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Abstract

In an unstructured learning paradigm, Graph Neural Networks (GNNs) adeptly tackle
graph data like social networks, molecules, transaction networks, etc. In the primitive
stage, GNNs are designed to be shallow, comprising two or three layers. Emulating
the success of deep CNNs, deep GNNs are also proposed by stacking multiple layers.
Those multi-layered GNNs are pivotal in enabling long-range interactions where multi-
hop neighbors carry significant information, like molecular property prediction. Yet, the
multi-layered GNNs face challenges of Oversmoothing, where node features become in-
distinguishable due to the recursive nature of message passing. In the second chapter of
the thesis, we propose a non-recursive message passing technique to address oversmooth-
ing. Our method explores random paths and computes path features, and those are
subsequently aggregated to update the node features. The multi-hop message passing
also depends on the homophily or heterophily settings of the network. GNNs typically
perform better in homophilic settings where adjacent nodes share identical class labels.
Conversely, the performance of GNNs is exacerbated in the heterophilic networks where
adjacent nodes may have different class labels. In the third chapter of the thesis, we
address the challenges of graph heterophily by rewiring the graph topology. We learn the
similarity scores of the edges obtained from the autoencoder-based class representations.
The impressive performances on heterophilic benchmarks reaffirm the superiority of our
approach. We also study the effects of rewiring special edges like self-loops and parallel
edges. In the fourth chapter of the thesis, we investigate the effects of the addition of
self-loops and parallel edges on the eigenvalues of the graph Laplacian. Empirically, we
observe that the gradual addition of self-loops or parallel edges generates performance
trends (either increasing or decreasing) on the heterophilic graphs. This work offers in-
sights into the graph spectrum based on the observed performance trends, bypassing the
need to execute expensive eigenvalue decomposition. The deep GNNs also suffer from
Oversquashing, an information bottleneck arises due to the requirement of storing expo-
nentially growing information into fixed capacity channels. In the fifth chapter of the
thesis, we propose asynchronous message passing to utilize fixed-capacity channels in a
time-dependent access. This prevents the capacity constraints and ultimately overcomes
oversquashing. We achieved commendable performances on the REDDIT-BINARY and
Peptides-struct datasets. To mitigate both oversmoothing and oversquashing, Graph
Transformers (GTs) come into the scenario to enable pair-wise message passing across
the network. Precisely, GT incorporates structural information of the underlying graph
datasets via positional encodings. In the sixth chapter of the thesis, we designed a novel
and efficient positional encoding that is learnable and maps the encodings into hyper-
bolic spaces. Our positional encodings are expressive and efficiently capture hierarchical
structures embedded in the molecular graphs, which is validated by extensive theoreti-
cal underpinnings. We further demonstrate that hyperbolic positional encodings, when
added with features in final layers, diminish the effects of oversmoothing. We achieved
superior performance on MNIST and OGBG-MOLHIV graphs by employing hyperbolic
positional encodings. In the seventh chapter of the thesis, we shed light on the potential
future research avenues and scope in the domain of GNN.
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Ãα Adjacency matrix augmented with α-time self-loops

D̃α Degree matrix augmented with α-time self-loops

Ãγ Adjacency matrix augmented with γ-times parallel edges with one
self-loops

D̃γ Degree matrix augmented with γ-times parallel edges with one self-
loops
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dH(x, y) Distance between two points x and y on Hyperboloid space H
TxM Tangent space at x onM
gM(., .) Riemannian metric equipped with manifoldM
exp

(c)
x Exponential map at point x with curvature c

log
(c)
x Logarithmic map at point x with curvature c

tanh Hyperbolic tangent function
sinh Hyperbolic sin function
cosh Hyperbolic cosine function
∥.∥2 Euclidean norm
∥.∥1 Absolute norm
∥P∥F Frobenius norm of matrix P
⊙ Elementwise product

Wl(W
(l)) Learnable weight matrix at lth layer

Di(di) Degree of node i
Aij(Wij) (i, j)th Element of adjacency matrix
WQ Query matrix
WK Key matrix
WV Value matrix
Mij(ϕ(i, j)) Computed message between node i and node j
Hn Node homophily ratio
He Edge homophily ratio
vi ith node in the graph
xi(Xi) Features of ith node
Rtotal Total Effective Resistance

h
(m)
⊙ Signal propagated with m-layers of GNN

xviii



List of Abbreviations and
Acronyms

GDL Geometric Deep Learning
MP Message Passing
MAE Mean Absolute Error
AP Average Precision
AUROC Area Under the Receiver Operating Characteristics
PE Positional Encodings
LapPE Laplacian Positional Encodings
RWPE Random Walk Positional Encodings
GT Graph Transformer
GNN Graph Neural Network
MLP Multi-layered Perceptron
AE Autoencoder
DE Dirichlet Energy
BN Batch Normalization
LN Layer Normalization
HyPE Hyperbolic Positional Encodings
GAT Graph Attention Network
CAMP Centrality-guided Asynchronous Message Passing
GCN Graph Convolutional Networks
MPNN Message Passing Neural Networks
MSG Message function
AGG Aggregate function
UP Update function
LGR Label-guided Graph Rewiring
k-NN k Nearest Neighbor Algorithm
CT Commute time
HT Hitting time
RPE Randomized Path Explorer
ACC Accuracy
RAMP Randomized Asynchronous Message Passing
GAT Graph Attention Network

xix



List of Abbreviations and Acronyms

MSE Mean Squared Error
CE Cross-entropy
ReLU Rectified Linear Unit
Norm Normalization layer
MHA Multi-head attention
MSA Mulit-heas self-attention
FFN Feed-forward network
GP Gaussian Process
Enc Encoder
Dec Decoder

xx



Chapter 1

Long Range Interactions in Graph
Neural Networks

Summary

Graph Neural Networks (GNNs) made remarkable strides in handling graph-structured data

over the last decade. Most of the design choices for GNNs are limited to local neighborhoods,

devoid of interactions among long-range nodes. As a consequence, shallow GNNs suffer

from the problem of underreaching. As an immediate remedy, multi-layered GNNs appear

in the landscape to guarantee the long-range interactions. More importantly, the deep GNNs

face the challenges of oversmoothing and Oversquashing, creating hindrances to the effective

information propagation to the long-distance nodes. A myriad of tasks, like molecular prop-

erty prediction, communication between social network communities, etc, demand long-range

message passing to attain optimal performance. The limitations have garnered widespread

attention from researchers for designing GNN architectures that seamlessly propagate mes-

sages between multi-hop nodes. In this introductory chapter, we first formally discuss the

fundamentals of message passing and neighborhood aggregation methods. Secondly, we offer

an interconnected discourse of various problems in GNNs with major research directions and

key developments. Finally, we provide an illustrative roadmap of the thesis, highlighting the

original contributions for the rest of the chapters.
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1. Long Range Interactions in Graph Neural Networks

1.1 Preliminaries on Graph Neural Networks

In a world of complex dynamics, relations between the entities are attributed to the astronom-

ical rise of graph-structured data. The ubiquitous presence of graphs compels the researchers

to delve deeper, leading to the development of Geometric Deep Learning (GDL) (Bronstein

et al., 2017; Masci et al., 2016). This paradigm predominantly focuses on learning and build-

ing AI models that apply to unstructured datasets. The pervasive dominance of graph data

like social networks, financial transaction networks, molecular graphs, brain networks, etc, in-

spires the communities to develop efficient learning algorithms on graphs. The genesis of the

graph learning algorithms begins with proposing Graph Neural Networks (GNNs) (Scarselli

et al., 2008). GNNs currently emerge as a promising tool for learning graph-structured data

by solving a wide array of downstream tasks like node-level tasks, edge-level tasks, graph-level

tasks, and graph generative modeling.

The learning on graphs is enabled by employing the Message Passing (MP) framework

(Gilmer et al., 2017b). Unlike traditional approaches, the graph comes with both features

and structural information. The learning is accomplished by passing messages between the

adjacent nodes. The exchanged messages empower GNNs for downstream tasks effectively.

The following set of equations in Eq: 1.1 delineates the message passing operation. MP

framework is comprised of three pivotal components, like MSG(.,.), AGG({.}), and UP(.,.)

functions, respectively, perform message computation between adjacent nodes, aggregate the

computed messages, and update the central node features with the aggregated messages.

m
(l+1)
ij = MSG(l+1)(h

(l)
i , h

(l)
j )

h
(l+1)
i = AGG(l+1)({m(l)

ij |j ∈ N(i)})

x
(l+1)
i = UP(l+1)(xli, h

(l+1)
i )

(1.1)

We represent the layer-wise message passing operations and each function constitutes train-

able parameters learned during the training procedure. The equations above update node-

level features. To obtain graph-level features, we apply pooling over the node features for

the entire graphs which is described in the Eq: 1.2. The READOUT function acts as a

pooling function (like sum, mean, or max) applied over the node features to estimate a single
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Social network
graph

Molecular graph

Interaction
between two
communities

Interaction
between two
distant atoms

Figure 1.1: An illustrative example where long-range message passing will be necessary to
aggregate informative features.

representation.

g = READOUT({xi|i ∈ [1, n]}) (1.2)

The readout methods are widely used in graph-level tasks like graph classification and graph

regression. Notably, the variation of three different functions led to the novel architec-

tures. For instance, if we consider MSG(hi, hj) = hj , AGG({}) as a mean of features,

and UP(., .) as addition, then the resulting model will be termed as Graph Convolutional

Networks (GCN) (Kipf and Welling, 2016). Similarly, several architectures are proposed like

GraphSage (Hamilton et al., 2017), GAT (Veličković et al., 2017), PNA (Corso et al., 2020),

GCNII (Chen et al., 2020c), etc.

1.2 Challenges of Long-range Interactions: An Overview

The prevailing graph neural networks predominantly aggregate from local neighborhoods.

Beyond its localized message passing strategy, numerous tasks require interactions among

the multi-hop neighbors, like molecular property predictions (Morris et al., 2020; Dwivedi

et al., 2022). Refer to Figure 1.1 to visualize the utility of long-range interactions in the

graph data. The straightforward approach to enable long-range message passing is to stack

multiple message passing layers. The deep GNN architectures come with their multi-faceted

challenges. In the following subsections, we will describe the hindrances that are faced by

GNNs when multi-hop message passing is applied. Furthermore, in the subsequent chapters,

3



1. Long Range Interactions in Graph Neural Networks

we will discuss our attempts to address the problems in multi-layered GNNs.

1.3 Oversmoothing

Definition 1.1 (Oversmoothing (Rusch et al., 2023)). Let G be an undirected, connected

graph, and X(k) ∈ Rn×d denote the k-th layer hidden features of an L-layered GNN defined

on G. Moreover, we call µ : Rn×d → R≥0 a node-similarity measure if it satisfies the following

axioms:

1. ∃c ∈ Rd with Xi = c for all nodes i ∈ V ⇔ µ(X) = 0, for X ∈ Rn×d.

2. µ(X + Y ) ≤ µ(X) + µ(Y ), for all X,Y ∈ Rn×d.

We then define over-smoothing with respect to µ as the layer-wise exponential conver-

gence of the node-similarity measure µ to zero, i.e.,

3. µ(X(k)) ≤ C1 exp
−C2n, for n = 0, · · · , N with some constants C1, C2 > 0.

Definition 1.2 (Dirichlet energy). For an input graph G with symmetrically normalized

Laplacian ∆̃, then Dirichlet energy for the feature set X(k) is defined as following,

DE(X(k), ∆̃) = tr(X(k)⊤∆̃X(k)) =
1

2

∑
aij∥

x
(k)
i√

1 + di
−

x
(k)
j√

1 + dj
∥22, (1.3)

The concept of ”deep learning” naturally comes with the idea of building models by

stacking multiple hidden layers and extracting meaningful features from the deeper layers.

Naturally, researchers attempted to build GNNs with multiple layers to gain in performance.

Unfortunately, the performance of the underlying GNN models deteriorates with the increas-

ing number of convolutional layers. This phenomenon is commonly known as Oversmoothing,

primarily observed by (Li et al., 2018). The consecutive feature aggregation transforms the

node features into indistinguishable ones. We applied a multi-layered GCN on Cora and

Citeseer to observe the node embeddings. Refer to Figure 1.2 for a detailed illustration in

the backdrop of deeper convolutional architectures.
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1. Long Range Interactions in Graph Neural Networks

(a) Cora on 2-layered GCN (b) Cora on 8-layered GCN (c) Cora on 32-layered GCN

(d) Citeseer on 2-layered GCN (e) Citeseer on 8-layered GCN (f) Citeseer on 32-layered GCN

Figure 1.2: The node embeddings of Cora and Citeseer obtained from GCN are presented.
The cluster structures tangibly collapsed with the increasing network depths attributed to
the occurrence of oversmoothing.

1.3.1 Methods to Counter Oversmoothing

1.3.1.1 Novel Message Passing Techniques

APPNP (Klicpera et al., 2018) employs a costlier PageRank (Page et al., 1999) matrix to

perform higher-order neighborhood aggregation while (Klicpera et al., 2019) relies on graph

diffusion to learn the same. GPR-GNN (Chien et al., 2020) jointly optimizes node features

and topological information irrespective of the node homophily or node heterophily, where

Ortho-GConv (Guo et al., 2022) relies on orthogonal feature transformation to minimize the

effect of over-smoothing. The over-smoothing problem is also possible in the hypergraphs

discussed in (Chen and Zhang, 2022). NRGCN (Chen et al., 2021) proposes a non-recursive

aggregation strategy that learns node embedding by extracting the information from the hops

of the current set of neighbors. However, the work is not intended to tackle over-smoothing.

On the other hand, GeniePath (Liu et al., 2019b) explores the receptive paths of the graph
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in both breadth and width direction of the respective neighborhoods where SPAGAN (Yang

et al., 2021) aggregates features from the higher-order neighbors by incorporating path-based

attention where shortest paths are considered. Another approach, Deeply Supervised GNN

(DSGNN) (Yang et al., 2020) learned representations from each layer and also contributed

to the layer-wise loss functions. The exploitation of sheaf geometry to understand the in-

terconnectedness between oversmoothing and heterophily (Bodnar et al., 2022). One work

also modeled the message-passing operation of GNN through the lens of energy (Di Giovanni

et al., 2022b). (Rusch et al., 2022a) proposes a gradient-gating mechanism to enable the

multi-rate flow of messages across the nodes. The gating mechanism of such methods reduces

the effect of oversmoothing.

1.3.1.2 Normalization and Regularization-based Approaches

Alternatively, normalization-based techniques like PairNorm (Zhao and Akoglu, 2019), and

DGN (Zhou et al., 2020) introduce additional normalization layers to distinguish the node

features in deeper architectures. DropEdge (Rong et al., 2019), and AdaEdge (Chen et al.,

2020a) reduce the rate of over-smoothing by learning to modify the underlying graph topology.

On the other hand, Zhou et al. (Zhou et al., 2021b) designed Dirichlet energy-constrained

graph neural networks, which control over-smoothing in deep models. Adaptive dropping of

the edges (Hasanzadeh et al., 2020).

1.3.1.3 Residual Connection-based Approaches

Inspired by the ResNet (He et al., 2016a), various methods were proposed to involve resid-

ual connections in designing deeper convolutional architectures. Works like DeepGCN (Li

et al., 2020a) implemented residual or skip connections across the hidden layers to tackle

oversmoothing. Another notable work is GCNII (Chen et al., 2020c), where a scaled resid-

ual connection of initial node features is added to every hidden layer of the GCN. Another

approac,h JKNet (Xu et al., 2018b), not only adds initial node features but also features

of hidden layers to the final layer of the deep GNN. A major improvement is observed in

DAGNN (Liu et al., 2020), which adapts the importance of node features that are aggregated

in the final layer. Recently, (Scholkemper et al., 2024) proposed GraphNormv2, poised to

mitigate oversmoothing and also reaffirmed by the extensive theoretical analysis.

6



1. Long Range Interactions in Graph Neural Networks

1.3.1.4 Theoretical Analysis of Oversmoothing

(Cai and Wang, 2020a) discusses the theoretical concepts of over-smoothing in terms of

Dirichlet energy. (Oono and Suzuki, 2019) theoretically shows that GNNs lose their expressive

power with increasing network depths. (Wu et al., 2023b) offers theoretical analyses of the

occurrence of the oversmoothing phenomenon in the deeper graph attention networks. Theory

of graph smoothing (Keriven, 2022). Residual connection (Chen et al., 2025). Recently, one

study (Epping et al., 2024) proposed the oversmoothing of GCN in terms of the Gaussian

process (GP) and showed that initialization of weight matrices with higher variances often

leads to resilience to oversmoothing in deeper layers.

1.4 Graph Heterophily

MPNNs are mostly designed to tackle graphs with a homophily assumption where adjacent

nodes share similar node labels. Nodes with identical class labels are likely to form well-

separated clusters due to the impact of message propagation. Yet, the success of message-

passing may face obstacles if the adjacent nodes belong to different classes. In this scenario,

recursive message passing does not respect the underlying cluster structures. This scenario

is known as heterophily, and the corresponding graphs are called heterophilic. In Figure 1.3,

we describe the structural characteristics of the heterophilic graphs,

Definition 1.3. Node heterophily (Pei et al., 2020) The heterophily from the perspective

of nodes is estimated as the ratio between the number of same-class neighbor nodes to all

neighbors in the graph. Let us define Hn as

Hn =
1

|V|
∑
vi∈V

|{yj |yj ∈ Ni, Yj = Yi|}
|Ni|

. (1.4)

Definition 1.4. Edge heterophily (Zhu et al., 2020) The heterophily from the edge perspective

is measured as the ratio between intra-class edges to the total number of edges in the graph.

Let us define He as following,

He =
|{(u, v)|(u, v) ∈ E , Yu = Yv}|

|E|
. (1.5)
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class label 1

class label 2

homophilic edges

heterophilic edges

Figure 1.3: The example graph with shown with two different class labels. The corresponding
homophilic and heterophilic edges are marked.

1.4.1 Methods to Address Graph Heterophily

The methods to address graph heterophily can be broadly classified into four categories as

discussed below.

1.4.1.1 Spectral Graph Filters

The well-known architecture GCN employs a low-pass filter to smooth the features of the

similar nodes. To extend the quality of the filters, GCNII (Chen et al., 2020c) is proposed that

utilizes initial residual and identity mappings. GCNII exploits multi-hop information which

seems to be beneficial for the heterophilic graphs. Beyond the fixed filters, several works like

(Chien et al., 2020), (Page et al., 1999) designed variable filters able to capture high-frequency

signals. Similarly, a non-deep method, ASGC (Chanpuriya and Musco, 2022) is also designed

like GPR-GNN but in a much simpler fashion. Rather than employing a single filter, some

works are dedicated to integrating multiple filters to design filterbanks. Prominent works like

ACM-GNN (Luan et al., 2022) learns node-specific weights in the filterbank and adaptively

uses node-wise localized information to address the graph’s heterophily. Unifilter (Huang

et al., 2024a) is devised to leverage universal polynomial filters to address different degrees

of heterophily across the graph. FAGCN (Bo et al., 2021) proposed low-pass and high-pass

filters to balance the information aggregated from homophilic and heterophilic neighbors. On

8



1. Long Range Interactions in Graph Neural Networks

the other hand, NodeMoE (Han et al., 2024) endows the nodes with multiple experts to select

the appropriate high-frequency or low-frequency signals.

1.4.1.2 Exploring Higher-order Neighbors

Another remarkable work, MixHop (Abu-El-Haija et al., 2019) performs long-range feature

aggregation from higher-order neighbors by mixing the powers of adjacency matrices. H2GCN

(Zhu et al., 2020) attempts to separate the ego-node features and neighborhood representa-

tions. The method used feature concatenation to avoid unnecessarily mixing noisy messages

from the neighbors and combined higher-order representations with a tactful design to operate

on heterophilic networks. FSGNN (Maurya et al., 2021) selects optimal features generated

from multi-hop message passing. The multi-hop neighbors can also be viewed through tree

decomposition. TDGNN (Wang and Derr, 2021) leverages high-order neighbor interaction

through tree decomposition. But that ignores the order of the tree structures. The problem

is circumvented by proposing OrderedGNN (Song et al., 2023), which incorporates induc-

tive bias onto the tree hierarchy and encodes the ordered information of the neighborhood.

Apart from the tree-structure view, high-order neighborhoods can be encoded in the form

of paths. Currently, methods like PathNet (Sun et al.) randomly sample paths. The paths

are encoded while preserving the node ordering and distance information to interact with

long-distance neighbors. Similarly, RAW-GNN (Jin et al., 2022) encodes random paths via

a recurrent-based aggregator and reweights the importance of paths by computing attention

scores between the paths.

1.4.1.3 Exploring Global Homophily

Exploring neighbors beyond local neighborhoods based on feature similarity is a potential

avenue to tackle graph heterophily. Firstly, a kNN graph is constructed based on the cosine

similarity between the node features. Works like Simp-GCN (Jin et al., 2021b) and UGCN

(Jin et al., 2021a) adaptively integrate input graph adjacency and kNN feature graph. These

methods show remarkable improvements on the heterophilic graphs. Despite the feature simi-

larity, structural similarity comes into the landscape where potential neighbors are discovered

based on similar structural patterns. In this category, methods like Geom-GCN (Pei et al.,

2020) incorporate network geometry by mapping the nodes in the continuous latent space and
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constructing edges as per the distances in the latent space. Another work, WRGNN (Suresh

et al., 2021) computes the similarity between any two ego nodes by comparing ordered degree

sequences of their high-order neighborhoods. Then, a multi-relational graph is constructed,

and each edge is defined with its structural similarity. Computing global homophily may be

computationally expensive. Nodes are mapped in latent space to learn the affinity among

them. NLGNN (Liu et al., 2021) employs the GNN itself to learn node embeddings and

GPNN (Yang et al., 2022c) applies pointer neural networks to evaluate the global affinity

matrix. Later, both of them compute attention and perform long-range interactions. Apart

from measuring global homophily, modeling the class compatibility matrix emerges as an

effective approach. The compatibility matrix measures the probability of edges of nodes be-

tween the pair of classes. CPGNN (Zhu et al., 2021a) first estimates prior beliefs with the

feature information, and then prior beliefs are propagated to learn the compatibility matrix,

which eventually learns the likelihood of the connections of the nodes among the different

classes. Another method, CLP (Zhong et al., 2022a), first learns the compatibility matrix

and applies label propagation. Some methods use disentangling node features and graph

adjacency to model global homophily. In this class, GloGNN (Li et al., 2022) utilizes MLPs

to map the feature matrix and adjacency matrix into feature and topological views. Later,

both of them are fused to learn a global affinity matrix. HOG-GCN (Wang et al., 2022b)

employs feature information to determine the soft node labels propagated across the graph.

In addition, BM-GCN (He et al., 2022) constructs a block similarity matrix representing the

probability of having edges between nodes in the different blocks. The block similarity matrix

attempts to explore block-guided neighbors and applies classified aggregation.

1.4.1.4 Discriminative Message Passing

Some studies show that edge directionality improves the performance of MPNNs on het-

erophilic graphs. AMUD (Sun et al., 2024) first identifies the importance of edge directions

to understand heterophily from a statistical perspective. DirGNN (Rossi et al., 2024b) pro-

poses separate aggregation functions for the directed edges and demonstrates remarkable

improvements on the benchmarks. On the other hand, GGCN (Yan et al., 2022) assigns

signed messages to differentiate between similar and dissimilar neighbors. Label-wise GCN

(LW-GCN) (Dai et al., 2022) performs soft label-guided graph convolution to avert the effect
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of dissimilar nodes in the heterophilic regime. The importance of inter-class or heterophilic

edges may improve the performance of GNNs, which was explored by CAGNN (Chen et al.,

2023a). Recently, Co-GNN (Finkelshtein et al., 2024) proposes an advanced gating mecha-

nism to empower nodes with four states: Standard, Listen, Broadcast, and Isolate, allowing

nodes to choose whether to receive or broadcast messages. This framework possesses greater

expressive power of homophily and heterophily.

1.5 Oversquashing

Definition 1.5. The oversquashing phenomenon was first observed by (Alon and Yahav,

2020) originated from GNNs leveraging long-range dependencies. Compressing aggregated

features from a large number of neighbors into a fixed capacity of vectors results in infor-

mation loss. The effect of oversquashing can be measured by the sensitivity bounds proposed

by (Di Giovanni et al., 2023b; Topping et al., 2021a). assuming there exists a l-length path

between u and v. The sensitivity bound is estimated as the Jacobian of h
(l)
v and h

(0)
u which

can be represented as, ∥∥∥∥∥ ∂h(l)v∂h
(0)
u

∥∥∥∥∥
1

≤ (cwp)l︸ ︷︷ ︸
model

(S̃l)uv︸ ︷︷ ︸
topology

. (1.6)

The effect of oversquashing depends on the c, the Lipschitz constant of the model parameters,

w, the maximum entry of weight matrices, and the width p. Also, oversquashing is affected by

the S̃l where S̃ can be a normalized adjacency matrix. The lower value of the bound signals

diminished the effect on the message propagation of a node by its neighbors.

1.5.1 Methods to Address Oversquashing

Graph rewiring emerged as the most enticing solution to tackle oversquashing. The rewiring

methods can be broadly classified into two ways as follows,

1.5.1.1 Spatial Rewiring Methods

Spatial rewiring methods typically deal with surgically modifying the graph structure by

adding or removing edges. Alon and Yahav (Alon and Yahav, 2020) suggest converting the

graph fully connected (FA) not only in the last layer but also for all intermediate layers.

11



1. Long Range Interactions in Graph Neural Networks

This enables long-range interactions but also alters the graph structure. In a subsequent

work, SDRF (Topping et al., 2021b) proves that oversquashing occurs due to the presence

of negatively curved edges. They identify the edges and add edges to ensure the message

propagation. GTR (Black et al., 2023a) greedily rewires the graph based on reducing effec-

tive resistance between the node pairs. BORF (Nguyen et al., 2023) explores the prowess of

Ollivier-Ricci curvature flow to rewire the graph by maintaining the trade-off between over-

smoothing and oversquashing. The computation of the edge curvatures for large-scale graphs

may be expensive. Therefore, to mitigate the hurdle, AFRC (Fesser and Weber, 2024) is

proposed, which computes curvatures in linear time. Apart from curvatures and effective re-

sistance, DRew (Gutteridge et al., 2023) dynamically rewires the graphs with distance-aware

skip connections. This method shows impressive improvements for solving long-range tasks

on molecular graphs. A similar category of work (Chen et al., 2024a) proposed aggregates

information and updates after some fixed delay, which also satisfies the asynchronous prop-

erty. PR-MPNN (Qian et al., 2023) devised a rewiring strategy by harnessing differentiable

k-subset sampling and rewiring the graph optimal for solving the target tasks. Recently, one

work, GESN (Tortorella and Micheli, 2022) proposes a training-free GNN to mitigate over-

squashing in heterophilic graphs. They suggest using reservoir computing models to avoid

the extensive training.

1.5.1.2 Spectral Rewiring Methods

Spectral rewiring methods attempt to enhance the spectral gap of the network. The spec-

tral gap is directly connected to the Cheeger constant of the network. FoSR (Karhadkar

et al., 2022) adds edges which increase the spectral gap of the network, reaffirming well-

connectedness. The rewiring also introduces the concept of relational rewiring by distin-

guishing between the pre-existing edges and newly added edges. Inspired by the flip Markov

chain, RLEF (Banerjee et al., 2022) is poised to transform the given network into an Ex-

pander graph. The greedy version G-RLEF identifies hub edges and flips them such that the

change in the number of triangles is minimized. This approach reduces the effective resistance.

SJLR (Giraldo et al., 2023), which characterizes the exploration of edge-based curvatures.

Another effective way to rewire is by converting the input into another graph by preserving

the expander-type properties (Deac et al., 2022). Those methods are non-differentiable and
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pursue sequential edge adjustments. A newer direction unraveled with DiffWire (Arnaiz-

Rodŕıguez et al.) proposes an inductive differentiable rewiring strategy based on commute

time, spectral gap, and effective resistance. Curvdrop (Liu et al., 2023) claims that positively

curved edges are susceptible to oversmoothing and negatively curved edges are prone to over-

squashing. They introduce a sampling layer guided by the Ricci curvature that drops or adds

edges in the network topology. Another line of work, GOKU (Liang et al., 2025) rewires the

graph topology by preserving the spectrum of the input graph.

1.5.1.3 Mixed methods

The spectral rewiring may improve the overall connectivity but may ignore the actual bottle-

necks present in the graph. To mitigate the issue, LASER (Barbero et al., 2023) sequentially

rewires the graph, improving spatial connectivity and respecting the sparsity and locality of

the input graph. LASER enjoys the advantages of both spectral and spatial rewiring.

1.5.1.4 Approaches Beyond Rewiring

PASTEL (Sun et al., 2022) handles underreaching and oversquashing in the context of graph

topology. They introduce two quantitative metrics to measure underreaching and oversquash-

ing for further assessment. Some theoretical aspects are studied in (Di Giovanni et al.,

2023b,c) to understand the impact of oversquashing on the expressive power of GNNs. DGN

(Zhou et al., 2020) shows that the information flow along the direction of eigenvectors reduces

the diffusion distance between node pairs and hence reduces overshooting. The most recent

work PANDA (Choi et al., 2024a) enhances the channel capacity of the nodes with higher

importance to process a larger volume of information effectively to prevent oversquashing.

1.6 Graph Transformer: A Global Attention Perspective

Inspired by Vashwani et al. (Vaswani et al., 2017), Dwivedi, and Bresson (Dwivedi and Bres-

son, 2020) extended the philosophy of Transformer for the graph-structured data. Message-

passing Graph Neural Networks (MP-GNNs) implement sparse message passing where GTs

assume the fully connected graph structure. Unlike MP-GNNs, Graph Transformers are de-

signed to compute the attention coefficient between the pairs of nodes without considering the
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graph structure. A single Transformer layer consists of a self-attention module followed by a

feed-forward network. The feature matrix X is transformed into query Q, key K, and values

V by multiplying with the projection matrices as Q = XWQ, K = XWK , and V = XWV .

The self-attention matrix is computed as follows,

XA = softmax(
QKT

√
dout

)V, (1.7)

where XA ∈ Rn×dout is the self-attention matrix with dout is the output dimension. WQ, WK ,

andWV are trainable parameters. To boost the impact of the self-attention module, we often

employ a multi-head attention (MHA) strategy. The multi-head attention is the result of the

concatenation of multiple instances of Eq. 6.1. The multi-head attention can be expressed

as:

XA =M

∥∥∥∥H
k=1

 ∑
j∈N(i)

α
(k)
ij V

(k)Xj

 , (1.8)

where α
(k)
ij is the attention coefficient between node i and j from kth head. M and V (k) are

the trainable parameters and Xj is the j
th node features. The estimated self-attention matrix

is followed by a residual connection and then passes through a feed-forward network (FFN)

with the normalization layers as follows,

X ′ = Norm(X +XA),

X ′′ =W2(ReLU(W1X
′)),

Xo = Norm(X ′ +X ′′),

(1.9)

where Xo is the final output of the transformer layer and W1 ∈ Rdout×d, W2 ∈ Rd×d are

trainable parameters. We can either use Batchnorm (Ioffe and Szegedy, 2015) or Layernorm

(Ba et al., 2016) for the feature normalization. Each Transformer layer generates node-level

representations, which are permutation equivariant. The absence of positional information

on the nodes generates similar outputs. Therefore, it is necessary to incorporate appropriate

positional encodings to leverage the learning process in the Transformer.
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1.6.1 Positional Encodings for Graph Transformers

The positional encodings serve as the necessary positional encodings provided in the initial

node features. The following equation represents the usage of PEs in GT.

X ← X + PE (1.10)

In the literature of GT, several novel positional encodings are proposed. The journey be-

gins with proposing eigenvectors of the normalized graph Laplacian (Dwivedi and Bresson,

2020) for each node. Let the ith eigenvector Ui = [Ui1Ui2 · · ·Uik] where k ≤ n, where k

is the dimension up to which we consider the dimension of encodings. As LapPE captures

the spectral characteristics of the graphs, but not any structural characteristics. To bridge

the gap, (Dwivedi et al., 2021) proposes Random Walk Positional Encoding (RWPE), which

constitutes diagonal elements of the higher-order diffusion matrix like AD−1. For ith node,

the RWPE is constructed as [I, AD−1
ii , (AD

−1)2ii, (AD
−1)3ii, · · · , (AD−1)k−1

ii ]. Graphormer

(Ying et al., 2021b) incorporates degree centrality encodings into the initial node features.

Alongside, they further add edge encodings and encodings for shortest path distance (SPD)

during the self-attention computation. Structure-aware Transformer (SAT) (Chen et al.,

2022a) learns the efficient representation of the rooted subgraph or subtree of each node

and feeds the encodings to the initial node features. Another work, the Spectral Attention

Network (SAN) (Kreuzer et al., 2021), learns node-wise positional encodings by combin-

ing eigenvalues and eigenvectors that pass through the Transformer encoder. Subsequently,

the learned encodings are converted into spectral-aware weights that act as the attention

during the feature update. Another line of work modifies RWPE to design relative posi-

tional encodings, Relative Random Walk Encodings, or RRWP. For each node pair (I, j) the

RRWP is defined as [I,AD−1
ij , (AD

−1)2ij , (AD
−1)3ij , · · · , (AD−1)k−1

ij ]. Based on these PEs,

the authors proposed a novel architecture named GRIT shows remarkable performances over

SOTA methods. They also suggest injecting degree information into every hidden layer.

On this connection, GraphGPS (Rampášek et al., 2022) combines MPNN and self-attention

mechanisms to design a scalable Graph Transformer.

Apart from designing novel positional encodings, few works are focused on designing sta-

ble PEs along with maintaining the property of invariance, symmetry, etc. First of its kind
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work like PEG (Wang et al., 2022a) design PEs that update separate channels to update

node features and positional features. Node features maintain permutation equivariance, and

positional features show rotational and translational equivariance. In a subsequent work, two

neural architectures are introduced: BasisNet and SignNet (Lim et al., 2023). Those archi-

tectures are invariant to symmetries of sign flips and basis symmetries. In this vein, another

notable work (Huang et al., 2024b) identifies the flaw of standard Laplacian eigenvectors and

their weaker stability. They found that the hard partition of the eigenspace is highly sensitive

to external perturbations. They proposed Stable Positional Encodings or SPE to tackle the

underlying issues. Those PEs impart soft partitions of the eigenspace.

Laplacian eigenvectors are widely used as positional encodings, but for large-scale graphs,

this will lead to costly eigendecomposition. To avert the glaring shortcomings, PEARL

(Kanatsoulis et al., 2025), a novel learnable positional encoding, can be flexibly employed in

both GNN and GT. PEARL offers linear time complexity with higher expressive powers and

stability. After tackling the problems in large-scale graphs, the design scheme for positional

encodings for directed graphs remains obscure. The gap is bridged by the work (Huang et al.,

2025). Recently, one framework, Random Feature Propagation (RFP) (Eliasof et al., 2023)

initializes PEs as random vectors. Encouraged by the power iteration method, the random

vectors are gradually converted to the most dominant eigenvectors.

1.7 Motivation and Objective

At this stage, we have broadly discussed the importance of long-range message passing for the

performance improvements in graph neural networks. We extend our discussion by identifying

various challenges, including Oversmoothing, Oversquashing, and Heterophily, that persist

in multi-layered GNN architectures. A closer scrutiny reveals the interconnectedness of the

aforementioned challenges. In this thesis, we primarily focus on the following issues pertaining

to the long-range interactions in GNNs.

1. Designing deep GNNs enables the aggregation of multi-hop information from long-

distance nodes. Though the iterative message passing causes the oversmoothing of the

node features. Various methods are methods to address oversmoothing, but they still

fail to explore multiple distant neighbors simultaneously. Most of the methods were
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structural modifications (Xu et al., 2018b; Chen et al., 2020c) or additional normal-

ization layers (Zhao and Akoglu, 2019; Zhou et al., 2020). Very few works like (Jin

et al., 2022; Liu et al., 2019b) explore multi-hop neighbors via random path sampling.

Still, those works offer no solution to oversmoothing. Designing an effective message

passing strategy by sampling multi-hop neighbors is a prominent gap that needs to be

addressed.

2. Exploring long-distance neighbors can be further complicated if the input graph con-

tains a higher number of heterophilic edges (Zhu et al., 2020; Pei et al., 2020). Those

are responsible for the mixing of noisy information from different class labels and result-

ing in the exacerbating performance of multi-layered GNNs. Various message passing

strategies (He et al., 2022; Wang et al., 2022b) are designed to tackle graph heterophily.

Perhaps, altering the edge connectivity according to similar node labels may enhance

the quality of the aggregated information. In this context, the rewiring techniques

are overlooked to address the graph heterophily by tampering with edge connectivity.

Therefore, graph rewiring is not fully harnessed in the heterophilic paradigm.

3. Another facet of deep GNNs is the problem of Oversquashing (Alon and Yahav, 2020),

an information bottleneck, stemming from the need to compress information from ex-

ponentially growing receptive fields into the fixed-dimensional vectors. Mostly, spectral

and spatial graph rewiring (Karhadkar et al., 2022; Black et al., 2023a; Topping et al.,

2021b) emerges as effective avenues for tackling oversquashing. Altering the graph

structure might cause information loss related to the inductive bias of the graph. How-

ever, one work (Choi et al., 2024a) increases the width of the features for the bottle-

neck nodes, mostly those with high centrality values, which does not involve rewiring.

Therefore, going beyond graph rewiring should be a promising alternative for addressing

oversquashing in GNNs.

4. The long-range interactions can be performed without stacking multiple message pass-

ing layers by employing Graph Transformers (Dwivedi and Bresson, 2020). GTs are

capable of estimating pair-wise attention or global attention, dismissing the requirement

to add additional message passing layers. The performance of GTa heavily depends on

the positional encodings (Dwivedi et al., 2021; Chen et al., 2022a). Most of the designed
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positional encodings are designed in Euclidean space, unable to capture the hierarchical

properties of the underlying graph data. Thus, we need to design positional encodings

in non-Euclidean space, or specifically, in hyperbolic spaces.

Motivated by these shortcomings, we list our primary objective in this thesis as follows:

1. Propose a non-recursive message passing algorithm that relies on random path sampling

and multi-hop node features to mitigate the effect of oversmoothing. The sampling

method should be dynamic and cost-effective rather than being performed in the pre-

processing stage.

2. Design a graph rewiring framework to alter edge connectivity that will provide a remedy

to graph heterophily. Furthermore, the cause of performance degradation of low-pass

filters like GCN on the heterophilic networks requires a deeper scrutiny.

3. Propose a model-agnostic framework to address oversquashing that will go beyond

rewiring the graph topology.

4. Design a learnable positional encoding in the hyperbolic space with negative curvature

to capture hierarchical components in the input graphs. The positional encodings

should be expressive and powerful to represent the nodes in the graph.

1.8 Organisation and chapter-wise contributions

In this thesis, we identified the shortcomings of shallow graph neural networks that aggregate

from the local neighborhoods. We further enriched the discussion with the advantages of

long-range interaction. In the introductory chapter, we highlighted the challenges that can

be confronted when multiple message passing layers are stacked. Notably, GNNs mostly suffer

from Oversmoothing, Oversquashing, and Heterophily when deep GNNs are constructed. In

chapter 2, we address the effects of Oversmoothing. In chapter 3, we tackle the heterophily

issue via graph rewiring. In the following chapter 4, we analyze the effects of graph heterophily

on the performance of low-pass filters like GCN. In the chapter 5, we design an asynchronous

message passing framework to address oversquashing. In chapter 6, we propose a learnable

hyperbolic positional encoding to enhance the performance of Graph Transformers. In the
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final chapter 7, we mentioned the future possibilities of our current approaches and listed

some open problems in designing the future contours of graph representation learning. We

provide an illustrative roadmap of the thesis in Figure 1.4.

Graph 
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Methods
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Chapter 1
Introduction

Chapter 2
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Future works

Global Message
Passing

Figure 1.4: The road-map of the thesis.

1.8.1 Contributions of Chapter 2

In this chapter, we identified one of the core reasons for Oversmoothing as the recursive

message passing. We analyze the neighborhood aggregation mechanism through the lens

of computation graphs. The aggregated messages flow from higher-order neighborhoods to

lower-order neighborhoods, which is equivalent to the bottom-to-top message propagation

in the computation graphs. The computation graphs grow exponentially when multi-hop

neighbors are explored, and the tree height also increases. Such computation graphs contain

repeated substructures, leading to the computation of similar node representations due to

the recursive nature of message passing. As a solution, we pursue the design of a non-

recursive aggregation strategy to mitigate the oversmoothing issue. Our approach randomly

samples paths and learns the individual edge features. Subsequently, the edge features are

concatenated to generate path features. We only aggregate the features of the nodes when

we reach the desired number of hops. The estimated path features act as gates that control

the information flow, resulting in the distinct node representations. Our method aggregates

messages from lower to higher order neighborhoods, departing from traditional aggregation
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mechanisms. Importantly, we only aggregate once, breaking the rule of recursive message

passing strategies. We also establish connections between the lazy random walk and our

proposed method. Several experiments are performed to validate the efficacy of the proposed

method.

1.8.2 Contributions of Chapter 3

In this chapter, we propose a novel method that tackles graph heterophily, which is a situation

where connected nodes may share different class labels. Traditional message-passing graph

neural networks aggregate the messages from local neighborhoods. Those classes of architec-

tures show promising results on homophilic graphs where adjacent nodes share identical class

labels. The higher node feature similarity primarily indicates that connected nodes might

share identical class labels. We investigate that standard similarity measures like cosine sim-

ilarity may not sufficiently capture the intra-class and inter-class similarity. We propose a

solution to incorporate the class information into the features by learning auto-encoder-based

class embeddings. We reweight the feature similarities with the scores obtained from class

representations. The updated scores are utilized to rewire the graph structure, converting

it into homophily-prone neighborhoods. The rewiring of the edge connections ensures the

diminishing of heterophilic connections and improves the homophily ratio. Our approach is

model-agnostic and can be applied to any sort of heterophilic graph. We also offer theoret-

ical justifications of the working mechanism of our methodology. Extensive experiments are

carried out on several heterophilic benchmarks to validate the efficacy of our work.

1.8.3 Contributions of Chapter 4

In this chapter, we investigate the utility of graph rewiring to unveil the spectral properties

of the graph. We leverage the addition of a pre-determined number of self-loops and paral-

lel edges in the random graphs. The experiment reveals that the addition of self-loops and

parallel edges increases and decreases the eigenvalues of the graph Laplacian. To support

the outcome, we provide extensive theoretical underpinnings in this work. Consequently, the

aforementioned edge additions shift the distribution of the graph spectrum. Furthermore, we

empirically observed various performance trends when self-loops or parallel edges are incorpo-
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rated in the heterophilic graphs. The gradual increase in the number og self-loops or parallel

edges generates different performance trends on the heterophilic graphs. We categorize the

heterophilic networks into some pre-defined categories based on the observed performance

trends. Furthermore, we establish the connection between performance trends and spectrum

shifts. The categorization of graphs entails the spectral properties of the graphs, like parity

of lower and higher eigenvalues, presence of weakly connected components. This informa-

tion may also be evaluated by performing a computationally expensive eigendecomposition

algorithm on the graph Laplacian. This seems to be a potential hindrance for real-world

large-scale graphs. We offer an innovative pathway to avoid such expensive algorithms to

gain insights into the graph spectrum. Our work also bridges the gap between the per-

formance analysis of low-pass filters and structural patterns in the ambit of a heterophilic

regime. Our extensive experimental analysis on widely available 17 heterophilic benchmarks

validates our claim.

1.8.4 Contributions of Chapter 5

In this chapter, we laid the foundation for asynchronous message passing frameworks, marking

a notable departure from the prevailing standard synchronous MP-GNNs. In the beginning,

we create mini-batches of nodes selected based on some pre-defined criteria. We update the

features of nodes belonging to the mini-batches, and the features of unselected nodes remain

unaltered. Our primary target is to alleviate Oversquashing that occurs when information is

attempted to be stored in fixed-sized vectors, emanating from exponentially growing neigh-

borhoods. Our proposed framework accesses the channels with fixed capacity at a regular

interval of times. This strategy prevents storing a larger volume of information in the chan-

nels with constrained capacity, mitigating the effects of oversquashing. In this context, we

consider node centrality as our criterion to create node batches. Higher centrality nodes

allow a high volume of information flow, acting as key candidates for information bottle-

necks. We strategically allow interaction of high centrality nodes to access hidden channels,

which eventually leads to the mitigation of oversquashing. We conducted several experiments

on several benchmarks and long-range datasets and obtained remarkable improvements on

several state-of-the-art methods.
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1.8.5 Contributions of Chapter 6

In this chapter, we designed a novel and effective positional encoding for Graph Transformers.

Our proposed positional encodings are learnable and embedded in the hyperbolic space, a non-

Euclidean space with negative curvature. These two key characteristics are instrumental for

enhancing the expressive power of Graph Transformers. We also offer extensive theoretical

insights to validate the efficacy of our approach. Pursuing hyperbolic embeddings largely

increases the parameter complexity of the underlying model. In this work, we offer an effective

pathway to implement hyperbolic embeddings, resolving the issue of parameter complexity.

Our proposed positional encodings are predominantly applicable to the molecular graphs that

contain hierarchical structures. In this scenario, the hyperbolic positional encodings capture

pertinent structural and positional information from the hierarchies present in the datasets.

Furthermore, we incorporate hyperbolic positional encodings in the multi-layered GNNs and

observe the impressive improvements in the performance. This approach offers a unique

pathway to mitigate oversmoothing. Extensive experiments were conducted to establish the

efficacy of our proposed learnable hyperbolic positional encodings.

