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Chapter 1

Introduction

1.1 Introduction
Pattern recognition can be viewed as a two-fold task, [1,2,3] namely,

© development of a decision rule based on previous knowledge (learning),
e application of the decision rule for taking decisions regarding an unknown pattern
(classification).

"I'he first task can involve one or more subtasks. For instunce, it may require the design
of a classifier on the basis of whatever prior knowledge there is of the feature space,

or given the design, to estimate efficiently the of the classifier. The latter
might involve the estimation of the density function itsell lf very little is known about
the cl ditional feature distribution, or it may the estimation of the

of the feature distribution, if one can assume it to have some known form.

It may also involve estimating the boundaries of the classes, if even less is known about
the fenture space. A brief discussion regarding learning can be found in the next few
sections.

All learning activities require the assistance of a set of samples from the fenture
space, which is called the {raining sei. If the correct labels of the samples in the training
set is known, the learning that takes place with the help of these samples is called
supervised learning. Otherwise, it is termed nonsupervised learning. One special case
of nonsupervised learning is self-supervised learning in which the system is equipped
with a feedback mechanism so that it can learn from its past actions. In most practical
situations it is either expensive or difficult to provide labels for the training samples,
80 that there is every possibility of having to learn with mislabeled ones. This may
be due to random or systematic errors of observation or of the labeling process itself.
In such situati traditional hes have to be modified so as to ensure that
the charncteristics of the method being used are not vitinted in this typo of non-ideal
situation.
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Finally, chapter 6 sums up the contributions made by this thesis to the theory of
i of in the field of pattern recognition, particularly, when

there is a likelihood of training samples being mislabeled. It also

for further research in this direction.

1.2 Learning

Learning has been of interest to psychologists and h ici for decades and more
recently to computer scientists. The interest of a psychologist or a mathematician in

learning is to expluin or describe the manner in which animals and men learn to do a
variety of skills by observing the changes in their behaviour. Such an approach is termed
a descriptive approach. A large number of models have been developed [11,12, ,13] for
the purpose of describing mathematically the type of learning involved here. On the
other hand, in systems theory and computer science, the aim is to develop a computer
program or build a machine which will ‘learn’ to perform certain prespecified tasks.
Such an approach is called the prescriptive approach [14].

Learning is often associated with a goal or a performance measure. For lack
of sufficient information the goal of learning may not be completely specified. In this
context, learning hes a dual role [15]:

1) G for insuffi i jon by inte data
processing.

2) In that process, incrementally move towards the ultimate goal.

In systems theory and computer science, learning has been implemented in
many ways :

and

. The use of stochasti imati hods [16,16,17]

. Inductive inferential techniques [18].

-

e

Statistical inference techniques [19,20]
Heuristic ing and other Artificial Intelli (AI) techniques [21,22]

Automaton models [23,24,14]
The application of Neural Networks [25,26,27,28,29,30,31]

o o » o

Of these approaches, only the first has an immediate and direct ip
with the scope of this thesis. Among the others, the approach based on neural networks
is currently generating a lot of interest among pattern recognition scientists. So a brief
survey of these will be made in the later sections.

A system is required to perform the task of learning only if a priori knowledge
sbout the system is incomplete. In general, the system can be optimized only under
the plion that its cl are ly known. If such knowledge is not
available, one approach is to acquire the pertinent data from the actual measurements
of the process as a source of information for the design or the construction of the system.

8



This design should approach an optimal design, and as a consequence, the performance
of the system should gradually improve overall. The process of acquisition of the rele-
vant information during the system’s operation, for the purpose of improvement of the
performance of the system is usually called learning, according to Fu (32]. Further, the
problems of learning may be viewed as probl of or

tion of the unknown quantities of a functional which is chosen by the system designer
or the learning system itself to represent the process under study. The parametric and
ds of estimation studied in h istics have been used

as a framework for the processes of learning in a unknown environment.
In general, these methods can be considered as special cases of successive ap-
i of unk ities. The unk ities may be either the pa-
rameters or the form and parameters which describe a (deterministic or probabilistic)
function. However as can be seen later, both cases can be formulated as problems of

successive estimations of unknown An analytic method of approximating
known functions is the ion of a ‘complicated’ function as a convergent infinite
series of terms with simpler (or otherwise more appropriate) functional form. These

may be ded as infinite processes in which the error may
be made arbitrarily small by taking pmgm.wely more terms into account. In general,
the theory of is not d with just conti functions defined

over an arbitrary measure space [32].

1.2.1 A basic mathematical model of learning [32]

In this section the problem of learning in an unknown stationazy environment is defined
as a problem of i of ffici or param-
eters) belonging to a lected set of ities which have to be estimated (learned).
Let {Q2x, F, p} be a probability space. {2x is a set of elementary events (observation or
feature space). p(X) is a probability measure defined over §2x but unknown a priori,
and F is a a—nlgebrn of xubsets in Qx. All set functions defined over Q2x are assumed
to be real-val , and i ble with respect to p(X) over Qx.If Qx is a
Euclidean space, the functions are also assumed to be Lebesgue-integrable over {2x.

Let p(z] X, w ) be the conditional probability density function of a random vari-
able z for X € Qx and w € ., which is not known a priori. Q. is a countable set
of pattern classes or actions (or stochastic processes in general). The complement of a
pattern class or action w with respect to €2, is denoted by w . It is assumed that for
cvery X € Qx and w € 2,

Ellz] |Xyw] = /_Z |2lp(z] X, w)dz < 0o

£l X, w] = /_ ‘: 2p(2|X,w )dz < o0

u];l that -
. f(Xw)=El|X,w]= _/_W 2p(zX, w )dz

lued, ive, and bounded over Q2x for w € Q..




z is the {c luation of the classificati of X € 1x intow € N, (or
of  prediction that  will occur, ot of a decision to apply action or policy w , after an
X € Qx was observed from the envi ), and it is Lly given by a ified
positive-definite function

z=¢(X"\w,X).

X' is the observed current response of the environment due to the applied action w € fc
following the occurrence of X; X' € 1x. f(X;w ) is in general the performance index
function for the action, prediction, or classification w € €. defined over Qx.

The problem of learning can be stated as successively determining

w *(X) such thatf(X;w *) = max {f(X;w ),w € Q.}
or finding a probability measure P(w |X) over fix such that

P(w |X) = P(f(X;w)) = max {f(X;w ),w €Qx} (1.1)
Here P(w |X) should be.interpreted as
1. the probability that the classifi di or action w , foll imme-
diately after the occurrence of X € fx, will be correct, optimal, favorable, or
‘rewarded’, or
2. us the probability that the observed X belongs to the pattern closs w . If the

probability P(w ), Tw en. P(w ) = 1, is known, an equivalent problem is to find
the conditional probability function p(X|w ) such that

Ax p(X|w)dX =1

wd Pw )p(Xlw )
w )p(X|w
Pw |X) = —F7F5
(w 1) = D
Frequently the form of the function p(X|w ) will be known except for @ certain
parameter 0 € {2 . In that case the successive estimates of

\ (X , 0) w €Q,0(w) €D}
are obtained by i ions of the {9(!.))'9(«1)6
Qp,w € Q.}. The basic problem of learning in an
is then reduced to that of successively estn.bllshmg f(X;w ) or P(X|w ) on the
basis of observations {#n(Xn;w ) : 7 = 1,2,...} which are distributed according to
{p(z|Xmw ) : 1 =1,2,...} where {Xn:n =1,2,...} is  sequence of elementary
events identically distributed over {2x by

p(X)= Z Pw )p(X|w ).

The convergence of estimation assures us that the estimated value of the unknown
quantity will approach its true value. Consequently, the design or decision based

10



I ion will tuall h a desired oplimal design or decision

the estimated i
rule.

The approaches of using Markov models or reinforcement learning algorithms
are nctually based on the equation 1.1, where f2x is a countable set. A normalized
mensure of optimality is defined for the equation 1.1 by

J(Xiw)g(f(Xsw))
Tw ren J(X;w Ng(f(Xiw )
where g(-) is a positive noud ing real-valued function defined on the real line.
those reinforcement models where a reward or ‘positive reinforcement’ is u_ssucthd
with = = +1 in the case of a correct recognition, prediction, or action, and a ‘penalty’
or ‘negative reinforcement’ with z = 0 in the case of misrecognition of X, or wrong
prediction or action,

P(w |X) =

J(Xw y=Ei|X,w]=P{:=+1X,w }

and
. P(w |X) = Pl = +1|X,w ] = [(X;w)
such that for every X . )
; ¥ PwlX)=1.
w €

The learning sutomala using ”linear tactic” models can be described by the above if a
simple normalization of their states is performed at each step when a reward or penalty
i« obtained.

Point estimation of 0 € p in p(X|w ,0) can be performed by successive appli-
cations of Bayes’ formula; such a process is usually termed Baycsian lcarning.

1.3 Learning in a pattern recognition system

All the numerous classifiers known to pattern recognition scientists can be implemented
with complete a priori knowledge relevant to pattern classes, namely, weighting cocffi-
cients in linear discriminant classifer, reference vectors in minimum distance classifier
and P(C;) and p(X|C;) in Bayes’ classifier etc. It should be understood that in practice,
an infinite number of samples of classes are not available. We have, instead, a finite
and usuaily small number of samples so that information required for optimal design
of fenture extractor or classifiers is often partially known. Under such circumstances,
we wust assuine at best, that these samples are representative of those which would
be obtuined by examining o much larger sample size. Such a set of typical patterns
is called a training set. If this reqmrement is satisfied — and we must usually satisfy
this i through engi ised in the selection of pl
the classifier can be designed to have the capability of learning the best values of
the weights/statistical information from the training patterns to result in nearly the
number of misclassification [32].
Auy method of selection and/or pl t of hype: fe ploying a train-
ing set can then be called a training method and a classifier whose hypersurfaces are

. . 11



Any method of selection and/or placement of hypersurfaces employing a training
set can then be called a training method and a classifier whose hypersurfaces are
adjustable can be called a trainable patlern classifier. The objective of all our
efforts is to design i inable classifyi which comes under the
popular headirg of Learning Machines [33,34,35,36,16,20,32,17].

Learning is thus a task of constructing the regions or templates in the N-dimens-
ional space in which labeled samples of the classes are contnumd By ohservmg
the patterna with known classification, a linear di for

can automatically adjust the weighti iated with its di

function. The performance of the classifier is supposed to improve up to a point
as the number of training patterns is increased. Under the assumption that the
patterns from different classes are linearly separable, it is also posslble to develop
several algorithms referred to as er‘ ion’ training to find the
linear hyperpl which the data nnd to have the property
of converging to the solution which linearly separates the prototypes into their
correct classifications if indeed the data is so separable.

‘The two stages of pattern recognition, namely, deriving the decision rule (learn-
ing), and using it to recognise a pattern, can be performed in two ways —

(a) learning before recognition and

(b) learning and recognition concurrently.

In the first method all the labeled pattern s&mf)les are collected and the best
decision rule based on those samples is derived. This fixed decision rule is then
applied without change to classﬂ'y unlnbeled pnu,erns Whereas, the decision rule

in the second method is adaptive and is updated ding to output d
If the learned i i duall hes the true infc then the
decisions based on the learned infc ion will 11, h the optimal

decision as if all the information required is known. Therefore, during the sys-
tem’s operation, the performance of the gystem is gradually improved. A lcarning
pattern recognition system too, can be termed as ‘supervised’ or ‘nonsupervised’
depending on whether the correct classification of the input patterns observed are
known or not. Similarly, a classifier that learns from its own past ‘experiences’ is
said to be self-supervised.

1.3.1 Parametric and non-parametric learning

In the statistical classificati h, if the unk information is the pa-
rameter values of o known distribution function p(X | C;), the paramelric learning
technique can be applied. If the functional form of this function is known, then the

ll-developed theory of istical point ion can easily be used to good ad-
vantage. For instance, if &;, &y, ..., By, are the m training subsets of patterns cor-
respcudmg to the m classes, then with the knowledge that p(X|C:),i = 1,2,...,m
are i of the 4 ; and 3, ore defined by the

12



following sample statistics ©

1
;=35 5%

1
(8);= 77 & (X—(X))(X - (X),)7,
i Xes;
where M; is the number of patterns in the training subset ®;, and (X); and

(), denote the sample mean (o, centre of gravity) and ssmple covariance matrix
respectively of the samples in ®;.

Nonparametric learning

If the class-conditional densities are not easily described in terms of a small set

of par t and if the opti decision surface is known to be highly nonlin-
ear, one should consider nonparametric training techniques for estimating these
densities. The theory of 3 i i ion in istics is well-
developed, and can be applied to good ad It is ible to get

metric point estimates of class as well as esti of the unl
density functi N ic esti have the added advantage that they

are robust, in general.

Of the two types of d above, the problem of es-
timation of the density functions is the more important. Basically, it is a problem
of estimation of a function of several variables. It can be used even when there
is no a priori knowledge of the density. However, when sufficient knowledge is
available, it is more advisable to fit a suitable density function to the data. Non-
parametric training techniques exploit the fact that for many practical situations
the class densities are smooth functions over the sample space. (By a smooth
function we mean that changes in values of the function are relatively small in
any small neighborhood of a point in the function’s domain and, if the domain is
a i that these ch become infinitesimal as the size of the neighbor-
hood approaches zero.) The assumption of smoothness in the class densities leads
to the replacement of each observed feature vector by a positive, single-peaked,
pi i ti function that ib linearly to an estimate of the class
density. We refer to this replacement as smootking. The smoothing techniques
commonly used and to be described briefly in the paragraphs to follow are :

(a) Parzen estimates: The Parzen estimate pn(z)of a univariate density p(z),
based on a sample of size n, is

Pu(e) = 13 5k — =/B),

where h is o positive number, suitably chosen, possibly a fuction of n which
tends to 0 as n tendsto oo, and
_[1/2 fore<1
k() = { 0 otherwise

13



(b)

(<)

(d)

and the term }k(-/h) is called the kernel of the estimate. If k(-) and h satisfy
certmn conditions [19], it can be shown that the estimate is asymptotically

1 and The esti can easily be generalized to the case
of multivariate densities as follows:

Bn(x) = 13 k(= m)/B),

or, more generally,
. 1
pa(x) = ;;

Liv - unbissed

These i too, are ptoti and
k-nearest neighbour estimates [37,34]: For a given vnlue of k, the k-nearest
neighbour estimate of a density p(x)

k(21 — 210)/ b1, (33— 22 /B -, (20— 0i) ).

- 1 1
Pal®) = Xy

where A(k,n,X) is the volume of the smallest set containing the k nearest
neighbours of X in the training set, and is a random variable, depending on
the selected set of n samples. It can be proved that these estimates too, are
asymptotically unbiased and consistent.

Histogram or bar graph estimates [19,34]: By treating both k and A as de-
fined just above, ns variables it is possible to obtain other estimates of the
density function, which are called histogram estimatcs. The sample space is
partitioned into mutually disjoint cells, and the density function is approxi-
mated by the number of samples which fall in each cell. The cell size can be
either fixed or variable. By using variable cell sizes it is possible to reduce
the number of cells, since for a fixed cell size, the number of cells can be
prohibitively large, being M for n variables with M cells per variable. The
estimate so obtained is

Pa(x) = 13" (X = X, Vo),

where
if X and X; € Cox for some &

=
B
$aX, V) = { 0 otherwise

is the window function and Cnk is the kth cell at the nth iteration and V, is
its hypervolume, being equal for all cells. These estimates can be shown to
converge in probability to P(X).
Estimates based on basis functi, This h i a density func-
tion by finding an exppnsion for it in  set of basis functions ¢;(X) as

p(X) = iqqs..(xy

14



(e)

If the basis functions are orthogonal with respect to the kernel k(X), that is,

[ HXO#(X)$7(X)aX = Nisi,

where ¢;(X) is the complex conjugate of ¢; and §;; is the Kronecker delta,
then the coeflicients are given by
Nei = [ RX)$(X)$(X)dX.

In the one-di 1 case, a number of such basis functions are available,
such as Fourier series, Legendre, Jacobi, Hermite and Leguerre polynomials.
Estimates obiained by potential functions: This is a special case of the last

thod, in which i i of the flicients c; are obtained by
using a special type of kernel called a potential function k(- -) which satisfi
the conditions

kY, X) = k(X,Y)

and
kY, X) = 3 A2¢i(Y)¢i(X).
"The i i btained are
Bn1(X) = Ba(X) — ¥ak (X, X)

where

Tn = 2an{pn(Xn) — f(Xn)}
and

B(Xn, X) = B(Xa)T2(X),
where :

B =[¢1 s ... bl
£(-) is an observable random variable whose expectation is p(-), and {a,} is
- " o

8 of positi fying

ap >0,

Mg, an =0,

San=oco
=1

and
5
> ax? < oco.
=t

“These estimates can be shown t6 converge to p(X) in the mean square as
well as with probability 1.
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Stochastic approximation too, is a nonparametric procedure, but on account of
its great proximity to the subject matter of this thesis, is covered in a separate
section.

Another aspect of nonpnrs.metnc learning in pattern recognition is the estimation
of coeffici of d ions {37,19,38], linear discriminant functions,
in particular. Even if the discriminant is not linear it is possible to transform the
variables so that the resulting dmcrummmt is linear in the transformed space. It

is ible, theref to express a discri fi g(x) as

g(x) =w'x,
where w is the vector of coefficients and x is the (h'a.nsfurxned) feature vector. It
is ible to use linear prog iques as well for ing w [37].
"I'wo types of si it are 11, d, one in which the classes are

linearly separable and one in which they are not. Incidentally, two classes are
said to be linearly separable if it is possible to find a linear hyperplane which
separates the two. If the clasaes are linearly separable, it is possible to use o
class of d called gradient descent procedures for

i ing the fhici ively. It is an important class of procedures and
is described briefly below, together with some of its more important special cases.

The lient d. Tini.

‘This technique can be described very accurately with the help of an example from
everyday life, which is given by Sklansky and Wassel in their book [34]. Let us
visualize a man standing on a hillside in a very dense fog. He wishes to find his
home, which is located at the point of lowest altitude within a very large crater.
If he begins his search within the crater, if the terrain is smooth, and if there are
no dips or smaller craters a.long his path he will find his home by always traveling
against the direction of ing slope. In doing this, he would be
applying the gradient descent technique.

