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Chapter 1

INTRODUCTION

Abstract: Self-organizing neural network models constitute the main theme of this
thesis. Some well-known self-organizing models are surveyed and their properties are

discussed. The application areas on which the thesis focuses are briefly described.

This thesis deals with Artificial Neural Network models, in particular, Self-
organizing (unsupervised) models. We develop here a few self-organizing neural net-
work models to solve certain problems which are well studied in the areas of fmage
Processing and Computational Geometry and have wide applications in shape eztrac-

tion and optimizetion.

1.1  Artificial neural network

The study of Biological Neural Networks originally comes under biological sciences.
They deal with the brain functions in living organisms. A lot of research work in this
area have established that human brains are composed of a huge number of neurons
(elementary processing elements) with massive parallel interconnections (forming a
network). Such networks have learning capabilities from external stimuli (input sig-
nals) and they can store, in some manner, what they have learned. Artificial Neural
Networks are man-made (simplified) models of the biological neural networks. Such



artificial models have been of great interest for some years in various areas like op-
timization, pattern re iti p vision, image 1 robotics, classi-

fication, industries etc. [10, 15, 42, 43, 45, 69, 76, 86, 96, 99, 101]. Artificial neural

network models or simply neural networks are massively parallel inter-connections of

simple cor ional elements (p — also called nodes or units) that work as
a collective system (we shall use these terms interchangeably). Instead of perform-
ing operations sequentially, neural network models (henceforth, by neural network
models we shall mean artificial neural network models) are capable of doing the same
simultaneously using massively parallel networks composed of a number of processors
connected by links, and thus provide high computational rates for real-time process-
ing. This is why neural network models are also called comnectionist models and

parallel distributed processing (PDP) models.

The ability of parallel computation is one of the major motivations of using
neural network as a tool for solving various problems in the areas mentioned above.
Neural networks are also popular due to their adaptive nature. They provide a new

form of parallel computing, called neurocomputing as against ional comp

in an adaptive manner as observed in living beings. Starting from an initial set
of weights (usually random) neural network models can adapt or adjust the initial
weights to improve performance. The adaptation is a major focus of neural network
research. With the help of a number of processors, serving as the neurons in biological
systems, connected by links, the neural network can artificially work in a similar way
as the brain does. Moreover, in neural network technology, a complex problem can
be solved by a number of processors, working collectively, while each processor needs
<0 do much simpler computations only. Thus simple processors can work collectively
and can solve a much complex problem. Neural network models, by its nature,
provide robustness to some extent. Damage to a few processors or links may not
affect the overall performance and thus such models have sometimes higher fault
olerance. Moreover, in some cases, neurocomputing is found to an efficient tool

where conventional computing poses problems or performs poorly.

Several neural network models have been proposed so far (see (43, 44, 69, 79, 86,

96. 100, 101]). Neural network models are specified by their network topology, node



(processor) characteristics and training/learning rules. Training is accomplished by
sequentially applying external input signals fusually vector valued). The rules specify
how the weight vectors are updated against the presentation of each input vector.
After a finite number of updates the weight vectors converge and then the network is
said to be trained/converged. A subsequent input, presented to the trained network,
would then produce the desired output. Based on the training/learning technique,
the neural network models can be broadly classified into two categories: (1) supervised

and (2) unsupervised.

In supervised models, a pair of vectors (training pair), the input vector and the
desired output vector (target vector), is presented to the network for training purpose.
An input vector is presented to the network and the network calculates the output
vector on the basis of the current values of the weight vectors. The calculated output
vector is then compared with the desired output vector and the difference (error)
is fed back to the network and the weight vectors are updated according to some
rule which tends to minimize the error. The training pairs are applied sequentially
and every time the weight vectors are updated. This process repeats until the error
is significantly low. Examples of supervised model are Perceptrons and Multi-layer
perceptrons (see [69, 79, 96]). In unsupervised models, the learning is accomplished
without any supervision. Only the input vectors are presented and the network learns
without any target vector. A set of learning rules lead the network to a desired
gosl. The process continues until some stopping criteria are met. Among the most
well-known unsupervised neural network models one can mention Kohonen’s feature

map [60]-[65] and adaptive resonance theory (ART) [14].

The present thesis deals with unsupervised neural network models on a few well-
known problems. These models are self-organizing in that the learning takes
place automatically without any supervision. The problems that are included
here are studied very often in the literature of image processing and computational
geometry. Both the areas have had tremendous growth in last few decades. In
this chapter, we shall first describe the existing self organizing models. Next, the
application problems will be discussed. In the rest of the thesis, we shall propose new

self-organizing models for ications on these probl Before going to discuss




the existing models, some basic models need to be described as they are required by
the models studied in the thesis. Certain unsupervised learning models using very
simple methods are essential for more complex models. These models work as the

basic functions of the complex ones. We shall describe them now.

1.2 Hamming network

4 and i are ntial. The

In unsupervised learning, distance
Hamming network computes a particular distance measure called the Hamming dis-
tance that gives the number of differing bits in two binary vectors. The network
contains two layers of nodes (neurons or processors) ~ an input layer and an output
layer (Fig.1.1). The connection weights between the layers are the components of the
stored binary input vector say, X; = (1,2, -- -, Tjm) of dimensionality m where
z; € {=1,1}, for i = 1,2,...,m; j = 1,2,...,n. That is, i w; is the connection
weight from the ith node of the input layer to the jth node of the output layer then

the weight matrix W can be written as

X
1| Xz
W== 1.1
2| an
X
Given a threshold vector
-z
o= * (12)
-5
when a new input vector X = (%1,%z, ..., %mn) is presented to the network, the output
nodes generate the output as given by
X, X -m
X2 X —m
o-wx+e=1| "7 (13)
Xa X —m



-4 Output Layer

Connections

Input Layer

Figure 1.1: Architecture of Hamming Network.

where the dot product
X; X =) Tipnxe
k=1

Given W and ©, each output value O; (j = 1,2, .. .,7n) represents the negative
of the Hamming distance between a stored vector X; and a new input vector X.
After computing the Hamming distance, one can determine which stored vector is the
nearest to the presented input vector by simply taking the maximum of the outputs
of the nodes in the output layer. This may be accomplished by a maznet as described
below. This ‘maxnet’ is attached on the top of the output layer of the Hamming

network.

1.3 Maxnet

The ‘maxnet’ is a recurrent network. It has only one layer of n nodes (Fig.1.2)
which compete to determine the node with the highest initial value. The network
performs an iterative process where each node receives inhibitory input from other

nodes through lateral (intra-layer) connections.

All the nodes update their outputs simultaneously (in parallel). The single node



Figure 1.2: Maxnet architecture.

whose value is initially the maximum eventually prevails as the "winner" node, and
to zero. The activation function (by which

the activation of all other nodes subsid

the outputs are computed) of & node is given by

(1.4)

where z’s (1 = 1,2, n) are the input to the ith node. The output of each node at

the current iteration is fed as the input at the next iteration to compute the output of
the next iteration. The self-excitation weight w;; = # = 1 and the inhibition weights

wy (i A7) are e < % (see Fig.1.2).

Thus the ‘maxnet’ allows the parallel computation of the maximum value from

a given set of values where every computation is local to each node rather than being

by a central pr . It can be seen that the number of iterations to

select the winner node does not depend on the input size n.

1.4 Simple competitive learning

The above networks, Hamming network and the ‘maxnet’, assist other networks in

and ining the nearest weight vector to the presented input

vector. The Hamming network assumes binary input and output vectors, which can

6



Processors

Figure 1.3: Simple competitive learning network.

be generalized to real-valued vectors. We now describe a simple competitive network
model, consisting of an input layer with m nodes and an output layer with 7 nodes,
which works as follows. Each node in the input layer is connected to each node in
the output layer (Fig.1.3). Let the connection weight from the lth input node to the

ith output node be wy, ! = 1,2,...,m; i = 1,2,...,n. The nodes m,m,..., 7, in

the output layer are interconnected with inhibitory connections as described in the
1 Zim)s (5 = 1,2,...,N)

are presented to the input layer of the network. The connection weight vectors

‘maxnet’. m dimensional input vectors X; = {(&j, Zj,..

W; = (Wi, Wia, - - -, Wim), t = 1,2, ..., 7n; from the input layer to the output layer are
initially set at random. All the nodes in the output layer compute the Euclidean
distances from their respective weight vectors to the presented input vector in parallel.
A competition occurs to find the "winner" among the nodes in the output layer whose

weight vector is the nearest from the input vector.

Suppose that the weight vectors are normalized. Then > w} = 1, for i =
)
n. If d(.) stands for the Euclidean distance then

(\gE}

FWL X)) = D(wa—z)?

2k — 23wz (1.5)
Pt

M

+

FI

= 14> zh—2W.X;
1

This means, for a given Xj, the Euclidean distance d(W;, X;) will be minimized when

7



the dot product W;.X; is maximized. Thus a ‘maxnet’ may be used to minimize the

Euclidean distance.

After finding the winner node (say, it is the kth node) we now update its weight
as follows so that it moves towards the input vector X, while all other weight vectors
are unchanged. This is known as the winner-take-ell phase. Since the nodes compete
for being the one to fire (or, to become the winner), these nodes are often called

winner-take-all nodes.

W) — WD 4 o X; — W) 1.6)
where the gain coefficient & (0 < o < 1) satisfies some conditions that will be dealt
with in detail later on. It can be shown that in the limiting case, each weight vector

Wi converges to the average of all the inputs X; for which W, is the winner (see [79]).

1t does not matter much how the winner processor is selected [51]. In simulations
simply the maximum value can be computed. In a network, a set of winner-take-all

nodes with lateral inhibiti and self- Yy i similar to the ‘maxnet’,

for example, can do the job. The lateral weights and the activation function must be
chosen correctly to ensure that only one output is chosen. With these preliminaries
on basic models, we now proceed to our main theme of discussion, that is, the self-

organizing neural networks.

Among the unsupervised neural network models, Kohonen’s Self-Organizing
Neural Network (SONN) model , also called self-organizing feature maps [64), is well-
known. The term ‘self-organization’ refers to the ability to adapt or learn
from the input without having any prior supervising information and is a
major issue of the present thesis. It is argued that self-organization works as

a basic principle of sensory paths of the human audio and visual systems. In this

case, self- jzation means a i ordering of the neurons (processors) of
the brain, where the ordering does not mean moving of neurons physically from one
place to another. It is the set of their internal parameters (weights) which defines the

ordering and is made to change. The maps formed by the self-organizing system are



able to describe topological ! relations of input patterns using a 1- or 2-dimensional

medium of representation.

1.5 Kohonen’s SONN model

Kohonen’s SONN model combines a competitive learning principle with topological
structuring * of the processors. Competitive learning, as seen earlier, is a process of
learning where a competition is conducted among the processors (also see [66]) after
each input vector is presented to the network to decide the winner processor that will
take part in the learning process for the given input. The SONN model uses & net-
work that consists of a single layer of processors as shown in Fig.1.4. The processors
are extensively interconnected with many local connections that define their topo-

logical relations, and may be arranged in a linear or a planar array. Apart from the

inter jons among the p every p is d to every input
line (via a variable connection weight) through which external signals are presented

to the network.

Suppose the input signal X = (z,,Z2,...,Zm) comes from m~dimensional space

R™. Si the set of pr. TS is Tep: d by {m,m2,...,m}. Every processor
m; has a weight vector W; = (w1, Wiz, - - ., Wim) Where wy represents the connection
weight between ith processor and Ith component of the input vector. These weights
are initially assigned with random values. If the weights are normalized then the
following dot product can be a measure of similarity between the input and the weight

vectors. To train the network, an input vector X is presented and the dot products
WX =S waz, i=12,...,n (1.7)
==t
are calculated. Alternatively, the Euclidean distance d(X,W;) can be used as the
measure of similarity

P W) = 30— wa)? = X — Wil .8)
=1

IThe topology of the input pattern is in terms of proximity in the pattern space
2The network topology, in the thesis, is specified in terms of a neighbourhood relation among

processors
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Figure 1.4: Network architecture for SONN model (a) one-dimensional network and

=} two-dimensional (rectangular grid) network.



The learning is accomplished by selecting the weight vector that is most similar
‘best match) to the presented input vector, and making it along with its neighbouring
weight vectors still more similar to the input. Thus Kohonen’s SONN model consists

).

of two major steps (formulated for a discrete-time index t = 0,1,2,
1. Similarity matching: Select Wi (t) such that
[1X () = Wa(®)|] = min || X(t) — Wi(0)]| 1.9

where X(t) and W(t) are the input and weight vectors respectively at time ¢. The

processor 7y is called the winner processor since it wins the above competition

2. Updating: Update the weight vectors Wi (#) and its neighbouring ones as follows

Wi B[X () - Wit)] for m; t
Wit + 1) = (1) + o)X () = Wi(t)] for m € Ni(t) (110)
Wi(t) otherwise
where Ni(t) represents the ical nei hood of the winner p Tk 8t

time t. The term oft) is the gain coefficient or gain term at time ¢ which assumes a
small value (0 < a(t) < 1). It is easy to see that as a result of the above update the
weight vector Wi(t) and its neighbouring weight vectors are pulled towards the input
vector X (). The learning continues until the network is stable or some stopping

criteria are met. Kohonen’s algorithm is described in Algorithm SONN.

Algorithm SONN

Step 1: Decide the network topology.

Step 2: Initialize ¢ = 0.
Choose N;(t) for all the processors and
initialize the weight vectors Wi(), i =1,2,...,m
with random values.

Set the initial value of cx(t).

Step 3: At t-th iteration, for an input pattern X(2)

11
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Figure 1.5: Varying neighbourhood over time 0 < ¢, <tz < 3 for the processor m; in

‘a) one-dimensional (b) two-dimensional network.

(a) Select the winner processor by Eqn.(1.9).

(b) Update the weight vectors W,’s according to Eqn.(1.10).
Step 4: If the network is not stable, set ¢ = + 1 and go to Step 3.

Step 5: Stop.

By simulations it is observed that better results are obtained by the SONN
nodel if the neighbourhood is fairly wide in the beginning and then it is shrunk over
-ime (for example, as shown in Fig.1.5). The neighbourhoods Ni(ts), Ni(tz), Ni(t1)
are called the first, second, third order neighbourhoods respectively and so on. The
~alue of a(t) is also decreased to zero over time satisfying certain conditions similar

-0 those imposed on stochastic approximation processes, that is:
() at)—>0ast—oo
(#) Toft) =ocoand (1.11)
(#3) Ta¥(t) < oo



1.6 Characteristics of Kohonen’s SONN model

The following char: istics of K ’s SONN model have been observed from a

.2t of simulations. The characteristics, described below, are based on the generaliza-

<on of some of the he ical results ilable for very re d cases and the

supporting simulations.

(1) Even if the initial values of the weight vectors are arbitrary, the weight
~ectors eventually become ordered topographically in that the neighbouring proces-
sors are associated with weight vectors that are near each other in the input space
Fig.1.6). In other words, the weights are organized in such a fashion that the topolog-
:cally close processors become sensitive to inputs that are physically close. Thus the
SONN model maps input vectors from a high dimensional space onto the processors

-f the network (which is lly one- or t di

1 only). For this reason, the

SONN model is also called a self-organizing feature map. It is sclf-organizing in the
sense that the weight vectors tend to approximate the input vectors, with the neigh-
zourhood relation translating into proximity in Euclidean space although the initial
neighbourhood relationships are chosen at random. This map which is topologically

zorrect * has been observed in 1 1 )!

organi; For auditory cortex
-f mammals receive vector signals, representing the frequency components, and they
sre topographically mapped onto different portions of the brain. The topographic

:rdering is explained in Fig.1.6. In Fig.1.6(a)-(b) both the input and the network

 one-dimensional while in Fig.1.6(c)-(d) the input is from two dimensions and the

~etwork is one-dimensional.

(2) The SONN model performs one kind of Vector Quantization (VQ) of the

:nput vectors. In vector quantization, the input space is to be divided into several

ons where each region can be represented using a single vector called prototype

ot or reference vector or codebook vector. It induces a partition {S;} on the

=put space S into n regions such that

5={)S and S(\S=¢ foristj (1.12)
=1

A mapping that preserves the topological order of the input

13
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Figure 1.6: The weight vectors are represented by circles. (a) not ordered topo-

Lly, (b) ordered hically. (c) not ordered topographically, (d) ordered
topographically.

The set of prototype vectors is a comp form of the information represented by
the input data vectors since many different input vectors may be mapped onto the
same prototype vector. It is found that the SONN model drives the weight vectors
to the centroids of the respective regions S;. Thus the weight vectors specify the

prototype vectors. Unlike traditional vector quantization, however, the prototype

vectors here are linked (Fig.1.7) ding to the dist. relationships among the
regions of the input vectors that are represented by the weight vectors. In other

words, the weight vectors are organized topographically.

(3) The formation of the above map is such that the probability distribution of
the input vectors imprints on the final network. That is, the regions of the input space

cor ding to frequent occurrences are mapped onto larger areas of the network

than regions corresponding to rarer input vectors. In other words, the number of
processors with weight vectors in a given region in the input space is approximately

proportional to the number of input vectors in that region.

(4) Although the input vectors may come from a high dimensional space, it

14
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Figure 1.7: The cluster centroids (weight vectors) are shown by circles. (a) not

ordered topographically, (b)-(c) ordered topographically.

is found that the feature mapping principle is able to pick up automatically two of

the most important feature di (when ing a t i i 1 network),
namely, those directions in which the density function of the input vectors has the
highest variance. These two dimensions are used as the basis of the map. Kohonen
conducted a simple experiment to demonstrate the phenomenon [64]. A linear (one-
dimensional) network is taken and uniform distribution over a rectangular shape
(two-dimensional) is considered for the input. The variances of the input vectors in
the two directions are changed gradually — one is reduced while the other is increased.
If the two variances significantly differ then the resulting nctwork remains almost

straight line oriented along the direction with the higher variance (Fig.1.8).

On the other hand, if the they are nearly equal then the output network takes
a zigzag shape like a "Peano curve". Kohonen observed similar behaviour of the
network when the number of processors in the network is quite high compared to the
range of "lateral interactions" (Fig.1.9). The extent of zigzagness depends also on
the ratio of the two variances. If the number of processors are increased, keeping the
variances fixed, it is found that the asymptotic straight line form is achieved when the

influence regions (see Fig.1.6(d)) are nearly square (excepting the end processors)
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1.7 Convergence

The above characteristics are not proved in general. That is, it is not established
mathematically whether the above characteristics are correct if the input vectors are
from two or more dimensions and the network has more than one dimension. The
essential factor that leads to the above characteristics is achieving an ordered (topo-
graphically) mapping. It is not proved in general that the process will converge to
such an ordering. However, for one-dimensional input and one-dimensional network,
rigorous treatments are made by Kohonen [60], Ritter and Schulten [93], Erwin et
al. [36]. Mathematical analysis of the SONN model, in general cases, seems to be
very difficult and hence most of the authors working in this area have done it for the

simplest case where both, the input and the network, are one-dimensional.

Kohonen [60], Ritter and Schulten [93], and others have shown that in one-

1 space, if the nei hood relation satisfies certain properties, an or-

dered configuration is stationary and stable. Erwin et al. [36] have proved that this
state is reached with probability 1 if the neighbourhood function is positive-valued,
normalized and decreasing with distance, showing that there exists a scquence of
input vectors that will lead the network into the ordered configuration. The authors
consider the unit interval [0, 1] and a one-dimensional network (linear chain) of pro-
cessors and show that the learning process of the SONN model cannot be described
by a gradient descent on a single energy function, but may be described by a set of

potential functions, one for each , which are minimized independently by a

stochastic gradient descent.

The execution of the SONN model can be viewed as a combination of two stages.
The processors in the first stage are more "volatile" searching for niches to move into
while in the second "sober" stage they settle into cluster centroids in the vicinity of

the positions found in the first stage.

Despite the absence of rigorous theoretical proofs for higher dimensions, the
SONN model has been a useful tool in several applications. In practice, it often con-
verges to well ordered maps in high-dimensional problems yielding quite satisfactory

results (see [79]).



1.8 Extensions of the SONN model

Several extensions of the SONN model have been proposed to achieve better solutions

<o various problems. The extensions proposed by different authors are outlined here.

Growing cell structures (GCS): Fritzke (39, 40] suggested growing cell structures
:n which the number of processors changes over time. A "signal counter” is associated
with each processor. Apart from updating the weights, the counter is also adjusted for
each processor. After updating the weights a fixed number of times, a new processor
is added to the network to share the "load" of the processor with the largest counter
value. On the other hand, processors whose counter values are too low are removed
‘rom the network. Thus in the GCS model, the network grows and shrinks repeatedly.
The author demonstrated that the growing network is able to approximate probability
distributions better than Kohonen’s SONN model.

Selective multi-resolution (SMR): Sabourin and Mitiche [98] proposed this model
which is based on Kohonen’s SONN model but is "dynamic". It is not necessary to
specify the number processors a priori. The SMR model attempts to overcome some
of the shortcomings of the SONN model, namely, prior knowledge of the size of the
network, data collisions ( overloaded processors), large amount of processing time etc.
3MR works in a hierarchical manner. More training efforts are given to that portion
»f the input in which data collisions occur. Moreover, the SMR model is claimed to

e computationally more efficient than the SONN model.

