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0 Introduction

The open extension theorem of Gromav [8] provides a unifying principle
for the work of Smale [17], Hirsch [10]. Phillips [15], Feit [6], and others on
imnmersion and submersion problems. In the present thesis we study this
theorem in an equivariant context. To describe the problem and results in
proper perspective, we outline bricfly the relevant background.

Let p: E —s X be a smooth fibre bundle, and L B —— X be the
bundle of r-jets of local sections of p. Then a partial differential relation
of order 7. or simply a relation, is a subset R of F{7), and a smooth section
f: X — E of pis called a solution of R, or R-holonomie, if its r-jet
77X — E maps X into R. Let 2(R) be the space of C° solutions of
R with the (™ compact-open topology, and T(R) be the space of continuous
sections of pi™) whose images lic in R. ‘Then the r-jet operator j7 maps HR)
continuously into T(R). The relation R is said to satisfy parametric h-
principle (h for homotopy), or said to be integrable, if 57 : YR} — T'(R)

alerce.

is a weak homotopy cqui

Lot 7: X x 8 — X be the canonical projection, and R be a relation
in the r~jet bundle of the induced bundle 7*(E). Then R is called an ec-
tension of R if the induced map 7{7) between the r-jet bundles maps R
onto R. Now suppose that R is open, and R is an open cxtension of R
which is invariant under the action of the pseudogroup ol fibre-preserving
Jocal diffeomorphisms of X x R (that is, diffeomorphisms commuting with
7). Then the open extension theorem of Gromov states that R satisfies the
parametric h-principle.

The theorem was also proved by du Plessis (5] a little earlier under the



extra conditions that R and R are open subbundles invariant under some
actions of the pseudogroups of local diffeomorphisms of X and X x R re-
spectively. He used a technique of Haefliger [9) and Poénaru [16] (developed
from the early results of Smale [17] and Hirsch (10]), which is based on a

handle body iccomposition of A, On the other iiand, Gromov gave 2 sheaf

theoretic treatment of his theorem. Onc of the crucial steps here is the Flex-
ibility Theorem which concerns certain homotopy lifting property of germs
of solutions of R over compact subsets of X, and Gromov proved this by
introducing the concept of ‘sharply-moving diffeotopy’. The main idea was
to find local diffeotopies of X x R which would keep R invariant and at the
same time ‘sharply move’ the manifold X locally at hypersurfaces.

For a non-closed manifold X (that is, when every compact component
of X has boundary), the extension R of R is not necessary, and the corre-
sponding theorem, a forerunner of the open extension theorem, was proved
by Gromov in his thesis [7]. This theorem was gereralized to the equivariant
case by Bierstone [2]. He took p: E — X to be a smooth G-locally trivial
G-fibre bundle, where G is a compact Lie group, and the relation R to be a
G-invariant open subbundle of X, which is also invariant under some ac-
tion of the pseudogroup of G-equivariant local diffeomorphisms of X. Then
the theorem of Bierstone [2] says that if for a G-manifold X each orbit bun-
dle Xy is non-closed, where Xy consists of points z € X for which the
isotropy subgroup G, is conjugate to H, then R abides by the equivariant
parametric h-principle. The proof runs along the line of Haefliger [9] and
Poénaru (16] via decomposition of X into ‘good’ handle bundles over orbits.

The equivariant version of the theorem of du Plessis [5] was similarly

proved by Izumiya [11]. She considered the same relation R as in Bierstone



[2) under the assumption that R satisfies certain ‘G-extensibility condition’,
and proved that R is integrable over any G-manifold X. The strategy here
is to replace the good handle bundle decomposition of Bierstone by certain
‘proper’ handle bundle decomposition.

The main result of this thesis is obtained by using sheaf theoretic ar-

guments and the technique of sharply-moving diffeotopy of Gromov. The
theorem states that if an open G-invariant relation R in /X7 admits an
open G-invariant extension R in (E x R)("), and if D is a subpseudogroup of
the pseudogroup of equivariant local diffeomorphisms of X x R which keeps
R fixed under its action on E®), and sharply moves X in X x R, then R
satisfies the equivariant parametric h-principle. It may be noted that the
definition of sharply-moving diffeotopy is very complicated in the general
set up of Gromov. Here we have simplified the idea according to our re-
quirement. This enables us to have a clear picture of the general definition,
and to give a more explicit and direct proof of the flexibility theorem in
our context. The final part of the proof of the main theorem does not need
much modification of the proof of Gromov.

The main theorem leads to the equivariant version of the open extension
theorem, which again generalizes theorems of Bierstone [2] and Izumiya
[11] in the sense that we do not require the invariance of the basic partial
differential relation R with respect to the pseudogroup of equivariant local
diffeomorphisms.

Our next application is a generalization of the transversality theorem of
Gromov (8], p-87). Consider a G-locally trivial G-fibre bundle p: B — X,
where G is as before a compact Lic group, and let € and 7 be G-subbundles

of the tangent bundles 7E and 7.\ respectively. Then if for each isotropy
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subgroup H of the G-action on X the dimensions of the H-fixed point sets
satisfy dim X" + dimé¥” < dim E¥, the equivariant sections of p, which
are transverse to £ on 17, satisfy the equivariant parametric h-principle. It
may be noted that here ¢4 is a fibre bundle over EH and dim €7 means its
fibre dimension. When 1 = TX and G = {e}, the theorem reduces to the
transversality theorem of Gromov.

Another consequence of our transversality theorem is obtained by work-
ing with a trivial G-fibre bundle. Let X and Y be G-manifolds, and n
and € be G-subbundles of TX and 7Y respectively. Let R be the subspace
of the jet space J'(X,Y) consisting of 1-jets 7Lf of germs of local G-maps
f: X — Yat z, such that (3}f)In; is injective and N (nz) Négmy = {0}-
Then R satisfies equivariant parametric h-principle, if for each isotropy sub-
group H of G over X we have dim&# + dimn# < dim Y. This theorem
leads us to the integrability of the relation of equivariant local immersions
X — Y. Explicitly, suppose that Inm g(X,Y) is the space of equivariant
immersions, and R ¢(TX, TY) is the space of equivariant bundle monomor-
phisms F: TX — TYsuch that if f: X — Y'is the map induced by F, then,
for each z € X, F|T(Gz), is given by the differential of the map gz — 9f(z)
of the orbit Gz onto the orbit Gf(z). Then the equivariant immersion the-
orem states that the differential map d : Immg(X,Y) — RG(TX.7Y) is a
weak homotopy equivalence, provided dim XM < dimY¥ for each isotropy
subgroup H of G over X.

It may be noted that there had been two previous attempts to prove the
equivariant immersion theorem by Bierstone [2] and Izumiya [11]. Bierstone
used much more complicated dimension restriction than ours, and this may

be described as follows. Recall that an invariant component of a G-space



X is the inverse image under the orbit map X — X/G of a component
of X/G, and that the saturation of a fixed point set XH is the G-subspace
X = G.XH of X. Let {X!} be the set of invariant components of the
saturations X)) partially ordered by inclusion, where Hj runs over the
isotropy subgroups of G over X. Then the equivariant immersion theorem of
Bierstone demands that dim X7 for isotropy subgroup H; over each minimal
component X{ should be strictly less than the dimension of each component
of Y?i. On the other hand, if n = max{dim XH) where H runs over isotropy
subgroups of G over X, and if m = min{dim Y&} where K runs over isotropy
subgroups of G over Y, then the equivariant immersion theorem of Izumiya
assumes that n < m.

In the remaining part of the thesis we consider non-open relations R in
a non-equivariant set up, and observe that the proof of the main theorem
can be modified to obtain h-principle for R. This indicates that the general
theory has a wider range of applications than at first apparent. The case
in point is the following problem suggested by Gromov (8]. Let (V.g) and
(W, k) be two symplectic manifolds with symplectic structures g and h. A
symplectic isometry is a map f: V — Wsuch that f'h =g. Then, if R is
the relation corresponding to the symplectic isometric immersions V— W,
the problem is to establish the h-principle for R. We tackle the situation by
making an appeal to a suitable version of Moser’s stability theorem which
says that a small perturbation of the symplectic form g within its class in de
Rham’s cohomology is diffeomorphic to g. This theorem shows that although
R is not open, it has all the ‘good’ properties of an open relation so much
so that the tactics of the proof of the main theorem are still applicable to

it.



It should be remarked that Gromov studied a more general theorem in
which f and h are as above and g is an arbitrary 2-form on V, and Lees
[12] studied a special case of Gromov when dimW = 2dimV and g = 0
(that is, when f is Lagrange immersion). The general theorem arises as the
I-principle of the solution sheaf of some partial differential operator which
is ‘infinitesimally invertible’, and Gromov proved this by using sophisticated
machinary like Nash-Moser implicit function theorem.

We also prove parametric h-principle for contact isometric immersions.

Section 1 contains the basic vocabulary which are repeatedly used in
the text. Here we state the concept of sharply-moving diffeotopy, and the
main theorem with its corollaries. Section 2 is in the nature of a review.
Here we describe topological sheaf extended over non-open subsets by means
of germs of sections on them, and with a suitable structure called quasi-
topology so as to behave well with respect to direct limits. A topological
sheaf F is flexible if for every pair of compact sets C’ < C the restriction

map F(C) — F(C') is a Serre fibration. The proof of the main theorem is

based on the following h phism theorem: At phism b

flexible sheaves over X, a : ¥ — G, is a weak homotopy equivalence if it
is a local weak homotopy equivalence. In Section 3 we introduced the sheaf
& of equivariant solutions of R, and the sheaf W of equivariant sections of
p(') coming from r-jets of equivariant local sections of p and whose images
lie in R. Section 4 is devoted to the proof of the fact that W is flexible, and
then in Section 5 we prove that the r-jet map j* : ¢ — ¥ is a local weak
homotopy equivalence. Sections 6 and 7 are prerequisites to the proof of
the final step of the main theorem, namely the fact that ¢ is flexible, and

this we prove in Section 8. Section 9 takes up equivariant open extension



theorem, and Section 10 some further applications of the main theorem —
the principal results here are the equivariant transversality theorem and the
equivariant immersion theorem. In Section 11, we discuss Moser’s stability

theorem for symplectic forms, and relative Poincaré lemma for differential

forms. Section 12 and 13 deal with the h-principle for symplectic and contact
isometric immersions.
The thesis may be treated as an exercise in understanding some of the

intricate methods of Gromov, and solving some problems which arise natu-

rally in this endeavour.



1 Formulation of Main Theorem

(1.1) Unless it is stated otherwise, G will denote a compact Lie group,
X a differentiable G-manifold with a G-invariant Riemannian metric, and
p: E — X a G-locally trivial differentiable G-fibre bundle. Recall that a G-
fibre bundle p : E — X is a locally trivial G-map, and that this is G-locally
trivial if for every z in X there exists a Gy-invariant open nighbourhood Uz
of z such that p~1(U;) is differentiably G,-equivalent to the trivial G-fibre
bundle U, xp~}(z). As shown in Bierstone (1], a differentiable G-fibre bundle
is G-locally trivial if and only if it has the equivariant covering homotopy
property.

Let p : B — X be the bundle of r-jets of local sections of p.
Then p inherits a natural differentiable G-fibre bundle structure, where
the action of G on EX7) is given by ¢.3%f = 55.(9fg™?), for a local section f
ofpatz€ X and g € G. Then a partial differential relation, or simply a
relation, is a G-invariant subspace R of E®).

Let E‘g) C EX) be the subspace of EX") consisting of 7-jets of equivariant
local sections of p defined on G-invariant open sets of X. Then Eg) is a
G-invariant subspace of E¢). We shall denote the subset RN ES by Re.
Definition 1.2 A section ¢ : X — EM of p( is holonomic if it is
the r-jet of some section of p. Morcover, if o maps X into R, then it is
called R-holonomic. A section f: X — E of p is R-regular if its r-jet
J°f: X — E%) is R holonomic.

Sometimes we refer to an R-regular map as R-holonomic by an abuse of
Janguage. This may also be called a solution of R.

Notation 1.3 We shall denote the restriction of the bundle p : & — X



over a subspace A of X by plA (this symbol should not be confused with
the restriction map). The restriction of the map p(") : B — X to Eg and
Re will be denoted by p3 and pi'g respectively.

The symbol T (p) will denote the space of O equivariant sections of
p equipped with G compact-open topology, and T@g(p) the subspace of
12 (p) consisting of all R-regular sections of p. The spaces IFxn(pld) C
T2 (p|A) are defined as above with p replaced by plA.

On the other hand, %) is the space of continuous equivariant sec-
tions of p() with the C° compact-open topology, and I%(pig) is the sub-
space of I%L(p()) consisting of sections whose images lie in Rg. The spaces
T%(p5RIA) € I (p7|A) are also dofined in a similar mauner.

Definition 1.4 A relation R ¢ £ is said to satisly eguivariant para-

2r(e) — 150k is a weak

metrie h-principle if the r-jet map j7 :
homotopy equivalence.

Definition 1.5 1f G acts on R trivially, then X x R is a G-manifold with
diagonal G-action. Let 7 : X x R — X be the canonical projection on the
first. factor. If £ % K is given the diagonal G-action as in the case of X x R,
then p xid : £ x R — X x K is a G-locally trivial G-fibre bundle. Let us
denote £ X R by E‘. Let i : X — X x R be the canonical inclusion map
of X into X x K, and denote by #) the natural map from i*(E") to £

covering the identity map of X. This map 77 splits as follows:

o
G . )

T

N R ——e X

(B




where 7 is the canonical map of pull-back, and 7(") : (Ex R)(") — E) maps
the -jet 37, f onto the r-jet 35(m o f o), % : X — X x R being given by
i(y) = (y,t) fory € X.
We call a relation R C (E x R)(") an extension of R, if #(") sends i*(Rg)
onto R
Definition 1.6 Suppose D is a subpseudogroup of the pseudogroup Dg(X) Lbee L=
of equivariant local diffcomorphisms on X. Then D is said to act on E if

there is a map p : D — Dg(E) which satisfies the following properties:
e pis continuous with respect to C> compact-open topologies,
o If A € D then p(\) € Dg(E) covers ), that is, po p(A) = Aop,
o p(ly) = 1,-1y for any open subset I C X,
o p(Aop) = p(A) o p(i) whenever Ao is defined.

The map p induces an action of D on the space of local sections of p, and
hence an action on the jet space E). The actions are given by (), f) —
p(0) o fo X and (A 75 f) — Z(p(A) 7} o foA), where A € D is a local G-
diffeomorphism at z and f is a local G-section of p at A(z). It is easy to see .
that if fis a section of p, then p(A)o fo X is also a section of p; in fact, since
(X) covers A, we have pop(A)~1o foX = A"Topo fod = A1 o) = identity.
We may denote p(X)~" o fo X by A*(f), and 25(p(\)~ © fo A) by X' (55 f)-
Then a relation R is said to be D-invariant if A*(R) C R for every A € D.
Example 1.7 We shall be interested in the following subpseudogroup
De(X xR, m) of Dg(X x R): Da(X x X, 7) is the subspace of Dg(X x X) con-
sisting of fibre-preserving diffcomorphisms, which are local diffeomorphisms

A such that mo X = 7. Then the map p : Do(X x X.1) — Da(E x R)

10



can be obtained in the following way. If A : U x J — Ux J' is in
Dg(X x R,7), where J and J' are open intervals of the real line R, then we
define p(A) : p~}(U) x J — p~}(U) x J' by p(A)(e, 1) = (¢, X' (p(e), t)), where
X :Ux J — J' is a G-equivariant map satisfying \(z,t) = (z,X(z,1)) so
that 73 0 A = A’ (w2 denotes the projection on the second factor). Clearly,
p(A) is a G-equivariant fibre-preserving local diffeomorphism and satisfies
the first three properties listed in Definition 1.6. To prove the fourth prop-

erty, it is enough to observe that
N(z, i (z,1)) = (Ao ) (2,1)

which is true, because on one hand (X o 12)(z,t) is equal to (z. (Ao u)'(z,t))
and on the other hand it equals (z, ' (z, ¢'(, t))).

Let f be a G-equivariant section of p x id. We will describe A*(f) for an
arbitrary A € Dg(X x R, 7). Observe that f can be expressed as f(z,t) =

(f'(z,t),t) where f’ is an equivariant local map of X x R in E. Hence,

(PN)Fo fod)(zt) = (p(N)' o N)(z N (=z.1))
PN (2, X (2, 1), X (2, 1))
(f'(z N (=, 1)), 1),

where the last equality follows from the fact that po f'(z.t) = z for all
(z.t) €U x J.

