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Declaration

T              -

  P N G  I S I, K. I 

    -      -

    .

T              

             U 

I.

S   S:

(A P)

S   S:

(NG)

D :









Abstract

M       A A G:   

   L  (      

  )       P-B 

   - Ga-.

L     k          

          Z C

P   L P. B   

           

H := (X1,    , Xm)Y − F (X1,    , Xm, Z, T ) ∈ D := k[X1,    , Xm, Y, Z, T ] :

() W H    ..,    V ∈ Am+3
k 

 H       Am+2
k 

() I V      ,   H     D.

Q ()    C P   

   ; Q ()       

E P   .

I C 3   , K-  Ga-,   

       F . F ,   

    k  , F ∈ k[Z, T ]  H   ,

 H     D   X1, X2,    , Xm.

O      -  -

  A–S C   E P  

     -    -

   Z C P    

A2- P   .

W            k

  N   R.

I C 4   ,       P-

B . O   k,  n ∈ Z>3  a1,    , an ∈ Z>1,

P-B     B(a1,,an)    B(a1,,an) :=

k[X1,    , Xn](X
a1
1 + · · ·+Xan

n ).





W    - P-B ,  n ∈ Z>3 

-. F    a, b, c > 1,     

 (a, b, c)   P-B  B(a,b,c)  .

T           k  -

 p > 0,      -   

k[X,Y, Z, T ](XmY + T prq + Zpe) = k[x, y, z, t],  m, q > 1, p - mq 

e > r > 1,   y,      On the cancellation problem

for the ane space A3 in characteristic p, I. M. 195  N

G     Z C P     

 3-.

W       B(a,b,c)    .


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(ISI)         PD   

        .

I       C A  A A

G     P A K D ( 

S)  P N G (  M’). T   -

        C A

 A A G. G  ,   -

        . L    

      .

T  M’         -

,     ,   , 

,  ,  ,     

 , ,   .

T  S    ,     

      ,     

,        , 

   ,        -

       - 

 ,     .

I           

   .

N        - P G 

   . I     -

  .

I     D       -

            

          .

I          ISI B  ISI K

   ,        . I -

,  P J S, P M K, P

M T  P A N  ISI B   -

,   ;  P M K D, P U

C, P S B  ISI K     P-

 , A G  A T .





I       P I A  -

          A ,

    LND  ISI K   I-R

C P R  G A  S P U-

. I       P S, N D

 A D         

   .

N      ,      ISI K

 ISI B        . E-

, I  R  I          

; S B  D       ; M

D, N D, D D, S D  S  

  .

I              ISI

K  ISI B        

.

O   , I        , ,

 ,        , ,  

. F, I      R GM’ (

 M M’)        

         .

I            

      .

(A P)

D :
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Notation

Z : R  I

Z>n : S        n ∈ Z
Q : F  R 

R : F  R 

C : F  C 

DVR : D V R

PID : P I D

UFD : U F D

k :  

F  k- B,

EXP(B) : S      B

F   L,

L : A    L

       ν1,    , νn ∈ L,

L(ν1,    , νn) : S   L  ν1,    , νn  L

F    R,    p  R,  R- M, 

R- A, B      :

R∗ : G    R

C(R) : I    R

R[n] : P   n   R (R[0] := R)

S(R) : T       R

M(R) : T       R

k(p) : R  RppRp

Ap : S−1A  S = R\p;    A⊗R Rp

AR(M) : T    R-   M  R

1M : T    M

A 6∼=R B : T     R-   A  B

F   R ⊆ A,

F(R) : T     R


R
(A) : T   F(A)    F(R)





A             -

  . C   X,Y, Z, T, U, V,X1,    , Xn .,

        .

I B     A,      B ⊆ A  B = A 

     B $ A        

  B 6= A.

F   A,B,      B ↪→ A    B 

      A    .





Contents

1 Introduction 1

1.1 O     L H: M  2

1.2 O   P-B : M  . . . . . . 12

2 Preliminaries 15

2.1 S    K- . . . . . . . . . . . . . . 15

2.2 E     . . . . . . . . . . . . . 18

2.3 P   Z- . . . . . . . . . . . . . . . . 21

2.4 S   . . . . . . . . . . . . . . . . . . . . . . . . 23

3 On triviality and embedding of Linear Hyperplanes 29

3.1 S     A . . . . . . . . . . . . . . . . . . . 29

3.2 O T A  B . . . . . . . . . . . . . . . . . . . . . . . 35

3.3 O     Z- . . . . . . . . . . . . . . . 42

3.4 O T C . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.5 O T D . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.6 G  T B  D . . . . . . . . . . . . . . . 63

4 On rigidity of Pham-Brieskorn surfaces 67

4.1 T E: S R   P-B  . . 67

4.2 T F: R   P-B  . . . . . . . . 70

4.3 T G: S A R  R . . . . . . . . 80

4.4 A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

Bibliography 89









Chapter 1

Introduction

Aim

T           ,    k

  :

(1) T      H ∈ k[X1,    , Xm, Y, Z, T ],

    Y     

H := (X1,    , Xm)Y − F (X1,    , Xm, Z, T ),

  ∈ k  F (0,    , 0, Z, T ) 6= 0

() D     k  k[m+3] ..,

k[X1,    , Xm, Y, Z, T ]

(H)
= k[m+2] ?

() I    k[X1,    , Xm, Y, Z, T ] ..,

k[X1,    , Xm, Y, Z, T ] = k[H ][m+2] ?

() I     X1,    , Xm  k[X1,    , Xm, Y, Z, T ] ..,

k[X1,    , Xm, Y, Z, T ] = k[X1,    , Xm, H ][2] ?

(2) T      k[X,Y,Z]
(Xa+Y b+Zc)

(. P-B ),

 (a, b, c) ∈ Z3
>1,    .
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T       C 3     O

    L H     

    C 4    O   P-B

.

N              

     C 3  4 .

1.1 On triviality and embedding of Linear Hyper-

planes: Main results

F          .

Denitions:

1. A  f ∈ k[X1,    , Xn](= k[n])    hypersurface in

k[X1,    , Xn]  (f)      k[X1,    , Xn].

2. A  f ∈ k[X1,    , Xn]      hyperplane over k in

k[n]  k[X1,,Xn]
(f)      k.

3. I f ∈ k[X1,    , Xn]         

      k  k[n],  f      linear

hyperplane over k.

4. A  f ∈ k[X1,    , Xn]      coordinate in k[n] 

k[X1,    , Xn] = k[f ][n−1].

5. A    F1,    , Fn     k[X1,    , Xn]

   system of coordinates  k[X1,    , Xn] = k[F1,    , Fn].

6. F   R,   f ∈ R[X,Y ](= R[2])    residual coor-

dinate      p  R, R[X,Y ]⊗Rk(p) = (R[f ]⊗R k(p))[1].

7. A  f ∈ k[X,Y ](= k[2])      line over k in k[2] 
k[X,Y ]
(f) = k[1].

8. A  f  k  k[2]      non-trivial line  f    

 k[2].
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N   A. S’        .

Denition 1.1.1. F n ∈ Z>1,     R- B  

 R      An-bration over R  B ⊗R k(p) = k(p)[n]  
  p  R.

O          Ane Fi-

bration Problem   D  W ([17]). I   :

Question: L R       n ∈ Z>1. I  An- B

 R   .., Bp = R
[n]
p ,   p ∈ S(R)?

A1-  k[n],   n ∈ Z>0      ([38]).

I     A2-    . A. S

 1983 ([50])     A2-   PID R,  Q,

   R[2]. H, T. A  1987    -

    - A2-   PID   Q ([3,

T 5.1]):

Example 1.1.2. L D   DVR    πD  

k := DπD    p > 0. T

A :=
D[Y, Z, T ]

(πrY + Zpe + T + T sp)
 r, e, s ∈ Z>1, p

e - sp  sp - pe

  - A2-  D.

I [39], H. K       , -

  Embedding Problem ( Epimorphism Problem),  Zariski Can-

cellation Problem (ZCP)   Linearisation Problem. T ZCP  

:

Question : F n ∈ Z>1,  B       B[1] = k[n+1],

     B = k[n]? ..,  k[n] ?

W       L P. F  r ∈ Z>1,

     Zr-     B = k[n].

A Zr-     B      

  (k∗)r  B (     (k∗)r  B), .., 

Zr-      (k∗)r  Ak(B).

Denition 1.1.3. T      linearisable     

   X1,    , Xn  B .., B = k[X1,    , Xn] 

X1,    , Xn       Zr-.
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T L P   :

Question : F  r, n ∈ Z>1,        (k∗)r

 k[n] ?

T      Embedding Problem  -

    ,    Epimorphism Problem.

Question 111: L m,n      

φ : k[X1,    , Xn] → k[Y1,    , Ym],   k- . D 

        F1,    , Fn  k[X1,    , Xn]

   φ = (F1,    , Fn−m)?

I ,  n −m = 1, ..,  (φ)     (H),

       E P:

Question 2. F n ∈ Z>2, H ∈ k[X1,    , Xn]   
k[X1,,Xn]

(H) = k[n−1].

D    k[X1,    , Xn] = k[H ][n−1]?

W k       p > 0,   

 Q 2   B. S  M. N ([52], [45]). W  

  :

Example 1.1.4. L k      p > 0. T

f := Zpe + T + T sp  e, s ∈ Z>2, p - s

  -   k[Z, T ].

W          Q 2

   k    p > 0,   n > 3. S, 

T 244 ( ),      m ∈ Z>1   

 f ∈ k[Z, T ]  E 114   k[X1,,Xm,Z,T ]
(f) = k[m+1] 

k[X1,    , Xm, Z, T ] 6∼=k k[f ][m+1].

W k        n = 2, A-M ([2])

 S ([55])      Q 2 —   

   E T (T 241). H,  k  

     n > 3,    Q 2 

. T  E T    

  ,      Q 2. T 

Abhyankar-Sathaye Conjecture      Q 2

    k  . N      k 

,  Q 2      ,   
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       H . I,    

 Q 2      k     (.

[49], [47], [56], [48], [15], [28], [24]). A     E

P     [19].

F n = 3,     Q 2   

H ∈ k[X1, X2, X3]      k  k[3] (..,    

   X1, X2  X3  k[X1, X2, X3](H) = k[2])   A.

S    ([49])    P. R   -

 ([47]). L B = k[X1, X2, X3] = A[Y ]  A = k[2]. S 

R       H ∈ A[Y ]  k  k[3]    

aY + b   a, b ∈ A  a 6= 0,    X,Z  A   

  a ∈ k[X ]  k[X1, X2, X3] = k[X,H ][1]; ..,    k

 k[3]        a(X)Y + b(X,Z)    

 X.

I    ,         -

       : ()  

   H ∈ k[X1,    , Xn]     k  k[n]

 ()     k       –

    Q 2        

S-R T   .

F ,       L P  C∗-

  C3        C[4]

  M. K  P. R,   R 

H(X,Y, Z, T ) = X2Y +X + Z2 + T 3,

   k  k[X,Y, Z, T ]. T    R

 H      L. M-L  1996   

   ([40])   A. C  2005   

  ([11]). T    K-R   

  -  S. K  L. M-L  1997 ([35]).

A          A -

    k    p > 0,  :

R =
k[X,Y, Z, T ]

(XrY + Zpe + T + T sp)
 r, e, s ∈ Z>1, p

e - sp  sp - pe,

   E 112  T. A     
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  - A2-   DVR   Q ([3]). I 1994,

A     R    - k∗  

An
k ,   n > 4,     k    ([4]). H

   R[1] = k[4].

I 2014, N. G   R 6∼=k k[3]  r > 2,   

    ZCP     A3
k   

([27]). S,     R,    , 

       

R1 =
k[X,Y, Z, T ]

(XrY + F (X,Z, T ))
,

 F (X,Z, T ) ∈ k[X,Z, T ]   

k[Z, T ]

(F (0, Z, T ))
= k[1]  k[Z, T ] 6∼=k k[F (0, Z, T )][1]

    k  [28]. N. G  2014 ([29])   P. G

 N. G  2023 ([24]),        k

  

Rm =
k[X1,    , Xm, Y, Z, T ]

(Xr1
1 · · ·Xrm

m Y − f(Z, T )−X1 · · ·Xmg(X1,    , Xm, Z, T ))
(1.1.1)

 ri > 1, 1 6 i 6 m      E

P,  ZCP   A F P.

I            

A A G,        

 k[X1,    , Xm, Y, Z, T ],     k,    :

H := (X1,    , Xm)Y − f(Z, T )− h(X1,    , Xm, Z, T ) (1.1.2)

   ∈ k  f 6= 0. I    ,     

      h  k[X1,    , Xm, Z, T ], (1.1.3)

       = Xr1
1 · · ·Xrm

m  X1 · · ·Xm  h
 Rm. L A    k-   :

A :=
k[X1,    , Xm, Y, Z, T ]

(H)
, (1.1.4)
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 H    (1.1.2). W      

 (1.1.3):

Question 3: () U   A = k[m+2]?

() D A = k[m+2] =⇒ k[X1,    , Xm, Y, Z, T ] = k[H ][m+2]?

() I ,  H     k[X1,    , Xm, Y, Z, T ]  

X1,    , Xm, .., k[X1,    , Xm, Y, Z, T ] = k[X1,    , Xm, H ][2]?

A    Q 3()  Q 3()    -

    S-R T   .

W (X1,    , Xm) = Xr1
1 · · ·Xrm

m , ri > 1   i ∈ 1,    ,m 

X1 · · ·Xm  h, P. G  N. G     -

  A = k[m+2]    f     k[Z, T ]

   H     k[X1,    , Xm, Y, Z, T ] (. [24, T-

 3.10]  [25, T 4.5]). W m = 1, S. K, S. V́́,

M. Z ([37])  S. M ([42])   Q 3  C
 M. E. K, N. E  M. O     

 ([34]).

I        A (  1.1.4)    k 

     m ∈ Z>1     

(T 3.2.3  3.2.6).

Theorem A. L k     , H    

 (1.1.2)   (1.1.3)  A    (1.1.4). S 

A[l] = k[l+m+2]   l > 0  k[Z,T ]
(f)    . T 

  :

() k[Z,T ]
(f) = k[1].

() M,  .k = 0,  k[X1,    , Xm, Y, Z, T ] = k[X1,    , Xm, H ][2].

U           -

  A-S C      

k[m+3]    k    (T 327). N   

 g ∈ k[X1,    , Xm], (g)Xi 
∂g
∂Xi

, 1 6 i 6 m.

Theorem B. L k         A   

k-   (1.1.4)   H      (1.1.2)  -

 (1.1.3). L  =
n

i=1 p
si
i        k[X1,    , Xm].

S        :
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(I) si = 1   i.

(II) si > 1   i        :

() p2j  h   j.

() (pj , (pj)X1 ,    , (pj)Xm)k[X1,    , Xm]       j.

() (pl, pj)k[X1,    , Xm]        l, j ∈
1,    , n.

L x1,    , xm     X1,    , Xm  A . T  -

   :

() k[X1,    , Xm, Y, Z, T ] = k[X1,    , Xm, H ][2].

() k[X1,    , Xm, Y, Z, T ] = k[H ][m+2].

() A = k[x1,    , xm][2].

() A = k[m+2].

() k[Z, T ] = k[f(Z, T )][1].

() A   A2-  k[x1,    , xm].

() A[l] = k[m+l+2]   l > 0.

I        (I)  (II)  

    k[Z,T ]
(f)  A    . N     k

  ,     

(X1,    , Xm)Y−f(Z, T ) ∈ k[X1,    , Xm, Y, Z, T ]   ∈ k  f 6= 0

         T B.

N,   Q 3   H    k  -

 ,  H    (1.1.2)   ( H)    

:

 = Xr1
1 (X11(X1,    , Xm) + · · ·+X

rm−1

m−1 (Xm−1m−1(Xm−1, Xm)

+Xrm
m (Xmm(Xm) + m+1))    )

(1.1.5)
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     X1,    , Xm  k[m],   i ∈ k[Xi,    , Xm], 1 6
i 6 m, m+1 ∈ k∗   r = (r1,    , rm) ∈ Zm

>1, .., X
r1
1  (X1,    , Xm)

  2 6 i 6 m, Xi  i−1(0, Xi,    , Xm), 

1 = (X1,    , Xm)Xr1
1

i = i−1(0, Xi,    , Xm)Xri
i , 2 6 i 6 m

(1.1.6)

I C 3,      (D 341)   

    (1.1.5) r- . I  ,

      (  T 3.4.11  3.4.12):

Theorem C. L k    . L

A =
k[X1,    , Xm, Y, Z, T ]

((X1,    , Xm)Y − F (X1,    , Xm, Z, T ))

    

() f(Z, T ) := F (0,    , 0, Z, T ) 6= 0.

() F r = (r1,    , rm),   r-    X1,    , Xm  k[m]

..,     (1.1.5)  i, 1 6 i 6 m    (1.1.6).

() ri > 1,   i ∈ 1,    ,m.

() (i(0, Xi+1,    , Xm), F (0,    , 0, Xi+1,    , Xm, Z, T )) = 1,   i ∈
1,    ,m.

() E ML(A) = k  DK(A) = A (    ML  DK 

  S 2.2).

T       Z1, T1  k[Z, T ]  a0, a1 ∈ k[1],

  f(Z, T ) = a0(Z1) + a1(Z1)T1. F,  f     k[Z, T ]

.., k[Z, T ](f) = k[1],  k[Z, T ] = k[f ][1].

O  T 5.22  5.23  [26]     -

. C     :

Corollary. Let k be an innite eld. Let H be as in (1.1.2) such that X1  h, 
be as in (1.1.5) with respect to X1,    , Xm in k[m], where r = (r1,    , rm) ∈
Zm
>2 and A be as in (1.1.4). Suppose ML(A) = k or DK(A) = A. Then

there exist a system of coordinates Z1, T1 of k[Z, T ] and a0, a1 ∈ k[1], such

that f(Z, T ) = a0(Z1) + a1(Z1)T1. Furthermore, if k[Z, T ](f) = k[1], then

k[Z, T ] = k[f ][1].



Chapter 1: Introduction 10

T C           

   (. C 3.4.13  3.4.14)    ;

 ,       H    

 (. E 3.4.3  3.4.4  r-    Y )

H = X2(X+1)2Y −(Z2+T 3)−Xh1(X,Z, T ) ∈ k[X,Y, Z, T ],   h1 ∈ k[3]



H = X1X
2
2 (X1+X2

2 )Y −(Z2+T 3)−h2(X1, X2) ∈ k[X1, X2, Y, Z, T ], h2 ∈ k[2]



H = X1X
2
2 (X1+X2

2 )Y−(Z2+T 3)−h3(X1, X2, Z, T ), h3 ∈ k[4], h3(0, 0, Z, T ) = 0

U T C,       (T 353)

  Q 3.

Theorem D. L H      (1.1.2)  (1.1.3)  A

   k-   (1.1.4). F r = (r1,    , rm) ∈ Zm
>2,     r-

       X1−λ1,    , Xm−λm, 
 λi ∈ k, 1 6 i 6 m    λi    k. L x1,    , xm

    X1,    , Xm  A . T   

 :

() k[X1,    , Xm, Y, Z, T ] = k[X1,    , Xm, H ][2].

() k[X1,    , Xm, Y, Z, T ] = k[H ][m+2].

() A = k[x1,    , xm][2].

() A = k[m+2].

() k[Z, T ] = k[f(Z, T )][1].

I ,          -

 ,      —  M-L

   D . O     

 

(Xr1+1
1 +Xr1

1 Xr2+1
2 + · · ·+Xr1

1 · · ·Xrm−1

m−1 X
rm+1
m )Y − f(Z, T ),
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 f 6= 0, ri > 2, 1 6 i 6 m       

a1(X1) · · · am(Xm)Y − f(Z, T )− h(X1,    , Xm, Z, T ), f 6= 0,

     a1(X1) · · · am(Xm)  k[X1,    , Xm]  h,

  ai(Xi)      λi  k,    

     T D.

N  Q 3()      () ⇔ ();

Q 3()     () ⇔ ()  Q 3() 

() ⇔ ()  T B ( .k = 0)  T D. I , 

A–S C      H

    T B  D.

T D       -  

    Z C P   -

 (C 354  R 355).

W      T B  D  

N     N   Q (T-

 3.6.1  3.6.2).

J. K. V,   Rm (  (1.1.1)),     

   G-G ([24])      

Xr1
1 · · ·Xrm

m , ri > 1, 1 6 i 6 m,    Y,     -

. A    V’      

T D. T    .

