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Notations

C The set of complex numbers

St The circle group

M, (C) The set of all n x n complex matrices

H Hilbert space

Cx(G) Reduced group C* algebra

C*(G) full group C* algebra

id The identity map

Sp(A) C- linear span of a set A

[A] Closed linear span of a set A

A @a1g B Algebraic tensor product of two C* algebras A and B
A® B Minimal tensor product of two C* algebras A and B
ARB von Neumann algebraic tensor product of two von Neumann algebras A and B
K(H) The set of all compact operators on H.

B(H) The set of all bounded operators on .

(Q,A) Compact quantum group

o) Dual discrete quantum group of Q

L>(Q) von Neumann algebraic compact quantum group

Q Left /right 2-Cocycle of a compact quantum group






Chapter 0

Introduction

Symmetry plays a major role in both mathematics and physics. This triggered a flurry
of research in the theory of groups and their representations, both in analytic and al-
gebraic frameworks. In the formalism of quantum mechanics in terms of operators on
Hilbert spaces, it is often natural to consider symmetry as a map on the level of rays,
that is on the set of unit vectors up to scalar multiplication. This leads to consideration
of projective representation of the symmetry group. Mathematically, the theory of pro-
jective representation of group is closely related with group extension and cohomology
theory [Bro94].

Quantum groups and more generally the theory of rigid tensor categories have gen-
eralized the classical group symmetry in mathematical physiscs. Beginning with the
algebraic formulation due to Drinfield and Jimbo [Dri89], [Dri85], [Jim85] which was
motivated by questions in physics related to the solution of quantum Yang-Baxter equa-
tions, the theory of quantum groups and Hopf algebras have traversed a long way, with
various analytic formalism due to a number of mathematician, most notably Woronow-
icz [Wor87], Vaes-Kusterman [KV99], [KV00], [KV03] Van Daele [VD94], [VDVK94],
[VD96], [MVD98], [VDW96]. In physics, there is a lot of interaction between the math-
ematical theory of quantum groups and tensor categories with the emerging field of
topological states of matter and quantum computation [CGLW13, Chel6].

This makes it a natural question whether one can extend the classical theory of
projective representation of group to the realm of quantum groups. Substantial work
in this direction have already been done by Kenny De Commer( [DCMN24], [DC11b],
[DC11al, [DC09], [DCY15], [DCY12]), Sergey Neshveyev( [NT11a]), [NT12]), [NY16]),
Lars Tuset( [NT11b]), Makoto Yamashita( [NY16]). The goal of present thesis is to con-
tribute to understanding of projective (co)representation of compact quantum groups
and study the associated cohomology. Some of the main results obtained by us con-

cern extension of projective corepresentations of a given (compact) quantum group to
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(linear) corepresentations of a bigger quantum group . Indeed, using Tannaka-Krein
reconstruction theorem, for a given compact quantum group, we prove existence of a
possibly larger compact quantum group such that any unitary projective corepresen-
tation of the original quantum group lifts to a unitary corepresentation of the bigger
quantum group. In fact, we carry out such enveloping construction for various types
(left, right,bi) of projective corepresentation defined by us. For strongly projective
corepresentations defined by us, which in a sense are the closet to the classical case,
we can relaize the dual of the original quantum group as a normal quantum subgroup
of (dual of) the corresponding envelope. This leads to connection with the the second
invariant cohomology of quantum groups in the sense of ( [NT]). In the last part of
the thesis we compute such cohomology for a few quantum groups explicitly using the
techniques of tensor category and fiber functors.

Let us briefly discuss some possible applications of our results to the domain of
physics, more precisely topological phases. Some quantum systems permit a gapped
spectrum with a single or degenerate vacuum state. In order to specify conditions for
the latter, a natural definition of symmetry involves of maps that preserve the tran-
sition probability of rays. Changing the point of view from rays to specific states,
the symmetry action becomes projective. Specifically, symmetries are operators on the
Hilbert space that are either linear and unitary or anti-linear and anti-unitary. The
first case can be interpreted as a projective representation of groups. The vacuum state
degeneracy is then contigent to the projective phase, whenever the symmetry is pre-
served by the Hamiltonian in question. The issue, whether a vacuum is degenerate, is
then solved by answering whether a phase redefinition on the states can eliminate the
projective phase. This problem is related to the field of group cohomology. Different
vacuum state are parametrized by different equivalence classes in the second group coho-
mology, H2(G,U(1)) of the symmetry group G. Symmetry protected topological phase
are found to be exactly those vacuum states with non-trivial elements in H?(G, U(1)).
When one replaces group symmetry on quantum mechanical system by a natural quan-
tum group symmetry, it is clear that projective corepresentation and cohomology of
quantum groups will play a crucial role to label and understand topologiacl phase.

We conclude with a chapter wise summary of the thesis.

Chapter 1

In the first section, we introduce all basic terminology and theory of projective
representation of classic group, which are mostly taken from [Bro94], [Chel5]. We recall
all the theorems which are related to projective representation and central extension
of group. At the end, we give brief description of universal central extension and its
properties. Section 2 is devoted to basic theorems on C* algebra and von-Neumann

algebras and tensor products of C'* algebras. Section 3 contains all the basic definitions



and theorems on Hopf algebras , compact quantum group (CQG) and discrete compact
quantum group (DQG). We explicitly give some examples which will be used in later
chapters, brief description of corepresentations of compact quantum groups and the
dual DQG of a CQG as in Van Daele [VD96] . At the end of this chapter, we define C*
tensor category and state the Woronowicz Tannaka-Krein duality and also an alternative
description of fiber functor [BRV06].

Chapter 2

After this, we recall the definitions of Galois co-object of von-Neumann algebraic
compact quantum groups and measurable projective corepresentations [DC11b]. Here
we prove that any measurable projective corepresentation of a von-Neumann algebraic
compact quantum group on a finite dimensional Hilbert space corresponds to a right
Galois co-object. From this, we get a left 2-cocycle. Then we define the notion of
left /right /bi projective corepresentation of compact quantum group. In the first section
of this chapter, we introduce the notions of cohomology of a CQG, the invariant second
cohomology. Then we briefly describe invariant 2-cocycles of compact quantum group.
We give some examples at the end of this section.

Chapter 3

It is known from [Bar54] that any projective representation of classical compact
group lifts to a linear representation of a bigger compact group. In this chapter we
prove a similar result for a compact quantum group. In the first section of this chapter,
we prove that for any left /right /bi projective corepresentation U of a compact quantum
group Q on H the contragredient U on H is also unitary for a suitable choice of inner
product. From that we prove that contragredient of a left/right/bi projective corepre-
sentation is also a right /left /bi projective unitary corepresentation for a suitable Hilbert
space. In the second section of this chapter, we construct a universal rigid C* tensor
category and using suitable subcategories we define universal compact quantum groups
Qr, Qr, Qp; such that any left /right /bi projective corepresentation of Q corresponds to
a unitary corepresentation of Qy, OQg, Qp; respectively.

Chapter 4

First we define the notion of normalizer of a tensor category. By applying Tannaka-
Krein duality we prove that discrete quantum group corresponding to the normalizer
of the category of (finite dimensional) representation of a DQG is a normal discrete
quantum subgroup of it. In the next section we define left/right strongly projective
corepresentation of Q and prove that the associated 2-cocycle is invariant. We study

the quoient quantum group N(Q)/ O and discuss its relation with cohomology.

Chapter 5

In this chapter we explicitly compute the invariant second cohomology groups
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Hﬁmv(Q S1) and H? (Q, C*) for two interesting examples, namely dual of the Kac-

muv
Paljutkin Hopf algebra (Qy,) and CI for a group of order 32 considered by [Wal47]. We
use the description of cohomology in terms of fiber functos as in [NT]. In particuar we

obtain H2, (CT,S') = Zy = H?, (CT,C*)and H2,, (Qkp, S*) = {1} = H2,, (Okp, C*).

uinv



Chapter 1

Preliminaries

1.1 Projective representation of a group and relation with

group cohomology
We review some basic facts on projective representation from [Bro94], without proof.

1.1.1 Projective representation of a topological group

Let G be a group, V is a C-Vector space and GL(V') be the general linear group of V.
The projective linear group PGL(V') defined by the quotient GL(V')/C*Idy .

Definition 1.1.1. A projective representation of a group G on a vector space V is a

group homomorphism
F:G — PGL(V).
Definition 1.1.2. A map Q: G x G — C — {0} is said to be a 2-cocycle If
Q(zy, 2)Qz, y) = Qz,y2)Qy, 2),

where z,y, z € G. If it takes value in S', then it is said to be a unitary 2 cocycle.

Proposition 1.1.3. If F: G — GL(V) is a projective representation then there are set
maps ¢ : G — GL(V) and Qp : G x G — C — 0 such that

or(g)or(h) = Qr(g, h)pr(gh). (1.1.1)

Conversely, if there are set maps ¢ : G — GL(V) and Q on G x G — C — 0 which
satisfying (1.1.1) then there is a unique group homomorphism F : G — PGL(V') such
that F' = mo ¢, where m : GL(V) — PGL(V) is the quotient map.
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So, If we have two set maps ¢ and Q on G satisfying (1.1.1), then (¢, V, ) is said
to be a projective representation of G. Any linear representation of G is automatically

a projective representation of G.

Definition 1.1.4. If (¢1,V,Q1), (¢2, W, Qa) are two projective representations of G then

morphisms between them are given by,

MOT((¢17MQ1)7(¢27WQQ))
={T € B(V,W) :T¢1(g) = ¢2(9)T, for all g € G}.

Two projective representations (¢1,V,Q1), (p2, W, Q) are said to be equivalent if there
exists a vector space isomorphism T : V. — W such that T € Mor((¢1,V,Q1), (¢2, W, Q2)).

Lemma 1.1.5. If (¢,V,Q) is a projective representation of a group G, then Q is a 2
cocycle of G.

Proof. Let g,h,k € G. Now,

From this, we can conclude that 2 is a 2-cocycle of G. a

1.1.2 Group Cohomology
Let G be a group, M be an abelian group. In the theory of group cohomology, there is
a more general approach where G acts on M. But we will not consider such action.

Definition 1.1.6. Let n be a positive integer. An n-cochain of G in M is a map
F : G™(n times product) — M. Then C"(G, M) is the group of all n—cochains where

the multiplication,inverse,identity ,are given by

1)fg($1)x27 --'-al‘n) = f(‘rlva) "'7xn)g($17$2) ,I’n)
2)f_1(x1,332,....,$n) = f(xl,xQ,....,xn)_l
31 : (x1, 9, .oy ) = 1oy,

where f,g € C"(G,M),z; € G. A 0-cochain is defined to be an element of M.

Definition 1.1.7. Coboundary of an n-cochain is an (n + 1)-cochain 0™ f given by

(0" f)(x1, @2y ey Tpy1) = f(@2, ooy Tpp1) Ty f (21, - imig1, ..xn)(fl)i)f(xl, . xn)(fl)nﬂ.



9 Projective representation of a group and relation with group cohomology

For all n-cochains we have 5" 1 (5™(f)) = 1 and §"(fg) = 6"(f)6"(g). Coboundary map
5" O™G, M) — C™"Y(G, M) is a group homomorphism.

Definition 1.1.8. Let keré™ and image(6™ ') be denoted by Z"(G, M), B™(G, M)
respectively. The n—th cohomology of G is defined as the group: H™(G,M) =
Z"(G,M)/B™(G,M). Its elements are called cohomology classes. Two cocycles con-

tained in the same cohomology classes are said to be cohomolgous.

Example 1.1.9. (2 nd cohomology group) Let Q € Z?(G, M), which means (6°Q)(z,y) =
1a, for all z,y € G. In other words, it satisfies the following equation

Qy, 2)Qzy, 2) 1z, y2)Qx, y) ™t = 1y

forall x,y,z € G.
If p € B%(G,M), then there exists an I-cochain f such that 6(f) = p. So, for all
x,y € G

p(,y) = f()f(zy) " f(y).

Let 1, Q9 be 2-cocycles. They are cohomologous if and only if there exists an 1-cochain
[ such that Qi (z,y) = Qa(x, y) f () f (xy) ™" f(y)-

1.1.3 Central extension and cohomology class
Definition 1.1.10. An exact sequence of groups is a sequence of group homomorphisms

126 e e, I

such that Image(f;) = ker(fi+1),t € {1,2,..,n}. We call this sequence is a short exact

sequence when n = 2.

Definition 1.1.11. An extension of a group Q by the group N is a short exact sequence
IwsNLaLohi
If Image(f) is in the center of G, then it is called central extension of group @ by N.
Example 1.1.12. This exact sequence
1 —C" = GL(V)S PGL(V).

is an example of central extension of PGL(V') by C*.
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Definition 1.1.13. A morphism of exact sequences is a commutative diagram of group

homomorphisms:

1 >N1 >G1 >Q1 1

L]

1 > No > G > Q2 > 1.

Definition 1.1.14. Let 1 — N 25 G, 25 Q1 = 1 and 1 — N 25 Gy 25 Qg — 1 be
two extensions of the group Q by N. We say both are equivalent if there is a morphism

(Idn, ¢, 1dg) of exact sequences such that

1 s N o P 1
Ile (;SJ/ Id‘Q
1 b N LGy 2 Q » 1.

From five lemma, we can conclude that ¢ : G1 — G is a group isomorphism.

Let P : G — PGL(V) be a projective representation. From lemma (1.1.3), we
know that there are set maps P : G — GL(V)( section of P),Q : G x G —
C*(Schur multiplier). Then the cohomology class Q of €2 is called the cohomology

class associated with the projective representation P and denoted by Cp.

Lemma 1.1.15. If1 — N Lab Q — 1 is a central extension of the group @ by
N, then for each section(i.e. a map such that pf = Idg) f : Q — G of p such that
f(1g) = 1g, we have f(n)f(n') f(nn')~* € image(i(N)), for all n,n" € N . Therefore,
the set map defined by Q(n,n') =i (f(n)f(n')f(nn')~1) is a N valued 2-cocycle.

Theorem 1.1.16. Two central extensions (G1, p1), (G, p2) of @Q by the abelian group N
is equivalent if and only if their associated cohomology classes Ccy py, Ciypy € H*(Q, N)

are equal.

Now, we briefly discuss the relation between projective representation of a group, its

central extensions and lifting of a projective representation to a linear representation.

Lemma 1.1.17. Consider the commutative diagram

1 > Ny h >G1 o >Q1 1
|
1 v Ny~ Gy 22 @y y 1

Then there is a unique group homomorphism v : Q1 — Q2 such that vp1 = paf.
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Definition 1.1.18. Let (Q1, p1), (Q2, p2) be two central extensions. Let f : Q1 — Q2 be
a group homomorphism. A lifting of f is a morphism of exact sequences (o, g, f) such
that:

1
1 N G1 —5 Q1 1
S |
1 Ny —2 4 Gy —225 @ 1.

Lifting of a projective representation:

Let (¢, V, ) be a projective representation. Now, we consider the set H = {(g, A) €
G x GL(V) : m¢(g) = w(A)}, where 7 : GL(V) — PGL(V) is the quotient map. H
is a subgroup of G x GL(V). Let ¢» : H — G given by 1¢(g, A) = g. Kernel of v is
{(eg,cldgr(vy) : ¢ € C*} which is in the center of the group G x GL(V') . We can define
an ordinary representation of H by setting to, F'(g, A) = A. The ordinary representation
F is the lift of (¢,V,Q) in the sense that:

mF(g,A) = mé(g9) = T (¢ (g, A))-

Let {(¢i, V;,8%) : @ € I}, where I is an indexed set, be the collection of all projective
representations of G. Then we can lift all of them to linear representations of a subgroup
H = {(hi)ier : such that m;(h;) = m;(h;),for alli,j € I} of the group II;H;. Here H;
is a group to which we can lift the projective representation ¢;. We denote by G’ the
commutator of a group G,which is the subgroup generated by {g~*h~lgh;g,h € G}.
G is said to be a perfect group if G = G'. G is said to be super perfect group if its

abelianization and Schur-multiplier both vanish.

1.1.4 Universal central extension

Let E:1 N —-G—=Qand E:1— N — G — Q be two central extensions of Q. E

is a cover of E if there exists a morphism («, 3, Id) of extensions such that,

1 NLisa-250 1
Lo
1 NL,sa-2,0 1.

FE is said to be universal central extension of ) if E uniquely covers every central

extension of Q).

Lemma 1.1.19. If E: 1 — ker(1) = G 5 Q — 1 andE:1—>ker(7")—>C_¥i>Q%1

be two central extensions of Q. Then the following statements hold:

1) There is a group isomorphism ¢ : G — G such that ¢(ker(7)) = ker (7).
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2) If G is a perfect group and E covers E, then E uniquely cover E.

Lemma 1.1.20. i) A universal central extension of a group G exists if and only if

G is a perfect group.

i) If Q is a perfect group then the universal central extension of Q is also a perfect

group.
it) If Q is a perfect group then the universal central extension is a super perfect group.

Example 1.1.21. Special unitary group SU(2) is a simply connected perfect compact
group. The universal continuous central extension of SU(2) is itself. So, every projective

representation of SU(2) is projectively equivalent to a linear representation.

Example 1.1.22. 1 — Z; — SU(2) — SO(3) is universal central extension of special
real orthogonal matriz group SO(3). Every projective representation of SO(3) is a linear

representation of SU(2).

Theorem 1.1.23 (Theorem from [Rag94]). If G is a connected semi-simple lie
group,then H?(G,SY) is isomorphic to the Pontryagin dual 7 (G) of the fundamental

group of m1(G). We can say that SU(2) has no non-trivial projective representation.

Remark 1.1.24. From theorem (1.1.25), we can say SO(3) has only one non-trivial

projective representation because w1 (SO(3)) = Zs.

1.2 Operator algebra

1.2.1 (" algebras

A Banach -algebra A is a C* algebra if it is satisfies : ||z*z| = ||| for all z in A. If A
has unit then it is said to be unital or it is called non-unital. Every finite dimensional
C* algebra is unital. From Geland-Naimark-Segal theorem, we know any C* algebra is
isometrically isomorphic to a C*-subalgebra of B(H) (where B(#) denote the set of all
bounded operators on a Hilbert space H).

Let x be an element of A, then the spectrum of x, denoted by o(x) is defined as
{z € C: (21 —2) € GL(A)}, where GL(A) is the set of all invertible elemnts of A.

L and

x is said to be self adjoint if x = z*, normal if x*x = xx*, unitary if x* = =~
a idempotent if 22 = = and a projection if it is a selfadjoint and idempotent, positive
if z = y*y for some y in A. For a normal element x € A, there is a injective ring
homomorphism C(o(z)) onto C*(x), which is a isometric *-isomorphism.

A C* homomorphism between two C* algebras A;, Az is a ring homomorphism and

a x preserving map. If A linear map between two C* algebras, send positive elements
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then it is said to be a positive map. So, any C* homomorphism is a positive linear map.
A state is a positive linear functional ¢ such that ¢(1) = 1. A state ¢ is called tracial
state if ¢(ab) = ¢(ba) for all a,b in A and faithful if ¢p(x*z) = 0 implies z = 0. Given
a state ¢ on a C* algebra A, there exists a triple (called the GNS triple) (Hg, 74,&0)
consisting of a Hilbert space Hg, a * representation 7y of A into B(H4) and a vector &g
in Hg which is cyclic in the sense that {my ()&, : © € A} is total in H, satisfying

P(x) = (mp(x)Eps o) -

1.2.2 Multiplier C* algebra

Definition 1.2.1. A closed ideal I in a C* algebra A is said to be essential ideal if for

every nonzero closed ideal J of A, I NJ is a non-zero ideal in A.

Definition 1.2.2. A double centralizer of a C* algebra A is a pair (L, R) of bounded

linear map on A such that
aL(b) = R(a)b, Va,be A.

It follows from the definition that if (L, R) is a double centralizer of A then ||L| =
IR||. The set of all double centralizers of A can be given a C* algebra structure. This
C* algebra is called the multiplier algebra M (A) of A.

Remark 1.2.3. A is an essential ideal in M(A). If A is a unital C* algebra then
A M(A).

Lemma 1.2.4. Let I be an ideal in a C* algebra A. If m : I — B is a faithful non-

degenerate representation then w can be extended uniquely to a representation of M(A).

Consider the topology given by the seminorms {l,,7, : a € A} where l,(x) =
|lax||,ra(z) = ||xal|. The resulting topology is called the strict topology on M(A). A
is dense in M (A) under this topology.

1.2.3 Universal C* Algebra
Definition 1.2.5. Let elements E = {z; : i € I} be given, where I is some index set.

a) A noncommutative monomial in E is a word x;, xi,...x;,, with i1,i3....0my, € I and

m € N —{0}.

m

b) A noncommutative polynomial in E is a formal complex linear combination of
noncommutative monomials:y_._; oy, withn € N,oy, € C and y1,y2, ..., Yn being

noncommutative monomials in E.
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c¢) on noncommutative monomials, we consider the concatenation of words,i.e.
(x,;lxiQ...xim).(leij...xjn) = Xjy Lijg L, Ljy Lo e ey, s
where x;, T, ....x;,, and T, Tj,...x5, are two monomaials.

d) The free algebra on the generator set E is given the set of noncommutative poly-
nomials in E together with canonical adition and scalar multiplication, and the
multiplication of elements given by the concatenation. The elements in E are

understood being distinct.

The algebra is free in the sense that the elements z; satisfy no nontrivial relation,
i.e. the only polynomial in the generators which is zero, is the zero polynomial itself.
Hence, the free algebra has following universal property: whenever B is some algebra
containing elements {y; : 1 € I}, there is a algebra homomorphism from the free algebra
to B sending x; — y;, for all i € I. Given E = {x; : i € I}, we add another set of
generators E* = {z} : i € I} and we define an involution on the free algebra on E'U E*

by extending

€1 .€2 €Em\* __ =~ €m, Em—1 €1
(zglzg...aim)" = axim " .y

to linear combinations; here a € C, ¢x, € {1,*} and €, = 1 if ¢, = x and €, = * if ¢ = 1.
So, we obtain the free * algebra P(FE) that is generated by E.

Definition 1.2.6. We consider the following data :
i) Let E = {x;:i €I} be a set of elements, I some index set.
ii) Let R be a set of polynimals in P(E).

Let J(R) be the two sided *ideal generated by R. The universal * algebra with generators
E and relations R is defined as the quotient A(E|R) = P(E)/J(R). Now, we want to
find a C* norm on A(E|R). Let, define a seminorm on A(E|R) given by

||| = sup{||7(x)| : 7 is a * homomorphism from A(E|R) — B(H)},

where H is a Hilbert space and the set of all * homomorphisms is a nonempty set.

