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PREFACE

The main theme of this thesis is hypergroups. In this thesis the the-
ory of hypergroups is applied to study the relation between certain graphs
and subfactors of II; factors in the context of principal graphs associated
with the inclusions of IT, factors. More general classes of hypergroups are
introduced, new examples of hypergroups associated to certain graphs arc
coustructed and classification of small order hypergroups is discussed.

The text of the thesix is arranged in four chapters. The first chapter
is on preliminaries of the theory of hypergroups, the second on the appli-
cation of the theory of hyp sups in the relation between certain graphs
and subfactors of 17 factoss. the third on a more general class of hyper-
groups and the fourth chapter is on some new examples of hypergroups and
classification of smail order hypergroups.
The t chapter on the preliminaries of the theory of hypergroups col-
t< tugether the basic known facts about hypergroups which also serves
the purpose of fixing notation and terminology for the following chapters.
In this chapter the bimodule interpretation as against the relative commu-
cant interpretation of a principal graph associated with the inclusion of a
Lo of 11 factors is worked out in detail.

The second chapter is on the notion of an action of a hypergroup on a

~t. After deriving some consequences of the definition of action, the notion

s used here to show that certain bipartite graphs cannot arise as principal
of IT. factors.

graphs for inclusions

The third chapte on the notion of an Ms-graded hypergroup. This
notion extends the notion of a hypergroup and captures the algebraic struc-
ture poussesseed by the collection of irreducible bifinite bimodules over a
pair of I, factors with respect to taking tensor products and contragredi-
ents. The notion of a dimension function of a hypergroup is extended to
Afs-graded hypergroups and it is proved that every irreducible finite M-
graded hypergroup possesses a unique dimension function. The results in
this chapter also rule out some graphs from arising as principal graphs for
inclusions of II, factors.

The fourth chapter is on some new examples of hypergroups and classi-
fication of hypergroups of small order. Sequences of hypergroups associated
to the graphs ,3,, for all positive integers n and the Coxeter graph E, for
all positive integers except 7 and 10 are described here. More examples




given by comnected sum of cortain graphs are also described here. This
Chapter concludes with classification of hypergroups of small order which
<hiows that the smallest non-abelian bypergroup is the smallest non-abelian
aroup.

iii



ACKNOWLEDGEMENT

I record my sincere chanks to Prof. V. S. Sunder, under whose super-
vision the work on this thesis was carried out, for his guidance, and his
valuable suggestions and criticisms. I am also grateful to him for his per-
mission to include my joint work with him as a part of this thesis.

My very special thauks go to Mrs. Uma Krishnan for her friendly com-
pany during my research work.

I fondly thank the entire Stat-Math Unit of the Indian Statistical Insti-
tute. Bangalore Ceutre where I worked in a very friendly and ever helpful
acmosphere.

I thauk the National Board for Higher Mathematics and the Indian
Statistical Iustitute for providing me with financial assistance and research
tacilities respectively during the period of my research work.

A. K. Vijayarajan



Contents

Preface ii

1 Preliminaries

1.1 Introduction 1
1.2 Hypergroups 2
1.3 Dimension function . . . .. ... .. L L L 6
1.4 Bratteli diagrams and Principal graphs . . . . . . ... ... ... .. 7
2 Actions of Hypergroups 18-36
2.1 Introduction . . . .. .. .. ... 18
2.2 Actions of Hypergroups . . . . . . . ... ... 19
2.3 Obstructions for Principal graphs . . . . . .. ... .......... 25
3 M.-graded Hypergroups 37-52
3.1 Introduction . . ... ... 37
3.2 My-graded hypergroups . . . . . ... ... 38
4 Examples and Classification 53-77
41 Introduction. . . ... ... ... L L 53
42 Examples . ... ..o oL L 54
4.3 Classification of small order hypergroups . . . . . . ... ....... 70
References 78

Evrata



Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we collect the basic known facts about hypergroups, the prime
notion for this thesis. Along with introducing the basics of hypergroups we also
use this chapter to fix notation and terminology for the rest of this thesis, the basic
reference for this chapter being [S1] where the notion of a hypergroup (as the notion
is used in this thesis) was first introduced and used to answer some questions in
the index theory of IIy factors which started with the work of V.F.R Jones in [J].
(Various other notions of hypergroups have been discussed in the literature - e.g.,
[Je] or [Sp] - but throughout this thesis, we shall only discuss the notion as defined
and studied in [$1] and later in (S2], [S3] and [BS].) The facts in [S1] are included
for the sake of completeness and immediate reference.

In the first section we define a hypergroup and discuss some examples; we also
define the hypergroup algebra associated with a hypergroup and discuss its left
regular representation which gives an association of finite hypergroups with certain
kinds of sets of non-negative integral matrices.

In the third section we discuss the dimension function of a hypergroup, the
most important notion for a finite hypergroup from our point of view as this notion
relates the theory of finite hypergroups to the index theory of II factors.

In the last section of this chapter we consider principal graphs for the inclusions
of algebras and give the bimodule description of principal graphs for inclusions of

1



. CHAPTER 1. PRELIMINARIES

1. factors

1.2 Hypergroups

The uotion of a hypergroup which was motivated by and introduced to study the
index theory of II; factors captures the natural algebraic structure possessed by the
st of equivalence (isomorphism) classes of irreducible bifinite bimodules over a II;
factor with respect to tensor products and contragredients.

Even though there are varying definitions of hypergroups used in different con-
texts in the literacure (cf. for instsnce [Je] and {Sp] ), we stick to the definition

wiven in introduced in the context of bifinite bimodules over I7; factors.

Lot N be a II, factor and G(N) denote the collection of isomorphism classes of
irreducible N — N bifinite bimodules (i.e., Hilbert spaces which admit left and right

actions of which have tinite left and right N-dimensions as N modules). We can
form the tensor product over N of such bimodules, (ref. [S1]), the result of which
may not be an irreducible N-bimodule, but will decompose into a finite direct sum
of irreducible N-bimodules. We can find out the multiplicity of a third bimodule
from G(\) in che above direct sum. which is going to be a non-negative integer.
Thus we can associate a non-negative integer with any triple from G(N). Then we

feine a function from G(N) x G(N) x G(N) to the sct of non-negative integers.
This function acquires some nice properties due to the existence of an identity for
tensor product in G(N). existence of a contragredient map from G(N) to G(N). and
due to the associativity of the tensor product over N.

w we list the properties of the above mentioned function as axioms and define

an abstract hypergroup.

Definition 1 By a (discrete) hypergroup we mean a set G equipped with a
dapping G~ G % G Z7 (= {0.1.2,...}) - denoted by (a. 3
-t satisfies the following condition

) <a®;

0. local finitness) : for all a.3 in §. < a © 3.y ># 0 for at most finitely

many v:
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(1) (associativity) : for all a.3,y and & in G, we have

IASCAS T E> =3 <a®@Ak><BOYNA>;
2eG

(2) (identity) : there exists an element of G, denoted by 1, such that
<anld>=<10a3> = bap,

where the & on the right side is the Kronecker symbol;

(3) (contragredient) : there is a self map o+ @ of G such that,
<a®fy>=<a®v,8>,
Sorall a. 3. andy in G.

Remark 2 (i) The associativity axiom states the equality of two different ways of

computing * < a =
(ii) The contragredient axiom is just an adjoint condition if we consider the right

side of the axiom as < J.@ oy >.

) Asin the identity axiom we will use the symbol & in the rest of this thesis to

denote the Kronecker delta.

For a group G , define < a ® 3,7 >= a5, Where a - 3
denotes the group product of @ and 3. It is easy to verify that, witha@ = o !,

Example 3 (i) Group,

G acquires a hypergroup structure with the group identity as the identity of
the hypergroup.
(ii) Duals of compact groups:

The set of equivalence (isomorphism) classes of irreducible representations
of a compact group (i.e., the unitary dual of a compact group) acquires a
hypergroup structure as follows: for irreducible representations m, 7" and p,
ifine < m © 7', p > to be equal to the multiplicity with which p features in
the tensor product & 7; let 1 denote the trivial 1-dimensional representation

and T the contragredient representation of .
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(iii) Hypergroup of a I/, factor:
For a II, factor N the collection G(N) discussed in the begining of this section
is a hypergroup with respect to taking tensor products over N and contragre-
dients, with the trivial N-bimodule yL?(N)y being the identity.

Definition 4 (i) A subset H of a hypergroup G is said to be a subhypergroup
of G if H is closed under "products’ and the contragredient map in the
sense that if . 3 belongs to H then v belongs to H for all v in G such
that < a © 3,4 > #0. and @ belongs to H for all a in H.

(i) A map 7: G — G between hypergroups is said to be a homomorphism if
(1) =1. < w(a) Dn(3).7(7) > = <a®PB,y> for all a, B, v in G and if
7(G) is a subhypergroup of G'. :

(iii) For a hypergroup G the opposite hypergroup of G which we shall donote
by G is a hypergroup for which there exists an anti-isomomorphism
a—a’ ;G G such that <a®® P4 > = < f@a,y > for all o, 3, v
mg.

(iv) A hypergroup G is said to be abelian if < a®B,v > = < f®a,y > for all
a. 3.4 inG.

(v) A hypergroup G is said to be Hermitian if a« =@, for all a in G.

Remark 5 It is clear that Hermitian hypergroups are abelian, a fact which is
analogous to the fact that a group in which every element has order 2 is necessarily
abelian. For finite hypergroups this is same as the fact that the product of two
symmetric if and only if the two matrices commute;

real symmetric matrices i

this is in view of the way in which every finite hypergroup corresponds to a set of

non-negative integral matrices, which is discussed below.

following is a result from [S1] which translates the problem of constructing

~:.7 hypergroups into one of constructing certain kinds of sets of non-negative

.7 zral matrices.
P:ioposition 6 There is an essentiall, 12 correspond: b fi-
groups with cardinality n and sets {A;, As, ..., A} € M,(Z") satisfy-

. = jollowing conditions:
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(a) A, = 1. the n x n identity matriz;
(b) The collection {A;} is linearly independent and selfadjoint, i.e., closed
under the formation of transposes;
() Ady= 3 Ak i)A 1<i, j<n.
1okon
Remark 7 The matrices above arise from the left regular representation of the

hypergroup algebra discussed below.

Hypergroup Algebra:
Given an abstract hypergroup G, we can consider @G, the class of all finitely
supported complex-valued functions on G. The space @G has a canonical basis

{fa 1 @ € G}, given by fu(3) = bas. Then, for any fin @G, f = 3 f(a)f.. We

ac
can make @G an algebra by introducing a product in @G, defined by (fa * £5)(7) =
< a2 3.9 >; which extends to the whole of @G linearly; i.c., for f= 3 f(a)f, and

acG
9= 9(Ifs (f*x9)(n) = Z f(a)g(B) < a ® B,y >. The space ag becomes an

m\o;mnvc algebra with rmpect to the above defined ‘convolution product’ by the
associative axiom of §. Finally we make @G into a pre-Hilbert space by demanding
that {f, : a € G} is a (necessarily maximal) orthonormal set of vectors in @G. We
will use the symbol V¥ to denote the inner-product so obtained.
ow we can consider the left-regular representation of @G. For f € @G, we
detine the associated left-multiplication operator Ly on V'by Ly g = f*g. (For
a finite hypergroup {ay,s.....a,} the A;’s in Proposition 6 correspond to Lo,.)
The map f — Ly from @G into L(V) is clearly an algebra homomorphism which
i< unital (as L;, = idy) and faithful (as f; is an identity for G). If we define
~1a) = (f(@)) - the complex conjugate of f(@) - then the contragredient axiom of
© cnsures that < Lyg.h > = < g,Lph > for f, g, h in @G. The injectivity of
regular representation and the fact that identities and adjoints are unique in
sator algebras imply that the identity element of a hypergroup is unique, T = 1

% =a for every a in G.
- < casy to verify that the equation 7(f) = f(1) (= < Lsfy, fi >) defines a
. positive trace on the involutive algebra @G.

.wote from [S1] certain consequences of the defining axioms of a hypergroup.
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Proposition 8 Let a.3.7..ay. ..., denote elements of an arbitrary hyper-
group G. we have.

(1) <an3 1> =653

(2) <andq>=<y2da>:
<

(3) <a=n3y>

(4) if m < n then. < a,
=3 <ara
302G

where < o) ®ay @ ...

Dy, k>

s 3> < Apg) @ Apg @ o @ 4y, ¥ >< BR Y, 6 >,

D ke >= (fa, * foy * oo ¥ fa)(K)-

1.3 Dimension function

The dimension function is one of the most important notions for a hypergroup
introduced in [S1]. This notion relates finite hypergroups to the indices of subfactors
of II, factors. Here we give the definition of the dimension function and state an
existence and uniqueness theorem on the dimension function from [S1].

Definition 9 Let G be a hypergroup. A function o v dg from G to (0,00) is
called a dimension function for G if for all a, B in G the function satisfies

dods = > < a® By >d,.

G
Theorem 10 Every finite hypergroup admits a unique dimension function.

Remark 11 (i) We will prove a more general result in chapter 3;

i) If a € G then d, is given by the Perron-Frobenius eigenvalue of the associated
operator L, in the left regular representation of the hypergroup algebra @G.
"

The vector with its a™ coordinate equal to d, is the common Perron-Frobenius

zenvector for the L,’s, and the uniqueness of the dimension function follows

‘cally from the fact that the Perron-Frobenius eigenvector of a strictly
<tive matrix is unique upto scaling.
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(iii) The dimension function for a finite hypergroup is symmetric in the sense that
d, = dz: which follows from the fact that o — dz is also a dimension function
for G and from the uniqueness of the dimension function for finite hypergroups.

(iv) If G is a group, then a dimension function on G is easily seen to be nothing

but a homomorphism of ¢ into the multiplicative group R of positive real

and for groups the above theorem is a consequence of the fact that

number:
the only finite subgroup of R’ is {1}. The group case also shows that the

above theorem is false for infinite ¢. If ¢ = Z such homomorphisms are
determined by the image of 1 which can be any A > 0. Also it is casy to see
that a finite hypergroup G is a group if and only if d, = 1 for all a in G.