Conceptunlly, then, the gradient descent technique is simple. A loss function J(w)
in first determined, where w is & controllable parameter vector. (In the example
of the man on the hillside, w is a position vector.) One seeks the value or values
of w where J(w) is a minimum. In the example, the loss function J(w) is the
altitude of the terrain as a function of w. Let w(t) denote w as a function of
time {. An initial vector w(0) is arbitrarily selected. Motion of the parameter
vector commences in parameter space from this point. The motion is always in a
direction which is exactly opposite to the gradient of the loss function (i.e., the
direction of —V.J(w) which is the negative of the direction of maximum increasing
J(w) at location w). If a loss function has been chosen so that the descent motion
does not become entrapped at a local minimum and if a finite global minimum
exists, the gradient descent procedure will find o parameter vector w such that
J(w) is minimized. R

For recursive techni some dification of this techni is made since discrete
corrections to W require that the descent motion be an incremental approximation
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to the continuous gradient descent path. In these modified procedures, we converge
to & minimum of a function J(w) by making an initial guess w(0), finding the
gradient (multidimensional derivative) of J(w) at w = w(0), and making a second
guess w(1) by adding to w(0) a vector having the direction of the negative of the
gradient. Sub w(k)’s are d in a similar manner. Under proper
constraints on J(w) and w(0), {v(k)} will converge to a vector w* where J(w")
is a local minimum.

Gradient descent procedures often use the following recursive form :

w(k+1) = w(k) + pu[=VI(w(k))],

where pi is a positive number that may be constant or may depend on k.
In pattern ition training proced a lete description of the class
bility densities is 11, ilabl Therefore, the actual gradxent at a
point cannot be calculated; instead, a i of the gradient using a
fuute sample must be used When this estimate is used, the training procedure
tochasti ion rather than gradient descent.

For different forms of the loss function J(-), di ! dures can be
obtained, like the perceptron algorithm, the fixed-increment procedure, the vari-
able i procedure and the relaxati dures [37). If the loss function

has the form :

J(w) = Z(w x; — b;)

where the b; are some ified positive then it is possible to get

ini d error esti by the dient search teck A variant of
this technique is the Widrow-Hoff procedure. Another is the Ho-Kashyap proce-
dure which uses the loss function

J(w,b) = E(W x —b)’

and minimises J with respect to both w and b, and hence obtains estimates for
both. This is quite useful as b is lly not known beforel

1.3.2 Nonsupervised learning

As noted earlier, if there is no teacher for providing the correct label for each
observation of the system, then the situation calls for a special type of learning
called nonsupervised learning. Very often there is no information as to the number
of classes. In such cases, one speaks in terms of regions or clusters that can be
separated with che lmlp ofn dcc.mon rule, and not abnut actual classes. Thercfore,

vised 1 is 1 in terms of cls g. The theory of clustering
has seen quite a bit of research, and any number of algorithms are available [39,
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1.3.3 Bayesian learning

Here the Bayesian decision-theoretic approach is applied to do the learning, both
supervised and nonsupervised [42]. The basic premisc of the Bayes approach to
decision-making is that the decision d itself is a random variable defined over the
decision pnce €. A distribution for the decision, known us the prior distribution,
is ian decision rule is one which minimizes the posterior risk,
which is nothmg but the expected value of the risk function with respect to the
posterior density p(d]X). Since the estimates of parameters are random variables,
we will see in this section how the density function of the esti can be calculated
by & successive process. Both the supervised and unsupervised techniques using
Bayes’ theorem are treated separately.

Supervised learning

Supervised estimati h based on Bayesian learning that can be used to
obtain successive estimates of an unknown parameter 0 for each class C;, of a
feature distribution p(X|C;) whose functional form is fully known.

Let the a priori density function for the unknown parameter 6 be po(6 ) which
reflects the initial knowledge about § (an N-dimensional vector). Let

p.CTD CHUND
be a of ind d identically distributed feature vectors observed from
the same pattern class C;. Then ding to Bayes’ tl a i density

function of @ given the first observation X, is
2(01X,) = p(xnl9x)ll)o(9 )
After X; and X, are observed, the a posteriori density function of  is
P(XalX1, 8 )p(8 |x,
P(Xa|Xy)
After the nth observation is observed, it becomes

_ p(XalX1, X, .., K1, 8 )p(6 X, X, .., Xna)
(60 1X1,Xa, ..., Xan) = RS .

p(0 [X1.X,) =

With the knowledge of p(8 |X1,Xa, ..., Xa) one can compute the required prob-
=bility density function

(K| Xy, Xz, ..., X, C) =
[ P Xnial X, X, ., Ko €y 008 X, Ky, Ko, C),

=here p(x«Hle,Xz,.v .,Xn, 8 ) is known. The a posteriori density function on
the avera more d and the esti converges to the true

walue of the parameter 8o long as the true value is not excluded by the a posteriori
+ function of the parameter 8 .
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Nounsupervised learning

In nonsupervised learning, the training samples (as their correct classifications
are not known) are considered ns coming from the mixture distribution having
the probability distributions of all the classes as component distributions. The
problem of learning is then reduced to a process of successive cstimation of some
unknown parameters in either a mixture distribution of all possible pattern classes
or a known decision boundary.

“The mixture distribution is defined as
w

Pp(X) = 3 p(X|Z)P(Z™),
=

where
P(X]Z™) denotes the ith-partition conditional distribution,
P(Z™) the mixing parameter for ith-partition Z;("

and

W (= m", m = number of class distributions)

is the number of ways Z;, Z3™, ..., Zw™ in which the set of training observa-

tions X, Xz, ..., X, can be partitioned constituting an overall mixture distribu-
tion.
If p(X|©, P) represents the p: 1 distribution where © =

{6 1,0 3,...,0 w} and P = {P(Z,("’),P(Zg"‘)),....P(Zw("))} are the two sets
of pnnu.nel,ers and p(X|6 ;, Z;™) the ith ion, then
in terms of the set of the above

son b

»(X|©,P) = iy(xw o Z{)P(Z.™).

The problem of nonsupervised learning is therefore reduced to that of finding a
unique solution for © and P, given p(X|6, P).

Let us now assume that there are two pattern classes C; and C; having the respec-
tive known form of the probability density functions p(X|C;) and p(X|C,), and
the parameter & of the mixture distribution is unknown. Then the a posteriori
density for obtaining the ( vised) Bayes esti of the 0 is,

w
201Xy, Xa, ., Xn) = 30 p(0 [ Xy, Ka, .., K, ZO)p(ZE|Xs, X, -, Kinma),
=

«here W = 2", The problem is therefore reduced to that of supervised learning
"¢ each of the 2" partitions.
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1.4 Learning using stochastic approximation

Stochastic approximation is a recursive nanpuunemc grn.dlent descent-type tech-
nique that has been developed as an i for random environ-
ments. This approximation can be used for successive estimation of an unknown
parameter, when due to the stochastic nature of the problem, the measurements
are expected to have certain errors. The technique guarantees the convergence of
the algorithm even when the observation vectors are not linearly separable. De-
tails about stochastic approximation along with the several applications such as
in communication theory, control theory and pattern recognition, are available in
texts [43,15,44]. The p:esenc section relates only to some of the learning methods
in pattern r using stochastic approximation. In this context,
it is worthwhile to consider first a simple example which leads to a basic approach
to successive estimation, and to the notion of stochastic approximation. Let there
be n observation vectors X, Xa,...,X, and a successive estimate of the mean
vector /4 is required from these observations. The non-successive estimate X, of
the mean vector based on these observations is given by

1
X,,:;%X,n

This can be rewritten as

%, = 1% x4 1x,
w"itl ) n

or
n—1 1
Xo= = n—1zx+_x
-1 1
= T Xea+ Xa

= R+ 2(Xn—Kac)

Therefore, if we store n and X,_;, the mean vector estimated from (n—1) sam-
ples, we can compute X, with a new incoming nth observation X, using the lust
equation. It also shows that as n increases, the effect of the new sample X, on
the expected vector decreases as follows :

1 1 1 1
Xi, 5Xa, sxlv"'v"Txiy‘A-v;xn
The sequence 1,%,4,...,%,..., L is known as a ‘harmonic sequence’. The above
findings therefore suggest that if we have an expresswu for non-successive estimate
of & parameter from n the exp for its ive cstimate may be

obtained by separating the estimate in two parts, one of which corresponds to the
—stimate obtained from (n — 1) samples and the other is the contribution of the
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nth sample. The effect of the nth sample can also be made smaller by using a
flicient which is a d ing function of n. This is the precisely the principle
underlying the nonparametric technique of stochastic approximation.

Stochastic approximation is a very useful for er esti-
mation in pattern recognition, and convergence is guaranteed under fairly general
conditions, although it is usually difficult to get an idea of the rate of convergence.
‘The earliest application of this technique was to find a root of a regression function,
and the procedure so obtained is the well- known Robbins-Monro algorithm [45].
If 0 and z be two random variables with some correlation then the problem is to
find a root of the regression function () which is given by

£(0) = E(=|9).
‘T'he Robbins-Monro algorithm for this is

Opy1 = On — GnZn,

where #, is the nth observation on z. Robbins and Monro proved that the algo-

rithm converges in mean square provided the {an} satisfies the following
conditions:
Jirg, an =0,

3" an = oo,
=1

o

3 an? < oo
=t

Later, Blum [46] established that the algorithm also converges with probability 1.
Dvoretzky [47] provided a generalised form of the convergence proofs of Robbins-
Monro and Blum and showed that the two modes of convergence hold for any
stochastic convergence d that i the diti of his theorem.
Kiefer and Wolfowitz [48], taking the Robbins- Monro,method as their point depar-
ture, idered the bl of obtaining the of a regression function,
and arrived at a hasti i ion p d as the soluti which bears
their names. Since then a lot of research has taken place in this field [43,49,44],
and it continues to be a popular estimation technique.

1.5 Learning with Networks of Neuron-like elements

During the mid 1950’ and early 1960’s a class of machines, first proposed by
Rosenblatt [50] seemed to offer what many researchers thought was a natural and
—owerful model of machine learning. These machines were christened perceptrons,
d are the precursors of the neural networks that were formulated later. Minsky
d Papert, in one of the pioneering books in this arca [61], defined a perceptron
= device capable of computing all predicates which are linear in some given sct
* partial predicates.
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‘The basic model of a perceptron capable of classifying a pattern into one of two
classes, as described, for instance, by Tou and Gonzalez [38], envisages a machine
consisting of an array S of sensory units which are randomly connected to a second
array A of associative units. Each of these units produces an output only if enough
of the sensory units that are connected to it are activated. These sensory units
may be looked upon as the means by which the machine receives stimuli from its
external environment, that is, its measurement devices and the associative units
as the first stage or input to the machine.

‘T'he response of the machine is proportional to the weighted sum of the iati
array responses, that is, if z; is the resp of the ith iative unit and w; the
corresponding weight, the response is

ntl

R=7Y waz.
&

If £ > O, then the pattern observed by the sensory units belongs to class Cy;
otherwise, it belongs to class C;. This can easily be extended to the m-class case,

there being m responses Ry, Rz, ..., R in this case. The pattern is nssigned to
the class C; if Ry > R; for all j # i. The basic model can casily be extended to
nonlinear decision functions by inserting the prep

between the A and R arrays.

The training algorithm for the perceptron described above is a simple scheme for
the iterative determination of the weight vector w. The scheme, frequently called
the perceptron algorithm is as follows :

Given two training sets belonging to pattern classes C; and C; respectively, let
w(1) be the initinl weight vector, which may be arbitrarily chosen. Then, at the
kth Lraining step

if x(k)€C and w'(k)x(k) <0
replace w(k) by w(k + 1) = w(k) + cx(k)
and
if x(k)e€C; and wT(k)x(k) =0
replace w(k) by w(k + 1) = w(k) — cx(k)
Otherwise, leave w(k) unchanged, that is, w(k + 1) = w(k).
In other words, the algorithm makes a change in w if and only if the pattern being
considered at the kth step is misclassified by the weight vector at this step. The
correction i c must be positi The algorithm is, therefore, obviously a
reward-and-punishment procedure. The ‘reward’ for taking a correct decision is
to leave the weight vector unchanged, the ‘punishment’ for not taking a correct
decision being either to i it or to d it, d. ding upon an auxiliary
condition.

1t can be shown that if the pattern classes are linearly separable, then the per-
ceptron algorithm converges, that is, yields a solution weight vector in a finite

sumber of steps.
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Several variations of the perceptron algorithm can be formulated, depending on
how the value of the correction increment c is selected. Among the commonly-used
training algorithms are the fized-i 1 a itk the absolute- correction
algorithm and the fractional-correction algorithm. In the first, ¢ is a constant
greater than zero. In the second, ¢ is chosen to be just large enough to guarantee
that the pattern is correctly classified after a weight adjustment. That is, if
wT(k)x(k) < 0, c is chosen so that

w (k + 1)x(k) = w(k) + cx(k)]"x(k) > 0.
One way is to choose c as the smallest integer greater than
[w” (k) x (k)| /" (k)x(k)-
In the third type of algorithm, c is 5o chosen ns to make |w”(k)x(k) — w”(k +
1)x(k)| & certain positive fraction A of [w”(k)x(k)|, that is,
|w? (k)x(k) — w”(k + 1)x(k)| = AlwT (k)x(k)|.
Substituting w(k + 1) = w(k) + cx(k) in this yields
_ WP (R)x(k)|
OO
Clearly, the initial weight vector must be different from 0. If A > 1, a pattern is

correctly classified after each weight adjustment, and if 0 < A < 2, this algorithm
can be shown to converge.

‘The Adalines (adaptive linear devices) of Widrow [52] are similar to perceptrons
in the sense that they involve trainable threshold logic units. The output is linear,
which can be converted to digital outputs by discriminator elements. Actually,
adaline represents the simplest form of the perceptron that congists of a single
threshold element.

Perceptrons as described above are actually the first of the networks of neuron-
like elements (or, neural networks) that were considered for solving problems like
puttern recognition, and so on. These perceptrons are now called single-layer per-
ceptrons (SLPs) in the sense that the notion has since been generalized to that
of multi-layer perceptrons (MLPs), which are nothing but feed-forward nets with
one or more layers of sensory nodes between the input nodes and the output nodes
[31]. These additional layers contain ‘hidden’ units or nodes that are not directly
commected to both the input and output nodes. MLPs overcome many of the
chortcomings of SLPs but were generally not used in the past because effective
training algorithms were not ilable. This si ion has ct d recently with
the development of new training algorithms [26]. Although it cannot be proved
that these algorithms converge as with SLPs, they have been shown to be suc-
cessful for many problems of interest. The capabilitiecs of MLPs stem from the
nonlinearities used within nodes. It has also been shown that no more than three
layers are required in perceptron-like feed-forward nets because a three- layer net
can generate arbitrarily complex decision regions.
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One of the algorithms that can be used to train MLPs with multiple output nodes
and sigioidal nonlineorities is the back- propagation training algorithm, which is
really an iterative gradient search algorithm designed to minimize the mean square
error between the nctual output (of the perceptron) and the desired output. It
gives in general, a good performance, which is surprising considering that it is o
gradient search technique that may find a local minimum in the objective function
rather than g global minimum.

OF the commonly-known neural networks, the most important ones that can be
used s classifiers, apart from single layer perceptrons and multi-layer percep

are [31]:

o the Hopfield nets
e the Hlamming nets
o the Carpenter/Grossberg classifiers

o the Kohonen self-organizing feature maps.

"T'he Hopfield and the Hamming nets can be trained with supervision, but are gen-
erally used with fixed weights. The Hamming net is u neural net implementation
of the optimum classifier for binary patterns corrupted by random noise. The Car-
penter/Grossberg classifier and Kohonen’s feature map do unsupervised learning,
the former by the leader algorithm and the latter by the K-means algorithm.
In general, neural networks are composed of many nonlinear computational el-
ements operating in parallel and arranged in patterns reminiscent of biological
neural nets. The putational el ts or nodes are d via weights that
are typically adapted during use to improve performance. The ability to adapt and
continue learning is not only a highly desirable characteristic as for as practical
pattern recognition is concerned, it also provides  degree of robustness by com-
ting for minor variabilities in characteristics of processing clements. Neural
net classifiers are also non- parametric and make weaker assumptions regarding
the underlying distributions than traditional istical classifi As such they
can be expected to be more robust in non-Gaussian situations.

An unsupervised learning paradigm that has attracted a lot of attention recently
is compelitive learning [25,29]. It has been found that when applied to parallel
networks of neuron-like el many potentiolly useful learning tasks can be
accomplished. For instance, it seems to provide a way to discover the salient,
general features that can be used to classify a set of patterns [29].
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Chapter 2

The GGA:A generalised learning algorithm
based on guard zones

2.1 Introduction

An adaptive pattern recognition system can be viewed as a learning machine in
which the decision of the system gradually a hes the optimal decision by
acquiring necessary information from observed patterns. System performance is
improved ns n result [32]. In a supervised system, the machine requires an extra
source of knowledge, usually of a higher order, for correcting the decision taken by
a classifier. When an extra source of knowledge on which a supervisory programme
could be based is not readily available, the performance of the system becomes
highly unpredictable. In particular, if a system is capable of utilizing its past
experiences and behaviour while learning, is called a self-supervised system. Self-
supervised learning is a special case of non-supervised learning. The proposed
algorithm GGA is capable of self-supervised learning, if called upon to do so.

As already mentioned in chapter 1 (section 1.2), Bayesian estimation methods
and stochastic approximation [42,15,44,49] arc some of the most widely used
Lools for recursive learning of class paramoters. Within the cluss of stochus-
tic approximation-type algorithms, there exists a subclass of algorithms that es-
sentially aim to correct for the presence of outlier-type or non-representative or
‘doubtful’ training samples by attempting to remove them from the training set.
In this context, two algorithms can be singled out, the first being the self- super-
vised learning system based on the concept of & guard zone, mooted by Pal et
al. [53]. Here, to restrict the updating of estimates of purameters (feature means
and variances) by means of doubtful’ samples, a guard zone was defined for each
class in such a way that a training sample was used for updating only if it fell
within the guard zone. The guard zone is so constructed that the probability of
misclassification of the input patterns falling within it, given that it is constructed
around the central tendency of the feature distribution in a class, is substantially
low. The second is an algorithm presented by Chien [54] as a solution to the prob-
lem of identifying ‘spurious’, that is, possibly pi tative training 1

for the case when feature means are to be learned. A threshold is defined such
bt if the ‘distance’ of the current training sample from the preceding estimate
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of the mean (the same ‘distance’ is used for defining a guard zone) exceeds it, the
training sample is rejected. This thesis generalises the notion of such algorithms
into the so-called Generalised Guard Zone Algorithm (GGA) and exammes and
compares a few of its properties vis-d-vis the usual stock appr -
gorithm (to be referred to as the non—GGA) In this chapter, a formal definition
of the GGA as_well as the non-GGA is given in section 2.2. Section 2.3 shows
how the GGA specialises to the algorithms of Pal et al. [53]and Chien [54]. Some
intuitive considerations regarding such algorithms are discussed in section 2.4.
Also,ns such nlgorithms basically aim to detect outliers and reject them from the
parameter-updating procedure, they can be looked upon as a robust estimation
procedures [55,56,67,568,69]. This aspect is discussed in section 2.5.

2.2 The Generalized Guard Zone Algorithm

Let

=[X1, X3,..., Xn], X e RN
be an N-dimensional feature vector defined over a pattern class C. Let the following
assumptions hold true:

(A1) The distribution of X over C is continuous.

(A2) This distribution d ds on a ¢-di 1 vector &
, some or all elements of which need to be learned.

