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CHAPTER 1

INTRODUCTION
1.1 The Problems

The theory of Walrasian equilibrium yields a set of prices at which the

aggregate competitive demand for each commodity equals its aggregate com-

petitive supply. Two important issues arise in this context. The first is con-
cerned with discovering laws which guide the behavicur of the many economic
variables, especially prices, when the systcm is out of equilibrium. Walras
(1900) tackled this problem by providing an algorithm (or the “tatonnement
scheme”) which can be viewed as an auctioncer quoting different prices for
the various goods anc adjusting them according tc the signs of the resulting
aggregate excess demands. This is the well-known problem of the stavility of
a Walrasian equilibrium. The other issue revolves around the function of an
auctioncer as a clearing house for commodities. Once the equilibrium prices
are found, all agents are assumed to deposit their initial endowments with the
auctioneer, who in turn reallocates them according to the pattern of cxcess
demands.

The removal of an auctioncer exposes two important weaknesses of the
Walrasian system. First, it lacks the institutional scaffolding required to carry
out desired exchanges even when prices are at equilibrium. Secondly, there
is no guarantee that prices will glide smoothly to their equilibrium values
without the guidance of the auctioneer. The thesis is concerned exclusively
with these two lacunas in the Walrasian model. In particular, the initial half
of our work is geared towards finding institutions for allocating commoditics
when the system is in equilibrium. The other half is concerned with the issue
of finding an appropriate allocation itself when the auctioncer is not present
to adjust prices and the latter have somchow got stuck at disequilibrium

levels. This justifies the main title of the thesis as well as its subtitles.



The noxt two sections (1.2 and 1.3) provide a bi £ nverv.ew of the con-

cerned issues.
1.2 Allocation in Equilibrium

Let us begin with the problem of allocation of commodities in equilibrium.
In this context we assume that prices have somehow settled at the equilibrium
level. This in turn ensures that aggregate excess demand for each commodity
equals zero and in this sense everybody’s desired allocation is at least feasible.
However, even in such a situation, a lack of mutual coincidence of wants
at the individual level creates serious obstacles in the way of realizing the

equilibrium allocation through a decentralized process of trade.
1.2.1 The role of money as a medium of exchange

When trades take place in a decentralized fashion, (i.c. in the absence
of an auctioneer) it is likely that they would be restricted to those between
pairs of agents. More importantly such pairwise mecetings of a particular
agent with different traders need to be separated in t:me. In the absence of
a centralized agency, each agent going through such sequential bilateral trades
will naturally insist on the vali.e of his incomings to be at least as large as the
value of his outgoings. In other words, trades should be bilaterally b.-lanced
in value terms after each meeting or equivalently maintain quid pro quo.
However, in the absence of perfect mutual coincidence of wants between the
agents, this quid pro quo may have to be maintained by transferring a good
to the creditor for which he has no (Walrasian) excess demand. The need
for a medium of exchange in a competitive set-up can be best appreciated
against this background, for as soon as an agent accepts a good for which he

does not have excess demand, it




takes the form of a medium of exchange. In what follows, Chapters 2, 3 and 4
will be concerned with some problems associated with the use and choice of a
medium of exchange.

The earliest recognition of this problem came in Menger (1892). There have
been many subsequent attempts to look into the role of money as a medium of
exchange, but it was Hicks (1969) who posed it in the context of a Walrasian
equilibrium. The last couple of decades saw further progress in this branch of
the literature. In fact, it has been a shared view (sce Starr (1972), Eckalbar
(1984), Kiyotaki and Wright (1989) etc.) that money as a medium of exchange
is an indispensable tool for attaining one’s desired allocation.

An important question that came up in the literature is the following: which
good would be a best choice as a medium of exchange? An associated question
relates to the basis on which onc can justify a medium of exchange as the
best. The latter question has been answered in the literature by assuming the

presence of costs involved in transactions (see for example Nichans (1967)).
1.2.2 Two ways of introducing transaction costs

Agents trying to attain a desired bundle of commodities would naturally
take account of the transaction costs involved in the process of the realization
of an allocation and there are at least two ways in which they may do so.
The first consists of a two stage procedure. In this case, an agent begins by
deciding upon his most preferred consumption bundle quite independent of
time or any other costs necessary to achieve it. Having done so, he proceeds
next, to solve for a least cost sequence of exchanges, which realizes the desired
optimum position. This is the approach mainly of Ostroy-Starr (1974), Ostroy
(1973), Starr (1976), Jones (1976), Oh (1989), Kiyotaki and Wright (1989) etc.

The second approach advocated mainly by Nichans (1971) is a single shot

procedure which solves for the best possible consumption bundle simultane-
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ously with the least cost way of achicving it. A similar approach followed by
Karni (1973) also determines through a one shot optimization technique, the
optimal trades (involving pairs of goods) for cach individual trader.

However, the abstraction employed by Nichans is inadequate to capture
the notion of money as a decentralized medium of exchange. For, he has
1ot visualized trades between the pairs of agents to take place sequentially in
time. All trades in his model are carried out simultancously as it were in a
timeless vacuum. Thus, the basic problem under consideration viz. how to
attain a desired allocation through a decentralized process of trade remains

unanswered.
1.2.3 The problem of a sequence of mectings

An attempt to fill this gap led Ostroy and Starr to consider sequential bi-
lateral meetings between the agents. However, the scquence of such pairwise
Ineetings is supposed Lo be quite arbitrary, given the fact that under decen-
tralized trade no agent has prior information about the excess demand vectors
of the other agents in the system. Given this sct-up, Ostroy and Starr try
to identify the characteristics of a commodity which the agents may usc as a
medium of exchange to attain equilibrium in a rcasonable period of time. We

would refer to such a medium of exchange as a feasible one.
1.2.4 Specific results on fcasibility

In the process, Ostroy and Starr have shown that if the initial endowment
of a good, say M, is so large for every agent of the cconomy that he can cover

his desired purchases of all other goods with it, i.c.



(@) > pelzrd® < pawiar, V agents k,par > 0
M

where,

cis the index for commodities, p, is the price of the cth commodity
Zke is agent k's excess demand for good ¢, [zk.]* = max(0, 2], winm

is the initial endowment of good M for agent k

then good M can be used as a medium of exchange to attain equilibrium within
one round (i.e. after cach agent finishes mecting cvery other agent once and
only once). Apart from imposing a strong restriction on the initial endowment

of the money good, condition (@Q) implies in particular that money received by

a trader from his debtors is not required to meet, claims on him by his creditors.
In other words, money received (through trade) by agent & need not be passed
on. All his money receipt may just as well be viewed as being acquired to
satisfy his final demand for it.

As a simple first step towards removing this undesirable feature of (Q), we
have tried to relax it in a straight forward fashion by asking what happens if the
condition is salisficd by two goods (say M and M’) taken together (in the RHS)
rather than by a single good (M) and which are in turn used simultancously
as media of exchange. It is casily shown in this case that it takes twice the
time to attain equilibrium as compared to the time taken by a single medium

of ex

\ange. Tnterestigly, however, the result cannot be generalized to more

than two goods (see Chapter 2).
In a subscquent contribution, Starr (1976) dispenses with such strong con-
ditions to be satisfied by money goods and allows every good to be used si-

multancously as a medium of exchange. A conclusion of this investigation is



that the time taken to attain equilibrinm can mount to undesirably high levels,

including perhaps infinity.

.5 Market institution

It should be noted in this context that the trading arrangement consid-
cred generally in the literature (by Ostroy-Starr and others) assumes arbitrary
mectings between the agents without any reference to the goods they want
to exchange. However, casual empiricism suggests that historically speaking
monctary trade and specialization of markets go hand in hand. Clearly, the
use of moncy as a medium of exchange is one way of reducing the inefliciencies
involved with barter. However, the “blind meeting” between the agents in a

marketless

trading arrangement may take an unnccessarily long time, espe-
cially if the number of agents is large. Keeping this in mind, we have posed
the problem of a medium of exchange in a framework characterized by the
social institution of markets, i.e. for a system where scparate trading posts
(or markets) exist to deal with the exchange of cach good against money. The

advantage of such a system arises from the fact that now an agent visits only

those specific markets which are relevant for satisfying his own excess demands.

In this context Chapter 2 has shown that if a good shows up as a positive

quantity in the final consumption vector of each agent in an cconomy chal

terized by trading posts, then that good can be used as a medium of exchange
to attain the equilibrium allocation in finite time. (The result holds in the
absence of trading posts also.)