1.4 Bratteli diagrams and Principal graphs

In this section we explain the notion of a Bratteli diagram and principal graph
associated with an inclusion of algebras. In the case when the algebras are II;
factors we give the ‘bimodule’ interpretation of the principal graph as opposed to
the equivalent ‘relative commutant’ interpretation of this invariant for the inclusion.
A good source for the details of these notions associated with the theory of IT) factors
i [GHJ]

Consider a pair of tinite dimensional C* algebras N C M. Let 04,1 < i < v and

1< j < st represent the irreducible representations of N and M on H,, and H,,

'
respectively. Let dim H,, = n; and dim Hﬂ: = m;. Then we have

M = 2% M, (@) and N = &% N, @)

In order to describe the manner in which N sits inside M, some extra information
is needed. which can be encoded in more than one way. One involves the ‘inclusion
A = ((A;)) of the pair N € M where );; denotes the multiplicity with

marrix
which the irreducible representation o; of N features in the restriction to N of the
rreducible representation p; of M. The inclusion is determined upto isomorphism
. Another way to represent the inclusion is graph theoretic.
Consider a bipartite graph G with (u + v) vertices, with one set Vp of p vertices
adjacent only to vertices in its complementary set V; of v vertices with edges

araph defined by the following description.
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After the vertices in the two sets Vp and V; are indexed in some definite order
the i — th vertex of V; is connected to the j — th vertex of V; by A;; nodes. For
the graph to represent the pair N C M fully we also label each vertex of G with
appropriate integers n;( resp., m;) at the i — th (resp., j — th) vertex of Vp (resp.,
V. ). The resulting graph is called the ‘Bratteli diagram’ of the inclusion N C M.

Thus each pair N C M of finite dimensinal C* algebras yields the data of the
triple (17,171, A) where 7 = (n,.....n,). 71 = (my,...,m,) and A = ((A;)). The three
ingredients of the above data (1. 7ii. A) are related by the equation m; = > n;Ay,

v

or equivalently ni = mA. where 77i and 7" are viewed as row vectors. e

Now we will describe the Bratteli diagram for a tower of algebras.

Suppose M; C My C ... € M, ... is a tower of finite dimensional C* algebras. Fix
an ordering {7 : 1 < j < u®} of irreducible representations (i.e., the spectrum)
of M, for cach n. Then for cach  and for 1 < i < 40 and 1 < j < p®*), define AY}
to be the multiplicity with which the irreducible representation 7 of M, features
in the restriction to M, of the irreducible representation 7§*"" of M1 Then it is
clear that. if dim H_» = m". then the row vectors 1ii® = ((m{")), are related by
D = A, Also the above equation shows clearly that the inclusion matrix
of the pair M, C M, is given by the product A®....AC"*) Just as the inclusion
matrices can be “stacked up one over the other’ as above the Bratteli diagrams of
1sions may be stacked up one over the other so as to get in a

n the Bratreli diagram of the tower.

Now counsider a pair of I} factors 1 € N € M with [M : N] < co. Let N =
M. C M= M, C M C .. be the tower of II) factors obtained from applying the
basic construction to the pair N C M. Since [M : N] < oo the relative commutants
{N'NAML : k> 0} of Nin the members of the tower are going to be finite dimensional
(" algebras. The tower of algebras @ = (N'NN) C (N'N M) C (N NM;)C ...is
called the ‘derived tower’ associated with the pair N C M. Now as explained before
we can construct the Bratteli diagram for the derived tower.

A loose way of describing the principal graph of the pair is as follows: on the
Bratteli diagram of the derived tower delete on each level the vertices corresponding
<o the old vertices (which occur due to the symmetry of the Bratteli diagram) and
the edges emanating from them . The result is a connected bipartite graph with a
distinguished vertex #, the unique vertex on the level zero. The Bratteli diagram
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for the derived tower can be reconstructed from the principal graph for N C M,

given together with the distinguished vertex *.

Remark 12 (i) For a finite index inclusion of II; factors N C M there is another
principal graph which is ‘dual’ to the one described above in the sense that this
one corresponds to the tower {M N M;: i > 0} of the relative commutants
of A in the members of the tower of the basic construction for N C M.

(ii) If there exists a positive integer k such that Z(N' N Mj_,) ~ Z(N' N My), where
Z(A) denotes the centre of the algebra A, then N C M is said to be of finite
depth or N is said to be of finite depth in M, and the least such & is called the
“depth’ of N in M. In terms of the principal graph, N C M is of finite depth
if the graph is finite, and the depth is the maximum distance from any vertex
to *.

(iii) The Bratteli diagram of the derived tower for a finite depth pair N C M will
always exhibit a growth in complexity upto a certain level, after which the
remaining structure is obtained by reflecting. If N C M has depth k, then
the Bractteli diagram for (N' N M) © (N N M,.,) is identical to the principal
graph for N C M. where [ is any odd integer such that [ > k.

(iv) For a pair of IT, factors the principal graph is a conjugacy invariant for the
inclusion which is finer than the index as the graph determines the index, but
not the other way around
There is a restriction on the graphs that can occur as principal graphs in view
of (a) Kronecker's theorem (cf., [GHJ]) on the classification of integer matrices
with small norm: ie., for a finite matrix X over Z, either || X|| = 2cosZ for
some g > 2 or | X]| and (b) the fact that for a pair of I, factors N C M
with finite depth the index [M : N] is equal to the square of the norm of the
principal graph for the pair where the norm of a finite graph is defined as
max {| A |: A is an eigenvalue of A}, where A is the adjacency matrix of the
graph. So from the above facts it can be deduced that if [M : N] < 4, then
only A,.D,.Es. B;. or Ey can, if at all, occur as principal graphs.

o

~rns out that the Bratteli diagram of the tower of relative commutants
27 7)) has an alternate description in terms of the N— N and N — M bimodules
-~ from the basic construction for N € M. For the sake of completeness we
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furnish a proof of this fact below. The bimodule approach is due to Ocneanu - see
[01] and [O2]. We begin with a few preliminaries, from [S1] on ‘bi-finite bimodules’
over II, factors. Recall that for arbitrary II; factors N and M, an N — M bimodule
M is called bi-finite if it has finite left dimension as a left N-module and finite right
M-dimension as a right M-module. A vector ¥ in such a module M is said to be
a bounded vector if there exists a constant K > 0 such that [la.|| < Kltr(a'a))?
for all a in N, or equivalently [[v.a| < K[tr(a*a)]? for all a in M. The collection of
such bounded vectors, which will henceforth be denoted by Ho, is known to satisfy
various good properties, such as : (i) Ho is a dense linear subspace of H which is
invariant under left-, (resp. right- ) action by N, (resp. M) and (ii) the association
T Ty, sets up a bijection between yLy(H,K) ( the space of bounded N — M
linear operators between the bifinite bimodules H and K) and ~Lar(Ho, Ko) ( the
space of N — M linear maps between the vector spaces Ho and o).

Given H as above, there exists a unique map: Ho x Ho — N, referred to as
the N-valued inner-product on H and denoted by (£,7) = (), satisfying the
following conditions, for all &1).¢in Hy, a in N and b in M:

N<EE>SEN,, N<&EN>=(N<N,E>),
N<E+NC>= N<EC>+ NS (>,
y<a-&n>=a-y<n(>,

N<Ebn> = y<&END > and <En> =tr(y<En>).

For example, if N. P C M are subfactors of finite index of the I, factor M, then
L*(M) can be viewed as an N— P bimodule, which is bifinite in view of the assump-
tion that both subfactors have finite index; in this case the set of bounded vectors
is precisely the dense subspace M of L*(M), and the ‘N-valued inner-product’ on
L*(M) is given by y < z,y >= En(zy’).

If N. M and P are I, factors, if H is a bi-finite N — M bimodule and K is a bi-
finite M — Pbimodule, then their ‘tensor product’ is the unique (up to isomorphim)
bi-finite N — P bimodule, denoted by H ®y K, with the following properties: there
exists a linear map from (the algebraic tensor product) Ho ® Ko onto (H ®u K)o,
denoted by £0n — Dy which is (i) ‘balanced over M ', meaning §-b@yn = E@dubn
for all € in Ho, in Ko, bin M , (ii) N— Pbilinear, meaning a-{®@y7-c = a: (E@un) ¢
for all € in Ho, 1 in Ko, a in N and c in P, and (iii) v < ((®un& O > =
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LSy <y >.8 > forall € € in Hy and 1,7 in Ko .
Assume henceforth that N C M are II, factors with [M : N] < cc and that
N=M,CM=M CMC..CM,,C M, C..is the tower of the basic

construction for N C M.

Proposition 13 (i) (1, L*(M)ar) Dar (L (M) ag) = (a, L* (M) m);
(1) (3 L7(AL) ) 2x (VLA AD ) = (3, LA (M) ) -

Proof:

Recall that if N. PC M are subfactors of finite index of the II, factor M, then the
set of bounded vectors of L2(M) is precisely the dense subspace M. For (i), define
2, gy = @y, note that (z,y) (2, ) = (@.(yy*))z," | for z, in M, and y in M
and appeal to the foregoing characterisation of the tensor product.

For (ii). define x,, 0\ y = Ty i...€oy, where e is the projection in My,
which  implements the conditional expectation of M onto M, and
7= [M: N]"'. The fact that M,., is linearly spanned by products of the form
€0 1-Coy. with @, in M, and y in M implies that the above equation does in-
deed define a surjective linear map from the algebraic tensor product M, & M onto
M, -y, which is clearly balanced and M, — M bilinear. (The above ‘spanning’ fact
may be proved using the notion of orthonormal basis introduced in [PP1], explicit

details of such arguments being available in [S4].) To complete the verification, note

that if ».0" € M, and y.y' € M, then

= OBy ey coBa(yy)er

= OBy 2By en..coer...en

= 7By, («By(yy")enz”)

= 7 'eBy(yy" ) Ex, (en)”
(z.Ex(yy"))z"

- nen -
By (m " Nreeony” con

‘nce again the foregoing characterisation of tensor products completes the
Q.E.D.

ta 14 (i) vLy(LP(ML)) = N 0 Moyoy;
S LAAL)) x NN AL,
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Proof:
Recall - cf. [PP2] - that N C M, C Ma,,, is also an instance of the basic construc-
tion. with the conditional expectation being implemented by the projection

n(ne1)
ein =T 7 (enen1.€0)(Ensi€ner).(€ameon1--€n),

and we may, and do, consider My, ., as an algebra of operators on L*(M,) in such a
way that the action of the subalgebra M, is by left-multiplication. (In fact we have
M.
the same reasons, we have M, = J,M'J,. Now simply note that yCn(L*(M,)) =
N0 (J,NJ,)" whereas yLy(L*(M,)) = N' 0 (J,MJ,)".

= J.N'J,, where J, is the canonical modular conjugation on L?(},).) For

Before proceeding to the main proposition of this section, we state, as a lemma,
some elementary facts concerning the basic construction. Some of these are stan-
dard. and appear in [PP1] for instance; they are all collected together for conve-

nience of reference.

Lemma 15 (i) The action of My on L*(M) is given by z;-zg = 7' Ep(z,20¢0),
for all @, in M, and x, in M;

(ii) 7 'Ey(xie0)eq = xieg for all x, in M;

(iii) If @o. yo € M. then xg = yo if and only if xey = yoeo;

(iv) My C My C© M,y
the projection in M,.,

s an instance of Jones’ basic construction, with

which implements the conditional expectation

of M, .y onto M, being given by

‘r"’f‘l‘(

Cnn—k+l] = en-kﬂl-»-En+1)(cvl+k+’2---eu+2)4~«(51L+3k+l---enik-rl);

in particular, the following relations hold:

Chuneiert) (€nidhmzCurhrz) = (CnskitoCui1)Ciusinikia] (1.4.1)

and

Chrmekell = Chnilpakil] (T’keymCn+3«-«€n+k(8n+2k-1<~€n+k+1)> (1.4.2)
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Proof:

i) It suffices to consider the case =; = aegb, where a, b € M, since elements of that
form lincarly span M; for such z;, an elementary verification shows that both
sides of the desired equation reduce to aEy(bwo).

The statements (i) and (iii) are explicitly proved in [PP1] and the first equation
wn (iv) is explicitly derived. in the case n = —1, in [PP2] and the case of general n
“ollows from the case n = 0. Finally, it is elementary to see that both sides of the
cquation 1.4.1 are equal to

(Crmkotonr ) (@np-enCrn)n(nirkst o rikin) (€ns k2 Crsksn)

while 1.4.2 follows easily from the formula for e,k and the fact that e, commutes
with ¢, for ¢ > p + 1. QE.D

Proposition 16 (i) Lt o be the composite mapping defined by the following

commutative diagram

NAMu, € NAMys = NEM(LA(Mii))
) T o (=) | ¢a
NEN(LA (M) s NCw(LA(My) ©n LA(D))

where o, and oy arc given by Lemma 14 and ¢ is given by Proposition
15 (ii). Then o(T) = T2y id. meaning (¢(T))(z ©ny) = (Tk) @ny, for all
rin My and y in AL

Lot be the composite mapping defined by the following commutative
Hagram

v
NOMg C NN My, = yCy(LEH(M)

(=) Ty (=) 14

NCa(LA(ALL)) L NLN(EA(My) @y L (M)
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where vy and v2 are given by Lemma 14 and ¢3 is given by Proposition
13 (i). Thus ¥(S) = S @y id, meaning (%(S))(z @y y) = (Sz) ®ny, for all
x in My and y in M.