(A3) The distribution of X over C is such that £(X) exists and is equal
to .

(A4) The dispersion matrix of X, namely,

Disp(X) = B = ((o1))

exists
A guard zone is formally defined as follows :

Definition 2.1 Let S be a metric space and § a meliric defined on it. Then for
any poinl a € S, a guard zone G(a,)) having an ’cztent’ A is the subset of S

defined by
x : §(a,x) < A} (2.1)

where

Clearly, G(a,A) is a hyperellipsoid in & with respect to the metric 8, whose sizc
is controlled by a parameter A, and which is centred at a (in S).

In the subsequent discussions, unless stated otherwise, it will be assumed that
S = RY and & is the Mahalanobis distance [60], that is, it is defined by

8(x,y) = (x —y)TA(x —y), x,y € RY (2.2)
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A being a symmetric, positive definite N' x N matrix.

Let X,%, X, X,®),. . be the sequence of learning (or training) samples for the
kth class Cr. The following condition is assumed to hold:

(AB) "The training samples for each class are independently distributed.

The generalized guard zones ithm (GGA) for estimating 8 * r ively by

¢
4" is as follows :

5 (0 £(X,®) forn=1
9, = S 2.3
" { é ,,_), —an Yo ® forn>2 2:3)
where
[0 )
v, = 5 —£(X,P) it X0 € Gl By, A) @4
otherwise
5 U0 . . *)
4., is the nth-stage estimate of §
{aa} : nsequence of positive numbers, with a, < 1
f:R"ﬂRq isa i i defini an bi d
statistic for § ®
A® : the (n —1)-th stage GGA cstimate of y )
G ®, . is the region { x:x € R¥,da(x, 2%, ) <A }
di?(x,y) is the function (x — y)TAn(x—y)
A, : asymmetric, positive definite matrix, which may or
i (k) §®
may not be a function of X;*) and/or 8 ,,_, ,i = 1(1)n

fed

Aot ow ive number, presp

In essence, this algorithm uses only those training samples for updating the es-
timate, which lie within the corresponding guard zone centred st the preceding
estimate of the mean. Training samples which lie outside it are ignored and the
estimate kept unch d at the cor ding stages.
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If A, decreases progressively with n, the system gradually approaches the non-
adaptive state, that is, no updating takes place eventually. Clearly, this is because
the size of the guard zone and hence the probability of a training sumple being
from within the guard zone, decreases progressively with A,, so that the nurnber

i d

of les getting sel d for the d process

On the other hand, if the value of A, increases gradually with », the system
appronches the nonsupervised state, since the resulting progressive increase in the
size of the guard zone makes the updating procedure less and less restrictive.

2.2.1 ‘The non-GGA: its definition

“The term "non-GGA’ will be used to refer to the usual stochastic approximation
algorithm for estimating @ * recursively under the setup defined earlier in this
section. It can be defined as follows:

NG} t(x,(’") forn=1
6, = (2.5)
w1 —an ¥ forn>2
where o
YO =0, —£(X.Y), (2.6)

all other symbols having the snme significance as carlier in this chapter.

2.3 Relation of the GGA to the algorithms of Pal et al.
and Chien

2.3.1 The algorithm of Pal et al. [53]

I'his algorithm is derived intuitively on the basis of the central assumption that the

distribution of the members of u class in the feature space has o central tendency
and that the probability of mi ification ncar these points of central tendency
is substantially low. Thus it is possible to construct a region around the point
of central tendency of a class, for which the probability of misclassification is so
low that an unrestricted updating procedure for the samples coming from such
a region is highly likely to assist significantly in the convergence of the system.
They called such a region a guerd zone ( a term borrowed with gratitude by this
work). They used a fuzzy classifier to obtain labels for training samples. Further,
n defining n distance measure they assumed a diagonal form for the matrix A in
~quation 2.2, us follows:

om0 o ... 0
0 o2 0 ... 0

A,=| © 0 s .. 0
0 0 0




where o, is the standard deviation of the jth feature in the ath class. Also, they
assumed a constant value of A for all classes and for all iterations {1, that is, they
assumed

Ar=A Vi
For the particular problem of Telugu vowel classification with the first three for-
mants ns features, they were able to obtain empirical cstimates for A which were
optimal in the senfe of minimising the mean square error(MSE) of the performance
scores of their algorithm with respect to those of the fully-superviged algorithm.
A point to note here is that their investigations were purely of an empirical na-
ture. They did not attempt any sort of theoretical study of the behaviour of such
algorithms, or some rigorous method for estimating the threshold value A.

2.3.2 'The algorithm of Chien [54]

‘I'his algorithm is derived in relation to a learning process in pattern recognition
where steps must be taken to minimise the effect of spurious samples carrying
unreliable information. With the assumption of multivariate normal density for
ench pattern class, a non-linear stochastic approximation-like algorithm was ob-
tained, which reduces to discarding the spurious samples with a threshold element,
while behaving as an ordinary linear algorithm in the meantime. The following
assumptions regarding the ition of learning les were made:

Assumption (i). Bach learning sample X is composed of two parts:
Xi=M+Nii=1,2...,n

where N; is the noise component of the sample and M is the mean
vector under estimation.

Assumption (ii). Bach N; is attributed to two distinct types of Gaussian
noise. Type I noise can be thought of as the ordinary measurement
variation that is inherent in the pattern samples for each class. This type
of noise is associated with the genuine learning samples carrying reliable
information for M. Type II noise is associated with spurious learning
samples that carry unreliable information in regard to the unknown M.
Let the type I noise be distributed in the multivariate normal form with
mean vector 0 and dispersion matrix K; and let the type II noise have
an identical distribution but with a dispersion matrix K,. Further,

K, = K,/f, where 83> 1.

Assumption (/ For each N;, type I noise can occur with a probability
(1 — &) and type II noise can occur with a probability o, where o < L.

Using the theory of random functions to minimise the mean square error of the
timate, Chien obtained the following nonli algorithm:

M, = Mu_1 + Fu(Xn — Ma1) (2.7)
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where F,(-) is a Li fi ion, a good i ion to which is:

_ [ Kua Ky 7'D i d(D) < 0,
Fn(D) = { 0 if d(D) > 0, 248
where
. Koy = £[M,_y — M|[M,_; — M]”
and

d(D) = DTK,"'D.
This implies that learning samples that are found to be unreliable are simply
discarded, while a linear transformation is carried out on the samples that seem
(o be reliable.

An esti for the threshold #, was obtained as

bo=2 =% 4 1np
Y

as the value for which the function T,(-) has a point of inflection, where T, is
such that

F,(D) = Ta(d(D))D.
Obtaining estimates for o and g is another problem, however.The error covariance
K, is estimated as follows:

If My is an initial guess for M with error dispersion matrix K;/A, then
Knoa = [(n— 1) + A 'K,

o that .
_[I(n=1)+A"'D ifd(D) <0, ’
Fa(D) = { 0 it d(D) > 0, 29

Thus the algorithm becomes equivalent to the GGA with

an=[(n—1)+A]""

2.4 Some intuitive considerations

It is possible to provide some intuitive justification for the class of learning algo-
rithms typified by the GGA. The following discussion shows that such algorithms
can be expected to in certain situati and of course, is a
highly desirable ch istic of a learning algorithm. In the following chapter, a
rigorous proof for the stochastic convergence of the GGA is provided.
Keeping in mind the assumptions (A1)—(AB), let us consider the simple problem of
=stimating recursively the mean vector 4 of a random variable X. Let us consider
:he worst possible situation from the practical point of view, namely, that of X
aving a uniform distribution over the sample space §2. If al any stage of learning,
=ay, the nth, if the training sample X, is such that it is
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closer in some sense to f¢ than the preceding estimate i ,_, is, to g , then by
virtue of lemma 2.1 below it follows that the current estimate (I , obtained by
taking a weighted average of X, and fi,,_;, will be closer to o than g, _,
If this hoppens nt cvery stage of learning then the convergence of the cstimates
to the true value is assured. However, from lemma 2.2 below, it follows that
for the type of distance defined in section 2.2, the condition stipulated above
(namely, that X, be closer to g than fi ,_, is) is implied by the condition that
the distance between X, and £ ,_, be bounded above by a non-negative quantity
£(fi ,_y,Xn, £ ). This, in essence, is nothing but the principle behind the GGA.

Lemma 2.1 lLet d be a melric defined over a convexr metric space C. If d satisfies

d(wx + (1 — w)y,a) < wd(x,a) + (1 — wd(y, a)

Yw € [0,1], x,y,a€C

" then
d(y,a) < d(x,a)

impliea that
d(z,a) < d(x,a)
where

z=wx+ (1 —w)y, 2€C

Lemma 2.2 1ol
>

4y (x,y) = (x —y)A(x~y), xy€ERY,
A being a symmelric, posilive definite N x N mairiz. Then
d(y,a) < d(x,a)

of and only if
&(x,y) < £(x,y,a)

where € is a real-valued, gative, i map defined as

{(x,y,a) = 2(x — y)/A(x, a).

2.5 The GGA as a robust statistical procedure

Genernlly spenking, robust statistics incorporates the theory and practice of a
body of statistical procedures designed to deal with situations where the ‘assump-
tions commonly made in statistics (such as normality, linearity, independence) are
at most approximations to reality’, ling to llampel et al. [57]. To quote them
further:
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They (the deviations from assumptions) show up as outliers , which are
far away from the bulk of the data, and are dangerous for many classical
statistical procedurcs. (Barnett and Lewis [68] define an outlier in o
set of data as an observation (or subset of observations) whick appears
1o be i 1 with the inder of thet set of data). The outlier
problem is well known and probably as old as statistics, and any method
for dealing with it, such as subjective rejection or any formal rejection
rule belongs to robust statistics in this broad sense.

As the GGA is meant primarily to deal with non-ideal (recursive) estimation sit-
uations (that is, where there is a ibility of the p of wrongly classifi
training samples) and is basically o rejecti dure, it casily q
tobust statistical procedure. At this point, however, a few clarifications are nec-
essary. ‘Lhe first is that while many agree [57,56,59] that any method, formal or
informal, of dealing with outliers, which is reasonable and not totally inappropri-
ate, prevents the worst, it is also the general consensus that ‘the best rejection
procedures do not quite reach the performance of the best robust procedures’ [50].
It is a fact, however, that the rejection of outliers is a precursor of robust statis-
tics, and ns such is an integral part of it. The second point to be noted is that
in most learning situati in pattern iti one is 1 to work with
multivariate data and, while the notion of an outlier can easily be carried over
to the multivariate situation, one requires some sub-ordering principle in order to
do so [58]. Thus, depending on the sub-ordering principle applicd, there can be
different types of outliers. The third point to note is that the GGA is required to
do recursive estimation, for which there does not seem to have been much progress
in designing robust methods [59).

lifi

as a

So, at least in the particular context of ive estimation of of
classifiers in pattern recognition, the use of a relatively unsophisticated robust
technique like the GGA decidedly seems to have practical utility, though it need
not be the most robust lure under the ci

2.6 Some remarks regarding the GGA

The proper selection of the various parameters of the GGA, namely, {a,}, A,
2nd A,, is understandably of crucial importance, so far us the efficiency of the
=stimates obtained is concerned. The choice can be based on some suitable criteria
f'goodness’ of dures. For instance, if we insist that the algorithm
should converge almost surely, then as shall be observed in chapter 3, a sufficient
condition required to hold is

i a,? < oo,

=
“learly then, n se. of possible choices of ay is

a, =n"%



where & € (4, 00). In practice, it will be better to choose a small value of 8, or the
~orrections Y,,*) will be too small.

The choice of A, is chiefly governed by the fact that it is used to define a distance
Zunction d(-,-) which is as follows.

8 (x,y) = (x—y)"A(x-y), x,y € R

Statistical considerations dictate that, gencrally, A, can have any one of the the
“ollowing formes:

A, =1y, the identity matrix of order N (2.10)
or
1/81,™ 0 0 0
0 1/822(™ 0 0
A, = 0 0 1/a5™ ... 0 (2.11)
0 0 0 wer 1/ann™
or
(2.12)
where

=, being the nth-stage estimate of the (i, j)th element of the estimated disper-
<on matrix.
The exact choice is geuerally governed by the nature of the underlying probability
iensity of the feature vector in any given class, provided, of course, such infor-
sation is available a priori. If the fentures can be expected to be uncorrelated
=ad to have unit variances (for instance, if the values of the feature variables nre
sormalised in some way), then the first choice is good enough. If however, they
aze uncorrelated but are not normalised, then the second choice is most suitable.
Ia the most general situation, the last choice can be made.
The proper choice of the guard-zone parameter A, is the objective of the second
=If of this thesis. In scction 3.7 of chapter 3 an attempt is made to obtain
—<timates on the basis of the criterion of stochastic conv while in chapter 4
—timates that optimise a performance index are obtained with the help of large-
sample statistical distribution theory.
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Chapter 3

Asymptotic and dynamic behaviour of the GGA

3.1 Introduction

"The learning of unknown parameters of classifiers is an indispensible part of pat-
tern 1ewgmhon problems. If a sufficiently large set of correctly labeled training
is available, then ‘r bly good’ estimates of the parameters can gen-
oraHy be obtained, provlded they converge in some sense to the true value, which
is the goal of learning. As also mentioned in section 1.2, the goal of learning can
actually be achieved only if the algorithms converge. In fact, a learning process
can be considered to be ful if the attai of the goal of learning can
be guaranteed, that is, if the algorithms of learning converge. Generally, the goal
of learning represents the state that the learning system skould reach in the pro-
cess of learning, and the selection of such a state is actually achieved by a proper
choice of a certain functional that has an extremum which corresponds to that
state. Convergence is generally defined in terms of one or more of the various
modes of stochastic convergence found in statistical literature (for example,[60]),
namely, almost sure convergence or mean- square convergence. 'I'hese are defined
in SeLllolI 3.3, WIIlLll also contains some auxiliary results from the theory of multi-
di 1 ic a imation which will be used to prove various results
concerning the convergence properties of the GGA and the non-GGA.

It was menmoued earlier on that if a sufficiently large set of correctly labeled train-
ing is available, then ‘r bly good’ estimates of the p can
gen(‘mlly be obtained. In many real-life situations, however, it is either difficult
or expensive to obtain labels, for example, in remote sensing [61,62] and med-
ical diagnosis [63,64,65,66), so that mislabeling ()l' trnmmg7 snmplca can become
one of the spectres with which a pattern has to contend
It is, therefore, useful to know how this problem can affect the learning proce-
dure. A reasonable amount of work has been done for the two-class classification
problem. The effects of random training errors on Fisher’s discriminant function
have been studied by Lachenbruch [63,64], McLachlan [67], Michalek and Tripathi
[68], ONeill [69], Krishnan [70,71], Chhikkara and McKeon [61] and Katre and
Krishnan [72]. They concluded that the effect is to underestimate distance, over-
estimate error rate, introduce bias into estimates of the discriminant function,
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make the maximum likelil d estimates of the discrimi t functi rge to
nontrue values, and change the asymptotic relative efficiency (ARE) relative to
a completely correctly classified sample of the same size. A good survey of this
aspect of learning can be found in [73]. At this point, it may not be irrelevant
to mention that in order to tackle this kind of problem in learning, quite a bit of
work has been done. For instance, Dempster, Laird and Rubin [66] have suggested
the use of the EM algorithm for this purpose, and more recently, Greblicki [74],

Krishnan and Nandy [75] and Titteri [76] have ad d certain stochastic
supervisors, while Chittineni [77,62] has developed some sch for correcting
labels. Incidentally, a related problem is the effect of correlated training samples

on learning. Some research has been done in this field too, and a reasonably good
bibliography can be found in [78,73,79,80].

In this chapter,the asymptotic behaviour of the GGA is investigated for the par-
ticular cuse in which errors occur in the labeling of training samples in an m-class
N- fenture pattern recognition problem. This is done. under two different sots of
conditions, namely:

® the situation where there is no mislabeling of training samples,

e the particular case in which errors occur in the labeling of training samples.

“The effect of mislabeling is to cause ‘wrong’ samples to be used in the recursive
lenrning of the cstimates, for any given class. A simple but realistic model [77] is
adopted Lo describe this sort of situation,and is discussed in section 3.2. Under
this model, the stochastic convergence of the class of recursive learning procedures
that the GGA represents is investigated. It is found that, under certain conditions,
these estimates do converge strongly, that is, with probability one, but to nontrue
values, more specifically, to convex linear combinations of true parameters of all
m classes. This conclusion is reached using some results on multidimensional

toch i ion [81]. A detailed proof is provided in section 3.4 for
the ideal case of no mislabeling, and in section 3.6 for the other, more general
i ion involving mislabeled training les. As a matter of academic interest,

similar results regarding the stock gence of the non-GGA are proved in
section 3.5. The results obtained, in themselves, are not surprising, because the
presence of mislabeled samples in the training set is sure to affect the behavior
of the training process-in some way. This work merely provides o mathematical
description of the effect on its convergence.

Section 3.7 deals with a slightly different aspect of the GGA. While examining the
conditions obtained in the earlier sections for the convergence of the algorithm,
it is found that the choice of the guard-zone parameter for which convergence
is highly likely to be assured, is possibly a function of the values of the current
training samples and the past estimate. In other words, the value of A,*) differs
from iteration to iteration, and adapts itself to the existing situation, so to speak.
“T'his characteristic of the GGA is described by the adjective dynamic. In this
context, some bounds (lower and upper) for A, are obtained and certain convex
linear combinations of the two bounds are suggested as estimates for A,*).
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3.2 A model for labeling errors [77]

“The model used to describe the situation where there is a possibility of the training
ples being mislabeled,was developed by Chittineni [77]. It can be specified ns

follows. Let w and & denote, respectively, the true and the given labels of the
training samples X;, i=1,2,.... Clearly,

w,» €{1,2,...,m}.
Also, in terms of the notation X;® used earlier on to denote the ith training
sample for the kth class,

XM =[X;|& =k] Vi

Let m; = P(w = i) denote the a priori probability for the ith class C;. Further,
let pi(X) = p(X |w = i) be the class-conditional density of the feature vector X
for C;. Also, let ay; denote the probability that e sample from C; has been given
the label i, that is,

a;=P@ =ilw =j), ,i=12...,m (3.1)
Clearly,
Soi=1, (3.2)
=
that is,
AL €mx1 = €mx1
where
1
1
€mx1 =
and
A = ((045))
Now,
X|o =i =




= Y eapX|@ =iw =) (3.3)
=

where o
G = I 3.4
VT TR ek G
since
P@ =i) = S P@ =iw =k)
k=1
= PG =ilw =k)Pw =k)
=t
= 3 mio
=1
If it is possible to assume that
(A6) p(X|w =j)=pX | =iw =j) Vi,j
then the equation 3.3 becomes
pX|o =i) = YeapX|w =37)
3=1
1t may not be out of place to emphasize here that ion (A8) is perfectly

rensonable in the sense that it merely requires that the distribution of X in any
class depend nol on the given label & , but only on the true lnbel w .