However, even this condition on the medium of cxchange is too strong. For
the condition is weakened further (in Chapter 2) and replaced by one which
partly satisfics the Ostroy-Starr condition (Q) also. This weaker condition will
later be interpreted in the context of O LG models to mean that a commodity

can serve as a medium of exchange if it functions as a store of value. This
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is true even if the store of value happens to be a fiat money. The question
of whether the fiat money would command a positive price in equilibrium is

a problem not addressed in this the

. There is indeed a stream of literature
(scc e.g. Grandmont (1974), Freeman (1989)) that deals specifically with this
issuc.

It should be mentioned here that the role of the social institution of markets

in the process of trading in fact reccived its due emphasis clsewhere too. In

this context, one can first of all mention the work of Hicks (1969). In another
framework Foley (1970) has discussed how there can prevail different kinds
of markets (viz. wholesale and retail) in an economy. Similar work done by
Hirshleifer (1973) endecavours to explain the presence of middlemen due to
differences between the buying and sclling prices of a commodity. Wallace
(1972) on the other hand tries to provide conditions relating to transactions
costs under which it may be profitable to trade in a particular trading post or

market.
1.2.6 Efficiency of trading posts

As mentioned above, the feasibility question has been posed in this thesis
under the set-up of the social institution of markets. The intuitive justification
for this lies in the fact that for large economics a monctary pattern of trade is
expected to work better under the trading post set-up. We next (in Chapter 3)
iry to ask a simple question. Is it possible to formally justify our intuition that
the trading post sct up functions better (with respect to transaction costs) as
compared to the marketless trading arrangement generally considered in the
literature ? Therefore, as a next step we have taken up this problem in some
detail. It is revealed from the exercisc that for large economies, the social
institution of moncy functions better when coupled with the social institution

of markets. In fact, if the population size increases in the Ostroy-Starr set-up,



the gains from a monetary pattern of trade tend to become negligible when
unaccompanied by trading posts. It should be noted in this context that this
comparison is made on the basis of the time taken to attain equilibrium given

a feasible medium of exchange for the economy.

Endogenous choice of a medium of exchange

However, the question, that might be asked now is who sclects the appro-
priate medium of exchange for the agents? In a set-up where trades arc taking
place in a decentralized fashion, it is also relevant to examine which good can
get endogenously chosen by the agents themselves as a medium of exchange.
This problem has latcly become a well recognized issue (sce eg. Kiyotaki and
Wight (1989), Aiyagari and Wallace (1991), Jones (1976), Oh (1989) etc.).

Kiyotaki and Wright have dealt with the problem in a more rigorous fash-
ion by incorporating the transactions costs in the objective functions of the
agents. As would be clear in the sequel (Chapters 2 and 3), transactions costs
remain implicit in the models of Ostroy and Starr (1974), Jones (1976), Oh
(1989) cte. In the Kiyotaki and Wright framework, an infinitcly long lived
agent in a marketless trading arrangement is seen to be maximizing his ex-
pected life time utility, where the time cost is introduced through a discount
factor. An agent has the option of choosing different strategics, viz. to opt
for direct barter or indirect trade involving the choice of different good(s) as
medium of exchange. On the basis of the concept of a (steady state) Nash
cquilibrium, different goods are shown to be chosen by the agents as media of
exchange in equilibrium.

Suppose now that we introduce trading posts into the above framework.
Since transactions costs are already incorporated in the utility functions of the
agents, efficiency of a trading post set-up can be examined just by looking

at the cquilibrium utility levels of the agents. Interestingly, it can be shown
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that the (steady state) utility derived by an agent under a trading post set-
up dominates the utility levels associated with any possible equilibria under
a marketless trading arrangement (sce Chapter 3). This again confirms our
intuition that the social institution of money works better when coupled with

the social institution of markets.
1.2.8 A mix of direct barter and indirect trade

We finally pose the problem of an endogenous choice of a medium of ex-
change in a trading post set-up (in Chapter 4). In this context, a possibility
emerges of simultancous prevalence of direct barter and indirect trade (as that
of Oh (1989) as well as Kiyotaki and Wright (1989)).

Under the alternative marketless trading arrangement, an agent wanting
to have a mix of direct barter and indirect trade confronts another agent at
random Lo explore the trading opportunities prevailing between them. Natu-
tally, if they find their wants to be mutually coinciding, exchange takes place.
Otherwise, on the basis of transaction costs they decide whether or not to go
for indirect trade. Thus, the decision regarding when to go for direct barter is
au obvious one. On the other hand, when we have separate trading posts to
deal with different pairs of goods one has to make a specific choice regarding
when to visit a trading post relevant for his direct barter, or more precisely,
how frequently one should visit his direct barter trading post vis-a-vis the trad-
ing posts relevant for his indirect trade. Chapter 4 will mainly emphasize this
problem.

It may be noted that Iwai (1988) also addresses the problem of choice of
a medium of exchange in a trading post set-up. However, the structure of the
trading posts considered by Iwai is somewhat different in nature. Furthermore,

a possibility of having a mix of direct barter and indirect trade is not considered.

Thus, to sum up, this exe > analyses the role played by money as a
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medium of exchange it the process of t: «de. It has been revealed from this
exercise that the social institution of money works better when coupled with
the social institution of markets. Finallv, some issues specifically associated
with the problem of choice of indirect t: ade in a trading post set-up have also

been analyzed.

1.3 Allocations in Disequilibrium

As already noted, reallocation of goods and services in equilibrium is only
one of the functions of an auctioneer. The other important role consists of
price adjustments (viz. the Walrasian tatonnement). However, we observe in
reality a large number of cases where prices may not necessarily have adjusted
to their market clearing levels (for example labour unions may fix the wage
rate at a particular level or the government may fix the prices of essential
commodities etc.). In this situation, even before we can consider the problem
of devising social institutions to realize the agents’ desired allocations, it is
important to decide what the most desired feasible allocation of an agent

is when he is faced with disequilibrium prices. Clearly an agent’s notional

demands and supplies would gencrally be unattainable since the prices are
not market clearing. In other words, an agent trying to realize his utility
maxzximizing allocation would in turn perceive physical constraints preventing
him from realizing them (Benassy (1975 a,b)).

Any constraint on the good one desires to supply (e.g., labour) would on

the other hand affect his demand for other consumable goods (the so called

“spill over effect”). Under these circumstances, it is necessary to see what
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allocations would be acceptable to all agents in the sense that no individual
would have any incentive to depart from it..

The problem is an old one. As is well known, three major concepts of
cquilibrium in the face of disequilibrium prices have been put forward by Be-
nassy (1975b), Dréze (1975) and Malinvaud and Younes (1977) respectively.
Morcover, it has also been shown that the three allocation schemes arc ac-
tually equivalent (sce Silvestre (1982)). Some other major contributions in
this literature include Grandmont, Laroque and Younes (1978), Younes (1978)

Leijonhufvud (1968), Benassy (1986) ete.
1.3.1 Solution concepts in a puré exchange cconomy

Chapter 5 of this thesis looks once again into the cquilibrium concepts
and the equivalence results. More preciscly, through a uniform diagrammatic
scheme, we have tried to depict the relationships between the three concepts
of equilibrium mentioned above. In this respect, the work of this chapter does
not present any new results and is mostly expository in nature.

Earlier attempts of a similar naturc are to be found in Basu (1992) and
Malinvaud and Younes (1977). Basu as well as Malinvaud and Younes were
concerned with diagrammatic presentations of the Dréze and the Malinvaud
Younes equilibria respectively. Béhm and Miiller (1977) have also provided a
diagrammatic representation of a Dréze equilibrium which reveals in particular
that a Pareto improvement of an equilibrium requires some form of forced
trading.

By contrast the present exercise focuses mainly on the concept of the Be-

nassy equilibrium.



1.3.2. p-efficiency

Having analysed the disequilibrium concepts in terms of a set of diagrams,
we proceed next to look into them from a completely different. point, of view viz.
that, of cconomic welfare. Prices may be rigid for many different reasons. Price
fixation by the government (i.c. administered prices) in a planned economy
may not be the least important of these. There are an endless variety of price

vectors that an economic planner might choose from.

Given the initial endowinents the government can quote a price such that

the resulting equilibrium is a competitive one and hence Parcto optimal. How-

ever, the government may not be interested in attaining the competitive al-
location. While aiming to achieve other possible allocations through price
manipulation, is there some alternative notion of efficiency which a planner
might take into account ? In this context, Benassy’s concept of p-cfficiency
can be considered to be a natural candidate (though a weaker substitute for
Parcto optimality).

