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Note: Give proper justification to all your answers.
State clearly all the results you are using.
Notation:
null A = null space of a matrix or a linear map A,
R(A) = the row spacc of a matrix A,
C(A) = the column spacc of a matrix A,

p(A) = the rank of a matrix A.

(1) Let V and W be finite-dimensional vector spaces and T :V — W bea
lincar map.

(a) If T is one-to-one (injective) and {v1,va,...,Ua} is lincarly independent

in V, then show that {Tvy, Tve, . .. , T, } is lincarly independent in W.

(b) If T is onto (surjective) and {vy, vz, ... .U} spans V, then show that

{Tvy,Tvs, ..., Tv,} spans W. (3 + 3]

(2) Let Vi, V5 and V3 be subspaces of a vector space V such that V; C V.
Show that V3 + (Vo nVa) = (V4 + Vo) N V3. 6]

(3) Supposc V and W arc finite-dimensional vector spaces and U is a subspace
of V. Prove that the following statcments arc cquivalent.
(a) There cxists a lincar map T: V. — W such that nullT = U.
(b) dimW > dimV —dimU. (2 + 4]

(4) Let A and B be matrices with the same number of rows. Let P, @Q and R be
non-singular matrices such that the products PBQ and PAR are defined.
Prove that C(B) C C(A) if and only if C(PBQ) C C(PAR). 6]

(5) Let A and B be square matrices of same order. Suppose
p(A) = p(A®) and AB=BA=0.
Prove that p(A + B) = p(A) + p(B). 6]

[Hint. Show that there are matrices C and D such that A = A’C = DA%
Next, show that C(A)NC(B) = {0} and R(A) NR(B) = {0}.]
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(6) Reduce the following matrix to a matrix in reduced echclon form by ele-
mentary row operations:
2 1 -1
A=11 -1 0 3 2
1 2 -1 =3 2

Also, find a rank-factorization of A. (6 + 2]

(7) Consider the system of linear cquations Az = b, where

0 2 4 3 -3

01 2 1
A= and b=

2 3 8 2 )

0 4 8 16j 4

(a) Consider the partitioned matrix A =[A:1I,:0b. Apply a sequence of
elementary row opcrations to A so that A is reduced to its Hermite
canonical form.

(b) Find the rank of A.

(¢) Find a g-inverse of A.

(d) Show that the system Az = b is consistent.
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¢) Find a particular solution of Az = b.
f) Find a general solution of Az = b. 84+1+1+2+1+3]
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