Definition 1.2.7. If E is the set of generators and R is the given relation and for
all z € A(E|R) ,||z|| < oo,then the universal C* algebra C*(E|R) generated by E with
respect to relation R, defined by the completion of the * algebra A(E|R)/{x € A(F|R) :
|z|| = 0} with respect to ||.|| .
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Example 1.2.8. Let E = {U,V} and R be the relation given by UU* = U*U =1 =
V*V = VV* and UV = e*™VU. Then the universal C* algebra (noncommutative 2

torus) Ag = C*(u,v : u,v unitaries, uv = e*™%vu} for 6 belongs to [0,1].

Example 1.2.9. Let G be a locally compact group with left Haar measure p. One can
make L'(G) into a Banach x-algebra by defining

(f * o)t /f (s~ 4)du(s),

INOESNGIFIGE

Here f, g are in L'(G), A is the modular homomorphism of G.

LYG) has a distinguished representation T..g on L*(G) defined by mreq(f) =
[ F)m(t)du(t) where w(t) is a unitary operator on L*(G) defined by (w(t)f)(g) =
f(t71tg) (f € L3(G), t,g € G). The reduced group C* algebra of G is defined to be
CHG) = Treg @),

The free or full group C* algebra C*(G) is the universal C* algebra which is generated
by the Banach *-algebra L'(G).

Remark 1.2.10. For an abelian group, the following holds: C}(G) = Co(@G), where G
is the group of characters on G.

1.2.4 Von-Neumann algebra

Definition 1.2.11. Let, H be a Hilbert space.

1) The strong operator topology on B(H) is given by the family of seminorms {Py, :
Py(T) =T (h)|[,T € B(H),h € H}.

2) The weak operator topology on B(H) is given by the family of seminorms {Phl’h2 :
Phyny(T) = (Thy, ho)|} hashe € H,T € B(H).

3) The strong * topology on B(H) is defined by the seminorms Pn(T) = ||T'(h)|| and
Bp(T) = [[T*(W)II -

Let B be a unital C* subalgebra of B(H). The commutant B’ of B is defined by the
{r € B(H):2T =Tz, forall T € B(H)}. B is said to be a von-Neumann algebra if
B = B". From the Double commutant theorem , we know B” is weak * closure of the
C* subalgebra B.

Lemma 1.2.12. Let B C B(H) is a von-Neumann algebra then the followings hold :

a) B contains the range projections of all its elements.
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b) B is closed linear span of all its projections.

Theorem 1.2.13. Let B be a unital x subalgebra of B(H). Then the closure of B under
weak operator topology and strong operator topology are equal and it is equal to the

double commutant B" of B.

Definition 1.2.14. A projection py is said to be a sub-projection of p if (p — po) is a

positive element in B.

Murray-von Neumann equivalence and comparison between teo projec-

tions

Fix a von-Neumann algebra B C B(H). Let P,QQ € B be two projections. P,Q
are said to be Murray-von-Neumann equivalent (written P ~ Q) if there is a partial
isometry u € B s.t. u*u = p,uu* = q. < is a partial order relation on projections of

B(H) defined by p < g, if there is a subprojection ¢g of ¢ s.t. p ~ qo.
Definition 1.2.15. Let p € B C B(H) is a projection.

i) p is said to be a finite projection if there is no proper sub-projection py of p, which

s equivalent to p.

it) p is said to be an infinite projection if there is a proper sub-projection py of p,

which is not equivalent to p.

A von-Neumann algebra B is said to be finite if 1 is a finite projection.
The center of a von Neumann algebra is denoted by Z(B) and the set of all projections
of B is denoted by P(B).

Theorem 1.2.16. A von-Neumann algebra B is finite if and only if there exists a

positive normal bounded linear map T : B — Z(B) such that

1)7(ab) = 7(ba),
2)if a>0,7(a) =0 then a =0,
3)7(c) = ¢ for c € z(B),

4)71(ca) = cr(a) for c € z(B).

Definition 1.2.17. An infinite projection p is said to be properly infinite if P,P = 0
or P,P is an infinite projection for each central projection P, € P(Z(B)).

Remark 1.2.18. A von-Neumann algebra B is finite if and only if any isometry of B
is unitary . For any finite-dimensional Hilbert space H, B(H) is a finite von-Neumann

algebra.
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1.2.5 Tensor product of C* algebras

Let us assume that A and B are two algebras over C. We will use the notation A ® B
for the algebraic tensor product of A and B. Let A and B be two C* algebras, then
there is more than one norm on A ®g4, B so that the completion with respect to that
norm is a C* algebra. We will mainly work with the injective tensor product, that is the
completion of A ®q;, B with respect to the norm given on A®gq B by || D7 a; @b;|| =
sup|| >t m1(ai) ® m2(bi)||B(r @ms), Where w2 @ Ay — B(Hz), m @ A — B(H;) are
x-homomorphisms, a; € A,b; € B and the supremum runs over all possible choices of
(m1,H1), (2, Ha2). When A and B are von Neumann algebras, A C B(H),B C B(K), we
also consider the von Neumann algebraic A®B C B(H ® K) generated by A®qq B, that
is (A ®qg B)". We also make the following convention (unless otherwise mentioned).
When either A or B is finite dimensional, we do not always write A ®4;4 B but simply
write A ® B. However, when both are infinite dimensional, one has to specify the norm

and we use A ®44 B for the algebraic tensor product.

1.3 Quantum group

Here, we briefly discuss about compact quantum group(CQG) and discrete quantum
group(DQG), for detail discussion and proof, we refer to [Wan98], [VDW96, VD96],
[KV00], [CP95], [Kas98], [KS97], [Maj95].

1.3.1 Hopf algebra

Let A be an unital associative algebra which is a vector space A over C together with
two linear maps m : A® A — A called the multiplication map and 7 : C — A called the
unit such that m(m ®id) = m(id ® m) and m(n ®id) = id = m(id ® ). After dualizing
this, we get the following definition.

Definition 1.3.1. A coalgebra A is a vector space over C equipped with two linear maps
A:A— A® A called the comultiplication or coproduct and € : A — C such that
(A®id)A = (id® A)A,
(e®id)A =id = (id ® €)A.

Definition 1.3.2. If a vector space A is an algebra and a coalgebra along with the
conditions that e : A — C and A : A — A® A are algebra homomorphisms then it is

said to be a bialgebra.

Definition 1.3.3. A bialgebra A is said to be a Hopf algebra if there exists a linear
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map (antipode) k : A — A such that
mo (k®id)A=noe=mo (id® kK)o A.

Definition 1.3.4. A morphisms between two Hopf-algebras (A, ma,na,Aa,k4), (B, mp,np,
Ap, kp) is a unital algebra homomorphism F : A — B that is compatible with the struc-

ture maps in the sense that the followings are hold:

ApF = (F® F)Ay,
6BZT = €4,

kpF = Fky.

Let o be the flip map on A @44 A defined by o(a ®b) =b® a. A Hopf algebra A is

said to be cocommutative if cA = A.

Example 1.3.5. The universal enveloping Lie algebra U(G) of a Lie algebra G is the
universal unital algebra generated by elements of G, satisfying the relation [z, y] =
xy — yx, for all z,y € G. U(G) has the universal property:

For a algebra A and every linear map F : G — A that holds F([z,y]) = F(x)F(y) —
F(y)F(z) for all x,y € G, then there exists a unique unital algebra homomorphism
U(G) — A that extends F. From universal property of universal enveloping Lie algebra,

The linear maps given by,

A:GoUG)RaugUG) st. Alz)=2z1+10x
€:G—>Cst.e(r)=0

k:G—g st klx)=—x

extends to a unital algebra homomorphisms A : U(G) = U(G) ®ag U(G),€ : U(G) —
C,k:U(G) = U(G). One can easily check that it is a cocommutative Hopf algebra.

Definition 1.3.6. A Hopf algebra (A, A, k€ ) is said to be a Hopf x-algebra if there is
an involution map * which maps a to an element denoted by a* satisfying the following
properties:
1. For alla,b in A, a,fB in C,(a*)* =a, (aa+ Bb)* =aa* + Bb*, (a.b)* = b*a*.
2. At A— AR A is a x-homomorphism where the involution on A® A is defined
by (a ®b)* =a* ® b*.

1.3.2 Dual Hopf-algebra

Let A be a finite dimensional Hopf * algebra. Let A" be the dual of A in the category

of complex Vector spaces. As A is a finite-dimensional vector space we have (A® A) =
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A" @ A’. The algebra structure on A" given by (fg)(a) = (f ® g)A(a) and the coalgebra
structure on A" defined by Ay (f)l@a®b) = f(ab), where f,g € A" and a,b € A
Antipode on A" given by H:4 which is dual to the antipode of A. Dualizing the unital
map and counital map of A, gives the counital and unital map A’. Involution given by

f*(a) = f(ka(a)*). Now, one can prove that it is a Hopf * algebra.

1.3.3 Compact quantum group

Definition 1.3.7. Let Q be a unital C* algebra and A be a unital C* homomorphism
from Q to Q® Q. Then (Q,A) is said to be a compact quantum group if it satisfying
the following properties:

(i) (A®@id)A = (id ® A)A,

(i) Each of the linear subspaces generate by [A(Q)(1® Q)] and A(Q))(Q®1) is norm
dense in Q Q.

Example 1.3.8. Let G be a compact group and C(G) be the C* algebra of C-valued
continuous functions on G. If the coproduct A on C(G) given by A(f)(g,h) = f(g.h)
forall f in C(G), g,h in G. Then (C(G),A) is a compact quantum group.

Remark 1.3.9. Let (Q,A) be a commutative CQG. Let 0(Q) denote the Gelfand spec-
trum of Q . The product structure on o(Q) given by xx' = (x ® X')A where x, X' are
in 0(Q). o(Q) is a compact set under weak x-topology inside dual S of S. o(Q) is a

semigroup and it satisfies the cancellation properties. So, It is a compact group.

Definition 1.3.10. The Haar state h on a CQG Q is the unique state on (Q,A) which

satisfies the following conditions:
(id® h)(A(a)) = (h®id)A(a) = h(a)lo.

Remark 1.3.11. Let G be a compact group with a normalized Haar measure . Then
w induces a linear functional on the compact quantum group C(G) which satisfies the

following equations:

/fxydu /f )dp(y /fyardu

The functional p : C(G) — C defined by p(f) = [ f( is the Haar state for the
CQG C(G). The Haar state on an arbitrary C’QG Q 18 a non- commutatwe analogue of

Haar measure on G.
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Definition 1.3.12. A CQG morphism among two CQG (Q1,A1) and (Qa,As2) is a
unital x algebra Homomorphism ¢ : Q1 — Qo such that

(A2 ®Ag)od = (¢ ®¢)oA.
Remark 1.3.13. If hy, hy are Haar states on Q1 and Qs respectively and ¢ : Q1 — Qo
s an injective CQG morphism then hy o ¢ = hy.

Definition 1.3.14. A Woronowicz C*-subalgebra Qo of a compact quantum group
(Q1,A) is a C* subalgebra of Q1 such that A(Q2) C Q2 @ Q2 and the inclusion map i :
Qo — Q1 is a CQG morphism.

Definition 1.3.15. A C* ideal J of a CQG (Q, A) is called a Woronowicz C*-ideal of
(Q,A) if A(J) C Ker(m @ ), where 7 is the quotient map from Q to Q/J.

Remark 1.3.16. kernel of a CQG morphism is a Woronowicz C*-ideal.

Definition 1.3.17. A CQG (Q1,A1) is said to be a compact quantum subgroup
of (Qa, Ag) if there exists a surjective CQG morphism from Qg to Q.

Example 1.3.18. Let q belongs to [—1,1]. The C* algebra SUy(2) is the universal unital
C* algebra generated by o,y satisfying:

ac® + @yt =1, (1.3.1)
afa+ vty =1, (1.3.2)
=", (1.3.3)
gy o=yt (1.3.4)
gy = ay. (1.3.5)

Coproduct A of SU4(2) is given by :
Ald)=a®@a—qgy" @7, AMy)=v70a+a*®7y

which makes it into a CQG. Let h denote the Haar state and H = L?(SU,(2)) be the
corresponding G.N.S space. We now look at the Haar state on SU4(2).
For allm > 1,n,l,k > 0,k # k",

* 17q2 m_*n *m _*n k! xk'
h((v*0)*) = T ™ ) =0, h(a™y"') =0, h(y**y*") =0. (1.3.6)

Example 1.3.19. Let G be a discrete group. We already know C}(G) is a C* algebra.

Here, the Haar state comes from the counting measure. Coproduct on C}(G) is given
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A((Sv) = 0y ® 0.
Haar state:

h(0y) =1if v =1idg
0if v# Idg, for v € G.
The comultiplication is cocommutative. Similarly, We can conclude C*(G) is a CQG.

Example 1.3.20. The quantum permutation group S, is the universal C* algebra,

generated by a;j (i,j =1,2,..n ) and satisfying the following relations:

*
YR

n
E Qi = 1, 1= 1,2,...n,
i=1

2 .o
a;; = Gij = a5, 1,5 =1,2,..n,

n
Y a=1,i=12,.n
j=1

and the coproduct is given by A(ai;) = Y, aix@ay;. We refer the reader to [Wan98],
where this compact quantum group was first introduced and also references [Ban05],
[BBCO7], [BBO7] for more detailed study of quantum permutation group and quantum

automorphism groups.

Example 1.3.21. Kac-Paljutkin Algbera:
Kac-Paljutkin algebra (Qgp, A), is a noncommutative , noncocommutative Hopf al-

gebra and a eight dimensional Hopf algebra. It is given by
Qrp=C-cdC-apC-aC- v My(C),

as an *-algebra. The comultiplication A: Qp, — Qpp @ Qpy, 1s defined by
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A(z) = €@ T + a @ uaTuy + B @ ugrug + v @ uyzuy
+ 2 ® € + Up Ty, ®@ @ + UpzUp ® B+ Uy 27U @ 7,

1
Al)=e®ectava+BRB+707+; > e ®ei,
1<ij<2

Ala)=eRa+a®Re+R7+7R 3
+%(611®622+i612®621 —ieg] ® e12 + €22 ® e11),
AP)=eRP+Re+a@7+7R
+%(€11®622—i612®621 +ieg1 ® e12 + e ®e11),
AY) =e@7+7®@e+a®f+ R a

1
+ 5(611 ®er; —e12 @ e — ea1 ® eg1 + €22 ® €22),

where €, a, B, are projections, x € My(C) and e;j are the matriz units in My(C)

0 i 0 1 10
Uy = , ug = , Uy = .
1 0) 7 \i o) " 0 1

1.3.4 Corepresentation of CQG

and

Definition 1.3.22. A unitary corepresentation of @ on a Hilbert space H is a unitary
element U € M(K(H) ® Q) such that (Id @ A)(U) = U12Us3. Here, U2 = U ® 1o and
Uis is the image of U under the algebra homomorphism a @b — a @ 1o ®b. If H is a
finite-dimensional Hilbert space then U € B(H) ® Q is said to be a finite dimensional

unitary corepresentation.

Example 1.3.23. For a classical compact group G, There is a one-to-one correspon-
dence with finite dimensional unitary representations of G and the finite dimensional
unitary corepresentations of (C(G),A). This correspondence is given by: U = (ug) —
UeB(H)®C(G)=C(G,B(H), defined by U(g) = ug for all g € G, where ug € U(H)

s a representation of G.

Definition 1.3.24. A unitary corepresentation U of Q on a Hilbert space H is said to
be irreducible if End(U) ={T € B(H): (T® 1)U =U(T ®1)} = Cldy

Definition 1.3.25. If U € M(K(Hy) ® Q) and V € M(K(Hy) ® Q) are two corep-
resentations then the intertwiners between them denoted by Mor(U,V') and defined by
{T € B(Hy,Hv) : V(T ®1)=(Te1)U}.
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Definition 1.3.26. Tensor product of two corepresentations U,V defined by U @ V =
Ui2V1s.

Right regular corepresentation of CQG

Let H be the Hilbert space that came from the G.N.S representation of Q associated
with Haar state h and ¢g is the cyclic vector of this G.N.S representation. Let K be
the another Hilbert space on which Q acts non-degenerately and faithfully . Then the
unitary operator U on H ® K defined by U(a&y ® n) = A(a)(§o ® n) is called right
regular corepresentation, where a is in @, 7 is in K. U is an element of multiplier of
K(H)® Q and said to be the right regular corepresentation of Q and A(a) = U(a®1)U*.

Remark 1.3.27. Let G be a discrete group. Haar state on CX(G) is a faithful state.
So, C}(Q) acts faithfully and non-degenrately on the Hilbert space H which came from
the G.N.S representation of C)(G) associated with Haar state h. The right reqular rep-
resentation V' of Cx(G) given by

ViHOH - HRQH s.t.
V(aeg @ beg) = aep @ abey,

where €y is the cyclic vector of the G.N.S representation and a,b € C}(G).

Proposition 1.3.28. (1) Let {u® : a € I} be a complete set of mutually inequivalent,
irreducible unitary corepresentations of a CQG (Q,A). We will denote the associated
Hilbert space and dimension of u® by Ho and n(a) respectively.

Then the Schur’s orthogonality relation takes the following form:

For any « in I, there exists a positive invertible linear map F<, acting on Ho such
that for any a, B in I and 1 < i,p <n(B) 1 <j,q <n(a)

By _
h((uip) u]‘?‘q) = 0a0pg Fyj -
(2) Let us denote the linear span of {ug, : a € I,1 < p,q < n(a)} by Pol(Q). It is

a dense x-subalgebra of Q.

(3) Moreover, A maps Pol(Q) into Pol(Q) ®aq Pol(Q). In fact, A is given by
Alupy) = 5% ugy, ® ug,. A counit and an antipode are defined on Pol(Q) respectively
by the formulae,

E(qu) = 5?‘1’ ”(qu) = (ng)*-

It follows that Pol(Q) becomes a Hopf x-algebra.



Chapter 1: Preliminaries 24

1.3.5 Coaction of CQG

Definition 1.3.29. [Pod95]
Let A be a C* algebra. A right coaction of a CQG Q on A is a *~homomorphism
0:A - A ® Q, which satisfies the following properties:

(i) § intertwines the co-multiplication, meaning that (0 ® Id)j=(Id2A)J.

(ii) & satisfy the density conditions [0 (A)(1® Q)/=ARQ.

If the right coaction is injective, then it is called Q@ — C* algebra.
Remark 1.3.30. If A is a finite dimensional algebra then §(A) C A ® Pol(Q).

Example 1.3.31. The comultiplication A is an right coaction of (Q,A) on itself. It is
called the right regular coaction on Q.
Similarly, we can define the left coaction of the CQG (Q,A) on a C* algebra A.

Example 1.3.32. Let X,, = {x1,x2,...,xn} be a set of n distinct elements. The Com-
mutative C* algebra C(X,,)( set of all complex-valued functions on X, ) is isomorphic
to the universal C* algebra C*{e; : € = ¢; = e, Yorjer=1i=1,2,..,n}

Then S, has a C* coaction on C(X,,) given by:

n
oz(ej) = Zei & aij,j =1,2,..n.
i=1
Definition 1.3.33. Let (Q,0) has a C* coaction 6 on the C* algebra A. Then § is said
to be a faithful coaction if there is no proper Woronowicz C*-subalgebra Q1 of O such
that 6 is a C* coaction of Q1 on A.

Definition 1.3.34. A right coaction § of Q on A is said to be ergodic if A°={5(a)=a®
1} is isomorphic to the C, that means the fixed point set of 0 is a one-dimensional

algebra.

Proposition 1.3.35. Let Q be a CQG. Let (A,5) be a unital Q-C* algebra. If § is
ergodic then there exist a unitary corepresentation Va€M (K (L*(A)® Q) of Q such
that 6(a)=Va(a® 1)V}.

A similar result can obtained when ¢ is not a Ergodic coaction. For that we have to
use the conditional expectation E:A— A° given by E(a)=(id® h)d(a) for all a in A, to
make a Hilbert A% module L?(A,Es).
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1.3.6 Discrete quantum group

Let A be an algebra over C. A is said to be a nondegenrate algebra if aA = 0 implies

a =0 and Aa = 0 implies a = 0 for all a in A.

Definition 1.3.36. An algebraic multiplier p = (p1, p2) of the algebra A is a pair of
linear mappings in Endi(A) such that pa(a)b = ap1(b) for all a,b € A. The set of
algebraic multipliers of A will be denoted by Mga(A).

Remark 1.3.37. It is a unital algebra which contains A as essential ideal through
the embedding a — (a.,.a). Hence p-a = (p1(a),-pi(a)) = pi(a) and a - p =
(p2(a)-,-p2(a)) = p2(a) forallp € (A) anda € A. If A is unital then A = M(A). If A is
a *x-algebra then Mg4(A) is a x-algebra through p* = (p3, p}) where 1*(a) := (a*)* for
any a € A, € End(A). Since the multiplication of A is supposed to be non-degenerate
an algebraic multiplier p = (p1, p2) of A is uniquely determined by its first or second
component. For a tensor product of two algebras A and B one obtains the canonical

algebra embeddings
A ®alg B — Malg(A) ®alg Malg(B) — Malg(A ®alg B)

Definition 1.3.38. Let A be an algebra. An algebra morphism A : A — M(A ®qq A)
is called a comultiplication on A if for all a,a’ € A. The linear maps T, Ta : A®qq A —
A ®qg A as defined below

Ti(a®ad) = A(a)(1®d)

} cA Ralg A
Thya®d):=(a®1)A(d)

satisfying the relation:

(T ®id) o (id® Ty) = (id ® Ty) o (T ®id) .

If Th and Ty are bijective then the pair (A, A) is called a multiplier Hopf algebra.

If A is a x-algebra and the comultiplication map A to be a *-algebra homomorphism,
then A is said to be a multiplier Hopf % algebra. The multiplier Hopf algebra (A4, A)
is called regular if in addition (A, A°) is a multiplier Hopf algebra, where A is the
opposite comultiplication, A% (a)(b®c¢) = o(A(a)(c®b)) for a,b,c € A, and henceforth
01 A®qg A — ARqg A is the usual tensor transposition.

Definition 1.3.39. A discrete quantum group (DQG) is a pair (A, A), where A is Cy
direct sum of full matriz algebra say @,;c; c,Mn,(C), where I is some index set and A

is a comultiplication such that (Ao, A/ a,) becomes a multiplier Hopf - algebra, where
Ap = @ierM,,(C) (algebraic finite sum) without C* closure.
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Remark 1.3.40. If A is a DQG then there exists a unique counit € which is a *
homomorphism from A to C. It will satisfy

(e®@Id)A(a) = (Id®e€)A(a) = a,

for all a € A.

Dual DQG of a CQG
There exists a canonical duality between CQG and DQG in a way such that for a

CQG Q with complete enumeration of mutually inequivalent unitary corepresentations
{U; : i € I}, where I is an indexed set and U; € B(H;) ® Q. Then the corresponding
dual DQG is given by Q = ®ierB(H;), where we take the Cy closure.

Remark 1.3.41. 1) If A is a finite dimensional DQG, then A is also a compact

quantum group.