In Chapter 6 we have described this concept of efficiency through a set
of diagrams. It is then shown that depending just on the notional demands
and supplies (at disequilibrium prices), it is possible to infer the p-cfficiency of
the corresponding Benassy equilibrium. These results are next used to obtain
a complete characterization of the price space in terms of p-cflicient and p-
incflicient Benassy equilibria. The exercise has been performed for a Cobb-

Douglas utility specification.
1.3.3 Models with production

The problems described above are restricted to a pure exchange cconomy.
Therefore, as a next step (in Chapter 7), we endeavour to introduce production

into the scenario. This leads naturally to a consideration of the phenomenon of
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unemployment and allows a detailed representation of the Benassy-Malinvaud

cl;

fication of the different types of unemployment that may arise in the short
run.

In this respect, Chapter 7 provides an alternative to Stoneman’s (1979) ex-
crcise. However, the present treatment is more complete duc to several reasons.
First, as opposed to Stoneman, the utility function is not assumed here to be
separable. Secondly, the djagrammatic [ramework developed here gives rise to
a more unified presentation of the three well known varieties of macroeconomic
cquilibria viz., Keynesian equilibrium, classical equilibrium and repressed in-
flation. The characterization also turns out to be an interesting complement
1o the corresponding representation of Benassy (1982) and Malinvaud (1977).
Thus, while their demonstrations arc restricted to the wage price planc, the
present work provides a dual characterization of these in quantity space.

In this respect our work bears a close resemblance to the contribution of
Mucllbauer and Portes (1978), but is distinguished from it with respect to the
diagrammatic apparatus itsell. In particular, it utilizes the three dimensional
space which enables one to visualize the choice problem on the budget plane of
the houschold and read the behaviour of a third but important commodity, viz.
money (whose role in the literature would be discussed in the sequel) directly
from the diagram. Moreover, this advantage is not negated by any additional
complications (arising out of the extra dimension) as the entire analysis is
carried out with reference to the budget plane alone which constitules a two
dimensional subspace of the commodity space.

Morc importantly, our representation gives rise to a characterisation of dif-
ferent varictics of Benassy equilibria, depending on the position of the notional
demand point on the budget plane.

This representation in the quantity space brings into sharp focus the prob-

lem of nonuniqueness of a Benassy equilibrium (discussed also by Hildenbrand
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and Hildenbrand (1978)). In fact, it makes possible a simple demonstration
of the fact that the same wage price constellation may be associated with two
different types of Benassy equilibria. The diagrams are also utilized to study
policy issucs, such as the effects of money wage cuts.

Finally, p-efficiency propertics of the different varietics of Benassy cquilibria
(with production) are examined in detail. An interesting conclusion in this con-
text is that a Benassy equiljibrium of the Keynesian type need not necessarily

be ineflicient as claimed by Benassy (1982).



CHAPTER 2
FEASIBILITY

ABSTRACT

This chapter deals with the problem of determining a feasible medium of
exchange, i.c., a commodity which can be used by the agents (ol any com-
petitive economy) to attain their most desired allocation in a decentralized
fashion. Such an attempt on the part of Ostroy and Starr led them to intro-
duce a quantity constraint on the amount of availability of the money good for
it to function as a medium of exchange for all possible competitive cconomics.
We examine here how far it is possible to relax this constraint. We also exam-
ine an alternative condition under which decentralized exchange is feasible. An
important conclusion of the chapter is that a good will act as a decentralized
means of exchange provided it is finally demanded by all agents.

All problems dealt with in this chapter are posed for a trading arrangement
involving separate markets to deal with different pairs of goods. The efficiency

of such an arrangement will be discussed in the following chapter.

2.1 INTRODUCTION

In the introductory chapter it has been mentioned that Nichans developed
a single shot procedure which solves for the best possible consumption bundle
together with the least cost way of achieving it. The method advocated by
Nichans, though rich in various aspects, is inadequate to capture the notion
of moncy as a decentralized medium of exchange. This is mainly due to the
fact that Niehans’ work does not visualize bilateral trades to be taking place
sequentially in time. Indeed, Nichans assumes an individual to be purchasing

a commodity against a medium of exchange, simultancously in time with the
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acquisition of the latter through the sale of some other good to another agent.
Since an agent cannot simultancously trade with different traders at the same
point of time, however, the trades involving the acquisition of the medium of
exchange must precede those involving its disposal. Hence the abstraction used
by Nichans is inadequate to handle the problem of decentralized trade.

Some pioncer attempts to overcome the problem may be found in Starr
(1972), Ostroy (1973) and Ostroy and Starr (1974) who have visualized de-
centralized trade as an exchange of goods through bilateral meetings. It is
natural that each agent engaged in such bilateral exchange would cxpect the
inflow of his commoditics through trade to be at lcast as large as the outflow
in value terms. Sccondly, the good(s) he receives should be those which he in
fact demands, that is, the trades should be czcess demand diminishing for the
involved traders. Starr (1972) however, has shown that the agents are gener-
ally not able to acquire their most desirable allocations if they insist that cach
bilateral trade satisfies the above two conditions. One way out. is to accept a
good as a payment for ones sale, cven though an agent may not necessarily
have excess demand for it. In other words, an agent should be ready to accept

such a good with the belief that he will be able to pass it on to other traders in

exchange for goods he desires to have. Once that is complied with, the concept

of a medium of ezchange naturally emerges.

It is then natural to ask which specific commodity is a suitable candidate
for a medium of exchange, and it is this problem that captured the attention of
Ostroy (1973) and Ostroy and Starr (1974). It was shown by the authors that

if for every agent, the initial endowment of a specific commodity, say M, is

large enough to cover his purchases of all other goods for which he has exc

demands, . then that good can be uscd as a medium of exchange to attain
cquilibrium: within a reasonable period of time. Ostroy and Starr recognize

that this is a strong condition to imposc. In view of this, we tried first o relax
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this condition in a straight-forward fashion. Ilowever, the relaxed versions too
are not above reproach. Keeping this in mind, we have tried to focus on an
cntirely different condition. In particular, it has been established that if a
good is finally demanded by every agent of the economy, then it can be used
as a medium of exchange to attain equilibrium in finite time. This condition
is further relaxed and we have tried to relate the weaker version to the role
played by money as a store of value in overlapping generations models (see
Rajeev (1990)). It should be mentioned in this context that as a by product of
the method of analysis developed here, we are able to provide an alternative
proof of the result established by Starr (1976).

As it is observed in reality that the monetary pattern of trade and spe-
cialization of market organization go hand in hand, the problem is posed with
reference to a system consisting of monetized trading posts, i.e. where corre-
sponding to each non-money good, there exists a trading post for exchanging
it against the money good. The results proved here remain valid, of course, for
the alternative marketless trading arrangement visualized by Ostroy and Starr
(1974).

In this context it is shown in the sequel (Section 2.4) that for an appro-
priately defined market structure, an economy can attain equilibrium in finite
time even when all goods are simultaneously used as media of exchange. This
result is to be contrasted with the corresponding result due to Starr (1976)
that for a marketless trading arrangement it may take infinitely long to attain
cquilibrium when all goods are used as media of exchange.

To discuss these problems more rigorously, we first describe (in Section
2.2) the basic framework under consideration. Section 2.3 deals with some
extensions of the Ostroy-Starr work for a marketless trading arrangement. We
introduce the trading post set-up (in Section 2.4) and study the different fea-

sibility criteria mentioned above. A concluding section sums up the findings.
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Proofs of the results presented in this chapter are worked out in the Appendix.
At the end of cach chapter we include a list of all the symbols used in that

chapter.

2.2 THE MODEL AND SOME OBSERVATIONS ON OSTROY
AND STARR

The cconomy is comprised of finitely many individuals, each born with a
definite endowment of goods. It is assumed by Ostroy and Starr (1974) that
prices have somchow settled at their competitive cquilibrium levels and that
agents are aware of the fact. The problem is to attain the equilibrium allocation
through a decentralized process of trade, i.e. in the absence of any guiding
authority. This poses certain complications duc to the fact that (i) agents’
wants are not mutually synchronized and (i) agents do not have information
regarding the excess demand vectors of others until and unless they dircetly
confront cach other. Tt is natural to expect that traders would desire to attain
the competitive allocation as soon as possible. Keeping that in mind, the
time taken to atlain the equilibrium allocation is considered to be the relevant
transaclion cost which every trader wishes to reduce as far as possible.

Let us now describe the notation to be used in the subsequent discussion.