Corollary. Let H be a polynomial as in (1.1.2) satisfying (1.1.3) and A be

an ane k-domain as in (1.1.4), such that  is a binomial. By change of

coordinate, if necessary

 = Xr1
1 · · ·Xri−1

i−1 (λXri
i · · ·Xrm

m + µXsi
i · · ·Xsm

m ),

for some λ, µ ∈ k∗, i ∈ 1,    ,m and there exists j ∈ i,    ,m such

that rl < sl, for all i 6 l 6 j and rl > sl, for all j < l 6 m. Suppose

(r1,    , ri−1) ∈ Zi−1
>2 . If either rl > 2, for all i 6 l 6 j or sl > 2, for all j <

l 6 m then all the conclusions of Theorem D holds.

I      r1 :=(r1,    , rm)      -

 X1,    , Xm  r2 := (r1,    , ri−1, sj+1,    , sm, si,    , sj) 

     X1,    , Xi−1, Xj+1,    , Xm, Xi,    , Xj  k[m].

T  r1 ∈ Zm
>2  r2 ∈ Zm

>2      T D.
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W      C 3. I S 3.1     -

,  ,     A. W   T A  B

 S 3.2; T C  S 3.4  T D  S 3.5. G-

  T B  D     S 3.6.

1.2 On rigidity of Pham-Brieskorn surfaces: Main

results

N        - 

   k- (   -  ,  S-

 2.2).

Denitions:

1. A k- A   -     rigid.

2. A k- A     -     

non-rigid ring.

3. A k- A     stably rigid    n ∈ Z>0

  -   φ  A[X1, , Xn](= A[n]),

A ⊆ A[X1, , Xn]
φ N     .

F n ∈ Z>3  a := (a1, a2,    , an) ∈ Zn
>1, 

Ba = B(a1,a2,,an) =
k[X1, X2,    , Xn]

(Xa1
1 +Xa2

2 + · · ·+Xan
n )

.

W k      ,  n ∈ Z>3    n-

(a1, a2,    , an) ∈ Zn
>1,       B(a1,a2,,an)  

 P-B . W        B(a1,a2,,an)

Pham-Brieskorn rings (or domains)     k   -

 p (> 0).

I  1960,  P-B   C    

E B    F́́ P    

        (0,    , 0). T   

  n > 3      M  . D

    [43]  [51].

T   P-B       

 M. Z, S. K, G. F  D. D 
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k         ([36], [23], [22, S

9.2], [14], [10])    .

W     [27], N. G   ,    k 

  p > 0,  A    

k[X,Y, Z, T ]

(XrY + Zpe + T + T sp)
 r ∈ Z>2, e, s ∈ Z>1  pe - sp, sp - pe,

    Z C P. A   

           

B :=
k[X,Y, Z, T ]

(XrY + T spm + Zpe)
 s,m, e ∈ Z>1, r ∈ Z>2  spm - pe, pe - spm,

     -    y (   Y

 B)    k(y)-

B ⊗k[y] k(y) =
k(y)[X,Z, T ]

(yXr + T spm + Zpe)
,

 s,m, e ∈ Z>1, r ∈ Z>2  spm - pe, pe - spm;  .

I            

k[X,Y, Z]  (Xa + Y b + Zc)  (a, b, c) ∈ Z3
>1,      -

 k,      ,    .

W    E’   ,   ,

   k   p > 0,  n ∈ Z>3  a1, a2,    , an ∈ Z>1, 

 Xa1
1 +Xa2

2 + · · ·+Xan
n ∈ k[X1, X2,    , Xn] (= k[n])  

    p - gcd(a1, a2,    , an). F   k   p > 0 

  n ∈ Z>3,    

Fn := (a1, a2,    , an) ∈ Zn
>1  p - gcd(a1, a2,    , an),

Tn := (a1, a2,    , an) ∈ Zn
>1  ai = 1   i,  ∃ i, j ∈ 1, 2,    , n, i 6=

j  ai = aj = 2


Rn := (a1, a2,    , an) ∈ Zn
>1  ai = 1   i,  ∃ i, j ∈ 1, 2,    , n, i 6=

j  ai = pr, aj = spe   r, s, e ∈ Z>1  r 6 e.

B [22, S 9.2]  [23, T 7.1],       -

     , B(a,b,c)      

(a, b, c) ∈ Z3
>1 \ T3. I         
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  (T 414), - (S 4.2)   (T-

 4212)  P-B .

Theorem E. O   k   p > 0,  P-B -

 B(a,s2pr ,s3pe)     a, s2, s3 ∈ Z>1, r, e ∈ Z>0  p - as2s3

 1
a + 1

s2
+ 1

s3
6 1.

Theorem F. F   k   p > 0   n ∈ Z>3,

() B(a1,a2,,an)  -  (a1, a2,    , an) ∈ Rn.

() B(a1,a2,,an)  -  (a1, a2,    , an) ∈ Tn  k  

   −1.

() B(a1,a2,,an)  -  (a1, a2,    , an) ∈ Zn
>1 \ Fn.

() B(a,b,c)    (a, b, c) ∈ F3 \ (R3  T3  S3),

S3 := (2, 2m, 2pe)  m ∈ Z>2, e ∈ Z>1  p - 2m.

I S 4.3,       (T 434).

Theorem G. L a, b, c ∈ Z>2    gcd(a, b, c) = 1. T  

F (Y ) ∈ k[Y ], k[X,Y, Z](Xa + Y bZc + F (Y ))    .

I S 4.4,        .

T    C 3        P-

 G    N G ([26])     C-

 4          ([32]).



Chapter 2

Preliminaries

I        (G , W-

 ,  ,  Z- .)    

    -   S 2.4. W   -

     K-.

2.1 Some preliminary results on K-theory

I      N  R    K- -

  R (. [6], [9]). L M (R)       

R-   P(R)        -

 R-. L G0(R)  G1(R),    Grothendieck

group   Whitehead group    M (R). L K0(R)  K1(R),

   Grothendieck group   Whitehead group  

 P(R).

W      G0(R)  G1(R).

F M ∈ M (R),  [M ]      M . N G0(R)

  A     [M ],  M ∈ M (R),  

  [M ] = [M ′]+ [M ′′]  M ′, M, M ′′    

0 → M ′ → M → M ′′ → 0  M (R).

L M Z(R)        (M,σ), 

M ∈ M (R)  σ   R-   M .., σ ∈ AR(M). A

 φ : (M,σ) → (M ′,σ′)  M Z(R)      R- 

φ : M → M ′   σ′φ = φσ. A  φ : (M,σ) → (M ′,σ′) 

M Z(R)     M Z(R)   φ : M → M ′   

15
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 M (R). F (M,σ) ∈ M Z(R),  [M,σ]    

 (M,σ). N G1(R)   A     [M,σ],

 (M,σ) ∈ M Z(R),     [M,σ] = [M ′,σ′] + [M ′′,σ′′]

 (M ′,σ′), (M,σ), (M ′′,σ′′)    

0 → (M ′,σ′) → (M,σ) → (M ′′,σ′′) → 0

 M Z(R)  [M,ση] = [M,σ] + [M, η]  M ∈ M (R)  σ, η ∈
AR(M).

R    M ∈ M (R)  σ ∈ AR(M), σ     

unipotent automorphism  σ–1M  .

T    [6, APPENDIX (4.10)]     

   M (R)    G0(R).

Lemma 2.1.1. For M,N ∈ M (R), the following statements are equivalent:

() [M ] = [N ] in G0(R).

() There exist exact sequences

0 → W ′ → T1 → W ′′ → 0 and 0 → W ′ → T2 → W ′′ → 0

in M (R) such that M ⊕ T1
∼= N ⊕ T2.

A    L 211      W’

L           

M Z(R)    G1(R).

Lemma 2.1.2. For (M,σM ), (N,σN ) ∈ M Z(R), the following statements are

equivalent:

() [M,σM ] = [N,σN ] in G1(R).

() There exist exact sequences

0 → (W ′,σW ′) → (T1,σT1) → (W ′′,σW ′′) → 0

and

0 → (W ′, σW ′) → (T2,σT2) → (W ′′,σW ′′) → 0

in M Z(R), where  is a composition of unipotent automorphisms of W ′,

such that (M ⊕ T1,σM ⊕ σT1)
∼= (N ⊕ T2,σN ⊕ σT2).
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Proof. (i) ⇒ (ii) : S [M,σM ] = [N,σN ]  G1(R),   m ∈ Z>1

 Wi ∈ M (R), σi, ηi ∈ AR(Wi), 1 6 i 6 m  

[M,σM ]− [N,σN ] =

m∑

i=1

([Wi,σiηi]− [Wi,σi]− [Wi, ηi])  G0(M
Z(R))

T,  L 211,    

0 → (U ′,σU ′) → (X,σX) → (U ′′,σU ′′) → 0



0 → (U ′,σU ′) → (Y,σY ) → (U ′′,σU ′′) → 0

 M Z(R),   (M,σM ) ⊕ (
m

i=1((Wi,σi) ⊕ (Wi, ηi))) ⊕ (X,σX) ∼=
(N,σN ) ⊕ (

m
i=1(Wi,σiηi)) ⊕ (Y,σY ) N W’   ,

  P ∈ M (R)  σ ∈AR(P ),   ′ ∈ AR(P ⊕ P ),  -

   ,   (P ⊕ P,σ ⊕ σ−1) = (P ⊕ P, ′).

H   

m∑

i=1

(Wi ⊕Wi, 1Wi ⊕ σiηi) = (

m∑

i=1

(Wi ⊕Wi),
m∑

i=1

(σi ⊕ ηi)),

         ⊕2m
i=1Wi. T, 



(W ′,σW ′) = (U ′,σU ′)⊕ ((⊕m
i=1Wi)⊕ (⊕m

i=1Wi), (⊕m
i=1σi)⊕ (⊕m

i=1ηi)),

(T1,σT1) = (X,σX)⊕ ((⊕m
i=1Wi)⊕ (⊕m

i=1Wi), (⊕m
i=1σi)⊕ (⊕m

i=1ηi)),

(T2,σT2) = (Y,σY )⊕ ((⊕m
i=1Wi)⊕ (⊕m

i=1Wi),((⊕m
i=1σi)⊕ (⊕m

i=1ηi)))



(W ′′,σW ′′) = (U ′′,σU ′′)

   .

(ii) ⇒ (i) : I        M ∈ M (R)   

 σ ∈ AR(M), [M,σ] = 0  G1(R) (. [6, C (4.9)]).

T   Gi(R)  Ki(R),  i ∈ Z>2     ([53],

C 4  5). L C   N   φ : R → C    
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. T   i > 0, Gi(φ) : Gi(R) → Gi(C)   

  ⊗RC : M (R) → M (C)     M → M ⊗R C (.

[53, 5.8]).

N       Gi. T    

   [53], P 5.16  T 5.2 .

Theorem 2.1.3. Let C be a Noetherian ring and φ : R → C be a at ring

homomorphism. Let t be a regular element of R and u := φ(t). Then the

natural maps φ̄ : R
tR → C

uC and t−1φ : R[t−1] → C[u−1] induce the following

commutative diagram of long exact sequences of groups for all i ∈ Z>1 :

· · · Gi(
R
tR ) Gi(R) Gi(R[t−1]) Gi−1(

R
tR ) · · ·

· · · Gi(
C
uC ) Gi(C) Gi(C[u−1]) Gi−1(

C
uC ) · · · 

Gi(φ) Gi(φ) Gi(t
−1φ) Gi−1(φ)

Theorem 2.1.4. For an indeterminate T over R, the map Gi(R) → Gi(R[T ]),

induced by the inclusion R ↪→ R[T ], is an isomorphism, for all i ∈ Z>0. Hence

Gi(k[X1,    , Xm]) = Gi(k), for all i ∈ Z>0 and for all m ∈ Z>1.

N    -   G0(R)  G1(R)

Remark 2.1.5. () F    R, Gi(R) = Ki(R),   i ∈ Z>0.

I ,

() G0(k[X1,    , Xm]) = G0(k) = K0(k) = Z

() G1(k[X1,    , Xm]) = G1(k) = K1(k) = k∗

() T      θ : R∗ ↪→ G1(R)  

θ(u) = [R,σu],  u ∈ R∗,  σu : R → R   R- -

   σu(r) = ru   r ∈ R.

W           k-  

 .

2.2 Exponential maps and related invariants

Denition 2.2.1. L A   k-   φU : A → A[U ]   k-

. W   φ = φU   exponential map on A,  φ 

   :
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() 0φU    A,  0 : A[U ] → A     

U = 0.

() φV φU = φV+U ;  φV : A → A[V ]     

φV : A[U ] → A[U, V ]   φV (U) = U .

T            

:

F  a ∈ A,    φ(a) =
∞

i=0 φ
(i)(a)U i  A[U ].

() T    φ(i)∞i=0        A.

() F  a ∈ A,   φ(i)(a)∞i=0     -

.

() φ(0)      A.

() (L R) F  n ∈ Z>0   a, b ∈ A, φ(n)(ab) =
i+j=n

φ(i)(a)φ(j)(b).

() F  i, j ∈ Z>0, φ
(i)φ(j) =


i+j
i


φ(i+j).

N     k  ,    n ∈ Z>1,

φ(n) = 1
n!φ

(1). T  k      , 

   k- A       (LND)

 A. W        LND   k- A.

Denition 2.2.2. A k-  D : A → A      locally nilpotent

derivation on A       :

() (L R) F a, b ∈ A, D(ab) = aD(b) +D(a)b.

() F  a ∈ A,   n ∈ Z>0   Dn(a) = 0.

W k          A  

 k-,           

LND  A       Ga- ((k,+) )  M(A)

(. [22]). T,    ,     

 EXP(A)       Ga-  M(A).

G    φ = φU   k- A,    φ-

   a ∈ A \ 0  φ(a) = U (φ(a))  φ(0) := −∞.
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M,  A        φ    

(D 232)  A.

T     φ = φU     A  

Aφ = a ∈ A φ(a) = a = a ∈ A  φ(a) 6 0
= a ∈ A  U (φ(a)) = 0  0

A   φ     non-trivial  Aφ 6= A.

T Derksen invariant  A     A  

DK(A) = k[Aφ  φ   -    A]

  Makar-Limanov invariant  A     A  

ML(A) =


φ∈EXP(A)

Aφ.

L ML0(A) = A    n ∈ Z>1, MLn(A) := ML(MLn−1A) T

 rigid core  A,   R(A),   

R(A) =
⋂

n>1

MLn(A)

W         (. [44], [11],

[27]  [31]).

Lemma 2.2.3. Let A be an ane k-domain and φ be a non-trivial exponential

map on A. Then the following holds:

() Aφ is factorially closed in A i.e., for any a, b ∈ A \ 0, if ab ∈ Aφ then

a, b ∈ Aφ. Hence, Aφ is also algebraically closed in A.

()  k(A
φ) =  k(A)− 1.

() φ(φ
(i)(a)) 6 φ(a) − i, for all a ∈ A and i ∈ Z>0. If a 6= 0 then

φ(degφ a)(a) ∈ Aφ.

() Suppose x ∈ A has the minimal positive φ-degree n and c := φ(n)(x).

Then c ∈ Aφ and A[c−1] = Aφ[c−1][x] = Aφ[c−1][1].

() If  k(A) = 1, then A = k[1], where k is the algebraic closure of k in

A and Aφ = k.
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() Let S be a multiplicative closed subset of Aφ \ 0. Then φ ex-

tends to a non-trivial exponential map S−1φ on S−1A dened by

S−1φ(as) = φ(a)s, for all a ∈ A and s ∈ S. Moreover, the ring

of invariants of S−1φ is S−1(Aφ).

Lemma 2.2.4. Let A = k[n] then ML(A) = k and DK(A) = A for all n > 2.

Remark 2.2.5. () W   k- A, A⊗k k     (

     S 1.2)  A   ,  

  φ  A        φ⊗ id

 A⊗k k.

() L A   k-   A ⊗k k     

 k A = 1. T k     A   

L 223(), A   -     

 A = k[1].

2.3 Proper and admissible Z-ltration

F   A    k-. W     

 Z-  A.

Denition 2.3.1. A  An  n ∈ Z  k-   A  

   proper Z-ltration on A     :

() An ⊆ An+1   n ∈ Z.

() A = nAn.

() nAn = 0.

() (An \An−1)(Am \Am−1) ⊆ Am+n \Am+n−1   m,n ∈ Z.

N         - 

 A.

Denition 2.3.2. A degree function on A     : A → Z −∞
   :

() (a) = −∞     a = 0.

() (ab) = (a) + (b).
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() (a+ b) 6 max(a), (b)   a, b ∈ A.

W  ()          -

 (ab) 6 (a) + (b)   a, b ∈ A      

   semi-degree function on A.

Remark 2.3.3. A  Z- Ann∈Z  A    -

   A,  (0) := −∞  (a) := d ∈ Z  a ∈ Ad  
a ∈ A \ 0. C,   ,   A   

  A   An = a ∈ A  (a) 6 n,   n ∈ Z

A  Z-  A    Z-  -



(A) :=
⊕
i∈Z

Ai
Ai−1

.

T     ρ : A → (A)   ρ(a) = a + An−1 

a ∈ An \An−1.

Denition 2.3.4. A  Z- Ann∈Z  A     admissible

       Γ  A  ,   n ∈ Z  a ∈ An,

a             Γ   

     An .

Remark 2.3.5. S  A    Z-    -

  Γ     . T (A)   

ρ(Γ) (. [27, R 2.2]).

Remark 2.3.6. L A   Z-  , A =
⊕

i∈Z Ci. T 

   Z- Ann∈Z  A   An =
⊕

i6n Ci 

(A) =
⊕

n∈Z AnAn−1
∼=

⊕
n∈Z Cn = A. M,    a ∈ A,

ρ(a)        a  A. T  

  A  .

W         Z- k-.

Denition 2.3.7. L φ : A → A[U ]       Z-
k- A =

⊕
n∈Z An. F  x ∈ A,  φ(x) :=

∞
i=0 φ

(i)(x)U i  A[U ].

T φ      homogeneous exponential map    

d ∈ Q       a   r, φ(i)(a)  

    r + id .., φ(i)(Ar) ⊆ Ar+id,   i ∈ Z>0

 r ∈ Z.
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N           H.

D, O. H  L. M-L ([16])    ([11, T

2.6]).

Theorem 2.3.8. Let A be an ane k-domain with an admissible Z-ltration.
Suppose φ is a non-trivial exponential map on A. Then φ induces a non-trivial

homogeneous exponential map φ on the associated graded domain (A) such

that ρ(Aφ) ⊆ ((A))
φ, where ρ is the natural map A → (A).

2.4 Some known results

F         . F   

   - E T   S.S. A

 T.T. M ([2, T 1.1]).

Theorem 2.4.1. Let ϕ : k[X,Y ] → k[T ] be a k-algebra epimorphism. Suppose

T (ϕ(X)) = n > 1 and T (ϕ(Y )) = m > 1 and ch.k - gcd(m,n). Then

either m  n or n  m.

In particular, it states that over a eld k of characteristic zero, any line f

over k in k[2] is a coordinate i.e., if k[Z,T ]
(f) = k[1] then k[Z, T ] = k[f ][1].

M. S        C  C[2]   -

 ([55]).

E S  N   ,    

           ([52], [45]).

E 114    .

W       k[1] ([1, 2.8]).

Theorem 2.4.2. Let B be k-domain such that B[n] = k[n+1] for some n ∈ Z>1.

Then B = k[1].

T       E. H    

Q     ([33]). F      

   .

Denition 2.4.3. A   R    seminormal domain  

 a ∈ K(    R)  a2, a3 ∈ R   a ∈ R.

Theorem 2.4.4. Let R be a ring containing Q or let R be a seminormal

domain. Let B be a R-algebra such that B[n] = R[n+1] for some n ∈ Z>1.

Then B = R[1].
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N      k[1]      k

(. [22, L 2.9]).

Lemma 2.4.5. Let k be an algebraically closed eld and let B be a nitely

generated k-algebra. Suppose that B is a PID and B∗ = k∗. Then B = k[1].

W     Q-S T   

([46], [54]).

Theorem 2.4.6. Every nitely generated projective module over k[n] is free.

N       R-S       

         [48, T 2.3.1],

   [8, T 2.6].

Theorem 2.4.7. Let C ⊆ D be integral domains such that D is a nitely gen-

erated C-algebra. Let S be a multiplicatively closed subset of C \0 generated

by some prime elements of C which remain prime in D.

Suppose S−1D = (S−1C)[1] and, for every prime element p ∈ S, we have

pC = pD  C and C
(p) is algebraically closed in D

(p) .

Then D = C [1].

W         ([7, T-

 3.2]).

Theorem 2.4.8. Let R be a Noetherian domain such that either Q ⊆ R or R

is seminormal (D 243). Then the following statements are equivalent:

() h ∈ R[X,Y ] is a residual coordinate i.e., R[X, Y ]⊗Rk(p) = (R[h]⊗R k(p))[1]

for all prime ideal p of R.

