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OBJECT TRACKING USING STRESS INDUCED SURFACE SEEKING
MODEL

Abstract

Detection and tracking of object is one of the basic goals in video image processing. We use a
region based active contour model. The proposed model is a modified version of active snake model
by Kass et al. (1987) [1]. While the original active contour model relies only on edge gradient force.
we have designed stress density model for the image region within the object. The image space is
assumed as deformable metal plate. The stress distribution on the plate due to presence of an object on
the plate is modeled. The intensity of pixels representing object forms the surface where stress energy
s calculated. The performance of the proposed algorithm is atiractive as it introduced a range of the
external force term in this model. We have applied our technique to segment synthetic and real
Images. It is also shown that the algorithm can successfully track objects in a real video sequence.
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1 Introduction

Detection and tracking of an object in a movie sequence is one of the most interesting and
important tasks in image processing and computer vision field. It is basically an image segmentation
process. Multitudes of techniques have been proposed in order to approach this problem such as
Snake: Active contour model [1][2]. Deformable surface spine model [3]. Morphological Anaivsis
with Active Nets {4], Anticipating snake model [5]. In general techniques can be classified in two
broad categories:

1) Satistving homogeneity property in image features over a large region (for example:
Anticipating snake model [5]).
1) Detecting abrupt changes in image features within a small region (for example: Snake:

Active contour model [1][2]).

The first approach extracts the region as a whole within which some measure show the
homogeneity of image feature. The second one detects the edge between two regions. A particularly
attractive 1dea consists of obtaining a mode! of segmentation that integrates the behavior of two image
segmentation processes stated above. In the proposed model in this paper.-active snake model is
improved by moditying the external force terms. which makes the model exploit region and contour
property rather than only contour property.

In proposed model. 1t 1s assumed that image is an elastic metal plate that is deformed towards
important image features. Alternativelv it can be explained as follows. Without the tracking object
image is assumed to be a plane undeformed elastic metal plate that has no internal stress. Internal
stress s induced due to deformity made by external forces on the metal plate. All the points above the
plate are situated in a particular constant low elevation resulting lower potential energy at every point
of the plate. So without the presence of the object strain energy and potential energy of each point of
the plate is negligible. However. when the object comes in the picture it changes the intensity value of
the region it represents by a considerable amount than its surrounding region so that viewer can
distinguish the object. As a result the metal plate that is assumed to be undeformed becomes distorted
due to the introduction of the object. Surrounding region of the object is assumed as mildlv stressed
region. The region representeéd by object inside the image plane becomes a high stressed and elevated
zone in terms of image intensity compared to its surrounding region. As a result energy density for the

object region proportional to the elevation of points therein. is higher than that of its surrounding
region.

s From the above discussion, it is clear that inside an image a distinct object means a high area
consist of high stress energy density and its surrounding area consists of low stress energy density. So
- 1If segmentation is performed between the object and its surrounding. homogeneity of energy density
can be taken as discriminating feature. The mechanics of this segmentation process is guided by a
variable elastic contour capturing the region of the image for which stress energy density 1S maximum.
The high stress region represents object. In case of tracking of object. the contour is approximated by




the user near the object in the first image frame. The contour encloses the object by seeking high stress
energy density zone. In the next frame the contour is placed in same position where the existence of
object is found in first frame. In second frame starting from that position contour seeks again for high
stress energy density zone until it is found. In the third frame contour is initialized at the position
where it gets object in second frame and searches for the object. This process continues in fourth and ¢
frames onwards until the object in all frames is tracked. In all the cases stated above 1t 1s assumed that

the position of the object in two-consequence frame should have a common overlapping zone.
otherwise algorithm fails to track the object.

To test the behavior of the model in a real domain it 1s applied to track the image of white
blood cell flowing inside the blood vessel and good result is obtained.

The next section describes active contour model briefly. In section 3 the methodology of

proposed modei is presented and in section 4 some of the tested result is given. In appendix section
detail derivation of the proposed model is incorporated.

2 A brief over view on Snake model [1][2][5]

The basic structure of active contour model utilized an elastic but rigid "closed contour. This
contour is guided by an internal energy that controls stiffness of the contour and an external energy
that guides the contour towards object in the image. The contour can be defined as geometric

mappings from material (parametric) co-ordinate domains into 2D Euclidian space R~ by the
following mapping M [3]:

M: s = c(s) = (X(s), Y{(5)). A1)

where se[0.1], 1s univariate material co-ordinates and ¢(s) represents contour. The contour or snake

can move freely 1in image plane. Main goal of the movement of snake is the minimization of an energy
term. The energy term is given by:

- - =

1 faxy (a}f o (kY (er Y|,
c= 3% o) la ) 1T s == |tas- [F.d (22
a[ 2 ;[ 65] aS] 2'3 s Js° 3 .5“ et S (

-

. - .