The economy consists of K traders (indexed by k) and n commodities (indexed
by ¢), the n-th commodity, denoted by M, being earmarked to serve as the
medium of exchange. The set of all traders is also be represented by K and the
sel of commodities other than the n-th good by C. The initial endowments
of the I traders are depicted by the K X n matrix W = [lwy[|, where wg,
represents the level of good ¢ in the initial endowment of agent k. The utility
function of agent & is Ui : IR — M,k = 1,2, K. Prices 7' = (p1,-,pn)
are exogenously given at the equilibrium levels. Given the prices and the initial

endowments, the Walrasian excess demands for the economy are given by the
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N x n matrix Z= llzkell, where z. is the level of agent k’s cxcess demand for
(or supply of) good c. Clearly,

zge > 0, if k is an excess demander of ¢,

zke < 0, otherwise.

Similarly, the final demands are given by the K X n matrix X=W+2=
lzkell, where @4 is the level of good ¢ finally consumed by agent k.

Thus, the economy under study is characterized by (‘/~V, Z,L)), where p is
the transposc of vector P’ and it satisfies (as listed in Ostroy and Starr (1974))

the following properties:

(U.l) Z-P =0,pa > 0, i.c. the value of total excess demand equals zero, where

the price of the n-th good is assumed to be positive.

(U2) 3> Z =0, where Z represents the k-th row vector of Z. This relation
e~
&
ensures that the total quantity of a particular good purchased is exactly

equal to the aggregate amount of that good sold.

U.3) z = —Ww, the inequality is assumed to hold entrywise. It implies that
z A4 T

the final consumption of each good by cvery agent is non-negative.

As mentioned earlier, an agent belonging to an economy of the above nature
is \rying Lo realize his final demands through a process of decentralized bilateral
cxchange. Here one of our attempts is to visualize these trades against the
background of trading-posts. However, we would concentrate initially (i.c. in
Scction 2.2 and 2.3) on the alternative marketless trading scheme discussed
by Ostroy and Starr (1974) and then move on to the trading-post set-up (in
Scction 2.4).

The trading arrangement taken up by Ostroy and Starr is based on the

assumption that in order to explore the trading possibilitics, agents meet cach

other in pairs following an arbitrary sequence of meetings. This ad hoc sequence
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in no way depends on the goods an agent desires to demand and supply. Fur-
ther, when onc pair mccets, other pairs arc allowed to meet simu ltancously.
After a pair of agents meets, exchange takes place between them following a
definite trading rule. Tor example, the trading rule considered by Ostroy and
Starr (1974), viz. g, can be described as follows. Supposc following the ar-
bitrary sequence of meetings (between traders), agent 7 conlronts agent j in
period L. In notation, 11'(i) = j. When agent ¢ and j meet they scan the ex-

cess demands and supplies of cach other and make trades that diminish one’s

s supply and reduce the others’ excess demand to the largest extent pos-
sible. Thus let V& represent the value of trader i’s unsalisfied cxcess demand
Jor good ¢ (at the beginning of time period t). By convention, V£ > 0 if ¢ has
unsatisficd demand and V£ < 0 if ¢ has unsatisfied supply. Suppose, W LOG
Vii > 0 and Vf, < 0, then 7 and j exchange good ¢ to the extent that cither the
unsatisficd excess demand of ¢ or the unsatisficd excess supply of j, whichever
is smaller reduces to zero. Similar exchanges take place for all possible goods.
Itis clear that if both agents are either demanders or supplicrs of good ¢(e C)
no trade involving that good takes place.

These trades will in general keep one agent a net. debtor to the other. Thus
at the end, quid pro quo is maintained by the debtor transferring the required
level of good M (which is assumed to be the medium of exchange) to the
creditor. This whole process of exchange between a pair of agents is assumed
to take one unit of time.

Thus, if we represent the inflow and outflow of commodities of agent 7 in
his trade with agent j by the vector b'(€ J2")" then it can be separated into
two parts viz. b' = p'+ ’J:. Here /"(‘E IR™) captures all possible exchanges
~ o~ o~ ~i

that are excess demand diminishing for agent i. ¥'(€ IR"™) shows the amount
~i

!Strictly speaking, we should write bf; to indicate the fact that i trades with j. llowever,

(given 114(i) = j) we drop subscript j for notational simplicity.
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of good M that is transferred from i to j (or vice-versa) in order to maintain
quid-pro-quo. A positive component of any vector represents an inflow of the
respective commodity whereas a negative component shows an outflow of that
good. Similarly, we can consider I; = P t J , for agent j.

Thus, on the basis of the a.bOVL dlscusslon one can represent pf and y! as

follows.

(Plrs Plas ooy Plos oo Pi)

b= (Phas Plas oo Plcs oo Phn)

0, il VE-VE >0,
Phe==pbe=1{ L min (JVL], [VAD), if VA > 0,and V2 <0
~}+{ min(|Vi|, VL), if Vi <0, Vi >o.

We next come to the second vector viz.

Yk = (Y Vkas s Yhor s Vkn )y K = 4,

where,
0 it c#EM
M

¢
Yie = —Yje = i
m' when ¢

and m! is s.t.

37 Peple -+ pumt = 0.
cec
Clearly, this trading rule satisfies the following properties (originally pro-

posed by Ostroy and Starr (1974)).

(T.1) W 4" >0 Vi k=174, where
T2

o
W= W S

= (g w0 wm) + 30 b
T "~k
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(T.2) b= —p
2 2;

(T.3) b P =0=0p'p.
2 2k

The first property implies that at any stage an agent cannot have a negative
holding of any good. (T.2) ensures that the goods sold by ¢ are the goods
received by j and vice-versa. The third property is called price consistency
(or, cquivalently, the quid pro quo property) which implies that the value of
goods delivered by i to j equals the value of goods reccived by ¢ from j.

Furthermore, it is revealed by rule y that when i and j arc trading, they
do not require any information regarding excess demands andsupplics of other
agents in the economy. Thus another property satisfied by the trading rule is
that it is decentralized in nature. For future reference we will use the notation

(D) to represent this feature. That is

(D) Decentralization : trade between 7 and j does not depend on their knowl-
cdge of endowments and final demands of the agents belonging to the sct

K\{7, 5}

Given the trading rule, one looks for a condition (to be satisficd by the
medium of exchange) under which equilibrium can be attained within a rea-
sonable time span. An attempt to ensure this led Ostroy and Starr (1974) to

impose the following quantity constraint on M.

Q) z Pelzrc]t < par wrar, Yk
ccC

where,

[ch]+ = max(z, 0]
Thus, {zk]* represents the level of good ¢ that agent k wishes to purchase.
Therelore, the left hand side of inequality (Q) shows the total value ol the

agent &’s desired purchases of goods other than M. On the other hand, the
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right hand side of () expresses the value of the initial cndowment of good M
for agent k. Hence, condition (Q) guarantces the fact that an agent possesses
enough money in his initial endowment to cover his desired purchases of all
the remaining goods. It has been shown that if condition (Q) is satisfied, then
using good M as a medium of exchange, the cquilibrium state can be atlained
within one round, i.c. with cach agent confronting cvery other agent once and
only once. )

The logic behind this result is straightforward. Since every agent has
cnough money to satisfy his excess demand for all other commodities except
good M, the excess demand (respectively the excess supply) of all (£ M)
will be satisfied (respectively disposed of) within one round. Thus by Walras’
law (or merely from the budget constraints of the agents), excess demand and
supply of M will also be satisfied simultaneously.

Though condition (Q) ensures speedy attainment of cquilibrium, it imposes
a strong restriction on the initial endowment of the moncy good. Since (Q)
cnsures enough money in the initial endowment of an agent to cover all his
desired purchases, his money receipts on account of the sale of different goods
can, strictly speaking, be viewed as money acquired to satisfy his final demand

for M.

2.3 CERTAIN FEASIBILITY CONDITIONS

In the light of the discussion of Section 2.2 it is of interest to examine how
far one can relax condition (Q).

One possible way of weakening (Q) is the following. Assume that cach agent
can cover his desired purchases not by one specific good but by lwo goods taken
together (say A and M’). More preciscly, let the following condition hold.

(@) z(: Pelzre]™ < prrwiar + parwrar, V k.
Py
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The natural question that ariscs now is how far can the agents succeed in their
attempt to attain equilibrium by using goods M as well as M’ simultaneously
as media of exchange. In order to examine this issue, it is first necessary to
provide a trading scheme.