() h ∈ R[X, Y ] is a coordinate i.e., R[X,Y ] = R[h][1].

N      A. K. D [18, T 7].

Theorem 2.4.9. Let L be a separable eld extension of k, A a k-algebra and

B an A-algebra such that L⊗k B ∼= (L⊗k A)
[1] as L⊗k A-algebras. Then B is

isomorphic to the symmetric algebra of a nitely generated rank one projective

module over A.

T       A1-  k[1]   

    .
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Lemma 2.4.10. Let f ∈ k[Z, T ] be such that L[Z, T ] = L[f ][1] for some

separable eld extension L of k. Then k[Z, T ] = k[f ][1].

T    [27, L 3.3]     

   -      .

Lemma 2.4.11. Let A be an ane k-domain over an innite eld k. Let

f ∈ A be such that f − λ is a prime element of A for innitely many λ in k.

Let φ : A → A[U ] be a non-trivial exponential map on A such that f ∈ Aφ.

Then there exists a  ∈ k such that f −  is a prime element of A and φ

induces a non-trivial exponential map on A(f − )A.

N      [13], L 3.3  3.4 .

Lemma 2.4.12. Let k be a eld of characteristic p > 0 and let φ be an

exponential map on a k-domain A. Let f, g ∈ A be such that there exist

n,m ∈ Z>2 and c1, c2 ∈ Aφ \0 for which c1f
n+ c2g

m ∈ Aφ \0 and neither

n nor m is a power of p. Then f, g ∈ Aφ.

Lemma 2.4.13. Let k be a eld of characteristic p > 0 and let φ be an

exponential map on a k-domain A. Let f, g ∈ A be such that f is prime in A

and there exist n ∈ Z>2 with p - n and l ∈ Z>1, c1, c2 ∈ Aφ \ 0 such that

c1f
n + c2g

pl ∈ Aφ \ 0. Then f, g ∈ Aφ.

W        [41, C  T

22.6].

Lemma 2.4.14. Let A be a Noetherian ring and B = A[X1,    , Xm] = A[m]

Let g(X1,    , Xm) ∈ B be such that its coecient over A generate the unit

ideal of A. Then BgB is a at A-algebra.

W            

  UFD    UFD ([26,  3.5]). F    

.

W       .

Lemma 2.4.15. Let R be a UFD, u, v ∈ R\0 and C := R[Y ]
(uY−v) be an integral

domain. Let u :=
n

i=1 u
ri
i be a prime factorization of u in R. Suppose that

for every i, 1 6 i 6 n whenever, (ui, v)R is a proper ideal,


j 6=i u
sj
j ∈ (ui, v)R,

for arbitrary sj ∈ Z>0. Then for each i ∈ 1,    , n either ui is irreducible in

C or ui ∈ C∗.



Chapter 2: Preliminaries 26

Proof. N  R ↪→ C ↪→ R[u−1
1 ,    , u−1

n ]. S uj ∈ C∗  

j, 1 6 j 6 n. N       uj  . S

uj = c1c2   c1, c2 ∈ C. I c1, c2 ∈ R,   c1 ∈ R∗  c2 ∈ R∗,

 uj    R. T,         

   R. S c1 ∈ R. L c1 = h1

u
i1
1 ···uin

n

 c2 = h2

u
l1
1 ···uln

n

,  

h1, h2 ∈ R  is, ls > 0, 1 6 s 6 n. T,  

h1h2 = uj(u
i1+l1
1 · · ·uin+ln

n ) (2.4.1)

A c1 ∈ R,  (2.4.1),    ,    

c1 = λ


i6s u

pi
in

i=s+1 u
pi
i

,   λ ∈ C∗  s < n, (2.4.2)

 pi > 0  1 6 i 6 n,  pi > 0  i > s+ 1

N  n = 1  pi = 0   i 6 s,  c1 ∈ C∗,    .

I ,  n > 1     ,    p1 > 0.

T,  (2.4.2),   up11   upss ∈ uiC R = (ui, v)R  

i > s + 1. H    ,   i > s + 1,   

(ui, v)R = R, .., ui ∈ C∗. T  

c1 = µ
∏

i6s

upii , (2.4.3)

  µ ∈ C∗  

µc2 =
uj

i6s u
pi
i



I


i6s u
pi
i ∈ ujR,  c2 ∈ C∗    . I ,  uj ∈ uiC R =

(ui, v)R   i 6 s  pi > 0. I    ui  i 6 s  pi > 0,

(ui, v)R             .

T,    ui, (ui, v)R = R .., ui ∈ C∗    (2.4.3),

c1 ∈ C∗    .

T    uj       C.

Proposition 2.4.16. Let R be a UFD, u, v ∈ R \ 0 and C = R[Y ]
(uY−v) be an

integral domain. We consider R as a subring of C. Let u :=
n

i=1 u
ri
i be a

prime factorization of u in R. Suppose that for every i ∈ 1,    , n for which

(ui, v)R is a proper ideal, we have


j 6=i u
sj
j ∈ (ui, v)R, for arbitrary sj ∈ Z>0.
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Then the following statements are equivalent:

() C is a UFD.

() For each i ∈ 1,    , n, either ui is prime in C or ui ∈ C∗.

() For each i ∈ 1,    , n, either (ui, v)R ∈ Spec(R) or (ui, v)R = R, i.e.,

the image of v in R
uiR

is either a prime in R
uiR

or a unit in R
uiR

.

Proof. (ii) ⇔ (iii) : F  j, 1 6 j 6 n,  

C

ujC
∼=


R

(uj , v)

[1]

 (2.4.4)

N  uj          C   C
ujC

 

      . H     (2.4.4).

(i) ⇒ (ii) : B L 2415      i ∈ 1,    , n 

uj ∈ C∗  uj      C. S C   UFD   

 uj ∈ C∗  uj    C.

(ii) ⇒ (i) : N  R ↪→ C ↪→ R[u−1
1 ,    , u−1

n ]. W   

   u1,    , ui−1 ∈ C∗  ui,    , un    C   i,

1 6 i 6 n. S C[u−1
1 ,    , u−1

n ] = C[u−1
i ,    , u−1

n ] = R[u−1
1 ,    , u−1

n ]  

UFD,  N’   UFD ([41, T 20.2])    C 

 UFD.
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Chapter 3

On triviality and embedding

of Linear Hyperplanes

T            T A,

B, C  D    I. I S 3.1    

,  ,     A. W  T A

 B  S 3.2; T C  S 3.4  T D  S

3.5. A       S 3.6    

     T B  D   N

  Q   N  .

3.1 Some properties of the ring A

T  , A     :T  , A     :T  , A     :

A :=
k[X1,    , Xm, Y, Z, T ]

((X1,    , Xm)Y − f(Z, T )− h(X1,    , Xm, Z, T ))
(3.1.1)

 H := (X1,    , Xm)Y − f(Z, T )− h(X1,    , Xm, Z, T )   

 k[X1,    , Xm, Y, Z, T ](= k[m+3])   f(Z, T ) 6= 0f(Z, T ) 6= 0f(Z, T ) 6= 0     

    k[X1,    , Xm]  h  k[X1,    , Xm, Z, T ]    k[X1,    , Xm]  h  k[X1,    , Xm, Z, T ]    k[X1,    , Xm]  h  k[X1,    , Xm, Z, T ].

S A = k[X1,    , Xm, Y, Z, T ](H)A = k[X1,    , Xm, Y, Z, T ](H)A = k[X1,    , Xm, Y, Z, T ](H). N 

()   = 0,  h = 0   A        
k[Z,T ]
(f) = k[1] (. T 242).

()   ∈ k∗,  A = k[m+2].

H,     ∈ k ∈ k ∈ k.

29
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() A  A⊗k k    .

L x1,    , xm, y, z, t     X1,    , Xm, Y, Z, T  A -

. E      A   x1,    , xm  kE      A   x1,    , xm  kE      A   x1,    , xm  k, ..,

() E = k[x1,    , xm] = k[m]E = k[x1,    , xm] = k[m]E = k[x1,    , xm] = k[m].

() A ↪→ A

1
α


= E[z, t]


1
α


.

L  =
n

i=1 p
si
i        k[X1,    , Xm]. S -

      h  k[X1,    , Xm, Z, T ],   h = (
n

i=1 pi)h1

  h1 ∈ k[X1,    , Xm, Z, T ]. H
n

i=1 pi(
n

i=1 p
si−1
i y − h1) = f(z, t)

 A. T,

()  f(Z, T ) ∈ k∗, 
n

i=1 pi ∈ A∗    ∈ A∗  

A = A

1
α


= E[z, t]


1
α


.

Lemma 3.1.1. The ring A is a at E-algebra.

Proof. L H1 = (x1,    , xm)Y − f(Z, T )− h(x1,    , xm, Z, T ) ∈ E[Y, Z, T ].

S       E  h  E[Z, T ]  f 6= 0,  -

  H1  E      E. N    

L 2414.

N       A    A2-  E.

Lemma 3.1.2. The following statements are equivalent:

() A is an A2-bration over E.

()

Ep

pEp
[Z, T ]

(f(Z, T ))
=


Ep

pEp

[1]

for all p ∈ Spec(E) with  ∈ p.

Proof. (i) ⇒ (ii) : S A   A2-  E,  

Ap

pAp
= A⊗E


Ep

pEp


=


Ep

pEp

[2]

  p ∈ S(E)

L p ∈ S(E)     ∈ p. T


Ep

pEp

[2]

=
Ap

pAp
=




Ep

pEp
[Z, T ]

(f(Z, T ))




[1]



T,  T 242,  

Ep

pEp
[Z, T ]

(f(Z, T ))
=


Ep

pEp

[1]

.



31 3.1 Some properties of the ring A

(ii) ⇒ (i) : B L 311, A    E-  ,  

  

A⊗E


Ep

pEp


=

Ap

pAp
=


Ep

pEp

[2]

  p ∈ S(E)

L p ∈ S(E). W           

   .

Case I :  ∈ p. T Ap = Ep[z, t] = E
[2]
p  ,

Ap

pAp
=


Ep

pEp

[2]

.

Case II :  ∈ p. T

Ap

pAp
=

Ep

pEp
[Y, Z, T ]

(f(Z, T ))
=




Ep

pEp
[Z, T ]

(f(Z, T ))




[1]

=


Ep

pEp

[2]



Remark 3.1.3. N      p ∈ S(E)    ∈ p 
Ep

pEp
      k,   L 312   

  A1-      (. [18, L 5]),  

  A   A2-  E     f(Z, T )     k

 k[Z, T ].

N          A    UFD.

Lemma 3.1.4. Suppose that A is a UFD. Then either f(Z, T ) is irreducible

in k[Z, T ] or f(Z, T ) ∈ k∗.

Proof. L (X1,    , Xm) =
n

i=1 pi(X1,    , Xm)li    

   k[X1,    , Xm]. P R = k[X1,    , Xm, Z, T ], u = (X1,    , Xm),

ui = pi, 1 6 i 6 n  v = f(Z, T )+h(X1,    , Xm, Z, T )  P 2416,

  A = R[Y ]
(uY−v) . L

Ri :=
R

uiR
=

k[X1,    , Xm]

(pi)
[Z, T ]

 xi1,    , xim, zi, ti     X1,    , Xm, Z, T  

Ri,  1 6 i 6 n. N  vRi = f(zi, ti)Ri,   i, 1 6 i 6 n. T,

  sj ∈ Z>0,


j 6=i pj(xi1,    , xim)sj ∈ vRi  vRi   

. T,    P 2416    

 (p1, f(Z, T ))R      R  (p1, f(Z, T ))R = R. T, 
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f(z1, t1)    R1       R1. H    

f(Z, T )    k[Z, T ]  f(Z, T ) ∈ k∗.

N              

     .

Example 3.1.5. L k   -     p > 0.

T   λ ∈ k   λ = p    ∈ k \ k. L

A =
k[X1, X2, Y, Z, T ]

((Xp
1 + λ)(Xp

2 + λ)Y − (Zp + λT p))

 f(Z, T ) := Zp + λT p ∈ k[Z, T ]. L x1, x2     X1, X2  A

. N :

() f(Z, T )    k[Z, T ]  f(Z, T ) = (Z + T )p  k()[Z, T ].

() A
(xp

1+λ)
∼= k()[X2, Y, Z, T ](Z + T )p, , xp1 + λ    

  A. S, xp2 + λ        A.

() xp1+λ, xp2+λ ∈ A∗      L 2415,  .

H  L 2415, xp1 + λ  xp2 + λ     A.

T,  ()  (),    A    UFD.

H,    L 314    f(Z, T )   

k[Z, T ]  f(Z, T ) ∈ k∗.

Lemma 3.1.6. Suppose that either f(Z, T ) is irreducible in k[Z, T ] or

f(Z, T ) ∈ k∗. Then A⊗k L is a UFD, for every algebraic extension L of k.

Proof. L L      k   AL := A ⊗k L. S

 =
n

i=1 p
li
i        L[X1,    , Xm]. I f(Z, T ) ∈ k∗,


n

i=1 pi ∈ A∗
L  

AL = AL[p
−1
1 ,    , p−1

n ] = L[X1,    , Xm, Z, T, p−1
1 ,    , p−1

n ]

  UFD. S f(Z, T ) ∈ k∗  f(Z, T )    k[Z, T ]. S

AL[p
−1
1 ,    , p−1

n ] = L[X1,    , Xm, Z, T, p−1
1 ,    , p−1

n ]

  UFD,  N’   UFD ([41, T 20.2])    

  p1,    , pn    AL. W   .
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F i ∈ 1,    , n. L Ei =
L[X1,,Xm]

(pi)
 Fi     

 Ei. S f(Z, T )    k[Z, T ]    f  

 Fi[Z, T ]. T, Fi[Z,T ]
(f(Z,T ))       Ei[Z,T ]

(f(Z,T ))  

 . T

AL

piAL
=

Ei[Y, Z, T ]

(f(Z, T ))
=


Ei[Z, T ]

(f(Z, T ))

[1]

      pi     AL.

W        h     

A       k[Z, T ](f(Z, T )).

Lemma 3.1.7. Let k be a perfect eld and let R = k[X1,    , Xm, Y, Z, T ](G)

be an ane domain, where G := vY+h−f(Z, T ) for some v ∈ k[X1,    , Xm]\ k,

h ∈ k[X1,    , Xm, Z, T ] and f(Z, T ) ∈ k[Z, T ]. Let v =
n

i=1 p
si
i be a prime

factorization of v in k[X1,    , Xm]. Suppose that one of the following condi-

tions is satised:

(I) si = 1 for some i and pi  h.

(II) si > 1 for every i and at least one of the following holds.

() p2j  h for some j.

() (pj , (pj)X1 ,    , (pj)Xm)k[X1,    , Xm] is a proper ideal for some

j ∈ 1,    , n and pj  h.
() (pl, pj)k[X1,    , Xm] is a proper ideal for some distinct l, j ∈ 1,    , n

and plpj  h.

Then k[Z, T ](f(Z, T )) is a regular ring whenever R is a regular ring.

Proof. LD = k[X1,    , Xm, Y, Z, T ]  I = (G,GY , GX1 ,    , GXm , GZ , GT )D.

S k        R         I = D

([41, T 30.5]). S  R    .

(I) W   ,    s1 = 1   p1  h. L

 =


i>2 p
si
i  h̃ = hp1. T G = vY + h − f = p1(Y + h̃) − f .

T      I ⊆ (f, fZ , fT ,Y + h̃, p1)D. S R  

 

(f, fZ , fT ,Y + h̃, p1) = D (3.1.2)
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S,  ,  (f, fZ , fT ) ⊆ mk[Z, T ]     m
 k[Z, T ]. T  p1 -    (m ,Y + h̃, p1)D      D

 (f, fZ , fT ,Y + h̃, p1)D,  . T k[Z, T ](f)  

  .

(II) S  ()  . T I ⊆ (pj , f, fZ , fT )D  

I = D,   (f, fZ , fT )k[Z, T ] = k[Z, T ]. N   () 

()  . W pj  h,  I ⊆ (pj , (pj)X1 ,    , (pj)Xm , f, fZ , fT )D 

 pjpl  h  I ⊆ (pl, pj , f, fZ , fT )D. S v =
n

i=1 p
si
i ∈ k[X1,    , Xm]

 I = D,   (f, fZ , fT )k[Z, T ] = k[Z, T ]   .

T    k[Z, T ](f)          

(), ()  ()  .

H,       k[Z, T ](f)      A

  .

Lemma 3.1.8. Let k be a perfect eld and let R = k[X1,    , Xm, Y, Z, T ](G)

be an ane domain, where G = vY+h−f(Z, T ) for some v ∈ k[X1,    , Xm]\ k,

h ∈ k[X1,    , Xm, Z, T ] and f(Z, T ) ∈ k[Z, T ]. Suppose that every prime

factor of v divides h in k[X1,    , Xm, Z, T ]. Then R is a regular ring if

k[Z, T ](f(Z, T )) is a regular ring.

Proof. LD = k[X1,    , Xm, Y, Z, T ]  I = (G,GY , GX1 ,    , GXm , GZ , GT )D.

S k    , R         I = D ([41, T

30.5]). S,  ,  R     . T   

  M  k[X1,    , Xm, Y, Z, T ]   (G,GY , GZ , GT ) ⊆ M .

H,      q  v = GY   q ∈ M . N 

q  h, q  hZ  q  hT ,  

(f, fZ , fT ) ⊆ M  k[Z, T ]

  k[Z, T ](f(Z, T ))     ,  . H 

 .

Remark 3.1.9. N       

H = (X1,    , Xm)Y − f(Z, T ) ∈ k[X1,    , Xm, Y, Z, T ],   ∈
k[X1,    , Xm] \ k         

L 317.
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3.2 On Theorems A and B

W             

 (. T B  D).

Lemma 3.2.1. Let R be an integral domain and

H := Y − f(Z, T )− h(Z, T ) ∈ R[Y, Z, T ]

be an irreducible polynomial such that  ∈ R,  can be expressed as product of

prime elements of R and each of the prime factors of  divides h in R[Y, Z, T ].

Suppose R[Z, T ] = R[f ][1]. Then R[Y, Z, T ] = R[H ][2].

Proof. SR[Z, T ] = R[f ][1],   g ∈ R[Z, T ]  R[Z, T ] = R[f, g].

L C = R[H, g]  D = R[Y, Z, T ]. N       

R        C  D. L S  

    C         R.

T S−1D = (S−1C)[1]  D
qD =


C
qC

[1]
,     q   

R. T,  T 247,   D = C [1].

N          T A.

Lemma 3.2.2. Let k be an algebraically closed eld. Suppose that C is a regu-

lar ane k-domain, R is a reduced ane k-algebra and the map R ↪→ R⊗kC

induces surjective maps Gi(R) → Gi(R⊗k C) for i = 0, 1. Then the canonical

inclusion τ : k ↪→ C induces isomorphisms of Ki-groups for i = 0, 1 and hence

K0(C) = Z and K1(C) = k∗.

Proof. O     τ : k ↪→ C  

ι : K0(k) = Z ↪→ K0 (C)  η : K1(k) = k∗ ↪→ K1(C). W   

 ι  η    .

W    ι    .