Further, the following lemma can be shown to be true.

Lemma 3.1 Given the setup defined in this section, for any subset Ax(n) of the
sample space, the probability density of X,®), that is,a sample labelled k at the
nth slage, can be rewritlen as

pXa®) = p(Xnl@ =k)

= PX|& =k)

_ { i ,,(—Aéb;ﬂ)gj)p(xw =3) i X® € Aun), given &

oy TYRESE =k)p(xlu =j) otherwise
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where
Bri(n) = P(Am)IX,0 =kw =j)ey (3.6)
Bii"(n) = P(A(n)IX,& =kw =)y 3.7
provided we are prepared to assume that
(AG) p(X|& =kw =j)=p(X|w =j) Vik=12,...,m
(AT) P(@ =k, Ay(n)) > 0 Vk =1,2,...,mandn > 1
(A8) P(& =k, Ax(n)*) > 0 Vk =1,2,..., mandn > 1
Proof: From well-k results in probability theory, it follows that

[ p(X|@ =k, Au(n)) i X € Ax(n) given & =k
p(X|o = k) —{ p(X|& =k, Ax(n)°) otherwise

where Aj(n)® denotes the event complementary to Ay(n) in the feature space {2x.

However,
p(X|d =k, Au(n)) (3.8)
_ pX,& =k Au(n)
P(@ =k, Ax(n))

I p(X,6 =k, Ag(n),w =)
PG = k, A())

1
PG =k A()

PG = ko = X6 = ko =) x
PG =kw = )PW =)
1

PG =NP@ =5

S P(AM)X, o =kw =jagmp(X|o =k =j)
i=t .

1 L .
m—‘?k);ﬂkj(")l’(xl“ =1j) (3.9)
by the assumptions (A6) and (A7) and since

m
P@ =k)=Y aum;.
=
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Similarly, we must have
P(X|& =k, Ax(n)) = pmﬂk;'(ﬂ)ﬂ(xw =1i) (3.10)

in view of the nssumptions (A6) and (A8).

‘This proves the lemma.

1t is not difficult to observe that the quantities fx;(n) and ;" (n) € [0,1] Vk,j =
1,2,...,m.

We have not studied the bl of esti ing the mislabeling probabilities ax;
yet. Of-hand, it can be said, however, that they can be estimated if some measures
of the probability of error of the labelling process involved are available. For
instance, if the labelling is done with the help of some statlshca.l classifier, then
the error can be d by its babilities of miscl provided these
can be esti 1 with sufficient

3.3 Stochastic convergence of learning algorithms

“The stochastic convergence of a recursive discrete algorithm for eslimating o pa-
rameter 0 by @ ,, can be defined in various ways. For instance, we say that

(a) the sequence {# ,} converges to 8 with probability one or almost surely
if
P(limid.-6 11=0) =1
(b) 6 ,, converges to 8 in the mean-square sense if
N 2
Lm0, -0 1=
& being the expectation operator.

Th k this chapter. ive use will be made of the following results, due
to Schmetterer [81].

Lomma 3.2 Let {an} be a sequence of positive real numbers such that
(B1) ¥, an® < oo.

Let xq and ypn be k-dimensional random vectors that satisfy

(B2) Xn41 = Xn — anyn,n > 1.

Let M,, be a measureable mapping from R* to R* such that

(B3) £(¥n | X1,X32,...,Xn) = M,(%n)a.e.

Let a,b,c be nonnegative real numbers, and let

(B4) E(l yu I’ | X1, %32, -, %Xa) < a+b || X || +cll xn [Pa-e.
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Also, for everyx € R* andn >1,
(B5) x"M,x > 0.
If x1 is chosen in such a way that

(B6) (Il x1 [|*)ezists,

then the sequence {x,} converges with probability 1, that is, almost surely and the

sequence £(|| Xp |I7) converges also.

Lemma 3.3 Suppose that conditions (B1)-(B6) hold. If, further, there ezists for

everyn >0 a & > 0 such that forn > 1,
(BT) inf, qixjjcy-t X" Ma(x) 2 6,

then x,, converges almost surely to the k-dimensional null vector 0.

3.4 Convergence of the GGA in the ideal case [4]

Proposition 3.1 For the problem of estimating @ * recursively under the setup
()
defined in section 2.2, by the assumplions (A1)- (A6), let 4., be the sequence of

"
estimates, where 0 is given by the equation 2.3. If
(C1) £, an® < 00

(€2) pa® = P (du(d &, ,Xa®) <20 | 2 ,)) > 6 Vn for somes >
0

(C3) all the training samples are correctly labeled

(C4) the statistic £(X) admils of second-order moments, with

el P lw =i =p
then
(0) { 6%} converges with probability 1 o 8 * as n — oo;

2
) (€16 —0 P |I'} converges as n — oo.

(h;
Proof. Writing ¢ ,* =0 % —0™®, we have

6 .® = £(X,®)—9® forn=1
” ¢ s® —anZ,® forn>2

where

2w [ Pa® —EX®)-0P) X, Pecn 2,
n 0 otherwise
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‘I'his is because it is possible to write
0P =1-a)0® +a.0®

and 0 < a, < 1 by choice.

Thus the propositions can be shown to be true if it can be shown that under the
conditions assumed therein,

(i) ¢ .* converges almost surely to 0 8s n — 0o
2
(i) {€0l % I']} converges us n — oco.

To establish these, the lemmas 3.2 and 3.3 are applied directly, by showing that
conditions (B1)-(B7) are true for ¢ ,*? as defined by equations 3.11 and 3.12.

"T'he condition (B1) is true because of the nssumption (C1), nnd the condition (B2)
is seen to be hold in view of equations 3.11 and 3.12.

Now,

E[Z.® | ¢, 9, 8,7, 8.9

= pan®E(9 P £ Xa®) -0 P10, %, 6,06,

= pn+](k)[¢ "(h) _ g(f(x”+](h)) ] (k)n
as X,4+1*) is independent of X;®,X,™¥,. .. X, *
and hence ¢ ;*,¢ ,%,...,¢ ,*, by the assumption (A5)
= pun® * as £(X®) is unbiased for § ¥
and so E(f(Xnns®)) = 6 ¥
since the X;(*s, i=1,2,.. . are identically distributed,by (C3)
This verifies the condition (B3), with
. - 1();,.(:() =pai®x, x €RV.
Further,

£ 29 11 40,6 1P, 6,

Pen®E I, P = EXu®) =0 D) [ 16,9, 6,2, 6, )

[

[onnn® [l ,® I~ 3¢, P T EEXnis®) — 0 ©)

‘a1



+ €l T (Knrs®) - 0 V]

s Xp41® is independent of X,™,X,®,... . X,®

and hence @ ;¢ ,*,...,¢ .®, by the assumption (A5)
= ea® [16.® 1 =10 I+ 21 £X®) 1]

s the X;*’s are independently and identically distributed
(*)

(by (AB) and (C3) respectively) and E£(X®) =6

-
1 . ® 1" + pu by (C4), 88 pan® <1

IA

and |8 @ |I* < [ £XP) |}, 0s £F(X®) = 6 ¥

which means that the condition (B4) holds with

a=ps b=0, c=

Also,
xTMP™(x) = pps:1®xTx > 0 Vx € RY,

which verifies the condition (BS).
‘That (B6) holds, is rather obvious, in view of (C4), as

£l (K@) — 8 @ | = £ £X®) I~ 118 @

Iinally, we can see that by virtue of the assumption (C2), the condition (BT)
holds, for

inf  xTMa(x)
n<lixli<n—*
inf BxTx
a<timiian-t P2+
> 577
>0
O] A .
Thus the lemmas 3.2 and 3.3 hold for § ,, . Hence the proposition is proved.

’
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3.5 Convergence of the non-GGA in the non-ideal case
[5,6]

It is possible to prove the following result regarding the convergence of the non-
GGA under the model adopted for describing errors in the labeling of training
sumples, given in section 3.2.
Proposition 3.2 For the problem of estimating 8 * recursively under the setup
2 (k)
defined in section 2.2,by the assumptions (A1)- (A6), let 6 be the sequence of
2 (k)

estimates used, where @, is given by the equation 2.5. If there is a possibility of
training samples being mislabeled, and the model assumed in section 3.2 is laken
(o be valid, and if

(CNG1) T2, 6,2 < 00
and
(CNG2) the statistic £(X) admils of second-order moments, with

EMEX) 1P o =i] =5
then
) .
(a) {6, } converges with probability 110 6 " as n — oo}
S0 gy 2
) {6, -6 || } converges as n — oo,

where

69 —xn, a0, (3.13)

where e; is as in cquation 3.4, that is,

Proof: The validity uf the proposition can be inferred directly from lemmas 3.2
and 3.3, provided one can show that the conditions (B1)-(B7) mentioned therein
hold for 3 ,* | where

) __g"” _9"“)

1t follows from equahon 2.5 that for k=1,2,.

(©) =
w _ [ 8(X:') forn=0 3.14
L { B a1 Zayy” otherwise @14)

where

Zoa* =, P = [(Ka®) - 67| (3.15)
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‘I'he condition (B1) is seen to be true because of (CNG1), and (B2) is equivalent

to

3.14. The

£ [Zan” 19,2,%,%,

G
= ¥.9 - e +6
since Xnsa™ is independent of X;%,X,®,..., X, *®

and hence of % ,® 3 ,*,... 9 ©

")

(B3) is also satisfied, with
Ma(x) =x,

- PP Xy o =K+0°

= w(")

as, by the equation 3.3,

EEXK) |0 =k =30 =0".
=

Similarly, we have

£l Zaa I 19 P07,

l'hus

IA

<

the requirement (B4) is seen to be satisfied with

Ny @10+ [n tx)-6% 115 = k] by the equation 3.16

1920+ £ [I1£X) (P [& =#]

as €[50 I | & =rc]zs[uf(>c)-§‘“’ e =4

w n(")]

£ [ Zass” IF] by the condition (AS5)

(3.16)

-
1% ® 1" + 3" exjpby the condition (CNG2) and the equation 3.3
=1

2 m
N9 20+ 0 oscy < 1Yk
i=1

-
A ST

=1
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“I'he requirement (B5) is seen to be met as

‘The

XM, (x) = xTx > 0.

Jition (B6)is satisfied , b

efiw,® 1]

]

el -6 1"1a =4

< eIEX I 1@ =4
= i::l €kjP5
< oo

Finally, (B7) follows because

inf _ x"M,(x)
n<lixli<n=*

inf xTx
n<lixli<n=!
2

> 7

>0 )

Hence the proposition.

Implications of the proposition

(=)

(b)

If the matrix A is equal to L, the identity matrix of order m, i.e., if there
is no mislabeling then under our assumptions,

2 (k)
6Pz g®

as expected.
If A # I, then clearly the estimates for the different classes converge to
nontrue values

a0 P
i.e., n convex linear combination of the parameter vectors of all the clusses,
as it follows directly from the equation 3.4 that

1Vi=1,2,...,m. (3.17)




(c) Yet another implication can be stated formally as follows.

Proposition 3.3 For the problem of estimating 6 * ively under the
2 (k
setup defined in section 2.2, by the assumptions (A1)- (A6), let § . be the
2 (k)

sequence of estimates umi where 8, is given by the equation 2.5. If there
is a possibility of traii 1l bemy mislabeled, and the model assumed
in section 3.2 is taken {o be valid, and if

(CNG1) 52, an? < 0o

and

(CNG2) the statistic £(X) admits of second-order moments, with

@) I |w =i] = p

then (k)
2 7,0 a8 0 (k)
where
I = (%))
is a generalized inverse [82] of the matriz
E =((e;)

satisfying
El =1, (3.18)

Proof: Firstly, we note that the matrix E is not full- rank as shown by the
equation 3.17. Consequently,

rank(E)=r<m—1.

From proposition 3.2, it is known that if E 7 denotes the transpose of E ,
then
(@10

(i.e., every element of the matrix on the left-hand side converges almost surely
to the corresponding element on the right-hand side). By well-known results
on almost sure convergence it follows that

(‘(1)

(i.e., every column of the matrix on the left-hand side converges a.s. to the
corresponding column on the right-hand side), and hence

re (é @

'~ (7)

6 ('"’) BT (9D P[0 ™) cloment-wise

- (2)

AR T (P[0 [0 ™) column-wise

6o

) 2% (8916 @|--[0 ) column-wise
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3.6 Convergence of the GGA in the non-ideal case [7]

Proposition 3.4 For the problem of estimating @ * recuraively under the sctup defined
(*)
in urlunl 2 2, by the assumptions (A1)- (AG), let 0, be the sequence of estimales,

where 9 . is given by the equation 2.3. If there is a poasibilily of training samples being
mislabeled, the model assumed in section 3.2 being taken o be valid, and if

(CG1) T2, an® < 00
(CG2) pa®) = P(A(n)lo = k)

=P (da(2 2 KB <A 122, 0 = 8)
> & Vn for some § >0

(CG3) the statistic £(X) admils of second-order moments, with
LX) 1P |w =i] =pi
then

5 (k) k.
1 {6%.0% ) converges with probability 1 to 0 as n — oo, where

e '
60 =55, B8 @, (8.19)
o
2 el 0P Z 0 1) converges as 1 — .
Proof. Writing ¢ ,\* = —6%, we have )
(‘5)
*) (X, ®) — forn=1 3.20
¢ {‘15,. ('"—u Zn"" for n > 2 (3.20)
~here
k. s
o ozw= [ e.a® —EE®) -0 KX G2 N (3.21)
. 0 otherwise

“ This is because it is possible to write
6P =(1-a)0 P +ab
and 0 < a,, £ 1 by choice.

Thus the propositions can be shown to be true if it can be shown that under
conditions ussumed therein,

(i) ¢ ,* converges almost surely to 0 as n — oo
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that conditions (B1)-(B7) are true for ¢

as

(i) {€M & % ']} converges as n — oco.

To estublish these, the lemmas 3.2 and 3.3 are applied dircctly, by showing

as defined by equations 3.20 and 3.21.

The condition (B1) is true because of the assumption (CG1), and the condition
(B2) is seen to be hold in view of equations 3.20 and 3.21.

The requirement (B3) is also satisfied, with

M,(x) = pa®x ,

& (k;
e @1, P8 ,0, 6 P

P 6,9 — e, +0 )

since Xn41® is independent of X,®,X,®,... . X,®

k)
oo .®

= B® e - 10 =1 +0)

and hence of ¢ ,*,¢p ,*

= n®¢,*

+ the lemma 3.1,

ENX) |0 =k =3 fum0 P =0,
;

=
acly, we have

2 & . k
2o I 16,9, .26,

= g [|| Zir® ||’] by the condition (A5)

e [“ PRCT [" (x)- 0% 1o = k” by the oquation 3.22

PR (RN R (e Y]

xul,'[”f()()“’h‘») =k]2£[""(x)_é(") e =}.~J
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s m
= p.® [u ¢ PN+ Zﬂk,-(u)p,] by the condition (CG2) and equation 3.5
i=1

< p® [n @0+ Zﬂj] as fiy(n) S 1 Vk,j
=
Thus the requirement (B4) is seen to be satisfied with

a=%p;, b=0, ¢
=1

The requircment (B5) is scen to be met as
xTM,.(x) = p,xTx > 0.

The condition (B6)is satisfied , because

e .21
= 0 efire0-00 118 =]

< p®[EfIEX) P& = #]]

= p.® Li ﬁkj(ﬂ)l’j]

< oo
Finally, (BT) follows because
infl  x"Mux
n<lixli<n=*
inf _ p,MxTx
a<lixli<n—t
> p.®n?
> 0 Dby the condition (CG2)

~ace the proposition.
The following result is an i li of the above proposition.

Broposition 3.5 For the problem of estimating @ *) recursively under the setup defined
2 (k)
~ section 2.2,by the assumptions (A1)- (A6), let 8 , be the sequence of estimales used,
= (k)
va-me B, is given by the equation 2.3. If there is a possibility of training samples being

cieled, and the model assumed in section 3.2 is taken lo be valid, and if
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(CG1) T2y an” < 00,
(CG2) po® = P(Ax(n)|& = k)
=P (da( &) KPS Aa | A ®, & =k)) >8 Vn for some §>0
and
(CG3) the statistic £(X) admils of second-order moments, with
EIEE IPlw =i =p
then " "
> wi(n) Perg®
J=1
where
T (n) = ((vis(n)))
is a generalized inverse [82] of the matriz
B = ((8;(n))
salisfying
B (n)T (n) =Ln. (3.23)
Proof: Firstly, we note that the matrix B need not be full- rank. From proposition 3.4,
it is known that if B (n)7 denotes the transpose of B (n), then
(é(nl) ~f‘=) 10 :m)) _B (")r (9 (1)|0 @) “l" (m))

4
2% (0]0|---|0) clement-wisc

e., every clement of the matrix on the left-hand side converges ulmost surely to the

“seresponding element on the right-hand side). By well-k results on almost sure
—onvergence it follows that
FO 5@ | 50m T(p Mg @ (m
(6% a,,l‘..‘a,_ )-a(..) (CRIA B A

24 (0]0]--+|0) column-wise
-, every column of the matrix on the left-hand side a.s. to the corr di
- 'zmn on the right-hand side), and hence
5 (™
1)

T (07) N
23 (9 ®|9 @|--+|6 ) column-wise
.« the equation 3.23, so that ultimately,
16 ‘u"")

PP
25 (§ 9|9 ]-+.]0 ™) clement-wise.

Z-ace the proposition.
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Notes

o Proposition 3.1 follows from proposition 3.4 on substituting &k, for Brs(n) Vk,j =
1,2,...,mand Vn>1

e Proposition 3.2 follows as a consequence of proposition 3.4 by puumg An = oo,
that is, by making p,® = 1 so that the dition (CG2) is aut ti t
by the non-GGA.

In the non-ideal situation where there is a possibility of training samples being
mislabeled, it is observed that for both the GGA and the non-GGA, almost sure
convergence occurs,albeit in different forms but not towards the true values. In
order o effect a comparison between the two algorithms in respect of (strong)

convergence, it would be logical, therefore, to study how the sequence {6, }
behaves with respcct to the true value of @ *. More specifically, one may wish to

know whether {8 7} mannges at all to get ‘closer’ eventually to 6 * than 6.}

[}
does. The following blishes that 6 o docs indeed appronch 8 *

‘closer” than § ,, does, provided certain conditions are satisfied.

