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Chapter 1

Introduction

Sampling plans are important tools in statistical quality control, particularly within the manu-
facturing industry. They are used to evaluate various characteristics of a lot, such as quality and
performance, based on a selected sample. In this method, a sample is drawn from a lot to obtain
information about its characteristics. Rather than inspecting every item in a lot, which is often
impractical due to time or cost constraints, a representative sample is tested. Based on the data
obtained from this sample, appropriate statistical measures are computed to assess the character-
istics of the lot under consideration. This information helps to determine whether the lot meets
the required standards. Consequently, a decision is made to either accept or reject the lot. This
process of making decisions based on sampled data is known as the Acceptance Sampling Plan
(ASP). Such methods play a crucial role in manufacturing and related industries, as the acceptance
of nonconforming or defective lots can affect the manufacturer’s reputation, and future sales.

There are two kinds of ASP, attribute and variable sampling plans.

Attribute sampling plans: The decision to accept or reject the lot is taken based on the number
of defective items in the sample. If the number of defective items in the sample is less than or equal
to a prespecified number, the lot is accepted; otherwise, it is rejected (see Montgomery [86]).
Variable sampling plans: The decision to accept or reject the lot is taken based on a measurable
quality characteristic of interest of the product under consideration. A suitable statistic is computed
by using the sample selected from the lot. The lot is accepted or rejected by comparing the statistic
with an acceptance limit, 7y, say. The sample size and the acceptance limit must be pre-specified
(see Lieberman and Resnikoff [68]).

These traditional ASPs focus on the quality characteristics of the product under consideration
at the time of inspection. However, many products, such as military devices, healthcare devices,
and electronic appliances, must be evaluated not only based on their initial quality but also on
their ability to perform over time. Condra [33] emphasized that “reliability is quality over time”.
Formally, reliability is defined as the probability that a product will perform a required function
adequately for a given period of time when used under stated operating and environmental conditions.
The reliability and other lifetime characteristics of any product have a great impact on a consumer’s
decision. The reliability acceptance sampling plan (RASP) is a variant of variable ASP in which

the reliability of the item is considered as a quality characteristic to determine lot acceptance or



rejection of lot.

In the problem of designing RASP, two fundamental issues must be addressed:

(i) Whether the lot should be accepted or rejected based on the observed data. This involves
specifying or determining the decision criterion and the acceptance limit 7y used for lot

acceptance or rejection.

(ii) Selecting an appropriate sample size and other design parameters to ensure a reliable decision

while maintaining cost effectiveness.

To address these issues, various methods for designing RASP have been developed. For example,
producer’s and consumer’s risk point schemes (see Lieberman and Resnikoff [68]), defense sampling
schemes (see Kao [49]), Dodge and Roming’s plan (see Dodge and Romig [37]) and decision-theoretic
plans (see Wetherill and Chiu [118]).

Among these, in Bayesian approach, decision-theoretic approach is beneficial from an economic
point of view. This approach is widely used because it is decided upon by making the best choice
based on some economic considerations, such as maximizing the expected utility or minimizing
the expected loss, taking into account both prior information and the cost associated with different
actions. The principle of Bayesian decision theory is widely discussed by Berger [16]. In the classical
(frequentist) approach, the producer’s and consumer’s risk point scheme is one of the most widely
used due to its simplicity and practical appeal. This scheme typically focuses on controlling the
producer’s risk (probability of rejecting a good lot) and the consumer’s risk (probability of accepting
a bad lot).

To implement RASP, one must estimate the reliability, which is typically done through life
testing. However, due to cost, time, and resource constraints, full inspection of all units may not
be feasible. In such situations, censored life-testing is employed, where the test may be stopped
before observing all lifetime information of the items in the sample. Designing RASP under censored
life data is a challenging task but essential in manufacturing industries.

In recent years, global market competitiveness and rapid technological advancement have pushed
manufacturers to produce products with very high reliability. For such products, the mean time
to failure under normal operating conditions is often prohibitively long. Consequently, under time
constraints, sufficient lifetime information may not be obtained from conventional life testing ex-
periments. In such cases, an accelerated life test (ALT) or a partial accelerated life test (PALT) is
used to gather sufficient information within a shorter time. In ALT, items are tested under elevated
stress conditions to induce earlier failures, and the results are extrapolated to normal conditions
using acceleration models (see Xu et al. [125], Chaloner and Larntz [21], Wu et al. [123]). PALT is
a hybrid approach in which items are tested under both normal and elevated stress conditions (see
Lim et al. [69], Kumar et al. [54], Zheng and Fang [134]). This approach provides a better balance
between cost and precision and has become increasingly important in RASP design.

Furthermore, due to the complexity of modern products, items may fail for multiple causes. For
instance, in an automobile, failure may occur due to a surface defect, an interior defect, or both.
To investigate the product’s failure mechanisms, it is often necessary to record not only the time

to failure but also the cause of failure. Such models are known as competing risk models, which



are widely used in reliability studies (see Sarhan et al. [109], Azizi et al. [6], Crowder [34], David
and Moeschberger [35]). Consequently, the design of RASP for competing risk data has become an
important issue in manufacturing industries.

Finally, as products become increasingly complex in structure and highly reliable, failures typi-
cally occur only after long periods of operation under normal conditions and may arise from multiple
competing causes. In such scenario, ALT or PALT within a competing risks framework is often
conducted (see Pascual [94], Zhang et al. [131], Mukhopadhyay and Roy [88]). Thus, the design
of RASP for competing risk data under ALT or PALT settings has also emerged as an important
issue in manufacturing industries.

The rest of the chapter is organized as follows. Section 1.1 introduces the abbreviations and
notation that are commonly used in the thesis. Section 1.2 summarizes the common probability
distributions that are generally used in the thesis. Section 1.3 provides a detailed discussion of
different censoring schemes. Section 1.4 presents an overview of PALT. Section 1.5 discusses the
competing risks model. Section 1.6 discusses warranty analysis. Section 1.7 presents a review of
existing works on RASP. Section 1.8 summarizes the remaining chapter. Section 1.8 presents a

summary of the chapter. Finally, Section 1.9 lists the publications arising from this thesis.

1.1 Abbreviations and notations

Table 1.1: List of Abbreviations

Abbreviation Description

ALT Accelerated life test

ASSSPALT Adaptive simple step-stress partial accelerated life test

ASP Acceptance sampling plan

BRASP Bayesian reliability acceptance sampling plan

BSPAA Bayesian Sampling plan through adaptive simple step-stress partial ac-
celerated life test

CBSP Conventional Bayesian sampling plan through Non-Accelerated Life
Test

CBSPA Conventional Bayesian sampling plan through simple step-stress partial
accelerated life test

CDF Cumulative distribution function

CEM Cumulative exposure model

CSH Cause-specific hazard

CW Combined warranty

FRW Free replacement warranty

HCS-I Type-I hybrid censoring scheme

1CS Interval censoring scheme

Continued on next page



Table 1.1 — continued from previous page

Abbreviation Description

11D Independent and identically distributed
LFT Latent failure time

MCMC Markov chain Monte Carlo

MLE Maximum likelihood estimator

PALT Partial accelerated life test

PDF Probability density function

PICS-1 Progressive type-I interval censoring scheme
PMF probability mass function

PRW Pro-rata warranty

RASP Reliability acceptance sampling plan

RDSP Random decision-making sampling plan

RF Reliability function

RRS Relative risk saving

RV Random variable

SSPALT Step-stress partial accelerated life test
SSSPALT Simple step-stress partial accelerated life test
w.r.t. With respect to

Table 1.2: List of Notations Used Throughout the Thesis

Notation Description

A Acceptance decision

a(z | ¢) Decision function based on observed data and design parameters
a*(x | ¢)  Optimal decision function

B(-,) Beta function

C Consumer

Cya Selling price of the product

C, Additional acceleration cost

C; Cause of failure of the ith item

Cr Rejection cost

Cs Sampling cost per item

Cy Cost per unit testing time

Cow () Warranty cost under combined warranty policy

d Observed total number of failures

d; Observed value of D;

d® Cumulative failures up to 7

dpm;j Observed number of failures due to cause j during interval m

Continued on next page



Table 1.2 — continued from previous page

Notation Description

D Total number of failures during life testing

D; Number of failures in the interval (7;_1, 7]

Dy, Number of failures due to cause j during interval m

E[D] Expected number of failures during life testing of the proposed model

E[D¥] Expected number of failures during life testing at optimal design of the
proposed model

E[I] Expected number of inspections during life testing of the proposed
model

E[I*] Expected number of inspections during life testing at optimal design of
the proposed model

E[7] Expected duration of the life test of the proposed model

E[r*] Expected duration of the life test at optimal design of the proposed
model

Fo(-|-) Lifetime CDF under normal stress level

Fi(-|) Lifetime CDF under accelerated stress level

G(j,x |-)  Sub-distribution function for cause j

g(j,x|-)  Sub-density function

R
—~
S—

=
)
8

=z 2L

c 3
—~
S D
-~
8
~—

Gamma function

PDF of the gamma distribution

Loss function associated with model parameters
Number of inspections during life testing

CDF of the beta distribution

Number of competing causes of failure

Number of inspections

Likelihood function

Manufacturer

Failure threshold used in adaptive testing
Sample size

Number of units at risk at the beginning of interval ¢
Prior distribution of

Posterior distribution of 4

Prior distribution of # w.r.t consumer

Posterior distribution of 6 w.r.t consumer

Prior distribution of # w.r.t manufacturer
Posterior distribution of # w.r.t manufacturer
Rejection decision

Bayes risk corresponding to design ¢ and decision rule a

Continued on next page



Table 1.2 — continued from previous page

Notation Description

r Required number of failures under Type-II censoring
R; Number of withdrawn units at inspection time 7;
T Observed value of R;

() Cumulative withdrawals up to 7;

Rj(x) Cause-specific reliability function

S0 Normal stress level

51 Accelerated stress level

Vs Salvage value per surviving item

w Warranty period

w1, W Warranty limits under combined warranty policy
X; Lifetime of the ith item

Xij Latent lifetime of item i due to cause j

X 1th order statistic

T Observed life-test data

Z (i) Observed value of X;

X Acceptance region

Z Shared frailty variable

¢ Vector of design parameters of the life-testing plan
¢* Optimal design parameter vector

0 Vector of model parameters

A Rate parameter

Ao Rate parameter under normal stress level

A1 Rate parameter under accelerated stress level

Aoj Cause-specific hazard rate for cause j

Aj(x) Cause-specific hazard function

Aj(x) Cumulative hazard function

v Shape parameter

D(-) Standard normal cumulative distribution function
T Duration of life testing

0 Starting time of the life test

T Inspection or stress-change time

Ti Inspection time (i = 1,...,k)

WY (+) Manufacturer’s expected utility

1.2 Summary of common probability distributions

This section summarizes commonly used probability distributions along with their notation, prob-

ability density functions (PDFs) and cumulative distribution functions (CDFs).



1.2.1 Normal distribution
Consider a random variable (RV) X that follows a normal distribution with parameters u € R and

o > 0. Its PDF is given by
_ )2
(@—p) ) , xR

1
f(l’) - Wexp< 20_2

The corresponding CDF is

where ®(-) denotes the standard normal CDF and it is defined by

1 2
P(x) = e W 2y,
@=] ==

This distribution is denoted by N (i, 02).

1.2.2 Exponential distribution

Consider RV X that follows an exponential distribution with rate parameter A > 0. Its PDF is
given by
f(x)=Xxe™*, z>0.

The corresponding CDF is
Fx)=1—e? z>0.

This distribution is denoted by Exp(\).

1.2.3 Gamma distribution

Consider RV X that follows a gamma distribution with shape parameter v > 0 and rate parameter
A > 0. Its PDF is given by

f(z) =~(z,v,\) = A ' le™M 1 >0,

I'(v)
where T'(+) denotes the gamma function. The corresponding CDF is
o Fl (V7 )\l‘)
F(I) - 1—\(1/) )

where I'(-, -) denotes the lower incomplete gamma function, and it is defined by

T
I (a,x) :/ u te " du.
0

It is noted that I';(a,00) = I'(a). This distribution is denoted by G(v, A).

1.2.4 Inverse Gamma distribution

Consider RV X that follows an inverse gamma distribution with parameters A > 0 and v > 0. Its
PDF is given by

f(x) = %x_(”ﬂ) exp (—2) , x>0.

The corresponding CDF is

This distribution is denoted by IG(v, A).



1.2.5 Beta distribution

Consider RV X that follows a beta distribution with parameters A > 0 and v > 0. Its PDF is given

by
1

f(x) = B(V7 )\)
where B(v, ) denotes the beta function. The corresponding CDF is

71— x)Afl, 0<z<1,

1
B(v, \)

F(z) =1L, (v,\) = B, (v, \),

where B, (v, \) denotes the lower incomplete beta function, and it is defined by
B.(v,\) = / w1 —u)r !
0

It is noted that By (v,\) = B(v, \). This distribution is denoted by B(v, A).

1.2.6 Uniform distribution

Consider RV X that follows a uniform distribution with parameters a,b € R, where a < b. Its PDF
is given by

f(m):b_a, a<xz<hb.
The corresponding CDF is
0, T < a,
Pla)=¢5— a<z<bh,
1, x> b.

This distribution is denoted by U(a, b)

1.2.7 Weibull distribution

Consider RV X that follows Weibull distribution with shape parameter v > 0 and rate parameter
A > 0. Its PDF is given by

flz) =vA(Aa)" Lexp[— (Ax)’], 2 >0.

The corresponding CDF is
F(x) =1—exp[— (\z)"].

This distribution is denoted by Wei(v, A).

1.3 Different censoring schemes

Suppose n items are put on life test at time 79 = 0. The lifetimes of n items Xi,...,X, are
independent and identically distributed (IID) with common CDF F(- | @), PDF f(- | ) and
reliability function (RF) R(- | ) = 1 — F(- | 8). Let X(y),..., X(,) be the ordered lifetime of n
items and z(;) is the realization of X(;), for i =1,...,n. Let D and 7 denote the number of failures

during the life test and the duration of the life test, respectively. Let d be the observed value of D.



The observed data vector of the proposed sampling plan is denoted by «. This thesis considers the
type-I censoring scheme, the type-II censoring scheme, Type-I hybrid censoring scheme (HCS-I),
interval censoring scheme (ICS), and progressive type-I interval censoring scheme (PICS-I). The

details of these censoring schemes are discussed in Sections 1.3.1 to 1.3.5, respectively.

1.3.1 Type-I censoring

The life test is terminated at a predetermined time 7| in the type-I censoring scheme. The observed
data can be written as

(dZO) ifl‘(l) > T
T = (:c(l),x(g),...,m(d),d) if T(dy < T1 < Z(d+1)» 0<d<n
(x(l),x(g),...,x(n),dzn) leL'(n) <,

where d is the observed number of failures up to the time point 71. A schematic representation
is given in Figure 1.1. If all items fail before the time point 71, then the test stops at X(,) < 71.
Therefore, the duration of the life test is 7 = min{ X, 71}

1% failure

/

Life test starts at 7o =0 o “
i X

Life test ends at 7

Case 1
15t failure 29 failure d™ failure (d+ 1)™ failure
Life test starts at 7o =0 M—L
Xay X Xy ™ Xty
Case II Life test ends at 71
1%t failure 279 failure nt? failure
Life test starts at 79 =0 / / / *
Xay X X(n) n
Life test ends at X,
Case 111

Figure 1.1: Schematic diagram of type-I censoring.

1.3.2 Type-II censoring

The life test is terminated after a fixed number of failures » < n. The observed data can be written
as € = (T(1),--., () and the duration of the life test is 7 = X(,). A schematic representation is

given in Figure 1.2.

1.3.3 Type-I hybrid censoring

The drawback of the type-I censoring scheme is that very few or no failures could be observed.
Therefore, we can obtain a poor estimation of model parameters. Also, the drawback of the type-II

censoring scheme is that 7" failure can occur after a very long time. Epstein [38] proposed HCS-I,
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15t failure 2°9 failure r*h failure
Life test starts at 7p =0 o / e/ /
Xoy X X

Life test ends at X,

Figure 1.2: Schematic representation of a type-II censored life test.

which is a combination of type-I and type-II censoring schemes. It allows for limiting both the
number of failures and testing time. The life test is terminated after the failure of r** or at the
time 71, whichever occurs earlier. For HCS-I, 7 = min{X(,y, 71}. The observed data under HCS-I
can be written as
(dZO), ifl’(1)>7'1
T = (x(l),:c(g),...,:v(d),d), if:r(d) <71 < Zg41) < - < T(p), d<r (1.3.1)

(x(1)7x(2)7--~7x(r)ad:T'), ifa:(r) < T1.

15t failure

Life test starts at 7o = 0 /
X

e

Life test ends at 71
Case I

1%t failure 279 failure d™ failure rt failure

Life test starts at 7o =0 4;4'—@

Xy X Xay ™ X

Life test ends at 71

Case 11
15t failure 29 failure rt failure
Life test starts at tg = 0 / / / o
Xay X Xy ™
Life test ends at X,
Case II1

Figure 1.3: Schematic diagram of HCS-I

A schematic representation is given in Figure 1.3. Note that if we take r = n, the HCS-I is converted

to a type-I censoring scheme and if 71 = oo, the HCS-I is converted to a type-1I censoring scheme.

1.3.4 Interval censoring

In many situations, it is not possible to monitor the test continuously, and the items on the test are
inspected at some pre-specified inspection times. Here, the failure times are not observed, but only

the number of failures is observed at each inspection time. Such a test is called the interval-censored
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test, and the collected data are called interval-censored data (see Lu and Tsai Lu and Tsai [80]). In
ICS, all items are put on test at 79 = 0, and the items on the test are inspected at pre-determined
k inspection times 7 < --- < 7. The test stops at 73, which leads to censoring all items surviving
at 7. Let N; denote the number of units that are at risk of failure at the start of the ith interval
(1i—1,7;] and d; be the observed number of failures in the interval (7,1, 7;], for i = 1,... k. The

observed data can be written as

(di,...,dg), ifdlk—1)<n&dk)<n

€Tr —=
(dl,...,di), if d(l) =n,
where d(i) =d; + -+ d;, for i = 1,...,k. A schematic representation is given in Figure 1.4.
Number of failure Dy Do Dy,
Life test starts at 79 =0 o o - o
T1 T2 Tk—1 Tk
Number at risk Ny =n N2 >0 N3>0 N >0
Life test ends at 7
Case I
Number of failure D, Dy D;
Life test starts at 79 =0
1 T2 Ti—1 Ti Tk

Number at isk Ni=n Ny>0 N3>0 N;>0 N; =0
Case I1 Life test ends at 7;

Figure 1.4: Schematic representation of interval censoring scheme.

1.3.5 Progressive type-I interval censoring

One of the drawbacks of this conventional censoring scheme is that no items can be removed at any
time point other than the final termination point of the experiment. However, it is also possible that
some items need to be removed at any point during life testing due to accidental breakage. This
type of loss may occur unintentionally. But sometimes we remove the items from the experiment
intentionally to save time and cost of the experiment, or they can be used for another test. For
details on the importance of removing items during a life-testing experiment (See Balakrishnan
and Aggarwala [8]). Since conventional censoring schemes cannot accommodate these scenarios,
progressive censoring schemes were introduced by Cohen [32]. Type I and type II progressive
censoring schemes are the most common progressive censoring schemes.

A similar limitation exists in conventional interval censoring schemes. However, such interme-
diate withdrawals may be unavoidable for various practical reasons [60]. For example, consider
the life test performed on battery cells, as discussed by Meeker et al. [82, p. 633]. Some battery
cells are withdrawn from the ongoing experiment to assess the extent of physical degradation. To
accommodate such intermediate withdrawals of test units from the life test, PICS-I are proposed

in the reliability literature [1]. The scheme can be described as follows.
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All times are put on the test at 79 = 0. The units are inspected at the pre-decided inspection
times 7 < ™ < ... < Tk, where 7} is the pre-fixed termination time of the experiment. Note
that, in ICS, only the number of failures is observed at 7;. Furthermore, in an k point PICS-
I, R; surviving items are removed from the life test at inspection time 7;, for ¢ = 1,...,k — 1.
Subsequently, all remaining test units, say Ry, are removed from the life test at 7. For convenience,
let D = (Di,...,Dy) and R = (Ry,..., Ri) denote the vectors of number of failures and number
of withdrawals for the k-point PICS-I, respectively. Let r; be the observed value of R;, d(i) =
dy + - -+ + d; be the total number of failures up to time 7, and (i) = r1 + --- + r; be the total

number of items withdrawn up to time 7;. The observed data can be written as

(dl,Tl,dQ,Tg, - ,dk,rk), if d(k — 1) + T(k — 1) <né& d(k) —|—’I”(]€) =n
(dl,Tl,dQ,Tg,...,di,n‘), if d(Z)—i—T’(Z) =n.

xr =

A schematic representation is given in Figure 1.5.

Number censored

Ry Ry Ry
Number of failure D, / Ds / Dy /
Life test starts at 79 =0 ‘ ‘ . 4
T1 T2

Tk—1 Tk

Number at risk Ny =n Ny >0 N3>0 Ny, >0

Case I Life test ends at 7

Number censored

Ry Ry R;
Number of failure D, D, D;
Life test starts at 7o = 0
Tl ) Ti-1 TP Tk
Number at risk N1 =n Na >0 N3>0 N; >0 N, =0
Case II Life test ends at 7;

Figure 1.5: Schematic diagram of progressive type-I interval censoring scheme.

1.4 Partial accelerated life testing (PALT)

In reliability engineering, it is often impractical to obtain sufficient lifetime data at normal-use
stress levels, since many highly reliable products operate for long periods without failure. Collect-
ing such data under ordinary conditions would require prohibitively long test durations and high
costs. To address this issue, ALT are employed, in which products are tested at higher stress levels
so that failures occur more quickly and sufficient information can be gathered within a feasible
timeframe (see Pham [95]). For comprehensive reviews, see Nelson [91], Bagdonavicius and Nikulin
[7] and Kundu and Ganguly [57]. In ALT, inference at normal-use conditions is obtained through
extrapolation models that relate lifetime behavior at accelerated conditions to the normal operat-
ing condition. However, ALTs depend on extrapolation models to relate accelerated and normal

operating conditions, which may not be reliable for new products with limited data at normal
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stress levels. To address this limitation, the experiment is conducted under both normal operating
conditions and higher stress levels in PALTs. One effective PALT strategy is Step-stress partially
accelerated life testing (SSPALT),

1.4.1 Step-stress partially accelerated life testing (SSPALT)

In SSPALT, the experimenter changes the level of the stress factors in a sequential manner during
the experiment. In SSPALT, all units are put on a life test at normal operating conditions sg, then

shifted to s; at time 71, to sg at 7o, and so on. Formally,

80, To < x <TY,
s(x) =
Sk, T > Tk.

The one-step case k = 1 is called simple step-stress partial accelerated life test (SSSPALT). Gener-
ally, SSSPALT is used in our thesis. In SSSPALT, the life test is conducted under the stress level

sp at 7 = 0. After a time 77, the stress level is increased to the stress level s.

1.4.2 Cumulative exposure model (CEM)

Under step-stress testing, the stress level varies over time, and an appropriate model is required to
describe how accumulated stress affects the lifetime of a product. Among the different accelerated-
life models, the most widely used is CEM, first proposed by Sedyakin [111] and later studied
extensively by Nelson [91] and Kundu and Ganguly [57]. CEM assumes that the residual life of
a unit depends only on the cumulative exposure experienced so far, with no memory of how this
exposure was accumulated. At any fixed stress level, units fail according to the CDF at that stress,
but the overall lifetime distribution remains continuous across stress changes.

Let F(- | @) denote CDF of the lifetime of items under this SSSPALT and F;(- | 6;) be the CDF
of the lifetime of the item under the stress level s;, for i = 0,1. Thus, CEM can be interpreted as
time-shifting each subsequent stress-level distribution so that the combined CDF F(z | ) remains

continuous across the stress-change points.

e For 0 < z < 7y, failures occur according to the CDF at the normal operating conditions sq:

F(l’ ‘ 9) = Fo(l‘ ‘ 01).

e For x > 7, when stress changes from sg to s; at time 71, the effect is equivalent to a time
shift of the CDF Fj. i.e,

F(z|0)=F(x—h1]|61), x>,

where h; is chosen to preserve continuity at 7. Therefore, h; can be obtained as the solution

of the equation

Fi(r1 —hi | 61) = Fo(m1 | 6o)
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Therefore, CDF' of the lifetime of the item under SSSPALT can be written as

o Exponential distribution: Let hazard rate at the stress level s; be A\;, ¢ = 0, 1. Therefore,
h1 can be obtained by solving the equation

1 —exp[—A1(11 — h1)] =1 — exp[—Ao71]

A
:>h1 :Tl—le.

Therefore, CDF under SSSPALT is given by

Pz |0) 1 — exp[—Aoz] for0<az<mn (14.1)
x = A.
1-— exp [7)\0’7'1 — )\1(£C — Tl)} .

¢ Weibull distribution: Let the lifetime of the item at the stress level s; follows Weibull
distribution with CDF

Fi(x ] 6;) =1 — exp[—(A\iz)"],

for s = 0,1. Similar to exponential distribution we get h; = 7 — i—;’ﬁ. Therefore, CDF under
SSSPALT is given by

Fle|0) = {1 — exp[—(Aox)"] for0<z<m (1.42)

1—exp[—(Aom1 — M (x—7))"] forz > 7.

1.5 Competing risks

Modern industrial products, characterized by ever-increasing structural complexity and operation
under diverse environmental conditions, often fail due to multiple distinct causes. For example, a
vehicle component might fail due to either a surface defect or an internal flaw. In order to address
the presence of multiple causes of failure, reliability engineers employ competing risk models, which
consider both the time to failure and the cause of failure (Kalbfleisch and Prentice [48], Lawless
[59], Crowder [34], David and Moeschberger [35]). The two primary approaches for modeling

competing risks data are the cause-specific hazard approach and the latent failure time approach.

Cause-specific hazard (CSH) approach

Let X denote the overall failure time and C' € {1,...,J} the cause of failure. The cause-specific

hazard for cause j is defined as

Plx < X A =7|X >
)‘j(x):AhmO (x < <33+Ax,0 7| _av)7
r—> X

which characterizes the instantaneous risk of failing from cause j at time z, given survival up to
x. The joint distribution of (X, (') is determined by the collection {)\j(x)}jzl. The overall hazard
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function is A(z) = Z}‘]:1 Aj(x). Then the RF of X is

R(z|6)=P(X >x|0) = exp{—/oxh(u)du} — exp {—/Ozi:l/\j(x)(u)du} ,

where 6 is a vector of all parameters. This follows from standard hazard—survival theory, since the

total instantaneous risk of failure at time x is the sum of the cause-specific risks.

Latent failure time (LFT) approach

In LFT framework, one assumes latent failure times X;; for item 4 due to cause j, withi =1,...,n
and j =1,...,J. The observed failure time and cause are
X, — in X.. C: = in X..
5 12}?} ijs i = arg 1r£r;l£lj ijs

so that X; = Xj¢,. For each cause j, let fo;j(z | 6o;), Fo;(z | 00;), Roj(x | 60j) = 1 — Foj(z | Og;)
denote PDF, CDF and RF of Xj;, respectively, where 8; is the parameter vector associated with
cause j under normal operating condition sq.

The joint RF of the latent lifetimes X; = (X;1,..., X;J) is

R(m|0):PI‘[X1'1>.’E1,...,XZ'J>£EJ],

where @ = (21,...,z5) and 8 = (6p1, ..., 0y) is vector of all parameters.
The subdensity for the observed pair {C; = j, X; = x} is

, B 6R(m|00)]
x| 0)= |- ,
g(j,z | 0) [ oz, N

and the overall RF is
R(z | 6) = R(a1, | 0),

where 17 = (1,...,1) denotes the .J-dimensional vector of ones and [-];1, indicates evaluation at
x = zl; = (z,...,z). Equivalently, the distribution of (X,C') may be expressed via the sub-
distribution function

G2 |6) = P(C=j, X <),

or through the sub-survivor function

Glio |0)=P(C=j. X >a) = [ glj.u|0)du,

T

see Crowder [34, Chapter 3].

Independent risks

If all risks are independent, the joint survival decomposes as

J
R(zx | 0) = HRj(l‘j | 60j)-
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Hence,
J
R(z | 0) =[] Ri(z | 60y),
j=1
and the subdensity due to cause j simplifies to

9, = [ 0) = fi(z | Oo;) HRi(fv | 00;) = R(z | ) \j(z)(z | Bo;).
i

Thus, the subdensity equals the overall survival multiplied by CSH.

Dependent risks

When risks are dependent, alternative formulations are required. Two widely used approaches are
based on copulas (see Nelsen [90]) and frailties (see Wienke [119], Hanagal [42]).

Copula models

By Sklar’s theorem [114], the joint RF R(- | @) can be expressed in terms of the marginal survivals
Rj(- | ¢;) and a copula function C(-) [92]:

R(z | 0) = C(Ri(z1 | 001),...,Rs(xs | 60s)), x>0.

Frailty models

Another common approach is to introduce a shared unobserved random effect, or frailty, denoted
Z. Suppose the cumulative hazards Aq(z1),...,A(xs) share a common frailty by replacing A;(z;)
with ZAj(x;). Conditional on Z = z, the latent failure times are independent and the joint RF is

J
R(z | 2,0) = exp (—zZAj(xj)) .

=1

If F is the distribution of Z over (0, 00), the unconditional joint RF is

00 J
R@|0)= | exp|-2) Aj(z;)| dF(2).
0
j=1

1.6 Warranty policy

A warranty is a contractual commitment by the manufacturer that guarantees repair, replacement,
or monetary compensation if a product fails within a specified warranty period. For non-repairable
products, the repair option is infeasible; therefore, warranties for such products commonly involve
reimbursement in the form of rebates. Under rebate-based warranty policies, if a failure occurs
within the warranty period, the manufacturer compensates the consumer either fully or propor-
tionally.

There are three types of warranty policies: free replacement warranty (FRW), pro-rata warranty
(PRW), and combined FRW and PRW (CW). We consider the warranty defined in the interval
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[0, w]. Under FRW policy, if a product fails during the warranty period, the manufacturer gives the
consumer a full refund (see Murthy and Blischke [89]). Let C'4 be the sales price of the product.

The cost of reimbursing an item that fails at time x is given by
Cpr(x)ZCA, ifogxf'w.

In contrast, under PRW policy, the manufacturer provides compensation proportional to the re-
maining age (or mileage) of the product if it fails during the warranty period (see Menke [84]). A
common form of this compensation is linear, so that the cost of reimbursing an item that fails at

time x is
Cpr((IZ)ZCA(l—I), if 0 <z <w.
w

Under CW policy, the warranty period is defined over [0, ws]. A point wy is specified with w; < wy,
such that the FRW policy applies to failures in [0, w;], while the PRW policy applies to failures in

(w1, ws)] (see Thomas [115]). The cost of reimbursing an item that fails at time x is

Ca, ifo<z<w
Cow(z) = _
CA<W), if wy <2 <we
wo — W1

Note that it reduces to FRW policy when w; = wo and reduces to PRW policy when w; = 0.

1.7 Literature review on RASP

There are numerous works on RASPs under different censoring schemes using the classical (pro-
ducer’s and consumer’s risk) approach. Schneider [110] proposed RASP for log-normal and Weibull
distributions under type-II censoring. Balasooriya et al. [14], Balasooriya and Saw [13], Singh
and Tripathi [112] and Balasooriya and Balakrishnan [12] considered RASPs for the Weibull, two-
parameter exponential, and log-normal distributions under PCS-I, respectively. In these sampling
plans the authors described the method of determining the sample size n and an acceptability
constant, say 7z, given the remaining design parameters, so as to obtain RASP that satisfies the
constraints imposed by producer’s and consumer’s risks. Those remaining parameters are usually
set by the experts and therefore may not be optimal in any particular sense. Bhattacharya et al.
[18] addressed the determination of optimal design-parameter values for RASPs by minimizing a
variance measure subject to a cost constraint using the producer’s risk and consumer’s risk frame-
work under HCS-I. Huang and Wu [45] presented a cost-function-based approach to obtain optimal
RASPs for the exponential lifetime model.

There have been a considerable number of works on determination of BRASPs under various
censoring schemes. For example, Yeh [127, 128] and Yeh and Choy [129] studied optimal RASP
design using Bayesian decision theory under type-II, type-1 censoring and random censoring, re-
spectively. Chen et al. [23] developed RASPs for HCS based on the Kaplan—Meier estimator of
reliability as a decision function, while Lin et al. [72, 73] considered HCS plans using the maximum
likelihood estimator (MLE) of the mean lifetime. These sampling plans for censored data have not

considered the prior belief of the parameter in the decision function.
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Papazoglou [93] observed that decisions can be made from existing prior assessments. However,
the consumer cannot be certain about acceptance or rejection of the lot using their prior information.
Hence, additional information is often obtained through life testing at a cost, and the test results
are combined with prior information to form an updated decision. Lin et al. [74] introduced a
Bayes decision function that uses existing prior assessments. The Bayes decision framework was
also studied by Chen et al. [24] under type-1I censoring, Liang and Yang [67] under HCS, Prajapati
et al. [98] under generalized HCS-I, and Chen et al. [29] under ICS. For progressive HCS-I and
HCS-II, Bayes decision functions were considered by Liang [64, 65].

In these sampling plan procedures, the manufacturer takes the decision of acceptance or rejection
of the lot only at the completion of the life test. Given that life testing is often time-consuming and
costly, early decision is desirable whenever the accumulated failure information is sufficient before
completion of the life test to take a proper decision. In the classical approach, a sequential testing
procedure of RASP is studied by many authors (see Aslam et al. [4], Jun et al. [47], Rasay et al.
[102], Balamurali et al. [11], Aslam and Jun [3]). In Bayesian approach, Tsai et al. [116] proposed
a sequential testing procedure for the problem of designing BRASP under type-I censoring where a
decision can be taken before the end of the life test. This BRASP is known as curtailment BRASP
(see Kundu [56]). The curtailment BRASP was studied by Chen et al. [30] under type-II censored
data and by Chen et al. [25] under HCS-I.

Many of these BRASPs minimize the total expected cost with respect to a common prior for the
lifetime parameters and a utility function agreed by both manufacturer and consumer. However,
the consumer and manufacturer may be adversarial, and they can agree on a common lifetime
distribution but differ on prior distributions and utility functions. In that case, the consumer can
take the decision to accept or reject a lot based on the existing information about the product. If
the decision is rejection, the manufacturer and consumer agree for a life test to obtain additional
information on lifetime. The consumer takes the decision on accepting or rejecting the lot based
on the updated lifetime information obtained from the life test.

Lindley and Singpurwalla [75, 76] developed a Bayesian procedure for this adversarial sce-
nario. Lindley and Singpurwalla [75] discussed testing in the attribute acceptance sampling plan
for Bernoulli, Poisson, and normal models, and Lindley and Singpurwalla [76] later considered a
sequential complete life test. Rufo et al. [107] extended these ideas to the exponential family, and
Rufo et al. [108] proposed a Bayesian sequential negotiation model for multiple parties negotiating
price and product quality.

The aforementioned BRASP studies under various censoring schemes assumed items are tested
under normal-use conditions. In the classical literature, many works focus on RASPs based on
ALT. For example, Kim and Yum [50] and Li et al. [63] studied RASPs under type-I censoring for
the Weibull and log-normal distributions, respectively, while Lou et al. [79] and Ramyamol and
Kumar [101] also addressed RASPs based on ALT. Designing BRASPs based on ALT or PALT
with censored samples has received less attention. Recently, Chen et al. [26, 27] and Prajapati and
Kundu [97] studied BRASP design under SSSPALT with type-II censored data, and Chen et al.
[28] investigated curatailment BRASP design under SSSALT with complete data.

In the sampling plans discussed so far, it has been assumed that products fail due to only one



19

cause. However, in many real situations, a product may fail for more than one reason, meaning that
a competing-risks model is needed. Research on RASPs for competing-risk data is more limited.
Wu and Huang [122] first studied RASPs when items may fail from different causes and assumed
that the lifetimes for each cause follow independent exponential distributions. Later, Prajapati
et al. [99] proposed optimal BRASPs for competing-risk data under type-II censoring and HCS-I.
More recently, Liang et al. [66] developed optimal curtailed BRASPs for competing-risk data, which

allow decisions to be made early before the test ends, helping to reduce testing time and cost.

1.8 The summary of the thesis

First, the relationships among the chapters of the thesis are illustrated in Figure 1.6. Then, a

chapter-wise summary of the thesis is provided below.

‘ RASP ‘
v

Non-accelerated single-failure models

/ \

Chapter 2: Bayesian RASP under ICS ‘ Chapter 3: Bayesian RASP
under HCS with optional warranty

‘ Extension to highly reliable products through PALT ‘
v
Chapter 4: Adaptive SSSPALT
for single-failure BRASP

v

‘ Extension to products with multiple failure modes through competing-risks models ‘

v

‘ Chapter 5: Independent and dependent competing- ‘

risks models under a classical RASP framework

[’

‘ Extension to a Bayesian framework ‘
v
Chapter 6: Bayesian RASP for in-
dependent competing-risks data

v

‘ Extension to highly reliable complex products through PALT ‘
v
Chapter 7: Adaptive SSSPALT for

independent competing-risks

data under a Bayesian framework
v

Chapter 8: Conclusions and future work

Figure 1.6: Structural relationship and evolution of the research presented in the thesis.
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[Chapter 2] RASP under interval censoring by Bayesian approcah
This chapter considers RASP by a Bayesian approach under ICS. It is considered that the

consumer and manufacturer agree on a common lifetime distribution of the product. However, they
differ in their assessment of the prior distributions and utility functions because of the adversarial
nature of the consumer and manufacturer. The consumer accepts or rejects a lot of products based
on his/her own prior knowledge about the quality of the product and its utility function. If the
consumer rejects the lot, the manufacturer gives additional information on lifetime based on a life
test to update the consumer’s belief. The consumer decides whether to accept or reject the lot based
on updated information. The life test is conducted under ICS, where the decision on acceptance or
rejection of the lot can be taken sequentially at pre-specified inspection times. The manufacturer’s
task is to determine the optimal interval-censoring life testing plan which maximizes his/her utility.

The chapter explores two distinct scenarios:

First, a strong common knowledge assumption for prior and utility function is considered. This
means that the manufacturer knows the consumer’s utility and prior. Under this assumption,
a general framework for designing RASP under ICS by Bayesian decision theoretic approach is
developed. To illustrate of our methodology, we consider the determination of optimum RASPs for

the exponential and Weibull distributions.

Next, it is considered that the consumer’s utility and prior are uncertain to the manufacturer.
To tackle this situation, a random decision-making sampling plan (RDSP) is introduced where
the manufacturer does not require the knowledge of the consumer’s utility function and prior
distribution for planning the life test. The proposed methodology is illustrated using the exponential
distribution.
[Chapter 3] RASP with optional warranty under hybrid censoring by Bayesian ap-

proach

This chapter considers the design of RASP by a Bayesian approach under HCS-I for the products
sold under an optional warranty. Similar to Chapter 2, it is assumed that the consumer and the
manufacturer agree on a common lifetime distribution of the product. However, they differ in
the assessment of the prior distributions because of the adversarial nature of the consumer and
manufacturer. The consumer takes a decision based on his/her utility and prior beliefs without a
warranty. If the decision is rejection, the manufacturer provides a warranty offer to the consumer,
which can increase the chance of acceptance of the lot. Due to the warranty, the manufacturer
incurs an expense if the product fails during the warranty period. To compensate for expenses due
to the warranty offer, the manufacturer can increase the selling price. Nevertheless, the consumer
always prefers products with low prices. Therefore, a negotiation occurs between the manufacturer
and the consumer, and an optional warranty is worth considering for decision-making. In this
context, a CW rebate warranty policy is considered. If the consumer still rejects the lot even with
the warranty, the manufacturer conducts a life test under HCS-I and provides lifetime information
to the consumer. The consumer updates his/her belief based on lifetime information provided by
the manufacturer. The consumer then takes the final decision about the lot based on updated belief.
The task of the manufacturer is to determine the optimal life testing plan. Similar to Chapter 2,

we explore two distinct scenarios:
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First, a strong common knowledge assumption is made on prior and utility. Under this assump-
tion, a general framework for designing RASP under HCS-I with optional warranty by a Bayesian
decision theoretic approach is developed. To illustrate our methodology, we consider the deter-
mination of optimum RASPs for exponential and Weibull distributions. Next, we consider that
the consumer’s utility and prior are uncertain to the manufacturer. RDSP is discussed using the

exponential distribution.

[Chapter 4] RASP under adaptive SSSPALT under type-I censoring by Bayesian ap-

proach

In Chapters 2 and 3, we study BRASP under non-accelerated life test. In recent years, global
market competitiveness and rapid technological advancement have pushed manufacturers to pro-
duce products with very high reliability. For such products, the mean time to failure under normal
operating conditions is often prohibitively long. To address this issue, this chapter proposes a
BRASP based on adaptive SSSPALT under type-I censoring. In the conventional SSSPALT, the
items are put on normal operating conditions up to a certain time, and after that, the stress is in-
creased to get the failure time information early. However, when the stress increases, an additional
cost is incorporated that increases the cost of the life test. In view of this, we consider an adaptive
SSSPALT where changing the stress level after time 7 depends on the number of failures up to
time 7. The adaptive test is described as follows. A sample of size n is put on a life test in normal
stress sg at time 79 = 0. If the number of failures up to time 7 is less than a pre-specified number
m, then the stress sy changes to s1. Otherwise, the stress remains unchanged after 7q. Next, if
the number of failures by time 7o is less than n, the test continues until 79 under the current stress
level. If all items fail before time 79, the test is stopped at the time of the last failure.

The proposed methodology provides a general framework for designing BRASP under type-I
censoring, covering both accelerated and non-accelerated plans. When m = 0, it reduces to BRASP
under conventional SSSPALT with type-I censoring and when m = n, it reduces to BRASP under
conventional non-accelerated life testing with type-I censoring, which was studied by Lin et al. [74].
We derive the Bayes decision rule under both general and quadratic loss functions, evaluate their
performances through numerical studies, and demonstrate practical relevance using a real-world

example.

[Chapter 5] RASP for competing risks data under PICS-I

In Chapters 2 and 3, it is assumed that the products fail due to single cause. However, for the
complex products, there would be multiple causes of failure. This chapter discusses the development
of RASPs under PICS-I in the presence of competing causes of failure. A general framework is
considered to accommodate the presence of independent or dependent competing causes of failure.
The asymptotic properties of MLEs are discussed, which are essential in obtaining the sampling
plans. For illustration, frailty model is considered to accommodate the dependence among the
potential causes of failure. The frailty model provides an independent competing risks model
as a limiting case. We then present the traditional sampling plans for both independent and
dependent competing risks models using producer’s and consumer’s risks methods. A c-optimal

design criterion is considered to obtain more useful reliability acceptance sampling plans in the
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presence of budgetary constraints. A comprehensive numerical experiment is undertaken to examine
the impact of the level of dependence among the potential failure times on the resulting sampling
plans. An application of the developed methodology is demonstrated using a real-life example and
a simulation study is also performed.

This chapter contributes to three important aspects of designing RASPs in the presence of
competing risk data. First, a comprehensive framework is performed to model PICS-I datasets while
accounting for the presence of competing failure modes. This framework allows us to incorporate
both independence and dependence structure among the competing failure modes, which may be
useful for modeling ICS data often found in reliability applications. Second, A generic expression
of the Fisher information matrix is provided, then the asymptotic properties of MLEs are obtained
under a set of regularity conditions. These results may be useful for performing statistical inference
based on ICS data. Third, the general framework is developed for design of RASPs under three

different setups.

[Chapter 6] RASP for independent competing risks data under ICS by Bayesian ap-
proach

This chapter discusses the development of designing BRASP for the competing risk data under
ICS. Tt is assumed that the latent failure times are statistically independent. At first, we obtain
RASP where the decision criteria of accepting a lot is pre-fixed. The optimal sampling plan is
obtained by minimizing the Bayes risk. For large samples, computing Bayes risk is computationally
intensive. Therefore, an approximate Bayes risk is obtained using the asymptotic properties of
MLEs. Lastly, we obtain the BRASP, where the decision function is arbitrary and a single prior
assessment is used by both the manufacturer and consumer. The manufacturer can derive an
optimal decision function that minimizes the Bayes risk among all the decision functions. This
optimal decision function is known as the Bayes decision function. The closed form of the Bayes
decision function and Bayes risk are obtained for the quadratic loss function. The algorithms are
provided for the computation of optimum BRASP. Numerical results are provided and comparisons

between RASPs are carried out.

[Chapter 7] RASP under adaptive SSSPALT for competing risks data under type-II
censoring by Bayesian approach

In Chapters 5 and 6, we study RASP for competing risk data under non-accelerated condition
and Chapter 4 focuses on BRASP for single-failure-mode products under accelerated conditions.
As modern products become increasingly complex and highly reliable, failures typically occur only
after prolonged use and may arise from multiple causes. To address this setting, this chapter
proposes a RASP by Bayesian approach based on an adaptive SSSPALT for competing risks data
under type-II censoring. The adaptive testing scheme is introduced in Chapter 4.

Thus, the proposed methodology provides a general framework for designing BRASP under
type-II censoring for competing risk data, covering both non-accelerated and accelerated testing
plans. When m = 0, it reduces to BRASP under conventional SSSPALT with type-II censoring for
competing risk data and when m = r, it reduces to BRASP under conventional non-accelerated life

testing with type-II censoring for competing risk data, which was studied by Prajapati et al. [99].
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We derive the Bayes decision rule under both general and quadratic loss functions, evaluate their
performances through numerical studies, and demonstrate practical relevance using a real-world

example.

[Chapter 8] Conclusions and future work
This chapter provides an overall conclusion of the proposed works considered in the thesis and

discusses the scope of future areas.
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Chapter 2

RASP under interval censoring by

Bayesian approach !

This chapter considers the design of BRASP under ICS. The problem of designing BRASP under
ICS is considered by many authors. For example, Chen et al. [29], Lu and Tsai [81], and Aslam
et al. [2] considered designing BRASP under the assumption that both the manufacturer (M)
and the consumer (C) share a common prior distribution and a common utility or loss function.
However, this assumption does not reflect many real-world scenarios where M and C differ in
prior assessment and utility functions because of their adversarial nature. For example, M may
have access to historical data or internal production information that is unavailable to C. This
asymmetry in information naturally leads to different prior beliefs about product reliability, even if
both parties agree on the same parametric form of the lifetime distribution. Similarly, their utility
or loss functions may also differ.

Motivated by these practical considerations, this chapter develops BRASP under the assumption
that M and C have different prior beliefs and utility functions. A Bayesian negotiation framework
is introduced to model the interaction between the two parties.

The negotiation procedure is as follows. It is assumed that M offers a lot to C. C may accept or
reject the lot based on prior knowledge about @ and utility functions for acceptance and rejection,
Uc(A | 8) and Uz (R | ), respectively. C accepts the lot using the prior belief if

Eo(Ue(A | 8)) = Eg(Ue(R | 9)). (2.0.1)

If C rejects the lot based on prior belief, i.e., inequality (2.0.1) is not satisfied, M may conduct a
life test under ICS and provide data to update C’s belief.

During the life-testing procedure, C updates his/her belief after each inspection based on the
data available from the life test. Based on the updated belief, C can make a decision about the lot.

Three types of decisions can be taken after each inspection except after the k' inspection:

1One paper based on this chapter has appeared under:

1. Bayesian reliability acceptance sampling plans under interval censoring Communications in Statistics: Theory
& Methods, 25(6), 1676-1701, 2025.

25
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(i) C accepts the lot, and M terminates the life-testing procedure.
(ii) C rejects the lot, and M terminates the life-testing procedure.

(iii) C and M proceed to the next inspection.

Now, we elaborate on C’s action after each inspection. After the 15 inspection, C accepts the lot at
71 if the observed data satisfy C’s acceptance criteria, which can be derived from inequality (2.0.1)

by replacing the prior expectation of 8 with the posterior expectation, i.e.,

E9|observed data(z/{C(“4 | 0)) = Ee\observed data(uC(R | 0)) (2'0'2)

If the observed data do not satisfy C’s acceptance criteria, M either stops the life test after the 15
inspection or continues the test for another inspection to update C’s beliefs. Accordingly, C either

27d ingpection. The process continues up to the &™ inspection.

rejects the lot or proceeds to the
After the k'™ inspection, C must accept or reject the lot. The advantages of the proposed sampling
plan are that continuous monitoring of the life test is not required. Also, it may not be necessary
to observe the test up to the last inspection.

