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Abstract

We consider a variant of collision-free routing problem C'RP. In this problem,
we are given set C' of n vehicles which are moving in a plane along a predefined
directed rectilinear path. Our objective (CRP) is to find the maximum number
of vehicles that can move without collision. C'RP is shown to be NP-Hard by
Ajaykumar et al. [1|. It was also shown that the approximation of this problem is
as hard as Maximum Independent Set problem (M1S) even if the paths between a
pair of vehicles intersects at most once. We study the constrained version CC'RP

of CRP in which each vehicle ¢; is allowed to move in a directed L-Shaped Path.

We prove CCRP is NP-Hard by a reduction from MIS in L-graphs, which was
proved to be NP-Hard even for unit L-graph by Lahiri, Mukherjee, and Subra-
manian [2]. Simultaneously, we show that any CCRP can be partitioned into
collection L of L-graphs such that CC'RP reduces to a problem of finding M IS
in L-graph for each partition in £. Thus we show that any algorithm, that can
produce a [-approximation for L-graph, would produce a [-approximation for
CCRP. We show that unit L-graphs intersected by an axis-parallel line is Co-
comparable. For this problem, we propose an algorithm for finding MIS that runs
in O(n?) time and uses O(n) space. As a corollary, we get a 2-approximation
algorithm for finding MIS of unit L-graph that runs in O(n?) time and uses O(n)

space.

Keywords: Mazimum Independent Set, L-Graphs, Approzimation Algorithm,

Collision-free, Co-comparable Graph.
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Chapter 1

Introduction

The problem is motivated by the recent development of automated driver-less
vehicles, which are capable of various decision activities such as motion-controlling,
path planning. If we consider a simple road network like Manhattan (grid network)
and restrict it to be one way for the simplicity of driver-less vehicles routes, many

interesting problems can be seen in this network.

The paper on Problems on One Way Road Networks [1], gives an idea of One
Way Road Network(OW RN) and Traffic Configuration(7'C'), where each vehicle
moves in a predetermined path in an OW RN and the aim is to find the maximum
number of vehicles that can be allowed to move without having any collision for a
given T'C. They proved that this problem is NP-hard by reducing it to MIS, and
also showed that the approximation for this problem is as hard as approximating
MIS. Tt is known that, for every fixed € > 0, MIS cannot be approximated within

a multiplicative factor of n'~¢ for a general graph, unless NP = ZPP |5].

We can generalize TC' to C RP, where each vehicle is allowed to move in a recti-
linear path, replacing the vertices of the OW RN by their coordinate points and
the path same as in T'C'. Similar kind of road network has also been studied by

Dasler and Mount [3].



If we constrain the vehicles to move in directed straight lines parallel to the axis,
then the corresponding graph to C'RP will be a Bipartite Graph. MIS of a Bi-
partite Graph can be computed using Koénig’s Theorem|18] and Network-Flow
Algorithm [19] in polynomial-time.

Asinowski et.al [4], discuss the class of vertex intersection graphs of paths on a
grid (VPG), they consider a special subclass where each path is of at most k
bends. This subclass is denoted as By-V PG graphs, k > 0. If k is unrestricted
then V PG is equivalent to a class of string graphs.

The maximum independent set problem (M1S) of B;-V PG graphs is studied by
Lahiri, Mukherjee, and Subramanian [2], they gave a O(log® n) approximation for
B1-V PG graphs.

Together CRP and Bi-VPG has motivated us to study the union of both i.e, A
CRP where each vehicles is allowed to move in a k& bend path on a grid. We
consider a subclass of this problem where £k = 1 and prove its hardness and give

a couple of approximation algorithms for this problem and its restricted versions.

Though the problem is very restricted it has few applications in aeroplane schedul-

ing on a runway, automated driving vehicles, and chemical flows in a bio-chip etc.



Chapter 2

Related Work

2.1 Decision Problem and Reduction

Michael and David [10] discussed in details about reduction, decision problems

and NP-hardness etc.

A problem is said to be a decision problem if its output is a single boolean value:
YES or NO. P denotes the set of decision problems that can be solved in poly-
nomial time. NP denotes the set of decision problems where we can verify a Y ES

answer in polynomial time if we have the solution.

A problem II; is said to be reducible to another problem I, if there exists a
polynomial time algorithm to convert any given instance of II; into an instance of

IT. Hence if II; is reducible to Ily, then a solution to II, can be used to solve II;.
A problem II is said to be NP-hard if every problem in NP can polynomial
time reducible to II. Alternatively if a polynomial time algorithm for II imply a
polynomial time algorithm for all problem in NP, then II is said to be NP-hard.
A problem is said to be NP-complete if it is both NP-hard and NP.