Where o s elasticity parameter and B is rigidity parameter. In the above equation the first order
derivative terms are strain energy terms and second order derivative terms are bending energy terms of

the contour. F,,, is the external energy, which tries to bend the contour. Actually this external energy

is the pixel tntensity values on the contour. The negative sign before the term consisting of external
energy tmplies that when the total energy term tends to minimize then the term containing the external
energy tends towards maxima. The external energy term tries to distort the contour and shift the
contour points outwards in positive gradient region while pull inwards in negative gradient region. The
elasticity and rigidity terms try to keep the contour as stiff as possible in its previous position. When 2
trade off between these two opposing energy terms gets minima. the resultant contour gets its
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equihbrlum position. This scenario is very much clear if result of minim:ization of above energy lerm
is taken as the basis of analysis. {f above energy term is minimized with the help of calculus of
- variation following two equations are derived {2]:

~F AT =0 {3208
~j +AX=0 42

where fx and f, are gradient vector in X and Y direction on the contour points and X and ) are X

co-ordinate vector and Y co-ordinate vector of the points on the contour respectively. A 1s the
coefficient matrix may be called as rigidity/elasticity matrix [5]. These two equations give the extrema
condition of total energy term for a contour position. As differentiation of energy term with respect 1o
distance gives the force so equation (3.2) and (4.2) give the amount of force generated 10 move
contour points in X and Y directions respectively. To find the set of points on the contour for which

energy is minimum, gradient descent method used to equations (5.2) and (6.2). The corresponding
numerical equations are:

X =(1+AY [fﬁ-X’JAI 452

Y =(I+AY) (;’ +}”1 {6.2)

Where X' and Y'*'are the iterated points at (t+1)th iteration while ¥'and T are the previous set of
points and I 1s an identity matrix. Here A: is the time step by which amount of movement of contour
1s controlled for numerical stability. From the above equations it is clear that previous points
incremented by gradient vectors give the new sets of points. So if the value of the gradient of intensit

in image plane 1s positive coordinate values of the point are incremented and for the negative gradient
this 1s reversed. This fact is illustrated in figs 1.2 and 2.2..

Contour( t th iteration)

+ Vo ) Contour (t+1 th iteration)
Pixel N L—"

intensity

Gradient force direction

/!

Plane with positive gradient
X.Y (part of image piane}

hg 1.2%
Figure shows the direction of gradient force activated on
contour in positive gradient plane.

4

Ml

*First digit in equation number before point denotes serial number of equation in an article and

second digit after point denotes the article number. Same convention is also followed for figure
number.
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Contour (t+1 th iteration)
Oﬂ‘ltour (t th iteration)
A r\)

Gradient force direction
~_ Plane with negative gradient
(part of image plane)

Pixel
intensity

> X.Y

hg 2.2
Figure shows the direction of gradient force activated on
contour in negative gradient plane.

Y / — Intermediate positions of contour

\ T / in the time of numerical iteration

object

Section A- A’

v
— X

Final position of /' - \

contour at end of
tteration.

fig 3.2

g 3.2
Flgure shows a plan view of contour approximation process. The green colored contours shows
the intermediate positions of contour during of numerical iteration. Biue colored contour
represents the final position of contour at the end of the iteration. The arrows show the direction

of force, which drives contour towards equilibrium position. The sectional ( A — A"} view is
shown by figures fig 4.2, fig 5.2.




Pixel intensity
A

Section A- A’ X.Y plane
fig 4.2 |
Figure shows the elevation view of A- A” section of fig 3.2. The color notation of contour is same as

in fig 3.2.

Gradient of intensity
A

X.Y plane
Section A- A’

fig 5.2 |
Figure shows the elevation view of A - A section of fig 3.2. Y-axis represents the gradient of intensity

in image plane. The color notation of contour is same as in fig 3.2. The figure shows that contour gets
a equilibrium position where gradient of intensity is zero.

Fig 3.2. 4.2 and 5.2 shows a brief overview of mechanics of snake model. It is noticeable that

accuracy depends on strength of the edge. The equilibrium position occurs near the position of the

F F .
contour where %{—- =0 and SY =0 (where F is the intensity value of pixel at (X. Y) position).