Proposition 3.6 I, in addition fo the assumptions (A1)-(A8), (CNG1), (CNG2) and
(CG1), (CG2) and (CG3) we also have, for some k,

(CG4) Brj(n) — Bij
forj=1,2,...,m as n — oo for some fi; € [0,1].
T = (k)
(cas) P -9 @GP —6®)>0
e S
where 8 =5 0y0 Pand 0 = £, 4,0 0.
then ®
5 %) ; j ONER
1. -0®1-16, —6®I= G
where Gk is some number > 0. B
Proof. Under the assumption (CG4), it follows from proposition 3.4 that
0‘ (:) as g (k)

with

0% =35,69.

j=1
This, together with the proposition 3.2, implies that

P _gwasg® g
n »
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and

Consequently,
L
3 k] (*) k: 0 g (k) k]
10, —0®@1-18," -6 )d® —g®y_1g® _g .
However,

= (k) 2 = 2
6 =@y —1g % g%y

1690 10O —20@7@® _g )
= 2 _ .
=16~ 12 TP 0P a0 @GP g

= 2
= 16° 0P 20 P 0™ @GP _g®y
> 0 because of (CG5)

lence the proposition.

3.6.1 Remarks

® This theorem f some suffici nditi under which the GGA provides
imates which are asymptotically "closer” to the respective true values than the

usual non-GGA estimates.

One implication of the condition (CG5) is that the proposition 3.6 will also be
true if

= (& -

69 @, 9w
or if

6(,,) a(n) =(k)

where the partial order relation >’ is defined as fnlluws
fora,beR¥, arbifa;>bforali=1,2,...,N.

Generally speaking, these conditions signily that the proposition will be true only
for those learning si in which the ion of the m classes is such
that, for any given class, either

g (K
a) the true mean § * is an interior point of the lower quantant of 6 * which, in
turn, is an interior point of the lower quantant of §
or

b) the inclusion relations are true in the reverse order.
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Obviously, then, whether or not GGA-estimates are asymptotically ‘closer’ to the
true mean than the non-GGA estimates, is partly dependent on the nature of the
problem, more specifically, the relative configurations of the different classes.
(By the lower quantant of any point yo in the N-dimensional space RY, we mean
the region

Quyo) ={y:#i Swo¥Vi=12,...,N})

3.7 Dynamic behavior of the guard zone [8]

It is obvious from the previous discussion that, the choice of An(the dimension of the
guard zone) plays a crucial role so far as the convergence and classification efficiency
of the GGA i of the are d. While it is not a very simple
problem to obtain some sort of an optimal value without making additional assumptions,
one can obtain certain bounds for A, from the view-point of convergence of the class
parameters. The size of the guard zone may then be experimentally determined using
some lincar combination of those bounds.

As seen in section 3.6, one of the conditions necessary for having some form of
stochastic convergence of the estimates to the true value is (CG2), that is,

p® = Plam)o = k)

[

FCAT NS SUPSHY SR 0)]
> & Vn for some § >0

which requires that the probability of da(4i &, , Xa(®)) being less than or equal to the
dimension of guard zone is strictly greater than zero.

By virtue of the lemma 3.4 given below it follows that

4R DX ) 2 wamiallt By = KON = 6,2, s, (3.24)
4,212 9, Xa®) < mmaellfi @y = X = Lo2, say. (3.25)
where T(mpmin 80d T(nymas BIE ively the smallest and largest cigenvalucs of A, .

As the A,’s arc assumed to be symmetric positive definite, we must have
T(nymaz = W(mmin = 0 Vi

that is,
0< 8, <L, Vn.

Now, A, cannot be less than or equal to £, as that would mean that pa®) = 0 which

violates the condition (CG2). Also, A,() cannot be greater than or equal to L,, as that
would mean that p,® = 1, which is not desirable becausc all the samples would then

. G *) " ™
be accepted by the supervisor for upd 4., the nth-stag of @ ®. Thus,
one must necessarily have

£, < AW < L, Vn. (3.26)
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“The value of A,™ is therefore found to be bounded between £, and L, in order to have
convergence of the estimates of classificati to their true values. From
the relation 3.26 it is also interesting to note that the dimension of the guard zone is
dynamic (varying) and its value at the nth stage depends on the (n—1)th stage-estimate
of mean vector and the values of £,*) and L,™ i.., the (n — 1)th stage estimate of
the matrix A,*). This adapti ding-shrinking) behavior of the guard zone
G(a, Au®) centred at a enables the algorithm to accept sometimes a sample having
a larger distance from a while discarding another one with a smaller distance for the
parameter-updating. This was not the case with the experiments of Chien[54] and Pal
et al. [53] where such a parameter was considered to be fixed throughout the learning
process. It must be noted, however, that the former has in theory a provision for u
dynamic threshold, though this has not been’implemented there. In other words, the
supervisory program uses here knowledge of its past behaviour, which depends on the
input sequence.

In view of the condition 3.26 on the lower and upper bounds, we may take the
following weighted average .

P =(1-a)ta® +aL,®, 0<ax<1, (3.27)

of £, and L,™ in order to describe the dynamic behavior of the extent of the guard
zone at the nth stage of learning. It is to be noted here that condition 3.26 is violated
in case the matrix A,* is o scalar multiple of the identity matrix for any n.

Lemma 3.4 If A is a symmetric matriz of order p, then

T
xTAx P
mp < Tx <m, x€R’,
where m, and my are respectively the smallest and largest of the p roots of the equation
1A —=I| =0,
that is, they are respeclively the smallest and largest e, /! of A (both gat

ive). I denoles the identity matriz of order p.

3.7.1 A special case

In case we have

(01n®)? 0 0 0

0 (o2n®)? 0 0

[A,,“"]"= 0 0 (o3.M)2 ... 0
0 0 0 voo (ona®)?

where 0;,” is the variance of the jth feature at the nth stage, then under the condi-

tious 3.24 and 3.25,the bounds for Au® for the kth class will become
4 (k)
RO [ A
" O (n—1)maz(¥
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and

X,
O]

where o(n_1ymaz® and o(u—1ymin™ denote respectively the largest and smallest values
among the N standard deviation components in the kth class. From the above equations
it is seen that if for a particular class we have further, for some n

10 ® = g3® = ... = g B

then
Tapmin®™ = T(nymas)

and hence
L0 = [0 =\ B,

In fact, the above equality will hold whenever A,*) is a scalar multiple of the identity
matrix. - .
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Chapter' 4

Automatic selection of thresholds for the GGA
[9,10] ’

4.1 Introduction

It was observed in chapler 2 that the Generalised Guard-zone Algorith (GGA) is an
algorithm for learning class parameters for pattern recognition, which uses thresholds
dynamically to implement a restricted updating program.* Basically, its aim is to deteet
mislabeled training samples and-outliers and to reject them from the parameter updat ing
procedure, The algorithm is & generalisation of some existing ones [54,53] which were
found to be uscful for some sets of real-life data. In chapter 3, it was observed that the
guard zone parameter A,® of the GGA lies between certain bounds and the recognition
rate increases when the guard zone is made dynamic by causing its zone-controlling
parameter A,**) to be d dent on current esti It is to be ioned here that
this zone-controlling ter was kept in thie experi of Pal et al.{53]
and Chien [54], although the algorithm proposed by the latter does involve a dynamic
threshold. The bounds were used to define certain estimates for A,*) which gave good
results (sce chapter 5) vis-d-vis the non-GGA when applied to real-life datn.

However, the problem of automatic selection of the guard-zone parameter P
was not greatly facilitated by the above study. It continued to be an impediment in
the practical implementation of the GGA. It became necessary therefore, to tackle this
problem from a different view-point, that is, by using criteria other than stochastic con-
vergence. This led to the results presented in this chapter, in which attempts have been
made to determine automatically the values of guard zone dimension at every instant
of learning on the basis of the criterion of minimum mean squared error (MSE). The
explicit expressions for the mean squared error are obtained for both the GGA and the
non-GGA (i.e., the usual unsupervised stochastic approximation learning algorithm not
based on guard- zone) using the model of Chittineni [77] involving mislabeled training
samples. An approximation to the guard P ter is obtained for which the MSE
for the GGA is smaller than that for the non-GGA. In other words, the value of A, se-
lected automatically by the system makes the GGA discard with greater efficiency the
doubtful (mislabeled) samples from the training set, thus improving its performance
vig-d-vis the non-GGA, for self-supervised learning.




4.2 Performance of the GGA relative to that of the non-GGA

Before a comparison of the performances of the two algorithms can be made, it is
necessary to introduce n suitable measure of the quality of learning. Ideally, such a
function should cstimate at cach instant n, the distance between the current state 6 ,,
and the optimal state ,. One convenient performance index of learning is the mean
squared error of the estimate at each instant, namely,

p@.)=£I6.-01] @)

for discrete algorithms of learning.

In the following sections, we shall be dropping the suffix & denoting the class
whenever possible, for converience and brevity, unless required to do so in order to
resolve ambiguity and confusion.

4.2.1 Performance index of the GGA

The GGA is defined as

g™ (X, ) forn=1
={
" f,_), —a, Yo forn>2

where ®
Y. = { 012, ~106®) iX,® € G0 &, A
o

otherwise

and all symbols are as in section 2.2. Let

M = P(Ax(n)),

where
M) = {X: X e 6@ ¥, , 2M)}
Also,let
@, =1—a, ¥n
and
gn=1—pn Vn.
Then

£0,) = pab(@Enf ey +auf(X,)) + 260 ey )
= (@nba+ 2)E0 ami ) + nPaE(E(X,))
= (@nPn + ) [(@n-1Pn1 + 2a-1)E(D no2)
Fan-1Pnr EE(Xno1))] + anpnE (£(X0))
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[

f[](ﬁ.-p.» +a)E0 1)

- " n
+3 ( II @i+ q;)) a;p;E0(X,))
i=2 \i=j+1

if we follow the convention that

Tl (aipi+ @) =1 Vm >n.

Writing )
J J
Aij =[] @epn + @) = T1(1 = aupi)
k=i k=i

we have, from the equation 4.2,

£6.)= ;: AjsaipiEE(K)).
‘This is because
and

If we define R N
Zo=P, TP, =10 .- 0|

where
k)
P,=6"-0®,
that is,
(X, ®) -6 ® forn=1
Po=1{ 3,Pp;+an(f(Xa®)) =0 ® with probability pa,n > 1
Poy with probability g, n > 1
then
IGKS) = 8 W) for n =1
Zn={ @22, ,+T, with probability p,n > 1
Zna with probability ga,n > 1
where

T, = 6,° QT Qn + 20,8, Py Qn
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with
Qn =f(X,) - 0.

Thus Z, = Q,"Q, and
£(Z0) = 32 Bjssas (T,
where ’ ;
Bij= kfI(ﬁim + )
in view of the equation 4.5. As -

£(15) = a,°6(Q;7Q)) + 2a;8,E(P; 7 Q;)

and
E(P;,TQ;) =0Vj

on account of our ion (A5) regarding the ind lence of the observations, we

have .

£(T3) = ¢,°6(Q,7Q;)-
Thus "
£(Za) = 3 Bijuinai*pi ;%
=
in view of the equations 4.4 and 4.5, where
B9 = £Q;7Q 10 = k).
Let us now assume that the condition (CG3) holds, so that
H=£ [l]f(X) 09l = j] existe,

implying that

B = Slpuli)m+ 109 - 0 Oy
A (G)(IE0) =8 )+ 10 ¥ — 0 Py

4.2.2 Performance index of the non-GGA
The non-GGA is defined by the equation 2.5 as
5 (k) (X, W) forn=1
6, ={ -

s —a,Y® forn>2

where

- )
YW =0, —f(X9).
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Clearly, proceeding as before,

£(8 1) = A%20E(B 2) + 32 054511 nEE(X;)
=2

if we follow the convention that

Writing

n
I (@pi+ @) =1 Vm > n.
=

P

we have, from the cquation 4.8

£(0 ) = 30 A 41ma;EE (X))
=1

‘T'his is because of the equation 4.4.

1f we define

where

then

where

with

Zam = I(x.“’)—e‘*’)u forn=1
" a2 Zn 1"+ T, forn > 1

T, = 0,°QuTQ, + 2anan P -1 Qn

Q. =1(X.) -0

Thus Z;" = Q;7Q, and

where

As

and

on account of our
have

(2.7 = Z": B*j11,nE(T57)-
=1
5
B =1]a:
k=i
E(T") = 6,°£(Q;7Q;) + 20,36 (P*;17Q;)

£(P;47Q;) =0Y)

£(T37) = a,°6(Q;7Q;)-
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Thus

E(Za7) = i B a2 B0 (4.10)
in view of the equation 4.4, where
B0 = £QTQ;lo =k) (4.11)
m i 2 .
= Yein+10 -0 (1.12)
1

As
eui = Pri(n) + Bii”(n) Vn >0,

we must have

By = By ® = 3B G) o + 11£0) = 6 ).

(CP1) fi(X) > fi(0) Vi=1,2,...,q

then

(k)
B ® > E;®.

4.2.3 A comparison of the two performance indices
From the above discussion it follows that
E(Zy) < E(247)

if and only il
Bianps By < ByuinB Vi = 1,2, n. (1.13)

Lel us examine this set of necessary and sufficient conditions closely. First of
all, we note that as
2 2 ;
0<a;<ajpj+g¢; <1Vj,
we must have, for all 1, 7,
By < By (1.19)
Also, it is sufficient to consider the case where Ej; > 0, since the condition 4.13 is always
trivially true when E,; = 0. Rewriting the inequality 4.13 as
BYin B

i <
Pis g

j=1,2,...,n 4.15,
oyl R b LA (4.15)

where 15;; > 0 for all j, we have, for j =n,
Pn S E%nn/Epn
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which is, in cffect, redundant, if assumption (CP1) holds, by which 5%,,/L;, > 1 neé-
essarily. Let us write
Rjp = B 4/ By
and
e = B}/ Ej;.

“Then the inequality 4.15 can be rewritten as

Pn £ Rjyipe;.

However, as /4 is monotonically non-increasing in & for fixed j, the above inequality
is cquivalent to E

Rajpi/e; < lim Ran = R,say, (4.16)

as the inequality 4.15 must hold for all n > j. Let us examine the infinite product
N -
R=T] [a2/(aips +ax)] = T (1 = cx), sny,
k=2 k=2
where
a = (1—a})an/(ahpk + o)

di(1 = pi)/(1 — dkpi)

[

with
dy=1-—aj.

I'rom standard results on infinite products [83), it follows that a necessary and sufficient
condition for 12 to converge is that

3% o < oo.
=1
AL this stage, we state and prove the following lemma :
Lemma 4.1 Let {zx} be a sequence of positive numbers such that
@k = bi(1 — cx)/(1 — bick)

where by, cx € (0,1).

Then -
Sz <oo
k=1
Ul
by > brya
and
Cr < Ch41

Jor all k= 1,2,3,.
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Proof. Let us write
9(by¢) = b(1 — &)/(1 = be).
Then o
9
29 9
o
and o
g
c <0
implying that if b > by and cx < ks, then

9(bxy ©) > g(brsr, ) whatever c may be

and
(b, cx) > g(b, cx41) whatever b may be,
o0 that
9(bk, k) > g(bay ch1) > g(brs1, cks1) whatever k may be,
that is,

2k > Thas VE.
Hence by the D’alembert ratio test for the convergence of any series of positive terms,
the lemma follows. .
This lemma provides sufficient conditions for R to converge. These suflicient
conditions are :
dy > dis1, that is, ax > drsa Yk,
and
Pk < Prsa Yk
Let us return to the condition 4.16. We now have some sufficient conditions for I to
exist. Our next problem is to find its value, if possible. For this purpose, we make use
of the following lemma :

Lemma 4.2 Lel us consider the infinite product

[Ta-r), me(1],
k=2
where
i = br(1 = ex)/ (1 — bacs)s
such that

i) by ex € (0,1),
§6) Timoo by = 0
§i6) by > bgs Jor allk=1,2,...,
i0) cn < cupr Jor all k=1,2,...
If for all k,
cx = brs1/br
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then

T (t=r) = (1 =b).

k=2

Proof. The lemma is rather obvious, as

I =r=Jim T —n
k=2 h=2

and
- I-b  1-b 1—by
l—pp) = —2 . 275 ... "%
(=) T=be; 1=bycs 1= bnes
b
= b"; 8s cx = brya/ck
— (1 =ba) w8 n — oo,
s

121 —bpcp>1—by—1asn— oo,
implying that
Jim (1= bea) = 1.

“T'his lemma can be used directly by us for the solution of the problem at hand,
namely, to find conditions under which the sequences {a,} and {p,} satisly the condi-
tion 4.16. We shall establish presently how and why this is possible.

On applying the lemma, we get

o = dipr/di

(L —ai,,)/1—af
R = 1-dy = 1—a}

L =

s0 that the condition 4.16 L ivalent to
Pi < e(1—d;p)).
Obviously, a sufficient condition for this to hold is, therefore,
din1 < dje; /(1 + dje;).
All the major conclusions arrived at in this section can be formally stated as follows :
k) 2 ()
Proposition 4.1 Let {0 '} and {0, } be sequences of estimaies defined by equa-
tions 2.3 and 2.5 respectively. Let D(-) be as defined by the equation 4.1. If

(CP1) £: RN — R is such that fi(X) > £i(0), Vi =1,2,...,¢q
(CP2) {a,} is strictly decreasing monotonically
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(CP3)a, —0asn— oo
(CP4) py = (1 —a2,,)/(1 — al) where ay =1 —a,
(CP5) a2y, > [(1 - e,) — eadl] forn=1,2,...
where e; = E*j;/E;;, E*;; and Ej; being as given by equations 4.12 and 4.7
respectively, then
ND) = (k)
D@ ,)<D@, )

1t is interesting to note that if we take a, = 1/n, then all the requirements (CP1)-(CP5)

are satisfied.

4.3 An approximation to ),
In this section we shall show that it is possible to obtain certain approximations to the
zone-controlling parameter A,, if one is prepared to make some assumptions, which are
stated below :
(L1) For every k = 1,2,...,m, the distribution of X,,, that is, the feature
veetor hnving the "given’ label k (as opposed Lo its true label), is N-varinte
normal with mean vector
= (k)
07 =5, a0

and dispersion matrix

=, (k)
TV =g e
where -
€rj = m,ﬂj/(z i)
&
(L2) Let
g (K
050 =7 Bus(m)8 9.
and
DR = T A(m) 2 O,

_ . o) e
Then § & can be approximated byd  and &P py 2V

in which the conditions L1 and L2 can be surely expected to
, where there is no mislabeli In such a situation these
to

Remark: One situati
hold is in the ideal case,
iti become ctively
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(L1') For every k = 1,2,...,m, the distribution of X, i.e,, the feature
vector having the ’given’ label k (ns opposed to the true Jubel), is N-variate
normal with mean vector

FAPYC)

and dispersion matrix

- 0
520 _p®
(L) 6% is cqual to § ¥, and £ ¥ 10 5.

