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Chapter 1
Introduction

1.1 Integral Moments of L-functions in t-aspect

In analytic number theory, understanding the integral moments of L-functions is of
fundamental interest. Any L-function L(f, s) associated to an automorphic form f, has
an analytic continuation over the whole complex plane (with a possible exception of a

pole at s = 1). Thus, we may define the 2kth moment of L(f,s) at the critical line in

(r3e0)

Except for a few families of L-functions, we still lack an understanding of these integral

t-aspect as
2k

T
ME(T) = / dt for k € N. (1.1)
0

moments of L-functions in terms of asymptotic estimation or even in terms of lower and

upper bounds.

One of the very first results regarding these moments is due to Hardy and Littlewood

who in [HL16] derived an asymptotic expression of the second moment (k = 1) of the

(3+)

This asymptotic expression was further refined by Atkinson [At49].

Riemann zeta function:

2
dt ~ TlogT.

T
mir) = [
0
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Then, Ingham [In27] obtained an asymptotic formula for the fourth moment (k = 2)
of the Riemann zeta function:

T
MZ(T) = / c@ + it)
0

The asymptotic expansion of the fourth moment was subsequently improved by Heath-

! 1
4

Brown [Hb79] and generalized to weighted fourth moments by Motohashi (see [Mo]).

Let
E(z w)—1 Z _v for R(w) > 1
’ - 2w
2 ez lcz + d|
(e,d)=1

be the Eisenstein series and let L(E(-,w), s) be the L-function associated to E(z,w).
For R(s) > 1, L(E(-,1/2),s), the L-function associated to E(z,1/2), can be represented

by the Dirichlet series

L(E(-,1/2), s i

where d(n) is the number of divisors of n. Thus, L(E(-,1/2),s) is the square of the
Riemann zeta function, i.e. L(E(-,1/2),s) = ((s)?. Hence, the fourth moment of the
Riemann zeta function is actually the second moment of the L-function associated to
the Eisenstein series E(z,1/2):

2
dt.

L( - 1/2), 1+zt>

T
ME(T) = My, /9 = /
0

The Eisenstein series E(z,w)s are non-cuspidal automorphic forms for SL(2,Z).
Thus, a natural generalization of the fourth moment of the Riemann zeta function would
be the second moment of the L-functions associated to cuspidal automorphic forms for
SL(2,Z): a holomorphic cusp form or a Hecke-Maafl cusp form for SL(2,Z). Good
[Go82] derived an asymptotic expansion for the second moment of the L-functions as-
sociated to holomorphic cusp forms. Let f be a holomorphic cusp form for SL(2,Z) of
weight k& with the Fourier expansion f(z) = Y02, ane(nz). Here e(z) is the standard

notation for e?™*. The L-function associated to f is represented by the Dirichlet series
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L(f,s) = Y02y apn™* for R(s) > £EL. He proved

’ k
/L(f,z—i—it)
0

for some constants c_, cy computed explicitly. Here, the power saving error term was

’ T :
dt = 20_T<log <2m> + co> +O0((TlogT)3), (1.2)

important as it resulted in a subconvex bound (actually a bound of the Weyl strength)
of L(f,s). But any asymptotic estimates of higher moments of degree two L-functions

are still unknown.

Beyond the fourth moment, no asymptotic expression is known for the higher mo-

ments (k > 3) of the Riemann zeta function. But it is conjectured that there exists some

r .
C<2+Zt>

These conjectured Cys have been explicitly computed by Conrey and Ghosh [CGh&84],

constant C}, such that

2k

T
2
M(T) = / dt ~ Cy, Tlog"" T.
0

Conrey and Gonek [CGo01], and through random matrix theory by Keating and Snaith
[KS00]. Diaconu, Goldfeld and Hoffstein also computed these constants with a different
approach in [DGHO03]. Recently, Conrey et al. computed the lower order terms of these

asymptotic expressions [CFKRS05].

Though we do not have an asymptotic expression of M Ck(T) for k > 3, we do know

of an upper bound for the twelfth moment of the Riemann zeta function due to Heath-

O/T ((3+4)

From this result, with a simple application of Cauchy’s inequality, one can get non-trivial

Brown [Hb78]
12

dt <. T?*te.

upper bounds of Mf(T) for k = 3,4,5. In particular, this implies a non-trivial upper
bound of the sixth moment of the Riemann zeta function

C(; +it>

6
dt <. T°/*e, (1.3)

T
uir) = [
0
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Let v = (v1,1n) € C? and Ep,_, (z,v) be the minimal parabolic Eisenstein series for

SL(3,7Z) (see (10.4.1), [Gf]). Then, the L-function associated to Ep,

m

. (z,v) is a product

of three copies of shifted Riemann zeta function:
L(Epy, (1 v),s) = (s +v1+ 200 — 1)((s — 201 — v2 + 1)¢(s + 11 — 12).

Thus, the L-function associated to Ep_. (z,v) for v = (1/3,1/3) is ((s)3. Hence, the
sixth moment of the Riemann zeta function is the second moment of the L-function
associated to Ep,, (2,(1/3,1/3)), a non-cuspidal automorphic form for SL(3,Z). So,
the cuspidal analogue of the sixth moment of the Riemann zeta function would be the

second moment of the L-function associated to a Hecke-Maafl cusp form for SL(3,7Z).

Let F be a Hecke-Maass cusp form for SL(3,Z) of type v = (v1,12) € C with
normalized (A(1,1) = 1) Fourier coefficients A(m,n) and let L(F,s) be the Godement-

Jacquet L-function associated to F' and defined by the Dirichlet series

L(F,s) = i A(l,n)n™* for R(s) > 1.

n=1

Then we denote its t-aspect second moment at the critical line as

1
[t

This is essentially the same as M} (T) but with a dyadic range.

2
dt. (1.4)

We can trivially bound the second moment Mg (T) by Mp(T) <. T3/%t¢ for any
e > 0. With the application of the approximate functional equation (Lemma 2.1),
we can truncate the sum over n of the Dirichlet series in the integrand of (1.4) up to
N = T3/2%¢ with a negligible error term. After opening up the absolute square and

evaluating the ¢ integral, we get

Mp(T) < T2 37 37 A(1,n)A(L,n + h)|, (1.5)
h<H n~N

for H < T'/?*¢. The double sum can be bounded above by (NH)'¢ by Cauchy’s
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inequality and the Ramanujan bound on average (2.6). Thus, we get the upper bound
Mp(T) <. T3?%%. On the other hand, the generalized Lindeléf hypothesis suggests
that Mp(T) < T,

As the same arguments hold for Ep_. (z,(1/3,1/3)) too, the sixth moment of the

Riemann zeta function can thusly be trivially bounded by ME’(T) < T3/%t¢. So the
sixth moment bound Mg’(T) < T%/**¢ (1.3) obtained by Heath-Brown is a “non-trivial”
upper bound. But the arithmetic structure of the Riemann zeta function used in ([Hb78])
is not inherited by the Hecke-Maafl cusp forms for SL(3,Z). Thus, we cannot naturally
extend the method of ([Hb78]) to obtain a non-trivial upper bound for Mp(T), the
second moment of L(F,s). So, it was an important open problem to improve upon the

trivial upper bound of Mp(T) <. T%/?*¢ for the second moment of general degree three

L-functions.

The main result of this dissertation establishes the first non-trivial upper bound for

the second moment of degree three automorphic L-function:

Theorem 1. Let F be a Hecke-Maaf$ cusp form for SL(3,7Z) and let L(F,s) be the the

Godement-Jacquet L-function associated to F'. Then,

1
L(F, 5 —l—it)

Remark. After the appearance of the first version of this work [Pal23], Dasgupta, Leung

2T

/

T

2
dt <pe T2 5te, (1.6)

and Young [DLY24] have further improved the exponent of Theorem 1. Consequently,

they also improved the exponents in the following corollaries.

Though the problem of estimating the full second moment Mp(T) for a Hecke-
Maafl cusp form F' for SL(3,7Z) was open until this work, different variations of this

expression have been extensively studied. To achieve a subconvex bound for a self-dual

1
L<F,2 —z’t)

form F, Li [Lil1] proved

o0 2
(=T
/ e r13/4

—0o0

2
1
dt <pe T§l+€.
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Let u; be an orthonormal basis of Hecke-Maafl cusp form for SL(2,Z) corresponding

to Laplace eigenvalue 1 + t%. Then Young [Yol1] proved

Tl—s

/

_T1l—¢

2
dt < T,

1
L<F®Uj,2+it>

for all but o(7?) many t;jin T <t; < 27T. In a recent pre-print, Aggarwal, Leung and
Munshi [ALM22] derived an upper bound for the second moment in a short interval.

For TY2 < M < T'~¢ they proved

oM | ? T8 M3
7 1 1
/ ‘L(F,—H’t) dt<<T5< 3+21+M4Tﬁ>+MliTz§>. (1.7)
2 M2 T

T—-M

As the result is intended for the short moment, we note that it fails to give any non-trivial

upper bound for the full second moment (M =T).

One way to obtain a non-trivial estimate of (1.4) would have been obtaining a non-
trivial bound of the shifted convolution sum (1.5), specifically for H < T2, which itself
is a hard problem. We evade the issue by splitting the range of the t-integral [T, 27 into
shorter ranges of length ¢ and then evaluating the t-integral (see 3.6). This increases
the size of H in (1.5) and introduces an extra oscillatory term. At this stage, we also
introduce an extra averaging of the length of the new integrals £ in the range [X,2X]
(to be determined optimally), which is also essential for obtaining the non-trivial bound

as it will be apparent at the end. This is the crucial input of our work.

Now, we use the delta method of Duke, Friedlander and Iwaniec to separate the
oscillations and we treat these sums with the Voronoi summation formula or the Poisson
summation formula. We then apply the duality principle of the large sieve like [ALM22]
to interchange the order of the summations. At this point, we apply the Cauchy’s
inequality and Poisson summation formula twice, and each time, we get a character
sum and an oscillatory integral. We then carefully evaluate these character sums and
oscillatory integrals to recover the trivial bound of Mp(T"). But we do have an oscillatory
term left, reminiscent of the extra oscillatory term introduced at the beginning. We also

have the extra integral we introduced at the beginning, precisely the averaging over the
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length of the integral, £&. Thus, we extract an extra saving out of that oscillatory integral

to get the non-trivial bound in Theorem 1.

1.2 Applications

1.2.1 Subconvex bound for GL(3) L-functions:

Let L(f,s) be a degree d L-function attached to an automorphic form f with analytic
conductor q(f, s). The analytic conductor ¢(f, s) can be bounded by q(f,s) < q(f)(|s|+
3)?. As we are only interested in the t-aspect, we may ignore the part q(f), which
only depends on the automorphic form f but not on s. Phragmen-Lindelof convexity

principle implies that at the critical line (s = % +it), the L-function can be bounded by
L(f,s) << q(f, )" < (14 [tV

This bound is called the convexity bound of L(f,s) in t-aspect. The upper bound with
any improvement over the exponent of the form % — n for some n > 0, is called a
subconvex bound of L(f, s). On the other extreme, Lindelof hypothesis conjectures that

L(f,s) <ge (L+]t])°.

For the Riemann zeta function, the first subconvex bound was obtained by Hardy

and Littlewood by a method of Weyl, though it was first published by Landau [La24]:
C(1/2 +it) <. (1+ [t])Y/5F=.

This bound (even in the context of other L-functions ) is called the Weyl bound. There
have been periodical improvements of this Weyl bound ( called sub-Weyl bound), the
latest being 1/6 — 1/84 by Bourgain [Bol7].

For degree two L-functions, precisely for holomorphic cusp forms of full level, Good
[Go82] established the first subconvexity bound in the t-aspect by obtaining an asymp-
totic expression for the second moment (see 1.2). Let f be a normalized holomorphic

cusp form for SL(2,7Z) and let L(f,s) be the L-function associated to f. He obtained
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the Weyl bound:

’L(fa 1/2 + Zt)‘ <<5,f (|t| + 1)1/3+a'

In a recent pre-print, Holowinsky, Munshi, Sharma and Streipel [HMSS25] obtained
a sub-Weyl bound for L(f,s), an L-function associated to a holomorphic or Hecke-

Maafl cusp form for SL(2,Z):

|L(f7 1/2 + Zt)‘ <z f (|t| + 1)1/3—1/1744-5.

Let F' be a Hecke-Maafl cusp form for SL(3,7Z). For degree three L-functions, the
first subconvex bound in t-aspect was established by Li [Lill] for self-dual forms for

SL(3,Z). She obtained
11
L(F, 1,2 +it) <pe (1+[t]) 67,

where F' is self-dual. It was extended to any general automorphic form for SL(3,7Z) by
Munshi [Mul5] with the same exponent. In a recent pre-print Aggarwal, Leung and

Munshi [ALM22] improved the subconvex bound of [Mul5] by obtaining
L(F,1,2 + it) <pe (1+ [t])5*2,

by bounding a short second moment (1.7). We also note that Nelson [Ne21] has obtained
the t-aspect subconvexity bound for standard L-function of any degree d.

Theorem 1 also implies a t-aspect subconvex bound for degree three L-functions:

Corollary 1.1. Let F be a normalized Hecke-Maafcusp form for SL(3,7Z) and L(F,s)

be the L-function associated to F'. Then,
L(F, 12+ it) e (14 |1 %4354, (1.8)

Remark. The bound we obtain is weaker than the first bound obtained in [Mul5].
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1.2.2 Subconvex bound for self-dual GL(3) L-functions:

Let F' be a self-dual Hecke-Maafl cusp form for SL(3,Z) and let f; be an orthonormal
basis of even Hecke-Maafl cusp form for SL(2,Z) of Laplacian eigenvalue % + t?. With

these assumptions Li, in her pioneering work [Lil1], proved the subconvex bounds
L(F,1/2+it) <pe (L4 )19, LF ® f,1/2) <pe (1+ [t5]) /5

These bounds were later improved by McKee, Sun and Ye [MSY 18] and by Nunes [Nul7].
Recently, Lin, Nunes and Qi [LNQ22] reached the limit of the moment method of Li.
Let f; be a Hecke-Maa8 cusp form (not necessarily even) for SL(2,Z) of Laplacian

eigenvalue i + t?. Then they proved
L(F,1/2+it) <pe (L+[8)*°7°, LF @ f5,1/2) <pe (14857

Their bounds rely on an upper bound of the second moment of GL(3) L-functions. Thus,
our non-trivial upper bound of the second moment of GL(3) L-functions (Theorem 1)

leads to the following improvements of the above bounds :

Corollary 1.2. Let F' be a self-dual Hecke-Maafs cusp form for SL(3,7) and let f; be

a Hecke-Maajf$ cusp form for SL(2,7Z) of Laplacian eigenvalue i + t?. Then,

L(E1/2+it) <pe (L+ ()7 and  L(F @ f;,1/2) <pe (1+ [15])*/77+.

1.2.3 Rankin-Selberg Problem

Let f be a normalized holomorphic Hecke cusp form or a Hecke-Maass cusp form for
SL(2,Z). Let Ag(n) be its n-th Hecke eigenvalue. The goal of the Rankin-Selberg

problem is to bound the error term for the second moment of A¢(n), i.e.

A(X) = Z Ap(n)? — cX.

n<X

Let L(f,s) be the L-function associated with f and let L(f® f, s) be the Rankin-Selberg
convolution defined by L(f ® f,s) = ((25) Y51 Af(n)?n 5. L(f® f,s) is also related to
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the symmetric square lift of f by L(f® f,s) = ¢(s)L(Sym?f, s). Then, we can explicitly

write ¢ as ¢ = L(Sym?f,1)/¢(2).

Rankin [Ra39] and Selberg [Se40] established the longstanding upper bound of
A(X) < X3/,
Huang [Hu21] lowered the upper bound of Rankin and Selberg establishing

A(X) <. X3/5-1/560+¢

Theorem 1 implies a further improvement of this bound:

Corollary 1.3. Let A(X) be as defined above. Then,

A(X) < po XI/TTHe  x3/5-6/385+e

1.2.4 Zero density estimate for GL(3) L-functions

Let L(f,s) be any L-function associated to an automorphic form f. Now by N(o,T') we
denote the number of zeros p = 8+ iy of L(f,s) in the region 5 > ¢ and |y| < T where
% < o < 1. In the absence of any asymptotic expression, upper bounds of N(o,T') of
the form

N(o,T) < TAC)(1-0)+e

are usually referred to as zero-density estimates in the literature. Zero density estimates
for the Riemann zeta function have been studied extensively, a detailed account of which
can be found in Chapter 11 of [Iv]. For higher degree L-functions Kaczorowski and Perelli

[KP03] obtained zero density estimates for L-functions of arbitrary degree:
N(o,T) < TCU-)+e,

Though their result is very general, the exponent C' is not optimal for the degree three

L-functions. For K, an algebraic number field of degree n, Heath-Brown [Hb77] obtained
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zero-density estimate for a general (x(s) function. This was further improved by Paul

and Sankaranarayanan [PS20].

Later, Mukhopadhyay and Srinivas [MS07] obtained zero density estimates for L-
functions of arbitrary degree depending on the upper bound of the second moment for

that L-function:

L T20(1-0)te for L <5 <1

. L<g<
/|L(f, 12+ i) < T — NoT)<{ . (19)
0 T50=9)+  for 2<o<l

In [YZ13], Ye and Zhang obtained zero density estimates for L-functions of arbitrary
degree depending on the upper bound of any 2kth moment. Considering only the second

moment bound, we may restate their result as

T
1
/yL(f, 12+ it < T = N(o,T) < T 75 Ffor s <o<l (110)
0
Then if L(F, s) be a GL(3) L-function and as both of these results depends on the upper
bound of t-aspect moments of L(F,s), our non-trivial bound of the second moment of
GL(3) L-functions (1.6) implies the following improvement of the zero density estimates

for GL(3) L-functions.

