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Abstract
This thesis analyzes some discrete-valued time series problems, which are

classified into two types: (i) categorical time series and (ii) count time series. In
this thesis, we primarily use two well-known models in the context of discrete-
valued time series research: (i) Pegram’s operator-based autoregressive (PAR)
process, which can be used to analyze both categorical and count data; and (ii)
the integer-valued autoregressive (INAR) process, which is used for modelling
count time series data. In Chapter 1, we review literature on discrete-valued time
series and provide brief descriptions of our research works. Chapter 2 discusses
a study on categorical time series. In this chapter, we propose a generalized PAR
(GPAR) process that utilizes a generalized kernel to overcome the limitation of
the traditional PAR process, which solely provides weights for the same previous
category. Chapter 3 consists of a study of time series with truncated counts. In
this chapter, we propose a modified PAR (mPAR) process with a modified kernel
to model truncated counts in order to avoid the aforementioned drawback of the
traditional PAR process. In Chapter 4, we consider the problem of change-point
analysis in count time series data using an INAR(1) process with time-varying
covariates. We employ the Poisson INAR(1) (PINAR(1)) process with a time-
varying smoothing covariate in this study. This model allows us to model both
components of active cases at time-point t: (i) survival cases from the previous
time-point, and (ii) the number of new cases (innovations) at time-point t. In
Chapter 5, we analyze count time series data with zero-inflation and seasonality.
To capture both of these features, we propose an INAR(1) process that employs
zero-inflated Poisson innovations with seasonality. We investigate the distribu-
tional properties and h-step ahead forecasting of all proposed processes. We con-
duct extensive simulation experiments to explore the usefulness of the proposed
processes. Finally, we analyze some real datasets to provide practical illustrations
of our proposed methods. In Chapter 6, we summarize our findings and discuss
potential future directions for these works.
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Chapter 1

Introduction

1.1 Preamble

A time series is a sequence of data points {Yt : t = 1, 2, . . .} measured at suc-
cessive time intervals. Here, t denotes the time at which Yt is observed. Some
examples of time series include the monthly price of an essential commodity like
petrol in India, monthly rainfall data in an area, weekly Air Quality Index (AQI)
data in a city, annual crop production, monthly sales figures in a shop, daily stock
prices, and so on. A time series generally reflects the fact that observations close
together in time are more closely related than those further apart. Time series
has a wide range of applications, e.g., signal processing, mathematical finance,
economics, weather forecasting, earthquake prediction, biological and medical
sciences, and engineering.

In time series analysis, there are primarily two objectives: (i) to analyze the
inherent structures within data in order to extract meaningful statistics, and (ii)
forecasting, in which we attempt to estimate how the sequence of observations
might continue into the future. When dealing with time series data, the order
in which the data points are presented is of utmost importance. Rearranging or
omitting certain observations can lead to the loss of significant insights. There are
largely three types of data in the field of univariate time series, namely (a) contin-
uous data (e.g., daily maximum temperature data of a region, annual profits of a
shop, etc.), (b) discrete count data (e.g., monthly dengue data in a region, weekly
accidents at a busy flyover in a city, etc.), and (c) discrete categorical data (e.g.,
sequence of genomes, categories of some air pollutant like PM2.5 particles, etc.).
In this thesis, we model and analyze both categorical and count time series data.
We collectively refer to the analyses of these data as discrete-valued time series
analysis.
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If each data point in a time series has one of the finite or countably infinite
discrete values, it is considered discrete-valued. A time series of categorical data
arises in different fields of science, especially environmental science, e.g., the air
quality of a day is recorded as healthy, unhealthy, and hazardous. Similarly, for
rainfall data, one may record a day as being dry, low rainfall, moderate rainfall,
or heavy rainfall. Similarly, one can be more interested in whether a stock price
is up or down over a certain period of time than in the actual value of a stock
during the same time period. In all of the above scenarios, the data observed
over a time period is categorical in nature. These examples are of the ordinal
categories, where the categories are of an ordered nature. The other kind of cat-
egorical time series data is called nominal time series data, where the categories
cannot be ordered (e.g., a genome structure like a, c, t, g). On the other hand,
examples of count time series are monthly crime data for a place, monthly data
for a particular disease reported at a hospital, etc. In this field of discrete-valued
time series, Weiß, 2018 studied several statistical methods that can be utilized to
evaluate datasets of this nature. The findings presented a valuable combination
of theoretical frameworks and practical implementations.

Consider an example of daily air quality in Kolkata classified as Good (AQI:0-
50), Moderate (AQI:51-100), Poor (AQI: 101-200), Unhealthy (AQI: 201-300), Very
unhealthy (AQI: 301-400), and Hazardous (AQI: 401-500) based on the National
Air Quality Index during, say, the last three months. In such a case, conven-
tional models like autoregressive and moving average, or ARMA(p, q) process
cannot be used as the basic arithmetic operations like addition, subtraction, mul-
tiplication, and division cannot be defined with categorical data. For example,
Good ± Moderate does not make any sense. For the same reason, conditional
expectation E(Yt | Yt−1) and marginal expectation E(Yt) cannot be defined in a
straightforward way. Hence, the autocorrelation function (ACF) and the partial
ACF cannot be defined as in the usual continuous-valued time series data. As a
result, Box Jenkins’ ARMA process (see Box and Jenkins, 1976), which involves
addition and multiplication with categories, cannot be applied. In the following
sections, we discuss some preliminaries about categorical and count time series.

1.2 Some preliminaries about categorical time series

Categorical time series were initially analyzed using Markov chains with station-
ary transition probabilities, which preserved the categorical nature of the data.
One disadvantage is that higher order Markov chains require estimating a large
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number of transition probabilities. Raftery, 1985 addressed this issue by introduc-
ing the mixture transition distribution (MTD) model. This model minimizes the
number of parameters by expressing the transition probabilities as a linear com-
bination of those from the first order Markov chain. Berchtold and Raftery, 2002
modified this model in their study. Pegram, 1980 investigated a specific type of
stationary higher order Markov chains. This method further reduces the number
of parameters by representing the transition probabilities as a linear combination
of indicator kernels. This model resembles Box and Jenkins’ ARMA processes
(see Box and Jenkins, 1976) and allows for negative serial correlations. Jacobs
and Lewis, 1978a; Jacobs and Lewis, 1978b; Jacobs and Lewis, 1978c; Jacobs and
Lewis, 1983 proposed a method to obtain a stationary discrete series with a given
marginal probability mass function and given autocorrelation structure. These
models are known as discrete ARMA (DARMA) models.

Pegram’s operator based autogressive process of order p (PAR(p)) was ex-
tended in Biswas and Song, 2009 to encompass more general discrete-valued
ARMA processes. These processes are referred to as Pegram’s ARMA (PARMA)
process. In this study, they examined (i) a count data of the monthly number of
claims of short-term disability benefits by the logging workers who had cut injury
to the British Columbia Workers’ Compensation Board during 1985-1994 (also see
Freeland, 1998 and Zhu and Joe, 2006), (ii) another data of hardware failures of
the Indian Statistical Institute, Kolkata for 260 working days in 2005, and (iii) an
infant sleep status data (see Stoffer et al., 1988). Specifically, this PARMA model
is comparable to the new DARMA (NDARMA) process, which was proposed
by Jacobs and Lewis, 1983. On the other hand, a number of studies, including
Weiß and Göb, 2008, Weiß, 2011b; Weiß, 2013, Biswas and Song, 2009, Biswas
and Guha, 2009, and Biswas, Carmen Pardo, and Guha, 2014, were conducted on
various measures of serial association for categorical time series. The purpose of
these studies was to provide alternative measures for the likes of autocorrelation
and partial autocorrelation.

Maiti and Biswas, 2015a studied different methods of forecasting and the fore-
casting accuracy depending on some forecasting measures in the context of cat-
egorical time series data. For illustration, they analyzed the infant sleep status
data. Biswas and Song, 2009 and Heagerty and Zeger, 1998 studied the auto-odds
ratio function (AORF) as a serial measure of dependence for categorical time se-
ries. Maiti and Biswas, 2018 extended the measure to a more general stationary
Pegram’s autoregressive process and moving average process. Also, there are
studies in the field of categorical time series based on regression type models to
tackle this kind of data. Some notable works in this regard are due to Kaufmann,
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1987, Fahrmeir and Kaufmann, 1987, Fokianos and Kedem, 1998; Fokianos and
Kedem, 2003. Weiß, 2018 discussed the analysis of categorical time series data
mainly in Chapters 6 and 7, which is the second part of the book.

In Chapter 2, we consider the problem of modelling ordinal categorical time
series data. As mentioned above, the Markov Chain model for modelling cat-
egorical time series suffers from the problem that it involves a large number of
parameters when the order of a Markov chain and/or the number of categories of
a time series are large. As an alternative, the MTD model and the PAR process are
some useful models that require a relatively small number of parameters. How-
ever, they also have their own drawbacks. For example, the PAR process involves
an indicator kernel that gives weight to the transition probability only when the
same category occurs at previous time-points. Here, we propose a generalized
PAR (GPAR) process with a generalized kernel function that gives weight to all
the possible cases.

In the following section, we discuss major developments in the field of count
time series analysis.

1.3 Some preliminaries about count time series

Over the last few decades, research on count time series data grew in popularity.
As previously discussed, count time series data can be found in a variety of sci-
entific disciplines, including social science, econometrics, and epidemiology. In
a series of papers, Jacobs and Lewis, 1978a; Jacobs and Lewis, 1978b; Jacobs and
Lewis, 1978c; Jacobs and Lewis, 1983 proposed a general class of simple models
for discrete-valued time series, which are the discrete ARMA (DARMA) mod-
els. Another type of stationary process that has gained significant popularity in
the field of count time series is integer-valued processes of order one (INAR(1)
process). McKenzie, 1985; McKenzie, 1986 and Al-Osh and Alzaid, 1987 pro-
posed the INAR(1) process based on the binomial thinning operator (see Steutel
and Van Harn, 1979). The INAR(1) process with Poisson marginal, also known
as the PINAR(1) process (see Al-Osh and Alzaid, 1987, Freeland and McCabe,
2004b; Freeland and McCabe, 2005) is widely used to model count time series
data due to its simplicity. To detect positive shifts in the mean of the PINAR(1)
process, Weiß, 2011a used an exponentially weighted moving average (EWMA)
control chart. Some other popular studies in this regard are due to McKenzie,
2003, Davis, Dunsmuir, and Streett, 2003 and Davis, Dunsmuir, and Streett, 2005.
However, the PINAR(1) process, due to its equal marginal mean and marginal
variance, has a drawback to model overdispersed data, which can be found if (i)
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some extreme observations are present in the data, (ii) a large number of zeros
are present in the data, and (iii) both of these cases are present in the data. In
the subsequent paragraph, we discuss the models that can handle these types of
count time series.

McKenzie, 1986; McKenzie, 1988 proposed INAR(1) processes with geomet-
ric and negative binomial marginals for overdispersed count time series data.
These models are discrete analogues of the exponential and gamma time series
models of Gaver and Lewis, 1980. Al-Osh and Aly, 1992 proposed first order au-
toregressive time series with negative binomial and geometric marginals, which
are discrete analogues of the gamma and exponential processes introduced by
Sim, 1990. Zhu and Joe, 2006 investigated a stationary negative binomial time
series using the binomial thinning operator. Ristić, Bakouch, and Nastić, 2009
proposed a new geometric INAR(1) (NGINAR(1)) model based on the negative
binomial thinning operator. They analyzed monthly sex offence data reported in
the 21st police car beat in Pittsburgh from 1990 to 2001. Ristić, Nastić, and Bak-
ouch, 2012 investigated an INAR(1) process with negative binomial marginals
(NBINAR(1)) using the negative binomial thinning operator, analyzing monthly
burglary counts from 1991 to 2001. Schweer and Weiß, 2014 proposed a com-
pound Poisson INAR(1) model to address overdispersion issues. Maiti, Biswas,
and Chakraborty, 2018 developed a new geometric INAR(1) process to model
overdispersed count time series data, particularly data with a high number of ze-
ros and ones. Recently, Qian, Li, and Zhu, 2020 proposed a new INAR(1) process
with generalized Poisson-inverse Gaussian innovations to solve overdispersion
problems.

However, if the overdispersion is caused by a large number of zeros (zero-
inflation), such as in data from a rare disease or infection, most of the aforemen-
tioned processes, particularly Poisson and negative binomial marginals, are in-
adequate to deal with the problem. Regression models based on the zero-inflated
Poisson distribution are widely used for count data with zero-inflation in inde-
pendent and identically distributed setups. Several studies, including Lambert,
1992, Böhning et al., 1999, and Angers and Biswas, 2003, demonstrate this. Wang,
2001 and Porter and White, 2012 developed models for handling zero-inflated
count time series data sets. These models were applied to daily phone calls re-
porting faults for a mainframe computer system and daily terrorism attacks in
Indonesia, respectively. Jazi, Jones, and Lai, 2012a proposed an INAR(1) model
with zero-inflated Poisson innovations (ZINAR(1)), where they analyzed the data
of monthly cases of submission of skin-lesions in New Zealand from 2003-2009.
Jazi, Jones, and Lai, 2012b studied INAR(1) model with geometric innovations
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(INARG(1)) for modelling overdispersed count data. Maiti et al., 2014 proposed a
stationary zero-inflated Pegram’s operator based integer-valued time series pro-
cess of order p with Poisson marginal (ZIPPAR(p)) based on the PAR(p) model
(see Pegram, 1980), which is very popular in the context of both count and cat-
egorical time series data. They examined the daily counts of terrorist attacks in
India from 1994 to 2007. Maiti, Biswas, and Das, 2015 investigated a zero-inflated
Poisson INAR(1) (ZIPINAR(1)) process to model overdispersion caused by zero-
inflation. Weiß, 2018, in the first part of the book (mainly Chapters 2 to 5), exam-
ined different approaches for count time series data.

This thesis builds on the PINAR(1) model (see Al-Osh and Alzaid, 1987) and
the ZINAR(1) model (see Jazi, Jones, and Lai, 2012a) to create models for count
time series data with time-varying properties. Time-varying features can be found
in datasets such as COVID-19 and other health data (for example, data on dengue
cases in a specific location). In Chapter 4, we propose an INAR(1) model with
time-varying Poisson innovations with change-points and apply it to some COVID-
19 datasets. We use zero-inflated Poisson innovations with seasonality to create
an INAR(1) process for count time series that has both zero-inflation and season-
ality properties. The study can be found in Chapter 5. In Chapter 3, we present a
modified PAR (mPAR) process for modelling truncated counts.

The following sections present brief overviews of the PAR process, the MTD
model, and the INAR process. These processes serve as the foundation upon
which the research works presented in this thesis are developed.

1.4 Brief reviews of the PAR, the MTD and the INAR

processes

The PAR process

Let {Yt} be a Pegram’s operator based AR(p) model such that

Yt = (I(Yt−1), ϕ1) ∗ (I(Yt−2), ϕ2) ∗ . . . ∗ (I(Yt−p), ϕp) ∗ (εt, 1 − ϕ1 − ϕ2 − ..... − ϕp),
(1.4.1)

which is a mixture of (p + 1) discrete distributions, those of Yt−1, . . . , Yt−p and
the innovation term εt, where P(Yt = i) = P(εt = i) = πi, i = 0, 1, . . . , k, and it
is denoted by εt ∼ D(π0, . . . , πk), i.e., any discrete distribution. The respective
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mixing weights are ϕ1, . . . , ϕp, where

ϕi ∈ (0, 1), i = 1, . . . , p, and
p

∑
i=1

ϕi ∈ (0, 1).

For every t = 0,±1,±2, . . . the conditional probability function takes the form

P(Yt = i|Yt−1, . . . , Yt−p) =
p

∑
j=1

ϕj I(Yt−j = i) + (1 −
p

∑
j=1

ϕj)πi, (1.4.2)

where ϕi’s, i = 1, . . . , p, are chosen such that the polynomial equation

1 − ϕ1z − . . . − ϕpzp = 0

has roots lying outside of the unit disc. Here, I(·) is the indicator function.
Biswas and Song, 2009, Biswas and Guha, 2009 and Song et al., 2013 studied

various properties of the AR(p) model, such as its autocorrelation structure and
also discusses how to estimate its parameters.

The MTD process

The MTD model with (m + 1) categories, introduced by Raftery, 1985, ignores
the issue of having exponentially increasing number of free numbers in a Markov
chain. This process specifies the conditional probability of Yt given the past as a
linear combination of contribution by Yt−1, Yt−2, . . . , Yt−p. Therefore, the MTD(p)
model can be written as

P
(
Yt = i|Yt−1 = i1, . . . , Yt−p = ip

)
=

p

∑
j=1

λjP
(
Yt = i|Yt−j = ij

)
=

p

∑
j=1

λjqiji,

(1.4.3)
where i, i1, . . . , ip ∈ {0, 1, . . . , m}, qiji’s are the elements of the transition probabil-
ity matrix (say, Q) of the order (m + 1)× (m + 1), and λ1, . . . , λp satisfy ∑

p
j=1 λj =

1 (λj ≥ 0 for all j), so that the right-hand side of (1.4.3) lies between 0 and 1.

The INAR process

The INAR(1) process based on binomial thinning operator, proposed by McKen-
zie, 1985 and Al-Osh and Alzaid, 1987, is defined as

Yt = α ◦ Yt−1 + εt, (1.4.4)
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where the parameter α ∈ (0, 1), and the innovations εt’s are independent and
identically distributed (i.i.d.) non-negative count random variables, independent
of Yt−1. And the binomial thinning operator "◦", introduced by Steutel and Van
Harn, 1979, is defined as

α ◦ Yt−1 =
Yt−1

∑
i=1

Bi,

where B1, B2, . . . are i.i.d. Bernoulli random variables with success probability α,
i.e., P(Bi = 1) = α = 1 − P(Bi = 0). That is, given Yt−1, α ◦ Yt−1 follows a bi-
nomial distribution with mean αYt−1 and variance α(1 − α)Yt−1. The ACF of this
INAR(1) process is given by ρ(h) = αh, irrespective of any specific distributional
assumption of εt.

1.5 Forecasting for discrete-valued time series

The study of h-step ahead forecasting is critical in the context of analyzing time
series data. In continuous time series analysis, widely used methods such as
recursive predictions using the Durbin-Levinson algorithm and the innovations
algorithm are used to obtain h-step ahead conditional mean forecast for the Box-
Jenkins ARIMA models (see Brockwell and Davis, 2002). However, these meth-
ods cannot be used for discrete-valued time series, because they mainly execute
mean forecasts instead of median and mode forecasts. This thesis mainly focuses
on mean and mode predictors for count time series (see Freeland and McCabe,
2004a), as well as mode predictors for categorical time series. However, we also
study the median predictor for the data analysis in Chapter 2.

The h-step ahead forecasting conditional mean has the desirable property of
minimizing the expected predicted mean squared error. To convert the condi-
tional forecasting mean value to an integer, we use the rounding-off operator to
find the nearest integer. The mode predictor, on the other hand, is the point in the
future time series support space where the density function reaches its maximum.

Depending on these predictors, we employ different forecasting measures for
our studies. The details are provided in the respective chapters.

1.6 Organization of the thesis

In light of the aforementioned discussions, we divide the thesis into two main
parts: (i) the first part is comprised of Chapter 2, which addresses the issue of
categorical time series; and (ii) the second part consists of Chapters 3, 4, and 5,
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which provide analyses of count time series data. In the following, we provide
brief overviews of the chapters.

1.6.1 An overview of Chapter 2

In this chapter, we consider the problem of modelling categorical time series data
with application to air quality data in India. The Markov Chain model is widely
used to model categorical time series. However, it suffers from a large number of
parameters when the order of a Markov chain and/or the number of categories
of a time series are large. As an alternative, the mixture transition distribution
(MTD) model, the multinomial logistic regression model, and Pegram’s opera-
tor based autoregressive (PAR) process are some useful models that require a
relatively small number of parameters. However, they also have their own lim-
itations. For example, the PAR process of order p involves an indicator kernel
that gives weight to the transition probability only when the same previous cat-
egory occurs at time t − 1, . . . , t − p. Here, a new model, namely the generalized
PAR (GPAR) process, is proposed using a generalized kernel function that gives
weight (possibly different) to all the possible cases. The proposed model is mainly
defined for ordinal categorical time series where categories are ordered in na-
ture, like the air quality of a city observed as Healthy, Unhealthy, and Hazardous.
We study the distributional properties and h-step ahead forecasting features of
the proposed process, along with the estimation of model parameters. Extensive
simulation studies are executed to investigate the utility of the proposed process.
Finally, the method is illustrated through the analysis of a real dataset on the air
quality of Mumbai city. The contents of this chapter are partially based on Chat-
topadhyay et al., 2024a.

1.6.2 An overview of Chapter 3

In this chapter, we consider the problem of such count time series, which consist
of truncated counts. The PAR model is a well-known method in the field of time
series of both counts and categories. However, the PAR model, while handling
counts, also suffers from the drawback of having the indicator kernel function
that only gives weight to situations in which the same event that occurred at a
previous time-point occurs at the current time-point. To address this limitation of
the PAR model for count time series data, we propose a modification to the PAR
model for modelling truncated counts. The proposed modified PAR (mPAR) pro-
cess involves a modified kernel in order to take care of the drawback of the PAR
model by giving some weight to scenarios in which an event that differs from the
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one that occurred at the previous time-point can also occur at the current time-
point. The mPAR process is developed to model truncated counts, particularly by
using right-truncated Poisson innovations. We examine the distributional prop-
erties and the h-step ahead forecasting of our proposed process. To study the
usefulness of our proposed process, a detailed comparative study between the
mPAR(1) process and the PAR(1) process is executed using some simulation ex-
periments. In the simulation framework, we also investigate the empirical con-
sistency of the estimated model parameters of our proposed process. Finally, for
practical illustration, a real dataset is analyzed. The contents of this chapter are
partially based on Chattopadhyay et al., 2024b.

1.6.3 An overview of Chapter 4

In this chapter, we look at the problem of change-point analysis for count time
series data using an INAR(1) process with time-varying covariates. These types
of features can be found in many real-life scenarios, particularly in COVID-19
datasets, where the number of both new and active cases decreases over time
before increasing again. To capture those features, we use the Poisson INAR(1)
(PINAR(1)) process with a time-varying smoothing covariate. Using this model,
we can model both components of active cases at time-point t: (i) the number
of non-recovery cases from the previous time-point, and (ii) the number of new
cases at time-point t. In addition to forecasting, we look at some theoretical prop-
erties of the proposed model. Some simulation studies are carried out to assess
the effectiveness of the proposed method. Finally, we examine two COVID-19
datasets and compare our proposed model to another PINAR(1) process with
time-varying covariates but no change-point to demonstrate the overall perfor-
mance of our proposed model. The contents of this chapter are partially based on
Chattopadhyay et al., 2021.

1.6.4 An overview of Chapter 5

In this chapter, we study a count time series of weekly dengue cases in Kaoh-
siung City, Taiwan, during the period 2009–2012, where the problems of a large
number of zeros, or zero-inflation and seasonality arise together. To capture both
features, we develop an INAR(1) process using zero-inflated Poisson innovations
with seasonality. We also incorporate an exogenous variable, namely the weekly
maximum temperature, in the innovations to study the effect of temperature on
the number of dengue cases, as many studies have found that temperature is a
significant factor in spreading dengue infections globally. The proposed model
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can capture both the non-recovery cases from the previous time point and the
new cases coming at the current time point. The distributional and forecasting
properties of the proposed model are derived in this study. Simulation experi-
ments are performed to study the effectiveness of the proposed model. The con-
sistency of the estimated parameters is empirically studied using some simula-
tion studies. The proposed model is compared with some existing INAR models.
Finally, we analyze the dataset on weekly dengue cases in Kaohsiung for practical
illustration. The contents of this chapter are partially based on Chattopadhyay et
al., 2023.

1.6.5 An overview of Chapter 6

The final chapter, i.e., Chapter 6, provides our concluding remarks concerning
the research works that are included in the thesis.
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Chapter 2

A generalized Pegram’s operator
based autoregressive process for
modelling categorical time series

2.1 Introduction

This chapter focuses on analyzing time series data that is made up of ordinal
categories. Chapter 1 explains how categorical time series data can be found in
different practical situations, such as environmental science. For example, air
quality levels can be categorized as Good, Moderate, Poor, Unhealthy, Very un-
healthy, and Hazardous. When dealing with this kind of data, traditional models
such as ARMA(p, q) process are not applicable. Weiß, 2018 studied categorical
time series in detail mainly in the second part of the book (Chapters 6 and 7).

Most conventional approach to modelling categorical time series is Markov
Chain of order, say p, where one directly estimates the transition probabilities
P(Yt = Ci | Yt−1, . . . , Yt−p), i = 0, 1, 2, . . . , m, where C0, C1, . . . , Cm are the cate-
gories under consideration. However, for a Markov chain of order p with (m+ 1)
categories, the number of parameters to be estimated is m(m + 1)p. For example,
if m = 4 (five categories) and p = 2 (second order model), the number of param-
eters to be estimated is 100, which is quite large.

An alternative approach that substantially reduces the number of parameters
of the Markov chain model is called mixture of transition distribution (MTD)
model (See Raftery, 1985 and Berchtold and Raftery, 2002). An MTD model of
order p can be defined by the following transition probability

P(Yt | Yt−1, . . . , Yt−p) =
p

∑
j=1

λjP(Yt | Yt−j), (2.1.1)
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where λj ≥ 0 and
p

∑
j=1

λj = 1. For an MTD model of order p with (m + 1) states,

the total number of parameters to be estimated is ((m + 1)m + p − 1). If m = 4
and p = 2, then the number of parameters to be estimated is 21 as compared
to 100 in the full Markov Chain model. Although it seems small as compared
to a full Markov Chain model, for a second order process with four categories,
the number of parameters (21) to be estimated is still not so small and one needs
large enough data to estimate all these parameters efficiently. On the other hand,
Pegram, 1980 proposed a new Markov model which is a special case of dis-
crete ARMA (DARMA) process proposed by Jacobs and Lewis, 1978a; Jacobs
and Lewis, 1978b; Jacobs and Lewis, 1978c. A Pegram’s AR process of order p
or PAR(p) process is defined by

Yt = (I(Yt−1), ϕ1) ∗ (I(Yt−2), ϕ2) ∗ . . . ∗ (I(Yt−p), ϕp) ∗ (εt, 1 − ϕ1 − ϕ2 − ..... − ϕp),
(2.1.2)

which is a mixture of (p + 1) discrete distributions, those of Yt−1, . . . , Yt−p and
the innovation term εt, where P(Yt = Ci) = P(εt = Ci) = πi, i = 0, 1, . . . , m.
We denote by εt ∼ D(π0, . . . , πm), where "D" stands for any discrete distribution.
The respective mixing weights are ϕ1, . . . , ϕp, where

ϕi ∈ (0, 1), i = 1, . . . , p, and
p

∑
i=1

ϕi ∈ (0, 1).

Therefore, the transition probability is defined as

P(Yt = Ci | Yt−1, . . . , Yt−p) = ϕ1 I(Yt−1 = Ci) + . . . + ϕp I(Yt−p = Ci) +

(1 − ϕ1 − . . . − ϕp)πi. (2.1.3)

Total number of parameters in the full model is (m + p). Thus, if m = 4
(total 5 categories) and p = 2, then number of parameters to be estimated is 6, as
compared to 100 in the full Markov model. The following table provides a better
understanding of how many parameters are needed for the PAR, compared to
MTD and Markov processes, with order p and (m + 1) categories.
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TABLE 2.1: Number of parameters for the PAR, MTD and Markov
models

(p, m + 1) PAR MTD Markov model

(1,3) 3 6 6
(1,4) 4 12 12
(1,5) 5 20 20

(2,3) 4 7 18
(2,4) 5 13 48
(2,5) 6 21 100

The main limitation of the PAR(p) process is that it uses the indicator function
in its transition probabilities. As a result the model becomes restrictive in nature.
The problem with the indicator kernel associated with the PAR(p) process is that
for Yt to take category Ci it gives weight to the case Ci = Cj but no weight to
Ci ̸= Cj in the transition probability. In fact, it has been observed that the PAR(p)
process is especially suitable when a time series has long runs in some categories.

In this chapter, we propose a generalized PAR (GPAR) process that needs just
one extra parameter than the usual PAR process. The GPAR process employs
a generalized kernel that gives weight to a different category from the previous
time-point for appearing at the current time-point. This process is mainly defined
for ordinal categorical time series, e.g., air quality of a city classified as Good,
Moderate, Poor, Unhealthy, Very unhealthy, and Hazardous, measured in an or-
dinal scale. We study the distributional properties and h-step ahead forecasting
features of the proposed process along with the estimation of model parameters.
Extensive simulation experiments are carried out to investigate the applicability
of the proposed process. Finally, the method is illustrated using a real dataset
on air quality of Mumbai city. This chapter is partially based on Chattopadhyay
et al., 2024a.

The rest of this chapter is organized as follows. In Section 2.2, we define the
GPAR process of order p and we discuss the method to select the order of the
GPAR(p) process using auto-odds ratio function. In section 2.3, we study differ-
ent distributional properties of the GPAR(1) process. The maximum likelihood
estimation method is discussed in Section 2.4. Extensive simulation experiments
are carried out in Section 2.5 to examine the usefulness of the proposed GPAR(1)
process. The method is illustrated through a real dataset on air quality of Mum-
bai city in Section 2.6. Finally, some conclusions are drawn in Section 2.7. All the
proofs of the theoretical results are provided in Appendix.
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2.2 The GPAR(p) process

Note that {Yt} is said to follow a PAR(p) process if its transition probability is
written as in equation (2.1.3). As it is noted earlier, the problem with the indicator
kernel associated with the PAR(p) process is that it gives weight to transition
probability, when Ci = Cj but no weight when Ci ̸= Cj. Also it does not consider
the lag distance between two time-points. To overcome this limitation, we assign
some weight to the cases Ci ̸= Cj, which is given by

P(Yt = Ci | Yt−1 = Ci1 , . . . , Yt−p = Cip) = ϕ1K1(i1 | i) + . . . + ϕpKp(ip | i)

+(1 − ϕ1 − ϕ2 − .... − ϕp)πi, (2.2.1)

where, i, i1, . . . , ip = 0, 1, . . . , m.

Here, Kh(j | i) ≥ 0 such that ∑m
i=0 Kh(j | i) = 1 for all j = 0, 1, . . . , m and

h = 1, 2, . . . , p and πi ≥ 0 for all i and ∑m
i=0 πi = 1. Note that, pi = P(Yt = Ci)

and πi = P(εt = Ci), and pi ̸= πi for our proposed process, but they are re-
lated, which we establish later. We call this process as the generalized Pegram’s
operator based AR(p) process or GPAR(p) process. Our proposed choice of Kh is

Kh(j | i) = θij(h) =
θ|i−j|

hMj(h)
, h = 1, 2, . . . , p; i = 0, 1, . . . , m; and j = 0, 1, . . . , m,

(2.2.2)
where Mj(h), j = 0(1)m, are the normalizing constants, and θ ∈ (0, 1). This
particular kernel is useful when the time series is ordinal categorical and the cat-
egories which are closer are more dependent than the categories far apart. For
example, in case of air quality data where air quality is recorded as Good, Mod-
erate, Poor, Unhealthy, Very unhealthy, and Hazardous based on the National
Air Quality Index, we often see the days where good air quality is followed by
moderate or vice versa, and days with poor air quality followed by unhealthy or
vice versa. In such scenarios, it is better to use the above kernel while computing
the transition probabilities than the indicator kernel used in the PAR(p) process.
Using the above kernel function we can define the following (m + 1)× (m + 1)
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kernel matrix Kh for all h = 1, 2, . . . , p:

Kh =



1
hM0(h)

θ

hM0(h)
· · · θm

hM0(h)
θ

hM1(h)
1

hM1(h)
· · · θm−1

hM1(h)
...

θm

hMm(h)
θm−1

hMm(h)
· · · 1

hMm(h)


such that each row sum is equal to one. Unless defined otherwise ‘T’ and ‘′’, refer
to transposes of a matrix and a vector, respectively. As one can see this type of
kernel is mainly developed for ordinal categorical time series. For simplicity, we
assume Kh = K for all h. Then, the above kernel matrix becomes

K =



1
M0

θ

M0
· · · θm

M0
θ

M1

1
M1

· · · θm−1

M1
...

θm

Mm

θm−1

Mm
· · · 1

Mm


where Mj’s are such that each row sum is equal to one.

Result 2.1 Under the assumption that Kh = K for all h, the normalizing constants Mj

are given by Mj =
1 − θ j+1 + θ − θm−j+1

1 − θ
, where j = 0, 1, . . . , m.

The proof of this result is provided in Appendix 2.8.
Note that for the PAR(p) process, the transition probability matrix Kh = K for

all h = 1, 2, . . . , p, and is given by

K =


1 0 · · · 0
0 1 · · · 0
...
0 0 · · · 1

 .

Note 2.1 Weiß and Swidan, 2024 proposed a new extension of the NDARMA model
(see Jacobs and Lewis, 1983) by using some weighting operators which are (i) identity
weighting, (ii) reverse weighting, (iii) triangular weighting, and (iv) zero-inflation. These
models (WDARMA) can be applied to model nominal time series with negative serial de-
pendencies or to ordinal time series where transitions to neighboring states are more likely
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than sudden large jumps. Therefore, even if there appears to be a close relationship be-
tween the WDARMA model and our proposed GPAR model, there are differences in the
ideas of developing the weights as we consider a generalized kernel with geometric weights
with one more parameter than the PAR model. Moreover, Weiß and Swidan, 2024 incor-
porated the weights into the NDARMA model to develop the WDARMA model, whereas
we incorporate weights into the PAR model to develop the GPAR model. Additionally, the
h-step ahead forecasting property of the proposed GPAR(1) model is studied throughout
this chapter.

Order selection

Maiti and Biswas, 2018 examined the auto-odds ratio function (AORF) measure
(i.e., r(h): the AORF between Yt and Yt−h) to determine the order of PAR pro-
cesses. Biswas and Song, 2009 studied this measure for PAR(1) process with
binary responses. Maiti and Biswas, 2018, in their article, extended the AORF
measure for a more general setup. Their study displayed how the AORF helps to
measure the order of PAR processes. They showed that a decreasing pattern of
log(r(h)) for different h suggests that an AR of order 1 process would possibly be
a good fit for the data. However, in order to select the order more precisely, Weiß
and Göb, 2008, Weiß, 2011b; Weiß, 2013 suggested observing the usual PACF,
ρp(h) based on the estimates κ̂(h) for Cohen’s κ instead of the ρ(h). This helps us
to detect the order of our proposed GPAR process in the data application.