1.8.6 Unifying towards Robust Designs of Graph Neural Networks

In this thesis, we have proposed RPE-GNN, LGR-GNN, CAMP, and HyPE. The designed

methods resolve the problem of oversmoothing, heterophily, and oversquashing that primarily

occurs in GNNs. Furthermore, HyPE is designed to capture the hierarchical characteristics

of the graphs. In this connection, the vanilla Graph Transformers are poised to interact with

every pair of nodes, resulting in a complete graph structure. Though pair-wise interaction

will increase the computational cost. Employing the sampling scheme of RPE-GNN filters

out important neighbors and converts the graph into a more sparse one. Subsequently, we

can apply the LGR rewiring framework to increase the homophilic edges. After the rewiring

process, the feature updates of nodes can be executed asynchronously based on the CAMP

algorithm. The scaled dot-product attention estimation remains unaltered, which is applied

across the transformed graphs. Moreover, hyperbolic positional encodings assists to encode

the hierarchical information into the node features. The unification of the four methods

asserts the individual prowess ans leading to a design of robust graph models.
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1.8.7 Contributions of Chapter 7

In this chapter, we discuss the future extensions of our current research work and list some

open problems as potential avenues of research.
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Chapter 2

Addressing Oversmoothing via
Randomized Path Exploration

Summary

Graph Neural Networks (GNNs) have emerged as one of the most powerful approaches for

learning on graph-structured data, even though they are mostly restricted to being shallow in

nature. This is because node features tend to become indistinguishable when multiple layers

are stacked together. This phenomenon is known as over-smoothing. This paper identifies

two core properties of the aggregation approaches that may act as primary causes for over-

smoothing. These properties are, namely, recursiveness and aggregation from higher to lower-

order neighborhoods. Thus, we attempt to address the over-smoothing issue by proposing a

novel aggregation strategy that is orthogonal to the other existing approaches. In essence, the

proposed aggregation strategy combines features from lower to higher-order neighborhoods in

a non-recursive way by employing a randomized path exploration approach. The efficacy of

our aggregation method is verified through an extensive comparative study on the benchmark

datasets w.r.t. the state-of-the-art techniques on semi-supervised and fully-supervised learning

tasks.

2.1 Introduction

Amidst the rise of Geometric Deep Learning (Masci et al., 2016; Bronstein et al., 2017), it

is no wonder that the graph structure draws adequate attention for analyzing data beyond

the conventional Euclidean domain. The milestone work on Graph Neural Networks (GNNs)
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Random Path

Sampling

Path Features
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Random Paths Rewired PathsInput Graph

T

Figure 2.1: The overview of RPE-GNN is represented. The center node T, whose embedding
would be evaluated via 3-hop neighborhood aggregation. Initially, random paths are gen-
erated gradually by layer-wise node sampling. The selected paths are marked with dotted
lines. The path features are evaluated dynamically. Solid blue lines denote the estimated
path features. The graph is rewired by adding edges to replace the sampled paths. The
edges are incorporated with the respective path features. The newly added edges act as
direct connections between the target node and its multi-hop neighbors. The neighborhood
aggregation is performed on the newly rewired graph.

(Scarselli et al., 2008) is crowned as one of the go-to tools to facilitate learning on graph-

structured data. Consequently, application of deep learning techniques on graphs significantly

enhances the performance of various downstream learning tasks such as node classification

(Yang et al., 2016; Kipf and Welling, 2016), link prediction (Bojchevski et al., 2018; Grover

and Leskovec, 2016), graph classification (Duvenaud et al., 2015; Zhang et al., 2018; Gilmer

et al., 2017a), and biological networks (Pavlopoulos et al., 2011; Koutrouli et al., 2020).

However, the commendable performance of GNNs may be considered restrictive to their

full potential, given the shallower architecture. Even though models like GCN (Kipf and

Welling, 2016), GAT (Veličković et al., 2017), and GraphSage (Hamilton et al., 2017) exhibit

impressive performance by using a limited number of hidden layers, they are still not capable

of learning from the higher-order neighborhoods. One way to alleviate these restrictions is

to aggregate features from the multi-hop neighbors using a deeper architecture.

Unfortunately, stacking multiple layers similar to Convolutional Neural Networks (CNNs),

such as ResNet (He et al., 2016b) in GNN, is not so straightforward. This is because the in-

creased number of successive feature aggregations in a deeper architecture may make the com-

bined node features almost indistinguishable. This phenomenon is known as Over-smoothing

(Li et al., 2018), which has been shown to degrade the performance of node classification

tasks as well as the expressive power of the GNN models (Oono and Suzuki, 2019).
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The features of the nodes belonging to a connected component become indistinguishable

due to the effect of over-smoothing. The primary reason behind the occurrence of over-

smoothing is the overlapping sets of neighbors of the concerned nodes. The overlap among

the sets of neighbors gradually increases when the size of the neighborhood grows. The over-

lapping set of neighbors is not only responsible for the over-smoothing, but the aggregation

mode also plays a critical role in the feature over-smoothing. The well-known architectures

like Graph Convolutional Networks (GCN) (Kipf and Welling, 2016), Graph Attention Net-

works (GAT) (Veličković et al., 2017), GraphSage (Hamilton et al., 2017), APPNP (Klicpera

et al., 2018), Graph Diffusion Convolution(GDC) (Klicpera et al., 2019), etc. aggregate node

features from higher to lower order neighborhoods in a recursive manner as depicted in the

Figure 2.2. The redundancy involved in the recursive higher-to-lower order computation may

lead to repeated consideration of similar neighboring nodes during the feature calculation.

This redundancy acts as a primary reason for the over-smoothing. Despite having the prob-

lem of over-smoothing, deep models offer a significant advantage over shallow models as the

former can learn from the multi-hop neighborhood. Therefore, the drawbacks mentioned ear-

lier and the necessity of deep models motivate us to propose a novel aggregation technique

that prevents over-smoothing.

Numerous attempts like DeepGCN (Li et al., 2019), JKNet (Xu et al., 2018b), PairNorm

(Zhao and Akoglu, 2019), DGN (Zhou et al., 2020), DropEdge (Rong et al., 2019), AdaEdge

(Chen et al., 2020a) etc. were made to mitigate the issue of over-smoothing, but the aforesaid

approaches are either different variants of GCN, GAT, or GraphSage or the combinations of

the existing architectures where underlying aggregation strategy remains unaltered. The

question of tackling over-smoothing by improving the existing neighborhood aggregation

techniques still needs to be answered. Motivated by those facts, we attempt to solve the issue

by introducing a novel architecture. The architecture enables a message-passing strategy

which is entirely different from existing message passing frameworks. The proposed approach

consists of two steps: initially, the fixed-length random paths are sampled for a source node to

explore its multi-hop neighbors. In the second stage, the path features are estimated by using

some pre-defined rule. The sampled paths can be assumed as the connectors or edges between

source nodes and randomly selected neighboring nodes. The graph is rewired by using those

newly constructed edges, and edges are equipped with the features as corresponding estimated

26



2. Addressing Oversmoothing via Randomized Path Exploration

path features. After that, the message aggregation is performed on the source node by

considering the newly rewired graph. The overview of the proposed algorithm is presented

in Figure 2.1.

When the number of random paths is increased the computational burden also enhances.

To avoid the overhead we propose a dynamic path feature computation technique. The

dynamic method allows the model not to store the predetermined random paths as a pre-

processing step. The paths are gradually traced out while propagating through the hidden

layers. The path features are also estimated alongside. The approach also explores better

graph topology.

The aggregation strategy of RPE-GNN is also unique from other aggregation strategies.

The existing aggregation techniques updates node features in every hidden layer, whereas we

update node features only once which is after the complete estimation of the path features.

Specifically, in our case, the hidden layers are utilized to compute path features rather than

used for aggregation. In this way, our proposed approach can avoid redundant calculation of

neighbors’ features, effectively tackling the over-smoothing issue. Finally, we can summarize

our contributions as follows,

• Unlike (Kipf and Welling, 2016; Veličković et al., 2017; Hamilton et al., 2017; Xu et al.,

2018b), we design a novel strategy that aggregates from lower to higher-order neigh-

borhoods in a non-recursive manner.

• Our approach learns node representations by estimating the features of the randomly

explored paths in the graph, which is described in section 6.3. Therefore, we termed it

as Randomized Path Explorer-Graph Neural Networks or RPE-GNN.

• We design an efficient technique where paths are traced out gradually while propagating

through the hidden layers without having prior knowledge of the predetermined paths.

• In section 2.2.3 we show that our method simulates a biased random walk and the

over-smoothing issue can be prevented by controlling the bias of the walk.

• We perform diversified experiments to showcase the efficacy of our framework in section

6.4, and it outperforms existing state-of-the-art approaches.
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Input Graph Recursive Higher to Lower Order
Neighborhood Aggregation

Non-Recursive Lower to Higher Order
Neighborhood Aggregation (Ours)

T

T T

Aggregator

Feature Update

Figure 2.2: Comparative study between the proposed aggregation method and existing aggre-
gation methods is demonstrated. The 2-hop neighborhood aggregation is performed on the
node T of the input graph(leftmost). In the case of the recursive aggregation(middle one), the
aggregation is performed from higher to lower-order neighborhoods (bold lines with arrows).
In this case, the information flow from the leaf nodes to the root node of the computation
graph. On the other hand, the non-recursive aggregation method(rightmost) aggregates from
lower to higher-order neighborhoods. The non-recursive method initially estimates the path
features, and at the final stage, the aggregation is performed with the distant neighbors by
employing those path features. Here, the information flows from the root node to the leaf
nodes of the computation graph(dotted lines with arrows).

2.2 Proposed Method

2.2.1 Preliminaries

A graph G = (V,E) consists of a set of n nodes V and a set of edges E ⊆ (V × V ).

The connections between nodes are represented by an adjacency matrix A = [aij ]n×n where

aij ∈ {0, 1}. Evidently, aij = 1 indicates that the ith and jth nodes are connected by an

edge, while aij = 0 denotes otherwise. The feature matrix of G is denoted by X ∈ Rn×f

where the ith row xi denotes the f -dimensional feature representation of the ith node. The

degree matrix D is a diagonal matrix where the ith element in the diagonal corresponds to

the degree of the ith node. The graph Laplacian is defined as L = D−A. The symmetrically

normalized graph Laplacian is represented as N = D− 1
2LD− 1

2 .

2.2.2 Randomized Path Exploration

The core idea of our approach is randomly exploring multiple paths in the graph to aggregate

multi-hop information. Simultaneously, we also learn features of the corresponding paths via

propagating through the hidden layers. The path features are eventually used to evaluate
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the node embeddings. The node representations are updated only after the estimation of the

path features.

Assume t is the node whose embedding would be evaluated using the k-hop distant neigh-

bors. Consider Nk
t = {n1, n2, · · · , nl} as the set containing all k-hop neighbors. The complete

embedding method will be described in a top-down fashion to evaluate the embedding of t.

Path Feature Estimation A path in the graph comprises a sequence of nodes contained in

the graph. Assume a k-length path starting from t is denoted as Pt = {t = n0, n1 · · ·nk = d}.

A feature of a path is the sum of the features estimated over the individual edges of the path.

The features of a single edge of a path can be estimated as below:

Mpq = σ((xp − xq)W ), (2.1)

where p and q are the tail and head of the edge. Mpq is the feature of the corresponding

edge epq and W ∈ Rf×f ′ is the trainable weight matrix where f ′ denotes dimension of newly

transformed space. The weight W is shared across all edges in the graph, which makes our

architecture parameter-efficient. σ(.) represents the non-linear activation function. xp and

xq are the features associated with the pth and qth node respectively.

As previously mentioned, a path’s feature is evaluated as the sum of the features of the

individual edges of the respective path. Then the path Pt will have a message as shown

below:

MP = ϕ(

k−1∑
i=0

Mnini+1), (2.2)

where Mnini+1 is the features of the edge enini+1 and ϕ(.) is a trainable function. Specifically,

the feature of a path is the sole representation within the graph. The learned features of the

paths contain information among the non-adjacent nodes.

Aggregation The estimated path features will be employed to update the node embeddings.

The path features encode the node sequences of the respective paths between the target nodes

and the multi-hop neighbors. One can redefine path features as the features of the connecting

edges between the pair of non-adjacent nodes. Our approach gathers information from the

sequence of edges to generate complete path features rather than passing information to

distant neighbors like in graph diffusion (Klicpera et al., 2019). Consider the set of all possible
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k-length paths starting from t is denoted as P. Therefore, the neighborhood aggregation is

formulated as follows:

x̃t = xt +
1

N(P)
∑

p∈P,l∈Nk
t

ϕ(Mp)⊙ xl, (2.3)

where x̃t denotes updated node embedding, Mp is the estimated features of the path p ∈ P,

xl is the feature of the nl ∈ Nk
t which is the tail node of the path p. ⊙ denotes the element-

wise multiplication between the vectors. N(P) is the number of elements of the set P. The

Equation 2.3 aggregates information from the multi-hop node l, which is also a tail node of

path p. The equation also acts as the message propagation rule of our proposed approach.

Dynamic Feature Computation In Equation 2.3 the set P contains all k length paths

begin from node t. The number of paths will increase exponentially when k increases, and this

will generate a massive computational cost. To prevent the issue, we devise a technique that

computes path features dynamically by defining a recurrence relation. Assume a k-length

path p whose node sequences are represented as {t = n0, n1, · · · , nk = d}. The feature of the

path Mp or Mn0nk is estimated dynamically in the following way:

M(l+1)
n0nl+1

= M(l)
n0nl

+M(l+1)
nlnl+1

, (2.4)

where l lies in [1, (k − 1)] and M
(l+1)
n0nl+1 denotes estimated path features node n0 to nl+1 at

the (l+ 1)th layer. Similarly, M
(l)
n0nl indicates the computed features from n0 to nl at the l

th

layer. Again the features of the (l+1)th edge is M
(l+1)
nlnl+1 which is estimated by using equation

2.1 as M
(l+1)
nlnl+1 = σ((xnl − xnl+1

)W (l)) where W (l) denotes the trainable weight matrix of the

lth layer.

The recurrence relation reduces the massive computational overhead during path feature

estimation. Prior knowledge of the paths is not required as they would be gradually traced

out while propagating through the hidden layers. Therefore, the features of the k-length

paths are estimated by consecutively adding the features of k edges. As depicted in Figure

3.2, at lth layer, we have already computed up to l-length features of a k-length path where

l ≤ k−1. Then at the (l+1)th layer we will only estimate the features of the (l+1)th edge of

the corresponding path. The features of the (l+ 1)th edge will be added with the previously

computed l-length features to evaluate the (l + 1)-length path features. Hence, the feature
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Figure 2.3: The workflow of our proposed aggregation scheme is demonstrated. The node T
(in green) is the target node whose embedding would be evaluated. The bold (black) lines
denote edges between pairs of nodes, where the dotted lines (black) in the input graph show
the existence of multiple intermediate nodes between any pairs of nodes. At each step, a
neighbor (marked blue) of the current node (marked yellow) is randomly selected, and the
features of the newly selected edge (bold red lines) are calculated. The current edge features
are added with the total estimated features. The procedure is continued until the required
length of path features is evaluated. The edges with the red color denote the complete traced
out path by the random walk. The remaining grey nodes are denoted as unvisited nodes.
After the path feature estimation, the aggregation step is performed with the distant neighbor
(marked purple), and features of T are updated. The path features are denoted by the dotted
line with an arrow directly connecting from T to D. After passing through the softmax layer,
the final nodes are classified into the desired number of classes.

computation is implemented by considering only the immediate estimated total features and

the current edge features. Therefore, this dynamic approach prevents the algorithm from the

unnecessary requirements of the predetermined random paths. The node features are updated

only after evaluating the desired length of path features. No update is performed between

any two hidden layers like the other prevalent aggregation strategies such as GCN, GAT,

GraphSage, JKNet, GCNII, etc. This approach helps the model avoid redundant feature

computation during the aggregation procedure.

2.2.3 Relation with Random Walk Statistics

In this section, we will establish a connection between RPE-GNN and random walk on the

graph. Our proposed approach inherently simulates a biased random walk in the graph. To

aggregate features from k-hop neighborhood we perform a k-length random walk in the graph.
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Suppose Xt denotes the state of the walk at the timestamp t and u, v are two connected nodes

in the graph. Now, we can define the probability rule of the walk in the following way.

Pr[Xt+1 = v|Xt = u] =


1− p, ∀u ̸= v, v ∈ N(u).

p, otherwise.

(2.5)

where Pr[A] denotes the probability of occurring of event A, 0 < p < 1 which controls the

bias of the random walk. The N(u) denotes the set of neighbors of the node u. In general, the

transition matrix of the random walk is AD−1. But following the lazy random walk (Wang

et al., 2019) style, we can formulate the parameterized transition matrix as

Wp = pI + (1− p)AD−1. (2.6)

Now let us introduce the following lemma

Lemma 2.1. If (λ, e) denotes the eigenvalue and eigenvector pair of the normalized Laplacian

N respectively, then the corresponding eigenvalue and eigenvector pair of Wp is (1 − (1 −

p)λ,D
1
2 e).

The proof is available in the appendix 2.5.1. The over-smoothing occurs due to the conver-

gence of the biased random walk to the stationary distribution (Chen et al., 2020c). Suppose

at time-stamp t the state transition probability vector is denoted as spt , which depends upon

the parameter p. The dependence of spt on p can be deduced by proposing the following

theorem.

Theorem 2.1. For any p1, p2 such that 0 < p2 ≤ p1 < 1, then the following inequality will

hold (
sp1t − lim

t→∞
sp1t

)
≥
(
sp2t − lim

t→∞
sp2t

)
. (2.7)

The proof is discussed in the appendix 2.5.2. From the above theorem, we can conclude

that if p tends to 1, which will eventually slow the convergence of state transition probabilities

to the stationary distribution. If p → 1, then from equation 2.5 it can be stated that the

probability of moving from the current node to its neighbors will become lesser than the

probability of staying in the current node. This fact indicates that after infinitely many steps
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of the random walk, it is better to stay at the current vertex than to move to its neighbors.

At that moment, exploring more paths does not improve the model’s performance. The fact

is also experimentally demonstrated in the section 2.3.6.

2.2.4 Connection with existing approaches

RPE-GNN has some significant properties of the propagation rule over the other existing

approaches such as GCN (Kipf and Welling, 2016), GAT (Veličković et al., 2017), and

GraphSage-GCN (Hamilton et al., 2017). Assume x and d are respectively the features

and the degree of any node v, then the updated feature x̃ of GCN can be estimated as:

x̃ =
x

d+ 1
+
∑

j∈N(v)

1√
d+ 1)(dj + 1)

xj , (2.8)

where xj is the features of jth neighbor of node v and N(v) is the set of neighbors of the

same. In GCN the aggregated features are symmetrically normalized by the degree of the

neighbors of the node v. Similarly, RPE-GNN normalizes the same with the total number

of random paths. The random paths may be assumed as the edges incorporated with the

estimated path features connecting the source node to its multi-hop neighbors. Therefore,

our method tackles the aggregation of the non-adjacent neighbors through the connecting

paths.

On the other hand, the feature aggregation of GAT is formulated as:

x̃ = x+
∑

j∈N(v)

aij
dj
xj , (2.9)

where aij is the attention coefficient between ith and jth node. The attention coefficient

aij is multiplied by the neighbor’s features where the identical attention value weights each

dimension. But RPE-GNN weights each dimension of the same by the distinct values. This

implies our approach can provide feature-level attention weights.

Another architecture called GraphSage-GCN has the following propagation formula.

x̃i = xi +
1

di

∑
j

xj . (2.10)
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In this case, the neighborhood features are also simply averaged by the node degree like

GCN where we average the weighted features by the number of randomly selected paths.

GraphSage-GCN cannot provide feature-level attention whereas RPE-GNN enables feature-

level attention which is learned from the random paths. The message propagation technique’s

highlighted features help prevent over-smoothing in the deeper GNN architectures.

The common objective between RPE-GNN and Graph Diffusion Convolution (GDC)

(Klicpera et al., 2019) is to gather multi-hop neighborhood information to update the node

features. However, GDC and RPE-GNN have fundamental differences while aggregating

features from long-range dependency. Applying GDC, initially, we make the graph denser

because the higher powers of the transition matrix lead to interaction with the higher-order

neighbors. Then a dense graph is sparsified by removing the edges whose weights are below a

pre-defined threshold value. In contrast, RPE-GNN is a novel architecture, which rewires the

graphs by randomly exploring multi-hop neighbors via sampling random paths. RPE-GNN

does not require any threshold value to rewire the graph and enjoys complete freedom to

select any random neighbors.

2.3 Experiments and Results

We perform diversified experiments to showcase the efficacy of our model. The experiments

are done on the open benchmark graph datasets.

2.3.1 Details of Datasets

The experiments are carried out on four different categories of datasets.

Citation datasets We select Cora (Sen et al., 2008), Citeseer (Sen et al., 2008), and

Pubmed (Sen et al., 2008) as the citation networks where the nodes represent documents, and

the edges act as citations between the documents. Each document belongs to one academic

topic. The features associated with each node correspond to the bag-of-words representation

of the respective document.

Co-authorship datasets Coauthor CS (Shchur et al., 2018) and Coauthor Physics

(Shchur et al., 2018) are two co-authorship networks. Nodes represent authors, and edges

exist between them if they coauthored a paper. The features of the nodes represent the
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keywords related to the author’s paper. The label of each node denotes the field of study of

the corresponding author.

Co-purchase datasets Amazon Computers (Shchur et al., 2018), and Amazon Photo

(Shchur et al., 2018) are two co-purchase networks where each node denotes products, and

an edge exists if two products are bought frequently. Node features denote the bag-of-words

representation of the product reviews. Node labels indicate the product category.

Wikipedia networks Chameleon (Pei et al., 2020) is the Wikipedia network where

nodes denote web pages from the Wikipedia pages, and edges exist if edges have mutual links

between them. Node features are the bag-of-words of the nouns on the page. The node labels

signify one of the five classes of average monthly web page traffic.

WebKB Datasets We choose Wisconsin and Cornell (Pei et al., 2020) as our webkb

datasets where nodes represent web pages, and edges are the hyperlinks between the web

pages. The node features are the bag-of-words representation of the web pages. These

datasets are heterophilic graphs where connected nodes are more likely to be in different

classes.

Table 2.1 summarizes the details of the datasets.

Table 2.1: Dataset Statistics

Dataset Nodes Edges Classes Features

Cora 2708 5429 7 1433
Citeseer 3327 4732 6 3703
Pubmed 19,717 44,338 3 500
Coauthor CS 18333 81894 15 6805
Coauthor Physics 34493 495924 5 8415
Amazon Photo 13752 491722 10 767
Amazon Computers 7650 238162 8 745
Chameleon 2277 36101 5 2325
Wisconsin 251 499 5 1703
Cornell 183 295 5 1703

The code is implemented by using Pytorch-Geometric (Fey and Lenssen, 2019) framework

and is available at https://github.com/gnn-codes/rpe-gnn

2.3.2 Semi-Supervised Node Classification

Dataset Settings. For semi-supervised node classification, we use standard train-validation-

test split of the three datasets Cora, Citeseer, and Pubmed as stated in (Kipf and Welling,

2016). For training 20 labeled samples are selected from each of the classes. For validation
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Table 2.2: Mean classification accuracy(%) of the model comparing with different state-of-
the-art approaches

Method Cora Citeseer Pubmed

GCN 81.1 70.8 79.0
GAT 83.0 71.5 79.0
SGC 81.7 71.3 78.9
JKNet 81.1 69.8 78.1
APPNP 83.1 71.8 80.1

RPE-GNN(Ours) 83.3±0.02(8) 72.1±0.01(16) 80.8±0.05(8)

Table 2.3: Mean classification accuracy(%) of the RPE-GNN comparing with different state-
of-the-art approaches where graph diffusion is employed as pre-processing.

Method Cora Citeseer Pubmed

GDC-GCN 82.93 71.95 79.62
GDC-GAT 81.6 70.25 77.78
GDC-JKNet 82.78 71.87 79.95
GDC-APPNP 83.23 71.93 79.78

RPE-GNN 83.3±0.02 72.1±0.01 80.8±0.05
GDC-RPE-GNN 81.6 ±0.33 68.7 ±0.2 80.6 ±0.60

and testing, we select 500 nodes and 1000 nodes, respectively. For Coauthor CS, Coauthor

Physics, Amazon Computers, and Amazon Photo, 20 samples are randomly selected from

each class for training, 30 samples from each class are randomly selected for validation, and

the rest of the samples are chosen for testing as described in (Liu et al., 2020).

Discussions. The performance of our model can be evident by comparing it with the

other SOTA approaches. We consider GCN(Kipf and Welling, 2016), GAT (Veličković et al.,

2017), SGC (Wu et al., 2019), Jumping Knowledge Networks (Xu et al., 2018b), and APPNP

(Klicpera et al., 2018) as our contenders. Table 5.1 provides necessary details regarding the

performances of RPE-GNN. The method outperforms all results on three Cora, Citeseer,

and Pubmed. The optimal layer numbers are written in the parenthesis. The baselines like

GCN, GAT, and JKNet utilize recursive message-passing frameworks. However, we employ

non-recursive aggregation without performing redundant feature computations, and still, we

achieve better performances over the datasets.

We also consider to pre-process data with graph diffusion convolution(GDC) (Klicpera

et al., 2019) to evaluate the performance of RPE-GNN. We consider the variants of GNNs

like GCN, GAT, GraphSAGE, and APPNP with the graph diffusion based pre-processing

to compare the performances with the GDC-based RPE-GNN. The results are presented in
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Table 2.3. From the results, it can be observed that applying graph diffusion does not improve

model performance. Graph diffusion modifies the graph connections under some conditions,

but RPE-GNN rewires the graph with long-distant nodes via sampling random paths.

To compare performances of RPE-GNN on co-authorship and co-purchase networks we

include GCN (Kipf and Welling, 2016), GAT (Veličković et al., 2017), GraphSage (Hamilton

et al., 2017), MoNet (Monti et al., 2017), and DAGNN (Liu et al., 2020) as our contenders.

RPE-GNN outperforms all methods in the four datasets, as mentioned earlier. All said

competitors utilize recursive aggregation in contrast to our aggregation, which is non-recursive

and still achieves the best performances, which is demonstrated in Table 2.4. Coauthor

CS and Coauthor Physics achieve the best performance when network depth is 2 and 8,

respectively, whereas Amazon Computers and Amazon Photo accomplish the same when

network depth is 8 and 32, respectively.

Table 2.4: Mean classification accuracy(%) is presented by comparing with the state-of-the-
art architectures

Method
Coauthor Coauthor Amazon Amazon

CS Physics Computers Photo

GCN 91.1 ±0.5 92.8 ±1.0 82.6 ±2.4 91.2 ±1.2
GAT 90.5 ±0.6 92.5 ±0.9 78.0 ±19.0 85.7 ±20.3
MoNet 90.8 ±0.6 92.5 ±0.9 83.5 ±2.2 91.2 ±1.3
GraphSAGE-

91.3 ±2.8 93.0 ±0.8 82.4 ±1.8 91.4 ±1.3
mean
GraphSAGE-

85.0 ±1.1 90.3 ±1.2 N/A 90.4 ±1.3
maxpool
GraphSAGE-

89.6 ±0.9 92.6 ±1.0 79.9 ±2.3 90.7 ±1.6
meanpool
DAGNN 92.8 ±0.9 94.0 ±0.6 84.5 ±1.2 92.0 ±0.8

RPE-GNN(Ours) 93.18 ±0.02 94.87 ±0.01 84.78 ±0.05 93.14 ±0.01

2.3.3 Analysis of Deep Models

We conduct a detailed study on the performance of RPE-GNN for the different network

depths. We select three citation networks, Cora, Citeseer, and Pubmed, along with two

heterophilic datasets, Wisconsin and Cornell. The number of hidden layers is chosen from

the set {2, 4, 6, 8, 10, 12, 14, 16}. Figure 2.4 illustrates the variation of test accuracy when

the network depth is increased gradually. For citation datasets, the model performance

gradually improves throughout the experiment while the model depth increases. On the

other side, the best performance of Wisconsin and Cornell is achieved in the deeper models.
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Figure 2.4: The performance of RPE-GNN is observed by varying the network depths in the
model. RPE-GNN achieves the best performance on Cora, Citeseer, and Pubmed at 8th,
16th, and 8th layers, respectively. RPE-GNN shows best results on Wisconsin and Cornell at
8th and 14th layers. Better test accuracy may be achieved when multiple layers are stacked
together.

Therefore, the study justifies that going deeper into the GNN models is sometimes helpful to

achieve optimal model performance. Thus, we can conclude that the proposed non-recursive

aggregation strategy may mitigate the over-smoothing issue in the deeper architectures.

Table 2.5: Mean classification accuracy(%) of the model under fully-supervised condition

Method Cora Citeseer Pubmed Chameleon

GCN 85.77 73.68 88.13 28.18
GAT 86.37 74.32 87.62 42.93
Geom-GCN-I 85.19 77.99 90.05 60.31
Geom-GCN-P 84.93 75.14 88.09 60.90
Geom-GCN-S 85.27 74.71 84.75 59.96
APPNP 87.87 76.53 89.40 54.3
JKNet 85.25 75.85 88.94 60.07
JKNet(Drop) 87.46 75.96 89.45 62.08
Incep(Drop) 86.86 76.83 89.18 61.71
GCNII 88.49 77.08 89.57 60.61
GCNII* 88.01 77.13 90.30 62.48

RPE-GNN(Ours) 89.15(8) 78.39(8) 89.43(8) 71.48(16)
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Figure 2.5: Test accuracy of RPE-GNN is observed by varying the number of random paths
for different depths of the architecture. Test accuracy increases when the number of sampled
paths is increased. The model with more depth needs more random paths to produce optimal
results.

2.3.4 Full-Supervised Node Classification

Besides semi-supervised settings, we also evaluate RPE-GNN on fully-supervised node clas-

sification tasks.

Dataset Settings In this case, we include the web data network Chameleon (Pei et al.,

2020) along with the previous three datasets, Cora, Citeseer, and Pubmed. As per (Chen

et al., 2020c), the datasets are randomly split into 60%, 20%, 20% for train, validation, and

testing, respectively, for a fair comparison.

Discussions In addition to previously mentioned baselines we further include Geom-GCN

(Pei et al., 2020), APPNP (Klicpera et al., 2018) and SIGN (Frasca et al., 2020) as our new

contenders. We present the obtained results in Table 2.5. The best results are mentioned

with the optimal layer number within parentheses. RPE-GNN shows almost 1% improvement

on Cora and Citeseer datasets compared to all approaches. On the Pubmed dataset, the

algorithm produces competitive results (≤ 1%) compared to other approaches. On Pubmed

still, RPE-GNN outperforms all other mentioned approaches except GCNII and GCNII*. For

Chameleon, we achieve almost 9% improvements over SOTA. The results suggest that model

performance can still be improved without having redundant feature estimation.

2.3.5 Architecture & Training

The architecture of RPE-GNN consists of a set of hidden layers, followed by an aggregation

layer and, finally, a softmax layer. A k-layered RPE-GNN can perform k-hop neighbor-

hood aggregation. Each hidden layer consists of a trainable weight matrix shared across all
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the edges for that layer and is followed by batch normalization layers, non-linear activation

function ReLU and dropout layers.

The model is trained by Adam (Kingma and Ba, 2014) optimizer with learning rate 0.2,

and other parameters are set to defaults. The weight decay is set to 0.0005. We use 0.5

dropout to prevent potential overfitting. The model is trained for a maximum number of

200 steps, and the results are reported after averaging 10 steps during the test phase. The

dimension of the hidden layers is 32. Cross-Entropy loss is used to optimize the model

parameters. We also introduce a sampling strategy to generate random paths, which are

broadly discussed in appendix 2.6.1

2.3.6 Effect of Sampling of Random Paths

The effect on the model performance with a different number of sampled paths in the graph

is demonstrated in Figure 2.5. The experiment suggests that the test accuracy of the model

significantly improves when the number of sampled paths is increased. The higher number

of random paths enhances the scope of exploring the graph topology. Another observation is

the test accuracy may not improve beyond an optimal number of random paths. The optimal

number at which test accuracy becomes non-increasing depends on the dataset itself. One

should note that for different depths of the model, the required number of random paths

is different to achieve the best performance. In fact, for shallow architecture, the optimal

number of paths is less than the requirement for the same in the case of deeper architecture.

2.4 Conclusion

We propose RPE-GNN, an architecture that aggregates node features from lower to higher-

order neighborhoods in a non-recursive way by considering path features of randomly explored

paths in the graph. We design an efficient technique to estimate path features without

having prior knowledge of the predetermined random paths. We have theoretically shown

that RPE-GNN simulates a biased random walk in the graph. We have demonstrated that

RPE-GNN is capable of minimizing the effect of over-smoothing in the deeper GNN models

through rigorous experiments. As a future work, the method corresponding to path features

estimation can be further improved for better model performance. Also, our work can be

40



2. Addressing Oversmoothing via Randomized Path Exploration

extended to define a new field of study regarding the non-recursive aggregation strategies for

graph learning tasks.

2.5 Appendix A

2.5.1 Proof of Lemma III.1

Proof. If λ and e are the eigenvalue and the eigenvector of N respectively, then we have

Ne = λe (2.11)

By algebraic manipulation, the Wp can be rewritten as

Wp = (I − (1− p)D
1
2ND− 1

2 ) (2.12)

Now, consider the following equation

WpD
1
2 e = (I − (1− p)D

1
2ND− 1

2 )D
1
2 e

= D
1
2 e− (1− p)D

1
2Ne

= D
1
2 e− (1− p)D

1
2λe[from equation 2.11]

= (1− (1− p)λ)D
1
2 e

(2.13)

Hence, the claim is proved.

2.5.2 Proof of Theorem III.2

Proof. The transition matrix of the biased random walk is derived as below

Wp = p.I + (1− p)AD−1. (2.14)
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We know L = D − A as the graph Laplacian. The symmetrically normalized Laplacian is

represented as:

N = D− 1
2LD− 1

2

= D− 1
2 (D −A)D− 1

2

= I −D− 1
2AD− 1

2

(2.15)

Reformulating the equation 2.14 by using the equation 2.15 we get

Wp = p.I + (1− p)D
1
1D− 1

2AD− 1
2D− 1

2

= p.I + (1− p)D
1
2 (I −N)D− 1

2

= p.I + (1− p)(I −D
1
2ND− 1

2 )

= I − (1− p)D
1
2ND− 1

2

(2.16)

Suppose the state transition probabilities at time t is st them at time t+1 the state transition

probabilities will be

st+1 =Wpst (2.17)

Substituting t = 0 we get s1 = Wps0. As Wp is diagonalizable, then a set of eigenvectors

forms a basis. Therefore, any vector can be expressed as

s0 =
n∑
i=1

αiD
1
2 ei (2.18)

where ei is the i
th eigen vectors and n is the number of dimension. Now, we can rewrite

s1 =
n∑
i=0

αiWpD
1
2 ei

=
n∑
i=0

αi(1− (1− p)λi)D
1
2 ei

(2.19)

Iterating t times the expression will be

st =
n∑
i=0

αi(1− (1− p)λi)tD
1
2 ei (2.20)
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It is a well-known fact that eigenvalues of N lie between [0, 2]. Therefore, it is easy to observe

that the eigenvalues of Wp lie between [0, 1]. Assume λ1 = 1, λj ≤ 1∀j ∈ [2, n]. Finally, the

stationary distribution of the random walk is

lim
t→∞

st = lim
t→∞

n∑
i=0

αi(1− (1− p)λi)tD
1
2 ei

=
n∑
i=0

αi lim
t→∞

(1− (1− p)λi)tD
1
2 ei

= α1D
1
2 e1

(2.21)

It may observe that the eigenvalues of Wp other than 1 all lies between [0, 1). Therefore, the

rest of the terms vanish as t tends to infinity. Moreover, the expression st also depends on

the parameter p so that we can rewrite it as spt . WLOG for a fixed λ the following inequality

will hold

(1− (1− p1)λ) ≥ (1− (1− p2)λ), (2.22)

where p1 ≥ p2. For t > 0 the above inequality can be written as

(1− (1− p1)λ)t ≥ (1− (1− p2)λ)t

=⇒
n∑
i=0

(1− (1− p1)λi)t ≥
n∑
i=0

(1− (1− p2)λi)t,

=⇒
n∑
i=0

αi(1− (1− p1)λi)tD
1
2 ei

≥
n∑
i=0

αi(1− (1− p2)λi)tD
1
2 ei,

=⇒ sp1t ≥ s
p2
t

=⇒ (sp1t − ϵ) ≥ (sp2t − ϵ)

=⇒
(
sp1t − lim

t→∞
sp1t

)
≥
(
sp2t − lim

t→∞
sp2t

)
From the equation 2.21, it can be deduced that the limiting value of the state transition

probabilities is independent of p. Therefore, we can have limt→∞ sp1t = limt→∞ sp2t = ϵ for

any p1, p2 where ϵ denotes the vector of the stationary distribution of the random walk.

Hence, the theorem is proved.
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2.6 Appendix B

This section provides the details of the hyper-parameters used to reproduce the results.

2.6.1 Sampling Strategy

We adopt a simple and effective layer-wise sampling technique that prevents increasing the

exponential number of random paths. At the beginning of each layer, we initialize a parameter

that decides the maximum of how many neighbors of a node can be selected. For every layer,

the value of the parameter remains fixed for each node in the graph. The parameter is

increased to explore more graph topology and is decreased to restrict the number of random

paths.

We also introduce two random variables for layer-wise sampling, namely nsample and lrange.

The first one decides the maximum number of neighbors that will be selected for every node

in the graph. This value will be different for every layer. The second one indicates the

number of layers up to which the node-wise sampling will be performed. After that layer, the

sampling will be 1, i.e., only one neighbor will be randomly selected. So the default value of

nsample is 1.

The hyperparameters of the semi-supervised experiments are summarized in Table B.1.

Table B.2 reports the hyperparameters of the fully-supervised experiments. The ’layers’

denote the network depth where the algorithm performs best on the corresponding dataset.

Here, L2 represents the weight decay of the optimizer, and ’lr’ denotes the learning rate used

during the training.
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Table B.1: Hyperparameters for semi-supervised node classification experiments

Dataset Hyper-parameters

Cora
layers: 8, lrange: 4, nsample: 3, lr: 0.2,
dropout: 0.50, L2: 0.0005, hidden: 32

Citeseer
layers: 16, lrange: 4, nsample: 4, lr: 0.2,
dropout: 0.50, L2: 0.0005, hidden: 32

Pubmed
layers: 8, lrange: 3, nsample: 4, lr: 0.2,
dropout: 0.50, L2: 0.0005, hidden: 32

Coauthor CS
layers: 2, lrange: 2, nsample: 4, lr: 0.2,
dropout: 0.50, L2: 0.0005, hidden: 32

Coauthor Physics
layers: 8, lrange: 2, nsample: 4, lr: 0.2,
dropout: 0.50, L2: 0.0005, hidden: 32

Amazon Computers
layers: 8, lrange: 2, nsample: 4, lr: 0.2,
dropout: 0.50, L2: 0.0005, hidden: 32

Amazon Photo
layers: 32, lrange: 3, nsample: 4, lr: 0.2,
dropout: 0.50, L2: 0.0005, hidden: 32

Table B.2: Hyperparameters for fully-supervised node classification experiments

Dataset Hyper-parameters

Cora
layers: 8, lrange: 3, nsample: 3, lr: 0.2,
dropout: 0.50, L2: 0.00005, hidden: 64

Citeseer
layers: 8, lrange: 2, nsample: 3, lr: 0.2,
dropout: 0.50, L2: 0.00005, hidden: 64

Pubmed
layers: 8, lrange: 3, nsample: 3, lr: 0.2,
dropout: 0.50, L2: 0.00005, hidden: 64

Chameleon
layers: 16, lrange: 3, nsample: 3, lr: 0.02,
dropout: 0.50, L2: 0.00005, hidden: 64
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Chapter 3

Addressing Graph Heterophily via
Label-guided Graph Rewiring

Summary

Graph Neural Networks (GNNs) witness impressive performances on homophilic graphs char-

acterized by a higher number of edges connecting nodes of similar class labels. A decline in

the performance of GNNs can be experienced when applied to heterophilic graphs where most

of the edges connect nodes with different class labels. This study presents a novel and ver-

satile preprocessing framework comprising three fundamental stages. This framework can be

seamlessly integrated with various GNN architectures to address heterophily within graphs

effectively. In the initial stage, we predict class probabilities for nodes through a dense net-

work. It is widely acknowledged that conventional feature-based similarity measures, such as

cosine similarity, might not always accurately capture the correspondence between node pairs.

Moving to the second stage, we introduce a re-weighting strategy guided by class embeddings

generated from autoencoders to counter this limitation. In the final stage, we utilize the re-

weighted similarity coefficients in a two-stage graph rewiring process. This process involves

node deletion and subsequent insertion to generate a more homophily-oriented neighborhood.

We re-use class embeddings by fusing them with the original node features to enrich the node

features with class-level information. The updated node features and the rewired graph struc-

ture are ultimately fed into the GNN model. This facilitates effective message passing across

neighborhoods. We extensively evaluate our approach on various standard graph datasets en-

compassing homophilic and heterophilic characteristics. Across these datasets, our framework

consistently improves the performance of the established baseline methods.
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3.1 Introduction

Message Passing (MP) (Gilmer et al., 2017b) in Graph Neural Networks (GNNs) (Scarselli

et al., 2008), (Kipf and Welling, 2016), (Hamilton et al., 2017), (Wu et al., 2019), (Xu

et al., 2018a), (Frasca et al., 2020) involves passing information between nodes in a graph,

typically through a series of iterative steps, to update each node’s representation based on its

neighborhood structure and attributes. Message propagation performs best when adjacent

nodes share similar class labels, resulting in a homophily network. Thus, Graph Convolutional

Network (GCN) (Kipf and Welling, 2016), along with its well-known variants such as GAT

(Veličković et al., 2017), GraphSAGE (Hamilton et al., 2017), and SGC (Wu et al., 2019),

exhibits strong performance when the input graph is homophilic.

The efficacy of Message Passing-GNN (MP-GNN) is somewhat compromised when the

graph is heterophilic, i.e., when adjacent nodes have different class labels. In this scenario, the

direct application of message passing is not beneficial because it mixes disparate information

from the neighborhood. A potential remedy may come from one of the three directions:

(1) improving MP to tackle heterophily through the network (H2GCN (Zhu et al., 2020),

BM-GCN (He et al., 2022), HOG-GCN (Wang et al., 2022b), CPGNN (Zhu et al., 2021a),

ACM-GCN (Luan et al., 2022) etc.), (2) applying learnable similarity measures to control

the inflow of the messages from the neighborhoods (GPR-GNN (Chien et al., 2020), GGCN

(Yan et al., 2022), etc.), (3) altering the graph topology by rewiring with the similar distant

nodes (GPNN (Yang et al., 2022c), UGCN (Jin et al., 2021a), DHGR (Bi et al., 2022b) etc.).

The first two types of methods operate on the heterophilic graphs without rewiring the graph

topology. To some extent, those methods are successful, but the fixed graph topology restricts

the direct interaction with the distant neighbors, which may contain crucial information

(Pham et al., 2025). Those approaches cannot also provide an alternative view of the input

graph structure, leading to significant information loss.

Our aim aligns with the pursuit of optimizing graph rewiring to identify informative nodes

located distant from their respective central nodes. To achieve this meaningful rewiring, we in-

troduce a novel and adaptable preprocessing framework named Label-guided Graph Rewiring,

abbreviated as LGR. This framework is designed to seamlessly accommodate a diverse range

of Graph Neural Networks (GNNs). In the initial phase, a dense network is trained to pre-
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Figure 3.1: A study comparing the histograms between inter-class and intra-class feature
similarities for the Texas dataset. In a heterophilic graph, one would typically expect inter-
class similarity scores to be lower than intra-class similarity scores. However, the histograms
reveal a different pattern, indicating that traditional similarity functions may not accurately
capture the true relationships. This suggests a need for more advanced methods to measure
true edge similarity in the context of heterophilic graphs.

dict class probabilities for the nodes. Given that the standard similarity measure (like cosine

similarity) between the nodes may not be sufficient to decide the actual correspondence be-

tween the adjacent nodes. In the absence of the original ground-truth labels, the node class

probabilities facilitate interpretation of the edge connections. The justification of the edge

correspondence under the lens of cosine similarity culminates in the scenario demonstrated in

Figure 3.1. The experiment is conducted on the Texas dataset, where we categorize the edges

as (1) edges with both endpoints of the class label, say 2, and (2) edges with one endpoint

having class label 2 and another endpoint having any class other than 2. The edges from

the second category should have lower feature similarity values because the endpoints have

different class labels. However, the figure illustrates the reverse scenario where the histogram

of inter-class edges is almost identical to that of the intra-class edges. This supports the fact

that the feature similarity measure does not represent the relationship between the nodes.

On the other hand, the class embeddings are extracted from the autoencoders and combined

with the predicted class probabilities obtained from MLP to generate weighted class em-

beddings. The updated class representations are utilized to evaluate label-guided similarity

scores, which entail the information from both class probabilities and class embeddings. We

employ the label-guided scores to re-weight the standard similarity measures between the

nodes. The updated node similarity scores are utilized to modify the graph topology. We in-
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troduce a two-stage rewiring process where several lower similar nodes will be initially deleted

after including some higher similar nodes from the multi-hop neighborhoods. This two-stage

rewiring process generates an informative and homophily-prone neighborhood for effective

feature aggregation. Additionally, the weighted class embeddings are incorporated with the

original node features to provide class-specific knowledge. To the best of our knowledge, we

are the first to incorporate predicted class probabilities and autoencoder-based class embed-

dings to generate similarity scores in the context of heterophilic graphs. Also, our framework

offers provisions for both the inclusion and exclusion of nodes according to the similarity

scores, leveraging a more congenial network structure for message-passing. In the end-to-end

trainable architectures like (Wang et al., 2022b; He et al., 2022) where multiple losses are

combined to optimize, often requires proper balancing for faster convergence. In LGR, we

pursue the independent MLP, Autoencoder, and GNN training processes, obliterating the re-

quirement for balancing multiple loss functions. Additionally, we augment node features by

enriching them with class-level information. After the completion of the preprocessing steps,

the modified node features and rewired graph topology are fed into the MPNNs to estimate

the class labels of the nodes. Intuitively, the preprocessing stage converts the heterophilic or

homophilic input network to a more homophilic one, and GNN models can be easily applied

to the modified graph.

Contribution Our contributions can be succinctly summarized as follows:

• We introduce an efficient preprocessing framework, Label-guided Graph Rewiring (LGR),

adept at addressing homophilic and heterophilic graphs. Recognizing the limitations

of the conventional similarity measures in accurately identifying genuine node-pair re-

lationships, our framework addresses this challenge by assigning weights derived from

the combination of the predicted class probabilities from a dense network and class

representations from the autoencoder. To the best of our knowledge, we are the first

to incorporate predicted class probabilities and autoencoder-based class embeddings to

generate similarity scores in the context of heterophilic graphs.

• LGR incorporates a comprehensive two-stage graph rewiring process. It eliminates

redundant or less informative nodes and strategically includes pertinent long-distance

nodes, thereby imbuing the neighborhood with a heightened sense of homophily.
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• In end-to-end trainable architectures like (Wang et al., 2022b; He et al., 2022) where

multiple losses are combined to optimize, often proper balancing is required for faster

convergence. In LGR, we pursue the independent training processes of MLP, Autoen-

coder, and GNN, which obliterate the consolidation of multiple loss functions. We also

augment node features with class embeddings to provide rich class-level information.

• We offer extensive theoretical insights to understand the working mechanism of the

LGR framework.

