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Abstract

My thesis consists of two topics from Affine Algebraic Geometry: one of the
topics is on Linear varieties (varieties defined by polynomials which are linear
in one variable) and the second topic explores when Pham-Brieskorn surfaces

do not admit non-trivial G,-actions.

Linear varieties over a field k£ have been playing a central role in the study of
some of the challenging problems on affine spaces like the Zariski Cancellation
Problem and the Linearization Problem. Breakthroughs on such problems

have occurred by examining two questions on linear polynomials of the form

H:=aX1,...,Xn)Y —F(X1,...,Xm,Z,T) € D = k[X1,...,Xm,Y, Z,T)] :

(i) Whether H defines a hyperplane i.e., the affine variety V € AZ”?’ defined
by H is isomorphic to the affine space AZ%H.

(ii) If V is isomorphic to an affine space, then whether H is a coordinate in D.

Question (i) connects to the Characterization Problem of identifying affine
spaces among affine varieties; Question (ii) is a special case of the formidable
Embedding Problem for affine spaces.

In Chapter 3 of the thesis, using K-theory and G,-actions, we address these
questions under certain conditions on « and F'. For instance, we show that
when the characteristic of k is zero, F' € k[Z,T] and H defines a hyperplane,
then H is a coordinate in D along with X, X, ..., X,,.

Our results yield certain family of higher-dimensional hyperplanes satisfy-
ing the Abhyankar—Sathaye Conjecture on the Epimorphism Problem and an
infinite family of higher dimensional non-isomorphic varieties which are coun-
terexamples to the Zariski Cancellation Problem in positive characteristic and
A2-fibration Problem in positive characteristic.

We have also discussed the above two questions by replacing the field k

with a Noetherian integral domain R.

In Chapter 4 of the thesis, we have discussed the rigidity of Pham-
Brieskorn rings. Over any field k, for n € Z>3 and ay,...,a, € Z>,
Pham-Brieskorn rings are denoted by B(q, ... 4,) and defined by By, . 4,) =
kX1, ..., X))/ (X7 + -+ X2,

iii



We showed that every non-domain Pham-Brieskorn ring, for n € Zs3 is
non-rigid. For any three integers a, b, c > 1, we give some sufficient conditions
on (a,b,c) for which Pham-Brieskorn domain B, ) is rigid.

This gives an alternative approach to show that over a field k of char-
acteristic p > 0, there does not exist any non-trivial exponential map on
E[X,Y,Z,T]/(X™Y + TP"9 + ZP°) = kl[z,y, 2,t], for m,q > 1, p { mq and
e > r > 1, which fixes y, a crucial result used in “On the cancellation problem
for the affine space A% in characteristic p, Invent. Math. 195" by Neena
Gupta to show that the Zariski Cancellation Problem does not hold for the
affine 3-space.

We also provide a sufficient condition for B, ) to be stably rigid.

v
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Notation

Z : Ring of Integers.

Z=n : Set of integers greater than or equal to n € Z.
Q : Field of Rational numbers.

R Field of Real numbers.

(® . Field of Complex numbers.

DVR : Discrete Valuation Ring.
PID : Principal Ideal Domain.

UFD : Unique Factorization Domain.

k : afield.
For a k-algebra B,
EXP(B) : Set of all exponential maps on B.

For any field L,

L : An algebraic closure of L
and for any finite number of elements v1,...,v, € L,
L(vi,...,v,) : Smallest subfield of L containing vy, ...,v, and L.

For a commutative ring R, a prime ideal p of R, an R-module M, and

R-algebras A, B the following notation will be used:

R* : Group of units of R.

CI(R) . Ideal class group of R.

R . Polynomial ring in n indeterminates over R (R := R).

Spec(R) : The set of all prime ideals of R.

Max(R) : The set of all maximal ideals of R.

k(p) . Residue field R,/pR,.

A, S~1A where S = R\p; also identified with A ®g R,.

Autr(M) : The group of all R-linear automorphisms of M over R.

1as :  The identity morphism of M

A2r B : There does not exists any R-algebra isomorphism between A and B.

For integral domains R C A,

Frac(R) . The field of fractions of R.
tr.deg,(A) : Transcendence degree of Frac(A) over that of Frac(R).
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All rings considered in this thesis are commutative with unity and any ring ho-
momorphism fixes unity. Capital letters like X,Y, Z,T,U,V, X;,..., X, etc.,
will designate indeterminates over respective ground rings and fields.

If B is a subset of A, we shall use the notation B C A when B = A is
a possibility and the notation B ; A for a proper subset when we want to
emphasise that B # A.

For two rings A, B, we will use the notation B <— A to mean that B can

be realised as a subring of A via the inclusion map.
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Chapter 1

Introduction

Aim
The main aim of the thesis is to address the following problems, over a field &

of arbitrary characteristic:

(1) To investigate under what condition a polynomial H € k[X1,..., X,,, Y, Z,T],

linear in the indeterminate Y and of the following form
H:=aoXy,...,.Xn)Y - F(X1,...,. X 2,T),

with a ¢ k and F(0,...,0,Z,T) #0
(a) Defines a linear hyperplane over k in kl™*3l ie.,

K[X1,...,Xm,Y,Z,T)

_ k[m+2} ?
(H)

(b) Is a coordinate in k[X1,..., X, Y, Z,T] i.e.,
E[X1,..., XY, 2Z,T) = k[H]™*2 2
(c) Is a coordinate along with Xi,..., Xy, in k[X1,..., X, Y, Z,T] ie.,
kX1, .. X, Y, Z,T) = k[X1,..., X, HP ?

(2) To classify rings of the form hLX, V2] ) (viz. Pham-Brieskorn surfaces),

Torvii s
for (a,b,c) € Z2,, in terms of rigidity.
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Chapter 1: Introduction 2

The first question has been discussed in Chapter 3 of the thesis entitled “On
triviality and embedding of Linear Hyperplanes” while the second question has
been taken up in Chapter 4 under the heading “On rigidity of Pham-Brieskorn
surfaces”.

Now we are going to present a preview of the above two problems and state

the main results obtained in Chapters 3 and 4 consecutively.

1.1 On triviality and embedding of Linear Hyper-

planes: Main results
First we recall some standard terms about elements in polynomial rings.

Definitions:

1. A polynomial f € k[X1,...,X,|(= k™) is called a hypersurface in
k[ X1,...,Xp] if (f) is a proper ideal of k[X1,..., X,].

2. A hypersurface f € k[Xy,...,X,] is said to be a hyperplane over k in

knl if W is a polynomial ring over k.

3. If f € k[X1,...,X,] is a linear polynomial in one of the indeterminates
and is also a hyperplane over k in k™, then f is said to be a linear

hyperplane over k.

4. A polynomial f € k[Xi,...,X,] is said to be a coordinate in kil if
k[Xla cee aXn] = k[f][n_l}

5. A set of polynomials {F}, ..., F,} in the polynomial ring k[X1,..., X,]
is called a system of coordinates if k[X1,...,X,] = k[F1,..., F,].

6. For a ring R, a polynomial f € R[X,Y](= R?) is called a residual coor-
dinate if for every prime ideal p of R, R[X,Y]|®rk(p) = (R[f]®r k(p))M.

7. A polynomial f € k[X,Y](= k[?) is said to be a line over k in k2 if
_’“[5;)’/] — 0l

8. Aline f over k in k2! is said to be a non-trivial line if f is not a coordinate
in k2.



3 1.1 On triviality and embedding of Linear Hyperplanes: Main results

Next we recall A. Sathaye’s definition of an affine fibration over a ring.

Definition 1.1.1. For n € Z>, a finitely generated flat R-algebra B over a
ring R is said to be an A”-fibration over R if B ®p k(p) = k(p)!™ for every
prime ideal p of R.

One of the leading problems concerning affine fibration is the Affine Fi-
bration Problem due to Dolgachev and Weisfeiler ([17]). It asks the following:

Question: Let R be a regular ring and let n € Z>;. Is every A"-fibration B
over R locally trivial i.e., B, = RLn], for all p € Spec(R)?

Al-fibrations over k™, for any n € Zsy are known to be trivial ([38]).
In this thesis we encounter A2-fibrations over a polynomial ring. A. Sathaye
in 1983 ([50]) has shown that any A2-fibration over a PID R, containing Q,
is isomorphic to R?. However, T. Asanuma in 1987 has given the follow-
ing example of a non-trivial A%-fibration over a PID not containing Q (|3,
Theorem 5.1]):

Example 1.1.2. Let D be a DVR with maximal ideal 7D and suppose
k:= D/nD is of characteristic p > 0. Then
DIY, Z,T]

A= @Y 1 27 1T 7 T) where 7,e,s € Z>1, p° 1 sp and sp 1 p°

is a non-trivial A2-fibration over D.

In [39], H. Kraft listed eight fundamental problems on affine spaces, in-
cluding the Embedding Problem (or Epimorphism Problem), the Zariski Can-
cellation Problem (ZCP) and the Linearisation Problem. The ZCP asks the

following:

Question : For n € Z>, if B is an affine domain such that B = gln+1]

then does this imply that B = k™7 ie., is k" cancellative?

We are now going to describe the Linearisation Problem. For any r € Z>,
let us consider an arbitrary Z"-grading on the polynomial ring B = k.
Any Z"-grading on the polynomial ring B induces an algebraic action of the
multiplicative group (k*)" on B (also called the action of (k*)" on B), i.e., the

Z"-grading induces a group homomorphism from (k*)" to Autg(B).

Definition 1.1.3. This action is said to be linearisable if there exists a system
of homogeneous coordinates Xi,...,X, of B ie., B = k[X1,...,X,] and

X1,..., X, are homogeneous with respect to the Z"-grading.
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The Linearisation Problem asks the following:

Question : For any r,n € Z>1, is every algebraic action of the group (k*)"

on k™ linearisable?

The ring theoretic formulation of the Embedding Problem in codimension-

one asks the following question, known as the Epimorphism Problem.

Question 1: Let m,n be two positive integers and let

¢ k[X1,..., X, — k[Y1,...,Yn], be a k-algebra epimorphism. Does it
follow that there exists a system of coordinates {Fi,..., F,} of k[X1,..., X,]
such that ker ¢ = (Fy,...,Fp_m)?

In particular, when n —m = 1, i.e., when ker(¢) is a principal ideal (H),
we have the following version of the Epimorphism Problem:
Question 2. Forn € Z>9, let H € k[X,..., X,] be such that W = k=1,
Does it follow that k[X71,..., X,] = k[H]"~17?

When £ is a field of positive characteristic p > 0, there are counterexamples
to Question 2 given by B. Segre and M. Nagata ([52], [45]). We mention such

an example below:

Example 1.1.4. Let k be a field of characteristic p > 0. Then
f:=2Z"F +T+T% where e s€Zzo pts

is a non-trivial line in k[Z, T7.

We can extend the above example and get counterexample to Question 2
over a field k of positive characteristic p > 0, for every n > 3. Since, by
Theorem 2.4.4 (stated later), it follows that for any m € Z-; and for the
same f € k[Z,T] as Example 1.1.4 we have W = k™t and
kX1, .., Xm, Z,T) % k[f]m 1.

When £ is a field of characteristic zero and n = 2, Abhyankar-Moh ([2])
and Suzuki ([55]) gave an affirmative answer to Question 2 — this is popularly
known as the “Epimorphism Theorem” (Theorem 2.4.1). However, when k is a
field of characteristic zero and n > 3, a complete solution to Question 2 remains
open. The celebrated Epimorphism Theorem has inspired several researchers
over the years, to make partial contributions to Question 2. The famous
Abhyankar-Sathaye Conjecture asserts an affirmative answer to Question 2
when the characteristic of k is zero. Note that when the characteristic of k is

positive, though Question 2 has a negative answer in general, the question may
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still be asked for specific forms of H. Indeed, many partial affirmative results
for Question 2 have been proved even when k is of arbitrary characteristic (cf.
[49], [47], [56], [48], [15], [28], [24]). A general survey on the Epimorphism
Problem has been made in [19].

For n = 3, an affirmative solution to Question 2 was obtained when
H € EK[X1,Xy,X3] is a linear plane over k in kPl (i.e., linear in one of
the three coordinates X1, Xy or X3 and k[X1, Xo, X3]/(H) = k[?) first by A.
Sathaye in characteristic zero ([49]) and later by P. Russell in arbitrary char-
acteristic ([47]). Let B = k[X1, X2, X3] = A[Y] where A = kI, Sathaye and
Russell proved that if the linear plane H € A[Y] over k in kB is of the form
aY + b for some a,b € A with a # 0, then the coordinates X, Z of A can be so
chosen that a € k[X] and k[X1, X, X3] = k[X, H][V; i.e., linear planes over k
in kB were shown to be of the form a(X)Y + b(X, Z) and a coordinate along
with X.

In the last few decades, some of the central problems in affine spaces in-
volved the following questions on certain linear polynomials: (i) whether a
specified linear polynomial H € k[X1,...,X,] is a hyperplane over k in k[
and (ii) whether linear hyperplanes over k of a certain form are coordinates —
a special case of Question 2 which seeks a possible generalisation of the above
Sathaye-Russell Theorem on linear planes.

For example, a crucial step in settling the Linearisation Problem for C*-
actions on C? involved deciding whether certain linear polynomials in CH
defined by M. Koras and P. Russell, like the Russell cubic

H(X,Y,Z,T)=X*Y + X + 2% + T3,

were hyperplanes over k in k[X,Y,Z,T]. The nontriviality of the Russell
cubic H above was first shown by L. Makar-Limanov in 1996 over a field
of characteristic zero ([40]) and later A. Crachiola in 2005 extended it over
arbitrary fields ([11]). The full class of Koras-Russell threefolds were shown
to be non-trivial by S. Kaliman and L. Makar-Limanov in 1997 ([35]).
Another powerful example of a linear affine variety is the “Asanuma three-

fold” over a field k of positive characteristic p > 0, defined below:

KX, Y, Z,T]

R=
(XTY + ZP° + T +T%p)

where 7r,e,s € Z>1, p° 1 sp and sp 1 p°,

a version of Example 1.1.2 that T. Asanuma had constructed as an example
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of a non-trivial A2-fibration over a DVR not containing Q ([3]). In 1994,
Asanuma used the above ring R to construct a non-linearizable k£* action on
A7, for all n > 4, over an infinite field & of positive characteristic ([4]). He
also showed that R = k4.

In 2014, N. Gupta showed that R %, k¥ when r > 2, thus providing a
negative solution to the ZCP for the affine space Ai in positive characteristic
([27]). Subsequently, following a question of Russell, in the same year, she

studied the more general family of linear threefolds

kXY, Z,T]

M=y F, 2.1

where F(X,Z,T) € k[X, Z,T) is such that

k[Z,T)

FO0ZT) Y and  k[Z,T) 2 K[F(0, Z,T)M

over an arbitrary field k£ in [28]. N. Gupta in 2014 ([29]) and later P. Ghosh
and N. Gupta in 2023 ([24]), studied affine domains over an arbitrary field k

of the form

E[X1,..., Xm,Y, Z,T)

R, =
"X XY = f(Z2,T) - X Xg(Xa, ., X, Z,T))

(1.1.1)

for r; > 1,1 < ¢ < m and established results connecting the Epimorphism
Problem, the ZCP and the Affine Fibration Problem.

In view of the wide applications of linear polynomials to central problems in
Affine Algebraic Geometry, we consider a general family of linear polynomials
in k[X1,...,Xm,Y,Z T], over an arbitrary field k, of the following form:

H:=aoXy,...,.Xn)Y - f(Z,T) - h(X1,...,.Xm, Z,T) (1.1.2)
such that « ¢ k and f # 0. In most of our results, we shall also assume that
every prime factor of « divides h in k[X1,..., Xm, Z, T, (1.1.3)

a generalisation of the earlier conditions v = X{'--- X/ and X;1--- X, | h

in R,,. Let A be an affine k-domain defined as follows:

E[X1,..., Xm, Y, Z,T]

4= i) |

(1.1.4)
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where H is as in (1.1.2). We investigate the following questions under the
hypothesis (1.1.3):

Question 3: (i) Under what condition A = k["+21?
(ii) Does A= k"2 = k[X,...,Xn, Y, Z,T] = k[H]" 27

(iii) If so, is H necessarily a coordinate in k[X1,...,X,,,Y, Z,T] along with
X, X, de, k(X1 X0, Y, Z,T) = k[Xq, ..., X, HP?

An affirmative answer to Question 3(ii) or Question 3(iii) would yield a higher-
dimensional generalisation of the Sathaye-Russell Theorem on linear planes.

When o(Xy,...,Xp) = X{* - X)m, r; > 1forall i € {1,...,m} and
X1+ X | hy, P. Ghosh and N. Gupta have provided thirteen equivalent con-
ditions for A = k™2 including the condition “f is a coordinate in k[Z, T]”
and the condition “H is a coordinate in k[X1,..., X, Y, Z,T]” (cf. [24, The-
orem 3.10] and [25, Theorem 4.5]). When m = 1, S. Kaliman, S. Vénéreau,
M. Zaidenberg ([37]) and S. Maubach ([42]) have answered Question 3 over C
and M. E. Kahoui, N. Essamaoui and M. Quali over a field of characteristic
zero ([34]).

In this direction we first study the ring A (as in 1.1.4) over a field k of
arbitrary characteristic and for any m € Z>; and prove the following result
(Theorems 3.2.3 and 3.2.6).

Theorem A. Let k be an algebraically closed field, H be a polynomial as
in (1.1.2) satisfying condition (1.1.3) and A be as in (1.1.4). Suppose that

Al = ElHm+2 for some [ > 0 and k[(Zf)T | is a regular domain. Then the

following statements hold:

(i) HEH = gl

(ii) Moreover, if ch.k = 0, then k[X1,..., X\, Y, Z,T] = k[X1, ..., X, H]?.

Using the above result we have proved the following theorem which es-
tablishes the Abhyankar-Sathaye Conjecture for a family of hyperplanes in
k" +3] over a field k of characteristic zero (Theorem 3.2.7). Note that for a

polynomial g € k[X1,...,Xn], (9)x, denotes 88—)%, 1<i<m.

Theorem B. Let k be a field of characteristic zero and let A be an affine
k-domain as in (1.1.4) such that H is a polynomial as in (1.1.2) satisfying con-
dition (1.1.3). Let o = [[;, p;* be a prime factorization of « in k[ X1, ..., Xp,].

Suppose that one of the following conditions is satisfied:
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(I) s; =1 for some 1.
(IT) s; > 1 for every i and at least one of the following holds:

(a) pjz- | h for some j.
(b) (pjs (Pj)x1s---» (Pj)xn)E[X1, ..., Xy] is a proper ideal for some j.
(¢) (pi,pj)k[X1,...,Xm] is a proper ideal for some distinct [,j €

{1,...,n}.

Let z1,..., 2z, be the images of X1,...,X,, in A respectively. Then the fol-

lowing statements are equivalent:
(1) k[X1,....Xm, Y, Z,T] = k[X1,..., X, H?.
(ii) k[X1,...,Xm, Y, Z,T) = k[H]m+2],

(iil) A = k[z1,...,z,]2.

(iv) A = klm+2,
(v) k[2,7] = k{f(2, 7).

(vi) A is an A2-fibration over k[z1,...,Tpm].

(vii) Al = g[m++2 for some 1 > 0.

In the above theorem the conditions mentioned as (I) and (II) ensure the

regularity of the ring k[(Zf’)T | when A is a regular ring. Note that over a field &

of characteristic zero, the polynomials of the type
a(Xy, ..., Xn)Y—f(Z,T) € k[ X1,...,.Xn, Y, Z,T] with a¢k and f#0

are contained in the family of hypersurfaces mentioned in Theorem B.
Next, we investigate Question 3 for hypersurfaces H over a field k of arbi-
trary characteristic, where H is as in (1.1.2) and « (in H) is of the following

form:

o = X{(N(XiBi( Xy, X)X (X1 Bm—1 (X1, Xim)

+X7Tnm (Xmﬂm(Xm) + Oém+1)) - )
(1.1.5)
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in a system of coordinates { X1, ..., X,,} of k™1, for some B; € k[X5, ..., Xn], 1
i <M, Qg1 € k* and some r = (r1,...,7y) € 2T, e, XT' | a(Xy,..., Xp)
and for 2 <i<m, X; | a;—1(0,X;,..., X)), where

ap = o(Xy,..., X))/ X"

. ‘ (1.1.6)
o = Oéi_l(O,Xi,...,Xm)/Xil, 2< 1< m.

In Chapter 3, we make a precise definition (Definition 3.4.1) and call the
polynomials of the form (1.1.5) “r-divisible polynomials”. In this connection,
we first establish the following result (follows from Theorems 3.4.11 and 3.4.12):

Theorem C. Let k be an infinite field. Let

E[X1, ..., Xm, Y, Z,T]

A=
(a(le' . 7Xm)Y - F(Xla"'7XTYL7Z7T))

be a domain such that
(a) f(Z,T):=F(0,...,0,2Z,T) #0.

(b) Forr = (r1,...,7n), a is r-divisible with respect to {X1,..., X,,} in k"

i.e., aisasin (1.1.5) and a;, 1 < i < m are as in (1.1.6).
(c¢) r; > 1, for each i € {1,...,m}.

(d) ged(ai(0, Xig1, -y Xim), F(0,...,0, Xs41,..., X0, Z,T)) =1, for all 1 €
{1,...,m}.

(e) Either ML(A) = k or DK(A) = A (for the definition of ML and DK please

refer to Section 2.2).

Then there exist a system of coordinates {Z,T;} of k[Z,T] and ag,a; € k[,
such that f(Z,T) = ao(Z1) + a1(Z1)T1. Furthermore, if f is a line in k[Z,T]
ie., k[Z,T)/(f) = kY, then k[Z,T] = k[f].

Observe that Theorems 5.22 and 5.23 of [26] follows from the above theo-

rem. Combined the statement is as follows:

Corollary. Let k be an infinite field. Let H be as in (1.1.2) such that X; | h, «
be as in (1.1.5) with respect to {X1,..., Xm} in k™, wherer = (r1,...,rm) €
7% and A be as in (1.1.4). Suppose ML(A) = k or DK(A) = A. Then
there exist a system of coordinates {Z1,T1} of k[Z,T) and ag,a; € kY, such
that f(Z,T) = ag(Z1) + a1(Z1)Ty. Furthermore, if k[Z,T]/(f) = kY, then
K(Z,T] = AW,

N
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Theorem C will enable one to readily recognise that a large family of
certain affine varieties (cf. Corollary 3.4.13 and 3.4.14) are not affine spaces;
for instance, the varieties defined by the polynomial H below are not affine

spaces (cf. Examples 3.4.3 and 3.4.4 for r-divisibility of coefficients of Y)
H=X*X+1)?Y —(Z*4T%-Xh(X, Z,T) € k[X,Y, Z,T), for any h; € kI
or

H=X\X3(X1+ XY —(Z>+T%) — hy(X1, X3) € k[ X1, X5,Y,Z,T), hy € kP
or

H = X1 X2(X1+X2)Y —(Z24+T%) —hs(X1, X2, Z,T), hs € k™, 13(0,0,2,T) = 0.

Using Theorem C, we have proved the following theorem (Theorem 3.5.3)

which addresses Question 3.

Theorem D. Let H be a polynomial as in (1.1.2) satisfying (1.1.3) and A
be an affine k-domain as in (1.1.4). For r = (r1,...,7y) € ZZ,, let a be a r-
divisible polynomial in the system of coordinates {X; — A1, ..., X, — A}, for
some \; € k, 1 < i < m such that each )\; is separable over k. Let z1,...,Zm
be the images of X1, ..., X, in A respectively. Then the following statements

are equivalent:

(1) k[X1,...,. X, Y, Z,T] = k[X4,..., X\, H)P.