Corollary 1.4. Let L(F, s) be an L-function associated to an Hecke-Maafl cusp for for
SL(3,Z) and let N(o,T) denote the number of zeros p = 8 +1ivy of L(f,s) in the region

B>0o and|y| < T where 3 <o <1. Then,

T(3—3/16)(1—cr)—|—57 for % <o<1
N(o,T) <
(77/16)(1—0)
G2 L forl<o <1
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1.3 Proof of the corollaries

1.3.1 Proof of Corollary 1.1

Proof. This corollary is an easy consequence of Theorem 1 if we follow the proof of

[Go82]. By residue theorem we can express L(F,1/2 + iTp) as

2 2 2
1 1 1 s

LlF = +iTy| =— / LIF - +iTy+s) Sds
2 211 s

2
(1/1log Tp)
2 .2
1 1 s
S / LIF = +iTy+s) Sds.
271 2 S
(—=1/1og Tv)

Then, using the functional equation and Stirling’s approximation in the second integral,

we get,
1
’L(F,z +ZT()>

In a similar fashion for 1/2 < 01 < 1 we obtain

2 —3__ 2
(1+ [t + Tp| 5 ) e~

00 2
1 1
< L|F, -+ +i(To+1 X dt.
/ ’ < 2 logTp i(To )> ‘ (t2 + 1/ log® Tp)1/2

(1.11)

2 .2
eT

(T2 + (3 — 01)?)

o
1
|L(F, o1 +iT1)|? < 1+ / |L<F, 5t i(Th + 7)) dar. (1.12)
—0o0

N[

In (1.12), we replace o1 by 1/2 4+ 1/logTy and T1 by Tp + t and apply this bound in

(1.11) and estimate the ¢ integral to get

1
‘L(F, 5+ z'T0>

Finally, truncating the integral at 7 € [—log Tp, log Tp] and estimating the rest of the

2 2

_72
e 2z dr.

7 1
< log Ty + log Ty / ‘L(F, B +i(Th +T)>

range trivially, we prove the corollary. O
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1.3.2 Proof of Corollary 1.2

Proof. This corollary follows directly from the proof of [LNQ22] with minor changes. In

the proof of [LNQ22], they have assumed the trivial bound of the second moment:
U ) )
L . 34e
/ L(F. 5 +it)[dt <. U
-U
Instead, we proceed with the assumption
U 1 )
/ ‘L(F 5+ zt)| dt <p U270 550,
-U

Thus, we can replace the bound of (52) of [LNQ22] by

3/4-5/2 To/A0 e
- _
MT \/m U < A/A8/2
for the + case. Upper bounds for the diagonal case (MT'*¢) and the - case (%;Z
T5]/\;+E) remain unchanged. Hence, we can replace the upper bound of Theorem 1.1 of
[LNQ22] by
T+M ) X 5/4—5/2+e
Y L(F®f,1/2) + / [L(F 12+ i) < MTH + — .
It;—T|<M T-M

—26
Then, we choose M =T % Thus, we derive the upper bounds
. =204, L
L(F,1/2+it) <pe (L+[t])527 and L(F® f;,1/2) <pe (14 [tj])52 7.

Finally, we apply Theorem 1 and put § = 3—32 to conclude the proof. O

1.3.3 Proof of Corollary 1.3

Proof. We bound 3>, ox Af(n)? from above by taking a smooth dyadic partition with

the help of a smooth function V() which is supported in [1—X =4, 2+ X ~4] and satisfies
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the decay condition V) « X74 for j > 1,0 < V(z) < 1and V(z) =1 for z € [1,2]:

> nn? < XS A (5.

n<2X j=0 n

We similarly bound >, <o x Ay (n)? from below by taking a smooth dyadic partition with
the help of a smooth function W (x) which is supported in [1,2] and satisfies the decay
condition W) <« X794 for j > 1,0 < W(z) <1land W(z)=1forz € [1+ X492
XA

IRVOES RO C=

n<2Xx j=0 n
By the inverse Mellin transform, we may express the sum >, A¢(n)?V(n/X) (for some
c>2) as
(2) 3 A )V (0 X) = o [ LUeLsTsX s,
R(5)=c
where V(s) = ZOV(x)a:s_ld:v. Now, we shift the line of integral to R(s) = 1/2 and

encounter a pole at s = 1 we get the residue L(Sym?f, 1)V (1)X. By the residue theorem,

we get
L(Sym?f,1)V(1)X
Z)\f V(n/X) = =
+<<21)27T / L(f®f’;+“) v(;-l—it) V2t gy
Hence,

o.9] 9 n
;};Af(n) V(Q_jX>
(Sym fi1) ZQ j

¢(2)

= 1

—l—jzo 27TC(2)_Z L (f ® f, % + it) 1% ( + zt) (279 X)1/2+it gy

L(Sym®f, 1)V (1)(2X)
- ¢(2)

17 _ ,
+O | X® sup —/ (f@f, ~l—zt>V< —|—zt) (X1)V/2H gt

X,<X 2T
—0o0
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The same expression holds if V' is replaced by W. As V(1) = 1 + O(X~4) and W(1) =

14+ O(X~4), we obtain the same main term 2L(Sym?f,1)-X and we derive
¢(2)

[e.e]

1 (1 :
A(2X) < X° sup X1/2/L Fof,=+it|V[ =+t )| Xitdt+0(X4).  (1.13)
X1<X . 2 2

We may truncate the range of t. If we integrate V (1/2+it) by parts repeatedly and use
the fact V7 < X74, then we observe V(1/2 4+ it) is arbitrarily small unless t < X4+,
In that range, we take a smooth dyadic partition of the t-integral. So we consider ¢ ~ T

oo .
for T < XA*e. For t ~ T, by integrating [ V(z)z~"/?*dz by parts we note that
0

1/2+zt
1/2 +it) ( < T
va/z+i /V 1210t

Putting it in (1.13) and by Cauchy’s inequality we derive

A(2X)_O<Xf sup X1/? sup / <f®f, —Ht) (;Jrz't)X{tdt) +O(X'4

X1<X T<<XA+€tNT
] 2\ 1/2
=0|X® sup Xll/2 sup T71 / Cl=+it]]| dt
X1<X T X Ate I 2

+Oo(x14.

2\ 1/2
(Sym fi= —i—zt) dt)

27 9
Assuming [ [L(F,} +it)| dt <po T379% and using [ |C(1/2+ it)Pdt < T+, we
T t~T

x(/

t~T

derive

A(2X) =0 | X°® sup Xll/2 sup T_1+3/4_6/2+1/2>+O(X1_A)
Xi<X T XAte

:O(X1/2+A(1/476/2)+8) + O(X17A>.
We equate these two upper bounds to choose A =1/(5/2 — §). Thus we derive

3—24

A(2X)<<X 2 te L X555

Then by Theorem 1 we replace § = 3% to conclude the proof. O
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1.3.4 Proof of Corollary 1.4

Proof. Once we replace & = 3/2 by a = % — 2 (1) in (1.9) and (1.10), the proof of the

corollary is immediate. ]

1.4 Notations

We follow the popular notation of e(x) := €?™@ and ¢ would denote an arbitrarily
small positive real number. f = O(A) and f < A would denote |f| < CAT* for some
constant C' > 0 depending only on the form F' and €. For some n > 0, x ~ n would imply
cin < ¢ < cagn where 0 < ¢; < ¢o and x € R. In general, we will reserve this notation
for the range of sum and integrals. f =< ¢g would imply 77¢ < |f/g| < T¢ when g is not
zero. We will reserve the letter V, W for compactly supported smooth function. They will
additionally satisfy 27V ) (z) < 1 for j € N unless specified otherwise. The definition of
these smooth functions V, W will vary from place to place, like when any non-oscillatory
smooth function satisfying the above derivative condition would be absorbed by these
smooth functions. For brevity, often we will omit the underlying smooth function of the
form V (%) in a sum or integral by denoting >, ., or [ . Any contribution is called
zon

negligible if the term is O 4(T~4) for any A > 0. We will also use the following standard

notations:

o 6(2) — 627T’L'Z’

o eq(n) = e(n/q) = 71,

e S(m,n;c) = Z* ec(am + an) is the Kloosterman sum,

a mod ¢

o ¢g(n) = Z*a mod 4 eq(an) is the Ramanujan sum.



Chapter 2

Preliminaries

In this chapter, we will briefly revisit the theory of the Hecke-Maass cusp forms for
SL(3,7Z) from [Gf]. For a detailed introduction of the theory and proof of the results

stated below, one may refer to [Gf].

2.1 Hecke-Maass cusp forms for SL(3,Z)

2.1.1 Definition

Before going into the theory of Maafl cusp forms, we will recall a few important defini-

tions of the matrix group.

o GL(3,R) is the general linear group of degree 3, i.e. the multiplicative group of

all invertible 3 x 3 matrices with coefficients in R

o SL(3,Z) is the discrete subgroup of GL(3,R) consisting of all 3 x 3 matrices with

coefficients in Z and determinant 1

e O(3,R) is the orthogonal group of degree 3, i.e.

OB3,R)={g € GL(3,R) : g.¢" = I}

17
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where ¢’ is the transpose of g and I is the identity matrix. Here - denotes matrix

multiplication.

o Zjs: is the center of (GL(3,R)).

The generalized upper half plane > is defined to be the set of all z € GL(3,R) such that

z can be written as z = x - y where

1 z9 713 yiye 0 0
rT=10 1 x and y= 0 wy1 O (2.1)
0 O 1 0 0 1

and z1, 22,213 € R and y1,y2 > 0. The Iwasawa decomposition states that

GL(3,R) = b>- O(3,R) - Z3.

As Z3 is isomorphic to R*, we can express h3 as

b3 2 GL(3,R)/(O(3,R) - R*).

Let gl(3,R) be the Lie algebra of GL(3,R) and ©3 be the center of the universal
enveloping algebra of gl(3,R). For v = (v1,15) € C? and z = z -y € b3, we define

I,: 5% = C: I(z) = yflJrQVng”ﬁ”Q. (2.2)

Then, I,(z) is an eigenfunction of every D € 3. If we denote the eigenvalues by Ap,

we have

DI (2) = Ap - L(2). (2.3)

Now, we can define the Maass cusp form for SL(3,%Z).

Definition 2.1. A smooth function f € L?(SL(3,Z) \ h?) is called a Maass cusp form

for SL(3,Z) of type (v1,vs) € C2 if it satisfies
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1. f(yz) = f(2), for all v € SL(3,Z) and z € b3.

2. Df(z) = Apf(z), for all D € D3 and Ap is the eigenvalue corresponding to I,,(2).

3. J f(uz)du = 0, for all subgroups U of upper triangular real valued 3 x 3
(SL(3,Z)NU\U
matrices of the form:
I, % *
U= *
I,
where (my,...,my) is a partition of 3, i.e. my +---my, = 3, where 0 <m; <3, j =

1,2,..., k.

2.1.2 Fourier expansion

Let m = (m1,mz) € Z* and let u € U3(R) , i.e.

1 wus uigs
u=10 1 (75} ) Uy, U2, u1,3 € R.
0 0 1

Then, the character 1y, : Us(R) — C* is defined by

Um(u) = e(miur + mous).

Let wy = <1 -1 1) and v = (v1,v5) € C2. Then,

W(z,v;tm) = ///L,(wg-u'z)wm(u)dulduzdum (2.4)

R R R

is called the Jacquet Whittaker function for SL(3,Z). Here, z € b3 and I,(z) is as
defined in (2.2).
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Let F be a Maa$ cusp form of type v = (v1,v2) € C? for SL(3,Z) as defined in (2.1).

Then F(z) has an Fourier expansion

- A(my,mg)
F(z)= Z Z Z 4|m1m2]
~eU2(Z)\SL(2,Z) m1=1ma#0
[mama|

Y
x W mi zZ,V, 1/}(17%) . (25)
1

where W (z, v, 1) are the Jacquet Whittaker function defined above. A(mq,ms) is called

the (my, mg)th Fourier coefficient of F'. For my > 1 and mg # 0,

A(ml, mz)

A(mi,mo) = A(my,—m and
(m1,mg) = A(my, —mg) —

=0(1).
These Fourier coefficients also satisfy Ramanujan type bound on average

S [A(mr,ma)? < N (2.6)

m%mQSN

Let F(z) := F(ws- (z~1)"-ws3). Then, F(2) is also a Maa8 cusp form of type (v, 1) for
SL(3,7). F(z) is called the dual form of F. The Fourier coefficients of F are related to

F' in the following sense

Ap(my,mg) = Ap(ma, my) = Ap(mi, ma).

2.1.3 Hecke relation

Let n > 1 be an integer. Then T;,, defined by

a bl C1
1
T.f(z) = n Z / 0 b co|-*
OSaCblc,ZnSC 0 0 ¢

0<b1<b
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is an operator on the space of Maafl cusp forms for SL(3,Z). Then T, for n > 1 are
called the Hecke operators. Let F' be a Maal cusp form for SL(3,7Z), which is also
a simultaneous eigenfunction of all the Hecke operators. Then, F' is called a Hecke-

Maafl cusp form for SL(3,Z).

Let F be a Hecke-Maa$l cusp form for SL(3,Z) and A(my,ms) be its (mq, ma)th
Fourier coefficients. If A(1,1) = 0, it would force F' to vanish identically (see Theorem
6.4.11, [Gf]). If F is not identically zero, we may divide it by A(1,1) and assume that

A(1,1)=1. If Ap(1,1) =1, F is called a normalized Hecke-Maaf} cusp form.

If F is a normalized Hecke-Maafl cusp form for SL(3,Z), A(n,1) is actually the
eigenvalue of T,, i.e.,

T.f =An,1) - f, for n > 1.

Then, the Fourier coefficients A(m, mg)s also satisfy the following multiplicative rela-

tions (see Theorem 6.4.11)

d d
A(Ln)A(mlam?) = Z A (mé 27 m; O> ) (27)
dod1da=n 1 2
di|m1
doma
Al DAQm) = 3 a2 (2.8)
d|(m1,mz2)

2.1.4 L-function associated to F
Let F be a normalized Hecke-Maafl cusp form for SL(3,Z) with Fourier coefficient
A(my,m2). Then, we can associate an L-function to F":

Definition 2.2. Let F be a normalized Hecke-Maafl cusp form for SL(3,7Z) with Fourier
coefficient A(my, m2). Then, the Godement-Jacquet L-function L(F, s) is defined by the

Dirichlet series

L(F,s) = i A(l,n)n™%, for R(s) > 1. (2.9)
n=1
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For R(s) > 1, L(F, s) has an Euler product representation

L(F,s) =[]0 = A(p, )p~* + A(L,p)p~>° —p~*) L.

Remark. The trivial bound of the Fourier coefficients (A(1,n) < |n|) implies that the
abscissa of convergence of the Dirichlet series (2.9) is actually R(s) = 2. But, the
Ramanujan-type bound on average : 3,2, < [A(ma, mg)|? < N1*¢ implies that the

Dirichlet series (2.9) is absolutely convergent for R(s) > 1.

The Langlands parameters of F', denoted by (o, g, as), are defined as
ay=—v] — 29+ 1, ag = —v1 + 1o, ag =2v] + 15 — 1. (210)

and the dual form F has Langlands parameters (—ag, —a2, —aq). Then, the L-function

L(F, s) satisfies the functional equation

G(F,s)L(F,s) = G(F,1 - s)L(F,1—s),

P o ds2p( ST \p( ST 2\ s as)
e N

Hence, L(F,s) can be holomorphically continued over the whole complex plane.

where

2.1.5 Approximate Functional Equation

L(F, s), the L-function associated to a normalized Hecke-Maaf3 cusp form F for SL(3,7Z),
also satisfy an approximate functional equation in the critical strip. One may refer to

Theorem 5.3 and Proposition 5.4 of [IK] for the proofs of the following lemmas.

Lemma 2.1 (Approximate Functional Equation). For 0 < R(s) < 1 and any bounded
even function g(u), holomorphic in the strip —4 < R(u) < 4 and normalized as g(0) =1
and X >0,

= § 0 1)+ 5 S Ao
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where
1 G(Fs+u) du
Vily) = 2m'/ GF1s) YW,
®3)
and
~ 1 L G(F, s +u) du
s(y) = omi G(F,s) ( );-

Remark. We will choose X = 1.

Lemma 2.2 (Upper Bound of V(y)). For a satisfying R(s+ a;) > a >0 fori=1,2,3
and for any A > 0, we have the following bounds on Vy(y) (exact bounds hold for V,(y)
too) and it’s derivatives w.r.t y:

ij;(J)Z(S‘—i-O( ) 7
j e

—A
yJVS(J) < 14+ —2—
v/ loo

and if R(s) = 3, we also have

Here, 0; = 1 if j = 0 and 0 otherwise.

2.1.6 Voronoi summation formula for SL(3,Z):

Following the notations set at the beginning, let F' be an SL(3,Z) Maass form with
(m,n)" Fourier coefficient A(m,n) and let F be its dual form with Fourier coefficients
A(n,m). Then, we have a summation formula for A(1,m) twisted by additive characters.
We precisely follow the expression of Corollary 3.7 of [GLO6], which we summarize in

the lemma below.
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Lemma 2.3 (Voronoi type summation formula). Let ¢)(z) € C2°(0,00) and let a,a,q €

Z with (a,q) = 1. If we denote

~ [ vt
0

o Uy(x) = / (7T3x)sr<

R(s)=0c F<_55a1)r(_55a2>r(_55a3)

1+s+2k+a T 1+s+2k+as T 1+s+2k+ag
2 2 2

X (—s — k)ds, for k=0,1
73
¢ V(@) = Volo) £ 5 (o),

then we have

S anme(oo=

Zi; >y A

mim
ml‘qm2>0 1 2
2
x S(a, £ma;qmy )5, <q3>

Here S(a,b,q) denotes the Kloosterman sum

S(a,b,q) = Z* e(ax—l—b:v)

z mod ¢ q

2 2 7'('_3 3
In the above lemma \Ilojfl (m;;nl) =, <ng”1) + m%?y.\lll (m; 1) consists of four terms.
But we will only estimate Wy (z) with the help of the following lemma by [Li09] (Lemma
6.1) and consider only the term Wg(z). The estimate of Wy (z) is quite similar; thus are

the remaining three terms.