Energy term represents the amount of work done required to change the shape of the contour
from its equilibrium position. Say. for the small change of contour at (i+1)th iteration, the point P,(y)
1s shifted to point P, (s) in the direction u(s). In this shift amount of displacement is say I(s) and the
force activated is F, (s) then the amount of work done is given by dw = [(s)F (s)u(s). The process

1s illustrated in fig 6.2.
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P+

fig 6.2

Figure shows mechanics of deformation of contour

Any particular contour is a solution of the contour model if forces generated in all the points
.above the contour are zero. |

F (s)=0.Vy .

Fr
where y s the set of points above the contour.

50 the change of energy for all the points on contour is set to be zero.

cv =0.Vy
From the discussion made so far, it is clear that to drive the contour the force is the most
important criteria. In snake model force is mainly the gradient force. which is directly proportional to
image gradient. So absence of proper gradient force may lead the snake model 1o a meaningless
contour approximation. The model prescribed in this paper. depends not only on image gradient but
also on interior property of image surface. which vields comparatively better result than snake model.
The next section of the report describes the methodology of proposed model.

3 Proposed methodology

The high stress density zone searching model uses a two dimensional surface representing an
image plane enclosed bv a contour. This contour is guided by an internal energy (same as active
contour model) and an external energy. which is designed in a different way from the snake model. As
the image is a two dimensional surface. it can be defined in 3D Euclidean space ‘R’ as:

F=t (X.Y),

where F is the intensity value at the point (X, Y). As image plane is assumed as a metal piate. energy
at any point 1s due to its elevation from its datum level. The potential energv. which is induced due to
elevation of intensity surface. is directly proportional to height from the datum level. Datum level is
taken as zero intensity value. So potential energy induced is directly proportional to the F. Strain
energy induced is directly proportional to the square of the first order derivatives of F and bending
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energy is proportional to the square of the second order derivatives of F. So assuming metal plate
mode! for image surface external energy at any point on image surface can be defined as [5]:

- 3 A 2 - 3 >
cFi cFi |cF oF ¢ F c F .
+ W5, -+ 11’22 + “'.'-‘rﬂ + “?FI + W, |—

cx “|eX| ey oY .Y cAcY ieY
(

BF(X,}') =w,, F + w,y,

where w,, is gravitational parameter, w,,,w,,, w,, are elasticity parameters and w,,.w, ., are

rigidity parameters. Subscript p is to denotes energy at point (X,Y). Fig 1.3 shows geometrical
structure of the scheme. Actual contour moves in X-Y plane at Z=0. Projection of the contour in image
plane encloses the object. From the discussion in section 1 contour moves in a way that the difference

between the energy density of region inside the projected contour and region outside the projected
contour tends 1o maximized.

Z
A

s Image plane(f)

Image plane.

M Projection of actual contour In

Actual comour (at z=0 plane)

- > X
fig 1.3
Figure shows relative position of image plane and contour
Y
A

c'(s)

~ >
fig2.3

Figure shows region R enclosed by contour c¢(s) and region R’ is bounded by
contour ¢fs) and C’(.'.i‘)frum inside and outside respectively. L is the total region

bounded by ¢ r(.!s‘ )

Page 11 of 32



Let R denotes the region inside the contour and R denotes the region outside the contour,
“Contour is denoted by c(s). The entire image plane is bounded by a rectangular shaped fixed contour
¢'(s). So ¢(s) moves freely insides the region enclosed by c'{s)and the region R’ is bounded by ¢(x)
from inside and bounded by c¢'(s) from outside as shown in fig 2.3. U is the total region enclosed by
contour c'(s). Energy density or average energy distribution of region R bounded by contour c(s) is
given by:

) [ wteiore (X Y )Xy
O [Texar
Rie)

E(ap

Expression in (2.3) gives the energy density of object region. Energy density of surrounding
region can be found out by evaluating the energy distribution of region R’ as follows:

|| ricioreion® o (XY dXdY _ e (XY )XAY = [[ e, (XY )dxdy

[[eorecnsddy IJ . adxar-|[  dxdy

E(EF )i Sl =

RIS

E(E.P)1 1i5 a function of c(s), whereas E(‘ep)n; e jis function of both the contour cts) and

c'(s). ¢'(s) is fixed, E(EF)_.{ (o, 15 also the function of only c(s). A new parameter is being introduced

here known as distance function as defined beliow:
d (C(S))z E(E p )1-1.-.-} - E(Er. )L.{_t_,_{_“.l L(4.3)

