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1. Answer all the questions from Group-A.
2. Answer any three from Group-B. If vou answer more than three guestions:
(a) Only the first three answers will be considered.
(b) The rest will be ignored.
1]
Group-A
1. Prove the Bonferroni’s inequality to n events. That is. show that
n ll
Pr <ﬂ lz‘,) > b=+ L Priiv,).
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2. In Laplace’s rule of succession, show that if the first n flips all result in heads. then
the conditional probability that the next /i (lips also result i all heads is (n+1)/(n +
m+1). 5}
3. Suppose that we roll twice a fair A-sided die with the numbers 1 through & on the
die’s faces. obtaining values X and X, .
(a) What is Elmax (X, X2)]? What is E[min(X, X2)]?
(b) Also show that Elinax(X;, X»)] + Elmin(X. X9)] = E[X,] + E[X2].
[10!
4. A coin that has probability of heads equal to p is tossed successively and independently

until a head comes twice in a row or a tail comes twice in a row. Find the expoectod
value of the number of tosses. [10]



Group-B

5. You are given that at least one of the events Eiyio=1,.. . n, s certain o oceur, hut
certainly no more than two occur. If Pr(E;) = p, and Pr(E; N B3y =q, i # j, show
that p > 1 and ¢ < 2 [10]

‘
6. (a) An electrical system consists of identical components that are operational with
probability p independently of other components. The components are connected
in three subsystems, as shown in the figure. The system is operational if there
is a path that starts at point A, ends at point B, and consists of operational
components. This is the same as requiring that all three subsystems are oper-
ational. What are the probabilities that the three subsystems, as well as the

entire system, are operational?

(b) As a simplified model for weather forecasting, suppose that the weather (cither
wet or dry) tomorrow will be the same as the weather today with probability p.
Show that the weather is dry on January 1, then £, the probability that it will
be dry n days later, satisfes

Pyo= Qp-1P+(1-p)n=|
£y 1
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Prove that
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[34-7=10]

7. A permutation on the numbers (1. n] can be represented as a function  : L.nj = il.n).
where 7(4) is the position of i in the ordering given by the permutation. Let Perm{n]
be the set of all possible permutations 7. A fized point of a permutation 7 is a value
for which 7(z) = 2. Now suppose we pick a permutation p from Perm{n] uniformly at
random. Find the probability that

(a) P, = Pr({p does not has any fixed point});

(L) p has exactly k fixed points, where 0 < A < n.

(T+3=10]



=, There are nourus of which the th wrn contains @ — 1 red badls and 1 7 Dlue halls,
You pick an urn at random and remove two balls at random without replacenent.

¥

Find the probability that
(a) the second ball is blue;

(h) the second hall is biue given the first ball is blue.

RNt

9. Let Xp.. .., X, be independent random variables and let. /7 - X, -+ X, Suppaose
that each X, 7= L1.....n assumes value 1 with probability p, and 0 with probability
1 — p;, and that py,...,pn are chosen so that the mean of Z is a given E[Z] > 0.
Deduce what p;s should be so that the variance of Z is maximized. {10!

10. (a) Consider n independent tosses of a coin with probability of a head equal to p.
Let X and Y be the number of heads and of tails, respectively. Compute the
correlation coefficient of X and Y.

(b) Show that ‘

cov ix“iyj :ZZCOV(XDYJ')'
L

i=1 j=1
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