝜋 = 𝜋1+ 𝜋2. M, 𝑠 ⊨ ⟨𝜋1+ 𝜋2⟩𝜓 hence there is a 𝑤 ∈ L(𝜋+ 𝜋2) andM|𝑤, 𝑠 ⊨ 𝜓. Now
since M, 𝑠 ⊨ ⟨𝜋1 + 𝜋2⟩𝜓, hence ⟨𝜋1⟩𝜓 or ⟨𝜋2⟩𝜓 is satisfied in 𝑠. Wlog, suppose
M, 𝑠 ⊨ ⟨𝜋1⟩𝜓, henceM, 𝑠′ ⊨ ⟨𝜋1⟩𝜓 by definition of 𝑠 ∼ 𝑠′. And hence by IH, our claim
holds.

• 𝜋 = 𝜋1𝜋2. M, 𝑠 ⊨ ⟨𝜋1𝜋2⟩𝜓, henceM, 𝑠 ⊨ ⟨𝜋1⟩⟨𝜋2⟩𝜓. hence there is a 𝑤 ∈ L(𝜋1) such
that 𝑠 survives inM|𝑤 andM|𝑤, 𝑠 ⊨ ⟨𝜋2⟩𝜓. Therefore, by IHM|𝑤, 𝑠′ ⊨ ⟨𝜋2⟩𝜓 and 𝑠′

survives inM|𝑤.
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• 𝜋 = 𝜋★1 . M, 𝑠 ⊨ ⟨𝜋★1 ⟩𝜓. This can only happen iff there is a word𝑤 ∈ L(𝜋𝑘1 ) for some 𝑘 ≥ 0
such thatM|𝑤, 𝑠 ⊨ 𝜓. Assume the 𝑤 = 𝑎1𝑎2 . . . 𝑎𝑚. Hence,M, 𝑠 ⊨ ⟨𝑎1⟩⟨𝑎2⟩ . . . ⟨𝑎𝑚⟩𝜓
and ⟨𝑎1⟩⟨𝑎2⟩ . . . ⟨𝑎𝑚⟩𝜓 ∈ 𝐹𝐿 (𝜑), which meansM, 𝑠′ ⊨ ⟨𝑎1⟩⟨𝑎2⟩ . . . ⟨𝑎𝑚⟩𝜓 which gives
the result.

This completes the proof. □

Theorem 54. Given a modelM = ⟨𝑆, {𝑅𝑖}𝑖∈I,𝑉, 𝐸𝑥𝑝⟩ and a formula 𝜑, for any 𝜓 ∈ 𝐹𝐿 (𝜑)
and 𝑤 ∈ Σ★,

M|𝑤, 𝑠 ⊨ 𝜓 iffM∼ |𝑤, [𝑠] ⊨ 𝜓.

Although we have a small model property for POL, guessing such a model is not that
straightforward. Unlike popular filtration approaches [12], we not only have valuation at each
state of the model, but also a regular expression assigned to it. Given a formula, we can
guess the number of states from the Fischer-Ladner closure, number of valuations from the
propositions used as they can be bounded. However, we cannot guess the number of regular
expressions from such straightforward approach, as given an alphabet, number of such regular
expressions cannot be bounded. For example, a formula ⟨𝑎★⟩𝑝 is satisfied with expectation
𝑎★ as well as (𝑎𝑎)★ as well as (𝑎𝑎𝑎)★ and so on. A notion of minimal or maximal could be
defined, which is not straightforward.

6.4 Decidability of Satisfiability

The goal of this section is to prove the decidability of the POL satisfiability problem:

Theorem 55. The satisfiability problem is decidable.

The rest of the section is devoted to the proof of Theorem 55. The general idea is to build
a so-called finite bubble transition structure (FBTS) that encodes a satisfying model whose
existence is equivalent to the satisfiability of the formula. The algorithm checks whether an
FBTS exists.

6.4.1 The Finite Transition Model

Hintikka sets [12] list constraints the set of true formulas in a state should satisfy.

Definition 50 (Hintikka set of Formulas). A Hintikka set 𝐻 is a set of formulas such that it
satisfy following conditions:
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1. If 𝜓 does not start with negation, 𝜓 ∈ 𝐻 iff ¬𝜓 ∉ 𝐻.

2. 𝜓1∧𝜓2 ∈ 𝐻 iff {𝜓1,𝜓2} ⊆ 𝐻.

3. 𝜓1∨𝜓2 ∈ 𝐻 iff 𝜓1 ∈ 𝐻 or 𝜓2 ∈ 𝐻.

4. If 𝐾𝑖𝜓 ∈ 𝐻 then 𝜓 ∈ 𝐻.

5. If ⟨𝜋1+ 𝜋2⟩𝜓 ∈ 𝐻 then ⟨𝜋1⟩𝜓 ∈ 𝐻 or ⟨𝜋2⟩𝜓 ∈ 𝐻.

6. If ⟨𝜋1𝜋2⟩𝜓 ∈ 𝐻 then ⟨𝜋1⟩⟨𝜋2⟩𝜓 ∈ 𝐻.

7. If ⟨𝜋★⟩𝜓 ∈ 𝐻 then either 𝜓 ∈ 𝑠 or ⟨𝜋⟩⟨𝜋★⟩𝜓 ∈ 𝐻.

8. If [𝜋1+ 𝜋2]𝜓 ∈ 𝐻 then {[𝜋1]𝜓, [𝜋2]𝜓} ⊆ 𝐻

9. If [𝜋1𝜋2]𝜓 ∈ 𝐻 then [𝜋1] [𝜋2]𝜓 ∈ 𝐻

10. If [𝜋∗]𝜓 ∈ 𝐻 then {𝜓, [𝜋] [𝜋∗]𝜓} ⊆ 𝐻

Example 19. Consider 𝜑 := 𝐾𝑖 (⟨𝑎⟩(𝑝 ∨ 𝑞) ∧ [𝑎★]⟨𝑎⟩(𝑝 ∨ 𝑞)). Here is a Hintikka set
containing 𝜑:

𝐻 ={𝜑, ⟨𝑎⟩(𝑝∨ 𝑞) ∧ [𝑎★]⟨𝑎⟩(𝑝∨ 𝑞),
⟨𝑎⟩(𝑝∨ 𝑞), [𝑎★]⟨𝑎⟩(𝑝∨ 𝑞), [𝑎] [𝑎★]⟨𝑎⟩(𝑝∨ 𝑞)}

The 2nd formula in H is due to Point 4, the 3rd and 4th ones are due to Point 2, and the last
one comes from Point 10.

Let K𝑖 (𝐻) = {𝐾𝑖𝜓 | 𝐾𝑖𝜓 ∈ 𝐻} be the set of knowledge formulas in 𝐻. We now define
epistemic bubbles or bubbles that are relational structures on Hintikka sets. This encodes the
epistemic skeleton of a POL model, where each set corresponds to a state in the model, with
the formulas in a set encoding the formulas true in the corresponding state in the model. The
relation among the sets encodes the indistinguishability relation.