Notation 1.8 If A is a subset of .\, then the symbol Op A will denote
some small but unspecified open neighbourhood of A in X

Definition 1.9 Let U be an open G-invariant subset in X and let 3 be
a compact G-invariant submanifold in U of codimension zero. Then the

boundary 9B of B is a G-invariant hypersurface contained in U, Let us



denote this hypersurface by S. Fix a § > 0, and set Us = U x (—6,6). which
isin X x R.

Let £c(U,Us) denote the space of smooth equivariant embeddings of
OpU in Us with quasi-topology (see Section 2 for definition), where OpU
denotes a neighbourhood of U in X x R, which may be different for different
embeddings. Then a subpseudogroup D C Dg(X x R) is said to sharply
move U at the hypersurface S if for every positive number a < § there

exists an isotopy o : [ — Eg(U,Us) in D with the following properties.
e 0g is the inclusion map,
o 0/(z,8) = (,3) when z lies outside some m-necighbourhood of S'in U,
o dist (X,01(z,s)) > a for all x lying in some neighbourhood of Sin U,

where ‘dist’ denotes the distance with respect to the G-invariant Riemannian
metric on X x R.

A subpseudogroup D C Dg(X x R) is said to sharply move X in X xR
if, given any open set U and a hypersurface S as described above, D sharply
moves U at S.

Example 1.10 The pseudogroup Dg(X x R, ) sharply moves X in X xR
(see Section 8).

We are now in a position to state our main theorem.

Theorem 1.11 Let R C EM be an open relation which admits a G-
sion R € (ExR)"). Let D be a subpseudogroup of
Then. if

invariant open exte

De(N xR) which acts on ExX, and sharply moves X in X 3

R is D-invariant, R abides by the equivariant parametric h-principle.
The theorem implies in view of Iixample 1.10

12



Corollary 1.12 If R C E® is an open relation which admits a G-, and
De(X x R, m)-invariant open extension R C (E x R)", then R abides
by the equivariant parametric h-principle.

We may recover the ‘Open Extension Theorem’ of Gromov ([8], p.86)

from the above corollary by taking G = {c}.

Corollary 1.13 Let p : E — X be a fibre bundle and R be an open
relation. Then, R abides by the parametric h-principle if it admits an

open D(X x R,w)-invariant cxtension.

Remark 1.14 The theorem and the corollaries of this section remain true

if we replace X x R by X x R? and modify the definitions accordingly.



2 Quasi-continuous Sheaves

In this section we collect some facts of sheaf theory which will be used in
the subsequent sections.
Definition 2.1 A presheaf F of sets over a topological space \'is a con-
travariant functor which assigns to cach open set U C X a set F(U) such
that (@) = 0, and to each inclusion V < U a map s FU) — FW).
Therefore we have

(i) 79 = 1y (identity on U), and

(i) 7% = o rl), for UD VD W.

The map ¥} is called the restriction map, and we often denote () by
NV for fe F(U).
Definition 2.2 A presheaf F is called a sheaf if. for every collection {U;}
of open subsets of X with U = {J Us, the following conditions hold:

(i) If f,9 € F(U) and flU; = g|U; for all 4, then f=g.

(i) If f; € F(Us), and if for U; N U; # @ we have

filUinU; = f\UinUsj,
then there exists an f € F(U) such that flU; = f; for all i.
Definition 2.3 If F and G are sheaves over X, then a sheaf homomorphism
a: F — G is a collection of maps
ap: F(U) — G(U)

for cach open set I/ in X such that the following diagram is commutative

whenever U D V.

F() - G()
FW) a(v).



(2.4) We may extend F to non-open subsets C of X by defining F(C)

as the inductive (direct) limit of F(U) over all open sets U containing C.
When C is a point z, then F(z) is just the stalk over z. As mentioned in
Gromov ([8], p.35), if F is a sheaf of topological spaces, that is, when each
F(U) is a topological space and each r{/ is continuous, then F(C) does not
have any useful natural topology. However, F(C) can be equipped with a
weaker structure, called quasi-topological structure, which behaves nicely
under direct limit.
Definition 2.5 (Whitechead) A quasi-topological structure on a set A is
given by distinguishing, for each topological space P, a subset in the set of all
point-set maps P — A, such that these distinguished maps, which are called
quasi-continuous, enjoy the following properties of ordinary continuous
maps.

(i) If 4 : P— A is quasi-continuous and if ¢ : Q — P'is a continuous
map between topological spaces then the composed map pop:Q — Ais
quasi-continuous.

(ii) If 2 map 4 : P — A s locally quasi-continuous, that is, if cach point
of P has a neighbourhood such that u restricted to it is quasi-continuous,
then g is quasi-continuous.

(iii) If Pis covered by two closed subsets Py and P, of P, and if a map
p @ P — A is quasi-continuous on Py as well as on P;, then it is quasi-
continuous on all of P.

By an abuse of language we shall refer to quasi-continuous maps simply

as continuous maps whenever the implication will be clear from the context.



Definition 2.6 A map o : A — B between quasi-topological spaces is
called continuous if ao pu : P — B is continuous for all continuous maps
u: P— A and for all topological spaces P.

Deflnition 2.7 Two continuous maps fo, f1 : P— A, where A is a quasi-
topological space, are said to be homaotopic if there is a continuous map
F: Px[0,1] — A such that F{-,0) = fo and F(-,1) = fi.

(2.8) Suppose now that, for each open set. I/, () has a quasi-topology.
Then the dircct limit of quasi-topological structures on F(U) over all open
subsets U D € gives a quasi-topological structure on F(C). With this quasi-
topology on F(C), the space V(L F(C)) of continuous maps of the topo-
logical space P in F(C) is the direct limit of the spaces CO(RF(L)) over
all open subsets U 3 C. In other words, a point-set map f: P — F(C)
is continuous if there exists an open subset I O € and a continuous map
F: P— F(U) such that f=rlo f= fiC, where vl : () — F(C) is
the canonical restriction map. Tt is easy to see that r¥ is continuous with
respect to the above quasi-topological structure on F(C) (because, in this
case P= F(U) and we can take 7% = r{ = 15¢3)-

Definition 2.9 A sheaf 7 is continuous if for cach open set U, (U} has
a quasi-topology such that »j} : F(U) — F(V) is continuous for all open
subsets V' C U, and if for every subsct C C X, F(C) is equipped with the
direct limit quasi-topology.

Remark 2.10 Let U,V be two open subsets of X containing C, and Jet
[P —s F(U), g: P — F(V) be two continnous maps. If F(C) has the
direct, limit quasi-topology then f and g will represent the same continuous
map P — F(C) if and only if there exists an open neighbourhood W of €

such that W 1/ N Vand rfj-0 f =109,

16



Remark 2.11 For a pair of subsets C’ C C of X, the canonical restriction
map &, : F(C) — F(C’) is continuous. To see this, let us take a continu-
ous map i : P— F(C). fp: P— F(U) is a representative of /i (where
U is an open neighbourhood of C), then p also represents rSopasUDC"
Now, the continuity of p implies that rg, oz is continuous. This proves that
<, is continuous. (To make the things clear, here we have used a different
symbol, namely 4, for a representative of jz. However, in later scctions we
shall not distinguish between them.)

Definition 2.12 A sheaf homomorphism a: F — G between continu-
ous sheaves over X is a homomorphism such that each ar: FU) — GU)
is continuous.

Remark 2.13 If a : F — G is a continuous sheaf homomorphism, then
for each subset C of X, it induces a continuous map ac : F(C) — G(O).
To see this, take a continuous map ji : P — F(C). and let p: P— F(U)
be a representative of f, i.e. %o p = fi, where U is an open set containing
C. Then ay o u is a continuous map P — G(U) and it represents ac o /L
(because, rdoayop=ace rdop=acop)- Therefore ac o ji is continuous,
and hence ac is continuous.

Definition 2.14 A (continuous) sheaf homomorphism a : F — G is a
weak homotopy equivalence if for each open set U C X. aypis so.
Definition 2.15 A continuous map j: A — A’ between quasi-topological
spaces is called a weak homotpoy equivalence if the following conditions
hold:

(i) For any polyhedron P and for any continuous map a’: P— Al



there exists a continuous map « : P - — A such that z o a is hemotopic to
a’.

(ii) If ag : P— A and a; : P — A are two continuous maps such that
1t © g is homotopic to po a) as maps from Pto A, then g is homotopic to
ag.

Definition 2.16 A (continuous) sheaf homomorphism o : 7 — G is alocal
weak homotopy equivalence il a(z) : F(z) — G(z) is a weak homotopy
equivalence for each z € X, where F(z) and G(z) arc the stalks over z.
Definition 2.17 Let a : A — A’ be a continuous map between quasi-
topological spaces, P an arbitrary compact polyhedron, and 1 the closed
unit interval [0,1] in the real line. Then & is called a (Serre} fibration if
given any commutative square of continuous maps:

o

Px {0}

A

Px1I

A

where i is the inclusion of Px {0} in P x I, there cxists a continuous map
WY:Px 1 — A such that YPx {0} =¢pand a0y =9

Call @ a microfibration if there exists a positive number € < 1, and
a map ¥ : Px [0,] — A (where ¢ may depend on F. vo, 1’} such that
w|P > {0} =t and oroth = '[P x {0,2].
Definition 2.18 A sheaf F is flexible (resp. microflexible) if the restric-
tion map 15, 1 F(C) —— F(C')is a fibration (resp. microfibrat ion) for every

pair of compact subsets (C,C"), €' C € C X.



‘We now state a theorem which will be needed to prove the main theorem.

Theorem 2.19 (Homomorphism Theorem, [8], p.77) Let F, G be two
flexible (continuous) sheaves over a locally compaet finite dimensional
space X. Then every local weak homotopy equivalence a: F — G is a

weak homotopy equivalence.



3 Plan of Proof of Main Theorem

(3.1) For each G-invariant open subset U of X, let ®(U) be the space of all
C™ equivariant solutions of R over U with C® compact-open topology, and
let W (U) be the space of all equivariant continuous sections of ™) whose im-
ages lie in Rg, with C° compact-open topology. Note that ®(X) = I'&z(p)
and ¥(X) = I'&(pS) according to our earlier notation in (1.3)

For an arbitrary open subset U C X, define ®(U) = ®(GU) and ¥(U) =
W(GU). For a pair of open subsets (U;V) in X, the restriction morphisms
re: ®(U) — ®(V) and ry : ¥(U) — ¥(V) are given by

r6(f) = IGV and ry(0) =0o|GV
Then it is easy to verify that both ® and ¥ are sheaves over X. We can

extend ® and ¥ for arbitrary subsets C of X as follows:
®(C) = the space of germs of equivariant C* solutions of R near C

¥(C) = the space of germs of equivariant C° sections of p(')

near C with images in R¢.

In other words, $(C) (resp. ¥(C)) is the direct limit of the sets ®(U) (resp.
¥ (U)) over all open subsets U 5 Cin X. We endow $(C) (resp. ¥(C)) with
the quasi-topology which is the direct limit of quasi-topologies associated
to € compact-open topology (resp. C? compact-open topology) on ®(U)
(resp. W(U)) over all open neighbourhoods U of C in X.

Since the restriction morphisms are continuous, ® and ¥ define contin-

uous sheaves over X.
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(3.2) With respect to the above definition of $(C), and the direct limit

quasi-topology on it, we have the following observations.

o f € ®(C) means that f is a regular G-section on some G-invariant

neighbourhood of C.

f1 = f2 € ®(C) means that there is a G-invariant neighbourhood U of

C such that both the sections are defined and equal on U.

An extension of f € ®(C)), from Op Cj to Op Cy, where C; C C2 C X,

is a regular section f’ on some G-invariant neighbourhood U’ of C»
in X which equals f on a sufficiently small G-invariant neighbourhood

U"” of C; in X where f and f’ are simultaneously defined.

Two sections fo, fi € ®(C) are homotopic if there is a G-invariant

neighbourhood U of C on which both fo and f; are defined, and a
homotopy f; € ®(U) such that f = fo and f} = f; on U.

A map f: P— &(C) is continuous if each f, , for p € P, is defined

on some G-invariant open neighbourhood U of C, and the assignment

p+ fp, as a map from P to (), is continuous.

For any subset C C X, ®(C) = (GC).

We have similar observations for W.
(3.3) Let us note that the r-jet maps 5 (U) : $(U) — ¥(U) (where U is
open) induce a sheaf homomorphism j7 : @ — . It is a standard result

that j7(U) is continuous. Hence j” is a homomorphism of continuous sheaves.
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In view of Theorem 2.19, our main theorem will be proved if we can

establish the following propositions.
Proposition 3.4 The sheaf ® is flexible.
Proposition 3.5 The sheaf ¥ is flexible.

Proposition 3.6 The homomorphism j© is a local weak homotopy

equivalence.
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4 Flexibility of Sheaf ¥

In this section we prove Proposition 3.5. Let (C,C’) be a pair of G-invariant
compact subsets of X. Consider the following commutative diagram of con-

tinuous maps:

Px{0} —2 - ¥

Px1 ¥(V)

where Pis a compact polyhedron, and U, V are G-invariant open sets contain-
ing C, C' respectively. It is required to construct amap ¢ : Px 1 — W(U’),
where U’ is a neighbourhood of C in U, such that ¢ oi = ¢ on U’and
70 = ¢’ on some neighbourhood of C’ in V.

Take a G-invariant continuous function § : U — [0, 1] with compact
support in Vand § =1 in a smaller G-invariant neighbourhood V' of C' in
V (such a function exists by Lemma 1.1.7 of [13]). Then define ¢ by

o ts)(w) i veV

Mk { @0, 0)(v) if veU\V

where p € Pand t € 1. Clearly (p, t) is equivariant. Also o(p.0) = @o(p.0)
on V; as well as on outside of V. On the other hand, (p.t) | V' = &/(p,t) | V'

since § =1 on V'. Thus Proposition 3.5 is proved. a



5 Local Weak Homotopy Equivalence

In this section we prove Proposition 3.6. As in Bierstone [2], we use Poénaru’s
formalism [16] (and also du Plessis’ [5]) of integrability of partial differential
relations over a disc, but in a different context. We take resort to sheaf
theoretic language for obvious reasons, and all our spaces of maps have
quasi-topological structure. The central feature is that our partial differen-
tial relation is devoid of the action of equivariant local diffeomorphisms.
Since G is a compact Lie group, about each point z of X there is an open
tube which is a G-invariant open neighbourhood of the orbit Gz, equivari-
antly diffeomorphic to G x¢g, W, where W, (which is called the slice at z)
is the normal space Ty(X)/Tz(Gz) of the orbit Gz at z. Since the com-
pact group G, acts on the real representation space W;, by a result of
Bréker and tom Dieck [4], there is an inner product <, > in W; such that
< gw,gw/ >=< w,w > for g € G; and w,w € W,. This means that G,
fixes the origin 0 in W,. Also note that an arbitrary small G-invariant open
neighbourhood of z looks like G x¢, U, where U is a G-invariant neighbour-

hood of 0 in W,. It is not difficult to see that the restriction maps

(5.1) I'g®|G xg, U) — I'E. (pI)
(5.2) 12 @SRIG xa, U) — TS (pERIV)

are homeomorphisms (see (1.3) for notation).

Since E|U is a G,-fibre bundle, (EJU)®) is a G,-space. There is a G-
equivariant open C* map & : EOU — (E|U)™) given by jjs — j(s|U),
where y € U. This map is surjective on each fibre, and maps b((;)|U isomor-
phically onto (EIU)E). The inverse map of ¢| : EQ|U — (EI)§) is given

by 35/ — 35(JiU), where flg,2] = gf(2) for [9,2] € G xg, Opy, y € U. Let
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R, be the image of R|U under the map ¢. Then R is open in (E|U)®), and

we have the relation:

(5.3) (B9 nRIV) = (BT 0 R,
and therefore
(5.4) FERIV) = T (GINE) 2,)-
Combining (5.1), (5.2) and (5.4), we get the following commutative diagram:
(5:5) IER(IG <6, U) —1— THGERIG x6. V)
T, =, @I0) Iy ((:vIU)c, =)

where the vertical arrows are homeomorphisms. Passing to direct limit, the
diagram (5.5) leads to a commutative diagram of stalks of sheaves. In the
resulting diagram, the upper horizontal arrow between stalks at z € X will
be a weak homotopy equivalence if the lower horizontal arrow between stalks
at 0 € W, is so.
Therefore we may assume that the base manifold X is itself a G-represen-
tation space with origin 0 € X¢. Let ®(0) be the stalk at 0 of the sheaf
©(plU), and W(0) be the stalk at 0 of the sheaf [ (P§)rIU), where U runs
over open neighbourhoods of 0 in X. Then our proposition will be proved if
we show that the r-jet map
j": ®(0) — ¥(0)
is a weak homotopy equivalence. To this end, we show that the maps
pmcog i (0) — GPR)NO) and e ¥(0) — (BER)TO)
are weak homotopy equivalences, where (p(') )~1(0) is the fibre over 0 of the

map p{x = 7RG : Rg — X and e is the direct limit of the evaluation
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maps L& [0p0) — (p5)R)71(0) defined by ¢ — ©(0).