Proof:

(i) In view of Lemma 15 (i), and since N C My C Magiy and M C Miyy C Moo

are instances of the basic construction, we see that
- (k1
o7 (@opr)- ik = T F D By (@0 1Tre-1.4)s

and
~(k+1,
0a(waii2) iy = 7 ¥V By, (Taks 2k 1€i0k1))-

Also, we have ¢;'(T') = U"T U, where U" is the unique N — M linear unitary
operacor from L(24) @y LY M) onto L} (M) such that

U (2 @y o) = 7 i TpC...€T.

In order to prove the assertion, it is enough to assume that ¢ is defined by
o(T) = T ®y idy2a) and show that the diagram of maps in (i) commutes.

So let T € yLy(L*(My)) and suppose that ¢1(T) = @ay;. It is clear that we
need to show that, for all z in My and =z, in M,

U (07 (w2x1)) © id) (wi @y T0) = Ga(Tok1) U (T @ o).
It follows from the foregoing equations that
U (07 H(Tks1) O id) (z O T0) = Tig(k“)EMA(Izk+1Ik51—1,k])€k-~50101
while

03(@ok 1)U (w0 Oy o) = T%(kﬂ)Em,.(12):?1wkek---eozae[o,kﬂ])

F(k+1 e,
7By (T ok s1Tk€--€0€[0 k1)) L0

since elements of M commmute with e k1.

Hence it suffices to prove that

E\l‘ (fﬂqu-’CL-(’ 1k )Ck«»cn = EM,(,,(zzlﬁ»l1k5k~<~605\0‘k+l])1



(if)

BRATTELI DIAGRAMS AND PRINCIPAL GRAPHS 15

for which it sutlices. since M C M., C Mog.» is a basic construction, to verify
thart
LHS x eqx.1j = RHS x e+

Appeal now to Lemma 15 (ii) to deduce that the right side of the above equa-
tion is equal to ('!—Ai‘ltgk,].rrkﬁk..,ﬁgﬂ MH!); on the other hand, from equation

141 with n = —1. we have ei...epe i1 = €[-1k/€2%-1---€k+1, and again by

Lemma 15 (iii), we deduce that the left side of the above equation is equal to

o e = +1 e
Ey (o 1te- k)€ pesnerernn = (Tk zzk-Izk(~—l.k])52k+1~-~ck+l

+
T L Bhek. .ok

and the proof of (i) is complete.

As before. we find, using Lemma 15 that

U (ww) - me = 7 By, (wmieo i)
ey(wae)ore = 7 F DBy (wo e k)
and ¢ (1) = WTW. where W* is the unique N — N linear unitary operator
from (L*(My) =y L*(M)) onto L¥(My) such that W*(z, ® o) = @40.
Again. in order to prove the assertion, it is enough if we assume that v is
detined by v(T) = T

commutes,

idyzar and show that the diagram of maps in (i)

Solet Te vLy(L3(My)) and suppose ¥, (T) = . Again it is clear that what
we actually have to show is that, for all @ in My and wo in Mj,

W0y (22)) Dp id) (g Qar o) = Ya(ak) W (i ©g 0)-
It follows from the foregoing equations that

W (7 (w24)) © s i) (mx @ 30) = 7% By, (warzseion)zo,

Ca(@a) W (i 2y w0) = 7 D By (wmimoe -y 4)-
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Hence it suffices to prove that

By, (enaizoe -1 x) = B, (Tarwreion)To

= Eum(@azrzocion),

since the elements of M commute with e . In other words, we need to show
that.
By (woykeion) = 7' Bag (Toxyre;-14)
for all y in M.
In view of Lemma 15 (iii) and since N C My € Moy, is an instance of the

basic construction, it suffices to prove that
=1
By, (zocykeion)er-14 =7 B (Toye(-14) €14

Appeal to Lemma 15 (ii) to deduce that the right side of the above equation is
equal to (Tkzgkyke _1 A:): on the other hand, from equation 1.4.2 with n = —1
we have e ;4 = ey (.— kCoﬁ]-»-ekfl(eW(--.Bk))’ and again by Lemma 15 (iii),
we deduce that the left side of the above equation is equal to

B, (aryreion) o (T’keoel T (Ezk...e,,))

= (ir’kyk‘-’\o,k]) (ever...ex-1(e2k...ex))

4

T2 YkC|—1,k]

and the proof of (ii) is complete. QE.D

Remark 17 From the above discussed correspondence between the relative com-
mutants of N in AL and the bimodules (N—N and N— M ) arising from the basic con-
struction for N C M, the Bratteli diagram of the tower {N'N M, :n = —1,0,1,...}
admits the following alternate description:

Let G2 denote the set of equivalence classes of irreducible N — N subbimodules
of L* (M 1), k = 0.1.2,... and let Gi*"! denotes the set of egivalence classes of
irreducible N — A/ subbimodules of L*(M;), k = 0,1,2,... . Connect a vertex /3 of
G2 1o a vertex 4 of GI¥*! by < 3y L*(M),y > bonds. Then for k > 0, the Bratteli
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diagram of (N'N Mae—y) C (N N DMy) C (N N My.,) is given by the nodes of
G, g% and G2 with adjacency of nodes as described above. Take Go = UG5*
and G, = UyGi*!. The principal graph of the pair N C M (corresponding to the
relative commutants of N is the tower {M,} of the basic construction.) is the
bipartite graph with even vertices indexed by Go and odd vertices indexed by G

with < 3 2y L*(M).~ > bonds between a vertex 3 in Gy and a vertex v € Gi.




Chapter 2

Actions of Hypergroups

2.1 Introduction

In this chapter, we define the notion of an action of a hypergroup on a set. This
notion, first introduced in [SV], was motivated by the set up of the inclusion of a II;
factor pair and one of the principal graphs associated to the pair, and the notion is
used here to prove the non-occurence of certain Coxeter graphs as principal graph
invariants for the inclusion of II; factors.

In the first section we define action, discuss some examples and introduce the
notion of irreducibility for an action and then derive some consequences of these
notions.

In the next section we discuss the question: ‘when is a graph a principal graph?’
We describe how principal graphs give rise to actions. Then we use the notion of
action to give a proof for the non-occurrence of certain graphs as the principal graph
invariants for inclusion of I, factors. These graphs include the Coxeter graphs Dy,
and E; which were observed to not occur as principal graphs by Ocneanu in [01]
without giving a proof. We prove that the graph  fy,:1, (which is similar to the
Coxeter graph By,.; ) which we desribe later, also cannot occur as a principal graph

for an inclusion of II; factors.

Remark 2.1.1 Apart from some nice consequences of the notion of an action, the
above mentioned proofs show the use of hypergroups as convenient book keeping

devices
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2.2 Actions of Hypergroups

We look art the following picture which motivated the notion of an action of a
hypergroup on a set.

Let N'C M be a pair of II; factors with [M : N] < cc. Consider the principal
graph which corresponds to the tower {N'N M, :n > —1}.

Recall from Chapter 1 that the even and odd vertices of the principal graph cor-
respond to the equivalence (isomorphism) classes of irreducible N — N and N — M
bifinite bimodules respectively arising in the tower obtained from the basic con-
struction for N C M. The set G, of even vertices forms a hypergroup and ‘acts’ on
the et G, of odd vertices in the sense that for a € o and B € G, a®@ B € Z'G,
(finite linear combinations of elements of G, with coefficients from Z%). So if we
set for a in Go, mi(a) in End(Z7G)) defined as m(a)(y,x) = < a @y K,y > = the
multiplicity of 5 in a Dy & for all 4.x in G, we get a map =, : Z'G, — End(Z'G))
which behaves like a homomorphism.

Now we will give the formal definition of an action of a hypergroup on a set.
Definition 18 An action of a hypergroup G, on aset G, isa mapping m :
Z Gy — End(Z"G,). which is a homomorphism in the sense that it satisfies the

following conditions:

() m(lg) = idyg;
(i) m(a)m(3) =Y <awdq>mly) foralla, B€ o
=G
(iiif) m (@) = m(a) for all a € Go; where ‘7’ denotes the matrix transpose (the
endomorphisms of Z~ G, being represented by non-negative integral matrices

with respect to the basis given by G,).

Remark 19 Given an action m of a hypergroup Go on a set G,, the opposite
action of 7. an action of G on G, denoted by 7%, defined as 7%(a®) = (@)

(=m(a)).

Example 20 (i) Left-regular action :
Every hypergroup acts on itself naturally, the action of a hypergroup G, on
G.. 7 Z°G, — End(Z" G,) being given by my(a)(v,6) = < a® K,y >, for

al ay.xin G,
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(ii) Let N C M be a pair of II; factors with [M : N] < co. The set G(N) of
equivalence classes of irreducible N— N bifinite bimodules forms a hypergroup
which acts on the set G(N, M) of equivalence classes of irreducible N — M
bifinite bimodules via tensor multiplication over N from the left.

(iii) Let N = M_;, € M = M, C M; C M, C ... be the tower of the basic
construction applied to the finite index inclusion N C M of II; factors. Let

Go={3€G(N): BC yL*(M,)y for some n > -1 };
G1={y € G(N.M) : v C yL*(M,)y for some n >0 }.

Here also Gy acts on G, via tensor multiplication over N.

Remark 21 In the above example the inclusion N C M has finite depth precisely
when G, and G, are finite and then the principal graph is finite.

Definition 22 A hypergroup § is said to be a Z, - graded hypergroup if G is of
the form G = Go U G, where Gy is a subhypergroup of G, the elements of G, are
thought of
degree one and it is further the case that < a® 8, > = 0 unless deg(a)+deg(8) =
deg(y)(mod 2).

as having degree zero and the elements of G, are thought of as having

Proposition 23 Suppose that 7, is an action of a hypergroup Gy on a set G,.

Let G = GoUG,; define

(1) a=a Vaeg:

(2) degla) = i forainG,i=12;

(3) -

(a) < a© 3.9 > =0 unless deg(a) + deg(B) = deg(v)(mod 2), for arbitrary a,
3.4 in G: and

(b) <o DKM >=<1 @ag.k > = <M @Ky, a0 >=m(ag) (11, K1), for all ag

in Gy and y,.k; in G,.

Then G becomes a Z_;-gradc‘d hypergroup if and only if the following conditions
are satisfied:
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(i) 71(Go) is abelian: and
(i) 3 mi(8o)(ar. 3)m(80) (11, K1)

2 o) (@) (80)(Br. ma).for all . By ki € G

20=Gs
Proof:
Assume that G is a Zy- graded hypergroup according to the given prescriptions.
Let ag. 3 € Go and 41 &, € Gy; then,
m(ao)m(A)(em) = 3 mi(ao) (s 81)mi(Bo) (81, k1)
siel,y
= Y <a®b,m >< B @Ky, 6 >
5eG,
= Y <1 ®anb ><FH®éb, K >
8=G,
= 3 <BOv, b >< b @ag,K >
5,

by the asssociativity of G

= 3 <FHOV.b ><TWO b,k >
8eG,

= > m(Bo) (b1, m)m (a5) (k1. 61)
86eG,

= m(@s)m(Bo)(x1,m)

= mi(ao)m () (k1. m)

= (m(3)m (o)) (k1,m)

= m(Bo)mi(ao)(m,k1)-

Thus 71 (ae)mi () = m(Fo)mi(ag) for all ag, Bo € Go, which proves (i).
To prove (ii).

37 mibo)(ar. 3)mi(60) (. k1)
e
= 3 <a@é,8 >< M@K, >
5eGo
= Y <a®m, b >< @K, B >
&eGo

21
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(by the associativity of G )

= Z W:(ﬁo)(ﬂhWl)ﬂ'l(&))(ﬁhm)
&Gy
which is condition (i7).

Conversely assume that the triple (Go, G1,m) with the given prescription satisfies
the conditions (i) and (ii). We show that G is a Z,-graded hypergroup.

Clearly 1 € G, is the identity of G as m,(1) = idz’g,- The facts that the elements
of G, are self contragredient and m(ag) = m (ag)’ imply that the contragredient
axiom also holds in §. So now we need to show that associative axiom holds in
G. We will show that in Z°G, (0, © ;) ® 4 = o; @ (o ® ) for all o € Gy, 05 €
Gjar € Gy ik € {0,1}. It is enough to show that < (a; ® ;) ® ay,k >
=<a;2(q;Da).k> forall k €G.

This is true if i = j = k = 0 as Gy is a hypergroup.

The associativity of the products ap @ 8; ® 70 and a; ® ) ® v can be verified
easily using the fact that m(Go) is abelian (condition (i)).

The associativity of the products ao ® 3 ® v, a0 @ o ® 11,1 ® fy ® 7 and
a; 2 ) 2y follows from the fact that 7 is an action.

The associativity of the product a; ® 3, ® v, is a consequence of the condition
(i)

Just to give the flavour of the computation involved, we give below the computation
for the products ag © 3; © 49 and a; ® #; ® ;. Consider < ag ® f; ® 7, & >;

< (R ) Q0.8 > =< ag® (3 D).k > =0for k € Gy as ay® B @ € Z'G).
Solet K =Ky € G.

<(®@3) O,k > = Y <a® B >< 8 @0,k >
aeG,
= > m(ao)(é1,A)m(%) (61, K1);
6eG,
= m(a ®%) (A1, k).

<ar® (8 @)k > = Z < B ®70,61 >< ap @ 81,81 >
A;Egl
= 2 m(0)(Br, 8)m(a0) (1, 6)
5¢G,
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= m(v ©a) (B, k1)
= m(@ ®%) (B m)
since m,(Go) is abelian by (i).

Now consider, < a; © 3; ® i,k >; since oy @ fh @ m € Z'G,
< (a2 ) DAk > = <ay O (F @m), k> =0 for k € Go.
Solet K =K, €Gy;

<(@®8)2mKk > = Y <a®@Pb><8@v,K >
&G
= 3 m(bo)(ar, Br)mi(bo) (K1, m)-
&eGo

can(Bhemn) k> = Y <@k >< B OY,6 >

%G
= 3 m(&)(ar, m1)mi(60) (Bi,m)-

%G

Thus < (a; 2 3) 8115 > =< a1 @ (B ®@m), k1 > for all ay, By, 71,61 € G1 by
condition (ii). QED.