2.3 The GPAR(1) process

In particular, the GPAR(1) process is defined by the following transition proba-
bility distribution

P(Yt = Ci | Yt−1 = Cj) = ϕK(j | i) + (1 − ϕ)πi. (2.3.1)

Result 2.2 Taking the assumption, P (Yt−h = i) = pi for all h, into consideration, the
marginal probability distribution of the GPAR(1) process, defined in equation (2.3.1), is
given by

p
∼
= (1 − ϕ)(I − ϕKT)−1π

∼
,

where I is an identity matrix with order (m+ 1), p
∼
= [p0, . . . , pm]

′, and π
∼
= [π0, . . . , πm]

′.

The Appendix (Section 2.8) shows the derivation of this result along with the
proof of the existence of

(
I − ϕKT)−1.
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Result 2.3 ∑m
j=0 pj = 1

∼
′p
∼
= (1 − ϕ)1

∼
′(1 − ϕKT)

−1
π
∼
= 1, where 1

∼
= [1, 1, . . . , 1]′.

The proof of this result is shown in the Appendix section (Section 2.8).

Result 2.4 The h-step ahead forecasting distribution of our proposed GPAR(1) process,
i.e., the probability mass function (p.m.f.) of Yt+h given Yt is given by

ph(i | j) = P(Yt+h = Ci | Yt = Cj)

= [ϕK1(j, i) + (1 − ϕ)πi] I(h = 1)+[
ϕhKh(j, i) + (1 − ϕ)

h−1

∑
n=1

ϕh−nπ
∼
′K
∼

h−n(i) + (1 − ϕ)πi

]
I(h ≥ 2),

(2.3.2)

where K
∼

h(i) is the (i + 1)th column of Kh and Kh(j, i) is the (j + 1, i + 1)th element of

Kh.

The proof of this result is shown in the Appendix (Section 2.8).

Note 2.2 For h ≥ 1, the h-step ahead forecasting distribution of the PAR(1) process is
given by

P(Yt+h = Ci | Yt = Cj) = ϕh I(j = i) + (1 − ϕh)pi.

Note 2.3 The one-step ahead forecasting distribution of the MTD(1) process is given by

p1(i) = P(Yn+1 = i | Yn = i1) = qi1i,

which is the (i1 + 1, i + 1)th element of the transition probability matrix Q.
The two-step ahead forecasting distribution of the MTD(1) process is given by

p2(i) = P(Yn+2 = i | Yn = i1)

=
m

∑
j0=0

P(Yn+2 = i | Yn+1 = j0)× P(Yn+1 = j0 | Yn = i1)

=
m

∑
j0=0

qj0iqi1 j0 ,

which is the (i1 + 1, i + 1)th element of Q2.
Similarly, we can find the h-step ahead by extending it to (i1 + 1, i + 1)-th element of
Qh.

Note 2.4 In this study, we consider mode predictors for both simulation study and data
analysis. Additionally, we also investigate the median predictor through our data analysis
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(see Section 2.6). The median predictor, which is integer-valued like the mode predictor,
has the optimal property of minimizing the expected absolute deviation.

2.4 Parameter Estimation

Maximum likelihood estimation

In the maximum likelihood estimation method, we maximize the log likelihood
function with respect to the model parameters β such that (I − ϕKT) p̂

∼
≥ 0, to

obtain the maximum likelihood estimate of β, where β = (ϕ, θ). Given a dataset
{Y1, . . . , Yn}, the likelihood function can be written as

L(β) = p(Y1, . . . , Yn) = p(Y1)
n

∏
t=2

p(Yt | Yt−1). (2.4.1)

Here, P(Yt = i | Yt−1) is equal to ϕK(Yt−1 | i) + (1 − ϕ)π̂i for the GPAR process,
where (1 − ϕ)−1(I − ϕKT) p̂

∼
= π̂

∼
, and ϕI(Yt−1 = i) + (1 − ϕ)π̂i for the PAR

process, where p̂
∼
= π̂

∼
.

We carry out the optimization by taking log of the likelihood function (l(β) =

ln L(β)) to get the maximum likelihood estimate β̂mle, which is given by

β̂mle = arg max
β

l(β) subject to (I − ϕKT) p̂
∼
≥ 0. (2.4.2)

This is a constrained non-linear optimization problem for the GPAR(1) process.
Here, the numerical methods are being employed to obtain the ML estimates of
the model parameters as there are no closed forms of the ML estimates. We use
"solnp()" and "solnl()" functions from "Rsolnp" and "NlcOptim" packages in R
software, respectively, for this purpose. For some cases in the simulation study,
we obtain "NaNs" (not a number) in R, which we ignore by using the "is.finite()"
command.

In the next section, we perform extensive simulation studies to show the em-
pirical consistency of the estimates of the model parameters through the MLE
method.
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2.5 Simulation Study

2.5.1 Empirical consistency and AIC comparison

In this section, we investigate the empirical consistency of the estimated model
parameters of our proposed GPAR(1) process where the parameters are estimated
by the MLE method. We carry out the simulation experiments by generating sam-
ples from the GPAR(1) process. Here, we consider for (ϕ, θ) = (0.3, 0.1), (0.3, 0.2),
(0.3, 0.3), (0.3, 0.4), (0.5, 0.1), (0.5, 0.2), (0.5, 0.3) and (0.5, 0.4), with three, four
and five categories, where π

∼
= (0.2, 0.3, 0.5)′, (0.1, 0.2, 0.3, 0.4)′ and (0.1, 0.2, 0.4,

0.2, 0.1)′, respectively. Five sample sizes, 200, 500, 1000, 5000 and 10000, are ex-
plored here, each with 1000 replications. For the small-sample properties, the
experiments are done for sample size 200 whereas sample sizes of 500 and 1000
are used for moderate large-sample properties. Sample sizes of 5000 and 10000
are used for checking the large-sample properties.

The simulation results are given in Tables 2.2 to 2.7. From the simulation re-
sults, we can observe that as sample size increases, the MSEs of the estimated
model parameters of the proposed GPAR(1) process, i.e., (ϕ̂, θ̂), decrease. This
property confirms the empirical consistency of the estimated model parameters
of the proposed GPAR(1) process.

We also perform a model comparison between the GPAR(1), the PAR(1) and
the MTD(1) processes through the Akaike Information Criteria (AIC). The simu-
lation results for average AICs are given in Tables 2.8, 2.9 and 2.10 for (ϕ, θ) =

(0.5, 0.1), (0.5, 0.2), (0.5, 0.3) and (0.5, 0.4), with three, four and five categories for
which π

∼
= (0.2, 0.3, 0.5)′, (0.1, 0.2, 0.3, 0.4)′ and (0.1, 0.2, 0.4, 0.2, 0.1)′, respectively.

Here also, we conduct this experiment for sample sizes 200, 500, 1000, 5000 and
10000 with 1000 replications.

For small size 200 with three categories, we can see the differences between
average AICs for our proposed GPAR(1) process and the PAR(1) process are
marginal. However, as the sample size increases in that setup, it can be ob-
served that the differences between average AICs of our proposed GPAR(1) and
the PAR(1) process increase. For the studies regarding four and five categories,
the proposed GPAR(1) process performs better than the PAR(1) process for all
sample sizes. We can also see that as the value of θ changes from 0.1 to 0.2 or
0.2 to 0.3, the differences between the average AICs of the GPAR(1) process and
the PAR(1) process get bigger for every setup. This is expected as we go towards
more generalization from the PAR(1) process to the GPAR(1) process. When we
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compare with the MTD(1) process, we observe that our proposed GPAR(1) pro-
cess performs better than the MTD(1) process in this simulation study. How-
ever, we can notice that as sample sizes increase, the MTD(1) process outper-
forms the PAR(1) process and becomes the closest competitor to our proposed
GPAR(1) process. This property can mostly be seen from the numerical results
for sample sizes 1000, 5000, 10000 with three categories, whereas we can see this
happening mostly for 5000 and 10000 sample sizes with four and five categories.
The GPAR(1) and PAR(1) processes performing better than the MTD(1) process in
most cases with the increase in number of categories is expected since the num-
ber of parameters to be estimated for the MTD(1) process increases with respect
to the GPAR(1) and the PAR(1) process with the increase in number of categories
(see Table 2.1). However, the aforementioned observation that the MTD(1) pro-
cess outperforms the PAR(1) process for large sample sizes hints at the fact that
the MTD(1) process is more generalized than the PAR(1) process for small num-
ber of categories. Overall, our proposed GPAR(1) process performs better than
the PAR(1) and the MTD(1) processes in terms of the AIC.

TABLE 2.2: Average estimated values of parameters along with the
MSEs with true (ϕ, θ) = (0.3,0.1), (0.3,0.2), (0.3,0.3), and (0.3,0.4) for

three categories, where π
∼
= (0.2, 0.3, 0.5)′

(ϕ, θ) (0.3,0.1) (0.3,0.2) (0.3,0.3) (0.3,0.4)
n ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂

(MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE)

200 0.3762 0.1709 0.4005 0.2631 0.4262 0.3451 0.4148 0.4037
(0.0390) (0.0398) (0.0604) (0.0617) (0.0817) (0.0827) (0.0883) (0.0980)

500 0.3406 0.1396 0.3701 0.2443 0.3927 0.3288 0.4002 0.3868
(0.0171) (0.0207) (0.0383) (0.0392) (0.0602) (0.0579) (0.0735) (0.0729)

1000 0.3174 0.1207 0.3314 0.2162 0.3666 0.3249 0.3845 0.4001
(0.0056) (0.0098) (0.0187) (0.0232) (0.0409) (0.0413) (0.0586) (0.0566)

5000 0.3042 0.1041 0.3078 0.2052 0.3183 0.3067 0.3439 0.4136
(0.0009) (0.0021) (0.0025) (0.0051) (0.0090) (0.0121) (0.0232) (0.0214)

10000 0.3025 0.1028 0.3025 0.2023 0.3075 0.3043 0.3236 0.4076
(0.0005) (0.0011) (0.0010) (0.0023) (0.0031) (0.0054) (0.0109) (0.0119)
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TABLE 2.3: Average estimated values of parameters along with the
MSEs with true (ϕ, θ) = (0.5,0.1), (0.5,0.2), (0.5,0.3), and (0.5,0.4) for

three categories, where π
∼
= (0.2, 0.3, 0.5)′

(ϕ, θ) (0.5,0.1) (0.5,0.2) (0.5,0.3) (0.5,0.4)
n ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂

(MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE)

200 0.5239 0.1185 0.5318 0.2127 0.5444 0.3032 0.5350 0.3642
(0.0184) (0.0119) (0.0331) (0.0241) (0.0460) (0.0339) (0.0637) (0.0536)

500 0.5138 0.1106 0.5280 0.2117 0.5346 0.3036 0.5543 0.3923
(0.0085) (0.0064) (0.0201) (0.0139) (0.0339) (0.0229) (0.0533) (0.0354)

1000 0.5087 0.1074 0.5222 0.2118 0.5337 0.3085 0.5445 0.3962
(0.0044) (0.0035) (0.0118) (0.0083) (0.0232) (0.0146) (0.0383) (0.0241)

5000 0.5013 0.1012 0.5021 0.2007 0.5115 0.3048 0.5225 0.4059
(0.0007) (0.0006) (0.0019) (0.0016) (0.0052) (0.0038) (0.0142) (0.0076)

10000 0.5011 0.1010 0.5022 0.2014 0.5046 0.3020 0.5166 0.4060
(0.0004) (0.0003) (0.0010) (0.0008) (0.0023) (0.0018) (0.0074) (0.0043)

TABLE 2.4: Average estimated values of parameters along with the
MSEs with true (ϕ, θ) = (0.3,0.1), (0.3,0.2), (0.3,0.3), and (0.3,0.4) for

four categories, where π
∼
= (0.1, 0.2, 0.3, 0.4)′

(ϕ, θ) (0.3,0.1) (0.3,0.2) (0.3,0.3) (0.3,0.4)
n ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂

(MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE)

200 0.3258 0.1332 0.3408 0.2300 0.3644 0.3249 0.3729 0.4102
(0.0133) (0.0190) (0.0253) (0.0348) (0.0397) (0.0532) (0.0481) (0.0672)

500 0.3076 0.1102 0.3159 0.2087 0.3453 0.3225 0.3582 0.4027
(0.0047) (0.0079) (0.0104) (0.0167) (0.0225) (0.0303) (0.0345) (0.0416)

1000 0.3042 0.1041 0.3116 0.2088 0.3266 0.3164 0.3450 0.4124
(0.0020) (0.0037) (0.0049) (0.0089) (0.0126) (0.0187) (0.0229) (0.0281)

5000 0.3004 0.1009 0.3028 0.2030 0.3022 0.2985 0.3146 0.4071
(0.0004) (0.0009) (0.0008) (0.0018) (0.0016) (0.0033) (0.0047) (0.0070)

10000 0.3001 0.0998 0.2999 0.1993 0.3008 0.2997 0.3043 0.4006
(0.0002) (0.0005) (0.0004) (0.0009) (0.0008) (0.0017) (0.0020) (0.0036)
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TABLE 2.5: Average estimated values of parameters along with the
MSEs with true (ϕ, θ) = (0.5,0.1), (0.5,0.2), (0.5,0.3), and (0.5,0.4) for

four categories, where π
∼
= (0.1, 0.2, 0.3, 0.4)′

(ϕ, θ) (0.5,0.1) (0.5,0.2) (0.5,0.3) (0.5,0.4)
n ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂

(MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE)

200 0.5020 0.1077 0.5037 0.2048 0.5185 0.3019 0.5022 0.3719
(0.0098) (0.0065) (0.0154) (0.0125) (0.0250) (0.0212) (0.0354) (0.0328)

500 0.5002 0.1023 0.5095 0.2073 0.5074 0.2985 0.5241 0.4008
(0.0036) (0.0026) (0.0078) (0.0062) (0.0142) (0.0107) (0.0240) (0.0172)

1000 0.5003 0.1010 0.5031 0.2010 0.5085 0.3014 0.5177 0.4000
(0.0018) (0.0014) (0.0034) (0.0028) (0.0078) (0.0059) (0.0156) (0.0104)

5000 0.4992 0.0993 0.5007 0.2001 0.5022 0.3012 0.5089 0.4031
(0.0004) (0.0003) (0.0006) (0.0005) (0.0013) (0.0011) (0.0038) (0.0025)

10000 0.4993 0.0996 0.5009 0.2008 0.5013 0.3003 0.5048 0.4023
(0.0002) (0.0001) (0.0003) (0.0003) (0.0007) (0.0006) (0.0017) (0.0012)

TABLE 2.6: Average estimated values of parameters along with the
MSEs with true (ϕ, θ) = (0.3,0.1), (0.3,0.2), (0.3,0.3), and (0.3,0.4) for

five categories, where π
∼
= (0.1, 0.2, 0.4, 0.2, 0.1)′

(ϕ, θ) (0.3,0.1) (0.3,0.2) (0.3,0.3) (0.3,0.4)
n ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂

(MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE)

200 0.3103 0.1237 0.3223 0.2218 0.3445 0.3246 0.3587 0.4035
(0.0083) (0.0135) (0.0153) (0.0252) (0.0266) (0.0393) (0.0386) (0.0574)

500 0.3031 0.1032 0.3036 0.2010 0.3223 0.3141 0.3382 0.4052
(0.0029) (0.0048) (0.0054) (0.0108) (0.0119) (0.0198) (0.0239) (0.0319)

1000 0.3018 0.1004 0.3059 0.2062 0.3121 0.3113 0.3192 0.4018
(0.0014) (0.0026) (0.0026) (0.0056) (0.0053) (0.0100) (0.0120) (0.0179)

5000 0.3000 0.1004 0.3007 0.2006 0.3006 0.2993 0.3065 0.4061
(0.0003) (0.0005) (0.0005) (0.0009) (0.0008) (0.0017) (0.0020) (0.0038)

10000 0.3004 0.1003 0.3006 0.2004 0.3008 0.3009 0.3024 0.4017
(0.0002) (0.0003) (0.0002) (0.0005) (0.0004) (0.0008) (0.0009) (0.0017)
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TABLE 2.7: Average estimated values of parameters along with the
MSEs with true (ϕ, θ) = (0.5,0.1), (0.5,0.2), (0.5,0.3), and (0.5,0.4) for

five categories, where π
∼
= (0.1, 0.2, 0.4, 0.2, 0.1)′

(ϕ, θ) (0.5,0.1) (0.5,0.2) (0.5,0.3) (0.5,0.4)
n ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂ ϕ̂ θ̂

(MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE)

200 0.4936 0.1019 0.4903 0.1971 0.5039 0.3027 0.4993 0.3834
(0.0061) (0.0044) (0.0092) (0.0086) (0.0174) (0.0155) (0.0251) (0.0221)

500 0.4969 0.1001 0.4985 0.2006 0.5031 0.3039 0.5061 0.3977
(0.0026) (0.0017) (0.0041) (0.0035) (0.0073) (0.0064) (0.0138) (0.0108)

1000 0.4982 0.0985 0.4988 0.1988 0.5024 0.3016 0.5118 0.4038
(0.0013) (0.0008) (0.0020) (0.0017) (0.0039) (0.0033) (0.0085) (0.0058)

5000 0.4991 0.0999 0.4997 0.2003 0.5003 0.3001 0.5014 0.3998
(0.0003) (0.0002) (0.0004) (0.0003) (0.0007) (0.0006) (0.0015) (0.0012)

10000 0.4994 0.0997 0.4999 0.1998 0.5001 0.3003 0.5006 0.4001
(0.0001) (0.0001) (0.0002) (0.0002) (0.0003) (0.0003) (0.0008) (0.0006)

TABLE 2.8: Comparative study between GPAR(1), PAR(1) and
MTD(1) methods with respect to AIC, where the data generat-
ing process is the proposed GPAR(1) process with true (ϕ, θ) =
(0.5,0.1), (0.5,0.2), (0.5,0.3), and (0.5,0.4) for three categories, where

π
∼
= (0.2, 0.3, 0.5)′

(ϕ, θ) (0.5,0.1) (0.5,0.2)
n GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)

200 361.6664 361.2340 365.9934 385.2090 385.5268 389.5607
500 895.9916 896.9607 900.3848 954.2602 957.2376 959.1066

1000 1789.7559 1792.9833 1794.4062 1902.9726 1910.3761 1908.8767
5000 8926.3077 8945.5393 8935.7232 9505.3844 9544.5322 9518.2852

10000 17842.2033 17881.9145 17857.2428 19008.6921 19089.1961 19031.3320
(ϕ, θ) (0.5,0.3) (0.5,0.4)

n GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
200 401.1560 401.8041 405.1714 413.3806 413.6493 417.1493
500 996.4152 999.8096 1000.8612 1026.2670 1029.3798 1030.3225

1000 1985.8681 1994.0732 1991.2345 2046.6933 2053.8856 2051.5482
5000 9918.4212 9964.3200 9930.5799 10220.8729 10261.4726 10230.6638

10000 19835.1532 19927.2010 19854.8859 20437.9308 20521.3739 20453.9049
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TABLE 2.9: Comparative study between GPAR(1), PAR(1) and
MTD(1) methods with respect to AIC, where the data generat-
ing process is the proposed GPAR(1) process with true (ϕ, θ) =
(0.5,0.1), (0.5,0.2), (0.5,0.3), and (0.5,0.4) for four categories, where

π
∼
= (0.1, 0.2, 0.3, 0.4)′

(ϕ, θ) (0.5,0.1) (0.5,0.2)
n GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)

200 442.2904 443.0689 454.8878 471.2953 473.9965 487.0142
500 1096.8140 1100.3736 1114.3573 1169.4054 1178.4645 1187.6482

1000 2188.5219 2196.7766 2207.0322 2331.9806 2350.4915 2353.6238
5000 10919.0098 10963.1610 10946.5975 11639.2092 11736.4921 11678.4017

10000 21835.2725 21925.3226 21874.9511 23276.4477 23473.0126 23337.0120
(ϕ, θ) (0.5,0.3) (0.5,0.4)

n GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
200 493.3006 496.9468 509.881 510.1101 513.0433 527.2056
500 1224.1625 1234.4884 1242.868 1268.6550 1278.6857 1287.0087

1000 2442.4252 2465.0191 2463.531 2529.8263 2551.2077 2550.3022
5000 12195.7682 12314.3649 12237.612 12621.5059 12734.7821 12658.7611

10000 24375.6274 24614.4782 24441.650 25245.9892 25472.4967 25303.6516

TABLE 2.10: Comparative study between GPAR(1), PAR(1) and
MTD(1) methods with respect to AIC, where the data generat-
ing process is the proposed GPAR(1) process with true (ϕ, θ) =
(0.5,0.1), (0.5,0.2), (0.5,0.3), and (0.5,0.4) for five categories, where

π
∼
= (0.1, 0.2, 0.4, 0.2, 0.1)′

(ϕ, θ) (0.5,0.1) (0.5,0.2)
n GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)

200 509.749 511.472 529.1306 544.6729 549.2802 567.0207
500 1261.314 1267.372 1295.6795 1348.6071 1362.9740 1382.8802

1000 2514.852 2527.806 2553.2521 2690.6927 2720.3636 2730.2520
5000 12557.676 12627.651 12609.6019 13434.2975 13588.0865 13492.5516

10000 25098.641 25239.612 25170.5919 26847.0419 27155.5779 26929.2092
(ϕ, θ) (0.5,0.3) (0.5,0.4)

n GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
200 569.1382 575.6517 592.5448 587.4382 593.6598 613.8962
500 1413.1674 1431.3946 1448.6500 1460.8420 1478.1965 1496.0483

1000 2815.8204 2853.5494 2854.7115 2911.2130 2948.7143 2948.6553
5000 14056.3345 14250.3060 14109.4285 14529.2535 14720.4589 14577.8621

10000 28111.6791 28499.8295 28186.6599 29056.1556 29439.3677 29119.1684
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2.5.2 Forecasting

This simulation experiment is carried out to observe the h-step ahead forecasting
performances for varying h of the proposed GPAR(1) process, the PAR(1) process
and the MTD(1) process. Here, we consider a forecasting measure, namely the
h-step ahead percentage of true prediction (PTP(h)) (see Appendix 2.8), based
on the mode predictors. In this study, we take different sets of (ϕ, θ) with three,
four and five categories, where π

∼
= (0.5, 0.1, 0.4)′, (0.5, 0.25, 0.15, 0.1)′ and (0.4, 0.1,

0.05, 0.15, 0.3)′, respectively. Each time, we generate a data of sample size 500
through our proposed GPAR(1) process. A training set of size 400 is considered
to fit three models considered for this study and a test set of size 100 is used to
find the PTP(h) for h = 1, 2, 3, 4. This procedure is repeated for 1000 times.

The simulation results are given in Tables 2.11, 2.12 and 2.13. From the re-
sults, we can see that the GPAR process mostly performs better than the PAR and
MTD processes. The number of times the GPAR(1) process performs better than
other two processes for each three and four categories is greater than the number
of times regarding five categories. One thing is that we obtain some PTP values
for which differences between these three processes are marginal. The reason
would possibly be because of the mode predictor that we consider for this study.
The mode predictor is the point in the future time series support space where the
density function reaches its maximum.However, overall, we can say that our pro-
posed GPAR(1) process works better than two other processes in this simulation
study.



28
Chapter 2. A generalized Pegram’s operator based autoregressive process for

modelling categorical time series

TABLE 2.11: PTP(h) values for varying h, where the data gener-
ating process is the proposed GPAR(1) process with true (ϕ, θ) =
(0.6,0.2), (0.6,0.3), (0.7,0.2), (0.7,0.3), (0.75,0.25) and (0.8,0.3) for three

categories, where π
∼
= (0.5, 0.1, 0.4)′

(ϕ, θ) (0.6,0.2) (0.6,0.3)
h GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
1 62.34 62.34 62.22 56.90 56.98 56.44
2 48.64 48.00 48.58 45.09 44.42 45.03
3 44.13 43.74 43.97 41.47 41.28 41.41
4 42.93 43.05 42.91 41.02 41.01 41.02

(ϕ, θ) (0.7,0.2) (0.7,0.3)
h GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
1 66.35 66.35 66.34 59.64 59.64 59.52
2 50.36 50.31 50.23 45.70 44.74 45.66
3 44.75 43.60 44.60 41.31 40.60 41.29
4 41.78 41.23 41.76 39.67 39.59 39.50

(ϕ, θ) (0.75,0.25) (0.8,0.3)
h GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
1 64.41 64.41 64.41 62.26 62.26 62.21
2 48.38 48.46 48.25 46.56 46.56 46.37
3 42.52 41.29 42.40 40.61 39.36 40.67
4 39.65 39.09 39.50 37.88 37.04 38.01

TABLE 2.12: PTP(h) values for varying h, where the data gener-
ating process is the proposed GPAR(1) process with true (ϕ, θ) =
(0.6,0.2), (0.6,0.3), (0.7,0.2), (0.75,0.25), (0.8,0.25) and (0.8,0.3) for four

categories, where π
∼
= (0.5, 0.25, 0.15, 0.1)′

(ϕ, θ) (0.6,0.2) (0.6,0.3)
h GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
1 58.28 58.25 58.09 51.89 51.76 51.32
2 42.80 42.70 42.64 40.29 40.19 39.89
3 42.97 42.89 42.86 40.61 40.60 40.52
4 43.09 43.08 43.07 40.58 40.60 40.55

(ϕ, θ) (0.7,0.2) (0.75,0.25)
h GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
1 62.23 62.23 62.22 60.06 60.06 60.01
2 44.79 43.94 44.40 42.88 41.84 42.24
3 40.56 40.41 40.38 37.47 37.42 37.18
4 40.78 40.82 40.71 37.69 37.77 37.42

(ϕ, θ) (0.8,0.25) (0.8,0.3)
h GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
1 61.56 61.56 61.56 57.75 57.75 57.68
2 44.15 43.37 43.55 40.82 39.63 40.18
3 36.28 35.61 35.99 34.27 34.06 34.36
4 35.01 35.11 34.82 33.58 33.77 33.51
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TABLE 2.13: PTP(h) values for varying h, where the data gener-
ating process is the proposed GPAR(1) process with true (ϕ, θ) =
(0.6,0.2), (0.6,0.3), (0.7,0.25), (0.7,0.3), (0.75,0.25) and (0.8,0.3) for five

categories, where π
∼
= (0.4, 0.1, 0.05, 0.15, 0.3)′

(ϕ, θ) (0.6,0.2) (0.6,0.3)
h GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
1 55.73 55.73 55.32 48.52 48.52 47.90
2 38.47 37.91 38.00 34.38 33.46 34.11
3 34.29 33.65 33.99 31.39 31.10 31.34
4 33.05 32.80 32.81 30.71 30.57 30.72

(ϕ, θ) (0.7,0.25) (0.7,0.3)
h GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
1 56.15 56.15 55.92 52.13 52.13 51.79
2 37.93 37.84 37.53 34.80 34.21 34.58
3 32.12 31.06 31.86 30.49 29.11 30.34
4 30.08 29.48 30.01 28.76 28.02 28.71

(ϕ, θ) (0.75,0.25) (0.8,0.3)
h GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
1 53.42 53.42 53.30 55.52 55.52 55.42
2 35.69 35.36 35.33 37.56 37.60 36.68
3 30.62 29.06 30.25 30.16 28.12 29.85
4 28.33 27.27 28.19 27.31 25.37 27.17

2.5.3 Simulation experiment when the data generating process

is the MTD(1) process

We also generate samples from the MTD(1) model with four categories to perform
a model comparison study between the GPAR(1), the PAR(1) and the MTD(1)
processes through AIC, where the transition probability matrix Q is taken as

0.80 0.10 0.05 0.05
0.15 0.65 0.15 0.05
0.05 0.25 0.55 0.15
0.05 0.10 0.30 0.55

 .

Here also, we conduct this experiment for sample sizes 200, 500, 1000, 5000 and
10000 with 1000 replications in each case. The simulation results for average AICs
are given in Table 2.15 in Appendix (see Section 2.8). From the results, we can see
the MTD(1) process has lower AIC values than the GPAR(1) process for sample
sizes 1000, 5000 and 10000. The GPAR(1) process has lower AIC values than the
PAR(1) process for all the cases.

For studying the predictive performances, we generate data of sample size 500
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through our proposed MTD(1) process for three categories with transition proba-

bility matrix as

0.70 0.30 0.00
0.30 0.40 0.30
0.20 0.50 0.30

 and four categories


0.80 0.10 0.05 0.05
0.15 0.65 0.15 0.05
0.05 0.25 0.55 0.15
0.05 0.10 0.30 0.55

.

A training set of size 400 is considered to fit three models considered for this study
and a test set of size 100 is used to find the PTP(h) for h = 1, 2, 3, 4. This procedure
is repeated for 1000 times. The numerical results for this study is given in Table
2.16 in Appendix (see Section 2.8). For three categories, the MTD(1) process has
larger PTP(h) values than the GPAR(1) process and the PAR(1) process for h = 1, 2
and all h, respectively, and similar PTP(h) values for h = 3, 4 as the GPAR(1) pro-
cess. For four categories, we can see that for h = 1, 2, the MTD(1) process has little
lower PTP(h) values than other two models. However, for h = 3, 4, the MTD(1)
process performs better than other two models.

2.6 Data analysis

In this study, we consider the Air Quality Index data of Mumbai, which was
recorded in 2021. The data is available at Mumbai AQI Data, n.d. in AQI-IN
version (see AQI IN 1, n.d. and AQI IN 2, n.d.). Usually, there are six categories
for measuring AQI, which are "Good", "Moderate", "Poor", "Unhealthy", "Severe"
and "Hazardous". The details can be found at the aforementioned url addresses.
This dataset has a missing value which is for January 24. We fill that data-point
by the category that appears most in the month of January, which is "Unhealthy".
In this study, we combine these six categories to four. Those four categories are:
category 0 for AQI from 0 to 100, category 1 for AQI from 101 to 200, category
2 for AQI from 201 to 300, and category 3 for AQI with more than 300. The
snapshot of the data is given in Figure 2.1. Therefore, the number of parameters
to be estimated for the GPAR(1), the PAR(1) and the MTD(1) processes are 5, 4
and 12, respectively. The proportions of four categories, i.e., category 0, category
1, category 2 and category 3, in the data, are 0.4712, 0.3041, 0.1562 and 0.0685,
respectively. This indicates that "Good" and "Moderate" categories are recorded
in Mumbai mostly in 2021.
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FIGURE 2.1: The AQI data of Mumbai recorded in 2021

Here, we first calculate the auto-odds ratio function (AORF), i.e., r(h) that de-
notes the AORF between Yt and Yt−h. Maiti and Biswas, 2018 extensively showed
how the AORF helps to measure the order in their study (see Section 2.2). They
showed that a decreasing pattern of log(r(h)) suggests that an AR of order 1 pro-
cess would possibly be a good fit for the data. The log(r(h)) for various lagged
values for our data are computed and presented in Figure 2.2. We can see that
there is a decreasing pattern in the AORF values as h increases. Moreover, as
mentioned earlier, to measure the order more precisely, we calculate Cohen’s κ

estimates based estimates of PACFs ρp(h) (see Weiß and Göb, 2008, Weiß, 2011b;
Weiß, 2013) for some lagged values. If we can ignore the values for h > 1, which
are all less than 0.17 (see Figure 2.3), we can say that an AR(1) process would
possibly be a decent fit for our data.
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FIGURE 2.2: The AORF of Mumbai AQI data in 2021
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FIGURE 2.3: The plot of Cohen’s κ-based estimates of PACFs of
Mumbai AQI data in 2021

We fit the GPAR(1), the PAR(1), the MTD(1) processes to this dataset. The es-
timated model parameters for the GPAR(1) process are (ϕ̂, θ̂) = (0.8347, 0.1548).
The estimated model parameter for the PAR(1) process is ϕ̂ = 0.5895. The sample
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proportions are (0.4712, 0.3041, 0.1562, 0.0685)′. Moreover, the transition proba-
bility matrix Q for the MTD(1) process is estimated as

0.872 0.122 0 0.006
0.180 0.649 0.153 0.018
0.018 0.286 0.571 0.125
0.040 0.080 0.320 0.560

 .

The AIC value of the MTD(1) process is lowest (which is 530.2993), and the
proposed GPAR(1) process has lower AIC (which is 568.1683) value than that of
the PAR(1) process (which is 619.2919). The lowest AIC value for the MTD(1)
process is somewhat expected since it is more generalized process than other two
processes, especially when the number of categories is four. The hint of this prop-
erty is recorded in our simulation study.

Additionally, we also study the forecasting performances of the processes
with respect to the PTP measure. We divide the data into parts: (i) first 315 days
for the training set and (ii) last 50 days for the test set. The forecasting results are
given in Table 2.14. As we can see, our proposed GPAR(1) process performs bet-
ter for mode predictor. There is no unique better performing model between the
PAR(1) process and the MTD(1) process in terms of the PTP measure with respect
to the mode predictor. For the median predictor, the MTD(1) process has a higher
PTP value for h = 2 compared to the GPAR(1) process. And there is no unique
better performing model between the PAR(1) process and the GPAR(1) process,
and similarly between the PAR(1) process and the MTD(1) process.

TABLE 2.14: Forecasting results for Mumbai 2021 AQI data analysis

Measures PTP[mode](h) PTP[median](h)
h GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)
1 58.00 58.00 58.00 58.00 58.00 58.00
2 42.86 42.86 32.65 42.86 34.69 46.94
3 43.75 22.92 33.33 33.33 35.42 33.33

2.7 Conclusions

In this chapter, we have proposed a generalized Pegram’s operator based au-
toregressive process of order 1 (GPAR(1) process), mainly for ordinal categories.
The generalization allows us to overcome the limitation of the indicator kernel
involved in the PAR process. This limitation is that it assigns weights only to
scenarios in the transition probabilities, where the same category appears at both
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the current and previous time-points, but it does not assign any weight to situa-
tions where a different category can occur at the current time-point compared to
the category at the previous time-point. The proposed GPAR process requires
fewer parameters to be estimated compared to the MTD process, particularly
when dealing with a larger number of categories. The reason for this is that the
GPAR process incorporates only one additional parameter in comparison to the
PAR process. Overall, the proposed GPAR process offers advantages over both
the PAR process and the MTD process, when it comes to modelling categorical
time series data that has a finite number of ordinal categories. In this chapter, we
have examined various theoretical findings concerning the proposed GPAR(1)
process, which encompasses the h-step ahead forecasting distribution.