(5.6) p is a weak homotopy equivalence.

It is required to show that p induces isomorphism p, between homotopy
groups in each dimension. We first show that p, is a monomorphism.

Take any continuous map of the sphere

foi S — (0),

where ®(0) has the quasi-topology. Then, for each s € S, fo(s) is defined
over some G-invariant open neighbourhood U of 0, and the map fp: $* —
&= (p|U) is continuous. We may suppose that Uis a trivializing neighbour-
hood so that p|U is the trivial G-bundle Ux Y — U where Y = p~1(0). Then
I'®(p|U) may be identified with CF (U, Y), which is the space of equivariant
C® maps U — Y, and ¥z (p|U) with a subspace C¥x(U.Y) of CF(U.Y).
Similarly, the fibre ofp(')|15g) over 0 becomes identified with J; (U, Y)o, which
is the space of r-jets of germs of equivariant maps U — Y at 0, and the
fibre (p3) 1 (0) with a subspace Jg z (U, Y)o of J&(U Y)o.

Fix some 89 € §* and let f; : S — ®(0) be the constant map defined
by fi(s)
such that h(s,0) = j5fo(s), and h(s,1) = 35f1(s), that is, p(fo) is null-

= fo(so) for s € S'. Let h: & x 1 — Jg (U, Y)o be a homotopy

homotopic. We shall show that fo is homotopic to the constant map f;. Let
Y’ be a compact invariant neighbourhood of the image of h(S* x 1) under
the target map Jg(U,Y)o — Y, which maps each r-jet onto its target.
Without loss of generality we may suppose that fo(S')(U) C Y'. By the
equivariant embedding theorem (see [13]), there is an equivariant embedding
)\ :Y’' — Vwhere Vis an orthogonal G-representation space. Thus we may
regard h as a map S x I — J5(U,V)o. Let p: N — Y’ be a smooth

equivariant retraction of an invariant tubular neighbourhood N of YY)
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onto Y.
Now choosing the polynomial representation Hy, of degree 7 for each
r-jet. h(s,t) by means of the inclusions 35/ — 35(X o f) — POa(X © f):
TUY o C Tp(U Vo s CEUW),
where P is the map which sends each jet to its polynomial map, we get a
continuous map H : St x 1 x U — Vdefined by H(s,t,z) = Hs:(z), so that
H(s, t) is equivariant and 33 H(s,t) = h(s,t). Now define f: §'x 1 xU —V
as follows:
(1 = 3t) fo(s)(z) + 3tH(s,0,2) if 0<t<1/3
H(s,t.z) =4 H(s,3t—1,z) if 1/3<t<2/3
(Bt = 2)/1(s)(z) + B —30)H(s,1,z)  if 2/3<t <1

where s € &', t € 1, and z € U. Then H(s,t, ) is equivariant, since the
action of G is linear on V, and we have

1(s,0) = fo(s), T1(s,1) = fi(s), s6H(s,t) € R-
Morcover, H(s,t)(0) € Y’ for all (s,t) € ' x I, because H(s,t)(0) is the
image of h(s,t) under the target map. Therefore, there is an open neighbour-
hood W of 0 in U such that F(s,t)(W) C N. Define h(s,t) = po (s, t)|W.
Then h maps §* x I in CF(W,Y). Also, for s € 1,

R(s,0) = fo(s), h(s,1) = fi(s), and s5h(s.t) = J5f1(s,t) = h(s.t) € R.!
The last condition implies by the openness of R|U that there is an open
neighbourhood W' of 0 in W such that h(s, )W’ € TEx(pIW’). This
means that we have a continuous homotopy h : §* x I — ®(0) between fo
and fi. This completes the proof of the fact that p, is a monomorphism.

Next, we show that p, is an epimorphism. Let f: S — Jpr(U Y)o be

S
TWe find it a right place to note that up to this point we have not used the fact that R

is open. This observation will be recalled in Section 12.

27



a map for some open neighbourhood U of 0. As before we find a compact
invariant submanifold Y of Y'such that f maps S into J;(U,Y")o, and embed
Y’ in a Buclidean G-space V. Let N be an invariant tubular neighbourhood
of Y' in V with an equivariant retraction yz : N — Y’. Then, choosing
the polynomial representative Iy of degree 7 of each f(s), 8 € S*, we get a
continuous map F: §' x U —» V defined by F(s,z) = Fy(z) so that F(S* x
{0}) C Y'. Therefore, by compactness of §', there is an open neighbourhood
W of 0 in U such that F(S x W) C N. Now, for each s € S the r-jet at
0 of o F5|W is f(s) € R, and, therefore, by openness of R, there exists
an open neighbourhood W’ of 0 in W such that po F|W' € TEr(pIW').
This defines a continuous map f: S — ®(0) by f(s) = uo Fy|[W' so that
po J(s) = f(s) for each s € §'. This proves that p, is an epimorphism.

(5.7) e is a weak homotopy equivalence

This proof runs parallel to that given in (5.6) subject to some modifi-
cations. Let us take a continuouos map of the sphere, fo : S —s ¥(0).
Then there exists an G-invariant open neighbourhood U of 0 such that, for
cach s € S, fo(s) is an equivariant section of the bundle JUYy) —U
lying in Ji (U, Y). Let fi: S* — W(0) be the constant map defined by
f1(8) = fo(so), for some 8o € S Suppose that there is a homotopy h :
S x 1 — Jg p(U,Y)o satisfying h(s,0) = fo(8)(0), and h(s,1) = f1(s)(0).
Proceeding as in (5.6), replace each jet h(s,t) by its polynomial represen-
tation Hy, of degree r. Then j5H.: = h(s,t), for (s,t) € S x L. Let
H'(s,t) = g Hy, and define A: 8 x I xU— J(U,V) as follows:

(1 = 3t) fo(s)(z) + 3tH'(s,0)(z) if 0<t<1/3
H(s,t,z) =< H'(s,3t —1)(z) if 1/3<t<2/3
(3t —2) fi(s)(@) + B =30 H'(s,1)(z)  if 2/3<t <1
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wheres € S, t € 1,and z € U. Then H(s, t) is equivariant for (s,t) € S'x 1,
and has the following properties:
(0.0) = fols)y H(5,1) = fi(s), Hls,0)0) € T Yo
Hence there exists a neighbourhood W of 0 in U such that H(s,t)|W is an
equivariant section in Jg(W, N), for (s,t) € S x 1. Let the embedding
\:Y’ — N and the retraction p: N — Y’ induce the maps A, and p, in
the following sequence
TLWY) 2 W) S TGMY)

so that the composition is identity. Set R(s,t) = po o H(s.t)]W. Then
R(s,0) = fo(s), R(s,1) = fi(s), and R(s,t)(0) € R, since H(s,t)(0) €
J(W.Y"). The last condition implies by the openness of R|W that there is
an open neighbourhood W' of 0 in W such that k(s, t)|W' is an equivariant
section in Jiz(W',Y). This means that we have a continuous homotopy
R: S x1 — W(0) between fo and fi, and therefore e, is a monomorphism.

It remains to check that e, is an epimorphism. Take a continuous map
f:8 — Jor(U Y)o for some open invariant neighbourhood U of 0. Then
proceeding as in (5.6), we get a continuous map j: S —> &(0) such that
eog o J(s) = f(s) for each s € S, Now define f(s) = 77(f(s)), so that 7
maps S into ¥(0) and e,(f) = f. Thus e, is an epimorphism.

This concludes the proof of Proposition 3.6.
Remark 5.8 The above proof becomes much shorter if we use a sheaf
theoretic result from [8] (p.76). In fact, surjectiveness of 3} follows directly
from this result (compare Lemma 12.16), whereas injectiveness of p, implies

the same for j;.
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6 Basic Compressibility Results

Throughout this section F will denote a quasi-continuous sheaf over a dif-
ferentiable manifold X.
Definition 8.1 Let A be a subset of X. Then a deformation over Aisa
map ¢ : Px I — F(A), where Pis a compact polyhedron. Therefore, for
a deformation ¥ over a compact set A, each %(p,t) is actually defined on
some open set U D A, that is, ¥ is a map from Px I to F(U). We say that
o is fized at a point u € Uil ¥(p,t)(u) = ¥(p, 0)(u) for all (p,t) € Px 1.
The closure of the set of non-fixed points of ¢ in U will be called support
of 1, and will be denoted by supp .
Definition 6.2 A deformation ¥ over A is called compressible if for an
arbitrary small neighbourhood U of A in U, there is a deformation % :
Px I — F(U) with the following properties:

(i) B(p.t) | Op A = (p,0) | Op A, for all (p,t) € Px I,

(#) P| Px0=9| Px0,

(iid) supp ¥ C U.
Thus compressibility property of a deformation ¥ depends only on the be-
haviour of % near A, that is, on OpA C U.

The sheaf F is called compressible if every deformation over an arbitrary
compact set is compressible.
Definition 6.3 A deformation ¥ : Px 1 — F(A) is called microcom-
pressible if there is a positive number & € (0,1] such that the restricted
deformation ¥ | P x [0,€] is compressible.

We observe that the microcompressibility provides a universal & for all

arbitrary small neighbourhood U of A.
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The sheaf F is called microcompressible if every deformation over an
arbitrary compact set is microcompressible.
Definition 6.4 A deformation % over A is called S-microcompressible if
for an arbitrary neighbourhood U of supp ¥ in U, there exists a positive
& = &), & < &, such that the restricted deformation ¥ | P x [0,] can be
compressed to a deformation 9 : P x [0,&] — F(A) over A, satisfying, in
addition to properties (i) — (i4i) of (6.2), the condition:

supp 9 C U.
We now state and prove some relations among the above concepts.

Proposition 6.5 If F is a compressible sheaf then it is flexible.

Proof. Consider a lifting problem for a pair of compact sets (B, A) as de-

scribed in the following diagram.

(©.6) ]
Px {0} —2

F(B)

Px1 — F(A)
¥

The continuity of Po and ¥ means that they are respectively defined over
some open subsets U D B and VD A, where V € U. The commutativity
condition implies that we can get Vsuch that o = ¥|P x 0 on V. Since %
is compressible, there exists, for an arbitrary open neighbourhood Uof Ain
V, amap 9’ : Px I — F(V) satisfying the conditions of (6.2). Now define
a covering homotopy ¥ : Px 1 — F(B) by
(@) = { qzj’(p,t)(z) if zel i
Po(p,0)(z) if zeU\U.
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Proposition 6.7 If F is microcompressible then it is flexible.

Proof. Consider the lifting problem (6.6). If each ¥(p,t) is defined over
an open neighbourhood U of A, we define an auxiliary deformation n: Q x

[0,1] — F(U), where Q = Px I, by the following formula:
n(p:t,0) = ¥(p,min(t +6,1)), pe R te I, 0 €0,1).

By hypothesis, there exists an € > 0 such that n|Q x [0, €] is compressible.
Hence the restriction of % to an arbitrary interval [z1,31] C [0, 1] of length
less than or equal to ¢ is a compressible deformation. The proof goes as
follows. Let U and U be open neighbourhoods of A such that clU; ¢ U C U,
where cl denotes closure. Let 7j be a microcompression for 7 such that supp
7 C U. Define % : Px [z1,y1] — F(A) by

Yp,t) =ii(p.zrt—2z1), pePR te[znm) |y -2l <e.

Then, for a € Op A,
Pp.0)(a) = Fipz1t - 3)(a)
= n(p,z1,t - z1)(a)

¥(p,t)(a),
and, for z € U,

Wpo)() = Pt -21)(=)
= n(p,z1,t ~ z1)(2)
= ¥p,t)().

To prove the third property take z € X — Uj; then
B t)(@) = 7i(p, 21, = 21)(2) = ii(p, 21,0)(2) = %(p,z1)(2)-
Hence ¥ is a microcompression for % | P x [z1,y1] with supp ¥ C U.
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Thus we obtain a partition 0 = tg < t; < --- < tn = 1 of I such that
for each k, 0 < k < n—1, ¢ | Px [ty tis1] is a compressible deformation.
We will complete the proof by induction. Our induction hypothesis is the
following:

Py : the lifting problem

Px{0} —* . £

PxIy —— F(A)
wiPx Ik

has a solution 4 : P x It — F(B), where I = [0, t].
Observe that Py is trivially true, and P,, proves the proposition. Suppose

now that Py is true for some k < n and consider the following lifting problem:
Px{t) —. #(B)
i -

Px [ty tra) - F(4)

Applying Proposition 6.5 we get a lift, say Yis1 t P X [tr,tisa] — F(B),
of Y|P x [ty, tes1) such that 4, [P x {ti} = 9|P x {ti}. Then construct
Vi1 1 PX Ixpy — F(B) by:
Yi(p,t) if (p,t) € Px[0,t)
Yr1(pit) = { . .
Pis1(prt) if (p,t) € Px [ty tess)

Thus we have proved that P, is true, and hence the proposition. o
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Proposition 6.8 If F is S-microcompressible then it is microcompress-

ible.

Proof: Let ¥ be a deformation over A and let U be its actual domain of
definition. Take U for a neighbourhood of supp 4. Then by the defini-
tion of S-microcompressibility, there exists a positive number £ < e such
that 9 | Px [0,&] is a compressible deformation which proves that ¥ is

microcompressible. (=]

Proposition 6.9 Lety be a deformation over a compact set A. Let A
be a subset of A containing AN U, where U is an open neighbourhood
of supp ¥ in UW). If ¥ is S-microcompressible over A', then it is

S-microcompressible over A.

Proof: Let U be an arbitrary open set containing A and Up an open neigh-
bourhood of supp 9. The S-microcompressibility property of ¥ as a defor-
mation over A’ gives an & = &UNUo) >0 and a mapJ: Px[0,8] — F(U)
satisfying:

(i) % | U' = | U', where U’ is an open neighbourhood of Al

(i) ¥ | Px {0} =9 | Px {0},

(i) supp® c TNTNUo c UNVo.

To complete the proof it remains to show that ¥ = ¥ on a neighbourhood
of A. Since (supp PUsupp Y)NA C o, A\l?is disjoint from supp PUsupp ¥.
In fact, we can get a neighbourhood Vof A\ U such that Vis disjoint from
supp 9 Usupp ¥ (because both the subsets supp $Usupp ¢ and A\ U are
closed). We take W =U'UV. It is clear then that A C W and % =1von
w. o



‘We shall now introduce double deformations and discuss their compress-
ibility properties. These will be used in Section 8.
Definition 6.10 A continuous map ¥ : Px [0,¢] x [0,€] — ®(A) is called
a double deformation over A. Observe that a double deformation can al-
ways be thought of as a deformation P’ x [0,e] — ®(A) where P’ denotes
the polyhedron P x [0,&]. To avoid confusion we shall adopt the following
convention: When 9 will be treated as a deformation, the first copy of [0,¢]
will be denoted by I.. Thus ¥ : P x [0,&] x [0,e] — ®(A) is a double de-
formation, whereas ¥ : P x I, x [0,€] — ®(A) will denote a deformation.!
Support of a double deformation ¥ : P x (0,¢] x [0,e] — ®(A) is defined
to be the support of the deformation Px I x [0,]. So we may continue to
denote the support of a double deformation ¥ by supp®. The microcom-
pressibility-and compressibility for a double deformation can also be defined
in terms of the associated deformation. Explicitly,
Definition 6.11 A double deformation % : P x [0,€] x [0,e] — ®(A) is
compressible if the deformation 9 : Px I, x [0,] — ®(A) is compressible.
Definition 6.12 A double deformation ¥ : P x [0,£] x [0,6] — ®(A)
is microcompressible if there exists a positive number § < e such that
Y|P x [0,68] x [0,4] is compressible.
Definition 6.13 A double deformation ¥ : P x [0,¢] x [0,6] — ®(A)
is S-microcompressible if there exists a positive number § < e such that
Y|P x Is x [0,8] is S-microcompressible.