(i) k[X1,..., X, Y, Z,T) = k[H]™+2,
(iil) A = k[z1,..., 2,2,

(iv) A= flm+2],

(v) KZ.T] = k[f(Z, D)1,

In fact, we have obtained equivalence of nine more statements involving sta-

ble isomorphisms, affine fibrations and two invariants — the Makar-Limanov

invariant and the Derksen invariant. Observe that the family of polynomials

given by

(XT 4+ XPXPT e X X XY — f(2,T),
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for f#0,r; 22,1 <4< m and the family of polynomials given by
a1(X1) - am(Xn)Y — f(Z,T) — h(X1,...,Xm, Z,T), f #0,

where every prime divisor of a1(X1) - am(Xy) in k[X1,...,X,,] divides h,
and every a;(X;) has a separable multiple root \; over k, are included in the
family of hypersurfaces mentioned in Theorem D.

Note that Question 3(i) is addressed by the equivalence (iv) < (v);
Question 3(ii) by the equivalence of (iv) < (ii) and Question 3(iii) by
(i) & (ii) in Theorem B (for ch.k = 0) and Theorem D. In particular, the
Abhyankar—Sathaye Conjecture holds affirmatively for the hypersurfaces H
satisfying the assumptions in Theorems B and D.

Theorem D also yields an infinite family of non-isomorphic varieties which
are counterexamples to the Zariski Cancellation Problem in positive charac-
teristic (Corollary 3.5.4 and Remark 3.5.5).

We also prove partial generalisations of Theorems B and D over any
Noetherian seminormal domain or a Noetherian domain containing Q (Theo-
rems 3.6.1 and 3.6.2).

J. K. Verma, looking at R,, (asin (1.1.1)), once raised the question whether
results analogous to Ghosh-Gupta ([24]) can be obtained when the monomial
“XTHe X > 1,1 <4 <om?, the coefficient of Y, is replaced by a bi-
nomial. A particular case of Verma’s question has also been answered by

Theorem D. The next result displays it.

Corollary. Let H be a polynomial as in (1.1.2) satisfying (1.1.3) and A be
an affine k-domain as in (1.1.4), such that « is a binomial. By change of
coordinate, if necessary

=X XX X X X)),
for some \,u € k*, i € {1,...,m} and there exists j € {i,...,m} such
that r; < s;, foralli <1 < j and rp > s, forallj < 1 < m. Suppose
(riy...,ri—1) € Z;l. If either rp > 2, for alli <1< j ors; =2, forall j <

I < m then all the conclusions of Theorem D holds.

In the above corollary ais ry :=(71, ..., 7y,) divisible in the system of coor-
dinates {X1,..., Xy} and ro == (r1,..., 71, Sj41,- - Sm, Si, - . ., 5j) divisible
in the system of coordinates {X1,..., X;—1, Xj41,..., Xm, Xi,..., X} in klml,
Thus either r1 € ZT, or ra € Z7, helps satisfy the hypothesis of Theorem D.
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We now give a layout of Chapter 3. In Section 3.1 we study a few proper-
ties, like factoriality, of the affine domain A. We will prove Theorems A and B
in Section 3.2; Theorem C in Section 3.4 and Theorem D in Section 3.5. Gen-

eralisation of Theorems B and D will be discussed in Section 3.6.

1.2 On rigidity of Pham-Brieskorn surfaces: Main

results

Now we recall some definitions involving existence of non-trivial exponential
maps on a k-algebra (for definition of non-trivial exponential map, see Sec-
tion 2.2).

Definitions:

1. A k-algebra A with no non-trivial exponential map is called rigid.

2. A k-algebra A with at least one non-trivial exponential map is called a

non-rigid ring.

3. A k-algebra A is said to be stably rigid if for every mn € Zxo
and every non-trivial exponential map ¢ on A[Xy,....., X,|(= A[”]),
A C A[Xy,...., X,]®. Note that stable rigidity implies rigidity.

For n € Z>3 and a := (a1, as,...,a,) € ZZ, let

X1, Xa, .. X
a17a27---7an) - (Xill +X§2 ++X7C’tn)

B, = B

When £ is a field of characteristic zero, for n € Z>3 and an arbitrary n-tuple
(a1,a2,...,a,) € Z%,, the integral domains of the form B4, 4,.....a,,) are known
as Pham-Brieskorn rings. We shall call the rings of the form B(q, 4,,....a0)
Pham-Brieskorn rings (or domains) even over a field k of arbitrary character-
istic p (= 0).

In the 1960s, the Pham-Brieskorn rings over C were first introduced by
Egbert Brieskorn and studied by Frédéric Pham as an interesting example
of a manifold with one singular point at (0,...,0). The topology of these
manifolds for n > 3 has also been studied by Milnor and others. Detailed
surveys are given in [43] and [51].

The rigidity of Pham-Brieskorn rings has been studied by several experts
including M. Zaidenberg, S. Kaliman, G. Freudenburg and D. Daigle when
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k is an algebraically closed field of characteristic zero ([36], [23], [22, Section
9.2], [14], [10]) to name a few.
We already know that in [27], N. Gupta has shown that, over a field & of

positive characteristic p > 0, the Asanuma threefolds of the form

kXY, Z,T]
(XY + ZP° + T + T%p)

where 1 € Zso,e,8 € Z>1 with p®{sp, sp1p°,

are counterexamples to the Zariski Cancellation Problem. A crucial step in

the proof was to show that on any ring of the form

K[X,Y, Z,T]

B :=
(XY + Tsp™ 4 ZP%)

where s,m,e € Z>1,7 € Z=o with sp™ 1 p®, p° 1t sp™,

there does not exist any non-trivial exponential map fixing y (the image of Y’
in B) and hence the k(y)-algebra

Fw)X, Z,T]
(y X7+ 7" + 277)°

B @y k(y) =

where s, m,e € Z>1,r € Z=o with sp™ { p®, p©{ sp™; is rigid.
In view of the importance of the rigidity of rings of the form
k[X,Y,Z] | (X* + Y® + Z¢) for (a,b,c) € Z2,, over a field of arbitrary char-

acteristic k, we undertake classification of such surfaces, in terms of rigidity.

With the help of Eisenstein’s criterion for irreducibility, it follows that,
over a field k of characteristic p > 0, for n € Z>3 and ay,a2,...,a, € Z>1, the
polynomial X{* 4 X5 4 --- + X% € k[X1, Xo,..., X,] (= k") is irreducible
if and only if p t ged(ai,aq,...,ay). For a field k of characteristic p > 0 and

for any n € Z>3, we consider the sets

Fy = {(a1,a2,...,a,) € Z% [ ptged(ar,az, ... an)},

T, :={(a1,az,...,an) € Z%; | a; = 1 for some 7, or Ji,j € {1,2,...,n}, i #
j and a; = a; = 2}

and

Ry, = {(a1,a2,...,0a,) € Z% | a; = 1 for some i, or 34,5 € {1,2,...,n}, i #

j and a; =p",a; = sp® for some 7, s,e € Z>1 with r < e}.

By [22, Section 9.2] and [23, Theorem 7.1], it is known that over an al-
gebraically closed field of characteristic zero, B(qy, ) is rigid if and only if
(a,b,c) € Z2, \ Ts. In this thesis we will establish the following results on
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stable rigidity (Theorem 4.1.4), non-rigidity (Section 4.2) and rigidity (Theo-
rem 4.2.12) of Pham-Brieskorn rings.

Theorem E. Over any field k of characteristic p > 0, the Pham-Brieskorn do-
main B(g g, sspe) 18 stably rigid when a, s9, s3 € Z>1, r,e € Zxp and p f asgss
with 2+ L 4+ L < 1.

Theorem F. For any field & of characteristic p > 0 and for n € Zx3,

(1) B(ay,as,..,an) is non-rigid if (a1, az,...,a,) € Ry.

an) 18 non-rigid when (a1, az,...,a,) € T, and k contains a

square root of —1.
(iii) Bl(a; as,....a,) is non-rigid when (a1,a2,...,a,) € ZE, \ Fy.

(iv) B(ap,c is rigid when (a,b,c) € F3\ (R3 U T3 U S3), where
Sz :={(2,2m,2p) | m € Z>2, e € Z>1 and p{2m}.

In Section 4.3, we prove rigidity of certain surfaces (Theorem 4.3.4).
Theorem G. Let a,b,c € Z>2 be such that ged(a,b,c) = 1. Then for any
F(Y) € klY], k[ X,Y, Z]/(X* + Ybze + F(Y)) is a rigid domain.

In Section 4.4, we present a few applications of our results.

The results obtained in Chapter 3 are based on the joint work with Par-
nashree Ghosh and my supervisor Neena Gupta ([26]) and the results in Chap-

ter 4 are obtained in the joint work with my supervisor ([32]).



Chapter 2

Preliminaries

In this chapter we recall some necessary concepts (Grothendieck group, White-
head group, exponential maps, admissible Z-filtration etc.) in the first three
sections and state some well-known results in Section 2.4. We begin by recall-

ing some relevant results from K-theory.

2.1 Some preliminary results on K-theory

In this section we consider a Noetherian ring R and state some K-theoretic as-
pects of R (cf. [6], [9]). Let .# (R) denote the category of all finitely generated
R-modules and let Z(R) denote the category of all finitely generated projec-
tive R-modules. Let Go(R) and G;(R), respectively denote the Grothendieck
group and the Whitehead group of the category .# (R). Let Ko(R) and K;(R),
respectively denote the Grothendieck group and the Whitehead group of the
category Z(R).

We now recall the definition of Go(R) and G1(R).

For M € .#(R), let [M] denote the isomorphism class of M. Now Go(R)
is the Abelian group presented by generators [M], for M € .# (R), subject to
the relations [M] = [M'] +[M"] whenever M', M, M" form an exact sequence
0—M —-M-— M'"—0in #(R).

Let .#”(R) denote the category whose objects are pairs (M, ), where
M € #(R) and o is an R-linear automorphism of M i.e., o € Autr(M). A
morphism ¢ : (M,o) — (M’,¢') in .#%(R) is defined to be an R-linear map
¢ : M — M’ such that ¢’¢ = ¢o. An isomorphism ¢ : (M,c) — (M’,¢’) in
A*(R) is a morphism in .#%(R) such that ¢ : M — M’ is an isomorphism

15
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in .#(R). For (M,o) € .#%(R), let [M,o] denote the isomorphism class
of (M,0). Now G1(R) is the Abelian group presented by generators [M, o],
where (M, o) € .#%(R), subject to the relations [M, o] = [M', '] + [M", "]

whenever (M',0"), (M, o), (M",0") form an exact sequence
0— (M ,o")— (M,o) = (M",6") =0

in .#%(R) and [M,on] = [M,0] + [M,n] whenever M € .#(R) and o,n €
Autg(M).

Recall that for any M € #(R) and 0 € Autr(M), o is said to be an
unipotent automorphism if o—1,; is nilpotent.

The next result from [6, APPENDIX (4.10)] describe when the images of
two elements from .# (R) are equal in Go(R).

Lemma 2.1.1. For M,N € .#(R), the following statements are equivalent:
(i) [M]=[N] in Go(R).

(ii) There exist exact sequences
0—-W —-T1 —-W">0 and 0—-W T, ->W'"—=0

in M (R) such that M & T = N & Ts.

Adapting the proof of Lemma 2.1.1 and with the help of Whitehead’s
Lemma one can sketch a similar condition describing when two elements from

MY (R) are equal in G1(R).

Lemma 2.1.2. For (M,oy), (N,on) € #%(R), the following statements are

equivalent:
(i) [M, O'M] = [N, O’N] m Gl(R)

(ii) There exist exact sequences
0— (W/,UW/) — (TlaUTl) — (W”,O’W//) —0

and
0— (W’,EUW/) — (TQ,UT2) — (W”,JW//) —0

in M (R), where € is a composition of unipotent automorphisms of W',
such that (M DT, om P UTl) = (N ®To,on D O’T2).
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Proof. (i) = (ii) : Since [M,op] = [N,on] in G1(R), there exist m € Zx;
and W; € #(R), o;,m; € Autr(W;), 1 <i < m such that

m

[M,ou] = [N,on] =) (Wi omi] — Wi, 0i] = [Wi,mi]) in Go(4*(R)).
i=1

Therefore, by Lemma 2.1.1, there exist exact sequences
— (U our) = (X,0x) = (U",001) = 0

and
— (U/,O'U/> — (K 0'y) — (U”,O’U//) —0

in .#*(R), such that (M,on) & (371(Wi,00) & (Wimi)) & (X,0x) =
(N,on) ® (O, (Wi,om;)) @ (Y,0y). Now Whitehead’s lemma states that,
for any P € #(R) and o €Autg(P), there exist € € Autg(P & P), a compo-
sition of unipotent automorphisms, such that (P ® P,c @ o~ !) = (P @ P,€).

Hence it follows that

m

> (Wi Wi lw, ® omi) = (D (W & Wi),€) (03 i)
i=1 i=1 =1

where ¢ is a composition of unipotent automorphisms of @?lei. Thus, by
taking

(W' ow:) = (U, o0r) ® (B2 W) © (B2 W), (B2104) © (DF21mi)),

(Tr,0my) = (X, 0x) & (B2 Wi) ® (B2, W), (©2100) © (Bi217m4)),
(T2, 0m,) = (Y,ov) & (21 W:) ® (&7 Wi), e((BiZ104) & (BiZ1m:)))
and
(W//, O-W//) — (U//’ O-U//)

we get our result.
(ii) = (i) : It follows from the fact that for any M € .#(R) and an unipotent

automorphism o € Autg(M), [M,o] = 0 in G1(R) (cf. [6, Corollary (4.9)]).
O

The definitions of G;(R) and K;(R), for i € Z=5 can be found in ([53],
Chapters 4 and 5). Let C be a Noetherian ring and ¢ : R — C' be a flat ring
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homomorphism. Then for any i > 0, G;(¢) : Gi(R) — G;(C) is induced by
the functor ® gC : A (R) — #(C) which is defined by M — M ®pr C (cf.
[53, 5.8]).

Next we recall a few theorems regarding G;. The following two results can

be found in [53], Proposition 5.16 and Theorem 5.2 respectively.

Theorem 2.1.3. Let C' be a Noetherian ring and ¢ : R — C be a flat ring
homomorphism. Let t be a reqular element of R and u := ¢(t). Then the
natural maps ¢ : % — % and t71¢ : R[t™'] — Clu™Y] induce the following

commutative diagram of long exact sequences of groups for all i € Z>1 :

Gi

lGi(E) lGi(Gﬁ) Gi(t™'e) lci_l@)

<

—— Gi(5) — Gi(0) — Gi(Clu™)) —— Gia (&%) —— -+

Theorem 2.1.4. For an indeterminate T over R, the map G;(R) — G;(R[T)),
induced by the inclusion R — R[T], is an isomorphism, for alli € Z=q. Hence
Gl(k/‘[Xl, L. ,Xm]) = Gl(k}), fO?" all i € Z>0 and fOT allm € Z)l.

Now we recall some well-known facts about Go(R) and G1(R).

Remark 2.1.5. (i) For aregular ring R, G;(R) = K;(R), for every i € Z>o.
In particular,
(a) Go(k[Xl, cee ,Xm]) = Go(k) = Ko(k)
(b) Gi(k[Xy,..., Xn]) = Gi(k) = Ki(k)

Z
k*

(ii) There is a canonical group homomorphism 6 : R* < G1(R) defined by
O(u) = [R,0y), for u € R*, where 0, : R — R is the R-linear automor-
phism defined by oy (r) = ru for all r € R.

We now recall the concept of an exponential map on a k-algebra and some

related concepts.

2.2 Exponential maps and related invariants

Definition 2.2.1. Let A be a k-algebra and let ¢y : A — A[U] be a k-algebra
homomorphism. We say that ¢ = ¢y is an exponential map on A, if ¢ satisfies

the following two properties:
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(1) eopu is identity on A, where g9 : A[U] — A is the evaluation map at
U=0.

(ii) ¢ovou = oviu; where ¢y : A — A[V] is extended to a homomorphism
¢y AlU] — A[U, V] by defining ¢ (U) =U.

The above definition can also be rewritten in terms of the following five

properties:
For each a € A, we can write ¢(a) = > 52, ¢ (a)U" in A[U].
(i) The sequence of maps {qﬁ(i) o0 is a sequence of linear maps on A.

(ii) For each a € A, the sequence {¢(*) (a)}32, has only finitely many non-zero

terms.
(iit) ¢ is the identity map on A.

(iv) (Leibniz Rule) For all n € Zso and for a,b € A, ¢™(ab) =
> ¢ (a)oV)(b).

i+j=n
(v) For all i,j € Zzg, ¢ol) = ("H7)gli+d).

Note that when characteristic of k is zero, then for any n € Zs;,
o) = %qb(l). Thus when k is a field of characteristic zero, exponential
maps on a k-algebra A are equivalent to locally nilpotent derivations (LNDs)

on A. We now write down the definition of an LND on a k-algebra A.

Definition 2.2.2. A k-linear map D : A — A is said to be a locally nilpotent

derivation on A if it satisfies the following two properties:
(i) (Leibniz Rule) For a,b € A, D(ab) = aD(b) + D(a)b.
(ii) For each a € A, there exists n € Z>( such that D"(a) = 0.

When k is an algebraically closed field of characteristic zero and A is an
affine k-domain, then there is a bijective correspondence between the set of all
LNDs on A and the set of all algebraic G,-actions ((k,+) actions) on Max(A)
(cf. [22]). Therefore, in the same setting, there is a bijective correspondence
between EXP(A) and the set of all algebraic G,-actions on Max(A).

Given an exponential map ¢ = ¢y on a k-algebra A, we define the ¢-degree
of an element a € A\ {0} by degy(a) = degy(¢(a)) and degy(0) := —oo.
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Moreover, if A is an integral domain then the function deg is a degree function
(Definition 2.3.2) on A.
The ring of invariants of ¢ = ¢y is a subring of A given by

A? = {acAl¢(a) =a} ={a€ A|degy(a) <0}
= {a € A|degy(s(a)) =0} U{0}.

An exponential map ¢ is said to be non-trivial if A? # A.
The Derksen invariant of A is a subring of A defined by

DK(A) = k[A? | ¢ is a non-trivial exponential map on A]
and the Makar-Limanov invariant of A is a subring of A defined by

ML(A) = () A%
HEEXP(A)

Let MLo(A) = A and for any n € Z>1, ML, (A) := ML(ML,,_; A). Then
the rigid core of A, denoted by R(A), is defined by

R(A) = [ MLy (A).

n>1

We list below some useful properties of exponential maps (cf. [44], [11],
[27] and [31]).

Lemma 2.2.3. Let A be an affine k-domain and ¢ be a non-trivial exponential

map on A. Then the following holds:

(i) A? is factorially closed in A i.e., for any a,b € A\ {0}, if ab € A? then
a,b € A®. Hence, A® is also algebraically closed in A.

(ii) tr.deg,(A?) = tr.deg(A) — 1.

(iii) deg¢(¢(i)(a)) < degy(a) — i, for alla € A and i € Zzo. If a # 0 then
$9%55 ) (q) € A9,

(iv) Suppose x € A has the minimal positive ¢-degree n and ¢ := ¢\ (x).
Then ¢ € A? and Alc™] = A?[cY[x] = A¢[c_1][1].

(v) If tr.deg;,(A) =1, then A = kY, where k is the algebraic closure of k in
A and A? = k.
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(vi) Let S be a multiplicative closed subset of A® \ {0}. Then ¢ ea-
tends to a mnon-trivial exponential map S™'¢ on ST'A defined by
S™l¢(a/s) = ¢(a)/s, for alla € A and s € S. Moreover, the ring
of invariants of S~1¢ is ST1(A?).

Lemma 2.2.4. Let A = k" then ML(A) = k and DK(A) = A for all n. > 2.

Remark 2.2.5. (i) Whenever for a k-domain A, A ®y, k is a rigid ring (for
definition of rigid rings check Section 1.2) then A is also rigid, since an
exponential map ¢ on A can be extended to an exponential map ¢ ® id
on A®y k.

(i) Let A be a k-algebra such that A ®; k is an integral domain and
tr.deg, A = 1. Then k is algebraically closed in A and hence by
Lemma 2.2.3(v), A admits a non-trivial exponential map if and only
if A=kl

2.3 Proper and admissible Z-filtration

For this section A denotes an affine k-domain. We define below a proper and
admissible Z-filtration on A.

Definition 2.3.1. A collection {A,, | n € Z} of k-linear subspaces of A is said
to be a proper Z-filtration on A if the following properties hold:

(i) A, C Apyq for every n € Z.
(i) A=U,A,.
(iii) N, A, = {0}.
(iv) (Ap \ An—1)(Am \ Am-1) € Appin \ Aman—1 for all m,n € Z.

Next we define related concepts of degree function and semi-degree function
on A.

Definition 2.3.2. A degree function on A is a function deg : A — Z U {—o0}

satisfying the following properties:
(i) deg(a) = —oo if and only if a = 0.

(ii) deg(ab) = deg(a) + deg(b).
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(iii) deg(a + b) < maz{deg(a),deg(b)} for all a,b € A.

When condition (ii) of the above definition is replaced by a weaker condi-
tion “deg(ab) < deg(a)+ deg(b) for all a,b € A” then we call the function deg

to be a semi-degree function on A.

Remark 2.3.3. Any proper Z-filtration {A,,},ecz on A defines a degree func-
tion deg on A, where deg(0) := —oo and deg(a) := min{d € Z | a € A;} for all
a € A\ {0}. Conversely, any degree function, deg on A determines a proper
filtration on A given by A,, = {a € A | deg(a) < n}, for all n € Z.

Any proper Z-filtration on A determines an associated Z-graded integral do-

main

()69
€Z
gr(A

There exists a natural map p : A —
a€ A, \ A,

) defined by p(a) = a + A, if

Definition 2.3.4. A proper Z-filtration { A, },ez on A is said to be admissible
if there exists a finite generating set I' of A such that, foranyn € Zanda € A,
a can be written as a finite sum of monomials in elements of I' and each of

them is a monomial in A4,, also.

Remark 2.3.5. Suppose that A has a proper Z-filtration and a finite gener-
ating set I' which makes the filtration admissible. Then gr(A) is generated by
p(T) (cf. [27, Remark 2.2]).

Remark 2.3.6. Let A be a Z-graded algebra say, A = @,.;, C;. Then there
exists a proper Z-filtration {A,}nez on A defined by A, = @,,C; and
gr(A) = B,z An/An—1 = D,z Cn = A. Moreover, for any element a € A,
p(a) is the highest degree homogeneous summand of a in A. Thus the above

filtration on A is admissible.
We now define a homogeneous exponential map over a Z-graded k-algebra.

Definition 2.3.7. Let ¢ : A — A[U] be an exponential map on a Z-graded
k-algebra A = @, ., An. For any x € A, let ¢(z) := > 72 oD (z)U" in A[U].
Then ¢ is said to be a homogeneous exponential map if there exists some
d € Q such that for every homogeneous element a of degree r, ¢V (a) is a
homogeneous element of degree r + id i.e., qb(i)(AT) C A, g, forall i € Zxg
and r € Z.
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Next we record a theorem on homogenization of exponential maps by H.
Derksen, O. Hadas and L. Makar-Limanov ([16]) as presented in ([11, Theorem
2.6]).