Definition 51 (epistemic bubble). An epistemic bubble or a bubble is a labelled relational
structure ⟨𝑆, {𝑅𝑖}𝑖∈I, 𝐿⟩ such that:

1. 𝑆 is a set of (abstract) states such that 0 < |𝑆 | ≤ 2|𝐹𝐿 (𝜑) |

2. 𝐿 : 𝑆→ 2𝐹𝐿 (𝜑) is a labelling function such that for every 𝑠 ∈ 𝑆, 𝐿 (𝑠) is a Hintikka set.

3. 𝑅𝑖 ⊆ 𝑆 × 𝑆, is a binary equivalence relation among the states satisfying following
conditions:
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(a) For any 𝑠 ∈ 𝑆, any formula 𝐾̂𝑖𝜓 ∈ 𝐿 (𝑠), there exists an 𝑠′ ∈ 𝑆 such that 𝜓 ∈ 𝐿 (𝑠′)
and (𝑠, 𝑠′) ∈ 𝑅𝑖.

(b) For all 𝑠′, 𝑠′′ ∈ [𝑠]𝑖, the equivalence class of 𝑠 under 𝑅𝑖, K𝑖 (𝐿 (𝑠′)) =K𝑖 (𝐿 (𝑠′′)).

Informally, the first condition is because of the small model property. Note that the
equivalence classes [𝑠] in the small model can be characterised using the number of satisfied
formulas from 𝐹𝐿 (𝜑). Hence there can be at most 2𝐹𝐿 (𝜑) many states in the small model.

Condition 3 describes the properties of the indistinguishability relation. If a state satisfies
𝐾̂𝑖𝜓, then there has to be an 𝑖-indistinguishable state satisfying 𝜓 (3a). Also, knowledge of
agent 𝑖 (formulas of the form 𝐾𝑖𝜓) should be same in all the 𝑖-indistinguishable states (3b).

We now introduce observation successor. Considering a bubble 𝐵 being an epistemic
skeleton of a POL modelM, an observation successor of that bubble is another bubble
𝐵′ which represents the epistemic skeleton of another POL model which is a result of the
projection of a letter onM, that isM|𝑎 for some 𝑎 ∈ Σ. For the next definition, given a
Hintikka set 𝐻, consider P(𝐻) to be the set of all atomic propositions in 𝐻.

Definition 52 (observation successor). Let 𝐵 = ⟨𝑆, {𝑅𝑖}𝑖∈I, 𝐿⟩ and 𝐵′ = ⟨𝑆′, {𝑅′
𝑖
}𝑖∈I, 𝐿′⟩ be

two bubbles. Let 𝑎 ∈ Σ be a letter. We say that 𝐵′ is an 𝑎-observation successor of 𝐵 if it
satisfies the following conditions:

1. 𝑆′ ⊆ 𝑆.

2. For all 𝑠 ∈ 𝑆′, P(𝐿 (𝑠)) = P(𝐿′(𝑠)).

3. If 𝜋\𝑎 ≠ ∅ then for all 𝑠 ∈ 𝑆,

(⟨𝜋⟩𝜓 ∈ 𝐿 (𝑠) iff (𝑠 ∈ 𝑆′ and ⟨𝜋\𝑎⟩𝜓 ∈ 𝐿′(𝑠))).

4. For all 𝑠 ∈ 𝑆′, [𝜋]𝜓 ∈ 𝐿 (𝑠) iff [𝜋\𝑎]𝜓 ∈ 𝐿′(𝑠).

5. (Perfect Recall): For all 𝑠 ∈ 𝑆, if there is an 𝑠′ ∈ 𝑆 such that (𝑠, 𝑠′) ∈ 𝑅′
𝑖
, then (𝑠, 𝑠′) ∈ 𝑅𝑖.

Point 1 explains that a model projected on a letter can retain at most all its states. Point 2
says that the surviving states have their valuation unchanged. Point 3 says that any state 𝑠
satisfying a diamond formula ⟨𝜋⟩𝜓 must survive after observing 𝑎, and then, must satisfy
⟨𝜋\𝑎⟩𝜓. Point 4 states that if a state survives, same rule should apply for box formulas
as well. Finally, the last point suggests that if an agent considers a state possible from the
state 𝑠 in the projected (residuated) model, they should consider it possible before projection
(⟨𝑎⟩𝐾̂𝑖𝜓→ 𝐾̂𝑖 ⟨𝑎⟩𝜓).

Now we introduce the finite bubble transition structure of a formula 𝜑. This is an
automata-like labelled transition structure. Here, each node is a bubble, with its child being
an observation successor of the letter that the transition is labelled with.
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Definition 53 (FBTS). Given a POL formula 𝜑, a finite bubble transition structure (FBTS)
of 𝜑 is a structure B𝜑 = ⟨B, 𝛿⟩ where B is the (finite) set of all bubbles and 𝛿 : B×Σ→ 2B is
the labelled transition function satisfying the following conditions:

1. Each node 𝐵 = ⟨𝑆, {𝑅𝑖}𝑖∈I, 𝐿⟩ ∈ B of the structure is a bubble. For all 𝑠 ∈ 𝑆, for all
𝜓 ∈ 𝐿 (𝑠), 𝜓 ∈ 𝐹𝐿 (𝜑).

2. There is a bubble 𝐵∗ = ⟨𝑆∗, {𝑅∗
𝑖
}𝑖∈I, 𝐿∗⟩ such that there is an 𝑠 ∈ 𝑆∗, with 𝜑 ∈ 𝐿∗(𝑠).

3. For each node 𝐵 = ⟨𝑆, {𝑅𝑖}𝑖∈I, 𝐿⟩ ∈ B, either 𝛿(𝐵,𝑎) = ∅, or, 𝛿(𝐵,𝑎) = {𝐵𝑎} where 𝐵𝑎

is an 𝑎-observation successor of 𝐵.

4. For every ⟨𝜋⟩𝜓 ∈ 𝐿 (𝑠) for any 𝑠 ∈ 𝑆 of any node 𝐵 = ⟨𝑆, {𝑅𝑖}𝑖∈I, 𝐿⟩ ∈ B in B𝜑, there is
a word 𝑤 = 𝑎1𝑎2 . . . 𝑎𝑘 ∈ Σ∗, a sequence of nodes (bubbles) 𝐵0 = 𝐵, 𝐵1, . . . , 𝐵𝑘 , where
each 𝐵 𝑗 ∈ B, such that:

(a) 𝑤 ∈ L(𝜋).

(b) 𝐵 𝑗 ∈ 𝛿(𝐵 𝑗−1, 𝑎 𝑗 ), for all 1 ≤ 𝑗 ≤ 𝑘 .

(c) 𝑠 ∈ 𝑆𝑘 and 𝜓 ∈ 𝐿𝑘 (𝑠), where 𝐵𝑘 = ⟨𝑆𝑘 , {𝑅𝑘𝑖 }𝑖∈I, 𝐿𝑘⟩.