The distance function gives the difference between energy density of region inside the contour
and energy density of region outside the contour. Qur objective is to maximize the distance function
with respect to contour position.. Result of maximization gives a contour. which should identify the

object correctly. Expanding the terms in the right hand sides of the expression (4.3) the distance
function can be written as:

€ (XY )xay [ e (XY dxay - [0, (XY haxay
_— ."'" __{_

N
urlels) IJ dxar L axar - . dXdY

A1
P gl

Above expression is a functional of variable contour. To find out maxima of distance function
It 1s preferable to take the help of variational calculus [7]. Variational calculus cannot sohe the
problem for nonlocal function [7] where numerator and denominator both contain the variable w 1th
respect to which extrema is to be found out. Expression (5.3} is a nonjocal tvpe of function as variable
c(s) 1s present both in the numerator and denominator. It requires redefinition in such a wav that it

~
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“should fulfill two basic criteria. First of all. the redefined function should be a nonlocal function and
secondly it holds the extrema value for the point where distance function also holds the same.

Maximization of any composite function, which is a ratio of two positive functions (function
.which always gives positive value) means that maximization of function In numerator and

minimization of function in denominator. For an example, if . a composite function of f, and /..

/5

of the form f, = == then maximization of f, means maximization of f, and minimization ot /.. So
3

maximization of f, is equivalent to maximization of function ¢, = 7, — /;. By the equivalent term it 1~

denoted that for the values of variables for which £, is maximum. should also make ¢, maximum.

From the above discussion it can be concluded that if expression (3.3) i1s to be maximized, ther
It 15 equivalent 1o the maximization of expression given below:

C(S I,[Rfcnnri P X Y)dXdY -” H'ﬂ"”
et o s o

awar - [ | dvr

I N

Further simplification of the above expression leads to:

HH [’”HHMI & X }HXd} - .” HH“”dXd]"]

-—“j o p (XY MY - ] ,“wad}f’} {6.3)

Contour c'(s) is a fixed contour. When change of d,, (c(s)) with respect to c(s) is found ou

for extrema condition, then contribution of the terms that depend on c¢'(s) is zero. So o, (¢(s)ii:
turther reduced to the equivalent expression:

d [jj,‘,m” (X )xdy - H“_““d_l{d}} (7.3)

Above term is the amount of external energy equivalent to term IFL,_Hds in (2.2). So the

()

complete energy expression of high stress density region searching snake model, which s ¢

combination of internal energy term (strain energy and bending energy of contour) and external enerus
term (distance function) is as follows:

] :] i .-.A 3 2 ;\: A xe N
a2 (2 oo (2
012 oS s 2 O~ os” )

|:}L ”Hnm] P pe })d‘&d} o ” (8.5

TR }jl



The two terms A and & is taken for making dimensional equality with the other energy terms
- of equation (8.3). Values of A and £ are taken as one. Minimization of above energy term with the

. help of variational calculus gives two extrema in X and Y direction (Detail derivations are given in the
- appendix):

[- E,,+l)(}"'-f)+A)?=o (9.3)

[Ep —I)(f'—.i")+A}7=0 - ..(10.3)

E  1s the energy matrix. If there are » points on contour then dtagonal element of energy

f. —r —

matrix 1s vectorg =[EF(XI,Y,),8F(X_H}‘, Loe (X Y 1I' Terms X.Y¥ and 4 carry the same

- TR T o pNTT R

meaning as in equation (2.2) and (3.2). 1" represents vE:ctor[}”: D D S X ]r, similarly X' represents

vector [XE,X‘.,_,...,XFXI]T (For detail explanation refer appendix). Unlike snake model the left side of

above two equation gives the amount of drag force which drives the contour towards minima. For the
above two equations the minima finding iterative equation given by gradient decent methods are:

!

¥ =1+ A)"([— E, +1)(}*’” P )+ X (A (113

ry

Pl =1 +A)"HEP-—I)(X’” SANAN (12.3)

f

i

In next section some real domain application results of the proposed algorithm 1s presented.

4 Results

The high-stress seeking algorithm is applied for testing different tvpes of images for object
segmentation and tracking problem. The weighting coefficients (a,B,u'-m,wm;wy,wm.u';,_ugj ) are set
empirically. The values of the weighting coefficients are influenced by the imaging condition for
example image intensity and noise characteristics. For the iImage sequence shown in resuits. the
propqsed algorithm is tested on a 797 MHz microcomputer. For both object segmentation and
tracking, an initial contour is manually placed closed to the actual object. For all the examples shown
thg: initial contour consists of 62 sample points. The iterative energy minimization technique derived
using equations (11.3) and (12.3) deforms the initial contour and ultimately encircles the actual object.
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| Our proposed algorithm encircles the target object accurately but 1t cannot detect the object
boundary perfectly. Future work should improve this discrepancy.
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Y Appendix

Calculus of variation deals with functional. The term functional can be explained by an
-example given below[8].

