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Notations & Abbreviations

GRH

The set of complex numbers.

The upper half plane {z +iy € C:y > 0}.

The set of real numbers.

The set of non-negative real numbers.

The set of rational numbers.

The set of integers.

The set of natural numbers.

The Grand/Generalized Riemann Hypothesis.

The Riemann Hypothesis.

This means |f(z)| < ¢|g(z)| for some ¢ > 0.

This means the above implied constant ¢ depends only on some parameter c.
f(x)

This means lim —% = 0.
T—00 g(x)

This means f = O(g).
f(x)

This means lim ——= =1,
z—o0 g(x)

This means c1 X <n < ¢ X for some c1, co > 0.
— 627r72z.

The exponential function e(z)

This means perfect square.

c+100
This means / = / .
(o) c—100

This means a sum over square-free integers.

This means a sum over fundamental discriminants.
The Bassel functions of first kind.

The Bassel functions of second kind.

Finite field with ¢ elements.

Polynomial ring over IF,.



NOTATIONS & ABBREVIATIONS

[N
D
(ofc}

¥ <

£ <

S

(f) or d(f)

Degree of a polynomial f € Fyt].

Set of all monic polynomials of degree n.

Set of all monic, square-free polynomials of degree n.
Set of all monic irreducible polynomials of degree n.
Set of all monic polynomials M := U,>1M,,.

Set of all monic irreducible polynomials P := U,>1Py,.

Norm of a polynomial f(# 0) € Fy[t], |f| = qdes(f)



Introduction

L-functions are one of the most studied objects in number theory. Many problems in
analytic number theory can be studied by the theory of L-functions. For example, the
prime number theorem and the prime number theorem in arithmetic progressions have
been studied via non-vanishing results of the Riemann zeta function and the Dirich-
let L-functions, respectively. In addition, many well-known unresolved problems in
Number Theory, such as the Riemann Hypothesis, the Lindelof hypothesis, and the

Birch-Swinnerton-Dyer conjecture, are concerned with the study of L-functions.

We give some examples of the L-functions over number fields as well as function fields.

We refer the reader to see [26], [42] and [71] for more details.
1. The Riemann zeta function.
The most famous example of L-functions is the Riemann zeta function

OESS ni “T[-p)"  for R(s) > 1.

n>1 p

In 1859, Riemann proved that ((s) has an analytic continuation to the entire complex

plane with a simple pole at s = 1 and satisfies the functional equation
1 s
£(5) = 555 — Dr ET(3)((s) = (1 — ).

He conjectured that all the zeros of ((s) in the critical strip 0 < £(s) <1 lie on the

line R(s) = 3, and this is known as the Riemann hypothesis (RH). He realized that

the question about the distribution of prime numbers can be studied by analyzing

the zeros of the Riemann-zeta function. For example, the Riemann Hypothesis (RH)

implies that m(X) = 2X 15% + O(X1/2+) where w(X) = #{p : p prime < X}.

3
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2. Dirichlet L-functions.

3.

Let x be a primitive Dirichlet character modulo ¢q. The Dirichlet L-function L(s, x)

is defined by

n
n>1

L(s,x) = Z X(Z) = H (1- X(p)p_s)f1 ,  for R(s) > 1.

If xo is the trivial character modulo ¢, L(s, xo) = ((s) H (1 - p_s>, so it behaves
plq

like the Riemann zeta function. Otherwise, L(s, x) is an entire function on the whole

complex plane. Also, it satisfies the functional equation

M0 = (7)1 (242) 20 = 00n .5,

where €(y) is called the root number which is given by

== 3 b %)

bmod q
with a =0, if x(—1) =1 and a =1, if x(—1) = —1.
Modular L-functions.
Let f be a holomorphic Hecke eigenform of weight k for the full modular group
SL(2,7). The Fourier expansion of f at oo is given by

f(z) = Z )\f(n)n(k_l)/ge(nz), z € H,

n>1

where A\f(1) =1 and [A¢(n)| < 7(n) for n > 1. A modular L-function associated

with the Hecke eigenform f is defined by

L(s, f) = Z )\J;(Sn) = H (1 — Af(p)p~° +p_2s>71, for R(s) > 1.
n>1 P

It has an analytic continuation to the whole complex plane and satisfies the
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functional equation

A(s, f) =7—°T <S + (""2— 1)/2) r (s + (k:2+ 1)/2

) Lis, f) = e(HAQ — 5. ),

where €(f) is the root number and f is the dual form of f. For more general L-

functions, one can look at Chapter 5 of [42].

4. Zeta function over function fields.
Let A = IF,[t] be the ring of polynomials over a finite field F,, where ¢ = p", r > 1,
and p is a prime. For a polynomial f in Fy[t], its degree will be denoted by
deg(f). The set of all monic polynomials and monic irreducible polynomials of
degree n are denoted by M,, and P,, respectively. Let M = U,>1M,, and P = Up>1
Pr. We also denote the set of all monic polynomials and monic irreducible polyno
mials of degree less than or equal to n by M<,, and P<,, respectively. Let H,, denote
the set of monic square-free polynomials of degree n. Observe that for n > 1, |M,,| =

q" and

q, ifn=1,
’Hn‘ =
" g—-1), ifn>2.
If f is a non-zero polynomial in A, we define the norm of f to be |f| = qdes() | 1f
f =0, we set |f| =0. The prime polynomial theorem (see [71], Theorem 2.2) states

that

n

|7>n\=% n o(

2
3‘w\:

).

1
Let us note that if we denote X = ¢", then we have |P,| = ﬁ + O (10)(5((12)()- This

is analogous to the prime number theorem under the Riemann Hypothesis over num-

ber fields.
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The zeta function of A is denoted by (4 (s) and defined by

Cals) = |fl|s “JL 1P )7, for R(s) > 1.

feM PeP
Let us observe that
o x
1 q" 1
CA(S) = Z qns Z 1 = ﬁ = 1— ql—s'
n=0 fEMn n=0

By the above identification, it is clear that the zeta function (a(s) has an analytic

1
logq*

continuation to the complex plane with a simple pole at s = 1 having residue

It also satisfies the functional equation
Ea(s) = q (1= ¢ )7 Cals) = a1l — s).

Using the change of variable u = ¢~*, (4 (s) can be rewritten as

oo

2= 3 a0 =3 (ug) = ——, for Ju] < L.
—qu q

1
fem n=0

Clearly, Z(u) has a simple pole at u = % with residue —%.

5. Dirichlet L-functions over function fields.
Let @Q € A be a non-zero polynomial and © := deg(Q) — 1. Let x be a non-trivial

Dirichlet character modulo Q). The Dirichlet L-function L(s, ) is defined by

x(f)

L(s,x) = T

fem

for R(s) > 1.

s

Using u = ¢~ *, we rewrite L(s, x) as

L(u,x) = Z x(f udes) = Zan(x)u", for |u| < z}

fem n>0

Here a,(x) = Z X(f). Let us assume that n > © 4+ 1 = deg(Q). If deg(f) = n,
feMn,
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we can write f = g@Q + r, where deg(r) < or r = 0. Here g is a polynomial of
degree n—deg(Q) > 0. Since x is periodic modulo @) and g can be chosen in g des(@)

ways, we have

an(x)= > x(f)=¢"%D 3" y(r)=0.

feMn deg(r)<®
Hence, we have
x(f) S
L(37X) = Z ‘f‘s , Or ﬁ(U,X) - ZQH(X)un
deg(f)<D n=0

It follows that L(u,x) is a polynomial in u of degree ©. Let A(u, x) be the complete

L-function which is defined by
Au, x) = (1 = ayu) " L(u, x).

It satisfies the functional equation (see Rosen [71], Theorem 9.24A.)
1 :D—IIX 1 _
M) =00 (a0)” 8 ().

where |e(x)| =1 and ay equal to 1, if x is an even character, and 0, otherwise. A
Dirichlet character x is called even if for all ¢ € F; and f € A, x(cf) = x(f), othe-
rwise it’s called odd character. We refer to Section 3.2 of Chapter 3 for details on

quadratic Dirichlet L-function over function fields.

In general, it is difficult to study an individual L-function. It’s usually easier to
study L-functions in a certain family where they have some common properties and
structures. This method usually gives information about each member of the family.
So computing moments of L-functions is one of the important tools to study them.
The moments methods have applications in many areas such as non-vanishing of L-
functions at the central point s = %, zeros of L-functions on the critical line s = % + it
and the subconvexity problems. Although there is no precise definition of a family of

L-functions, articles by Conrey, Farmer, Keating, Rubinstein, and Snaith [21] & [20],
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Diacoun, Goldfeld and Hoffstein [23], Iwaniec and Sarnak [45], and Sarnak [75] provide
a variety of perspectives on this topic. Now we give some examples of moments of

L-functions in certain families.

1. Moments of the Riemann zeta function on the critical line s = % + it.
One of the main aims of studying the moments of the Riemann zeta function is to

prove the Lindel6f hypothesis, which states that for each € > 0
1 )
((5 + zt) <. .
In 1916, Hardy-Littlewood [34] showed that
1 2T 1 )
/ ’Q(—i—z’t)’dtwlogT, as T — oo.
T Jr 2

Ingham [41] proved an asymptotic formula for the fourth moment

1 2T 1 4 1
— — it ’dtw—l T)4,
T/T ‘<<2+Z) 2z osT)

and in 1979, Heath-Brown [36] improved Ingham’s result with explicit lower
order terms. So far, we do not know the asymptotic formula for any higher moments
of the Riemann zeta function. Using random matrix theory, Keating and Snaith [49]

conjectured that

2T 2k

1 1 . k}2

T/ ’( (2 +zt> ‘ dt ~ argr(logT)*, as T — oo.
T

Here (be1)? k-1 )
1 B — (k-1
o=T1(-5) ()
p p PN
and
k—1 i
gk:jl;[l (k+J)!

In 2005, Conrey, Farmer, Keating, Rubinstein, and Snaith [21] refined the above

conjecture, providing a more precise asymptotic expressions for the lower-order terms.
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Ramachandra [69] showed that
1 [ (1 2k 2
= = +it)| dt>> (logT)*
p L fe (5 ) [Far oy,

for any k£ € N. Assuming the Riemann hypothesis (RH), Soundararajan [81]

showed that for every positive real number k£ and ¢ > 0,
/ ‘C ( + it> ‘ dt < ci(log T)k2+€,
T Jr 2 ’

and Harper [35] removed the exponent € in the above bound.

2. Moments of the quadratic Dirichlet L-function at the central point s = %
Let d be a fundamental discriminant and x4(-) = (4) denote the primitive quadratic
Dirichlet character of conductor |d|. For the quadratic Dirichlet L-function L (%, Xd)y
Jutila [47] proved that

1 b 1 _1y
X2k (5%) = (@ log X +a0) + O(x44),

and

1 (1 \?
£ 22 (3xa) = aallog X0+ O((og X)E9)
<X

where a;’s are explicit constants and the summations are over the fundamental dis-
criminants. For k = 2,3, Soundararajan [80] obtained

1 > /1 b
}Z L §>Xd NPk(logX)a
|d|<X

%. In the same paper, he also proved that

where Py is a polynomial of degree
for at least 87.5% of the odd square-free integers d > 0, L (%, ng) # 0. Let us note
that, according to the Chowla conjecture [17] it is believed that L (%, ng) never

vanishes.
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In 2000, Keating and Snaith [50] conjectured that, for k fixed with R(k) > 0

1
sz L< 7Xd> ~ dj gy (log X)2FFHD),

|d|<X

where
_ k(k+1) —k —k

. M/in 1/p)? 1(1_1> +1<1+1) MY
(1+1/p) 2 VD 2 VP P

G(k+1)/T(k+1)
VG(2k +1)T(2k + 1)

9 =

X" is the number of fundamental discriminants in the sum, and G is the Barnes’s
G-function (see [50], [1]). Conrey et.al. [21] revised the above conjecture in 2005,
yielding more precise asymptotic formulations for the lower-order terms and the

conjectured lower bound was proved by Rudnick and Soundararajan [73] for every

even k € N

k
—Z ( Xd) > (log X)2k(h+1),

\d\<X
3. Moments of the Dirichlet L-function at the central point s = %

Let x be a primitive Dirichlet character modulo ¢ and L (%, X) denotes the Dirichlet

L-function associated to x. For the Dirichlet L-functions, Paley (in 1931) [67] proved

that, as ¢ — oo,

s (e[~ s

x mod g
X primitive

where ¢*(g) denotes number of primitive characters modulo ¢. In 2011, Young [86]
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established

s = ()] = so (o),

x mod ¢
X primitive

as ¢ (prime) — oo and R is a polynomial of degree 4. Iwaniec and Sarnak [43] showed
that at least 33.33% of the L-functions in the family of primitive characters modulo
q do not vanish at s = % This proportion was improved by Bui [11] to 34.11%.
Bui and Keating [14] conjectured the main term of all even moments of L(1,x):

-1

1 1 2k T (p™)? 2
p E ‘L <7X> ‘ ~ akgk | | E (m) (log q)*",
¢*(9) 1 2 p
x mod ¢ plg \m=>0
X primitive

where 7;(n) = Z 1. In 2005, Rudnik and Soundararajan [74] proved the lower

ni..ng=n

bound for the above conjecture. They showed for all large prime g,

¢*1(q) > ’L (;X> ’Qk > (logq)*”.

x mod g
X primitive

For the upper bounds, Huxley [40] obtained the following results

1 1 6
g<Q x mod q
X primitive

and

1 1 8
¢<Q xmod g
X primitive

which agree with the order of magnitude suggested above. Das and Khan [25] proved

that for a sufficiently large prime p and for a fixed Hecke-Maass form f for SL(2,7Z)
S 7

> LG fex)L(G.x) =520, /) + 0 (ps”*s) ,

x mod p
X even, primitive
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where 6 represents the best bound towards the Ramanujan-Petersson conjecture
for f, which can currently be taken to be §# = 7/64. As a corollary they showed

for every large p, there exists a primitive Dirichlet character x modulo p such

that L(3, f @ x)L(3, x) # 0.

This thesis consists of three projects, which are discussed below.

In Chapter 1, we study the problem of computing the first moment of quadratic twists
of GL(2) Hecke L-functions and L-functions of quadratic characters at the central point
s = % More precisely, let f be a holomorphic Hecke eigenform of weight k£ = 0 (mod 4)
for SL(2,Z) and h be a compactly supported smooth function. Then we have (see
Theorem 1.1.1)

* 1 8d 7 LT,
Z L(3, x8a) L(5, f @ xsa)h(5) = c1h(0)Dlog D + coD + O(k2D3877),
(d,2)=1

where c1, co and ﬁ(()) are some absolute constants depending on f and the summation

is over square-free integers.

We also prove an upper bound for the second moment of L( %, XSd)L(%7 f ® xsaq)- For

any € > 0, we have (see Theorem 1.1.2)
L 1 2 1,
Z L(5,x84)L(5, f ® xsd)| < D37".

0<8d<D
(d2)=1

As a corollary of the above results we obtain that (see Corollary 1.1.4)

# {xsa> 0 < 8d < D, d(odd square-free) : L(L, sa) L(L, f ® xsa) #0} > Di ™.

Furthermore under the GRH we show that there are infinitely many primes p such

that L(%7 XS)L(%, f ® xsp) # 0, which follows from the result given below.

Assuming the GRH, we have (see Theorem 1.1.5)

- 7
> (logp) L(3, xsp) L(3, f & xsp)h(F) = C11(0)Dlog D + C2D + O(D8*),
p>2
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where C1, Cy and ﬁ(O) are some absolute constants and the summation is over odd

primes.

In Chapter 2, we compute the first moment of L(1/2,F)L(1/2,9 ® F) L-functions
where ¢ is a fixed holomorphic Hecke eigenform for SL(2,Z) of weight k = 0 (mod4)

and {F } runs over an orthogonal basis of Hecke-Maass cusp forms for SL(3,Z).

Let us denote R = T for any fixed 6 in (0,1). We choose the test function h(g) such
that it has the localizing effect at a ball of radius R about w(p), where w are elements
in the Weyl group 20 of GL(3,R). For a precise definition of h(p), A’I/2 and 20 we refer
to Chapter 2. Let dspecpt := spec(p)dp with

3

3
spec(p) = H (31@ tan (27TVJ>) and dp = dpy dus = dps dus = dus dp .
j=1

Let us define

3
3m
NF = ”F||2 HCOS <2Vj>

J=1

to be the normalizing factor. Then we have (see Theorem 2.1.1)

1
192 75

h
> %F) LGN r) = 1 | /R g M BB )spec )

+0 (T%+ERZ) ,

where M (p, k) is defined by (2.1.1). As a corollary we prove that there exist infinitely
many Hecke-Maass cusp forms F for SL(3,Z) such that L(1, F)L(1,g® F) # 0.

In Chapter 3, we obtain an analogue of a result of Chandee [16] on shifted moments

of the Riemann zeta function over function fields for quadratic Dirichlet L-functions.

A generalized shifted moments of ((s) is defined as
T
My (T, @'™) := /0 IC(L + it + )| C(R + it + da,)| PR dt,

where k™ = (ki,...,ky) is a sequence of non-negative real numbers and a(™ =
(0,...,00n) € R™ with o; # «; for i # j. In [16], Chandee obtained lower and upper

bounds of M m) (T,a(m)) for some special choices of a(™ and for large values of T
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More precisely, assuming the RH, she proved that
My (T, @) yomy T (log Y00 TT (min { -
1<j
and unconditionally
2y 2 1 2kik;
Mk(m) (T’ a(m)) >>k(m) alm) T (log T)k1+...+km H <m1n {77 10g T}) ’
’ i i — ay
for sufficiently large 7.

Let D € [Fy[t] be a monic square-free polynomial. The quadratic character xp at-

tached to D is defined using the quadratic residue symbol for F,[t] by xp(f) = <?> and

S

the corresponding Dirichlet L-function is denoted by L(s, xp) = L(u, xp) with u = ¢~*.

Define the hyperelliptic ensemble #H,, , or simply H,, as
Hn ={D € Fy[t] : D is monic, square-free, and deg(D) =n}.

For each D in the hyperelliptic ensemble H,,, there is an associated hyperelliptic curve

given by Cp : y* = D(t). This curve is non-singular and of genus g given by
2g=n—1-—), (0.0.1)

where A = 1, if n even, and 0, otherwise. Let us note that, g — oo as n does so. For
more details, see Section 3.2.

Let k™ = (k... ,kn) € R? be a fixed m-tuple (m > 1) and v(™ = (vy,...,v,) €
C™ with v; = €%, 0; € [0,7) and a; € [0,3) for j = 1,...,m. Also, §; = 0;(g) is a
real valued function of g such that lim ¢|f;| and lim g|6; — 6;|, i # j exist or equal oco.

g-)OO g—)OO
Let us note that one can obtain the moments of C(ﬁ, X D) by allowing the shifts a; to

tend to 0.