• Our framework seamlessly lends itself to integration with a diverse array of GNN mod-

els, including prominent ones such as GAT (Veličković et al., 2017), GCNII (Chen et al.,

2020c), H2GCN (Zhu et al., 2020) etc. This integration allows for the efficient trans-

mission of messages within the graph, thereby preserving the inherent flexibility of our

proposed framework.

3.2 Proposed Method

3.2.1 Preliminaries

Consider an attributed graph G = (V, E) contains n = |V| is number of nodes and E ⊆ V ×V.

The feature matrix X ∈ Rn×d contains the node attributes of the graph where Xi denotes the

d-dimensional node features of ith node. The Y denotes the set of node labels of the graph,

and TV denotes the set of training nodes.

Node Homophily. It estimates the ratio between the number of same-class neighbor nodes

to all neighbors in the graph. Let us define Hn as

Hn =
1

|V|
∑
vi∈V

|{yj |yj ∈ Ni, Yj = Yi|}
|Ni|

. (3.1)

Edge Homophily. It measures the ratio between intra-class edges to the total number of

edges in the graph. Let us define He as following,

He =
|{(u, v)|(u, v) ∈ E , Yu = Yv}|

|E|
. (3.2)
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Figure 3.2: The complete workflow of LGR-GNN is elucidated, encompassing three prepro-
cessing steps: (1) the generation of a similarity matrix guided by class probabilities, (2) the
class embedding generator, and (3) the graph rewiring module. The feature matrix X is
multiplied by its transpose X⊤ to compute the similarity matrix. The class embeddings (Lc)
are generated from the autoencoder, and the predicted class probabilities are generated from
the MLP. The class embeddings are combined to produce weighted class embeddings (Z) and
later utilized to produce a label-guided similarity matrix T , which is subsequently employed
within the graph rewiring module. Furthermore, Lc’s are combined with the original node
features X. Finally, the modified node features and the rewired graph are plugged into the
Graph Convolutional Network (GCN) to predict the node labels.

From the above formulae, the higher value indicates the high homophily of the graph and

vice-versa. In this paper, we will consider the edge homophily ratio to measure the homophilic

or heterophilic properties of the graphs.

3.2.2 Problem Statement

We aim to perform node classification on the input G in the ambit of transductive and fully

supervised settings. The G can be either homophilic or heterophilic and contains a set of nodes

with class labels, which are tagged as the training set TV to streamline the training process

effectively. Solving the node classification is akin to designing a Fθ : (X,A) → Ỹ where

Ỹ denotes the predicted class labels. Our primary target is to propose a rewiring strategy

that tackles the graph heterophily. Suppose, a rewiring strategy is RG can be expressed
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as RG : (X,A) → (X,AR). Therefore, our final target is to devise a strategy such that

Fθ ◦ RG : (X,A)→ Ỹ .

3.2.3 Generation of Class Probabilities from MLP

This is the initial step of the proposed framework. We train a Multi-Layered Perceptron

(MLP) to evaluate the class probabilities for the nodes. The feature matrix X is provided

as input to the MLP without any information regarding the graph topology. The following

equation represents the softmax output of the nodes.

Y = softmax(σ(MLP(X |Θ))) ∈ Rn×C , (3.3)

where σ denotes the non-linear activation function, Θ denotes the learnable parameters of

the MLP, C is the distinct classes, and Y is the predicted class probabilities. The parameters

of the MLP are optimized by minimizing the following loss function computed over labels of

available training nodes.

LMLP =
∑
vi∈TV

F(Y i, Yi), (3.4)

where Y i and Yi denote the predicted label vector and the available ground-truth label for the

training node vi ∈ TV . F is the cross-entropy loss, and the loss is computed over all nodes in

the training set. In this context, we have both predicted class probabilities and ground truth

labels for nodes belonging to the training set TV and only class probabilities for the nodes

not in the training set. To maximize the utility of available ground-truth information, we

replaced the class probabilities of the training nodes with the respective one-hot encodings

and class probabilities remain unchanged for other nodes. Finally, we construct a label matrix

Ŷ as follows,

Ŷi =


Y i i ̸∈ TV

Yi i ∈ TV ,
(3.5)

where Yi denotes the one-hot representation for ith node.
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3.2.4 Class Embeddings by Autoencoder

We generate class embeddings using a shared autoencoder across all available class labels

in G. Class embeddings are the essence of the information regarding the classes. If nc is

the number of samples belonging to the class label c ∈ C, then the corresponding feature

matrix is denoted by Xc ∈ Rnc×d. The class-specific feature matrices are passed through

an Autoencoder to the latent space representation. The following equation represents the

output from the model

Lc = Enc(Xc |Φe) X ′
c = Dec(Lc |Φd), (3.6)

where X ′
c is the reconstructed output from the decoder part of the autoencoder. Lc ∈ RC×l

is the l-dimensional latent class representation generated from the encoder part from the

autoencoder. Φe and Φd denote the trainable parameters of the encoder and decoder part,

respectively. The parameters of the autoencoder are shared across all the class labels. The

autoencoder is trained to learn the corresponding class embeddings for each class label. The

training is completed by minimizing the loss function LAE as

LAE = MSE(Xc, X
′
c), (3.7)

where MSE denotes the mean square error. The learned class embeddings are augmented

with the node features to produce an augmented feature matrix X̂ ∈ Rn×(d+l). For the

node vi, the class embeddings are concatenated with the input node features. The following

equation represents the procedure.

X̂i = [Xi ||Lc] ∈ R(d+l), (3.8)

whereX ′
i and Lc denote the augmented features and corresponding latent class representation

where c represents the class label for node vi.
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3.2.5 Class Embeddings-guided Similarity Matrix

The class labels of the adjacent nodes are likely to depend on the similarity of the correspond-

ing node features. A common practice is to employ a cosine similarity measure to capture

node feature similarity. The feature similarity matrix, where Sij represents the similarity of

pair-wise node features, can be represented as,

Sij =
x⊤i xj
||xi||||xj ||

, (3.9)

where xi, xj are the node features of node vi and vj respectively and ||.|| denotes the Euclidean

norm. The interplay between the node labels and feature similarities can be further improved

by involving information on the predicted class probabilities obtained from the MLP. Initially,

we will estimate weighted class embeddings by the latent representation of classes generated

and the predicted class probabilities as,

Z = (ỸLc) ∈ Rn×l, (3.10)

where Lc denotes the class embeddings corresponding to class c. Z represents the weighted

combination of the class probabilities and class embeddings. If a node i ∈ TV , we will replace

Zi with its true class embeddings Lc obtained from the autoencoder where c is the class label

of node i. Conversely, if the node is out of the training set, then Zi will be kept unaltered,

which is the weighted version of the Lc, which is more informative because it captures the

weights learned from the MLP. Finally, we introduce the label-guided weight matrix T ∈ Rn×n

which is constructed in the following way,

T = softmax(ZZ⊤) ∈ Rn×n, (3.11)

where T contains weights for every pair of nodes, which depends not merely on the predicted

class labels but also on the latent class vectors. Thereby, the similarities of the node-pairs

are more enriched with information. We update the feature similarity matrix by performing

element-wise multiplication between S and T

S̃ = S ⊙ T. (3.12)

54



3. Addressing Graph Heterophily via Label-guided Graph Rewiring

The class embeddings-guided matrix S̃ contains the information of both feature similarity

along with the ground truth labels and predicted class labels. This approach mitigates the

sole dependence on the feature similarity measures. The S̃ will be considered to modify the

graph topology, vividly discussed in the next section.

3.2.6 Rewiring of the Graph Topology

Heterophilic graphs exhibit a higher count of heterophilic edges compared to homophilic

edges. To address this disparity, we modify the graph’s topology, thereby simultaneously

reducing the number of heterophilic connections and augmenting the homophilic edges. Our

approach involves a meticulous two-stage rewiring process encompassing edge deletion and

edge insertion, creating a fresh neighborhood around the nodes. The determinations guiding

this process stem from the class embeddings-enhanced similarity matrix S̃. To illustrate, let’s

consider a node vi and its associated neighborhood N (vi). Within this context, S̃vi ∈ Rn

signifies the array of similarity scores pertaining to n nodes within the graph of node vi.

Furthermore, we introduce two key variables: kt, which delineates the maximum number of

nodes permissible for addition to the neighborhood, and kb, designating the upper limit on

the number of nodes that can be excised from the neighborhood.

Edge Deletion: The nodes are deleted from the existing neighborhood depending on the

scores generated from S̃vi . The maximum kb number of nodes with the lowest scores are

selected. The set can be represented as Nd = {vj1 , vj2 , ·, vjkb}. The updated neighborhood

Ndeleted(vi) is represented as:

Ndeleted(vi) = N (vi) \ Nd. (3.13)

If kb ≥ |N (vi)|, then the Ndeleted(vi) = ϕ, that is, the node will be isolated in the graph. The

node insertion method tackles the extreme case, which we discuss in the next section.

Edge Insertion Similar nodes are inserted in the respective neighborhoods in this stage

to make the graph more homophilic. Similar and informative nodes are identified from

the high score values from S̃vi . The maximum kt number of nodes with higher scores are

selected for the insertion in the neighborhood. The set of newly added nodes are presented
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as Na = {vm1 , vm2 , ·, vmkt}. After node addition the updated neighborhood will Nadded(vi)

be

Nadded(vi) = Ndeleted(vi) ∪ Na. (3.14)

Finally, we define the updated neighborhood as N (vi) = Nadded(vi). The rewired neigh-

borhoods contain more similar nodes than the dissimilar ones, which makes the graph more

homophilic. It is noteworthy that our two-stage rewiring process produces neighborhoods

that respect the original ones. Assume a node similar to the centering node might be present

in the set of similar nodes retained during the inclusion process. Concurrently, a dissimilar

node of the centering node might be discarded if it is present in the set of dissimilar nodes.

This mode of inclusion and exclusion facilitates the generation of neighborhoods derived from

the original graph topology, which is prone to be more homeopathic than the previous ones.

Theorem 3.1. For any vertex v in the G with neighborhood is Nv with edge homophily ratio

h and |Nv| = d. Define m as the number of neighbors with identical class labels as the label

of v. After applying the LGR framework. the updated neighborhood became N ′
v with modified

edge homophily ratio h′. Assume ht and hb are the respective probabilities for selecting nodes

of the class label of v according to the similarity scores obtained from MLP and autoencoder.

Consider kt and kb as the number of nodes chosen for inclusion and exclusion, respectively.

Therefore, if kt
kb
>
(
dhb−m
dht−m

)
, then we have h′ > h implies the homophily ratio will increase

for the rewired neighborhood in G.

Proof. See in Appendix 3.5

3.2.7 Integrating with MP-GNNs

After the completion of the pre-processing stage, we obtained a rewired graph Ĝ = (X̂, Â)

where X̂ and Â denote the class embedding-augmented feature matrix and rewired adjacency

matrix. Assume D̂ is the degree matrix of the rewired graph. We introduce a multi-layered

Graph Neural Network (GNN) where layer-wise transformation is defined as follows

H(m+1) = σ(GNN(Â,H(m),W (m))), (3.15)

56



3. Addressing Graph Heterophily via Label-guided Graph Rewiring

whereH(m+1) denotes the transformed node features at (m+1)th layer, H(0) = X̂,W (m) is the

parameterized transformation at the mth layer where l varies from [0,M−1], and σ denotes a

non-linear activation function. Notably, the equation applies to any GNN architecture where

our framework can easily fit.

Table 3.1: Details of the standard homophilic and heterophilic graph datasets are presented.

Homophilic graphs Heterophilic graphs
Datasets Cora Citeseer Pubmed Cornell Texas Wisconsin Actor Squirrel Chameleon

Nodes 2808 3327 19717 183 183 251 7600 5201 2277
Edges 5429 4732 44338 295 309 499 33544 198493 36101
Features 1433 3703 500 1703 1703 1703 931 2089 2325
Classes 7 6 3 5 5 5 5 5 5
Hn 0.82 0.71 0.79 0.11 0.10 0.13 0.21 0.22 0.25
He 0.81 0.74 0.80 0.13 0.11 0.20 0.22 0.22 0.23

3.2.8 Training and Loss optimization

Our proposed framework has three key stages: (1) training of MLP, (2) training of autoen-

coder, and (3) training of GNN. The architectures mentioned above, MLP, autoencoder, and

GNN, are trained independently with the available node labels in the training set. The loss

terms are not summed up but optimized independently, removing the overhead of balancing

them during training. This is in stark contrast with the end-to-end trainable architectures.

Finally, the loss of the GNN can be represented as follows

LGCN =
∑
i∈TV

f(HM
i , Yi), (3.16)

where HM is the output of the last layer of the GNN, Yi is the ground-truth label of the

ith training instance and f is the CrossEntropy loss function which is widely used for the

training of the GCN architecture. The independent optimization of the different components

ensures the flexibility of the framework to incorporate with any MP-GNNs.
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3.3 Experiments

3.3.1 Details of the Datasets

We consider 3 standard homophilic graphs from (?) and 6 standard heterophilic graphs (Pei

et al., 2020) to evaluate the performance of our proposed framework. Additionally, we also

include 5 newly proposed heterophilic graphs from (Platonov et al., 2023) to conduct the

experiments. The details of the standard datasets are provided in Table 3.1. The details of

the new datasets can be found in Table 3.9 and refer to Section 3.6.1 in the Appendix 3.6.

WebKB Datasets This dataset comprises three networks - Cornell, Texas, and Wisconsin.

Each node in these networks represents a web page, and its features consist of bag-of-words

representations. The edges between nodes indicate hyperlinks connecting the web pages.

Class labels are assigned to each node, representing categories such as students, staff, faculty,

project, and course.

Actor Dataset : The Actor dataset is obtained from film-director-actor-writer networks.

Nodes in this network represent actors, and edges exist between two actors if there is a co-

occurrence of them on the same Wikipedia page. Node feature vectors are created using

bag-of-word representations of the keywords found on the actors’ web pages. Each node

is assigned a class label based on information obtained from the actor’s Wikipedia page,

categorizing them into five classes.

Wikipedia Datasets: In this dataset, we only focused on the Squirrel network, which

represents Wikipedia pages. Nodes in this network correspond to individual web pages, and

edges denote connections between them. The node features are derived from the bag-of-words

representations of nouns on the respective pages. Each node is assigned a class label based

on the average monthly traffic received by its corresponding web page.

Citation Datasets: We included three citation networks from the Planetoid dataset - Cora,

Citeseer, and Pubmed. In these networks, nodes represent papers, and edges indicate citation

relationships between them. Node features are derived from the bag-of-word representations

of paper titles and abstracts. Each node is assigned a class label representing a specific

academic topic. These citation networks are homophilic in nature, whereas the former three

types of datasets exhibit a highly heterophilic nature. For a more detailed description of

the datasets, please refer to Table 3.1, which provides additional information regarding their
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specific characteristics.

Table 3.2: The mean test accuracy and standard deviations of the various GNN models
preprocessed by the LGR framework on heterophilic graphs are presented. The best results
are boldfaced, and average gains are highlighted in green.

Methods Variant Cornell Texas Wisconsin Chameleon Squirrel Actor

GCN

vanilla 46.48 ± 7.72 62.70 ± 5.51 56.07 ± 5.49 42.14 ± 2.07 29.75 ± 0.84 29.03 ± 1.03
SDRF 48.10 ± 8.52 61.89 ± 4.59 62.15 ± 6.32 56.66 ± 1.41 35.36 ± 1.09 31.02 ± 0.70
FoSR 45.40 ± 6.48 63.51 ± 5.30 54.11 ± 6.57 38.94 ± 2.41 29.63 ± 0.68 29.12 ± 1.27
Drew 50.00± 6.76 59.73± 3.51 54.31± 9.49 43.79± 2.02 32.43± 0.77 27.98± 1.01

LGR (Ours) 85.40 ± 5.43 85.13 ±6.53 89.21 ± 4.22 69.51 ± 6.97 61.14 ± 4.47 61.05 ± 3.26

GAT

vanilla 48.37 ± 5.59 58.91 ± 4.32 55.68 ± 5.89 34.14 ± 5.61 25.91 ± 2.47 27.41 ± 0.98
SDRF 50.81 ± 7.13 63.24 ± 6.85 55.88 ± 4.82 60.76 ± 11.00 59.99 ± 2.01 26.70 ± 2.12
FoSR 46.75 ± 5.54 59.45 ± 4.68 53.92 ± 7.08 28.90 ± 2.23 25.36 ± 3.35 27.31 ± 1.06
Drew 45.68± 8.84 59.19± 4.59 60.39± 11.22 42.24± 1.26 30.61± 1.50 28.61± 0.84

LGR (Ours) 85.67 ± 5.67 83.78 ± 5.12 88.03 ± 3.44 69.82 ± 7.15 60.73 ± 6.36 61.25 ± 7.55

APPNP

vanilla 39.45 ± 9.06 50.81 ± 19.48 50.39 ± 7.49 25.28 ± 4.60 21.39 ± 1.35 25.74 ± 1.31
SDRF 46.48 ± 6.25 55.13 ± 13.73 46.86 ± 9.17 35.87 ± 3.42 23.95 ± 3.27 25.38 ± 1.08
FoSR 40.00 ± 7.23 58.10 ± 7.27 50.39 ± 6.68 22.58 ± 2.59 21.70 ± 1.48 27.00 ± 0.98
Drew 73.51± 5.38 70.00± 11.42 86.08± 3.87 47.08± 2.29 29.87± 1.40 35.99± 1.02

LGR (Ours) 82.97 ± 3.83 79.72 ± 17.85 87.25 ± 3.42 69.21 ± 6.86 57.57 ± 1.80 52.64 ± 2.33

GCNII

vanilla 52.43 ± 9.29 51.35 ± 22.41 44.47 ± 8.72 40.87 ± 1.54 30.90 ± 1.65 34.49 ± 0.91
SDRF 42.70 ± 10.99 51.62 ± 17.28 59.99 ± 18.20 60.92 ± 2.53 42.54 ± 2.55 33.41 ± 1.02
FoSR 44.32 ± 4.39 59.18 ± 4.43 51.37 ± 7.00 48.17 ± 1.72 30.46 ± 1.18 34.25 ± 0.77
Drew 61.08± 12.10 62.70± 6.14 74.12± 4.54 43.38± 3.09 31.98± 1.23 34.66± 1.12

LGR (Ours) 89.54 ± 5.89 86.48 ± 5.79 89.01 ± 3.43 69.18 ± 6.96 60.86 ± 3.38 61.26 ± 2.55

GPRGNN

vanilla 73.24 ± 10.63 72.97 ± 13.45 79.41 ± 9.08 24.25 ± 1.88 30.11 ± 1.90 28.76 ± 2.71
SDRF 63.78 ± 10.89 72.16 ± 8.72 81.17 ± 6.08 53.64 ± 9.23 38.01 ± 3.70 27.10 ± 2.38
FoSR 73.51 ± 4.49 72.97 ± 10.74 77.25 ± 7.75 30.21 ± 7.22 30.10 ± 2.08 28.63 ± 2.95
Drew 66.76± 5.55 69.19± 7.37 76.86± 5.25 43.29± 1.78 32.56± 1.82 34.72± 0.42

LGR (Ours) 85.94 ± 6.01 84.32 ± 7.63 87.84 ± 5.02 69.42 ± 6.91 50.67 ± 3.59 55.84 ± 4.08

H2GCN

vanilla 64.86 ± 4.68 71.08 ± 3.83 71.17 ± 5.68 49.14 ± 1.93 33.31 ± 1.18 32.14 ± 0.52
SDRF 60.54 ± 5.56 65.67 ± 6.62 60.78 ± 10.63 72.06 ± 2.32 62.98 ± 1.53 27.81 ± 1.89
FoSR 65.40 ± 4.32 67.83 ± 3.90 71.76 ± 5.76 47.47 ± 2.65 33.26 ± 0.67 30.83 ± 1.89
Drew 52.70± 7.28 62.16± 4.19 54.90± 6.74 40.24± 2.04 32.58± 1.18 33.28± 0.99

LGR (Ours) 85.13 ± 5.82 86.75 ± 6.67 88.03 ± 3.21 69.67 ± 7.02 60.82 ± 1.45 61.42 ± 2.69

Avg Gain - 23.39 17.11 15.62 10.95 13.84 25.86

3.3.2 Experimental Setup

We run experiments on 9 standard datasets, including 6 heterophilic and 3 homophilic

graphs. Each dataset has 10 different splits, which are curated by Pei et al (Pei et al.,

2020) where the ratio of the train/validation/test sets are 60%, 20%, 20% respectively. For

new 5 heterophilic datasets (Platonov et al., 2023), there are 10 splits with 50%, 25%, 25% for

train/validation/test respectively. The whole pipeline is comprised of three key neural net-

works: (1) MLP, (2) Autoencoder, and (3) GNN model. Each of them is trained separately,

and the results are utilized sequentially. In each module, we employ ReLU activation between

the hidden layers. We also use Dropout to facilitate the faster convergence of the training.
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The model parameters are optimized by Adam optimizer. We report the mean test accuracy

after averaging the results obtained from all splits across the standard datasets. For the new

datasets, we report mean test accuracy for Roman-empire and Amazon-ratings and mean

ROC-AUC for Minesweeper, Tolokers, and Questions after averaging results obtained from

all splits. Further details on the hyperparameters are vividly discussed in Supplementary

Section I. We implement the framework by using Pytorch and Pytorch-Geometric packages,

and the code is available at https://github.com/kushalbose92/LGR-GCN/tree/main.

3.3.3 Discussion on Results

We conduct comprehensive experiments on a set of 3 homophilic networks and 6 heterophilic

networks. We also include more 5 heterophilic graphs curated by (Platonov et al., 2023)

to validate the efficacy of LGR. In conjunction with LGR, we integrate six models as GCN

(Kipf and Welling, 2016), GAT (Veličković et al., 2017), APPNP (Klicpera et al., 2018),

GCNII (Chen et al., 2020c), GPRGNN (Chien et al., 2020), and H2GCN (Zhu et al., 2020)

to showcase the versatile adaptability of our framework. Detailed quantitative assessments

are compiled in Tables 3.2, 3.3, and 3.5. We compare the performance of LGR with three

widely adopted rewiring strategies, namely SDRF (Topping et al., 2021b), FoSR (Karhadkar

et al., 2022), and Drew (Gutteridge et al., 2023), to demonstrate the prowess of the proposed

rewiring framework. The GNN models are grouped into two distinct categories: the first

category, tailored for homophilic graphs, encompasses models such as GCN, GAT, GCNII,

and APPNP. The second category, dedicated to well-adopted heterophilic networks, features

H2GCN and GPRGNN.

The results show that the performance of the base models improved with commendable

margins when input graphs were preprocessed with the LGR framework. We employ average

gain (Bi et al., 2022b) as the yardstick to measure the improvements on multiple datasets,

comparing with the SDRF and FoSR. The proposed framework shows higher average gains

across different heterophilic datasets, especially for Actor and Cornell datasets. LGR per-

forms excellently on dense graphs like Chameleon, Squirrel, and Actor networks. The dense

graphs often suffer from oversquashing (Alon and Yahav, 2020), which seems to be alleviated

by the LGR framework by applying efficient rewiring of the graph topology. The framework

becomes efficacious even for the homophilic networks where average gains show an uptick.
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Specifically, methods like GCN, GAT, APPNP, and GCNII, designed for homophilic net-

works, enjoy the benefits of rewiring by the LGR framework, showing a significant outcome.

We also observed performance improvements on the datasets obtained from (Platonov et al.,

2023). Platonov identified issues in the standard datasets like Chameleon or Squirrel; the

new heterophilic graphs are free from such issues. We also observed performance gains in

those datasets and outperformed other contenders across every dataset. The results suggest

that our proposed framework is readily adaptable to any preferred GNN model, tailored for

both homophilic and heterophilic graphs.

Table 3.3: The mean test accuracy and standard deviations of the various GNN models
preprocessed by the LGR framework on homophilic graphs are presented. The best results
are boldfaced, and the average gains per model are highlighted in green.

Methods Variant Cora Citeseer Pubmed

GCN

vanilla 86.47 ± 1.20 76.25 ± 1.49 87.77 ± 0.47
SDRF 86.90 ± 1.13 76.32 ± 1.64 86.82 ± 0.57
FoSR 86.78 ± 1.43 76.22 ± 1.69 86.81 ± 0.55
Drew 76.42± 9.00 71.91± 2.62 OOM

LGR (Ours) 87.74 ± 1.29 76.78 ± 1.36 88.07 ± 0.34

GAT

vanilla 81.01 ± 8.13 69.59 ± 6.53 77.40 ± 5.61
SDRF 33.03 ± 6.71 55.60 ± 7.28 63.91 ± 3.31
FoSR 31.34 ± 2.99 54.90 ± 8.65 64.02 ± 3.36
Drew 74.25± 11.03 68.53± 5.45 OOM

LGR (Ours) 86.01 ± 1.42 75.79 ± 1.84 87.33 ± 0.51

APPNP

vanilla 83.59 ± 6.69 70.77 ± 11.02 75.07 ± 5.16
SDRF 35.01 ± 7.48 38.31 ± 7.48 73.32 ± 5.14
FoSR 37.24 ± 9.92 35.04 ± 8.80 75.74 ± 6.42
Drew 74.25± 1.75 72.07± 2.01 OOM

LGR (Ours) 86.80 ± 1.37 76.74 ± 1.51 87.56 ± 0.42

GCNII

vanilla 83.58 ± 1.58 71.07 ± 21.02 88.32 ± 0.35
SDRF 86.46 ± 0.88 73.68 ± 1.71 89.48 ± 0.53
FoSR 86.31 ± 1.02 73.37 ± 1.79 89.45 ± 0.43
Drew 83.58± 2.84 72.56± 4.64 OOM

LGR (Ours) 84.38 ± 1.57 76.08 ± 1.76 88.52 ± 0.26

GPRGNN

vanilla 80.56 ± 3.86 74.75 ± 13.67 78.05 ± 8.04
SDRF 32.27 ± 5.39 33.81 ± 14.05 77.94 ± 9.66
FoSR 35.51 ± 7.28 33.92 ± 9.76 81.38 ± 6.35
Drew 84.53± 1.40 72.59± 1.60 88.07± 0.52

LGR (Ours) 86.23 ± 1.08 76.61 ± 1.69 88.21 ± 0.28

H2GCN

vanilla 80.66 ± 3.13 73.62 ± 6.07 86.62 ± 0.39
SDRF 36.53 ± 14.81 35.25 ± 11.78 85.80 ± 0.54
FoSR 37.60 ± 15.47 33.68 ± 9.66 85.91 ± 0.70
Drew 84.63± 1.31 73.19± 1.78 OOM

LGR (Ours) 81.99 ± 2.71 75.22 ± 2.24 88.31 ± 0.47

Avg Gain - 1.005 2.865 3.820
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Table 3.4: Results of the ablation study performed on the Squirrel dataset for various com-
ponents of LGR-GCN in terms of mean and standard deviation of the test accuracy

Dataset Class Embedding Graph Rewiring Label-guided Similarity Matrix Test Accuracy

Squirrel

✓ 24.25±3.94
✓ 30.77±1.57
✓ ✓ 53.73±1.61

✓ ✓ 60.15±10.71
✓ ✓ ✓ 61.14±10.47

3.3.4 Effect of kt and kb on LGR framework

The effectiveness of the rewired neighborhood in the graph hinges on two key variables kt

and kb. We experiment to study their effect on the graph rewiring and performance of the

underlying GCN. We consider one homophilic graph, Citeseer, and one heterophilic graph,

Squirrel, to conduct the experiment. Refer to Figure 3.3 for the detailed portrayal of the

effect on the performance by choosing different sets of kt and kb on both homophilic and

heterophilic networks. In the case of Citeseer, when kb increases, akin to deleting nodes

from the neighborhood, it degrades performance. Conversely, when kt increases, the addition

of non-adjacent nodes improves the performance. Citeseer is a homophilic network where

deleting nodes from a 1-hop neighborhood incurs information loss, and the addition of similar

non-adjacent nodes enriches the neighborhood with more homophilous nodes. Conversely,

deletion and insertion favor the model performance in heterophilic networks like Squirrel.

An increasing value of kb removes the non-informative nodes from the neighborhood and an

increase of kt yields the addition of the higher-order neighbors, improving the overall model

performance. The experiment underscores the necessity of graph rewiring while dealing with

heterophily networks.

3.3.5 Ablation Study

We perform an ablation study on the Squirrel dataset to justify the importance of individ-

ual components in the proposed framework. The study is executed by employing LGR with

GCN backbone. LGR consists of three key components, namely (1) class embeddings-guided

similarity coefficients, (2) generation of learnable class embeddings, and (3) two-stage graph

rewiring. The component-wise ablation is presented in Table 3.4, where we report results for

every meaningful possible combination of components in the framework. The effect of indi-
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Citeseer Squirrel

Figure 3.3: The effect of kb and kt on the performance of the LGR framework on Citeseer
and Squirrel datasets.

Table 3.5: The performance of the various GNN models preprocessed by the LGR framework
on heterophilic graphs from (Platonov et al., 2023) are presented. For Roman-empire and
Amazon-ratings average test accuracy and for Minesweeper, Tolokers, and Questions average
ROC-AUC are reported with the standard deviation. The best results are boldfaced and also
average gains are highlighted in green. OOM represents out of memory.

Methods Variant Roman-empire Amazon-ratings Minesweeper Tolokers Questions

GCN

vanilla 77.42± 0.67 40.44± 1.80 89.29± 0.51 79.27± 0.89 75.09± 1.01
SDRF 73.25 ± 0.89 38.91 ± 1.92 89.32 ± 0.57 77.87 ± 0.13 75.12 ± 3.45
FoSR 77.45 ± 0.65 40.26 ± 1.69 89.39 ± 1.34 74.06 ± 2.31 65.72 ± 4.85

LGR (Ours) 79.46 ± 0.65 42.88 ± 1.35 90.45 ± 0.49 83.17 ± 1.11 76.99 ± 0.90

GAT

vanilla 54.31± 1.31 42.18± 4.36 78.32± 2.30 76.53± 1.74 67.48± 5.31
SDRF 53.65 ± 1.73 42.08 ± 0.54 77.34 ± 1.61 77.81 ± 1.37 67.23 ± 3.67
FoSR 54.23 ± 1.99 42.20 ± 4.32 78.17 ± 2.22 76.75 ± 1.48 69.59 ± 6.08

LGR (Ours) 57.14 ± 1.23 42.33 ± 4.34 80.43 ± 2.58 79.76 ± 2.22 70.10 ± 6.55

APPNP

vanilla 61.09± 0.35 41.95± 3.11 67.33± 1.03 69.07± 3.12 52.25± 2.18
SDRF 63.05 ± 0.82 41.24 ± 2.34 69.41 ± 1.31 69.77 ± 3.43 52.21 ± 2.04
FoSR 61.07 ± 0.42 41.32 ± 3.12 67.37 ± 1.02 69.08 ± 2.52 52.11 ± 2.69

LGR (Ours) 66.10 ± 1.51 43.99 ± 3.31 71.32 ± 1.03 70.26 ± 2.33 53.39 ± 1.40

GCNII

vanilla 67.97± 17.98 34.31± 8.76 77.37± 1.45 79.25± 1.17 77.79± 0.99
SDRF 66.71 ± 1.31 34.12 ± 7.59 77.14 ± 0.96 79.17 ± 1.52 77.78 ± 0.56
FoSR 67.92 ± 1.96 34.36 ± 8.99 75.40 ± 1.58 79.27 ± 1.71 77.81 ± 1.05

LGR (Ours) 68.11 ± 1.05 34.63 ± 8.95 79.10 ± 1.77 79.58 ± 0.79 77.93 ± 0.82

GPRGNN

vanilla 73.82± 0.58 36.93± 0.25 86.00± 8.63 75.06± 1.83 73.21± 1.61
SDRF 75.98 ± 0.75 36.56 ± 2.16 88.18 ± 0.44 77.67 ± 2.07 73.47 ± 1.18
FoSR 75.70 ± 0.50 37.51 ± 2.07 88.75 ± 1.21 73.51 ± 2.73 73.34 ± 1.71

LGR (Ours) 78.44 ± 1.18 39.72 ± 2.24 89.43 ± 1.29 78.03 ± 1.51 73.61 ± 1.57

H2GCN

vanilla 81.07± 0.33 37.10± 0.38 90.59± 0.41 82.26± 1.11 OOM
SDRF 81.14 ± 0.57 37.91 ± 0.82 90.56 ± 0.33 82.35 ± 1.87 OOM
FoSR 80.97 ± 0.40 37.12 ± 0.43 90.51 ± 0.38 82.09 ± 1.07 OOM

LGR (Ours) 83.88 ± 0.52 38.83 ± 2.68 90.64 ± 0.35 82.81 ± 1.11 OOM

Avg Gain - 2.21 1.34 1.26 1.25 0.76

63



3. Addressing Graph Heterophily via Label-guided Graph Rewiring

vidual components yields poor performance. For example, the augmenting class embeddings

record degrading performance. The performance gradually improves when multiple compo-

nents are involved in the framework. The graph rewiring and the class embeddings-guided

similarity matrix boost the performance with a good margin. The incorporation of the class

embeddings also plays a crucial role in the superior performance of the proposed method.

Finally, the best result is obtained when all components are involved in the framework.

Therefore, we show the utility of individual components in the proposed framework.

GCN Simp-GCN RAW-GNN BM-GCN LGR-GCN

Figure 3.4: Node embeddings of the Squirrel dataset generated by different popular baselines
are presented. Among all, the LGR-GCN generates more well-formed clusters with better
class boundaries compared to others.

3.3.6 Comparative Study of the Node Embeddings

We perform a comparative study on the node embeddings of the Squirrel dataset with our

proposed approach, LGR-GCN, along with four other state-of-the-art methods: GCN, Simp-

GCN, RAW-GNN, and BM-GCN. The node embeddings are generated using t-SNE with the

provided hyperparameters. Figure 3.4 denotes the node embeddings where individual colors

denote the ground-truth labels. As GCN is well-suited to homophilic datasets, the node

embedding contains nodes with mixed colors. Thus, GCN forms a poor cluster structure and

cluster boundaries are not visible. More advanced methods like Simp-GCN perform better

than GCN, but they are still incapable of capturing cluster structure. In the case of RAW-

GNN or BM-GCN, both exhibit good cluster formation without visible clustering boundaries.

In our method, LGR-GCN preserves the cluster structure with a high separation among the

clusters, which guarantees the effectiveness of our approach.
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3.3.7 Effect on Homophily Ratio after Graph Rewiring

The graph rewiring is the key module of our proposed framework, which makes the neigh-

borhood more homophily-dominant. We conduct experiments on four heterophilic datasets,

Squirrel, Actor, Texas, and Cornell, and three homophilic datasets, Cora, Citesser, and

Pubmed, respectively. After applying the rewiring procedure, the edge homophily ratios of

all four heterophilic datasets increased, which is evident in Figure 3.5. The corresponding

homophily ratio remains almost unaltered with the rewiring process. The two-stage rewiring

strategy enables the inclusion of similar nodes and the exclusion of dissimilar nodes, increas-

ing the homophily ratio. For the homophilic networks, the LGR framework introduces more

similar nodes and discards dissimilar nodes, which makes the homophily ratio higher. There-

fore, the proposed rewiring technique successfully transforms the neighborhoods into more

homophily-oriented. The rewired networks become more suitable for applying the GNNs.

Squirrel Actor Cornell Texas Cora Citeseer Pubmed
0.0

0.2

0.4

0.6

0.8

1.0

Ho
m

op
hi

ly

Before rewiring
After rewiring

Figure 3.5: The effect on homophily ratio after applying LGR on four heterophilic and
three homophilic graphs are presented. LGR framework effectively converts the heterophilic
neighborhoods into more homophilic ones and also maintains the homophily neighborhoods
for the respective homophilic graphs.

3.3.8 Visualization of Class Compatibility Matrix

We presented class compatibility matrices of both datasets, Citeseer and Squirrel in Figure

3.6. The class compatibility matrix denotes the connection patterns among the different sets

of classes in the graph. The heatmap for Citeseer suggests that the higher values along the

diagonal elements are compared to other non-diagonal entries. This signifies the rewired graph

contains a higher number of intra-edge connections. On the contrary, a different trend can
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Citeseer Squirrel

Figure 3.6: The heatmaps for the Citeseer and Squirrel datasets are demonstrated. In both
cases, the number of inter-class edges reduces and intra-class edges increase, which highlights
the purpose of the LGR framework.

be observed in the compatibility matrix of Squirrel. The LGR framework removes the major

portion of inter-class edges and efficiently rewires the graph to emphasize on the intra-class

edges. Additionally, almost all non-diagonal elements are zero which portrays the declining

numbers of inter-class edges in the rewired graph. However, the framework retains some of

the inter-class edges which seems to be informative. Hence, the overall increasing number of

intra-class edges assists in ensuring effective message propagation across the graph.

3.3.9 Robustness of LGR framework

We verify the robustness of the model by infusing two types of noise described as the following

Feature-level Noise A random Gaussian noise with mean 0 and standard deviation 0.01

is added with the node features of the input graph. The following equation represents the

feature-level noise addition

XN = X + nfN(0, 0.01), (3.17)

where nf denotes the weight of the noise added to the node features.

Structure-level Noise There are two different ways to incorporate structure-level noise in

the graph such as (1) the insertion of edges within the non-adjacent nodes and (2) the deletion

of the edges from the adjacent nodes. Define two fractions namely fi and fd indicate the

fraction of the total edges to be deleted or inserted respectively. Let, |E| be the total number

of edges. Therefore, after edge insertion (deletion) the new set of edges is EN = E ∪Ei or E Ed
where Ei, Ed denotes the set of edges added and deleted respectively. Furthermore, we have
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Figure 3.7: Performances of LGR on Squirrel paired with GCN, with the variation of both
feature-level and structure-level noise, are presented. The results suggest that LGR is robust
to structural noise rather than feature-level noise.

|Ei| = fiE and |Ed| = fdE .

Experimental Setup: We applied two types of noise simultaneously on the Squirrel dataset

to validate the resilience of the LGR framework paired with GCN. For the feature-level noise,

we vary nf , and for every level of feature-level noise, we perform experiments on edge insertion

and deletion separately with varying fi, fd. Refer to Figure 3.7 for a detailed view of the

response of LGR to different noise levels. LGR exhibited resilience to the structural noise,

but it showed some weaker performances for the feature-level noise. As our primary objective

is to rewire the graph, it is justified for such performance with noisy features.

Table 3.6: The performance of various GNN models coupled with the LGR framework applied
to six heterophilic graphs and performances are analyzed in terms of F1-score and AUROC.
The best results are boldfaced.

Model Chameleon Squirrel Actor Cornell Texas Wisconsin

F1-score AUROC F1-score AUROC F1-score AUROC F1-score AUROC F1-score AUROC F1-score AUROC

GCN 0.44±0.02 0.72±0.01 0.29±0.01 0.58±0.01 0.28±0.01 0.56±0..01 0.47±0.05 0.63±0.03 0.61±0.03 0.55±0.06 0.60±0.06
GCN + LGR 0.70±0.07 0.82±0.04 0.61±0.09 0.77±0.06 0.60±0.01 0.78±0.05 0.84±0.07 0.90±0.04 0.84±0.06 - 0.87±0.05 0.91±0.05

GAT 0.30±0.02 0.75±0.01 0.23±0.03 0.59±0.08 0.28±0.01 0.59±0.09 0.45±0.05 0.69±0.05 0.59±0.05 0.57±0.05 0.74±0.04
GAT + LGR 0.70±0.07 0.83±0.04 0.61±0.09 0.78±0.06 0.60±0.10 0.80±0.05 0.85±0.05 0.92±0.04 0.85±0.06 - 0.88±0.03 0.92±0.03

APPNP 0.28±0.05 0.61±0.02 0.22±0.01 0.54±0.03 0.25±0.01 0.53±0.01 0.34±0.11 0.62±0.05 0.56±0.11 0.50±0.09 0.60±0.05
APPNP + LGR 0.69±0.07 0.83±0.04 0.61±0.09 0.78±0.06 0.60±0.10 0.80±0.06 0.80±0.05 0.89±0.04 0.84±0.07 - 0.85±0.03 0.91±0.05

GPRGNN 0.35±0.08 0.62±0.03 0.27±0.02 0.56±0.03 0.34±0.07 0.65±0.04 0.65±0.12 0.83±0.09 0.75±0.09 0.75±0.11 0.88±0.09
GPRGNN + LGR 0.68±0.07 0.82±0.05 0.58±0.12 0.78±0.06 0.61±0.1 0.79±0.06 0.85±0.06 0.90±0.04 0.87±0.06 - 0.86±0.03 0.91±0.04

GCNII 0.41±0.02 0.69±0.01 0.31±0.01 0.61±0.01 0.34±0.06 0.64±0.01 0.53±0.11 0.74±0.06 0.62±0.05 0.56±0.11 0.69±0.11
GCNII + LGR 0.70±0.07 0.83±0.05 0.61±0.09 0.78±0.05 0.61±0.1 0.79±0.05 0.85±0.06 0.91±0.03 0.85 ±0.05 - 0.89±0.03 0.94±0.03

H2GCN 0.42±0.04 0.71±0.01 0.31±0.01 0.58±0.01 0.30±0.02 0.58±0.02 0.59±0.11 0.74±0.05 0.60±0.04 0.61±0.09 0.71±0.09
H2GCN + LGR 0.70±0.07 0.84±0.04 0.60±0.09 0.78±0.06 0.61±0.09 0.80±0.05 0.85±0.05 0.91±0.03 0.84±0.07 - 0.89±0.04 0.93±0.03

3.3.10 Sensitivity Analysis on Various GNN Architectures

LGR framework is applied to the Squirrel dataset coupled with different configurations of

GNN architectures as presented in Table 3.7. We include an improved version of GCN and

GAT with different attention heads to showcase the performance variations. Increasing self-
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loops in GCN (A+2I) deteriorated the performance. On the contrary, increasing the number

of attention heads yields a performance gain.

Table 3.7: Performance of LGR paired with different GNNs configurations on Squirrel is
presented.

GNN Configurations Accuracy

GCN (A + I) 60.73± 6.36

GCN (A+2I) 55.47± 5.94
GAT (h=4) 61.24± 4.89
GAT (h=8) 61.00± 3.82
GAT (h=16) 61.12± 4.85

3.3.11 Comparative Study on Multiple Evaluation Metrics

We conducted a study to assess the performance of the LGR framework by considering two

other metrics, namely F1-score and AUROC, apart from test accuracy. LGR, coupled with

six GNN models, was applied to six standard heterophilic graphs. Refer to Table 3.6 to

visualize the performance analyses of LGR. The underlying GNN models performed better

for both metrics when the input graph was rewired with the LGR framework. Note that

the standard test mask of Texas does not contain nodes that cover all class labels; therefore,

AUROC estimation is not feasible for the Texas dataset.

3.3.12 Visualization of the Rewired Graph

An experiment is performed to study the effects of applying the two-stage framework on

Squirrel. Refer to Figure 3.8 to visualize the difference in the edge connectivity between

the input graph and the rewired graph. Squirrel is a dense graph with a lower homophily

ratio. The rewiring framework effectively drops all irrelevant edges and rewires the network

topology, which seems conducive to message passing.

3.3.13 Visualization of Degree Distribution and Clustering Coefficients

We studied the alteration of the degree distribution of the input graph and the rewired graph

after applying LGR on three datasets Squirrel, Chameleon, and Pubmed. Refer to Figure 3.9
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(a) Input graph (b) Rewired graph

Figure 3.8: The network structures of Squirrel before and after rewiring, respectively, are
presented. The dense graph is converted into a more sparse graph, dropping unimportant
edges.

to visualize the impact on the node degrees after the rewiring process. The direct comparisons

with the input degree distribution suggest the sparsification of the graph, underlining the

removal of heterophilic or uninformative edges across the network. Similar trends are also

evident in the case of average clustering coefficients of the graphs. The detailed clustering

coefficients for nine graphs are provided in Table 3.8. Lastly, a decrease of both degree

distribution and clustering coefficients highlights the dropping of irrelevant edges from the

heterophilic networks and rewires them to be suitable for effective message-passing.

(a) Squirrel w/o LGR (b) Squirrel with LGR (c) Chameleon w/o LGR (d) Chameleon with LGR (e) Pubmed w/o LGR (f) Pubmed with LGR

Figure 3.9: The comparative study of degree distributions before and after applying the LGR
framework is presented for Squirrel, Chameleon, and Pubmed, respectively.

3.4 Conclusion

In this work, we introduce an adaptive pre-processing framework named LGR (Label-guided

Graph Rewiring) to rewire both homophilic and heterophilic graphs, converting them into

more homophilic. The resultant rewired graph can then be effortlessly integrated as input for

various GNN models, thus ensuring the inherent flexibility of our proposed framework. The

architecture of LGR is structured around three fundamental steps. Firstly, it involves the
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Table 3.8: The average clustering coefficients before and after rewiring with LGR are demon-
strated for six heterophilic and three homophilic graphs, respectively.

Dataset Avg. Clustering Coeff.

w/o LGR with LGR

Squirrel 0.337 0.158
Chameleon 0.376 0.172
Actor 0.0542 0.019
Cornell 0.097 0.029
Texas 0.111 0.038
Wisconsin 0.113 0.044

Cora 0.241 0.094
Citeseer 0.141 0.050
Pubmed 0.060 0.022

generation of pseudo-node labels as well as class representations by harnessing the autoen-

coders to acquire class representations. Both are combined to produce class representations to

guide the re-weighting of conventional similarity scores computed between node pairs. These

recalibrated scores then drive a two-stage process of graph rewiring involving both node dele-

tion and node insertion. Concurrently, the class embeddings are augmented with the raw

node features to enrich with class-specific insights. Subsequently, the updated node features

and the rewired graph collectively serve as inputs for GNN models, seamlessly facilitating

downstream tasks. We experimented on 11 heterophilic graphs and 3 homophilic graphs. We

further offer theoretical analyses and study the robustness of the LGR framework. Looking

ahead, the potential of this framework can be extended to explore its effectiveness in address-

ing diverse downstream tasks that necessitate graph rewiring. Furthermore, future endeavors

should focus on refining the graph topology rewiring process to enhance the precision and

efficacy of the framework.

3.5 Appendix A

Theorem 3.1 For any vertex v in the G with neighborhood is Nv with edge homophily

ratio h and |Nv| = d. Define m as the number of neighbors with identical class labels as

the label of v. After applying the LGR framework. the updated neighborhood became N ′
v

with modified edge homophily ratio h′. Assume ht and hb are the respective probabilities

for selecting nodes of the class label of v according to the similarity scores obtained from

the MLP and autoencoder. Consider kt and kb are the number of nodes chosen for inclusion
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and exclusion, respectively. Therefore, if kt
kb
>
(
dhb−m
dht−m

)
, then we have h′ > h implies the

homophily ratio will increase for the rewired neighborhood in G.