Self-creating and organizing neural network (SCONN): Choi and Park [20]
addressed a few defects of Kohonen’s SONN modcl and proposed two models SCONN
and SCONN2 to overcome them in a VQ problem. As addressed by Choi and Park,
n the SONN model, if the input vectors have circular distribution, the processors

near the centre may become dead. Second, if the input pattern have a complex

ucture, the network becomes unstable. Weight vectors in zero-density areas are
zffected by input vectors from all the surrounding parts of the nonzero distribution.
As a result of residual effect from the rigid neighbourhoods, some weight vectors

emain outliers. Third, the SONN model cannot overcome the "stability-plasticity”

Zilemma. It cannot adapt to new input regions. In SCONN model, a concept of
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“"activation level" for a is i duced. The level is di dependi:

upon the time or the activation history. The model automatically decides whether to
update the weights of the existing processors or to create a new processor. Initially
the network has only one processor with small random weight and its activation level

is set large enough to respond to any input. The network grows in size over time.

Neural gas network (NGN): Martinetz and Schulten introduced a topology-
adaptive model called "neural gas network" (NGN) [72, 73, 77]. The model initially
starts with a set of processors without any links. For each input vector, it ranks
the weight vectors on the basis of their distances from the input vector and updates
first few (say, r) of them. It updates r nearest weights where r has a large value
initially which decreases over time according to a predefined schedule. For each input
signal, the two nearest processors are joined by an edge. To delete an edge, an "edge
aging" scheme is used. Fritzke [41] modified the NGN model and suggested how to
insert processors in the network dynamically. Thus in the "growing neural gas net-
work” (GNGN) model of Fritzke, the number of weight vectors to start with need
not be known a priori. One starts with just two processors and then goes on growing
the network by inserting new processors and by linking/delinking edges until certain
stopping criteria occur. The models NGN and GNGN are found to be effective meth-
ods in topology learning. They have some advantages over Kohonen’s SONN model
because the SONN model assumes a predefined topology of the network that remains
fdxed during the learning. The major difference between the NGN and GNGN models
‘s that the former starts with a given number of processors n, while the latter starts

lly inserts new

with only two processors and dy

1.9 Scopes of the thesis

The problems, we consider in this thesis, are encountered in shape analysis and in

optimizati These probl are quite well-k; in their respective areas. The

new self-organizing neural network models that will be proposed here are designed to

solve these problems which will be described now.



Figure 1.10: The 4- and 8-neighbourhood of a digitized image.
1.9.1 Shape extraction

By shape we mean the shape of an object present in an image or stored in some
other form. An image is a replica of an object or a pattern which can be created in
(2D) as in ph phs. It can also be created in three dimensions

wo di
using some sophisticated devices. But in the present discussions only two-dimensional
images are considered. The light received from a scenc by an optical system produces
@ two-dimensional image. This image can be converted into electrical signals by a
sensor and subsequently can be stored in digitized form aftor proper sampling and

[95]. This digitization is ial for ional purposes. Hereafter

by images we shall mean digitized images only. An image can be mathematically
stated as a two-dimensional space mapped by a function f(@,y) of two variables (co-
spatial directions).

ordinates in the image plane, con ing to two orth,
The f(z,y) represents the brightness value of the picture at (z, y)th picture element
"pizel, in short). In the black-and-white case, the values f(z,y) are called gray-levels
or gray-scales.

An image so formed is called gray-level image or gray-scale image. It has a
range of gray-levels (usually 0~255) over the entire surface of the image. The gray-
levels are non-negative since brightness cannot be negative; and are bounded since
brightness cannot be arbitrarily high. They are zero outside a finite region so that
the image is of finite size. We normally assume this region to be rectangular. Thus an
image can be stored as a Mx/V matrix / @y z=1,2... My= 1,2,...,N)
where o = 1,2,...,Mandy=1,2,..., N represent the row and column indices of

the matrix J.

After digitization, the problem is to segment [85) the image into its object and
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Figure 1.10: The 4- and 8-neighbourhood of a digitized image.
1.9.1 Shape extraction

By shape we mean the shape of an object present in an image or stored in some
other form. An image is a replica of an object or a pattern which can be created in

two dimensions (2D) as in photographs. It can also be created in three dimensions

using some sophisticated devices. But in the present discussions only t
images are considered. The light received from a scene by an optical system produces
a two-dimensional image. This image can be converted into electrical signals by a

sensor and subsequently can be stored in digitized form after proper sampling and

[95]. This digitization is jal for jonal purposes. Hereafter
by images we shall mean digitized images only. An image can be mathematically
stated as a two-dimensional space mapped by a function f(,y) of two variables (co-

ordinates in the image plane, corresponding to two orth 1 spatial directions).

The f(z,vy) represents the brightness value of the picture at {z, y)th picture element
‘pizel, in short). In the black-and-white case, the values f(zx,y) are called gray-levels

or gray-scales.

An image so formed is called gray-level image or gray-scale image. It has a
range of gray-levels (usually 0—255) over the entire surface of the image. The gray-
levels are non-negative since brightness cannot be negative; and are bounded since
brightness cannot be arbitrarily high. They are zero outside a finite region so that
the image is of finite size. We normally assume this region to be rectangular. Thus an
image can be stored as a MxN matrix I = (f(z,¥) : = 1,2,..., M;y =1,2,...,N)
where £ = 1,2,...,M and y = 1,2,..., N represent the row and column indices of

the matrix J.

After digitization, the problem is to segment [85] the image into its object and
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non-object (background) parts. Many ications need the jon to be done

into two levels only - one for the object and the other for the background. For

le, in ch the character are to be d

from the background; in fingerprint analysis only the fingerprint ridges are required.
An image having only two levels are called binary image or two-tone image (17]. In
our present discussion, these two levels are: ‘1° or ‘black’ for object and ‘0’ or ‘white’

for background. An example of binary image is shown in Fig.1.11(a).

Definition 1.1. Within a 3x3 window of a pixel p (Fig.1.10), the pixels p1, P2, Ps, Pa
are called 4-neighbours of p and Py, Ps, Pa, Pa, Ps, Pe, Pr, Pe are called 8-neighbours of p.
Shape of an object

the shape

In many computer vision and pattern
of the object in a given image is to be analyzed. Shape extraction of an object
which plays an important role in such areas, has received considerable attention
from research end. There can be two approaches to defining the shape of an object:
boundary-based approach and region-based approach. The former defines shapes by

edge

extracting the features based on the object el For
in an image {12, 28, 71]; B-spline curve fitting to an image [46]; fitling a polygon
to the boundary points of a planar set for computation of convex-hull or alpha-

hull (34, 90] etc. On the other hand, region-based approach defines the shape of

an object based on its geometrical structure and i T i By this
approach, an object having some definite elongated shape can have a piecewise linear

or curvilinear representation — known as skeleton.

In the latter approach, the objects in an image can be characterized satisfac-
torily by structures composed of lines or arc patterns. Common examples are hand-
written or printed characters, fingerprint ridges, engineering drawings, chromosomes

etc. The thickness of such patterns does not contribute to the recognition process

and hence is redund. A suitable tr ion of the pattern is required to arrive

at their skeletal structure that ins the ial top and i in-

formation of the input pattern. Apart from shape representation of a pattern for the
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ease of recognition, a skeleton serves other purposes too. Skeletons provide a large

reduction in volume of data i.e., data Tr ing patterns to thin-Ii

representation can reduce the amount of data as well as further shape analysis can
be done more easily. In an OCR application, to an extent, it provides a unification
of character shapes by reducing the effects of varying type fonts and thus simplifies

the feature selection and feature extraction tasks.

Both the above approaches to shape extraction, boundary-based and region-
based, are useful for pattern representation and recognition. The skeletal shape is
appropriate for applications where the input pattern is line-like or ribbon-like or tree-
like (i.e., elongated type where the length is considerably higher than the width) and
in particular where human perception of a shape is in terms of lines and strokes. On
the other hand, for a square-like object where the length and the width are more or
less same, a skeletal shape is not very meaningful and is hardly of any practical use.

The boundary-based approach is appropriate for such objects to describe the shape.

In the next three chapters we are concerned with the region-based shape only.

Henceforth, by shape we shall mean the skeletal shape. The process which

extracts this shape from a d d ly known as skel or

image is
thinning. Most of these techniques deal with binary images. The definitions, theories
and algorithms are mainly based on binary images. The primary objective of this

process is to find an approximation of medial azis that will be defined shortly.

Although the necessity of a skeleton initially arose from character recognition, in
‘ater days skeleton have been used to a great variety of patterns for different purposes.
In biomedical field, skeletons have been used to count and quantify the constituent
parts of white blood cells to classify abnormal cells [55, 91]. They have also been
used in analysis of chromosomes [52] and X-ray images [92]. Skeletons have also
een useful in fingerprint classification [81], measurement of soil cracking [84], visual
:nspection of industrial parts [82], printed circuit boards [114] and in several other

application areas. Due to its wide applicability, skeletal shape extraction algorithms

ve been a very active research area [67, 107].
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Medial axis transformation (MAT)

Blum [11] introduced the skeleton of a continuous binary image and called it medial
axis. His procedure for finding the medial axis was to set up "grassfire” which can be
described as follows. Assume that the object region is filled with dry grass and fire
is set everywhere on the boundary simultaneously. As the fire burns the grass, the
object becomes thinner. Suppose that the fire line propagates with constant speed
from the boundary of the object towards its inside. Then all the points lying in
positions where at least two wavefronts of the fire line meet during the propagation
(quench points) will form the medial axis of the object. The formal definition of

MAT, in continuous case, can be given by:

Definition 1.2. For each point X of the object, find its nearest boundary point. If
X has more than one such (that is, of the same distance) boundary points then it is

said to belong to the medial azis of the object.
An alternative definition of medial axis has been given as:
Definition 1.3. Consider the circles that totally lie within the object and touches

the object boundary at two or more points. The centres of all such circles form the

medial azis of the object.

The digital (discrete) impl ion of the above jon is a chall
ing problem. To illustrate this, let us consider Fig.1.11(a) which is a binary image of
the alphabet "R".

The objective of skeletonization is to obtain one of the representations shown
in Figs.1.11(b)-(d). In Fig.1.11(b) the pattern is still an image, where the width is
reduced to just one everywhere. Such a skeleton is called a raster skeleton. Only
the skeletal pixels, instead of all the object pixels, are stored to represent the object.
Fig.1.11(c) gives a piecewise linear representation (or a vector skeleton) of the input

pattern. Fig.1.11(d) lacks some more details and provides a graphical representation
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Figure 1.11: (a) Binary image (b) raster skeleton (c) vector skeleton (d) connection

graph.

what can be called a connection graph of the input pattern. For Fig.1.11(c) and (d) all

that are stored are the co-ordinates of the circled points and their linkage information.

This can be done by a network data structure. Most of the thinning algorithms create
outputs similar to Fig.1.11(b). Figs.1.11(c) and (d), if required, can be obtained

subsequently from this. Some algori of ization derive similar

to what is shown in Figs.1.11(c)-(d). It can be seen that data reduction is more in
Fig.1.11(c) than in Fig.1.11(b) and the data reduction is more in Fig.1.11(d) than in
Fig.1.11(c).

Several articles have been published on various aspects of this problem since
its inception. Classified surveys in this area can be found in [67] and [107]. Most

of the articles are on binary images. The existing algorithms can be classified as

algori and parallel i ial i (for 1

9, 94, 108]; also see [67]) operate on a single pixel at a time while parallel algorithms
(for example, (18, 19, 21, 49, 53, 57, 112, 115]; also see [67)) operate on a set of pixels
simultaneously. Parallel algorithms can either use multiple passes or only one pass
in each iteration. A large number of thinning algorithms iteratively remove outside

layer of pixels from the object to arrive at an one-pixel thick skeleton.

In our discussion, we primarily deal with binary images. For other types of

input, it will be mentioned separately. The shape extraction process here will
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mean the following. Decompose the object into several smaller regions or
blocks. Then compute the centres of gravity of all these regions and build
up links between the centres of adjacent regions. Similar concepts have been
used by several researchers (37, 88, 108]. The difference between these techniques
and our technique is that they explicitly compute these regions and subsequently join
them by edges while in our approach these regions are formed adaptively and the

final regions and the links describe the output shape of the object. In the existing

literature, the terms " ization" and "thinning" are almost synony . Butin
the present thesis, they are different. Determining the centres of several decomposed
blocks and joining them by their adjacency to get the vector skeleton is skeletonization
and reducing the object by removal of boundary pixels (outer layer) to a one-pixel
thick raster skeleton is thinning. In Chapters 2-3, we have dealt with the design
of self-organizing neural network models for the skeletonization problem. We have
carried out a comprehensive comparative study between our neural network based

methods and some of the existing well-cited thinning methods in Chapter 4.

1.9.2 Convex hull

Another form of an object or a pattern (apart from an image) we are concerned with
is a finite set of points in the Euclidean plane. We also call this a dot pattern or
a planar set. In this case, instead of storing the object in a matrix as in the case
of an image, the planar co-ordinates of the object points are stored. Thus a planar
setis : S = {(2,y) :  and y sre real numbers}. In our discussion (without loss of

generality) we assume z and y are positive. For le, a telescopic ph h of

a galaxy where each star/planet appears as a dot forms a dot pattern. A dot pattern

can also originate from a binary image when it is highly corrupted by noise.

One problem, well studied in computational geometry, is the computation of the
convez-hull of & given planar set. The convex-hull of a given set of points is defined
as the smallest convex polygon containing sll the points in the set. The concept of
convex-hull is quite natural and easy to understand. It can be imagined as a stretched

rubber band surrounding the set of points and then being released to shrink.
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The hull has wide lications in pattern ition, image

statistics, cluster analysis, operations research, robust estimati graphics,

robotics and several other areas. In Chapter 5, we formulate the convex-hull problem
as a self-organizing neural network problem. We describe how a network orders itself
iteratively on the basis of the input points and self-organizes accordingly to finally

arrive at the convex-hull after a finite number of iterations.

1.9.3 Minimum spanning circle

Another computational geometry problem that has drawn considerable attention of

many researchers is the computation of the circular hull of a planar set. While the

hull provides the smallest convex polygon enclosing the set of input points,
the circular hull provides the smallest circle that encloses all the input points. The

circular hull is also called the minimum spanning circle (MSC).

The application of the MSC lies in optimization, pattern ition, image
analysis, 1 esti etc. It has applications in ission and trans-
portation for le, in opti location of a facility. We can find out
where should a facility be located so as to minimize the maxi di from the

facility to a user.

In Chapter 6, we describe a self-organizing neural network model that computes
the MSC of a given planar set . The problem is to find the radius and the centre
of the smallest circle such that the circle encloses n given points in the plane. In

location theory this is the unweighted Euclidean 1-centre problem in the plane.

1.10 Conclusions

Artificial neural networks (ANN) are man-made models of biological neural systems.

They are composed of a number of which are i d by links. The

links are associated with connection weights which are adapted through a learning

process. The ct istics of the p the jons, the learning rules etc.
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characterize an ANN model. ANN models, instead of performing operations sequen-
tially, perform the same simultaneously using massively parallel networks composed
of & number of processors connected by links, and thus provide high computational
speeds. Neural networks are also popular due to their adaptive nature. They provide
a new form of parallel computing in an adaptive manner as observed in living organ-

isms. By using neural networks, a complex problem can be solved with a number of

working collectively, while each performs much simpler compu-

tations only. Neural network models sometimes provide robustness to some extent

(see [69, 100]). If a few or links are d d, the overall performance is
not affected much and thus such models sometimes have higher fault tolerance. More-

over, in some situations where jonal computing poses or performs

poorly, neurocomputing provides an efficient way of solving them.

Depending on the learning type (supervised or unsupervised) the ANN models
can be divided into two categories — supervised network models and unsupervised
network models. The theme of the present thesis is unsupervised neural networks
which are also called self-organizing networks. In unsupervised models, the training
is performed without any target vector unlike in supervised models where for each

input vector a target vector is also required to train the network.

Some interesting ch istics of Kohonen’s self- izing model are dis-
cussed. Quite a few extensions of this model are developed in the recent past which
are described here. These models-are found to be more efficient in some respects.
An important property of these extensions is that they are dynamic in nature and
has the capability to grow over time. As a result, these models need not know the

network size a priori unlike in Kohonen’s model.

The requirement of prior knowledge of the number of processors in the network,

as has been pointed out by several authors, poses problems in applying the SONN

model to di i i These bl have been rcome by d; icall,

growing and shrinking the network by addition and deletion of processors in the

network. The addition and deletion criteria are set d ding upon the li

in hand. In Chapters 2-3, we propose new self-organizing models in shape extraction

problems where not only the network grows in size but also the local topology evolves
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over time. The former property is required to automatically select the optimal number
of processors in the network while the latter is required to adapt the structure of the
input pattern. A predefined rigid topology of the network, as is used in the SONN
model, cannot properly adapt the structure of the given pattern. In Chapter 4, we
make a comparative study between our neural network based models with some of
the existing well-cited conventional algorithms. In the next two chapters, we shall
deal with two more problems that are frequently studied in computational geometry.
Chapter 5 proposes a self-organizing neural network model to compute the convex-
hull of a planar set. In Chapter 6, we propose a self-organizing model for finding the

minimum spanning circle of a planar set.
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Chapter 2

A DYNAMIC
SELF-ORGANIZING NEURAL
NETWORK FOR SHAPE
EXTRACTION

Abstract: A modified version of Kohonen’s self-organizing model is proposed and is
applied on shape estraction of an object in a binary image. The networks can grow
itself to an optimum size. It can also adapt the local topology of the input pattern by

certain suitably chosen criteria.

2.1 Introduction

There are a few shortcomings of the SONN model, discussed in Chapter 1, in view
of the shape extraction of a pattern. In Kohonen’s SONN model, a network having
either a linear topology or a planar topology is used. As mentioned in Chapter 1,
such rigid neighbourhood topologies are found inadequate in some situations. In
particular, they pose problems in shape extraction of a pattern. When the input

pattern has a prominent shape such neighbourhood definitions are found
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Figure 2.1: The output network by the SONN model for a pattern having a circular
shape.

[59]. This is due to the fact that during the update process the weight vectors lying
in zero-density areas are affected by input vectors from the surrounding parts of the
nonzero distribution. As the neighbourhoods are shrunk the fluctuation vanishes and
as a result some processors may remain outliers due to the residual effect from the
rigid neighbourhood (Fig.2.1). On the contrary, in a shape extraction problem, the
output network is not only required to be within the pattern but should also be
satisfactorily close to the medial axis of the pattern. Figs.1.8(b)-(d) illustrate some

situations when the output networks do not represent the skeletal shapes.

Another problem with the SONN model is that it assumes a predefined fixed

topology of the network which is maintained th s But at diffe regions

of the input pattern, we may require different topology of the network. Different
regions of the pattern may have different structures namely, a simple arc, a fork, a
crossing etc. This is illustrated in Fig.2.2 where a linear chain of processors fails to
adapt the skeletal shape of circular and fork structures. For the circular pattern, the
topology of the pattern is no longer preserved by the output network (the pattern is
a closed loop while the output network is not). The fork structure cannot be adapted
by the linear network structure. To adapt the fork structure, the network requires

one processor to have three neighbours.

Due to the above shortcomings, Kohonen’s SONN model is modified here to

make it applicable for shape extraction. The size of the network (number of processors
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Figure 2.2: The problems of the SONN model due to its fixed network topology. (a)
circular shape (b) fork shape.

in the network) is allowed to vary during learning unlike in the SONN model where it
is set a priori and remains fixed throughout. The proposed model is called Dynamic
Self-Organizing Neural Network (DySONN) [24] model. Apart from growing in size
the DySONN model can be distinguished from the SONN model by the property
that in the DySONN model the network can adapt the structure of the input pattern

even when the input pattern has a nonli ru (for having
forks, crossings, loops etc.). As a result, the DySONN model overcomes the problems
inherent in the SONN model while extracting the shape of a pattern.

In the neural network model di d here, the i and the update

rules are similar to those in Kohonen’s self-organizing feature map. But while the
number of processors in Kohonen’s feature map is fixed, the present network is dy-
namic in the sense that during the learning process new processors can be added
to or old processors can be deleted from the network. A major advantage of such
a dynamic model is that the number of processors need not be known a priori, but
can be learnt. On the other hand, a model with a fixed number of processors can
cause some processors to be overloaded and some processors to remain idle (see [98]).

Dynamic neural networks have been used by several researchers in various applica-
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tions, for in distribution in the plane [39), in shape

dlassification [98], in vector ization [20], in hull ion [22] and in

shape approximation [87). In the present chapter, a dynamic neural network model

is proposed for extraction of the shape of a binary object, in the form of a skeleton.

In his model Kohonen has used the term array of processors to represent the
network. Since in our model the processors are inserted/deleted during the learning
process, we use the term "list of processors" to represent the network structure. In

the list, each node represents a processor and the links represent the connections

between processors. This makes the insertion/deletion of and
we can follow the standard insertion/deletion algorithms available in the list pro-
cessing literature. In our discussion, by network structure we mean a (linked) list of

processors having linear or nonlinear structure.

We first describe our shape extraction method for patterns of simple struc-

tures and then go for structures with more ity. In the next section we have
three subsections. Subsection 2.2.1 describes the method for simple patterns like
arcs. Subsection 2.2.2 explains how to take care of more complicated patterns having
branching, forks and crossing (for convenience we call them together tree patterns).
Subsection 2.2.3 considers patterns that contain loop structures. In all the cases the
starting structures of the network is linear only. It is the dynamic nature of the
network that enables it to learn the structure of the input pattern and to expand

(topologically) accordingly.