In other words, the FBTS can be thought of where each node represents some residue of
the model represented by the bubble 𝐵★ in point 2, which represents the model accepting 𝜑
in some state. Point 3 interprets that a model can have at most one residue structure for every
letter 𝑎 ∈ Σ. Point 4 interprets the fact that if a state in some model satisfies a formula of the
form ⟨𝜋⟩𝜓, then there should exist a model which is residued on a 𝑤 ∈ L(𝜋) and the same
state in that residued model should satisfy 𝜓.

Note that a formula may have zero or several FBTS s.

Example 20. Consider the example in Figure 6.3 of an FBTS B𝜑 where 𝜑 := [𝑎]⊥ ∧
𝐾̂𝑖 (⟨𝑎⟩(𝑝∨ 𝑞) ∧ [𝑎★]⟨𝑎⟩(𝑝∨ 𝑞)).

• Point 1 of Definition 53 is satisfied: all formulas appearing in the labels are in 𝐹𝐿 (𝜑)

• Point 2 of Definition 53 is satisfied since 𝜑 appears in the label of 𝑠 in 𝐵∗.

• Point 3 of Definition 53 is satisfied. The bubble 𝐵 is an 𝑎-observation successor of 𝐵∗.
Point 1 of Definition 52 𝑆′ ⊆ 𝑆 is {𝑡} ⊆ {𝑠, 𝑡} in our case. Point 2 of Definition 52 since
𝑝 appears both in 𝑡 in 𝐵∗ and in 𝑡 in 𝐵.
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𝑠

𝜑

[𝑎]⊥
𝐾̂𝑖 ((⟨𝑎⟩(𝑝 ∨ 𝑞) ∧
[𝑎★]⟨𝑎⟩(𝑝∨ 𝑞)

𝑡

(⟨𝑎⟩(𝑝∨ 𝑞) ∧ [𝑎★]⟨𝑎⟩(𝑝∨
𝑞)
⟨𝑎⟩(𝑝∨ 𝑞),
[𝑎∗]⟨𝑎⟩(𝑝∨ 𝑞),
[𝑎] [𝑎∗]⟨𝑎⟩(𝑝∨ 𝑞), 𝑝

𝑖

𝑖

𝑖
𝑡

𝑝∨ 𝑞, 𝑝,
⟨𝑎⟩(𝑝∨ 𝑞),
[𝑎∗]⟨𝑎⟩(𝑝 ∨
𝑞),
[𝑎] [𝑎∗]⟨𝑎⟩(𝑝∨
𝑞)

𝑖

𝐵∗

𝐵

𝑎
𝑎

Fig. 6.3 FBTS for 𝜑 := [𝑎]⊥∧ 𝐾̂𝑖 (⟨𝑎⟩(𝑝∨ 𝑞) ∧ [𝑎★]⟨𝑎⟩(𝑝∨ 𝑞)). There are two bubbles: 𝐵∗ and 𝐵.
There are two abstract states: 𝑠 and 𝑡. If a state appears in a bubble, it is labelled by a Hintikka set: for
instance, 𝐿∗(𝑠) = {𝜑, [𝑎]⊥, . . . }.

Algorithm 15 POL-SAT
1: procedure POL-SAT(𝜑)
2: S ← {1, . . .2|𝐹𝐿 (𝜑) |}
3: H ← {ℎ ⊆ 𝐹𝐿 (𝜑) | ℎ satisfies Definition 50}.
4: B ← {𝐵 = ⟨𝑆 ∈ 2S , {𝑅𝑖 ⊆ 𝑆× 𝑆}𝑖∈I, 𝐿⟩ | 𝐵 satisfies Definition 51}.
5: for each possible 𝛿 ⊆ B×Σ×2B do
6: if ⟨B, 𝛿⟩ satisfies Definition 53 then
7: Return True
8: Return False

By the definition of Hintikka set, since [𝑎★]⟨𝑎⟩(𝑝∨𝑞) ∈ 𝐿∗(𝑡), hence [𝑎] [𝑎∗]⟨𝑎⟩(𝑝∨𝑞) ∈
𝐿∗(𝑡). Now by point 4 of definition 53, since ⟨𝑎⟩(𝑝∨ 𝑞) ∈ 𝐿∗(𝑡), we have (𝑝∨ 𝑞) ∈ 𝐿 (𝑡). We
also have [𝑎★]⟨𝑎⟩(𝑝∨ 𝑞) ∈ 𝐿∗(𝑡), which again, by definition of Hintikka set gives rise to
{⟨𝑎⟩(𝑝∨ 𝑞), [𝑎] [𝑎★]⟨𝑎⟩(𝑝∨ 𝑞)} ⊆ 𝐿∗(𝑡).

6.4.2 Completeness

Theorem 56. Let 𝜑 be a formula. Formula 𝜑 is satisfiable implies there is a finite bubble
transition structure of 𝜑.

Proof. ⇒ Suppose 𝜑 is satisfiable. Hence there exists a modelM = ⟨𝑆, {𝑅𝑖}𝑖∈I,𝑉, 𝐸𝑥𝑝⟩
such thatM, 𝑠 ⊨ 𝜑 for some 𝑠 ∈ 𝑆 and also by Theorem 54, |𝑆 | ≤ 2𝐹𝐿 (𝜑) . Note that, in the
context of this proof,M|𝑤 = ⟨𝑆𝑤, {𝑅𝑤

𝑖
}𝑖∈I,𝑉𝑤, 𝐸𝑥𝑝𝑤⟩ for any 𝑤 ∈ Σ★.

We now create a transition system B𝜑 = ⟨B, 𝛿⟩ and prove it to be the finite transition
system for 𝜑.

• For all 𝑤 ∈ Σ★, we set 𝐵𝑤 := ⟨𝑆𝑤, {𝑅𝑤
𝑖
}𝑖∈I, 𝐿𝑤⟩ such that for any 𝑠 ∈ 𝑆𝑤 , 𝐿𝑤 (𝑠) = {𝜓 ∈

𝐹𝐿 (𝜑) | M|𝑤, 𝑠 ⊨ 𝜓}.
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• B = {𝐵𝑤 | 𝑤 ∈ Σ★}

• 𝛿(𝐵𝑤, 𝑎) = {𝐵𝑤𝑎}

Now we prove that the transition structure satisfies every point in Definition 53.

1. Each 𝐵𝑤 ∈ B is a bubble. 𝐵𝑤 = {𝑆𝑤, {𝑅𝑤
𝑖
}𝑖∈I, 𝐿𝑤}.

• Consider any 𝑠 ∈ 𝑆𝑤.We show proof when 𝐾𝑖𝜓 ∈ 𝐿𝑤 (𝑠) and ⟨𝜋★⟩𝜓 ∈ 𝐿𝑤 (𝑠).
SinceM|𝑤, 𝑠 ⊨ 𝐾𝑖𝜓 and the indistinguishability relations are also reflexive, hence
M|𝑤, 𝑠 ⊨ 𝜓, hence 𝜓 ∈ 𝐿𝑤 (𝑠). Now consider M|𝑤, 𝑠 ⊨ ⟨𝜋★⟩𝜓, hence by truth
conditionM|𝑤, 𝑠 ⊨ ⟨𝜋⟩⟨𝜋★⟩𝜓. Hence ⟨𝜋⟩⟨𝜋★⟩𝜓 ∈ 𝐿 (𝑠). With similar deductions
it can be proved for each 𝑠 ∈ 𝑆𝑤, 𝐿𝑤 (𝑠) is a Hintikka set.