2) If A is a finite dimensional DQG then A = ®;c1M,,,(C), where I is a finite index
set. The counit € of A is a non-zero homomorphism but e(My,) = 0 for n; > 1.

Hence there exist ig € I such that n;, = 1.

1.4 Normal subgroup of DQG

We recall the notion of normal quantum subgroups of a DQG and quotient with respect
to them from [VV02], [BCV20] . Let Q be a DQG given by C direct sum of B(Ha), o €
I, where d, = dim(H,) and let Q be the dual CQG with the mutually inequivalent
irreducible corepresentations u® corresponding to a € I, given by ((uf;)) € B(Ha) ® Q.
Let W =3, :(u3)" ®ef € (Q® Q)" be the so-called left regular corepresentation,
where ef,i,j = 1,...,d, are the ‘matrix units’ of B(Hq).

A quantum subgroup of @ is given by a both sided weakly closed Hopf ideal. Any
such ideals of a Cj direct sum of matrix algebras is again one such a Cjy direct sum, say
DacsB(Hq) for some subset J of I. Then the quotient is again a Cy direct sum, over
H:=J© (complement of J). We write 9O, and Qp for the Cp direct sum over the index
sets J and H respectively and denote by Pj, Py the corresponding central projections
in O onto Q, Oy respectively. The co-ideal property of O implies (Pp®Pr)A(a) =0
for all a € Q. This implies that for «, 8 € H and for any v € I such that the irreducible
index by 7 is a direct summand of the tensor product of the irreducible corepreentations
corresponding to a and 3, we must also have v € H too.

Note that QH has the coproduct given by Ay := (Pg ® Pp) o A restricted to QH.
Indeed, it is clear that Ay maps o} g to Q H® Q g and the coassociativity of the map
follows from the coassociativity of A combined with the fact that Ay ((1— Pg)(a)) =0,
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implying Ay (Pra) = Ap(a) for all a. There is a surjective quantum group morphism
from Q to Qp which sends a to Py(a).

Definition 1.4.1. The quantum subgroup O is said to be normal if W(Qpr1)W* C
Qu@B(H), or equivalently, W(Qp®1) C (Qu®B(H))W. Here, H denotes the Hilbert
space which is isomorphic with the GNS space of @ w.r.t. its Haar state.

It is well-known (see [BCV20], [VV02]) and references therein that

Proposition 1.4.2. Oy is said to be normal subgroup of o) if and only if the left-
invariant subalgebra {a € Q : ((Py ®id) o A)(a) = 1y ® a} coincides with the right-
invariant subalgebra {a € Q: ((Id® Py)oA)(a) =a® 1g}.

Corollary 1.4.3. If Oy is a normal subgroup of Q then the left/right invariant subal-
gebra is a subset of ker(Pr)U{Clg, } .

If Oy is a normal subgroup, the corresponding quotient quantum group, say o) / o) H,
is given by the left (equivalently right) invariant subalgebra mentione above, which also
coincides with the C* algebra generated by the image of the operator-valued weight Ty
given by T'(-) = (g ®id) o A on Q C B(H) where 7 denotes the restriction of 7 to Qp,

which is a semifinite operator valued weight with all Q,’s in the domain in particular.

Lemma 1.4.4. Suppose for each o € I and € H, there is some VP € Qg @ B(Ho ®
Hp) such that (u®)(12) (uﬁ>(13) = Va’ﬂ(ua)(lg). Then Qp is a normal quantum subgroup
of Q.

Proof. 1t suffices to verify the conditions of Definition 1.4.1 for the generators u’gl of
Qy, for § € H. But from assumption, we have W(lz)(uﬂ)(lg) = VW), with V :=
Boc, VP e On @ B(Ha) © B(Hg). Taking ¢ to be the functional on B(Hs) which is 1
on egl and 0 on other matrix elements of B(Hz) and applying (id(19) ® ¢) on both sides

of the above equation, the proof of the lemma is complete. O

Let us now recall the framework of unitary tensor category (UTC for short) or C*
tensor category, from which we refer the reader to [NT] and the references therein.
Consider a normal quantum subgroup Oy of Q as in the preceeding discussion, with
c=0 / On being the quotient DQG, identified as a Woronowicz subalgebra of Q. For a
DQG D let Rep(D) denote the UTC of finite dimensional #-representations of D, which
is also equivalent to the category Corep(f)) of finite dimensional corepresentations of
the dual CQG D. Recall the set I that labels the irreducibles of Corep(Q). Let e denote
the unit object, which corresponds to the counit e of the DQG Q. The counit of C is
the restriction of e to C and we denote the unit object of Rep(C) by ec. We define a

relation o ~ 3 for a, 8 € Rep(Q) by:
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Definition 1.4.5. « ~ 3 if there is some h € H such that Mor(a, f @ h) # {0}

Lemma 1.4.6. (i) ~ is an equivalence relation.

(ii) for a, p € I = Irr(Q), a ~ B if and only if there is some h € H such that o« < f&h.

The above lemma follow from the 4 th section of [DCKSSt18].
There are canonical functors F| : Rep(Qp) — Rep(Q) and Fy : Rep(Q) — Rep(C)
given by the following:

Fi((p,H)) = (po P, H), Fz((0,K)) = (ble, K),

where Py : Q — QH the surjective map and 6|¢ denotes the restriction of 6 to the
subalgebra C of Q. Both F; and F» are identity on morphisms. It is easy to verify that

Fy and F are tensor functors.
Lemma 1.4.7. Suppose for some object = of Rep(Q), ec < Fa(x). Then z € Rep(Qp).

Proof. Decomposing x into irreducibles and using the fact that F3 is a tensor functor,
we can assume that there is some irreducible o < x such that e¢c € Fy(a). Let «
correspond to (p, 1) where H is a finite dimensional Hilbert space of dimension d,, and
p is unitarily conjugate to the projection Py : @ — QO = B(C9). The assumption
ec < Fy(a) means there is some one dimensional subspace, say spanned by a nonzero
vector &, of H such that

pla)é = c(a)e (14.1)

for a € C. Recall the C-valued weight Ty which projects from Q to C, given by Ty (-) =
(T ®1id) o A(+). Take some positive nonzero element b € Q;, for some h € H and let
a =Ty(b) € C. Equation (1.4.1) implies

(T @ p)(A(b))§ = T (D)E. (1.4.2)

As 75 (b) is nonzero, left hand side of Equation (1.4.2) is also nonzero, which is possible
only if there is some k' € H such that (Py ® P,)(A(b)) is nonzero for all nonzero b € Q.
But this means h < I/ ® o, hence h ~ o or o ~ h, i.e. « < h ® hy for some hy € H, so
in particular o € H. O

Let us define an equivalence relation ~' on Rep(C) by the following

Definition 1.4.8. For z,y € Rep(C), define x ~' y if there are positive integers m,n
such that x < my and y < nx, where for any object z we denote the direct sum of k

copies of z by kz.
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Remark 1.4.9. It is easy to verify that ~' is an equivalence relation and x ~' y

if and only if x and y are direct sums of the same set of irreducibles, possibly with

different multiplicities. In case x,y are irreducible objects, v ~' vy if and only if they are

isomorphic.

Corollary 1.4.10. Fy(a) ~' Fy(B) for some a, 8 € Rep(Q) if and only if o ~ B.
Proof:

We have e¢ < Fy(a) ® Fa(a) < Fa(a) ® Fy(nB) = nFy(a ® B) for some positive integer

n. As ec is irreducible, this means e¢ < Fy(a ® 3), hence by Lemma 1.4.7 we have

a®pe Rep(QAH)7 say a ® B < hy @ ... D hy, for some hi,...,h; € H. This implies,

Mor(av, ®F_,h;®0) # {0}, hence there is some i such that Mor(ah;® ) # {0}, i.e.a ~ B.
For the converse, it is enough to note that Fy(h) = ec for all h € H . O

For a € I let
Ky ={xe€r(C): =z < F(a)}.

Lemma 1.4.11. For any two «, 8 € I, the following are equivalent:
(1) Ko () Kp is nonempty.
(i) o ~ 5.
(iii) Ko = Kg.
Proof:
(i) implies (ii): let x € Ko Kg. Then e¢c CT® 2 < Fh(a) ® Fr(f) = Fr(a@® ). By
Lemma 1.4.7, @ ® 5 € Rep(Qp), hence o ~ 3.
(ii) implies (iii) : follows from Corollary 1.4.10 by noting that Fy(a) ~' Fy(B) if and
only if K, = Kpg.

(iii) implies (i) is obvious. O

As Fy is surjective on objects, we get a partition of Irr(C) in terms of K,’s labelled by

equivalence classes [a] € I/ ~:

Irr(C) = U K,.

[a)el/~
1.5 Tensor category

1.5.1 (" tensor category

Definition 1.5.1. A category C is called a C* category if
i) For all objects U and V, Mor(U,V) is a Banach space and the map

Mor(V,W) x Mor(U,V) — Mor(U,W), given by (S,T) — ST,
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is a bilinear map and the following holds: ||ST|| < ||S|| ||T||;

ii) There exists an antilinear contravariant functor x : C — C which maps object to

the same object and for a T € Mor(U,V ), T* € Mor(V,U) and the followings hod

a) T** =T, forT € Mor(U,V);
b) [|T*T|| = ||T|]*. End(U) = Mor(U,U) is a unital C* algebra.
c) For any T € Mor(U,V), the element T*T € End(U) is a positive element.

Definition 1.5.2. A C*- category is said to be C*-tensor category if the following con-
ditions holds:

1) C is a small category;

2) There is a bilinear bifunctor @ : C x C — C and unitary natural isomorphisms
agvw (U V)W = U ® (Ve W), which is called associativity morphisms
and a unit object 1 and also natural unitary isomorphisms Ay : 1 U — U, py :
U®l—=U

3) Associativity morphism ay,y,w satisfies the following pentagonal diagram:

(UeaV)oW)e X

ay,v,w i AURV,W,X

Ue(VeW)oX UeV)e(WeX)
O‘U,V@W,Xl laU,V,W(@X

Ue((VeW)sX) e LU (Ve (WeX)

4) M\ = p1 and this diagram

ay1,v

Uel)eV » U (1eV)
UV

commutes;

5) C is closed under finite direct sums. If we choose any two objects U, V', then there
exists an object W and isometries u € Mor(U, W) and v € Mor(U, W) such that

uu® + vt =1;
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6) If U € objC and P € End(U) is a projection then there exists an object V' and
isometry v € Mor(U,V') such that vv* = P. The zero object is the corresponding
subobject for the zero projection in End(U).

7) for the unit object End(1) = C1.

Remark 1.5.3. Fvery C* tensor category is equivalent to a strict C* tensor category.

From now on, usually we will consider strict C* categories only.

Example 1.5.4. The category of finite dimensional Hilbert space, denoted by Hilby,
which has finite dimensional Hilbert spaces as the set of objects, morphisms given by
linear maps from H to K. H®Q K is the usual tensor product between two Hilbert spaces.
Associative morphism oy, 1, 415 15 the identity map from (H1@Ha) @ Hg to Hi1 @ (Ha®
H3). 1c is unit object of this category Hilby. Hilby is a strict C* tensor category.

Example 1.5.5. Representation category of a compact group is denoted by Rep(G).
Objects of this category are denoted by (7w, Hr), where m : G — U(Hr) is a finite
dimensional unitary representation of G on Hr. Morphism between two objects (w1, Hnr, )

(7T2,7‘[7r2) is defined by
Mor((m1, Hnr,), (M2, Hry)) ={T € B(Hry, Hry) : Tmi1(g) = m2T(g), for all g € G}.

Tensor product between two objects (71, Hr,) (72, Hry) is defined by (m1 @72, Hay @Hry),
where m @ o is the usual tensor product of two group representations and Hy, @ Hnr,
is the usual tensor product between two Hilbert spaces. Associativity morphism is the
identity map and unit object is the trivial representation on C. Rep(G) is a strict C*

tensor category.

Example 1.5.6. Unitary corepresentation category of a CQG denoted by Corep(Q).
objects are given by (U, Hy), where U € B(Hy) ® Q is a finite dimensional unitary
corepresentation of Q on Hy. Morphism between two objects (U, Hy), (V, Hy) is given
by

Mor(U, Hy), (V. Hy)) = {T € B(Hy, Hy) : (T @ 1)U = V(T © 1)}

Tensor product of two objects (U, Hy), (V,Hy) defined by (UisVas, Hu @ Hy ). Asso-
ciativity morphism is the identity map and unit object is Idc ® 1g. For a projection
P € End(U,Hy), (P® 1)U, PHy) is a subobject of (U, Hr). Corep(Q) is a strict C*

tensor category.

Definition 1.5.7. Let C and C' be C* tensor categories. A tensor functor C — C’

is a functor F' : C — C' that is linear on morphisms together with an isomorphism
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Fo:1' = F(1) in C' and natural isomorphisms
EBUV):FU)FV)->FU®V),

such that the following diagrams commute:

(FU) 2 F(V)) o F(W) 2PV puevye rw) 29, puev) e w)
QAF(U),F(V),F(W) F(ay,v,w)
FU) @ (F(V) @ FW)) “220N pry o v e w) 285 b e (v o W)
F FQ(LU)
(1) @ F(U) F1®U) F(U) & F(1) — s FU®1)
ng@i F(}\)J J/i@F() p)l
'@ F(U) — 2> (U FU) el — " p(U

F' is called a unitary tensor functor (UTF) if F(T*) = F(T)* for T € Mor(U,V) and
Ey(U, V), Fy are unitary maps.

Definition 1.5.8. Let F,G : C — C  be two tensor functors between C,C . A natural

isomorphisom n : F' — G 1is called monotidal if the diagrams below commute,

FUV)

FU)& F(V) FUV) 1
Fo Go
\LWU@"YV o) l”U@)V / . \
G(U) @ G(V) aUeV) FO) —™ s a)

where U,V be two objects of the category C and 1" is the unit object of this category G.

We will mainly deal with semisimple categories.

Definition 1.5.9. Let C and C' be two C* tensor categories. They are said to be
monoidally equivalent if there exist tensor functors Fi : C — C and Fy : C — C
such that FyFy = Id., FoFy = Idc. If Fy, Fs are unitary functors and the natural
isomorphisms F1IFy = Idy, FoFy = Ide are unitary natural isomorphisms then C and

C' are called unitary monoidally equivalent.

Let {Uy, € I} (I some index set), be a collection of all pairwise nonequivalents
simple objects of C. If C , C' (two strict C* tensor category) are monoidally equivalent,
then there exists a tensor functor F : C — C' such that F(U,) are irreducible, pairwise

nonequivalent,and any irreducible object in C is isomorphic to some F(Uy).
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We will assume that every C* tensor category C is a strict C* tensor category as

any general C* tensor category is monoidally equivalent to a strict C* tensor category.

Definition 1.5.10. Let U be an object of C. An object U of the category C is called a

congugate of U in C if there exist morphisms

R:1-5U®U
R:1-U®U
such that
UEE o0 eoU B8y LN Y RN

are the identity morphisms. (R* ®i)(i ® R) =iy and (R* ®i)(i ® R) = iy are called
the conjugate equations. If every object of C has a conjugate object then C is said to be
rigid C* tensor category. If any object of a strict C* tensor category has a conjugate

object then it is unique up to isomorphism.

Example 1.5.11. Let H be a finite dimensional Hilbert space and {e; : i € I} is an
orthonormal basis of H. Then H = {a : a € H} is a vector space, where @ + b =
a+b,ca=ca,c € C.{&} is an orthonormal basis for the vector space H. Inner product
is defined by < a@,b >=< b,a > . Then H is a Hilbert space. If H is an object of the
category Hilby then R: C — H @ H is defined by R(1) =) é;®e; and R: C - H®H
defined by R(1) =" e; ® &;, are the conjugate equations for H, hence H is a conjugate
object of H and Hilby is a rigid strict C* tensor category.

Let j : B(H) — B(H) be a linear map given by j(T)(h) = T*(h). j is a x-anti-
homomorphism and 52 = Idy.

Definition 1.5.12. Let U € B(H) ® Q is an invertible element, where H is a finite
dimensional Hilbert space, Q is a CQG. The contragredient of U is defined by

U= (j®id)(U ") e B(H)® Q. (1.5.1)

Example 1.5.13. Consider the category Corep(Q). Let U € B(H) ® Q be a finite
dimensional unitary corepresentation of Q. From proposition (1.4.14) of [NT], we know
that there exists a positive invertible operator py € B(Hy) such that (pr @ 1)U =
U(py @ 1). U defined by (j(py)'/? @ 1)U(j(py)~Y? @ 1). The operators Ry = (1 ®
j(p(1]/2)R € Mor(1c,U ® U) and Ry = (1 ®j(p(17/2)R € Mor(1c,U ® U) satisfy the
conjugate equations for U, where R(1) = > é; ®e; and R(1) = Y e;®¢ . U is a
congugate object of U. Hence, Corep(Q) is a rigid strict C* tensor category.
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Theorem 1.5.14. (Frobenius reciprocity) If any object U of C has a conjugate
object then the following holds:

1) Mor(U®V,W) = Mor(V,U @ W).

2) Mor(VoUW) = Mor(V,W&U).

1.5.2 Woronowicz’s Tannaka-Krein duality

Definition 1.5.15. A fiber functor F': C — Hilby is a tensor functor which is faithful

and exact .

Example 1.5.16. Let FN% : Corep(Q) — Hilby is a fiber functor defined by
FNW(U Hy) = Hy, where (U, Hy) is an object of this category , identity on the mor-
phisms and also Fo(U, V'), Fy are both identity maps.

We note a standard fact without proof:

Lemma 1.5.17. A linear functor F is faithful if and only if the image of a every simple

object is nonzero.

The above lemma is true for any unitary tensor functor because unit object 1 is a
subobject of F(U ® U) & F(U) ® F(U). If for any simple object U, F(U) = 0, then
F({U ®U) = 0. So, it is not possible to embed the unit object 1 inside F(U ® U). Any
linear functor is exact. Therefore a fiber functor is simply a tensor functor F' : C —
Hilby.

Theorem 1.5.18 ( Woronowicz’s Tannaka-Krein duality [Wor88, Wor98]). Let C' be a
a strict rigid C* tensor category and F be a unitary fiber functor on C. Then there
exist a CQG Q and unitary monoidal equivalence E : C — Corep(Q) such that F is

naturally unitary monidally isomorphic to the composition of the canonical fiber functor

Corep(Q) — Hilby with E.

Example 1.5.19. Tambara—Yamagami tensor categories [TY98] is equivalent to the the
category of representations of the Kac—Paljutkin Hopf algebra [TY98], which is arising
from the Klein 4-group Ky = Z/27 & Z/2Z. Elements of K4 = {e, s,t, st} satisfies the
relations s*> = 2> = (st)? = e. x = Xc 5 a nondegenerate symmetric bicharacter of K4

which is given by

Xc(ava) = Xc(b7 b) =-1, Xc(a7 b) =1,

1
5 -

direct sums of elements in S = K, U{p}. Sets of morphisms between elements in S are

and considering the parameter T = 5 .Let C(x,T) be a category and Its objects are finite
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given by
, C s=+¢,
Mor(s,s') =
0 s#45,
so S is the set of irreducible classes of C(x,T). Tensor products of elements in S are
given by

SRPp=p=pRs, pRp= @s,s@tzst, (s,t € Ky)
sEKy

and the unit object is e. Associativities ¢ are given by

Ps,tu = idstu; Psit.p = Pp,sit = idp,
Pspt = Xe(s,t)idy, Ps.p.p = Pp.pys = @ idp,
keKy
. 1 1.
Pp,sp = @ Xe(8,t)idy, Pp,p.p = <2Xc(k7l) 1@dp) : @ p— @ o
keKy

El keky leK,

for s,t,u € Ky. Now, if we choose the natural fiber functor of this category then this

category is identified with the corepresentation category of Kac—Paljutkin quantum group
Qkp, that is

1 R
¢ (o3 ) = Rep(Qu) = Corep(Qiy)

as tensor categories.
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Chapter 2

Projective corepresentation and
cohomology of CQG

2.1 Cohomology of quantum groups

In this section, we mainly focus on the second cohomology of compact quantum group.
We begin with Hopf *-algebras. In this section, let us denote by ® the algebraic tensor
product for Hopf *-algebra being considered. Let (Q,A) be a Hopf *-algebra and

A, Q%" Q®("+1) such that
A =id®R...QAR®...Q1d,

A is in the i-th position for i € {1,2,.,n} and we define Ag(z) =1 ® x and Ap41(z) =
x ® 1. So that A; defined for ¢ = 0,1,..,n + 1. A left n— cochain x is an invertible

element of H®". Coboundary of a left n-cochain x is a (n + 1)-cochain
Oy = (25" A () 4 Ay (x )

Definition 2.1.1. A left n-cochain x € Q%" is said to be a n-cocycle if 6, = 1. A left

n-cocycle is said to be counital if €;x = 1, where ¢, = id ® ... ® ...id, € at i-th position.

Example 2.1.2. A left 1-cocycle x is an invertible element in Q such that A(x) = x®x.

and it is automatically counital and any left 2-cocycle x € Q%? is satisfy the equation
(1T@x)(id®A)(x) = (x © 1)(A @ id)(x)

and it is counital if (e ® id)(x) = 1.

Lemma 2.1.3. Let G be a finite group then any left 1-cocycle x for the ring of continu-
ous function C(Q) is a group homomorphism x : G — C—{0}. A counital left 2-cocycle

37
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x of C(QG) is a normalized complex valued 2-cocycle of G.

Definition 2.1.4. Let 21,y be left 2-cocycles of Q. Q1,s are said to be cohomologous
if there exists an invertible element h in Q such that Qs = (h @ h)Q1A(R™1).

H2(Q, C*) be the set of cohomology classes of 2-cocycles. It does not necessarily

form a group.

Definition 2.1.5. A left 2-cocycle 2 is said to be unitary 2-cocycle if and only if Q
is a unitary element of Q@ ® Q and two unitary left 2-cocycles are said to be unitarily

cohomologous if and only if there exists a unitary element u such that Qo = (u ®

u) QA (u™h).

H?2(Q,S!) be the set of unitary cohomology classes of unitary left 2-cocycles.
We can similar define right n—cochain and n—cocycle. As we need only 1 and 2

right cocycle, let us define them below.

Definition 2.1.6. A right (unitary) 1-cocycle X' is an invertible (a unitary) element in
Q such that A(x') = X' ® X' and an invertible (a unitary) element X' € Q ® Q, is said
to be a (unitary) right 2-cocycle if it satisfying the equation

(ido A)(X)1@x) = (A®id)(x) (X @1).

Remark 2.1.7. Q is left 2-cocycle if and only if Q* is right 2-cocycle.

Definition 2.1.8. An element of Q%" is said to be invariant if it commutes with the
elements in the image of A1 : Q — Q%" where A" ! is defined inductively as
follows:A' = A, and AF is obtained by applying A to any of the factors of AF~1L.

