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SUMMARY. Iu this paper we have considerod tho analysis of group divisible third

order rotitable designa {GDTORD) whon tha faators arv dividod into # groupe and the method
of sonstructing theso dosigna from balonced block deaigna with varisbls replication (BBD).

1. TNTRODUOTION

The concept of rotatability was introduced by Box and Hunter (1967).
Mothods for constructing these designs have been considered by many authors.
A review of the work done upto that time is availablo in Mead and Pike (1975).

Since in many situations, too many design points are required for satiafy-
ing rotatability conditions, attempts have been made by various authors
(Herzberg, 1966, 1967; Das aud Dey, 1967; Dey and Nigam, 1968; Adhikary
and Sinha, 1976; Adhikary and Panda, 1980) to modify the concept of rotata-
bility to group divisible rotatability. However these authors considered
only group divisible second order rotatable designs (GDSORD) where the
factors are divided into two groups. Adhikary and Pands (1980) considered
the construetion of GDSORD and GDTORD when the factors are divided
into ¢ groups.

Theso designs may be considered as particular cases of rotatable designs
when the varinnce function remains tant for all orthogonal rotati
of the type

P = Disg.(M,, M,, ..., M,)

whoro M, is an orthogonal matrix of order v,Xv,, s =1,2,.., 8.

In this paper, we shall consider the analysis of GDTORD and the method
of constructing these designs from bslanced block designs with variable
roplications (BBD).

*Prosont addross : Dopt. of Statistics. Calcutta Univomity.
AMS (1980) eubject classification : 62K16.

Rey wirls and phraswe : Rotatable designs, Qroop diviaible rotalability, Group divisible
sscond arder cotatable design (GDSORD), Group divisible third order rotatable design
(GDTORD) Balansed blook designs with varisble replications (BBD).
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2, Awarysis oF GDTORD
Let the v factors be divided into & groupe as follows :

G, =(1,2..9), G =+ .,0+y,), ...
Gy = (40t F o+, o, b0ty

where v = v,-+9,+...4v,.

Conzsidering the response surface o be of third order, we assume the model
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where I, denotes the sum over the factors of u-th group. In order that the
design is 8 GDTORD, N design points must satisfy the following conditions :

A : EI::I I::“ x::u =0
Bi) : Bzl = MAp
B(ii) : Tab = NP
B, : Lz =N.IGAp
C : Zzbad =NAp
= N&" (> 0)
Cyfi) : Zahzf, = N.3Ag
= N.3pmw
Cyfii) : Tatalal, = NAP
= Nguw
= Nfuw'»*

D : Eaf, =32zt
Dyi) : Zaf, = 6%z},
Dyii) : &b}, = 3T 2halh

if any ais odd, Zoy 6.

fie@, p=12.,8

ifie@, p=12,..,s

ifie@,

ifie@,je0,

ifie@,jeGy, p#tEp=12..,8

ifie@, jeG,

fie@, jeG, p#Ep =128

ifieB, jeG,andkeq,

ifieG, jely, keGy

ifieG, jeQs ke,
pESES =10

ific@,andjeB,

ific0, jel, ksl
arse@,, j6 0 keQy
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AP 0,
E PP~ o, 42 nomai
Apng) v,+2 | Apguw v, conditions
(/\3"’)‘ > v +4 ; ey > v ,+2
Also [(,42)280—v, AN (0, + 2N —v,0 AL

— 0,0, [APAP— 6 > 0
and F3' = [0+ —(0,42) (AP)] (v, +2) 042 A —v,(4'))
— (v, + YA IE_ () G s, 0,

The model (1) can be written in matrix notation as

Y = Xp+6.
Assuming X'X to be non-singular, the least squares estimator of £ is given by

f = (X"X)(X'Y)
with V(p) = ‘1’—; | i (x’X)]'l, where V() denotes the dispersion matrix.