Theorem 2.3.8. Let A be an affine k-domain with an admissible Z-filtration.
Suppose ¢ is a non-trivial exponential map on A. Then ¢ induces a non-trivial
homogeneous exponential map gg on the associated graded domain gr(A) such
that p(A?®) C (gr(A))‘g, where p is the natural map A — gr(A).

2.4 Some known results

For convenience of readers we quote here some known results. First we state a
formulation of the well-known Epimorphism Theorem due to S.S. Abhyankar
and T.T. Moh (]2, Theorem 1.1]).

Theorem 2.4.1. Let ¢ : k[X,Y]| — k[T be a k-algebra epimorphism. Suppose
degr(o(X)) =n > 1 and degp(e(Y)) = m > 1 and ch.k 1 ged(m,n). Then
either m | n orn | m.

In particular, it states that over a field k of characteristic zero, any line f
over k in k1 is a coordinate i.e., if % = kW then k[Z,T) = k[f]IV.

M. Suzuki had independently shown that any line over C in C[ is a coor-
dinate ([55]).

Earlier Segre and Nagata have constructed examples, to show that the
above theorem does not hold over a field of positive characteristic ([52], [45]).
Example 1.1.4 is one such example.

We now state the cancellative property of k1 ([1, 2.8]).

Theorem 2.4.2. Let B be k-domain such that B = k"t for somen € Z.
Then B = k.

The above result was later extended by E. Hamann over any ring containing
Q or a seminormal domain ([33]). For convenience we recall the definition of

a seminormal domain here.

Definition 2.4.3. An integral domain R is called a seminormal domain if for
any a € K (the fraction field of R) with a?,a® € R we have a € R.

Theorem 2.4.4. Let R be a ring containing Q or let R be a seminormal
domain. Let B be a R-algebra such that B = R for some n Z>1.
Then B = RI.
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Next we give a characterisation of kl!! for an algebraically closed field k
(cf. [22, Lemma 2.9]).

Lemma 2.4.5. Let k be an algebraically closed field and let B be a finitely
generated k-algebra. Suppose that B is a PID and B* = k*. Then B = k[,

We now state the celebrated Quillen-Suslin Theorem on projective modules

([46], [54]).
Theorem 2.4.6. Every finitely generated projective module over k" is free.

Next we state a version of the Russell-Sathaye criterion for a ring to be a
polynomial ring in one indeterminate over a given subring [48, Theorem 2.3.1],

as presented in [8, Theorem 2.6].

Theorem 2.4.7. Let C C D be integral domains such that D is a finitely gen-
erated C-algebra. Let S be a multiplicatively closed subset of C'\ {0} generated
by some prime elements of C which remain prime in D.
Suppose ST1D = (5’—10)[1} and, for every prime element p € S, we have
D

pC =pDNC and % is algebraically closed in Ok

Then D = O,

We now recall a fundamental result on residual coordinates ([7, Theo-
rem 3.2]).

Theorem 2.4.8. Let R be a Noetherian domain such that either Q C R or R

is seminormal (Definition 2.4.3). Then the following statements are equivalent:

(i) h € R[X,Y] is a residual coordinate i.e., R[X,Y|®gk(p) = (R[h]®r k(p))!
for all prime ideal p of R.

(ii) h € R[X,Y] is a coordinate i.e., R[X,Y] = R[h]!.
Next we quote a theorem of A. K. Dutta [18, Theorem 7].

Theorem 2.4.9. Let L be a separable field extension of k, A a k-algebra and
B an A-algebra such that L@y, B = (L®y A)M as L @y, A-algebras. Then B is
isomorphic to the symmetric algebra of a finitely generated rank one projective

module over A.

The next result on triviality of separable Al-forms over kM is a special

case of the above theorem.
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Lemma 2.4.10. Let f € k[Z,T] be such that L[Z,T] = L[f]! for some
separable field extension L of k. Then k[Z,T] = k[f]1.

The next lemma from [27, Lemma 3.3] provides an important criterion for

the existence of non-trivial exponential map on certain affine domains.

Lemma 2.4.11. Let A be an affine k-domain over an infinite field k. Let
f € A be such that f — X is a prime element of A for infinitely many X\ in k.
Let ¢ : A — A[U] be a non-trivial exponential map on A such that f € A?.
Then there exists a B € k such that f — B is a prime element of A and ¢

induces a non-trivial exponential map on A/(f — B)A.
Next we recall two lemmas from [13], Lemma 3.3 and 3.4 respectively.

Lemma 2.4.12. Let k be a field of characteristic p > 0 and let ¢ be an
exponential map on a k-domain A. Let f,g € A be such that there exist
n,m € Zsy and c1,c3 € A\ {0} for which c1 f™+cag™ € A?\ {0} and neither
n nor m is a power of p. Then f,g € A®.

Lemma 2.4.13. Let k be a field of characteristic p > 0 and let ¢ be an
exponential map on a k-domain A. Let f,g € A be such that f is prime in A
and there exist n € Zso with p{n and | € Zs1, c1,co € A?\ {0} such that
e f + cog?' € AP\ {0}. Then f,g € A%.

We now state a known criterion for flatness [41, Corollary of Theorem
22.6].

Lemma 2.4.14. Let A be a Noetherian ring and B = A[X1, ..., X,,] = A",
Let g(X1,...,X;m) € B be such that its coefficient over A generate the unit
ideal of A. Then B/gB is a flat A-algebra.

We end this section by stating a criterion for a simple birational extension
of a UFD to be a UFD ([26, proposition 3.5]). For convenience we include the
proof.

We first prove a lemma in this regard.

Lemma 2.4.15. Let R be a UFD, u,v € R\{0} and C := (ﬁ,[{}v) be an integral

domain. Let u =[], u;’ be a prime factorization of u in R. Suppose that

for every i,1 < i < n whenever, (u;,v)R is a proper ideal, Hj# ujj ¢ (u;, V)R,
for arbitrary s; € Z>o. Then for each i € {1,...,n} either u; is irreducible in
C oru; € C*.
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Proof. Note that R — C — R[ufl,...,ugl]. Suppose u; ¢ C* for some
J,1 < j < n. Now we are going to show that u; is irreducible. Suppose
uj = cicp for some ci,co € C. If ¢1,c2 € R, then either ¢; € R* or co € R,

as u; is irreducible in R. Therefore, we can assume that at least one of them
hi

hi,he € R and 44,015 > 0, 1 < s < n. Therefore, we have

is not in R. Suppose ¢; ¢ R. Let ¢; = and ¢y = h—an, for some
Uy?

1
ugl

hlhz = ’LLj(UilJrll cet Uin+ln). (241)

n
As ¢1 ¢ R, using (2.4.1), without loss of generality, we can assume that

i

)\ Higs U;

= Hn Di
i=s+1U;

where p; > 0 for 1 <i<n, and p; >0 for i > s + 1.

for some AeC* and s<mn, (2.4.2)

Now when n =1 or p; = 0 for every ¢ < s, then ¢; € C*, and we are done.
If not, then n > 1 and without loss of generality, we assume that p; > 0.

Therefore, from (2.4.2), we have u}" ... ut* € u;CN R = (u;,v) R for every
t 2 s+ 1. Hence by the given hypothesis, for every i > s+ 1, we get that
(uij, V)R = R, i.e., u; € C*. Thus we get

= uHufi, (2.4.3)

<8
for some 1 € C* and hence

Uj

pC2 = ==
Higs u;

If [[;<, uf" € u;R, then ¢y € C* and we are done. If not, then u; € u;CNR =
(uj, v)R for every i < s with p; > 0. If for such an u; with ¢ < s and p; > 0,
(ui, v)R is a proper ideal then we get a contradiction by the given hypothesis.
Therefore, for all such u;, (u;,v)R = R i.e., u; € C* and hence by (2.4.3),
c1 € C* and we are done.

Therefore we obtain that u; must be an irreducible element in C'. O

Proposition 2.4.16. Let R be a UFD, u,v € R\ {0} and C = (u}z,[i]v) be an

integral domain. We consider R as a subring of C. Let u := [[;_, u.’ be a

prime factorization of u in R. Suppose that for every i € {1,...,n} for which

(ui, v)R is a proper ideal, we have [];; ujj (ui, v)R, for arbitrary s; € Zxy.
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Then the following statements are equivalent:
(i) C is a UFD.
(ii) For each i € {1,...,n}, either u; is prime in C or u; € C*.

(iii) For each i € {1,...,n}, either (u;,v)R € Spec(R) or (u;,v)R = R, i.e.,

the image of v in FRR is either a prime in ?RR or a unit in uiiR'
Proof. (ii) < (iii) : For every j,1 < j < n, we have
C R (1]
=} < > ) (2.4.4)
ui G\ (uj,v)
C

Note that u; is either a prime element or a unit in C' according as = is either
J

an integral domain or a zero ring. Hence the equivalence follows from (2.4.4).

(i) = (ii) : By Lemma 2.4.15 we obtain that for each ¢ € {1,...,n} either
uj € C* or u; is an irreducible element in C'. Since C'is a UFD it follows that
either u; € C* or u; is prime in C.

(ii) = (i) : Note that R < C < Ruy*,...,u;']. Without loss of generality
we assume that ui,...,u;—1 € C* and u,,...,u, are primes in C for some i,
1 <i<n Since Cluyl, .. upl] = Clut, .. uyt] = Rlupt, .. upt] is a

UFD, by Nagata’s criterion for UFD ([41, Theorem 20.2]) we obtain that C is
a UFD. O
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Chapter 3

On triviality and embedding

of Linear Hyperplanes

The main aim of this chapter is to prove extended versions of Theorems A,
B, C and D mentioned in the Introduction. In Section 3.1 we study a few
properties, like factoriality, of the affine domain A. We prove Theorems A
and B in Section 3.2; Theorem C in Section 3.4 and Theorem D in Section
3.5. After proving the main theorems the last Section 3.6 is devoted to the
discussion of partial generalisations of Theorems B and D over any Noetherian

domain containing QQ or a Noetherian seminormal domain.

3.1 Some properties of the ring A

Throughout this chapter, A will denote the following ring:

E[X1, ..., Xm, Y, Z,T]

A= (@(X1,-. . Xm)Y — F(Z,T) — h(X1,..., X, Z,T))

(3.1.1)

and H := a(X1,...,Xpn)Y — f(Z,T) — h(X1,...,Xm, Z,T) is an polynomial
in k[X1,...,Xm,Y,Z T)(= k™) such that f(Z,T)# 0 and every prime
factor of a in k[X1,...,X;] divides h in k[X3,...,Xm, Z,T).

So A=k[X1,...,Xm,Y,Z,T]/(H). Note that

(i) if @« = 0, then h = 0 and hence A is a polynomial ring if and only if
% = kY (cf. Theorem 2.4.2).

(i) if o € k*, then A = E[m+2,

Henceforth, we assume that a ¢ k.

29
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(iii) A and A ®;, k both are integral domains.

Let x1,...,Zm, ¥y, 2, t denote the images of X1,...,X,,,Y, Z,T in A respec-
tively. E will denote the subring of A generated by zi,...,x,, over k, i.c.,

(iv) E = k[zy,...,Tm] = k™.

(v) A A[L] = Blz 4]

Let oo = [, p;" be a prime factorization of o in k[X1,..., X;;]. Since ev-
ery prime factor of a divides h in k[ X1, ..., Xy, Z, T, we have h = ([, pi) 1
for some hy € k[X1,..., Xm, Z,T]. Hence [/, pi(TT12, 25 'y — h1) = f(2,1)
in A. Therefore,

(vi) if f(Z,T) € k*, then [[;",p; € A* and so @ € A* and hence
A = A[] = Blad[2).

Lemma 3.1.1. The ring A is a flat E-algebra.

Proof. Let Hy = a(x1,...,2p)Y — f(Z,T) —h(z1,...,2m,Z,T) € E[Y, Z,T).
Since every prime factor of o in E divides h in E[Z,T] and f # 0, the coeffi-
cients of Hy over E generate the unit ideal in E. Now the result follows from
Lemma 2.4.14. O

Next we prove an equivalent condition for A to be an A2-fibration over E.
Lemma 3.1.2. The following statements are equivalent:

(i) A is an A%-fibration over E.

12,7 E A\
(ii) (PfZZ ) = (Péj > for all p € Spec(E) with « € p.
’ 2

Proof. (i) = (ii) : Since A is an A%-fibration over E, we have

E, E, 2]
=AQ®g < ) = (—) for every p € Spec(E).

pAp rE, rE,

Let p € Spec(F) be such that « € p. Then

(ﬂ)[ﬂ B A, z%[Z’T]
PEp B PAp B (f(Za T))

[Z T} E. N\
Therefore, by Theorem 2.4.2, we have + P (—p) :

/—\
/'\
\_/
~—
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(ii) = (i) : By Lemma 3.1.1, A is a flat E-algebra and therefore, it remains
to show that

A® (E”) 4 (Ef’)[z]f € Spec(E)
E = = or every pec .
PEp PAp PEp P

Let p € Spec(E). We now consider two cases and show that in each case the

above criterion is satisfied.

Casel : _ _ g0 A _ B\
asel:a ¢ p. Then A, = E,[2,t] = E;" and therefore, o, = (p_Ep> .

CaselIl : a € p. Then

Ep

4, LT [(SEZT <&>[2]
rdy,  (f(2,1)  \(f(ZTD))  \pBy/)

O

Remark 3.1.3. Note that if there exists a p € Spec(FE) such that a € p and

;FTF is a separable field extension over k, then by Lemma 3.1.2 and the fact
P

that separable Al-forms over any field is trivial (cf. [18, Lemma 5]), it will
follow that A is an A2-fibration over E if and only if f(Z,T) is a line over k

in k[Z,T).
Next we deduce a necessary condition for the affine domain A to be a UFD.

Lemma 3.1.4. Suppose that A is a UFD. Then either f(Z,T) is irreducible
in k[Z,T) or f(Z,T) € k*.

Proof. Let a(X1,...,Xm) = [[iey pi(X1,..., X;m)b be a prime factorization
of ain k[Xy,..., Xp]. Putting R = Ek[X1,...,Xm, Z,T], u = a(X1,..., Xm),

u; =pi, 1 <i<nandv= f(Z,T)+h(X1,...,Xm,Z,T) in Proposition 2.4.16,
R[Y]

we have A = m Let
R k[Xq1,....X
JEOSEL S D STIETE m}[Z,T]
uR (i)
and x;1, ..., %y, 2i,t; denote the images of X1,...,X,,, Z,T respectively in
R;, for 1 < i < n. Note that vR; = f(z,t;)R;, for all 4, 1 < i < n. Therefore,
for any s; € Zxo, Hj#pj(mﬂ,...,xim)sj ¢ vR; whenever vR; is a proper

ideal. Therefore, the assumption in Proposition 2.4.16 is satisfied and hence
either (p1, f(Z,T))R is a prime ideal in R or (p1, f(Z,T))R = R. Thus, either
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f(z1,t1) is irreducible in R; or it is a unit in Ry. Hence it follows that either
f(Z,T) is irreducible in k[Z,T| or f(Z,T) € k*. O

Next we show that the converse of the above lemma is not true in general

with the help of an example.

Example 3.1.5. Let k be a non-perfect field of positive characteristic p > 0.
Then there exists A € k such that A = 3? for some 3 € k \ k. Let

k[X1, Xo,Y, Z,T)|
(XT+ N (XE+NY — (2P + \TP))

and f(Z,T) := ZP + TP € k[Z,T]. Let x1,x2 be the image of X;, X5 in A
respectively. Note that:

(i) f(Z,T) is irreducible in k[Z,T] and f(Z,T) = (Z + BT)P in k(B)[Z,T].

(ii) ﬁ >~ k(B)[Xa,Y, Z,T]/(Z + BT)P, therefore, 2% + X is not a prime
1

element of A. Similarly, z + X is also not a prime element of A.

(iii) o + A, 25+ X ¢ A* and all the conditions of Lemma 2.4.15, are satisfied.
Hence by Lemma 2.4.15, 2} + X and 2} + X both are irreducible in A.

Therefore, by (ii) and (iii), it follows that A is not a UFD.

However, the converse of Lemma 3.1.4 is true if f(Z,T) is irreducible in
k[Z,T) or f(Z,T) € k*.

Lemma 3.1.6. Suppose that either f(Z,T) is irreducible in k[Z,T] or
f(Z,T) e k*. Then ARy L is a UFD, for every algebraic extension L of k.

Proof. Let L be an algebraic extension of k and let Ay := A ®; L. Suppose
a=1]I[", p? is a prime factorization of « in L[Xy,..., X,,,]. If f(Z,T) € k*,
then [, p; € A} and hence

AL =AY, oo = LIXy, . X 2,00y ]
is a UFD. Suppose f(Z,T) ¢ k* then f(Z,T) is irreducible in k[Z, T]. Since
Al pp = LIXa, o, X, Z,T, 070 o ]

is a UFD, by Nagata’s criterion for UFD ([41, Theorem 20.2]) it is enough to
show that p1,...,p, are primes in A;. We show this below.
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Fix i € {1,...,n}. Let E; = W and F; be the field of fractions

of E;. Since f(Z,T) is irreducible in k[Z,T] it follows that f is irreducible

in F;[Z,T]. Therefore, % is an integral domain and hence % is an
integral domain. Thus

Ar EY,Z,T] ( Ei[Z,T) >[1]
)

pidr,  (f(z1)  \(f(ZT)

is an integral domain and hence p; is a prime in Ay. O

We now determine some conditions on o and h such that the regularity of
A implies the regularity of the ring k[Z,T]/(f(Z,T)).

Lemma 3.1.7. Let k be a perfect field and let R = k[ X1, ..., X, Y, Z,T]/(G)
be an affine domain, where G .= vY +h—f(Z,T) for somev € k[X1,..., X\ k,
h e k[Xi,....,Xm, Z,T) and f(Z,T) € k[Z,T). Let v =[], pi" be a prime
factorization of v in k[X1,...,X;]. Suppose that one of the following condi-

tions is satisfied:
(I) s; =1 for some i and p; | h.
(IT) s; > 1 for every i and at least one of the following holds.

(a) pjz | h for some j.

(b) (pj, (Pj)x1s--> (@) xn)Ek[X1,..., Xm] is a proper ideal for some
jeA{l,...,n} and p; | h.

(¢) (pi,pj)k[X1,..., Xm] is a proper ideal for some distinctl,j € {1,...,n}
and pip; | h.

Then k[Z,T)/(f(Z,T)) is a regular ring whenever R is a regular ring.

Proof. Let D =k[Xy,...,Xp,Y,Z,T|and I = (G,Gy,Gx,,...,Gx,,,Gz,Gr)D.
Since k is a perfect field it follows that R is a regular ring if and only if I = D
([41, Theorem 30.5]). Suppose that R is a regular ring.

(I) Without loss of generality, we assume that s; = 1 and hence p; | h. Let

B =TIl;s2p}" and h = h/p;. Therefore G = vY +h — f = p1(BY + h) — .
Then it can be observed that I C (f, fz, fr, BY + iL,pl)D. Since R is regular

we have
(f)fZ7fT7ﬁY+ilvp1):D' (312)



Chapter 3: On triviality and embedding of Linear Hyperplanes 34

Suppose, if possible, that (f, fz, fr) C mk[Z,T] for some maximal ideal m
of k[Z,T]. Then as p; t § the ideal (m, 3Y + h,p1)D is a proper ideal of D
containing (f, fz, fr, 8Y +h,p1)D, a contradiction. Thus k[Z, T]/(f) must be

a regular ring.

(IT) Suppose condition (a) is satisfied. Then I C (pj;, f, fz, fr)D and since
I = D, we have (f, fz, fr)k[Z,T] = k[Z,T]. Now suppose condition (b) or
(c) is satisfied. When p; | h, then I C (pj, (pj)x1s---» (Dj)Xms [, [z, fr)D and
when p;p; | hthen I C (py, pj, f, fz, fr)D. Sincev =[], pi* € k[X1,..., Xpn)
and I = D, we have (f, fz, fr)k[Z,T| = k[Z,T] in either case.

Thus it follows that k[Z,T]/(f) is a regular ring if any one of the condition
(a), (b) or (c) is satisfied. O

However, the next result shows that if k[Z,T]/(f) is a regular ring then A

is always regular.

Lemma 3.1.8. Let k be a perfect field and let R = k[X1,..., X, Y, Z,T]/(G)
be an affine domain, where G = vY +h—f(Z,T) for somev € k[X1,..., X\ k,
h € k[X1,...,Xmn, Z,T] and f(Z,T) € k[Z,T]. Suppose that every prime
factor of v divides h in k[X1,...,Xm,Z,T]. Then R is a regular ring if
kE[Z,T)/(f(Z,T)) is a regular ring.

Proof. Let D = k[Xy,...,Xn,Y,Z,T|and I = (G,Gy,Gx,,...,Gx,,,Gz,Gr)D.
Since k is a perfect field, R is a regular ring if and only if I = D ([41, Theorem
30.5]). Suppose, if possible, that R is not a regular ring. Then there exists a
maximal ideal M of k[Xy,..., X,,,Y, Z,T| such that (G,Gy,Gz,Gr) C M.
Hence, there exists a prime factor ¢ of v = Gy such that ¢ € M. Now as

q|h,ql|hzand q| hy, we have

(f, [z, fr) € M Nk[Z,T)

and hence k[Z,T)/(f(Z,T)) is not a regular ring, a contradiction. Hence our

result follows. O

Remark 3.1.9. Note that the hypersurfaces defined by the polynomials
H = oXy,...,.Xn)Y — f(Z,T) € k[X1,....,Xn,Y,Z,T]|, where a €
k[X1,...,Xm] \ k are contained in the family of hypersurfcaes considered in
Lemma 3.1.7.
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3.2 On Theorems A and B

We begin by proving a small lemma which is crucial in proving the main

theorems (viz. Theorems B and D).

Lemma 3.2.1. Let R be an integral domain and
H:=aY — f(Z,T) - h(Z,T) € R[Y, Z,T]

be an irreducible polynomial such that o € R, a can be expressed as product of
prime elements of R and each of the prime factors of o divides h in R[Y, Z,T].
Suppose R[Z,T] = R[f]). Then R[Y,Z,T] = R[H]!.

Proof. Since R[Z,T] = R[f]!V, there exists g € R[Z, T] such that R[Z,T] = R[f,g].
Let C = R[H,g] and D = R[Y,Z,T]. Note that every prime divisor of & in
R remains prime when considered as elements of C' and D. Let S be the

multiplicative closed subset of C' generated by the prime divisors of « in R.

(1]
Then S~'D = (S~1C) and q% = (q%) , for every prime divisor ¢ of o in

R. Therefore, by Theorem 2.4.7, we have D = Cl1. O
Next we prove a lemma which is crucial in proving Theorem A.

Lemma 3.2.2. Let k be an algebraically closed field. Suppose that C' is a requ-
lar affine k-domain, R is a reduced affine k-algebra and the map R — R®iC
induces surjective maps G;(R) — Gi(R®y C) for i =0,1. Then the canonical
inclusion 7 1 k — C induces isomorphisms of K;-groups for i = 0,1 and hence

Ko(C)=7Z and K,(C) = k*.