2.2 The DySONN model

From Chapter 1 we learn that Kohonen’s feature mapping network is an array of

where each is to one or more surrounding processors
and every processor is assigned a weight vector. The network of processors is normally
represented in either one or two dimensions. The map (more specifically, the weight
vectors) is adapted on the basis of a set of input feature vectors which can be of an
arbitrary dimension. The dimension of the weight vectors is the same as that of the

input vectors. Suppose the array of under is
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as {m1,72,...,m}. Denote the neighbourhood N; of the processor m by {my : 7y is
connected to m;} which includes 7;. Let the weight vector for the processor m; be
Wi(t) = (wi(t), wiz(2), ..., wim(t)) at time instance t. The starting weight vectors
W;(0) are chosen at random. Suppose the set of input vectors is S = {P;, Py, ..., Pn}
where the dimension of each F; is also m. The update rules for the weight vectors

then go as follows.

At time instance ¢, F; is presented to the network. All the processors compete
and let Wi(¢) be the nearest weight vector to F;. That is,

[IW(®) — Bl < |IWi(®) — Bjll  forall i (21)
The weight vectors of the 7 and its neighb are updated ! as:
Wit +1) = Wi(t) + ()P — Wilt)) 29
Wt +1) = W,(t)+am®)[P;— W(t)] for m € Ny — {m}

where a1 (t) and a(t) (1 (t) = c(t) for all £) are the gain terms at time ¢ satisfying
the conditions (1.11) in Chapter 1.

We have classified the input binary patterns into three categories: 1) Arc pat-
terns like character patterns ‘C’, ‘L, ‘S’, ‘M’ etc. which have a linear structure; 2)
Tree patterns like “T%, ‘X’, ‘Y’ etc. which have forks and branchings; 3) Loop pat-
terns like ‘A’, ‘B’, ‘O’ etc. which contain a loop structure. To describe our model,
we will deal with these categories seperately. In the figures, the object pixels are
coloured as black. The networks are represented by tiny circles and lines denoting
processors (nodes) and links (edges) respectively. The circles and lines are black in

white background; and white in black background.

2.2.1 Arc patterns

‘We first deal with input patterns having an arc shape, the structure of which can be

by a linear structure. We start with a network having a linear structure

TSince the gain term may be different for the winner processor and its neighbours, we break
Kohonen’s update rule into two using a1 (t) and aa(t)
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d by a list of p [m1, 2, . - -, ] where 7; is connected to exactly
two processors 71 and iy (the two end processors are connected to exactly one
processor each). Here the input feature vectors are the co-ordinates (row and column

indices) of the object pixels in an image and hence m = 2. § = {P,, P,,..., Py} is

the set of N object pixels where P; = (z;,y;). The weight vectors of the processors m
are updated iteratively on the basis of the points in S. The initial weight vectors of
7; are, say, (wn(0), w:z(0)). Suppose, the point P; is presented at the ¢-th iteration.
Let

IWi(@®) — Bl < ||Wit) — Byl forall i (2.3)
where Wj(t) is the i-th weight vector at the ¢-th iteration. Then Fj updates the

weight vectors in the following way.

Wt +1) = W) + oI~ Wp(t)] for p=F

Wyt +1) = W) + am@)[P; — Wp(t)] for p=k—1, k+1 (&4

If this update continues then the weights tend to approximate the distribution of
input vectors in an orderly fashion. Note that the processors do not move physically

during update. It is the weight vectors, ing the locations of the p

that are made to change to define the ordering. One presentation each of all the
points in S makes one sweep consisting of N iterations. After one sweep is completed,
the iterative process for the next sweep sterts again from P through Py. Several
sweeps make one phase. One phase is completed when the weight vectors of the

current set of processors converge (are stable), that is, when
IWit) — Wit)[l <& forall 4 (2.5)

where £ and t' are the iteration numbers at the end of two consecutive sweeps and ¢ is
a predetermined small positive quantity. Note that one phase here can be looked upon
as one complete convergence of the SONN model. Only after a phase is completed,
are processors inserted. Suppose, at the end of the s-th phase, the weight vectors of
the processors are Wi(t,), - - -, Was(ts) where n(s) is the number of processors during
the s-th phase and £, is the total number of iterations needed to reach the end of
the s-th phase. If the weight vectors of two neighbouring processors are far apart, a

processor is inserted between them.
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Processor insertion

1
IWi(ts) — Wina(to)ll = _ m [IWi(t.) = W ()l > 6 (2.6)

ein(3)—1

then one processor is inserted between m and 7i4; and the new processor has the

weight vector as 1 [Wi(t,) + Wira(2.))

Note that & is a pre ined positive ity. After the insertion of a pro-

cessor, the next phase starts with the new set of processors. The process continues

until, at the end of a phase,
||Wilts) — Wira ()| 6 for i=1,2,...,7n(s) — 1 @7
The condition (2.7) means that the weight vectors of no two neighbouring pro-

cessors are too far apart. The processors (on the basis of their weight vectors) at this

stage give an approximate global shape of the input pattern (Fig.2.3).

2.2.2 'Tree patterns

Now we deal with patterns that have branchings, forks or crossings (we term these

features as j . For 1 ider character patterns ‘T’, ‘X, Y’. Here

it is required that a processor in the network has more than two neighbours. In the
case of arc patterns the number of neighbours (call it degree of the processor) for each
processor was known and was fixed during the learning process. But now a processor
(representing a juncture in the pattern) can have a variable number of neighbours
and the number is not known a priori. We shall discuss how to learn the required

degree of the processors.

Let us consider a pattern with a fork. Since initially there is no topological
information about the pattern, we start with a linear network (the same network as
in Fig.2.3(a)). Adapting a fork, present in a pattern, is explained in Fig.2.4. After a

number of iterations, some processor forms a significantly small acute angle (decided
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Figure 2.3: Different stages of the network for an arc-pattern ‘S’ (§ = 12). (a) Initial
network. Intermediate stages (b) after 20 sweeps (c) after 40 sweeps. (d) Final

network giving the vector skeleton after 60 sweeps and (e) the raster skeleton.

=
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Figure 2.4: (a), (c), (¢) : the network locally forms a spike to indicate one of the
branchings, (b), (d), (f) : a processor U with higher degree is inserted to accommodate
the branching.
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on the basis of some threshold say, 6) with its two neighbours (Figs.2.4(a),(c),(¢))
to indicate a fork in the pattern. Such a spike is formed because, by a property of
Kohonen’s feature map, the network tries to span the entire range of input pattern
space and also, the topological relationship of the pattern is preserved in the net-
work (as discussed in Chapter 1). Thus, formation of a spike suggests that a fork
is to be created in the network. In Figs.2.4(a),(c),(e), processor X forms a spike
with its neighbouring processors Y and Z indicating a fork lying between Y and 2.

Therefore, the ing p d is d to d a fork in the network

(Figs.2.4(b),(d),(£)) when a processor X forms a spike:
Procedure Create-fork

(a) Create a new processor say, U (denoted by a solid circle) halfway between
Y and Z.

(b) Establish a link between U and X.

If Y has neighbour(s) other than X (Figs.2.4(a),(c)) then establish link(s) be-
tween U and these neighbour(s) of Y and delete processor Y (Figs.2.4(b),(d));
otherwise (Fig.2.4(e)) establish link between U and Y (Fig.2.4(f)). Take similar
action for processor Z.

(deleting a processor here means all the links associated with it are also re-

moved).

The above procedure can be justified as follows. Since there is no prior knowl-
edge about the structure of the input pattern, we start with the simplest network
structure (here linear). As the network tends to the input, at a point of time when
we encounter a spike, we update our knowledge by creating a fork structure locally
in the network. The same actions are taken for all the processors forming a spike.
These actions are taken after a phase is complete and then the subsequent phases of
learning are continued to enable the network to approach towards a closer approxi-
mation of the shape of the pattern. Similar principles used earlier in the case of arc
patterns are followed for insertion of processors and for convergence of the algorithm.

For this the conditions (2.6) and (2.7) are modified to accommodate all possible pairs
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‘ﬁﬁz’,

() (e)

Figure 2.5: Different stages of the network for the pattern ‘T” (§ = 12). Intermediate
stages (a) after 20 sweeps (b) after 40 sweeps (c) after 50 sweeps. (d) Final vector
skeleton after 70 sweeps and (e) the raster skeleton.

of neighbouring processors as follows.

Processor insertion
i
1Witte) = Werlo)ll = _max | max  |IWi(te) — W)l > 6 (2:8)
then one processor is inserted between m and Ty and the new processor has the weight
vector as §[Wi(t,) + We(ts)]-

After the insertion, the next phase starts with the new set of processors. The
process continues until, at the end of a phase,

for alli, ||Wits) — Wa(t)ll €8, V7w € N; — {m} (2.9

Different stages for a “T’-pattern are shown in Fig.2.5. The initial network was

taken as in Fig.2.3(a).
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2.2.3 Loop patterns

The techniques discussed above work for patterns excepting those containing loops.
Consider the pattern ‘A’. Our algorithm can generate, on the basis of the principles
discussed in Sections 2.2.1 and 2.2.2, an incomplete skeleton as shown in Fig.2.6(c).
It is now necessary to complete the loop by means of bridging the gap (between

processors E and F.

As discussed in Chapter 1, the asymptotic values of the weight vectors constitute
some kind of vector quantization [64]. In particular, the distance measure and the
update rules as considered in our algorithm, induce a partition of the input pattern

space specified as
S:

(P € S:|IWi— Bl < IWs — Bl Vr} (210)

The above partition is a Voronoi tessellation which, in the present situation,
means partitioning of the input pattern space into regions within each of which all
input vectors have the same weight vector as their nearest one. Therefore, each set
S is associated with a single processor. Hence the input pattern vectors can easily be
labelled according to the S; to which it belongs. In other words, each input vector is
given a label according to its nearest processor. Such input labeling has earlier been
used by Sabourin and Mitiche [98].

Definition 2.1: When the input pattern is a binary image, two processors 7; and 7;
(i # 7) are said to be adjacent if there exists at least one pair of object pixels P € 5;
and Q € S; such that P and Q are 8-neighbours (see Definition 1.1) to each other.

Procedure Loop-join

After convergence (let us call it initial convergence) as mentioned in Sections
2.2.1 and 2.2.2, label the input vectors as mentioned above and then check, for each
processor, whether it is adjacent to any processor other then its neighbours. If it is,

d a link b these two

In Fig.2.6(c), processor E is adjacent to processor F and they are not neighbours
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(a) () ()

(d)

Figure 2.6: Different stages of the network for the pattern ‘A’ (§ = 12). Intermediate
stages (a) after 20 sweeps (b) after 40 sweeps (c) after 70 sweeps. (d) Final vector
skeleton after 100 sweeps and (e) the raster skeleton.

ighb . After this we
continue the algorithm until the final convergence is reached (Fig.2.6(d)), that is,

to each other. So, they are made and become

when condition (2.9) is satisfied. The whole process can now be stated briefly by
Algorithm DySONN.

Algorithm DySONN

Step 1: [Initialization]
Initialize t = 0; Initialize the weight vectors W;(t), (i = 1,2,...,7) with random

values.

Step 2: [Sweep]
For sll input patterns P;,j = 1,2, ..., N. Update weight vectors according to
rules (2.2).

Step 3: [Phase]
If condition (2.5) is false then go to Step 2.
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Step 4: [End of Phase]
If no processor forms a spike go to Step 6.

Step 5: [Fork Creation]
Create new U by the dure Create-fork.
Go to Step 2.

Step 6: If condition (2.9) is true go to Step 8.

Step 7: [Processor Insertion]
Insert ing to condition (2.8).
Go to Step 2.

Step 8: [Loop Join]

Label the input vectors as d

above. If nio p is adjacent to any

processor other than its neighbour go to Step 10.

Step 9: Join the processor and the processor adjacent (by Definition 2.1) to it by
the procedure Loop-join.
Go to Step 2.

Step 10: Stop.

The final network obtained by the above algorithm gives a vector skeleton for
the given input pattern (see Figs.2.3(d), 2.5(d), 2.6(d)). The raster skeleton can
easily be derived from the network as follows (see Figs.2.3(e), 2.5(c), 2.6(<)).

Procedure Raster-skel

For each link, the line segment connecting the weight vectors of the two cor-

ding processors, is d. The set of all object pixels intersecting such a

line segment gives the raster skeleton.
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(a) (b) (c)
(d) (e) (f)
Figure 2.7: The role of § on the output skeleton. (a) §=5 (b) 6=7 (c) 6=9 (d) §=11

(e) 6=13 (£) 6=15.

2.3 Choice of parameters

2.3.1 Choice of §

It is easy to see that & plays a role here. A very low value of § might produce a zigzag
network (Figs.2.7(a)-(b)) which does not represent the true shape of the pattern.
(The same problem occurs in the SONN model which is discussed in Section 1.6). On
the other hand, if & is very high, the skeleton does not properly represent the medial
axis (Figs.2.7(e)-(f)). In the latter case, a portion of the output skeleton may lie
outside the object. In this example, it can be seen from the figure that the optimum
values of § are 9 < 6 < 11 in view of the medial axis representation. But, in this
case, the choice of the optimum value needs user intervention. We now suggest an

p ism so that a satisf:

-y medial axis jon can be

lly. One such h is to i d level in the weight

updating process which is described below.
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Figure 2.8: The activation regions at different time t = 1, t2, ts (t1 <tz < t3).
() at time #; (b) at time #; (c) at time 5.

We define an activation region of a processor so that if an input vector falls
within the region then only it activates the processor. The activation region decreases

over time. In the present problem it is defined as follows.

Definition 2.2: The activation level a;(s) of ith processor, for i = 1,...,n(s), at the
end of the s-th phase, are defined as

W) — We Gl (211)

1
a(s) =+
G mgeNi—{m}

where ¢; is the number of neighbours of m; excluding ;.

Definition 2.3: The activation region of a processor is a circle with the corresponding

weight vector as the centre and the activation level as its radius (see Fig.2.8).

A processor is called active if the presented input vector lies within its activation
region. In other words, if an input vector lies outside all the activation regions, it is
ignored in the competition and updsting process (Eqns. (2.1), (2.2)). An input must
activate a processor first before entering into the competition. Only active processors

sre qualified for competition, after which the winner processor is selected and the
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() (d)

Figure 2.9: The raster skeletons obtained (a),(b) without activation level and (c),(d)

with activation level (6=5).

weight vectors are updated accordingly. Thus, the weak signals (here the object pixels
near the boundary of the object) gradually become ineffective in the weight updating
process. This is so because, as the processors become more and more close to each
other, the region of input vectors that activate (influence) a processor is also shrunk
and thereby the influence of the outer layers is symmetrically decreased. The object
pixels near the medial axis acquire more control over the process (Fig.2.8(c}). There
may be other ways to define the activation region. But the proposed method does

not require any parameter setting and is data-driven.

The elgorithm described earlier is modified to incorporate the activation level.
Results of the modified algorithm are shown in Fig.2.9. It is found that the modified
algorithm gives much better results. In the original algorithm if & takes small value
(say, 6=5) then the skeletons become zigzag (Figs.2.9(a),(b)). But in the modified
algorithm the skeletons do not become so with the same 6 (Figs.2.9(c),(d)). Thus

we can always set § very low and by introducing the activation level, a satisfactory
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Figure 2.10: The role of parameter 6.
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medial axis representation can be obtained.

Note that a smaller value of § will take longer time to converge. However, in
some applications, a crude approximation of the shape serves the purpose. In such
situations, we can choose a high value of this parameter and get the output faster.
Thus the user has an option to make the algorithm faster at the cost of accuracy.

This issue is discussed in more detail later in Section 2.4.

2.3.2 Choice of ¢

The procedure Create-fork uses a 1d angle 8 to judge whether an angle is acute
enough to create a fork in the network. The value of 6 should not be too high or too
low. If it is very high, a fork will be formed at an early stage which should not have
been created at all (Fig.2.10(b)). It might cause a spurious tail in the output skeleton
(Fig.2.10(c)). However, this tail may be removed by some simple post-processing if it
is not long enough. This tail will bo long only when the input patiern has a very sherp
peak (Fig.2.10(d)). In such situations, existing jonal algorithms also
create a tail (Fig.2.10(¢)).




On the other hand, if the value of @ is very small, the fork creation takes more
time. Due to a very small 8, a small branch of the pattern may be missed in the
output skeleton (Fig.2.10(f)). But if the the branch is long then in course of processor
insertion the angle will become more acute and at one time it will be less than 6 and

hence a fork will be created.

Experimental results have shown that the proposed model works we'l and pro-
duces satisfactory results for a wide range of the parameter 0. The final result is
not affected by the choice of 8 within this range. We have tested on a good number
of English character patterns keeping 30° < @ < 80° and have observed hardly any
effect of @ on the final skeleton.

2.4 Discussions and remarks

For arc patterns, it can easily be seen that the resulting network, after convergence,
gives a skeletal shape of the pattern. Here the array of processors is linear and the
inputs are from a two- dimensional distribution (see [64], p.153). In the present
model, we start with a given number of processors and at the end of a phase, we
obtain an output similar to the Kohonen’s model. After each phase a processor is
inserted according to condition (2.8). In the process of insertion, the existing global
ordering of the processors is never disturbed. Note that each phase here can be
looked upon as & full jon of Kohonen’s

because each phase starts
with a given number of processors and converges to an output without changing this
number. Thus the only difference between our model and the original model in terms
of convergence, is that the former is a repetitive application of the latter, every time
by increasing the size of the network without disturbing the global ordering. And
from the fact that once the processors are ordered they remain so for all ¢ (see [64],
p.143), the output network in the proposed model will give the skeletal shape of the

arc pattern as is given by Kohonen’s model.

For tree-patterns, after a few phases (when almost all the weight vectors are
positioned within the pattern or at least quite close to it), a spike in the network

is replaced by a fork structure locally. The starting network being linear, a spike
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here represents a junction in the local neighborhood of the pattern. The method is

repeated after each phase. For a ‘+-like j jon two such repl are sired

For other parts of the pattern, the argument holds good since a tree-pattern is a

union of several arc-patterns.

If the pattern has a loop, the algorithm (up to Step 7 of Algorithm DySONN)
yields only & treestructured network. Subsequently loops are formed depending
on the Voronoi regions (Eqn.(2.10)). If two Voronoi regions are adjacent but the

respective processors are not already linked then a link between the two processors is

blished. The above justify that the resulting network achieved by the
DySONN model will give an approximation of the medial axis of the given pattern
in the form of a vector skeleton. From the vector skeleton one can easily obtain a

raster skeleton by the procedure Raster-skel.

In Section 2.2, we have where a new

p: insertion
processor is created after the end of a phase. The edge with the maximum length
is found after each phase and a processor is created at the middle of it. Thus only
one processor is created in each phase. Alternatively, one can insert more processors
simultancously at the end of each phase by creating processors at the middle of all
the edges having length greater than 8. That is, at the end of s-th phase (after t,

iterations), if
R(t.) = {(Wi(ts), Wa(t,)) is an edge : ||Wi(ts) — W (2.)I| > 6} (2.12)

then processors are inserted at the middle of all the edges in the set R(t,). We have
experimented both the mechanisms of insertion and found that the learning is slightly
better in the former in terms of the quality of the output skeleton. In the latter
mechanism, the size of the network grows very fast from the beginning as in the early
stage of learning almost all the edges are expected to have length higher than §. In
the former mechanism, the growth of the network is slow and the learning is better.
However, at the later stage, simultaneous insertions are more suitable to obtain the
output faster. Another point to note is that the activation level should be kept very
high or it should not be used at the beginning so that the network has the freedom
to capture the entire input. Otherwise, some branchings of the input pattern may be

lost in the output network in which case the overall topology of the pattern is not
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preserved.

With the above observations, we propose that the DySONN model should be
executed in two stages (a) finding an initial skeleton to get the overall topology of
the pattern without activation level and (b) arriving at a mrre accurate final skeleton
after incorporating the activation level. In the first stage, set & high and get an initial
skeleton that captures the overall topology of the input pattern (Figs.2.11) and gives
a rough approximation of the required In the second stage, to get a close

medial axis approximation, assign a very small value to & and continue the algorithm
in an effort to position the weight vectors more accurately along the medial axis.

Processor insertions, at Yhis stage, are done aveording to Ban(212).

The question is: what value of § should we choose in stage (a)? Experiments
have shown that this choice can be made from a considerably wide range and hence
one need not guess an exact value. For example, in Fig.2.11, for an ‘A’-shaped pattern,
the essential topology could be achieved for 15 < 6 < 30. Within this range, the initial
skeletons have the same topology. In many situations, the initial skeleton itself (for
example, Fig.2.11(a)-(d)) serves the purpose. For example, skeletonization is applied

as a prepr ing step in ch T it In character

a vector skeleton of the character pattern makes the recognition task much easier.
This vector skeleton need not be very close to the medial axis. Crude vector skeletons
similar to that shown in Fig.2.11(a)-(d) are good enough for structural analysis of

the input pattern and its recognition.

Moreover, for printed and hand-printed character recognition (for a given font,
fixed pen thickness and scanner resolution) we can learn, by trial and error method,

an estimate of 8 from a number of training characters so that the initial skeleton

itself is satisfactory. This esti can be used in stage (a) on the test

patterns.

The algorithm described in this chapter has been tested on a number of char-

acter patterns and the results isfe y. In addition to the

are quite
examples used for explanation of the model, a few more results are given in Fig.2.12.

