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. Construct a homeomorphism between the subset S := {(z, 0)|z > 0}U{(0,y)|y > 0}
(together with the subspace topology coming from R?) and R. [4]

. Is the union of z-axis and y-axis homeomorphic to R ? Justify your answer. 4]

. Let f:R" — R be a function and let a € R™. Show that f is differentiable at a
if and only if f satisfies the following two properties.[4+3]

a) For any v € R", the directional derivative along v at a, V, f(a), exists. Also
3 g

Vartas (f)(@) = a1V, (f)(a) + a2V, (f)(a),

for all oy, a0 € R and vy, vy € R™.
(b) For any e > 0 there exists § > 0 such that

[fla+tv) = fa) = t.V(f)(a)]
2l

< €,

whenever [v] = 1 and [t] < 6.

- Consider the map f : R* — R? given by f(z,y) = (vy,2? 4 ¢ + e D1,
Show that there exists 7 > 0 such that for any (a,b) € N,((2,6)) there exists
(p.q) € R? such that f(p,q) = (a,b). [3]

5. Let [(z),9(z) € Rz], @, 8 € R with f'(a) = ¢'(8) = 0 and ["(a) > 0,4"(8) > 0.

Show that the function ' : R* — R given by F(z,y) = f(z) + g(y) has a local
minima at (a, 5).[6]
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