To prove that problem II; is NP-hard, reduce a known NP-hard problem to II;.

i.e, If there exists a polynomial time algorithm such that given any instance of
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a known NP-hard problem Iy, the algorithm produces an instance of another

problem Iy, then II; also belong to NP-hard.

2.2 Maximum Independent Set

Hastad [5] in his work has discussed in details about the hardness of the clique

problem, maximum independent set, and the hardness of approximation.

An independent set in a graph G = (V, E) is defined as a subset of vertices S C V

in G such that no two vertices in S have an edge in F.

Given an undirected graph G = (V| F), the maximum independent set problem
(MIS) is to find an independent set in G with maximum cardinality. MIS is a well
know problem and is proven to be NP-Hard, and its decision version is to find if
there exists an independent set of size k£ in G. The decision version is known to

be NP-Complete.

Its is natural to try to give an approximation algorithm for NP-Hard problems,

but the theorem by Hastad proved that MIS is extremely hard to approximate.

The Hastad theorem says the following: there are a class of graphs in which the
maximum independent set size is either less than n® or greater than n'= and it
is NP-Complete to decide whether a given graph falls into the former category or

the latter.

Chordal graphs, perfect graphs, comparable graphs, and co-comparable graphs are

few special classes of graph for which MIS can be found in polynomial time.

2.3 Traffic Crossing Problem

The automated vehicles moving through an intersection are bound to have colli-

sions if the motion of vehicles are not coordinated. The traffic crossing problem is
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how to coordinate the motions of a given set of vehicles in a given network with
intersections. The decision version for this problem is, given a traffic crossing C,

is there any valid set of speed assignments for C.

The work by Dasler and Mount [3], focuses on the control of a vehicle over a span
of interval(seconds to minutes). The traffic network they have considered is a
collection of axis-parallel lines, which represent roads. Each vehicles is represented
by a line segments. The vehicles are allowed to move monotonically along the
roads(axis parallel lines in the plane), they are allowed to change their speeds at
any instant, provided it doesn’t exceed the speed limit. No vehicle is allowed to
make a turn, reverse the direction, or change lanes. The objective is to find speed
profiling for these vehicles which are moving from source to destination(No two

vehicles have same source and destination), without any collision.

They reduced 3-SAT to traffic crossing problem and thus proved traffic crossing
problem is NP-Hard.

A one-sided traffic crossing problem is a restricted version of the traffic crossing
problem, in which vehicles moving in one direction have a fixed speed, and the
vehicles moving in the other direction will have to adjust their speeds to avoid the
collisions. The objective is to find a valid speed profile for the vehicles moving in

the direction where their speed should be adjusted.

The One-Sided Traffic Crossing Problem can be solved in O(nlogn) time. The

algorithm involves two applications of plane sweep.

2.4 Traffic Configuration Problem

A One way road network is defined to be a set of axis parallel roads forming a

grid network, and each road has a specific direction (each road is a one way).

Given a set of vehicles, each moving in a predefined path with a unit velocity
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in a one way road network. When two vehicles reach a junction at same time
orthogonally they will collide. The traffic configuration problem is to find the
maximum subset of vehicles that can be allowed to move such that no collision
occurs. The decision version is to find if there exists a subset of vehicles that
doesn’t have a collision with cardinality k. This problem is also called collision-

free routing problem.

The traffic configuration problem is proven to be NP-hard by Ajaykumar et.al [1]
, even when the path of no two vehicles over lap more than once. They achieved it
by reducing the MIS for general graph to traffic Configuration problem, by using
a gadget called delay which modifies the path to avoid/create a collision. This
reduction is gap preserving and hence it is as hard as MIS for general graph to

approximate.

2.5 Intersection of Paths on a Grid

Asinowski et.al [4] in their work presented the following ideas.

A vertex intersection graphs of paths on a grid (VPQG) is a graph with the set of
vertices representing the paths and set of edges representing the intersection of the
respective path, also note that no two paths have an overlap and the intersection(s)
is(are) the common point(s) where segments of the two paths are orthogonal and

have a point in common.

When each path in the representation has at most & > 0 bends this subclass is
named as B,-VPG is defined, if k is unbounded then MIS for B,-VPG is NP-hard
and even hard to approximate.

Lahiri, Mukherjee and Subramanian [2] has proven MIS of unit length equilateral
B1-VPG is NP-hard. i.e, when each path has at most 1 bend and the length of both

the segments are unit for all paths. They also proposed a (’)(log2 n) approximation
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algorithm for MIS of B;-VPG.

2.6 Comparable and Co-comparable Graphs

A directed graph G = (V, E) is called transitive oriented graph, if there exists
directed edges (u,v) € FE and (v, w) € E, then for all such u,v,w € V there exists

a directed edge (u,w) € E.