Lindley and Singpurwalla [76], in their work, considered utilities for acceptance or rejection of
a lot in terms of cost. However, reliability is an important characteristic that must be adhered to
at some specific level. Therefore, we consider C’s utility in terms of the reliability of the product.
M’s utility functions for acceptance and rejection are adopted from Lindley and Singpurwalla [76].
To propose BRASP under this scenario, it is considered that M not only knows his/her own utility
and prior but also knows C’s utility, prior, and actions. A general framework is developed for
determining BRASP under this common-knowledge assumption. The proposed model is illustrated
with the exponential and Weibull distributions.

In real-life scenarios, it may happen that C’s utility, prior and action are unknown to M.
Considering this, a random decision-making sampling plan (RDSP) is introduced, where C’s action
before the life test, as well as his/her actions at each stage of the life test, are uncertain. In this
case, it is assumed that the form of C’s utility function and prior distribution are known to M,
but the parameters of the utility function and prior are not known. The exponential distribution
is used to illustrate the proposed methodology.

The organization of this chapter is as follows. Section 2.1 presents the proposed model for
designing BRASP. Section 2.2 considers the procedures of deriving decision rules for C and M.
Section 2.3 describes the determination of BRASP for the exponential and Weibull distributions.
Section 2.4 discusses the RDSP illustrated with the exponential distribution. Section 2.5 provides
numerical examples along with the computational procedure for determining the optimum BRASP.

Section 2.6 presents the discussion.

2.1 Model

C’s utility functions for acceptance and rejection of an item are taken as

Uc(A|8) = R(to|8) and Ue(R|6) = Ry, (2.1.1)
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respectively, where Ry is the specified value of the reliability and 0 is the vector of model parameters.

Using inequality (2.0.1), C accepts the lot without life testing if
Eg[R(to|0)] > Ryp. (2.1.2)

If inequality (2.1.2) is not satisfied, then C rejects the lot. In that case, M performs a life test,
which is carried out under ICS.

Suppose n items are put on life test at time 79 = 0, and the items are inspected at pre-determined
inspection times 7 < - -+ < 7k, where k, the number of inspections, is also pre-determined. At time
7;, only the number of failures in the interval (7;,_1,7;] is recorded. The exact failure times of items
are unknown. C updates his/her belief at each inspection time, as described in the introduction to
the chapter. Let D; be the number of failure in [r;,_1,7;), and X (i) = (D1, ..., D;) denote the data
till i** inspection. In this sampling plan, the observed data and the vector of inspection times are
dependent on the inspection number ¢. Therefore, the observed data vector and inspection times
vector up to inspection 7; are denoted by x(i) = (di,ds,...,d;) instead of usual notation x and
7(i) = (11,...,7;), respectively, where d; is the observed value of D;. Then, the likelihood function
up to time 7; is given by

%

L6 ] x( H (116) = F(n_1|0)]"[1 — F(r; | 0)]”_d(i), (2.1.3)

where d(i) = dj + - -+ + d; is the number of failures up to time 7;..

C finds the posterior distribution of € using the prior pc(0) as

L(0 | (i) pc(6)

pe(0|x(i)) = [ L0 2() pe(8)d0° (2.1.4)
Thus, C accepts the lot after the i*" inspection if
Ue(Al@(i)) = [ Ue(A|0)pe(®](i))do
> [ Ue(R|0)pe(6]2()d0
= Ue(R | (). (2.1.5)

If inequality (2.1.5) does not hold for the data (i), then C rejects the lot after the i" inspection.
If the decision is rejection, M either stops the life test after the ™" inspection or continues to the
(i + 1)%* inspection to update C’s belief.

Now consider the case where M either stops the life test after the i*" inspection or performs
another inspection. To find this criterion, a modified data vector M (x(i)) with k& components
for the observed data x(7) is defined as M(x(i)) = (d1,ds,...,d;,0,0,...,0), where M (x(7)) has
(k—1) zero components. Therefore, M (x(7)) represents the observed data when all remaining items

survive up to the k' inspection after (i) is observed. The likelihood function for M (x(i)) is

L(O| M(x cxII (16) = F(ni_1[6)]"[1 - F(r| 0)]" . (2.1.6)
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In likelihood (2.1.6), it is assumed that the remaining items survive up to 75 after inspection
7;. This is the difference between likelihood functions (2.1.3) and (2.1.6). C rejects the lot after the

i*" inspection based on the data (i) if

Ue(A| M (x(2))) < Ue(R| M ((i))). (2.1.7)

The modified vector M (x(7)) is said to be the best output for x(7) if the test continues up to the
k' inspection. Therefore, if inequality (2.1.7) holds for the data x(7), M stops the life test after
the i*" inspection and C rejects the lot. Otherwise, both parties proceed to the next inspection.
After the k' inspection, if inequality (2.1.5) does not hold, C rejects the lot.

Let X' (i) be the set of all possible x(7) that satisfy the acceptance criterion (2.1.5), for which C
accepts the lot after the i*® inspection and M terminates the test at 7;. Similarly, let V(i) denotes
the set of all possible (i) that satisfy the rejection criterion (2.1.7), for which M stops the life
test after the i*" inspection and C rejects the lot. Let Z(i) denotes the set of all possible (i) that
satisfy neither inequality (2.1.5) nor (2.1.7), for which the test proceeds to the next inspection.

Next, we consider M’s task of planning the life test, where optimum values of n, k, and
(71,...,7k) are to be determined. Let ¢ = (n, 71, 72,..., Tk, k) denote the vector of decision variables.
M determines the optimum ¢ by maximizing his/her utility. M’s utility functions for acceptance

and rejection (see Lindley and Singpurwalla [76]) after the i*" inspection are
Um(A|x(i),0) = b1 Ex | (2(3i),6)[X] — b2 — Csn — Cqd(i) — Cyi — Cri, (2.1.8)
and
Um(R|x(i),0) = bs — Csn — Cyd(i) — Cy1i — Cri, (2.1.9)
respectively. Each cost component in the above expressions is motivated as follows:

o Cost weight associated with product lifetime (b1): b; > 0 represents the cost weight
that M assigns to the product’s lifetime. A higher value of by implies that extending the
lifetime of the product yields greater economic benefits by reducing warranty expenses, min-

imizing replacement costs, and improving brand reliability.

o Baseline or minimum cost requirement (b2): by denotes the baseline cost that must be
recovered for the production process to be economically viable. It includes fixed manufactur-
ing costs, target profit margins, and quality assurance expenses that M considers essential

for sustainable operation.

o Cost associated with product rejection (b3): b3 represents the cost effect of rejecting
items that fail to satisfy life-testing requirements. A positive b3 indicates a cost saving such
as avoiding warranty claims or customer dissatisfaction whereas a negative bs reflects a loss,

arising from wasted testing effort, material disposal, or foregone sales opportunities.

« Risk attitude parameter (¢): The exponent g regulates the curvature of the power utility
function and determines M’s risk preference regarding product lifetime. If 0 < g < 1, the
function is concave, corresponding to a risk-averse attitude. If ¢ = 1, the function is linear,
reflecting risk neutrality. For ¢ < 0 or ¢ > 1, the function becomes convex, which corresponds

to a risk-seeking behavior (see Happich and Michael [43]).
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o Sampling cost (C5): The unit cost incurred for subjecting a test unit to the life test. This
includes expenses such as technician labor, test facility usage, measurement equipment, and

quality monitoring. Thus, Cs represents the per-unit sampling cost.

o Failure cost (Cy): When a unit fails during the life test, it is discarded and cannot be
reused in production. This generates an additional expense referred to as the failure cost.
The per-unit failure cost, denoted by C,, accounts for disposal, replacement, rework, or other

direct expenses associated with a failed item.

e Operating cost (C;): The execution of the life test consumes operational resources over
time, including power, maintenance, etc.. The operating cost is assumed to be proportional

to the duration of the test. Hence, C; represents the per-unit time operating cost.

o Inspection cost (C7): Each inspection of the test units incurs a fixed cost C7, regardless
of the sample size or outcome. This includes expenses such as setup, measurement, record-

keeping, and quality assurance procedures at each inspection point.
Note that
oo oo
EX | (x(i),0) [Xq] = / xqf(m(i)’g)(:v) dr = / ;qug(CU) dr. (2.1.10)
0 0

The lifetime of an item depends only on the parameters, and hence Ex | (4(;)9) [X ] is independent
of (7). M’s utility for the observed data x(i) after the i*" inspection is given by

Y€l x(i),0) = Ly (x(i) Urm (Al x(7),0) + Ly (x(0) Um (R | 2(i), 0),

where 1y (v) denotes the indicator function over a set V which is defined as

1, eV,
L) =1 v ‘v (2.1.11)
, v )

Let pa(0) be the prior distribution of @ for M. Then, the expected utility with respect to 8 and
the data X (i), for i = 1,...,k, is given by
k
Yvm(C) = Eo| > Ex((vm(C] X (),0))|.

i=1

The optimal decision ¢* = (n*, 77, 75,..., 75, k*) is obtained by maximizing ¥r((¢), i.e.,

¢r = argmngM(C)-

2.2 The procedure of finding the decision rule

Here we consider the procedure of finding the decision rules for C’s and M’s actions. C needs to
find the decision rule based on the data available from the life test, whereas M has to consider the

optimal design of the life test.
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2.2.1 Consumer’s decision

A flow chart is provided in Figure 2.1, which describes the procedure when C accepts or rejects the

th

lot after ¢"" inspection and stops the life test, and when M and C proceed to the next inspection.

Start the life test

1 =1

After i*? inspection, the observed data is (i)

)

Check in-
equality
(2.1.5)

C accepts the lot for
(i), i.e., x(i) € X(i)

Stop the life test

C rejects the lot,
ie, z(k) € Y(k)

=]

Check in-
equality
(2.1.7)

M and C proceed to the next
inspection, i.e., (i) € Z(i)

M stops the life test and C rejects the lot for x(i), i.e., (i) € V(i)

Stop the life test

Figure 2.1: The procedure of C’s actions.

We give an example to illustrate the sets X'(i) and Y(i). Consider n = 7 and k = 3 for
illustration. The sets X (i) and Y(i) corresponding to i = 1,2,3 are provided in Table 2.1. The
algorithm to find the sets X' (i) and Y(i), i = 1,...,k, is provided in Algorithm 2.1.

Table 2.1: The data sets for which C accepts or rejects the lot or goes for the next inspection.

Inspection (i) X (%) V(i) Z(1)
1 0,1 4,5,6,7 2,3
2 (2’ 0)’ (2’1) (27 3)7 (2’4)7 (27 5)7 (37 2)7 (3’ 3)’ (3’ 4) (2’ 2)’ (3’ 0)7 (37 1)
3 (2,2,0), (3,0,0), | (2 21),(222),(223),(30,1), (30,2),
(3,1,0) (3,0,3),(3,0,4), (3,1, 1), (3,1,2), (3,1, 3)
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Algorithm 2.1: Procedure to Determine Sets X (7) and Y(4).

Input: D(1) ={x(1) : (1) =dy, 0<d; <n}

Output: X (i),Y(i), fori=1,...,n

for i < 1 to k do
Initialize: z(i) < ¢, y(i) +— ¢ where ¢ is the null set; foreach z(i) € D' do
1. Compute likelihood function after the i*® inspection using (2.1.3);

2. Compute posterior distribution of 8 and update C’s belief ;
3. Compute expected utility of C based on the posterior of 8;
4. Evaluate acceptance condition using inequality (2.1.5);
if Inequality (2.1.5) holds then

| Update: X(i) < append(z(i), (7));
else
if (i <k)then
1. Construct modified vector M (x(i)) with k& components;
Compute likelihood for M (x(3)) using (2.1.6);
Compute the posterior of 6;
Compute the expected utility of C based on the posterior of 8;

U o

. Evaluate rejection condition using inequality (2.1.7);
if Inequality (2.1.7) holds then

| Update: V(i) + append(y(i), z(i));

1{(2 == k) then

| ¥(i) + D(i) — X(3);
Update set: D(i) < D(i) — (X (i) U Y(3));
Define next-stage set:

Jj=1

D(i+1)= {w(i—l—l):(w(i),diﬂ) : x(i) € D(i) Z;vj+dl+1<n}

2.2.2 Manufacturer’s decision

It is assumed that C’s utility and the prior are known to M. Therefore, M can use C’s acceptance
and rejection criteria to evaluate his/her expected utility. If (i) € X(i), then D = A; and if
x(i) € Y(i), then D = R. Thus, we have

Mm(C |2 (i),0) =Ly (x(i)) (blEX | (2(:),0) [ X ] — by — Csn — Cyd(i) — Cyry — Czi)
+ Ly(oy (@(3)) (bs — Cn = Cad(i) — Cors = Cri).

Now, the expected utility with respect to (i) is obtained as

k
C|0 ZZ[ blEX|0[Xq]_b2_Cn_Cdd() CtTZ'—C[Z'>

i=1a(i)

+ Ly(oy (@(3)) (bs — Con — Cad(i) — Cyms = Cri) | Pxy ((0) |0),  (22.1)
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where Px;)(x(7) | 0) is the joint distribution of X (i) and it can be expressed as

Pxo(@()10) = g1t .H (116) ~ F(rt |0)] [t~ F (10",

Let A; be the event that C accepts the lot at inspection 7;. Then

P(A;i|6)= > Pxg(x(i)]0). (2.2.2)
(1) eX (i)

Let R; be the event that C rejects the lot at inspection 7;. Then

P(R;|0)= > Pxq(z(i)|0). (2.2.3)
z(1)eY(3)

Now we find the expected number of failures E[D | 8]. Note that if the test runs up to the inspection

time 7;, then the expected number of failures is nF'(7; | 8). We have
k
E[D| 6] = ZRF(TZ | ) [P(A; | 8) + P(R; | 9)]. (2.2.4)
i=1
Note that

k
S IP(A;|0)+ P (R; | 6)] = (2.2.5)
=1

Proof: Let p;=F(1; | 0) — F(1i—1 | 0). Now,
- n\ d n—d
> ()t
d1=0
_ Z n p ( 7p1 n dy + Z 1 7 nfdl + Z n pdl(l 7p1)n7d1
di)7t di )7t
z(1)ex (1) xz(1)ey(1) z(1)EZ(1)

=P(A1 | O)+P (R [0)+ > (;)p‘fl[p2+(1—p1 — o)t
xz(1)eZ(1) !

n—di
—d n—dq —
=P (A [O)+P(Ri|0)+ (;‘1)13;“ §j(“d2 1>p§2<1—p1—p2> e
@

z(1)eZ da=0

n! n—dy—d
= 1 _ _ 1 2
P(A1|0)+P(R:|0)+ (;Xm DN —dy = d2)'p2 (1 —p1—p2)
€

n! d n—dy —dg

n—dj—dg 2
1—p —
+Zdl,d2 n_dl_d ),pz *(1=p1—p2) +;d1,d2 = d =P (1 —p1—p2)

=P (A1 | 0)+ P(Ri | 0)+ P(A> | 0)+ P (R | 0) + ) n! pE(1—py —po)" B,
Z0) d1!d2!(n — d1 — dz)' 2

Proceeding in this way, we get

k n
S P(A|0)+ P (R 0) = Y (;1);9?1(1 )

i=1 d1=0
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Also, it is known that
n n B
di=0 \"1

Hence, the proof is completed. (Proved)
From (2.2.1), the expected utility given 6 can be written as

Yvm(C | 0) =

M=

[ {b1Ex | o(X7) = by = Con — CanF(7i | 8) = Ci7i — Cri} P(4; | )

K2

I
-

+{b3 — Csn — CynF(7; | 8) — Cy1; — Cri} P(R; | 0)}

-

Il
-

x {P(A; | 8) + P(R; | 0)}] — Csn — C4E[D | 0)).

M’s utility ¥ aq(€) is then given by

Yam(C)

k

i=1

x {P(A;) + P(R;)} | — Csn — CuE[D], (2.2.6)

where P(A;) = [, P(A;|8) p(6) d6, P(R;) = [, P(R;|0) pam(0) d0, E[D] = [, E[D 6] pa(6) d6.

2.3 Optimal BRASP

Here, we obtain optimal BRASP for the exponential and Weibull distributions.

2.3.1 Exponential distribution case

Here, we illustrate the methodology for the exponential distribution. The lifetimes of the items are
IID and follow Exp(1/n), which is defined in Section 1.2.2. It is assumed that for C’s perspective,
n follows IG(ay, f1) with PDF pe(-), which is defined in Section 1.2.4. Using (2.1.1), the utility

functions of C corresponding to the decisions acceptance and rejection are given by

Uc(A | n) = exp(—to/n) and Ue(R | n) = Ro, (2.3.1)

respectively. We have

B fute(A | )] = [ exa-to/mpe(nian = (52 ) |

n
Using (2.1.2), C accepts the lot without life testing if

A \™
(61“0) > Ry. (2.3.2)

If the inequality (2.3.2) does not hold, then C rejects the lot. Now, if C’s decision is rejection, M
performs a life test to update C’s belief.



34

Inspection intervals of equal length:

For the analytical solution, we assume that the inspection times are of equal length, i.e., 7, = ih,

where h is the length of each interval and ¢ = 1,..., k. The decision vector is ¢ = (n, h, k).
Result 2.1 Suppose the lifetime of the product follows Exp(1/n) and n follows IG(ay, 1). If n

items are put to a life test and are inspected at equal time intervals of length h, then C accepts the

lot after the it" inspection if the following inequality is satisfied.

Sice () (-1 EEI00%
Uc(A | z(i),h) = =2 d?n( d(Z) (?h+61+ti+b( > R,
2j=0 () (=1 Grrmeeme
where b(i) = ni — Z;Zl(i — (= 1))d;.

Proof: The items are inspected at intervals of equal length h. Therefore, 7, = th fori =1,... k.
Note that

Ue(D | 2(i).h) = [~ Ue(D | mpe(n | (i), hydn, (233)

where D € {A, R}, pc(n | (i), h) is the posterior distribution of n and Ue (D | n) is given in (2.3.1).
The posterior distribution of 1 based on observed data (i) up to time 7; = ih is

iy — L | (@), kpe(n)
pe(n | (i), h) 1 Lin | (), h)pe(n)dn

Using (2.1.3), the likelihood function up to time 7; = ¢h can be written as
L(n | ®(i), h) oc(1 — exp(=h/n)) " T+ exp(=b(i)h/n),

where b(i) = ni — Z] 1@ — (j — 1))d;. Therefore, the posterior distribution of n is given by

(n | (i), h) pon— 1 Zd(z ( : )(_1)j exp <_W)
e - d(z) 1 . INa .
2j=o ( g))(_l)jw

From (2.3.3), we get the expected acceptance utility for C after life-testing up to time 7; = ih as
d(1)

. 1 T . jh+ By + b(i)h
detA L0 =g (49)(~1)iT () /exp <) P ( ) P <177) @
z 0
j

~Ng Jr T 7=0
= (Gh+B1+b(i)h)>1

_ 1 %@% (~1)
d(2) /d(i —1)J : : ; a1 —
S 40 () o =0 N 4/ (R B to - b(i)h)r P
and the expected rejection utility for C after life-testing up to time 7; = i¢h is given by Ue (R | (i), h) =

Ro. Now, using the inequality (2.1.5), we get the desired result. (Proved)
Result 2.2 Suppose the lifetime of the product follows Exp(1/n) and n follows IG(ay, p1). If n

items are put to a life test and are inspected at an equal time intervals of length h, then C rejects

the lot after the it" inspection if the following inequality is satisfied.

d(i) (d(i j
2j=0 ( ; )) (=1 (jh+ﬁl+tol+b’(i)h)“1

d(?) (d(i
ijo( S))( 1)J W

Ue(A | M(z(i)),h) = < Ry,

where V(i) = nk — Y52 (i — (j — 1))d;.
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Proof: The proof is similar to that of Result 2.1. (Proved)

Using Results 2.1 and 2.2, and Algorithm 2.1, we find the sets X'(i) and Y(i) for i = 1,2,...,k.
Using (2.1.8) and (2.1.9), the expected utility functions of M corresponding to the decisions A and
R are given by

Mm(A | ®(i),n) = b1 (g + 1) — by — Csn — CyD — Cyry — Cri
and
M(R ‘ :B(Z)an) =b3 — Csn — Cdd(l) — Cyr; — CTi,
respectively. n follows IG(ag, f2) for M’s prespective with PDF pa(-).

Result 2.3 Suppose the lifetime of the product follows Exp(1/n) and n follows IG(ag, B2). If n
items are put to a life test and are inspected at equal time intervals of length h up to the maximum
number of inspection (k), then M’s expected utility function is given by

y = M(az —q)
; O D) ;{( ! d'n— 'Z( )_ (Gh =+ b(i)h + Ba)*2 4
k
+ 3 [=(b2 + Chih + Cri) P(A;) + (bs — Cyih — Ci) P(R;)] — Cyn — C4E[D),
where nl d(i) d(i) W 1
O 2 AT di >>']._0( )Y G
n! O d(4) ; 1
m()ezy di!. .. dil(n —d(i ))!j_()( j >(_1) (Gl + b(i)h + B2)*>
n! K dG), . 1
e ;W)E%UW dﬂ---dﬂ(n—d(z’))lg( D)V G
and oz > q.

Proof: From (2.2.6), we get M’s utility as

vaml(€) = [/OOO bil(q+ D)nP(A; | n))pa(n)dn — baP(A;) + bsP(R;) — (Cyih + Cri)
i=1

x (P(A;) + P(Ri))] — Csn — C4E[D). (2.3.4)

Using (2.2.2) and (2.2.3), we get

n 4@) 1 :
P(A; | n) = (')EZX() A .di!(:z —d())! j;o (dg )) (=1)7 exp(—jh/n)) exp(—b(i)h/n)

and

P(R; | n) = (%}( s ‘di;(l:z i) 3 (d(z)) (=1)7 exp(—jh/n)) exp(=b(i)h/n),
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respectively. Using (2.2.4) and (2.2.5), the expected number of failures is given by

k
EID [ 9] =" n(l —exp(ih/n)[P(A; | n) + P(R; | )]
=1
k
=n—y nexp(ih/n)[P(Ai | n) + P(Ri | n)].
=1

Now, / N P(A; | n)pra(n)dn
0

d(s)

:F(iz) 2 dy!. d'n_ ;Z< ) /()mﬁ(azq)lexp< MM) dn

2) wi)ex(i) N

d(@)

_ B F(az —q)

where ay > ¢. Similarly, we get, the expression of P(4;), P(R;) and E[D]. Now, using (2.3.5) in
(2.3.4), we get the desired result. (Proved)

Inspection intervals of unequal length:

It may be noted that when the inspection intervals are of unequal length, the optimum scheme
cannot be obtained analytically. However, it can be obtained by simulation. The likelihood function
up to time 7; is given by

L(n | z(i) ocll_Il[exp <_T?71> ~ exp (_;)]dl [exp (_:;_)]s(i).

Then the posterior distribution of n is given by

pe(n | (i) = Jo° L(n | =(i))pc(n) dn’

th inspection is given by

Therefore, C’s acceptance criteria after ¢

J5% exp (%) Ln | @(@peln) dn
JoeLln [x()pe(n)y dn =7

inspection is given by

Sy exp (=) L(n | M(@(i)))pe(n) dn
Joo L(n | M(2(i))pe(n) dn

Note that Ue(A | (i) and Ue(R | M(x(i))) cannot be obtained analytically. We compute

these by simulation. We generate a large number S7 of observations from the prior distributions

Ue(A | =(i)) =

and C’s rejection criteria after it

Ue(R | M(x(i))) =

< Ryp.

pe(n). Let nM, ... ,n51) be the generated observations. Then,

5 XLy exp ( m) L(nY) | (i)
3 S0 L) | @(i))

Ue(A | (i) =
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and

Ly exp (<525 ) L) | M(=(3)
Ue(R | M(z(i))) = 2277 .
RO = T 5 20T | M)

Next, we consider M’s utility function. From (2.2.6), M’s utility is then obtained as

Y (€) :—Cn—l—/

k
Z (binT (¢ + 1) — by) P(A; | n) + b3P(R; | 1)
=1

— (Cimi + Cri+ Can [1 — exp {=(n7:)"}]) (P(A; | n) + P(R; | n))}]pM (n)dn,

where P(4; [n) = > Pxu(z@)[n)and P(R; [n)= 3> Pxq(x() | n). We approxi-
x(i)eX (1) xz(1)eY(i)
mate the expression of ¥,((¢) by simulation. We generate a large number Sy of observations for 7

from their prior distributions pa(n). Let nW, ..., n52) be the generated observations. Then M’s

utility can be written as

Ym(¢) = Con+ Si i lfj (61 (09)'T (g + 1) = b2) P (A; | 1) + b5 P (R: | D)

j=1 Li=1
- (Cm + Cri+ Cyn [1 — exp (-nz))D (P (41 n?)+P (R n@))H . (2.3.6)

where P (A; [n9) = ¥ Pxg(@(i) | n9) and P (R, | n9) = L Pxo () [n). The

x(i)eX (i) z(1)€Y (1)
optimal life testing plan ¢* is obtained by maximizing M’s utility (2.3.6).

2.3.2 Weibull distribution case

Here, we consider that the lifetime follows Wei(v, A), which is defined in Section 1.2.7. For C’s
perspective, A follows G(a1,31) with PDF p}(-) and v follows G(uq,v1) with PDF pZ(-). The dis-
tribution G(a, b) is defined in Section 1.2.3. It is assumed that A and v are independent. Therefore,
pe(0) = pt(N)xp2(v). Using (2.1.1), the utility functions of C are given by Uc(A | 8) = exp(—(Mto)”)
and Uc(R | @) = Ry, respectively. C accepts the lot without life testing if

Eoltie(A | )] / / exp(—(Ao)" )P (\)p2(v) dA dv > Ro. (2.3.7)

If the inequality (2.3.7) is not satisfied, then C rejects the lot. Now, if C’s decision is rejection, M
performs a life test to update C’s belief. It is seen that the analytical solution can not be obtained
for the Weibull distribution. Therefore, we consider the general case. The likelihood function up
to time 7; is given by

i

L(6 | x(i)) o H lexp{—(ATi_1)"} — exp{— (A1) ] [exp{—(Ar;)"}]" 40 |

=1

Then the joint posterior distribution of A and v is given by

L6 | 98(')) cMpg(v) .
fo fo (0| 2(i)pg (MNP (v) dX dv

pe(0 | z(i)) =
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th

Therefore, C’s acceptance criteria after ¢"* inspection is given by

Jo~ Jo e OTLO | @(i))pt(MpE(v) dA dv
[ L6 | 2(@)pt(\p2(v) dhdv ~

inspection is given by
Jo Jo e LB | M(=(i))pe (Mpg(v) dA dv
fo fo L(6 | M(z(i)))ps(Mpg (v) dX dv

Note that U (A | (i) and Ue(R | M(x(i))) cannot be obtained analytically. We compute by
simulation. We generate a large number S; of observations from the prior distributions pj(\) and
p2(v). Let D LWy (A (51 be the generated observations. Then,

Ue(A | z(i)) = Ry (2.3.8)

and C’s rejection criteria after i*

Ue(R | M(x(i))) = Ry. (2.3.9)

S . ) ; .
T exp[- (Do) L8 | a(i))
delA T 2i) = L35 109 =)

and

1 S1 i [€)] i .
gt exp[=(ADtg) U L(67 | M (2(i)))
Uc(R | M(x(i))) = IS5 160 | M)

Using the inequalities (2.3.8) and (2.3.9) and Algorithm 2.1, we find the sets X'(i) and V(7).
Next, we consider M’s utility function. Using (2.1.8) and (2.1.9), the expected utility functions

of M corresponding to the decisions A and R are given by
1
A | (0),0) = b5 T (3 + 1) by — Cun — Cyd(i) — Cyri — Cyi

and
UM(R | :13(1),9) = b3 — Csn — Cdd(z) — CtTi — C]i,

respectively. For M’s perspective, A and v follow G(as, B2) with PDF p},(-) and G(uz,v2) with
PDF p%,(-), respectively. The parameters A and v are independent. Therefore, pp(6) = pl (A) x
phi(v). From (2.2.6), M’s utility is then obtained as

i[(l’l 1 r(q+1)bQ)p(A”g)ergp(Riw)
i=1 Aa/ve Ay

— (Cy1i + Cri+ Cyn [1 —exp {—(A1:)"}]) (P(A; | ) + P(R; | 9))}]pM(0)d0,

ban(€) = —csn+/0

where P(A; [0) = Y Pxq(x(i) | @)and P(R; |0) = > Pxe(x(i) | 6)). We approximate
®(1)€X (4) x(i)eV(i)
the expression of 1¥)r((¢) by simulation. We generate a large number Sy of observations of (A, v)

from their prior distributions p},(\) and p,(v). Let AV, M), ... (A2 1(52))be the generated
observations. Then M’s utility can be written as

Z [( e ;q/ym r (% +1) - b2> P(4;169) +bsP (R; | 09))
- (Cm + Cri+ Cyn [1 —exp {—(A(ﬁn)“” }]) (P (Ai | 9@) +P (Ri | 0<j>))” . (2.3.10)

where P(Ai | 9@) = % Pxu(x@) | 09) and P(R | QU ) = Y Pxu(@(i) | 69)). The
x(i)€X (i) z(1)eV(i)
optimal life testing plan ¢* is obtained by maximizing M’s utility (2.3.10).

vml(€) = Cn+*z
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2.4 Random decision-making sampling plan

We now consider an approach where M’s knowledge about C’s utility, prior distribution, and
actions are not required. M knows the form of the utility function, but the parameters of the
utility function are unknown. Similarly, the form of C’s prior distribution is known to M, but the
hyperparameters are uncertain. M estimates the probabilities of C’s actions after the life testing.
Since C’s exact actions after the life testing are not known, M'’s decisions do not depend on them

and consequently, C’s decisions do not affect the design.

The utility functions for C are discussed in (2.1.1). The methodology is discussed for the
exponential distribution. We consider that oy ~ U[aqicaa], B1 ~ U|[B11, Pi2], to ~ U[tor, to2] and
Ry ~ U[Rol,RQQ], where 0 < @11 < aq9, 0 < B11 < P12, 0 < tp1 < to2 and 0 < Ry < Ry < 1.
The distribution U|a, b] is defined in Section 1.2.6. Let A,; and R, be the events that C accepts
or rejects the lot without inspection, respectively. Using the inequality (2.1.2), the probability of
acceptance of the lot by C without inspection can be written as

Pe(Awt) = PUc (EolA | 0]) > Ro]
:/¢ P[Ro < so1(¢c) | dc]p(dc)dde, (2.4.1)

where ¢pp = (a1, B1,%0), so1(¢pe) = EglU(A | )] and p(¢p.) is the joint probability density function
of ¢o. The probability of the event Ry is Pe(Ruyi) = 1 — Pe(Ayy). Now M conducts life testing
to increase the chance of acceptance of the lot by C. We use the inequalities (2.1.5) and (2.1.7) to
estimate the probabilities of acceptance and rejection for each x(i). Let A;(x(1)) be the event of
acceptance by C after the 15! inspection for the observed data x(1). Using the inequality (2.1.5),
the probability of acceptance of the lot by C after the 1% inspection can be written as

Fe (Ai(z(1)) | Rut) = P Ue (A | (1)) > Ro | Rui]

1
Pl (Al 2(1) > Ro.Ue (FolA| 6)) < R
Pe(Ro) [Uc (A | (1)) > Ro,Uc (Eg[A | 6]) o
1
— e [ Pl < Ro < su(@c) | dclplocldee,  (242)
Pe(Ruwt) Jg,
where s11(¢p¢) = Ue(A | (1)) and
R hor if Ro1 < <y < Roa,
RZ;Z%N if v < Ro1 <y < Rog,
P($<Ro<y): 1—1%%13%101, if Rp1 < x < Rga < v,
1, if x < Rp1 < Rp2 <y,
0, otherwise.

Let Ri(x(1)) be the event of rejection by C after the 1 inspection for the observed data x(1).
Using inequality (2.1.7), the probability of rejection of the lot by C after the 1%¢ inspection can be
written as

Fe (Ri(z(1)) | Rut) = PUe (A M(2(1))) < Ro | Ruil

- %PWC (A | M((1))) < Ro,Uc (Eg [A | 6]) < Ry
B % /d,c P [Ro > max{s12(¢c); sor(¢c)} | bl plec)dde, (2.4.3)
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where s12(¢pe) = Ue(A | M(z(1))). For the sequential sampling plan, M and C go for the i
inspection if C cannot take a decision up to the (i —1)* inspection, i.e., the inequalities (2.1.5) and
(2.1.7) do not hold up to the (i — 1)** inspection for the observed data (di,ds,...,d;_1).

Let A;(x(i)) be the event of acceptance by C after the i*" inspection for the data x(i) when
C cannot take a decision for the lot up to the (i — 1)** inspection, for i = 2,...,k. Therefore,
the inequalities (2.1.5) and (2.1.7) do not hold for the data x(1),x(2),...,2(i — 1). Then the
probability of acceptance of the lot by C after the i*” inspection can be written as

Fe (Ai(z(i)) | Rut)

7Pc(71€wl)P Ue (A | z(i)) = Ro, ﬂ {Ue (A ] 2(5)) < Ro}, ﬂ {Ue (A | M(z(5))) ZRo},sz]
:PC(;le)/d) P | Ry < si1(¢e), JﬂO{RO > s;1(¢e)}, Jﬂl{Ro < sj2(¢e)} | ¢C] p(pe)doe
P(é'wl)/qg [ 11(¢C) <Ry < mln{su ¢c SQ ¢C } | ¢C] ¢C)d¢C7 (2.4.4)

where sj1(¢c) = Ue (A | (j)), sja(dc) = Uc (R | M(x(j))) for j = 1,2,...,(i — 1), Si(¢c) =
max {Sjl(qbc)} and 512(¢C) r]nln {5J2(¢C>}

0<j<i—
Let R;(z(i)) be the event of rejection by C after the " inspection for the data x(i) when
C cannot accept or reject the lot up to the (i — 1) inspection, for i = 2,...,k. Therefore, the

inequalities (2.1.5) and (2.1.7) do not hold for the data (1), x(2),...,2(i—1). Then the probability
of rejection of the lot by C after the i*" inspection can be written as

Fe (Ri(2(i)) | Rui)

‘pculzwl)P Ue (A | M(=(1)) < RD {Ue (A| (7)) < R}, ﬂ {Ue (A| M(z(7))) > Ro}, Rwl]

Ry > sia(c), ﬂ{RO > s;1(¢¢)} ﬂ{Ro<sﬂ b)) |¢c] p(oe) dee

7=0

1
= P
Pe(Ruwt) /¢c

:PC(;zwl)/¢ [max {Si1(¢e), siz(dc)} < Ro < Sia(dc) | dc] p(de) dépe. (2.4.5)

Next, using (2.4.2), (2.4.3), (2.4.4) and (2.4.5), M’s expected utility for a given data x(i) if the
test is stopped at 7; can be written as

wM(:B(’L) | 0) :Pc(Al(w(z)) | Rwl) (blEX | (w(i)’g)(Xq) — bg — C’sn — Odd(l) — CtTi - O]i)
+ Pc(RZ(w(Z» | Rwl) (bg —Csn — Cdd(l) — Ci1 — C[’L) .
The expected utility is obtained as

ZZ/ |: ‘ Rwl) (b1EX‘(m( ), 9)( q) — b2 — C’sn — Can(Ti ‘ 0) — CtTi — C]Z)

i=1 x(i) 0
+ Pc(Rl(w(Z)) ‘ Rwl) (bg — Csn — CdTLF(Ti | 0) — OtTi — C[’L) :| Px(i)(a}(i) | 0) PM (0) d9
(2.4.6)

The optimal decision ¢* = (n*, 77, 75,..., 75, k*) is obtained by maximizing (2.4.6) , i.e

¢" = argmax P (C).

b
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2.5 Numerical example

Here we illustrate the proposed method with examples and compute the optimum RASPs.

Example 2.1 The lifetime is assumed to follow Exp(1/n). To choose the hyperparameters of
pm(n), the prior distribution of n for M, we assume that M’s belief about the product reliabil-
ity is 0.98 at time tg = 1, d.e., Ey(R(1 | n)) = 0.98. Thus,

[e s} _ 62 Q2 B
/0 P(X>1]|n)pm(n)dn=0.98 = <52 " 1) = 0.98. (2.5.1)

Due to the randomness of n, the probability that reliability at to = 1 is less than 0.98 is 0.6. That
is, P(R(1 | n) < 0.98) = 0.6. This implies
P(exp(—1/n) <0.98) =0.6 = P(y <In(1/0.98)) = 0.6. (2.5.2)

Solving (2.5.1) and (2.5.2), we obtain ag = 1.66 and B2 = 81.84. The cost components and risk
parameter of M’s utility function are chosen as by = 200, by = 5000, bs = 250, Cs = 15, Cy = 4,
C; =30, Cr =5, ¢q = 0.8. Next, we choose the hyperparameters of the prior distribution of n for
C. Two different priors are considered for illustration.

Prior 1: C’s belief about the product reliability is 0.85 at time to = 1 and P(R(1 | n) < 0.7) = 0.1.
Solving this, we obtain oy = 1.5 and f1 = 8.82.

Prior 2: C’s belief about the product reliability is 0.75 at time to =1 and P(R(1 | n) < 0.6) = 0.1.
Solving this, we obtain oy = 3.61 and B; = 12.05.

For both priors, C accepts the lot if the mean reliability of the product achieves 0.95 at time to = 1.

Using Prior 1, P(A;) for i = 1,...,k under different scenarios are shown in Figures 2.2 and 2.3.

P(A) vs kh for sample size n=8 P(A) vs kh for sample size n=12 P(A) vs kh for sample size n=16
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Figure 2.2: Probability of acceptance versus inspection time (kh) for different values of n and k.
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Figure 2.3: Probability of acceptance versus sample size (n) for different values of h and k.
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It is assumed that inspection intervals are of equal length h, so that 7, = ih,i=1,...,k. The
probabilities of acceptance for different values of n, k, and inspection times (kh) are calculated. In
Figure 2.2, the probability of acceptance is plotted versus inspection time (kh) for k = 1,2, 3, and
for fixed sample sizes n = 8,12, 16. It is observed that the probability of acceptance decreases up
to a certain time and then fluctuates upwards. This is possibly due to the fact that the number of
elements in the set X'(i) increases after that time. It is also observed that as n and k increase, the
time length between two fluctuations decreases. Consequently, C can take decisions more quickly.
In addition, the probability of acceptance increases when n and k increase. In Figure 2.3, the
probability of acceptance is plotted versus sample size (n) for £ = 1,2,3 and for fixed inspection
intervals h = 4,5,6. Similar behavior is observed as in Figure 2.2. The probability of acceptance
decreases up to a certain sample size and then fluctuates upwards. This is again due to the fact

that the number of elements in the set X (7) increases after that sample size.

Example 2.2 The lifetime is assumed to follow Wei(v,\). The hyperparameters for the priors
pe(N\) and pi(v) are taken as (a1, 81) = (10,20) and (u1,v1) = (100,100). With these values, C’s
initial belief about the product reliability is 0.78 at time tg = 0.5, i.e.,

/O°° /Ooo exp(—(Mo)")pe(\)pé(v) dA dv = 0.78.

C accepts the lot when the product reliability reaches 0.9 at time ty = 0.5. The hyperparameters for
M’s priors are taken as (a1, 1) = (4,100) and (ui,v1) = (50,50). The cost parameters of M’s

utility are the same as in Example 2.1 and the risk parameter is ¢ = 1.

Example 2.3 Here we consider the RDSP approach and assume that the lifetime follows Exp(1/n).
The parameters of C’s utility and prior are assumed random. We take oy ~ U(1.1,4), 51 ~ U(8,20),
to ~ U(0.5,1.5) and Ry ~ U(0.85,0.95). The cost parameters of M’s utility are the same as in
Example 2.1 and the risk parameter is ¢ = 0.8.

2.5.1 Computation of optimum BRASP

We now consider the computational procedures of the optimal BRASP, the acceptance set X(1),
the rejection set Y(i), and the acceptance probability P(A;) for each inspection i = 1,..., k.

Inspection intervals of equal length:

Here the optimal values of n, h, and k are obtained simultaneously using Algorithm 2.2.

Algorithm 2.2: Procedure for determining of ¢* for equal inspection intervals.

Input : Upper bounds ng, kg, ho for n, k, and h, respectively
Output : Optimal values (n*, h*, k*) maximizing M’s utility
Fix ng, ko, and hg as sufficiently large upper bounds for n, k, and h;
for n < 1 to ng do
for k < 1 to kg do
Maximize g (n, b, k) from (2.2.6) with respect to h, where 0 < h < hg;
LLet h*(n, k) be the value of h that maximizes ¥ rq(n, h, k) for given (n, k);
Choose (n*, h*, k*) such that (n*, h* k*) = arg max Yam(n, h*(n, k), k).

1<n<no, 1<k<ko
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The results for the exponential and Weibull distributions with equal interval lengths are presented

in Tables 2.2 and 2.3, respectively, using the parameter values specified in Examples 2.1 and 2.2.

Table 2.2: Optimal value (n*,h*,k*), acceptance set X (i), rejection set V(i) and acceptance probability

P(A;) after each inspection i for the exponential distribution with equal inspection intervals.

(n*,h*, k") | i P(4;) X (i) V(i)
_ 1 058 (0} (212}
Prior 1 | (11, 2.9, 2) 5 015 T, 0 T, 1100
1 0 0 213}
2 0 0 (0, 2-13), (1, 1-12)}
_ 3 041 {0, 0, 0)} {(0, 0, 2-13), (0, 1, 1-13),(1, 0, 1-13)}
Prior 2| (13, 1.5, 5) =—— 0 {(0, 0, 1, 1-12), (0, 1, 0, 1-12),(1, 0, 0, 1-12)}
10,0, 1, 0, 0, {0, 0, 1, 0, 1-12),
5 016  (0,1,0,0,0), (0, 1,0, 0, 1-12),
(1,0, 0,0,0)} (1,0, 0,0, 1-12)}

Table 2.3: Optimal value of (n*, h*, k*), acceptance set X (i), rejection set V(i) and acceptance probability

P(A;) after each inspection ¢ for the Weibull distribution with equal inspection intervals.

(n*,h*,k*) | i P(A;) X (7) V(i)
1 031 {0} {3-7}
(7, 4.9,2) =430 {(1,0-2), (2,00} {(1, 3-6), (2, 1-5)}

Using the values of the parameters given in Example 2.3, the optimal values of (n, h, k) under the

RDSP approach are obtained and the results are reported in Table 2.4.

Table 2.4: Optimal value (n*,h*, k*) and P(x(i)) for d(i) = 0, 1,2, 3 after each inspection i for the
exponential distribution under the RDSP.

(n* h* k) | i d(i) =0 d(i) = d(i) = d(i) =
] z(i) P(z(i) @) Pl=@) =x@) P@@) =@  P@)
(0) 0.84 (1) 0.61 (2) 0.34 (3) 0.12
2 (0,0) 0.13 (0,1) 0.08 (0,2) 0.01 (0,3) 0
(1,0)  0.30 (1,1) 0.17 (1,2) 0.03
(2,0) 0.41 (2,1) 0.22
(3,0) 0.38
0,34, 3) 3 (0,0,00 002 (0,0,1) 001 (0,0,2) 0 (0,0,3) 0
(0,1,0) 006  (0,1,1)  0.02  (0,1,2) 0
(1,0,0)  0.07  (1,0,1)  0.03  (1,0,2) 0
(0,2,0)  0.08  (0,2,1)  0.03
(1,1,0) 014  (1,1,1)  0.05
(2,0,0)  0.16  (2,0,1)  0.06
(1,2,0)  0.05
(2,1,0)  0.22
(3,0,0)  0.25
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Using (2.4.1h), we get that the probability of acceptance by C without life testing is P(Ay;) = 0.1.
Let P(x(i)) denote the probability of acceptance after the " inspection for the observed data
x(i) = (di,...,d;), given that C rejects the lot without life testing. The values of P(«(i)) for
d(i) = 0,1,2,3 are reported in Table 2.4.

Inspection intervals of unequal length:

Here the optimal values of (n,71,..., 7k, k) are obtained simultaneously using Algorithm 2.3.

Algorithm 2.3: Procedure for determining ¢* with different inspection intervals.

Input : Upper bounds ng and kg for n and k; maximum interval width hg

Output : Optimal values (n*, 7], ..., 7}, k*) that maximizing M’s utility

Choose sufficiently large values ng and kg as upper bounds for n and k;

for n + 1 to ng do

for k < 1 to kg do

1. Set initial inspection times (71, ...,7%) = (h,2h, ... kh);

2. Maximize Y aq(n, T, k) with respect to h, for 0 < h < hg;

3. Let h*(n, k) be the optimal value, and set 7; =i -h*(n, k) fori =1,... k;

4. Use (71,...,7k) as the initial values and further maximize ¥ r((n, 7, k) w.r.t. each 7,

allowing unequal spacing;

Select the (n*, 7%, k*) that maximizes ¥ (n, T, k) over all combinations;

The results for the exponential using the value of the parameters given in Example 2.1 and Weibull
distributions using the value of the parameters given in Example 2.2 with different inspection

intervals are reported in Tables 2.5 and 2.6, respectively.

Table 2.5: Optimal value (n*, 7{,..., 7, k*), acceptance set X'(7), rejection set )(i) and acceptance prob-

ability P(A;) for each inspection ¢ for the exponential distribution with different inspection intervals.

(n* 7, ..., k%) | i P(A;) X (i) Y(3)

1 052 0 2-12

Prior 1 (11, 3.6, 5.8, 2) {0} {2-12)
2 0.19 {(1,0)} {1, 1-10)}
1 038 0 3-14

Prior 2 | (14, 4.8, 9.9, 2) {0} {3-14)
2 0.25 {(1’ 0'1>7 (27 0)} {(L 2_13)7 (23 1'12)}

Table 2.6: Optimal value (n*, 7,..., 7}, k*), acceptance set X'(i), rejection set )(i) and acceptance prob-

ability P(A;) after each inspection i for the Weibull distribution with different inspection intervals.

(n* 75, 15 kY) | i P(A;) X (i) V(i)
1 0.60 {o-1} {3-8}
(849,118, 2) 2 018  {(2,0-2)} {(2,3-6)}

The optimal value of M’s utility with different inspection intervals is larger than that with equal
inspection intervals. For example, the simulated optimal value of M’s utility for the exponential
distribution under Prior 1 with equal inspection intervals is 2958, whereas with different inspection
intervals it is 2969.
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Remark 2.1 If, in any of the scenarios, M’s maximum utility is less than bs, the optimal sampling

plan is n = 0. This means that no sample size can convince C about product reliability.

Remark 2.2 There are some computational limitations in the procedure. For large n, the procedure
becomes computationally intensive. We have taken S1 = So = 10000 for generating observations.
Better results may be obtained if the number of generated observations S1 and Sy is increased, but
this will also increase computation time. Moreover, under the RDSP approach, the probability of

acceptance is obtained for each observed dataset, so the same computational limitations arise.

2.5.2 Illustration of the manufacturer’s and consumer’s action after each in-
spection

In all cases, after determining the value of ¢*, M conducts the life testing to update C’s belief.
In Example 2.1, we obtain the optimal design (13,1.5,5) for equal inspection intervals when C’s
hyperparameters are a; = 3.61 and $; = 12.05. Therefore, in that case, M conducts a life test
with a sample size of 13 to update C’s beliefs, and after a time length of 1.5, the number of failures
is observed. Based on the observed number of failures, C makes the decision.

Next, we generate data and the corresponding decisions of M and C using the flow chart given
in Figure 2.1 and Table 2.2, as discussed below:

Data 1: After the 1st inspection, 3 failures are observed, i.e., (1) = 3. Since (1) € Y(1), M
stops the life testing after the 1st inspection, and C rejects the lot.