• Since it is proved each 𝑠 ∈ 𝑆𝑤 is such that 𝐿𝑤 (𝑠) is a Hintikka set, we now
prove 𝐵𝑤 = ⟨𝑆𝑤, {𝑅𝑤

𝑖
}𝑖∈I, 𝐿𝑤⟩ is a bubble. Consider a formula 𝐾̂𝑖𝜓 such that

M|𝑤, 𝑠 ⊨ 𝐾̂𝑖𝜓. Hence there is another 𝑠′ such that 𝑠𝑅𝑤
𝑖
𝑠′ andM|𝑤, 𝑠′ ⊨ 𝜓. Hence

there a 𝑠′ ∈ 𝑆𝑤 such that 𝑠𝑅𝑤
𝑖
𝑠′ and 𝜓 ∈ 𝐿𝑤 (𝑠′). The knowledge condition can

also be proved similarly using the fact that 𝑅𝑖 is an equivalence relation.

2. SinceM is such thatM, 𝑠 ⊨ 𝜑, we have our second condition of definition 53.

3. Consider 𝐵𝑤 and by construction 𝛿(𝐵𝑤, 𝑎) = {𝐵𝑤𝑎}. Since valuation in a state of
the model remains consistent in updates, condition 2 of definition 52 is satisfied.
M|𝑤, 𝑠 ⊨ ⟨𝜋⟩𝜓 iffM|𝑤𝑎, 𝑠 ⊨ ⟨𝜋\𝑎⟩𝜓 if 𝜋\𝑎 ≠ ∅, hence satisfying condition 3. Since
distinguishability relation disappears whenever a state disappears and a non-surviving
state can never reappear in further updates, condition 5 is satisfied.

4. Let ⟨𝜋⟩𝜓 ∈ 𝐿𝑤 (𝑠). SinceM|𝑤, 𝑠 ⊨ ⟨𝜋⟩𝜓 implies there exists a 𝑤′ ∈ L(𝜋) such that 𝑠
survives inM|𝑤𝑤′ andM|𝑤𝑤′ , 𝑠 ⊨ 𝜓, hence there exists a series of 𝛿 transitions labelled
by 𝑤′ after which 𝜓 ∈ 𝐿𝑤𝑤′ (𝑠).

□

6.4.3 Soundness

The most difficult part in creating model out of FBTS, as denoted earlier, is assigning
expectations to each state we create in the satisfying model. Here we use a very similar tactic
as used in Arden’s Lemma while extracting regular expression from finite automata. But
unlike such a method where the regular expression gets collected in the final state of the
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(a) 𝑠 𝑠′

𝑠′′

𝑖

𝑖
𝑖 𝑠 𝑠′

𝑖
𝑠 𝑠′
𝑖

𝐵∗

𝐵1 𝐵2
𝑎

𝑎

𝑎

(b)

𝐵∗ 𝐵1 𝐵2𝑎

𝑎

𝑎

𝐵∗ (c)

Fig. 6.4 p-FTS for 𝑠, 𝑠′ (b), and 𝑠′′ (c) extracted from a FBTS (a).

automata from the start state, in our case the letters are residued from the beginning of the
regular expressions.

To do that, we define a pointed finite transition structure (p-FTS), which essentially
extracts the FBTS induced on a given state.

Definition 54 (p-FTS). Given an FBTS B𝜑 = ⟨B, 𝛿⟩, the bubble 𝐵0 = ⟨𝑆0, {𝑅0
𝑖
}𝑖∈I, 𝐿0⟩ which

is the start node and an 𝑠 ∈ 𝑆0, a pointed finite transition structure(p-FTS) ⟨B𝑠, 𝛿𝑠⟩ is defined
by

• B𝑠 = {𝐵 = ⟨𝑆, {𝑅𝑖}𝑖∈I, 𝐿⟩ ∈ B | 𝑠 ∈ 𝑆}

• 𝛿𝑠 (𝐵,𝑎) = {𝐵′ ∈ B𝑠 | 𝐵′ ∈ 𝛿(𝐵,𝑎)}

Basically, given B𝜑 and 𝑠, which has a Hintikka set labelled in start node, a p-FTS with
respect to 𝑠 is an induced structure where the nodes are only the labels that survive in B𝜑 and
the transition in the FBTS are induced on nodes where the states survive.

For example in Figure 6.4, the bubble transition B𝜑 has three bubbles with 𝐵★ being the
start node. In 𝐵★ there are three states 𝑠, 𝑠′, 𝑠′′. In its successor 𝑠′′ does not survive. 𝐵1

and 𝐵2 both has 𝑠 and 𝑠′. Hence if this bubble transition is pointed on the state 𝑠 or 𝑠′, the
resultant pointed transition has all the transitions induced (6.4b), yet if pointed on 𝑠′′, only
the node 𝑠′′ remains(6.4c).

Theorem 57. Let 𝜑 be a formula. There is a finite bubble transition structure of 𝜑 implies 𝜑
is satisfiable.

Proof. Assume an FBTS of 𝜑 of the form B𝜑 = ⟨B, 𝛿⟩,
Now we create a POL modelM𝜑 out of this. For the time being, we provide idea of how

the states of the model and the indistinguishable relations will be, which will essentially be
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the bubble, we call it 𝐵0 = ⟨𝑆0, {𝑅0
𝑖
}𝑖∈I, 𝐿0⟩ ∈ B, that has 𝜑 in it as per point 2 in definition

53. We call 𝐵0 to be the starting bubble or start node.
To assign expectations, we use Arden’s Lemma which uses an equational system to find

regular expressions from finite automata.

Lemma 58. [Arden’s lemma] Let 𝜋1, 𝜋2 and 𝐸 be regular expressions over some alphabet,
then the equation 𝐸 = 𝜋2+ 𝜋1𝐸 has a unique solution for 𝐸 , which is 𝐸 = 𝜋★1𝜋2.

Proof. First we prove whether 𝐸 = 𝜋★1𝜋2 is a solution.

𝐸 = 𝜋2+ 𝜋1(𝜋★1𝜋2)
= 𝜋2+ 𝜋+1 𝜋2,where L(𝜋+1 ) = L(𝜋

★
1 )\{𝜖}

= (𝜖 + 𝜋+1 )𝜋2

= 𝜋★1𝜋2

Now we prove whether this is a unique solution

𝐸 = 𝜋2+ 𝜋1𝐸

= 𝜋2+ 𝜋1(𝜋2+ 𝜋1𝐸),unfolding 𝐸

= 𝜋2+ 𝜋1𝜋2+ 𝜋2
1𝐸

= 𝜋2+ 𝜋1𝜋2+ 𝜋2
1𝜋2+ 𝜋3

1𝐸

=
...