An undirected graph is called a comparability graph if it has a transitive orienta-
tion, i.e, an assignment of directions to the edges such that the resultant graph is

transitive oriented graph.

Alternatively, a simple undirected graph is called the comparability graph of the
poset P if the vertices of G are the elements P, and two vertices are adjacent if

and only if the corresponding elements of P are comparable.

A co-comparability graph is an undirected graph that connects pairs of elements
that are incomparable to each other in a partial order. The co-comparability

graphs and comparability graphs are complements to each other.

Mirsky’s theorem [14] proves that every comparability graph is a perfect graph, and
Dilworth’s theorem [13| proves that complement of every comparability graph(co-
comparable graph) is a perfect graph. i.e, Both comparability graphs and co-

comparability graphs are perfect graphs.

Golumbic, Rotem and Urrutia [8] proved that Interval graphs are chordal graphs

and their graph complements are comparability graphs.

Because comparability graphs are perfect, many problems that are hard on more
general classes of graphs, including graph coloring and the independent set prob-
lem, can be computed in polynomial time for comparability graphs. Same goes

for the co-comparability graphs.
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2.7 Our Contribution

We considered a special case of CRP, called constrained collision-free routing
problem CCRP, where each vehicle is restricted to move in an L-shaped path.
We prove CC'RP is NP-hard by reduction from MIS in L-graphs.

Simultaneously, we show that any CCRP can be partitioned into a collection £ of
L-graphs such that CCRP reduces to a problem of finding M IS for each partition
in £. Thus we show that any algorithm, that can produce a [-approximation for
L-graph, would produce a [-approximation for CCRP. Since the best-known
algorithm for L-graph by Lahiri, Mukherjee, and Subramanian [2] has O(log® n)-

approximation, CCRP has O(log® n)-approximation.

Further, we extended our work to study the properties of unit L-graph*, denoted
as Gy, where all the objects are of unit size. We prove that unit L-graph, denoted
as Gry(0), where all L’s are intersected by a single axis parallel line £ is a Co-
comparable graph. This characterization gives us an algorithm for finding MIS
in O(n?) time using O(n?) space using results by Rose, Tarjan and Lueker [20].
We propose a dynamic programming based algorithm for finding MIS of Gy (¢)
that runs in O(n?) time and uses O(n) space. Also as a corollary, we get a 2-

approximation for finding MIS of Gy .

*Both the horizontal and vertical segments of an L are of unit length



Chapter 3

Our Work

3.1 Definitions and Notations

Following are the few definitions we will be using throughout this work and our

main problem statement.

Definition 3.1. An L-shaped path P; = (p;, qi,r;) is defined by three co-ordinate
points, where the path segment p;q; of P; forms a vertical segment (directed down-
wards) and path segment q;r; of P, forms a horizontal segment (directed right-

wards).

Definition 3.2. A vehicle ¢; is defined as a 3-tuple (t;, s;, P;), where t; is the start
time, s; is a constant speed with which it will travel till it reaches the destination,

P, is the L-shaped path (with source p; and destination r;).

Definition 3.3. If two L-shaped paths have a common point, then they are said
to be intersecting with each other. This common point is called the intersection

point of the two vehicles moving in these L-shaped paths.

Definition 3.4. If two wvehicles reach an intersection point orthogonally at the

same time, then we call it a collision.
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Problem 3.1 (CCRP). Given a set C of vehicles moving in an L-shaped path on
a plane, find the mazimum subset C € C such that no two vehicles in Cuy

has a collision.

Problem 3.2 (B;-CRP). Given a set C of vehicles moving in a single bend path
on a grid network”, find the mazimum subset Cq. C C' such that no two vehicles

1 Chae has a collision.

Clearly CCRP is a subclass of B;-CRP where each path is of L shape. Hence
as a corollary of CCRP we also prove the hardness and give approximation for

B;-CRP.

3.2 Hardness of CCRP

In this section we prove the hardness of CC RP. Throughout this work, we assume
that each vehicle is moving with a unit velocity, and the paths intersect at a single

point.

Definition 3.5. We define x(p), y(p) as the X-coordinate and Y-coordinate of the

point p.

Observation 3.1. If two paths P; and P; intersect with each other such that

x(qi) < x(q;), then y(q:) > y(q;).

Lemma 3.1. If two vehicles collide with each other, then a third vehicle whose
path intersects with both paths would either (i) collide with both the vehicles or (ii)

does not collide with both the vehicles.

Proof. Consider three vehicles ¢, co and c¢3 with paths P, P, and Ps, respectively.

Without loss of generality, we can assume z(q;) < x(¢2) < 2(g3). Thus from

*all the possible paths in B;-VPG graphs
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Observation 3.1 we can claim y(q1) > y(g2) > y(g3). Let P, P intersect at point
v, P3 intersects with both P, and P, at points «, [ respectively. Let the distance

from v to a be a units, and the distance from « to 8 be b units, refer to Fig 3.1.