Let problem is to find out a curve through two points (X;,Y) and (X1.Y2) whose length is

‘minimum. It is same as determining the curve Y=Y(X) for which Y(X;)=Y, Y(X:)=Y- such that
X

i+ ¥2)ax is a minimum.
X,

In general terms, we wise to find the curve Y=Y (X) where Y(X1)=Y, and Y(X-)=Y- such that
for a given function f(X,Y.Y').

A
| f(x.7.")dx A(1.7)
A

s a stationery value or an extremum.

An integral such as (1.7). which assumes a definite value for functions of the tvpe Y=Y (X) is
called a functional.

In differential calculus. we deal with the problems of maxima and minima of functions. The
calculus of variations is however. concerned with maximizing or minimizing functional.

The eqﬁatian (8.3) 1s a functional as it is a function of variable contour defined in (1.2). In (7.3)
distance function is defined as,

e (els)=| [J.ooe, (rovmasar - [j  axar]

Changing the surface integral to line integral by applving Green's [6] theorem we get.

dyo(e(s))= J(Pdx + 0d)) - (- vax + xay)

1 } 1 A
where P =3 jEF(X.!)dI and Q:; JE:F(!.}’)dr
el { =
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Appling the change equation (8.3) becomes.

0

el ]
&= [{2a

p—

-

J (¢

]:

—

gl

-

c-X

) +( q.

2

| 4(- ydx + XdY)

—

Convert the line integral part into parametric form the functional can be expressed as:

e= |}

0

| . : ,
N R
K ds 2 ds
¥y ey
5 ) +1 Y ?d‘;
B - . . .
- j.(Pm--+ ]'ag -:h(')ff——)——*-l-Xd—jr A
3 2 dsy T ds 2 ds )

Let the (X(s).Y(s)) be the the contour which make £ an extremum. Let

X(s.5,)=X(s)— Z h(s)
Y(S-E;j._ ):Y{S} o i: h(S)

I

Ao
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be a neighboring contour. The energy € for the contour defined by (3.7) and (4.7 18

€(%,.5,)= j%a [d)f)”“i' dzif)‘j“ +(d2‘3)+€2 dz(:—)}' ”
1l - dZX(s)+ d hs) 2 d*Y(s) d’his) t
+5|.2f3-( s’ g, FE } +( % +& o ] <ls
— | P(x(s)+ & (s) }f(s)+g,,h(s))[dﬁf ), e dh(s)) n
oL ds ds |
J3treeaf Gl 2
- [l (x(s)+ & (). ¥ (s) o s L) 4z ANy
0 \ as as |

[0 ato) ) g, L) Ly 57

ds T ods

L . ) _ . - , . CE
This being a function of £, and &,is maximum or minimum for Z,=0 and £.=0,when—— =0
cZ,
or> ’
and—=0atZ,=0and &£,=0
CZ

Differentiating (5.7) with respect o &, ,we get,

—

- | N T ol N
{f ==Ja d)‘;(s)—kg] dz(i) dz(s)ds+ .[B ddkﬂ(.ﬂ)+éi ddhgs) ddf?gﬁ_)dﬂ
= v- ) v - ? 0 L § A | A
I . _ ~ )
oP . { dX(s) dh(s)J an(s)] . ' ai(s)
B “h P S = — s -*-E,,] LY ¢
,ﬂé‘—X (S{ g g )7 ) dd* Uf_z()(ﬂ} L)) " ds
| m [ -
0Q N d¥(s) . dhlsN]|, ] {a’}’(s) dhls)"
- h ds + 1| —his z de (6.7
(J'-l:EX (S( dS +&J dq, )_ S Ell- 2 (i' dj‘ + -~ dﬁ- J S (' I

oy I
Puae. R
- —_—— - -



Making LE 0 at £,=0and &,=0.