“I'hus whenever we assume L1’ and L2’ to hold, we are, in effcct, assuming the absence
of mislabeling in the training set, an assumption which may not always be justified. So,
any results based on them will, at best, yield approximate results. However, they had
to be resorted Lo in order to make the problem and its treatment tractable encugh to
yield useful results. We have the following result :

~ (k. 2 (k)
Proposition 4.2 Let {8 %) and {§, } be sequences of estimates defined by cqua-
lions, 2.9 and 2.5 vespectively, and (el the assumplions (A1)-(A8), (CN1), (CN2),
(CG1)-(CG3), (L1) and (L2) hold, under the sctup assumed in scction 3.2. Also, let

a, =1/n,
n-1
At e A0 K g ®
e 6~ A 20—
Then for n > N, a large-sample approzimation to A,, which minimizes the mean-
squared-error (MSE) of the GGA is given by
n(n—1)
(n—2)
where up is the lower p-percentage point of the beta distribution wilh degrees of freedom
N/2 and (n — N)/2, a0 that

A= p /(1 = up,)s (4.17)

1 ur
P S o W07 S VPR (G LR
= T A B
with N () \
N n—0)y (N[2)=1({ _ 3){n=N)/2=1),
B 5 /0 u (1 —u) du,
and .
= pa® = P({X: X € G( 2, , A}
is prespecified for all values of n.
Proof. Since the assumptions (A1)-(A8), (CN1), (CN2), (CG1)-(CG2) hold, it follows
from the propositions 3.2 and 3.4 respectively that
50

= (k;
ay g ®
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and
implying that

a (k) 4, 0 (k)
2.(k) (& 5 (k)
@, -6%)-@¥ -9
By the model assumed in section 3.2, we have
under (L2)

X® N (6

vutiate normal or Gaussian variable

. where the notation ~ denotes is distributed as and Ny
the n observations X,®, X,®

N
V(@
where the notation

(1.18)
aw )
(e, X ) is I]u' N-
with mean vu,l,ox 4 und dispersion malrix X,
Alko, a8 a, = I/n, it follows that 0 is nothing but the arithmetic mean of
< %a®, 50 that from well-known results of statistical
sampling theory [60], it follows, on account of (L1), that
j® R 1 &k .
6, ~Nyv@ ,;‘ (4.19
The relations 4.18 and 4.19 together imply that
~0) 5 N0, 8P, (4.20)
£ denotes ‘convergence in distribution or £ aw’.
By (A8), X,ss™ is independent of X,™), X,*) < Xny™ and hence of
g3 (0 5 (K
Vi@, -0
so that
(k) *) & k) N
K™ (0P -G P Ly ® 5 (4.21)
n1
Also, for i < n+1
3 (‘r) (h (k) ; (O]
TTXGO =0, -0.0) 5w ) (1.2
as, by the cquation 4.18,
(k) O 2 (k)
£X® -0 ") x® -6 Py gyxm - §
— Oy,
where O,y is the N ix havi
be observed that
2 (k)
A Elx

)xX®
WIS

0¥ g 9yx,0—

r
a )]
» N motrix having all its elements cqual to 0. Also, it can cusily
[ld

T
6 (k) —0 L‘(J)
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= (k)
1-52 Y =

ifi#j
Applying (L2) to the relations 4.21 and 4.22 gives
4 (5), = (k)
Vol DXnsa® = 6 ) & N (0,27 (1.24)

and, for i <n+1,

VTG DE® -0 ) E N0, 2 ) (4.25)

The relation 4.23 implies that

lh) 5 () _4g (k))][(x *) _ (h) ﬁ (k) (,,)

= ()
~Wy(E " n-1), (4.26)
the N-variate central Wishart distribution with n — 1 degrees of freedom, so that we
are justified in claiming that

> (k) ), T
T RO -0, 0
b=t
E'.WN(f? @ - 1), (4.27)
that is, .
Al Lowe(E® non). (4.28)

The relations 4.24 and 4.28 together imply that

(n—1)* k), ;0 T
m(xnﬂ(") -0 ) A (Kni® - 6)
Lo,
the N-variate central lotelling-7? distribution with n — 1 degrees of freedom, that is,
-1 .
Y v (Kai®, ) £ T (4.29)

The proposition follows from this if we remember that
o If 77 is an N-variate central Hotelling 72-statistic with & degrees of freedom, then
tgi(f’/k) ~ F(N k= N +1),
the central F-statistic with (N, k — N + 1) degrees of freedom.
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o If F is a central F-statistic with (m, n) d.f. then

oF
U= oy ~ Beta(m/2,0/2),

the Beta variate with (m/2,n/2) d.f., where ¢ = m/n.
We therefore have

Ponr = Pl <204

_ n(n+1)
- [

_ (n—1)
=P [c(n —1)F< m/\’m]

_ U ' (-1 ,
= P[(x—u)su(nﬂ)’\"“]

implying that
., (n—1)

=t 3
(I=9,) n(m+1)" ™

This proves the proposition.
Remarks
1. Karl Pearson has tabulated the incomplete beta function

LOmm) = g [T (0= 0

for a large number of values of m and n, in [84]. It is not difficult to determine
the approximation to A, given above with the help of these tables.

o

- Tables for the F-statistic are also available, but they are not so extensive as

those for the beta variate. Also, the probability density of the latter is more
convenient to manipulate than that of the former, so that it is better to usc the
beta distribution even in case the percentage points are to be directly computed
by the computer itself, either at the time of or before the algorithm is to be

implemented.

bed

Thesc approximations to A, depend only on the dimension NV of the feature vector,

apart from n. So it is possible to tabulate their values for different N for o large

number of values of n, for purposes of ready reference.
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4. The point mentioned just above actually highlights a distinct advantage of the
given method for i ing as 1 to the methods used earlier (see
section 3.7). The latter involve a fair amount of computation, as the cigenvalues
of an N x N matrix have to be computed at each iteration. Further, the values
of A, have to be computed afresh for every new problem.

A word of caution is necessary here. The given method is only an approximate
one and is based mostly on large-sample theory. So it is quite possible that the
values obtained may not yield very satisfactory results in small-sample situntions,

o
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Chapter 5

Implementation and Experimental Results

5.1 Introduction

With a view to demonstrating the theoretical results regarding the GGA that were
stated and proved in chapters 3 and 4, some experiments on real-life as well as simulated
data, were undertaken. The GGA was implemented on

1) & simulated three-class two-feature pattern ition experiment
2) u six-class three-feature Telugu vowel ition problem
3) u five-class two-feature terrain classification problem based on LANDSAT-V

data.

Details regarding these data sets are given in sections 5.2.1, 5.2.2 and 5.2.3
respectively.

Basically, the following experi 1i igation was undertaken, assuming
that a certain amount of mislabeling occurs inevitably :

o For different values of @ € (0,1), the values of guard-zone parameter 2, are
| ing to the ion 8.33 in section 3.7, that is,

2™ = (1= a)ta® +aL,® (5.1)

P

£,% and L,® being respectively the lower and the upper bounds for A, derived
in that section. For each such «, the sequence of An®)-values 8o obtained is used
for implementing the GGA to the data set. This sequence of A-values will be

called A-seq 1 for ease of ref
o The sequence of A,-values, is computed with the help of equation 4.17 in chapter 4,
that is, )
n(n—1 P
AP = ﬁ“pn/(l = up,), (5-2)

where u, is the lower p-percentage poiat of the beta distribution with degrees of
freedom N/2 and (n — N)/2, so that

1 w - —N)2-
p= Bﬁ—""i—/n " WNI=1(] = (=MD gy
(5,259
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with N (e N) \
8(7’—2‘) =/u wNID=1(] = ) =N)2=D gy,
and
po=p = P(X:X € G(A I, MM}
is prespecified for all values of n,
This sequence of A,-values is used for implementing the GGA to the data set.
This sequence will subsequently be referred to as A-seguence2.

The performance of the GGA in both cases is compared to that of the non-GGA
(that is, the nonsupervised system (NS, in short)) and/or the fully-supervised
system (or F'S, in brief) on the basis of the percentage of correct recognition at
every iteration. (The terms ‘nonsupervised’and ‘fully-supervised’ are defined at
the end of this section.)

In addition, the result presented as proposition 3.6, which states that the GGA
manages to get closer Lo the true parameter value in the long run than the non-
GGA does, provided certain conditions are satisfied, is also verified for every
implementation of the GGA.

As the estimate at any given iteration is dependent on the order in which the

training samples appear in the input a number of different (random) ord
or permutations (i.e., ‘sequences’) of the training set is used.

In addition, the following were also d regarding the GGA, that is, the
foll i were k i d in i 2.3:

1) an=1/n Vn,

2) the Mahalanobis di [60] for the di ().

The Bayes classifier

For an m-class pattern recognition problem based on an N-variate feature vector X,
the Bayes classification rule is [38]

Classify X into the class C if and only if
mpk(X) > mip;(X) Vi #k,
where 7; is the a priori probability for class C; and p;(-) is the class-conditional proba-
bility density for the jth class.

It VE, pu(X) = Nw(t 1o 5 1), the Nvariate Gaussian or normal distribution
with mean vector 4 and covariance matrix X', then the decision rule is,

decide X € Ci if and only if
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Du(X) = max D;(X),
where ,
Di(X) = |Zj|(X—p )" E ;7 (X~ p )

Whenever a Bayes classifier has been used in this chapter, as with the Telugu
vowel and LANDSAT data sets, we have assumed equal a priori probabilities for all the
clusses, that is,

1
m=— 1,2,...,m.
m

The experimental procedure

For the simulated PR experiment the experimental procedure is slightly simpler than for
the others, since the labels (whether correct or not) are prespecified (see sections 5.2.1
and 5.3.1), and not provided by a classi An initial esti for the mean vector
and the covariance matrix is obtained on the basis of a single sample. With this initial
estimate, the GGA and the non-GGA are run on the data set for the given choice of the
A-sequence. Since the data sets are small, the use of the % recognition score as a basis
of comparison, is not really meaningful. Instead, the distance of the estimates from the
true values is used for this purpose. The results are given in section 5.3.1.

For the Telugu vowel and LANDSAT data sets, the procedure is slightly dif-
ferent. Initial estimates of the of the classi are obtained on the basis of
a certain (prespecified) number of samples. These estimates are used to initialize the
clussifier, which is then used to classify the first sample in the input sequence. The label
provided by the classifier for that sample is accepted without any modification, and the
parameters are updated by the GGA. This, in turn, is used to modify the classifier and
so the process goes on, that is, learning and recognition take place concurrently, the
results of the latter being used as labels for samples that are subsequently used for learn-
ing. In other words, self-supervision is said to take place. This type of self-supervised
learning is done with both A-sequences, as also with a GGA with fixed A-values. For
purposes of further comparison, learning is also done with:

1. & fully-supervised scheme, where the decision of the classifier is verified by an
external supervisor and the class parameters are updated only if the classification
is found to be correct;

. a nonsupervised scheme, that is, the non-GGA, which accepts the label provided
by the clussifier and updates the estimate at every iteration without doing any
kind of supervision.

~

As both these data sets are large, comparisons have been done on the basis of
the % recognition score as well as the distance from the true parameter value (which
is nothing but the parameter value for the entire data set). The corresponding results
are displayed graphically. In some cases, different sample sizes for obtaining the initinl
estimates ure also used. Details are provided in section 5.3.2 for the Telugu vowel data
set, und in scction 5.3.3 for the LANDSAT data set.
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In all the i the d are the mean vectors
and the comrinnce motrices. Towever, it Should be oted thut the uneorrected (raw)

(that is, of the covariance matrix) have been estimated,
rnlllcr than the central second-order moments. In other words, we have estimated
£(XXT) rather than £(X — 4 )(X — g )7, This had to be done s condition (CP1)
of proposition 4.1 would not have been satisfied otherwise.

5.2 Details of the data sets used

5.2.1 The simulated pattern recognition experiment

A three-class two-feature pattern r ition problem is simulated as follows,

that the feature vector has a Gaussian distribution in each of the classes.

‘The data set was generated using random normal deviates from [85], with mean
vectors and dispersion matrices as given in Table 5.1 for each of the three classes.
The method used for obtaining a sample (X,Y) from a bivariate normal population

Na(pt , X)), where
<[]

ny

and
‘\:' —_ Txx OXxy
oxy ovy |’

from . pair of random normal deviates (rx,7v) is based on the following well-known
results

Lemma 5.1 If (X,Y) is distributed in the bivariate normal form with mean vector

= | Bx
w=li]
and dispersion matriz
¥ = | oxx oxy
oxy oyy |’

where
OxXYy = PpVOXXOYY)
then (Y|z) is also normally distributed with
E(Y|2) =t yja = ny + 0\ (z—ux)

and
var(Yz) = oy = ayy(1 = p%).
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Lemma 5.2 Given two random variables X and Y, if £(Y|z) and var(Y|z) ezist for
almost all values of z, then
£(Y) = ExE(Y|X)
and
var(Y) =Exvar(Y|X) + Ex[E(Y]|X) — E(Y)]*.

As uny pair (rx, 7v) of random normal devinte is equivalent Lo two independent
normal deviates, if we take

X = px +7xV0oxx

and
Y = pyje + v 0y

then it is not difficult to verify that
X Bx Oxx Oxy
~N;
[Y] 2([“}' *loxy ovy |)’

2_ 2
Oxy” = pPOXXOYY-

with

From the sets of samples so obtained for each of the three classes, training scts
of size 20 for cach were obtnined by mixing at random the elements of the three sample
sets, using the following ((as;))-matrix :

L2
((a;j))z-za[; 13('5 :x].

15

“T'his means, for example, that the training set for class 1 contains 17 samples from cluss
1, 1 sample from class 2 and so on. Two such data sets were constructed. They have been
called Artificial Data Sets I and II (ADS-I and ADS-I], in short) for ense of reference.
The performance of the GGA with A 1 has been ined experi Ily with
the help of ADS-1. Table 5.2.1 gives the values of the various parameters related to the
dota set ADS-I, namely, ¢ 5, 5 16 * andE “, k = 1,2,3. Details regarding the data
set ADS-II are given in Table 5.11.

5.2.2 The Telugu vowel data set

In order to obtain a data set based on the first three formant frequencies (F'1,F2 and
F3) of Telugu vowels, in the CNC (Consonant-Vowel Nucleus-Consonant) context the
following procedure was used [53] :

A vocabulary consisting of Telugu words was selected so as to include as many
CN and NC combinations as possible, with an emphasis on the use of commonly-used
words. These were recorded by five adult male speakers (in the age-group of 30-35 years)
on an AKAI tape recorder in a large auditorium. On the basis of a listening experiment
by 10 listeners, only three speakers, denoted X,Y,Z were sclected. A spectrographic

%



Modified Modified
Class | Mean Vector | Covariance Matrix | Mean Vector | Covariance Matrix
N “, oz, §® 5o
1 (10, 16’ | 103 162 (9-26, 14.00)’ | 92.00 135.36
152 233 135.35 209.80
2 (T 5y 29 26 (6.25, 6.25)’ | 32.85 34.95
26 29 34.95 50.30
3 (5,100 | 30 49 (550, 9.75)° | 37.15  55.70
49 103 55.70 104.90

“Table 5.1: Some parameter values related to the Artificial Data Set I

analysis of these utterances was done on & Kay sonagraph (model 7029A). The nnalyses
were carried out in the normal mode, using the band 80 Hz-8 KHz with wide band
filters having bandwidth 300 Hz.

Formant frequencies F'1, F2 and F'3 were obtained manually at the steady state
of the vowels. In view of the large amount of data to be handled, the formant frequencies
were mensured from the base line with a specially constructed scale. Reckecking on 5% of
the samples revealed that the formant frequencies had been recorded within a accuracy
of 10 Hz. Occasionally, steady states were not observed due to the extreme shortness of
the vowels. Here measurements were made at the point of congruence of the off-glide
and the on-glide. The samples which did not depict a prominent third formant were
allowed to have un injected average third formant (F3),,, computed over all members
of that class of vowels for that particular speaker. The number of samples which fell in
this category was 384. The measured values of the three features /1, /"2 and F'3 were
therefore thought to i ath di jonal feature space. Further details of the
extraction procedure are available in [86,87]. Altogether 871 samples were collected.
The distribution of these samples in the (F; — F;)-plane is shown in figure 5.1.

There are ten vowel classes (0:,a:,i,i:, ¢, €, 4, u:, 0 and o:) including long and
short categories. Since the short and long categories of a vowel differ only in duration,
these were pooled together resulting in six groups ( 8,a:, 1, E, U and O) which differ
only in ph tic features. Incid lly, although the shorter and longer types of vowels
I,E,U and O are treated similarly, they were given individual class parameter values.
The set of data for cach class has been found to follow the normal distribution [86,87].
Therefore, the use of the Bayes classi for lly distrik 1 patterns and the
assumption made in chapter 2 that ‘the probability of misclassification of the input
patterns falling within the guard zone constructed around the central tendency of a
class distribution is substantially low’ are well justified here.
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Tenturc | Wavelength (in pim) | Colour(in the e m spectrum)

Band 1 + 0.5-0.6 Green

Band 2 0.6-0.7 Red

Band 3 0.7-0.8 Near Infrared (NIR)
Band 4 0.8-1.1 Infrared

“I'nble b.2: Specification of the four features of the LANDSAT (MSS) data used here

“T'he results obtained by applying the GGA and other algorithms are given in
section 5.3.2.

5.2.3 The Landsat imagery data set

‘I'he data is generated with the help of the remotely-sensed images recorded by the
sutellite LANDSAT-V, which has two sensors:

(i) Multi-Spectral Scanner (MSS)

(ii) Thematic Mapper (TM)

"Che data used here is obtained by the MSS. The brightness or intensity due to
any given pixel is resolved on the electromagnetic spectrum into four bands which are
taken to be the four features. Details are given in Table 5.2. The area of the earth’s
surface covered by each pixel is 79m x 79m.

The data was initially bulk-corrected. The correction was incorporated in order
to neutralize the various types of errors that were i duced during the isiti
of the datu by the satellite platform. These errors were due to goemetric distortions
(altitude, perspective, map projection, scan skew velocity, etc. ), photometric dis-
tortion (motion blur, nonli litud lefocussing, etc.) and el i
distortion(noise generated in the electronic circuitry). After the correction is done, the
imogery data is properly processed for quality improvement. The processing opera-
tions include enk t, contrast hing, band ratioing, etc. Details of these are
available in [88]. These imogery data were picked up from an area which is enclosed
by the 22°0'N and 22°15’N parallels of latitude, and the 86°30'E and 86°45’E circles
of longitude. A geological map of this region, provided by the Geological Survey of
India, Calcutta, confirms the presence of all rock types as well us metavolcanic bodics,
water bodies and vegetation. The different rock types are: Manda Granite, Quartzite,
Romapahari Granite, Bhuasani Granite, Black Phyllite and Alluvium. Out of these
nine possible classcs, we considered initially the following seven for our problem:
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Manda Granite

Quartzite

Romapahari Granite

Vegetation

Bhuasani Granite

.

Black Phyllite

Alluvium

Initially, n total of 2600 samples was available from these classes. The breakup of this
set according to the seven classes is glven in Table 5.3. For case of reference, the classes
will often be referred to, in ions, by the numbers and/or identifying
letters assigned to them in the table.