Proof. Consider the neighborhood of a node v as Nv with the degree of d and we have

m = |{u : yu = yv|u ∈ Nv}|. The edge homophily of node v can be defined as

h = Pr[yu = i|yv = j, ∀u ∈ Nv], (3.18)

where yv denotes the class label of node v. After applying LGR on G, the two-stage rewiring

will update the neighborhood as N ′
v. Assume, the two-stage rewiring framework will remove

the kb number of nodes and will add the kt number of nodes in the neighborhood. The current

degree of v is d′ = |N ′
v| = d− kb + kt. The updated neighborhood can be expressed as

N ′
v = Nv \ Nb ∪Nt, (3.19)

where Nb and Nt contain dissimilar and similar set of nodes with |Nb| = kb and |Nt| = kt

respectively. The nodes are selected based on the similarity scores obtained by combining

the feature similarity scores from MLP and the autoencoder. Again the homophily of v can

be written as

h = Pr[yu = i|yv = j, ∀u ∈ Nv] =
m

d
. (3.20)

Assume that the probability of sampling a node with an identical label as v from the set Nt is

ht. Similarly, the probability of sampling of the same from the set Nb is hb. The statements

can be represented by the following equations.

psψ(yu = yv|u ∈ Nt) = ht

pdψ(yu = yv|u ∈ Nb) = hb,
(3.21)

where ψ is the learnable parameters of the distribution depending on the MLP and autoen-

coder. Let’s call Hv = {u : yu = yv|u ∈ N ′
v} denotes the set of nodes with identical class

labels of v. The total number of nodes of the class label yv in the newly constructed neigh-

borhood will be |Hv|. Therefore, the expected number of nodes of similar label as v in N ′
v
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is:

E[|Hv|] = m+ EXs∼psψ
[Xs]− EXd∼pdψ

[Xd]

= m+
∑
i∈Nt

ht −
∑
j∈Nb

hb

= m+ htkt − hbkb,

(3.22)

where Xs, Xd are the random variables for selecting similar and dissimilar nodes respectively.

The total number of nodes in the newly formed neighborhood will be:

d′ = |N ′
v| = d+ kt − kb. (3.23)

The new homophily ratio h′ can be presented as follows:

h′ =
E[|Hv|]
|N ′

v|

=
m+ htkt − hbkb
d+ kt − kb

(3.24)

The change in the edge homophily is

∆h = h′ − h

=
m+ htkt − hbkb
d+ kt − kb

− m

d

=
d(htkt − hbkb)−m(kt − kb)

d(d+ kt − kb)

(3.25)

Assuming d + kt > kb results in a positive denominator, we will be concerned with the

numerator. Consider the condition kt
kb
>
(
dhb−m
dht−m

)
, the following algebraic manipulation can

be applied as following,

kt
kb
>

(
dhb −m
dht −m

)
kt(dht −m) > kb(dhb −m)

dhtkt −mkt > dhbkb −mkb

dhtkt − dhbkb > mkt −mkb

d(htkt − hbkb)−m(kt − kb) > 0

(3.26)
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The above inequality confirms the positive numerator in ∆h implies ∆h > 0, affirming the

increase in the homophily ratio in N ′
v. The mentioned condition signifies the impact of

selecting the proper number of similar nodes and discarding dissimilar nodes, ensuring the

increasing homophily in the rewired graph.

Remark 3.1. As per Eq 3.20, for the homophily ratio h, we can substitute m = dh in the

condition kt
kb
>
(
dhb−m
dht−m

)
will resulting as following,

kt
kb
>

(
dhb −m
dht −m

)
=
hb − h
ht − h

(3.27)

if the degree of heterophily of the network is h′ = 1− h, then the condition will be as follows,

kt
kb
>
hb − h
ht − h

=
hb + h′ − 1

ht + h′ − 1

(3.28)

For the optimal performance of the LGR framework, we should have ht ̸= 1−h′. Furthermore,

if hb > ht, then we kt > kb indicate the increase in the neighborhood size, resulting in a

more dense graph. Otherwise, the graph became sparser when ht > hb holds. The sampling

probabilities pt and pb predominantly depend on learning the parameters of both MLP and the

autoencoder. For a sparser graph containing a relatively lesser number of heterophilic edges,

the condition ht > hb, ht ̸= 1 − h′ should hold inevitably. Therefore, the aforementioned

condition presents the optimality of MLP and autoencoder when the LGR framework seems

to perform efficient rewiring, irrespective of the degree of heterophily of the input graph.

3.6 Appendix B

3.6.1 Details of the New Heterophilic Graphs

There are five heterophilic datasets proposed by (Platonov et al., 2023) that are discussed as

follows.

Roman-empire The dataset is prepared from the longest article, Roman Empire, from

English Wikipedia. The node of the graph represents each word (non-unique) in the article.

Nodes are connected if either two words are adjacent or connected in the dependency tree
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of the sentence. Therefore, the graph is chained and shortcuts exist depending don’t the

syntactic dependencies between the words. The node labels denote the syntactic roles, and

a total of 18 classes are there. The node features are generated from the fastText word

embeddings.

Table 3.9: The details of the five heterophilic graphs proposed by (Platonov et al., 2023) are
presented.

Datasets Roman-empire Amazon-ratings Minesweeper Tolokers Questions

# Nodes 22662 24492 10000 11758 48921
# Edges 32927 93050 39402 519000 153540
# Classes 18 5 2 2 2
# Features 300 300 7 10 301
Average degree 2.91 7.6 7.88 88.28 6.28
# Isolated nodes 0 3495 1 936 17761
Homophily ratio 0.05 0.38 0.68 0.59 0.84

Amazon-ratings This dataset is based on the Amazon product co-purchasing network meta-

data dataset from SNAP datasets. Nodes are products (books, music CDs, DVDs, VHS video

tapes), and edges connect products that are frequently bought together. The task is to pre-

dict the average rating given to a product by reviewers. We grouped possible rating values

into five classes. For node features, we use the mean of fastText embeddings for words in the

product description. To reduce the size of the graph, the curators consider only the largest

connected component of the 5-core of the graph.

Minesweeper This dataset is inspired by the Minesweeper game, and it is the only synthetic

dataset in this benchmark. The graph is a regular 100x100 grid where each node (cell)

is connected to eight neighboring nodes (with the exception of nodes at the edge of the

grid, which have fewer neighbors). 20% of the nodes are randomly selected as mines. The

task is to predict which nodes are mines. The node features are one-hot-encoded numbers

of neighboring mines. However, for randomly selected 50% of the nodes, the features are

unknown, which is indicated by a separate binary feature. The structure of this graph is

significantly different from the other datasets due to its regularity. The average degree is

7.88 since almost all the nodes have exactly eight neighbors.

Tolokers This dataset is based on data from the Toloka crowdsourcing platform. The nodes

represent tolokers (workers) who have participated in at least one of 13 selected projects. An

edge connects two tolokers if they have worked on the same task. The goal is to predict which

tolokers have been banned in one of the projects. Node features are based on the worker’s
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profile information and task performance statistics. This graph has 11.8K nodes, with an

average degree of 88.28. Thus, the graph is significantly denser than all the other graphs.

About 22% of the tolokers in this dataset have been banned.

Questions This dataset is based on data from the question-answering website Yandex Q.

Nodes are users, and an edge connects two nodes if one user answered the other user’s question

during a one-year time interval (from September 2021 to August 2022). To restrict the size

of the dataset, curators considered only users interested in the topic ‘medicine’. The task is

to predict which users remained active on the website (were not deleted or blocked) at the

end of the period. For node features, the mean of fastText embeddings (Grave et al., 2018)

for words is used in the user description. Since some users (15%) do not have descriptions,

an additional binary feature is used that indicates such users.
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Chapter 4

Performance Analysis of Low-pass
Filters on Heterophilic Networks:
A Deeper Insights

Summary

Graph heterophily poses a formidable challenge to the performance of Message-passing Graph

Neural Networks (MP-GNNs). The familiar low-pass filters like Graph Convolutional Net-

works (GCNs) face performance degradation, which can be attributed to the blending of the

messages from dissimilar neighboring nodes. The performance of the low-pass filters on het-

erophilic graphs still requires an in-depth analysis. In this context, we update the heterophilic

graphs by adding a number of self-loops and parallel edges. We observe that the eigenvalues of

the graph Laplacian decrease and increase, respectively, by increasing the number of self-loops

and parallel edges. We conduct several studies regarding the performance of GCN on various

benchmark heterophilic networks by adding either self-loops or parallel edges. The studies

reveal that the GCN exhibited either increasing or decreasing performance trends on adding

self-loops and parallel edges. In light of the studies, we established connections between the

graph spectra and the performance trends of the low-pass filters on the heterophilic graphs.

The graph spectra characterize the essential intrinsic properties of the input graph, like the

presence of connected components, sparsity, average degree, cluster structures, etc. Our work

is adept at seamlessly evaluating graph spectrum and properties by observing the performance

trends of the low-pass filters without pursuing the costly eigenvalue decomposition. The theo-

retical foundations are also discussed to validate the impact of adding self-loops and parallel
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edges on the graph spectrum.

4.1 Introduction

Graph Neural Networks (Scarselli et al., 2008) made remarkable strides by achieving impecca-

ble performance in graph-structured data. The key reason behind the immense performance

superiority is the message passing (MP) framework, which enables the exchange of messages

between the adjacent nodes. Before judging the narrative of the success story of the MP

framework, let us first mention that graphs can be broadly categorized into two classes such

as (1) homophilic graphs where adjacent nodes share identical class labels, and (2) heterophilic

graphs where adjacent node labels are different from each other. The prowess of MP is mostly

observed in homophilic graphs because of the tendency to blend messages from similar types

of neighbors. In contrast, several studies (Zhu et al., 2020), (Zhu et al., 2021a), (He et al.,

2022), (Suresh et al., 2021), (Wang et al., 2022b) suggest that the MP framework shows

exacerbating performances on heterophilic graphs due to the influence of dissimilar messages

received from neighbors.

A well-known study (Nt and Maehara, 2019) reveals that all MP-GNNs such as GCN (Kipf

and Welling, 2016), GraphSage (Hamilton et al., 2017), GAT (Veličković et al., 2017), SGC

(Wu et al., 2019), etc, which smooth the features of adjacent nodes, are low-pass filters. The

low-pass filters successfully convert the features of the connected nodes into more similar ones

compared to the features of other non-adjacent nodes. This narrates the key reason behind

the successful application of low-pass filters on homophilic graphs. Applying low-pass filters

on the heterophilic graphs often leads to a degradation in performance as a result of smoothing

the features of the dissimilar adjacent nodes. Therefore, analyzing the performance of low-

pass filters on heterophilic graphs requires more in-depth scrutiny. The low-pass filters are

designed to amplify the coefficients of lower frequencies in the graph spectrum, representing

the eigenvalues of the symmetrically normalized graph Laplacian. In homophilic graphs, the

smoothing of node features occurs due to the amplification of the lower frequencies of the

graph spectrum. In the case of heterophilic graphs, high-pass filters sharpen the node features

by amplifying the higher frequencies of the graph spectrum.

The graph spectrum entails significant information regarding structural patterns such as
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connected components, community structures, isolated nodes, sparsity, etc. For instance, if

the set of eigenvalues contains sufficient zeros, then the network will contain more connected

components or isolated nodes. The network will contain weakly (strongly) connected compo-

nents if the spectrum has a higher number of low frequencies (high frequencies). Therefore,

the dissection of the spectrum yields profound information relating to the spatial properties

of the graphs. In this work, we investigate the dependency of the graph structure on the

performance of the low-pass filters applied to heterophilic networks. We also attempt to un-

cover the structural properties of the existing heterophilic graphs from their spectrum. The

graph spectrum is typically obtained with expensive eigenvalue decomposition, which im-

poses an unnecessary computational burden or can be infeasible in some real-world scenarios.

Therefore, we seek to devise an efficient avenue that significantly addresses the computational

overhead of evaluating the graph spectrum.

Table 4.1: Four possible categories A, B, C, and D are presented. Each category depends on
the performance trends of a low-pass filter when either self-loops or parallel edges are added
to the heterophilic graph.

Rewiring

Performance of LPF

Self-loop Parallel edge Category

Increasing (↑) Increasing (↑) A
Increasing (↑) Decreasing (↓) B
Decreasing (↓) Increasing (↑) C
Decreasing (↓) Decreasing (↓) D

We aim to bridge the gap by offering two simple strategies that update the graph topology

by incorporating self-loops and parallel edges. After the alteration of edge connections, Graph

Convolution Network (GCN), a recognized and well-adopted low-pass filter, is applied to the

updated graph. We observe some interesting patterns in the performance trends of GCN

when the number of self-loops or parallel edges gradually increases. The performance either

monotonically improves or degrades by adding either self-loops or parallel edges. Therefore,

we can have four distinct combinations of performance trends. Each combination is tagged

with a category name, which is mentioned in the Table 4.1. The category assignment is

purely dependent on the combination of performance trends in both self-loops and parallel

edge addition. For instance, if GCN shows an increasing trend on self-loop addition and

a decreasing trend on parallel edge addition, then the underlying dataset is categorized as
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”B”. Furthermore, for parallel edge addition, if the trend changes to increasing, then the

category will change to ”A”. Importantly, every category delineates a particular set of char-

acteristics regarding the spectrum of the input graph. The performance trend of GCN can

be attributed to the underlying parity between the lower and higher frequencies present in

the graph spectrum. Each performance trend offers a unique insight into the parity of lower

and higher frequencies, which directly links with the spatial edge connectivity of the network.

We also observe that the eigenvalues of the normalized graph Laplacian decrease with the

addition of self-loops in the network. Conversely, the addition of parallel edges enhances

the eigenvalues of the graph Laplacian. The shrinking or expansion of the graph frequencies

leads to a specific performance trend, reflecting the distribution of eigenvalues (or frequen-

cies) in the graph spectrum. In this context, we consider 17 benchmark heterophilic graphs

to predict their spectrum characteristics by observing the performance trends of GCN after

adding either self-loops or parallel edges. We also offer the theoretical underpinnings of the

shrinking or expansion of the eigenvalues. The phenomena are also observed empirically on

the random Erdős-Rény graphs.

Contribution Our contributions are briefly outlined as follows,

• We provide deeper analyses pertaining to the performance of GCN, a low-pass filter,

applied to 17 benchmark heterophilic graphs. We modify the graph structure with the

addition of self-loops and parallel edges separately. GCN is applied to the updated

graphs and observes the performance trends. We categorize the performance trends

into four categories and each graph lies in one of the four categories.

• The categorization of performance trends leads to the identification of characteristics

of the graph spectrum. Different performance trends underscore the various patterns of

the spectrum which reveals the properties of the networks like connected components,

community structure, sparsity, etc.

• We also observe that the frequencies in the graph spectrum decrease with the addition of

self-loops and frequencies increase with the addition of parallel edges. We also establish

a connection between the performance trends of GCN and the shrinking or expansion

of the frequencies of the graph spectrum.
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• We offer extensive theoretical underpinnings for the shrinking or expansion of the fre-

quencies of the graph spectrum with the addition of self-loops and parallel edges in the

network. The detailed proofs and derivations are discussed in the Appendix.

(a) (b)

Figure 4.1: The changes in the eigenvalues of the unnormalized graph Laplacian are presented
with the addition of (a) self-loops and (b) parallel edges, respectively. The eigenvalues remain
unaltered with the addition of self-loops. On the contrary, the unconstrained growth of
eigenvalues is observed with the addition of parallel edges.

4.2 Background

The spectral analysis on the graphs gains traction due to its ability to unravel the relationship

between frequencies and the spatial connectivity of the networks. Work like (Ortega, 2022)

introduces the key ingredients of signal processing like Graph Fourier transforms, frequencies,

and the design of the filters for the graph-structured data. Another line of work (Ortega

et al., 2018) deals with the intricate details of graph signal processing by shedding light

on the spectrum analysis from the perspective of the graph Laplacian, extensive real-world

applications, and the underlying challenges. The exploitation of spectral analysis in the

discrete domain is rigorously harnessed by (Sandryhaila and Moura, 2014). Another mode of

work (Tremblay et al., 2018) offers the prospect of designing versatile filter banks and spectral

wavelets on graph-structured data. The design of efficient and localized convolutional filters

becomes an inevitable area of research which is initiated by (Defferrard et al., 2016).

A large pool of well-adopted GNNs like GCN, GraphSage, GAT, SGC, etc are recognized

as potential low-pass filters. The fact is first asserted by (Nt and Maehara, 2019). Chen et

al. (Chen et al., 2023b) established the bridge to fill the gap between the spatial and spectral
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(a) (b) (c) (d)

Figure 4.2: (a) Eigenvalues of L̃ exhibit a decreasing trend with the increase in addition of
self-loops, and (b) eigenvalues show an increasing trend with the addition of parallel edges.
The corresponding changes in the eigenvalues with the addition of self-loops and parallel
edges are demonstrated in (c) and (d) respectively.

properties of the prevalent graph neural networks. AutoGCN (Wu et al., 2022) proposes a

variant of GCN equipped with low-pass, high-pass, and band-pass filters which automatically

adjusts magnitude depending on the homophily or heterophily of the input graph. In this

connection, another prominent work AdaGNN (Dong et al., 2021) learns an adaptive filter

that spans across multiple layers, capturing the varying node frequencies to improve node

embeddings. Taking the cue from above, FAGCN (Bo et al., 2021) firstly proposed one

low-pass and one high-pass filter. The proposed filters automatically maintain the balance

of collecting information from both homophilic and heterophilic graphs. Designing novel

convolutional filters became an enticing avenue which is evident by (Bianchi et al., 2021) which

employed an auto-regressive moving average filter (ARMA) filter by replacing polynomial

filters to achieve a more robust, flexible frequency response. Another work EGC (Tailor et al.,

2021) employed the effectiveness of isotropic message passing, where the message function

only depends on the source nodes, over the anisotropic message passing. EGC allows the

involvement of multiple learnable filters to achieve a spatially evolving frequency response.

(Zhu and Koniusz, 2021) leverages the use of Markov Diffusion Kernel to obtain a filter

that maintains a delicate balance between harnessing information of local and global context

for each node across the network. On the other side, (?) identified the gap for spectral

analysis on signed graphs. To mitigate the gap, they proposed two signed GNNs that retain

low-pass and high-pass information respectively. Compatible Label Propagation (CLP) (?)

combines a class compatibility matrix and label propagation to improve node classification

on heterophilic graphs. Very recently, an inductive spectral filter SLOG (?) was proposed

which considers real-valued order polynomial filters. SLOG also combines subgraph sampling
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in the spatial domain and signal processing in the spectral domain. Another orthogonal work

(?) studied the effect on the eigenvalues of the adjacency matrix but no theoretical analysis

was provided on the graph Laplacian or graph spectrum. Moreover, they offered analyses

on the eigenvalues of the adjacency matrix for the addition of any edges. In contrast, our

work predominantly presents systematic addition of self-loops and parallel edges which offers

insights into the graph spectra in the context of heterophilic graphs.

4.3 A Deeper Investigation

4.3.1 Notations

Consider an attributed graph G = (V, E , X) where V denotes the set of vertices with |V| = n,

E ⊆ V×V is the set of edges, and X ∈ Rn×d is the feature matrix contains d-dimensional fea-

ture vectors. We define graph Laplacian L = D−A and symmetrically normalized Laplacian

as L̃ = D− 1
2LD− 1

2 = I −D− 1
2AD− 1

2 . Also, augmenting self-loops the normalized Laplacian

will be L̃ = I− D̃− 1
2 ÃD̃− 1

2 where Ã = A+ I and D̃ = D + I.

4.3.2 Preliminaries on Spectral Graph Theory

The spectral analysis of graphs (?) revolves around understanding the characteristics of

eigenvalues and eigenvectors of the symmetrically normalized graph Laplacian L̃. The anal-

ysis entails that the eigenvalues and eigenvectors of L̃ represent the Fourier frequency and

Fourier modes. Suppose the eigendecomposition on Laplacian yields us L̃ = UΣU⊤ where

columns of U represent the eigenvectors and Σ is a diagonal matrix containing the eigenval-

ues. Let a signal x ∈ Rn act on the nodes in the graph, then the Fourier transformation of x

is presented as x̂ = U⊤x. The inverse Fourier transform can be formulated as x = Ux̃. Thus,

for any filter g, the graph convolution between g and x is estimated as:

g ∗ x = U((U⊤g)⊙ (U⊤x)) = UG̃U⊤x, (4.1)

where ⊙ denotes the element-wise vector multiplication and G̃ = diag{g̃1, · · · , g̃n}. Each g̃i

denotes the spectral filter coefficient. A well-known fact is that L̃ has the eigenvalues lie in

[0, 2]. Let us categorize the set of eigenvalues as λ<1 or lower frequencies which are strictly
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smaller than 1 and λ≥1 or higher frequencies, which are greater than or equal to 1. If a

filter amplifies the coefficients of λ<1, then it acts as a low-pass filter, and on the contrary

high-pass filter amplifies the coefficients of λ≥1. For instance, the filter function of GCN is

G̃ = I− Σ where the coefficients of λ<1 increases. Therefore, GCN acts as a low-pass filter.

4.3.3 Addition of Self-loops

We conduct experiments by adding the self-loops corresponding to each node in the graph.

The number of self-loops is denoted by α. After the addition of self-loops α-times, the

adjacency matrix will be Ãα = A + αI and the corresponding degree matrix will look like

D̃α = D+αI. Therefore, the symmetrically normalized graph Laplacian can be presented as

L̃α = I− D̃− 1
2

α ÃαD̃
− 1

2
α .

4.3.4 Addition of Parallel edges

We also perform experiments by adding parallel edges corresponding to every edge in the

graph. Assume γ denotes the number of parallel edges to be added in the network. Therefore,

adding γ-times parallel edges, the updated adjacency matrix will be Aγ = (γ + 1)A. Thus,

the corresponding degree matrix will be Dγ = (γ + 1)D. Adding self-loops the further

modified adjacency and degree matrices will be Ãγ = (γ + 1)A + I and D̃γ = (γ + 1)D + I.

Therefore, we can define the corresponding symmetrically normalized graph Laplacian as

L̃γ = I− D̃− 1
2

γ ÃγD̃
− 1

2
γ .

4.3.5 Empirical Evidence on Random Graphs

We conducted experiments on randomly generated Erdős-Rényi graphs to study the effects

on the eigenvalues with the addition of self-loops and parallel edges in the graph. A random

graph Ger is generated with 10 vertices and having edge probability 0.50. Two individual

experiments are performed with (1) the addition of self-loops, and (2) the addition of parallel

edges. We varied the number of self-loops or parallel edges, ranging from 1 to 10. The

eigendecomposition is performed for every stage of addition to monitor the changes that

occurred in the corresponding eigenvalues. Refer to Figure 4.2 for the portrayal of the effect

on the eigenvalues and the other corresponding changes in the spectrum. The plots (a) and
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Table 4.2: Total number of nodes, isolated nodes, edge density (spG), and average degree
(davg) for 17 heterophilic graphs are presented. We also mentioned the log-scaled versions of
edge density (spG) and average degrees (davg) with lower values indicate higher density and
average degree.

Properties/Datasets Cornell Texas Wisconsin Chameleon Squirrel Actor

# nodes 183 183 251 2277 5201 7600
# isolated nodes (%) 87(47.5%) 73(39.8%) 81(32.3%) 0(0%) 0(0%) 636(8.36%)
density (spG/spG) 0.017/4.02 0.019/3.93 0.016/4.10 0.013/4.27 0.016/4.13 0.001/6.86

avg. degree (davg/davg) 1.62/3.82 1.77/3.82 2.05/4.13 15.85/6.34 41.73/7.17 3.94/7.54

Properties/Datasets arxiv-year snap-patents Penn94 pokec twitch-gamers genius

# nodes 169343 2923922 41554 1632803 168114 421961
# isolated nodes (%) 17440(10.29%) 881754(30.15%) 0(0%) 200110(12.25%) 44596(26.52%) 371870(88.12%)
density (spG/spG) 8.1e-5/9.41 3.2e-6/12.63 0.003/5.75 3.3e-5/10.68 9.6e-4/7.63 2e-5/11.41

avg. degree (davg/davg) 6.88/10.65 4.77/13.50 65.56/9.24 27.31/12.91 80.86/10.64 4.37/11.56

Properties/Datasets Roman-empire Amazon-ratings Minesweeper Tolokers Questions -

# nodes 22662 24492 10000 11758 48921
# isolated nodes (%) 0(0%) 3495(14.26%) 1(0.01%) 936(7.96%) 17761(36.3%)
density (spG/spG) 2.5e-4/8.26 3.1e-4/8.07 7.8e-4/7.14 0.007/4.89 1.2e-4/8.96

avg. degree (davg/davg) 2.91/8.64 3.79/8.71 3.94/7.82 44.14/7.98 3.14/9.41

(b) demonstrate the effect of 10 eigenvalues of Ger with the addition of self-loops or parallel

edges in the graph. On the other side, plots (c) and (d) depict the changes in the eigenvalues.

As we have added 10 self-loops or parallel edges, thus 9 differences are recorded in the plots.

Observation The plots reaffirm that the addition of self-loops leads to the shrinking of the

eigenvalues in the spectrum except for the eigenvalue 0 (Refer Figure 4.2(a)). On the contrary,

eigenvalues increase with the addition of parallel edges (Refer Figure 4.2(b)). Additionally,

we also present the change in the eigenvalues in Figures 4.2(c) and 4.2(d). Notably, the

monotone increase (decrease) of the curves underlines the slower rate with the addition of

self-loops (parallel edges).

4.3.6 Theoretical Analysis: A Spectral Perspective

We perform a deeper theoretical analysis of the effect on the graph spectrum when adding

self-loops or parallel edges. The detailed study is provided as follows,

Lemma 4.1. Consider a graph G with A and D as the adjacency and degree matrix. Now

α-times self-loops are added in G with α1 ∈ Z+. Assume λmax
α is the maximum eigenvalue

of symmetrically normalized graph Laplacian L̃α of the updated graph. If β1 is the smallest

eigenvalue of D− 1
2AD− 1

2 and maxi di is the maximum degree of G, then λmax
α ≤ maxi di(1−β1)

α+maxi di
.

Lemma 4.2. Consider a graph G with A and D as the adjacency and degree matrix. Now
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Table 4.3: GCN (a low-pass filter) is applied on the 6 standard heterophilic datasets curated
by Pie et al. (Pei et al., 2020). Performance analyses are demonstrated after adding multiple
self-loops and parallel edges respectively in the graphs. The performance trends are also
highlighted and corresponding categories are marked for each dataset.

Method Input adjacency Chameleon Squirrel Actor Cornell Texas Wisconsin

GCN

A + I 71.68± 1.92 62.78± 1.99 27.40± 1.12 40.27± 6.44 54.86± 5.27 45.29± 6.10
A + 2I 67.69± 2.25 58.64± 2.27 29.20± 1.13 43.78± 5.09 56.21± 4.95 50.19± 6.39
A + 3I 65.15± 1.56 55.35± 1.76 30.67± 1.25 47.83± 8.11 54.05± 4.18 56.47± 3.80
A + 4I 63.22± 1.22 53.43± 1.40 32.08± 1.20 46.48± 7.81 58.64± 6.16 60.98± 4.37
A + 5I 61.90± 2.51 51.44± 1.51 32.94± 0.85 50.27± 7.47 57.02± 7.49 61.96± 5.42

Trend → Decreasing (↓) Decreasing (↓) Increasing (↑) Increasing (↑) Increasing (↑) Increasing (↑)

GCN

A + I 71.68± 1.92 62.70± 1.99 27.40± 1.12 40.27± 6.44 54.86± 5.27 45.29± 6.10
2A + I 75.06± 1.24 66.43± 2.40 25.54± 1.30 40.54± 6.39 54.59± 6.13 47.45± 4.94
3A + I 76.31± 0.99 67.79± 1.96 25.63± 0.69 44.05± 7.83 55.67± 5.43 47.25± 5.22
4A + I 76.60± 0.77 67.92± 1.66 24.76± 1.19 45.67± 8.58 51.89± 7.43 46.86± 4.24
5A + I 77.32± 1.07 68.59± 1.71 24.82± 1.34 41.08± 5.64 51.08± 10.0 46.86± 4.75

Trend → Increasing (↑) Increasing (↑) Decreasing (↓) Increasing (↑) Increasing (↑) Increasing (↑)

Category → C C B A A A

γ-times self-loops are added in G with γ ∈ Z+. Assume λmax
γ is the maximum eigenvalue of

symmetrically normalized graph Laplacian L̃γ of the updated graph. If β1 is the smallest eigen-

value of D− 1
2AD− 1

2 and maxi di is the maximum degree of G, then λmax
γ ≤ (1+γ)maxi di(1−β1)

1+(1+γ)maxi di
.

Remark 4.1. The maximum eigenvalue of L̃α decreases with the increasing number of self-

loops in the network, indicating the shrinking of the graph spectrum. On the contrary, the

maximum eigenvalue of L̃γ increases with the increasing number of parallel edges in the

network, illustrating the expansion of the graph spectrum.

Lemma 4.3. Given a k-regular graph G, the eigenvalues of ÃαN will lie in [−1, 1] ∀α ≥ 1.

Lemma 4.4. Given a k-regular graph G, the eigenvalues of ÃγN will lie in [−1, 1] ∀γ ≥ 1.

Remark 4.2. The eigenvalues will lie in [−1, 1] whether the self-loops or parallel edges are

added in a regular graph. The range of eigenvalues will remain unaffected with the addition

of self-loops or parallel edges.

Theorem 4.1. Consider a k-regular graph with α1, α2 ∈ R+ where α1 ≤ α2, then the in-

equality will hold λiα1
≥ λiα2

, ∀ 1 ≤ i ≤ n where λiα1
and λiα2

are the ith eigenvalues of L̃α1

and L̃α2 respectively.

Theorem 4.2. Consider a k-regular graph with γ1, γ2 ∈ R+ with γ1 ≤ γ2, then the inequality

will hold λiγ1 ≤ λiγ2 , ∀ 1 ≤ i ≤ n where λiγ1 and λiγ2 are the ith eigenvalues of L̃γ1 and L̃γ2

respectively.

85



4. Performance Analysis of Low-pass Filters on Heterophilic Networks: A Deeper Insights

Remark 4.3. We have shown that for the regular graphs, the eigenvalues of the symmetrically

normalized graph Laplacian decrease concurrently when self-loops are added. Adding self-loops

attenuates the graph spectrum frequencies, thereby shifting the graph spectrum towards zero

eigenvalue. This will also increase the number of lower frequencies and decrease the number

of higher frequencies.

The eigenvalues of the symmetrically normalized graph Laplacian increase when paral-

lel edges are added. Adding parallel edges amplifies the frequencies of the graph spectrum,

which shifts the spectrum toward the value 2. Consequently, the number of lower frequencies

decreases and the number of higher frequencies increases.

Corollary 4.1. The increase in the eigenvalues of Lγ is independent of the number of self-

loop additions in G. On the contrary, the eigenvalues of L̃γ will increase if at least one

self-loop is added per node in G.

In the following two theorems, we will demonstrate the alteration of the eigenvalues of AN

with the addition of self-loops or parallel edges by the perturbation of the adjacency matrix.

Theorem 4.3. Consider a connected graph G with AN = D− 1
2AD− 1

2 . Assuming the diagonal

of A of G is perturbed by a significantly small α > 0, then the updated normalized adjacency

matrix will be AαN . The change in the eigenvalues of AαN with respect to the eigenvalues of

AN will increase when α increases.

Theorem 4.4. Consider a connected graph G with normalized adjacency matrix AN =

D− 1
2AD− 1

2 . Assuming each element of A except the diagonal is multiplied by 1 + γ where

γ > 0 is a significantly small quantity, then the updated normalized adjacency matrix will be

AγN . The change in the eigenvalues of AγN with respect to the eigenvalues of AN will decrease

when γ increases.

Remark 4.4. Theorem 4.3 suggests that the change in the eigenvalues of the normalized

adjacency matrix increases an increasing number of self-loops which also signify the decrease

in the change in the eigenvalues of L̃α. The small perturbation in the adjacency matrix leads

to a shrinking of the frequencies in the graph spectrum. The spectrum will shift toward the

zero eigenvalue. Spectrum shrinking also highlights the alteration in the parity of frequencies.

The number of lower frequencies increases and the number of higher frequencies decreases.
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Conversely, Theorem 4.4 states that the change of eigenvalues of the normalized adjacency

matrix decreases with the increasing number of parallel edges. This indicates an increase in

the change in the eigenvalues of L̃γ, highlighting the spectrum expansion. To this effect, the

graph spectrum will shift toward the value 2. Furthermore, the parity of frequencies changes,

specifically, the number of lower frequencies decreases and the number of higher frequencies

increases.

4.3.7 Effect on the Performance of GCN for Spectral Shifts

The theoretical analyses offer insights into the effects on graph spectra when self-loops or

parallel edges are added. We also observed that spectrum shifts either to zero eigenvalue or

to the value 2 and also alter the parity of the frequencies or eigenvalues. The higher number

of low frequencies in a network indicates the presence of well-separated communities, mostly

sharing identical node labels. GCN or any low-pass filter is supposed to smooth out the

features of the connected nodes, assuming that they share similar class labels. The addition

of self-loops increases the number of lower frequencies which appears to be beneficial for

smoothing out features, improving the performance of GCN.

Conversely, the graph spectra shift toward the value 2, signifying the increase in the

higher frequencies. A network with overlapped communities contains many high frequencies

in the spectrum. GCN is poised to smooth out the features of nodes that are probably having

different class labels. This will lead to the degradation of the performance of GCN.

4.3.8 Connection between Theoretical Analysis and Performance Trends

The various performance trends depend on the presence of parity between lower and higher

frequencies in the spectrum of the input graph. As discussed in the theoretical analyses, the

addition of self-loops and parallel edges respectively decreases and increases the eigenvalues

or frequencies in the spectrum. If GCN witnessed an increasing trend on a heterophilic

graph with the gradual addition of self-loops, then we can conclude that initially the graph

spectrum is aligned toward zero eigenvalue and the addition of self-loops further tilts the

balance to lower frequencies. The similar effects are evident in datasets like Actor, Cornell,

pokec, etc. In contrast, if the performance of GCN exacerbates with the gradual addition
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of parallel edges, then we can infer initial graph spectrum is skewed towards the maximum

value 2, indicating a greater number of higher frequencies. Further addition of parallel edges

enhances the high frequencies and the decreasing trend observed in the performance of GCN.

The impact is evident in datasets like Actor, arxiv-year, snap-patents, Tolokers, etc.

4.4 Experiments

4.4.1 Datasets

Our experiments encompass three categories of datasets (1) Pie et al. (Pei et al., 2020) pro-

posed 6 standard heterophilic networks consisting of Cornell, Texas, Wisconsin, Chameleon,

Squirrel, and Actor, (2) Lim et al. (Lim et al., 2021) curated 6 large-scale heterophilic net-

works namely arxiv-year, snap-patents, Penn94, pokec, twitch-gamers, and genius, and (3)

Platonov et al. (Platonov et al., 2023) identified prevailing shortcomings on the existing

datasets and developed a set of 5 heterophilic networks viz Roman-empire, Amazon-ratings,

Minesweeper, Tolokers, and Questions. The details of all datasets are vividly available in

Table 4.2.

4.4.2 Experimental Settings

For all graphs from Pie et al., we have considered 10 standard train/valid/test splits with

60%/20%/20% samples. Graphs from Lim et al. and Platonov et al. train/valid/test splits

are fixed as 50%/25%/25% for 5 and 10 splits respectively. We applied a two-layered GCN

architecture across all 17 graphs to carry out entire experiments. The dropout rate is fixed

at 0.50 and LayerNorm is employed to make training convergence faster. The model param-

eters are optimized by Adam optimizer. We evaluated the best model on every split and

finally reported mean and standard deviations across all splits for each of the datasets. The

performance metric is test accuracy and for Minesweeper, Tolokers, and Questions the ROC-

AUC is reported. Our Pytorch and Pytorch-geoemtric based implementation is available at

https://anonymous.4open.science/r/DIHG-5212/README.md.
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4.4.3 Analysis of Isolated Nodes, Sparsity, and Average Degree in the

Heterophilic Networks

We offer an in-depth analysis of the number of isolated nodes, edge density, and the average

degree in the context of the heterophilic networks. Refer to Table 4.2 for illustrating the

comparative statistics of the various networks. As per the existing formula, the edge density

can be defined as spG = 2|E|
|V|(|V|−1) . If the input graph is too sparse, the estimated value will

be too little to comprehend. Therefore, we devise an alternative solution with the assistance

of a logarithmic scale which is defined as spG = − log(sp + ϵ) where ϵ is tiny real number is

added to avert the numerical instability. The scaling suggests that the lower the spG , the

more dense the graph is. A similar issue is confronted in the estimation of average degree as

davg = 2|E|
|V| . Therefore, we also pursue similar tricks to tackle the issue. The scaled average

degree is defined as davg = − log(davg + ϵ) where ϵ is same as defined as earlier. A lower davg

signifies the higher average degree of the underlying network.

4.4.4 Category of Distribution of Eigenvalues

Suppose we attempt to apply a low-pass filter (like GCN) on any input graph. The graph will

be pre-processed either by adding a fixed number of self-loops or parallel edges. Considering

all possibilities, the low-pass filter can exhibit four distinct types of performance trends. The

various possible trends are vividly portrayed in Table 4.1. We marked the categories respec-

tively as A, B, C, and D. The different performance trends may be the manifestations of the

underlying edge connectivity of the network. The structure of the networks has an inherent

connection with the eigenvalues derived from the normalized graph Laplacian. Therefore,

the defined categories may help to comprehend the parity of lower and higher frequencies

(eigenvalues) of the graph spectrum.

4.4.5 Initial Distribution of Eigenvalues

We estimate the distribution of eigenvalues from the normalized graph Laplacian for six

standard heterophilic datasets Cornell, Texas, Wisconsin, Chameleon, Squirrel, and Actor,

Refer to Figure 4.3 for the detailed illustration. The histograms of Cornell, Texas, and

Wisconsin are identical. On the other side, the corresponding histograms of Chameleon and
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Figure 4.3: The distribution of eigenvalues of the normalized graph Laplacian presented for
six standard heterophilic datasets obtained from (Pei et al., 2020).

Table 4.4: GCN (a low-pass filter) is applied on the 6 large-scale heterophilic datasets curated
by Lim et al. (Lim et al., 2021). Performance analyses are demonstrated after adding multiple
self-loops and parallel edges respectively in the graphs. The performance trends are also
highlighted and corresponding categories are marked for each dataset.

Method Input Adjacency arxiv-year snap-patents Penn94 pokec twitch-gamers genius

GCN

A + I 48.75± 0.43 34.96± 0.15 77.12± 0.43 59.53± 0.18 60.83± 0.29 80.03± 0.66
A + 2I 48.59± 0.53 34.77± 0.14 75.82± 0.45 59.17± 0.20 61.00± 0.34 79.81± 1.38
A + 3I 47.34± 0.20 34.60± 0.04 74, 32± 0.49 59.77± 0.15 61.07± 0.33 78.77± 0.99
A + 4I 46.26± 0.21 34.57± 0.11 72.79± 0.55 60.43± 0.14 61.18± 0.26 77.80± 0.51
A + 5I 45.73± 0.48 34.43± 0.17 71.39± 0.40 60.94± 0.17 61.23± 0.30 77.35± 0.37

Trend → Decreasing (↓) Decreasing (↓) Decreasing (↓) Increasing (↑) Increasing (↑) Decreasing (↓)

GCN

A + I 48.69± 0.37 35.00± 0.15 77.13± 0.39 59.54± 0.23 60.86± 0.30 80.09± 0.70
2A + I 48.31± 0.54 34.89± 0.12 77.64± 0.41 61.32± 0.14 60.72± 0.21 74.41± 2.07
3A + I 47.93± 0.64 34.64± 0.23 77.81± 0.38 62.22± 0.10 60.70± 0.24 69.88± 0.48
4A + I 47.74± 0.52 34.46± 0.18 77.88± 0.37 62.77± 0.09 60.70± 0.21 70.17± 0.89
5A + I 47.78± 0.38 34.28± 0.13 77.81± 0.35 63.10± 0.10 60.69± 0.21 71.13± 1.26

Trend → Decreasing (↓) Decreasing (↓) Increasing (↑) Increasing (↑) Decreasing (↓) Decreasing (↓)

Category → D D C A B D

Squirrel carry similar patterns, The histogram of the Actor dataset is completely different

compared to the rest of the others. Later we will observe that the datasets have histograms

of similar patterns that will yield identical trends in the performances.

4.4.6 Performance Categorisation of Low-pass Filter

We performed semi-supervised node classification on a diverse array of heterophilic graphs to

analyze the different performance trends of the low-pass filter. For each graph, separate ex-

periments were conducted to study the effects of the addition of self-loops and parallel edges

respectively. We applied GCN, a well-adopted low-pass filter, on 17 heterophilic graphs, and

the respective performance trends are demonstrated in Tables 4.3, 4.4, and 4.5 for respec-

tively standard heterophilic graphs, large-scale datasets, and currently proposed heterophilic

graphs. The study reveals that each graph exhibits a steady pattern of either increasing or
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decreasing while adding either the self-loops or the parallel edges. We further marked the

categories considering the performance trends for the increasing number of self-loops and par-

allel edges. For instance, GCN on Chameleon showed a decreasing trend while increasing the

number of parallel edges, and on the contrary, performance increases on adding the parallel

edges. Therefore, Chameleon was assumed to be in the category of A as per the rules from

Table 4.1. Note that, the steady patterns are persistent across every dataset considered for

the experimentation.

4.4.7 Observation from Performance Trends

The rationale against the backdrop of the performance trend can be explained through the

lens of analyzing the spectrum of the graph. Since GCN performs the low-pass filtering,

the coefficients of the lower frequencies will be enhanced, and the coefficients of the higher

frequencies will be shrunk. Based on this, our discussion will revolve around analyzing 6

standard heterophilic graphs.

Table 4.5: GCN (a low-pass filter) is applied on the 5 newly-proposed heterophilic datasets
curated by Platonov et al. (Platonov et al., 2023). Performance analyses are demonstrated
after adding multiple self-loops and parallel edges respectively in the graphs. The performance
trends are also highlighted and corresponding categories are marked for each dataset.

Method Input Adjacency Roman-empire Amazon-ratings Minesweeper Tolokers Questions

GCN

A + I 76.70± 0.63 42.01± 0.58 89.51± 0.54 80.10± 1.11 73.96± 1.44
A + 2I 76.28± 0.58 41.58± 0.56 89.46± 0.53 80.13± 1.06 73.69± 0.67
A + 3I 75.99± 0.76 41.56± 0.53 89.41± 0.55 80.03± 1.02 72.54± 1.64
A + 4I 75.72± 0.70 41.49± 0.40 89.33± 0.54 79.76± 1.02 72.56± 1.23
A + 5I 75.26± 0.55 41.21± 0.60 89.22± 0.53 79.70± 0.98 72.53± 1.15

Trend → Decreasing (↓) Decreasing (↓) Decreasing (↓) Decreasing (↓) Decreasing (↓)

GCN

A + I 76.71± 0.62 42.00± 0.58 89.51± 0.54 80.10± 1.12 73.30± 2.04
2A + I 76.75± 0.80 41.93± 0.50 89.57± 0.51 79.95± 1.08 74.51± 1.23
3A + I 76.99± 0.67 41.93± 0.90 89.57± 0.52 79.87± 0.93 75.05± 0.99
4A + I 76.90± 0.59 42.02± 0.53 89.57± 0.51 79.87± 0.99 74.93± 1.18
5A + I 76.95± 0.65 42.18± 0.77 89.60± 0.49 79.75± 0.94 74.73± 1.58

Trend → Increasing (↑) Increasing (↑) Increasing (↑) Decreasing (↓) Increasing (↑)

Category → C C C D C

Addition of Self-loops We observed that the addition of self-loops improves the perfor-

mance of GCN on Cornell, Texas, Wisconsin, and Actor (Refer Table 4.3). Aligning to the

theoretical analyses, adding self-loops will create a decreasing trend of the eigenvalues of L̃.

Consequently, the number of lower frequencies will increase in the graph spectrum, which
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is beneficial for the performance boost of the GCN. Refer to Figure 4.4((a), (b), (c), (f))

to visualize the change of distribution of eigenvalues of L̃ with the addition of self-loops.

A deep observation reveals that the number of lower frequencies gradually increases while

increasing the number of self-loops in the graph. This transformation offers a conducive

environment for the operation of the low-pass filter (here GCN). Finally, the shape of the

eigenvalue distribution resembles when α = 5 for all four datasets.

A stark contrast was observed in the performance trends of the Chameleon and Squirrel

datasets. Both of the datasets demonstrated degrading performance with the addition of an

increasing number of self-loops. As mentioned earlier, the addition of self-loops will shrink

the spectrum of the graph, leading to an increase in the lower frequencies. Refer 4.4((d),

(e)) for the nuanced view of the alteration of eigenvalue distribution of L̃ for both datasets.

Both histograms depict that the lower frequencies increase but eigenvalues are mostly centered

towards 1 which might not be beneficial for the operation of GCN. Therefore, in this scenario,

GCN witnessed deteriorating performance with the increasing number of self-loops.

(a) (b)

(c) (d)

(e)
(f)

Addition of self-loops

Figure 4.4: The distribution of eigenvalues of normalized graph Laplacian for the datasets (a)
Cornell, (b) Texas, (c) Wisconsin, (d) Chameleon, (e) Squirrel, and (f) Actor is demonstrated
after adding self-loops. The initial distribution is shown on the left side of each diagram. The
number of self-loops varies from 1 to 5 and corresponding changes are recorded.

Addition of Parallel edges The addition of parallel edges improves the performance of

Cornell, Texas, Wisconsin, Chameleon, and Squirrel. The theoretical analysis illustrates that
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eigenvalues increase with the increasing number of parallel edges. Consequently, the number

of higher frequencies will increase which seems to impede the performance of GCN. Refer

to Figure 4.5((a), (b), (c), (d), (e)) to visualize the change in the distribution of eigenvalues

of L̃ with the addition of the parallel edges. One common point should be mentioned that

despite the increasing number of higher frequencies, many lower frequencies are still retained

in the spectrum. This phenomenon performs the balance of the parity of lower and higher

frequencies in the graph spectrum, eventually improving the performance of GCN.