L PC      C-. SG0(R) → G0(R ⊗k C)

 ,     R- MR  NR  

[R ⊗k PC ] = [MR ⊗k C]− [NR ⊗k C]

T,  L 211,      R ⊗k C-

0 → W ′ → Tj → W ′′ → 0,  j = 1, 2,



Chapter 3: On triviality and embedding of Linear Hyperplanes 36

 

(R ⊗k PC)⊕ (NR ⊗k C)⊕ T1
∼= (MR ⊗k C)⊕ T2 (3.2.1)

L S      -   R. S R    

k-, S−1R =
n

i=1 Li,  Li       

k   i, 1 6 i 6 n. T,  (3.2.1),  

(S−1R⊗k PC)⊕ (S−1NR ⊗k C)⊕ S−1T1
∼= (S−1MR ⊗k C)⊕ S−1T2 (3.2.2)

T  (3.2.2),  ,

(L1⊗k PC)⊕ (L1⊗RNR⊗k C)⊕ (L1⊗R T1) ∼= (L1⊗RMR⊗k C)⊕ (L1⊗R T2)

L C = L1 ⊗k C. F     j = 1, 2,

0 → L1 ⊗R W ′ → L1 ⊗R Tj → L1 ⊗R W ′′ → 0

    C-. N  L1 ⊗R MR
∼= Lr1

1 

L1 ⊗R NR
∼= Lr2

1  L1-    r1, r2 ∈ Z>1. N, 

L 211,   

[L1 ⊗k PC ] = [L1 ⊗R MR ⊗k C]− [L1 ⊗R NR ⊗k C] = [ Cr1 ]− [ Cr2 ]  G0( C)

N  C      k   . T,

G0( C) = K0( C). H,   s ∈ Z>0  

(L1 ⊗k PC)⊕ Cr2+s ∼= Cr1+s (3.2.3)

S PC      C-,    

 k- L  

(L⊗k PC)⊕ (L⊗k C)r2+s ∼= (L⊗k C)r1+s (3.2.4)

N  m      L. T
L
m = k,  k   -

  . T,  (L⊗k C)m(L⊗k C) ∼= C 

(L⊗k PC)m(L⊗k PC) ∼= PC ,  (3.2.4),  

[PC ] = [Cr1 ]− [Cr2 ]  K0(C)

T,   ι  ,   K0(C) = Z.
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S,     η : K1(k) = k∗ ↪→ K1(C)   -

 . W    [QC ,σC ] ∈ K1(C). S G1(R) →
G1(R ⊗k C)  ,     R- M̃R  NR

 R ∈ AR(M̃R)  R ∈ AR( NR)  

[R ⊗k QC , 1R ⊗ σC ] = [M̃R ⊗k C, R ⊗ 1C ]− [ NR ⊗k C, R ⊗ 1C ]

 G1(R⊗k C). T,  L 212,      

 M Z(R ⊗k C) (   S 2.1)

0 → (U ′,σU ′) → (T ′
1,σT ′

1
) → (U ′′,σU ′′) → 0



0 → (U ′, σU ′) → (T ′
2,σT ′

2
) → (U ′′,σU ′′) → 0,

         U ′  

(R⊗kQC , 1R⊗σC)⊕( NR⊗kC, R⊗1C)⊕(T ′
1,σT ′

1
) ∼= (M̃R⊗kC, R⊗1C)⊕(T ′

2,σT ′
2
)

(3.2.5)

H   ,     ,   

    1C        C-, C l

  l ∈ Z>1,    .

N,   (3.2.5)  S (    -  

R),     ,    

(L1 ⊗k QC , 1L1 ⊗ σC)⊕ ( Cs2 , L1 ⊗ 1C)⊕ (L1 ⊗R T ′
1,σ(L1⊗RT ′

1)
) ∼=

( Cs1 , L1 ⊗ 1C)⊕ (L1 ⊗R T ′
2,σ(L1⊗RT ′

2)
),

 L1 ⊗R M̃R
∼= Ls1

1  L1 ⊗R
NR

∼= Ls2
1  L1- ,  

s1, s2 ∈ Z>1  L1 ∈ AL1(L
s1
1 )  L1 ∈ AL1(L

s2
1 )   

      M Z( C)

0 → (L1⊗R U ′,σL1⊗RU ′) → (L1⊗R T ′
1,σL1⊗RT ′

1
) → (L1⊗R U ′′,σL1⊗RU ′′) → 0,



0 → (L1⊗RU
′, ′σL1⊗RU ′) → (L1⊗RT

′
2,σL1⊗RT ′

2
) → (L1⊗RU

′′,σL1⊗RU ′′) → 0,

 ′        L1⊗RU ′. N 
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L 212  ,

[L1 ⊗k QC , 1L1 ⊗ σC ] + [ Cs2 , L1 ⊗ 1C ] = [ Cs1 , L1 ⊗ 1C ]  G1( C)

A  G1( C) = K1( C),     r ∈ Z>1   

σ
C̃r ∈ A

C̃
( Cr)  

(L1⊗kQC , 1L1⊗σC)⊕( Cs2 , L1⊗1C)⊕( Cr, σ
C̃r) ∼= ( Cs1 , L1⊗1C)⊕( Cr, σ

C̃r)

(3.2.6)

S QC      C-,    

 k- L  

(L⊗k QC , 1L̃ ⊗ σC)⊕ ((L⊗k C)s2 , 
L̃
⊗ 1C)⊕ ((L⊗k C)r, σ̃

(L̃⊗kC)r
) ∼=

((L⊗k C)s1 , 
L̃
⊗ 1C)⊕ ((L⊗k C)r, σ̃

(L̃⊗kC)r
), (3.2.7)

  
L̃
∈ A(Ls2), 

L̃
∈ A(Ls1)  σ̃

(L̃⊗kC)r
∈ A((L⊗kC)r). S

k    ,     m  L,   L̃
m = k.

T  (3.2.7),  

(QC ,σC)⊕ (Cs2 , k ⊗ 1C)⊕ (Cr, σCr) ∼= (Cs1 , k ⊗ 1C)⊕ (Cr, σCr),

  k ∈ A(ks2), k ∈ A(ks1)  σCr ∈ A(Cr). H,  

[QC ,σC ] = [Cs1 , k ⊗ 1C ]− [Cs2 , k ⊗ 1C ]  K1(C)

T,   η  ,   K1(C) = k∗.

W       T A.

Theorem 3.2.3. Let k be an algebraically closed eld and A be an ane

k-domain as in (3.1.1). Suppose that C := k[Z,T ]
(f) is a regular domain and

A[l] = k[m+l+2] for some l > 0. Then C = k[1].

Proof. N  E := k[x1,    , xm] ↪→ A   (. L 311). C

   k E A A[l]σ γ δ B T 214,

Gi(k)
Gi(σ)−−−→ Gi(E), Gi(A)

Gi(δ)−−−→ Gi(A
[l])    

A[l] = k[l+m+2], Gi(k)
Gi(δγσ)−−−−−→ Gi(A

[l])      i > 0.

T,    Gi() : Gi(E) → Gi(A)    

i > 0. L p1,    , pn        E   u =
n

i=1 pi.
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T A[u−1] = E[u−1][2],   T 214,   

E[u−1] ↪→ A[u−1]     Gi(E[u−1]) → Gi(A[u−1]),

  i > 0. N  T 213,     



Gj(E) Gj(E[u−1]) Gj−1(
E
uE ) Gj−1(E) Gj−1(E[u−1])

Gj(A) Gj(A[u−1]) Gj−1(
A
uA) Gj−1(A) Gj−1(A[u−1])

∼= ∼= ∼= ∼=

B  F    

Gi


E

uE


→ Gi


A

uA


(3.2.8)

    i > 0. LR = E
uE . T

A

uA
=

R[Y, Z, T ]

(f)
= (R⊗k C)[1].

N  R     k-. T  (3.2.8)  T-

 214,      R ↪→ R[Z,T ]
(f)   -



Gi(R) → Gi


R[Z, T ]

(f)


= Gi(R ⊗k C)   i > 0

T,  L 322,       k ↪→ k[Z, T ]

(f)
  ι : K0(k) → K0(C)  η : K1(k) → K1(C). S η

 k∗  C∗,   K1(C) = C∗ = k∗. N  K0(C) = K0(k) = Z,
       C, C(C) = 0 (. [53, E 1.2]) 

 C   PID. T,  L 245,   C = k[1].

Remark 3.2.4. T         k-

   A  k[Z, T ](f)      f     

k  k[Z, T ],    k        . F

,  k       

A :=
k[X1, X2, Y, Z, T ]

((X1, X2)Y − (ZT + Z + T )− h(X1, X2, Z, T ))
,

   ∈ k[2], h ∈ k[4]   k-    ∈ k   

    h  k[X1, X2, Z, T ]. B       h,  
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   A          .

H,        A     

    k.

Corollary 3.2.5. Let A and H be as in (3.1.1). Suppose that f(Z, T ) = a0(Z) + a1(Z)T ,

for some a0, a1 ∈ k[1] and A[l] = k[m+l+2] for some l > 0. Then

k[Z, T ] = k[f ][1] and k[X1,    , Xm, Y, Z, T ] = k[X1,    , Xm, H ][2].

Proof. S A[l] = k[l+m+2]   A := A ⊗k k   UFD  A
∗
= k

∗
.

T  L 314    f    k[Z, T ]. W 

  :

Case I : a1(Z) = 0.

T f(Z, T ) = a0(Z). T a0(Z)    k[Z, T ]    

  Z  k.

Case II : a1(Z) 6= 0

W   a1(Z) ∈ k
∗
,   a1(Z) ∈ k∗. S f   

k[Z, T ]   k[Z](a0(Z), a1(Z)) = 1. H k[Z,T ]
(f) = k

[
Z, 1

a1(Z)

]


   . T  T 323,

k[Z,T ]
(f)

∗
= k

∗
. H

a1(Z) ∈ k
∗


T, f     k[Z, T ]. H  L 321,  

k[X1,    , Xm, Y, Z, T ] = k[X1,    , Xm, H ][2].

W       T A.

Theorem 3.2.6. Let k be a eld of characteristic zero with A and H be as in

(3.1.1). Suppose that A[l] = k[l+m+2] for some l > 0 and k[Z, T ](f) is a regu-

lar ring. Then k[Z, T ] = k[f ][1] and k[X1,    , Xm, Y, Z, T ] = k[X1,    , Xm, H ][2].

Proof. L A = A ⊗k k. S A
[l]

= k
[l+m+2]

,   A   UFD 

A
∗
= k

∗
. T,  L 314,    f    k[Z, T ].

H k[Z, T ](f)   . A k       

k[Z, T ](f)  ,   k[Z, T ](f)    . T, 

T 323   k[Z, T ](f) = k
[1]
. S k     

,   T 241  L 2410 ,  

k[Z, T ] = k[f ][1]. N,  L 321,   k[X1,    , Xm, Y, Z, T ] =

k[X1,    , Xm, H ][2].
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N   T B.

Theorem 3.2.7. Let k be a eld of characteristic zero and A and H be as in

(3.1.1) and A be an ane domain. Let  =
n

i=1 p
si
i be the prime factorization

of  in k[X1,    , Xm]. Suppose that one of the following condition is satised.

(I) si = 1 for some i.

(II) si > 1 for every i and at least one of the following holds.

() p2j  h for some j.

() (pj , (pj)X1 ,    , (pj)Xm)k[X1,    , Xm] is a proper ideal for some

j ∈ 1,    , n.
() If n > 2, then (pl, pj)k[X1,    , Xm] is a proper ideal for some

distinct l, j ∈ 1,    , n.

Then the following statements are equivalent:

() k[X1,    , Xm, Y, Z, T ] = k[X1,    , Xm, H ][2].

() k[X1,    , Xm, Y, Z, T ] = k[H ][m+2].

() A = k[x1,    , xm][2].

() A = k[m+2].

() k[Z, T ] = k[f(Z, T )][1].

() A is an A2-bration over k[x1,    , xm].

() A[l] = k[m+l+2] for some l > 0.

Proof. W        .

() () () () () ()

() ()

N  () ⇒ () ⇒ () ⇒ ()  () ⇒ () ⇒ ()  .

() ⇒ ()   L 321. T,      () ⇒ ()

 () ⇒ ().

(vi) ⇒ (v) : L m      E := k[X1,    , Xm]  .

N  L := E
m       k. B L 312,  



Chapter 3: On triviality and embedding of Linear Hyperplanes 42

L[Z,T ]
(f) = L[1]. S .k = 0,  T 241,   L[Z, T ] = L[f ][1].

N     L 2410.

(vii) ⇒ (v) : S A[l] = k[m+l+2]  , A   UFD  (A⊗k k)
∗ = k

∗
.

H  L 314,    f    k[Z, T ]. N 

A     ,   L 317, k[Z,T ]
(f)    .

T,     T 326.

Remark 3.2.8. L k        H    (3.1.1)

 h = 0, .., H := (X1,    , Xm)Y − f(Z, T ). T H  

 (I)   (II)()  T 327. T    

     H ,  A-S C  

 , H     k  k[m+3]     f   

 k[Z, T ].

3.3 On the admissibility of a Z-ltration

I         (C 3410) 

    T C    (T 3.4.11  3.4.12)  

 .

L R   UFD 

AR :=
R[X,Y, Z, T ]

(Xd1(X)Y − F (X,Z, T ))
  d > 1 (3.3.1)

 1(0) 6= 0, F (0, Z, T ) 6= 0   . L x, y, z, t   

 X,Y, Z, T  AR . T AR ⊆ R
[
x, 1

x ,
1

α1(x)
, z, t

]
. N 

  r ∈ R
[
x, 1

x ,
1

α1(x)
, z, t

]
   

r = xi1p,   i1 ∈ Z, p ∈ R


x,

1

1(x)
, z, t


 x - p

T,   wR  R
[
x, 1

x ,
1

α1(x)
, z, t

]
 

wR(r) = −i1,   r  ,

   . T wR       AR  
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R 233     Z- An
Rn∈Z  AR  

An
R := g ∈ AR : wR(g) 6 n, n ∈ Z

N  y = F (x,z,t)
xdα1(x)

∈ AR  F (0, z, t) 6= 0, ,   

wR(y) = d.

I  ,      .

Theorem 3.3.1. Let R be a UFD and a nitely generated k-algebra. Let R,

AR and wR be as above with R[Z,T ](1(0), F (0, Z, T )) = 1. Let c1,    , cn
be a generating set of the ane k-algebra R. Then wR induces an admissible

Z-ltration on AR with respect to the generating set c1,    , cn, x, y, z, t such

that

gr(AR) ∼=
R[X,Y, Z, T ]

(1(0)XdY − F (0, Z, T ))


Proof. F  P 336  L 337  .

Remark 3.3.2. N   R    k,   

k[Z,T ](1(0), F (0, Z, T )) = 1    1(0) ∈ k∗.

Throughout the rest of this subsection the notation and hypothe-

ses are assumed as in Theorem 331. W      P-

 336. W      (L 3.3.3, 3.3.4 

3.3.5)   .

Lemma 3.3.3. Let b ∈ AR be an element such that wR(b) < 0. Suppose that

b =
s

i=1mi, where mi is a monomial in R[x, xdy, z, t] with wR(mi) = 0 for

all i, 1 6 i 6 s. Then b = xb1 for some b1 ∈ R[x, xdy, z, t].

Proof. S b =
s

i=1mi,  wR(mi) = 0,    mi ∈ R[xdy, z, t].

A wR(b) < 0,    wR(1(0)
ib) < 0    i > 0 

    1(0)
rb ∈ (1(0)x

dy − F (0, z, t))R[xdy, z, t]  

r > 0. N

1(0)x
dy−F (0, z, t) = −(1(x)−1(0))x

dy+(F (x, z, t)−F (0, z, t)) ∈ xR[x, xdy, z, t]

(3.3.2)

T, 1(0)
rb ∈ xR[x, xdy, z, t]. N 

R[x, xdy, z, t] ∼= R[X,U, Z, T ]

(1(X)U − F (X,Z, T ))

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H R[x, xdy, z, t](x) ∼= R[U,Z, T ](1(0)U − F (0, Z, T )). S

R[Z,T ](1(0), F (0, Z, T )) = 1,    x,1(0)    
 R[x, xdy, z, t]      b ∈ xR[x, xdy, z, t]. T  

.

Lemma 3.3.4. Let b ∈ R[x, xdy, z, t] ⊆ AR be an element such that

wR(b) = − n for some n > 0. Then b can be represented as a sum of

monomials mi in x, xdy, z, t with w(mi) 6 −n, for every i.

Proof. W   b = xnbn   bn ∈ R[x, xdy, z, t]  wR(bn) =

0. T        m = λxι(xdy)βzltj 

λ ∈ R \ 0  ι, , l, j ∈ Z>0   wR(m) = −ι 6 0.

W   b = xnbn    n > 0. N  n = (−wR(b)) = 0,

    . N  n > 0. T  

b =

s∑

i=1

m′
i +

r∑

i=s+1

m′
i ∈ R[x, xdy, z, t],

 m′
i’    x, xdy, z, t  wR(m

′
i) < 0  1 6 i 6 s 

wR(m
′
i) = 0  s + 1 6 i 6 r. S wR(b) < 0  wR(

s
i=1m

′
i) < 0, 

 wR(
r

i=s+1m
′
i) < 0    L 333,

r
i=s+1m

′
i = xb1 

 b1 ∈ R[x, xdy, z, t]. A   i, 1 6 i 6 s    x  m′
i

 R[x, xdy, z, t]. H b = xb1   b1 ∈ R[x, xdy, z, t]  wR(b1) =

−(n− 1). H   ,     .

Lemma 3.3.5. Let b ∈ AR be an element such that wR(b) = n. If b is a sum

of monomials in x, y, z, t each of degree n +m for some m > 0, then x  b
and b has another representation as a sum of monomials in x, y, z, t each of

degree less than or equal to n.

Proof. L b =
s

i=1mi,  mi     x, y, z, t 

wR(mi) = n +m   m > 0. W      ι,  ∈ Z>0

  dι −  = n + m  mi = λiy
ιxβm′

i   i, 1 6 i 6 s 

λi ∈ R \ 0  m′
i     xdy, z, t (.., wR(m

′
i) = 0).

I n+m 6 0,     ι = 0   = −(n+m) > 0. I n+m > 0,

    ι          (n + m)d

  = dι − (n + m). T, b = yιxβ b̃,  b̃ ∈ R[x, xdy, z, t] 

wR(b̃) = −m. N     L 334.

W    R     k-.
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Proposition 3.3.6. Let c1,    , cn be a generating set of the ane k-algebra

R. Then the Z-ltration An
Rn∈Z on A is admissible with respect to the gen-

erating set c1,    , cn, x, y, z, t.

Proof. L b ∈ AR    wR(b) = n. S

b = b1 + · · ·+ br,

    j, 1 6 j 6 r, bj =
sj

l=1mjl,  mjl    

x, y, z, t  wR(mjl) = nj ,  n1 < · · · < nr.

I n = nr,    . I ,  vr := wR(br) < nr  n < nr.

B L 335      br    ,

br =
s′

l=1m
′
rl  wR(m

′
rl) 6 vr. H

b = b1 + · · ·+ b̃r′ ,

    i, 1 6 i 6 r′   bi       

wR- n′
i,  n′

1 < · · · < n′
r′  n′

r′ < nr. H   

         b     ,

    wR-    n. T,   .

T           

AR      An
Rn∈Z.

Lemma 3.3.7. Let Ã :=
⊕

n∈Z
An

R

An−1
R

be the associated graded ring of A with

respect to the ltration An
Rn∈Z. Then

Ã ∼= R[X,Y, Z, T ]

(1(0)XdY − F (0, Z, T ))


Proof. L c1,    , cn        k- R. S

An
Rn∈Z     Z-     

 c1,    , cn, x, y, z, t   Ã = R[x, y, z, t],  x, y, z, t  

  x, y, z, t  (AR) ,     ρ : AR → (AR)

(. R 235).

N 1(0), x
dy, F (0, z, t) ∈ AR

0 \ AR
−1. S xd1(x)y − F (x, z, t) = 0 

AR  (3.3.2), 1(0)x
dy−F (0, z, t) ∈ AR

−1. T, 1(0)x
dy−F (0, z, t) = 0

 (AR). H      k-

π :
R[X,Y, Z, T ]

(1(0)XdY − F (0, Z, T ))
→ (AR)
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N  L.H.S  R.H.S      k (AR) =

 k R + 3 < ∞,      . T, π 

 .

N         AR 

R[Z,T ](1(0), F (0, Z, T )) = 1.

Remark 3.3.8. () L m     AR = R[x, y, z, t]. I wR(m) <

0  m ∈ xAR. I wR(m) > 0  y  m.

() F  g ∈ AR,  wR(g) < 0  g =
n

i=1mi,  mi   

 x, y, z, t  wR(mi) 6 wR(g). T g ∈ xAR.

() F  g ∈ AR,  wR(g) > 0  ρ(y)  ρ(g),  ρ : AR → (AR)

   .

() L g ∈ AR    wR(g) = 0. T  T 331,

g =
n

i=1mi,  mi’    A = R[x, y, z, t] 

wR(mi) 6 wR(g) = 0. H g ∈ R[x, xdy, z, t],    

m ∈ R[x, y, z, t]  wR(m) 6 0, m ∈ R[x, xdy, z, t]. T, 

 r > 0   1(0)
rg ∈ R[x,1(0)x

dy, z, t]. B  

(3.3.2), 1(0)x
dy = F (0, z, t) + xv   v ∈ R[x, xdy, z, t]. T, 

 

1(0)
rg = g1(z, t) + xu(x, xdy, z, t),

  g1 ∈ R[z, t]  u ∈ R[x, xdy, z, t]  wR(u) 6 0.

3.4 On Theorem C

T C         

A =
k[X1,    , Xm, Y, Z, T ]

((X1,    , Xm)Y − F (X1,    , Xm, Z, T ))
(3.4.1)

 (X1,    , Xm)      k[X1,    , Xm].

F ,          r-

. W     .