From now onwards, we assume that n and g are connected via (0.0.1). Let us define

p(w™, g) = ij log (mm { 20 ,g}) , (0.0.2)
j=1

m m

o(0™, g) =2 Y k] |logg + 2> kilog (min{gﬁﬂ’gD

j=1 j=1 J
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+ 4 kik <1og <min {ﬁg}) + log <min {ﬁg})) : (0.0.3)

1<J

Let k™) € R and v("™) be as before. Assume that a; =0 (é) forj=1,2,...,m.
We prove that (see Theorem 3.1.13) for n large, and for any € > 0,

1 vy 2k1 . 2km
el ) el )
|'Hn| D; ‘ q%-i-oq XD ' q%-&-am XD
1
<<k(m)’g n exp </J' (U(m)vg) + 50— (,v(m),g)> )

where (v(m),g) and o (v(m),g) are defined by (0.0.2) and (0.0.3) respectively.

Let us define £® (u, xp) as the I-th derivative of £(u, xp). As an important consequence
of the above result, we have the following upper bound. Let [ € N and ¢ > 0. For n

large, we have (see Theorem 3.1.14)

5 1E0( 7 10 e g

We also obtain a lower bound of the same order of magnitude as the upper bound.

For m = 2, we set
W ={je{l,2}: lim g|f;| < oo} and W= {j € {1,2}: lim g|f;| =oco}. (0.0.4)
g—o0 g—00
We also define a constant depending on W and W€ as
Cp(2) = Max {gli_{go gl61]. gl'i)rgo 9|02/, gli_)rgloglé?l — 0], gli_)rglog\ﬁl + 02} , (0.0.5)

where the maximum is taken only over the finite entries of the set.

Let us note that, if [IW| =2 and |W¢| = 0 then
ey =max{ lim gl6h]. Tim glfs], lim gl6) — o] nm9191+92|}.
g—00 g—00 g—00 g—00

If W = {1} and W¢ = {2} then ¢, = limg_,o g|01]. If W =0 and lgn gl01 — 02| < o0,
g o

then c, ) = lim gl01 — 02].
g—00
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Assume that o; = O (%) for j = 1,2 and k® € N2. Then for n large, we show that
(see Theorem 3.1.11)

1 Ul 2kl 'U2 2k2
|HMIE;‘£<qﬁaUXD) E(q%ﬂfXD> 12 )

o (1 (6%.1) 3o (.1))

where 1 (v, g), o (v?,g) and ¢, are defined by (0.0.2), (0.0.3) and (0.0.5) respec-
tively. For simplicity, we will provide the complete proof of the above result in Section
3.4. One can easily extend the result for any m > 3 (see Theorem 3.1.12). Let k™ and
v(™) be as earlier. Assume that aj =0 (%) for all j and k(™ € N™_ Then for n large,

2k1 2km,

1 o
m D; ’ﬁ( + ? XD) >>k(m>,'v(7”)

. ‘ﬁ(q;ﬁ;ﬂ,xp>

exp <,u (v(m),g> + %a ('v(m),g)> )

where p (v(m),g) and o (U(m),g) are defined by (0.0.2) and (0.0.3) respectively.

In fact we can say that E( e ;XD) and E( , XD) are essentially correlated
when |6;| < ; for 7 = 1,2 and independent when one of Gj s is much larger than é. More
precisely, we prove the following bounds (see Corollary (3.1.17) and (3.1.18)) for every

e >0, k€ R} and n large

V2
1, XD) L <Ev XD)

DeHn ‘ q2 q

.

|Hn| g2k‘(4k‘+1)+5 if |W| — 2’
|Hn| 93k2+k+a

|92|k2+k|91,92‘2k2|91+92‘2k2

2k

if W= {1}, We = {2},

Lk.e 2

’ [Hn| gt +e . c :
if |[Wel =2, lim g|lf; — 03] < o0
|9192|k2+k‘91+92|2k2 | ‘ 79%009‘ 1 2’ )

2

[Hnl g2+ e : c :

if |[W¢l =2, lim g|6; — 03] = o0
[ 10102[° 5[0, —02[2K% 01 +05 |2+° Wl ’ g—>oog| ! 2|
and for k € N,

2k

7XD>£< 2 7XD>
gt

DeHy, ’ q2
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k(@)

‘Hn’ ng(4k+1)

222
, IHn| g3k 2+k .
|62|F=+F |61 —62]257 |01 +62]2F

2
|Hn| 94k
|916’2|k2+k|671+92\2’€2

2
[Hnl g2

1616025 +F|01 —02 |22 |01 +0o |2k

where W and W€ are defined by (0.0.4).

it W] =2,

it W= (1), = {2},
if |W¢ =2, lim g¢|6; — 62| < o0
g—»o0

if |W¢ =2, lim g|6) — 62| = occ.
g—00

Note that the first Chapter 1 is based on [1]. The second Chapter 2 is based on

[2], a collaboration with Kummari Mallesham. The third Chapter 3 is based on [3], a

collaboration with Pranendu Darbar.






Chapter 1

First moment of quadratic twist
of GL(2) L-functions and

quadratic L-functions at s =1/2

1.1 Introduction

The central values of L-functions are related to several deep problems with great signif-
icance in analytic number theory and therefore, it is of profound interest to understand
when the central value of an L-function is non-zero. Moreover, it is an interesting ques-
tion to understand whether two or more L-functions are simultaneously non-vanishing
at the central point and this type of questions have been studied by several authors (see
for example [44], [70], [60], [8], [80], [85], [55], [56], [10], [25], [63], [76]). Let Sy denote
the space of holomorphic Hecke eigenforms of weight k (even integer > 4) for the full
modular group SL(2,Z). Soundararajan and Young [82] proved that for f € S with
k=0 (mod 4),

Z* IL(3, f ® xsa)|* > (¢ +0(1))Dlog D, (cis a positive constant)

0<8d<D
(d,2)=1

where the lower bound is unconditional and the equality holds under the GRH. In 2010,
Hoffstein and Kontorovich [38] proved by the multiple Dirichlet series method that there
exists some |d| < (N7 N)?™¢ such that L(%, xaxn,)L(3, f ® xa) # 0, where L(s, f) has

analytic conductor N and xp, is a quadratic Dirichlet character of conductor N;. The

19
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method of Soundrarajan’s earlier work [79] allows us to treat the case of quadratic twists
of two distinct GL; L-functions; i.e., one can show L(%Ja ® Xd)L(%,XQ ® xq) # 0 for
infinitely many quadratic characters yg, where x1, x2 are fixed characters modulo q.
However, the case of quadratic twists of two distinct GLo L-functions; i.e., proving
the existence of a single quadratic character x4 such that for fixed f,g € S, L(%, f®
Xd)L(%, g ® xq) # 0 is completely out of reach by current techniques. Even under the

GRH, the method of Soundararajan-Young [82] does not work in this case.

In this chapter, we study first moment of quadratic Dirichlet L-functions and twist of

modular L-functions for SL(2,Z) at the central point.

Every holomorphic Hecke eigenform f in S; admits a Fourier expansion given by
Z)\f n)n' T enz) z € H,

where e(nz) = €2™"% with A\¢(1) = 1 and |A\¢(n)| < 7(n) for all n, (7(n) is the divisor
function of n). The coefficient A¢(n) is called the normalized Fourier coefficient. Let d
be a fundamental discriminant® and y4(-) = (4) denote the primitive quadratic Dirichlet

character of conductor |d|. Define the Dirichlet L-function L(s, xq) by

S Xa(n)

ns ’

L(s,xq) =

n=1

and the twisted L-function L(s, f ® xq4) by

> A(n
s f o) =3 L
n=1

Both the L-functions converge absolutely in the half plane R(s) > 1. Moreover, they ad-
mit analytic continuation to the entire complex plane and satisfy the following functional

equations. We set

Als, xa) = (L)EZIT(£2) L (5, xa)

and

A(s, f @ xa) = ()T (s + B34 L(s, f ® xa).

'Tf d is a fundamental discriminant, then d = 1(mod4) and d is square-free, or d = 4dp, where
do = 2,3 (mod 4) and dy is square-free.
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where a is 0 if x4 is even and 1 if x4 is odd. Then the L-functions satisfy the functional

equations

A(1 = s,xa) = €(xa)A(s,xa) and A(s, f @ xa) = e(f ® xa)A(1 — s, f @ xa),

where €(xq) = 2yl

o and e(f @ xq) = i*e(d) with e(d) = (%) is 1 or —1 depending

on whether d is positive or negative. Note that the sign of the functional equation of
the twisted L-function €(f ® xq4) is negative if & = 2 (mod4) and d is positive, or if

k =0 (mod4) and d is negative, and in these cases the central L-value is zero.

We assume that € is an arbitrarily small positive quantity which is not necessarily
the same at each occurrence, and the implied constants in < and O depend on f or
e or on both f & . We denote e(z) = exp(2miz) and f(c) = fcc:go The symbols
L, Z* and Zb denote a perfect square, a sum over square-free integers and a sum
over fundamental discriminants respectively, throughout the chapter. Also we reserve

the letter p for primes throughout the chapter. Now we state the main theorem of this

chapter.
Theorem 1.1.1. Let f € Sy with k = 0(mod4). Then for a smooth function h with

compact support in [0, 1] satisfying the condition t@p) (t) <i 1 for everyi > 0, we have

* A 17
L(3,x8d)L(3, f © xsa)h(3$) = c1h(0)Dlog D + coD + O(k2D87),  (1.1.1)
(d,2)=1

where h(0) = 7 h(t)dt, ¢ = %L(l, sym?f)L(1, f)£2(0,0) and ca are constants arising
from Lo(u,v) defined in (1.3.11) and (1.3.12) with c1,co = O(k®).

We also prove an upper bound for the second moment of L(%7 ng)L(%, f® xsd)-

Theorem 1.1.2. For any € > 0, we have

* 4
3L xsa) LA, £ © xsa)| < DETe (1.1.2)
0<8d<D
(d,2)=1

As a corollary of Theorem 1.1.1, we have the following result.

Corollary 1.1.3. Let f be a holomorphic Hecke eigenform of weight k = 0 (mod4) for

the full modular group SL(2,7Z). Then there exist infinitely many primitive quadratic
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Dirichlet characters xsq (where d runs over odd square-free positive integers) such that

L(%aXSd)L(%vf b2y XSd) 7é 0.

Moreover, we will prove a stronger result than Corollary 1.1.3. Using Theorem 1.1.1,

Theorem 1.1.2 and the Cauchy-Schwarz inequality, we have the following corollary.

Corollary 1.1.4. For any ¢ > 0, we have
# {Xs4, 0 < 8d < D, d(odd square-free) : L(}, xsa)L(, f ® xsa) # 0} > D5~

Furthermore, under the GRH, we can get the same results if we replace d (odd

square-free) with p (prime). More precisely, we prove the following theorem.

Theorem 1.1.5. Assuming the GRH, we have

. 7.
> (logp) L(3, xsp)L(3, f @ xsp)(E) = C1h(0)Dlog D + C2D + O(Ds*),
p prime>2
(1.1.3)
where h(0) = 75 n(t)dt, Cy = L(1,sym? f)L(1, f)22(0,0) and Cy are constants arising

from Zo(u,v) defined in (1.5.4) and (1.5.5).

As a corollary of Theorem 1.1.5, we get the following result.

Corollary 1.1.6. Let f be a holomorphic Hecke eigenform of weight k = 0 (mod4) for
the full modular group SL(2,7Z). Assuming GRH, there exist infinitely many quadratic
Dirichlet characters xs, (where p runs over odd primes) such that L(%,xsp)L(3, f ®

X8p) 7é 0.

We now make some remarks on Theorem 1.1.1.

Remark 1.1.7. Our method is inspired by that of [82]. First, we express the central
value of the L-function as a short sum using the approximate functional equation. Next,
we sum over d using the Poisson summation formula. Then we extract the main term
from the contribution of zero frequency on the dual side and estimate the rest. The large

steve inequality of Heath-Brown [37] plays a crucial role in the estimation.

Remark 1.1.8. In Theorem 1.1.1 and Theorem 1.1.2, we take f to be a modular form
of full level and the sum over fundamental discriminants of the form 8d (d odd square-

free) for simplicity. However, our results can be extended to congruence subgroups and
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to the sum over all discriminants. More precisely, one can consider the following: Let
a, q, dy, dy be fized integers. Assume that d = a(modq) runs over square-free integers
such that xq,q and X4,q are primitive quadratic characters. Let f be a fixed holomorphic
Hecke eigenform of weight k and level N. Also assume, €(Xd,d) = €(f ® Xdpa) = 1. With
some additional work, the method used here yields a result similar to Theorem 1.1.1 for

the sum

* 1 1 d
> L3, Xa,a)L(3, £ © Xax)h (),
d=amodq
(d,l)=1

where | = product of all distinct primes p such that p | dida, but p 1 q. For example, if
f € Sk with k =2 (mod4), one can study the sum

*
Z L(3, xsa)L(A, f ® x—sa)h(32);
(d,2)=1
and if f € Sk with k = 0(mod4), one can study the sums
* 1 1 d
Z L(ﬁaXd)L(§vf®X8d)h(ﬁ)
d=1mod4
and
* 1 1 d
Z L(QaXpd)L(§7f®X4d)h(5)7

d=3mod4
(d,p)=1

where p = 3 (mod4) a fized prime, by this method and obtain asymptotic formula as in

Theorem 1.1.1.

1.2 Preliminaries

In this section we recall some standard formulae and estimates that will be used later.

We shall work with discriminants of the form 8d where d is an odd, square-free positive

integer, so that xsq(n) = (%d) is an even primitive character of conductor 8d.
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1.2.1 Approximate functional equations

For &, ¢ > 0, define

0O = 5 [ 00T mavig = o [ 2 2
(c)

- 2mi (©) s - 2mi s

where

+

rs+1 (T +s
(13(}1)4)> and ga(s) = (2m) (% k )> .

gi(s) =m %2 (

Then U and V are real-valued, smooth on (0,+0c), bounded as £ approaches 0 and

decays exponentially as £ — +oc.

Lemma 1.2.1. For an odd, positive, square-free integer d and f € Sy with k =

0 (mod4), we have

L(3. Xsa) :22"8\%%(\/%),

n=1

and

L fonaa) =2y 2Ny (1),

n=1

Proof. This is a special case of the approximate functional equation (See §5.2 of [42]). [

1.2.2 Poisson summation formula

Here we quote Lemma 2.6 of [80] which is an application of the Poisson summation

formula.

Lemma 1.2.2. Let ® be a smooth function on [0,00) with compact support. Let n be

an odd integer. Then

(d,2)=1

where
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and

A +o0
D(y) := / (cos(2may) + sin(2mxy)) ®(x)dx

—0o0

is a Fourier-type transform of ®.

The precise value of the Gauss-type sum Gj(n) has been calculated in Lemma 2.3 of

[80] as follows.

Lemma 1.2.3. Ifm and n are relatively prime odd integers, then Gi(mn) = Gi(m)Gg(n).

Moreover, if p* is the largest power of p dividing k (setting « = oo if k =0), then

0 if B <« is odd,
o(p”) if B < a is even,
Gi(p’) =< —p° if B=a+1 is even,
(?) p*/p if B=a+1 is odd,
[ 0 if B> a+2.

1.2.3 The large sieve inequality for quadratic characters

Heath-Brown [37] proved the following large sieve inequality for quadratic characters.

Theorem 1.2.4 (Heath-Brown). For any M, N > 1 and any sequence of complex num-

bers a,, we have

SN () \2 < (MNYF (M +N) Y Ja,,
(:;3)1\;[1 (:3)121 (TZ%JL

for any € > 0, where the implied constant depends only on €.

As a applications of the above theorem we have following results.

Lemma 1.2.5. For any fized o € [%, 1] , for every t € R and for every € > 0, we have
the bound

b
Y IL(o it xa)|* < (D(1+[t])'**
ld|<D

b
Y Lo +it, f© xa)l* < k(D(L+[¢])' 7,
d|<D
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and

b 1
> IL(o + it xa)|* < DM (14 )71,
|d|I<D

where the implied constants depend only on €.

Proof. See [Theorem 2, [37]] and [Corollary 2.5, [82]] for the proof of the first and the
second results respectively. The third result follows from the Cauchy-Schwarz inequality

and the first result. O

1.3 Proof of the Theorem 1.1.1

We define

SD) = 3" L3, xsa)L(3, £ © xsa)h(39).
(d,2)=1

Then by Lemma 1.2.1, we have

S(Dy=4Y" ZZWM%’)U(\/%)V(%). (1.3.1)
(d2)=1 n m

By using the Mobius inversion formula we remove the square-free condition in the d-sum

in (1.3.1) and obtain

SD)=1 Y wla) ¥ X5 MO o (U ()Y (). (13
(a,2)=1 (d2)=1 n m

Since h is compactly supported, the contributing range of the variable a is essentially
up to < V/D. For a fixed a, by the definition of U, V in (1.2.1), we obtain that the

inner sum over d, n and m in the above expression (1.3.2) is given by

1 I(3+1) [ T(5+v)
(2mi)? /(3) r'(3) /(3) r'(%)

< D0 L+ xsaea) LG v @) () (50) hCEEHTIT (133)

We move the contour to the lines R(u) = R(v) = ¢ without encountering a pole and

apply the bound

L(3 4+ u,Xga24) L(3 4 v, f ® Xga24) < (ad)*|L(3 + u, Xa)L(5 + v, f @ Xao);
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where dy is the square-free part of 2d. Now we apply the Cauchy-Schwarz inequality
which yields the following bound for (1.3.3)

F
< D¢ /
()

1/2
2 ldu
Z +U7Xdo)| |u‘

0<D/(J,2

S rar
(e)

1/2]d |
v
Z +U7f®Xdo)’2} T

0<D/a2

By Lemma 1.2.5, we have

*
S LG s xa) P < (L [u]) 202D,
do<D/a?

and

S ILA 4 v, £ © xap) P < k(1 + o])a2DYE.
do<D/a?

