
Projective corepresentations and

cohomology of compact quantum groups

KIRAN MAITY

Indian Statistical Institute, Kolkata

July, 2025





Projective corepresentations and

cohomology of compact quantum groups

KIRAN MAITY

Thesis submitted to the Indian Statistical Institute

in partial fulfillment of the requirements

for the award of the degree of

Doctor of Philosophy.

July,2025

Thesis Advisor: Debashish Goswami

Indian Statistical Institute

203, B.T. Road, Kolkata, India.





Dedicated to my parents





Acknowledgements

This thesis is the result of years of research that began when i joined ISI Kolkata

in 2021. Thoughout this journey, i have received support from many people. It is a

pleasure to convey my gratitude to them in this humble acknowledgment.

Firstly, I would like to express my profound gratitude to my advisor, Debashish

Goswami, for his supervision and guidance from the very early stage of this research.

Working with him has been the the greatest privilege of my academic journey. Although

i sometimes feel i am not yet mathematically skilled enough to match his expertise. This

work would not have been possible without his continuous help. Thank you, sir.

I am thankful to Jyotishman sir for giving his precious time at the very beginning of

my research journey at ISI kolkata. He always helped to resolve my simple mathematical

doubts with patience and clarity.

I would like to give big shout outs to Bappa for helping me resolve all my latex

issues. I thank Suchetna for discussing math with me and offering support whenever I

felt low.

I am thankful to Abhinandan, Akashdeep, Rishav(Q2), Soumyadipta, Anish,

Jayanta da, Deepak with whom I had spent lots of enjoyable ”faltu” time.

Special thanks to Aritra, Debabrata, Anunoy with whom I have had many enriching

discussion on philosophy,politics and musics on ISI RS hostel terrace.

I am thankful to my parents and uncle . Especially my mother who believes in me.

Without her support, I would not be here today. Thank you, mother.





Contents

Notations 1

0 Introduction 3

1 Preliminaries 7

1.1 Projective representation of a group and relation with group cohomology 7

1.1.1 Projective representation of a topological group . . . . . . . . . . 7

1.1.2 Group Cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.1.3 Central extension and cohomology class . . . . . . . . . . . . . . 9

1.1.4 Universal central extension . . . . . . . . . . . . . . . . . . . . . 11

1.2 Operator algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.2.1 C∗ algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.2.2 Multiplier C∗ algebra . . . . . . . . . . . . . . . . . . . . . . . . 13

1.2.3 Universal C∗ Algebra . . . . . . . . . . . . . . . . . . . . . . . . 13

1.2.4 Von-Neumann algebra . . . . . . . . . . . . . . . . . . . . . . . . 15

1.2.5 Tensor product of C∗ algebras . . . . . . . . . . . . . . . . . . . 17

1.3 Quantum group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.3.1 Hopf algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.3.2 Dual Hopf-algebra . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.3.3 Compact quantum group . . . . . . . . . . . . . . . . . . . . . . 19

1.3.4 Corepresentation of CQG . . . . . . . . . . . . . . . . . . . . . . 22

1.3.5 Coaction of CQG . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.3.6 Discrete quantum group . . . . . . . . . . . . . . . . . . . . . . . 25

1.4 Normal subgroup of DQG . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.5 Tensor category . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.5.1 C∗ tensor category . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.5.2 Woronowicz’s Tannaka-Krein duality . . . . . . . . . . . . . . . . 34

v



2 Projective corepresentation and cohomology of CQG 37

2.1 Cohomology of quantum groups . . . . . . . . . . . . . . . . . . . . . . . 37

2.2 Alternative description of fiber functor . . . . . . . . . . . . . . . . . . . 40

2.3 Projective corepresentation . . . . . . . . . . . . . . . . . . . . . . . . . 41

3 Projective envelope of a compact quantum group 49

3.1 Unitarity of U c for a projective corepresentation U . . . . . . . . . . . . 49

3.2 Construction of a univeral C∗ tensor category for defining projective en-

velope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4 Strongly projective corepresentation and cohomology of compact

quantum group 65

4.1 Normalizer of a tensor category . . . . . . . . . . . . . . . . . . . . . . . 65

4.2 Strongly projective corepresentation . . . . . . . . . . . . . . . . . . . . 67

5 Explicit computation of the second invariant cohomology of certain

finite dimensional compact quantum groups 75

5.1 Cohomology of the group ring Z8 ⋊Aut(Z8) . . . . . . . . . . . . . . . 76

5.2 2-cocycles of dual of Kac-Paljutkin algebra . . . . . . . . . . . . . . . . 96



1

Notations

C The set of complex numbers

S1 The circle group

Mn(C) The set of all n× n complex matrices

H Hilbert space

C∗
r (G) Reduced group C∗ algebra

C∗(G) full group C∗ algebra

id The identity map

Sp(A) C- linear span of a set A

[A] Closed linear span of a set A

A⊗alg B Algebraic tensor product of two C∗ algebras A and B
A⊗ B Minimal tensor product of two C∗ algebras A and B
A⊗̄B von Neumann algebraic tensor product of two von Neumann algebras A and B
K(H) The set of all compact operators on H.
B(H) The set of all bounded operators on H.
(Q,∆) Compact quantum group

Q̂ Dual discrete quantum group of Q
L∞(Q) von Neumann algebraic compact quantum group

Ω Left/right 2-Cocycle of a compact quantum group
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Chapter 0

Introduction

Symmetry plays a major role in both mathematics and physics. This triggered a flurry

of research in the theory of groups and their representations, both in analytic and al-

gebraic frameworks. In the formalism of quantum mechanics in terms of operators on

Hilbert spaces, it is often natural to consider symmetry as a map on the level of rays,

that is on the set of unit vectors up to scalar multiplication. This leads to consideration

of projective representation of the symmetry group. Mathematically, the theory of pro-

jective representation of group is closely related with group extension and cohomology

theory [Bro94].

Quantum groups and more generally the theory of rigid tensor categories have gen-

eralized the classical group symmetry in mathematical physiscs. Beginning with the

algebraic formulation due to Drinfield and Jimbo [Dri89], [Dri85], [Jim85] which was

motivated by questions in physics related to the solution of quantum Yang-Baxter equa-

tions, the theory of quantum groups and Hopf algebras have traversed a long way, with

various analytic formalism due to a number of mathematician, most notably Woronow-

icz [Wor87], Vaes-Kusterman [KV99], [KV00], [KV03] Van Daele [VD94], [VDVK94],

[VD96], [MVD98], [VDW96]. In physics, there is a lot of interaction between the math-

ematical theory of quantum groups and tensor categories with the emerging field of

topological states of matter and quantum computation [CGLW13,Che16].

This makes it a natural question whether one can extend the classical theory of

projective representation of group to the realm of quantum groups. Substantial work

in this direction have already been done by Kenny De Commer( [DCMN24], [DC11b],

[DC11a], [DC09], [DCY15], [DCY12]), Sergey Neshveyev( [NT11a]), [NT12]), [NY16]),

Lars Tuset( [NT11b]), Makoto Yamashita( [NY16]). The goal of present thesis is to con-

tribute to understanding of projective (co)representation of compact quantum groups

and study the associated cohomology. Some of the main results obtained by us con-

cern extension of projective corepresentations of a given (compact) quantum group to

3
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(linear) corepresentations of a bigger quantum group . Indeed, using Tannaka-Krein

reconstruction theorem, for a given compact quantum group, we prove existence of a

possibly larger compact quantum group such that any unitary projective corepresen-

tation of the original quantum group lifts to a unitary corepresentation of the bigger

quantum group. In fact, we carry out such enveloping construction for various types

(left, right,bi) of projective corepresentation defined by us. For strongly projective

corepresentations defined by us, which in a sense are the closet to the classical case,

we can relaize the dual of the original quantum group as a normal quantum subgroup

of (dual of) the corresponding envelope. This leads to connection with the the second

invariant cohomology of quantum groups in the sense of ( [NT]). In the last part of

the thesis we compute such cohomology for a few quantum groups explicitly using the

techniques of tensor category and fiber functors.

Let us briefly discuss some possible applications of our results to the domain of

physics, more precisely topological phases. Some quantum systems permit a gapped

spectrum with a single or degenerate vacuum state. In order to specify conditions for

the latter, a natural definition of symmetry involves of maps that preserve the tran-

sition probability of rays. Changing the point of view from rays to specific states,

the symmetry action becomes projective. Specifically, symmetries are operators on the

Hilbert space that are either linear and unitary or anti-linear and anti-unitary. The

first case can be interpreted as a projective representation of groups. The vacuum state

degeneracy is then contigent to the projective phase, whenever the symmetry is pre-

served by the Hamiltonian in question. The issue, whether a vacuum is degenerate, is

then solved by answering whether a phase redefinition on the states can eliminate the

projective phase. This problem is related to the field of group cohomology. Different

vacuum state are parametrized by different equivalence classes in the second group coho-

mology, H2(G,U(1)) of the symmetry group G. Symmetry protected topological phase

are found to be exactly those vacuum states with non-trivial elements in H2(G,U(1)).

When one replaces group symmetry on quantum mechanical system by a natural quan-

tum group symmetry, it is clear that projective corepresentation and cohomology of

quantum groups will play a crucial role to label and understand topologiacl phase.

We conclude with a chapter wise summary of the thesis.

Chapter 1

In the first section, we introduce all basic terminology and theory of projective

representation of classic group, which are mostly taken from [Bro94], [Che15]. We recall

all the theorems which are related to projective representation and central extension

of group. At the end, we give brief description of universal central extension and its

properties. Section 2 is devoted to basic theorems on C∗ algebra and von-Neumann

algebras and tensor products of C∗ algebras. Section 3 contains all the basic definitions
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and theorems on Hopf algebras , compact quantum group (CQG) and discrete compact

quantum group (DQG). We explicitly give some examples which will be used in later

chapters, brief description of corepresentations of compact quantum groups and the

dual DQG of a CQG as in Van Daele [VD96] . At the end of this chapter, we define C∗

tensor category and state the Woronowicz Tannaka-Krein duality and also an alternative

description of fiber functor [BRV06].

Chapter 2

After this, we recall the definitions of Galois co-object of von-Neumann algebraic

compact quantum groups and measurable projective corepresentations [DC11b]. Here

we prove that any measurable projective corepresentation of a von-Neumann algebraic

compact quantum group on a finite dimensional Hilbert space corresponds to a right

Galois co-object. From this, we get a left 2-cocycle. Then we define the notion of

left/right/bi projective corepresentation of compact quantum group. In the first section

of this chapter, we introduce the notions of cohomology of a CQG, the invariant second

cohomology. Then we briefly describe invariant 2-cocycles of compact quantum group.

We give some examples at the end of this section.

Chapter 3

It is known from [Bar54] that any projective representation of classical compact

group lifts to a linear representation of a bigger compact group. In this chapter we

prove a similar result for a compact quantum group. In the first section of this chapter,

we prove that for any left/right/bi projective corepresentation U of a compact quantum

group Q on H the contragredient Ū on H̄ is also unitary for a suitable choice of inner

product. From that we prove that contragredient of a left/right/bi projective corepre-

sentation is also a right/left/bi projective unitary corepresentation for a suitable Hilbert

space. In the second section of this chapter, we construct a universal rigid C∗ tensor

category and using suitable subcategories we define universal compact quantum groups

QL,QR,Qbi such that any left/right/bi projective corepresentation of Q corresponds to

a unitary corepresentation of QL,QR,Qbi respectively.

Chapter 4

First we define the notion of normalizer of a tensor category. By applying Tannaka-

Krein duality we prove that discrete quantum group corresponding to the normalizer

of the category of (finite dimensional) representation of a DQG is a normal discrete

quantum subgroup of it. In the next section we define left/right strongly projective

corepresentation of Q and prove that the associated 2-cocycle is invariant. We study

the quoient quantum group N̂(Q)/Q̂ and discuss its relation with cohomology.

Chapter 5

In this chapter we explicitly compute the invariant second cohomology groups
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H2
uinv(Q̂, S1) and H2

inv(Q̂,C∗) for two interesting examples, namely dual of the Kac-

Paljutkin Hopf algebra (Qkp) and CΓ for a group of order 32 considered by [Wal47]. We

use the description of cohomology in terms of fiber functos as in [NT]. In particuar we

obtainH2
uinv(CΓ, S1) = Z2 = H2

inv(CΓ,C∗) andH2
uinv(Q̂kp, S

1) = {1} = H2
inv(Q̂kp,C∗).



Chapter 1

Preliminaries

1.1 Projective representation of a group and relation with

group cohomology

We review some basic facts on projective representation from [Bro94], without proof.

1.1.1 Projective representation of a topological group

Let G be a group, V is a C-Vector space and GL(V ) be the general linear group of V.

The projective linear group PGL(V ) defined by the quotient GL(V )/C∗IdV .

Definition 1.1.1. A projective representation of a group G on a vector space V is a

group homomorphism

F : G→ PGL(V ).

Definition 1.1.2. A map Ω : G×G→ C− {0} is said to be a 2-cocycle If

Ω(xy, z)Ω(x, y) = Ω(x, yz)Ω(y, z),

where x, y, z ∈ G. If it takes value in S1, then it is said to be a unitary 2 cocycle.

Proposition 1.1.3. If F : G→ GL(V ) is a projective representation then there are set

maps ϕF : G→ GL(V ) and ΩF : G×G→ C− 0 such that

ϕF (g)ϕF (h) = ΩF (g, h)ϕF (gh). (1.1.1)

Conversely, if there are set maps ϕ : G → GL(V ) and Ω on G × G → C − 0 which

satisfying (1.1.1) then there is a unique group homomorphism F : G → PGL(V ) such

that F = π ◦ ϕ, where π : GL(V ) → PGL(V ) is the quotient map.

7
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So, If we have two set maps ϕ and Ω on G satisfying (1.1.1), then (ϕ, V,Ω) is said

to be a projective representation of G. Any linear representation of G is automatically

a projective representation of G.

Definition 1.1.4. If (ϕ1, V,Ω1), (ϕ2,W,Ω2) are two projective representations of G then

morphisms between them are given by,

Mor((ϕ1, V,Ω1), (ϕ2,W,Ω2))

= {T ∈ B(V,W ) : Tϕ1(g) = ϕ2(g)T, for all g ∈ G}.

Two projective representations (ϕ1, V,Ω1), (ϕ2,W,Ω2) are said to be equivalent if there

exists a vector space isomorphism T : V →W such that T ∈Mor((ϕ1, V,Ω1), (ϕ2,W,Ω2)).

Lemma 1.1.5. If (ϕ, V,Ω) is a projective representation of a group G, then Ω is a 2

cocycle of G.

Proof. Let g, h, k ∈ G. Now,

Ω(g, h)Ω(gh, k)ϕ(ghk) =Ω(g, h)ϕ(gh)ϕ(k)

=ϕ(g)ϕ(h)ϕ(k)

=ϕ(g)Ω(h, k)ϕ(hk)

=Ω(h, k)Ω(g, hk)ϕ(ghk).

From this, we can conclude that Ω is a 2-cocycle of G. 2

1.1.2 Group Cohomology

Let G be a group, M be an abelian group. In the theory of group cohomology, there is

a more general approach where G acts on M. But we will not consider such action.

Definition 1.1.6. Let n be a positive integer. An n-cochain of G in M is a map

F : Gn(n times product) → M . Then Cn(G,M) is the group of all n−cochains where

the multiplication,inverse,identity ,are given by

1)fg(x1, x2, ...., xn) = f(x1, x2, ..., xn)g(x1, x2, ..., xn)

2)f−1(x1, x2, ...., xn) = f(x1, x2, ...., xn)−1

3)1 : (x1, x2, ...., xn) = 1M ,

where f, g ∈ Cn(G,M), xi ∈ G. A 0-cochain is defined to be an element of M.

Definition 1.1.7. Coboundary of an n-cochain is an (n+ 1)-cochain δnf given by

(δnf)(x1, x2, ...., xn+1) = f(x2, ..., xn+1)(Π
n
i=1f(x1, ..xixi+1, ..xn)(−1)i)f(x1, .., xn)(−1)n+1

.
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For all n-cochains we have δn+1(δn(f)) = 1 and δn(fg) = δn(f)δn(g). Coboundary map

δn : Cn(G,M) → Cn+1(G,M) is a group homomorphism.

Definition 1.1.8. Let kerδn and image(δn−1) be denoted by Zn(G,M), Bn(G,M)

respectively. The n−th cohomology of G is defined as the group: Hn(G,M) =

Zn(G,M)/Bn(G,M). Its elements are called cohomology classes. Two cocycles con-

tained in the same cohomology classes are said to be cohomolgous.

Example 1.1.9. (2 nd cohomology group) Let Ω ∈ Z2(G,M), which means (δ2Ω)(x, y) =

1M , for all x, y ∈ G. In other words, it satisfies the following equation

Ω(y, z)Ω(xy, z)−1Ω(x, yz)Ω(x, y)−1 = 1M

for all x, y, z ∈ G.

If ρ ∈ B2(G,M), then there exists an 1-cochain f such that δ(f) = ρ. So, for all

x, y ∈ G

ρ(x, y) = f(x)f(xy)−1f(y).

Let Ω1,Ω2 be 2-cocycles. They are cohomologous if and only if there exists an 1-cochain

f such that Ω1(x, y) = Ω2(x, y)f(x)f(xy)−1f(y).

1.1.3 Central extension and cohomology class

Definition 1.1.10. An exact sequence of groups is a sequence of group homomorphisms

1
f0−→ G1

f1−→ G2
f2−→ ...

fn−1−−−→ Gn
fn−→ 1

such that Image(fi) = ker(fi+1), i ∈ {1, 2, .., n}. We call this sequence is a short exact

sequence when n = 2.

Definition 1.1.11. An extension of a group Q by the group N is a short exact sequence

1N
i−→ N

f−→ G
g−→ Q

h−→ 1.

If Image(f) is in the center of G, then it is called central extension of group Q by N.

Example 1.1.12. This exact sequence

1 → C∗ → GL(V )
π−→ PGL(V ).

is an example of central extension of PGL(V ) by C∗.
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Definition 1.1.13. A morphism of exact sequences is a commutative diagram of group

homomorphisms:

1 N1 G1 Q1 1

1 N2 G2 Q2 1.

α β γ

Definition 1.1.14. Let 1 → N
f1−→ G1

p1−→ Q1 → 1 and 1 → N
f2−→ G2

p2−→ Q2 → 1 be

two extensions of the group Q by N . We say both are equivalent if there is a morphism

(IdN , ϕ, IdQ) of exact sequences such that

1 N G1 Q 1

1 N G2 Q 1.

f1

IdN

p1

ϕ IdQ

f2 p2

From five lemma, we can conclude that ϕ : G1 → G2 is a group isomorphism.

Let P : G → PGL(V ) be a projective representation. From lemma (1.1.3), we

know that there are set maps P : G → GL(V )( section of P ),Ω : G × G →
C∗(Schur multiplier). Then the cohomology class Ω̄ of Ω is called the cohomology

class associated with the projective representation P and denoted by CP .

Lemma 1.1.15. If 1 → N
i−→ G

ρ−→ Q → 1 is a central extension of the group Q by

N , then for each section(i.e. a map such that ρf = IdQ) f : Q → G of ρ such that

f(1Q) = 1G, we have f(n)f(n
′
)f(nn

′
)−1 ∈ image(i(N)), for all n, n

′ ∈ N . Therefore,

the set map defined by Ωf (n, n
′
) = i−1(f(n)f(n

′
)f(nn

′
)−1) is a N valued 2-cocycle.

Theorem 1.1.16. Two central extensions (G1, ρ1), (G2, ρ2) of Q by the abelian group N

is equivalent if and only if their associated cohomology classes CG1,ρ1 , CG2,ρ2 ∈ H2(Q,N)

are equal.

Now, we briefly discuss the relation between projective representation of a group, its

central extensions and lifting of a projective representation to a linear representation.

Lemma 1.1.17. Consider the commutative diagram

1 N1 G1 Q1 1

1 N2 G2 Q2 1.

f1

α

ρ1

β

f2 ρ2

Then there is a unique group homomorphism γ : Q1 → Q2 such that γρ1 = ρ2β.
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Definition 1.1.18. Let (Q1, ρ1), (Q2, ρ2) be two central extensions. Let f : Q1 → Q2 be

a group homomorphism. A lifting of f is a morphism of exact sequences (α, g, f) such

that:

1 N1 G1 Q1 1

1 N2 G2 Q2 1.

i1

α g

ρ1

f

i2 ρ2

Lifting of a projective representation:

Let (ϕ, V,Ω) be a projective representation. Now, we consider the set H = {(g,A) ∈
G × GL(V ) : πϕ(g) = π(A)}, where π : GL(V ) → PGL(V ) is the quotient map. H

is a subgroup of G × GL(V ). Let ψ : H → G given by ψ(g,A) = g. Kernel of ψ is

{(eG, cIdGL(V )) : c ∈ C∗} which is in the center of the group G×GL(V ) . We can define

an ordinary representation of H by setting to, F (g,A) = A. The ordinary representation

F is the lift of (ϕ, V,Ω) in the sense that:

πF (g,A) = πϕ(g) = πϕ(ψ(g,A)).

Let {(ϕi, Vi,Ωi) : i ∈ I}, where I is an indexed set, be the collection of all projective

representations of G. Then we can lift all of them to linear representations of a subgroup

H = {(hi)i∈I : such that πi(hi) = πj(hj), for alli, j ∈ I} of the group ΠiHi. Here Hi

is a group to which we can lift the projective representation ϕi. We denote by G′ the

commutator of a group G,which is the subgroup generated by {g−1h−1gh; g, h ∈ G}.

G is said to be a perfect group if G = G
′
. G is said to be super perfect group if its

abelianization and Schur-multiplier both vanish.

1.1.4 Universal central extension

Let E : 1 → N → G → Q and Ē : 1 → N̄ → Ḡ → Q be two central extensions of Q. E

is a cover of Ē if there exists a morphism (α, β, Id) of extensions such that,

1 N G Q 1

1 N̄ Ḡ Q 1.

f

α

g

β Id

f̄ ḡ

E is said to be universal central extension of Q if E uniquely covers every central

extension of Q.

Lemma 1.1.19. If E : 1 → ker(τ) → G
τ−→ Q → 1 and Ē : 1 → ker(τ̄) → Ḡ

τ̄−→ Q → 1

be two central extensions of Q. Then the following statements hold:

1) There is a group isomorphism ϕ : G→ Ḡ such that ϕ(ker(τ)) = ker(τ̄).
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2) If G is a perfect group and E covers Ē, then E uniquely cover Ē.

Lemma 1.1.20. i) A universal central extension of a group G exists if and only if

G is a perfect group.

i) If Q is a perfect group then the universal central extension of Q is also a perfect

group.

ii) If Q is a perfect group then the universal central extension is a super perfect group.

Example 1.1.21. Special unitary group SU(2) is a simply connected perfect compact

group. The universal continuous central extension of SU(2) is itself. So, every projective

representation of SU(2) is projectively equivalent to a linear representation.

Example 1.1.22. 1 → Z2 → SU(2) → SO(3) is universal central extension of special

real orthogonal matrix group SO(3). Every projective representation of SO(3) is a linear

representation of SU(2).

Theorem 1.1.23 (Theorem from [Rag94]). If G is a connected semi-simple lie

group,then H2(G,S1) is isomorphic to the Pontryagin dual π̂1(G) of the fundamental

group of π1(G). We can say that SU(2) has no non-trivial projective representation.

Remark 1.1.24. From theorem (1.1.25), we can say SO(3) has only one non-trivial

projective representation because π1(SO(3)) = Z2.

1.2 Operator algebra

1.2.1 C∗ algebras

A Banach ∗-algebra A is a C∗ algebra if it is satisfies : ∥x∗x∥ = ∥x∥2 for all x in A. If A
has unit then it is said to be unital or it is called non-unital. Every finite dimensional

C∗ algebra is unital. From Geland-Naimark-Segal theorem, we know any C∗ algebra is

isometrically isomorphic to a C∗-subalgebra of B(H) (where B(H) denote the set of all

bounded operators on a Hilbert space H).

Let x be an element of A, then the spectrum of x, denoted by σ(x) is defined as

{z ∈ C : (z1 − x) ∈ GL(A)c}, where GL(A) is the set of all invertible elemnts of A.

x is said to be self adjoint if x = x∗, normal if x∗x = xx∗, unitary if x∗ = x−1 and

a idempotent if x2 = x and a projection if it is a selfadjoint and idempotent, positive

if x = y∗y for some y in A. For a normal element x ∈ A, there is a injective ring

homomorphism C(σ(x)) onto C∗(x), which is a isometric *-isomorphism.

A C∗ homomorphism between two C∗ algebras A1,A2 is a ring homomorphism and

a ∗ preserving map. If A linear map between two C∗ algebras, send positive elements



13 Operator algebra

then it is said to be a positive map. So, any C∗ homomorphism is a positive linear map.

A state is a positive linear functional ϕ such that ϕ(1) = 1. A state ϕ is called tracial

state if ϕ(ab) = ϕ(ba) for all a, b in A and faithful if ϕ(x∗x) = 0 implies x = 0. Given

a state ϕ on a C∗ algebra A, there exists a triple (called the GNS triple) (Hϕ, πϕ, ξϕ)

consisting of a Hilbert space Hϕ, a ∗ representation πϕ of A into B(Hϕ) and a vector ξϕ

in Hϕ which is cyclic in the sense that {πϕ(x)ξϕ : x ∈ A} is total in Hϕ satisfying

ϕ(x) = ⟨πϕ(x)ξϕ, ξϕ⟩ .

1.2.2 Multiplier C∗ algebra

Definition 1.2.1. A closed ideal I in a C∗ algebra A is said to be essential ideal if for

every nonzero closed ideal J of A, I ∩ J is a non-zero ideal in A.

Definition 1.2.2. A double centralizer of a C∗ algebra A is a pair (L,R) of bounded

linear map on A such that

aL(b) = R(a)b, ∀a, b ∈ A.

It follows from the definition that if (L,R) is a double centralizer of A then ∥L∥ =

∥R∥. The set of all double centralizers of A can be given a C∗ algebra structure. This

C∗ algebra is called the multiplier algebra M(A) of A.

Remark 1.2.3. A is an essential ideal in M(A). If A is a unital C∗ algebra then

A ∼= M(A).

Lemma 1.2.4. Let I be an ideal in a C∗ algebra A. If π : I → B is a faithful non-

degenerate representation then π can be extended uniquely to a representation of M(A).

Consider the topology given by the seminorms {la, ra : a ∈ A} where la(x) =

||ax| |, ra(x) = ||xa| |. The resulting topology is called the strict topology on M(A). A

is dense in M(A) under this topology.

1.2.3 Universal C∗ Algebra

Definition 1.2.5. Let elements E = {xi : i ∈ I} be given, where I is some index set.

a) A noncommutative monomial in E is a word xi1xi2 ...xim with i1, i2....im ∈ I and

m ∈ N − {0}.

b) A noncommutative polynomial in E is a formal complex linear combination of

noncommutative monomials:
∑n

k=1 αkyk with n ∈ N ,αk ∈ C and y1, y2, ..., yn being

noncommutative monomials in E.
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c) on noncommutative monomials, we consider the concatenation of words,i.e.

(xi1xi2 ...xim).(xj1xj2 ...xjn) = xi1xi2 ...ximxj1xj2 ...xjn ,

where xi1xi2 ....xim and xj1xj2 ...xjn are two monomials.

d) The free algebra on the generator set E is given the set of noncommutative poly-

nomials in E together with canonical adition and scalar multiplication, and the

multiplication of elements given by the concatenation. The elements in E are

understood being distinct.

The algebra is free in the sense that the elements xi satisfy no nontrivial relation,

i.e. the only polynomial in the generators which is zero, is the zero polynomial itself.

Hence, the free algebra has following universal property: whenever B is some algebra

containing elements {yi : ı ∈ I}, there is a algebra homomorphism from the free algebra

to B sending xi → yi, for all i ∈ I. Given E = {xi : i ∈ I}, we add another set of

generators E∗ = {x∗i : i ∈ I} and we define an involution on the free algebra on E ∪E∗

by extending

(αxϵ1i1x
ϵ2
i2
....xϵmim )∗ = ᾱxϵ̄mimx

ϵ̄m−1

i2
....xϵ̄1i1

to linear combinations; here α ∈ C, ϵk ∈ {1, ∗} and ϵ̄k = 1 if ϵk = ∗ and ϵ̄k = ∗ if ϵk = 1.