Definition 24 An action 7, of a hypergroup G, on a set G, is said to be irreducible
if for all a,.x, in G, there exists ag in o such that (o) (71, 51) > 0.

Remark 25 (i) The left-regular action of a finite hypergroup Gy is irreducible, as
the matrix corresponding to no element of Gy in the regular representation
of @Gy can have zero rows or columns (which follows from the fact that if
 — d, denotes the dimension function for Go, then for v,x in Go, dyd,. =

3 <qK.a>d,, and do > 0 for all ain Gy implies that < Y@ k,a ># 0
a0=Go
for at least one a. )

(ii) It is easy to verify that the action in Example 20 (iii) is also irreducible; for, if
41,81 € Gy, m € NL*(M,)y and Ky © yL*(M;)y for some i,5 > 0.

Asssume that j > i and that j = i + k + 1; notice that NLA (M) € Z7Go,
and appeal to the easy consequence of Lemma 13(ii) that v LA(Mi)N®N
v LA(M;)a =y L*(Misicn)ur-
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Proposition 26 Let Go be a finite hypergroup. Then,
() e= Z:l & Y dea is a self-adjoint projection in the centre of @Gy, where
" acGo
a :d“ denotes the unique dimension function of Go.
(2) if = is an action of Go on G, then the following are equivalent:
(i) for all .5 € Gy there exists a € Gy such that w(a)(y,%) > 0;
(i) 7(e)(r.%) > 0. for all .x in Gi:

(i) w(e) is a rank one projection.
Proof:

(1) Since a ~ @ is an involution in Go and d, = da, for all a in Gy, it follows that
e* = e. Also, for all a in @Gy, the relation a e = e* a = dqe follows from the
defining property of the dimension function. Hence e belongs to the centre of
ag.

Also,

Thus e is a projection.

(2) Since 7(e) is a (strictly) positive combination of the m(a)’s , it is clear that the
conditions (i) and (ii) are equivalent.
If (ii) holds, then 7(e) is a matrix with strictly positive entries. Therefore
by the Perron-Frobenius theorem there exists a positive eigenvalue of =(e)
with both geometric and algebraic multiplicity equal to one which is also
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the maximum of ai. cigenvalues of w(e). But m(e) is a projection so that its
eigenvalues are either zero or one . Thus the maximum eigenvalue one is of
geometric multiplicity one. Hence the range of m(e) is one dimensional; i.e.,

7(e) is a rank one projection.

Suppose (iii} holds. Then, since w(]gﬂ) is the identity matrix in End(Z'G:)
( as 7 is a homomorphism) 7(e) = L 3 dom() has strictly positive

d
> 4G,

G .
diagonal entries. Hence the rank one projection 7(e) has nonzero entries
everywhere. QE.D.

Remark 27 Any action of a hypergroup on a set can be written as a direct sum
of irreducible actions; as for any action 7, the projection 7(e), up to conjugation by

a permutation matrix. is a block diagonal matrix with strictly positive blocks.

2.3 Obstructions for Principal graphs

We Lave observed in Chapter 1 that some Coxeter graphs arise as principal graph in-
variants of finite index inclusions of IT; factors, and that the graphs are a conjugacy
invariants for the inclusions

Let 1€ N C M be a pair of IT; factors such that 1 < [M: N] < 4 (which forces
N to have finite depth in Af). Then the fact that the norm of the inclusion matrix

for the principal graph of the inclusion N'C M is less than 2, forces the principal
araph to be a Coxeter graph of the type Ay, Dy, B, By, or Bs. An interesting fact
here is that whereas 4,.D,.Fs. and By are found to actually occur as principal

graph invariants, D,,.; and E; are not principal graphs. Certain other graphs also

cannot occur as principal graphs.

It was shown in [J] that the Jones subfactor (the subfactor generated by the
Jones projections) of the hyperfinite I, factor R with index equal to 4cos®;Z; has
principal graph equal to A, (see also [K]).

It has also been shown that - see [BN] - the Coxeter graph Eg arises as the principal
graph of a suitable subfactor of R. The graphs D, and Eg were also found to occur
K]).

as principal graphs
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It was observed by Ocneanu in [01] without giving a proof that Dy, and By cannot
occur as principal graphs for inclusions of II; factors.

We can use the notion of action of hypergroups on sets to prove the non-
occurence of the Coxeter graphs Do,y and E; and the graph By, as the principal
graph of an inclusion of II; factors. Here the symbol By, is used to denote the

graph below:

(After the proof presented here was submitted for publication, we found that this
fact has been independently proved by [I).) If a graph arises as the principal graph of

an inclusion N C M of I7, factors, then the set of even vertices forms a hypergroup

and acts on the set of odd vertices. Thus a principal graph gives an action of a
hypergroup on a set (see Example 20 (iii) ).

The idea of our proof is that for a graph to arisc as the principal graph of an inclusion
of I, factors. the adjacency relations of the graph and the relations between the
matrices corresponding to the vertices of the graph given by the action, should be
consistent. This inconsistency implies non-occurence.

Remark 28 It is a fact that if a finite graph arises as the principal graph of a finite
index inclusion of II; factors, then the smallest coordinate of the Perron-Frobenius
cigenvector of the adjacency matrix of the graph must occur at the distinguished
vertex (which Ocneanu labels + in [01]). For a proof of this sce Remark 46(a).

Theorem 29 (cf.. [SV]) The Cozeter graphs Br, Dyi1, and Bauy1 cannot occur

as principal graphs for inclusions of II, factors.

Proof:
The case of Ex:
Suppose there is an inclusion N € M of II; factors with principal graph equal to
E-. We label the graph as indicated.
A
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It follows from the Remark 28 and an inspection of the Perron-Frobenius eigenvec-
tor of the E: graph that if the diagram E; occurs as a principal graph, then the
distiguished vertex - which corresponds to the identity element of the hypergroup
Gy - must occur as above.

Then in the language of Example 20 (iii), we have Go = {1,8, A p} and G =
{a.7.x}. Let 7 denotes the action of Gy on G;. From the bimodule description of
the principal graph given in the first chapter, it is easily seen that « is nothing but
the isomorphism class of the irreducible N — M bimodule L?*(M). Furthermore, the

adjacency relations of the graph show that

(2.3.1)

la=a, fa=a+7 Aa=7, pa=7+k and
aa=1+3 ya=03+A+pu, ka=p

where we have used natural abbreviations: thus the second equations in the two sets
of equations are short-hand for 3®ya ~ a®~yand YOuaA = fHAOp respectively.
If we write R, for the map from Z'Gy to Z'G; defined by (tensor-) multiplica-
tion on the right by «, and if we similarly write Rz for the map from Z*G; to
Z7G, defined by (tensor-) multiplication on the right by @, and if we represent
these two linear maps by matrices with respect to the ordered bases given by
Go = {1.3. A, u} and G, = {a.7.x}, we then find from the equations 2.3.1 that

1
1100 1(1)8
R,=|0 11 1| andso Rz=
10
0001
011

We shall also write R, for the matrix corresponding to the the self map of Z'Gy
defined by (tensor-) multiplication on the right by p in Go. Deduce from @ = 1+

that
1100 0100
211 1111
R, + R; = RzRa = so that R =
1+ Rs R, L q g | Sothat s 0101
0112 0111
The fact that Rj is a symmetric matrix means that J is self-contragredient. A look
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at the second column shows that 32 =1+ 8+ X + p, which implies that

0011

) 0212
R.—R,=(R;)"=R — Rg=

= (1) 1~ Rg 1111

1211

Since R, and Rj are symmetric matrices, the matrices Ry and R, must either be
both symmetric or must be transposes of one another. These matrices have integral
entries and their sum is seen to have an odd diagonal entry; hence they cannot be
transposes of one another. and so, they must be symmetric. Hence Gy is a Hermitian
hypergroup and so the matrices {R, : p € Go} commute pairwise.

Since Gg is a commutative hypergroup we see, from the last two columns of the
matrix R; that 3\ = A3 = 3+ p and Bp = pB = 3+ X + p. These equations
determine the first two columns of the matrices Ry and R,. Also, since Gy is a
commutative hypergroup, we find that the fourth column of R, must equal the
third column of R,,. Since R, and R, are both symmetric matrices, it follows that

0010 0001
P B I
10z y 01y =
01y = 11 2z w

for some non-negative integers x, y, z and w which must satisfy - in view of the
equation we have already obtained for (R + R,) -the equations z +y =y + 2z =
crw=liie. =z y=wandz+y=1
The third column of R, shows that A\> = 1+aA+yu , so R} = Ry + xRy +yR,;
comparing the (3. )" (= (2.4)") entry of the two sides of this matrix equation ,
it is seen that we must have @ = 0. and y = 1.
We have thus determined the multiplication table for the hypergroup Go.
P =148+ A+ AA=B+p Bu=B+A+np,
MNM=1+p dp=3+A p=1+8+p.

Note next that. in view of the equations 2.3.1, we have

(2.3.2)

Ja=a+1=08y = Fa—-PFa=1+r+pa
= a+2y+k
and pa =~~~ = JIn = dpa— 3y = (B+A+pa—(a+2y+k)=1.
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This shows that
110
(H=|121
010
which implies. since .#* = 1+ .+ A+ p, that

7(A) + () =

- o
SRR
o = o=

Note next that
M =MNMa=at+tpa=a+y+k
= pda = (I +A)a=a+27

Since the fact that the elements A and p are self contragredient elements of Gy implies

‘hat  the  matrices  7(A) and 7(u) are symmetric, conclude that
010 011
A)={111|andau)=|120
010 100

Finally. the equation JA = .3+ p should imply that =(3)7(A) = 7(3) + 7w(p). but it
i< seen that the matrices on the two sides of the alleged equality differ in the (2.3
as well as the (3.3) places. This contradiction finally completes the proof that r
cannot arise as the principal graph of any inclusion of T, factors

The case of Dy, .12

Remark 30 We consider only half of the case here, ie., Dy, -y when i o

There is a subtle difference berween the cases Dic(n = 2k) and Dye-s(n =2k -1
which will become clear in the proofs of these cases. While the proof in the cast
of Dy requires ouly “one sided actions’ of hypergroup, we require facts about
“dual principal graphs’ and *M,-graded hypergroups’ for the proof in the case of
D5 We take up the case of Dy.s in Chapter 3 where we consider M,-graded
Liypergroups. Anyhow in the following discussion we treat 7 as any positive intege:

dill we actually need to distiguish between the even and the odd cases.

Suppose that there is an inclusion N C M of 11y factors with principal graph Da.:

and thar the vertices of the graph as shown.
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30
an
3 Bt B
—e BRI
a=a ay Qo
Qs

For the same reasons as in the case of Er, the identity of the hypergroup Go must
oceur at the indicated vertex. Thus the even vertices of Dy,.; are represented by
1= 3. .. 3 and the odd vertices are represented by a = 1, a2, ..., Gy Q13
ie..

.3} and Gy = {a = a1, @z, ey Oy O }-

Go={1=08.

The graph implies the following relations:

a1 ag forl<i<n
da= ! ) (2.3.3)
Qg+ Gty fori=mn
(with the convention that ag = 0),

B Gt d fori<n
@ = '
3 fori=nandn+1.
Arguing as in the case of Br, we see that the self map Rs, of ZGe of st
wultiplication by Js is given by the n x n matrix

010. .00

1110 . .0
0 11. .0
P . (2.3.5)
0. . 0111
00. .012
It is known - (cf.  [BS]) - that there exists a unique hypergroup
Go = {1 = J,..3.....3,} satistying 2.3.5, that every element of this hypergroup

i self-contragredient and (consequently) that this hypergroup is abelian.
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We know that G, acts on Gy if this action is given by
Z°Gy — End(Z°G)). let us write A; for the matrix representing (). Let A;

have the block decomposition

(7 5]

corresponding to the partition: n+ 1= (0= 1) +2.
so proved by induction and straight forward (though laborious and

It can b
using the fact that each J; is an appropriate polynomial

painful) computation.
in 4,. that these matrices have the following descriptions:

0 ifl+m<i-lor|l—m|>i
Pl.m)y=1 2 ifl+m>2n—i+1

1 otherwise:
..... 0,1,1,.... 1], the first

R, = Q' has identical rows. both rows being equal to [0

1 oceuring in the (1 — i +1)% colum; ie.,
1 iflzn i1

Qulom) = Ri(m.l) =
2 m (m-8) {U otherwise

and
(Sik-r. Sie-2e Susn Suiera) = (18285 0
(5080} = LIk
where
[ R S
01 10

Most of the computation is trivial; but we do wish to point out what causes the
ambiguity as well as the periodicity in the S;’s which is crucial to our argument.
The poine i that the relations (2.3.3) and (2.3.4) are seen fairly casily to imply that

for1<j<n—1

. Qjop g QG
20, = .
: forj=n-1

3.
Qpoy + Qg Qe F Qs
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thereby establishing that the tivst (n = 1) columus of A. are indeed as asserted
Since Py and Ry have been determined, so also is Qo(= By), since the fact that .3,
i« self -contragredient implies that Ay is a symmetric matrix.