Suppose in period ¢ agent i meets agent j (i.c. 1I(z) = 7). Trades that take
place between them follow trading rule yi' as described below. As in the case of
trading rule s, when agents,i and j meet, they examine their excess demands
and supplies and get involved in trade that diminish one’s excess supply and
reduce the other’s excess demand as far as possible. As in the case of trading
rule g (Section 2.2), this part of trade is captured by {:l and p‘ for agents
i and j rospectively. Finally, to maintain quid-pro-quo the debtor can settle
accounts by sending to the creditor either good M or M’ or a combination of

both (captured by vector ¢°). Thus,
i

B = (B Y Bhag)

PAE, k=i
~k Rk

where,

Pl = (Phas oo Phes oo Phna)s b = 4,7,

are such that

0, il ViL - Vi >0,
Pie=—pie =1 & min (VL VL), il V&> 0,and Vi <0

— & min((VEL [VAD, i VE < 0, VL > 0.

From the definition of & = (1, s Ef ey Efpgry o Efpg) b is clear that it has
al most two non-zero components, viz. the M-th and M’-th. Thus,
Eo=0 il c£M, c#M, k=i
Clearly, £ is constructed to maintain price consistency that is,
Pk €)= 0= p- (o} + €
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Thus it is clear that the trading rule p’ satisfies (T.1) - (T.3) and property (D).

Suppose trade takes place following trading rule x’. Then each agent can
satisfy his excess demands for all the commodities, except perhaps for M and
M’, in exactly one round. Therefore, at the beginning of the second round there
are at most two commodities for which excess demands remain unsettled. Since
there cannot arise any multilateral chain of trades for two goods, one additional

round is sufficient to attain equilibrium. Thus we get the following result:

Proposition 2.1 Let (W, Z,P) satisfy (U.1) - (U.3) and suppose there exists
two commodities M and M’ s.t. condition (Q') is satisfied. Then there exists
a trading rule (viz. ) satisfying (T.1) - (T.3) and (D) which allows the

attainment of equilibrium in within two rounds.

Proof : Obvious.

Can this result be pushed further? Proceeding one more step in this direc-
tion, let us now examine the consequence of condition (Q) being fulfilled by
three goods taken together, say M, M’ and M". More precisely assume that
the following condition holds:

@n 72‘“

pelzre]™ < Parwiar + parwine + parwingn, Yk

Now suppose, the agents use all three goods, M, M’ and M" as media of
exchange following a trading rule similar to u’. The problem to look into would
be whether the agents are able to attain equilibrium within a finite number of
rounds.

Traders can fulfill their excess demands for (as well as excess supplies of) all
commodities other than M, M’ and M” in one round if they use all three goods
M, M’ and M" simultaneously as media of exchange. Thus, at the beginning
of the second round, in general there would exist unsatisfied demands for three

goods, viz M, M’ and M” and hence multilateral chains of trade can very
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well be present. Obviously therefore, one more round will not be enough to
attain equilibrium. On the other hand, if all three goods are used as media of
exchange, then equilibrium may not be attained in finite time. To sce this, one

has merely to appeal to Starr (1976):

Statement (of Theorem, Starr (1976)): Let (W, Z, p) satisty (U.1) - (U.3).
If all goods are simultaneously used as media of exchange then 3 a trading rule,
viz. 7 of Starr (1976), satisfying (T.1) - (T.3) and (D) which ensures that Vk

and Ve, V), — 0 as t — oo.

Remark 2.1: In this connection we have discussed in the Appendix an alter-
native (and possibly simpler) method of establishing Starr’s result.

Note: Starr was unable to demonstrate convergence in finite time, nor was he
able to construct an example where it takes infinitely long to attain equilibrium.

However, his work raises the undesirable possibili

y that trade might continue
indefinitely without achieving full execution. Therefore, as already noted, we

have the following corollary to Proposition 2.1.

Corollary 2.1 Let (W, Z,P) satisly (U.1) - (U.3) and suppose 3 three com-

moditics M, M’ and M" s.t. condition (Q") is satisfied. Then an cconomy
using all three goods, viz. M, M’ M" simultaneously as media of exchange
may take infinite time to attain equilibrium.

In order to avoid the situation of Corollary 2.1, one may conceive of a
trading rule where at the beginning of the second round the number of media
of exchange is reduced by one. In other words, instead of all three goods M, M’
and M" continuing to act simultancously as media ol exchange, two of them
are arbitrarily chosen to be used as media of exchange during the second round.
In particular, suppose without loss of generality, M and M’ are used as media

of exchange from the second round onwards. The trading procedure mentioned
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here can be captured through the rule p”.

Let ¢ be the index of a time period during the first round and t” represent
the index for time for any round succeeding the first. If

11¢(3) = j, then

bt = pU4¢Y, where p{' is the same as p! of trading rule x/ and ¢ = —(4 are

~ME A
n-dimensional vectors with at most the M-th, M’-th and M”-th components
non-zero. These vectors, viz. ¢! and (f', are constructed so as to maintain the
price consistency condition (i.e. (T.3) of Section 2.2) i.e.

p-(of + ¢ =0=p.(of +¢F)

If however, agent 7 meets agent j at some period (" during the second or

the third round i.c.
11Y(i) = j, then
b = pf" + ¢, where

p" is exactly similar to pf' with all ¢”’s replaced by ¢”. The n-dimensional
vectors (4" and ¢¥"(¢!" = —({") have at most the M-th and M’-th components
being non-zero and are as before constructed to maintain quid-pro-quo i.e.
P+ ) = 0=p.(pf" + ).

Clearly, if trade takes place (under condition (Q")) following trading rule s

then at the beginning of the second round we have an economy with unsatisfied
demands and supplies for only three goods, viz. M, M’ M". Therefore, an
agent having excess demand for M” has excess supply of either M or M’ or
a combination of both, of value at least equal to his excess demand for M”.
Since from the second round onwards, M and M’ are used as media of exchange,
agents having excess demand for M” would have enough money to purchase it.
Thus, at the end of the second round excess demand for M” (and hence excess
supply of the same) would be completely satisfied. Therefore (at most), one

additional round would settle all desired transactions concerning M and M.
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Thus we have the following result:

Proposition 2.2: Let (X/V,i,ll) s

sty (U.1) - (U.3) and suppose 3 three

commodities M, M' and M" s.t. condition (Q") is satisfied. Then 3 a trading
rule (viz. p) satisfying (1.1) - (T.3) and (D) using which the economy can

attain equilibrium in three rounds.
Proof: Clear from the above discussion.

Remark 2.2: Clearly this result can be generalized to more than three goods
acting as media of exchange. Thus for an economy with n goods, we always

have

Patkn < P1wks + o+ Peke + oo Paiin, VE
= Pnikn S P1Wkt F oo+ PeWhe + oo F P Wi, VE
Q" ). pal

T S piwea b pewke o ProaWino, VE

Suppose now during the first round, goods 1 to (n — 1) are used as media of
exchange. Then from (Q*~1)) it is clear that excess demand (and therefore
excess supply as well) for good n will be satisfied during the initial round.

In the second round suppose goods 1,2,...,(n — 2), are used as media
of exchange. Then for similar reasons all desired transactions regarding the
(n —1)-th good can be settled during that round and so on.

Proceeding in an exactly parallel fashion, after the end of the (n — 1)-th
round the economy will attain equilibrium.

Though the process of trade described above does not require any condition
to be imposed on the money good (or goods) at all, the trading rule involved
here is subject to criticism. This implies that an agent accepting a good as

a medium of exchange at a particular period of time might refuse to do so
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at a later date. Secondly, and more importantly, an agent needs to be aware
when a new round is beginning. It will be shown in the next section that an
appropriate trading post set-up can remove this drawback.

Though trading rule p’ is free from all such problems, it requires condition
(Q") to be satisfied. Clcarly, the criticisms for the Ostroy-Starr condition (€Q)
hold for (Q') also.

These observations naturally raise a need to provide a plausible condition to
be satisfied by a good (or a sct of goods) which can consistently (all through)
be used as a medium (media) of exchange in order to attain equilibrium in
finite time.

The next section takes up all these issucs for an economy characterized by

the social institution of markets.

2.4 CONDITIONS FOR FEASIBILITY UNDER A TRADING
POST SET-UP

In reality one observes that thp monetary pattern of trade and specialization
of markets go hand in hand. As an explanation of this fact it is shown in the
next chapter that the social institution of money works better (in terms of
transactions costs) when coupled with the social institution of markets. As
a conscquence, the latter is potentially replaceable by a trading post set-up.
I'his observation provides the motivation to pose the problem under the set-up
of monetized trading posts. We begin by describing the trading scheme under

consideration.