Lemma 2.4. Suppose ¥(x) is a smooth function compactly supported on [X,2X] and

Uy (z) is defined as above, then for any fized integer K > 1 and xX > 1, we have

3 K 1/3,1/3 - 1/3,1/3
. c; cos(bmx + d; sin(67x —K42
x) :27T4:m/w(y) Z 3 cos( Y (ngy)jj/g ( i )dy +0 ((xX) n ) ,

where ¢; and d; are constants depending on oy, in particular, c; =0, di = —2

o
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In the above integral, we may write the integrand as
Z — zd e(3a:1/3y1/3) c; + id; \ e(—3x/3y1/3)
= (m3ay)i/3 '

(m3xy)i/
We will only consider the first sum as the analysis of the second sum is similar. So we

' M

will treat
6 3$1/3 1/3)

) dy. (2.11)

0 K

otz / Y(y Z

j=1

We also note that the oscillatory part e(3z!/3y!/?) is independent of the sum over j
and the non-oscillatory terms (7r3xy)*j/ 3 decrease with increasing j provided zy > 1.

1/3 je. j = 1. Hence we take

So Zle(w?’xy)_jB is asymptotic to the term (m3zy)~
K sufficiently large so that the error term O((an ) ng) can be dropped from further

consideration. For such K, we will consider only the term j = 1.

For zy < 1, as the term e(3z'/3y'/3) is non-oscillatory, it can be absorbed into the

smooth function of 1 (y). Thus, we will only consider

:|:3ZL‘1/3 1/3)

(B dy + O(T~4). (2.12)

2271' cxxi | P(y
[

2.2 Poisson summation formula

Let f(z) be a compactly supported smooth function and C(n) be a periodic function

modulo ¢. Then, by the Poisson summation formula, we get

> Cm)fn)= > Cb) Y fb+mnq)

nez b mod ¢ ni1€Z
> k)Y [ £b+ yayel-ny)dy
b mod ¢ neZp

*ZZCeqnb/f ( )y (2.13)

nEZ b mod ¢
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In particular, if C'(n) = e4(an), we have

S ey(an) f( ZZeqa—i-n /f ( )y

nez nEmeodq
L Jw

n=—a modq
2.3 Stationary Phase Analysis

To treat the oscillatory integrals of one variable, we will use the following lemmas.

When the phase function does not have a stationary point, we will use the following

lemma from [Mul5].

Lemma 2.5. Let g(x) be a compactly supported smooth function supported in [a,b)
satisfying ¢’ (x) <apj 1. Let f(z) be a real valued smooth function satisfying |f'(z)| >
Oy and |fU)(x)| < ©f for j > 2. Then, for any j € N, we have

b
/e(f(x))g(x)d:v Lapje OF (2.15)

a

Remark. Frequently in this paper, we will mention that an oscillatory integral is negli-
gibly small by repeated integration by parts if the first derivative of its phase function
is greater than N¢ for any e throughout the support of the smooth function u(x). That

is actually a direct consequence of this lemma.

When the phase function has a unique stationary point, we will use the following
lemma from [BKY13] by Blomer, Khan, and Young. So, we restate Proposition 8.2 of
[BKY13] below.

Lemma 2.6. Let 0 < § < 1/10,04,0¢,9Q,4, L, Q¢ >0 and let Z := Qs+ +0,+ L+1

and we also assume that

Qf26/2

36

(2.16)
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Let g(x) be a compactly supported smooth function with support in a length L and satis-
fying the derivative g9 (z) < @QQ;j and let g be the unique point such that f'(x¢) =0,

where f(x) is a smooth function satisfying
f'(z)> 0,072, f9(z) <0077, VjeN (2.17)

[o.¢]
Then the oscillatory integral I = [ g(x)e(f(x))dx would have the asymptotic expression

—00

(for arbitrary A >0)

e(f(x0))

I =
9" (o) n<36-1A

pn(w0) + Oas(Z™4), (2.18)

where

em'/4 i n .
pn(z0) = .y G (20)

(2.19)
where G(z) = g(x)e(f(x) = f(wo) — " (x0)(x — w0)?/2).
Each p, is a rational function in derivatives of f satisfying
& -7 —Jj 2 2\—n —n/3
@pn(azg) L Oy(Q,7 +Q,7)((0,/Q) ™" +6, 7). (2.20)
0

Remark. As observed in [BKY13], from (2.16) and (2.20), in the asymptotic expression
(2.18), every term is smaller than the preceding term. So it is enough to consider the

leading term in the asymptotic provided we verify 2.16

But to deal with the multi-variable oscillatory integrals, we will use Theorem 7.7.1
and Lemma 7.7.5 of [Ho]. Here, we will only mention the R? version of the lemma stated

in [HM@Q23], which suffices our requirement for a two-variable oscillatory integral.

Lemma 2.7 (Theorem 7.7.1). Let K C R? be a compact set and let X be an open
subset of R? containing K and let k be a non-negative integer. Let u € CH(K) and

f € C*1(X) where f is a real valued bounded function. Then, for A > 0,

<A 3T sup|of g ul| £ R
Jj1+72<k

[ erf@)uta)da

K
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where C'is bounded as long as f stays bounded in C*+(X).

Lemma 2.8 (Lemma 7.7.5). Let K C R? be a compact set and let X be an open
subset of R? containing K. Let u € C*(K) and f € C*(X) where f is a real valued
function. Then if there is a point xg € K such that f'(zo) = 0 and det(Hs(xo)) # 0 and
f(x) #0 ;Yo e K\ xy then for X\ > 0 we have

u(zo)e(Af(z0))
—det(H s (x0))

<

C
;[ S (@) N

(1+ I det f"(zo)| ) D" sup |6 0Ful.
Jitje<4
(2.21)
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Proof of Theorem 1: Delta

method

3.1 Sketch of the proof

To prove Theorem 1, we start with the integral of Mp(T) (1.4) though we take the range
to be [2T,3T). By approximate functional equation, we can truncate the length of the
Dirichlet series of L(F,1/2 +it) to n ~ N for N <« T%/?%¢, For the sketch, we will only
consider N = T3/2. So, we start with (see 3.3)

2

3T
M(T) =
2T

Z A(n)n~% dt.

n~N

In Section 3.2, we split the ¢ integral into smaller integrals of length £ and then take an
average over & (see 3.4), in the form of an integral on the range [X, 2X], where X would

be optimally chosen at the end.

3T T+(r+1)¢& 1 T+(r+1)¢
2 2 2
A dt s / dt<< 7/ / o |Adt
/| ’ T ZQT ‘ ‘ T Z 2T X | |
2T g§T<T T+ré ox Sr<5e E~X THrE

29
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We now open up the absolute square to get

Sy A AT ) [

t

Then we evaluate the t-integral (see Lemma 3.2), which restricts the range of h to be

h < H = NT¢/X, as the t-integral would be negligible otherwise. We essentially have

Mp(T) < N~' )" o,
re~T /X

where

/ > > A(,n)A(l,n+ h)e (W)

Comparing it with (1.5), we note that the fragmentation of the integral has increased
the size of h, introduced an extra oscillatory factor, and along with it, there is an extra
integral over £. Ultimately, these two elements would give us the extra saving required

for the non-trivial bound of Theorem 1.

Now, we will separate the oscillations of 9t with the circle method. In Section 3.3,

we would use the delta method of Duke, Friedlander, and Iwaniec (Lemma 3.4) with

modulus Q = /N/(T/X) = vXT'*.

/Z > et-an)

el qNQ q a mod A x h<H

x l 3 A(l,n)eq(—an)e<(T;;r£) x Zﬂ (3.1)

n~N
X [Z A(l, m)eq(am)e<W> W (W)] .

Here, W(x) is an even smooth function supported in [—1, 1] and W(0) = 1. If we trivially

evaluate M, we get
M« X -H-N-Q?=Q>’N? = Mp(T) < T3

So in M, we need to save T3/2 and a little more to get a non-trivial bound; that is we

need to prove M < % for some § > 0.
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To treat these m and n-sums above, we employ the Voronoi type summation formula
for SL(3,Z) (Lemma 2.3). In Section 3.4.1, we apply the Voronoi summation formula
first on the m-sum and then on the n-sum. Though we have A(mg, m) in the RHS of
the Voronoi summation formula along with the condition m;|q, for brevity, we would
only consider the “generic case” mj = 1 in this sketch and write mgy as m. In the m-sum,
we encounter an oscillatory integral, and by repeated integration by parts, it restricts
the range of m < (T/Q)3>*¢ (see Lemma 3.5). Then, by Taylor series approximation of

the phase function, the m sum transforms into

2 1/3,,1/3
Q— Z A(m)S(&,m;q)e(z))mn)
m<(T/Q)? e
Thus in the m-sum we save
initial bound Q? X5/4

final bound Q3 . 1% . ql/2 s
gN = Q3

We take the above oscillatory term into the n-sum and apply the Voronoi summation
formula. There, we also face an oscillatory integral Io (see 3.20) of trivial size T'. So,

the n sum transforms to

1

7Y AmSC-amol,
n(T/Q)3
Thus in the n-sum we save
initial bound B N X5/4

final bound % i %2 2T ~ s

Finally, we put the oscillatory integral I5 in the A-sum and apply the Poisson summation

formula on

> eqlah)Iz(h).

h<H

Thus, we get a double integral I3 (see 3.23). This restrict the dual variable h in the range

ho~ T VX
N~ i

After careful evaluation of the double integral, the A sum transforms
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into (see 3.28)
3(T + T§)1/3(m1/3 — n1/3)

3/2
T 2 e( (2m) 13273173 )

B VX
T1/4
h=a mod q
In the h-sum we save
initial bound B HT T3/2
final bound — p3/2. 1. VX X
q T1/4

Hence we evaluate the total saving on 9 to be X3/2 /T 1/4 and by Cauchy’s inequality

and the symmetry of the n and the m sum, 91 can be bounded by

T 2

fm<<TE/Z >oox

goX A~Q b /X /T4

_ ‘ 3(T—|—7“§)1/3m1/3
mN%Q)SA(m)S(h,m, Q)e< (2m) g2 31/

In Section 4.1, similar to [ALM22], we use the duality principle of large sieve to
interchange the order of sums in the expression of 9. The Ramanujan bound on average
(2.6):

Z |A(my, mo)|> < M,

m%mgSM

would imply that 9t is bounded above by

T+e 5 T2+e
M < 2. NAmPA < A,
m~(T/Q)?
where
2
_ 3(T + 7€) /3m1/3
A= sup Y / > > al€,q,h)S(h,m;q) Xe( 2m) BEBR3 del -

HaHi:l m~(T/Q)3 lelx 4~Q@ h

Trivially we have A < T5/2X. To bound A, we first open up the absolute square and
apply the Poisson summation formula to the m-sum. We note that we denote the two
copies of the variables (&, ¢, h) as (&1, 41, h1) and (§2, g2, h2). This produces a character

sum € and an oscillatory integral J (see 4.4).

Z S<Blvm§QI>S(527mQQQ)e('”):
m~(T/Q)3
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where

¢ = Z S(Bl,ﬁ§Q1)S(BZ,B;Q2)eq1q2(mﬁ),

B mod q1q2
mT3y
and 3:/6--- el — d
1( v QPagr )
yN

At this point, we will consider two cases of this expression: “Diagonal” (m = 0) and

“Off-diagonal” (m # 0). We will analyze them separately.

In Section 4.2, we consider the diagonal case (m = 0). In this case, the character

sum turns out to be a Ramanujan sum along with the condition ¢; = go:
o - _
€ = gicg (h1 — h2)dg, =g,

We analyze the oscillatory integral with repeated integration by parts (Lemma 2.5) and

observe that it is arbitrarily small unless

2

X
§1— 6K T

By careful analysis of these two conditions, we see that we save

VX T

i x~ T

Q

in the diagonal case (see 4.7). Before the application of the duality principle, we have

saved %//j So, this saving is sufficient as long as %T >T32 —= X > T2

In the off-diagonal case, both the character sum and the oscillatory integrals are more

complicated. In Section 4.3, we first analyze the oscillatory integral J with stationary

Xx3/2
T3/4

~ 1 [aq2 — _ \3/2 - (T + r&k) T
= 2 Hy—Z2 wh = e ~ —=
J /7T/X€ ( m ( 2 1) ) ere , k 27Tq]%hk /*Xa

for k =1,2. We also note that the oscillation is of the size T/X.

phase analysis (see Lemma 4.3). For m < we have
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Next, we simplify the character sum €. For simplicity if we assume that (q1,q2) =1,

by Chinese remainder theorem and reciprocity we can transform € into

241 142
€= 0o e<w+qq>_

mhy  mhy

In reality there are additional terms depending on the g.c.d. of ¢; and ¢2 and it requires
careful evaluation. By the Poisson summation formula on the m-sum (in off-diagonal

case ) we save
3
initial bound gz - Q'2QY* 73/
final bound ~— T3 X3/ VX = X3/2°

& T

So, if we look at the expression, we essentially have

2 [T et [ ot mtae (T ) o)

h1 @1 ha Q2 mhz

We then apply the Cauchy’s inequality on the (m, &1, g1, hi)-sum to get rid of «(&1, g1, h1)
and open up the resulting absolute square and denote the resulting two copies of
(&2, g2, ho) variables as (2, g2, h2) and (&5, ¢4, hf). We now apply the Poisson summation
formula on the ¢; sum. This produces another character sum C and oscillatory integral
(see 5.4). We take the & integral along with the oscillatory integral and denote the two
variable oscillatory integral as Z.

©n | 0@ GO fhfié)
/ e . - () = ST
! oo <mh1 mhy  mhy  mhl mhthhIQ =

If we continue with our assumption (g1, ¢2¢5) = 1, then by the Chinese remainder theo-
rem character sum C appears to be a product of a Kloosterman sum and a congruence
relation:

C< S(-++ -+ ;mhy) - hahly - 5(- - mod hahb).

So we may bound C by v/mh; on average. But in reality, our analysis of C depends on

the common divisors of ¢1, g2, ¢5. On the other hand, we analyze the double integral Z

by multi-variable stationary phase analysis (see Lemma 5.2) and save %
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So, due to the Poisson summation formula on g; we save

initial bound QRX T3/4
final bound ~— _Q X¥2 X X2 = x1/2°
TV
T

T3/2 . T3/8 -~ T15/8
X3/2 x1/4 X7/4 "

After the duality principle, the total saving in the off-diagonal case is
With the optimal choice of X = T%/2, this saving equals the diagonal saving. Hence,
we are at the threshold, i.e., we recover the trivial bound of M (T). So, any additional

saving in the off-diagonal will lead to a non-trivial bound of Mp(T).

We now have an oscillatory term, which is the exponential term arising from the
stationary phase analysis of Z and its oscillation is of the size T//X. We apply Cauchy’s

inequality, keeping everything but the [ abe(---) inside. So, we get

&
/0/2/0/2'/ e(-++).
2
& 3

Then, by repeated integration by parts (Lemma 2.5) on the & integral, we restrict the
range of

X
el

(see 5.39). Thus, we save T'/X. As we have applied Cauchy’s inequality twice, the
effective saving in Mp(T) is %.

Tl5/8 T1/4 o T17/8

7T XA = Txr- We

Hence, the total saving in the off-diagonal (after duality ) is
equate this saving with the diagonal saving of T to optimally choose X = T9/16. Hence,

in Mp(T), we save X3/2T3/4 = 73/243/32 which gives us

MF(T) < T3/2_3/32+€.
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3.2 Setting up for delta method

3.2.1 Adjusting the range of n:

We will consider the limit of integration for the second moment to be [27, 37| instead
of [T, 2T, which would not affect the end result. We start with the application of the

approximate functional equation on Mp(T)

37 N 2
= A(1,n) G(F,s) < A(n,1) -
Mp(T) :/ ;Wvl/ﬂit(n) + G(F. ) z_:l 172t Vija—i(n)| dt.

2T

As g((f;j)) < 1 for R(s) = 1/2 and both the sums are essentially the same for R(s) = 1/2,

we can consider the first sum and get

2

T o0
A(l

3
MF(T) <<24 nz::l WV1/2+it(n)

As we are only considering t-aspect here, by Lemma 2.2 we may truncate the n sum to

n < t3/2+¢ with a negligible error term, getting

3T
Mp(T) <
2T

At,n) |
>

n<<t3/2+5

dt.

Finally, we take a smooth dyadic partition for the sum over n with a smooth function
Vi(x) supported in [1,2]. As t is in the range [27T", 3T], we can just evaluate the sum over

a range [N, 2N] where N < T3/2*¢, Thus, we arrive at the expression

3T

/ Z A(1,n)n~"1 <Z>

27T neN

2
dt, and Mp(T) < sup N '"M(T). (3.2)
N<<T3/2+e

M(T) =

For small values of N (N < T'/1+¢) we will use the trivial bound of M(T) <« N?*¢.
Hence,

Mp(T) < sup N™YWeM(T) + T15/1+e, (3.3)
T15/11+5<<N<<T3/2+5
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3.2.2 Breaking down the integral

We fix a variable X > 0 here, whose optimal value will be chosen later. We also choose
a non-negative smooth function V(x) supported on [—1/2,3/2] and 1 in the range [0, 1]
to split the integral of (3.3) into small integrals of the size £ for X < ¢ < 2X. We
further take a smooth averaging of £ in a dyadic range [X,2X]. We will often omit the
underlying dyadic smooth functions by the notation n ~ N for brevity. Then, we take
an average over &, where we vary { continuously in the range [X,2X]. We summarize

the splitting of the integral in the following lemma.

Lemma 3.1. Let V() be a non-negative smooth function supported on [—1/2,3/2] and 1
in the range [0, 1], satisfying V7 (x) < 1 and let Vo(x) be a non-negative smooth function
supported in [1,2] satisfying the normalization condition [Va(z) = 1 and satisfying
Vi (x) < 1. Then, :

M(T) < X1 > M),
T/X<r<2T/X

where

M(r,T) :://
R R

Proof. Our first step would be breaking down the limit of the integration [27", 3T of

it n 2 t—T—rf 13
> AL n)n”" W <N>' v<§> Va <X>dtd§. (3.4)

n

3T

/ Z A(1,n)n~*V (;)

2T neN

2

M(T) = dt

into smaller fragments of the form [T'+ r¢, T + (r 4+ 1)¢], for L%J <r< L%J, with the

help of the smooth functions V(#) as defined above. We use

t—T—r
Tor<i<sr < Z V <§> , teR

| F1<r<| 2] ¢
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as V(z) is non-negative in it’s support and 1 in [0, 1]. Here, the inequality is derived

from the properties of the smooth function and positivity of the integrand. So, we have

Lop<i<sr < % > J]R/V <t_T€_T€> Vs (;) d¢, teR. (3.5)

T T
LWJSTSLQY

Since V(z) > 0 and 1 in [0, 1], for a fixed t € [2T, 3T, we have

t—1T —
Z v <T§> > Z leor ect-r 2 Tx<e<ox.
£ ¢ o

| ok |<r<
As Va(x) is supported in [1,2], for a fixed ¢ € [2T, 377,
t—T—7r
> /V b7 78 Vo £ Z/HX§§§2XV2 £ ¢ = X.
T 2T 3 X X
lax /<<% IR R

For t € R\ [2T,3T], this expression is always non-negative. Thus, we arrive at the
inequality (3.5). Applying this argument in M (7T') (3.2), we derive the statement of the

lemma. O

Remark. Mp(T) < N7'M(T) < (NX)~! ZTNT/X M(r,T).