Remark 2.1.9. An invariant element of Q® Q is a left cochain/cocycle if and only if it

is also a right cochain/cocycle. Hence we will simply call them invariant cochain/cocycle.

Lemma 2.1.10. If Q1,0 € Q%% are invariant unitary 2-cocycles, then Q1€ is a

unitary 2-cocycle and Q7 K25 are both unitary 2-cocycles.

Let A'(Q) be a set of all central invertible elements of Q and A%(Q) be a set of all

invariant invertible 2-cocycles of Q.

Lemma 2.1.11. § : AY(Q) — A%(Q) is a group homomorphism and image 6 is a central
subgroup of A%(Q).
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Definition 2.1.12. Invariant 1-cohomology and 2-cohomology of Q is given by

Hip(Q,C — {0}) = ker (3 : AY(Q) — A*(Q)),
H,(Q,C — {0}) = A*(Q)/Image(9).

Example 2.1.13 (Theorem 7.1 of [GK10]). H2 (Q,C—{0}) =1 if Q = C*(G) and G
belongs to the following list of finite groups:

i) the simple groups,

(ii) the symmetric groups Sy,

(111) the groups SLy(Fy),

(iv) the groups GLy(F,) when n is coprime to g — 1.
Example 2.1.14 (proposition 7.7 of [GK10]). HZ, (Q,C — {0}) = Za, if Q = C*(A4),

where Ay is the alternating group.

Lemma 2.1.15 (Theorem 7.4 of [EG20]). If G is a connected affine algebraic group
then H?2, (C*(G),C*) is a commutative group.

mu

Remark 2.1.16. For a finite group G, H2,,(C*(G),C—{0}) can be a noncommutative
group.

Let AL(Q) be a set of all central unitary elements of Q and A2(Q) be a set of all
invariant unitary 2-cocycles of Q. Similarly, we can prove that § : AL — A2 is a group

homomorphism and §(AL) is a central subgroup of A2(Q).
Definition 2.1.17. Unitary Invariant 1-cohomology and 2-cohomology of Q is given by

H’iinv(gv Sl) = ]€€T(5 : Ai(Q) - AZ(Q)v
Hyino(Q,81) = AL(Q)/8(A,(Q)).

The following lemma is easily follows from lemma (3.1.5) of [NT].

Lemma 2.1.18. There exists an injective group homomorphism 0 , is given by

0:HZ,. (9,8 — H2,(9,C—{0})

0(12]) = [,
where ) is an invariant unitary 2-cocycle in Q.

Example 2.1.19. From ezample (2.1.13), it is easily follows that H,, (Q,S*) =1 if
Q = C*(G) and G belongs to the following list of finite groups:
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(i) symmetric groups Sy,

(i) SLu(Fy),

(111)G Ly, (Fy) when n is coprime to ¢ — 1,
(iv) the simple groups

We can easily extend the notion of invertible and unitary left /right /invariant cocy-
cles to both CQG and DQG and also von Neumann bialgebra, by replacing the algebraic
tensor product by suitable C* or von Neumann algebraic tensor product, and also re-
places Q® Q by M(Q® Q) for a DQG Q. Counital cocycles will make sense under some

conditions, we have the counit is bounded e.g for DQG.

2.2 Alternative description of fiber functor

Here we will give an alternative definition of a fiber functor on the strict rigid C* tensor
category Corep(Q).

Let (Q,A) be a CQG. I be a collection of pairwise non-equivalent irreducible corep-
resentations of (Q, A). The dual DQG Q is a C direct sum of B(Hy), where(U, Hy) € T
or in general Q = W’ where (U, Hy) € 1.

Proposition 2.2.1. A unitary tensor functor (UTF) ¢ on Corep(Q) is determined by
the association (U, Hy) — Hge, = ¢(U, Hy), which is a finite dimensional Hilbert space

and linear maps
Qb : MOT(Ul R Ur, VMo - ® Vk;) — B(H¢(U1) (S ®H¢(U,«)a 7‘[¢(v1) QK- RQ H¢(Vk))
satisfying equations

¢(1) =1 (S OT) = o(5) ®(T)

(2.2.1)
P(5™) = o(5)" P(ST) = ¢(S)o(T).

Remark 2.2.2. If ¢ is a unitary fiber functor, then there exists a faithful linear map
¢ Mor(U,V @ W) — B(Hyw), Hev) @ Hew), where U, V,W are simple objects. If
we choose orthonormal bases for Mor(U,V @ W), we can write two orthonormal basis
for Mor(U, X @ Y ® Z). One of the basis consists of morphisms of the form (S ® id)T
and the other basis consists of (Id @ S")T" where X,Y,Z are irreducible objects and
SeMor(V,X®Y),T e Mor(UV®Z),S € Mor(V,)Y® Z), T € Mor(U, X @ V'),
where V is a subobject of X @ Y and V' is a subobject of Y ® Z. The coefficients of

transition unitary between both orthonormal bases are called 65 symbols.
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Definition 2.2.3. Two unitary fiber functors ¢1 and ¢o on Corep(Q) are said to be
isomorphic if there exist unitaries u, € B(Hy, (2), Heoy(x)) Satisfying

$2(5) = (uy, @ -+ @y, )p1(5)(ug, ® - @ ug, )

for all S € Mor(z1® -+ @xp,y1 @+ DY), 1 T, y1 - Yp € 1.

Definition 2.2.4. An invertible (unitary) left/right 2-cocycle Q € M(Q® Q) is said to
be an invertible (unitary) normalized 2-cocyle if (€R1)Q =¢é®1 and (10€6)Q = (1®E).,

where € is the counit of 0.

Let  be a normalized 2-cocycle, and let €y := (A®1)(Q)(Q®1) = (100)(Q)(12Q).
We define a unique unitary fiber functor ¢ on Corep(Q) such that

Hyoy =Hy, ¢a(S) =QS ¢o(T') =0T, (2.2.2)

where a,z,y,z € I and for all S € Mor(X,Y ® Z),T € Mor(a,x ® y ® z). From
Proposition (3.12) of [BRVO06] , we get a CQG (Qq, Aq) whose dual is given by Qg = O
and Aq(a)pa(S) = ¢a(S)a for all a € B(Ha),S € Mor(z,y ® 2),z,y,2z € I. ¢q
is a monoidal equivalence between Corep(Qq) and Corep(Q). Coproduct Ag(a) =
Q*A(a)9, for all a € Q.

Proposition 2.2.5 (Proposition (4.5) of [BRV06]). :

Let ¢ be a unitary fiber functor on Corep(Q) and dim(Hyy)) = Ha, for all irre-
ducible objects x € Corep(Q, A). Then there exists a normalized 2 cocycle Q@ on (Q, A)
determined up to coboundary such that ¢ is isomorphic to the fiber functor Févat.

2.3 Projective corepresentation

We will first discuss little bit about measurable projective corepresentations. However,
in this thesis we will mainly concerned with continuous projective corepresentations.

Sometimes we drop the word continuous.

Definition 2.3.1. ( [DC11b]) A von Neumann bialgebra (M,Apr) consists of a von
Neumann algebra M and a faithful normal unital *-homomorphism Apy : M — MQM,

satisfying the coassociativity condition
Ay @0)Ay=0® AM)AM

A von Neumann bialgebra (M, Aypr) is called a compact Woronowicz algebra if there
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exists a faithful normal state wpr on M which is A p-invariant:
(M ® )AM(z) = (L ® pm)Am(2) = pum(z)l  for allz € M.

Definition 2.3.2. ( [DC11b]) Let (M, Apr) be a compact Woronowicz algebra. A right
Galois co-object for (M, Ayr) consists of a Hilbert space L2(N), a o-weakly closed linear
space N C B(L%(M), L%(N)) and a normal linear map Ay : N — NN, such that the
following properties hold: with N°P denoting the set

NP .= {2* |z € N} C B(L*(N), L*(M)),
1. N - £L?(M) is norm-dense in L2(N), and N° - L2(N) is norm-dense in L>(M),
2. the space N is a right M -module ,
3. for each x,y € N, we have z*y € M,
4. An(zy) = An(x)Ap(y) for allz € N and y € M,
5. An(2)*An(y) = Ay (a*y) for all z,y € N,
6. AN is coassociative: (Any @ L)An = (¢ ® An)Ap, and

7. the linear span of the set {An(z)(y® 2) | z € N,y,z € M} is o-weakly dense in
NQ®N.

If (N1,AnN,) and (N2,Ap,) are two Galois co-objects for a von Neumann bialgebra
(M, Ayp), we call them isomorphic if there exists a unitary u : L2(N1) — L2(Ns) such
that uN1 = Ny and

AN, (uz) = (u @ u)An, (x) for all x € Ny.

Example 2.3.3. If (M, Ayy) is a compact worinowicz algebra, then (M, Apr) is a right
Galois co-object for (M, Apy).

Example 2.3.4. Let (M,Ap;) be a compact Woronowicz algebra, and Q a unitary
2-cocycle for (M, Ay). Now, if we choose L2(N) = L2(M), N = M and

An(z) = QAN (), for all x € M,

then (N, An) is a Galois co-object for (M, Ayr), called the Galois co-object associated
to Q2
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Definition 2.3.5. Let (M, Ap) be a compact Woronowicz algebra, (N, Ayn) is a right
Galois co-object for (M,Apr). A (left) (N, An)-corepresentation of (M,Ap) on a
Hilbert space H consists of a unitary map G € NQB(H) such that

(AN ®1)G = G13Ga3.

Definition 2.3.6. Let (M, Ayr) be a compact Woronowicz algebra. A measurable left
projective corepresentation of (M, Ay) on a Hilbert space H consists of a left coaction
a of (M,Ap) on B(H),

a:B(H)— MRB(H).

Similarly, a measurable right projective corepresentation of (M, Ans) on a Hilbert space
H consists of a right coaction 3 of (M, Apr) on B(H)

B: B(H) — B(H)®M.

We will denote by gA(z) := QA(x) and Ag-(x) := A(z)Q* for all z € Q.

Definition 2.3.7. Let (Q,Ag) be a C* algebraic CQG. A continous left projective
corepresentation of (Q, Ag) on a Hilbert space H consists of a left coaction o of (Q, Ag)
on K(H),

a: K(H) — M(Q® K(H)).

As it is a non-degenrate x homomorphism, we can extend this coaction on M(K(H)) =
B(H) . Similarly, a continuous right projective corepresentation of (Q, Ag) on a Hilbert
space H consists of a right coaction 8 of (Q,Ag) on B(H).

In this thesis, we will mainly focus on continuous left /right corepresentation of a

CQG (Q,Ag).

Theorem 2.3.8. Let (L>(Q), A) be a von-Neumann algebraic CQG and o be a measur-
able left projective corepresentation of (L>°(Q),A) on a finite dimensional Hilbert space
H. Then it corresponds to a Galois co-object (N, An) where N = L (Q) , Axy = QA
and Q is a left 2 cocyle in L>®°(Q)RL>®(Q).

Proof. Let us assume that {e; : ¢ € I} is an orthonormal basis for the finite dimensional
Hilbert space H and {e;; : 4,7 € I} is a set of matrix units of B(H). First we will prove
that a(e11) and 1 ® e1; are Murray-von Neumann equivalent.

Suppose «af(ej1) is an infinite projection in L*°(Q)®B(H). There exists a central
projection Zy € P(Z(L>*(Q)®B(H))) such that Zya(e11) is properly infinite and

(1 — Zp)a(err) is a finite projection. Now consider the von Neumann subalgebra
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(1 — Zop)(L>*(Q)®B(H)) which is a finite von Neumann algebra as (1 — Zp)e;; is a
finite projection and ) (1 — Zp)a(esi) = 1 — Zy is a finite projection. We know from

theorem 1.2.16 that there exists a center valued tracial conditional expectation
r i (1= Z)(L¥(Q)@B(H)) — Z(LX(QEB(M))(1 - Z)).

By comparability theorem, there exists a central projection W € (1—2)(L*°(Q)RB(H))
such that W(1 — Zy)a(e11) ~ P < W1 — Zy)(1 ®eq11) and (1 — Zyg — W) (1 ® e11) ~
P < (1—-Zy—W)a(e11) where Py, P{ are projections in (1 — Zy)(L*°(Q)®RB(H)). As
a is a unital * homomorphism, «(ej;) ~ a(e;) for every i. Hence there exists P; €
P((1 - Zy)(L>®(Q)®B(H)) such that W (1 — Zp)a(e;) ~ Pi < W (1 — Zp)(1 ®e;;). Now
we can conclude Y ;" | 7(W(1 — Zp)a(es)) = 7(W (1 — Zy)) = nt(W(1 — Zp)a(enn)) <
nt(W(l—Zp)(1®ei1)) =7(W(1—2Zy)). So 7(W(1—Zp)a(err) = 7(W(1—Zp)(1®eir)
and similarly 7((1 — Zp — W)(1 — Zp)(1 ® e11)) = 7((1 — Zo — W)a(e11)). Hence
T((1—Zp)a(err) = 7((1—Zp)(1®eq1)). From this, we can conclude that (1—Zp)a(e11) ~
(1—2Zp)(1 @ e11).

Now, we will prove that Zpa(e;1) ~ Zo(l ® e11). If we choose the von Neumann
subalgebra Zy(L*°(Q)®B(H)), then Zya(e;;) is a properly infinite projection. From
Halving lemma, we get Zpa(ei1) ~ Zpa(einn) + Zoa(ezz) that implies Zpa(enn) ~
> Zoolesi) = Zo. Now, we will prove Zy(1 ® e11) is a properly infinite projection.
Suppose there exists a Z1 € P(Z(Zy(L*°(Q)®B(H))) such that Z1Zy(1 ® e;;) # 0. If
Z17Z0(1 ® eq1) is finite then Z1Zp(1 ® e;;) is finite as Z1Zp(1 ® ey;) ~ Z1Zp(1 @ eq1).
Hence, Z1Zy = Z1 = >, Z1Zp(1 ® e;;) is finite projection. As Z1Zy(a(ei;)) < Z1Zo,
Z1Zp(a(eq;) is a finite projection. But Zy(a(e;;)) is a properly infinite projection, there-
fore ZyZya(e;;) = 0 or an infinite projection. So, we can conclude that if Z17p(1 ® e;;)
is a finite projection then Z1 Zpa(e;;) = 0, which implies Z; Zy = 0. But we assume that
Z170(1 ® e;;) # 0. So, Z1Zy(1 ® e;;) is an infinite projection. Hence, Z1Zy(1 ® e;;)
is a properly infinite projection. Similarly we can prove that Zy(1 ® e;) ~ Zp. As
Zoa(er1) ~ Zo(l ®eqq) and (1 — Zp)a(err) ~ (1 — Zp)(1 ® e11), then we can conclude
that a(e11) ~ (1 ® e11).

Let, u be a partial isometry such that wu* = (1 ® e11) and v u = a(ej;). Let
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U=>5",(1®e;)ualer;), which is a unitary in L*°(Q)®B(H).
U*(1® €igjo)U = _ alea)u*(1® e1) (1@ eqgj) (1 @ ej1)ua(er;)
]
= Z afein)u” (1 ® ern)ua(en)diigj,o
i,J

=a(ejo1)u” (1 ® er1)ualery,)

=a(ejy1)uuu ua(e )

(
a(ejor)uualers,)
(

=a(€ig o )-

Hence a measurable left projective corepresentation of (L*°(Q),A) on a finite di-
mensional Hilbert space # is implemented by a unitary U. From Theorem (3.1.5)
of [DCMN24], we know that there is a 2-cocycle € such that (@A ®id)(U) = U12Ui3. So,
any left measurable measurable projective corepresentation of (L°°(Q),A) on a finite

dimensional Hilbert space H corresponds to a right Galois-coobject (L>°(Q),qA). O

Definition 2.3.9. Let § be a measurable left (right) projective corepresentation. We
say that § is cleft if there exists a unitary U € L>®(Q)RB(H) (B(H)QL>®(Q)) such
that 6(a) = u*(1 ® a)u (6(a) = u(a @ 1)u*).

Similarly, a continuous left /right projective corepresentation is said to be cleft if it

is tmplemented by a unitary.

Definition 2.3.10. A unitary U € B(H)RL>®(Q) is said to be a measurable right
projective corepresentation if there exists a right 2-cocycle Q* € L*®(Q)RL>(Q) such
that (Id @ Aq+)(U) = U12Urs and a measurable left projective corepresentation if there
exists a left 2-cocycle @ € L®°(Q)RL>®(Q) such that (Id ®q A)(U) = Ui2Uss.

A unitary U € M(K(H)®Q) is said to be a continuous right projective corepresenta-
tion if (Id® Aq+)(U) = Ui2Uss for a right 2-cocycle Q* € (Q® Q) and a continuous left
projective Q corepresentation if (Id®q A)(U) = Ui2Uis for a left 2-cocycle Q € (Q® Q).

Proposition 2.3.11. (proposition 3.1.9 of [DCMN24]) Let § : B(H) — B(H)®L>(Q)
be a cleft right measurable projective corepresentation. Then there exists a right 2-

cocycle 2 € L*(Q)RL>*(Q) and a unitary measurable right projective corepresentation

U € B(H)®L>®(Q) such that 6(a) = U(a ® 1)U*.

Remark 2.3.12. If § : B(H) — L>*(Q)RB(H) be a cleft left measurable projec-
tive corepresentation if and only if there is a right 2-cocycle Q* € L*®(Q)RL*(Q)
and a measurable left projective corepresentation U € B(H)QL>®(Q) such that 6(a) =
o(U*(a® 1)U), where o is the flip map from B(H)QL>(Q) to L>®(Q)RB(H).
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Proposition 2.3.13. (Theorem 3.1.12 of [DCMNZ2/}]) Any continuous left/right projec-
tive corepresentation of (Q,A) is cleft, which means any right projective corepresenta-
tion « corresponds to a unitary right projective corepresentation U € M (K (H)® Q) such

that o = Ady and any left projective corepresentation B corresponds to a left projective
corepresentation V € M(K(H) ® Q) such that B = o(Ady~).

Remark 2.3.14. Note the slight confusion in the terminology as a projective left/right
unitary corepresentation can mean either a homomorphism & or a corresponding unitary.
We often call a unitary to be a corepresentation without explicitly mentioning the cocycle
Q if it is understood from the context. However, we will mostly use unitary picture
of projective corepresentation. For a classical compact group G, left/right projective
representation are the same thing. However, for a general CQG this is not so. Thus, it

is natural to consider special class left/right/biprojective projective corepresentations.

Definition 2.3.15. A unitary U € M(K(H) ® Q) is said to be a biprojective unitary
corepresentation if it is a both left and right projective corepresentation (possibly with
different 2-cocycles) of Q.

Definition 2.3.16. Let U € M(K(H,) ® Q),V € M(K(H, ® Q) be two right/left
projective corepresentations of Q. Morphism between U,V are given by

Mor(U,V) = {T € B(Hu,Ho) : (T @)U = V(T ®1)}.

(U, H) is called irreducible if Mor(U,V) = Cldy,,.

Lemma 2.3.17. If (U, H,,) and (V,H,) are two irreducible left/right projective corepre-
sentations of Q, then either U is not unitary equivalent to V- and Mor(U,V) = (0); or
U is unitary equivalent to V and Mor(U,V') is a 1-dimensional subspace of B(Hy, Hy).

Lemma 2.3.18. (Lemma (3.2.6) 0f [DCMNZ24]) Every left/right projective corepresen-
tation U of Q decomposes into a direct sum of irreducible left/right projective corepre-

sentations.

Proposition 2.3.19. Let O be a compact quantum group and 2 a left 2-cocycle on
Q. Defining V' = QVg, where Vg is right reqular corepresentation of Q, the following
properties hold:

i) For all x € Q and ¢ € H, we have V¢(A(z) ® €) = oA(z)(Eg ® €).
i) For all x € Q we have oA(z) = Vi (z ® Hvg.

iii) The following identity holds: (id ® oA) (V) = VEVE, so V€ B(L*(Q)) ® Q is

an Q2-representation.
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w) The following pentagonal equation holds: VAV (Vg)as = VoV,

The unitary V< is a left regular projective corepresentation of Q on L?(Q) with respect

to Q or left regular 2 corepresentation of Q on LQ(Q).

Remark 2.3.20. Similarly, defining W = WoQ*, we have that (W?)*(£ @ A(x)) =
oA(2) (€ @ &), for all x € Q and & € L*(Q). For all x € Q, we have gA(z) =
(W*(1 ® x)Wg and the pentagonal equation: (Wg)i2aWiAWSE = WLWiL and the
following identity holds: (Aq+ ® id)(W?) = WAWSE, so SWRS is an Q*-projective
corepresentation.

The unitary W is called right projective regular ) corepresentation of Q on L?(Q)
with respect to Q or simply right regular ) corepresentation of Q on L?(Q).

Proposition 2.3.21 (Twisted Peter-Weyl theorem I). (Theorem (3.2.12) of [DCMN24])
Let Q be a CQG and Q a 2-cocycle. The right projective reqular corepresentation
(VR L2(Q) contains all irreducible Q-representations of Q in its direct sum decom-

position.

Proposition 2.3.22 (Twisted Schur’s orthogonality relations). (Theorem (3.2.13 of
[DCMN24]) Let Q be a CQG and Q a left 2-cocycle on Q. Let {u”},crrr0,0) be a
complete set of mutually inequivalent, irreducible left projective C)-corepresentations,
with fized bases for the associated Hilbert spaces H,. For each x € Irr(G,Q) there
exists a positive trace class operator F* € B(H,) with zero kernel such that the following

orthogonality relations hold:

ho ((uiy) i) = day01; iy,

or every x,y € Irr(9,Q), 4,7 =1,...,n, and k,l =1,...,n,, hg is the Haar state o
ys 1Q
(Q?A)

Theorem 2.3.23 (Twisted Peter-Weyl theorem II). (Theorem (3.2.14) of [DCMN24])
Let Q be a CQG and Q0 a left 2-cocycle on Q. We have a unitary transformation

L*(Q) 2 @ H.®H, such that A(ufy) = VEF & ®§, forall j =1,...,ng,
zelrr(Q,Q)
x € Irr(Q, ). Similar statement hold for right projective corepresentation of Q for a

corresponding right 2-cocycle 2*.

Proposition 2.3.24 (Twisted Maschke’s theorem). Let Q be a compact quantum
group and  a 2-cocycle on Q. Let (U, Hy) and (V,H,) be two right projective Q-

corepresentations of Q.

i) If T : Hy — Hy is a linear compact operator, then the average intertwiner T

with respect to T' is again compact.



Chapter 2: Projective corepresentation and cohomology of CQG 48

i) The C*-algebra D, = K(H,)% acts non-degenerately on H.,, that is, [DyH,] =
Hu-

iit) If U is an irreducible object, then U is finite dimensional.



Chapter 3

Projective envelope of a compact

quantum group

Our main goal of this chapter is to prove that left/right/bi projective corepresentation

of a CQG can be lifted to usual (linear) corepresentation of a bigger CQG.