Clearly an §-microcompressiblc double deformation is microcompress-

ible.

IThis convention will be useful in Section 8, where we deal with both deformations and

double deformations
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7 A Flexibility Theorem

(7.1) Let & denote the sheaf of equivariant C* sclutions of the extension R.
‘We will see, in this section, that both the sheaves & and ® are microflexible.

An important step towards proving Proposition 3.4 is to show that the
sheaf ®|X is flexible. This section is essentially devoted to the proof of this
fact. To establish the flexibility of $|X, we shall only utilise the microfiexi-
bility property of &, and the existence of sharply moving diffeotopies in the
subpseudogroup D.

We need the following lemma, the proof of which can be deduced from

the ‘Equivariant Covering Homotopy Theorem’ of Bierstone (1].

Lemma 7.2 If p: E — X is a G-locally trivial G-fibre bundle and o
is an equivariant C* section of p over a closed G-invariant subset A of
X, then o can be extended to an equivariant C* section over an open

G-invariant neighbourhood of A.
Proposition 7.3 The sheaves ® and & are microflexible.

Proof. Let (A, B) be a pair of G-invariant compact subsets of X. Consider

a lifting problem

Fo

Q = {0} B(A)
Qx1 ®(B)

where Q is a compact polyhedron. The maps Fo and f fit together to give
a G-section of the G-fibre bundleid x p: Q x I x X — Q x 1 x E over
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(Q x {0} x OpA)U(Qx T xOp B). Since p is G-locally trivial, so is id x p.
Now, applying Lemma 7.2, we get an £ > 0 and a map F: Q x [0,e] —
22 (p|Op A) such that F|Q x {0} = Fpand ro F = f (Lemma. 7.2 takes
care of different orders of smoothness). Since R is open, we can choose &
sufficiently small so that F(g,t) is R-regular for all (g,t) € @ x [0.e]. This
proves that ® is microflexible.

Since R is also an open relation, the same proof works for &. Conse-

quently & is also microflexible. a

Theorem 7.4 Let A and B be two compact G-invariant subsets of X,
and A C B. Let o : Q x {0} — &(B) be a map and %: Q x 1 — B(A)
a homotopy of %o|Op A, so that we have a commutative square of con-

tinuous maps

Q x {0} &(B)

a(4)

where v is the restriction morphism. Then there exists a deformation

J:Q x 1 — &(B) such that $|Q x {0} = o and rod =Y.

In other words, the sheaf ®|X is flexible.

Proof. In view of Proposition 6.5, it is enough to prove that $|.X is com-
pressible.

To prove this, let us consider an arbitrary deformation ¥ : Q x I —
a’(/\), and a G-invariant open neighbourhood Uof Ain UNX where U C

X x R is the domain of ¥. We shall show that there exists an € > 0 and a
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map 5 Q x 1 — HUN (X x (=¢,€))) which satisfies the following three

properties

I(p. )| Ug = %(p,1)| Uo for all p € Pand t € I, where Up is an open

neighbourhood of A.

PlQx0=v]Qx0,

supp % C UN (U x (=¢,€))-

Since A is compact, we get a G-invariant open neighbourhood Uy of A in X
(with clU; compact) and an a > 0 such that

Uyc U and clUi % [~2a.2a] CU.

Choose G-invariant open sets V, Vsuch that ¢l Vg and cl Vare compact and
AcCVoC dVpc Ve dVc U

Set Xo = cl Vo x [—a/2,a/2]
and Yo = clUy x [=2a,2a) \ V x (~a,a)
‘The scts Xo and Yp are compact, G-invariant and disjoint from each other.
Let A denote the diagonal subset of 1 x 1. Define a map ¢) : Q x & —
$(clUy x [~2a,2a]) by
orlgt.) =v(gt) for (at)€QxT.
Define another map @z : Q@ x 1 x I — $(XoUYo) by
¥(q, 8)(z) if z€ Xo
Wah@ i zeYe

Observe that 7o @1 = @2|Q x &, where  is the restriction morphism

palat9)@) = {

(U x [-2a,2a]) — $(Xo U Yp). Consider now the following lifting

problem



QxA B(cl Uy x [—2a,2a])

Qx 1 x1 - $(Xo U Yo)

‘The diagonal A divides the square 1 x 1 into two triangular regions. Let 7'
denote any one of them. Then note that, the pair (Q x T3 A) is homcomorphic
to (Q x I x 1,Q x [ x {0}). Therefore, since r is a microfibration, there
exists a neighbourhood N of @ x Ain Q@ x 1 x I and a map & : N —
$(cl Uy x [—2a,2a]) such that $]Q x A = ¢, and 709 = 2.

Since N is an open neighbourhood of the compact set Q x A, we can
find a positive number e < 1 such that (g,t,s) € N whenever [t — s| < e.
We now partition the interval [0,1] as follows:

U=1lg <t <-<t,=1such that |[tx — txs1| < € for all k,
and define, for cach k, a map
Mt Q x [thy Lgs 1] — B(cIUy x [—2a, 2a])
by the rule
M at)(@) = B(q. ta t)(2).

Then A has the following properties:

o Mg, ti)(2) = Bg, te th)(2) = @1(q trs i) (x) = (g, tx)  for all z,
o Yor z € Xo, \(q,1)() = B(q, ks )(2) = 02(q, ta 1) (&) = (. )(2)

For z € Yo, Mlq. t)(2) = %(q. tx, 1) (2) = @a(q tiet)(z) = W(q. tx) ().

that is, non-fixed points of Ag lies inside V x (—a,a).

We are now in a position to define the required deformation ¥ using

the above A¢’s and the sharply moving diffeotopies. Suppose that, for some
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ko1 < k<=1, we have an ¢ > 0 and a map v+ Q x (0.1

=) such that for all g € Q and ¢ € [0.14],

(1) (g, 1) = w(qit) on Vi x (—egex), where Vi is a Geinvariant neigh-
bourhood of A in 1y,

(i1) wi(a.0) = ¥(q.0),

(iii) Supp g C Vx (—ex, £4), where SUpp vk denotes the set of non-fixed
points of wy.
We shall construct gy 0 Q % [0, tgs1] — S(U) x (—eki.ex01)). for some
positive number eg, ) < &4,

Choose open G-invariant neighbourhoods V4 and Wy, (with compact clo-
sures) of A in Vi satislying:

ACWeCelWeC Vi CelVyC Vi

Now, if 7is such that 0 <7< min(d (A, (1 Wi)), d (Wi, & (c1V}) ). where

d denotes the distance with respeet to the G-invariant Riemannian metric
on .\, then the =ncighbourhood of @ (el W) in .\ is contained in Vil A

Let us consider the open subset 177 = Uy x (=2a.2a) of X x By

hypothesis of sharply moving isotopy

ce (1.9) for definition). there exists
a positive nuniber g4,y < ex and an isotopy
oL — E(Ur % (=epi1ex01) U7)
which lies in 7 and sharply moves Uy at 9(clW). Then, of\(q.s) €
DU % (=exireerin)) forcach t € 1, g€ Q and s € [ths tresn)s since R s
invariant under the action of D.
Let &yt Uy x (=egypiek) — U's 0 < U<ty L be the isotopy olx

tained by shrinking o:
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a,;{"‘/" i 0 <tk
ay il te <t < tes
Then corresponding to propertics of o we have:
a) o is the inclusion map,
b) &z, 5) = (2, 9) il 2 is outside the r-neighbourhood of 8 (cl Wi).
¢)if tx <t <ty then 3¢ sends N x (=1, €k+1) outside the support
of Ak, where N is a neighbourhood of (cl W) in Uy

Now define ger : Q % [0, ter1) — B(U1 x (—eker exen)) in the following

v (a )(@s) = dkle.O(@s) z &V 0t <ty
= [aiw(a.0)(=9) zecdVi, 0t <tk
= [a1 (g 0))(=, 9) zecd Wi t <t < than

= [av(q.))(z,8), zEc Vi \ Wi, te < Ly
= (g ti)(z8) . 2 & Vi, b SUS b
where ¢ € Q and s € (=exi1.2601). The map Yy has the following prop-

erties:
o By property (b) of a, and the definition of ¥y, there exists a neigh-
bourhood Viyy of A in Wy such that ¢k =¥ on Vies1 X (=€ks1-€ke1)

o0 0) () = Wa.O)@s) T &V

o Vi@ 0)(z,8) = .
Ve (. 0)e-e) {a;,w(q.o)(g, ) = w(q.0)(w,s)  if sl

Hence vgr1(0.0) = (q.0) on Uy % (=€ks1xe1)-

o, 0) (. ). Therefore vg,1(7.1)(@.8) = Vi1 (0, 0)(. ) for all 2 & ¥

e Lot 2 &V, Then for 0 < ¢ <ty Yeni(a 0@ 8) = va(a. (%)
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and t € [0.4]. Vort =t and = & V)
Bl 0@ s) = et (x4

— g 0}z, 8). since suppwx C V x (—eg. ax)

= (0. 0) (i 8). since = g VY
Thus wy.| has all the desired properties. Observe that #, gives our required

& with £ = £, becanse, SUPPpY, C V x (—en,£,) implies that supp v, C

U % (—g4.20), and heuce we ean extend w,, to U N (X x (—e,,e,)) by
defining it Lo be fixed on the camplement of U} x (—e,.,).

o start the induction we must now define o Qx [0.1;) — H(Op 7))
For this construction we simply repeat. the arguments above for & = 0. Noie
that we must take tp =ty = U, Vo = Vo and & = oy for 0 < £ < £5. I he

definition of ), can be read out from the definition of e as:

W(q,0)(x, ) it @ 5V
Vg0 8) = < [o3u(q. 0)] (. 5) itz e v\ T

o3 Ao(q. D)= it zecliVy

where o1 s defined on {7 x (—e).2,) for some &) < a/2 c

Corollary 7.5 Let 101 Q2 x 1 — $(A) be « deformation over a compact
srhset A C N with actual domain U, If U7 and U are G-invariant open
sthsets i 15 containing A and supp i respectively, then there catsts u
deformation §:Q x 1w UM N) such that

(i) # = v on a neighbourhood of A,

(i) FHQ < {0} = v|Q x {0},

(ii7) suppd OV N C Fnbin X,

Proof. Without loss of generality we may assume that o] I is compact. Tho

both the subsets 1 (PN EAN) = Band L (E@NTN XN (I NNY)

are
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compact. Let us denote supp @ by S. Then by hypothesis AN scini,

and therefore C N AN S = 0. Hence, there exist open neighbourhoods V7 of
A, and W ol C such that VN IVN S = @. Now, consider the lifting problem
described in the following diagram:

viQ x {0}

Q x {0} $(AUB)

Qx1 —— HAU0)
»'
where %/ is defined as follows:

. YaO@) i 2 €O0pa
p(q t)(x) = ’
v’ (q.0)(2) { . 0)(x) if x€0pC

The map ' is

Al defined by the observation that VO IVN S = 0. Since

HI\ s flexible (Theorem 7.4), we get a lift D:Qx 1 — B(AUDB) of v
such that 6(q,0) = ¥(q.0) for all ¢ € Q. It is casy to see that ¥ has

required propertics.

all the

O



8 Flexibility of Sheaf ®

Al the necessary prerequisites having been obtained, we are now in a po-

sition to prove Proposition 3.4. Note that it is only required to establish

the microcompressibility of the sheaf @, since microcompressibility implics
flexibility. We describe some of the main steps in the proof of this fact before
moving onto the detailed constructions.

We first consider microcompressibility in the case when the polyhedron P
is just a point. Then, letting ¢ : I — ®(A) to be an arbitrary deformation
over a compact set A, we find a finite covering of A by compact invariant
neighbourhoods A; in A such that ¢ restricted to each Op A; can be lifted
to &, Next, we decompose ¢ into ‘product of double deformations’ v, with
supp ¥; N A C A; such that microcompressibility of all the ¥;’s (over the
compact A;’s) imply that of . We then lift each ;, as a deformation over

signed

Ay, to a map ¥ in ® so that the support of ¥} is contained in a pre

neighbourhood of supp ¢, These 1/’

s can be compressed in ¢ using the
flexibility of B[\ to deformations g over A;. Finally ; when projected to @
gives microcompression of ¥; over A;. This proves the microcompressibility

v

of & when P is a point. We take up the general case for an arbit

polyhedron at the end of this section.

(8.1) We note that, since R is an extension of R, there is a restriction map
a(C) : $(C) — d(C).

defined by a(f) = mo foi, for cach subset C of X.

Lemma 8.2 [or cach z: € X, the restriction morphism a(z) : $(z) —

() is surjective.

Proof. Let us recall that a small G-invariant open neighbourhoood of 2 € .\
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looks like G xg, U, where U is a G-invariant neighbourhood of 0 in the
slice W, at x (see Section 5). Observe that the slice at (z,0) in X x R is
W, x R, and hence a small open neighbourhood of (z,0) € X x R looks like
G xq, (U x J), where U is as described above and J is an open interval in
R containing 0. As we have observed in Section 5, there is a G;-equivariant
open C® map & : EOU x J — (E'|U x J)® which maps ES U x J
isomorphically onto (E'[U x ). 1f R, is the image of RIU x J under the
map &, then R, is open, and & induces a homeomorphism

e W16 <6, Ux NETY & @IUx )
where p = p xid: B/ = ExR — X x R. We also have a commutative

diagram:

I’:i(pﬂ(.‘ xg, Ux J)

"ER(IG *6, U)

,
e S @IUx )

I'E = (PIU)

where the horizontal arrows are homeomorphisms. As we pass to the direct
limit, the above diagram gives rise to a commutative diagram of stalks of
sheaves. In the resulting square, the left vertical map between stalks will

be surjective if the right vertical map between stalks at 0 € W; is 50 (we

identify 0 € W, with (0,0) € W, x R via the canonical embedding of 3
in X x R as the subspace X x {0}). Therefore, we may assume that .\ is
a linear G-representation space with z = 0 € X¢. We denote the stalk of
the sheaf I‘:’.i(p’w' x J) by &(0), where U and J run over open G-invariant
neighbourhoods of z € X and 0 € R respectively. Then it is required to

prove that the restriction map a(0) : $(0) —» (0) is surjective.



Let f be a local regular G-section of p defined on a compact ball D
around z. We will produce an f € &(z) such that a(z)(f) = f. For this
purpose, we identify (E|D)) with the jet space J™(D,Y) and (E'|D x R)(")
with the jet space J7(D x R,Y) where Y is the fibre of p (as well as the
fibre of p x id). The induced map 7(") : J7(D x R,Y) — J"(D,Y) is de
fined as 7 (f, » f) = 55(foi). Using extensibility property of R, we get
an r-jet T € i*(Rg) such that 7()(7) = 75f under the above identification.
Define f: D xR — Y by f(y,t) = f(y) for y € D and t € R. The set
f(D) is compact and invariant; we denote it by Y’. Let e : Y/ — V be
an equivariant embedding of Y’ in an Euclidean G-manifold V such that
e(f(z)) = 0. The embedding e induces maps J*(D,Y’) — J"(D, V) and
J'(D xR,Y’) — J"(D x R, V). Both of them will be denoted by the same

symbol e,. Thus we have the commutative diagram

J"(D x R,Y") J(D,Y")
J7(D x R,V) J(D,V)

()

where 7(") : JT(DxR,V) — J7(D,V) is the map induced by m : XxR — X
as described above.

We identify Y’ with e(Y”). Let N be a G-invariant tubular neighbourhood
of Y in Vand let 4 : N — Y’ be an equivariant retraction onto Y”.
Consider the m-jet o = e,7 — 5, 5(¢ © f), and let P be the (equivariant)
polynomial representative of o so that Poi = 0 (since Poi is a polynomial
of degree r and its r-jet gL (Poi) = (7 o P=n()(e,r) = n (57, 5 (e F)) =

e (m7~ 37 f) = 0.) The map P+ eo Jis cquivariant and has e, as its 7-jet
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at (2,0). Moreover, P+eo f|D = eo fand (P+eo F)(Op(z,0)) C N. Define
f=po(P+ecof) The map fis equivariant and has 7 € R as its 7-jet at
(,0), because j« induces a retraction of J7(D xR, N) onto J"(D x R, Y") (if
we think of J"(D x R,Y’) as an embedded subspace of J7(D x R, N)) and
Sy (PHeo]) € TG 0p(D xR, Y') € J{,0(D xR, Y).! Since R is open, fis
A-regular on a neighbourhood of (z,0). Moreover foi = f, and hence a(z)
is onto. =]
Definition 8.3 Let (A, B) be a pair of subsets in x( Then any two scections
o€ P(A)and G € &$(B) are said to be coherent if the restriction o | Op B €
$(B) equals a(F) € ®(B). We will denote the space of all coherent pairs
(0,5) € ®(A) x $(B) by T(A, B). Then there is a natural map (A, B) :
$(A) — I'(A, B), denoted also by 7, such that v(5) = (a(3),5|Op B).