2.4.1 The Trading Post Set-Up

Under the set-up of monetized trading posts it is assumed that there exists
separate markets or trading posts to deal with each good against the money
good(s). Suppose good M is the unique medium of exchange. In this case

all the traders who wish to trade a particular good c(# M) are assumed to
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gather in the market for that commodity (where good ¢ is exchanged against
M), following a pre-specified sequence of markets. This sequence however, is
arbitrarily chosen from the set of all possible sequencing ol trading posts. We
have assumed, following reality that as soon as a trader cnters the post he can
distinguish between buyers and sellers, which is scen as an informational gain
associated with the trading post set-up. Once a trader enters a trading post,
he can exchange with as many agents as he wishes. Here buyers and sellers
are assumed to be separately lined up in any arbitrary order. The first buyer
then confronts the first seller and so on. The traders who arc not satisfied
in their first meeting and are willing to trade again in the same trading post
linc up afresh in any random order as before. Once all opportunities for trade
in this trading post are over, traders move to the next one following the pre-
determined sequence mentioned above.

Time is partitioned into days where each day is defined to consist of a
number of periods to be indexed by . Each day is long enough to finish all
desired trade in a particular trading post. Once a trader finishes his trade in
a specific trading post on a particular day, he waits till the beginning of the
next day, when he visits the next trading post. It is assumed that an agent
is concerned only with the time spent in trading (i.e. the number of trading
periods) in the relevant markets.

It is assumed throughont the sequel that it takes exactly one period of time
for a pair of agents to carry out an exchange in any particular trading post. A
eyele (indexcd r) of trades is said to be completed, when cach trader finishes
visiting all the trading posts relevant for him once and only once. As already
pointed out, however, a trader may be interacting with several traders in a
trading post during each such visit. It may in general take more than one

cycle to attain the equilibrium allocation.

Consider the meeting between two agents, say k = ¢ and j, at the beginning
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of period ¢ in trading post (¢, M), i.e. where good ¢ is exchanged against M.
Clearly, when i is a seller j is a buyer and vice-versa. The trade that takes

place between them is summarized by the following vectors.

af, = (OY"'wnva:c’O""lﬁ:]\/I)
at. = (0,...,0,0%.0,..., iar)
where,
af. € IR, By € IR =14
af, = —al. parBiar = —pehe, k=1,j

wie + S ab, 20 and  wiar + 3 Bl 20, k=1.]
T 7

That is, in trading post (¢, A1), i and j exchange good ¢, so as to reduce
their respective excess demands and supplies to the largest extent possible.
The buyer then settles his account by transferring the required value of good
M to the seller. -

This provides a gencral idea regarding the trading arrangement of a mone-

tized trading post set-up.

2.4.2 TFeasibility Conditions

Here we look into the conditions of feasibility (as developed in the |)re§'ious
section) for a trading post set-up.

(i) Condition (Q):

Condition (Q) ensures availability of enough money for every agent of the
cconomy so that each trader can cover all his desired purchases.

Since all the potential demanders and suppliers of good ¢ gather in trading
post (¢, M) at the same time and cach trader has enough money with him,

all his excess demands would be satisfied, after he finishes trading in all the
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trading posts. As a resuit, once every agent visits all the relevant trading posts,
excess demands for all the (n — 1) goods (and hence excess supplies of them)
would be completely satisfied after the end of one cycle. Therefore, Ostroy and
Starr’s (1974) result would remain valid even in a trading post set-up when a
round is replaced by a cycle

(ii) Condition (Q"):

We next consider Proposition 2.1 for a trading post set-up, where there
exists ((n — 1)+ (n — 2)) trading posts to deal with all (n —1) goods against M
aud then all (n — 2) goods (excluding Al and M’) against M’. Thus, there are
separate trading posts to use A7 and M’ as media of exchange. Using a similar
trading rule where, M and M’ are used as media of exchange in the respective
trading posts, it is easy to see that after the first cycle (i.e. when the traders
finish visiting all the (2n — 3) trading posts once), only the excess demands for
A and M’ would remain to be satisfied. Thus, during the second cycle, only
the (M, M') trading post would be operating and hence equilibrium will be
attained alter everybody visits the (M, M') trading post for the second time.

(iii) Condition (Q(*=1):

In this context we consider a trading post set-up of a slightly different kind.
In an n-good economy, suppose there are n trading posts to deal with cach
particular commodity, where commodity ¢ is traded against every other good
in the good ¢ trading post. Following an arbitrary sequence of trading posts,
sav (WLOG) { good 1, good 2, ..., good n}, all agents wishing to demand or
supply good ¢ gather in that market. When all desired trades in that trading
post. are over, agents move to the (c+1)-th trading post etc. ‘Irade takes place
in the good c trading post following the trading rule i defined below.

Suppose agent i meets agent j in the trading post for good ¢ at period t.

Trade that takes place between them can be summarized by the following



vectors:

alo =Pt A = (0,...,0,p6,0,...,0) + A

alo =P+ A =(0,...,0,05,0,...,0) + A
~3

Where,

0, iOVAVLE >0
wmin((VELIVED, i Vie >0,

Ple = —pje = Vi <0
—Lmin(VEL [VAD, i Vi <0,

VE>0
As before, pl, and pf, refer to the trades regarding good ¢ that are excess
demand diminishing.

Furthermore, vectors Af and A} are constructed so as to maintain price
consistency, which is assumed to be settled by the debtor transferring a com-
bination of goods of which he has excess supply, to the creditor. This part of
the trade can be represented as:

A= =) are s.t.

Vi—pl= <At <0 and ppt+A) =0

if  ppi>0
Vi = pt)- <Ay <0 and p.(pf+ A =0
i ppt=0
Where,
v s Vi = e
= min(0, (V5 — p4))s - min(0, (V2 — L)), -]
ete.
If p.pt < 0, then ! = —\%, where p.p} > 0 and A} is constructed as above.

33



Thus, when the good 1 market is operating agents having excess demand
for good 1 purchase the required amount from the suppliers of good 1. The
buyers can in return pay through any of the commodities of which he has
excess supply. Thus after all desired trades are over, excess demand for good
1 (and hence excess supply as well) is completely satisfied. The agents next
move to the good 2 market. Here all the demanders of good 2 have excess
supply of (some other good(s)) of at least equal value to cover his demand.
We note that no agent has excess supply of good 1. Therefore, the demanders
of good 2 transfer any combination of good 3, ..., good n, to the supplier for
maintaining price consistency. Therefore when all possible trades are over in
this market, excess demand for good 2 (and hence excess supply of the same)
is met. Traders then move to good 3 market and so on.

Thus when the agents visit the market for good (1 — 1), excess supply of
good 1, ..., (n — 2) are completely satisfied. Hence the traders visiting the
good (n — 1) market can have excess supply of only good n. Once all possible
frades in this market are over, excess demands for and supplies of all n goods
are satisfied.

We note that the trading rule ji is similar to the trading rule introduced by
Starr (1976) for a market-less trading arrangement with non-monetary trades
i.c. where each good can be exchanged against cvery other. The latter rule says
that if two agents i and j meet they scan their excess demands and supplies and
exchange takes place so as to reduce one’s excess demand and the other’s excess
supply as far as possible. Finally, the debtor settles accounts by transferring to
the creditor any combination of goods of which he has excess supply. This rule
in a marketless trading arrangement does not ensure that equilibrium would
be attained necessarily within finite time. However, for this specially defined
trading post arrangement things operate smoothly.

But it is rare to find an economy with all goods acting simultaneously as
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media of exchange. We therefore look for a plausible condition to be satisfied

by a medium of exchange such that equilibrium can be attained within finite

time.

2.4.3 An Alternative Criterion

We now consider a situation where the money good is not so abundantly
available, as in the case of condition (Q) or (Q'). Let Mf, represent the money
allocated by trader k out of his total money holding for the purchase of good

cin the beginning of some period ¢. Clearly,

M, =0, if VL<o.
We note that both Vi and M}, change with the progress of trader k’s trades
involving c.

When agent i meets j, the trade that takes place between them can be

summarized by the following vectors.

al, = (0,...,0,a%.,0,...,8h)
af. = (0,...,0,ak,0,..., Biar)

Where,

ok € R, Bing € IRk =1,

C ot ¢ ¢ L .
af, = —afe, pmBiar = —PeQie k= 1.5

wie + Y 0l >0 and  wir + Y Bl 20
0 7

Trades between ¢ and j are carried out according to the following rule to

be referred to as ®:

1/pemin(Vi, [VAL, ML), 3f Vi >0
—1/pemin(VE, VAL ML), i V<0
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Trading rulc ® says that a seller comes to a market with his unsold supply
and a buyer with the money that he allocates for this trading post. His money
holding at the beginning of a period ¢ is denoted by Mf, which breaks up
partly into M{_, the amount set aside for carrying out transactions involving c.
The rest of it, denoted by M{,, is held to satisfy the final demand for money.
In this context it is assumed that whenever a trader acquires money, his first
priority is to satisfy his needs for the non-money goods. This is stated more

formally in Assumption 2.1 and 2.2.