Proof. Observe that the inclusion map 7 : £k — C' induces inclusions
t: Kok) =7Z — Ky (C) and n : Ki(k) = k* — K;(C). We will show that
both ¢ and n are isomorphism of groups.
We first show that ¢ is a surjective map.
Let Pc be a finitely generated projective C-module. Since Go(R) — Go(R ®y C)
is surjective, there exist finitely generated R-modules Mpr and Ng such that

[R®y Pc] = [Mpr ® C] — [Ng @4 C].
Therefore, by Lemma 2.1.1, there exist exact sequences of R ®; C-modules

0—>W =T; > W" =0, for j =1,2,
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such that
(R®y Po)® (Nr @y C)® Ty = (Mg @, C) & To. (3.2.1)

Let S be the set of all non-zero divisors of R. Since R is a reduced affine
k-algebra, ST!R = [T;-, Li, where L; is a finitely generated field extension of

k for each i, 1 < i < n. Therefore, from (3.2.1), we have
(ST'TR® Po)® (ST'Np @, C)® S™ITy =2 (S™'Mp @, C) ® S™'Ty. (3.2.2)
Then from (3.2.2), we have,
(L1®@k Po)® (L1 @r Nr@p C)® (L1 ®rT1) = (L1 @ Mp®y, C) & (L1 @R T)).
Let C = L1 ®g C. Further it follows that for j =1, 2,
0= Li@rW = Li@pT; — Li@g W' — 0

are exact sequences of C-modules. Note that Ly ®r Mpr = L} and

Ly ®g Nr = L7? as Lj-vector spaces for some ri,ro € Zx;. Now, by
Lemma 2.1.1, it follows that

[Ly @ Pc] = [L1 ®r Mg ®, O] — [L1 @ Ng @ C] = [C™] — [C"2] in Go(C).

Note that C is a regular ring as k is algebraically closed. Therefore,

Go(C) = Ko(C). Hence, there exists s € Z>o such that
(L, ®p Po) @ Cr2ts = Ot (3.2.3)

Since Pg is a finitely generated projective C-module, there exists a finitely

generated k-algebra L such that

(L @1, Po) & (L &, C)2+* = (L @ O) . (3.2.4)

Now let m be a maximal ideal of L. Then % = k, as k is an al-
gebraically closed field.  Therefore, as (L ®y C)/m(L®,C) = C and
(L ®y Po)/m(L ®j Po) = Pe, from (3.2.4), we have

[Pc] = [C7] = [C"] in Ko(C).

Therefore, the map ¢ is surjective, and thus Ky(C) = Z.
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Similarly, we now show that n : Kj(k) = k* — K;(C) is a surjec-
tive map. We consider an element [Qc,oc] € Ki(C). Since Gi(R) —
G1(R ®y C) is surjective, we have finitely generated R-modules M, r and Ny
with vg € AutR(MR) and 0p € AutR(ZVR) such that

[R®k Qoy1r ® oc] = [Mg @k C,vg © 1¢] — [Nr @ C, 68 ® 1¢]

in G1(R®y C). Therefore, by Lemma 2.1.2, there exist exact sequences in the
category .#%(R ®;, C) (defined as in Section 2.1)

0— (U/,UU/) — (T{,O’Tll) — (U”,O’UN) —0

and
0— (U,7EUU') — (T2,70T2/) - (U/,7UU'/) - 07
where ¢ is a composition of unipotent automorphisms of U’ such that
(R&kQe, Lr@0oe)@(Nr@rC, dr®1c)B(TY, o7y) = (Mr@pC, yr®1c)S (15, ory).
(3.2.5)

Henceforth in this proof, to avoid complication of notation, we are going
to use the symbol 1o to denote identity morphism of the free C-module, C"
for appropriate [ € Z>;, understood from the context.

Now, localising equation (3.2.5) by S (the set of all non-zero divisors of

R), and considering the first component, we have the following
(L1 ®k Qc, 1, ® 0¢) & (C2,6, ® 1¢) & (L1 ®g T, O(Li@rT!)) =

(C*' v, ® 1) & (L1 ®R T3, 0(1,0p1y));

where L1 Qg MR = L1* and L ®p Np = L3? as Li-vector spaces, for some
$1,82 € Zx1 with v, € Autg, (L") and 6, € Autr, (L]?) along with the
following exact sequences in the category .#%(C)

0= (L1®rU" 0r,0,07) = (L1 ORTY, 0L,0p1y) = (L1 ORU", 01,0507) = 0,
and
0= (Li@RU', dor,0,07) = (L1®RTS, 0L, 0,1;) = (LI1ORU" 01,0 50m) — 0,

where € is a composition of unipotent automorphisms of L1 ® g U’. Now using
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Lemma 2.1.2 we have,

[Ll Rk QC’ 1L1 @ UC’] + [68276[/1 X 10] = [68177[/1 ® 10] in Gl(é)

As before G1(C) = K1(C), and thus there exist r € Z~1 and an automorphism
oar € Auté(é”") such that

(L1®kQc, 11, ®0¢)®(C™, 01, @10)@(C",55,) = (C*, v, ®1c)®(C", 5a,).
(3.2.6)
Since Q)¢ is a finitely generated projective C-module, there exists a finitely

generated k-algebra L such that

1

(L@ Qo,1; ®oc) @ (L ey C)*2,0; @ 10) @ (L@, O), O (Eenc)r)

(L @k C) 77 @ 10) @ (L@ O), 65, o) (3.2.7)

for some 07 € Aut(L*), 5 € Aut(L*') and 5,7 € Aut((L®y C)"). Since

(LerC)" N
k is an algebraically closed, for any maximal ideal m of L, we have ﬁ = k.
Then from (3.2.7), we have

(Qoy00) ® (C*,8, ® 10) ® (C7,0¢r) = (C*, @ 1) @ (C7, a¢r),
for some d; € Aut(k®?), 7, € Aut(k®') and oor € Aut(C”). Hence, we have
[QC,UC’] = [Csl,’}/k & 10] — [05275k &® 10] in Kl(C).

Thus, the map 7 is surjective, and hence K;(C) = k*. O
We now prove the first part of Theorem A.

Theorem 3.2.3. Let k be an algebraically closed field and A be an affine

k-domain as in (3.1.1). Suppose that C := k:[(Zf,;I] is a regular domain and

All = flm+1+2] for somel > 0. Then C = KO

Proof. Note that E := k[z1,...,xy] — A is flat (cf. Lemma 3.1.1). Consider

the inclusion maps k —Z— E «—— A « 0, Al By Theorem 2.1.4,
Gi(h) 2 Gi(E), Gi(4) Z
Al = glm2] k) Gidyo),

Therefore, it follows that G;(v) : Gi(E) — G;(A) are isomorphisms for every

Gi(Al) are isomorphisms and since

Gi(Am) are also isomorphisms for every i > 0.

i > 0. Let p1,...,pn be distinct prime factors of o in E and let v =[]}, p;.
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Then A[u~'] = E[u~']?, therefore by Theorem 2.1.4, the inclusion map
Elu~'] < A[u~!] induce isomorphism of groups G;(E[u~!]) — Gi(A[u™']),
for every ¢ > 0. Now by Theorem 2.1.3, we get the following commutative

diagram

Gj(E) — Gi(Eu™]) — G 1(5) — Gj1(E) —— G 1(E[u™))

Bl Rk

Gj(A) — Gi(Au™]) — Gja(F) —— Gj-1(A) — G (Afu™]).

R
R

By the Five lemma the canonical maps

o (£) e (4) sa2s)

A R[Y A4 T]
L Then — = -2 = .
ulE en wA (f) (R®k C)

Note that R is a reduced affine k-algebra. Thus from (3.2.8) and Theo-

rem 2.1.4, it follows that the inclusion R < R[(?)T] induces canonical iso-

are isomorphisms for every ¢ > 0. Let R =

morphisms

R[Z,T]
(f)

Gi(R) = G, ( ) =Gi(R®, C) forevery i>0.

k[Z, T
Therefore, by Lemma 3.2.2, we get that the canonical inclusion k& — u

induces isomorphisms ¢ : Ko(k) - Ko(C) and n : Ki(k) — K1(C). Since n
maps k* onto C*, we have K;(C) = C* = k*. Now since Ko(C) = Ko(k) = Z,
we have the ideal class group of C, CI(C) = 0 (cf. [53, Example 1.2]) and
hence C'is a PID. Therefore, by Lemma 2.4.5, we have C' = k. O

Remark 3.2.4. The above result helps us to conclude that affine k-domains
of the form A when k[Z,T]/(f) is a regular domain and f is not a line over
k in k[Z,T], over a field k of characteristic zero is never an affine space. For

example, let k be a field of characteristic zero and

k[X17X27Y7 Z7T]

A=
((X1,X)Y — (ZT+ Z+T)— h(X1,X2,2,T))’

for some a € kP, h € k¥ be a k-domain such that a ¢ k and every prime
factor of v divides h in k[ X7, X9, Z, T]. By a suitable choice of a and h, the ring
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of the form A can be made to satisfy several properties of polynomial rings.
However, by the above theorem it follows that A is not stably isomorphic to

a polynomial ring over k.

Corollary 3.2.5. Let A and H be as in (3.1.1). Suppose that f(Z,T) = ao(Z) + a1(2)T,
for some ag,a1 € kM and AW = EMHHE2 for some | > 0. Then
k[Z,T) = k[f]N and k[X1,..., Xm,Y, Z,T] = k[ X1, ..., X, HZ.

Proof. Since All = gl+m+2] we have A := A®; k is a UFD and 4~ = k.
Therefore by Lemma 3.1.4 it follows that f is irreducible in k[Z,T]. We now
consider two cases:

Casel: a1(Z) =0.

Then f(Z,T) = ao(Z). Thus ag(Z) is irreducible in k[Z, T] and hence a linear
polynomial in Z over k.

Casell: a;(Z) # 0.

We show that ai(Z) € &', and hence a1(Z) € k*. Since f is irreducible in

k[Z,T] we have gedgz(ao(Z),a1(Z)) = 1. Hence k[(Zf’)T] =k [Z, ﬁ] which

is a regular domain. Therefore by Theorem 3.2.3, (E[(Zf’)T ]>* = %k". Hence
a(Z) ek

Therefore, f is a coordinate in k[Z,T]. Hence by Lemma 3.2.1, we have
kX1, ..., X, Y, Z,T] = k[X1,..., Xm, HZ. O

We now prove the remaining part of Theorem A.

Theorem 3.2.6. Let k be a field of characteristic zero with A and H be as in
(3.1.1). Suppose that Al = k™42 for some | > 0 and k[Z,T)/(f) is a regu-
lar ring. Then k[Z,T) = k[f]M and k[ X1, ..., Xm,Y, Z,T] = k[X1,..., Xm, HZ.

Proof. Let A = A ®; k. Since Al - E[Hmﬂ], we have A is a UFD and

A" =% . Therefore, by Lemma 3.1.4, it follows that f is irreducible in k[Z,T).
Hence k[Z,T]/(f) is a domain. As k is a field of characteristic zero and
k[Z,T)/(f) is regular, we have k[Z,T]/(f) is a regular domain. Thus, by
Theorem 3.2.3 we have k[Z,T]/(f) = £, Since k is a field of characteristic
zero, by applying Theorem 2.4.1 and Lemma 2.4.10 consecutively, we have
klZ,T] = k:[f]m. Now, by Lemma 3.2.1, we have k[Xy,...,X,,,Y,Z,T] =
k[X1,..., X, H|P. O
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Next we prove Theorem B.

Theorem 3.2.7. Let k be a field of characteristic zero and A and H be as in
(3.1.1) and A be an affine domain. Let o =[]} p;* be the prime factorization
of ain k[X1,..., X;n]. Suppose that one of the following condition is satisfied.

(I) s; =1 for some i.
(IT) s; > 1 for every i and at least one of the following holds.
(a) pJQ- | b for some j.

(b) (pj, @) x1s---» (Pj)x,)E[X1, ..., Xim] is a proper ideal for some
jed{l,...,n}.

(c) If n = 2, then (p;,pj)k[X1,...,Xm] is a proper ideal for some
distinct 1,7 € {1,...,n}.

Then the following statements are equivalent:
(i) k[X1,.... Xm, Y, Z,T) = k[X1,..., X, H)P.
(ii) k[X1,..., Xm, Y, Z,T] = k[H]m+2,

(iil) A = k[zy,...,z,]H2.

(iv) A = g+,

(v) k[Z,T] = Klf(Z, T)]IV.

(vi) A is an A%-fibration over k[x1,. .., 2Zm].

(vii) Al = k42 for some 1 > 0.

Proof. We prove the equivalence of the statements as follows.

(i) = (i) = (iv) = (vil) = (v) = (i)

N\

(iii) = (vi)

Note that (i) = (ii) = (iv) = (vii) and (i) = (iii) = (vi) follow trivially.
(v) = (i) follows from Lemma 3.2.1. Therefore, it is enough to prove (vi) = (v)
and (vii) = (v).

(vi) = (v) : Let m be a maximal ideal of FE := k[X1,..., X,,] containing a.
Note that L := % is a finite field extension of k. By Lemma 3.1.2, we have
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L[é’)T] = LW, Since ch.k = 0, by Theorem 2.4.1, we have L[Z,T] = L[f]™.

Now the assertion follows by Lemma 2.4.10.

(vii) = (v) : Since AW = k[ 42 we have, A is a UFD and (A @ k)* =k .
Hence by Lemma 3.1.4, it follows that f is irreducible in k[Z, T]. Note that
A is also a regular domain, hence by Lemma 3.1.7, k[(Zf)T lis a regular domain.

Therefore, the result follows from Theorem 3.2.6. O

Remark 3.2.8. Let k be a field of characteristic zero and H be as in (3.1.1)
with h = 0, i.e., H := a(X1,...,Xn)Y — f(Z,T). Then H satisfies either
condition (I) or condition (II)(a) of Theorem 3.2.7. Thus we know that for
the above mentioned form of H, the Abhyankar-Sathaye Conjecture is satisfied

m+3]

and moreover, H is a hyperplane over k in kl if and only if f is a coordinate

in k[Z,T].

3.3 On the admissibility of a Z-filtration

In this section we construct an associated graded ring (Corollary 3.4.10) and
use it to prove Theorem C in two parts (Theorems 3.4.11 and 3.4.12) in the
next section.

Let R be a UFD and

R[X,Y,Z,T)
(Xday(X)Y — F(X, Z,T))

Ap = for some d>1 (3.3.1)

with a1(0) # 0, F'(0,Z,T) # 0 be a domain. Let z,y, z,t denote the images
of X,Y,Z T in AR respectively. Then Ar C R [:L' L1 z,t}. Note that

)z ar(z)’

every element r € R [:r;, %, #(x), z, t} is of the form

- 1
r=a"p, for somei; € Z,pE R [:c, —,z,t] with z 1 p.

o (@)
Therefore, the function wr on R [m, %, #@:)7 z, t} defined by
wr(r) = —i1, for an r as above,

is a degree function. Thus wpg restricts to a degree function on Ar and by
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Remark 2.3.3 it induces a proper Z-filtration {A%},cz on Ag such that

Bi={9€ Ar:wr(g) <n},neZ.

F(x,z,t)
zaq (z)

Note that y =

wr(y) = d.
In this section, we shall prove the following theorem.

€ Ar and F(0,z,t) # 0, therefore, it follows that

Theorem 3.3.1. Let R be a UFD and a finitely generated k-algebra. Let R,
AR and wg be as above with ged gz 11(1(0), F(0,Z,T)) = 1. Let {c1,...,cn}
be a generating set of the affine k-algebra R. Then wgr induces an admissible
Z-filtration on AR with respect to the generating set {c1,...,cn,x,y, z,t} such

that
R[X,Y,Z,T]

(1(0)X4Y — F(0,2,T))

1

gr(Ag)
Proof. Follows from Proposition 3.3.6 and Lemma 3.3.7 proved below. O

Remark 3.3.2. Note that when R is a field k, then the condition
gedgiz(1(0), F(0,Z,T)) = 1 becomes redundant as «;(0) € k*.

Throughout the rest of this subsection the notation and hypothe-
ses are assumed as in Theorem 3.3.1. We are now going to prove Propo-
sition 3.3.6. We first prove three technical lemmas (Lemmas 3.3.3, 3.3.4 and

3.3.5) in this connection.

Lemma 3.3.3. Let b € Ar be an element such that wgr(b) < 0. Suppose that
b= >, m;, where m; is a monomial in Rlz,z%, z,t] with wr(m;) = 0 for
all i,1 <i<s. Then b= xby for some by € R[x,:cdy, z,t].

Proof. Since b= >7_, m;, with wg(m;) = 0, it follows that m; € R[z%y, 2,].
As wg(b) < 0, it follows that wg(a(0)!

0)'d) < 0 for every integer i > 0 and
further it follows that ay(0)"d € (a1(0)zy — F(0, z,t))R[z%y, 2,t] for some
r > 0. Now

a1 (0)zdy—F (0, z,t) = —(a1(z)—a1 (0)zly+(F(z, z,t)—F(0, z,t)) € 2Rz, 2%, 2,1].
(3.3.2)
Thus, a1(0)"b € zR[z, 2%, 2, t]. Note that

R[X,U, Z,T]
(an(X)U — F(X,Z,T))

12

Rz, xdy, z, t]
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Hence Rz, 2%, 2,t]/(z) = R[U, Z,T]/(a1(0)U — F(0, Z,T)). Since

ged gz (@1(0), F(0,Z,T)) = 1, it follows that {z, a1(0)} is a regular sequence
in R[x, 2%, 2,t] and hence we get that b € xR[x, 2%, 2,t]. Thus the result
follows. O

Lemma 3.3.4. Let b € R[z,2%,2,t] C Ag be an element such that
wr(b) = —mn for some n > 0. Then b can be represented as a sum of

monomials m; in {x, %, z,t} with w(m;) < —n, for every i.

Proof. We show that b = 2"b,, for some b, € R[x,x%, z,t] with wr(b,) =
0. The lemma will follow since for any monomial m = A\z*(x%)?z'7 with
A€ R\{0} and ¢,(,l,j € Z>o we have wr(m) = —¢ < 0.

We prove that b = 2™b,, by induction on n > 0. Now if n = (—wg(b)) =0,

then we are already done. Now consider n > 0. Then we have

S T
b= ng + Z m), € Rlz,z%, 2, 1],
i=1 i=s+1

where m/’s are monomials in {z, z%y, z,t} with wg(m}) < 0 for 1 <i < s and
wr(m}) =0 for s +1 < ¢ < r. Since wr(b) < 0 and wr(d>_; ;m;) < 0, we
have wr(3i_, . m;) < 0 and hence by Lemma 3.3.3, >/ ., mj = zby for

some by € R[z,x%, z,t]. Also for every i,1 < i < s we know that = | m]

5

in R[x, 2%, 2,t]. Hence b = by for some by € R[z,z%, z,t] with wr(b;)
—(n —1). Hence by induction hypothesis, we get the desired result. O

Lemma 3.3.5. Let b € Ag be an element such that wr(b) =n. If b is a sum
of monomials in {x,y, z,t} each of degree n +m for some m > 0, then x | b
and b has another representation as a sum of monomials in {x,y, z,t} each of

degree less than or equal to n.

Proof. Let b = Y7 ;m;, where m; is a monomial in {z,y,z ¢} with
wgr(m;) = n+ m for some m > 0. We first show that there exist ¢, 5 € Z>g
such that do — 8 = n+ m and m; = )\iy‘xﬁm; for each i, 1 < i < s with
A\i € R\ {0} and m/ being a monomial in {z%y, z,t} (i.e., wg(m}) = 0).

If n+m < 0, then we can take t =0 and f = —(n+m) > 0. If n+m > 0,
then we can take ¢ to be the least integer greater than equal to (n + m)/d
and 8 = dv — (n +m). Therefore, b = y'2Pb, where b € R[z,z%, z,t] and

wr(b) = —m. Now the result follows by Lemma 3.3.4. O

We now assume that R is also an affine k-algebra.
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Proposition 3.3.6. Let {c1,...,cn} be a generating set of the affine k-algebra
R. Then the Z-filtration {A’}}nez on A is admissible with respect to the gen-

erating set {c1,...,cn,x,Yy, 2, t}.

Proof. Let b € Ar be such that wr(b) = n. Suppose
b:b1+"'+bT7

such that for every 7,1 < j <7, b; = leil mj, where mj; is a monomial in
{z,y, 2z, t} with wr(mj;) = nj, and ny < --- < n,.

If n = n,, then we are done. If not, then v, := wr(b,) < n, as n < n,.
By Lemma 3.3.5 there exists a representation of b, as sum of monomials,

b, = le;l m), with wg(m.,) < v,. Hence
bt

such that for every 7,1 < i < r’ we get l:l to be a sum of monomials of
wg-degree n}, where n} < --- <n!, and n/, < n,. Hence repeating the above
process finitely many times we get a representation of b as a sum of monomials,

each of them having wg-degree not more than n. Thus, the result follows. O

The next lemma describes the structure of the associated graded ring of
Apg with respect to the filtration {A%}}nez.

Lemma 3.3.7. Let A == @, ., %
R

respect to the filtration {A%}nez. Then

be the associated graded ring of A with

RIX,Y,2,T]

4 (a1(0) XY — F(0,2,T))

Il

Proof. Let {c1,...,c,} be a generating set of the affine k-algebra R. Since
{A%}nez is a proper admissible Z-filtration with respect to the generating
set {c1,...,¢n,x,y, 2,1} we have A = R[Z,7,%, 1|, where T,7,%,T denote the
images of z,y, z,t in gr(AR) respectively, via the natural map p : Agr — gr(A4g)
(cf. Remark 2.3.5).

Now a1 (0), 2%, F(0, z,t) € Al \ AE,. Since z%a;(2)y — F(z,2,t) = 0 in
AR by (3.3.2), a1(0)zly—F(0,2,t) € A, Therefore, a1(0)z% — F(0,%,%) = 0

in gr(Ag). Hence we have the following onto k-homomorphism

‘ RIX,Y, Z,T]
T (a(0)XTY — F(0,2,7))

— gr(ARg).
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Now both L.H.S and R.H.S are integral domains with tr.deg, gr(Ar) =
tr.deg;, R + 3 < oo, and thus their dimensions are equal. Therefore, 7 is

an isomorphism. O

Now we note down a few useful remarks for Ar with
ngR[Z,T] (041 (O), F(O, Z, T)) =1.

Remark 3.3.8. (i) Let m be a monomial of Ap = R[z,y, 2,t]. If wr(m) <
0 then m € zAg. If wr(m) > 0 then y | m.

(ii) For any g € Ag, if wr(g) < 0then g =", m;, where m; is a monomial
in {z,y,z,t} with wr(m;) < wgr(g). Thus g € zAR.

(iii) For any g € Ag, if wr(g) > 0 then p(y) | p(g), where p : Ap — gr(Ag)

is the natural map.

(iv) Let ¢ € Agr be such that wgr(g) = 0. Then by Theorem 3.3.1,
g = > ,m;, where m;’s are monomials in A = R[z,y,z,t] with
wr(m;) < wgr(g) = 0. Hence g € R[z,r%, 2], as for any monomial
m € Rz,y, z,t] with wr(m) < 0, m € R[z,z%, z,t]. Therefore, there
exists r > 0 such that a1(0)"g € R[x,a1(0)2z%,2,t]. By the equality
(3.3.2), a1(0)2zy = F(0,z,t) + zv for some v € R[z,x%, z,t]. Thus, it
follows that

a1(0)"g = g1(2,t) + zu(z, 2%y, 2, 1),

for some g, € R[z,t] and u € R[x, 2%y, z,t] with wr(u) < 0.

3.4 On Theorem C

Theorem C will be proved for the domains of the form

E[X1,..., Xm, Y, Z,T)

A= (@(X1,.. . Xm)Y — F(X1,.... Xm, Z,T))

(3.4.1)

when a(X7y,...,X,,) satisfies certain divisibility hypothesis in k[X1,..., Xp].
For convenience, we call a polynomial « satisfying the hypothesis a “r-divisible

polynomial”. We now give the precise definition.