We have conducted comprehensive simulation experiments that have demon-
strated the empirical consistency of the estimated model parameters using the
MLE method. Furthermore, we have examined the efficacy of our suggested pro-
cedure in relation to the AIC and the PTP[mode](h) measure through different
simulation studies. For practical demonstration of our proposed procedure, we
have examined the Air Quality Index (AQI) data of Mumbai in 2021. In the data
analysis, the GPAR(1) process has performed better than the PAR(1) process in
terms of both the AIC and the PTP[mode](h) measure. Nevertheless, the MTD(1)
process has exhibited a lower AIC compared to the GPAR(1) process. The reason
for this could be that the MTD(1) process is more generalized than the other two
processes, when there are fewer categories. We have observed a subtle indication
of this phenomenon in the simulation study regarding model comparison based
on the AIC. However, during the simulation studies, it has been observed that the
GPAR(1) process has mostly given better performances than the MTD(1) process
in terms of both AIC and PTP[mode](h) measures. Furthermore, the GPAR(1)
process has exhibited superior performance compared to the MTD(1) process in
terms of PTP[mode](h), especially for h = 2 and 3, in the data analysis. However,
for the median predictor, the MTD(1) process has a higher PTP value for only
h = 2 compared to the GPAR(1) process. And there is no unique better perform-
ing model between the PAR(1) process and the GPAR(1) process, and similarly
between the PAR(1) process and the MTD(1) process. In summary, we expect
that our method will be a useful approach for analyzing categorical time series
data in the future.
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2.8 Appendix

For simplicity, we assume i ≡ Ci in the derivations, i.e., i = m0 for Cm0 (m0-th
category).

Appendix A.

Here, we have

1
Mj

m

∑
i=0

θ|i−j| = 1 =⇒ 1
Mj

[
j

∑
i=0

θ j−i +
m

∑
i=j+1

θi−j

]
= 1. (2.8.1)

Now, we can write ∑
j
i=0 θ j−i =

1 − θ j+1

1 − θ
, and ∑m

i=j+1 θi−j =
θ − θm−j+1

1 − θ
.

So, from equation (2.8.1), we get

1
Mj

1 − θ j+1 + θ − θm−j+1

1 − θ
= 1 =⇒ Mj =

1 − θ

1 − θ j+1 + θ − θm−j+1 .

There, we have K(j | i) =
(1 − θ)θ|i−j|

1 − θ j+1 + θ − θm−j+1 , where i = 0, 1, . . . , m and

j = 0, 1, . . . , m.

Appendix B.

For GPAR(1) process, we have

P(Yt = i | Yt−1) = ϕK(Yt−1 | i) + (1 − ϕ)πi.

Now, with the the assumption that P (Yt−h = i) = pi, we can find

m

∑
j=0

K (Yt−1 = j | i) P (Yt−1 = j) =
θ|i|

M0
P (Yt−1 = 0) +

θ|i−1|

M1
P (Yt−1 = 1) + . . . +

θ|i−m|

Mm
P (Yt−1 = m)

=

(
θ|i|

M0
,

θ|i−1|

M1
, . . . ,

θ|i−m|

Mm

)
p0
...

pm





36
Chapter 2. A generalized Pegram’s operator based autoregressive process for

modelling categorical time series

So, we can write
p0
...

pm

 = ϕ (K(· | 0), . . . , K(· | m))


p0
...

pm

+ (1 − ϕ)π
∼

⇒ p
∼
= ϕKT p

∼
+ (1 − ϕ)π

∼

⇒ (I − ϕKT)p
∼
= (1 − ϕ)π

∼
.

Here, K1
∼

= 1
∼

, since each row of K sums to 1, where 1
∼

= [1, 1, . . . , 1]′. So, this
proves that 1 is an eigenvalue of K.
Now, suppose, there exists λ and non-zero x

∼
such that Kx

∼
= λx

∼
(i.e., λ is an

eigenvalue of K). So, we have

Ki0x0 + . . . + Kimxm = λxi, (2.8.2)

by comparing the i-th row of the both sides for i = 0, 1, . . . , m.
Let | xg |= max (| x0 |, . . . , | xm |), i.e., xg is the entry x

∼
that has the maximal ab-

solute value. Note that, | xg |> 0 since, otherwise, we have x
∼
= 0 that contradicts

that an eigenvalue is non-zero.
From equation (2.8.2), with i = m, we have

| λ || xg |=| Kg0x0 + . . . + Kgmxm |
≤ Kg0 | x0 | + . . . + Kgm | xm | (by the triangle inequality and Kij > 0)
≤ Kg0 | xg | + . . .+Kgm | xg |= (Kg0 + . . .+Kgm) | xg | (since | xg | is maximum).
Hence, | λ || xg |<| xg |⇒| λ |≤ 1(since | xg |> 0).
Now, let us assume, K has eigenvalues λ0

K, . . . , λm
K, where | λj

K |≤ 1 for j =

0, 1, . . . , m.
Hence, (I − ϕK) has the eigenvalues (1 − ϕλ0

K), . . . , (1 − ϕλm
K).

Hence, (I − ϕK) will be singular if at least one eigenvalue is 0, i.e., 1 − ϕλj
K = 0,

which implies that λj
K =

1
ϕ

. But, we know ϕ ∈ (0, 1), and that means λj
K > 1,

which is a contradiction.
So, (I − ϕK) is non-singular =⇒ (I − ϕK) is invertible =⇒ (I − ϕK)T =

(I − ϕKT) is invertible.

Appendix C.

Here, A is a non-singular matrix of order n, and Bn×n and Cn×n be such matrices
that (A + BC) is non-singular. Let us assume that A + BC = P.
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Now, A + BC = P =⇒ A−1(A + BC) = A−1P =⇒ In + A−1BC =

A−1P =⇒ C[In + A−1BC] = CA−1P =⇒ C + CA−1BC = CA−1P =⇒
[In + CA−1B]C = CA−1P =⇒ C = [In + CA−1B]−1CA−1P =⇒ BC =

B[In + CA−1B]−1CA−1P =⇒ A + BC = A + B[In + CA−1B]−1CA−1P =⇒
P = A+ B[In + CA−1B]−1CA−1P =⇒ A = [In − B(In + CA−1B)−1CA−1]P =⇒
P−1 = A−1[In − B(In + CA−1B)−1CA−1]

=⇒ (A + BC)−1 = A−1 − A−1B(In + CA−1B)−1CA−1.
Putting A = Im+1(= I), C = (−ϕ), B = KT in above equation, we have
(I − ϕKT)

−1
= I + IKT(I − ϕKT)

−1
ϕI =⇒ (I − ϕKT)

−1
= I +ϕKT(I − ϕKT)

−1
=⇒

1
∼
′(I − ϕKT)

−1
= 1

∼
′+ϕ1

∼
′KT(I − ϕKT)

−1
=⇒ 1

∼
′(I − ϕKT)

−1
= 1

∼
′+ϕ1

∼
′(I − ϕKT)

−1
=⇒

1
∼
′(I − ϕKT)

−1
π
∼

= 1
∼
′π
∼
+ ϕ1

∼
′(I − ϕKT)

−1
π
∼

=⇒ (1 − ϕ)1
∼
′(I − ϕKT)

−1
π
∼

=

1
∼
′π
∼
= 1.

Appendix D.

We have ph(i | j) = P(Yt+h = i | Yt = j). In this derivation, K
∼

h(i) is the (i + 1)th

column of Kh and Kh(j, i) is the (j + 1, i + 1)th element of Kh.
Now, for h = 1 (i.e., p1(i | j)), we can write

p1(i | j) = P(Yt+1 = i | Yt = j)

= ϕK(j | i) + (1 − ϕ)πi

= ϕ
θ|i−j|

Mj
+ (1 − ϕ)πi

= ϕK[j + 1, i + 1] + (1 − ϕ)πi

= ϕK1(j, i) + (1 − ϕ)πi.
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For h = 2 (i.e., p2(i | j)), we have

p2(i | j) = P(Yt+2 = i | Yt = j)

=
m

∑
i1=0

P(Yt+2 = i | Yt+1 = i1)× P(Yt+1 = i1 | Yt = j)

=
m

∑
i1=0

[
ϕ

θ|i−i1|

Mi1
+ (1 − ϕ)πi

]
×
[

ϕ
θ|i1−j|

Mj
+ (1 − ϕ)πi1

]

= ϕ2
m

∑
i1=0

θ|i−i1|+|i1−j|

MjMi1
+ ϕ(1 − ϕ)

m

∑
i1=0

θ|i−i1|

Mi1
πi1 + ϕ(1 − ϕ)πi

m

∑
i1=0

θ|i1−j|

Mj
+

(1 − ϕ)2πi

m

∑
i1=0

πi1

= ϕ2K2[j + 1, i + 1] + ϕ(1 − ϕ)π
∼
′K[ , i + 1] + ϕ(1 − ϕ)πi + (1 − ϕ)2πi

= ϕ2K2[j + 1, i + 1] + ϕ(1 − ϕ)π
∼
′K[ , i + 1] + (1 − ϕ)πi

= ϕ2K2(j, i) + (1 − ϕ)
2−1

∑
n=1

ϕ2−nπ
∼
′K
∼

2−n(i) + (1 − ϕ)πi.

Again, for h = 3 (i.e., p3(i | j)), we have

p3(i | j) = P(Yt+3 = i | Yt = j)

=
m

∑
i2=0

P(Yt+3 = i | Yt+2 = i2)× P(Yt+2 = i2 | Yt = j)

=
m

∑
i2=0

[
ϕ

θ|i−i2|

Mi2
+ (1 − ϕ)πi

]
×[

ϕ2
m

∑
i1=0

θ|i2−i1|+|i1−j|

MjMi1
+ ϕ(1 − ϕ)

m

∑
i1=0

θ|i2−i1|

Mi1
πi1 + (1 − ϕ)πi2

]

= ϕ3
m

∑
i2=0

m

∑
i1=0

θ|i−i2|+|i2−i1|+|i1−j|

MjMi1 Mi2
+ ϕ2(1 − ϕ)

m

∑
i2=0

m

∑
i1=0

θ|i−i2|+|i2−i1|

Mi1 Mi2
πi1+

ϕ(1 − ϕ)
m

∑
i2=0

θ|i−i2|

Mi2
πi2 + ϕ2(1 − ϕ)πi

m

∑
i2=0

m

∑
i1=0

θ|i2−i1|+|i1−j|

MjMi1
+

ϕ(1 − ϕ)2πi

m

∑
i2=0

m

∑
i1=0

θ|i2−i1|

Mi1
πi1 + (1 − ϕ)2πi

m

∑
i2=0

πi2

= ϕ3K2[j + 1, i + 1] + ϕ2(1 − ϕ)π
∼
′K2[ , i + 1] + ϕ(1 − ϕ)π

∼
′K[ , i + 1]+

(1 − ϕ)(ϕ2 + ϕ − ϕ2 + 1 − ϕ)πi

= ϕ3K3(j, i) + (1 − ϕ)
3−1

∑
n=1

ϕ3−nπ
∼
′K
∼

3−n(i) + (1 − ϕ)πi.
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Hence, assuming

pn(i | j) = ϕnKn(j, i) + (1 − ϕ)
n−1

∑
l=1

ϕn−lπ
∼
′K
∼

n−l(i) + (1 − ϕ)πi

= ϕn
m

∑
in−1=0

. . .
m

∑
i1=0

θ|i−in−1|+|in−1−in−2|+...+|i1−j|

Mj . . . Min−1

+

ϕn−1(1 − ϕ)
m

∑
in−1=0

. . .
m

∑
i1=0

θ|i−in−1|+|in−1−in−2|+...+|i2−i1|

Mi1 . . . Min−1

πi1+

ϕn−2(1 − ϕ)
m

∑
in−1=0

. . .
m

∑
i2=0

θ|i−in−1|+|in−1−in−2|+...+|i3−i2|

Mi2 . . . Min−1

πi2 + . . .+

ϕ(1 − ϕ)
m

∑
in−1=0

θ|i−in−1|

Min−1

πin−1 + (1 − ϕ)πi,

We show that

pn+1(i | j) = ϕn+1Kn+1(j, i) + (1 − ϕ)
n

∑
l=1

ϕn+1−lπ
∼
′K
∼

n+1−l(i) + (1 − ϕ)πi.
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pn+1(i | j) = P(Yt+n+1 = i | Yt = j)

=
m

∑
in=0

P(Yt+n+1 = i | Yt+n = in)× P(Yt+n = in | Yt = j)

=
m

∑
in=0

[
ϕ

θ|i−in|

Min
+ (1 − ϕ)πi

]
×
[

ϕn
m

∑
in−1=0

. . .
m

∑
i1=0

θ|in−in−1|+|in−1−in−2|+...+|i1−j|

Mj . . . Min−1

+

ϕn−1(1 − ϕ)
m

∑
in−1=0

. . .
m

∑
i1=0

θ|in−in−1|+|in−1−in−2|+...+|i2−i1|

Mi1 . . . Min−1

πi1+

ϕn−2(1 − ϕ)
m

∑
in−1=0

. . .
m

∑
i2=0

θ|in−in−1|+|in−1−in−2|+...+|i3−i2|

Mi2 . . . Min−1

πi2 + . . .+

ϕ(1 − ϕ)
m

∑
in−1=0

θ|in−in−1|

Min−1

πin−1 + (1 − ϕ)πin

]

= ϕn+1
m

∑
in=0

. . .
m

∑
i1=0

θ|i−in−1|+|in−1−in−2|+...+|i1−j|

Mj . . . Min
+

ϕn(1 − ϕ)
m

∑
in=0

. . .
m

∑
i1=0

θ|i−in−1|+|in−1−in−2|+...+|i2−i1|

Mi1 . . . Min
πi1 + . . .+

ϕ2(1 − ϕ)
m

∑
in=0

m

∑
in−1=0

θ|i−in|+|in−in−1|

Min−1Min
πin−1 + ϕ(1 − ϕ)

m

∑
in=0

θ|i−in|

Min
πin+

(1 − ϕ)πin + ϕn(1 − ϕ)πi

m

∑
in=0

. . .
m

∑
i1=0

θ|i−in−1|+|in−1−in−2|+...+|i1−j|

Mj . . . Min−1

+

ϕn−1(1 − ϕ)2πi

m

∑
in=0

. . .
m

∑
i1=0

θ|i−in−1|+|in−1−in−2|+...+|i2−i1|

Mi1 . . . Min−1

πi1 + . . .+

ϕ(1 − ϕ)2πi

m

∑
in=0

m

∑
in−1=0

θ|i−in|+|in−in−1|

Min−1

πin−1 + (1 − ϕ)2πi

m

∑
in=0

πin

= ϕn+1
m

∑
in=0

. . .
m

∑
i1=0

θ|i−in−1|+|in−1−in−2|+...+|i1−j|

Mj . . . Min
+

ϕn(1 − ϕ)
m

∑
in=0

. . .
m

∑
i1=0

θ|i−in−1|+|in−1−in−2|+...+|i2−i1|

Mi1 . . . Min
πi1 + . . .+

ϕ2(1 − ϕ)
m

∑
in=0

m

∑
in−1=0

θ|i−in|+|in−in−1|

Min−1Min
πin−1 + ϕ(1 − ϕ)

m

∑
in=0

θ|i−in|

Min
πin+

(1 − ϕ)πin + πi

[
ϕn(1 − ϕ) + (1 − ϕ)2

(
ϕn−1 + . . . + ϕ + 1

)]
.
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From the above expression, we get the desired result which is

pn+1(i | j) = ϕn+1Kn+1(j, i) + (1 − ϕ)
n

∑
l=1

ϕn+1−lπ
∼
′K
∼

n+1−l(i) + (1 − ϕ)πi.

Appendix E.

TABLE 2.15: Comparative study between GPAR(1), PAR(1) and
MTD(1) methods with respect to AIC, where the data generating

process is the MTD(1) process with four catgories

n GPAR(1) PAR(1) MTD(1)

200 394.7962 407.4833 396.0537
500 978.8443 1013.383 979.9345
1000 1953.833 2025.099 1941.769
5000 9750.622 10113.03 9633.437

10000 19486.76 20221.65 19231.34

TABLE 2.16: PTP(h) values for varying h, where the data generating
process is the MTD(1) process with three and four categories

No. of categories Three Four
h GPAR(1) PAR(1) MTD(1) GPAR(1) PAR(1) MTD(1)

1 52.76 51.62 55.30 65.96 65.96 65.79
2 47.91 47.39 48.42 49.81 49.81 49.46
3 47.07 46.84 47.06 40.52 39.61 41.61
4 46.76 46.70 46.75 34.82 34.19 37.45

Appendix F.

The mathematical form of PTP(h) (i.e., h-step ahead percentage of true prediction)
is given by

PTP(h) =
∑r+s−h

t=r I
(
Yt+h = Ŷt+h

)
s − h + 1

× 100%, (2.8.3)

where total sample size is (r + s) out of which training set consists of first r obser-
vations (to estimate the parameters of the model) and test set contains remaining s
observations (based on which some descriptive measures of forecasting accuracy
are studied using the predicted values Ŷt’s). In our study, Ŷt’s are mode (for both
simulation study and data analysis) and median (for data analysis) predictors.
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Chapter 3

A modified Pegram’s operator based
autoregressive process for truncated
counts

3.1 Introduction

In the previous chapter (Chapter 2), we study the Pegram’s operator-based au-
toregressive (PAR) process for categorical time series data. However, as discussed
earlier, this method is also useful for modelling count time series(see Biswas and
Song, 2009 and Chapters 2 to 5 of Weiß, 2018). Different studies based on the Pe-
gram operator and thinning operators have also been conducted recently. Maiti
et al., 2014 studied a zero-inflated Pegram’s operator based integer-valued time
series process with zero-inflated Poisson marginals. In Khoo, Ong, and Biswas,
2017, a new INAR(1) model based on Pegram and thinning operators was intro-
duced. Shirozhan, Mohammadpour, and Bakouch, 2019 presented a new geo-
metric INAR(1) model that combines Pegram and generalized binomial thinning
operators.

However, for a count time series data, the PAR process has also the disadvan-
tage that it uses the indicator kernel, which makes this model a bit restrictive. It
only assigns weight to those scenarios in the transition probabilities, in which the
same event that transpired at the previous time-point also occurs at the current
time-point, i.e., when the same event happens at both time-points. Other scenar-
ios are disregarded by the indicator kernel. Consequently, in the context of count
time series, we suggest a new modified PAR process of order 1 (mPAR(1)) that
employs a modified kernel. The new kernel assigns a certain amount of weight
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to scenarios in which an event that differs from the one that occurred at the pre-
vious time-point can also occur at the current time-point. We study count time
series data in this chapter, more precisely truncated count data. In order to model
truncated counts, the proposed mPAR(1) process is developed using the right-
truncated Poisson distribution. We discuss the distributional properties of our
proposed method throughout the chapter. The h-step ahead forecasting distribu-
tion is also studied. Extensive simulation experiments are carried out to assess
the utility of our proposed method. In both the simulation study and the data
application, we compare our proposed mPAR(1) process to the PAR(1) process.
We analyze a real dataset as a practical demonstration of our proposed method.
This chapter is partially based on Chattopadhyay et al., 2024b.

The chapter is structured in the following manner. In the subsequent sec-
tion (Section 3.2), we present an in-depth analysis of the modified kernel and the
mathematical characteristics of our proposed methodology. The mathematical
properties encompass a comprehensive examination of the distributional prop-
erties and the forecasting distribution for h-step ahead. Following Section 3.3
delves into the discussion of the model parameter estimation method. Extensive
simulation studies are conducted in Section 3.4 to assess the empirical consistency
of the estimated model parameters. This section also includes a comprehensive
study comparing the mPAR(1) process and the PAR(1) process. Following this,
in Section 3.5, a real dataset is examined to provide a practical demonstration
of the proposed process. In the concluding section (Section 3.6), some conclud-
ing remarks are made regarding our study. All of the proofs are provided in the
Appendix (refer to Section 3.7).

3.2 The mPAR(p) process

3.2.1 The modified kernel

In this section, we discuss the construction of the proposed modified Pegram’s
AR process of order p (mPAR(p) process) from the idea of simple Pegram’s AR
process of order p (PAR(p) process). Then, in the subsequent section, we discuss
about mPAR(1) process, which is the main focus in our study.

The problem with the indicator kernel associated with the PAR process in the
context of count time series is that it gives some weight when i-th count is equal
to j-th count but when i ̸= j, it does not contribute any weight in the conditional
distribution setup. To remove this drawback, we assign some kind of weight even
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when i ̸= j. Here is our proposed kernel function

W(j | i) =

η if i = j

(1 − η)/k if i ̸= j
(3.2.1)

where η ∈ (0, 1) and k indicates that the count time series contains counts 0, 1, . . . , k.
The value of k can be determined by max(Y1, . . . , Yn) from a given count time se-
ries data. The main motivation for this particular kernel is to try new and simpler
weights than those used in Chapter 2 to model discrete-valued time series data.
For this study, the data is a right-truncated count time series.

By incorporating the kernel (equation (3.2.1)) into the conditional probability
distribution setup of the PAR(p) process (see equation (1.4.2)), we get

P(Yt = i | Yt−1, . . . , Yt−p) =
p

∑
j=1

ϕjW(Yt−j | i) + (1 −
p

∑
j=1

ϕj)πi. (3.2.2)

Here, for our proposed model, pi = P(Yt = i) and πi = P(εt = i) are not same,
whereas pi = πi for the PAR(p) process. However, for our proposed process, pi

and πi are somewhat related, which we establish in the subsequent section.

3.2.2 Mathematical properties

Result 3.1 Taking expectation in both sides of equation (3.2.2), we get the marginal dis-
tribution of Yt as follows

P(Yt = i) =

1 − η

k

p

∑
i=1

ϕi

1 −
(

η − 1 − η

k

) p

∑
i=1

ϕi

+

1 −
p

∑
i=1

ϕi

1 −
(

η − 1 − η

k

) p

∑
i=1

ϕi

πi. (3.2.3)

The derivation of this result is presented in Appendix (see Section 3.7).
The form of the conditional expectation of the process is given as

E(Yt | Yt−1, . . . , Yt−p) =

(
η − 1 − η

k

) (
ϕ1Yt−1 + . . . + ϕpYt−p

)
+

(k + 1)(1 − η)

2

p

∑
i=1

ϕi +

(
1 −

p

∑
i=1

ϕi

)
E(εt).

The derivation of this result is presented in Appendix (see Section 3.7).
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3.2.3 The mPAR(1) process

Conditional and marginal properties

In this section, we study some theoretical results regarding the proposed mPAR
process of order 1 (mPAR(1)), which is the focal point of this chapter.

If we put p = 1 in equation (3.2.3), then we get the marginal distribution form
of Yt which is given by

P(Yt = i) =

1 − η

k
ϕ

1 −
(

η − 1 − η

k

)
ϕ

+
1 − ϕ

1 −
(

η − 1 − η

k

)
ϕ

πi.

Note 3.1 For our proposed mPAR(1) process, the choice of k has to be finite, and for that
reason, we propose εt to follow a right-truncated Poisson distribution (truncation on the
values beyond k, i.e., it exhibits counts from 0, 1, 2, . . . , k) with parameter Λ. That is, for
our study, we propose

px = P(εt = x) =
f (x)I(x ≤ k)

F(k)
; x = 0, 1, . . . , k,

where f (x) = f (X = x) =
e−ΛΛx

x!
for x = 0, 1, 2, . . ., i.e., X follows Poisson distribu-

tion with parameter Λ, and F(k) = ∑k
x=0 f (X = x).

We can derive the mean and the variance of the right-truncated Poisson distribution as

µ = Λ
F(k − 1)

F(k)
,

and

σ2 = Λ2 F(k − 2)
F(k)

+ Λ
F(k − 1)

F(k)
− Λ2

(
F(k − 2)

F(k)

)2

.

We use the notations µ and σ2 in our derivations rather than the explicit forms for sim-
plicity. This choice is made for both the proposed mPAR(1) process and the usual PAR(1)
process.

Here, we have P(Yt = i | Yt−1) = ϕW(Yt−1 | i)+ (1−ϕ)πi, and so the conditional
expectation and variance are given by

E (Yt | Yt−1) = ϕ(η − 1 − η

k
)Yt−1 +

(1 − η)(k + 1)
2

ϕ + (1 − ϕ)µ, (3.2.4)
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and V (Yt | Yt−1) = E
(

Yt
2 | Yt−1

)
− E2 (Yt | Yt−1), where

E
(

Yt
2 | Yt−1

)
= ϕ(η − 1 − η

k
)Yt−1

2 +
(k + 1)(2k + 1)(1 − η)

6
ϕ+(1−ϕ)(σ2 +µ2).

The derivation of this result is presented in Appendix (see Section 3.7).
The marginal expectation can be derived as

µy = E(Yt) =

(1 − η)(k + 1)
2

ϕ + (1 − ϕ)µ

1 −
(

η − 1 − η

k

)
ϕ

,

by taking expectation on E (Yt | Yt−1), and the variance can be found as σy
2 =

V(Yt) = E(Yt
2)− E2(Yt), where

E(Yt
2) =

(1 − η)(k + 1)(2k + 1)
6

ϕ + (1 − ϕ)(µ2 + σ2)

1 −
(

η − 1 − η

k

)
ϕ

.

Autocorrelation structure

The autocovariance function γy(h)(= cov(Yt, Yt+h) = E(YtYt+h)−E(Yt)E(Yt+h) =

E(YtYt+h)− µy
2) of the above process can be found as

γy(h) = ψh(µy
2 + σy

2) +
1 − ψh

1 − ψ

(
(1 − ϕ)µ + ϕ

(1 − η)(k + 1)
2

)
µy − µy

2,

where ψ =

(
η − 1 − η

k

)
ϕ. So the function γy(h) only depends on h.

From the above result, we can write the autocorrealtion function (ACF) as

ρy(h) = ψh,

which decays exponentially to 0 as h → ∞. The derivations of these results are
presented in Appendix (see Section 3.7).

h-step ahead forecasting distribution

Result 3.2 The h-step ahead forecasting distribution of our proposed mPAR(1) process,
i.e., the probability mass function (p.m.f.) of Yt+h given Yt is derived as

ph(i | j) = ϕψh−1W(j | i) +
1 − ψh

1 − ψ
(1 − ϕ)πi +

1 − ψh−1

1 − ψ

1 − η

k
ϕ,
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where ph(i | j) = P(Yt+h = i | Yt = j).

Using the result, the forecasting mean can be obtained as

E(Yt+h | Yt) = ψhYt +
1 − ψh

1 − ψ

[
(1 − ϕ)µ + ϕ

(1 − η)(k + 1)
2

]
,

and the conditional variance (V(Yt+h | Yt) = E(Yt+h
2 | Yt)− E2(Yt+h | Yt)) can be

derived from

E(Yt+h
2 | Yt) = ψhYt

2 +
1 − ψh

1 − ψ

[
(1 − ϕ)(µ2 + σ2) +

(1 − η)(k + 1)(2k + 1)
6

ϕ

]
.

As h → ∞, E(Yt+h | Yt) coverges to µy (marginal mean of our proposed process),
and V(Yt+h | Yt) coverges to σy

2 (marginal variance). This derivation is given in
Appendix (see Section 3.7).

Note 3.2 Here, we mainly consider the rounded mean and mode predictors for both the
simulation study and data analysis to investigate different forecasting measures. How-
ever, we wish to explore the median predictor too in a future version of this study where a
detailed study about only forecasting can be performed.

3.3 Parameter Estimation

Maximum likelihood estimation (MLE)

In the maximum likelihood estimation method, we maximize the log-likelihood
function with respect to the model parameters β∗ to obtain the maximum like-
lihood estimate of β∗; here, β∗ is vetor-valued, i.e., β∗ is equal to (ϕ, Λ, η) and
(ϕ, Λ) for the mPAR(1) process and the PAR(1) process, respectively. Given a
dataset {Y1, . . . , Yn}, the likelihood function is given by

L(β∗) = p(Y1, . . . , Yn) = p(Y1)
n

∏
t=2

p(Yt | Yt−1),

where P(Yt = i | Yt−1) is equal to ϕW(Yt−1 | i) + (1 − ϕ)πi and ϕI(Yt−1 =

i)+ (1−ϕ)πi for the mPAR(1) process and the PAR(1) process, respectively. Here,
πi is actually πε,Λ

i , i.e., the probability of a right-truncated Poisson distribution
with parameter Λ.
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We take the log of this function (l(β∗) = ln L(β∗)) to get the maximum likeli-
hood estimate β̂∗

mle, which is given by

β̂∗
mle = arg max

β∗
l(β∗).

Here, numerical methods are employed to obtain the ML estimates of the model
parameters as there are no closed forms of the ML estimators. We use "optim"
function and "extraDistr" (for "tpois" functions) package in R software for our
calculations.

In the subsequent section, we perform an extensive simulation study to estab-
lish the empirical consistency of the estimators of the model parameters.

3.4 Simulation Study

3.4.1 Empirical consistency and AIC comparison

In this section, through some simulation experiments, we check the empirical
consistency of the estimated model parameters for our proposed mPAR(1) pro-
cess through MLE method by studying the average estimated values of the model
parameters and their mean squared errors (MSEs) for different sets of the model
parameters with varying sample sizes. We carry out this simulation study for
(ϕ, Λ, η) as (i) (0.4, 3, 0.5), (ii) (0.4, 3, 0.6), (iii) (0.4, 3, 0.7), (iv) (0.6, 3, 0.5), (v) (0.6, 3,
0.6), and (vi) (0.6, 3, 0.7), with right-truncation occurring beyond 6 and 7. Four
sample sizes of 100, 200, 500, 1000 and 5000 are explored with 1000 replications.
In this study, the data generating process is the proposed mPAR(1) model, and
the estimation process is the MLE method, discussed in Section 3.3. Sample sizes
of 100 and 200 are used to observe the small sample properties whereas sample
sizes of 5000 are used for large sample properties. Sample sizes of 500 and 1000
are explored for having an idea about moderate sample properties. The results
are reported in Tables 3.1 and 3.2. From the results, it can be observed that as
sample size increases, MSEs of the estimated model parameters of our proposed
mPAR(1) process decrease, and this ensures the empirical consistency of the esti-
mated model parameters.

We also conduct a comparative study between the mPAR(1) process and the
PAR(1) process with respect to AIC with the setup same as above. Here, we ex-
pect gradual improvements in the performances of the PAR(1) process compared
to proposed mPAR(1) process for higher values of η as the mPAR(1) process ap-
proaches more towards to the PAR(1) process for higher values of η. The results
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are given in Tables 3.3 and 3.4 for sample sizes 200, 500, 1000 and 5000. From the
tables, it is clearly seen that the proposed mPAR(1) process performs better than
the PAR(1) process in terms of their average AICs. However, as the values of η

increase, we observe that the performances of the PAR(1) process also improve
gradually, which is expected as we go towards the usual PAR(1) process with in-
creasing value of η. Overall, our proposed mPAR(1) has performed better than
the PAR(1) process in the simulation study for model comparison.