3.1 Unitarity of U for a projective corepresentation U

The key step of this construction is the fact that for any unitary projective corepre-
sentation U on a finite-dimensional Hilbert space, U€ is unitary for a suitable choice of
inner product. This will be proved in this section.

We recall from chapter 2 the definitions and results about left /right measurable and
continuous projective corepresentation. In this chapter, we will deal with continuous
projective representations only. It has already been seen in chapter 2 that any continu-
ous projective corepresentation can be expressed as a direct sum of irreducible projective
corepresentations and any irreducible projective corepresentation is always finite dimen-
sional. Therefore it is natural to study finite-dimensional projective corepresentations.
For rest of this chapter we will assume that any projective corepresentation considered

by us if finite dimensional.

Fix an orthonormal basis {e; : i = 1---n} of a finite-dimensional Hilbert space H.
Hence {&;:i=1 --- n} is an orthonormal basis for the Hilbert space H, where the inner
product <, >z defined by < a,b > =<b,a>y .

Let ¢:B(H) — H @ H be the linear map defined by ¢(e;;)=e;®e;, where e;; are the
matrix units of B(H). It is a vector space isomorphism map. e;; given by e;;(ex) = djre;.
Similarly, let €; be the matrix units of B(H) given by €;;(€;) = €;;.

Let Q be a CQG and U € B(H) ® Q be a unitary element. U¢ = (j ® id)(U")

49



Chapter 3: Projective envelope of a compact quantum group 50

from the definition 1.5.12 of 1 st chapter and (U ® U¢) = Uj3US; € B(H® H) ® Q C
B(H ®H ® L*(Q)), where L?(Q) is the GNS space for the Haar state (say h) on Q.

Lemma 3.1.1.
Ady(a) = (¢ ®@ido) (U@ U (¢ @ Idg)(a® 1)

where a € B(H) and 1 is the identity element of Q viewed as a cyclic vector of L*(Q).

Proof. Assume that U = ) e; j ® u;j,where e;; are the matrix units of B(#) and

w;j € Q. For a = ¢;y j,,

AdU(eiojO) :U(eiojo &® 1)U*

= Y (i @ i) (€igjo @ 1(egi, @ ufy,)

11,J1,42,J2
— . . . . .o . . . *
= E €i11CigjoClaia & Uiyjr Uiyjy

_— . . . . *
- § €iyig ® ulllouigjo'

11,82
We know U @ U¢ = U13U53 = Zeiljl &) €44y @ uiljlu;‘,zh.
Now,

(07! @ Ido)(U @ U)(¢ ® Idg)(eigjo ® 1)
(07! @ Ido)(U @ U°)(¢(€injy) © 1)
(6! @ Ido)(U & U%)(er, @ & @ 1)
(¢—1 ® IdQ)(Z 61’1]1(6 ) ® 6%2]2(630) @ Uiy jy 12_]2)
( )

)

6t @ 1do) (D enGings ® €idings ® Uinjyulyj,)
=7 @ 1)) en @ iy ® irigulyo)

- Z o (e, ® €iy) @ uiyigu iado

- Z Civiy @ WiyigUsyjo-

As the matrix units e;,;, form a basis of B(H) , it follows that Ady (a) = (¢7'®@1dg)(u®
u)(¢p @ Idg)(a® 1) for any a € B(H). O

Let 0 be a right coaction of Q on B(H) that corresponds to a right projective
corepresentation U € B(H) ® Q. We can write 6 = Ady.
Let ¢ : B(H) — C be the linear function defined by ¢ (a) = (T'r ® h)d(a).
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Lemma 3.1.2. Then the following identity hold:

(¢ @ Ido)d(a) = ¢(a)le,
where a € B(H).

Proof. For a € B(H), we have

Y@ Idg)d(a)

(Tr ®h)d ® Idg)d(a)
Tr@h®Idg)(d® Idg)d(a)
Tr@h® Ido)(Idpmy ® A)d(a)
Tr® (h®Idg)A)d(a)

Tr @ h.1g)dé(a)

(Tr @ h)d(a)lg

=y(a)lg.

(
=(
=(
=(
=(
=(

So, (Y ®@ Idg)é(a) = ¢(a)le. -

Remark 3.1.3. As 1) is a faithful state on B(H) there exists a positive invertible linear
operator R € B(H) such that ¢(a) = Tr(Ra). Now, we define an inner product < .,. >pg
onH st. <a,b>r=< RY2(a), RY/2(b) >. Let us denote this Hilbert space by Hp and we
can give a new inner product on B(H) by using this positive operator R and for any two
operators T, S € B(H),the new inner product is < S,T >pew= Y(T*S) = Tr(RT*S). It
is easy to check that under this new inner product (B(H), < S,T >pew) is isometrically

isomorphic to H ® HRg.

Theorem 3.1.4. Define the linear map 6y : H@ Hr — HQ® Hr ® Q given by
ov = U aU")

then 0y is a unitary corepresentation of the CQG (Q, A).

Proof. As R is a positive matrix in B(H) hence R is diagonalizable. Without loss of
generality, we assume that e; are orthonormal eigenvectors of R. Therefore, {e; ® €; :

i,j = 1---n} is an orthonormal basis for H ® Hpg.
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We will prove that < d(e;, ® €j,),0(e1, ® emy) >=< €iy) @ €5y, €1y D Emg > -

< Ou(eiy ® €y), Ouler, @ emg >
=< (u®u) (e, @€, @1), (uu) (e, ® emy ® 1)

— * — *
=< Z iy @ €iy @ UiyigUsjy o Z el @ €ly @ Ul 1yUym, >

11,12 l1,l2
— — * * *
= § < e Q €y, e Ve > (uiliouigjo) U110 Ulymeg
11,02,l1,l2

— — * *
= E < €5q,€ >< €4y, €], >HR WUiajo Uiy o Wiy lo Ulgmyg
- E 51111 < Relz? Cip > Wigjo Uiy iqWliloWiamg

- E , < Relwelz > UZQJO(E uiliounlo)ulgmo

J2,l2

JE— . . . . *
= E 51010 < Relwelz > Uiz joUlymyg -

From Lemma (3.1.2), we know that (¢p ® Id)d(a) = (a).

For a = ey,,,, we have

(1 @ Id)6(emyjo)
=(1 ® Id) Ady (emqjo )
= @ Id) (Y eiriy ® Uiymg Uy,
= Z Y(€iyin ) UiymoUiyj,

- Z < Re;y, €y > uilmou’?ﬂo = w(emom)lg'

*
timo

Taking adjoint on both side of the equation we will get, > < Re;,, €5, > ui,jou
7vzj(emojo)lQ'
It follows that,

Z dipip < Reu,,e€iy > ui2j0uzk2mo
= S1gio ¥ (€mojo) 10
=< €4y, €1, >< Rl/zemo,R1/2ejO > 1o
=< €iy, €ly >< €y, €my >H, 1o
=< €y Q €jg, €y @ emg > pe, Lo
Thus < 0(ei, @€, ), I(€1y @ my) >=< €iy Q€5 , €1, Dem, > and using the fact that matrix

units form a basis of H ® Hg we get < 6(a),d(b) >=< a,b > 1g, for any a,b € H® Hg.
Now, we will prove (dy ® id)dy = (Id ® A)dy.
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we know from Lemma (3.1.1), Ady(¢~1(a)) = (¢! @ Id)(U @ U%)(a ® 1), where a €
H ® H, which gives:

(Ady ® 1d)Ady (¢~ (a)) =(id ® A)Ady (¢~ (a))
(id @ A) (¢! ® Idg)dy(a)

(o' @ Idg ® Ido)(Id ® A)dy(a).

Then, it is easily follows that

(Id ® A)dy(a)
(¢ ®Ido ® Ido)(Ady ® Id)Ady (¢~ (a))
(p® Idg ® Idg)(Ady @ Id) (¢~ @ id)dy(a)
(

(

(p®Idg) ® Idg)(Adyd~' ® Id)dy(a)
(¢ ®Ido) @ Idg)((¢™ @ Id)dy @ Idg)dy(a) = (by ® Idg)dy(a).

Note that 6 = Ady is a coaction of CQG (Q,A) on the finite-dimensional
space B(H), hence from the general theory of CQG coaction, span{Ady(z)(1 ® q) :
r € B(H),q € Q} = B(H)® Q. As ¢! is a vector space isomorphism, we have
span{Ady (¢~ ')(a)(1 ® q) : a € H® Hr,q € Q} = B(H) ® Q. This proves that
Sy(H®H)(1® Q) is total in H ® Hr ® Q. Hence, §y is a unitary corepresentation. O

Corollary 3.1.5. U® is a unitary element of B(Hg) ® Q.

Proof. This follows from the fact that U5(U ® U¢) = Usy and Ugs is a unitary. Hence,
(1® U®) = U, U13US,, which is unitary. O

Now, we define a linear map T' : H — H such that T(z) = R(-1/2)(z). If both
the domain and range have the same old inner product structure, then 7' is a positive
invertible map. If the domain space has the original inner product structure of # and
the range space has the inner product <, >4 . as in remark (3.1.3), which is induced from
the positive matrix R, then T is an isometry from H to Hr because < T(Z), % >h,=<
R=(U/2)(z),5 >, =< T,RY?(y) > implies that T*(y) = R'/?(y) and T*T = Idg. T is
an isometry from (H, <,>) to (H, <,>g,) and TT™ = Idy.

Lemma 3.1.6. (T~! ® Idg)U(T ® Idg) is a unitary element of B(H) ® Q, where the

inner product structure in H is the natural inner product structure.
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Proof. U€ is a unitary element in B(Hg) ® Q). T is an isometry from H to Hg and an
invertible map. By using these three facts, we can conclude that (T~ '®1Ido)U¢(T®Idg)

is a unitary element. O

We assume that T-1 = p!/2, where p(7) = R(x).

Lemma 3.1.7. If U is a unitary right projective corepresentation of Q on H, then
(p1/2 X l)UC(,zfl/2 ® 1) is a unitary left projective corepresentation on H.

Proof. If U is a unitary right projective corepresentation with the associated right 2-
cocycle  then it follows that (Id ® Aq+)(U) = Ui2U13. Now, one can easily conclude
that (Id ® oA)(U*) = Uf5Ufs.

We know U°¢ = (j ® Id)(U*), where j is the conjugation map from B(H) to B(H)).
This implies,

(Id @ oA)(U®) =(Id ® oA)(j ® Id)(U*)
® Id ® Id)(Id ® oA)(U*)

® Id ® 1d)(Us3Us)

=(j @ Id® Id)(Uy)(j ® Id @ Id)(Ufy)

__77C TTC
_U12U13'

(
(
(

J
J

From this we conclude that

(Id® oA (P2 @ Dut(p™ 2 2 1)) =2 @ 1@ Dufyuis (02 210 1)
P?e1e e 21 )p?ol1e Duisp P e1e1)
=((p"? @ Du(p* @ 1))12((p"? @ L)u(p~/* @ 1)1,

where (p'/2 @ 1)u¢(p~/2 @ 1) is a unitary left projective corepresentation on H. O

Lemma 3.1.8. Let U € B(H) ® Q is a unitary. Then, followings are equivalent:
1) If U is a right projective corepresentation.

2) There exists a positive matriz p € B(H) st. U ® ((pM/? @ 1)U(p~/? ®1)) is a

unitary corepresentation of (Q,A).
3) U ® U°® is an invertible corepresentation on H @ H.

Proof. (1= 2)
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Assume that U is a right projective corepresentation with corresponding 2-cocycle
Q2. From the lemma (3.1.7) , we know that there exists a positive matrix p such that

U, = (p"? @ 1)U(p~/? ® 1) is a left projective corepresentation. Now,

(Id® AU @ Uy) =(Id @ A)(U13Upa3)
=(Id® A)(U13)(Id ® A)(Uras)
=U13U14Q0.Q Uy 23U24
=U13U23U14U7 24
=(U ® Up)12(U ® Uy )13.

This proves that (U ® U,.) is a unitary corepresentation of (Q, A).

(2=13)
UUS =10 (p?010)(UeU)1o (p~1?®1g). As U @ U, is a unitary

corepresentation therefore U @ U* is an invertible corepresentation of (Q, A).

(3=1)

Let U ® U be an invertible corepresentation of Q. As we observe, Ady = (¢71 ®
10)(U® U (¢ ®1g)( Proposition 3.1.1). Now, the proof of coassociativity in Theorem
3.1.4 applies verbatim in this case as well. Hence Ady is a coaction of Q on B(H). U is

a right projective corepresentation corresponding to a 2-cocycle Q2 of Q. O

All the above results can be easily extended to left coaction/left projective corepre-

sentation. In particular, we have
Lemma 3.1.9. Let U € B(H) ® Q is a unitary. Then followings are equivalent:
1) If U is a left projective corepresentation.
2) There exists a positive matriz p € B(H) such that ((p"/? @ NU(p~2 @ 1))@ U
is a unitary corepresentation of (Q,A).
3) U¢®U is an invertible corepresentation on H @ H.

Proof. The proof of this is easy consequence of the lemma (3.1.8), hence ommited. O

Lemma 3.1.10. Let U € B(H) ® Q be a unitary, then followings are equivalent:

1) U is a bi projective corepresentation of Q.
2) There exists a positive matrices py € B(H) such that ((p;/2 ® l)Uc(p;l/2 ®1))®

U,U® ((p;/2 ® 1)Uc(p2_1/2 ® 1)) are unitary corepresentations of (Q,A).

3) U U, U¢®U are invertible corepresentations of Q.

Proof of this lemma is ommited.
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3.2 Construction of a univeral C* tensor category for

defining projective envelope

Now, we define a category a where objects are (U,H) and H is a finite-dimensional
Hilbert space. Note that the construction of the category, the associated CQG or DQG,
corepresentation & and the homomorphism II in the proof of theorem (3.2.4) are essen-
tially taken from [GS25]. The basic idea behind the construction of the category was
motivated by Stefan Vaes through private communication to the first author of [GS25].

The objects of the category « are (U,’H) where H is a finite dimensional Hilbert

space and the following conditions hold;
1) U € B(H) ® Q is a unitary element.

2) There exists a unitary element U € B(H) ® Q ,that satisfies the following proper-

ties:

i) There exists linear maps Rg, : C — H®H and Ry, : C — H @ H such that

(Rs, @ Id)(1. ® Id) = (U @ U)(Rg,, ® 1) (3.2.1)
(Rt @ Id)(1. @ Id) = (U U)(Ry, ® 1) (3.2.2)

also, it satisfies the following equations
(REU ® Idg)(Idy ® Ry,) = Idg (R:U ® Idy)(Idy ® Rs,,) = Idy. (3.2.3)

For s ¢ H®H ,Rs : C — H ® H defined by Rs(x) = zs. Similarly, we can define
the linear map R;.

For any two objects (U, H), (V,K) of this category, the morphism space defined by

Mor((U,H),(V,K)))
={T € B(H,K):V(IT'®1)=(Te1)U ,VeBK)®Q,UecB(H) 9}

Theorem 3.2.1. « is a Rigid C* tensor category.

Proof. Mor((U,H),(V,K)) is a finite-dimensional vector space for any two objects
(U,H),(V,K) of a. So, it is a Banach space. It is routine work to check that « is
a C* category.

Let Rg, and Ry, satisfies the following equation (3.2.1) and (3.2.2) and also satifies the
equation (3.2.3) for the object (U,#). Similarly, Rg, and Ry, satisfies the following
equations (3.2.1) and (3.2.2) and also hold the equations (3.2.3) for the object (V,K).
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One can easily check that (Idy ® Rg, ® Id,) Rs, and (Id, ® Ry, ® Idy) Ry, satis-
fies the equation (3.2.1) and (3.2.2) and also (3.2.3) for the object (U® V,H ® K) =
(U12Vas, H ® K). Hence, (Uy3Ves, H ® K) is the tensor product of (U, H) and (V,K)).
Now, we define a bilinear bifunctor ® : @ x @« — «a such that (U, H),(V,K)) —
(U12Vas,H ® K) and the associative morphism is the Identity map. This associative
morphism satisfies the pentagonal diagram and also commutes with the triangular dia-
gram. So, it is a tensor category. Idc ® Q is unit object of this category. Hence, « is a
strict tensor category.
Direct sum:
Let assume that sygy = (sv,0,0,5v), tvev = (tr,0,0,ty). Then Rg,., sat-
isfy the equation (3.2.1) and Ry, satisfy the equation (3.2.2) . We will prove that

Rgy Ry satisfies the equations:

(R*SUéﬁV ® Id’l':l-l-’a)(jd’)q-f‘ﬁ ® Rh]@y) - Id’}:[_A'_k:,
(R ey ® Idyiic)(Idatk @ Rsyygy) = Idaix.

First, we will check

(RS ey @ ldger)Tdgag @ Riyg,) = Idgaek.

(BSy 0y @ Idjyic)Idgeg ® Riygy) = (R, @ Ok © Oggy @ Ry,) ® Idjer)
(Idjai ® (Riy, @ 0yni @ Oken @ Rey)
= (R, ® Id7)(Idzg ® Ry,) ® (RS, ® Idg)
(Idg ® Ry,,)
= Idg @ Idg = Idg,

Similarly, we will get
(R © Idyar)(Idysx @ Ry, ) = Idysk.

Hence, (U,H)® (V,K) = (U ® V,H @& K) is an object a.
It follows from the property (2) « that each object has a conjugate object.
subobject: First, we will prove a lemma which will help us to prove « is closed

under subjects.

Lemma 3.2.2. Let (U, H) be an object of this category and P be a projection in
End(U,H), then there exists a projection P in End(U,H) .
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Proof. If T € Mor((U,H),(V,K)) then there exists a T € Mor((V,K), (U, H) which

satisfy the equation
(T" ® Idy)Rs, = (Idg © T)Rsg,,.

Let P be a projection in End(U,#H) which corresponds to an operator, denoted by
P’ € End(U,#). Tt holds the following equation: (P’ ® Idy)Rs, = (Idg ® P)Rs,,.

Now,

(P? ® Idy)Rs, = (P' ® Idy)(P' ® Idy)Rs,
= (P' ® Idy)(Idg ® P)Rs,
= (Idg ® P)(P' ® Idy)Rs,
= (Idg ® P*)Rsg,

= (Idg ® P)Rs,

= (

P'® Idy)Rs, .
From this, we can conclude that
(P — P')® Idy)Rg, =0
and P’ is an idempotent operator because
(R%, (P? — P")® Idy) ® Idg)(Idg © Ry,) = P> — P' = 0.

End((U,H)) is a finite-dimensional C* algebra. So, it is a von Neumann algebra. There-
fore,there exist a projection P € End(U,H) such that PP'=P’ and P'P = P. |

Now, we will use this to prove that if P € End((U,H)) then (P ® 1)U, PH) is a
subobject of (U, H).
First, we choose the vectors sp, = (P® P)sy and tp, = (P® P)ty. It is straightforward
to check Ry, € Mor((1c®14,C), P(H)®PH)), Ry, € Mor((1c®14,C), PHOP(H))).
We will prove that

(R, ®Idpg)Idpggy @ Rep,) = Idpeg.
(R, ® Idpy)(Idpy @ Ry, ) = Idpy.
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Now,

Idp ) © Ry)
R; @ Idp))(P® P® P)(Idps) ® Ry,,)
R; @ ldg)(Idg® P® Idg)(P® Idy ® P)
Idj @ Ry,
R; ®Id7:[)(P*®Id7{®[dg)(p®fd%®p)
)
)

=(R;, ®Idg)(P™ ® Idy ® P)(Idg ® Ry,,)
:P(R:pu X Id;_‘t)(fdﬁ X Rtpu)P,*

ZPP/*

=P

and

(R?pu ® Idpy)(Idpy ® Rs,,) R*p ® Idpy)(P® P ® Idpy)(Idpy @ P ® P)
Idpy ® Rs,, )

H ®IdPH)(P®p®P>(IdPH®RSPU)
(P@P)RSPU)

P®
P ® (PP ® Idy)Rs, )
P®
P®

Py

L, @ Idy)

o ® Idy)
© Idy)(P @ (P' @ Td)R,,,)

. ® Idy)(P® (Idy ® P)Rs,,)

:P(R;U ® Idy)(Idy ® Rs, )P

=P.

Pu

=(R;
(
(R
=(R,
=(R;,
=(R,
(R

(
(
(
(
)

If P € End(U,H) is a projection then ((P ® 1)U, H) is a subobject of (U, H) . So, « is

a rigid strict C* tensor category. O
We have a canonical fiber functor

F:oa— Hilby given by
FUH)=H,F(T)=T,VT € Mor(U,H),(V,K))
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By Tannaka-Krein duality, there is a CQG Quniv or equivalently the dual DQG Qumv

such that each (U, H) € obj(«) is a unitary corepresentation of Quns-

Lemma 3.2.3. let U € B(H)® Q is a unitary such that there exists a positive invertible
matriz p € B(H) for which (p ® 1)U(p~ !t ® 1) is a unitary. Then (U, Hy) is an object

of .

Proof. If (U,H) is an object of this category a then (p ® 1)U¢(p~! ® 1) is a unitary, is
already discussed above. Let assume that, (p® 1)U¢(p~! ®@1) is a unitary in B(H) ® Q.
Now, defined the maps R, : C — H ® H and R; : C — H ® H given by

Ry(1) = Zp_l(éz') ® €
Ry(1) = Zei ® p(€i),

where {e;} is an orthonormal basis of % and {é;} is the corresponding orthonormal
basis for H. Now, it is easy to prove it satisfies the following relations (3.2.1),(3.2.2)
and (3.2.3). Hence (U, H) is an object of this category a. O

In our work, we will often deal with suitable C* subcategories of a. To make it
convenient for later use, let us give a general construction of such subcategories from a
given family of unitary operators. Let C,, be a subset of Obj(«) and the objects of C,,
are of the form (U, H). Let C,, the smallest subfamily of Obj(«) containing C, which is
closed under direct sums and tensor products and subobjects.

Let us consider the following choices of Cl:
1) CE = {(U,H) : U is a left projective corepresentation of Q on H}.
2) CR = {(U,H) : U is a right projective corepresentation of Q on H}.
3) C% = {(U,H) : U is a bi projective corepresentation of Q on }.
Apply the above construction, we will get the categories C_'£ = C_'g, C_'(lf.

Theorem 3.2.4. Let (Q,A) be a CQG. Then there exist CQGs (QNL, Ap) = (fQ;, AR),
(Qbi, Ay;) along with injective CQG morphisms

1) ip:Q— Oy,
2) ip:Q— Qr,
3) i : Q — Qs

such that identifying Q as a Woronowicz’s subalgebra of each of these CQGs éL =
QR, Qbi, the following properties hold:
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i) For every left projective unitary corperesentation (U, H) of Q there exists a unitary
(linear) corepresentation (U, H) of Qy, such that Ady, 1s isomorphic to Ady. A

similar statement holds for right/bi projective unitary corepresentation of Q.

ii) The *-algebra generated by the matriz coefficients of Uy, is same as the Hopf *-
algebra Pol(@L), where U wvaries over the set of all left projective unitary corep-
resentations of Q. A similar statement holds for right/bi projective unitary corep-

resentation of Q.