3.2.3 t- integral

Lemma 3.2. Let H := % For some smooth function U(x,y) of two variables supported
in [-HT®, HT®] x [N,2N] and satisfying

z‘aj

Ox' oyl

'y’

U(:L'7 y) <<i,j,€ <H> T(Z+])6

we can modify M(r,T) as

M) = [ €55 amara e U5 o (141
R h 7

« U(h,n)Vi (;) Vs <§(> dé + O(T—).
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Proof. We open the absolute square in (3.4)

it n 2 t—T—1rf 13
M(r,T)z// > A n)n" W a1 — Va| - | dtde,
RR'"

and then perform a change of variable u := (t — T' — r§) /£ on the t-integral to get

— [ n ~iT+ro) n m
M(r,T) :/ZZA(l,n)A(l,m)§<m> V1<N>V1<N>
R m n

x M (;) _iug‘/(u)du] V2<§(>d§.

Now, we put m = n + h, and we can write

i(T+r¢)
M(r,T)—HzfzhjznjA(Ln)W(HZ) V1<]7\17>V1<n]—\|;h>

ué
x /<1+Z> V(u)du V2<§(>d£.

R

If we apply repeated integration by parts (Lemma 2.5) on the u-integral inside the third

bracket, as £ ~ X, it would be negligibly small unless

NT*
| Xlog(l+h/n)| < T = |h| K = (3.7)

We denote H := % Let V3(u) be an even smooth function supported in [—3/2,3/2]
L,

with value 1 in —[1, 1] satisfying V}f(y) < 1. Then, let

U(h,n):= /(1 + %)iu§V(u)du Vs (HZ“&) V1<nj\;h>

Then,

Y x\? i
v’ EE Uz, y) <ije (H) (iti)e

i

Additionally, the function V3 (=) forces the support of z of U(x,y) in the range
HT

[—HT®, HT?. O
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Remark. Here M(r,T) < N2X. Consequently Mp(T) < &L, So we need to save T/X

in M(r,T) and a little more.

3.2.4 Further simplification

Lemma 3.3. If X > TY?%¢, then for some (different) smooth function U(z,y) satis-

fying the same condition as previous U(x,y), we have

M(r, T) :/EZZA(L”)W X 6(%7:6) X Z)U(h,n)% (;)%(é)dﬁ
R M7

(3.8)
Proof. In (3.6)
— (T +7r§) h
M(r,T) —/{%:%:A(l,n)fl(l,n + h)e<27r log | 1+ -
R
< Ui [ v [ £ )ae
y ) V1 N 2 X ;
the exponential term has argument of the form % log(1 + h/n). Upon expressing

log(1 4 h/n) in terms of the Taylor series, we note that the error term

(T +7rf) h
o [log(1+4 h/n) — h/n] < fi
provided
h? h NT®
T— < — T X X > TV
<y =T 5y <X = X>

Thus, assuming X >> T1/2te (though at a later stage, this condition would be proven
to be a necessary one), we can drop the higher order terms of the Taylor series by

incorporating them into the smooth function U(h,n) and only use the term

2T n

T+r h
(LT 1y,
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From (3.8), we just extract out X corresponding to the size of £ and we focus on the

new expression

M /ZZA L)AL T R)e ((T+r£) n)U(h,n)Vl <;>w<§(>d§ (3.9)

2w

Here, we will apply the é-method of Duke, Friedlander, and Iwaniec in the next section.

Remark. We note that M(r,T) < X -supy . ~re M. And
X

Mp(T) < NT'M(T) < (NX)™" > M(@r,T)<N' Y sup M.
r~T/X T/ X HE A

3.3 Application of the delta method

To separate the oscillations in the expression of 91 in (3.9), we will employ the circle
method, specifically the d-method of Duke, Friedlander, and Iwaniec (Chapter 20 of
[IK]) with the conductor lowering trick of Munshi. Here, the 0 symbol represents the

function

0ifn+#0
d(n) : Z — {0,1}, such that d(n)=
lifn=20

We will use the expression of §(n) mentioned in [Mu22]. We summarize the expression

and a few of its properties, as stated in [Mu22], in the following lemma.

Lemma 3.4.
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where the sum over a is over the reduced residue class of q (signified by %) and for any

a>1, g(g,x) satisfies

9(¢, @) = 1+0<§ <g+ Il’!> ) 9(g, ) < [z[7%, (3.10)
xjaa;jg(q, x) K longln{Q |i } (3.11)
JUgta.)l+ lgta, o))z < @* (312
R

In particular, g(q,z) is supported in [—T%,T¢| with negligible error term. When
g < Q'¢ and |z| < Q7¢, by (3.10), g(q, ) can be taken to be 1 with a negligible error
term. When ¢ < Q' and |z| > Q ¢, by (3.11), we have

o 1 .
je
C,mjg(q,:n) < log @ P < QF.

In 9 (3.9), we introduce an additional sum over m accompanied with

5<m_n_h>w(m—é;-h).

Here 6(m — n — h) represents the condition m = n + h and W is an even smooth
function supported in [—1, 1] with W (0) = 1. Then, we apply Lemma 3.4 with modulus
Qo = /N/(T/X). We introduce a smooth dyadic partition of unity in the ¢ sum and
separate the n sum and m sum to get

?JJ?<<T—E sup Z /V2< )Zeq(—ah)
h

1
QO Q<<QO q~Q q amodq

x [ZAa,n)eq(—an)e(”;f@ x Z)U(h,n)v (;)]

x [ZA(l,mmq(am) / g(q,x>e<<m = ’”””)W(m_”g_ h)dw] 3

R

(3.13)
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Remark. At this point, we note that trivially,

1 1
S)JI<<XHNQ2><§xQxaxQXQQNHXxQQNQ.

Hence,

T
Mp(T) < N7" Y sup M<K % Q*N? ~ N?
reT) X H L

So, in 9, now we need to save N 19 for some & > 0.

3.4 Dualization

3.4.1 Voronoi summation in the m-sum

We will apply the Voronoi summation formula (Lemma 2.3) to the m-sum
Sm =Y A(L,m)eq(am)ip(m),
(y—n—h)x y—n—~h
where :/ g, rv)el ——— | W | =—s5— |dx.
() / 9(q,x) < 0o 0

As stated in Lemma 2.3, we will only consider the term corresponding to Wy. Following

(3.14)

(2.12), we get

mima mima 28
\IIO< 13 ) = Zci ( (1]3 ) I+,
+

q
where I14:= /g(q,x)/yfl/?)
—o0 0
ek 2, \1/3 —n—h
< e z(y1 —n ) . 3(mamiy) w2 712 dydz.
qQo q 0
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With a change of variable y = %, we get

o0

I + =qQo /(n+h+QQoy)_l/3

— o0

X e <i3(m2m%)1/3(n At QQoy)1/3> w (yq) 70 e(zy)g(q, z)dxdy.
q Qo

When ¢ > Q(l)_a, W(Qoi/q) implies y < T¢. Thus, e (zy) can be considered as a smooth
function in z, y; and ¢ and can be dropped from further consideration. When ¢ < Q(lfs,

we evaluate the x integral

79(%%)6 (zy) dz.

When ¢ < Q(lfg, by repeated integration by parts (Lemma 2.5), this integral is negligibly
small unless y; < T¢. In that range, e (zy) can be considered to be a smooth functions

in x and y and can be dropped from further consideration. Thus, for any g, we get

I+ =qQo / (n+ h+ qQoy) /3
ly|<Te

x e <i3(m2m%)1/3(n T QQOy)1/3> w <yq> [ sta.w)dzdy + 0.
q Qo

—00

At this point, by repeated integration by parts (Lemma 2.7), we observe that the y

N2+€
&%

integral is negligibly small unless m2my < . Then, by the Taylor series expansion,

we observe that

3(mam?)Y3(n 4+ h + Qoqy)'/?

q
 3(mam?)Y3(n + h)Y/3 N Qoqy v
- q n—+h
_3(m2m%)1/3(n+h)1/3+ (mam})3(n+ 1) Qogy N
- q q ’I’L+h

The exponential terms corresponding to all but the first term of this Taylor series ex-

pansion can be absorbed into the smooth function U(h,n) as

N
<« ne Y 1

< NE.
qQo N

(mamd) P+ W)Y ( Qogy
q n+h
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Hence,

qQo < S(mgm%)1/3(n+h)1/3
q

) /g(q, 2V (- Vdz + 0T,

Now, we also expand (1 + h/n)Y/? by it’s Taylor series expansion
TR RO
n B 3n  9In?

(m3ma)'/3nt/3p? < hTe
n2q H'’

We note that if

the exponential terms corresponding to all but the first two terms of the Taylor series

expansion of

2\1/3 1/3 1/3,,1/3
3(mam)Y3(n + W)'/3_ 3(mam3) Lt b/
q q

can be absorbed into the smooth function U(h,n). This is true as

(m%m2)1/3n1/3h2 h N2/3 N1/3 T5/4 hTe

>1and X T = — . . )
g>1and X > VT e <E O X <XPE

Finally, we get

qQo S(anﬁ)l/?’(nl/3 + h/3n2/3)
Il + < el
’ N1/3 q

)/g(q,x)V(---)da:+O(TA). (3.16)

We summarize the result in the lemma below.

Lemma 3.5. Snq (3.14) is negligibly small unless m2ms < % and we have

1/3
A(ma, m1) -m _ _
Nl/SZ Z Z ml/g ! S(a‘aim%qmll)
2

mi q mo>0
N2+e

3

QO

m1m2<<

q

3 2)1/3(p1/3 4 _h
% e (:i: (QOl) (n 3n2/3) /g(q’ z)dz + O(T,A)‘

(3.17)
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Remark. Initial size of Sy is Sy < Q% ~ X+/T. Final size of Sy is

Q N3 12 T11/8

Sm < N3 Qr ~xua

Hence, in the m sum, we save

Initial size X\F X5/4

Final size  TU/8 ~ T7/8"
xX1/4

3.4.2 Voronoi summation formula on the n-sum

After computing the m sum, the n sum, for a fixed m = m3ma, becomes

Sy = Z A(1,n)eq(—an)y(n)

(T+r) b 3(m3Ima) 3 (w3 4+ h/3u?/3)
2w U q

where ¥(u) := e( )U(h,u)V(u/N).

(3.18)

Similar to the m sum, we will apply the Voronoi summation formula to the n-sum and

only consider the part corresponding to Wg. For that, we use (2.12) with z = nan?/¢>.

So,
2 2 2. \1/3 2, \1/3,1/3
ning\ _ [ ning (T +ré) (mimg)/"h | 3(nin2)”/ u
mo( ¢ >A< ¢ ) Zci/ ( 2m Xui T g
1/3,, 1/3
L 3mima)'Pu >>< LU (hw)V (u/N)du + O(T~).
q u
(3.19)
Let us denote the oscillatory integral by
s 2 1/3
e [0 B b
27 u qu?/3
0 (3.20)
2. \1/3 2. \1/3y,/1/3
4 i) :qt("l"?) Ju ) U (hw)V (u/N)du
u

Note that all the choices of +s are allowed, but we fix one to begin with.
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As (m3ms) < by repeated integration by parts (Lemma 2.5), this integral is

de

negligibly small unless (n?ng) < So, (3.13) transforms into

Q3'

ni,n2) - - -
Z Sy 17/32)5(% tng;qnyt) - I+ O(T~7)

T P S (3.21)
2+e
n n2<<N -
1 QS

where I is as defined in (3.20).

Remark. Initial size of Sy << N. Final size of Sy

Sy K — Q Q2

Hence, in the n sum, we save

Initial size N Qb2 XP/ATSH/8 X5/4

Final size N2 N T 3z T s
Q5/2

3.4.3 Poisson summation formula on the h sum

Now, we evaluate the following h sum:

Su =Y _eq(—ah)Ir(h) (3.22)
h

where, I is the integral (3.20) and we have written I2(h) to show the dependency on h.
Here, we will use the Poisson Summation formula (2.14) and get (here we have denoted

the dual variable by A too )

Su= > /Iz(y)e(—hy/q)dy: > L,

h=a mod qp h=a mod q

where the double integral I3 is given by

o ] (et

0

n2n5)1/3)q,1/3 1
q( ine) Tu 75V (W/N) - Inz du, (3.23)
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where

_ (T+r8) y , (mimg)/3y —hy
Ih72 = /€<2ﬂ_ X E + qu2/3 e p U(y, U)dy

R

We recall that
Jj

il 7’

So, we make a change of variable: y — % and get

_u [ (@4 oy (mime) Pyt hyu (y“)
Ih,z—X/e< 5 Xy T X ‘| ~ux U5 u)dy. (3.24)
R

Now,

83 ul*® J ,
je
2o« () <o

Hence, by repeated integration by parts (Lemma 2.5), we must have

(T re) | mima) S |
27X qX qX

(T +r§) | (mimo)'® | T%gX
2mu u?/3 N

Otherwise, the integral would be negligibly small. We also have (a,q) = 1 and h =
a mod g. So, we cannot have h = 0. Hence, the contribution of S, would be negligibly
small unless |h| > 1. Asu ~ N, % < gz and X < T, this forces h ~ 4= and
consequently ¢ > Y. With h free in this range, we get that the integral is negligibly

small unless

1/3,,1/3
(T +76) | (mdma) ul® |
2 X qX qX
(T +18 | (mdma) S | ogX _ NT
27h h h T/X'
We have already observed that |h| > 1. Hence, M < Qﬂ If we assume

Qo > T'/X (which we will verify with our final choice of Qg in Section 5.7), the integral
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is negligibly small unless

(T +78)q

X < NT*
27h

hSTX

(3.25)

In this range, = - I}, 5 is a smooth function on h, ¢ and § satisfying yJ (thg) <« T7¢

Yy

in each variable (but not on u) with absolute value bounded by 1. Then, we go back to

the I3 integral

/ ( (m m2)1/3 + (ng n2)1/3)u1/3

: >u2/SV(u/N) - (f - 1,172) du,  (3.26)

and make a change of variable u; = u — (T;; Tf)q Thus, |u1| < YIYTT; Now, we have

ng

X q

> U(uy)du + O(T~4)
for some U () supported in [—&LX NTXT gatisfying UY(z) < (NX/T)~/T7. Then,
by repeated integration by parts (Lemma 2.5), the integral I3 is negligibly small unless

qTeT
NBX’

| = (mima)'/? £ (nfng)'/?| <

27h

1/3
Now, we expand <1 + (Tfim> by Taylor series expansion

1/3

(75} . Ul

(H(ﬂr@q) =1+ s T
2mh 2mh

The first term leads to the following phase function:

3(T + €)' (E(mimg)'/® + (nfna)'/?)
(2m)1/3q2/3R1/3 :

The second and higher-order terms can be incorporated into the smooth functions as

3(T—|—7“£)1/3( (m1m2)1/3 (n1n2)1/3) Uy NY3  ¢TeT X
(%)1/3 2/3p1/3 ' S(TQLZS)q < q "NIBX T

< TC.
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qTeT

Here, we have used the fact | £ (m3mg)'/3 £ (n?ny)'/3| < NIAX

So, I3 can be written

as

_ NPT NX e<3<T+rf>l/3<i<m%m2>1/3i(n%nzﬂ/g)

-A
TUX T (2m) 13273173 )V("')+O(T ).

(3.27)

Putting it back into Sy, we evaluate

Af
h=a mod q
N 3L +76) O (aEndng) & (mdm) )\ ey
=7 e (271-)1/3q2/3h1/3 '
4
h=a mod q

(3.28)

Remark. Initial size of sy is Sy < HN?/3 ~ %/3 Final size of Sy is

NS QT 1 o
T N Q

So, in the h sum, we save

Initial size  N°3/X N T3/

Final size N2/ X X

Hence, in total, after the Voronoi summation formula on the n and m sum and the

Poisson summation formula on the A sum, we save

Xx5/4 x5/4 T3/2 X3/2
T7/8 ’ T7/8 ) X ~ T1/4"
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3.4.4 Final Equation After Voronoi

We put (3.17), (3.21), (3.28) into (3.13) and arrive at the expression

T° Qo N°B
M <<—- . sup / /
Qo N3 T Qeq,@ q%g . thT

1/3 1/3(4 1/3
A(ma, my) _ 1y [ 3(T + 7€) 3 (£(mims) /)
> D 1/3 i S(a, xma, gmy )€< (27) 3 g2/3 1173

mi g m2>0
N2te
Q4

1/3 1/3(4 1/3
A(ny,n2)n _ ! (T +7€)"3 (£ (ning)'/?)
> 1/5 S(@, £nz; qny >e< (27) 32731173

m m2<<

nilgn2>0

N2+e
n n2<< 23

0

(3.29)

Now, we evaluate the x integral by (3.12), we take a dyadic partition of both the m2msy
sum and the n?ny sum and then by Cauchy’s inequality and the symmetry of the ny,ns

and my, mo sum, we get

N4/3e 1 _
M < sup > sup Mgty / >
T Q<@ Mo N2Ee
< 3 I~ x heLr
2
_ 3(T + 7rE)Y3(m3mg) /3
Z Z A(ma,my) - myq - S(h,ma, gmy 1)e<
m1|qgm2>0 (27r)1/3q2/3h1/3
m2ma~My

(3.30)

Here, we have only considered the + sign case as the analysis of the other cases is exactly

similar.