Using Stirling asymptotics, we also have [['(% + H)I'(3)7! < (1 + [u)~! and [I(% +
U)F(%)_1| < k(|v| + k)=t Tt follows that the quantity in (1.3.3) is bounded above by
O(a=2k'2D (kD). Therefore, we have

> ) X S A i hCHU ()Y ()

(a;)Y1 (d2)=1 n m
a,2)=

(kD) (1.3.4)

for an appropriate parameter Y to be chosen later.
Now we analyse contribution of @ <Y in the sum (1.3.2). Let

D=1 Y 4w YT Af ) S s nm)HIU()V ().

a<yY (n,2a)=1 (m,2a)=1 (d,2):1
(a,2)=1

(1.3.5)
By applying Lemma 1.2.2 (Poisson summation formula), we first execute d sum in the

above expression to obtain

RIS DD i )

a<lY (n,2a)=1 (m,2a)=1
(a.2)=1

”n”fb) Z(—l)lGléﬁnm)I(l,n,m, a),
leZ

(1.3.6)



Chapter 1. First moment of quadratic twist of GL(2) L-functions and quadratic
28 L-functions at s = 1/2

where the integral I(l,n,m,a) equals

2nlzD 2mlx D
/H < ( 2) + sin (2nma2>> dx (1.3.7)
Vi)~ ID (1-i)~, ID
_ H H(— 1.3.
2 (Qnma2) + 2 ( 2nma2) (1.38)
= L+ 1y, say. (1.3.9)

Here I;T(y) = [ H(z)e(—xy)dz is the Fourier transform of H(z) = h(x)U(\/Z—D)V(%).
R

1.3.1 The main term

In the expression (1.3.6), the main contribution comes from the zero frequency I = 0.
This we denote by SY (D). Note that Go(nm) = ¢(mn) if nm = O, and is 0 otherwise.
Also,

>

a<Y
(a,2nm)=1

Cl g[ <1—> Oy )= " 11 (1—>1+O(Y1).

plnm

Now, using the definition of U and V in (1.2.1), we have

H(0) = /h(a:)U(\/ZfD)V(ﬁ))d:z

R
_ (2;,)2/(3) /(3) g1(u)ga(v) (?)u <5L>UF(75 +”)%u%’

where F(s) = [ h(z)z*dz. Hence, by the above observation we get
R

so(p) = 260 _1 //gliQ”DzDvF( + o)L (u, v)dv du

72 27rz

. (1.3.10)

L0 g Z |A(m)] ‘/Oo W)U (S5)V (25)de

where

Lluv)= WH(JD_&) (1.3.11)
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Let £,(u,v) denote the local Euler factor of £(u,v) at the prime p. For p > 2

Ly(u,v) = 1+<p) 3 )

i(24u)+i(3+v)

p+1) A plaroriGe)
+j>1
i+j=even

In the region R(u), R(v) > —1 + ¢ this Euler factor equals

D 1 A (p¥) A (p) 1
b <p n 1) D e T 2 i T 2 G+ T O\ Ere

i>1 5>1 i>1
i odd
Thus we write
L(u,v) = (1 + 2u)L(1 4 2v,sym?(f))L(1 + u + v, ) Lo (u,v), (1.3.12)

where £ (u,v) is a Dirichlet series which converges absolutely for R(u), R(v) > —1 +¢
and is uniformly bounded. Now we evaluate the double integral in the first term on
the right side of the equation (1.3.10). We first shift the contour to R(u) = R(v) =
without encountering a pole. Then we move the contour R(v) = 15 to R(v) = —1%,
in doing so we encounter a simple pole at v = 0. Since F(s) < (1 + [t|)™4 for any
A > 0, by integration by parts, the integrals on (u) = %, R(v) = —% are bounded by

3
O(D~20"%). The contribution from the residue at v = 0 is

1 g1(u)

21 (L) u

D%C(l +2u)L(1,sym? f)L(1 4 u, f)La(u, O)F(g)du. (1.3.13)

Now we shift the contour in (1.3.13) to ®(u) = —1 + 2 encountering a double pole at
1

u = 0. The integral on the line R(u) = —% + 2¢ is bounded by O(D™8%). The residue

at u=201s

JEOL(Lsyn? L1, £)£2(0,0)log D + S F(0)gh (0)L(1, sy F)L(1, /)£2(0,0)

+ S FOL(Lsym® L1, 1)£:(0,0) + 3 FO)L(Lsym® F)L(L, £)5(0,0)
9 FO)LLsymf)L(L, £)£2(0,0) + 1 FO)L(Lsym? P)L(1, )£2(0,0)

(7 is the Euler constant)

= %E(O)L(l,synﬂf)L(l, £)L2(0,0)log D + % (1.3.14)
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where cg is sum of the constant terms. Therefore, we get the following
0 n 1 1 1
Sy-(D) = c1h(0)Dlog D + coD + O (D eyl + D20 5) , (1.3.15)
where ¢; = L(l sym?f)L(1, f)£2(0,0).

1.3.2 The error term

It remains to estimate the contribution of the non-zero frequencies [ # 0 in (1.3.6).

Denote this by S} (D). The [-sum in (1.3.6) is essentially of the form

ZG;(nm)/h(m)U(\/;LD)V(;’Z‘))e (—225722) da. (1.3.16)
R

By integration by parts, one can see that the integral is negligibly small if || > Y2D1/2+e >
nma? Ty study the remaining part in (1.3.6) we obtain a different expression for I (and
I5) using the Mellin inversion formula. Let g(s) be the Mellin transform of the function
g(z). Note that if ¢(z) = sinz (or cosz), then 1h(s) = I'(s) sin(3ms) (or I'(s) cos(3ms))

for 0 < %(s) < 1. Suppose g(x) is a smooth compactly supported function on R. Let

fo )sin(2wzy)dx, y # 0. Then by Mellin inversion, we get
e 1 - d
Gly) = / sin(2rzy) — / g(s+ 1)z %ds ar
0 211 (_1/2) X
| sintsentoa) 5 [ 50— s)(w/2alyl) s
= — — i —
0 211 (1/2) T

Now by the above observation and interchanging the order of integration we have

_ ! =1 in ((sEn)ms s
GO = 57 [, T = SIT(e)sin () 2y ~ds
1
= — (1 — $)['(s) sin (27T (9714 ~5ds.
377 oy ey T~ ST (o) sin (22 (ol

Let W(x,y,z) = h(z/D)U (%)V(%) By the above expression of G(y), we get

D—l . 2\ S
L= — W(l—s,n,m) (nma) I'(s) cos (W—S) ds,
2mi J((1/24¢) || 2
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where W (s;9,2 fo (r,y,2 dex. Applying Mellin inversion on the variables n

and m in the above expression, we get

I = < > / / W# (1 —s,u,v) X
2mi +e) +s) (2+s

1 <n:rr|LlC|LQ>5F()COS<2>d5dudv (1.3.17)

n%mv

# s, u vde dy dz E ;
where W# (s,u,v) = [7° [5° Jo° W(x,y, 2)asy"z" 4 L% We get a similar expression

for I. Since W(x,y, z) is smooth weight function, by integration by parts we have

DR(s) pR(u/2) pR(v)
1+[s))% (1 u])* (1+[v]) 7

W (s,u,v) | < al (1.3.18)

for R(u), R(v) > 0. Note that Gj(n) = Gy (n) for odd n. Therefore,

(o) = ¥ MY Sy (2 )Y Gy g

( a;)Y . (n,2a)=1 (m,2a)= 1#0
a,2)=

= 51 4+ 5, say.

We now estimate S and note that a similar estimation holds for S;. We have

S EPY YR e

a<Y I#0 (n,2a)=1 (m,2a)=
(a,2)=
( ) / / W# (1 —s,u v) ! (nma2>sF(s) cos( )dsdudv
211 (3+e) te) +5) m|l] 2

(1.3.19)

Note that we can write 41 = lllg, where [ is square-free and Iy is positive, so that
the sum over [ in (1.3.19) becomes now a sum over /; (fundamental discriminant) and

positive integers lo. Consider the Dirichlet series

G1112 (nm)

E(a76>7;aa ll Z Z Z namﬁ\lg\% ;m ) (1320)

l2=1 (n,2a)=1 (m,2a)=

which converges absolutely if R(a), R(3), R(7) > 4. So the expression of S in (1.3.19)

becomes
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3
g <1> / / W#(1 - s,u+ 8,0+ s)[(s)
o N2 ) Je) S+

2

X €oS (%8) (%) E(% + u, % +v,s;a,l1)dsdudv. (1.3.21)

Z

a<Y
a,2)=1

We now analyse the Dirichlet series L(«, 3,7;a,l1) in (1.3.20). Let L,(a, 5,7;a,l1)
denote the local Euler factor of the Dirichlet series L(«, 3,7;a,l1) at the prime p. First

consider the case when p{ 2al;. Then

5 A0) Gugn0)

iatjB+2ky piti

Ly(a, B,via,l1) =

k,i,j>0

Using the property of Gi(n) (see Lemma 1.2.3), we analyze the local Euler factor

Ly(a, 8,7;a,l1). The terms k > 1 contribute < p~(1429) when R(v) > % + ¢ and R(a),

R(B) > 0. The contribution of the term k = 0 is 1 + x, (p)p_%_o‘ + Xk (p))\f(p)p_%_ﬁ.
Similarly if p|l; but p t 2a, then this local Euler factor is equal to

R S () YA () +O< 1 >

plt2a — pl+28 — pltath plte

in the region R(vy) > l + ¢ and R(«), R(S) > 0. Finally, if p|2a the corresponding local

Fuler factor is 1 + O ( 1+25) in the same region as above. Therefore, we get

L( +aXl1> ( +/37f®Xll)
Ca(1+2a)La(1+28,sym?f)Lo(1 + a + 3, f)

‘C(avﬁav;avll) — EQ(aaﬁyv;aall)a

where Lo(a, 5,7;a,l1) is a function uniformly bounded in the above region and L, is
given by the Euler product defining L(s, f) but omitting the primes dividing a. We now
restrict the l;-sum in (1.3.21) up to I; < Y2D'/2%¢ by the observation in (1.3.16). We
move the contour to R(s) = 3/4, R(u) = R(v) = —5 + @ in (1.3.21). On the lines of

integration we have
1£(5 +u, 5 +v,s30,1)] < D (|1 +u, xa)|IL(L + v, f @ xa,)]) - (1.3.22)

After using the bound for £(3 + u, 3 + v, s;a,01), W#(1 — s,s +u,s +v) in (1.3.18),
and the bound |['(s) cos(ms/2)| < |s|™ )=2 on the contour R(s) = 3/4, R(u) = R(v) =
—% + @, we apply Cauchy-Schwarz inequality in the [; sum followed by Lemma 1.2.5
to obtain the estimation S; < k1/2D3/4tey,
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Hence the theorem follows with the optimal choice Y = D/8.

1.4 Proof of Theorem 1.1.2

Using the Conrey-Iwaniec bound for one L(%, f ® xsa) < d/3 [ see Corollary 1.2, [19]]

and then applying Cauchy-Schwarz inequality we get

2 2

ST LG sl fexsa)t | < | D dVALG xsa) P L, f @ xsa)l

0<8d<D 0<8d<D
(d,2)=1 (d,2)=1
*
< D*/? Z (3oxsa)l* Y IL(3 f @ xsa)*
0<8d<D 0<8d<D
(d,2)=1 (d,2)=1

Therefore, by Lemma 1.2.5 we have

Z ‘L(%vXBd)L(%, f® ng)}z < D43 +e,
0<8d<D
(d,2)=1

This complete the proof of the theorem.

1.5 Proof of Theorem 1.1.5

We define
G(D) = (logp) L(3, xsp) L(3, f ® xsp) ().

p>2

Then by Lemma 1.2.1, we have

D) =1y, 30y LRy sy v (),

p>2 n m

Using the rapid decay of h, we obtain

(U (ZV (§) +O(XP/54). (L5.1)

Applying Mellin inversion on the variable [ in the above expression, we get

Almxs(m) 1 [ g~ AD
DR 2m'/<s>zl: s (D) B(s) D"
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Amstom) 1 I '
— 4 Armxstnm) 2 ) Bi(s)D*ds, 1.5.2
Z; J/nm 27ri()L(SX ) hls)D"ds (152)
where

- o0 n m
h(s) = W)U | ———= | V (=) 2" 'da.
R A e R o Ea
Since h, U, and V are smooth functions, integration by parts yields the bound

() < (1 + 1) (@ 4 m/D) A (140/VD)
for any R(s) > 0 and any A € N.

To evaluate the integral in (1.5.2), we shift the line of integration R(s) = 3 to R(s) =
% + €. In doing so we encounter a simple pole at s = 1 with residue —iL(l)D only if Xmn

is a trivial character, which means mn is a perfect square.
Note that under the GRH, for R(s) > 1 + ¢ (see [42], Theorem 5.17), we have

!/

f(s, Xnm) < loglog ((1+ |s])(2 4+ mn)).

So the integral on R(s) = % +¢ is bounded by O (D%JFE loglog ((1 + |s|)(2 + mn))) The

~ o n m
contribution from the residue at s = 1is —h(1)D = —D/ h(z)U <> Vv (—) dx.
(1) ; (z) o Do

Using the definition of U and V in (1.2.1), we have

D= D [ [ et (“f) (2) s p2t

where £(s) = [ h(x)z*dx. Therefore
0

(2mi)? //91 w)ga(v) D20 (v + )( )duciv O(X°/#+%) (1.5.3)

where
A
(nm,2)=1 nz-ome
nm=0

By (1.3.11) and (1.3.12), one can easily get

Z(u,v) = (1 + 2u)L(1 4 2v,sym?(f))L(1 + u + v, ) Z2(u,v), (1.5.5)
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where Z5(u, v) is a Dirichlet series which converges absolutely for R(u), R(v) > —1 +¢

and is uniformly bounded.

Now we evaluate the double integral in first term on the right side of the equation
(1.5.3). We first shift contour to (u) = R(v) = ¢ without encountering a pole. Then
we move the contour R(v) = ¢ to R(v) = —1 +¢, in doing so we encounter a simple pole
at v = 0. Since F(s) < (14 |t[)~4 for any A > 0, by integration by parts, the integrals
on R(u) = e, R(v) = —% + & are bounded by O(D_%J“g). The contribution from the

residue at v = 0 is

1 gl(u)D%C(l + 2u)L(1, sym2f) L(1 + u, f)£2(u’())F(g)du, (1.5.6)

% (E) u

Now we shift the contour in (1.5.6) to ®(u) = —% + 2¢ encountering a double pole at
1
u = 0. The integral on the line R(u) = —3 + 2¢ is bounded by O(D~8%%). The residue

atu=01is

TEOLLsymf)L(1, £)25(0,0)log D + SF(O0)gh (O)L(1L,sym?f)L(1, £) 23(0,0)

+ %F(O)L(l,smef)L’(l, ) 22(0,0) + %F(O)L(l,sym2f)L(1, £)25(0,0)

1
( 7y is the Euler constant)
= Zh(O)L(l,sym FIL(1, £)22(0,0)log D + i (1.5.7)
where C9 is sum of the constant terms. Therefore, we get the following

G(D) = C1h(0)Dlog D + CyD + O (D§+e> , (1.5.8)

where C; = L(1,sym?f)L(1, f)22(0,0).






Chapter 2

First moment of GL(2) x GL(3)
and GL(3) L-functions at s = 1/2

2.1 Introduction

Like the Birch and Swinnerton-Dyer conjecture which relates the order of vanishing of the
Hasse-Weil L-function at the central point to the rank of an elliptic curve, the vanishing
or non-vanishing of an automorphic L-function at the special points are related to several
deep problems of great significance in number theory. Therefore, it is a profoundly
interesting question to understand whether the product of two or more L-functions are
simultaneous non-vanishing at the central point. This type of questions has been studied
by many authors (see for example [44], [60], [52], [64], [56], [39],[57]). In 2014, Das &
Khan [25] proved that GL(2) x GL(1) and GL(1) L-functions are simultaneous non-
vanishing. Ramakrishnan & Rogawski [70] in 2005, showed a simultaneous non-vanishing
result for GL(2) x GL(1) and GL(2) L-functions. Similar types of non-vanishing results
for GL(2) x GL(2) and G(2) L-functions were proved by Xu [85] and Liu [55] for Maass
forms and holomorphic Hecke eigenforms in the weight aspect respectively. The non-
vanishing problem for GL(3) x GL(2) and GL(2) L-functions was first studied by Li [54]
in 2009. More precisely, let f be a fixed Hecke-Maass cusp form for SL(3). Li Proved
that there are infinitely many SL(2) Hecke-maass cusp forms u; such that L(3, f x
uj) L(%, uj) # 0. In the level aspect, for the Hecke eigenform case a similar result was

obtained by Khan in [51].
In this chapter, we consider the first moment of the product of GL(2) x GL(3) and

37
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GL(3) L-functions. More precisely, we fix a holomorphic Hecke eigenform g for SL(2,7Z).
We study the first moment of L(s, F )L(s,g ® F ) at the central point as F runs over an

orthogonal basis of the space of Hecke-Maass cusp forms for SL(3,Z).

Let p; = (p1, po2, p3) be the Langlands parameter and v, = (v1, v3,v3) be the spectral
parameter of a Hecke-Maass cusp form F for SL(3,Z). Let py = (ro,1, to,2, t0,3) be a
fixed point in A/1/2 (see (2.2.1)). So vo = (vo1,,2,0,3) satisfies the relations (2.2.2)
and (2.2.3). As in [7] (or see [39], [68]), we also consider

[10.3] = [vo 4l = ol = vl =T, 1<5 <3,

i.e. pg is in generic position. Let us denote R = T? for any fixed 6 in (0,1). We choose
the test function h(p) so that it has the localizing effect at a ball of radius R about
w( ), where w are elements in the Weyl group 20 of GL(3,R). It is defined by

h(p) = P(p)? (Z W (W))z

wew

where ¢(p) = exp (—(ui + p3 + 43)) and

P(p)= 1 [3[ (v = 5(1+2n)) (v; + 5(1+ 2n))

2
1 hg 1 |vo,k|

for some fixed large Ay > 0. Here

W= {fun = (0w = (0 ) wa= (T s = (0, 7)we = (1))

is the Weyl group for SL(3,R). Let dspecpt = spec(p)dp with

3

37
spec(p) = H <3yj tan <2yj>> and dp = dpg dpe = dps dps = dps dps .
j=1

Let us define

3
3T
Ny =12 T eos (55

j=1
to be the normalizing factor. Now we state the main theorem of this chapter.

Theorem 2.1.1. Let g be a holomorphic Hecke eigenform for SL(2,7) of weight k =
0 (mod4). Let {F} be a basis of the space of Hecke-Maass cusp forms for SL(3,7Z).
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Then we have

DO

F)L(%f)L(

1
=— M(u,k)h d
9900 = g [ MG RGspecp

+0 (T%+ER2) :

where

F+4 BTk 4,
M(p, k) = C(%)+ngH%_FL(LQ)HF(;"‘NJ')
mta—7) i1 TG = 1))
DG+ TG+ )
+C(§)j];[1 Fé —uj)Fé ~ %) (2.1.1)

Note that, // M (p, k)h(p)spec(p)dp =< T3 R?.
R(p)=

Remark 2.1.2. We have used the bounds ¢(1/2+it) < tY/6 and L(1/2+it,g® f) < t
in the estimation of the error terms (see section 2.3.1.6). Note that using best know
bounds for ((1/2 +it) and L(1/2 + it,g ® f) one can slightly improve the error term.
Since we are only focusing on simultaneous non-vanishing results, we did not elaborate

on such a small improvement in the error term.

As a corollary of Theorem 2.1.1, we have the following result.

Corollary 2.1.3. Let g be a holomorphic Hecke eigenform of weight k = 0 (mod4) for
SL(2,Z). Then there exist infinitely many Hecke-Maass cusp forms F for SL(3,7Z) such
that L(3,F)L(3,9® F) # 0.

Remark 2.1.4. If g is a holomorphic Hecke eigenform for SL(2,7) with k = 2 (mod 4),

then L(%,g ® F) = 0. In that case one can consider the following sum

Z PN Gee )

and get similar results.

2.2 Preliminaries

In this section we review some definitions, essential facts and tools that will be used in

later development.
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2.2.1 Automorphic forms for SL(3,Z) and their L-functions.