Data 2: After the 1st inspection, no failures are observed, i.e., (1) = 0. Since x(1) ¢ X' (1)
and x(1) ¢ Y(1), M and C proceed to the 2nd inspection. After the 2nd inspection, 1 failure is
observed, so (2) = (0,1). Since x(2) ¢ X'(2) and x(2) ¢ Y(2), they proceed to the 3rd inspection.
After the 3rd inspection, 1 failure is observed, so (3) = (0,1,1). Since (3) € Y(3), M stops the
life testing after the 3rd inspection, and C rejects the lot.

Data 3: After the 1st inspection, no failures are observed, i.e., (1) = 0. Since (1) ¢ X(1)
and (1) ¢ Y(1), M and C proceed to the 2nd inspection. After the 2nd inspection, no failures are
observed, so (2) = (0,0). Since x(2) ¢ X(2) and x(2) ¢ Y(2), they proceed to the 3rd inspection.
After the 3rd inspection, no failures are observed, so x(3) € X (3). Hence, C accepts the lot after
the 3rd inspection.

Data 4: After the 1st inspection, 1 failure is observed, i.e., (1) = 1. Since x(1) ¢ X'(1)
and (1) ¢ Y(1), M and C proceed to the 2nd inspection. After the 2nd inspection, 1 failure is
observed, so x(2) = (1,1). Since x(2) € Y(2), M stops the life testing after the 2nd inspection,
and C rejects the lot.

Data 5: After the 1st inspection, no failures are observed, i.e., (1) = 0. Since (1) ¢ X(1)
and x(1) ¢ Y(1), M and C proceed to the 2nd inspection. After the 2nd inspection, no failures
are observed, so x(2) = (0,0). Since x(2) ¢ X(2) and x(2) ¢ Y(2), they proceed to the 3rd
inspection. After the 3rd inspection, 1 failure is observed, so x(3) = (0,0,1). Since x(3) ¢ X(3)
and x(3) ¢ Y(3), they proceed to the 4th inspection. After the 4th inspection, no failures are
observed, i.e., (4) = (0,0,1,0). Since x(4) ¢ X(4) and x(4) ¢ Y(4), they proceed to the 5th
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inspection. After the 5th inspection, no failures are observed, so (5) = (0,0,1,0,0) € X(5).
Hence, C accepts the lot after the 5th inspection.
Next, we illustrate the no-sampling cases.

Case 1: In Example 2.1, C accepts the lot if the mean reliability of the product achieves 0.95
at time o = 1. Assume that the hyperparameters of the prior distribution of n for C are a1 = 1.1
and 81 = 25. Therefore, C’s initial belief about the product mean reliability at ¢t = 1 is 0.96, which
meets the acceptance criteria without life testing. In this scenario, C accepts the lot without life
testing, since the initial belief about M’s product is satisfactory.

Case 2: In Example 2.1, for b1 = 100 and C’s hyperparameter values a; = 3.61 and 51 = 12.05,
we obtain the optimal design (1,0,1) using Algorithm 2.2. However, it is seen that M'’s utility
under this design is 230, which is less than b3. Therefore, the optimal design is (0, 0,0). This means
that M does not conduct life testing, and C makes the decision based on the initial beliefs and

rejects the lot.

2.6 Discussion

In this chapter, we have considered the determination of optimum BRASP under ICS. The advan-
tage of using this proposed methodology is that the decision regarding lot acceptance/rejection can
be taken sequentially. We have considered exponential and Weibull distributions for illustration
when the M not only knows his/her own utility and prior but also knows C’s utility, prior and
actions. We have considered RDSP, when the forms of C’s utility function and prior distribution

are known to M, but M does not know the parameters of utility function and prior.



Chapter 3

RASP with optional warranty under
HCS by Bayesian Approach '

This chapter considers BRASP under HCS-I. The problem of designing BRASP under HCS-I has
been addressed by several authors, such as Liang and Yang [67], Lin et al. [72], and Prajapat et al.
[96]. These studies assumed that M and C share a common prior distribution and a common utility
(loss) function. However, such assumptions may not hold in many real-world applications, where
prior beliefs and utility assessments of the two parties differ due to their adversarial nature. C
can take a decision to accept or reject a lot based on the existing information about the product.
In the event of rejection of a lot by C, M offers a warranty to C. When a lot is sold under a
warranty policy, it increases the chance of acceptance of the lot. However, M incurs an expense
if the product fails during the warranty period. To compensate for expenses due to the warranty
offer, M can increase the selling price. Nevertheless, C always prefers products with lower prices.
Therefore, negotiations arise between M and C, making an optional warranty worth considering
in the decision-making process. CW rebate warranty policy, as introduced by Thomas [115], is
considered. This combined policy allows a more practical and flexible mechanism for risk-sharing
and cost management under BRASP framework with HCS-I.

In the proposed framework, M initially offers the lot without any warranty. Based on their
prior belief, C either accepts or rejects the lot. If the lot is rejected, M offers an optional warranty
to enhance C’s utility and encourage acceptance. If C still rejects the lot, M may provide a sample
drawn from a life test to demonstrate the quality of the lot. C then updates their belief based on
the test results and makes a final decision on lot acceptance or rejection.

M’s goal is to determine the optimal life testing plan. Following the setup in Chapter 2, two
cases of information sharing between M and C are considered in this chapter. In the first case,
the common knowledge assumption is used, where both parties are aware of each other’s prior

and utility functions. In the second case, RDSP is introduced to model scenarios where C’s action

1One paper based on this chapter has appeared under:

1. Bayesian reliability acceptance sampling plan with optional warranty under hybrid censoring Quality and

Reliability Engineering International.
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before the life test, as well as their actions at each stage of the life test, are uncertain. In both
cases, M computes the expected utility based on C’s acceptance-rejection behavior and makes a
decision to maximize it. This highlights the interdependence of M’s and C’s actions. The schematic

representation of the proposed approach is shown in Figure 3.1.

D¢ Lot is accepted without warranty and life testing

D}:Q Lot is rejected

DY Warranty is not offered to C

D}2  Warranty is offered to C

D% Lot is accepted with a warranty and without life testing
D§2 Lot is rejected

D%{ Sample is not given

D32 Sample is given from a life-testing

D3 Lot is accepted without warranty

D¥ Lot is accepted with warranty
stop stop stop D2 Lot is rejected

Figure 3.1: Schematic representation of the proposed work.

Lindley and Singpurwalla [76] considered utility (profit) functions for modeling the decisions
of accepting or rejecting a lot. In contrast, the present work adopts C’s loss function framework
for acceptance or rejection decisions. As a result, the inequalities (2.0.1) and (2.0.2) are reversed
to reflect the loss-based criterion. The utility functions of M associated with lot acceptance and
rejection are adopted from Lindley and Singpurwalla [76]. A general decision-making framework
is formulated under this setup. To illustrate the proposed BRASP model under the common
knowledge assumption, both exponential and Weibull lifetime distributions are used. In the case
of RDSP, the methodology is demonstrated using the exponential distribution.

The organization of the paper is as follows. Section 3.1 discusses the proposed model. Section
3.2 considers determination of optimum BRASPs for the exponential and Weibull distributions.
Section 3.3 discusses RDSP and illustrates with the exponential distribution. Section 3.4 provides
numerical examples under different scenarios. Section 3.5 considers analysis of a real data set to

illustrate the proposed method. Section 3.6 provides discussion.

3.1 Development of the model with an optional warranty

Suppose that M is negotiating with C for the sale of a product under a warranty policy. In the
negotiation process, C and M take their decision based on their utility functions. Sections 3.1.1
and 3.1.2 discuss C’s utility function and action, respectively. Sections 3.1.3 and 3.1.4 present M’s

utility function and action, respectively.

3.1.1 Consumer’s utility function

C has a requirement of minimum lifetime L for the product. If the product fails before the lifetime
L, C has a certain amount of loss. It is assumed that the loss function is linearly decreasing with
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lifetime. Therefore, the loss function for acceptance without warranty and rejection in terms of
lifetime can be taken as

ap (1= %) +a, if X <L,
as, if X >L

Le(Awo | X) = { and L¢(R| X) = as, (3.1.1)
where a1 is the proportional loss with the lifetime of the product if it fails before the time L, as is
the fixed cost which is paid by C when the lot is accepted and as is the loss due to rejection. The
C accepts the lot without warranty and life-testing if

Eo [Ex | e{Lc(A| X)}] < as. (3.1.2)

If the inequality (3.1.2) does not hold, M offers a warranty to C. C updates his/her utility func-
tion using warranty offer. Here M sells his/her products under the combined FRW-PRW rebate
warranty policy as described in Introduction. Let C), be the selling price of the item without any
warranty. If the lot is sold with a warranty, C needs to pay the additional cost C, per item for the
lot due to warranty offer. Therefore, (C}, + Cy,) is the selling price of an item with the warranty.
Let Cow (X) be the amount of rebate of an item with lifetime X. Then, for rebate warranty from
Murthy and Blischke [89], the expected cost for an item to C is (Cp + Cy) — Ex | ¢ [Cow (X)] and
to M it is Cy, + Ex | ¢ [Cow (X)], where Cy, is the cost of supplying an item. The cost Cow (X)
under combined FRW-PRW rebate warranty policy (see Thomas [115]) is given by

(Cp + Cu), if0< X <w,
Cow (X) = ¢ (Cp+ Cu) =X if wy < X < wy,
0, if X > ws.

So the expected cost of accepting the lot with warranty is
Exo{Lc(A|X)}—Ex|o{Ccow(X)}+ Co. (3.1.3)

Therefore, C accepts the lot with a warranty and without life-testing if

Eg [Ex | {Lc(A| X)}] — Eo [Ex | 0 {Cow(X)}] + Cw < as. (3.1.4)
We have
a1 L
Ex | ¢lLc(A| X)] = f/o F(x | 8) dx + as. (3.1.5)
From Budhiraja & Pradhan [20] we get,
Cp+Cy [*?

If the inequality (3.1.4) does not hold, C’s decision is rejection with a warranty offer. In the event
of rejection of lot with warranty offer, M performs a life test. C updates his/her belief based on
lifetime information obtained from the life test. Now based on the updated belief, C takes the

decision of acceptance or rejection of the lot.

3.1.2 Consumer’s decision

Suppose n items are put on a life test under HCS-I under the design ¢ = (n,r,71). The lifetimes
of n items X1, ..., X, are IID with common CDF F(- | 8) and PDF f(- | 8). The observed data «



50

under HCS-I is given in (1.3.1). The likelihood function is given by
(F(r1]6)", if d =0,

L(O | x) = § 2% [Timo f(@e | 0)(1 = F(ri | )"~ ifd=1,.--

2 I, f(2a) | 0)(1 = Fagy | 0)"", ifd=r.

,7"—1,

Therefore, the posterior distribution of € given data x under the design ¢ = (n,r,71) is given in
(2.1.4). C accepts the lot without warranty after life testing based on the observed data « if

Lo(A | @) = /9[,@(,4 | 8)pe(6 | 2)d6 < as.

(3.1.7)

If the inequality (3.1.7) is not satisfied, M offers a warranty to C. Now, C accepts the lot after life

testing with warranty if

Lo(Alx) = Eg | o [Ex | o[Cow(X)]] + Cuw < as.

(3.1.8)

If the inequality is not satisfied after life-testing with a warranty offer, M fails to convince C and

C rejects the lot. The flowchart of C’s decision at every step is shown in Figure 3.2.

[C comes to M with his/her belief]

Calculate Eg [Ex | g {Lc(A | X)}]

Check

inequality

(3.1.2)

C accepts the lot without war-

ranty and without life testing

Calculate Eg [Ex | o {Cow(X)}] ‘

C accepts the lot with war-

yes ranty and without life testing

no
Start life-testing to update C’s belief

Check

inequality

(3.1.7)

C accepts the lot without war-

ranty and with life testing

Check

inequality

(3.1.8)

C accepts the lot with war-
ranty and with life testing

[ C rejects the lot ]

Figure 3.2: The procedure of C’s actions.
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We now define three sets of data for & values as follows: X, is the set of all possible values
of & which satisfies the inequality (3.1.7), X is the set of all possible values of  which does not
satisfy the inequality (3.1.7) and satisfies the inequality (3.1.8) and ) is the set of all possible values
of & which do not satisfy both inequalities (3.1.7) and (3.1.8). Therefore, Xy, and X, contain
the values of « for which C accepts the lot without warranty and with warranty, respectively and
Y contains the values of  for which C rejects the lot. Next, we consider M’s decision of optimal
planning of the life test. M needs to determine optimum values of ¢ = (n,r,71) by maximizing
his/her utility function.

3.1.3 Manufacturer’s utility function

The utility functions of M corresponding to accepting the lot without warranty (see Lindley and

Singpurwalla [76]) and with a warranty after life testing for a given data x are
UM(.AU,O | T, 9) = blEX | (x,0) [Xq] - b2 - C’sn - Cdd - CtT, (319)
and

Z/[M(-Aww ‘ ac,O) = MM(AU}O ’ ZE,G) + Cyw — Ex | (:c,@)[CCW(X)]
=bFEx | (.0) [Xq] +Cy —bs— Ex | (x.,0) [ch(X)] — Csn — Cyd — Cyr, (3.1.10)

respectively. The utility corresponding to rejection (see Lindley and Singpurwalla [76]) is taken as
Um(R | 2,0) = b — Csn — Cyd — Cyr, (3.1.11)

7 is the duration of the test and D is the number of failures up to time 7. Ex | (5,0)[X?] is defined
in (2.1.10). Here, it is assumed that M knows C’s utility and the prior. Therefore, M can use
C’s acceptance and rejection criteria to determine his/her expected utility and find the optimum
life-testing plan.

3.1.4 Manufacturer’s expected utility

M’s utility function for the given data «x is given by

bm(C | ®,0) =Lx,, (®)Usm(Awo | 2,0) + L, (®)UM(Auww | 2,0) + Ly(x)Urm(R | 2,0),

where 1y(v) denotes the indicator function over a set V defined in (2.1.11). Let pa((8) is the prior
distribution of 8 for M and X = (X(y),..., X(p), D) be the random variable of the observed data
x. The expected utility w.r.t. the data X and parameter @ is given by

Ym(C) = Eg [Exw{le(C | X79)}]
= [ 3 ] [trteonen @01 Bxi00)(X) = b2} = L, (@) Ex 0 [Cm (X))
a 7Y

+ Ly(@)bs] 9x(y.d | 8) dy pr(6) d6 — Cyn — C4EID | 6] — C,Elr | 6],
(3.1.12)
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where & = (y,d) with y = (z(1),...,%@q)), and gx (y,d | 8) is the conditional joint PDF defined as

9x(y,d | 0) = gype(y | d,0) P(D =d | 8),

where Y is the random variable corresponding to the observed value y. Here, gy |p¢(y | d,0)
denotes the conditional joint PDF of y given (D,0), and P(D = d | 6) is the probability mass
function (PMF) of D.

Let Ao and Ay, be the events that C accepts the lot without warranty and with warranty,
respectively. Then,

P |9) =3 [ L, @)gx(9:d] 0) dy and P |8) = [ Lu. (0)gx(y.d | 6) d

d Y d 7Y

Let R be the event that C rejects the lot. Then,
PR10)=Y [ Dwax(y.d]0) dy
Let L,,(0) be the expected loss of M due to the warranty policy. Then L,,(0) can be written as

~ [ S [Ex | o CowlX)) = Cu] L (hax (. 16) d
d

The expected number of failures is given by (see Bhattacharya et al. [17])

B0 6= 3 i(") 1= Fin 10y (Fn |0+ r Y ()= Fr 0 (| 6)"

j=r

The expected duration of the test is given by (see Bhattacharya et al. [17])

Elr | 6] =n (1 - @ (F(r | 0)'(1—F(n | 0))“‘) + (”) / (F(x]6) (1 - F(a | )" f(a | 6)de

j=r

The expected utility of M, which is given in (3.1.12), can be written as
= [ S [BEx | e (XDP(Auo | 6)+ PlAun | 6)] pra(6)d0
— ba[P(Awo) + P(Aww)] — Ly + b3P(R) — Csn — C4E[D] — C4E|[7], (3.1.13)

where P(Ay,) = [ P(A wo!ﬁ’)pM(é’) d9 P(Aww) = [ P(A ww|9)pM(9) de, P( )= JoP(R|0)
M(0) dO, Ly, = [y Ly(0)pa(0)dO E[D) = [, E[D | 0]par(0)d0 and E[7] = [, E[7 | 6]pa(6)d6.
The optimal design ¢* is obtamed by

¢ =n"rn") = argmgX¢M(C)-
Remark 3.1 M'’s utility of accepting the lot without warranty and life test is
Uaal(0.0.0) = [ biExc | o[X7) paa(6) 46— bo.
Remark 3.2 M’s utility of accepting the lot with warranty and without life test is

Ym((0,0,0)) =/061Ex | o[X7 — Cow (X)] paa(0) dO — by + C.
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Remark 3.3 M'’s utility of rejecting the lot without life-testing is
¥m((0,0,0)) = bs.

Remark 3.4 After life testing, M’s utility must be greater than the above three values. The con-
ditions under which the lot is accepted without life testing are given in (3.1.7) and (3.1.8). If M’s

utility is less than by among all sampling plans, then the lot is rejected without life testing.

3.2 Optimal RASP

Here, we obtain optimal RASP for the exponential and Weibull distributions.

3.2.1 Exponential distribution case

We obtain optimal RASP when lifetime distribution follows exponential distribution. The lifetimes
of the items are IID and follow Exp(1/n), which is defined in Section 1.2.2.

Consumer’s decision

It is assumed that for C’s perspective, n follows IG(a, ) with PDF pc(-), which is defined in
Section 1.2.4. For the Exp(1/n), the utility functions corresponding to acceptance and rejection of
C without warranty using (3.1.1) and (3.1.5) are given by

Le(Awo | 1) =Ex | y[Lc(A] X)] = % [L+nexp(-n/L) —n]+az and Lc(R|n)=as,

respectively. Using (3.1.2), C accepts the lot without life-testing and warranty if

YL+ 1 < 1 >a11 B
L (a1 =1) \ (A1 +1L) o —1
If the inequality 93.2.1) is not satisfied, M offers a warranty to C. Using (3.1.6), the expected

warranty cost is obtained as

—|—a2 S as. (321)

Ex | fCow (0] = 255 (fug — )+ {exp(—uwa/n) — explun /).

Taking expectation w.r.t. 7, we get

EU[EX | n[CCW(X)H = (Cp + Cw) -

Cp+Cy . { 1 1

wy —wy (ay —1) [ (B +wi)@—t  (By + wg)or—1

Using (3.1.4), C accepts the lot without life-testing and with a warranty, if

o 1 ot B1
)
(1 —=1) \(B1 + L) ar—1
Cp+ Cy e { 1 3 1
wy —wy (0 — 1) [(B1+wr)=t (B +wg)ur!

ay

L

} > az + Cj. (3.2.2)

If both inequalities (3.2.1) and (3.2.2) are not satisfied, M conducts a life test and provides data
to C. Suppose n items are put on a life test under HCS-I. The likelihood function is given by

L(n | @) oc % exp (_v(;v)) : (3.2.3)
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where

nry,

v(x) =

is the observed value of the random variable

nry,

V(X) =

d
>iz1 %@ +(n
die1 T+ (n—

Yl X+ (n—
Y1 Xy +(n—

ifd=0,
—d)7, ifl1<d<r,
T)T(y, ifd=r.
if D=0,
D)ry, if1<D<r,
)Xy, ifD=r

The upper bound of v(x) is nmy for all d. The posterior distribution of 7 is given by

p(n | z)

oc 1L exp <_U(m)77+ ﬁl) .

This shows that 7 | « follows IG(ay + d, f1 + v(x)) with PDF p(- | ). Using (3.1.7), we get,

[ 15 {prmen (-3) - e MR

d
x) + [r)M T ot gy p(

—“@+Bﬁdn<%

F(Oq +d) n
a (B + v())* 1+ arl B +u(=)
= <
L' ard-1) (m+v T mtd—_1| 2=
L(—as +
zﬁAﬂ@@%@lOégii%—gﬁ7 (3.2.4)
where
(B1 + (@) ( 1 )“1+d‘1 B+ v()
A d)|¢) = _ Pt |
(@), d) [¢) (r+d—1) \(Bi+o@+1) ar+d—1
If the inequality (3.2.4) is satisfied, C accepts the lot without warranty. If the inequality (3.2.4) is

not satisfied, M offers a warranty to C. Now, C will accept the lot with a warranty, using (3.1.8), if

C,+C
Le(Aln) -

/

wy

u/ {1 — exp <—x>} dz — Cy
wg — W1 n

(v(z) + 1)1+
P(Oél + d)

% nfalerfl exp (U(w)n—’_ ﬁl) dn < as

— ZAi((v(@),d) | ¢) — As((v(@),

where

As((v(z),d) | €) =C —

d) | ¢) <

—ag + as,

Cp + Cu (B1 + v(m))>

W2 — Wy
1

(1 +d—1)

1

(Bl+w1+v(w))o¢1+d*1 —

(B1 + wg +v(x))oatd=1

Next, we provide an alternative form of C’s decision function. The alternative form of the

decision function is useful to calculate M s expected utility. For developing an alternative form of

C’s decision function, we consider the following results.

Result 3.1 A;((v(x),

Proof: We present the proof in Appendix 3.A.1.

d) | €) is decreasing in v(x) for fized d.

(Proved)
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Result 3.2 % Ai((v(x),d) | {) — A2((v(x),d) | €) is decreasing in v(x) for fized d.

Proof: We provide the proof in Appendix 3.A.1. (Proved)

If Aj(v(x)=0,d|¢) > Ll@s=a2) "then using Result 3.1, there exists a threshold ¢(d) such that

al ’

Ai((v(z),d) | ¢) < L(a?’al_a?), for v(x) > ¢(d)

A((v(x),d) | ¢) > L(af”a:a?) for v(z) < c(d).

If Aj(v(z) =0,d|¢) < L(azil_@) In that scenario, c(d) is taken as 0. If % A;((v(x),d) | ¢) —
As((v(z),d) | ¢) > (a3 — az2), then using Result 3.2, there exists a threshold ¢/(d) such that

%Al((v(m),d) | ¢) = As((v(),d) | ¢) < (a3 —az),  for v(ax) > ¢(d)

%Al((v(-’ﬂ)vd) | ¢) = Aa((v(=),d) | ¢) < (az —az),  for v(z) < (d).
If LA ((v(x),d) | ¢) — A2((v(x),d) | ¢) < (a3 — az). In that scenario, ¢(d) is taken as 0. Note
that 0 < v(x) < n7y, we have

KXo ={(v(x),d) : v(x)>c(d) & 0<v(x)<nm &0<d<r},
Xow = {(v(z),d) : v(z) <c(d) & v(x) >(d) &0<v(x)<nm &0<d<r}

and
Y=A{(v(x),d): v(x)>dd) &0<v(x)<nm &0<d<r}.

Let ¢1(d) = min{max{0, ¢(d)},nm1} and co(d) = min{max{0,(d)}, c(d)}. Then Xy, Xyw and Y
can be written as

Xwo = {(v(x),d) : c1(d) <v(x)<nm &0<d<r},
Xpw = {(U($>vd) : C2(d) < U(iU) < Cl(d) &0<d< r}

and

Manufacturer’s decision

Using (3.1.9), (3.1.10) (3.1.11) and (2.1.10), the expected utility functions of M corresponding to
the decisions A, A, and R are obtained as

Um(Ayo | Z,n) =010 T (¢ + 1) — be — Cyn — Cyd — C,

Unm(Aww | 2,1) = Up(Awo | ,1) + Cyy — Cp + - [eXp <_U7}71> - <_u7}72>}

W2 — W1

and

Um(R | z,n) = bz — Csn — Cyd — Cyr,

respectively. It is assumed that for M’s perspective, n follows an IG(ag, 32) with PDF pa(+).
Using the sets X0, Xy and Y, M’s expected utility which is given in (3.1.13) can be written as

Ym(€) == Csn+ bsP(R) — C4E[D] — CLE[7] — ba[P(Awo) + P(Aww)] — Luw
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T

%) nTy
+b1I(g + 1) Z/O / W n?9v(x),0) (¥, d)pr(n) dy dn,
co

d=0
where
Awo) Z/ /(d 9v(x),0) (Y D)pm(n) dy dn, (3.2.5)
c1(d)
(Apw) = Z / / 9v(x),0) (Y, D)pm(n) dy dn, (3.2.6)
d:O 0 Cz(d)
Cg(d)
P(R) = Z/ / 9v(x),0) (Y, D)pm(n) dy dn, (3.2.7)
w w
Z/ / [ Cor {exp (—1> — exp (—2>} - Ow} 9w (x),0)(y, )pr(n) dy dn,
Cg(d w2 — W1 77 77
(3.2.8)

and gy (x),p) is the joint distribution of V(X) and D.

Theorem 3.1 [Childs et al. [31]] The expression of g (x),p)(y,d) is given by
nry .
eXp( n )1{77,71}( ) if d=0,

d
n d (n—d+1)m1 i L1 .
9v(x),p) (Y, d) = (d) Z (z) P [7#} =1) ’y(yiTl(nidJﬂ)’E’d) ’ rsdsr=t

1=
r

1 n (=D*exp[—(n —r+k)r1/n] 7 —1 1 .
g(y,;,r)—&—r( )Z (kil)'y(y—(n—r—i-k)n,;,r), ifd=r,

T n—r+k
k=1

where the function y(y,a,b) is PDF of the gamma distribution defined in 1.2.5. and 1y (y) is
PMF of a degenerate distribution at the point x defined in (2.1.11).

Now consider the result which is required for the computation of M’s expected utility.

Result 3.3 Let p1,p2,p and b be the positive real numbers. Also, let x1 and xo be the non-negative
real numbers such that xo > pe and xo > x1 and p; = (h; —p2)/(hi+p1), i = 2,3, hy = max{x1,p2}
and hy = xo. Then

/ / Yexp(—(p1 + p2) /MYy — p2, 1/n,p) dy dn = (F(b))b [1p, (P, 0) = 1, (p,D)]

P1+ P2

where I,(p,b) is the CDF of the beta distribution defined in Section 1.2.5.

Proof:
/ / ™" exp(—(p1 +p2)/mg(y — p2,1/n,p) dy dn
0 T1
:/OO /m2 n " lexp <_p1 +p2> L (y — p2)? ' exp <_y _pQ) dy dn [h1 = max(pa, z1)]
o Ju, 7 I'(p) 1
1 ho oo B B —+ _
:7)/ / =)~ oy <_ply> (y —p2)"~" dn dy [h2 = 2]
0

1 n
1 ha 4, T'(b+p)
__ - _ p—1_~\" ' P/
/hl =) (p1 +y)btr




o7

T'(b+p) /’w—m 21
= z = y — C
: [ ]

4
T'(p) e (P1H 2+ o)t

~ T(b+p) /h“’2 2! i
L(p)(p1 + p2)"*? iy —p, (1 + )Hp
P1+P2

_ T(b+p) /(thz)/(p1+pz) Z;ffl
L)1 +12)" Jihy—pa) forw2) (14 21)" P
T b P2 _
_ ( ) Bﬁz (pv b) B BPl (p, b)
~(p1+p2)? B(p,b)

:@ﬂﬁm“émw—m@wL

dz [21 = z/(a + ¢)]

hi— ;
where p; = 1J(r(hif QP)Q/)(/I’(;T_’@)Z) = B2 fori=1,2. (Proved)

Ifpy=pFs+w,po=(n—d+j)m,b=as+1,p=dand zo > (n—d+ j)m, then using Result 3.3,
we get,

/ / ~(@2=D=D exp(— (B + w + (n + j — d)m1) /)y <$—Tl(”—d+3) ,17 d) dy dn

. F(OQ — l)
(Bt w+ (n+j—d)T)ez!

(Ipz (d’ Qz — Q) - I,O1 (dv a2 — Q>) = H(w,l,j,d) (pla p2)7 say, (3'2'9)

where p; = (hi — (n—d+j)11)/(hi + P2+ w), for i = 1,2, hy = max{x1,(n—d+j)m1} and hy = zo.
Note that in this case, the points p; and ps varies with w, j and d.

Result 3.4 Suppose the lifetime of the product follows Exzp(1/n) and n follows inverse gamma
with parameters (ag, B2). If n items are put on a life test under HCS-I, then M’s expected utility

function is given by

Ian(Q) = by (202 d) +f F B (GG
M ! I(ag) (B2 + nrp )2~ ‘1 51 F(ag) (0,g,4,d)\625 64

=

0
as —1
+P(2 )H(O q,r—n,r) (CQ C4 7“) Z n—r + k <; >H(0:q7k77")(c2’ C4)> F(q + 1)

— bo[P(Awo) + P(Aww)] — Ly + b3P(R) — Csn — CyE[D] — CLE|[7],

3

where ag > q, S1 = {¢ :nm > d(0)}, pi = (hi — (n+i—d)n1)/(hi + P2 + w) fori=1,--- 4,
hi = (n—d+ )71, ha = max{ca(d),(n —d+ )11}, hg = max{ci(d),(n —d +1i)m1} and hy = n1y.

The expressions of P(Ayo), P(Aww), P(R), Ly, E[D], E[r] are given in Appendix 3.A.2.

3.2.2 Weibull distribution case

Here, we derive the optimal sampling plan for the Weibull distribution. Let X follows Wei(v, (A\*)'/¥),
which is defined in Section 1.2.7. From Section 1.2.7, the CDF of X can be written as

F(z|6)=1—exp(—A"z").
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The priors of v and A* for C follow G(uy,v1) and G(a1, 31), respectively. The distribution G(a,b)
is defined in Section 1.2.3. It is assumed that v and A are independent. Here 6 = (v, A*). Using
(3.1.1) and (3.1.5), the expected utility functions of C corresponding to acceptance and rejection

without warranty are obtained as

o (e
UNT L

T
Le(A|0)=ay [1 - ( +az and L¢(R|60) = as,

respectively. The expected acceptance utility functions of C w.r.t. prior with warranty are L¢(A | 6)
—Ex | 9(Cow (X)), where

Cp+Cy [ .
Ex | o(Cow (X)) :h/ (1 —exp(=A"z")]dx

r 1 1
= Cp+cw 1-— (V1> {7 (w§751> —’Y(U)I,,l)}] :Q(9)7 say,
wg — w1 VAV v v

where w} = Aw? for i = 1,2. If the inequalities (3.1.2) and (3.1.4) do not hold, we go for life
testing under HCS-I. The joint posterior distribution of 8 = (v, \*) is given by

d
p(0 | ) ox NFrFdTl utd—l H $l(/51 exp [-A*(u(x) + p1)] exp(—v1v), (3.2.10)
i=0

where z) = 1 and

nt¥, if d=0,
u(x) = 4, Ty + (n—d)t”, ifl1 <d<r,
i—1 %y + (n—r)zly, ifd=r.
C’s decision cannot be obtained analytically as in the case of Weibull distribution. We calculate
(3.1.7) and (3.1.8) by simulation, for which we draw the sample from the joint posterior distribution
given in (3.2.10). The procedure for drawing a sample is given in Algorithm 3.1. To use Algorithm

3.1, the following properties of the joint posterior distribution, as given in (3.2.10), are needed.

Properties:

1. The conditional posterior distribution of A* given v follows the gamma distribution with
parameters (a1 + d, u(x) + 5).
2. The marginal posterior distribution of v is log-concave if r > 1.

The proofs of the properties are given in the paper of Kundu [55]. We now provide the Algorithm
3.1 to generate (v, \*) from p(v, \* | ).

Algorithm 3.1: Procedure to generate (v, \*(V) from p(v, \* | z).

Input: Observed data @, number of iterations S
Output: Samples {(v®, X*N}S_ | from p(v, \* | )
fort=1to S do
Generate v from the log-concave marginal density p(v | ) using the method of Devroye [36];
LGenerate M from G(ay +d, u(x) + B1) conditional on v/(?;
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Next, we consider M’s utility function. Using the (3.1.9), (3.1.10), (3.1.11) and (2.1.10), the
expected utility functions of M corresponding to the decisions Ay, A, and R are obtained as

Uni(Awo | #,0) = b1 X ""T(q/v+ 1) — by — Con — Cud — C,,
1 1

Uni(Awe | 2,0) = Uni(Awo | ©,8) + Cop — (Cp + Cu) |1 — 2 <5’w?) — (o wi)
V)\*;(UJQ - wl)

and

Um(R | x,0) = b3 — Csn — Cyd — Cy,

respectively. The prior of v and A\* for M follow G(ug, v2) and G(«g, f2), respectively. It is assumed
that v and A are independent. Here, an analytical solution cannot be obtained as in the case of the

Weibull distribution. M’s expected utility function can be obtained using Algorithm 3.2.

Algorithm 3.2: Computation of M’s Expected Utility.
Input: Design parameter ¢ = (n, 71, k), number of simulations St, So
Output: Expected utility ¥a((¢)
Initialize v < 0;
for u=1to S; do

Generate xg)), e ,xEZ?u)), d™, and 7™ using the algorithm in Appendix 3.A.3;

Generate 0,052 ~ pe (0| (), where 2 = (23], 22, d0);

Compute:

1 & 1 &
Le(D|x™) = 5 ZEC(D 16)),  Egio [Q(0)] = 5 ZQ(O(S))
s=1 s=1

if Inequality (5.1.7) holds for x(*) then
Lr1<—1, ro 0, 73 < 0;

else if Inequality (3.1.8) holds for =(*) then
tm(—O, ro < 1, r3 < 0;

else

trle(), ro <0, 13 + 1;

Compute:

1/)1 = (7‘1 + 7’2) (blEXh}(u)’g[Xq] - bg) — TQEX‘Q:(U,)7G[CCW(X)] + T’3b3 - Cdd(u) - Ctﬁ(()u)

| Update: 1o <= 1o + ¥1;
Return:

’l/)M(C) = 705771 + =

3.3 Random decision-making sampling plan

Similar to Chapter 2, we consider the RDSP approach where M'’s knowledge about C’s utility,
prior and actions are not required. Here, M knows the form of the utility function and the prior
distribution of C. The parameters of the utility function and the hyperparameters are uncertain.
M estimates the probabilities of C’s action after the life test. C’s exact action after the life testing

is not known to M. Therefore, M’s action does not depend on C’s action and hence does not affect
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the optimal value of the sampling parameter.

The utility functions for C are discussed in (3.1.1) and (3.1.3). The methodology is discussed
for the exponential distribution. We consider that a1 ~ U[at, a?], B1 ~ U[BT, 5], a1 ~ Ulal, a?]
and ag ~ Ulal,a3], ag ~ Ulai,a3], L ~ U[L', L?] where 0 < ai < o, 0 < 81 < 82,0 < a} < a3,
al < a}, al < a?, L' < L?. The distribution U[a, b] is defined in (1.2.6).

Let AY,, A and RY be the events that C accepts the lot without warranty, with warranty,
and rejects the lot without inspection, respectively. Also, let Al (z), AL (x) and R'(zx) be the
events that C accepts the lot without warranty, with warranty, and rejects the lot based on the
data x after life testing. The probabilities of these events are estimated using Algorithm 3.3.

Algorithm 3.3: Compute P(AL, (x) | Ro), P(AL,(z) | Ro), and P(R'(z) | Ro).

Input: Sample x = (2(1), Z(2), - - ., T(q), d), number of simulations S

Output: Estimated conditional probabilities of C action given initially C rejects the lot
Initialize: rg1 < 0, o2 < 0, 193 < 0, r11 < 0, 12 < 0, 713 < 0;
fori=1to S do
Generate parameters:;
of ~ulot,a3), B ~UBL Y, o) ~Ulal a3, ol ~Ula},a3], af ~Ula}, a3),
LO ~UY[LY, L?);
Compute: Compute the expressions (3.1.1), (3.1.3), U°(A | =) and Eq | z[Ex | o[Cow (X)]]; if
Inequality (3.1.2) holds then
‘ ro1 < ro1 + 1;
else
if Inequality (5.1.4) holds then
‘ oz <= To2 + 1;
else
To3 < ro3 + 1;
if Inequality (5.1.7) holds for x then
‘ i rin+ 1
else
if Inequality (3.1.8) holds for x then
‘ 12 <= 712+ 15
else
LT13 —riz+1

Compute final probabilities:;
P(AL,) = . P(AL,) = . P(RY) =%
P(Auo(x) [ Ro) = 12, P(Ay,(x) | Ro) = 72, P(RY(z)|Ro) = 72

703’ o 703’

Then, using these estimated probabilities, the expected utility of M is computed as
0ni(©) = [ [ S [PAL @) | Ro) {BEx | may (XY = ba = Con = Cad - Cir}
0Jy d
+P(AL, (@) | Ro) {b1Ex|(2,6)(X9) — by — Csn — Cqd — Cy7}
+P(R'(z) | Ro) {bs — Csn — Cad — Cy7}] gx (y,d | 0) pas(0) dy db. (3.3.1)
The optimal decision ¢* = (n*,r*,71*) is obtained by maximizing (3.3.1), i.e,

¢" = argmax P (C)-
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3.4 Numerical example

Here, we consider the computation of optimum BRASPs under different scenarios.

3.4.1 Optimal BRASP under exponential distribution

Here we assume that the lifetime of the item follows Exp(1/n), which is defined in Section 1.2.2.
The hyperparameters of the prior distribution of n for M are taken as ag = 1.8 and B2 = 18. The
cost components and risk parameter of M’s utility function are chosen as by = 10, by = 5, by = 25,
Cs=1,C;3=0.5,C; =0.5 and ¢ = 0.8. The warranty time points are w; = 5, wy = 10, warranty
price C,, = 0.5 and the selling price of the product is C}, = 2. C’s required lifetime is L = 15. The
cost parameters of C’s utility are a; = 10, as = 5, az = 9 and the hyperparameters of the prior
distribution of n for C are a; = 2 and 1 = 3. The optimal design ¢*, ¥r((¢*), the probability of
acceptance, rejection after life testing, F[D*] and E[I*] at ¢* are given in Table 3.1.

Table 3.1: Optimal values (n*,7*,71*) for the exponential distribution.

C* = (n*ﬂ’*,’]’l*) wM(C*) [P(Awo)7P(Aww)7P(R)} E[D*] E[T*]
(5, 2, 5.75) 70.79 [0.18, 0.24, 0.58] 140 3.96

Next, we consider the effect of parameters on optimum solution. The effect of the parameters

as, by, bz, (a2, f2) and Cy are given in Tables 3.2, 3.3, 3.5, 3.4 and 3.6, respectively.

Table 3.2: Optimal values (n*,r*, *) for different values of a3 for the exponential distribution.

a3 ¢ =" 1) Ym(CT)  [P(Awo), P(Auww), P(R)]  E[D*]  E[r"]
8 (5, 2, 10.63) 57.59 0.10, 0.13, 0.77] 1.69  5.46
10 (4, 2, 4.03) 81.29 [0.32, 0.32, 0.36] 1.05  3.35
11 (1, 1, 1.71) 89.37 [0, 0.85, 0.15] 015  1.58
12 (0, 0, 0) 92.03 [0, 1, 0] 0 0

It is observed in Table 3.2 that when a3 increases for fixed values of other parameters, the probability
of acceptance without warranty increases. This is due to the fact that the lot is accepted without
warranty, which is the first priority to C because of the low price of the product. When a3z = 12,
the optimal design is (0,0,0) and P(Ay,) = 1. This means that the lot is accepted with a warranty
and without life-testing. Also, it is observed that when ag increases, the sample size and time point

decrease. This happens because as a3 increases, the value of E,[Uc(A | n)] gets closer to as.

Table 3.3: Optimal values of (n*,r*, 7 *) for different values of b; for the exponential distribution.

b ¢ = (n*,r*,m") wM(C*) [P(Awo), P(Aww), P(R)]  E[D*] E[r"]

3 (5, 1, 3.30) 29.31 [0, 0.31, 0.69] 052  3.12
5 (2, 1, 6.55) 38.59 [0, 0.37, 0.63] 063  3.99
15 (8,5, 10.21) 106.85 0.34, 0.13, 0.53] 3.75  7.89

20 (10, 7, 11.76) 144.26 [0.36, 0.14, 0.50] 5.28 9.47
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In Table 3.3, it is observed that when b1 increases, the probability of rejection of the lot decreases.
This is due to the fact that if by increases, M’s utility of acceptance increases. Also, we see that

sample size increases with by.

Table 3.4: Optimal values (n*,r*, 7 *) for different values of b for the exponential distribution.

by ¢" = (" 1*) Ym(CT) [P(Awo), P(Aww), P(R)] E[D*] E[r7]
15 (8, 4, 7.46) 65.22 [0.32, 0.14, 0.54] 2.94 5.65
35 (5, 2, 5.75) 76.62 [0.18, 0.24, 0.58] 1.40 3.95
55 (4, 2, 7.67) 88.37 [0.17, 0.24, 0.69] 1.42 5.21
110 (2, 1, 11.50) 123.10 [0.23, 0, 0.77] 0.77 5.43

In Table 3.4, when b3 increases, the probability of rejection of the lot increases. This is due to
the fact that if b3 increases, M'’s utility of rejection increases. Also, it is seen that the sample size

decreases with bs.

Table 3.5: Optimal values (n*,r*,7*) for different values of (a, 32) for the exponential distribution.

(g, 82) ¢ = (n*,r",11")  bm(C) [P(Awo), P(Aww), P(R)] E[D*] E[r7]
(2.8, 18) (2, 1, 6.55) 33.21 [0, 0.22, 0.78] 0.78 3.13
(2.8, 28) (5, 2, 5.75) 48.42 [0.14, 0.24, 0.62] 1.48 3.88
(1.8, 28) (8, 5, 10.13) 112.96 [0.51, 0.15, 0.34] 3.10 8.93
(18,180) (2, 1, 6.55) 30.40 [0, 0.28, 0.72] 0.72 3.69

Table 3.6: Optimal values (n*,r*,71*) for different values of C; for the exponential distribution.

C: =@ n") Ybm(C)  [P(Awo), P(Aww), P(R)] E[D*] E[r*]
0 (5, 5, 33.29) 76.41 0.33, 0.13, 0.54] 424 23.06
01  (6,5,17.37) 74.36 0.33, 0.13, 0.54] 391 13.18
1 (6, 2, 4.60) 68.95 [0.19, 0.24, 0.57] 139 3.19
3 (8, 2, 3.29) 63.67 0.20, 0.23, 0.57] 137 2.30

In Table 3.5, when «y is fixed and (2 increases from 18 to 28, it is observed that M’s utility and
probability of acceptance increases. This is due to the fact that when 55 increases, the mean lifetime
of the product increases. In Table 3.6, it is observed that when C} increases, E[7*] decreases as

expected.

3.4.2 Optimal BRASP under Weibull distribution

Here, we assume that the lifetime of the item follows Wei(v, (A*)'/*). The hyperparameters of the
priors of v and A\* for C are taken as (u1,v1) = (10,10) and (a1, 51) = (2,3), respectively. The
hyperparameters of the priors of v and \* for M are (ug,v2) = (100,100) and (ae, 52) = (1.8,18),
respectively. The cost components and risk parameter of M’s utility function are chosen as b; = 10,
by =5,b3 =25 Cs =1, Cqy=0.5, C; = 0.5 and ¢ = 0.8. The warranty time points are w; = 5,
wy = 10, warranty price C,, = 0.5 and selling price of the product is C), = 2. C’s required lifetime
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is L = 15. The cost parameters of C’s utility are a; = 10, ag = 5, a3 = 9. The optimal design, M’s
utility, the probability of acceptance, rejection after life testing, the expected number of failures

and the expected time duration of the test are provided in Table 3.7.

Table 3.7: Optimal values (n*,r*, 71*) for the Weibull distribution.

¢C=%r ") bwm(C)  [P(Awo), P(Aww), P(R)]  E[D*]  E[r"]

141.45

(6, 3, 7.51)

0.31, 0.15, 0.54]

2.08

5.42

Next, we consider the effect of parameters on the optimum solution. The effect of the parameters

as, by and («aq,31) are given in the Tables 3.8, 3.9 and 3.10, respectively.

Table 3.8: Optimal values (n*,r*,7*) for different values of a; for the Weibull distribution.

ar ¢ =" 1) Ym(CY)  [P(Awo), P(Aww), P(R)] E[D*]  E[r*]

6 (0, 0, 0) 161.55 [0, 1, 0] 0 0
(3, 2, 4.31) 153.19 0.36, 0.35, 0.29] 091  3.75
(6, 3, 4.90) 147.25 0.41, 0.20, 0.39] 1.77  4.06

11 (9, 4, 7.53) 135.67 0.28, 0.12, 0.60] 3.03  5.30

Table 3.9: Optimal values (n*,r*, 7 *) for different values of b; for the Weibull distribution.

b1 ¢ =1 1%) Ym(C) [P(Awo), P(Aww), P(R)] E[D*] E[r*]
1 (0, 0, 0) 25 [0, 0, 1] 0 0

3 (3, 1, 5.21) 45.90 0.11, 0.21, 0.68] 0.68  2.86
5 (4, 2, 8.10) 71.67 0.23, 0.17, 0.60] 141 526
15 (10, 5, 5.04) 213.48 0.34, 0.13, 0.53] 3.75  7.89

Table 3.10: Optimal values (n*,r*,71*) for different values of («y,31) for the Weibull distribution.

(1,81) ("= 1") Ym(C)  [P(Awo), P(Aww), P(R)]  E[D*] E[r7]
(3, 3) (9, 5, 8.88) 130.10 [0.23, 0.16, 0.61] 3.68 6.62
(3,9) (6, 3, 7.12) 142.02 [0.31, 0.17, 0.52] 2.05 5.24
(2,9) (3, 2, 6.45) 148.89 [0.35, 0.19 0.46] 1.93 4.63

(20, 30) (0,0, 0) 25 [0, 0, 1] 0 0

It is observed in Table 3.8 that when a3 increases, the probability of acceptance decreases.
This is due to the fact that when a; increases the expected acceptance loss for C, E,[Uc(A | )]
increases. When a; = 6, the optimal design is (0,0,0) and P(Ay) = 1. This means that the lot
is rejected by C without warranty. However after a warranty is given by M, C is convinced and
accepted the lot with warranty. In Table 3.9, if b; increases, M’s utility of acceptance increases,
which is similar to the exponential distribution case given in Table 3.3. In Table 3.10, when oy

is fixed and f; increases from 3 to 9, it is observed that the n* and FE[r;| decrease. This is due
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to the fact that when [, increases, the prior belief about the mean lifetime of the product for C
increases. Therefore, C is easily convinced by M. Also, it is seen that for (aq,51) = (20, 30), the
probability of rejection equals to 1. We can say that C’s initial belief about the product is very

poor. Therefore, M does not agree to conduct a life test to convince C and the lot is rejected.

3.4.3 Optimal BRASP under RDSP approach

Here we consider RDSP and assume that the lifetime follows Exp(1/n). The parameters of C’s
utility and prior are random. We consider that a; ~ #(10,20), as ~ U(1,7), a3 ~ U(3,12)
ay ~U(1,8), f1 ~U(1.5,3.5) and L ~ U(12,18). The cost components and risk parameter of M’s
utility function are chosen as b; = 10, by = 5, b3 = 25, Cs = 1, C4 = 0.5, Cy = 0.5, C, = 0.5,
Cp = 2 and ¢ = 0.8. The warranty time points are wy = 5, wa = 10. The optimal design is given in

Table 3.11 and the effect of the parameters b; and Cy are given in Tables 3.12 and 3.13, respectively.

Table 3.11: Optimal values (n*,r*,7*) under RDSP approach.

¢ =) Ym(C")  [P(Awo), P(Aww), P(R)] E[D*] E[r"]
(3, 3, 4.73) 85.08 [0.50, 0.37, 0.13] 103 4.59

Table 3.12: Optimal values (n*,r*,71*) for different values of b; under RDSP approach.

bi =51 1") Ym(C)  [P(Awo), P(Aww), P(R)]  E[D*]  E[r*]
5 (2, 1, 5.45) 39.37 [0.46, 0.27, 0.27] 0.57  3.56
10 (3, 3, 4.73) 85.08 0.50, 0.37, 0.13] 1.03 459
15 (5,4,4.93) 132.38 [0.68, 0.23, 0.09] 1.62  4.40
20 (5, 5, 4.94) 180.13 0.69, 0.22, 0.09] 174 4.90

Table 3.13: Optimal values (n*,r*, 71*) for different values of C; under RDSP approach.