So, we obtain the free * algebra P (E) that is generated by E.

Definition 1.2.6. We consider the following data :

i) Let E = {xi : i ∈ I} be a set of elements, I some index set.

ii) Let R be a set of polynimals in P (E).

Let J(R) be the two sided * ideal generated by R. The universal * algebra with generators

E and relations R is defined as the quotient A(E|R) = P (E)/J(R). Now, we want to

find a C∗ norm on A(E|R). Let, define a seminorm on A(E|R) given by

∥x∥ = sup{∥π(x)∥ : π is a ∗ homomorphism from A(E|R) → B(H)},

where H is a Hilbert space and the set of all ∗ homomorphisms is a nonempty set.

Definition 1.2.7. If E is the set of generators and R is the given relation and for

all x ∈ A(E|R) ,∥x∥ < ∞,then the universal C∗ algebra C∗(E|R) generated by E with

respect to relation R, defined by the completion of the * algebra A(E|R)/{x ∈ A(E|R) :

∥x∥ = 0} with respect to ∥.∥ .
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Example 1.2.8. Let E = {U, V } and R be the relation given by UU∗ = U∗U = 1 =

V ∗V = V V ∗ and UV = e2πiθV U . Then the universal C∗ algebra (noncommutative 2

torus) Aθ = C∗(u, v : u, v unitaries, uv = e2πiθvu} for θ belongs to [0, 1].

Example 1.2.9. Let G be a locally compact group with left Haar measure µ. One can

make L1(G) into a Banach ∗-algebra by defining

(f ∗ g)(t) =

∫
G
f(s)g(s−1t)dµ(s),

f∗(t) = ∆(t)−1f(t−1).

Here f, g are in L1(G), ∆ is the modular homomorphism of G.

L1(G) has a distinguished representation πreg on L2(G) defined by πreg(f) =∫
f(t)π(t)dµ(t) where π(t) is a unitary operator on L2(G) defined by (π(t)f)(g) =

f(t−1g) (f ∈ L2(G), t, g ∈ G). The reduced group C∗ algebra of G is defined to be

C∗
r (G) := πreg(L1(G))

B(L2(G))
.

The free or full group C∗ algebra C∗(G) is the universal C∗ algebra which is generated

by the Banach *-algebra L1(G).

Remark 1.2.10. For an abelian group, the following holds: C∗
r (G) ∼= C0(Ĝ), where Ĝ

is the group of characters on G.

1.2.4 Von-Neumann algebra

Definition 1.2.11. Let, H be a Hilbert space.

1) The strong operator topology on B(H) is given by the family of seminorms {Ph :

Ph(T ) = ∥T (h)|| , T ∈ B(H), h ∈ H}.

2) The weak operator topology on B(H) is given by the family of seminorms {Ph1,h2 :

Ph1,h2(T ) = |⟨Th1, h2⟩|}, h1, h2 ∈ H, T ∈ B(H).

3) The strong ∗ topology on B(H) is defined by the seminorms Ph(T ) = ∥T (h)|| and
P ∗
h (T ) = ∥T ∗(h)|| .

Let B be a unital C∗ subalgebra of B(H). The commutant B
′

of B is defined by the

{x ∈ B(H) : xT = Tx, for all T ∈ B(H)}. B is said to be a von-Neumann algebra if

B = B
′′
. From the Double commutant theorem , we know B

′′
is weak ∗ closure of the

C∗ subalgebra B.

Lemma 1.2.12. Let B ⊆ B(H) is a von-Neumann algebra then the followings hold :

a) B contains the range projections of all its elements.
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b) B is closed linear span of all its projections.

Theorem 1.2.13. Let B be a unital ∗ subalgebra of B(H). Then the closure of B under

weak operator topology and strong operator topology are equal and it is equal to the

double commutant B
′′
of B.

Definition 1.2.14. A projection p0 is said to be a sub-projection of p if (p − p0) is a

positive element in B.

Murray-von Neumann equivalence and comparison between teo projec-

tions

Fix a von-Neumann algebra B ⊆ B(H). Let P,Q ∈ B be two projections. P,Q

are said to be Murray-von-Neumann equivalent (written P ∼ Q) if there is a partial

isometry u ∈ B s.t. u∗u = p, uu∗ = q. ≤ is a partial order relation on projections of

B(H) defined by p ≤ q, if there is a subprojection q0 of q s.t. p ∼ q0.

Definition 1.2.15. Let p ∈ B ⊆ B(H) is a projection.

i) p is said to be a finite projection if there is no proper sub-projection p0 of p, which

is equivalent to p.

ii) p is said to be an infinite projection if there is a proper sub-projection p0 of p,

which is not equivalent to p.

A von-Neumann algebra B is said to be finite if 1B is a finite projection.

The center of a von Neumann algebra is denoted by Z(B) and the set of all projections

of B is denoted by P (B).

Theorem 1.2.16. A von-Neumann algebra B is finite if and only if there exists a

positive normal bounded linear map τ : B → Z(B) such that

1)τ(ab) = τ(ba),

2) if a ≥ 0, τ(a) = 0 then a = 0,

3)τ(c) = c for c ∈ z(B),

4)τ(ca) = cτ(a) for c ∈ z(B).

Definition 1.2.17. An infinite projection p is said to be properly infinite if PzP = 0

or PzP is an infinite projection for each central projection Pz ∈ P (Z(B)).

Remark 1.2.18. A von-Neumann algebra B is finite if and only if any isometry of B

is unitary . For any finite-dimensional Hilbert space H, B(H) is a finite von-Neumann

algebra.
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1.2.5 Tensor product of C∗ algebras

Let us assume that A and B are two algebras over C. We will use the notation A⊗ B
for the algebraic tensor product of A and B. Let A and B be two C∗ algebras, then

there is more than one norm on A ⊗alg B so that the completion with respect to that

norm is a C∗ algebra. We will mainly work with the injective tensor product, that is the

completion of A⊗alg B with respect to the norm given on A⊗alg B by ∥
∑n

i=1 ai⊗ bi∥ =

sup∥
∑n

i=1 π1(ai) ⊗ π2(bi)∥B(H1⊗H2), where π2 : A2 → B(H2), π1 : A → B(H1) are

∗-homomorphisms, ai ∈ A, bi ∈ B and the supremum runs over all possible choices of

(π1,H1), (π2,H2). When A and B are von Neumann algebras, A ⊆ B(H),B ⊆ B(K), we

also consider the von Neumann algebraic A⊗̄B ⊆ B(H⊗K) generated by A⊗algB, that

is (A ⊗alg B)′′. We also make the following convention (unless otherwise mentioned).

When either A or B is finite dimensional, we do not always write A⊗alg B but simply

write A⊗B. However, when both are infinite dimensional, one has to specify the norm

and we use A⊗alg B for the algebraic tensor product.

1.3 Quantum group

Here, we briefly discuss about compact quantum group(CQG) and discrete quantum

group(DQG), for detail discussion and proof, we refer to [Wan98], [VDW96, VD96],

[KV00], [CP95], [Kas98], [KS97], [Maj95].

1.3.1 Hopf algebra

Let A be an unital associative algebra which is a vector space A over C together with

two linear maps m : A⊗A→ A called the multiplication map and η : C → A called the

unit such that m(m⊗ id) = m(id⊗m) and m(η⊗ id) = id = m(id⊗ η). After dualizing

this, we get the following definition.

Definition 1.3.1. A coalgebra A is a vector space over C equipped with two linear maps

∆ : A→ A⊗A called the comultiplication or coproduct and ϵ : A→ C such that

(∆ ⊗ id)∆ = (id ⊗ ∆)∆,

(ϵ⊗ id)∆ = id = (id ⊗ ϵ)∆.

Definition 1.3.2. If a vector space A is an algebra and a coalgebra along with the

conditions that ϵ : A → C and ∆ : A → A ⊗ A are algebra homomorphisms then it is

said to be a bialgebra.

Definition 1.3.3. A bialgebra A is said to be a Hopf algebra if there exists a linear
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map (antipode) κ : A → A such that

m ◦ (κ⊗ id)∆ = η ◦ ϵ = m ◦ (id ⊗ κ) ◦ ∆.

Definition 1.3.4. A morphisms between two Hopf-algebras (A,mA, ηA,∆A, κA), (B,mB, ηB,

∆B, κB) is a unital algebra homomorphism F : A→ B that is compatible with the struc-

ture maps in the sense that the followings are hold:

∆BF = (F ⊗ F )∆A,

ϵBF = ϵA,

κBF = FκA.

Let σ be the flip map on A⊗alg A defined by σ(a⊗ b) = b⊗ a. A Hopf algebra A is

said to be cocommutative if σ∆ = ∆.

Example 1.3.5. The universal enveloping Lie algebra U(G) of a Lie algebra G is the

universal unital algebra generated by elements of G, satisfying the relation [x, y] =

xy − yx, for all x, y ∈ G. U(G) has the universal property:

For a algebra A and every linear map F : G → A that holds F ([x, y]) = F (x)F (y)−
F (y)F (x) for all x, y ∈ G, then there exists a unique unital algebra homomorphism

U(G) → A that extends F. From universal property of universal enveloping Lie algebra,

The linear maps given by,

∆ : G → U(G) ⊗alg U(G) s.t. ∆(x) = x⊗ 1 + 1 ⊗ x

ϵ : G → C s.t. ϵ(x) = 0

κ : G → g s.t. κ(x) = −x

extends to a unital algebra homomorphisms ∆ : U(G) → U(G) ⊗alg U(G), ϵ : U(G) →
C, κ : U(G) → U(G). One can easily check that it is a cocommutative Hopf algebra.

Definition 1.3.6. A Hopf algebra ( A,∆, κ, ϵ ) is said to be a Hopf ∗-algebra if there is

an involution map ∗ which maps a to an element denoted by a∗ satisfying the following

properties:

1. For all a, b in A, α, β in C, (a∗)∗ = a, (αa+ βb)∗ = αa∗ + βb∗, (a.b)∗ = b∗a∗.

2. ∆ : A → A⊗A is a ∗-homomorphism where the involution on A⊗A is defined

by (a⊗ b)∗ = a∗ ⊗ b∗.

1.3.2 Dual Hopf-algebra

Let A be a finite dimensional Hopf ∗ algebra. Let A′
be the dual of A in the category

of complex Vector spaces. As A is a finite-dimensional vector space we have (A⊗A)
′

=
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A′ ⊗A′
. The algebra structure on A′

given by (fg)(a) = (f ⊗g)∆(a) and the coalgebra

structure on A′
defined by ∆A′ (f)(a ⊗ b) = f(ab), where f, g ∈ A′

and a, b ∈ A.
Antipode on A′

given by κ
′
A which is dual to the antipode of A. Dualizing the unital

map and counital map of A, gives the counital and unital map A′
. Involution given by

f∗(a) = f(κA(a)∗). Now, one can prove that it is a Hopf ∗ algebra.

1.3.3 Compact quantum group

Definition 1.3.7. Let Q be a unital C∗ algebra and ∆ be a unital C∗ homomorphism

from Q to Q ⊗ Q. Then (Q,∆) is said to be a compact quantum group if it satisfying

the following properties:

(i) (∆ ⊗ id)∆ = (id ⊗ ∆)∆,

(ii) Each of the linear subspaces generate by [∆(Q)(1⊗Q)] and ∆(Q))(Q⊗1) is norm

dense in Q⊗Q.

Example 1.3.8. Let G be a compact group and C(G) be the C∗ algebra of C-valued
continuous functions on G. If the coproduct ∆ on C(G) given by ∆(f)(g, h) = f(g.h)

for all f in C(G), g, h in G. Then (C(G),∆) is a compact quantum group.

Remark 1.3.9. Let (Q,∆) be a commutative CQG. Let σ(Q) denote the Gelfand spec-

trum of Q . The product structure on σ(Q) given by χχ′ = (χ⊗ χ′)∆ where χ, χ′ are

in σ(Q). σ(Q) is a compact set under weak ∗-topology inside dual S
′
of S. σ(Q) is a

semigroup and it satisfies the cancellation properties. So, It is a compact group.

Definition 1.3.10. The Haar state h on a CQG Q is the unique state on (Q,∆) which

satisfies the following conditions:

(id ⊗ h)(∆(a)) = (h⊗ id)∆(a) = h(a)1Q.

Remark 1.3.11. Let G be a compact group with a normalized Haar measure µ. Then

µ induces a linear functional on the compact quantum group C(G) which satisfies the

following equations:∫
G
f(xy)dµ(y) =

∫
G
f(y)dµ(y) =

∫
G
f(yx)dµ(y).

The functional µ : C(G) → C defined by µ(f) =
∫
G f(x)dµ(x) is the Haar state for the

CQG C(G). The Haar state on an arbitrary CQG Q is a non-commutative analogue of

Haar measure on G.
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Definition 1.3.12. A CQG morphism among two CQG (Q1,∆1) and (Q2,∆2) is a

unital ∗ algebra Homomorphism ϕ : Q1 → Q2 such that

(∆2 ⊗ ∆2) ◦ ϕ = (ϕ⊗ ϕ) ◦ ∆1.

Remark 1.3.13. If h1, h2 are Haar states on Q1 and Q2 respectively and ϕ : Q1 → Q2

is an injective CQG morphism then h2 ◦ ϕ = h1.

Definition 1.3.14. A Woronowicz C∗-subalgebra Q2 of a compact quantum group

(Q1,∆) is a C∗ subalgebra of Q1 such that ∆(Q2) ⊆ Q2 ⊗Q2 and the inclusion map i :

Q2 → Q1 is a CQG morphism.

Definition 1.3.15. A C∗ ideal J of a CQG (Q,∆) is called a Woronowicz C∗-ideal of

(Q,∆) if ∆(J) ⊆ Ker(π ⊗ π), where π is the quotient map from Q to Q/J.

Remark 1.3.16. kernel of a CQG morphism is a Woronowicz C∗-ideal.

Definition 1.3.17. A CQG (Q1,∆1) is said to be a compact quantum subgroup

of (Q2,∆2) if there exists a surjective CQG morphism from Q2 to Q1.

Example 1.3.18. Let q belongs to [−1, 1]. The C∗ algebra SUq(2) is the universal unital

C∗ algebra generated by α, γ satisfying:

αα∗ + q2γγ∗ = 1, (1.3.1)

α∗α+ γ∗γ = 1, (1.3.2)

γγ∗ = γ∗γ, (1.3.3)

qγ∗α = αγ∗, (1.3.4)

qγα = αγ. (1.3.5)

Coproduct ∆ of SUq(2) is given by :

∆(α) = α⊗ α− qγ∗ ⊗ γ, ∆(γ) = γ ⊗ α+ α∗ ⊗ γ

which makes it into a CQG. Let h denote the Haar state and H = L2(SUq(2)) be the

corresponding G.N.S space. We now look at the Haar state on SUq(2).

For all m ≥ 1, n, l, k ≥ 0, k′ ̸= k′′,

h((γ∗γ)k) =
1 − q2

1 − q2k+2
, h(αmγ∗nγl) = 0, h(α∗mγ∗nγl) = 0, h(γ∗k

′
γ∗k

′′
) = 0. (1.3.6)

Example 1.3.19. Let G be a discrete group. We already know C∗
r (G) is a C∗ algebra.

Here, the Haar state comes from the counting measure. Coproduct on C∗
r (G) is given
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by:

∆(δγ) = δγ ⊗ δγ .

Haar state:

h(δγ) =1 if γ = idG

0 if γ ̸= IdG, for γ ∈ G.

The comultiplication is cocommutative. Similarly, We can conclude C∗(G) is a CQG.

Example 1.3.20. The quantum permutation group S+
n is the universal C∗ algebra,

generated by aij ( i, j = 1, 2, ...n ) and satisfying the following relations:

a2ij = aij = a∗ij , i, j = 1, 2, ...n,

n∑
i=1

aij = 1, i = 1, 2, ...n,

n∑
j=1

aij = 1, i = 1, 2, ...n.

and the coproduct is given by ∆(aij) =
∑

k aik⊗akj . We refer the reader to [Wan98],

where this compact quantum group was first introduced and also references [Ban05],

[BBC07], [BB07] for more detailed study of quantum permutation group and quantum

automorphism groups.

Example 1.3.21. Kac-Paljutkin Algbera:

Kac-Paljutkin algebra (Qkp,∆), is a noncommutative , noncocommutative Hopf al-

gebra and a eight dimensional Hopf algebra. It is given by

Qkp = C · ϵ⊕ C · α⊕ C · β ⊕ C · γ ⊕M2(C),

as an ∗-algebra. The comultiplication ∆: Qkp → Qkp ⊗Qkp is defined by
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∆(x) = ϵ⊗ x+ α⊗ uαxu
∗
α + β ⊗ uβxu

∗
β + γ ⊗ uγxu

∗
γ

+ x⊗ ϵ+ uαxu
∗
α ⊗ α+ uβxu

∗
β ⊗ β + uγxu

∗
γ ⊗ γ,

∆(ϵ) = ϵ⊗ ϵ+ α⊗ α+ β ⊗ β + γ ⊗ γ +
1

2

∑
1≤i,j≤2

eij ⊗ eij ,

∆(α) = ϵ⊗ α+ α⊗ ϵ+ β ⊗ γ + γ ⊗ β

+
1

2
(e11 ⊗ e22 + ie12 ⊗ e21 − ie21 ⊗ e12 + e22 ⊗ e11),

∆(β) = ϵ⊗ β + β ⊗ ϵ+ α⊗ γ + γ ⊗ α

+
1

2
(e11 ⊗ e22 − ie12 ⊗ e21 + ie21 ⊗ e12 + e22 ⊗ e11),

∆(γ) = ϵ⊗ γ + γ ⊗ ϵ+ α⊗ β + β ⊗ α

+
1

2
(e11 ⊗ e11 − e12 ⊗ e12 − e21 ⊗ e21 + e22 ⊗ e22),

where ϵ, α, β, γ are projections, x ∈ M2(C) and eij are the matrix units in M2(C)

and

uα =

(
0 i

1 0

)
, uβ =

(
0 1

i 0

)
, uγ =

(
−1 0

0 1

)
.

1.3.4 Corepresentation of CQG

Definition 1.3.22. A unitary corepresentation of Q on a Hilbert space H is a unitary

element U ∈ M(K(H) ⊗Q) such that (Id⊗ ∆)(U) = U12U13. Here, U12 = U ⊗ 1Q and

U13 is the image of U under the algebra homomorphism a ⊗ b → a ⊗ 1Q ⊗ b. If H is a

finite-dimensional Hilbert space then U ∈ B(H) ⊗ Q is said to be a finite dimensional

unitary corepresentation.

Example 1.3.23. For a classical compact group G, There is a one-to-one correspon-

dence with finite dimensional unitary representations of G and the finite dimensional

unitary corepresentations of (C(G),∆). This correspondence is given by: U = (ug) →
U ∈ B(H) ⊗ C(G) ≡ C(G,B(H), defined by U(g) = ug for all g ∈ G, where ug ∈ U(H)

is a representation of G.

Definition 1.3.24. A unitary corepresentation U of Q on a Hilbert space H is said to

be irreducible if End(U) = {T ∈ B(H) : (T ⊗ 1)U = U(T ⊗ 1)} = CIdH

Definition 1.3.25. If U ∈ M(K(HU ) ⊗ Q) and V ∈ M(K(HV ) ⊗ Q) are two corep-

resentations then the intertwiners between them denoted by Mor(U, V ) and defined by

{T ∈ B(HU ,HV ) : V (T ⊗ 1) = (T ⊗ 1)U}.
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Definition 1.3.26. Tensor product of two corepresentations U, V defined by U ⊗ V =

U12V13.

Right regular corepresentation of CQG

Let H be the Hilbert space that came from the G.N.S representation of Q associated

with Haar state h and ϵ0 is the cyclic vector of this G.N.S representation. Let K be

the another Hilbert space on which Q acts non-degenerately and faithfully . Then the

unitary operator U on H ⊗ K defined by U(aξ0 ⊗ η) = ∆(a)(ξ0 ⊗ η) is called right

regular corepresentation, where a is in Q, η is in K. U is an element of multiplier of

K(H)⊗Q and said to be the right regular corepresentation of Q and ∆(a) = U(a⊗1)U∗.

Remark 1.3.27. Let G be a discrete group. Haar state on C∗
r (G) is a faithful state.

So, C∗
r (G) acts faithfully and non-degenrately on the Hilbert space H which came from

the G.N.S representation of C∗
r (G) associated with Haar state h. The right regular rep-

resentation V of C∗
r (G) given by

V : H⊗H → H⊗H s.t.

V (aϵ0 ⊗ bϵ0) = aϵ0 ⊗ abϵ0,

where ϵ0 is the cyclic vector of the G.N.S representation and a, b ∈ C∗
r (G).

Proposition 1.3.28. (1) Let {uα : α ∈ I} be a complete set of mutually inequivalent,

irreducible unitary corepresentations of a CQG (Q,∆). We will denote the associated

Hilbert space and dimension of uα by Hα and n(α) respectively.

Then the Schur’s orthogonality relation takes the following form:

For any α in I, there exists a positive invertible linear map Fα, acting on Hα such

that for any α, β in I and 1 ≤ i, p ≤ n(β) 1 ≤ j, q ≤ n(α)

h((uβip)
∗
uαjq) = δαβδpqF

α
ij .

(2) Let us denote the linear span of {uαpq : α ∈ I, 1 ≤ p, q ≤ n(α)} by Pol(Q). It is

a dense ∗-subalgebra of Q.

(3) Moreover, ∆ maps Pol(Q) into Pol(Q) ⊗alg Pol(Q). In fact, ∆ is given by

∆(uαpq) =
∑nα

k=1 u
α
pk ⊗ uαkq. A counit and an antipode are defined on Pol(Q) respectively

by the formulae,

ϵ(uαpq) = δpq, κ(uαpq) = (uαqp)
∗.

It follows that Pol(Q) becomes a Hopf ∗-algebra.



Chapter 1: Preliminaries 24

1.3.5 Coaction of CQG

Definition 1.3.29. [Pod95]

Let A be a C∗ algebra. A right coaction of a CQG Q on A is a *-homomorphism

δ:A →A ⊗ Q, which satisfies the following properties:

(i) δ intertwines the co-multiplication, meaning that (δ ⊗ Id)δ=(Id⊗∆)δ.

(ii) δ satisfy the density conditions [δ(A)(1⊗ Q)]=A⊗Q.

If the right coaction is injective, then it is called Q− C∗ algebra.

Remark 1.3.30. If A is a finite dimensional algebra then δ(A) ⊆ A⊗ Pol(Q).

Example 1.3.31. The comultiplication ∆ is an right coaction of (Q,∆) on itself. It is

called the right regular coaction on Q.

Similarly, we can define the left coaction of the CQG (Q,∆) on a C∗ algebra A.

Example 1.3.32. Let Xn = {x1, x2, ..., xn} be a set of n distinct elements. The Com-

mutative C∗ algebra C(Xn)( set of all complex-valued functions on Xn) is isomorphic

to the universal C∗ algebra C∗{ei : e2i = ei = e∗i ,
∑n

r=1 er = 1, i = 1, 2, ..., n}.
Then S+

n has a C∗ coaction on C(Xn) given by:

α(ej) =
n∑

i=1

ei ⊗ aij , j = 1, 2, ...n.

Definition 1.3.33. Let (Q, δ) has a C∗ coaction δ on the C∗ algebra A. Then δ is said

to be a faithful coaction if there is no proper Woronowicz C∗-subalgebra Q1 of Q such

that δ is a C∗ coaction of Q1 on A.

Definition 1.3.34. A right coaction δ of Q on A is said to be ergodic if Aδ={δ(a)=a⊗
1} is isomorphic to the C, that means the fixed point set of δ is a one-dimensional

algebra.

Proposition 1.3.35. Let Q be a CQG. Let (A,δ) be a unital Q-C∗ algebra. If δ is

ergodic then there exist a unitary corepresentation VA∈M(K(L2(A)⊗ Q) of Q such

that δ(a)=VA(a⊗ 1)V ∗
A.

A similar result can obtained when δ is not a Ergodic coaction. For that we have to

use the conditional expectation E:A→ Aδ given by E(a)=(id⊗ h)δ(a) for all a in A, to

make a Hilbert Aδ module L2(A,Eδ).
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1.3.6 Discrete quantum group

Let A be an algebra over C. A is said to be a nondegenrate algebra if aA = 0 implies

a = 0 and Aa = 0 implies a = 0 for all a in A.

Definition 1.3.36. An algebraic multiplier ρ = (ρ1, ρ2) of the algebra A is a pair of

linear mappings in Endk(A) such that ρ2(a)b = aρ1(b) for all a, b ∈ A. The set of

algebraic multipliers of A will be denoted by Malg(A).

Remark 1.3.37. It is a unital algebra which contains A as essential ideal through

the embedding a ↪→ (a., .a). Hence ρ · a = (ρ1(a)·, ·ρ1(a)) ≡ ρ1(a) and a · ρ =

(ρ2(a)·, ·ρ2(a)) ≡ ρ2(a) for all ρ ∈ (A) and a ∈ A. If A is unital then A = M(A). If A is

a ∗-algebra then Malg(A) is a ∗-algebra through ρ∗ = (ρ∗2, ρ
∗
1) where ψ∗(a) := ψ(a∗)∗ for

any a ∈ A,ψ ∈ Endk(A). Since the multiplication of A is supposed to be non-degenerate

an algebraic multiplier ρ = (ρ1, ρ2) of A is uniquely determined by its first or second

component. For a tensor product of two algebras A and B one obtains the canonical

algebra embeddings

A⊗alg B ↪→Malg(A) ⊗alg Malg(B) ↪→Malg(A⊗alg B)

Definition 1.3.38. Let A be an algebra. An algebra morphism ∆ : A → M(A⊗alg A)

is called a comultiplication on A if for all a, a′ ∈ A. The linear maps T1, T2 : A⊗algA→
A⊗alg A as defined below

T1(a⊗ a′) := ∆(a)(1 ⊗ a′)

T2(a⊗ a′) := (a⊗ 1)∆(a′)

}
∈ A⊗alg A

satisfying the relation:

(T2 ⊗ id) ◦ (id ⊗ T1) = (id ⊗ T1) ◦ (T2 ⊗ id) .

If T1 and T2 are bijective then the pair (A,∆) is called a multiplier Hopf algebra.

If A is a ∗-algebra and the comultiplication map ∆ to be a ∗-algebra homomorphism,

then A is said to be a multiplier Hopf ∗ algebra. The multiplier Hopf algebra (A,∆)

is called regular if in addition (A,∆op) is a multiplier Hopf algebra, where ∆op is the

opposite comultiplication, ∆op(a)(b⊗ c) = σ(∆(a)(c⊗ b)) for a, b, c ∈ A, and henceforth

σ : A⊗alg A→ A⊗alg A is the usual tensor transposition.

Definition 1.3.39. A discrete quantum group (DQG) is a pair (A,∆), where A is C0

direct sum of full matrix algebra say
⊕

i∈I CoMni(C), where I is some index set and ∆

is a comultiplication such that (A0,∆/A0) becomes a multiplier Hopf ∗- algebra, where
A0 = ⊕i∈IMni(C) (algebraic finite sum) without C∗ closure.
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Remark 1.3.40. If A is a DQG then there exists a unique counit ϵ which is a ∗
homomorphism from A to C. It will satisfy

(ϵ⊗ Id)∆(a) = (Id⊗ ϵ)∆(a) = a,

for all a ∈ A.

Dual DQG of a CQG

There exists a canonical duality between CQG and DQG in a way such that for a

CQG Q with complete enumeration of mutually inequivalent unitary corepresentations

{Ui : i ∈ I}, where I is an indexed set and Ui ∈ B(Hi) ⊗ Q. Then the corresponding

dual DQG is given by Q̂ = ⊕i∈IB(Hi), where we take the C0 closure.

Remark 1.3.41. 1) If A is a finite dimensional DQG, then A is also a compact

quantum group.

2) If A is a finite dimensional DQG then A = ⊕i∈IMni(C), where I is a finite index

set. The counit ϵ of A is a non-zero homomorphism but ϵ(Mni) = 0 for ni > 1.

Hence there exist i0 ∈ I such that ni0 = 1.