Denition 3.4.1. L R    . F r = (r1,    , rm) ∈ Zm
>1,

   -   ∈ R[m]  r-divisible     
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  X1,    , Xm  R[m]  

(X1,    , Xm) = Xr1
1 1(X1,    , Xm),   1 ∈ R[m]  X1 - 1;

  i ∈ 2,    ,m,

i(Xi,    , Xm) := i−1(0, Xi,    , Xm)Xri
i ∈ R[Xi,    , Xm]  Xi - i

 m+1 := m(0) ∈ R \ 0,

..,  i ∈ 1,    ,m,   i ∈ R[m−i+1]  

 = Xr1
1 1(X1,    , Xm)

= Xr1
1 (X11(X1,    , Xm) + 1(0, X2,    , Xm))

= Xr1
1 (X11(X1,    , Xm) +Xr2

2 2(X2,    , Xm))

= Xr1
1 (X11(X1,    , Xm) +Xr2

2 (X22(X2,    , Xm) +Xr3
3 3(X3,    , Xm)))

=   

= Xr1
1 (X11(X1,    , Xm) + · · ·+X

rm−1

m−1 (Xm−1m−1(Xm−1, Xm)+

Xrm
m m(Xm))    )

= Xr1
1 (X11(X1,    , Xm) + · · ·+X

rm−1

m−1 (Xm−1m−1(Xm−1, Xm)+

Xrm
m (Xmm(Xm) + m+1))    )

Remark 3.4.2. N   r = (r1,    , rm) ∈ Zm
>1     -

 X1,    , Xm  R[m]       r-  

  r1      X1  (X1,    , Xm)  rj  

   Xj  j−1(0, Xj ,    , Xm)  R[X1,    , Xm],  

j ∈ 2,    ,m.

W            .

Example 3.4.3. X2(1 +X)2 ∈ k[X ]  (2)-  X  k[1].

Example 3.4.4. X1X
2
2 (X1 + X2

2 ) ∈ k[X1, X2]  (1, 4)-  X1, X2
 k[2]   (2, 2)-  X2, X1  k[2].

N      G A   [25,

P 3].

Denition 3.4.5. A         

B :=
k[X1,    , Xm, Y, Z, T ]

(Xr1
1 · · ·Xrm

m Y − F (X1,    , Xm, Z, T ))
  ri > 1, 1 6 i 6 m,

(3.4.2)
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 f(Z, T ) := F (0,    , 0, Z, T ) 6= 0     Generalised Asanuma

variety          B   Generalised Asanuma

domain.

L x1,    , xm, y, z, t     X1,    , Xm, Y, Z, T  B -

. N     Y       G

A   Xr1
1 · · ·Xrm

m   ri > 1   i, 1 6 i 6 m  

   r-  X1,    , Xm,  r = (r1,    , rm).

W       [28]  [29], [24]  G

A . W       D  ([29,

L 3.3]).

Lemma 3.4.6. Let B be a Generalised Asanuma domain as in (3.4.2). Then

k[x1,    , xm, z, t] ⊆ DK(B).

N           [28],

[29]  [24].

Proposition 3.4.7. Let B be a Generalised Asanuma domain as in (3.4.2).

Suppose k[x1,    , xm, z, t] $ DK(B). Then the following statements hold:

() If m = 1 or if k is an innite eld, then there exist Z1, T1 ∈ k[Z, T ] and

a0, a1 ∈ k[1] such that k[Z, T ] = k[Z1, T1] and f(Z, T ) = a0(Z1) + a1(Z1)T1.

() If f is a line over k in k[2], i.e., k[Z,T ]
(f) = k[1] then k[Z, T ] = k[f ][1].

Proof. (i) T  m = 1    [28, P 3.7]. A  

[24, P 2.10],    k       [29,

P 3.4()].

(ii) T    [29, P 3.4]  k    [24,

P 2.12]  k    .

N       [24, L 3.13].

Lemma 3.4.8. Let B be a Generalised Asanuma domain in (3.4.2). Suppose

m ∈ Z>2 and k[x1,    , xm, z, t] $ DK(B). Then there exist an integer l ∈
1,    ,m and an integral domain Bl of the form

Bl =
k(Xl)[X1,    , Xl−1, Xl+1,    , Xm, Y, Z, T ]

(Xr1
1 · · ·Xrm

m Y − f(Z, T ))

such that DK(Bl) = Bl.
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T         

 T 331       (3.4.1)    

r- ,     G A   

   .

Proposition 3.4.9. Let

A =
k[X1,    , Xm, Y, Z, T ]

((X1,    , Xm)Y − F (X1,    , Xm, Z, T ))
,

be a domain such that

() f(Z, T ) := F (0,    , 0, Z, T ) 6= 0.

() For r = (r1,    , rm) ∈ Zm
>1 the polynomial (X1,    , Xm) is r-divisible in

the system of coordinates X1,    , Xm in k[m]. Let 1 := (X1,    , Xm)Xr1
1

i := i−1(0, Xi,    , Xm)Xri
i , 2 6 i 6 m and m+1 := m(0) ∈ k∗

() (i(0, Xi+1,    , Xm), F (0,    , 0, Xi+1,    , Xm, Z, T )) = 1, 1 6 i 6 m

in k[X1,    , Xm, Z, T ].

Then we can dene a degree function wj on Aj−1 such that wj induces an

admissible Z-ltration on Aj−1, where A0 := A and Aj := (Aj−1) (the

associated Z-graded integral domain with respect to wj), for each j, 1 6 j 6 m,

such that

Am
∼= k[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2   Xrm
m Y − f(Z, T ))



Proof. SA0 = A     X1  ,   F (0, X2,    , Xm, Z, T ) 6= 0.

N 0 :=   r-      X1,    , Xm 

k[m]. H, 1(0, X2,    , Xm) = Xr2
2 2(X2,    , Xm)  r̃-  

   X2,    , Xm,  r̃ = (r2,    , rm) ∈ Zm−1
>1 . L

x10,    , xm0, y0, z0, t0     X1,    , Xm, Y, Z, T  A0 -

. W      w1  A0  

w1(x10) = −1, w1(y0) = r1, w1(z0) = w1(t0) = w1(xi0) = 0  2 6 i 6 m

S (1(0, X2,    , Xm), F (0, X2,    , Xm, Z, T )) = 1,  T 331

w1    Z-  A0      

x10,    , xm0, y0, z0, t0       

A1 = (A0) =
k[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2 2(X2,    , Xm)Y − F (0, X2,    , Xm, Z, T ))

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L x11,    , xm1, y1, z1, t1     X1,    , Xm, Y, Z, T  A1 -

. W    w2  A1,   :

w2(x21) = −1, w2(y1) = r2, w2(z1) = w2(t1) = w2(xi1) = 0  i ∈ 1, 3,    ,m

S (Xr1
1 2(0, X3,    , Xm), F (0, 0, X3,    , Xm, Z, T )) = 1  k[X1,    , Xm, Z, T ]

 T 331, w2    Z-  A1   

   

A2 = (A1) =
k[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2 Xr3
3 3(X3,    , Xm)Y − F (0, 0, X3,    , Xm, Z, T ))



T     j ∈ 2,    ,m,   

Aj−1 =
k[X1,    , Xm, Y, Z, T ]

(Xr1
1 · · ·Xrj

j j(Xj ,    , Xm)Y − F (0,    , 0, Xj ,    , Xm, Z, T ))


L l = j−1  x1l,    , xml, yl, zl, tl     X1,    , Xm, Y, Z, T

 Aj−1 . N      wj  Aj−1  :

wj(xjl) = −1, wj(yl) = rj , wj(zl) = wj(tl) = wj(xil) = 0, i ∈ 1,    ,m\j

S (Xr1
1 · · ·Xrl

l j(0, Xj+1,    , Xm), F (0,    , 0, Xj+1,    , Xm) = 1 

T 331, wj    Z-  Aj−1   

      

Aj = (Aj−1) =
k[X1,    , Xm, Y, Z, T ]

(Xr1
1 · · ·Xrj+1

j+1 j+1(Xj+1,    , Xm)Y − F (0,    , 0, Xj+1,    , Xm, Z, T ))


S m+1 ∈ k∗,   m     

Am
∼= k[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2 · · ·Xrm
m Y − f(Z, T ))

, f(Z, T ) = F (0,    , 0, Z, T ),

      Am−1      

wm.

A       P 349    -

     .

Corollary 3.4.10. Let A be an ane domain as in (3.1.1) such that

() For r = (r1,    , rm) ∈ Zm
>1 the polynomial (X1,    , Xm) is r-divisible in
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the system of coordinates X1,    , Xm in k[m].

() X1  h(X1,    , Xm, Z, T ) in k[X1,    , Xm, Z, T ].

Then we can dene a degree function wj on Aj−1 such that wj induces an

admissible Z-ltration on Aj−1, where A0 := A and Aj := (Aj−1) for each

j, 1 6 j 6 m, such that

Am
∼= k[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2   Xrm
m Y − f(Z, T ))



W        T C. F  

     . W   T C   ML(A) = k.

I            P 349.

Theorem 3.4.11. Let A be as in Proposition 349 with r ∈ Zm
>2. Suppose

ML(A) = k. Then the following statements hold:

() There exists an integral domain Ã of the form

Ã =
k[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2   Xrm
m Y − f(Z, T ))

with f(Z, T ) = F (0,    , 0, Z, T )

such that DK(Ã) = Ã.

() When m = 1 or k is an innite eld then there exist a system of coordi-

nates Z1, T1 of k[Z, T ] and a0, a1 ∈ k[1], such that f(Z, T ) = a0(Z1) + a1(Z1)T1.

() When f is a line over k in k[2] i.e., k[Z,T ]
(f) = k[1], then k[Z, T ] = k[f ][1].

Proof. R  f(Z, T ) 6= 0  x10,    , xm0, y0, z0, t0   

 X1,    , Xm, Y, Z, T  A (=A0) . F   

xi0   xi,   i ∈ 1,    ,m  y0, z0, t0   y, z, t  ..,

 x1,    , xm, y, z, t     X1,    , Xm, Y, Z, T  A(= A0)

. S ML(A) = k,    -   φ

 A   x1 ∈ Aφ.

R  w1      A   :

w1(x1) = −1, w1(y) = r1, w1(z) = w1(t) = w1(xi) = 0   i ∈ 2,    ,m

S   r-      X1,    , Xm,    =

Xr1
1 1   1 ∈ k[m]. S (1(0, X2,    , Xm), F (0, X2,    , Xm, Z, T )) = 1,
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 T 331    w1  A    Z-
  A    x1,    , xm, y, z, t  

A1 = (A) ∼= k[X1,    , Xm, Y, Z, T ]

(Xr1
1 1(0, X2,    , Xm)Y − F (0, X2,    , Xm, Z, T ))



F a ∈ A,  a     A1. F ,   xi1  

xi   i ∈ 1,    ,m  y1, z1, t1   y, z, t  A1  .., 

x1,    , xm, y, z, t     X1,    , Xm, Y, Z, T  A1 .

B T 238, φ   -   φ1  A1. W

   y ∈ Aφ1
1 .

W    w1(a) > 0   a ∈ Aφ. S . T, 

 a ∈ Aφ   w1(a) < 0. T x1  a  A (. R 338())

  x1 ∈ Aφ (. L 223())      φ.

S,  , w1(a) = 0   a ∈ Aφ. S  k A
φ = m + 1

(. L 223()),   m + 1   -

 f1,    , fm+1 ∈ Aφ  w1(fi) = 0,  1 6 i 6 m + 1. S

 := 1(0, x2,    , xm). B R 338(),   i ∈ 1,    ,m + 1,
  si ∈ Z>0  

sifi = pi0(x2,    , xm, z, t) + x1qi(x1,    , xm, y, z, t),  w1(qi) 6 0

T   i ∈ 1,    ,m+ 1,


sifi = pi0(x2,    , xm, z, t), .., fi =

pi0(x2,    , xm, z, t)


si (3.4.3)

 fi ∈ Aφ1
1  1 6 i 6 m+ 1 (. T 238). T

k[f1,    , fm+1] ⊆ D := k


x2,    , xm, z, t,

1






S,  ,  f1,    , fm+1     .

S

k[m+1] = k[x2,    , xm, z, t] ↪→ A1 ↪→ k


x1, x2    , xm, z, t,

1

x1r11(0, x2,    , xm)





x1
r11(0, x2,    , xm)y = F (0, x2,    , xm, z, t),
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 ,  k D = m+1 T, D    k[f1,    , fm+1] 

 k[x2,    , xm, z, t] ⊆ Aφ1
1 (. L 223()). T x1, y ∈ Aφ1

1 , 

    φ1  -. T,    -

Q ∈ k[m+1]   Q(f1,    , fm+1) = 0. H   

Q

(
p10(x2,    , xm, z, t)


s1 ,    ,

p(m+1)0(x2,    , xm, z, t)


sm+1

)
= 0 (3.4.4)

N  fi = pi0(x2,,xm,z,t)
βsi + x1qi

βsi , 1 6 i 6 m,  (3.4.4),  

Q(f1,    , fm+1) = x1q
βs   q ∈ A  s ∈ Z>0, .., x1q ∈ sA. N


A

x1A
=

k[X2,    , Xm, Y, Z, T ]

(F (0, X2,    , Xm, Z, T ))
,

   -   A
x1A

. T    Q(f1,    , fm+1) = x1q
  q ∈ A. S Q(f1,    , fm+1) ∈ Aφ,    x1 ∈ Aφ (.

L 223()),       φ.

T,    a ∈ Aφ  w1(a) > 0. H y  a (.

R 338())   y ∈ Aφ1
1 .

B P 349,     Z-  

   wj  Aj−1   j, 1 6 j 6 m,  A0 = A 

Ai = (Ai−1), 1 6 i 6 m  

Ã := Am
∼= k[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2   Xrm
m Y − f(Z, T ))

,

 f(Z, T ) = F (0,    , 0, Z, T ) S y(= y1) ∈ Aφ1
1 ,   

 T 238,    φ1   -   φ̃ 

Ã   ym ∈ Ãφ̃. H  L 346, DK(Ã) = Ã. T 

   . N  P 347,    

.

W   T C    DK(A) = A. I   

       DK(A) = A   

    DK(A)       

     . I       

    P 349.

Theorem 3.4.12. Let A be as in Proposition 349 with r ∈ Zm
>2. Recall that

w1 is the degree function on A dened as follows, w1(x10) = −1, w1(y0) =
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r1, w1(xi0) = w1(z0) = w1(t0) = 0, 2 6 i 6 m. Suppose DK(A) contains an

element with positive w1-degree. Then the following statements hold:

() There exists an integral domain Ã of the form

k[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2   Xrm
m Y − f(Z, T ))

where f(Z, T ) = F (0,    , 0, Z, T )

such that DK(Ã) = Ã.

() When m = 1 or k is an innite eld then there exist a system of coordi-

nates Z1, T1 of k[Z, T ] and a0, a1 ∈ k[1], such that f(Z, T ) = a0(Z1) + a1(Z1)T1.

() When f is a line over k in k[2] i.e., k[Z,T ]
(f) = k[1] then k[Z, T ] = k[f ][1].

Proof. R  x10,    , xm0, y0, z0, t0    X1,    , Xm, Y, Z, T

 A (=A0) . F    xi0   xi,  

i ∈ 1,    ,m  y0, z0, t0   y, z, t  ..,  x1,    , xm, y, z, t

    X1,    , Xm, Y, Z, T  A . A   r-

   X1,    , Xm,    = Xr1
1 1   1 ∈ k[m]. S

(1(0, X2,    , Xm), F (0, X2,    , Xm, Z, T )) = 1  k[X1,    , Xm, Z, T ], 

T 331    w1  A,  

w1(x1) = −1, w1(y) = r1, w1(z) = w1(t) = w1(xi) = 0   i ∈ 2,    ,m,

   Z-  A    x1,    , xm, y, z, t
 

A1 := (A) ∼= k[X1,    , Xm, Y, Z, T ]

(Xr1
1 1(0, X2,    , Xm)Y − F (0, X2,    , Xm, Z, T ))



F a ∈ A,  a     A1. F    xi1  

xi   i ∈ 1,    ,m  y1, z1, t1   y, z, t  A1  .., 

x1,    , xm, y, z, t     X1,    , Xm, Y, Z, T  A1 .

S DK(A)      w1-,    -

   φ  A  a ∈ A  w1(a) > 0   a ∈ Aφ.

H y  a (. R 338()). B T 238, φ   -

   φ1  A1   a ∈ Aφ1
1 . T y ∈ Aφ1

1 (.

L 223()). B P 349,     Z-
     wj  Aj−1, 1 6 j 6 m,  A0 = A 
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Ai = (Ai−1)   i, 1 6 i 6 m  

Ã := Am
∼= k[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2   Xrm
m Y − f(Z, T ))

 ri > 2, 1 6 i 6 m

N     T 238, φ1   - -

  φ̃  Ã   ym ∈ Ãφ̃. H  L 346, DK(Ã) = Ã.

T     . N  P 347,   

 .

A       f       

,    A     . M :

Corollary 3.4.13. Let A be an ane domain as in Proposition 349 with

r ∈ Zm
>2. Suppose F (X1,    , Xm, Z, T ) = f1(Z, T ) + h(X1,    , Xm) for some

f1 ∈ k[2] \ 0 and h ∈ k[m]. Moreover, let f1(Z, T ) + h(0,    , 0) has the

property that for any Z1, T1 ∈ k[Z, T ] with k[Z, T ] = k[Z1, T1] there does not

exist a0, a1 ∈ k
[1]

for which f1(Z, T ) + h(0,    , 0) = a0(Z1) + a1(Z1)T1. Then

ML(A) 6= k and DK(A) 6= A. In particular, A 6∼=k k[m+2].

Proof. S,  ,  ML(A) = k  DK(A) = A. L A = A⊗k

k. T ML(A) = k  DK(A) = A. T,  T 3411() 

T 3412(),   f1 + h(0,    , 0) = a0(Z1) + a1(Z1)T1  

a0, a1 ∈ k
[1]

 k[Z, T ] = k[Z1, T1],      .

T ML(A) 6= k  DK(A) 6= A. H A 6∼=k k[m+2] (. L 224).

Corollary 3.4.14. Let A be as in Corollary 3410 with r ∈ Zm
>2. Suppose that

f(Z, T ) has the property that for any Z1, T1 ∈ k[Z, T ] with k[Z, T ] = k[Z1, T1]

there does not exist a0, a1 ∈ k
[1]

for which f(Z, T ) = a0(Z1)+ a1(Z1)T1. Then

ML(A) 6= k and DK(A) 6= A. In particular, A 6∼=k k[m+2].

Proof. F   C 3413.

Remark 3.4.15. T       ( ) 

      R-K  (   ,

,        , 

    ). F , 

A1 :=
k[X,Y, Z, T ]

(X2(X + 1)2Y − (Z2 + T 3)−Xh1(X,Z, T ))
  h1 ∈ k[3],
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A2 :=
k[X1, X2, Y, Z, T ]

(X1X2
2 (X1 +X2

2 )Y − (Z2 + T 3)− h2(X1, X2)
  h2 ∈ k[2],



A3 :=
k[X1, X2, Y, Z, T ]

(X1X2
2 (X1 +X2

2 )Y − (Z2 + T 3)−X1h3(X1, Z, T )−X2h4(X1, X2, Z, T ))
,

  h3 ∈ k[3]  h4 ∈ k[4] B    hi, 1 6 i 6 4  

Ai (1 6 i 6 3)          .

O  Z2+T 3+λ,   λ ∈ k        

. H     E 3.4.3  3.4.4  C

3.4.14  3.4.13       M-L  

 D   Ai,   i, 1 6 i 6 3      

 ;  ,     .

3.5 On Theorem D

I         T D    

A   

A =
k[X1,    , Xm, Y, Z, T ]

((X1,    , Xm)Y − f(Z, T )− h(X1,    , Xm, Z, T ))
, (3.5.1)

 H := (X1,    , Xm)Y − f(Z, T )− h(X1,    , Xm, Z, T )  

() F r = (r1,    , rm) ∈ Zm
>2     r-   

  X1 − λ1,    , Xm − λm   λi ∈ k, 1 6 i 6 m.

() E    (X1,    , Xm)  h  k[X1,    , Xm, Z, T ].

L x1,    , xm, y, z, t     X1,    , Xm, Y, Z, T  A -

. S A   , f(Z, T ) 6= 0. W      

 T D.

Proposition 3.5.1. Let A be an ane domain as in (3.5.1) and k1 :=

k(λ1,    ,λm). Suppose that A[l] = k[l+m+2] for some l > 0 and either

ML(A) = k or DK(A) = A. Then k1[Z, T ] = k1[f ]
[1].