Definition 3.4.1. Let R be an integral domain. For r = (rq,...,7,) € ZZ,

we say a non-zero polynomial o € RI™ is r-divisible if there exists a system



47 3.4 On Theorem C

of coordinates {X1,..., X,;,} of R™ such that

a(Xi,..., X)) = X'oq (X1, ..., Xpy), for some o € RI™ with X, fag;
for any i € {2,...,m},

ai(Xi, .o, Xm) = i—1(0, X5, ..., X)) /X" € R[X;, ..., Xp] with X; t o

and 41 := an(0) € R\ {0},

ie., forie {1,...,m}, there exist 8; € RI™ "1 such that

a = X'ai(Xy,...,Xnm)
= XX B1(X1, e, X)) 4+ 1(0, Xa, ..o, X))
= XX 1B (X1, - Xm) 4 X2an(Xa, ..o, X))
= X{'(X1Bi(Xa, . Xin) + XoP (XoB2(Xa, oo, Xin) + X3P a3(Xs, .., X))

= XIl (Xl/Bl(Xl, . ,Xm) + - 4+ lewlal(Xm—lﬁm—l(Xm_l, Xm)+
Xmam(Xm)) - .)

= X' (XX, Xn) 4+ X0 (X1 Bt (X1, Xom) +
X (X B (Xm) + mg1)) - - ).

Remark 3.4.2. Note that for r = (r1,...,7,) € Z2} and a system of co-
ordinates {X1,...,X,,} in R™ we can conclude that « is r-divisible if and
only if 7 is the highest power of X; dividing a(Xjy,...,X,,) and r; is the
highest power of X; dividing o;_1(0,Xj,...,X;,) in R[Xq,..., X,,], for all
jed{2,...,m}.

We illustrate the above concept with two examples which will be used later.
Example 3.4.3. X2(1 + X)? € k[X] is (2)-divisible in {X} in kl!.
Example 3.4.4. X1 X2(X; + X3) € k[X1, Xo] is (1,4)-divisible in {X7, X5}
in kP and is (2, 2)-divisible in {X5, X;} in k[

Next we recall the definition of Generalised Asanuma varieties from [25,
Page 3.

Definition 3.4.5. A variety whose coordinate ring is of the following form

k[Xl,...,X’n’mY?Z?T]
(X7 XiY — F(X1,..., X, Z,T))

B .= for some 7r; >1,1<71<m,

(3.4.2)
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with f(Z,T) := F(0,...,0,Z,T) # 0 is known as a Generalised Asanuma
variety and we call an affine domain of the form B to be a Generalised Asanuma

domain.

Let z1,...,Zm,¥, z,t denote the images of X1,...,X,,, Y, Z, T in B respec-
tively. Note that the coefficient of Y in the defining equation of a Generalised
Asanuma variety is “X I oo X)m? with r; > 1 for all 4,1 < 4 < m and observe
that it is r-divisible in {X1,..., X, }, where r = (r1,..., 7).

We recall below a few results from [28] and [29], [24] on Generalised
Asanuma domains. We first state a lemma about its Derksen invariant (]29,
Lemma 3.3]).

Lemma 3.4.6. Let B be a Generalised Asanuma domain as in (3.4.2). Then
Elxi,...,2m, 2, t] C DK(B).

Now we quote a technical result obtained by combining results from [28],
[29] and [24].

Proposition 3.4.7. Let B be a Generalised Asanuma domain as in (3.4.2).
Suppose k[x1,...,Tm, 2,t] G DK(B). Then the following statements hold:

(i) If m =1 or if k is an infinite field, then there exist Z1, Ty € k[Z,T] and
ag, a1 € kW such that k[Z,T) = k[Z,, Th] and f(Z,T) = ao(Z1) + a1(Z1)T}.

(ii) If f is a line over k in k1, i.e., ’C[(ZT)T] = kM then k[Z,T) = k[f]IM.

Proof. (i) The case m = 1 is done in [28, Proposition 3.7]. As observed in
[24, Proposition 2.10], the case when k is an infinite field follows from [29,
Proposition 3.4(i)].

(ii) The result follows from [29, Proposition 3.4] when k is infinite and [24,
Proposition 2.12] when k is a finite field. O

Next we record another technical lemma from [24, Lemma 3.13].

Lemma 3.4.8. Let B be a Generalised Asanuma domain in (3.4.2). Suppose
m € Zzy and klx1,...,2m,2,t] G DK(B). Then there exist an integer | €

{1,...,m} and an integral domain By of the form

k(Xl)[Xla cee 7Xl—17Xl+17 v 7Xm7}/7Z7T]

B, =
: (X] - XY — f(Z,T))

such that DK(B;) = By.
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The next proposition illustrates that using suitable degree functions and
applying Theorem 3.3.1 successively to a ring as in (3.4.1) with « being a
r-divisible polynomial, we can obtain a Generalised Asanuma domain as the

last associated graded domain.
Proposition 3.4.9. Let

kK[ X1,..., Xm, Y, Z,T]
(a(le" . 7Xm)Y _F(Xh' . '7Xm7Z7T))’

A=

be a domain such that
(a) f(Z,T):=F(0,...,0,2,T)#0.

(b) Forr = (r1,...,mm) € ZZ, the polynomial a(X1, ..., Xy,) is r-divisible in
the system of coordinates {X1, ..., Xm} in k™. Letay := a(Xy, ..., X\n)/X]"
;= 0i—1(0, X5, ..., X)) /X[, 2 < i <moand g1 = o (0) € k.

(C) ng(O&i(O,XiJrl,...,Xm),F(O,...,O,XiJrl,...,Xm,Z,T)) = 1, 1<i<m
in k[X1,..., Xm, Z,T).

Then we can define a degree function w; on A;_1 such that w; induces an
admissible Z-filtration on Aj_i, where Ay := A and A; = gr(A;_1) (the
associated Z-graded integral domain with respect to wj), for each j, 1 < j <m,

such that
EX1,...,Xm, Y, Z,T)

(XT'X02 . Xm'Y — f(Z,T))
Proof. Since Ag = A is an affine domain and X | v, we have F'(0, Xo,..., X, Z,T) # 0.

1

Am

Now «p := « is r-divisible in the system of coordinates {Xi,...,X,,} in
kM. Hence, a1(0,Xa,..., X)) = X5?az(Xa, ..., Xy) is T-divisible in the
system of coordinates {Xo,...,X,,}, where T = (ra,...,7) € ngl. Let
210, - - - , Tm0, Y0, 20, to denote the images of Xy,..., X, Y, Z, T in Ag respec-

tively. We first consider the degree function wy on Ag defined by
wl(:z:lg) = —1, ’wl(y()) =T, wl(Zo) = wl(to) = wl(:rio) = 0 fOI‘ 2 g 7 § m.

Since ged(aq(0, Xo, ..., X)), F(0,Xo,..., X, Z,T)) = 1, by Theorem 3.3.1
w1 induces an admissible Z-filtration on Ag with respect to the generating set

{10, -, Tmo, Yo, 20, to} such that the associated graded domain is

K[X1, ..., X, Y, Z,T]
(X' X2as(Xg, ..., Xm)Y — F(0,Xa, ..., X, Z,T))

Ay = gr(Aog) =
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Let z11,...,%m1, Y1, 21,t1 denote the images of X1,..., X, Y, Z,T in Ay re-

spectively. We consider the function ws on Aj, defined as follows:
wz(.rgl) = —1, wg(yl) =T, wg(zl) = wg(tl) = wQ(xil) =0 for i€ {1,3, .o .,m}.

Since ged(X{'a2(0, X3, ..., Xpnm), F(0,0,X3,..., X, Z,T)) = 1ink[Xy,..., X, Z,T]
by Theorem 3.3.1, wo induces an admissible Z-filtration on A; such that the

associated graded domain is

E[X1, ..., Xm, Y, Z,T]

Ay =gr(A;) = .
2= 8 (A1) = e T T (K, X)V — F(0,0, Xar o Xomi Z,T))
Thus proceeding successively for any j € {2,...,m}, we get domains
k[ X1,..., Xm, Y, Z,T)
Aj1 = . .

(X X 0p(X, ., Xn)Y = F(0,...,0,X), ..., X, Z,T))

Letl=j—1and xyy,...,%m, Y, 21, t; denote the images of X1,...,X,,, Y, Z, T

in A;j_1 respectively. Now we define a degree function w; on A;_; as follows:

wi(zj) = =1, wi(y) = rj, wi(z) = wj(t) = wj(zg) =0, i € {1,...,m}\{j}.

Since ged(X7* - X (0, Xj41,..., Xm), F(0,...,0,X;41,...,Xn) = 1 by
Theorem 3.3.1, w; induces an admissible Z-filtration on A;_; for which the

associated graded domain is of the form

E[X1, ..., Xm, Y, Z,T]

A =gr(A;_1) = . .
i =er(di-) (X7 X a1 (X1, Xn)Y = F(0,...,0, X541, ..., X, Z,T))

Since a1 € k¥, at the mth step we get the domain

kX1, ..., Xm, Y, Z,T]
(XTTXD2 - XY — f(Z,T))

12

Am

f(z,T)=F(,...,0,2,T),
as an associated graded domain of A,, 1 with respect to the degree function
Wy - O

As an illustration of the hypothesis in Proposition 3.4.9 we note the fol-

lowing implication of the above result.
Corollary 3.4.10. Let A be an affine domain as in (3.1.1) such that

(a) Forr = (ri,...,m,) € ZZy the polynomial a(X1, ..., Xy) is v-divisible in
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the system of coordinates {X1,...,Xm} in klml,
(b) X1 | h( X1, .., Xm, Z,T) in k[X1,...,Xm, Z,T).

Then we can define a degree function w; on Aj_1 such that w; induces an
admissible Z-filtration on A;_1, where Ay := A and A; := gr(Aj_1) for each
7, 1 < j < m, such that

K[X1, ..., Xm, Y, Z,T]
(XTTX22 XY — f(2,T))

1

Am

We now establish a more general version of Theorem C. For convenience we
split the result in two parts. We first prove Theorem C for the case ML(A) = k.

In the statement and proof below we use the notation as in Proposition 3.4.9.

Theorem 3.4.11. Let A be as in Proposition 3.4.9 with v € ZZ,. Suppose
ML(A) = k. Then the following statements hold:

(i) There exists an integral domain A of the form

E[X1, ..., Xm, Y, Z,T]

A= (XT'X02 .. XmY — f(2,7))

with  f(Z,T) = F(0,...,0,2,T)

such that DK(A) = A.

(i) When m =1 or k is an infinite field then there exist a system of coordi-
nates {Z1,T1} of k[Z,T] and ag, a1 € kMW, such that f(Z,T) = ao(Z1) + a1(Z1)T1.

(iii) When f is a line over k in k1 i.e., k[(Zf’)T] = kW, then k[Z,T] = k[f]I1.

Proof. Recall that f(Z,T) # 0 and z1g, ..., ZTmo, Yo, 20, to denote the images

of Xy,..., XY, Z,T in A (=Ap) respectively. For convenience we rename

xio to be z;, for all i € {1,...,m} and yo, 20,%0 to be y, z,t respectively i.e.,
NOW XZ1,...,Tm,Y,%,t denote the images of Xi,...,X,,,,Y, Z, T in A(= Ayp)
respectively. Since ML(A) = k, there exists a non-trivial exponential map ¢
on A such that z1 ¢ A?.

Recall that w; is the degree function on A defined as follows:
wi(z1) = —1Lwi(y) = r,wi(2) = wi(t) = wi(zx;) =0 for all i € {2,...,m}.

Since « is r-divisible in the system of coordinates {X7,..., X, }, we have a =
X{'a; for some o € k™l Since ged(a1(0, Xo, ..., Xm), F(0, X9, ..., X0, Z2,T)) = 1,
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by Theorem 3.3.1 the degree function w; on A induces an admissible Z-

filtration on A with respect to {z1,...,2m,y, z,t} such that

E[X1, ..., Xm, Y, Z,T]

A =gr(A '
! gr( ) (Xrloél(O,X%...,Xm>Y_F(07X27"'?Xm’Z’T))

I

For a € A, let @ denote its image in A;. For convenience, we rename x;; to be
Z; for all i € {1,...,m} and yi, 21,t1 to be 7,Z,t in A; respectively i.e., now
T1,...,%Tm, ¥, Z,t denote the images of X1,...,X,,,Y, Z,T in Ay respectively.
By Theorem 2.3.8, ¢ induces a non-trivial exponential map ¢; on A;. We
shall show that 7 € Afl.

We first note that wy(a) > 0 for all @ € A®. Suppose not. Therefore, there
exists a € A? such that wi(a) < 0. Then z; | @ in A (cf. Remark 3.3.8(ii))
and hence z; € A? (cf. Lemma 2.2.3(i)) which contradicts the choice of ¢.

Suppose, if possible, wy(a) = 0 for all a € A?. Since tr.deg; A® = m + 1
(cf.  Lemma 2.2.3(ii)), there exist m + 1 algebraically independent ele-
ments f1,..., fmi1 € A? with wi(f;) = 0, for 1 < i < m + 1. Set
B := a1(0,x2,...,2,). By Remark 3.3.8(iv), for each i € {1,...,m + 1},
there exists s; € Z>q such that

B% fi = pio(x2,y ..., Tm, 2, 1) + 21 (1, - - ., T, Y, 2, ), Where wy(g;) < 0.
Then for any ¢ € {1,...,m+ 1},

i o I 0(T2, .-, Tm, 2,
BS fi:pi(](x%"'vxm)zvt)a Le., fi:pw( 2 Bsi = ) (343)

and f; € A‘fl for 1 <i<m—+1 (cf. Theorem 2.3.8). Thus

— - _1
k;[fla"'ufm-i-l] gD:k [@)"-ymvzatvg

Suppose, if possible, that {fi,..., fms1} is an algebraically independent set.

Since
1] _ e e T e o 7 1
k = k[T2,...,Tm, 2, t] = A1 — k |T1,T2 ..., Tm, 2, t, — — —
mlTlal(O, T2, ... ,a:m)
and

x_lrlal(oux_%”' 7%)?2 F(O)‘T_27 . .,l‘m72,t),
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we have, tr.deg, D = m+ 1. Therefore, D is algebraic over k[f1, ..., fm+1) and
hence k[Z3,...,Tm, %t C A?" (cf. Lemma 2.2.3(i)). Thus 71,7 € A?", which
contradicts the fact that ¢; is non-trivial. Therefore, there exists a non-zero
Q € k"1 such that Q(f1,. .., fmy1) = 0. Hence it follows that

p10(T3, ... T, 2, F Pm+1)0(T2s - -, T, Z, F)
Q( ( = m %) - Pmiy = " — 0. (3.4.4)

Pi0 (T2, Tm,2,t) 4 T

Now since f; = 1 < i < m, using (3.4.4), we have

B B
Q(fty--oy fmy1) = "gsq for some ¢ € A and s € Zxy, i.e., x1q € f5A. Now
since
A k[Xg..., X, Y, Z,T]
A (F0,Xo,...,Xm, Z,T))
[ is a non-zero divisor in zliA‘ Thus it follows that Q(f1,..., fm+1) = T1q

for some ¢ € A. Since Q(f1,..., fmi1) € A®, it implies that z; € A? (cf.
Lemma 2.2.3(i)), a contradiction to the choice of ¢.

Therefore, there exists an a € A? with wi(a) > 0. Hence 7 | @ (cf.
Remark 3.3.8(iii)) and thus 7 € A‘fl.

By Proposition 3.4.9, there exists an admissible Z-filtration induced by
the degree function w; on A;_; for all 5,1 < j < m, where A4yp = A and
A; = gr(Ai—1), 1 < i< m such that

. E[X1, ..., X, Y, Z,T]
A = Am T T T )
(XT'X02 .. XmY — f(2,7))

12

with f(Z,T) = F(0,...,0,Z,T). Since j(= y1) € A‘fl, by repeated application
of Theorem 2.3.8, we see that ¢; induces a non-trivial exponential map ¢ on
A such that y, € A% Hence by Lemma 3.4.6, DK(A) = A. Thus the
first statement is proved. Now by Proposition 3.4.7, the last two statements
follow. O

We now prove Theorem C for the case DK(A) = A. In fact we prove
a more general statement where the hypothesis DK(A) = A is replaced by
a weaker condition that DK(A) contains an element of positive degree with
respect to a certain degree function. In the statement and proof below we use

the notation as in Proposition 3.4.9.

Theorem 3.4.12. Let A be as in Proposition 3.4.9 with v € ZZ,. Recall that
wy is the degree function on A defined as follows, wi(x19) = —1,w1(yg) =



Chapter 3: On triviality and embedding of Linear Hyperplanes 54

r1, w1 (zi0) = wi(z0) = wi(te) = 0,2 < i < m. Suppose DK(A) contains an

element with positive wi-degree. Then the following statements hold:
(i) There exists an integral domain A of the form

K[X1,..., Xm,Y, Z,T)
(X' X2 XpmY — f(2,7T))

where  f(Z,T)=F(0,...,0,Z,T)

such that DK(A) = A.

(ii) When m =1 or k is an infinite field then there exist a system of coordi-
nates {Zy, Ty} of k[Z,T) and ag,a; € kY, such that f(Z,T) = ao(Z1) + a1(Z1)T1.

(iii) When f is a line over k in k[? i.e., k[(Zf’)T] = kM then k[Z,T] = k[f][M.

Proof. Recall that x1g, . . ., Tmo, Yo, 20, to denote the images of X1,..., X,,, Y, 2, T
in A (=Ap) respectively. For convenience we rename x;p to be z;, for all
i€ {l,...,m} and yo, 20, to to be y, z, t respectively i.e., now x1,...,Tm,y, 2,
denote the images of X1,...,X,,,Y, Z, T in A respectively. As « is r-divisible
with respect to {X1,...,X,,}, we have o = X{'«; for some oy € kMl Since
ged(a1(0, Xo, ..., Xn), F(0, Xo, ..., X0, Z,T)) = 1in k[ Xq,..., X, Z,T)], by
Theorem 3.3.1 the degree function w; on A, defined by

wi(z1) = =1L wi(y) = r,w1(2) = wi(t) = wi(x;) =0 for all i € {2,...,m},

induces an admissible Z-filtration on A with respect to {z1,...,2m,y,2,t}
such that

k[X1,...,Xm,Y, Z,T)
(X{loq(O,Xg, oo ,Xm)Y — F(O,XQ, e ,Xm,Z,T))'

Ay =gr(A) =

For a € A, let @ denote its image in A;. For convenience we rename ;1 to be
Z; for all i € {1,...,m} and yi, 21,t1 to be 7,Z,t in A; respectively i.e., now
T1,...,Tm, ¥, 2, t denote the images of X1,...,X,,,Y,Z, T in A; respectively.
Since DK(A) contains an element of positive wi-degree, there exist a non-
trivial exponential map ¢ on A and a € A with wy(a) > 0 such that a € A?.
Hence § | @ (cf. Remark 3.3.8(iii)). By Theorem 2.3.8, ¢ induces a non-
trivial exponential map ¢; on A; such that @ € A‘fl. Therefore 7 € A(fl (cf.
Lemma 2.2.3(i)). By Proposition 3.4.9, there exists an admissible Z-filtration
induced by the degree function w; on A;_1,1 < j < m, where Ag = A and
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A; = gr(A;_1) for all 4,1 < i < m such that

i K[X1, ..., Xm, Y, Z,T]
' (X7 X502 ... XY — f(2,T))

with 7,22, 1<7<m.

Now by repeated application of Theorem 2.3.8, ¢1 induces a non-trivial expo-
nential map ¢ on A such that y,, € A%. Hence by Lemma 3.4.6, DK(A) = A.
Thus the first statement is proved. Now by Proposition 3.4.7, the last two

statements follow. O

As a consequence we see that if f cannot be made linear by change of

coordinates, then the ring A is not an affine space. More precisely:

Corollary 3.4.13. Let A be an affine domain as in Proposition 3.4.9 with
r € 27, Suppose F'(X1,..., X, Z,T) = f1(Z,T) + h(X1,..., Xpn) for some
fi € KN\ {0} and h € k™. Moreover, let fi(Z,T) 4+ h(0,...,0) has the
property that for any Z1,Ty € k[Z,T)] with k[Z,T] = k[Z1,T}] there does not
exist ag, a1 € E for which f1(Z,T)+ h(0,...,0) =ao(Z1) + a1(Z1)Ty. Then
ML(A) # k and DK(A) # A. In particular, A 2%, kM2,

Proof. Suppose, if possible, that ML(A) = k or DK(A) = A. Let A = A®y
k. Then ML(A) = k or DK(A) = A. Therefore, by Theorem 3.4.11(ii) or
Theorem 3.4.12(ii), we have fi + h(0,...,0) = ao(Z1) + a1(Z1)T; for some
ag, a1 € Y and k[Z,T) = k[Z1,T1], a contradiction to the given hypothesis.

Thus ML(A) # k and DK(A) # A. Hence A 24, k™*2) (cf. Lemma 2.2.4). O

Corollary 3.4.14. Let A be as in Corollary 3.4.10 withr € ZZ,. Suppose that
f(Z,T) has the property that for any Z1,Ty € k[Z,T] with k[Z,T] = k[Z1, T1]
there does not exist ag, a1 € Em for which f(Z,T) = ao(Z1) +a1(Z1)T1. Then
ML(A) # k and DK(A) # A. In particular, A %, k"+2,

Proof. Follows similarly like Corollary 3.4.13. O

Remark 3.4.15. The above results enable one to construct (or recognise) a
large class of affine domains of Russell-Koras type (rings which are regular,
factorial, contractible and satisfy many properties of polynomial rings, without

being a polynomial ring itself). For instance, consider

kXY, Z,T]

f 8]
(X +12Y — (22 + T9) — Xhn(X, 2,T)) 0F Some fn € K7

Al =
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k[X17X27Y7 Z7 T]

f ho € k12
(X X2(X, + X2)Y — (22 1 T°) — ha(Xy, Xg) L o0me iz € F

A2 =

and

k[XhX?a Y7 Z7 T]

Ag = ,
° (X1 X2(X1 + X3)Y — (Z2+T3) — X1hs(X1,Z,T) — Xoha(X1, X2, Z,T))

for some hs3 € kBl and hy € kA By suitable choices of h;, 1 <7 < 4 the rings
A; (1 <1 < 3) can be made to satisfy several properties of polynomial rings.
Observe that Z2+T3+ ), for any A € k cannot be made linear in any system of
coordinates. Hence with the help of Examples 3.4.3 and 3.4.4 and Corollaries
3.4.14 and 3.4.13 we can show that both the Makar-Limanov invariants and
the Derksen invariants of A;, for all 7,1 < ¢ < 3 are different from that of a

polynomial ring; in particular, they are not polynomial rings.

3.5 On Theorem D

In this section we prove an extended version of Theorem D for an affine domain
A defined as follows

E[X1,..., Xm,Y, Z,T)

A= G XY — JT) — (X, X Z.T))

(3.5.1)

where H := a(X1,..., XY — f(Z,T) — h(X1,..., X, Z,T) such that

(a) For r = (r1,...,m,) € ZZ, the polynomial « is r-divisible in the system
of coordinates { X1 — A1,..., X, — A} for some \; € k1<i<m.

(b) Every prime divisor of a(X1,...,X,,) divides h in k[X1,..., X, Z,T).