Remark. Initial size of M is M < Q>N?2. Final size of M is

N43 1 N®/3 QT N3X
L O0-X-2L .0~ ,
M< =7 Q? @ @ N ¢ Q3

Hence, in total, we have saved

Q2N2 Q5 X5/275/4 X3/2
N3X/Q* T NX T mix T Tuv
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which reconfirms the saving calculated at the end of the previous section.



Chapter 4

Proof of Theorem 1: Duality

4.1 Duality principle of the large sieve

To interchange the order of summations in the above expression, we will use the duality
principle of the large sieve. We restate the duality principle stated in Chapter 7.1 of
[TK].

Lemma 4.1. For 1 <m < M and 1 <n < N let cuy, B € C and (¢(m,n))1<m<m be

1<n<N

a complex matriz . Then, for some A > 0, if we have

S| S ametm.n)| < Al

for the same A we would have

S| S Bastmm)| < Allg|1%

Using the above lemma, we can prove that

Lemma 4.2.
N4/31e 1
sup —5  sup M(}/‘g X A,
T Q<KQo Q Moy N;;’Fs
0

M <

93
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where

A= sp 33| [ Y a6 m)Shmagmi)

H05||2:1m1>0m2>0 X q~Q h
m%mzmaMo (41)

2
3(T + T{)l/3m§/3mé/3
X mlﬂ{mllq}‘f( (27)1/3¢2/3 173 dg

where a(€, q, h) varies over all the complex vectors such that [ 3, 035, ar laf? = 1.
eox N

Proof. In the expression of 9 in (3.30) if we think of

/3>

X I~VQ h

as ».,, of Lemma 4.1 |

>

m1>0mo>0
mima~(T/Q)3

as >, of Lemma 4.1, 8 := A(mz, m1) and

— Py (3T 4 (mims)
¢ = mlﬂ{m1|q}5(h,m27qm1 )e( (27r)1/3q2/3h1/3 ’

then from lemma 4.1 we can derive that

N4/37e 1 _a/3
T sup o sup M, / Z Z |A(mg, m1)|> x A.
Q<K Qo MO<<N2+E m1>0mo>0
< m%mgwMo

M <

Finally, we use the Ramanujan type bound on average (2.6) to conclude the lemma. [

Remark. Trivial size of A is

N? QT

4.1.1 After large sieve

At this point, we aim to achieve a non-trivial upper bound for A. First of all, as m1]q,

everywhere in the expression, we will replace g by m1q where the new ¢ is in the range
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q ~ Q/mi. Now, we open up the absolute square in (4.1) and denote the my sum as

S, Thus, we get

A<T sup Znﬁ/ 3 Z/ S Y a1ds % Sa,

llell2=1 m, <@ g1~ X OvQ/m ST U x a20vQ/ma pyn G

where Sy, = Z 5(51,77%2;%)5(71277712;%)

v (4.2)
1
. (3(T +r6) 3 (mimg)? 3(T + rg1)1/3(m§m2)1/3>
(2m) 3 (qma)23hy® (2m) Y3 (qum) 23y

We note that, for i = 1,2, a(&;, gimi, h;) is written as «; in short. Let us define

(T+r§)1/3

‘:‘(57 q, h) = (27T)1/3q2/3h1/3

and for brevity, we will often write Z; = Z(&1, g1ma, h1) or 29 = E(&2, gama, ha). We
note that

T1/3 N1/3
QY- (QT/N)A ™ Q

’EQ — 51’ <

Then, we take a smooth dyadic partition of 23 — =Z; of the form V (EQX;?) where
T4 < | X1 < %/3 The contribution from |23 — Z;| < T~4 would be negligibly

small. So,

A < T® sup sup
llaf]2=1

sw /Y Y [ 2y e
—A N T T
TALXCG= M@ X vt ST enX qavi hon ST

+0(T™4). (4.3)

Here, we only deal with X; > 0 as the case of the negative X; is symmetrical.

Now, we intend to apply the Poisson Summation formula on Sx,. We note that

S(hy,ma2; q1)S(ha, ma; g2)
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is of modulus ¢1g2. Applying Poisson summation formula (2.13) on the S, sum, we

get

We make a change of variable y — M9 and arrive at
1

S M ¢y,
m1Q1Q2 mXe:Z
where
- - 4.4
¢= Y S(h1,B;q1)S(h2, B;q2)eq g, (mB), (44)
B mod q1q2
—_ _ mM
= / ‘ <3(:2 - :1)M5/3yl/3) - e( T Oy>dy
5l miqi1q2

Depending on m, we will divide the analysis of the above expression into two separate

cases: “Diagonal” when m = 0 and “Off-Diagonal” when m # 0.

Remark. Before Poisson, the trivial size of Sy, was ]\CIQQ ~ X

4.2 Diagonal

In this case, we have m = 0. At first, we will calculate the contribution of the character

sum, which is

c= Y Sh.Bia)S(haBie) = Y, Y. (hlw) <h2g> (4.5)

S mod q1¢q2 z mod q1 y mod g2 a1 92
zq2+yq1=0 mod q1q2

To have a solution of the congruence relation, we must have ga|yq1, which would imply

g2|q1. Similarly, we get that gi|g2. So we would have ¢; = g2. In that case, the character
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sum becomes

* hi — hs)x
<= (I% Z €<(12)> = q%cth(hl — h2)dg,=gs,

x mod q1 N

where ¢, is the Ramanujan sum modulo ¢;. Only when hy = ho mod g1, we have
cql(hl — hg) < q1. We will use the bound when m; < % In any other case, we may
write cg, (b1 — ha) < (h1 — ha,q1). We will use this bound for & < m; < Q. From the

above arguments on the character sum, we can deduce that

1+¢
< L= when my < &,

> cq (1 — hy) <
14«
h1 <<QNTWhen%<<m1<<Q.

We also note that

3:/ecﬁ+@WMW%W armeMwwj@

2/3 2/3,1/3 2/3 2/3,1/3
y~1 (27T)1/3m1/ QQ/ h2/ (277)1/37”1/ ql/ hl/

is negligible (by repeated integration by parts (Lemma 2.5)) unless

B+ &) SMy "y (T 4 rey) PM B
T T T e e T
o (e ()P &
2 1 0
— T + & B T +r& QQ/SNE ' T2/3 _ N2/3Ne
s h M QIINPE T i

For the remaining range, we take J < 1. From the above condition we can derive that

there exists a §~1 depending on &1, hy, ho such that

N2/3+e QT X\_/ QX

MYP N T T BNy

& - 6| <



58 Chapter 4: Proof of Theorem 1: Duality

Symmetrically, if we fix &, b1, ko then for a fixed & we would have &1 — 52] < %
0

By Cauchy’s inequality for m = 0, A is bounded by

Am=0<<Z/ > Z/ > Zalo?Qx%Q‘“j

m1<<le 1 ~Q/m hlw%& q2~Q/m hQN% q1q2

<<M0</ )DEED DD DI T / !qu(hl—h2)|>l/2

~ QT Slea—E
& m1<KQ q1~Q/my hi~=F h2NT|£2—51|<< X

MS/3N1/3
1/2
X (/ Z Z Z |a2|2 Z / |Cq2(h1 — hg)’) .
<LQ ga~ ~ QT ~ QT -
g MR QM horn 67 hi~75 |fl_§2|<<Mé/Q3j(Vl/3

We also recall that ||a;]|? = 1. Hence,

/ Yo > D lalam &) < Q7 (4.6)

& m1<KQ qg1~Q/my1 hi

Thus we get
QX QT QX MZ/3N=
€ - — . — —
Ap—o < MgN AN Qt+ - | < N1E (4.7)
Hence, the contribution of the diagonal part in 9 is
N4/37¢ 1 2x M3®Ne
M<K sup —s  sup M3/3 X Q+B
T < @ M0<<N;E:5 N
0
N3XT¢  N3/2/TT*
VT . (4.8)

T T UX

Remark. We require, M < NX+/T. Hence, the bound in the diagonal part is smaller

than the expected bound as long as X > T/2te,
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4.3 Off-Diagonal

For the m # 0 case, we will start with the analysis of oscillatory integral J in (4.4). We

recall

m%(th

M
53— / e <3(52 - El)M(}/?’yl/?’) X e< _ 0y>dy (4.9)

and Zo — 21 ~ X7. We will now assume that X7 > 1/3
0

When X; < 1 N, we can absorb the integral J into the smooth functions if |m| <

ijg “and J would be negligibly small (by repeated integration by parts (Lemma 2.5))

for the other range of m. This case would be considered separately in Section 4.23.

4.3.1 Integral J

Lemma 4.3. Let X; > 1/3 Then, if m ~ QT/?,, we have

O

~ 1 [q1gam? . _ _
IR ——x e<2 N L(E; — :1)3/2> +O(N™H).
VX1 My m

In the rest of the range of m, J is negligibly small.

Proof. The exponential integral J is of the form J = [ e(f(y)) and f(y) = 34y"/3— By,
y~1
where

mMo

A= (S — = )M and B = .
( 2 1) 0 m%q1q2
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We get
A
fllyy=—z-B
y2/3
2A
" .
f (y) - 3y5/3
3/2
. A
if f'(yo) =0, yo= (B)
2A3/2 IQ1QQm% — — \3/2
As X1 > %, there would be a stationary point only if m ~ % If there is
0 0

no stationary point, by repeated integration by parts (Lemma 2.5), we note that the

integral is negligibly small. Thus, by Lemma 2.6, we conclude the proof. O

4.3.2 Preliminary Analysis of Character Sum

We will simplify the Character sum € to make it conducive for the application of the
Poisson Summation formula. For that, we will introduce a new set of notations that will

be used in the rest of this paper.

Notation: Let d = (q1,¢2). Then let ¢ = wjv; and g2 = wugvy such that vy, va|d™®
and wu1, ug,d are mutually coprime, i.e. vy is the part of ¢q; corresponding to the prime
divisors of d and wq is the rest of g; which is consequently coprime to d . Hence, u1, us
and vjvy are mutually coprime. We further denote 97 = v1/d and ¥ = vy/d. Later in

this section, we will observe that d|m. Thus we denote m = m/d.

Then, we may further split d into d = dy - d; - d2 in the following manner

dl = <d’ @TO), d2 = (d, 1750) and do = m

We note that (do,0102) = 1. We will observe that (m,0102) = 1. Then, (m,d)|dy. We

recall that m = m/d. Now, we denote dp,, = (m,dg°) and m* = 7.

We also note that for a fixed d, the numbers of ©1, U» and d,, is bounded by d° for

any € > 0.
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We break up the Kloosterman sums in €

¢= Y S(h1,B;q1)5(h2, B; q2)eq g, (MB),

B mod q1q2

by the following lemma. We omit the proof of this lemma as it is an easy consequence

of the Chinese Remainder Theorem.

Lemma 4.4. If (m,n) =1 then
S(a,b,mn) = S(am,bm;n)S(an, bn;m),
where mm = 1 mod n and nn = 1 mod m.

As u1, us and vvy are mutually coprime, we split the character sum € as:

¢ = q192¢1¢2C3

where
1 _— B -
¢ = — Z S(h1v1, B101; ur)ew, (Mugv10231),
Uy
B1 mod uj
1 - B -
Cr=— Y S(hova, Bava; uz)ew, (M v1023),
U2
B2 mod ug
1 _ B _ B _
Cs=—— > S(hyay, Bau; v1)S(hotia, Batiz; va)ey, v, (Mairtiafs).

v1v2 B3 mod viv2

Here, (v1v2) - 102 = 1 mod ujuz. We will now simplify each &;.

e & and €5 : We evaluate

1 - _ _ _
¢ =— > S(haor, fro1;ur)en, (mip0ivaf),

Ul 51 mod ul

= Z* . <.i'hlvl> . i Z e <61(Z’U1—i—u71nw)>

x mod uq u1 u1 £1 mod uj

mhlﬁluyjz
=e| ——mM8M8 |.
Uy
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By reciprocity, we can write €; as

U1 U202 Ug02
Cl =€ = X e - |-
mhwl ulmhlvl

the second term can be absorbed into the smooth functions, and we can drop it from

further consideration. Similarly, we get

. u}uﬁ}l B ’LL11~J1 i u}uﬁ;l o
€2 - e(mh2@2> % 6( u2mh2172> - e(mhgi}Q)V( )

We also get that (m,ujug) =1. e &;:

1 B B
C3 = > S(hyn, et vr) S (hoti, Batiz; va)ey, v, (Mai1tiafs)

v1v2 3 mod viv2

1 * hiin @ * 10Uy L L 11U
_ Z e 1U1x Z e houay Z e B3(wu1vs 4 yugvy + maius)
U1vU v v U1U
1 2x mod v1 1 y mod v2 2 3 mod viv2 12
. R <h_1u_1:1_c> <h_2u_2§>
-y oy o) (),

v v
z mod vy mod vg 1 2
U2v2T+u1 v y=—m mod v1v2

(4.10)

We note that ugvez + ujviy = —m mod vyvy implies d = (vi,v2)|m and (m, 0102) =

1. Once we change the x and y variables to 1 and x9, 1 = usz mod v; and xo

u1y mod vo, from the simplifications above, we can express the character sum € as

¢ =qqe-Co-V(---)

where
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UgugU1 U1uiuz * * T hiustiy Tohotu1 T3

(e () Ty e< Ut (T2hatii)

mnv mh2v2 z1 mod dv1z2 mod dvo v1 v2
x1U2+x201+m=0 mod dv; D2

(4.11)

We recall that d = (q1, ¢2) and we have split d into d = dy-d; - dz in the following manner

d1 = (d7 f}i)o% d2 = (d, 650) and d() = E

We note that (dy, 0102) = 1. Then, we may split the sum over z; and xzo by CRT in the
following fashion:
* * * *
> = X > >
x1 mod dvq 21,0 mod do 1,1 mod d191 x1,2 mod da

dm@ dvy, dog dvy diq

where Tl =x10° — +r11-——+ 10— ——
1 1,0 do do 1,1 d1oy dioy 1,2 d dy’
and
* * * *
DI DD >
29 mod dvg 2,0 mod do x2,1 mod dy x2 2 mod da¥2
dvo dvo dvs do dvy  dio
where Tog =X9g —— +To1 - ——— +Tog —— ——. 4.12
2 200 o 2,1 4 2,2 oty daty ( )
With these notations, we can also split the congruence relation
2109 + 2901 + M = 0 mod dv109
into
1,002 + T2001 + M =0 mod dy — T1,0 = —1772(1'270’[}1 + ﬁ’L) mod dg (4.13)
1,102 + T2101 + T = 0 mod d197 — Ti1= —172($2711~)1 + ’rﬁ) mod dy 7 (4.14)
$172’l~)2 + x2721~)1 + m = 0 mod d21~)2 — X222 = —171(1’172172 + m) mod dgﬁg (4.15)

We recall that (m,0102) = 1, (", d)|dp and m = m/d. We also recall the notations



64 Chapter 4: Proof of Theorem 1: Duality

dpm = (M, dy°) and m* = 7. Now, we may split the character sum into the following

ddm

four clusters of coprime moduli (m*hihe, dody,, di?1 and davs):
Co=0Cp ¢, -C1 -y

where €, €,,, €; and €5 are defined below.

(uQul . @Qdmd’l~)1> <U1UQ . ’l~)1dmdl72>
¢, =e e

m*h1 m*hz
— ~ = mh — ~ = mh
UUT - VU1 * ovps U1 - 0102 + S
=€
m*h1 m*hQ
—~ mhy1 = m
¢ . U2U1V27g g U1U2V1" G040, -
"=
dOdm dOdm

. N S
T10hiugun gt Ta0houitz 32
JLOTIT2T g |, | 20727 T2 dy

)N D
do
21,0 mod dg x2,0 mod do
1‘1,05—5(3:2,0171-&-7%) mod dg
‘mh101 ‘mho¥y

Z* Ugmﬁg dodml U1U72'l~}1 dodm
= e\ ————mmm\e| ——————
dOdm dOdm

22,0 mod do

= =3\~ T  —dv _ o
(22,001 + M) V2hiugtin T2,0houin

dva
do

xXe| — do (& do

(4.16)

(4.17)



4.3 Oft-Diagonal 65

Now, we make a change of variable xom* = 22001 mod dg. We recall the notation

m = dm = dd,,m*. Then,

—~ = h —~ = h
* UoUT Vo1 - CZ;T; U U201 02 - C;Zdi
¢, = Z e e
dOdm dOdm
zo mod dgy
Uy U201 (Tom* + dpym* )dj” U1 U D1 Vo Tom* CZ‘?
X e — €
do do
* u2u1v201[1 —dm - (950 + dm)] : C;:d; U1u2v102 - (1 + iﬁodm)CZ;LTQ
=2 dod ¢ dod

zo mod dy 0¢m 00m

> ugi 0201 - (14 Zody,) - - w0102 - (14 Zodm) 7252
e ™ le i

zo mod dg dodm dOdm
A wT L S
Q:l —e M Z* Z* e u2u1x1,1h1 T . U1U2$‘271]’L2dz—1
i v d1q dy
21,1 mod d19122,1 mod dy
TT1=—"02 (22,191 +m) mod d191
Ty 1 Tt (2o 100 =77 - dhr g
* u2U1l2 7" —UupUrla(x2,101 + M) - G U202 - T2, g2
R el b 1o ‘ d
21 mod dl 1,01 lvl 1

Now, we change the variable z2 1 to x1, where 31 = x1m mod d;. Then,

h — ~ h h
¥ uzuvaW(li 1 —uguiU (101 + 1) - mTl1 UL U9 - 931"& 2
¢ = Z e ¥ e 17 e 7
o1 mod dy 101 101 1
Tl — (st = 1] . = . mhs
. o121 — (2191 + 1)] - L w02 - T1 7y,
=2 e o el —Qg——
x1 mod dp 101 1
—n o~ =————=— mhy —=— _ mho
* U2UIV201TY + U1 - T UU2V2 - T~ =
=2 e e e y
x1 mod dp 101 1
== min —=— _ mhay
. U 02(1 + 01) - It Uiy - T1 o g2
Sy :
dy dy

x1 mod dy
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Similarly, we derive

UQUT U7 - T -

mhq

Q:Q =e

do

Hence, we can write

da Z* e

x9 mod do

urlz01 (T2 + 02) - 7

mho

do

* s * Uius Ay w1z Ag
¢ = Z Z Z e < ) e ( > (4.18)
xo mod dp 1 mod dy x2 mod da mhl th
where,
o (mod m*hy),
’52’[}71[1 + Ci'odm] (mod dodm),
172(11_}1 + 171) (mod dl),
0122 (mod dz),
and
109 (mod m*hy),
1717772[1 + fodm] (mod dodm),
1721‘1 (mOd dl),
U1 (382 + 172) (HlOd dg).
4.3.3 Conclusion of the m sum derivation
So, A from (4.3) can be written as
AT sup sup Z m3 Z Z Z Z o1
o=, « Mm@ 0% qin@ minSEENX qom L o 8T
w1V (22251 gy, (4.21)
X1 2
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where, for m £ 0 and X7 > %, we have
0

M, . _
Sy =—5—— > C-I+OTH
miqi1q2 22X,
e 278
0
M, 1 mi - -
n 0 Cq1ga - Z — ¢ (2 q1q2my (5 — 51)3/2> +O(T A)7
miqiq2 mNQ2X1 XIM(]/ m
]Wg/S
(4.22)
and for m # 0 and X; < %, we have
0
My
Sp, = o > . (4.23)
me LN

We recall,

Q:O _ Z* Z* Z* e <U1UQA1 + UQU1A2> 7 (424)

zg mod dg x1 mod dy x2 mod d2 mhl mh2

where A; and Ay are as defined in (4.19) and (4.20).