TABLE 3.1: Average estimated values of parameters along with the
MSEs for right-truncation beyond 6

(ϕ, Λ, η) (0.4,3,0.5) (0.4,3,0.6) (0.4,3,0.7)
n ϕ̂ Λ̂ η̂ ϕ̂ Λ̂ η̂ ϕ̂ Λ̂ η̂

(MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE)
100 0.4041 2.9849 0.5471 0.3935 3.0009 0.6574 0.4084 2.9862 0.7414

(0.0257) (0.1440) (0.0428) (0.0231) (0.1275) (0.0430) (0.0203) (0.1340) (0.0352)
200 0.3928 2.9865 0.5360 0.3987 3.0017 0.6321 0.3972 3.0105 0.7335

(0.0150) (0.0660) (0.0232) (0.0131) (0.0586) (0.0234) (0.0109) (0.0561) (0.0234)
500 0.3959 3.0036 0.5160 0.3989 3.0022 0.6171 0.3962 2.9988 0.7209

(0.0065) (0.0240) (0.0078) (0.0061) (0.0231) (0.0106) (0.0056) (0.0226) (0.0124)
1000 0.4010 2.9993 0.5048 0.4000 3.0020 0.6057 0.3981 2.9972 0.7105

(0.0034) (0.0118) (0.0033) (0.0030) (0.0107) (0.0043) (0.0029) (0.0105) (0.0059)
5000 0.4004 3.0000 0.5001 0.3980 2.9989 0.6027 0.4001 2.9977 0.6999

(0.0006) (0.0025) (0.0006) (0.0006) (0.0021) (0.0008) (0.0006) (0.0020) (0.0010)
(ϕ, Λ, η) (0.6,3,0.5) (0.6,3,0.6) (0.6,3,0.7)

n ϕ̂ Λ̂ η̂ ϕ̂ Λ̂ η̂ ϕ̂ Λ̂ η̂

(MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE)
100 0.5778 3.0782 0.5484 0.5698 2.9970 0.6502 0.5882 2.9976 0.7387

(0.0301) (0.6048) (0.0266) (0.0252) (0.4295) (0.0267) (0.0209) (0.3656) (0.0224)
200 0.5835 3.0112 0.5241 0.5905 2.9782 0.6231 0.5887 3.0119 0.7301

(0.0153) (0.1461) (0.0103) (0.0142) (0.1385) (0.0121) (0.0128) (0.1162) (0.0138)
500 0.6007 3.0045 0.5043 0.5999 2.9976 0.6063 0.5977 2.9948 0.7090

(0.0063) (0.0520) (0.0030) (0.0057) (0.0448) (0.0039) (0.0051) (0.0420) (0.0052)
1000 0.5980 2.9978 0.5025 0.5991 3.0041 0.6046 0.6000 2.9958 0.7040

(0.0031) (0.0263) (0.0015) (0.0030) (0.0244) (0.0019) (0.0025) (0.0203) (0.0022)
5000 0.6003 2.9979 0.5005 0.5989 3.0020 0.6015 0.5997 2.9993 0.7003

(0.0007) (0.0049) (0.0003) (0.0006) (0.0046) (0.0004) (0.0005) (0.0040) (0.0004)
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TABLE 3.2: Average estimated values of parameters along with the
MSEs for right-truncation beyond 7

(ϕ, Λ, η) (0.4,3,0.5) (0.4,3,0.6) (0.4,3,0.7)
n ϕ̂ Λ̂ η̂ ϕ̂ Λ̂ η̂ ϕ̂ Λ̂ η̂

(MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE)
100 0.3812 2.9926 0.5544 0.3925 2.9692 0.6456 0.3934 2.9977 0.7391

(0.0194) (0.1208) (0.0386) (0.0174) (0.1150) (0.0335) (0.0157) (0.0992) (0.0308)
200 0.3958 2.9956 0.5251 0.3933 2.9940 0.6319 0.3989 2.9987 0.7192

(0.0107) (0.0532) (0.0179) (0.0099) (0.0497) (0.0187) (0.0091) (0.0487) (0.0182)
500 0.3971 3.0099 0.5057 0.3961 2.9989 0.6135 0.3984 3.0020 0.7115

(0.0041) (0.0222) (0.0052) (0.0045) (0.0206) (0.0076) (0.0035) (0.0187) (0.0073)
1000 0.3976 3.0031 0.5041 0.3972 3.0033 0.6071 0.3984 3.0010 0.7072

(0.0023) (0.0112) (0.0025) (0.0021) (0.0111) (0.0032) (0.0017) (0.0101) (0.0035)
5000 0.4001 2.9985 0.5004 0.4001 2.9998 0.6003 0.4002 3.0005 0.6991

(0.0005) (0.0022) (0.0005) (0.0004) (0.0021) (0.0005) (0.0004) (0.0019) (0.0007)
(ϕ, Λ, η) (0.6,3,0.5) (0.6,3,0.6) (0.6,3,0.7)

n ϕ̂ Λ̂ η̂ ϕ̂ Λ̂ η̂ ϕ̂ Λ̂ η̂

(MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE) (MSE)
100 0.5799 2.9890 0.5387 0.5797 3.0066 0.6338 0.5864 2.9754 0.7266

(0.0221) (0.3008) (0.0198) (0.0179) (0.2764) (0.0190) (0.0153) (0.2382) (0.0166)
200 0.5856 2.9955 0.5163 0.5903 3.0046 0.6167 0.5914 2.9879 0.7195

(0.0104) (0.1220) (0.0068) (0.0105) (0.1108) (0.0090) (0.0087) (0.0964) (0.0095)
500 0.5974 3.0055 0.5063 0.5958 3.0011 0.6068 0.5962 2.9994 0.7070

(0.0042) (0.0516) (0.0023) (0.0038) (0.0466) (0.0030) (0.0036) (0.0392) (0.0034)
1000 0.5968 3.0004 0.5029 0.5975 3.0076 0.6034 0.5973 2.9988 0.7045

(0.0023) (0.0243) (0.0012) (0.0020) (0.0210) (0.0014) (0.0017) (0.0197) (0.0017)
5000 0.6001 3.0006 0.5007 0.5994 3.0003 0.6012 0.5990 3.0004 0.7006

(0.0004) (0.0049) (0.0002) (0.0004) (0.0045) (0.0003) (0.0003) (0.0040) (0.0003)
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TABLE 3.3: Comparative study between the mPAR(1) and the
PAR(1) methods with respect to AIC where the data generating pro-
cess is the proposed mPAR(1) process for right-truncation beyond

6

(ϕ, Λ, η) (0.4,3,0.5) (0.4,3,0.6) (0.4,3,0.7)
n mPAR(1) PAR(1) mPAR(1) PAR(1) mPAR(1) PAR(1)

200 729.1011 732.3282 711.2206 713.1494 689.3871 689.9925
500 1817.0913 1826.7577 1771.6088 1778.0936 1718.3784 1721.7675
1000 3632.5535 3653.6644 3541.6496 3555.7290 3433.0129 3440.9254
5000 18146.3931 18254.8448 17688.6621 17760.9847 17161.0207 17205.6125

(ϕ, Λ, η) (0.6,3,0.5) (0.6,3,0.6) (0.6,3,0.7)
n mPAR(1) PAR(1) mPAR(1) PAR(1) mPAR(1) PAR(1)

200 710.9769 719.5673 677.1540 683.3068 635.4105 638.6975
500 1774.4587 1799.1599 1688.8548 1706.1375 1586.8335 1597.2912
1000 3545.6446 3595.1204 3372.3289 3407.3078 3169.3065 3191.3255
5000 17707.0785 17959.1824 16851.8451 17029.8821 15846.1955 15960.4827

TABLE 3.4: Comparative study between the mPAR(1) and the
PAR(1) methods with respect to AIC where the data generating pro-
cess is the proposed mPAR(1) process for right-truncation beyond

7

(ϕ, Λ, η) (0.4,3,0.5) (0.4,3,0.6) (0.4,3,0.7)
n mPAR(1) PAR(1) mPAR(1) PAR(1) mPAR(1) PAR(1)

200 764.4629 769.9011 742.7114 745.9555 721.0277 722.8466
500 1908.4880 1923.5491 1853.7471 1863.8318 1792.8522 1798.6552
1000 3810.9611 3842.0297 3704.4441 3725.5283 3580.5978 3593.2003
5000 19035.5016 19196.6695 18511.7574 18623.4227 17909.5281 17978.9751

(ϕ, Λ, η) (0.6,3,0.5) (0.6,3,0.6) (0.6,3,0.7)
n mPAR(1) PAR(1) mPAR(1) PAR(1) mPAR(1) PAR(1)

200 748.3859 761.1242 711.0079 720.1849 665.3266 670.7413
500 1865.0132 1899.5166 1770.9864 1795.5491 1660.1418 1675.6964
1000 3729.5635 3799.5460 3539.4389 3589.8105 3314.3373 3346.5559
5000 18627.7919 18984.2905 17676.4865 17933.4943 16568.3237 16735.4297

3.4.2 Forecasting

This simulation experiment is performed to study the h-step ahead forecasting
performances for varying h of the proposed mPAR(1) process compared to the
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PAR(1) process. For comparison, we consider four measures of forecasting cri-
teria, namely (i) the h-step ahead predicted root mean squared error (PRMSE(h))
(based on rounded off mean predictors), (ii) PTP[mean](h), (iii) PTP[mode](h),
and (iv) the h-step ahead PTP within an interval for mode predictor (PTPI[mode](h))
(where δ = 1). The mathematical forms of these measures are also provided in
Appendix 3.7. In order to perform this study, we simulate datasets from the pro-
posed mPAR(1) process for (ϕ, Λ, η) = (0.4, 1.5, 0.5), (0.4, 1.5, 0.6), (0.4, 1.5, 0.7),
(0.5, 1.5, 0.5), (0.5, 1.5, 0.6), (0.5, 1.5, 0.7), (0.6, 1.5, 0.5), (0.6, 1.5, 0.6), and (0.6, 1.5, 0.7),
with right-truncation occurring beyond 6 and 7. That is, we take these sets of pa-
rameters every time for each truncation. Each time, we generate a data of sample
size 500 of which a training set of size 400 is used to fit the models considered for
this study and a test set of size 100 is considered to find the forecasting measures
for h = 1, 2, 3, 4. This procedure is repeated for 1000 times. The mean (by round-
ing off to the next integer) and mode are considered for prediction throughout
this study.

We report the h-step ahead forecasting performances for two models for h =

1, 2, 3, 4 in Tables 3.5 and 3.6. From the tables, it is observed that our proposed
process mostly performs better than the PAR(1) process. In terms of PTP[mode](h)
and PTPI[mode](h) measures, our proposed method largely outperforms the PAR
process. However, If we look at that the performances of the PAR(1) process com-
pared to the mPAR(1) process with respect to four measures, we can say that the
performance of PAR(1) process more or less improves gradually with increased
values of η, as seen in the simulation study regarding model comparison with
respect to AIC. Overall, we can state that our proposed mPAR(1) method gener-
ally performs better compared to the PAR(1) method in the simulation study for
forecasting.
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TABLE 3.5: Different forecasting measures for varying h where the
data generating process is the proposed mPAR(1) process for differ-

ent sets of (ϕ, Λ, η) with right-truncation beyond 6

mPAR(1) PAR(1)
h 1 2 3 4 1 2 3 4

Measures (ϕ, Λ, η)=(0.4,1.5,0.5)
PRMSE(h) 1.6204 1.6183 1.6184 1.6182 1.6197 1.6183 1.6184 1.6182

PTP[mean](h) 22.02 22.21 22.23 22.23 22.00 22.21 22.23 22.23
PTP[mode](h) 32.92 27.87 27.94 27.93 32.72 26.41 26.18 26.12
PTPI[mode](h) 63.17 70.06 70.22 70.22 63.10 67.76 68.16 68.18

(ϕ, Λ, η)=(0.4,1.5,0.6)
PRMSE(h) 1.5687 1.5787 1.5782 1.5780 1.5694 1.5787 1.5782 1.5780

PTP[mean](h) 23.01 22.69 22.71 22.71 22.90 22.69 22.71 22.71
PTP[mode](h) 37.24 28.85 28.95 28.97 37.17 28.41 28.15 28.23
PTPI[mode](h) 64.48 71.42 71.94 71.95 64.73 70.04 70.94 71.10

(ϕ, Λ, η)=(0.4,1.5,0.7)
PRMSE(h) 1.4796 1.5190 1.5177 1.5171 1.4797 1.5189 1.5175 1.5171

PTP[mean](h) 25.03 23.16 23.16 23.19 24.81 23.16 23.15 23.19
PTP[mode](h) 41.75 30.07 30.08 30.09 41.75 30.11 29.88 29.99
PTPI[mode](h) 67.58 72.12 74.08 74.12 67.64 72.27 73.59 73.99

(ϕ, Λ, η)=(0.5,1.5,0.5)
PRMSE(h) 1.6922 1.7065 1.7068 1.7069 1.6922 1.7066 1.7068 1.7069

PTP[mean](h) 20.36 21.08 21.09 21.11 20.30 21.08 21.09 21.11
PTP[mode](h) 35.06 26.29 26.49 26.48 34.87 23.94 22.50 22.18
PTPI[mode](h) 59.84 65.97 66.96 66.97 60.20 62.81 62.21 61.89

(ϕ, Λ, η)=(0.5,1.5,0.6)
PRMSE(h) 1.6282 1.6575 1.6567 1.6572 1.6282 1.6577 1.6567 1.6572

PTP[mean](h) 21.24 21.47 21.47 21.45 21.20 21.47 21.47 21.45
PTP[mode](h) 40.56 27.67 27.50 27.52 40.54 26.16 24.97 24.33
PTPI[mode](h) 63.80 65.41 68.58 68.59 63.82 64.72 65.31 65.05

(ϕ, Λ, η)=(0.5,1.5,0.7)
PRMSE(h) 1.5380 1.5970 1.5956 1.5960 1.5374 1.5969 1.5956 1.5960

PTP[mean](h) 23.35 22.31 22.31 22.31 23.05 22.27 22.31 22.31
PTP[mode](h) 45.70 30.11 28.43 28.53 45.70 29.10 27.30 27.02
PTPI[mode](h) 68.08 65.54 70.57 70.79 68.08 66.74 68.75 69.27

(ϕ, Λ, η)=(0.6,1.5,0.5)
PRMSE(h) 1.7524 1.7996 1.7977 1.7975 1.7524 1.7995 1.7977 1.7976

PTP[mean](h) 19.31 19.83 20.05 20.06 19.36 19.76 20.04 20.05
PTP[mode](h) 37.90 25.09 24.72 24.78 37.85 22.66 20.31 20.19
PTPI[mode](h) 59.93 60.11 63.19 63.27 59.96 58.20 58.20 58.09

(ϕ, Λ, η)=(0.6,1.5,0.6)
PRMSE(h) 1.6860 1.7508 1.7502 1.7504 1.6866 1.7510 1.7504 1.7504

PTP[mean](h) 20.48 20.38 20.79 20.78 20.59 20.35 20.76 20.78
PTP[mode](h) 44.09 27.72 25.51 25.55 44.09 25.47 22.62 21.44
PTPI[mode](h) 64.69 60.21 64.61 65.22 64.69 59.41 60.94 60.36

(ϕ, Λ, η)=(0.6,1.5,0.7)
PRMSE(h) 1.5860 1.6877 1.6895 1.6889 1.5859 1.6879 1.6895 1.6889

PTP[mean](h) 22.09 21.20 21.66 21.70 22.01 21.10 21.66 21.70
PTP[mode](h) 50.38 31.13 26.91 26.76 50.38 30.47 25.18 24.17
PTPI[mode](h) 69.36 60.91 65.54 67.46 69.36 60.77 63.68 63.83
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TABLE 3.6: Different forecasting measures for varying h where the
data generating process is the proposed mPAR(1) process for differ-

ent sets of (ϕ, Λ, η) with right-truncation beyond 7

mPAR(1) PAR(1)
h 1 2 3 4 1 2 3 4

Measures (ϕ, Λ, η)=(0.4,1.5,0.5)
PRMSE(h) 1.8118 1.8226 1.8227 1.8222 1.8120 1.8227 1.8227 1.8222

PTP[mean](h) 20.72 21.47 21.48 21.48 20.65 21.47 21.48 21.48
PTP[mode](h) 32.98 27.57 27.59 27.60 32.44 24.43 22.90 22.81
PTPI[mode](h) 62.02 68.98 69.07 69.07 61.05 64.24 63.24 63.11

(ϕ, Λ, η)=(0.4,1.5,0.6)
PRMSE(h) 1.7318 1.7445 1.7442 1.7435 1.7322 1.7445 1.7442 1.7435

PTP[mean](h) 21.63 22.25 22.24 22.24 21.56 22.25 22.24 22.24
PTP[mode](h) 36.85 28.62 28.67 28.68 36.85 27.15 26.21 26.04
PTPI[mode](h) 63.12 70.51 71.05 71.07 62.99 67.57 67.69 67.57

(ϕ, Λ, η)=(0.4,1.5,0.7)
PRMSE(h) 1.6296 1.6640 1.6635 1.6634 1.6299 1.6640 1.6635 1.6634

PTP[mean](h) 23.46 22.96 22.97 22.97 23.34 22.96 22.97 22.97
PTP[mode](h) 41.16 29.53 29.43 29.43 41.15 29.15 28.19 28.29
PTPI[mode](h) 66.18 70.85 72.75 72.74 66.18 70.23 71.12 71.44

(ϕ, Λ, η)=(0.5,1.5,0.5)
PRMSE(h) 1.9117 1.9539 1.9509 1.9505 1.9125 1.9548 1.9514 1.9511

PTP[mean](h) 19.28 19.96 20.18 20.20 19.34 19.81 20.11 20.16
PTP[mode](h) 34.94 25.89 26.07 26.09 34.75 22.42 20.38 20.31
PTPI[mode](h) 57.93 63.93 64.99 65.02 58.12 59.72 59.08 59.00

(ϕ, Λ, η)=(0.5,1.5,0.6)
PRMSE(h) 1.8314 1.8806 1.8805 1.8798 1.8312 1.8818 1.8805 1.8798

PTP[mean](h) 20.17 20.72 20.95 20.96 20.30 20.65 20.94 20.95
PTP[mode](h) 40.52 27.60 27.03 27.05 40.52 24.89 22.47 21.68
PTPI[mode](h) 62.52 64.17 67.33 67.37 62.53 61.17 61.82 61.26

(ϕ, Λ, η)=(0.5,1.5,0.7)
PRMSE(h) 1.7144 1.7875 1.7871 1.7876 1.7150 1.7883 1.7870 1.7876

PTP[mean](h) 21.58 21.42 21.77 21.77 21.54 21.35 21.77 21.77
PTP[mode](h) 45.57 29.91 27.96 28.02 45.57 28.15 25.85 24.70
PTPI[mode](h) 66.83 64.63 69.71 69.91 66.83 63.25 65.83 65.58

(ϕ, Λ, η)=(0.6,1.5,0.5)
PRMSE(h) 2.0036 2.0892 2.1029 2.1045 2.0043 2.0910 2.1043 2.1062

PTP[mean](h) 19.58 17.27 17.44 17.35 19.68 16.94 16.88 16.86
PTP[mode](h) 37.43 24.34 23.65 23.71 37.44 21.72 19.36 19.38
PTPI[mode](h) 57.65 57.56 60.94 61.04 57.67 54.65 55.27 55.31

(ϕ, Λ, η)=(0.6,1.5,0.6)
PRMSE(h) 1.9157 2.0091 2.0243 2.0259 1.9149 2.0096 2.0278 2.0294

PTP[mean](h) 20.88 18.67 19.08 19.20 21.15 18.51 18.81 18.91
PTP[mode](h) 43.65 26.86 24.77 24.85 43.65 24.11 20.57 19.79
PTPI[mode](h) 62.76 58.20 62.51 63.01 62.76 56.31 57.77 57.37

(ϕ, Λ, η)=(0.6,1.5,0.7)
PRMSE(h) 1.7814 1.8989 1.9163 1.9154 1.7813 1.8997 1.9183 1.9161

PTP[mean](h) 22.13 19.87 20.48 20.65 22.53 19.80 20.36 20.60
PTP[mode](h) 49.94 30.67 26.35 26.35 49.94 29.64 23.68 21.78
PTPI[mode](h) 67.85 59.50 63.81 65.87 67.85 58.73 60.65 60.89
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3.5 Data Analysis

For the practical illustration of our proposed method, we consider the real dataset
of monthly number of U.S. cases of poliomyelitis for 1970 to 1983, which is used
in Zeger, 1988. This data consists of 168 observations (see Zeger, 1988). This
dataset contains four extreme observations in the context of our study. We replace
those four extreme values: 7 (May, 1979), 8 (June, 1979), 9 (July, 1970) and 14
(November, 1972), which are more than 6, with the next highest value of this
dataset, i.e., with 6, to carry out this data analysis. Therefore, the value of k,
determined by max(Y1, . . . , Y168), is 6. The reason behind taking the value of k as
6 is that this dataset is a zero-inflated data, and our kernel is not appropriate for
count time series with higher values, especially for a zero-inflated data. Figure 3.1
displays the data plot along with its autocorrelation function (ACF) and Partial
ACF (PACF) plots. From the plots, we can say that the AR(1) process is a good fit
for this dataset.

After fitting our proposed mPAR(1) process (estimated model parameters:
(ϕ̂, Λ̂, η̂) = (0.2065, 0.8246, 0.2539) and the PAR(1) process (estimated model pa-
rameters: (ϕ̂, Λ̂) = (0.0444, 1.2093)), we find out that our proposed mPAR(1)
method produces the AIC value of 509.9682, whereas the AIC value for the PAR(1)
is obtained as 538.5404. So this implies our proposed mPAR(1) process performs
better than the PAR(1) process.

To examine the predictive performances of these two processes, we divide this
dataset into two parts − a training set of 156 observations to fit the models and
a test set of 12 observations to find all three forecasting measures. It is observed
from the obtained values of the forecasting measures, no difference between two
models for the PTP[mean] measures (based on rounded off mean predictors) can
be found, but the PTP[mode] values of our proposed method are mostly higher
than those of the PAR process. For h = 1, 2, 3, we have PTP[mode] values for
the proposed mPAR(1) process and the PAR(1) process as (41.67, 36.36, 40.00)
and (33.33, 36.36, 30.00), respectively. And for the PRMSE measure (based on
expected mean values), the PAR(1) process has lower value than the mPAR(1)
process for h = 1, but for h = 2, 3, the mPAR(1) process performs better than the
PAR(1) process. These are displayed in Table 3.7. Therefore, we can say that our
proposed mPAR(1) process provides better performances than the PAR(1) process
for forecasting. Overall, our proposed mPAR(1) method gives better performance
compared to the PAR(1) process in this data analysis.
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FIGURE 3.1: Monthly number of U.S. cases of poliomyelitis for 1970
to 1983

TABLE 3.7: Forecasting results for the data

Measures PRMSE(h) PTP[mean](h) PTP[mode](h)
h mPAR(1) PAR(1) mPAR(1) PAR(1) mPAR(1) PAR(1)
1 1.6714 1.6636 33.33 33.33 41.67 33.33
2 1.7257 1.7278 36.36 36.36 36.36 36.36
3 1.8084 1.8107 30.00 30.00 40.00 30.00

3.6 Conclusions

In this chapter, we have proposed a modified PAR(1) (mPAR(1)) process for mod-
elling truncated count data. The modification has been employed to tackle the
drawback, which exists for the PAR process regarding the use of indicator kernel.
In the context of count time series data, the indicator kernel only gives signifi-
cance to i = j cases but no weight to i ̸= j cases. In our proposed mPAR process,
we have considered a modified kernel which gives some weights to i ̸= j cases
too. We have discussed the mathematical properties like the distributional fea-
tures and the h-step ahead forecasting distribution of the proposed mPAR process
in this chapter.
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Extensive simulation studies have been performed to show the empirical con-
sistency of the estimated model parameters through the MLE method. Model
comparison between our proposed mPAR(1) process and the PAR(1) process has
also been examined through some simulation experiments. Some detailed simu-
lation studies have been executed to make a comparison of the predictive perfor-
mances of two methods with respect to some forecasting measures. Our proposed
mPAR(1) process has mostly performed better than the PAR(1) process in those
studies. In the data example of the monthly number of U.S. cases of poliomyeli-
tis for 1970 to 1983, it has also been found that the proposed mPAR process has
given better performance than the PAR process. Overall, we anticipate that the
proposed mPAR process will serve as a fruitful method in addressing count time
series data in the future.

3.7 Appendix

Appendix A. Proofs regarding the marginal distribution of Yt of

the mPAR(p) process

P(Yt = i) = ∑
i1

. . . ∑
ip

PYt,Yt−1,...,Yt−p

(
Yt = i, Yt−1 = i1, . . . , Yt−p = ip

)
= ∑

i1

. . . ∑
ip

PYt−1,...,Yt−p

(
i1, . . . , ip

)
P
(
Yt = i | i1, . . . , ip

)
.

Let us define

pi = P(Yt = i)

= ∑
i1

. . . ∑
ip

[
ϕ1W (Yt−1 = i1 | i) + . . . + ϕpW

(
Yt−p = ip | i

)]
PYt−1,...,Yt−p

(
i1, . . . , ip

)
+

(
1 −

p

∑
i=1

ϕi

)
πi.
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Now,

∑
i1

. . . ∑
ip

W (Yt−1 = i1 | i) PYt−1,...,Yt−p

(
i1, . . . , ip

)
= ∑

i1

W (Yt−1 = i1 | i) PYt−1 (i1)

= ηP (Yt−1 = i) +
1 − η

k

(
∑
i1

P (Yt−1 = i1)− P (Yt−1 = i)

)

= ηpi +
1 − η

k
(S − pi) , where S = ∑

i
P
(
Yj = i

)
= S

1 − η

k
+

(
η − 1 − η

k

)
pi.

We have

pi = P(Yt = i)

= S
1 − η

k

p

∑
i=1

ϕi +

((
η − 1 − η

k

) p

∑
i=1

ϕi

)
pi +

(
1 −

p

∑
i=1

ϕi

)
πi.

Therefore,

pi =
S

1 − η

k ∑
p
i=1 ϕi

1 −
(

η − 1 − η

k

)
∑

p
i=1 ϕi

+
1 − ∑

p
i=1 ϕi

1 −
(

η − 1 − η

k

)
∑

p
i=1 ϕi

πi.
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So, we can write

S = ∑
i

P (Yt = i)

⇒ S =
∑k

i=0

(
S

1 − η

k ∑
p
j=1 ϕj

)
+
(

1 − ∑
p
j=1 ϕj

)
∑k

i=0 πi

1 −
(

η − 1 − η

k

)
∑

p
j=1 ϕj

⇒ S − S

[(
η − 1 − η

k

) p

∑
j=1

ϕj

]

= S
k + 1

k
(1 − η)

p

∑
j=1

ϕj +

(
1 −

p

∑
j=1

ϕj

)

⇒ S

[
1 −

(
(k + 1)η − 1 + k + 1 − (k + 1)η

k

)
1 −

p

∑
j=1

ϕj

]

= 1 −
p

∑
j=1

ϕj

⇒ S

[
1 −

p

∑
j=1

ϕj

]
= 1 −

p

∑
j=1

ϕj

⇒ S = 1, since
p

∑
j=1

ϕj ∈ (0, 1).

Now, we are to show that P(Yt = i) > 0. We know that pi = P(Yt = i) =

πi +

(
1 − η

k
− πi

)
∑

p
i=1 ϕi

1 −
(

η − 1 − η

k

)
∑

p
i=1 ϕi

, where ∑
p
i=1 ϕi ∈ (0, 1).

Since ∑
p
i=1 ϕi ∈ (0, 1), we can say that πi +

(
1 − η

k
− πi

)
∑

p
i=1 ϕi takes value be-

tween πi and
1 − η

k
, and both are greater than 0. Again, 1 −

(
η − 1 − η

k

)
∑

p
i=1 ϕi

takes value between 1 and (1 − η) +
1 − η

k
=

k + 1
k

(1 − η), and both are greater
than 0 too. So, P(Yt = i) > 0.

So, we have P(Yt = i) =

1 − η

k ∑
p
i=1 ϕi

1 −
(

η − 1 − η

k

)
∑

p
i=1 ϕi

+
1 − ∑

p
i=1 ϕi

1 −
(

η − 1 − η

k

)
∑

p
i=1 ϕi

πi,

and P(Yt = i) > 0, and ∑k
i=0 P(Yt = i) = 1.
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Appendix B. Proof of the conditional expectation

The conditional expectation of the process is given by

E
(
Yt | Yt−1, . . . , Yt−p

)
=

k

∑
i=0

P
(
Yt = i | Yt−1, . . . , Yt−p

)
=

k

∑
i=0

i

[
ϕ1W (Yt−1 | i) + . . . + ϕpW

(
Yt−p | i

)
+

(
1 −

p

∑
i=1

ϕi

)
πi

]

Given Yt−j (where j = 1, . . . , p), we can write

k

∑
i=0

iW
(
Yt−j | i

)
= ηYt−j +

k

∑
i=o

( ̸=Yt−j)

i
1 − η

k

= ηYt−j +
1 − η

k

[
k

∑
i=0

i − Yt−j

]

= ηYt−j +
1 − η

k
k(k + 1)

2
− 1 − η

k
Yt−j

= ηYt−j +
(1 − η)(k + 1)

2
− 1 − η

k
Yt−j

So, we can write

E(Yt | Yt−1, . . . , Yt−p) =

(
η − 1 − η

k

) (
ϕ1Yt−1 + . . . + ϕpYt−p

)
+

(k + 1)(1 − η)

2

p

∑
i=1

ϕi +(
1 −

p

∑
i=1

ϕi

)
E(εt).

For η = 1, P (Yt = i) is equal to πi, i.e., the marginal distribution of Yt is D (π0, π1, . . . , πk),
and equation (3.7.1) becomes E(Yt | Yt−1, . . . , Yt−p) =

(
ϕ1Yt−1 + . . . + ϕpYt−p

)
+(

1 −
p

∑
i=1

ϕi

)
E(εt). These two results are true for the indicator kernel which is the

case for η = 1 in our study.
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Appendix C. Mean and variance of right-truncated Poisson distri-

bution beyond k

Here, the mean (µ) can be derived in the following way:

µ = E(εt)

= E(X | X ≤ k)

=
1

F(k)

k

∑
x=0

x
e−ΛΛx

x!
, where F(k) = ∑k

x=0 f (x)

=
Λ

F(k)

k−1

∑
z=0

e−ΛΛz

z!
, where z = x − 1

= Λ
F(k − 1)

F(k)
.

Now, we can write

E(X(X − 1) | X ≤ k) =
1

F(k)

k

∑
x=0

x(x − 1)
e−ΛΛx

x!

=
Λ2

F(k)

k−2

∑
z=0

e−ΛΛz

z!
, where z = x − 2

= Λ2 F(k − 2)
F(k)

.

So, the variance (σ2) can be expressed as

V(X | X ≤ k)

= E(X(X − 1) | X ≤ k) + E(X | X ≤ k)− E(X | X ≤ k)2

= Λ2 F(k − 2)
F(k)

+ Λ
F(k − 1)

F(k)
− Λ2

(
F(k − 2)

F(k)

)2

.

Appendix D. Conditional expectation and variance of the mPAR(1)

process

Here, we can find the form of E (Yt | Yt−1) (mentioned in equation (3.2.4)) from

the result that shows ∑k
i=0 iW (Yt−1 | i) =

(
η − 1 − η

k

)
Yt−1 +

(1 − η)(k + 1)
2

(also
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shown in Section 3.7), and the form of E
(

Yt
2 | Yt−1

)
can be found from the fol-

lowing result

k

∑
i=0

i2W (Yt−1 | i) = ηYt−1
2 +

k

∑
i=o

( ̸=Yt−j)

i2 1 − η

k

= ηYt−1
2 +

(k + 1)(2k + 1)(1 − η)

6
− 1 − η

k
Yt−1

2

=

(
η − 1 − η

k

)
Yt−1

2 +
(k + 1)(2k + 1)(1 − η)

6
.

Appendix E. h-step ahead forecasting distribution, i.e. the distri-

bution of Yn+h given Yn

Here, let us write the h-step ahead forecasting distribution as

ph (i | i1) = P (Yt+h = i | Yt = i1) .

Now, for h = 1 (1-step ahead), we have

p1 (i | i1) = P (Yt+1 = i | Yt = i1) = ϕW (i1 | i) + (1 − ϕ)πi.

For h = 2 (2-step ahead), we can write

p2 (i | i1) = P (Yt+2 = i | Yt = i1)

=
k

∑
j=0

P (Yt+2 = i | Yt+1 = j) P (Yt+1 = j | Yt = i1)

=
k

∑
j=0

[ϕW(j | i) + (1 − ϕ)πi] [ϕW(i1 | j) + (1 − ϕ)πi]

=
k

∑
j=0

[
ϕ2W(j | i)W(i1 | j) + ϕ(1 − ϕ)πiW(i1 | j)

]
+

k

∑
j=0

[
ϕ(1 − ϕ)πjW(j | i) + (1 − ϕ)2πiπj

]
= ϕ2

(
η − 1 − η

k

)
W(i1 | i) + ϕ2 1 − η

k
+ (ϕ − ϕ2)πi + ϕ

(
η − 1 − η

k

)
πi +

ϕ
1 − η

k
− ϕ2

(
η − 1 − η

k

)
πi − ϕ2 1 − η

k
+ (1 − 2ϕ + ϕ2)πi (3.7.1)

= ϕ2
(

η − 1 − η

k

)
W(i1 | i) +

(
1 +

(
η − 1 − η

k

)
ϕ

)
(1 − ϕ)πi +

1 − η

k
ϕ.
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[
Equation (3.7.1) can be written from the following results

k

∑
j=0

W(j | i)W(i1 | j) = ηW(i1 | i) +
1 − η

k

k

∑
j=o
( ̸=i)

W(i1 | j)

= ηW(i1 | i) +
1 − η

k

{
k

∑
j=0

W(i1 | j)− W(i1 | i)

}

=

(
η − 1 − η

k

)
W(i1 | i) +

1 − η

k
,

k

∑
j=0

πiW(i1 | j) = πi,

,

k

∑
j=0

πjW(i1 | j) = ηπi +
k

∑
j=o
( ̸=i)

1 − η

k
πj

=

(
η − 1 − η

k

)
πi +

1 − η

k
,

and
k

∑
j=0

πiπj = πi.
]

Let

pn (i | i1) = ϕn
(

η − 1 − η

k

)n−1

W(i1 | i) +(
1 +

(
η − 1 − η

k

)
ϕ + . . . +

(
η − 1 − η

k

)n−1

ϕn−1

)

×(1 − ϕ)πi +

(
1 +

(
η − 1 − η

k

)
ϕ + . . . +

(
η − 1 − η

k

)n−2

ϕn−2

)
1 − η

k
ϕ.

Let us write ψ =

(
η − 1 − η

k

)
ϕ, and then we have pn (i | i1) = ϕψn−1W(i1 |

i) +
1 − ψn

1 − ψ
(1 − ϕ)πi +

1 − ψn−1

1 − ψ

1 − η

k
ϕ.
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Now we have to prove for (n + 1)th step ahead setup, pn+1 (i | i1) = ϕψnW(i1 |

i) +
1 − ψn+1

1 − ψ
(1 − ϕ)πi +

1 − ψn

1 − ψ

1 − η

k
ϕ. We can write pn+1 (i | i1) as

pn+1 (i | i1) = P (Yt+n+1 = i | Yt = i1)

=
k

∑
j=0

P (Yt+n+1 = i | Yt+1 = j) P (Yt+1 = j | Yt = i1)

=
k

∑
j=0

[
ϕψn−1W(j | i) +

1 − ψn

1 − ψ
(1 − ϕ)πi +

1 − ψn−1

1 − ψ

1 − η

k
ϕ

]
×
[
ϕW(i1 | j) + (1 − ϕ)πj

]
=

k

∑
j=0

[
ϕ2ψn−1W(j | i)W(i1 | i) + ϕ(1 − ϕ)

1 − ψn

1 − ψ
πiW(i1 | j)

]
+

k

∑
j=0

[
1 − ψn−1

1 − ψ
ϕ2 1 − η

k
W(i1 | j)

]

+
k

∑
j=0

[
(ϕ − ϕ2)ψn−1πjW(j | i) +

1 − ψn

1 − ψ
(1 − 2ϕ + ϕ2)πiπj +

1 − ψn−1

1 − ψ
ϕ(1 − ϕ)

1 − η

k
πj

]

= ϕψnW(i1 | i) +
1 − ψn+1

1 − ψ
(1 − ϕ)πi +

1 − ψn

1 − ψ

1 − η

k
ϕ.

(after some simplifications)

So we have

ph(i | Yt) = P(Yt+h = i | Yt) = ϕψh−1W(Yt | i)+
1 − ψh

1 − ψ
(1−ϕ)πi +

1 − ψh−1

1 − ψ

1 − η

k
ϕ.

Now we try to find the mathematical forms of E(Yt+h | Yt) and V(Yt+h | Yt).
We can write

E(Yt+h | Yt) = ϕψh−1
k

∑
i=0

iW(Yt | i) +
1 − ψh

1 − ψ
(1 − ϕ)µ +

1 − ψh−1

1 − ψ

(1 − η)(k + 1)
2

ϕ

= ϕψh−1
[(

η − 1 − η

k

)
Yt +

(1 − η)(k + 1)
2

]
+

1 − ψh

1 − ψ
(1 − ϕ)µ

+
1 − ψh−1

1 − ψ

(1 − η)(k + 1)
2

ϕ

= ψhYt + ϕψh−1 (1 − η)(k + 1)
2

+
1 − ψh

1 − ψ
(1 − ϕ)µ

+
1 − ψh−1

1 − ψ

(1 − η)(k + 1)
2

ϕ

= ψhYt +
1 − ψh

1 − ψ

[
(1 − ϕ)µ + ϕ

(1 − η)(k + 1)
2

]
.
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Again

E(Yt+h
2 | Yt) = ϕψh−1

k

∑
i=0

i2W(Yt | i) +
1 − ψh

1 − ψ
(1 − ϕ)(µ2 + σ2) +

1 − ψh−1

1 − ψ

(1 − η)(k + 1)(2k + 1)
6

ϕ

= ϕψh−1
[(

η − 1 − η

k

)
Yt

2 +
(1 − η)(k + 1)(2k + 1)

6

]
+

1 − ψh

1 − ψ
(1 − ϕ)(µ2 + σ2) +

1 − ψh−1

1 − ψ

(1 − η)(k + 1)(2k + 1)
6

ϕ

= ψhYt
2 +

1 − ψh

1 − ψ

[
(1 − ϕ)(µ2 + σ2) +

(1 − η)(k + 1)(2k + 1)
6

ϕ

]
.

So we can write V(Yt+h | Yt) = E(Yt+h
2 | Yt) − E2(Yt+h | Yt). Now, to prove

that h-step ahead conditional mean and variance converge to marginal mean and
variance, we need limh→∞ ψh = 0, i.e., the condition ψ ∈ (−1, 1). So to have this
condition ψ ∈ (−1, 1) (or, |ψ| < 1) in place, we need

(i)
(

η − 1 − η

k

)
ϕ < 1 ⇒ η <

1 +
k
ϕ

k + 1
, which is always true since ϕ < 1 ⇒ k

ϕ
>

k ⇒
1 +

k
ϕ

k + 1
> 1, and

(ii)
(

η − 1 − η

k

)
ϕ > −1 ⇒ η >

1 − k
ϕ

k + 1
, which is always true since k > 1 ⇒ k

ϕ
>

1
ϕ
> 1 ⇒ 1 − k

ϕ
< 0, i.e., η > a negative quantity (true always), which is

1 − k
ϕ

k + 1
.