Let x1,...,Zm,y, 2,t denote the images of X1,..., X, Y, Z,T in A respec-
tively. Since A is a domain, f(Z,T) # 0. We now prove a crucial step towards

proving Theorem D.

Proposition 3.5.1. Let A be an affine domain as in (3.5.1) and ki :=
k(A ..., A\m). Suppose that Al = K™ for some | > 0 and either
ML(A) = k or DK(A) = A. Then k1[Z,T] = ki [f]1.

Proof. Since « is r-divisible with respect to {X1 — A1,..., X;m — A} in k:gm},
for each i € {1,...,m} there exists o; € kgm_lﬂ] such that

O((Xh N ,Xm) = (Xl — )\1)7"1041(X1 — )\1, N ,Xm — )\m),
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where (X1 — A1) f aq and for 2 < i < m,
ai_l(O,Xi - )\7;, e ,Xm - )\m) == (Xl - )\Z)TlaZ(XZ - )\7;, e ,Xm - >\m)

with (X; — A;) 1 ;. Therefore, without loss of generality, we can assume that

k[ Xy, X, Y, Z, T

A= ARk =
I R o (X1 XY — FZT) — (Xnse s X Z.T))

where hy(X1,..., Xm, Z,T) := h(X1+ A1, ..., X+, Z,T). Note that, now
X7i'oy is r-divisible in the system of coordinates {X1,..., Xy} in k:gm]. Next
ML(A’) = k1 or DK(A’) = A’ according as ML(A) = k or DK(A) = A.

Suppose k is an infinite field. Then by Theorem 3.4.11(ii) or Theo-
rem 3.4.12(ii) according as ML(A’) = k; or DK(A') = A’, there exist
a system of coordinates {Z;,T1} of ki1[Z,T] and ap,a1 € kgl} such that
f = ao(Z1) + a1(Z1)T1. Since Al = gl+m+2] note that (A)M = k£l+m+2].
Therefore, by Corollary 3.2.5 we have ki [Z, T] = k1[f][!.

When £ is a finite field, then from the above paragraph we have k[Z,T] =
E[f]M. Therefore, by Lemma 2.4.10 k[Z,T] = k[f]) and hence k[Z,T] =
ka [0, O

Next we prove an easy lemma.

Lemma 3.5.2. Let f = ao(Z) + a1(Z)T for some ag,a; € kI, be an irre-

ducible polynomial of k[Z,T] with (k[(Zf)T]y = k*. Then k[Z,T) = k[f][ll. In

particular, if % = kU then k[Z,T) = k[f] .

Proof. Consider the following two cases.

Casel: If a1(Z) = 0, then f = ao(Z) is an irreducible polynomial. As

(k[(zf’)T]>* = k* it follows that f is linear in Z, and hence k[Z, T] = k[f]l!).

Casell : If a1(Z) # 0, then ged(ap,a1) = 1 in k[Z] as f is irreducible in

k[Z,T). Hence k[(Zf’)T] = [Z, ﬁ] Now since (k[(Zf’)T])* = k* it follows that

a1(Z) € k* and hence f is linear in T. Therefore k[Z,T] = k[f]. O

We now prove an extended version of Theorem D.

Theorem 3.5.3. Let A and H be as in (3.5.1) and for each i, 1 < i < m,
i is separable over k, i.e., k1 := k(A1,...,\pm) is separable over k. Let E :=

kElxi,..., 2] be a subring of A. Then the following statements are equivalent.
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(1) k[X1,..., X, Y, Z,T) = k[X1,..., X, H)P.
(ii) k[X1,..., Xm, Y, Z,T] = k[H]m+2,
(iil) A = klz1,..., 2,2 = BE.
(iv) A = klm+2,
(v) k[Z,T] = k[f(Z,T)]".
(vi) Al = k2] for some 1 > 0 and ML(A) = k.
(vil) f(Z,T) is a line over k in k[Z,T] and ML(A) = k.

(viii) A is an A%-fibration over E and ML(A) = k.

(ix) (a) Whenm =1, A is a UFD, ML(A) = k and ({;1([2277‘)1 ) = k",

T
(b) Whenm > 1, Ay ki is a UFD, ML(A) = k and (

(x) AW = gl+m+2] for some 1 > 0 and DK(A) = A.
(xi) f(Z,T) is a line over k in k[Z,T] and DK(A) = A.

(xii) A is an A2-fibration over E and DK(A) = A.
(F(z71))

(b) Whenm > 1, A@yky is a UFD, DK(A) = A and (%) — "

(xiv) A®y k is a UFD, f(Z,T) ¢ k and there exists a non-trivial exponential

map ¢ on A such that x1,...,Tm,a € AY with wi(a) > 0 (w; is defined
as in Theorem 3.4.12).

(xiii) (a) Whenm =1, A is a UFD, DK(A) = A and < m|2.T] >* =k

Proof. Since a(X7, .

.., Xpm) is r-divisible in the system of coordinates {X; —
Alyenn

, Xm — A} for each ¢ € {1,...,m}, there exists a; € k:gm*iﬂ} such that
Oz(Xl, e 7Xm) = (Xl - Al)rlal(Xl - Al, NN ,Xm - )\m),
where (X1 — A1) f aq and for 2 < i < m,

ai_l(O,XZ- — /\i, PN ,Xm — /\m) = (XPZ — )\i)”ai(X,- — )\Z‘, . ,Xm — /\m)
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with (X; — A;) 1 «;. Therefore, without loss of generality, we can assume that

k[ X1, X, Y, Z, T

A= Aey k&
M R o (X1 XY — FZT) — i (X1se s X Z.T))

where hy(X1,...,Xm, Z,T) == h(X1 + A,..., X;n + A, Z,T). Note that
X1 o is now r-divisible in the system of coordinates {X1,..., X}

We are going to prove the above equivalence of statements in the following

sequence:
(i) = (i) = (iv) = (vi) = (vii) < (viii)) = (ix) = (i)
(xiv) (i) = (x) = (xi) <= (xii) = (xiii) (xiv)

(i) = (xiv): Since k[X1,..., X, Y, Z,T] = k[X1,..., Xm, HI? it follows
that A = k[zq,... ,xm]m = k[x1,...,2m, h1, ho] for some hyi, he € A. There-
fore, A ®y k = kfzy,... ,:cm][Q] is a UFD. Further since A is a domain with
A* = k*, it follows that f(Z,T) ¢ k. Now y € A and wy(y) > 0. Since
wi(z;) <0, for all i € {1,...,m}, either wi(h1) > 0 or wy(h2) > 0. With-
out loss of generality, let wy(h1) > 0. Now we consider the exponential map

¢ : A — A[U] defined as follows

¢(he) =ha+U, ¢(h1)=h1, ¢(z;)=a; forall ie{l,...,m}.
Then one can easily check that A? = k[z1,...,2m, k).
(vi) = (vii) and (x) = (xi): By Proposition 3.5.1 we have k1[Z,T] =

k1[f]M. Since k; is a separable extension over k, by Lemma 2.4.10it follows

that k[Z, 7] = k[f]V, ie., ;57 = k.

(vii) < (viii) and (xi) < (xii): Letp = (1=, s o= Am)E[T1, ., )N
E € Max(FE). Then o € p and 7= < ki is a separable field extension of k.

Hence from Remark 3.1.3 the assertlons follow.
(viii) & (vii) = (ix) and (xii) < (xi) = (xiii) : Since f(Z,T) is a line

over k in k[Z,T] it follows that, (l;l([ZZTT)]) = k[l] and f(Z,T) is irreducible in

k[Z,T]. Hence (%Y = kT and by Lemma 3.1.6, we have A ®; L is a

UFD for every algebraic extension L of k. Thus the assertions follow.
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(xiii) = (v):

(a): Let m = 1. Since A is a UFD and (%)* = k1", by Proposition 2.4.16
f(Z,T) is irreducible in k1[Z,T] as k(A1) = k1. Now as DK(A) = A, we
have DK(A’) = A’. Thus, by applying Theorem 3.4.12(ii) for A’, we have
f(Z,T) = ap(Z) + a1(Z)T for some ag,ay € kw. Therefore by Lemma 3.5.2
k1[Z,T] = ki[f(Z,T)] and hence by Lemma 2.4.10, f is a coordinate in

k[Z,T] as k; is separable over k.

*
(b): Henceforth m > 1. Now A’ is a UFD and ((l;l([ZZ’;C)])) = k1*. Therefore,
by Lemma 3.1.4 f(Z,T) is irreducible in k;[Z,T]. Now since DK(A) = A it
follows that DK(A’) = A’. Therefore, by Theorem 3.4.12(i) there exists an

integral domain A such that

k[ X1, , X, Y, Z, T

A=
(XTTXD2 XY — f(2,T))

with DK(A) = A. By Lemma 3.4.8, there exist [ € {1,...,m} and an integral
domain /Nll such that

A ~ kl(Xl)[Xla"'7Xl—1aXl+17'-'7Xma}/7Z7T]
: (XTTX32 .. XY — f(2.7))

and DK(AZ) = A;. Therefore, by Proposition 3.4.7(i), there exist 71,11 €
kl(Xl)[Z,T] and ag,a; € kl(Xl)[l] such that kl(Xl)[Z,T] = kl(Xl)[Zl,Tl]
and

f(Z,T) =ao(Z1) + a1(Z1)Th.

k(2T \* s BX)ZTI\* _ [ k2T *
Now <(f1([Z7T)])> = ki, therefore (—1(§(§)7[T)) }) = <—(f1([Z7T)]) [X1] @, 1xy k1(Xz))
k1(X;)*. Since f is irreducible in k;[Z,T] it follows that f is irreducible in
k1(X))[Z,T]. Thus, by Lemma 3.5.2, ki(X))[Z,T] = ki(X))[f(Z,T)]Y and
hence by Lemma 2.4.10, f is a coordinate of k[Z, T].

(ix) = (v): Whenm = 1, since A isa UFD and (%Y = k1", it follows by
Proposition 2.4.16 that f(Z,T) is irreducible in k1[Z, T|. Now as ML(A) = k
we have ML(A’) = k1. Thus, by applying Theorem 3.4.11(ii) for A’, we have
f(Z,T) =ap(Z) + a1(Z)T for some agp,a; € k:gl].

Similarly, when m > 1, A’ is a UFD and (l;l([zzg)])* = k1*. Therefore,
by Lemma 3.1.4 f(Z,T) is irreducible in k1[Z, T]. Now since ML(A) = k, it

follows that ML(A’) = k;. Therefore, by Theorem 3.4.11(i), there exists an
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integral domain A such that

A'_ kl[le"'aXM7Y7Z7T]

(XTTXD2 . XY — f(2,T))

with DK(A) = A. Next following the same arguments as in (xiii) = (v), the

implication follows.

(xiv) = (v): We can extend v to a non-trivial exponential map ¢ on A’
(cf. Lemma 2.2.3(iv)) such that 21,...,Zm,a € (A')?. Thus a € DK(A’) and
wi(a) > 0. The proof of Theorem 3.4.12 shows that there exists an affine
domain A of the form

ki[X1,. .., Xm, Y, Z,T)
(XTT X052 XY — f(2,7))

A=

on which ¢ induces a non-trivial exponential map ¢;. For each g € A, let g
denotes the image of g in A. Again the proof of Theorem 3.4.12 shows that
je A% and g € A%, for all g € (A')®. Therefore, Z1,...,&m,5 € A® and
hence ki[Z1,...,&m, 2,1 S DK(A) (cf. Lemma 3.4.6). Now we consider two

cases:

Casel : Let k be an infinite field. Without loss of generality, by Proposi-
tion 3.4.7(1), we have f(Z,T) = ao(Z) + a1(Z)T for some ag,a; € k:gl]. Now
since A ®y, k is a UFD and f ¢ k, by Lemma 3.1.4, we have f(Z,T) is irre-
ducible in k[Z, T).

If a1(Z) = 0, then f(Z,T) = ao(Z) is irreducible in k[Z, T]. Therefore, f
is linear in Z. Hence k[Z,T] = k[f(Z,T)]".

Next let us assume that a1(Z) # 0. By Lemma 2.2.3(iii), ¢; induces a

non-trivial exponential map on

k1(Z1, ..., &m, §)[Z,T]
(B —ao(Z) —ar(Z2)T)’

fil = fi ®k1[i1,...,im,'§] kq (531, cee s Ty y)

12

for some B € ki(%1,...,%m,y). Therefore, Ay is non-rigid. Since f is
irreducible in k[Z,T], ged(ag(Z),a1(Z)) = 1 in k[Z,T]. Then it follows
that ged(8 — ao(Z),a1(Z)) = 1 in k(Z1,...,%m, §)[Z,T]. Hence A, @y k
is integral domain with tr.deg; A; = 1. Therefore, by Remark 2.2.5(ii),
A = kl(ai"l,...,:%m,gj)[l] and hence it follows that a1(Z) € k*. Thus
k[Z,T) = k[f(Z,T)]".

CaselIl : Let k£ be a finite field. Then similarly like in Case I, we can con-
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clude that k[Z,T] = k[f(Z,T)][1. Since k is a separable extension of k, by
Lemma 2.4.10, we have k[Z, T] = k[f(Z,T)].
(v) = (i) : Follows from Lemma 3.2.1.

The rest of the equivalences follows trivially. O

Note that the family of hypersurfaces
a1(X1) - am(Xn)Y — f(Z,T) — h(X1,...,Xm, Z,T),

where every prime divisor of a1(X1) - am(Xpm) in k[X1,...,X,,] divides h
and every a;(X;) has a separable multiple root \; over k, are included in the
family of hypersurfaces mentioned in the above theorem.

Now we state a result connecting Theorem 3.5.3 and the Zariski Cancella-

tion Problem.

Corollary 3.5.4. Let k be a field of positive characteristic. Suppose that
f(Z,T) is a non-triwvial line over k in k[Z,T). Then an affine domain A
satisfying the hypotheses of Theorem 3.5.3 provides a counterexample to the

ZCP and to the A®-fibration problem over k™M in positive characteristic.

Proof. Since f is a line over k in k¥, by [29, Theorem 3.7] we have
Al = k™3] and by Lemma 3.1.2, A is an A%-fibration over k[zy,...,zn).
Now, k[Z,T] # k[f]! therefore by Theorem 3.5.3, A # kl™*2l. Hence A is a
counterexample to the ZCP. Again, by Theorem 3.5.3, A % k[z1,. .., zm]2.

Thus A is a non-trivial A2-fibration over k[z1,. .., o). O

Remark 3.5.5. Let k be a field of positive characteristic and €2y be the set
of all affine domains satisfying all the hypotheses of Theorem 3.5.3. Then the

family of rings

Q:={A(r1,...,rm, f) | (r1,.. . rm) € 22,
and f(Z,T) is a non-trivial line over k in k[Z,T]}
is contained in €y, where

E[X1, ..., Xm, Y, Z,T]
(X' XY — f(2,T))

A, o yrm, f) =

By [24, Corollary 4.4], © contains infinitely many rings which are pairwise

non-isomorphic and are counterexamples to the ZCP in positive characteristic.
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Thus ¢ also contains infinitely many non-isomorphic counterexamples to ZCP

in positive characteristic in higher dimension (> 3).

Remark 3.5.6. Let k be a field of characteristic zero and let r = (71, ...,7) €
Suppose H := a(X1,..., Xpn)Y —f(Z,T)—h(X1,...,Xm, Z,T) be such that «
is r-divisible in the system of coordinates { X1, ..., X, } in kMl and every prime
factor of v divides h in k[ X1, ..., X, Z,T]. Let k[X1,..., X, Y, Z,T]/(H) =
Em+2 If r; = 1 for some 4,1 < i < m, then a has a simple prime factor
in k[X1,...,X,] and hence by Theorem 3.2.7(I), k[X1,..., X, Y, Z,T] =
k[X1,...,Xm, H]P. So over a field of characteristic zero, the hypothesis

r € Zx2 can be relaxed.

3.6 Generalisation of Theorem B and D

In this section we discuss generalisation of Theorems B and D over Noetherian
domains. In this section, throughout R will denote a Noetherian domain. Let
Apr be a domain defined as follows

R[Xy,..., X, Y, Z,T]

AR = (a(X1,.. . XY — f(Z,T) = h(X1, ..., Xm, Z,T)) (3.6.1)

such that a can be expressed as product of prime elements of R[X7, ..., X,,]
and each of the prime factors of « divides h in R[X7,..., X, Y, Z,T| and let
Hrp=a(X1,...,. Xpn)Y —f(Z,T)-h(X1,..., Xm, Z,T). Let z1,...,2m,y,2,t
denote the images of Xy,...,X,,,Y, Z, T in Ap.

We first discuss a partial generalisation of Theorem B (Theorem 3.2.7).

Theorem 3.6.1. Let R be a Noetherian integral domain such that Q C R.
Suppose that the image of «(0,0,...,0) is not a unit in k(p), for all p €
Spec(R) and one of the following condition is satisfied:

(a) « has a simple prime factor in R[X1,...,Xm] \ R.

(b) a has a multiple prime factor ¢ € R[X1,...,Xmn] \ R such that ¢* | h in
R[X1,..., Xpm, Z,T].

Then the following statements are equivalent:
(i) R[X1,...,Xm,Y,Z,T] = R[X1,..., Xpn, Hp]?.

(i) RIX1...., Xm, Y, Z,T] = R[Hg]m+2).

m
Z>1.

=
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(iii) Ar = Rlzy1,...,zm)2.
(iv) Ar = RIm+2,
(v) R[Z,T] = R[f(Z,T)I.

Proof. Note that (i) = (ii) = (iv) and (i) = (iii) = (iv) follow trivially and
(v) = (i) follows from Lemma 3.2.1. We now show the following equivalence
which will complete our proof.
(iv) = (v): Let p be an arbitrary prime ideal of R. Since Ag = RI™*2, we
have Ar ®p k(p) = k(p)™+2. For any a € Apg, let @ denote the image of a in
AR @R k(p).-

Since a(0,...,0) ¢ k(p)*, there are only two possibilities, either @ = 0 or
@ ¢ k(p). We now show that k(p)[Z, T] = k(p)[f][! in both cases.
Casel : a = 0.
Then h = 0 and hence

k(p)"™ = Ap ©R k(p) = (

Therefore, by Theorem 2.4.2 k(p)[Z, T]/(f(Z,T)) = k(p)[} and hence by The-
orem 2.4.1, k(p)[Z,T] = k(p)[f][M.

Casell : @ ¢ k(p).

If condition (a) is satisfied then either @ has a simple prime factor or @ and
h has a common multiple prime factor. Next if condition (b) is satisfied then

@ and h has a common multiple factor. Thus by Theorem 3.2.7, k(p)[Z,T] =

k(p) (1M,
Now we have k(p)[Z, T] = k(p)[f][V, for all p € Spec(R) i.e., f is a residual
coordinate in R[Z,T]. Therefore by Theorem 2.4.8, R[Z,T] = R[f]™. O

Next we prove a partial generalisation of Theorem D (Theorem 3.5.3).

Theorem 3.6.2. Let R be a Noetherian domain containing a field k and let
AR be a domain as in (3.6.1). Suppose the following conditions hold:

(a) There ezists a separable field extension L of k such that either ch.k = 0

or R®y, L is a seminormal domain (Definition 2.4.3).

(b) Forr = (r1,...,rm) € ZZ,y the polynomial « is r-divisible in (R @y, Ly,
i.e., there exist a system of coordinates {X1,...,Xm} of (R®y L)™ and
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n; € (R®y, L)1 1 <i < m such that

a= X" (X (X1, .o, Xom) + -+ X" (X 10m—1(Xm—1, Xim)
+X0m m (Xm)) -+ )

in (Rek L)[X1,...,Xm]

(¢) The coefficients of Nm(Xm) in R ® L generate the unit ideal in R @y L.
(d) Ewvery rank one projective module of R is principal.
Then the following statements are equivalent.

(i) R[X1,...,Xm,Y,Z,T) = R[X1,..., X, Hg]?.

(i) R[X1,...,Xm,Y,Z,T] = R[Hg]"+2.

(iii) Ar = R[z1,..., 2,2,

(iv) Ag = RIm+2,

(v) RIZ.T) = RIf(2,T)V.

Proof. Note that (i) = (ii) = (iv) and (i) = (iii) = (iv) follow trivially and
(v) = (i) follows from Lemma 3.2.1. We now prove the following equivalence
which will complete the proof.

(iv) = (v) : Let R, = R®y L and A, = Rp, ® Ar. Let p be an arbitrary
prime ideal of Ry. Since Agr = RI™*2 we have Ap ®r, k(p) = k(p)™+2. For
any a € Ar, let @ denote the image of a in A, ®p, k(p). Since the coefficients
of Nm(Xyn) in Ry, generate the unit ideal in Ry, @ is a r-divisible polynomial
in k(p)l™, where r = (r1,...,7m) € ZZ,. Hence by Theorem 3.5.3, we have
k(P2 T] = k(p)[F)V.

Since p is an arbitrary prime ideal of Ry, it follows that f is a residual
coordinate in Ry [Z,T] and hence by Theorem 2.4.8, R.[Z,T] = Ry[f]lV.
Therefore, by Theorem 2.4.9 R[Z,T] is isomorphic to the symmetric algebra
of a finitely generated rank one projective module over R[f]. Since rank one
projective modules of R[f] are principal it follows that R[Z, T] = R[f]'). O

Note that in the above proof, if for r = (r1,...,r,) € ZZ, the polynomial

[m]

« is r-divisible in R then we don’t need the condition on projective modules

of R, Thus we have the following result.
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Corollary 3.6.3. Let R be a Noetherian domain such that either Q C R or
R is a seminormal domain. Forr = (ry,...,ry) € 125, suppose o is a r-
divisible polynomial in RIM j.e., there exist n € R Xi,....,Xpn), 1 <i<m
such that

o = X{l (X17’]1 (Xl, ey Xm)+ . —I—X:nm_711 (melnmfl(mel, Xm)+X£1mT]m(Xm)) ..

in R[X1,...,Xm]. Moreover, if the coefficients of nm(Xm) in R generate the
unit ideal in R then all the equivalence of Theorem 3.6.2 holds.

When R = k[ for some n € Z>o then by Theorem 2.4.6, every finitely
generated projective module over k1 is free. Thus we have the following

result.

Corollary 3.6.4. Let R = k[Wy,...,W,](= k™) for some n € Z=q. Suppose
there exist a separable field extension L of k and v = (r1,...,rm) € ZZy
such that « is a r-divisible polynomial in (R ®y, L)[m], i.e., there exist 1; €
(R®k L)[ X, ..., X, 1 <i<m such that

a= XM ( X (X1, X))+ X (X 10m—1 (X1, Xon) X0 0 (X)) - -

m—1

in (R®g L)[X1,...,Xm]. Moreover, if the coefficients of N (Xm) in R ®y L
generate the unit ideal in R ® L, then all the equivalence of Theorem 3.6.2
holds.

)

)



Chapter 4

On rigidity of

Pham-Brieskorn surfaces

The main aim of this chapter is to prove Theorems E, F and G mentioned in the
Introduction. Section 4.1 is dedicated to proving Theorem E (Theorem 4.1.4)
and in Section 4.2 we prove Theorem F (Theorem 4.2.12). Next in Section 4.3
we discuss some auxillary results on rigidity including Theorem G and in

Section 4.4 we discuss some applications of our results.

4.1 Theorem E: Stable Rigidity of the Pham-Brieskorn

domain

We start this section by recalling a definition from [22, Section 2.8].

Definition 4.1.1. For an integral domain A, two non-zero elements f, g of A

are said to be relatively prime in A if fANgA = fgA.