The raster skeletons are shown for each pattern. To compute the raster skeletons,
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(a) (b} (c)

(d) (e)

Figure 2.11: Output networks for a A-shaped pattern when (a) 6=30, (b) 6=25, (c)
§=20, (d) =15 (e) 6=10, (f) 6=5.

first a vector skeleton was computed with & = 5. In all the input patterns the initial

network is taken to be the same as shown in Fig.2.3(a). The values of the gain terms
0.001 X

o — 0001 0001 _

() = g3 o780] T 5/20]

ing algorithm has been tested with several choices of the starting weight vectors of

and as(s) = where s is the sweep number. Our learn-
the processors and the final output is found to be independent of the starting vectors.
The input vectors are fed to the network in a random order. The value of € is taken
as 0.001.

2.5 Conclusions

A new shape extraction method for a binary object is proposed in this chapter.
The method uses the basic characteristics like topology preservation and automatic
dimension selection of Kohonen’s self-organizing feature map. As this map is not
directly applicable to compute the skeleton, we have suggested certain modifications

onit. A dynamic version of the SONN model is developed so that no prior knowledge
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«@ . (e)
Figure 2.12: Raster skeletons produced by DySONN model.

of the required number of processors in the network is necessary. Combined with a
few heuristics, like deciding a fork on the basis of & spike and joining a loop on the
basis of adjacency of two Voronoi regions, the proposed DySONN model can produce

the shape of a binary object.

The proposed model here is a dynamic variation of Kohonen’s self-organizing
model. It is dynamic in two respects: (1) the size of the network is initially small

and then grows in course of time; (2) although the initial network is linear, the

hoods of the pr may change over time to adapt the structure of the
input pattern. While the former is done by certain processor insertion mechanism,
the latter is based on some heuristics as mentioned in the Create-fork and the Loop-
join procedures. In the next chapter, we shall discuss another self-organizing model
for shape extraction which is free of these heuristics and provides a more efficient way

to adapt the topology of the input pattern.
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Chapter 3

A TOPOLOGY ADAPTIVE
SELF-ORGANIZING NEURAL
NETWORK FOR SHAPE
EXTRACTION

Abstract: An efficient topology-adaptive model for shape estraction is proposed. The
model is a variation of the neural gas network model and has the capability to ezpand

to an optimum size.

3.1 Introduction

This chapter, like Chapter 2, deals with the vector skeleton (as mentioned in Chapter
1). That is, a piecewise linear approximation of the skeletal shape of binary patterns
will be studied here. In Chapter 2, we have proposed certain modifications on Ko-
honen’s self-organizing neural network model to get a suitable model (DySONN) for
skeletal shape extraction of an object. In the DySONN model, the starting network
can have a linear structure with a small number of processors. Such a linear struc-

ture leads to a higher order structure and finally gives the skeletal shape of the given
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pattern. We explained how to update the network to accommodate tree and loop
patterns. The network grows in size as well as the neighbourhoods of the processors

change according to the local topology of the input pattern.

The DySONN model is, in fact, a combination of a modified version of Koho-
nen’s SONN model and a few heuristics. The skeleton of arc patterns can be achieved
by the weight update and the processor insertion/merging process only. But for a
pattern with higher order structure, certain heuristic criteria have been used. To
accommodate a fork in the pattern, whether a spike (measured in terms of a thresh-
old acute angle) is present in the network is checked. For loops, input vectors are
first labelled according to their nearest (winner) processors and then the adjacency
of two labelled regions is checked to establish the loop. In this chapter we propose a
new model which can get rid of such heuristic/postprocessing. We propose a model
which is not only self-organizing but also topology-adaptive and can be used for skele-
tonization without any such heuristic/postprocessing. In other words, along with the
weight update of the processors, the links between two processors are also evolved
which leads the network to tend to the skeleton of the input pattern even when it has
a nonlinear structure. Moreover, the DySONN model is not straightway applicable to
all the three types of input data — binary images, gray-level images and dot patterns.
The DySONN model for skeletonization of binary images, in its present form, does
not work for the other two types of input pattern. (In the next chapter, we shall
see how this model with minor modifications can be applied on other types of input
namely, dot patterns and gray-level patterns.) The model, proposed in this chapter,
provides a unified approach of skeletonization for all the three types of pattern. It
should be noted that although many algorithms exist to find the skeleton of a binary
object, hardly any algorithm is reported to find the skeleton of a dot pattern.

In Kohonen’s self- izing model the neighbourhood topology of the network

is fixed at the beginning and does not change during the process. The network having
cither a linear topology or a planar topology (with a triangular or a rectanguler or
a hexagonal lattice structure) is used. The neighbourhood topology in the network
is fixed. Recall, as discussed in Chapters 1 and 2, that such a network of fixed

neighbourhood topology does not work well in skeletonization. Moreover, due to the
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rigid topology of the network, the topology of the input pattern cannot be completely
adapted. These pose problems in skeletonization tasks because the resulting network

does not represent the required vector skeleton.

From the sbove issues it is felt that a dynamically growing network with a new
type of local neighbourhood ionship (a d ically defined neighbourhood) is

required. The model proposed in this chapter meets this requirement. In the present
model [26], the initial list of processors is empty and the resulting topology is com-
pletely data driven. That is, initially there is no processor and no neighbourhood is
defined. The network grows in size by means of a certain processor creation/insertion
mechanism. During a certain learning process the processors create/adapt their
neighbourhoods dynamically, by means of connection building, on the basis of the
input. The neighbourhood of a processor in the network is totally input driven which
gets dynamically defined. The degrees of different processors (number of neighbours)
may vary spatially and over time and hence the neighbourhood topology of the net-
work is not fixed. The topology is adapted on the basis of the local input vectors.
The model enables the network to learn the weight vectors as well as its topology
from the input vectors in an unsupervised manner. Thus the present model is a
Topology-Adaptive and Self-Organizing Neural Network (TASONN). The essential is-
sues of this chapter are (i) to adapt the neighbourhood topology of the net while
self-organizing and (ii) to allow the network to grow in size as required. The local
topology varies not only over time but spatially too. The weight update process is

similar to that in Kohonen’s SONN model. The rules of processor creation/insertion

and hood topology jon are introduced in this chapter. First, the

TASONN model on i domain is di d. In a sut section, the

model is applied on digital domain where a binary image constitutes the set of input

vectors.

3.2 The background

In Chapter 1, we mentioned "neural gas network" (NGN) model introduced by Mar-
tinetz and Schulten [73, 74, 77). This model starts with a set of weight vectors without
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any links. For each input vector, it ranks the weight vectors and updates first few
(say, 7) of them. 1t adapts the r nearest weights where  takes a large initial value and
decreases over time according to a predefined schedule. For each input signal, the two
nearest processors are joined by an edge. To remove an edge, an "edge aging” scheme
is d. Fritzke [41] dified the NGN model and suggested a scheme to insert

processors in the network. Thus in the "growing neural gas network" (GNGN) model
of Fritzke, the initial number of weight vectors need not be known beforehand. One
can start with just two processors and then go on growing the network by adding new

processors and by linking/delinking edges until certain stopping criteria are achieved.

The models NGN and GNGN are found to be effective methods for topology
learning. They are advantageous over the SONN model because the SONN model
assumes a predefined topology of the network that remains fixed throughout. The
major difference between the NGN and GNGN models is that the former starts with
a given number of processors n but does not change it, while the latter starts with
only two processors and dynamically inserts new processors until finally the network
size becomes n. However, the NGN and GNGN models have some shortcomings.
We shall discuss these shortcomings and describe how to overcome them. We first
describe the main steps of the model in Algorithm GNGN (for more details see [73]
and [41]).

Algorithm GNGN

Step 1: Start with two processors @ and b with random weight vectors W, and Wj.
their local lative error E(a) and E(b) to 0.

Step 2: Present an input vector X.

Step 3: Find the nearest and second nearest processors i and i; whose weight vec-

tors are W;, and W, respectively.
Step 4: Compute E(io) = E(io) + |[Wi, — X||7.

Step 5: Increase the age of all connections of processor io, i.e., set ti;

tij + 1 for

all j with Cy; > 0, where Ci,; > 0 means processors ig and j are connected by
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& link and Cj,; = 0 means otherwise.

Step 6: Adjust the weights, to pull towards the input, of processor i and its topo-
logical neighbours.

Step 7: If Cipi, = 0, set Cipi, = 1 and tipi, = O, that is, construct a link between io
and 3. If Gy, > 0, set tiyi, = O.

Step 8: Destroy all the links with ages higher than @ma.. If this causes any singleton

pr T () having no ing links), remove them.

Step 9: If number of input vectors = M, where M is an integer and X is an input

parameter, then insert a new halfway b the

p q with
the maximum error E(g) and its neighbour f with the highest error. Modify
the links accordingly. Decresse the error values E(g) and E(f) by multiplying
them with a constant c. Set error of the new processor equal to new value of

E(q).
Step 10: Decrease all error values by multiplying them with a constant d.

Step 11: Repeat from step 2 until the stopping criterion is reached.

3.3 Shortcomings of NGN/GNGN model

In NGN model, weights are updated for the r nearest processors. Initially the value

of r is set high so that the chance of dead processors (processors not pulled by any

input signal) is reduced. Ordéring of the  distances, for each p ion of the

input, makes the model computationally expensive.

In NGN and GNGN models, the edge destruction mechanism is based on an
aging scheme. Connections at an esrly stage of the adaptation may not be valid
anymore at an advanced stage. To take care of this, the authors develop an age
counter for every link after the link is constructed. If the age of a link exceeds a
predefined "lifetime" (Gma- in GNGN algorithm) then the link is destroyed. The
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Figure 3.1: A clustering application

lifetime is chosen subjectively here. This technique may pose in a few

situations as described below.

Consider a clustering problem. Suppose there are two clusters which are well
separated except for a few points (Fig.3.1). Suppose we present the input points
randomly. Note that since the number of points in the overlapping region is much
less compared to the total number of points, they are expected to occur at long time
gaps. Then, in the NGN/GNGN model, after some iterations, the output network
can be any of the two as shown in Fig.3.1(a) and (b). In Fig.3.1(a), it happened that
1000 iterations were reached after the link AB was constructed and before its lifetime
was exceeded. Thus the two clusters remain connected here. In Fig.3.1(b), 1000
iterations were reached between the time gap of the link AB being destroyed and
not being constructed again. Therefore, the output networks here are disconnected
and represent the two clusters properly. Thus the result may differ depending on the
chosen value of the lifetime and the input sequence. Depending on the lifetime and

the input sequence, the link AB may appear (due to the arrival of an input vector

from the overlapping region) and di (due to a ble time gap between

consecutive arrivals of such an input vector) alternately. The asymptotic nature of
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the network may be oscillating. Moreover, all the links are given equal importance.
There is no way to know whether a link is supported by a considerable number of
input vectors or supported by only a few.

Consider the lled stabili icity dil In adapting & new input
region the NGN model performs poorly (as poorly as Kohonen's SONN model does) in
that a new region cannot be adapted neatly when the input sequence is nonstationary
(see [20]). This problem is demonstrated in Fig.3.2. In Figs.3.2(a),(b), inputs are
drawn from the lower-left square for ¢ < 3000 and from the upper-right square for
3000 < t < 6000. In can be seen that the network cannot adapt the latter square as

neatly as it can adapt the former square.

The proposed model here is free from these shortcomings. The proposed model
hes similarities with the GNGN model. But, in two major aspects it differs from
the GNGN model to overcome the above problems. First, the aging of the links is
done differently and the link adaptations are done more efficiently. In NGN and
GNGN models, as we have seen, a link is constructed/destroyed in a sudden manner.
A link is constructed between two processors as soon as a single input arises for
which these two processors are the closest and the second closest. Similarly a link
is destroyed as soon as its age exceeds the lifetime. In our model, the links are not
constructed or destroyed suddenly. Instead, it assigns a strength variable to each edge
and these strengths are adapted (lying between 0 and 1) gradually in the learning
process. When the network converges, each link shows its importance in addition to
the information provided by the NGN/GNGN model.

Second, the processors here are inserted in a different way so that new input
regions can be adapted neatly (Fig.3.2(c)). In NGN model, all the processors are
created initially at random positions. This requires prior knowledge of the network
size. The GNGN model overcomes this problem by taking only two processors initially
and then by growing the size of the network. The present model starts with an empty
set of processors and processors are created where the input demands. Thus a new
input region can be adapted easily and efficiently. Moreover, in GNGN model, new

processors are inserted at constant (decided manuaslly) time intervals while in our
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Figure 3.2: Stability-plasticity dilemma. (a) Kohonen’s SONN model, (b) NGN
model, (c) the proposed TASONN model.

model insertions are done when the current network st bilizes (with some d d

error). After the insertion the learning again continues.

The NGN and GNGN models are useful in cresting topology learning networks.
(In Chapter 2, we have seen that the skeletonization task needs a topology learning

network.) But only topology learning property is not suffici: for

because a skeleton should closely approximate the medial axis too. The NGN/GNGN
model cannot ensure this (we shall see later why) and hence it is not useful to skeleton
extraction. To get a model suitable for skeletonization, we introduce & concept of
activation level that decreases over time and enables the final output network to
remain along the medial axis (approximately) of the pattern. A satisfactory skeleton

of the pattern can thus be achieved.

Experiments show that in extraction of the skeleton of a pattern, the TASONN
model produces much better results than the SONN, NGN and GNGN models. For O-
and Y-like patterns, the resulting networks are shown in Figs.3.3-3.4. Figs.3.3(a),(b)
and Figs.3.4(a),(b) are the output of Kohonen’s SONN model, Fig.3.3(c) and Fig.3.4(c)
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Figure 3.3: For uniform input over O-shaped pattern, Kohonen’s output network
with (a) linear topology (b) rectangular topology, (c) output network of NGN/GNGN
models, (d) output network of TASONN (only links with nonzero £ are shown).

@ ®
© @

Figure 3.4: For uniform input over Y-shaped pattern, Kohonen’s output network
with (a) linear topology (b) rectangular topology, (c) output network of NGN/GNGN
wodels, (d) output network of TASONN (only links with nonzero & are shown).
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show the output of NGN/GNGN model while Fig.3.3(d) and Fig.3.4(d) show the out-
put of the proposed TASONN model. It can be seen that the resulting networks do not
represent the skeletal shape of the input patterns when the SONN and NGN/GNGN
models are used. On the other hand, when the TASONN model is used, the result-
ing networks rep isfactory of the In Figs.3.3(b),(c) and
Figs.3.4(b),(c), it can be seen that the output networks form mesh-like structur

rather than a vector skeleton. However, in GNGN model, this problem can be avoided
by keeping the number of processors small (for which one needs to know the optimum
number a priori). For example, the GNGN model may produce a skeleton as good
a5 that of the TASONN model if the number of processors is optimally chosen (here
10). The proposed TASONN model gives an adaptive way to select the optimum
number of processors. Moreover, the SONN model is found to not always preserve
the topological properties of the input pattern. For example, in Fig.3.3, the output
network does not form a loop (Fig.3.3(a)) while the TASONN model preserves the
topology correctly (Fig.3.3(d)).

3.4 The TASONN model

We shall first describe our model in a general case and then demonstrate its appli-
cability to skeletonization. Let the input vectors X come from a manifold defined in
the m-dimensional space. Denote the array of processors by {1, 7z, ..., 7} and the
neighbourhood N; of a processor 7; by {m|m, is connected to m} which includes ;.
The processor 7; stores an m-dimensional weight vector W; which can be considered

to be the location of the processor in R™.

Definition 3.1: By sensitive region of a processor we mean an m-dimensional ball
of a given radius centred at the weight vector of the processor. The radius is called
the sensitive level. (It is the same for all the processors and does not change over

time).

Definition 3.2: A processor is said to respond to an input signal if the input vector
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falls inside the itive region of the

Definition 3.3: A processor is said to win if it is the nearest to the input vector
among all the processors. The processor is called the winner processor. The processor

that is the second nearest to the input vector is called the second winner.

In the present model, the entire network is evolved. Initially there is no proces-

sor, that is, the set of p is null. New can be added to the network
in two ways (which will be discussed in a shortwhile) and we use two terms create
and insert to distinguish between them. Both creation and insertion are performed
according to the demand by the input. The former is to take care of new input re-
gions while the latter is to take care of highly dense regions. If some input region is
unattended, that is, if no other processor is found around, a new processor is created

there. Again, if any input region is highly dense, new processors are inserted there.

An input vector is received through the input lines. The first processor is created

at the location of the first input vector. A sensitive level is set and a sensitive region
is determined for the processor. From the second input onwards the process continues

as follows. If the presented input falls outside the sensitive regions of all the existing

(that is, no ds) then a is created at the location

of the input. If at least one processor responds, then (1) adjust the weights of the
winner and the second winner (if it exists); and (2) strengthen the strength variable
of the edge connecting the winner and the second winner and weaken that of all other

edges.

Several iterations (presentations of input) make one phase. One phase is com-
pleted when the weight vectors of the current set of processors converge, that is, when
the network becomes stable. (Here, a phase can be looked upon as one complete
learning session in NGN model). After each phase, a new processor is inserted at the
middle of the link with the maximum strength value. The links for the new processor
are rebuilt after removing the old link and the strengths are readjusted (strength of
the old link is distributed equally to the two new links). The next input vector is

presented and the whole process is continued until certain convergence criterion is
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met. Formally, the above process can be described as follows.

Processor creation

Suppose the sensitive level is 7. A new processor is created when the input
vector X(£), at time ¢, comes from a new region. A new input region is detected if no
processor is found within a distance of 7 from X (¢). In other words, on presentation of
an input, if no processor responds with the given sensitive level 7 (or, if the processor

set is empty) then create a new processor at the location of X(t).

Link construction
Establish a link between two nodes m, and m, (u # v) if X(t) is an input such that
maz(||X () — Wi|l, [|X () — Woll) < [IX(8) — Wall Vk (k#u,k#v) (3.1)

The above criterion means, in the iterative process, if some input vector arises for
which W, and W, are the weights of the winner and the second winner respectively
then the nodes m, and m, are joined by a link, say, Ly.. A strength §;(0 < 8 < 1)
is associated with every such link L;;. These strengths are updated during learning.
Initially, all B;;’s are set to 0.

The strengths are updated as follows.

Bunlt + 1) = fus(8) + gy (1 = Bun(®)) 2

For all other links,

Bt +1) = Bult) + 7 (0= B(®) =

t
t+1

Bis(8) (33)

This is as if X(¢) pulls only B, towards 1 and pulls all other B’ towards 0.

Weight updating

After presentation of input X (2) at the t-th iteration links are established by
condition (3.1) and the weights are updated by

Wut+1) = Wu(®) + oa(®)[X(¢) — Wau(®)]  if m, is the winner

Wo(t+1) = W,(t)+ aa(t)[X () — We(t)] if m, is the second winner @4
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Figure 3.5: For L-shaped pattern, the output network achieved by TASONN after

convergence (a) §=25, (b) §=50. The nonzero [ values are shown against each link.

where oy () and () (0 < @(f) < @ (2) < 1) are chosen as in condition (1.11).

The asymptotic relation between ;;’s and Wi’s will be as follows. Suppose, the
asymptotic values of the weight vectors are W;. Consider the Voronoi tiles [90) of

the Voronoi diagram of order 2 of the set of weight vectors W which are
Vis = {X € R™ : maa(||X =W ||, IX =W} |)) < IX—WRIl Vk (k # 4,k # )} (3.5)

As in NGN model [77], the present model considers pattern distribution p(X) that
has support only on a submanifold, not on the entire embedding space R™. It can
be noted that the asymptotic value of the strength G;; is _f‘,.7 p(X)dX. It is possible
that some (3;; can have a positive value at a certain stage of learning although Vi;
is in fact empty. In that case, a link introduced during learning will vanish in the
limit. By similar arguments given by Martinetz and Schulten [77], the links with
asymptotically non-zero f;;'s will form a subgraph of the Delaunay triengulation of

We (i=1,2,...,n).

There are several advantages of TASONN model over the Kohonen’s SONN
model. First, folding of the network is a common problem in the SONN model
while, as can easily be seen, the TASONN model does not have it. Second, the local
neighbourhood or topology around a processor is fixed in the SONN model while it is

data driven in the TASONN model making it more suitable in various applications.
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Moreover, as mentioned earlier, in Kohonen’s SONN model and in NGN/GNGN
model, a link between two processors either exists or does not exist (deterministic).
But in TASONN a link is allowed to have a kind of degree of its existence in the
form of A and this can be of use in shape analysis. For example, for an L-shaped
pattern (Fig.3.5(a)), there are 13 processors (after convergence) and a link between
two processors is shown whenever the corresponding 8 value is greater than zero.
Here p(X) is the uniform distribution over the L-shaped area. The value of 3 for the
diagonal link is 0.015 while the £ values for the other links are between 0.070 and
0.080 (for the end processors they are 0.110). Removal of a link with a significantly
low (in comparison to others) 8 value may thus result in a network that represents
the input pattern more accurately. It is to be noted that such undesirable spurious
triangles may occur at junctions of a pattern. They can be avoided by increasing the
gaps between two processors (Fig.3.5(b)). Alternatively, such spurious triangles can

be removed by removal of links as stated above.