A supervised classification scheme usmg the Bayes classifier was implemented
for diffe t training les, but the ion scores were found to be very poor
(= 40.5%), even with 100% training samples [88]. This poor performance is due to the
enormous overlapping among all the classes. The overlapping may be because of the
fact that due to several climatic and natural effects, the topmost layers of the different.
rocks are deformed and fresh rocky outerops arc seldom available. This was also noticed
while collecting ground truth.

Since the features are highly correlated, Principal Components Analysis was
done to reduce the four features to two principal features. This facilitates matters in
a number of ways, obviously, for instance, by reducing the time required to apply the
algorithm and making disgrammatic representation possible.

In order to reduce the overlapping to some extent, the sample space ws made
smaller by ing the classes Q and Bh i granite. The data sct oo, was
reduced by laking only those samples which are within a distance of 3¢ (for Alluvium it
is o) from the actual means of the classes. The number of samples so extracted is 677.
“The distribution of these samples in the transformed two-dimensional feature space is
given in figure 5.2. The GGA and other algorithms were applied to this reduced set of
677 samples.

Principal Components Analysis
This involves extracting important or strong features in an N-feature space. The
original N-foature spuc s transformed so that p (p < N) features are strong compared
to the rest. These p are treated as i by rejecting the
(N — p) components. Though accuracy suffers slightly, there are several advantuges as
mentioned above.

Method of transformation: The entire feature space is treated as one class, the
covariance matrix for which is called Ayxy. By is the eigenvector matrix of Ay -

Grxn =B"Nxw,
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wnd Xy is the original point in the N- feature space,then the corresponding point in
the transformed space is

Yra=GX.
Of these, the features corresponding to the p largést ei 1 that is, the ¢ 3¢ ed
variables Y; having the p largest variances are called the p principal components of
X, p<N.
The transformation used was:

Y; = 0.406643X; — 0.180934X, + 0.895310X3 + 0.018026X4

Ya = 0.633041X; —0.627475X; — 0.417871X; + 0.175838X,

Ys = 0.550550X; + 0.459865.X, — 0.143386X; — 0.681804.X4

Y, = 0.361656X; +0.601716X, — 0.056930X3 + 0.709859.X4

With this
to more than 90% of the total variation, and hence were taken to be the principul

components.

f ion, the first two were observed to contribute

The results obtained on applying the GGA and other algorithms to this data
sel are given in scction 5.3.3.
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Serial number | Letter | Name of the class Number of
given given samples
1 A Manda Granite 300
2 B Quartzite, Quartz-Granulate 300
3 C Romapahari Granite 300
4, D Vegetation 300
b E Bhuasani granite 200
6 X Black Phyllite 600
7 Y | Alluvium 600

Table 5.3: Breakup of the (extended) LANDSAT data set used here
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Fig.5.2 : Distribution of the LANDSAT-V data in the transformed two-dimensional feature space.
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5.3 Experimental results

5.3.1 Results obtained in the simulated PR experiment [7,10]

“The main feature of this simulated learning experiment for a three-class two-feature PR
problem is that no classifier was used to obtain the labels for training samples, as in the
other experiments which follow. Instead, the training set for each class was deliberately
‘contaminated’ with a known proportion of samples from the other two classes, the
corresponding proportions aj, k,j = 1,2,3 being given in Table 5.1. As mentioned
earlier on in section 5.2.1, two such data sets were prepared — ADS-I and ADS-IL

Also, as the data sets are rather small, and no classifier is being used as such,
the notion of correct clussification rate ns a criterion for ison does not have any
meaning. For the purpose of comparison, we have used instend, the Buclidenn distances
of the estimates from the true values, either their individual values or their average
values. .

With ADS-I:

The Artificial Data Set I, whose details are given in Table 5.1, was used to verify the
proposition 3.6, with the help of the estimates of A,*) defined by the equation 5.1 for
the best empirical choice of a. As mentioned in section 5.1, a Bayes classifier with equal
a priori probabilities was used. Taking the first sample as the initial estimate, the GGA
was applied repeatedly for different values of o € {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}.
The optimum value of o was empirically found to be 0.8. The estimates obtained
with this value of o are given in Tables 5.4, 5.6 and 5.6 [6,7] for the three different
classes. These tables also give, for each i i the di both individual and
(cumulative) average, of the estimates from the true values given in Table 5.1. These
values are given for the mean vector as well as the 3-dimensional vector consisting of
the distinct elements of the (raw) covariance matrix.

A careful examination of Tables 5.4, 5.5 and 5.6 reveals that the performance of
the GGA is uniformly better (with respect to the ‘closeness-to-the-true value’ eriterion)
than the non-GGA for classes 1 and 2 but not for class 3. This is to be expected in view
of the proposition 3.6, for it can readily be seen from Table 5.1 that while the means and
covariuncos of classes 1 and 2 satisfy the conditions of the proposition, those of class 3 do
not. That is, for k = 1,2, the modified parameters g and X ® are either strictly less
(for k = 1) or strictly greater (for k = 2) el ise than the cor ding el
of the true parameters £t *) and X @ However, for class 3, this is not true; while sk
is greater than i, ™, A% is less than uy®). By virtue of the proposition, therefore, the
GG A-estimates for the classes 1 and 2 are expected to be closer to their true values in
the long run, but not those for class 3.
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‘With ADS-II:

This data set is used to compare, on the basis of the distances of the estimates from the
true values, the performances of the GGA with A-sequence2 relative to the nou-GGA.
The values of A, obtained using the esti given by ion 5.2 with N =2
and the help of tables of the incomplete beta-function [84], are given in Table 5.7
for n = 1,2,...,20 [10). The GGA and the non-GGA were implemented on the three
training sets for a number of different permutations of the samples within cach sct.
In cach case, for cach of the classes, we computed, after every iteration and for both
Igorith the average di of the esti from the two sets of true parameter
values defined below in terms of their MSEs, as

PR MSE,

where 4 * is the true value chosen. The two types of {rue parameter values considered
are

(1) the sample parameter values obtained with the help of ull the correctly
Iabeled training samples of the respective classes, and

(2) the true population parameter values.

‘These {rue parameter values are given in Table 5.11 [10]. The average distance
(v/MBE) defined nbove is simply the square root of the arithmetic mean of the squared
Euclid, di of the estil from their {rue values. These individual Euclidean
distances Loo, were taken into account for purposes of comparison of the two algorithms.

It was found, in a large majority of cases, that the distances, particularly the
average distances, for the GGA-esti were smaller than those for the non-GGA-
estimntes. This was found to be strictly true in the cuses where the sample true values
were the values used as the standard. As a typical example, the complete results for one
particular ordering of the training sets using the sample true values as the standurd,
are given in Tables 5.8, 5.9 and 5.10 [10] respectively. The initial and final estimates, as
obtained by both the algorithms, are given in Table 5.11 [10]. Also, as mentioned earlier
in section 5.1, we have estimated the uncorrected (raw) second-order moments rather
than the central sccond-order moments. In other words, we have estimated £(XXT)
rather than £(X — g *)(X — g *)T. This had to be done as the condition (CP1) of the
proposition 4.1 would not have been satisfied otherwise.

5.3.2 Results obtained with the Telugu vowel data set [7,8]

Here too, the experiment was done in two parts —

1. the first, for ining the effect of A-seq 1 alone,

2. the second, for inig the effect of A 2, and ing the perfor-
mances of both A-sequences.
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In both parts, comparisons were made with the non-GGA and/or the fully-
supervised scheme, and the GGA with constant A-values.

Labeling was done with a Bayes classifier based on the assumption of indepen-
dence of features, that is, the covariance matrix was assumed to be diagonal. The block
diagram of the dy ic self-supervised ition system based on the GGA is given
in figure 5.3.

Part 1

Here, we are interested muinly in studying :
(a) the adupuve emclency of the system in recognising vowel sounds starting
f the

with poor (; of the the classes;
(b) the effect of (, e., the weighti flicient for determining the di
of guald zone) i in cqlmhm) 5.1 on the performance of the system with an attempt to
Py its value; and

(¢) the effect of ‘dynamic behavior of the guard zone’ in acting us & supervisor
on the decision of the classifier.

‘The first of these points involved the learning of it and X' with only five samples
selected randomly from the utterances of

(i) n single speaker,

and

(ii) three speakers

80 that the initial estimates may be designated as very weak and not foo weak,
say, respectively. Recognition efficiency obtained with such weak representative pa-
rameters was comp.red with that of a fully supervised system for different (random)
orderings of the input sequence.

The above experiment was then repeated for different values of «, namely, 0.1,
0.2, 0.3, ..., 0.7, 0.8, 0.9 for demonstrating the second point of intercst.

In order to exhibit the third point of interest, the performance of the classifier
for the id cases was d with those obtained when the A is taken
to be fixed throughout the learning process. Two such fixed values considered here are

(i) Ay (ie., the value of generated by the system at 7 = 1), and

(ii) 1/2 (an optimum value obtained by Pal et al. [53] and Pal [89] with fixed
guard zone dimension for two different types of classifiers).

In other words, this part also gives a comparison of the proposed algorithm
(GGA) with the existing oncs based on similar concepts.
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Table 5.4  contd.
| non-GGA estimates of distances from true parameter values|
f the non-GGA estimates |
mean covariance of means  of dispersions |
vector matrix(raw) -1
indiv. average indiv. average |
S |
11.200 15.088 125.4469 168.9856 |
168.9856 227.6351 1.204 1.204 28.656 28.656 |
| 11.788 14.446 139.3107 169.9111 |
| 169.9111 209.0852 1.872 1.574 47.023 38.938 |
| 11.467 14.412 131.9301 165.0289 |
| 165.0289 207.9721 1.581 1.576 40.412 39.435 |
11.245 14.977 126.9330 167.8718 |
167.8718 225.4735 1.246 1.500 29.688 37.238 |
10.777 15.073 117.4074 161.8245 |
161.8245 228.1524 0.781 .1.387 18.100 34.277 |
10.712 14.768 115.8125 157.7820 : |
157.7820 219.3767 0.749 1.302 19.575 32.294 |
9.954 13.584 103.4459 140.2449 |
140.2449 194.0284 1.417 1.319 40.708 33.626 |
9.887 13.312 101.6067 136.1449 |
136.1449 186.0379 1.692 1.371 49.586 36.010 |
9.731 13.432 98.3090 134.5804 |
134.5804 188.3837 1.591 1.397 48.125 37.549 |
9.565 13.107 94.9871 129.3419 |
129.3419 179.9247 1.942 1.461 58.263 40.105 |
9.574 13.158 94.8391 129.5841 |
129.5841 180.5361 1.891 1.505 57.633 42.002 |
9.637 13.268 95.8267 131.2455 I
131.2455 182.9538 1.770 1.529 54.652 43.198 |
9.362 12.977 91.2844 125.5764 |
125.5764 175.8071 2.121 1.583 64.082 45.148 |
9.365 13.101 91.0835 126.4963 |
126.4963 178.7267 2.002 1.616 61.139 46.474 |
9.468 13.083 92.9530 127.3942 |
127.3942 177.7748 1.989 1.644 61.288 47.605 |
9.639 13.163 96.4402 130.3820 |
| 130.3820 179.5610 1.872 1.659 58.018 48.321 |
9.777 13.353  99.2190 134.2665 |
134.2665 184.7935 1.662 1.659 51.504 48.514 |
9.989 13.527 103.9786 139.2598 |
139.2598 189.6234 1.473 1.649 45.219 48.337 |
10.044 13.497 104.9119 139.4564 |
139.4564 188.4855 1.504 1.642 46.288 48.232 |
10.112 13.643 106.1756 141.8527 |
141.8527 192.5466 1.361 1.629 41.827 47.932 |
|
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Table 55 contd.

| non-GGA estimates of distances from true parameter values|
| of the non-GGA estimates |
| mean covariance of means of dispersions |
| vector matrix(raw)
| |
I-- - |
| 4.682 4.416 21.9211  20.6757 |
| 20.6757  19.5011 0.665 0.665 12.611 12.611 |
| 5.120 4.478 26.4062  22.9545 |
| 22.9545  20.0563 0.536 0.604  9.53¢ 11.179 |
| 5.476 4.560 30.3679  25.0470 |
| 25:0470  20.8096 0.648 0.619  8.304 10.310 |
| 5.450 4.426 29.9852  24.1848 |
| 24.1848  19.6513 0.729 0.648  9.436 10.099 |
| 4.462 4.379 24.0402 19.7756 |
| 19.7756  19.2390 0.822 0.687 12.131 10.537 |
| 4.147 4.364 21.1377 18.3201 |
| 18.3201  19.0998 1.064 0.762 14.299 11.251 |
| 4.141 4.267 20.5265 17.8627 |
| 17.8627  18.3080 1.129 0.825 15.397 11.932 |
| 3.907 4.507 18.6037  17.3842 |
| 17.3842  20.8059 1.199 0.880 15.272 12.399 |
| 4.238 4.352 21.8021 17.8299 |
| 17.8299  19.5675 1.001 0.895 13.863 12.570 |
| 4.118 4.873 20.5454 18.9538 |
| 18.9538  26.7608 0.891 0.894 10.633 12.390 |
| 4.141 4.800 20.4121 18.8453 |
| 18.8453  25.8309 0.882 0.893 11.031 12.272 |
| 4.611 5.089 26.6847  24.0186 |
| 24.0186  29.3819 0.399 0.863  2.544 11.773 |
| 4.868 5.138 29.5011  25.6766 |
| 25.6766  29.6456 0.191 0.831 1.061 11.315 |
| 4.733 5.129 28.0273  24.9069 |
| 24.9069  29.3166 0.296 0.804 1.027 10.907 |
| 4.717 5.379 27.5083  25.9116 |
| 25.9116  32.6255 0.473 0.787 4.025 10.588 |
| 4.689 5.383 26.9254 25.7419 |
| 25.7419  32.4360 0.493 0.772 4.082 10.303 |
| 4.663 5.653 26.4045  26.7217 |
| 26.7217  36.3799 0.735 0.769  8.010 10.182 |
| 4.e81 5.511 26.3187  26.0942 |
| 26.0942  34.8906 0.602 0.761 6.564 10.015 |
| 4.662 5.302 25.9167  25.0707 |
| 25.0707  33.1788 0.453 0.748 5.194 9.821 |
| 4.691 5.090 25.9906  24.0982 1
24.0982 31.5775 0.322 0.733  4.064 9.615 |
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Table 5.6 contd.

non-GGA estimates of

distances from true parameter values|
of the non-GGA estimates

|

mean covariance of means of dispersions
vector matrix(raw)

indiv. average indiv. average

4.305 8.511 18.5294  36.6361
36.6361  72.4361 1.643 1.643  34.908 34.908

4,511 8.380 20.3957 37.7789
37.7789 70.2424 1.692 1.668 35.933 35.425

4.203 9.398 17.8855  38.8563
38.8563 90.4062 0.999 1.479 20.205 31.188

4,293 10.017 18.6216 42.6926
42.6926 103.0644 0.707 1.329 13.010 27.782

4.836 9.416 24.7196 43,9790
43.9790 92.2789 0.607 1.219 12.963 25.516

4,457 10.053 21.6905 42.2933
42.2933 106.1049 0.546 1.135 11.121 23.731

4,907 10.353 26.8682  49.4686
49.4686 112.0547 0.365 1.060 9.592 22.268

4,922 9.938 26.6673  47.7042
47.7042 104.2325 0.099 0.992 3.782 20.873

5.339 9.947 32.0660 52.0584
52.0584 103.7988 0.343 0.942 3.776 19.719

5.053 10.044  29.4744  49.5600
49.5600 105.3377 0.069 0.894 2.461 18.723

4.825 9.960 27.3826 47.1632
47.1632 103.3274 0.179 0.854 3.214 17.878

4.888 10.093 27.6946 48.6017
48.6017 105.8287 0.145 0.819 3.671 17.150

4,935 10.112 27.8881  49.2345
49.2345 105.9110 0.129 0.788 3.604 16.507

5.263 10,037 32.3898  51.8958
51.8958 104.2236 0.266 0.762 3.949 15.942

5.359 10.077 33.2286 53.1926
53.1926 104.8218 0.368 0.742 5.597 15.469

5.292 9.924 32.2935 51.9025
51.9025 101.8956 0.301 0.723 3.861 15.009

5.266 9.994 31.7853 52.0313
52.0313 103.1777 0.266 0.704 3.522 14.586

5.339 10.088 32.4173 53.4088
53.4088 105.0428 0.350 0.689 5.427 14.232

5.318 9.897 32.0018 52.2809
52.2809 101.7093 0.335 0.675 4.054 13.884

5.383  9.943  32.5907 53,2436
53.2436 102.4679 0.388 0.664 5.000 13.579
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Tteration number | A-value
n An
1 -
2 -
3 11.2450
4 5.5650
5 4.4333
6 3.8401
7 3.5659
8 3.3988
9 3.2876
10 3.2104
11 3.1566
12 3.1153
13 3.0839
14 3.0596
15 3.0415
16 3.0284
17 3.0165
18 3.0078
19 3.0022
20 2.9968

“Lable 5.7: Table of A-values for n = 1,2,...,20 when the fenture vector dimension (V)
is 2
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L d

Since the pe of an ptive system depends much on the

of i i su.mplcs the it was d scvcml times for different orders of
appearance of the events in the sample space Figures 5.4 and 5.5 [7] illustrate, for
three such typical instances, the variation of cumulative recognition score after every
100.samples for different values of . Figure 5.4 corresponds to cases when the training
sl of 5 samples is taken only from a single speaker whereas, the results corresponding
to cuses when all the speakers are considered for drawing those 5 samples are depicted
in Figure 5.5. Results obtained with self-supervised learning as performed by the GGA
are u,mpmd in each case with those for fully-supervised (F'S) case.

As expected, Figure 5.5 (with not 100 weak initial parameters) shows higher
recoguition score than Figure 5.4 where initial class parameters were selected Lo be very
weak, With such very weak representative parameters, the system could not improve
significantly its performance even for the fully-supervised case (Figure 5.4). This is not
the ease with Figure 5.5, where fully- supervised learning is found to provide an overall

increase ( 8%) in recognition score.

From the two figures it is seen that when the initial estimates are very weak,
good system performance is observed for values of « ranging from 0.7 to 0.9 i.c., high
A-value whereas, the range is found to be 0.1 to 0.3 i.c., low A-value for not loo weak
initinl estimates (Figure 5.5). This means, when the initial estimates are not so bad,
a very lenient supervisor on lifting a strict check on the incoming samples may affect
the system performance by shifting the mean and co-variance values away from their
true ones. On the other hand, the guard zone needs to be flexed more, for the bad
estimates, in order to strengthen the estimates by allowing higher proportion of correct
to incorrect sumples more available.

It is also to be noted from Figure 5.4(b) that the performance corresponding to
higher a-value (i.c., higher A-valuc) is better even than the case of FS learning, while
the results corresponding to low a-value are the worst among the three instances (Iig-
ures 5.4(n)-(c)). Further investigations revealed that the first few sets of input sequence
provided here very good proportion of correct to incorrect samples. As a result, incor-
porating/discarding them by inking the guard zonc improved/declined
the estimates, and hence the recognition score, significantly.