On the contrary, GCN exhibited deteriorating performances on the Actor dataset with

the increasing number of parallel edges. Refer to Figure 4.5(f) for the histogram asserting

that the number of lower frequencies almost diminished. As a consequence, GCN witnessed

a degrading performance.

Key Takeaway The crux of the experiments lies in the identification of trends (either in-

creasing or decreasing) in the performance of low-pass filters with the addition of self-loops

or parallel edges. Every input graph can be uniquely mapped to one of the four pre-defined

categories depending on the performance trends. We marked the respective categories of all

17 heterophilic graphs involved in the experimentation. The assigned category characterizes

the specific eigenvalue distribution of the normalized graph Laplacian for the correspond-

ing graph. The distribution of the eigenvalues offers significant insights into the structural

patterns of the graphs like connected components, community structures, expansion proper-

ties, clustering, robustness, etc. The unraveling of such properties is often accomplished by

pursuing computationally expensive eigenvalue decomposition or time-consuming prevailing

graph algorithms. Amid the growing size of the graph resorting to such strategies leads to a

labyrinth of the methodologies.

The size of the graphs like Cornell, Texas, or Chameleon is moderate and we performed

eigenvalue decomposition to study the eigenvalue distribution of L̃. The initial distributions

of the six graphs are presented in Figure 4.3. One can easily contemplate the high-level

structural properties by observing the initial patterns. For instance, Cornell, Texas, and

Wisconsin have a distribution mostly symmetrical around 1 in the spectrum, asserting the

balanced parity of lower and higher frequencies. The observation underscores the presence

of weakly connected components or isolated nodes. This is also validated from Table 4.2
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as Cornell contains 47.5% isolated nodes. A similar argument applies to both Texas and

Wisconsin. Conversely, Chameleon and Squirrel both have higher frequencies which signifies

that graphs are dense, have strongly connected components, and contain no isolated nodes as

confirmed from Table 4.2. In a different vein, Actor has an almost balanced parity of lower

and higher frequencies characterizing the lower number of isolated nodes with a moderate

average degree and density compared to the other five previously mentioned graphs.

Addition of parallel-edges

(a) (b)

(c) (d)

(e) (f)

Figure 4.5: The distribution of eigenvalues of normalized graph Laplacian for the datasets
(a) Cornell, (b) Texas, (c) Wisconsin, (d) Chameleon, (e) Squirrel, and (f) Actor are demon-
strated after adding parallel edges. The initial distribution is shown on the left side of each
diagram. The number of parallel edges varies from 1 to 5 and corresponding changes are
recorded.

4.4.8 Inferring Characteristics of Spectrum for Large-scale Graphs

Evaluating the eigenvalue distribution of L̃ for a large-scale graph is critically challenging due

to the potential computational overhead. Exploration of eigenvalue distribution is possible

by separately observing the performance trends of the low-pass filters, with the addition of

self-loops and parallel edges. This approach drastically reduces the computational budget

and offers deeper insights into the intricate structural patterns in the given networks.

arxiv-year, snap-patents, and genius As per empirical evidence, GCN witnessed decreas-

ing performance trends on arxiv-year, snap-patents, and genius in both cases of self-loops and

parallel edges. The results emphasized that three networks contain a significantly lower num-
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ber of non-zero frequencies with a substantial number of zero eigenvalues, asserting that the

networks contain a large number of isolated nodes. The edge density and average degree of

the graphs are also lower for the three graphs which can also be verified by referring to Table

4.2. Therefore, we can predict the weak connectivity and the presence of isolated nodes in

those graphs by only observing the performance trends with the addition of self-loops and

parallel edges.

Penn94 Penn94 was categorized in ”C” resembling the category of Chameleon and Squirrel

(Refer Figure 4.3). The initial frequency distribution of L̃ suggests a greater number of

higher frequencies resulting in the densely connected network compared to the other five

graphs (Refer Table 4.2). Also, Penn94 contains no isolated nodes sharing properties similar

to those of Chameleon and Squirrel.

twitch-gamers The performance trends made twitch-gamers posited in category ”B” which

is identical to Actor. Thus, the eigenvalue distribution of twitch-gamers also resembles to

Actor, having balanced centering to eigenvalue 1 and almost equal parity of lower and higher

frequencies. Like Actor, twitch-gamers also have moderately dense and average node degrees

with a lesser number of isolated nodes compared to the other five heterophilic graphs in this

group.

pokec The category of pokec marked as A shares identical characteristics with Cornell, Texas,

and Wisconsin. The performance trend indicated the presence of the eigenvalues centering

around eigenvalue 1 having balanced parity of lower and higher frequencies. Identically, pokec

may contain isolated nodes and also weakly connected components.

Table 4.6: Analysis of the performance of GCN on Chameleon dataset is presented with the
variation of number of self-loops and parallel edges simultaneously across the network.

Dataset # Parallel edges 1 2 3 4 5

Chameleon

#
S
el
f-
lo
o
p
s 1 65.00± 1.32 68.61± 1.52 68.94± 1.53 69.14± 1.35 69.75± 0.98

2 59.84± 1.97 65.06± 2.07 66.71± 1.35 68.50± 1.70 68.64± 1.77
3 58.55± 2.15 68.61± 2.26 65.00± 1.95 66.88± 2.01 67.41± 1.39
4 58.04± 2.78 59.53± 1.63 62.82± 2.03 64.42± 1.81 67.03± 1.90
5 57.93± 2.31 59.16± 1.54 60.24± 2.55 63.70± 2.00 65.06± 1.49

Roman-empire, Amazon-ratings, Minesweeper, and Questions The four graphs have

demonstrated declining performance trends while self-loops are added and performance is

improved with the addition of parallel edges. The graphs thereby belonged to the category
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of ”C” similar to Chameleon and Squirrel. This predicament has underscored that graphs

contain higher frequencies than lower frequencies. The graph spectra are indicative of the

higher sparsity and lower average degree of the graphs, compared to those of the Tolokers.

Tolokers Tolokers is categorized as ”D” having similarity with arxiv-year, snap-patents, and

genius. The performance trends signal the presence of a higher number of zero eigenvalues

in the spectrum, containing a good number of isolated nodes (Refer to Table 4.2).

4.4.9 Runtime Comparison with Traditional Eigendecomposition Algorithms

We conducted an extensive study on 17 heterophilic benchmarks to compare the runtime of

our proposed strategy with that of traditional eigendecomposition algorithms. We applied

an inbuilt function np.linalg.eig implemented in the Numpy package to execute eigende-

composition. All experiments are carried out on a single 24 NVIDIA GeForce RTX 3090

GPU and we obtained the results as presented in Table 4.7. For each graph, we leverage

10 GNN training sessions for 5 self-loops and 5 parallel edges. For both cases, we utilized

time function from Python. The analyses reveal that for small-scale graphs, the traditional

algorithm outperforms our approach but for medium-sized graphs, our approach exhibited

faster runtime in comparison to the inbuilt algorithm. Additionally, for large-scale graphs,

our system showed Out-of-Memory (OOM) or process killed and was unable to estimate

eigendecomposition. The experimental results underscore the significance of our approach

to gain insights into the spectra without performing the time and memory-intensive existing

eigendecomposition techniques.

Table 4.7: The comparative study between traditional eigendecomposition algorithms and
our method applied to 17 heterophilic benchmarks. OOM denotes out-of-memory.

Runtime (sec.) Chameleon Squirrel Film Texas Cornell Wisconsin

np.linalg.eig 2.5334 22.1533 86.9033 0.0442 0.0226 0.0599
Ours 73.4782 162.0774 371.0116 52.9237 52.5499 52.9963

Runtime (sec.) arxiv-year snap-patents Penn94 pokec twitch-gamers genius

np.linalg.eig OOM OOM OOM OOM OOM OOM
Ours 365.9806 699.1057 2866.6932 1467.4539 1097.2305 576.4411

Runtime (sec.) Roman-empire Amazon-ratings Minesweper Tolokers Questions

np.linalg.eig 3240.4251 3032.0099 40.7877 94.4341 process killed
Ours 95.5101 135.3722 79.7196 360.0264 247.7609
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4.4.10 Visualization of Spectrum for Heterophilic Graphs

We conducted a comparative study on the lower and higher frequencies of the six heterophilic

graphs Chameleon, Squirrel, Texas, Cornell, Wisconsin, and Actor. The eigenvalue decom-

position is performed on L̃ of individual datasets. The corresponding eigenvalues are divided

into two sets λ<1 and λ≥1 as mentioned earlier. We estimated the percentage of the low

frequencies and high frequencies of each dataset. Refer to Figure 4.6 for the detailed illus-

tration. The figure delineates that the number of lower and higher frequencies for Cornell,
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Figure 4.6: A comparative study on the number of low frequencies and high frequencies of
the graph spectrum for six standard heterophilic graphs.

Texas, and Wisconsin are identical. In the experiments, their category is also similar which

is ”A”. Concurrently, the Chameleon and Squirrel have similar patterns of the parity of

eigenvalues and they also belong to a similar category ”C”. Furthermore, the pattern for

the Actor is completely different from the rest of the others, and ends up marked as ”B”.

The study established the unique interconnectedness of the parity of eigenvalues, frequency

distribution of spectrum, and performance trends of low-pass filters.

4.4.11 Variation of both Self-loops and Parallel edges

A study is conducted to observe the effect on the performance of GCN with the variation

of both self-loops and parallel edges. We consider the Chameleon as our candidate graph

to serve the purpose. The number of self-loops and parallel edges both varied from 1 to

5, taking into account 25 combinations. GCN is applied to the modified Chameleon graph

for each combination. The mean test accuracy with standard deviation estimated over 10
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splits is reported against each combination. Refer to Table 4.6 to get a detailed illustration

of the results. The uptick trend is noted for the increasing number of parallel edges in the

network. While increasing the number of self-loops, a degradation in the model performance

is observed. For a fixed number of self-loops, the test accuracy increases with the addition of

parallel edges, irrespective of the beginning of the initial performance. Every combination of

(αi, γj) produces a filter with the adjusted lower and higher number of frequencies. Notably,

the lowest performance is achieved when the number of self-loops is highest (α = 5) and

the number of parallel edges is lowest (γ = 1). The best performance is obtained with just

the reverse settings like the lowest number of self-loops (α = 1) and the highest number of

parallel edges (γ = 5).

Intuitive Explanation. Adding self-loops increases the number of lower frequencies, shift-

ing the graph spectrum towards the eigenvalue 0. Conversely, the addition of parallel edges

increases the number of higher frequencies, shifting the spectrum toward the value 2. The

addition of a maximum P number of self-loops and a maximum Q number of parallel edges

shifts the graph spectrum to the left and right directions accordingly. Precisely, the addi-

tion of α ≤ P-number of self-loops and γ ≤ Q-number of parallel edges will transform the

graph spectrum intermediate between the two aforementioned extreme scenarios. The up-

dated spectrum oscillation between the two extreme cases and the performance of GCN is

also reflected in our quantitative analysis.

4.4.12 Effect on Performance with Very Large α and γ

We performed a study on the Chameleon, Squirrel, Roman-empire, and genius by increasing

α and γ to higher values to monitor the performance of GCN. The numbers of both α

and γ are varied from 1 to 20, and corresponding test accuracy with standard deviations

are demonstrated in Figure 4.7. The study indicates the maintenance of the performance

trends of the different datasets. The trend mostly depends on the input graph. For example,

GCN on Chameleon showed a decrease (increase) in the number of self-loops (parallel edges).

Conversely, GCN on genius exhibited a downtrend in performance by adding both self-loops

and parallel edges. It is noteworthy that performance stabilized with the higher value of α or

γ. Empirical observation points out that the change in eigenvalues will become comparably

negligible when the value of α or γ exceeds a certain limit. This phenomenon can be attributed
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(a) (b)

Figure 4.7: The effect on the performance of GCN on Chameleon, Squirrel, Roman-empire,
and genius when (a) self-loops and (b) parallel edges are added a higher number of times is
presented.

to the saturating performance trends observed in the experiment.

4.4.13 Utility for Practitioners

In this work, we primarily focus on determining properties of the graph spectrum without

resorting to costly eigenvalue decomposition. Based on the patterns observed in GCN’s

performance, we map the input graph into one of the four categories. Beyond the theoretical

insights and empirical evaluations, our work possesses some benefits for practitioners. We

enjoy the following advantages without performing direct eigendecomposition.

• Our strategy reveals the shape of the graph spectrum characterizing structural proper-

ties like the presence of connected components, communities, etc. For example, regular

graphs have a symmetric graph spectrum. Additionally, the spectral density can iden-

tify graph classes like scale-free, random, and small-world.

• Computing similarity measures between two large graphs is cumbersome. Our method

offers insights into the spectrum distributions, whose comparisons enable quick similar-

ity assessment between the large networks.

• We can detect anomalies of the evolving or dynamic networks by monitoring shifts in

the respective distribution shifts.
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4.5 Conclusion

We conduct detailed studies regarding the performance of low-pass filters like GCN on the het-

erophilic graphs. The studies revealed that GCN showed monotone performance trends when

the input graph is equipped with an increasing number of self-loops or parallel edges. Based

on these performance trends, we categorize the input graphs into four distinct categories. We

further observed that the eigenvalues of the normalized graph Laplacian decrease and increase

when self-loops or parallel edges are added. Consequently, each category entails a significant

amount of information pertaining to the characteristics of the graph spectrum. Therefore,

the performance trends depend solely on the distribution of the eigenvalues in the entire

spectrum. The graph spectrum patterns reveal the graph’s intrinsic characteristics, such as

connected components, community structure, etc. Our work manifests a cost-effective path-

way for estimating and understanding intrinsic properties and intricate patterns in the graph

data, refraining from performing expensive computations. The design of effective application

of GNNs to replace the prevailing costly algorithmic computations can be a potential avenue

for future research directions.

4.6 Appendix

4.6.1 Proofs

This section will offer the detailed proofs and necessary derivations for Lemma 4.1, Lemma

4.2, Lemma 4.3, Lemma 4.4, Theorem 4.1, Theorem 4.2, Theorem 4.3, Theorem 4.4, and

Corollary 4.2. Before delving into the detailed proofs and derivations, the following Lemma

will assist in proving the following theorems. The following proposition is adopted from (Wu

et al., 2019).

Proposition 1. Let us assume β1 ≤ β2 ≤ · · · ≤ βn are the eigenvalues of D− 1
2AD− 1

2 and

δ1 ≤ δ2 ≤ · · · ≤ δn are the eigenvalues of D̃− 1
2AD̃− 1

2 where D̃α = D + αI, then we have the

following inequalities

δ1 ≥
maxidi

α+maxidi
β1, δn ≤

minidi
α+minidi

. (4.2)
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Proof. Recall that Lsym = I−D− 1
2AD− 1

2 and a well-known fact is that 0 is an eigenvalue of

Lsym. Therefore, we have βn = 1. As A is free of self-loops then Tr(D− 1
2AD− 1

2 ) = 0 =
∑

i βi

which implies β1 < 0.

Choose x such that ||x|| = 1 and consider y = D
1
2 D̃

− 1
2

α x. Now, ||y||2 =
∑

i
di

di+α
x2i . Also, we

have minidi
α+minidi

≤ ||y||2 ≤ maxidi
α+maxidi

.

Applying the Rayleigh quotient, we have the following bound for the smallest eigenvalue α1,

δ1 = min
||x||=1

(x⊤D̃
− 1

2
α AD̃

− 1
2

α x)

= min
||x||=1

(y⊤D− 1
2AD− 1

2 y) (by variable substitution)

= min
||x||=1

(
y⊤D− 1

2AD− 1
2 y

||y||2
||y||2)

≥ min
||x||=1

(
y⊤D− 1

2AD− 1
2 y

||y||2
) max
||x||=1

(||y||2)

(∵ min(f(z)g(z)) ≥ min(f(z))max(g(z)) if

min(f(z)) < 0, ∀g(z) > 0

and min
||x||=1

(
y⊤D− 1

2AD− 1
2 y

||y||2
) = β1 < 0)

= β1 max
||x||=1

||y||2

≥ maxidi
α+maxidi

β1

(4.3)

Similarly, the upper bound for δn can be proved as δn ≤ minidi
α+minidi

. A similar problem can be

solved for the parallel edge addition with D̃γ = (1+γ)D+I. and δ1 = min||x||=1(x
⊤D̃

− 1
2

γ AD̃
− 1

2
γ x).

This problem will yield the bound as δ1 ≥ maxdi
1+(1+γ)maxdi

β1. The bound can be derived similarly

as depicted in Eq. 4.3.

Lemma 4.1 Consider a graph G with A and D as the adjacency and degree matrix. Now

α-times self-loops are added in G with α ∈ Z+. Assume λmax
α is the maximum eigenvalue

of symmetrically normalized graph Laplacian L̃α of the updated graph. If β1 is the smallest

eigenvalue of D− 1
2AD− 1

2 and maxi di is the maximum degree of G, then λmax
α ≤ maxi di(1−β1)

α+maxi di
.

Proof. After applying α-times self-loops the symmetrically normalized Laplacian is presented
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as:

L̃α = I− D̃− 1
2

α ÃαD̃
− 1

2
α

= I− D̃− 1
2

α (A+ αI)D̃
− 1

2
α

= I− D̃− 1
2

α AD̃
− 1

2
α − αD̃−1

α

(4.4)

Let λmax
α is the maximum eigenvalue of L̃α and applying Rayleigh quotient the following can

be obtained

λmax
α = max

||x||=1
x⊤L̃αx

= max
||x||=1

x⊤(I− D̃− 1
2

α AD̃
− 1

2
α − αD̃−1

α )x

≤ (1− min
||x||=1

x⊤D̃
− 1

2
α AD̃

− 1
2

α x− min
||x||=1

αx⊤D̃−1
α x)

= 1− δ1 −
α

α+maxi di
(from Proposition 1)

≤ 1− maxi di
α+maxi di

β1 −
α

α+maxi di

=
maxi di(1− β1)
α+maxi di

(4.5)

When α increases the upper bound of λmax
α decreases which indicates the possible shrinking

of the maximum eigenvalue of the graph spectrum.

Lemma 4.2 Consider a graph G with A and D as the adjacency and degree matrix.

Now γ-times parallel edges are added in G with γ ∈ Z+. Assume λmax
γ is the maximum

eigenvalue of symmetrically normalized graph Laplacian L̃γ of the updated graph. If β1

is the smallest eigenvalue of D− 1
2AD− 1

2 and maxi di is the maximum degree of G, then

λmax
γ ≤ (1+γ)maxi di(1−β1)

1+(1+γ)maxi di
.

Proof. After applying γ-times parallel edges in the graph, the symmetrically normalized graph
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Laplacian will be

L̃γ = I− D̃− 1
2

γ ÃγD̃
− 1

2
γ

= I− D̃− 1
2

γ ((γ + 1)A+ I)D̃
− 1

2
γ

= I− (γ + 1)D̃
− 1

2
γ AD̃

− 1
2

γ − D̃−1
γ

(4.6)

Let λmax
γ is the maximum eigenvalue of L̃γ and applying Rayleigh quotient the following can

be obtained

λmax
γ = max

||x||=1
x⊤L̃γx

= max
||x||=1

x⊤(I− (γ + 1)D̃
− 1

2
γ AD̃

− 1
2

γ − D̃−1
γ )x

≤ (1− (γ + 1) min
||x||=1

x⊤D̃
− 1

2
γ AD̃

− 1
2

γ x− min
||x||=1

x⊤D̃−1
γ x)

= 1− (γ + 1)δ1 −
1

1 + (1 + γ)maxi di
(from Proposition 1)

≤ 1− (γ + 1)maxi di
1 + (1 + γ)maxi di

β1 −
1

1 + (1 + γ)maxi di

=
(1 + γ)maxi di(1− β1)
1 + (1 + γ)maxi di

(4.7)

When γ increases, the upper bound of λmax
γ increases which shows the possible expansion of

the maximum eigenvalue of the graph spectrum.

Lemma 4.3 Given a k-regular graph G, the eigenvalues of ÃαN will lie in [−1, 1] ∀α ≥ 1.

Proof. Consider a k-regular graph G where each node has a degree k with the normalized

adjacency matrix is ÃN = D̃− 1
2 ÃD̃− 1

2 where Ã = A+ I, D̃ = D+ I. If α-times (with α ≥ 1)

self-loops are added, then the updated normalized adjacency matrix is ÃαN = D̃
− 1

2
α ÃαD̃

− 1
2

α

where Ãα = A+ αI, D̃α = D + αI. As the graph is regular then ÃN can be presented as:

ÃN = D̃− 1
2 ÃD̃− 1

2

=
1√
k + 1

(A+ I)
1√
k + 1

=
1

k + 1
(A+ I)

(4.8)
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In a similar fashion, we can express ÃαN = 1
k+α(A + αI). Since, both ÃN and ÃαN are the

linearly scaled transformations of A, then both will share a similar set of eigenvectors with

different scaled eigenvalues. Assume v is an eigenvector of ÃN associated with any eigenvalue

λ1. Therefore,

ÃNv = λ1v

1

k + 1
(A+ I)v = λ1v

Av = ((k + 1)λ1 − 1)v

(4.9)

We can say that v is an eigenvector of A with corresponding eigenvalue λA = ((k+1)λ1− 1).

Consider the eigenvector v of ÃγN with the with the eigenvalue λ2. Then, we have the

following,

ÃαNv = λ2v

1

k + α
(A+ αI)v = λ2v

λ2 =
λA + α

k + α

(4.10)

As the range of eigenvalues of ÃN is [−1, 1], thus we have λ1 ≤ 1. The following inequality

can be expressed,

λ1 ≤ 1

(k + 1)λ1 ≤ k + 1

(k + 1)λ1 − 1 ≤ k + 1− 1

λA ≤ k

(4.11)

Using the inequality we will prove the next stage as

λA ≤ k

α+ λA ≤ α+ k

α+ λA
k + α

≤ α+ k

α+ k

λ2 ≤ 1

(4.12)
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In this way, we showed that any eigenvalue of ÃαN is 1. For the lower bound, we can write,

λ1 ≥ −1

(k + 1)λ1 ≥ −k − 1

(k + 1)λ1 − 1 ≥ −k − 1− 1

λA ≥ −k − 2

(4.13)

Using the inequality we will prove the next stage as,

λA ≥ −k − 2

α+ λA ≥ α− k − 2

α+ λA
k + α

≥ α− k − 2

α+ k

λ2 ≥ 1− 2(k + 1)

k + α

(4.14)

The degree k > 1, then we have λ2 ≥ −1. Therefore, the addition of self-loops will not alter

the range of the eigenvalues of the symmetrically normalized adjacency matrix.

Lemma 4.4 Given a k-regular graph G, the eigenvalues of ÃγN will lie in [−1, 1] ∀γ ≥ 1.

Proof. Consider a k-regular graph G where each node has a degree k with the normalized

adjacency matrix is ÃN = D̃− 1
2 ÃD̃− 1

2 where Ã = A+ I, D̃ = D + I. If γ-times (with γ ≥ 1)

parallel edges are added, then the updated normalized adjacency matrix is ÃγN = D̃
− 1

2
γ ÃγD̃

− 1
2

γ

where Ãγ = (1+γ)A+I, D̃γ = (1+γ)D+I. As the graph is regular, then AN can be presented

as:

ÃN = D̃− 1
2 ÃD̃− 1

2

=
1√
k + 1

(A+ I)
1√
k + 1

=
1

k + 1
(A+ I)

(4.15)

In a similar fashion, we can express ÃγN = 1
1+(1+γ)k ((1 + γ)A+ I). Since, both ÃN and ÃγN

are the linearly scaled transformations of A, then both will share a similar set of eigenvectors

with different scaled eigenvalues. Assume v is an eigenvector of ÃN associated with any
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eigenvalue λ1. Therefore,

ÃNv = λ1v

1

k + 1
(A+ I)v = λ1v

Av = ((k + 1)λ1 − 1)v

(4.16)

We can say that v is an eigenvector of A with corresponding eigenvalue λA = ((k+1)λ1− 1).

Consider the eigenvector v of ÃγN with the with the eigenvalue λ2. Then, we have the

following,

ÃγNv = λ2v

1

1 + (1 + γ)k
((1 + γ)A+ I)v = λ2v

λ2 =
(1 + γ)λA + 1

(1 + γ)k + 1

(4.17)

As the range of eigenvalues of ÃN is [−1, 1], thus we have λ1 ≤ 1. The following inequality

can be expressed,

λ1 ≤ 1

(k + 1)λ1 ≤ k + 1

(k + 1)λ1 − 1 ≤ k + 1− 1

λA ≤ k

(4.18)

Using the inequality we will prove the next stage as

λA ≤ k

(1 + γ)λA ≤ (1 + γ)k

(1 + γ)λA ≤ (1 + γ)k

(1 + γ)λA + 1 ≤ (1 + γ)k + 1

(1 + γ)λA + 1

(1 + γ)k + 1
≤ 1

λ2 ≤ 1

(4.19)
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In this way, we have shown the maximum eigenvalue of ÃγN is 1. The lower bound of the

eigenvalues can be shown as

λ1 ≥ −1

(k + 1)λ1 ≥ −k − 1

(k + 1)λ1 − 1 ≥ −k − 1− 1

λA ≤ −k − 2

(4.20)

Using the inequality, we will prove the next stage as

λA ≤ −k − 2

(1 + γ)λA ≥ (1 + γ)(−k − 2)

(1 + γ)λA + 1 ≥ (1 + γ)(−k − 2) + 1

(1 + γ)λA + 1

(1 + γ)k + 1
≥ (1 + γ)(−k − 2) + 1

(1 + γ)k + 1

λ2 ≥ 1− 2(k + 1)(γ + 1)

(1 + γ)k + 1

(4.21)

As k, γ > 0, then we have λ2 ≥ −1. Therefore, the addition of parallel edges will not alter

the range of the eigenvalues of the symmetrically normalized adjacency matrix.

Theorem 4.1 Consider a k-regular graph with α1, α2 ∈ R+ with α1 ≤ α2, then λiα1
≥

λiα2
, ∀ 1 ≤ i ≤ n, where λiα1

and λiα2
are the ith eigenvalues of L̃α1 and L̃α2 respectively.

Proof. Consider a k-regular graph G where each node of degree k with the normalized ad-

jacency matrix is AN = D̃− 1
2 ÃD̃− 1

2 where Ã = A + I, D̃ = D + I. If α-times (with α ≥ 1)

self-loops are added, then the updated normalized adjacency matrix is ÃαN = D̃
− 1

2
α ÃαD̃

− 1
2

α

where Ãα = A+ αI, D̃α = D + αI. As the graph is regular then we can have the following

AαN = D̃
− 1

2
α ÃαD̃

− 1
2

α

=
1√
k + α

(A+ αI)
1√
k + α

=
1

(k + α)
(A+ αI)

(4.22)

Therefore, we can express Aα1
N = 1

k+α1
(A+ α1I) and A

α2
N = 1

k+α2
((A+ α2I). Since A

α1
N and
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Aα2
N are the linear transformations of A, both will have the same set of eigenvectors but with

different eigenvalues. Assume v is the eigenvector of A and its corresponding eigenvalue is

λα1 . Therefore, the following can be written as

Aα1
N v = λα1v

1

(k + α1)
(A+ α1I)v = λα1v

Av = ((k + α1)λα1 − α1)v

(4.23)

We can say that v is the eigenvector of A with the corresponding eigenvalue λA = ((k +

α1)λα1 − α1). For A
α2
N , for eigenvector v, the corresponding eigenvalue is λα2 . Now, we have

the following:

Aα2
N v = λα2v

1

(k + α2)
(A+ α2I)v = λα2v

Av = ((k + α2)λα2 − α2)v

(4.24)

Similarly, we can also express λA = ((k + α2)λα2 − α2). Now, equating the two different
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expressions of λA, we can express the following

(k + α1)λα1 − α1 = (k + α2)λα2 − α2

kλα1 − α1(1− λα1) = kλα2 − α2(1− λα2)

k(λα1 − λα2) = α1(1− λα1)− α2(1− λα2)

As per provided condition, we have α1 < α2

α1(1− λα1) < α2(1− λα1)

α1(1− λα1)− α2(1− λα2) < α2(1− λα1)− α2(1− λα2)

k(λα1 − λα2) < α2(1− λα1)− α2(1− λα2)

k(λα1 − λα2) < α2(λα2 − λα1)

(k + α2)(λα!
− λα2) < 0

As k, α2 > 0 then

λα!
− λα2 < 0

λα!
< λα2

The above equation holds for all |λα1 |, |λα2 | ≤ 1 which is ensured from Lemma 4.3. The

eigenvalue of Aα2
N became greater than that of Aα1

N when self-loops are added to the graph.

We know that L̃α = I − D̃− 1
2

α ÃαD̃
− 1

2
α , indicates if the eigenvalue of AαN increases then the

corresponding eigenvalue of L̃α decreases. Therefore, it can be concluded that the eigenvalue

of L̃α decreases with the addition of self-loops.

Theorem 4.2 Consider a k-regular graph with γ1, γ2 ∈ R+ with γ1 ≤ γ2, then λiγ1 ≤

λiγ2 , ∀ 1 ≤ i ≤ n, where λiγ1 and λiγ2 are the ith eigenvalues of L̃γ1 and L̃γ2 respectively.

Proof. Consider a k-regular graph G where each node has a degree k with the normalized

adjacency matrix is AN = D̃− 1
2 ÃD̃− 1

2 where Ã = A+ I, D̃ = D + I. If γ-times (with γ ≥ 1)

parallel edges are added, then the updated normalized adjacency matrix is ÃγN = D̃
− 1

2
γ ÃγD̃

− 1
2

γ

where Ãγ = (1 + γ)A+ I, D̃γ = (1 + γ)D + I. As the graph is regular then we can have the
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following

AγN = D̃
− 1

2
γ ÃγD̃

− 1
2

γ

=
1√

1 + (1 + γ)k
((1 + γ)A+ I)

1√
1 + (γ + 1)k

=
1

1 + (1 + γ)k
((1 + γ)A+ I)

(4.25)

Therefore, we can express Aγ1N = 1
1+(1+γ1)k

((1 + γ1)A+ I) and Aγ2N = 1
1+(1+γ2)k

((1 + γ2)A+

I). Since Aγ1N and Aγ2N are the scalar transformations of A, both will have the same set of

eigenvectors with different eigenvalues. Assume v is the eigenvector of A and its corresponding

eigenvalue is λγ1 . Therefore, the following can be written as

Aγ1N v = λγ1v

1

1 + (1 + γ1)k
((1 + γ1)A+ I)v = λγ1v

Av =
(1 + (1 + γ1)k)λγ1 − 1

1 + γ1
v

(4.26)

We can say that v is the eigenvector ofA with the corresponding eigenvalue λA =
(1+(1+γ1)k)λγ1−1

1+γ1
.

For AγN , the eigenvector is v with the eigenvalue λ2. Then, we have the following

Aγ2N v = λγ2v

1

1 + (1 + γ2)k
((1 + γ2)A+ I)v = λγ2v

Av =
(1 + (1 + γ2)k)λγ2 − 1

1 + γ2
v

(4.27)

We can also express λA =
(1+(1+γ2)k)λγ2−1

1+γ2
. Now, equating the two different values of λA, we
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can have the following

(1 + (1 + γ1)k)λγ1 − 1

1 + γ1
=

(1 + (1 + γ2)k)λγ2 − 1

1 + γ2

(1 + γ2)((1 + (1 + γ1)k)λγ1 − 1) =

(1 + γ1)(1 + (1 + γ2)k)λγ2 − 1)

(1 + γ2)(1 + (1 + γ1)k)λγ1 − (1 + γ2) =

(1 + γ1)(1 + (1 + γ2)k)λγ2 − (1 + γ1)

(1 + γ2 + (1 + γ1)(1 + γ2)k)λγ1 − 1− γ2 =

(1 + γ1 + (1 + γ1)(1 + γ2)k)λγ2 − 1− γ1

(1 + γ2 + (1+γ1)(1 + γ2)k)λγ1 =

(γ2 − γ1) + (1 + γ1 + (1 + γ1)(1 + γ2)k)λγ2

λγ1 =
γ2 − γ1

(1 + γ2 + (1 + γ1)(1 + γ2)k)
+

(1 + γ1 + (1 + γ1)(1 + γ2)k)

(1 + γ2 + (1 + γ1)(1 + γ2)k)
λγ2

=
γ2 − γ1

(1 + γ2 + (1 + γ1)(1 + γ2)k)
+

(1 + γ2 + (1 + γ1)(1 + γ2)k)− γ2 + γ1
(1 + γ2 + (1 + γ1)(1 + γ2)k)

λγ2

=
γ2 − γ1

(1 + γ2 + (1 + γ1)(1 + γ2)k)
+

(1− γ2 − γ1
(1 + γ2 + (1 + γ1)(1 + γ2)k)

)λγ2

=
γ2 − γ1

(1 + γ2 + (1 + γ1)(1 + γ2)k)
(1− λγ2) + λγ2

According to the condition provided γ2 > γ1 we can say

λγ1 > λγ2

(4.28)

The eigenvalue of Aγ2N became lesser than that of Aγ1N with the addition of parallel edges.

The Eq. 4.28 holds for |λγ2 | ≤ 1 which is assured from Lemma 4.4. We know that L̃γ =

I−D̃− 1
2

γ ÃγD̃
− 1

2
γ , indicates if the eigenvalue of AγN decreases then the corresponding eigenvalue

of L̃γ increases. Therefore, it can be concluded that the eigenvalue of L̃γ increases with the

addition of parallel edges for the regular graphs.
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Corollary 4.2. The increase in the eigenvalues of Lγ is independent of the number of self-

loop additions in G. On the contrary, the eigenvalues of L̃γ will increase if at least one

self-loop is added per node in G.

Proof. Let us prove the statement by contradiction. We know L = D−A and after adding α-

times self-loops and γ-times parallel edges, the Lγ = Dγ−Aγ where Ãγ = (1+γ)A+αI, D̃γ =

(γ + 1)D + αI. Then,

Lγ = (D̃γ − Ãγ)

= (((γ + 1)D + αI)− ((γ + 1)A+ αI))

= (γ + 1)(D −A)

= (γ + 1)L

(4.29)

The equation is independent of the number of self-loops we confirm that the effect of adding

parallel edges prevails. Similarly, let us also prove the second part by contradiction. We know

that L̃γ = I − D̃− 1
2

γ ÃγD̃
− 1

2
γ and consider the expression without self-loops with the addition

of γ-times parallel edges as D̃ = (1 + γ)D, Ã = (1 + γ)A.

L̃γ = I− D̃− 1
2

γ ÃγD̃
− 1

2
γ

= I− 1√
(1 + γ)

D− 1
2 (1 + γ)A

1√
(1 + γ)

D− 1
2

= I−D− 1
2AD− 1

2

= L̃

(4.30)

Therefore, adding parallel edges without at least one self-loop per node does not change the

normalized graph Laplacian. Hence, the result is proved.

Theorem 4.3 Consider a connected graph G with AN = D− 1
2AD− 1

2 . Assuming the diagonal

of A of G is perturbed by a significantly small α > 0, then the updated normalized adjacency

matrix will be AαN . The change in the eigenvalues of AαN with respect to the eigenvalues of

AN will increase when α increases.

Proof. If the diagonal of A is perturbed by α, the symmetrically normalized graph Laplacian
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of G will be,

L̃α = I− D̃− 1
2

α ÃαD̃
− 1

2
α , (4.31)

where Ãα = A + αI and D̃α = D + αI. Let us denote the normalized adjacency matrix

without self-loops as AN = D− 1
2AD− 1

2 . The element of AN is represented as:

AN [i][j] =


Aij√
didj

, i ̸= j

0, i = j

(4.32)

After perturbed by α, the normalized adjacency will be AαN = D̃
− 1

2
α ÃαD̃

− 1
2

α . The elements of

ÃαN can be represented as:

AαN [i][j] =


Aij√

α+di
√
α+dj

i ̸= j

α
α+di

i = j

(4.33)

The entry-wise change in the normalized adjacency matrix is presented as:

δAN [i][j] =


Aij√

α+di
√
α+dj

− Aij√
didj

, i ̸= j

α
α+di

, i = j

(4.34)

Following the notion of Theorem 4 stated in (Karhadkar et al., 2022) we can assume x is

a normalized eigenvector of AN with corresponding eigenvalue λ. Therefore, the first-order
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change in the corresponding eigenvalue can be represented as:

x⊤(δAN )x =
∑
i̸=j

δAN [i][j]xixj +
∑
i=j

δAN [i][j]x
2
i

=

∑
i̸=j

(
Aij√

α+ di
√
α+ dj

− Aij√
didj

)
xixj

+
∑
i=j

α

α+ di
x2i

=

∑
i̸=j

(
1√

α+ di
√
α+ dj

− 1√
didj

)
Aijxixj

+
∑
i=j

α

α+ di
x2i

(4.35)

Consider,

F
(1)
ij (α) =

(
1√

α+ di
√
α+ dj

− 1√
didj

)
F

(2)
i (α) =

α

α+ di
x2i

(4.36)

If di, dj ≫ α, then F
(1)
ij (α) ≈ 0 which lead to

x⊤(δAN )x ≈ F (2)
i (α) ≈

∑
i=j

α

α+ di
x2i . (4.37)

If α increases then F
(2)
i (α) also increases. This reflects the change in the eigenvalue of AαN

increases, indicating the decrease in the eigenvalues of the L̃α.

Theorem 4.4 Consider a connected graph G with normalized adjacency matrix AN =

D− 1
2AD− 1

2 . Assuming each element of A except the diagonal is multiplied by 1 + γ where

γ > 0 is a significantly small quantity, then the updated normalized adjacency matrix will be

AγN . The change in the eigenvalues of AγN with respect to the eigenvalues of AN will decrease

when γ increases.

Proof. If the non-diagonal elements of A are multiplied by 1 + γ, then the symmetrically
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normalized graph Laplacian will be,

L̃γ = I− D̃− 1
2

γ ÃγD̃
− 1

2
γ , (4.38)

where Ãγ = (γ + 1)A + I and D̃γ = (γ + 1)D + I. Let us denote the normalized adjacency

matrix without self-loops as AN = D− 1
2AD− 1

2 . The element of AN is represented as:

AN [i][j] =


Aij√
didj

, i ̸= j

0, i = j

(4.39)

After multiplying (1 + γ) to the non-diagonal elements of A and adding one self-loops, the

normalized adjacency will be AγN = D̃
− 1

2
γ ÃγD̃

− 1
2

γ . The elements of ÃγN can be represented as:

AγN [i][j] =


(γ+1)Aij√

1+(γ+1)di
√

1+(γ+1)dj
i ̸= j

1
1+(1+γ)di

i = j

(4.40)

The entry-wise change in the normalized adjacency matrix is presented as:

δAN [i][j] =


(γ+1)Aij√

1+(γ+1)di
√

1+(γ+1)dj
− Aij√

didj
, i ̸= j

1
1+(1+γ)di

, i = j

(4.41)

Following the notion of the Theorem 4 stated in (Karhadkar et al., 2022) we can assume x is

a normalized eigenvector of AN with corresponding eigenvalue λ. Therefore, the first-order
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change in the spectral gap can be represented as:

x⊤(δAN )x =
∑
i̸=j

δAN [i][j]xixj +
∑
i=j

δAN [i][j]x
2
i

=

∑
i̸=j

(
(γ + 1)Aij√

1 + (γ + 1)di
√
1 + (γ + 1)dj

− Aij√
didj

)
xixj

+
∑
i=j

1

1 + (1 + γ)di
x2i

=

∑
i̸=j

(
(γ + 1)√

1 + (γ + 1)di
√
1 + (γ + 1)dj

− 1√
didj

)
Aijxixj

+
∑
i=j

1

1 + (1 + γ)di
x2i

(4.42)

Consider the following,

F
(1)
ij (γ) =

(
(γ + 1)√

1 + (γ + 1)di
√
1 + (γ + 1)dj

− 1√
didj

)
F

(2)
i (γ) =

1

1 + (1 + γ)di
x2i

(4.43)

Now we can rewrite,

F
(1)
ij (γ) =

(
(γ + 1)√

1 + (γ + 1)di
√
1 + (γ + 1)dj

− 1√
didj

)

=

 1√
1

1+γ + di
√

1
1+γ + dj

− 1√
didj

 (4.44)

As we mentioned γ is a sufficiently small quantity and with di, dj ≫ 1, then F
(1)
ij (γ) ≈ 0.

Now we have,

x⊤(δAN )x ≈ F (2)
i (γ) ≈ 1

1 + (1 + γ)di
x2i (4.45)

If γ increases then F
(2)
i (γ) decreases reflecting the change in the eigenvalues of ÃγN decreases.

This indicates the increase in the eigenvalues of L̃γN .
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Chapter 5

Asynchronous Message Passing for
Addressing Oversquashing in
Graph Neural Networks

Summary

Graph Neural Networks (GNNs) face the potential limitation of Oversquashing that occurs

on tasks requiring long-range interactions. The problem arises from the presence of bottle-

necks that limit the propagation of messages among distant nodes. Recently, graph rewiring

methods directly alter edge connectivity and are expected to perform well on long-range tasks.

Yet, graph rewiring compromises the inductive bias, incurring significant information loss in

solving the downstream task. Furthermore, increasing channel capacity may increase the num-

ber of trainable parameters, enhancing the model complexity. To alleviate the shortcomings,

we attempt to design an asynchronous message passing framework to process exponentially

growing information with distinct time stamps rather than simultaneously accessing the given

channel with a fixed capacity. Our work proposes a framework for asynchronous message

propagation that updates node features based on chosen layer-specific batches. The batches

are constructed based on the importance of nodes in the graph. We also theoretically found

that our proposed framework is capable of addressing oversquashing. We applied our frame-

work to six benchmark graph datasets to perform graph classification and achieved impressive

performance over the standard baselines.
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5.1 Introduction

Graph Neural Networks (Scarselli et al., 2008; Kipf and Welling, 2016; Veličković et al., 2017;

Wu et al., 2019; Chen et al., 2020c; Corso et al., 2020) predominantly aggregate neighboring

information in a localized manner. The localized nature of message exchanges seems inade-

quate for solving downstream tasks like molecular property predictions (Dwivedi et al., 2020)

where long-range interaction is necessary. A straightforward way to alleviate the problem is

by simply stacking multiple message-passing layers facilitating interaction between the long-

distant nodes. However, the solution does not come without it costs of the twin infamous

problems of Oversmoothing (Li et al., 2020a) and Oversquashing (Alon and Yahav, 2020; Cai

and Wang, 2020b). Oversmoothing is typically attributed to transforming node features into

indistinguishable ones due to layer-wise recursive message propagation. The oversquashing,

an information bottleneck, stems from the necessity to compress information aggregated from

the exponentially growing neighborhoods into fixed-sized vectors.

To eliminate both problems instantly, Graph Transformers (GTs) (Dwivedi and Bresson,

2020) enable message passing between every pair of nodes, dismissing the requirement for

stacking multiple layers. Despite the profound success, the training of GTs is overburdened

with a larger number of parameters and high training time, which poses computational hurdles

to solving the target tasks. As an intermediate solution, the graph rewiring emerges in the

landscape. A plethora of rewiring methods like (Topping et al., 2021b; Karhadkar et al.,

2022; Arnaiz-Rodŕıguez et al.; Barbero et al., 2023; Black et al., 2023a) either performs

spectral or spatial rewiring of the input graph topology. Yet, the problem of parameters

and training time are somehow reduced, and the rewiring still causes the alteration of the

graph structure. may incur information loss concerning the inductive bias. In this context,

the recent work PANDA (Choi et al., 2024a) proposed expanding the width of the node

features with high centrality values. PANDA typically chooses a set of high-centrality nodes

and expands their feature vectors. Subsequently, they select top-ranked features containing

sufficient information to maintain consistency in feature dimensions. This approach still

discards some of the feature dimensions, compromising relevant information and increasing

the parameters while attempting to mitigate oversquashing.

In this work, we attempt to design a message-passing strategy that efficiently addresses
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Figure 5.1: The working mechanism of CAMP is presented. Initially, the node centrality
values are precomputed (here it is degree) and sorted in descending order. A 3-layered GNN
model is applied and the centrality set is divided into three disjoint subsets. In each layer,
the features of the nodes belonging to the pertinent subset are updated. The structure of
the graph is changed at every layer but the updated node features are carried forward to the
next layer.

oversquashing without affording the risk of information loss. Revisiting the core reason

for oversquashing, we aim to process the aggregated messages by accessing the channels

of fixed capacity in a fixed interval of time stamps or delays rather than processing the

exponentially growing information simultaneously. This strategy leads us to explore the

asynchronous message-passing paradigm. In this connection, we laid the foundation of the

asynchronous message-passing framework by proposing Randomized Asynchronous Message

Passing or RAMP which asynchronously update node features, unlike standard Message

Passing GNNs (MP-GNNs) like GCN, GAT, GCNII, etc. At every layer, a batch of nodes

is chosen randomly whose node features will be updated and the features of the rest of the

nodes remain unchanged. As RAMP pursues layer-wise random node selection, some nodes

may never be selected during propagating through hidden layers, which may impact the

performance.

We overcome the limitation by proposing another frameworkCentrality-awareAsynchronous

Message Passing or CAMP that selects the batch of nodes guided by the node centrality or

the importance of the nodes in the graph (like degree, betweenness, etc). In stark contrast

to RAMP, CAMP performs ordering (either ascending or descending) of the node central-

ity values and partitions the whole set into multiple disjoint subsets which is equal to the

number of message-passing layers. The complete workflow is illustrated in Figure 5.1. From

the beginning, each subset is assigned as a batch of nodes for the corresponding layer, ensur-

ing each node gets a chance to exchange messages with its neighbors. Empirically, we have
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shown that CAMP is more effective than RAMP in solving the target task. Additionally,

the effect of centrality values gradually diminishes (or enhances) while progressing through

message-passing layers for the descending (ascending) ordering. The asynchronous feature

updates in a fixed channel capacity are poised to accommodate exponentially growing in-

formation, ultimately diminishing the effect of oversquashing. Unlike PANDA, our method

does not require increasing the dimension of the node features, asserting the learning in a

low-parameter regime. Notably, PANDA performs synchronous message updates, which is a

striking difference from CAMP.

Contribution Our contributions are summarized as follows,

• Asynchronous Message Passing We design the generalized framework RAMP for

performing asynchronous message passing, unlike standard MP-GNNs. RAMP samples

the batches of nodes randomly at every layer and updates the features. To improve

the node selection criteria we introduce CAMP that samples layer-wise node batches

guided by the centrality of the nodes. Our proposed frameworks are flexible and can

be seamlessly plugged with a diverse set of GNN models

• Oversquashing Mitigation Asynchronous message propagation allows the process-

ing of larger volumes of information in different time slots for a fixed channel capacity.

This approach effectively utilizes fixed-sized features by successfully avoiding the pro-

cessing of an exponential amount of information simultaneously, ultimately tackling

oversquashing.