Proof. S   r-    X1 − λ1,    , Xm − λm  k
[m]
1 ,

  i ∈ 1,    ,m   i ∈ k
[m−i+1]
1  

(X1,    , Xm) = (X1 − λ1)
r11(X1 − λ1,    , Xm − λm),
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 (X1 − λ1) - 1   2 6 i 6 m,

i−1(0, Xi − λi,    , Xm − λm) = (Xi − λi)
rii(Xi − λi,    , Xm − λm)

 (Xi − λi) - i T,    ,    

A′ := A⊗k k1 ∼=
k1[X1,    , Xm, Y, Z, T ]

(Xr1
1 1(X1,    , Xm)Y − f(Z, T )− h1(X1,    , Xm, Z, T ))

,

 h1(X1,    , Xm, Z, T ) := h(X1+λ1,    , Xm+λm, Z, T ). N , 

Xr1
1 1  r-      X1,    , Xm  k

[m]
1 . N

ML(A′) = k1  DK(A′) = A′   ML(A) = k  DK(A) = A.

S k    . T  T 3411()  T-

 3412()   ML(A′) = k1  DK(A′) = A′,  

    Z1, T1  k1[Z, T ]  a0, a1 ∈ k
[1]
1  

f = a0(Z1) + a1(Z1)T1. S A[l] = k[l+m+2]   (A′)[l] = k
[l+m+2]
1 .

T,  C 325   k1[Z, T ] = k1[f ]
[1].

W k    ,        k[Z, T ] =

k[f ][1]. T,  L 2410 k[Z, T ] = k[f ][1]   k1[Z, T ] =

k1[f ]
[1].

N     .

Lemma 3.5.2. Let f = a0(Z) + a1(Z)T for some a0, a1 ∈ k[1], be an irre-

ducible polynomial of k[Z, T ] with

k[Z,T ]
(f)

∗
= k∗. Then k[Z, T ] = k[f ][1]. In

particular, if k[Z,T ]
(f) = k[1] then k[Z, T ] = k[f ][1].

Proof. C    .

Case I : I a1(Z) = 0,  f = a0(Z)    . A
k[Z,T ]
(f)

∗
= k∗    f    Z,   k[Z, T ] = k[f ][1].

Case II : I a1(Z) 6= 0,  (a0, a1) = 1  k[Z]  f   

k[Z, T ]. H k[Z,T ]
(f) = k

[
Z, 1

a1(Z)

]
. N 


k[Z,T ]
(f)

∗
= k∗   

a1(Z) ∈ k∗   f    T . T k[Z, T ] = k[f ][1].

W       T D.

Theorem 3.5.3. Let A and H be as in (3.5.1) and for each i, 1 6 i 6 m,

λi is separable over k, i.e., k1 := k(λ1,    ,λm) is separable over k. Let E :=

k[x1,    , xm] be a subring of A. Then the following statements are equivalent.
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() k[X1,    , Xm, Y, Z, T ] = k[X1,    , Xm, H ][2].

() k[X1,    , Xm, Y, Z, T ] = k[H ][m+2].

() A = k[x1,    , xm][2] = E[2].

() A = k[m+2].

() k[Z, T ] = k[f(Z, T )][1].

() A[l] = k[l+m+2] for some l > 0 and ML(A) = k.

() f(Z, T ) is a line over k in k[Z, T ] and ML(A) = k.

() A is an A2-bration over E and ML(A) = k.

() () When m = 1, A is a UFD, ML(A) = k and


k1[Z,T ]
(f(Z,T ))

∗
= k1

∗

() When m > 1, A⊗k k1 is a UFD, ML(A) = k and


k1[Z,T ]
(f(Z,T ))

∗
= k1

∗

() A[l] = k[l+m+2] for some l > 0 and DK(A) = A.

() f(Z, T ) is a line over k in k[Z, T ] and DK(A) = A.

() A is an A2-bration over E and DK(A) = A.

() () When m = 1, A is a UFD, DK(A) = A and


k1[Z,T ]
(f(Z,T ))

∗
= k1

∗

() When m > 1, A⊗k k1 is a UFD, DK(A) = A and


k1[Z,T ]
(f(Z,T ))

∗
= k1

∗.

() A⊗k k is a UFD, f(Z, T ) ∈ k and there exists a non-trivial exponential

map ψ on A such that x1,    , xm, a ∈ Aψ with w1(a) > 0 (w1  

  T 3412).

Proof. S (X1,    , Xm)  r-      X1 −
λ1,    , Xm−λm   i ∈ 1,    ,m,   i ∈ k

[m−i+1]
1  

(X1,    , Xm) = (X1 − λ1)
r11(X1 − λ1,    , Xm − λm),

 (X1 − λ1) - 1   2 6 i 6 m,

i−1(0, Xi − λi,    , Xm − λm) = (Xi − λi)
rii(Xi − λi,    , Xm − λm)
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 (Xi − λi) - i T,    ,    

A′ := A⊗k k1 ∼=
k1[X1,    , Xm, Y, Z, T ]

(Xr1
1 1(X1,    , Xm)Y − f(Z, T )− h1(X1,    , Xm, Z, T ))

,

 h1(X1,    , Xm, Z, T ) := h(X1 + λ1,    , Xm + λm, Z, T ). N 

Xr1
1 1   r-      X1,    , Xm.
W            

:

() () () () () () () () ()

() () () () () () ()

(i) ⇒ (xiv): S k[X1,    , Xm, Y, Z, T ] = k[X1,    , Xm, H ][2]  

 A = k[x1,    , xm][2] = k[x1,    , xm, h1, h2]   h1, h2 ∈ A. T-

, A ⊗k k = k[x1,    , xm][2]   UFD. F  A    

A∗ = k∗,    f(Z, T ) ∈ k. N y ∈ A  w1(y) > 0. S

w1(xi) 6 0,   i ∈ 1,    ,m,  w1(h1) > 0  w1(h2) > 0. W-

   ,  w1(h1) > 0. N     

φ : A → A[U ]   

φ(h2) = h2 + U, φ(h1) = h1, φ(xi) = xi   i ∈ 1,    ,m.

T      Aφ = k[x1,    , xm, h1].

(vi) ⇒ (vii)  (x) ⇒ (xi): B P 351   k1[Z, T ] =

k1[f ]
[1]. S k1      k,  L 2410 

 k[Z, T ] = k[f ][1], .., k[Z,T ]
(f(Z,T )) = k[1].

(vii) ⇔ (viii)  (xi) ⇔ (xii): L p := (x1−λ1,    , xm−λm)k[x1,    , xm]
E ∈ M(E). T  ∈ p 

Ep

pEp
↪→ k1       k.

H  R 313   .

(viii) ⇔ (vii) ⇒ (ix)  (xii) ⇔ (xi) ⇒ (xiii) : S f(Z, T )   

 k  k[Z, T ]   , k1[Z,T ]
(f(Z,T )) = k

[1]
1  f(Z, T )   

k[Z, T ]. H


k1[Z,T ]
(f(Z,T ))

∗
= k∗1   L 316,   A ⊗k L  

UFD     L  k. T   .
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(xiii) ⇒ (v):

(a): Lm = 1. S A   UFD 


k1[Z,T ]
(f(Z,T ))

∗
= k1

∗,  P 2416

f(Z, T )    k1[Z, T ]  k(λ1) = k1. N  DK(A) = A, 

 DK(A′) = A′. T,   T 3412()  A′,  

f(Z, T ) = a0(Z) + a1(Z)T   a0, a1 ∈ k
[1]
1 . T  L 352

k1[Z, T ] = k1[f(Z, T )]
[1]    L 2410, f    

k[Z, T ]  k1    k.

(b): H m > 1. N A′   UFD 


k1[Z,T ]
(f(Z,T ))

∗
= k1

∗. T,

 L 314 f(Z, T )    k1[Z, T ]. N  DK(A) = A 

  DK(A′) = A′. T,  T 3412()   

  Ã  

Ã =
k1[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2   Xrm
m Y − f(Z, T ))

,

 DK(Ã) = Ã. B L 348,   l ∈ 1,    ,m   

 Ãl  

Ãl
∼= k1(Xl)[X1,    , Xl−1, Xl+1,    , Xm, Y, Z, T ]

(Xr1
1 Xs2

2   Xsm
m Y − f(Z, T ))

 DK(Ãl) = Ãl. T,  P 347(),   Z1, T1 ∈
k1(Xl)[Z, T ]  a0, a1 ∈ k1(Xl)

[1]   k1(Xl)[Z, T ] = k1(Xl)[Z1, T1]



f(Z, T ) = a0(Z1) + a1(Z1)T1

N


k1[Z,T ]
(f(Z,T ))

∗
= k∗1, 


k1(Xl)[Z,T ]
(f(Z,T ))

∗
=


k1[Z,T ]
(f(Z,T )) [Xl]⊗k1[Xl] k1(Xl)

∗
=

k1(Xl)
∗. S f    k1[Z, T ]    f   

k1(Xl)[Z, T ]. T,  L 352, k1(Xl)[Z, T ] = k1(Xl)[f(Z, T )]
[1] 

  L 2410, f     k[Z, T ].

(ix) ⇒ (v): Wm = 1,  A   UFD 

k1[Z,T ]
f(Z,T )

∗
= k1

∗,   

P 2416  f(Z, T )    k1[Z, T ]. N  ML(A) = k

  ML(A′) = k1. T,   T 3411()  A′,  

f(Z, T ) = a0(Z) + a1(Z)T   a0, a1 ∈ k
[1]
1 .

S,  m > 1, A′   UFD 

k1[Z,T ]
f(Z,T )

∗
= k1

∗. T,

 L 314 f(Z, T )    k1[Z, T ]. N  ML(A) = k, 

  ML(A′) = k1. T,  T 3411(),   
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  Ã  

Ã :=
k1[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2   Xrm
m Y − f(Z, T ))

 DK(Ã) = Ã. N       () ⇒ (), 

 .

(xiv) ⇒ (v): W   ψ   -   φ  A′

(. L 223())   x1,    , xm, a ∈ (A′)φ. T a ∈ DK(A′) 

w1(a) > 0. T   T 3412      

 Ã   

Ã =
k1[X1,    , Xm, Y, Z, T ]

(Xr1
1 Xr2

2   Xrm
m Y − f(Z, T ))

  φ   -   φ1. F  g ∈ A′,  g̃

    g  Ã. A    T 3412  

ỹ ∈ Ãφ1  g̃ ∈ Ãφ1 ,   g ∈ (A′)φ. T, x̃1,    , x̃m, ỹ ∈ Ãφ1 

 k1[x̃1,    , x̃m, z̃, t̃] $ DK(Ã) (. L 346). N   

:

Case I : L k    . W   ,  P-

 347(),   f(Z, T ) = a0(Z) + a1(Z)T   a0, a1 ∈ k
[1]
1 . N

 A ⊗k k   UFD  f ∈ k,  L 314,   f(Z, T )  -

  k[Z, T ].

I a1(Z) = 0,  f(Z, T ) = a0(Z)    k[Z, T ]. T, f

   Z. H k[Z, T ] = k[f(Z, T )][1]

N     a1(Z) 6= 0. B L 223(), φ1  

-   

Ã1 := Ã⊗k1[x̃1,,x̃m,ỹ] k1(x̃1,    , x̃m, ỹ) ∼= k1(x̃1,    , x̃m, ỹ)[Z, T ]

( − a0(Z)− a1(Z)T )
,

   ∈ k1(x̃1,    , x̃m, ỹ). T, Ã1  -. S f 

  k[Z, T ], (a0(Z), a1(Z)) = 1  k[Z, T ]. T  

 ( − a0(Z), a1(Z)) = 1  k(x̃1,    , x̃m, ỹ)[Z, T ]. H Ã1 ⊗k k

     k Ã1 = 1. T,  R 225(),

Ã1 = k1(x̃1,    , x̃m, ỹ)[1]      a1(Z) ∈ k∗. T

k[Z, T ] = k[f(Z, T )][1]

Case II : L k    . T    C I,   -
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  k[Z, T ] = k[f(Z, T )][1]. S k      k, 

L 2410,   k[Z, T ] = k[f(Z, T )][1]

(v) ⇒ (i) : F  L 321.

T      .

N     

a1(X1) · · · am(Xm)Y − f(Z, T )− h(X1,    , Xm, Z, T ),

     a1(X1) · · · am(Xm)  k[X1,    , Xm]  h

  ai(Xi)      λi  k,    

       .

N      T 353   Z C-

 P.

Corollary 3.5.4. Let k be a eld of positive characteristic. Suppose that

f(Z, T ) is a non-trivial line over k in k[Z, T ]. Then an ane domain A

satisfying the hypotheses of Theorem 353 provides a counterexample to the

ZCP and to the A2-bration problem over k[m] in positive characteristic.

Proof. S f     k  k[2],  [29, T 3.7]  

A[1] = k[m+3]   L 312, A   A2-  k[x1,    , xm].

N, k[Z, T ] 6= k[f ][1]   T 353, A 6= k[m+2]. H A  

   ZCP. A,  T 353, A 6∼=k k[x1,    , xm][2].

T A   - A2-  k[x1,    , xm].

Remark 3.5.5. L k        Ω0   

         T 353. T 

  

Ω := A(r1,    , rm, f)  (r1,    , rm) ∈ Zm
>2

 f(Z, T )   -   k  k[Z, T ]

   Ω0, 

A(r1,    , rm, f) :=
k[X1,    , Xm, Y, Z, T ]

(Xr1
1 · · ·Xrm

m Y − f(Z, T ))


B [24, C 4.4], Ω       

-      ZCP   .
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T Ω0     -   ZCP

      (> 3).

Remark 3.5.6. L k         r = (r1,    , rm) ∈ Zm
>1.

S H := (X1,    , Xm)Y −f(Z, T )−h(X1,    , Xm, Z, T )    

 r-      X1,    , Xm  k[m]   

    h  k[X1,    , Xm, Z, T ]. L k[X1,    , Xm, Y, Z, T ](H) =

k[m+2]. I ri = 1   i, 1 6 i 6 m,       

 k[X1,    , Xm]    T 327(I), k[X1,    , Xm, Y, Z, T ] =

k[X1,    , Xm, H ][2]. S      ,  

r ∈ Z>2   .

3.6 Generalisation of Theorem B and D

I       T B  D  N

. I  ,  R    N . L

AR      

AR =
R[X1,    , Xm, Y, Z, T ]

((X1,    , Xm)Y − f(Z, T )− h(X1,    , Xm, Z, T ))
(3.6.1)

            R[X1,    , Xm]

         h  R[X1,    , Xm, Y, Z, T ]  

HR = (X1,    , Xm)Y −f(Z, T )−h(X1,    , Xm, Z, T ). L x1,    , xm, y, z, t

    X1,    , Xm, Y, Z, T  AR.

W       T B (T 327).

Theorem 3.6.1. Let R be a Noetherian integral domain such that Q ⊆ R.

Suppose that the image of (0, 0,    , 0) is not a unit in k(p), for all p ∈
Spec(R) and one of the following condition is satised:

()  has a simple prime factor in R[X1,    , Xm] \R.

()  has a multiple prime factor q ∈ R[X1,    , Xm] \ R such that q2  h in

R[X1,    , Xm, Z, T ].

Then the following statements are equivalent:

() R[X1,    , Xm, Y, Z, T ] = R[X1,    , Xm, HR]
[2].

() R[X1,    , Xm, Y, Z, T ] = R[HR]
[m+2].
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() AR = R[x1,    , xm][2].

() AR = R[m+2].

() R[Z, T ] = R[f(Z, T )][1].

Proof. N  () ⇒ () ⇒ ()  () ⇒ () ⇒ ()   

() ⇒ ()   L 321. W     

    .

(iv) ⇒ (v): L p       R. S AR = R[m+2], 

 AR ⊗R k(p) = k(p)[m+2]. F  a ∈ AR,  a     a 

AR ⊗R k(p).
S (0,    , 0) ∈ k(p)∗,     ,   = 0 

 ∈ k(p). W    k(p)[Z, T ] = k(p)[f ][1]   .

Case I :  = 0.

T h = 0  

k(p)[m+2] = AR ⊗R k(p) =

(
k(p)[Z, T ]

(f(Z, T ))

)[m+1]



T,  T 242 k(p)[Z, T ](f(Z, T )) = k(p)[1]    T-

 241, k(p)[Z, T ] = k(p)[f ][1].

Case II :  ∈ k(p)
I  ()             

h      . N   ()   

  h     . T  T 327, k(p)[Z, T ] =
k(p)[f ][1]

N   k(p)[Z, T ] = k(p)[f ][1],   p ∈ S(R) .., f   

  R[Z, T ]. T  T 248, R[Z, T ] = R[f ][1].

N       T D (T 353).

Theorem 3.6.2. Let R be a Noetherian domain containing a eld k and let

AR be a domain as in (3.6.1). Suppose the following conditions hold:

() There exists a separable eld extension L of k such that either ch.k = 0

or R⊗k L is a seminormal domain (D 243).

() For r = (r1,    , rm) ∈ Zm
>2 the polynomial  is r-divisible in (R⊗k L)

[m],

i.e., there exist a system of coordinates X1,    , Xm of (R ⊗k L)
[m] and



65 3.6 Generalisation of Theorem B and D

ηi ∈ (R ⊗k L)
[m+1−i], 1 6 i 6 m such that

 = Xr1
1 (X1η1(X1,    , Xm) + · · ·+X

rm−1

m−1 (Xm−1ηm−1(Xm−1, Xm)

+Xrm
m ηm(Xm))    ))

in (R⊗k L)[X1,    , Xm].

() The coecients of ηm(Xm) in R ⊗k L generate the unit ideal in R ⊗k L.

() Every rank one projective module of R[1] is principal.

Then the following statements are equivalent.

() R[X1,    , Xm, Y, Z, T ] = R[X1,    , Xm, HR]
[2].

() R[X1,    , Xm, Y, Z, T ] = R[HR]
[m+2].

() AR = R[x1,    , xm][2].

() AR = R[m+2].

() R[Z, T ] = R[f(Z, T )][1].

Proof. N  () ⇒ () ⇒ ()  () ⇒ () ⇒ ()   

() ⇒ ()   L 321. W     

    .

(iv) ⇒ (v) : L RL = R ⊗k L  AL = RL ⊗k AR. L p   

   RL. S AR = R[m+2],   AL ⊗RL
k(p) = k(p)[m+2]. F

 a ∈ AL,  a     a  AL ⊗RL
k(p). S  

 ηm(Xm)  RL      RL,    r- 

 k(p)[m],  r = (r1,    , rm) ∈ Zm
>2. H  T 353,  

k(p)[Z, T ] = k(p)[f ][1].
S p       RL,    f   

  RL[Z, T ]    T 248, RL[Z, T ] = RL[f ]
[1].

T,  T 249 R[Z, T ]      

         R[f ]. S  

   R[f ]      R[Z, T ] = R[f ][1].

N     ,   r = (r1,    , rm) ∈ Zm
>2  

  r-  R[m]   ’      

 R[1]. T     .
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Corollary 3.6.3. Let R be a Noetherian domain such that either Q ⊆ R or

R is a seminormal domain. For r = (r1,    , rm) ∈ Zm
>2, suppose  is a r-

divisible polynomial in R[m] i.e., there exist ηi ∈ R[Xi,    , Xm], 1 6 i 6 m

such that

 = Xr1
1 (X1η1(X1,    , Xm)+· · ·+X

rm−1

m−1 (Xm−1ηm−1(Xm−1, Xm)+Xrm
m ηm(Xm))    ))

in R[X1,    , Xm]. Moreover, if the coecients of ηm(Xm) in R generate the

unit ideal in R then all the equivalence of Theorem 362 holds.

W R = k[n]   n ∈ Z>0   T 246,  

    k[n+1]  . T    

.

Corollary 3.6.4. Let R = k[W1,    ,Wn](= k[n]) for some n ∈ Z>0. Suppose

there exist a separable eld extension L of k and r = (r1,    , rm) ∈ Zm
>2

such that  is a r-divisible polynomial in (R ⊗k L)[m], i.e., there exist ηi ∈
(R ⊗k L)[Xi,    , Xm], 1 6 i 6 m such that

 = Xr1
1 (X1η1(X1,    , Xm)+· · ·+X

rm−1

m−1 (Xm−1ηm−1(Xm−1, Xm)+Xrm
m ηm(Xm))    ))

in (R ⊗k L)[X1,    , Xm]. Moreover, if the coecients of ηm(Xm) in R ⊗k L

generate the unit ideal in R ⊗k L, then all the equivalence of Theorem 362

holds.



Chapter 4

On rigidity of

Pham-Brieskorn surfaces

T         T E, F G  

I. S 4.1     T E (T 414)

  S 4.2   T F (T 4212). N  S 4.3

        T G  

S 4.4       .

4.1 Theorem E: Stable Rigidity of the Pham-Brieskorn

domain

W         [22, S 2.8].

Denition 4.1.1. F    A,  -  f, g  A

    relatively prime in A  fA  gA = fgA.