Processor insertion

Only after a phase is completed, are processors inserted. Suppose, at the end of
the s-th phase, the weight vectors of the processors are Wi(t,), .- ., Wis)(ts) where
n(s) is the number of processors during the s-th phase and t, is the total number of
iterations needed to reach the end of the s-th phase. The stopping criteria can be

set. ing upon the ication (see next section). If, at the end of a phase, the

stopping criteria are not met then a new processor m is inserted between m and m
where

;= max max hiar 3.6

B i=Lyan(s) -vr_:EN‘—{‘n)B @8

Set B = Bu = 4B, new fr = 0 and the weight of m = 1 [Wi(ta) + W (t:)]

By this process a processor is inserted at a location where the demand is max-
imum. The process continues until, at the end of a phase, the stopping criteria are

met.
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Algorithm TASONN

Step 1: Initialize t = 0.

Step 2: Present input pattern X (2) .

Step 3: If some processor responds to X (£) then go to Step 5.
Step 4: Create a processor at the location of X(t).

Step 5: If the second winner exists then update the strengths 8:;’s according to
Eqns.(3.2) and (3.3).

Step 6: Update the weights of the winner and the second winner, according to
Eqn.(3.4). (if the second winner does not exist then update the weight of the

winner only).
Step 7: If the network is not stable, set ¢ = ¢ + 1 and go to Step 2.
Step 8: If the stopping criterion is met, then go to Step 10.
Step 9: Insert a processor according to condition (3.6), set ¢ = ¢ + 1. Go to Step 2.

Step 10: Stop.

‘We shall now see how the above model can be used in shape extraction. The
main features of the TASONN model, useful in this problem, are the dynamic topol-

ogy adaptivity and its dynamic growth in size.

3.5 Shape extraction by TASONN model

To make the proposed TASONN model applicable to shape extraction, a suitable
stopping criterion is chosen. A parameter § is introduced as an upper bound of the
distances between two neighbouring processors. Skeletal shape extraction of binary

images is considered here. As before, the set of input vectors § = {F,, P, ..., Px}
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where P; represents the positional co-ordinates of an object point and hence m = 2.
One presentation of all the points in S makes one sweep consisting of N iterations.
After one sweep is completed, the iterative process for the next sweep starts again

from P, through Py. With the new stopping criterion, the processor insertion step

d dified

as follows.

in the previous section) is

Processor insertion
Processors are inserted after each phase. One phase is completed when the
network with the current set of processors converges, that is, when
IWi(e) — W)l < € Vi [6X9]
where ¢ and ¢ are the iteration numbers at the end of two consecutive sweeps and €

is a predetermined small positive quantity. If

[Wa(te) = We(to)ll = _max  max _|[Wit,) — Wa(t)ll > & (3.8)

=1, () T €Ni—{mi}
then one processor is inserted between m; and my. The weight of the new processor

and the new /3 values are set as before. After the insertion of a processor, the next

phase starts with the new set of The process i until, at the end
of a phase,

for all 4, |[|Wi(ts) — Wa@to)ll < 6, ¥ mw € Ny — {m:} (3.9)
It is to be noted that one phase here can essentially be looked upon as one complete
execution of the NGN model. The output network of the algorithm gives an approx-
imate global shape of the input pattern. The final network obtained by the above
algorithm gives a vector skeleton for the given input pattern. The raster skeleton can
easily be derived from the network by procedure Raster-skel as described in Chapter
2.

It should be mentioned that the output network depends on the parameter 8,
and with a proper choice of 6, one can get a satisfactory vector skeleton. This issue

is discussed in detail later.

Experimental results, on various input patterns, have shown that the above

algorithm converges and the resulting network gives an approximation of the skeleton
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Figure 3.6: Link establishments in (a) arc pattern (b) fork pattern.

of the input, pattern. The following discussions would help us to see how the resulting

network gives an approximation of the skeletal shape of the pattern.

For arc patterns, it can easily be seen that the above node joining criteria
would join the processors by single links (other link strengths are zero) so that the
topology of the input is preserved. It is explained in Fig.3.6(a). Here two processors
corresponding to the regions S, and Ss are joined since they are the two nearest
processors from the input vectors lying in the shaded region. Similarly, other links are
established. The strengths of all other possible links are zero since no input vectors
contribute to them. For a node representing a fork junction region S; (Fig.3.6(b)) the
node pairs corresponding to the region pairs (S, Ss), (S, Ss) and (Si, Ss) are joined

for the same reason.
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3.6 Discussions and remarks

The parameter & controls how densely the processors are to be located in the net-
work. Like in the DySONN model, & here controls the gap between two neighbouring

processors. A desirable skel may not be achieved if & is too high or too low. Ifdis

very high then the skeleton, although may preserve the essential topology of the pat-
tern, does not properly represent the medial axis (Figs.3.7(a-b)). On the other hand,
very low values of 8 might produce spurious triangles in the network (Figs.3.7(e-f))
which does not represent the true skeletal shape of the pattern. It is to be noted
that a similar problem occurs in the SONN model and in the DySONN model where
the network becomes zigzag if too many processors are used. In the former case, a
portion of the output skeleton may lie outside the object. Hence we require some
adaptive mechanism to avoid this situation so that a satisfactory medial axis rep-
resentation can be obtained. A similar mechanism, as introduced in the DySONN
model in Chapter 2, is used here. We assign an activation level to each processor (see
Definitions 2.2 and 2.3) so that an input vector falling within the activation region

only can activate a p 1t should be joned at this stage that the sensitive

level and activation level, although similar, are used in different contexts and hence
are given different terminology. The sensitive level remains fixed over time and is
used to create the initial set of processors. It is not used any more unless a new input
region oceurs. The activation level varies over time and may not be the same for
all the processors at a point of time. It is used in competition and weight updating.
It should also be noted that the sensitive level is also taken as a parameter in the
TASONN model. But, since it is used to detect new regions and for selecting the
initial few processors, its choice is not crucial. Within a wide range of values of the

sensitive level, the model produces the same results.

Although the activation level overcomes the formation of spurious triangles in
linear or arc segments of the pattern, it cannot overcome the problem completely at
junctions of the pattern. If two such segments meet at a small angle then spurious
triangles may occur even after incorporating activation levels. It is because of the

fact that in the TASONN model the topology of the network is being continuously
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Figure 3.7: Output networks for an A-shaped pattern when (a) §=30, (b) 6=25, ()
6=20, (d) 6=15 (e) 6=10, (f) §=5 without activation level.

updated (unlike in the DySONN model) by the input. However, this situation can
be avoided by keeping & high as seen in Fig.3.5.

With these observations, we implement the TASONN model for skeletonization
as follows. The whole process is divided into two stages (a) finding an initial skeleton
to get the overall topology of the pattern and (b) arriving at a more accurate final
skeleton after incorporating the activation level. In the first stage, set § bigh snd
get an initial skeleton that does not contain any spurious triangle but preserves the
topology of the input pattern (Figs.3.7(a-d)). Note that higher the value of § lower is
the chance of forming a spurious triangle. If there is a spurious triangle then one of
the following actions can be taken: (i) remove a link by choosing a threshold on the
1 values as described in Fig.3.5. (if) take a higher value of § and repeat the process
to get an initial skeleton. However, this problem of spurious triangles will not arise

in the final form of our algorithm as we shall see later.

By the above method, we get an initial , free of spurious triangles, that

reflects the overall topology of the pattern but may not be close to the medial axis.
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Figure 3.8: Output networks for an A-shaped pattern when (a) 6=10, (b) 6=7, (c)
6=5, (d) 6=3 with activation level.

Now, in the second stage, to get a close medial axis approximation, a lower value is
assigned to & and the weight updating process is continued. As the topology of the
input pattern is already learned, the strengths (5) are ignored at this stage. That
is, we do not make any topological changes in the network in the second stage. We
only update the weight vectors in an effort to position them more accurately along
the medial axis. As an illustration, output networks for the A-shaped pattern, using
activation level, are shown for different § values in Fig.3.8. It can be seen that these

results give satisfactory skeletal shape of the pattern even for small &’s (compare with

Fig.3.7 when activation level is not used). P are inserted
in the DySONN model, at this stage (see Eqn. 2.12).

, as

As discussed in Chapter 2, in the DySONN model, the initial choice of § can
be made from a wide range within which the overall topology of the output network
remains the same (Figs.3.7(a)-(d)). Hence one can easily choose a value within this
range. Moreover, in applications like OCR, we can learn (by trial and error method)
an estimate of § from a number of training characters so that the initial skeleton gives
the essential structure of the character pattern. This estimate can be used on the
test patterns in the first stage. Often, the initial skeleton, obtained in the first stage,
can be used in recognition tasks. Nevertheless, if one wants to get a more accurate
skeleton, one can go for the second stage. A suitable value for the sensitive level can

also be estimated in a similar way.

The TASONN model is tested on several English character patterns. Some of
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Figure 3.9: Output raster skeletons by TASONN model for different patterns.

the results are shown in Fig.3.9. The values of the gain terms aa(s) = %
s
and as(s) = % where s is the sweep number. Like in the DySONN model,

with several choices of the starting weight vectors of the processors we have observed
the final output to be independent of the starting vectors. The input vectors are

presented to the network in a random order. The value of € is taken as 0.001.

3.7 Conclusions

A topology-adaptive self-organizing neural network model is proposed which is ap-
plicable in skeletal shape extraction of an object. In Kohonen’s SONN model, the
network topology is initially set and it is maintained throughout. In the SONN model,
the network is self-organizing in that the network tends to an approximation of the
input pattern space in an orderly fashion without any supervision. In the proposed
model the same is achieved and, in addition, the network topology is adapted auto-

matically unlike in the SONN model. The topology adaptivity is a major issue of the
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proposed model which makes it applicable to skeletonization tasks. Due to a fixed
network topology set initially, Kohonen’s model cannot always properly represent the
shape of a pattern while the proposed model can do it more accurately. The proposed

model evolves the topology of the network and it is self-organizing as well.

The proposed model is a modified version of an existing topology learning net-
work. It overcomes some of the shortcomings (in view of shape extraction) of the
latter and proposes a more efficient model. Moreover, the model is especially tuned to
generate a vector skeleton (from which a raster skeleton can also be obtained) of the
underlying pattern. Thus the proposed TASONN model provides a skeletonization

technique which is a frequently encountered problem in pattern recognition.

Another important advantage of the TASONN model is fault tolerance. It is
easy to see that damage of a few nodes or links can be automatically repaired in the
TASONN model while it is not so in the SONN model. During learning, if any nodes
and links are damaged, the input vectors in the surroundings will generate new nodes
and new links. The link strengths (3 values) are adapted from the subsequent input
presentations. Moreover, the data driven topology adaptation of the network does
not allow any folding to occur.

As skeletonization algorithms, the present TASONN model and the previously

discussed DySONN model can claim to possess quite a few advantages over the ex-

isting ional thinni i The most important one is high robustness

of the present algorithms with respect to boundary and interior noise. Next, they
are invariant to rotation by arbitrary angles while many of the conventional algo-
rithms are not. The medial axis representation efficiency is also found to be quite
satisfactory. The algorithms are also capable of higher data reduction. Finally, the
proposed models can be seen as unified approaches to skeletonization because they
are applicable to all the three types of input patterns, namely, binary images, dot

patterns and gray-level images. These issues will be elaborated in the next chapter.
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Chapter 4

COMPARISONS OF NEURAL
NETWORK BASED AND
CONVENTIONAL SHAPE
EXTRACTION TECHNIQUES

Ab A prehensive comparison is made between the proposed neural network

based algorithms and some well-cited conventional shape extraction algorithms.

4.1 Introduction

In this chapter, we make a i ive study of shape

extraction techniques with neural network based techniques. In Chapter 1, we have

d various ional i for skeletal shape extraction available in
the literature. Subsequently, in Chapters 2 and 3, we have proposed two shape
extraction models which are based on neural networks. In the present chapter, several
issues in skeletonization are studied [27] to compare the performance of the two said

techniques. Since, a lot of algorithms are ped using 1 techni

we have selected a few of them to pare with the two neural al
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For i i developed over more than a decade are selected which

are well-cited. Both qualitative and have shown encouraging
results to make us believe that the neural techniques are better in quite a few respects,

in terms of to noise and r

The fundamental and essential properties of skeletons are (i) connectivity preser-
vation and (ii) unit thickness. But a good skel ithm should

possess a few more properties also. An algorithm should satisfy these desirable prop-

erties as much as possible. The comparative studies of the two above mentioned

techniques are carried out in the light of the following properties of a good skeletoniza-
tion algorithm: (a) medial axis rep ion; (b) noise i ity or rob (c)
rotation invariance; (d) data reducti fHci 5 (e) dability to diffe types

of input data.

Algorithm designers should keep all these properties in mind and should try to
fulfill thern as much as possible for various reasons. First, since one of the primary
objectives of the skeleton is to approximate the medial axis, the better the approxi-
mation the more is the efficiency of the algorithm. The derived skeleton should not be
biased, in other words, it should give a symmemc representation of the input pattern.

of a skel lgorithm should be judged not only

Second, the p
by measuring how well it works on perfect input data, but also by measuring how it
works on noisy data. An algorithm may give good results with noise-free input but
very poor results in the presence of even a little amount of noise. Such algorithms
are not of much use. Since noise is almost unavoidable in practice, more robust algo-
rithms are warranted. To judge the robustness of the algorithm, we should first test
the algorithm for perfect data. We next add random noise to the input data. Then
we should study the difference between the output of perfect input and that arising

from noisy data.

Third, rotation of the object should not affect the output skeleton. In OCR

a tilt of the d may cause the character patterns to be rotated.

Often italicized characters are found mixed in normal characters. If rotation invari-

ance of the skel izati lgorithm cannot be achieved, it may not well suit in the

application. In such cases, preprocessing steps called skew correction and tilt correc-
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tion are required to detect the amount of rotation and to make necessary corrections.
Fourth, as one more objective of skeletonization is storage reduction without loosing

any structural infe ion, the data i pacity of the algorithm is also to be

kept in mind.

Finally, an algorithm should be considered more powerful if it is not restricted
to only one type of input data. An algorithm will be considered more robust if it
works on more than one of the three types of input data namely, binary patterns,
dot patterns and gray-level patterns. It is desirable that the algorithm working on
one type of data should at lesst be easily extendable to the other types. Keeping the
above issues in mind, we shall now go into the comparisons of the two said approaches

- jonal h and neural

pproach. The algorithms are run on a test set

of 62 character patterns (English upper and lower case characters and numerals) and

the average figures ioned h are based on this test set.

4.2 Medial axis representation

As the basic purpose of skeletonization is to approximate the medial axis of the object
pattern, it is important that the output skeleton should approximate the medial axis
as close as possible. It is found in the previous chapters that the parameter & play an
important role so far as the medial axis representation is concerned. Very low values
of this parameter might produce a zig-zag skeleton which does not represent the true
skeletal shape of the pattern. On the other hand, if § is very high the skeleton does
not satisfactorily represent the medial axis. Moderate values of the parameter yield
a good skeleton. Thus the medial axis representation of the output skeleton, in the
proposed neural models, depends on the choice of §. This dependency, as discussed
in Chapters 2 and 3, can be avoided by introducing activation region. Subsequently
a raster skeleton can also be derived. After getting the raster skeleton, the following
measure is computed for comparison of the goodness of medial axis representation
with a few other thinning algorithms.
,
n- ] @
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Table 4.1: Index of medial axis representation

ALGORITHMS )

Chin et al. [19] 0.819
Holt et al. [53] 0.891
Hall [49] 0.902
Zhang and Suen [115] 0.886
Lu and Wang [70] 0.898
Arcelli and Baja [5] 0.867
Jang and Chin [56] 0.881
Datta and Parui [21] 0.931
Fan et al. [37] 0.811
Proposed neural algorithms | 0.893

where S = set of all object pixels in the input pattern, 7 = union of the maximal
digital disks (included in S) centred at all the skeletal pixels. Areal.] is an operator
that counts the number of pixels. Clearly, 7 ranges from O to 1 and the derived
skeleton is identical to the ideal medial axis if 7 is 1. 7 measures the closeness of
the extracted skeleton to the true medial axis and hence can be used as an index of

medial axis representation.

For the neural algorithms, the average 7 value is found to be 0.893 (for com-
puting 7, first a vector skeleton with §=5 is obtained from which a raster skeleton
is computed). Average values of 7 are computed for a number of conventional algo-
rithms for the same set of test patterns. The results are summarized in Table 4.1.
It is found that for the neural algorithms, the medial axis representation index is as

isf: 1 5t

ory as in the

4.3 Robustness

An important aspect of a ization algori is noise i ity which makes

the neural algorithms qualitatively different from the conventional ones. Two types
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of noise, namely, boundary noise and object noise are considered here. Noise slong
the boundary of an object are boundary noise and noise within the object are object
noise. If the original object contains noise, the skeleton should not deviate much
from the skeleton of the same object without noise. A serious problem with many

1 i is that they imes produce noisy if the input

patterns contain noisy boundary (see [21] and [57]). Moreover, these algorithms
cannot handle object noise from their design point of view. On the contrary, the
proposed neural algorithms are designed to take care of both these types of noise and
are highly robust to them.

The above claim of robustness of the neural algorithms can be argued as follows.
The resulting vector skeleton here is given by the weight vectors after convergence,
and their links. Its final position is highly insensitive to noise pixels because of two
factors. First, the weight vector converges to the centre of gravity of the respective
Voronoi region and this centre is not greatly affected by noise pixels. Second, the
activation region of a processor decreases over time and as a result, the boundary
noise pixels are kept outside it to a great extent. Thus, the noise insensitivity of the

present algorithm is clear from its learning mechanism and convergence property.

Many existing conventional algorithms use a rigid definition of connectedness
of the object — which in effect causes noise sensitivity. Our method implicitly relaxes
the concept of connectivity and it is found that such a relaxation helps the robustness

particularly in situations where SNR is very close to 1.

4.3.1 Boundary noise

The boundary noise is distributed on the boundary of the object (white noise) and
on its immediate neighbourhood in the background (black noise). Many conventional
thinning algorithms generate noise spurs in the presence of noise in the boundary
of the object (see (21, 57] for more details). The proposed neural skeletonization
algorithms (for the reasons stated above) are found to be very robust to such boundary

noise. Here we add black and white boundary noise pixels and study their effect on

the skel ‘We have exp on several examples with different SNR values
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where the SNR is defined as follows.

Number of boundary black pixels
(B+W)

where B = number of black noise pixels and W = number of white noise pixels.

SNRg = (4.2)

As an illustration, the robustness of our algorithm to boundary noise is demon-
strated in Fig4.1. A conventional iterative thinning algorithm (for example, the
algorithm by Jang and Chin [56]) is found to be noise sensitive (Fig.4.1(b)) while our
proposed algorithm is insensitive to it (Fig.4.1(c), (d)). An error measure, as given

below, has been suggested by Jang and Chin [57).

ArcalSic = Sy + ArealSi — Sicly

ArealS] 3

e = min{1,

where Sx and Sy are the skeletons obtained from § and its noisy version respectively.

The average values of m, against different SNR values are computed for com-
paring the algorithms. Using the above measure, Jang and Chin’s algorithm [57)
has been found to be superior to several other conventional algorithms, for example,
(19, 49, 53, 70, 115], in terms of boundary noise immunity. The average m, values
of the two proposed neural algorithms are almost the same, are found to be more

encouraging (see Fig.4.2) and reflect higher robustness to boundary noise.

4.3.2 Object noise

By object noise we mean the white noise distributed over the entire object including
its boundary. The existing conventional algorithms are not able to handle such noise
which is interior to the object. But such noise may occur in practice due to several
reasons. The problem with the conventional algorithms (for example, the iterative
ones) is that they use the property of local connectivity within a small window (mostly
3 x 3) and try to preserve such local connectivities throughout. Secondly, due to the
use of a fixed set of templates of a small size, they treat a single white noise pixel as
a hole consisting of a single pixel. As a result, in the output skeleton it appears as

a big hole (Fig.4.3(c)). Fig.4.3 demonstrates how only two noise pixels misclassify a
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Figure 4.1: Robustness to boundary noise, an illustration. ‘0’ represents object and
“* represents skeletal pixel. (a) A line segment with four boundary noise pixels,
(b) result of a conventional iterative thinning algorithm, (c)-(d) results of our neural

algorithms with the same noise and higher noise.
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Figure 4.2: Boundary noise immunity.

‘I".like pattern to an ‘8™ like pattern. On the contrary, the proposed neural algorithms
use the connectivity concept in a more global sense (for example, while joining two
processors we check whether the two respective regions are adjacent). The algorithm
treats small holes as white noise at the cost of the possibility of missing a true
small hole. Thus, very small holes have hardly any effect on the resulting skeleton
(Fig.4.3(d)-(e)). But if the hole is large enough and is in fact a part of the pattern, it
is output as a hole in the resulting skeleton (as we have seen in an A-shaped pattern
in the previous chapters). We have experimented and found that the algorithm is
robust and performs satisfactorily with moderately low SNR (moderate amount of
noise) where the SNR is defined by (assuming the noise are uniformly distributed)

SNR— Number of object pixels

4.4
Number of noise pixels on the object @b

In fact, if the amount of noise is not so high that the connectivity of the object.
is no more preserved, the neural algorithms can be straightway implemented. For a
very low SNR, that is, for a very high amount of noise, when the connectivity is lost,
the algorithm in the DySONN model needs a minor modification while the TASONN
model needs none. With very high amount of noise a binary object becomes merely
a set of scattered pixels or a dot pattern. The proposed neural algorithms can still

yield the global skeletal shape of the pattern. This issue will be discussed in details
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Figure 4.3: (a) Input with two white noise pixels inside the object; output of conven-
tional thinning algorithms (b) without noise; (c) with noise; (d) vector skeleton by
the two proposed neural algorithms with the same noise as in (b); (e) output raster

skeleton for the same.
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Figure 4.4: The final skeletons obtained for the pattern ‘A’ with object noise. (a)
SNR= 2 (b) SNR= 1.5 (c) SNR= 1.1.

in a later section where the extendability feature of the neural algorithms are dealt

with.