Let
Hs = GL(3,R)/O(3,R)R*

be the generalized upper half plane. For 0 < ¢ < oo, let

[R(uj)| < ¢, pr+p2+p3 =0,
A,c = MK = (:ulwu2a M3) € C3a : (221)

{_Mlv —H2, _M3} = {ﬂlaﬁ%ﬂf&}
Consider p to be the Langlands parameter of a Hecke-Maass form £ in L? (SL(3,Z)\Hs).
Let us define

1 1 1
v = g(,ul — ,ug), Vg = g(MQ - ///3)7 V3 = —V1 —Vy = g(M3 - ,Ufl) (222)

where v = (11,12, v3) is known as the spectral parameter of F. So

w1 =2+ vy, pe=vy—uv, p3=—v — 2n. (2.2.3)

Let Ay (m1, ma) be the normalised Fourier coefficients of a GL(3) Hecke Maass cusp form
[ with Langlands parameters p, = (f1, pt2, 3). The standard L-function associated to
F is given by
Af(]-7 n)
L(s,F)=>_ S for R(s) > 1.

n>1

The dual form of F is denoted by F with the Langlands parameter i = (—p1, —p2, —p3)

and the coefficients A; (n,1) = A; (1,n) = Az (1,n). Let us define

A(s,F) :=~(s,F)L(s, F),

3
S
where (s, F) = H I'r (s — pj) and I'r(s) = 7~ 2I'(5). A(s,F) is called the completed
j=1
L-function, which is an entire function and satisfies the functional equation

A(s,F)=A(1—s,F).
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2.2.2 The maximal Eisenstein series.

Let u € C have sufficiently large real part. Let f be a Hecke-Maass cusp form for
SL(2,7) with the spectral parameter its, Hecke eigenvalues Af(m) and || f|| = 1. The
maximal Eisenstein series and its Hecke eigenvalue at (m,n) are denoted by E}'¥*(z) and
By (m, n), respectively. The Hecke eigenvalue B3 (1, m) is defined by (see Subsection
10.9 of Goldfeld [30])

W Lm) = Y Ap(dodytdy™

dida=m

and satisfies the following Hecke relations

wf(m,1) = BP9 (1,m), Bp¥(m,n) = Z (d) By (%, 1) BRe(1, ).
d|(m,n)

The L-function associated to E;'¥*(2) is given by

e BmaX(l’ m)
L(s, B2 = > =L

ms
m>1

=((s—2u)L(s+u,f), (2.2.4)
for sufficiently large R(s). It satisfies the functional equation
3
A(s, EPF) = [ (s + wf) Ls, BYF) = AL — s, BZ),
j=1

where p} = u+ity, ph = u— ity and py = —2u. The normalized factor for the maximal

FEisenstein series is defined by

= 8L(1, Ad® )| L(1 + 3u, f)[*.

2.2.3 The minimal Eisenstein series.

Let v1,v9 € C and (1, p2, p3) be the Langlands parameter given by (2.2.3). We denote

the minimal Eisenstein series by EL% (z). The Hecke eigenvalue B2, (m,n) of EL% (2)

at (m,n) is defined by (see Subsection 10.8 of Goldfeld [30])

B,Tm(la m) _ Bmin (1’ m) — Z d;#l d;u2d§/i3

v1,V2
didadz=n
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and satisfies the following Hecke relations

B, (m, 1) = B, (Lm), B, (mn) = S p(d)BES, (5, 1)BAE,(1,5).

v1,U2 vi,V2 vi,V2

The L-function associated to ;% (2) is given by

Bmln 1?
L(s By = 3 BB e+ (s 4 ), (2.2.5)

m
m>1

for R(s) > 1. The normalized factor for the minimal Eisenstein series is defined by
: 14
N = ./\/,2“32 = —GH (14 3v;)|?

2.2.4 The Rankin-Selberg L-function on GL(2) x GL(3).

Let F be a GL(3) Hecke Maass cusp with Langlands parameters p = (1, p2, u3). Let g
be a Hecke eigenform for SL(2,Z) of weight k and \;(n) be the n-th Hecke eigenvalue.
The Rankin-Selberg L-function of g and f is defined by

L(s,g®F)= ZZ nm? ),afe(s)>1.

m,n>1

It is entire and satisfies the functional equation
A(S79®F) = ZSkA(l - S7g®ﬁ)’

where

A(s,g@F) =7(5,9®F)L(s,9®F)

and

3
k-1 k+1

j=1

Let EL“?X be the maximal Eisenstein series as in §2.2.2. The Rankin-Selberg L-function

L(s,g ® E;'F) is defined by

i )‘g(n)m
L(s, g ® E,)F°) = ZZ (nmfg)s
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= L(s+2u,g)L(s —u,g ® f), (2.2.6)

for sufficiently large R(s).

Let E;‘:“; be the minimal Eisenstein series as in §2.2.3. The Rankin-Selberg L-function

L(s,g ® E™® ) is defined by

V1,09
L Emln Vl I1}2 m n)
(g ity = 30 3 P
m,n>1
= L(s — p1,9)L(s — p2, 9)L(s — pi3, 9) (2.2.7)
for R(s) > 1

From the above functional equation we deduce the approximate functional equation for
L(s,F)and L(s,g®F ) at the central point s = 1 (See §5.2 of [42]). Let us define G1(s) =
Q1(s)e’” and Ga(s) = Q2(3)652 where Q;(s)’s are polynomial such that Q;(0) = 1 for

1 1,
i =1,2. Also assume Q1 (s) and Q2(s) vanishes at the poles of G —fu ) W(QT 98F)
v(3.F) 7(5,99F)
respectively.
We define
1 (5 +u, F) du
Vi(y) == G1(u ,
’ 1 ~u G ) du
(y) = B Gy (u)—,
: 2mi Js) (5, F) u
and
1 ~ G Fuger) du
W =5 “ Ga(u)—,
F(y) i (3)9 (2,9®F) 2( ) "
; 1 G rugel) du
Wi (y) = 5= - Ga(u)

Y 2(U)—.
2mi J (3 (3,99 F) u
Lemma 2.2.1. We have

) =3 2 - A 0.

n>1 1>1
Moreover, for p = (p1, p2, pg) with p; < T, one has

PN y \—A . VAR y A
y” i V! r(y) < (T3/2> , oyt g V! () < (7:/13/2)
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for any A >0 and any j; € NU{0}. Also, for y > T°3/?

/2 —B 3 )
Vf(y)—1+OB<TZ> , Vr(y)—Hi()

for any B > 0.

Lemma 2.2.2. We have

L(3,9®F) = ZZ Apl/n’;n) Wy (nm? 3kzz Aan)WF(nmz)

2) 1/2
m,n>1 m,n>1 nm

Moreover, for p = (p1, p2, pg) with p; < T, one has

a]l y —A .6.71 y —A
J1 J1
Vo ) <k () v ) < (75)

Oy
for any A >0 and any j1 € NU{0}. Also, for y > T3
T3 - 3 T E—i—,u' T3 -B
W/()—1+03k( > Wi (y) = 7(2 ])JFOBJc()
Yy j:1F(§_M) Y
for any 0 < B < k=1

Now we state the Voronoi summation formula for a Hecke eigenform g of weight k

for the full modular group SL(2,7Z).

Lemma 2.2.3. Let \;j(n) be the n-th Fourier coefficient of g and 1) be compactly sup-
ported smooth function on (0,00). Let a,q € Z with (a,q) = 1. Then we have

e () o= Ze ()

n>1 >1

where ad =1 (mod q) and

[ (547,

Proof. See [[53], Theorem A .4]. O
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2.2.5 The Kloostermam sums.

For n1,n9,m1, mo, D1, Do € N, we define the following Kloosterman sums.

) e
S(n1,ng,my; D1, Do) := > ¢ (n2 11)12 m

C1(mod D1 ), Co(mod D)
(C1,D1)=(C2,D2/D1)=1

for Dy | Do, and

S(’I’Ll,mQ,ml,nQ;Dl,DQ)

maBa +na(YoD1 — Z3By)

n131 ma Y1D2 - ZlB2
SR OO MRIEE e

B1,C1(mod D1); B2,C2(mod D2)
D1C2+B1Bs+D>C1=0 (mod D1 Dg)
(Bj,Cj,Dj)=1

where B;Y; + C;Z; = 1 (mod D;) for j =1, 2.

2.2.6 Integral Kernels.

Following [[15], Theorem 2 & 3], we define the integral kernel in terms of Mellin-Barnes

Do

representations. For s € C, p = (u1, 2, p3) define the meromorphic function

_3s 3 T 1 N ) 3
St T (2(3 1)) . r
G 1) = Toogenie 11 T(l(1 =il T

and for s = (s1, s2) € C2, u = (u1, p2, p13) define the meromorphic function

1

3
G(s,p) = =—— | | T'(s1 = pj)T(s2 + 1)
=1

[(s1+ s2) i

We also define the following trigonometric functions

3
1
St (s;p) = Y H cos (3mvj),
j=1

S (s:p1) 1= — 1 cos (§7r1/2) sin (w(s1 — p1)) sin (w(s2 + pe)) sin (7w(s2 + u3))

Lol 3272 sin (3714 ) sin (27v3) sin (7(s1 + s2))
S+ (s 1) = — 1 cos (%7’[‘1/1) sin (m(s1 — p1)) sin (w(s1 — pe)) sin (w(s2 + u3))

aCET > sin (37v) sin (27u3) sin (7(s1 + s2))

)

)

).



46 Chapter 2. First moment of GL(2) x GL(3) and GL(3) L-functions at s =1/2

__ 1 cos (37v3) sin (w(s1 — pe)) sin (w(s2 + p2))
ST (s;p) = 5 —3 — 3 . (2.2.8)
327 sin (§7r1/2) sin (§7TV1)
For y € R* with sgn(y) = ¢, let
Karm = [ WG o (229
T = S, ) —-. 2.
For y = (y1,42) € (IR{"‘)2 with sgn(y1) = €1, sgn(y2) = €2, let
+i00 +i00 dsid
Kb (y; ) = |42y |~ [AmPya| T2 G (s, ) SV (55 ) (;1 2. (2.2.10)
—100 —100 7TZ)

2.2.7 The Kuznetsov formula

Define the spectral measure on the hyperplane p; + 12 + pg3 = 0 by dspecpt = spec(p)dp,

where
3

3
spec(p) = H <3yj tan (QVj)> and dp =dp dpe = dpg dps = dus dps -
j=1

Now we state the Kuznetsov trace formula in the version of Buttcane [[15], Theorem

2,3,4].

Lemma 2.2.4. Let ny,ng,mi,ms € N and h be a holomorphic function on

g

for some § > 0, symmetric under the Weyl group 20, of rapid decay when |3(p;)| — oo

DN | =

Ais= {H = (p1, pi2, p13) € C3, iy + po + pz = 0, R(pj) <

2

and satisfies

h(3v1 +1,35 £ 1,303 £ 1) = 0.

Then we have

C+€min+gmax:A+E4+25+267

where

h -
C:= ZF: %HAF(mlamz)AF(”l’”?)v

1 h(p) 5 i
min ‘*— T — 5 Z_ Bmin , Bmin 7 dusd :
. 24(27i)? //%(M):ON;}HH 1 (ma, me) By (n1, ng) dpndps

1 h(u+itp,u—itp, —2u)——
gm X = ; Bmax , Bmax ’ d ,
* ; 27 /§R(u):0 qu}ix u,f (m1,ma) u,f (ny,ng)du
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and

1
A = 0y 1 Omone T s h dspects
L 9men2 1oo 5 //ER(;L):O (1) specH

S(—ena, ma, m1; D2, Dy) €M1Mmang
Sa=) ) Pu, :
e=t1  Do|Dy D1 Dy D1D,

maDy=n1 Dy

S(eni, mi, ma; Dy, D3) emimang
S S o, (),
e=t1  Di|Ds D1 Dy Dy Dy

m1Dy=nyD1?
v S(eana, e1m1, m1, ma; D1, Da) eoming Do €1maoni Dy
6 E § (I)wfi -

D, Dy D2 D2

e1,eo=+1 D1,Do

with
Dy, (y) = // h(le)Kum (y§ IJJ)dspecH,
R(p)=0

‘I)w5(y) = //é}%(u)() h(N>Kw4(_y§ _IJJ)dspeclJf, (2.2.11)

%Aw:/émoﬂmmﬁmmewmmmw
“:

Here we quote Lemma 8 and Lemma 9 of [7] which are used in truncating summation

in geometric terms after the application of the Kuznetsov formula.

Lemma 2.2.5. Let 0 < |y| < T3°¢. Then for any constant B > 0, we have
Dy, (y) <ep TP
If ly| > T3¢, then
) g TR (T4 )

for any 7 € NU{0}.

Lemma 2.2.6. Let T := min {|y1|/3|y2|Y/5, [y2| /3|31 |Y/6}. If T < T'17¢, then for any
constant B > 0

(I)wﬁ (y1,y2) <e,B T_B-
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If Y>> T'=¢, then we have

. 9 gz
1 |y2? —— —— Dy,
Ayl Oy’

J J2
Seirn TR (T4 a2+ a1l /) (7 + lyal /2 + [yl ¥y | °)

6 (U1, 2)

for any ji, j2 € NU{0}.

2.3 Proof of Theorem 2.1.1

Let us define

S(T) := Z h ”FF) L(1/2,g® F)L(1/2,F).
F

By using the approximate functional equations of L(1/2,g® F) and L(1/2,F) (Lemma

2.2.2 and Lemma 2.2.1 ), we get

=>.> D 1/zzh1 ) Ap(m,n) Ar(1,1)

ma>1 1>1 m(

PSS A S A A A1

m,n>1 l>1

PSS S R A A (1

m,n>1 l>1

PSS S At A (L)

mn>1 1>1 m(

=S1(T) 4+ S2(T) + S3(T) + S4(T), (say).
Here

ha(pp) = h(p )Wy (nm?) Vi (D), ha(pp) = h(p )Wy (nm?)Vy (),

hs(py) = h(py )W (nm®)Vp (1) and ha(py ) = h(pg )W (nm?) Ve (1).

Now, Theorem 2.1.1 follows immediately by the proposition given below.

Proposition 2.3.1. We have

Si(T) = 1927r5 // Hi(;

spec(p)dp + O(T%JFERQ),



2.3. Proof of Theorem 2.1.1 49

_ 1 = TS+ ) 7,
S3(T) = L(1,9) 10275 //%(u) Oh(u)g r g_uj)spec( Ydp +O(Te Rz)
! TEG+ )G +5) i
S0 = gz [, 0 T s gyt s oo

2.3.1 Proof of the Proposition 2.3.1

We only prove the first identity (S1(7")) of the Proposition 2.3.1, as the proof of other

identities is the same as the first identity.

Applying the Kuznetsov’s trace formula (Lemma 2.2.4), one has

SY Yy e (A0 sl s s el e eay

mmn>1 >1 m(

where

1
A =t burges |
Om,1 0n,l 19275 R(31)=0 hi(p)dspect,

:Z Z S(—en,l,l;Dg,Dl)q)(l) eln
D1 Dy wi \ DDy )’

e=+1 D2|Dy
lDl—sz
em 1,1; D1 Dg) elm
Zél) — Z Z y Ly by ) q)( ) ’
1 DD DDy DDy
Dy=nD,?
S(GQ’I’L €e1m 1 lDl DQ) EQTL.DQ ellle
(). cem, LG D1 Da) gy _
6 Z Z D1 Do D D2 Dy? )

€1,62=+1 D1,D2

with <I>1(Ul4) (y), <I>,(U13 (y) and @1(1}16 (y) defined as in (2.2.11) by using the new test function

ha(py) = h(pg YWy (nm?) Vi (1) respectively; and

min 24( 2m

Z / h1 u—l—th, —ity, — —2u )BmT(ll) max(m n)du.
211 R(u)= Nén?x ’

gl - // Bmm(l D) B (m,n)dp dps,
ONmm
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2.3.1.1 The diagonal term

Let us denote D) to be contribution of A to the sum in the equation (2.3.1). Thus

we have
1
P = // h(p) D (1) dspec
where
1 V(5 +u, F) (5 +u2, 9@ F)
D(u) := - //Ll—l—u—i—u,g
)= Gm Jiy S PO ) T e )
du; du
xG1(u)Galug)——2  (2.3.2)
Uy U2

with Gi(u) = Q;(u)e¥” for i = 1,2, v(u, F) =

||’:]w
||’:]w

r(u + pj), r(u — 1)
and

Y(u,g@ ) =] Tr(u+ 551 — pj)Tr(u+ 55+ — ).

e B

]:
Now we evaluate the double integral in the first term on the right side of the equation
(2.3.2). We first shift the contour to R(u1) = €, R(u2) = € without encountering a pole,

for any € > 0. Then we move the contour R(uz) = € to R(u2) = in doing so we

_1

2
encounter a simple pole at up = 0. Since, Ga(u) < e~ and L(1/2 + it,g) < t'/3, the
integral on $(u1) =€, R(uz) = —5 is bounded by O (H?:1 \,uj]_l/Q). The contribution

from the residue at us = 0 is

1 +oun, b d
— [ L1+, g)uGl(ul)ﬂ. (2.3.3)
2mi J (o) (5. 1) u1
Now shift the contour in (2.3.3) to R(u;) = —1 encountering a simple pole at u; = 0. The

integral on the line R(u1) = —3 is bounded by O (szl |1 |_1/4) . The contribution from

| -
1 ’F). Note that, // h(w)spec(p)dp =< TR
V(Q’F R(p)=

the residue at u; = 0 is L(1,g)

Therefore,

D = 1927r5 // H H

spec(p)dp + O(T%“RQ).



2.3. Proof of Theorem 2.1.1 51

2.3.1.2  Contribution of X\

Let Eil) be the contribution of ¥4 to the sum in the equation (2.3.1). So

S(—en,1,1; Dy, Dy) (1)< eln >
ZZZ MZ > 2 -
mn>1 1>1 M / e=+1 Dy|Dy D1Dy D1D;
IDy=mD>?

Let U;(z) (i = 1,2) be smooth functions which are compactly supported in [1, 2], satisfy

xJ Ui(j ) () < 1. By partition of unity, to get a bound for Eil) it is enough to estimate

the following sum

)U2( ) Z S(¥n,1,1;D,6D) (1) <:|:ln>
I o) (Z1) (234)
m,n>1 [>1 1/2 ( )1/2 8,D 5D? *\dD?
6l=mD

where 1 < N < T3+¢ and 1 < L < T3/2+¢. By Lemma 2.2.5, <I>1(U14) (%) is negligibly

small unless
— > T3 (2.3.5)

Note that 6l = mD. By (2.3.5), we deduce that

nm2

3 <
1<18° < s

<T,

which implies, §, L, mD < T° and T37¢ <n < N < T3+¢,
We recall the Kloosterman sum

S(¥n,1,1;D,5D) = D e <ZCEC2 + % + n%) .
C1(mod D), C2(mod § D)

(C1,D)=(C2,0)=1

In (2.3.4), the only non-trivial sum is the sum over n, which is given by

E}%mn<¢#g>mm,

n>1

o(y) = \/lgUl (’?) ) (;z)

where
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Now the GL(2)-Voronoi summation formula transforms the above sum into

% S A (n) <in%> on),

n>1

where

Oy) = 2rit /0 @) (“g@ ) dz

We now analyse the integral transform ©(n). Using the properties of Bessel functions

we arrive at the following expression

(2.3.6)

NVADYZ oo +IN 2mv/nIN
Uy (o) (N ) 2mveNe
ml/2nl/4 r3/4 wq (5(mD)2 mD

By Lemma 2.2.5, we have

xﬂ & <I><1> Loy TR (T 4 |23 7
7.7

2

First, we change the variable z — x* in the integral of equation (2.3.6). Then by

repeated integration by parts we see that

N1/4D1/2T3+5R2 IN 1/3 J mD J
On) <y TE . <2> <\/ ) |
ml/2n o(mD) nN

Since 1 < 6, L,m,D < T¢ and T3¢ < N < T3+,

Therefore,

EWM <4774,

for any A > 0.