We observe that if B =0, then I'(4, B) = ®(A) and v = a-

The restriction morphism o : & — @ is called a microextension if
a(z) : B(x) — @(z) is surjective for each z € X and if v(A,B) is a
microfibration for every pair of compact subsets (A,B) in X. It is clear
from the definition that when a is a microextension, a(A) : $(A) — ¢(A)

is a microfibration for every compact subset A of X.

Lemma 8.4 For every pair of compact subsets (A,B) in X, (A, B) is

a microfibration. Consequently, a is a microextension

Proof. The proof of the fact that ~(A, B) is a microfibration is entirely
similar to that of Proposition 7.3; one has only to use Lemma 7.2 and

openness of 7. With Lemma 8.2, this shows that a is a microextension. O

N —
Note that we have not used the openness property of R so far. This observation will be

recalled in Section 12.
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(8.5) We have the following information in hand:
e & is a microflexible sheaf.
o ®|X is a flexible sheaf.
e a:® — ® is a microextension.

We now turn to the proof of the fact that an arbitrary deformation
@ : I — ®(A) over a compact subset A of X is microcompres ible. The
proof is described in Subsections 8.5.1-8.5.9.

(8.5.1) Set g = (0). Choose any a € A. Since o is a microextension, a
has a compact G-invariant neighbourhood A’ in A such that g | Op A’ has
a lift, say @o € ®(A), so that a o Fo = ¢o|Op A"

Choose finitely many such small G-invariant compact subsets A; of A, i =
0,...,k, such that ULO /‘\: covers A, where /‘:, denotes the interior of A; in
A.

We shall now introduce some notations and observe a few simple facts.
Notation 8.5.2 Consider a double deformation ¥ : [0,¢] x [0,€] — ®(A)
(see (6.10)). We will denote the restriction of ¥ to [0,€] x {0} by . The
restriction of ¥ to A, the diagonal of [0,&] x [0, ], gives another deformation
W' 1 [0,6] —> P(A) so that v*(t) = ¥(t,t) for t € [0,€].

Observation 8.5.3 If 4 and ¢ are microcompressible (resp. compress-
P P

ible) then 4* is also so.
Proof. Let U’ be the domain of ¥. Take any G-invariant open neighbour-

hood U of A in U’ and compress ¥ to 9 with supp¥°® C U. By hypothesis,

there e a positive & < € such that %|[0,&] x [0,&] can be compressed

to ¥ : [0,8] x [0,6] — ®(A) with supp ¥ contained in U, where U is a G-

invariant open neighbourhood of A in T, for which 9° | U = «° | U. We

48



define the required microcompression §* 1 [0,8) — @(A) of ¥* by
_ Dt ) (u if uelU
5 (0)() = { Pe )
20(1) () if weU'\U
where ¢ € [0,]. a

Definition 8.5.4 A finite scquence of double deformations o..... Uk -
[0.€] % [0.€] — @(A) is said to be compatible if ¥ = wj_; for i =1.... k.
For such a sequence we define the product of_gii to be Y.

Repeated application of Observation &.5.3 yields the following

Observation 8.5.5 If the double deformations i,.... ¥k [0.e)x[0.=
B(A) are compatible, and if U, W1s- .k are microcompressible (resp.
compressible) then the product ¥ is also a microcompressible (resp.
compressible) deformation.

In view of (8.5.5), our objective will be to express @ as the product of
compatible double deformations (in the sense of .5.4.), cach of which is

ble.

microcompr
Lemma 8.5.6 There exist compatible double deformations ¥; : [0,€] x
[0,] — &(A) such that
| [0.e] =
suppiNACAi = Ui, i=1.....k

ks, supp e NAC Ao =Uo

Proof. We shall prove the lemma by induction. Let S = supp ¢ and § =
supp @ N A. Our induction principle is
P, : there are deformations Yk, Yk-1s- - - Vk-i+1 such that

dp=¢ and Yp =W ;i I= 1,...,0—1

with

supp k1 NAC Ukjire J

supp ¥4, NVA C M Op (A\ Up—y+1)-
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Since Mz Op (A \ Uk-js1) C Uo, P is just the assertion we require to
prove. The next sublemma whose proof is deferred for a while, completes
the induction.

Sublemma 8.5.7 If ¢ : [0,1] — ®(A) is a deformation and if Vo, Vi
are open sets in A covering A, then there exists a double deformation
¥ :[0,e] x [0,€] — P(A) for some & > 0 such that

v =¢| [0, supp®nAcCOpSNWy,
supppnN A C OpSNWi.

Applying the sublemma to ¢, Op(A\ Uy) and Uy, we get Pp. Next, if
P; is true, then applying the sublemma once more to 11;2_‘”, Op (A\ Ux—i)
and Ui_;, we get a deformation ¥k—; such that

Vs =iy supp Y N A C ML Op (A \ Uk—jn1),
supp k- N A C iy Op (A \ Uk—j+1) N Uk C Ug—i-
This proves the lemma modulo Sublemma 8.5.7.

We now proceed to the proof of Sublemma 8.5.7. Suppose that each
(t) is defined on a G-invariant open neighbourhood U of A in X. Since our
required v satisfies the condition " = ¢, therefore, the restriction of ¥ to
the diagonal A of [0,1] x [0,1] is given by:

f:A— »(A)
(t,t) = o(1)-

Also, since supp %% N A C Vo N Op 5, the restriction of ¥(t.0), t € [0.1],to
a neighbourhood of C'= A\ (Vo N Op 5) in U is given by

g: 0,6 x {0} — @(C),
where 9(t,0) = 9(0,0) = »(0).
On the other hand, since supp ¥ N A C Vi NOp S, the restriction of ¥(t.s),
(t.5) € [0.1] x [0, 1], to a ncighbourhood of D = A\ (ViNOp S) in U is given
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by the map

s 0.1] x [0.1) — ©(D),
where h(t.s) = h(1.0) = o(t).
Clearly, botli the maps g and i match properly with f. Therefore, we have
only to make sure that g and & does not contradict cach other on the in-
tersection of their domains. Now, observe that €' and D are compact and
CaDc A\OpSc A\§CU'\S. Since U'\ S is open, C and D have
neighbourhoods Wy and W) respectively such that Wo Ny C U’\ S. Since
on the complement of S we have o(1) = ©(0), therefore g(t,0) and h(t.0)
mateh properly on the intersection Wo 0 W), and we get a commutative

diagram as follows

Au1 22 o)

Ex (0] —— #(CN D).
Now, the restriction morphism 7 1 &(C) — (D) is a microfibration (by
Proposition 7.3), and AU [0.1] x {0} is a strong deformation retract of the
square [0.1] % [0, 1]; therefore, arguing as in Theorem 7+, we obtain a de-
formation o't 1s % [0.8] — ©(C), where Iy = [0.6], and 6 is a poxitive
aumber < 1, such that o and f]Ug coincide on their common domain. and

row = hlls x [0.68] on a neighbourhood of N D. We now consider the

following lifting problem



AW A b(A)

Ih % [0,8] ——— ®(CUD)
w'Vvh

where As is the diagonal of [0.8] x [0.8], and &'V & is defined on Op by

o’ and on Op D by k. Since v is a microfibration, we got a positive number

£ <6 and amap v [0

w [0.€] — (A which equals fon Ay and also
satisfies 10w = V. This map v has all the required properties, and our

proof is complete. o

1 turns out that if 9. oy . o are microcompressible, then ¢][0.2 will
he microcompressible, which will imply that @ is microcompressible.
Observation 8.5.8 For all i, ¢;(0.0) = ¢o-
Proof. o = v} gives (1) = V(1) = wi(t.1). Hence o(0) = wr(0.0). Sup-
pose now that @(0) = ;(0,0) for some i. Then wi_y = v gives v (1) =
o (1) = o) = wi(1.0). In particular, ¢, 1(0.0) = ©,(0.0) = ©(0). ©
In view of (85.1), and Observation 8358, the problem of showing @
microcompressible is reduced to proving the following
Lemma 8.5.9 Let A be a compaet G-invariant subsel with non-cnipty
interior U7 in A such that olOp A" lifts to a map g € B(A).
(a) If v [0.2] x {02

. d(A) is a double deformation satisfying
©(0.0) = o and supp vNA C A =U"C A, then v is microcompressible.

() 1 v - [0.2) — ©(A) is @ deformation satisfying w(0) = 2 and
supp wNAC U then v is microcompressible.

Proof. (a) By hypothesis we have the following commutative diagram:



I(A)

[0.5) ———e b(A):

Sinee o is a microfibration (see Lenia 8.1), we get 2 partial lift & : [0
DAY of B for some £ > 0, 50 that a oo = v 1 [0.8 on Op A" (in ) and
() = o on Op A (in N x R).

We shall show that @ | Lo < [0.2] i Somicrocompressible, which will im-
ply S-microcompressibility of o, and hence microcompressibility of w (see

Section 6). To this end, take an arbitrary G-invariant open neighbourhood

7 of supp (l1: < [0.2]) in U, where Ui the actual domain of v, and consider

the following commutative diagram :

I, — ()

1. = [0

e TALAND)

where y(t,s) = (¥(t. ), (1)) Since 7y is a microfibration (sce Lemma 8.4).
(here exists a positive number £(17) < € such that | e x [0,£) can be lifted

(o amap v’ e x [0 —— DAY satisfying ' = &. Tn particular v has

the folllowing propertics.

o a0l

— (1. 5) on an open neighbourhood of A”in AN, for all

f el and s € (0.1,

o B(1.0) = (1) for all t € I,



o suppu’ € Opl.

Gor v can extond cach ©'(1.5) 10 Op U by defining it to be fixed outside Op 1
ke a Goinvariant open neighbourhood T of A in U Then supp wnAC
Op (7017 Applying Corollary 7.5, we get a deformation o : Lo > [0.2] —

H(A') such that
o 0| Lox{0) = v |1 < {0},
o O(tos) = w'(1s) on Op A,
e supp 0N Y CUNT.

Now it is casy 10 sce that a0ty : [ex[0,&') —— &(A) gives an S-microcompres
ssion for @ | Lo = [0.8] over A",
Let us denote the map wf(fe x [0.€]) by we. Since supp we s contained

i supp w. it follows from the hypothesis

(hat suppus N A € A Since A
and supp v, are closed subsets of X, A" contains Op(supp w:) 1 A where
Op(supp ¥-) denotes an open neighbourhood of supp v in U.

Now. apply-

ing Proposition 6.9 we may conchude that v is S-microcompr wible ax
deformation over A, This completes the proof of (a)-
(b) ‘Take any ncighbourhood U of supp w and consider the commutative

square of continuous maps

0 ()
(0.e] —— (AL AN\D)



where 1) i defined by 5(t) = (9(1), @) for ¢ € [0.€]. Now, proceeding as in

the case of (@), we get the required microcompression for . o

This establishes the microcompressibility of @ in the special case when
the polyhedron Pis a point.

(8.6) Finally, we turn to the case when Pis not a point. Let 2 Px & ==
@(A) be adeformation. Observe that o gives rise to a map @l — ()"
defined by

SO (@) = () (@) for t € & and z € the domain of @.

Let us define a sheaf @7 over X x P, associated to the sheal & and the
compact polyhedron P, as follows: For open subsets U7 C X and B C P
wo set OP(10 % U) equal to @(U)F, which is the space of continuous maps
R — @(U) with the following quasi-topology. A map @ — /(1 < 1)
is contimious if and only if the corresponding map 1t x Q —— $(U) is

continuous. 1t is straightforward that if ¢! is microcompressible then so ix

.

Now, it can be shown following Gromov [8] (p.&7-p.&9) that:

(@) @ is microflexible.

(b) SFLN % Pis flexible.

() The restriction morphism o : @7 — @Fis a microextension. where,
for subsets A € X and Q C P, the map a”(AxQ) L PP (AxQ) — »(AxQ)

is defined by
o"@ @) = aGP),
Fedl(Ax Q)= (A and p € Q.
We obscrve that, while proving microcompressibility of an arbitrary de-

formation I — ®(A) we have only exploited the facts that ¢ is microflexi-
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ble (in 8.5.7), o is a microextension (in 8.5.1 and 8.5.9) and $| X is a flexible

sheaf (in 8.5.9). Hence (a), (b) and () together imply that o’ is micro-

sible. “This completes the proof of Proposition 3.4. o



9 Equivariant Open Extension Theorem

(9.1) The equivariant open extension theorem was stated in Co ollary
1.12. To prove this, it is enough to show that the pseudogroup Dg(X xR, )
sharply moves X in X x R. Define a smooth function f: R — R by

expl/(u? —1) if Jul <1
{ if jul > 1.
Let U, S, 6, a be as in Definition 1.9 and let 7 be a positive numl.cr such

) =

that the =neighbourhood of Sin X is contained in U. Define
00 :0OpU —Us, 0<t<1
by (. 8) = (2, tef(d(@. 5)/7) + 8),
where d is the G-invariant metric on X, and c is a constant (~he value of

which will be dety

'mined later according to our requirements).
From the definition it is clear that oo is the inclusion map, oy is fibre-
preserving and a,(z, s) = (z,9) if z lics outside the r-neighbourhood of S in

X. Also, each oy is an equivariant map because

oigzs) = (9o tef(d(gz, 9)/7) +9)
= (gutcf(d(z.9)/T) +5)  asd(9z.S) = d(gz,9S) = d(z.5)
= goz,s).
To prove that o¢ is an embedding it -is enough to observe that oy is fibre-
prescrving and that, for a fixed 7, the map s = tef(d(z, $)/7)+s i3 a one-one
immersion.
Now obscrve that  maxez tef(d(z, S)/7) = cJ(0). Choose c such that
a/ J(0) < ¢ < 8/1(0)-
Then for all t and for all z in the closed T-neighbourhood Ur of Sin X,
d(z,0.(z)) < 6. Since U, is compact, there exists a positive number & < &

such that
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d(z,0((z,8)) <6 for all z € Uy, s € (—',&') and for all t.

Hence o, maps U x (—¢’,€') into Us (we have already observed that cach ¢
is identity outside Uy).

Now, for t = 1 and z € S, d(z,01(z)) = cf(d(z,S)/7) = ¢f(0) > a.
Since S is compact, there exists an € < ¢ and a neighbourhood N of S in
U, such that

d(z,01(z,8)) > aforall z € Nand s € (—¢,¢).
Hence the isotopy oy : U x (—e,€) — Us has all the required properties,
and we have the equvariant open extension theorem.
Remark 9.2 The formulation of open extension theorem in Gromov [8] is
slightly different from that of Corollary 1.13. The extensibility condition of
Gromov [8] for open extension theorem is given by the relation aN(R) =R,
whereas our extensibility condition is #((i*R) = R (see Definition 1.5).
Clearly, Gromov’s condition is stronger than ours. However, when R is
invariant under the action of fibre-preserving diffeomorphisms of X x R (de-
seribed as in Example 1.7), these two conditions become equivalent. To sce
this take an r-jet 7 f from R and let J'('L,)f be an r-jet in R such that

7O (g ) = 3500 Foie) = 2Lf.

Consider the equivariant fibre preserving diffeomorphism A, : X x R —
X x R defined by A(z,s) = (,8 + t), and observe that ), o iy = ir. Since
R is invariant under Dg(X x R,7), the map g = p(\) " o fo A, is a regular
(local) G-section of p/ : E x R — X x R at (z,0). Also, recalling the fact
that p()\) is fibre-preserving, we get

mogoip=(mop(A\) 1) o fo(\oig) =mo foi.

Hence '”(')(fo.o)g) = 75 f. This proves the required equivalence.



10 Applications

(10.1) Let us recall some basic facts about G-manifolds. If X is a G-
manifold then its tangent bundle TX is also a G-manifold under the differ-
ential action of G, and TX is a G-vector bundle over X. Since it has a Lie
structure group, TX is actually G-locally trivial (see an.

Let H be a closed subgroup of G, and let X¥ denote the H-fixed point
subset. Then X¥ is a submanifold of X and its tangent space at a point
2 € XM is the subspace (T X)# of T X ([14], (18]). Hence T{X") = (TX)H.
This also implies that (IX)¥ is a vector bundle over XH. In fact, we have

a more general result.