Proof. We prove the statements (i) and (ii) only for CZ, as the proof the other case
are very similar. Let Q@ C B(H,), where H is the GNS space for the Haar state on Q.
Recall the Tannaka-Krein construction, which involves the *-algebra Nat(F*), where
FT is the restriction of the canonical fiber functor F to the subcategory C% Any element
T of Nat(F*) is given by a collection {T(1734,,) : Tiv.1y) € B(Hv)}-

The von-Neumann algebraic DQG M of QVL is isomorphic with

M = {T € Nat(F") : sup(y; syconica )l T, | < o0} (3.2.4)

For &,m € Ho, consider U, € Nat(FL) given by

(uf,n) (UHy) — Ue

where U, € Q is the contraction of U € B(Hy) ® Q, i.e.
<91, U§777(92)> = <91 ® &, U(7] ® 02)> for all 61,05 € Hy.

As each U is unitary, observe that sup
Ugm e M.

Let {(U;,H;) : i € I} be an enumeration of all the irreducible objects of the category CZ.
Then M = [[..; B(Hy,) and M C B(®icrHy,), so that M ®@ B(Ho) € B(®icr(Hu, ®
Ho).

Viewing U in this picture we see that U = [[;.; U;, where U; € B(Hy,) ® Q € B(Hy, ®
Ho). As each U; is unitary, so is Y. Next define IT := Il from the Hopf *-algebra (aL)o,
spanned by the matrix elements of irreducible corepresentations of Oy, to O C B (Ho)

U;;-[U)eobj(éé)HU&T]H < HfHHnHa which proves that

given by
M(w) = (w® Id)(U), (3.2.5)

where w € (QL)O This is well defined by the general theory of CQG/DQG. II is a
s*-homomorphism. For i € I, let UZ 1, be the irreducible unitary corepresentation of 9 L
on Hy,. It is easy to see that (Id ® H)(UZ, ) =U;.
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In fact in a similar way we can show that (Id®IT)(Uy) = U, for all objects (U, Hy ),

where [TL is the corresponding unitary corepresentation of QNL on Hy.

Now, note that if (W, H,,) € obj(Corep(Q)) that is W is actually a unitary corepre-
sentation of Q on Hyy, then II(w) = w for any matrix coefficient w of W. In other words
(Id @ IT)(W) = W. One can also obeserve that

M(U7) = ((U,)) = U*

, for all objects (U, Hy).
By construction, for all objects (U, Hy), (U¢®@ U, H®H) is a corepresentation of Q.
But the unitary corepresentation to the object (U¢® U, H ® H) is nothing but U/:E ® U/:z

Hence by our earlier observation
(Id@ ) (Us ® Up) = (U ® Uy) (3.2.6)

soU®U = /Uv}j ® ﬁ/L which implies that ﬁ/L is a left projective corepresentation on Hy.
This proves (i).

(ii) Follows from the construction and the general theory of CQG. O

Corollary 3.2.5. let U € B(H)® Q is a unitary. (U, H) is an object of the category o if
and only if there exists a positive invertible matriz p € B(H) such that (p@1)U¢(p~1®1)

18 @ unitary.

Now we compute the projective envelope for the classical group SO(3), whose uni-
versal cover is SU(2). It is well known that there is exactly one irreducible representation
SU(2) in each dimension. When the dimension is odd, the representation descends to an
ordinary representation of SO(3). When the dimension is even , the representation does
not descend to an ordinary representation of SO(3), but it does descend to a projective

representation of SO(3). Before that we will prove the following lemma:

Lemma 3.2.6. For a classical compact group G, the projective envelope of C(G) is a
commutative CQG.

Proof. Let U € B(H,) ® C(G),V € B(H,) ® C(G) be two irreducible inequivalent
projective corepresentations of C(G). Without loss of generality ,we assume that U =
Zi’j eij Qui;, V = Zk,l fr®uvp. Let T : H, ® H, — H, ® H, be the flip operator. For
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€ip S Huufko € Hv

(TR 1)U DV)(ein @ fry) =(T @ 1D eijlein) ® fr(frg) @ ijvp)
i,k
=(T® 1)(2 e; @ fr @ WiigVkk)
ik
= Z fk ®e X Uji Vkkg -
ik

and

(VRUNT @ 1)(eiy @ fry @ 1) = Y fra(fry) @ eij(ei) @ vgiui
,9,k,l
=[x ® € @ Vrky Ui
ki

=) fr ® €i ® Uiig Vgko-
ik

So, the unitary operator T € Mor(U ® V,V ® U). From Tannaka-Krein duality, we
can say that T € Mor(XU®V XV®U), F(U ® V) is the identity operator that’s why
XUV — XU @ XV. Now, we can easily conclude that xqi%onko = x%koxﬁo, where

10, ko,u, v are arbitrary. As matrix coefficients of inequivalent irreducible corepresenta-

tions is a basis of the Hopf x-algebra C(G) that’s why C(G) is a commutative compact

quantum group. |

—_—

Theorem 3.2.7. C(SO(3)) = C(SU(2) x U(C(S0(3)))), where U(C(SO(3)) is the
unitary group of C(SO(3)).

—_—~—

Proof. 1t is already known from lemma 3.2.6 that C'(SO(3)) is a commutative compact
qunatum group. For each dimension n, we denote U, as the corresponding irreducible
projective corepresentation of C'(SO(3)). And the corresponding cocycle is trivial when
n is odd and for even n it corresponds to the nontrivial cocycle Q of SO(3). Any
Irreducible unitary projective corepresentation U of dimension n can be written asa U =
Un(Id®u), where u is a unitary element of C'(SO(3)). It follows from theorem 3.2.4 that
projective envelope of C(SO(3)) is generated by the matrix coefficients of U,, and the one
dimensional corepresentations Idc ® X", where u € U(C(SO(3))). Matrix coefficients of
Uy, generated the Hopf *-algebra Pol(SU(2)). {Idc®@ X" : uw € U(C(SO(3)))} generated
the Hopf *-algebra Pol(C*(U(C(SO(3)))), where U(C(SO(3))) considered as a discrete
group. If we take the universal completion of this Hopf * -algebra which is generated by

the matrix coefficients of U,, and Idc ® X“ then we will get the compact quantum group
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(SU(2) ®maz C(U(C(SO(3)))) = C(SU(2)) ®min C(U(C(SO(3)))) = C(SU(2) x

C
U(C(SO3)))). O



Chapter 4

Strongly projective
corepresentation and cohomology

of compact quantum group

4.1 Normalizer of a tensor category

As before (Q,A) be a CQG with the (mutually inequivalent) irreducible uitary corep-

resentation U% = Zf] L uf; ® eft, where o € L (L is an indexed set). Let H C L and

Qp, Op be as in chapter (1.4).

75

Definition 4.1.1. é; is said to be mormal quantum subgroup of 9) if Wo(Qp ®
Id)Wg C Q1 ®B(L*(Q)), where L*(Q) denotes the GNS space of Q with respect to
the Haar state and Wo denotes the left reqular representation of Q, which is given by

WQ:Zaz]um®e

Lemma 4.1.2. QH is normal if and only if for any x € Qg and av € L,1 < 4,41 < dg,
Vi jugTur’ is in Qy

Proof. We note that for any x in Qyy,

Wo(z @ NWg = Z Z“%J ® e5)) Z D Uiy ® i)

1,J1

*Qv o
_§ : § : u xull]l ®eljejlll

Q 11,71,8,]

- E E UU.%’UZU ® 6“1)

o Qi

= Z Z Uzzl ® 6”1

o gy
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Let us assume that Oy is normal quantum subgroup of Q. Then D Vil ® e s

in QY,®B(L?*(Q)), if we take the normal linear functional ¢* on B(L?(Q)) such that
6 (€55, )=1 and 67 (e, )=0 £ (i.7)  (io, o) - Then (Id® ¢°) (Wolw & YW= €
Qp. Now, for z € Pol(Qp), clearly V;»" € Pol(Q). Hence it is in Pol(Q) N Qf =
Pol(Qpr). In general approximating x € Qg by a sequence from Pol(Qp), we get

a,x
Vi, € Qp.
The converse also follows from the lemma (4.1.2) as the sum is a strongly convergent
series and Q7,®B(L?(Q)) is a von-Neumann algebra. O

Remark 4.1.3. It is clear from the proof of lemma (4.1.2) that it is enough to verify
the condition of the lemma for any subset K C L which is generating in the sense that
every object in L is a subobject of finite direct sums of tensor products of objects from
the subset K.

Now prove a result in the categorical setting, which will be useful for our later
discussion. Let us assume that C is a UTC and F is a fiber functor on C'. Suppose
also that Cj is an embeded sub UTC of C and Fj is the restriction of F' on Cy. Let
{zo : @ € I} is collection of irreducible objects of C' and {z4 : o € Ip} be the collection
of irreducible objects of Cj.

Let Aj={zx € 0bj(C): 2 @y®Z,z Ry z € obj(Cy), Yy € 0bj(Cy) }.
Now, we define a subcategory Cy by obj(Cy) = {D;_, z; : z; € Ay,n > 1}.

Lemma 4.1.4. Cj is a UTC and Cy is a sub UTC of Cj.

Proof. Let @ xi, D y; € obj(Cy) (finite direct sums). Now (P z;)@(EP y;) is isomorphic
to @(z; ® y;). For any object z of Cp, z; ® y; ® 2 ® y; @ ; is an object of Cy because
y; ® 2 ® y; € obj(Cp) and hence z; ® (y; ® 2z ® yj) ® T; € Obj(Cp) too. This means
x; ® y; € Ay, hence their finite sum is also an object of C;.

Next we will prove it is closed under taking subobject. Let z;, be a subobject of z,
where z € 0bj(Cy). We have z @ y ® T,z ® y ® x € 0bj(Cp). So, there exist an isometry
Vp € Mor(xy, ) and V, V" = P € End(x). We know if x, is a subobject of x then Z), is
a subobject of Z. Similarly, we can say that there exist an isometry V,, € Mor(z,, Z) and
V,V; = P € End(z). Hence it follows that (V, ® Id, ®V,) € Mor(z,@yQ Ty, 1 QyQT)
and it is an isometry and V,V,; @ Id®@V,Vy = (p@1d®p) € End(x@y®I). So, 2,Q0yR,
is a subobject of (r ® y ® T) € 0bj(Cy) and as Cj is closed under taking subobjects,
T, ® Y ® Ty € 0bj(Ch) . Now, if we choose an object = ;- ; ; then any subobject is
of the form @ z,, ,where z,, is a subobject of z; as we know z,, YR Zp,, Tp, QYR x,, €
0bj(Cp). This implies x € 0bj(C). It follows easily that C is also closed under taking
conjugate. Finally, we note that 0bj(Cy) C obj(C) from the definition of C; and the
fact that C is an embeded sub UTC. O
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Definition 4.1.5. We call C; the normalizer of Cy in C' and define it by N(C,Cp).

Applying Tannaka-krein duality on C; and Cy with the fiber functor F' and Fj re-
spectively, we get CQG Qj and Qg such that Qy is a Woronowicz subalgebra of Q ;.

The following theorem justify the terminology of definition (4.1.4).

Theorem 4.1.6. é\o s a quantum normal subgroup of Q]

Proof. We apply lemma (4.1.2), as before, for an irreducible object z in A, choose and
fix a unitary corepresentation U?. By remark (4.1.3) it is enough to verify the condi-
tion of lemma (4.1.2) for the generating subset A;. If x, is an irreducible object in
Ay and zg is an irreducible object of Cy then z, ® g ® ¥, is an object of Cy. So,
there exists a unitary operator 7' such that (1o ® T)(U% @ U*# @ U**)(1lg ® T™) is

a unitary coreprsentation of Qp. Write U% = 7, -uf ®@ efy, U™ = 37, v,fl ® f,fl
JU%a = Zmn Uy ® Rl/zef‘;mR_l/z for suitable matrix units e f,g and positive invert-

ible operator R € B(H,).

Let us assume that (U%@U@U%) = V4 = 3~ uf‘jv,flu:‘,f‘n®e%®f,§l®R1/Qeng_l/2.
Now, we take the linear functional ¢¢ on B(Ha) satisfy ¢(ef ; )=1 and ¢*(ef;) = 0 if
(i,7) # (io, jo). Similarly, we choose the linear functionals ¢ and ¢ on B(Hg),B(Ha)
given by ¢%(ep ;) = 1, ¢°(ef) = 0 if (k,1) # (ko,lo) and ¢%(RY?eg, ,, R™1/?) =1 and
¢*(RY2ea R™/%) = 0 if (n,m) # (no, mo).

Then,(Id ® ¢* @ ¢ @ ¢®) (V) = 4@ o p*@ s in Pol(Qp). This proves that

i0jo Ukolo Umono
*au

Zj uf‘jvfolovil %€ Pol(Qyp). Finally, approximating a general element = € Qg by a se-
quence from Pol(Qp).

4.2 Strongly projective corepresentation

Let U be an object of the category a.

Definition 4.2.1. U is said to be a strongly right projective corepresentation if UV @U

is a corepresentation of Q for any corepresentation V of Q.

Lemma 4.2.2. If U is a strongly right projective corepresentation then it is a right

projective corepresentation of Q.

Proof. By definition, U ® V ® U is a corepresentation of Q for any corepresentation
V of Q. For V = Idc ® 1g, U ® U is a corepresentation. So it is a right projective

corepresentation of O. O
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Remark 4.2.3. Let XY be two strongly right projective corepresentations of Q then
X ®Y is a right projective corepresentation of Q because if we put V = Id. ® 1g then
XYVeYX=XY®Y ®X is a corepresentation of Q .

Lemma 4.2.4. U is a strongly right projective corepresentation and § is a correspond-
ing right 2-cocycle of Q if and only if right 2-cocycle Q commutes with A(z) for any
x e Q.

Proof. If U is a right projective corepresentation and (Id ® Aq+)(U) = UyaUs3 then U
is a left projective corepresentation and correspond to left 2-cocycle €2. By definition it

follows that for any corepresentation V of Q, U ® V ® U is a corepresentation of Q.
So

(Id@Ido Ido A) (U VeU)=UeV ®U)i21(U 2V @ U)iss
=(U14V24U34 ® 10)(U15Va5Uss)
=U14U15V24Va5Us34Uss.

and
(Id®1d®Id2 AUV e U)

= ([d® Id® Id® A)(U14VaaUss)
=Id®Id® Id® A)(U14V24Us4)
=(deId® lde A)(U)(Ide 1d@ 1d® A)(Vay)(Id® Id© 1d© A)(Us.)
= UpaUi5(Id @ 1d @ 1d ® Q) VasVas(Id ® Id @ Id ® Q) Vay Vis.

From those two equations, one can conclude that
VayVas =(Id @ Id @ Id @ Q)Voy Vas(Id @ Id @ Id ® QF).
Hence,
(IdQ)(Ido A)(V)=(Idx A)(V)(Id® Q).
For any x € pol(Q), QA(z) = A(z)S2. Converse part follows easily. 0

Lemma 4.2.5. If Q) is an invariant right 2-cocycle of Q then
1) Q* is a invariant right 2 cocycle of Q.
2) If U is a right projective corepresentation and ) is corresponding 2-cocycle if and

only if U is a left projective corepresentation .
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Proof. 1) As A(z) commutes with Q for all z € Q, (A ® id)(y) commutes with (Q ® 1)
for all y € Q ® Q. Now taking % on both side of the relation (2 ® 1)(A ® id)(2) =
(1®02)(1® A)(Q), is easily follows

(A ®id) () (2 © 1)) =((A @ id)(2))*(Q* ® 1))
(@@ 1)(Ae D))

(A®Id)Q)(Qr®1))"

Similarly one can prove that (1 ® A)(2*)(1® Q*) = (1 ® Q*)(1 ® A)(Q2*). So Q* is
a right 2-Cocycle, which is invariant as Q* and A(z) commutes with Vz € Q.

2) Note that by (1), Aq«(z) = o*A(x). If U is a right projective corepresentations
then

(Id X AQ*)(U) = (Id R* A)(U) = U12U13.
Hence U is also left projective corepresentation. O

Corollary 4.2.6. A unitary Q) € Q® Q is an invariant right 2-cocycle if and only if it

is an invariant left 2-cocycle.

Proof. Clearly Q is an invariant 2-cocycle, which commutes with A(z) for all x € Q
if and only if Q* does so. Moreover by lemma (4.2.5) we see that  invariant right
2-cocycle implies that * is an invariant right 2-cocyclehence €2 is an invariant left
2-cocycle.

Similarly, we can prove that any left 2-cocycle € is also invariant right 2-cocycle.
]

Remark 4.2.7. In view of the above, we will call a left/right invariant 2-cocycle simply

an tnvariant 2-cocycle.

Definition 4.2.8. IfY € B(H,)® Q is a unitary element and for any corepresentation
V oof (Q,A), Y ® V®Y is a corepresentation of Q then Y is a strongly left projective

corepresentation of Q.

Remark 4.2.9. One can easily conclude that any strongly left projective corepresenta-

tion of Q is a left projective corepresentation of Q.
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Lemma 4.2.10. If Q is a left 2-cocycle and U is a strongly left projective corepresen-
tation with corresponding left 2-cocycle Q) if and only if Q commutes with A(zx), for any
T € q.

Proof. Proof of this lemma similar to the proof of the lemma (4.2.4) . Hence omitted.
O
Lemma 4.2.11. If U is a unitary in B(H,) ® Q then the following are equivalent:
1. U is a strongly left projective corepresentation.
2. U 1is a strongly right projective corepresentation.

Proof. Let U be a strongly right projective corepresentation with corresponding invari-
ant 2-cocycle €. U is a left projective corepresentation with corresponding 2-cocycle
QF. Hence by lemma (4.2.5), it is also a right projective corepresentation with corre-
sponding 2-cocycle Q. Hence, for every corepresentation V of Q, U®V ®U corresponds
to the cocycle Q%.Q, =1 (as (Id® Q) commutes with ((Id® A)(V)), that is UV @ U
is a corepresentation of Q. This proves U is a strongly right projective corepresentation,
so U is strongly left projective corepresentation of Q.

The other way is similar to prove. O

In the view of above, we make the following definition

Definition 4.2.12. A unitary U € B(H,) ® Q a strongly projective corepresentation if

it satisfying any of two equivalent conditions:

1) UV ®U is corepresentation for all corepresentation V. of Q.

2) U®V ®U is corepresentation for all corepresentation V of Q.

Lemma 4.2.13. Let U, W be two strongly projective €y, €y, corepresentations,

1) U® W is a strongly projective 2,8, corepresentations.

2) U is a subobject of W then £y, = Q.
Proof. 1) It is already known that (Id ® Agq,)(U) = UiaUiz and (Id ® Aq,,)(W) =
WioWi3. Now,

(Id ® Ag,0,) (U@ W) =Id® Id® Ag,)(U13)(Id ® Id ® Aqy, )(Wa3)
= U13U14WasWas
= U13WasU14Way
= (U@ W)i2(U® W)s.
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Hence, (U ® W) is a strongly projective 2,2, corepresentation.
2) Let P is a projection in Mor(W, W) such that (P® 1)W =U =W(P ®1).

(Id® Ay )(P® )W) =(P & 1)((Id® Agy, ) (W)
=(P ®1)WiaWi3
(P& 1)W)ia((P® 1)W)is
=U12U13
=Id® Agq:)(U).

Hence Q, = Q. O

Remark 4.2.14. When Q = C(G) i.e. commutative as a C* algebra, any left/right
projective corepresentation is automatically strongly projective corepresentation.For a
compact group G, there is a one-one correspondence between finite dimensional projec-
tive corepresentations of (C(G),A) and continuous projective representations of G. Let
¢ be a continuous projective representation of G over V (Hilbert space) and wg be the
corresponding 2-cocycle. We can write ¢(g) = Y cij(g)eij, where e;; are the matriz
units of B(V). Then uy 1= ) e;; ® ¢ij is a unitary element of B(V) ® Q. One can
easily conclude that (Id ® Aw;)(u(ﬁ) = (ug)12(ug)13. So, ¢ — ug is a one-one corre-
spondence between projective corepresentations of (C(G),A) and continuous projective

representations of G on a finite dimensional Hilbert space .

Recall the category a constructed in the chapter 3, section (3.2), consider the sub-
family of obj(«) given by (U, H), where U is a strongly projective corepresentation of
Q. The corresponding C* tensor category generated by this family , in a similar way
as in theorem (3.2.4) , will be denoted by Cgy, and let Fg), be the restriction of F
on Cyy. Now, if we apply the Tannaka-Krein duality on (Cgp, Fep), we will get Qg
which is called the strongly projective envelope of Q. Clearly Q C Qg is a Woronowicz
subalgebra.

Let G be the UTC generated by corepresentation of Q and (/dc ®q) ,where (Idc®q)
is an object of the UTC Cg,.

Lemma 4.2.15. If (q,C) is an object of this category Csy,, where q is a unitary in Q
if and only if (¢* ® ¢*)A(q) commutes with A(x) for all x € Q. Moreover , in this case
A(q) commutes with (¢* ® ¢*).

Proof. (Idc ® q) is an object of Cyy, that means that (/dc ® q)V (Idc ® ¢*) is a corepre-
sentation of Q , for any corepresentation V of Q. Hence (Id®q) is a strongly projective

corepresentation of Q and (¢* ® ¢*)A(q) corresponding 2-coycle . We conclude from
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lemma (4.2.4) that (¢* ® ¢*)A(g) commutes with A(z) for any x € Q. Taking z € Q,

we get
(¢ ®q") = (" ®@q")A(QA(d") = Alg")(¢" ® ¢")A(g)
Hence A(q)(¢* ® ¢*) = (¢ ® ¢")A(q). O

Let Qg be the CQG obtained by Tannaka-Krein reconstruction by restricting F' to
the subcategory G. We have the normalizer N(Cgyp,G) and let the CQG N(Qg) be the
one obtained by restriction of F' to N(Csp, G). Here we recall the equivalence relation ~
of lemma (1.4.6) on Rep(Q) associated with the discrete normal subgroup Qg of ]V/(-Q\g)

and also the fiber functors

F1 : Rep(Qg) — Rep(]@),
Fy Rep(]@) — Rep(C)

where C' = ]WQ\Q)/QAQ

Lemma 4.2.16. For an irreducible object (U, H) € obj(N(Csp,G)), the equivalence
class Ky contains exatly one (irreducibe) 1-dimensional representation, say py of the
quotient DQG C.