C: ¢ =m"r"n") Ym(¢) [P(Auwo), P(Aww), P(R)] E[D*] E[r"]
0 (2, 2, 25.49) 94.52 043, 0.23, 0.34] 1.98  23.06
01  (4,3,17.37) 90.36 0.43, 0.23, 0.34] 291  13.18
1 (6, 2, 4.60) 88.95 0.39, 0.24, 0.37] 139 3.19
3 (8, 2, 3.29) 83.67 0.30, 0.23, 0.37] 1.37 230

In Table 3.12, it is observed that when b; increases, the probability of rejection of the lot
decreases. This is due to the fact that if b; increases, M’s utility of acceptance increases, which is
similar to the non-random case for the exponential distribution given in Section 3.4.1. Also, it is

seen that sample size increases with b;.

3.5 Data analysis

The proposed methodology of determining optimum RASP is illustrated by using data on failure

times (in hours) of the air-conditioning system of plane ”7913” taken from Proschan [100]. The
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data set is given below:
1,4, 11, 16, 18, 18, 18, 24, 31, 39, 46, 51, 54, 63, 68, 77, 80, 82, 97, 106, 111, 141, 142, 163, 191, 206, 216.

Mondal and Kundu [85] analyzed this data dividing by 100 and fitted Wei(v, (A\*)1/¥). The ML
estimates of v and \* obtained in Mondal and Kundu [85] for the complete data are 7 = 1.123 and
X* = 1.286, respectively. Here M of the airconditioning system is treated as M and the aircraft M
is considered as C. Suppose that M is negotiating with C for the sale of air conditioning systems.
Both M and C agree that the lifetime follows Weibull distribution. We assume that M considered
gamma priors for v and \* with respective means 1.123 and 1.286. C also considered gamma priors
for v and \*. The mean values of ¥ and A* considered by C are 1.123 and 2.572, respectively.
The hyper-parameters of gamma priors of parameters v and A\* for C are u; = 11.23, v; = 10 and
a1 = 25.72, f1 = 10, respectively and for M us = 112.3 v9 = 100 and as = 128.6, B2 = 100,
respectively. C believes that the mean lifetime of the product is 0.373 hour and M believes that
the mean lifetime of the product is 0.745 hour.

Next, we consider the cost components and risk parameter of M, which are taken as by = 3000,
bo = 1000, b3 = 250, Cs = 30, Cy = 5, Cy = 30 and ¢ = 1. The warranty time points are taken
as wp = 0.2 hour and wy = 0.3 hour, warranty price (', = 200 and selling price of the product
is C, = 2000. C’s requirement of a minimum lifetime is L = 0.5 hour. The cost parameters of
C’s utility are a; = 12000, as = 5000 and a3 = 8500. For these values, the optimum RASP is
(n*,r*,7*) = (6,4,0.517). The probability of acceptance of the lot without a warranty after life
testing is 0.35; the probability of acceptance with a warranty after life testing is 0.24 and the
probability rejection of the lot after life testing is 0.41.

Next, we have to carry out a life test under the optimum RASP. For illustration, we generate
HCS-I data based on the optimum life testing plan ¢ = (6,4,0.517) from the Wei(1.123,1.114).
Then we calculate e; = Lo(A | @) — a3 and ea = Le(A | ) — Eg | o[Ex | o(Cow (X)] + Cyp —az. If
e; < 0, C accepts the lot without warranty; if e; > 0 and ey < 0, C accepts the lot with warranty;
and if e, ea > 0, C rejects the lot. Some data sets and corresponding decisions are given in Table

3.14 for illustration purposes.

Table 3.14: The data sets and C’s acceptance utility and his/her decision.

) T(1) T (2) T(3) T(4) el es Decision

1] 0.360 0.375 - - —296.091 —676.824 The lot is accepted without warranty.
2| 0.042 0.112 0.390 0.477 1095.776 404.860 The lot is rejected.
310221 0.243 0370 0.433 355.132  —166.762 The lot is accepted with warranty.
41 0.136 0.268 - - 228.634  —270.746 The lot is accepted with warranty.
51 0.301 - - - —404.696 —764.607 The lot is accepted without warranty.
6 | 0.0564 0.059 0.506 - 1095.612  402.880 The lot is rejected.

7 - - - - —675.769 —977.915 The lot is accepted without warranty.

3.6 Discussion

In this work, we have considered determination of optimum Bayesian RASP with optional warranty

under hybrid censoring. The work can be extended to other censoring schemes. We have considered
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exponential and Weibull distributions for illustration. However, the proposed methodology can
be extended to other lifetime distributions with appropriate prior distributions. Here we have
considered that only one C negotiated with one M. However, in many situations, C negotiates with
more than one M for taking a decision to buy a product. This will be considered in future studies.
Also, for simplicity, we have assumed that both parties consider common lifetime distribution.

However, it can be extended to the case of different lifetime distributions for M and C.

3.A Appendix

3.A.1 Proof of results

To prove Results 3.1 and 3.2, we need to prove the following lemma.

Lemma 3.1 Suppose n identical units are put on a life test under the HCS-1. The lifetimes of the
units are IID with CDF F(xz | n) = 1 — exp(—x/n). Let pc(n) be the prior of C. Then for any

positive decreasing function h(n), the posterior expectation of h(n) is decreasing in v(x) for fized d.

Proof: From (3.2.3), the likelihood function is given by

Ll | @) o exp (<212 )

The posterior expectation of h(n), denoted by A((v(x),d) | m), is given by

S5 h(mym @ exp (=42 pe(n) dn

A((v(x),d) | ) =
)| = e T et a

(3.A.1)

Consider two points x; and @2 such that v(x;) < v(x2), it suffices to show that A((v(x1),d) | )
< (>)A((v(z2),d) | ¢) when h(n) is increasing (decreasing) function. Let f1(n) = n~%exp (—U(Z]“)),

fo(n) = n~%exp (=222)., g1(n) = h(n)pe(n) and gs(n) = pe(n). Thus from (3.A.1), we get

~Joo fitmgi(n) dn

A((v(@1),d) | €) = I Fuln)ga(n) dn

and

_ Jo" f2(n)g1(n) dn
0% f2(m)g2(n) dn’

We assume all integrals are finite. Clearly, f2(n) and g2(7) are non negative functions of 7. Note

that
fi(n) (v(x2) — v(x1))

Rl "
is decreasing in 7 when v(z1) < v(x2) and ¢1(n)/g2(n) = h(n) is decreasing function in n for n > 0.
By Theorem 2 in Wijsman [120], we get A((v(x1),d) | ¢) > A((v(x2),d) | {) when v(x1) < v(x2).
Therefore, A((v(x),d) | ¢) is decreasing in v(x) for fixed d. (Proved)

A((v(22),d) | ¢)
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Proof of Result 3.1:

Proof: We have
Av((e(@).d) [0 = [ ( [n- exp(—x/n)}dx> el | @)dy
Z/OOO h(n)pe(n [)dn,

where h(n) = fOL[l — exp(—x/n)]dx. Note that h(n) is decreasing in . By Lemma 3.1, it follows
that Ay ((v(x,d) | ¢) is decreasing in v(x) for fixed d. (Proved)

Proof of Result 3.2:
Proof: We have

—Ai((v(z),d) | ¢) — A2((v(),d) | €)

L
= /Oo /OL %[1 —exp(—z/n)|dx — Cr /wz[l —exp(—z/n)|dz| pe(n | =)dn

w2 — W1 Jwy

where h(n) = OL P —exp(—2z/n)]|dx — p 21 — exp(—z/n)]dz. Note that h(n) is decreasing

w2 —wy JW1

in 7. By Lemma 3.1, it follows that A;((v(x,d) | ¢) is decreasing in v(x) for fixed d. (Proved)

3.A.2 Expressions of P(Auo.), P(Aww), P(R), Ly, E[D] and E|[7]:

The expressions of E[D] and E[r] are given in Liang and Yang [67]. For the expressions of other
terms of the result, we put the value of f(,) p)(y,d) in (3.2.5), (3.2.6), (3.2.7) and (3.2.8) and
simplify by using the (3.2.9). The expressions of P(Aws), P(Aww), P(R), Ly, E[D]and E[7] are
given below:

a2 a2

r d
P(Ayo) =—2——15(O) + 2= > d " (=1)"H(0,0,i,4)(¢3: Ca)
(B2 +nm) I'(a2) , i) \d

—_1)* _
i <2 - 1) H(O,O,k,r) (C37 <4)] )

zd: (j) (Z) (=1)"H 0,0,4,a)(C2: (3)

A A 1) H(o,o,k,r)(@’@)] ;

_ 5 2
Pldws) = (B2 + nmp )22 Ls,(¢) + l

s as r d n )
P(R) :ml&(C) + F(ZQ) [ZZ (Cj) (d)(_1)1H(O,O,i,d)(<h<_2)

n —1)k r—1
+H(0,0,0—n,r)(C1,C2) + 7”< > n—ir)—&—k (k _ 1) Ho,0,,r)(C1, 42)1 )
k
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— C 2 - 02
Ly =CpP(Ay) — CuP(Ay) + - jwl (;(—W L@(@ R 1s,(¢)
d d n . ;2 r 32
+; <Z) (d) =) ['(az) ;H(wl’l’i’d)(cz’g?’) * mH(wlquT‘*nm)(<27<3)
52 (n\~— (-DF (r—1
+F(o@r(r) D <I<: _ 1>H(w1,17k,r><<2, CD ,

() O i) () E ()

« [ Bo  aemi(n—i)+ o2 } 1
(2 — 1) (g —1)  (11(n—1) + Bo)o

where S = {¢: ¢(0) < nm < ¢(0)} and S§3 = {¢ : nmy < ¢(0)}.

3.A.3 Alogorithm for generating HCS-I sample:

The algorithm generates a pseudo-random HCS-I sample with n units and r failures and truncation

time 71 (see Meeker [82]). Define U (W _ 0, start with ¢ = 1, and generate the sequence as follows:
(0)

1. Generate ng) from paq(0).

2. A pseudo-random observation U™ s generated form a U(0,1) . Compute U((S) =1-[1-

U] x (1= UP)ED and o) = FUL | 60,

3. Ifi > r or ng)) > 71, stop; and take d) = (i — 1) and 7(*) = :1:821) the sample data is
represented by &) = (a:gif)), . ,fo'fz d®).

4. If i <r and xl(-u) < 71, increase the value of 7 by 1 and return to Step 1.



Chapter 4

RASP through adaptive SSSPALT
under type-I censoring by Bayesian

approach

This chapter considers the determination of BRASP under type-1 censoring, with the aim of mini-
mizing the total expected cost w.r.t. a common prior distribution for the lifetime parameters and
a shared utility function between the manufacturer and the consumer. As discussed in Section 1.7,
most of the existing literature on BRASP focuses on life testing conducted under non-accelerated
conditions. In recent years, global market competitiveness and rapid technological advancement
have pushed manufacturers to produce products with very high reliability. For such products, the
mean time to failure under normal operating conditions is often prohibitively long. In such cases,
conventional life testing often fails to provide sufficient lifetime information to support decision-
making due to time and resource constraints.

To address this limitation, ALT or PALT is commonly employed to generate adequate failure
data within a shorter duration. Several works have considered inferences and design problems in
ALT or PALT settings under various censoring schemes. For example, Wu et al. [123] studied sta-
tistical inference for the two-parameter exponential distribution under type-II censoring, while Kim
and Sung [51] examined optimal ALT planning illustrated with log-normal distribution. Similarly,
Lim et al. [69] and Jin et al. [46] explored ALT or PALT designs under degradation models.

The problem of designing BRASP based on ALT or PALT with censored samples has received
less attention. Recently, Chen et al. [26, 27] and Prajapati et al. [98] investigated BRASP under
SSSPALT with type-II censored data, while Chen et al. [28] studied BRASP under SSSALT with
complete data. In the case of BRASP under SSSPALT, as studied by Chen et al. [26, 27], it has been
noted that increasing stress levels introduces an additional cost. Motivated by this, we consider
an adaptive simple step-stress partial accelerated life test (ASSSPALT) in which the decision to
change the stress level after time 7 depends on the number of failures observed up to 7. Xiang
et al. [124], Wang and Wu [117] have considered ALT design under adaptive settings.

In this chapter, we extend this idea by developing BRASP through ASSSPALT under type-I

censoring, referred to here as BSPAA. The adaptive test can be described as follows: A sample of

69
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size n is placed on a life test at the normal stress level sg at time 79 = 0. If the number of failures up
to time 7 is less than a pre-specified threshold m, the stress level sg is increased to s1; otherwise,
the stress remains unchanged after 7. Under type-I censoring, the life test continues until time 7o
at the current stress level, unless all items fail earlier, in which case the test is terminated at the

time of the last failure. Two important special cases are noted:

(i) If m = 0, then the stress is unchanged after 7, irrespective of the number of failures, and
the test is continued under initial stress sg. In this case, the life test becomes a conventional

non-accelerated under type-I censoring.

(ii) If m = n and the number of failures up to time 7; is less than n, then the stress is always
changed to the stress level s; after 71 and the test is continued under the stress level s;. If the
number of failures up to time 7 is equal to n, the life test is stopped before 77. As a result,
ASSSPALT becomes a conventional SSSPALT under type-I censoring.

Thus, the adaptive design allows both accelerated and non-accelerated life tests to be studied within
a unified framework. Moreover, in the adaptive case (0 < m < n), the Bayes risk is minimized
compared to the non-accelerated and accelerated cases.

In industrial applications, it is essential to make cost-effective decisions within limited time.
The adaptive accelerated life test achieves both objectives: it reduces testing time and provides
flexibility to adjust stress levels based on interim test results. Furthermore, decision makers often
possess prior knowledge of lifetime parameters, which can be incorporated into the Bayesian frame-
work. Accordingly, we develop a methodology for determining BRASP using data from adaptive
accelerated life tests and prior information.

From a managerial perspective, two aspects are of primary importance. First, the implemen-
tation of ASSSPALT under type-I censoring and the collection of life test data generated from it.
Second, takes decisions of acceptance or rejection for a lot based on the decision criteria developed.
The proposed methodology provides a general framework for designing BRASP under type-I cen-
soring. As special cases, it also accommodates BRASP under conventional SSSPALT with type-I
censoring, referred to as CBSPA in this chapter, and BRASP under conventional non-accelerated
life testing with type-I censoring, referred to as CBSP, which was studied by Lin et al. [74].

The organization of the chapter is as follows. Section 4.1 presents the framework of the BSPAA
for the exponential distribution through SSSPALT. Section 4.2 derives the Bayes decision function
and Bayes risk under a general loss function and prior distributions. Section 4.3 specifies these
results for the quadratic loss function. Section 4.4 addresses the determination of the optimal
BSPAA. Section 4.5 provides numerical examples under different scenarios, including comparisons
between BSPAA, CBSP, and CBSPA. Section 4.6 presents a real data analysis to demonstrate the

proposed method. Finally, Section 4.8 concludes with a discussion.

4.1 Model & assumptions

Suppose n identical items are selected from the lot and put on life test in normal stress sg at time

70 = 0. Let 71 > 0 and 7 > 71 denote the pre-fixed time points. Let D; be the number of failures
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that occur by time 71 under the stress level sg. If Dy is less than a pre-assigned number m (< n),
the stress level sg is changed to stress level s;. Otherwise, the stress level remains unchanged and

the life test continues with stress sg. For simplicity, stress levels sy and s are represented as follows.

sp, if 0<z <,
s=4sg, if x>m, D1 >m, (4.1.1)
s1, if x>7m, Dy <m.

Suppose X denotes the lifetime of an item with CDF F(- | @) and PDF f(- | 6) under ASSSPALT.
Let the hazard rate at the stress level s; be A\;, i = 0,1. Using (1.4.2), the CDF of X is given by

1 —exp(—XAox), if x<m,
Fle | 6) = p(—Aoz) 1
[1— exp(=Xoz)]'°[1 — exp[-Xor1 — Mi(z — m)])°, if >,
where ¢ is the indicator function defined as
1, if Dy <m,
5= nosm (4.1.2)
0, if D1 > m.
The PDF of X is given by
Ao exp(—Aox), if =<,
fw)6) = L o
[Aoexp(—Aoz)] °[A1exp[—Aom1 — Mi(z —7)])°, if z>7p.

Suppose X1, Xa, ..., X, be the lifetimes of n items with PDF f(- | 8) and X (1), X(a), ..., X () be
the order statistics corresponding to X1, Xo, ..., X,,. The test is carried out under type-I censoring
as described in Introduction. Therefore, the life test continues up to time 75. Let D5 be the random

variable denoting the number of failures in the interval (71, 72]. The observed data is given by
(di =0,dy =0), ifd=0,
(yad17d2)7 1fd>07

where y = (2(1),...,7(g)) and d = d1 + da. We assume that \g = A and \; = ¢, with ¢ > 1,
since sp < s1. Let @ = (A, ¢) denote the parameter vector. Given observed data x, the likelihood
function can be written as

=0

dy
)\dexp [)\ (Zl’(j) + (Tl* dl)Tl +¢)5(n — d)(’l’g - Tl))] , if dl 2 0& d2 = O,

dy
L(0 | .’1}) . ¢6d2)\d exp |:>\ (qu) + (n — d1)7'1+

Jj=0

d
¢>5< Z (m(j>ﬁ)+(nd)(rzn)))], if dy >0& dy >0,

Jj=di+1

Here, the sufficient statistics w; and we can be written as wq(x) = 2?1:0 z(jy + (n — d1)71, where
.T(O) =0 and
E?Zlerl(x(j) —Tl)—l—(n—d)(TQ—Tl), if do > 0,
wo(x) =
(n—d)(r2 — 1), if dy = 0.
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Then the likelihood simplifies to
L8 | (wi(@), ws(@), dr, da)) o< X¢™? exp [~ (wi(@) + ¢ wa(x) )] . (4.1.3)

For convenience, we write w1 = wi(x) and we = wy(x). The observed data can be written as
x = (w1, ws,dq,ds). The vector of the decision variables of the life testing plan under this setup is
denoted by ¢ = (n, 71,72, m).

Let p(0) be the prior distribution of @ = (), ¢). It is assumed that A and ¢ are independent and
p1(-) and pa(-) be their PDFs, respectively. Therefore, p(@) can be written as p(6) = p1(\)p2(9).
The posterior distribution of 8 given x is

L(0 | x)p(6)

p(O | x) = L@ ) p0) a0 (4.1.4)

Let a(x | ¢) denotes the action of acceptance sampling and it is defined by

1, if the lot is accepted based on observed data a,
a(x | ¢) = (4.1.5)
0, if the lot is rejected based on observed data .
We consider the loss functions for acceptance and rejection after the life testing as
L(A|x,0)=h(\)+nCs—(n—d)vs+7Cr+(n—d)C,q (4.1.6)
and
LR |x,0)=C,+nCs— (n—d)vs+7Cr+0(n—d1)Ch, (4.1.7)

respectively. The cost components Cs and Cy are defined in Chapter 2. The other cost components

in the above expressions are motivated as follows:

o Loss function (h()\)): Represents the cost associated with accepting a lot. Items are as-
sumed to operate under normal conditions, so the loss depends solely on the failure rate .
Since higher A indicates earlier failure, h()\) is taken as a positive, increasing function of A.
For example, if the loss arises from items failing before a specified lifetime L, it can be mod-
eled as h(\) = NCP(X < L) = NC[1 —exp(—AL)], where N is the lot size, C is the cost per

failed item, and X the item lifetime under normal conditions.

o Salvage value (vs): Units that survive the life test may often be reused in production or
sold as second-grade products. This recovery generates a cost offset, referred to as the salvage

value. Here vs represents the per-unit salvage value which is always less than Cs.

o Accelerated stress cost (C,): It represents the per-unit accelerated stress cost which arises
due to applying elevated stress (e.g., increased temperature, voltage, or pressure) increases

marginal resource usage or risk of induced damage. This entails additional expenses.

o Rejection cost (C;): It captures the fixed penalty associated with rejecting a lot, encom-

passing material disposal, rework, and potential contractual penalties.
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4.2 Bayes risk and Bayes decision function

Here, we obtain the Bayes Risk using the loss function given in (4.1.6). Then we determine the life
testing plan ¢* = (n*, 71, 75, m*) and the optimal decision function a*(x | ¢*) = a* by minimizing
the Bayes risk over all such sampling plans.
4.2.1 Bayes risk
The expected loss for a given sampling plan ¢ and observed data x is
(¢ alx,0) =LA xz,0)a(z | () + LR |x,0)[1 —az | ()]
=a(x | O)h(N) + (1 —a(z | €))Cr +nCs+ 6(n — d1)Cy — (n — d)vs + 7C%.

The Bayes risk of a sampling plan { = (n, 71,72, m) is defined as the expected loss over the joint

distribution of the parameters and data:

RB(C? a) = FEoEx | 6 [Q[)(C,CL ‘ T, 9)]
=n(Cs —vs) + Cyngs + vsE[D] + CLE[T] + Ra((, a), (4.2.1)

where
Ra(C,a) = EgEx | pla(X [ Q)h(A) + (1 — a(X | €))Cr, (4.2.2)
nes = Fg[Ep, | old0(n — D1) | 0]], E[D] = Eg[Ep | o[D | 0]] and E[r] = EglE; | ol | 0]]. The

expressions of E[D], ngs and E[r]| are provided in Appendix 3.A.2.

4.2.2 Bayes decision function

We obtain the Bayes decision function that minimizes the Bayes risk Rp({, a) among the class of
all decision functions. The Bayes risk Rp(¢,a) in (4.2.1) consists of the decision function a(- | ¢)
only in the term RA(¢,a). Note that R4(¢,a) in (4.2.2) can be written as

RA(C a) = Eg[h(A)] + EgEx | [(1 —a(X | €))(Cr — h(N))]

— Bplh(N] + Ex By | x[(1- a(X | €)(Cr — V)] (123
We have
ExEg | x[(1—a(X | ¢)(Cr—h(N)]
n n—di
=X % [ [ -t | Es o0~ AN ax(a) duy
n n—d
_dlzwzo/wl/ml—awyg { /h eymde}gx()dwgdwl
n—dj

Il
M:

1—a(z | Q)][C, — p(x)] gx(z) dws dwy,

2

§\
=~

X
=
Il
o
X
M
Il
o
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where
p(wr,wn, di, da) = /eh()\)p(O | wy,wa, dy, da) d6 (4.2.4)
and gx () is the marginal PDF of X, defined as
gx(@) = [ 9x |olw | 6) p(6) do,
with conditional joint PDF
9x | 6(x | 0) = 9w, wa) | D1,Do0(wW1, w2 | di,d2,0)P(Dy = d1, Dy = dz | 6).

Here g(w, wsy) | Dy,Ds,0(W1, w2 | di,ds,0) denotes the conditional joint PDF of (W1, W2) given
(D1, D9,0) and P(Dy = dy, Dy = dy | 0) is the joint PMF of (Dy, Ds).

To obtain Bayes decision, we need to minimize R4({,a) w.r.t. a which is equivalent to mini-
mization of Ex Eg | x[(1 — a(X | ¢))(Cr — h(N))] wr.t. a(- | ¢). Now we consider two cases:

Case 1: when p(wy,ws,dy,ds) < Cy,

0, if a(x =1,
By | 41— afe | )(C, — h(N)] { (@10

>0, ifa(x]|)=0.
Case 2: when p(wy,ws,d1,ds) > C,,

0, ifa(z|¢) =1,

Eo | ol(1 —al@ [ €))(Cr = h(A))] = {< 0, ifa(x]|¢)=0

Therefore, for each fixed ¢, if we take a(x | ) = 1 when C, — p(wi,wz,d1,d2) > 0and a(x | {) =0
when C) — (w1, wa,d1,d2) < 0, then ExFEy | x[(1 — a(X | ))(Cr — h()))] is minimized w.r.t.
a(- | €). So for fixed ¢, the Bayes decision function a*(x | ¢) is given by,

0, otherwise.

. 1, if Cr — (w1, wa,dy,d2) > 0,
a’(z | ¢) = {

Next, we provide an alternative form of the Bayes decision function that is useful to obtain a
simplified form of (4.2.3).

4.2.3 Alternative form of Bayes decision function

For developing an alternative form of the Bayes decision function, we consider the following theorem.

Theorem 4.1 If X follows gamma distribution and h(X\) is increasing in A, then the posterior

expectation of h(\) which is given in (4.2.4), satisfies the following monotonicity properties:

1. For fized (wa,dy,ds), p(wy,we,di,ds) is decreasing in wi.

2. For fixed (wr,d1,ds), (w1, ws,dy,ds) is decreasing in ws.
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Proof: The proof is given in Appendix 4.A.2. (Proved)

For fixed (w; = 0,d1,d2), ¢(0,ws,d;,ds) is a decreasing function in ws. If ©(0,0,d;,ds) > C, and
lig1wcp(0, wa, d1,dy) < C,, then there exists a unique point ¢1(dy, ds) such that
2

w:

(p(O,ZUQ, d1,d2) > Cr, for we < Cl(dl, d2)
(p(o,wg,dl,dg) < Cy, for woy > Cl(dl,dg).

If ©(0,0,d1,d2) < Cy, then ¢(0,ws,dy,d2) < C, for all wy > 0. In that scenario, ¢1(dy,dz2) can be
taken as 0. Now, for fixed (wy = ¢1(dy,d2),d1,d2), p(wi,c1(d1,dz2),d1,ds) is a decreasing function

in wy. Therefore,
go(wl,wg,dl,dg) < Cr, for wy > 0 and wy > Cl<d1,d2).

If liLn ©(0,wa,dy,dy) > Cp, then ¢;(di,ds) can be taken as co. When 0 < ws < ¢1(dy,dz), we
wWo —+00

get (0, wa,d1,ds) > C,, since for fixed (dy,da, w2), (w1, ws,d1,ds) is decreasing function in wj.

Therefore, when 0 < we < ¢1(dy,d2) say, there exists a unique point Cy1(dy, da, we), such that

@(wl,wg,dl,dg) < an, for wy > Cll(dl,dg,wg) and 0 < W < Cl(dl,dQ)
(p(wl,wg,dl,dg) > CT, for 0 < wr < Cll(dl,dz,UJQ) and 0 < Wy < Cl(dl,dg).

If liLn o(w1,we,dy,d2) > C,, then Cy1(dy, d2, w2) can be taken as co. Note that the upper bounds
w1 —00

of wy and we are n7y and (n — dy)(72 — 71), respectively. Define ¢ (d1,d2) = min{ci(dy,d2),nm}

and c(dy, da, wa) = min{C11(dy, d2, w2),(n—dy)(m72 —71)}}. Therefore, the Bayes decision function

can be written as
1, for wy > ¢{(dy,da) or 0 < wy < ¢j(dy,ds) and wy > ch(dy, da, we),

x| ) = (4.2.5)
0, for 0 < wsy < dj(dy,d2) and 0 < wy < cy(dy,d2, ws).

4.2.4 Alternative form of Bayes Risk
Now, using (4.2.5), Ra(¢,a*) in (4.2.2) can be written as

Ra(¢,a")
n n—dj
=Bolh(N]+ > Y [ 1Cr = h(N)] P(0 < Wi < ch(dy, da, ws),0 < Wa < ¢i(d1,da), Dy = d1, D> = d> | 0) p(6) df
d1=0 d2=0 0

n n—dy ¢y (d1,d2) c5(d1,d2,w2)

=Eo[h(N)] + Z Z / / /[cr —h(N)] gx jo(wr, w2, d1,d2 | 8)p(6) dw: dws dO

d1=0 d2=0 wo=0 w1=0 o
n n—dy
=Bolh(N)] + > Y H(dy,do), (4.2.6)
d1=0 do=0
where
ci (d1,d2) cb(dy,d2,w2)
H(dy, do) — / / /9 (Cy — h(N)]gx (w1, wa, di, do | 0)p(6) dwr dws db.
wo=0 w1=0

The joint distribution function of (Wy, Wa, D1, Ds) is given in Appendix 4.A.1.
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4.3 Bayes decision function and Bayes risk for quadratic loss func-

tion

Here, the loss function is taken as a quadratic loss function h(\) = Cp+ C1 A+ C11)\2 as considered
by Yeh [128]. The priors of A and ¢ are taken as A follows a G (a1, f1) with PDF p;(-) and ¢ follows
U(1,1) with PDF po(-). Now, for given { = (n, 71,7, m), we derive the Bayes decision function
a*(- | ¢). First, we compute the joint posterior distribution of (A, ¢) for given x. Using the (4.1.4),

we get

PP L exp[— (w1 + ¢°wa + B1)]
[ [l goda yd+er=1 exp—\(wy + pdw + B1)] dp dA

p(\ o | x)=

To obtain Bayes decision, we need the following result:
Result 4.1 If k is a non-negative real number, then we get

I'(k+di+d2+ 1)
w1 + @Pwa + fr)rtditdater

= Hi(wi,w2,d1,d2, k,0), say.

do

l %) 1
/ / PN exp(—=Aw1 + ¢°w2)) AT TN exp(—B1A) dA do = / $°% (
1 0 1

If § =0,

Nk+di+de+aq)(l—1)

Hy(wy,ws,dy,ds, k,0) = (w1 + ws + fr)etditdarar

and if 6 =1,

Nk+d+ar)
w1 + dwz + B1)rtdten

1
Hi(wi,wa,di,da, K, 1) :/ ébdQ( d¢
1

:/l(de N(k+d+ o) dé
1 (w1 + Br)r+arar(l + wa/(wr + Br))rtdten

wal/(w1+p61) P(H—l—d—f—al) L
(w1 + ﬁl)n+d1+a1+1wgz+l (1 + z)rtdton

a dz [z = dz/(w1 + B1)]
wa/(w1+B1)
D(de+1)I(k+di + o1 — 1
- ((w2 + 5) )iid1+:1+1zld2+1) Ip,(de+1,k+di+a1—1)—I,(d2+ 1,k +di + a1 —1)],
1+ 61 g

where p; = h;/(1+h;), for i = 1,2, hy = wal/(wi + B1), he = wa /(w1 + 1) and I,(a,b) is the CDF
of beta distribution defined in Section 1.2.5. Using Result 4.1, ¢(x) can be written as

Hl(w17w2)dlud27175) Hl(w17w27d17d27275)

=Cp+C ’
plx) o+ 1H1(w1,w2,d1,d2,0,5) HHl(wlaw%dl’d?’O’(S)

Therefore, the Bayes decision can be obtained as follows

. Hi(wi,w2,d1,d2,1,0) Hi(wi,w2,d1,d2,2,6)
L if Co+Ch Hi (w1,w2,d1,d2,0,0) +Cn Hi (w1,w2,d1,d2,0,0) <G,

a*(wl,wg,dl,dg | C) = { (4.3.1)

0, otherwise.
Note that the prior expectation of the loss h(\) is

l roo
Eoar ) = [ [~ h)p1(N)pa(9) d do = Co+ C;f“ + cncﬂalﬁ(f;l U,




7

Let 0 = (0,0,0,0) denote the no sampling case, i.e, the decision is taken without life-testing. For

no sampling case, the Bayes decision function is given by

1 ifco_i_%_i_cnw <,

a*(0 | 0) = e = (4.3.2)

0, otherwise.

Using the decision function a(- | ¢), the explicit form of Bayes risk is given in the Appendix 4.A.3.

4.4 Optimal BSPAA

Here we find optimal BSPAA that minimizes the Bayes risk among all the possible sampling plans.
Therefore, the optimal BSPAA (¢*,a*) is defined by

(C*v CL*) = arg I(TllIf)l RB(C? (1)~
,a
The Bayes risk is a function of two discrete variables n,m and two continuous variables 7y, 75.
The solution cannot be obtained analytically. We provide contour plot of Bayes risk w.r.t. 7,
for n = 3,4 and m = 0,2, n in Figure 4.1 for hyperparameters « = 3, § = 1 and [ = 10 and cost
coefficients Cy =2, C1 =3, C11 =2,C, =0.1, v, =0.2, Cs = 0.5, C; = 5 and C, = 30.

n=3, m=2 n=3, m=3

. - . o
T T T T R m—
000 005 010 0.15 020 025 0.30 000 0.05 010 0.15 020 025 0.30

b 4

n=4, m=2 n=4, m=4
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7
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2805 &
Ty N
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2
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e,
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000 005 010 015 020 025 030 000 005 010 015 020 025 030 000 005 010 015 020 025 0.30

‘1 ‘1 ‘1

Figure 4.1: Contour Plots for different value of m and for n = 3,4

In Figure 4.1, it is noted that for m = 0, the lines are parallel. This is due to the fact that for
m = 0, BSPAA is converted to CBSP. In CBSP, the life test proceeds entirely under the normal
stress level until the termination time 7. Although 77 is defined within the general adaptive
framework, it has no operational effect in BSPAA when m = 0. When m = 0, one may simply take
T1 = To, since the test effectively reduces to a CBSP with a single termination time. Consequently,
the Bayes risk and the optimal design depend only on 7. For m > 0, in Figure 4.1, it is seen that
for fixed n,m, the Bayes risk has a unique minimum. Note that by definition, the optimal value

m* is bounded.
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Next, we provide an upper bound for n*. Let ¢* = (n*, 7,75, m*) be the optimal BSPAA.

Since all costs are positive and Cy > vs > 0, all terms in Rp((,a) are positive. So we get,
RB(C*a a*) > n*(Cs - 'Us)- (441)

In no sampling case, if the lot is rejected, the Bayes risk is R(0,0) = C, and if the lot is accepted,
the Bayes risk is R(0,1) = Ey[h())]. Therefore R(0,a*) = min{E\[h(N\)], C;}. Now,

Rp(¢*,a*) < min{E)\[h(N)], C;}. (4.4.2)
From (4.4.1) and (4.4.2), we get
o — {min{lgz[fi(zz]vcrw . (4.4.3)

Therefore, we can say that we get a finite value of ¢* = (n*, 7", 75, m*). It is noted that for m = 0,
71 = 75. We now provide Algorithm 4.1 to obtain optimal BSPAA.
Algorithm 4.1: Procedure for Finding Optimal BSPAA

Input: Possible design parameters ¢ = (n, 71, 72, m) with n,m € Z>o and 71,72 > 0, maximum ng

Output: Optimal design parameters ¢* and Bayes decision function a*(- | ¢) minimizing Rp
for n=20,1,...,n0 do
for m=20,1,...,n do
for 71,72 in domain do
LDerive Bayes decision function a*(- | ¢) minimizing Rp(¢,a) (See Sections 4.2.2 and 4.2.3);

if m > 0 then
Set 72 = 11 + h Let h™(n,m) be optimal h;
Find 7{(n,m) and 75 (n,m) = 71 (n,m) + h*(n, m) by minimizing (4.2.1) over 71 > 0, h > 0. i.e,

(11 (n,m),h*(n,m)) = arg g(l]i}l>0RB(n7 11,71 4+ h,m,a* (- | (n, 71,71 + h,m)))
T1=2Uh =2

else
Set 75 = 71 Find 75°(n,m) = 75 (n, m) by minimizing (4.2.1) over 74 > 0

Tl*(n7m) = arg mi%RB(n7TlaT1705a*(' ‘ (n7TlaTl7O)))
1>

Find m*(n) by minimizing (4.2.1) over 0 < m < n:

m*(n) :argoglribrén Re(n, 71 (n,m), 75 (n,m),m,a" (- | (n, 7] (n,m), 5 (n,m), m)))

Find n* by minimizing (4.2.1) over 1 < n < ng:

n’ =arg min Rp(n,7i(n,m"(n), 72 (n,m"(n)),m"(n),a(- | (n, 71 (n,m" (n)), 73 (n,m" (n)),m" (n))))

Now, we write a(- | (n*, 75(n*, m*(n*), 75 (n*, m*(n*)),m*))) = a*, 71 (n*,m*(n*)) = 7, 75 (n*,m*(n*)) = 73
and m*(n*) = m*. Therefore, (¢*,a*) = (n*,7{, 75, m*, a*) is the optimal BSPAA.

Theorem 4.2 The sampling plan (n*,7f, 75, m*, a*) is the optimal BSPAA.

Proof: It is enough to prove that for any sampling plan (n, 71,72, m,a), the following inequality
holds:

RB(naTbTQa m, a) Z RB(n*77—ika 7—2*7 m*7 CL*).
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Now,

RB(TL,T:[,TQ,?TL,CL) - RB(TL*,TT,TQ*,m*,CL*> :[RB(n)TlaTZama CL) - RB(nyTlaTZama CL*)]
+ [Rp(n, 71,172, m,a*) — Rp(n, 71,75, m,a”)]
+ [Rp(n, 7y, 75,m,a*) — Rg(n, 11,75, m", a")]

+[Rp(n,m,73,m",a") = Rp(n”, 7/, 5, m", a”)].

From Algorithm 4.1, it follows that [Rg(n, 1,72, m,a) — Rg(n, 11,72, m,a*)] > 0, [Rg(n, 1, 12, m,a*)—
Rp(n, 1, 75,m,a*)] >0, [Rg(n, 7,75 ,m,a*) — Rg(n, 7,75, m*,a*)] >0, [Rg(n, 1,75, m* a*) —
Rp(n*, 7,75, m* a*)] > 0. Therefore, [Rp(n, 1,7, m,a) — Rp(n*, 7,75, m*, a*)] > 0. Hence, the

proof is completed. (Proved)

4.5 Numerical study and comparisons

Here we illustrate the proposed method using an example and compute the optimum BSPAA. Also,
we study the effect of cost components and hyperparameters on the optimum solution of BSPAA.
The optimum solution is compared with CBSP and CBSPA.

4.5.1 An Illustrated Example

The hyperparameters of the prior are taken as vy = 3, 81 = 1 and [ = 10. The cost coefficients of
the loss function are taken as Cy = 2, C1 = 3 and C71 = 2. The values of other cost components
are C, = 0.1, v, = 0.2, C5 = 0.5, C; = 5 and C, = 30. The optimal design ¢* = (n*, 7{, 75, m"),
and E[7*], E[D*] and the optimal Bayes risk R} at ¢* of the proposed plan are given in Table 4.1.

Table 4.1: Optimal design for BSPAA

(n*,m,m5,m*)  E[r*] E[D*] Rp
(3,0.169, 0.238,2) 0.220 2.013 27.704

For comparing the CBSP and CBSPA with BSPAA, we calculate the percentage of relative risk
savings (RRS) of a BSPAA over CBSP and CBSPA, which are measured by RRS; and RRS>,
respectively and provided by

R} — R R; — Ry

—B% and RRSy =100 x —2_—-8%, (4.5.1)

RRS; =100
' - Rl R2

where R} and R; are the optimal Bayes risk of CBSP and CBSPA, respectively. The optimal
sampling plan (n}, 754 ), the expected time duration E[7f], the expected number of failures E[Df]
and the optimal Bayes risk R corresponding to CBSP are provided in Table 4.2. The optimal
sampling plan (n%, 774, 75,), the expected time duration E[7}], the expected number of failures
E[D%] and the optimal Bayes risk R5 of CBSPA, and for comparison RRS; and RRSs are given
in Table 4.2.
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Table 4.2: Optimal design for CBSP and CBSPA, and RRS of BSPAA over CBSP and CBSPA

CBSP CBSPA RRS
(n&,m30)  Eltg] E[DE] Ry (nh, T4 T54) E[r}] E[D%] R3 RRS1 RRS>
(4,0.193) 0.190 1.644 27.837 | (3,0.162, 0.238) 0.213 2.163 27.723 | 0.48% 0.07%

In Table 4.1, we see that the Bayes risk of our proposed model is 27.702. However, in Table 4.2,
we see that the Bayes risk of CBSP and CBSPA are 27.837 and 27.723, respectively. This indicates

that adaptive test may have a better impact than conventional ALT and non-accelerated life tests.

4.5.2 Effect of the parameters

Here we study the effect of cost components and hyperparameters on the optimum solution of
BSPAA over CBSP and CBSPA. Optimal solutions of BSPAA, CBSP and CBPSA for different
values of cost components and hyperparameters for C;, = 0,0.1,0.2 are provided in Tables 4.3-4.9.
Also, for the comparison of BSPAA, CBSP and CBSPA, RRS; and RRS, are tabulated. The other
values of the cost components and hyperparameters, which are not mentioned in the tables, are
kept fixed.

In Table 4.3, the hyperparameters a; and (31 vary while other values of the cost components and
hyperparameters are fixed. For (aq, 1) = (2,1.2),(2.5,0.6),(2.5,1.2),(3,0.8), (3.5,1), we observe
that the optimal BRASPs represent no sampling cases and in these cases, the decision is taken
based (4.3.2). It is observed that for fixed @y = 2 and C,, when (; increases from 0.6 to 1, the
Bayes risk and expected time duration E[7*] of BSPAA decrease. This is due to the fact that
when (3 increases, the prior mean (1/(a; — 1) increases. Also, it is seen that for fixed 5 = 1 and
Cy = 0,0.1,0.2, when oy increases from 2 to 3, the Bayes risk and expected time duration E[7*]
of BSPAA increase. It is seen that when C, increases, RRS] decreases. Therefore, for the higher
values of ¢,, CBSP is better than CBSPA and BSPAA is equivalent to CBSP.

In Table 4.4, we provide the effect of Cy when ¢, = 0,0.1,0.2, v5s = 0 for fixed values of other
parameters and coefficients. In Table 4.5, we provide the effect of C; when vg = 0.2. It is seen that
when ¢; increases, the expected time duration decreases as expected. When C, = 0 and vs = 0, it is
seen that in the optimal sampling plan of BSPAA, m* = n*. This means that the optimal sampling
plan of BSPAA is equivalent to the optimal sampling plan of CBSPA. Therefore RRS> = 0%. This
is due to the fact that when C, and v, are not incorporated into the Bayes risk, the number of
failures in the life test does not depend on the sampling plan. In CBSPA, we get more information
in a shorter time duration. Therefore, BSPAA is equivalent to CBSPA.

In Table 4.6, we provide the effect of C,.. For C, = 10, 20, 60, the optimal BRASPs represent no
sampling cases. For C}. = 10, 20, the Bayes risk is Rp = ()., i.e, lot is rejected without life testing.
For C, =60, Rp = Cy+ Cra1/B1 + Crici (g + 1)/[5’12 and the lot is accepted without life testing.

In Table 4.7, we provide the effect of [. When [ increases, the Bayes risk decreases for fixed C|,.
This is due to the fact that when [ increases, the mean accelerated factor ¢ increases. We get more
information in a shorter period of time. Due to similar facts, the expected time duration decreases

when [ increases for fixed C,. Since the CBSP does not depend on [, the optimal design parameters
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Table 4.4: Optimal design parameters of BSPAA, CBSP, and CBSPA and the RRS of BSPAA over CBSP and CBSPA for different values of C, and C}

when vy = 0.2.

BSPAA CBSP CBSPA RRS
Ci | Ca| (rimsom)  Elr] EID'| Ry | (neumsc) Ele] BEIDE)  Ri | (nariama)  BElal EID3  R; | RRS:. RRS
1 0 (3, 0.525, 0.579, 3) 0.449 2.486  26.409 (3, 0.525, 0.579) 0.449 2.486 26.409 | 0.18% 0.00%
(3, o.ﬂmmv 0.532 2.442 26.457
1 0.1 (3, 0.752, 0.752, 0) 0.532 2.442 26.457 (3, 0.601, 0.639) 0.481 2.485 26.488 | 0.00% 0.12%
2 0 (4, 0.266, 0.321, 3) 0.300 2.808  26.805 (3, 0.339, 0.424) 0.351 2.442 26.811 | 0.53%  0.02%
2 0.1 (3, 0.413, 0.484, 3) 0.393 2.455  26.926 | (4, 0.394) 0.360 2.523 26.948 (3, 0.413, 0.484) 0.393 2.455 26.926 | 0.08% 0.00%
2 0.2 (4, 0.394, 0.394, 0) 0.360 2.523  26.948 (3, 0.483, 0.539) 0.428 2.456 27.025 | 0.00% 0.28%
5 0 A 4, 0.119, 0.162, v 0.159 2.121 27.497 A 4, 0.118, 0.163) 0.156 2.578 27.526 | 1.22%  0.11%
5 0.1 | (3,0.169, 0.238, 2) 0.220 2.013  27.704 | (4,0.193) 0.190 1.644 27.837 (3, 0.162, 0.238) 0.213 2.163 27.723 | 0.48% 0.07%
5 0.2 (4, 0.193, 0.193, 0) 0.190 1.644  27.837 (2, 0.176 0.266) 0.215 1.516 27.891 | 0.00% 0.19%
7 0 (4, 0.106, 0.152, 2) 0.149 2.138  27.806 (4, 0.103, 0.150) 0.145 2.336 27.827 | 1.43%  0.08%
7 0.1 (3, 0.103, 0.153, 2) 0.146 1.726  28.049 | (4, 0.185) 0.182 1.596 28.209 (3, 0.097, 0.151) 0.141 1.822 28.061 | 0.57%  0.04%
7 0.2 (4, 0.185, 0.185, 0) 0.182 1.596  28.209 (4, 0.155, 0.186) 0.181 2.243 28.493 | 0.00% 1.00%

Table 4.5: Optimal design parameters of BSPAA, CBSP, and CBSPA and the RRS of BSPAA over CBSP and CBSPA for different values of C, and C;

when vg = 0.

BSPAA CBSP CBSPA RRS
Co | Co| (nmi,m3,m")  E[r] E[D'] Rp | (nc,mc) Elc] EDe]  Ri (na>mia,724)  Elral FE[Di] Ry | RRS1  RRS,
1 0 (3, 0.518, 0.592, 3)  0.453  2.553  26.506 (3, 0.518, 0.592) 0.453  2.553  26.506 | 0.22%  0.00%
1 |0.1] (3,0.602,0.656, 3) 0.487 2.547 26.585 | (3, 0.790) 0.546  2.477  26.565 | (3, 0.602, 0.656) 0.487  2.547  26.585 | 0.08%  0.00%
1 ]0.2] (3,0.790,0.790,0) 0.546 2.477  26.565 (3,0.691, 0.727)  0.520  2.548  26.653 | 0.00%  0.33%
2 0 (3, 0.340, 0.453, 3) 0.362 2.543  26.912 (3, 0.340, 0.453) 0.362  2.543  26.912 | 0.68%  0.00%
2 | 0.1 | (3 0412,0.503,3) 0.399 2529 27.028 | (3,0.713) 0.516  2.403  27.096 | (3, 0.412, 0.503) 0.399 2.529 27.028 | 0.25%  0.00%
2 02| (3,0713,0.713,0) 0.516 2.403 27.096 (3, 0.481, 0.553) 0.440 2.199 27.127 | 0.00% 0.11%
5 0 (3,0.142, 0.239, 3) 0.206 2.266  27.683 (3,0.142, 0.239) 0.206  2.266 27.683 | 1.71%  0.00%
5 |01 | (20149, 0.255,2) 0.200 1549 27.857 | (3,0.279) 0.259  1.566  28.165 | (2, 0.149, 0.255) 0.200  1.549  27.857 | 1.09%  0.00%
5 02| (20.172,0.270,2) 0.215 1.542 27.986 (2,0.172, 0.270) 0.215 1.542 27.986 | 0.63% 0.00%
7 0 (2,0.027,0.129, 2) 0.098 1.405 28.009 (2, 0.027, 0.129) 0.098 1.405 28.009 | 2.36%  0.00%
7 01| (20.034,0.132,2) 0.102 1395 28.192 | (4,0.190) 0.187 1.626 28.686 | (2, 0.034, 0.132) 0.102 1.395 28.192 | 1.172% 0.00%
7 102 (1, 0,0.083, 1) 0.050  0.629  28.297 (1, 0, 0.083) 0.050 0.629 28.297 | 1.36%  0.00%
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Table 4.8: Optimal design parameters of BSPAA, CBSP, and CBSPA and the RRS of BSPAA over CBSP and CBSPA for different values of C, and Cj.