-

C»_

E - ; >y s ‘ | - . ; [ 1
f“l dX(s) dn(s) e JB d ,kj(s)d }?E.s) o I( P h(s)dX(a) difs) o tl (s
;o ds ds ds- ds” oX ds ds ) 2

0

80 Y(s) el dr(s), _
aXh(s) - ds + !-Eh(s) n ds =0. (7.7)

0

A basic formuia of differential calculus is:
jd(m-)z judv+ jvdu Which implies Ivdu:wm judr. (8.7)

Implving the result of (8.7) different terms of equation (7.7) is evaluated below:

| f ' 1 s

JEI dX (S) df?(S)ds_z IU. dX (.’s )dh(s)

ds ds ;o ds
_ _axts) . *
Let u=h(s) and v= y then as per equation (8.7) above integral become:
s

¢ odX (s)dr ' 1T

I{I (5) ?(S)ds =Q h(ﬁ)cﬁ((s) - Il?(s')d /\,,(\)ds

; ds ds I as |, ds”

As s=0.s=1 represent same point, first term of integral is zero. it can be written as:

| “(s) dh
Ia‘a("’) (s )ds—ﬁajh X 4 (9.7)
: ds ds d.s‘_
Similarly,
5 d:‘Xr ¢ dlh 5 2 ‘ \I
jB 1(5) ES)dF:'[E) d Xj(S)d(dh(S‘ !,
das- ds- , ds~  \ ds )
dhis
Let u= (5) and v= 4 Als) then as per equation (8.7) above integral become
ds ds”
— =] ) |
dh(s)d’ X(s) rdh(s)d* X (s
:B () :( _B[ () ;( )d.f&'
das  ds . oods ds

dh
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l |

'::X..-
ds”

dh

i |
‘CD

dh(s
j. ds (As s=0 and s=1 are same point, first term of integral is zero)
0 d .
}
Q0

_,I

—- 8 h(s)d:’} J

L J0 0

+B Ih( )d X( )dS(With help of (8.7))
ds*

=B fh(s)ddX4(S) ds(As s=0 and s=1 are same point. first term of Integral 1s zero)
., s

Result of derivation is:

ro d°X(s)d" h(s) ¢ drX(s) - -
[P st JHls)==ds (107

Now we are going to simplify another two Integrals given below:

dhls )

p dhls)
[ ds

f ds pal i[i; (S)

{H

ds

comparing the integral with (9.7} it can be directly written:

| | ) |
2] o Jls) j”' P P, (11.7)
oas ; &X ds Y ds

il Ndhls) e dY(s) -,
[flim}(“ﬁ) ds ds“ff}'(s) 7 (12.7)

0

With the help of the equations (9.7). (]0 7). (11.7). (12.7) the equation (7.7)can be written as:

| 2 xr | 3y-f ] . 7
- [h(s)d )L,.(S)ds—i-ﬁ jh(:;)d Aj‘j)ds — -@h( )dX( 5) lh(ﬂ P X 6P al jds
- ds- ; ds Y oX ds - L EX ds 5]” ds

Load¥ls) 60 ar(s) vt dv(s)
- [=h ds — [<= h(s ds + [— ds =
S Hs)= s f{EX )= s y i) s

By simplification the equation becomes:

L[ L dX(s) 5 X(s), ep dr(s) _dr(s) a0 (s )},’(5 o0 e
! 5

ds” ds* cY o ds ds X
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As /i(s) is an arbitrary function, from above equation it can be written as:

d"X(s) d'X(s) erdi(s) ay(s) éQ dy(s)
— n TB ? 4 — -+ .
ds- ds cY ds ds cX ds

=(} | 4T

Apply the Leibnitz’s rule,

cP |
—=—~—¢ (X.Y
cY 2 p(4.F)

[n similar way

SN dEXG) . dtx(s)
-& (X.1)+1)—-q A =0 L(15.7)
(' (A1) )ds ds - P ds’

Writing this in terms of discrete points

[T

e (X, )+, - V) —a(X,, ~2X, + X, )+ B(X,., —4X_ +6X —4X_ +X _)=0
e (XY )+ 1NE, =T )+ BX L +(—a —4B )X, + 2+ 6B )Y = (~a —4p )X

+BX ., =0 (16.7)
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It contour have n number of points. then n no of equations come out putting iI=1.2,...n in
(16.7). The equation can expressed in matrix notation as:

( Te (X,.1) 0 . o ] ] [nD
0 e (X..}1.) . . 0 Y ¥
~ ' + 1 et B N
}:: }}n—l
l 0 0 € ,.( ,,:Y,,)_ JALhY UL
{(2a+6B) (-a—4B) B 0 0 0 3 (—a —4B )
(~a-4p) (20+6p) (~a-4p) B 0 .. 0 0 P
3 (~a-48) (Qu-6B) (-a-4B) B 0 0 0 A
(ca-4B) B 0 0 0 B (~a-4p) (200+6p).
X
X,
=g - ~(17.7)
X
X,

[ is an identity matrix of same dimensionality with E . The equation can be written in a vector

notation form:

/ ™
| ~E,+1[["-T)- AT =0 | (18.7)
s ) .
where.