Therefore, ψ ∈ (−1, 1) and we can write

lim
h→∞

E(Yt+h | Yt) =

(1 − η)(k + 1)
2

ϕ + (1 − ϕ)µ

1 −
(

η − 1 − η

k

)
ϕ

= µy,

and

lim
h→∞

V(Yt+h | Yt) =

(1 − η)(k + 1)(2k + 1)
6

ϕ + (1 − ϕ)(µ2 + σ2)

1 −
(

η − 1 − η

k

)
ϕ

− E2(Yt) = σy
2.
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Now for the autocovariance structure, we have

E(Yt+hYt) = EYtE(Yt+h | Yt)

= EYt

[
ψhYt +

1 − ψh

1 − ψ

(
(1 − ϕ)µ + ϕ

(1 − η)(k + 1)
2

)]

= ψh(µy
2 + σy

2) +
1 − ψh

1 − ψ

(
(1 − ϕ)µ + ϕ

(1 − η)(k + 1)
2

)
µy,

which depends only on h.
Now for the autocorrelation structure, we have

ρy(h) = cor(Yt, Yt+h)

=

[
ψh(µy

2 + σy
2) +

1 − ψh

1 − ψ

(
(1 − ϕ)µ + ϕ

(1 − η)(k + 1)
2

)
µy − µy

2

]
σy2

=

ψh(µy
2 + σy

2) +
(
1 − ψh)

 (1 − ϕ)µ + ϕ
(1 − η)(k + 1)

2

1 −
(

η − 1 − η

k

)
ϕ

 µy − µy
2


σy2

=

[
ψh(µy

2 + σy
2) +

(
1 − ψh) (µy

)
µy − µy

2]
σy2 (from the expression of µy)

=

[
ψhµy

2 + ψhσy
2 + µy

2 − ψhµy
2 − µy

2]
σy2

= ψh,

and so

lim
h→∞

ρy(h) = 0.

Appendix F

In Table 3.8, we present some more numerical results for the simulation study
regarding forecasting. We also execute this study for 1000 replications, using
a sample size of 500 observations (the first 400 for the training set and the last
100 for the test set). Here, the truncation is beyond 8. From the results, we can
see that the mPAR(1) process relatively performs better than the PAR(1) process,
especially in terms of the mode predictor.
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TABLE 3.8: Different forecasting measures for varying h where the
data generating process is the proposed mPAR(1) process for differ-

ent sets of (ϕ, Λ, η) with right-truncation beyond 8

mPAR(1) PAR(1)
h 1 2 3 4 1 2 3 4

Measures (ϕ, Λ, η)=(0.4,2.5,0.5)
PRMSE(h) 1.9973 2.0038 2.0041 2.0039 1.9975 2.0038 2.0041 2.0039

PTP[mean](h) 18.61 18.66 18.66 18.65 18.56 18.66 18.66 18.65
PTP[mode](h) 29.83 21.63 21.58 21.57 29.52 21.24 20.82 20.90
PTPI[mode](h) 53.17 57.42 58.44 58.43 53.87 56.56 56.91 56.94

(ϕ, Λ, η)=(0.4,2.5,0.6)
PRMSE(h) 1.9205 1.9488 1.9488 1.9497 1.9210 1.9486 1.9488 1.9497

PTP[mean](h) 19.69 19.32 19.29 19.28 19.61 19.31 19.29 19.28
PTP[mode](h) 34.08 22.97 22.46 22.48 34.02 22.78 21.96 22.07
PTPI[mode](h) 56.13 57.59 59.87 59.90 56.26 58.12 59.05 59.12

(ϕ, Λ, η)=(0.5,2.5,0.5)
PRMSE(h) 2.0821 2.1119 2.1106 2.1099 2.0819 2.1120 2.1105 2.1099

PTP[mean](h) 17.19 17.61 17.61 17.62 17.18 17.61 17.61 17.62
PTP[mode](h) 32.90 21.01 20.40 20.46 32.82 19.49 18.47 18.30
PTPI[mode](h) 53.35 53.04 54.84 54.92 53.38 51.69 52.15 52.00

(ϕ, Λ, η)=(0.5,2.5,0.6)
PRMSE(h) 2.0042 2.0621 2.0616 2.0628 2.0045 2.0614 2.0616 2.0628

PTP[mean](h) 18.19 18.31 18.35 18.34 18.18 18.30 18.35 18.34
PTP[mode](h) 38.23 22.40 20.86 20.87 38.23 21.69 20.12 19.78
PTPI[mode](h) 57.42 53.83 56.39 56.83 57.42 52.91 54.36 54.18

(ϕ, Λ, η)=(0.6,2.5,0.5)
PRMSE(h) 2.1578 2.2230 2.2227 2.2231 2.1588 2.2228 2.2232 2.2232

PTP[mean](h) 16.31 16.29 16.51 16.50 16.36 16.32 16.47 16.48
PTP[mode](h) 36.15 20.45 19.09 19.15 36.15 18.94 17.28 16.69
PTPI[mode](h) 54.12 49.04 51.38 51.65 54.12 47.81 48.59 48.31

(ϕ, Λ, η)=(0.6,2.5,0.6)
PRMSE(h) 2.0665 2.1686 2.1713 2.1709 2.0671 2.1684 2.1717 2.1711

PTP[mean](h) 17.09 16.71 17.02 17.04 17.07 16.73 17.03 17.04
PTP[mode](h) 41.96 23.06 19.66 19.60 41.96 22.33 18.45 17.58
PTPI[mode](h) 58.91 48.92 52.10 53.47 58.91 49.81 50.42 50.26

Appendix G. Some forecasting measures

The mathematical form of PTP(h) measure is given in Section 2.8 of Chapter 2.
The mathematical forms of PRMSE(h) and PTPI(h) are given as follows:

1. The h-step ahead predicted root mean squared error [denoted by PRMSE(h)]
is defined as

PRMSE(h) =

√
∑r+s−h

t=r
(
Yt+h − Ŷt+h

)2

s − h + 1
.
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2. The h-step ahead PTP within an interval [denoted by PTPI(h)] is defined as

PTPI(h) =
∑r+s−h

t=r I
[∣∣Yt+h − Ŷt+h

∣∣ ≤ δ
]

s − h + 1
× 100%.

Here, total sample size is (r + s), out of which training set consists of first r obser-
vations and test set contains remaining s observations. In our study, δ = 1, and
Ŷt’s are the mean or mode predictors.
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Chapter 4

Change-point analysis through INAR
process with application to some
COVID-19 data

4.1 Introduction

In this chapter, we use the INAR process (see McKenzie, 1985; McKenzie, 1986,
Al-Osh and Alzaid, 1987) to model COVID-19 active cases, an example of count
time series data (see first part of Weiß, 2018, i.e., mainly Chapters 2 to 5) with
time-varying properties. At time-point t, there are two components in an INAR
process: (i) non-recovery cases from the previous time-point (survival part) and
(ii) new cases entering the process at time-point t (innovation part). In the existing
INAR processes, the innovation terms usually contain no time-varying covari-
ates, i.e., the new cases entering the process are not time-dependent. However, in
real-world scenarios, we can see that the rapid change in the number of infected
cases renders the innovation terms time-dependent. Aside from the time-varying
nature of the innovation terms, we can as well observe some change-points in
these datasets. In the the COVID-19 pandemic scenarios, we observed mainly
two types of curves for daily new cases reported in different parts of the world:
(i) the curve, at first, began to increase exponentially, but after major steps like
nationwide lockdowns, implementation of social distancing measures, a massive
number of tests, etc. taken by the respective authorities in different countries,
the curve started decreasing, and (ii) the curve that came down started to rise
again. The curves of daily active cases changed in the same way. As a result,
we can clearly identify one change-point (upwards to downwards) for a curve as
in Case (i) and two (upwards to downwards and then downwards to upwards)
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for a curve as in Case (ii). In this chapter, we attempt to develop a new kind of
Poisson INAR (PINAR) process (see Al-Osh and Alzaid, 1987) based on the bino-
mial thinning operator (see Steutel and Van Harn, 1979) for count time series data
such as the COVID-19 data, in which we model the innovation terms using some
time-varying covariates and smoothing change-point function without changing
the survival part.

The PINAR process is widely used to model count time series data due to its
simplicity. However, the PINAR process based on the binomial thinning operator
cannot handle count time series data with both change-points and time-varying
innovation terms. As a result, we introduce a new suitably adjusted PINAR
model that can address both of these features found in the COVID-19 datasets.
To incorporate the change-points in our proposed PINAR model, the innovation
terms are modelled with a smoothing version (see Smooth Maximum, n.d.) of
time-varying covariate that includes the change-points. The idea of capturing
change-points in the innovations through time-varying smoothing covariate is
inspired by Chan and Tong, 1986, Hansen, 2000 and Fong et al., 2017, whose
works are mainly based on continuous data. We use this smoothing version of
time-varying components in our proposed model to capture the changing cur-
vatures in daily active case data. The effectiveness of the proposed model for
both one- and two-change-point studies is later evaluated using some simulation
studies and two COVID-19 datasets. We compare our proposed model to another
PINAR model with time-varying covariates but no change-point to demonstrate
overall performance of the proposed model. The contents of this chapter are par-
tially based on Chattopadhyay et al., 2021.

The remainder of the chapter is arranged as follows. Section 4.2 discusses
two real COVID-19 datasets. Section 4.3 describes our proposed model and its
different components. We provide the distributional properties of our proposed
model along with the h-step ahead forecasting distribution in Sections 4.4 and
4.5, respectively. In Section 4.3.4, we discuss the estimation method for our pro-
posed model. Section 4.7 includes extensive simulation studies concerning our
proposed model. In Section 4.8, we examine the COVID-19 datasets with respect
to our proposed methodology. Section 4.9 summarizes the findings from this
study. Appendix (Section 4.10) contains all the proofs for the theoretical results.

4.2 Motivating data examples: COVID-19 data

The world just experienced the most severe global health crisis in recent memory,
the COVID-19 pandemic. The outbreak was first detected in Wuhan, China, in



4.2. Motivating data examples: COVID-19 data 73

early December 2019. On January 30, the World Health Organisation declared
the outbreak a Public Health Emergency of International Concern, and on March
11, it was classified as a pandemic.

To limit the spread of this virus in its early stages, authorities around the
world implemented stringent measures such as nationwide lockdowns, rapid
testing, strict social distancing, the use of masks and sanitizers in public places,
and so on. As a result, in some parts of the world, the situation with COVID-19
improved in early stages, and the lockdowns were lifted. During that time, some
Gulf evacuations took place in various countries. As a result of the highly infec-
tious nature of this virus, Community Transmission began in those parts of the
world, and the number of infected cases again began to rise. In Sections 4.2.1 and
4.2.2, we discuss two such real COVID-19 datasets.

4.2.1 COVID-19 data of Italy

This dataset is an example of Case (i), as described in Section 4.1. We only see
one change-point in the data of daily new cases (and hence in the data of daily
active cases) in Italy (see Figures 4.1 and 4.2). Therefore, the study is based on
single change-point analysis. The data (see Worldometer, n.d.) was collected from
February 15 to June 6, totaling 113 days. Though the first case in this country was
discovered in January 2020, cases began to increase rapidly at the beginning of
March. Following continuous measurements by the authorities, the curve of cases
began to fall. As of June 6, 2020, there were over 234,000 confirmed cases and
over 33.8 thousand deaths. The active number of cases exceeded 35,000. Here,
we mainly focus on the order 1 process. That is, we fit an AR(1) model to the
given dataset with the assumption that Yt depends only on its recent lag value
Yt−1.
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FIGURE 4.1: Daily new cases in Italy

FIGURE 4.2: Daily active cases in Italy

4.2.2 COVID-19 data of Kerala

This dataset is an example of Case (ii), where we can observe two change-points
in the data of daily new cases and hence in the data of daily active cases. There-
fore, the study is based on the analysis of two change-points. In Kerala, the first
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case was discovered in January 2020, but cases began to pile up around mid-
March. The curve of cases fell due to heavy measurements taken by the Kerala
state government, but the cases began to rise again in mid-May as Gulf evac-
uees began to arrive in the state. The data for Kerala (see GoK Dashboard, n.d.)
was collected from March 9 to June 6, totaling 90 days. As of June 6, 2020, more
than 1800 cases were reported in Kerala, with 15 deaths, and there were more
than 1000 active cases. Figures 4.3 and 4.4 show new daily cases and daily active
cases. Here also, we mainly focus on the order 1 process. That is, we fit an AR(1)
model to the given dataset with the assumption that Yt depends only on its recent
lag value Yt−1.

FIGURE 4.3: Daily new cases in Kerala
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FIGURE 4.4: Daily active cases in Kerala

4.3 The Model

In this section, we discuss a new INAR(1) model to capture the change-points in
the count time series datasets like the COVID-19 datasets of Italy and Kerala.

Here, we employ the INAR(1) process (see McKenzie, 1985 and Al-Osh and
Alzaid, 1987) with the binomial thinning operator (see Steutel and Van Harn,
1979) to develop our proposed model for change-point analysis, which is given
by

Yt = α ◦ Yt−1 + εt, (4.3.1)

where Yt denotes the number of daily active cases at time-point t and εt represents
daily new cases reported at time-point t. We assume that εt with one change-point
follows Poisson(λc1

t ), where λc1
t is assumed to have the following form

λc1
t = exp

(
βc1

0 + βc1
1
(t − tch) exp(δn(t − tch))

1 + exp(δn(t − tch))
+ βc1

2 t
)

, (4.3.2)

where the tuning parameter δn(> 0) helps to capture the changing curvature of
the data. Here, tch denotes the single change-point in the data like the COVID-19
data of Italy. The above model is defined for one change-point. We denote βc1

= (α, βc1
0 , βc1

1 , βc1
2 ) as the regression parameters, where βc1

1 is the regression coeffi-
cient for the time-varying covariate consisting of the change-point. However, we
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can easily extend the model for two change-points. For example, for two change-
points, the functional form of λc2

t is given by

λc2
t = exp

(
βc2

0 + βc2
1
(t − tch1) exp(δn(t − tch1))

1 + exp(δn(t − tch1))
+ βc2

2
(t − tch2) exp(δn(t − tch2))

1 + exp(δn(t − tch2))
+ βc2

3 t
)

,

(4.3.3)
where tch1 and tch2 are two change-points in the data. Here, βc2 = (α, βc2

0 , βc2
1 , βc2

2 , βc2
3 )

are the regression parameters, in which βc2
1 and βc2

2 are the regression coefficients
for the time-varying covariates consisting of the change-points. In the next sec-
tion, we provide a general idea about our proposed model.

Remark 4.1 For data with two change-points, it is possible to use two tuning parame-
ters, such as δ1n and δ2n, instead of just one. However, in our proposed process for two
change-points, we use only δn instead of δ1n and δ2n, primarily because using δn reduces
computational difficulty and simplifies the form of the proposed model.

4.3.1 Idea behind the model

The idea behind the forms of λc1
t and λc2

t , discussed in equations (4.3.2) and
(4.3.3), comes from the threshold regression model setup (see Chan and Tong,
1986; Hansen, 2000; Fong et al., 2017). From the concept of the segmented model
in the threshold regression setup, we can write the form of log(λc1

t ) for one change-
point as log(λc1

t ) = βc1
0 + βc1

1 (t − tch)+ + βc1
2 t, where (t − tch)+ = (t − tch) for t >

tch and (t − tch)+ = 0 for t ≤ tch. In this segmented form of log(λc1
t ), we no-

tice sharp changes (upwards to downwards or downwards to upwards) in the
curve of daily new cases and thus in the curve of daily active cases. However, in
real-life scenarios, such as the COVID-19 data, we do not see sharp changes; in-
stead, we notice changing curvature(s). So, we attempt to capture those changing
curvature(s) in the data of daily active cases by modelling the data of daily new
cases (innovation terms) in the proposed model using some time-varying covari-
ates and smoothing change-point functions. Moreover, the function (t − tch)+ is
not differentiable at tch. So, we replace (t − tch)+ (for δn > 0) by a smooth differ-
entiable maximum function (see Smooth Maximum, n.d.), which is given by

(t − tch)+ ≈ 0 × exp(0 × δn) + (t − tch) exp(δn(t − tch))

exp(0 × δn) + exp(δn(t − tch))
.

Hence, the functional form of λt for one change-point is given by

log(λc1
t ) = βc1

0 + βc1
1
(t − tch) exp(δn(t − tch))

1 + exp(δn(t − tch))
+ βc1

2 t for δn > 0,
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i.e.,

λc1
t = exp

(
βc1

0 + βc1
1
(t − tch) exp(δn(t − tch))

1 + exp(δn(t − tch))
+ βc1

2 t
)

for δn > 0.

In the similar way, we can find the functional form of λc2
t for two change-points,

which is given by

λc2
t = exp

(
βc2

0 + βc2
1
(t − tch1) exp(δn(t − tch1))

1 + exp(δn(t − tch1))
+ βc2

2
(t − tch2) exp(δn(t − tch2))

1 + exp(δn(t − tch2))
+ βc2

3 t
)

for δn > 0.

4.3.2 Conditions on model parameters

The changing behaviours of these datasets depend on some conditions on βc1
i ’s

and βc2
i ’s. We provide the conditions through the form of the segmented model

of threshold regression setup for both sets: (i) βc1
0 , βc1

1 , βc1
2 in equation (4.3.2) and

(ii) βc2
0 , βc2

1 , βc2
2 , βc2

3 in equation (4.3.3). These conditions help our proposed model
to capture the change-point(s). The required conditions for both the studies of
one change-point and two change-points are given below.

(i) In the segmented form of log(λc1
t ) for one change-point analysis, we model

log(λc1
t ) as

log(λc1
t ) =

βc1
0 + βc1

2 t for t ≤ tch

βc1
0 + βc1

1 (t − tch) + βc1
2 t for t > tch

So, the derivatives of log(λc1
t ) areβc1

2 for t ≤ tch

(βc1
1 + βc1

2 ) for t > tch

in this segmented model setup for one change-point. So, for βc1
2 > 0 and (βc1

1 +

βc1
2 ) < 0, log(λc1

t ) increases when t ≤ tch and decreases when t > tch, i.e., λc1
t

increases when t ≤ tch and decreases when t > tch. Hence, the change-point
in the data of daily new cases is tch. So, for the count time series data of one
change-point, the condition:

{
βc1

2 > 0, (βc1
1 + βc1

2 ) < 0
}

must hold.
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(ii) Similarly for the study of two change-points, we model log(λc2
t ) as

log(λc2
t ) =


βc2

0 + βc2
3 t for t ≤ tch1

βc2
0 + βc2

1 (t − tch1) + βc2
3 t for tch1 < t ≤ tch2

βc2
0 + βc2

1 (t − tch1) + βc2
2 (t − tch2) + βc2

3 t for t > tch2

Hence, the derivatives of log(λc2
t ) are

βc2
3 for t ≤ tch1

(βc2
1 + βc2

3 ) for tch1 < t ≤ tch2

(βc2
1 + βc2

2 + βc2
3 ) for t > tch2

in the segmented model for two change-points. So, for βc2
3 > 0, (βc2

1 + βc2
3 ) < 0

and (βc2
1 + βc2

2 + βc2
3 ) > 0, log(λc2

t ) increases when t ≤ tch1, decreases when
tch1 < t ≤ tch2 and again increases when t > tch2, i.e., λc2

t increases when t ≤ tch1,
decreases when tch1 < t ≤ tch2 and again increases when t > tch2. Here, the
two change-points in the data of daily new cases are tch1 and tch2. So, the con-
dition:

{
βc2

3 > 0, (βc2
1 + βc2

3 ) < 0, (βc2
1 + βc2

2 + βc2
3 ) > 0

}
must hold for the count

time series data containing two change-points.

4.3.3 Choices of the tuning parameter δn

The tuning parameter δn in our proposed model captures the changing curva-
ture(s) in the data. Here, δn > 0. To compute the optimal value of the tuning
parameter δn from the data, we consider a grid search method (idea taken from
Chakraborty, Laber, and Zhao, 2013 and James et al., 2013). This method uses a
goodness-of-fit measure to calculate the optimal value of δn. The concept of δn is
derived from Smooth Maximum, n.d. As the value of δn increases, the changing
curvature becomes sharper. Figures 4.5 and 4.6 demonstrate this property. As the
values of δn shift from 0.05 to 1, the changing curvatures become sharper for both
the studies of one and two change-points. We also include the non-smoothing
version (without δn) of the generated data, i.e., segmented data, for comparison
purpose.
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FIGURE 4.5: The changing curvatures for one change-point study
for δn = 0.05, 0.1, 1 along with segmented data (no use of δn)

FIGURE 4.6: The changing curvatures for two change-point study
for δn = 0.05, 0.1, 1 along with segmented data (no use of δn)
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4.3.4 Detection of change-point(s)

To identify the change-point(s), we first calculate the difference between two con-
secutive observations (i.e., ∆t = the value of the observation at time-point t minus
the value of the observation at time-point (t − 1)). Then, we consider the sign of
those differences denoted by St = sign(∆t), where St takes ’+’ if ∆t > 0, and ’−’
otherwise. For a dataset with one change-point, the sequence {St} should yield
two runs: (1) ’+’ and (2) ’−’ (see Wald and Wolfowitz, 1940). The run of ’+’ and
run of ’−’ will be reversed depending on whether the curve of the observations
is increasing or decreasing. If the original time series plot of the observations is
bell-shaped (i.e., initially the observations are increasing and then after a certain
time-point (say, tch) the observations are decreasing), we will have a run of ’+’
first and then a run of ’−’ after the time-point tch. We can identify the change-
point tch by determining when the first run of ’+’ ends. However, in real-life
scenarios, time series data with a single change-point may not be smooth, and
random fluctuations are common. As a result, there may be many small ’+’ and
’−’ runs, making the above detection procedure difficult to determine the change-
point which is close to the true one. As a result, we use a pre-smoothing technique
before implementing the above run-based change-point detection method. That
is, rather than working with actual time series data, we smooth the data using
appropriate statistical approaches.

Here, we employ the popular LOESS method for this smoothing procedure.
LOESS (locally estimated scatterplot smoothing) is a nonparametric method for
smoothing a series of data in which no assumptions are made about the under-
lying structure of the data (see Cleveland, Grosse, and Shyu, 2017). We use the
"loess()" function in R software with the default degree choice and a grid of span,
which controls the degree of smoothing. The grid is taken as the interval [0.10,
0.99] with an increment of 0.01. In our study, we use that value of the span pa-
rameter in the interval, for which we, for the first time, obtain two runs, i.e., a
run of ’+’ and a run of ’−’. That is, we consider the first span parameter value
that gives two runs (’+’ and ’−’) from the smoothed data. Note that, the higher
the value of span parameter compared to the first value for which we obtain two
runs, the less the model attempts to hug the data-points. Therefore, the span
value for which two runs are detected for the first time from the smoothed data
should provide us with a satisfactory result for obtaining the change-point. This
is because the smoothed data obtained by that first span parameter value em-
braces the real data more than any other values of span parameter that provide
two runs (’+’ and ’−’). Hence, we smooth the real data with that span value and
calculate the change-point from the point at which the first run ends (the value of
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the point at which the first run ends + 1) as the desired change-point.
For time series data with two change-points (say, tch1 and tch2), like the Kerala

data, the sequence {St} should produce three runs: (1) run of ’+’, (2) run of ’−’,
and (3) run of ’+’. The run of ’+’ and the run of ’−’ will be switched twice, i.e.,
a run of ’+’ for increasing curvature, a run of ’−’ for decreasing curvature, and
another run of ’+’, when observations begin to rise again (another increasing
curvature). We also use the LOESS method here, taking into account the first
value of span parameter from which we obtain three runs (’+’, ’−’ and again
’+’). Then, using that span value, we obtain two change-points in the same way
that we would for data with one change-point.

Note 4.1 The idea for this study stems primarily from the datasets used in the analysis,
which are the Italy COVID-19 data and the Kerala COVID-19 data. For this type of
dataset, having data of daily new cases as well as daily active cases is both useful and
important. Curvature changes in this type of dataset (e.g., increasing to decreasing or
decreasing to increasing) occur first with daily new cases, and then the changes reflect
with daily active cases. The active cases at the current time-point can be divided into two
parts: (i) survivors from the previous time-point and (ii) new cases reported at the current
time-point. Because one of two components of daily active cases is the survivors from
previous time-point, the change that occurs first with daily new cases is noticed later with
daily active cases. And when a large number of cases are reported in a single location, such
as the Italy COVID-19 data, this phenomenon is clearly visible. As a result, change-point
detection should be performed using data of daily new cases, if available. Therefore, we
use the above-mentioned method to detect change-points through smoothing by LOESS
on the data of daily new cases.

If the data of daily new cases is not available, we have no option but to work with
daily active cases. However, one way may be employed to get a better understanding of
the analysis by factoring in some lag values in the experiment. For example, in the case
of COVID-19 data, if daily data of new cases is not available (which is rare), we should
use some lag values (around one to two weeks because the incubation period for this virus
is around 14 days) of the change-point detected from the daily data of active cases, in our
analysis. This should provide a more accurate picture of the situation than the study that
is only based on the change-point detected from the daily data of active cases. However,
for our study, we have daily data of new cases available for both cases, which we use to
detect change-points.
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Some numerical results

The above-mentioned method is an ad-hoc one. Therefore, we perform some
simulation studies to see whether this method can provide satisfactory results.
For this study, we generate 100 datasets of new cases for both studies through
the equations (4.3.2) and (4.3.3) since the innovation terms (new cases) follow
Poisson distribution with parameters λc1

t and λc2
t for one change-point and two

change-point studies, respectively. Each study is repeated for 100 times.

1. Using the above-mentioned method, we perform this study for one change-
point for following four cases, where n is sample size. n = 100 for our
study. The simulation results are given as the detected change-points with
their frequencies in bracket, i.e., change-point(frequency). The results are
given as follows:

• The setup is: (α, βc1
0 , βc1

1 , βc1
2 ) = (0.8, 3,−0.2, 0.12) with δn = 0.5 with

0.4n as the change-point. From the simulation results, we obtain the
change-points with their frequencies as 40(49), 41(44), 43(7).

• The setup is: (α, βc1
0 , βc1

1 , βc1
2 ) = (0.8, 3,−0.2, 0.12) with δn = 0.5 with

0.5n as the change-point. From the simulation results, we obtain the
change-points with their frequencies as 50(96), 51(4).

• The setup is: (α, βc1
0 , βc1

1 , βc1
2 ) = (0.5, 2,−0.16, 0.08) with δn = 0.1 with

0.4n as the change-point. From the simulation results, we obtain the
change-points with their frequencies as 36(1), 38(7), 39(53), 40(24), 41(14),
43(1).

• The setup is: (α, βc1
0 , βc1

1 , βc1
2 ) = (0.5, 2,−0.16, 0.08) with δn = 0.1 with

0.5n as the change-point. From the simulation results, we obtain the
change-points with their frequencies as 48(5), 49(20), 50(56), 51(13),
52(5), 53(1).

2. Now, we perform this study for two change-points for four cases. The
simulation results are given as the detected change-points with the fre-
quencies in bracket, i.e., first change-point(frequency) and second change-
point(frequency).

• The setup is: (α, βc2
0 , βc2

1 , βc2
2 , βc2

3 ) = (0.8, 2,−0.15, 0.1, 0.1) with δn = 0.5
with 0.3n and 0.6n as the change-points. From the simulation results,
we obtain the change-points with their frequencies as (a) first change-
point: 29(1), 30(29), 31(52), 32(18) and (b) second change-point: 57(3),
58(8), 59(19), 60(42), 61(17), 62(10), 63(1).
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• The setup is: (α, βc2
0 , βc2

1 , βc2
2 , βc2

3 ) = (0.8, 2,−0.15, 0.1, 0.1) with δn = 0.5
with 0.25n and 0.5n as the change-points. From the simulation results,
we obtain the change-points with their frequencies as (a) first change-
point: 24(1), 25(25), 26(57), 27(16), 28(1) and (b) second change-point:
47(4), 48(10), 49(18), 50(38), 51(12), 52(11), 53(5), 54(1), 55(1).

• The setup is: (α, βc2
0 , βc2

1 , βc2
2 , βc2

3 ) = (0.5, 3.5,−0.1, 0.1, 0.05) with δn =

0.3 with 0.3n and 0.6n as the change-points. From the simulation re-
sults, we obtain the change-points with their frequencies as (a) first
change-point: 28(2), 29(32), 30(37), 31(25), 32(4) and (b) second change-
point: 56(2), 57(5), 58(10), 59(21), 60(31), 61(17), 62(10), 63(3), 64(1).

• The setup is: (α, βc2
0 , βc2

1 , βc2
2 , βc2

3 ) = (0.5, 3.5,−0.1, 0.1, 0.05) with δn =

0.3 with 0.25n and 0.5n as the change-points. From the simulation re-
sults, we obtain the change-points with their frequencies as (a) first
change-point: 23(5), 24(22), 25(47), 26(20), 27(6) and (b) second change-
point: 47(3), 48(10), 49(18), 50(34), 51(20), 52(13), 53(1), 54(1).

Overall, looking at the simulation results for both the studies, we can say
that the method provides satisfactory results.

4.4 Distributional properties

In this section, we investigate the conditional and marginal distributions of the
proposed model. This study uses λc1

t and λc2
t for one and two change-point anal-

yses, respectively. For simplicity, we use λc
t to derive theoretical results, where λc

t

can be λc1
t or λc2

t depending on the analysis.

4.4.1 Conditional distribution

Under our proposed setup, the conditional distribution of Yt given Yt−1 and X c
t

(the set of all covariates up to time-point t including smooth time-varying and
simple time-varying covariates up to time-point t) can be derived as

p(j | i) = P(Yt = j | Yt−1 = i,X c
t ) =

min(i,j)

∑
k=0

(
i
k

)
αk(1 − α)i−k exp(−λc

t) (λ
c
t)

j−k

[(j − k)!]−1 I((j−k)=(0,1,....)),

(4.4.1)

where I(·) is the indicator function. Note that, equation (4.4.1) is the probability
of going from state i to state j in a single step. The conditional mean and variance
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can be given as E(Yt | Yt−1,X c
t ) = αYt−1 + λc

t , and V(Yt | Yt−1,X c
t ) = α(1 −

α)Yt−1 + λc
t respectively.

4.4.2 Marginal distribution

The marginal distribution of Yt is difficult to obtain, so we find the partial marginal
distribution of Yt given X c

t for t > 1, henceforth called the marginal distribution.
We calculate the probability generating function (PGF) of Yn given X c

n .
The derivation is valid for t > 1 and hence we assume that given X c

1 , the
marginal distribution of Y1 is Poisson(λc

1). The reason behind this assumption can
be given as follows. We know the elements that enter the system in the interval
(t − 1, t] are the innovation terms at time-point t, which is εt. Now for t = 1, the
interval is (0,1], and there is no previous existing interval in the system. So, in
the interval (0,1], the elements that enter the system can be seen as the first count
process Y1. Hence, we can assume Y1 | X c

1 ∼ Poisson(λc
1).

Result 4.1 Under the assumptions that Y1 | X c
1 ∼ Poisson(λc

1) and εn | X c
n ∼ Poisson(λc

n),
we can show that the PGF of Yn | X c

n is

ΦYn|X c
n
(s) = exp

[
−(αn−1λc

1 + αn−2λc
2 + ... + λc

n)(1 − s)
]
, (4.4.2)

i.e., Yn given X c
n , follows Poisson distribution with mean

(
αn−1λc

1 + αn−2λc
2 + ... + λc

n
)
.

The derivation of this result is presented in Appendix (see Section 4.10).
Additionally, a recursive formula can be employed as an alternative method for
deriving the marginal distribution, which is given by

pt,j = P(Yt = j | X c
t )

=
∞

∑
i=0

p(j | i)P(Yt−1 = i | X c
t )

=
∞

∑
i=0

min(i,j)

∑
k=0

(
i
k

)
αk(1 − α)i−k exp(−λc

t) (λ
c
t)

j−k [(j − k)!]−1P(Yt−1 = i | X c
t )I((j−k)=(0,1,....))

=
∞

∑
i=0

min(i,j)

∑
k=0

(
i
k

)
αk(1 − α)i−k exp(−λc

t) (λ
c
t)

j−k [(j − k)!]−1pt−1,i I((j−k)=(0,1,....)),

(4.4.3)

where I(·) is the indicator function.
Here, the marginal mean and the marginal variance are given by

E(Yn | X c
n) = αn−1λc

1 + αn−2λc
2 + ... + λc

n, (4.4.4)
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and
V(Yn | X c

n) = αn−1λc
1 + αn−2λc

2 + ... + λc
n. (4.4.5)

Result 4.2 Under the above setup, the auto-covariance function (ACVF) of Yt given
X c

t+h using the equation Yt+h = αh ◦ Yt + ∑h
i=1 αh−i ◦ εt+i can be derived as

γy(h) = Cov(Yt, Yt+h | X c
t+h) = αh

(
αt−1λc

1 + αt−2λc
2 + ... + λc

t

)
.

The derivation of this result is presented in Appendix (see Section 4.10).
Hence, for h ̸=0, the ACF can be derived as follows:

ρy(h) =
Cov(Yt, Yt+h | X c

t+h)√
Var(Yt | X c

t+h)Var(Yt+h | X c
t+h)

=
αh (αt−1λc

1 + αt−2λc
2 + ... + λc

t
)√(

αt−1λc
1 + ... + λc

t
) (

αt+h−1λc
1 + ... + λc

t+h

)
= αh

√√√√( αt−1λc
1 + ... + λc

t
αt+h−1λc

1 + ... + λc
t+h

)
.

The above expression decays exponentially to 0 as h goes to ∞ for α ∈ (0, 1) and
the restrictions on βc

i ’s.

4.5 Forecasting properties

4.5.1 h-step ahead forecasting distribution

To find the h-step ahead forecasting distribution, we use the following recursive
method:

Yn+h = α ◦ Yn+h−1 + εn+h

= α ◦ {α ◦ Yn+h−2 + εn+h−1}+ εn+h

. . .

= αh ◦ Yn +
h

∑
i=1

αh−i ◦ εn+i.

Hence, the h-step ahead conditional mean and conditional variance can be given
as

E(Yn+h | Yn,X c
n+h) = αhYn +

h

∑
i=1

αh−iλc
n+i,
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and

V(Yn+h | Yn,X c
n+h) = αh

(
1 − αh

)
Yn +

h

∑
i=1

αh−iλc
n+i.