1.4 Normal subgroup of DQG

We recall the notion of normal quantum subgroups of a DQG and quotient with respect

to them from [VV02], [BCV20] . Let Q̂ be a DQG given by C0 direct sum of B(Hα), α ∈
I, where dα = dim(Hα) and let Q be the dual CQG with the mutually inequivalent

irreducible corepresentations uα corresponding to α ∈ I, given by ((uαij)) ∈ B(Hα)⊗Q.

Let W =
∑

α,i,j(u
α
ji)

∗ ⊗ eαij ∈ (Q̂ ⊗ Q)′′ be the so-called left regular corepresentation,

where eαij , i, j = 1, . . . , dα are the ‘matrix units’ of B(Hα).

A quantum subgroup of Q̂ is given by a both sided weakly closed Hopf ideal. Any

such ideals of a C0 direct sum of matrix algebras is again one such a C0 direct sum, say

⊕α∈JB(Hα) for some subset J of I. Then the quotient is again a C0 direct sum, over

H := J (c) (complement of J). We write Q̂J and Q̂H for the C0 direct sum over the index

sets J and H respectively and denote by PJ , PH the corresponding central projections

in Q̂ onto Q̂J , Q̂H respectively. The co-ideal property of Q̂J implies (PH⊗PH)∆(a) = 0

for all a ∈ Q̂J . This implies that for α, β ∈ H and for any γ ∈ I such that the irreducible

index by γ is a direct summand of the tensor product of the irreducible corepreentations

corresponding to α and β, we must also have γ ∈ H too.

Note that Q̂H has the coproduct given by ∆H := (PH ⊗ PH) ◦ ∆ restricted to Q̂H .

Indeed, it is clear that ∆H maps Q̂H to Q̂H ⊗ Q̂H and the coassociativity of the map

follows from the coassociativity of ∆ combined with the fact that ∆H((1−PH)(a)) = 0,
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implying ∆H(PHa) = ∆H(a) for all a. There is a surjective quantum group morphism

from Q to QH which sends a to PH(a).

Definition 1.4.1. The quantum subgroup Q̂H is said to be normal if W (QH ⊗ 1)W ∗ ⊆
QH⊗B(H), or equivalently, W (QH⊗1) ⊆ (QH⊗B(H))W . Here, H denotes the Hilbert

space which is isomorphic with the GNS space of Q w.r.t. its Haar state.

It is well-known (see [BCV20], [VV02]) and references therein that

Proposition 1.4.2. Q̂H is said to be normal subgroup of Q̂ if and only if the left-

invariant subalgebra {a ∈ Q̂ : ((PH ⊗ id) ◦ ∆)(a) = 1H ⊗ a} coincides with the right-

invariant subalgebra {a ∈ Q : ((id ⊗ PH) ◦ ∆)(a) = a⊗ 1H}.

Corollary 1.4.3. If Q̂H is a normal subgroup of Q̂ then the left/right invariant subal-

gebra is a subset of ker(PH) ∪ {C1QH
} .

If Q̂H is a normal subgroup, the corresponding quotient quantum group, say Q̂/Q̂H ,

is given by the left (equivalently right) invariant subalgebra mentione above, which also

coincides with the C∗ algebra generated by the image of the operator-valued weight TH

given by T (·) = (τH ⊗ id)◦∆ on Q ⊆ B(H) where τH denotes the restriction of τ to QH ,

which is a semifinite operator valued weight with all Qα’s in the domain in particular.

Lemma 1.4.4. Suppose for each α ∈ I and β ∈ H, there is some V α,β ∈ QH ⊗B(Hα⊗
Hβ) such that (uα)(12)(u

β)(13) = V α,β(uα)(12). Then Q̂H is a normal quantum subgroup

of Q.

Proof. It suffices to verify the conditions of Definition 1.4.1 for the generators uβkl of

QH , for β ∈ H. But from assumption, we have W(12)(u
β)(13) = VW(12), with V :=⊕

α∈I V
α,β ∈ Q̂H ⊗B(Hα)⊗B(Hβ). Taking ϕ to be the functional on B(Hβ) which is 1

on eβkl and 0 on other matrix elements of B(Hβ) and applying (id(12) ⊗ϕ) on both sides

of the above equation, the proof of the lemma is complete. 2

Let us now recall the framework of unitary tensor category (UTC for short) or C∗

tensor category, from which we refer the reader to [NT] and the references therein.

Consider a normal quantum subgroup Q̂H of Q̂ as in the preceeding discussion, with

C = Q̂/Q̂H being the quotient DQG, identified as a Woronowicz subalgebra of Q̂. For a

DQG D let Rep(D) denote the UTC of finite dimensional ∗-representations of D, which

is also equivalent to the category Corep(D̂) of finite dimensional corepresentations of

the dual CQG D̂. Recall the set I that labels the irreducibles of Corep(Q). Let e denote

the unit object, which corresponds to the counit ϵ of the DQG Q̂. The counit of C is

the restriction of e to C and we denote the unit object of Rep(C) by eC . We define a

relation α ∼ β for α, β ∈ Rep(Q̂) by:
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Definition 1.4.5. α ∼ β if there is some h ∈ H such that Mor(α, β ⊗ h) ̸= {0}

Lemma 1.4.6. (i) ∼ is an equivalence relation.

(ii) for α, β ∈ I = Irr(Q̂), α ∼ β if and only if there is some h ∈ H such that α ≤ β⊗h.

The above lemma follow from the 4 th section of [DCKSSt18].

There are canonical functors F1 : Rep(Q̂H) → Rep(Q̂) and F2 : Rep(Q̂) → Rep(C)

given by the following:

F1((ρ,H)) = (ρ ◦ PH ,H), F2((θ,K)) = (θ|C ,K),

where PH : Q̂ → Q̂H the surjective map and θ|C denotes the restriction of θ to the

subalgebra C of Q̂. Both F1 and F2 are identity on morphisms. It is easy to verify that

F1 and F2 are tensor functors.

Lemma 1.4.7. Suppose for some object x of Rep(Q̂), eC ≤ F2(x). Then x ∈ Rep(Q̂H).

Proof. Decomposing x into irreducibles and using the fact that F2 is a tensor functor,

we can assume that there is some irreducible α ≤ x such that eC ∈ F2(α). Let α

correspond to (ρ,H) where H is a finite dimensional Hilbert space of dimension dα and

ρ is unitarily conjugate to the projection Pα : Q̂ → Q̂α
∼= B(Cdα). The assumption

eC ≤ F2(α) means there is some one dimensional subspace, say spanned by a nonzero

vector ξ, of H such that

ρ(a)ξ = ϵ(a)ξ (1.4.1)

for a ∈ C. Recall the C-valued weight TH which projects from Q to C, given by TH(·) =

(τH ⊗ id) ◦ ∆(·). Take some positive nonzero element b ∈ Qh for some h ∈ H and let

a = TH(b) ∈ C. Equation (1.4.1) implies

(τH ⊗ ρ)(∆(b))ξ = τH(b)ξ. (1.4.2)

As τH(b) is nonzero, left hand side of Equation (1.4.2) is also nonzero, which is possible

only if there is some h′ ∈ H such that (Ph′⊗Pα)(∆(b)) is nonzero for all nonzero b ∈ Qh.

But this means h ≤ h′ ⊗ α, hence h ∼ α or α ∼ h, i.e. α ≤ h⊗ h1 for some h1 ∈ H, so

in particular α ∈ H. 2

Let us define an equivalence relation ∼′ on Rep(C) by the following

Definition 1.4.8. For x, y ∈ Rep(C), define x ∼′ y if there are positive integers m,n

such that x ≤ my and y ≤ nx, where for any object z we denote the direct sum of k

copies of z by kz.
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Remark 1.4.9. It is easy to verify that ∼′ is an equivalence relation and x ∼′ y

if and only if x and y are direct sums of the same set of irreducibles, possibly with

different multiplicities. In case x, y are irreducible objects, x ∼′ y if and only if they are

isomorphic.

Corollary 1.4.10. F2(α) ∼′ F2(β) for some α, β ∈ Rep(Q̂) if and only if α ∼ β.

Proof:

We have eC ≤ F2(α) ⊗ F2(α) ≤ F2(α) ⊗ F2(nβ) = nF2(α⊗ β) for some positive integer

n. As eC is irreducible, this means eC ≤ F2(α ⊗ β), hence by Lemma 1.4.7 we have

α ⊗ β ∈ Rep(Q̂H), say α ⊗ β ≤ h1 ⊕ . . . ⊕ hk for some h1, . . . , hk ∈ H. This implies,

Mor(α,⊕k
i=1hi⊗β) ̸= {0}, hence there is some i such that Mor(αhi⊗β) ̸= {0}, i.e.α ∼ β.

For the converse, it is enough to note that F2(h) = eC for all h ∈ H . 2

For α ∈ I let

Kα := {x ∈ Irr(C) : x ≤ F2(α)}.

Lemma 1.4.11. For any two α, β ∈ I, the following are equivalent:

(i) Kα
⋂
Kβ is nonempty.

(ii) α ∼ β.

(iii) Kα = Kβ.

Proof:

(i) implies (ii): let x ∈ Kα
⋂
Kβ. Then eC ⊆ x ⊗ x ≤ F2(α) ⊗ F2(β) = F2(α ⊗ β). By

Lemma 1.4.7, α⊗ β ∈ Rep(QH), hence α ∼ β.

(ii) implies (iii) : follows from Corollary 1.4.10 by noting that F2(α) ∼′ F2(β) if and

only if Kα = Kβ.

(iii) implies (i) is obvious. 2

As F2 is surjective on objects, we get a partition of Irr(C) in terms of Kα’s labelled by

equivalence classes [α] ∈ I/ ∼:

Irr(C) =
⋃

[α]∈I/∼

Kα.

1.5 Tensor category

1.5.1 C∗ tensor category

Definition 1.5.1. A category C is called a C∗ category if

i) For all objects U and V, Mor(U, V ) is a Banach space and the map

Mor(V,W ) ×Mor(U, V ) →Mor(U,W ), given by (S, T ) → ST,
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is a bilinear map and the following holds: ||ST || ≤ ||S|| ||T || ;

ii) There exists an antilinear contravariant functor ∗ : C → C which maps object to

the same object and for a T ∈Mor(U, V ), T ∗ ∈Mor(V,U) and the followings hod

:

a) T ∗∗ = T , for T ∈Mor(U, V );

b) ||T ∗T || =
∣∣|T ||2 . End(U) = Mor(U,U) is a unital C∗ algebra.

c) For any T ∈Mor(U, V ), the element T ∗T ∈ End(U) is a positive element.

Definition 1.5.2. A C∗- category is said to be C∗-tensor category if the following con-

ditions holds:

1) C is a small category;

2) There is a bilinear bifunctor ⊗ : C × C → C and unitary natural isomorphisms

αU,V,W : (U ⊗ V ) ⊗W → U ⊗ (V ⊗W ), which is called associativity morphisms

and a unit object 1 and also natural unitary isomorphisms λU : 1 ⊗ U → U, ρU :

U ⊗ 1 → U

3) Associativity morphism αU,V,W satisfies the following pentagonal diagram:

((U ⊗ V ) ⊗W ) ⊗X

(U ⊗ (V ⊗W ) ⊗X (U ⊗ V ) ⊗ (W ⊗X)

U ⊗ ((V ⊗W ) ⊗X) U ⊗ (V ⊗ (W ⊗X))

αU,V,W⊗i αU⊗V,W,X

αU,V ⊗W,X αU,V,W⊗X

i⊗αV,W,X

4) λ1 = ρ1 and this diagram

(U ⊗ 1) ⊗ V U ⊗ (1 ⊗ V )

U ⊗ V

αU,1,V

ρ⊗id id⊗λ

commutes;

5) C is closed under finite direct sums. If we choose any two objects U, V , then there

exists an object W and isometries u ∈Mor(U,W ) and v ∈Mor(U,W ) such that

uu∗ + vv∗ = 1;
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6) If U ∈ objC and P ∈ End(U) is a projection then there exists an object V and

isometry v ∈ Mor(U, V ) such that vv∗ = P. The zero object is the corresponding

subobject for the zero projection in End(U).

7) for the unit object End(1) = C1.

Remark 1.5.3. Every C∗ tensor category is equivalent to a strict C∗ tensor category.

From now on, usually we will consider strict C∗ categories only.

Example 1.5.4. The category of finite dimensional Hilbert space, denoted by Hilbf ,

which has finite dimensional Hilbert spaces as the set of objects, morphisms given by

linear maps from H to K. H⊗K is the usual tensor product between two Hilbert spaces.

Associative morphism αH1,H2,H3 is the identity map from (H1⊗H2)⊗H3 to H1⊗(H2⊗
H3). 1C is unit object of this category Hilbf . Hilbf is a strict C∗ tensor category.

Example 1.5.5. Representation category of a compact group is denoted by Rep(G).

Objects of this category are denoted by (π,Hπ), where π : G → U(Hπ) is a finite

dimensional unitary representation of G on Hπ. Morphism between two objects (π1,Hπ1)

(π2,Hπ2) is defined by

Mor((π1,Hπ1), (π2,Hπ2)) = {T ∈ B(Hπ1 ,Hπ2) : Tπ1(g) = π2T (g), for all g ∈ G}.

Tensor product between two objects (π1,Hπ1) (π2,Hπ2) is defined by (π1⊗π2,Hπ1⊗Hπ2),

where π1 ⊗ π2 is the usual tensor product of two group representations and Hπ1 ⊗Hπ2

is the usual tensor product between two Hilbert spaces. Associativity morphism is the

identity map and unit object is the trivial representation on C. Rep(G) is a strict C∗

tensor category.

Example 1.5.6. Unitary corepresentation category of a CQG denoted by Corep(Q).

objects are given by (U,HU ), where U ∈ B(HU ) ⊗ Q is a finite dimensional unitary

corepresentation of Q on HU . Morphism between two objects (U,HU ), (V,HV ) is given

by

Mor((U,HU ), (V,HV )) = {T ∈ B(HU ,HV ) : (T ⊗ 1)U = V (T ⊗ 1)}

Tensor product of two objects (U,HU ), (V,HV ) defined by (U13V23,HU ⊗ HV ). Asso-

ciativity morphism is the identity map and unit object is IdC ⊗ 1Q. For a projection

P ∈ End(U,HU ), ((P ⊗ 1)U,PHU ) is a subobject of (U,HU ). Corep(Q) is a strict C∗

tensor category.

Definition 1.5.7. Let C and C′
be C∗ tensor categories. A tensor functor C → C′

is a functor F : C → C′
that is linear on morphisms together with an isomorphism
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F0 : 1
′ → F (1) in C′

and natural isomorphisms

F2(U, V ) : F (U) ⊗ F (V ) → F (U ⊗ V ),

such that the following diagrams commute:

(F (U) ⊗ F (V )) ⊗ F (W ) F (U ⊗ V ) ⊗ F (W ) F ((U ⊗ V ) ⊗W )

F (U) ⊗ (F (V ) ⊗ F (W )) F (U) ⊗ F (V ⊗W ) F (U ⊗ (V ⊗W ))

F2(U,V )⊗i

αF (U),F (V ),F (W )

F2(U⊗V,W )

F (αU,V,W )

id⊗F2(V,W ) F2(U,V⊗W )

F (1) ⊗ F (U) F (1 ⊗ U) F (U) ⊗ F (1) F (U ⊗ 1)

1
′ ⊗ F (U) F (U) F (U) ⊗ 1

′
F (U)

F2(1,U)

F0⊗i F (λ)

F2(U,1)

i⊗F0 F (ρ)

λ
′ ρ

′

F is called a unitary tensor functor (UTF) if F (T ∗) = F (T )∗ for T ∈Mor(U, V ) and

F2(U, V ), F0 are unitary maps.

Definition 1.5.8. Let F,G : C → C′
be two tensor functors between C, C′

. A natural

isomorphisom η : F → G is called monoidal if the diagrams below commute,

F (U) ⊗ F (V ) F (U ⊗ V ) 1
′

G(U) ⊗G(V ) G(U ⊗ V ) F (1) G(1)

F2(U,V )

ηU⊗ηV ηU⊗V
F0 G0

G2(U,V ) η1

where U, V be two objects of the category C and 1
′
is the unit object of this category G.

We will mainly deal with semisimple categories.

Definition 1.5.9. Let C and C′
be two C∗ tensor categories. They are said to be

monoidally equivalent if there exist tensor functors F1 : C → C′
and F2 : C′ → C

such that F1F2
∼= IdC′ , F2F1

∼= IdC . If F1, F2 are unitary functors and the natural

isomorphisms F1F2
∼= IdC′ , F2F1

∼= IdC are unitary natural isomorphisms then C and

C′
are called unitary monoidally equivalent.

Let {Uα, α ∈ I} (I some index set), be a collection of all pairwise nonequivalents

simple objects of C. If C , C′
(two strict C∗ tensor category) are monoidally equivalent,

then there exists a tensor functor F : C → C′
such that F (Uα) are irreducible, pairwise

nonequivalent,and any irreducible object in C′
is isomorphic to some F (Uα).
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We will assume that every C∗ tensor category C is a strict C∗ tensor category as

any general C∗ tensor category is monoidally equivalent to a strict C∗ tensor category.

Definition 1.5.10. Let U be an object of C. An object Ū of the category C is called a

conjugate of U in C if there exist morphisms

R : 1 → Ū ⊗ U

R̄ : 1 → U ⊗ Ū

such that

U
i⊗R−−→ U ⊗ Ū ⊗ U

R̄∗⊗i−−−→ U Ū
i⊗R̄−−→ Ū ⊗ U ⊗ Ū

R∗⊗i−−−→ Ū

are the identity morphisms. (R̄∗ ⊗ i)(i⊗R) = iU and (R∗ ⊗ i)(i ⊗ R̄) = iŪ are called

the conjugate equations. If every object of C has a conjugate object then C is said to be

rigid C∗ tensor category. If any object of a strict C∗ tensor category has a conjugate

object then it is unique up to isomorphism.

Example 1.5.11. Let H be a finite dimensional Hilbert space and {ei : i ∈ I} is an

orthonormal basis of H. Then H = {ā : a ∈ H} is a vector space, where ā + b̄ =

a+ b, cā = c̄a, c ∈ C. {ei} is an orthonormal basis for the vector space H. Inner product
is defined by < ā, b̄ >=< b, a > . Then H̄ is a Hilbert space. If H is an object of the

category Hilbf then R : C → H̄⊗H is defined by R(1) =
∑
ēi ⊗ ei and R̄ : C → H⊗H̄

defined by R̄(1) =
∑
ei ⊗ ēi, are the conjugate equations for H, hence H̄ is a conjugate

object of H and Hilbf is a rigid strict C∗ tensor category.

Let j : B(H) → B(H̄) be a linear map given by j(T )(h̄) = T ∗(h). j is a ∗-anti-

homomorphism and j2 = IdH.

Definition 1.5.12. Let U ∈ B(H) ⊗ Q is an invertible element, where H is a finite

dimensional Hilbert space, Q is a CQG. The contragredient of U is defined by

U c = (j ⊗ id)(U−1) ∈ B(H̄) ⊗Q. (1.5.1)

Example 1.5.13. Consider the category Corep(Q). Let U ∈ B(H) ⊗ Q be a finite

dimensional unitary corepresentation of Q. From proposition (1.4.14) of [NT], we know

that there exists a positive invertible operator ρU ∈ B(HU ) such that (ρU ⊗ 1)U =

U cc(ρU ⊗ 1). Ū defined by (j(ρU )1/2 ⊗ 1)U c(j(ρU )−1/2 ⊗ 1). The operators R̄U = (1 ⊗
j(ρ

1/2
U )R̄ ∈ Mor(1C, U ⊗ Ū) and RU = (1 ⊗ j(ρ

1/2

Ū
)R ∈ Mor(1C, Ū ⊗ U) satisfy the

conjugate equations for U , where R(1) =
∑
ēi ⊗ ei and R̄(1) =

∑
ei ⊗ ēi . Ū is a

conjugate object of U. Hence, Corep(Q) is a rigid strict C∗ tensor category.
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Theorem 1.5.14. (Frobenius reciprocity) If any object U of C has a conjugate

object then the following holds:

1) Mor(U ⊗ V,W ) ∼= Mor(V, Ū ⊗W ).

2) Mor(V ⊗ U,W ) ∼= Mor(V,W ⊗ Ū).

1.5.2 Woronowicz’s Tannaka-Krein duality

Definition 1.5.15. A fiber functor F : C → Hilbf is a tensor functor which is faithful

and exact .

Example 1.5.16. Let FNat : Corep(Q) → Hilbf is a fiber functor defined by

FNat(U,HU ) = HU , where (U,HU ) is an object of this category , identity on the mor-

phisms and also F2(U, V ), F0 are both identity maps.

We note a standard fact without proof:

Lemma 1.5.17. A linear functor F is faithful if and only if the image of a every simple

object is nonzero.

The above lemma is true for any unitary tensor functor because unit object 1 is a

subobject of F (U ⊗ Ū) ∼= F (U) ⊗ F (Ū). If for any simple object U , F (U) = 0, then

F (U ⊗ Ū) = 0. So, it is not possible to embed the unit object 1 inside F (U ⊗ Ū). Any

linear functor is exact. Therefore a fiber functor is simply a tensor functor F : C →
Hilbf .

Theorem 1.5.18 ( Woronowicz’s Tannaka-Krein duality [Wor88,Wor98]). Let C be a

a strict rigid C∗ tensor category and F be a unitary fiber functor on C. Then there

exist a CQG Q and unitary monoidal equivalence E : C → Corep(Q) such that F is

naturally unitary monidally isomorphic to the composition of the canonical fiber functor

Corep(Q) → Hilbf with E.

Example 1.5.19. Tambara–Yamagami tensor categories [TY98] is equivalent to the the

category of representations of the Kac–Paljutkin Hopf algebra [TY98], which is arising

from the Klein 4-group K4 = Z/2Z ⊕ Z/2Z. Elements of K4 = {e, s, t, st} satisfies the

relations s2 = t2 = (st)2 = e. χ = χc is a nondegenerate symmetric bicharacter of K4

which is given by

χc(a, a) = χc(b, b) = −1, χc(a, b) = 1,

and considering the parameter τ = 1
2 .Let C(χ, τ) be a category and Its objects are finite

direct sums of elements in S = K4 ∪ {ρ}. Sets of morphisms between elements in S are
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given by

Mor(s, s′) =

C s = s′,

0 s ̸= s′,

so S is the set of irreducible classes of C(χ, τ). Tensor products of elements in S are

given by

s⊗ ρ = ρ = ρ⊗ s, ρ⊗ ρ =
⊕
s∈K4

s, s⊗ t = st, (s, t ∈ K4)

and the unit object is e. Associativities φ are given by

φs,t,u = idstu, φs,t,ρ = φρ,s,t = idρ,

φs,ρ,t = χc(s, t)idt, φs,ρ,ρ = φρ,ρ,s =
⊕
k∈K4

idk,

φρ,s,ρ =
⊕
k∈K4

χc(s, t)idk, φρ,ρ,ρ =

(
1

2
χc(k, l)

−1idρ

)
k,l

:
⊕
k∈K4

ρ→
⊕
l∈K4

ρ,

for s, t, u ∈ K4. Now, if we choose the natural fiber functor of this category then this

category is identified with the corepresentation category of Kac–Paljutkin quantum group

Qkp, that is

C
(
χc,

1

2

)
≃ Rep(Qkp) ≃ Corep(Q̂kp)

as tensor categories.
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Chapter 2

Projective corepresentation and

cohomology of CQG

2.1 Cohomology of quantum groups

In this section, we mainly focus on the second cohomology of compact quantum group.

We begin with Hopf *-algebras. In this section, let us denote by ⊗ the algebraic tensor

product for Hopf *-algebra being considered. Let (Q,∆) be a Hopf *-algebra and

∆i : Q⊗n → Q⊗(n+1) such that

∆i = id⊗ ...⊗ ∆ ⊗ ...⊗ id,

∆ is in the i-th position for i ∈ {1, 2, ., n} and we define ∆0(x) = 1 ⊗ x and ∆n+1(x) =

x ⊗ 1. So that ∆i defined for i = 0, 1, .., n + 1. A left n− cochain χ is an invertible

element of H⊗n. Coboundary of a left n-cochain χ is a (n+ 1)-cochain

δχ = (Πeven
i=0 ∆i(χ))(Πodd

i=1∆i(χ
−1))

Definition 2.1.1. A left n-cochain χ ∈ Q⊗n is said to be a n-cocycle if δχ = 1. A left

n-cocycle is said to be counital if ϵiχ = 1, where ϵi = id⊗ ...ϵ⊗ ...id, ϵ at i-th position.

Example 2.1.2. A left 1-cocycle χ is an invertible element in Q such that ∆(χ) = χ⊗χ.
and it is automatically counital and any left 2-cocycle χ ∈ Q⊗2 is satisfy the equation

(1 ⊗ χ)(id⊗ ∆)(χ) = (χ⊗ 1)(∆ ⊗ id)(χ)

and it is counital if (ϵ⊗ id)(χ) = 1.

Lemma 2.1.3. Let G be a finite group then any left 1-cocycle χ for the ring of continu-

ous function C(G) is a group homomorphism χ : G→ C−{0}. A counital left 2-cocycle

37
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χ of C(G) is a normalized complex valued 2-cocycle of G.

Definition 2.1.4. Let Ω1,Ω2 be left 2-cocycles of Q. Ω1,Ω2 are said to be cohomologous

if there exists an invertible element h in Q such that Ω2 = (h⊗ h)Ω1∆(h−1).

H2(Q,C∗) be the set of cohomology classes of 2-cocycles. It does not necessarily

form a group.

Definition 2.1.5. A left 2-cocycle Ω is said to be unitary 2-cocycle if and only if Ω

is a unitary element of Q ⊗ Q and two unitary left 2-cocycles are said to be unitarily

cohomologous if and only if there exists a unitary element u such that Ω2 = (u ⊗
u)Ω1∆(u−1).

H2(Q,S1) be the set of unitary cohomology classes of unitary left 2-cocycles.

We can similar define right n−cochain and n−cocycle. As we need only 1 and 2

right cocycle, let us define them below.

Definition 2.1.6. A right (unitary) 1-cocycle χ′ is an invertible (a unitary) element in

Q such that ∆(χ′) = χ′ ⊗ χ′ and an invertible (a unitary) element χ′ ∈ Q ⊗Q, is said

to be a (unitary) right 2-cocycle if it satisfying the equation

(id⊗ ∆)(χ′)(1 ⊗ χ′) = (∆ ⊗ id)(χ′)(χ′ ⊗ 1).

Remark 2.1.7. Ω is left 2-cocycle if and only if Ω∗ is right 2-cocycle.

Definition 2.1.8. An element of Q⊗n is said to be invariant if it commutes with the

elements in the image of ∆n−1 : Q → Q⊗n, where ∆n−1 is defined inductively as

follows:∆1 = ∆, and ∆k is obtained by applying ∆ to any of the factors of ∆k−1.

Remark 2.1.9. An invariant element of Q⊗Q is a left cochain/cocycle if and only if it

is also a right cochain/cocycle. Hence we will simply call them invariant cochain/cocycle.

Lemma 2.1.10. If Ω1,Ω2 ∈ Q⊗2 are invariant unitary 2-cocycles, then Ω1Ω2 is a

unitary 2-cocycle and Ω∗
1,Ω

∗
2 are both unitary 2-cocycles.

Let A1(Q) be a set of all central invertible elements of Q and A2(Q) be a set of all

invariant invertible 2-cocycles of Q.

Lemma 2.1.11. δ : A1(Q) → A2(Q) is a group homomorphism and image δ is a central

subgroup of A2(Q).
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Definition 2.1.12. Invariant 1-cohomology and 2-cohomology of Q is given by

H1
inv(Q,C− {0}) = ker(δ : A1(Q) → A2(Q)),

H2
inv(Q,C− {0}) = A2(Q)/Image(δ).

Example 2.1.13 (Theorem 7.1 of [GK10]). H2
inv(Q,C−{0}) = 1 if Q = C∗(G) and G

belongs to the following list of finite groups:

i) the simple groups,

(ii) the symmetric groups Sn,

(iii) the groups SLn(Fq),

(iv) the groups GLn(Fq) when n is coprime to q − 1.

Example 2.1.14 (proposition 7.7 of [GK10]). H2
inv(Q,C− {0}) = Z2, if Q = C∗(A4),

where A4 is the alternating group.

Lemma 2.1.15 (Theorem 7.4 of [EG20]). If G is a connected affine algebraic group

then H2
inv(C∗(G),C∗) is a commutative group.