£ (X 1) 0 )

( e (. 1)

E =

0 0 . .og (X,.7)
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_)’jn " }-.i "_: L—~ \fl —
Y, Y X,
} = and }'= land \' =
Y, Y, X,
R RIS XL
(2a+6B) (-a-4B) B 0 0 0 B (o —4p)]
(~a-4B) (Qa+6B) (—a-4B) B 0 0 0 B
and A= 3 (—a-4p) (Qa+6B8) (~a-4B) B 0 0 0
(~a-4B) B 0 0 0. . . p (~a—-4B}) (La+6B)

Equation (18.7) is the extrema condition of energy function (8.3). Gradient decent method 1s
used to find out the contour for which energy function is minimum. It is a numerical method. In this
method extrem value of a function is evaluated by finding out the values of its variables for which
function is extremum. Initially the condition for minima is evaluated in arbitrary current position. It 1s
obviously not satisf\' extrema condition. Then. this evaluated extrema condition is subtracted from
variables to get the new vaiues of the variables. which are more close to minima. We applied this
procedure iteratively applied until the minima condition comes out correctly. In gradient decent
method numerical equation for finding out X coordinates of contour 1s:

- —

—
-t

Yo X = (—Ep—.l (" -7 )+ AX (19.7)

BN |

where X' denotes X coordinate values at t+1th iteration and "' denotes X coordinate values at t th
iteration. But equation (18.7) is numerically unstable [9]. Corresponding numerical stable equation is.

X ={1+A) ([— E -1 (" -7)+ X ]m (20.7)

.'j

where Az is the time step by which amount of movement of contour is controlled for numerical
stability. Equation (19.71 modities the X coordinates of contour.
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Ditfferentiating (3.7) with respect 1o 2, .we get,

-Ei:=].(1?d)r(5)+i., dh(.s)th ﬂ)d N JB d:}"q('ls']+é1 a’:}?g.s') d:hgw)dﬂ
¢z ; ds T ody ds - ds” CodsT | dsT
Nl § | | _ AN
~nchP (s dX (s) +E dh(&)) I — -l—h(.s'(dX(ﬁ)+Fﬂ dh(s)] "
DLE‘-Y ds ds | 2 ds ds |
T 20 {d}’(s) dh(s)\ _dn(s)], 'd1 dnis)
- | =h ) 4, ds + {| —{(X{s}+E Als ds 217
JLE}’ N ]“ ds | !_2( )+ &)= |
Making —— =0 at £,=0 and Z,=0.
C=>
'. : | . , ,
c o ds ds | ds- o cY ds 2 ds
- [ EQ-h(s)d} (S)+Odh( ) dﬂ + [l ,\( )dh( )ds =0 227
e ds = ds -2 ds

implving the result of (8.7) different terms of equation (21.7) 15 evaluated below:

| , ' 1 g
I“ dY(s) dhls) Jom Jﬂ dY (s) i)
s ds ds s ds

dY(s) . ‘ |
let u=h{s) and v= y then as per equation(2.7)the integral become become:

* Ay
dy(s)] ', d'Y(s
|U. dtls) dhts )ds h(.ﬁ‘) Hs) —Q jh(.&') _(,ﬁ)d.s'
ds ds ds |, : ds-

i - e

As s=0.s=1 represent same point so first term of integral is zero.it can be written as:

. ]

[ ar (S}dh( )d.s—*u _fh( )d }“) ds L(23.7)
ds ds ds-
Simiarly.

¢ d Y(s)d k(s e dY(s) [ dhls)

o LI Mol g i LTl 00

Jds ds Sodst ods

Letu= d}:j) and v= d;j {‘ﬂ') then as per equation (8.7) above integral become:

) AN
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135 difs)d V)] . 'J-u*;;{__m, )
ds dye Jﬂ ML s
dhis
- P _[ 3 ds( As s=(.s=] represent same point so first term,of integral is zero)
|
d’ 1( )
== dh
B | =g dhls)

_—— 'ﬂ'll
-

- h(s)d:;*‘)

— --U

+ B Ih(s)dd} ( )ds (with help of equation (8.7))

§

5) _ . .
= Ih(s) ; E ds As s=0.s=1 represent same point so first term of integral s zero
S _