For simplicity, we take A{*) = 1+ p. Following Gardiner, Grandage
and Hader (1959),

1 .
y XX =Disg(G, By, Hy, Ky, ..., K,,, My, My, M),

where 1

Xaw = 2P L, +AP B,
X, = 0‘"'E,"x,",, pEL =120
= Diag. (AP ... AP .. AP . AP AP . )
where A{# is repeated ( u2_ ) times.

= Disg, (61 ... 1 ... =V ,_, Gue-ths)
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where %' is repeated v,v, times, g < ' = 1,2, ...,8

13 APIIxe,—1)  OENIxw) .. 641(1xw,)
AR SAPI(1Xy,~1) 30w (1w ... 361(1xu,)
WML, ,+APE OWE o OME
By = 2L, +6VE .. 04

26va] | +6wuE
— . -

where p = 1,2, ...,84=1,2, ..., 0,
M, = Diag. (A" ... A" ... AP ... AP), AP
is repeated { 03" ) times
M‘ = Diag. ("12... 6112 ., gu-1us  Gle-1us)

v,

2

M, = Diag. (6 ... 012 ,, Qu-Dl-D1  _ fle=Dia=1h)

where §44'¢' ig repeated v, ( ) times, g # 4" =1,2, ..., 8.

where 644°4” is repeated v,v,0v,- times, p < g’ <p" =1,2,...,8.

It can be shown that

e @ .. @ .. G
: b. N RN X

G- =

'X:i
where @, =(g,0,..a) X}, =C¥ Iu“+0‘,") EBX;,. = C‘“")E,“nu
@Gy = 1— 5] v,0,
a=1
Prxagtxl — —_1ax1 g’ — (2, 6y ... )

Prxa = (pyp0), Pogt = (V,+2)A —v, for p=p'

= (0" —1),. for p # 4
o = 1)
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CP =(a,+ I v, CE=I4142A0))o,.
AR

on | = 9-1—1W

Gt gty
= G,

Cpatt n Grae1_q

o cu—1

where @ = (¢ ')

Gty = O+ 2 08, (£ p) =1,2, ..., 8
Gurat = B =), 4 () = 1,2, Ly,

For K;} to be positive definite, the following conditions must be satisfied :

(i) AQAPE > 0" +2)/(v,+4)

(i) 06 < vyf(v,+2)

(i) Fi' = (a1 AP ~(2,+ APPN (0, + 204 —v,.(02)]

0, (0, H 2O AP 0,

Then,
for g glIxy, ) gOIIXE) .. g@1x,)
B mn m e 1
wil, +mOE mAE ... mBE
Kl = ‘ Wil +olgE ... KDE
* Wil A

The solution for 4, g&ys, £,/8.'s, wi¥s and mil)'s, wi's are obtained from

By B = Ioy.
Unfortunstely, in general the solution is p
casily seen that

licated. Hi , it can be

STy
o) = (_;_) //\‘5)
wt= (3) o

B2-3
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The variance funotion is given by

V0 = § (ot S(+2801+ TOP+OPIRH T (205 +ij6m)
X PPl -+ B giolotit B (5 | AP +mp) ot
uour "
+2 5 5 mipbott 55 (1 0wwtuir)) olot.
It 1y e T

42 SII gkt | =S D
B

3. CONSTRUCTION OF GDTORD UBING BALANCED BLOCE DESIONS (RBD)
Let N, : vXb be the incidence matrix of the BBD (Adhikary, 1966) with

the parameters v, b, &, ryry ... Ty, Ay ' =1,2,...,8 and 1\7, : oxb be the
incidence matrix of the complementary design with block size v —k

For convenience, we assume that &k > v—k.

Let @ denote the restricted kronecker product of two matrices of appro-
priate order as defined by Adhikary and Panda (1977, p. 61). Construct

Nyqy 1 9X 271 = Ny @ Ny, & matrix of order vx 2™ b
and Nyg : vx 2% = ITI.@ Ny,

where Ny : E;x2%, §i=1,2 is the matrix of treatment combinations of a

1/2°7* replicate of 2"—expt. with Jevels +1 such that the fraction i of
resolution VI with &k, = k and k, = v—k. Form

Ny 2 ox2%b = (M, Nyq) replicated 2°1* timea).
Take N ox2™b =N, @ N;

where N = (6, ... 6, @, ... 6,), 6, i8 repeated v, times.