An illustration is presented in Figs.4.4(a)-(c) for the pattern ‘A’ with different
SNR values. We have taken a very high amount of object noise and tested the
algorithm for several character patterns. It has been found that even in the presence
of very high noise (SNR = 2.0, 1.5 and 1.1), the proposed algorithm is able to extract
the skeletal shape of the original object as can be seen in the example figure (Fig.4.4).

The existing conventional algorithms fail to work in such situations.

4.4 Rotation invariance

Another advantage of the neural algorithms, which is easy to see, is that the output
skeleton does not depend on rotation of the input pattern by arbitrary angles. In

other words, the skeleton of the original object and that of the object rotated by any

82



(a) () [T]
Figure 4.5: Effect of rotation by angles (a) 45° (b) 22° and (c) 11°.

angle are the same in the sense that the latter is a rotated version of the former by
the same angle. That is, the skeletonization process which is a transformation from
an object to its skeleton, is invariant under rotation. This is due to the fact that
the proposed method does not assume any underlying grid. The iterative methods
for skeletonization that use square grid are invariant under rotation by multiples of
90° only. Rotations by any other angles generate redundant spurs and hence the
quality of the skeleton becomes poor (for details see [57]). The work [57], based on
derived grid, reports invariance under 45° rotation also. In applications like OCR,
as mentioned earlier, the rotation invariance property is very much required since
it saves a lot of preprocessing time that is taken by the correction measures due to

rotation.

We now demonstrate the rotation invariance of the proposed neural techniques.
As an illustrative example, we have rotated the pattern ‘A’ by different angles and
shown the output skeletons in Fig.4.5. All the vector skeletons in Figs.4.5(a-c) give

essentially the same structure.

4.5 Data reduction efficiency

One of the basic purposes of skeletonization is to reduce the storage space required

ial structural infe ! As a

to store the image data without losing the

raster image occupies lot of space, it becomes highly expensive to handle them in
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applications where multiple frames of large sizes are to be processed together. Thus it

f in a suitablly chosen

is often required to store only its ial structural i
data structure (e.g., a linked list) and thus storage requirement can be drastically
reduced. The neural algorithms can achieve more data reduction compared to many
existing skeletonization algorithms. In the neural algorithms, the set of weight vectors
along with their interconnections, or the graph (planar straight line graph) with
the weight vectors as its nodes and the interconnections as its edges represents the

skeletal shape of the input binary pattern. The graph requires much less space than

the original input image and hence a considerable data reduction is achieved. It can
be seen that the less the number of processors in the network the more is the data
reduction. By choosing larger values of &, that is, by making the average distance
between neighbouring processors larger, we can make higher data reduction. But this
might worsen the accuracy of medial axis representation. A proper choice of & (as

mentioned earlier) can balance this trade-off.

4.6 Extendability to dot pattern and gray-level

pattern

Extendability of the neural algorithms to dot patterns and gray-level patterns is
a major achievement. In the class of conventional techniques, the algorithms are
designed for one particular type of input data (mostly binary patterns). In contrast,

the neural approach gives a unified skeletonization algorithm for all the three types

of data. The DySONN model proposed for skeletonization of binary patterns needs
a minor modification for handling dot patterns while in the TASONN model all the
three data types can be handled by the same algorithm.

4.6.1 Dot pattern

For binary patterns, as discussed in Chapter 1, a skeleton is well-defined. Thus a
skeleton from a binary pattern can be computed. But, for dot patterns the situation

is different. For a dot pattern, the skeleton cannot be properly defined. Hence
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skeletonization algorithms, similar to that for binary patterns, are hardly available.
But however, the human visual system can extract the perceptual skeleton from even
a dot pattern. For example, a dot pattern having a definite shape (say, ‘S™like) is
recognized by the human brain almost as easily as for a binary image having the

same shape. Unfor ly, the i \| i that extract

skeletons from binary images do not work for dot patterns due to the lack of a

proper definition which poses a problem in lating & computational method for

a dot pattern skeleton. In fact, perhaps due to this reason, hardly any work on
finding dot pattern skeletons has been reported in the literature. In the recent past,
neural network technology has been showing a great deal of promise in areas where
conventional computing poses problems. The proposed neural algorithms establish
that even without a proper definition, the proposed techniques are able to generate

skeletons that are quite close to the perceptual skeleton.

Modification in DySONN model

It is clear that the loop joining process by checking the adjacency of two respec-
tive regions S;’s is meaningful as long as the connectivity of the object is preserved
(after noise addition). Otherwise, the loop joining has to be done in a different way.
In fact, by properties of Kohonen’s model, two processors will be neighbours to each
other if the two respective Voronoi regions are close in the pattern space since Koho-
nen’s self organizing map preserves the topological relationship. Hence in our case,
it is expected that two close processors should be neighbours to each other. There-
fore, we join two processors by a link if they are close enough, but are not already
joined. The closeness is determined on the basis of §. The procedure Loop-join in
the DySONN model should be replaced by the following procedure.

Procedure Loop-join
For every processor, its nearest among other processors (excepting its neigh-

bours) is found. If the distance between these two processors is less than 6,

then they are joined by & new link.
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Figure 4.6: Results on a B-shaped dot pattern (a)-(c) by DySONN and (d)-(f) by
TASONN model. (c) and (f) are the final vector skeletons and others are intermediate
results.

Thus after the initial convergence, we join the processors satisfying the above
criteria. Then we continue the algorithm until final convergence is reached, that is,

until condition (2.9) is satisfied. Results on a dot pattern are demonstrated in Fig.4.6.

4.6.2 Gray-level pattern

The izati hni i here can be ded to gray-level

[6, 31]. A gray-level image may concern either the whole image or a subset of it.
Here the latter case is assumed. We consider gray-level images where the area of
interest (i.e., the object portion) can be interpreted as constituting a multi-valued

foreground emerging from a single-valued background. This simplifies the general

gray-level case, but such has been reported in the literature (for

example, see [6]). The extension can be done in the following way.

Suppose, for a gray-level pattern, g,, is the gray value of the pixel at the r-th
row and s-th column. Then, in DySONN model, the weight update rule replacing
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Figure 4.7: Output skeletons of gray-level characters and chromosome pattern by
DySONN model (6 = 5).

Ean. (2.2) will be

Wit +1) = Wi(t) + a1 (1)[P; — Wi(®)lgrs (4.5)
We(t+1) = Wy(t) + e2()[P; — Wp()lgrs  for mp € Np — {mi}
Multiplication by g,, means that the amount of update will be more for pixels with
high gray values and less for pixels with low gray values. Note that for binary images
rs is either 0 or 1. Similarly the update rule (3.4) in TASONN model will be replaced
by
Wat+1) = Wu(t)+aa(t)[P; — Wu(®))grs  if 7y is the winner

4.6)
Wo(t+1) = Wy() + ae(¥)[P; — Wy(t)lg-s  if my is the second winner ¢

In the DySONN model, the gray-level extensions for arc and tree-like patterns
are straightforward. But for loop patterns, the extension is not trivial because the
definition of adjacency is not well defined in that case. If criteria for the adjacency
are available then the extension is possible for loop patterns also. In some situations
the loop joining criteria used for dot patterns may work. Alternatively, one can use
the adjacency as defined for binary images after local thresholding (locality being
defined by the regions S;). The DySONN algorithm has been tested on several gray-
level images and Fig.4.7 shows the results on character and chromosome patterns.
However, in the TASONN model, the gray-level extension is more straightforward.
In fact, the TASONN model can be implemented on gray-level patterns only by
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Figure 4.8: Output and ch pattern by

TASONN model (§ = 5).

replacing the weight update rule by Eqn. (4.6). The raster skeletons of gray-level
h and ch are presented in Fig.4.8.

4.7 Computational aspects

In general, finding skeletons is a computationally expensive task. That is why parallel
algorithms have been encouraged in this field. The proposed neural network based

methods are parallel in nature (in general, neur: ing has been idered to be
a new form of parallel ing). In the ization algorithms, the
input vectors are presented to the network sequentially. All the processors present in
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the network compute the distances from their respective weight vectors in parallel in
a constant time and the winner is selected by a ‘maxnet’ like network. The winner
processor and its neighbours update their weights simultaneously. Thus for a single
input, the time taken by the above process is not dependent on the network size.
This process is repeated for all the input vectors. Hence one complete pass of the
input, that is, one sweep requires O(/N) time where N is the total number of object
pixels. It can be seen that the total number of sweeps does not depend on the input
size N.

1t should be mentioned here that in existing parallel thinning algorithms also
multiple processors are used where all the processors work in parallel. But in these
algorithms, all the input values are fed together in an iteration and all the processors
(or a large subset of them) compute their output in parallel which would be the input
in the next iteration. The total number of passes that are required by this class
of algorithms is O(widthmas) Where Widthmaes is the maximum width of the input
pattern. These algorithms use cellular networks where each pixel in the image is
assigned a processor. Thus the number of processors required is O(N;) where Ny is
the total number of pixels in the whole (including the background) image. In our
algorithms, the size of the network is O(Ns) where N is the number of skeletal
pixels. In most of the applications, Ny >> Ns.

4.8 Conclusions

A comparative study of a few classical and two neural

keletonizati hni [¢ d in this thesis) are carried out in this chapter.

The proposed neural algorithms have quite a few advantages over many existing

1 h

Many existing conventional algorithms are not
robust to noise. Some of them are to some extent robust, but that too for boundary
noise only. In contrast, the neural algorithms are found to be highly robust to both
boundary and interior noise in the sense that it can produce satisfactory skeleton even
under very low SNR (close to 1) or very high amount of noise. Noise is unavoidable

in real-life During ission of signals, the data may accumulate
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noise of any of the above mentioned types. The amount of noise can vary within a
wide range which depends on several external factors. The neural techniques would

be useful particularly when the input data contain high amount of noise.

Another advantage of the proposed neural algorithms is that it is invariant
under rotation by arbitrary angles. Many conventional algorithms are invariant only
under rotation of 90°. The data reduction efficiency of the neural algorithms is higher

than that of the ional algorithms. M , the neural h is found to

be insensitive to the type of input data. That is, in addition to binary patterns, it

works even for gray-level patterns and dot patterns.

Finally, parallel skeletonization algorithms (based on template matching tech-
niques) use a cellular network of processors which work in parallel. Each pixel in the
image, even background ones, requires a processor. Thus large images needs huge
number of processors which becomes very expensive. Moreover, most of the pro-
cessors are idle (wasted) because the number of object pixels is much less (usually)
than the number of background pixels. But in the neural algorithms, the number of

processors is of the order of the number of skeleton pixels.

There exist numerous algorithms for extraction of skeletal shape of an object.

Every algorithm has some defects over the others. Although the neural techniques

are found to be superior to the ional in several resp they have
some disadvantages also. Since they are very much noise insensitive, they may treat
very small (real) holes as noise. Thus such holes may be missed in the output skeleton
and hence the proposed models do not strictly guarantee homotopy property (see

Fig.4.3) unlike many conventional algorithms.
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Chapter 5

A SELF-ORGANIZING MODEL
TO COMPUTE CONVEX HULL

Abstract: A self-organizing model is proposed for conver hull computation of a finite
planar set. A complete network, consisting of all the input points as its nodes, adapts
in an unsupervised way such that the relevant nodes and links are mapped as the

corresponding hull-vertices and hull-edges.

5.1 Introduction

After discussing self-organizing neural network models for skeletal shape extraction
of an object, we now switch over to a self-organizing model for a different problem.
Like the earlier one, this problem is also well studied. In the present chapter we deal
with a well-known problem, namely, computation of convez-hull which is a central

problem to the theory and applications of computational geometry in various fields. In

computational geometry, the problem to the hull of & finite number
of points in 2D has been a topic of research for a long time. The concept of convex-
hull is quite natural and easy to understand. It can be imagined as a stretched rubber
band surrounding the set of points and then being released to shrink. The convex-hull

of a given set of points is defined as the smallest convex polygon containing all the
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Figure 5.1: A point set in 2D and its convex-hull.

points in the set. In many situations, it provides a rough estimate of the boundary-
based shape of the underlying set of points. An illustration of the convex-hull is given

in Fig.5.1.

The computation of the convex-hull of a finite set of points, particularly in the
plane, has been studied extensively and has wide applications in pattern recognition,
image processing, cluster analysis, statistics, robust estimation, operations research,
computer graphics, robotics and several other fields (1, 3, 13, 29, 30, 32, 54, 90,
102, 111]. Several conventional algorithms are available for this problem. Here we

formulate the hull problem as an artificial neural network problem. We discuss

how an initial network can iteratively adapt itself on the basis of the input signals

(points) and self-organize accordingly to finally arrive at the convex-hull.

Since 1970’s, the problem of convex-hull computation has been an interesting
area of research. As a result, a number of algorithms are available in the literature
to solve this problem. These algorithms can broadly be clessified into two categories:
computing exact convex-hull [2, 16, 33, 47, 58, 89, 113]; and computing approximate
convex-hull [7, 8, 48, 68]. There can be another classification of these
sequential (using single processor) and parallel (using multiple processors). Again,

some of the convex-hull algorithms consider input vectors of a specific dimension (2-

dimension or 3-dimension which are the most common ones in real life) and some
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algorithms deal with higher dimensional input also. While processing the input,
either they can be presented together in batch (the off-line problem) or they can be

presented one by one (the on-line problem).

Out of the above algorithms, the algorithms [68, 113] are designed on artificial
neural networks. Wennmyr [113] proposed an exact convex-hull computation algo-
rithm based on multi-layer perceptron [69, 96]. The author designs a network that
can decide whether a given point is inside a convex region (using the fact that a
convex region is always the intersection of half-planes). In this network every node
at the lowest level has a different decision boundary. Leung et al. (68] proposed an

for the i of an i hull. The network consists

of one input layer and one output layer of neurons. Similar to the adaptive resonance
theory (ART) [14], the two layers of neurons can communicate via feedforward as

well as feedback connections.

In this chapter, we propose a self-organizing neural network model [22] for the

of the hull of a given planar set. Recall that the term ‘self-
organization® here refers to the ability to learn from the input without having any
prior supervising information and arrange the processors accordingly. A well-known
self-organizing neural network model is Kohonen’s feature maps [64]. In Kohonen’s
feature maps, a mapping is established between the input space and the network in

an orderly fashion.

We also found, as discussed earlier, dynamic versions of Kohonen’s model pro-
posed by different researchers. Sabourin and Mitiche [98] proposed a “selective multi-
resolution” approach in the context of shape classification. Such a dynamic model
can overcome some shortcomings of Kohonen’s model. Another dynamic version of
Kohonen’s model has been suggested by Fritzke (39] to model the probability distribu-
tion in the plane. In vector quantization context, Choi and Park [20] have proposed a
dynamic version of Kohonen’s model. The preceding chapters of this thesis dealt with
dynamic self-organizing neural network models that are designed to extract skeletons

from the input pattern [24, 25, 26, 87).

The present neural network model behaves, as we shall see in the next section,
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like a self-organizing network. We start with a network where every point in the given
set is assigned a processor. The network consists of three layers. The bottom layer
is used for the computation of angles which are passed onto the middle layer. The
middle layer computes the minimum angles. These information are passed onto the
topmost layer as well as fed back to the bottom layer. Using these information, the
topmost layer and the bottom layer self-organize, to label the hull-processors in an
orderly fashion. Initially the model identifies a small number of points as hull-points.
Gradually the network self-organizes to identify other processors that correspond to
the rest of the hull-points. These hull-points are generated in an orderly fashion so
that the convex-hull of the data points can be easily generated. The learning takes

place without any supervision.

5.2 The proposed model

In the present model we consider a finite set of 7 2-di ional points r

the input vectors (the signals)

s {(z1 %), (®2,%)5 - - (0, ¥n)} 6.1
{A,P,...,F}.
The convex hull of the planar set S is defined as follows:
Definition 5.1. The hull of a planar set S is the smallest convex set contain-

ing S. The convex-hull here is in fact a convex polygon. Each edge of the polygon is
a hull edge and each of its vertices is a hull vertex. (see Fig.5.1)

Result 5.1. It is well-known [90] that every hull edge (of S) partitions the plane
into two half-planes such that one of them contains all the points of S and the other

contains no point of S.

Let 7,72, + -, T be 7 processors associated with the points Py, Py, -+, Pa e
spectively. The processor m; stores its location (z:, %) for i = 1,2, -, n as its weight

vector. Also assume that each processor m; is connected with itself and all other
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are termed as point-p:

Definition 5.2. A point-p 7 is called a hull-p if one of the foll

conditions holds:

v = min{y:} = Ymin (5.2)
T = m‘a.x{a:,-} = Tmaz (5.3)
Ye = max{ti} = tmaz (5.4)
@k = min{x;} = Tmin. (5.5)

It can be seen that for n > 1, initially there can be two or more types of hull-
processors out of the four types — A, B, C and D depending upon the Eqns. (5.2),
(5.3), (5.4) and (5.5) respectively (Fig.5.2). Let us assume that all the four types of
processors are present initially (later on we shall see that this assumption does not
restrict us). Suppose, Ti,, My, ks and T, are the initial four hull-processors of the
types A, B, C and D respectively. We emphasize here that initially when we assign
the processor types, more than one processors can be of the same type (according to
Definition 5.2). For example, there could be several points with the same smallest
value of the y—coordinate resulting in more candidates for the A-type hull-processors.
In such a case only one of them (no matter which one) is assigned as a hull-processor

of the respective type and others are assigned as point s. The

assigned as hull-processor, at this stage, is the first mother of A-type.

Definition 5.3. Two processors m; and 7; are said to be equivalent if their weight

vectors are the same.

Let us first consider the A-type hull-processor. If processor m, is an A-type
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Figure 5.2: Point and hull-pr (circled). The labels in parentheses

denote the processor types.

mother hull-processor then compute the angles 44, i = 1,2,---,n, given by

cos™! % fy >y
o — ) <z_.1—=k,>2+(y;‘—_u;:>= i Gt k). (56)
Gl ey cex oy R LR L

Note that 8 measures the angle, as shown in Fig.5.2, between the line segment
joining the mother hull-processor 7k, and the processor m; with respect to the z-axis.

Let 7; be the processor such that (see Fig.5.2)

67 = min6?. 5.7

The processor ; is declared as a hull-processor and as a child of the mother
hull-processor m,. Since m; is a child of 7, it inherits the type of its mother 7y, , that
is, m; is also an A-type hull-processor. The creation of the child makes m, inactive,
and makes ; an active mother hull-processor. By inactivating a processor we mean
that it is no longer a mother but it remains as a hull-processor. The process of angle
calculation and finding the with mini angle is d with the active

mother hull-p ;. Ci y m; also gives birth to a child processor of its
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own type. This process of reproduction is continued until an A-type child becomes
equivalent to an existing hull-processor of another type. Our next proposition shows

the process indeed terminates.

Pr ition 5.1. If the duction process is conti at one point of time the

child of an A-type mother will eventually be equivalent to another type (B, C or D).

Proof. Here S is a given set of finite number of points.

Let Py, Pg, P and Pp be the points corresponding to the initial four hull-processors

ks Mgy Mhy and e,

By definition, Py, Pg, P and Pp are hull-points and the rectangle 00,0504 (the
sides of which pass through the points Pa, Pa, Ps and Pp) in Fig.5.2 contains all the
points of S.

Let P4 be the point corresponding to the child processor of 7x,. Suppose, the line
PyPy cuts 0,0, at O,. Thus the triangle Pa0;0; does not contain any point of
other than P, and Pj. So the line P4FP, partitions the plane into two half-planes
such that one of them contains all the points of S and the other contains no point of
S. Therefore, by Result 5.1, PaPy is a hull-edge. Hence P is a hull-point. Now, if
P4 = Py then the reproduction of A-type processors stops. If not, the reproduction

of A-type processors continues.

Renaming P as P4 the same logic can be repeated. Note that with the creation
of a new child processor (hull-point) the number of points inside the triangle PAPsO;
is reduced at least by one. Since § is finite, in a finite number of steps, this number
would be zero in which case the most recent A-type child processor will be created

at Pg. And the reproduction process stops.

Similar arguments hold for the other three types of processors. Thus the reproduction
process of a particular type of hull-processor stops when a child of its own type is

equivalent to another type of processor. Hence the proof. [ ]
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Like A-type processors, other types of hull-processors use similar reproduction
rules when the respective formulae for angle calculation are as follows. If Tk,, Tk,
and 7y, are B-, C- and D-type hull-pr respectively, then the angles
02,6 and 0P i = 1,2,---,mn, given by Eqns. (5.8), (5.9) and (5.10) respectively.

cos™! TL if z; < =y,
aiB — (z.l—zk,)’+(y;—_v;:)‘ ) 2 (7. # kp) (5.8)
2 — o8 Y L% Tk

cos™! -\/—1—5’_:'——_ if yx, > %
o=y, Ve e G#k) (59
T — COS (Eren e L <

cos—! %s if o, < T
P — ra—m0) 2+ (Uig—vi)® “ (¢ # k). (5.10)

27w — cos™! el e A if zx, > @
Gore—z0) +ra—i) koo

The computation of min6?, min#C, minéP and the reproduction processes
are similar to that of the A-type processor. It can be seen, by Proposition 5.1, that
the process of reproduction for all the types of processors stops. And when it happens,
as we shall see later, all the hull-processors are ordered. The initial four processors
are ordered by their type definitions. Again, the child hull-processors are ordered

according to their parent-child relations.