Result of derivation is:

| dz}"(s)d:h(s) | d*Y(s) | | .
;ﬁ s =B () (24.7)

Now we are going to simphify another two integrals given below

dh(s) , a’h(x) |
{',[Q ds . '[_ ds &

comparing the integral with (22.7) it can be directly written:

[, dh(s) | dQ | cOdyY 0O dy)

¢, ds=— lhls)—=ds=— {h{s)] =X = s Nz

J as I ¥ )dS - r[ (i)(ax ds T &Y d_f,-J ‘ A23.7)
I* Jas-- j‘“ dt,fs s (26.7)

With the help of the equations (23 3.7 (24.7). (25.7). (26.7) the equation (22.7)can be written

as:
d’ }(c.) d*Y(s) ,  reP ,  dX(s) o I{s) 00 \dY(s)
~a h() ds+B {h(s) ds — [< s — [—h(a) 2 g - [, ds +
' ds’ ﬂj ds* ;{5) Rt {Iz LR J&} )=
e V0 dY 8
'h(s) —Q—-—-.—_Q—E—}—Wdi -’ his dA(ﬁ)dﬁ':O
\OX ds &) ds ) - ds
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13y simplitication the equation becomes:

N RS TR
ﬁ__ad .\{.ﬁ)wd X(s)
A d

& ds cY ds s cX  ds

As h(s) is an arbitrary function, from above equation it can be written

o EX), g d'X(s) P () dx(s) , aQ dx(s)_

- - + y 0 L(28.7)
ds- ds c¢Y ds ds cX ds
~p -/ )
Now —-€—y= -:c:-i -—]-— £ (X,f)dr)
Y cyi 257 )

Apply the Leibnitz's rule.

cO 1 .
SR
so putting the values of - i}; and % In equation (27.7)
c C.
,- X’ s 2y < dy- §
‘LF(AI})—I)d (S‘)*CIUIIES)-%ﬁd }E"):O
ds as- - ds

Writing this in terms of discrete points

e XL =T =X )=a(X, —2Y +¥_ )+ B(1 .. —4Y, +6F —4F_ +T_.)=0

F+ -

(E ,{.X*j?}-: ) — IX,Y__*, - X: )_+_ B}:_: '9‘(—(1 _46 )]:4 +(201 +6B ))f N (—CI __4[3 )}

141

- BY_.=0 (29.7)
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t~8.71. The equation can expressed in matrix notation as:

e (X,.1) 0 . o | Y[y, Ty 7]
0 e (X,.1,) . . 0 XL
| I 1
. . . . X | |lx
U 0 0 oo EF(XH.Y,,)_ LA LA,
(20 +6B) (~a-48) B 0 0 .. 0 B (—a ~4B)
(~a-4B) (2a+6B) (~a -4B) B 0 . . 0 0 B
. B Fo-4B) (a+6B) (-a-4B) B 0 0 0 X
(~a-4p) P 0 0 0. . . B (~a-4B) (2a+6B)
e
Y,
. 1=0 .(30.7)
}tu—l
._}“"...
The equation can be written in vector form as:
| Ep—l)(.?'— ,3?’)+ A} =0 A31.7)
where,
£ 1s the energy matrix and
£ (X,.1) 0 - 0 ]
0 e (X..}N) . . 0
E =
) E
0 0 EP(X,,-}”)J
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Y, A N
Y, ¥, X,
Y'=l . land ¥=| . and X =
X Y "
__XI_ n Yn - . ){" .
and
(20 +6B) (-a-4p) B 0 0 . . 0 3 (~o-4B)
(~a-4B) (20 +6B) (-a-4B) B 0 . . 0 0 B
A= B (~a-4B) (Qa+6B) (-a-4B) B 0 0 0
(o —4B) B 0 0 0. . . B (-a-4B) (2a+6B)

Equation (29.7) is the extrema condition of energy function (8.3). Corresponding numerical equation
in gradient decent method for finding out Y coordinates of contour is:

ro.

}-Ht —}” — _ Eli_lJ(‘i}u _‘i'r; }+ f\}.;!

-

|
r
i
(o

where ¥'*' denotes Y coordinate values at t+1th iteration and )} denotes Y coordinate values at t th
iteration. But equation (18.7) is numerically unstable 19]. Corresponding numerical stable equation is.

. ! . =)
P =(I+AY | (EF‘I)(X” - X )+ }"’)15: ...(32.7)
A\

where A7 is the time step by which amount of movement of contour is controlled for numerical
stability. Equation (30.7) modifies the Y coordinates of contour.
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