Remark 2.1.16. For a finite group G, H2
inv(C∗(G),C−{0}) can be a noncommutative

group.

Let A1
u(Q) be a set of all central unitary elements of Q and A2

u(Q) be a set of all

invariant unitary 2-cocycles of Q. Similarly, we can prove that δ : A1
u → A2

u is a group

homomorphism and δ(A1
u) is a central subgroup of A2

u(Q).

Definition 2.1.17. Unitary Invariant 1-cohomology and 2-cohomology of Q is given by

H1
uinv(Q, s1) = ker(δ : A1

u(Q) → A2
u(Q),

H2
uinv(Q, s1) = A2

u(Q)/δ(A1
u(Q)).

The following lemma is easily follows from lemma (3.1.5) of [NT].

Lemma 2.1.18. There exists an injective group homomorphism θ , is given by

θ : H2
uinv(Q, s1) → H2

inv(Q,C− {0})

θ([Ω]) = [Ω],

where Ω is an invariant unitary 2-cocycle in Q.

Example 2.1.19. From example (2.1.13), it is easily follows that H2
uinv(Q, S1) = 1 if

Q = C∗(G) and G belongs to the following list of finite groups:
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(i) symmetric groups Sn,

(ii) SLn(Fq),

(iii)GLn(Fq) when n is coprime to q − 1 ,

(iv) the simple groups

We can easily extend the notion of invertible and unitary left/right/invariant cocy-

cles to both CQG and DQG and also von Neumann bialgebra, by replacing the algebraic

tensor product by suitable C∗ or von Neumann algebraic tensor product, and also re-

places Q⊗Q by M(Q⊗Q) for a DQG Q. Counital cocycles will make sense under some

conditions, we have the counit is bounded e.g for DQG.

2.2 Alternative description of fiber functor

Here we will give an alternative definition of a fiber functor on the strict rigid C∗ tensor

category Corep(Q).

Let (Q,∆) be a CQG. I be a collection of pairwise non-equivalent irreducible corep-

resentations of (Q,∆). The dual DQG Q̂ is a C0 direct sum of B(HU ), where(U,HU ) ∈ I

or in general Q̂ =
⊕

C0
B(HU ), where (U,HU ) ∈ I.

Proposition 2.2.1. A unitary tensor functor (UTF) ϕ on Corep(Q) is determined by

the association (U,HU ) 7→ HϕU
= ϕ(U,HU ), which is a finite dimensional Hilbert space

and linear maps

ϕ : Mor(U1 ⊗ · · · ⊗Ur, V1 ⊗ · · · ⊗ Vk) → B(Hϕ(U1) ⊗ · · · ⊗Hϕ(Ur),Hϕ(V1) ⊗ · · · ⊗Hϕ(Vk))

satisfying equations

ϕ(1) = 1 ϕ(S ⊗ T ) = ϕ(S) ⊗ ϕ(T )

ϕ(S∗) = ϕ(S)∗ ϕ(ST ) = ϕ(S)ϕ(T ).
(2.2.1)

Remark 2.2.2. If ϕ is a unitary fiber functor, then there exists a faithful linear map

ϕ : Mor(U, V ⊗W ) → B(Hϕ(U),Hϕ(V ) ⊗Hϕ(W )), where U, V,W are simple objects. If

we choose orthonormal bases for Mor(U, V ⊗W ), we can write two orthonormal basis

for Mor(U,X ⊗ Y ⊗ Z). One of the basis consists of morphisms of the form (S ⊗ id)T

and the other basis consists of (Id ⊗ S′)T ′ where X,Y, Z are irreducible objects and

S ∈ Mor(V,X ⊗ Y ), T ∈ Mor(U, V ⊗ Z), S′ ∈ Mor(V ′, Y ⊗ Z), T ′ ∈ Mor(U,X ⊗ V ′),

where V is a subobject of X ⊗ Y and V ′ is a subobject of Y ⊗ Z. The coefficients of

transition unitary between both orthonormal bases are called 6j symbols.
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Definition 2.2.3. Two unitary fiber functors ϕ1 and ϕ2 on Corep(Q) are said to be

isomorphic if there exist unitaries ux ∈ B(Hϕ1(x),Hϕ2(x)) satisfying

ϕ2(S) = (uy1 ⊗ · · · ⊗ uyk)ϕ1(S)(u∗x1
⊗ · · · ⊗ u∗xr

)

for all S ∈Mor(x1 ⊗ · · · ⊗ xr, y1 ⊗ · · · ⊗ yk), x1 · · ·xr, y1 · · · yk ∈ I.

Definition 2.2.4. An invertible (unitary) left/right 2-cocycle Ω ∈M(Q̂⊗ Q̂) is said to

be an invertible (unitary) normalized 2-cocyle if (ϵ̂⊗1)Ω = ϵ̂⊗1 and (1⊗ ϵ̂)Ω = (1⊗ ϵ̂).,
where ϵ̂ is the counit of Q̂.

Let Ω be a normalized 2-cocycle, and let Ω2 := (∆̂⊗1)(Ω)(Ω⊗1) = (1⊗Ω̂)(Ω)(1⊗Ω).

We define a unique unitary fiber functor ϕΩ on Corep(Q) such that

HϕΩ(U) = HU , ϕΩ(S) = ΩS ϕΩ(T ) = Ω2T, (2.2.2)

where a, x, y, z ∈ I and for all S ∈ Mor(X,Y ⊗ Z), T ∈ Mor(a, x ⊗ y ⊗ z). From

Proposition (3.12) of [BRV06] , we get a CQG (QΩ,∆Ω) whose dual is given by Q̂Ω = Q̂
and ∆̂Ω(a)ϕΩ(S) = ϕΩ(S)a for all a ∈ B(Hx), S ∈ Mor(x, y ⊗ z), x, y, z ∈ I. ϕΩ

is a monoidal equivalence between Corep(QΩ) and Corep(Q). Coproduct ∆̂Ω(a) =

Ω∗∆̂(a)Ω, for all a ∈ Q̂.

Proposition 2.2.5 (Proposition (4.5) of [BRV06]). :

Let ϕ be a unitary fiber functor on Corep(Q) and dim(Hϕ(x)) = Hx, for all irre-

ducible objects x ∈ Corep(Q,∆). Then there exists a normalized 2 cocycle Ω on (Q̂, ∆̂)

determined up to coboundary such that ϕ is isomorphic to the fiber functor FNat
Ω .

2.3 Projective corepresentation

We will first discuss little bit about measurable projective corepresentations. However,

in this thesis we will mainly concerned with continuous projective corepresentations.

Sometimes we drop the word continuous.

Definition 2.3.1. ( [DC11b]) A von Neumann bialgebra (M,∆M ) consists of a von

Neumann algebra M and a faithful normal unital ∗-homomorphism ∆M : M →M⊗̄M ,

satisfying the coassociativity condition

(∆M ⊗ ι)∆M = (ι⊗ ∆M )∆M .

A von Neumann bialgebra (M,∆M ) is called a compact Woronowicz algebra if there



Chapter 2: Projective corepresentation and cohomology of CQG 42

exists a faithful normal state φM on M which is ∆M -invariant:

(φM ⊗ ι)∆M (x) = (ι⊗ φM )∆M (x) = φM (x)1 for all x ∈M.

Definition 2.3.2. ( [DC11b]) Let (M,∆M ) be a compact Woronowicz algebra. A right

Galois co-object for (M,∆M ) consists of a Hilbert space L2(N), a σ-weakly closed linear

space N ⊆ B(L2(M),L2(N)) and a normal linear map ∆N : N → N⊗̄N , such that the

following properties hold: with Nop denoting the set

Nop := {x∗ | x ∈ N} ⊆ B(L2(N),L2(M)),

1. N · L2(M) is norm-dense in L2(N), and Nop · L2(N) is norm-dense in L2(M),

2. the space N is a right M -module ,

3. for each x, y ∈ N , we have x∗y ∈M ,

4. ∆N (xy) = ∆N (x)∆M (y) for all x ∈ N and y ∈M ,

5. ∆N (x)∗∆N (y) = ∆M (x∗y) for all x, y ∈ N ,

6. ∆N is coassociative: (∆N ⊗ ι)∆N = (ι⊗ ∆N )∆N , and

7. the linear span of the set {∆N (x)(y ⊗ z) | x ∈ N, y, z ∈ M} is σ-weakly dense in

N⊗̄N .

If (N1,∆N1) and (N2,∆N2) are two Galois co-objects for a von Neumann bialgebra

(M,∆M ), we call them isomorphic if there exists a unitary u : L2(N1) → L2(N2) such

that uN1 = N2 and

∆N2(ux) = (u⊗ u)∆N1(x) for all x ∈ N1.

Example 2.3.3. If (M,∆M ) is a compact worinowicz algebra, then (M,∆M ) is a right

Galois co-object for (M,∆M ).

Example 2.3.4. Let (M,∆M ) be a compact Woronowicz algebra, and Ω a unitary

2-cocycle for (M,∆M ). Now, if we choose L2(N) = L2(M), N = M and

∆N (x) = Ω∆M (x), for all x ∈M,

then (N,∆N ) is a Galois co-object for (M,∆M ), called the Galois co-object associated

to Ω
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Definition 2.3.5. Let (M,∆M ) be a compact Woronowicz algebra, (N,∆N ) is a right

Galois co-object for (M,∆M ). A (left) (N,∆N )-corepresentation of (M,∆M ) on a

Hilbert space H consists of a unitary map G ∈ N⊗̄B(H) such that

(∆N ⊗ ι)G = G13G23.

Definition 2.3.6. Let (M,∆M ) be a compact Woronowicz algebra. A measurable left

projective corepresentation of (M,∆M ) on a Hilbert space H consists of a left coaction

α of (M,∆M ) on B(H),

α : B(H) →M⊗̄B(H).

Similarly, a measurable right projective corepresentation of (M,∆M ) on a Hilbert space

H consists of a right coaction β of (M,∆M ) on B(H)

β : B(H) → B(H)⊗̄M.

We will denote by Ω∆(x) := Ω∆(x) and ∆Ω∗(x) := ∆(x)Ω∗ for all x ∈ Q.

Definition 2.3.7. Let (Q,∆Q) be a C∗ algebraic CQG. A continous left projective

corepresentation of (Q,∆Q) on a Hilbert space H consists of a left coaction α of (Q,∆Q)

on K(H),

α : K(H) →M(Q⊗K(H)).

As it is a non-degenrate ∗ homomorphism, we can extend this coaction on M(K(H)) =

B(H) . Similarly, a continuous right projective corepresentation of (Q,∆Q) on a Hilbert

space H consists of a right coaction β of (Q,∆Q) on B(H).

In this thesis, we will mainly focus on continuous left/right corepresentation of a

CQG (Q,∆Q).

Theorem 2.3.8. Let (L∞(Q),∆) be a von-Neumann algebraic CQG and α be a measur-

able left projective corepresentation of (L∞(Q),∆) on a finite dimensional Hilbert space

H. Then it corresponds to a Galois co-object (N,∆N ) where N = L∞(Q) , ∆N = Ω∆M

and Ω is a left 2 cocyle in L∞(Q)⊗̄L∞(Q).

Proof. Let us assume that {ei : i ∈ I} is an orthonormal basis for the finite dimensional

Hilbert space H and {eij : i, j ∈ I} is a set of matrix units of B(H). First we will prove

that α(e11) and 1 ⊗ e11 are Murray-von Neumann equivalent.

Suppose α(e11) is an infinite projection in L∞(Q)⊗̄B(H). There exists a central

projection Z0 ∈ P (Z(L∞(Q)⊗̄B(H))) such that Z0α(e11) is properly infinite and

(1 − Z0)α(e11) is a finite projection. Now consider the von Neumann subalgebra
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(1 − Z0)(L
∞(Q)⊗̄B(H)) which is a finite von Neumann algebra as (1 − Z0)eii is a

finite projection and
∑

i(1 − Z0)α(eii) = 1 − Z0 is a finite projection. We know from

theorem 1.2.16 that there exists a center valued tracial conditional expectation

τ : (1 − Z0)(L
∞(Q)⊗̄B(H)) → Z((L∞(Q)⊗̄B(H))(1 − Z0)).

By comparability theorem, there exists a central projectionW ∈ (1−Z0)(L
∞(Q)⊗̄B(H))

such that W (1 − Z0)α(e11) ∼ P1 ≤ W (1 − Z0)(1 ⊗ e11) and (1 − Z0 −W )(1 ⊗ e11) ∼
P ′
1 ≤ (1 − Z0 −W )α(e11) where P1, P

′
1 are projections in (1 − Z0)(L

∞(Q)⊗̄B(H)). As

α is a unital ∗ homomorphism, α(e11) ∼ α(eii) for every i. Hence there exists Pi ∈
P ((1 −Z0)(L

∞(Q)⊗̄B(H)) such that W (1 −Z0)α(eii) ∼ Pi ≤W (1 −Z0)(1 ⊗ eii). Now

we can conclude
∑n

i=1 τ(W (1 − Z0)α(eii)) = τ(W (1 − Z0)) = nτ(W (1 − Z0)α(e11)) ≤
nτ(W (1−Z0)(1⊗ e11)) = τ(W (1−Z0)). So τ(W (1−Z0)α(e11) = τ(W (1−Z0)(1⊗ e11)
and similarly τ((1 − Z0 − W )(1 − Z0)(1 ⊗ e11)) = τ((1 − Z0 − W )α(e11)). Hence

τ((1−Z0)α(e11) = τ((1−Z0)(1⊗e11)). From this, we can conclude that (1−Z0)α(e11) ∼
(1 − Z0)(1 ⊗ e11).

Now, we will prove that Z0α(e11) ∼ Z0(1 ⊗ e11). If we choose the von Neumann

subalgebra Z0(L
∞(Q)⊗̄B(H)), then Z0α(eii) is a properly infinite projection. From

Halving lemma, we get Z0α(e11) ∼ Z0α(e11) + Z0α(e22) that implies Z0α(enn) ∼∑
i Z0α(eii) = Z0. Now, we will prove Z0(1 ⊗ e11) is a properly infinite projection.

Suppose there exists a Z1 ∈ P (Z(Z0(L
∞(Q)⊗̄B(H))) such that Z1Z0(1 ⊗ eii) ̸= 0. If

Z1Z0(1 ⊗ e11) is finite then Z1Z0(1 ⊗ eii) is finite as Z1Z0(1 ⊗ eii) ∼ Z1Z0(1 ⊗ e11).

Hence, Z1Z0 = Z1 =
∑
Z1Z0(1 ⊗ eii) is finite projection. As Z1Z0(α(eii)) ≤ Z1Z0,

Z1Z0(α(eii) is a finite projection. But Z0(α(eii)) is a properly infinite projection, there-

fore Z1Z0α(eii) = 0 or an infinite projection. So, we can conclude that if Z1Z0(1 ⊗ eii)

is a finite projection then Z1Z0α(eii) = 0, which implies Z1Z0 = 0. But we assume that

Z1Z0(1 ⊗ eii) ̸= 0. So, Z1Z0(1 ⊗ eii) is an infinite projection. Hence, Z1Z0(1 ⊗ eii)

is a properly infinite projection. Similarly we can prove that Z0(1 ⊗ eii) ∼ Z0. As

Z0α(e11) ∼ Z0(1 ⊗ e11) and (1 − Z0)α(e11) ∼ (1 − Z0)(1 ⊗ e11), then we can conclude

that α(e11) ∼ (1 ⊗ e11).

Let, u be a partial isometry such that uu∗ = (1 ⊗ e11) and u∗u = α(e11). Let
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U =
∑n

i=1(1 ⊗ ei1)uα(e1i), which is a unitary in L∞(Q)⊗̄B(H).

U∗(1 ⊗ ei0j0)U =
∑
i,j

α(ei1)u
∗(1 ⊗ e1i)(1 ⊗ ei0j0)(1 ⊗ ej1)uα(e1j)

=
∑
i,j

α(ei1)u
∗(1 ⊗ e11)uα(e1j)δi,i0δj,j0

=α(ei01)u
∗(1 ⊗ e11)uα(e1j0)

=α(ei01)u
∗uu∗uα(e1j0)

=α(ei01)u
∗uα(e1j0)

=α(ei0j0).

Hence a measurable left projective corepresentation of (L∞(Q),∆) on a finite di-

mensional Hilbert space H is implemented by a unitary U. From Theorem (3.1.5)

of [DCMN24], we know that there is a 2-cocycle Ω such that (Ω∆⊗id)(U) = U12U13. So,

any left measurable measurable projective corepresentation of (L∞(Q),∆) on a finite

dimensional Hilbert space H corresponds to a right Galois-coobject (L∞(Q),Ω ∆). 2

Definition 2.3.9. Let δ be a measurable left (right) projective corepresentation. We

say that δ is cleft if there exists a unitary U ∈ L∞(Q)⊗̄B(H) (B(H)⊗̄L∞(Q)) such

that δ(a) = u∗(1 ⊗ a)u (δ(a) = u(a⊗ 1)u∗).

Similarly, a continuous left /right projective corepresentation is said to be cleft if it

is implemented by a unitary.

Definition 2.3.10. A unitary U ∈ B(H)⊗̄L∞(Q) is said to be a measurable right

projective corepresentation if there exists a right 2-cocycle Ω∗ ∈ L∞(Q)⊗̄L∞(Q) such

that (Id⊗ ∆Ω∗)(U) = U12U13 and a measurable left projective corepresentation if there

exists a left 2-cocycle Ω ∈ L∞(Q)⊗̄L∞(Q) such that (Id⊗Ω ∆)(U) = U12U13.

A unitary U ∈M(K(H)⊗Q) is said to be a continuous right projective corepresenta-

tion if (Id⊗∆Ω∗)(U) = U12U13 for a right 2-cocycle Ω∗ ∈ (Q⊗Q) and a continuous left

projective Ω corepresentation if (Id⊗Ω∆)(U) = U12U13 for a left 2-cocycle Ω ∈ (Q⊗Q).

Proposition 2.3.11. (proposition 3.1.9 of [DCMN24]) Let δ : B(H) → B(H)⊗L∞(Q)

be a cleft right measurable projective corepresentation. Then there exists a right 2-

cocycle Ω ∈ L∞(Q)⊗L∞(Q) and a unitary measurable right projective corepresentation

U ∈ B(H)⊗L∞(Q) such that δ(a) = U(a⊗ 1)U∗.

Remark 2.3.12. If δ : B(H) → L∞(Q)⊗̄B(H) be a cleft left measurable projec-

tive corepresentation if and only if there is a right 2-cocycle Ω∗ ∈ L∞(Q)⊗̄L∞(Q)

and a measurable left projective corepresentation U ∈ B(H)⊗̄L∞(Q) such that δ(a) =

σ(U∗(a⊗ 1)U), where σ is the flip map from B(H)⊗̄L∞(Q) to L∞(Q)⊗̄B(H).



Chapter 2: Projective corepresentation and cohomology of CQG 46

Proposition 2.3.13. (Theorem 3.1.12 of [DCMN24]) Any continuous left/right projec-

tive corepresentation of (Q,∆) is cleft, which means any right projective corepresenta-

tion α corresponds to a unitary right projective corepresentation U ∈M(K(H)⊗Q) such

that α = AdU and any left projective corepresentation β corresponds to a left projective

corepresentation V ∈M(K(H) ⊗Q) such that β = σ(AdV ∗).

Remark 2.3.14. Note the slight confusion in the terminology as a projective left/right

unitary corepresentation can mean either a homomorphism δ or a corresponding unitary.

We often call a unitary to be a corepresentation without explicitly mentioning the cocycle

Ω if it is understood from the context. However, we will mostly use unitary picture

of projective corepresentation. For a classical compact group G, left/right projective

representation are the same thing. However, for a general CQG this is not so. Thus, it

is natural to consider special class left/right/biprojective projective corepresentations.

Definition 2.3.15. A unitary U ∈ M(K(H) ⊗ Q) is said to be a biprojective unitary

corepresentation if it is a both left and right projective corepresentation (possibly with

different 2-cocycles) of Q.

Definition 2.3.16. Let U ∈ M(K(Hu) ⊗ Q), V ∈ M(K(Hv ⊗ Q) be two right/left

projective corepresentations of Q. Morphism between U, V are given by

Mor(U, V ) = {T ∈ B(Hu,Hv) : (T ⊗ 1)U = V (T ⊗ 1)}.

(U,H) is called irreducible if Mor(U, V ) = CIdHU
.

Lemma 2.3.17. If (U,Hu) and (V,Hv) are two irreducible left/right projective corepre-

sentations of Q, then either U is not unitary equivalent to V and Mor(U, V ) = (0); or

U is unitary equivalent to V and Mor(U, V ) is a 1-dimensional subspace of B(Hu,Hv).

Lemma 2.3.18. (Lemma (3.2.6) 0f [DCMN24]) Every left/right projective corepresen-

tation U of Q decomposes into a direct sum of irreducible left/right projective corepre-

sentations.

Proposition 2.3.19. Let Q be a compact quantum group and Ω a left 2-cocycle on

Q. Defining V Ω = ΩVQ, where VQ is right regular corepresentation of Q, the following

properties hold:

i) For all x ∈ Q and ξ ∈ Hu we have V Ω(Λ(x) ⊗ ξ) = Ω∆(x)(ξQ ⊗ ξ).

ii) For all x ∈ Q we have Ω∆(x) = V Ω(x⊗ 1)V ∗
Q.

iii) The following identity holds: (id⊗ Ω∆)(V Ω) = V Ω
12V

Ω
13, so V

Ω ∈ B(L2(Q)) ⊗Q is

an Ω-representation.



47 Projective corepresentation

iv) The following pentagonal equation holds: V Ω
12V

Ω
13(VQ)23 = V Ω

23V
Ω
12.

The unitary V Ω is a left regular projective corepresentation of Q on L2(Q) with respect

to Ω or left regular Ω corepresentation of Q on L2(Q).

Remark 2.3.20. Similarly, defining WΩ = WQΩ∗, we have that (WΩ)∗(ξ ⊗ Λ(x)) =

Ω∆(x)(ξ ⊗ ξQ), for all x ∈ Q and ξ ∈ L2(Q). For all x ∈ Q, we have Ω∆(x) =

(WΩ)∗(1 ⊗ x)WG and the pentagonal equation: (WG)12W
Ω
13W

Ω
23 = WΩ

23W
Ω
12 and the

following identity holds: (∆Ω∗ ⊗ id)(WΩ) = WΩ
13W

Ω
23, so ΣWΩΣ is an Ω∗-projective

corepresentation.

The unitary WΩ is called right projective regular Ω corepresentation of Q on L2(Q)

with respect to Ω or simply right regular Ω corepresentation of Q on L2(Q).

Proposition 2.3.21 (Twisted Peter-Weyl theorem I). (Theorem (3.2.12) of [DCMN24])

Let Q be a CQG and Ω a 2-cocycle. The right projective regular corepresentation

(V Ω, L2(Q) contains all irreducible Ω-representations of Q in its direct sum decom-

position.

Proposition 2.3.22 (Twisted Schur’s orthogonality relations). (Theorem (3.2.13 of

[DCMN24]) Let Q be a CQG and Ω a left 2-cocycle on Q. Let {ux}x∈Irr(Q,Ω) be a

complete set of mutually inequivalent, irreducible left projective Ω-corepresentations,

with fixed bases for the associated Hilbert spaces Hx. For each x ∈ Irr(G,Ω) there

exists a positive trace class operator F x ∈ B(Hx) with zero kernel such that the following

orthogonality relations hold:

hQ
(
(uykl)

∗uxij
)

= δxyδljF
x
ik,

for every x, y ∈ Irr(Q,Ω), i, j = 1, . . . , nx and k, l = 1, . . . , ny, hQ is the Haar state of

(Q,∆)

Theorem 2.3.23 (Twisted Peter-Weyl theorem II). (Theorem (3.2.14) of [DCMN24])

Let Q be a CQG and Ω a left 2-cocycle on Q. We have a unitary transformation

L2(Q) ∼=
⊕

x∈Irr(Q,Ω)

Hx ⊗ Hx such that Λ(uxij) 7→
√
F x
i ξxi ⊗ ξxj , for all j = 1, . . . , nx,

x ∈ Irr(Q,Ω). Similar statement hold for right projective corepresentation of Q for a

corresponding right 2-cocycle Ω∗.

Proposition 2.3.24 (Twisted Maschke’s theorem). Let Q be a compact quantum

group and Ω a 2-cocycle on Q. Let (U,Hu) and (V,Hv) be two right projective Ω-

corepresentations of Q.

i) If T : Hu −→ Hv is a linear compact operator, then the average intertwiner T
′

with respect to T is again compact.
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ii) The C∗-algebra Du = K(Hu)δu acts non-degenerately on Hu, that is, [DuHu] =

Hu.

iii) If U is an irreducible object, then U is finite dimensional.



Chapter 3

Projective envelope of a compact

quantum group

Our main goal of this chapter is to prove that left/right/bi projective corepresentation

of a CQG can be lifted to usual (linear) corepresentation of a bigger CQG.

3.1 Unitarity of U c for a projective corepresentation U

The key step of this construction is the fact that for any unitary projective corepre-

sentation U on a finite-dimensional Hilbert space, U c is unitary for a suitable choice of

inner product. This will be proved in this section.

We recall from chapter 2 the definitions and results about left/right measurable and

continuous projective corepresentation. In this chapter, we will deal with continuous

projective representations only. It has already been seen in chapter 2 that any continu-

ous projective corepresentation can be expressed as a direct sum of irreducible projective

corepresentations and any irreducible projective corepresentation is always finite dimen-

sional. Therefore it is natural to study finite-dimensional projective corepresentations.

For rest of this chapter we will assume that any projective corepresentation considered

by us if finite dimensional.

Fix an orthonormal basis {ei : i = 1 · · · n} of a finite-dimensional Hilbert space H.

Hence {ēi:i=1 · · · n} is an orthonormal basis for the Hilbert space H̄, where the inner

product <,>H defined by < ā, b̄ >H =< b, a >H .

Let ϕ:B(H) → H ⊗ H be the linear map defined by ϕ(eij)=ei⊗ej , where eij are the

matrix units of B(H). It is a vector space isomorphism map. eij given by eij(ek) = δjkei.

Similarly, let eij be the matrix units of B(H̄) given by ēij(ēk) = ēiδkj .

Let Q be a CQG and U ∈ B(H) ⊗ Q be a unitary element. U c = (j ⊗ id)(U∗)

49
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from the definition 1.5.12 of 1 st chapter and (U ⊗ U c) = U13U
c
23 ∈ B(H ⊗ H̄) ⊗ Q ⊆

B(H⊗ H̄ ⊗ L2(Q)), where L2(Q) is the GNS space for the Haar state (say h) on Q.

Lemma 3.1.1.

AdU (a) = (ϕ−1 ⊗ idQ)(U ⊗ U c)(ϕ⊗ IdQ)(a⊗ 1)

where a ∈ B(H) and 1 is the identity element of Q viewed as a cyclic vector of L2(Q).

Proof. Assume that U =
∑
ei,j ⊗ ui,j ,where eij are the matrix units of B(H) and

ui,j ∈ Q. For a = ei0,j0 ,

AdU (ei0j0) =U(ei0j0 ⊗ 1)U∗

=
∑

i1,j1,i2,j2

(ei1j1 ⊗ ui1j1)(ei0j0 ⊗ 1)(ej2i2 ⊗ u∗i2j2)

=
∑

ei1j1ei0j0ej2i2 ⊗ ui1j1u
∗
i2j2

=
∑
i1,i2

ei1i2 ⊗ ui1i0u
∗
i2j0 .

We know U ⊗ U c = U13U
c
23 =

∑
ei1j1 ⊗ ēi2j2 ⊗ ui1j1u

∗
i2j2

.

Now,

(ϕ−1 ⊗ IdQ)(U ⊗ U c)(ϕ⊗ IdQ)(ei0j0 ⊗ 1)

=(ϕ−1 ⊗ IdQ)(U ⊗ U c)(ϕ(ei0j0) ⊗ 1)

=(ϕ−1 ⊗ IdQ)(U ⊗ U c)(ei0 ⊗ ēj0 ⊗ 1)

=(ϕ−1 ⊗ IdQ)(
∑

ei1j1(ei0) ⊗ ēi2j2(ēj0) ⊗ ui1j1u
∗
i2j2)

=(ϕ−1 ⊗ IdQ)(
∑

ei1δi0j1 ⊗ ēi2δj0j2 ⊗ ui1j1u
∗
i2j2)

=(ϕ−1 ⊗ IdQ)(
∑

ei1 ⊗ ēi2 ⊗ ui1i0u
∗
i2j0)

=
∑

ϕ−1(ei1 ⊗ ēi2) ⊗ ui1i0u
∗
i2j0

=
∑

ei1i2 ⊗ ui1i0u
∗
i2j0 .