The h-step ahead forecasting distribution of PINAR(1) process was derived by
Freeland and McCabe, 2004a using the binomial thinning operator (discussed by
Al-Osh and Alzaid, 1987) and it turned out to be a convolution of binomial and
Poisson distributions. Here, we can calculate the conditional PGF of Yn+h given
Yn and X c

n+h and then derive the forecasting distribution using this.

Result 4.3 The conditional PGF of Yn+h given Yn and X c
n+h can be shown as

ΦYn+h|Yn,X c
n+h

(s) =
(

1 − αh + αhs
)Yn

[
exp

(
−

h

∑
i=1

λc
n+i αh−i(1 − s)

)]
.

The derivation of this result is presented in Appendix (see Section 4.10).

Corollary 4.1 From the above result, we can say that the h-step ahead prediction dis-
tribution of Yn+h given Yn and X c

n+h is a convolution of Bin
(
Yn, αh) and some random

variable Zn+h having the PGF of the form
[
exp

(
−∑h

i=1 λc
n+i αh−i(1 − s)

)]
. Therefore,

Zn+h follows Poisson distribution with mean
(

∑h
i=1 λc

n+i αh−i
)

.
Thus, the prediction distribution can be presented as

Yn+h | Yn,X c
n+h

d
= Bin(Yn, αh) ∗ Zn+h,

where ∗ is called the convolution between two distributions.

Corollary 4.2 Result 4.4 Using Corollary 4.1, the h-step ahead forecasting distribution
of Yn+h given Yn and X c

n+h can be derived as

ph(j1 | j2) =
min(j1,j2)

∑
q=0

(
j2
q

)
αqh(1 − αh)j2−q exp(−λc(h))

(λc(h))j1−q

(j1 − q)!
I(0,1,..)(j1 − q),

(4.5.1)
where I(·) is the indicator function, λc(h) =

(
∑h

i=1 αh−iλc
n+i

)
, and ph(k1 | k2) =

P(Yn+h = k1 | Yn = k2,X c
n+h).

The derivation of this result is presented in Appendix (see Section 4.10).

In our study, We consider Ŷt+h, the mean of the estimated h-step ahead fore-
casting distribution of Yt+h given Yt and Xt+h, mentioned in Result 4.4.
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4.6 Parameter Estimation

Conditional least squares estimation

Conditional least squares estimation is generally considered for estimating the
regression parameters of the model in the context of time series models. Freeland
and McCabe, 2004a; Freeland and McCabe, 2005 used this approach for PINAR(1)
process.

In order to perform the conditional least squares estimation method, we need
to minimize the sum of squared deviation about the conditional expectation,
which is given as Q∗(βc) = ∑n

t=2[Yt − E(Yt | Yt−1,X c
t )]

2 instead of Q(βc) =

∑n
t=2[Yt − E(Yt | X c

t )]
2 with respect to the regression parameters of the model,

where E(Yt | Yt−1,X c
t ) = αYt−1 + λc

t and βc is the vector for regression param-
eters. Here, numerical methods are being employed to obtain the CLS estimates
of the regression parameters of the model as there are no closed forms of the CLS
estimators. We use the "constrOptim()" function in R software for this purpose.

In the subsequent section, some extensive simulation studies for both one
change-point and two change-points are examined. From the simulation results,
we establish the consistency of the CLS method.

4.7 Simulation study

4.7.1 The setup

In this section, we conduct extensive simulation studies for (i) the estimation of
model parameters (empirical consistency of the estimated parameters) and (ii) the
forecasting performances of the proposed model. The simulation experiments
are performed for varying sample sizes along with different choices of model
parameters and tuning parameter for both one change-point and two change-
point study.

For the simulation studies for the analysis of one change-point (tch), X c1
n (the

set of all covariates up to time-point n for one change-point study) is equal to
{1, Z1, P1, Z2, P2, . . . , Zn, Pn}, where Zt =

(t−tch) exp(δn(t−tch))
1+exp(δn(t−tch))

, which is the smooth
time-varying component and Pt = t, which is the simple time-varying compo-
nent.

For the simulation studies regarding the analysis of two change-points (tch1

and tch2), X c2
n = {1, Z11, Z21, Q1, . . . , Z1n, Z2n, Qn}, where Z1t =

(t−tch1) exp(δn(t−tch1))
1+exp(δn(t−tch1))

,

Z2t =
(t−tch2) exp(δn(t−tch2))

1+exp(δn(t−tch2))
and Qt = t; here, Z1t’s and Z2t’s are the smooth time-

varying components and Qt’s are the simple time-varying components.
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In the simulation experiments, we use these components for each study to
generate datasets of varying sample sizes by the data generating processes men-
tioned in equation (4.3.2) for one change-point and equation (4.3.3) for two change-
points.

In the simulation experiments for forecasting performances, we compare our
proposed model to the following model

Yt = α ◦ Yt−1 + εt. (4.7.1)

Here, εt follows Poisson(λc0
t ), where λc0

t is assumed to have the form

λc0
t = exp

(
βc0

0 + βc0
1 t
)

.

This model involves no change-point. But the innovation terms depend on time-
varying covariates.

4.7.2 Empirical consistency

We perform a simulation study to examine the consistency of the estimation
method, used in the proposed model. To conduct this simulation study, we sim-
ulate data from the proposed model with (1) one change-point (given in equation
(4.3.2)), and (2) two change-points (given in equation (4.3.3)). For each of the two
data generating cases listed above, three sets of regression parameters are con-
sidered each. These values are mentioned in the following sections. The kind of
data that we have considered in our study, like Italy COVID-19 data or Kerala
COVID-19 data, total data-points of 500 can be considered as large sample size.
Based on this, the simulation studies regarding the sample size of 500 provide
us the properties of large sample size. Therefore, four distinct sample sizes (n) of
100, 200, 300, and 500 are investigated in this experiment. Throughout the simula-
tion study, we consider three different values of δn: 0.1, 0.5, and 1. All simulation
results are based on 1000 Monte Carlo replications.

Case 1: Analysis of one change-point

For one change-point simulation study, we consider the change-point tch as 0.4n,
where n is the sample size of the data. Three sets of regression parameters used
in the data generating process are βc1 = (α, βc1

0 , βc1
1 , βc1

2 ) = (0.4,−0.1,−0.1, 0.05),
(0.5, 0.1,−0.15, 0.04) and (0.8,−0.4,−0.09, 0.04). For each set of regression pa-
rameters and each tuning parameter δn, we simulate the data using model (4.3.1)
with λc1

t given in equation (4.3.2). Here, we employ the CLS estimation method.
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Here, for the data generating method of one change-point, X c1
n , set of all covari-

ates up to time-point n, contains both the smooth time-varying components and
the simple time-varying components up to time-point n as described in Section
4.7.1, where n is the sample size of the simulated dataset. The process is repeated
for 1000 times and we report the mean estimates and MSEs of the regression pa-
rameters in Tables 4.1, 4.2 and 4.3. From Tables 4.1, 4.2 and 4.3, we can see that as
the sample size increases MSE of the estimated regression parameters decreases.
This empirically establishes the consistency of the CLS estimation.

TABLE 4.1: Mean estimates of the regression parameters βc1 with
their respective MSEs for different sample sizes, where the data gen-
erating process is the proposed method with one change-point and

true βc1 = (0.4,−0.1,−0.1, 0.05)

δn = 0.1

n α̂ (MSE) ˆβc1
0 (MSE) ˆβc1

1 (MSE) ˆβc1
2 (MSE)

100 0.3307(0.0170) −0.0819(0.1403) −0.1028(2e-04) 0.0520(1e-04)
200 0.3425(0.0141) −0.0595(0.0495) −0.1004(0e+00) 0.0505(0e+00)
300 0.3463(0.0114) −0.0613(0.0229) −0.1000(0e+00) 0.0503(0e+00)
500 0.3960(0.0006) −0.0991(0.0008) −0.1000(0e+00) 0.0500(0e+00)

δn = 0.5

n α̂ (MSE) ˆβc1
0 (MSE) ˆβc1

1 (MSE) ˆβc1
2 (MSE)

100 0.3302(0.0176) −0.0553(0.1334) −0.1019(3e-04) 0.0513(1e-04)
200 0.3432(0.0133) −0.0591(0.0547) −0.1004(0e+00) 0.0505(0e+00)
300 0.3581(0.0084) −0.0618(0.0219) −0.0999(0e+00) 0.0502(0e+00)
500 0.3988(0.0003) −0.0998(0.0008) −0.1000(0e+00) 0.0500(0e+00)

δn = 1

n α̂ (MSE) ˆβc1
0 (MSE) ˆβc1

1 (MSE) ˆβc1
2 (MSE)

100 0.3285(0.0194) −0.0599(0.1403) −0.1019(3e-04) 0.0513(1e-04)
200 0.3457(0.0129) −0.0610(0.0531) −0.1003(0e+00) 0.0504(0e+00)
300 0.3609(0.0091) −0.0712(0.0205) −0.1000(0e+00) 0.0502(0e+00)
500 0.3977(0.0003) −0.0989(0.0008) −0.1000(0e+00) 0.0500(0e+00)
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TABLE 4.2: Mean estimates of the regression parameters βc1 with
their respective MSEs for different sample sizes, where the data gen-
erating process is the proposed method with one change-point and

true βc1 = (0.5, 0.1,−0.15, 0.04)

δn = 0.1

n α̂ (MSE) ˆβc1
0 (MSE) ˆβc1

1 (MSE) ˆβc1
2 (MSE)

100 0.3929(0.0274) 0.1776(0.1566) −0.1554(1e-03) 0.0424(1e-04)
200 0.4184(0.0192) 0.1887(0.0769) −0.1490(1e-04) 0.0406(0e+00)
300 0.4319(0.0143) 0.1744(0.0396) −0.1486(0e+00) 0.0403(0e+00)
500 0.4770(0.0026) 0.1154(0.0043) −0.1494(0e+00) 0.0401(0e+00)

δn = 0.5

n α̂ (MSE) ˆβc1
0 (MSE) ˆβc1

1 (MSE) ˆβc1
2 (MSE)

100 0.3998(0.0253) 0.1761(0.4487) −0.1603(0.0123) 0.0422(3e-04)
200 0.4298(0.0167) 0.1757(0.0771) −0.1489(0.0002) 0.0405(0e+00)
300 0.4483(0.0105) 0.1563(0.0387) −0.1487(0.0000) 0.0402(0e+00)
500 0.4935(0.0008) 0.1052(0.0033) −0.1498(0.0000) 0.0400(0e+00)

δn = 1

n α̂ (MSE) ˆβc1
0 (MSE) ˆβc1

1 (MSE) ˆβc1
2 (MSE)

100 0.4076(0.0239) 0.1735(0.1509) −0.1594(0.0122) 0.0421(1e-04)
200 0.4301(0.0160) 0.1871(0.0773) −0.1484(0.0002) 0.0403(0e+00)
300 0.4482(0.0100) 0.1563(0.0382) −0.1485(0.0000) 0.0403(0e+00)
500 0.4954(0.0008) 0.1061(0.0035) −0.1498(0.0000) 0.0400(0e+00)
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TABLE 4.3: Mean estimates of the regression parameters βc1 with
their respective MSEs for different sample sizes, where the data gen-
erating process is the proposed method with one change-point and

true βc1 = (0.8,−0.4,−0.09, 0.04)

δn = 0.1

n α̂ (MSE) ˆβc1
0 (MSE) ˆβc1

1 (MSE) ˆβc1
2 (MSE)

100 0.6993(0.0174) −0.2880(0.4926) −0.0975(0.0031) 0.0462(4e-04)
200 0.7309(0.0095) −0.2891(0.1230) −0.0891(0.0001) 0.0418(0e+00)
300 0.7587(0.0041) −0.3481(0.0468) −0.0890(0.0000) 0.0409(0e+00)
500 0.7969(0.0001) −0.3997(0.0038) −0.0899(0.0000) 0.0401(0e+00)

δn = 0.5

n α̂ (MSE) ˆβc1
0 (MSE) ˆβc1

1 (MSE) ˆβc1
2 (MSE)

100 0.7057(0.0171) −0.3245(0.9243) −0.1032(0.0168) 0.0464(7e-04)
200 0.7430(0.0078) −0.2892(0.1310) −0.0899(0.0005) 0.0413(0e+00)
300 0.7777(0.0022) −0.3645(0.0448) −0.0894(0.0000) 0.0404(0e+00)
500 0.7989(0.0001) −0.4007(0.0044) −0.0900(0.0000) 0.0400(0e+00)

δn = 1

n α̂ (MSE) ˆβc1
0 (MSE) ˆβc1

1 (MSE) ˆβc1
2 (MSE)

100 0.7044(0.0170) −0.3072(0.9083) −0.0952(0.0018) 0.0463(7e-04)
200 0.7440(0.0075) −0.2849(0.1281) −0.0891(0.0002) 0.0411(0e+00)
300 0.7726(0.0028) −0.3560(0.0498) −0.0893(0.0000) 0.0405(0e+00)
500 0.7989(0.0001) −0.4011(0.0045) −0.0900(0.0000) 0.0400(0e+00)

Case 2: Analysis of two change-points

For two change-point simulation study, the change-points tch1 and tch2 are consid-
ered 0.3n and 0.6n, respectively. Three sets of regression parameters, used in the
data generating process, are βc2 = (α, βc2

0 , βc2
1 , βc2

2 , βc2
3 ) = (0.4,−0.8,−0.1, 0.05, 0.07),

(0.5, 0.1,−0.08, 0.04, 0.06) and (0.8,−0.8,−0.08, 0.04, 0.06). For each set of regres-
sion parameters and each tuning parameter δn, we simulate the data using model
(4.3.1) with λc2

t given in equation (4.3.3). Here, for the data generating method
of two change-points, X c2

n , set of all covariates up to time-point n, contains both
the smooth time-varying components and the simple time-varying components
up to time-point n as described in Section 4.7.1. The process is repeated for 1000
times and we report the mean estimates and MSEs of the regression parameters
in Tables 4.4, 4.5 and 4.6. From Tables 4.4, 4.5 and 4.6, we can see that as the sam-
ple size increases MSE of the estimated regression parameters decreases. This
empirically establishes the consistency of the CLS estimation.
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TABLE 4.4: Mean estimates of the regression parameters βc2 with
their respective MSEs for different sample sizes, where the data gen-
erating process is the proposed method with two change-points and

true βc2 = (0.4,−0.8,−0.1, 0.05, 0.07)

δn = 0.1

n α̂ (MSE) ˆβc2
0 (MSE) ˆβc2

1 (MSE) ˆβc2
2 (MSE) ˆβc2

3 (MSE)

100 0.3226(0.0169) −0.8269(0.4180) −0.1038(9e-04) 0.0498(3e-04) 0.0739(6e-04)
200 0.3507(0.0084) −0.7827(0.0952) −0.1010(0e+00) 0.0500(0e+00) 0.0709(0e+00)
300 0.3620(0.0058) −0.7864(0.0243) −0.1004(0e+00) 0.0499(0e+00) 0.0705(0e+00)
500 0.3967(0.0004) −0.8010(0.0009) −0.1000(0e+00) 0.0500(0e+00) 0.0700(0e+00)

δn = 0.5

n α̂ (MSE) ˆβc2
0 (MSE) ˆβc2

1 (MSE) ˆβc2
2 (MSE) ˆβc2

3 (MSE)

100 0.3257(0.0160) −0.9088(3.1633) −0.1076(0.0039) 0.0502(3e-04) 0.0772(0.0036)
200 0.3546(0.0082) −0.7675(0.0995) −0.1005(0.0000) 0.0499(0e+00) 0.0705(0.0000)
300 0.3687(0.0052) −0.7872(0.0257) −0.1003(0.0000) 0.0499(0e+00) 0.0704(0.0000)
500 0.3981(0.0003) −0.7999(0.0010) −0.1000(0.0000) 0.0500(0e+00) 0.0700(0.0000)

δn = 1

n α̂ (MSE) ˆβc2
0 (MSE) ˆβc2

1 (MSE) ˆβc2
2 (MSE) ˆβc2

3 (MSE)

100 0.3236(0.0166) −0.8356(0.6893) −0.1041(0.0013) 0.0491(3e-04) 0.0744(9e-04)
200 0.3598(0.0070) −0.7774(0.0934) −0.1005(0.0000) 0.0499(0e+00) 0.0706(0e+00)
300 0.3666(0.0055) −0.7934(0.0254) −0.1005(0.0000) 0.0499(0e+00) 0.0705(0e+00)
500 0.3989(0.0003) −0.8014(0.0010) −0.1000(0.0000) 0.0500(0e+00) 0.0700(0e+00)
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TABLE 4.5: Mean estimates of the regression parameters βc2 with
their respective MSEs for different sample sizes, where the data gen-
erating process is the proposed method with two change-points and

true βc2 = (0.5, 0.1,−0.08, 0.04, 0.06)

δn = 0.1

n α̂ (MSE) ˆβc2
0 (MSE) ˆβc2

1 (MSE) ˆβc2
2 (MSE) ˆβc2

3 (MSE)

100 0.4189(0.0158) 0.1390(0.2120) −0.0828(4e-04) 0.0395(1e-04) 0.0629(3e-04)
200 0.4478(0.0080) 0.1387(0.0497) −0.0808(0e+00) 0.0399(0e+00) 0.0608(0e+00)
300 0.4712(0.0039) 0.1104(0.0189) −0.0804(0e+00) 0.0400(0e+00) 0.0604(0e+00)
500 0.4968(0.0004) 0.1066(0.0013) −0.0800(0e+00) 0.0400(0e+00) 0.0600(0e+00)

δn = 0.5

n α̂ (MSE) ˆβc2
0 (MSE) ˆβc2

1 (MSE) ˆβc2
2 (MSE) ˆβc2

3 (MSE)

100 0.4238(0.0161) 0.1336(0.1715) −0.0834(4e-04) 0.0404(1e-04) 0.0630(2e-04)
200 0.4601(0.0070) 0.1248(0.0533) −0.0807(0e+00) 0.0400(0e+00) 0.0607(0e+00)
300 0.4672(0.0047) 0.1284(0.0197) −0.0803(0e+00) 0.0400(0e+00) 0.0603(0e+00)
500 0.4967(0.0003) 0.1032(0.0012) −0.0800(0e+00) 0.0400(0e+00) 0.0600(0e+00)

δn = 1

n α̂ (MSE) ˆβc2
0 (MSE) ˆβc2

1 (MSE) ˆβc2
2 (MSE) ˆβc2

3 (MSE)

100 0.4225(0.0161) 0.1489(0.1687) −0.0825(4e-04) 0.0400(1e-04) 0.0624(2e-04)
200 0.4522(0.0080) 0.1376(0.0520) −0.0807(0e+00) 0.0400(0e+00) 0.0607(0e+00)
300 0.4695(0.0039) 0.1151(0.0185) −0.0805(0e+00) 0.0400(0e+00) 0.0600(0e+00)
500 0.4981(0.0003) 0.1043(0.0014) −0.0800(0e+00) 0.0400(0e+00) 0.0600(0e+00)
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TABLE 4.6: Mean estimates of the regression parameters βc2 with
their respective MSEs for different sample sizes, where the data gen-
erating process is the proposed method with two change-points and

true βc2 = (0.8,−0.8,−0.08, 0.04, 0.06)

δn = 0.1

n α̂ (MSE) ˆβc2
0 (MSE) ˆβc2

1 (MSE) ˆβc2
2 (MSE) ˆβc2

3 (MSE)

100 0.6897(0.0195) −0.8378(1.5343) −0.0934(0.0023) 0.0395(7e-04) 0.0735(0.0018)
200 0.7506(0.0052) −0.7839(0.1552) −0.0826(0.0001) 0.0395(0e+00) 0.0629(0.0001)
300 0.7816(0.0011) −0.8459(0.0450) −0.0813(0.0000) 0.0399(0e+00) 0.0614(0.0000)
500 0.7989(0.0000) −0.8067(0.0035) −0.0801(0.0000) 0.0400(0e+00) 0.0601(0.0000)

δn = 0.5

n α̂ (MSE) ˆβc2
0 (MSE) ˆβc2

1 (MSE) ˆβc2
2 (MSE) ˆβc2

3 (MSE)

100 0.6921(0.0196) −0.8450(9.4422) −0.0927(0.0111) 0.0376(8e-04) 0.0735(0.0105)
200 0.7552(0.0047) −0.7630(0.1680) −0.0820(0.0001) 0.0395(0e+00) 0.0622(0.0001)
300 0.7854(0.0009) −0.8288(0.0464) −0.0810(0.0000) 0.0399(0e+00) 0.0610(0.0000)
500 0.7995(0.0000) −0.8047(0.0036) −0.0800(0.0000) 0.0400(0e+00) 0.0600(0.0000)

δn = 1

n α̂ (MSE) ˆβc2
0 (MSE) ˆβc2

1 (MSE) ˆβc2
2 (MSE) ˆβc2

3 (MSE)

100 0.6945(0.0185) −0.7970(1.8192) −0.0913(0.0037) 0.0390(0.0035) 0.0716(0.0023)
200 0.7540(0.0046) −0.7715(0.1508) −0.0821(0.0001) 0.0392(0.0000) 0.0624(0.0001)
300 0.7846(0.0009) −0.8152(0.0447) −0.0808(0.0000) 0.0399(0.0000) 0.0609(0.0000)
500 0.7992(0.0000) −0.8039(0.0034) −0.0800(0.0000) 0.0400(0.0000) 0.0601(0.0000)

4.7.3 Forecasting

Another simulation study is performed to study the h-step ahead forecasting per-
formance of the proposed predure for varying h, compared to the comparison
method mentioned in equation (4.7.1). For comparison, we look at the PRMSE(h)
measure (see Section 3.7 of Chapter 3). Each study considers two sets of regres-
sion parameters: (i) one change-point and (ii) two change-points. Throughout the
simulation study, we consider three different values of δn: 0.1, 0.5, and 1. Each
time, we generate a total sample of size 100 of which a training set of size 90 is
used to fit the two models under consideration for comparison, and a test set of
size 10 is used to calculate PRMSE(h) for h = 1, 2, 3, 4. This procedure is repeated
1000 times.
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Case 1: Analysis of one change-point

For this simulation study, we consider the change-point tch as 0.4n. Two sets of re-
gression parameters, used in the data generating process, are βc1=(α, βc1

0 , βc1
1 , βc1

2 )

= (0.4, 1,−0.1, 0.06) and (0.6,−0.1,−0.12, 0.08). For each set of regression param-
eters and each tuning parameter δn, we simulate the data using model (4.3.1) with
λc1

t given in equation (4.3.2). Here, for the data generating method of one change-
point, X c1

n , set of all covariates up to time-point n, contains both the smooth time-
varying components and the simple time-varying components up to time-point
n as described in Section 4.7.1. The process is repeated for 1000 times. We report
the h-step ahead forecasting performances for both the proposed model and the
comparison model for h = 1, 2, 3, 4 in Tables 4.7 and 4.8. From the tables, we
mostly notice the average PRMSE(h) of the proposed process is relatively smaller
than that of the comparison process.

TABLE 4.7: PRMSE(h) values for varying h for different δn, where the
data generating process is the proposed method with one change-

point and true βc1 = (0.4, 1,−0.1, 0.06)

δn = 0.1 δn = 0.5 δn = 1
h Proposed Comparison Proposed Comparison Proposed Comparison
1 2.4297 2.6121 2.3828 2.5327 2.3466 2.5185
2 2.6103 3.1817 2.5710 3.0654 2.5191 3.0331
3 2.5760 3.4210 2.5497 3.2739 2.4956 3.1700
4 2.5040 3.5396 2.4987 3.4671 2.4492 3.2973

TABLE 4.8: PRMSE(h) values for varying h for different δn, where the
data generating process is the proposed method with one change-

point and true βc1 = (0.6,−0.1,−0.12, 0.08)

δn = 0.1 δn = 0.5 δn = 1
h Proposed Comparison Proposed Comparison Proposed Comparison
1 2.2816 2.2588 2.2228 2.2245 2.2013 2.2059
2 2.6797 2.8975 2.6321 2.8400 2.5959 2.8105
3 2.7467 3.2576 2.7236 3.1907 2.6925 3.1557
4 2.7135 3.4815 2.7188 3.3835 2.6657 3.3188

Case 2: Analysis of two change-points

Here, we consider the change-points tch1 and tch2 as 0.3n and 0.6n, respectively.
Two sets of regression parameters are used here. Those are βc2=(α, βc2

0 , βc2
1 , βc2

2 , βc2
3 )

= (0.3,−2.5,−0.2, 0.1, 0.15) and (0.6,−2,−0.15, 0.07, 0.12). For each set of regres-
sion parameters and each tuning parameter δn, we simulate the data using model
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(4.3.1) with λc2
t given in equation (4.3.3). Here, X c2

n is the set of all covariates up
to time-point n, which contains both the smooth time-varying components and
the simple time-varying components up to time-point n as described in Section
4.7.1. The process is repeated for 1000 times. We report the h-step ahead fore-
casting performances for both the proposed model and the comparison model
for h = 1, 2, 3, 4 in Tables 4.9 and 4.10. From the tables, we mostly notice the
average PRMSE(h) of the proposed process is relatively smaller than that of the
comparison process.

TABLE 4.9: PRMSE(h) values for varying h for different δn, where the
data generating process is the proposed method with two change-

points and true βc2 = (0.3,−2.5,−0.2, 0.1, 0.15)

δn = 0.1 δn = 0.5 δn = 1
h Proposed Comparison Proposed Comparison Proposed Comparison
1 4.4999 4.4436 4.6278 4.6514 4.6139 4.5731
2 4.8700 5.8125 4.9868 5.8791 4.9850 5.7521
3 4.8929 6.7093 5.0139 6.7937 4.9635 6.6499
4 4.8889 7.3429 5.0029 7.4148 4.8871 7.3061

TABLE 4.10: PRMSE(h) values for varying h for different δn, where
the data generating process is the proposed method with two

change-points and true βc2 = (0.6,−2,−0.15, 0.07, 0.12)

δn = 0.1 δn = 0.5 δn = 1
h Proposed Comparison Proposed Comparison Proposed Comparison
1 4.3435 4.1632 4.4185 4.2732 4.4701 4.2537
2 5.3703 5.6435 5.4791 5.7448 5.5107 5.6586
3 5.7873 6.7474 5.9081 6.6270 5.9717 6.6829
4 6.0024 7.3965 5.9931 7.2352 6.0607 7.4008

4.8 Data analyses

4.8.1 COVID-19 data of Italy

In this section, we analyze the Italy COVID-19 dataset (see Section 4.2.1) through
our proposed method. We also fit the comparison model (see equation (4.7.1)) to
this dataset. We consider n = 113 data-points from February 15 to June 6. Here,
X c1

n is the set of all time-varying covariates up to time-point n containing both
the smooth time-varying covariates that have the change-point and the simple
time-varying covariates up to n time-points as described in Section 4.7.1. From
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the plot of daily time series data, we notice that there is only one change-point
during that period and hence we fit the proposed model with one change-point
(see equation (4.3.2)).

For the proposed model with one change-point, the change-point tch for the
COVID-19 data of Italy is estimated using the method described in Section 4.3.4
from the data of daily new cases. The value of estimated change-point is 44. In
order to estimate the optimal δn, we consider a set of points in the interval [0.1,
10] with an increment of 0.1. Previously, we observe that the values of δn around
0.1 can capture the curvature that is similar to that of this dataset of Italy. Hence,
we take this interval of [0.1,10]. For each of the δn in the set, we fit our proposed
model to the data. For every fit, we calculate the goodness-of-fit measure, namely
Root Mean Squared Error (RMSE). Then, we consider the minimum value of this
measure to obtain the optimal δn. We observe that δn = 0.1 gives the minimum
value of RMSE, which is 938.06. So, the value of δn is taken to be 0.1 for this study.

For this dataset, the estimates of the regression parameters of our proposed
model by CLS method are (α̂, ˆβc1

0 , ˆβc1
1 , ˆβc1

2 ) = (0.9657, 5.4430,−0.1149, 0.0742), and
that of the comparison model are (α̂cls, ˆβc0

0 , ˆβc0
1 ) = (0.9925, 7.5794,−0.0155). The

RMSE corresponding to our proposed model for the dataset is 938.06, which is
much lower compared to that for the comparison model, which is 1940.96. In
Figure 4.7, we provide the plot of RMSEs against each of δn’s in the set [0.1, 10].
Overall, we can say that the fit of our proposed model is satisfactory.
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FIGURE 4.7: Plot of δn vs RMSE for Italy data

To study the forecasting performance, we partition the data into two sets: (i)
the training set containing the first 101 observations is used to fit the models and
(ii) the test set with the remaining 12 observations, is used for calculating PRMSE
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measure for both models. For 1-step ahead forecasting (h = 1), the PRMSE val-
ues for the proposed model and the comparison model are 872.08 and 1925.25,
respectively. For 2-step ahead forecasting (h = 2), the PRMSE values for the pro-
posed model and the comparison model are 1560.44 and 3748.89, respectively. So,
for both the one-step and two-step ahead forecasting results, our proposed model
performs better than the comparison model.

4.8.2 COVID-19 data of Kerala

In this section, we analyze the Kerala COVID-19 dataset (see Section 4.2.2). we
consider 90 data-points from March 9 to June 6. Here, X c2

n is the set of all time-
varying covariates up to time-point n containing both the smooth time-varying
covariates that have the change-points and the simple time-varying covariates up
to n time-points as described in Section 4.7.1, for n = 90. From the plot of daily
time series data, we observe that there are two change-points during that pe-
riod and hence we fit the proposed model with two change-points (see equation
(4.3.3)).

The change-points tch1 and tch2 for this data are estimated through the method
described in Section 4.3.4 from the data of daily new cases. The values of es-
timated change-points are 23 (first change-point) and 56 (second change-point).
We estimate the optimal δn in the same way as we do for the Italy data. Here,
δn = 0.3 gives the minimum value of RMSE, which is 13.18. So, the value of δn is
0.3, for this study.

For this dataset, the estimates of the regression parameters of our proposed
model by CLS method are (α̂, ˆβc2

0 , ˆβc2
1 , ˆβc2

2 , ˆβc2
3 ) = (0.8460, 1.3739,−0.1504, 0.1353, 0.1063).

For the comparison model, those are (α̂cls, ˆβc0
0 , ˆβc0

1 ) = (0.9921,−2.8131, 0.0811).
The RMSE corresponding to our proposed model for the dataset is 13.18. The
value is lower than the RMSE for the comparison model, which is 15.09. The plot
of δn versus RMSEs for this analysis is provided in Figure 4.8. Overall, we can
conclude that our proposed model fits well.
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FIGURE 4.8: Plot of δn vs RMSE for Kerala data

For examining the forecasting performance, we partition the data into two
sets: (i) the training set containing the first 78 observations is used to fit the
models and (ii) the test set with the remaining 12 observations, is used for cal-
culating PRMSE measure for both models. For 1-step ahead forecasting (h = 1),
the PRMSE values for the proposed model and the comparison model are 168.69
and 186.99, respectively. For 2-step ahead forecasting (h = 2), the PRMSE val-
ues for the proposed model and the comparison model are 297.02 and 348.68,
respectively. So, for both cases, our proposed model performs better than the
comparison model.

4.9 Conclusions

The PINAR(1) process (see Al-Osh and Alzaid, 1987) has received significant at-
tention for its simplicity and is widely used in the field of count time series data.
However, this process cannot model count time series data, such as the COVID-19
data, which includes change-points and time-varying covariates. In this chapter,
we have presented a new PINAR(1) model based on the binomial thinning op-
erator that addresses the problem of change-point analysis using time-varying
covariates. The idea behind our proposed model is inspired by Chan and Tong,
1986; Hansen, 2000 and Fong et al., 2017, who primarily worked with continu-
ous data. The proposed model incorporates the Smooth Maximum, n.d. concept
to create a smoothing change-point function that can capture changing curva-
tures in the data. The key feature of our proposed model is its ability to account
for both change-points and time-varying covariates. As previously stated, we
can see these characteristics in the COVID-19 datasets, which have inspired us
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to create our proposed model for both single and two change-point studies. We
have investigated the distributional forms of our proposed model and the h-step
ahead forecasting distribution. We have employed the CLS estimation method.
The simulation results have shown that the CLS estimation method is consistent
when estimating parameters. From the data applications, we have seen that our
proposed model outperformed the comparison model in terms of standard statis-
tical measures such as RMSE. In both the simulation study and the data applica-
tions, our proposed model outperformed the comparison model for forecasting
as measured by the accuracy metric PRMSE. Overall, we hope that our proposed
model will be a viable option for modelling these types of count time series data.

4.10 Appendix

Appendix A. Proof of Result 4.1

We have

Yn = α ◦ Yn−1 + εn =
Yn−1

∑
i=1

N1i + εn,

where {N1i} is a sequence of iid Bernoulli(α) random variables, independent of
Yn−1, and we know that given X c

n , α ◦ Yn−1 and εn are independent. So, we can
write the PGF of Yn | X c

n as

ΦYn|X c
n
(s) = E

[
s
(

∑
Yn−1
i=1 N1i+εn

)
| X c

n

]
= EYn−1|X c

n
E
[

s
(

∑
Yn−1
i=1 N1i

)
| Yn−1,X c

n

]
Φεn|X c

n
(s)

= EYn−1|X c
n
(1 − α + αs)Yn−1 Φεn|X c

n
(s)

= ΦYn−1|X c
n
(1 − α + αs)Φεn|X c

n
(s).

So, we have the recursive formula

ΦYn|X c
n
(s) = ΦYn−1|X c

n
(1 − α + αs)Φεn|X c

n
(s). (4.10.1)
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Putting n = 2 in equation (4.10.1), we have

ΦY2|X c
2
(s) = ΦY1|X c

2
(1 − α + αs)Φε2|X c

2
(s)

= exp[−λc
1(1 − (1 − α + αs))− λc

2(1 − s)] [Since Y1 | X c
2 ∼ Poisson(λc

1)]

= exp[−λc
1α(1 − s)− λc

2(1 − s)]

= exp[−(αλc
1 + λc

2)(1 − s)].

Therefore,

Y2 | X c
2 ∼ Poisson(αλc

1 + λc
2).

Now, for n = (k − 1), we assume that

Yk−1 | X c
k−1 ∼ Poisson

(
αk−2λc

1 + αk−3λc
2 + ... + λc

k−1

)
.

For n = k,

ΦYk|X c
k
(s) = ΦYk−1|X c

k
(1 − α + αs)Φεk|X c

k
(s)

= exp[−
(

αk−2λc
1 + αk−3λc

2 + ... + λc
k−1

)
(1 − (1 − α + αs))− λc

k(1 − s)]

= exp[−
(

αk−1λc
1 + αk−2λc

2 + ... + αλc
k−1

)
(1 − s)− λc

k(1 − s)]

= exp[−
(

αk−1λc
1 + αk−2λc

2 + ... + λc
k

)
(1 − s)].