BSPAA CBSP CBSPA RRS
Co | Ca (n*,7{,75,m") E[r*] E[D"] R3 (ng,m50)  E[t&]  E[DE] R} (N, T1a,Ton) E[ri] E[D3] R; RRS:1 RRS:
0 0 (3,0.154, 0.221,2) 0.205 1.978 26.685 (3,0.150, 0.222) 0.200 2.112  26.704 | 0.33% 0.07%
0 0.1 | (4, 0.108,0.149, 2) 0.147 2.060 26.480 | (5, 0.235) 0.231 2.346  26.775 | (3,0.138, 0.214)  0.192 2.121  26.503 | 1.10% 0.09%
0 | 0.2 ] (5,0.235,0.235,0) 0.231 2.346 26.775 (3,0.163, 0.230) 0.208  2.096  26.898 | 0.00% 0.46%
1 0 (4,0.113, 0.155,2) 0.152  2.090 26.998 (4, 0.115, 0.157)  2.293  0.152  27.025 | 1.18% 0.10%
1 0.1 | (3,0.162,0.230,2) 0.213 1.996 27.203 | (5, 0.243)  0.239 2.397 (3, 0.156, 0.230)  0.206 2.138 27.223 | 0.43% 0.07%
1 0.2 | (5,0.243,0.243,0) 0.239 2.397 27.321 (3, 0.170, 0.239)  0.215 2.125  27.414 | 0.00% 0.34%
2 0 (3, 0.200, 0.263, 3) 0.237 2.132 27.621 (3, 0.200,0.263)  0.237 2132 27.621 | 0.91% 0.00%
2 0.1 (3,0.204,0.260,2) 0.241 1.965  27.700 | (3, 0.272) 0.252 1.542  27.875 (3,0.207,0.269) 0.242 2136 27.793 | 0.63% 0.33%
2 0.2 | (3,0.227,0.272,0) 0.252 1.542  27.875 (3, 0.241,0.327)  0.281 2.338  27.950 | 0.00% 0.27%
3 0 (4, 0.125, 0.170, 2)  0.167 2.165 27.978 (3,0.116, 0.172)  0.160 1.892 28.004 | 1.15% 0.09%
3 0.1 | (3,0.175,0.246,2) 0.226 2.035 28.185 | (4, 0.201) 0.197 1.691 28.306 | (3, 0.167, 0.246) 0.218 2.191  28.203 | 0.43% 0.06%
3 0.2 | (4,0.201, 0.201, 0) 0.197 1.691 28.306 (3, 0.182, 0.256)  0.228 2.182  28.388 | 0.00% 0.29%
5 0 (3,0.246, 0.338, 3) 0.288  2.374  29.547 (3,0.246, 0.338)  0.288  2.374  29.547 | 1.19% 0.00%
5 0.1 | (2,0.341,0.439,2) 0.323 1.663 29.656 | (3, 0.354) 0.316 1.791  29.902 | (2, 0.341, 0.439) 0.323 1.663  29.656 | 0.82% 0.00%
5 0.2 | (2,0.350, 0.445,2) 0.327 1.661  29.738 (2, 0.350, 0.445)  0.327 1.661  29.738 | 0.55% 0.00%
0] 0 (0,0,0,0) 0 0 30 (0,0) 0 0 30 (0,0,0) 0 0 30 | 0.00% 0.00%

Table 4.9: Optimal design

parameters of BSPAA, CBSP, and CBSPA and the RRS of BSPAA over CBSP and CBSPA for different values of C, and C}.

BSPAA CBSP CBSPA RRS
Ci | Cu | ('rim,m’) B[] EDY] Ry | (ntumsc) Els] EIDG]  Ri | (Whmiamsa)  Blral EIDa]  R; | RRS: RRS;
0 | 0o [(401090150,3) 0147 2219 23.462 (4,0.108,0.149)  0.145 2245 23.464 | 0.02% 1.21%
0 | 0.1] (3,009, 0147,2) 0.140 1.724 23.704 | (5,0.172) 0.223  1.407  23.750 | (3, 0.094, 0.148) 0.139  1.814 23.718 | 0.19% 0.06%
0 |02] (30172,01720) 0223 1407 23.750 (3,0.105, 0.155)  0.146  1.795 23.944 | 0.00% 0.81%
1| 0 | (40127,0174,4) 0168 2423 25.025 (4,0.127,0.174)  0.168 2423 25.025 | 1.12% 0.00%
1 |01 (30120,0.178,2) 0.168 1.846 25.250 | (5,0.198) 0.196 2092 25311 | (3,0.118,0.178) 0.165 1.939  25.267 | 0.24% 0.07%
1 |02 (50198 0.198 0) 0196 2.092 25311 (3,0.129,0.186) 0.173 1934 25478 | 0.00% 0.65%
2 [ 0.1 (4,0101,0141,2) 0139 2025 26.375 (3,0.141,0.209)  0.190 2.062 26.593 | 1.15% 0.08%
2 | 0.1 (301450209, 2) 0.195 1940 26575 | (3,0.272) 0.252 1.542  26.775 | (3, 0.141,0.209) 0.190 2.062 26.593 | 1.21% 0.09%
2 |02/ (30272027200 0252 1542 26.775 (3,0.163,0.230) 0.208 2,122  26.898 | 0.00% 0.36%
3 | 0o [ (3020002633 0237 2132 27.621 (3,0.200,0.263)  0.237  2.132  27.621 | 0.91% 0.00%
3 101 (3020402602) 0241 1965 27.700 | (3,0.272) 0.252 1.542 27.875 | (3,0.207,0.269) 0.242 2136  27.793 | 0.63% 0.33%
3 102/ (30227,0272,0) 0252 1542 27875 (3,0.241,0.327) 0281  2.338  27.950 | 0.00% 0.27%
5 | 0 (0,0,0,0) 0 0 30 (0,0) 0 0 30 (0,0,0) 0 0 30 | 0.00% 0.00%
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remain fixed for different values of [.

The effects of Cyp and 'y are provided Tables 4.8 and 4.9, respectively. It is seen that when C;,
1 = 0, 1 increases, the Bayes risk increases. For high values of C;, ¢ = 0, 1, the optimal BRASPs are
no sampling cases, i.e, lot is rejected without life testing.

From Tables 4.3-4.9, it is observed that for sampling cases, if n* = n} = na, then E[1g] <
E[m*] < E[ra] and also E[D§] > E[D*] > E[Dj]. This demonstrates that the ordering of the
duration is the opposite of the ordering of the expected number of failures. Therefore, when Cy,
vs and C, are incorporated into Bayes risk, BSPAA is better than the other two sampling plans,
which can be observed from the values of RRS7 and RRS>. It is observed that, when 0 < m* < n,
RRS, is always greater than 1.2% whereas RRS is greater than 0.15% in some cases. As CBSP

does not depend on Cy, only one value is provided in Tables 4.3-4.9 when C, varies.

4.6 Data analysis

The proposed methodology of determining optimum RASP by Bayesian approach is illustrated by
the data set of oil breakdown times of insulating fluid subjected to different constant levels of high
voltage reported in Lawless [59]. For the sake of illustration, 30kV is assumed to be the normal use
voltage and 36kV is used as the accelerated voltage. The data is given in Table 4.10. Zheng and
Fang [134] analyzed the data and showed that the exponential distribution fits well.

Table 4.10: The data set of oil breakdown times

Normal conditions (30kV):

7.74, 17.05, 20.46, 21.02, 22.66, 43.40, 47.30, 139.07, 144.12, 175.88, 194.90
Accelerated stress condition (36kV):

1.97, 0.59, 2.58, 1.69, 2.71, 25.50, 0.35, 0.99, 3.99, 3.67, 2.07, 0.96, 5.35, 2.90, 13.77

The mean oil breakdown time of insulating fluid at normal conditions and accelerated conditions
are 75.78 and 4.61, respectively. The MLEs of A and ¢ are A = 0.013 and gZA) = 16.45, respectively.
For computational purposes, we assume that A has gamma prior with mean 0.013. The hyper-
parameters of gamma prior of A are taken as oy = 1.3 and 51 = 100, and the hyperparameter
of uniform prior of ¢ is taken as [ = 30. The cost components of the manufacturer are taken as
Co =01, vg =02, ¢ =04, C; = 0.05, Cy =2, C; = 700, C1; = 80000 and C, = 30. The
optimum RASP is obtained as (n*, 7{, 75, m*) = (4, 18.29,28.29, 2). Next, we have to carry out a
life test under the optimum RASP. For illustration, we generate type-I adaptive step-stress data
based on the optimum life testing plan (n*, 7], 75, m*) = (4,18.29,28.29,2) from the exponential
distribution with A = 0.013 and ¢ = 16.45. The data sets (y,d1,d2) = (z(1), -+, T(q),d1,d2) and
the corresponding decisions about the lot acceptance or rejection a* are given in Table 4.11 for
illustration purposes. Also, in Table 4.11, the decision of changing the stress at 7, w; and ws are
provided.

The BRASP can be illustrated as follows. Four items are put on life test at the stress level

30kV. After time 71 = 18.29, the number of failures is observed. If the number of failures is less
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Table 4.11: Simulated data sets and corresponding decision about the lot

7 x(1) T(2) Z(3) Ty i Change the stress ds w1 W e a*
1| 1876 19.58 20.00 23.56 0 Yes 4 7316 875 433 0
2| 6.83 797 24.72 - 2 No 1 5139 16.43 54.67 O
31 10.20 19.44 20.02 - 1 Yes 2  65.07 1288 -2.13 1
41 597 7.90 - - 2 No 0 5045 20.00 24.62 0
51 15.62 18.98 19.74 21.78 1 Yes 3 7049 564 1937 O
6 | 20.09 20.58 21.81 2349 0 Yes 4 73.16 1281 -331 1
7 14.84 21.55 21.75 28.11 1 Yes 3 69.71 16.54 -1.57 1

than 2, the stress is increased to 36kV and the test continues up to 7 = 28.29. If the number of
failures is greater than or equal to 2, the stress is unchanged and the test continues up to 7o = 28.29
at the stress level 30kV. Then we calculate e = ¢(y,d) — C,., for i = 1,...,7. Using (4.3.1), we can
say that if e < 0, then a* = 1 and the lot is accepted. If e > 0, then ¢* = 0 and the lot is rejected.
Therefore, Table 4.11 summarizes the resulting acceptance or rejection decisions for each simulated

data set, which demonstrates the practical operation of the proposed BRASP.

4.7 Extension to Weibull lifetime distribution

Here, consider that the proposed method can be extended to other lifetime distributions, such as
the Weibull distribution. Let T; be the lifetime of a unit at stress level s; with PDF f(- | 8;) and
CDF F(-|0;), for i = 0,1. We develop BRASP for ASSSPALT under the assumption that product
lifetimes follow Weibull distribution at any stress level. Then T; ~ Wei(v, \;), for i = 0,1. The
scale parameters A\g and \; are connected by the relation A\; = ¢y, where ¢ > 1 is the acceleration
constant. We now consider \yg = A. The vector of parameters is denoted by vector 8 = (A, ¢, v).
Now using CEM, CDF of the lifetime of an item under ASSSPALT X is given by

F(t | 0) B Fo(t | 00), if t< t1,
[Fg(t | 00)]176[171(15 — M ‘ 01]6, if t>tq,

where hj is the solution of the equation Fj(r; — hy | 81) = Fy(71 | 8p). PDF of X is given by

fo(t | 80), if t<t,
F(£]0) =
o {[fo(t | 00)) [ f1(t —ha | 61)°, if t>t,

Therefore

F(t ’ 6) B 1 —exp [— ()\ot)y] , if t< t1,
- exp {— o) —exp {— ot + Mt — )}, i >,

Based on observed data (y, d1, d3), the likelihood functions under two cases are obtained as follows.

Case 1: The stress does not change. i.e, D1 > m,

d
Lo(0 | (y,d1,da)) = ] folxq) | B0)[1 — Fo(rz | 60)]" ¢

i=1
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Case 2: The stress increases at t1. i.e, D1 < m,

d d
L1(0 ] (y,d1,d2)) = ﬂlfo(%'(i) | 60) f[lfl(x(ﬁ—dl) —h1) | 61)
X [1— Fo(ri | v, X0)]" "ML — Fi(2 — hy | 61)]" %
The full likelihood function under ASSSPALT is
L0 | (y,dv,da)) = [Lo(8 | (y,d1,d2)]' °[L1(8 | (y,d1,d2))]° (4.7.1)

Let p(@) be the prior distribution of 6. It is assumed that A\, ¢ and v are independent and p;(-),
pa2(+) and p3(-) be their PDFs, respectively. Let A and v follow G(a1, £1) and G(ag, B2) respectively
and ¢ follows U(1,1]. The posterior distribution of @ can be derived using (4.1.4) and (4.7.1).
The loss function for the Weibull distribution can be taken as h(\,v) = NC[1 — exp{—(\t)"}].

Therefore, the Bayes decision function can be written as

* 13 if @(y,dl, d2) S CT‘7
a (yadlde | C) = { (472)

0, otherwise,
where ¢(y,di,d2) = [p h(\,v) p(0 | y,di,d2) dB. It may be noted that ¢(y,di,ds) cannot be ob-
tained analytically. However, it can be computed numerically through either grid-based integration
or Markov chain Monte Carlo (MCMC) sampling.

To determine an optimal BRASP, we need to evaluate the Bayes risk for the designing parameter
¢ = (n, 71,72, m) for the Weibull distribution. The Bayes risk cannot be solved analytically. To
compute the Bayes risk, we use the Monte Carlo simulation technique. Therefore, we need to
generate the lifetime data under ASSSPALT for Weibull distribution. Using the data, the posterior
distribution is computed and the Bayes decision function given in (4.7.2) is executed. Using the
Bayes decision function, the total loss is calculated for this data. Repeat this procedure for a large
number of simulated generated data and taking the average over these repetitions, we get the Bayes

risk. The optimal plan ¢* = (n*, 77, 75, m*) is the design that minimizes the Bayes risk.

4.8 Discussion

This chapter considered designing BRASP approach based on ASSSPALT for type-I censored data.
It is observed that BSPAA generally leads to lower Bayes risk and higher efficiency than CBSP
and CBSPA. BSPAA is a generalized model that encompasses both CBSP and CBSPA, thereby
allowing direct comparison between non-accelerated and accelerated Bayesian reliability acceptance
plans. The analysis reveals that when the additional cost for increasing the stress level is relatively
high and the time-related cost is relatively low, CBSP becomes more advantageous than CBSPA.
In contrast, when the acceleration cost C, = 0 and the salvage value vs = 0, CBSPA consistently
outperforms the non-accelerated plan for sufficiently large values of the time-cost parameter Cy.
This clearly demonstrates that the value of acceleration cost, salvage cost, and time cost plays a

crucial role in determining which plan offers the minimum Bayes risk.
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In Section 4.7, the extension demonstrates that ASSSPALT framework is not limited to ex-
ponential distribution. It can accommodate more general lifetime models such as the Weibull
distribution. Therefore, it enhances the applicability of the proposed BRASP in real-world relia-
bility studies. A more detailed investigation of lifetime distributions other than the exponential

distribution within this adaptive framework is left for future work.

4.A Appendix

4.A.1 Expression of term of Bayes risk
Expected number of failures (E[D]):

The total number of failures during the life test is defined as D = D; + Dy. Expected number of

failures is given by
D] = /GED|0[D1 + D3 | 6] p(6) d,
where
Epjg[D1+ D2 | 0] = E[D; | 0] + E[D2 | 6]

n
=Ep,lD1 0]+ > Ep,p, e[D2 | di,0/P(Dy =dy | 0) (4.A.1)
d1=0
Now, we know, the distribution of D; follows binomial distribution with parameter (n, F'(1; | 9)).
Then Ep,j9[D1 | 0] = nF (71 | 6). Also, we know that the conditional distribution of Dy | D1 = dy, 6

follows binomial distribution with parameter ((n —dy), F(Wl'_g)(;ﬂ(g)' 0)). Then

F(ry | 6) = F(n1 | 0)

ED2|D1,0[D2 ‘ d179] = (n - dl) 1 _ F('T]_ ’ 0)

. Therefore, (4.A.1) can be written as

Epyo[D1 161+ > Ep,p,elD2 | di,0]P(Dy =dy | 6)
d1=0

— [l — exp(~Am)] + go(n -yt '_9;(_5 |(7;) 6) (Z) (F(ry | 0)Y2(1— F(r, | )"
= n[1 — exp(—=Am)] + nexp(=Ar) — [:i)(n — dy) exp[=A(71 + ¢(12 — 11)]
+ d§;<n —a) exp(—w] (;) (1 = exp(—Am)) exp[—A(n — dy — 1)m]
S < )(n — dy)exp[-A((n — i)ry + 6(m2 — )]
oSS
——

_ Z Z d1 z< )(n_dl)exp[ A(n =) + (12 — 1))

=m =0
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Expected number of items continued to higher stress levels after 7 (n4s):

Let ngs be the expected number of items continued to higher stress levels after 71. Then

Nas = EB[EDl | 9[5(71 - Dl) ’ 0]]

0o m—1
/ Z (n —di) ( )(1—GXP( A1) exp(—(n — d1)m1) p1(A)dA

m—1 d1 0o
Z Z (n—dp) ( )(d )H)dH/A exp(—(n — i)m1) pr(A) dA

=0

Expected test duration (E|7]):
The duration of the test under type-I censoring is defined as 7 = min{X,), 72}
E. | G[T ‘ 0] :EX(n) [min{X(n)7TQ} ‘ 0]

T EX 0 | X< X () | Xy < 72,0][1 = P(X() > 72 | 0)]

—ra(1 = Fx,,, (72 | 0))] - /;Ztaiu Py, (t]0)] dt
—ra(1 = P (2 | 8) =721~ P, (2 | 0) + [ (1= Fx, (¢ 0))
= [ (1= Fx (] 0)) d
When m > 0, for 0 < ¢ < 71,
(1-Fx,, (t]6))=1-P(Xp <t|0)
—1 - Pmax{Vi,...,Y,} <t | 6)
=1-[F(t]0)"

i( ) 1) exp(—\it)

and for 71 <t < 72, the distribution X(,) depends on D;.

(1- FX(n) (t]0)

i
L

P(X(n) >t ‘ Dy = dl,O)P<D1 =d; ’ 9)

S
Il
)

1

3
—

> 1= P(X(y <t | Di=di,0)][P(Dr = di | 0)]

1

S
I
o

3
—

Z [1 — P((n — dy) items fail in the interval (71,t) | 0)] (CZ) [F(m | 9)]d1[1 — F(m | 0)}”76!1

1

Il
o
g’

3
—

(L FEIe) N () (dn g s
dl:oll <1 1_F(7-1|0)> ](@)JZ_%(J-)( /(1 - F(r | )"~



B n-1 di n=di / di\(n—d; itk 1—F(t|6) k s
— _dlzoj . L <d1> (j ) ( k )(—1) + (l—F(n]H)) (1-F(r | 9))

—dy B A
ey (Z;) (i) (n km)(‘lw ep[-A((n = di )+ Oh(t =)

N : (ZZI> <i1> (n;d1>(—l)j+kexp[—)\((n—dl + 7)1+ k(t — 7))

When m = 0, the stress does not change after 7;. Therefore, the hazard rate is unchanged up to

T9. So, when m = 0,

(1—Fx,,(t]6)) Z( ) D exp(=Ait)  for 0 <t < 7.
=1

Therefore

= [ B o7 1 6] 0(0) do
_//”1—FX< (t10)) p dtd0+//tT1 — Fy,,(t]6)) p(6) dt de.

Expression of gx | g(x | 0)

Theorem 4.3 (Balakrishnan et al. [10]) The conditional joint PDF of (Wi, Wa, Dy, D3) given
parameters (X, @) is expressed as

9(W1,Wa,D1,Ds) | Ag) (W1, w2, d1,d2 | A, @)

]l{n'rl}(wl)ll{n('rgfﬁ)}(wQ)v Zf dl = O’ d2 = 07
di  do 1 _ o . _
. . frry (W1) 7 (W2 = Tay dy e d2, 9°N) ifdi =0,dz2 >0,
= E E Ady daj k@1 (A 5)a2(N, 0,5, k) o )
=i Y (wr = Tay 5, di, A) Lin(ry—ry )3 (W02), if di > 0,dy =0,

v (w1 = Tay 5, d1, A) Y (W2 — Ty da ki do, @°N), if di > 0,da > 0,

where Tdy,j = (n dy —i—j)’i‘l, Tdy,dok = (n—d—k)(TQ—ﬁ), Adl,dg,], m@w(%)(_l)@#k)’
@ (A7) = exp(=A(n — di + j)71) and g2(X, ¢, j, k) = exp(—=¢°X(n — d + k) (12 — 71)), the functions
v(z, o, B) and 1y(zx) are defined in Result 3.1.

4.A.2 Proof of the monotonicity Property of Bayes decision function :

Proof of Theorem 4.1: From (4.1.3), the likelihood function is given by
L\ | (w1, wa, dy, da), q) o< A%¢%° exp [—A(un + d>5w2)} :

Note that

o1 (wi,wa, dy,da, ) = /)\h()\)m()\ |¢, (w1, wa, d1, d2))dA

_ ST ROOAT 6% exp(=A(wi + pws))p1 (N)pa(¢)dA
Jo© Aitd2 g2 exp(—A (w1 + dwa))p1(A)p2(P)dA

(4.A.2)



91

1. For fixed (wg,dq,dz), consider two points wi; and wig such that wi; < wiz. Then it is
sufficient to prove that p(wi1,we,di,d2) > p(wia, we,di,d2) when h(A) is increasing func-
tion in A. Let h11(\) = A exp(—Awi1) and hia(\) = A exp(—Awis). Note that hoi(\) =
h(A) Jg %2 exp(—Apw2)p(0)dg and haa()\) = Js %2 exp(—Apwa)p(0)dg if § = 1 and ho1 () =
h(\) exp(—Awa) and haa(A) = exp(—Aws) if 6 = 0. Thus from (4.A.2), we get

Jx 11 (N)hat (N)dA
di,d2) =
(p(wllaw27 1 2) f)\hll()\)hQQ()\)d)\
and
f/\hlg(/\)hgl()\)d)\
di,d2) = .
(w2, ws, di, da) T T aa (V) A

Assume all integrals are finite. Clearly, hj2(\) and hge(A) are non-negative functions of A.
Now, hi1(A)/hi2(A) = exp[A(wiz — wi1)] and h2i(N)/hao(A) = h(A) which is an increas-
ing function in A for A > 0. By Theorem 2 in Wijsman [120], we get ¢(wi1,wa,d1,ds) >
p(wi2,we, dy, ds). Therefore, p(wi1,ws,d1,ds) is decreasing in w; for fixed (we, di, d2).

2. For § = 0, the proof that ¢(wq,ws,dy,ds) is decreasing in wy for fixed (w1, dy,ds) is similar
to that in part (1). Hence, we omit the proof.
For § = 1, the joint posterior distribution of A and ¢ is given by

A2 exp[— (w1 + ¢ws)] p1(N) p2(9)

A dyi,dz)) =
PN ¢ | (wi,we,dy, d2)) K (w1, wa,d1,ds) ,

where

K (wy, ws, dy, ds) = /A /¢ A% exp—A(wy + dws)] p1(A) pa(6) db dA
=E(5¢) [/\d¢d2 exp[—A(wy + pws)]].

The marginal posterior distribution of ¢ is

A A9 exp[—A(wy + dws)] pr(A) pa(e) dA
p2(¢ | (w1, w2,dy,d2)) = K(wr. s, dy, o) :

Therefore, the posterior conditional distribution of A| ¢ is given by

g% expl—A(wr + ¢ws)] pir(N\) pa(¢)
pr(A ] ¢, (wi,ws, dr, da)) = JA Mgz exp[—A(w1 + dpw2)] p1(A) p2(d) dA

The posterior expectation of hA(\) can be written as

o(wr, ws, di, dp) = /¢ A h(N) pr(A | 6, (wr, w2, dy, da)) pa(@ | (wr, wa, dy, da)) dA dob.

To prove the decreasing property of (w1, ws,dy,ds) w.r.t. wy for fixed (wy,d1,ds2), we need

the following two lemmas:

Lemma 4.1 If X\ follows gamma distribution, then for fixed (dyi,da, w1) and for way, waee with

wo1 < wao, the likelihood ratio
p2(¢ | w1, war,d1,da)

p2(¢ ‘ w1, w22, d17d2)

s increasing in @.
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Proof: If A follows gamma distribution with parameter («, ), then the marginal posterior

of ¢ can be written as

BT (a + d)¢™ pa(¢) dA
(w1 + pw2)PT (o) K (w1, w2, dy, dg)

p2(¢ | (w1, we,dyi,d2)) =

p2(¢ | (wi,wa1,d1, do)  K(wi,waz,dr,ds) (w1 + pwa)?

p2(¢ | (w1, waa,di,ds)  K(w1,wa,dr,ds) (w1 + ¢pway )P

It is enough to prove that

wy + pwaa

hs (¢, war, wag) = w1+ Gwan

is increasing in ¢. Now,

Ohs3(¢, wa1, wa2) _ wi (wa — wa1)
0 (w1 + ¢w21)2 -

This completes the proof. (Proved)

Lemma 4.2 If h()) is increasing in X\, then

©1(wi, we,dy,da, P) :/)\h()‘)pl()‘ |}, (w1, wa,d1,d2))dA

(a) is decreasing in we for fived (w1,dy,ds, ).

(b) is decreasing in ¢ for fized (w1, wa,d1,ds).

Proof: Consider two points wa; and wsa; such that wa; < wag. Let hoy(N) = A(A)AD T gd2p, (N),
h22(/\) = /\d1+d2¢)d2p1 ()\), hll()\) = exp(—)\(wl + d)rLU21)) and h12(/\) = exp(—/\(w1 + (b’wgz)). Clearly,
h12(\), hoa (M) are non negative functions. Note that hy1(A)/hi2(N) = exp[Ad(waz —wa)] is increasing
in A. and ha1(X)/ha2(A) = h(X) which is also increasing function in A for A > 0. By Theorem 2 in
Wijsman [120], we get o1 (w1, war,d1, da, ¢) > @1 (w1, waz, d3, dz, ¢). Therefore, o1 (w1, ws,dy,ds, @) is
decreasing in wy for fixed (wy,ds,ds, ).

Similarly, let ¢1 < ¢2. Let h21(>\) = h()\))\dpl(/\), hgg()\) = /\dp1(>\), hll()\) = d2 exp[—)\(wl +
d1ws)|p2(¢1) and hia(A) = czSgQ exp[—A(w1 + do2w2)|p2(P) Then hay (X)/hea(A) = k() is increasing in A
and hi1(A)/h12(N) = (652 pa(61) /%2 pa(da)) exp[Awa(pg — p1)] is also increasing in A. By Theorem 2 in
Wijsman [120], we get 1 (w1, we,d1,ds, $1) > @1(wi,we,dy,ds, o). Therefore, p1(wi,ws, d1,da, P)
is decreasing in ¢ for fixed (w1, ws,d1,ds). (Proved)
Now, we prove that p(wi, w1, d;,ds) — (w1, wee, dy,d2) > 0 for wa; < waz. The proof is in
a similar manner as given in Lemma 3.4.2 of Lehmann and Romano [62].

@(whwzl,dhdz) - @(wl,w227dlyd2)

=/901(w1,w21,d17d2,¢)1)2(¢ | (w17w21,d17d2)d¢*/wl(wlywm,dl,dzﬁ)m(d) | (w1, wae,d1,d2)d¢
¢ P

> /901(w1,w22,d1,d27¢)172(¢ | (w17w21,d1,d2)d¢—/wl(w1,w227d17d27¢)p2(¢ | (w1, w22,d1,d2)de
¢ P

[using Lemma 4.2(i)]
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:/g01(w1,w22,d1,d2,¢)[p2(¢ | (w1, wa1,d1,d2)) = p2(¢ | (w1, waz2,d1,d2)] do. (4.A.3)
P
Define the sets U and V as

U=A{¢|p20 | (w1, wa1,d1,d2)) > pa(¢ | (w1, wa2,d1,d2))}

and
V ={¢ | p2(o|(w1,war1,dr,d2) < pa(¢ | (wi,wa,dyi,d2))}.

Let u = irl}f{gol(wl,wgg, dy,da, ¢)tand v = sup{¢1 (w1, wae, d1,ds, ¢)}. From (4.A.3), we have
1%

o(wy, war, d1, d2) — o(wy, wae, di, dz)

Z/@l(wl,w227dlad27¢)[p2(¢ | (w1, w21,d1,d2)) — p2(¢ | (w1, wa2,d1,d2)] d
a4
+

/@1(w1,w227d1,d2,¢)[p2(¢ | (w1, wa1,d1,d2)) — pa(@ | (w1, waz,di,ds)] do
V

ZU/[pz(cb | (w1, w1, dy, do)) — pa(b | (wr, was, dy, do)] do

U
+U/[P2(¢ | (w1, wa1,d1,d2)) — pa(¢ | (w1, w22,dr,dz)] dp

1%
= (u— v)/[p2(¢> | (w1, wa1,d1,d2)) —pa(¢ | (w1, w2e,d1,ds)] do. (4.A.4)

U
The sets U and V can be written as

o-fo

(

(w1, wa1,d1,dz)) }
>1
(w1, w22, d1,dz))

¢ |
¢ |

and

p2(¢ | (w1, wa1,d1,dz)) }
V= { <1p.
O o (@ T (wn, wan, i, o))
For all ¢1 € U and ¢ € V', we have

p2(P1 | (w1, war,dr,ds)) o1 p2(P2 | (w1, war,dr,ds))
p2(P1 | (w1, wae,dr,ds)) pa(d2 | (w1, wee,di,ds2))

From Lemma 4.1,

p2(¢ ’ (wla w21, d17 d2)
p2(¢ | (w1, wa2,di,ds)
is increasing in ¢. Therefore,

p2(é1 | (w1, war,dr,d2)) - p2(d2 | (w1, wa1,d1,ds))
p2(P1 | (w1, waa,dr,d2)) ~ pa(d2 | (wi,was,dr,ds))

Now, from Lemma 4.2 (ii), ¢1(w1,we,dy,ds, ¢) is a decreasing function in ¢. Therefore we

get cpl(wl,wg,dl,dg,gbl) < ng(wl,wg,dl,dg,gf)g), VY ¢1 € U and ¢o € V. This implies that

irl}f{cpl(wl,wz,dl,dg,gb)} < sup{¢1(wi,wz,dy,d2,¢)} = u > v. From (4.A.4) we get
|4

= 01> ¢Po.

o(wiy,war,d1,da) — @(wi, waz,d1,d2) > 0. Therefore p(wq,ws,d;,ds) is decreasing in wy for
fixed (wl, dl, d2).
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4.A.3 Expression of Bayes risk for quadratic loss function

Consider the quadratic loss function h(A) = Cp + C1A + C11)\2%. The joint distribution of A and ¢
is given by

_ b~
F(a)(l—-1)
Using (4.2.6), the Bayes risk is then obtained as

p(A @) = A* " exp(—BA).

n n—di

Rp(C,a) = n(Cs — vg) + Canas + E[D] + CiE[7] + Ex[R(A)] + Y > H(dy,da),
d1=0 d2=0

where E)\[h(A], H(dy,d2), E[D], nes and E[7] are given Appendix 4.A.3, Appendix 4.A.3, Appendix
4.A.3, Appendix 4.A.3 and Appendix 4.A.3, respectively.

Expression of Ej[h())]

E,\[h()\)] = Co + Cl% + Cna(aﬁ—;l).

Expression of H(d;,ds2)

For the expression of H(d;,ds), we need to consider four cases:
Case 1: If d; =0, do = 0, then

o 2

H(dy,ds) AO’O’O’OF(a)[zl—l) Z
0

Cp 1s,(€) & n(1m2 — 1) < ¢(0,0))

Hl(nTlan(TQ - Tl)a07oap) )

where Sy = {¢ : nm <¢(0,0,0,n(r2 — 7))}
Case 2: If dy =0, do > 0, then

B d2  r£(0,d2,k)

2
H(d,dy) = l Y > ook Y [Cp1$5 (€ d2, w2)

k:O W2=T0,dy,k p=0

(w2 — T0,dy k)2 "

['(dz)

l(nTla wa, Oa d27p)] dU)g,

where S5 = {(¢, d2, w2) : 7y < ¢(0,da, w2)}
Case 3: If d; > 0, dy = 0, then

H(d,d>)

a di1 &(d1,0,n(m2—71),k)
/ Cp ]lSe (Ca dl)
u

___ B
M- 1) &

(wl - lej)dl_l

['(dy)

2
Ady,0,5,0 E

1=Tdy 5 p=0

Hy(wy,n(ma — 7-1),d1705p>‘| dwy,

where Sg = {(¢,d1) : (n —dy) (12 — 11) < ¢(d1,0)}.



95

Case 4: If d; > 0, d2 > 0, then

3o i i &(dy,da,k) &(dy,d2,w2,j)
H(dy,dy) == / / Ady dsik
F((X)(l - 1) j=0 k=0 W2=Tdy ,do,k ¥ W1=Tdq,j R
2 . Ndi—1 o do—1
Z Cp (wl Tdy 7]) (U}Q le,dz,k) Hl (w17 w2, dla d27p) dwl dw27
= (d)'(d2)

where £(dy, dz2, k) = max{7y4, dy.k,c(d1,d2)} and &(d1, d2, wa, k) = max{74, r,c(d1,d2, ws)}.

Expression of E[D]

For the expression of E[D], we need to consider three cases:

Case 1: If m =0, then

B = (52

Case 2: If 0 < m < n, then

1

=n+ Z n—d) <d1) Z <d1> (—1)hit [(l o=

d1=0

{ e - = }
B+ n—i)r+ (2 —m)]*t [B+(n—d)m +(r2 —m1)]*!

BB (rarmn) |

Case 3: If m = n, then

s =2- 5000 (3) 2 (1) [

d1=0

{[54'("—1)716:( T —m)et [ﬂ+(n—i)ﬁﬁ:l(72 —7'1)]“_1}] '

Expression of ng

N for m =0
o :i;i—;(n - <(Z> (dzl) =) ((n o 5)a , form >0
Expression of F[r|
zn: <7Z> - [Z(O‘ﬁ_ ) i(a- 1)(ga+ 2'72)0“—1} ’ for m = 0,

Elr] =
// ~ Fx,,(t]8) pl(6) dt d0—|—// ~ Fy,,(t]8) p(6) dt d6, for m >0,

=0 0 t=11
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where
/9/7101 Fx,, (t|0)) p(6) dt do
/0 /O 2() Lexp(—iAt) ’f)Aa_lexp(—ﬁ)\) dt dX
:1%;(?>( 1)¢ +1/O A exep(— ﬁ)\)(l—exlgg\—i)\Tl)) A\
_Z (TD [ (aﬁ 1) ila— 1)(ga+ m)“‘l]
and

// (1- Fx,, (t|9) p(6) dt d6
0Jt

n—1 n—di Ad ik ﬁa
D m—1 /[(/H(n di +7)m1)*" 1% — 1)

d
¥y
0 k=1
ﬁo&

d1=0 j=
B+ (n—di + 511 + k(2 — 1)) 10 (a — 1)

do.



Chapter 5

RASP for competing risks data under
PICS-I

This chapter considers the design of RASPs under PICS-I in the presence of competing risks. A
general modeling framework is developed for PICS-1 data with competing failure modes, accommo-
dating both independent and dependent competing risks. While the assumption of independence
among potential failure times is common in the literature, practical applications often involve
correlation between these times (see, for example, Zhang et al. [132], Liu [77]). Under this uni-
fied framework, we derive the Fisher information matrix, which involves only first-order partial
derivatives, thereby significantly reducing computational complexity. Additionally, the asymptotic
properties of the MLEs are established under standard regularity conditions, which are essential
for the subsequent development of RASPs.

As a special case of the general model, we consider a frailty-based dependent competing risks
model. Frailty models, widely used in survival analysis, introduce unobserved heterogeneity through
random effects that multiplicatively affect the hazard rates. In this setup, we assume a gamma-
distributed frailty variable with mean one (to ensure identifiability; see Hougaard [44]), and condi-
tional independence of the failure times given the frailty. An attractive feature of this approach is
that the independent competing risks model is naturally recovered as a limiting case.

We adopt the producer’s risk and consumer’s risk approach to design RASPs under both inde-
pendence and dependence structures. This method yields the required sample size and acceptance
limit but assumes a fixed inspection time, which may not lead to an optimal life testing plan. To
address this, we consider optimal design criteria, specifically, the c-optimality criterion—to deter-
mine an inspection time that minimizes a measure of variance. Since such designs may not always
satisfy practical budgetary constraints, we further incorporate a generic cost function and develop
an approach for determining c-optimal RASPs under a cost constraint.

Several existing studies have focused on optimal design under PICS-I using various optimality
criteria for different lifetime distributions. For example, Lin et al. [70, 71] provided A- and D-
optimal designs for log-normal and Weibull models, respectively. Roy and Pradhan [104] introduced
Bayesian D-optimal designs for log-normal lifetimes, which were later extended to Bayesian c-

optimal designs for both Weibull and log-normal models by Roy and Pradhan [105].

97
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This chapter contributes to three key aspects of RASP design in the presence of competing
risks. First, we present a unified modeling framework for PICS-I data that accounts for both
independence and dependence among failure modes, making it well-suited for modeling ICS. Second,
we derive a general expression for the Fisher information matrix and establish asymptotic properties
of the MLEs, facilitating robust inference under PICS-1. Third, we develop a comprehensive design
framework for RASPs under three different setups, offering flexibility and practical applicability in
reliability analysis.

The remainder of this chapter is organized as follows. Section 5.1 provides the general framework
for modeling PICS-I data and the asymptotic properties of the MLEs. Subsequently, Section 5.2
considers the frailty model as a special case. Section 5.3 develops the optimal RASPs under the
PICS-I. Section 5.4 discusses the methodology for obtaining traditional c-optimal RASPs with
and without cost constraints. Subsequently, Section 5.5 examines the effect of incorporating the
dependence among the competing failure modes with a detailed numerical experiment. Section
5.6 presents an application of the developed methodology using a real-life example. Section 5.6
investigates the finite sample properties of the developed RASPs using a simulation study. Finally,
Section 5.8 highlights the contributions of this work.

5.1 General framework

Here, Section 5.1.1 presents the general model and the likelihood function. Subsequently, Section

5.1.2 discusses the asymptotic properties of the MLEs.

5.1.1 Model and likelihood function

Suppose that in a life test experiment, a test unit fails as soon as one of the competing failure
modes J occurs. Let Xj; denote the potential failure time due to the jth cause of failure of the
ith item for j = 1,...,J and 4 = 1,...,n. Let X; denote the overall failure time of the "
item, and the index C; denote the cause of failure of the i*" item. It is easy to understand that
X; =min{X;1,..., X5} = Xic,. Let fj(z | 0;) and Fj(x | 6;) be PDF and CDF of Xj;, respectively,
where 6; is the vector of parameters corresponding to the jth cause of failure. Also, denote the
joint RF of X; = (X;1,...,X;s) by R(z | 8), where 8 = (01,...,0,) is a vector of parameters, with
[ being the number of model parameters.

In a competing risk setup, we collect data on C; and X; from a life test. The joint distribution
of C; and T; is specified in terms of the sub-distribution function G(j,z | 8) = P(C; = j, X; < x)
or equivalently, by the sub-survivor function G(j,z | 8) = P(C; = j, X; > z) (Crowder [34]). The
sub-density function corresponding to the observed pair {C; = j, X; = z} is then given by

ooz | 0) = [—‘SR(““"’)] ,
xly

(5.73]‘

where 1 is a unit vector of J components and |[...];1, signifies that the enclosed partial derivative

is to be computed at x1; = (z,...,z) for j=1,...,J.
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Suppose that n identical test units having J competing failure modes are subjected to a life
test under a k-point PICS-I. In this setup, we observe a number of failures for each cause af-
ter each inspection. Let D;; be the number of failures at the interval [r;_1,7;) due to cause
J and d;; be the observed value of D;j;, for ¢ = 1,...,k and j = 1,...,J. Therefore, D; =
Z}]:1 D;j;, for i = 1,...,k. The observed competing risks data under PICS-I can be written as
r = (dll,...,dlj,rl,...,dkl,...,ko,Tk).
Let g;; be the probability that a test unit fails in the 7th interval due to the jth failure mode.
It is easy to see that
P(C=4T<m7)-P(C=34T<t1_1)
1-P(T<T7i1)

_ GG 0) -G (i | 9). (5.1.1)
R(1i—1 | 0)

Furthermore, let g; represent the probability that a test unit fails in the ith interval. Then, we have

P(T<7)—P(T<7i-1)

qij =

I P(T <)
_ F(r;|0) - F (1,1 ] 6)
= R(Tz‘_l ‘ 9) . (5.1.2)

Note that 237:1 ¢ij = ¢;- From Wu and Huang [122], the expressions for E[N;], E[D;;] and E[R;]

are obtained as follows:

i1 i1
ENJ=n][0-a)1—-p), E[Dy]=n {H [(1—q)(1 —pz)]} Qi

=0 =0
and
1—1
ER]=n {H [(1—q)(1 —pz)}} (1 - gi)pi,
=0

fori=1,...,kand j = 1,...,J, with po = 0 and g9 = 0 (see Roy and Pradhan [105], Wu and
Huang [122] for details). Note that D; = Z}‘le D;; is the number of failures that occur in the time

interval (7;_1,7;] and D = Zf\il D; is the total number of failures in the life test. Thus, we have
k kJ
E[D] =) E[D;] =) > E[Dy].
i=1 i=1j=1
Based on the observed data «, the likelihood function of @ is given by
k  n; J
ZOEES 011} R
i=1k=1 |j=1
where 0,1 = Z}]:1 dikj and >0t (1 — dik4) = ny — di. The log-likelihood function, after ignoring
the proportionality constant, can be written as
i=1k=1 |j=1

k n; J
10| @) =logL(0 | 2) =) lz St los(aiy) + (1~ G log(1 — 41) | - (5.1.3)

We can easily obtain the MLEs of the model parameters by numerically maximizing the log-
likelihood function 1(0 | x).
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5.1.2 Asymptotic properties of MLEs

We now present the asymptotic properties of the MLEs, which are essential in the development
of RASPs. Let 8 denote the MLE of 6. Towards this end, we state a set of regularity conditions

required to establish the asymptotic properties of 6.

Regularity conditions

I. The unobserved lifetimes X7, X», ..., X, are IID with common CDF F(- | @) and PDF f(- | 6).
II. The number of causes of failure of a test unit is finite.

III. (X1,Ch), (X2,Cs),..., (X, Cy) are IID with common joint sub-survivor function G(-,- | )
and sub-density function g(-,- | @), where C; is the cause of the failure of the i*" item for

1=1,...,n.
IV. The supports of f(- | @) and g(-,- | 8) are independent of 6.

V. The parameter space © contains an open set ®, of which the true parameter 8° is an interior
point.

VI. For almost all x and for all j =1,2,...,J, both F(z | 8) and G(j,z | ) admit all third-order
derivatives, g;fégv‘agz and a;(gggja'ei), respectively, for all @ € g and u,v,w =1,2,...,[. In
addition, all first, second, and third order derivatives of F'(z | 8) and G(j,x | @) with respect

to the parameters are bounded for all 8 € ©.

VII. 7;’s are fixed in such a way that

(a) 0<gj<landO0< g <lfori=1,2,....,kand j=1,2...,J.

(b) Veggq is a matrix of rank [, where Vgq = (ggi) i foru=1,2,...,landi=1,2,...,k.

Ix

The regularity conditions (I)-(VI) presented above are essentially standard requirements for estab-
lishing the asymptotic properties of the MLEs in the competing risks setup (Mukhopadhyay [87]),
whereas condition (VII) ensures the positive definiteness of the Fisher information matrix. We now

present the following results, which are required to obtain the Fisher information matrix.

Lemma 5.1 The first derivative of the log-likelihood satisfies the following:

2101

= =1,...,1
00, } 0, foru ooyl

Proof: The proof is given in Appendix 5.A.1. (Proved)

Lemma 5.2 The second derivative of the log-likelihood function satisfies the following

B[P0 L9)] (201 (AL oy

Proof: The proof is given in Appendix 5.A.1. (Proved)
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Using Lemmas 5.1 and 5.2, we readily obtain the Fisher information matrix, which is provided

in the following theorem.

Theorem 5.1 The Fisher information matriz for @ is given by
k[ J E[N]

101¢) =Y 1> Vo(qi;)Ve(ai;)" + BN

i=1 |j=1 44 (1—q)

Vo(ai)Ve(a)' |,

It is interesting to note that the Fisher information matrix involves only the first-order partial
derivatives, thus simplifying its computation to a great extent, as illustrated in the subsequent
sections. We now present the asymptotic properties of 6. We first present the following results,
which are necessary to prove asymptotic properties of 6. For convenience, we use F (), R(x),
G(j,x), and [(0) instead of F(z | 8), R(z | 8), G(j,x | @) and (0 | x), respectively.

Lemma 5.3 Under the regularity conditions (I)-(VII), the first-, second-, and third-order deriva-

tives of q;; and g; are bounded.

Proof: The proof is given in Appendix 5.A.1. (Proved)
Lemma 5.4 Under the regularity conditions (I)-(VII), the ratio % converges in probability to a
finite number b; = H{:_ll(l —p)(1—q), asn — o0, fori=1,... k.
Proof: A proof of the above lemma follows from Budhiraja and Pradhan [19]. (Proved)
Lemma 5.5 If the regularity conditions (I)-(VII) hold, then

(i) 1(0 | €) is finite for all 8 € O.

(i) 1(6 | €) is positive definite for all 6 € O.

Proof: The proof is given in Appendix 5.A.1. (Proved)

Lemma 5.6 Suppose that the reqularity conditions (1)-(VII) hold. Let ®q be an open subset in the

3
parameter space © containing the true parameter 8°. Then, all third derivatives %%% exist.

Furthermore, there exists a bound Ky, (x) such that ‘% < Kuyww(x), with E[Kyu| =
Nkypw, Where kyyy s finite for u,v,w =1,2,...,1.
Proof: The proof is given in Appendix 5.A.1. (Proved)

Theorem 5.2 If the regularity conditions (I)-(VII) (as stated above) hold, then
(1) 8 is consistent for 6.

(1) 8 is asymptotically normal with mean 8° and variance-covariance matriz [1(6° | €))L, where

0° denotes the true value 6.

Proof: The proof is given in Appendix 5.A.2. (Proved)
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5.2 Frailty model

In this section, we consider a frailty-based dependent competing risk model. We consider a frailty-
based dependent competing risks model that allows us to incorporate the dependence among the
potential failure times. The model considered here allows us to obtain an independent competing
risks model as a special case. Thus, we can also study the relevance of incorporating the dependence
structure among the competing failure modes while deciding RASPs.

We assume that X;;, the potential failure time due to the jth failure mode follows a Wei(v;, 1/7;)
with PDF f;(- | 6;) where 6; = (n;,v;), with ; (> 0) and v; (> 0) being the scale and shape
parameters, respectively, for i = 1,...,m and j = 1,...,J. As in Roy and Mukhopadhyay [103],
we further assume vy = --- = vy = v, where v is the common shape parameter. Towards this end,
we should also note that this assumption often holds true for real data sets (see, for example, the
numerical illustration provided by Liu [77]). Then, RF of Xj; is given by

Ry(o 1) = exp |~ (1) | = esp (-0, (0).
where Aj(-) is the cumulative hazard function corresponding to the jth failure mode.

A common approach to introduce the dependence between the potential failure times Xj;s
is through the unobserved random factor Z, commonly known as the frailty which is discussed
in Section 1.5. We assume that Z follows a Gamma distribution with mean 1 and variance 6
(Hougaard [44]). Then, the unconditional joint RF of X is given by

R(z | 0) = (1+0A)7, (5.2.1)

where A = Z}-le Aj(zy) = }]:1 (%)V and @ = (n1,...,n7,v,0). Then, the sub-density function

corresponding to the observed pair {C; = j, X; = =} is given by

wirto-(2) () ot ()

Furthermore, the sub-survivor function corresponding to the observed pair {C; = j, X; = x} is

_1_7

given by

atielo)- [ " g s)ds

RGO

J v %

1 x

= (140 () : (5.2.2)
= (i) [ =

A common issue that arises with these frailty models is the problem of identifiability of the model
parameters. Using Theorem 2.1 of Ghosh et al. [39], it can be easily shown that the model presented
above is identifiable from the observed competing risks data on (C,T'). Towards this end, we obtain
RF of the lifetime X;. RF of X; is given by

1
0

1+9j§_]:1 (;”J)V] . (5.2.3)

Rz |0)=P(X;>z)=P(Xy1 >z,...,X;5 >x) = R(z1 | 0) =




103

Interestingly, as 8 — 0, we have

R(z | 8) = exp [— ZJ: ( - )] , (5.2.4)

=1\

which is essentially RF of X; under the assumption of independence among the potential fail-
ure times (Roy and Mukhopadhyay [103]). Thus, the independent competing risks model can be
obtained as a special case of the shared gamma frailty model presented here. Accordingly, the
sub-survivor function is given by

G(j —;ex — - =z ’ . 2.
G(j, |0)—Zj/=1(:;>u p[ JZ_:I<%>] (5.2.5)

The degree of dependence among potential failure times (Crowder [34, pp. 37-38]) Xjs is often
measured by the following ratio

o(z)

_ Rwile  _[1+eTi ()"
R @16)  exp[-3)o (2)]

J'=1

If o(x) > 1, there is a positive dependence among the potential failure times Xjs, for all z. It is
easy to show that o(z) is an increasing function of 6, and it attains a value of 1 only when 6§ — 0.
Thus, any positive value of § (i.e., # > 0) induces positive dependence among the potential failure

times X;s.