Remark. Initial size of Sy, was Sy, < % ~ T;2. We also note that in the generic

3/2

/
case, m ~ =~

Zar- Final size of Sy, is

N2 Xx3/2 X
SM2<<73'7'\/;
Q> T3* T

~TVX.

In the off-diagonal, after the Poisson summation formula, we save

T5/2/X T3/2
VX ~ X3







Chapter 5

Proof of Theorem 1: Off-diagonal

5.1 Cauchy’s inequality and Poisson Summation Formula

on qi

We now come back to (4.3) and modify the sum over m, ¢ and gz into

N P D DD ) VD DE

mn~ My qle/ml q2NQ/m1 d< My . P Q2X1 U1 ’Uz‘doo
1\43/3 ('Ul,vg) d

~C g Q2
w1 dvymy u2n dvgml

(1, u1D1u202)=1

which is just a simple interpretation of the notations defined in Section 4.3.2. We have

denoted the range of m as My, i.e. My := 5\2/[2)/(3} We then apply Cauchy’s inequality on

0

all the sums except &2, he and ug in (4.3). We will be mindful of the dyadic partition

V (EQX;IEl) but, for brevity, would often omit it from writing.

We recall that m = d - d,,, - m* where d,,, = (m/d,d*°) and (d,,, 9102) = 1. We recall
that, (dd,,,m*hihs) = 1 because (q1,h1) = 1, (q2,h2) = 1. Now, we define a set of
notations similar to the section 4.3.2 to group the prime factors of m*hiho to maintain

coprimality.

) and hy = %2 Now, for a fixed hy, we denote hy :=

Let ?LQ = (hg,(m*hl o

\_/

(hq, (m*fzg)oo) and hy = . As a result dd,,, m hlhg, hi, hy are mutually coprime.

3“>‘§"

69
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When X; > 1/3, we get

M5/6 2
I s rrar | XX %

[|e|]l2= 1X <N /2 m1<KQ d<<M1 D1 1)2|d°°€ X thi m<<Ml i12<<%
(91,02)=1 ha|(m*hy)

5 2\ 1/2
/ my - -
Z / Z Z ay - €y - 6(2 q192m7y (:2 o 51)3/2>
QT m

Uy~ Eo~ X h2~7 Uz~

Q
dvgmy (iv2m1

where

)SHD SEED SIND SR BN S AT LUR N NI SR DI

m1<KQ dK My ﬁl,ﬁz‘dm ul’“ﬁfl’vx th% m<<1wl }12<<%

(vl:UQ):d (m 1)11)2) 1 iL2|(m*h1)°O
QQXle

<M;N® < M2/3

Here, we have used the fact that

PHIDS Z / S latmadiin, &, Rl < N (5.2)

m1 d 0
01,02|d ~ m15z~X h; Ni
(01,02)= 1

Hence,

A < sup sup rNsQ\/ﬁo Z Z Z / Z Z

llell2=1 _we _ NY/3 QT 2
ML/3 <KXi<Tg m<Q d< Tk 2)/(§ U17U2|doof ~X T e QQ%’
0 (vl,vg) 1 0

2\ 1/2
2
Z Z / Z Z (e%) -Qo.e<2\/@(52 _31)3/2> .
QT

7 T
R h2<<QT U~ o X hQNThQ Uz~
ha|(m*hy)>®

Q
dvymy dv2 my

(5.3)

We open up the absolute square in (5.3), denote all the copies of variables by ’

superscript (after opening the absolute square, variable ug has two copies. We denote
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one by us and another one by u5) and the u; sum is of the form
Y y Ug

2 ! 02
- qi1q2my - q19omy — —_
&= E 60066@(2\/7 71(52751)3/272\/7; 1(:'2:1)3/2>.
Q

uL~

dvyimy
We note that, ¢ = d -1 - u1, ga = d - 02 - ua, ¢5 = d - Vg - ub, and

_ T+r§ 1/3 _ _ _
‘:'(fa% h) = (2;)1/3(]2/)3}11/37 /2 = ‘:‘(§£7Qémla h,2)7 =2 = ‘:‘(627Q2m17h2)'

[1]

¢ is a copy of €y, i.e.

Q:() _ Z* Z* Z* . <u1u'2A’1 n u'gulA'2> ’

mh mh
x(, mod doz mod diz}, mod da 1 2

where
Vo1 (mod m*hy),
, 7727571[1 + f{)dm] (mod dodm),
Al =
o () + 1) (mod dy),
'[)11'/2 (mod dg),
and
0109 (mod m*hl),
, 171’572[1 + f{)dm] (mod dodm),
Ay =
'DQx’l (mod d1),
’L~)1 (ﬂ?é + 172) (mod dg)

Now, we will apply the Poisson summation formula to this u; sum. We note that

020@6 is of modulus mhyhohl,. We note that hf, = ﬁgﬁé Then, by the Poisson summation
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formula (2.13), we can write

¢ = —tu1y
€=l Z Z QO(“)%(Oﬁ)emhthh' (t10r) x / e (/)
mh1h2h U1€Z o mod mhthh/ o mhihah

Oé mh1 7rL1'u1

Ulyl QZm —_ —_ Ulqum _
><e< \[ 1 (29 — =4 3/2 U ——— AL VA PAiak 1 5—Z1(y1)) 3/ >dy1

Then, the sum over « gives a character sum C, and the rest of £ gives an oscillatory
integral. We also bring the £; integral inside to get a two-variable oscillatory integral Z.
Then, we make a change of variable y = 7Z11§1 Once we write out all the notations in

their original form, we get

Lemma 5.1.

£ d —_— 7z, A4
/ gl mlvlmh1h2h2 Z ¢ (5 )
&1~X w1 €L

where
)IEEED SEEED DUEED DD DU D
xo mod do x1 mod di z2 mod d2 z{, mod do x| mod dy @, mod da
O_éUQAl ﬂQOéAQ O_z’U,/QAll ﬂ/QOzA/Q u~1a (5'5)
<2 e S T e )\ T i )\ ot
a mod mhihahl, mi miz mi mity minhahy
(ay;mhy)=1

and

T= / / el 2 Quaemy [ (T +1&)/? (T +r&)Y/3 i
- m \ 2r@m3ha)'  (2m(Qy)?ha) 1/
&1 X y~1
3/2
o | Qe [ (T+r&) (T +716)'° / (5.6)
m -\ (2mgFmihy)'P (2w (Qy)*h)'/?

. u]yQ EQ — El 5,2 E

Xe( dmlﬁlmhlhgh’2>v < X1 ) v < X1 ) dydfl

Remark. Initial size of [ & is X Q.
£ X
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5.2 Analysis of C:

We recall that m = d - d,,, - m* where d,, = (m/d,d*) and (d,, v102) = 1. We recall

that, (dd,,, m*hihs) = 1 because (q1,h1) =1, (g2, ho) = 1.

We also note that hg = hohg and hly = hohly. We also recall that (hohb, (mhy)*®) = 1.
Now, for a fixed hy, we recall the notation hy := (h1, (m*hy)™) and hy = % As a result
1

dd,, m*ﬁlﬁ%, hi, hs are mutually coprime.
Then, we may write

mhyhohly = (ddp,) - (m*hih3) - (k) - (hohl)

where every group inside the parentheses is mutually coprime. We further denote D =

dd,, and M = m*ﬁlﬁg .

We recall

* * * * * *

DD DD DD DD DR
zo mod do z1 mod di z2 mod d2 zj; mod do =} mod di x}, mod da
dUQAl ’ELQO[AQ du'zA’l ﬂ,zOéA,Q ’LLHO[
<2 S T )\ i i )\ ot )
m m m m m
a mod mhihahl, 1 2 1 2 1752152
(a,mh1)=1
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where

7721771 (mod m*hl),

’172’1771[1 + fodm] (mod dodm),

A1 =
’f)g(i'l + 171) (mod dl),
D12 (mod ds),
and
U109 (mod m*hy),
’51’[)72[1 + iodm] (mod dodm),
A2 =
M (Il’lOd dl),
U1 (.i'g + 172) (mod dg).
And now we have
o0 (mod m*hy),
1727771[1 + fg)dm] (mod dodm),
Al =
1
o () + 1) (mod dy),
1% (mod d3),
and
0109 (mod m*hl),
. 0102[1 + Zod] (mod dod,y,),
A =
1723;’1 (mod dl),
U1 (i’é + @2) (mod dg)

In particular, Ay, A}, As, A, modulo M, hi, ho, fz’Q does not depend on x; and z; and

Ay = A} mod m*hy. Then, by Chinese remainder theorem, we can write

C=Cq-Cpn-Chi-Cn2
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where

R ED DD DD DD DD S

zo mod doz1 mod diz2 mod doxf, mod doz} mod diz} mod da

N7 e, (B mthi(Aruy — Ajub) + B(azAsm*hy — @y Aym h + Gym* hihahb))
B mod dd,
SDINED D DD DD DI i

zo mod do z1 mod di z2 mod d2 xj; mod dp =} mod di x}, mod da

X S(m*h1 (A1UQ — A’lué), Ug Aom*hg — ﬁlgA,Qm*hIQ + ﬂlm*hlhghé; ddm),

Cm = Z* eM (BAlDiﬁlﬁg(UQ — UIQ) + B@(ﬂQAQiLliLQiTQ — fL/QA/QiLllAIQ?IQ + ﬂlﬁlhgﬁé))
B mod M

:S(Alpiillilg (’LLQ — ué),fﬁl (’ELQAQ;LQE — ﬂIQAIQiLQE + ﬂlhl fLQiLé), m*ﬁlfz%)

:S(Alpillﬁg(’lm - U/Q), DiZQiLéBl(QQAQh/Q - fLQAéhQ + ﬂlﬁl); m*illilg),

Ca= 3" ep,(BADmM hy(us — h) + Biiym*hhaht)

8 mod h1
:S(Alpm*ill(UQ — UIQ), ﬂlm*ﬁlhghg; ill) when ﬂl 7A 0
= (ug — uj) when 4, = 0,

where ¢;(a) = Z*

eq(an) is the Ramanujan sum and
n mod ¢q

Cro= Y iy (B(Antizmhohy — Ayihymhahs + imhih3))

B mod /~7,2f~1'2
:iLQiLIQ (5(142’1]2?72?1,/2 — Aéﬂéil:ilg + ﬁlhlil,g = 0 mod FLQ}NL,Q) (5.7)
:ilgillg 5(@2A2h/2 — aéA/th + ﬂlhil = 0 mod ]~7J2]~1/2) (5.8)

To estimate the contribution of the Kloosterman sums C,, and Cp1, we will use Weil’s

bound for Kloosterman sum (see [IK, Corollary 11.12]):

S(a,b;c) <o & (a,b, c)/?c/2,
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To bound the Ramanujan sums, we will use the bound (see [IK, (3.5)])

¢q(a) < (a,q).
And we will always bound the character sum C4 by it’s trivial bound
Cq < N°d’dy,.
When u; = 0, the last congruence relation (5.8) forces
holhly and hhlhy = ho = hl

and

U,th = u/2h2 mod hg.

Q2

m1dios

different from Q. We also note that dd,, - m*ﬁlfz%le = mhlﬁ%.

Now, let us denote the range of us = ug — ufy by |uz| < where Q2 might be

1. When ug = 0 and 4; = 0, we get l~12 = % and we use the trivial bound for all the

character sums Cy, Cp,, Cp1 and Cpo and get

IC| < N°d3d, - m*hyh3 - hy - hohly = Ned®mhyh3. (5.9)

2. When 0 # |ug| < m?j% and ii; = 0, we have hy = hl,. We use the trivial bound

in Cq and Cp. We use Weil’s bound in C,,
Conl < N\ m*hy 3 - (hus, m*hn h3) V2

and note that Cp; is a Ramanujan sum c;ll(u;:,). Thus, we get

Q2

mldﬁg '

S |C] < NedPdy\/mrhihd - (5.10)
Q2

0¢|u3‘<<m1d172
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3. Combining (5.9) and (5.10), for @4 = 0, we get hy = h}, and

Q2

> ] < Ned¥d,, m*ﬁ1h2h5< .
mld’l)g

Q2
mqdig

+ m*iLJLl) . (5.11)
luz|<

4. When u3 = 0 but 0 # |u1| < @3 (but small), we choose to use a weaker bound of

the form

> |C| < Ned*dym*hihahly - Qs, (5.12)
04|11 |< Qs

where we have only used the Ramanujan sum structure of Cp;.

5. When u3 and 4 both are small but both are non-zero, we use

> > €] < Neddy/m*hyhahly - @ Q3. (5.13)

=z mld’[)g
0#|us| < 22— 07101 |<Qs

m

6. For ug small and @y # 0, combining (5.12) and (5.13), we will use

- h -
Z Z |C| < N8d3dm\/ m*hthhé - Q3 - QZ\/T + 1/ m*hy

-z mld’DQ
\u3|<<% 0|11 |< Q3

(5.14)

7. Now, we will consider the case of non-zero frequency (@; # 0). Suppose, uz =

uy — uhy # 0 and let |ug| < —92 where Q3 might be different from Q. Then, we

m1v2d
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will use the following bounds for the character sums:

ICq| <d3dy,
|Cm| <<N€\/ m*ﬁlﬁ%(ﬁ%u;e,, ;Ll (’ELzAghIQ — ’[LIQAIQhQ + ’[Llhil); m*ﬁlﬁ%)lﬂ

<N\ m* oy h2 3 o2,

2 |m*fz1 fzg
I \ﬁ%ug
hi (a2 Aohl,— Al ho+ii h1 )=0 mod £1

|Chi <<N€\/i(u3,i~z1)l/2 < Na\/a Z E%/Q,

£o)hy
O2)u3

|Ch2| <<iL2iL/2(5(ﬂ2A2h/2 — ﬂéAéhQ + ﬂlhil = 0 mod iLQiLIQ)
Let Q1 be a positive parameter which may depend on @, X and T'. Then,

S Y CaCnChiCasl

0<\u3|<<m?§2d u1~Q1
S0 7 1/2 1/2
KN/ mrhab3holty > 673 6
£1lm*h1h2 Lok
CY S 1
0<‘u3|<<7m?1722d . i u1~Q1 o
UQAQh’Q—ugAIQhQ-‘rlehlEO mod thIQ.(l’ilﬁ)
1.1

4
lo-—L —lus
(hﬁ%)l

SN B mrhihZholty S 673 6P

€1lm*h1h3 3]hy
01, h
<Y uf (@) )
o l1hohl,
0<us|< g

)4
fo- —L—|us
(ﬁﬁ%)l

We note that, for g > —1,

Noonf=d® Y wmf < NG (N/d)PT <. NENPHIGTE

0<n<N 0<m<N/d
dln
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Hence,
> uy > 1CaCmChiChal
O<fus< 722y M~
SN B mrhahZhalty S 673 6P
fﬂm*iLlflg £2|f~7,1

_1 1 ~
ey 2 Qo o Q1(¢1, hy) 1
(01,h3) myUad 1 hohl, '

B+1 5 5 5
w1 127 7 Q2 Q1(1, h1)(€1,h3) (€1, h3)
KNEd>dy\/m*hyh3hohy - ( > 2+ (72

3/27
m1Uad Ol o2 4] hgh’
B+1
o [ @ Qb
Ned3dp,\/m*hih2hohl - \/ 12
< m’\/ TN 11 N5N21My (mlﬁgd hgh/ +
B+1
Ng 3 . * X Q2 ( 7 AQ /)
< N®ed’d m*hq <m11~)2d Ql\/hth +h2h2

So, when 1 # 0, uz = ug — uh # 0 and 3 > —1, we have

B+1 hoh2
\ hih
o wg Y el < NedPd/m *hlhgh’< i ) L}QH

u1~Q1

0<‘U3|<<

mlvgd

(5.15)

Here, we have assumed that ()1 does not depend on u3. But if it appears with a

non-negative exponent, we may replace us by its upper bound Q2 23 in @1. The

bound stays the same if the role of us and wuf is reversed.

Remark. In the generic case, the effective size of C on average is C < v/mh; < %
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5.3 Analysis of 7:
We will now analyze the two variables oscillatory integral Z of (5.6).
T= / / el 2 Qygzma [ (T +r&y)"/? _(T+ réy)'/® i
- m -\ 2rggmih)t3 (2m(Qy)?hy)'/3
&1~ X y~1
Qe (@) (@)
m -\ @rgfmihy)'P (2m(Qy)*ha)/?
u1yQ 2 — 5 =5 —E1
— dyd&; . 1
XG( dmlfjlmhlhghé)‘/ < X1 ) v ( X1 ) Y 51 (5 6)

T1/3 N1/3
@) @

We recall that =; ~ and the notation fy~1 represents the integral
| V(y)dy, where V(y) is a dyadic smooth function supported in [1,2]. We also derive

the partial derivatives of =; with respect to &£ and y

02, -2  (T+r&)'®  —25
oy 3 (2mQ2hy)Y/345/3 3y
0= _1 T (T+T€1)_2/3 B r=q

96 3 (2n(Qy)*h)V3  B(T +r&)

Then, we note that

oY L (B-Eiy)) L dyE (i e Y N3\ (N3N
dE oy X3 X 9g 0y XiT ) \ Xy X1XQ) \xiQ)

Let us denote Y] =

N%:,}/Q. Then, Y7 < 1. Now, let us make the following changes of

variables

G XYz and  ye oy, dbdy = XYPduady,.
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Before applying the lemma, we will recall and define a few notations to de-clutter the

upcoming calculations.