Finally, the effect of dynamic property of the supervisory program is demon-
strated through Table 5.12 [8]. Here we have considered, as a typical illustration, only
three samples from class o: which were correctly identified by the classifier. It is seen
that the higher order knowledge (obtained from the input sequence) of the supervisor
cnables the sample which has the largest distance (Euclidean) to get sclected for the
updating procedure while rejecting the remaining two even though they have smaller
distances. Had the value of A, been fixed at 1/2 and 2 throughout the learning proces,
the response would have been ‘reject’ and ‘accept’ respectively in all the three instances.

The superiority of the dynamic A-value over the fixed A-value in improving the
GGA’s performance is illustrated in Figure 5.6 [8] when A, is kept fixed at A; (the
initial value generated by the system) and, 1/v/2 and 1/2. Here the input sequences
for Figures 5.6(s) and 5.6(b) are the same as in Figures 5.4(a) and 5.4(b). The results
corresponding to very weak initial estimates (estimated with five samples taken from a
single speaker) only arc shown here as an illustration.
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‘True | Recognised | Distance | A | Resp A | Resp A | Resp
class | clnas C from €
o o: 9.35 x 10 | 0.67 | reject |0.5| reject | 2.0} accept
o o 2.16 x 10 [ 1.58 | accept |0.5| rcject |2.0] accept
o o 69x10 |049 | reject |0.5| reject |20 | aceept

Table 5.12: A sample of the supervisor’s response for the updating procedure for Telugu

vowel recognition
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CORRECT RATE (%)

CORRECT RATE (*4)

62

STEP NUMBER

STEP NUMBER

Fig.5.6 : System performance curves with Telugu vowel data when
the initial estimates are 'very weak' and
a Bayes classifier is used with fixed A -values.
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"I'o demonstrate the truth of proposition 3.6, namely, that the GGA estimates
manage, in the long run, to get closer to the true purameter values than the non-
GGA under certain conditions, another experiment was conducted. Some more different.
orderings of the input sequence were used, with different initial estimates, based on 5%
samples from the sample scts corresponding to each class, that is, with not too weak
initinl ostimates. The GGA and the non-GGA were implemented and at cach iteration
the Buclidean distance of the estimates from the true values (computed with the help of
the entire data set) was computed. The results are presented in the form of graphs in
figures 5.7 and 5.8 [7], for two different orderings of the input scquence, Uhe distances of
the estimates from the true values being plotted at intervals of 50 iterations. Figute 5.7
corresponds to the mean vector and figure 5.8 gives the graph for the variauce vector,
covariances being assumed to be absent, at the very outset. From the figures 5.7 and
5.8, it is scen that, in the long run, the GGA estimates arc closer to their true values
than those obtained with the non-GGA.
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DISTANCE FROM TRUE VALUE

1 2 3 4 5 6 7 8 9
STEP NUMBER

Fig.5.7.1 : Distance of Estimated Mean Vectors from
their True Values, for Telugu Vowel
Recognition with Bayes classifier,
for class /9/

____ Non GGA with sequence 1

—-— GGA with sequence 1

+~+++ Non GGA with sequence 2

—+— GGA with sequence 2



DISTANCE FROM TRUE VALUE

STEP NUMBER

Fig.5.7.2 : Distance of Estimated Mean Vectors from
their True Values, for Telugu Vowel
Recognition with Bayes classifier,
for class /i /
—— Non GGA with sequence 1
--— GGA with sequence 1
++++~ Non GGA with sequence 2
-—.— GGA with sequence 2
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DISTANCE FROM TRUE VALUE

STEP NUMBER

Fig.5.7.3 : Distance of Estimated Mean Vectors from
their True Values, for Telugu Vowel
Recognition with Bayes classifier,
for class /a/
—— Non GGA with sequence 1
-—— GGA with sequence 1
e Non GGA with sequence 2
‘—-— GGA with sequence 2
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DISTANCE FROM TRUE VALUE

STEP NUMBER

Fig.5.7.4 : Distance of Estimated Mean Vectors from
their True Values, for Telugu Vowel
Recognition with Bayes classifier,
for class /e/
—— Non GGA with sequence 1
-—- GGA with sequence 1
+++ Non GGA with sequence 2
—+— GGA with sequence 2



DISTANCE FROM TRUE VALUE

/0/

3 4 5
STEP NUMBER

Fig.5.7. 5 : Distance of Estimated Mean Vectors from

their True Values, for Telugu Vowel
Recognition with Bayes classifier,
for class /©/
___ Non GGA with sequence 1
_— — GGA with sequence 1
++++ Non GGA with sequence 2
—.— GGA with sequence 2
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DISTANCE FROM TRUE VALUE

L 13/

o

=}
=)

=}
P

o
~

o
o

STEP NUMBER

Fig.5.8.1 : Distance of Estimated Variance Vectors
from their True Values for Telugu
vowel recognition with Bayes
classifier, for class /9/

—— Non GGA with sequence 1
—--— GGA with sequence 1

—— Non GGA with sequence 2
—-— GGA with sequence 2
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DISTANCE FROM TRUE VALUE

°
N
@

°
o
o

STEP NUMBER

Fig.5.8.2 : Distance of Estimated Varlance Vectors
from their True Values for Telugu
vowel recognition with Bayes
classifier, for class /1 /

—— Non GGA with sequence 1
—-— -  GGA with sequence 1

—++++ Non GGA with sequence 2
—.— GGA with sequence 2




DISTANCE FROM TRUE VALUE

~
=)

Jul

1.6

Kaole - m=====-

STEP NUMBER

Fig.5.8. 3 : Distance of Estimated Varlance Vectors
from their True Values for Telugu
vowel recognition with Bayes
classifier, for class /u/

—— Non GGA with sequence 1
-—— GGA with sequence 1

++—++ Non GGA with sequence 2
—.— GGA with sequence 2
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DISTANCE FROM TRUE VALUE

STEP NUMBER

Fig.5.8.4 : Distance of Estimated Variance Vectors
from their True Values for Telugu
vowel recognition with Bayes
classifier, for class /€/

——  Non GGA with sequence 1
-—— GGA with sequence 1

4++++ Non GGA with sequence 2
—.— GGA with sequence 2
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Fig.5.8.5 : Distance of Estimated Variance Vectors
from their True Values for Telugu
vowel recognition with Bayes
classifier, for class /O/'

—— Non GGA with sequence 1
—-— GGA with sequence 1

—++++ Non GGA with sequence 2
—.— GGA with sequence 2
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Part 2

Two cases are considered, depending upon the size of the training sct used to obtain
the initial estimate:

(i) the case of very weak initial estimates

(ii) the case of not too weak initial estimates

Using the Bayes dmnﬁer, the experiment is done exactly as for purt 1 with four
different input C ive % ition scores arc observed after every 100
samples nre classified. The results are presented in a compact form in figures 5.9 and
5.10 for a single ordering of the input sequence. The first of the two figures corresponds
to very weak initial estimates, and the second, to not oo wcak ones.

The following points were observed:

(i) In general, with respect to the crilerion of % recognition score, the perfor-
mance of the GGA with A-sequencel is better than that of the non-GGA (identified
by the lnbel ‘NS in the figures, to emphasize the fact that it corresponds to the non-
supervised scheme). Also, the performance of the GGA with A-sequence? is generally
comparable (at times, even better) than its performance with A-sequence 1, in respect
of the recognition score.

(ii) With very weak initial estimates, good GGA-perfs ce with A 1
is observed for higher values of o (= 0.8,0.9) and with not foo weak initial estimates,
this is seen for lower values of a(= 0.1,0.3).

i) In both the cases, the GGA with A-sequence 1 gives a better recognition
rate than the fully-supervised system (identified by the label ‘FS’ in the figures), for
most situations.

(iv) With nol too weak estimates, the performance of the GGA is far better
than that of the non-GGA (that is, the non-supervised system), for both A-sequences.

(v) With very weak initial estimates, the performance of the GGA is cither
better than or comparable to that of the non- supervised system, that is, the non-GGA,
with both A-sequences.

The results stated above for A-sequence 1 are in agrecment with results obtained
in the first part and with those obtained earlier in [8].

5.3.3 TFor the terrain classification problem with LANDSAT
data

The selfsupetvised system (GGA) is compared with the non- supetvised (i.e., the non-
GGA) and fully-supervised systems in the same manner as in the Telugu vowel recog-
nition problem.

As before, two cases are considered, depending upon the size of the training set
used to obtain the initial estimate:

(i) the case of very weak initial estimates (3 samples)

(ii) the case of nol foo weak initial estimates (12% samples)
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‘The cumulative recognition scores, mean vectors and covariance vectors are
observed ufter every 100 samples are classified. The results arc illusteated in figuros
5.11, 5.12, 5.13 and 5.14 for two different orderings of the input sequence and for the
two diferent sizes of the initial estimate that are mentioned above. The following points
were noted:

(1) Good system performance of the GGA is observed with very weak initial
estimates with a = .08, 0.9, and with nof too weak initial estimates with lower valucs of
«, when A-sequence 1 is used.

The above points were observed with Telugu vowel data also ( see scction 5.3.2
and [8].
(2) In all the cascs, the performance of the GGA with both A-sequences is better
than that of the non-GGA (identified by the label ‘NS’ in the figures), in general.

Note

As a part of the above i the vised, fully-supervised and non-
* adaptive (that is, where no updating of parameters takes place) schomes were also
implemented for a-large number of orderings of the input sequence and for different
sizes of the training sample set used to obtain the initial cstimates. The average values
(computed over all the orderings) of the % recognition scores were plotted aguinst
the (initial) training sample sizes. The resulting graphs (given in figure 5.15) confirm
something that can be felt intuitively, namely, that if the initial samples are good
cnough, there are hardly any differences among the performances of the three schemes,
Similar results with Telugu vowel data are available in (87,89,53].
The above findings serve to clarify why we had confined ourselves to very
weak/not too weak initial estimates and not stronger ones, while demonstrating the
daptive ability of the learning system in all the experiments described carlier.
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System performance curves with LANDSAT(MSS)
data when the Initial estimates are 'very weak'
and Bayes classifier is used with A-sequence 1

and in the fully supervised case, with input
sequence l.
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Chapter 6

Conclusions and suggestions for further work

6.1 Summary of contributions

In this thesis, certain aspects of a class of parameter learning algorithms for pattern
recognition, bused on the stochasti imati h to ric learning,
have been investigated. The main feature of this class of algorithms is that it is designed
to learn parameters ively in an error-p i where there is a possibility
of unreliable or nonrcpresentative training samples being available. The algorithms
under study aim to detect and weed out such samples in order to prevent the estimates
from being corrupted by them. These algorithms have been labeled Generalised Guard
Zone Algorithms (GGAs, in short) in this work, since they are actually generalised
versions of certain existing algorithms of this type, due to Chicn and Pal et al. (54,90,53].
"The term ‘guard zone’ is there to remind us that basically all these algorithms are
based on the concept of a hyperellipsoid of certain dimensions (that are functions of
& parameter A), centered at the past estimate of the mean. The guard zone acts as
supervisor by rejecting or accepting the current training sample for updating purposes,
by examining whether it (the sample) lies within it or not. Being subjective rules for
the rejections of outliers, such algorithms can be considered to be robust statistical
procedures.

This work bries to answer some of the questions left unanswered, or only par-
tially answered by Chicn and Pal et al., for instance, about the large-sumple (asymp-
{otic) behaviour of such algorithms, and the proper choice of the parameter A. This
work also makes the theory more relevant to practical situations by doing all investi-
gations under a probability model (originally due to Chittineni [77)) which takes into
consideration the possibility of wrong labeling of training samples. The general m-class
N-feature pattern ition problem is idered. The findings are demonstrated
with the help of an artificial data set, a data set for Telugu vowel recognition, and a
data set for terrain classification derived from LANDSAT (MSS) data.

At first, a mathematical description of the GGA is formulated, and its rela-
tion with the existing algorithms is described in full. At the next step, the stochastic
convergence of the GGA is i i d in the ideal si jion where there is no misla-
beling of training samples. As d, the GGA with probability 1 and in
the mean square to the true parameter value, like other non-guard-zone-based stochas-
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lic approximation algorithms (which have been called non-GGA for ease of reference),
under certain conditions.

At this stage, the model for mislabeling is brought into the picture. Under this
model, it is established that the non-GGA converges with probability 1 and in the mean
square, but to non-true values, specifically, o certain convex linear combinations of the
true parameter values for all m classes, the ini ients being simple functi
of the a priori probabilitics of the classcs and the mislabeling probabilitics. Further, it
is also cstablished that under similar conditions, the GGA too, converges with non-true

values which are linear (not ily convex) combinations of the true !
values of all the classes. The combining coefficients in this cusc involve, obviously, n
certain conditional probability of inclusion in the guard zone. These results, though

expected, are important in the sense that they quantify the effect of the presence of
imislabeled samples on the asymptotic behaviour of the guard zone. Next, a proposition
is proved, which c=tablishes that for a certain relative configuration of the m classes in
the fenture space, the GGA is able to get closer (in the sense of Buclidean distance) to
the true value for that class than the non-GGA does. :

In another part of the work, an upper and a lower bound to the purwmeter
A of the GGA is derived, and a convex linear combination of the two, with combining

icient o is d as an esti for A. Pulet al. and Chien had assumed constant
values of A in their experiments although the algorithm of Chien theoretically involves
{hie notion of a dynamic threshold. We argued, however, that the guard zone would
be a more sensitive supervisor if it is not kept fixed at a certain constant value, but
is allowed to depend in some way on the training sample. Since the bounds obtained
lhere are functions of the training sample, the estimate of A based on them satisfies this
requirement. The application of the GGA to various sets of data with this estimate of
A, for different values of a, demonstrated admirably the conjecture that the effect of
making the guard zone dynamic in the sense of making A variable, is to improve the
performance of the learning PR system. The results are presented in this thesis, for the
“lelugu vowel recoguition problem, and for terrain classification with LANDSAT data.
A Boyes classifier was uscd so that the mean vectors and the covariance matrices were
the parameters to be learned. It was also noted that the appropriate value of « to use
depends on the nature of the initial sample. Generally, « is required to be larger for
poorer initial estimates and smaller for better ones. This is consistent with the intuitive
view that if the initial estimate is poor, the guard zone supervisor needs to be lenient
(that is, A should be large) in order to allow new samples to enter and (possibly) improve
the estimates.

In the final part of the thesis, another method for obtaining estimates for A
is proposed, which is bused on the minimum mean squared crror (MSE) approach. At
first, the closed form expression for the MSE is obtained which is minimised with respeet
o pn, the probubility of inclusion in the guard zone with parameter A, n being the
iteration number. It is found that the MSE will be minimum if p, is a certain function
of a, and any1, where the a;’s are generally prespecified parameters of the GGA which

must satisly the condition

Yal<oo
=
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in order that the GGA may converge. 1t is assumed that
an=1/n

and some results from large-sample statistical distribution theory are applied, to obtain
distribution-frce estimates for A, for n > N. These are functions of N and n only, and
involve the percentage points of the beta—vnnnte with degrees of freedom dependent on
N and n. These estimates too, are d and i al results obtained with all
three data scts show that the performance of-the GGA with these valucs of A is better
generally, as compared to the non-GGA. These results too, are presented in this thesis.

6.2 Suggestions for further research

As mentioned in sec 2.5, the GGA qualifies as a robust statistical procedure on the
srounds that it is o type of subjective rejection rule for outlicra. It was also noted there
that ns such, it is a rather unsophislicated robust procedure. The theory of robust
statistical methods admits of a number of more hi 1 estimation proced

[56,57,59,58] which have not been tried out by pattern recognition scicntists for learning
purposes. However, most of these techniques are non-recursive in mmurc In fact, the

theory of recursive robust estimat ifically for multidimensi ter vectors,
is not too d 1 [59]. Therefore, one direction in which furthcr rescarch can be
aimed at, is townrds exploiting the theory of robust statistics, extending and modifying
existing theory if necessary, to get possibly better techniques for estimation of

parameters. For instance, it would be mLen:shng to sce whether the usc of an unstmg
robust statistic (or some modification of it) in place of similar estimates being used in
PR can prove to be useful in terms of saving in ter time/space or imp in
the performance of the classifiers based on them. This kind of investigation can either
be attempted theoretically or can be of an empirical nature. One obvious advantage of
robust statisticnl procedures is that they are relatively insensitive to small variations in
the uuderlymg usumptlous, and as such, can be expected to perform better in many
types of for le, the type that arises due to the presence of
mislabeled samples. Therefore, any fruitful research in this direction might prove to be
quite beneficial to the field of pattern recognition in particular, and learning theory in
general. It might also lead to new results in the theory of robust statistical methods as
well.

Returning to Lhe GGA we recapitulate that in this thesis two methods have
been proposed for the — one depending on certain upper and
lower bounds to it, and the other based on the technique of minimizing the mean squared
error (MSE). It might prove fruitful to investigate whether more sophisticated techniques
like stochastic programming and related optimization methods can be adapted for this
particular probler:, that is, the estimation of A in a manner which is efficient with
respect to some criterion (of efficiency). For instance, if some stahstmal classlﬁer is to
be used, the criterion could be to minimize the probability of miscl Actually,
instead of considering A directly, one can try optimizing the value of a, where o is as
in section 3.7, that is,

At
“i-c
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where € and I are respectively the lower and upper bounds of A and ure funétions of
the training samples. It is difficult to say offhand which of the appronches will be more
complicated.

Albert and Gardner [49] have d certain nonli stochastic approx-
imation algorithms which involve truncated values of the observations. It would be
interesting to see how this approach can be adapted to our kind of problem, and to sce
whether it is better to discard the unreliable sample altogether, s the GGA does, or
to truncate it and then use it for updating. The main problem here is of course, the
truncating rule, and suitable criteria will have to be selected for designing it.

Also, s fuzzy set theory is ideally suited for describing vague or imprecise
situations, it wight be worthwhile to examine whether it can be used to model the
situntion that results from the presence of unreliable samples, and to develop algo-
rithms similar (o the GGA. Incidentally, some work has been done in the direction, for
instance, by Stephanou [91], who has suggested an imperfeetly supervised (a hybrid
supervised /unsupervised ) scheme based on fuzzy prototypes. This scheme can be used
when training samples are unrelipble or very few in number.

Another relevant line of research might be to investigate whether it is possible
to develop an interactive learning PR system [92] based on the GGA, which can inter-
netively utilize some knowledge-base, for instance, that of the system user; in order to
improve its performance.

Finally, it might also be i ing to see that if estimates for the
probabilitics are available, for inst in terms of the misclassification probubilitics in
cnse a statisticnl classifier is used, whether better estimates for A or even, better learning
rules can be obinined bused on them. In general, the estimation of the mislabeling
probabilities can be an blem of this. Some rescarch has already been
done in this direction, notably, by Chittineni [77,62].

islabeli
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