5.3 Development of RASPs

Suppose n test units, randomly selected from a lot, are put on a life test under PICS-I to decide
the acceptability of the lot. In practice, the decision to accept or reject such a lot is often based on
the product’s reliability at some pre-decided time point mutually agreed upon by the producer and
consumer. Thus, a lot is accepted if the reliability of the unit R(z) at some specified time point
to is greater than mp and it is rejected if it is lower than m; (Lam [58]). Obviously, mo > m1. The
appropriate values of my and 71 are decided based on an agreement between the producer and the
consumer. It is easy to see that the above decision rule is equivalent to testing the following set of
simple hypotheses:

Hy: R(tg) =79 vs Hyu : R(tyg) = m. (5.3.1)

In practice, R(to) needs to be estimated. Let R(ty) be the MLE of R(to), which is defined as
R(z) = R(z | ). The lot is accepted if R(tg) > m and rejected if R(ty) < m., where m is an
appropriately chosen acceptance limit. In traditional RASPs, we need to decide n and 7.. Let «
and 8 be the producer’s risk and consumer’s risk, respectively. We have

P (ﬁ(to) > e | HO) —1-a and P (E(to) > 7 | HA) = 8. (5.3.2)

Now, from Theorem 5.2, we get that \/ﬁ(a — 0) follows asymptotically normal distribution with

mean 0 and variance-covariance I'(0|¢)~!, where I'(0|¢) = I(0|¢)/n. Furthermore, using the
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delta method, \/n[R(to) — R(to)] follows asymptotically AV (0, 52), where §2 = C4[11(0]¢)]'Cr
and Cr = VgR(ty) (Meeker et al. [82]). Hence

~

7 = VlRt) ~ F(o)

is asymptotically N'(0,1). Now, as Theorem 5.1 suggests, we need to compute Vg(g;;) and Vg(g;)
to obtain I(€ | ¢). From (5.1.1) and (5.1.2), we have

log(gij) = log (G (j, 7i-116) — G (4, 7:16)) —log (R (7i-11))
and
log(1 — ¢q;) =log (R (74|0)) — log (R (7:-1]0)) , (5.3.3)

for j=1,...,J and i =1,...,k. Now, using (5.2.2) and (5.2.5), the term log(g;;) can be written

log(qij) =log (R (7i-1|0) — R (7:|0)) — ¢ () — log (R (7i-1(6)) , (5.3.4)

where 1;(6) = log ( 3],:1 (%)V) Now, differentiating both side w.r.t 6, of (5.3.4) and (5.3.3), we
get

2 (5) “memm e [T ) - (P )] - (P
1 OR (7,_1]0)
I ( 90, )

(1—1%) (geq) N R(n«l_ne) (aR (aTéul'a)) - R(jiw) (aRa(gile)) ’

Thus, it is straightforward to obtain S2, since we readily have

,%,1
OR(x|0) v J <x>u <$>V
_ Y lipeS (2 zy,
o n; [ ; n; N

and

foru=1,...,1.

and

e ot o509 D)

for the dependent competing risks model in (5.2.2). Similarly, for the independent competing risks

Hl()d(fl m (0.2.0)7 we hav(f
777' 7]_]

aRa(;EjIG) _ % (;)Vexp (—i (;)V) and aRé}”jW) — —exp (—Z <;>V) 2

Jj=1 Jj=1
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Furthermore, we also note that

() o () o
J . B
o) | T (B

ous(6) _ i (32) 1o (32)

|
v d v
) @Em) T Tk

Towards this end, let us denote by Sy and S; the values of S, under Hy and H 4, respectively.

Then, from (5.3.2), we have

d 7\/5[% — o] =a and @ 7\/5[% —ml =1-6.
S() Sl
Solving these two equations, we get

m05128 — T150%1—a

(5.3.5)

c =

51 Zﬁ — S’ozl,a
where z; is such that P(Z > z5) = §. Moreover, using the expression of 7., we get n as follows:

" {Slzﬁ — Sozlar

5.3.6
p— (5.3.6)

For convenience, we reproduce the entire process of finding n and 7. in Algorithm 5.1.

Algorithm 5.1: Determination of n and 7.

Input : «, 8, tg m, ™

Output : Sample size n*, acceptance limit 7,

Compute Sy and Sy, the standard deviations of E(to | @) under Hy and H 4, respectively.;
Compute the acceptance limit 7. using (5.3.5).;

Calculate the value of n using (5.3.6).;

The required sample size is taken as n* = |n|.

5.4 Optimal PICS-T

In the previous section, we presented the method for obtaining the optimal n and m., for given «,
B, mo and 71. In practice, however, it is essential to suitably determine inspection times and the
proportions of withdrawals to efficiently conduct life tests under PICS-I. In general, the current
literature presents two primary approaches to resolve this issue. The first approach deals with
achieving the estimation precision of some important reliability characteristics and presents the
optimal design parameters considering a suitably constructed design criterion that aligns with this
goal. This approach typically ignores the cost constraints that are ubiquitous in the context of
life tests. Thus, the second approach proposes a cost-based objective function and determines the
optimal design parameters by minimizing such a function. In this context, it is also important to
highlight that there are a select number of studies that integrate both these approaches. However,
such work is largely absent in the context of PICS-I and, more importantly, in the presence of
competing causes of failure. Towards this end, we present the first approach in Section 5.4.1 and

subsequently deal with the combined approach in Section 5.4.2.
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5.4.1 Optimal RASP without cost constraints

Since our main focus is development of reliability-based sampling plan, we consider a design criterion
that focuses on precise estimation of ]%(x) This, in turn, would be helpful in accurately deciding
the lot acceptance criteria presented in the previous section. Thus, we consider a design criterion
that aims to minimize the variance of }A%(:c) at a specific time point tg. In particular, our design

criterion is given by

P(¢) = 82, (5.4.1)

where S? is the standardized variance, as in the previous section (Atkinson et al. [5]). This design
criterion is more commonly known as the c-optimality criterion in the literature. It is easy to see
that ¢(¢) depends on the unknown true parameter 6. Thus, in order to compute it, a suitable set
of guess values for the parameters is typically used. Note that such guess values are often available
in practice from similar life tests performed in the past (Meeker et al. [82]).

It is easy to see that ¢({) is independent of n. To compute the optimal ¢, say ¢*, we minimize
¢(¢) with respect to k, 7 and p. Towards this end, as is standard in the existing literature, we
assume that inspections are equispaced, i.e., fori =1,...,k, 7, — 7,1 = h, where h is the common
time interval between two successive inspections. Furthermore, we also assume that p1 = ... =
Pr_1 = p, where p is the common proportion of withdrawals at each 7;. Note that such PICS-I are
particularly popular among reliability engineers, mainly because of the straightforwardness they
offer in practical applications. Thus, we have three decision variables in this context, resulting in
¢ = (k, h,p). However, as the following theorem shows, the complexity of the optimization problem

reduces further due to the following monotonicity properties of ¢(¢).
Theorem 5.3 The design criterion ¢(C), given in (5.4.1), satisfies the following monotonicity
properties:

(i) For fized (h,p), ¢(€) is decreasing in k.

(ii) For fized (k,h), ¢({) is increasing in p.

Proof: The proof is given in Appendix 5.A.2. (Proved)

Theorem 5.3 suggests that ¢(¢) attains its optimum value for the decision variables k and p at their
respective limits. Thus, we must fix them a priori and determine the optimal value of h, say h*,
by minimizing ¢(¢). Subsequently, we determine 7. and n using (5.3.5) and (5.3.6), respectively.

For convenience, we summarize this entire process in Algorithm 5.2.

Algorithm 5.2: Determination of optimal decision variables without cost constraints

Input: «, 3, tg, mo, 71, ko, Po

Output: Optimal sample size n* and acceptance limit 7,

Obtain A* by minimizing S? ; > Expression for S? in Section 5.3
Calculate n using formula (5.3.6) with h*;

Set n* = |n];

Compute acceptance limit 7. using formula (5.3.5) with ¢* = (n*, ko, h*, po);

return n*, m.

Note that h* can be solved using any standard optimization module (e.g., optim() function in R).
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5.4.2 Optimal RASP with cost constraints

Reliability experiments are often conducted under strict budgetary limitations; the approach pre-
sented in the previous subsection overlooks these budgetary constraints. To resolve this issue,
we now incorporate the budgetary constraints into the optimization problem presented above and
provide an enhanced solution that aligns with real-world budgetary constraints.

Let T'C(¢) denote the total cost of running a life test under PICS-I. The total cost corresponding
to a life test under PICS-I is given by

TC(¢) = nCys + C,E[r] + C4E[D] + CE[I).

The cost coefficient Cy, Cy, Cy and C; are defined in Chapter 2. Let Cp be the available budget
for conducting the life test. Then, for given («, ), the decision problem is to find the optimal
¢* = (n*, k*, h*,p*) by solving

minimize ¢(¢) (5.4.2)
subject to
TC(¢) < C, (5.4.3)
n= {S’lzﬂs‘m‘“r (5.4.4)
To — 1

k>s,neN, keN h>0and 0<p<1.

It is obvious that (5.4.3) represents the cost constraint, as discussed above. Note that the equality
constraint in (5.4.4) is derived in Section 5.3. Furthermore, as the Regularity Condition VII(b)
suggests, k must be greater than s, the number of parameters in the model. From (5.4.4), it is
easy to see that n depends on k, h and p. We reduce the complexity of the decision problem by
substituting (5.4.4) both in (5.4.2) and (5.4.3). Furthermore, as in Huang and Wu [45], we pre-fix
the uniform withdrawal proportion p. Thus, the optimization problem involves only the decision
variables k and h. Furthermore, as Theorem 5.3 suggests, ¢(¢) is decreasing in k, while TC(() is

increasing in k. Now, we propose Algorithm 5.3 to compute the optimal decision variables.

Algorithm 5.3: Determination of optimal decision variables with cost constraints

Input: «, 3, tg, 7o, 71, po and ko;

Output: Optimal n*, k*, h* and acceptance limit 7

Initialize k < s > s is the lower bound for k

while £ < ky do

Obtain the solution ~2*(k) minimizing ¢(¢) subject to cost constraint (5.4.3);
Compute n using (5.4.4);

Set n*(k) = |n] > Optimal n for given k;

Compute ¢(¢) for ¢ = (n*(k), k, h*(k),po);
| Update k + k+1
Find k* such that

¢(n*(k*)7 k*a h*(k*)ap()) = sgnliignkro d)(n*(k)a ka h*(k)ap())

Set n* < n*(k*) and h* < h*(k*);
Compute acceptance limit 7, from (5.3.5) using ¢* = (n*, k*, h*, po);
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5.5 Numerical experiment

In this section, we conduct a detailed numerical study to assess how the degree of dependence
among the potential failure times impacts the resulting RASPs. We consider the battery failure
data set after recalibrating it in units of thousands of ampere-hours to determine RASPs.

The battery failure data set includes four causes of failure and provides the number of failures
attributed to each cause at each inspection point, along with the corresponding number of with-
drawals. The limited number of observed failures for each cause leads us to group causes “1” and
“3” together as the first cause of failure. Similarly, causes “2” and “4” are considered together as
the second cause of failure. Therefore, we have J = 2 for the subsequent analysis. We also use the
independent competing risk model presented in (5.2.5) and obtain the MLEs 7; = 1.291, 72 = 1.339
and 7 = 1.644 by maximizing the log-likelihood function I(@ | ) in (5.1.3).

As Algorithms 5.1, 5.2 and 5.3 suggest, we further need to compute Sy and Sy, the values of
S under Hy and H4 as specified in (5.3.1). However, this would require the specification of the
unknown model parameters. Towards this end, we adopt the approach of Wu et al. [121]. We note
that the reliability functions R(to | 8) in (5.2.3) is an increasing function of n; for each j = 1,...,J.
Thus, the hypotheses in (5.3.1) can be equivalently stated as follows:

Ho:n=my vs Ha:m=my,

where 19 = (101, --,707) and n; = (M1,...,m17). A lot is accepted when n > ng i.e, n; > no; for
i=1,...,J and it is rejected when n < n; ie, n; < ny; for i = 1,...,J. Obviously, ng; > 115, for
j=1,...,J. For the subsequent analysis, we consider n, = (1701, 702) = (1.291, 1.339), which are the
MLEs of n; and 72. To decide 7, we further define the discrimination ratio d; as d; = no;/m; and
set it to a suitable set of values as detailed in the subsequent sub-sections. Throughout the analysis,
we have used v = 1.644, which is the MLE of v. Furthermore, we consider («, ) = (0.05,0.1).
Also, the specific time point of interest #y is fixed at 0.5.

5.5.1 Determination of RASPs

As evident from Section 5.3, we must specify k, 7 and p first to obtain the sample size n and the
acceptance limit .. For convenience, we consider the equispaced PICS-I with uniform withdrawal
proportions introduced in Section 5.4. In particular, we consider three options for the number
of inspections k (i.e., 4, 6, and 8). In each case, we further select three choices for both the
inspection time interval h (i.e., 0.2, 0.3, and 0.4) and the withdrawal proportion p (i.e., 0.0, 0.2,
0.3). Moreover, we consider the same discrimination ratio for both causes and choose two possible
values for the discrimination ratio d (i.e., 1.5 and 1.8). We then obtain the optimal values of 7.
and n both for the independent and dependent competing risks model presented in Section 5.2.
For the dependent competing risks model, we further consider two different levels of dependence
considering two different choices for 6 (i.e., 0.5 and 1). Table 5.1 provides the resulting optimal
values of 7. and n in each case. For convenience, we represent the independent competing risks

model using # = 0 in Table 5.1.



109

Table 5.1: Determination of RASPs

d=1.5 d=1.8

0 h k=4 k=6 k=38 k=4 k=6 k=38
Te n* Te n* Te n* Te n* Te n* Te n*
0.2 | 0.547 32 | 0.546 31 | 0.547 31 0.482 13 | 0.481 13 | 0.481 13
0 030546 33 | 0.547 33 | 0547 33 || 0481 14 | 0.482 13 | 0.482 13
o 0.4 | 0548 36 | 0.548 36 | 0.548 36 || 0.483 15 | 0.484 15 | 0.484 15
L 0.2 [ 0.593 57 | 0594 51 | 0.594 49 || 0.544 25 | 0.546 23 | 0.547 22
0.5 030594 53 | 0594 50 | 0594 49 || 0.547 24 | 0.547 22 | 0.547 22
0.4 [ 0593 53 | 0594 53 | 0.593 53 || 0.546 24 | 0.545 23 | 0.545 23
0.2 | 0.627 76 | 0.628 70 | 0.629 67 || 0.587 34 | 0.589 32 | 0.590 30
1 030629 72 | 0628 68 | 0.628 67 || 0.590 33 | 0.590 31 | 0.590 30
0.4 0628 71 | 0.628 70 | 0.628 70 || 0.589 32 | 0.588 32 | 0.588 32
0.2 | 0.548 38 | 0.547 37 | 0.547 37 || 0.484 16 | 0.484 15 | 0.484 15
0 030547 36 | 0.547 36 | 0.547 36 || 0482 15 | 0.482 15 | 0482 15
0.4 | 0.547 37 | 0.547 37 | 0.547 37 || 0.482 15 | 0483 15 | 0.483 15
g 0.2 0593 71 | 0594 66 | 0.595 63 || 0.544 31 | 0.546 29 | 0.547 28
105 03059 60 | 0595 56 | 0.595 55 0.548 27 | 0.549 25 | 0.549 25
= 0.4 | 0594 56 | 0594 55 | 0.594 54 || 0.547 25 | 0.546 24 | 0.546 24
0.2 | 0.627 93 | 0.628 88 | 0.628 86 || 0.587 42 | 0.589 40 | 0.589 39
1 03]0629 82 |0.629 77 |0.629 75 0.590 38 | 0.591 35 | 0.591 35
0.4 0628 75 | 0628 73 | 0.628 73 || 0.589 34 | 0.589 33 | 0.589 33
0.2 | 0.548 44 | 0.548 42 | 0.548 42 0.486 18 | 0.48 17 | 0.486 17
0 030547 37 | 0547 37 | 0547 37 || 0483 15 | 0.483 15 | 0483 15
0.4 | 0.547 38 | 0.547 38 | 0.547 38 || 0.482 16 | 0483 15 | 0.483 15
g 0.2 [ 0593 82 | 0594 77 | 0.595 74 || 0.544 36 | 0.546 34 | 0.547 33
I |05 03]059 66 0595 61 | 0595 60 || 0.549 29 | 0.549 27 | 0.550 27
= 0.4 | 0594 57 | 0594 56 | 0.594 56 || 0.548 26 | 0.547 25 | 0.547 25
0.2 | 0.627 107 | 0.628 102 | 0.628 100 || 0.587 48 | 0.588 46 | 0.589 45
1 031]0629 89 |0.629 83 | 0.629 82 0.591 41 | 0.591 38 | 0.591 38
0.4 0628 77 | 0628 75 | 0.628 75 0.590 35 | 0.590 34 | 0.589 34

It is interesting to note that as # increases, both 7. and n increase irrespective to the choices
of k, h, p, and d. Furthermore, the resulting optimal n. and n are higher for the dependent
competing risks model compared to the independent competing risks model. This is perhaps due
to the fact that RF increases with 6. For given 6, h, k, the optimal 7. is rather insensitive to the
choice of withdrawal proportion p. However, the optimal n increases with p both for the dependent
and independent competing risks model. Furthermore, the effect of £ on 7. and n seems to be

insignificant, particularly for higher d. As expected, both m. and n decrease as d increases.

5.5.2 Optimal RASP without budgetary constraint

We now consider the determination h, n and 7, using the c-optimality design criterion presented in

Section 5.4. As Algorithm 5.2 suggests, we first fix k and p at the three possible values presented
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above and obtain the optimal h by minimizing ¢(¢{). As evident from Step 5 in Algorithm 5.2,
determining the optimal A involves solving a one-dimensional optimization problem. To ensure
stability, we experimented with several reasonable starting values, and the resulting RASPs were

consistently robust to variations in initial parameter guesses.

Table 5.2: Optimal RASPs without budgetary constraints

p 0 ko =4 ko =6 ko =
0
1 1 1
e e e O e O e
?(¢") (¢7) o(¢")

0 | 0197 1.649 32 0.547 | 0.143 1.601 31 0.547 | 0.112 1.579 30 0.547
0 |05 (0332 1789 53 0.594 | 0.265 1.695 50 0.594 | 0.226 1.650 49 0.594
1 10348 1.767 71 0.628 | 0.284 1.683 68 0.629 | 0.246 1.643 66 0.629
0 | 0272 1.857 36 0.547 | 0.282 1.854 36 0.547 | 0.284 1.850 36 0.547
02051038 189 56 0.594 | 0.351 1.852 55 0.594 | 0.338 1.839 54 0.594
0.40 1.857 75 0.620 | 0.371 1.819 73 0.628 | 0.36 1.806 73 0.628
0 | 0317 1.931 37 0.547 | 0.325 1927 37 0.547 | 0.325 1.926 37 0.547
0305|0407 1945 57 0.594 | 0.385 1910 56 0.594 | 0.378 1.901 56 0.594
1 10421 1.892 76 0.628 | 0.402 1.866 75 0.628 | 0.396 1.865 75 0.628

It is evident that the optimal inspection interval h gets larger as @ increases, irrespective of the
choices of p and k. Thus, as the level of dependence among the potential causes of failure goes up,
the successive inspections will be more infrequent. Furthermore, as the withdrawal proportion p
increases, the optimal interval h becomes longer irrespective of the choices of # and k. Thus, the
successive inspections in PICS-I are expected to be less frequent in comparison to a traditional ICS.
Furthermore, as the number of inspections k increases, the inspection intervals are slightly wider.
As observed in the first case, the sample size n increases as the level of dependence gets stronger.
This is also true for .. Furthermore, as expected, the sample size n decreases significantly as the
discrimination ratio d increases. We also note that the value of the design criterion increases as the
withdrawal proportion p increases, whereas it goes down as k increases. Note that this is consistent
with Theorem 5.3.

Overall, the optimal inspection interval (h) increases with both the dependence level (0) and
the withdrawal proportion (p), indicating less frequent inspections under stronger dependence or
higher unit removals. The required sample size (n) and the 7. both increase as the dependence
intensifies, whereas higher discrimination ratios lead to smaller sample sizes. Finally, the value
of the design criterion rises with p but decreases with k, which is consistent with the theoretical

findings.

5.5.3 Optimal RASP with budgetary constraint

In this subsection, we consider the budgetary constraint and obtain the optimal decision variables
n, h, and 7, using Algorithm 5.3. For the purpose of illustration, we assume Cy = 0.1, C; = 5,
Cy = 0.025, and C; = 10, where each of these cost components is as in Section 5.4.2. Furthermore,

we consider four possible values of the available budget Cp, i.e., 55, 65, 85, and 95, primarily to
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check the sensitivity of the design parameters with respect to available budgetary allocation. Note
that Step 8 of Algorithm 5.3 involves a one-dimensional constrained optimization problem, which
is observed to be largely insensitive to the choice of starting values.

Table 5.3 presents the optimal values of n, k, h, m. under various scenarios for the common
discrimination ratio d = 1.5. Table 5.3 further reports E[D*|, E[7*], E[I*] and ¢({*). The corre-

sponding results for the common discrimination ratio d = 1.8 are given in Table 5.4.

Table 5.3: Optimal RASPs with budgetary constraints for d = 1.5

p | Cp 0 (ko k) m EDY B[] B[] 10x ()
(32, 4, 0.196) 0.547 18.394 0.784 4.000 1.650
55 0.5 (53,4, 0.332) 0.594 39.973 1.328 4.000 1.789
1 (71, 4, 0.330) 0.628 47.443 1.320 4.000 1.770
0 (31, 5, 0.165) 0.547 18.769 0.825 5.000 1.619
65 0.5 (51, 5, 0.293) 0.594  40.417 1.465 5.000 1.732
0 1 (71, 4, 0.348) 0.628 48.797 1.392 4.000 1.766
0 (30, 7, 0.125) 0.547 19.230 0.875 7.000 1.588
85 0.5 (50, 6, 0.265) 0.594 41.079 1.590 6.000 1.695
(68, 6, 0.284) 0.629 51.270 1.704 6.000 1.683
0 (30, 7, 0.125) 0.547 19.230 0.875 7.000 1.588
95 0.5 (49,7, 0.243) 0.594 41.332 1.701 7.000 1.669
1 (67, 7,0.263) 0.629  52.045 1.841 7.000 1.661
0 (36, 4, 0.272) 0.547  20.095 1.088 4.000 1.857
55 0.5 (56, 4, 0.384) 0.594 35.120 1.536 4.000 1.896
1 (85, 4, 0.277) 0.629 38.166 1.108 4.000 2.087
0 (36, 9, 0.274) 0.547 21.833 1.362 4.970 1.857
65 0.5 (56, 4, 0.384) 0.594 35.120 1.536 4.000 1.896
0.9 1 (75, 4, 0.400) 0.628 43.207 1.60  4.000 1.853
0 (36, 8, 0.283) 0.547  23.350 1.748 6.177 0.1850
85 0.5 (55,6, 0.350) 0.594 35.138 2.075 5.930 1.852
(73, 6, 0.371) 0.628 43.406 2.224 5.996 1.819
0 (36, 8, 0.283) 0.547 23.350 1.748 6.177 1.850
95 0.5 (54, 8,0.337) 0.594 34.526 2.465 7.314 1.839
1 (73,7, 0.364) 0.628 43.638 2.536 6.966 1.810
0 (37, 4, 0.316) 0.547 19.940 1.259 3.985 1.931
55 0.5 (57, 4, 0.406) 0.594 32.571 1.623 3.997 1.942
1 (111, 4, 0.178) 0.627  27.896 0.712 4.000 2.847
0 (37, 6, 0.324) 0.547 21.309 1.625 5.014 1.927
65 0.5 (57, 4, 0.406) 0.594 32.571 1.623 3.997 1.942
0.3 1 (76, 4, 0.420) 0.628 39.972 1.680 4.000 1.897
0 (37, 6, 0.324) 0.547  21.309 1.625 5.014 1.927
8 0.5 (567 9, 0.376) 0.594 32.014 2.417 6.429 1.904
1 (75, 6, 0.401) 0.628 40.001 2.372 5.916 1.869
0 (36, 8, 0.283) 0.547 23.350 1.748 6.177 1.849
95 0.5 (56,9, 0.376) 0.594 32.014 2.417 6.429 1.904
1 (75,7,0.397) 0.6280 40.037 2.650 6.675 1.865
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Table 5.4: Optimal RASPs with budgetary constraints for d = 1.8

po | Cs 0 (n*, k*, h*) ™ E[D*] E[r*] E[I] (") x 10
0 (13,4,0.196) 0482 7473  0.784  4.000 1.650
55 0.5 (23,4,0332) 0547 17347 1.328  4.000 1.789
1 (32,4,03480) 0590 21.993  1.392  4.000 1.766
0 (13,5,0.165) 0482 7871  0.825  5.000 1.619
65 0.5 (23,5 0293) 05470 182270 1.4650 5.0000 1.732
0 1 (32,5,0311) 0590 23.200 1555  5.000 1.716
0 (12,7,0125) 0482  7.692 0875  6.999 1.588
85 0.5 (22,7,0.243)  0.547 18557  1.699  6.994 1.669
1 (31,7,0263) 0590 24.080 1.841  7.000 1.661
0 (12,8,0.112) 0482  7.864  0.896  7.999 1571
95 0.5 (21,8,0225) 0547 18.069 1.796  7.982 1.649
1 (30,8,0.246) 0590 23.857 1.968  8.000 1.643
0 (15,4,0.272) 0482 8373 1079  3.968 1.857
55 0.5 (25,4,0.384) 0547 15679  1.531  3.986 1.896
1 (34,4,0400) 0589 19.587  1.600  3.999 1.833
0 (15,7,0.283) 0482  9.691  1.493  5.277 1.851
65 0.5 (24,5, 0.363) 0548 15263  1.769  4.874 1.867
05 1 (34,5,0.382) 0590 20.005 1.904  4.984 1.819
0 (15,7,0.283) 0482  9.691  1.493 5277 1.851
85 0.5 (24,10,0.332) 0548 15327  2.267  6.829 1.834
(33,7,0.364) 0590 19.727 2439  6.701 1.811
0 (15,7,0.283) 0482 9691  1.493 5277 1.851
95 0.5 (24,10,0.332) 0548 15327  2.267  6.829 1.834
1 (33,8,0.359) 0590 19.768  2.641  7.356 1.806
0 (15,6,0.324) 0483 8639 1404 4.334 1.927
55 0.5 (25,4,0406) 0547 14286  1.592  3.920 1.942
1 (35,4,0420) 0589 18408 1.675  3.988 1.897
0 (15,6,0.324) 0483 8639  1.404 4.334 1.927
65 0.5 (25,6,0.384) 0548 14.345  1.932  5.031 1.912
03 1 (34,50408) 058 18074 1.990 4.876 1.878
0 (15,6,0.324) 0483 8639 1404 4.334 1.927
85 0.5 (25,8 0377) 0548 14298 2.034 5394 1.905
(34,10, 0.393)  0.590  18.158  2.623  6.673 1.860
0 (15,6,0.324) 0483 8639 1404 4.334 1.927
95 0.5 (25,8,0.377) 0548 14298  2.034  5.394 1.905
1 (34,10,0.393) 0590 18.158 2623  6.673 1.860

We observe that the required sample size and acceptance limit increase as the level of dependence
gets stronger for both d = 1.5 and 1.8. This is true irrespective of the size of the available budget
and the withdrawal proportion p. Also, the inspections are expected to get infrequent as the level of
dependence goes up in each case. However, the optimal number of inspections is typically insensitive
to the level of dependence at a fixed budget and withdrawal proportion. However, for a given level
of dependence, as the available budget increases, the number of inspections k goes up marginally.
This is true for every withdrawal proportion. Interestingly, the sample size is rather insensitive to

the available budget for a given level of dependence. However, the inspection interval is expected to
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be shorter as the available budget increases. As expected, the sample size requirement significantly
drops as the discrimination ratio goes up. Furthermore, the acceptance limit also goes down with
the increase in the discrimination ratio. It is also interesting to note that the expected number of
failures and expected duration increase as the level of dependence becomes stronger.

As noted in Section 5.4.1, the design criterion ¢(¢) does not depend on the sample size n. For
comparative purposes, we additionally consider the traditional c-optimal design criterion ¢({) =
S?/n (see Chaloner and Verdinelli [22]), subject to constraints (5.4.3) and (5.4.4). Tables 5.5 and
5.6 present the resulting traditional optimal plans under various settings for the discrimination

ratios d = 1.5 and d = 1.8, respectively.

Table 5.5: Traditional c-optimal RASPs with budgetary constraints for d = 1.5

p | Cs 6  (n",k%,hY) re  E[D] E[r*] E[I*] 1000 x ¢(¢*)/n"
0 (102,3,0.810) 0573 101.868 2428 2.998 3.157
55 0.5 (54,4,0.287) 0594 37.342 1.148  4.000 3.361
1 (73,4,0293) 0629 45518 1.172  4.000 2.460
0 (172,3,0.896) 0586 172.083 2.686 2.998 2.285
65 0.5 (100, 4, 0.630) 0599 93477 2520  4.000 3.046
00 1 (109, 4,0589) 0.630 91.476 2.356 4.000 2.403
0 (321,3,0976) 0.600 321.054 2927 2.999 1.540
85 0.5 (236,4,0.777) 0.610 226.982 3.108 4.000 2.338
1 (244, 4,0.744) 0636 215.839 2.976  4.000 2.019
0 (396,3,1.000) 0.604 396.722 2.999 2.999 1.349
95 0.5 (309, 4,0819) 0.613 298.739 3276 4.000 2.169
1 (320,4,0.791) 0.638 286.232 3.164 4.000 1.915
0 (107,3,0.801) 0573 96.916 2.393 2.988 3.119
55 05 (59,4,0.322) 0595 32979 1288 4.000 3.328
1 (85,4,0277) 0.629 38166 1.108 4.000 2.455
0 (177,3,0.881) 0.586 163.173 2.633 2.989 2.299
65 0.5 (104, 4,0.623) 0.600 81.739 2491  3.999 2.997
05 1 (112, 4,0586) 0.630 77.936 2.344  4.000 2.383
0 (329,3,0.960) 0.600 308316 2.874 2.994 1.571
85 0.5 (247,4,0.752) 0.611 205997 3.008 4.000 2.308
1 (257,4,0.723) 0.637 193542 2892 4.000 1.992
0 (407, 3,0.984) 0604 379.188 2945 2.995 1.378
95 0.5 (322,4,0789) 0.614 272098 3.156 4.000 2.151
1 (332,4,0.762) 0.638 254411 3.048 4.000 1.900
0 (110,3,0.796) 0573 95.002 2.365 2.971 3.106
55 0.5 (63,4,0.325) 0595 30.671 1.300  4.000 3.307
1 (114, 4,0584) 0630 72216 2.336  4.000 2.372
0 (182, 3,0.874) 0586 159.997 2597 2.975 2.299
65 0.5 (107,4,0.619) 0.600 76.969 2471 3.993 2.963
03 1 (262,4,0.709) 0.637 181.348 2.836 4.000 1.982
0 (334,3,0950) 0599 301080 2.836 2.985 1.590
85 0.5 (253,4,0737) 0.611 195481 2.948 4.000 2.293
1 (339,4,0.745) 0.639 239.477 2.980 4.000 1.890
0 (409, 3,0.973) 0.603 371.142 2.908 2.988 1.408
95 0.5 (329,4,0771) 0.614 258440 3.084 4.000 2.140
1 (332,4,0.762) 0.638 254411 3.048 4.000 1.900




114

Table 5.6: Traditional c-optimal RASPs with budgetary constraints for d = 1.8

p | Cs 0 (n*, k", h") Te E|D*] E[r*] E[I*] 1000 x ¢(¢*)/n*
55 0 (100, 3, 0.829) 0.570 100.246 2.484 2.996 3.352
0.5 (32,4,0.549) 0.548 29.106 2.194 3.997 7.460
1 (33,4, 0.343) 0.590 22,511  1.372  4.000 5.353
65 0 (174, 3, 0.878) 0.589 174.326 2.633  2.999 2.158
0.5 (86,4,0.715) 0575 81.918 2.860 4.000 4.898
0.0 (91, 4, 0.693) 0.602  79.363  2.772 4.000 4.310
85 0 (325, 3,0.927) 0.605 324.673 2.781  3.000 1.315
0.5 (224, 4,0.846) 0.594 217.186 3.384 4.000 3.401
(229, 4, 0.841) 0.614 206.928 3.364 4.000 3.387
95 0 (403, 3, 0.943) 0.610 403.090 2.829  3.000 1.110
0.5 (298, 4,0.88) 0.598 290.010 3.544 4.000 3.101
(301, 4, 0.887) 0.617 274.204 3.548  4.000 3.201
55 0 (105, 3, 0.819) 0.570 2.440 2979 3311 5.432
0.5 (35,4,0.564) 0.550 26.508 2.226 3.948 7.208
(37,4,0.323)  0.591 18.603 1.292 4.000 5.274
65 0 (179, 3, 0.866) 0.588 164.851 2.592  2.993 2.183
0.5 (92,4,0.699) 0577 75.096 2.791 3.992 4.749
0.2 (96, 4, 0.678)  0.603  70.686  2.712  4.000 4.222
85 0 (334, 3, 0.915) 0.605 310.161 2.744 2.999 1.343
0.5 (235,4,0.813) 0.594 200.140 3.252 4.000 3.353
(240, 4, 0.807) 0.615 187.252 3.228  4.000 3.351
95 0 (414, 3, 0.931) 0.609 380.744 2.790 3.000 1.137
0.5 (312,4,0.849) 0.599 268.606 3.396 4.000 3.072
(316, 4, 0.848) 0.618 250.209 3.392  4.000 3.171
55 0 (109, 3, 0.814) 0.571  94.427 2407 2.958 3.272
0.5 (63,4,0.325) 0.595 30.671 1.300 4.000 3.307
(39, 4, 0.336)  0.591 17.576 1.343  3.998 5.232
65 0 (182, 3, 0.859) 0.588 160.647 2.562 2.983 2.204
0.5 (107, 4, 0.619) 0.600 76.969 2471 3.993 2.963
0.3 (98, 4, 0.667)  0.604 66.068 2.667 3.999 4.176
85 0 (336, 3, 0.907) 0.604 299.949 2.718 2.996 1.374
0.5 (253,4,0.737) 0.611 195481 2.948 4.000 2.293
(246, 4, 0.787) 0.615 177.568 3.148 4.000 3.333
95 0 (417, 3,0.923) 0.609 373.761 2.767 2.998 1.164
0.5 (329,4,0.771) 0.614 258.440 3.084 4.000 2.140
1 (324, 4, 0.825) 0.618 238.049 3.300 4.000 3.155

For a given budget, the optimal inspection interval is typically shorter for the dependent com-
peting risks model, irrespective of the chosen withdrawal proportion p and discrimination ratios d.
As expected, for any fixed level of dependence (), the optimal sample size (n*) increases with the

available budget, which is consistent with standard reliability planning intuition.

5.6 Numerical illustration

In this section, we demonstrate the practical implementation of the proposed RASPs using a real-

life dataset. We consider the ARC-1 VHF communication transmitter-receiver example reported
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by Mendenhall and Hader [83], which involves two failure modes (J = 2), namely confirmed and
unconfirmed failures. To facilitate numerical computation, the failure times are rescaled to units of
thousands of hours. Using the parameter estimates obtained from this dataset, we illustrate how
the proposed RASPs can be implemented and demonstrate the associated decision-making rule for
lot acceptance.

In addition to the frailty model in Section 5.2 and the independent counterpart, we also consider

a Clayton copula-based formulation to account for dependence. Using the Clayton survival copula
with dependence parameter 6 > 0, we have the joint RF

~1/0

E(.Il,l‘g ‘ 9) = {Rl(llfl | 01)76 + RQ(IQ | 02)79 - 1} (561)

Assuming a Weibull marginal RF of the form R;(xz) = exp{—(z/n;)"’}, j = 1,2 (Zhang et al.

[133]), we have
(a1, 2206) = {exp {9 (2)} texp {9 (fg)} - 1} o

The corresponding sub-density function is given by

o= () (2" ) Yo (3) o)}

Although the Clayton copula and Gamma frailty models capture dependence through different
mechanisms, the resulting strength of dependence is comparable, since for both approaches the
Kendall’s tau is the same.

Now, we fit the independent, frailty-based, and copula-based models to the above-mentioned
data set. As discussed in Section 5.2, we assume equal shape parameters for the frailty model.
However, we briefly examine the validity of this assumption by considering frailty models with
unequal shape parameters. For completeness, we also consider the corresponding independent
counterparts. We obtain the MLEs and the corresponding standard errors (SEs) of the model
parameters by maximizing the resulting log-likelihood function as in (5.1.3). Table 5.7 reports the
MLEs together with their SEs, along with the corresponding log-likelihood value (LLV), Akaike’s

Information Criterion (AIC), and Bayesian Information Criterion (BIC).

Table 5.7: MLEs (SEs) and model selection criteria under independent and dependent models

Model
Independent Dependent (Frailty)
Equal Unequal Equal Unequal Dependent (Copula)

m | 0.439 (0.026) 0.436 (0.025) | 0.303 (0.039) 0.299 (0.037) 0.370 (0.023)
me | 0.822 (0.076) 0.894 (0.107) | 0.497 (0.086) 0.514 (0.096) 0.529 (0.086)
v | 1.135 (0.052)  1.194 (0.066) | 1.436 (0.130) 1.529 (0.145) 1.293 (0.066)
Vo - 1.029 (0.083) - 1.311 (0.142) 1.286 (0.119)
0 - - 0.616 (0.237) 0.646 (0.240) 1.245 (0.633)
LLV —138.404 —137.214 —134.124 —132.571 —133.437
AIC 282.807 282.428 276.248 275.142 276.8737
BIC 294.539 298.071 291.891 294.696 296.4277
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The AIC and BIC values suggest that both dependent competing risks models (frailty-based
and copula-based) provide a better fit than the independent model. However, it is not possible to
pick a clear winner among the dependent models. As suggested in the literature in such contexts
(see, for example, Yang [126]), the BIC is typically considered for model selection. Thus, it appears
that the frailty model with an equal shape parameter is sufficient for this data set. However, for the
purpose of illustration and comparative assessment, we retain the independent model along with
the copula model in the subsequent analysis of the optimal RASPs.

We now present the optimal RASPs by minimizing the c-optimality criterion given in (5.4.1).
We adopt the same approach as in the previous section to derive Sy and S;. Specifically, we set
the time point of interest as typ = 0.15 and use a discrimination ratio of d = 1.5 for both causes.
In addition, RASPs are evaluated under PIC-I schemes with 4, 6, and 8 inspection points (i.e.,
k =4,6,8). We consider three scenarios, i.e., no intermediate withdrawal (p = 0), 20% withdrawal

of surviving units (p = 0.2), and 30% withdrawal of surviving units (p = 0.3).

Table 5.8: Optimal RASPs without budgetary constraints for competing models

k=14 k=6 k=8

p | Model I 10x . - . 10x - - B 10x - -

p(¢") ‘ p(¢") ‘ $(¢") ‘
I 0.064 1.750 72 0.563 | 0.048 1.690 69 0.563 | 0.039 1.659 68 0.563
0 D(F 0.107 2.016 71 0.538 | 0.089 1918 68 0.538 | 0.078 1.875 66 0.538
D(C 0.088 1.905 74 0.554 | 0.069 1.812 70 0.554 | 0.058 1.765 68 0.554
I 0.083 1914 78 0.563 | 0.078 1.914 78 0.563 | 0.077 1.906 78 0.563
0.2 | D(F) | 0.121 2.116 74 0.538 | 0.112 2.070 73 0.538 | 0.109 2.052 72 0.538
D(C) | 0.101 1.997 79 0.555 | 0.088 1.948 77 0.555 | 0.083 1.935 76 0.555
0.3 I 0.091 1982 81 0.563 | 0.090 1979 81 0.563 | 0.090 1.979 81 0.563
D(F) | 0.126 2.158 75 0.538 | 0.121 2.124 74 0.538 | 0.119 2.115 74 0.538
D(C) | 0.106 2.040 81 0.555 | 0.097 2.007 80 0.555 | 0.095 2.001 79 0.555

Table 5.8 presents the optimal inspection interval (h), sample size (n), and 7. for both inde-
pendent (I) and dependent competing risk models. For brevity, the frailty-based model is denoted
as D(F), and the copula-based model as D(C) in the table. The inspection interval (h) is generally
shorter under the independent model compared to the frailty model, indicating the need for more
frequent inspections when risks are assumed to be independent. In contrast, the copula model
produces inspection intervals that are comparable to those of the independent model. The . is
marginally higher under the independent model relative to the dependent specifications. Interest-
ingly, the copula-based model results in values similar to those observed in the independent case.
Finally, for all models, the required sample size (n) increases as the withdrawal proportion (p)
becomes larger.

We now incorporate budgetary constraints and obtain the optimal RASPs as discussed in Section
5.4.2. For illustrative purposes, we set the cost components as Cs = 0.1, Cy = 5, Cy = 0.025, and
Cr = 10. In addition, we consider the available budget as C, = 65. Table 5.9 reports the n*, k*,
h*, and m.. Additionally, it presents E[D*], E[r*], E[I*] and ¢(C*).
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Table 5.9: Optimal RASPs with budgetary constraints for competing risks models

p  Model (n*,k*,h*)  w  E[D*] E[r*] E[I*] 10x¢(¢%)
0o 1 (10,5,0054) 0563 40.337 0270 5000 1713
D(F) (69, 5,0.096) 0.538 55.867 0.480 5.000  1.961
D(C) (72,5,0.077) 0.554 52221 0.385 5.000  1.850
0o 1 (78,5,0079) 0563 41432 0395 5000 1907
D(F) (73,5,0.115) 0.538 48.605 0.575 4.998  2.084
D(C) (77,5,0.093) 0.555 45.453 0.465 5.000  1.965
03 1 (81,5,0091) 0563 40.640 0455 4998 1979
D(F) (75,5,0.122) 0.538 45.649 0.606 4.967  2.136
D(C) (80,5,0.101) 0555 43.142 0.504 4.994  2.017

Consistent with previous findings, the 7. is marginally higher under the independent model
compared to the dependent models. The inspection interval (h) tends to be longer under the
frailty-based dependent model, whereas the copula model generally yields values closer to those of
the independent case. While the number of inspections (k) remains largely unaffected across all
models, the required sample size (n) is slightly lower under the frailty model. This is true at each
withdrawal proportion (p). Interestingly, E[D*] and E[7*] are higher for the frailty model, whereas
the copula model produces intermediate values between the independent and frailty formulations.

To illustrate the decision-making procedure for accepting or rejecting a lot, we provide a demon-
stration using a simulated data set under the frailty model. For this purpose, we consider the
optimal RASP (73,5,0.115) with a withdrawal proportion of p = 0.2. Under this plan, a life test
is conducted on 73 units, with 5 inspections performed at intervals of 0.115 time units. At each
intermediate inspection, 20% of the surviving units are withdrawn from the experiment, while all
remaining units are removed at the 5Hth inspection. Based on the observed data, a decision is
made by comparing the estimated reliability with the acceptance threshold. Specifically, the lot is
accepted if R(0.15 | 8) > 0.538.

Using the MLEs previously obtained under the frailty model, we simulate a data set following
the algorithm proposed by Roy and Pradhan [106] to demonstrate the implementation of this
decision rule. The simulated data set is presented in Table 5.10. For this simulated data set, the

estimated model parameters and reliability are computed as:
M =0.292, 7, = 0.374, U = 1.779, 6 = 0.668, and R(0.15 | 8) = 0.648.
Since the estimated reliability (0.648) exceeds the acceptance threshold (0.538), the lot is accepted.

Table 5.10: Simulated PIC-I data set

i Time interval d;; dis 7y
1 (0, 0.115) 1 7 11
2 (0.115,0.230] 10 8 5
3 (0.230,0.345] 6 4 2
4 (0.345,0.460] 1 0 1
5 (0.460, 0.575] 3 1 3
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5.7 Simulation evaluation

In this section, we evaluate the finite sample behavior of the optimal RASPs through a simulation
study. We consider the optimal RASPs under budgetary constraints for subsequent analysis.

For each optimal PICS-I, we simulate 5000 data sets following the algorithm provided by Roy
and Pradhan [106]. In each case, we consider the MLEs reported in the previous subsection as
the true values (T'Vs) of the model parameters. For each data set, we obtain the MLEs of the
relevant parameters by maximizing the log-likelihood function in (5.1.3). Using these MLEs, we
then obtain R(xz), given by (5.2.3) and (5.2.4). The histograms of the resulting R(z) at 0.15 for both
independent and dependent competing risks models with withdrawal proportions p = 0, 0.2 and
0.3 are given in Figures 5.1, 5.2 and 5.3, respectively. As expected, the histograms are symmetric

in nature, which is in line with our observation in Theorem 5.2.
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Figure 5.1: Histograms of R(z) for independent (left) and dependent (right) models when p = 0
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Figure 5.2: Histograms of ﬁ(x) for independent (left) and dependent (right) models when p = 0.2
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Figure 5.3: Histograms of R(z) for independent (left) and dependent (right) models when p = 0.3
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Table 5.11: Average estimates and RMSDs of R(z | 6) and S? along with estimates of producer’s and
consumer’s risks for independent (I) and dependent (D) competing risks models

B 100x  10x  100x
T | TV | po ¢ Avg. RMSD Avg. RMSD @& B
= | of RF RF  of RF  §? of §2
00 (70,5,0.054) 0.645 4.886 1.696 1.122 0.049 0.128
I|0644 [ 02 (78,5,0.079) 0.645 4.926 1.889 1.156 0.051 0.127
0.3 (81,5,0091) 0645 4933 1.959 1.199 0.050 0.123
0.0 (69,5, 0.096) 0.624 5200 1957 1.564 0.050 0.111
D | 0626 | 02 (73,5 0.115) 0.625 5250 2.081 1.555 0.054 0.120
0.3 (75,5, 0.122) 0625 5250 2131 1541 0.050 0.121

We further obtain the average estimate of RF and the corresponding root mean square deviation
(RMSD) over 5000 simulation runs. Table 5.11 reports the average estimate of RF and the corre-
sponding RMSD along with their respective TVs. We also compute the estimate of the standardized
variance S2 in each case using the MLEs of the model parameters. Table 5.11 also provides the
average estimate of standardized variance S? and the corresponding RMSD. Furthermore, we check
whether the lot is accepted or rejected in each case using the decision rule presented in Section 5.3
and obtain the estimates of the producer’s risk («) and the consumer’s risk (53), as given by (5.3.2),
respectively. Table 5.11 reports the estimated producer’s risk (@) and the consumer’s risk (3). It
is easy to note that the average estimates of RF are close to their TVs in each case. Furthermore,
the precision in reliability estimates is hardly affected as the withdrawal proportion increases. A
similar observation can also be drawn for S?. We also note that the estimates of the producer’s

and consumer’s risk are reasonably close to their respective specified values.

5.8 Discussion

In this chapter, we considered the development of RASPs under PICS-I in the presence of competing
causes of failure. At the outset, a general framework for incorporating the presence of competing
risks under PICS-I schemes is presented and obtained the Fisher information matrix in this context.
We then discussed the asymptotic properties of the MLEs of the model parameters under a set of
regularity conditions. Note that such asymptotic properties are essential for developing RASPs.
The general framework presented in this work can accommodate both dependent and independent
competing risks models and can prove to be really useful in modeling the interval-censored data
sets, which are common in several managerial applications.