• Theoretical Insights We theoretically proved (in Lemma 5.1) that CAMP is more

powerful than RAMP to address oversquashing in GNNs.

5.2 Proposed Method

5.2.1 Preliminaries & Notations

Assume an attributed graph G = (V, E , X,A) where V denotes the set of nodes, E ⊆ V × V

denotes the edge set, X ∈ Rn×d is the feature matrix containing d-dimensional node features,

and A ∈ Rn×n is the adjacency matrix. The neighborhood of a node v is represented as N(v).
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Revisiting MP-GNN The existing MP-GNN computes messages between the pair of adja-

cent nodes (u, v) by a MESSAGE function Ψ, and subsequently messages are aggregated across

the neighborhood N(v). The features of the centering node v are updated by a COMBINE

function Φ. Notably, the feature updates are performed simultaneously, and thereby MP-

GNN performs ”synchronous” message passing across neighborhoods. The updated features

of node v is x
(l+1)
v which is represented as follows,

x(l+1)
v = Φl

x(l)v , ∑
u∈N(v)

Ψl(x
(l)
v , x

(l)
u )

 (5.1)

where Ψl and Ψl ar respectively layer-specific message and combine function.

Oversmoothing The problem mostly persists in the deep MP-GNNs causing performance

degradation when long-range interaction is required (Oono and Suzuki, 2019; Cai and Wang,

2020b). As an effect, node features became indistinguishable influenced by the recursive

neighborhood aggregation in the deeper layers. The growing receptive field in deep layers

became almost identical and thereby computes the similar embeddings for each node, resulting

in oversmoothing. In this work, we will demonstrate that asynchronous message passing may

alleviate oversmoothing in deep GNNs.

Oversquashing The oversquashing phenomenon is first observed by (Alon and Yahav, 2020)

originated from GNNs leveraging long-range dependencies. Compressing aggregated features

from a large number of neighbors into a fixed capacity of vectors results in information

loss. The effect of oversquashing can be measured by the sensitivity bounds proposed by

(Di Giovanni et al., 2023b; Topping et al., 2021a). assuming there exists a l-length path

between u and v. The sensitivity bound is estimated as the Jacobian of h
(l)
v and h

(0)
u which

can be represented as, ∥∥∥∥∥ ∂h(l)v∂h
(0)
u

∥∥∥∥∥
1

≤ (cwp)l︸ ︷︷ ︸
model

(S̃l)uv︸ ︷︷ ︸
topology

. (5.2)

The effect of oversquashing depends on the c the Lipschitz constant of the model parameters,

w the maximum entry of weight matrices, and width p. Also, oversquashing is affected by

the S̃l where S̃ can be normalized adjacency matrix. The lower value of the bound signals

diminished the effect on the message propagation of a node by its neighbors.

At this stage, we will lay the foundation of the asynchronous message-passing frame-
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(a) 4-layered GIN on ENZYMES (b) 10-layered GCN on REDDIT-BINARY (c) 4-layered GIN on PROTEINS (d) 10-layered GCN on COLLAB

Figure 5.2: A comparative study is conducted between the performance of RAMP and CAMP
on four molecular graphs with various settings. The analysis reveals CAMP outperforms
RAMP exhibiting the influence of node centrality in the message-passing steps.

work and subsequently propose centrality-guided asynchronous message propagation that is

supposed to tackle oversquashing.

5.2.2 Asynchronous Message Passing Framework

We propose RAMP which performs asynchronous node updates during the propagation

through message-passing layers. Initially, a set of nodes say B with |B| ≤ n is selected

randomly. The features of nodes in B will only be updated by neighborhood aggregation and

the remaining node features will be carried forward to the next layer. Propagation through

hidden layers can be perceived as an increase in layers and also an increase in the time stamp.

If the feature of a node v ∈ B is updated at lth layer then it crosses the time-stamp l. Every

node is tagged with a tuple representing layer number and corresponding time-stamp. The

following equation represents the asynchronous message-passing operation,

x(l+1,l+1)
v =



Φl

(
x
(lv ,l)
v ,

∑
u∈N(v)

Ψl(x
(lv ,l)
v , x

(lu,l)
u )

)
,

∀v ∈ B

x
(lv ,l+1)
v , ∀v ̸∈ B.

(5.3)

where Ψl,Φl are respectively MESSAGE and COMBINE functions for lth layer, lv denotes the layer

at which xv is last updated with 0 ≤ lv ≤ l. If a node does not participate in the message-

passing operation, then its time-stamp will increase by one but the last updated layer remains

unchanged. Importantly, RAMP considers node set which not necessarily should be part of

any subgraph, strictly differing from the methods pursuing subgraph sampling like (Hamilton
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et al., 2017; Zeng et al., 2019)

Limitations of RAMP One major drawback of RAMP is that some nodes may never get

selected to interact in the message propagation, acting as isolated nodes in the intermediate

layers. We term them ”lazy nodes” and the set ”lazy set.” The features of the lazy nodes are

not updated during the entire propagation in the hidden layers. The exclusion of such nodes

distorts the graph structure, causing information loss and performance degradation. In the

following section, we propose another asynchronous framework to mitigate the shortcoming.

5.2.3 Centrality-aware Asynchronous Message Passing

We design a novel strategy to select mode batches prioritizing the importance of the nodes in

a given network. In this context, the centrality values of nodes are considered as the selection

criteria for creating node batches. We adopt five different well-recognized centrality measures

Degree (Borgatti and Halgin, 2011), Betweenness (Freeman, 1977), Closeness (Freeman et al.,

2002), Load (Goh et al., 2001), and PageRank (Page et al., 1999). The centrality scores of

nodes assign the nodes to be chosen but do not provide any idea of when to select. We offer

an approach to tackle the missing time component during the node selection by tagging each

node with a particular layer. Integrating node centrality and message-passing layers solves

the problem of selecting node batches.

Initially, we estimate the centrality scores of each node in the pre-processing stage. Con-

currently, we also assign ordering (either ascending or descending) of the centrality values

which confirms the monotone effects of the importance of nodes and also reduces randomness.

For instance, the centrality of nodes in descending order can be presented as follows,

Cn = {c(1), c(2), · · · , c(n) : c(i+1) ≥ c(i), ∀ 1 ≤ i ≤ n− 1}, (5.4)

where c(i) denotes the centrality of the node i. To ensure the participation of every node

at some layer, we divide the centrality values into the L number of smaller subsets where

L denotes the total number of layers in the base GNN. Note that, each subset maintains a

similar order to Cn. The l
th subset can be presented as,

C(l)
n = {c(1)l , c

(2)
l , · · · , c(m)

l : c
(i+1)
l ≥ c(i)l , ∀ 1 ≤ i ≤ m− 1} (5.5)
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where c
(i)
k is the centrality of ith node which belong to the lth subset and m = |C(l)

n | = ⌊CnL ⌋

with l ∈ [1, L].

Node-batch Selection We select a batch of nodes at every layer to update features. For

layer l, we consider the subset C ln as our candidate node batch. This way of selection en-

sures the participation of each node in the message-passing operation exactly once. Notably,

layer-wise batching of nodes enables centrality-dependent delays in interacting across the

neighborhoods. We also offer a provision for selecting a portion of nodes from each subset

C ln. Assuming a sampling probability is p, then the size of the node batch will be mp = |C ln|p

where 0 < p ≤ 1. We term the framework as p-CAMP. If we sample a full batch at every

layer, then our framework is termed as 1-CAMP or simply CAMP.

Update Rule The feature update rule of CAMP can be defined as follows,

x(l+1,l+1)
v =



Φl

(
x
(lv ,l)
v ,

∑
u∈N(v)

Ψl(x
(lv ,l)
v , x

(lu,l)
u )

)
,

∀v ∈ C(l)
n

x
(lv ,l+1)
v , ∀v ̸∈ C(l)

n .

(5.6)

All notations carry similar meanings as discussed earlier.

Why CAMP Works? The disjoint partition of node centrality values has a direct impact

on the information propagation and feature updates within the framework. The features of

a candidate node batch get updated by aggregating features from their neighboring nodes.

These updates rely on older versions of neighboring features, which are stored in channels

of fixed capacity. Additionally, newly updated features may remain unchanged for a period

and can be utilized by other node batches in subsequent layers. This approach ensures

efficient utilization of the channels to store and process information with some delays or at

regular intervals. The time-dependent access to these channels optimizes resource utilization,

facilitating the flow of relevant information across the network. Moreover, this mechanism

prevents the storage of exponentially growing information in fixed-sized channels, thereby

mitigating the effects of oversquashing.

Performance Comparison between RAMP and CAMP We performed an initial study

to compare the prowess of RAMP and CAMP in mitigating oversquashing on the molecular
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graphs. Refer to Figure 5.2 for a detailed illustration. In different settings, the performance of

CAMP consistently outperforms RAMP over various batch sampling rates. The performance

of RAMP is exacerbated due to the presence of lazy nodes. The lazy nodes fail to provide the

necessary features and structural information to the other active nodes. Conversely, CAMP

guarantees each node’s participation in the aggregation process, thereby enriching it with

appropriate feature and structural information.

5.2.4 Theoretical Analysis

In this section, we provide theoretical underpinnings to validate the efficacy of CAMP in

mitigating oversquashing.

Lemma 5.1 (Asynchronous Sensitivity Bound for CAMP). Consider an L-layered GNN

applied to a graph G = (V, E) integrated with framework CAMP, where Φℓ and Ψℓ are differ-

entiable COMBINE and MESSAGE functions at the ℓ-th layer. Assume that for every layer ℓ, the

Jacobians of Φℓ and Ψℓ are Lipschitz bounded by,

∥∇Φℓ∥ ≤ α, ∥∇Ψℓ∥ ≤ β, (5.7)

where α, β are real constants.

Then, for any pair of nodes u, v ∈ V, the feature sensitivity under CAMP satisfies∣∣∣∣∣∂x(L)v

∂xu

∣∣∣∣∣ ≤ (αβ)K(u,v)
∑

π∈Pasync(u,v)

∏
t∈π

S
(τt)
it+1it

, (5.8)

where Pasync(u, v) is the set of all valid asynchronous walks from u to v respecting the acti-

vation schedule {C(ℓ)
n }Lℓ=1, and K(u, v) ≤ L denotes the number of layers in which the nodes

along the path π were updated.

Proof. We compare the asynchronous update rule (??) with the classical synchronous message

passing update:

h(ℓ+1)
v = Φℓ

(
h(ℓ)v ,

∑
u

SvuΨℓ(h
(ℓ)
v , h(ℓ)u )

)
, (5.9)

with bound
∣∣∣∂h(L)

v
∂xu

∣∣∣ ≤ (αβ)L(SL)uv..
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Recursive derivative for CAMP. Differentiating (??) with respect to xs gives

∂x
(ℓ+1,ℓ+1)
v

∂xs
=


∇1Φℓ

∂x
(ℓv ,ℓ)
v

∂xs

+∇2Φℓ
∑
u

S(ℓ)
vuM

(ℓ)
ij ,

v ∈ C(ℓ)
n ,

∂x
(ℓv,ℓ+1)
v
∂xs

, v /∈ C(ℓ)
n .

(5.10)

where M
(l)
ij =

(
∇1Ψℓ

∂x
(ℓv,ℓ)
v
∂xs

+∇2Ψℓ
∂x

(ℓu,ℓ)
u
∂xs

)
. Applying the Lipschitz bounds (5.7) yields

∣∣∣∂x(ℓ+1,ℓ+1)
v

∂xs

∣∣∣ ≤


α

∣∣∣∣∣∂x(ℓv ,ℓ)v

∂xs

∣∣∣∣∣
+ αβ

∑
u

S(ℓ)
vu

∣∣∣∣∣∂x(ℓu,ℓ)u

∂xs

∣∣∣∣∣ ,
v ∈ C(ℓ)

n ,

∣∣∣∂x(ℓv,ℓ)v
∂xs

∣∣∣ , v /∈ C(ℓ)
n .

(5.11)

Matrix form. Define the indicator matrix M (ℓ) = diag(m
(ℓ)
v ), where m

(ℓ)
v = 1 if v ∈ C(ℓ)

n ,

and 0 otherwise. Then (5.11) can be written compactly as

δ(ℓ+1)(s) ≤
[
I −M (ℓ) + αM (ℓ)(I + βS(ℓ))

]
δ(ℓ)(s), (5.12)

where δ(ℓ)(s) has entries δ
(ℓ)
v (s) =

∣∣∂x(ℓ)v
∂xs

∣∣.
Propagating through L layers. Iterating (5.12) from the input layer (δ(0)(s) = es) gives

δ(L)(s) ≤
L∏
ℓ=1

[
I −M (ℓ) + αM (ℓ)(I + βS(ℓ))

]
es. (5.13)

Since inactive nodes preserve their previous features, the only contributing terms cor-

respond to valid asynchronous walks that traverse nodes updated at each relevant layer τt.

Collecting all these paths yields (5.8).

Comparing with synchronous sensitivity. In the synchronous setting, each layer mul-

tiplies by the same S, giving (SL)uv with spectral radius ρ(S) ≤ 1. In CAMP, the product
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involves distinct S(τt) acting on smaller induced subgraphs. For each layer ℓ,

ρ(S(ℓ)) =
d
(ℓ)
avg

d
(ℓ)
max

>
davg
dmax

= ρ(S), (5.14)

since batching reduces maximum degree d
(ℓ)
max. Moreover, the effective depth K(u, v) ≤ L

because not all layers affect a given node pair. Thus, for 0 < αβ ≤ 1,

(αβ)K(u,v)

K(u,v)∏
t=1

ρ(S(τt)) ≥ (αβ)Lρ(S)L, (5.15)

which implies entrywise

(αβ)K(u,v)
(K(u,v)∏

t=1

S(τt)
)
uv
≥ (αβ)L(SL)uv. (5.16)

Comparison with synchronous case. Equation (5.16) guarantees that CAMP maintains

a higher sensitivity bound than the synchronous counterpart, whenever at least one of the

following holds:

(i) K(u, v) < L (not all layers affect the u→v path), or

(ii) ρ(S(ℓ)) > ρ(S) for some ℓ (stronger local connectivity).

Hence, the oversquashing effect, which corresponds to the exponential decay of (SL)uv in

depth L is alleviated since the asynchronous term decays more slowly.

5.2.5 Properties of CAMP

Layer-wise Rewiring CAMP updates the features of node batches during propagation

through hidden layers. The candidate node batch aggregates features of the immediate

neighbors, and the rest of the node features remain unaltered. This process can be perceived

as the edges involving the candidate node batch remaining connected, and the rest of the nodes

becoming isolated. When we proceed to the next layer, the edges of the new candidate batch

are preserved, and the edges connecting the previous node batch are removed. The structure
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Table 5.1: The performances of GCN and GIN coupled with CAMP are presented. For each
dataset, the best and second-best results are respectively marked in green and blue colors.

Method Enzymes Mutag Proteins Collab IMDB-Binary Reddit-Binary

GCN (None) 27.66± 1.16 72.15± 2.44 70.98± 0.73 33.78± 0.48 49.77± 0.81 68.25± 1.09
+ Last Layer FA 26.46± 1.20 70.05± 2.02 71.01± 0.96 33.32± 0.43 48.98± 0.94 68.48± 0.94
+ Every Layer FA 18.33± 1.03 70.45± 1.96 60.03± 0.92 51.79± 0.41 48.17± 0.80 48.49± 1.04
+ DIGL 27.51± 1.05 71.35± 2.39 70.60± 0.73 53.35± 0.29 49.91± 0.84 49.98± 0.68
+ SDRF 28.36± 1.17 71.05± 1.87 70.92± 0.79 33.44± 0.47 49.40± 0.90 68.62± 0.85
+ FoSR 25.06± 0.99 80.00± 1.57 73.42± 0.81 33.83± 0.58 49.66± 0.86 70.33± 0.72
+ BORF 24.70± 1.00 75.80± 1.90 71.00± 0.80 Time-out 50.10± 0.90 Time-out
+ GTR 27.52± 0.99 79.10± 1.86 72.59± 2.48 33.05± 0.40 49.92± 0.99 68.99± 0.61
+ CT-Layer 17.38± 1.03 75.89± 3.02 60.35± 1.06 52.14± 0.41 50.32± 0.94 51.58± 1.01
+ PANDA 31.55± 1.23 85.75± 1.39 76.00± 0.77 68.40± 0.45 63.76± 1.01 80.69± 0.72
+ GOKU 27.60± 1.20 81.00± 2.00 71.90± 0.80 - - -

+ CAMP (Ours) 31.73± 2.30 81.80± 3.68 74.43± 1.64 69.86± 0.70 62.44± 2.15 84.96± 0.86

GIN (None) 33.80± 0.11 77.70± 0.36 70.80± 0.82 72.99± 0.38 70.18± 0.99 86.78± 1.05
+ Last Layer FA 44.40± 1.38 83.05± 1.74 72.30± 0.66 71.05± 0.40 70.91± 0.78 88.31± 0.65
+ Every Layer FA 28.38± 1.05 72.55± 3.01 70.37± 0.91 32.98± 0.39 49.16± 0.87 50.36± 0.68
+ DIGL 35.71± 1.19 79.70± 2.15 70.75± 0.77 54.50± 0.41 64.39± 0.90 76.03± 0.77
+ SDRF 35.81± 1.00 78.40± 2.80 69.81± 0.79 72.95± 0.41 69.72± 1.15 86.44± 0.59
+ FoSR 29.20± 1.36 78.40± 2.80 73.10± 0.81 73.27± 0.41 71.21± 0.91 87.35± 0.59
+ BORF 35.50± 1.20 80.80± 2.50 73.70± 0.80 Time-out 71.30± 1.50 Time-out
+ GTR 30.57± 1.42 77.60± 2.84 73.13± 0.69 72.93± 0.42 71.28± 0.86 86.98± 0.66
+ CT-Layer 16.58± 0.90 56.85± 4.25 61.10± 1.18 52.30± 0.60 50.00± 0.97 54.58± 1.75
+ PANDA 46.20± 1.41 88.75± 1.57 75.75± 0.85 75.11± 0.21 72.56± 0.91 91.05± 0.40
+ GOKU 33.80± 1.20 78.40± 2.50 73.90± 1.00 - - -

+ CAMP (Ours) 46.60± 2.26 87.40± 3.95 76.07± 1.73 74.14± 0.65 73.48± 1.47 89.24± 1.03

Table 5.2: Results of GCN with None, SDRF, FoSR, BORF, and PANDA on Peptides-func
and Peptides-struct. The best and second-best results are respectively marked in green
and blue colors.

Method Peptides-func(AP ↑) Peptides-struct(MAE ↓)

GCN (None) 59.30± 0.23 0.3496± 0.0013
+ SDRF 59.47± 1.26 0.3478± 0.0013
+ FoSR 59.47± 0.35 0.3473± 0.0007
+ BORF 59.94± 0.37 0.3514± 0.0009
+ PANDA 60.28± 0.31 0.3272± 0.0001

+ CAMP (Ours) 56.67± 0.76 0.3138± 0.0041

of the graph alters in each layer according to the selected node batches, unlike the existing

sequential rewiring methods (Barbero et al., 2023; Karhadkar et al., 2022), etc. Therefore,

CAMP leverages layer-specific rewiring and enables asynchronous message aggregation.

Variable Hop Aggregation CAMP simulates a variable hop aggregation strategy, unlike

the standard MP-GNNs. For any layer l, the corresponding candidate node batch Cnl up-

dates features from the neighbors which can be either already updated in some previous layers

(< l) or will be updated in the upcoming layers (> l). The updated features of the current
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node batch are the aggregated form of variable hops, updated features of their correspond-

ing neighbors. This variable hop aggregation is the key characteristic of the asynchronous

message-passing frameworks.

Order matters: Ascending or Descending The effectiveness of CAMP can be influenced

by the order of the centrality values of the nodes. The descending order of the centrality values

enables the aggregation of rich information through the high centrality nodes in earlier layers.

Those updated node features are further utilized by lower centrality nodes, and information

propagation is efficiently leveraged. Conversely, for the ascending order of centrality values,

the lower centrality nodes will not be able to collect structural information like the high cen-

trality nodes mentioned in the previous scenario. However, the features aggregated by those

nodes may not be sufficient to provide the necessary information to higher centrality nodes. In

this context, we experimented to study the impact of ordering on the performance of CAMP,

which is demonstrated in Figure 5.3. The empirical analysis reveals that the descending order

of set Cn yields better performance over the same for the descending order. Furthermore,

nodes with high centrality connect a larger volume of edges, causing oversmoothing in deeper

layers. For a descending order of Cn, the faster interaction of high-centrality nodes compared

to lower ones is supposed to diminish the effect of oversmoothing.

(a) 4-layered GCN on COLLAB (b) 10-layered GIN on MUTAG

Figure 5.3: The comparative study between the order of node centrality values on the per-
formance of CAMP is presented. The performance is executed on the various batch sampling
rates.

5.2.6 Complexity Analysis

The time complexity of CAMP-GNN is at most that of its base GNN because node features

are updated asynchronously of the batches in every layer. This approach seems to be advanta-

geous compared to the rest of the approaches. Apart from message propagation, CAMP only
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adds an extra task of computing centrality scores performed as a pre-processing step. No-

tably, the cost of computing centrality values further depends on the choice of centrality, like

the cost of degree centrality is O(|E|), the cost of measuring closeness is O(|V||E|), etc. Unlike

PANDA, we do not increase the number of parameters during the message propagation, thus,

the parameter complexity also remains unaffected.

Table 5.3: A comparative study of the performance of CAMP-GCN based on five centrality
measures. The best results are boldfaced.

Centrality ENZYMES MUTAG PROTEINS COLLAB IMDB-BINARY REDDIT-BINARY

Degree 28.93± 2.65 78.40± 4.46 72.00± 1.75 69.25± 0.71 58.52± 2.34 80.10± 0.90
Betweenness 30.20± 2.56 78.20± 4.20 71.54± 1.58 69.81± 0.82 58.24± 2.32 79.90± 0.94
PageRank 29.40± 2.37 78.40± 4.07 71.14± 1.90 69.75± 0.86 60.48± 1.89 81.28± 1.14
Load 31.13± 2.22 78.20± 4.16 72.11± 1.98 69.86± 0.70 59.32± 1.95 79.94± 1.06
Closeness 31.73± 2.30 77.60± 3.88 74.43± 1.64 69.25± 0.83 59.52± 2.14 84.96± 0.86

5.2.7 Instances of CAMP

We will now illustrate the examples of CAMP-GNN by using GCN (Kipf and Welling, 2016)

and GIN (Xu et al., 2018a). The layer-wise update rule of CAMP-GCN is,

h(l+1,l+1)
u = h(l,l)u + σ

(∑
v∈N(v)∩C(l+1)

n

W (l+1)h(lv ,l)v

)
, (5.17)

where W (l+1) is the parameterized weight matrix. Observe that neighborhood aggregation is

performed on the nodes that are neighbors and belong to the candidate node batch. Similarly,

we define the update rule of CAMP-GIN as follows,

h(l+1,l+1)
u = MLPl

(
(1 + ϵ)h(l,l)u +

∑
v∈N(v)∩C(l+1)

n

W (l+1)h(lv ,l)v

)
, (5.18)

where MLPl denotes the combination of the linear layers with ReLU activation and ϵ is the

learnable parameter. In this case, the node features are also considered for aggregation if

they belong to both the neighborhood and candidate batch.
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5.3 Experiments

5.3.1 Datasets

For graph classification, we considered six benchmark datasets, ENZYMES, MUTAG, PRO-

TEINS, COLLAB, IMDB-BINARY, and REDDIT-BINARY, obtained from TUDatasets (Mor-

ris et al., 2020). The details of the datasets are provided in Table 5.4.

Table 5.4: Details of six datasets are provided, which are obtained from TUDatasets.

Dataset #train #valid #test #avg nodes #avg edges metric node feats

ENZYMES 480 60 60 32.63 124.27 accuracy yes
MUTAG 150 18 20 17.93 39.58 accuracy yes
PROTEINS 890 111 112 39.05 145.63 accuracy yes
COLLAB 4000 500 500 74.49 4914.43 accuracy no
IMDB-BINARY 800 100 100 19.77 193.66 accuracy no
REDDIT-BINARY 1600 200 200 429.62 995.51 accuracy no

5.3.2 Experimental Settings

We applied CAMP coupled with GCN and GIN to conduct the experiments. We compare per-

formance with no rewiring method and several baselines Fully Adjacent (FA), DIGL, SDRF,

FoSR, BORF, GTR, CT-layer, and PANDA. We split each dataset into 80/10%/10% for the

train. validation, and test respectively. We executed experiments for 25 randomly generated

splits and produced mean and standard deviations over the test sets. More details on experi-

mental setup and hyperparameters are provided respectively in Section 5.5.1 and Section 5.5.2

of the Appendix. Our implementation is available at https://anonymous.4open.science/r/camp-

ABCF/README.md.

5.3.3 Results & Discussions

The performance of CAMP paired with GCN and GIN is presented in Table 5.1. The re-

sults suggest that our proposed framework either outperforms all contenders or attains a

second position, but outperforms at least all rewiring methods. The consistent performance

of CAMP establishes that oversquashing can be tackled by enabling asynchronous message

propagation without distorting the original graph structure. CAMP showed commendable

improvements on REDDIT-BINARY, containing graphs with larger diameters, where over-

squashing is highly likely to occur. Additionally, CAMP also exhibited improvements in
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COLLAB, which also contains the bigger graphs. CAMP is ranked as runner-up on MUTAG,

PROTEINS, and IMDB-BINARY due to their smaller diameters with a very low chance of

occurring oversquashing. In this context, our primary objective was to design an efficient

approach beyond rewiring to mitigate oversquashing, and CAMP effectively achieved that,

comparable to non-rewiring methods like PANDA.

The quantitative results are provided in Table 5.2. Furthermore, CAMP outperforms

Peptide-struct as its features delineate structural information that differs from the features

of Peptides-func, representing functional properties.

(a) COLLAB (b) MUTAG

Figure 5.4: A comparative study on the Dirichlet energies is presented. CAMP performs
better than other rewiring methods.

Effect of Centrality Measure We studied the effect of various node centrality measures

on the performance of CAMP. We employed 10-layered GCN and GIN as our backbones ap-

plied to six datasets. The results are demonstrated in Table 5.3. For instance, CAMP-GCN

performed best on PROTEINS and REDDIT-BINARY when closeness centrality was em-

ployed. In IMDB-BINARY, Pagerank acted as the most suitable centrality measure to attain

optimal performance. The variation in performance underscored the utility of employing a

diverse array of centrality measures that dictate the performance of CAMP. The results for

CAMP-GIN can be found in Section 5.6.1 of the Appendix.

Variation of Dirichlet Energy We applied 10-layered GCN and GIN paired with CAMP

on COLLAB and MUTAG and estimated the Dirichlet energies for the final layers. Figure 5.4

suggests Dirichlet energy for CAMP is higher than familiar rewiring methods like FoSR and

SDRF. The node features remained distinguishable in deeper layers confirmed by the higher

values of energies. The results clearly state that CAMP improves the model performance

in the multi-layered GNNs without pursuing rewiring. Thus, we can claim that CAMP is
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(a) GCN on ENZYMES (b) GIN on ENZYMES

Figure 5.5: The signal propagation with respect to normalized Rtotal is presented. CAMP
maintains steady trends compared to others, with increasing resistance.

capable of mitigating oversquashing and oversmoothing in multi-layered GNNs. More results

are available in Section 5.6.2 of the Appendix.

Signal Propagation The total effective resistances (Rtotal) (Ghosh et al., 2008) of the

graph create hindrances to propagating information. A graph with higher effective resistance

is highly likely to be grappled with oversquashing (Black et al., 2023a). The efficacy of

CAMP is measured with the signal propagation against the normalized Rtotal as adopted from

(Di Giovanni et al., 2023b). Refer to Figure 5.5 which illustrates that CAMP performs better

compared to other rewiring methods by effectively propagating signal across the network with

increasing effective resistance. More results are available in the Section 5.6.4 of Appendix.

Effect on Oversmoothing We studied the effect of oversmoothing of multi-layered GCN

and GIN on ENZYMES with various sampling rate of node batches. Figure 5.6 delineates

the performance trends in the various network depths with varying p. CAMP demonstrated

resilience to oversmoothing for the higher values of p. The performance strictly degrades when

the CAMP is not applied, asserting the prowess of the proposed framework in mitigating

oversmoothing in deeper GNNs. The higher number of layers increases the number of node

batches which also enhances the number of time-stamps to access fixed channel capacity for

processing aggregated features. Thus, CAMP mostly showed optimal performance when the

network depth was higher. The results for the remaining datasets are provided in Section

5.6.3 of the Appendix.

Variation of Batch Size We attempted to study the impact of various node batch sam-

pling rates p on the performance of GCN and GIN. The experiment is conducted on IMDB-
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(a) GCN on ENZYMES (b) GIN on ENZYMES

Figure 5.6: The performance of CAMP in deeper layers is presented. The performance
improved when the node batch sampling rate was increased.

BINARY, and classification accuracy is presented in Figure 5.7 for two different model depths.

The trends illustrate that an increase in the sampling rate leads to an uptrend in performance.

This is due to the larger number of nodes participating in the message-passing operation and

aggregating more relevant information with the increasing p. The plots for other datasets are

provided in Section 5.6.5 of the Appendix.

(a) GCN on IMDB-BINARY (b) GIN on IMDB-BINARY

Figure 5.7: The performance for various node batch sampling rates for two different numbers
of model layers are presented. The performance improves when the sampling rate is higher.

5.4 Conclusion

We designed the generalized asynchronous message passing framework RAMP, which ran-

domly selects node batches at every layer to update corresponding features. However, we

identified the limitations of RAMP and proposed CAMP, which creates layer-specific node

batches based on node centrality. Our proposed framework can be flexibly paired with a mul-
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titude of MP-GNNs. Furthermore, we also offer theoretical guarantees that CAMP is superior

to RAMP in mitigating oversquashing. We applied CAMP to six standard graph datasets to

validate the effectiveness of the framework. The experimental results indicate that CAMP

demonstrated impressive performance, underscoring the prowess of asynchronous message

passing over the structural rewiring. Exploring and designing asynchronous message-passing

algorithms for dynamic graphs to alleviate oversquashing and oversmoothing can be potential

future research directions.

5.5 Appendix A

5.5.1 Experimental Setup

We executed experiments on the base GNN models coupled with CAMP on the 25 random

splits. For each split, the trained model is applied to the test set. The final test accuracy

is presented with mean and standard deviation over all splits. The standard deviations are

further scaled by the formula s.d. × 2√
T

where T is the total number of random trails (here

T = 25), which is also followed by (Karhadkar et al., 2022). Among the datasets, COLLAB,

IMDB-BINARY, and REDDIT-BINARY do not have node features. As per the standard

policy, we assigned ones as the features to every node.

Table 5.5: The hyperparameters for each dataset are provided to reproduce the best results.
L denotes the number of message-passing layers of the underlying GNN

Model
ENZYMES MUTAG PROTEINS COLLAB IMDB-BINARY REDDIT-BINARY

L Centrality L Centrality L Centrality L Centrality L Centrality L Centrality

GCN 10 Closeness 16 Degree 16 Degree 10 Load 12 Pagerank 16 Closeness
GIN 10 Closeness 12 Degree 16 Closeness 12 Betweenness 10 Pagerank 12 Closeness

5.5.2 Hyperparameter Details

The models are trained with a learning rate of 0.001 and a dropout rate of 0.50. Model

parameters are optimized with Adam, and weight decay is fixed at 10−5. In each experiment,

we employed both 4-layered GCN and GIN models with a batch size of 64. These are the

fixed hyperparameters for the entire experiment. The other data-specific hyperparameters

are provided in Table 5.5.
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5.5.3 Estimation of Dirichlet Energy

Let us consider graph G with adjacency matrix A and symmetrically normalized graph Lapla-

cian L̃ = I − D̃− 1
2 ÃD̃− 1

2 , then the Dirichlet energy (Chung, 1997) of the set of features X

with Laplacian is represented as following,

DE(X, L̃) = Tr(X⊤L̃X)

=
1

2

∑
(i,j)∈E

Aij

(
Xi√
di
− Xj√

dj

)2 (5.19)

The Dirichlet energy is directly connected with the measure of oversmoothing in the GNNs.

The lower value of DE indicates the node features became indistinguishable when neighbor-

hood aggregation was performed in the deeper layers. In our experiments, we utilized the Eq

?? to compute the energies at the final layer of the architectures.

5.5.4 Signal Propagation and Total Effective Resistance

We will present the estimation of signal propagation across the graph with respect to the

normalized total effective resistance as discussed in the Experiments. For any input graph,

first, consider a source node v and assign a p-dimensional feature vector with zero vectors

assigned to the rest of the nodes. Initialize a model randomly with m layers, then the amount

of signal propagated can be estimated as,

h
(m)
⊙ =

1

pmaxu̸=v dG(u, v)

p∑
j=1

∑
u̸=v

h(m),j

∥h(m),j∥
dG(u, v) (5.20)

where h(m),j denotes the jth component of the feature at the mth layer, dG(u, v) is the

shorted distance between the node u and v. The normalized signal h(m),j

∥h(m),j∥ weighted by

dG(u, v)/maxu̸=v dG(u, v) is propagated from source node v to all other nodes. The final

signal is averaged over the number of feature dimensions p. In our context, for each graph,

we selected 10 source nodes and the final signal h
(m)
⊙ with total effective resistance averaged

over each source node. This process is continued over all graphs, and total effective resistance

and signal propagation are plotted.
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5.6 Appendix B

5.6.1 Effect on Centrality on Performance of CAMP-GIN

We presented the comparative study of the performance of CAMP-GIN in Table 5.6. The

experiment is conducted on a 10-layered GIN architecture. The optimal performances for

each dataset are attained for different centrality measures, highlighting the importance of

centrality choices.

Table 5.6: A comparative study of the performance of CAMP-GIN is presented based on five
different centrality measures.

Centrality ENZYMES MUTAG PROTEINS COLLAB IMDB-BINARY REDDIT-BINARY

Degree 43.13± 2.88 80.00± 4.36 72.39± 1.89 72.34± 0.77 70.64± 1.68 75.38± 1.13
Betweenness 41.87± 2.62 77.00± 4.16 72.07± 2.02 73.30± 0.86 69.76± 2.15 72.70± 0.90
PageRank 41.00± 2.54 74.00± 4.08 72.68± 1.55 72.66± 0.79 71.48± 1.47 77.98± 1.37
Load 39.93± 2.44 76.00± 4.28 72.64± 2.26 72.97± 0.85 69.84± 1.94 72.82± 0.78
Closeness 46.60± 2.26 76.20± 2.96 74.07± 1.73 72.57± 0.61 71.00± 1.99 81.98± 1.20

5.6.2 Effect on Dirichlet Energy

The additional results are presented in Figure 5.8, where CAMP produces higher Dirichlet

energy compared to other rewiring methods. Thus, CAMP showed the capacity to control

oversmoothing in GNNs.

(a) ENZYMES (b) PROTEINS (c) IMDB-BINARY (d) REDDIT-BINARY

Figure 5.8: The Dirichlet energies of the last layer of the models are presented. CAMP
attains better energy values than other rewiring methods.

5.6.3 Effect on Oversmoothing

The additional plots for the performance of CAMP in deeper layers are presented in Figure

5.9. The performance trends suggest the power of CAMP in tackling oversmoothing in the

deep GNNs.
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(a) GCN on MUTAG (b) GIN on MUTAG (c) GCN on PROTEINS (d) GIN on PROTEINS

(e) GCN on COLLAB (f) GIN on COLLAB (g) GCN on IMDB-BINARY (h) GIN on IMDB-BINARY

(i) GCN on REDDIT-BINARY (j) GIN on REDDIT-BINARY

Figure 5.9: Performance of CAMP with different batch sampling rates are presented for
various network depths. The test accuracy is observed when the full subset is selected as the
node batches.

5.6.4 Signal Propagation

The additional results pertaining to the efficiency of CAMP in propagating signal are pre-

sented in Figure 5.10.

(a) GCN on MUTAG (b) GIN on MUTAG (c) GCN on PROTEINS (d) GIN on PROTEINS

Figure 5.10: The signal propagation with respect to normalized Rout is presented for MU-
TAG and PROTEINS. CAMP exhibited competitive performance compared to other rewiring
methods by propagating a steady signal across the network with increasing resistance.
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5.6.5 Effect on Variation of Batch

The additional results of the performance of GCN and GIN paired with CAMP are presented

over various sampling probabilities. The experiments are performed for two different layers

4 and 10. The plots are demonstrated in Figure 5.11. CAMP achieved best performances

in most cases when the sampling probability is 1, indicating the full subset is chosen at a

particular layer.

(a) GCN on ENZYMES (b) GIN on ENZYMES (c) GCN on MUTAG (d) GIN on MUTAG

(e) GCN on PROTEINS (f) GIN on PROTEINS (g) GCN on COLLAB (h) GIN on COLLAB

(i) GCN on REDDIT-BINARY (j) GIN on REDDIT-BINARY

Figure 5.11: The performance variation is illustrated with various node batch sampling rates.
The best results are mostly obtained when the complete subset is chosen as a node batch for
the hidden layers.
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Chapter 6

Designing Hyperbolic Positional
Encodings for Enhancing Graph
Transformer

Summary

Graph Transformers (GTs) facilitate the comprehension of complex relationships on graph-

structured data by leveraging self-attention of the possible pairs of nodes. The structural

information or inductive bias of the input graph is provided as positional encodings into the

GT. The positional encodings are mostly Euclidean and are not able to capture the complex

hierarchical relationships of the corresponding nodes. To address the limitation, we intro-

duce a novel and efficient framework, HyPE, that generates learnable positional encodings in

the non-Euclidean hyperbolic space to capture the geometrical distribution of the data better.

Unlike existing methods, HyPE can generate a set of hyperbolic positional encodings, empow-

ering us to explore diverse options for the optimal selection of PEs for specific downstream

tasks. Additionally, we repurpose the generated hyperbolic positional encodings to mitigate

the impact of oversmoothing in deep Graph Neural Networks (GNNs). Furthermore, we pro-

vide extensive theoretical underpinnings to offer insights into the working mechanism of the

HyPE framework. Comprehensive experiments on four molecular benchmarks, including the

four large-scale Open Graph Benchmark (OGB) datasets, substantiate the effectiveness of hy-

perbolic positional encodings in enhancing the performance of Graph Transformers. We also

consider Coauthor and Copurchase networks to establish the efficacy of HyPE in controlling

oversmoothing in deep GNNs.
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6.1 Introduction

Graph Transformers (GTs) are earmarked as one of the milestones for modeling the inter-

actions between the node pairs in the graph. As the existing graph neural network suffers

from a few glaring shortcomings like oversmoothing (Li et al., 2018), which occurs due to

the recursive neighborhood aggregation, oversquashing (Alon and Yahav, 2020), an informa-

tion bottleneck caused by the exponential growth of information while increasing the size

of the receptive field, and bounded expressive power (Xu et al., 2018a; Morris et al., 2019).

Graph Transformers confront the limitations by assuming the entire graph as complete and

estimating self-attention for all possible node pairs. Yet, such an approach alleviates the limi-

tations of GTs, but still loses the structural inductive bias, which causes the loss of positional

information of the nodes. As an effective solution, the positional encodings as vectors are inte-

grated with the node features to make the respective nodes topologically aware in the graph.

Recently, many efforts were made to generate effective positional encodings for the GTs, like

spectral decomposition-based learnable encoding (Kreuzer et al., 2021), structure-aware PEs

generated from the rooted subgraph or subtree of the nodes (Chen et al., 2022a), encod-

ing the structural dependency (Ying et al., 2021b), random walk-based learnable positional

encodings (Dwivedi et al., 2021), and many more.

(a) (d)(c)(b) (e) (f)

Figure 6.1: The visualization of node embeddings of Amazon Photo and CoauthorCS gener-
ated by 128-layered GCN for the PE category of 4 and 3 respectively. (a) Node embeddings
for Amazon Photo without using any positional encodings. (b) Node embeddings of Amazon
Photo integrated with the HyPE. (c) Embeddings of hyperbolic PEs from HyPE generated
for Amazon Photo. (d) Node embeddings of Coauthor CS without using PEs. (e) Node
embeddings of Coauthor CS integrated with the HyPE. (f) Embeddings of hyperbolic PEs
from HyPE generated for Coauthor CS.

The positional encodings derived from the existing works suffer from several critical limi-

tations. For example, the Spectral Attention Network (SAN) (Kreuzer et al., 2021) generates

learnable positional encodings by spectral decomposition of the Laplacian matrix. SAN
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requires high computational time as well as memory, especially for the generation of edge-

feature-based Laplacian positional encodings. Structure-aware Transformer (SAT) estimates

pairwise attention scores depending on the respective rooted sub-graphs or sub-trees. SAT

requires the extraction of multi-hop subgraphs, increasing the pre-processing time and con-

suming high memory. Even though the depth of the rooted subtree increases, the model may

suffer from oversmoothing. Additionally, the proposed methods operate in Euclidean space,

which restricts us from exploring the hierarchical relationships of the node pairs in design-

ing positional encodings. This work aims to fill the void by proposing a novel framework

named Hyperbolic Positional Encodings-based Graph Transformer or HyPE-GT, which is

capable of generating a set of learnable positional encodings in the hyperbolic space. To our

knowledge, we are the first to foster hyperbolic geometry in designing positional encodings

for the Graph Transformers.

HyPE-GT generates trainable hyperbolic positional encodings, consisting of three pivotal

modules (1) the initialization of positional encodings (PEinit), (2) the type of hyperbolic man-

ifold (M), where the entire operation will take place, and (3) the employed hyperbolic neural

architectures (HNA) which transforming the encodings into the chosen hyperbolic space.

Each module can take values from a relevant set of entities and each positional encoding is

the result of the unique combination of the entities chosen from the pre-defined sets. The

maximum number of positional encodings is given by |PEinit|×|M |×|HNA|, with the frame-

work offering diverse design choices based on entity selection, generating a wide spectrum

of PEs. These hyperbolic positional encodings provide practitioners with versatile options

for solving downstream tasks. The learnable hyperbolic PEs can be seamlessly integrated

with standard graph transformers, supplying essential positional information. Additionally,

we combine positional encodings with the node features from hidden layers in deep Graph

Neural Networks (GNNs) for the mitigation of oversmoothing.

Contribution Our contributions throughout the paper can be summarized in the following

way,

• We propose a novel and efficient framework named HyPE-GT that generates a set of

learnable positional encodings in the hyperbolic space, a non-euclidean domain. HyPE-

GT is tailored to encode the hierarchical structural patterns into the generated po-
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sitional encodings and offers better information than Euclidean counterparts. To the

best of our knowledge, we are the first to incorporate hyperbolic PEs with the Graph

Transformer. The PEs are learned by passing through either hyperbolic neural net-

works or hyperbolic graph convolutional networks, which produce useful positional and

structural encodings.

• The hyperbolic positional encodings are re-purposed to diminish the effect of over-

smoothing in deep GNN models. The PEs are incorporated with the transformed

features of the layers of GNNs.

• We present detailed theoretical analyses offering clarity on the effectiveness of HyPE-

GT on the graph datasets and mitigation of oversmoothing in deeper GNNs. The

detailed proofs and derivations are discussed in Section 6.9.1 of the Appendix 6.9.
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Figure 6.2: Schematic representation of the process for generating a family of learnable
hyperbolic positional encodings (8 different categories) in the HyPE-GT framework. Each
category can be generated by following a particular path (shown with arrow-marked dotted
lines), which begins from the PE initialization block and ends at the learnable hyperbolic
networks block. Each positional encoding is assigned a unique number, shown on the right
side of the diagram.

6.2 Background

Graph Transformers The attention mechanism on the graph data is primarily introduced

with Graph Attention Network (GAT) (Veličković et al., 2017). However, GAT can only learn

from the connected neighborhoods via sparse message passing. The limitation was overcome

when Dwivedi and Bresson generalized the Transformer architecture for the graphs (Dwivedi

and Bresson, 2020) and showed its utility on various categories of tasks. Later, many other
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significant approaches were taken, like Spectral Attention Network (SAN) (Kreuzer et al.,

2021), which relies on learning the eigenvectors of the Laplacian matrix. The learnable eigen-

vectors act as PE, which is concatenated with the original node features for the Transformer.

Structure-aware Transformer (SAT) (Chen et al., 2022a) computes the self-attention among

node pairs by incorporating structural information of the extracted subgraphs rooted at each

node. Another line of work, GraphiT (Mialon et al., 2021), learns relative positional encod-

ing via diffusion kernels, which computes attention between the node pairs. On the other

hand, Graphormer (Ying et al., 2021b) designs spatial representations like degree encoding,

edge encoding, etc., which capture the structural dependency of the graph. The encodings

are added as the bias terms in the self-attention matrix. GraphTrans (Wu et al., 2021)

proposes a model that first learns from multiple GNN layers stacked together, and then the

updated node representations are provided as input to the standard Graph Transformer layer.

Recently, another framework GraphGPS (Rampášek et al., 2022) allows the integration of

message-passing models with the module that computes global attention, resulting in an effec-

tive and scalable architecture. TokenGT (Kim et al., 2022) considers every node and edge of

the graph as independent tokens. The tokens are associated with token embeddings that are

the input to the standard Transformer. Edge-augmented Graph Transformer(EGT) (Hussain

et al., 2022) introduces edge embeddings for every pair of nodes, which act as the edge gates

to control information flow in the Transformer. Graph Transformer Networks (GTN) (Yun

et al., 2019) and Heterogeneous Graph Transformer (HGT) (Hu et al., 2020b) are dedicated

to heterogeneous graphs, which extract effective meta-paths based on attention.

Hyperbolic Graph Neural Networks Recently, efforts were made to make deep neural

networks suitable in the non-Euclidean space like hyperbolic space equipped with negative

curvature (Ganea et al., 2018; Khrulkov et al., 2020). Subsequently, the hyperbolic neural

networks were extended for the graph-structured data as Hyperbolic Graph Neural Networks

(Liu et al., 2019a). On advancement, the hyperbolic graph convolutional networks (Chami

et al., 2019) and hyperbolic graph attention networks (Zhang et al., 2021) strengthen the

family of the hyperbolic graph neural networks.
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6.3 Proposed Method

6.3.1 Preliminaries and Notations

Assume an attributed graph G = (V, E , X), where V denotes a set of vertices, E ⊆ V × V

denotes set of edges. X ∈ Rn×d presents the node attributes where n denotes the number

of nodes, and each node is associated with a d-dimensional feature. The adjacency matrix

A is the symmetric matrix with binary elements denoting the edges or node connections in

the graph. D is a diagonal matrix where each element in the diagonal is the degree of the

corresponding nodes. Consider ||X||F as the matrix Frobenius norm of X.