(T +rXYy2)Y/3
(2m(QY1y1)%hy)1/3
(277(]%?71%}12)1/3’
o (THre)
—2 — (27rq§2m%h’2)1/3’
(T+T§2)1/3 (T+TXY121)1/3 _ _
M(z1,51) = sy — s = 22— B,
(2mgzmihs) (2m(QY1y1)? ) (5.17)
(T+re)' P (THrxviz)®
rg2m2h)3  (2n(QYiy1)2hy) /3~ 2 E1,

Ly := J@gmiM* — \/ghmi M'",

[1]

1=

[1]

2 =

M,(Zhyl) =

n= m11~)1d,
F = & = ﬂl(mlﬁldmhlhghé)_l.
mhthhIQ

With these notations, let us also define the smooth function

=5 - E = =
U(z1,y1) = V(Y121)V(Y1y)V <H2X1 1) Vv ( 2 1) .

U(z1,y1) is supported in a compact set K C [Y; 1,2V x [Y771,2Y7!]. We also note

that
021 -2 (T+rXYiz)'/? 25
oy 3 (Qﬂszlzhl)l/?,y?/?) 3y1
021 1 rXVi (T+rXYi2) 23  rXWE
821 —3 (27T(QY1y)2h1)1/3 N 3(T + TX1/12’1) '
Hence,
oii (25 1 ooiE, (v [ = Y
n/e —_ : 1 5.18
02402] < X1 ) < XM 02102 < X1 Xy < (5.18)

by the observation Y7 ~ )E%l and y; ~ Yfl. This implies

Y] it
5210 Uz, y1) < TUH)e (5.19)
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With the above set of notations we can write

XX2 2
- ]\72/22 // (21,91))U (21, y1)dz1dy (5.20)

zZ1 Y1

where the phase function is

f(z1,11) = 24/ QY1y1/mLs s — FY1y1.

Then, we deduce that

Lemma 5.2. Let us denote

o mbahohly ma(gh— ) X7 X1Q
Ql = mlvld . Q 2. \/m y Yl = W (521)
When |g2 — ¢4 > %, T (5.20) is negligibly small unless
uy ~ 1
In that range, we have Z — 2o ~ % and when w1 # 0,
T- x. Q* (92— q5)" o[ Th2hha2gyma (25 — E)° v(i)y [ B2
my My/3 N1/3 1 (ma01d) g2 — ¢5) Q1 (22—95) X1
X 2 o —2
LolX@ 2!;1; @ |
My X2m

Proof. We will use Lemma 2.7 and Lemma 2.8 to prove this lemma. We note that the
main term in (2.21) is independent of the choice of A. So we will choose it at the end.
We also note that in the notation of Lemma 2.8, U(z1,y;) is supported in some compact

subset K C [Y;!,2Y;71]? and satisfies 8{18§2U <« TU1H32)¢ for any 7y, jo > 0.
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Then, we will calculate the first-order partial derivatives of f. For convenience, we

evaluate the first derivatives of the functions above with respect to z; and y;:

021 -2 (T+rXYiz)Y3 -2
Oyr 3 (2rQ2VEM) VA By
i 1 r XY (T+rXViz)™?®  rXVE

0z 3 2m(QY1y)2h)Y/3 3(T +rXYiz)

OLy, —0=, 25,

—— =KLy - =kLj_1 -

8y1 k—1 8y1 k—1 3y17

8Lk —851 TXYlEl

— =KLy - = —kLj_q ——

021 L 0 bl 3(T+rXYiz1)
We recall,

f(z1,51) = 24/ QY1y1/mLs s — FY1y1.

Then,

Y
8 \/Q 1L3/2+2\/ L1/2><~1—FY1,
Y1 my1

@Yy, rANIE
821 m 1/2 (T+rXYi21)

(5.23)

Let S C K, where 8f > N¢. In any subset of 9, the integral is negligibly small by 2.7.

Now, in S¢,

of

Tvm e Vm
~ N
21

rXY121/Q X1v/Q

< N = ‘L1/2’ < N°¢

As M, M’ ~ Xi, we note that

\/QQm1M1/2 + \/qémlMll/2 ~/QX1.
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Then, multiplying L; /5 (5.17) by (,/qQ TMY2 4 Jghmy M™/?), we have

1 1/2 1/2
E\Ll/z(\/q?mlM/ +/dymi M'V?)| = g2 M — gy M|
= |g2(Z2 — E1) — ¢5(Z5 — E1))|
= (282 — ¢585) — (g2 — q2)E1]

= (g2 — QQ)(E2 —E1) — ¢5(E; — E)|
NE

< N°—Y——— . \/QX, ~ )
Xl\ﬁ”h 1Ml/3
and we already had X; < =9 — =1 < 2X;. Thus, we have
/ £ / €
Q2 — q5) X N _ _ 2(q2 — q5) X N
(4 ,2) L 1/3<<:’2—:2<< (a2 ,2) ! 73 (5.24)
b M, 12 M,
We emphasize on the fact that when |g2 — ¢5| > Q+325 =, —= (@-5) X1

Y1 X3
particular, Z) — =y and ¢2 — ¢} always have the same sign. With this condition, we will

analyze (5 23). We note that

L3y + 2Ly 951 =\/qam - EaMY/? — \/ @ema - EpM12 4 Lyj2=1
(‘_‘2 +-—'1)( /7(]2 M 1/2 /q m1Ml1/2 ':/ /q my M/1/2
=(Z5 +Z1) L1y — (Zh — E2)\/gymy M/ (5.25)

Hence, in S¢, the integral is negligibly small unless % < N ie

(8 — Z)\/gymi M2 — FY;

Y1v@Q
Jm

Y1/Q
N

(B2 +E1)Lyy —

—~

< Nt (5.26)

vm Yl\/@‘_ _
XQ o Jm Rt

in S¢, the integral is negligibly small unless

(Ey — E)/demi MV + FYy

[Lyjs| < N°

Y1/Q
N

< N°¢

—
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NQE
If ’qg — q5| > m, we have
0

1/3 ,
YivO YiQV XM, — )X

- Q'(Eé—az)\/qémlM’l/% 1QVXMy " malar =) X0 e
vm Qv X, Q

Thus, the integral is negligibly small unless

3/2
(5.27)

m

Once we recall F = ﬂlQ(mlﬁldmhlhgh’z)*l, we observe that the integral is negligibly

- . QNZS
small unless up ~ Ql (521) pI‘OVlded |QQ - q§| > W

Now, let us assume @ # 0. Then, in this range, we have a unique stationary point.
Let us denote the zero of f’ by (20, o). Then,

=/
G222 — q5=5

0
af =0 < L1y =0 <= @M =¢M < Ei(2) = —
21 q2 QQ
0 Y,
and 8;1:0 = /9 1L3/2_FY1 = = Y F 'Ly (5.28)
From (5.28), we explicitly calculate yo:
13/2 =1 _ = \3/2
3/2 _® =)
M (ZO>y0) (q2 —q, )3/2 3
V @2dymi (S — E2)3/?
L3/2(Z07y0) = - - ( : ; (529)
(g2 — q5)*/?
12 /@mhihohg .V Qqymi(Zh — E2)%/?
Yo nQVY1 (g2 — q5)/? .

Then, we calculate f(zo,0):

f(20,90) = 24/ QY1y0/mL3 /5 — FY1yo = FY130,

_ hihohlhgadhma (2 — Za)3
a1 (mi01d) (g2 — ¢b)

—-1/2

As y(l)/ >~ Y, /7, we must have

’111 ~ ml’ljld \/7h1h2h2X / ml( 2 _ q2)
Q .
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Now, we will calculate the Hessian matrix

2 o
Hf — 027 0210y
92f 9f
0y0z1 oy?
We derive
o*f QY1 rXY 2,
B % X (Lyjg2 — 221L_12),
oy~ \myy ST+ rxvizy) <z 2Eike)
ﬁ - _ % % i L3/2 n 4L1/2: B 2L71/2E%
A7 my: Y\ 2 3 ! 3 )
0% f QY11 r2 X2YP ,
- 451 L 220 45),
az% \/TX 6(T+?”XY121)2( 1 1/2"‘ 1 1/2)
—QY; r2X?Y? _
det(Hy (21, 1)) = X L X [‘:%LS/QL—l/Q

N 12may (T+7“XY121)2

+ Ly jo=1(Lyja + 33L1 951 — 12L_1 9Z7)].

At the stationary point (2o, o), we have L/, = 0. Hence,

_QY'I T2X2Y12 9
det(H = ZE{LaoLl_1/9).
et(Hy (20, Y0)) 12myo X (T + 7 XYi120)? x (E1L3s2L_1/2)

We will try to simplify the Hessian further using (5.29). We note that

_ q5(Z5 — Ep)

M(ZOJ/O)* (q2_q/)
2
= _=

M/<207y0) _ QZ(((;;_ 7 )2)
2

\/m1(Q2 - q’)3/2
L71/2(207y0) = \/ﬁ(H/ z )1/2
202\ =2 — =2

\ @2a5ma (E5 — =9)3/2

L3/2(207y0) = - (q2 — qé)l/Q y
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Hence,

QY1 r2X?2z2 o
det(Hf(ZO? y0)> - 12my0 x (T —+ rXYlle)Q X (ml(QQ - qé)(\:lg - :,g))
1 7’2X2§/14E% ) o
T m (T +rXYi2)? x (Ximi(ez — ¢2)°)
Mg/3N2/3Y14

2 2
~ T mi(g2 — ¢3)°
which concludes the calculation of the main term of Lemma 2.8.

Now, we choose our A to be

- MO1/3N1/3Y12 , M&/3Y1m1X1\Q2 - qé!
_Tmﬂ%—(m” Q

and we have yaiagU | < 1. Thus, we get the error term, which completes the proof of

our lemma.

O]

QN*®

Remark. The case of |g2 — ¢5| < ——%5—— is considered in Section 5.6.3 and the
miMy?vi X,

0
contribution of the error term in (5.22) is evaluated in Section 5.6.4. The case of the

zero frequency (@1 = 0) is evaluated in Section 5.6.2. Thus, in the rest of the work we will

consider the main term of (5.22) and only in the case of 41 # 0 and |ga—g5| > %
mi My’ Y1 Xy

and X7 > N
My?

Remark. In the generic case, dual length ¢; is of size

mhihohly, QN2 mhihohl, T — X3/2
2 2 4

Q Q3/2,%//;*N o x 78

Q1 <

The main term of the Z integral is of the size i\ng ~ T/LX’ and the error term is of
the size ﬁ Now, we calculate the saving from the Poisson on ¢ (%1). Initial size of

J &€ was X@. Final size is
S~ X

X
T/X

Q .Ql.,/mhl.i

mhy hahl, T/X ™

N}'ﬂ
>
Bie
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So, in this step, we save

Initial length X324 s/4
Final length X2/\T N &

We calculate the saving after the duality:

T3/2 T3/8 T15/8
X3/2 x1/4~ xT/4°

This saving is equal to the diagonal saving if L X7 /4 =T < X =+/T. So, we are at
the boundary. To save more, we exploit the oscillatory term coming from the double

integral Z (Lemma 5.2).

5.4 Preparation for & integral

Form (5.3) we recall that

A <T° sup sup (Z Z Z Z Z Z

=1 1/3
[lall2 ﬁ<X1<NQ m1<<Qd<<Q2)/(§ vl,m\doo i~ ST o Q2X1 9T
0 [0 (Ul,’Ug) 1 M dhgl( *hl)
1/2
/
o) / o C1 .
[ £ = ,z S ol by
§a~v X hQN 2u2 dv2m1 gQNX h u2 dvgml

(5.30)

When X; > % and |g2 — ¢5| > %, if we only consider the main term of

(5.22), we get

A <T® sup sup ( Z Z Z Z Z Z

— 1
[lel2 1#%<<X1<NQ/ <Ry Q2xy Ul,vz\d"" h~SE p 2X o ST

0 3/3 (01,02)=1 2 34 h2|( *hl)oo
Z Z Z Z Q Z C. XQ2(Q2_Qé>71
or o mlvlmh1h2h2 0 m1M1/3N1/3
hQNW uz~ dvgmy 2 Nh u2 dvanl i~ 0

1/2
/ s / e hihahbgaghma (2 — 22)3 v =, — By
2 a1 (m101d) (g2 — ¢5) (a2—g5) X1 ’

E~vX X Q/my
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If we denote uz := ug — ub, and recall that go = midisus and ¢4 = mqdiqul,, Now, we
will apply Cauchy’s inequality, keeping all but the &, integral inside. Hence, we get

A <N°¢ sup sup QVX My - |S3]Y4 8414,

alle=1 nNe N1/3 (531)
Il

where
P ED I ID M D VD DD
d> ~ QT Q h
m1<<Qd<CjID;/(§ (1;1177”1]22|) 1§2~X hor~ =G uar~ Togmy ha|ha
Q \Q2—QQ| !
- (5.32
DD ¥ T T LB
hl"‘ N mn~ Q2j(3 h2 Nh2 dvgm1 UlNQl 0
and

=2 2 ZZZZZZ

[eS] QT -
m1<<Qd<<Q2)/(§ Ul,v2|d [JRNICEARVAN dv o h2|h/ h1NTmN 2/3

(v1 ,1)2) 1 Mg

D S A e v

myU1dmhiho 2 4101 m1M3/3N1/3

d172m1
! / ! 3 / 2
hihahlhqaghmy (B — = _ g
% o/Qe( {2( Zq?qil)ll(( 2 ,2)) >V (qf q,)Xi (5.33)
uir\mqv — 4242/
EonX gy e e Q/m

In both cases, we have changed the order of the ﬁg,ﬁg(ﬁé) and hi,m sum and used

the notation hy = ilgilg and hf = ﬁgﬁ’g Though not stated, we recall the condition

A

h1 = (hl, (m*ilz)oo)

Now, we will evaluate S3. For simplicity, let us denote H; = and My = IR
So hi, ha, hYy ~ Hy and m = md = m*dd,, ~ M. These notations are temporary and

introduced to keep the calculation decluttered. If we recall g = mqvadusg, ¢ = mqedul
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and write ug = ug — ub, we can rewrite Ss as

S<> y > [ ¥ ¥ Y ¥ ¥ %

M1 <LQ A<My T1,021d% ¢, x he~Hi yyn Qo ha|hy Pi~Hi Ml .
(51.52) =1 2m1 h2

2
¢ S el Y [l

mlf)ldehlhghQ mlﬁng0/3N1/3

0¢uB<<dﬁfml 1~Q1
(5.34)
We recall
_ . mhihohy, ma|gh — (12|Xf/2 32 3
|Q1] = m10:1d - 0 . Jm < m01dX) "/ M HY.
Now, if we evaluate the character sum in S3 by (5.15), we get
Q Q* -1
~ 72 7 X ~ 1/3 Z ‘U3’ Z ’C’
mitid mh1h2h2 mlvszO/ N1/3 0#u3<<dz';2Qm1 s
Q Q2 3 / Ql V ﬂlﬁ%
N¢ -d’dm/m*hihohy | ———— 41
S n@mhahahly, o ad PN et | e
3 /d . ~ A
< N°* @ T/?) <m1171dX13/2\/M1H1 vV hiha + 1>
m%f}lf)zx/ th Nl/?’f
<<N€Vdm'Q3 Vaxy?vH h hz 1
M5/3N1/3 miU2 m%f)lf)gleﬂld
We observe that for a fixed hy and m*,
S hi= Y (i, (mhe)®) < HTE (5.35)
thHl hl’\‘Hl
and we also have
1+e
dpm = (m,d®) < —L (5.36)
o M1 o M1 d
d d
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Thus, we get

s<y XY ¥ Y Py

M1 €Q dLMy 51,52|d% g,y ha~vH gy 0 ha|ha
(B1,02)=1

Ne- QP
s & T Vi E

/ H1 Thwl\él hi~Hq

S YD YED VY B VD WS
m1<KQ d< My 01,02|d>® Eon X hao~H1 U~ ———
(91,92)=1

o NT@ My (VAXTPVIL !
MYEN3 d My s M2, 0/ M H1d

VaxX A H hihy . 1

m1 0o m?109y/ My Hrd

dvg my

NE . 3
<3 Q <Xf’/2H5/2M n H3/2M1/2>
MO N1/3

. Q15/2X15/2T5/2 Q11/2T3/2X11/2
<N MyN17/6 2/3 n711/6 '
0 My'° N1/

(5.37)

We have used the fact that

> D > / > Z la(mydigusg, &, he)|> < N°.

m1<<Q d< Q22X§ vhvﬂd £2NX h2"’7 uz~ dv2m1
(91,02)=1

5.5 & integral

In Sy (5.33), we open up the absolute square to get

s-Y Y .Y % 2. X 2 2 2 2

m1<<Qd<<Q X vl ,U2|d>® Ry~ QT hz\h’ h1~ L Q%X f~ QT

13/3 (91,92)=1 et 2m v 2/3 2™ Ny 127 dv2’"1
2| /-1
Q Q%|q2 — Q2| / —1
mivimhihohl Z €1 1/3n71/3 @2 @ Iz,
1v1 17182109 i1 ~Q1 m1M0 N ,

GrX g
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92

where Zs is the & integral:

= o)

7, = ( [(E) — Z2)® — (B — Z2)*) )V 2, 5, =5 )
o i o1dh1hohlgaghmi) 1 (qa — ¢ (a2—a5) X (e2—a5) X :

o X i1 (m101dh1hahbgaqamy) (g2 — ¢5) % 2@/;“ 1
(5.38)

_ T /\1/3 — T 11\1/3
We note that =) = % and = = %. Let us make a change of

variable
mi(ge — ¢5) X1 _ (T-f—?“XYng)l/3
— X - Y; h Yy = d 2=
) 222, where Y N1/ an 2 @ Zhy) 13
With this change, we note that the smooth function
==, ==,
Ulz) =V(22)V | o5 |V | @ax
Q/my

Q/m1

satisfies the decay relation 97U (z3) < 1. We simplify the phase function and get
1= vy [ o CRTEIE S =D @ S I
a1 (m101dhyhahygagyma) (g2 — ¢3)

22

where =y = ((:g:;;fn}?hzj))f//ﬁ. Let us denote the phase function by f(z2):
27"
(5 — S5)[350(2)° — 3Za(2) (B + 2D + (22 + Z4Z4 + 2P
/
5)

Z9 — 59
a1 (m101dhihahbgaghma) (g2 — ¢

f(z2) ==

Then we get

dEQ _1 T‘XYQ 1 _ 1 T‘XYQ

dza 3 (T+rXYez)?3 (2rg3mihg)'/3 3 (T +1rXYazs)
hihohbqaqh ==l XYo=

f/(z2) _Mhe 2QQQZm1(/2 2) . TA Y229 [28, — (5,2 +E’2')]

q1(q2 — q5) (T4 rXYsz)

X1(q2—q5) - X1(q2—5)
=20 gnd BL — Ey ~ =222 we get
2 2 Q/m1 g

_ Xi(q2 — 43)
25y — (B +25) ~ o 2.