Subsequently, we discussed a frailty model as a special case of the general framework developed
in this work. The frailty model incorporates the dependence among the potential failure times,
which is largely neglected in designing the optimal censoring schemes. Moreover, this model allows
us to obtain a popular independent competing risks model as a special case, thus enabling us
to study the effect of incorporating the dependence structure among the potential failure times on
RASPs. Subsequently, we developed RASPs in three important contexts for both the dependent and

independent competing risks models. First, we present the traditional RASPs using the producer’s
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and consumer’s risks. These traditional RASPs require several specific information, including
details such as the inspection times and the proportion of intermediate withdrawals, which the
decision-makers must decide suitably while conducting the life-test experiments under PICS-1. We
thus considered a suitable c-optimal design criterion which allowed us to determine these design
variables. We developed RASPs both with and without budgetary constraints. Through a detailed
numerical study, it is observed that the level of dependence between the potential failure times
has a significant impact on the resulting RASPs. We further demonstrated the application of the
developed RASPs in a practical context and studied the finite-sample properties of these RASPs
through a detailed simulation study. We observed that these RASPs exhibit the desired asymptotic
properties even for a modest sample size.

The numerical investigation demonstrates that model parameters have a meaningful impact on
the resulting RASPs. In particular, an increase in the dependence level among competing failure
modes leads to higher required sample sizes, larger acceptance limits, and longer expected test
durations, regardless of the chosen scheme. The withdrawal proportion exerts a moderate influ-
ence, primarily increasing the sample size, while the discrimination ratio plays a more dominant
role by reducing the sample size requirement and tightening the acceptance criteria. Under budget
constraints, higher testing budgets allow shorter inspection intervals and more frequent inspec-
tions. These observations reinforce the importance of incorporating both dependence and cost

considerations in planning RASPs.

5.A Appendix

5.A.1 Proof of lemmas

Proof of lemma 5.1:

Proof: By differentiating (5.1.3) with respect to 6,,, we have

"R (0 () - () -

i=1 k=1 | j=1
i 9qij =5 i _
where Ujp, o, = Z ( ’”) (aqTaj) - (1(1_;5) (gTqu) and 054 = Z‘jjzl dikj. Then, we get

qij
E{azmx} ZEN ZE ,,MN]

It is sufficient to prove that E [Ujk,, | Ni] = 0. We know E[d;;] = ¢ij and E[1 — 04 ] = (1 — ;).
Thus, we have

ZUM s (5.A.1)
1 k=1

=

J
O0qi;;  Oqg;

— 90, 00,

EUiku | Ni] =

We know Z}I:l ¢ij = ¢;- This implies that

zJ: 9qi; _ 94
L~ 90, 00,
Jj=1
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Hence, E Uiy | Ni] = 0. (Proved)

Proof of Lemma 5.2:

Proof: By differentiating (5.A.1) with respect to 6,, we have
ik Paiy \ (1= diy) [ Pgi
qij 00,00, (1—q) 00,00,
(S'ij 5(1” aq” (1 - szr) aCI'L 8(]1
<qu > (aa a0,) " T —q)? \o0,) a0, (5-4.2)

(0 | ) o~ |
06,00, _Z [Z

where

Vi = XJ: Oikj 02, (=) d%q;
R — \ qij 00,00, (1—-gq) \06,00,

. XJ: 5zky 8‘]1] 8‘]11]’ + (1 - zk+) aQZ aQi

2 \'¢ ) \oo. ) \v0,) " (T=aq)? \90.) \0, )|
Now, proceeding in the same manner as in Lemma 5.1, we have

ikj 32(1113' . (1 - 5z‘k+) 5’2%’ o
ZEN [ZE [Z ( %is ) (aeuaev) 1 —q) \av00,)|| ="

Therefore, taking the expectation of (5.A.2), we have

]2 3 () () ()

(s () (0]

Now, using E[d;x;] = ¢;j and E[1 — §;p4| =1 — ¢4, we get

o [T - 5 |55 (51 () () (2) () (32)]| oo

Note that

N;

2

=1

_|_

(az(g@im)) (3l0m) iiZZUm "

i=1 k=1i=1k'=1

where Uy, and Uy, are as defined above. Now, suppose ¢ < . Then, for given n;, n; is fixed
and hence E[Uik,uUz"k’,v ’ ni/] = Uik,uE[Ui’k’,v ‘ ni/] =0. Similarly, when ¢ > i,, E[Uik,uUi’k’,y | nl] =
Uik’ wE Uik | ni) = 0. Also, when i’ =4 and k' # k, we have

ElUikuwUik v | 14
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5 i( k) (aqu> (-0 m aqz - mu aqij> (=) (an')
=1 sz 89 (]— - % j'=1 q” aov (1 - Qi) aev

ii (Ber) (o) () (a%) 3= (%) () s ()

| 7=17"

5 () () S )+ S O () ()| o

j=1
Since X1, ..., X, are IID, we have, for any fixed 1,

J J
E Z(Sm] Z Gkt /] =F [Z 6ikj] E [Z 5ik’j’] ,
= i=1

Jj'=1

[
E Z5ikj(1—5ik'+) =F Z@m] 1= dirry )]s
j=1

Z 6zk’ ’ 1 - ZkJr =F Z (S’Lkl

J'=1 j'=1

= 0ikt)]

and
E(1 = 050 ) (1 = 830)] = E[(1 — u4)] E[1 — 6]

Now, it is easy to see that E[Uj, Uik » | ni] = 0. Lastly, when ¢/ =i and k¥’ = k, we have
EUikwUikv | 1

ZJ: ! (5ikj> (5ikj’) (3%‘]‘) (3%‘) _ zJ: (5ikj’) (8%‘]") (1 —diry) (8%)
. —1 qu qu 80u 801} ji=1 qij/ agv (1 - Ch) agu

Jj=1j

5 (8 () R () () ()| e

j=1

=F

Note that P(d;x;0i; = 1) = 0 for j # j', and P(d;i(1 — dijp4) =1) =0for I =1,...,J. Therefore,
fori=1,...,k,k=1,...,n;and 5,7/ =1,...,J, we get

E[63,; | ni] = Eldirj | ni = qij,  for j =7,

Elbikjdiry | ni) =
T 0, for j # §7,

Elbi(1 = bipy) | ns) =0,  for l=j,5,
and
E[(1 = 6ik4)? | mi] = E[(1 = igy) | ni] =1 — g

Then, (5.A.4) can be written as

J
i 8% quj 1 <8ql> <8qz> )
E[Uzku ik, | nz Z ( ) (801)) + (1 — qu') aeu aav = 0w (S&y). (5A5)

= i
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Thus, we have

7| (%.7) (Fa)

= En, [UkuUsko | Ni]

S0 () ()« 20 (00 (2)). e

(Proved)
Proof of lemma 5.3:
Proof: We have
0q;; 1 2G5, m) — G(j, Ti-1)] OFr(7i-1)
- o ST 5.A.7
foru=1,2...,1. Now, let us define the following bounds:
- S (5.A.8)
T e R(7) o
B OF(1;)
A, = Jax gseué))o 20, (5.A.9)
and
_ y 8G(.77 Ti)
Bu= max max, sup |\ =50~ | (5.A.10)

for u=1,2,...,l. Then, by using (5.A.8), (5.A.9) and (5.A.10), we have

8%’;’
00,

< K[2B, + A,] = C,, say.

Thus, the first-order derivative of ¢;; is bounded. Now, differentiating with respect to 6, for
v=12,...,1, we get

9*qij 1 {8[G(j,n) - G(j, 1i-1)] + i (3F(Ti)>} (3F(Ti—1))

90,00,  [R(ti1)]2 90, 90, a0,

Under the regularity conditions, the second-order derivatives of G(j, 7;) and F(7;) are assumed to
be bounded. Therefore, we define

0?F (1)
Ay = Jnax, eseu@};)o 06,99, (5.A.12)
and
82G(j7 T’i)
B = 120520, 50 | 55,00, | A1)
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foru=1,2,...,landv =1,2,...,l. Then, by using (5.A.8), (5.A.9),(5.A.10), (5.A.12) and (5.A.13)

we have

K2[2By + Ay Ay + K[2Byy + CuAy + Auy] = Cup,  say.

82%’]‘
00,00,

Differentiating (5.A.11) with respect to 6, for w =1,2,...,1, we get

-
o [ (500 (o) o)
e g et v ()] (Cange)

* P 8 T (89 20, > <3%>< ﬂ <8F(§;1_1))

1L [P1GU) — Gl )] (P4 (OF(i)Y . (0F(ia)\] (0F (i)
e R () ) ()
TR { 6,08.00, T <aevazw> ( 20, ) + (aej) (aeuéw)

83F(Ti,1) 8q” 82F(TZ‘,1)
iy (aeuaevaew> * (aew> ( 96,00, )] '
Under the regularity conditions, it is assumed that the third-order derivatives of G(j, 7;) and F(7;)
are bounded. Therefore, we define

PPF(1;)
Avow = —_— A14
1255 ey | 00,00,00,, (5.A.14)
and
P*G(j,m)
Buvw = 11211a<xk lIgjaé(]gbeugo 4@9 00 89 (5A15)

foru=1,2,...,[,v=1,2,...,land w=1,2,...,l. Then, by using (5.A.8-5.A.15), we have

’ 83%‘

< 3 2 2
78%86,,8% <26°[2By + Au)Av Ay + £°[2B,, + CyAyu)Avw + ¢ [2Buw + Auw + CowAu) A4y

+ ﬁ2 [2Buu + C’UA’LL + Auv]Aw + H[3Buvw + vaAu + CUAuw + Au'uw + C’wAuv]
= Cu’uun say

This shows that the third-order derivative of g;; is bounded. We know that ¢; = Z}-Izl gij. Therefore,

we get ‘qu < JC,, % < JCyu» and ‘ﬁ%‘ < JCypw. This shows that the first, second,
and third-order derivatives of ¢; are also bounded. (Proved)

Proof of lemma 5.5:

Proof: Proof of part (i): Using (5.A.6), we have

k
E[N;| 9q:5 0q; E[N;| 0g¢; 0q;
fn0 0=y |y ER G0 S B

i 00, 00, (1 —q;) 00, 06,

i=1 | j=1
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for u,v=1,2--- L.

Note that for fixed n, E[N;] < n, for i =1,... k. Since 0 < g < 1,0 < ;- < 00, V0 € Op.
Also, since 0 < ¢; < 1,0 < i < 00, VO € Bg. From Lemma 5.3, we also have that the first-order
derivatives of ¢;; and ¢; are bounded, for i =1,2,... , kand j =1,2,...,J. Thus, [,(0 | ) < .

Hence, the proof.
Proof of part (ii): By definition of 1(0]¢), it is a symmetric matrix. For any vector b(8) # 0,
we get

k J
b<e>TI(e<)b<e>=Z[Z 1 b Tv9<qij>}2+(f“v(i) (6(6)"V ()’ (5.A.16)

iz =1 i

Since 0 < ¢; < 1, 0 < ¢;; < 1 and E[N;] > 0, then from (5.A.16), we can say that I(0 | ) is
non-negative definite matrix. We know prove that it is a positive definite matrix. We use the
method of contradiction for this purpose. Let us consider that there exists a vector b'(0) # 0 such
that

(5.A.17)

Ll 2 E[N] 2
v(0) 10 1 OB (0) =3 | E (5(0) V) g O V@)

i = i

Now (5.A.17) holds if &' (0)TVg(gi;) = 0 and ¥'(0)1V(g;) =0, foralli =1,...,kand j =1,...,J.
However, this implies that Vg is a rank-deficient matrix, which contradicts the regularity conditions
V(b). Hence I(0 | €) is a positive definite matrix for all 8 € ©. (Proved)

Proof of lemma 5.6:

Proof: Differentiating both sides of (5.A.2) with respect to 6, we get

k 3 3
ikj 0°q;j; (=) 0°q;
s - 555 5 () (st ) - S22 (st

i=1 k=1 | j=1
_ zk: i EJ: zka qij 0qij . 9 qij 0qij n 9%qi, 0qij
2e2a 2\ ¢z ) (\ov.00, ) \o0.) "\ 0,00, ) \ 0, "\ 00,0, ) \ 90,
_ zk: i (- zk+ P q; 9q . g 9g; N > q; 9q;
== (1—q) 00,00, 00, 00,00, 00, 00,00, 00,

J

1 1
Ki = max max (> and K9 = max < )
1<i<k 1<5<T \ G4 1<i<k \ 1 —q;

oS (o) () () (o) - ot () () ()]

‘We now define

Thus, we have

‘ 331(0)

00,,00,00,,

k
S an [(KI + K2)qu'uw + (K12 + K%)Jz(cuvcw + vacu + Cuwov)
i=1

F2(K3J + K3J%)C,C,Cy) an wws Y-

Let Zle Nibuvw = Kupw- Now E [Kypw| = nkyyw, where kyyw = bupw Zi:l b;. It is easy to see that
kuwvw < 0o. Hence, the proof. (Proved)
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5.A.2 Proof of theorem

Proof of theorem 5.2

Proof: The second part of the theorem can be proved following the steps as in Lehmann and

Casella [61, Theorem 5.1, page 463]. For the first part, it is enough to prove the following results:

(a) iaal(ez) — 0, as n — oo.

02 k
(b) %aejg?v I,(0]¢) = ; bio? . 88 M — 00,

(2
2 _ | 1 8Qij aQij 1 dq; dq;
where o7, = [qij (aeu> (aev + (=4 ) \ 2. ) @0,

Now, we have

J
Sikj \ (ai; 1-5; . . . B
where Uy, = ]21 (T’“j) (825) — ((17;5) (gTqu)' For given n;, Uy, s are i.i.d. and E[Us,, | ni] = 0,

n;
for k =1,...,n;. Now, by the Weak Law of Large Numbers (WLLN), for given n;, Y. Ujk /N il 0,
k=1

1 81(0)

as n — oo. Now, by Lemma 5.3, it follows that L 0asn — co.

Similarly, we have

1912(0)
naeuaev—Z[ Zv;kuv‘|7

=1 o k=1
J 2 J
- _ Bikj 0°¢ij (1=0ir4) [ O%q dikj 9qij 9qij (1—6sp4)
where Vig = [Z (qi]-) (aeuaev — =gy \dgeoes )| — | 2\ 2 ) (@or ) (Bor ) T a=a?
j=1 j=1 ij
9q; Jq; : . _ 1 (94 9qij 1
<8gu> (agv)} . For given n;, Vig yps are iid. and E[Vig 4y | 7] = — [qu aei) (395> + (17%)

(841) (aqi)], for k=1,...,n;. Now, by the WLLN, for a given n;,

20, ) \ 20,
o Vikww P |1 3%’) (3%) ( 1 )(aqz') (3%’) o
Z n; — |f]U (89u 891, + 1-— qi 89u 891) T

k=1

as n — 0o. Now, by Lemma 5.4, we get the desired result. (Proved)

Proof of theorem 5.3

Proof: Proof of part (i): Let {; = (k, h,p) and {5 = (k+ 1, h,p). Then, it is enough to show
that ¢(Cs) < ¢(¢y)-

1(6 ] ¢5) — 1(6 | ¢y)
"~ B[Nit]
1 d(k+1)5

E[Ng11]

Vo(qu+1)7)Ve(quin;)" + - qk_H)VG(CI(k+1))V0(Q(k+1))T'

J

Now, for any b(8) # 0, we have
b(0)"[1(8 | ¢a) — 1(6 | ¢1)]b(6)
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J

E[Ng41] 2 E[Np] T 5
=2 Y |+ b(0)'v
=ty [ HQ(k+1)]:| (1— qrs1) [ (6) HQ(k+1)]

This shows that I(0 | ¢5)—1(0 | ¢;) is a non-negative definite matrix. This implies that I=1(8 | ¢;)—

—1(0 | ¢,) is also non-negative definite matrix. Therefore, we have

b(0)" [I71(8 [ ¢1) — 17(8 | ¢2) b(8) > 0
— b(0)T171(8 | ¢1)b(8) — b(6)"I1(8 | £,)b(6) > 0
= ¢(C2) < ¢(¢1)-

Proof of part (ii): Let ¢; = (k, h,p1) and ¢, = (k, h,p2), where p; < p2. Then it is enough to
prove that ¢(¢1) < ¢(Cy)-

10 ] ¢1) —1(6 ] C2)

J
(EIN/] — E[N?])
Z i ve((ﬁ])ve(qu) + (1 _ Q1)

(E[N;] = E[N?])

)

Vo(qi)Vel(ai) ] )

where E[NF] = n(1 — pr) "' R(7;_1|0), for i = 1,...,k and k = 1,2. Now, for any b(8) # 0, we

have
b(0)"[1(6 | ¢1) — 1(8 | ¢2)1b(6)

k 17 _ 2 2 1N 2 2
Z (E[Nz ]qijE[Nz D [b(e)Tve(Qi]’)} + (E[]V(zl]_ (f)[Nz D [b(g)Tvg(ql)} ]

j=1

Since

E[N}] = E[N7] = n(1 = p1)" ' R(r;110) — n(1 — p2)" ' R(7;-110)
= nR(ri1]0) [(1—p1)' ™' = (1= p2) '] >0

This shows that (6 | ¢;)—1(0 | {,) is a non-negative definite matrix. This implies that I=1(0 | ¢5)—

I71(6 | ¢;) is also non-negative definite matrix. Therefore, we have

b(0)" [I71(8 | o) — I7(8 | ¢1)] b(6) > 0
—> b(0)"171(0 | ¢,)b(8) — b(0)"11(8 | €1)b(6) > 0
= #(¢1) < 9(Ca)-

(Proved)






Chapter 6

RASP for independent competing
risks data under ICS by Bayesian
approach

This chapter addresses the design of BRASPs under ICS for independent competing risks data.
Most of the existing BRASP literature has focused on systems with a single failure mode. However,
in practical scenarios, a product may fail due to multiple causes, known as competing risks. The
causes of failure may be statistically independent or dependent. Although dependence among risks
is more realistic, most studies assume statistical independence to avoid identifiability issues inherent
in the latent failure model. This chapter also assumes that the latent failure times are statistically
independent.

Designing RASPs in the presence of competing risks is a critical problem in reliability research.
Wu and Huang [122] investigated this problem under PICS-I using a classical approach. More re-
cently, Prajapat et al. [96] proposed BRASPs under type-II and HCS-I for competing risks data. In
this chapter, we extend the investigation to the design of optimal BRASPs under ICS for competing
risks.

The primary contribution of this chapter is to develop an optimal BRASP by minimizing the
Bayes risk for the exponential distribution under ICS. Given that reliability plays a pivotal role
in the consumer’s acceptance decision, the first objective is to construct BRASP using a decision
function based on the MLE of the RF. The second objective is to propose an approximate BRASP
by utilizing the asymptotic properties of the MLE. Finally, the third objective is to develop BRASP
based on the Bayes decision function. These three approaches offer complementary strategies for
designing efficient sampling plans under ICS in the presence of competing risks.

The organization of the chapter is as follows. Section 6.1 discusses the model for the exponential
distribution in the presence of competing risk under ICS and the derivation of the Bayes risk for
the general decision function. Section 6.2 presents the explicit form of the decision function when
the decision is taken based on the MLE of the RF and also an approximate Bayes risk using the
asymptotic property of the MLE of the RF. Section 6.3 discusses the Bayes decision function.

Section 6.4 provides the numerical study for all cases. Section 6.5 presents the discussion.

129
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6.1 Model and assumptions

Suppose a lot of items is considered to make a decision whether the lot to be accepted or rejected.
For this, n items are put on a life test at time 79 = 0. The lifetimes of n items X, ..., X, are IID
with common CDF F(- | ) and PDF f(- | 8), where 8 = (01,...,6;) is a vector of parameters. Let
us consider that every item may fail due to any one of J causes of failure. Let X;; be the latent

lifetime of the i*" item due to the j** cause of failure, for i = 1,...,n and j = 1,...,J. Therefore
X; = min{Xj1,..., X;s}. It is assumed that X;; follows Exp(Aoj) with PDF fo;(- | Ao;). In the
latent failure rate model, X, ..., X;; are assumed to be independent. Therefore X1, ..., X, follows

Exp(A), where A = A1 + -+ - + Aos. Now, 0 can be taken as @ = (\o1,...,\os) Let C; € {1,--- ,J}
denote the cause of the failure of the i’ item. The joint distribution of (X;, C;) is given by

Gl | 8) = P(C = j,Xi <z |0) :%[1—6)@(—)\1‘)], XS0, >0,

fori = 1,...,nand j = 1,...,J. Let us consider that the life test is conducted under ICS.
In the ICS life testing, we only observe the number of failures due to every cause of failure at
pre-specified inspection times 71,...,7, where 0 < 7 < --- < 7. Suppose D,,; denotes the
number of failures in the interval (7,,-1, 7] due to the cause j, form =1,..., kand j=1,...,J.
Let X = (D11,...,D1y,...,Dg1,...,Dgy). The observed data up to inspection time 7 is © =
(di1,...,dig,...,dg1,...,dgy), where dp,; is the observed value of D,,;, for m = 1,...,k and
j=1,...,J. The likelihood function can be written as

k
L@ | 0) o< [] [TIGG 7 | 8) = GGG s [ )" [1 = F(r | O)]"

dm]'

A
x H H [)O\J {exp(=ATm—1) — exp(—A7p) } x [exp(—Are)]" 7. (6.1.1)

The vector of the decision variable of the life testing plan under interval censoring is denoted by
¢=(n,71,...,7Tk, k). Let a(z | ¢) denotes the action of acceptance sampling, which is defined in
(4.1.5). The loss functions for acceptance and rejection of the lot after the life testing is defined as

L(A|xz,0)=h(0)+nCs —(n—d)vs +7C, + IC (6.1.2)
and
LR]|x,0)=Cr+nCs —(n—dvs+7C+ ICY, (6.1.3)

respectively. The loss function i (0) and cost coefficients vg, C,., Cs, C; and Ct are defined in Chapter

4. Here we considered quadratic loss function which is defined as h(0) = Cy + Z}'le Ciloj +

E;le Z‘j]:l CijMoidoj, where the coefficients C; and Cj, for i = 0,1,...,J, 5 = 1,...,l and | =
i<j

1,...,J are taken in such a way that h(@) > 0 for all 8. This loss function is known as a quadratic

loss function. The expected loss for a given BRASP ¢ and observed data « is given by

(¢ alx,0)=LA|z,0)a(x | )+ LR |,0)[1—a(z|])
=Cr +nCs — (n—d)vs +7C + IC; +a(x | ¢)[h(O) — C)].

The Bayes risk of a BRASP (¢, a) is obtained as

Rp(¢,a) = EgEy | ¢ (¢, a | x,0)]
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=C, +n(Cs —vs) + Vs E[D] + CyE[7] + CrE[I] + Ra(¢, a), (6.1.4)

where

Ra(C,a) = BoEy | ola(z | ¢)[1(0) - C;]
= Z/ Cr|Px (x| 8)p(0) db. (6.1.5)

reX

Here, X is the set of all possible x for which the consumer accepts the lot after life testing and

n!

k J
71 LTG0 7 1) = GGy | 00 1= Pl 0]

Px(x | 0) =
an:1 Hj:l gl (n —d)! 52 j=1

(6.1.6)

Moreover, E[D] = Eg[E[D | 0]] = Eg[n(1 — exp(=A7,))], E[r] = Eg[r | 0] = S, 7:P;, where
P; = P, — P, is the probability that the life-test terminates at ; with P; = [1 — exp(—A7;)]|", for
i=1,....k—1,P,=1,and E[I | 0] = XF ;i P;.

Now, the optimal BRASP (¢*,a*) = (n*,7{,..., 7}, k*,a*) is obtained by maximizing Rp(¢, a).
If intervals are of equal length h, the optimal BRASP is (¢*,a*) = (n*, h*, k*, a™).

6.2 BRASP based on reliability criteria decision function

Here, we obtain BRASP under the assumption that the manufacturer knows the consumer’s ac-
ceptance criteria. The consumer takes his/her decision based on the reliability criteria. A lot is
of acceptable quality when the reliability of the product at a specified time point to, R(tp | 8) =
1—F(to | 0) is greater than 7. Let R(t | 6) is the MLE of R(to | 8). Therefore, the lot is accepted
if R(to | 6) > 7, and rejected if R(to | 0) < m.. The likelihood function based on the competing
risks data under ICS is given in (6.1.1). Then the log-likelihood function can be written as

koJ
(O |2) =) D [~dumj {ATm—1 +1og(Ao;) —log(A) +log(1 — exp(=A(Tm = Tn—1))}] = (n = d)A.
m=1 j=1
Therefore, the likelihood equations are given by

9l(0 | )

aAOj =0
k
drm 1 (T — Tm—1) €xXP(=A (T, — Trmn—1))
J do |70y~ o
- Z 2 S Sty (n = djmi =0,
dyj d
Xoj A 2.1
— >\oj )\+g()\), 6.2.1)

where g(A) = X1 din |7y — PRt 4 (0 — d), dong = S dg, oy =

Sk dmj andAd = ;zzl dInJr = Z}J:l d4j, for j=1,---,J. Solving (6.2.1), for j =1,...,J, we
get the MLEs 6 = (\1,...,As). Now, from the likelihood equations, we get

&:&:...:&:EJFQ(X)
dir dyo dyg d
o dei~ o~
— Xy = —ZA+9(N),  j=1,.., 0 (6.2.2)

d
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We know that A = Ag; + -+ 4+ Agy. Therefore, from (6.2.2), we get g(A) = 0. It is easy to show

that lim g(A\) = —oo and lim = 3% _ dps 71 + (n — d)7, > 0. Also, we can see that g()\) is a
A—0 A—00 N

strictly increasing function in A\. Hence, we get a unique solution of A. The decision function can

be written as

1, if exp(—/)\\to) > T,
a(x | ¢) = , (6.2.3)
0, otherwise,

Note that we only need to estimate A for our decision function. It is seen that \ exists when d > 0.
When d = 0, this means that all items have survived up to time 73, and in that case A is taken as
1/n7, (Bartholomew [15] and Sinha [113]). If the inspection times are of equal length, i.e, 7, = mbh,

m =1,---  k, where h is the length of each interval, we can find the explicit form of A as
——In[1- — d , ifd >0,
S=) S Myt + (n—d)k
1 o
%, lf d= 0.

Therefore, the decision function (6.2.3) can be written as

1, if d > T,
a(x | ¢) = 1 (Zi,lmd,,L++(nd)k> g

0, otherwise,

if d >0, and

0, otherwise,

1, ifexp fntf" > Te,
a<0|<>={ )

if d = 0. In this case, the form of the decision function is known. Therefore, to find the optimal
decision we need to determine the optimal value of 7.. Let 7} be the optimal value of 7.. In that
case a* = wf. Now, it is assumed that the A follows G(ao, Sp) with PDF p;(-). Also, it is assumed
that for given A, (A\o1/A, ..., Aos/A) follows Dirichlet distribution with joint PDF

Tlay) v (o)™ Aoj
201 /A, - Aoy /A) = ———2— (‘”) , 0< 22 <10, >0, forj=1,...,J,
n;;w}l A A

where \g; /) is the ratio of the failure rate due to j cause of failure to the failure rate of the item
and ay = Z}'le a; and it is denoted by Di(a,...,a ). Therefore, the joint prior PDF of 0 is

OCO

F(O[o)

J
p(0) = AYTY exp(— H aj_l.

This is known as the Gamma-Dirichlet distribution and is denoted by GD(«, fo, a1,...,ay). We

provide the following results needed for the computation of Bayes risk.

Result 6.1

oo 00 J J
A0~ oxp(—BoA) TT AL ™" doy -+ - dAoy = a;).
/)\01—0 />\0J—0 )j= OJ SOF Oé+ H 7

Jj=1



133

Result 6.2 If n items are placed on a life test and inspected at equal intervals of length h up to a
mazximum of k inspections, then the Bayes risk is given by

k—

o 1 n Qo
R )y e :Cr+nCs+ 571#4» C +C k < > <[30>
B(¢, ) O G+ k) (Cr+e [ 2 1321 i

where

+ RA(Ca 7Tc)a

n! d

a6 me) = Z < diylds! mi'dkz I(n — d)! Z<_1)i<?> {(CO I CEY &

P Bo + ih + sh)®o

a0y (ay +d+] + Ip5)
r
* (a+){(50+ih+sh°‘0+1z HI‘ Mlag +d+1)

=1 j=1

J

ap(ag +1) I(j +dyj + 0pj + 8g5)
(Bo + ih + sh) 0‘0“220‘"’ H I(oj)l(oy +d+2)

p=1qg=1 j=1
r<q

L ifi=j,

and 0;; denotes the indicator function given by d;; =
0, otherwise.

Proof: The expressions of E[D], E[I] and E[r] are given in Chen et al. [29]. Only we need to

prove the term R4 (¢, ). Using (6.1.6), when the inspection intervals are of equal length, the joint
PMF of X can be written

n! k A\ mi
Px(@]6) = ' 1111 {exp [~ Ads(m = D)A] [1 = exp(=AR)|*™ <> }

ko J A
IT 1T dgln — )t m=t5=1

x exp [-A(n — d)kh]

J

II

_ - ﬁdn!w( d)'g(_ni(f) 1<A;j>dﬂ exp [— (i + b(k)) Aoy h]

J

where b(k) = nk — Y n_y Y01 (k — (m — 1))dum;.
From (6.1.5), we know that

)= 3 [ (6)=C] Px(w | 0) p(6) db.

rcX
Now using Result 6.1, we get the required expression of R4((,a). (Proved)
For different inspection intervals, the term R4((,a) cannot be obtained analytically. A simple
Monte Carlo integration can be used to evaluate the integration. For this, a large number Sy of

observations are generated from the prior p(@). If p(@) follows GD(ay, o, a1, ..., ), then the
data can be generated using Algorithm 6.1.

Algorithm 6.1: Procedure for Data Generation from Gamma-Dirichlet Distribution

Generate A from G(a, fo) distribution.;
(@) NO!

Generate (;\?3), e m) from Di(ay,...,ay) distribution using R package LaplacesDemon.;
, , () AD)

Compute %) = ()\(l) X ig}) so A xS )) to obtain the generated sample.;
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Let 8 ..., 0" be the generated observations. Then

RA(¢,a) ~ Si i Co—n(6D)] 3 Px (x| 69).
Li=1 zEX

6.2.1 Approximate form of Bayes risk using asymptotic properties of the MLE

For large samples and different prior distributions, computing Bayes risk will be intensive and
complex. We approximate the Bayes risk in a simplified form, where we can calculate Bayes risk
for any choice of prior. We know that under certain regularity conditions, for large n, 0 follows
normal distribution with mean @ and variance I~!(8) under certain regularity conditions, where
I71() is the inverse of the Fisher information matrix of 8. The regularity conditions are stated in
Section 5.1.2 of Chapter 5.

For interval-censored data, the Fisher information matrix for @ can be written as

k
10)=">Y"

m=1

J
[Z M LONG g)9aa) + M e LE v9<qm>ve<qm>T] . (624)

where Vog(gm;) = (8§Tj,...,8/q\’jj), Volgm) = (‘(ﬁ)‘\]—;”,...,%?—?) and ¢m; and ¢, are defined in
(5.1.1) and (5.1.2), respectively. Now we find the approximate expression of P(exp(—Xto) > ).
Let ¢(0) = exp(—Atg). By using the delta method, we have c¢(8) ~ N(c(6),S?), where S% =
Voc(0)TI71(0)Vgc(8) and Voc(8) = (30(0) 30(0)). Therefore,

001 ' 00y
< (e —c0) _m—c0)) e —c(0)\ . (c(6) -7,
P(exp(/\t0)>7rc)P< > Ml-o (T ) m e (S ),
where ® is the CDF of standard normal distribution.
Now, we compute Vg(gm;) and Vg(gn) to obtain I (0). We have
Aoj (T = Tm—1)(1 = gm)  gmAoj . ‘
aqmj _ )\ - )\2 ) if { 7é Js
o\ )\Oj(Tm - Tm—l)(l - Qm) + Qm()\ - )\Oj) I
) a2 ’
Iqm _ 0c(0)
Pho; = (T — Tm—1) exp[—A(Tm — Tm-1)] and Tho; = tg exp[—Ato],

form=1,...,kand [,j =1,...,J. Therefore,
S1 )y _
1 : (@) —m
~ _ (4) /T
R~ g 3o [er - n (o)) o ()=,

where S is the value of S when 6 = 1"

6.2.2 Finding optimal BRASP

Now, we provide upper bounds of n, k and 7. Since all cost-coefficients are non-negative and
Cs > vs > 0, this implies that Rp(¢*,a) is non-negative. Therefore, the following equalities hold:

Rp(¢*,a) > n*(Cs — vs) + CrE[7] + CrE[I]



135

> n*(Cs —vs) + Cr1i + CrE[] (6.2.5)
= n*(Cs —vs) + Crk (6.2.6)
> n*(Cs — vs). (6.2.7)

When the decision of acceptance or rejection about the lot is taken without life testing, that
scenario is called no sampling case. The Bayes risks corresponding to no sampling case are given
by Rp(0,1) = Eg[h(0)], if the lot is accepted and Rp(0,0) = C,, if the lot is rejected. Therefore,
Rp(0,a) = min{Eg[h(0)],C,}. Now,

Rp(¢*,a) < min{Fg[h(0)],C,}. (6.2.8)

From (6.2.7) and (6.2.8), we get

1o [ HRLEROLCL) |

where |z] is the greatest integer less than or equal to . From (6.2.6) and (6.2.8), we get

Fo(n) = Lmin{Eo[h(a)},Cr} —(Cs —vy)n J '

Cr
From (6.2.5) and (6.2.8), we get

min{Eg[h(0)],C,} — (Cs —vs)n — Crk
Cr )

m8(n, k(n)) =

Since all the decision variables are bounded, we get a finite value of ¢*. We consider Algorithm 6.2
to determine the optimal BRASP.

Algorithm 6.2: Determination of design parameters when decision function is fixed

Input : Fix ng, ko(n) for each n and 75(n, k(n)) for each n, k.

Output : Optimal design parameters n*, k*(n*), 7*(n*, k*(n*)), 7*(n*, k*(n*))

for n in 1 to ng do

for k in 0 to ko(n) do

> Minimize Rp(n,7,k,7.) w.r.t. 7 and 7. given n, k

Define h = (hy,...,hy) such that m = h1, 7 =7i—1+h;, ©i=2,...,k, with constraints:

k
hi >0, > hi <7g(n,k).
=1

// For equal-length intervals: h;=h< w
Find (h*,7}) = argming ., Rg(n, 7, k, ).

| Compute 7 = (7{,...,7;) from h".
Find

k*(n) = argoggig(n) Rp(n, 7" (n, k), k, 75 (n, k)).

F;nd
n* =arg min Rp(n,7*(n,k*(n)),k"(n), 7% (n,k*(n))).

1<n<ng

Take 7} (n*, k*(n*)) = «¥, 7*(n*, k*(n*)) = 7* and k*(n*) = k*

Therefore, (¢*, 7)) is the optimal BRASP when the form of the decision function is known.
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6.3 BRASP based on Bayes decision function

Here, we consider that the manufacturer does not know the consumer’s decision criteria. Therefore,
the decision function is arbitrary. It is also assumed that a single prior assessment is used by both
the manufacturer and consumer. An optimal decision function is derived that minimizes the Bayes
risk among all the decision functions. This optimal function is known as a Bayes decision function.
The Bayes risk Rp(¢,a) in (6.1.4) consists of the decision function a(- | ) only in the term R4 (¢, a).
Note that R4(¢,a) in (6.1.5) can be written as

Ra(¢,a) =ExEp | z[al(@ | ¢)(A(0) - C.)]
=Y la(@ | O)Eq | «[h(6) - C.] Px(x)

zeX
= S lale | Ollp(@) - G Px (@)
xeX

where ¢(x fe p(@ | ) dO and Px(x ngX x | 0)p(0) db.

To obtaln the Bayes decision, we need to minimize RA(¢, a) with respect to a which is equivalent
to minimization of EgE, | gla(x | )(h(0) — C;)] with respect to a. From Section 4.2.2, the Bayes
decision function a*(x | ¢) for fixed ¢ is given by

1, ifC,— ywa,d) >0,
a*<w|c>={ L el

0, otherwise.

Note that the prior expectation of the loss h(0) is

_ ) ozp—f—l ao a0+1 o
E[h CO+ZC Boat B0a+ ar +1) chpq ap +1)(ag + 1) + ZCpp(ap+2) = ¢(0)
p=1 g=1 p=1
p<q

Therefore, in no sampling case, the Bayes decision is

1, ifC.—(0)>0,
a*(0|0){7 1 90()—

0, otherwise.

Result 6.3 If n items are put on a test and inspected at equal intervals of length h, then the
posterior expectation of h(0), p(x) = [y h(0) p(@ | ) dO can be written as

J d
B ifd F(a0+1 aj+dﬂ+6m)
SbS - d I'(ao +2) T(oj 4 dyj + 0pj + 04j)
C C —1) 0 J +3 T 9%j T Oqj 7
' ;; " Z%( )(Z>[(l+b( ))h+50°‘°+21;[ I(ay +d+2)
P<q
where
-1
d (d L T(aj +dyy)
C= -1) ]
;( )<@>[(Z+b( h—f—ﬁoa"jl;[l [(ay +d)
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Proof: The likelihood function is given by

koJ WA
L0 | ) x H H {exp [=Adyj(m — 1)h] [1 — exp(—Ah)]"™ ( /\J) }exp [—A(n — d)kh]

m=1j=1
N iz;(_w' (Cf) jlj]l (X’J’)dﬂ exp [=(i + b(k))Aosh]

where b(k) = nk—3Y"F _; >>7_; (k= (m—1))dp,;. The joint prior of 8 follows GD(a, fo, a1, . . , ovy).
The posterior distribution of 6 is given by

d
0 ‘ :I) Z < ))\060 (at+d) H)\ay+d+1 exp[ (ﬁO + (Z+b(/€))h)/\oj},

=0 Jj=1
where C is the normalizing constant of the posterior distribution given by

-1

d J

i (d Iaj; +d
C= -1) J +i)
;( )(i>[(i+b( h+ﬂoao£[1 T(ay + d)
Using Result 6.1, we get the desired result. (Proved)

For the sampling case, when the lengths of inspection intervals are unequal, the posterior
expectation of h(0) cannot be obtained analytically. A simple Monte Carlo integration can be used
to evaluate it. For this, a large number S5 of observations are generated from the prior distributions
p(8). Let 61 ... 0(%2) be the generated observations. Then

Zfi1 h (g(j)) L (g(j) | 3:)
o(x) ~ S , . (6.3.1)
P ACREEY

Next, we provides Algorithm 6.3 for finding optimal BRASP under this scenario.

Algorithm 6.3: Determination of design parameters when decision function is arbitrary
Input : Fix ng, ko(n) for each n and 75(n, k(n)) for each n, k.
Output : Optimal design parameters n*, k*(n*), 7*(n*, k*(n*)), Bayes decision function a*(- | ¢¥)
for ¢ = (n,7,k) do
| Find the Bayes decision function a*(- | ¢) = argming,(.¢) Rp(¢) according to Section 4.2.2.

for n =1 to ng do
for k=0 to ko(n) do
Minimize Rg(n,T,k,a*(- | ¢)) with respect to 7, in a manner similar to Algorithm 6.2, i.e.,

T*(n,k) =arg min Rp(n,7,k,a"(-| (n,7,k))).

T < <Tk

Determine

k*(n) = arg0<krglkno(n) RB(?’Z,T*(TL, k)7kaa*(' | (n,‘r*(n,k),k)))

Find the optimal sample size

n* = arg m1<n Rp(n, 7" (n,k*(n)),k*(n),a” (- | (n,7"(n,k*(n)), k*(n)))).

1<n<ng
Take a*(- | (n*,7*(n*, k*(n*)), k*(n*))) = a*, 7*(n*, k*(n*)) = 7* and k" (n*) = k*
Therefore, (¢*,a*) = (n*, 7%, k*,a*) is the optimal BRASP when the decision function is arbitrary.

Theorem 6.1 The BRASP (n*,7*,k*,a*) is the optimal BRASP among the all BRASPs.



138

Proof: The proof is similar to the proof of Theorem 4.2. (Proved)

6.4 Numerical Example

Here we provide some examples of determining optimum BRASPs. For illustration, we consider

two causes of failure, i.e, J = 2.

Example 6.1 We consider the hyperparameter values of prior distribution as ag = 2.8, By = 1,
a1 = 1.5 and as = 1.8. The coefficient of the loss function are taken as Cy = 2, C1 = Cy =4
and C11 = Ci9 = Oy = 4. The other cost coefficients are taken as C, = 40, Cs = 0.5, vy = 0.25,
Cy =0.3 and C; =0.1. tg = 0.1.

Here, we denote the BRASP as type-I when the decision function is arbitrary, and type-II when
the form of the decision function is known. The optimal sampling schemes corresponding to type-I
and type-II RASPs are provided in Table 6.1. Also, in Table 6.1, we provide E[D*|, E[r*], E[I*]
and optimal Bayes risk R} at ™.

Table 6.1: Optimal BRASP

Type | ¢* = (n*,h*, k*) =wf E[D*] E[r*] E[I"] R,
I (4, 0.30,3) - 3.337  0.740 2.467 33.90826
II (4, 0.30, 3) 0.76 3.337 0.740 2.467 33.90826

6.4.1 Effect of the parameters on the optimum solution

Next, we consider the effect of the parameters on the optimum solution. The effect of the parameters

Cy, Cy, ag and [y are given in Tables 6.2, 6.3, 6.4 and 6.5, respectively.

Table 6.2: Optimal BRASPs for different values of C,.

C, | Type ¢ =(n*,h*.k*) = E[D| E[r*] E[I*] R}
o | ! (0,0, 0) - 0 0 0 20
11 (0, 0, 0) 1 0 0 0 20
| ! (3, 0.41, 3) - 2682 0.855 2.085 28.07000
11 (3,041,3) 080 2682 0.855 2.085 28.07000
ol ! (6, 0.27, 2) - 4209 0525 1.944 38.21502
11 (6,027,2) 072 4209 0525 1944 38.21517
o | ! (7,0.21, 2) - 4378 0416 1.982 41.44479
i (7,0.22,2) 068 4478 0435 1.978 41.44624
ol 1 (3,0.19, 2) - 298 038 196 44.69447
11 (3,0.19,2) 052 298 038 196 44.69447
o | ! (0,0, 0) - 47.66190
1 (0,0,0) 0 0 0 0 47.66190

Note that the Bayes risks of accepting and rejecting the lot without sampling are R5(0,0,0,1) =
¢(0) and Rp(0,0,0,0) = C,, respectively. We know that the minimum Bayes risk is always less
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than Rp(0,0,0,1) and Rp(0,0,0,0), otherwise the lot will be accepted or rejected without sampling.
Therefore, sometimes the lot can be accepted without sampling when the corresponding Bayes risk
is minimal among all plans. In Table 6.2, it is seen that for C,. = 20,90, the optimal solution is
(0,0,0), which is the no sampling case. For type-I BRASP, R} = C,, when C, = 20. This means
that the lot is rejected without life testing. When C, = 90, R} = ¢(0), which means that the lot is
accepted without life testing. Also, in Table 6.2, it is observed that when C, increases, sample size
increases up to a certain value and after that it decreases. This is due to the fact that the distance
between C, and prior expectation ¢(0) is decreasing with C, on (—00,47.66) and increasing with
C, on (47.66, c0).

Table 6.3: Optimal BRASPs for different values of Cy

C, | Type ¢ = (n*h*m*) =« E[DY E[*] E[I7 Rj
0 I (4, 0.36, 3) - 3.485 0.838 2.329 33.66994
II (4, 0.36, 3) 0.74 3.485 0.838 2.329 33.66994
01 I (4, 0.36, 3) - 3.485 0.838 2.329 33.75377
11 (4, 0.36, 3) 0.74 3.485 0.838 2.329 33.75377
05 I (5, 0.29, 2) - 3.611 0.553 1.908 34.04424
11 (5, 0.29, 2) 0.76 3.611 0.553 1.908 34.04424
] I (5, 0.25, 2) - 3.393 0484 1936 34.31483
11 (5, 0.25, 2) 0.76  3.393 0.484 1.936 34.31483
Table 6.4: Optimal BRASPs for different values of ag
ag | Type ¢" = (n",h*,m*) m; E[D*] E[r*] E[I"] Rp
9.9 I (5, 0.25, 2) - 2.951 0.490 1.961 28.28359
1I (5, 0.40, 1) 0.670 2.615 0.400 1.000 28.28878
55 I (5, 0.27, 3) - 3.866  0.727 2.691 31.31123
11 (5,0.43, 1) 0.690 2.955 0.430 1.000 32.25544
3 1 (4, 0.31, 3) - 3.444  0.741 2.390 35.38329
1I (5, 0.30, 2) 0.770 3.779 0.566 1.887 35.45693
33 1 (4, 0.40, 3) - 3.703 0.836 2.090 37.22465
11 (5, 0.32, 2) 0.78 4.023 0.590 1.844 37.36195
Table 6.5: Optimal BRASPs for different values of /3
Bo [Type ¢ = hmm) = ED] Bl B R
0.5 I (0,0, 0) - 0 0 0 40
I 0, 0, 0) 1 0 0 0 40
075 11 (3,0.37, 3) - 2.764 0.716 1.934 37.74172
11 (3,0.37, 3) 0.790 2.764 0.716 1.934 37.74172
195 I (5,0.38, 1) - 2.622 0.380 1.000 29.46731
11 (5,0.38, 1) 0.660 2.622 0.380 1.000 29.46731
15 I (0, 0,0) - 1 0 0 24.78307
II (0, 0,0) 0 1 0 0 24.78307




140

In Table 6.3, it is observed that when ¢; increases the expected duration of the test decreases
as expected. In Table 6.4, we find that for type-II BRASP the sample size n remains unchanged
for the different values of . However, the time interval h and number of inspections change with
. In Table 6.5, the similar fact is seen as in Table 6.2. Tables 6.1-6.5 show that in most of the
cases optimum RASPs do not change with the types of BRASP.

6.4.2 Illustrative example using approximate Bayes risk

Example 6.2 We consider the hyperparameter values of prior distribution as ag = 2.8, By = 1,
a1 = 1.5 and ay = 1.8. The acceptance cost coefficient are taken as Co = 2, Cy = Cy = 4 and
C11 = Cio = Cog = 4. The other cost coefficients are taken as C, = 40, Cs = 0.15, vs = 0.1,
Cy=0.3, and C; =0 and ty = 0.1.

The optimal BRASP is provided in Table 6.6. For different values of C; and Cs, the optimal
BRASPs using approximate Bayes Risk function are tabulated in Table 6.7.

Table 6.6: Optimal BRASP using approximate Bayes Risk function

¢* = (n*, h* k%) m E[D*| E[t*] E[I*] Ry

C

(13, 0.102, 5) 0.761 3.337  0.740 2.467 31.4662

Table 6.7: Optimal BRASP for different value of Cy and C; using approximate Bayes Risk function

C, C; | & =@,k k") - E[D E[r] E[I*] Rj
0.12 0.01 (17, 0.100, 4) 0.759 10.373 0.399 3.990 31.06911
0.12 005 | (19,0.159,2) 0.759 10.230 0.318 2.000 31.16593
012 01 | (19,0.159,2) 0.759 10.230 0.318 2.000 31.26591
0.15 0.01 (13, 0.103, 5) 0.761 8.938 0.507 4.924 31.51546
0.15 005 | (14,0.149,3) 0761 9.025 0445 2.986 31.65157
015 01 | (15,0194,2) 0761 9.010 0388 1.999 31.75719
0.18 0.01 (11, 0.117, 5) 0.763 7.971 0.568 4.850 31.87559
0.18 005 | (12,0.166,3) 0.763 8.130 0493 2.969 32.02930
0.18 0.1 (12, 0.216, 2) 0.763 7.609 0.431 1.995 32.15844

It is seen that when C7 is fixed, the sample size decreases with Cs and when Cj is fixed the

sample size increases with C7. Also, the acceptance limit 7} increases with Cs.

6.4.3 Illustration with data

In all cases, once the value of ¢ is determined, the manufacturer conducts life test to make a
decision regarding the lot. In Example 6.1, the optimal plan is (4, 0.30, 3) for equal length inspection
intervals. Thus, the manufacturer conducts a life test with a sample size of 4, and after a time
length of 0.30, the number of failures and their causes are observed. The decision to accept or reject

the lot is then based on the observed number of failures. In this case, the acceptance probability



141

and the optimal sampling parameter are identical. Therefore, the acceptance sets for both types of
RASPs coincide.