The furthy

relations (2.3.3) and (2.3.4) is ouly that

or information - about Jza,, and S - that can be gleaned from the

ooy s

= 20,1+ O+ Qe

This means that Sy is a symmetric 2 x 2 matrix (with non- negative integral
entries) whose two columns have sum equal to (1,1 This means that necessarily
S. Tor J

Alvo since the two rows (respectively columns) of Ry (resp., Qs) are identical.
this means that Ryl = RaJ (resp., IQ2 = JQs), and consequently, the ambiguity in

the (2.2) entry in the block decomposition of Ay only results in the ambiguity of
the (2.2) entry in the block decomposition of any polynomial of Ay

The fact that the S.’s exhibit the periodic behaviour ascribed to them is an easy

consequence of the forms of the Q,'s and R/’s and is established by induction. Begin

by noting that - since the hypergroup G is abelian - we have, in view of the form of
the matrix for Ry Aco = Avde - Ap— A for1<k<n—=1 (with the convention

that A, =0 ). Comparing ) entries, we find that

Ser = RoQu+ SuSi = Se— Sk, for 1<k <n—1 (2.3.6)

1If the assertions about the matrices P, Qi, Ri, S; have been verified for i < k. it i~
<cen that RaQy is the 2 x 2 matrix with 1’s everywhere - i.c., R2Qx = I+ J. On the
other hand, if Ss = I, it follows from (2.3.6) that Sy = (I+J)+Ix =T~ =J, that
S, = (I+J)+I~J—=J=I = J, and that Sy = I+ D) +IxJ-J-J=1 while if S, = J.
2.3.6) implies that Sy = (I+ )+ Jx J=J=I =1, 8= I+ ) +Jx I-I-J=J.
and that Ss = (I+ ) +JxJ=J—-I=1 Hence, in cither case, we see that S; = J
and S5 = I. Then (2.3.6) implies that Ss = (I + D)+ S xI—I—J=35, and
it is clear from the recursion relations (2.3.6) that the S;’s behave in the periodic
fashion indicated.

To proceed further we need to discuss two cases depending on the parity of 1,
where we defer the case of odd n to the next chapter.

The case of Dyt
Suppose k is odd: then n = 2(mod 4), so that S, = S; and S, = . The last
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column of R, shows that 4,9, = 3, +23,. Since m; is an action, we should have
A,y + 24, and in particular, RaQ, + S2S, = Su-1 +28,; dee., I+ )+
2S,. or I-J=2S, which is not true.

Suppose k is even ; then n = 0(mod 4), and we have S, = J and S, = 5.
As before. we should have RoQ, + $2S, = Suy + 28 de, (I+ ) + 52T = Sy +
2J. or I+ J=2J which is also not true.

Hence we have completed the proof that Dy cannot arise as a principal graph
for an inclusion of IT; factors
The case of y,..:
Assume there exists a finite-index inclusion N C M of II, factors with (2,1 as the
principal graph corresponding to the tower {N'U M} of relative commutants of N
in the basic construction.

We first argue that the smallest entry of the Perron-Frobenius eigenvector of Bt
occurs at the unique vertex of valency 1in 3., for all n > 1. For this, set d = |4,
where A denotes the adjacency matrix of the above graph. It is clear that d > 2.

Let us ame, only for this paragraph, that the vertices are numbered linearly, in

increasing order from the unique vertex with valency 1 (which is asssigned label
1). It is fairly easy to see that, since d is the Perron-Frobenius eigevector of A,
then the k% coordinate of v is Pey(d) if k < n, and (3)Pua(d) if k = n+1,

Py(t) = 1.P\(t) = t and Piy(t) = tPi(t) — Pe(t) for k > 1. Thus, in order to
prove our assertion about the smallest co-ordinate of v occuring at vertex 1, we
need to prove that 1= Py(d) < Pi(d) < ... < Pa(d) > 2. On the other hand only,
we know that Pi(2cos(z)) = ﬂ:ﬂ_f& for all complex numbers z. Since d > 2, we
may pick a positive real number y such that 2cosh(y) = d. Now put z = iy, and

note that for any k, we have

sin(k+ 1)z — sin kz
sinz
cos(k + 3)z

Pi(d) = Pey(d) =

cosyz
cosh(k + 1
_ cos (k+3)y 50
cosh §
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while the inequalities n > 1 and y > 0 imply that

P,oy(d) P,.1(2cos(iy))
(sinh ny)
(sinh y)
(sinh 2y)
(sinh y)
= 2coshy
> coshy
d
3
Now we argue, as we did in the case of E7 and D, , that the identity of the
hypergroup Gy must occur where indicated. Assume that the other vertices are as
labelled below.

Tn Tt

a=aq ay a,

As before. if we let R, denote the matrix of the operator on right-multiplication

by a = q; from Z" Gy to Z"G, with respect to the ordered bases {v, Ynsr} and
{1, o, } respectively, we see that R, is given by the n x (n + 1) matrix

11 0 0

01 0

0 0 1

R, = 0
0. . 0010
00 . . 012

from which it may be deduced via the equation a@ = 1 + 7, that the matrix of the
operator R,, of Z~G, of right multiplication by 7, is given by the (n+1) x (n +1)
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matrix
010 . 00
1110 0
111 0
R, = (R,) R, —1I= 0
0. . 0112
00 . .023

The second column of the above equation, for instance, says that 43 = m+72+7s
and hence that 43 =13 — 71 — 72, whence Ry, = R, — R, — Ry A similar analysis

of columns 2 through n, yields the formulae

R = R.,R, -R, — Ry, forl<i<n
e \ .
T\ URLR, - Ry —R,) fori=mn

It ix clear that the R,'s can now be recursively computed from the above equa-
tions, The desired contradiction stems from the fact that the matrix R, turns
out to have a non-integral entry. The computations are as follows:

For k = 1.....n + 1. let v denote the n x 1 column-vector defined by

= (0.0.....0.2.6. 18,540 0 (2087 (20359)

where the first (n = k + 1) entries are equal to 0 and / denotes the transpose.

For k= 1.....n + 1. let P denote the n x n matrix defined by

0. ifi+j<hkor|i—j|>k
Plij)=¢ 1. ifh<itj<2n—k+3and|i—j|<k
4.3m, ifi+j=2n—-k+3+m with m =0,1,2,...
(Thus for instance. if n =7 and k=5, 5 would be the following matrix:
000010 0
000111 0
001111 1
011111 1
111111 4
011114 12
0011 4 12 36
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Finally define the (1 = 1) « (n + 1) matrices Ay, ..., Aus1 by the block decompo-

P v
o 8|

It can be verified by a straightforward, if somewhat laborious, induction argu-

sitions given by

A=

ment that

R o A forl<hk<n
- %Au,l fork=n+1.

This would imply that <4, 2% Y0 >= %, which contradicts the require-
ment that these numbers should be non-negative integers.
We conclude finally that the graph ., could not have arisen as the principal

graph of a finite index inclusion of II; factors. Q.E.D.

Remark 31 An almost identical argument also shows that the graph 3§, cannot
arise as the principal graph of a finite-index inclusion of II; factors, where the only

distinction between 3%

-

yand Jy, (=43,,,) is that the unique double bond in the
latter is substituted by k bonds in the former. Also these arguments fail in the case
of 3y, - or %, for that matter - since it turns out that in this case the adjacency
matrix arises as the matrix R,, of right-multiplication by the second element of a

unique hypergroup {1 = 4192, .... 72, } with 2n elements.




Chapter 3

My-graded Hypergroups

3.1 Introduction

In this chapter we define the notion of an Mj-graded hypergroup. This notion ex-
tends the notion of hypergroup and is motivated by the example of the ‘paragroup’
introduced by Ocneanu in the context of a pair of II; factors. In fact our axioms in
the definition of My-graded hypergroup describe the algebraic structure possessed
by the collection of all isomorphism classes of irreducible N— N, N— M, M~ N and
M — M bifinite bimodules with respect to taking tensor products and contragredi-

ents.

In this chapter, after defining My-graded hypergroups, we derive certain con-
sequences of the definition. We extend the notion of a dimension function to M,-
graded hypergroups and prove that every finite irreducible Mp-graded hypergroup
admits a unique dimension function; an casy consequence of this fact rules out sev-

eral graphs from arising as principal graphs for inclusions of II; factors.

We also prove the non-occurence of the Coxeter graph Dy.3 as principal graph

for an inclusion of II; factors in this chapter.

R4
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3.2

-graded hypergroups

The notion of an M-graded hypergroup is a generalization of the notion of a hy-
pergroup. Whereas the definition of an abstract hypergroup was motivated by the
hypergroup of I1; factors defined in the first chapter, the notion of M,-graded hyper-
aroup defined first in [V] was motivated by the paragroup (cf. [01]) of the inclusion
of a pair of II, factors.

Definition 32 A discrete A,-graded hypergroup is a set G= || Gy (wherelJ

15i5<2
denotes disjoint union) with a map from § x G to Z*G denoted by

(a.d)—ad= Y <a@Bv>
e

satisfying the following conditions:
(i) <a=dq>#0for only finitely many 7, for all a,Beq;
(ii) Gy, = Gu C ;62 Gu and ZG is an (associative) ring;
(iii) there exist 1g € G,.. i = 1.2, such that,
= aforallae@; 1<4,j<2,
= aforallaeG,, 1<ij<2

(iv) there exists a self map of G denoted by a @& such that,
a € G,; implies @ € Gji( Le., G € G5)

and

cacda>=<aoyf>, forala §yEG.

Remark 33 If Gi2 = G = Ga» = 0, an My-graded hypergroup can be thought of
as a hypergroup as in [S1].

Example 34 (1) The above definition is motivated by the following example: let
G =G(N). Gu=G(N.M). Gn= G(M, N) and Gz, = G(M), where N and
Al are II, factors and G(P. Q) represents the collection of isomorphism classes
of irreducible left P finite, right Q finite P— Q bimodules with the convention
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that G(PP) = G(I). Then Gy and Gas are hypergroups, Gz = Ga1, n and
G act on G (equivalently Gas and GFf act on Gy ) in the sense of Definition
18
(2) Clearly Zy-graded hypergroups yield Mj-graded hypergroups. 1t
G =Gy G, is a Zy-graded hypergroup, then G is an M,-graded hypergroup
with G = Ga = Go and Gz = Gay = Gy. In particular if G is a hypergroup,
then G x Z, is

A Zy-graded hypergroup, hence an M,-graded hypergroup.

Remark 35 (a) (i) In Example 20(ii) G(N) and G(M) are hypergroups and they
act on G(N, M) and G(M. N), respectively. (ii)It is not hard to see that being
given an M-graded hypergroup is equivalent to being given hypergroups Gy,
and Gy, with commuting actions m and p of G|; and G5} respectively on Gy
satisfying. for all a, J1a. 112, 612 in Gpa,

3w (@A) w(sn) (e 6i2) = D0 P(53,) (@12, 7112) p(K32) (Brzs 612)-
=G rneGan
The above condition stems from the associative axiom of Mp-graded hyper-
group and can be easily proved as in Proposition 23.

(b) Objects with similar structure, with the name “fusion algebra”, were discussed
in [03] and in (EK]. The definition that we give seems to be the most natural
one in the context of bifinite bimodules over I, factor - subfactor pairs.

The hypergroup algebra:
Given an M,-graded hypergroup G we can consider @G, the class of all finitely
supported complex valued functions on G. The space @G has a canonical basis

{fa.a € G}, given by fu(3) = baz and then f = Y. f(a)fa for all f € QG.
acG
We can make @G an algebra by defining a ‘convolution product’ on @G, given by
foxfs=3 <a©da>f (ie, fox fz(7) = <a®py >). More generally, for
fgin dG.
Frg= Y fla)g(d) <a® B> frn

wineG
where f= 3 f(a)fo and g = 3" g(3) f5. The associativity of ZG ensures that @G

- 3G
is an associative algebra with respect to the above product. We can make JG an
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inner-product space. which we denote by V; by demanding that {fo;a € G} is a

(necessarily maximal ) orthonormal set of vectors.
Now we can consider the loft rogular representation of @G. For f in @G, define
the lefe multiplication operator Ly on Vby Ly g = fxg. Clearly f— Ly is an algebra

homomorphism of @G into L(V) which is unital - fi, + fi, is the identity of

ag and L"g + LJ‘Q is the identity of L(V) - and faithful. Further if we define
n :

f'(a) = f(@)- the complex conjugate of f(@)- then the contragredient axiom ensures

that < Ly g.h > =< g.Lph > for f. g, hin dG.

Definition 36 An M,-graded hypergroup is said to be irreducible if the (commut-
ing) actions of G, and G% on Gy, are both irreducible.

Remark 37 It follows from Remark 25(ii) that the My-graded hypergroup obtained
from the paragroup of a factor - subfactor pair is irreducible.

Proposition 38 The equation 7(f) = f(lg"}+f(lgn) defines a faithful positive
trace on G for any My-graded hypergroup G.

Proof:
Clearly.
W = <Lifig hg >+ < Lfflg"-ﬁg >,
f*f) = < L/‘v/fzg“’flg“ >+ < L/'vlflgn«flgn >
= < L/'L/flg”~flg >+ < L,.L,ﬁgn,fxgn >
= <bifig Lifig >+ <Lifg Lihg, >
= < f*f\g Lfx flg” >+ < f*f:gn»f* fjgn >
= <fxlhig +hg hfxlhig +hig )>
= <ff>

(since f fig te)z G, implies < fx f,g Jf* f1g =0).

Therefore 7

< faithful and positive.

f*g) = <fu/.fg“ >+<f*y‘fugn >
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= <yfrhg >t<gf+fig >
= <gfrlhg +hg)>

= <g.f>

= X gla)f(@)

(a — @ being an involution of g, as shown below)
= tgxf)

Hence 7is a trace. Q.E.D.
Now we will discuss some consequences of the definition of an M,-graded hyper-

group.

Proposition 39 Let G = || G, be an My-graded hypergroup. Then,
g2

(i) G, are hypergroups. i =1.2:

(i) 1g, are unique. i =1.2:

(iii) @ — @ is an involution in G:

(iv) ca2dr>=<q2da>=<I0a5> (ie, a®f=pRa).

Proof:

(i) By axiom (ii) in the definition. we have, Gi; ® Gi C Z7Gis.
Hence we have a map : G, Gy © Gy — Z° given by (a, 8,7) »< a® 8,7 >.
The identity of G;; is 1g, by axiom (iii) and Gj; is closed under contragredients
by axiom (iv). The associativity of Gi; follows from axiom (ii).

(ii) The uniqueness of 1 follows from the fact that the identity is unique in a

hypergroup.
(iii) We have

1= <aq;olg.a;>

> g lg >, by the contragredient axiom
5
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£ o, 2
<a;21g a5 >,

wce & € iy

Hence &5 = oy

(iv)

Ve3> = < fakfofo>
= 7(f5* fa* f3)
= T(fox fix fa)
= < fy*fo 5>
= <y@a,F>

<y®B,a>.