As the matrix units ei0j0 form a basis of B(H) , it follows that AdU (a) = (ϕ−1⊗IdQ)(u⊗
uc)(ϕ⊗ IdQ)(a⊗ 1) for any a ∈ B(H). 2

Let δ be a right coaction of Q on B(H) that corresponds to a right projective

corepresentation U ∈ B(H) ⊗Q. We can write δ = AdU .

Let ψ : B(H) → C be the linear function defined by ψ(a) = (Tr ⊗ h)δ(a).
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Lemma 3.1.2. Then the following identity hold:

(ψ ⊗ IdQ)δ(a) = ψ(a)1Q,

where a ∈ B(H).

Proof. For a ∈ B(H), we have

(ψ ⊗ IdQ)δ(a)

=((Tr ⊗ h)δ ⊗ IdQ)δ(a)

=(Tr ⊗ h⊗ IdQ)(δ ⊗ IdQ)δ(a)

=(Tr ⊗ h⊗ IdQ)(IdB(H) ⊗ ∆)δ(a)

=(Tr ⊗ (h⊗ IdQ)∆)δ(a)

=(Tr ⊗ h.1Q)δ(a)

=(Tr ⊗ h)δ(a)1Q

=ψ(a)1Q.

So, (ψ ⊗ IdQ)δ(a) = ψ(a)1Q. 2

Remark 3.1.3. As ψ is a faithful state on B(H) there exists a positive invertible linear

operator R ∈ B(H) such that ψ(a) = Tr(Ra). Now, we define an inner product < ., . >R

on H̄ st. < ā, b̄ >R=< R1/2(a), R1/2(b) >. Let us denote this Hilbert space by H̄R and we

can give a new inner product on B(H) by using this positive operator R and for any two

operators T, S ∈ B(H),the new inner product is < S, T >new= ψ(T ∗S) = Tr(RT ∗S). It

is easy to check that under this new inner product (B(H), < S, T >new) is isometrically

isomorphic to H⊗ H̄R.

Theorem 3.1.4. Define the linear map δU : H⊗ H̄R → H⊗ H̄R ⊗Q given by

δU = (U ⊗ U c)

then δU is a unitary corepresentation of the CQG (Q,∆).

Proof. As R is a positive matrix in B(H) hence R is diagonalizable. Without loss of

generality, we assume that ei are orthonormal eigenvectors of R. Therefore, {ei ⊗ ēj :

i, j = 1 · · ·n} is an orthonormal basis for H ⊗ H̄R.
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We will prove that < δ(ei0 ⊗ ēj0), δ(el0 ⊗ ¯em0) >=< ei0) ⊗ ēj0 , el0 ⊗ ¯em0 > .

< δu(ei0 ⊗ ēj0), δu(el0 ⊗ ¯em0 >

= < (u⊗ uc)(ei0 ⊗ ēj0 ⊗ 1), (u⊗ uc)(el0 ⊗ ¯em0 ⊗ 1)

= <
∑
i1,i2

ei1 ⊗ ēi2 ⊗ ui1i0u
∗
i2j0 ,

∑
l1,l2

el1 ⊗ ēl2 ⊗ ul1l0u
∗
l2m0

>

=
∑

i1,i2,l1,l2

< ei1 ⊗ ēi2 , el1 ⊗ ēl2 > (ui1i0u
∗
i2j0)∗ul1l0u

∗
l2m0

=
∑

< ei1 , el1 >< ēi2 , ēl2 >H̄R
ui2j0u

∗
i1i0ul1l0u

∗
l2m0

=
∑

δi1l1 < Rel2 , ei2 > ui2j0u
∗
i1i0ul1l0u

∗
l2m0

=
∑
j2,l2

< Rel2 , ei2 > ui2j0(
∑

u∗i1i0ui1l0)u∗l2m0

=
∑

δl0i0 < Rel2 , ei2 > ui2j0u
∗
l2m0

.

From Lemma (3.1.2), we know that (ψ ⊗ Id)δ(a) = ψ(a).

For a = em0j0 , we have

(ψ ⊗ Id)δ(em0j0)

=(ψ ⊗ Id)AdU (em0j0)

=(ψ ⊗ Id)(
∑

ei1i2 ⊗ ui1m0u
∗
i2j0)

=
∑

ψ(ei1i2)ui1m0u
∗
i2j0

=
∑

< Rei1 , ei2 > ui1m0u
∗
i2j0 = ψ(em0j0)1Q.

Taking adjoint on both side of the equation we will get,
∑

< Rei1 , ei2 > ui2j0u
∗
i1m0

=

ψ(em0j0)1Q.

It follows that, ∑
δl0i0 < Rel2 , ei2 > ui2j0u

∗
l2m0

= δl0i0ψ(em0j0)1Q

=< ei0 , el0 >< R1/2em0 , R
1/2ej0 > 1Q

=< ei0 , el0 >< ēj0 , ¯em0 >H̄R
1Q

=< ei0 ⊗ ēj0 , el0 ⊗ ¯em0 >H⊗H̄R
1Q.

Thus < δ(ei0⊗ ēj0), δ(el0⊗ ¯em0) >=< ei0⊗ ēj0 , el0⊗ ¯em0 > and using the fact that matrix

units form a basis of H⊗H̄R we get < δ(a), δ(b) >=< a, b > 1Q, for any a, b ∈ H⊗H̄R.

Now, we will prove (δU ⊗ id)δU = (Id⊗ ∆)δU .
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we know from Lemma (3.1.1), AdU (ϕ−1(a)) = (ϕ−1 ⊗ Id)(U ⊗ U c)(a ⊗ 1), where a ∈
H ⊗ H̄, which gives:

(AdU ⊗ Id)AdU (ϕ−1(a)) =(id⊗ ∆)AdU (ϕ−1(a))

=(id⊗ ∆)(ϕ−1 ⊗ IdQ)δU (a)

=(ϕ−1 ⊗ IdQ ⊗ IdQ)(Id⊗ ∆)δU (a).

Then, it is easily follows that

(Id⊗ ∆)δU (a)

=(ϕ⊗ IdQ ⊗ IdQ)(AdU ⊗ Id)AdU (ϕ−1(a))

=(ϕ⊗ IdQ ⊗ IdQ)(AdU ⊗ Id)(ϕ−1 ⊗ id)δU (a)

=((ϕ⊗ IdQ) ⊗ IdQ)(AdUϕ
−1 ⊗ Id)δU (a)

=((ϕ⊗ IdQ) ⊗ IdQ)((ϕ−1 ⊗ Id)δU ⊗ IdQ)δU (a) = (δU ⊗ IdQ)δU (a).

Note that δ = AdU is a coaction of CQG (Q,∆) on the finite-dimensional

space B(H), hence from the general theory of CQG coaction, span{AdU (x)(1 ⊗ q) :

x ∈ B(H), q ∈ Q} = B(H) ⊗ Q. As ϕ−1 is a vector space isomorphism, we have

span{AdU (ϕ−1)(a)(1 ⊗ q) : a ∈ H ⊗ H̄R, q ∈ Q} = B(H) ⊗ Q. This proves that

δU (H⊗ H̄)(1⊗Q) is total in H⊗ H̄R ⊗Q. Hence, δU is a unitary corepresentation. 2

Corollary 3.1.5. U c is a unitary element of B(H̄R) ⊗Q.

Proof. This follows from the fact that U∗
13(U ⊗ U c) = U c

23 and U c
23 is a unitary. Hence,

(1 ⊗ U c) = U−1
12 U13U

c
23, which is unitary. 2

Now, we define a linear map T : H̄ → H̄ such that T (x̄) = R(−1/2)(x). If both

the domain and range have the same old inner product structure, then T is a positive

invertible map. If the domain space has the original inner product structure of H̄ and

the range space has the inner product <,>H̄R
as in remark (3.1.3), which is induced from

the positive matrix R, then T is an isometry from H to H̄R because < T (x̄), y >H̄R
=<

R−(1/2)(x), y >H̄R
=< x,R1/2(y) > implies that T ∗(y) = R1/2(y) and T ∗T = IdH̄ . T is

an isometry from (H̄, <,>) to (H̄, <,>H̄R
) and TT ∗ = IdH̄.

Lemma 3.1.6. (T−1 ⊗ IdQ)U c(T ⊗ IdQ) is a unitary element of B(H)⊗Q, where the

inner product structure in H̄ is the natural inner product structure.
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Proof. U c is a unitary element in B(H̄R)⊗Q). T is an isometry from H̄ to H̄R and an

invertible map. By using these three facts, we can conclude that (T−1⊗IdQ)U c(T⊗IdQ)

is a unitary element. 2

We assume that T−1 = ρ1/2, where ρ(x̄) = R(x).

Lemma 3.1.7. If U is a unitary right projective corepresentation of Q on H, then

(ρ1/2 ⊗ 1)U c(ρ−1/2 ⊗ 1) is a unitary left projective corepresentation on H̄.

Proof. If U is a unitary right projective corepresentation with the associated right 2-

cocycle Ω then it follows that (Id ⊗ ∆Ω∗)(U) = U12U13. Now, one can easily conclude

that (Id⊗ Ω∆)(U∗) = U∗
13U

∗
12.

We know U c = (j ⊗ Id)(U∗), where j is the conjugation map from B(H) to B(H̄)).

This implies,

(Id⊗ Ω∆)(U c) =(Id⊗ Ω∆)(j ⊗ Id)(U∗)

=(j ⊗ Id⊗ Id)(Id⊗ Ω∆)(U∗)

=(j ⊗ Id⊗ Id)(U∗
13U

∗
12)

=(j ⊗ Id⊗ Id)(U∗
12)(j ⊗ Id⊗ Id)(U∗

13)

=U c
12U

c
13.

From this we conclude that

(Id⊗ Ω∆)((p1/2 ⊗ 1)uc(p−1/2 ⊗ 1)) =(p1/2 ⊗ 1 ⊗ 1)uc12u
c
13(p

−1/2 ⊗ 1 ⊗ 1)

=(p1/2 ⊗ 1 ⊗ 1)uc12(p
−1/2 ⊗ 1 ⊗ 1)(p1/2 ⊗ 1 ⊗ 1)uc13(p

−1/2 ⊗ 1 ⊗ 1)

=((ρ1/2 ⊗ 1)uc(ρ−1/2 ⊗ 1))12((ρ
1/2 ⊗ 1)uc(ρ−1/2 ⊗ 1))13,

where (ρ1/2 ⊗ 1)uc(ρ−1/2 ⊗ 1) is a unitary left projective corepresentation on H̄. 2

Lemma 3.1.8. Let U ∈ B(H) ⊗Q is a unitary.Then, followings are equivalent:

1) If U is a right projective corepresentation.

2) There exists a positive matrix ρ ∈ B(H̄) st. U ⊗ ((ρ1/2 ⊗ 1)U c(ρ−1/2 ⊗ 1)) is a

unitary corepresentation of (Q,∆).

3) U ⊗ U c is an invertible corepresentation on H ⊗ H̄.

Proof. (1 ⇒ 2)
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Assume that U is a right projective corepresentation with corresponding 2-cocycle

Ω. From the lemma (3.1.7) , we know that there exists a positive matrix ρ such that

Ūr := (ρ1/2 ⊗ 1)U c(ρ−1/2 ⊗ 1) is a left projective corepresentation. Now,

(Id⊗ ∆)(U ⊗ Ūr) =(Id⊗ ∆)(U13Ūr23)

=(Id⊗ ∆)(U13)(Id⊗ ∆)(Ūr23)

=U13U14Ω.Ω
∗Ūr23Ūr24

=U13Ūr23U14Ūr24

=(U ⊗ Ūr)12(U ⊗ Ūr)13.

This proves that (U ⊗ Ūr) is a unitary corepresentation of (Q,∆).

(2 ⇒ 3)

(U ⊗ U c) = (1 ⊗ (ρ1/2 ⊗ 1Q)(U ⊗ Ūr)(1 ⊗ (ρ−1/2 ⊗ 1Q). As U ⊗ Ūr is a unitary

corepresentation therefore U ⊗ U c is an invertible corepresentation of (Q,∆).

(3 ⇒ 1)

Let U ⊗ U c be an invertible corepresentation of Q. As we observe, AdU = (ϕ−1 ⊗
1Q)(U ⊗U c)(ϕ⊗ 1Q)( Proposition 3.1.1). Now, the proof of coassociativity in Theorem

3.1.4 applies verbatim in this case as well. Hence AdU is a coaction of Q on B(H). U is

a right projective corepresentation corresponding to a 2-cocycle Ω of Q. 2

All the above results can be easily extended to left coaction/left projective corepre-

sentation. In particular, we have

Lemma 3.1.9. Let U ∈ B(H) ⊗Q is a unitary. Then followings are equivalent:

1) If U is a left projective corepresentation.

2) There exists a positive matrix ρ ∈ B(H̄) such that ((ρ1/2 ⊗ 1)U c(ρ−1/2 ⊗ 1)) ⊗ U

is a unitary corepresentation of (Q,∆).

3) U c ⊗ U is an invertible corepresentation on H̄ ⊗ H.

Proof. The proof of this is easy consequence of the lemma (3.1.8), hence ommited. 2

Lemma 3.1.10. Let U ∈ B(H) ⊗Q be a unitary, then followings are equivalent:

1) U is a bi projective corepresentation of Q.

2) There exists a positive matrices ρ2 ∈ B(H̄) such that ((ρ
1/2
2 ⊗ 1)U c(ρ

−1/2
2 ⊗ 1)) ⊗

U,U ⊗ ((ρ
1/2
2 ⊗ 1)U c(ρ

−1/2
2 ⊗ 1)) are unitary corepresentations of (Q,∆).

3) U ⊗ U c, U c ⊗ U are invertible corepresentations of Q.

Proof of this lemma is ommited.
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3.2 Construction of a univeral C∗ tensor category for

defining projective envelope

Now, we define a category α where objects are (U ,H) and H is a finite-dimensional

Hilbert space. Note that the construction of the category, the associated CQG or DQG,

corepresentation U and the homomorphism Π in the proof of theorem (3.2.4) are essen-

tially taken from [GS25]. The basic idea behind the construction of the category was

motivated by Stefan Vaes through private communication to the first author of [GS25].

The objects of the category α are (U,H) where H is a finite dimensional Hilbert

space and the following conditions hold;

1) U ∈ B(H) ⊗Q is a unitary element.

2) There exists a unitary element Ū ∈ B(H̄)⊗Q ,that satisfies the following proper-

ties:

i) There exists linear maps RSU
: C → H̄⊗H and RtU : C → H⊗ H̄ such that

(RSU
⊗ Id)(1c ⊗ Id) = (Ū ⊗ U)(RSU

⊗ 1) (3.2.1)

(RtU ⊗ Id)(1c ⊗ Id) = (U ⊗ Ū)(RtU ⊗ 1) (3.2.2)

also, it satisfies the following equations

(R∗
SU

⊗ IdH̄)(IdH̄ ⊗RtU ) = IdH̄ (R∗
tU

⊗ IdH)(IdH ⊗RSU
) = IdH. (3.2.3)

For s ∈ H̄ ⊗ H ,Rs : C → H̄ ⊗ H defined by Rs(x) = xs. Similarly, we can define

the linear map Rt.

For any two objects (U,H), (V,K) of this category, the morphism space defined by

Mor((U,H), (V,K)))

:={T ∈ B(H,K) : V (T ⊗ 1) = (T ⊗ 1)U , V ∈ B(K) ⊗Q, U ∈ B(H) ⊗Q}.

Theorem 3.2.1. α is a Rigid C∗ tensor category.

Proof. Mor((U,H),(V,K)) is a finite-dimensional vector space for any two objects

(U,H), (V,K) of α. So, it is a Banach space. It is routine work to check that α is

a C* category.

Let RSU
and RtU satisfies the following equation (3.2.1) and (3.2.2) and also satifies the

equation (3.2.3) for the object (U,H). Similarly, RSV
and RtV satisfies the following

equations (3.2.1) and (3.2.2) and also hold the equations (3.2.3) for the object (V,K).
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One can easily check that (Idv̄ ⊗ RSU
⊗ Idv) RSV

and (Idu ⊗ RtV ⊗ Idū) RtU satis-

fies the equation (3.2.1) and (3.2.2) and also (3.2.3) for the object (U ⊗ V,H ⊗ K) =

(U12V23,H⊗K). Hence, (U13V23,H⊗K) is the tensor product of (U,H) and (V,K)).

Now, we define a bilinear bifunctor ⊗ : α × α → α such that ((U,H), (V,K)) →
(U12V23,H ⊗ K) and the associative morphism is the Identity map. This associative

morphism satisfies the pentagonal diagram and also commutes with the triangular dia-

gram. So, it is a tensor category. IdC ⊗Q is unit object of this category. Hence, α is a

strict tensor category.

Direct sum:

Let assume that sU⊕V = (sU , 0, 0, sV ), tU⊕V = (tU , 0, 0, tV ). Then RSU⊕V
sat-

isfy the equation (3.2.1) and RtU⊕V satisfy the equation (3.2.2) . We will prove that

RSU⊕V
,RtU⊕V satisfies the equations:

(R∗
SU⊕V

⊗ IdH̄+K̄)(IdH̄+K̄ ⊗RtU⊕V ) = IdH̄+K̄,

(R∗
tU⊕V

⊗ IdH+K)(IdH+K ⊗RSU⊕V
) = IdH+K.

.

First, we will check

(R∗
SU⊕V

⊗ IdH̄⊕K̄)(IdH̄⊕K̄ ⊗RtU⊕V ) = IdH̄⊕K̄.

(R∗
SU⊕V

⊗ IdH̄+K̄)(IdH̄⊕K̄ ⊗RtU⊕V ) = (R∗
SU

⊕ 0H̄⊗K ⊕ 0K̄⊗H ⊕R∗
SV

) ⊗ IdH̄⊕K̄)

(IdH̄⊕K̄ ⊗ (RtU ⊕ 0H⊗K̄ ⊕ 0K⊗H̄ ⊕RtV )

= (R∗
SU

⊗ IdH̄)(IdH̄ ⊗RtU ) ⊕ (R∗
SV

⊗ IdK̄)

(IdK̄ ⊗RtV )

= IdH̄ ⊕ IdK̄ = IdH̄+K̄

Similarly, we will get

(R∗
tU⊕V

⊗ IdH⊕K)(IdH⊕K ⊗RtU⊕V ) = IdH⊕K.

Hence, (U,H) ⊕ (V,K) = (U ⊕ V,H⊕K) is an object α.

It follows from the property (2) α that each object has a conjugate object.

subobject: First, we will prove a lemma which will help us to prove α is closed

under subjects.

Lemma 3.2.2. Let (U,H) be an object of this category and P be a projection in

End(U,H), then there exists a projection P̄ in End(Ū , H̄) .
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Proof. If T ∈ Mor((U,H), (V,K)) then there exists a T
′ ∈ Mor((V̄ , K̄), (Ū , H̄) which

satisfy the equation

(T
′ ⊗ IdV )RSU

= (IdŪ ⊗ T )RSU
.

Let P be a projection in End(U,H) which corresponds to an operator, denoted by

P
′ ∈ End(Ū , H̄). It holds the following equation: (P

′ ⊗ IdU )RSU
= (IdŪ ⊗ P )RSU

.

Now,

(P ′2 ⊗ IdU )RSU
= (P ′ ⊗ IdU )(P ′ ⊗ IdU )RSU

= (P ′ ⊗ IdU )(IdŪ ⊗ P )RSU

= (IdŪ ⊗ P )(P ′ ⊗ IdU )RSU

= (IdŪ ⊗ P 2)RSU

= (IdŪ ⊗ P )RSU

= (P ′ ⊗ IdU )RSU
.

From this, we can conclude that

(P ′2 − P ′) ⊗ IdU )RSU
= 0

and P ′ is an idempotent operator because

(R∗
SU

((P ′2 − P ′) ⊗ IdU ) ⊗ IdŪ )(IdŪ ⊗RtU ) = P ′2 − P ′ = 0.

End((Ū , H̄)) is a finite-dimensional C* algebra. So, it is a von Neumann algebra. There-

fore,there exist a projection P̄ ∈ End(Ū , H̄) such that P̄P ′=P ′ and P ′P̄ = P̄ . 2

Now, we will use this to prove that if P ∈ End((U,H)) then ((P ⊗ 1)U,PH) is a

subobject of (U,H).

First, we choose the vectors sPu = (P̄ ⊗P )sU and tPu = (P ⊗ P̄ )tU . It is straightforward

to check Rspu ∈Mor((1C⊗1A,C), P̄ (H̄)⊗PH)), RtPu
∈Mor((1C⊗1A,C), PH⊗P̄ (H̄))).

We will prove that

(R∗
spu

⊗ IdP̄ (H̄))(IdP̄ (H̄) ⊗RtPu
) = IdP̄ (H̄),

(R∗
tpu

⊗ IdPH)(IdPH ⊗RsPu
) = IdPH.
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Now,

(R∗
spu

⊗ IdP̄ (H̄))(IdP̄ (H̄) ⊗RtPu
) =(R∗

spu
⊗ IdP̄ H̄)(P̄ ⊗ P ⊗ IdP̄ (H̄))(IdP̄ (H̄) ⊗ P ⊗ P̄ )

(IdP̄ (H̄) ⊗Rt)

=(R∗
spu

⊗ IdP̄ (H̄))(P̄ ⊗ P ⊗ P̄ )(IdP̄ (H̄) ⊗Rtpu )

=(R∗
spu

⊗ IdH̄)(IdH̄ ⊗ P ⊗ IdH̄)(P̄ ⊗ IdH ⊗ P̄ )

(IdH̄ ⊗RtpU
)

=(R∗
spu

⊗ IdH̄)(P̄ ∗ ⊗ IdH ⊗ IdH̄)(P̄ ⊗ IdH ⊗ P̄ )

(IdH̄ ⊗Rtpu )

=(R∗
spu

⊗ IdH̄)(P ′∗ ⊗ IdH ⊗ P̄ )(IdH̄ ⊗Rtpu )

=P̄ (R∗
spu

⊗ IdH̄)(IdH̄ ⊗Rtpu )P ′∗

=P̄P ′∗

=P̄

and

(R∗
tpu

⊗ IdPH)(IdPH ⊗Rspu ) =(R∗
tpu

⊗ IdPH)(P ⊗ P̄ ⊗ IdPH)(IdPH ⊗ P̄ ⊗ P )

(IdPH ⊗Rspu )

=(R∗
tPu

⊗ IdPH)(P ⊗ P̄ ⊗ P )(IdPH ⊗RsPU
)

=(R∗
tpu

⊗ IdH)(P ⊗ (P̄ ⊗ P )RspU
)

=(R∗
tpu

⊗ IdH)(P ⊗ (P̄P ′ ⊗ IdH)Rspu )

=(R∗
tpu

⊗ IdH)(P ⊗ (P ′ ⊗ IdH)Rspu )

=(R∗
tpu

⊗ IdH)(P ⊗ (IdH̄ ⊗ P )Rspu )

=P (R∗
tU

⊗ IdH)(IdH ⊗RSU
)P

=P.

If P ∈ End(U,H) is a projection then ((P ⊗ 1)U,H) is a subobject of (U,H) . So, α is

a rigid strict C* tensor category. 2

We have a canonical fiber functor

F : α→ Hilbf given by

F (U,H) = H, F (T ) = T, ∀T ∈Mor((U,H), (V,K))
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By Tannaka-Krein duality, there is a CQG Quniv or equivalently the dual DQG Q̂univ

such that each (U,H) ∈ obj(α) is a unitary corepresentation of Quniv.

Lemma 3.2.3. let U ∈ B(H)⊗Q is a unitary such that there exists a positive invertible

matrix ρ ∈ B(H̄) for which (ρ⊗ 1)U c(ρ−1 ⊗ 1) is a unitary. Then (U,HU ) is an object

of α.

Proof. If (U,H) is an object of this category α then (ρ⊗ 1)U c(ρ−1 ⊗ 1) is a unitary, is

already discussed above. Let assume that, (ρ⊗ 1)U c(ρ−1⊗ 1) is a unitary in B(H̄)⊗Q.
Now, defined the maps Rs : C → H̄ ⊗H and Rt : C → H⊗ H̄ given by

Rs(1) =
∑
i

ρ−1(ēi) ⊗ ei

Rt(1) =
∑
i

ei ⊗ ρ(ēi),

where {ei} is an orthonormal basis of H and {ēi} is the corresponding orthonormal

basis for H̄. Now, it is easy to prove it satisfies the following relations (3.2.1),(3.2.2)

and (3.2.3). Hence (U,H) is an object of this category α. 2

In our work, we will often deal with suitable C∗ subcategories of α. To make it

convenient for later use, let us give a general construction of such subcategories from a

given family of unitary operators. Let Cα be a subset of Obj(α) and the objects of Cα

are of the form (U,H). Let C̄α the smallest subfamily of Obj(α) containing Cα which is

closed under direct sums and tensor products and subobjects.

Let us consider the following choices of Cα:

1) CL
α = {(U,H) : U is a left projective corepresentation of Q on H}.

2) CR
α = {(U,H) : U is a right projective corepresentation of Q on H}.

3) Cbi
α = {(U,H) : U is a bi projective corepresentation of Q on H}.

Apply the above construction, we will get the categories C̄L
α ≡ C̄R

α , C̄
bi
α .

Theorem 3.2.4. Let (Q,∆) be a CQG. Then there exist CQGs (Q̃L,∆L) ≡ (Q̃R,∆R),

(Q̃bi,∆bi) along with injective CQG morphisms

1) iL : Q → Q̃L,

2) iR : Q → Q̃R,

3) ibi : Q → Q̃bi

such that identifying Q as a Woronowicz’s subalgebra of each of these CQGs Q̃L ≡
Q̃R, Q̃bi, the following properties hold:
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i) For every left projective unitary corperesentation (U,H) of Q there exists a unitary

(linear) corepresentation (ŨL,H) of Q̃L such that AdŨL
is isomorphic to AdU . A

similar statement holds for right/bi projective unitary corepresentation of Q.

ii) The *-algebra generated by the matrix coefficients of ŨL is same as the Hopf ∗-

algebra Pol(Q̃L), where U varies over the set of all left projective unitary corep-

resentations of Q. A similar statement holds for right/bi projective unitary corep-

resentation of Q.

Proof. We prove the statements (i) and (ii) only for C̄L
α , as the proof the other case

are very similar. Let Q ⊆ B(H0), where H0 is the GNS space for the Haar state on Q.
Recall the Tannaka-Krein construction, which involves the ∗-algebra Nat(FL), where

FL is the restriction of the canonical fiber functor F to the subcategory C̄L
α . Any element

T of Nat(FL) is given by a collection {T(U,HU ) : T(U,HU ) ∈ B(HU )}.
The von-Neumann algebraic DQG M of Q̃L is isomorphic with

M = {T ∈ Nat(FL) : sup(U,H)∈Obj(C̄L
α

)∥T(U,HU )∥ <∞} (3.2.4)

For ξ, η ∈ H0, consider Uξ,η ∈ Nat(FL) given by

(
Uξ,η

)
(U,HU )

= Uξ,η

where Uξ,η ∈ Q is the contraction of U ∈ B(HU ) ⊗Q, i.e.

⟨θ1, Uξ,η(θ2)⟩ = ⟨θ1 ⊗ ξ, U(η ⊗ θ2)⟩ for all θ1, θ2 ∈ H0.

As each U is unitary, observe that sup
(U,HU )∈Obj(C̃L

α )
∥Uξ,η∥ < ∥ξ∥∥η∥, which proves that

Uξ,η ∈ M.

Let {(Ui,Hi) : i ∈ I} be an enumeration of all the irreducible objects of the category C̄L
α .

Then M ∼=
∏

i∈I B(HUi) and M ⊆ B(⊕i∈IHUi), so that M⊗ B(H0) ⊆ B(⊕i∈I(HUi ⊗
H0).