Figure 3.1: Illustration of Lemma 3.1

Let ¢, reaches point v at time t;, then the time at which it reaches point « is
to, =t} +a. Let ¢, reaches point 7 at time ¢2, then the time at which it will reach
point 3 is t3 = 2 + a + b. Let c3 reaches point o at time ¢3, then the time at
which cs reaches point (3 is t} = tJ, + b.

Clearly (t; —t}) — (t3 — t2) + (t} — t3) = 0, rearranging the terms we get, (t, —
t2) + (2 —t}) + (t3 — t3) = 0. If two vehicles collide then one of the three parts

in the above equation will become zero. Thus, if one of the remaining two parts

becomes zero so does the other, this concludes the proof. O

Definition 3.6. We define an L-path graph G as a collision graph of vehicles
moving in an L-shaped path, where each vehicle represents a vertex in G%, and

there is an edge between two vertices in G if the respective vehicles collide.

So our CCRP problem reduces to the problem of finding MIS of G .We may use
MIS of G% and CCRP interchangeably. We denote |S| as the cardinality of the

set S. We also denote |a — b| as the distance between two points a and b on a real
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line.

Definition 3.7. Any induced sub-graph H' of G% is called a connected component
in L-path graph, if for every vertex pair u,v in H' there exists a path from u to v

in Ht.

Theorem 3.2. If the path of a wvehicle c; intersect with paths of two or more
vehicles in a connected component and it collides with one of them, then it collides

with all the vehicles whose path it intersects.

Proof. We prove this theorem using strong induction. As the base case, if the
connected component has two vehicles and the path of a third vehicle intersects
the path of both vehicles, and it collides with one of them, then from Lemma 3.1

the statement holds for the base case of three vehicles.

We assume that any connected component of size less than k follows this property,

and we prove the claim holds for any connected component of size k.

Given any connected component H® of size k, select any vehicle cs, if its path inter-
sects with only one vehicle (which is a collision since ¢ belongs to the connected
component), then the claim is true. If the path of c3 intersects with the path of
more than one vehicle, then it must collide with at least one of the vehicles since
it belongs to the connected component. So we choose one intersection and one
collision to prove that the intersection will be a collision, thus inductively prove

that all intersections will be collisions.

Let ¢; and ¢y be vehicles such that either ¢; or ¢y has a collision with c3, while the
other has an intersection with the path of c3. Without loss of generality we can
assume y(q1) > y(g2)-

Delete c3 from H® and find the path in A* with minimum number of nodes from
corresponding vertex of ¢; to respective vertex of co. Consider all the corresponding

vehicles of the vertices in this path and remove the rest of the vehicles. If ¢; and
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co intersect with each other then by our inductive assumption ¢; and ¢y belong to
a connected component of size less than k. Thus ¢; and ¢y collide with each other.

By Lemma 3.1 ¢3 collides with both ¢; and cs.

Thus we only need to show for the case where P, and P, doesn’t intersect with
each other. Since it is the shortest path in H' no vehicle’s path will intersect more
than two vehicles. P, and P, intersect with only one path each. Note all these
vehicles together form a single connected component. If we insert c3 it will still

collide with ¢;(or ¢;) while its path intersect with the path of ¢y (or ¢1).

Here we have following two cases, where in each case we replace ¢; with another
vehicle ¢} and ¢, with another vehicle ¢,. Such that (i) P and P} will intersect
and (ii) the set of vehicles in the plane after replacing ¢; and ¢y will still be a

connected component.

Case 1: 2(q1) < z(g2). Since we assumed y(q1) > y(¢q2) and P, and P, doesn’t
intersect, we can have following three configurations as shown in Fig 3.2.
P D1 D1

C1 €1 C1 D2

Figure 3.2: Illustration of Case 1

For configuration in Fig 3.2 (a) If we extend ¢;r; in rightward direction and pygs in
upward direction they intersect as shown in Fig 3.3.(a) where ¢} and ¢, represent

this modification.

For configuration in Fig 3.2 (b) If we extend psgs in upward direction they intersect

as shown in Fig 3.3.(b) where ¢| and ¢, represent this modification.
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For configuration in Fig 3.2 (c¢) If we extend ¢y in rightward direction they

intersect as shown in Fig 3.3.(c) where ¢] and ¢, represent this modification.

We replace ¢; with ¢ and ¢y with ¢, such that t| = ¢, p} = p1, ¢ = @,
/

y(ry) = y(r1), z(ry) = max(x(r1), 2(g2) + €), and 15 = 19, g5 = q2,2(py) = (p2),

y(ph) = max(y(p2),y(q) +€), th = to — (y(ph) — y(p2)), for some € > 0.