2.3.1.3 Contribution of Zél)

Let Eél) be the contribution of 35 to the sum in the equation (2.3.1). As in the previous

case it is enough to estimate the following sum

2y (L) S(+m,1,1; D,6D) +lm
Yy 1/201/2 > — @<1><5D2> (2.3.7)

m,mn>1 1>1

)

é=nD
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to get a bound for Eél). Here 1 < mm?2 < N < T3 and 1 <1 < L < T3/2%¢_ Since

q>(1) (:I:lm

3 DQ) is negligibly small unless

lm
T3 e
< 7(5D2

Note that § = nD, together with above inequality we get

Therefore n, 8, D < T¢ and T3/27¢ < m,l < T32+¢, Recall the Kloosterman sum

& ) _ C1Cy C’z 01
S(+m,1,1;D,6D) = YN e< 5t >

1) D
C1(mod D), Ca(mod D)
(C1,D)=(C2,0)=1

Now, the [-sum in the equation (2.3.7) is given by

1G2) 1 (LY gy (Elm
= (9) b (e )

An application of the Poisson summation formula to the above sum yields

v Y / —Uy(y)d) <i5[g';y> e <_%Ly) dy. (2.3.8)

IEZ
I=—C2(mod ¢)

Note that, for [ # 0 (non-zero frequency), by repeated integration by parts we have the

inner integral in (2.3.8) is

1/3\ 7 j
34e p2 mL o
<L T°°R (T+<5D2> ) <|l|L> .

Thus we need to have § = 1, otherwise there will be no zero frequency. Therefore, we

have D =1 and n = 1. In this case the contribution of zero frequency is given by

\FLZ;U1< >/U2 W) (£Lmy) dy.

m>1

By the definition of @85) (y) and Ky, (y; u), the above y-integral becomes

/ 7U2 // Ky, (ZFLmy, H’) dSpec,u dy
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100 Y s ds
:// hl(u)/ </ Y 2Uz(y)dy> ImL| 5 G* (s, —u)f dspecit
R(p)=0 —ico \JR U

i00 .~ (1 ~ ds
[ mt [zl (5 - ) 6565 e (2:3.9)
R(p)=0 —ico ™

where Us(s) is the Mellin transform of Us(y), which is entire and rapidly decaying. Then

we can restrict the s-integral to [Im(s)| < 7¢. Recall the definition of G=(s, u)

—3s 3 (

o) = e (g

1228877/2

Since py < o ; < T, then the p-integral in (2.3.9) is bounded by T3/2+¢R2.

Thus,
BV « T R2.

2.3.1.4 Contribution of Zél)

In this case we have to bound the following sum

ZZZ )UQ( ) Z S(:l:n,:l:m,l,l;Dl,Dg)(I)(l)<$nD2 :FlmD1>
mn>1 1>1 1/2()1/2 D1,Ds DD °\ D>’ Dj?

(2.3.10)

Using the property ®,,, (Lemma 2.2.6), we have

(lmn2)1/6 and T1_€<(n12m2)1/6

Tl—E <
D12 Yk

From these conditions we infer that 1 < Dy < 7,1 < Dy < TY2%¢/m and 1 < m <

Tl/2+z—:7 also T3¢ <N< T3+¢ and T3/2—¢ <L< T3/2+e
The Kloosterman sum S(+n,+m,1,1; Dy, D2) is given by

+nB + (Y1D2 — ZlBg) +mBy + Z(Yng — ZQBl)
2222 c + :

D1 D2
B;1,C1(mod D1 ); B2,C2(mod D3)
D1C2+B1Bs+D2C1=0 (mod D1D2)
Dj)=1

where B;Y;+C;Z; = 1(mod Dj) for j = 1,2. Note that (B, D1) | D2, so (B1, D) < T°
as Dy < T¢. Let By = By(By, D1) and D; = D}(By, D) with (By, D;) = 1.
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Now we apply G L(2)-Voronoi summation and Poisson summation formulae on the n and

[-sums in the equation (2.3.10) respectively. Then the n and I-sums in (2.3.10) transform

into
VNL FB'n
27T/Lk 7 Ag (n)e /1
D] 2 2 D]

leZ
lE*(Y2D17ZQBl) mod D2

" / / o (:FNDQm :FmLD1y> T <4W\/Nnx> . <—lLy> Uy () UQ(y)dazdy.
R

R Di*m2 " Dy? mD)

By repeated integration by parts, the y-integral in (2.3.11) is

j .
o qevepge (o (ML 1/2+ mDyL\Y? [ NDy \'/° Dy \’
=7 D? D3 D?m? L)’

for I # 0. Therefore the non-zero frequency (I # 0) in (2.3.11) contributes O(T~4). In

the zero frequency (I = 0) case, we must have Dy | (YaD1 — Z3By). In this case equation

(2.3.11) becomes

+VNL TBin y (FNDyx FmLDy
21 7 Z )\g (n)e 7 ®’LU6 2 ’ 2
le >1 Dl RJR D1 m2 D2

X Jp1 (47“ Nm) Ui(@) U2) 4, g, (2.3.12)

mD, ) Vi Vi

Recall the standard properties of Bessel function (see [83], p. 206)

Jr(2mx) = e(2)Gyr(z) + —=e(—2)G, () (2.3.13)

1
vz

-

with
GV (z) < 1.

Inserting the properties of Bessel function (2.3.13) in the above expression (2.3.12) we

get (at the cost of changing the smooth function U (x) = Uy (z)Gk—1 (2” ”gﬁx>)
miy

NY4/L A(n) (FBin ) (FNDyz FmLDyy
e . P ,
JmD M ey i/t D, RJr "\ Di*m?’ D,

e (27r\/Nnx> Ui (z) Ua(y)

; dx dy. 2.3.14
mD] 3ty vy ( )
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Integrating by parts we see that the z-integral in (2.3.14) is negligibly small unless
n < T*¢ (dual length). Therefore the sum in (2.3.10) is bounded above by

1
Z C(D17D2>n m)I(D17D27nam)a

rNVE Y B S

3/2 3/2
n<Te D1 <T1/2+e D / D2 <T1/2+a m /
D2<T€ Dy
where
:FBin Y1D2 — ZlBQ mBg
C(Dy, D - / + :
(D1, Do) D S
B1,C1(mod D1); B2,C2(mod D3)

D1C5+B1Ba+D>C1=0 (mod D1 D>)
(B;,Cj,D;)=1
D2|(YaD1—Z2B1)

Z(D1,D2,n,m) = / / <I>86) (jFNDQx $MLDly) e (27r Nnx) Ui(z) U2(y)dxdy.
RJR

Di?m?2’  Dy? mD] 34 Sy

Using (2.2.11), we have

—+1i00 —+100 ND LD
Z(Dy, Danm) = //// (s / / ar 2 4 Tt
R(p)=0 m? Dy

3
d81d82
S

8 F(sl + s2) 31_11 (2mi)?

1= )T (s2 + 1) ST (5 ) dspeett

y (271\/Nna:> Ui (z) Us(y )dxdy’

mD'1 x3/4 NG

where ST (s; ) is defined as in (2.2.8).

+i00 ND
:// hl(u)/ ‘4 "
R(p)=0 —300 1m

y /-‘rioo ‘47‘-2 mLD1
—100 D22

81 (/R:E—S/Zl—sl (W) Uy (:c)dx>
—s2 < /R y—1/2—82U2(y)d3/>

d81d$2

3
ST ——d
81 +82 ]1;[1 32 +:uj) ( H) (27”-)2 spceld,

S1 A

Hieo ND; |- tieoy  ymLD
= [[ [ e oG- [
R(p)=0 —300 Dl m —300 Dy
d81d82

3
1
||I‘ — u:)\T NSt T (s dsce~
XF(Sl“I—SQ) ]:1 (Sl M]) (82+M]) (S’H) (27TZ)2 p IJ’

Uz(% — 59)
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Note that Us is the Mellin transform of Us, which is entire and rapidly decaying. So we

can restrict the so-integral to |J(s2)| < T¢. Similarly we can restrict the s;-integral to

o Nn _ ml+te
[S(s0)] < YR = T

Recall that p; + pe + pug = 0. For fixed o, ¢t € R and |t| > 1, we have the Stirling

formula
1-\(0_ + it) _ m67ﬂ|t\/2|t|07 1/2€it(10g|t\71)6i(07 1/2)Aw/2 (1 + O(’t’il)) )
So we have,
1 3 3
YT r(sy — )T N\ GFF (g 1-1
T(s1 + s2) 3111 (s1 = p5)L(s2 4+ p;) ST (85 1) < 311 |14

Therefore, the integral Z(Dy, D2, n,m) is bounded by O(THER?). Moreover, by the
standard ( Weil-type ) bounds we get ( see [[7], 3.1 and 3.2])

C(D1, Do, n,m) < (nm)f(DyDy)'/?+e

Hence the contribution of Zél) is O(T%/?>t¢R?).

2.3.1.5 Contribution of 5( )

min

Let us denote

1) mln 2
E = B
min 27T2 //§R( )=0 _/\/’mln Z Z mn1/2 ’n)W’L (nm )

m,n>1

> mBmm Bmin(1, V(1) dpydpss.
>1

Inserting the definition of V; (y), W (y) and using (2.2.7), (2.2.5) we have

() _ 1 // h(p) (1)
Enin = 51512 )70 (w)dpid
i 24(27TZ)2 R(1)=0 _/\/"gnn mln(lJ’) H1ap2,
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where

3
82+ +M
) (n) = 27” //GSQH J)c(sﬁ%—uj)

k—1_ . k+1_ )
XG(Sl)HPR(81+ LA ) T (51+ + MJ)L( ds; dsy

s1+ L+ g,
o R+ %—Mj)l“m(§+@—u]) ! i 9) =

Now we move the line of integration from R(s;) = R(s2) = 3 to R(s1) = R(s2) =
Since L(1/2 + it, g) < t'/3, ¢(1/2 + it) < t'/6 and G(s) < e, we have

mlIl

3
) (n H (1+ [51) 2.

Finally, using the bound

3 3 2
| 1 1
Nmin len — | | 14 3u; 2 )
m L2 TG j:1|C( o)l >>j1:[1 <10g(1+3’%(’/j)|)>

we obtain
B, < T3 R2.

2.3.1.6  Contribution of £\,
Let us define

+ ity u—ity, —2u)

E(l . u f, f7
(0, zgm/’ o=
max 1 Dmax (1 J\1/
x> Z mnl/Q (m, W)Wy (nm?) > 25 B (1L DV (1) du.
m,n>1 I>1

By similar arguments as above one has

u+ ity u—its, —2u) ‘
1) fru I .
B — Z 57 / o N T(u+ity,u—ity, —2u)du,

where Ir(rgx(u +ity,u —ity, —2u) is given by

1
%2/ / G(51)G(s2)L(s1+ § — 2u,9)L(s1 + 5 + 1,9 ® f)L(ss + § — u. 9)x
3

$1+ kT ) ( %4— aJ)F (52—1— +aj)d$1d52

+ 14 2u) .
o “;E (b5 —a)Tr (3 + 5L —ay) T (3 — o) P
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Here ay = w +ity, ap = u — ity and a3 = —2u. By the definition of h we have

h(u+ity,u —ity, —2u) is negligibly small unless
lutity —poa| < R, |u—ity —poo| <R, | —2u—pos| <R

Note that pg,; < T and N := 8L(1,Ad*f)|L(1 + 3u, £)|> > (1 + log |u|) L.

We first shift the line of integration to R(s1) = R(s2) = ¢ and use the bounds
C1/2+1it) < [tV, L(1/2+it, f) < [t]'/3, L(1/2+it,g) < [t|'/*
and L (1/2+it,g® f) < [t| to get

EQ <TWR YL
T—-R<t;<T+R

Using the Weyl law for the number of eigenvalues associated to GL(2) eigenforms we
have

E(l) < T17/6+€R2.

max






Chapter 3

Shifted moments of quadratic

L-functions over function fields

3.1 Introduction

The correlation of L-functions i.e., study of the mean values of products of shifted values
of L-functions near the critical line has become central to number theory. Random
matrix theory has recently become a fundamental tool for understanding the correlation
of L-functions. Montgomery [59] showed that two-point correlations between the non-
trivial zeros of the Riemann (-function, on the scale of the mean zero spacing, are similar
to the corresponding correlations between the eigenvalues of random unitary matrices
in the limit of large matrix size and conjectured that these correlations are, in fact,

identical to each other.

Keating and Snaith [50] suggested that the value distribution of the Riemann zeta func-
tion on its critical line is related to that the characteristic polynomials of random unitary
matrices. Conjectures for the moments of L-functions have been attempted for many

decades, with very little progress until the random matrix theory came into the subject.

The main observation is that the structure of the mean values of L-functions is more
clearly revealed if one considers the average of a product of L-functions, where each

L-function is evaluated at a location slightly shifted from the critical point.

In this chapter, we discus about the moments and correlation of Riemann zeta function

(belonging to unitary family), Dirichlet L-functions (contained in the symplectic family)

61
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and quadratic Dirichlet L-functions associated with hyperelliptic curves of large genus
over a fixed finite field which are also members of the symplectic family. These families
and their random matrix analogs have been discussed from the perspective of the leading
terms in the asymptotic expressions by several authors (see [18], [21], [20], [4], [49], [50],
[22] and [48]).

Our main goal of this chapter is to establish lower and upper bounds for the correla-
tion of shifted values of quadratic Dirichlet L-functions near the critical line associated

to the hyperelliptic curves of large genus over a fixed finite field.

3.1.1 Moments of the Riemann Zeta function

A classical question in the theory of Riemann zeta function is to determine the asymp-

totic behaviour of

T
My(T) = /0 (L 4 i) dt,

where k € C, as T' — oo. It is believed that for a given positive real number k,
My (T) ~ e T(log T)*,

where ¢, is a positive constant. Ramachandra [69] showed that
M(T) > T(log T)¥*,

for any k € N. Using moments of characteristic polynomials of random matrices, Keating
and Snaith [49], conjectured an exact value of ¢y for R(k) > —%. Assuming the Riemann
hypothesis (RH), Soundararajan [81] showed that for every positive real number k and

e >0,
Mi(T) <pe cxT(log T)¥+< (3.1.1)

and Harper [35] removed the exponent € in the bound of (3.1.1).
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3.1.1.1 Shifted Moments of the Riemann Zeta function

A generalization of the moments of ((s) are the shifted moments, defined as
T
My (T, ™) 1= / [C(3 + it + o) |G + it + w2 dt,
0

where k™ = (ki,..., k) is a sequence of non-negative real numbers (k; € R,) and
o™ = (a1,...,ap,) € R™ with oy # «j for i # j, |y — aj| = O(1), a; = O(log T) also
a; = «;(T) is real valued function in terms of T such that lim «a;logT and lim |o; —
T—o0 T—o0
aj|log T exits or equals to £oo. In [16], Chandee obtained the lower and the upper
bounds of M, ) (T, a(m)) for some special choices of k™ and for a large values of T.

More precisely, she proved the following theorems.

Theorem 3.1.1. Assume RH. Let k™ € R and o™ be defined as above. Then for T

large,

2k;k;
Mk(m) (T, a(m)) <<k(m),€ T (log T)k%+k§++k”2n+a H (mln {m’ log T}) ! .
1<j

Theorem 3.1.2. Unconditionally, for large T, k™ e N™ and o™ be defined as above
with a; = O(loglog T,

2kik;
212 2 . 1 v
Mk(m) (T,a(m)) >>k(m),ﬂ(m) T(lOg T)k1+k2+m+km | | <m1n {m,log T}) s
? J

i<j
where
B(Tﬂ) - max { lim |y — o logT} ‘
{(3,4):|as—aj|=0(1/1log T)} | T—oc0 ‘ J|

As a corollary of the above Theorem 3.1.1 and 3.1.2, we have the following results.
Corollary 3.1.3. Assume RH. Let k € Ry.. Then for T large, we have

Lpe T (log T)4k2+8, if lim |og — agllogT < oo
M(k,k) (T, (en, a2)) 1 ok2 . THOO
Lhe ———z T(log T)**"*=, if lim |y — as|log T = oo.
| — | T— 00
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Corollary 3.1.4. Unconditionally, for T large and k € N, we have

> T (logT)M“2 , if im |og — a|logT =0
T—o0
2
My (T (1, 2)) § > 520 T (log )" if lim |ag — asgllogT < 0o
’ T—o0
>k o e L (08 )2, if lim Jag — az|log T = co.

The above corollary implied
T (log T)4k2 < Moy (T, (1, a2)) < T (log T)4k%rE

when T}im la1 — as|log T < oo, which means that the correlation of |{ (5 + it + i) |
— 00

and | (% + it + iag) | transition at |a; — ag| = @, Furthermore
1 2k2 1 2k2+€
T (logT)™ < M) (T, (o1, 02)) < ————5T (logT)
| — ap|?F : 1 — ag|?F

when Tlim |ag —ae|log T = oo, which means that, these distribution appear independent
—00

: 1
when |a; — as| is much large than {57

The moments of the derivatives of the Riemann zeta function were studied by several
mathematicians. An analog of Soundararajan’s estimate (3.1.1) for the derivatives of
the Riemann zeta function was obtained by Milinovich [62]. Under the RH, he showed

that for every € > 0,
T 2
/ ICOQ +it)|* dt < T (log T)F T2kt
0

where k,1 € N and ¢ is the [-th derivative of (.

3.1.2 Moments of quadratic Dirichlet L-functions

Let x4 be a real primitive Dirichlet character modulo d given by the Kronecker symbol

xa(n) = (%) It is interesting to determine the asymptotic behaviour of Z L(%, xa)*

0<d<X
as X — oco. Extending their approach to the zeta function, using random matrix theory,

Keating and Snaith [50] made the following conjecture about the asymptotic behaviour

of moments of Dirichlet L-functions L(3, xq).
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Conjecture 3.1.5 (Keathing & Snaith). For k fized with ®(k) >0, as X — oo

k(k+1)
72 27Xd ch (IOgX) 2 )
\d\<X

and the precise values of ¢, follows from work of Keathing and Snaith [50].

In [73], Rudnick and Soundararajan obtained that for any rational number k£ > 1,

k(k+1)
—fjij (3:xa)* >k (log X) "2 .
|d|<X

Assuming the GRH, Soundararajan established that for any positive real number k£ and

e >0,

k+1)

XZ L 27Xd) <<ke (IOgX) +€

ld]<X

In general, it is important to find the asymptotic behaviour of the following correlation

of shifted values of Dirichlet L-functions:

b
Sk(m)(a(m)vX) = Z L(% + al’Xd)kl s L(% + Qi Xd)km,
d<X

where k(™ = (ki1, ..., kn) be a sequence of real numbers and a™ = (ay,..., o) be a
sequence of complex numbers with a; # a; for 7 # j.