= (𝜖 +
∞∑︁
𝑖=1

𝜋𝑖1)𝜋2

= 𝜋★1𝜋2

□

Now to assign expectation, given the finite bubble transition structure B𝜑, we create a
pointed finite transition structure with respect to a Hintikka set labelled (using 𝐿0 function)
at 𝑠 ∈ 𝑆0.
Assigning Expectations Now we start assigning regular expressions to the states. We use the
following method, given B𝜑 and the initial bubble 𝐵0:

• Iterate the following steps for each 𝑠 ∈ 𝑆0 of 𝐵0:

1. Create the p-FTS ⟨B𝑠, 𝛿𝑠⟩.
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2. For each 𝐵 ∈ B𝑠 do form the equation 𝐸𝐵 =
∑
𝐵′ |𝐵′∈𝛿𝑠 (𝐵,𝑎),𝑎∈Σ 𝑎𝐸𝐵′ , where 𝐸𝐵

and 𝐸𝐵′’s are variables representing regular expressions.

3. Solve the obtained system of |B𝑠 | of equations.

4. Assign 𝐸𝐵 as the regular expression of 𝑠.

We have the following lemma which is self-explanatory.

Lemma 59. The system of equations created from step (a)-(d) will always have a unique
solution.

Now we need to prove that the residuation of each expression will always accept the
expression of the successor.

Before we move on to proving the fact the model created is indeed satisfying 𝜑, for ease
of understading we define the notion of 𝑤-survivor for any 𝑤 ∈ Σ★.

For any word 𝑤 = 𝑎1𝑎2 . . . 𝑎𝑘 ∈ Σ★, we call an 𝑠 ∈ 𝑆, where bubble 𝐵 = ⟨𝑆, {𝑅𝑖}𝑖∈I, 𝐿⟩ is
in the transition structure B𝜑 to be a 𝑤-survivor if 𝑠 ∈ 𝑆𝑤 , where 𝐵𝑤 = ⟨𝑆𝑤, {𝑅𝑤

𝑖
}𝑖∈I, 𝐿𝑤⟩ is a

bubble that can be reached from 𝐵 by following a 𝑤 path in B𝜑.

Lemma 60. For any state 𝑠 in 𝐵0, let 𝐵 be any node in p-FTS ⟨B𝑠, 𝛿𝑠⟩ such that 𝐵 can
be reached from 𝐵0 using a 𝑤 labelled path and 𝑠 is a state in 𝐵, where |𝑤 | = 𝑘 ∈ N, then
L(𝐸𝐵) ⊆ L(𝐸𝐵0\𝑤) and L(𝐸𝐵) ≠ ∅.

Proof. Since 𝑠 is a 𝑤-survivor, hence in every node in the path from 𝐵0 to 𝐵, 𝑠 survives,
which means in the p-FTS of the FBTS pointed on 𝑠, this path remains. Let 𝑤 = 𝑎1𝑎2 . . . 𝑎𝑘

Now when forming the equation for 𝐵0 in the p-FTS on 𝑠, 𝑎1𝐸𝐵1 is a term for 𝐸𝐵0 ,
where 𝐵1 is the 𝑎1 successor of 𝐵0. Also 𝐸𝐵1 has a term 𝑎2𝐸𝐵2 and so on until 𝐸𝐵𝑘−1

has a term 𝑎𝑘𝐸𝐵. Hence after successive substitution, in the expression of 𝐸𝐵0 , the term
𝑎1𝑎2 . . . 𝑎𝑘𝐸𝐵 will turn up as +ed term. Hence solving those set of equations will lead to
L(𝐸𝐵0\𝑎1𝑎2 . . . 𝑎𝑘 ) ⊆ L(𝐸𝐵). □

Now we move on to create the modelM𝜑 = ⟨𝑆𝜑 = 𝑆0, {𝑅𝜑
𝑖
= 𝑅0

𝑖
}𝑖∈I,𝑉𝜑, 𝐸𝑥𝑝𝜑⟩, where

𝑉𝜑 (𝑠) = P(𝜑) ∩ 𝐿0(𝑠), where P(𝜑) are propositions in 𝜑 and 𝐸𝑥𝑝𝜑 (𝑠) = 𝐸𝐵0 , where 𝐸𝐵0

is the expression evaluated using Arden equations on p-FTS on 𝑠. We have the following
lemma:

Lemma 61. For all words 𝑤 ∈ Σ★, for all 𝑠 ∈ 𝑆0, if 𝜓 ∈ 𝐿𝑤 (𝑠) where 𝑠 is a 𝑤-survivor, then
𝑠 survives inM𝜑 |𝑤 andM𝜑 |𝑤, 𝑠 ⊨ 𝜓.
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Proof. We induct on the size of 𝜓. We consider the property

P(𝜓): For all words 𝑤 ∈ Σ★, for all 𝑠 ∈ 𝑆0,

if 𝜓 ∈ 𝐿𝑤 (𝑠) such that 𝑠 is the 𝑤− survivor then

𝑠 survives inM𝜑 |𝑤 andM𝜑 |𝑤, 𝑠 ⊨ 𝜓.

We only consider the interesting Case: 𝜓 = ⟨𝜋⟩𝜒 Since𝜓 ∈ 𝐿𝑤 (𝑠) such that 𝑠 is the𝑤-survivor,
hence in the structure (B𝜑, 𝑠), by Lemma 60, L(𝐸𝐵) ⊆ L(𝐸𝐵0\𝑤) and is not empty (𝐸𝐵 and
𝐸𝐵0 are assigned to 𝑠 in the respective bubbles). Hence 𝑠 survives inM𝜑 |𝑤.

Since ⟨𝜋⟩𝜒 ∈ 𝐿𝑤 (𝑠), hence by Definition 53, there is a word 𝑤′ = 𝑎1 . . . 𝑎𝑘 labelled path,
where 𝑤′ ∈ Σ∗ , a sequence of nodes (bubbles) 𝐵, 𝐵𝑎1 , 𝐵𝑎2 , . . . , 𝐵𝑎𝑘 , where each 𝐵𝑎𝑖 ∈ B, such
that:

1. 𝑤′ ∈ L(𝜋).

2. 𝐵𝑎 𝑗 ∈ 𝛿(𝐵𝑎 𝑗−1 , 𝑎 𝑗 ).

3. 𝜒 ∈ 𝐿𝑤𝑤′ (𝑠) ∈ 𝑆𝑘 , where 𝐵𝑘 = ⟨𝑆𝑘 , {𝑅𝑘
𝑖
}𝑖∈I, 𝐿𝑤𝑤

′⟩

Hence 𝑠 is the𝑤𝑤′-survivor which proves by IHM𝜑 |𝑤𝑤′ , 𝑠 ⊨ 𝜒. ThereforeM𝜑 |𝑤, 𝑠 ⊨ ⟨𝜋⟩𝜒. □

This completes the proof of the main theorem. □

Theorem 57 and 56 provides equivalence between existence of an FBTS and satisfiability.
Note that, by observation 37, in the algorithm POL−SAT(𝜑), the loop 5 and the entire

algorithm is guaranteed to terminate after finitely many steps. Therefore we have the following
correctness:

Theorem 62. POL-SAT(𝜑) returns True iff 𝜑 is satisfiable.

