Measure Theory

M. Math. 1st year
Final exam
3 hours
Full marks: 60

21 November 2025

Answer any four questions. Each question carries 15 marks. The best
four scores will be taken if more than four questions are answered. Results
from the class may be quoted and used.

1. Suppose that p is a o-finite measure on (R, B(R)) such that p < A,
where X is the Lebesgue measure on R, and let

=
Let A = {(z,y) e R?: 0<z<y}.
(a) [5 marks] Show that
A € B(R) ® B(R).

(b) [1 mark] Show that

//uxydmudy //Mwyu(dy

(c) [9 marks] Hence or otherwise, prove that

/ooyf(y)dy = /Ooou((x,oo))dz.

0

2. Suppose (2, A, ) is a measure space and f, f1, f2,... : @ — R are
measurable functions such that for all.e > 0,

Jim g ((lfa—f1>el) = 0.

(a) [7 marks] Show that there exist 1 <nj <ng < ... such that
1
z ([lfnk —fI> ED <2 Fforallk>1.

1



5. Suppose (2, A, 1} is a 8nite measure space and [ : 2 -+ [0,00) is an
A-measurable function with

fdiu=x.
Jo

Suppose F C A is a o-field.

(a) [4 marks] For all n > 1, show that there exists g, € L}(Q, F, 1)
such that

/gnd/L:/(f/\n)duforallAe]:.
A A

(b) [2 marks] Show that

(c) [4 marks] Denote g = sup,»; gn and show that
0<gnTgae

(d) [2 marks] Prove that

/fdu:/gduforaHAé]:.
JA A

(e) [1 mark] Show that
gdi=o00.
Q

(f) [2 mark] Prove or disprove that g < oo a.e.
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