—

Proof. Denote by Iy : N(Qg) — B(H) the representation dual to the corepresentation
U. Note that U ® U a corepresentation of Q, so in particular an object of G. Hence
Fy(my ® 7iy) must be n? copies of the trivial representation of e of N/(Q\g) /Qg, where
n = dim(H). Now suppose Fy(my) = @lem, each m; is a irreducible representation of
]WQ\Q) /Qg. As Fy(rmy) @ Fy(my) is direct sum of copies of e only. But this is clearly
possible if and only if each m; @7 is isomorphic with e, hence in particular 1-dimensional.
This further implies 7; to be 1-dimensional and m; = m; as well, which completes the

proof. O

Lemma 4.2.17. If two irreducible strongly projective corepresentations (U, H), (W, K) €
0bj (N (Cstp, G)), we have Ky = Ky if and only if the corresponding invariant 2-cocycles
Qu, Qw are related by :

Qu = A(q)Qu(q" @ q") (4.2.1)

for some unitary q such that (g, C) € obj(Casp).

Proof. If Ky = Kyw if and only if U ~ W, which is equivalent to U being a subobject
of W® V', where V is an object of Cg). By lemma (4.2.13) cocycle of W @ V' is ,,,,.
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We can replace V' € 0bj(Cyyp) by any suitable generating subset . In particular V' may
be either a corepresentation or a unitary element ¢ such that (g, C) € obj(Cgyp). If V' is
a corepresentation then Q, = €2, and the other case Q,, = Qw(q ® ¢)A(q").
Conversely, suppose 0, = A(q)Qu(¢* ® ¢*). For U(Idc ® q) and W they have the
same invariant 2-cocycle €2,,. Hence V.= W @ U(Idc ® q) is a corepresentation of Q.
Now U(idc ® ) < W W @ U(idc ® q) = W ® V where < means subobject. Hence U
is a subobject of W ® V ® (Idc ® q) which completes the proof. O

Theorem 4.2.18. ]@)/Qg is isomorphic to Co(I") for some discrete group T'.

Proof. 1t follows from lemma (4.2.16) that every irreducible representation of the DQG
N(Qg)/Qg, is 1-dimensional . Hence it is a commutative as a C* algebra ,which proves
the theorem. O

Theorem 4.2.19. For a compact group G with Q@ = C(G), the group T' of theorem is

isomorphic with the group H2, (C(G),S1).

uLnv

Proof. Let (U, H), (Idc ® q) be two strongly projective corepresentations of C'(G). Then
U ® (Idc ® q) ® U is isomorphic with U @ U ® (Idc ® q) € 0bj(Cg). From this we can
conclude that Cg), is a subcategory of N (Csp, Cg) and by our construction of normalizer
N(Csip, Cg) is a subcategory of Csy,. Hence Cgppy = N(Clgpp, Cg) that implies N/(Q\g) =
Qstp. We already observed that the set of 1-dimensional irreducible representation of
Co(T"), which are the points of I, are in 1-1 correspondence with the equivalence classes
Ky. Moreover by lemma (4.2.17), Ky = Ky if and only if Q,, and €, represents the

same classes at H2, (C(G),s'). As C(G) is a commutative, it is equal to its center, so

uInv
that every ¢ € C(G) is central and (¢ ® ¢)A(g*) is an invariant 2-cocycle. Thus, there

is a 1-1 correspondence between H2, (C(G),S') and py which is clearly also a group

uinv

homomorphism, as Qugw = 2420y. O
Remark 4.2.20. For a general CQG, which is not commutative as a C* algebra it is in-
teresting to ask how the group T' obtained in theorem (4.2.18) is related to HZ;,, (Q, S1).

Remark 4.2.21. We will see in the next chapter an example where I' can be different
from Hﬂfzn’u(g7 Sl)
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Chapter 5

Explicit computation of the
second invariant cohomology of
certain finite dimensional

compact quantum groups

In this chapter, we will explicitly compute HZ;,, (-, S') and H2, (-,C — {0}) for two in-
teresting finite dimensional Hopf algebras namely the group ring of G := Zg x Aut(Zs)
and the dual of Kac-Paljutkin algebra. We use categorical description of these coho-
mologies which will be explained below. Let us mention that in [GK10], partial results
towards computing H2, (C*(G),S!) were obtained by quite tedious calculation using
other methods and also using computer. In that paper, it could only be proved that
the order of the cohomology group has either 2 or 4, without a definite conclusion. On
the other hand, our categorical approach seems to simplify the computations to some
extent and we are able to conclusively identify the group as Zs, without computer aided
calculations.

Let (Q,A) be a CQG, I be the set of mutually inequivalent irreducible corepresen-

tations. Let us recall the fiber functor ¢q on Corep(Q) such that
Hyg@) = He, 90(S) =Q7'S ¢a(T) = Q5 'T, (5.0.1)

where €2 is an invertible 2-cocycle of dual DQG of O, ,z,y,z € [ and for all § €
Mor(z,y ® z),T € Mor(a,z @y ® z). ¢q defines a new DQG Q\Q, where the * algebra
End(¢q) = End(Fnat) = Hyer B(H,) and coproduct is given by Ag(a) = QAQ*. oq is
a unitary monoidal equivalence between Corep(Q) and Corep(Qq).

If Q is an invariant 2-cocycle then Ag(a) = A(a) for a € I,c;B(H,). Hence the
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algebra structure of Qg same as Q. Now one can conclude that (Qq, A) = (Q,A).

Lemma 5.0.1. ¢q is an a monoidal autoquivalence of Corep(Q), where Q is an invert-
ible invariant 2-cocycle. In case 2 is unitary, this gives unitary monoidal autoequiva-

lence.

Proof. Q7! is also a unitary invariant 2-cocycle of dual DQG of Q. Now we choosing
the fiber functor ¢q-1, it follows that ¢pago-1 = Ppo-100 = Id.orep(Q)- |

Our approach will be based on the following result, contained in chapter (3.1) of [NT].

For the sake of completeness we give an outline of the proof here as well.

Theorem 5.0.2. Hgmv(é, A) 1s isomorphic with the group of unitary isomorphism

class of all unitary monoidal autoequivalences of Corep(Q) = Rep(Q) which are natu-
rally isomorphic to the identity functor. A similar statement holds for H2, (Q,C—{0})

without the requirement of unitary.

Proof. Let us proof the case of unitary cohomology only, as the other case is very
similar. Given a unitary invariant 2-cocycle ), the UTF ¢q clearly gives a unitary
monoidal autoequivalence of Corep(Q), identifying Corep(Qq) with Corep(Q).

To prove the converse, assume that ¢ is an autoequivalence with the stated proper-
ties. As ¢(x) = z for every object z of Corep(Q), ¢ is dimension preserving, hence it
must be isomorphic with one of the form ¢ for some unitary right 2-cocycle. As ¢q is
isomorphic with the identity functor, for each irreducible object x, ¥y, z, we have unitary
morphisms 7, Nyg. such that ¢q(t) = ny_éztnm for all t € Mor(z,y® z). Moreover, as x
is irreducible, 7, is a nonzero constant multiple of identity, say c,I,. This implies that

~1 5o it commutes with

the component Qyg. € Mor(y ® z,y ® z) is given by nye. - ¢
A(@)%Z = Oyg. for any © in End(Fq:). This proves that Q is an invariant 2-cocycle.
O

Remark 5.0.3. Note that any functor ¢ : Corep(Q) — Corep(Q) is natuarally iso-
morphic with the identity functor if and only if ¢(x) = = for all objects x of Corep(Q).
5.1 Cohomology of the group ring Zs x Aut(Zs)

The group G := Zg x Aut(Zs) was considered by G. E. Wall in his paper [Wal47],
Zg ¥ Aut(Zg) is generated by s,t,u, where s, ¢, u satisfies the relations

sP=t2=ub =1, st=ts, sus'=ud tut™'=1u". (5.1.1)
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Let x;;r be characters of GG, defined by

Xijk(u) = (—1)F, Xijk(8) = (-1), Xijk(t) = (=1)7 4,5,k e Zs. (5.1.2)

Let m and 77/2 be irreducible representations of G'on Hr, and H_/, where {e,e2} is
2
an orthonormal basis for Hr, and {f1, f2} is an orthonormal basis for H_/. 72 is given
2
by

w? 0 0 1
7T2(u) = (0 w6> ,7['2(8) = <1 0) ,7T2(t) = Idy.[m, (513)

where w = 27/8,

. .
Ty is given by

OJ2 ’ ’
m(u) = (0 £6> m(s) = (2 é) 0) = ~Ids . (5.1.4)

Let w4 be an irreducible representation of Zg x Aut(Zg) on H,, and assume that

{z1,z2, 3,24} is an orthonormal basis for H,. w4 is given by

w 0 0 0 010 0 0010
0 w3 0 0 1 000 000 1
my(u) = ,Ta(s) = ,m4(t) = . (5.1.5
W=10 0 o o™= g 00 1 |"™O=1 5 o o] O
0 0 0 0010 0100

By an easy calculation one can verify that all the above are mutually inequivalent
irreducible representations of G and looking at the dimension of C*(G), we deduce that
they exhaust the all irreducible representations of G.

Let I := {xijk, T2, 77/2, 74} be the collection of all pairwise non-equivalent irreducible

representations of G.
Lemma 5.1.1. The following fusion rules hold:
1) Xivjiky ® Xigjoke = X(i1+iz)(Gr-+j2) (k1 +ks)-
2) T2 ® w2 = D Xiok-
3) 1y © 1y = @ Xiok-
4) T2 ® Ty = @ Xitk-

Proof. Proof is omitted, as it is a straightforward verification. O
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Let ¢ be a unitary autoequivalence on Corep(C(G)) = Rep(G), where C(G) is the
CQG of all continuous functions of G. Then ¢ is automatically a dimension-preserving
fiber functor.

Let Mor(a,b® ¢ ® d) := Y?®®4 define a basis of Mor(a,b® ¢ ® d) of unit norm,
where a,b,¢,d € {xijk, 72, 7 }. Assume that ¢(Mor(a,b® ¢ @ d)) := ThEEd,

Now, we will introduce some notation to simplify our mathematical expressions.

T)ﬁ%@ =o(x1, XQ)TQ%XQ, where x1, x2 are characters. (5.1.6)

TXE™ = e TXE™, where X € {Xiox}- (5.1.7)

T = e T, where x € {xion}- (5.1.8)
2 2

ff:/@m = dX/T:,(@W?, where X € {xik}- (5.1.9)
2 2

TXE™ - ey 15,7, where X' € {xi1x}. (5.1.10)

’Y‘;z@ﬁz — )\X’I‘7)22®7T27 where X € {Xiok}- (5.1‘11)

T;2®7"2 — )\;('1;2@7727 where X € {XiOk}- (5,1'12)

YT = 0 YT, where X € {xa- (5.1.13)

Also assume that for x = Yok, X' = Xi1k-

By our defining notations, we can say that for any T € Mor(a,b® ¢), T = ¢yT (for
a suitable choice of ¢y € C that satisfies our predefined notations). From now on, we
only write TZ®C =T = ¢y instead of ¢T, where we fix a T € Mor(a,b®c), and a,b,c €

{Xijka7T2a7Tl2}-

Lemma 5.1.2. ¢ is a 2-cycle on the group {xiji}-

Proof. Let x1, X2, x3 be characters of Zg x Aut(Zg). From this diagram

o*(x1,x2)®Id
X1® X2 ® X3 —————"X1X2 @ X3

idX1®U*(X2’X3)l JU*(X1X2:X3)
o*(X1,X2X3)

X1 ®X2X3 ————— X1X2X3
we can say that

a(x1, x2x3)o (X2, x3) = o(x1x2, X3)7 (X1, X2)-

So, o is a 2-cocycle on the group {x;jx} = Z2 x Za x Zy. Without loss of generality, we

assume that o is a normalized 2-cocycle. O
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2:

2 =1.

Lemma 5.1.3. ¢} = (¢,)? =1 and ¢yp5 = ¢y

Proof. For any character y, x ® x = xoo0 and Mor(m2, x ® x ® m) = C. If we choose a
T € Mor(ma, x ® m2) then (Id, ® T)T € Mor(m, x ® x ® m2). From(5.1.7), we can say
that T = ¢ T. Now, we can observe that (Id, ® T = A(Idy®T)T. Hence 2 =1 as
o(x,x) =1 and also it is easy to observe that ¢y, = 1.

Similarly, we can conclude that (clx)2 =1 and (0;6)2 =1 0

Lemma 5.1.4. ¢}, =¥ (x)cy, where x € {xior} and ¥ is a character on {xiox}-

Proof. Let us assume that xa, Xs € {Xior}- Dimension of Mor(me,m2 ® xa ® xp) = 1 .

From this commutative diagram below

*(XarXb)
T2 ® Xa ® Xb Y T2 ® XaXb
c;(aJ/ ic:lb
T2 & Xb = > M2,
Xb
we can conclude that
CxoC
(Xas Xp) = 2L (5.1.14)

CXaXb

From the following commutative diagram,

(o(xa>xp))*

Xa ® Xb @ Ty XaXb ® T
)] )"
Xa ® Ty ; 5,
(exa)”
we will get
c, ¢
o (Xas Xb) = 2. (5.1.15)
“Xaxp
So, o(XasXb) = c:/“ﬂ = % and this implies that c;(a = ¢’ (Xa)Cya, Where ¢ is a
XaXp axXb
character on the group {xiox} = Z2 X Za. O

Lemma 5.1.5. e,vdys = 1, where X' € {X;1x}-



Chapter 5: Explicit computation of the second invariant cohomology of certain finite
dimensional compact quantum groups 80

Proof. Let us assume that X/a’ X;, € {xi1x}- Now, from the diagram below,

(a(x;,x;,))*

Xa ® Xp © T2 XaXb © 7
(dX;))*J/ l(canb)*
XZZ ® 71-,2 (e /)* 2
Xa
we will get
! / Xm 6X/
o(Xas Xp) = —— (5.1.16)
CxaXp
Taking X; = X;, we have dx' ey = 1. O

Lemma 5.1.6. ei; = ei()wW(Xa),where X, € {xik} and assume x., = xir when
Xa = XiOk-

Proof. We can obtain

/ / Xa
G(XaaXb) = X/b (5117)

from the diagram below

(0(XuxXp)"

Xa®X;)®ﬂ-2

(ex;)*l l(cgcaxb)*

Xq ® 2

- D)
(d)
Comparing equations (5.1.16) and (5.1.17), we get
(& /d / (& /d / d 1€ 1
Xp Xa Xp Xa 4 / Xp Xa
; = =0(Xgs Xp) = ——, (5.1.18)
chXb w/(XaXb)CXaXb ¢ CXaXb
dxf,exé = wl(X‘le)exgde‘ (5.1.19)
If X;) = X010, We have ei; = €)2<01077Z),(X“)' |

Lemma 5.1.7. )\;(b = W(Xb)cxz))‘;(ooo'
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Proof.
;o (ck,)" S
Xb @ Ty ® Ty Ty @ Ty
(A;a% l(x;ax,)*
Xb ® Xa 7 XaXb

(o(xasxp))*
From this diagram, we observe that

CXb):XbXa _ wl(Xb))\CIXbAXbXa _ (5.1.20)

Xa Xa

O-(Xaa Xb) =

After comparing equations (5.1.14) and (5.1.20), the following relation will occur
)\;(abcxaxb = Qp/(xb)CXa)\Xa‘ (5121)

Let us assume that x, = x000. From equation (5.1.21), we will get

i !

Ay = ' (X8) s Ayo00- (5.1.22)
Od
Lemma 5.1.8. A\ = ¢, A\yg0-
Proof. From the diagram below
(Mxp)™
Xa ® T2 ® T2 = Xa ® Xb
(exa)”| J(U(mez;))*
Ty Q T2 G > XaXb-
XaXp
one can conclude that
Cy A
0 (Xa, Xb) = =2 (5.1.23)
Xb

From equation (5.1.14) , we will get

Cy A Cy C
0 (Xay Xp) = TR = e (5.1.24)
Xb XaXb

50, AyvaxsCxraxs = MxyCy,- I We assume X, = xooo then

ch)\Xa - )\XOOO' (5'1'25)
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O
/ “xa ) ' X '
Lemma 5.1.9. 0(xq,X}) = .~ and o(xl, xp) = OV where Xq € {Xiok}, X}, €
aXy, aXb
{Xitk}
Proof.
CxaCy!
o(Xar Xp) = — (5.1.26)
€xaxj,

follows from this commutative diagram

/ / (eXg)*
Xa®Xb®772 >Xa®71'2
<o<><a,x;>>*l ycxﬂ)*
X X/ X 77/ " > 9.
b 2 (eXaX/b)
One can easily observe that
c ey
Xa
T (Xas Xp) = 2 (5.1.27)
Extxo
from
/ / (CSCQ)* / /
Xa®Xb®7T2 Xa®772
(o ana))” | l(%)*
, , (extixy)
XaXb @ Ty 9.

Lemma 5.1.10. ei, 1S a constant.

Proof. For a fix x € {xior}, we denote A, := (T§®” ® w’)’fﬁg”/. Similarly, for a
fixed X" € {xiix}, denoted By := (id; ® Tz,@)”,)T:ﬂg}xl. One can easily check that
{By,,, 11,k = 0,1} is a basis of Mor(mh, Te ® T ® 75).

Assume that x; € {Xmon : m,n € {0,1}}. We can write Ay, = >, ¢ijBys, where
X; € {Xmin},cij € C. From this, we will get

AXi = )‘XiC;aAXi = Z cijdx}”x; BX;- = Z CijBX;.- (5.1.28)
J J
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Now, we can conclude that

Axic;@ = dxg.nxg = Qg fO?“ all Xi € {Xm(m}7 X; € {Xmln}a (5129)
where ag is a constant.

Let Py := (Y59 @ Idyy ) T5°™ and Qy = (Idry, ® TR TR, {Qy,,, ) Is &
basis of Mor(me, m @ m) ® m)). Let us assume that Py, =37, d;;Qy,. Now,

P 1= T]X/e /P "= ZdUCXJ XJQXJ ZdijQXﬁ (5130)
J

From which, one can easily observe that for all X} € {xmin}, Xj € {Xmon}
M, Ex; = Cx; /\’ = ag, (5.1.31)

where a6 is a constant.

From equations (5.1.29) and (5.1.31), we can conclude that

i, = i’;? - ZZ (5.1.32)
Hence ei, is a constant. O
Lemma 5.1.11. ¢/ =1 on {xiok}-
Proof. From Lemma (5.1.6), it folllows that ¢/(x,) = 1, for all x, € {Xiok}- O

Let Vi : €y = Cy, Vy : C = Cyr, Viy : Hay — Hay and Vi 2 Hy — Hyy be

unitary linear maps defined by

1/2
a 1/2 1/2
Ville,) = exle,, Vy(lc,) = %/foxflcxu Vi, = ag/ Idy,,, Vi =ag / Idy,,.
g
(5.1.33)
Lemma 5.1.12. ¢ is equivalent to the trivial 2-cycle of the group {xiji}.
Proof. For any two x1, x2 € {Xiok}, we have
o(x1,x2) =(Vii @ Vio) Vil e (5.1.34)

=Cx1%x2 (CX1X2)_1- (5.1.35)
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Assume that x|, x5 € {xik}-

/ o *
o(x1,x2) =(Vy; ® VX’Q) X1X5h
aé/z 1 ‘161/2
BV AC T M vy
ay )
O 6y
— T
6X1X/2

and

o (X1 x2) =(Vyy @ Vi )V

=(exiex o) (G

=—= [ from e2, = —]

o (X1 x2) =(Vyy @ Vi) Vi, (5.1.36)

:exllcx2 (eX,1X2)71 (5137)
% (5.1.38)
eX/1X2

e c

X1 X2 /I

- [from ¢, = cy] (5.1.39)
X1X2

Hence, o is equivalent to the trivial 2-cycle. O

Without loss of generality assume that o is a trivial 2-cycle.
Assume that ¢(TXE™) = TXE™ = 7(x)TEO™,

Lemma 5.1.13. 7 is a character on the group {X:ji}-

Proof. For any x1,x2 € {Xijk}, we will get

(TN @ Ty, ) TXXEO™ = (Id,y, @ TX2EM)TXIOm, (5.1.40)
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If we apply ¢ on both sides of the equation then

TOax2) (TG0 @ Tdr, ) TXO™ = 7(x1)T(x2) (Tdy, ® THEI™)TXE™. (5.1.41)

Hence 7 is a character on {x;;x}- O
Let us assume that T;‘l@“ := m, T7*¥™. Then the following identity holds,

(T, © YR TYEN = (T4 @ e, T

Lemma 5.1.14. my, = T(X1)My00-

Proof. Observe that

S((Tdy, @ TPE™)TXIEX2)) =(Idy, ® TR ) TN (5.1.42)
=y, (Idy, @ TR THIEN?), (5.1.43)

and
S(TXE™ @ Idr, ) TTET)) =(TX™ @ Tdy, ) TS (5.1.44)
=T(x1) M xe (TXF™ @ T, )T (5.1.45)

We can conclude that m,, = 7(x1)my,y, from equations (5.1.43) and (5.1.45). If we

choose x2 = Xooo then m,, = 7(X1)Myqq,- Assume that = my,- O

Lemma 5.1.15. ¢, = 7(x)¥(x) for a character ¥ on {xiox}-

Proof. From the commutative diagram

X1 ® X2 ® Ty LXZ% X1 & T4

cr*(xm@)l lT*(XI)
T*(x1x2)
X1X2 ® Ty —— T4

we have o(x1, x2) = % = 1. From (5.1.14),

1% _ 7(x1)7(x2)

Cxixz2 T(X1X2)

Hence there exists a character ¢ on {x;ox} such that ¢, = 7(x)¥(x) for x € {xiox}. O
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Let {T1,T»} be a basis of Mor(my, my ® m4). 11, T are defined by,

Ti(z1) =e1 @ xg, Th(x2) = e2 @3, T1(23) = €1 @ 22, T1(x4) = €2 @ 71
To(x1) = €2 @ x2, Ta(x2) = €1 @ x1, To(x3) = €2 ® x4, To(x4) = €1 @ 3.

Let EX := (Id, ® T;))YX™ € Mor(my, x ® T @ m4) and FY o= (TX9™ @ Idy, )T €
Mor(my, x ® ma ® m4). Now, one can easily check that the following equations hold,

Ei(ooo _ leooo7 E;(ooo _ FQXOOO’ (5.1.46)
Ei(om _ ngom7 E%(om _ leom7 (5.1.47)
Eiﬂm _ _F2x101’ E%ﬂOl _ _FleOl7 (5.1.48)
Eiaoo _ leloo7 E;aoo — —F2X100. (5.1.49)

Let us assume that 77 = 21‘2:1 wlka,E = 2?21 wor Ty, where wi; € C,4,j € {1,2}
and EX =", aX FYX.

Lemma 5.1.16. 7(x)waX = ¢y aXw.