Proof. ⇒ Assuming POL-SAT(𝜑) returns True. Since Step 6 verifies whether among
all the possible transitions the loop 5 creates, there exists one such transition that satisfies
Definition 53, and by Theorem 57, there is a model satisfying 𝜑.
⇐ Conversely, assuming the algorithm returns False. Hence the run of the algorithm

could not reach line 7, implying either bubbles could not be created in line 4 or all the
transitions created failed to satisfy the condition in line 6. This implies there is no such
possible transitions and by Theorem 56, there is no satisfying model for 𝜑. □
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6.4.4 Complexity of POL−SAT

Theorem 63. POL−SAT is in 2−EXPSPACE.

Proof. Given a formula 𝜑, the Fischer-Ladner closure of 𝜑 is such that |𝐹𝐿 (𝜑) | ≤ 𝑝𝑜𝑙𝑦( |𝜑 |)
[35], where 𝑝𝑜𝑙𝑦(𝑛) for an integer 𝑛 represents a polynomial over 𝑛.

A Hintikka set is just a subset of 𝐹𝐿 (𝜑), hence, any Hintikka set will be of space at most
𝑝𝑜𝑙𝑦( |𝜑 |). A bubble is a relation structure, where there are |I| many distinct relations, over
Hintikka sets. Hence a bubble is of size at most 2𝑝𝑜𝑙𝑦 |𝜑|. The set B created in line 4 is such
that |B| ≤ 22𝑝𝑜𝑙𝑦 ( |𝜑 | ) . Hence, the size of the entire transition structure will of size at most
𝑝𝑜𝑙𝑦(22𝑝𝑜𝑙𝑦 ( |𝜑 | ) ).

At each step, the algorithm non-deterministically guesses. Hence the algorithm is Non-
deterministically double exponential space. By Savitch’s theorem, the algorithm runs in
Double Exponential Space. □

Note that, the assignment of the expectation function to each state of the model, especially
the size of it is not of concern as far as the complexity of the algorithm is concerned. The
expectation assignment is a concern for the proof of correctness, what the algorithm concerns
itself is the existence of a finite bubble transition structure. Although, one can carefully form
a recursive relation out of the equations that are used in the correctness proof and come up
with a bound on the size of expectations.

Note that, the recursive relations are not straightforward, since the transition structure
is not necessarily a tree. The loops (which only arise because of Kleene-star) needs to be
handled.

The computation of the expectation function is however needed if one needs a model for
a formula 𝜑, and not only the yes/no answer to the POL satisfiability decision problem.

6.5 Relation with Knowledge and Time

In this section, we compare a fragment of POL with linear temporal logic with knowledge
operator under the perfect recall assumption. We call this logic LTLK [34].

First we consider a fragment of POL, named POL1, that contains regular expressions
over single letter 𝑎 and no concatenation is allowed under the scope of the Kleene Star. The
syntax of the regular expressions in POL1 is given by:

𝜋 := 𝑎 | 𝜋+ 𝜋 | 𝜋 · 𝜋 | 𝑎∗
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We define a translation of formulas from POL1 to LTLK as follows. Recall the modal
constructions of LTLK: 𝑋𝜑 (𝜑 is true in the next state, 𝜑𝑈𝜓 (𝜑 remains true until 𝜓 holds),
and 𝐾̂𝑖𝜑 (𝜑 is epistemically possible for agent 𝑖).

Definition 55. The translation function tr : POL1→ LTLK is defined as:

• tr(𝑝) = 𝑝; tr(¬𝜑) = ¬tr(𝜑)

• tr(𝜑1∨𝜑2) = (tr(𝜑1) ∨ tr(𝜑2))

• tr(𝐾̂𝑖𝜑) = 𝐾̂𝑖 (tr(𝜑) ∧pres(𝜑))

• tr(⟨𝑎⟩𝜑) = 𝑋 (tr(𝜑))

• tr(⟨𝜋1𝜋2⟩𝜑) = tr(⟨𝜋1⟩⟨𝜋2⟩𝜑)

• tr(⟨𝜋1+ 𝜋2⟩𝜑) = tr(⟨𝜋1⟩𝜑) ∨ tr(⟨𝜋2⟩𝜑)

• tr(⟨𝑎∗⟩𝜑) = (tr(⟨𝑎⟩¬𝜑)𝑈tr(⟨𝑎⟩𝜑))

where, pres(𝜑) = ∧
𝑝∈P (𝐺𝑝∨𝐺¬𝑝). P(𝜑) is the set of all propositional letters in 𝜑.

Note that, the formula pres(𝜑) is crucial as it describes a point of distinction between
POL and LTLK with perfect recall and synchronicity: consistency in the state evaluation.
Formally, a surviving state should retain its propositional valuation. The only time pres(𝜑)
is used in the translation is when translating 𝐾̂𝑖 formulas since that requires new possibilities.
The formula pres(𝜑) maintains the truth values of the propositional letters across all those
possibilities

Theorem 64. Given a formula 𝜑 ∈ POL1, 𝜑 is POL1-satisfiable iff tr(𝜑) ∧ pres(𝜑) is
LTLK-satisfiable.

Proof. By induction on the structure of 𝜑.
Consider the case for ⟨𝑎★⟩𝜓. A modelM, 𝑠 ⊨ ⟨𝑎★⟩𝜓 iff there there is a word 𝑎𝑘 such

thatM|𝑎𝑘 , 𝑠 ⊨ 𝜓. Hence this is equivalent of having a sequence ofM,M|𝑎,M|𝑎2 . . .M|𝑎𝑘
such that for everyM|𝑎𝑖 where 𝑖 ∈ [0, 𝑘 −2],M|𝑎𝑖 , 𝑠⟨𝑎⟩¬𝜓 andM|𝑎𝑘−1 , 𝑠 ⊨ ⟨𝑎⟩𝜓. Also pres
expressions keeps the valuation same by the global assignments.

Also consider the formula 𝐾̂𝑖𝜓. A modelM, 𝑠 ⊨ 𝐾̂𝑖𝜓 iff there is an 𝑠′ such that 𝑠𝑅𝑖𝑠′ and
M, 𝑠′ ⊨ 𝜓. Hence this is equivalent of having a set of 𝑖-indistinguishable points in the run
where there is a point which satisfies tr(𝜓). Also, pres(𝜓) again maintains the consistency
of valuation in such a point in further temporal transition. □
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Note that this particular fragment of LTLK satisfies perfect recall and synchronous
knowledge, since POL satisfies these properties by default. This fragment is decidable
[34], which goes in line with our result. On the other hand, the assumption on the regular
expressions that we have for POL1 is no concatenation under Kleene Star. This is because of
the fact that regular expressions are more powerful than LTL, for example, LTL cannot count
the number of transitions, that is, LTL cannot express ⟨(𝑎𝑎)★⟩𝜓 [64].