Remark 4.1.2. (cf. [23, Section 1]) Let A be an integral domain. The
following hold when f,g € A are relatively prime in A:

(i) If fhy = ghg for some hy,hy € A then g divides hy and f divides ho.
(ii) f™ and g™ are relatively prime in A for all m,n € Z>;.
(iii) f, g are relatively prime in A", for all n € Z;.

(iv) f,g are relatively prime in A, for any factorially closed subring A; of A

containing f and g.

67
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The following result on stable rigidity has been proved in [36], [23, Theorem
6.1(a)] and [22, Theorem 9.7] over a field k of characteristic zero. We have

modified the arguments in [22, Theorem 9.7] to give a characteristic free proof.

Proposition 4.1.3. Let A be a k-domain of characteristic p > 0. Suppose
x,y, 2 € A\ {0} are pairwise relatively prime in A satisfying x®+y*+2¢ = 0,
for some a,b,c € Zz1 withptabe and 2+ 1 +1 < 1. Then k[z,y, 2] C ML(A).
Moreover, k[z,y,z] C R(A).

Proof. Let ¢ : A — A[U] be a non-trivial exponential map on A and for any
te A o) :=32,09 () U in AU]. We want to show that k[z,y, 2] C A%.
Suppose at least one of z,v, z is in A?, say z € A?. Then z® + y* € A%\ {0}.
Since é + % —1—% < 1, and hence a,b,c > 2, by Lemma 2.4.12, z,y € A? i.e.,
k[z,y,z] € A®. Thus it suffices to show that at least one of x,y, z is in A?.
Suppose, if possible, z,y, z ¢ A?. Then there would exist m € Zs; defined

as follows:

m = min{i € Zs1 | ¢ () # 0 or ¢ (y) # 0 or ¢V (2) # 0}.
Now ¢®(z) = ¢ (y) = ¢ (2) = 0 for all i, 1 <i < m and ¢™ (2 + y° +
2¢) = 0, so by Leibniz rule we would have,

az Lo () + by~ o™ (y) + ez~ o™ (2) = 0. (4.1.1)

Hence, by the definition of m, at least any two of ¢(™)(z), ™) (y), (™ (2)
would be non-zero, say (") (z) # 0 and (M) (y) # 0.
Let M be the 3x3 matrix with elements from A defined by

x Yy z
M = |ap™(z) bp™(y) cp™(z)
0 0 1

Then, by (4.1.1) and the given condition 2% + 4® 4+ 2¢ = 0, we would have

Since x,y are relatively prime in A and z { ¢™(z) (by Lemma 2.2.3(iii)),
it would follow that bz¢(™ (y) — ay¢™ (z) # 0 and hence det(M) # 0. Let
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Adj(M) = (cij). Then

zo! 0 c13 cyo™ (z) — bzg!™ (y)
det(M) yb_l - ZCilAd.] (M) 0 - ZCil C23 = 2671 a2¢(m) (aj) — C$¢(m) (Z)
2o 1 c33 bzp™ (y) — ayo™ (z)

that is,

det(M)z* ' = 27 (eyp™(2) — bz¢(™ (y)) and
det(M)yb=! = 2 az¢p™) () — cxdp™)(2)).

1 1

Next, since z% 1,41 and 2~

mark 4.1.2 (ii)), it follows that

are pairwise relatively prime (cf. Re-

xa—l

divides  (cypt™ (2) — b2pt™ (),
y*=t divides  (az¢™(z) — cz¢™(2)) and
=1 divides  (bzo™ (y) — ayp™ (z)) (= det(M)).

Therefore:
(a —1)degy(r) < degy(y) + degy(z) — m, (4.1.2)
(b—1)degy(y) < degy(z) + degy(r) —m and (4.1.3)
(c — 1) deg,(z) < degy(x) + degy(y) — m. (4.1.4)

Let j = degy(w) +deg,(y) +degy(2). Then from equations (4.1.2), (4.1.3) and
(4.1.4) we get

F<G-mE+i+H<G-DE+i+H<G-1),

a contradiction.

Therefore, at least one of z,y,z and hence all of them are in A?; i.e.,
k[z,y,2] C A®.

Since ¢ is chosen arbitrarily, k[z,y, z] € ML(A).

As ML(A) is a factorially closed domain (cf. Lemma 2.2.3(i)), it follows
that z,y, z are also pairwise relatively prime in ML(A) (cf. Remark 4.1.2(iv)).
Now a simple induction shows that k[z,y,z2] € ML,(A), for all n € Zs;.
Therefore k[x,y, z] C R(A). O

Now Theorem E follows from the above proposition.
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Theorem 4.1.4. Let k be a field of characteristic p > 0. For any

a, 82,83 € Zs1, rye € Lo and p 1 asess, the domain

k[X,Y, 7]

Ba,sopr sape) = (Xa 4 Ys20" | Z530°)

is stably rigid when % + % + é < 1.

Proof. Set B := B(q sypr s3pe) and let A = BI™ = B[X,,..., X,,], for arbitrary
m € Zso. Let x,y,z be the images of X,Y and Z in B respectively. Now
x,y?", 2P" are all pairwise relatively prime in A (cf. Remark 4.1.2 (i) and
(ili)). Further 2@ + (y?")%2 + (2P°)* = 0 in A with (1 + é + é) < 1 and
p { ases3. Therefore, by Proposition 4.1.3, we have x,y?",2P" € ML(A).
Hence B = k[z,y,z] C ML(A), as ML(A) is a factorially closed domain (cf.
Lemma 2.2.3(i)). Therefore, B C A?, for every non-trivial exponential map ¢

on A. Thus B is stably rigid. O

4.2 Theorem F: Rigidity of the Pham-Brieskorn
rings

Recall that for a field k of characteristic p > 0 and for any integer n > 3,

a:= (a1,a,...,a,) € Z%; with p{ gcd(ay, ..., an),

k[X1, Xo,..., X,]

B, =B =
a (a17a21---7an) (Xffl + XSQ + . + Xgn)
denotes a Pham-Brieskorn domain. Note that By, a,.....a,) = B(a0(1)7a0(2>7m7%(n>)
for every permutation o of the set of integer {1,2,...,n}. Let x; be the im-

age of X; in Bg, 4y, an), for i € {1,2,...,n}. Thus By = k[z1,72,...,7,].
Let (dy,ds,...,dy,) = (L/ai,L/aa,...,L/ay), where L = lem(ay,az,...,ay).
Then there exists a unique Zxp-grading on B, with the property that each x;
is homogeneous of degree d;, for all i € {1,2,...,n}. We call it the standard
Z>o-grading on B,. The above mentioned grading is proper and admissible
by Remark 2.3.6 and gr(B(q, a,,....a,)) = B(ay,a2,....an)- FOr any ¢ € EXP(B,),
gg will denote its homogenization with respect to this standard Zxo-grading
(by Theorem 2.3.8 such a homogeneous exponential map <$ exists) and for any
t € B, t will denote its image in gr(B)(= B) with respect to the above men-

tioned grading. By Theorem 2.3.8, if ¢ is non-trivial then gg is also non-trivial.
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Proof of (i), (ii) and (iii) of Theorem F

Let k be a field of characteristic p > 0 and n € Z>3, a := (a1, a2, ..., a,) € ZL,.
We recall the definition of F,,, R, and T,.

Fy = {(a1,a2,...,a,) € Z% [ ptged(ar,az,...,an)},

T, :={(a1,az,...,a,) € Z%; | a; = 1 for some 7, or Ji,j € {1,2,...,n}, i #
j and a; = a; = 2}

and

Ry, = {(a1,0a2,...,0a,) € Z% | a; = 1 for some i, or 34,5 € {1,2,...,n}, i #

j and a; =p",a; = sp® for some 7, s,e € Z>; with r < e}.

(i) Suppose (ai,az,...,a,) € Ry.
Note that if a; = 1, for some ¢, then B, is a polynomial ring over k and
hence B, is non-rigid.
Next without loss of generality, suppose a; = p",a2 = sp® for some
r,s,e € Z>1 with r < e. Then we have a non-trivial exponential map ¢

on B, defined as follows:

pr(z1) = o1 — (22 + 1) =2 )
ér(ze) = 22+ T
ér(x;) = x;, foralli > 3.
(ii) Suppose (a1,as,...,a,) € T), and k is a field containing a square root of

—1; say, i € k is such that 2 = —1.
Without loss of generality, suppose a1 = a2 = 2. Then

B(2,2ya3,-..7an) = k[Xla X27X37 ctty )(’17/]/()(12 + X22 + ‘Xg?) + e + XZ")
> kU V,X3...,X,]/(UV + X5% 4 -+ 4+ Xin)
= klu,v,x3,...,25],

where U := (X1 +iX2), V := (X1 —iX2) and u, v denote the images of
U,V in B, respectively. Then we have a non-trivial exponential map ¢
on B, defined by,

or(u) = wu
or(v) = —((x3+uT)® + -+ (x, + uT)™)/u
or(x;) = x;+uT, for all ¢ > 3.
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(i) Let A := k[X1, Xo,..., Xp]/(X{* + X524+ - -4+ X2 )™ for some m € Zxs.
Note that all the non-domain Pham-Brieskorn rings i.e., By, a,,....a,,) With
(a1,az,...,a,) € Z% \ Fy, are of this form. Further, let x; denote the

image of X; in A, for all ¢ € {1,2,...,n}. Then we have a non-trivial

exponential map ¢ on A defined as follows:

(a) When p{ ], a;, then

ér(xi) = xi+ (1/a)zi(af + 252 + -+ 28)™ 1T, 1 < i < n.

(b) When a,, = sp® for some s,e € Z=1. Then there exists r € Z( such

that r is the largest integer strictly less than m/p°. Now

or(z;)) = x,1<i<n—-1
or(wn) = xn+ (2] + 252+ 4 2l ) T

Proof of (iv) of Theorem F

For convenience we again here recall the definition of F3, R3, T3 and Sj.

F5 ={(a1,az2,a3) € Z;l | ptged(ar,as,as)},

T3 = {(a1,a2,a3) € Z?;l | a; = 1 for some ¢, or

Ji,j € {1,2,3},i#j and a; = a; = 2},

Rs = {(a1,a2,a3) € Z;l | a; =1 for some i, or 34,5 € {1,2,3},
i #j, and a; = p",a; = sp® for some r,s,e € Z>; with r < e}

and

Ss = {(a1,a2,a3) € Zil | 34,7, all distinct with a; = 2, a; = 2m, a; = 2p°,

m € Lo, € € Z>1 and pt2m}.

Now from Section 4.2, it follows that for an algebraically closed field &, if
Bap,e) is rigid then (a,b,c) € F3\ (R3 UT3). We will show step by step that

the converse is true except when (a,b,c) € S3. Let z,y, z respectively denote

the images of X,Y,Z in k[X,Y, Z]/(X® + Yb + Z¢) = Bap,e)-

The first proposition of this section is a useful observation, where rigidity

of a subring guarantees the rigidity of the Pham-Brieskorn domains under

consideration.

Proposition 4.2.1. Let k be a field of characteristic p > 0. For any n € Z>3

let a = (a1,az,...,an) € Z%1,82,...,8n,€2,...,6n € L1 be such that

(i) e2<e3<---<ey
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(ii) a; = sip%, 2<i<n

(iii) ptaisz...sn.

~—

Then every non-trivial exponential map ¢ on the domain By (= k[x1,22,. .., xy]

restricts to a non-trivial exponential map ¢ on the subring A := klz1, .%ZQ)T, ceTh ],

S

where r := ey. Moreover, A¥ = AﬂBg. Thus A rigid implies B, is also rigid.

Proof. Let y; := xfT for i € {2,...,n}. Then 2{* + >, yfipei_r =0 in B,.
Hence

T

A= k[xl,xé’r,...,xﬁ] = klz1,y2,---,Yn)
k[X1,Y2,Y5,..., Y]

(XPT Y52+ Y57 ey

(a1,52,53p°3 7" ,...,5p,p®n ")

where r = eg < eg < -+ < ep. It is well known that A is normal (cf. [21,
Proposition 11.2]). Suppose ¢ : B, — By[T] is an exponential map. Then it
follows that ¢(y;) = ¢(z;)P" € A[T] for i € {2,...,n}. Let K := Frac(A[T])
and L := Frac(By[T]). Note that

P(x)" = —(P(w2)% + -+ play) P )
= —($y2)* + -+ dlyn)"" ) € A[T] C K

(4.2.1)

Next we observe that L/K is a finite, purely inseparable extension and
L : K] = p® 7. Now, as ¢(z1) € L, there exists m € Zsqo such that
¢(x1)P" € K. Since ged(ar,p™) = 1 and ¢(z1)P", ¢(x1)* € K (from (4.2.1)),
it follows that ¢(x1) € K. Therefore ¢p(z1) € K N By[T| = A[T], since A
is a normal domain. Thus every exponential map ¢ on B,, restricts to an
exponential map ¢ on A given by ¢(z1) = ¢(z1) and ©(y;) = ¢(x;)? for
2<i<n. HenceA‘p:AﬂBg. O

Remark 4.2.2. The converse of the above proposition is not true in general,
i.e., A non-rigid may not imply that B, is non-rigid. For example, over an
algebraically closed field k of characteristic p > 2, B(3 9, opr) is 1igid for any
7 € Zz1 (cf. Lemma 4.2.10) but A = B(3 59 is non-rigid.

Remark 4.2.3. Suppose (a,b,c) € F3\ T3 and p { abe. By Proposition 4.1.3,
we know that B(qp.c) is rigid if (% + % + %) < 1. Without loss of generality

if we assume a < b < ¢, then the remaining cases we need to consider are
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a=2,b=3and c € {3,4,5}. Note that in every such case, we get two pairs

among a, b, ¢ which are co-prime.

We shall now discuss the rigidity of Pham-Brieskorn domains B, ) where

two pairs among a, b, ¢ are co-prime. We first prove two lemmas in this regard.

Lemma 4.2.4. Let k be a field of characteristic p > 0 and let (a,b,c) € F3\R3
be such that ged(a,bc) = 1. Then for any non-trivial exponential map ¢ on
B:= B(a,b,c) - k[x,y,z], {x7yaz} NB?=a.

Proof. Since ged(a,b) =1, z is prime in B and since ged(a, c) = 1, y is prime
in B. Let ¢ be a non-trivial exponential map on B.

Suppose, if possible, that 2 € B?. Then y° + 2¢ € B?\ {0}. We show that
both y and z are in B?, which will contradict the fact that ¢ is non-trivial.

CaseI: Suppose p does not divide one of b and ¢, say p 1 ¢. Then, by
Lemma 2.4.12 or Lemma 2.4.13, according as p { b or p | b we have y, z € B?.

Case Il : Suppose p divides both b and c. Let b = s9p” and ¢ = s3p® for some
59,83,6,7 € Z>1 withe > rand p{ sas3. Now 3 + 2¢ = (y°2 + 257" ")P" ¢ B {0},
hence by Lemma 2.2.3(i), y*2 + 237" € B?\ {0}. If e > r then sy > 1 since
(a,s2p", 53p°) ¢ R, and hence by Lemma 2.4.13, y,z € B®. Next when e = r
then s, 53 > 2, since (a, s9p”, s3p°) ¢ R3. Then by Lemma 2.4.12, y, 2z € B®.
Hence z ¢ B?.

Now suppose, if possible, that y € B®. Then 2% 4 2¢ € B®\ {0}. If pt ¢
then, by Lemma 2.4.12 or Lemma 2.4.13, according as p t a or p | a we have
r,2 € B?. But ¢ is non-trivial hence p | ¢. Then p { a since ged(a,c) = 1.
Let ¢ = s3p® for some s3,e € Z=; with p { s3. By Lemma 2.2.3(vi) and Re-
mark 2.2.5(i), ¢ induces a non-trivial exponential map on the integral domain

B = B @y k(y) = kW)X, Z]/(X* + Z¢ + y?). Since tr. degmB =1, by
1]

Lemma 2.2.3(v) we have B = k(y) . Now consider the irreducible polynomial,

F(X,2) = X+Z°+y’ €k(y)[X, Z]
= X%+ (Z* — B)" for some 8 € k(y).

Let v be a root of Z% — . Then M := (X,Z — ) is a maximal ideal
of k(y)[X,Z] and F € M2 Thus B is not a normal domain, in particular
B+ k(y)m. This leads to a contradiction. Hence y ¢ B®.

Similarly we can show that z ¢ B?. Thus our lemma follows. O



75 4.2 Theorem F: Rigidity of the Pham-Brieskorn rings

Lemma 4.2.5. Let k be an algebraically closed field of characteristic p > 0
and (a,b,c) € F3\ R3 with gcd(a,bc) = 1. Then for any non-trivial exponential
map ¢ on B 1= B = klr,y, 2], ytld 4 el e B® for some p € k* and
d = gcd(b, ¢) (for the meaning of ¢ please refer to beginning of this section).

Proof. Let ¢ be a non-trivial exponential map on B and let f € B?\ k. Using

the relation % = —(y® + 2°), f can be uniquely written as
a—1 )
f=>_ fily,z)z" for some polynomials f;(y,z) € kly, z] in B.
i=0

By Lemma 4.2.4, x ¢ B?. Therefore fo(y,z) ¢ k. Now we consider the
standard Zsg-graded structure on B, given by

wt(x) =be/d, wt(y) =ac/d, wt(z)=ab/d, d=ged(b,c).

Let deg denote the degree function corresponding to the above grading.

If deg(z1y/121) = deg(z™2y722"2) for some i1, 19, j1, jo, 11,12 € Zso with
0 <41 < iz < a. Then ((j1 — j2)(c/d) + (I1 — l2)(b/d))a = (i2 — i1)(be/d),
which implies that a|(i2 — i1)(be/d). But ged(a,bc) =1 and 0 < i9 — i1 < a.
Therefore two different powers of & cannot occur in f

Thus f: f%;;)acZ for some i, 0 < ¢ < a. Now by Theorem 2.3.8, $ is
non-trivial and f € B9, By Lemma 4.24 x ¢ B‘g, therefore f = f@).
Next, k is an algebraically closed field, so f = Ay" 2™ [1c AW 4 27 for
some A, yu; € k*, r,m € Z>o and a finite set A C Z>¢, in B.

By Lemma 4.2.4 y,z ¢ B®sor =m=0. If f has two distinct fac-
tors, y?/% + p12% and Y% + ppz/?, then z € Bg, a contradiction. Thus
f = Ay"% + p2¢/%)" for some \, pu € k* and r € Z>1. Hence Y4 pzcld e B®
(cf. Lemma 2.2.3(i)). O

Theorem 4.2.6. Let k be a field of characteristicp > 0 and (a,b,c) € F3\ (R3UT3)
with ged(a,be) = 1. Then B := B = k([z,y,2] is a rigid domain.

Proof. In view of Remark 2.2.5(i), we assume k to be an algebraically closed
field. Suppose, if possible, that there exists a non-trivial exponential map
¢ on B. By Lemma 4.2.5, y"¢ + uz¢/* ¢ B?\ {0} for some p € k* where
d = ged(b, ¢). Note that ged(a,bc) = 1 so y, z are prime in B. For convenience
let b < ¢. Next we consider different cases and arrive at contradiction in each

of them and hence it will follow that B is a rigid domain.

Casel:d<b<ec.
Then b/d,c/d > 2 and since y,z are primes in B, by Lemma 2.4.12 or
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Lemma 2.4.13 it follows that y,z € B?. Thus @ is a trivial exponential map,
a contradiction.

Casell:d=b < c.

Then y + ,uz% € B for some p € k*. Now for every X in k*

B KXY, Z] . kX7

(y+pz/ = N)B (X0 + Y04 Ze Y +pZe/b —X) (X9 + Py(Z¢/b))’

where

PA(T) := (1+(—u)b)Tb+( >>\(—NT)”_1+- St <11’> NN (—pT)+X € K[T).

(4.2.2)
Then P\(T) € k* if and only if 1 + (—u)® = 0 and b = p" for some r € Z>.
But (a,b,¢) ¢ Rz and hence y + pz¢" — X is a prime element of B for all

A € k*. Therefore by Lemma 2.4.11, there exists a 8 € k* such that ¢ induces

b—1

a non-trivial exponential map on the integral domain B:= B/(y+upz"—B3)B.

Now
~ k[X, Z]

PE Xt pyzem)y

I

Since tr.deg, B = 1 hence by Remark 2.2.5(ii), B = k[, Thus Ps(Z¢/?)
should have a linear term in Z. This is not possible as ¢/b > 1.

CaselIIl : d = b = ¢ and p|b.

As in Case II, we get pu, S € k* such that ¢ induces a non-trivial exponential

map on the integral domain B:= B/(y+ pz — B)B and

_ KX, 7]
P X p(2)

1

= kM

But p|b hence Pg(Z) does not have a linear term. Therefore, B # k1 a
contradiction.

CaselV :d=b=c, ptband pla.

Following Case II, we get u, 8 € k* such that y + uz € B? and

~ ~ kX, Z]
B-—B/(ZH-MZ—B)B—W

= k.

Now b = ¢ > 3 (as (a,b,c) € T3) and p 1 b therefore deg, Pg(Z) > 2. When
p1 (b— 1) then the coefficient of Z*~2 in P[;(Z) is non-zero. When b = sp” + 1
for some s € Zso, 7 € Z=1 with p{ s then the coefficient of Z(~DP" in P[;(Z) is
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non-zero. Thus degy P4(Z) > 1 except when 1+ (—p)=0andb=c=p +1
for some r € Z>1. Now when degy P5(Z) > 1 we can find a1, a2 € k such that
Pgaz) = 0 and af + Pg(az) = 0. Therefore by Jacobian criterion B is not
normal hence cannot be k!, a contradiction.

Let us now consider the case when 1+ (—p)? =0 and b =c=p" + 1 for
some r € Z>1. Let a = s1p™ for some s1,m € Z>1 and p{ s;. Now when p > 2
and s1 > 1, then 1/s1 +1/(p" + 1) +1/(p" +1) < 3+ 7+ 1 = 1 and when
p=2with s > 3 then 1/s1+1/(p" +1)+1/(p" +1) < 3+ 3 + & =1, hence
by Theorem 4.1.4, B is rigid. Thus the only remaining case is when s; = 1.

Suppose s;1 = 1. Let Z1 = —puZ and Y1 =Y +uZ =Y — 71, then

XP" L ypP L gl

D AT e (AR (Vi

Therefore B = Bpym i1y 2 KX, Y1, Z1)/(XP" + VP T + vP 20 +
YlZfT) = kl[z,y1,21], where z,y1(= y + pz),z1(= —pz) denote the images
of X,Y1,Z; in B respectively. Now y; € B? hence by Lemma 2.2.3(vi), @

induces a non-trivial exponential map on

Bri= k)X, 20/ (X" + A+ Zi+f ),
Next By ®k(y1)m = @[1], by [5, Proposition 4.2]. Since tr. degy,,) B1 = 1
hence by Remark 2.2.5(ii), By = k(yl)m. But according to [5, Remark 4.5], B;
is a non-trivial A'-form over k(y;) (i.e., By # k(y1)!!). This is a contradiction.
CaseV:d=b=c, ptab.
By Theorem 4.1.4, if (% + % + %) < 1 then B is rigid. So the remaining case
is when a =2 and b = ¢ = 3. As in Case II, we get u, 8 € k* such that
B:= B/(y+uz—5)g%:km,

with P3(Z) = (1 — pu®)Z% + 3Bu>Z? — 382uZ + B € k| Z].