Assumption 2.1: At the beginning of a period ¢
My = 3 Mi + My,
cec
where
P i eVt = M,
Miy = .
My = SeeolVit, i TeeclV)T < MY,
[Vie]* = max[0, V]
Regarding M{,, it is clear that it would depend on Mj, and [V&]*. We
will assume that an agent is ready to allocate (if necessary) his entire money
holding to a good ¢ just before visiting the trading post relevant for that good.

Hence we have,
Assumption 2.2: For every c € '
M, = min{[Vi]*, Mg}

It can be easily checked that the trading rule ® described above satisfies
(1.1) - (T.3) and (D). Given the trading rule we now search for a plausible con-
dition under which equilibrium can be attained within finite time. Clearly, as

soon as one removes condition (Q) or (Q'), one has to guarantee the availability
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of the money good(s) in the hands of the traders till their demands are satisfied.
In order to ensure this, the possibility that a group of individuals might lcave
the system with the entire stock of the money good (to satisfy their final
demands for it) prior to the attainment of the full Walrasian equilibrium must

be guarded against. Such considerations motivate the following result:

Proposition 2.3: Let (W, Z,P) satisfy (U.1) - (U.3) and suppose 3 a com-

modity M s.t. the final demand for M is strictly positive for all traders, i.e.

(E) zxar > 0,Vk;

then 3 a trading rule (viz. @) for a monetized trading post set-up that satisfies

(T.1) - (1.3) and (D), which leads the economy to cquilibrium in finite time.

Note: The proof, given in the Appendix (to Chapter 2) will be established for
the trading rule ®. It has already been mentioned that rule @ satisfies (T.1)
(T.3) and (D). Thus the proof would be geared towards the finiteness property
alone. '

Thus, we have two major conditions, viz. (@) and () under which equilib-
rium can be attained in finite time. It is of obvious interest to examine whether
it is possible to relax the extremes represented by each condition in isolation.
Such an attempt motivates the following result which represents a combination

of the two conditions.

Proposition 2.4: If the economy consists of two groups of individuals, viz.
Ky and Ky, K = Ky U K2, where all k € Ky, satisfy (Q) and all &' € K satisfy
(E), then there exists a trading rule, viz @, which satisfies (T.1) - (T.3), (D)

and which allows the attainment of equilibrium in*finite time.

Proof: See Appendix to Chapter 2.



Remark 2.3 The two sets of agents (K, and K5) defined in Proposition 2.4
can be given an interesting interpretation. Consider an overlapping gencrations
model with two groups of individuals, viz. old and young. An agent is assumed
to live for two units of time to be referred to henceforth as years (where each
year consists of a finite number of “transaction” days). In his youth, i.e. in
the first year of his life, an agent is endowed with consumable goods only.
These goods, however, are perishable, i.e. they are not going to last till the
sccond year when he is old. There is, therefore, a strong inducement - indeed
a compulsion - for the agents to acquire a store of value during the first period
of their lives to be used it when they are old.

Given this perspective, the set Ay can be identified with the set of old people
satislying condition (), K as the set of young people demanding money as a
store of value and good M as the unique store of value in the system.

What proposition 2.4 then shows is the following. The ability of money
to act as a store of value between this period and the next, enables money
to act as an efficient medium of exchange in the current period. The word
“cfficient” essentially implies that both young and old people can attain their
desired bundles of commodities in finite number of periods, through the aid of

a medium of exchange.

2.5 CONCLUSION

This Chapter develops criteria indicating the circumstances under which
it is feasible to use a good as a medium of exchange and attain one’s most
desirable allocation through decentralized trade. The problem is represented
against the background of the social institution of markets. It is revealed from
this discussion that if there is a unique store of value in the system which
cverybody desires, then that commodity can be used as a medium of exchange

to attain equilibrium in finite time.
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The next chapter tries to justify our use of trading posts by showing their

relative efficiency over the marketless trading arrangement.
APPENDIX TO CHAPTER 2:

An Alternative Proof of Starr’s Result:

According to trading rule vy (Starr (1976)), when two traders mecct they
first trade exactly as described by p! of trading rule x/. Quid pro quo is then
maintained by the debtor sending any combination of goods for which he has
excess supply to the creditor (see trading rule 1).

As is clear (also shown in Starr (1976)), the trading rule 5 satisfies (T.1) -
(T.3) and (D).

Suppose equilibrium is not attained even in infinite time. Then there exists
ak € K and a ¢ € C such that, for infinitely many 0,V{, < & < 0, where 0
stands for the index of a round.

If at the beginning of any round, say 0o,
ViR <e<0 (A2a)

then in the foth round, agent £’s actual sale of good  to be denoted by %, is
such that
sl > |Vl (A.2b)
This is so because given (A.2a) there exists (without loss of generality) one
wrader, k, for whom V% > 0 and k can use any good for which he has excess
supply, as a medium of exchange. A strict inequality might hold in (A.2b) if
within round 0y agent k receives a positive amount of good & through its being
used as a medium of exchange by others.
Trader £ can pass on & in two ways. First, by using it as a medium of
exchange, in which case & would purchase some other goods for which he has

unsatisfied excess demand. Secondly, to satisfy the excess demand of some
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other agent. Tn both these cases excess demand of level sf (> 0) is satisfied for
at least one trader.

1f V2 < ¢ < 0, for infinitely many 0 then, from (A.2b)

But the aggregate value of positive excess demands in the system, i..

Crer Lt Pel2

S” s, goes to infinity (A
G

+ is finite, which contradicts (A.2c). L]

Proof of Proposition 2.3:

To prove this result, three lemmas are necessary.

Before stating the lemmas, let us first introduce two relevant notations.
Let VY, represent trader k’s unsatisfied demand for (or supply of ) good ¢ at
the beginning of cycle r and Mjp represent agent &’s cumulative "gross (of

outgoing on account of purchases) money receipt in cycle 7.
Lemma 2.1: If there exists a pair k(€ ) and a unique good ¢(€ C) for which
Vi.>0 (A.2d)

for infinitely many r, then every nonzero subsequence of {MR} must converge

1o zero?.

Note: Such a non zero subsequence must exist.

Proof: Suppose the result is false. This implies that there exi

ts a subsequence
{Aff%} bounded away from 0. Suppose MG >a>0

Vet H = {rl€ =1,2,...}. Thus,

S MLz Y a (A.2¢)
re€H reeH

“The lemma extends easily to the case where (A.2d) holds for more than one c.
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which goes to infinity.

On the other hand, the rule ® implies that the money received by & in cycle
7, ie. Mfgp,would be spent completely on c¢. (This follows from the fact that
Vi» £ 0 from some r onwards, V¢’ # ¢). Denoting this cycle by 7, it follows
from definition that:

Vi = Mg 2 V2, e (A:20)

. In other words, VY, diminishes at least by M[; at the end of the (r + 1)th
cycle.

But VL is a finite number, which contradicts (A.2d) and (A.2e). -

Lemma 2.2: Proposition 2.3 holds if we allow infinite time to attain equilib-

rium.

Proof: Suppose the equilibrium cannot be reached. Then there exists a pair
k(e K) and ¢(€ C) such that for infinitely many r
V>0 (A.29)

Hence Lemma 2.1 implies that all non-zero subsequences { M5} of {M[}
converge to 0. In other words, given any ¢ > 0,

M €(0,¢) (A.2h)
for infinitely many r.

Let the set of all  satisfying (A.2g) for the chosen & be H’. Suppose now
that the final demand for money by the kth trader is xias = m > 0. It follows
from (A.2g) and (A.2h) that V{,, = m for infinitely many » € H'. Since the
cconomy is in equilibrium, excess supply of money in the economy is at least
m for infinitely many » € H’. This excess supply of money will be spent by the

suppliers in the respective markets to fulfil their unsatisfied demands. Thus,

the value of aggregate purchase > > m (A
reH
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The right hand side of this inequality goes to infinity. On the other hand,
the left, hand side of (A.2i) equals °; 3, p.[z;c]*, a finite number.

This yields a contradiction. -

Lemma 2.3: If there is a trader k for whom VZ. > 0 for infinitcly many
r.then there exists a self contained set of traders T(T' C K) and a set of goods
C(C C ©), such that for each k € T, there exists a ¢ € C for which VI, > 0,

for infinitely many r.