Lemma 10.2 If n is a G-locally trivial G-fibre bundle (resp. G-vector
bundle) over X, then 0¥ is a fibre bundle (resp. wector bundle) over

XH.

Proof. Let n be a G-locally trivial G-fibre bundle with fibre F and structure
group K. Let U, be a trivializing G,-invariant open neighbourhood around

2 € X for the fibre bundle 7. Then we have a commutative diagram

PN —— U x F
N A

Uz
where a, is a Gz-equivalence between p~Y(U.) and the trivial Gz-fibre bundle
U, x F.

Since X* is a submanifold of X, U¥ = U, N X" is an open subset in
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XH. Let us denote the map pln”! : n/ — X¥ by pH. Since (p!)"\(UH) =
(»~1(Ua))¥, restricting oz and p to (p~1(U))" in the above diagram we get

x|

U Ul x P

N A

N
vl

Suppose that Uz N Uy # 0, for some z,y € XH. Then ayoaz!: (UzNUy) x
F — (Uy NUy) x I maps an element (2, f) to (2, f.0(z)) where 0(z) € K.
Since ayoa; ! is Go-equivariant, 6(z) maps FH homeomorphically onto .
Therefore, the group K’ = {6]F : 0 € K} acts on FH. Hence 0" is a fibre
bundle with fibre F'# and structure group K'.

We now deal with the case when 7 is a G-vector bundle. Since structure
group of a G-vector bundle is the general linear group associated to its fibre
(which is in this case a lincar space), therefore, by a result of Bierstone ), a
G- vector bundle is G-locally trivial. Hence from the first part of the proof
it follows that n' is a fibre bundle. In fact, nH will be a vector bundle. To
see this it is enough to note that the fibre of 1 at z is a linear H-space, and
hence F'H is a linear subspace of F. o

We shall now state the main theorem of this section. Letp: E — X be.
as before, a G-locally trivial G-fibre bundle. Let £ and 7 be G-subbundles of
TE and TX respectively. Consider the partial differential relation R ¢ B
consisting of 1-jets of germs of local sections jlo for z € X, such that

doa(11z) Néo(x) = {0}
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Theorem 10.3 If for each isotropy subgroup H of the action of G on
X we have

dim X¥ + dim ¢ < dim E¥
then R satisfies equivariant parametric h-principle, where dim & means

the fibre dimension of £".
We postpone the proof until (10.9).

Corollary 10.4 Let p : E — X be a non-equivariant fibre bundle,
and €, n be subbundles of TE and TX respectively. Then R satisfies

parametric h-principle if
dim X +dim€ < dim E.

Proof. Take G = {e}. o
It may be noted that when n = T'X, this corollary reduces to the transver-

sality theorem of Gromov ([8], p.87).

Corollary 10.5 Let X, Y be smooth G-manifolds, § a G-subbundle of
1Y, and n a G-subbundle of TX. Let Ro be the subspace of J'(X.Y)
consisting of 1-jets of germs of local G-maps defined on G-invariant
open sets in X, 35f for = € X, such that

S flne is injective and 31f(ns) Néxe) = {0}-
Then Ro satisfics equivariant parametric h-principle (in an obvious

sense) if for each isotropy subgroup H of the action of G on X we have
dimn? +dim¢&” < dimY*.

Proof. Consider the G-locally trivial G-fibre bundle E = X xY — X. The

equivariant sections of E are in one-one correspondence with the equivariant
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maps of X in Y by the following rule:

= proa where p2: X x ¥ — Yis the projection.
We may therefore write a section o as (1x,3) where 5 : X — Yis a smooth
Ci-map.

Consider the bundle £ on X x Y defined by &,y = 0z X & Then a scction

o2 X — K satisfies
dos () Ny = {0}
if and only if @ : ¥ — Ysatisfies the following two conditions:
da.\n. is injective and dog(nz) Néaw) = {0}
We divide the proof of this fact into two parts.

(a} Only if part. Lot v € 1z and do(v) = 0. Then (v,d5:(v)) =
doy(v) € doa(n:) and (1, d#.(v)) € &yzy. Then by hypothesis v = 0. Hence
5,1, is injoctive. Again let v € 7, and d5,(v) € &5z Then (v, do,(v)) €
£,(zy, and do(v) = O by hypothesis. Hence doa(ne) N &z = {0}

() If part. Let v € 0, and do,(v) € oy, ie. (v,d5.(v)) € N2 X o)
[lence da,(v) € Ey(zy for v € np. By our assumption do, (v) = 0, and then
v = 0. Hence do.(n.) N &y = {0}

Also, the condition

dim XH 4 dimE¥ < dim B/
is equivalent to
dim ¥ +dimn/T < dim Y.

Henee the corollary. fa)

Corollary 10.6 Let X, Y be smoolh non-equivariant manifolds, and
and 7 be subbundles of TY and TX respectively satisfying
dim7 < codim .

Then Ro satisfies parametric h-principle.
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Let us now consider the equivariant version of the Smale-Hirsh Immer-

sion Theorem.

Corollary 10.7 Let X, Y be smooth G-manifolds. Let Immg(X.Y) de-
note the space of equivariant smooth immersions of X in Y and let
R¢(TX,TY) denote the space of equivariant continuous rnonomorphisms
F:TX — TY such that F|T.(Gz) is given by the differential of the
map gz — gf(z) of the orbit Gz onto the orbit Gf(z), where f: X — Y
is the map covered by F: TX — TY. Then the differential map
d: Immg(X,Y) — Re(TX,TY)
is a weak homotopy equivalence, if dim X/ < dim Y for every isotropy

subgroup H of the G-action on X.

Proof. Let T be the subspace of J'(X,Y) consisting of 1-jets of equivariant
local immersions of X in Y. Taking n equal to TX and § equal to zero in
Corollary 10.5, we see that T satisfies equivariant parametric h-principle
if dim(TX)7 < dimY#, that is, if dim XH < dim Y? (see (10.1)). Now, to
complete the proof, it is enough to identify Immg(X,Y) as the solution space
of T and Re(TY, TY) as the space of sections of the jet bundle J'(X,Y) — X
with images in Z. o

With G = {e} in the above corollary we deduce the famous Smale-Hirsch

Immersion Theorem.

Corollary 10.8 Let X, Y be non-equivariant smooth manifolds such
that dim X < dimY. Then the differential map

d : Imm (X,Y) — Mono (X, TY)
is a weak homotopy cquivalence, where Imm (X.Y) is the space of €™

immersions of X into Y and Mono (TX,TY) is the space of bundle
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monomorphisms of TX into TY.

(10.9) Proof of Theorem 10.3.
To prove the theorem it is enough to observe the following facts in view of

Corollary 1.12.
o R is a G-invariant subset of E().
e R is an open relation.
o R has a G-invariant extension R.
o Risan open relation.
o R is D(X x R,m)-invariant.

We shall verify the above results in subsections (10.10)-(10.14).
(10.10) R is a G-invariant subset of E().

Let o be an equivariant (local) section of p defined on a G-invariant open
neighbourhood of z € X and let jlo € R. Choose g € G. We shall show
that g jlo = jl,(gog™!) € R, that is

732(9997") (Ngz) N €go(z) = {0}
By our assumption, jLo(nz) N&y(z) = {0}. Also, we know that each g € G
induces isomorphisms on the tangent spaces of X, and of Y. Hence, (]E,(Z)g o
]Lu)(nz)ﬁj",(x)g(fa(z)) = {0}. Moreover, since £ and 7 are G-subbundles this
equation is equivalent to the required one.
(10.11) R is an open relation.

Let R’ be the subset of EX) consisting of 1-jets of germs of smooth
local maps f: X — E at some z € X, such that dfz|n; is injective and
dfz(n:) N &gy = {0} Consider the inclusion 4 : EY < JY(X,E). Then
R =i~!(R'). So it is enough to prove that R’ is open.
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Let W be a subspace of R™ and V be a subspace of X" satislying dim V+
dim W < m, where m = dim £ and n = dim X. Denote by g the quoticnt
map of R™ onto R™/W. Set

w={L:R" — R™ : L is linear and g o (L|V) is injective}
and consider the following sequence of continuous linear maps:
LR R™) o LVR™) 25 LVR™ /W)
given by L v L]V go(L{V). Then w = (g, 07)71(0), where O is the open
subset of L(VE™/W) consisting of injective linear maps. This completes
the proof, because if I/ is an open coordinate neighbourhood in A and U an
open coordinate ncighbourhood in £ then I x U x w is homeomorphic ta

an open subset in the 1-jet space J(X,Y) with image in R’

(10.12) R has a G-invariant extension.
Recall that any section 7: X x R — E x R is of the form T{z.t) =
(7@, 1),1) 5o that wo 7 = 7', where 7' : X x R —= £ is a map such that.
for each ¢ € R, 7/(- ) is a section of p. Define a G-subbundle 7 of T(X x &)
by iy = e % R
Let R ¢ (E x R)® consist of 1-jets of local sections, gi, y7 satislying

the foll: wing two conditions:

- ](’M)‘r’ | Fia,zy is injective, and

¢ )™ (o) NérEn = (o}

We shall prove that R is a G-invariant extension of R.

Let 3, 57 € 7. Recall from Section 1 that G acts on (E x R}V by the
rule g- 3, )T = ];(“)yrg". Now, since each g induces isomorphisms on the
tangent spaces of X x K, and of B, and since 7 and £ are G-subbundles.

it, follows that gl ,07'9"" = 2608 © ™ © Iy ! restricted to figr

65



is injective, and ];(xv‘)gf'g‘l(ﬁ(ng,)) N €rrgzey = {0}. Since grg~'(z.t) =
(97'97 (2, 1), 1), therefore 7}, yg7g™! € R.

Next we shall show that () maps R¢ into Rg. Let us take an element
]}ZVL)T € Rg. This means that 7 is a lecal G-section at (z,t), ]E“)‘r’ |
Ti(z) is injective and ](‘Z'QT’(ﬁ(,‘,)) Ny = {0} (1) maps ];N)‘r onto
gL (morois) = gh(r'0ir). It is required to show that 53 (7'0it) (n:)Nr/(ze) = {0}
Suppose that for some v € 7z, J1(7' 04:)(¥) € &ri(zy). We shall show that
JL(r" 04y)(v) = 0. Now, g3(7' 0it)(v) = 3, y7'(v,0) and (v,0) € 7z )- Hence
by hypothesis 71(/ 0 i¢)(v) = 0.

Finally we shall show that 7(}) is onto. Let o : U — E be a local G-
section of p defined on a G-invariant neighbourhood U of z € X such that
7lo € Rg. We will produce an equivariant local section 7 at (z,0) defined
on some G-invariant open neighbourhood & of (z,0) such that 5}, o7 € Re
and w31, o7 = slo. If there exists such a 7, then

(i) ™y, t) can be expressed as (7'(y,t), t), for (y,t) € U, where 7/ is an
equivariant map from U to E, and it satisfies the relation p o 7/(y.t) = y.
Morcover 7/(z,0) = o(z).

(ii) Since 7’ is equivariant, it maps U into EH, where H denotes the
isotropy subgroup G, at z. Let p¥ denote the restriction of p to E”. The
relation p# o 7/(z,t) = z gives dpf(z) o dri, 0)(0,w) = 0 for (0, w) € T XH %
ToR. Then dri,)(0,w) € Kerdplt,,. Since p” : B — X" is a fibre-
bundle with fibre (E;)¥, which is same as (E"), (where E; denotes the
fibre of p over z), we have Ker dp{j(,, = T,y (EH) (C Tomy(E") C (TE)Y,y)-
Hence dr, (0, w) € Togay(EX).

(iii) Also, by hypothesis, dr{, (0,1) & doz(1z) @ Eo(s)- Therefore, to

obtain 7/, it is necessary to find a vector u € Ty(z)EY which does not belong
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to the intersection (doz(nz) ® €o(z)) ﬁT,(,)EL’. Since n and £ are G-invariant

subbundles, o is equivariant and do is injective, we can prove that
(do=(n¥) @ EXy) N To(z) B = (doz(nz) ® £r(z)) N Ty ElL.

So, it is enough to find u € T,(,)Ef which does not belong to (do. () &

ey n Ty EY.

Let us now investigate the condition dim X* + dim¢” < dim EH. This
inequality is equivalent to dim¢&” < dim E¥. Moreover, since do.(nf) N
Tywy(EY) = {0}, therefore To(y(EX) is not contained in do(r) ® €lf,).
This permits us to choose the required vector u.

We shall now construct 7/ described in (i) above. We identify E|U with
the trivial G;-bundle U x Y, where Y is G;-homeomorphic to.the fibre E,.
Then o can be expressed in the following way:

o(y) = (¥.3@W) EUXY,
where y € U, and & : U — Y'is a G-equivariant map. Because of (ii), we
may assume without loss of generality, that u € T,(,)Y" C T X x Ty(z)Y.

Note that we can always find a smooth function f (not necessarily equiv-
ariant) from a neighbourhood of (z,0) € X x R to Y such that at the point
(z,0) it satisfies the following relations:

8f oo af
= o and Y

J(z,0) = 5(),
where z;’s are coordinate functions on a neighbourhood of z € X and u is
as chosen above. These conditions imply that the map f’': Op(z,0) — E
defined by the formula f'(y,t) = (y, f(y,t)) has all the properties of 7’
except (perhaps) equivariance. Thus R is a non-equivariant extension of R.
For the openness of R (which will be proved in (10.13)), we may also assume

that f’ agrees with o on X (see Lemma 8.2).
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We shall now modify f’ to get our required equivariant map 7. Define
a map 7} on the domain of f’ by the following rule:
H ) = b 1 (g D)y
where dh is the normalised Haar measure on Gy = H. Then 7} is a G-
equivariant map agreeing with f” (and hence with o) on U x {0}, and is such
that, for each t € R, 74(.,t) is a local section of p, provided the composition
foi is defined, (in fact for a fixed t, f'(h.(y,t)) € En, and therefore
h1.f"(h.(y:1)) € E,; consequently, 71 (y,t) € Ey). Moreover, since H fixes

both (z,0) and u, we have
ory _ L 0f _ / -1 _
Z (z,o)_/Hh L (.0 dh = [ h7udh=u.

Let S, be the slice at z € U; now define 7/ : G xp S; xR — E by
(lg, 31 1) = 974 (. ).

Then 7' is G-equivariant, and agrees with o on U, because taking t = 0

we got 7/([9.51.0) = 97 (5,0) = go(y) = oloy) = o(lg. ) (we have iden-

tified [g,y] with gy since the correspondence [g, y] — gy defines a local

G-homeomorphism between G xg, Sz and X at [1,z]). Moreover, since

[1,2] = 2 we have 7/(z,t) = 7'([1,2],t) = 7i(z.t). Therefore, 2r'(z.0) =

gf,(z.()) = u. Thus we have obtained our required 7’.

(10.13) R is open.

Consider the subset R” C J'(X x R, E) consisting of 1-jets ]Ez‘t)f such
that (a) 78, f | fey is injective and (b) gtz o f (e N Esce) = {0} We can
prove as in (10.11) that R” is open. Consider the map m, : (E x R)D —
JY(X x R, E) which takes 3, 47 to ]}”)(wos), Then it is easy to sce that
R = (m.)"'(R"). Hence R is open.
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(10.14) R is Dg(X x R, ) invariant.

Let A € Dg(X xR, n) and ]}\(z‘t)a € R. We have to show that \* (]}\(”)o) €
R. If we write A(y, 8) = (¥, N'(v, 8)) and o(y, 8) = (o'(y,8),t) for (y,8) € X x
R, then /\'(]}\(”)a) = ](‘“)5, where 7 is defined by 3(y, 8) = ((¢'0A)(y,8) . 5)
for (y,8) € X x R (see Example 1.7). Hence, it is required to prove that
Tey(@” © N () N E(ororay = {0} and Iz (@' ©A) | iz Is injective.

Let J(‘l‘[)(U, o A\)(v,w) = 0 for some (v,w) € n; x R. Since X is a fibre-
preserving local diffeomorphism, d\(z,r) maps 7z X R onto itself. Therefore,
by the hypothesis (which is Ji(z,x)" € R), we conclude that v = 0 and
AN (Vs w) = 0. This implies that dX{, ,(0, w) = 0. Moreover, since s —
N (y, ) is a local diffeomorphism of R, we have w = 0. This proves that
]ém)(a’ 0 A) | fl(zy) is injective.