Note that < a @ 3.7 > = 7(f, * f3* f5).
If g is such that g(1g, ) + g(1g,) € R, then 7(g) = 7(g"), hence

<a237> = mfarfoxf)
fy* f5% fa)-

= <3oar>

]

QED
Definition 40 A dimension function for an M-graded hypergroup G is a map
d: G (0.x), satisfying the following conditions:
(i) d(a) = d(@), for all a in G
(if) d(a;)d(Jp) = Y < ;S Fe e > d(ax), for all i,k =1,2.

weGus

Remark 41 From the above definition it follows that, restricted to the hypergroups
G i = 1.2, the function d is a dimension function for Gi;.

Theorem 42 Every finite irreducible My-graded hypergroup admits a unique
dimension function.
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Proof:
Let G = || G.. denote a finite irreducible Ma-graded hypergroup.

A lincar operator T on 1" - the innerproduct space @G with orthonormal basis

{ fo: €0} -isidentified with the matrix (tas), where tos =< Tfs, fa >. Thus
L, (resp.. R, )} denotes the matrix whose rows and columns are indexed by G and
whose enrry in the position (4.4) is < a 09,3 > (resp., <7® a,8>).

Let = denote the action of G, on G fori. j=1.2.

E>

stence:

On G,; define d to be equal to the dimension function of Gy, for i = 1, 2.

Recall. from Proposition 26, that if

1
b= e Y dlag)ay, i=1.2,
Z d(.3;) el

3.2,

then ¢, € R°G,,. ¢, = ¢} (the adjoint of ¢; in @G;; ), d(e;) =1 (don G,

extends by linearity to a function from @Gy to @ which is clearly multiplicative ),

J

= 1.2. are irreducible so that the matrices corresponding

aue, = e, = d(ay)e,. and 7(e,) is a projection in End(aGy;).

Since G is irreducible 7, i

to 7i(e,) have strictly positive entries. Let Vi; be the Perron-Frobenius eigenvector

‘(¢2)- Thus V;, is a (column) vector, in the range of m(e;), with strictly positive
entries. which is unique upto scaling by a positive constant. We assume that Vi is

normalised such that V;;(1g ) = 1. so that it is the dimension function vector for Gii.

a.
For i = j. we shall choose a suitable normalization later. Thus (e, Vi = Vi, i
2 (the Perron-Frobenius cigenvalue of 7i(e,) is 1, since 7(e;) is a projection ).

Since V;; belongs to R G,, it is of the form

3 Clay)ay, forij=1.2.

=Gy

where C(q,;) are nonzero positive constants.

Consider pj(ay,) belonging to End(dG,) given by
Pila) (Vi k) = < K5 @ Qp i >oig=1,2.

Since in . < &y, D ay,. g > =<ag
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Proof:

Let G = || .. denorte a finite irreducible My-graded hypergroup.

A linear operator Ton V the innerproduct space @G with orthonormal basis
{ fo: «a €@} -isidentified with the matrix (tas), where tog =< Tfs, fo >. Thus
L. (resp.. R, ) denotes the matrix whose rows and columns are indexed by G and
whose entry in the position (44) is < a @,8> (resp., <y a3 >).

Lot = denote the action of G, on G, for i j=1.2

E>

stence:

On G, detine d to be equal to the dimension function of Gy, for i = 1, 2.
Recall. from Proposition 26, that if

e =

1
o M, i=1.2
> AT

then ¢, € R°G,,. ¢! = ¢, = ¢! (the adjoint of ¢, in @G, ), d(e;) =1 (donGy
extends by linearity to a function from @Gy to @ which is clearly multiplicative ),

e = e = d(a)e. and 7 (c) i

1 projection in Bnd(dG;).

Since G is irreducible 7, i j = 1.2, are irreducible so that the matrices corresponding
T
of 7

= (¢,) have strictly positive entries. Let Vi; be the Perron-Frobenius eigenvector
(¢,). Thus V, is a (column) vector, in the range of mi(e;), with strictly positive
encries. which is unique upto scaling by a positive constant. We assume that Vi is
normalised such that Vii(1g ) = 1. so that it is the dimension function vector for G;;.

For i = j. we shall choose a suitable normalization later. Thus m(e;)Vi; = Vij, 4,5 =

1.2 (the Perron-Frobenius cigenvalue of m(e,) is 1, since m(e;) is a projection ).
Since V,, belongs to R°G,; it s of the form
v, = 3 Clayay forig=12

where C(a,,) are nonzero positive constants.
Consider pj(a,,) belonging to End(@G;) given by

D) (v K) = < 5 @ iy 13 >,6,5 = 1,2

Since in G. < Ky, D000, > = < O OKL T >,



44 CHAPTER 3. M,-GRADED HYPERGROUPS

we have,

Pi(0n) (i m) = 75(@) (T B
so that the matrix corresponding to pj(e;) has strictly positive entries.

Clearly, m(¢,) commutes with p(e;), for i, j = 1, 2. Therefore V; is an eigen-
vector, hence the Perron-Frobenius eigenvector of pl(e;). But Vj; is the Perron-
Frobenius cigenvector of 7(¢.). Hence we may assume that Vj; = V;;. and thercfore
C(@r;) = Clayy).

Assertion:
(i) V5, vy = () Vi where (a,) is a positive constant depending on ags;

(i) Vi, 2 a,, = v(a,)V,,, where u(a,,) is a positive constant depending on ay;

(i) p(a,) = C(a

.- a coustant depending on (i. ), for 4,5 = 1,2.

Proof of the A,
Note that for i

ssertion:

J the above assertions are about the hypergroups G;; and hence
=t =C=dand consequently k, = 1.i = 1.2.
Therefore in the remaining part of the proof of the assertion we assume that i # j

(i) In @G for a, € G, for i.j = 1.2,

(A OV, Day = au © (Vi oay)
Ra(m(aa)Vy) = (i) (Ra, Vi),
Multiplying both sides by d(a;;) and summing over a;; in G, we get

R (mi(e)Vi) = mi(e)(RayVi)
fen RV = mi(e)(BaoyVs)

since Y0 d(aw)as = (Y d(aw)?)es, and mi(e;) Vi = Vii. Therefore R,V

ausGu
is in the range of 7}(e,). Further, R, is a matrix with non-negative entries,
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5

with non-zero rows and columns (since, 7 is irreducible) and Vj; has strictly
positive entries. Hence R, V;; is a positive scalar multiple of the Perron-
Frobenius eigenvector of mi(e;) which is Vi;.

(i) The proof of (ii) is exactly like the proof of (i), except that one starts with the

cquation
(n V) may; = 00 (Vi)
(iii) We have
V, = ¥ Clayay
aieGiy

Vi ai = plax)Vi
Since C(1g,) = 1, we sce that

play) = <V;0aulg >
= <Vylg 0>
= <V ai>
= C(@).

(iv) We have

= a; © (Vo8
i @ 6(35)Vy
e o@)Va® By = o(8,)V; 005
e Cla)oB)Vi = CBy)w(as)Vy
- ul3y) (@)
C(B) Cla)

Hence.

vlag) P e
Ty = b a sticrly positive constant for alli.j = 1,2,

where Ay =k
Detine

=1and k;p =

d(a,) = /kyClay).
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We will verify that the d defined above is a dimension for G. To begin with, note
= kaj, we have d(a) = d(@) for all a in Gi,.

that since Vi, = V3. and
We need to check that

d(ay;)d(3, Z < ai; ® Bi, vik > d(vik), for all i,5,k=1,2.
w<0u

Since d|G,, is defined to be the dimension function for the hypergroup Gy, the above
equation is satisfied for i = j = k. The remaining cases are i =j # kand i =k # j
as i.j.k belong to {1,2}.

Case(i): i = j # k.

Vie = Z (vie)vie

therefore Vi, © 3, = Z (1ik) vk © Bri
<G
le p( )V = Z 3 Clrie) < %k ® By s >
aieGiiveGix
C@Ba) X dla)ai = > 3 Cow) < 7 @ Bui i > s
aicGu; G G
therefore d(ay)C(Bn) = 3 < %k ® Bu, aii > Clv)
e
1 1
Le. d(oy)—=d(3u) = <@® ik > i
&:Es (a)m((lﬂ) Mezgk @i ® By Yik \/IT (Vi)
i d(ai)d(Be) = Y < 0w ® By > dlvie)-
uweGi
Case(ii): i =k # j.
Vi = 3 devi)w
€T
Vi d; = Y dva)v © 8,
1ieGa
ie.v(d;)Vi; = 3 d(y)vi ® B by the assertion(ii)
2weGa
e kyC(3y) 3 Clag)ay = 3 3 dlw) < % ® By a4 > ay

ay<Gy ai;€GiivieGu
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Qe k,Clay)C3y) = 3 <ay®F > d(vs)

~i€G

So d(ay)d(3,;
G

Uniqueness:

=d(ay)d(3y) = > < ;OB > dv)-

47

Let d be a dimension function for G. By the definition of a dimension function,

restricted to the hypergroups G, d is a dimension function for G;; and hence equal

to the unique dimension function for G;; which is equal to d, so that d and d agree

on Gi.i=1.2

So to prove the uniqueness of the dimension function it is enough to show that d

and d agree on Gyj.i.j € {1.2} and i # j.

Let V,, be the element of @G,; whose a* coordinate is d(a;;), i # j . Thus V; is a

vector with strictly positive coordinates.
Assertion:

V,; is an eigenvector of mi(e,).

Proof of the Assertion:

(FeV)3s) = X @3B 1) Vi)

0<Gy

>
el Zg dws)’ (55,

- S dan) Y < au®;,8; > div;)

Z d('i" wicGa %eGis

e 3 daw) Y <@ o fiyv > d(vy)

> :l(m:) o el
% o <G

= = 3 dlas)d(@)d(B;)

d(ri)?

Since d(a,;) = d(a;) = d(ay) for all i, the right hand side of the above becomes

- ﬁ Zg d(a)2d(By)

ucGa

7 2 dlaw)m () (B, 25)d ()
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= d(3y)

Hence V, is the Perron-Frobenius cigenvector of mi(e;), so that V,; is a positive mul-

tiple of V.. Thus we get d(a,,) = Cd(a;;) and d(az) = C'd(ay;) for some positive

constants ¢ and By the dimension function equation, we get
cC o= 1

Also d(a) = d@) =C = C

Henee. C = C =1

Thus. d = d

Hence there exists at most one dimension function for G. QE.D.

Corollary 43 The dimension function of a finite M,-graded hypergroup sat-
isfies the following equations:

Y odlan)?= Y dlap) =Y dlawn)’

an=Gy, aw=Gu aneGn
Proof:

We continue to use the notation of the proof of Theorcm 42.

VitV = Y dlan)an o Vi
= 3 d(an)(d(a)Vay). since ay ¢ Vig = d(an)Vaa,
=G,
= > dan)Vi.
=G
Also.
Vi = Vo Y Clap)as
azeGu
= Y Clan)Vnoan
an=G
= X Clan)v(an)Vi

3 d(an) Vi
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Thus.
d(ay > d(en)?

Simile
Nodtan)' = Y d(aw)?

Bur
S odlen) = Y d(aw)’

since d(a) = d(@) and a — @ is a bijection between Gy, and Gy,.

Thus from equations 3.2.1 and 3.2.2,

Yo dlan) = Y dlan)= Y d(an)

an-Gu oG ancGan

(3.2.1)

(3.22)

QED.

Remark 44 In [03], Ocneanu calls the number Y~ d(ay;)* “global index” in the

context of fusion algebras.

Corollary 45 For all a in G. d(a) < 2 implies d(a) = 2cos? for some integer

no>2

Proof:
We have

R, Vi = p(a)Va
and

R, Vi = v(ai)Vy
From 3.2.3.

RayVi, = (@))Vu

(3.2.3)

(3.2.4)
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Thus

RiR,Vi = Raz(v(a;)Vy)
= vla,)e(@;)Vi
= kyClay,)Vi

= dlay) Vi

Hence Vj, is a Perron-Frobenius eigenvector of the matrix Ra;R,,; with the eigen-
value d(a,,)%. so that d(a,,) is the norm of the non-negative integer matrix Ro,.

for a finite matrix X over Z, either | X|| =
2087 for some integer 1 > 2 or | X]| 2 2), d(ay) < 2 = d(ay;) = 2cos%, for some
n>2(n #2asd(a;) # O0foranya;). QE.D.

Hence by Kronecker's theorem (i.e

Remark 46 (a) If a pair of finite graphs arise as principal graphs of a finite index
inclusion of II, factors. then the vertices of the graphs label an Mj-graded hy-
pergroup and hence it follows from the above Corrollory that the smallest co-
ordinate of the Perron-Frobenius eigenvector must occurs at the distinguished
vertex +.

(b) The above corollary rules out several graphs arising as ‘principal graphs’ for
the inclusion of I, factors.

Just o cite an example, consider the following graph with the Perron-Frobenius
cigenvalues of the matrices corresponding to the vertices marked.

1 (&

Observe that. A = /3 + /3. 22 is between 1 and v and is not of the form

2cos? for any integer n
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(€) The restriction in the above corollory that we obtained just from the abstract
settings of an M,-graded hypergroup was proved in the case of principal graphs
of subfactors in P. theorem 3.8] and (I theorem 6.1].

Now we prove that the Coxeter graph Dyg.3 cannot occur as the principal graph for
any inclusion of IT; factors
The case of Dye.3:

We will follow the notation we used in the case of Dy.;. So we are considering
D. J will leads to a
contradiction to the equation A,A, = A,_; + 24,. However, setting S; = I does

_y when n = 2k + 1. In this case also the possibility

lead to an action of Gy and the contradiction is not yet reached. What we have
<Lown however in Chaprer 1 is that there is a unique hypergroup Go and a unique

action of this hypergroup on G, that is consistent with the equations 2.3.3 and 2.3.4.