Conrey et. al. [20, 21] gave a conjecture on the asymptotic behaviour for the moments

of L (27Xd)

Conjecture 3.1.6. [Conrey, Farmer, Keating, Rubinstein and Snaith] Suppose g(u)
is a suitable weight function with support in either (0,00) or (—o0,0) and let v4(s) =

|d]%75'y(s, a) where a =0 ifd >0, andd=11ifd <0, and

ygﬂ)zw*ar<1+;>/r<8;“>.

That is, the factor in the functional equation

L(s,xq) = €ava(s)L(1 = s, xa)-
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For k € N we have

S L (Goxa) o) = 3 Qi llogld) gd]) (1+0(d|5+)) . (312)
d

d

where Qy, s the polynomial of degree k(k + 1)/2 given by k-fold residue

k(k—1)
_(—1)*2 2k 1
Qrlw) = (2mi)k
2)2
f % Zl,-- Zk‘ g":f]_vl..-yzk) e%Z?zlzj‘le‘..dzk’
J 1%
with
K 1
G(21,.oh2k) = Ap(21, -5 2 H stzpa)z [ CA+G+z),
j=1 1<i<j<k
A(2},...,23) the Vandermonde determinant given by
A,z = [ (& —2) (3.1.3)

1<i<j<k

and Ay, is the Euler product, which is absolutely convergent for |R(z;)| < 1/2, for j =

., k, defined by
Ap(z1,...,2 H H < Ls—zrs—,zj>
p 1<i<j<k
k -1 k -1 -1
1 1 1 1 1
- 1— = 1 - 14+ - .
. 2]]‘:_Il< p2+z]> 213( + +ZJ> +p ( +p>

Analogous questions for higher degree L-functions have been studied by Milinovich

and Turnage-Butterbaugh [66].

3.1.3 Moments of L-functions in the hyperelliptic ensemble

Let F, be a finite field of odd cardinality and F,[t] be the polynomial ring over F, in
variable t. Let D € FF,[t] be a monic square-free polynomial. The quadratic character xp
attached to D is defined using the quadratic residue symbol for Fy[t] by xp(f) = <?>
and the corresponding Dirichlet L-function is denoted by L(s, xp). It is often convenient

to work with the equivalent L-function £(u, xp) written in terms of the variable u = ¢~*.
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Define the hyperelliptic ensemble H,, , or simply H,, as

Hn ={D € Fy[t] : D is monic, square-free, and deg(D) =n}.

For each D in the hyperelliptic ensemble H,,, there is an associated hyperelliptic curve

given by Cp : y? = D(t). This curve is non-singular and of genus g given by

29=n—1-X, (3.1.4)

where

1, if n even,

0, if n odd.

A=

Note that, g — co as n does so. See section 3.2 for more details about the properties of

Dirichlet L-function L(s,xp) and their spectral interpretation.

Now we present the function fields version of Conjecture 3.1.6 from [1].

Conjecture 3.1.7. Suppose ¢ = 1 (mod4) is the fized cardinality of the finite field F,
and let Xp(s) = \D[ *X(s) and X(s) = q 2%, That is, Xp(s) is the factor in the

functional equation

L(s,xp)=Xp(s)L(s,xD)-

For k € N, we have

S L) = Y Qi llog, D)) (1+0(1D]7479)), (3.1.5)

DeHagt1 DeHn

where Qy is the polynomial of degree k(k + 1)/2 given by k-fold residue

k(k 1) ok

-1 ..
Qk(x) = ( ) % % Zla Zk gil,l ) % ) QQZJ 1zjd21...dzk,
] 1

k! (2mi)k
Zj

where A(z1,...,23) is defined as in (3.1.3),

k
1
G(z1y -y 2k) = Ap(21, -0y 2k H —l—Z] 2 H Ca 1+ZZ+ZJ),
j=1 1<i<j<k



68 Chapter 3. Shifted moments of quadratic L-functions over function fields

and Ay, is the Euler product, which is absolutely convergent for |R(z;)| < 1/2, for j =
1,...,k, defined by

1
Ap(z1,.. . 2) = H H <1—WW)

PeP 1<i<j<k

14 1 ok 1 B 1\ 7!
STI (- +-][(1+——) +5|(1+=) -
2 ( |P|é+zj> 2 ( |P\%+Zj> |P| ( IPI)

Jj=1

Andrade and Keating [4] conjectured that as g — oo,

> L)t = ¢ (B2g+1) + o(1)), (3.1.6)
DeHag41
where P, is a polynomial of degree @ Assuming ¢ = 1(mod4), the conjecture

(3.1.6) is known for £ = 1 from the work of Andrade [3], and the error term in the
asymptotic formula was improved by Florea [27]. In [28, 29], Florea also proved the
conjecture (3.1.6) for k = 2,3 and 4 assuming ¢ = 1 (mod 4). For n = 2g + 2, Jung [46]
obtained that

1 P'(1)

L(i = P(1 1
L2 (5:XxD) (D(g+1)+ oz g
2g+2

— P(1)G (;) ro(24gt).

’H29+2‘

where P(s) = [[p (1 — (1 + [P])7'|P|7*) and (4 (3) is defined in Section 2.
Andrade [2] established the following lower bound:

Theorem 3.1.8 (Andrade). For every even natural number k, we have

1 k(k+1)
L%

> LG, xp) >k n 2
DeHn

On the other hand, A. Florea [[29], Theorem 2.7] found the following upper bound for a

single shifted L-function associated with hyperelliptic curves:
Theorem 3.1.9 (Florea). Let v = €, with 6 € [0,7). Then for every positive k and

any € > 0,

v k 2g+1 k?
De%;g“ ’£<\/avXD)’ Lpe @97 g° exp <kM(v,g) + 3 V(v,g)> ,
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where M(v, g) = 3log (min{g, 55}) and V(v,g9) = M(v,g) + 3logg.

3.1.3.1 Shifted moments and main results

For a fixed m-tuple k™ = (ki, ... k) € R ('m > 1), we shall investigate the following

mean values of the product of m-shifted quadratic Dirichlet L-functions:

2k 2km
Su(o™ k)= 3 () e () (3.1.7)
PRES! 5tam
Dew, 9? a2
where v(™) = (v1,...,v,,) € C™ with v; = €%, 0; € [0,7) and «; € [0,1) for j =
1,...,m. Also, 6; = 0;(g) is a real valued function of g such that li_>m gl6;| and for
g—o0

i # j, lim g|0; — ;| exists or equals co. Note that one can obtain the moments of
g—00

E(%, XD) by allowing the shifts a; to tend to 0.

Throughout the chapter, we follow the convention that n and g are connected via (3.1.4).

Before stating our main results, let us define

u('v(m),g) = ik‘j log <min {%,g}) , (3.1.8)

j=1
oc(v'™, g) =2 ék? logg + 2;@2 log <min{2‘2j|,g}> (3.1.9)
+ 4Zkikj <log (min {l@?legl’g}) + log (min {m,g}>) .

1<j

For m = 2, we set
W ={je{1,2}: lim g|;] < oo} and W= {j € {1,2} : lim ¢|f;| = oo}. (3.1.10)
g—o0 g—»00
We also define a constant depending on W and W€ as
Cp2) = max{ lim g¢|61], lim g|f2|, lim g|0; — 62|, lim g|0; + 92|} , (3.1.11)
g—o0 g—00 g—o0 g—00

where maximum is taken only over the finite entries of the set.

Remark 3.1.10. If [W| =2 and |[W¢| =0 then

ot —max{hm ol6r], Tim gls], Tim gl6s — 6], 1imgrel+92|}.
g—00 g—o0 g—ro0 g—00
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IfW = {1} and W€ = {2} then c,@) = limgo0 g|61|. If W =0 and lgn gl61 — 62| < o0,
g—o0

then c, ) = hm g|01 62|. When none of the limits is finite or when c, 2 = 0, then the

implied constant in Theorem 3.1.11, Theorem 3.1.12 and Corollary 3.1.18 is independent

of (™),

We obtain a lower bound (of the conjectured order of magnitude') for S, (v®, k) in

the large degree limit i.e. when n is sufficiently large and ¢ is fixed.

Theorem 3.1.11. Let k? € N2 and v be as earlier. Assume that aj =0 (%) for

j=1,2. Then for n large,

S le( )

a DeH, q2

le 2k2

1) 02

ﬁ(#;m)

5to2
exp <,u (v(2),9> + %a (U(Q),g>> ,

qQ
where (U(z),g) and o (0(2),9) are defined by (3.1.8) and (3.1.9) respectively.

In this chapter, we will provide the complete proof of the Theorem 3.1.11 and from
observations in the footnotes [2, 5, 7], one can easily extend Theorem 3.1.11 to the

following form.

Theorem 3.1.12. Let k) € N™ and v(™ be as earlier. Assume that a; =0 (%) for

all j. Then for n large,

Z ’ q2 >XD)

DeHnp

2k‘l 2k'm

>>k(m)’v(m)

..‘L((;f%,x,g)
exp <,u (v(m),g) + %U (’U(m),9>) )

where ('v(m),g) and o ('U(m),g) are defined by (3.1.8) and (3.1.9) respectively.

!Hn

We also establish an upper bound of nearly the conjectured order of magnitude for the

sum S, (v, kM),

Theorem 3.1.13. Let k™ e R and v(™) be as earlier. Assume that aj = O (%) for

all j. Then for n large, and for any € > 0,

i 5 e ez

q 3 +am
!The conjectural order of magnitude of these L-functions in the hyperelliptic ensemble can be com-
pared with the autocorrelation of the random matrix polynomials (for example, see [[20], Egs. (3.6) and

(4.19))).

2k1 2km

<<k(m)7€
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n® exp (u (v(m),g> + %U (’v(m),g)) )

where (v(m),g) and o ('v(m),g) are defined by (3.1.8) and (3.1.9) respectively.

Let us define £®) (u, xp) as the I-th derivative of £(u, xp). As an important consequence

of Theorem 3.1.13, we have the following upper bound.

Theorem 3.1.14. Letl € N and € > 0. For n large, we have

5 1E0( 7 10 e a5

3.1.3.2 Applications

From the Theorem 3.1.13 and in light of (3.2.3) if we specialize n as n = 2g + 1 and the

a;’s are zero then we recover Theorem 3.1.9.

The case of the mean value for L’(q_l/ 2 xp) taken over Hag+2 was investigated by Jung
[46]. Taking n = 2g + 2, we have the following corollary which generalizes the Theorem
3.1.9:

Corollary 3.1.15. Let € > 0. For n large, we have

1
|7'l29+2|

1
Z |£(q_1/27XD)‘k <<k,a gﬁk(k—kl)—{-e.
DeHagt2

Similarly, Theorem 3.1.14 provides an upper bound for the k-th moment of £™ (¢=1/2, xp)
with D € Hagy1 and D € Hagq2. More precisely,

Corollary 3.1.16. Letl € N and € > 0. For n large, we have

_ k 1
Z |£(Z)<q 1/27XD)‘ Chie q2g+1ggk(k+1)+lk+57
DeHog41

_ k 1
Z |£(Z)<q 1/27XD>‘ e q2g+292k(k+1)+lk+a'
DeHogi2

Corollary 3.1.17. Let W and W€ be defined by (3.1.10). For every e > 0, n large and
keRy,

2k

= Jeiio)el )

DeHn q2
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(
|an‘ g2k;(4k:+1)+s Zf ]W’ =2,
|Hn| 93k2+k+5

‘92|k2+k‘91_92|2k2 ‘91+92|2k2

if W={1},We°={2},
<<k3,8 len‘ g4k2+€

|61602| 5> +F(6;1 46| 2+*

if [Wel =2, lim g|6h — 6] < oo,
g_>OO

2
"Hn‘ g% +e
10102 K24k |01 —05]2k2 |01 402K

if [W9 =2, lim g|61 — 6] = 0
g*)OO

\

Corollary 3.1.18. Let W and W€ be defined by (3.1.10). For n large and k € N,

2k
' T aXD)E( ,XD)
DeMy, q2 q2
(4k+1 ; _
[Hy| g?FORHD) if Wl=2,
2
‘Hn‘ 93k +k . -0 c 9
|02 [F2HF(01 —022+2 0,402 |2+2 if W= {1},We={2},
) 2
’ [Hn| g** ; c :
Q =2, lim ¢|0; — 0 00
1010 [ +F101 +02[2+° e ’ gaoog| L 2| < oo,
il g%z s if [We =2, lim g|6; — 6] = o0
‘9192|k +k‘91—92|2k ‘91+92|2k g—ro0

Remark 3.1.19. Theorem 3.1.12 and Theorem 3.1.13 give the lower and the upper
bound of the same order of magnitude for the shifted moments of L-function over all

monic square-free polynomials near the critical line. In particular, from Theorem 3.1.12

and Theorem 3.1.13 we have

gk(2k+1) <

( 2, XD) <<k?,€ gk(2k+1)+€)

DE’Hn
which give the lower and the upper bound of the same order of magnitude for the 2k-th
moment of L (qfé,xp). The order of magnitude matches that of the main terms of
Conjecture 3.1.7 and Conjecture 3.1.6.

Remark 3.1.20. Theorem 5.1.12 and Theorem 3.1.13 can be compared with Theorem
3.1.2 and Theorem 3.1.1 respectively of [16]. Also, from Corollary 3.1.18 and Corollary
3.1.17, we get

2k
ke g 2k(4k+1)+e ,

V2
g hakTy) <</“,(2> Z < ,XD)E< T ,XD>
De?—t qz
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when lim g¢|61], lim g|f2|, lim g¢|6; — 62| < 0o, and
g—00 g—o0 g—00

g2
|0102|F* 1|01 — 022K |0, + Oo|2F° Lo (2)
1 ’£<11}17XD>£< 17)2 ,XD> 2k
[Hnl s | Vgt R
92k2+s

<<l~c,£

|0102|F° k(01 — 05|26%|01 + 05|26
when lim g|61], lim g|f2|, lim g¢|6; — 02| = cc.
g—0o0 g—o0 g—>o0

As we have already discussed when two zeta functions are correlated or independent

U1

in Subsection 3.1.1.1, similarly by we can say that the correlation of L’( - aXD>
q2z™

and E( 77 - 7XD) transition at |01], 03], |01 — 62| ~ é, and these distribution appear
qz7

independent when |01|, |02], |01 — 02| are much larger than %.

3.2 Background for L-functions over function fields

We begin this section with some preliminaries of L-functions over function fields. We

will use [71] as a general reference.

3.2.1 Basic facts on F,[{]

We start by fixing a finite field F, of odd cardinality ¢ = p", » > 1 with a prime p. We
denote by A = F,[t] the polynomial ring over F,. For a polynomial f in F,[t], its degree
will be denoted by either deg(f) or d(f).

The set of all monic polynomials and monic irreducible polynomials of degree n are
denoted by M,, 4 (or simply M,, as we fix ¢) and P, 4 (or simply P,,) respectively. Let
M =Up>1M,, and P = U,>1P,. We also denote the set of all monic polynomials and
monic irreducible polynomials of degree less or equal to n by M« , (or simply M<,)
and P<pq (or simply P<,) respectively. Let H, denote the set of monic square-free
polynomials of degree n. Observe that for n > 1, |M,,| = ¢" and

q, ifn=1,

Hn| =
@ Hqg—1), ifn>2.
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If £ is is a non-zero polynomial F,[t], we define the norm of f to be |f| = ¢*). If f =0,

we set | f| = 0. The prime polynomial theorem (see [71], Theorem 2.2) states that

Pl = % n o(qf). (3.2.1)

The zeta function of A, denoted by (4(s), is defined by

1 —s\—1
Cals) = Z TG = H (1—1|PI7%) ", R(s) > 1.
fem pPeP
One can easily prove that (4 (s) = 1*(1%‘3’ and this provides an analytic continuation of

the zeta function to the complex plane with a simple pole at s = 1. Using the change of

variable u = ¢—*, the zeta function becomes

1 1
Z(u) = Zud(f): T if |u] < —.
fem q q

3.2.2 Quadratic Dirichlet characters and properties of their L-functions

For a monic irreducible polynomial P, the quadratic residue symbol (%) is defined by

1, if fis asquare (mod P), P1 f
) =49 -1, if fis not a square (mod P), Pt f
0, if P]|f.

For monic square-free polynomials D € F,[t], the symbol (Q) is defined by extending

the above residue symbol multiplicatively. We denote the quadratic Dirichlet character

xp(f) = <?> -

The L-function associated to the quadratic Dirichlet character xp is defined by

XD by

xp(f)
| f[?

=[I = xo®)|PI7*)7", R(s) > 1.
PeP

L(s,xp) =
fem

Using the change of variable u = ¢—*, this L-function turns into

Llaxn) = 3w = TT (1= xo(®)at™) ™, Jul < 2,

fem pPeP
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Now, if n > d(D), for each monic f € A such that d(f) = n, we can write uniquely
f=9D+ R where 0 < d(R) < d(D) — 1. Since xp is periodic modulo D

XD(f) _ q—ns Z XD(R) —0.

|M[S
d(f)=n d(R)<d(D)-1

It implies that £(u, xp) is a polynomial of degree at most d(D)— 1. From [72], L(u, xp)
has a trivial zero at u = 1 if and only if d(D) is even. This allows us to define the

completed L-function as

L(s,xp) = L(u,xp) = (1 = w)*L*(u, xp) = (1 — ¢~ *)*L*(s, xp),
where

1, if d(D) even,
A= (3.2.2)
0, if d(D) odd,

and L£*(u, xp) is a polynomial of degree
2g=d(D)—1—- X\ (3.2.3)
satisfying the functional equation
£ (nxp) = (@)L (. xp)
) qu )
Because £ and L* are polynomial in w, it is convenient to define
L*(s,xp) = L(u,xp)
so that the above functional equation can be rewritten as
L*(s,xp) = " 9L (1 - s, xp).

The Riemann hypothesis for curves over finite fields, established by Weil [84], asserts
that all the non-trivial zero of £*(u, xp) lie on the circle |u| = ¢~ /2, i.e,

29

L*(u,xp) = H (1 —wvj) with |vj] = /¢ for all j.
j=1
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One can define the completed L-function in the following way. Set
Xp(s) = |D|2 75X (s), (3.2.4)

where

32, if d(D) odd

%q_l+2s, if d(D) even.

Let us consider

1
A(s,xp) = L(s,xp)Xp(s)" 2. (3.2.5)

Then A(s, xp) satisfies the symmetric functional equation
A(s,xp) = A1 = s,xD). (3.2.6)

3.2.3 Spectral Interpretation

Let C be a non-singular projective curve over IF, of genus g. For each extension field
of degree k of Fy, denote by Ni(C') the number of points of C' in F x. Then, the zeta

function associated to C defined as

Zco(u) = exp (Z Nk(C)k> . Jul < 1,
k=1

q
is known to be a rational function of w of the form

P(;(u)

2 = T 01— qu)

Additionally, we know that Po(u) is a polynomial of degree 2g with integer coefficients,
satisfying a functional equation

Po(u) = (qu?)Po (1) |

qu

The Riemann Hypothesis, proved by Weil [84], says that the zeros of Pg(u) all lie

on the circle |u| = -. Thus one may give a spectral interpretation of Po(u) as the
i y g
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characteristic polynomial of a 2¢g x 2¢g unitary matrix ©¢:
Pco(u) = det (I —u\/qO¢) .
Thus the eigenvalues €7 of ©¢ correspond to the zeros, ¢1/2¢~i of Zco(u). The

matrix O¢ is called the unitarized Frobenius class of C'.