6.6 Related work

In this chapter, we have shown that the Public Observation Logic is decidable. In doing so,
we have came across connections and similarities regarding the structures and the expressivity
of other logical systems. Each state in a POL model is equipped with a regular expression.
If we look at the proof of Theorem 62, we prove equivalence between a POL model and a
finite transition structure, whose nodes intuitively correspond to the epistemic skeleton of
some POL models,M|𝑤 , where 𝑤 ∈ Σ∗. It can be seen that such a structure would have, for
each node, at most one transition labelled for each letter in Σ. This gives rise to a natural
connection with a Deterministic Propositional Dynamic Logic (DPDL) [11] model structure.
But, there is a significant difference: each node in our constructed transition structure is
an epistemic model, whereas in DPDL, it is a propositional valuation. To the best of our
knowledge, no such deterministic structures involving epistemic constructions have been
studied beforehand.

A more general setting has been studied in the form of Epistemic Propositional Dynamic
Logic (EPDL) [41] without any reference to deterministic transitions. Each node of the model
is an epistemic structure, with possible nondeterministic transitions. [41] assumes perfect
recall, as in POL. The most important difference here constitutes the notion of valuation
and overall epistemic structure. To be precise, in our case, when a model is residuated or
projected, the surviving nodes remain the same except for the expectation expressions getting
revised, thus keeping the propositional valuations intact. However, in EPDL, the epsitemic
model that is transitioned to, can be arbitrary, satisfying only some transition conditions.

Another study on a PDL-like logic with epistemic operators [36] concerns single agent
knowledge formulas, where, verification of only knowledge formulas in the regular expressions
is considered. Although, they have given a hardness result (EXPTIME-hard) that essentially
follows from that for PDL, they do not have any matching upper bound.

Since we are dealing with sequences of observations and how the expectation expressions
get residuated, there is a subtle temporal aspect to POL. We explored such a connection
with LTLK [34] in the previous section. In LTLK [34], the interaction between time and
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knowledge assumes perfect recall and synchronous rules, which also hold in POL. But,
there are some differences in the linearity aspects. More precisely, since POL deals with
multiple letters in the transition alphabet, knowledge does not change linearly, in the sense
that, knowledge can change depending on the observations that occur. At a single point of
occurrence this can be any one of the letters in the alphabet. We re-iterate here that a valuation
in a state in the next temporal transition in LTLK can change, whereas such a valuation
remains consistent in POL. Thus, ¬𝑝∧ 𝑋𝑝 is satisfiable in LTLK, whereas ¬𝑝∧ ⟨𝑎⟩𝑝 is not
satisfiable in POL, which leads to a difference in expressive power. From the complexity
viewpoint, the satisfiability problem of LTLK is non-elementary, whereas our POL−SAT
algorithm is in 2−EXPSPACE. We end this discussion noting the fact that both LTLK and
POL can express that after some finite sequence of observations, 𝜑 holds, but only POL can
express that after some even occurrences of observations, 𝜑 holds (cf. Section 6). Evidently,
resolving the intricate relationship between LTLK and POL needs further study.

Since knowledge updates branch out in POL depending upon the action observed,
Computational Tree Logic with epistemic operators (CTLK) [26] forms a close neighbour,
whose satisfiability problem turns out to be undecidable. We note here that unravelled
POL models create indistinguishability within the nodes (distinct POL models) themselves,
whereas, indistinguishability in a CTLK model occurs among nodes across the tree.

POL is quite similar to Public Announcement Logic (PAL) as well as discussed in
chapter 5. PAL with Kleene-star (operators of the form [𝜑∗]𝜓: after announcing 𝜑 publicly a
finite number of times, 𝜓 holds) has been shown to be undecidable [45]. The main difference
with the decidability of POL resides in the fact that announcements in POL are not modal
(agents observe atomic actions but not modal properties like ‘agent 𝑖 knows 𝑝’).

6.7 Conclusion

We have proved the decidability of the satisfiability problem for the Public Observation
Logic, providing a 2−EXPSPACE upper bound to the problem. We have also analysed
the connection of POL with some restrictions on the Kleene-star with a certain fragment of
LTLK.

We leave the hardness result for the future, providing some intuitive ideas in the following.
The first and foremost difficulty in simulating POL-like logics is its notion of valuation
consistency. Each state, if it survives under a transition, retains its valuation. This aspect is
absent in both EPDL and LTLK. The problem of identifying whether two regular expressions
represent the same language, where the expressions have an additional operator of ‘taking
squares’, is EXPSPACE-complete. This is another potential problem that appears very
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intuitive to reduce from – two regular expressions are equal iff for any word over the alphabet,
the residue of those expressions over that word are equal. But, it is tricky to find a small way
to express this using POL operators such that the satisfying models get the respective regular
expressions assigned to the respective states. Not only we need to express the words that
lie in the prefix, but also the words that do not. And the complement expressions blow up
exponentially in a straightforward approach.

Except for the hardness result, this work marks a final step to the complexity study of
POL, starting from model checking POL [18]. But even then, there is a dynamic extension
of POL in [62] called the Epistemic Protocol Logic (EPL), that has not been studied from
the computational viewpoint. This logic is very similar to DEL in the sense that it comes
with operators that have pointed event or action model like DEL, which assigns expectations
to the POL models. Such action model also deals with PDL-like regular expressions with
Boolean verifiers. We study its model-checking in the next chapter.



Chapter 7

EPL Model Checking

7.1 Introduction

This chapter studies the model-checking of EPL or Epistemic Protocol Logic. As introduced
in chapter 2, EPL is a DEL-like extension of POL. It is extended by the introduction of
events with protocols that assigns expectations to new possibilities. It is to be noted that, we
are not considering EPL in its most general form as introduced in [62]. To be precise, the
actions we are considering do not change the propositional facts. A detailed discussion can
be found in Chapter 2.

We prove the decidability of the model-checking problem of EPL. The main result we
prove here is this:

Theorem 65. Model-checking problem of EPL without any fact-changing action is in
2−EXPTIME.

The model-checking of EPL finds an interesting utility in the case of plan-existence
problem where there can emerge new possibilities and one wants to decide whether there is a
plan in this updated scenario. For example, take the message passing example introduced
in chapter 2. One can ask whether there is a plan to let the reciever know of the decision 𝑑
without letting attacker know it after installing some protocol, model checking of EPL can
correctly decide this. For more formal discussion on this, please refer the discussion after
definition 21 and the subsection 2.4.6 in chapter 2.

7.2 The Model Checking Procedure

In this section, we provide an algorithm for model-checking of EPL (see Algorithm 16). The
algorithm extends the algorithm mcPOL (Algorithm 6) with the the case for formulas of the



128 EPL Model Checking

form ⟨A, 𝑒⟩𝜓. The overall idea of the decidability is since the formula is finite, a protocol
model A is also finite, hence the decidability follows.

The most interesting case here is of ⟨A, 𝑒⟩𝜓 in the model checking algorithm mcEPL.
The rest of the cases stay the same as mcPOL.