5.3 The architecture of the model

We shall now discuss the network architecture for the proposed model. The network
consists of two layers: lower layer and upper layer. The lower layer is used for the
angle computation and the upper layer is used for finding the minimum angle (see
Fig.5.3). The number of processors in each layer is 7, the number of data points.

Both layers have similar structures where every processor is connected to every other.
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Layer for
minimum
computation

Figure 5.3: The subnetwork architecture for a given type of hull-processor. Solid dots
indicate point-processors and the circled dots represent hull-processors. All the links

r by lines are bidi 1
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In the lower layer, there is no self-connection while in the upper layer every processor
has a self-excitation connection as present in the ‘maxnet’ described earlier in Chapter
1. Moreover, the ith processor in the lower layer is connected to the ith processor in
the upper layer by feedforward as well as by feedback links.

First, consider the A-type processors. Suppose, in the lower layer, m is an
A-type hull-processor. The within layer (lower) connections in Fig.5.3(a) are shown
in more details in Fig.5.3(b). A processor m; is connected to m by four links (in
Fig.5.3(a), they are represented by a single straight line). At the beginning, the con-
nection weights are assigned as shown in the figure against each link. The motivation
behind such connection weights is that 7 must know the co-ordinates of m;, and m;
must know the co-ordinates of mx. The output of' of the ith processor is computed

by the activation function

—1 -z i8>
FA(os, By Tro i) = cos V=P B #6 2 w
LAk _ —1 o=z s

2m — cos (T — 5 <y

(5.11)
If we put oz = z; and B = ¥, then of is nothing but the angle 6 (Eqn.(5.6)). It

is to be mentioned here that many neural network models use sigmoidal function as
the activation function. As we need to compute the angles, the arccosine function

has been used here.

The above activation function can be rewritten as

@ — Tk

of = f*(cu, By ok, i) = (L + 8)m — Scos™ ~

(5.12)

z)? + (

where
-1 f8Zwu
+1 otherwise.

&=

This & can easily be realized by an analog comparator circuit which compares the

voltage B: with the reference voltage y.
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Topmost layer
[convex-hull computation)

{minimum angle
computatian)

Bottom layer

langle
Computation)

Figure 5.4: The lete network archi for the d model.

Every processor 7, in the lower layer, computes its output of according to
Eqn.(5.11). These output values are passed to the respective processors in the upper
layer by the forward links (Fig.5.3(a)). The upper layer then selects the winner (with
respect to the minimum value) processor 7; and passes this information back to the
lower layer. The processor 7; is then declared as an A-type hull-processor and as a
child of 7, and the processor 7y is then inactivated. Thus, at any point of time,
only one A-type hull-processor is active in the entire lower layer although there could
be more than one such processors present in the layer. In the next iteration, the
only active A-type processor (most recently created child) plays the role of an A-type
mother hull-processor and the process continues until the stopping criteria are met

(see Proposition 5.1).

The above process is replicated for all other types (i.., B, C and D) of pro-
cessors. This is done by replication of the above network (Fig.5.3(a)) four times and
adding another layer above these networks as shown in Fig.5.4. Each such replica-

tion (subnetwork) takes care of a distinct type of hull-processors. These subnetworks

are str lly i ical but their activation i are different. The activation
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function of a lower layer node for k-B, k-C and Sub k-D

are given in Eqns. (5.13), (5.14) and (5.15) respectively.

Bi—ux

1 7—_ if oy <
FB(ou, Biy Thyy Yrn) = cos (ei—zky ) +(Bimvia) % S T
»her SRz _ —1 Bi—y, . .
2w — cos’ ey e if «; > zi,

(5.13)
-1 Ty —ti . 3
cos =)ot oy —Bi)® if g, > i
IR Ty —as .
27 — cos (R ey if yr, < Bi

FE (04, Bis Tray Yka)

(5.14)
° —1 kg B B < o
— $( €08 e+ G B g < o

s By Tras Uka) =

— —1 Yy —Bs s .
2 — 008 Gy LTk >

(5.15)

The ith processor in the upper layer of every subnetwork (now it is the middle

layer in the 1 network) is d to the éth p of the t:

pmost layer
(see Fig.5.4). So the ith node of the topmost layer will have four input connections.

Within the layer every p is to every other and the con-

nection weights initially are set to zero. In every iteration, the angles (with respect
to a given mother processor) are computed in the bottom layer. These angles are
passed to the middle layer where the winner (the child processor) is selected. After
the winner is selected, the child is marked as a hull-processor on the topmost layer.
At the same time, the weight of the connection from the mother to the child proces-
sor (on the topmost layer) is set to 1 (denoted by thick lines in the topmost layer
in Fig.5.4). We now show, by Propositions 5.2 & 5.3, that the network formed by
the hull-processors and the links with connection weights as 1 on the topmost layer

provides the required convex-hull.

Proposition 5.2. On termination all hull-processors on the topmost layer are or-

dered and every processor will have exactly two links. In other words, the processors
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and the links form a closed loop.

Proof. We explained earlier that if a mother hull-processor . creates a child
processor 7;, then a link is established (the link weight is set to 1) from m to
m; on the topmost layer to get a hull-edge. Hence the link defines the ordering.
Thus every subnetwork produces an (linearly) ordered set of hull-processors. Since
there is an implicit cyclic ordering among the A4, B, C and D type hull-processors
(A— B - C —> D — A) and the child of one type eventually becomes equiv-
alent to another type (coming as the next in the ordering) by Proposition 5.1, all
the processors are ordered and they form a closed loop. [Note that if a particular
type of processor is absent (say, C-type processor is absent) then a B-type child will

eventually be equivalent to a D-type processor, when D-type is present.] ]

Pr ition 5.3. The t t layer finally gives the required convex-hull.

Proof. Recall the proof of Proposition 5.1. It is clear (by Eqn. 5.7) that the extended
edge P4Pys (see Fig.5.2) partitions the plane into two half-planes such that only one
half-plane contains all the points of S and the other half-plane contains no point of
S. Similar argument holds for all the links with weight 1 (on the topmost layer).
Morcover, by Proposition 5.2, all the links with weight 1 on the topmost layer form
a closed loop. Hence the proof. ]

The algorithm for computation of the convex-hull can be now briefly stated as:

Algorithm CHULL

Step 1. [Initialization]
Create the initial active hull-processors according to the Eqns. (5.2),(5.3), (5.4)
and (5.5). Mark these first mothers as A*, B*, C* and D* respectively.

Step 2. [Reproduction]

Each active mother hull-processor creates a child of its own type. The mother
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then becomes inactive and the child becomes active. This process is continued

unless the child is equivalent to the first mother of a different type.

Step 3. [Convex-hull construction]
Construct the convex-hull from the topmost layer.

Step 4. Stop.

5.3.1 Computational aspects

After the initial four hull-processors are created, every processor, in each subnetwork,

its output independently (in parallel). Thus this computation takes con-

stant amount of time. Since, for every type of hull-processors (i.e., 4, B, C and D),
there is a separate subnetwork, the winner processor can be selected in parallel by

the respective mini lculating layers. Hence, computational complexity of this

step will not depend on size of the data set. It is easy to see that each subnetwork,
in the worst case, needs to compute the output (in the lower layer) and then select
the winner (in the upper layer) A times where h is the number of hull-points. Thus,

the whole process takes, in the worst case, O(k) number of iterations.

The above complexity analysis assumes that no three points of S fall on a single
side of the rectangle O;0,030,. Without this assumption we may have three or
more initial hull-processors of the same type (say, B type). We select arbitrarily one
of them as the respective first mother (B*). Then, in Step 2 of our algorithm, there
will be a tie while computing the minimum angle. If we break the tie arbitrarily, we
may not hit the first mother B* at the first chance. Hence the Subnetwork A may
take longer time than O(k). However, from theoretical point of view, the probability
of three points (in the Real plane) falling on a single side is zero.

104



Figure 5.5: The intermediate and final results on a planar set. (a)-(c) The results
after iterations 1, 2 and 3 respectively; (d) the final result after 4 iterations.

5.4 Results and conclusions

The proposed model is tested on several 2D point sets. Fig.5.5 shows one such
example with intermediate outputs. Throughout this chapter, we have assumed that
all the four types of hull-processors are present. Note that for # > 1, there may be only
two or three types of hull-processors also. It is easy to see that the algorithm remains
the same as we can simply forget the relevant subnetworks for the types not being
present. At the time of network initialization (Step 1 in Algorithm CHULL) when
the A, B, C and D type hull are identi the respective

put *on’ or "off".

ks are
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We proposed a neural network model for computing the exact hull of
planar set. The proposed model is self-organizing in the sense that the learning is
unsupervised. In the output layer (top layer), the hull-processors are organized in
such a way that they are mapped (recall Kohonen’s self-organizing feature maps) as
the hull vertices of the required convex hull. Moreover, only the links between two
successive hull-processors are set to 1 and these links are mapped as the corresponding
hull edges.

Computation of convex-hull of a planar set has been a problem of considerable

interests and several researchers have developed various algorithms. While most of

them are based on jonal techni yr [113] and Leung et al. [68]
suggested neural network based i For ing the exact hull,

yr d a multi-layer perceptron based model. Leung et al. proposed an
ART based model that can an approxi hull. Both al

have complexities O(n) in off-line mode. The algorithm proposed in this chapter

provides a self- izing model to hull of a given set of 2D points

in O(h) time in off-line mode.

Like the computation of convex-hull of a planar set, another interesting problem
studied in computational geometry that has drawn considerable attentions over a
long time is the computation of circular hull of a plenar set. While the convex-hull
provides the minimum convex. polygon enclosing the set of input points, the circular
hull provides the minimum circle that encloses all the points. The circular hull is
also called the minimum spanning circle and has a lot of applications in optimizing
problems. In the the next chapter we shall discuss some such apphcatlons and propose

a self-organizing neural network model for ing the ing circle.
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Chapter 6

MINIMUM SPANNING CIRCLE
BY SELF-ORGANIZATION

Abstract: A self- izing model is proposed that comp the centre and radius

of the smallest circle enclosing a finite set of given points. The model is straightway

1} bl dis

to higher

6.1 Introduction

The present chapter deals with the problem of finding minimum spanning circle. The
problem is to find the radius and the centre of the smallest circle such that the circle
encloses n given points in the Euclidean plane. Such a circle is called the minimum
spanning circle (MSC). In location theory this is the unweighted Euclidean 1-centre

problem in the plane.

The MSC has applications in optimizati pmem T ition, image analy-
sis, istical estimation etc. It has applications in tr jon and portation
bl s a ity of users needs the service of some facility, for ex-

ample, radio/T.V. receivers receiving signals from a single transmitter. The problem
is to find the optimum location of the transmitter (facility). In other words, we need
to find where the facility should be located so as to minimize the di
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from the facility to any user. It is clear that, if we imagine the users as points in

the plane, then the centre of the MSC for this set of points is the solution of the

problem. In a di kind of li for 1

in transportation, the centre
of the MSC can be the optimal location for a service station if we want to minimize

the i di that a would have to travel from his place to the

service station. Here the locations of the residences specify the set of points.

The MSC problem has a long history. After it was posed by Sylvester [109]
in 1857, it attracted several researchers and as a result many solutions have been
suggested [35, 38, 50, 78, 80, 83, 103, 104, 105, 106, 110]. The (worst-case) time
complexities for the above solutions range from O(n®) to O(nlogn), where n is the
number of input points. The exception is the work due to Megiddo [78]. Megiddo

formulated this p: as a linear progr ing problem which could be solved in

O(n) time. Apart from the time complexities, many of these algorithms suffer from
implementation complexities. That is, they are not simple from the point of view of

actual pr ing and impl

In this chapter, an efficient and parallel algorithm is proposed for finding the
MSC for a given set of points using a self-organizing neural network [23]. The algo-
rithm finds the optimum position of the centre of the MSC iteratively. Against each
presentation of input signals (here points) the network adapts without any supervi-
sion and finally converges to the optimum solution. Modeling of the MSC problem
into neural networks has various justifications. Instead of performing operations se-
quentially neural network models are capable of doing the same in parallel using
networks composed of many processors and thus provide high computational rate.

Moreover, in neural network technology, & complex problem can be solved by a num-

ber of , working collectively, while each processor needs to do much simpler
computations only. Thus simple processors can work collectively and can solve a
much complex problem. Finally, the neural network modeling helps extendability to

higher dimensions without any extra computational complexity.
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6.2 The MSC problem

Let us consider the following problem :
Let § = {B, P, ..., P} be a set of n given points in the Euclidean plane. The prob-
lem is to find the centre and radius of the smallest circle such that no point of S falls
outside the circle. Such a circle is called the minimum spanning circle. The problem

can be stated as :

Find the point W = (w;, w;) so that

mex |B; = W] ©1)

is minimized over all choices of W. In other words, we compute

v = min max{((w — ;)" + (s — by))}} ©2)
wres
where (a;,b;) is the co-ordinates of Pj,j = 1,2, ...,n. The radius of the MSC is

and the optimum (wy,w,) is the centre.

After describing the MSC problem, we now formulate it into a self-organizing
neural network model. As discussed in the preceding chapters, the term self-organization
refers to the ability to adapt or learn from the input signals without having any prior
supervising information. The input signals are presented to a network consisting
of a number of processors. Against the presentation of each input, some feedbacks
are generated and the network is adjusted (i.e., the weight vectors are updated in a
certain fashion) accordmg to this feedback. The proposed model use the principle of

simple itive 1 di d in Chapter 1, and learns the position of the

centre of the MSC from the input without any supervision.

In a simple competitive network model what essentially happens is : There
is a set of input (signal) vectors; and an array of processors (normally a 1- or 2-

dimensional network) i d among themselves. Each processor is associated

with a m-dimensional weight vector W = (w, s, . . ., Wy,) with initial random values.

Let S be the set of input points where each P € S is an m-dimensional vector.
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Then, against each presentation of the input vector, all the processors compete and
the weight of the winner processor (closest from the input) is updated by the follow-
ing equation:

W(t+1) = W(t) + a(t)(P — W) (6.3)

where 0 < a(t) < 1. a(t) and W(¢) stand for the value of o and W respectively at
iteration ¢. This update process is iteratively repeated until the network converges
(that is, when some stopping criterion is met). The variable « is a training rate
coefficient that starts with some initial value and may be gradually reduced during
the training process. This allows large steps for initial rapid training and smaller

steps as final value is approached.

1t is easy to see that the effect of the above update is to move the weight vector
toward the input vector. This fact will be used in the present self-organizing model.
The movement of the weight vector has also been stated in the text as movement of
the respective processor. It should be kept in mind that the processors never move

physically. The movement is in terms of the changes in the weight vector.

6.3 The proposed model for the MSC problem

The present problem considers a set S of 2D input points {F; = (a;,b,), j =
1,2,...,n} that contains the co-ordinates of the points in § mentioned earlier. The
2D co-ordinates are treated as the input signals and thus m = 2 in the present
situation. Assign one processor to each point of S. Another processor T stores &
weight vector W = (wy,w,). This weight vector will be updated iteratively in the
self-organization process. The weight vector here represents a position in the plane

where the processor 7 can be thought to be located.

‘We begin with the centre of gravity of all the points in the set S as the initial
value of the weight vector W. At iteration ¢ we find the farthest point (w.r.t. Eu-
clidean distance) from W(t). Let P = (ax, bx) be the farthest point, k¥ € {1,2,...,n}.
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That is,
1P = Wil = max || F; — W1l 6.4

Then the weight vector W is updated as follows :

Wt + 1) = W(2) + a@)(P. — W() (6.5)

The idea is as follows. We start with the centre of gravity of the points as
the initial approximation of the centre (W(0)) of the MSC. Find the farthest point
P, from W(0). Since we desire to minimize the distance dist(Fi, W(0)), we try to
move W toward P. With a suitable value of & (as discussed later) we update the
weight vector W according to Eqn. (6.5). This process is repeated enabling W to
gradually move towards F. After each weight update the farthest point from W
is recalculated. It is clear that during this process, some new point P (K # k)
becomes the farthest point from the weight vector W and, as soon as it happens, W
starts moving toward Py instead of moving toward Fi. The weight update process is

continued repeatedly with a(t) — 0 as ¢ — 0o enabhng the process to stabilize when

the difference between the weight vectors at two is

We shall see later that W (t) converges. Suppose W (¢) — W* as t — co. There
will be two or more points in S which are farthest from W*. Let T be the set of such
points in S. Thus, if for P€ T, r = ||P — W*||, then the circle with radius = and
centre at W*, will be the required MSC.

Definition 6.1 The points in T are called the contact points of the MSC.
Denote the number of points in T by C(T). We shall also see that if C(T) = 2
then the MSC is determined by the two points in T" which form the diameter of the

MSC. If C(T') > 2 then the MSC is determined by some three points in 7" where

these three points do not lie on an open semicircumference of the MSC.
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Figure 6.1: The minimum spanning circle determined by two points. ‘+* represents

the initial position of the weight vector and ‘x’ represents the final centre of the circle

(¢ = 50).

Algorithm MSC

Step 1. _ Initialize iteration number ¢ = 0;
w@) =2 e end wi() ==

Step 2. Caleulate d; = dist(W(t), ;) for all j = 1,2, .., 7.

Step 3. Find the maximum d;, and the point P such that
maxd, = dist(W(2), F).

Step 4. Adjust weight vector according to Eqn. (6.5).

Step 5. Set t =1+ 1 and repeat from step 2 until the weight vectors
of two successive iterations are sufficiently close.

One should note that a(¢) should be made a decreasi ion of ;

number ¢. It should decrease neither too fast nor too slow. The former case may

cause an early (incorrect) convergence before another point Py becomes the farthest

from W. On the other hand, the latter case may unnecessarily delay the convergence.
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Figure 6.2: The mini: ing circle ined by three points (¢t = 70).

In the present simulations initial «(0) is taken to be 0.40. Here the function is chosen
ss ot) = z77(0). Mathematical treatments of present model are done in the
next section. The algorithm has been tested on a number of point sets and it has
converged to the desired centres of the respective smallest circles. Some of the results

are presented in Fig.6.1 and Fig.6.2. The input points are chosen randomly.

6.4 Convergence

1t can be seen that Algorithm-MSC converges so that the centre of the minimum
spanning circle can be obtained with any given level of accuracy. Before going into

the details of mathematical proofs we need the following definition to be stated.

Definition 6.2. For the set S, the farthest point Voronoi diagram (FPVD) is a
partition of the plane defined by the convex regions Vi, 1 < 7 < 7 where

Vo={P:||[P-F[>|P-PR| Vt#r} (6.6)

V. is the farthest point Voronoi polygon corresponding to P, 1 < r < n. Farthest

point Voronoi diagrams are shown in Fig.6.3.
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Figure 6.3: Farthest point Voronoi diagrams for two planar sets. MSC is determined
by (a) three points, (b) two points.

We shall now prove that in Algorithm-MSC, the weight vector W(t) con-
verges to the centre of the minimum spanning circle. Before going into the proof, we

state below a few known results (|80, 90, 104]).

Result 6.1. If there is a circle C passing through three points, F;, F; and F; such
that they do not lie on any open semicircumference of C and if C contains all the
points, then C is the MSC.

Result 6.2. If the MSC passes through exactly two points F; and Fj, then the line
segment F,P; forms a diameter of the MSC.

Result 6.3. If no two points of S form a diameter of the MSC, then the MSC passes
through at least three points which do not lie on any open semicircumference of the
MSC.

Result 6.4, The MSC is unique.
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Let X(2), t =0,1,2, .. be such that | X(£) =W ()| = max [ B=W ()|, 0 <a(t) <1
o

forall ¢ and c(t) decreases to 0 as ¢ tends to 0o such that > a(t) = co.
=

Note that the points of § come from a bounded region. Hence, ||W(0) — E|| < K for
all 4, for some K > 0. It is essy to see that |[|[W(t) — P|| < K for all i, for all £.

Lemma 6.1. JJ[1 —a(t)]=0.

=0

o
Proof. Note that since 0 < o) < 1 for all £, > o(t) = oo if and only if
=

H11 — ) = 0 (see ).

We shall now prove a result on a(t). For any given o, let S(0) = ax(to) and
St+1)=[1—eto+t+1)S(t) +alto+t+1) fort=0,1,2,....
Note that
S(1) = ote)l —alto + 1)] + ato + 1)
S(2) = alto)[1 — alto + ][I — e(to + 2)] + afto + 1)[1 — alto + 2)] + o(to + 2)
S@B) = to)[l —alte + DI[1 — afto + 2)][1 — afto + 3)]
+afto + 1)[1 — alte + 2)][1 — a(ts + 3)]
+a(to + 2)[1 — a(to + 3)] + alto + 3)

In general,

S@) = alt)ll —alto+ D)1 —alte + 2)] ... [1 — afto + )]
+ato + 1)[1 — alto + 2)] ... [1 — alto + )]
+a(to+2)1 —alto+3))...[1 —alto + )] + ...
+ato +t — 2)[1 — alte + t — 1)][1 — afto + t)]
+alto +t — 1)[1 — a(to + )] + afto + t)

Lemma 6.2. S(f) goesto 1 as ¢ goes to oo.