Here v factors are divided into s groups of factora of which u-th group
consists v,-factors.

It can be shown that if §¢ G, j # k ¢ G, then

D,(id) : Lafz), > 8Ll &= B S Arytra—22y)
+3(ry—Ay) = D, say.

If 26 = D,,, then condition Dy(ii) will be satisfied. But if 25 > D, then
we add points given by
N vxdvy,
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where Nt% = N, ® N, with N} = (0 ... 0b,...b, ...by .. by 0.0
Nyt 0XA0,00 = Ny @ Ny

1 1 -1 -1
where N, = 1 -1 L -1 )

Nyt ¥X 0,0, i8 the incidence matrix of the BBD with the parameters
Oy U D=9, k=2 r,=v ro=vy, rm=0 for p(#ppn)
=1,2,...,8 A, =1 and other A, ’s are zero.

b, and b, are choosen 8o that condition Dy(ii) is satisfied. If 25 < D,
then N :vx 2" is constructed as follows :—
Noy? 100 X 2 = Nyt @ Ny
where Ny,,» = (b, ... 5, b, ... b,), b, is repeated v, times.
Noyy 0,400 X 2"»' ig the matrix of trestment combinations of

v,

1/2"w*"n Pus’ replicate of 2°u*"s'_oxpt. with the levels +1, the fraction
being of resolution VI.

Py’

Ny 19, X278

Let Ny = ( ) -
Ny 1 00 X2

Aol -
0: % y,x2™
1

Ny
Then N oox 2t = “;m

Ny
0

Lot N** = (Nj, % u #u' for which 2b+# D,). Suppose for the
points given by the columns of (N°N**), we have

B(i) : T}, = ay, sy
B(ii) : Tal, =, icq
B, : Xz}, =a, J
¢ : Zabah=f }
Ci) : Tahal, = Burw

Cyfil) : I adaf2l, = vy fie@,je@nksGn.

i€G,jc6,
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We now add points to sytisfy the conditions D, D(i) and Dyfii). For
simplicity we may assume that

Salal, < 8Tabadah, Saf, < 6Zalaj, Tl <8Izl foru=1,2,..,4

= < < forp = &+1,...,8+s,
> for g = 8;+8,+1,....8.
Construct
N =(NY ... N:,“’_), pr=12..,6,8+8+] .., 8
where

) v, _ C.( 0‘,4 —0.4 —C'.‘ L X
Nl uxd ( 2) . ( Cu —Cu  Cu —COu )®N'|_ b2 b

N :vx (”2‘) ia the incidence matrix of BIB design with the parameters

v (";),2, 5—1, L

Form
- " " -
N“:§u_x4§::,(;) 0
e har v,
N = 0 : "El v,x45¢, (2) 0
) v,
0 Ny »
” l‘*.zli'l X4, ( 2)
where . .
N,, = Diag[N{V ... N‘,‘l’], Ny = Dmg[Ng‘l)“',rl ... NOU),
Construch 0

N®igx 0,20 = (R: z v, X b w 2™ )
agtagtl 8+agt) +aghl
where R = Diag(N(Y,, ,, ... N{) with
N® oy, Xw, 20 = (N® ... Nm‘),p =68+6+], ..., 8
N¢):v,%x2¢ ia the matrix of the treatment ocombinations of a /2"

replicate of 2°—exp. with levels +4d,, such that fraction is of resolution VI,
k=12, .., w, Also construot

N :yx 2% p,u, = Disg (N ... NW)
1

whero N = (N .. N3, ) with N = (e,~e,) ® I
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For the design points given by the columns of (N*N** NWNDN®),
conditions D, Dy(i), Dyfii) will be satisfied if C\4's, d,x’s and e,'s are choosen

80 that

D, (i)
D, (i)
D

Dy(i)

and

D, (ii)