Next suppose that Jéz,t)(",°>‘)(”v W) € £(oron)(zy) for some (v, w) € 15 X R.
Then arguing as in the previous paragraph we get that ]%“)(a’o A) (v, w)) =

0. Hence j{, (0" 0 N) (i) Né@rone. = {0}.
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11 Symplectic Manifolds and Moser’s Theorem

(11.1) In this section we will review some basic facts from the theory
of symplectic manifolds. We shall consider only manifolds without bound-
ary. If M is such a manifold, then we shall denote the space of all exterior
differential p-forms on M by AP(M), and the exterior differential operator
by d. A closed 2-form g on M is called symplectic if it is nondegenerate,

that i

if the induced map Iy : £(M) — AX(M) is an isomorphism, where
(M) is the space of smooth vector fields on M. A manifold M together
with a symplectic form is called a symplectic manifold. It is a standard
result that a symplectic manifold is always even-dimensional. A diffeomor-
phism f: M — M of a symplectic manifold (M, g) is called a symplectic
diffeomorphism (or symplectomorphism) if the puli back f*g equals g.
Our main objective in this section is to study the consequences of Moser’s

Theorem which will be required in the next section to obtain parametric h

principle for ic isometric i

We begin with a proof of Relative Poincaré Lemma ([20}).

Lemma 11.2 (Relative Poincaré Lemma) Let w be a closed p-form on
a manifold M such that the pull-back of w on a submanifold N of M
vanishes. Then there exists a (p — 1)-form a such that w = da on a

neighbourhood of N and a =0 on N.

Proof. Let T be a tubular neighbourhood of N in M. Then T has a vector
bundle structure over N. If g : T — T denotes, multiplication by t for
t € [0,1], then py is the identity map and uo is the retraction of 7" onto N

Moreover, each ju restricted to N is the identity of N. Let X be the vector
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field dyu/dt along p. Then it is a standard result that
d . 5% %
) = w (Xedw) + (4 (Xe-w))-

Since w is a closed form, the above relation reduces to %(u{w) = d(p! (Xiw))-
Integrating both sides of this equation and noting that py is identity, we
obtain that
(11.3) w— (@) = f (i (Xew))dt = d(Jfo 1 (Xew)dt).
We define Tw = [} 12} (X.w)dt; thus equation (11.3) transforms into
w — pyw = d(Iw)

Since po maps T onto N and i*w =0 (i being the inclusion of N in M), we
have jigw = 0. Consequently, w = d(Iw). On the other hand, since ju|N s
identity, X, vanishes on N, and hence Iw|N = 0. Thus w is the required
(p —1)-form a. o

Since I in the proof of Lemma 11.2 determines a continuous process, we

get two immediate corollaries of Relative Poincaré Lemma.

Corollary 11.4 Let M be a manifold, and let wg, ¢ € Q, be a family of
closed p-forms on M such that pull-backs of the forms wy vanish on a
submanifold N of M. Then there exists a continuous family of (p—1)-
forms ag, and a neighbourhood U of N in M, such that aq vanishes on

N and wg = dag on U.

Corollary 11.5 Let = € M, and U be an open subset of M containing
z. Let {w, :u € U} be a continuous family of closed p-forms on U such
that wy(u) = 0 for all u € U. Then there exists an open neighbourhood
U of = in U, and a continuous family of (p— 1)-forms {ay} such that

wy = day on U, and a,(u) =0 for allu € o.
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Proof. Take 7 to be a convex coordinate neighbourhood of z. Consider the
smooth map 2 : Ux Ux 1 — U defined by p(u,z,t) = (1 — t)z + tu, for
w,z € Uand t € I. Then, for cach u € U, the map py : Ux 1 — U defined
by su(z.t) = u(u,z,t) gives a strong deformation retraction of U onto u.
Thus the correspondence u — g gives a continuous family of retractions.

Then proceeding as in Lemma 11.2 we get the desired result. a

Theorem 11.6 (Moser’s Stability Theorem, see [21]) Let (M, g) be a sym-
plectic manifold and N a compact submanifold of M. Let gq, q € Q.

be a i us family of plectic forms on M such that g, = g on
the submanifold N. Then there exists a continuous family of diffeo-
morphisms {6, q € Q} defined on some neighbourhood of N such that
839¢ = 9, 8N =1y and d6,|TwM = identity. Moreover, if gg=g ona
neighbourhood of N for some q, then the corresponding 6, is identity

on M.

Proof. Let us write wq for go — g Then by hypothesis each w, vanishes
on N. Now, by Corollary 11.4, there exists a continuous family of 1-forms
{ag,q € Q} such that, for all g € Q, wg = dag on a neighbourhood of N, and
ag|N=0.

Now, the homotopy G: Q@ x I — A2(M) defined by G(g,8) = g+s.dag
is smooth with respect to the parameter s and continuous with respect to q.
Since wg|N =0, G(g,8) = gon N for all (g, 8), and therefore Ig(qa)\N = IgIN
is an isomorphism. This means that G(q, ) is a symplectic structure on a
neighbourhod of N for all ¢ € Q,and s € I.

We construct a smooth family of diffeomorphisms 84(s) as follows: Let

£,(s) be the vector field 715;%:)(00)7 then
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LeGla.8) = d(£,(3).G(q.8)) = —dayg.

Now, since ay|N = 0 for cach g € Q, the vector fields £,(s) vanish on N and

hence they are integrable on N. Therefore &(s) can be integrated on a neigh-
bourhood of N (since N is compact, we can get an open neighbourhood of N
in Af on which cach 8,(s) is defined) to a 1-parameter family of diffeomor-
phisms {8,(s)} such that 8,(0) is identity for all g € Q and each bq4(s) is iden-
tity on V. By the definition of integrability we have j‘;(éq(s)) = £y(s) 084()

and therefore

15,5 Gla. ) = 6,60 (LGl 8) + 2 Glas)) = 0.

ds
S0, 64(s)'G(g,8) = 6,(0)'G(q.0) = g. In particular we have 8(1)"(9q) =
84(1)*G(g, 1) = g. Since all the steps involved here are continuous, the map
(q.2) — 8,(1)(z) is continuous in ¢ € Q and smooth in z € M. Hence,
the correspondence q 1 8,(1) defines a continuous map with respect to (™
compact-open topology on the function space. Consequently, {64(1)} is our
required family of diffeomorphisms.

Since 64(s)| N is identity for all (q,s) € Q x I, it follows that
(8,3 = A () =0,

for each ¢ € Q and n € N. Hence (d6,(1))n = (d8g)(0), =identity for
neN. [m]
Corollary 11.7 Let (M,g) be a symplectic manifold and let g, be a
continuous family of symplectic forms on M, where u runs over an
open subset U C M, such that g, = g at u. Then there is a continuous
Sfamily {6, : u € U} of diffeomorphisms defined on some open subset
U c U such that 8,9, = g, 6,(u) = u and d&,|T.M is identity for all
u € U.
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Proof. This follows from Theorem 11.6 along with the observation in Corol-
lary 11.5. o
Corollary 11.8 Let (M.g) be a symplectic manifold, and g, t € [0.1].
a continuous homotopy of g in the space of symplectic forms on M
such that the cohomology class of g is the same as that of g for all
1. Let (C.C") be a pair of compact subscts in M and gi = g on an
open neighbourhood of C'. Then there exists an € > 0 and an isolopy
(6,10 < 1 < e} on an open neighbourhood of C such that &g =g for

all  and cach &, is identity on a ncighbourhood of C”.

Proof. First suppose that there exists a continuous family of 1-forms a¢ on
A such that g = g + da, where cach o vanishes on a neighbourhood of
(. Without loss of generality we may assume that ag = 0 (if not, replace
e by B = o1 — o). Consider an auxiliary 1-parameter family of 2-forms
g1 = g + d(pay), where pis a smooth function with compact support and
p =1 on an open set Ug D C. Then 96 = g, and therefore, g; is symplectic
for small t, since ag = 0. Now, define a homotopy H:1x1 — AM)
by H(t.s) = g+ s.d(pa). Since H(0,s) = g for all s € 1, there exists an
> 0 such that (1, s) is symplectic for all s € T and for all t < e. Again,
since p has a compact support, the vector fields I;IELS)(,:L.‘) are integrable on
M. T ce proceeding exactly as in Theorem 11.6, we obtain an isotopy &.
0 <1< e such that &g} = go and 6, is identity on a ncighbourhood of el
Since & is identity and C is compact, therefore we find a neighbourhood U
of C such that &(U) C Uy for sufficiently small t. It is casy to sce that &|U
pulls back g¢ onto g.

Now to prove the existence of the above-mentioned ;s let us recall some

preliminarics from Hodge theory. Let A = d8 +6d be the Laplace-Beluam
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operator which is a lincar operator on AP(AM) for each p. 1f H is the space
of harmonic p-forms (a form w is harmonic if Aw = 0), then AP(M) has the
following decomposition:
AP(M) = d(AC~D(M)) & §(APD (M) @ HP (M)

with respect to some inner product on AP(A) (see [19]). Therefore, it follows
that the equation Aa = w has a solution if and only if w is orthogonal to H¥.
This permits us to define an operator G : AP(M) — (HP)*, called Green's
operator, by setting G(w) equal to the unique solution of Aa = w — H(w)
in (H?)*, where H(w) denotes the orthogonal projection of win HP. Then
G is a bounded sclf-adjoint operator which commutes with all operators
commuting with A.

Now, if w is an exact p-form, then H(w) is equal to zero (since /7 does
not contain any exact form). So Aa = w has a unique solution in (HP)*-.
Also, AG(w) = d6G(w) since w is closed. We define G : BX(AM) — A' (M)
by G'(w) = 6G(w). Then dG'(w) = w; in other words G’ is a right inverse
of the exterior differential operator d. If w is zero on an open submanifold.
then so is G'(w).

Thus, for the continuous family w, = g, — go of exact 2-forms, we get a
continuous family of 1-forms ar, given by a; = G'w, such that da¢ = w,.

“This completes the proof of the corollary. o



12 Symplectic Isometric Immersions

(12.1) Let (V. g) and (W h) be two symplectic manifolds, where Vis without
boundary, and g and h are symplectic structures. Consider the space of €
immersions [ : V — W satisfying the condition f'h = g. These maps will
be called symplectic isometric immersions, and their space will be denoted
by Symp (¥, W). Symplectic isometric immersions correspond to the relation
R C JD(V, W) consisting of all 1-jets 5L/, v € V, of local immersions [ such
that f'h = g at v. Evidently R is not an open relation. The space of sections
of the 1-jet bundle J'(VW) over V, with images in R, is isomorphic to the
space of vector bundle monomorphisms 3 TV — TW such that I*(h) = g-
We shall denote the latter space by RS (TV,TW). The main result of this

section is stated in the following theorem.

Theorem 12.2 The differential map d : Symp (VW) — RS (IWTW) i

a weak homotopy equivalence if dimV < dim w.

The remaining part of this section is devoted to the proof of this theorem.
(12.3) We embed Vinto V' R? by the canonical immersion @. Let us
denote V x K2 by V. Then ¥ has a symplectic form § = g+ dz Ady on it
where (z.y) are the global coordinate system for R2. Moreover, i pulls back
g onto g.
Let R be the relation corresponding to the symplectic immersions of
T in W. We shall denote the sheaf of solutions of R and R by ® and &
respectively.

Lemma 12.4 The relation R is an catension of R.

Proof. Let 31/ be the 1-jet of a local immersion V D U —— W satisfying

fh=gatveUin other words, the 1-jet belongs to R. We shall show
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that there exists a 1-jet 3}, o) f € R, such that LRICES A(Foi) =31
The isometric condition on f at (v,0) says that
(12.5) hyy(Fox, Foy) = G0y (%.¥)
for any two tangent, vectors x and y at (v,0) € V. Furthermore, the extension
condition gives the following relation
(12.6) Fox) = £.(x),
for all x € T,V.

It is casy to verify that the global vector fields 2 and % satisfy the
following relations
(12.7) W& 4 =1

(2. X)=0 and §(£.,X)=0,

where X is an arbitrary vector field on V.

In view of (12.5), (12.6) and (12.7), we now make the following assump-
tion. There are two tangent vectors X and y at f(v) € Wsuch that:
(12.8) . ¥) =1,

h(fe(x),%) =0 and h(f(x),y) =0,

for all x in T,V.

Given % and y satisfying (12.8), we define a smooth map fon a neigh-
bourhood of (v,0) in Vsuch that

dfITYV = dfu, dfu(Bl) =% du(Gl) =¥

Then it readily follows that 7M(5, ) /) = sbf and Fho=gat (v0) eV

This local map fwill also be an immersion at (v,0), because, if there exists

some X satisfying the condition (12.8) then it cannot belong to f,(1V). (If
possible, let % € f,(Z,V) so that X = f,(xo) for some xo € T,V. Then, using
(12.8) we get.

9(x,%0) = h(fo(x), f.(x0)) = h(fs(x),%) =0
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for all vectors x € T, V. This implies, since g is non-degenerate, that xo = 0,

and hence % = 0 - a contradiction.) Therefore, ](‘vmfe R, and consequently
R is an extension of R modulo the assumption (12.8).
Now to complete the proof of the lemma it remains to show the existence

of % and ¥ satisfying (12.8). To this end, consider the linear map

F: TyyW — R
defined by

w = (h(fu(e1) W) h(f(en) W)

where e, i = 1,...,n, denote the vector fields corresponding to the coor-
dinate functions on a neighbourhood U’ of v € V. Observe that f(T,V) C
Ty W, and F|f,(T,V) is an isomorphism onto R, since g is non-degenerate.
Hence Fis an epimorphism. It also follows that f,(T,V) @ Ker F'= Ty)W.
since Ker I'0 f.(T,V) = {0}. Let us choose a tangent vector X(# 0) in
Ker 1%, so that h(f,x,%) = 0 for all x € 7,V, and define a lincar map

G: KerF—R
by w — h(%, w). Since h is non-degenerate, G is onto. For, if G is not onto,
then it is the zero map, which means that h(%,w) = 0 for all w € Ker F.
On the other hand, A(f.(x),%) = 0 for all x € T,V. These two together
imply that h(w,%) = 0 for all w € Ty,yW; but % # 0, which contradicts
the fact that h is non-degenerate. So, we can choose a tangent vector y at

J(v) € W such that h(%.¥) = 1. This completes the proof. o

(12.9) Observe that R is not invariant under the action of D(V). 1t is only

tnvariant under the action of symplectic diffeomorphisms of V. It is casy to

sce that a symplectic diffeotopy & on V, with Sp=identity, is obtained by

integrating a vector field 8 on Vsatisfying Lo = 0. Since § is a closed forn,

this is equivalent to saying that 8.7 is closed. So dis the inverse image under
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the isomorphism I : (V) — A1(¥) of a closed 1-form on V.

]
A diffeotopy of (V,§) is called exact if it can be obtained by integrating

a vector field & which corresponds to an exact 1-form dH under I3 for some

smooth function H on V.
Lemma 12.10 Exact diffeotopies of (V,5) sharply move V in V.

Proof. Start with U, 6, a and S as in Definition 1.9. Let us denote by H :

¥ — R the projection map of V onto its last factor; that is, H(v.z,y) =y

Then dII = dy. We define a vector field X by the formula X = I='(d!f) =
I (dy). Then X5 = dy, and therefore X = 2. 1f {8} is the one-parameter
group of diffcomorphisms generated by X, then & (v,z,y) = (v.z +1,3).
Take a constant ¢ satisfying @ < ¢ < 6, and define a function b : V—
[0, ] as follows:
b(v.z.y) = f(d(v, S)/7) for (v.z.y) €V,
where f is a smooth function R — [0,¢] such that f(0) = ¢ on a neigh-
bourhood of 0 and f is identically zero outside the open unit interval. Then
b = 0 outside the ~neighbourhood of S, and b = ¢ on a neighbourhood of S.
Let {@i},i = 1,....2n, denote the local coordinate system in V with
respect to which the symplectic form g can be written as g = 3 dz; AdzT, ..

Since b is independent of the coordinates z and y in R?, db can be expressed

locally as db = 3 f;.dz; where fi’s are local functions on V. Then it follows
that l;’l(db) is a vector field with no component in z and y directions. Let
us denote this vector field by Y.