Only this much cau be proved by considering only ‘one-sided” actions, or equiv-
alently only one of the principal graphs. To proceed further, we must note that,
corresponding to the tower {A N AL : n > 0} of relative commutants of M in the
members of the tower of the basic construction, there exists another principal graph
Ho whose odd vertices are in bijection with the Gy of the original principal graph,
in such a way that H, admits a right action 7 on G, which commutes with the
as in Remark 35(a)(ii).

First note that the principal graph corresponding to Hy and Gy must be a Coxeter

left-action of G

diagram the norm of whose associated adjacency matrix is the same as that of Da, 1.

This can only be D, ., or a suitable A,,. Since the set of odd vertices of the graph

must have the same cardinality as G, we find that the other principal graph must
also be D.

and that = = 7Y

1. Then. we deduce from the earlier analysis that we must have Go = Hy

We may now deduce from the Propositon 23 that Gy LGy must have the strue-
ture of a Zs-graded hypergroup ¢ with every element of G, self-conjugate. In this
hypergroup. we would have : L, = my(.3):57,(9) for all #in Gy, where m denotes the
action of G, on itself given by left-multiplication, 7; denotes the action of Gy on Gy,

and L ; denotes the matrix of lefe-multiplication by 3 on G with respect to to the

ordered basis {1, ... Ju. ). ..., 1} . Since every element of Go, as well as of G, is

<elf contragredient. we deduce that the hypergroup G is abelian. Note now that the

cquation aja, = a,a- = 3, = a,.a; = aa,.; imply that the last two columns of
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the matrix L, are equal: since this matrix is symmetric, the last two rows are also
equal. Then, since L, L, = L, . it must be the case that the last two rows of Lg,
must be equal. However the bottom 2 x 2 principal submatrix is S, which is equal
to for Jand the desired contradiction has been reached, thus finally completing the
proof of the fact that whether n is odd or even, the Coxeter diagram Dy, cannot

arise as the principal graph of any inclusion N C M of II; factors.



Chapter 4

Examples and Classification

4.1 Introduction

In this chapter we discuss some isolated and certain sequences of examples of finite

so discussed in this

hypergroups.  Classification of small order hypergroups
chapter

In the first section we discuss some examples of finite hypergroups associated
with certain finite graphs in the sense that they are generated by the adjacency
matrices of the graphs.

First we deseribe a sequence of 2n element hypergroups generated by the ad-
jacency matrices of the graphs 3y, for all positive integers n and k. Another
s of the

sequence of 1 element hypergroups is generated by the adjacency matr
Coxeter graphs B, for n > 6 where n # 7,10, We also describe certain exam-
ples given by the “connected sum’ Ay, #G of the Coxeter graph Az, and graphs
associated with certain finite hypergroups which are either groups or group duals.

In the second section we classify finite hypergroups of order < 6 where by the
‘order’ of a finite hypergroup G we mean Y dZ, where a +— d, denotes the unique

asG

dimension function for G
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4.2 Examples

The 4, hypergroups

The adjaconcy matrix of the sraph Ja, generates a 2n clement Hermitian hyper-
group § = {a:.

First we label the %, graph as shown below.

Qo1 Qon

If we write A, = Lo, then A, is the 2n x 2n identity matrix, A, is the adjacency
matrix of the graph 4, and the remaining /s are as described below. Then the

adjacency matrix of Jy, which we denote by A, is given by,

010...000
101...000
010...000

Ay =
000 100
00 0 010
000 102
000 020

Lif [L—m|=1and L,m #2n,
fe, As(lm) =4 2iflorm=2nand |l-m|=1,
0 otherwise .
The A,'s have the following block decomposition corresponding to the partition
{ar s wan } U {an} of G

In e
"”[Q; R,}’
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where the blocks have the following deseription
Caseil

P are the (20 — 1) -

i< 2n

1) symmetric matrices given by

Oiflem <ior [L—m|>iorl+m=i+2.i+4..
Pilom) = q Vif 1= i< iand L+ m =i+ 1+ 3...4n —
43l =dn— i+ (2r+1).r = 0.1,

Q< are the (20— 1) < 1 (column) matrices with the first 2 — i entries zero and

aiven by

oD {lln’[;\'._’/)flu(’l:2uf/'+2.'lnfr'+4“,.
o 2.3 i l=2n—i+ (2r+1).r=0.1.2...:
and
) [0t s even.
“ 35 i i s odd
i 2r
Pt = { OB+ m < 20 or L+ m = 2n 4 2,20 + 4. ...
: DL 20 (204 1), = 0.1.2.

N 01t s even .
Oull) =
22.0) { S l= 20+ 1= 0,12,

The collection {4 Auv o Ay, } satisfies the conditions (a) and (b) of Proposition 6
ax A is the identity matrix, the A, s are symmetric and the first columns of A,’s are
mutually orthogonal vectors. The condition A A; = 37 Ai(s.5)A, for all i and j

Ies 2

i casily veritied as we need to check it only for i = 2 as the A;’s are polynomials

in 4L and the above equation for i = 2 is just the adjacency relations of the graph

Thus the adjacency matrix of the 4, graph generates a 2n clement Hermitian

hyperaronp. For example. when no = 4 the matrices of the hypergroup are as
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Remark 47 Arguing exactly as above we can show that there exist Hermitian
hypergroups corresponding to 3y for all positive integers o and k, where the only
difference between 3a,x and Ja, ( B ) is that the 2 bonds between the last two
vertices in the latter is replaced in the former by k bonds and the modification in
the A,’s is that the 3's occuring in the description of latter one is replaced in the
former one by (k* —1)’s .

The E, hypergroups:

There exist Hermitian hypergroups of cardinality n corresponding to the Coxeter
graph E,, except when n =7 or 10. The hypergroups corresponding to the Coxeter
graphs Eg and Ey are described in [$2]. In the following discussion we assume that
n>11
We label the E, graph as follows:

1=y « ag a; Qg Gy Gz (ol

We denote the hypergroup by G = {a;i:1<i < n} such that if we write A; = La;,
then A, is the n x n identity matrix and A, is the adjacency matrix of E, given by

010...00000
101...00000
010...00000
Ay = . . . s
000 .01000
000 .10101
000 .01010
000 .00100
000 .01000
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1if [l-m|=L11<lm<n—1,
feAu(lom) = or U#mand Lm € {n.n—3},

0 otherwise ;

The adjacency relations of the graph imply that,

A = AA —Apafor2<i<n=3;
Ao+ A = Avdus— Awes
Apdr = Aws+Aen

Asd, oy = Ay and
A = A
with the convention that Ay = 0. The A/'s are symmetric matrices which admit

block decompositions corresponding to the partition {a;, @ ety JU{ 2, s Q)

of G and are described in terms of a sequence of non-negative integers {a,} defined

as follows:
@ =1.as = 0.a3 = 1 and a; = ax_3 + ax-2 for k> 3.

We have
r, Qi

A=
QR

where the blocks have the folowing description:
Case(i) 2<i<n—3
Oifl+m<ior |[l—m|>iorl+m=i+2,i+4

Plom) =4 1if {1=m|<iandl+m=i+li+3 i+2n—1)=5
@ iflem=i+2n—i—2)+(2t+1)t=01,2.5

Difl<(n—i-2orl=(n—i—2)+2(n—i=2)+4.
P—2)+ (2t +1).t=0,1,2,.5

a5 if L= (n—

Q1) = {

0ifl<(n-i—1orl=(n-i=1)+2n—=i=1)+4.
Q.2) =
@ ifl=(n—i—1)+(2+1),t =012
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W i L= {0 -

L3 = Vifl< o —i—2) orl=m-i-2)+2.(n—i=2)+4 .
3y = )4 (2 +1),t=0.1,2,..

The first five R,'s are given by,

10 07 101 101
R = n1oJ.va= 000|.Rs=|000]|,

001 {100 101

[010 f[oo00O
Ry={100|.Ry=1001

000 010

The R’s for 6 < i < n— 3 are determined by the first five R,’s together with the
sequence {a,} in the following fashion:
Ry = aRa+ai Ry

= @Ry + ai2Rs+ a1 Rs.

Caselil) i=n—2:
From the adjacency relations we have: A,_» + A, = AsA, 3 — A,y The matrix
A, is given by the following description:
P i) Oifl4m< (n-2) orl+m=nm+2n+4,..,
% a(lm) = i
: wn iE L = (n—2) 4+ (2 1)t =0,1.2

w if L= (2t = 1)t =1,2,3,...,

@ualll) =

{ 0 otherwise ;

Jifl=2tt2> 1,
Oralld) = a if >1
0 otherwise ;

a if = (2t —3).t>2

0 otherwise :

Q,2(1.3)

and Ry » = Rowo-

Caseliii) i =n :

The matrix A, is determined in terms of the preeceeding A; ’s by the equation
A, = Ay, 5 — Ay — Ay 2 given by the adjacency relations and A, admits the

following description:

i < = =
Plm) = {Oxfl+m_(n Qorl+m=nn+2

wedflem=(n—2)+2t+1)t=0,1,2.5



60 CHAPTER 4. EXAMPLES AND CLASSIFICATION

weo.. l=(2t-1),t>1.

Quy = " = (-2
0 otherwise ;

outzy = | ii=2e D2 0vitha =0,
0 otherwise ;

@u(L.3)

a ifl=(2t—1).t > 1,
0 otherwise ;

and Ry, = Ry
Case(iv) i=n—1:
The matrix A,_; is determined in terms of the preceding A;’s by the relation

A = - .3 given by the adjacency relations and A, _; admits the fol-
lowing description:
Py = 4 © if 1jm <m-1orl+m=n+1n+3 ..
azg. ifl+m=n+2t.t=0.1.2...;
a ifl=2tt>1,
Qua(ll) =
0 otherwise ;
lifl=1.
Q, 1 (L2) a ifl=2t+3.t>1,
0 otherwise ;
Qur(L3) a, if L =2(¢t+1).t > 0, with ag =0,
0 otherwise ;
000
and Ry, = Ry 1y for n > 11. with the convention that Ry = | 0 0 0 |, so
000
000
that when n=11. Rjg=| 0 0 0
000

The collection {A:. As..... A, } satisfies the conditions (a) and (b) of Proposition
6 as A, is the identity matrix, the A;’s are symmetric and the first columns of A;’s are
mutually orchogonal vectors. Now consider the condition A;A; = 3 Ai(s,5)A

\Esin
The above equation for i =2 and 1 < j < n -3 follows from the adjacency relations
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of the graph E,. The relation is true for 1 <i <n—3and 1< j<n-3asthe
A,’'s. 1 <7 < n =3 are polynomials in A, and the relation is true for i = 2. For

n—2<i<nand1<j<n, the equation can be verified using the above structure
of the matrices A,.

The above equation can be verified for j = n —2,n — 1 and n using the prescribed
structure of the A,’s. For example when n = 11 the matrices of the hypergroup E,

are as follows: A; =11 x 11 identity matrix,

01000000000 00100000000
10100000000 01010000000
0601010000000 10101000000
00101000000 01010100000
00010100000 00101010000
A=100001010000|.4=[{00010101000
6Coo0o00101020 00001010101
00000010101 00000102010
vooouooov1I010 00000010101
00000000100 00000001000
00000001000 00000010100
00010000000 00001000000
00101000000 00010100000
01010100000 00101010000
10101010000 01010101000
01010101000 10101010101
=/00101010101},4={01010102010
000010102010 00101020201
00001020201 00010203010
00000102000 00001020101
000000100001 00000101000

L 600000101010 00001010101
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Connected sum of hypergroups:

We construet some finite hypergroups by taking the ‘connected sum’ of certain
finite hypergroups in the following sense.

Fi
which is a group or a group dual we mean, a bipartite graph with k + 1 vertices

st. by the graph G(G) associated with a finte hypergroup G = {ay, aa, ..., i}

having & even vertices and a lone odd vertex such that the i** even vertex a; is
connected to the odd vertex by d,, bonds, where a; — d,, denotes the dimension

function of the hypergroup

2 1#G(G) of the Coxeter graph Ay, and the graph
G(G) associated with the hypergroup G which is a group or a group dual we mean

By the connected sum

the graph obtained by identifying the (2n — 1)** vertex of the graph Ay, with the
vertex corresponding to the identity element of the hypergroup in the graph G(G).
Note that the number of vertices of the graph Ay, 1#G(G) is equal to 2n — 1+ k,
where & is the cardinality of G and 4,#G(9) = G().

First we consider a sequence of finite hypergroups given by the graph Ay, 1#G(S}),
where Sy denotes the unitary dual of the group Sy.

We label the resulting graph as follows :

O = Qony

1=a; az ay Qapen Qoue) gy €= 42

There exists a Hermitian hypergroup of cardinality 2n + 2 associated to the above
graph for all positive integers n. If we denote the hypergroup by ¢ = {a;: 1 <i <
212}, then {a, : 1 £ < 2n—1} represents the vertices of the Coxeter graph Ay, _,,
ay, represents the odd vertex in G(S3). The vertices as,.) and aguyo represent
respectively the 2-dimensional and the non-trivial 1-dimensional irreducible unitary
represencations of the group Sy. With the above labelling of the graph, we have L,,

ix equal to the (21 +2) x (2n + 2) identity matrix and L,, is equal to the adjacency
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matrix of the graph 4., =G(S;) given by

6010...0000
101...0000
010...0000
000 .0 100
000 .10 21
000 .0200
000 .01 00

1if [L—m|=1and Lm < 2n,
or U m.l,m € {2n.2n + 2},
2if1# m and L,m € {2n.2n +1},

0 otherwise .

ie., Lo,(Lm) =

The adjacency relations of the graph imply that,
L., = LaLa, = Lo, 3<i<2n,
Lo, = LaoLa,

2La, -t am = Lognar

o that L,'s for 3 < i < 2n are determined as polynomials in Lo, and the sum
9L, + La,., is also determined by Lo,. We make choices for La,,,, and La,.,
such that the collection {L,, : 1 < i < 2n + 2} corresponds to a hypergroup.