If 1 — 3 # 0, then deg,(Ps(Z)) = 3. Now since B = k[ there exists
a surjective k-algebra homomorphism, ¥ : k[X, Z] — k[T](= k1) such that
degr(¥ (X)) = degz(Ps(Z)) = 3 and degy(¥(Z)) = 2. So all the conditions
of Epimorphism theorem (cf. Theorem 2.4.1) are satisfied. But ged(2,3) =1,
which leads to a contradiction. So p® = 1. Therefore X2 + Pg(Z) = X% +
38utZ? —36%uZ + ° = X2 +3B8(uZ — B/2)? + 83/4. Then X2 + Pg(Z) has

XP" 4 (Yy 4 Z1)P' L — (Z7)P" ) since (—p)P = —1
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no linear term in the new coordinates X and Z; := (uZ — 5/2) and hence
B # k[, This leads to a contradiction. O

Now we consider all those Pham-Brieskorn domains B, ) over a field k

of characteristic p > 0 such that p ¢ abe.

Theorem 4.2.7. Let k be a field of characteristic p = 0. Then B, ) is rigid
when (a,b,c) € F3\ T3 with p { abe.

Proof. By Remark 4.2.3 and Theorem 4.2.6 the theorem follows. O

Next we turn our attention to all those Pham-Brieskorn domains By,
over a field k of characteristic p > 0 where only one among a, b, c has p as a

factor.

Theorem 4.2.8. Let k be a field of characteristic p > 0 and B := B(qy,)
with ¢ = sp® for some a,b,s,e € Z>1 with p ¥ abs. Then B is rigid when
(CL, b, C) ¢ (T3 U SS)

Proof. If (% + % + %) < 1 then by Theorem 4.1.4, we know that B is rigid.

Next if s = 1, then ged(ab,c¢) = 1 and hence by Theorem 4.2.6, B is rigid.

So henceforth we assume that (2 + 3 +1) > 1 and s > 1.

For convenience let a < b. Then the remaining cases are {a,b, s} = {2,3,5}
or {2,3,4} or {2,3,3} or a = 2,5 = 2,b > 2. Now we consider two cases and
show that in each case B is rigid.

Casel: {a,b,s} ={2,3,5} or {2,3,4} or {2,3,3}.
Then as p 1 abs, in every case we get two pairs among a, b, ¢, which are co-

prime. Therefore by Theorem 4.2.6, B is rigid.

CaselIl:a =2 = s and b is an odd integer greater than 1 since (a,b,c) ¢ S3
ie., (a,b,¢) = (2,2m + 1,2p°) for some m € Z>;.

Then ged(ac,b) = 1 since 2 4 b and p 1 b. Thus the result again follows from
Theorem 4.2.6. O

Next we consider all those Pham-Brieskorn domains B := B, ) over a
field £ of characteristic p > 0 such that p occurs as factors in both b and c.
Let b = sop” and ¢ = s3p° for some sg, s3,e,r € Z>1 such that p { asess and

e=r.

Lemma 4.2.9. Let B = B, s,pr s5pe
that p f asess and e > r. Suppose ¢ is an exponential map on B = klx,y, z].
Then x,y% + 2%P°"" € B?®. Hence it implies that x,y*> + 23" € ML(B).

) for some sa,83,€,7 € Z>1, a € ZL>2 such
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Proof. Note that if ¢1 := ¢ ® id is the extension of ¢ on B ®j, k and z, y** +
253" € (B ®y k)%, then x,y%2 4 2% " € (B ® k)?* N B = B®. Therefore
we assume henceforth k is an algebraically closed field.

Let ¢ be a non-trivial exponential map on B and f € B? \ k. Let
p = (x,h(y,2))B, where h(y,z) is an irreducible factor of y%2 4 z%3P""
Then p is a prime ideal of B of height one and B, is not a normal do-
main. Now by Lemma 2.2.3(vi), ¢ induces a non-trivial exponential map
on By := B®ys k(f). Since tr.degy s B1 = 1, by Lemma 2.2.3(v), By = L,
where L is the algebraic closure of k(f) in By. Hence By is a normal domain.
Therefore pBy = By, i.e., pNk[f] # (0). Hence pNk[f] = (f — A,)k[f] for some
Ap € k. Let f = Z?;ol i(y, z)x* for some polynomials f;(y, z) € kly, z]. Then
as f — A, € p, it follows that 6, := fo — A, € (h)B. Thus if hy, ha, ..., h, are
all the distinct irreducible factors of y*2 + 2%3P°"" for some n € Z>; then we
obtain 0,,,0,,,...,0,, € k[y, z] such that ] , 6,, € (h1ha...h,)B. Therefore

there exists m € Zx1 such that

n

(T /o= 2)™ = Q10" € (™ + 27" ") )B C (2)B. (4.2.3)
i=1 i=1

Hence ([T, f — Ap)™ € (2)B, by (4.2.3). Since ([]/_,(f — A\p))™ € B? so

x € B? (cf. Lemma 2.2.3(i)) and hence y*2 + 257" ¢ B?. O

Lemma 4.2.10. Let k be a field of characteristicp > 0. Let By = B(3 2mpr sspe)
for somem, s3,r,e € Z>1 such thate > r, pt2mss and (2,2mp", s3p°) € F3\ Rs.
Then By is rigid.

Proof. Without loss of generality, we assume, k to be an algebraically closed
field (cf. Remark 2.2.5(i)). Let ¢ be an exponential map on B;. Then by
Lemma 4.2.9, z,3%™ 4 250" ¢ Bf. We will show that y, z € Bf. Then ¢ is
a trivial exponential map. So Bj is rigid.

Casel : s3 is odd.

Note that if s3 = 1 then e > r as (2,2mp",s3p®) € F3 \ Rs. Now
e BY it
follows that y, z € Bf, by Lemma 2.4.12 or Lemma 2.4.13, according as e =

ged(2,s3p°) = 1 hence y is prime in Bj. Since y?™ + 2%

ore>r.

Casell : s3 is even, say s3 = 2s4 for some s4 € Z>1 and ¢ € k be such that
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T

Now y2m + 224" ¢ B‘f. Hence y™ + 257" y™ — 254" ¢ B‘f (cf.
Lemma 2.2.3(i)). Therefore y, z € Bf. 0

Theorem 4.2.11. Let k be a field of characteristic p > 0. Suppose
B = B(g,sypr,sype) for some sa,83,e,7 € L1 such that p { asas3 and e > .

Then B is a rigid domain whenever (a, sap”, s3p®) € F3 \ Rs.

Proof. Without loss of generality, we assume, k to be an algebraically closed
field (cf. Remark 2.2.5(1)). We consider the subring A := k[z,y?", 2P| =

Ba,s5,53pe—7) of B. Based on e,r we consider two cases:

Casel: Let e = r. Since (a, sop”, s3p”) € F3 \ R3 we have sq, s3 > 2.
By Lemma 4.2.9, x,y%2 + 2% € ML(B). Since s9,s3 > 2, therefore by
Lemma 2.4.12, x,y, z € ML(B) i.e., ML(B) = B. So B is rigid.

CaselIl : Let e > r then since (a, s2p”, s3p°) € F3 \ R3 we have so > 2.
When (a, s2,s3p™") € F3\ (I3 U S3), then A is rigid by Theorem 4.2.8 and
hence by Proposition 4.2.1, B is also rigid. In the remaining cases, one among

a and sg is 2 and the other is even. Hence by Lemma 4.2.10, B is rigid. O
Now Theorem B(iv) follows.
Theorem 4.2.12. B,y is rigid when (a,b,c) € F3\ (R3 UT3U Ss).

Proof. By combining Theorems 4.2.7, 4.2.8 and 4.2.11 the theorem follows. [

4.3 Theorem G: Some Auxiliary Results on Rigidity

In this section we prove Theorem G. We first prove a technical lemma.

Lemma 4.3.1. Let R be a Z>g-graded, finitely generated k-domain. For ar-
bitrary r € Z>1 and h,/l; € R let
R[X] A R[X]

and C :=

CTmen ™M T wen

be two integral domains, where h is the highest degree homogeneous summand

of h. Then we can define an admissible Z-filtration on C such that gr(C') = C.

Proof. Let d denote the degree function induced on R by the given Z>o-grading

(cf. Remark 2.3.3). We can assume that r divides d(h), if necessary we
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can change the grading by multiplying the degree function suitably and set
a = d(h)/r. We regard R as a subring of C. Let = denote the image of X

in C'. By using the relation 2" = —h, every g in C has a unique representation
as
r—1
g= Zgjx] for some g; in R. (4.3.1)
§=0

Let deg : C'\ {0} — Z>( be a function defined by,
deg(g) = max {d(g;) + ja}.

It is clear that deg is a semi-degree function. We now show that for non-zero
fyg € C with deg(f) = [ and deg(g) = m we have deg (fg) = | + m. This
would imply that the above defined deg is a degree function on C.

Let f,g € C\ {0} with deg(f) = [ and deg(g) = m. Let fy and go
respectively denote the highest degree homogeneous summands of f and g in
C. Let

r—1 r—1
fo=)_ foje’ and go =Y goir'
j=0 =0

be the unique representation of fy and go respectively, where fo;, 0 < j <,
are either zero or homogeneous elements of R with deg(fo;) = | — ja and
goi, 0 < 1@ < r, are either zero or homogeneous elements of R with
deg(goi) = m — ia. Suppose, if possible, that deg(fg) < I + m. Then
we would have deg(fogo) < !+ m, i.e.,

r—1 2r—2
> foigoir™ + > fojgoi(—h)a T =0,
i+j=0 itj=r

ie., (Z;;é fojr?) (X025 goiz’) = 0 in C (we use the same symbol z for the
image of X in C). Now as C is an integral domain, it would follow that
either Z;;é fojz? = 0 or Z::_& goiz’ = 0, say Z;:_& goiz' = 0 in C. Since
{1,2,...,2""'} is a basis of C over R, it would follow that go = 0 in C, a
contradiction. Thus deg(fg) =1+ m.

Since R is a finitely generated k-domain and since R is a graded ring with
respect to the degree function deg, by (4.3.1), it follows that this filtration on
C is admissible with respect to a homogeneous generating set of R and z.

Let C denote the associated Z-graded domain determined by the above
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filtration. For any g € C, let § denote its image in C. Note that R can be
regarded as a graded subring of C.

Let ¢ : R[X] — C be the surjective R-algebra homomorphism defined by
W(X) = 7. Since 2" + h = —(h — h) and since deg(h — h) < deg(z" + h), we
have Z" + h = 0 in C. Since C is an integral domain with tr.deg, C' = 0 and
(X" + /f;) is a prime ideal of R[X], it follows that 1) induces an isomorphism
¥ R[X]/(X"+h)—C. 0

In particular, when R = k2, we have the following result which will be

needed subsequently.

Corollary 4.3.2. Letr € Z>1 and h(Y, Z) € k[Y, Z] be such that X" +h(Y, Z)
is a prime element of k[X,Y, Z]. Suppose k[Y, Z] has a Z=o-graded structure
such that X" —I—ﬁ(Y, Z) is also a prime element of k[X,Y, Z], where ﬁ(Y, Z)
is the highest degree homogeneous summand of h. Then we can define an

admissible Z-filtration on

k[X.Y, Z]

~ kXY, Z]
m such that gI'(C)

C:= == -
(X" + h(Y, Z))

The next lemma has been proved by Crachiola and Maubach over a field of

characteristic zero ([12, Lemma 5.1]). We prove it for arbitrary characteristic.

Lemma 4.3.3. Let a,b,c € Z>9 with gcd(a,b,c) = 1. Then
D :=Ek[X,Y,Z]/(X®+YbZ°) is a rigid domain.

Proof. Let x,y, z denote the images of X, Y and Z in D respectively. Suppose,
if possible, that there exists a non-trivial exponential map ¢ on D and let
feD?\ k.

We first show that {x,y,2} N D? = @. If x € D? then y,z € D?,
since D? is factorially closed (cf. Lemma 2.2.3(i)), contradicting the fact
that ¢ is non-trivial. So x ¢ D?. Next suppose, if possible, that y € D?.
Then by Lemma 2.2.3(vi), ¢ would induce a non-trivial exponential map on
D := k(y)[X, Z]/(X®+y"Z¢). Then, denoting L to be the algebraic closure
of k(y) in D, by Lemma 2.2.3(v), we would have D = L. However, when
¢ > a then z/z is in the integral closure of D in FracD but not in D and when
¢ < a then z/z plays the same role, showing that D is not a normal domain
In particular, D # LW a contradiction. Therefore y ¢ D?. Similarly we can
conclude that z ¢ D?.

We consider two different Z-gradings on the k-algebra D, given by
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wti(x) =¢, wti(y) =0, wti(z) =a
wta(z) =b, wta(y) =a, wta(z)=0.

By Remark 2.3.6, both the gradings define admissible Z-filtrations on D. Now
we are going to apply the gradings one by one. For each g € D, let g denote
the image of g under the composite map D — gri(D) — gra(gri(D)). For
I =1,2, let deg; denote the degree function corresponding to the weight wt;.
By Theorem 2.3.8, ¢ induces a non-trivial exponential map ¢ on D(= gri(D))
with respect to deg;, and then ¢ induces another non-trivial exponential map
¢ on D(2 gra(gr1(D))) with respect to deg,, such that gra(gri(f)) = f € De.
Then f¢ k and with the help of the relation 2% = —y?2¢,

f= Z hi(y,z)x’  for some non-zero polynomials h;(y, z) € kly, z]
el
with I' € {0,1,...,a — 1}.
We now show that I' is a singleton set. Suppose, if possible, there exist
distinet 4,5 € I'. Then deg;(h;(y, 2)x?) = deg;(h;(y, 2)a’) for | = 1,2. Let
oy = deg,(hy) and 8; = deg, (ly) for | =4, j. Since deg, (hi(y,z)z") = deg,(h;(y,z)z?),

we would have

a;a+ic = aja+ jc and hence (o; —aj)a = (j —i)c, (4.3.2)
and degy(h;(y, 2)x') = degy(h;(y, 2)27), would imply

pia +ib = Bja+ jb and hence (B; — fBj)a = (j —i)b. (4.3.3)

From (4.3.2) and (4.3.3) it would follow that there exists a prime factor p;
of a such that p1|c and p1|b, and hence p;|gcd(a, b, c). But ged(a,b,c) = 1, a
contradiction. Thus |I'| = 1.

Again since x ¢ D? by the earlier argument, it would follow that
]? = ho(y,z) = Ay"z™, for some A\ € k*, m, n € Z>o with at least one
of them strictly greater than 0. Therefore either y € D? or » € D? which is
not possible. Thus there does not exist any non-trivial exponential map on
D, hence D is rigid. O
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We now prove Theorem G, with the help of Corollary 4.3.2 and Lemma 4.3.3.

Theorem 4.3.4. Let k be a field and a,b, ¢ € Z=2 be such that ged(a,b,c) = 1.
Then for any F(Y) € k[Y], D := k[X,Y, Z]/(X® + YZ°+ F(Y)) is a rigid
domain.
Proof. Let x,y, z be the images of X,Y and Z in D respectively. We define a
Z=o-graded structure on k[Y, Z], given by wt(Y') = 0 and wt(Z) = a. Then the
highest degree homogeneous summand of Y?Z¢4F(Y)is Y*Z¢ and X*+Y?bZ¢
is irreducible (as ged(a, b, c) = 1) and hence prime in k[X, Y, Z]. Therefore, by
Corollary 4.3.2, the degree function deg : D \ {0} — Z>¢ defined by

deg(z) =c, deg(y) =0, deg(z)=a
admits an admissible Z-filtration on D such that
gr(D) = k[X,Y, Z]/(X* + Y Z°).

By Lemma 4.3.3, gr(D) is rigid and hence, by Theorem 2.3.8, D is also rigid.
O

4.4 Applications

As an application of Theorem F and results of Section 4.3, we now prove rigid-
ity of certain surfaces and threefolds. We first consider Asanuma threefold,
which gave the first counterexample to the Zariski Cancellation Problem in

positive characteristic for n = 3 ([27]).

Proposition 4.4.1. Let k be a field of characteristic p > 0. Let

k[X,Y, Z,T]

B - 'a € )
(XmYn + T 4 7Zp°)

for some m,n,q,r,e € Z=1 withp{q ande >r > 1. Let z,y, z,t respectively

denote the images of X, Y, Z, T in B. Then the following statements are true:

(i) If ptm and m,q > 2, then there does not exist any non-trivial exponen-
tial map ¢ on B such that y € B?.

(ii) If m,n > 2 and gcd(m,n,p) = 1, then there does not exist any non-trivial

exponential map ¢ on B such that t € B?.
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(iii) If myn > 2 and ged(m,n,pq) = 1, then there does not exist any non-

trivial exponential map ¢ on B such that z € B®.

Proof. Let ¢ be a non-trivial exponential map on B.

(¢) Suppose, if possible, that y € B?. Then, by Lemma 2.2.3(vi) and Re-
mark 2.2.5(i), ¢ induces a non-trivial exponential map on

B :=k(y)[X,Z,T]/(y"X™ + T® + ZP). Sincee >r,q>1andm > 1,
we have (m,qp",p°) € F3\ Rs. Hence, by Theorem 4.2.11, B is rigid, a con-

tradiction.

(i4) Suppose, if possible, that t € B?. Then again by Lemma 2.2.3(vi), ¢ in-
duces a non-trivial exponential map on B := k(t)[X,Y, Z]/(X™Y™ + ZP° + 7).
Since m,n,p® > 2 and ged(m,n,p®) = 1, by Theorem 4.3.4, B is rigid, a con-
tradiction.

(#43) Suppose, if possible, that z € B?. Then, as before, we get a non-
trivial exponential map on B := k(z)[X,Y,T]/(X™Y"™ + T%" 4 2¢). Now
m,n,qp” > 2 and ged(m,n,qp”) = 1, hence by Theorem 4.3.4, B is rigid, a

contradiction. O

Remark 4.4.2. Proposition 4.4.1(i) provides an alternative proof of [27,

Lemma 3.5] in some cases.

The next result relates the rigidity of Pham-Brieskorn surfaces with its

translates.

Proposition 4.4.3. Let A = k[X,Y,Z]/(X® + Y® + Z¢ + )\) for some
(a,b,c) € F3 with A € k. Then A is a rigid domain whenever B, ) is
rigid.

Proof. Let x,y, z be the images of X, Y and Z in A respectively. We define a
Z>p-graded structure on k[Y, Z], given by wt(Y') = ac and wt(Z) = ab. Then
the highest degree homogeneous summand of Y 4+ Z¢ 4 X is Y? + Z¢. Now
X4+ Y?4 Z¢is a prime element of k[X,Y, Z] because (a, b, c) € Fs. Therefore
by Corollary 4.3.2, the function deg : A\ {0} — Z>( defined by

deg(xz) =be, deg(y) =ac, deg(z)=ab

admits an admissible Z-filtration on A such that

K[X,Y, Z]

A) = =B .
gr( ) (Xa +Yb+ Zc) (a,b,c)
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By Theorem 2.3.8, every non-trivial exponential map on A induces a non-
trivial exponential map on gr(A) = B(,). Therefore A is rigid whenever

B(a,b,c) is rigid. O

As we have seen in [27], the non existence of non-trivial exponential maps
turns out to be crucial in settling the triviality or otherwise of important affine
domains. Below we give a few sufficient conditions for non existence of certain

non-trivial exponential maps on certain Pham-Brieskorn threefolds.

Proposition 4.4.4. Let k be a field of characteristicp > 0. For (a,b,c,d) € Fy\ (R4U Ty)
let B =k[X,Y,Z,T|/(X*+Y"+ Z°+ T = Bl pca) = kl[z,y, 2 ] (where
x,y, z,t respectively denote the images of X,Y,Z and T in B). Then for the
following conditions on b, ¢, d, there does not exist any non-trivial exponential

map on B fixing x.
(1) (b,C,d) € F3 \ 53'

(il) b = sop™, ¢ = s3p” and d = s4p° for some sa, 83,84, M, 1,6 € L1 with
p 1528354, m <1 < e and (s2,83p" """, s4p€™™) € F3\ (T3 U S3).

Proof. Suppose, if possible, ¢ is a non-trivial exponential map on B with

x € B®. We arrive at a contraction in each case.

(¢) By Lemma 2.2.3(vi) and Remark 2.2.5(i), ¢ induces a non-trivial exponen-

tial map on

5.__ k@, 2T]
S (YP 4 Ze+Td 4 20)

By the given condition (b, ¢, d) € F3\ (R3UT3US3), hence by Theorem 4.2.12,
Bp,c,q) is rigid. Therefore by Proposition 4.4.3, B is rigid. This leads to a

contradiction.
(i%) Since (a,b,c,d) € Fy, pta. Let A := k[z,y?",2P" ,#*"] be a subring of B.
Then

k[X,Y, Z,T] .
(X@ 1 Y52 4 Zsa ™ § Toapt ™) (@92ssp T sapt )

A=

By Proposition 4.2.1, ¢ induces a non-trivial exponential map ¢; on A
such that » € AN B? = A®. Since (a,b,c,d) € F; \ (Ry UTy) and
(82, 83p" ™, 840 ™) € F3\(T3US3) we have (sg, s3p" ™", s4p*~ ™) € F3\ (R3UT35U S3).

By (i) such a ¢ cannot exist on A, a contradiction. O
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Finally, we deduce a partial result on the rigidity of a certain Pham-

Brieskorn surface when k is not algebraically closed.

Proposition 4.4.5. Let k be a field of characteristic p # 2 and also not
containing a square root of —1. We consider B := By = k[z,y,2] for an

odd integer ¢ > 1, then B is rigid.

Proof. Suppose, if possible, that there exists a non-trivial exponential map
¢ on B and let f € B®\ k. Let ¢; = ¢ ® id be the extension of ¢ on
By = k[z,y,2] @ k = klz,y,2]. Then f € Bfl \ k. SincE c is odd, as in
the the proof of Lemma 4.2.5, we get f= Az + uy)j € Bfl C By for some

A €k* pek andr € Zsy. Therefore z + py € Bfl (cf. Lemma 2.2.3(i)).

Now for every A in k"

B K[X,Y, 7] kY, Z

(x+py—NB1  (X24+Y24Zc X +puY — X)) (Ze+ P(Y))
where Py\(Y) := (1 4+ p2)Y2 — 2\uY + A2 € k[Y]. Thus P\(Y) ¢ k. Hence
x—+ py — A is a prime element of By for all A € k. Therefore, by Lemma 2.4.11,
there exists 3 € k such that 55\1 induces a non-trivial exponential map on
the integral domain By := By /(z + py — 8)B1 = k[Y, Z]/(Z° + P3(Y)). Since
tr. degy, By =1,s0 by Lemma 2.2.3(v), By = E Suppose, if possible, u?+1 #

0. Then we would have

Z¢4+Ps(Y) = Z°+ (1+p)Y? —2BpY + 32
= Z°4 (1P + DY = 22+ A,

where Ay := pB/(p? + 1) and Ay := B2(2u+1)/(p* +1)%. So Z¢ + P3(Y)
would have no linear term in the new coordinates Z and Y7 := Y — Aq.
Hence B # Em, a contradiction. Therefore p?2 +1 = 0, say u = i, a
square root of —1 in k. Note that Q/Z)I is the extension of (Z on By. There-
fore f = Al + dy)" € B¢ C Bfor\j€ek*andr > 0. Soi € k, a
contradiction. Therefore By 3 ) is rigid for every odd integer ¢ > 1. O

Note that if k is algebraically closed then by Theorem F(ii), the above

surfaces are non-rigid.
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