Viewing U in this picture we see that U =
∏

i∈I Ui, where Ui ∈ B(HUi) ⊗Q ⊆ B(HUi ⊗
H0). As each Ui is unitary, so is U . Next define Π := ΠU from the Hopf *-algebra (Q̃L)0,

spanned by the matrix elements of irreducible corepresentations of Q̃L, to Q ⊆ B(H0)

given by

Π(ω) = (ω ⊗ Id)(U), (3.2.5)

where ω ∈ (Q̃L)0. This is well defined by the general theory of CQG/DQG. Π is a

∗-homomorphism. For i ∈ I, let Ũi,L be the irreducible unitary corepresentation of Q̃L

on HUi . It is easy to see that (Id⊗ Π)(Ũi,L) = Ui.
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In fact in a similar way we can show that (Id⊗Π)(ŨL) = U , for all objects (U,HU ),

where ŨL is the corresponding unitary corepresentation of Q̃L on HU .

Now, note that if (W,Hw) ∈ obj(Corep(Q)) that is W is actually a unitary corepre-

sentation of Q on HW , then Π(ω) = ω for any matrix coefficient ω of W. In other words

(Id⊗ Π)(W ) = W. One can also obeserve that

Π(Ũ c
L) = (Π(ŨL))c = U c

, for all objects (U,HU ).

By construction, for all objects (U,HU ), (U c⊗U, H̄⊗H) is a corepresentation of Q.
But the unitary corepresentation to the object (U c⊗U, H̄⊗H) is nothing but Ũ c

L⊗ ŨL.

Hence by our earlier observation

(Id⊗ Π)(Ũ c
L ⊗ ŨL) = (Ũ c

L ⊗ ŨL) (3.2.6)

so U c⊗U = Ũ c
L⊗ ŨL which implies that ŨL is a left projective corepresentation on HU .

This proves (i).

(ii) Follows from the construction and the general theory of CQG. 2

Corollary 3.2.5. let U ∈ B(H)⊗Q is a unitary. (U,H) is an object of the category α if

and only if there exists a positive invertible matrix ρ ∈ B(H̄) such that (ρ⊗1)U c(ρ−1⊗1)

is a unitary.

Now we compute the projective envelope for the classical group SO(3), whose uni-

versal cover is SU(2). It is well known that there is exactly one irreducible representation

SU(2) in each dimension. When the dimension is odd, the representation descends to an

ordinary representation of SO(3). When the dimension is even , the representation does

not descend to an ordinary representation of SO(3), but it does descend to a projective

representation of SO(3). Before that we will prove the following lemma:

Lemma 3.2.6. For a classical compact group G, the projective envelope of C(G) is a

commutative CQG.

Proof. Let U ∈ B(Hu) ⊗ C(G), V ∈ B(Hv) ⊗ C(G) be two irreducible inequivalent

projective corepresentations of C(G). Without loss of generality ,we assume that U =∑
i,j eij ⊗ uij , V =

∑
k,l fkl ⊗ vkl. Let T : Hu ⊗Hv → Hv ⊗Hu be the flip operator. For
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ei0 ∈ Hu, fk0 ∈ Hv

(T ⊗ 1)(U ⊗ V )(ei0 ⊗ fk0) =(T ⊗ 1)(
∑
i,j,k,l

eij(ei0) ⊗ fkl(fk0) ⊗ uijvkl)

=(T ⊗ 1)(
∑
i,k

ei ⊗ fk ⊗ uii0vkk0)

=
∑
i,k

fk ⊗ ei ⊗ uii0vkk0 .

and

(V ⊗ U)(T ⊗ 1)(ei0 ⊗ fk0 ⊗ 1) =
∑
i,j,k,l

fkl(fk0) ⊗ eij(ei0) ⊗ vkluij

=
∑
k,i

fk ⊗ ei ⊗ vkk0uii0

=
∑
i,k

fk ⊗ ei ⊗ uii0vkk0 .

So, the unitary operator T ∈ Mor(U ⊗ V, V ⊗ U). From Tannaka-Krein duality, we

can say that T ∈ Mor(XU⊗V , XV⊗U ). F2(U ⊗ V ) is the identity operator that’s why

XU⊗V = XU ⊗ XV . Now, we can easily conclude that xuii0x
v
kk0

= xvkk0x
u
ii0

, where

i0, k0,u, v are arbitrary. As matrix coefficients of inequivalent irreducible corepresenta-

tions is a basis of the Hopf ∗-algebra C̃(G) that’s why C̃(G) is a commutative compact

quantum group. 2

Theorem 3.2.7. ˜C(SO(3)) ∼= C(SU(2) × Û(C(SO(3)))), where U(C(SO(3)) is the

unitary group of C(SO(3)).

Proof. It is already known from lemma 3.2.6 that ˜C(SO(3)) is a commutative compact

qunatum group. For each dimension n, we denote Un as the corresponding irreducible

projective corepresentation of C(SO(3)). And the corresponding cocycle is trivial when

n is odd and for even n it corresponds to the nontrivial cocycle Ω of SO(3). Any

Irreducible unitary projective corepresentation U of dimension n can be written as a U =

Un(Id⊗u), where u is a unitary element of C(SO(3)). It follows from theorem 3.2.4 that

projective envelope of C(SO(3)) is generated by the matrix coefficients of Un and the one

dimensional corepresentations IdC⊗Xu, where u ∈ U(C(SO(3))). Matrix coefficients of

Un generated the Hopf *-algebra Pol(SU(2)). {IdC⊗Xu : u ∈ U(C(SO(3)))} generated

the Hopf *-algebra Pol(C∗(U(C(SO(3)))), where U(C(SO(3))) considered as a discrete

group. If we take the universal completion of this Hopf * -algebra which is generated by

the matrix coefficients of Un and IdC⊗Xu then we will get the compact quantum group
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C(SU(2) ⊗max C
∗(U(C(SO(3)))) ∼= C(SU(2)) ⊗min C(Û(C(SO(3)))) ∼= C(SU(2) ×

Û(C(SO(3)))). 2



Chapter 4

Strongly projective

corepresentation and cohomology

of compact quantum group

4.1 Normalizer of a tensor category

As before (Q,∆) be a CQG with the (mutually inequivalent) irreducible uitary corep-

resentation Uα =
∑dα

i,j=1 u
α
ij ⊗ eαij , where α ∈ L (L is an indexed set). Let H ⊆ L and

QH , Q̂H be as in chapter (1.4).

Definition 4.1.1. Q̂H is said to be normal quantum subgroup of Q̂ if WQ(QH ⊗
Id)W ∗

Q ⊂ Q′′
H⊗̄B(L2(Q)), where L2(Q) denotes the GNS space of Q with respect to

the Haar state and WQ denotes the left regular representation of Q, which is given by

WQ =
∑

α,i,j u
α
ij ⊗ eαij .

Lemma 4.1.2. Q̂H is normal if and only if for any x ∈ QH and α ∈ L, 1 ≤ i, i1 ≤ dα,

vα,xii1
=
∑

j u
α
ijxu

∗α
i1j

is in QH

Proof. We note that for any x in QH ,

WQ(x⊗ 1)W ∗
Q =(

∑
α

(
∑
i,j

uαij ⊗ eαij))(x⊗ 1)(
∑
α

(
∑
i1,j1

u∗αi1j1 ⊗ ei1j1))

=
∑
α

(
∑

i1,j1,i,j

uαijxu
∗α
i1j1 ⊗ eαije

α
j1i1

=
∑
α

(
∑
i,i1

uαijxu
∗α
i1j ⊗ eαii1)

=
∑
α

∑
i,i1

vα,xii1
⊗ eαii1 .

65
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Let us assume that Q̂H is normal quantum subgroup of Q̂. Then
∑

i,i1
vα,xii1

⊗ eαii1 is

in Q′′
H⊗̄B(L2(Q)), if we take the normal linear functional ϕα on B(L2(Q)) such that

ϕα(eαi0j0)=1 and ϕα(eαi0j0)=0 if (i, j) ̸= (i0, j0) . Then (Id⊗ ϕα) (WQ(x⊗1)W ∗
Q)=vα,xi0j0

∈
QH . Now, for x ∈ Pol(QH), clearly V α,x

i0j0
∈ Pol(Q). Hence it is in Pol(Q) ∩ Q′′

H =

Pol(QH). In general approximating x ∈ QH by a sequence from Pol(QH), we get

vα,xii1
∈ QH .

The converse also follows from the lemma (4.1.2) as the sum is a strongly convergent

series and Q′′
H⊗̄B(L2(Q)) is a von-Neumann algebra. 2

Remark 4.1.3. It is clear from the proof of lemma (4.1.2) that it is enough to verify

the condition of the lemma for any subset K ⊆ L which is generating in the sense that

every object in L is a subobject of finite direct sums of tensor products of objects from

the subset K.

Now prove a result in the categorical setting, which will be useful for our later

discussion. Let us assume that C is a UTC and F is a fiber functor on C. Suppose

also that C0 is an embeded sub UTC of C and F0 is the restriction of F on C0. Let

{xα : α ∈ I} is collection of irreducible objects of C and {xα : α ∈ I0} be the collection

of irreducible objects of C0.

Let AJ={x ∈ obj(C) : x⊗ y ⊗ x̄, x̄⊗ y ⊗ x ∈ obj(C0), ∀y ∈ obj(C0) }.

Now, we define a subcategory CJ by obj(CJ) = {
⊕n

i=1 xi : xi ∈ AJ , n ≥ 1}.

Lemma 4.1.4. CJ is a UTC and C0 is a sub UTC of CJ .

Proof. Let
⊕
xi,
⊕
yj ∈ obj(CJ) (finite direct sums). Now (

⊕
xi)⊗(

⊕
yj) is isomorphic

to
⊕

(xi ⊗ yj). For any object z of C0, xi ⊗ yj ⊗ z ⊗ ȳj ⊗ x̄i is an object of C0 because

yj ⊗ z ⊗ ȳj ∈ obj(C0) and hence xi ⊗ (yj ⊗ z ⊗ ȳj) ⊗ x̄i ∈ Obj(C0) too. This means

xi ⊗ yi ∈ AJ , hence their finite sum is also an object of CJ .

Next we will prove it is closed under taking subobject. Let xp be a subobject of x,

where x ∈ obj(CJ). We have x⊗ y⊗ x̄, x̄⊗ y⊗ x ∈ obj(C0). So, there exist an isometry

Vp ∈Mor(xp, x) and VpV
∗
p = P ∈ End(x). We know if xp is a subobject of x then x̄p is

a subobject of x̄. Similarly, we can say that there exist an isometry V̄p ∈Mor(x̄p, x̄) and

V̄pV̄ ∗
p = P̄ ∈ End(x). Hence it follows that (Vp⊗Idy⊗ V̄p) ∈Mor(xp⊗y⊗ x̄p, x⊗y⊗ x̄)

and it is an isometry and VpV
∗
p ⊗Id⊗V̄pV̄ ∗

p = (p⊗Id⊗p̄) ∈ End(x⊗y⊗x̄). So, xp⊗y⊗x̄p
is a subobject of (x ⊗ y ⊗ x̄) ∈ obj(C0) and as C0 is closed under taking subobjects,

xp ⊗ y⊗ x̄p ∈ obj(C0) . Now, if we choose an object x =
⊕n

i=1 xi then any subobject is

of the form
⊕
xpi ,where xpi is a subobject of xi as we know xpi ⊗y⊗ x̄pi , x̄pi ⊗y⊗xpi ∈

obj(C0). This implies x ∈ obj(C0). It follows easily that CJ is also closed under taking

conjugate. Finally, we note that obj(C0) ⊆ obj(C) from the definition of CJ and the

fact that C0 is an embeded sub UTC. 2
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Definition 4.1.5. We call CJ the normalizer of C0 in C and define it by N(C,C0).

Applying Tannaka-krein duality on CJ and C0 with the fiber functor F and F0 re-

spectively, we get CQG QJ and Q0 such that Q0 is a Woronowicz subalgebra of QJ .

The following theorem justify the terminology of definition (4.1.4).

Theorem 4.1.6. Q̂0 is a quantum normal subgroup of Q̂J .

Proof. We apply lemma (4.1.2), as before, for an irreducible object z in AJ , choose and

fix a unitary corepresentation U z. By remark (4.1.3) it is enough to verify the condi-

tion of lemma (4.1.2) for the generating subset AJ . If xα is an irreducible object in

AJ and xβ is an irreducible object of C0 then xα ⊗ xβ ⊗ x̄α is an object of C0. So,

there exists a unitary operator T such that (1Q ⊗ T )(Uxα ⊗ Uxβ ⊗ Uxα)(1Q ⊗ T ∗) is

a unitary coreprsentation of Q0. Write Uxα =
∑

i,j u
α
ij ⊗ eαij , U

xβ =
∑

k,l v
β
kl ⊗ fβkl

,U x̄α =
∑

m,n u
∗α
mn ⊗R1/2 ¯eαnmR

−1/2 for suitable matrix units eαij , f
β
kl and positive invert-

ible operator R ∈ B(H̄α).

Let us assume that (Uxα⊗Uxβ⊗U x̄α) = V α,β,ᾱ =
∑
uαijv

β
klu

∗α
mn⊗eαij⊗f

β
kl⊗R

1/2 ¯eαnmR
−1/2.

Now, we take the linear functional ϕα on B(Hα) satisfy ϕα(eαi0j0)=1 and ϕα(eαij) = 0 if

(i, j) ̸= (i0, j0). Similarly, we choose the linear functionals ϕβ and ϕᾱ on B(Hβ),B(H̄α)

given by ϕβ(eβk0l0) = 1, ϕβ(eβkl) = 0 if (k, l) ̸= (k0, l0) and ϕᾱ(R1/2 ¯eαn0m0
R−1/2) = 1 and

ϕᾱ(R1/2 ¯eαnmR
−1/2) = 0 if (n,m) ̸= (n0,m0).

Then,(Id ⊗ ϕα ⊗ ϕβ ⊗ ϕᾱ)(V α,β,ᾱ) = uαi0j0v
β
k0l0

v∗αm0n0
is in Pol(Q0). This proves that∑

j u
α
ijv

β
k0l0

v∗αi1j ∈ Pol(Q0). Finally, approximating a general element x ∈ Q0 by a se-

quence from Pol(Q0).

4.2 Strongly projective corepresentation

Let U be an object of the category α.

Definition 4.2.1. U is said to be a strongly right projective corepresentation if U⊗V ⊗Ū
is a corepresentation of Q for any corepresentation V of Q.

Lemma 4.2.2. If U is a strongly right projective corepresentation then it is a right

projective corepresentation of Q.

Proof. By definition, U ⊗ V ⊗ Ū is a corepresentation of Q for any corepresentation

V of Q. For V = IdC ⊗ 1Q, U ⊗ Ū is a corepresentation. So it is a right projective

corepresentation of Q. 2
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Remark 4.2.3. Let X,Y be two strongly right projective corepresentations of Q then

X ⊗ Y is a right projective corepresentation of Q because if we put V = Idc ⊗ 1Q then

X ⊗ Y ⊗ V ⊗ Ȳ ⊗ X̄ = X ⊗ Y ⊗ Ȳ ⊗ X̄ is a corepresentation of Q .

Lemma 4.2.4. U is a strongly right projective corepresentation and Ω is a correspond-

ing right 2-cocycle of Q if and only if right 2-cocycle Ω commutes with ∆(x) for any

x ∈ Q.

Proof. If U is a right projective corepresentation and (Id⊗ ∆Ω∗)(U) = U12U13 then Ū

is a left projective corepresentation and correspond to left 2-cocycle Ω. By definition it

follows that for any corepresentation V of Q, U ⊗ V ⊗ Ū is a corepresentation of Q.

So

(Id⊗ Id⊗ Id⊗ ∆)(U ⊗ V ⊗ Ū) =(U ⊗ V ⊗ Ū)1234(U ⊗ V ⊗ Ū)1235

=(U14V24Ū34 ⊗ 1Q)(U15V25Ū35)

=U14U15V24V25Ū34Ū35.

and

(Id⊗ Id⊗ Id⊗ ∆)(U ⊗ V ⊗ Ū)

= (Id⊗ Id⊗ Id⊗ ∆)(U14V24Ū34)

= (Id⊗ Id⊗ Id⊗ ∆)(U14V24Ū34)

= (Id⊗ Id⊗ Id⊗ ∆)(U14)(Id⊗ Id⊗ Id⊗ ∆)(V24)(Id⊗ Id⊗ Id⊗ ∆)(Ū34)

= U14U15(Id⊗ Id⊗ Id⊗ Ω)V24V25(Id⊗ Id⊗ Id⊗ Ω∗)V̄34V̄35.

From those two equations, one can conclude that

V24V25 =(Id⊗ Id⊗ Id⊗ Ω)V24V25(Id⊗ Id⊗ Id⊗ Ω∗).

Hence,

(Id⊗ Ω)(Id⊗ ∆)(V ) = (Id⊗ ∆)(V )(Id⊗ Ω).

For any x ∈ pol(Q), Ω∆(x) = ∆(x)Ω. Converse part follows easily. 2

Lemma 4.2.5. If Ω is an invariant right 2-cocycle of Q then

1) Ω∗ is a invariant right 2 cocycle of Q.

2) If U is a right projective corepresentation and Ω is corresponding 2-cocycle if and

only if U is a left projective corepresentation .
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Proof. 1) As ∆(x) commutes with Ω for all x ∈ Q, (∆ ⊗ id)(y) commutes with (Ω ⊗ 1)

for all y ∈ Q ⊗ Q. Now taking ∗ on both side of the relation (Ω ⊗ 1)(∆ ⊗ id)(Ω) =

(1 ⊗ Ω)(1 ⊗ ∆)(Ω), is easily follows

(∆ ⊗ id)(Ω∗)(Ω∗ ⊗ 1)) =((∆ ⊗ id)(Ω))∗(Ω∗ ⊗ 1))

=((Ω ⊗ 1)(∆ ⊗ 1)(Ω))∗

=((∆ ⊗ Id)(Ω)(Ω ⊗ 1))∗

Similarly one can prove that (1 ⊗ ∆)(Ω∗)(1 ⊗ Ω∗) = (1 ⊗ Ω∗)(1 ⊗ ∆)(Ω∗). So Ω∗ is

a right 2-Cocycle, which is invariant as Ω∗ and ∆(x) commutes with ∀x ∈ Q.
2) Note that by (1), ∆Ω∗(x) = Ω

∗∆(x). If U is a right projective corepresentations

then

(Id⊗ ∆Ω∗)(U) = (Id⊗Ω∗ ∆)(U) = U12U13.

Hence U is also left projective corepresentation. 2

Corollary 4.2.6. A unitary Ω ∈ Q⊗Q is an invariant right 2-cocycle if and only if it

is an invariant left 2-cocycle.

Proof. Clearly Ω is an invariant 2-cocycle, which commutes with ∆(x) for all x ∈ Q
if and only if Ω∗ does so. Moreover by lemma (4.2.5) we see that Ω invariant right

2-cocycle implies that Ω∗ is an invariant right 2-cocycle,hence Ω is an invariant left

2-cocycle.

Similarly, we can prove that any left 2-cocycle Ω is also invariant right 2-cocycle.

2

Remark 4.2.7. In view of the above, we will call a left/right invariant 2-cocycle simply

an invariant 2-cocycle.

Definition 4.2.8. If Y ∈ B(Hy)⊗Q is a unitary element and for any corepresentation

V of (Q,∆), Ȳ ⊗ V ⊗ Y is a corepresentation of Q then Y is a strongly left projective

corepresentation of Q.

Remark 4.2.9. One can easily conclude that any strongly left projective corepresenta-

tion of Q is a left projective corepresentation of Q.
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Lemma 4.2.10. If Ω is a left 2-cocycle and U is a strongly left projective corepresen-

tation with corresponding left 2-cocycle Ω if and only if Ω commutes with ∆(x), for any

x ∈ q.

Proof. Proof of this lemma similar to the proof of the lemma (4.2.4) . Hence omitted.

2

Lemma 4.2.11. If U is a unitary in B(Hu) ⊗Q then the following are equivalent:

1. U is a strongly left projective corepresentation.

2. U is a strongly right projective corepresentation.

Proof. Let U be a strongly right projective corepresentation with corresponding invari-

ant 2-cocycle Ωu. Ū is a left projective corepresentation with corresponding 2-cocycle

Ω∗
u. Hence by lemma (4.2.5), it is also a right projective corepresentation with corre-

sponding 2-cocycle Ω∗
u. Hence, for every corepresentation V of Q, Ū⊗V ⊗U corresponds

to the cocycle Ω∗
u.Ωu = 1 (as (Id⊗Ω) commutes with ((Id⊗∆)(V )), that is Ū ⊗V ⊗U

is a corepresentation of Q. This proves Ū is a strongly right projective corepresentation,

so U is strongly left projective corepresentation of Q.
The other way is similar to prove. 2

In the view of above, we make the following definition

Definition 4.2.12. A unitary U ∈ B(Hu)⊗Q a strongly projective corepresentation if

it satisfying any of two equivalent conditions:

1) U ⊗ V ⊗ Ū is corepresentation for all corepresentation V of Q.

2) Ū ⊗ V ⊗ U is corepresentation for all corepresentation V of Q.

Lemma 4.2.13. Let U,W be two strongly projective Ωu,Ωw corepresentations,

1) U ⊗W is a strongly projective ΩuΩw corepresentations.

2) U is a subobject of W then Ωu = Ωw.

Proof. 1) It is already known that (Id ⊗ ∆Ωu)(U) = U12U13 and (Id ⊗ ∆Ωw)(W ) =

W12W13. Now,

(Id⊗ ∆ΩuΩw)(U ⊗W ) =(Id⊗ Id⊗ ∆Ωu)(U13)(Id⊗ Id⊗ ∆ΩW
)(W23)

= U13U14W23W24

= U13W23U14W24

= (U ⊗W )12(U ⊗W )13.
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Hence, (U ⊗W ) is a strongly projective ΩuΩw corepresentation.

2) Let P is a projection in Mor(W,W ) such that (P ⊗ 1)W = U = W (P ⊗ 1).

(Id⊗ ∆Ω∗
w

)((P ⊗ 1)W ) =(P ⊗ 1)((Id⊗ ∆Ω∗
w

)(W )

=(P ⊗ 1)W12W13

=((P ⊗ 1)W )12((P ⊗ 1)W )13

=U12U13

=(Id⊗ ∆Ω∗
u
)(U).

Hence Ωu = Ωw. 2

Remark 4.2.14. When Q = C(G) i.e. commutative as a C∗ algebra, any left/right

projective corepresentation is automatically strongly projective corepresentation.For a

compact group G, there is a one-one correspondence between finite dimensional projec-

tive corepresentations of (C(G),∆) and continuous projective representations of G. Let

ϕ be a continuous projective representation of G over V (Hilbert space) and ωϕ be the

corresponding 2-cocycle. We can write ϕ(g) =
∑
cij(g)eij , where eij are the matrix

units of B(V ). Then uϕ :=
∑
eij ⊗ cij is a unitary element of B(V ) ⊗ Q. One can

easily conclude that (Id ⊗ ∆ω∗
ϕ
)(uϕ) = (uϕ)12(uϕ)13. So, ϕ 7→ uϕ is a one-one corre-

spondence between projective corepresentations of (C(G),∆) and continuous projective

representations of G on a finite dimensional Hilbert space .

Recall the category α constructed in the chapter 3, section (3.2), consider the sub-

family of obj(α) given by (U,H), where U is a strongly projective corepresentation of

Q. The corresponding C∗ tensor category generated by this family , in a similar way

as in theorem (3.2.4) , will be denoted by Cstp and let Fstp be the restriction of F

on Cstp. Now, if we apply the Tannaka-Krein duality on (Cstp, Fstp), we will get Qstp

which is called the strongly projective envelope of Q. Clearly Q ⊆ Qstp is a Woronowicz

subalgebra.

Let G be the UTC generated by corepresentation of Q and (IdC⊗q) ,where (IdC⊗q)
is an object of the UTC Cstp.

Lemma 4.2.15. If (q,C) is an object of this category Cstp, where q is a unitary in Q
if and only if (q∗ ⊗ q∗)∆(q) commutes with ∆(x) for all x ∈ Q. Moreover , in this case

∆(q) commutes with (q∗ ⊗ q∗).

Proof. (IdC⊗ q) is an object of Cstp that means that (IdC⊗ q)V (IdC⊗ q∗) is a corepre-

sentation of Q , for any corepresentation V of Q. Hence (Id⊗q) is a strongly projective

corepresentation of Q and (q∗ ⊗ q∗)∆(q) corresponding 2-coycle . We conclude from
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lemma (4.2.4) that (q∗ ⊗ q∗)∆(q) commutes with ∆(x) for any x ∈ Q. Taking x ∈ Q,

we get

(q∗ ⊗ q∗) = (q∗ ⊗ q∗)∆(q)∆(q∗) = ∆(q∗)(q∗ ⊗ q∗)∆(q)

Hence ∆(q)(q∗ ⊗ q∗) = (q∗ ⊗ q∗)∆(q). 2

Let QG be the CQG obtained by Tannaka-Krein reconstruction by restricting F to

the subcategory G. We have the normalizer N(Cstp,G) and let the CQG N(QG) be the

one obtained by restriction of F to N(Cstp,G). Here we recall the equivalence relation ∼
of lemma (1.4.6) on Rep(Q̂) associated with the discrete normal subgroup Q̂G of N̂(QG)

and also the fiber functors

F1 : Rep(Q̂G) → Rep(N̂(QG),

F2 : Rep(N̂(QG) → Rep(C)

where C = N̂(QG)/Q̂G .

Lemma 4.2.16. For an irreducible object (U,H) ∈ obj(N(Cstp,G)), the equivalence

class KU contains exatly one (irreducibe) 1-dimensional representation, say ρU of the

quotient DQG C.

Proof. Denote by ΠU : N̂(QG) → B(H) the representation dual to the corepresentation

U. Note that U ⊗ Ū a corepresentation of Q, so in particular an object of G. Hence

F2(πU ⊗ π̄U ) must be n2 copies of the trivial representation of e of N̂(QG)/Q̂G , where

n = dim(H). Now suppose F2(πU ) ∼= ⊕k
i=1πi, each πi is a irreducible representation of

N̂(QG)/Q̂G . As F2(πU ) ⊗ F2(πU ) is direct sum of copies of e only. But this is clearly

possible if and only if each πi⊗π̄j is isomorphic with e, hence in particular 1-dimensional.

This further implies πi to be 1-dimensional and πi ∼= πj as well, which completes the

proof. 2

Lemma 4.2.17. If two irreducible strongly projective corepresentations (U,H), (W,K) ∈
obj(N(Cstp,G)), we have KU = KW if and only if the corresponding invariant 2-cocycles

ΩU ,ΩW are related by :

Ωw = ∆(q)Ωu(q∗ ⊗ q∗) (4.2.1)

for some unitary q such that (q,C) ∈ obj(Cstp).

Proof. If KU = KW if and only if U ∼ W, which is equivalent to U being a subobject

of W ⊗ V , where V is an object of Cstp. By lemma (4.2.13) cocycle of W ⊗ V is ΩwΩv.
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We can replace V ∈ obj(Cstp) by any suitable generating subset . In particular V may

be either a corepresentation or a unitary element q such that (q,C) ∈ obj(Cstp). If V is

a corepresentation then Ωu = Ωw and the other case Ωu = Ωw(q ⊗ q)∆(q∗).

Conversely, suppose Ωw = ∆(q)Ωu(q∗ ⊗ q∗). For U(IdC ⊗ q) and W they have the

same invariant 2-cocycle Ωw. Hence V = W̄ ⊗ U(IdC ⊗ q) is a corepresentation of Q.
Now U(idC ⊗ q) ≤W ⊗ W̄ ⊗U(idC ⊗ q) = W ⊗ V where ≤ means subobject. Hence U

is a subobject of W ⊗ V ⊗ (IdC ⊗ q) which completes the proof. 2

Theorem 4.2.18. N̂(QG)/Q̂G is isomorphic to C0(Γ) for some discrete group Γ.

Proof. It follows from lemma (4.2.16) that every irreducible representation of the DQG

N̂(QG)/Q̂G , is 1-dimensional . Hence it is a commutative as a C∗ algebra ,which proves

the theorem. 2

Theorem 4.2.19. For a compact group G with Q = C(G), the group Γ of theorem is

isomorphic with the group H2
uinv(C(G), S1).