Remark 4.1.2. (. [23, S 1]) L A    . T

   f, g ∈ A     A:

() I fh1 = gh2   h1, h2 ∈ A  g  h1  f  h2.

() fm  gn     A   m,n ∈ Z>1.

() f, g     A[n],   n ∈ Z>1.

() f, g     A1,      A1  A

 f  g.
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T          [36], [23, T

6.1()]  [22, T 9.7]    k   . W 

    [22, T 9.7]      .

Proposition 4.1.3. Let A be a k-domain of characteristic p > 0. Suppose

x, y, z ∈ A\0 are pairwise relatively prime in A satisfying xa+yb+zc = 0,

for some a, b, c ∈ Z>1 with p - abc and 1
a+

1
b +

1
c 6 1. Then k[x, y, z] ⊆ ML(A).

Moreover, k[x, y, z] ⊆ R(A).

Proof. L φ : A → A[U ]   -    A   

t ∈ A, φ(t) :=
∞

i=0 φ
(i)(t)U i  A[U ]. W     k[x, y, z] ⊆ Aφ.

S     x, y, z   Aφ,  z ∈ Aφ. T xa + yb ∈ Aφ \ 0.
S 1

a + 1
b + 1

c 6 1,   a, b, c > 2,  L 2412, x, y ∈ Aφ ..,

k[x, y, z] ∈ Aφ. T          x, y, z   Aφ.

S,  , x, y, z ∈ Aφ. T    m ∈ Z>1 

 :

m := i ∈ Z>1  φ(i)(x) 6= 0  φ(i)(y) 6= 0  φ(i)(z) 6= 0.

N φ(i)(x) = φ(i)(y) = φ(i)(z) = 0   i, 1 6 i < m  φ(m)(xa + yb +

zc) = 0,   L    ,

axa−1φ(m)(x) + byb−1φ(m)(y) + czc−1φ(m)(z) = 0 (4.1.1)

H,     m,      φ(m)(x),φ(m)(y),φ(m)(z)

  -,  φ(m)(x) 6= 0  φ(m)(y) 6= 0.

L M   3×3     A  

M =




x y z

aφ(m)(x) bφ(m)(y) cφ(m)(z)

0 0 1


 

T,  (4.1.1)     xa + yb + zc = 0,   

M



xa−1

yb−1

zc−1


 = zc−1



0

0

1


 

S x, y     A  x - φ(m)(x) ( L 223()),

    bxφ(m)(y) − ayφ(m)(x) 6= 0   (M) 6= 0. L
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A(M) = (cij). T

(M)



xa−1

yb−1

zc−1


 = zc−1A(M)



0

0

1


 = zc−1



c13

c23

c33


 = zc−1



cyφ(m)(z)− bzφ(m)(y)

azφ(m)(x)− cxφ(m)(z)

bxφ(m)(y)− ayφ(m)(x)


 ,

 ,

(M)xa−1 = zc−1(cyφ(m)(z)− bzφ(m)(y)) 

(M)yb−1 = zc−1(azφ(m)(x)− cxφ(m)(z))

N,  xa−1, yb−1  zc−1     (. R-

 412 ()),   

xa−1  (cyφ(m)(z)− bzφ(m)(y)),

yb−1  (azφ(m)(x)− cxφ(m)(z)) 

zc−1  (bxφ(m)(y)− ayφ(m)(x)) (= (M))

T:

(a− 1) φ(x) 6 φ(y) + φ(z)−m, (4.1.2)

(b− 1) φ(y) 6 φ(z) + φ(x)−m  (4.1.3)

(c− 1) φ(z) 6 φ(x) + φ(y)−m (4.1.4)

L j = φ(x)+φ(y)+φ(z). T   (4.1.2), (4.1.3) 

(4.1.4)  

j 6 (j −m)( 1a + 1
b +

1
c ) 6 (j − 1)( 1a + 1

b +
1
c ) 6 (j − 1),

 .

T,     x, y, z        Aφ; ..,

k[x, y, z] ⊆ Aφ.

S φ   , k[x, y, z] ⊆ ML(A).

A ML(A)      (. L 223()),  

 x, y, z       ML(A) (. R 412()).

N      k[x, y, z] ⊆ MLn(A),   n ∈ Z>1.

T k[x, y, z] ⊆ R(A).

N T E     .
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Theorem 4.1.4. Let k be a eld of characteristic p > 0. For any

a, s2, s3 ∈ Z>1, r, e ∈ Z>0 and p - as2s3, the domain

B(a,s2pr ,s3pe) :=
k[X,Y, Z]

(Xa + Y s2pr + Zs3pe)

is stably rigid when 1
a + 1

s2
+ 1

s3
6 1.

Proof. S B := B(a,s2pr ,s3pe)   A = B[m] = B[X1,    , Xm],  

m ∈ Z>0. L x, y, z     X,Y  Z  B . N

x, yp
r
, zp

e
      A (. R 412 () 

()). F xa + (yp
r
)s2 + (zp

e
)s3 = 0  A  ( 1a + 1

s2
+ 1

s3
) 6 1 

p - as2s3. T,  P 413,   x, yp
r
, zp

e ∈ ML(A).

H B = k[x, y, z] ⊆ ML(A),  ML(A)      (.

L 223()). T, B ⊆ Aφ,   -   φ

 A. T B   .

4.2 Theorem F: Rigidity of the Pham-Brieskorn

rings

R     k   p > 0     n > 3,

a := (a1, a2,    , an) ∈ Zn
>1  p - gcd(a1,    , an),

Ba = B(a1,a2,,an) =
k[X1, X2,    , Xn]

(Xa1
1 +Xa2

2 + · · ·+Xan
n )

  P-B . N B(a1,a2,,an) = B(aσ(1),aσ(2),,aσ(n))

   σ      1, 2,    , n. L xi   -

  Xi  B(a1,a2,,an),  i ∈ 1, 2,    , n. T Ba = k[x1, x2,    , xn].

L (d1, d2,    , dn) := (La1, La2,    , Lan),  L = (a1, a2,    , an).

T     Z>0-  Ba      xi

    di,   i ∈ 1, 2,    , n. W    standard

Z>0-grading  Ba. T       

 R 236  (B(a1,a2,,an))
∼= B(a1,a2,,an). F  φ ∈ EXP(Ba),

φ          Z>0-

( T 238      φ )   

t ∈ B, t      (B)(∼= B)      -

 . B T 238,  φ  -  φ   -.
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Proof of (i), (ii) and (iii) of Theorem F

L k      p > 0  n ∈ Z>3, a := (a1, a2,    , an) ∈ Zn
>1.

W     Fn, Rn  Tn.

Fn := (a1, a2,    , an) ∈ Zn
>1  p - gcd(a1, a2,    , an),

Tn := (a1, a2,    , an) ∈ Zn
>1  ai = 1   i,  ∃ i, j ∈ 1, 2,    , n, i 6=

j  ai = aj = 2


Rn := (a1, a2,    , an) ∈ Zn
>1  ai = 1   i,  ∃ i, j ∈ 1, 2,    , n, i 6=

j  ai = pr, aj = spe   r, s, e ∈ Z>1  r 6 e.

() S (a1, a2,    , an) ∈ Rn.

N   ai = 1,   i,  Ba      k 

 Ba  -.

N    ,  a1 = pr, a2 = spe  

r, s, e ∈ Z>1  r 6 e. T    -   φT

 Ba   :

φT (x1) = x1 − ((x2 + T )sp
e−r − xsp

e−r

2 )

φT (x2) = x2 + T

φT (xi) = xi,   i > 3

() S (a1, a2,    , an) ∈ Tn  k        

−1; , i ∈ k    i2 = −1.

W   ,  a1 = a2 = 2. T

B(2,2,a3,,an) = k[X1, X2, X3,    , Xn](X
2
1 +X2

2 +Xa3
3 + · · ·+Xan

n )
∼= k[U, V,X3    , Xn](UV +Xa3

3 + · · ·+Xan
n )

= k[u, v, x3,    , xn],

 U := (X1 + iX2), V := (X1 − iX2)  u, v    

U, V  Ba . T    -   φT

 Ba  ,

φT (u) = u

φT (v) = −((x3 + uT )a3 + · · ·+ (xn + uT )an)u

φT (xi) = xi + uT,   i > 3
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() L A := k[X1, X2,    , Xn](X
a1
1 +Xa2

2 + · · ·+Xan
n )m   m ∈ Z>2

N    - P-B  .., B(a1,a2,,an) 

(a1, a2,    , an) ∈ Zn
>1 \ Fn,    . F,  xi  

  Xi  A,   i ∈ 1, 2,    , n. T    -

  φT  A   :

() W p -


i ai, 

φT (xi) = xi + (1ai)xi(x
a1
1 + xa22 + · · ·+ xann )m−1T, 1 6 i 6 n

() W an = spe   s, e ∈ Z>1. T   r ∈ Z>0 

 r        mpe. N

φT (xi) = xi, 1 6 i 6 n− 1

φT (xn) = xn + (xa11 + xa22 + · · ·+ xann )r+1T 

Proof of (iv) of Theorem F

F         F3, R3, T3  S3.

F3 = (a1, a2, a3) ∈ Z3
>1  p - gcd(a1, a2, a3),

T3 = (a1, a2, a3) ∈ Z3
>1  ai = 1   i, 

∃ i, j ∈ 1, 2, 3, i 6= j  ai = aj = 2,
R3 = (a1, a2, a3) ∈ Z3

>1  ai = 1   i,  ∃ i, j ∈ 1, 2, 3,
i 6= j,  ai = pr, aj = spe   r, s, e ∈ Z>1  r 6 e


S3 = (a1, a2, a3) ∈ Z3
>1  ∃ i, j, l    ai = 2, aj = 2m, al = 2pe,

m ∈ Z>2, e ∈ Z>1  p - 2m

N  S 4.2,         k, 

B(a,b,c)    (a, b, c) ∈ F3 \ (R3  T3). W      

      (a, b, c) ∈ S3. L x, y, z  

   X,Y, Z  k[X, Y, Z](Xa + Y b + Zc) = B(a,b,c).

T         ,  

        P-B  

.

Proposition 4.2.1. Let k be a eld of characteristic p > 0. For any n ∈ Z>3

let a = (a1, a2,    , an) ∈ Zn
>1, s2,    , sn, e2,    , en ∈ Z>1 be such that

() e2 6 e3 6 · · · 6 en
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() ai = sip
ei , 2 6 i 6 n

() p - a1s2    sn.

Then every non-trivial exponential map φ on the domain Ba (= k[x1, x2,    , xn])

restricts to a non-trivial exponential map ϕ on the subring A := k[x1, x
pr

2 ,    , xp
r

n ],

where r := e2. Moreover, Aϕ = ABφ
a . Thus A rigid implies Ba is also rigid.

Proof. L yi := xp
r

i  i ∈ 2,    , n. T xa11 +
n

i=2 y
sip

ei−r

i = 0  Ba.

H

A = k[x1, x
pr

2 ,    , xp
r

n ] = k[x1, y2,    , yn]

∼= k[X1, Y2, Y3,    , Yn]

(Xa1
1 + Y s2

2 + Y s3pe3−r

3 + · · ·+ Y snpen−r

n )

= B(a1,s2,s3pe3−r ,,snpen−r),

 r = e2 6 e3 6 · · · 6 en. I     A   (. [21,

P 11.2]). S φ : Ba → Ba[T ]    . T 

  φ(yi) = φ(xi)
pr ∈ A[T ]  i ∈ 2,    , n. L K := F(A[T ])

 L := F(Ba[T ]). N 

φ(x1)
a1 = −(φ(x2)

s2 + · · ·+ φ(xn)
snpen−r

)p
r

= −(φ(y2)
s2 + · · ·+ φ(yn)

snpen−r
) ∈ A[T ] ⊆ K

(4.2.1)

N    LK   ,    

[L : K] = p(n−1)r. N,  φ(x1) ∈ L,   m ∈ Z>0  

φ(x1)
pm ∈ K. S gcd(a1, p

m) = 1  φ(x1)
pm , φ(x1)

a1 ∈ K ( (4.2.1)),

   φ(x1) ∈ K. T φ(x1) ∈ K  Ba[T ] = A[T ],  A

   . T    φ  Ba,   

  ϕ  A   ϕ(x1) = φ(x1)  ϕ(yi) = φ(xi)
pr 

2 6 i 6 n. H Aϕ = A Bφ
a .

Remark 4.2.2. T          ,

.., A -     Ba  -. F ,  

   k   p > 2, B(2,2pr ,2pr)    

r ∈ Z>1 (. L 4210)  A = B(2,2,2)  -.

Remark 4.2.3. S (a, b, c) ∈ F3 \ T3  p - abc. B P 413,

   B(a,b,c)    ( 1a + 1
b + 1

c ) 6 1. W   

   a 6 b 6 c,         
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a = 2, b = 3  c ∈ 3, 4, 5. N     ,    

 a, b, c   -.

W       P-B  B(a,b,c) 

   a, b, c  -. W       .

Lemma 4.2.4. Let k be a eld of characteristic p > 0 and let (a, b, c) ∈ F3\R3

be such that gcd(a, bc) = 1. Then for any non-trivial exponential map φ on

B := B(a,b,c) = k[x, y, z], x, y, z Bφ = ∅.

Proof. S gcd(a, b) = 1, z    B   gcd(a, c) = 1, y  

 B. L φ   -    B.

S,  ,  x ∈ Bφ. T yb + zc ∈ Bφ \ 0. W  

 y  z   Bφ,       φ  -.

Case I : S p      b  c,  p - c. T, 

L 2412  L 2413,   p - b  p  b   y, z ∈ Bφ.

Case II : S p   b  c. L b = s2p
r  c = s3p

e  

s2, s3, e, r ∈ Z>1  e > r  p - s2s3. N yb + zc = (ys2 + zs3p
e−r

)p
r ∈ Bφ\ 0,

  L 223(), ys2 + zs3p
e−r ∈ Bφ \ 0. I e > r  s2 > 1 

(a, s2p
r, s3p

e) ∈ R3,    L 2413, y, z ∈ Bφ. N  e = r

 s2, s3 > 2,  (a, s2p
r, s3p

e) ∈ R3. T  L 2412, y, z ∈ Bφ.

H x ∈ Bφ.

N ,  ,  y ∈ Bφ. T xa + zc ∈ Bφ \ 0. I p - c
,  L 2412  L 2413,   p - a  p  a  

x, z ∈ Bφ. B φ  -  p  c. T p - a  gcd(a, c) = 1.

L c = s3p
e   s3, e ∈ Z>1  p - s3. B L 223()  R-

 225(), φ   -      
B := B ⊗k[y] k(y) = k(y)[X,Z](Xa + Zc + yb) S  

k(y)
B = 1, 

L 223()   B = k(y)
[1]
. N    ,

F (X,Z) := Xa + Zc + yb ∈ k(y)[X,Z]

= Xa + (Zs3 − )p
e
   ∈ k(y)

L      Zs3 − . T M := (X,Z − )    

 k(y)[X,Z]  F ∈ M2. T B     ,  
B 6= k(y)

[1]
. T    . H y ∈ Bφ.

S     z ∈ Bφ. T   .
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Lemma 4.2.5. Let k be an algebraically closed eld of characteristic p > 0

and (a, b, c) ∈ F3\R3 with gcd(a, bc) = 1. Then for any non-trivial exponential

map φ on B := B(a,b,c) = k[x, y, z], ybd + µzcd ∈ B
φ for some µ ∈ k∗ and

d = gcd(b, c) (    φ       ).

Proof. L φ   -    B   f ∈ Bφ \k. U
  xa = −(yb + zc), f     

f =
a−1
i=0

fi(y, z)x
i    fi(y, z) ∈ k[y, z]  B.

B L 424, x ∈ Bφ. T f0(y, z) ∈ k. N   

 Z>0-   B,  

wt(x) = bcd, wt(y) = acd, wt(z) = abd, d = (b, c).

L          .

I (xi1yj1zl1) = (xi2yj2zl2)   i1, i2, j1, j2, l1, l2 ∈ Z>0 

0 6 i1 < i2 < a. T ((j1 − j2)(cd) + (l1 − l2)(bd))a = (i2 − i1)(bcd),

   a(i2 − i1)(bcd). B gcd(a, bc) = 1  0 < i2 − i1 < a.

T     x    f .
T f = f̂i(y, z)x

i   i, 0 6 i < a. N  T 238, φ 

-  f ∈ B
φ. B L 424 x ∈ B

φ,  f = ̂f0(y, z).
N, k     ,  f = λyrzm


l∈Λ(y

bd + µlz
cd) 

 λ, µl ∈ k∗, r,m ∈ Z>0     Λ ⊆ Z>0,  B.

B L 424 y, z ∈ B
φ  r = m = 0. I f    -

, ybd + µ1z
cd  ybd + µ2z

cd,  z ∈ B
φ,  . T

f = λ(ybd + µzcd)r   λ, µ ∈ k∗  r ∈ Z>1. H y
bd+µzcd ∈ B

φ

(. L 223()).

Theorem 4.2.6. Let k be a eld of characteristic p > 0 and (a, b, c) ∈ F3 \ (R3  T3)

with gcd(a, bc) = 1. Then B := B(a,b,c) = k[x, y, z] is a rigid domain.

Proof. I   R 225(),   k     

. S,  ,     -  

ϕ  B. B L 425, ybd + µzcd ∈ B ϕ \ 0   µ ∈ k∗ 

d = gcd(b, c). N  gcd(a, bc) = 1  y, z    B. F 

 b 6 c. N          

        B    .

Case I : d < b < c.

T bd, cd > 2   y, z    B,  L 2412 
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L 2413    y, z ∈ B ϕ. T ϕ     ,

 .

Case II : d = b < c

T y + µz
c
b ∈ B ϕ   µ ∈ k∗. N   λ  k∗

B

(y + µzcb − λ)B
=

k[X,Y, Z]

(Xa + Y b + Zc, Y + µZcb − λ)
∼= k[X,Z]

(Xa + Pλ(Zcb))
,



Pλ(T ) := (1+(−µ)b)T b+


b

b− 1


λ(−µT )b−1+· · ·+


b

1


λb−1(−µT )+λb ∈ k[T ]

(4.2.2)

T Pλ(T ) ∈ k∗     1 + (−µ)b = 0  b = pr   r ∈ Z>1

B (a, b, c) ∈ R3   y + µzcb − λ      B  

λ ∈ k∗ T  L 2411,     ∈ k∗   ϕ 

 -       B := B(y+µzcb−)B.

N
B ∼= k[X,Z]

(Xa + Pβ(Zcb))


S  k B = 1   R 225(), B = k[1]. T Pβ(Z
cb)

      Z. T     cb > 1.

Case III : d = b = c  pb.
A  C II,   µ,  ∈ k∗   ϕ   - 

     B := B(y + µz − )B 

B ∼= k[X,Z]

(Xa + Pβ(Z))
= k[1]

B pb  Pβ(Z)      . T, B 6= k[1] 

.

Case IV : d = b = c, p - b  pa.
F C II,   µ,  ∈ k∗   y + µz ∈ B ϕ 

B := B(y + µz − )B ∼= k[X,Z]

(Xa + Pβ(Z))
= k[1]

N b = c > 3 ( (a, b, c) 6∈ T3)  p - b  Z Pβ(Z) > 2. W

p - (b− 1)     Zb−2  P
′
β(Z)  -. W b = spr +1

  s ∈ Z>2, r ∈ Z>1  p - s     Z(s−1)pr  P
′
β(Z) 
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-. T Z P ′
β(Z) > 1   1+(−µ)b = 0  b = c = pr+1

  r ∈ Z>1. N  Z P ′
β(Z) > 1    a1, a2 ∈ k  

P ′
β(a2) = 0  aa1 + Pβ(a2) = 0. T  J  B  

    k[1],  .

L       1 + (−µ)b = 0  b = c = pr + 1 

 r ∈ Z>1. L a = s1p
m   s1,m ∈ Z>1  p - s1. N  p > 2

 s1 > 1,  1s1 + 1(pr + 1) + 1(pr + 1) 6 1
2 + 1

4 + 1
4 = 1  

p = 2  s1 > 3  1s1 + 1(pr + 1) + 1(pr + 1) 6 1
3 +

1
3 +

1
3 = 1, 

 T 414, B  . T       s1 = 1.