Proof. It is easy to see that

1-501) = [1—o®)ll —alte+1)]
1-8(2) = [1-S]1—alte+2)]
= [1— o))l - afto + DI — alte + 2)]
1-5(3) = [1-8N1 —alte +3)]
= [1 —at)]ll — e(to + D1 — alto + 2)][1 — a(to + 3)]

In general,

1—5() = 1 — a(to)]ll — alto + D)[1 — alto +2)] ... [1 — alto +11)]
From Lemma 6.1, [[[1 — a(t)] = 0. Hence Lemma 6.2.
e

Applying Eqn.(6.5) repeatedly we get

Wto+t+1) = [1—a)ll —alte+ 1)1 —alte+2)]...[1— alte + )] W(t)
+a(to)[1 — ato + D][1 — alto + 2)] ... [1 — alto + £)]X (o)
+a(to +1)[1 —alto + 2)] ... [1 — alte + £)] X (to + 1)
+a(to + 2)[1 —a(to + 3)]...[1 —alto + )] X(to + 2) + ...
+alto +t — 2)[1 — alto + t — 1)][1 — alto + £)) X (to + t — 2)
+alto +t —1)[1 — alto + )] X (to +t — 1)
“+olto + ) X (to + t)

[
[l

Casel: n

Here, X(t) = B forall t. Hence, from above, we get

Wtot+t+1) = [1-SOl W) + St A
Lemma 6.3, For Case 1, W(to +1) goesto P, ast goes to oo.
Case 2: n = 2. The centre of the MSC is 3(P + ).

Lemma 6.4. For Case 2, Wi(to +t) goes to (Fy + F;)/2 as t goes to co.
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Proof. It is based on P ition 6.1 and Pr ition 6.2 below.

Proposition 6.1. W(t, + ¢t + 1) can be made arbitrarily close to the straight line
L passing through P, and P,.
Note that
P —W(to+t+1) =
[1 = a(to)l[1 — alto + D][1 — alto + 2)] ... [1 — a(te + 1)]|[A — W(to)]
+ a(to)[1 — afto + 1)1 — alto + 2)]... [1 — afto + 1)][F — X(to)]
+ a(to + 1)[1 = alto +2)]... 1 —alte + ][A — X(to + 1)]
+ alte +2)[1 —afto +3)]...[1 —alte + ][ — X{to +2)] + ...
+ alto +t — 2)[1 — a(to + t — D][1 — alte + O)[P — X(to +t — 2)]
+ afto +t — 1)[1 — alto + 1)][F — X(to +t — 1)]
+ alto + t)[P — X(to + t)]

where X is either P, or Pp.

Now,

|1 — Wi(te +t+ 1)l

(1= a(to)lll — ato + DI[1 — afto + 2)] ... [1 — alte + ]| A — W(to)|
+ afto)[1 — alte + D][1 — afto + 2)] ... [1 — afto + D] [IP1 — X (to) |

+ a(to + 1)1 — afto + 2)]... (1 — afto + )] 1P — X(to + 1|

+ alto + 2)[1 — alto + 3)]...[1 — alte + O)|1P — X(to +2)|| + ...
+ afto +t —2)[1 — afto + t — )][1 — afto + )]|1A — X(to +t —2)||
+ oo+t — 11 —alte + IR — Xt +t— D

+ alto + t)|B — X(to + )|

A



Similarly,
1P = W(to +t+ 1)l
< 1 —a(o)lll — alte + D][1 — afto + 2)] ... [1 — alto + )] 1P — W(to) |l
+ a(to)[1 — alto + 1)1 — alte + 2)] ... [1 — alte + )]||1P2 — X (%)l
+ alte + D[l —alto +2)]... [1 — ate + )| P2 — X(to + DI
+ alto +2)[1 —alto +3)]... [1 —alte + 1P — X(to + 2)|| +---
+ a(to +t — 2)[1 — alte + ¢ — D1 — alte + ]|1F — X(to + 2 — 2)||
+ afto+t— 11 —alte + )| — X(to + t —1)]|
+ a(to + )[|B — X(to + )]l

Hence,

\PA—W(to+t+ 1|+ 1P —W(to+t+ 1)

[1 — a(to)][1 — a(to + D][L — alto + 2)] ... [1 — ato + O][IIPA — W(to)ll
+[IP — W(t)l]

+a(to)[l — alto + D)[L — afto + 2)] ... [1 — alto + ][II1A — X (L)l
+[1P — X (o))

+ofto + 1)1 — alto + 2)] .- [1 — alto + ][IP — X (%o + V|

+[|P — X(to + 1)I]

+a(to + 2)[1 — alto + 3)] ... [1 — alto + (1P — X (2o + 2)||

HIP = X (o + 2] + -

+o(to+t —2)[1 —alto + t — 1)1 — alto + (1P — X(to + ¢ —2)||
+|lP— X0+t —2)|I)

+a(to+t— D[l —alto + O)IA — X(to +t — V|| + |B — X(to +t — DII]
+a(to + )12 — X(to + )| + 1P — X (o + t)|I}

A
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= [D-a)ll —alte+ DIl —alte+2)]...[1 —alto + )] (I — W)l
+IP: — W(to)lll
+ a(to)l —alte + VI[1 —afto + 2)] ... [1 — alte + 8)] | — Rl]
+ alto+ [l —afto +2)]...[1 —alte + )] [|P— Pl
+ afto+2)[1 —alto+3)]...[1 —alte+8)] (1B — Bl +...
+ alto+t—2)1 —alte +t — 1)][l —alte + 1)) [|P— Pl
+ alto+t—1)[1 —alto +t)] |P. — Pl
+ alto+t) [P — Bl
= D-=8OIIA—-W)ll+ |1Pa = W)l + S@ P — Pl
Now, S(£) goes to 1 as ¢ tends to co. So, W(to + ¢ + 1) gets arbitrarily close to the
line segment joining B, and F;. Hence Proposition 6.1. -

Proposition 6.2. W (ty+t+ 1) can be made arbitrarily close to the perpendicular
bisector L of the line segment. P, Fj.

Let H; and H, be the two half planes defined by L, such that P, belongs to H;
(i = 1,2). Without loss of generality, let W(to) lie in H;. From Lemma 6.3, we know
W (to+t) will belong to H for some t. Suppose W(to+1), W(to+2), ..., W(to+t1—1)
belong to Hy and W (to+t,) belongs to H,. Now, the perpendicular distance between
W (to + t,) and L, is less than or equal to ||W(to + t, — 1) — W(to + &) ||. (Fig.6.4)

Note that [|[W(to + 1) — W(to) || = a(to)| X (to) — W(to)ll < a(to) K.

Since c(£) — 0 as t — oo, for any § > 0 we can take #, to be sufficiently large so
that [|W(to + 1) — W(to)|| < 6 and in general, [[W(to + ) — W(to + £ — 1)|| < 6 for
allt > 0.

Now, W(to + t; + t) will belong to H, for some ¢. Suppose, W(to + 1), .., W(to +
t; + ¢, — 1) belong to H, and W(to + t; + t;) belongs to H,. From Fig.6.4(a), it is
clear that the distance between W(to + t; + t) and L, is less than & for all ¢ > 0.
Hence Proposition 6.2. [ ]
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Figure 6.4: The trajectories of W(t). (s) Case 2, (b) Case 3(a), (c) Case 3(b). The
FPVD is denoted by solid lines and the triangle formed by the input points is denoted
by dashed lines.

Case 3. Suppose n = 3. Consider the farthest point Voronoi diagram (FPVD) of
the points. The only vertex of the FPVD of P, Fs, Ps may lie either (a) outside
(Fig.6.4(b)) or (b) inside (Fig.6.4(c)) the triangle AP, P, P; formed by Py, By, Ps. The
FPV polygon corresponding to the point P is Vi (i = 1,2, 3).

Case 3(a). In the former case, for some large to, W(t) will lie outside V; for all
t > to. From Case-2, it is then clear that W(t) converges to (P, + P5)/2 which is the
centre of the MSC.

Case 3(b). In the latter case, consider the three perpendicular bisectors Li; of the
line segments F,F; (1 < i # j < 3). From the arguments given in the proof of
Proposition 6.2 in Case-2, W(t) will be arbitrarily close to each of the three Ly's.
Thus W (t) converges to the intersection point of the three bisectors which is the FPV
vertex where the FPV polygons Vi, V4, Vs meet. Here, the FPV vertex is the centre
of the MSC. Note that for any large to and for any %, there will be a ¢; > ¢, such
that W(t;) lies in V. In other words, each V; will be visited by W (¢) infinitely many

times.

Denote the limiting value of W(t) by W*.
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Case 4. Suppose 12 > 3.

We claim that W* will lie either (a) on an open edge (an edge excluding the vertex
points) or (b) on a vertex of the FPV diagram of the point set S. Suppose not.
Suppose, W* lies in the interior of some Vj. Then, after some time, W(t)’s will always
lie in the interior of V; in which case, the limiting value of W(t) will be F, (from Case

1). It is a contradiction since V}, cannot contain F,. Hence we have two subcases:

Case 4(a). The limiting value W* lics on an open FPV edge. Suppose this edge is
the common edge of the two FPV polygons V; and Vj. That means, for sufficiently
large to, W(t) will lie either in V; or in V; for all £ > ,. Moreover, for any ¢ there
will exist &, #; > ¢ such that W(t) and W(t;) are in V; and V; respectively. In
other words, both V; and V; (and only they) will be visited by W/(¢) infinitely many
times. This case is similar to Case 2 and hence W* — %(P,- 4 P,) (see Fig.6.3). Now
construct a circle C, centred at W* passing through B, P,. Obviously, P.F; forms the
diameter of the circle C and since P, F; are the farthest points from W*, C' contains
all the points of S. Hence, by Results 6.1 - 6.4, C is the MSC.

Case 4(b). The limiting value of W* lies on an FPV vertex. Suppose W* lies on
the common FPV vertex v;x of three FPV polygons say, V;, V; and Vi. That means,
for sufficiently large to, W(t) will lie either in V; or V; or V; for all ¢ > o and each of
Vi, V;, Vi will be visited by W(t) infinitely many times. Then it will be similar to
Case 3(b). Note that W* will be equidistant from P;, F; and P;. Construct a circle
C, centred at W* and passing through P,, P; and F. We claim that P, P; and P
do not lie on an open semicircumference of C. Suppose not. Then vijx falls outside
the triangle AP,P;F;. Hence, from Case 3(a), W* cannot lie on v (see Fig.6.4(b)).
This is a contradiction since W* lies on ;x. Moreover, since P, F; and F; are the
farthest points from wi;s, C contains all the points of S. Hence C is the MSC from
Results 6.1 - 6.4.



Summarizing the above we have:

Case-1: If § = {P,} then W* = B,
Case-2: If § = {P,, P} then W* — %(P, 1+ B).

Case-3: If S = {P, 5, P} then W* is either (a) the midpoint of one of the sides of
the triangle P, B, B; or (b) the common FPV vertex of the three FPV polygons
W, Ve, Va.

Case-4: If S= {R, B, ...,F.} then
(a) If the MSC is determined by two points P, F; then W* — %(P,» + P).

(b) If the MSC is determined by three points P, P}, P, then W* = the common
FPV vertex of the three FPV polygons Vi, V;, Vi.

6.5 Discussions

It can be seen that the above model works as a self-organizing process. We present
a set of input vectors to a network of processors against which a competition takes
place and the network some feedback (the maxi d; and the point By
in Step 3 of the ithm). Depending on the feedback the p m adapts

and moves accordingly. If the process is repeated iteratively, the process converges
and the processor 7 positions itself to the desired centre of the MSC. Moreover, the
above learning is unsupervised. In brief, from the inputs the network learns without
any supervision and finally outputs the MSC. Similar things essentially happen in

self-organization.

The present model uses the principle of simple itive learning rule but

it is quite different from the same. It is self-organizing in that it learns the centre
and the radius of the MSC in an unsupervised manner. A few comparisons of the
present model with Kohonen’s model can be stated as follows. In Kohonen’s model,
all the processors in the network can take part in the weight update process. The

present model uses a network of processors where all the processors have fixed weights
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Floating processor

‘maxnet’ like
network of point
processors

Figure 6.5: The architecture of the MSC model. Solid tiny circles represent point

Processors.

123



excepting one i.e., all other processors are fixed while a single (floating) processor
takes part in the process of positioning itself in the proper location. Other processors
are used for parallel computations. In Kohonen’s model, the *winner’ processor moves
itself to the input vector presented while in the present model, the winner processor
(the processor associated with the point Fx in Step 3 of the algorithm) draws the
processor 7 toward itself (toward its associated input point). Secondly, all the input

vectors are d here 1 ly instead of ially ing them as

in Kohonen’s model.

Computational cost

The present algorithm works in parallel with the help of multiple processors
(see Fig.6.5). Suppose the input points are assigned to one processor each and every

processor is connected to every processor forming a network. Let us call these point

p . The point p are fized in the sense that their weight vectors
(i.e., their location coordinates) do not change. On the contrary, a processor storing
the weight W(t) is floating in that its weight is updated at every ¢. The floating
processor is connected to all the point processors. Consider one iteration. All the

point processors in the network can simul ly the di between

themselves and the weight vector W(t). Therefore, in Step 2, the distance calculation
can be done in constant time. The point processors in the network are also connected
by lateral connections. Thus by using & ‘maxnet’ type model, the time needed to

the i i does not depend on the input size. Hence Step 3

of the above algorithm has the same time complexity. Thus, in the whole process,

complexity does not depend on the size of the input.

6.6 Conclusions

In the last few years, there has been a great interest in applying neural networks
technology in various fields of conventional computing [15] and this trend, in turn,

has been iching the neur i hnology. This is due to the facts that

neurocomputing provides ism, it is adaptive and it i a
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problem. A number of each p ing simple jon, when work

collectively can solve a complex problem. The present work is an application of self-

to the mini spanning circle for a given set of

points. An algorithm is proposed to find the centre of the circle with any given degree

of accuracy.

The MSC problem has attracted several researchers and as a result varieties of
solution exist (35, 38, 50, 80, 83, 103, 104, 105, 106, 110). The proposed solution is
iterative in nature and is a parallel implementation of the problem. The (worst-case)
time complexities for the existing solutions range from O(n%) to O(n logn), excepting
the work due to Megiddo [78]. The worst-case time complexity of the present algo-
rithm does not depend on the input size when O(n) processors are used. As can be
seen, the individual processors perform very simple calculations like computing the
Euclidean distance (d;) here, which is an important phenomenon of neural network
models. Moreover, the present work can be straightway implemented for any higher

dimension. For a similar problem in d-dimension (d > 2) one has to simply calculate

the Euclidean di in d-di The lexity of the algorithm remains the
same. In the existing i the time lexities and impl son difficulti
increase signi ly for higher




Chapter 7

CONCLUSIONS

Abstract: The contributions of the thesis are briefly stated. Some future scopes of

work are also outlined.

7.1 Contributions of the thesis

Artificial neural networks, man-made models for biological neural networks, have

been established to be a promising area of research. Artificial neural networks are

composed of a number of simple i (called , neurons or

nodes) interconnected by connection weights which are adaptive in nature. These

models are ch ized by the characteristics of the neurons, the archi of
the connections and the learning rules. Depending on the learning rules the neural
network models can be of two types — unsupervised and supervised. The present
thesis has covered a few models of the former type. These models are self-organizing

in the sense that they can learn without any supervision.

During last few decades neural network models have been used to solve prob-
lems in different fields like pattern recognition, computer vision, image processing,
optimization etc. for various reasons. Neural network models provide a new form
of parallel computing which is performed by a number of processors simultaneously.

These models are capable of adaptation in a similar way as biological systems do.
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Another important property of neural network models is that the individual proces-
sors needs to do very simple computations and these models are cost effective. Simple
processors while working collectively can solve a much more complex problem. Neu-
ral network models provide robustness to some extent. Overall performance is not
greatly affected due to the damage of a few processors or links and thus such models

have sometimes higher fault tol M y ing is found to work

efficiently where conventional computing poses problems or performs poorly.

In the present thesis, we have proposed a few self-organizing neural network
models and discussed their applications. The whole work is divided into two divi-
sions according the application domains namely, image processing and computational

geometry.

Chapter 1: Introductory discussion on artificial neural network models are done
with an emphasis on self-organizing neural network. Various properties and exten-
sions of Kohonen’s self-organizing neural network model, published in the existing
literature, are described. Some of them have been used to solve various problems in

the subsequent chapters.

Chapter 2: A dynamic self-organizing neural network (DySONN) model is proposed
here that generates a skeleton of a binary pattern. The proposed model has a few
advantages over Kohonen’s self-organizing model [64] so far as shape extraction is
concerned. The model uses Kohonen’s weight update rules but the network here can

h It uses a few heuristics to

grow in size by means of p insertion

capture the topology of the input pattern.

Chapter 3: A topology adaptive and dynamically growing self-organizing neural
network (TASONN) model is d that is ially desi to produce a vector

skeleton of a binary pattern. Partly it is similar to Martinetz and Schulten’s neural

gas network model [73] and Fritzke’s growing neural gas network model [41]. The

link ad ion and insertion, in the proposed model, is different from the
said models. The proposed model has a few advantages over the models of Kohonen,

Martinetz and Fritzke in view of shape extraction.

Chapter 4: A comprehensive comparative study between the proposed neural net-
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work models, discussed in Chapters 2 and 3, and a few existing conventional thinning
algorithms are carried out. The study establishes that the proposed neural network

based models are highly robust to noise (boundary and interior noise) as compared

to existing and are invariant under arbitrary rota-
tions of the input pattern. They are also efficient in medial axis representation and
in data reductions. Moreover, they work on binary patterns, dot patterns and also
gray-level patterns. Thus the proposed neural network based models provide unified

approaches to skeletonization.

Chapter 5: Computing the convex-hull of a planar point set is a well known problem

and several are to solve it. We have formulated

this problem into a self-organizing neural network model. The network can adapt

itself without supervision. It has been found that the network can self-organize to

compute the convex-hull of a finite planar set. C ity of the d algorith
is compared with some existing algorithms.

Chapter 6: An efficient and simple technique for jon of the
spanning circle for a given finite set of points is d. The

circle has applications in p The concept of self-organizing neural

networks is used here. Stattmg with en initial approximation the process learns

from the input iteratively and finally finds the centre of the minimum circle. The

lexity of the ithm is and it does not depend on the input size.

The technique can be implemented straight in higher dimensions also without any

extra complexity.

7.2 Future scopes

7.2.1 Shapes in higher dimensions

The shape extraction problem discussed in Chapters 2-4 can be generalized. In
Chapters 2-4, the underlying objects are 2-dimensional. The neural network mod-

els, di there, for ion of from 2-di ional objects can be
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extended to get suitable models for extraction of the skeletal shape of 3-dimensional
objects. Thinning 3-dimensional objects has drawn attention in the last few years
since 3-dimensional data capture has become easier. 3-dimensional data are now
& days available in Magnetic Resonance Imaging (MRI), Confocal Laser Scanning
Microscope (CLSM), X-ray Computed Tomography (X-ray CT) etc.

In 3-di jonal ion, the 3-di ional object points will constitute the
set of input vectors. The weight vectors of the neural network will also be 3-
dimensional. The weight update rule will remain similar to those discussed in DySONN
and TASONN models. In the 3-dimensional DySONN model, the criteria for de-
tecting forks need to be redefined. For loop joining also, the definition of adjacency
should be d to 3 dimensions. In the 3-di ional TASONN model, however,

the extension will be more straightforward.

7.2.2 Extraction of outer shape

In Chapter 5, we have discussed a neural network model for extraction of the convex-
hull of a given finite planar set. The convex-hull is often used to describe the shape
of a finite set of points. But in many situations, the underlying shape from which the
input points emerge is not convex. Edelsbruner et al. [34] have proposed a general
definition of the outer shape, convex or otherwise, called the a-hull of a finite planar
set. For a finite set of planar points S, the a-hull of § is the complement of the union
of all open discs of radius & containing no points of S. Edelsbruner et al. [34] also

posed a ique to the a-hull of finite planar set. The computed a-hull

(for a given ) provides an approximation of outer shape of a finite planar set even
when the underlying shape is not convex. The neural network model in Chapter 5
may be suitably modified to get a model that can extract a similar outer shape from

a planar set provided there is no hole in the input pattern.
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7.2.3 Extension of minimum spanning circle model

Given a finite planar set S, finding a given number (say, k) of circles of equal radius
whose union contains S so that the radius is minimized, is a challenging problem in
computational geometry. The proposed MSC model, in Chapter 6, can be useful in
developing a self-organizing model to solve this problem. This has application in opti-
mization, shape analysis etc. For example, suppose k TV /radio transmission centres
are to be installed to provide service to a community of users so that the maximum
distance of any user from its nearest facility is minimized. The minimization here is

over k centres and one radius.

The extension of the proposed MSC model to higher dimensions is straightfor-
ward as mentioned earlier. This extension can provide solutions to some non-trivial

problems. For example, it can be applied to an esti ion problem in

Suppose, there are 7 independent observations from uniform distribution over a p-
dimensional hypersphere whose centre and radius are unknown. Here the maximum
likelihood estimation on the basis of the 7 observations is given by the smallest hy-

persphere containing these observations.
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