Dy(i)

et 28 el 40, ~ 1) 304 +2"5d),

: /guuu+4):cz‘ = 3v,,

: anx+4(”n_l)2 Cg‘+22 ‘:, = 5(fuat4 Z Cfa') r=12..8
C A, — I CY+2T el = 3B, +42CY)
D a,t2X e:} = 6By
1 E=8+1, .., 8+
D a2 e:’ =38, J
 BuntAECY 2 S, = Yyt 2" T dﬂ
- q,
© ot 2Ted +4(v,—1) ECE 42 B df,
= 5(Bu+43C8 42" 242 b= 6tat], s,

9,
= 3(B,,H4ECS+2 " ZdL)

(For detailed calculation we refer to Technical Report, 1.5.1., No. ASC/81/14
by Adhikary and Panda].

Example : Here N, :4x3 is the incidence matrix of the BBD with the
perameters vy =3, v, =1, b=3, k=3, r =2, 7r=3 A, =1, A, =2
The blocks of the BBD are (124) (134) (234).

Here @, = (123), G, = (4)

Ny, : 3X8 is the matrix of 2°—expt. with level combinations +1

Ny:4x2 =Ny, ®N,

Take N = (00,4, a,). Construct

Here

So

N(4x24)= N, @ V.
2b > 2{ry+ry—2A1y)+3(n—24,,) = 5.

Zrlzl, < 3xfafoaf, forie@y j#ke
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So to satisfy the condition Dj(ii) for factors belonging to different groups,
add 12 points given by N** where
N 412 = (by by by by ® Nygi Nyg = Ny ® Ny
h N 1 1—-1-1
where Ny = (| | )_, )

Ny, i8 the incidence matrix of the BBD with parameters v, = 3,
vy=1,b=38 rn=117=38 A,=0 A,=1
If o2 = b? and af = 2b} then
Dy(ii) : Zafx, = 3L xfafxl, is satisfied if i€ Gy, j # ke Gy
For 36 design points given by the columns, we have
B(i) : T2} =16a}+4f =20at ificG,
= 24a3+1207 = 48a% if i =4
B(ii) : Zaf, = 16a}+4d} =20af ifie0,
= 24044+ 12b =723 ifi=4
B, : Zaf, =16al4+4b) =202} ific@,
= 24084125 = 1202} if i =4

¢ : Tabal, =8 fitle@,
= 18afa}+4b3bE = 24afa}, ieG, j=4
Ci) : Tatz, = 8ab ifi£jed,

= 16afa3+4bib} = 24ala} if je G, i=14
= 16alai+4b3b} = 32a%ad e @y, j=14
Cyii) : Tatafed, = HitjAkeG,
=82y i i#566, keb,
8o for ¢ #j # ke Gy, Tafaf, > 3Tz zlzh
Take N® . 3x8
@ 4x8 = e
N®:ax (o :1x8
where N i the design matrix of 2°—exp. with the levels +d;.

N - 3x6>

N®:¢gx6=
(0 : 1Xx6

where N = (¢, —&)@1s.
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For these 50 design points given by the columns of [N°N**NnN)
and for d} = 79684}, e} = 2-64a}, wo have

Bli) : Daf = 20a}+8d42¢! = 31-064da}  ifie G,

= 48a}
B(ii) : Ezb = 39} ifie@,
= 72} ifi=4
B, : Zz) =00a} ifis@,
= 120a} if =4
c : Eadal, = 8af48df = 13a} ifitjeq
= 24a}a} ifiel, jeO,
Ci) : Tatal, = 8al+8d} = 122 ifi£je0,
= 2afa} ifjeG,ie@,
= 24afa} ifie@, jel,
Cy(iii) : Sahztal, = 8df = 4at ifikj#keq,
= 8atal if i #£j€G, keGy

It can be casily verified that the non-singularity conditions E and E,
are also satisfiod.

So all the conditions of GDTORD are satisfied. So we have a GDTORD
on 4 factors in 50 dosign points. It may be remarked that the minimum
number of design points for a TORD on 4 factors is 72 (Das and Nerasimham,
1962; Herzberg, 1964).
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