P} Pl Pl
J ’
C’l ) €1 Dby c h
P 2 /
Y2 2 1 CQ
1 1
mmedema ——, b - -y
v A T
1 1
S—
Ty
/ / 2
C2 (12
I; )
(a) (b) (c)

Figure 3.3: Modifications for Case 1

The above modification doesn’t change the time at which ¢] (or ¢}) reaches the
collision point of ¢; (or ¢z). Hence, after the replacement, ¢} and ¢, belongs to the
same connected component. In our construction we also made sure that P; and
P} intersect. Now we have a connected component of size less than k. Hence ¢

and ¢, must also collide.

Now consider cs, if it collides with ¢ (or ¢2) then it must also collide with ¢} (or ¢)
according to our construction. From Lemma 3.1 it is evident that it collides with

both ¢| and ¢,. Hence the intersection must also be a collision.

Case 2: z(q1) > 2(q2). In the previous case we only extended one of the line
segments for ¢; and ¢ to get ¢} and ¢} respectively, but in this case we are moving
the segment i.e both points p;, ¢; are moved by some distance leftwards or both
q1,r1 are moved by some distance downwards. In order to keep the connectivity
we check the immediate neighbour ¢4 of ¢; and the segment say p1q; (or ¢171) of
P; with which the path P, intersects. Then modify the other segment g7 (or

p1q1) of Py to get ¢|. ¢, can be generated just by extending one of the segments.
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The vehicle ¢4 that collides with ¢; could have y(q4) > y(q1) or y(q1) < y(q1).

1. If y(q4) < y(q1) (i.e, Py intersects segment ¢;r; of P;) then we can have

following three configurations as shown in Fig 3.4.

P1 C1 P1
b3 P2 C1 D3

1

Figure 3.4: Illustration of Case 2.1

For configuration in Fig 3.4 (a) If we shift p;, ¢; to the left direction and
extend poqs in upward direction and Pj intersects segments ¢;7; and @79
then they intersect as shown in Fig 3.5 (a) where ¢| and ¢, represent this

modification.

For configuration in Fig 3.4 (b) If we shift p;, ¢; to the left direction and P;
intersects segments ¢, and gorg then they intersect as shown in Fig 3.5.(b)

where ¢} and ¢}, represent this modification.

For configuration in Fig 3.4 (c) If we shift p;, ¢1 to the left direction and P;
intersects segments p1q; and page then they intersect as shown in Fig 3.5.(c)

where ¢| and ¢, represent this modification.

Pigch P p1
Cll Cll P; :
3
c "

Figure 3.5: Modification for Case 2.1
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We replace ¢; with ¢, co with ¢, such that, y(p)) = y(p1), z(p}) = x(p2) —,
y(q1) = y(a), (@) = z(py), t) =t — (2(¢)) — z(q)), 1 = r1 and y(ph) =
maz(y(p2), y(p1) + €), 15 = 12, @y = g2, 15 = t2 = (y(pr) — y(p2)), for some
e > 0.

By our construction P| and Pj intersect with each other, ¢ collides with ¢y,
and ¢, reaches the collision points at the same time as c,. Hence even after
replacing ¢; by ¢} and ¢y with ¢, the whole component remains connected

with size less than k. By inductive hypothesis ¢] collides with c.

Now we have the following three scenarios, (a), (b), (c) as shown in Fig 3.4
for scenario (a) and (b), from Lemma 3.1, it is evident that c3 collides with
both ¢| and ¢, as shown in Fig 3.5 (a) and (b). Hence it collides with both

cp and ¢y as well.

In Fig 3.4.(c) if ¢z collides with ¢y, then it must also collide with ¢} which
can be proved in a way similar to Lemma 3.1 by considering ¢;, ¢| and c3.
Since ¢} and ¢ collide with each other ¢3 must also collide with ¢,. Hence
c3 collides with both ¢; and cy. Else, if c3 collides with ¢ then it trivially
collides with ¢,. Hence c3 collides with ¢|. Thus c3 collides ¢; which can be

proved in a way similar to Lemma 3.1 by considering ¢;, ¢} and cs.

2. Ify(q4) > y(q1) (i-e, Py intersects segment p;q; of P;) then similar arguments
can be made but instead of shifting the vertical segment p;r; by some dis-
tance, we shift the horizontal segment ¢;7;. This makes sure that replacing
¢ and cp with ¢] and ¢, respectively doesn’t disturb the connectedness. We

can have the following three configurations as shown in Fig 3.6.

For configuration in Fig 3.6 (a) If we shift ¢, 1 to downward direction
and Pj intersects segments p;q; and pygs then they intersect as shown in

Fig 3.7.(a) where ¢ and ¢, represent this modification.

