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e You may use any results proved in class unless explicitly asked to prove it. Any other results require proof.

o You will be awarded the full marks for a question if you justify using correct arguments that there is a mistake
in the question.

1. (a) [10 marks] Construct a process (X,)7, of independent real-valued random variables such that X has
law |
A= B (81 j2—1/2¢ + 01 jasiyai) s

where 6, denotes the dirac mass supported at 2. Then write

S,, = ,_le )(,‘,

Prove or disprove that

Sy =n/2 5% S
_"f‘*/‘ L7 N(0O,1) in distribution,

Sn

for some scquence (s, ), with s, — oc.

2. (a) [10 marks| For f > 0 mcasurable in a probability space (2, F,P), show that

o

SOBS > k4 1)] < Blf] < SOBF > kL

k=1 h=0

(b) [5 marks| State the second Borel-Cantelli lemma, that is, the partial converse of the first Borel Cantelli
lemma.

() [10 marks] Let (X;)52, be iid RVs. Write S, = 31| X;. Prove that if 2= converges almost surcly to
a € R, then
E[|X,|] < cc.

3. Let (€, F,P) be a probability space. Let X,Y € L2(, F,P). Let G C F be a sub sigma algebra.

(a) [12 marks] Suppose X, Y have joint probability density ¢, which is a contimious function of the real line,
so that for any intervals (a,b) C R, (¢,d) C R,

b pd
PIX € (a,0),Y € (¢,d)] = / / elx,y) dxdy.

Suppose g is a measurable real valued function defined in R such that E[lg o X|] < occ. Compute

Elgo X|o(Y)].



4. Let 8 = {a,b.c.d}. Define P by Py =1= Py, Poy = Po. = Py = Py = 1/2.

(a) [2 marks| Is (S, P) irreducible? Explain.

(a) [2 marks] Is (5. ) aperiodic? Explain.

(b) [8 marks] Describe the stationary distribution explicitly.
(

¢) [10 marks] Find the distribution of Z; starting from a, that is, describe the probability (Z;).P,.

5. Consider the Markov chain in Z with stochastic matrix

3/4, ye{r—lLax+1}, 0< |y < |z
P’II"I/: 1/4, ye{.’l,'fl,.'l"f“l}, 0<'1‘j<|1/l
172, ye{-1,1}, 2 =0.

a) [7 marks| Describe the stationary measure explicitly.

(
(b) [2 mark] Let 75 be the k-th time of hitting ¢ € Z. Argue that linmy T,ﬁm/l.: exists P-a.s.
(¢) [2 mark] Determine the P-a.s limit limg o T((,U/}f in terms of a.

(

)
d) [3 marks] Prove or disprove that 0 is positive recurrent.

6. Let (S, ) be a finite state Markov chain with stationary probability X. Supposc

(1)”)1'.(/ ‘,"::* /\(U)~

for all .y € 5.
(a) {7 marks| Let T be the left shift. Use (1) to show that for any
/ = ]1(,,“} o Z(] . ]l(,,} o] Zl., and g = 11([,”) o Z(; . ﬂ{/,l‘ o} Zl,

for ag,ay, by, by €5,
]iyl"n Ep,[f-goT"]
exists. What is the limit?
(b) [2 marks] Show that (S, P) is irreducible if (1) holds.
(¢) [5 marks] Prove that the period function is constant. Recall per(x) = ged({k € N | (P*),, > 0}).
(d) [3 marks] Show that (S, P) is apcriodic when (1) holds.
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