6.3.2 Transformers on Graphs

Inspired by Vashwani et al. (Vaswani et al., 2017), Dwivedi, and Bresson (Dwivedi and Bres-

son, 2020) extended the philosophy of Transformer for the graph-structured data. Message-

passing Graph Neural Networks (MP-GNNs) implement sparse message passing where GTs

assume the fully connected graph structure. Unlike MP-GNNs, Graph Transformers are de-

signed to compute the attention coefficient between pairs of nodes without considering the

graph structure. A single Transformer layer consists of a self-attention module followed by a

feed-forward network. The feature matrix X is transformed into query Q, key K, and values

V by multiplying with the projection matrices as Q = XWQ, K = XWK , and V = XWV .

The self-attention matrix is computed as follows,

XA = softmax

(
QKT

√
dout

)
V, (6.1)

where XA ∈ Rn×dout is the self-attention matrix with dout is the output dimension. WQ,

WK , and WV are trainable parameters. To boost the impact of the self-attention module, we

often employ a multi-head attention (MHA) strategy. The multi-head attention is the result

of the concatenation of multiple instances of the Eqn. 6.1. The multi-head attention can be

expressed as:

XA =M

∥∥∥∥H
k=1

 ∑
j∈N(i)

α
(k)
ij V

(k)Xj

 , (6.2)
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where α
(k)
ij is the attention coefficient between node i and j from kth head. M and V (k) are

the trainable parameters and Xj is the j
th node features. The estimated self-attention matrix

is followed by a residual connection and then passes through a feed-forward network (FFN)

with the normalization layers as follows,

X ′ = Norm(X +XA),

X ′′ =W2(ReLU(W1X
′)),

Xo = Norm(X ′ +X ′′),

(6.3)

where Xo is the final output of the transformer layer and W1 ∈ Rdout×d, W2 ∈ Rd×d are

trainable parameters. We can either use Batchnorm (Ioffe and Szegedy, 2015) or Layernorm

(Ba et al., 2016) for the feature normalization. Each Transformer layer generates node-level

representations, which are permutation equivariant. The absence of positional information

on the nodes generates similar outputs. Therefore, it is necessary to incorporate appropriate

positional encodings to leverage the learning process in the Transformer.

6.3.3 Preliminaries on Hyperbolic Spaces

Hyperbolic geometry deals with the smooth manifold with constant negative curvature. Let

us consider the manifoldM∈ Rd embedded in Rd+1 with constant curvature c. Let us have

the following definitions.

Tangent space, Logarithmic map, and Exponential map For every point x ∈M, the

tangent space TxM is defined as a d-dimensional hyperplane approximates theM around x.

Define exponential map expcx as expcx : TxM → M for any point x, which transforms any

vector in TxM on the M. The logarithmic map logcx is the inverse of the exponential map

that is logx :M → TxM, transforms any point on the manifold to the tangent space. The

Riemannian metric gM on the manifold is defined as the inner product on the tangent space

like gM(., .) : TxM×TxM→ R. Along with these definitions, in what follows, we will discuss

two well-adopted models from hyperbolic geometry.

Hyperboloid Model One of the models in the hyperbolic geometry is also commonly known

as the Lorentz model. The model is defined as Riemannian manifold (Hn
c , g

H
x ) with negative
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Figure 6.3: The workflow of HyPE-GT is presented. The framework combines two indepen-
dent blocks: hyperbolic positional encodings or HyPE and standard Graph Transformer or
GT. Depending on one’s choice, HyPE will generate a fixed type of PE. The PE is added
with the feature matrix X before fetching it to the Transformer layer.

curvature as follows:

Hn
c = {x ∈ Rn+1 : < x, x >L = −c, x0 > 0} (6.4)

gHx = diag([−1, 1, · · · , 1])n, (6.5)

where ⟨., .⟩L denotes Minskowski inner product. The distance between two points x, y ∈ Hn
c

is defined as

dcL(x, y) =
√
c cosh−1(−⟨x, y⟩L

c
). (6.6)

For any v ∈ Hn
c , the exponential and logarithmic maps for the hyperboloid model are as

follows:

expcx(v) = cosh

(
||v||L√

c

)
x+
√
c sinh

(
||v||L√

c

)
v

||v||L
,

logcx(y) = dcL(x, y)
y + 1

k ⟨x, y⟩Lx
||y + 1

k ⟨x, y⟩Lx||L
.

(6.7)

Poincarê Ball Model Another prominent model that is equipped with negative curvature

c(c < 0). The model is defined as the Riemannian manifold (Bnc , gBx ) as follows:

Bnc = {x ∈ Rn : ||x||2 < −1

c
},

gBx =
2

(1 + c||x||22)
gE ,

(6.8)
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where gE is the Euclidean metric which is In. The model represents an open ball of radius

of 1√
c
. If two points x, y ∈ Bnc , then the distance between them is

dB(x, y) = cosh−1

(
1 + 2

||x− y||2

(1− ||x||2)(1− ||y||2)

)
. (6.9)

For any v ∈ Bnc , the exponential and logarithmic maps are defined in the following way:

expcx(v) = x⊕c
(
tanh

(√
c
λcx||v||

2

)
v√
c||v||

)
,

logcx(y) =
2λcx√
c
tanh−1(

√
c|| − x⊕ y||) −x⊕ y

|| − x⊕ y||
,

(6.10)

where λcx = 2
1−c||x||2 .

6.3.4 Learnable Hyperbolic Positional Encodings: An Overview

This section presents a brief overview of the HyPE-GT framework for easy apprehension

regarding the rest of the work. HyPE-GT consists of three key modules, namely, (1) the

initialization of the positional encodings, (2) the type of the manifolds where the transformed

PEs will be projected, and the last one is (3) learning the hyperbolic positional encodings

by employing either Hyperbolic Neural Network (HNN) or Hyperbolic Graph Convolutional

Network (HGCN). As we previously mentioned, the characteristics of the generated positional

encodings are nothing but the manifestation of the choice of entities in those three modules.

This work considers two entities for each module: LapPE and RWPE for PE initialization,

Hyperboloid, and PoincarêBall for manifold type. For learnable networks, we select HNN

and HGCN. Refer to Figure 6.2 for more intricate details of the flow of the framework. Thus,

there will be 8 different categories of PEs that can be generated, and each of them is assigned

a unique number from 1−8 for ease of reference. The rest of the paper is organized to provide

more insights regarding the proposed framework, followed by extensive experimentation.

6.3.5 Initialization of Positional Encodings

The effectiveness of the learnable hyperbolic positional encodings is heavily reliant on the

initialization of positional encodings. Despite several existing PEs (Mialon et al., 2021),

(Zhou et al., 2020). (Li et al., 2020b), (Ying et al., 2021b) etc, we adopt two well-known PE
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initialization techniques as proposed in (Dwivedi et al., 2021), which are Laplacian Positional

Encodings (LapPE) and Random Walk Positional Encoding (RWPE). LapPE is generated

by performing eigen-decomposition of the Laplacian matrix of the input graph. For the ith

node, the respective LapPE can be presented as:

pLapPEi = [Ui1, Ui2, · · · , Uik] ∈ Rk, (6.11)

where Ui denotes the i
th eigenvectors of the graph Laplacian and first k elements are chosen

resulting in the k-dimensional encoding. The pLapPEi eigenvector is designated as the ini-

tialized position vector for the ith node in the graph. The eigenvectors are assumed to have

information on the spectral properties of the input graph. The latter one is the k-dimensional

RWPE, generated by k-steps of the diffusion process with the degree-normalized random walk

matrix. For the ith node, RWPE can be represented as follows:

pRWPE
i = [Âii, Â

2
ii, · · · , Âkii] ∈ Rk, (6.12)

where Â = AD−1. RWPE captures the structural patterns of the k-hop neighborhoods.

Finally, the initialization of the PE module has two positional encodings.

6.3.6 Choice of Manifold

The whole mechanism of generating the positional encodings heavily relies on the nature of

the manifolds where the initialized positional encodings will be projected. Hence, the choice

of a manifold will be one of the critical decisive factors for generating effective PEs as well as

the performance enhancement of the Graph Transformers. In HyPE-GT, we will involve two

dominant choices named Hyperboloid and PoincarêBall manifolds to serve the purpose.

6.3.7 Learning through Hyperbolic Neural Architectures

The initialized positional encodings are learned by applying hyperbolic neural network archi-

tectures, such as hyperbolic neural networks and hyperbolic graph convolutional networks.

Let the initialized positional encodings pinit is transformed to p̂ = W0p
init into some low

dimensional space via the parameterized transformation W0. Then p̂ is learnable in the
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following ways:

Hyperbolic Neural Network (HNN) The transformed initial positional encodings are fed

into a hyperbolic multi-layered feed-forward neural network. The HNN produces encodings

into the hyperbolic space by layer-wise propagation. The transformation can be formulated

as follows,

pHNN = HNN
(L)
M (p̂ |Θ), (6.13)

where Θ is the trainable parameters of the HNN, L denotes the number of hidden layers, and

M denotes the pre-defined manifold type, which can be either Hyperboloid or PoincarêBall.

the learnable positional encodings pHNN are projected into this manifold. Notably, HNNs only

consider the node features as input without considering graph adjacency. Thus, HNNs cannot

learn structure-aware embeddings from the input graph. The limitation can be alleviated by

using a graph convolutional-based architecture.

Hyperbolic Graph Convolutional Network (HGCN) We fed the positional encodings

to the hyperbolic graph convolutional networks to extract necessary information from the

graph structure. Like the previous one, firstly, the initial positional features are mapped into

low-dimensional space, and then positional encodings are learned by the hyperbolic graph

convolutional network. The transformation of HGCN can be described as follows:

pHGCN = HGCN
(L)
M (p̂ |Φ), (6.14)

where Φ denotes the trainable parameters of the HGCN, L is the number of stacked convo-

lutional layers, andM can be either Hyperboloid or PoincarêBall model. Note that HGCN

takes input from both node features and adjacency and successfully overcomes the shortcom-

ings faced by HNN. The learned PEs will be integrated with the Transformer architecture to

provide positional information on the nodes.

6.3.8 Complete Pipeline of HyPE-GT Framework

HyPE-GT comprises two key modules, the first one is HyPE, which generates learnable hy-

perbolic positional encodings and the second one is the standard Graph Transformer (GT).

HyPE is designed to produce various categories of positional encodings for a single down-
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Table 6.1: Performance on three benchmark datasets (Dwivedi et al., 2020). For each cate-
gory of PE, the results are presented with mean and standard deviations from 10 runs with
different random seeds. The category of PE and the optimal number of layers are mentioned,
respectively, inside the parentheses. The top three results first, second, and third are marked.

Method
PATTERN CLUSTER MNIST CIFAR10

Accuracy ↑ Accuracy ↑ Accuracy ↑ Accuracy ↑

GCN Kipf and Welling (2016) 71.892± 0.334 68.498± 0.976 90.705± 0.218 55.710± 0.381
GIN Xu et al. (2018a) 85.387± 0.136 64.716± 1.553 96.485± 0.252 55.255± 1.527
GAT Veličković et al. (2017) 78.271± 0.186 70.587± 0.447 95.535± 0.205 64.223± 0.455
Gated-GCN Bresson and Laurent (2017) 85.568± 0.088 73.840± 0.326 97.340± 0.143 67.312± 0.311
PNA Corso et al. (2020) − − 97.94± 0.12 70.350± 0.630
DGN Zhou et al. (2020) 86.680± 0.034 − − 72.838± 0.417

GraphTransformer + LapPE Dwivedi and Bresson (2020) 84.718± 0.068 73.169± 0.622 − −
Graphormer Ying et al. (2021b) − − − −
k-subgraph SAT Chen et al. (2022a) 86.848± 0.037 77.856± 0.104 − −
SAN Kreuzer et al. (2021) 86.581± 0.037 76.691± 0.65
EGT Hussain et al. (2022) 86.821± 0.020 79.232± 0.348 98.173± 0.087 68.702± 0.409
GraphGPS Rampášek et al. (2022) 86.685± 0.059 78.016± 0.180 98.051± 0.126 72.298± 0.356
Exphormer Shirzad et al. (2023) 86.734± 0.008 − 98.414± 0.056 74.754± 0.194
GRED Ding et al. (2024) 86.759± 0.020 78.495± 0.103 98.383± 0.012 76.853± 0.165
TIGT Choi et al. (2024b) 86.681± 0.062 78.025± 0.223 98.231± 0.132 73.963± 0.364
Graph-Mamba Wang et al. (2024) 86.710± 0.050 76.800± 0.360 98.420± 0.080 73.700± 0.340

HyPE-GT (ours) 86.779± 0.038(1, 1) 78.228± 0.126(1, 1) 98.510± 0.007(8, 2) 74.680± 0.009(7, 2)
HyPE-GTv2 (ours) 86.756± 0.141 78.139± 0.054 98.617± 0.009 74.916± 0.042

stream task. The category of PE is decided by choosing the three components: (1) initializa-

tion of positional encodings, (2) the type of the manifold, and (3) the hyperbolic networks.

Figure 6.3 illustrates the complete workflow of generating hyperbolic positional encodings of

a given input graph and the integration with the Transformer architecture. For an external

input for the category number, we have a pre-defined triplet that produces a fixed cate-

gory of positional encodings enumerated as {1, 2, · · · , 8}. For example, if someone wants to

generate the category 4, then the triplet should be like {LapPE, PoincarêBall, HGCN}. This

way, HyPE-GT can produce 8 in diverse categories of positional encodings. However, the

generated positional encodings lie in the hyperbolic space, and node features belong to the

Euclidean domain. Therefore, the integration of the two should not be straightforward. We

devised two different strategies for the addition of hyperbolic PEs with the node features in

the following way:

Incorporating Hyperbolic PEs with GT The generated PEs from the HyPE pipeline

are embedded in the hyperbolic space. Therefore, performing the direct addition between

Euclidean node features and hyperbolic positional encodings is not supported. The issue

is resolved by transforming the node features into hyperbolic space and is incorporated by

performing Möbi̇us addition (Ganea et al., 2018) with the hyperbolic positional encodings.

The final output is embedded in the hyperbolic space. If pHk is the generated positional
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encodings in the hyperbolic space with manifold type H for the kth category and x̂Ev is the

initial node feature in Euclidean space for the vth node, then addition of PEs with node

features will be as following:

x̂Hv = exp0(tanproj(x̂
E
v )),

xHv = x̂Hv ⊕c pHk ,
(6.15)

where x̂Hv and xHv are the node features in hyperbolic space before and after addition of

the hyperbolic positional encodings respectively, ⊕c denotes the Möbi̇us addition with space

curvature c. The function tanproj maps the features from the Euclidean domain to the tangent

space of the hyperbolic space at the point 0 of the manifold. The updated node features are

subsequently reverted into the Euclidean space by applying the log map to provide input to

the Transformer.

xEv = log0(x
H
v ), (6.16)

where xEv is the updated node features in the Euclidean space.

Utility in Deep GNNs Oversmoothing (Li et al., 2018) is posed as a dominant challenge of

deep GNNs. The node features become indistinguishable due to the recursive neighborhood

aggregation during the message propagation in deeper layers. Hence, we re-purpose HyPE-

generated hyperbolic positional encodings to couple with the intermediate node features to

mitigate the issue. The following operations represent the usage of positional encodings in

the output of multi-layered GNNs:

x̂Ev = GNNL(x̂v | θ),

x̂Hv = exp
(
tanproj(x̂

E
v )
)
,

xHv = x̂Hv ⊕c p
hyp
k ,

xEv = log0(x
H
v ),

(6.17)

where GNNL(x̂ | θ) denotes the output of a L-layered GNN architecture with the trainable

parameters θ, x is the input node features, xo is the final output, and phypk is the hyperbolic

PE of kth category. xEv is the transformed output after adding positional encodings with the
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node features.

6.3.9 Motivation behind choosing the Hyperbolic Space

Hyperbolic space is equipped with constant negative curvature where the volume of a ball

grows in exponential order with respect to the radius. Unlike in the Euclidean domain where

the volume of the ball grows in polynomial order because the space is free of curvature.

Therefore, the input graphs can be embedded in the hyperbolic space with lower distortion

than in the Euclidean space. In addition, the embeddings in hyperbolic space preserve the

neighborhood of every node of the graph. In our framework, HyPE-GT learns positional

encodings in the hyperbolic space, which captures the complex patterns of the neighborhoods.

Therefore, the positional encodings in the hyperbolic space might be able to represent the

topological characteristics corresponding to the nodes in the graph. Refer to Figure 6.1 for

detailed visualizations of our proposed framework’s node embeddings in the hyperbolic space.

The learned PEs are thereby integrated with the node features as stated in Eqn. 6.15 6.16,

and 6.17. Hence, embeddings in the hyperbolic space underscore the effectiveness of the

positional encodings, which will be fed to the Graph Transformer.

6.3.10 Theoretical Analysis

In this section, we theoretically analyze the properties of distances in non-Euclidean spaces

and their implications for positional encodings in graphs. We establish that distances between

points in Poincaré Ball and Hyperboloid spaces are greater than their Euclidean counterparts

under specific conditions (Lemma 6.1 and Lemma 6.2). Furthermore, for a connected graph,

we demonstrate that the distance between the positional encodings of nodes increases when

these encodings are transformed via Hyperbolic Neural Networks (HNN) or Hyperbolic Graph

Convolutional Networks (HGCN), especially for nodes with higher degrees (Theorem 6.1 and

Theorem 6.2). All proofs are deferred to Section 1 of the supplementary document.

6.3.10.1 Distance Properties

Lemma 6.1. Consider an n-dimensional Poincarê Ball Bn of unit radius and unit curvature.

Let us assume that two points x, y ∈ Bn and their distance by using Poincarê metric is
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dB(x, y). If we apply the Euclidean metric to them, the distance will be dE(x, y). Then

∀k ∈ (0, 1), we have dB(x, y) ≥ 2kdE(x, y) if dE(x, y) ∈ [0,
√
1−k2
k ].

Lemma 6.2. Consider an n-dimensional Hyperboloid space Hn of unit radius and unit cur-

vature. Let us assume that two points x, y ∈ Hn and their distance by using the Hyperboloid

distance metric is dH(x, y). If we apply the Euclidean metric to them, the distance will be

dE(x, y). Then ∀k ∈ [1,∞), we have dH(x, y) ≥ k
2dE(x, y) ∀dE(x, y) ∈ [1, 4

√
1+k2

k2
].

Remark 6.1. Lemmas 1 and ?? suggest that the distance between any two points lying in

the non-Euclidean space (here either Poincarê Ball or Hyperboloid space) will be greater than

the scaled Euclidean distance estimated between them under certain conditions.

6.3.10.2 Distinctive Properties of Hyperbolic Positional Encodings via Learning

Models

Theorem 6.1. Consider a pair of nodes 1 and 2 of a connected graph G whose degrees are

d1 and d2 respectively. Their initialized positional encodings are p1, p2 ∈ Rd. The Euclidean

distance between them is estimated as dE(p1, p2). Suppose, p1, p2 are to be transformed by

either HNN or HGCN with the underlying hyperbolic space as a n-dimensional Poincarê Ball

Bn of unit radius and unit curvature, then we have the following:

1. HNN: If the encodings are transformed by passing through an HNN of parameters Θ.

The transformed encodings are respectively phyp1 and phyp2 whose distance is dB(p
hyp
1 , phyp2 ),

then ∃Θ′ such that dB(p
hyp
1 , phyp2 ) ≥ k′||Θ′||FdE(p1, p2) for some k′ ∈ (0, 2) and ||Θ′||F ≤

1.

2. HGCN: If the encodings are transformed by passing through an HGCN of parameters

Φ. then ∃Φ′ with ||Φ′||F ≤ 1 such that dB(p
hyp
1 , phyp2 ) ≥ k′

d ||Φ
′||FdE(p1, p2) where d =

max{d1, d2} for some k′ ∈ (0, 2).

Theorem 6.2. Consider a pair of nodes 1 and 2 of a connected graph G whose degrees are

d1 and d2 respectively. Their initialized positional encodings are p1, p2 ∈ Rd. The Euclidean

distance between them is estimated as dE(p1, p2). Suppose p1, p2 are to be transformed y either

HNN or HGCN with the underlying hyperbolic space as a n-dimensional Hyperboloid model

Hn of unit radius and unit curvature, then we have the following:
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Table 6.2: Performance of HyPE-GT on four OGB datasets is presented. The results are the
average of 10 different runs, are reported with the standard deviation. The best category of
PE and the number of hyperbolic layers are mentioned in the parentheses. The top three
results first, second, and third are marked.

Method
ogbg-molhiv ogbg-ppa ogbg-molpcba ogbg-code2

AUROC ↑ Accuracy ↑ Avg. precision ↑ F1 Score ↑

GCN+virtual node 0.7599± 0.0119 0.6857± 0.0061 0.2424± 0.0034 0.1595± 0.0018
GIN+virtual node 0.7707± 0.0149 0.7037± 0.0107 0.2703± 0.0023 0.1581± 0.0026
DeeperGCN Li et al. (2020a) 0.7858± 0.0117 0.7712± 0.0071 0.2781± 0.0038 0.1570± 0.0032
GSN (GIN+VN base) Bouritsas et al. (2022) 0.7799± 0.0100 - -
ExpC Yang et al. (2022a) 0.7799± 0.0082 0.7976± 0.0072 0.2342± 0.0029 -

GraphTransformer + LapPE Dwivedi and Bresson (2020) 0.7619± 0.0141 0.6864± 0.0047 0.1846± 0.0158 0.1738± 0.0381
GraphTrans (GCN-virtual) Wu et al. (2021) - - 0.2761± 0.0029 0.1830± 0.0024
SAN Kreuzer et al. (2021) 0.7785± 0.2470 - 0.2765± 0.0042 -
GraphGPS Rampášek et al. (2022) 0.7880± 0.0101 0.8015± 0.0033 0.2907± 0.0028 0.1894± 0.0024
Specformer Bo et al. (2023) 0.7889± 0.0124 − 0.2972± 0.0023 −
Exphormer Shirzad et al. (2023) 0.7834± 0.0044 − 0.2849± 0.0025 −
GRIT Ma et al. (2023) 0.7835± 0.0054 − 0.2362± 0.0020 −
GECO Sancak et al. (2025) 0.7780± 0.0200 0.7982± 0.0042 0.2961± 0.0008 0.1915± 0.0020

HyPE-GT (ours) 0.7893± 0.0005(1,2) 0.7981± 0.0043(6,2) 0.2967± 0.0079(7,2) 0.1855± 0.0054(5, 1)
HyPE-GTv2 (ours) 0.7937± 0.0068 0.7932± 0.0091 0.2971± 0.0045 0.1857± 0.0079

1. HNN: If the encodings are transformed by passing through an HNN of parameters Θ.

The transformed encodings are respectively phyp1 and phyp2 whose distance is dH(p
hyp
1 , phyp2 ),

then ∃Θ′ such that dH(p
hyp
1 , phyp2 ) ≥ k′

2 ||Θ
′||FdE(p1, p2) for some k′ ∈ [1,∞) and

||Θ′||F ≤ 1.

2. HGCN: If the encodings are transformed by passing through an HGCN of parameters

Φ. then there exists a Φ′ with ||Φ′||F ≤ 1 such that dB(p
hyp
1 , phyp2 ) ≥ k′

2d

′||Φ′||FdE(p1, p2)

where d = max{d1, d2} for some k′ ∈ [1,∞).

Remark 6.2. Theorems ?? and ?? validate that there exists an HNN or HGCN architecture

that transforms the positional encodings of any pair of nodes in a connected graph such that

the distance between them increases under certain conditions. Furthermore, if any node has

a higher degree, then it is assumed that the node is of higher importance within the graph.

Our proposed framework HyPE guarantees the distinctiveness of the PEs when the nodes are

of higher degrees.

6.3.11 Complexity Analysis

HyPE-GT consists of three key modules: initialization of PEs, the choice of manifold, and

learning through hyperbolic neural networks. We know that n is the number of nodes in the

input graph with the dimension of node features is d. The time complexity of the Laplacian
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positional encodings is O(N3). The time complexity of random walk positional encodings

will be O(dN3).

Time Complexity of HNN The HNN performs three consecutive operations: logarithmic

map, Möbius matrix-vector multiplication, and exponential map (as defined in Section 6.3.3).

If the logarithmic or exponential map is applied at x = 0, then Möbius addition ⊕c is omitted

thus the complexity is reduced to O(d). Consider h, b are the d-dimensional features and bias

vectors in the hyperbolic space respectively. Therefore, ifW ∈ Rd×d′ , then HNN will perform

expc0(W logc0(h))⊕c b. The cost of the operation will be O(dd′ + d+ d′).

Time Complexity of HGCN The HGCN will pursue a similar set of operations as

described for HNN except for the neighborhood aggregation. The HGCN will perform

expc0(
∑

j∈N(i)W logc0(h))⊕c b. The updated operation will cost O(d|E∥)d′ + d+ d′).

The computation of Laplacian PEs or random walk PEs is accomplished in the pre-

processing stages which is not expected to show impacts on the training time and inference

time. During training time, we utilize the estimated positional encodings. The time com-

plexity of the Graph Transformer is O(n2). The final complexity of using HNN is O(dd′) and

for HGCN is O(d|E|d′). Incorporating the HyPE framework, the overall time complexity of

the graph transformer will cost O(n2 + dd′) or O(n2 + d|E|d′). If dd′ < n2, then we have

O(n2 + dd′) ≈ O(n2). Similarly, if d|E|d′) < n2, then we can write O(n2 + d|E|d′) ≈ O(n2).

The tactful selection of the dimension of hyperbolic space will not enhance the overall time

complexity of the HyPE-GT compared to the existing standard Graph Transformer.

6.4 Experiments & Results

6.4.1 Datasets

We evaluate HyPE-GT on several benchmark datasets like CLUSTER, PATTERN, MNIST,

and CIFAR10 (Dwivedi et al., 2020) for solving node-level and graph-level classification tasks.

We further run experiments on large-scale graph datasets like ogbg-molhiv, ogbg-ppa, ogbg-

molpcba, and ogbg-code2 from the open graph benchmark (OGB) (Hu et al., 2020a). The

performance of deep GNNs is estimated on the co-author and co-purchase datasets (Shchur

et al., 2018). The complete details of the datasets can be found in Section 2 of the Supple-
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MNIST
(Higher is better)

PATTERN
(Higher is better)

CLUSTER
(Higher is better)

ogbg-molhiv
(Higher is better)

CIFAR10
(Higher is better)

Figure 6.4: Effect of depth of hyperbolic neural architectures for all five datasets. The number
of layers is varied from 1 to 5. For each layer, we averaged the 4 runs on different random
seeds.

mentary.

6.4.2 Experimental Setup

We consider MNIST and CIFAR10 to perform classification on the superpixel-based graphs.

The classification tasks related to molecular properties are solved on three OGB datasets

ogbg-molhiv, ogbg-ppa, and ogbg-molpcba. On the other hand, the inductive node classi-

fication is performed on PATTERN and CLUSTER. Whereas the subtoken prediction task

is solved on the ogbg-code2 dataset. The transductive semi-supervised node classification

is performed on Amazon Photo, Amazon Computers, Coauthor CS, and Coauthor Physics.

The train/valid/test splits for every dataset are provided in Table 6.3.

Table 6.3: The number of instances for each split is provided for all datasets used in the
experiments.

Dataset # train # valid # test

PATTERN 10000 2000 2000
CLUSTER 10000 1000 1000
MNIST 55000 5000 10000
CIFAR10 45000 5000 10000

ogbg-molhiv 3201 4113 4113
ogbg-ppa 78200 45100 34800
ogbg-molpcba 350343 43793 43793
ogbg-code2 407976 22817 21948

Amazon Computers 200 300 13252
Amazon Photo 160 240 7250
Coauthor CS 600 2250 15483
Coauthor Physics 100 150 34243

We performed experiments on different random seeds and executed 10 different runs. The

final results are the average of all runs with standard deviations. The training is stabilized and

becomes faster by employing Batchnorm (Ioffe and Szegedy, 2015) added between the layers
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of the GT. In the case of multi-layered GNN, Layernorm (Ba et al., 2016) is applied for faster

convergence of training. The parameters of the models are optimized by Adam. Overfitting

is averted by utilizing ReduceLROnPlateau during the training process. The data-specific

details of the hyper-parameters are provided in Section 4 in the Supplementary document.

We also perform a comparative study on the number of parameters of HyPE-GT compared

to other Graph Transformer-based approaches in Section 6 of the Supplementary document.

The Pytorch and DGL-based implementation of the HyPE-GT framework is available at

https://github.com/kushalbose92/HyPE-GT.

Comparison with Baselines. HyPE-GT can generate 8 different positional encodings

depending on the choice of three independent submodules. In the first version, we trained

HyPE-GT on eight distinct settings across all datasets and evaluated the test set on each

trained model. For each dataset, we reported the best test accuracy among 8 settings. The

selection of over 8 choices may incur the higher cost of training time and hyperparameter

search. To ensure a fair comparison with competing methods, we now adopt a standardized

evaluation protocol: the optimal configuration is first selected based solely on validation

performance, and the corresponding model is then evaluated once on the test set. This

procedure is replicated across all datasets, and we termed this approach HyPE-GTv2.

6.4.3 Results & Discussion

We will try to resolve the following research questions through the empirical evidences.

RQ1. How do hyperbolic positional encodings improve the performance of the

standard graph transformer ?

HyPE-GT is applied on PATTERN, CLUSTER, MNIST, and CIFAR10 and correspond-

ing results are reported in Table 6.1. We also applied HyPE-GT on the four OGB datasets

whose results are presented in Table 6.2. Experiments are performed for 8 for different cate-

gories of hyperbolic PEs and we reported the best one among them with mean and standard

deviation. The corresponding metrics for all datasets are also mentioned.

HyPE-GT attains 3rd position on PATTERN with the PE category of 1. PATTERN

contains small graphs with the target task of identifying whether a node belongs to a pre-

defined pattern. Our framework with a single-layered HGCN successfully captures the pattern
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in the neighborhoods. Our framework also secures 3rd position on CLUSTER with the

same category of PE as PATTERN which also contains small-sized graphs. The target

task of the CLUSTER is to identify the cluster type to which each node belongs. The

task requires information about the local neighborhoods, underscoring that a single-layered

HGCN performs optimally. On the other hand, HyPE-GT exhibited superior performance

on MNIST for the category 8 outperforming all the contenders. The results suggest the

generation of PE by employing HNN entailing the importance of node features rather than

the graph structure. Again, HYPE-GT secures 3rd position on CIFAR10 for a PE category

of 7. CIFAR10 requires higher-order interaction as it is built on RGB images and justifies

interactions from the higher-order neighborhoods, underscoring the contribution of a 2-layered

HGCN model.

HyPE-GT is further applied on four OGB graphs and the results are presented in Ta-

ble 6.2. Our framework outperforms all contenders on ogbg-molhiv for the PE category of

1 with a 2-layered HGCN. ogbg-molhiv contains smaller graphs with chemical hierarchies

and sparse edge connectivity. HyPE-GT efficiently captures hierarchies and demonstrates

optimal performance. ogbg-molpcba has a structural resemblance to the ogbg-molhiv with

a comparatively larger graph size. HyPE-GT secures 2nd position with a PE category of 7

by employing a HGCN architecture. HyPE-GT attains 3rd position on ogbg-code2 for the

PE category of 5 with a 1-layered HGCN. The dataset contains programming syntax trees

where higher-order interactions may not be beneficial. On the other hand, HyPE-GT attains

3rd rank on ogbg-ppa but still outperforms DeeperGCN and Transformer+LapPE. The re-

sults are evidence of the utility of generating multiple hyperbolic positional encodings which

provides a diverse scope to search for the optimal positional encodings.

RQ2. Can hyperbolic positional encodings improve the performance of deep

GNN models ?

Graph Transformer leverages long-range interaction by measuring the attention among the

node pairs which tackles the oversmoothing issue to some extent. Yet, we want to explore the

effect of incorporating hyperbolic positional encodings directly with the multi-layered graph

convolution-based architectures. The generated positional encodings are flexibly integrated

with the learned node features from the hidden layers to boost the model performance. We
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Table 6.4: The performances of GCN, JKNet, and GCNII on co-author and co-purchase
networks are presented for different depths of the networks coupled with the HyPE frame-
work. The best results are marked in green with the category of PE also mentioned in the
parenthesis where optimal performance is obtained. (standard deviations are omitted due to
space constraints)

Amazon Photo

Method / Layers 2 4 8 16 32 64 128

GCN 85.57 84.44 51.53 49.78 52.74 52.92 50.54
GCN + HyPE 90.4(7) 80.54(8) 82.48(2) 81.24(3) 80.5(3) 80.91(3) 80.73(3)

JKNet 80.46 86.00 82.98 83.35 80.9 83.72 86.11
JKNet + HyPE 89.34(4) 90.87(4) 90.04(8) 89.67(8) 89.78(4) 89.56(4) 90.43(4)

GCNII 83.13 86.92 85.39 87.45 85.82 86.06 86.08
GCNII + HyPE 91.1(8) 92.14(7) 92.07(7) 91.32(7) 91.43(8) 91.1(7) 91.48(7)

Amazon Computers

GCN 69.94 67.55 49.0 49.38 48.6 49.55 48.66
GCN + HyPE 82.61(8) 75.78(4) 72.86(3) 72.6(3) 73.97(3) 72.91(3) 73.75(3)

JKNet 64.88 74.03 53.21 54.57 58.26 55.05 67.7
JKNet + HyPE 80.03(5) 81.13(4) 76.86(4) 76.49(3) 75.8(3) 76.12(3) 75.63(3)

GCNII 71.93 74.58 64.04 72.59 69.54 69.99 68.68
GCNII + HyPE 82.66(8) 82.86(7) 81.48(7) 81.75(4) 80.55(7) 81.07(4) 80.75(7)

Coauthor CS

GCN 89.89 83.83 16.42 15.37 12.01 21.36 11.66
GCN + HyPE 92.09(8) 88.96(3) 82.58(4) 82.04(4) 82.16(3) 82.17(4) 81.52(3)

JKNet 91.45 89.5 89.05 87.99 88.39 87.6 87.28
JKNet + HyPE 92.64(2) 92.58(7) 92.11(4) 92.22(8) 92.31(8) 92.24(8) 92.17(7)

GCNII 90.74 90.14 88.55 92.82 93.02 93.08 93.08
GCNII + HyPE 93.19(5) 93.01(8) 93.5(3) 93.65(3) 93.58(4) 93.68(4) 93.58(8)

Coauthor Physics

GCN 93.9 90.97 89.46 51.81 52.96 49.29 51.8
GCN + HyPE 94.26(4) 93.49(3) 90.26(4) 89.88(2) 90.16(4) 89.7(2) 90.01(2)

JKNet 93.56 93.31 92.77 91.99 92.29 93.4 92.09
JKNet + HyPE 94.23(7) 94.44(8) 94.23(7) 94.33(7) 93.93(5) 94.37(8) 94.23(8)

GCNII 94.0 93.54 93.97 94.1 94.24 94.03 94.02
GCNII + HyPE 94.37(3) 94.45(4) 94.6(6) 94.62(3) 94.53(4) 94.43(3) 94.76(6)

carry out an extensive experiment on co-purchase and co-author datasets Amazon Photo,

Amazon Computers, Coauthor CS, and Coauthor Physics aiming to solve the task of semi-

supervised mode classification. Our experiment encompasses the three well-adopted base

GNN models like GCN (Kipf and Welling, 2016), JKNet (Xu et al., 2018b), and GCNII

(Chen et al., 2020c). For every dataset, we applied three chosen base models. For each base

GNN model, once we run experiments without using any positional encodings and in the

second phase HyPE is coupled with the corresponding base model. The process is repeated

for every network depth chosen from the set {2, 4, 8, 16, 32, 64, 128}. The numerical results are

reported in Table 6.4. The performance is measured with the test accuracy which is obtained

by taking the mean of the 10 different runs on multiple random seeds. We run experiments

for all 8 categories and we only report the optimal one among them. The category of PE is
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also mentioned along with the highlighted test accuracy for HyPE-GT.

The reported results are evident for the better applicability of the hyperbolic positional

encodings integrating with deeper GNN architectures. The base models witnessed an uptick

in performance when associated with the HyPE framework compared with the performance

of the same without involving the positional encodings at every network depth. The optimal

results are obtained for different categories of PEs which also indicates the benefits of gener-

ating a diverse set of hyperbolic positional encodings. The node features in the embedding

space collapse with the increase of convolutional layers due to the decrease in the inter-cluster

distance. The incorporation of positional encodings with the features from the hidden layers

prevents the features from collapsing signifying the control of oversmoothing. Notably, the

hyperbolic PEs are sufficiently capable of separating similar nodes toward each other, in-

creasing inter-cluster distance. The performance of vanilla GCN is typically hindered by the

effect of oversmoothing which is alleviated by employing the HyPE framework. Again the

performance improvement on GCNII and JKNet is lesser than GCN due to those models are

already designed for controlling oversmoothing but our framework is still able to outperform

with a good margin which underlines the efficiency of the proposed framework.

PATTERN
(Higher is better)

CLUSTER
(Higher is better)

MNIST
(Higher is better)

CIFAR10
(Higher is better)

ogbg-molhiv
(Higher is better)

ogbg-ppa
(Higher is better)

Figure 6.5: The performance of HyPE-GT on six benchmark datasets is presented. Each
possible combination of the key modules in the framework is considered. All eight types of
positional encodings are generated for each dataset.
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6.4.4 Depth of the Hyperbolic Networks in HyPE-GT

We investigated the effect of the depth of hyperbolic networks (both HNN and HGCN) on the

performance of HyPE-GT. We include PATTERN, CLUSTER, MNIST, CIFAR10, and ogbg-

molhiv to conduct the experiments. HyPE-GT generates 8 different positional encodings for

every dataset and we only run the experiment for the category where the best performance is

obtained. For example, MNIST attains the best performance for the PE category of 8. The

best category can be found in the results available in Table 6.1 and 6.2. We vary the number

of layers of the respective hyperbolic networks from 1-5. For each network depth, we run the

experiments for 4 times and plot the mean along with standard deviations in Figure 6.4. The

performance metric is also mentioned against each plot.

The performance of HyPE-GT deteriorates on PATTERN and CLUSTER due to the

oversmoothing issue in the hyperbolic graph convolutional-based architectures. Yet, these

datasets contain graphs with smaller radii and performance depends on local substructures.

Thus, increasing depth might not be beneficial for the performance gain. HyPE-GT exhibited

stable performance on MNIST as it hinges on the HNN and mostly relies on the rich node

features. On the other side, the performance of HyPE-GT on CIFAR10 is optimal when the

network depth is 2. The superpixel graphs of CIFAR10 are created from RGB images which

requires aggregating features from higher-order neighborhoods. Thus, the degradation of per-

formance is lower compared to PATTERN and CLUSTER. The performance on ogbg-molhiv

is optimal when the network depth is 2. The molecular graphs containing local substruc-

tures prefer the localized feature aggregation which is further validated by the performance

degradation with increased network depth.

6.5 Ablation Study

We conduct a comprehensive ablation study on our proposed framework HyPE-GT to analyze

the impact of individual modules within the framework. HyPE-GT comprises three modules

as discussed earlier. We explore various options for each of the modules which prompts

the generation of 8 different positional encodings. We run the experiments on PATTERN,

CLUSTER, MNIST, CIFAR10, ogbg-molhiv, and ogbg-ppa, and the results are presented in

Figure 6.5. The ablation study on ogbg-molpcba and ogbg-code2 can be found in Section 5 of

162



6. Designing Hyperbolic Positional Encodings for Enhancing Graph Transformer

the Supplementary document. The experiments are executed for each category of positional

encodings for every dataset. Each result is the average of 10 runs along with the standard

deviation with different random seeds. The variation in the corresponding performance metric

can be observed across 8 different positional encodings. Notably, optimal performances are

obtained for certain combinations of individual modules in the framework, highlighting the

interdependence of the modules. The capacity to generate multiple PEs of HyPE broadens

the scope of finding the best one for solving target tasks.

MNIST CIFAR10 ogbg-molhiv

ogbg-ppa ogbg-molpcba ogbg-code2

Figure 6.6: Various readout methods like Mean, Max, and Sum are applied on both 6 graph
classification datasets, and their effects are presented. The corresponding metrics are men-
tioned. The optimal performance can be obtained by tactfully selecting the readout methods
which entirely depends on the input graphs.

6.5.1 Selection Criteria of Positional Encodings

An obvious question will naturally arise regarding the determination of the optimal triplet

from the set of positional encodings for solving the downstream tasks. We attempt to resolve

the issue by analyzing the experimental results. We devised an intuitive strategy to minimize

the search time and avoid the time-consuming effort of searching randomly for the best

positional encoding. Our framework achieves optimal results on PATTERN, CLUSTER,
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CIFAR10, ogbg-molhiv when the PEs are learned via HGCN rather than HNN. Therefore,

HGCN may be an appropriate candidate to initiate the search as it captures the structural

patterns of the input graph. Only HyPE-GT on MNIST shows the best performance when

HNN is employed also the second best result occurred with HNN. Experiments suggest that

Hyperboloid dominates over PoincarêBall in most of the cases. Again LapPE and RWPE

both work well in the experiments. We still recommend an exhaustive search to find the most

effective positional encodings for the downstream tasks.

6.6 Effect of the Readout Methods

The selection of the readout methods is pivotal for performing the graph classification tasks.

The fact prompts us to study the effects of three well-adopted readout methods Mean, Max,

and Sum when HyPE-GT is applied on the MNIST, CIFAR10, ogbg-molhiv, ogbg-moppa,

ogbg-molpcba, and ogbg-code2. The performance of HyPE-GT on different readout methods

applied on 6 datasets is elucidated in Figure 6.6. The Sum readout emerged as beneficial

for MNIST but the Mean readout is more effective for CIFAR10. Similarly, ogbg-molhiv,

ogbg-ppa, ogbg-molpcba, and ogbg-code2 exhibited optimal performances when the readout

methods were Max, Sum, and Mean, respectively. The variations among the readout methods

across all datasets are relatively lower, which emphasizes the resilience of HyPE-GT toward

the choice of readout methods. The experiments also underscore the importance of choosing

appropriate readout methods to obtain the best performance on the graph classification tasks.

More results can be found in the Appendix 6.10.

6.7 Limitations

HyPE-GT excels at capturing intricate hierarchical relationships within graphs by generat-

ing learnable positional encodings in hyperbolic space. This approach is particularly effective

when dealing with input graphs that possess inherent hierarchical structures, as hyperbolic

space provides superior encoding capabilities compared to Euclidean space. However, not all

input graphs exhibit hierarchical characteristics. In such cases, positional encodings learned

in Euclidean space may be more appropriate. For instance, the performance of HyPE-GT on
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PATTRN and CLUSTER datasets, which lack hierarchical components, shows slight degra-

dation. Conversely, HyPE-GT performs commendably on the ogbg-molhiv and ogbg-molpcba

datasets, which contain hierarchical structures. These results demonstrate that HyPE-GT is

proficient in generating effective positional encodings that align well with hierarchical struc-

tures. Moreover, they underscore the framework’s versatility and robustness in handling

graphs with varying degrees of hierarchical complexity.

6.8 Conclusion

In this work, we proposed a novel framework called HyPE-GT to generate positional encod-

ings in the hyperbolic space for Graph Transformers. Unlike the other existing methods, our

framework can generate a set of positional encodings that offer diverse choices for solving

downstream tasks. The generated PEs are learned either by HNN or HGCN-based archi-

tectures. The efficiency of HyPE-GT is also validated by performing several experiments

on molecular graphs from benchmark datasets (Dwivedi et al., 2020) and OGB (Hu et al.,

2020a) graph datasets, and achieving impressive performances on the datasets. We provided

the results of an exhaustive ablation study to substantiate the importance of each component

of HyPE-GT. We also re-purpose the positional encodings to integrate with node features to

boost the performance of deep graph neural networks applied on Co-author and Co-purchase

datasets. Exploring hyperbolic spaces to learn positional encodings may be a potential avenue

for future directions. Also, further investigation is required on the effectiveness of positional

encodings in deeper GNNs to boost performance.

6.9 Appendix A

6.9.1 Proofs

Lemma 6.1 Consider an n-dimensional Poincarê Ball Bn of unit radius and unit curvature.

Let us assume that two points x, y ∈ Bn and their distance by using Poincarê metric is

dB(x, y). If we apply the Euclidean metric to them, the distance will be dE(x, y). Then

∀k ∈ (0, 1), we have dB(x, y) ≥ 2kdE(x, y) if dE(x, y) ∈ [0,
√
1−k2
k ].

Proof. Assume Poincarê Ball Bn = {x ∈ Rn, ||x|| ≤ 1} is equipped with Poincarê metric and
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the distance between two points x, y ∈ Bn as following

dB(x, y) = cosh−1

(
1 +

2||x− y||2

(1− ||x||2)(1− ||y||2)

)
(6.18)

The Euclidean norm between x, y is

dE(x, y) = ||x− y|| (6.19)

The following can be written

dB(x, y) = cosh−1

(
1 +

2||x− y||2

(1− ||x||2)(1− ||y||2)

)
= 2 sinh−1

(√
∆(x, y)

2

) (6.20)

where

∆(x, y) =
2||x− y||2

(1− ||x||2)(1− ||y||2)

We have considered the unit radius of the Poincarê Ball, ||x||, ||y|| ≤ 1. then (1− ||x||2)(1−

||y||2) ≤ 1. Therefore, we have

∆(x, y) ≥ 2||x− y||2 (6.21)

We have d
dx(sinh

−1(x)) = 1√
1+x2

> 0 which implies that sinh−1(x) is an increasing function.

Therefore, we have,

2 sinh−1

(√
∆(x, y)

2

)
≥ 2 sinh−1(||x− y||)

dB(x, y) ≥ 2 sinh−1(||x− y||)

(6.22)

We know that sinh−1(z) = ln
(
z +
√
z2 + 1

)
. Let us consider the following function ∀k ∈ R

f(z) = ln
(
z +

√
z2 + 1

)
− kz (6.23)
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Differentiating w.r.t. z, we get

f ′(z) =
1√

1 + x2
− k (6.24)

Also f(0) = 0 and the function is increasing when f ′(z) ≥ 0

f ′(z) =
1√

1 + x2
− k ≥ 0

1√
1 + x2

≥ k

z ≤
√
1− k2
k

(6.25)

If the above condition holds then f(z) increases and non-negative ∀z ∈ [0,
√
1−k2
k ]. Then we

have

ln
(
z +

√
z2 + 1

)
− kz ≥ 0

ln
(
z +

√
z2 + 1

)
≥ kz

sinh−1(z) ≥ kz ∀z ∈ [0,

√
1− k2
k

]

(6.26)

Applying the inequality to the distance between points x, y and ∀||x − y|| ∈ [0,
√
1−k2
k ] we

have,

sinh−1(||x− y||) ≥ k||x− y||

2 sinh−1(||x− y||) ≥ 2k||x− y||

dB(x, y) ≥ 2k||x− y||

(6.27)

Therefore, the distance between any two points x, y increases when the Poincarê metric is

applied compared to the scaled Euclidean distance under certain conditions.