Proof. Let (U,H), (IdC⊗q) be two strongly projective corepresentations of C(G). Then

U ⊗ (IdC ⊗ q) ⊗ Ū is isomorphic with U ⊗ Ū ⊗ (IdC ⊗ q) ∈ obj(CG). From this we can

conclude that Cstp is a subcategory of N(Cstp, CG) and by our construction of normalizer

N(Cstp, CG) is a subcategory of Cstp. Hence Cstp = N(Cstp, CG) that implies N̂(QG) =

Q̂stp. We already observed that the set of 1-dimensional irreducible representation of

C0(Γ), which are the points of Γ, are in 1-1 correspondence with the equivalence classes

KU . Moreover by lemma (4.2.17), KU = KW if and only if Ωu and Ωw represents the

same classes at H2
uinv(C(G), s1). As C(G) is a commutative, it is equal to its center, so

that every q ∈ C(G) is central and (q ⊗ q)∆(q∗) is an invariant 2-cocycle. Thus, there

is a 1-1 correspondence between H2
uinv(C(G), S1) and ρU which is clearly also a group

homomorphism, as Ωu⊗w = ΩuΩw. 2

Remark 4.2.20. For a general CQG, which is not commutative as a C∗ algebra it is in-

teresting to ask how the group Γ obtained in theorem (4.2.18) is related to H2
uinv(Q, S1).

Remark 4.2.21. We will see in the next chapter an example where Γ can be different

from H2
uinv(Q, S1).
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Chapter 5

Explicit computation of the

second invariant cohomology of

certain finite dimensional

compact quantum groups

In this chapter, we will explicitly compute H2
uinv(·, S1) and H2

inv(·,C− {0}) for two in-

teresting finite dimensional Hopf algebras namely the group ring of G := Z8 ⋊Aut(Z8)

and the dual of Kac-Paljutkin algebra. We use categorical description of these coho-

mologies which will be explained below. Let us mention that in [GK10], partial results

towards computing H2
uinv(C∗(G), S1) were obtained by quite tedious calculation using

other methods and also using computer. In that paper, it could only be proved that

the order of the cohomology group has either 2 or 4, without a definite conclusion. On

the other hand, our categorical approach seems to simplify the computations to some

extent and we are able to conclusively identify the group as Z2, without computer aided

calculations.

Let (Q,∆) be a CQG, I be the set of mutually inequivalent irreducible corepresen-

tations. Let us recall the fiber functor ϕΩ on Corep(Q) such that

HϕΩ(x) = Hx, ϕΩ(S) = Ω−1S ϕΩ(T ) = Ω−1
2 T, (5.0.1)

where Ω is an invertible 2-cocycle of dual DQG of Q, , x, y, z ∈ I and for all S ∈
Mor(x, y ⊗ z), T ∈Mor(a, x⊗ y ⊗ z). ϕΩ defines a new DQG Q̂Ω, where the * algebra

End(ϕΩ) = End(FNat) = Πx∈IB(Hx) and coproduct is given by ∆̂Ω(a) = Ω∆̂Ω∗. ϕΩ is

a unitary monoidal equivalence between Corep(Q) and Corep(QΩ).

If Ω is an invariant 2-cocycle then ∆̂Ω(a) = ∆̂(a) for a ∈ Πx∈IB(Hx). Hence the
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algebra structure of QΩ same as Q. Now one can conclude that (QΩ,∆) = (Q,∆).

Lemma 5.0.1. ϕΩ is an a monoidal autoquivalence of Corep(Q), where Ω is an invert-

ible invariant 2-cocycle. In case Ω is unitary, this gives unitary monoidal autoequiva-

lence.

Proof. Ω−1 is also a unitary invariant 2-cocycle of dual DQG of Q. Now we choosing

the fiber functor ϕΩ−1 , it follows that ϕΩϕΩ−1 = ϕΩ−1ϕΩ = Idcorep(Q). 2

Our approach will be based on the following result, contained in chapter (3.1) of [NT].

For the sake of completeness we give an outline of the proof here as well.

Theorem 5.0.2. H2
uinv(Q̂, ∆̂) is isomorphic with the group of unitary isomorphism

class of all unitary monoidal autoequivalences of Corep(Q) ∼= Rep(Q̂) which are natu-

rally isomorphic to the identity functor. A similar statement holds for H2
inv(Q̂,C−{0})

without the requirement of unitary.

Proof. Let us proof the case of unitary cohomology only, as the other case is very

similar. Given a unitary invariant 2-cocycle Ω, the UTF ϕΩ clearly gives a unitary

monoidal autoequivalence of Corep(Q), identifying Corep(QΩ) with Corep(Q).

To prove the converse, assume that ϕ is an autoequivalence with the stated proper-

ties. As ϕ(x) ∼= x for every object x of Corep(Q), ϕ is dimension preserving, hence it

must be isomorphic with one of the form ϕΩ for some unitary right 2-cocycle. As ϕΩ is

isomorphic with the identity functor, for each irreducible object x, y, z, we have unitary

morphisms ηx, ηy⊗z such that ϕΩ(t) = η−1
y⊗ztηx for all t ∈Mor(x, y⊗ z). Moreover, as x

is irreducible, ηx is a nonzero constant multiple of identity, say cxIx. This implies that

the component Ωy⊗z ∈ Mor(y ⊗ z, y ⊗ z) is given by ηy⊗z · c−1
x , so it commutes with

∆̂(Θ)y,z = Θy⊗z for any Θ in End(FNat). This proves that Ω is an invariant 2-cocycle.

2

Remark 5.0.3. Note that any functor ϕ : Corep(Q) → Corep(Q) is natuarally iso-

morphic with the identity functor if and only if ϕ(x) ∼= x for all objects x of Corep(Q).

5.1 Cohomology of the group ring Z8 ⋊ Aut(Z8)

The group G := Z8 ⋊ Aut(Z8) was considered by G. E. Wall in his paper [Wal47],

Z8 ⋊Aut(Z8) is generated by s, t, u, where s, t, u satisfies the relations

s2 = t2 = u8 = 1, st = ts, sus−1 = u3, tut−1 = u5 . (5.1.1)
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Let χijk be characters of G, defined by

χijk(u) = (−1)k, χijk(s) = (−1)i, χijk(t) = (−1)j i, j, k ∈ Z2. (5.1.2)

Let π2 and π
′
2 be irreducible representations of G on Hπ2 and H

π
′
2
, where {e1, e2} is

an orthonormal basis for Hπ2 and {f1, f2} is an orthonormal basis for H
π
′
2
. π2 is given

by

π2(u) =

(
ω2 0

0 ω6

)
, π2(s) =

(
0 1

1 0

)
, π2(t) = IdHπ2

, (5.1.3)

where ω = e2πi/8.

π
′
2 is given by

π
′
2(u) =

(
ω2 0

0 ω6

)
, π

′
2(s) =

(
0 1

1 0

)
, π

′
2(t) = −IdH

π
′
2

. (5.1.4)

Let π4 be an irreducible representation of Z8 ⋊ Aut(Z8) on Hπ4 and assume that

{x1, x2, x3, x4} is an orthonormal basis for Hπ4 . π4 is given by

π4(u) =


ω 0 0 0

0 ω3 0 0

0 0 ω5 0

0 0 0 ω7

 , π4(s) =


0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0

 , π4(t) =


0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

 . (5.1.5)

By an easy calculation one can verify that all the above are mutually inequivalent

irreducible representations of G and looking at the dimension of C∗(G), we deduce that

they exhaust the all irreducible representations of G.

Let I := {χijk, π2, π
′
2, π4} be the collection of all pairwise non-equivalent irreducible

representations of G.

Lemma 5.1.1. The following fusion rules hold:

1) χi1j1k1 ⊗ χi2j2k2 = χ(i1+i2)(j1+j2)(k1+k2).

2) π2 ⊗ π2 =
⊕
χi0k.

3) π
′
2 ⊗ π

′
2 =

⊕
χi0k.

4) π2 ⊗ π
′
2 =

⊕
χi1k.

Proof. Proof is omitted, as it is a straightforward verification. 2
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Let ϕ be a unitary autoequivalence on Corep(C(G)) ∼= Rep(G), where C(G) is the

CQG of all continuous functions of G. Then ϕ is automatically a dimension-preserving

fiber functor.

Let Mor(a, b ⊗ c ⊗ d) := Υb⊗c⊗d
a define a basis of Mor(a, b ⊗ c ⊗ d) of unit norm,

where a, b, c, d ∈ {χijk, π2, π
′
2}. Assume that ϕ(Mor(a, b⊗ c⊗ d)) := Υ̃b⊗c⊗d

a .

Now, we will introduce some notation to simplify our mathematical expressions.

Υ̃χ1⊗χ2
χ1χ2

= σ(χ1, χ2)Υ
χ1⊗χ2
χ1χ2

, where χ1, χ2 are characters. (5.1.6)

Υ̃χ⊗π2
π2

= cχΥχ⊗π2
π2

, where χ ∈ {χi0k}. (5.1.7)

Υ̃
χ⊗π

′
2

π
′
2

= c
′
χΥ

χ⊗π
′
2

π
′
2

, where χ ∈ {χi0k}. (5.1.8)

Υ̃χ
′⊗π2

π
′
2

= dχ′Υχ
′⊗π2

π
′
2

, where χ
′ ∈ {χi1k}. (5.1.9)

Υ̃
χ
′⊗π

′
2

π2 = eχ′Υ
χ
′⊗π

′
2

π2 , where χ
′ ∈ {χi1k}. (5.1.10)

Υ̃π2⊗π2
χ = λχΥπ2⊗π2

χ , where χ ∈ {χi0k}. (5.1.11)

Υ̃
π
′
2⊗π

′
2

χ = λ
′
χΥ

π
′
2⊗π

′
2

χ , where χ ∈ {χi0k}. (5.1.12)

Υ̃
π2⊗π

′
2

χ′ = ηχ′Υ
π2⊗π

′
2

χ′ , where χ
′ ∈ {χi1k}. (5.1.13)

Also assume that for χ = χi0k, χ
′ = χi1k.

By our defining notations, we can say that for any T ∈Mor(a, b⊗ c), T̃ = c0T (for

a suitable choice of c0 ∈ C that satisfies our predefined notations). From now on, we

only write Υ̃b⊗c
a = T̃ = c0 instead of c0T , where we fix a T ∈Mor(a, b⊗ c), and a, b, c ∈

{χijk, π2, π
′
2}.

Lemma 5.1.2. σ is a 2-cycle on the group {χijk}.

Proof. Let χ1, χ2, χ3 be characters of Z8 ⋊Aut(Z8). From this diagram

χ1 ⊗ χ2 ⊗ χ3 χ1χ2 ⊗ χ3

χ1 ⊗ χ2χ3 χ1χ2χ3

σ∗(χ1,χ2)⊗Idχ3

idχ1⊗σ∗(χ2,χ3) σ∗(χ1χ2,χ3)

σ∗(χ1,χ2χ3)

we can say that

σ(χ1, χ2χ3)σ(χ2, χ3) = σ(χ1χ2, χ3)σ(χ1, χ2).

So, σ is a 2-cocycle on the group {χijk} ∼= Z2 ×Z2 ×Z2. Without loss of generality, we

assume that σ is a normalized 2-cocycle. 2
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Lemma 5.1.3. c2χ = (c′χ)2 = 1 and cχ000 = c′χ000
= 1.

Proof. For any character χ, χ⊗ χ ≡ χ000 and Mor(π2, χ⊗ χ⊗ π2) ≡ C. If we choose a

T ∈Mor(π2, χ⊗ π2) then (Idχ ⊗ T )T ∈Mor(π2, χ⊗ χ⊗ π2). From(5.1.7), we can say

that T̃ = cχT. Now, we can observe that (Idχ ⊗ T̃ )T̃ = c2χ(Idχ ⊗ T )T . Hence c2χ = 1 as

σ(χ, χ) = 1 and also it is easy to observe that cχ000 = 1.

Similarly, we can conclude that (c
′
χ)2 = 1 and (c

′
χ)2 = 1. 2

Lemma 5.1.4. c′χ = ψ(χ)cχ, where χ ∈ {χi0k} and ψ is a character on {χi0k}.

Proof. Let us assume that χa, χb ∈ {χi0k}. Dimension of Mor(π2, π2 ⊗ χa ⊗ χb) = 1 .

From this commutative diagram below

π2 ⊗ χa ⊗ χb π2 ⊗ χaχb

π2 ⊗ χb π2,

σ∗(χa,χb)

c∗χa c∗ab

c∗χb

we can conclude that

σ(χa, χb) =
cχacχb

cχaχb

. (5.1.14)

From the following commutative diagram,

χa ⊗ χb ⊗ π
′
2 χaχb ⊗ π

′
2

χa ⊗ π
′
2 π

′
2,

(σ(χa,χb))
∗

(c
′
χb

)∗ (c
′
χaχb

)∗

(c
′
χa

)∗

we will get

σ(χa, χb) =
c
′
χa
c
′
χb

c′χaχb

. (5.1.15)

So, σ(χa, χb) =
c
′
χa

c
′
χb

c′χaχb

=
cχacχb
cχaχb

and this implies that c
′
χa

= ψ′(χa)cχa , where ψ′ is a

character on the group {χiok} ∼= Z2 × Z2. 2

Lemma 5.1.5. eχ′dχ′ = 1, where χ′ ∈ {χi1k}.
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Proof. Let us assume that χ
′
a, χ

′
b ∈ {χi1k}. Now, from the diagram below,

χ
′
a ⊗ χ

′
b ⊗ π2 χaχb ⊗ π2

χ
′
a ⊗ π

′
2 π2

(σ(χ
′
a,χ

′
b))

∗

(d
χ
′
b

)∗
(cχaχb

)∗

(e
χ
′
a
)∗

we will get

σ(χ
′
a, χ

′
b) =

d
χ
′
b
eχ′

a

cχaχb

. (5.1.16)

Taking χ
′
a = χ

′
b we have dχ′

a
eχ′

a
= 1. 2

Lemma 5.1.6. e2χ′
a

= e2χ010
ψ′(χa),where χ′

a ∈ {χi1k} and assume χ′
a = χi1k when

χa = χi0k.

Proof. We can obtain

σ(χ
′
a, χ

′
b) =

e
χ
′
b
dχ′

a

c′χaχb

(5.1.17)

from the diagram below

χ
′
a ⊗ χ

′
b ⊗ π

′
2 χaχb ⊗ π

′
2

χ
′
a ⊗ π2 π

′
2.

(σ(χ
′
a,χ

′
b))

∗

(e
χ
′
b

)∗ (c
′
χaχb

)∗

(d
χ
′
a
)∗

Comparing equations (5.1.16) and (5.1.17), we get

e
χ
′
b
dχ′

a

c′χaχb

=
e
χ
′
b
dχ′

a

ψ′(χaχb)cχaχb

= σ(χ
′
a, χ

′
b) =

d
χ
′
b
eχ′

a

cχaχb

, (5.1.18)

d
χ
′
b
eχ′

a
= ψ′(χaχb)eχ′

b
dχ′

a
. (5.1.19)

If χ
′
b = χ010, we have e2

χ′
a

= e2χ010
ψ′(χa). 2

Lemma 5.1.7. λ
′
χb

= ψ′(χb)cχb
λ

′
χ000

.
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Proof.

χb ⊗ π
′
2 ⊗ π

′
2 π

′
2 ⊗ π

′
2

χb ⊗ χa χaχb

(c
′
χb

)∗

(λ
′
χa

)∗ (λ
′
χaχb

)∗

(σ(χa,χb))
∗

From this diagram, we observe that

σ(χa, χb) =
c
′
χb
λ

′
χbχa

λ′
χa

=
ψ′(χb)cχb

λ
′
χbχa

λ′
χa

. (5.1.20)

After comparing equations (5.1.14) and (5.1.20), the following relation will occur

λ
′
χab
cχaχb

= ψ′(χb)cχaλ
′
χa
. (5.1.21)

Let us assume that χa = χ000. From equation (5.1.21), we will get

λ
′
χb

= ψ′(χb)cχb
λ

′
χ000

. (5.1.22)

2

Lemma 5.1.8. λχ = cχλχ000 .

Proof. From the diagram below

χa ⊗ π2 ⊗ π2 χa ⊗ χb

π2 ⊗ π2 χaχb.

(λχb
)∗

(cχa )
∗ (σ(χa,χb))

∗

λ∗
χaχb

one can conclude that

σ(χa, χb) =
cχaλχbχa

λχb

. (5.1.23)

From equation (5.1.14) , we will get

σ(χa, χb) =
cχaλχbχa

λχb

=
cχacχb

cχaχb

. (5.1.24)

So, λχaχb
cχaχb

= λχb
cχb

. If we assume χb = χ000 then

cχaλχa = λχ000 . (5.1.25)
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2

Lemma 5.1.9. σ(χa, χ
′
b) =

cχaeχ′
b

eχaχ′
b

and σ(χ′
a, χb) =

c′χb
eχ′

a
eχ′

aχb

, where χa ∈ {χi0k}, χ′
b ∈

{χi1k}.

Proof.

σ(χa, χ
′
b) =

cχaeχ′
b

eχaχ′
b

(5.1.26)

follows from this commutative diagram

χa ⊗ χ
′
b ⊗ π

′
2 χa ⊗ π2

χaχ
′
b ⊗ π

′
2 π2.

(eχ′
b
)∗

(σ(χa,χ
′
b))

∗ (cχa )
∗

(eχaχ′
b
)∗

One can easily observe that

σ(χ′
a, χb) =

c′χb
eχ′

a

eχ′
aχb

(5.1.27)

from

χ′
a ⊗ χb ⊗ π′2 χ′

a ⊗ π′2

χ′
aχb ⊗ π′2 π2.

(c′χ2
)∗

(σ(χ′
a,χb))

∗ (eχ′
a
)∗

(eχ′
aχb

)∗

2

Lemma 5.1.10. e2χ′ is a constant.

Proof. For a fix χ ∈ {χi0k}, we denote Aχ := (Υπ⊗π
χ ⊗ π′)Υχ⊗π′

π′ . Similarly, for a

fixed χ′ ∈ {χi1k}, denoted Bχ′ := (idπ ⊗ Υπ⊗π′

χ′ )Υπ⊗χ′

π′ . One can easily check that

{Bχi1k
: i, k = 0, 1} is a basis of Mor(π′2, π2 ⊗ π2 ⊗ π′2).

Assume that χi ∈ {χm0n : m,n ∈ {0, 1}}. We can write Aχi =
∑

j cijBχ′
j
, where

χ′
j ∈ {χm1n}, cij ∈ C. From this, we will get

Ãχi = λχic
′
χi
Aχi =

∑
j

cijdχ′
j
ηχ′

j
Bχ′

j
=
∑
j

cijB̃χ′
j
. (5.1.28)
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Now, we can conclude that

λχic
′
χi

= dχ′
j
ηχ′

j
= a0 for all χi ∈ {χmon}, χ′

j ∈ {χm1n}, (5.1.29)

where a0 is a constant.

Let Pχ′ := (Υ
π2⊗π′

2
χ′ ⊗ Idπ′

2
)Υ

χ′⊗π′
2

π2 and Qχ := (Idπ2 ⊗ Υ
π′
2⊗π′

2
χ )Υπ2⊗χ

π2 . {Qχiok
} is a

basis of Mor(π2, π2 ⊗ π′2 ⊗ π′2). Let us assume that Pχ′
i

=
∑

j dijQχj . Now,

P̃χ′
i

= ηχ′
i
eχ′

i
Pχ′

i
=
∑
j

dijcχjλ
′
χj
Qχj =

∑
j

dijQ̃χj , (5.1.30)

From which, one can easily observe that for all χ′
i ∈ {χm1n}, χj ∈ {χm0n}

ηχ′
i
eχ′

i
= cχjλ

′
χj

= a′0, (5.1.31)

where a′0 is a constant.

From equations (5.1.29) and (5.1.31), we can conclude that

d2χ′
i

=
dχ′

j
ηχ′

j

ηχ′
i
eχ′

i

=
a0
a′0
. (5.1.32)

Hence e2χ′ is a constant. 2

Lemma 5.1.11. ψ′ ≡ 1 on {χi0k}.

Proof. From Lemma (5.1.6), it folllows that ψ′(χa) = 1, for all χa ∈ {χi0k}. 2

Let Vχ : Cχ → Cχ, Vχ′ : Cχ′ → Cχ′ , Vπ2 : Hπ2 → Hπ2 and Vπ′
2

: Hπ′
2
→ Hπ′

2
be

unitary linear maps defined by

Vχ(1Cχ) = cχ1Cχ , Vχ′(1Cχ′ ) =
a
1/2
0

a
′1/2
0

eχ′1Cχ′ , Vπ2 = a
1/2
0 IdHπ2

, Vπ′
2

= a
′1/2
0 IdHπ′

2
.

(5.1.33)

.

Lemma 5.1.12. σ is equivalent to the trivial 2-cycle of the group {χijk}.

Proof. For any two χ1, χ2 ∈ {χi0k}, we have

σ(χ1, χ2) =(Vχ1 ⊗ Vχ2)V ∗
χ1χ2

(5.1.34)

=cχ1cχ2(cχ1χ2)−1. (5.1.35)
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Assume that χ′
1, χ

′
2 ∈ {χi1k}.

σ(χ1, χ
′
2) =(Vχ1 ⊗ Vχ′

2
)V ∗

χ1χ′
2

=cχ1

a
1/2
0

a
′1/2
0

eχ′
2
(eχ1χ′

2
)−1a

′1/2
0

a
1/2
0

=
cχ1eχ′

2

eχ1χ′
2

,

and

σ(χ′
1, χ

′
2) =(Vχ′

1
⊗ Vχ′

2
)V ∗

χ′
1χ

′
2

=(eχ′
1
eχ′

2

a0
a′0

)(cχ′
1χ

′
2
)−1

=(
eχ′

1

cχ′
1χ

′
2

)(eχ′
2

a0
a′0

)

=
eχ′

1

cχ′
1χ

′
2

1

eχ′
2

[ from e2χ′
2

=
a′0
a0

]

=
eχ′

1
dχ′

2

cχ′
1χ

′
2

.

σ(χ′
1, χ2) =(Vχ′

1
⊗ Vχ2)V ∗

χ′
1χ2

(5.1.36)

=eχ′
1
cχ2(eχ′

1χ2
)−1 (5.1.37)

=
eχ′

1
cχ2

eχ′
1χ2

(5.1.38)

=
eχ′

1
c′χ2

eχ′
1χ2

. [from c′χ = cχ] (5.1.39)

Hence, σ is equivalent to the trivial 2-cycle. 2

Without loss of generality assume that σ is a trivial 2-cycle.

Assume that ϕ(Υχ⊗π4
π4 ) = Υ̃χ⊗π4

π4 = τ(χ)Υχ⊗π4
π4 .

Lemma 5.1.13. τ is a character on the group {χijk}.

Proof. For any χ1, χ2 ∈ {χijk}, we will get

(Υχ1⊗χ2
χ1χ2

⊗ Idπ4)Υχ1χ2⊗π4
π4

= (Idχ1 ⊗ Υχ2⊗π4
π4

)Υχ1⊗π4
π4

. (5.1.40)
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If we apply ϕ on both sides of the equation then

τ(χ1χ2)(Υ
χ1⊗χ2
χ1χ2

⊗ Idπ4)Υχ1χ2⊗π4
π4

= τ(χ1)τ(χ2)(Idχ1 ⊗ Υχ2⊗π4
π4

)Υχ1⊗π4
π4

. (5.1.41)

Hence τ is a character on {χijk}. 2

Let us assume that Υ̃π4⊗π4
χ := mχΥπ4⊗π4

χ . Then the following identity holds,

(Idχ1 ⊗ Υπ4⊗π4
χ2

)Υχ1⊗χ2
χ1χ2

= (Υχ1⊗π4
π4

⊗ Idπ4)Υπ4⊗π4
χ1χ2

.

Lemma 5.1.14. mχ1 = τ(χ1)mχ000 .

Proof. Observe that

ϕ((Idχ1 ⊗ Υπ4⊗π4
χ2

)Υχ1⊗χ2
χ1χ2

)) =(Idχ1 ⊗ Υ̃π4⊗π4
χ2

)Υ̃χ1⊗χ2
χ1χ2

(5.1.42)

=mχ2(Idχ1 ⊗ Υπ4⊗π4
χ2

)Υχ1⊗χ2
χ1χ2

), (5.1.43)

and

ϕ((Υχ1⊗π4
π4

⊗ Idπ4)Υπ4⊗π4
χ1χ2

)) =(Υ̃χ1⊗π4
π4

⊗ Idπ4)Υ̃π4⊗π4
χ1χ2

(5.1.44)

=τ(χ1)mχ1χ2((Υχ1⊗π4
π4

⊗ Idπ4)Υπ4⊗π4
χ1χ2

). (5.1.45)

We can conclude that mχ2 = τ(χ1)mχ1χ2 from equations (5.1.43) and (5.1.45). If we

choose χ2 = χ000 then mχ1 = τ(χ1)mχ000 . Assume that µ = mχ000 . 2

Lemma 5.1.15. cχ = τ(χ)ψ(χ) for a character ψ on {χi0k}.

Proof. From the commutative diagram

χ1 ⊗ χ2 ⊗ π4 χ1 ⊗ π4

χ1χ2 ⊗ π4 π4

τ∗(χ2)

σ∗(χ1,χ2) τ∗(χ1)

τ∗(χ1χ2)

we have σ(χ1, χ2) = τ(χ1)τ(χ2)
τ(χ1χ2)

= 1. From (5.1.14),

cχ1cχ2

cχ1χ2

=
τ(χ1)τ(χ2)

τ(χ1χ2)
.

Hence there exists a character ψ on {χi0k} such that cχ = τ(χ)ψ(χ) for χ ∈ {χi0k}. 2
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Let {T1, T2} be a basis of Mor(π4, π2 ⊗ π4). T1, T2 are defined by,

T1(x1) = e1 ⊗ x4, T1(x2) = e2 ⊗ x3, T1(x3) = e1 ⊗ x2, T1(x4) = e2 ⊗ x1

T2(x1) = e2 ⊗ x2, T2(x2) = e1 ⊗ x1, T2(x3) = e2 ⊗ x4, T2(x4) = e1 ⊗ x3.

Let Eχ
i := (Idχ ⊗ Ti)Υ

χ⊗π4
π4 ∈ Mor(π4, χ ⊗ π2 ⊗ π4) and Fχ

j := (Υχ⊗π2
π2 ⊗ Idπ4)Tj ∈

Mor(π4, χ⊗ π2 ⊗ π4). Now, one can easily check that the following equations hold,

Eχ000
1 = Fχ000

1 , Eχ000
2 = Fχ000

2 , (5.1.46)

Eχ001
1 = Fχ001

2 , Eχ001
2 = Fχ001

1 , (5.1.47)

Eχ101
1 = −Fχ101

2 , Eχ101
2 = −Fχ101

1 , (5.1.48)

Eχ100
1 = Fχ100

1 , Eχ100
2 = −Fχ100

2 . (5.1.49)

Let us assume that T̃1 =
∑2

i=1 ω1kTk, T̃2 =
∑2

i=1 ω2kTk, where ωij ∈ C, i, j ∈ {1, 2}
and Eχ

i =
∑

k a
χ
ikF

χ
k .

Lemma 5.1.16. τ(χ)ωaχ = cχa
χω.

Proof.

F̃χ
j =cχ(Υχ⊗π2

π2
⊗ Idπ4)T̃j (5.1.50)

=cχ
∑
k

ωjk(Υχ⊗π2
π2

⊗ Idπ4)Tk (5.1.51)

=cχ
∑
k

ωjkF
χ
k . (5.1.52)

Now,

ϕ(Eχ
i ) = Ẽχ

i =
∑
k

aχikF̃
χ
k (5.1.53)

=cχ
∑
k,p

aχikωkpF
χ
p (5.1.54)
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and

Ẽχ
j =(Idχ ⊗ T̃j)τ(χ)Υχ⊗π4

π4
(5.1.55)

=
∑
k

ωjk(Idχ ⊗ Tk)τ(χ)Υχ⊗π4
π4

(5.1.56)

=
∑
k

ωjkτ(χ)Eχ
k (5.1.57)

=
∑
k,l

ωjkτ(χ)aχklF
χ
l (5.1.58)

=τ(χ)
∑
k,l

ωjka
χ
klF

χ
l . (5.1.59)

From (5.1.54) and (5.1.59), we will get

τ(χ)ωaχ = cχa
χω, (5.1.60)

where ω = (ωij), a
χ = (aij) are 2× 2 matrices. 2

From (5.1.46),(5.1.47),(5.1.48) and (5.1.49),

aχ000 =

(
1 0

0 1

)
, aχ001 =

(
0 1

1 0

)
, aχ101 =

(
0 −1

−1 0

)
, aχ100 =

(
1 0

0 −1

)
. (5.1.61)

Lemma 5.1.17. There are only two choices of ψ, which are ψ ≡ 1 and ψ(χ100) =

1, ψ(χ001) = −1 and the followings hold

1) If ψ ≡ 1 then ω = λId, where λ ∈ C− {0}.