Now, d(bH) = Hdb +bdH = ydb+bdy (in particular, we have d(b1) =
bdy on V). Hence I-QT‘(d(bH)) = bX +yY. We shall denote bX +yY by . Let

o, be the one-parameter group of diffcomorphisms generated by 9. Clearly,

79



o, is an exact diffeotopy. We shall prove that oy sharply moves U at the
hypersurface S. Observe that (bX)(v,2,y) = b(v) & (v.z,y). Hence, if &
denotes the one-parameter group of diffeomorphisms generated by b.\" then
8 (v, 2, y) = (v.x + tb(v),y). As a result we have

dist (8, (v),V) = dist ((v,t0(v),0),V)

= tb(v)
Now, noting that the vector field yY has no component in the direction

(12.11)

perpendicular to V, and then using (12.11), we get the following relation:
dist (00 (v), V) < maxy,dist (8(v),V) = e < 6,
where v € U. In fact, for sufficiently small real numbers z and y we have
dist (o (v, z,y), V) < 8,
where t € 1,v e U.

On the other hand b(v,z,y) = ¢ for v in some neighbourhood of S, and
for all z, y. This implics that @ = bX on a neighbourhood of S, and hence
dist (8,(v),V) = dist (0,(v), V) when v € S. Then using (12.11) we get, for
veES,

dist (01 (v), V) = dist (8, (v). V) = b(v) = c > a,
Morcover, since b = 0 outside the -neighbourhood of S, each oy is identity

there. Thus we have proved that o, sharply moves U at S. o
Lemma 12.12 The sheaves & and & are microflexible.

Let us consider the following lifting homotopy problem for the compact pair

(C,C")in V2
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Fo

Q x {0} °(C)
Qx1 a(C’)

where @ is a compact polyhedron.

Let us denote the sheaf of immersions of Vinto W by ®'. Then & is a
subsheaf of . Since the immersion relation is open, we can lift an initial
part of f to ®'(C). Let F: Q x [0,] — @'(C) denote a lift of f1Q x [0.¢] for
some positive number e < 1 such that F(g,0) = Fo(q,0). Since F(q,0)"h is
non-degenerate on a neighbourhood of C, for g € @, and since C is compact,
(herefore F(q,)*h is non-degenerate on a ncighbourhood of C for all g € Q
and t € [0,&1], for some positive number &; < €.

Set F(g,£)"h = gqr and denote the cohomology class of a form w by [w].
Since F{q.1) is homotopic to F{g,0), therefore we have

[904] = (g 1) k) = F(g. )" [h] = F(q,0)" [h] = [(q, 0)" ) = [g]-
Morcover, gq0 = g on OpC and g, = g on OpC’ forg€ Q and t € [0.e3]).
Since C and C’ are compact subscts, we can apply Corollary 11.9 to obtain
a continuous family {64} of diffecomorphisms on OpC such that 6,0 and
6,4/0p C" are identity on their respective domains, and 8 (9q: = 9.

Set J(q.t) = Fq.t) 0 8, Then f(g.t) € ®(C) for all (g,t) € Q x [0.£1].
Also, J(9.0) = Fo(q,0) and J(a.0)]OpC’ = f(g.1)|OpC". Tence [ is the
required lift.

With the same arguments as above we can conclude & is also a microflex-
ible sheaf. u]

We have noted in Section 7 that for proving flexibility of ®|V we require

the sheaf & to be microflexible, and also we need the existence of diffeotopies
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which would sharply move Vin Vand act on the jet space so as to keep R
invariant. Therefore we may conclude, in view of (12.9), (12.10) and (12.12),

that

Proposition 12.13 The sheaf §|V is flexible.
We shall now prove the following

Lemma 12.14 R is a microextension of R

Proof. Consider the morphism o : & — @ of (8.1), and recall that the
proof of surjectiveness of a(z) depended on the fact that R is open (sce last
two lines of the proof of Lemma 8.2). Although R is not open in the present
situation, Theorem 11.6 allows us to conclude that a(z) is onto for all z € V.

In fact, J (as constructed in Lemma 8.2) has the following two properties:

e Fequals fon UNV, where U is the domain of f. Hence, pullbacks of
both the forms f*h and § to V are the same. Therefore, by Lemma
11.2, we obtain a 1-form ¢ on a neighbourhood, say U, of (z,0) in U
such that dgp = f'h—gand p|UNV=0.
e f*h=gat (2.0).
Now, proceeding as in Theorem 11.6 we get a diffeomorphism 6 on a neigh-
bourhood, say U’, of (z,0) in U, such that &'(f*h) = § and 6JU" OV is
identity. Then f’ = fo & is the required extension of f.
Next we shall prove that the map v : $(A) — I'(A, B) is a microfibra-
tion for a pair of compact subsets (A, B) in V (recall from Section & that
I'(A, B) is a subset of ®(A) x &(B) consisting of compatible pair of maps

(3.0) so that a(F) = o] B). To prove this consider a lifting problem
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T'(A, B)

9

where 7o Jo = (f, @) 0i. Let @ denote the sheaf of C* immersions of Vinto
W. Since the immersion relation is open, we get a lift f: Px [0,e] — ®'(A)

such that for all ¢t < & we have
o f(p.0) = Jo(p)
o J(p.)|OpyvA = J(p, 1),
e J(p.t)|OpypB = @(p, 1)

where Op yA denotes an open neighbourhood of A in Vand OpB denotes
an open neighbourhood of B in V. Since J(p,0)"h is non-degenerate on
a neighbourhood of the compact set A, for all p, there exists a positive
number e, such that J(p,t)'h is non-degenerate on a neighbourhood of A.
for all p € Pand t < e1. We also have,
Jp ) [h] = J(p,0)"[n] = (8]

forallpe Pandt € I.

Now, for brevity, let us write gpe for f(p,t)"h. Then for t < 1 we can
express gpy as :

Gpat =9+ Wpts
where wp, is an exact 2-form on a neighbourhood of A in V satisfying
Wyl OpyB =0 and iywpe =0,

where i4 : OpyA —> Vis the inclusion map. Proceeding as in Lemma 11.2

we get a continuous family of 1-forms ap, satisfying the following conditions.
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(12.15) doy, = aplOpyA =0, 0y |OpyB = 0.

(To sce the existence of age’s, let us take a subset N in V which is the
union of the shaded region and OpyA as shown in the diagram below. Let

T'be a neighbourhood of N. This is illustrated by broken lines in the picture.

Consider a deformation m, : T'— T such that 7 is a retraction of T onto
N, 1 is the identity map of T and , fixes N for each t. Now proceeding as
)

Thus gy is a family of symplectic forms on a neighbourhood of B in V,

in the proof of the Relative Poincaré lemma we obtain the required ay,

such that g, = g+ dap, and gpo = g, where ap,’s are given by (12.15).
Since B is compact, we can apply Corollary 11.8 to the family gp, to obtain

a family of diffeomorphism {6,.;p € B 0 < t < £} for some & < € such that
o 6,0 is the identity map on a neighbourhood of é
e 6,4|0p yA =identity,
o 5,4|OpyB =identity,

5 9pt =
The required partial lift of the lifting homotopy problem can now be given
by the map f: P x [0, —> (1) which is defined by the formula f(p,t) =
F(p.t) o by o



Proposition 12.16 The sheaf ® is flexible

Proof. All the requirements of the proof has been satisfied in view of (8.5)
and (8.6). Hence the proposition. a

To complete the proof of Theorem 12.2, it remains only to verify

Proposition 12.17 The 1—jet map j* is a local weak homotopy equiv-

alence.

Proof. Consider the map p of Section 5. Although R is not open in this
case, we can still prove that p is a weak homotopy equivalence, with the
help of following observation.

Let @, : V— W, g € Q, be a continuous family of smooth maps such
that gLy € R, in other words p;h = g at z. Set gg = @gh and apply Theorem
11.6. Then we get a family of diffeomorphisms &, on a neighbourhood of

z such that 639, = g, 8(z) = z, and dby| T,V =identity. Define @ = ¢ oy

on Opz. Then @,'s are isometric immersions on Opz and 730 = ;e
Morcover, if some ¢, is isometric on a neighbourhood of z, we may get
o= @ on Opz.

Since p = e o j!, injectiveness of p, implies that of j;. So we shall only
have to prove that j! is surjective. Let I' denote the sheaf of smooth maps
from V to W. This is a sheaf over V. Consider the parametric sheaf I'V (see
(8.6)) over Vx V and take its restriction to V. We shall denote this sheaf by
I'*, and T* will be called the associated sheaf of I'. Observe that I'*(v) is
the direct limit of the spaces [(U)V where U runs over open neighbourhoods
of vin V. Thus a local section in T'* can be conceived as a continuous family
of germs ¢, € I'(U), v € U. It can be proved that the canonical inclusion of

[ in I'*, given by ¢ ~— {v +— ¢}, is a weak homotopy equivalence (sce [8],
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1.76). (The above construction is equally true for an arbitrary sheaf). To

1

this end, we split 5! in the following way:

i

B (v) : ¢-|(u)

T5(v)

¥ (v)

where @ is the associated sheaf of ® and T'3(v) is the subspace of I'"(v)
consisting of all those families of germs {pu : u € Opw} for which ¢, is a
local immersion and g4h = g at u, in other words jLwu € R. Thus it is easy
to see that any section in W(v) gives rise to a section in I'*(v). Hence Jis
onto. (The same technique can be applied to show that J, is onto at each
homotopy level). Now we shall show that the map j is also surjective, which
will complete our proof. We shall first reduce our problem to a situation
where Corollary 11.7 can be applied. Take a family {i, : u € U} as above
where U is an open neighbourhood of v. We may suppose without loss
of generality that each ¢y is defined on the same open subset U. Now
applying Corollary 11.7 to the family g, = @ih, we get a continuous family
of diffeomorphisms {6,} defined on some open subset U C U such that
619u = 9, 6u(u) = u, and d8,|Tu M = identity for all u € U. Set §, = puobu.

Then for u in U, @u € ®(07). Morcover gL@, = jlpu for all u € U so that j

is onto. o

We have now achieved our goal.
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13 Contact Isometric Immersions

In this last section, we shall show how the arguments of Section 12 can
be adapted to get h-principle for contact isometric immersions. Therefore
‘manifolds here are without boundary as in Section 12.

A contact structure on a manifold V of dimension 2n + 1 is a 1-form g
on Vsuch that gA (dg)" is a nowhere zero form on V. The pair (V) is called
a contact manifold. If (V.g) and (W, h) are two contact manifolds with
dimV < dim W, then a smooth immersion f: V — W is called a contact
isometr’c immersion if f'h = g. Let Cont (VW) be the space of contact
isuxy\ciric immersions of Vin W, and RC (TV,TW) be the space.of continuous
vector bundle monomorphisms F : TV —s TW satisfying F'h = g. Then

analogous to Theorem 12.2 we have

Theorem 13.1 The differential map
d: Cont (VW) — RC (TV,TW)

is a weak homotopy equivalence.

The proof of this is just a matter of following through the arguments of
Section 11 and 12. The essential steps are indicated below.

First note that a substitute of Stability Theorem (11.6), which is the
main ingradient of the proof of (12.2), for contact manifolds may be stated

as follows.

Theorem 13.2 Let (M,g) be a compact contact manifold and g, t €
[0,1], @ smooth 1-parameter family of contact forms on M with g, = g.
Then there exists an isotopy {6} of M such such that g, = g for all
t € [0,1). Moreover, if g = g on some submanifold N of M for all t,
then 8N and d&,|TyM are the identity maps.
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The proof may be scen casily after noting the following point. Since g, is a

contact form on M there exists a unique vector field & in Ker g, such that
Lege = % (sce (22] Proposition 2.1).

Next, reverting to (13.1), embed Vin V x R? as in the symplectic case.
The manifold V= Vx R? has a natural contact structure given by the 1-form

G = g+ zdy — ydz, where (z,y) denotes the canonical coordinate sy:

on K2, and the inclusion map i : V< V pulls back g onto g in V. If R and
R denote the relations corresponding to contact immersions in W of V and
¥ respectively, then it follows that R is an extension of R, and that it is
invaraiant under the action of contact diffeomorphisms of V. The arguments
are as follows. Starting with a 1-jet 31f as in Lemma 12.4, one gets the
relations
B gy (Fox) = G0y (%)

and W& =-y ) ==
as substitutes for (12.5) and (12.7) respectively. One then finds two lincarly
independent veetors % and ¥ in Ty W\ dfy(T,V) such that

h(x) =0, h(y)=0.
The choice of % and ¥ is possible because, given that g is contact, h|df(T3V) :
df,(T.V) — R is surjective and hence df,(T,V) ¢ Ker hy).

Finally one proves following [8] (p.339) that contact diffeomorphisms of
¥ (definition is obvious) sharply move Vin V. If {§} is a contact diffeotopy
with & =identity then §;g = g for all ¢t € [0,1]. Differentiating this with
respect to t we get Lpg = 0, in other words d(8.9) + 8.dg = 0, where &
is the vector field %&. Morcover, if the differential of cach & maps Ker g
in Kerg, then & pulls back g/ Ker§ onto itself. Such a diffeotopy is called

a contact diffeotopy for the pair (V, Kerg) and in that case 9 is called a
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contact vector ficld. Thus for a contact diffeotopy {&} of (V. Kerg) we
have (d(8.9) + 9.dg)| Kerg = 0. If & and 8* denote the components of
o along Kerg and Kerdg (which are complementary subbundles in 7V, §
being contact), then the above relation is equivalent to
(d(8%.§) + 80.dg )| Kerg = 0.

Thus every smooth function H on M determines a contact vector field &
such that

F(O5) = H, and 8o = —I"'(dH),
where [ denotes the isomorphism Iz : L — L*. Now procecding as in

Lemma 12.10 we can prove the desired result. o

&9



References

(1] Bierstone, 15 The Equivariant Covering Homotopy Property for Differ-
entiable G-fibre Bundles, J. Diff. Geom. 8 (1973), 615-622.
[2] Bierstone, : BEquivariant Gromov theory, Topology 13 (1974), 327-315

[3] Bredon, G.

Introduction to Compact Transformation Groups. Aca-
demic Press, (1974).

[} Brocker, Th. and tom Dieck, T: Representations of Compact Lic
Groups. Springer-Verlag, (1985).

(5] du Plessis

. A: Homotopy Classification of Regular Sections, Compositio
Mathematica 32 (1976), 301-333.
[6] Feit, St k-Mersions of Manifolds, Acta Mathematica 122 (1969), 173

195.

[7] Gromiov, M: Stable Mappings of Foliations into Manifolds, [zv. Akad

Nauk, SSSR Ser. Mat. 33 (1969), 707-731 = Math. USSR Izv. 3 (1969),
671-691.

[]] Gromov, M: Partial Differential Relations, Ergebnisse der Math. 9.
Springer-Verlag, (1986).

[9] Haefliger, A: Lectures on the Theorem of Gromov, Proc.  Liverpool
Singularities Symposium 11, Springer Lecture Notes in Mathematics, 209
(1971), 128111,

[10] Hirsch, M: Immersions of Manifolds, Trans. Amer. Math. Soc. 93
(1959), 242276,

[11] Tzumiya, S Homotopy Classification of Equivariant Regular Sections.
Manuseripta Math. 28 (1979), 337-360.

[12] Lees, J: On the Classification of Lagrange Immersions, Duke Math. J.

43 (1976), 217-224.

90



[13] Palais, R: The Classification of Gspaces, American Mathematical
Society Memoir 36 (1960).

[14] Petrie, T and Randall, J. D: Transformation Groups on Manifolds.
Monographs and Text Books in Pure and Applied Maths. 82, Marcel
Dekker, Ine. (1984).

[15] Phillips. A: Submersions of Open Manifolds, Topology 6 (1967), 170

206.

[16] Poénaru, Vi Homotopy Theory and Differentiable Singularities, Man-
ifolds - Amsterdam 1970, Springer Lecture Notes in Maths. 197 (1970).
106 133,

in uclidean

[17) Smale, S: The Classification of Immersions of Sphe
Spaces, Ann. Math. 69 (1959), 327-311.

(18] tom Dieck, T: Transformation Groups, Walter de Gruyter, (1987).
(19] Warner, . W: Foundations of Differentiable Manifolds and Lic
Groups, Springer Verlag, GTM 94 (1983).

[20] Weinstein, A: Symplectic Manifolds and their Lagrangian Submanifolds.
Advances in Math. 6 (1971), 329-346.

[21] Weinstein, A: Lectures on Symplectic Manifolds, Regional Conference
Series in Maths. 29, Amer. Math. Soc. (1977).

[22] Martinet, J: Formes de Contact sur les Variétés de Dimension 3. Proc.
Liverpool Singulavities Symposium 11, Springer Lecture Notes in Mathe

matics, 209 (1971), 142-163.

91