Algorithm 16 mcEPL
Input: M = ⟨𝑊,𝑅,𝑉, 𝐸𝑥𝑝⟩, 𝑠 ∈𝑊,𝜑.
Output: Returns True iffM, 𝑠 ⊨ 𝜑

1: if 𝜑 = ⟨A, 𝑒⟩𝜓 then
2: if 𝑓𝑉 (𝑠) (𝑃𝑟𝑜𝑡 (𝑒)) = ∅ then
3: Return False
4: Return mcEPL(A ⊗M, (𝑒, 𝑠),𝜓)
5: if 𝜑 = 𝑝 is a propositional variable then
6: return True if 𝑝 ∈ 𝑉 (𝑠); False otherwise
7: if 𝜑 = ¬𝜓 then
8: return not mcEPL(M, 𝑠,𝜓)
9: if 𝜑 = 𝜓′∨𝜓 then

10: return mcEPL(M, 𝑠,𝜓) or mcEPL(M, 𝑠,𝜓′)
11: if 𝜑 = ⟨𝜋⟩𝜓 then
12: for all modelsM′ inMΣ★ do
13: if 𝑠 ∈M′ and the oracle ResidueModelExistence(M,M′, 𝜋) accepts then
14: return mcEPL(M′, 𝑠,𝜓)
15: return False
16: if 𝜑 = 𝐾̂𝑖𝜓 then
17: if ∃𝑡 ∈ 𝑆 such that 𝑡 ∼𝑖 𝑠 and mcEPL(M, 𝑡,𝜓) then
18: return True
19: else
20: return False

We now provide the correctness of the algorithm mcEPL.

Theorem 66. mcEPL(M, 𝑠, 𝜑) returns True iffM, 𝑠 ⊨ 𝜑.

Proof. The proof is by induction on the structure of 𝜑, similar to the proof of Lemma 24,
which is the proof of correctness for mcPOL (Algorithm 6). We extend the correction in
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Lemma 24 with the new case 𝜑 = ⟨A, 𝑒⟩𝜓.

M, 𝑠 ⊨ ⟨A, 𝑒⟩𝜓 iff L( 𝑓𝑉 (𝑠) (𝑃𝑟𝑜𝑡 (𝑒))) ≠ ∅ and A⊗M, (𝑒, 𝑠) ⊨ 𝜓
iff condition in Line 2 fails and

M⊗A, (𝑒, 𝑠) ⊨ 𝜓
iff condition in Line 2 fails and

mcEPL(M ⊗A, (𝑒, 𝑠),𝜓) = True, by IH

iff mcEPL(M, 𝑠, ⟨A, 𝑒⟩𝜓)

□

Moreover, what is left to prove is its decidability, that is, even though by theorem 66 the
algorithm outputs correctly, is the algorithm deciding it in finite steps?

Theorem 67. EPL model-checking is in 2−EXPTIME.

Proof. The Algorithm 16 is correct by Theorem 66. It remains to shows that it runs in double
exponential time. Algorithm 16 is recursive. Considering 𝑚 to be size of the model and 𝑛 be
the size of formula.

Consider the oracle call in line 13 (ResidueModelExistence). As per lemma 12, given
a modelM of size 𝑚, there are at most 𝑂 (2𝑚) many elements inMΣ★. Hence given a model
of size 𝑚, the oracle takes deterministically at most 𝑂 (2𝑚) steps since it traverses along
|MΣ★ | many models in worst case.

Note that, as recursion goes deep, the size of the model increases and the size of the
formula decreases. Assuming |A| = 𝑘 , for some positive integer 𝑘 , the input size of the
recursive call inside this case will have model size to be 𝑚𝑘 and formula size 𝑛− 𝑘 .

Since 𝑘 can be of any size from 1 to 𝑛− 1, we take the largest of all protocol models
occurring in 𝜑, say the size be 𝑎. In the following recurrence equation, 𝑇 (𝑚,𝑛) denotes the
steps required for the algorithm on input of model of size 𝑚 and formula of size 𝑛. The extra
𝑂 (2𝑚) are the steps required by the oracle ResidueModelExistence.:

𝑇 (𝑚,𝑛) ≤𝑇 (𝑚𝑎,𝑛− 𝑎) +𝑂 (2𝑚) (7.1)

By induction, it can be proven that 𝑇 (𝑚,𝑛) ≤ 𝑂 (2𝑚𝑎𝑝𝑜𝑙𝑦 (𝑚𝑛) ), where 𝑝𝑜𝑙𝑦(𝑚𝑛) is a
polynomial over 𝑚𝑛. □
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7.3 Conclusion and Future Work

One of the central themes of this thesis was trying to bring out a fragment of Epistemic
Planning which is computationally much easier. We posed two main questions in chapter 1
that this thesis has tried to answer.

The first question was about finding a decidable fragment of Epistemic planning. The
approach was to bringing in something similar to public actions rather than more general
private ones that DEL deals with.

In chapters 3, 4 and furthermore in chapters 5 and 6, we have seen that model-checking
and satisfiability of POL serves this purpose. Essentially, each “public" observation can
be thought of an atomic action model. To be precise, each observation can be considered
as an action or event model, which has only one action point, hence signifying it is public,
since it mean all the agents can actually distinguish which action is being executed. Note
that, in DEL as well, updating with public action models can never increase the number of
possibilities in the epistemic model, an occurence that is very similar to POL

The main advantage here that we get is the use of Kleene star. What separates the
PSPACE-completeness of DEL model-checking [6] and the undecidability of Epistemic
planning [14] is the fact that the syntax in the DEL formula is extended by composing actions
with Kleene-star in addition to choice and concatenation. Hence, one can talk of properties
resulting after some finite iterations of actions. In POL model-checking, even though we take
away general actions, reasoning of finite iterations of such public actions, that is composition
with Kleene-star, stays intact.

Hence a natural extension of this study will be answering the question as to what extent
can the action models be generalised, so that one can get to keep Kleene-star as well as keep
the planning instance, at least in the decidable region, if not easier complexity classes?

Coming to the second question. The second question that was presented in the first chapter
was about epistemic extension of linear temporal logic (LTL𝑘 ). The connection between POL
and LTL𝑘 has been shown in chapter 6. As it turns out, although POL gains some reasoning
power against LTL𝑘 in terms of counting even or odd temporal points in the future, it is not
entirely as powerful as LTL𝑘 . This is because, in LTL𝑘 , as time proceeds, the states can
change its valuation, but in POL it remains constant, even though the expectations residue.
Another very related framework would be EPDL that is necessary to be looked into [41] for
studies in this case and how close the framework comes to LTL𝑘 .

In addition to this, we have also looked into model-checking of EPL in this chapter,
where we consider actions that do not change propositions. The action models in DEL can
also have a post-condition attached to each action, as defined in [20]. Post-conditions give
new valuations in possibilities in the updated model. If public observations correspond to
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public actions, expectations in possibilities are quite similar to the notion of pre-conditions in
the actions from point of view of whether one “can observe". From this point, reassigning
expectations, as EPL and its general form defined in [62] does, can correspond to a similar
notion of what post-condition does. Hence exploring the more general Epistemic Protocol
Logic and its connection with DEL needs to be studied further.
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