For configuration in Fig 3.6 (b) If we shift ¢;, 71 to downward direction and
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Figure 3.6: Illustration of Case 2.2

extend goro in rightward direction and Pj intersects segments p;q; and pogo

then they intersect as shown in Fig 3.7.(b) where ¢| and ¢ represent this

modification.

For configuration in Fig 3.6 (c) If we shift ¢;, 1 to downward direction
and Pj intersects segments ¢;7; and ¢ory then they intersect as shown in

Fig 3.7.(c) where ¢| and ¢ represent this modification.

/

P

P3

Figure 3.7: Modification for Case 2.2

Replace ¢; with ¢}, ¢y with ¢, such that pi = pi, 2(¢}) = x=(q1), y(q}) =
y(a2) — € 2(r) = z(r), y(r) = y(q), t1 = t and Py = p2, ¢ = @2,
z(ry) = mazx(x(re), v(q1) + €), y(ry) = y(r2), ty = t, for some € > 0. The

proof can be argued in a similar manner to the above sub-case.

O

Definition 3.8. We define an L-graph G as an intersection graph of L-shaped
paths, where each L-shaped path represents a vertex in G, and there is an edge

between two vertices in G, if the respective L-shaped paths intersect.



3.2. Hardness of CCRP 18

Now we propose an algorithm to reduce any given instance of Gy to an instance
of G, as follows: For every object ¢ € Gy, there exists a vehicle ¢ € G, such that
if and only if [;,l; € G has an edge then their corresponding vehicles ¢; and ¢;

collides in G%.

Algorithm 1 Assignment of Time in G, to obtain G

1: procedure ASSIGNTIME(C, S, 1)

2 insert ¢ into S

3 for Vj € C do

4: if i=0and j ¢S then
5: set t; =0

6 else

7 if j ¢ S and intersects with ¢ then
8 SETTIME(C, 1, 7)

9: ASSIGNTIME(C, S, j)
10: end if

11: end if

12: end for
13: end procedure

Theorem 3.3. Given an L-graph, there exists a G% Computable in polynomial
time, such that the cardinality of MIS of G, is k if and only if the cardinality of

MIS of G is k.

Proof. For each object [; in L-graph, assign a vehicle ¢; with path as [; and a
unit velocity. Insert all vehicles into set C. Let S be an empty set. Now call
the procedure ASSIGNTIME(C, S, 0). This will give a time assignment to each and
every vehicle. The procedure SETTIME(C), i, j) assigns time ¢; such that ¢; will
collide with ¢; (i.e if I;, [; intersect at point g then ¢; = t; 4+ |x(p;) — z(g)| + |y(pi) —
y(9)| = |z(ps) — 2(9)] = ly(ps) — y(g)))-

In the above assignment for each connected component, the time of one of the
vehicle is set to zero and every other vehicle is set to collide with at least one of
the vehicles in the connected component. Hence from Theorem 3.2 we have, every

intersection in G, as a collision in G%.
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This assignment might assign negative time to some vehicles. To ensure that the
start time to be non-negative for each vehicle, find the minimum time assignment

out of all vehicles and subtract that value from the time of each vehicle. ]

Hence as a corollary for the above theorem we can prove that B;-CRP is NP-Hard.

3.3 Approximation for MIS of G,

We propose an algorithm to partition the G to collections of G ’s.

Algorithm 2 Procedure to partition G

1: procedure SEPERATESET(i)

2 U = UniversalSet, S = ¢

3 insert ¢ into S

4 for Vj € U do

5: if j ¢ S and collides with 7 then
6: insert j into S

7 insert SEPERATESET(j) into S
8 end if

9 end for
10: returnS

11: end procedure

Lemma 3.4. Any set S generated by the procedure SEPERATESET is independent

of the set U\ S, i.e MIS(U) = MIS(S) + MIS(U \ S).

Proof. Let us assume S is not independent of U \ S, that implies 3i € U \ S and
47 € S such that ¢ and j are not independent i.e, i and j collides but then by our
method SEPERATESET, ¢ € S which is a contradiction. Hence S is independent of

U\ S. O
Lemma 3.5. Any set S generated by above algorithm is an L-Graph(Gyp).

Proof. From Lemma 3.4 and Thoerem 3.2 it is evident that S is a connected

component and if the path of any two [’s intersects then they must collide with
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each other. Hence we can ignore the time function and say if the paths intersect

they collide. This results in nothing but an L-graph. O]

Theorem 3.6. For any L-path graph, there exists an approximation factor equiv-

alent to L-graph. i.e there exists a O(log®n) approzimation algorithm.

Proof. From Lemma 3.4 and Lemma 3.5, it is evident that given any L-path graph,
we can separate the L-path graph into subsets Si,Ss, ..., and all of them are pair
wise independent (i.e no collision between objects from two different sets) and
from Theorem 3.2 each set S; can be treated as an L-graph i.e, each intersection

of objects belonging to same set .S; is nothing but a collision in 5.