So,

Yk | X c
k ∼ Poisson

(
αk−1λc

1 + αk−2λc
2 + ... + λc

k

)
.

This completes the proof.



4.10. Appendix 103

Appendix B. Proof of Result 4.2

The ACVF is given by

γy(h) = Cov(Yt, Yt+h | X c
t+h) = E(Yt Yt+h | X c

t+h)− E(Yt | X c
t+h)E(Yt+h | X c

t+h)

= E(Yt E(Yt+h | Yt,X c
t+h) | X

c
t+h)

−E(Yt | X c
t+h)E(Yt+h | X c

t+h)

= E

[
Yt

(
αhYt +

h

∑
i=1

αh−iλc
t+i

) ∣∣∣∣∣X c
t+h

]
−E(Yt | X c

t+h)E(Yt+h | X c
t+h)

= αhE
(

Y2
t | X c

t+h

)
− E(Yt | X c

t+h)×[
αt+h−1λc

1 + ... + λc
t+h − αh−1λc

t+1 − ... − λc
t+h

]
= αh

[
V(Yt | X c

t+h) + E2(Yt | X c
t+h)

]
−E(Yt | X c

t+h)
(

αt+h−1λc
1 + ... + αhλc

t

)
= αh

[
(αt−1λc

1 + ... + λc
t)(1 + αt−1λc

1 + ... + λc
t)
]

−(αt−1λc
1 + ... + λc

t)
(

αt+h−1λc
1 + ... + αhλc

t

)
= αh

(
αt−1λc

1 + αt−2λc
2 + ... + λc

t

)
.

This completes the proof.

Appendix C. Proof of Result 4.3

The conditional PGF is given by

ΦYn+h|Yn,X c
n+h

(s) = E
(

sαh ◦Yn+∑h
i=1 αh−i ◦ εn+i | Yn,X c

n+h

)
= E

(
sαh ◦Yn | Yn,X c

n+h

) h

∏
i=1

E
(

sαh−i ◦ εn+i | X c
n+h

)
.

Since αh ◦Yn | Yn,X c
n+h ∼ Bin

(
Yn, αh), we can write E

(
sαh ◦Yn | Yn,X c

n+h

)
=
(
1 − αh + αhs

)Yn .
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Now,

h

∏
i=1

E
(

sαh−i ◦ εn+i | X c
n+h

)
=

h

∏
i=1

Eεn+i|X c
n+h

E
(

sαh−i ◦ εn+i | εn+i,X c
n+h

)
=

h

∏
i=1

Eεn+i|X c
n+h

(
1 − αh−i + αh−is

)εn+i

=
h

∏
i=1

exp
[
−λc

n+i (1 − (1 − αh−i + αh−is))
]

=
h

∏
i=1

exp
[
−λc

n+i αh−i(1 − s)
]

= exp

[
−

h

∑
i=1

λc
n+i αh−i(1 − s)

]
.

This completes the proof.

Appendix D. Proof of Result 4.4

The h-step ahead forecasting distribution is given by

ph(j1 | j2) = P

(
αh ◦ Yn +

h

∑
k=1

αh−k ◦ εn+k = j1

∣∣∣∣∣Yn = j2,X c
n+h

)

=
min(j1,j2)

∑
q=0

P
(

αh ◦ Yn = q | Yn = j2,X c
n+h

)
P

(
h

∑
k=1

αh−k ◦ εn+k = j1 − q

∣∣∣∣∣X c
n+h

)

=
min(j1,j2)

∑
q=0

(
j2
q

)
αhq
(

1 − αh
)j2−q

exp

[
−

h

∑
k=1

αh−kλc
n+k

](
h

∑
k=1

αh−kλc
n+k

)j1−q

[(j1 − q)!]−1 I((j1−q)=(0,1,...))

=
min(j1,j2)

∑
q=0

(
j2
q

)(
αh
)q (

1 − αh
)j2−q

exp(−λc(h)) (λc(h))j1−q

[(j1 − q)!]−1 I((j1−q)=(0,1,...)).

This completes the proof.
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Chapter 5

Analysis of count time series through
INAR process with zero-inflation and
seasonality

5.1 Introduction

In this chapter, we develop a PINAR process to model count time series data
with zero-inflation and seasonality. In the first part of Weiß, 2018, count time se-
ries was studied in detail. The usual PINAR process based on the binomial thin-
ning operator is very restrictive in the sense that its marginal mean and marginal
variance are equal and hence cannot capture the overdispersion (including zero-
inflation) or underdispersion problems. Furthermore, the usual PINAR process
fails to capture many real-life count time series datasets that incorporate both
zero-inflation and seasonality. However, in our study, we come across the data
of weekly dengue cases in Kaohsiung City, Taiwan, from 2009 to 2012 (see Chan,
Hu, and Hwang, 2015), which is an example of count time series data having both
zero-inflation and seasonality properties.

To handle the overdispersed count time series data, some illustrious methods
have been explored in the literature. Lambert, 1992; Al-Osh and Aly, 1992 pro-
posed INAR models with geometric and negative binomial marginals, respec-
tively (see, e.g., Maiti and Biswas, 2015b). Ristić, Bakouch, and Nastić, 2009;
Ristić, Nastić, and Bakouch, 2012 studied new geometric and negative binomial
INAR models based on the negative binomial thinning operator. Schweer and
Weiß, 2014 proposed a compound Poisson INAR(1) process that can capture both
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the overdispersion and undedispersion of the data. But these models are not suf-
ficient to capture the overdispersion due to zero-inflation. In the i.i.d. setup, Lam-
bert, 1992 proposed the zero-inflated Poisson distribution for modelling zero-
inflated count data (also see Böhning et al., 1999; Angers and Biswas, 2003). In
the context of the zero-inflated count time series data, Jazi, Jones, and Lai, 2012a;
Wang, 2001; Porter and White, 2012; Maiti, Biswas, and Das, 2015; Bourguignon,
2018 proposed different types of count time series processes to capture the zero-
inflation. For example, Jazi, Jones, and Lai, 2012a studied an INAR process with
zero-inflated Poisson innovations, which has gained significant attention in this
field. In this chapter, we develop the proposed zero-inflated PINAR process, bor-
rowing the idea from the study of Jazi, Jones, and Lai, 2012a.

The standard de-seasonalizing methods used in the continuous time series
framework do not work for handling seasonality in count time series, as the mod-
ified data may show negative values. One way to tackle this problem is to use the
conditional Poisson regression models proposed by Cameron and Trivedi, 1986,
Fokianos, 2011, and many others. Peng, Dominici, and Louis, 2006 proposed
some kernel based smoothing Poisson regression to tackle such problems. Chat-
topadhyay et al., 2021 used some smoothing time-varying covariates in the INAR
process to model the time-varying innovations. Using the ideas from these exist-
ing models, we incorporate the seasonality feature into the proposed model in
our study. In order to do that, we consider two popular seasonal models used in
the continuous setup, namely the seasonal model with sine-cosine functions and
the seasonal dummy model (see, e.g., Lovell, 1963; Abeysinghe, 1994; Stolwijk,
Straatman, and Zielhuis, 1999; Naumova et al., 2007; Ramanathan et al., 2020).
Here, we study the connection between these two seasonal models. This con-
nection provides the flexibility to use the seasonal model involving sine-cosine
functions in modelling the innovations of our proposed process with a reduced
set of model parameters. This cannot be done with the seasonal dummy model,
where the full set of model parameters is required for the seasonal dummy vari-
ables to catch the seasonal structure of a time series data. Hence, working with
the seasonal dummy model brings a lot of computational difficulties, which can
make the estimation of model parameters inefficient. For the seasonal model
with sine-cosine terms, it is best to use the full set of model parameters. How-
ever, because sine-cosine functions oscillate smoothly, our proposed model can
still capture seasonality even with a reduced set of model parameters. This is dis-
cussed in detail in Section 5.3 in this chapter. We inherit this idea in modelling
the innovations of our proposed INAR model to handle the seasonality feature.
In this direction, some works have also been executed; see, e.g., Moriña et al.,
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2011; Bourguignon et al., 2016; Buteikis and Leipus, 2020; Tian, Wang, and Cui,
2020; Prezotti-Filho et al., 2021.

These above-mentioned existing methods in the literature can be employed
for modelling either the zero-inflation or the seasonal structure of a count time
series data. However, to incorporate both of these features together in an INAR
model to study a count time series, like the data of weekly dengue cases, we pro-
pose a zero-inflated PINAR model with seasonality based on the binomial thin-
ning operator. The main feature of the proposed PINAR process is that it blends
both zero-inflation and seasonality features together in a single setup. We mostly
use ideas from the model of Jazi, Jones, and Lai, 2012a and the study of how
the seasonal dummy model and the seasonal model with sine-cosine functions
match up to create this PINAR process. We capture both the features of zero-
inflation and seasonality in our proposed PINAR process. Data on the weekly
maximum temperature of Kaohsiung City, Taiwan, from 2009 to 2012 is consid-
ered in the innovations of our proposed PINAR process to incorporate the effect
of temperature, as temperature is a significant factor in spreading dengue all over
the world. Especially in tropical and sub-tropical countries and on continents like
North America and Europe, dengue disease increases with temperature. Each
year, an estimated 100–400 million people get infected globally (see World Health
Organization, n.d.), which is an important public health concern. Chan, Hu, and
Hwang, 2015 too considered temperature covariates in their study. In our pro-
posed PINAR process, we model the zero-inflated Poisson innovations incorpo-
rating the temperature data along with the sine-cosine functions to capture the
underlying seasonal structure of the data of weekly dengue cases. The idea to
include covariates in the innovations is from the study of Freeland and McCabe,
2004b. Hence, our study can be seen as a case study mainly based on Jazi, Jones,
and Lai, 2012a and Freeland and McCabe, 2004b. However, the main limitation
of incorporating zero-inflated innovations with seasonality is that it transforms
the proposed process into a time-varying process, making it challenging to deter-
mine how many lag values from the original model to include. In this study, we
solely focus on the order 1 process, but we would like to pursue this study for
more than order 1 in future. Therefore, without any loss of generality, we assume
that the original time series process Yt depends only on its recent lag value Yt−1.
So, we coin it as a zero-inflated PINAR process of order 1 with seasonality.

The rest of this chapter is organized as follows. Section 5.2 discusses the
weekly data of dengue cases along with the data of the weekly maximum tem-
perature. The elaborate discussion of our proposed model is given in Section
5.3. The distributional and the h-step ahead forecasting properties are discussed
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in Sections 5.4 and 5.5, respectively. In Section 5.6, we describe the estimation
method for our proposed model. Some simulation results are given in Section 5.7
to show the empirical consistency of the estimated parameters. In Section 5.8, we
analyze the data of weekly dengue cases. Finally, some conclusions are drawn
in Section 5.9. All the proofs of the theoretical results are provided in Appendix
(Section 5.10).

5.2 Motivating data example: Dengue data

In our analysis, we consider a disease incidence data over a period of four years.
The data, consisting of a total of 209 observations, lists the weekly number of
dengue cases, reported in Kaohsiung City, Taiwan, during the period from 2009
to 2012. We also incorporate the data of weekly maximum temperature, reported
over that same period in the innovations of our proposed model, as mentioned
earlier.

The raw dataset contains onset date, village ID, and other variables, which
include the weather data on the onset date. The weather data contains maxi-
mum and minimum temperatures, air pressure, etc. on the onset date and their
lag values (up to lag 7). Here, we use the columns of the onset dates and the
maximum temperature recorded on those dates to aggregate the data-points to
construct two weekly datasets, i.e., the weekly number of dengue cases and the
weekly maximum temperature data. We have some missing observations in the
aggregated data of weekly maximum temperature. To get rid of the missingness,
we use the popular Kalman Smoothing method. For a seasonal time series with
some missingness, like the continuous weekly maximum temperature data, the
Kalman Smoothing method works well (see Moritz and Bartz-Beielstein, 2017).
We have around 28, 39, 32 and 40 data-points for each year during the period
of 2009 to 2012, respectively, in our aggregated weekly maximum temperature
dataset. We employ the "na.kalman()" function in "imputeTS" package of R soft-
ware with default model choice of "StructTS" (a structural model fitted by maxi-
mum likelihood). Moritz and Bartz-Beielstein, 2017 extensively studied this and
showed that the Kalman smoothing method performs good for seasonal time se-
ries data with StructTS.

Figures 5.1 and 5.2 display the data of weekly dengue cases and the complete
data of weekly maximum temperature. From the study of You et al., 2022, we can
say that this complete dataset of weekly maximum temperature is a good repre-
sentative of the true dataset. In Figures 5.1 and 5.2, we can clearly observe both
zero-inflation and seasonality features that mainly trigger the idea to develop the
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zero-inflated PINAR process with seasonal innovations. We discuss the proposed
INAR process in detail in the subsequent section (see Section 5.3). As mentioned
earlier, the main focus of our study is to fit an AR(1) model to the given dataset.
However, we would like to pursue this study for higher order in some future
work.

In Figure 5.3, two boxplots are provided to see the pattern of weekly dengue
counts along with the changes in the pattern of the weekly maximum tempera-
ture over the period of 52 weeks. These boxplots are also similar to overall trend
analyses of weekly dengue incidence rates and weekly maximum temperatures
during 2007-2013 and 2016-2017 (non-epidemic periods), studied by You et al.,
2022. As we can observe in Figure 5.3, around the week of 45, the number of
dengue cases is maximum whereas the data of weekly maximum temperature
reaches the peak at around the week of 35.
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FIGURE 5.1: The weekly dengue data
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FIGURE 5.2: The weekly maximum temperature data
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FIGURE 5.3: The boxplots showing how the number of weekly
dengue cases behave with the changes in weekly maximum tem-

perature over 52 weeks
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5.3 The Model

Here, we provide a detailed discussion on our proposed zero-inflated PINAR
model with seasonality based on the binomial thinning operator.

5.3.1 The Proposed model

The proposed model for a zero-inflated seasonal count time series data, like the
weekly dengue data, using zero-inflated Poisson innovations is given by

Yt = α ◦ Yt−1 + εt, (5.3.1)

where εt represents new cases at time-point t. Here, εt follows a zero-inflated
Poisson distribution with parameters ρ and λs

t , i.e., ZIP(ρ,λs
t) (see Jazi, Jones, and

Lai, 2012a), where λs
t is assumed to have the following form

λs
t = exp

[
βs

1 cos
(

2πt
l

)
+ βs

2 sin
(

2πt
l

)
+ βs

3Xt

]
, (5.3.2)

where l is the number of seasons in a count time series data with seasonality, and
Xt represents the covariate component at time-point t, i.e., the weekly maximum
temperature at time-point t in our analysis. For a weekly time series, like the data
of dengue cases, l is equal to 52. βs

1 and βs
2 are the model parameters associated

with the seasonal components, and βs
3 is the model parameter associated with the

covariate data {Xt}. The probability mass function (pmf) of εt’s is given by

P(εt = m|X s
t ) = ρI{0}(m) + (1 − ρ)

e−λs
t (λs

t)
m

m!
, m = 0, 1, 2, . . . , (5.3.3)

where X s
t is the set of all time-varying components up to time-point t which

includes the seasonal functions, i.e., the sine-cosine functions and the covariate
term, i.e., Xt; ρ ∈ (0, 1); I(·) is the indicator function.

This special form of λs
t is considered to incorporate the sine and cosine func-

tions in our proposed model to capture the effect of seasonality, present in the
count time series, like the weekly data of dengue cases. This form is developed
from the idea behind the correspondence between the seasonal dummy model
and the seasonal model with sine-cosine terms (see, e.g., Lovell, 1963). The idea
to incorporate covariates in the innovations is mainly based on Freeland and Mc-
Cabe, 2004a.

Zheng, Basawa, and Datta, 2007 proposed a random coefficient INAR(1) (RCI-
NAR(1)) process, where they used a similar kind of approach on the parameter
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α, by replacing it by a random parameter αt. Here, αt’s are the realizations of
i.i.d. random variables that can take values in the interval [0, 1). We could have
employed the RCINAR approach to extend our proposed model further by mak-
ing both the survival probability and the innovations time-varying. But, since
it raises more complexity to the model, and moreover both the seasonality and
the zero-inflation features can be incorporated in our proposed INAR process
through modelling the innovations (the main purpose of this study), we only use
the time-varying innovations in our proposed model. However, the conditional
expectation structures for both the RCINAR(1) and our proposed processes are
similar, apart from the innovation terms, because of its time-varying nature in
our proposed method. The gradual development of our proposed zero-inflated
PINAR(1) process with seasonality is discussed in detail in the subsequent sec-
tion.

5.3.2 Development of the proposed model

Here, we study the correspondence between two seasonal models, mainly used in
the continuous framework, namely the seasonal dummy model and the seasonal
model with sine-cosine functions. We discuss the gradual development of our
proposed model from this correspondence. In order to do that, we first look at
the seasonal dummy model which is given by

St = δ1d1t + δ2d2t + . . . + δsdst =
s

∑
i=1

δidit, (5.3.4)

where s is the number of seasons, and dit is a dummy variable (dit is equal to
1 for the i-th season of the year, and 0 for all other seasons, where i = 1, . . . , s).
The parameters δ1, . . . , δs are the coefficients associated with the seasonal dummy
variables.

The seasonal dummy model (5.3.4) (assuming s as even) can be represented
equivalently in terms of sine and cosine functions as

s

∑
i=1

δidit = µ +
s/2

∑
i=1

[
αs

i
∗ cos

(
2πit

s

)
+ βs

i
∗ sin

(
2πit

s

)]
, (5.3.5)

where the coefficients αs
i
∗’s and βs

1
∗’s are related to the δi’s. The correspondence

between these two representations given in the relation (5.3.5) can be established.
In Appendix (see Section 5.10), we derive for the quarterly case, i.e., for s = 4.
The derivation can easily be extended for more than 4 seasons.
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As mentioned earlier, the seasonal dummy model given in equation (5.3.4)
involves s number of parameters δ1, . . . , δs for s dummy variables dit’s for the s
number of seasons, where dit is equal to 1 in the i-th season of the year, and 0 in
all other seasons, i = 1, . . . , s. Hence, apart from seasonality, the zero-inflation
property of a time series, like the weekly data of dengue cases, can also be han-
dled using the seasonal dummy model (given in equation (5.3.4)), largely due
to the presence of the dummy variables in this framework. Therefore, the cor-
respondence between the seasonal dummy model and the seasonal model with
sine-cosine functions allows the seasonal model with sine-cosine functions (equa-
tion (5.3.5)) to capture the zero-inflation property too, along with the underlying
seasonal structure of a count time series.

Now, we discuss how we connect the two above-mentioned seasonal models
and develop the proposed model using a reduced set of model parameters. From
the proposed model for l seasons given in equation (5.3.2), we have

E (εt|X s
t ) = (1 − ρ) exp

[
βs

1 cos
(

2πt
l

)
+ βs

2 sin
(

2πt
l

)
+ βs

3Xt

]
. (5.3.6)

So, we can rewrite the equation (5.3.6) as

ln E (εt|X s
t ) = ln(1 − ρ) + βs

1 cos
(

2πt
l

)
+ βs

2 sin
(

2πt
l

)
+ βs

3Xt. (5.3.7)

If we compare the form of ln E (εt|X s
t ) with the seasonal model consisting of sine-

cosine functions (equation (5.3.5)) for l = s, it is clear that we use an approxima-
tion of the full seasonal model with sine-cosine terms by considering a reduced
number of sine-cosine functions along with a covariate term to model the inno-
vations of the proposed model, whereas (s − 1) sine-cosine terms are used in
the full seasonal model (equation (5.3.5)). The reason behind this proposition is
given in note 5.1. The inclusion of the covariate data {Xt} (the weekly data of
maximum temperature in this study) in the innovations of our proposed method
along with sine-cosine functions aims to incorporate the effect of an important
factor directly affecting the outcomes of the count time series data {Yt}, like the
role of temperature in the global spread of dengue infections. Here, the term
ln(1 − ρ) in equation (5.3.7) resonates the kind of role which the intercept µ has
in the seasonal model with full sine-cosine functions.

Note 5.1 We employ the approximation by using a reduced number of sine-cosine func-
tions in the innovations instead of the full set of model parameters associated with the
sine-cosine terms given in equation (5.3.5), mainly to avoid the burden of computational
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difficulties that the full parameter set brings. The smooth oscillating natures of sine-
cosine functions also provide the flexibility to capture the underlying seasonal structure
of a count time series, even with a reduced number of model parameters. This exercise
cannot be employed with the seasonal dummy model, where we need the full set of model
parameters for the dummy variables. Using the full set of parameters with the seasonal
dummy model can make the estimation process inefficient, and hence, we need the flexi-
bility of an approximation which the seasonal model with sine-cosine functions provides.
However, the theoretical results given in the subsequent sections are also applicable for the
complete set of parameters associated with the sine-cosine terms mentioned in equation
(5.3.5).

In Figure 5.4, we provide some sample paths (size of 200, i.e., around a four-year data)
of the count time series for a fixed set of (α, βs

1, βs
2, βs

3), which is (0.6,−1.5,−1.2, 0.5),
with varying ρ. Here, the sample paths are generated from our proposed model using
standardized values of the simulated covariate data (discussed in detail in Section 5.7.1).
From this figure, we can clearly observe the seasonality feature and the increase in the
number of zeros (zero-inflation) with the higher values of ρ.
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FIGURE 5.4: Some samples of the datasets generated using
our proposed process with varying ρ and (α, βs

1, βs
2, βs

3) =
(0.6,−1.5,−1.2, 0.5)
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5.4 Distributional properties

5.4.1 Conditional properties

Under the proposed setup, the conditional distribution of Yt given Yt−1 and X s
t

can be derived as

pij = P(Yt = j|Yt−1 = i,X s
t )

=
min(i,j)

∑
k=0

P(α ◦ Yt−1 = k|Yt−1 = i)P(ϵt = j − k|X s
t )

=
min(i,j)

∑
k=0

(
i
k

)
αk(1 − α)i−k

[
ρI{0} + (1 − ρ)

e−λs
t (λs

t)
j−k

(j − k)!

]
, i, j = 0, 1, 2, . . . ,

where I(·) is the indicator function. This is the probability of going from state i to
state j in a single step.

The conditional mean and variance can be derived as

E(Yt|Yt−1,X s
t ) = αYt−1 + λs

t(1 − ρ),

and

V(Yt|Yt−1,X s
t ) = V(α ◦ Yt−1|Yt−1,X s

t ) + V(ϵt|X s
t )

= α(1 − α)Yt−1 + λs
t(1 − ρ)(1 + ρλs

t).

5.4.2 Marginal properties

Since the marginal properties of Yt are difficult to obtain, we find the partial
marginal properties of Yt given X s

t for t > 1, and henceforth they are called the
marginal properties. We assume that the marginal distribution of Y1|X s

1 follows
zero-inflated Poisson distribution with parameters ρ and λs

1. The reason behind
this assumption is similar to what is discussed in Section 4.4.2 of Chapter 4.

Here, we can use a recursive formula to derive the marginal (partial) proba-
bility function of Yt given X s

t for t > 1, which is given by

pt,j = P(Yt = j|X s
t )

=
∞

∑
i=0

pijP(Yt−1 = i|X s
t )

=
∞

∑
i=0

min(i,j)

∑
k=0

(
i
k

)
αk(1 − α)i−k

[
ρI{0} + (1 − ρ)

e−λs
t (λs

t)
j−k

(j − k)!

]
pt−1,i, j = 0, 1, 2, . . . ,
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which is clearly a mixture distribution involving the structures of a binomial
probability, a zero-inflated Poisson probability, and the partial marginal proba-
bility at previous time-point.

Result 5.1 Under the assumptions that Y1|X s
1 ∼ ZIP(ρ, λs

1) and εn|X s
n ∼ Poisson(ρ, λs

n),
we can show that the marginal mean and the marginal variance are given by

E(Yn|X s
n) =

(
αn−1λs

1 + αn−2λs
2 + . . . + λs

n

)
(1 − ρ),

and

V(Yn|X s
n) =

(
αn−1λs

1 + αn−2λs
2 + . . . + λs

n

)
(1 − ρ) +

ρ(1 − ρ)
[
(αn−1λs

1)
2 + (αn−2λs

2)
2 + . . . + (λs

n)
2
]

.

The derivation of this result is presented in Appendix (see Section 5.10).
Therefore, the variance-to-mean ratio of n-th count process Yn given X s

n is

σ2
Yn|X s

n

µYn|X s
n

= 1 + ρ

[
(αn−1λs

1)
2 + (αn−2λs

2)
2 + . . . + (λs

n)
2][

αn−1λs
1 + αn−2λs

2 + . . . + λs
n
] .

Hence, our proposed process can be a viable method for analyzing an overdis-
persed integer-valued time series like the weekly data of dengue cases. Here,
we consider the marginal (partial) distribution of Yt given X s

t for t > 1 as the
marginal distribution of Yt; but for this proposed setup, we cannot find any ex-
plicit form of known distribution for the partial marginal distribution of Yt given
X s

t for t > 1 (see Jazi, Jones, and Lai, 2012a), as it can be found for the marginal
(partial) distribution for PINAR(1) process with time-varying covariates in Chat-
topadhyay et al., 2021.

5.4.3 Autocorrelation structure

Result 5.2 Under the above setup, the auto-covariance function (ACVF) between Yt and
Yt+h given X s

t+h where Yt+h = αh ◦ Yt + ∑h
i=1 αh−i ◦ εt−i can be derived as

γy(h) = Cov(Yt, Yt+h|X s
t+h)

= αh(1 − ρ)
[
αt−1λs

1 + . . . + λs
t

]
+ αhρ(1 − ρ)

[
(αt−1λs

1)
2 + . . . + (λs

t)
2
]

.

The derivation of this result is presented in Appendix (see Section 5.10).
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Hence, for h ̸= 0, the ACF can be derived as follows:

ρy(h) =
Cov(Yt, Yt+h|X s

t+h)√
Var(Yt|X s

t+h)Var(Yt+h|X s
t+h)

= αh

√
Var(Yt|X s

t+h)

Var(Yt+h|X s
t+h)

= αh

√√√√√ [
αt−1λs

1 + . . . + λs
t
]
+ ρ

[
(αt−1λs

1)
2 + . . . + (λs

t)
2
]

[
αt+h−1λs

t + . . . + λs
t+h

]
+ ρ

[
(αt+h−1λs

1)
2 + . . . + (λs

t+h)
2
] .

It decays exponentially to 0, as h goes to ∞, since λs
i ’s are bounded, due to the

fact that the seasonal components (sine-cosine terms) and Xt’s involved in the
innovations are bounded.

5.4.4 Distribution of zeros

Result 5.3 Under the assumptions that Y1|X s
1 ∼ ZIP(ρ, λs

1) and εn|X s
n ∼ ZIP(ρ, λs

n),
we can show that the PGF of Yn|X s

n is

ΦYn|X s
n
(s) =

n−1

∏
i=0

[
ρ + (1 − ρ)e−λs

n−iα
i(1−s)

]
,

where ΦX(·) is the PGF of random variable X.

The derivation of this result is presented in Appendix (see Section 5.10).
For the proposed model, we can write

P[Yn = 0|X s
n ] =

n−1

∏
i=0

[
ρ + (1 − ρ)e−λs

n−iα
i
]
= p1

0,n (say).

And for a simple PINAR(1) process with time-varying covariates (see Chattopad-
hyay et al., 2021), we have

P[Yn = 0|X s
n ] = e−∑n−1

i=0 λs
n−iα

i
= p2

0,n (say).

We show p1
0,n (= P[Yn = 0|X s

n ] for the proposed zero-inflated PINAR(1) process
with seasonality) > p2

0,n (= P[Yn = 0|X s
n ] for simple PINAR(1) process with time-

varying covariates; see Chattopadhyay et al., 2021) in Appendix (see Section 5.10).
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5.5 Forecasting

5.5.1 h-step ahead forecasting properties

In order to derive the mean predictor, we use the following recursive method:

Yn+h = α ◦ Yn+h−1 + εn+h

= α ◦ {α ◦ Yn+h−2 + εn+h−1}+ εn+h

...

= αh ◦ Yn +
h

∑
i=1

αh−i ◦ εn+i.

The h-step ahead conditional mean (the mean predictor) and the conditional vari-
ance can be given as

Ŷn+h|Yn,X s
n+h = E(Yn+h|Yn,X s

n+h) = αhYn +
h

∑
i=1

αh−iλs
n+i(1 − ρ),

and

V(Yn+h|Yn,X s
n+h) = αh

(
1 − αh

)
Yn +

h

∑
i=1

[
αh−i

(
1 − αh−i

)
λs

n+i(1 − ρ) + α2(h−i)λs
n+i(1 − ρ)(1 + ρλs

n+i)
]

= αh
(

1 − αh
)

Yn +
h

∑
i=1

[
αh−iλs

n+i(1 − ρ) + ρ(1 − ρ)
(

αh−iλs
n+i

)2
]

= αh
(

1 − αh
)

Yn +
h

∑
i=1

αh−iλs
n+i(1 − ρ)

[
1 + ρ

(
αh−iλs

n+i

)]
.

5.6 Parameter Estimation

Conditional least squares estimation method

As discussed in Chapter 4, the conditional least squares method is usually used
for estimating the regression parameters of the model in the context of time series
models (see Freeland and McCabe, 2004a; Freeland and McCabe, 2005).

In order to implement the conditional least squares estimation method, we
need to minimize the sum of squared deviation about the conditional expectation
which is given as

Q∗(βs) =
n

∑
t=2

[Yt − E(Yt|Yt−1,X s
t )]

2, (5.6.1)
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instead of Q(βs) = ∑n
t=2[Yt − E(Yt|X s

t )]
2, with respect to the regression parame-

ters of the model where E(Yt|Yt−1,X s
t ) = αYt−1 + (1 − ρ)λs

t . The form of λs
t , i.e.,

the form of zero-inflated innovation terms with seasonality is given in equation
(5.3.2). In equation (5.6.1), βs indicates the vector for the regression parameters,
which are (α, ρ, βs

1, βs
2, βs

3) for our proposed process. Here, numerical methods are
being employed to obtain the CLS estimates of the regression parameters of the
model, as there are no closed forms of the CLS estimators. We use the "optim()"
function in R software for this purpose.

In the subsequent section, simulation studies are performed to establish the
consistency of the CLS method.

5.7 Simulation study

5.7.1 The setup

In this section, we perform some simulation experiments regarding the estima-
tion of model parameters and the forecasting performances of the proposed model.
We generate the simulated count time series {Yt} from the proposed model (5.3.1)
with λs

t given in equation (5.3.2), using the original covariate data {Xt}, i.e., the
weekly maximum temperature data. We fit an existing model to this dataset
({Xt}) from the literature. That is, we use the "auto.arima()" function from "Fore-
cast" package (see Hyndman and Khandakar, 2008) of R software to fit an ARIMA
model to the real covariate dataset we have in hand, i.e., the weekly maximum
temperature data. Then, for each replication in our simulation study, we gener-
ate multiple sample paths (100 covariate datasets) using the fitted model by the
"simulate()" function, which produces observations, conditional on the histori-
cal observations. Following that, we average them to obtain one good represen-
tative dataset of the real covariate dataset for each replication by reducing the
fluctuations which we see in one single simulated sample path (see Figure 5.5 in
Appendix (Section 5.10)).

The simulation studies are performed for varying sample sizes and different
choices of model parameters. In previous sections, X s

n , the set of all time-varying
covariates up to time-point n, is equal to {1, S1

1, S2
1, X1, S1

2, S2
2, X2, . . . , S1

n, S2
n, Xn},

where S1
t = cos

(2πt
l
)

and S2
t = sin

(2πt
l
)
, which are the seasonal components, l

being the number of seasons (l = 52 for our study), and Xt is related to the co-
variate data. However, we use the standardized values of the simulated covariate
dataset (see Figure 5.5 in Appendix (Section 5.10)) for the simulation study, and
the standardized real covariate values for the data analysis (see Section 5.8). That
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is, in the simulation experiments, we use the components {1, S1
1, S2

1, std(X1), . . . ,
S1

n, S2
n, std(Xn)} (where std(Xt) is the standardized value of Xt) to generate the

count data of varying sample sizes by the data generating process mentioned in
equation (5.3.1) with λs

t given in equation (5.3.2). Therefore, in both simulation
study and data analysis, by X s

n , we mean the set {1, S1
1, S2

1, std(X1), . . . , S1
n, S2

n, std(Xn)}.
Here, we consider "VGAM" package in R software to use "zipois" functions.

Note 5.2 In the simulation study as well as the data application, we compare our pro-
posed model to the following INAR models, which are briefly discussed below:

• The comparison model 1, where INAR(1) model contains only the seasonal fea-
ture but no the zero-inflation property, i.e., the comparison model 1 involves four
model parameters (α, βs

1, βs
2, βs

3) instead of (α, ρ, βs
1, βs

2, βs
3), which is the case for

the proposed zero-inflated INAR(1) model with seasonality.

• ZINAR(1) model, which is a first-order integer-valued AR process with zero-inflated
Poisson innovations. This model was studied by Jazi, Jones, and Lai, 2012a.

Remark 5.1 Here, we use CLS method in estimating the model parameters for all the
models. Since the conditional mean structures for ZINAR(1), some other INAR processes
like GINAR(1) (see McKenzie, 1986; Maiti and Biswas, 2015b), NBINAR(1) (see Ristić,
Nastić, and Bakouch, 2012) and NGINAR(1) model (see Ristić, Bakouch, and Nastić,
2009) processes are similar, we should have similar numerical results for these models.
Therefore, in simulation studies and data analysis, we provide the numerical results of
the ZINAR(1) model only.

5.7.2 Empirical consistency

Here, we perform a simulation experiment to investigate the empirical consis-
tency of the estimated parameters of the proposed model. In order to execute
this study, we simulate the data from the proposed model (5.3.1) with λs

t given in
equation (5.3.2). Different sets of model parameters are considered for this data
generating case. Those sets of values of βs, i.e., (α, ρ, βs

1, βs
1, βs

1), are (0.4, 0.4, 1.2,
−1.5, 0.5), (0.4, 0.6, 1.2, −1.5, 0.5), (0.6, 0.4, 1.2,−1.5, 0.5), (0.4, 0.4,−1.5, 1, 0.7), (0.6,
0.4,−1.5, 1, 0.7) and (0.6, 0.6,−1.5, 1, 0.7). For this proposed data generating method,
X s

n , the set of all time-varying covariates up to time-point n, contains the seasonal
components and the covariate term up to time-point n, as described in Section
5.7.1, where n is the sample size of the simulated data. We use the standardized
values of the simulated covariate datasets in this study. Four different sample
sizes of 200, 500, 1000, and 5000 are explored. All the simulations results are
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based on 1000 Monte Carlo replications. We estimate the regression parameters
using CLS method. We report the mean estimates and the MSEs of the regres-
sion parameters in Tables 5.1 and 5.2, where we can see that as the sample size
increases, the MSEs of the estimated regression parameters βs decrease. This em-
pirically establishes the consistency of the estimated model parameters.