S s1 = 1. L Z1 = −µZ  Y1 = Y + µZ = Y − Z1, 

Xpm + Y pr+1 + Zpr+1 = Xpm + (Y1 + Z1)
pr+1 − (Z1)

pr+1,  (−µ)p
r+1 = −1

= Xpm + Y pr+1
1 + Y pr

1 Z1 + Y1Z
pr

1 

T B = B(pm,pr+1,pr+1)
∼= k[X,Y1, Z1](X

pm + Y pr+1
1 + Y pr

1 Z1 +

Y1Z
pr

1 ) = k[x, y1, z1],  x, y1(= y + µz), z1(= −µz)   

 X,Y1, Z1  B . N y1 ∈ B ϕ   L 223(), ϕ
  -   

B1 := k(y1)[X,Z1](X
pm + y1Z

pr

1 + yp
r

1 Z1 + yp
r+1

1 )

N B1⊗k(y1)k(y1) = k(y1)
[1]
,  [5, P 4.2]. S  k(y1)B1 = 1

  R 225(), B1 = k(y1)
[1]. B   [5, R 4.5], B1

  - A1-  k(y1) (.., B1 6= k(y1)
[1]). T   .

CaseV : d = b = c, p - ab.
B T 414,  ( 1a + 1

b +
1
c ) 6 1  B  . S   

  a = 2  b = c = 3. A  C II,   µ,  ∈ k∗  

B := B(y + µz − ) ∼= k[X,Z]

(X2 + Pβ(Z))
= k[1],

 Pβ(Z) = (1− µ3)Z3 + 3µ2Z2 − 32µZ + 3 ∈ k[Z].

I 1 − µ3 6= 0,  Z(Pβ(Z)) = 3. N  B = k[1],  

  k- , Ψ : k[X,Z] → k[T ](= k[1])  

T (Ψ(X)) = Z(Pβ(Z)) = 3  T (Ψ(Z)) = 2. S   

 E  (. T 241)  . B gcd(2, 3) = 1,

    . S µ3 = 1. T X2 + Pβ(Z) = X2 +

3µ2Z2 − 32µZ + 3 = X2 + 3(µZ − 2)2 + 34. T X2 + Pβ(Z) 



Chapter 4: On rigidity of Pham-Brieskorn surfaces 78

       X  Z1 := (µZ − 2)  
B 6= k[1]. T    .

N     P-B  B(a,b,c)    k

  p > 0   p - abc.

Theorem 4.2.7. Let k be a eld of characteristic p > 0. Then B(a,b,c) is rigid

when (a, b, c) ∈ F3 \ T3 with p - abc.

Proof. B R 423  T 426   .

N        P-B  B(a,b,c)

   k   p > 0     a, b, c  p  

.

Theorem 4.2.8. Let k be a eld of characteristic p > 0 and B := B(a,b,c)

with c = spe for some a, b, s, e ∈ Z>1 with p - abs. Then B is rigid when

(a, b, c) ∈ (T3  S3).

Proof. I ( 1a + 1
b +

1
s ) 6 1   T 414,    B  .

N  s = 1,  gcd(ab, c) = 1    T 426, B  .

S     ( 1a + 1
b +

1
s ) > 1  s > 1.

F   a 6 b. T     a, b, s = 2, 3, 5
 2, 3, 4  2, 3, 3  a = 2, s = 2, b > 2. N     

     B  .

Case I : a, b, s = 2, 3, 5  2, 3, 4  2, 3, 3.
T  p - abs,         a, b, c,   -

. T  T 426, B  .

Case II : a = 2 = s  b       1  (a, b, c) ∈ S3

.., (a, b, c) = (2, 2m+ 1, 2pe)   m ∈ Z>1.

T gcd(ac, b) = 1  2 - b  p - b. T     

T 426.

N     P-B  B := B(a,b,c)  

 k   p > 0   p      b  c.

L b = s2p
r  c = s3p

e   s2, s3, e, r ∈ Z>1   p - as2s3 

e > r.

Lemma 4.2.9. Let B = B(a,s2pr ,s3pe) for some s2, s3, e, r ∈ Z>1, a ∈ Z>2 such

that p - as2s3 and e > r. Suppose φ is an exponential map on B = k[x, y, z].

Then x, ys2 + zs3p
e−r ∈ Bφ. Hence it implies that x, ys2 + zs3p

e−r ∈ ML(B).
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Proof. N   φ1 := φ⊗ id     φ  B ⊗k k  x, ys2 +

zs3p
e−r ∈ (B ⊗k k)

φ1 ,  x, ys2 + zs3p
e−r ∈ (B ⊗k k)

φ1  B = Bφ T

   k     .

L φ   -    B  f ∈ Bφ \ k. L

p = (x, h(y, z))B,  h(y, z)      ys2 + zs3p
e−r

.

T p      B     Bp     -

. N  L 223(), φ   -  

 B1 := B⊗k[f ] k(f). S  k(f)B1 = 1,  L 223(), B1 = L[1],

 L      k(f)  B1. H B1    .

T pB1 = B1, .., pk[f ] 6= (0). H pk[f ] = (f−λp)k[f ]  

λp ∈ k L f =
a−1

i=0 fi(y, z)x
i    fi(y, z) ∈ k[y, z]. T

 f − λp ∈ p,    θp := f0 − λp ∈ (h)B T  h1, h2,    , hn 

      ys2 + zs3p
e−r

  n ∈ Z>1  

 θp1 , θp2 ,    , θpn ∈ k[y, z]  
n

i=1 θpi ∈ (h1h2   hn)B. T

  m ∈ Z>1  

(

n∏

i=1

f0 − λpi)
m = (

n∏

i=1

θpi)
m ∈ ((ys2 + zs3p

e−r
)p

r
)B ⊆ (x)B (4.2.3)

H (
n

i=1 f − λpi)
m ∈ (x)B,  (4.2.3). S (

n
i=1(f − λpi))

m ∈ Bφ 

x ∈ Bφ (. L 223())   ys2 + zs3p
e−r ∈ Bφ.

Lemma 4.2.10. Let k be a eld of characteristic p > 0. Let B1 = B(2,2mpr ,s3pe)

for some m, s3, r, e ∈ Z>1 such that e > r, p - 2ms3 and (2, 2mpr, s3p
e) ∈ F3 \ R3

Then B1 is rigid.

Proof. W   ,  , k     

 (. R 225()). L φ      B1. T 

L 429, x, y2m + zs3p
e−r ∈ Bφ

1 . W    y, z ∈ Bφ
1 . T φ 

   . S B1  .

Case I : s3  .

N   s3 = 1  e > r  (2, 2mpr, s3p
e) ∈ F3 \ R3. N

gcd(2, s3p
e) = 1  y    B1. S y2m + zs3p

e−r ∈ Bφ
1 , 

  y, z ∈ Bφ
1 ,  L 2412  L 2413,   e = r

 e > r.

Case II : s3  ,  s3 = 2s4   s4 ∈ Z>1  i ∈ k   

i2 = −1.
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N y2m + z2s4p
e−r ∈ Bφ

1 . H ym + izs4p
e−r

, ym − izs4p
e−r ∈ Bφ

1 (.

L 223()). T y, z ∈ Bφ
1 .

Theorem 4.2.11. Let k be a eld of characteristic p > 0. Suppose

B = B(a,s2pr ,s3pe) for some s2, s3, e, r ∈ Z>1 such that p - as2s3 and e > r.

Then B is a rigid domain whenever (a, s2p
r, s3p

e) ∈ F3 \R3

Proof. W   ,  , k     

 (. R 225()). W    A := k[x, yp
r
, zp

r
] =

B(a,s2,s3pe−r)  B. B  e, r    :

Case I : L e = r. S (a, s2p
r, s3p

r) ∈ F3 \R3   s2, s3 > 2.

B L 429, x, ys2 + zs3 ∈ ML(B). S s2, s3 > 2,  

L 2412, x, y, z ∈ ML(B) .., ML(B) = B. S B  .

Case II : L e > r   (a, s2p
r, s3p

e) ∈ F3 \R3   s2 > 2

W (a, s2, s3p
e−r) ∈ F3 \ (T3  S3),  A    T 428 

  P 421, B   . I   ,  

a  s2  2     . H  L 4210, B  .

N T B() .

Theorem 4.2.12. B(a,b,c) is rigid when (a, b, c) ∈ F3 \ (R3  T3  S3).

Proof. B  T 4.2.7, 4.2.8  4.2.11   .

4.3 Theorem G: Some Auxiliary Results on Rigidity

I     T G. W     .

Lemma 4.3.1. Let R be a Z>0-graded, nitely generated k-domain. For ar-

bitrary r ∈ Z>1 and h,h ∈ R let

C :=
R[X ]

(Xr + h)
and C :=

R[X ]

(Xr + h)

be two integral domains, where h is the highest degree homogeneous summand

of h. Then we can dene an admissible Z-ltration on C such that (C) ∼= C.

Proof. L d       R    Z>0-

(. R 233). W    r  d(h),   
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           

a := d(h)r. W  R     C. L x     X

 C. B    xr = −h,  g  C    



g =

r−1∑

j=0

gjx
j   gj  R (4.3.1)

L  : C \ 0 → Z>0     ,

(g) = 
06j<r

d(gj) + ja

I       - . W     -

f, g ∈ C  (f) = l  (g) = m    (fg) = l + m. T

            C.

L f, g ∈ C \ 0  (f) = l  (g) = m. L f0  g0

        f  g 

C. L

f0 =

r−1∑

j=0

f0jx
j  g0 =

r−1∑

i=0

g0ix
i

     f0  g0 ,  f0j , 0 6 j < r,

       R  (f0j) = l − ja 

g0i, 0 6 i < r,        R 

(g0i) = m − ia. S,  ,  (fg) < l + m. T

   (f0g0) < l +m, ..,

r−1∑

i+j=0

f0jg0ix
i+j +

2r−2∑

i+j=r

f0jg0i(−h)xi+j−r = 0,

.., (
r−1

j=0 f0jx
j)(

r−1
i=0 g0ix

i) = 0  C (     x  

  X  C). N  C    ,    


r−1

j=0 f0jx
j = 0 

r−1
i=0 g0ix

i = 0, 
r−1

i=0 g0ix
i = 0  C. S

1, x,    , xr−1     C  R,     g0 = 0  C, 

. T (fg) = l +m.

S R     k-   R     

     ,  (4.3.1),      

C           R  x.

L C    Z-     
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. F  g ∈ C,  g     C. N  R  

      C.

L ψ : R[X] → C    R-   

ψ(X) = x. S xr + h = −(h − h)   (h − h) < (xr + h), 
 xr + h = 0  C. S C       R C = 0 

(Xr + h)      R[X],    ψ   

ψ : R[X](Xr + h) → C.

I ,  R = k[2],        

 .

Corollary 4.3.2. Let r ∈ Z>1 and h(Y, Z) ∈ k[Y, Z] be such that Xr+h(Y, Z)

is a prime element of k[X,Y, Z]. Suppose k[Y, Z] has a Z>0-graded structure

such that Xr + h(Y, Z) is also a prime element of k[X,Y, Z], where h(Y, Z)

is the highest degree homogeneous summand of h. Then we can dene an

admissible Z-ltration on

C :=
k[X,Y, Z]

(Xr + h(Y, Z))
such that (C) ∼= k[X,Y, Z]

(Xr + h(Y, Z))


T       C  M    

  ([12, L 5.1]). W     .

Lemma 4.3.3. Let a, b, c ∈ Z>2 with gcd(a, b, c) = 1. Then

D := k[X,Y, Z](Xa + Y bZc) is a rigid domain.

Proof. L x, y, z     X,Y  Z  D . S,

 ,     -   φ  D  

f ∈ Dφ \ k.
W    x, y, z  Dφ = ∅. I x ∈ Dφ  y, z ∈ Dφ,

 Dφ    (. L 223()),   

 φ  -. S x ∈ Dφ. N ,  ,  y ∈ Dφ.

T  L 223(), φ    -   
D := k(y)[X,Z](Xa + ybZc). T,  L     

 k(y)  D,  L 223(),    D = L[1]. H, 

c > a  xz       D  F D    D  

c < a  zx    ,   D     

I , D 6= L[1],  . T y ∈ Dφ. S  

  z ∈ Dφ.

W    Z-   k- D,  
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wt1(x) = c, wt1(y) = 0, wt1(z) = a

wt2(x) = b, wt2(y) = a, wt2(z) = 0

B R 236,      Z-  D. N

         . F  g ∈ D,  g 

   g     D → gr1(D) → gr2(gr1(D)). F

l = 1, 2,  l         wtl.

B T 238, φ   -   φ  D(∼= gr1(D))

   1,   φ   -  
φ  D(∼= gr2(gr1(D)))    2,   gr2(gr1(f)) = f ∈ D

φ

T f ∈ k        xa = −ybzc,

f =
∑

i∈Γ
hi(y, z)x

i   -  hi(y, z) ∈ k[y, z]

 Γ ⊆ 0, 1,    , a− 1.
W    Γ    . S,  ,  

 i, j ∈ Γ. T l(hi(y, z)x
i) = l(hj(y, z)x

j)  l = 1, 2. L

l = z(hl)  l = y(hl)  l = i, j. S 1(hi(y, z)x
i) = 1(hj(y, z)x

j),

  

ia+ ic = ja+ jc   (i − j)a = (j − i)c, (4.3.2)

 2(hi(y, z)x
i) = 2(hj(y, z)x

j),  

ia+ ib = ja+ jb   (i − j)a = (j − i)b (4.3.3)

F (432)  (433)          p1

 a   p1c  p1b,   p1gcd(a, b, c). B gcd(a, b, c) = 1, 

. T Γ = 1.

A  x ∈ D
φ    ,    

f = h0(y, z) = λynzm,   λ ∈ k∗, m, n ∈ Z>0    

     0. T  y ∈ D
φ  z ∈ D

φ  

 . T      -   

D,  D  .
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W   TG,     C 432  L 433.

Theorem 4.3.4. Let k be a eld and a, b, c ∈ Z>2 be such that gcd(a, b, c) = 1.

Then for any F (Y ) ∈ k[Y ], D := k[X, Y, Z](Xa + Y bZc + F (Y )) is a rigid

domain.

Proof. L x, y, z     X,Y  Z  D . W  

Z>0-   k[Y, Z],   wt(Y ) = 0  wt(Z) = a. T 

     Y bZc+F (Y )  Y bZc  Xa+Y bZc

  ( gcd(a, b, c) = 1)     k[X,Y, Z]. T, 

C 432,     : D \ 0 → Z>0  

(x) = c, (y) = 0, (z) = a

   Z-  D  

(D) ∼= k[X,Y, Z](Xa + Y bZc)

B L 433, (D)    ,  T 238, D   .

4.4 Applications

A    T F    S 4.3,    -

     . W   A ,

       Z C P 

   n = 3 ([27]).

Proposition 4.4.1. Let k be a eld of characteristic p > 0. Let

B =
k[X,Y, Z, T ]

(XmY n + T qpr + Zpe)
,

for some m,n, q, r, e ∈ Z>1 with p - q and e > r > 1. Let x, y, z, t respectively

denote the images of X,Y, Z, T in B. Then the following statements are true:

() If p - m and m, q > 2, then there does not exist any non-trivial exponen-

tial map φ on B such that y ∈ Bφ.

() If m,n > 2 and gcd(m,n, p) = 1, then there does not exist any non-trivial

exponential map φ on B such that t ∈ Bφ.
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() If m,n > 2 and gcd(m,n, pq) = 1, then there does not exist any non-

trivial exponential map φ on B such that z ∈ Bφ

Proof. L φ   -    B.

(i) S,  ,  y ∈ Bφ. T,  L 223()  R-

 225(), φ   -   
B := k(y)[X,Z, T ](ynXm + T qpr + Zpe). S e > r, q > 1  m > 1,

  (m, qpr, pe) ∈ F3 \ R3. H,  T 4211, B  ,  -

.

(ii) S,  ,  t ∈ Bφ. T   L 223(), φ -

  -    B := k(t)[X, Y, Z](XmY n + Zpe + tqp
r
).

S m,n, pe > 2  gcd(m,n, pe) = 1,  T 434, B  ,  -

.

(iii) S,  ,  z ∈ Bφ. T,  ,    -

    B := k(z)[X, Y, T ](XmY n + T qpr + zp
e
). N

m,n, qpr > 2  gcd(m,n, qpr) = 1,   T 434, B  , 

.

Remark 4.4.2. P 441()      [27,

L 3.5]   .

T       P-B   

.

Proposition 4.4.3. Let A = k[X,Y, Z](Xa + Y b + Zc + λ) for some

(a, b, c) ∈ F3 with λ ∈ k. Then A is a rigid domain whenever B(a,b,c) is

rigid.

Proof. L x, y, z     X,Y  Z  A . W  

Z>0-   k[Y, Z],   wt(Y ) = ac  wt(Z) = ab. T

      Y b + Zc + λ  Y b + Zc. N

Xa+Y b+Zc      k[X,Y, Z]  (a, b, c) ∈ F3. T

 C 432,    : A \ 0 → Z>0  

(x) = bc, (y) = ac, (z) = ab

   Z-  A  

(A) ∼= k[X,Y, Z]

(Xa + Y b + Zc)
= B(a,b,c)
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B T 238,  -    A   -

    gr(A) = B(a,b,c). T A   

B(a,b,c)  .

A     [27],     -  

             

. B           

-     P-B .

Proposition 4.4.4. Let k be a eld of characteristic p > 0. For (a, b, c, d) ∈ F4\ (R4 T4)

let B = k[X,Y, Z, T ](Xa + Y b + Zc + T d) = B(a,b,c,d) = k[x, y, z, t] (

x, y, z, t      X,Y, Z  T  B). Then for the

following conditions on b, c, d, there does not exist any non-trivial exponential

map on B xing x.

() (b, c, d) ∈ F3 \ S3.

() b = s2p
m, c = s3p

r and d = s4p
e for some s2, s3, s4,m, r, e ∈ Z>1 with

p - s2s3s4, m 6 r 6 e and (s2, s3p
r−m, s4p

e−m) ∈ F3 \ (T3  S3)

Proof. S,  , φ   -    B 

x ∈ Bφ. W       .

(i) B L 223()  R 225(), φ   - -

  

B :=
k(x)[Y, Z, T ]

(Y b + Zc + T d + xa)


B    (b, c, d) ∈ F3 \ (R3T3S3),   T 4212,

B(b,c,d)  . T  P 443, B  . T   

.

(ii) S (a, b, c, d) ∈ F4, p - a. L A := k[x, yp
m
, zp

m
, tp

m
]     B.

T

A ∼= k[X,Y, Z, T ]

(Xa + Y s2 + Zs3pr−m + T s4pe−m)
= B(a,s2,s3pr−m,s4pe−m)

B P 421, φ   -   φ1  A

  x ∈ A  Bφ = Aφ1 . S (a, b, c, d) ∈ F4 \ (R4  T4) 

(s2, s3p
r−m, s4p

e−m) ∈ F3\(T3S3)   (s2, s3p
r−m, s4p

e−m) ∈ F3\ (R3 T3 S3).

B ()   φ1    A,  .
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F,            P-

B   k    .

Proposition 4.4.5. Let k be a eld of characteristic p 6= 2 and also not

containing a square root of −1. We consider B := B(2,2,c) = k[x, y, z] for an

odd integer c > 1, then B is rigid.

Proof. S,  ,     -  

φ  B   f ∈ Bφ \ k. L φ1 = φ ⊗k id     φ 

B1 := k[x, y, z] ⊗k k ∼= k[x, y, z]. T f ∈ Bφ1
1 \ k. S c  ,  

    L 425,   f = λ1(x + µy)r ∈ Bφ̂1
1 ⊆ B1  

λ1 ∈ k∗, µ ∈ k
∗
 r ∈ Z>1. T x + µy ∈ B

φ1
1 (. L 223()).

N   λ  k
∗

B1

(x+ µy − λ)B1
=

k[X,Y, Z]

(X2 + Y 2 + Zc, X + µY − λ)
∼= k[Y, Z]

(Zc + Pλ(Y ))
,

 Pλ(Y ) := (1 + µ2)Y 2 − 2λµY + λ2 ∈ k[Y ]. T Pλ(Y ) ∈ k. H

x+µy−λ      B1   λ ∈ k
∗
 T,  L 2411,

   ∈ k
∗
  φ̂1   -   

   B1 := B1(x+ µy − )B1
∼= k[Y, Z](Zc + Pβ(Y )) S

 k B1 = 1,   L 223(), B1 = k
[1]
. S,  , µ2+1 6=

0. T   

Zc + Pβ(Y ) = Zc + (1 + µ2)Y 2 − 2µY + 2

= Zc + (µ2 + 1)(Y − λ1)
2 + λ2,

 λ1 := µ(µ2 + 1)  λ2 := 2(2µ+ 1)(µ2 + 1)2. S Zc + Pβ(Y )

         Z  Y1 := Y − λ1.

H B1 6= k
[1]
,  . T µ2 + 1 = 0,  µ = i, 

   −1  k. N  φ̂1     φ  B1. T-

 f = λ1(x + iy)r ∈ B
φ ⊆ B  λ1 ∈ k∗  r > 0. S i ∈ k, 

. T B(2,2,c)       c > 1.

N   k      T F(),  

  -.
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