Now apply the known approximation algorithm of L-graphs [2]| for each S;, and
return the union. Let Opt(S;) denote the optimal solution for S; and Sol(S;)
denote the solution generated by the algorithm [2]. Since we know Opt(S;) <
(klog®n)Sol(S;), summing over all the sets on both sides will result in the desired

inequality, >_,_, Opt(S;) < >,_,(klog®n)Sol(S;). This concludes the proof. [
Corollary 3.7. For a B,-CRP, there exists a O(log®n) approzimation algorithm.

Proof. 1f the path of any vehicle in B;-CRP is a straight line, then append a
orthogonal line of length 6 ~ 0. Now every path is a single bend path, four
different single bends are possible in a grid (L., I, 71, ™). For each single bend
the vehicle can travel in two different ways i.e, the source and destination can be

interchanged, hence we have eight different ways a vehicle can move.

Now divided the set of vehicles into 8 disjoint subsets Uy, Us, ..., U, where each
subset has vehicles moving in similar path and direction, due to symmetry each
subset hold all the above properties. Solve for each subset U; as mentioned in

Theorem 3.6, let the output for the set U; be IS;. Return maximum set among

ISl,ISQ,...,ISS, call it [SJ
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8 8
Since Opt(U;) < (klog®n)|I1S;|, therefore Y Opt(U;) < > (klog®n)|IS;| =
i=1

=1

8
> Opt(U;) < (8klog®n)|IS;|. Thus concludes the proof. O
i=1

3.4 Unit L Graph Approximation

Definition 3.9. A unit L-graph Gy s a special graph of G, where each L-shaped
path is of the unit size, i.e, both the horizontal and vertical segments are of unit

length each.

In this section, we design a 2-approximation algorithm for the maximum indepen-
dent set in a unit L-graph problem. Let S = {P;, P5,..., P,} be a set of n unit
L-shaped paths in a plane. We first place vertical lines from leftmost to rightmost
with a unit distance between each consecutive pair of lines. Assume that there
are k such vertical lines {L;, Lo, ..., Ly }. Let S; C S be the set of L-shaped paths
intersected by the line L;. The idea is to find MIS for each S; and then combine
them to produce an approximate solution. This method is well known for finding
an approximate solution for MIS of fixed height rectangle by Agarwal et al. [6]
and for the unit disk by Nandy et al. |[7]. But our problem is different in a sense
that the intersection graph I(S;) of a S; may not be a triangulated graph. We
can construct an I(S;) that contains a four-cycle as shown in Fig 3.8. So we show
that 1(S;) is a co-comparable graph. Then we give a dynamic programming based

algorithm that solves MIS of 1(.S;) in O(n?) time using O(n) space.

Observation 3.2. Any two L-shaped paths, P, € S; and P, € S; are independent

if 1y(qa) — y(@)| > 1, for 1 <i < k.

Observation 3.3. Any two L-shaped paths, P, € S; and Py, € S; with y(q.) < y(qs)

are independent if ©(q,) < x(qp).
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P

Figure 3.8: Gy with four cycle

Observation 3.4. Any two L-shaped paths, P, € S; and P, € S; are independent

ifli—jl>1, for1<i,j<k.

Lemma 3.8. If P, P,, P3 are three unit L-shaped paths that intersect a vertical
line L; such that (i) y(q1) > y(q2) > y(q3), (it) Pi, Py doesn’t intersect and (iii)

Py, Py doesn’t intersect, then Py, Py doesn’t intersect.

Proof. Since all the three unit L-shaped paths intersect with the vertical line L;,

we have the following three cases.

Case 1: y(q1) — y(q2) > 1. Since P; is a unit L and y(g3) < y(¢2), therefore

y(q1) — y(g3) > 1. Hence P, and P3 cannot intersect.

Case 2: y(q2) — y(g3) > 1. Since Pj is a unit L and y(q1) > y(qz), therefore

y(q1) —y(gs) > 1. Hence P, and Ps cannot intersect.

Case 3: y(q1) —y(q2) < 1 and y(q2) —y(g3) < 1. Since P; and P, doesn’t intersect
with each other, thus x(q1) > x(g2). Similarly z(g2) > 2(q3), therefore x(q1) >

x(q3). Hence P; and Pj cannot intersect.
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]

Definition 3.10. We denote G = (V, E) as the complimentary graph of G =
(V, E), such that (u,v) € E if and only if (u,v) & E, for allu,v € V.

Lemma 3.9. The graph éLU of the unit L-shaped path intersecting a vertical line

L; is a Comparable graph.