To put this in the context of our case, note that, for a family of hyperelliptic curves
Cp : y*> = D(t) of genus g, the numerator of the zeta function Zo(u) associated to Cp

coincides with the L-function £*(u, xp), i-e., Pc(u) = L*(u, xp)-

3.3 Preliminary Lemmas

We start with an analog of approximate functional equation for L(s, xp). Recall that

2g =n — 1 — X\ where A is defined as in (3.2.2).

Lemma 3.3.1 (Approximate functional equation). Let xp be a quadratic Dirichlet char-

acter, where D € H,. Then for 1/2 < s <1,

L) = 3 P s xp() Lol
feMg, JeM<g1
A N () = AXp(s)g ST xo(h),
JeM<, JeEM<g

where Xp(s) is defined by (3.2.4).

Proof. The case s = % is proved in [3] for D € Hagy1 and [46] for D € Hagyo. Their

methods can be easily generalized for any s € (1/2,1). O
The following lemma gives an asymptotic formula for a square polynomial in the hyper-
elliptic ensemble.

Lemma 3.3.2. For f € M, we have

R 2 _ 1\ .
o 2 ol =TI (1+5)  + 0l

DeH, P;JG‘})

Proof. See [[12], Lemma 3.7] for n = 2g + 1. To get the result for n = 2¢g + 2, it is a

small adaptation of their proof. O
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The following lemma is an analog of the Polya-Vinogradov inequality over function fields.

Lemma 3.3.3 (Polya-Vinogradov inequality). For [ € M not a perfect square, let

l = U1l9? with l; square-free. Then for any € > 0,

5 xoll| < VAT

DeHn

Proof. A generalization of the above inequality was proved in [[13], Lemma 3.5] for
n = 2g + 1. Here we give a different proof in the above form for completeness.

First assume that [y = P1P... P, where P;’s are distinct prime polynomials, and
deg(l1) < m. Similar to the proof of Lemma 3.5 in [12], which is the particular case

k = 2, one can show:

> XD(Z)) =

DeHn,

qgF1 d(P)+...+d(P)),, 1 c
= d(Pll)...d(Pk) ]2 < v/THalln]"

> xo(h)

DeHn,

Finally let deg(l;) > n. We combine Lemma 3.1 of [13] and Lemma 3.5 of [12] to obtain

Z xp(l1)

DeHn,

<<€ \V ‘HnHll‘e.

O

The following lemma gives an upper bound for the logarithm of £(u, xp) inside the

critical region.

Lemma 3.3.4. Let 0 < a < %, v=¢? 0¢c0,7) and N be a positive integer. Then for

DeH,,

v

v L+ oty o (d(£) xD(F) A(S)v"D)
10g‘£<q§+a’XD)‘ = NL—illog (1‘|'Z2(N+1)> + R Z g Xﬁc’2 ! +0(1),
d(f)<N
where
aa(d(f)) = e — +O< ! > for1<d(f)<N
: d(f)lfle d(f)IfP (N + 1)g¥+0a ) <d(f) < N.

Proof. From the functional equation (3.2.6), we observe that

A(2—it,xp)A(l — o —it,XD)‘ A (3 —it,xp) A1 — a+it, xp)|

A t, ‘ _ .
(a+it, xp) ’ A (_% +it,XD) |A (—% +it, xp) |
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Recall that
. it A .
L(a+it,xp) = (1 — ¢ ") " L*(a +it, xp).

Note that ‘L* (g — 1t XD) ) ~ 1. Using the expression (3.2.5) for A(s,xp), we get

Jun

29 2a—1 a—1 2

. _ it q +1—2¢“"2 cos(2m8; — tlogq)
L(a+it,xp) = 900201 _ gt || .
| | | | e q* + 1 —2¢? cos(2mb; — tlog q)

Since

t1
D R g 2qa*% cos(2ml; —tlogq) = (qo‘*% —1)% + Zlq"‘*%sin2 (7r9j — (;gq)

with a similar expression holding for the denominator, it follows that

29 2 02 tlogg

‘ 5 1 a® + sin®(76; — )
log |L(a 4 it, xp —g<—a>10gq—g log 2 + O(1),
I ) 2 2 b2 + sin?(rf; — H1989) W

where )
¢ -1

a_ 1

2q 2¢7 71

The remaining part of the proof is the same as the proof of Lemma 8.1 in [29] proved

by A. Florea. O

Lemma 3.3.5. Let 0 € (—m, ), then we have Zn: cos(dm) <lo min{n i} +
A Y Y — m — g 7|9‘

O(1).

Proof. See [[29], Lemma 9.1]. O

Lemma 3.3.6. Let k, y be integers such that 2ky < n. For any compler numbers

{a(P)}pep, we have

k
2

Z a(P)xp(P)

1

(2F)! 3 |a(P)[”

k
< Ml o P

D

DeHn

ip<y Pl d(P)<y

Proof. This is an easy generalization of the Lemma 8.4 of [29] and Lemma 6.3 of [82]. [
During the study of our main theorems it seems interesting to estimate the following

bounds for the zeta function over function fields. This is an analog of bounding the

Riemann zeta function near the 1-line.
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Lemma 3.3.7. Let v = €, where § € (=, 7). Let C be a circle of radius © centred at

QI

L where
q

7= lim g0| < cc.

g—o0

For any u in C, we have
Z(w) < g if lim gl|f] < oo.
g—o0
For any u such that |u — é| =0(1/g), we have

Z(w )<<W if lim gl6] =

Proof. First assume that 6 € (—m, 7) be such that lim ¢|f| = co . Then using |u— 7]
g—o0

O (1/g), we have the following estimates:

)| = o)
and
1
Thus
_ _ v -1 1
|Z(uwv)| = |(1 — quv) | = ‘(1—1}) ! (1—i— (1_v)(1—qu)> < @

Finally let 6 be such that lim ¢g|f| < co. Then |u — %| < g. We use the change of
g—o0

variable u = ¢~* to get the hypothesis in the form |s — 1| < g. Since

Z(uw) = Z (uwv)deslf)

fem

it is enough to show that

Z ‘f|1+r/g—19/logq = O(g)

fem

Therefore using Lemma 3.3.5 and the prime polynomial theorem, we obtain

log

Z |f|1+r/g—19/1ogq

1
=R Z |P|1+F/g—i9/logq + O(l)
feEM PepP
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1
:%Zn: ng/9—i0/10gq)

+0(1)

log

ind in6
Ry LR (i - 2) IR o)

n<g n<g ng 9 n>g g 9
0 1
:Z cos(nf) +0(1) < log (min {g, }) < logg,
n 6]
n<g
and the lemma’s proof is concluded. ]

3.4 Proof of Theorem 3.1.11

Throughout this section, for the sake of simplicity, we write v® and k() simply as v

and k respectively. For any ki, ko € N, we write

U1 ki v2 ke xp(f)
fem
where
- Tkl(j;)rkz(iz) i (01 d(f)+62d(2)) (3.4.2)
Pl [fulot | faf o2

We start by defining the following truncated L-function which is an analog of Dirichlet

polynomials over number fields:

xp(f)
Eg(k1+k2)X(U7XD) = Z af |fl‘)‘1/27

FEM< (i) +k9) x

where ay is defined by (3.4.2) and the parameter X will be chosen later. We call X as

point of truncation of (3.4.1).

Using Cauchy-Schwarz inequality, we have

2
(DZH ’£<(11/Z:-M’XD>k1£<ql/Zj-a2’XD>k2 ‘C<(/<31+I<:2)X(”7XD)‘>
EHn

(3 leltmne) et o) ) ( S Emmmntow] ).
DeHy,

DeHn,
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Therefore, we obtain

U1 k1 U9 ko2 S%
£(rmaroxn) L) | = o 3.4.3
D%n ‘ q1/2+o<1 q1/2+a2 52 ( )
where
U1 k‘l V9 kz
S = Z ‘£<W7XD) ﬁ(mJCD) ﬁg(kﬁkz)X(UaXD)‘
DeHn q q
and

SQ = Z ‘ﬁg(kl+k2)X<v7XD)’2
DeH,

Now we establish an asymptotic formula for S5 and a lower bound for 5.

3.4.1 Estimation of the sum S,

Inserting the D-sum after expanding the square in So, we get

SH= % Y e 2w

FEM <y +ig) X F1EM<(hy +8)x DeMHn

Case 1. Assume that ff’ # 0. Observe that ay <. |f|° and using Lemma 3.3.3, we
obtain that

1
Syl 3 < o] 23 ) t2) X,

FeEMca iy 1ro)x | |
_ g 2
Let us choose X = IGEE R So, we have

Sy < ¢(3+e)9,

2For the Theorem 3.1.12, the point of truncation will be (k1 + ...+ kmn )X and the choice of X is

equal t0 5oy
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Case 2. Assume that ff’ = O = [?, where [ € F,[t]. By using Lemma 3.3.2 and
T(f) < fI%

1 Th1(f1) Tk1 (f2) Th2(f3) Tha(fa)
S - Hn 71
2= [Pl Z 1] Z | f1fa|®] f3 fa]*2

IEMc (k) 1ho)x  fifafsfa=1?

. . 1\ !
i01 (d(f1)—d(f2))+i02(d(f3)—d(f
01 (A1) —d(f2))+i02(d(f3)—d(f1)) le<1+|]3|>

1 Tki(f1) Th1 (f2) Tha(f3) Th2(f4)
to Z 11| Z | f1fa]®t| f3 fa]2
lEMc(ky+ko)x  frfafsfa=l?
b(l
5 g

ZEMS(k1+k2)X

Tk (f1) Ty (f2) Tha (£3) Tha (£4) 6y (d(f1)—d(f))+i02(d(f3)—d(f1)) 1\~
bl = Y e i1+ ) -

aq oo
f1f2fsfa=12 | f1fa|* | f3 f4l L1

We use the Perron’s formula® to get

o)~ (k1k2) X gy,
3 W:P/B(u)(q) du.

1—qu U
lEM< (kg +kp) X ( 1 )

where

= Z b(Hu®D  and 7 < (1]

leM

For an irreducible polynomial P, we observe that

—1

b(P) = <1 + \;’> > T’“l<f&7’;;<’f2>‘7;233‘3|>7k2<f4> (101 (d(f1)—d(f2))+i0(d(f5)—d(f1))
1J2]9 | f3/4|™?

f1f2f3fa=P>

1\ ! 20 ki(ky 4 1) e2ietidP) 2L k2 ey ko
=(1 T J\""] J 6191+6292) ( )
( + |P|> ; 9 |P|2aj Z |P|2a + ez{::tl} ’P|a1+a2

e;e{£1}

3Perron’s formula in function fields comes through the Cauchy’s integral formula. More precisely

d .
Z af = 27rz (Z af udeg(f)) uX+1(11L e provided that the power series Z ayutsd) g
feMcx Jul= fem

absolutely Convergent inful <r<1.
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which allows us to write B(u) as

2 2
j (kj+1) . .
B('LL) — H Zk? (’LL) H Zk] k2j+1 (ue215j9]‘) H Zklkg <uel(6191+6202)> C(U)
j=1 j=1 et}
eje{ﬂ:l}
Here C(u) is absolutely convergent for |u| < —--. Therefore,

NG

w)~(k1tk2) X g0,
5 b’(z’):y/B(U)(q) 2R du

l 271 1 — qgu U
lEM< (kg +ko)X ful=r ( qu)
2
— 21. HZ’“?(U) H ij(kgjm (uegiejej) H Zhiks (uei(6191+6292)>
e
=rJ=1 =1 e{x1
ful=r iy ¢e{=1)

where r = q11+5.

3.4.1.1 Calculating the main term of S5

To get the main term we have to shift the contour of integration (3.4.4) over u to a circle

of radius |u| = R = ﬁ. The integrand has a pole at u = é of order k% + k3 + 1 and

at u = ﬁ of order M and at u = m of order kiky, where ¢; € {£1}
and j =1,2.
We define
2 2 ki(ki+1) )
D(u) :HZk? (u) H Z7 (uemeiaﬂ')
i=1 =1

—(k1+k2)X
% H Zklkg (uei(6191+6292)) C(u) (qu) (k1+k2)

) u(l = qu)



3.4. Proof of Theorem 3.1.11 85

Using the Cauchy’s residue theorem?, we obtain
1 1 2
— D(u)du = — D(u)du — Res D(u) — Res D(u
2mi () 27 () u=1/q (u) Zl u=1/qe? % (u)
= = oty
J
- I({eg \ )D(u),
_ i(e “+e
ee{a1y uT /et e

where r = # and R = qlm%.
On the circle |u] = R = (11/2%, we see that the functions 1_1qu, lfque"(;el*@e?) and

1%]9] are bounded. This leads to
—que

1
27

/ D(u) du < g~ (G2 kithk) X,
lu|=R

Evaluation of the sum of residues

We claim that

2
D DI - W AP DRNIVE - S
e;e{£1}
s g ﬁ (min{m;"g})m(kﬁl) <min{m,g}>%lk2 (min{m,g}yklb,
j=1
where
€ := Cy + 1 with ¢, is defined as in (3.1.11). (3.4.5)

Let us define the following sets
Wi ={je{1,2}: limg|0;| <oo}, Wy ={je{1,2}: lim g|0;| = oo},
g—00 g—o0

W2 = {(1,2) : lim 9‘91 — 02’ < OO}7 W2c = {(1,2) : lim gwl — 92‘ = OO}7
g—00 g—00

W_o ={(1,2) : lim g|0; + 02| < o0}, Wy ={(1,2): lim g|6; + 62| = oo}.
g—»o0 g—o0

4Cauchy’s residue theorem says that if v is a simple closed, positively oriented contour in the complex

plane and f is analytic excepts for some points z1, ...,z inside v, then §f(z)dz = 271 Z Res f(z).
5 et z=zp



86 Chapter 3. Shifted moments of quadratic L-functions over function fields

We call the elements of the sets W7 and W7 as finite and infinite “single shift” respec-
tively. We also call the elements of the sets W and WS, € € {1,—1} as finite and

infinite “pair shift” respectively®.

Estimation of finite “single shift” and ‘“pair shift”

Cauchy’s residue theorem allows us to write

g jEWy T 20 (1,2)EWey U7 4ei(e101 Fe202) T
e €{£1} eej€{£1}

5:6151)(“) + Z Res D(u) + Z Res D(u) = /D(u) du,

<

where I' is a circle centered at % of radius 9 and ¢ is defined by (3.4.5). We apply the
definitions of the sets Wy, Wi and W, W5 to write

k2+k2 kj(kj+1) k‘lkz
1 12 1 2 1
D(u) = T .
e;e{£1} e;e{£1}
(ks —(k1+k2) X
x H Zk]<k23+1> ue2i€j9j H Zklkz uei(6191+6292) C(U) (qu) (k1 tha)
u(l — qu)
JjeWY (1,2)eWs,
Eje{:tl} EJG{:EI}
L1\ 1 ki) 1 . kiks
g jewy T que s Waewg N queitadrresde)
) €2
e;e{£1} e;e{£1}
x(qu)~FHRRY E(u),
where
E‘(u) _ H ij(k2j+1> (ueziejaj) H Zk1k2 (uei(6191+5292)) C(U)
jews (1,2)eWs, B
e;€{£1} €,e1,e26{£1}

Note that E’(u) is analytic on and inside the circle I' and it’s radius of convergence is

> %. Therefore for |u — %] = O(%),

E(u) = Z en (1 —qu)".
n=0

®Note that for two dimensional correlations only one of the sets Wea, WS, € € {1, —1} contains the
“pair shift” (1,2) but for higher dimensional correlations either of the sets Wea, W5 may contain more
than one “pair shift” which are of the form (j1, j2).
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Next we evaluate the integral / D(u) du which is equal to
r

— qu)

/F (1_q1u)v+1 (1 + Zl (1bnn> E(u) (qu)~k1Fk)X gy, (3.4.6)

where

V=ki+ks + > kilkj+1)+ > 2kky and

ieW (1,2)EWe2
ee{+1}
S k; (k +1) .
bn + 1\ (e~ — 1)n
14 _m 14 ( >
7; (1 - qu)n jgﬁ Z il) (1 — qu)n
e;e{%1}
N kiks +m (e*i(6191+6292) _ym
I (B () )
e€1,e2€{£1}
For n > 0, we deduce that
1 b _
" __F ~(k1+k2)X g
/F (1 —qu)V+ (1 — qu)» (u)(qu) U

V4+n
Fyyn((k1+ k2)X) Y b, Fy (k1 + k2) X)

= bn )
0 (V +n)! V+n—1)

=1
where F(z) =z(z+1)(z+2)...(x +n—1), for n > 1 and Fy(z) = 1.

From the choice of X = m, the right hand side of the above equation becomes

V+n
eobn, [(g\Vtn erbpdyn_y (g\VHtn-l
0% (9 Con QVen—t (9 3.4.7
(V+n)!(2> +;(V+n—l)!<2) ! (347)
where
l l V+n— V4n—
g=14 " s evin-@iy) | SLevin-(e2) sid e +Sl(*1+ ey
: eV tn_i (I +1)! (I +2)! T WHn—D T (V0
with
sli= Y b, i=12..k

1< <..<;<k

The coefficients s,ik_)l are called the Stirling numbers of first kind and S,@Z < (k+1)!

(see [33], equation (6.9)). For more details about d; see Appendix 3.7.2. Therefore, the
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integral (3.4.6) is equal to

09" =  bng" N Z erg” ! i b Ay 4n—1 9"
2V 2 (V + ) VT (V0 — 1)

+ Z eVl Z n—glnin'g .

(3.4.8)

We claim that the main contribution comes from only the first term of the above ex-
pression. To prove this, we have to find an upper bound for the coefficients b, ¢; and

dp,.

Let us denote

ki(k; +1 . ,
M = max {W,kﬁle}, ﬁ ‘=  max {|1 76219j‘7|1 61(91:|:6'2)|}7

JEW, 2 JEW,
(1,2)EWe2 (1,2)EWea
ec{£1} ec{£1}

and 2w := max { |W;| }. We can write b,, as
J

kj(k;j+1) +

n; .
= (— n 2 J —2Z€j9j o nj
S D SR | (i) [
Z”j+m12:n JjeEW, 2
nj,mi2>0 € €{£l}
j€W17(172)€W52

ec{£1}
« H ki1ks + mi2 ( —i(e1601+€202) 1)m12'
kiko
(1,2)€W€2
e €{x1}

Note that the number of terms such that an +mi2 = n with nj,mi2 > 0 and j €
Wi, (1,2) € Wea is (w:;ﬁ 1) Therefore, for large g and n > 1, we obtain

-1\ /M v
bl < <wa , ) ( o ") B" < agn' 8", (3.4.9)

where ag, t are constants depend on w and M.

Let 7 be the radius of convergence of E(u). Note that é = o(r). Hence

. En41 1
lim 2+ —
n—oo € r
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and this gives

2 n
len| < epar (r) . (3.4.10)
where a; € R depends on E.
Note that,
V+n—I V+n—I+1
edy 1n—1 _ e 5$/+n717)1€l—1 5%/+n7171 )el—2 I
V+n=0)! (V4+n-1! V4+n—I1+1)! (V4+n—-1+2)! 7

SV 4n—1-1€1 n SV 4n—1-1€0
(V+n-1) (V +n)!