To illustrate, we generated six observations using the optimal design (4,0.30,3), which are
presented in Table 5.10. For type-I BRASP, the decision for the observed data x is based on
the function p(x), whereas for type-II BRASP, the decision is based on the estimated reliability.
Table 6.8 reports the values of both functions for the observed data x, along with the corresponding
decisions. Specifically, under type-I BRASP, the lot is accepted if ¢(x) < C,, while under type-1I
BRASP, the lot is accepted if the estimated reliability exceeds 0.76.

Table 6.8: The data sets, estimated reliability and corresponding decision about the lot

i Data Estimated  ¢(x) Decision
(di1,d12)  (da1,da2)  (d31,d32) | Reliability

1 (1, 1) (1, 0) (1, 0) 0.753 42.531  Rejects the lot
2 (2, 0) (2, 0) - 0.693 55.898  Rejects the lot
3 (0, 0) (0, 0) (0, 1) 0.971 8.439  Accepts the lot
4 (2, 1) (0, 0) (0, 1) 0.693 53.155  Rejects the lot
5 (0, 0) (0, 0) (0, 0) 0.973 6.063  Accepts the lot
6 (0, 0) (1, 0) (2, 1) 0.860 22.219  Accepts the lot

In Table 6.8, it is seen that for 2" observed data, all 4 items failed after the 2" inspection.
Therefore, no samples are surviving for 3¢ inspection. Hence E[I] is less than k and FE[7] is less

than 7.

6.5 Discussions

In this work, we have addressed the determination of the optimum BRASP under ICS for compet-
ing risk data. An advantage of this censoring scheme is that continuous monitoring is not required.
The methodology can be extended to the PICS-I setting. For illustration, we have considered the
exponential distribution. Our findings indicate that, under ICS, the optimal BRASP based on
the reliability acceptance criterion is similar to the optimal BRASP based on the Bayes decision
function. Therefore, for large samples, the asymptotic properties of the MLEs can be used to
approximate the Bayes risk and to obtain an optimal BRASP. The proposed methodology for ap-
proximating the Bayes risk can also be extended to other lifetime distributions with an appropriate

choice of prior distributions.






Chapter 7

RASP through adaptive SSSPALT
under type-II censoring for competing

risk data by Bayesian approach

This chapter focuses on the determination of BRASP under type-II censoring for competing risk
data, with the objective of minimizing the total expected cost with respect to a common prior
distribution for the lifetime parameters and a shared utility function between the manufacturer
and the consumer.

Chapter 6 addresses the determination of BRASP for competing risk data based on life testing
conducted under non-accelerated conditions. However, in practical applications, many modern
products are highly reliable and complex. Consequently, failures often occur due to multiple causes,
and the mean time to failure under normal operating conditions tends to be very large. In such
cases, conventional life testing frequently fails to provide sufficient lifetime information to support
decision-making, primarily due to time and resource constraints (see Klein and Basu [52]).

To overcome this limitation, Chapter 4 examines BRASP under ASSSPALT for items subject to
a single cause of failure. In the present chapter, we extend the analysis to BRASP under ASSSPALT
for items subject to multiple causes of failure under type-II censoring. The adaptive test is defined
in Chapter 4 as follows: a sample of size n is placed on a life test at the normal stress level sg at
time 79 = 0. If the number of failures up to time 7y is less than a pre-specified threshold m, the
stress level sg is increased to si; otherwise, the stress remains unchanged after 7;. Under type-II
censoring, the life test continues until r failures are observed at the current stress level. Similar to

Chapter 4, two important special cases are noted:

(i) If m = 0, the life test reduces to a conventional non-accelerated life test under type-II censor-
ing.
(ii) If m = r, the life test reduces to a conventional SSSALT under type-1I censoring.
Adaptive designs are not new in reliability testing (see, for example, Xiang et al. [124], Wang

and Wu [117], You and Pham [130]); however, their integration into BRASP under step-stress

testing with competing risks and censoring remains unexplored. From a production planning and
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quality assurance perspective, such adaptive strategies can yield more economical and informative
testing procedures, facilitating better lot disposition decisions under real-world constraints.

Although classical and Bayesian inference methods under competing risks and step-stress testing
have been developed by many authors (see Han and Balakrishnan [40], Balakrishnan and Han
[9], Han and Kundu [41], Koley and Kundu [53]), the design of BRASPs under SSSPALT with
censoring and competing risks has received little attention. This chapter studies the determination
of BRASP under ASSSPALT for exponential lifetimes with type-II censoring and competing risks,
referred to here as BSPAA. The proposed methodology provides a general framework for designing
BRASP under type-1I censoring for competing risk data. As special cases, it also accommodates
BRASP under conventional SSSPALT with type-1I censoring for competing risk data, referred to
as CBSPA in this chapter, and BRASP under conventional non-accelerated life testing with type-
IT censoring for competing risk data, referred to as CBSP, which was studied by Prajapati et al.
[99]. We derive the Bayes decision rule under both general and specific loss functions, evaluate
its performance through numerical studies, and demonstrate their practical relevance using a real-
world example.

The remainder of this chapter is organized as follows. Section 7.1 introduces the framework
of the proposed BSPAA for the exponential distribution in a competing risks setting. Section 7.2
investigates the monotonicity property of the Bayes decision function under a general loss func-
tion and exploits this property to derive explicit expressions for the Bayes decision rule and the
corresponding Bayes risk. Section 7.3 considers a quadratic loss function to obtain closed-form ex-
pressions for the Bayes decision function and the Bayes risk. Section 7.4 presents an algorithm for
determining the optimal BSPAA. Section 7.5 evaluates the optimal BSPAA under various scenarios
and analyzes the effects of different decision variables on the plan. Section 7.6 uses real data to
assess the performance of the proposed BSPAA when the time point 7 is fixed. In both Sections 7.5
and 7.6, comparative studies are conducted between BSPAA and CBSP, as well as between BSPAA
and CBSPA, under type-II censoring for competing risks data. Furthermore, Section 7.6 illustrates
the conceptual foundation and practical relevance of the proposed BSPAA. Finally, Section 7.7

concludes the chapter.

7.1 Model

In this section, we develop the model for the BRASP under an ASSSPALT for type-II censored

competing risk data using by Bayesian decision-theoretic approach.

7.1.1 Lifetime Distribution

Suppose n identical items are selected from the lot and put on life test at time 79 = 0 under
an initial stress level sg, representing normal usage conditions. Let D; be the number of failures
observed at a pre-specified inspection time 71. If D1 < m, where m is a pre-decided threshold, the
stress level is increased from s to a higher level s;. Otherwise, the stress level remains unchanged
at sg. The life test continues until r (< n) failures are observed. Obviously, we have m < r < n.

The time-varying stress level s experienced by a test unit at ASSSPALT is defined in 4.1.1.
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Suppose that each test unit may fail due to one of J mutually exclusive and independent
causes, often referred to in the literature as competing risks. Let Xj;;, denote the potential failure

time of k' item due to j** cause under stress level s;, where i = 0,1, j = 1,...,J and k =
1,...,n. Let T denote the lifetime of the unit at stress level s; of k" item for i = 0,1 and
k =1,...,n. Since failure occurs as soon as any one of the J competing risks triggers a failure,

we have Ty, = min{ X, ..., Xji}. We further assume that X;;;, follows Exp(A;;), where i =0, 1,
j=1,...,Jand k =1,...,n. It is easy to see that T;; follows Exp (231:1 )\ij) Furthermore, let

Cyir € {1,...,J} denote the cause of failure at stress level s; of k' item. In a competing risks setup,
the observed data typically consist of realizations of the random pair (T;1,Ci1), ..., (Tin, Cin). The
pairs (T;1,Ci1), - - ., (Tin, Cin) are assumed to be IID with joint PDF at stress level s; given by

J
9i(z,J |Ai) = Aij exp [— (Z Aij) 1‘] ; x>0,
=1

where A; = (A1, ..., A\ig), for i = 0,1. Suppose X1, ..., X, denotes the lifetime of the items with
CDF F(-| 0) and C4,...,C, be the cause of the failure of i** item under ASSSPALT. Then,

[1—exp{— (;AOJ) xH [1—exp{— (;AOJ) ™+ <;A1j> (x—n)H ,ifa > T,

(7.1.1)

F(z]6) =

where 0 is defined in (4.1.2). The joint PDF of (X;, C;) is given by

J
Aoj €Xp [— (Z )\oj> :c‘| , if e <7,
J=1

8 o () (80l e

(7.1.2)

g(z,716)=

Let p1; and po; denote the relative risks of failure on a test unit due to cause j before and after
71, respectively. It is easy to see that

Y . { Noj ]15 { N r.
(Z;}:l /\OJ) (Z;le /\0j> (Z;‘le /\1j>

7.1.2 Likelihood function

Let Dy; and Dyj, for j = 1,...,J, be the number of failures before and after time 7 due to risk 7, re-
spectively. Let the random vector D = (D11, ..., D1, Da1,...,Day) denote the number of failures.
Clearly D; = 23-7:1 D;;. Note that the lifetime of the remaining (n — r) surviving units is censored
at X(,y. Then, the observed data in an ASSSPALT scheme under the type-II censoring scheme can
be represented as = (y, d), where y = (2(y),...,2()) and d = (d11,...,d1j,d21,. .., d2y) and dy;
is the observed value of Dy, for j =1,...,Jand k = 1,2. Let Ay; = Aojx¢;, for j =1,...,J. Since
A1; > Aoj, we have ¢; > 1 for all j. Thus, the parameter vector of interest is given by 6 = (X, @),
where A = (M\o1,..., o) and ¢ = (¢1,...,¢). Given the observed data @, the likelihood function
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can be written as using (7.1.1) and (7.1.2)

J r

H )\6’;]’ exp [—/\oj- (Z riy + (n— r)x(r)ﬂ , Xy <,
j=1 i=1

J dq

L(0 ‘ SC) X H )\g;ﬂ ¢?d2j exp l—AOj (Z x () + (n — dlj)Tl (713)

j=1 i=0

+¢§ ( Z (55(1‘)_71)"‘(”—7’) (l"(r)—ﬁ)))} s Xy > T,

i=d1+1

where dy; = >, d;j. We now consider the following sufficient statistics:

7T:x'—i_(n_'f”)l’r, if],‘T <,
wi (@) = wy = 2211 ) o o
ijox(j)+(n7dl)7—la if 1’(,,.) > T,

and
T

wa(@)=ws= D (2 =)+ (1= r)(ae) =),
j=di1+1

where d; = ijl d;j is the observed value of D;. Then, the likelihood function (7.1.3) reduces to

J
L0 | x) H )\g;j ¢j6d2i' exp [—Aoj (w1 + (b?wg)} .
j=1

7.1.3 Bayesian decision-theoretic framework for ASSSPALT

To implement an ASSSPALT in practice, it is essential to carefully determine the key design
variables. The vector of decision variables of the life testing plan under this setup is denoted by
¢ = (n,71,7,m). Based on x, the RASP leads to either acceptance or rejection of the production
lot. The total cost associated with the life test depends on the decision outcome. The loss functions
for acceptance and rejection after the life testing are defined as

L(A|x,0)=hX)+nCs—(n—r)vs+243)Ct +6(n —di)Cq
and
LMR]|x,0)=Cr+nCs— (n—1)vs+23)Ct +(n — d1)Cy,

respectively. The cost components h(A), vs, C, Cs, Cy and C; are defined in Chapter 4. The
expected loss for a given RASP ({, a) and observed data x is:

(¢ al®,0)=a(x| LA x,0)+ (1 -a(z|()L(R|=,0)
=a(@ [ Q)h(N) + (1 —a(z | €)Cr + nCs +6(n — di1)Ca — (n — 1)vs + 2() C,
where a(x | ) is the decision function based on the observed data x and it is defined in 4.1.5. Let

the prior distribution of @ be given by p(€). The Bayes risk for the BRASP (¢, a) is defined as the
expected loss over the joint distribution of the parameters and data:

RB(C? CL) = EGEm\B W(C | T, 0)]
=n(Cs —vs) +1vs + CoEg[E[d(n — Dy) | 0]] + CtEg[E[X () | 0] + Ra(C, a), (7.1.4)
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where the term R((,a) accounts for the decision uncertainty and is given by:

Ra(C,0) = EgEajo la(@ | OhA) + (1 - ala | €))C]
— BA[W(N)] + EoEapo [(1 - ala | €))(C, — h(A)]. (7.1.5)

The optimal BRASP is then defined as the BRASP that minimizes the Bayes risk:
*7 * = i R ) )
(¢",a%) =arg min R(Ca)

where C denotes the class of all admissible BRASPs under the adaptive SSSPALT framework.

7.2 Derivation of Bayes decision function and Bayes risk

In this section, we derive the Bayes decision function that minimizes the Bayes risk Rp((,a) over
all admissible decision functions. We also provide an explicit form of the Bayes risk corresponding
to the BRASP defined in (7.1.4).

7.2.1 Bayes decision function

Recall that the Bayes risk Rp(¢,a), as defined in (7.1.4), depends on the decision function a(- | ¢)
only through the term R4({,a). (7.1.5) can be written as:

Ra(¢ a) = Ex[n(N)] + ExEg | o[(1 — a(z | €))(Cr — h(A))] (7.2.1)

where

EzEp | 2[(1 —a(z | €))(Cr — h(N))]

= Z / / 1 —a w1>w27d ‘ C)][ (w17w27 )] f(W1,W2,D)(wl>w27d) dwz dwy,
d wi w2
d: szi]‘:T
with
f(Wl,Wz,D)(wlanad) = / f(Wl,Wz,D)(wlawZad | 9) ( )d9 and </7 wy, w2, d /h 9 | wlwaad)de'
0

To obtain Bayes decision, we need to minimize R4 (¢, a) with respect to a(- | ¢), which is equivalent
to minimization of EgE, | ¢[(1 — a(z | €))(Cr — h(A))] with respect to a(- | ¢). Thus, for fixed ¢,
the Bayes decision function a*(x | {) is given by

1, if Cp — p(wi,ws,d) >0,
plwn, vz, d) 20, (7.2.2)
0, otherwise.

a*(wy,wa,d | ) = {

Now, we provide an alternative form for the Bayes decision function, which is useful to calculate
the Bayes risk. To develop an alternative form of the Bayes decision function, we consider the

following theorem.

Theorem 7.1 If function h(\) is increasing (decreasing) in each component X\;, fori =1,...,J
and the components of A follow gamma distributions, then the posterior expectation of h(X), given

by ¢(wi,wa,d), satisfies the following monotonicity property:
1. For fized (we,d), ¢(w1,ws,d) is decreasing (increasing) in wi.

2. For fixred (w1, d), ¢(wi,ws,d) is decreasing (increasing) in wo.
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Proof: The above theorem can be proved following the steps as in Theorem 4.1. (Proved)
For fixed (wy = 0,d), ¢(w1,0,d) is a decreasing function in w;. If ¢(0,0,d) > C, and lim o(w1,0,d)
< C, there exist a unique point ¢(d) such that

o(wy,0,d) > C,,  for wy < c(d)
d(w1,0,d) < C.,  for wy > ¢(d).

If ¢(0,0,d) < C, then p(wi,0,d) < C, for all we > 0. In that scenario, ¢(d) can be taken as 0.
Since, for fixed (w1 = ¢(d),d), ¢(c(d), ws, d) is decreasing function in wy. Therefore

d(wy,we,d) < C,  for we >0 and wy > ¢(d).

If liLn ©(0,w3,dy,dz) > C;, then ¢(d) can be taken as co. If 0 < wy < ¢(d), then ¢(w1, we, d) is
W —»00

decreasing function in we, for fixed (wq,d). Therefore, there exists a unique point ¢;(wy,d) such

that

d(wy,we,d) < Cyp, for wy > cj(wy,d) and 0 < wy < ¢(d)
d(wy,we,d) > Cy, for 0 < wy < ¢1(wy,d) and 0 < wy < ¢(d).

Since the upper limit of wy is n1, we define ¢/(d) = min{c(d), n7}. Therefore, the Bayes decision

function (7.2.2) can be written as

1, forw; > d(d)or 0 <w; < d(d) and wy > ¢1(wy,d),

a* (w1, w2, d | ) =
0, for 0 <w; <d(d)and 0 <wsy < ci(wi,d).
7.2.2 Bayes risk
We now derive the explicit Bayes risk function using the Bayes decision function developed above.
Then, (7.2.1) can be re-written as
RA(C,a) =Eg[h(N)] + Z /[C’,. —h(N)]P(Wy < d(d), Wy < c1(Wy,d), D =d | 0) p(8) db
0
Zijzij:r
=Bolh(N]+ >, H(d),
d: Zidﬁ:f‘

w w1=0

to find the expressions of the Eg[E[é(n — D1) | 0]], Eg[E[X(;) | 0]] and fow, wy,a)(w1, w2, d | ) in
order to compute Rp({,a) given by (7.1.4). These expressions are derived in Appendix 7.A.1.

where H(d) = fcg(:d()] e1(ws.d) JolCr = RN fwy wa,a) (w1, w2, d | 0)p(8) dwy dws dB. Now, we need

7.3 Bayes decision function and Bayes risk for quadratic loss func-

tion

In this section, we consider a quadratic loss function and derive the expressions for the Bayes

decision function and the corresponding Bayes risk, primarily for the purpose of illustration. As is
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standard in the literature, we consider that Ag; follows G(«y, §;), with PDF py;(-) for i = 1...J.
and ¢; follows U(1,l;) with PDF po;(-) defined in (1.2.6) for ¢ = 1....J. The loss function is
taken as a quadratic loss function h(A) = Cy + 23']:1 Cjloj + Z;]:l Z;’:li Sjcij/\Oi)\Oj as considered
Prajapati et al. [99]. Next, we obtain the Bayes decision function corresponding to the design

parameter( = (n,r,m, 1) using the following result.

Result 7.1 If p1,...,ps are non-negative real number, then we get

J
1;[ (AO /J_l N7 TP 8200 exp [~ Ng; (w1 + ¢lwa + B;)] do; dng)

ﬁ () + dyy +d2] +p) (i — 1)

d d ’
j=1 ’LUl =+ wo +ﬂ ) aj+dij+dz;+p;)

if 5 =0,

J
= H p3+d13+d23+0@)
=1 (w1 + 55) pﬁdh*o‘ﬁlwdz]“

X [Lpy;(doj +1,pj +dij+a; —1) = I, (doj + 1,pj + dij +a; = 1)], ifo=1,

it is denoted by Hy (w1, w2, d, p), where p = (p1,...,p1),pij = hij/(14+hij), fori = 1,2 with hy; = wal; /(w1 +
B;) and hoj = wa /(w1 + B5), 7 = 1,2. Ip(a,d) is the CDF of beta distribution defined in Section 1.2.5.

Proof: The proof is similar to the Result 4.1. (Proved)
Using the result, the p(x) can be written as

J J J

Hi(wy,ws,d,p;) Hi(wi, w2, d,p;;)
=0C C,; J Cij 4 7.3.1
O+Z J Hy(wy,ws,d,0) +;; ! Hy(wi,w2,d,0) ( )

i<j

where p; is the J component vector whose j-th component is 1 and other components are 0, p;; is
the J component vector whose i-th and j-th components are 1 when i # j, 2 when i = j and other
components are 0. For example, p; = (1,0,...,0), p;s = (1,1,0,0,...,0) and p1; = (2,0,...,0).

Therefore, the Bayes decision is

a*(wr,we,d | €) = {1’ ote) =G (732)

0, otherwise.

The explicit form of R4 is given in the Appendix 7.A.2.

7.4 Finding the optimal BSPAA

We consider the following algorithm to find the optimal BSPAA. The Bayes risk is a function of
three discrete variables n,r,m and one continuous variable 7;. The solution cannot be obtained
analytically. We provide graph of Bayes risk with respect to 7 for n = 4,7 =3 and m =0,1,2,3
in Figure 7.1 for the hyperparameter oy = 2.21, as = 9.59, 51 = 100, 82 = 100, I; = 109.202 and
lo = 11.716 and the cost components C; = 0.3, ¢; = 0.6, vs = 0.3, C, = 0.1, C,. = 80
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Figure 7.1: Graphical plot Bayes risk vs time point for different value of m

In Figure 7.1, it is noted that for m = 0, the line is parallel to the time point 7. This is due
to the fact that for m = 0, BSPAA is converted to CBSP. In CBSP, the optimal design does not
depend on the stress-changing time point 7. So when m = 0, we can take 71 = 0. For m > 0, in
Figure 7.1, it is seen that for fixed n,r, m, the Bayes risk has a unique minimum. Note that the
optimal value r* is less than or equal to n* and the optimal value m™* is less than or equal to r*.
Therefore, we can say that the upper bound of 7* and m* depends on n*. From (4.4.3), the upper
bound for n* can be written as

Cs — s
We now provide Algorithm 7.1 to obtain optimal BSPAA.

no — \‘min{Ex[h(A)},Cr}J . (7.4.1)

Theorem 7.2 The BRASPs {* = (n*,r*,m*, 11,a*) is the optimal BSPAA among all admissible
BRASPs under the ASSSPALT framework.

Proof: The proof is similar to the proof of Theorem 4.2. (Proved)

7.5 Numerical study using real-life data and comparisons with
other BRASPs

Here we illustrate the proposed method using an example and compute the optimum BSPAA.
Also, we study the effect of time cost components and hyperparameters on the optimum solution
of BSPAA. The optimum solution is compared with a CBSP and CBSPA. Here, we consider only

two competing risks, i.e, J = 2.

7.5.1 An illustrative example with comparisons

Example 7.1 The hyperparameters of the prior are taken as oy = 2.5, 51 = 1.5, ag = 2.2, f3 = 2.0
and ly = ly = 10. The cost coefficients of the loss function are taken as Cy =2, C1 = Cy = 3 and
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Algorithm 7.1: Procedure for finding optimal BSPAA
Input: Possible design parameters ¢ = (n, 71, 72, m) with n,r,m € Z>o and 7y > 0, maximum ny
Output: Optimal design parameters ¢* and Bayes decision function a*(- | ¢) minimizing Rp
for n=0,1,...,np, given in (7.4.1) do

forr=1,...,ndo

for m=0,1,...,r do
for 71 in domain do

LDerive a*(- | ¢) by minimizing Rp(¢, a) (See Section 7.2.1);

if m > 0 then
Find 75 (n,r,m) by minimizing (6.1.4) over 7 > 0:

1 (n,r,m) = argini;(l) Rp(n,r,m,7,a"(-| (n,r,m,11)))
1=
else

| Set 71 (n,m) = 0.
Find m*(n,r) by minimizing (6.1.4) over 0 < m < r:

m’ (n7 T) =arg Oinnizgr Rp (?’L, T, m(n, T)a 7-1»< (TL, r, m(m T))’ a*(' | (n7 T, ’I’I’L(?’L, T)7 7—1* (n7 T m(”v ’f’)))))

Find r*(n) by minimizing (6.1.4) over 1 <r <mn:
r*(n) =arg min Rpg(n,r(n),m*(n,r(n)), 7 (n,r(n),m*(n,r(n))),
1<r<n

a*(- [ (n,r(n),m*(n,r(n)), 7/ (n,r(n),m"(n,7(n))))))

Find n* by minimizing (6.1.4) over 1 <n < ng:

n® =arg min Ry(n,r*(n),m*(n,r* (n), 75 (n,r"(n), m* (n,1* (n)),
<r<n

a*(- [ (n,r*(n),m*(n,r*(n)), 7 (n,r*(n), m*(n,1%(n))))))

T;ke a*(. | (n*,r*(n*),m*(r*(n*)), 75 (n*, r*(n*), m(r*(n*)))) = a*, m*(r*(n*)) = m*, r*(n*) = r*
and 77 (n*, r*(n*), m*(r*(n*))) = 7;.

Ci11 = C19 = Cyy = 4. The values of other cost components are C, = 0.2, v = 0.25, Cs = 0.5,
Cy =5 and C, = 40.

The optimal design ¢* = (n*,7*, m*, 7{) of the proposed plan and the corresponding optimal Bayes
risk R} are reported in Table 7.1. For comparison, Table 7.1 also presents the optimal designing
parameters (ng, ) and the associated optimal Bayes risk R} for the CBSP, as well as the optimal
designing parameters (n%,r%,74) and the corresponding optimal Bayes risk R3 for the CBSPA.
In addition, the relative risk savings RRS; and RRSs, defined in (4.5.1), are included in Table 7.1.

Table 7.1: Optimal design

BSPAA CBSPA CBSP RRS (%)
Co | (n*,r*,m*, 1) Rp (N, 15,7 4) R} (n&,18) R; RRS; RRS;
0.2 | (5,3,2,0.212) 36.477 | (5, 3,0.301) 36.520 (6, 3) 36.582 | 0.170  0.289
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7.5.2 Effect of the parameters

In this section, we investigate the impact of cost components and hyperparameters on the optimal
solution of BSPAA, in comparison with the CBSP and the CBSPA. The optimal designs corre-
sponding to various values of the test cost Cy and the hyperparameters a;, under three different
=0,0.1,0.2, are summarized in Table 7.2 and Table 7.3,
Also, for the comparison of BSPAA, CBSP and CBSPA, the RRS; and RRS, are

values of the acceleration cost coefficient C,,

respectively.

tabulated. The other values of the cost components and hyperparameters, which are not mentioned

in the tables, are kept fixed.

Table 7.2: Optimal design for different C;

BSPAA CBSPA CBSP RRS(%)
Cy Cy | (n*,r*,m* 17) - (n%y,ri,t54) R} (n&,re) R; RRS1 RRS;
1 0 (4,4, 4, 0.390) 34.855 | (4, 4, 0.390) 34.855 (5, 4) 35.095 | 0.000 0.684
1 011 (4,4,4,0.539) 34.986 | (4,4, 0.539) 34.986 (5, 4) 35.095 | 0.000 0.351
1 021 (4,4,4,0.723) 35.077 | (4,4, 0.723) 35.077 (5, 4) 35.095 | 0.000 0.051
2 0 (5,4, 3,0.233) 35.250 | (4, 3,0.240) 35.293 (5, 3) 35.633 | 0.122  1.077
2 011 (54,3,0.282) 35.441 | (5,4, 0.363) 35.457 (5, 3) 35.633 | 0.045 0.540
2 021 (4,3,2,0.296) 35.581 | (4, 3,0.453) 35.593 (5, 3) 35.633 | 0.034 0.147
3 0 (5,4, 4,0.198) 35547 | (5,4, 0.198) 35.547 (5, 3) 35.995 | 0.000 1.245
3 01| (4,3,3,0.247) 35.763 | (4, 3,0.247) 35.763 (5, 3) 35.995 | 0.000 0.644
3 02| (4,3,2,0.236) 35918 | (4, 3,0.315) 35.932 (5, 3) 35.995 | 0.039 0.214
7 0 (5,2, 2,0.152) 36.599 | (5,2,0.152) 36.599 (5, 2) 37.075 | 0.000 1.282
7 011 (4,2,2,0202) 36.795 | (4, 2,0.202) 36.795 (5, 2) 37.075 | 0.000  0.755
702 (4,22 0211) 36949 | (4,2 0211) 36949 | (5,2) 37.075 | 0.000 0.339
10 O (5, 3,3,0.034) 36.619 | (5,3,0.034) 36.619 (5, 2) 37.698 | 0.000  2.859
10 0.1 | (3,2,2,0.005) 36.942 | (3,2,0.005) 36.942 (5, 2) 37.698 | 0.000  2.003
10 0.2 (3,2,2,0.017) 37.236 | (3,2,0.017) 37.236 (5, 2) 37.698 | 0.000 1.227
Table 7.3: Optimal design for different o
BSPAA CBSPA CBSP RRS(%)

a1 Cq | (n*,r*,m*,77) Rjy (nh, 75,85 4) R} (n&,1e) R; RRS1 RRS;
2 0 | (4,3,3,0.051) 32.350 | (4, 3,0.051) 32.350 (0, 0) 32.873 | 0.000 1.615

0.1 | (4, 3,3,0.079) 32.691 | (4, 3,0.079) 32.691 (0, 0) 32.873 | 0.000  0.557

0.2 (0, 0,0, 0) 32.873 (0, 0, 0) 32.873 (0, 0) 32.873 | 0.000  0.000
22 0 | (4,3,3,0.074) 33.907 | (4, 3,0.074) 33.907 (5, 2) 34.764 | 0.000 2.526
22 01| (4,3,3,0.107) 34.224 | (4, 3,0.107) 34.224 (5, 2) 34.764 | 0.000 1.577
22 02| (4,3,3,0.149) 34.509 | (4, 3,0.149) 34.509 (5, 2) 34.764 | 0.000 0.739
28 0 | (5 3, 3,0.146) 37.678 | (5,3, 0.146) 37.678 | (6,3) 38.147 | 0.000 1.246
28 0.1 | (5,3,2,0.166) 37916 | (5, 3,0.215) 37.928 (6, 3) 38.147 | 0.032  0.610
28 0.2 | (5,3,3,0.284) 38.109 | (5,3,0.284) 38.109 (6, 3) 38.147 | 0.000  0.100
30 | (53 3 0.161) 38638 | (5 3, 0.161) 38638 | (52) 39.015 | 0.000 0.976
3 0115 3,20184) 38.844 | (4,2,0.210) 38.853 (5, 2) 39.015 | 0.023 0.440
3 02| (4,2,1,0.170) 38.955 | (4,2, 0.268) 38.967 (5, 2) 39.015 | 0.031 0.155
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In Table 7.2, it is observed that as the test cost C; increases, the corresponding time point 77 in
BSPAA decreases. This trend arises because a higher time cost necessitates reducing the duration
of the life test to minimize the overall expected cost. Consequently, the test is conducted for a
shorter time under the lower stress level, leading to a decrease in the optimal time point 7 with
increasing Cy. It is seen that RRS5 increases with C; and decreases with C,, as expected. Also,
in Table 7.1, it is seen that when C; = 5 and C, = 0.2, BSPAA is much better than the other two
BRASPs under type-II censoring schemes. Also, it can be said that when C; is low and C, is high,

CBSP is better than CABSP.
In Table 7.3, it is observed that the Bayes risk increases with «q, as expected. When a; = 2
and C, = 0, the lot is accepted without any life testing under the CBSP. This is because

% (65} (65) al(al + ].) <O¢1 O[2> Ckg(OéQ + ].)
Ry=Co+Ci— +Co—+Ci1——5——+Cia | = — | + Coo———=,
BT e T B P\B 8T B3

is minimal without life testing. However, for BSPAA, life testing is still conducted. It is also noted
that the relative risk saving RRSs generally increases with a4, indicating improved performance of
BSPAA compared to CBSP. Nevertheless, beyond a certain threshold of a;, RR.S5 starts to decrease.
This is because the difference between the rejection cost and the prior expected acceptance cost

initially decreases and then increases with a;.

7.6 Real data analysis

In the previous section, the time point is taken as a variable quantity that is determined by mini-
mizing the Bayes risk. However, in some situations, consumers want life testing in normal operating
conditions up to a certain time. If the consumer does not get sufficient failure time information,
then they agree for higher stress. Therefore, in this scenario, the time point is pre-fixed. The other

components of the designing parameter of ¢ is determined by minimizing the Bayes risk.

7.6.1 Data analysis

A solar lighting device sample of size 35 was put on a life test at a normal operating temperature
203K. After a time point 71 = 5 (in hundred hours), the temperature was changed from 293K to
353K. The life test is terminated after a time point 72 = 6 (in hundred hours). The solar device has
two failure modes: one is capacitor failure, denoted by 1, and another is controller failure, denoted
by 2. The data is given in Table 7.4.

Table 7.4: A competing risk data under SSSPALT

Operating Conditions Cause | Failure time
1 0.140, 1.582, 4.612
At 293K (before 71 = 5) 5 0.783, 1.324, 1.716, 1.794, 1.883, 2.293, 2.660, 2.674, 2.725,

3.085, 3.924, 4.396, 4.892
1 | 5.002, 5.112, 5.147, 5.238, 5.244, 5.247, 5.305, 5.407, 5.445, 5.483
2 | 5.022, 5.082, 5.337, 5.408, 5.717

At 353K (after 7 = 5)
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For the data given in Table 7.4, we get the MLEs using the Han and Balakrishnan [40]: X()l =
0.0222, Ag2 = 0.0960, ¢ = 55.356 and ¢2 = 6.359. The standard deviations of Ag; and Ag2 are
taken as 0.0127 and 0.0266, respectively, using the observed Fisher information matrix. Now, using
these MLEs, the RF for component i under SSSALT can be written as

N exp[—XOitL lft S T1,
Ri(t]0;) = N N
exp[f)\m {7’1+¢i(t77’1)}], ift>7'1,
where 6; = (XOZ-, @) for ¢ = 1,2 and the RF for unit under SSSALT can be written as
~ exp[—(No1 + A t], if t <y,
R(t|0)—{ p| (A01 A02)] o . 1
exp[—(Xo1 + Xo2)71 — (Aord1 + Aoad2)(t — 1)), if t > 7y,
where 6 = (X01,X02,$1,$2). Using these functions, we draw the parametric reliability curve for
component 1, component 2, and for the unit, which are represented by dotted lines in Figure 7.2.

Also, using the Kaplan-Meier estimator, we draw the non-parametric reliability curve for component

1, component 2, and for the unit, which are represented by straight lines in Figure 7.2.

Reliability Curve for component 1 Reliability Curve for component 2 Reliability Curve for Unit
« _| « _| o _|
[} [} [}
= = =
5 B 5 B 5 B
m m m
5z = 4 5z = 4 5z = 4
r © r © r ©
11— Mon-parametric 11— Mon-parametric 11— Mon-parametric
o _| =~ Parametric o _| =~ Parametric o _| =~ Parametric
<o T T T T T T <o T T T T T T <o T T T T T T
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6
Time Time Time

Figure 7.2: Non-parametric and parametric reliability curve

In Figure 7.2, it is seen that the parametric curve and the non-parametric curve are close to each
other for all cases. Therefore, we can say that lifetimes of components 1 and 2 are well-fitted in the
exponential distribution and also, the lifetime of the unit is well-fitted in our assumed distribution.

Therefore, we can say that in the data, components 1 and 2 are independent in nature.

7.6.2 Illustrative Example and the effect on the solution

Example 7.2 The hyperparameters of the priors are taken as oy = 3.05, ap = 13, f1 = 137.35,
Bo = 135.44, 11 = 109.072 and ls = 11.718 The values of other cost components are Cy = 0.1,
cs = 0.3, vs =0.1, C, = 0.05, C. = 80. The cost components of the loss function are taken Cy = 6,
C7 =200, Cy = 200, C11 = 4000, Cyo = 4000, C15 = 4000. the time point T is taken as 5.

Table 7.5: Optimal design for different scenarios when 71 = 5

BSPAA CBSPA CBSP RRS
(n*,r*, m*) R% (n%,7%) R; (ng&,re) R; RRS1(%) RRS2(%)
(7,5,3) 77126 | (6,5) 77.283 | (7,5) 77.236 | 0.204 0.142
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The optimal design is given in Table 7.5. In Table 7.5, BSPAA is much better than the other two
BRASPs under type-II censoring. We investigate the impact of cost components on the optimal
solution of BSPAA when 7 is fixed. The optimal designs corresponding to various values of the

test cost Cy and C; are summarized in Tables 7.6 and 7.7, respectively.

Table 7.6: Optimal design for different scenarios for different C,

BSPAA CBSPA CBSP RRS(%)
Co | (n*,7*,m*) Ry (n*,r%) Ry (n&,re) R; RRS1 RRS,
0 (7,5, 3) 77.030 (6, 5) 77.119 (6, 4) 77.236 | 0.115  0.267
0.1 (7,5, 2) 77.196 (6, 5) 77.443 (7, 5) 77.236 | 0.319  0.052
0.15 (7,5, 1) 77.234 (5, 5) 77.583 (7, 5) 77.236 | 0.449  0.003
0.2 (7, 5,0) 77.236 (4, 4) 77.708 (7, 5) 77.236 | 0.607  0.000

Table 7.7: Optimal design for different scenarios for different C

BSPAA CBSPA CBSP RRS(%)
Cy | (n*,r*,m") Ry, (ni, %) Ry (ng,rs) R; RRS; RRS;
0 | (550 75850 | (5,5) 76.664 | (5 5) 75.850 | 1.061  0.000
0.05| (6,5,2) 76661 | (55 76983 | (6,5 76704 | 0.418  0.056
015 | (7,5,3) 77481 | (6,5) 77566 | (7,4) 77.685 | 0.110  0.263
02 | (7,4,3) 77806 | (7,5) 77.837| (8,4) 78.002 | 0.040 0.251
03 | (7,3,3) 78309 | (7,3) 78309 | (8,3) 78.556 | 0.000 0.314

In Table 7.6, it is seen that when C, increases the value of m decreases. Also, it is seen that
RRS increases with C, and RRSs decreases with C,. This indicates that BSPAA converges to
CBSP as expected. In Table 7.7, it is seen that for higher values of C;, BSPAA is equivalent to
CBSPA and for C; = 0, BSPAA is equivalent to CBSP. The fact is already discussed in Table 7.2.

7.6.3 Decision for some simulated data

We generate type-II adaptive step-stress competing risk data based on the life testing plan ¢ =
(7,5,3,5) from independent exponential distributions with Ag; = 0.0221, A\g2 = 0.0959 and ¢; =
55.101 and ¢2 = 6.358. The data sets * = (1), 7(2), T(3); T(4), T(5)> d11, d12, d21, d22) and the
corresponding decisions about the lot acceptance or rejection a* are given in Table 7.8 for illustration
purposes. Also, in Table 7.8, the decision of changing the stress at 71, w; and wy are provided.
The BRASP can be illustrated as follows. Seven items are put on life test at 293K . After time
71 = 5, the number of failures is observed. If the number of failures is less than 3, the stress is
increased to 353K and the test continues up to 5 failures observed. If the number of failures is
greater than equals to 3, the stress is unchanged and the test continues up to 5 failures observed
at 293K . Then we calculate e = p(x) — C, using (7.3.1), for : = 1,...,7. Using (7.3.2), we can say
that if e < 0, then a* = 1 this means that the lot is accepted and if e > 0 then a* = 0, this means
that the lot is rejected. In data set no. 7, it is seen that the fifth failure is observed before the time

71 = 5. Therefore, the life test is terminated at 4.69 in a hundred hours.
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Table 7.8: Simulated data sets and corresponding decision about the lot

i Ty Te) %) T(4) Tisy din diz dy Change do1  dog e a*
the stress?
11031 206 502 509 5.15 1 1 2 Yes 3 0 -0.34 1
2| 444 5.01 506 7.19 7.59 0 1 1 Yes 2 2 1813 1
31021 055 530 541  5.69 0 2 2 Yes 1 2 11.03 0
41025 065 177 929 1893 0 3 3 No 0 2 10.30 0
51221 259 291 1344 2068 1 2 3 No 2 0 -2.83 1
6| 503 523 527 579 586 0 0 0 Yes 4 1 -16.92 1
71025 065 3.41 4.04 4.69 3 2 3 No 0 0 7.43 0

7.7 Conclusion

This work proposes BRASP based on ASSSPALT for type-II competing censored data. Through
numerical studies, it is observed that when the stress-changing time point is treated as a variable,
BSPAA performs significantly better than the other two plans, CBSP and CBSPA, under certain
cost configurations. In most cases, the Bayes risk of BSPAA either closely matches or coincides
with that of CBSPA, highlighting its effectiveness. Notably, BSPAA consistently outperforms
CBSP, especially in scenarios involving high C; and low C,.

Although CBSPA has not been widely explored in existing literature, the current study em-
phasizes its practical value alongside BSPAA. The observed RRS from CBSP reaches up to ap-
proximately 2.5%, suggesting substantial cost efficiency. Furthermore, when the stress-changing
time point is fixed, BSPAA demonstrates significantly better performance compared to both CBSP
and CBSPA. These findings underscore the potential of BSPAA as a robust and cost-effective
methodology under censored data and competing risks in context of BRASP.

7.A Appendix

7.A.1 Expression of the terms of Bayes risk
Additional stress
ngs denotes the expected number of items put on higher stress levels after 7.

Ngs = EQ[E[( — Dl) | D1 < m,H]]

e a1

j=1

[//\OO exp(—(n — i)Ao;71) p1j(Aoj)dAoj

05=0

Expected time duration

The time duration under type-II censoring is X ;).

T1 )
ElX)| 0] = /t  Foxe (£16) i+ /t Rx,,(t| @) dt.
_ .
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ForO0<t<mn

Rx,,,(t | @) = P(No. of failures in the interval (0,%) is less than r)
r—1

_ n _ dy n—da
> (1) R |0 R o)
r—1 dy _

- c;o;) <d1> <d1> (=) exp[—A(n — j)t].

Therefore,
r—1 dy 1_jl—exp [— (Z;’l)\o)(n—J)ﬁ}
/ Rx,(t]8) dt= ;_:OJZO< )( ) —1)¢ (ZleAoi) - :
Fort >
Rx,,(t]0)

= P(No. of failures in the interval (0,t) is less than r and Dy < r | 6)
= P(No. of failures in the interval (0,¢) is less than r | D1 < 7,0)P(Dy1 <r | 0)

-y > Gl B 1O (R | 8) ~ Gt | 0)(R(t | o))"
d1=0 do=0

>y Tyt~ EPAT) exp(=AT) — exp(=A(ri + o(t = 7)) exp(=A(n + (¢ — 7))~
d1=0 d2=0

DI D) I w— T D el AG = i+ )] expl= 016 + M2 (0 — d+ )¢ — )

d1=0 da=0 3=0 k=0

Therefore,

/ Ry, (t]6) dt
t=71

T
rlrdlldl d2

j . 1
= Z Z szl'dg n—d) ( 1) +kexp[—>\(n—d1 +])Tl](>\01¢g+)\02¢g)(nid+k).

dlonO]Ok

The expression of fuy, w, p) | 6)(w1,w2,d | 0):
The joint distribution of D is

P(D=d|6 HH}% ([ O [1 = F(r | 9)"™ ",

1=17=1

where A<d) = (;1) (dn,dltzlau,dl‘]) (dzl,dz‘zii-wdz‘])'

Theorem 7.3 Now using P(D = d | 0) and the joint PDF of (W1, W3) given D = d, 0 given in Balakr-
ishnan et al. [10], we get the following expression

f(W17W2ad) \ 9)(w17w27d | 0)
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J
T do s .
fn (W1)<d21,d22,...7d2J) Hp2;]7(w277“7 d1h01 + P2Xo2) , if di = 0,
di
=A@ (-1 ( )Hﬂpl exp[—AM (d1, )}y (w1 — M(ds, ), d1, A) ¥ (w2, d2, 101 + d2doz) , if da >0,
Jj=0 i=1j=1
n k
n T ./ .
g(k) (dd>z ( )le exp[=AM (k, j" )y (wi — M(k, §),m, \)Lo(w2), if di =,

where M(a,b) = (n —a+b)1y and 1,(y) is the indicator function defined in (2.1.11).

7.A.2 Expression of R, for quadratic loss function

C’o—&—ZCJ “FZZCUZZ“FZ% O‘J“).
=1 j=1 Lt
i<j

For the expression of H(d), we need to consider three cases:

Case 1 : When d; =0,

H(0.d T c1(n#*71,d) w;lz—l
0,dp) = 1
(0:z) (d217d227 e 7d2J> /w2—o s7(¢) ['(ds)

CoH(nm1,w2,d,0)

J J J
+Y Cj Hi(nmy,wy,d,p;) + > > Cij Hi(nmi,wa,d,p;;) | dws,
§=0 i=1 j=1
i<j
where S; = {¢ : nm1 < ¢(d)}.
Case 2 : When d > 0,
dl C/ d) cl(wl,d) o 1— 1 d2 1
[ ( (w1 — (n—dy + j)m1) D 1w
(@ =@ > 17 (") [ / Coly (wr, 3, . 0)
jz:;) J wi=(n—d1+j)m1 Jw2=0 F(dl)r(dQ)
J J J
+ ZCJ Hl(wla w2, dvp]) + ZZC'L] Hl(w17w27 dapzj) de dwl-
j=0 i=1 j—1
1<j

Case 3 : When dy =0,

H(d,,0) :zn: (Z) <d11, . .T.,du) Ji:o(l)j’ (j) /:(d) | (w1 = (n —Fc(i;)vLj)Tl)Tl

—r 1=(n—d1+j)71

J J J
[COHl(wlaoad17070)+ZCj Hl(w1707d1a07pg)+zzclj Hl(wlaovdlaoapij) dwl'
j=0 i=1 j=1
’ i<)



Chapter 8

Conclusion & future works

This thesis considered the design of RASPs under various censoring schemes and testing environ-
ments. The optimal RASPs are developed under ICS and HCS-I in Chapters 2 and 3, respectively,
using Bayesian decision-theoretic approaches. It is considered that the consumer and manufacturer
agree on a common lifetime distribution of the product. However, they differ in their assessment
of the prior distributions and utility functions because of the adversarial nature of the consumer
and manufacturer.

In Chapters 2 and 3, normal operating conditions are used to conduct life tests. However, the
products in recent days have been highly reliable. As a result, the mean time to failure of the
product is very large. Consequently, ALT becomes necessary for designing effective RASPs. To
address this issue, in Chapter 4, ASSSPALT is incorporated in the life testing and determines the
optimal RASP under type-I censoring. This framework unifies both accelerated and non-accelerated

testing scenarios under type-I censoring.

For complex products, failure may occur due to multiple causes. In Chapter 5, we consider

the development of RASPs under PICS-I in the presence of competing causes of failure using the
producer’s and consumer’s risk approaches. The asymptotic properties of maximum likelihood
estimators are derived to develop optimal plans. A frailty-based model is employed to capture
dependence among competing risks and evaluate its influence on sampling plan performance. Sub-
sequently, RASP is extended to a Bayesian framework under ICS in Chapter 6.

Further, for highly reliabile and complex product, the design of BRASP is considered based
on ASSSPALT under type-II censoring for competing risk data in Chapter 7. This framework
unifies both accelerated and non-accelerated testing scenarios for competing risk data under type-
IT censoring. The proposed methodologies of designing RASP are illustrated using real-life data.

In Chapters 4 and 7, 2-stage step-stress test is incorporated. However, the works can be
extended to more than 2-stage step-stress test. For a more than 2-stage step-stress test, the life
testing scenario would be as follows. Suppose n items are put on life test at the stress level s at
time tg = 0. If the number of failures up to t; is less than a prefixed number of failures mq, then
the stress sg is changed to si, otherwise, the life test continues with stress level sg up to time to.
If the cumulative number of failures up to to is less than mo > mq, then stress level is changed.

After time t1, if the test continued with the stress sg, then the stress changes to s; and if the test
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continued with the stress s1, then the stress changes to so. If the number of failures up to tg is
greater than or equal to me, the stress level remains same and the life testing is continued up to
time t3. Continuing this procedure, the adaptive scenario can be extended to k-stage adaptive step
stress life test.

Tsai et al. [116] studied an efficient sampling plan for type-I censored data where the manu-
facturer can take a decision and terminate the test before completing the life test. The procedure
is known as the curtailment procedure. Chen et al. [30] studied the curtailment BSP for type-II
censored data. Then Chen et al. [27] studied the curtailment BSP based on simple step stress ALT
for type II censored data. Similarly, the works discussed in Chapters 4 and 7 can be extended to
the curtailment BSP.

The work discussed in Chapter 5 can be extended in a number of important ways. We use
a frailty model to incorporate the dependence among the potential failure times. However, the
same can also be modeled using popular copula models (see Lo et al. [78], Nelsen [90]). It will
be interesting to develop RASPs for such models. For simplicity, in Chapter 6, it is assumed that
the cause of the failures is independent. However, the proposed framework can be extended to
accommodate dependence using frailty or copula models.

In Chapters 4, 6 and 7, we have considered a common prior distribution for both the manu-
facturer and the consumer. However, in practice, they may have different prior knowledge. The
methodology discussed in Chapters 4, 6 and 7 can be extended to the case where the manufac-
turer and consumer have different priors using the idea of Chapters 2 and 3. The exponential and
Weibull distributions are used to illustrate the proposed methodologies. However, the works can

be extended to other lifetime distributions and censoring schemes.
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