Proof.
FYX =, (13" @ Idy, )T (5.1.50)
=y Y wip(TXE™ @ Idy, )T, (5.1.51)
k
=cy Y wirFY (5.1.52)
k
Now,
S(EY) = Ef = aj FY (5.1.53)
k
=cy Z aywip (5.1.54)
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and

EYX =(Idy @ Tj)7(x)TX&™ (5.1.55)
=Y wip(Idy © Ti) ()L™ (5.1.56)

k
= wirt(OE} (5.1.57)

k
= wirr()ag (5.1.58)

k,l
=7(x) Y wikay " (5.1.59)

k,l

From (5.1.54) and (5.1.59), we will get
T(X)waX = cyaXw, (5.1.60)
where w = (wjj;), aX = (a;;) are 2x 2 matrices. O

From (5.1.46),(5.1.47),(5.1.48) and (5.1.49),

X000 — 10 7aX001: 0 1 7aX101: 0 -1 ,ano: 1 0 . (5_1.61)
0 1 10 -1 0 0 -1

Lemma 5.1.17. There are only two choices of v, which are ¥ = 1 and ¥(x100) =
1,9 (x001) = —1 and the followings hold

1) If v =1 then w = Mld, where A € C — {0}.

2) If v(xa00) = 1,¥(xo01) = —1 then w = diag(A, —=A) for a A € C — {0}.

Proof. From the equation (5.1.60), one can observe that

T(x)waX =cyaXw

=T (x)a*w.

So, it is easily follows ¥ (x)waX = aXw.

1) For ¢ = 1, w commutes with the matrices aX000 X101 X101 X100 From waX100 =
aX10y we can conclude w = diag(a,b) and from waX001 = ¢X001y one can check

that a = b. Hence w = diag(A, \) for a non-zero complex number .

2) If ¥(x100) = 1,%(x001) = —1 then w = diag(a,b) from previous observa-
tion. From (—1)waX001 = ¢X%ly one can prove that b = —a and it satisfies
(—1)diag(a, —a)aX10r = aX*9'djag(a, —a). So w = diag(A\, —\) for a A € C — {0}.
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0 b
3) If(x100) = —1,%(x001) = 1 thenw = 0 from the equation v (x100)waX10 =
c

0 b 0 b
aX1%qy, It is easy to observe w = (b O) from equation ¢(xoo1) ( O) X001l =
c

0 b 0 b

aXoot < O) . Now, we can conclude b = 0 from equation ¢ (x101) (b O) aX10t =
c
0 b . .

aX1ot e So there is no such matrix w for ¥ (x100) = —1,%(x001) = 1.

4) Similarly we can prove that there is no such matrix w for ¥ (x100) = —1, % (x001) =
—1.

Let 17, Ty € Mor(my, m @ my) be defined by,

Ti(z1) = f1 @ x4, T} (z2) = fo ® 23,11 (x3) = —f1 @ w3, T1(24) = —fo @ 11
Ty(z1) = fo @ 2, Ty(x2) = f1 ® 21, Ty(w3) = — fo @ x4, Ts(24) = — f1 @ 3.

Then {77, T4} is a basis of Mor(my, mh®m4). Let Ez?‘l = (IdX/®TZ-)Y§;®7T4 € Mor(my, x®

o ® my) and FJX' = (T?:@m ® Idr,)T; € Mor(ms,x ® m2 ® m4). Now, one can easily
2

check that the following equations hold,

EY010 — pXoo - pxoto _ pxowo (5.1.62)
EXov — _pon - pXon — _ pxou (5.1.63)
EX — gy pXm — pan, (5.1.64)
EX10 — prato - it — _ g (5.1.65)

Assume that ﬁ’ = 2?21 w'lkT,g,i/ = Z?zl wy. Ty, where wi; € C,i,j € {1,2} and
X _ X' X’
EY =2 gy -

Lemma 5.1.18. 7(y")waX = dyaX'w.
Proof.
S(FX)=FX :dx,(Tjgf’”? ® Idy,)T) (5.1.66)

=y W (TS5 @ Idr, )T} (5.1.67)

k
=dy YW FY (5.1.68)
k
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S(EX) =B =" ayFY (5.1.69)
k
=dy Y aw, Y (5.1.70)
k.p
and

EY =(Idy ® T))r(x)TX™ (5.1.71)
= wir(Idy @ Te)7(xX)TEE™ (5.1.72)

k
=Y wnt()EY (5.1.73)

k
=> wirt(X)al Y (5.1.74)

k,l
=r(xX') Y wikay FX . (5.1.75)

k,l

From (5.1.70) and (5.1.75), we will get
(X )waX = dyaX'o, (5.1.76)

where w' = (wj;), aX' = (aj;) are 2x 2 matrices.

X010 — Lo ,aX“l: 0 1 ’aX011: 0 -1 ’aXuo: 1 0 . (5'1‘77)
0 1 -1 0 -1 0 0 -1

If ¢/' = 1 then from equation (5.1.76) one can observe that

w' =7(x Jeys (@) HwaX

:T(X’)ex/w
=7(x")ey Ad.
ag

So there exists a constant ko such that 7(x')e,s = ko for all X’ € {x;;x} and also k3 = o



Chapter 5: Explicit computation of the second invariant cohomology of certain finite
dimensional compact quantum groups 90

If ¢’ (x100) = 1,7%'(x001) = —1 then

w’ :T(X’)exx(axl)_lwaxl.

From the matrices (5.1.77), it is a routine check that

A0
1) FOT X/ — X0107 w/ = T(Xolo)ex()lo (0 _A) 3

A0
2) For X" = x110, W' = ey;,,T(X110) (0 =A ) ?

A0
3) For x" = X011, W' = —ey,, T(X011) <0 —>\> ’

A0
4) For x' = x111, W = —ey,,, 7(x111) )
0 =\
SO’ 7—(X()lo)exolo = 7—(Xllo)exno = _T(Xﬂll)exon = _T(X111)6X111‘
Lemma 5.1.19. \? = q.

Proof. The space Mor(my, mo®@ma®my) is 4-dimensional, observe that C,,,, = (T;fgim ®
Idy,)YX0®™ LC).. } is a basis of Mor(my, T ® ma ® 74), where

Cxono = (Ldr, @ T1)T1 + (Idr, @ T2)13, (5.1.78)
Cio0 = (Udmy @ T1) Ty — (Idny @ T3) T3, (5.1.79)
Cxoor = (Ldr, @ T1)T5 + (Idr, @ T2)11, (5.1.80)
Cyior = (Idny @ T1)To = (Idr, @ To)Th. (5.1.81)

One can observe that

—_—~

Cxior = )\XiOkT(XiOkE)CXiOk :a‘OCXiOkT(XiOIC)CXiOk
=ao7 (Xiok )Y (Xiok) T (Xiok) Crion
ZGOTZJ(XiOk)CXiok :
From equations (5.1.78), (5.1.79),(5.1.80) and (5.1.81), it follows that
i) For ¢ =1, We will get A\? = aq.

ii) For v(x100) = 1, ¥(xo01) = —1, we know Ty = ATy, To = —AT,. Now, it is a

straightforward computation to prove A\? = ag.
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Od
Let S1, .52 be two linear maps defined by,
Si(er1) =x1 @1 + 13 @73, S1(e2) = T2 ® T2 + T4 @ 24,
So(e1) = x2 @ g + T4 @ x2, Saes) =21 ® 23 + 23 ® 1.
{51, S2} is a basis of the vector space Mor(me, T4 ® 74).
Let us define
GY = (TX¥™ @ Idy,)S;, (5.1.82)
HY := (Idy @ S;)TXE™, (5.1.83)
where G¥, HYX € Mor(ma, x ® T4 ® m4).
It is straightforward to verify that
G?L(OOO — Hi(OOO, G%(OOO — 1{%{0007 (5184)
G>1<001 — H%(()Ol’ G%(OOI — IJ:{(OOI7 (5185)
G?LCIOO — Hi{lOO’ G%{lOO — _H’%{lOO7 (5186)
Gyt = —HY'', GX1Ot = HXwoL (5.1.87)

Let ¢(S;) = S, = anzl 01 Sm, where 0y, € C,I = 1 to 2 and also assume that

GO =50, Ot Hy* where ny* € C.

Lemma 5.1.20.
T(XiOk)enXiOk — CXiOaniOkg’

where 6 = (0y,,), nXio%k = (nfgo’“) are 2 X 2 matrices.
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Proof. We have,

GXzOk Z nl Xi0k Hka (5.1.88)
cxzok Z anOk X ok ® ’—S\;)'I‘%(;'Ok@WQ (5189)
=Cxion Z ”ka‘g dyion ® SZ)T?%O'“@M (5.1.90)
y,z=1
=Xiok Z nﬁOkazH;‘iOk‘, (5.1.91)
y?Z
and also
GYoF =(TX0™ @ 1d,,)S) (5.1.92)
2
=7 (Xiok) (L™ © Idr,) D GimSm (5.1.93)
m=1
=7 (Xiok) D _ O (YXOE™ @ Tdre,)Spm (5.1.94)
m
=7(Xiok) Y Oum G5 (5.1.95)
m
=7 (Xiok) DOm0k HXO%. (5.1.96)
m,z

After comparing equations (5.1.98) and (5.1.103), one can conclude that
T(Xiok) N = ¢y, 00, (5.1.97)
where 0 = (6),,), nX10% = (n)°*) are 2 x 2 matrices. O

Remark 5.1.21. From the equation (5.1.102), it is easy to conclude that 1 (xiox )OnXiok =

nXiok Q.

We already know that

X000 — L0 ,nxomz 0 1 ’nX1o1: 0 1 ,axwo: 1 0 . (5_1'98)
0 1 1 0 -1 0 0 -1

1) If ©p = 1 then # commutes with nX100 nX101 So  § = diag(a,b) for two complex
numbers a, b. 6 also commutes with nX%! from that one can easily reduce that

0 = diag(\1,\1) for a non-zero complex number A;.
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2) If 1/1()(10()) =1, w(X()(n) = —1 then 6 = diag(/\l, —)\1) where \; € C — {0}

Similarly, there is a basis {S], S5} of the vector space Mor(wh, 74 @ m4).

Here we introduce another set of notations:

GX = (YXiE™ @ [, ) S] (5.1.99)
HY™ = (Ldy,,, © $) T4, (51.100)

where G)j''*, HX' € Mor(mh, Xitk @ T4 @ m4).

Assume that

O(S1) = 5] => O S, (5.1.101)
GXife = miik Hxk, (5.1.102)
Yy

where 6}, ./, n%f;’“ e C.
P(GX*) = GX™ = 7 (1) (TXHE™ @ 74) S)).
Similarly, we can observe that

T(xik) 00Xk = dy, n'X. (5.1.103)

1) If ¢ = 1 then 0’ = 7(xi1k)dy,,, A Td, where 7(xitk)dy,, = 7

Xilk ko °
2) If 1/1()(100) = 1,¢(X001) = —1, then

. A 0
i) For x" = X010, 0" = 7(X010)dx010 ' )
0 -\

.. A 0
11) For X/ = X110, 9 = dxnoT(Xllo) ' )
0 =X

e Al 0
iii) For x' = xo011,0' = —deuT(XOH) <O )\ > ’

AN 0
0 —X\./

_T(X011)6x011 = _T(X111)€X111'

iv) For X/ = X11179' = —dme(Xlll)

VY

Hence 7(x010)exo10 = 7(X110)€x110

Let us assume that

Ko := (T;‘ﬁ“ ® Idm)'fg(g’xw’“ € Mor(mg, m ® T4 @ T4).
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We already know that {S; : i = 1,2} is a basis of Mor(me, ma®m4) and {T; : i = 1,2}
is a bais of Mor(my, m ® m4). Let
Dij = (T; ® Idr,)Sj € Mor(my, w2 ® 74 © m4).
Then the following relations hold,
D11 = (Kooo — K100), (5.1.104)
D12 = (Koo1 — Kio1), (5.1.105)
D2y = (Koo1 + Kio1), (5.1.106)
D22 = (K()O() + KlOO) (5.1.107)
Lemma 5.1.22. )\ = p.
Proof.
¢(D11) = D1y =(T1 @ Idr,)S1 (5.1.108)
= (17 (X000) Cx000 K000 — 7 (X100)Cx100 K100), (5.1.109)
from which we can conclude that
St = (IF @ Idy, ) (v (x000) Kooo — % (X100) Koo1)- (5.1.110)
Similarly we can observe that
St = (T3 ® Idx,) (¥ (x001) Koot + ¥ (x101) K1o01), (5.1.111)
Sy = (ﬁ ® Idq,) (¥ (x001) EKoor — ¥ (x101) Kio01), (5.1.112)
Sy = (ﬁ @ Idr, ) (% (x000) Kooo + ¥ (x100)K100)- (5.1.113)
1) If ¢ =1 then
S =(T ® Idx) (T (x000) Kooo — 7(x100) Koor)
1 *
:X(Tl ® Idz,)p(Kooo — Kio0) = %SL
Similarly, we can prove that Sy = £So.
2) If ¥(x100) = 1,%(x001) = —1 then Sy = £S5 and Sy = —£Ss.
From this, we can easily conclude that A A = p. O
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Lemma 5.1.23. For any choice of (1, A\, ko, 1v) and 1» = 1 the corresponding fiber functor

¢ is monoidally isomorphic to the identity fiber functor.

Proof. Let vy : Cy = Cy, v, + Hyy = Mgy Uny 2 My — Hyy, Uy + Hyy — Hry be the

unitary linear maps given by
1) vy(le, =)700)1e,
2) vny, = Mdy,,,
3) Uyl = )\kode 9
2 Ty
4) vg, = pt?Idy,.

One can check that (v, @) (Ye®0)v} = ¢(YP) for any a, b, ¢ € {xyjk, T2, Th, 74). Hence
¢ corresponds to the identity tensor functor on Corep(C(G)). O

Lemma 5.1.24. When 9(x100) = 1 and ¥(xo01) = —1, for any two choices of
(11, A1, kol, p1) and (72, A2, ko2, i2) the corresponding fiber functor ¢1, ¢ are monoidally

isomorphic.

Proof. It is easy to observe that ¢I1¢2 2 Jd. Hence ¢ is isomorphic to ¢s. O

Lemma 5.1.25. Any two fiber functors as in lemma (5.1.23) and as in lemma (5.1.24),

are not monoidally isomorphic.

Proof. Without loss of generality, we can take first functor to be identity tensor functor
and other to be ¢ corresponding A = 1,kg = 1,u = 1,7 = 1. Suppose ¢ = Id. So there
exists a unitary morphism Vi,gnr, € Mor(ma ® my, 7o ® my) such that Vi,en, (T1)V;, =
11, Viyom, (T2)Vy, = —T2 where T1, Ty € Mor(my, m ® T4). As my is irreducible, V,
must be of the form cI, for some constant ¢ € C — {0}. Let Vo, = A. We already
know T1(x1) = e1 ® x4 and To(z1) = e2 @ 2 . Hence ¢ 'A(e; ® 14) = e1 ® x4 and
c_lA(eg ® x9) = —eg ® zo. This implies c 1A # Id and therefore ¢ is not isomorphic to

the identity tensor functor. O

As a corrollary, we get our final result

Theorem 5.1.26. H?2

utnv

(C*(G),8") = Z».

Proof. The proof follows from lemmas (5.1.23),(5.1.24),(5.1.25). The only non-trivial

class is given by any functor in lemma (5.1.25). O

Remark 5.1.27. Similarly we can prove that H*(C*(G),C — {0}) is Zs.
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We use the above result to give an example where the group I' as in the theorem
(4.2.18) for the CQG C*(@) is different from H2, (C*(G),S'). It has been proven that

utnv

H2, (C*(Zs x Aut(Zs),S') = Z,. Tt is also proven in [Kas98] that Nontrivial invariant
2-cocycle 2 is given by Q = (v ® v)A(v*), where

1 2
v= 2(1+u4)+\4[u(1 —u? —ut 4+ ub).

One can check that v is a self adjoint unitary element and v? = 1.

Theorem 5.1.28. For the group ring Zg x Aut(Zs), I is trivial.

Proof. 1t follows from lemma 4.2.17 that the equivalence class Krg.01 = Krdcgv- By
our construction, the group I is in one-one correspondence with the equivalence classes
Ky, where U is any irreducible strongly projective corepresentation. Hence I' is the

trivial group. O

5.2 2-cocycles of dual of Kac-Paljutkin algebra

Let us recall the Tambara-Yamagami tensor category [TY98] .

Tambara—Yamagami tensor categories [TY98] is equivalent to the the category of
representations of the Kac-Paljutkin Hopf algebra [TY98], which is arising from the
Klein 4-group Ky = Z /27 @® 7/2Z. Elements of K4 = {e, s,t, st} satisfies the relations
52 =12 = (st)2 = e. x = X is a nondegenerate symmetric bicharacter of K, which is

given by

Xc((l,a) = Xc(ba b) = _17 Xc(aab) = ]-7

and considering the parameter 7 = % . Now, we define the category C(x,7) and Its

objects are finite direct sums of elements in S = K4 U {p}. Sets of morphisms between

elements in S are given by

C s=4¢,

Mor(s,s") =
0 s#4d,

so S is the set of irreducible classes of C(x, 7). Tensor products of elements in S are
given by

SRPp=p=pRSs, pRp= @s,s@t:st, (s,t € Ky)
seKy
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and the unit object is e. Associativities ¢ are given by

Pstu = id gt Psit,p = Pp,s,t = idp,
st = Xe(s, D)idy, oo = Ppps = D id,
keKy
. 1 1.
Ppsp = @ Xe(s t)idp, Po.p.p = <2Xc(k’,l) 11dp> : GB p— EB Ps
kEK4 kl keky 1eK,

for s,t,u € K4. Now, if we choose the natural fiber functor of this category then
this category is identified with the corepresentation category of Kac—Paljutkin quantum

group Qp,, that is
1 .
¢ <Xc, 2) =~ Rep(Qup) ~ Corep(Qiyp)

as tensor categories.

Moreover, using the discussion and calculation in [TY98], we observe that there is
a fiber functor ¢ from which Q) is obtained by the Tannaka-Krein reconstruction. It
can be seen from [TY98] that ¢g(s) = ¢o(t) = ¢o(st) = C and ¢o(p) = C2. Moreover we
can choose the basis element U, Uy, Ug and Vi, Vi, Vi

) 1 —1
o= (" Vo= (" ) o= .
1 0 7 0 0 1

where Us € Mor(p,s® p), Uy € Mor(p,t ® p),Uss € Mor(p, st® p) and

0 1 0 2 —1 0
vi=(" Jovi=( "].vu= ,
7 0 1 0 0 1

where V; € Mor(p,p®s), Vi € Mor(p,p®t) and Vg € Mor(p,p ® st). Now, let ¢ be
a dimension preserving fiber functor on this category.
Let ¢(T5%") 1= TH%, o(Ti2P) := Ti2” and (1527 := T4,

Here we introduce some notations which are,

Ti?t = 9(37t)T§§t7
Tze@t _ dtTZ®t — 4V,
T;®p = CtTg®t = CtUt,

Y PRp _ PP
T8 = kX0

Now if we choose the unitary linear maps v; : C; — Cy,vs : C4 — Cs, v : Cp —
Ciyvst : Co¢ — C¢ and v, : H, — H, such that v; are identity maps from C; to C;
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and v, = k;lﬁldq{p then it follows from the proof of Proposition (3.5) [BRV06] that

¢ is isomorphic to a fiber functor ¢’ where ¢'(T9%%) = (v, ® vp)d(T2®)v* for which
¢ (T22P) = TE%P . Without loss of generality, Let us assume that k; = 1.

Lemma 5.2.1. 0 is a 2-cycle on Ky.

Proof. Proof of this lemma similar to the proof of lemma (5.1.2),hence omitted. O

Without loss of generality, we assume that 6 is a normalized 2-cycle.

Lemma 5.2.2. c,cy = 0(z,y)cqy, where x,y € Ky.
Proof. From the diagram
(Ide, ®ciUs)
TRYRXIP ———— r®p

0* (z,y)®I del e U;;l
C* *

x UCE
Y ® p ——————— p
we can conclude that c;c, = 0(z, y)cay. O

Lemma 5.2.3. d,d, = 0(x,y)dyy, where z,y € Ky.

Proof. Proof of this lemma similar to the previous lemma, hence omitted. O

Lemma 5.2.4. ¢, = 7(x)d,, where T is a character on Kj.
Proof. From lemma (5.2.2) and (5.2.3), one can conclude that

ey dyd
O(z,y) = 2 = % (5.2.1)

Cry Ay

Hence, (cxdgl)(cydgl) = cxyd;yl. This implies that c,d; ! = 7(z) for a 2 cycle of Ky. O

From the associativity relation,
Ps.pt = X(8,1)idy,
we observe that
UsVy = x(2,y)VyUs. (5.2.2)

Let P, be range of Y7®™ and assume that ¢, is the image of P,.

We already know that ¢, = xc(s,t)id;.



99 2-cocycles of dual of Kac-Paljutkin algebra

Now, one can easily observe from the associativity relations that
UsVy = x(z,y)VyUs. (5.2.3)

It is a straight forward computation to verify the following

(Us ® Idp)es = i€, (5.2.4)
(Ut & Idp)Et = 1€q, (5.2.5)
(Ust & Idp)ést = (—1)61. (5.2.6)

Lemma 5.2.5. The following identities hold:
1) csky = 0(s, 5" H)ky1y,
2) dsky = 0(s, s 1t)kg1,.

Proof. 1) From this diagram

D Ldy

(s@p)@p — % 50 (p®p)
c* U5*®Idpl fd@"f:flféu
pPRp s® st

k;*l'x‘ As—lt)
t

one can easily conclude that csky = 0(s, s~ 1)ky1,.

2) Similarly, we can prove that dsk; = 0(s, s~ 't)kg—1;.

Lemma 5.2.6. c, k., =1 and ¢, = d,, where x € Ky.

Proof. If we choose s =t then it follows csks = 0(s,1)k; = k1 = 1 from lemma (5.2.5).
Similarly, we can deduce that dsks = k1. Hence ¢s = ds. O

Theorem 5.2.7. H2, (Opp,S") =1, H2, (Qkp, C — {0}) = 1.

Proof. We define unitary linear maps v : C; — Cq,v5 : C3 — Cg,vp 1 Cp — Cy, vy -
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Cst = Cq and v, : H, — H,, which are given by

<

1(1C1) = Cll(CU

<

s(l(CS) = Csl(Cs7
Ut(l(Ct) = Ctl(Ct7
vst(le,,) = cstley

’Up = Ide.

Now, one can check that ¢(T9?) = (v, @ v,)(TI®0)v*.
Hence H2;,, (Qpp, S*) = 1.
Similarly, H2,, (Qkp, C — {0}) = 1 as v} = v ! for ¢ € {1, 5,1, p}. O

Remark 5.2.8. In fact, it is well known that Qy, = Qkp as Hopf *-algebras, hence
Theorem (5.2.7) is also valid if Qkp is replaced by Qp,p.
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