2) If ψ(χ100) = 1, ψ(χ001) = −1 then ω = diag(λ,−λ) for a λ ∈ C− {0}.

Proof. From the equation (5.1.60), one can observe that

τ(χ)waχ =cχa
χw

=τ(χ)ψ(χ)aχw.

So, it is easily follows ψ(χ)waχ = aχw.

1) For ψ ≡ 1, w commutes with the matrices aχ000 , aχ101 , aχ101 , aχ100 . From waχ100 =

aχ100w we can conclude w = diag(a, b) and from waχ001 = aχ001w one can check

that a = b. Hence w = diag(λ, λ) for a non-zero complex number λ.

2) If ψ(χ100) = 1, ψ(χ001) = −1 then w = diag(a, b) from previous observa-

tion. From (−1)waχ001 = aχ001w one can prove that b = −a and it satisfies

(−1)diag(a,−a)aχ101 = aχ101diag(a,−a). So w = diag(λ,−λ) for a λ ∈ C− {0}.
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3) If ψ(χ100) = −1, ψ(χ001) = 1 then w =

(
0 b

c 0

)
from the equation ψ(χ100)wa

χ100 =

aχ100w. It is easy to observe w =

(
0 b

b 0

)
from equation ϕ(χ001)

(
0 b

c 0

)
aχ001 =

aχ001

(
0 b

c 0

)
. Now, we can conclude b = 0 from equation ψ(χ101)

(
0 b

b 0

)
aχ101 =

aχ101

(
0 b

b 0

)
. So there is no such matrix w for ψ(χ100) = −1, ψ(χ001) = 1.

4) Similarly we can prove that there is no such matrix w for ψ(χ100) = −1, ψ(χ001) =

−1.

2

Let T ′
1, T

′
2 ∈Mor(π4, π

′
2 ⊗ π4) be defined by,

T ′
1(x1) = f1 ⊗ x4, T

′
1(x2) = f2 ⊗ x3, T

′
1(x3) = −f1 ⊗ x2, T1(x4) = −f2 ⊗ x1

T ′
2(x1) = f2 ⊗ x2, T

′
2(x2) = f1 ⊗ x1, T

′
2(x3) = −f2 ⊗ x4, T

′
2(x4) = −f1 ⊗ x3.

Then {T ′
1, T

′
2} is a basis of Mor(π4, π

′
2⊗π4). Let Eχ′

i := (Idχ′⊗Ti)Υχ′⊗π4
π4 ∈Mor(π4, χ⊗

π2 ⊗ π4) and Fχ′

j := (Υχ′⊗π2

π′
2

⊗ Idπ4)T ′
j ∈ Mor(π4, χ ⊗ π2 ⊗ π4). Now, one can easily

check that the following equations hold,

Eχ010
1 = Fχ010

1 , Eχ010
2 = Fχ010

2 , (5.1.62)

Eχ011
1 = −Fχ011

2 , Eχ011
2 = −Fχ011

1 , (5.1.63)

Eχ111
1 = −Fχ111

2 , Eχ111
2 = Fχ111

1 , (5.1.64)

Eχ110
1 = Fχ110

1 , Eχ110
2 = −Fχ110

2 . (5.1.65)

Assume that T̃ ′
1 =

∑2
i=1 ω

′
1kT

′
k, T̃

′
2 =

∑2
i=1 ω

′
2kT

′
k, where ω′

ij ∈ C, i, j ∈ {1, 2} and

Eχ′

i =
∑

k a
χ′

ikF
χ′

k .

Lemma 5.1.18. τ(χ′)ωaχ
′

= dχ′aχ
′
ω′.

Proof.

ϕ(Fχ′

j ) = F̃χ′

j =dχ′(Υχ′⊗π2

π′
2

⊗ Idπ4)T̃ ′
j (5.1.66)

=dχ′
∑
k

ω′
jk(Υχ′⊗π2

π′
2

⊗ Idπ4)T ′
k (5.1.67)

=dχ′
∑
k

ω′
jkF

χ′

k . (5.1.68)
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ϕ(Eχ′

i ) = Ẽχ′

i =
∑
k

aχ
′

ik F̃
χ′

k (5.1.69)

=dχ′
∑
k,p

aχ
′

ikω
′
kpF

χ′
p , (5.1.70)

and

Ẽχ′

j =(Idχ′ ⊗ T̃j)τ(χ′)Υχ′⊗π4
π4

(5.1.71)

=
∑
k

ωjk(Idχ′ ⊗ Tk)τ(χ′)Υχ′⊗π4
π4

(5.1.72)

=
∑
k

ωjkτ(χ′)Eχ′

k (5.1.73)

=
∑
k,l

ωjkτ(χ′)aχ
′

klF
χ′

l (5.1.74)

=τ(χ′)
∑
k,l

ωjka
χ′

klF
χ′

l . (5.1.75)

From (5.1.70) and (5.1.75), we will get

τ(χ′)ωaχ
′

= dχ′aχ
′
ω′, (5.1.76)

where ω′ = (ω′
ij), a

χ′
= (a′ij) are 2× 2 matrices.

2

aχ010 =

(
1 0

0 1

)
, aχ111 =

(
0 1

−1 0

)
, aχ011 =

(
0 −1

−1 0

)
, aχ110 =

(
1 0

0 −1

)
. (5.1.77)

If ψ′ ≡ 1 then from equation (5.1.76) one can observe that

w′ =τ(χ′)eχ′(aχ
′
)−1waχ

′

=τ(χ′)eχ′w

=τ(χ′)eχ′λId.

So there exists a constant k0 such that τ(χ′)eχ′ = k0 for all χ′ ∈ {χijk} and also k20 =
a′0
a0
.
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If ψ′(χ100) = 1, ψ′(χ001) = −1 then

w′ =τ(χ′)eχ′(aχ
′
)−1waχ

′
.

From the matrices (5.1.77), it is a routine check that

1) For χ′ = χ010, w
′ = τ(χ010)eχ010

(
λ 0

0 −λ

)
,

2) For χ′ = χ110, w
′ = eχ110τ(χ110)

(
λ 0

0 −λ.

)
,

3) For χ′ = χ011, w
′ = −eχ011τ(χ011)

(
λ 0

0 −λ.

)
,

4) For χ′ = χ111, w
′ = −eχ111τ(χ111)

(
λ 0

0 −λ.

)
.

So, τ(χ010)eχ010 = τ(χ110)eχ110 = −τ(χ011)eχ011 = −τ(χ111)eχ111 .

Lemma 5.1.19. λ2 = a0.

Proof. The space Mor(π4, π2⊗π2⊗π4) is 4-dimensional, observe that Cχi0k
= (Υπ2⊗π2

χi0k
⊗

Idπ4)Υχi0k⊗π4
π4 . {Cχi0k

} is a basis of Mor(π4, π2 ⊗ π2 ⊗ π4), where

Cχ000 = (Idπ2 ⊗ T1)T1 + (Idπ2 ⊗ T2)T2, (5.1.78)

Cχ100 = (Idπ2 ⊗ T1)T1 − (Idπ2 ⊗ T2)T2, (5.1.79)

Cχ001 = (Idπ2 ⊗ T1)T2 + (Idπ2 ⊗ T2)T1, (5.1.80)

Cχ101 = (Idπ2 ⊗ T1)T2 − (Idπ2 ⊗ T2)T1. (5.1.81)

One can observe that

C̃χi0k
= λχi0k

τ(χi0k)Cχi0k
=aocχi0k

τ(χi0k)Cχi0k

=a0τ(χi0k)ψ(χiok)τ(χi0k)Cχi0k

=a0ψ(χi0k)Cχi0k
.

From equations (5.1.78), (5.1.79),(5.1.80) and (5.1.81), it follows that

i) For ψ ≡ 1, We will get λ2 = a0.

ii) For ψ(χ100) = 1, ψ(χ001) = −1, we know T̃1 = λT1, T̃2 = −λT2. Now, it is a

straightforward computation to prove λ2 = a0.
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2

Let S1, S2 be two linear maps defined by,

S1(e1) = x1 ⊗ x1 + x3 ⊗ x3, S1(e2) = x2 ⊗ x2 + x4 ⊗ x4,

S2(e1) = x2 ⊗ x4 + x4 ⊗ x2, S2(e2) = x1 ⊗ x3 + x3 ⊗ x1.

{S1, S2} is a basis of the vector space Mor(π2, π4 ⊗ π4).

Let us define

Gχ
i := (Υχ⊗π4

π4
⊗ Idπ4)Si, (5.1.82)

Hχ
i := (Idχ ⊗ Si)Υ

χ⊗π2
π2

, (5.1.83)

where Gχ
i , H

χ
i ∈Mor(π2, χ⊗ π4 ⊗ π4).

It is straightforward to verify that

Gχ000
1 = Hχ000

1 , Gχ000
2 = Hχ000

2 , (5.1.84)

Gχ001
1 = Hχ001

2 , Gχ001
2 = Hχ001

1 , (5.1.85)

Gχ100
1 = Hχ100

1 , Gχ100
2 = −Hχ100

2 , (5.1.86)

Gχ101
1 = −Hχ101

2 , Gχ101
2 = Hχ101 . (5.1.87)

Let ϕ(Sl) = S̃l =
∑2

m=1 θlmSm, where θlm ∈ C, l = 1 to 2 and also assume that

Gχi0k
l =

∑2
y=1 n

χi0k
ly Hχi0k

y , where nχi0k
ly ∈ C.

Lemma 5.1.20.

τ(χi0k)θnχi0k = cχi0k
nχi0kθ,

where θ = (θlm), nχi0k = (nχi0k
ly ) are 2 × 2 matrices.
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Proof. We have,

G̃χi0k
l =

2∑
y=1

nχi0k
ly H̃χi0k

y (5.1.88)

=cχi0k

2∑
y=1

nχi0k
ly (Idχi0k

⊗ S̃y)Υχi0k⊗π2
π2

(5.1.89)

=cχi0k

2∑
y,z=1

nχi0k
ly θyz(Idχi0k

⊗ Sz)Υχi0k⊗π2
π2

(5.1.90)

=cχi0k

∑
y,z

nχi0k
ly θyzH

χi0k
z , (5.1.91)

and also

G̃χi0k
l =( ˜Υχi0k⊗π4

π4 ⊗ Idπ4)S̃l (5.1.92)

=τ(χi0k)(Υχi0k⊗π4
π4

⊗ Idπ4)
2∑

m=1

θlmSm (5.1.93)

=τ(χi0k)
∑
m

θlm(Υχi0k⊗π4
π4

⊗ Idπ4)Sm (5.1.94)

=τ(χi0k)
∑
m

θlmG
χi0k
m (5.1.95)

=τ(χi0k)
∑
m,z

θlmn
χi0k
mz H

χi0k
z . (5.1.96)

After comparing equations (5.1.98) and (5.1.103), one can conclude that

τ(χi0k)θnχi0k = cχi0k
nχi0kθ, (5.1.97)

where θ = (θlm), nχi0k = (nχi0k
ly ) are 2 × 2 matrices. 2

Remark 5.1.21. From the equation (5.1.102), it is easy to conclude that ψ(χi0k)θnχi0k =

nχi0kθ.

We already know that

nχ000 =

(
1 0

0 1

)
, nχ001 =

(
0 1

1 0

)
, nχ101 =

(
0 1

−1 0

)
, aχ100 =

(
1 0

0 −1

)
. (5.1.98)

1) If ψ ≡ 1 then θ commutes with nχ100 , nχ101 . So, θ = diag(a, b) for two complex

numbers a, b. θ also commutes with nχ001 , from that one can easily reduce that

θ = diag(λ1, λ1) for a non-zero complex number λ1.
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2) If ψ(χ100) = 1, ψ(χ001) = −1 then θ = diag(λ1,−λ1) where λ1 ∈ C− {0}.

Similarly, there is a basis {S′
1, S

′
2} of the vector space Mor(π′2, π4 ⊗ π4).

Here we introduce another set of notations:

Gχi1k

l′ := (Υχi1k⊗π4
π4

⊗ Idπ4)S′
l (5.1.99)

Hχi1k
l := (Idχi1k

⊗ Sl)Υ
χi1k⊗π2

π′
2

, (5.1.100)

where Gχi1k

l′ , Hχi1k
l ∈Mor(π′2, χi1k ⊗ π4 ⊗ π4).

Assume that

ϕ(S′
l) = S̃′

l =
∑
m′

θ′l′m′S′
m, (5.1.101)

Gχi1k

m′ =
∑
y

n′χi1k

m′y H
χi1k
y , (5.1.102)

where θ′l′m′ , n
′χi1k

m′y ∈ C.

ϕ(Gχi1k

l′ ) = G̃χi1k

l′ = τ(χi1k)((Υχi1k⊗π4
π4

⊗ π4)S̃′
l).

Similarly, we can observe that

τ(χi1k)θ′n′χi1k = dχi1k
n′χi1kθ. (5.1.103)

1) If ψ ≡ 1 then θ′ = τ(χi1k)dχi1k
λ1Id, where τ(χi1k)dχi1k

= 1
k0
.

2) If ψ(χ100) = 1, ψ(χ001) = −1, then

i) For χ′ = χ010, θ
′ = τ(χ010)dχ010

(
λ1 0

0 −λ1

)
,

ii) For χ′ = χ110, θ
′ = dχ110τ(χ110)

(
λ1 0

0 −λ1.

)
,

iii) For χ′ = χ011, θ
′ = −dχ011τ(χ011)

(
λ1 0

0 −λ1.

)
,

iv) For χ′ = χ111, θ
′ = −dχ111τ(χ111)

(
λ1 0

0 −λ1.

)
.

Hence τ(χ010)eχ010 = τ(χ110)eχ110 = −τ(χ011)eχ011 = −τ(χ111)eχ111 .

Let us assume that

Ki0k := (Υπ4⊗π4
χiok

⊗ Idπ4)Υπ2⊗χi0k
π2

∈Mor(π2, π2 ⊗ π4 ⊗ π4).
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We already know that {Si : i = 1, 2} is a basis of Mor(π2, π4⊗π4) and {Ti : i = 1, 2}
is a bais of Mor(π4, π2 ⊗ π4). Let

Dij = (Ti ⊗ Idπ4)Sj ∈Mor(π2, π2 ⊗ π4 ⊗ π4).

Then the following relations hold,

D11 = (K000 −K100), (5.1.104)

D12 = (K001 −K101), (5.1.105)

D21 = (K001 +K101), (5.1.106)

D22 = (K000 +K100). (5.1.107)

Lemma 5.1.22. λ1λ = µ.

Proof.

ϕ(D11) = D̃11 =(T̃1 ⊗ Idπ4)S̃1 (5.1.108)

=(µτ(χ000)cχ000K000 − µτ(χ100)cχ100K100), (5.1.109)

from which we can conclude that

S̃1 = (T̃ ∗
1 ⊗ Idπ4)µ(ψ(χ000)K000 − ψ(χ100)K001). (5.1.110)

Similarly we can observe that

S̃1 = (T̃ ∗
2 ⊗ Idπ4)µ(ψ(χ001)K001 + ψ(χ101)K101), (5.1.111)

S̃2 = (T̃ ∗
1 ⊗ Idπ4)µ(ψ(χ001)K001 − ψ(χ101)K101), (5.1.112)

S̃2 = (T̃ ∗
2 ⊗ Idπ4)µ(ψ(χ000)K000 + ψ(χ100)K100). (5.1.113)

1) If ψ ≡ 1 then

S̃1 =(T̃ ∗
1 ⊗ Idπ4)µ(τ(χ000)K000 − τ(χ100)K001)

=
1

λ
(T ∗

1 ⊗ Idπ4)µ(K000 −K100) =
µ

λ
S1.

Similarly, we can prove that S̃2 = µ
λS2.

2) If ψ(χ100) = 1, ψ(χ001) = −1 then S̃1 = µ
λS1 and S̃2 = −µ

λS2.

From this, we can easily conclude that λ1λ = µ. 2
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Lemma 5.1.23. For any choice of (τ, λ, k0, µ) and ψ ≡ 1 the corresponding fiber functor

ϕ is monoidally isomorphic to the identity fiber functor.

Proof. Let vχ : Cχ → Cχ, vπ2 : Hπ2 → Hπ2 , vπ′
2

: Hπ′
2
→ Hπ′

2
, vπ4 : Hπ4 → Hπ4 be the

unitary linear maps given by

1) vχ(1Cχ =)τ(χ)1Cχ ,

2) vπ2 = λIdHπ2
,

3) vπ′
2

= λk0IdHπ′
2
,

4) vπ4 = µ1/2Idπ4 .

One can check that (va⊗vb)(Υa⊗b
c )v∗c = ϕ(Υa⊗b

c ) for any a, b, c ∈ {χijk, π2, π
′
2, π4). Hence

ϕ corresponds to the identity tensor functor on Corep(C(G)). 2

Lemma 5.1.24. When ψ(χ100) = 1 and ψ(χ001) = −1, for any two choices of

(τ1, λ1, k01, µ1) and (τ2, λ2, k02, µ2) the corresponding fiber functor ϕ1, ϕ2 are monoidally

isomorphic.

Proof. It is easy to observe that ϕ−1
1 ϕ2 ∼= Id. Hence ϕ1 is isomorphic to ϕ2. 2

Lemma 5.1.25. Any two fiber functors as in lemma (5.1.23) and as in lemma (5.1.24),

are not monoidally isomorphic.

Proof. Without loss of generality, we can take first functor to be identity tensor functor

and other to be ϕ corresponding λ = 1, k0 = 1, µ = 1, τ = 1. Suppose ϕ ∼= Id. So there

exists a unitary morphism Vπ2⊗π4 ∈ Mor(π2 ⊗ π4, π2 ⊗ π4) such that Vπ2⊗π4(T1)V
∗
π4

=

T1, Vπ2⊗π4(T2)V
∗
π4

= −T2 where T1, T2 ∈ Mor(π4, π2 ⊗ π4). As π4 is irreducible, Vπ4

must be of the form cIπ4 for some constant c ∈ C − {0}. Let Vπ2⊗π4 = A. We already

know T1(x1) = e1 ⊗ x4 and T2(x1) = e2 ⊗ x2 . Hence c−1A(e1 ⊗ x4) = e1 ⊗ x4 and

c−1A(e2 ⊗ x2) = −e2 ⊗ x2. This implies c−1A ̸= Id and therefore ϕ is not isomorphic to

the identity tensor functor. 2

As a corrollary, we get our final result

Theorem 5.1.26. H2
uinv(C∗(G), S1) = Z2.

Proof. The proof follows from lemmas (5.1.23),(5.1.24),(5.1.25). The only non-trivial

class is given by any functor in lemma (5.1.25). 2

Remark 5.1.27. Similarly we can prove that H2(C∗(G),C− {0}) is Z2.
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We use the above result to give an example where the group Γ as in the theorem

(4.2.18) for the CQG C∗(G) is different from H2
uinv(C∗(G), S1). It has been proven that

H2
uinv(C∗(Z8 ⋊Aut(Z8), S

1) = Z2. It is also proven in [Kas98] that Nontrivial invariant

2-cocycle Ω is given by Ω = (v ⊗ v)∆(v∗), where

v =
1

2
(1 + u4) +

√
2

4
u(1 − u2 − u4 + u6).

One can check that v is a self adjoint unitary element and v2 = 1.

Theorem 5.1.28. For the group ring Z8 ⋊Aut(Z8), Γ is trivial.

Proof. It follows from lemma 4.2.17 that the equivalence class KIdC⊗1 = KIdC⊗v. By

our construction, the group Γ is in one-one correspondence with the equivalence classes

KU , where U is any irreducible strongly projective corepresentation. Hence Γ is the

trivial group. 2

5.2 2-cocycles of dual of Kac-Paljutkin algebra

Let us recall the Tambara-Yamagami tensor category [TY98] .

Tambara–Yamagami tensor categories [TY98] is equivalent to the the category of

representations of the Kac–Paljutkin Hopf algebra [TY98], which is arising from the

Klein 4-group K4 = Z/2Z ⊕ Z/2Z. Elements of K4 = {e, s, t, st} satisfies the relations

s2 = t2 = (st)2 = e. χ = χc is a nondegenerate symmetric bicharacter of K4 which is

given by

χc(a, a) = χc(b, b) = −1, χc(a, b) = 1,

and considering the parameter τ = 1
2 . Now, we define the category C(χ, τ) and Its

objects are finite direct sums of elements in S = K4 ∪ {ρ}. Sets of morphisms between

elements in S are given by

Mor(s, s′) =

C s = s′,

0 s ̸= s′,

so S is the set of irreducible classes of C(χ, τ). Tensor products of elements in S are

given by

s⊗ ρ = ρ = ρ⊗ s, ρ⊗ ρ =
⊕
s∈K4

s, s⊗ t = st, (s, t ∈ K4)
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and the unit object is e. Associativities φ are given by

φs,t,u = idstu, φs,t,ρ = φρ,s,t = idρ,

φs,ρ,t = χc(s, t)idt, φs,ρ,ρ = φρ,ρ,s =
⊕
k∈K4

idk,

φρ,s,ρ =
⊕
k∈K4

χc(s, t)idk, φρ,ρ,ρ =

(
1

2
χc(k, l)

−1idρ

)
k,l

:
⊕
k∈K4

ρ→
⊕
l∈K4

ρ,

for s, t, u ∈ K4. Now, if we choose the natural fiber functor of this category then

this category is identified with the corepresentation category of Kac–Paljutkin quantum

group Qkp, that is

C
(
χc,

1

2

)
≃ Rep(Qkp) ≃ Corep(Q̂kp)

as tensor categories.

Moreover, using the discussion and calculation in [TY98], we observe that there is

a fiber functor ϕ0 from which Qkp is obtained by the Tannaka-Krein reconstruction. It

can be seen from [TY98] that ϕ0(s) ∼= ϕ0(t) ∼= ϕo(st) ∼= C and ϕ0(ρ) = C2. Moreover we

can choose the basis element Us, Ut, Ust and Vs, Vt, Vst:

Us =

(
0 i

1 0

)
, Ut =

(
0 1

i 0

)
, Ust =

(
−1 0

0 1

)
,

where Us ∈Mor(ρ, s⊗ ρ), Ut ∈Mor(ρ, t⊗ ρ), Ust ∈Mor(ρ, st⊗ ρ) and

Vs =

(
0 1

i 0

)
, Vt =

(
0 i

1 0

)
, Vst =

(
−1 0

0 1

)
,

where Vs ∈Mor(ρ, ρ⊗ s), Vt ∈Mor(ρ, ρ⊗ t) and Vst ∈Mor(ρ, ρ⊗ st). Now, let ϕ be

a dimension preserving fiber functor on this category.

Let ϕ(Υρ⊗t
ρ ) := Υ̃ρ⊗t

ρ , ϕ(Υt⊗ρ
ρ ) := Υ̃t⊗ρ

ρ and ϕ(Υρ⊗ρ
s ) := Υ̃ρ⊗ρ

s .

Here we introduce some notations which are,

Υ̃s⊗t
st = θ(s, t)Υs⊗t

st ,

Υ̃ρ⊗t
ρ = dtΥ

ρ⊗t
ρ = dtVt,

Υ̃t⊗ρ
ρ = ctΥ

ρ⊗t
ρ = ctUt,

Υ̃ρ⊗ρ
t = ktΥ

ρ⊗ρ
t .

Now if we choose the unitary linear maps v1 : C1 → C1, vs : Cs → Cs, vt : Ct →
Ct, vst : Cst → Cst and vρ : Hρ → Hρ such that vi are identity maps from Ci to Ci
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and vρ = k
−1/2
1 IdHρ then it follows from the proof of Proposition (3.5) [BRV06] that

ϕ is isomorphic to a fiber functor ϕ′ where ϕ′(Υa⊗b
c ) = (va ⊗ vb)ϕ(Υa⊗b

c )v∗c for which

ϕ′(Υρ⊗ρ
e ) = Υρ⊗ρ

e . Without loss of generality, Let us assume that k1 = 1.

Lemma 5.2.1. θ is a 2-cycle on K4.

Proof. Proof of this lemma similar to the proof of lemma (5.1.2),hence omitted. 2

Without loss of generality, we assume that θ is a normalized 2-cycle.

Lemma 5.2.2. cxcy = θ(x, y)cxy, where x, y ∈ K4.

Proof. From the diagram

x⊗ y ⊗ ρ x⊗ ρ

xy ⊗ ρ ρ,

(IdCx⊗c∗yU
∗
y )

c∗xU
∗
x

θ∗(x,y)⊗IdHρ

c∗xyU
∗
xy

we can conclude that cxcy = θ(x, y)cxy. 2

Lemma 5.2.3. dxdy = θ(x, y)dxy, where x, y ∈ K4.

Proof. Proof of this lemma similar to the previous lemma, hence omitted. 2

Lemma 5.2.4. cx = τ(x)dx, where τ is a character on K4.

Proof. From lemma (5.2.2) and (5.2.3), one can conclude that

θ(x, y) =
cxcy
cxy

=
dxdy
dxy

. (5.2.1)

Hence, (cxd
−1
x )(cyd

−1
y ) = cxyd

−1
xy . This implies that cxd

−1
x = τ(x) for a 2 cycle of K4. 2

From the associativity relation,

φs,ρ,t = χ(s, t)idt,

we observe that

UxVy = χ(x, y)VyUx. (5.2.2)

Let Px be range of Υm⊗m
x and assume that ϵx is the image of Px.

We already know that φs,ρ,t = χc(s, t)idt.
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Now, one can easily observe from the associativity relations that

UxVy = χ(x, y)VyUx. (5.2.3)

It is a straight forward computation to verify the following

(Us ⊗ Idρ)ϵs = iϵ1, (5.2.4)

(Ut ⊗ Idρ)ϵt = iϵ1, (5.2.5)

(Ust ⊗ Idρ)ϵst = (−1)ϵ1. (5.2.6)

Lemma 5.2.5. The following identities hold:

1) cskt = θ(s, s−1t)ks−1t,

2) dskt = θ(s, s−1t)ks−1t.

Proof. 1) From this diagram

(s⊗ ρ) ⊗ ρ s⊗ (ρ⊗ ρ)

ρ⊗ ρ s⊗ s−1t

t

⊕kIdk

c∗sU
∗
s⊗Idρ Ids⊗k∗

s−1t
P ∗
s−1t

k∗t P
∗
t θ∗(s,s−1t)

one can easily conclude that cskt = θ(s, s−1t)ks−1t.

2) Similarly, we can prove that dskt = θ(s, s−1t)ks−1t.

2

Lemma 5.2.6. cxkx = 1 and cx = dx, where x ∈ K4.

Proof. If we choose s = t then it follows csks = θ(s, 1)k1 = k1 = 1 from lemma (5.2.5).

Similarly, we can deduce that dsks = k1. Hence cs = ds. 2

Theorem 5.2.7. H2
uinv(Q̂kp, S

1) ∼= 1, H2
inv(Q̂kp,C− {0}) ∼= 1.

Proof. We define unitary linear maps v1 : C1 → C1, vs : Cs → Cs, vt : Ct → Ct, vst :
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Cst → Cst and vρ : Hρ → Hρ, which are given by

v1(1C1) = c11C1 ,

vs(1Cs) = cs1Cs ,

vt(1Ct) = ct1Ct ,

vst(1Cst) = cst1Cst ,

vρ = IdHρ .

Now, one can check that ϕ(Υa⊗b
c ) = (va ⊗ vb)(Υ

a⊗b
c )v∗c .

Hence H2
uinv(Q̂kp, S

1) = 1.

Similarly, H2
inv(Q̂kp,C− {0}) ∼= 1 as v∗c = v−1

c for c ∈ {1, s, t, ρ}. 2

Remark 5.2.8. In fact, it is well known that Qkp
∼= Q̂kp as Hopf *-algebras, hence

Theorem (5.2.7) is also valid if Q̂kp is replaced by Qkp.
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