Proof. We show that Gy is orientable, such that if there is a directed edge from
vertex a to vertex b and there is a directed edge from vertex b to vertex c, then
there is a directed edge from vertex a to vertex c, for all vertices a # b # ¢ in the
G,

The ordering of vertices is as follows: A vertex a precedes a vertex b if the Y-
coordinates of the respective L-shaped paths P, and P, follow the inequality
y(qa) > y(gp). Now if there is an edge between any two vertices a and b in

the graph CN}'LU and a precedes b then direct the edge from a to b.

In the above mentioned ordering, we can conclude that G Lu is a comparable graph
because if and only if there is an edge between a, b, and b,c in éLU then a,b and
b,c are independent in GGry. Since they are in increasing order, by Lemma 3.8 a,c
is also independent in G ;. Thus there is an edge between a and c in éLU. This

proves the lemma. O]

Corollary 3.10. The graph Gry(L;) formed by unit L-shaped paths which are
intersecting with a vertical line L; is a Co-comparable graph i.e the graph Gry(L;)

formed by S; is Co-comparable.

Given any S;, we sort the elements based on their Y-coordinates. i.e, a path P,
will have an index less than P, if y(g.) < y(g). For the sake of simplicity we refer

to the path at index k as Pj.

For any index k, let R(k) be the maximum possible independent set till k& that
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includes the path Py and let J, = {P},, Pj,,..., P;} be the set of all paths that

doesn’t intersect with P, and have index less than k.

1 if Jy =109
Observation 3.5. R(k) =

1+ max(R(51), R(ja2), ..., R(j;)) otherwise

Algorithm 3 Computing R(k) for each index in S;
1: procedure LINEINTERSECTMIS(S;)
2 R, B are arrays of size |S;|

3 for k=1 to |S;| do

4: Set R(k) =0, B(k) = —1

5: end for
6:
7
8
9

R(1)=1
for k =2 to |S;| do
forj=1tok—1do
if P, and P; doesn’t intersect then

10: if R(j) > R(k) then
11: R(k) = R(j)

12: B(k) =13

13: end if

14: end if

15: end for

16: R(k) = R(k) +1

17: end for
18: return R, B
19: end procedure

Lemma 3.11. The recurrence to compute the mazrimum independent set in S; till

index k is MI1S(k) = max(MIS(k — 1), R(k)).

Proof. Consider the optimal solution M1S(k). There are two cases: Either P is

in the maximum independent set or it is not.

Case 1: If P, is not in the maximum independent set then the maximum inde-

pendent set must have been from 1 to k — 1. By definition this is MIS(k — 1).

Case 2: If P is in the maximum independent set then by Observation 3.5 this is

R(k).
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]

If we compute R(k) for all index k, then in a single run i.e O(].S;|) we can compute

the maximum independent set for S;.

Note that, the procedure LINEINTERSECTMIS(.S;) can be modified to solves MIS
for S; optimally. Run LINEINTERSECTMIS on each 5;, for 1 < ¢ < k and let E;

be the maximum independent in S;. We define two sets Evenpopr = | F;
1<i<k
i is even
and Oddopr = |J E;. We report the set with the maximum cardinality among
1<:<k
i i’sZEdd
Evenopr and Oddppr as the result of our algorithm. Thus we have the following

theorem.

Theorem 3.12. Our algorithm produces a 2-approrimation for MIS in Gy, with

a time complezity of O(n?) and a space complexity of O(n).

k k k
Proof. We know S = |J S;. Hence > [S;| = |S| = n. Therefore > |S;|* < n?.
i=1 i=1 i=1
Thus the running time is O(n?). Since for each S; we used an O(]S;|) space

therefore the total space complexity if O(n).

Let OPT be the optimal solution for S. From observation 3.4, we can conclude
that the L-shaped paths in Fvenpopr are independent and so are Oddopr. We

have Fvenopr + Oddopr > OPT. Thus max{|Evenopr|, |Oddopr|} > @. O

Similarly for a Unit restricted B1-VPG we can get an 8 approximation using similar
approach as stated in Corollary 3.7 since we have four different bends possible and

we solve for each set and return the maximum among them.



Chapter 4

Conclusion And Future Work

In this project, we obtained hardness results and approximation algorithms for
CCRP and B;-CRP. We showed that Gy (¢) is a Co-comparable graph. We
proposed a dynamic programming based algorithm for finding MIS of Gy(¢) in
O(n?) time using linear space. Which produces 2-approximation for finding MIS
of Gry with O(n?) time and O(n) space complexity. Finally we pose the following

open problems:

1. Can a 2-approximation for MIS of Gy be obtained in sub-quadratic time?

2. Does there exist a polynomial time sub-linear approximation algorithm for

CRP when the vehicles are moving only along XY-monotone paths?

3. Does there exists a better approximation for By-CRP than MIS for general

graph?

26
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