The L,’'s admit block decomposition corresponding to the partition of

{0 s e} U Qe s} 0f G as follows:

Lefn e
' Q R
The blocks have the following description:

Case (i) ¢

The Ps are 1« n symmetric matrices given by,

<i<om:

Qifl+m<ior [l—m|>iorl+m=i+2,i+4, ..,
Pl =4 1if [l=m|<iand l+m=i+1i+3 . dn—i+1
Hiflem=i+22n—i+1)+ (2k+1),k>0;
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The Qs are 11 « 2 matrices given as below:

nn‘lS271—1+1orl:271—i+3A2n—i+5,...

Qlomy =14 2~ 4 if ifl=2n—i+2kk21 and m =1,
sl ifl=2n —i+2kk>Tand m=2;
The R,'s . 2 symmetric matrices given as follows:
0 o 10 32 .
R, = ifiiseven Ry = and Ry = .The R’sfor3 < i <2n
00 01 20

ne[o]
Yi Z

oo and 2 = 2yi-2.

where r, = 4x, » +(—1)

Case(ii) i > 2n:

Our choice of Ay, and Ay, . is completely in terms of the preceding A;’s in the

following fashion:

Py = [(Q1)1(@2)1+ o (Qu)1] and Prz = [(Q1)2(Q2)2 s (Qan)2] +
where (Q,). denotes the s column (vector) of Q.

Equivalently.

and

P (L) = 0ifl+m<2n+41lor orl+m=2n+3,2n+5,...,
T g e i e = 2k k>

Oifl+m<2n+1lor orl+m=2n+32n+5

Py, (L. =
-2 (L m) $FUif L =2+ 2k k> 1
()’ (R
(1) (Ro)*
Qor = . and Q0 =
(o) (B

where (R,)" denotes the r* row (vector) of R;. Finally,

[t s g 1 Tom .
PO EEE R RN T E .
- 0 Yo




66 CHAPTER 4. EXAMPLES AND CLASSIFICATION

Using the above structure of the matrices, it can be verified that the collection
{L, : 1 <1 < 2n -2} satisfies the conditions of the Proposition 6 and hence
G ={a;.ay....ay . ay,.,} is a Hermitian hypergroup.

For example we list the the matrices for A;#G(S;) below.
10000000 01000

01000000
00100000

o
o
o oo oo o o~
O - oo =Moo - o oo o

oo

O O kOO OO0 OO O OO oo

o o

cCoororocooococoomo
CoO o R OO CcOo oo m O .
PN O RO O OO o o
Co Mo R OoONO O RO Mmoo

S e o~ oo

o —

2= o= S s x oo
CmowomOCrXOMOOS OO NO O OGSO
w o ® o

<

= o s o -

5 S

0 320 0
0 160 0

oo rc oo oo

= oo
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0
13
6

0 3
&0
0 13
32 0
0 19
0 13

0 0
0 0
2 0
0 0
6 |'T==o
0 0
13 0
0 1

o~ oo o oo

0

0
0
0
0
1
0
2

0

0
0
0
1
0
4
0

0

0 0
10
0 2
4 0
0 6
16 0
0 13
0 0

S o e oo o

12

67

As above there exist hypergroups associated with the connected sums As#HG(Zy

Z2) and As#G(Z,).

We label the graph A#G(Z, = Zy) as follows:

Let the hypergroup be denoted by {a; : 1 < i < 7} so that Ly, is the 7 x 7

ity marri:

0

and L, is the adjacency matrix of the graph Ay#G(Z, & Z,). The

2< i < Tare as follows:

]
©OCococoroo
SCoom oo
e e O o e

O oo woro

- o o koo

cocoow~ocoo

e o m oo

© oo wo R o

N =

cCo oo o
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0o 0000010 0000
o0 0001000 0001
11 0010101 0010
00| L,=[0102000/,La;=|010 2
01 0010010 0010
10 1000110 0010
00 0010001 1000
4:#G(Z,;) as follows:

ag

Let the hypergroup be denoted by {a; : 1 < i < 9} so that L, is the 9 x 9 iden-
tity matrix and L,, is the adjacency matrix of the graph A;#G(Z;). The matrices

L,.2 <i<9are as follows:

0
0
0

00000 001000000
00000 010100000
00000 101010000
10000 010101000
01000 Lu=|001010111],
10111 000103000
01000 000010011
01000 000010101
01000 000010110

00
00
01
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fTooo1uo0000 000010000
footo10000 000101000
010101000 001010111
101010111 010103000
L., 010103000 Leg=|1010360222
001030222 010306000
000102000 001020211
000102000 001020121
000102000 001020112
000001000 000000O0CO0T1
000010111 000001000
000103000 000010110
001030222 000102000
L.=[010306000|,Ley={001020112
103060444 010204000
010204000 100020101
010204000 001010210
010204000 001010021
000000010 000000100]
000001000 000001000
000010101 000010011
000102000 000102000
Lo=[001020121|.Ly=[0010202T11
010204000 010204000
0010100712 001010120
10002010 001010012
001010210 100020101
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4.3 Classification of small order hypergroups

Let G be a finite hypergroup of cardinality n. Let N = Y d2, where a + d,

denotes the unique dimension function for G. We call N tfi;eg‘order’ of the finite
hypergroup G. Since d, > 1 for all a € G, it follows that N > n. Define G :=
{a € G such that d, =1} and G; = G\ Go. Then Go C G is a sub-hypergroup of G,
which is actually a group. The group Gy acts on the set G, naturally. Let ny and n,
denote the cardinality of G, and G, respectively so that n = ng + n;. Since d; = 1
where 1 is the identity element of the hypergroup G, Gy is non-empty and ny > 1.
For an a € Gy. it follows from Corollary 45 that d, > V2.

In the following discussion we assume that N < 6. Then, as d, > 1 for all
a € G. it follows that n € {1.2.3.4,5,6}. For different values of n we find out all
the possible hypergroups of order at most 6.

We have the following result

Theorem 48 Let G be a finite hypergroup of cardinality n and order N with
Go. G1. ng and ny as defined above. If N <6, then the only possible hypergroups

are:
=1

the hypergroup is the trivial group G = {1} and N=1;
(2) =2

(i) =2, (and N=2). or

(ii) G is given by the multiplication table,
1 a

(3) =3

() 6=2  and N=3 ). or
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(i) G is given by the multiplication table,

1 a 7
11 o 4
a a1 4
i3 1—a-+kd.
where k=0, or 1.
When k
to S;
(4) n=4:
(i) ¢=2
(ii) G is given by the multiplication table,
1 a a 3
11 a a 3
ala a1 3
a al a 3
d03 4 3 +a+a
and N =6:
(8) 1 =5

or Zy Zy (with N =4 in either case), or

=0. N=4 and when k=1. N=6. The case k

G =25 and N=75:

(6) Zi. or Zy+ Zy. or Sy (with N=6 in each case).

Proof:

(1) =1

Here ng =1 and n, = 0.

Then G = Gy is the trivial singleton group and clearly N = 1.

(2) n=2

Since 1 > 1, it follows that n; < 1.
(i) 7 =0: Then G =Go ~ Zy and N=2.
(ii) n: =1

Then G ix the trivial group.

=1 corresponds
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Let G
We have.

L, = 01 i0<keZ,
1 k

so that d, = &= > 1. However, N < 6 = d < 5 and hence k < 1. Thus
k=1and dy = 55 Hore N=1+ (28)2 = 358,
Thus. when n = 2, the possible hypergroups are Z; and {1,} where
) 1
L=
11
(3) n=3

Since ny > 1, it follows that n; < 2.

(i) ny=0:
Then § = Gy = Z3 and N

(ii) Let n, = 1:
Then Gy =~
Let Go = {1. a} and G; = {J}.
Since d; = d3. we see that 3 = 3, which implies that

001
L;=|00 1|, 05keZ
11 k

so that d; = #YF=2 However, N < 6 implies that ds < 2 and so k < 1. Hence
either k = 0 when d3 = /2 and N = 4, or k =1 when ds = 2 and N = 6 (the
case k = 1 corresponding to G = S}).

(iif) Let niy =
Then Gy is the trivial group.
Let . = {a.3}. There are two cases depending on whether the clements of

G, are self-contragredient or not.
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(a) a=a (then - =

In this case 'up G is Hermitian, hence abelian, and we find that

010 001
;l.ry and Ly= [ 0 y =z
L0y = 1z w
for some non-negative integers x, y, z and w. For the above two matrices to
represent two clements of a hypergroup, we should have, LoLg = yL, + zLg;
a look at the (2.3) entry of this matrix equation shows that

l+aztyw=y" +2 (4.3.1)
From the dimension function for this hypergroup,
d* =1+ ad, + ydy and d% = 1 + zd, + wdg.

Since N < 6.1 +d2 +d} <6.
Thus from the above two equations,
(x + 2)da + (y + w)d3 < 3. Further, the fact d,.ds > /2 together with the

above inequality implies that,
T+y+z+w<2 (4.3.2)
We have from 4.3.1
yy—w)+2(z—=z) =1 (4.3.3)

which together with the incquality 4.3.2 implies that maz{z, y, z, w} = 1.
The equation 4.3.3 implies that ecither y(y — w) = 1 and z(z — z) = 0 or
Yly—w)=0and 2(z—x) =1

se y(y — w) =1 and z(z — ) = 0. Here we have y =1, w =0
=« = 1. The case y = 1, w = 0 and z = 0 is not possible

Consider the ca

and either z =0 or z
as this will imply that d5 = 1 which contradicts the fact that dy > v/2. The
possibility y = 1, w = 0 and z = ¢ = 1 will imply that x +y+ z+w = 3 which
contradicts the inequality 4.3.2. The case y(y — w) = 0 and z(z — =) = 1 will

also lead to similar contradictions.



T4 CHAPTER 4. EXAMPLES AND CLASSIFICATION

(b) Let @ = 1

Then.
001
L,=Li=|1ay |, 0SzyzweZ
0z w
Then.

r=<aaa>=<p0p,3>=wand

r=<a®38>=<a®fa>=y.
Thus © = y = .
Further, for the above two matrices to form the elements of a hypergroup we
should have L,Ls = 1+ yLa + wLg; a look at the (3,3) entry of this matrix
equation and the fact that z = y = w show that

Z=1+2"

Thus z=1and z = 0.

Therefore G ~ Z5. Thus when n = 3 the only possible hypergroups are Zs
and Z, U {3} where,

001 001
Lyc<{001|. |001
110 111
(4) n=4:
Since N < 6, it follows that ny < 2.
(i) ny=0
Then G = Gy~ Z; or Zy  Zy and here N = 4.
(i) my o= 1:

Then Go = Z;. Let G = {7} . Again we see that v =7, so L, is symmetric
and
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so that d, = 22 > /3 Since N < 6, it follows that d, = v/3. Therefore
k=0and N=6.

(iii) Let n, = 2:
Then Gy = Z». Let Go = {1. o} and G, = {5, ~}.
There are two possibilities depending on whether the elements of G, are self-
contragredient or not. In both cases N < 6 and dg d, > V2 imply that,
dy=d, =V2.

(a) 3=J (then5 =1). As before, this implies the hypergroup is abelian, and

we have.

0100 0100
)00
dther = [ 200 g = 2000
0010 0001
0001 001
Let
0100
100
L, = 0 . Then, since G is abelian and d% = 2, we see that
0010
000 1]
0010
)0
L= 01 % chen
1100
000 k

We have k= <3299 >
Also from the dimension function equation we have 2 = dsd, = kv/2 which
implies that & = v/2 which is a contradiction.

Now let
0100
1
L = 000
o001
oo 1o
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0010 }
)
Then. L; = aonat 0<z y z€2Z
10 0r y
{ 01y =
We have r =< 3% 4.3 > and from the dimension function equation,
2 =dj =1+ V2 + yv2 which implies that (z + y) = 75 which is again a

contradiction.

(b) 3= 1. Here also the matrix L, is either

0

1
L=,

0
Let

0
L-|!

0

0
Li=1L, =

1

o oo

0
0
1
0

0
0

0 0100
vz, _|1000
0 0001
1 0010
0
0 o
2 = 2.it follows that
0 3
1
001
001
L0< Z.
1o VS™¥E

Then by the dimension function equation, 2 = d3 = (x + y)v/2 which implies

that & + y = 2 which is a contradiction.

Now let L, =

0100
10
O 00 Then,
0001
0010
0001
)
Li=2,=" "0 wez
10z 2
01y w

Here again 2 = dj = 1 + (¢ + y)V/2 which implies that = + y = 75 which is a

contradiction.
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Thus the only hypergroups with n = 4 are Zy & Z,, Z; and Zs U {v} where

[0 o001
[0 w0
L. =
' Oonoo1
[1110]
(5) n =5

In this case N < § implies that ny <1

(i) ni=0:

Then G is just a group of order 5 . ie., § ~ Z;.

(i) n = 1:

Then G is a group of order 4 | i.e., G ~ Zy & Z, or Z,.

Let Gy = {l.a. J.2}; and G, = {6}.

Since N < 6. it follows that ds < v/2.

In ecither case
000
000

Le={0 00
000

{111

<0 that dp = 22516 > 9 which is a contradiction to the fact that do < v/2.

.0<keZ

o o o o

—
=~

Hence the only hypergroup with N < 6 and n = 5 is the group Zs.
Here N=15

(6) n=6
Since N <6, dy <1 for all a.
Thus d, =1 for all a, ng =6, n; = 0 and N = 6.
Hence the hypergroup G is actually a group of order 6.
Thus G = Zs or Z, x Z3 or Sy (the permutation group of order 6).  Q.E.D.

From the above discussion we have the following conclusion :

Corollary 49 If G is a finite hypergroup of order less than 6, then G is

abelian: more precisely. the only non-abelian hypergroup of order < 6 is S;.
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