TABLE 5.1: Mean estimates of the regression parameters βs with
their respective MSEs for different sample sizes, where the data gen-
erating process is the proposed zero-inflated PINAR(1) with season-
ality and true βs = (0.4, 0.4, 1.2,−1.5, 0.5), (0.4, 0.6, 1.2,−1.5, 0.5) and

(0.6, 0.4, 1.2,−1.5, 0.5)

βs = (0.4, 0.4, 1.2,−1.5, 0.5)

n α̂ (MSE) ρ̂ (MSE) β̂s
1 (MSE) β̂s

2 (MSE) β̂s
3 (MSE)

200 0.3488(0.0159) 0.4675(0.0668) 1.3607(0.4768) −1.8293(0.9404) 0.5459(0.3023)
500 0.3806(0.0056) 0.4304(0.0250) 1.2398(0.1071) −1.6150(0.2105) 0.4975(0.0863)
1000 0.3906(0.0025) 0.4111(0.0115) 1.2243(0.0450) −1.5393(0.0867) 0.5070(0.0398)
5000 0.3989(0.0005) 0.4023(0.0024) 1.1995(0.0069) −1.5104(0.0129) 0.4962(0.0054)

βs = (0.4, 0.6, 1.2,−1.5, 0.5)

n α̂ (MSE) ρ̂ (MSE) β̂s
1 (MSE) β̂s

2 (MSE) β̂s
3 (MSE)

200 0.3417(0.0186) 0.6974(0.0511) 1.5239(1.2412) −2.1864(2.2919) 0.5732(0.7264)
500 0.3788(0.0060) 0.6488(0.0207) 1.3253(0.3162) −1.7533(0.6112) 0.5173(0.1880)
1000 0.3883(0.0020) 0.6196(0.0102) 1.2373(0.0993) −1.5964(0.2017) 0.5051(0.0796)
5000 0.3978(0.0005) 0.6044(0.0018) 1.2099(0.0139) −1.5175(0.0250) 0.5018(0.0108)

βs = (0.6, 0.4, 1.2,−1.5, 0.5)

n α̂ (MSE) ρ̂ (MSE) β̂s
1 (MSE) β̂s

2 (MSE) β̂s
3 (MSE)

200 0.5463(0.0139) 0.4279(0.0774) 1.3626(0.4579) −1.8287(0.9660) 0.5368(0.3219)
500 0.5771(0.0047) 0.4081(0.0351) 1.2521(0.1267) −1.6136(0.2425) 0.5022(0.0964)
1000 0.5906(0.0019) 0.4061(0.0154) 1.2137(0.0479) −1.5483(0.0921) 0.4974(0.0449)
5000 0.5978(0.0004) 0.4007(0.0031) 1.2025(0.0079) −1.5112(0.0140) 0.4977(0.0070)
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TABLE 5.2: Mean estimates of the regression parameters βs with
their respective MSEs for different sample sizes, where the data gen-
erating process is the proposed zero-inflated PINAR(1) with sea-
sonality and true βs = (0.4, 0.4,−1.5, 1, 0.7), (0.6, 0.4,−1.5, 1, 0.7) and

(0.6, 0.6, −1.5, 1, 0.7)

βs = (0.4, 0.4,−1.5, 1, 0.7)

n α̂ (MSE) ρ̂ (MSE) β̂s
1 (MSE) β̂s

2 (MSE) β̂s
3 (MSE)

200 0.3630(0.0132) 0.4115(0.0642) −1.6087(0.3326) 1.1297(0.3778) 0.7803(0.3346)
500 0.3874(0.0047) 0.4025(0.0293) −1.5470(0.0870) 1.0253(0.0805) 0.7124(0.0886)
1000 0.3919(0.0023) 0.4020(0.0144) −1.5290(0.0387) 1.0140(0.0347) 0.7029(0.0410)
5000 0.3985(0.0005) 0.3992(0.0033) −1.5009(0.0071) 1.0041(0.0066) 0.7043(0.0063)

βs = (0.6, 0.4,−1.5, 1, 0.7)

n α̂ (MSE) ρ̂ (MSE) β̂s
1 (MSE) β̂s

2 (MSE) β̂s
3 (MSE)

200 0.5613(0.0114) 0.4081(0.0842) −1.6990(0.4992) 1.2019(0.7608) 0.8213(0.4803)
500 0.5831(0.0034) 0.3829(0.0404) −1.5515(0.0935) 1.0223(0.1282) 0.7217(0.1071)
1000 0.5923(0.0017) 0.3935(0.0216) −1.5203(0.0403) 1.0126(0.0488) 0.7148(0.0472)
5000 0.5978(0.0003) 0.3975(0.0038) −1.5069(0.0074) 0.9996(0.0070) 0.6974(0.0059)

βs = (0.6, 0.6,−1.5, 1, 0.7)

n α̂ (MSE) ρ̂ (MSE) β̂s
1 (MSE) β̂s

2 (MSE) β̂s
3 (MSE)

200 0.5525(0.0143) 0.5944(0.0639) −1.8689(1.1534) 1.3033(1.3990) 0.8630(0.9354)
500 0.5871(0.0042) 0.6101(0.0287) −1.5985(0.2787) 1.1238(0.4159) 0.7868(0.3091)
1000 0.5912(0.0019) 0.6054(0.0148) −1.5620(0.1059) 1.0553(0.1216) 0.7208(0.0942)
5000 0.5983(0.0003) 0.6022(0.0028) −1.5136(0.0149) 1.0075(0.0135) 0.7051(0.0123)

5.7.3 Forecasting

This simulation experiment is done to study the h-step ahead forecasting perfor-
mances of the proposed model for varying h, compared to two different com-
parison methods - (i) comparison model 1 and (ii) ZINAR(1) method. For com-
parison, we consider three measures of forecasting criteria, namely PRMSE(h),
PTP(h), and PTPI(h) (where δ = 1, 2) (see 2.8 of Chapter 2 and 3.7 of Chapter
3). In order to perform this study, we simulate the data from the proposed model
(5.3.1) with λs

t given in equation (5.3.2). Different sets of regression parameters: (i)
(0.4, 0.4, 1.5, 1.2,−0.1) and (0.5, 0.5, 1,−1,−0.5) (moderate counts with moderate
zero-inflation), (ii) (0.4, 0.7, 0.5,−0.5, 0.3) and (0.6, 0.7, 0.5,−0.5, 0.3) (low counts
with high zero-inflation), and (iii) (0.5, 0.4, 1.5, 1.2,−0.2) and (0.6, 0.4, 1.5, 1.2,−0.4)
(moderate and high counts with moderate zero-inflation), are considered. As de-
scribed for the simulation study regarding the empirical consistency, here, X s

n

also contains the seasonal components and the covariate term up to time-point n,
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where n is the sample size of the simulated data. We use the standardized values
of simulated the covariate datasets in this experiment. Each time we generate a
data of sample size 500 of which a training set of size 400 is used to fit the three
models considered for this study and a test set of size 100 is considered to find the
forecasting measures for h = 1, 2, 3, 4. This procedure is repeated for 1000 times.
We report the h-step ahead forecasting performances for all the three models for
h = 1, 2, 3, 4 in Tables 5.3, 5.4 and 5.5.

From the tables, it is observed that the average PRMSE values of the proposed
process are relatively smaller than those of the two comparison methods. For
cases with low counts and high zero-inflation, the two zero-inflated models (the
proposed model and the ZINAR(1) model) mostly perform better than the com-
parison model. However, the comparison model shows good performance for
PTPI (δ = 2). For moderate counts, the two seasonal models perform better than
the ZINAR(1) model, but the ZINAR(1) model shows good results for PTPI val-
ues. For high counts, the two seasonal models provide better numerical results
than the ZINAR(1) model, which is expected.

TABLE 5.3: PRMSE(h), PTP(h) and PTPI(h) values for varying h,
where the data generating process is the proposed zero-inflated
PINAR(1) with seasonality and true βs = (0.4, 0.4, 1.5, 1.2,−0.1)
and (0.5, 0.5, 1,−1,−0.5) (moderate counts with moderate zero-

inflation)

βs = (0.4, 0.4, 1.5, 1.2,−0.1)

h Proposed model Comparison model 1 ZINAR(1)

PR. PTP PI1 PI2 PR. PTP PI1 PI2 PR. PTP PI1 PI2

1 2.32 41.14 67.67 79.09 2.34 36.09 66.82 78.81 2.57 15.41 68.92 79.64
2 2.52 38.75 66.49 78.25 2.54 31.11 65.15 77.91 2.98 12.82 58.74 77.64
3 2.56 38.07 65.97 77.89 2.58 29.24 64.28 77.43 3.22 10.46 41.66 77.01
4 2.58 37.59 65.59 77.60 2.60 28.51 63.69 77.16 3.38 8.75 31.02 76.64

βs = (0.5, 0.5, 1,−1,−0.5)

1 1.91 44.43 71.92 84.38 1.94 34.35 70.84 84.09 2.07 28.66 75.01 85.69
2 2.16 40.23 69.60 81.64 2.20 21.80 68.24 81.28 2.44 16.82 70.03 82.71
3 2.22 39.45 68.79 80.92 2.26 19.38 67.31 80.64 2.62 15.32 63.51 81.84
4 2.24 39.32 68.49 80.73 2.28 18.88 67.08 80.34 2.74 14.16 57.64 81.53

Note: PR.: PRMSE values, PI1: PTPI values with δ = 1 and PI2: PTPI values with
δ = 2
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TABLE 5.4: PRMSE(h), PTP(h) and PTPI(h) values for varying h,
where the data generating process is the proposed zero-inflated
PINAR(1) with seasonality and true βs = (0.4, 0.7, 0.5,−0.5, 0.3) and

(0.6, 0.7, 0.5,−0.5, 0.3) (low counts with high zero-inflation)

βs = (0.4, 0.7, 0.5,−0.5, 0.3)

h Proposed model Comparison model 1 ZINAR(1)

PR. PTP PI1 PI2 PR. PTP PI1 PI2 PR. PTP PI1 PI2

1 0.96 58.98 91.28 97.01 1.11 18.12 92.71 97.85 0.97 67.02 90.72 96.36
2 1.03 52.12 90.33 96.77 1.15 17.94 89.61 97.88 1.08 49.80 90.50 96.07
3 1.03 51.58 90.22 96.70 1.15 17.94 89.37 97.93 1.10 35.97 91.80 96.54
4 1.03 51.71 90.35 96.74 1.15 17.96 89.56 97.98 1.10 31.44 92.41 96.77

βs = (0.6, 0.7, 0.5,−0.5, 0.3)

1 0.97 58.90 90.49 96.96 1.13 22.50 89.81 97.74 0.98 65.13 89.79 96.45
2 1.13 45.43 87.07 96.11 1.28 20.63 79.84 97.40 1.18 39.96 88.20 95.47
3 1.19 40.89 85.66 95.73 1.31 20.30 77.05 97.25 1.22 25.22 89.58 95.83
4 1.20 39.18 85.01 95.66 1.32 20.12 76.15 97.21 1.22 23.99 89.99 95.75

Note: PR.: PRMSE values, PI1: PTPI values with δ = 1 and PI2: PTPI values with
δ = 2

TABLE 5.5: PRMSE(h), PTP(h) and PTPI(h) values for varying h,
where the data generating process is the proposed zero-inflated
PINAR(1) with seasonality and true βs = (0.5, 0.4, 1.5, 1.2,−0.2)
(moderate to high counts with moderate zero-inflation) and
(0.6, 0.4, 1.5, 1.2,−0.4) (high counts with moderate zero-inflation)

βs =(0.5, 0.4, 1.5, 1.2,−0.2)

h Proposed model Comparison model 1 ZINAR(1)

PR. PTP PI1 PI2 PR. PTP PI1 PI2 PR. PTP PI1 PI2

1 2.63 40.99 66.48 77.25 2.64 36.72 65.59 76.97 2.89 16.58 66.43 77.65
2 2.97 37.12 64.59 76.07 2.98 30.25 62.98 75.61 3.52 12.44 56.15 74.19
3 3.07 35.91 63.59 75.25 3.08 27.81 61.43 74.73 3.90 9.23 35.99 70.88
4 3.10 35.31 63.17 74.89 3.12 26.49 60.62 74.19 4.14 7.74 27.94 68.37

βs =(0.6, 0.4, 1.5, 1.2,−0.4)

1 3.40 41.02 64.96 74.69 3.40 37.73 64.03 74.44 3.83 13.17 61.56 74.50
2 3.99 36.00 62.14 73.02 3.99 30.96 60.59 72.46 4.99 10.45 49.93 68.03
3 4.20 33.88 60.48 71.75 4.21 27.70 58.17 70.90 5.80 6.75 25.53 61.94
4 4.29 33.01 59.53 70.98 4.30 25.64 56.83 69.85 6.37 5.68 20.43 51.79

Note: PR.: PRMSE values, PI1: PTPI values with δ = 1 and PI2: PTPI values with
δ = 2
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5.8 Data analysis

In this section, we consider the data of weekly dengue cases, reported in Kaohsi-
ung City, Taiwan, during the period 2009 to 2012 for the practical illustration of
the proposed zero-inflated PINAR(1) model with seasonality. As discussed ear-
lier, we incorporate the weekly maximum temperature data in the innovations to
include the effects temperature has on the spread of dengue infections globally
(see World Health Organization, n.d.). In this dataset, we have total number of
209 observations. Here X s

n , the set of all time-varying covariates up to time-point
n, consists of the seasonal components and the covariate data up to time-point n,
where n = 209. As mentioned in Section 5.7.1, we use the standardized values
of the covariate dataset in this analysis. We fit the proposed model and all the
comparison models (see Section 5.7.1) to this dataset and discuss the numerical
results. For each model, we provide the CLS estimates and the RMSEs (between
observed and predicted values) in Table 5.6. From the numerical results given
in Table 5.6, it is seen that the smallest RMSE value is obtained for the proposed
method.

To study the predictive performances based on the real data, we partition the
data into two sets: a training set of 150 observations to fit the proposed model
and the comparison models, and a test set of remaining 59 observations to find
PRMSE(h), PTP(h) and PTPI(h) (where δ = 2) measures for h = 1, 2, 3, 4. The
results are given in Table 5.7, where we notice that the proposed model performs
relatively well. The next closest competitor of the proposed model regarding the
forecasting performances is the comparison model 1. This is expected due to the
seasonal structure the comparison model 1 has, is similar to that of the proposed
method. However, the other comparison model ZINAR(1) also presents some
promising results when PTPI(h) is considered.

In this study, the proposed model generally performs better than the other
comparison models. As mentioned earlier, the next best model is the compari-
son model 1 that also records some promising results, especially in the predic-
tive performances. The possible reason for this phenomenon can be described as
follows. The weekly data of dengue cases involves some large counts. Our pro-
posed zero-inflated model may not be able to handle the large counts, compared
to the comparison model 1 that involves no zero-inflation property. Having no
zero-inflation property provides the comparison model 1 a relative edge over the
proposed model in order to have more weights towards the higher values. How-
ever, overall, the proposed method accomplishes better numerical results, even if
the presence of some large counts in this data is not ideal for the construction of
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the proposed model. This clearly indicates why blending both zero-inflation and
seasonal properties in our proposed PINAR model can be very advantageous for
analyzing this kind of count time series.

TABLE 5.6: Estimated parameters and RMSEs for all the models

Models CLS estimates RMSE

Proposed model (α̂cls, ρ̂cls, β̂s
1cls, β̂s

2cls, β̂s
3cls) = (0.7051, 0.6782, 2.6863, −2.9152, 0.9326) 8.19

Comparison model 1 (α̂cls, β̂s
1cls, β̂s

2cls, β̂s
3cls) = (0.6840, 2.0223, −1.9930, 0.8364) 8.22

ZINAR(1) (α̂cls, ρ̂cls, λ̂cls) = (0.9041, 0.9054, 14.6958) 9.4

TABLE 5.7: Comparative forecasting study between all the models

h Proposed model Comparison model 1 ZINAR(1)

PRMSE PTP PTPI PRMSE PTP PTPI PRMSE PTP PTPI

1 7.66 23.73 55.93 7.65 23.73 55.93 7.57 8.47 49.15
2 10.94 20.69 51.72 10.98 22.41 51.72 10.78 5.17 27.59
3 12.76 28.07 49.12 12.76 26.32 49.12 12.91 1.75 8.77
4 13.89 23.21 48.21 13.90 19.64 51.79 15.64 5.36 7.14

5.9 Conclusions

The usual PINAR process is unable to model count data having both zero-inflation
and seasonality. But such features can be observed in many real-life count time
series datasets, like the data of weekly dengue cases in Kaohsiung City, Taiwan,
from 2009 to 2012. Hence, in this chapter, we have proposed a PINAR model
based on binomial thinning operator, which can get hold of both zero-inflation
and seasonality properties together in a single setup. We have also included the
weekly maximum temperature data in our proposed process, along with the sine-
cosine functions to model the innovations. The inclusion of the temperature data
has been done to incorporate the effect of temperature in our proposed model, as
it is a very important factor directly impacting the worldwide spread of dengue
infections (see World Health Organization, n.d.). This idea is mainly based on
Freeland and McCabe, 2004b. Therefore, as discussed earlier, this study regard-
ing our proposed PINAR with zero-inflation and seasonality can be viewed as a
case study in the field of count time series.

The zero-inflated PINAR process with seasonality has been developed mainly
borrowing ideas from Jazi, Jones, and Lai, 2012a, Chan, Hu, and Hwang, 2015,
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and Chattopadhyay et al., 2021. To capture the zero-inflation feature in the pro-
posed model, the study of Jazi, Jones, and Lai, 2012a has been consulted through-
out the chapter. As previously discussed, we have implemented an approxima-
tion of the full seasonal model using sine-cosine functions, based on the corre-
spondence between the seasonal dummy model and the seasonal model with
sine-cosine functions.

Throughout this chapter, we have studied the distributional and the h-step
ahead forecasting features of the proposed model. We have employed the CLS
method in order to estimate the model parameters. We have conducted an ex-
tensive simulation study to confirm the empirical consistency of the estimated
model parameters. The data application has shown our proposed method to be
a more favourable model for this kind of count time series data than the other
INAR models with respect to standard statistical criteria like RMSE and forecast-
ing measures like PRMSE, PTP, and PTPI.

However, as mentioned earlier, the proposed setup for the zero-inflated PINAR
process with seasonality has the limitation how many lag values should be in-
cluded in the model after the inclusion of time-varying seasonal components
along with the zero-inflation property. This is a difficult problem to address and
needs further study, which we intend to pursue in future work. But the proposed
PINAR(1) process has shown promising results, both in terms of the simulation
experiments and the data application. Therefore, we can hope that the proposed
zero-inflated PINAR(1) process with seasonality, even with this limitation, would
be a useful option to analyze this kind of count time series data based on the the-
oretical and numerical results obtained throughout this chapter.

5.10 Appendix

Appendix A. Proof of result 5.1

In the INAR(1) model, we have

Yn = α ◦ Yn−1 + ϵn =
Yn−1

∑
i=1

N1i + ϵn,

where {N1i} is a sequence of i.i.d. Bernoulli(α) random variables, independent of
Yn−1, and we know that given X s

n , α ◦ Yn−1 and εn are independent. From Wald’s
identities, we can say

E(Yn|X s
n) = E(N1i)E(Yn−1|X s

n) + E(εn|X s
n), (5.10.1)
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and

V(Yn|X s
n) = V(N1i)E(Yn−1|X s

n) + (E(N1i))
2V(Yn−1|X s

n) + V(εn|X s
n). (5.10.2)

Here, we have (see Section 5.4)

E(Y1|X s
1 ) = λs

1(1 − ρ). (5.10.3)

From (5.10.3) and (5.10.1), we can write

E(Y2|X s
2 ) = αE(Y1|X s

2 ) + λs
2(1 − ρ) = (αλs

1 + λs
2)(1 − ρ). (5.10.4)

Now, we assume that

E(Yk−1|X s
k−1) = (αk−2λs

1 + αk−3λs
2 + . . . + λs

k−1)(1 − ρ). (5.10.5)

From (5.10.5), we can write

E(Yk|X s
k ) = α(αk−2λs

1 + αk−3λs
2 + . . . + λs

k−1)(1 − ρ) + λs
k(1 − ρ)

= (αk−1λs
1 + αk−2λs

2 + . . . + λs
k)(1 − ρ).

This completes the proof for E(Yn|X s
n).

Now, using (5.10.2) and (5.10.3), and assuming V(Y1|X s
1 ) = λs

1(1 − ρ)(1 + ρλs
1)

(see Section 5.4), we can write

V(Y2|X s
2 ) = α(1 − α)E(Y1|X s

2 ) + α2V(Y1|X s
2 ) + V(ε2|X s

2 )

= α(1 − α)λs
1(1 − ρ) + α2λs

1(1 − ρ)(1 + ρλs
1) + λs

2(1 − ρ)(1 + ρλs
2)

= αλs
1(1 − ρ)− α2λs

1(1 − ρ) + α2λs
1(1 − ρ) + α2(λs

1)
2ρ(1 − ρ)+

λs
2(1 − ρ) + ρ(1 − ρ)(λs

t)
2

= (1 − ρ)(αλs
1 + λs

2) + ρ(1 − ρ)
[
(αλs

1)
2 + (λs

2)
2
]

.

Now, let us assume that

V(Yk−1|X s
k−1) = (αk−2λs

1 + . . .+λs
k−1)(1− ρ)+ ρ(1− ρ)

[
(αk−2λs

1)
2 + . . . + (λs

k−1)
2
]

.
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So, we can write

V(Yk|X s
k ) = α(1 − α)(αk−2λs

1 + . . . + λs
k−1)(1 − ρ) + α2(αk−2λs

1 + . . . + λs
k−1)(1 − ρ) +

α2ρ(1 − ρ)
[
(αk−2λs

1)
2 + . . . + (λs

k−1)
2
]
+ λs

k(1 − ρ)(1 + ρλs
k)

= (αk−1λs
1 + . . . + λs

k)(1 − ρ) + ρ(1 − ρ)
[
(αk−1λs

1)
2 + . . . + (λs

k)
2
]

.

So, we have

V(Yk|X s
k ) = (αk−1λs

1 + . . . + λs
k)(1 − ρ) + ρ(1 − ρ)

[
(αk−1λs

1)
2 + . . . + (λs

k)
2
]

.

This completes the proof for V(Yn|X s
n).

Appendix B. Proof of result 5.2

The ACVF is given by

γy(h) = Cov(Yt, Yt+h|X s
t+h)

= E(Yt Yt+h|X s
t+h)− E(Yt|X s

t+h)E(Yt+h|X s
t+h)

= E(Yt E(Yt+h|Yt,X s
t+h)|X

s
t+h)− E(Yt|X s

t+h)E(Yt+h|X s
t+h)

= E

[
Yt

(
αhYt +

h

∑
i=1

αh−iλs
t+i(1 − ρ)

)
|X s

t+h

]
−

E(Yt|X s
t+h)E(Yt+h|X s

t+h)

= αh
[
V(Yt|X s

t+h) + E2(Yt|X s
t+h)

]
+

h

∑
i=1

αh−iλs
t+i(1 − ρ)E(Yt|X s

t+h)−

E(Yt|X s
t+h)E(Yt+h|X s

t+h)

= αhV(Yt|X s
t+h)− E(Yt|X s

t+h)[
−αhE(Yt|X s

t+h)−
h

∑
i=1

αh−iλs
t+i(1 − ρ) + E(Yt+h|X s

t+h)

]
= αhV(Yt|X s

t+h)− E(Yt|X s
t+h)

[
−αh

(
αt−1λs

1 + . . . + λs
t

)
(1 − ρ)

]
−

E(Yt|X s
t+h)

[
−
(

αh−1λs
t+1 + . . . + λs

t+h

)
(1 − ρ) +

(
αt+h−1λs

1 + . . . + λs
t+h

)
(1 − ρ)

]
= αh(1 − ρ)

[
αt−1λs

1 + . . . + λs
t

]
+ αhρ(1 − ρ)

[
(αt−1λs

1)
2 + . . . + (λs

t)
2
]

.

This completes the proof.



130
Chapter 5. Analysis of count time series through INAR process with

zero-inflation and seasonality

Appendix C. Proof of result 5.3

We can write (see Chattopadhyay et al., 2021)

ΦYn|X s
n
(s) = ΦYn−1|X s

n
(1 − α + αs)Φεn|X s

n
(s). (5.10.6)

Now, using (5.10.6), we can write

ΦYn|X s
n
(s) = ΦYn−1|X s

n
(1 − α + αs)Φεn|X s

n
(s)

= ΦYn−2|X s
n
(1 − α + α(1 − α + αs))Φεn−1|X s

n
(1 − α + αs)Φεn|X s

n
(s)

= ΦYn−2|X s
n
(1 − α2 + α2s)Φεn−1|X s

n
(1 − α + αs)Φεn|X s

n
(s)

...

= ΦY1|X s
n
(1 − αn−1 + αn−1s)Φε2|X s

n
(1 − αn−2 + αn−2s) . . . Φεn|X s

n
(s)

=
[
ρ + (1 − ρ)e−λs

1αn−1(1−s)
] [

ρ + (1 − ρ)e−λs
2αn−2(1−s)

]
. . .
[
ρ + (1 − ρ)e−λs

n(1−s)
]

=
n−1

∏
i=0

[
ρ + (1 − ρ)e−λs

n−iα
i(1−s)

]
.

This completes the proof.

Appendix D. Proof of p1
0,n > p2

0,n

Let zi = αiλs
n−i which is > 0 for i = 0, 1, . . . . We can write [ρ + (1 − ρ)e−zi ] as

a convex combination of {1, e−zi} where e−zi < 1, and hence, [ρ + (1 − ρ)e−zi ] >

e−zi . So, we have

n−1

∏
i=0

[
ρ + (1 − ρ)e−zi

]
>

n−1

∏
i=0

e−zi ⇒
n−1

∏
i=0

[
ρ + (1 − ρ)e−αiλs

n−i

]
> e−∑n−1

i=0 αiλs
n−i .

This completes the proof.
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Appendix E. Correspondence between the seasonal dummy model

and the seasonal model with sine and cosine terms for s = 4

For s = 4, if the four seasons are indexed by i = 1, 2, 3, 4, then the values from the
year τ can be written as follows:

Sτ1

Sτ2

Sτ3

Sτ4

 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




δ1

δ2

δ3

δ4

 for equation (5.3.4),


Sτ1

Sτ2

Sτ3

Sτ4

 =


1 0 1 −1
1 −1 0 1
1 0 −1 −1
1 1 0 1




µ

αs
1
∗

βs
1
∗

αs
2
∗

 for equation (5.3.5),

since (cos π
2 , sin π

2 , cos π) = (0, 1,−1), (cos π, sin π, cos 2π) = (−1, 0, 1), (cos 3π
2 , sin 3π

2 , cos 3π)

= (0,−1,−1), (cos 2π, sin 2π, cos 4π) = (1, 0, 1). Note that, the final sine term is
always zero, since sin(πt) = 0 for all t, and so, here βs

2
∗ = 0.

So, we have 
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




δ1

δ2

δ3

δ4

 =


1 0 1 −1
1 −1 0 1
1 0 −1 −1
1 1 0 1




µ

αs
1
∗

βs
1
∗

αs
2
∗

 . (5.10.7)

From (5.10.7), we can write

δ1 = µ + βs
1
∗ − αs

2
∗, (5.10.8)

δ2 = µ − αs
1
∗ + αs

2
∗, (5.10.9)

δ3 = µ − βs
1
∗ − αs

2
∗, (5.10.10)

δ4 = µ + αs
1
∗ + αs

2
∗. (5.10.11)

By (5.10.8)+(5.10.9)+(5.10.10)+(5.10.11), we find

µ =
∑4

i=1 δi

4
.
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By (5.10.8)-(5.10.10), we find

δ1 − δ3 = 2βs
1
∗ ⇒ βs

1
∗ =

δ1 − δ3

2
.

From (5.10.10), we find

∑4
i=1 δi

4
− 2(δ1 − δ3)

4
− δ3 = αs

2
∗ ⇒ αs

2
∗ =

δ2 + δ4 − δ1 − δ3

4
.

And, from (5.10.11), we find

αs
1
∗ +

∑4
i=1 δi

4
+

δ2 + δ4 − δ1 − δ3

4
= δ4 ⇒ αs

1
∗ =

δ4 − δ2

2
.

So, we have the correspondences: µ = ∑4
i=1 δi
4 , αs

1
∗ = δ4−δ2

2 , αs
2
∗ = δ2+δ4−δ1−δ3

4 ,
βs

1
∗ = δ1−δ3

2 , and βs
2
∗ = 0.

Appendix F. Some comments on standardization

In this study, we utilize the conventional standardization method, denoted as
x − meanx

sdx
, for both simulation study and data analysis. However, one limitation

of employing various standardization methods is that we will obtain different
estimates of model parameters across different techniques. In this section, we
conduct a study utilizing the actual data (see Section 5.8) to demonstrate that, de-
spite obtaining almost varying estimates for different standardization techniques,
we will obtain almost identical numerical values for measures such as RMSE (for
data fitting) and forecasting measures, which are PRMSE, PTP, and PTPI. Alterna-
tively, we will observe minimal disparities in the numerical values obtained from
each technique. For examination, we use four standardization methods, which
are:

1. Standardization Method 1 (std1):
x − meanx

sdx
, which is used throughout our

study.

2. Standardization Method 2 (std2):
x − minx

maxx − minx
.

3. Standardization Method 3 (std3):
x − meanx

maxx − minx
.

4. Standardization Method 4 (std4):
x − minx

sdx
.
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The numerical results are given in Tables 5.8 and 5.9. From Table 5.8, we
can see that, despite obtaining varying estimates for different standardization
techniques, we obtain identical numerical values of RMSEs.

And from Table 5.9, we also obtain identical results except for the 3-step PRMSE
value of standardization method 3 (std3), which is 10.90. However, this value is
very close to other 3-step PRMSE values that are equal to 10.94. Therefore, as dis-
cussed earlier, despite the fact that we get varying estimates of some model pa-
rameters, we obtain similar numerical results for different standardization tech-
niques. Therefore, we employ the usual standardization technique (std1) through-
out our study.

TABLE 5.8: Estimated parameters and RMSEs for all the models us-
ing different standardization methods

Models CLS estimates RMSE

Model with std1 (α̂cls, ρ̂cls, β̂s
1cls, β̂s

2cls, β̂s
3cls) = (0.7051, 0.6782, 2.6863, −2.9152, 0.9326) 8.19

Model with std2 (α̂cls, ρ̂cls, β̂s
1cls, β̂s

2cls, β̂s
3cls) = (0.7051, 0.9828, 2.6902, −2.9198, 4.3131) 8.19

Model with std3 (α̂cls, ρ̂cls, β̂s
1cls, β̂s

2cls, β̂s
3cls) = (0.7050, 0.6780, 2.6860, −2.9150, 4.3086) 8.19

Model with std4 (α̂cls, ρ̂cls, β̂s
1cls, β̂s

2cls, β̂s
3cls) = (0.7050, 0.9827, 2.6862, −2.9145, 0.9327) 8.19

TABLE 5.9: Forecasting measures for all the models using different
standardization methods

h Model with std1 Model with std2 Model with std3 Model with std4

PRMSE PTP PTPI PRMSE PTP PTPI PRMSE PTP PTPI PRMSE PTP PTPI

1 7.66 23.73 55.93 7.66 23.73 55.93 7.66 23.73 55.93 7.66 23.73 55.93
2 10.94 20.69 51.72 10.94 20.69 51.72 10.90 20.69 51.72 10.94 20.69 51.72
3 12.76 28.07 49.12 12.76 28.07 49.12 12.76 28.07 49.12 12.76 28.07 49.12
4 13.89 23.21 48.21 13.89 23.21 48.21 13.89 23.21 48.21 13.89 23.21 48.21
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Appendix G. Some simulated covariate datasets
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FIGURE 5.5: Some samples of simulated covariate datasets and their
standardized values
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Chapter 6

Epilogue

Overall, the thesis discusses problems in discrete-valued time series analysis (see
Weiß, 2018) with applications to some real datasets. As discussed throughout
the thesis, discrete-valued time series are divided into two classes: (i) categorical
time series and (ii) count time series. We employed the Pegram’s operator based
autoregressive (PAR) process to analyze categorical time series in Chapter 2 and
truncated counts in Chapter 3. To investigate count time series with time-varying
covariates, we considered the integer-valued autoregressive (INAR) process with
the binomial thinning operator.

In Chapter 2, we studied the problem of modelling categorical time series with
application to AQI data. In this study, we proposed a generalized PAR process
of order 1 (GPAR(1)) to address the issue that the PAR(1) process has with the
indicator kernel. The indicator kernel provides weights only when the previous
category occurs at the current time-point. To address the drawback, we proposed
a generalized kernel that assigns weight (possibly different) to all possible cases.
For the comparison study, we used the standard PAR(1) process and the mixture
transition distribution model of order 1 (MTD(1) model). For a practical example,
we analyzed the AQI data using our proposed GPAR(1) method. Then, in Chap-
ter 3, we addressed the issue of analyzing time series with truncated counts. To
do so, we proposed a modified PAR(1) (mPAR(1)) process with a modified ker-
nel to address the aforementioned drawback, which also exists for the PAR(1)
process when modelling truncated counts. Finally, we analyzed a real dataset
through our proposed mPAR(1) process. We can further extend these proposed
methods to orders greater than 1.

Chapters 4 and 5 addressed the challenges of modelling count time series
datasets with time-varying covariates. In Chapter 4, we discussed count time
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series with change-points that can be observed in real datasets, such as vari-
ous COVID-19 datasets. In Chapter 5, we studied count time series with zero-
inflation and seasonality, which we can notice in some datasets, such as dengue
data for a specific location. To analyze these types of count time series, we pro-
posed appropriately adjusted INAR processes of order 1 (INAR(1)) with time-
varying components using the binomial thinning operator. This INAR process
can capture the time-varying properties that some count time series exhibit while
preserving the survival component. We looked at some real datasets to see how
our proposed models worked in practice. In this direction, we wish to look into
this proposed INAR process with order greater than 1 and also study count time
series with other types of time-varying features.

Throughout this thesis, we developed various distributional properties and
investigated h-step ahead forecasting for our proposed processes. We conducted
extensive simulation experiments to determine the usefulness of the proposed
processes. Then, to provide illustrations of the proposed methods, we analyzed
some real datasets. In this regard, we considered some existing models to conduct
detailed comparison studies with our proposed methods in both simulation stud-
ies and data analyses. We primarily used three forecasting measures (PRMSE,
PTP, and PTPI) for both simulation studies and data analyses. Based on all of the
theoretical and numerical results from our studies, we hope that the proposed
methods will be viable options in the field of discrete-valued time series analysis.
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