Lemma 6.2 Consider an n-dimensional Hyperboloid space Hn of unit radius and unit cur-

vature. Let us assume that two points x, y ∈ Hn and their distance by using the Hyperboloid

distance metric is dH(x, y). If we apply the Euclidean metric to them, the distance will be

dE(x, y). Then ∀k ∈ [1,∞), we have dH(x, y) ≥ k
2dE(x, y) ∀dE(x, y) ∈ [1, 4

√
1+k2

k2
].
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Proof. Let us define the Hyperboloid space in the following way

Hn
1 = {x ∈ Rn+1 : ⟨x, x⟩L = −1, x0 > 0}, (6.28)

where ⟨x, y⟩L denotes Minkowski inner product is defined as follows

⟨x, y⟩L = −x0y0 + x1y1 + · · ·+ xnyn

The distance between x, y can be estimated as

dH(x, y) = cosh−1(−⟨x, y⟩L)

= cosh−1(−(−x0y0 +
n∑
i=1

xiyi))

= cosh−1(x0y0 −
n∑
i=1

xiyi)

(6.29)

For two points x, y, following the condition of ⟨x, x⟩L = 1, we have,

⟨x, x⟩L = −x20 + x21 + · · ·x2n = −1

⟨y, y⟩L = −y20 + y21 + · · · y2n = −1
(6.30)

The Euclidean distance between x, y can be expressed as

dE(x, y) =

√√√√ n∑
i=0

(xi − yi)2

=

√√√√ n∑
i=0

x2i +

n∑
i=0

y2i − 2

d∑
i=0

xiyi

=

√√√√x20 +

n∑
i=1

x2i + y20 +

n∑
i=1

x2i − 2(x0y0 +

n∑
i=1

xiyi)

Using from Eq. 6.29 and Eq. 6.30, we have

dE(x, y) =
√

2x20 + 2y20 − 2− 2(2x0y0 − cosh(dH(x, y)))

d2E(x, y) = 2x20 + 2y20 − 2− 4x0y0 + 2 cosh(dH(x, y))

d2E(x, y) = 2((x0 − y0)2 − 1) + 2 cosh(dH(x, y))

(6.31)

168



6. Designing Hyperbolic Positional Encodings for Enhancing Graph Transformer

Assuming that (x0 − y0)2 ≤ 1, then we can express

2 cosh(dH(x, y)) ≥ d2E(x, y)

dH(x, y) ≥ cosh−1

(
d2E(x, y)

2

) (6.32)

Consider the function f(z) = cosh−1(z)− kz where cosh−1(z) = ln
(
z +
√
z2 − 1

)
. Differen-

tiating f(z) w.r.t z , we get

f ′(z) =
1√

z2 − 1
− k ≥ 0

1√
z2 − 1

≥ k

z ≤
√
1 + k2

k

(6.33)

Also, f(0) = 0, and the function is increasing for the above condition. Therefore, we have

f(z) = cosh−1(z)− kz ≥ 0

cosh−1(z) ≥ kz ∀z ∈ [1,

√
1 + k2

k
]

(6.34)

Applying the above inequality, finally, we have,

dH(x, y) ≥ cosh−1

(
d2E(x, y)

2

)
≥ k

d2E(x, y)

2

dH(x, y) ≥
k

2
d2E(x, y) ≥

k

2
dE(x, y) ∀d2E(x, y) ∈ [1,

√
1 + k2

k
]

dH(x, y) ≥
k

2
dE(x, y) ∀ dE(x, y) ∈ [1,

4

√
1 + k2

k2
]

(6.35)

Therefore, the distance between two points in the hyperboloid space will be greater than

their scaled Euclidean distance under certain conditions.

Theorem 6.1 Consider a pair of nodes 1 and 2 of a connected graph G whose degrees are

d1 and d2 respectively. Their initialized positional encodings are p1, p2 ∈ Rd. The Euclidean

distance between them is estimated as dE(p1, p2). Suppose, p1, p2 are to be transformed by

either HNN or HGCN with the underlying hyperbolic space as a n-dimensional Poincarê Ball

Bn of unit radius and unit curvature, then we have the following:
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1. HNN If the encodings are transformed by passing through an HNN of parameters Θ.

The transformed encodings are respectively phyp1 and phyp2 whose distance is dB(p
hyp
1 , phyp2 ),

then ∃Θ′ such that dB(p
hyp
1 , phyp2 ) ≥ k′||Θ′||FdE(p1, p2) for some k′ ∈ (0, 2) and ||Θ′||F ≤

1.

2. HGCN If the encodings are transformed by passing through an HGCN of parameters

Φ. then ∃Φ′ with ||Φ′||F ≤ 1 such that dB(p
hyp
1 , phyp2 ) ≥ k′

d ||Φ
′||FdE(p1, p2) where

d = max{d1, d2} for some k′ ∈ (0, 2).

Proof. We will outline the complete proof for each of the parts.

HNN The Euclidean distance between two points x, y is estimated as dE(x, y) = ||p1 − p2||.

We want to compute the distance between p1, p2 in the Bnc . Therefore, we will apply the

exponential map to project the points in the manifold space. The exponential map for Bnc at

0 is defined as following,

exp0c(v) = tanh
(√
c||v||

) v

c||v||
, (6.36)

where v is any point lying on the tangent space which resembles the locally linear space. As

we considered the curvature to be 1, the exponential map can be reformulated as,

exp01(v) = tanh(||v||) v

||v||
, (6.37)

From now on we will write as exp(v). The Möbius matrix-vector multiplication is defined as,

M⊗c(x) =
1√
c
tanh

(
||Mx||
||x||

tanh−1(
√
c||x||)

)
Mx

||Mx||
, (6.38)

where M ∈Mm,n(R) and x ∈ Bnc . Substituting c = 1, we get

M⊗1(x) = tanh

(
||Mx||
||x||

tanh−1(||x||)
)

Mx

||Mx||
, (6.39)

If we pass the positional encodings through a hyperbolic neural network (HNN) with a train-

able weight Θ ∈ Rd×d′ . Firstly, we mapped the encodings into the manifold space using the
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exponential map.

p̂1 = exp(p1) = tanh(||p1||)
p1
||p1||

p̂2 = exp(p2) = tanh(||p2||)
p2
||p2||

Replacing the scalar terms ζ1 = tanh(||p1||)
||p1|| and ζ2 = tanh(||p2||)

||p2|| . Then, we have p̂1 = ζ1p1 and

p̂2 = ζ2p2.

The encodings are now mapped on the manifold. The encodings are transformed by

passing through HNN, then applying Möbius matrix-vector formula, we have

phyp1 = Θ⊗1(p̂1) = tanh

(
||p̂1Θ||
||p̂1||

tanh−1(||p̂1||)
)

p̂1Θ

||p̂1Θ||

Substituting p̂1 = ζ1p1

= tanh

(
||p1Θ||
||p1||

tanh−1(||ζ1p1||)
)

p1Θ

||p1Θ||

Similarly, we can write

phyp2 = Θ⊗1(p̂2) = tanh

(
||p2Θ||
||p2||

tanh−1(||ζ2p2||)
)

p2Θ

||p2Θ||

Replacing the scalar terms as η1 = tanh−1(||ζ1p1||)
||p1|| and η2 = tanh−1(||ζ2p2||)

||p2|| , we have phyp1 =

tanh(η1||p1Θ||) p1Θ
||p1Θ|| and p

hyp
2 = tanh(η2||p2Θ||) p2Θ

||p2Θ|| . Further substituting the scalar terms

as ω1 =
tanh(η1||p1Θ||)

||p1Θ|| and ω2 =
tanh(η2||p2Θ||)

||p2Θ|| . Therefore, we can write as,

phyp1 = ω1p1Θ phyp2 = ω2p2Θ (6.40)

Therefore, the length of the geodesic on the manifold will be,

dB(p
hyp
1 , phyp2 ) = cosh−1

(
1 +

2||phyp1 − phyp2 ||2

(1− ||phyp1 ||2)(1− ||p
hyp
2 ||2)

)

= cosh−1

(
1 +

2||ω1p1Θ− ω2p2Θ||2

(1− ||ω1p1Θ||2)(1− ||ω2p2Θ||2)

)

We know tanh(z)
z ≤ 1∀z ∈ R. The tanh−1(tz)

z ≤ 1 ∀|t| ≤ 1, |z| ≤ 1. Therefore, we can say that

ζ1, ζ2 ≤ 1. We use this notion to have η1, η2 ≤ 1. Finally, ω1, ω2 ≤ 1 ∀z ∈ R.
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Applying the inequalities, ||ω1p1Θ|| ≤ ω1||p1||||Θ||F . As we considered unit radius ||p1|| ≤

1 and assumed a bounded Frobenius norm of the HNN parameters ||Θ||F ≤ 1. Thus we

have ||ω1p1Θ|| ≤ 1 and in a similar way ||ω2p2Θ|| ≤ 1 which implies (1 − ||ω1p1Θ||2)(1 −

||ω2p2Θ||2) ≤ 1.

dB(p
hyp
1 , phyp2 ) = 2 sinh−1

√∆(phyp1 , phyp2 )

2

 (6.41)

where

∆(phyp1 , phyp2 ) =
2||ω1p1Θ− ω2p2Θ||2

(1− ||ω1p1Θ||2)(1− ||ω2p2Θ||2)

We have d
dx(sinh

−1(x)) = 1√
1+x2

> 0 which implies that sinh−1(x) is an increasing function.

Therefore, we have,

2 sinh−1

√∆(phyp1 , phyp2 )

2

 ≥ 2 sinh−1(||phyp1 − phyp2 ||)

dB(p
hyp
1 , phyp2 ) ≥ 2 sinh−1(||phyp1 − phyp2 ||)

(6.42)

WLOG, we can assume ω1 ≥ ω2 and apply properties of Euclidean norm. Then we have,

||phyp1 − phyp2 || = ||ω1p1Θ− ω2p2Θ||

≥ (||ω1p1Θ|| − ||ω2p2Θ||)

≥ ω2(||p1Θ|| − ||p2Θ||)

(6.43)

Again, we can write,

ω2(||p1Θ|| − ||p2Θ||) ≤ ω2(||p1Θ− p2Θ||) (6.44)

Using the properties of the vector norms, we have,

ω2||p1Θ− p2Θ|| ≤ ω2||Θ||F ||p1 − p2|| (6.45)
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Combining Eqn. 6.44 and 6.45, we have,

ω2||Θ||F ||p1 − p2|| ≥ ω2(||p1Θ|| − ||p2Θ||) (6.46)

Therefore, ∃ Θ′ with ||Θ′||F ≤ 1 such that,

|phyp1 − phyp2 || ≥ ω2||Θ′||F ||p1 − p2|| ≥ ω2(||p1Θ|| − ||p2Θ||) (6.47)

Now combining with the Eq. 6.42 and using the notion from Theorem 1, we have,

2 sinh−1(||phyp1 − phyp2 ||) ≥ 2k||phyp1 − phyp2 ||

∀||phyp1 − phyp2 || ∈ [0,

√
1− k2
k

]

dB(p
hyp
1 , phyp2 ) ≥ 2kω2||Θ′||F ||p1 − p2||

= k′||Θ′||F ||p1 − p2||

where k′ = 2kω2 with k′ ∈ (0, 2)

(6.48)

HGCN If we employ an HGCN architecture with trainable parameters Φ, we need to in-

corporate normalized adjacency matrix Ã into the positional encodings. The transformed

encoding is mapped into the manifold’s tangent space using the logarithmic map to enable

multiplication with Ã. The logarithmic or simply log map at 0 position is defined as

logc0(v) = tanh−1(
√
c||v||) v√

c||v||
(6.49)

Applying the log map with c = 1, the encodings are transformed into the tangent space as

following

pT1 = tanh−1(||phyp1 ||)
phyp1

||phyp1 ||

pT2 = tanh−1(||phyp2 ||)
phyp2

||phyp2 ||

(6.50)

Consider η′1 =
tanh−1(||phyp1 ||)

||phyp1 ||
and η′2 =

tanh−1(||phyp2 ||)
||phyp2 ||

with η′1, η
′
2 ≥ 1. Therefore, we can

express pT1 = η′1p
hyp
1 and pT2 = η′2p

hyp
2 . The adjacency matrix is applied to the transformed

173



6. Designing Hyperbolic Positional Encodings for Enhancing Graph Transformer

encodings which result in pA1 = 1
d1

∑
j∈N(1)∪pT1

pTj and pA2 = 1
d2

∑
j∈N(2)∪pT2

pTj where d1, d2 are

the degrees for node 1 and 2 respectively with pTj are the corresponding neighbors’ features.

Suppose, ∃ C1, C2 ∈ R such that,

||pA1 || ≥
1

d1
C1||pT1 || ||pA2 || ≥

1

d2
C2||pT2 || (6.51)

From Eq 6.40, we have ||pA1 || ≥ 1
d1
C1η

′
1||p

hyp
1 || = 1

d1
C1η

′
1ω1||p1Φ|| = 1

d1
ω′
1||p1Φ|| where ω′

1 =

C1η
′
1ω1. Similarly, we have ||pA2 || ≥ 1

d2
ω′
2||p2Φ|| where ω′

2 = C2η
′
2ω2. As ω1, ω2 ≤ 1 with the

assumption of

Again, we must apply the exponential map to revert the embeddings to the Poincarê Ball.

pAh
1 = tanh

(
||pA1 ||

) pA1
||pA1 ||

pAh
2 = tanh

(
||pA2 ||

) pA2
||pA2 ||

(6.52)

Let us assume that τ1 =
tanh(||pA1 ||)

||pA1 || and τ2 =
tanh(||pA2 ||)

||pA2 || with τ1, τ2 ≤ 1. Therefore, pAh1 = τ1p
A
1

and pAh2 = τ1p
A
2 .

Similarly, we have pAh2 = 1
d2
τ2p

A
2 ≥ 1

d2
τ2ω

′
2p2Φ = 1

d2
τ ′2p2Φ where τ ′2 = τ2ω

′
2.

The distance between pAh1 and pAh2 is

dB(p
Ah
1 , pAh2 ) = cosh−1

(
1 +

2||pAh1 − pAh2 ||2

(1− ||pAh1 ||2)(1− ||pAh2 ||2)

)
= cosh−1

(
1 +

2|| 1d1 τ
′
1p1Φ− 1

d2
τ ′2p2Φ||2

(1− || 1d1 τ
′
1p1Φ||2)(1− || 1d2 τ

′
2p2Φ||2)

) (6.53)
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We have

||pAh1 || = τ1||pA1 || =
τ1
d1
||

∑
j∈N(1)∪pT1

pTj ||

≤ τ1
d1

∑
j∈N(1)∪pT1

||pTj ||

≤ τ1
d1

∑
j∈N(1)∪pT1

||pTj ||

where η′j =
tanh−1(||phypj ||)

||phypj ||

=
τ1
d1

∑
j∈N(1)∪pT1

η′j ||p
hyp
j ||

≤ τ1
d1

∑
j∈N(1)∪pT1

η′max = τ1η
′
max

(6.54)

Assuming τ1η
′
max ≤ 1, then we have ||pAh1 || ≤ 1. Similarly, ||pAh2 || ≤ 1. Using these inequali-

ties, we have (1− ||pAh1 ||2)(1− ||pAh2 ||2) ≤ 1. We can express the following

dB(p
Ah
1 , pAh2 ) ≥ 2 sinh−1(||pAh1 − pAh2 ||) (6.55)

Now we can write the following,

||pAh1 − pAh2 || = ||τ1pA1 − τ2pA2 ||

≥ τ1||pA1 || − τ2||pA2 ||

≥ 1

d1
τ1ω

′
1||p1Φ|| −

1

d2
τ2ω

′
2||p2Φ||

≥ || τ
′
1

d1
p1Φ|| − ||

τ ′2
d2
p2Φ||,

(6.56)

where τ ′1 = τ1ω
′
1, τ

′
2 = τ2ω

′
2. Uisng the properties of Euclidean vector nomrs, we have,

|| τ
′
1

d1
p1Φ−

τ ′2
d2
p2Φ|| ≥ ||

τ ′1
d1
p1Φ|| − ||

τ ′2
d2
p2Φ||

|| τ
′
1

d1
p1Φ−

τ ′2
d2
p2Φ|| ≤ ||Φ||F ||

τ ′1
d1
p1 −

τ ′2
d2
p2||

(6.57)
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Combining Eqn. 6.56 and 6.57, we have,

||Φ||F ||
τ ′1
d1
p1 −

τ ′2
d2
p2|| ≥ ||

τ ′1
d1
p1Φ|| − ||

τ ′2
d2
p2Φ|| (6.58)

Therefore, ∃ Φ′ with ||Φ′|| ≤ 1, such that,

||pAh1 − pAh2 || ≥ ||Φ||F ||
τ ′1
d1
p1 −

τ ′2
d2
p2|| ≥ ||

τ ′1
d1
p1Φ|| − ||

τ ′2
d2
p2Φ|| (6.59)

WLOG, we can assume τ ′1 ≥ τ ′2, then we have,

||pAh1 − pAh2 || ≥ τ ′2||Φ||F ||
p1
d1
− p2
d2
|| (6.60)

If d = max{d1, d2}, then we have,

||pAh1 − pAh2 || ≥ τ ′2||Φ||||
p1
d1
− p2
d2
||

≥ τ ′2||Φ||F
d

||p1 − p2||
(6.61)

Therefore, from Lemma 1, we can express

dB(p
Ah
1 , pAh2 ) ≥ 2k||pAh1 − pAh2 || ∀k ∈ [0,

√
1− k2
k

]

≥ 2k
τ ′2||Φ||F

d
||p1 − p2||

=
k′

d
||Φ||F ||p1 − p2||,

(6.62)

where k′ = 2kτ ′2 with k′ ∈ (0, 2). The above inequality illustrates that the distance of the

two points lying on the Poincarê Ball is greater than the distance of the same when lying on

the Euclidean space under certain conditions. Furthermore, the inequality depends on the

maximum degree of the pair of nodes in the graph.

If d increases, the distance on the Poincarê Ball also increases, which underscores the more

distinctive positional encodings for the nodes having higher importance in the graph.

Theorem 6.2 Consider a pair of nodes 1 and 2 of a connected graph G whose degrees are

d1 and d2 respectively. Their initialized positional encodings are p1, p2 ∈ Rd. The Euclidean
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distance between them is estimated as dE(p1, p2). Suppose, p1, p2 are to be transformed y

either HNN or HGCN with the underlying hyperbolic space as a n-dimensional Hyperboloid

model Hn of unit radius and unit curvature, then we have the following:

1. HNN If the encodings are transformed by passing through an HNN of parameters Θ.

The transformed encodings are respectively phyp1 and phyp2 whose distance is dH(p
hyp
1 , phyp2 ),

then ∃Θ′ such that dH(p
hyp
1 , phyp2 ) ≥ k′

2 ||Θ
′||FdE(p1, p2) for some k′ ∈ [1,∞) and

||Θ′||F ≤ 1.

2. HGCN If the encodings are transformed by passing through an HGCN of parameters

Φ. then there exists a Φ′ with ||Φ′||F ≤ 1 such that dB(p
hyp
1 , phyp2 ) ≥ k′

2d

′||Φ′||FdE(p1, p2)

where d = max{d1, d2} for some k′ ∈ [1,∞).

Proof. We will provide proof for each of the two parts.

HNN For any v ∈ T0Hn
1 and y ∈ Hn

1 , then the exponential and logarithmic map of Hn
1 at

x = 0 with curvature c = 1 can be expressed as follows,

exp10(v) = sinh(||v||L)
v

||v||L

log10(y) = cosh−1(1 + ϵ)
y

||y||L
,

(6.63)

where ϵ is a significantly non-negative real quantity. If y0 = 0 then ||y||L is equivalent to

||y||2. Consider two initialized positional encodings p1, p2 ∈ ToHn
1 lying in the tangent space

of x = 0 which resembles locally to the Euclidean space. If an HNN transforms the encodings

with trainable parameters Θ, then the transformed encodings can be represented as,

p̂1 = p1Θ p̂2 = p2Θ (6.64)

After the transformation, the encodings are mapped to the Hyperboloid space by applying

the exponential map.

phyp1 = exp(p̂1) = sinh(||p̂1||)
p̂1
||p̂1||

phyp2 = exp(p̂2) = sinh(||p̂2||)
p̂2
||p̂2||

(6.65)
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Assuming the scalar terms γ1 = sinh(||p̂1||)
||p̂1|| and γ2 = sinh(||p̂2||)

||p̂2|| , we have phyp1 = γ1p1Θ and

phyp2 = γ2p2Θ. The distance between phyp1 and phyp2 is

dH(p
hyp
1 , phyp2 ) = cosh−1(−⟨phyp1 , phyp2 ⟩L) (6.66)

From Lemma ??, we have the following inequality

dH(p
hyp
1 , phyp2 ) ≥ k

2
dE(p

hyp
1 , phyp2 )

∀ dE(phyp1 , phyp2 ) ∈ [1,
4

√
1 + k2

k2
]

=
k

2
dE(γ1p̂1, γ2p̂2)

=
k

2
dE(γ1p1Θ, γ2p2Θ)

=
k

2
∥γ1p1Θ− γ2p2Θ∥

(6.67)

Using the properties of Euclidean norm, we have,

k

2
∥γ1p1Θ− γ2p2Θ∥ ≤

k

2
∥Θ∥F ∥γ1p1 − γ2p2∥

k

2
∥γ1p1Θ− γ2p2Θ∥ ≥

k

2
(||γ1p1Θ|| − ||γ2p2Θ||)

(6.68)

Therefore, ∃ Θ′ such that ∥Θ′∥F ≤ 1 with satisfies the following

dH(p
hyp
1 , phyp2 ) ≥ k

2
∥Θ′∥F ∥γ1p1 − γ2p2∥ ≥

k

2
∥γ1p1Θ− γ2p2Θ∥ (6.69)

WLOG, we can assume γ1 ≥ γ2, we have,

dH(p
hyp
1 , phyp2 ) ≥ kγ2

2
∥Θ′∥F ∥p1 − p2∥

=
k′

2
∥p1 − p2∥,

(6.70)

where k′ = kγ2

HGCN If we want to transform the positional encodings with HGCN with trainable param-

eters Φ, then we need to first feed the encodings to the dense layer. Now applying Φ, the

178



6. Designing Hyperbolic Positional Encodings for Enhancing Graph Transformer

transformed encodings can be expressed as,

p̂1 = p1Φ p̂2 = p2Φ (6.71)

The adjacency matrix is applied to the transformed encodings which result in pA1 = 1
d1

∑
j∈N(1)∪p̂1

p̂j

and pA2 = 1
d2

∑
j∈N(2)∪p̂2

p̂j where d1, d2 are the degrees for node 1 and 2 respectively with p̂j

are the corresponding neighbors’ features. Now ∃ C1, C2 such that,

||pA1 || ≥
1

d1
C1||p̂1|| ||pA2 || ≥

1

d2
C2||p̂2|| (6.72)

Now the updated positional encodings are reverted to the Hyperboloid space by applying

the following exponential map

phyp1 = exp(pA1 ) = sinh
(
||pA1 ||

) pA1
||pA1 ||

phyp2 = exp(pA2 ) = sinh
(
||pA2 ||

) pA2
||pA2 ||

(6.73)

Replacing the scalar terms as α1 =
sinh(||pA1 ||)

||pA1 || and α2 =
sinh(||pA2 ||)

||pA2 || , we have phyp1 = α1p
A
1 and

phyp2 = α2p
A
2 . Therefore, the distance between phyp1 and phyp2 is

dB(p
hyp
1 , phyp2 ) = cosh−1(−⟨phyp1 , phyp2 ⟩L). (6.74)
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From Theorem ??, we have the following inequality

dH(p
hyp
1 , phyp2 ) ≥ k

2
dE(p

hyp
1 , phyp2 )

∀ dE(phyp1 , phyp2 ) ∈ [1,
4

√
1 + k2

k2
]

=
k

2
dE(α1p

A
1 , α2p

A
2 )

=
k

2
∥α1p

A
1 − α2p

A
2 ∥

≥ k

2
(α1||pA1 || − α2||pA2 ||)

≥ k

2
(
α1C1

d1
||p̂1|| −

α2C2

d2
||p̂2||)

=
k

2

(
α1C1

d1
||p1Φ|| −

α2C2

d2
||p2Φ||

)

(6.75)

WLOG, we can assume α1C1 ≥ α2C2, then

dH(p
hyp
1 , phyp2 ) ≥ kα2C2

2

(
||p1Φ
d1
|| − ||p2Φ

d2
||
)

(6.76)

Using the properties of the Euclidean vector norm we have,

∥p1Φ
d1
− p2Φ

d2
∥ ≤ ∥Φ∥F ∥

p1
d1
− p2
d2
∥

∥p1Φ
d1
− p2Φ

d2
∥ ≥ ||p1Φ

d1
|| − ||p2Φ

d2
||

(6.77)

Therefore, ∃ Φ′ with ∥Φ′∥F ≤ 1 such that

dH(p
hyp
1 , phyp2 ) ≥ kα2C2

2
∥Φ′∥F ∥

p1
d1
− p2
d2
∥

≥ kα2C2

2d
∥Φ′∥F ∥p1 − p2∥

where d = max{d1, d2}

=
k′

2d
∥Φ′∥F ∥p1 − p2∥

(6.78)

Therefore, we have shown that an HGCN architecture exists such that the distance between

two positional encodings increases compared to the same in Euclidean space.
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6.10 Appendix B

6.10.1 Details of the Datasets

The details of the datasets involved in the experiments are provided as follows,

Table 6.5: Details of the datasets from (Dwivedi et al., 2020) and (Hu et al., 2020a)

Name #Graphs Avg # Nodes Avg # Edges Task Directed Metric

PATTERN 14000 118.9 3, 039.3 binary classif. No Accuracy
CLUSTER 12000 117.2 2, 150.9 6-class classif. No Accuracy
MNIST 70, 000 70.6 564.5 10-class classification Yes Accuracy
CIFAR10 60, 000 117.6 941.1 10-class classification Yes Accuracy

ogbg-molhiv 41127 25.5 27.5 binary classif. No AUROC
ogbg-ppa 158, 100 243.4 2, 266.1 37-task classic. No Accuracy
ogbg-molpcba 437, 929 26.0 28.1 128-task classif. No Avg. Precision
ogbg-code2 452, 741 125.2 124.2 5 token sequence No F1 score

Table 6.6: Details of the Co-author and Co-purchase datasets

Dataset Nodes Edges Features Classes

Amazon photo 13752 491722 10 767
Amazon Computers 7650 238162 8 745
Coauthor CS 18333 81894 15 6805
Coauthor Physics 34493 495924 5 8415

PATTERN and CLUSTER are molecular datasets generated from Stochastic Block Model

(Abbe, 2018). The prediction task here is an inductive node-level classification. In PATTERN

the task is to identify which nodes in a graph belong to one of 100 different sub-graph patterns

which were randomly generated with different SBM parameters. In CLUSTER, every graph

is composed of 6 SBM-generated clusters, each drawn from the same distribution, with only

a single node per cluster containing a unique cluster ID. Our target is predict the cluster ID

of the nodes.

MNIST and CIFAR10 are generated from image classification datasets of similar names.

Superpixel datasets are constructed by an 8 nearest-neighbor graph of SLIC superpixels for

each image. The 10-class classification tasks and standard dataset splits follow the origi-

nal image classification datasets, i.e., for MNIST 55K/5K/10K and CIFAR10 45K/5K/10K

train/validation/test graphs.
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ogbg-molhiv and ogbg-molpcba are molecular property prediction datasets designed by

OGB from MoleculeNet. The molecules are represented by the nodes (atoms) and edges

(bonds). The node and edge features are generated from a similar source which represents

chemo-physical properties. The prediction task of ogbg-molhiv is the binary classification of

the molecule’s suitability for combating the replication of HIV. On the other hand, ogbg-

molpcba, derived from PubChem BioAssay, is tasked to predict the results of 128 bioassays

in multi-task binary classification.

setting.

ogbg-ppa (CC-0 license) consists of protein-protein association (PPA) networks derived from

1581 species categorized into 37 taxonomic groups. Nodes represent the proteins and edges

are poised to encode the normalized level of 7 different associations between that pair of

proteins. The target task is to classify to one of the 37 groups of the PPA network.

ogbg-code2 (MIT License) is comprised of abstract syntax trees (ASTs) constructed from

the source code of functions written in Python. The task is to predict the first 5 subtokens

of the original function’s name. A small number of these ASTs are much larger than the

average size in the dataset. Therefore, we truncated ASTs with over 1000 nodes and kept

the first 1000 nodes according to their depth in the AST. The processing only impacted 2521

(0.5%) graphs in the entire dataset.

Co-authorship datasets Coauthor CS and Coauthor Physics are two co-authorship net-

works (Shchur et al., 2018). Nodes represent authors and edges exist between them if they

co-authored a paper. The features of the nodes represent the keywords related to the paper

of author. The label of each node denotes the field of study of the corresponding author.

Co-purchase datasets Amazon Computers and Amazon Photo are two co-purchase net-

works (Shchur et al., 2018) where each node denotes products, and an edge exists if two

products are bought frequently. Node features denote the bag-of-words representation of the

product reviews. Node labels indicate the product category.
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6.10.2 Computational Resources

We run the experiments on the datasets with the standard train/validation/test splits. The

mean and standard deviations are reported after 10 runs on multiple random seeds for each

dataset. All experiments are done on a single GPU GeForce RTX 3090 with 24GB memory

capacity.

6.10.3 Hyperparameter Details

In this section, we will describe the hyperparameters of every dataset employed for the exper-

imentation. Refer to Tables 6.7, 6.8, 6.9, 6.10, and 6.14 for the hyperparameters of category-

wise positional encodings for MNIST, CIFAR10, PATTERN, CLUSTER, ogbg-molhiv, ogbg-

ppa, ogbg-molpcba, and ogbg-code2 datasets, respectively. The hyperparameters are ad-

justed from the initial setting, which are inspired by SAN (Kreuzer et al., 2021), GraphGPS

(Rampášek et al., 2022), SAT (Chen et al., 2022a), and GraphGPS (Rampášek et al., 2022).

The model parameters are optimized by Adam (Kingma and Ba, 2014) optimizer with the

default settings. The learning rate is adjusted after the number of ”patience” epochs.

The hyperparameters of the Co-author and Co-purchase datasets are provided in Table

6.15. The dimension of the positional vector is 128 when the eigenvectors of the Laplacian

matrix for every network depth are initialized as PEs. The dimension of PE is fixed at 8

when PEs are initialized with RWPE.

6.10.4 More Results on Ablation Study

We conduct ablation studies on ogbg-molpcba and ogbg-code2 datasets from OGB. Varying

different modules of HyPE-GT, we generate a diverse set of learnable hyperbolic positional

encodings. Refer to Figure 6.7 for detailed visualization. The variation in the performances

is recorded across 8 categories of PEs. The experiment underscores the utility of generating

a diverse set of PEs for solving downstream tasks.

6.10.5 Comparative Study on Number of Parameters

We perform a comparative study on the parameters of the existing Graph Transformers like

GraphTransformer (Dwivedi and Bresson, 2020), SAN (Kreuzer et al., 2021), SAT (Chen
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Table 6.7: Hyperparameters for MNIST
dataset for every category of PE generated
in the experiments.

Hyperparameters /
MNIST

PE Category 1 2 3 4 5 6 7 8

# HyPE-GT Layers 4
# Head 8
Hidden Dim 80
Curvature 1.0
Activation ReLU
# PE Layers 2
Dropout 0.0
Layernorm False
Batchnorm True
PE Dim 6
Graph Pooling Sum
Batch size 128
Init LR 0.001
Epochs 1000
Patience 10
Weight Decay 0.0

Table 6.8: Hyperparameters for CIFAR10
dataset for every category of PE generated
in the experiments.

Hyperparameters /
CIFAR10

PE Category 1 2 3 4 5 6 7 8

# HyPE-GT Layers 4
# Head 8
Hidden Dim 80
Curvature 1.0
Activation ReLU
# PE Layers 2
Dropout 0.0
Layernorm False
Batchnorm True
PE Dim 16
Graph Pooling Mean
Batch size 128
Init LR 0.001
Epochs 1000
Patience 10
Weight Decay 0.0

Table 6.9: Hyperparameters for PAT-
TERN dataset for every category of PE
generated in the experiments.

Hyperparameters /
PATTERN

PE Category 1 2 3 4 5 6 7 8

# HyPE-GT Layers 10 10
# Head 8 8
Hidden Dim 80 80
Curvature 1.0 1.0
Activation ReLU ReLU
# PE Layers 1 1
Dropout 0.0 0.0
Layernorm False False
Batchnorm True True
PE Dim 6 2
Graph Pooling Mean Mean
Batch size 26 26
Init LR 0.0005 0.0003
Epochs 1000 1000
Patience 10 10
Weight Decay 0.0 0.0

Table 6.10: Hyperparameters for CLUS-
TER dataset for every category of PE gen-
erated in the experiments.

Hyperparameters /
CLUSTER

PE Category 1 2 3 4 5 6 7 8

# HyPE-GT Layers 10 10
# Head 8 8
Hidden Dim 80 80
Curvature 1.0 1.0
Activation ReLU ReLU
# PE Layers 4 2
Dropout 0.0 0.0
Layernorm False False
Batchnorm True True
PE Dim 6 16
Graph Pooling Mean Mean
Batch size 32 32
Init LR 0.0005 0.0003
Epochs 1000 1000
Patience 10 10
Weight Decay 0.0 0.0

et al., 2022a), Graphormer (Ying et al., 2021b), EGT (Hussain et al., 2022), and GraphGPS

(Rampášek et al., 2022) with our proposed method HyPE-GT. Refer to Table ?? for detailed

information regarding the number of model parameters. The number of parameters from

both variants is equal because the variants are structurally identical, but they differ only

in the way PEs are incorporated. For PATTERN and CLUSTER, both our variants have

several parameters comparable to GraphTransformer, SAN, and EGT. But as GraphGPS is
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Table 6.11: Hyperparameters for ogbg-
molhiv dataset for every category of PE
generated in the experiments.

Hyperparameters /
ogbg-molhiv

PE Category 1 2 3 4 5 6 7 8

# HyPE-GT Layers 10
# Head 4
Hidden Dim 64
Curvature 1.0
Activation ReLU
# PE Layers 2
Dropout 0.01
Layernorm False
Batchnorm True
PE Dim 32
Graph Pooling Max
Batch size 64
Init LR 0.0001
Epochs 1000
Patience 20
Weight Decay 0.0

Table 6.12: Hyperparameters for ogbg-
ppa dataset for every category of PE gen-
erated in the experiments.

Hyperparameters /
ogbg-ppa

PE Category 1 2 3 4 5 6 7 8

# HyPE-GT Layers 2
# Head 2
Hidden Dim 16
Curvature 1.0
Activation ReLU
# PE Layers 2
Dropout 0.0
Layernorm False
Batchnorm True
PE Dim 8
Graph Pooling Sum
Batch size 16
Init LR 0.0003
Epochs 1000
Patience 15
Weight Decay 0.0

Table 6.13: Hyperparameters for ogbg-
molpcba dataset for every category of PE
generated in the experiments.

Hyperparameters /
ogbg-molpcba

PE Category 1 2 3 4 5 6 7 8

# HyPE-GT Layers 5
# Head 4
Hidden Dim 304
Curvature 1.0
Activation ReLU
# PE Layers 2
Dropout 0.2
Layernorm False
Batchnorm True
PE Dim 32
Graph Pooling Mean
Batch size 512
Init LR 0.0005
Epochs 1000
Patience 20
Weight Decay 0.0

Table 6.14: Hyperparameters for ogbg-
code2 dataset for every category of PE
generated in the experiments.

Hyperparameters /
ogbg-code2

PE Category 1 2 3 4 5 6 7 8

# HyPE-GT Layers 4
# Head 4
Hidden Dim 16
Curvature 1.0
Activation ReLU
# PE Layers 1
Dropout 0.2
Layernorm False
Batchnorm True
PE Dim 8
Graph Pooling Mean
Batch size 32
Init LR 0.0001
Epochs 1000
Patience 20
Weight Decay 0.0

a linearized Transformer architecture. Therefore, it is desirable to have a lower number of

parameters. However, the SAT has a much higher number of parameters. On the other side,

our framework produces a higher number of parameters compared to EGT and GraphGPS

(as the rest of the methods do not report the numbers). Still, HyPE-GT outperforms all

methods. Lastly, our framework produces the lowest number of parameters compared to all

SOTA approaches, and also achieves the best performance on the dataset. As ogbg-molhiv
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Table 6.15: Hyperparameters for Co-author and Co-purchase datasets

Hyperparameters Amazon photo Amazon computers Coauthor CS Coauthor Physics

Learning rate 0.01 0.01 0.01 0.01
PE Dim 128/8 128/8 128/8 128/8
Hidden Dim 64 64 64 64
#PE Layers 2 2 2 2
Activation ReLU ReLU ReLU ReLU
Dropout 0.50 0.50 0.20 0.20
Curvature 1.0 1.0 1.0 1.0
weight decay 0.0005 0.0005 0.0005 0.0005
Training Epochs 500 500 500 500

ogbg-molpcba
(Higher is better)

ogbg-code2
(Higher is better)

Figure 6.7: The performance of HyPE-GT on ogbg-molpcba and ogbg-code2 for 8 different
categories of PEs is presented.

is one of the large-scale graphs, the performance of the framework is evidence of the efficacy

of the hyperbolic positional encodings.

Table 6.16: A comparative study on the number of parameters of HyPE-GT with the other
existing Graph Transformers.

Method / Data Init PE Hyperbolic Manifold Hyperbolic NN PATTERN CLUSTER MNIST CIFAR10 ogbg-molhiv

GraphTransformer (Dwivedi and Bresson, 2020) 523146 522742 - - -
SAN (Kreuzer et al., 2021) 507,202 519,186 - - 528265
Graphormer (Ying et al., 2021b) - - - - 47.0M
SAT (Chen et al., 2022a) 825,986 741,990 - - -
EGT (Hussain et al., 2022) 500000 500000 100000 100000 110.8M
GraphGPS (Rampášek et al., 2022) 337201 502054 115,394 112,726 558625

HyPE-GT (ours)

LapPE
Hyperboloid

HGCN 524022 524426 369390 371150 389441

HNN 523382 524426 369390 369550 390465

Poincare Ball
HGCN 523382 524426 369390 369550 388929

HNN 523382 524666 369390 369550 388929

RWPE
Hyperboloid

HGCN 523142 524666 368830 368990 390465

HNN 523142 524666 368830 368990 390465

Poincare Ball
HGCN 523142 524666 368830 369790 390465

HNN 524426 524666 368830 369790 390465
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Chapter 7

Future Works

Summary

In this chapter, we focus on evaluating the various contributions made by us in the previous

chapters of this thesis. Specifically, we provide a summary highlighting the key attributes of

our work and discuss their importance in further enriching the active research efforts focusing

on deep learning on graphs. Moreover, we envision the future possibilities of our contribution,

assuming they will pave the way for further research opportunities. Finally, as a concluding

remark, we list the various open problems related to graph representation learning.

7.1 Future Possibilities

In this section, we describe how our contributions in this thesis can be further explored to

open up new research opportunities.

• In chapter 2, we propose a novel architecture, RPE-GNN, that prevents the effects of

oversmoothing. Our approach dynamically samples paths and estimates oath features,

and subsequently, path features are employed to aggregate multi-hop features. As an

immediate future work, we can enhance the prowess of RPE-GNN to make it applicable

for large-scale graphs (Hu et al., 2020a). In our work, the path sampling is random.

Thus, as a future work, an effective sampling strategy can be designed that may be

suitable for heterophilic networks (Pei et al., 2020; Zhu et al., 2020).

• In the chapter 3, we propose a label-guided graph rewiring pre-processing framework,

LGR-GNN, to tackle heterophilic networks. In this work, the key component is the two-
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stage rewiring strategy. The proposed framework is specifically designed for undirected

graphs. Therefore, the approach can be extended to directed graphs. One work, Dir-

GNN (Rossi et al., 2024b), processes directed heterophilic graphs but does not pursue

rewiring-based approaches. The design of the rewiring strategy for directed and large-

scale graphs can be a potential avenue of research.

• In the chapter 4, we investigated the impacts on graph spectrum with the addition of

self-loops and parallel edges. We have also shown the increase (decrease) in the eigen-

values of the normalized graph Laplacian when the number of parallel edges (self-loops)

gradually increases. In our extensive experiments on 17 heterophilic graphs, we observed

the performance trends when the number of self-loops or parallel edges varies. Based

on these performance trends, the shape of the spectrum as well as the parity of the

frequencies can be identified. Our strategy avert the computationally expensive eigen-

decomposition algorithm to gain insights into the graph spectrum. Therefore, designing

more strategies hinged on the GNNs to substitute traditional costly algorithms like ma-

trix rank computation for large dimensions can be an immediate extension. GNNs can

further be employed to learn various graph algorithms, which can be connected with

Neural Algorithmic Reasoning (NAR) (Veličković and Blundell, 2021).

• In the chapter 5, we propose a model-agnostic solution, CAMP, to address oversquash-

ing in the GNNs. Our primary target is to process and store the aggregated messages

in the fixed-dimensional feature vectors at different time stamps. This approach leads

us to design an asynchronous message passing framework. CAMP considers high cen-

trality nodes as primary sources for information bottlenecks and allows those nodes to

propagate information to the lower centrality nodes at different time-stamps. As fu-

ture work, we can design a strategy that learn when messages are to be processed and

updated asynchronously. Furthermore, the proposed method is mostly appropriate for

small-scale molecular graphs where centrality estimation is computationally feasible.

Studying the effects of oversquashing in the large-scale graphs can be a potential re-

search direction. Additionally, we can design novel techniques to find bottleneck nodes

that will be compatible with large-scale graphs.

• In chapter 6, we propose a novel and learnable positional encoding HyPE that operates
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in the hyperbolic space for the Graph Transformer. HyPE can be flexibly incorporated

into all variants of GTs. HyPE excels in capturing hierarchical patterns embedded in the

molecular graphs. As a future work, we can pursue the design of positional encodings

for geometric graphs. We have also demonstrated that hyperbolic positional encodings

improve the performance of multi-layered MPNNs, preventing oversmoothing. Thus,

designing effective positional encodings to mitigate oversmoothing for large graphs can

be an important research avenue.

7.2 Open problems

In this section, we discuss some open problems related to graph representation learning, which

are likely to introduce new avenues of research.

• The studies in the thesis mostly revolve around static graphs. The issues like het-

erophily, oversmoothing, and oversquashing can be further extended to the dynamic or

time-evolving graphs. Sm recent works in Temporal Graph Benchmark (TGB) (Shirzad-

khani et al., 2024), extend the existing GNNs to be compatible with the temporal

graphs.

• The graph transformers suffer from the quadratic time complexity for computing the

self-attention matrix. GTs also suffer from computing learnable positional encodings

for the input graph. As the future direction, the immediate extension can be design-

ing efficient sparse attention modules to culminate in a linear time complexity of the

attention module. Additionally, the future work can propose a more advanced graph

transformer that refrains from estimating the overhead of positional encodings.

• Designing foundation models on graphs emerges as a profound challenge due to insuf-

ficient graph datasets. The training of the prevailing LLMs enjoys the advantages of

abundant textual data. In a striking contrast, such a volume of graph data is not avail-

able for training. Thus, to align with the current trends, we may attempt to develop

the Graph Foundation Model (GFM) by generating adequate graph data.

• Solving combinatorial problems may face an exponential order of time complexity, like

the Traveling Salesman Problem (TSP) or detecting a Hamiltonian cycle. Very few
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works like (Cappart et al., 2023; Jin et al., 2024) explore the capability of GNNs to

solve NP-hard problems. Thus, exploring future possibilities of addressing NP-hard

problems by applying GNNs can be an effective area of future work.
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B. Epping, A. René, M. Helias, and M. T. Schaub. Graph neural networks do not always
oversmooth. arXiv preprint arXiv:2406.02269, 2024. 7

L. Faber and R. Wattenhofer. Asynchronous message passing: A new framework for learning
in graphs.

B. Fatemi, L. El Asri, and S. M. Kazemi. Slaps: Self-supervision improves structure learning
for graph neural networks. Advances in Neural Information Processing Systems, 34:22667–
22681, 2021.

196

https://openreview.net/forum?id=lNIj5FdXsC
https://openreview.net/forum?id=lNIj5FdXsC


References

L. Fesser and M. Weber. Mitigating over-smoothing and over-squashing using augmentations
of forman-ricci curvature. In Learning on Graphs Conference, pages 19–1. PMLR, 2024.
12

M. Fey and J. E. Lenssen. Fast graph representation learning with PyTorch Geometric. In
ICLR Workshop on Representation Learning on Graphs and Manifolds, 2019. 35

B. Finkelshtein, X. Huang, M. Bronstein, and u. u. Ceylan. Cooperative graph neural net-
works. In Proceedings of the 41st International Conference on Machine Learning, ICML’24.
JMLR.org, 2024. 11

L. Franceschi, M. Niepert, M. Pontil, and X. He. Learning discrete structures for graph neural
networks. In International conference on machine learning, pages 1972–1982. PMLR, 2019.

F. Frasca, E. Rossi, D. Eynard, B. Chamberlain, M. Bronstein, and F. Monti. Sign: Scalable
inception graph neural networks. arXiv preprint arXiv:2004.11198, 2020. 39, 47

L. Freeman. A set of measures of centrality based on betweenness.(1977). Sociometry, 40
(35-41), 1977. 123

L. C. Freeman et al. Centrality in social networks: Conceptual clarification. Social network:
critical concepts in sociology. Londres: Routledge, 1:238–263, 2002. 123

R. B. Gabrielsson, M. Yurochkin, and J. Solomon. Rewiring with positional encodings for
graph neural networks. Transactions on Machine Learning Research, 2023.

O. Ganea, G. Bécigneul, and T. Hofmann. Hyperbolic neural networks. Advances in neural
information processing systems, 31, 2018. 144, 151

Z. Gao, D. Dong, C. Tan, J. Xia, B. Hu, and S. Z. Li. A graph is worth k words: Euclideanizing
graph using pure transformer. arXiv preprint arXiv:2402.02464, 2024.
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