(V4n-2) (V4n-1) )

which implies together with (3.4.10),

l

e1dyyn—i N O\ 1
wwm—m§”+“*+”+“+%§%mgxﬁ <i(7)

By using the above bounds, the fact that by = 1 and 1 = o(g), the second sum of (3.4.8)

)

1

is bounded by

Vv l _ 00 nt
axi(3) Q) (!

1

\%
=o|g T T o
jgvf 03]f(54D (172£[W§2 1+ cBaf et
ee{£1}

Since |g8| < ¢ < 1 as g — oo, the inside n-sum in the above expression is O(1). For any

[ >1, using (3.4.9), we get

=~ by 1dng” e (n+ D) (gB)" L (n+ 1) (gB)" o
Zw<klﬁzT7<klﬁz2—n<<klﬁ.

From the fact 8/r = o(1) and (3.4.10), the third sum of the equation (3.4.8) is bounded

above by

1 & /28)!
<k — =)
krvz—1<r>
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1 1

Vv

=019 H Tk (k11 H ik
jews ‘(93‘ 5 (ks +1) (1.2)ewe, |91 + 692‘ 172

ec{£1}

Finally, we consider the first sum of the equation (3.4.8). Using the bound of b, (see
(3.4.9)), we note that

1<<ZW<<7+ZZ"V—|—7L =0Q)

where the implied constant depends on ¢ and k (i.e., V). Therefore, we conclude that

1
/D )du ~pzg" H k; (k; H
i+1 2k k
jewe |9 | ) (12)ews, ‘(91 + 6(92| 1k2

ec{x1}
2k1 k2

s o 2 . 1 kj(k;j+1) ‘ 1 2k1ko . 1
et ] (i (g 0)) (i) (i)

=

as required.

Evaluation of infinite “single shift” and “pair shift”

We claim that

>, Res B Res  D(u) (3.4.11)

jEW, u:q 2“191 (1,2)EWe2 :qei(6191+6292)
e;e{£1} e,e;e{£1}

o vr (. (1 kikit1) o 1
=0 gk1+k2j];[1<mm{’26j’,g}> <mln{‘(91 02,g}>
. 1 2k ko
(o tan)) )

For the sake of simplicity, we will provide all the details of the proof of the claim (3.4.11)

2k1ko

in the Appendix section.

3.4.2 Estimation of the sum S5;

We define

u XD) Z apxo(f (\[>d(f)

fem
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where ay is defined by (3.4.2). We begin with the integral

—(k1+k2)X du
E 1.
" 2mi 7{ " XD (- u’ r

ul=r

Integrating term by term we get

f
I= Z afTﬁE/z)'

FEM<(hy +hy)x

On the other hand we move the contour of integration to |u| = ¢¥, encountering a simple

poleat u =1,y > % In doing so, we obtain

~ o~ (k1tk2) X
I=L(1,xp)+ }1{ EuXD du.
S (1—u)

Iu\ qv

We use the Lindeléf bound £(u, xp) < ¢=" [[5], Theorem 3.3]% to obtain

(k1+k2) du qan
j{ L(u XD NEDR — <K ) XD (3.4.12)
\U\ qv
It follows that
= xp(f) "
L(1,xp) = Z ay e + O¢ <qy((k1+k2)X+1) . (3.4.13)

FEM<(iy+ry)x

From the approximation (3.4.13),

se| Y el ><><>

DeHy
agag: /
S Y Y e
fEMS(kl'HQ)X f,€M<(k1+k2)X Detr

q1/2+e)(katha) X
k:1+k2)X+1)y

(k1+k:2)X+1)

q(1/2+ 8)(k1+k2)X
nE‘H ’

=Szl+05<"5|7'l |

50ne can use the Theorem 3.1.13 to get the better bound for the integral (3.4.12), but for our case
Lindel6f bound is enough.
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We choose X = m and y = % Hence the estimate of Sy gives us

2 by (kj+1) 2hika
k3 +k3 L ’ in{_1
S >p |Ha| g4 H(mm{‘zeﬂ’g}> (mm{yel—egy’gD

j=1
X (min {M,g})wﬁk? +0 (]H |q_ﬁ +En) )

Inserting the estimates of S; and Ss in (3.4.3) finishes the proof of Theorem 3.1.11.

3.5 Proof of Theorem 3.1.13

To keep things simple we use the notation v instead of v(™). Let SN R’?. The proof

of the Theorem 3.1.13 will rely on getting an upper bound of the cardinality

Yo(v,V)=#{DecH, Z% 10g‘£<

7=1

7XD)‘ZM('U>9)+V )

l

2

for sufficiently large n and for all V' > 2, where pu(v, g) is defined by (3.1.8). Recall that
2g=n—1—),

where g and A are defined by (3.2.3) and (3.2.2) respectively. We can write

2k1

2k 0
= / Th(v,V)exp (u(v,g) + V)aV.

—0o0

e )

L)
DeMH, ‘ q2+

(3.5.1)

We will estimate an upper bound of Y, (v, V) for different ranges of V. The Lemma
3.3.4 leads to

m ' m —a,;(N+1)
v} 4g 1+ gt

. _% < ; —

;Qkf log‘ﬁ(q;mj ’XD)‘ “N+1 z;k] log ( 1+ g2+

oy ikjaaj (d(f))XD(f)A(f)vjd(f)JrO ikﬂ'

d(f)<N j=1 \f| 2 =

d(f)
log2+2§R Z Zk oy WD) XD UMD )
<N j=1 |f12
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where

O +o< ! )
amie -~ ape O\ g )

K=Yk and aq (d(f) =

J=1

Applying the prime polynomial theorem, the contribution from square polynomials

f = P? to the second term of the right hand side of the above inequality is

o; (2d(P P)d(P)v;?P)
2R Z Zk‘ o )X’D;’ Jd(P)v; + O(loglogn)
dpy<f g=1
29K
< u(v,g) + Ng+ 7 +O(loglogn),

where the error term O(loglogn) comes from the sum over P such that P|D. Also it
is easy to verify that the contribution from f = P" with » > 3 is O(1). Therefore, we
deduce that

59K

,>XD>‘ < S1(D) 4 S2(D) + p(v, g) + N+l + O(loglogn),

Z% log‘£< T,

E

where

d(P)<N, j=1
Sp)=2 Y Xg,(li)zkja% (d(P)) d(P) cos(0;d(P))
No<d(P)<N j=1

We rewrite o(v,g) as

m m
D kS | logg+2) KIFj+4) kikiFj,
j=1

j=1 i<j

where

. 1 . .
F; = log <m1n{29j’,g}) and F;; = log (mm{ﬁ,g}) + log (mm{wlejl,g}) .
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From now onward, for the sake of simplicity we write o(v, g) simply as . We consider

various different ranges of V. The ranges —oco < V' < /log g yields

/ Th(v,V)exp (u(v, g) + V)dV < [Hy|exp (v1ogg + p(v, g) < [Hnlg®™ exp (u(v, g)).

—00

Applying Lemma 3.3.1, it is enough to assume that \/logg < V < lolg—gg. We define the
q

quantity A by

lo%”, ify/logg <V < o,

ologo
2

— ologo :
A o, o SV < S,

2V

. 1
K,  ifV > 7leo

Let us consider

v
N+1 A an 0 log, g

Notice that, if D € T, (v, V) then we must have either

K K
SI(D) > V(l - 67) =V or SQ(D) > V = V5.

To determine an upper bound of Y, (v, V), we will actually examine the set
Ty(v, Vi) = #{D € H, : S;(D) > Vi},

for i = 1,2. We set a;(P) := aq,; (d(P)) d(P) cos(0;d(P)). So

_ cos(8;d(P))  cos(8;d(P)) d(P)
aj( ) - |P]|oc]- B |é‘2 + <(N 4 1)q(N+1)aj> <L

Using Lemma 3.3.6, we obtain

m ok
) |52<D>\21<<mn|(ﬁl2)f< > W)

DeH,, No<d(P)<N

20)!
< \Hn](l'z)l (4K? (loglog, g + O(l)))l ,

for any [ such that 2IN < n, which implies that [ < % + ﬁ < %.
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Therefore, by using Markov’s inequality and Stirling’s formula, it follows that

Tu(w, Vo) <o (Y 15(D)”)

DeHn,

< |7-[n|<[;4 ) (lzé)l (4K* (loglog, g +O(1 )))l

4 log V).

< [Hp|exp(— 2

Again applying Lemma 3.3.6 and Stirling’s formula, we get

l
(20)! 1 (= 2k; cos(0;d(P))\?
5 Il 5 (3B

DeMn P)<N j=1

" k2 cos 0;d(P
3 4(2 j |P|1(+2%( )

(20)!
L Hn |5 T
d(P)<Ny j=1

—i—QZk K, cos(0;d(P)) cos(6; d(P))))l

,p|1+(az+a3)
1<J

lo\!
<<‘HTL| <€> ’

for any [ such that 2Ny < n, which implies that [ < % log, g. Markov’s inequality gives

us

lal
To(v, Vi) < Vi~ S1(D) ) < [Hy )
(0, V2) < Vi (Zm r) ol (5

DeH

It is now convenient to consider the case when V < o %3z and the case V > 75 separately

Casel. Assume that V' < " . We choose | = Lvl |. The definition of A and this choice

of [ implies that [ < % log, g. In this case, we find that

l V42
Th(v, V1) < [Hy| exp <llog< g >> & |Hn| exp (_1)'
V12 o

Case2. Assume that V > ;'(—23 We choose [ = [10V']. Again from the definition of A,

it is easy to see that this choice ! satisfies | < % 7 log, g. Notice that V' > implies

K3’
logV > 2logo — 3log K. So, we have

A=K and Vi?=25V2
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Hence, we conclude that

1
Th(v, Vi) < [Hn|exp (10V10g ( 0“;?))
evi

< [Hp|exp (—4V 1og V),

for sufficiently large g.

Therefore combining the above estimates, we deduce that
Th(v,V) < |Hy {exp (—o5log V) + exp (—g) + exp (—4V log V)} . (3.5.2)

We extract the value of V; for various ranges of V' coming from the definition of A.

If Vlogg <V < o, then

12K )

1
A= iloga and Vj = V(l — og o

So, for sufficiently large g, (3.5.2) implies that

2
e < e (2 (1 5)’)

2
< |Hp|exp (—V? (1 - %gci)) .

Ifo<V < %LKaloga, then

_ ologo _ 12KV
A= Y and Vl_v<1_aloga)‘

log V'
' ologo

For this range of V > 1 and hence from (3.5.2) we obtain

V2logV
ologo

2
+ exp (—VQ (1 — 12KV> > }
o ologo
v? 24KV
< |Hp|exp <— (1— >>
o ologo

Finally, if V' > %LKalog o, then

Th(v,V) <« |”Hn\{ exp <— > + exp (—4V'1og V)

A=7K and Vlzg.



3.6. Proof of Theorem 3.1.14 97

So from (3.5.2), we get that
Tn(v,V) < [Hp|exp (—gag log V) .
Adding these estimates in (3.5.2) for different ranges of V', we conclude that

Hn|1® exp (—V;) Lif3 <V < 20210,

Th(v,V) < (3.5.3)

(M |nf exp (—4V) | ifV > 20216

Inserting (3.5.3) in (3.5.1) finishes the proof of Theorem 3.1.13.

3.6 Proof of Theorem 3.1.14

Let Cy/4 be the circle in the complex plane whose center is origin and radius is é. By

Cauchy’s integral formula

_ {! 1 df
1/g

Notice that if § = o — then

logq’
1 v
L5 +0.x0) = £( e x0):

where o = O (é) Therefore, applying Holder’s inequality, we see that

I\* 1
> 10 (g2, xp)|* < <2W> ( > %c ’L(§+9,XD>|k\d9|)
DeHn 1/g

DeH,
_ k(1) (k—1)
< ( 74 ]~ o))
C

1/9
N\F 2m\ ! Z+1>
(@) G) GG A, e
I\F f2m\* g \k(+1) k
() (5) G g 5 1 ro0)”

As a direct application of Theorem 3.1.13, we obtain

k k(k+1)
> ‘ (a+1/2’XD)‘ < [Halgm 2
DeHy
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Using this upper bound to the above inequality, we conclude that

k(k+1)
ST L0 xp)[F < [Hal g R
DeHy,

3.7 Appendix

3.7.1 Proof of claim (3.4.11)

We have to show that for 7 € W7,

Res D(u) =
qe
(3.7.1)
2 kj(kj+1) 2k1k 2k1k
k)2+k2 . 1 J . 1 1R2 . 1 1R2
"\ JHl <mm{2|0j|’9}> (min {tayo}) " (win { ks )

and for (1,2) € W, e € {£1}7,

Res D(u) =
U= O T
(3.7.2)
2 kj(kj+1) 2k1k 2k1ke
k2+k2 . 1 J . 1 1R2 . 1 1R2
ol (mm{zwﬂ’g}) (min{t0}) (min { ey f)
j=1

We will prove the claim (3.7.1) and the proof of the claim (3.7.2) follows in the similar
way. We assume that €,e; € {1,—1} for j = 1,2. To prove the claim (3.7.1), without
loss of generality, we assume that 1 € WY, so (1,2) € W¢,. Note that if 2 € W and
(1,2) € W, then they are not close to each other i.e., |0 — 02| > é, 61 — (61 — 02)| =
62| > é and |02 — (61 +62)| = [01] > é, otherwise they will contained be in the sets W

and Wy respectively. By Cauchy’s theorem, we obtain

u=1/ge?"i

Res D(u) = %D(u) du, j=1,2,
c

"To estimate infinite pair shift for Theorem 3.1.13, one can follow the article of V. Chande [[16],
Appendix].
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where C is the circle centered at u = 1/qe?® with radius < and ¢ is defined by (3.4.5).

QN

Note that, é = 0(]6;]) and 6; = o(1) for all j. For u on the circle C, we write

o—2i01 (1- quezwl))—l

2= (1—quyt = (-0 (14

Therefore, we get

If 2 € Wy, then it is easy to see that |0; & 0| ~ |61]. For u on the circle C,

. N 71
| | ' —2i01 (1 _ gqe2ilei02—01)
Z(ue¥€i%) = (1 — que?’i¥2)~1 = (1 — ¢72i01)~1 (1 +° ( 1 —q:—62i91 )> ’

which implies that

, 1
| Z (ue?i%)| < —.
161]

Also, if (1,2) € Wa, then for u on the circle C~’, we see that

|Z(ue2i(5191+6292))| < L
61]
For elements in the infinite single shift and pair shift, we have to partition the sets W7,
W§ into three different subsets to estimate bounds for the corresponding zeta functions.
For 2 € WY, we divide the set W7 into three subsets. First we define
0 0
Wi = {QGWf: lim 16:] < 4o0and lim 1751}.

g—00 |02’ g—0o0 92
If 2 € WY, then for u on the circle C,

: 1
’Z(u€2l€j92)’ <« —.
|02

Next, we consider

.61
W& =<2e Wi 1 —_— = .
12 { € Wy ggfolo 10| oy

For 2 € WY, and u on the circle C, we obtain

, 1
’3(u€216]‘02)’ << N
161
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Lastly, let

g—0o0 02

0
Wf3:{2ve: lim — = 1}.
For 2 € W{; and u on the circle C ,

. 1
z 2ie;02 .
| Z (ue )| < 0 =63

Similarly, for (1,2) € W5, we define

lyx7c c . ‘61| . 01
=4<(1,2 | d lim —— #1,.
€2 {( ’ ) €2 !]glolo |91 — 6(92’ < tooan gggo (91 — 692) 7& }

In this case, for u on the circle C ,

) 1
Z(ue' =) « ——
e S

Let
2 662:{(1)2)6 662].lm|91|:+oo}
|01 — by

g—0o0

Inside the set 2 5, for u on the circle C ,

‘Z(ueiwl_eg?)ﬂ < i
|01]

Lastly, we consider

0
SWe=1{(1,2) e W lim ———— =1,
€2 {(7 )E €2 QLI{OIO(Ql—EQQ)

For u on the circle C ,

. 1
\Z(ue’(01_692))| L —.
|02

Using these bounds for the zeta functions, we conclude that

ky(ky+1)
—a 1

|01|_( min

0117 102]" 101 — 62

. { 11 1 }2’“1’“2 , { 11 1 }2’“1’“2
ming —, —, ——— ming —, —, ———— .
101]" 62| [61 — 62| 101]" 62| |61 + 62|

2 2 ki(k1+1) 1 1 1 ka(k2+1)
7{D(u)du <g ) { }
C
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Using the fact 1 = o(g), one can easily check that the integral §D(u)du is equal to
c

., ' 1 Bk 1) o 1 2k ko
0 gk’1+k2H (mm{w,g}) (mln{’01_92|,g})
. 1 2k1ko
X (mln{‘91+02|,g}) )a

and we obtain the claim (3.7.1).

3.7.2 Deduction of d,

We start with the expression (3.4.7), i.e.,

V+4n
Fuon((ky + ko)X Fooni((ky + ko) X
Vin((k1 + k2) )+Zlbn Vain (k1 + k2)X)

(V +n)! (V+n-1)

eObn
=1

where Fy,(z) =z(x +1)(x +2)...(x +n —1), for n > 2 and Fy(x) =1, Fi(z) = z. We

expand F,(z) to get

Fu(z) =1 (Z’n_l + 37(171__21)17”_2 + 87(1__:31).%"_3 + 85171_—41):6%—4 4o+ S(()"‘U)
with
si= Y b, i=12.. kK

1<l <...<l;<k

This gives us

Fyyn() te Fyin_1(z)
(V+n)! TV =)

Fyin_a(x) b Fyin_s(x)

bn
0 V+n—2) (V+n-—3)

+ eaby,
(

+...t evin_1bnFi(z) + eyinbp Fo(z)

= (Ve(fj”L)! (:EV+" + sﬁ/VJ:;n__Ql)mV’L"_l + sg/VJ:;n__;):rV“L"_Q +...+ sév+"_1)x)
Vin D flsn_ 0 <$V+n—1 + s%,vﬁzgz)xwr”*? + sg/vﬁzzz)xwr”*g +... 4 s(()v+n_2)a:
+ 7 ffn_ ol ($V+n—2 + Sg/VJ:;Ln_—43)$v+n—3 + S%/V+J:17L_—E)3)xv+n—4 o+ 88V+n—3)$>
+...+
+7€V+g!_3bn <$3 + 552)x2 + séQ)x) + 76V+;!_2bn <x2 + sél)a:> + evin_1bnT + ey inby.
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102
— eobn, xv+" e1bndV—|-n—l V+n—1 eandV+n—2 V4+n—2 e3bndV—|—n—3 xv+"_3
- (V+n) (V+n-—1) (V+n-—2) (V+n-3)
_3bn d —oby d

+...+ eV+n3? n73 3 ev+"2|2 22202 4 ey qn1bp dit + ey ynbn do,

where dyp =1, and 1 <[ <V +n—1,
l l - -
& =1+ I Sl(_)1€v+nfzf1 s§_ﬁ1)ev+n+2 I 31(‘_/1+n 2)61 n 31(‘_/1% 1)60
: €V 4ni (I +1)! (I +2)! T Wan—10 T (V+n)
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