5.5 & integral 93

— 1/3
We also recall =; ~ . Hence,

1F'(20)] Nhlhzhlgqméml(E’z —E3)  rXYeE,  Xilg —qj
ﬂl(mlﬁld) (QQ — (5 ) (T + TXYQZQ) Q/m1
bl (; - Z4)
u1 (mlvld)

X1m1|CJ2 |

As @1 ~ Q1 where

mhihohy mi(gs — Q2)X3/2 and Q*X,
Q vm M?

Q1 =m01d -

the integral Z» is negligibly small unless

|C‘?1|(’rTL11~}1d)_1.Z\/VE 1
hhahy X{malgz — a5~ p2°
e
MyPN1/3

—/ r—~l/

— & — & <X N°*- (5.39)

In that range, we can bound Zy by

Xilg2 — g5lma

X
T € XYy < 173
Nl

Hence

/
712 712 v2 |QQ—Q2| X1Q Q
X2. . .
el [ me [ epx TS MIPNS

gh~X ey~ X &h~X
X?2X,Q?
< / ‘0/2’2 . Tlcg
M. / N2/3
&~X 0

Then, Sy is bounded by

e =D D I 1D S D D DR D >

m1<<Qd Q22)/(§ U1,Uz|d°°§/ ~X h/NQi uly~ dv2m1 flg|h'
M (91,02)=1

T TS T a5, e
L oo @2X1 o QL g morammiziy g 20, m1 My N1/3
23, Nhg d”Zml

0
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Comparing it with S3 (5.32), we observe that

X2X1Q2
194] < W\ 3
0
We recall
A < sup sup Qv X My - | 95|74 844
l|a|[2=1 #<X1<<N;/3
and (5.37)

Q15/2X15/2T5/2 Q11/2X11/2T3/2

53 < N17/6 0, Mg/?’Nll/ﬁ

Hence, we have

1/2 v 1/41/2 15/4 y5/4p5 /4 11/4 y1/453/4
Ae s oy XM _(@ xprTt QAT

1/12 571 /6 17/12 7 71/2 1/3 Ar11/12
Ne xS My "NV N2 0, My"" N1/
MO

<K sup

NE N1/3
m<<X1<<T
0

Q21/4Xf/2XT5/4 Q17/4X11/2XT3/4M8/12
M3/12N19/12 N13/12

15/4 x75/4 15/4 xr3/4 3, 71/12
<(Q @ g . (5.40)

M&/12N13/12 + N11/12
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Finally,

N4/3+s 1

sup —5  sup M&/?’ x A

Q<<Q0 Q M0<< N;;LE
0

M <

<

sup — sup +
T Q<o @ ) o n2e M3/12N13/12 N11/12

2

N4/3+e 1 MS/S y ( Q15/4XT5/4 Q15/4XT3/4M01/12)

<

sup - sub N13/12 + N11/12

N4/3+e (Q7/4XT5/4M3/4 Q7/4XT3/4MO5/12)
T Q<<Q0 Mo N;%»e

<

T N13/12Q3/4 Q8/4N11/12
N4/3+e (QOXT5/4 Q(l]/2XT3/4>

N4/3+e (Qg/4XT5/4N1/2 Qg/4XT3/4N5/6)

<

T N7/12 N1/12

N4/3+e X3/23/4 5 /4l /2 r1/6
T '<N1/12 + X3/4ApL/2 N1/

N4/3+e  x3/273/4 N1/4
T N2 +X1/4T1/4

<

<

K NO/A+epl/Ax3/2, (5.41)

5.6 Non-generic cases

5.6.1 X, <« N
YL

When m # 0 and X; < MNf%, from (4.23) we get
0

dQ?N¢
Sm,? < Q 2 -
m

And from the dyadic relation =5 — Z1 < X7, we get

XX1Q

&2 — B&| < N3
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for some B depending on ¢, g2, h1, ho with value bounded between absolute constants

(B ~1). Then, A (4.21) is bounded by

A = sup sup Z ml/ Z Z / Z Z |1 [*Sa2

a 1
|| ||2 X1<< /3 m1<<Q §1NX Q1N* h1N7§2NX qu h2,\,7

XX Q QT
<<NE Sup Z ml / Z Z | 1‘2 N1}3 QWQ2
X1 =573 1/3 m1<KQ &~X q1’\‘& h1~
TXQ°
ST o
0
Hence,
N4/3 1
M < Sup —5  sup M x A
T Q<@ @ ]\/[<<NZJFE
N4/3+5 TXQ%
T N3
< NXQ3 ~ N3/2te x5/27-3/2, (5.43)
5.6.2 u; =0

In this case, there is no stationary phase in the Z (5.20). From (5.26), we note that the

integral Z is negligibly small unless

Y1v/@Q /2 - = N¢
VR = s IMY? < N¥ = |5~ Eh <« —— .
— =5 — EoV/@am < 2 — B < Vi

Hence, we get our first condition that

N¢€ X
N L

- e S (5.44)
HM(}/S }/1N1/3M01/3

EQ—E/2| <

where B depends on g2, ¢5, he, b, and is bounded between absolute constants ¢; < B <

¢2. On the other hand, from this relation and (5.24), we get that

QN* / QN*
—1/3 < |U2 —U2’ < 173
1X1 M, m1dvaY1 X1 M,

g2 — g5| < (5.45)
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We note that contribution of C and Z for @; = 0 as Cy and Zy. In this range, Zy can be

=

replaced by a smooth function with absolute value bounded by N¢XY£. From (5.30),

we get that

A < sup sup ( Z Z Z Z Z Z

=1 € 1/3
[leel|2 N;Vl/3 <<X1<<NQ m1<Q de @2X1 2)/(; v1,112|d00 thW e 22X1 h2<<QT
0 10 (’Ul,’vz) 1 ]\{ d hz‘( *hl)

1/2
Q
Z Z ag/ Z Z O/2m1v1mh1h2h’2'cozo) ’

’
E2NX h’2NNh uz~ d'u2m1 £2NX h Nh u2 dv2m1

(5.46)

By Cauchy’s inequality, we can bound

A < sup sup \/ﬁo( Z Z Z / Z Z \02’2

llall2=1 _n¢ N1/3 2y QT Q
]\I/ <X1 << 0 m1<KQ d<<Q /é v~1»v~2‘d o X hQNWUQ Toomy
0 (91,92)=1

1/2
Q
DI o N AL w) |
]

2 7 T QT 2 ,
halhe AL~ QL b QT Q232X wo—Q
2| 2 g Nho I~ M 2/3d 2 "~ dvgmq

Once we replace Cy by (5.11), we get

Lo Yl [ il

myvimhihohbd
2 Up~ g &~ X
Q 3 ; o Q2 - s 9 XQ
N© - d3d,\/m*hyhah *hihy |- XV2. 2%
S sdminhahhd Vo b mids, VT Ly N
o[ @0 iy L Q X2Q

m%\/g’f)l'f}g\/ﬁhl m101 ‘ N1/3M5/3
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along with the condition ﬁ’z = hy = % Here, we have used the fact Y7 < 1. Putting
2

Q
Q we get
27 xin M3 &

> X i 2 1ol [ 1

mlvlmhlhgh’d
hinSE e zji 2 U~ Toomy X
<NE Y D @yl I P
By~ Nm~Q2X1 m%\/ﬁf;lfzg\/ﬁthlM&/g myU1 N1/3M5/3

2/3

< Q- QVXy n Q' X\T - XPQ
m2d3/201 5, X1 MS® myindNMZP ) N3G/

Here, we have used (5.36) and (5.35). Then, we get

1/2
3 X4 T XQ?
ALK sup Qv My ( @ + QX ) ._XQ

2/3 2/3 1/6
MN1€/§<<X1<<N23/3 VXlMO/ NMO/ N1/6M0/
0

3/2 2y 1/241/2 1/2
< s Qﬁ<Q L@ ) XQ

1/2 1/2
<<X1<<NQ/ N N1/6M0

1/3
0

2N1/6T1/2 X 3/2
< <Q3/2M(}/12 + 9 ©

\/@Nl/Q N1/6
XQ? 12 T2
<<N1/6 <MO + N1/3
Y O3 12
<<Q70

N1/6



5.6 Non-generic cases 99

Hence,

N*/3 1

Sup —5  sup M01/3><A

T Q<<Q0Q Mo<<N2;r€
QO

M<K

N4/3 1 X 03 Y12

T Q<o @ Mo N2Ee N1/6
oA

<

N4/3Q0X

———~—  sup
TN1/6 2

Mo<<NQ§E

0

<« Mg/u

N4/3+EQOX N5/6
TNL/6  A5/4
Qo

<

<<N15/8+6X7/8T—7/8 (547)
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Ne .
5.6.3 | — gl K m and ; # 0

In this case, the phase function of Z does not have a stationary point. But from (5.24),

we have
N¢© X
’EZ_E/2|<<17/3 == ‘55_352‘« 7621/3

From (5.26), we also get that Z is negligibly small unless

mhlhghémlﬁld
QY1

U <K

In that range, we can bound Z by X2Y?. If we denote uz = uz — uh and Q3 :=

w, by (5.14), for a fixed uf, we get

SRR > e/

hihah!
mivimninghg |U3‘<<Q7N51/3 |'1]1\<<Y1_1Q3N5 &
7n1172dY1M0 X1
1 - VI XY? X
K= N°dPdp\/m*hihohly - Q3Y{ " - ¢ +\mriy 1 3Q
Q3 mydia My X1V NN By,
2
T vmhid - X?
< Neg? <Q> @vm T +mh 7691/3
N miVdoa My X1 Y1 N1/3 My
Hence,
Q
> > o9 > el
W QT @k foeT mlvlmh1h2h2 ONE v—1ne
W g M sl a7, € &2

N1/3M1/3 @ B Q2X1 h ml\/a?)gMO/ Yin

IM/d

2 \je Y2 2 .
T RN (?VT)( i)

<<d2N5X2Q.<QT> ex [ @Qextre @i
N\ N ) MPa \ gV MPxviNyz o MR

4
NEdQE)XQ ' @ Ql/2T1/2\/)T1 2
NsARR N myd'/20,YN1/2 7 1

NedO5 X2 T 4 T1/2
N1/3M5’/3 N mldl/QUQ\/XlQNl/G
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Then,

A < sup sup ( Z Z Z / Z Z o |2

[|a|[2=1 N _ X <<N1/3 m1<KQ Q2X J02|d™>® #1 / QT
18 <<t "Lt (7;11?;22‘) X Mo~
1/2
@ c / 7
P T L ,)
thh hlw—mN Q2/31 hg Nh2 ml U1 §2NX
5/2X T 2 T1/4
<N Supb @vVMo ?6 5/6 <C]2\7> 1/4 174 n1/12 X1
1/3<<X1<<N1Q/3 N6 My X, QYANY

()

oU/2XT? (T1/4M3/12 N1/3>

< : +
1/3 1/4p71/12
N/6pf/3 | QYANY Q
_ 1/12
Q1/? 1/4XT9/4M0/
a 1/3
N13/6+1/12M0/
Hence,
N4/3 1
M < sup sup Mg/?’ x A

N4/3 1 11/2-1/4 x79/4 71/ 12
< T Sup —5  sup Mg/g X @ ; e 1/:?
Q<Qo @° ) o % N13/6+1/12 ]
N4/3+e 1 N6 Q11/271/4XT9/4
< sup

TG, @ QA N
<<N4/3+1/6—13/6—1/12+5T9/4—1Q6271/2+11/2X

<<N73/4+EQ8XT5/4

< N3/4t+e x5/2p=1/4, (5.48)

5.6.4 Error term

In this case, we consider the error term of (5.22), i.e.,

XQ%q2 — ¢h| ™2

I«
MEEX2m?
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We also have
mhihahhN® malgs — gh| X7/

Q vm

|| < m101d -

and
XX1mi(q2 — ¢3)
N1/3

Hy —Zg ~ = &, — B& ~
2 2 Q/ml £2 €2

where B depends on ¢z, ¢h, ha, by and B ~ 1. Then, if we consider the error term, we

basically have

XQ% g2 — g™ XXima(qe — ¢
/|Oé2!2 / I<</‘ of?- M2’/3X2 o NE/3 2
, XX1m1(q2—f1é)
52_B§2"’ ~N1/3

X2 2 Q%2 — 57!

< 173 ’Oé2| VST
X1M, my M, N1/3
&2

Now, if we apply Cauchy’s inequality on all the sums in (5.3), we have

A < sup sup Qv My Z Z Z Z Z Z

Nl
[lall2= lMNj <X < Q/ m1<<Qd<<Q2)/(31 v1,v2|d00 m~SL s Qi)? ho< &L
0 15 (01,02)=1 dhz‘( *hy)o®
1/2

[ L L af L ¥ e S

/ 1 QT Ll
ENX h Nho u dvgml Ea~X hQN h2 uz~ dv2m1

X
< sup sup QvVMy —- 81/4 5/1/4

= 1/3 1/3
lloll2=1 _Ne 3y < M/ \/ X1 M,
M,

0

where S3 is the same as (5.32)

- Y T LY /Y Y kY

m1<KQ Q2X 1,02 |d® oeT ., L Q A
d< 2/§ (1)11 1}22|) 162 har R w2 halhz
O b

Q Q%lgz — g5 7!
Z Z Z ’ o Z mlvlmhlhgh’z ~Z ‘C’ .

1/3a71/3
Gy o oo, maMPNY
2/3 Nh d”2""1
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and S% is symmetrical to S3 where the role of go, ha, &3 is reversed with ¢, hb and &:

-Y T .Y [ Y Y

m1<KQ Q2x 1}1,1}2 d> & 1L QT Q A /
d< 2/?} o Ug\) & hiy S U™ g ha| i,

Z > 3 Z Q@ 3 m.M
er gt g lor myvimhihohy o m1M01/3N1/3'

h m

ug~
v 273, Nhg dv2m1

Hence, S3 and S5 would have the same bound (5.37). i.e

Q15/2Xi'>/2T5/2 Q11/2X11/2T3/2
N1T/6 M, M§/3N11/6

S3 K

Hence, we can bound A by

15/2 y5/2p5/2 11/2 y1/253/2 1/2
A < su su Qv My - X QX T QX T
1:11 p 1/3 0 / 1/3 N17/6M0 M2/3N11/6

0
Q15/4X213/4T5/4 Q11/4T3/4
M5/6N17/12 X11/4N11/12

<KX sup

N/
L <<

O
1/12
Q3T5/4 Q11/4T3/4MO/ )

<<QX (M&/6N7/6 + N11/12

Hence,

N4/3 1

sup —s  sup Mg/?’ X A

T Q<<Q0 Q M0<<N2;s
R

M<K

N4/3 1
Sup —5  sup M&/3 X QX
T <o Q My <<N2+5

35 /4 11/4T3/4M1/12
< Q Q 0

+
M&/GN’?/G N11/12

N4/3Q%T5/4XN1/3 N4/3 xT3/4
< QYT NS + NI/2Q12T

< NO/AXT/AP=1/2 L N x3/4, (5.49)
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5.7 Final calculation

From (4.8), (5.41), (5.43), (5.47), (5.48) and (5.49), we collect all the bounds on 9t and

we get,

on N N3/2\/T N5/4x3/2 N3/2x5/2 N15/8 x7/8 N3/4x5/2 N5/AxT/4
< \/X— + T1/4 + T3/2 + T7/8 + T1/4 + T1/2

(5.50)

We equate the first (diagonal) and the second bound (generic off-diagonal) to get

— N5/4T—1/4X3/2 — X = N1/8T3/8.

N32JT
VX

Hence,

M < N¢ (N23/16T5/16 | N29/167=9/16 | \r127/64p=35/64 4 Nr17/167011/16 +N47/32T5/32).

(5.51)

As N < T3/2%¢_ all the other bounds are smaller than the first bound. Hence,
m<< N23/16+€T5/16. (552)
We also need to verify our assumption

3

T T
— <—= N — | .
Qo>X ><X>

With our choice of X = N1/8T3/8 this is equivalent to

15/8

> —mF = NU/BE 5 715/8 0 N > T15/11,

N

As we have already assumed N > T'15/114¢  this condition is satisfied.
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Finally, we have

T* T
Mp(T) < sup X 9 T8/ e
T15/11+e o NeT3/24e N X X
T1i+e
< sup SO+ T15/11+
T15/114e &« N T3/2+¢ NX
< sup TET5/8 N23/16—1/8—=1p5/16 4 p15/114e
T15/11+4e &« N T3/2+¢
< sup TeT15/16 \5/16 | p15/11+e
T15/11+e & N T3/2+€

< T45/32+e | pl5/114e

< T3/2-3/32+¢

This concludes the proof of our Theorem 1.
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