Note: By a self contained sct of traders T we mean a sct of traders such that
after a finite number of cycles, there is no fresh injection (though there may

be leakages) of money into (out of) this set from (to) members outside 7%

Proof: Consider the set of goods such that V7 >0 for infinitely many r. Call
that set Cy. Clearly C, is non-null.
Now consider the set of all traders 7} such that for all & € Ty, there exists

¢ € Cy for which the following inequality holds for infinitely many 7:

V>0 (A.25)
ic. Ty is the sct of traders, each of whose demands for some commodities
belonging to Cy are not satisfied in finite time. Then Lemma 2.1 implies that
there exists a subsequence {Mf} which goes to 0.

Thus, for each k € T, there exists at least one commodity, say ¢, such
that k’s actual sale of ¢’ over infinitely many cycles r satisfies the following
inequality:

Sher >0 (A.2k)

Let C; be the set of all such commodities ¢/. We note that. €y N C2 need not
be null. Now Lemma 2.1 implies that there exists a monotonically decreasing

subsequence {s7%,} for all k € T; and ¢ € C; for some ¢, i.c. there exists a
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second sct of traders T, such that, for all & € T, and some ¢ € C,, (A.2))
holds.

Therefore, in an analogous manner, we can construct a third set of com-
modities C3 such that, for all k& € T3, there exists ¢ € Cj for which (A.2k)

holds and so on.

We define a sequence of sets {Ax}, where Ky = T3 K, = Ty U Ty K3
TWUT,UTs ete. As the set of all traders is finite, there must exist a finite L
such that:

K= Kpp1=Kppo=...

We will show that I is a self-contained set, i.e. Kz =T

Consider an arbitrary trader k € K. Suppose, in particular, k € T} (in
fact k can belong to more than one T}). Trader k£ can acquire mouney only
through his supply of some commodity (or commodities). From our construc-
tion procedure it is clear that all the commodities that k supplies for infinitely
many r are included in Chyy. All the demanders for cach good ¢ € Chyy are

included in Thyy and Thyy © K. Therefore, Ky is a sclf-contained set. [ ]

Proof of Proposition 2.3:
Suppose the result is false.
Lemma 2.3 has established that for each & € K, there exists some com-

modity ¢ such that, for infinitely many 7, the following inequality holds.
Vi >0 (A.20)

Thus, from Lemma 2

1. for each & € K, there exists a monotonically

decreasing subsequence {Mjf} such that |
{(Mjtr} — 0 (A.2m)

Given (A.21), trading rule ® implies that for all k € K, M[% would be com-

pletely spent on the purchase of some ¢ (satisflying (A.2])) for infinitely many
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This fact together with (A.2m) implies that the acquisition of money (to
meet the final demand for it) by k € K is not positive for infinitely many r.
But for all k¥ € Ky, final demand for M, i.e. zxar > 0 and{M;},} is bounded
away from zgps for all but finitely many 7.

As Kp is a sell contained set of traders, for all k& € K, the final demand
for money is not going to be satisfied even when r goes to infinity.

This contradicts Lemma. 2.2

Proof of Proposition 2.4:

All the agents & € K satisfly condition (Q). Heuce, they can satisly their
purchases of all commodities ¢ € C within onc cycle. By Proposition 2.3 all
k' € K, can do so in finite time. Hence. equilibrium can be attained within

finite time. L]
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List of symbols used in Chapter 2:

(1) K: the set of all agents as also cardinality of the sct.
(2) &+ index lor agent

(3) n: total number of commodities

(1) M: n-th commodity earmarked to play the role of a medium of exchange
(5) C: the set of all commodities excluding the n-th good.
(6) ¢ index for a commodity

(7) W: matrix of initial endowments

(8) wie: level of good c in the initial endowment of agent &.
(9) Uy: utility function for agent %k

(10) IRY: the set of n-dimensional positive real vectors

(11) IR: the set of real numbers.

(12) p’: row vector of prices for n goods

(13) p: transpose of p’

(14) p: price of good ¢

agent k’s excess demand for (or excess supply of) good c.
(16) Z: matrix of excess demands and supplies
(17) Zx: k-th row vector of matrix Z

(18) X: matrix of final demands and supplics of all goods for the agents.



(19) zg.: level of good c finally consumed by agent k&

(20) g, g/, p": trading rules in a marketless set-up

(21) t: index for time

(22) T*(k): function indicating trading partner of agent £ in period t.

(23) Vi&: the value of trader k’s unsatisfied excess demand for (or, supply of)

good ¢, at the beginning of time period ¢.
(24) Vs VE= (V4,0 Vil V)
(25) V& agent k’s hitherto unsatisfied demand for or supply of good ¢ at the
beginning of round 0 (in value terms)
(26) V- Same as (23) when “round 07 is replaced by “cycle r”.
(27) by: n-dimensional vector showing the (levels of) inflow and outflow of
( k g
commodities for agent k in the course of his trade during period ¢

(28) pi: n-dimensional vector showing the (levels of) inflow and outflow of
commodities for agent & in the course of his trade during period ¢ that

are excess demand diminishing.

(29) yi: n-dimensional vector showing the (levels of) inflow and outflow of
commodities for agent k in the course of his trade during period ¢, nec-
essary for maintaining quid-pro-quo, M being the unique medium of ex-

change.

(30) Wi n-dimensional vector showing the level of each good in agent k’s

possession at the beginning of period ¢.

(31) Wy: n-dimensional vector showing the level of each good in the initial

endowment of agent k.
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(32) [z:]*: max [o, 2.)
(33) M, M": alternative media of exchange

(34) €t: same as (29) when two goods M and M’ are simultaneously acting

as media of exchange.

(35) ¢f: same as (29) when 3 goods M, M’ and M" are simultaneously acting

as media of exchange
(36) r: index for cycle

(37) (¢, M): notation for a trading post or equivalently a market where good

¢is exchanged against M

(38) al.: n-dimensional vector showing the(levels of) inflow and outflow of
commodities for agent k in the course of his trade in the (¢, M) trading

post in period £.

(39) al,: level of good ¢ purchased or sold by agent k in period ¢ in trading

post (e, M).

(40) Brr: level of good M spent or received by agent k in period ¢ for main-

taining price consistency.
(11) fi, i, @: trading rules for a trading post set-up
(42) M},: money holding by agent k at the beginning of period 1.

(13) M{,: money allocated by agent k, out of M}, for the purchase of good ¢

in the beginning of period ¢.
(44) AM;: moncy held by k in period ¢ as part of his final demand for M

(45) K1, K2t subsets of K



(46) 0: index for a round
(47) s.: agent ks actual sale of good ¢ during 0-th round (in value terms)

(48) M[p: agent A’s cammulative money receipt in cycle r gross of outgoing

on account of purchases.
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CHAPTER 3

TRADING POST SET-UP AND MARKETLESS
TRADING ARRANGEMENT : A COMPARISON

ABSTRACT

This chapter endeavours to compare the transactions costs associated with a
trading post set-up vis-a-vis a marketless trading arrangement. It establishes
that for a large economy, the time cost associated with the attainment of
the equilibrium is expected to be higher in a marketless trading arrangement
as compared to the trading post sct-up. It also shows that for the economy
considered by Kiyotaki and Wright (1989}, the welfare associated with a steady
state Nash equilibrium state would be higher under the social institution of

markets.
3.1 INTRODUCTION

The previous chapter addresses the question of feasibility under the set-up
of monetized trading posts. The next question that emerges is whether or not
such a trading arrangement is more efficient than the marketless set-up. One
might expect an affirmative answer here, for in the marketless trading arrange-
ment generally considered in the literature (See Ostroy and Starr (1974), Jones
(1976), Kiyotaki and Wright (1989)), an agent arbitrarily encounters another
agent (without any specific reference to the goods they want to transact) to
explore the trading possibilities prevailing between them. However, in a trad-
ing post set-up, agents wishing to exchange a particular pair of goods gather
in the trading posts relevant for those goods. Therefore, when trade is per-

formed through trading posts relating to pairs of goods, it appears that many
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unnecessary meetings can be dispensed with. As a consequence, from the point
of view of time as transactions cost, a trading post set-up seems to be more
cfficient. However, a pair of agents can exchange as many goods as they want
to in one meeting in a marketless trading arrangement whereas in a trading
post set-up they are restricted to trade only a pair of goods. Thus, there is a
need to formally verify our intuition.

Thus, we first consider the trading post set-up (described in Section 2.4)
where an agent visits different trading posts following an ad hoc sequence
of markets. We intend to compare this set-up with the marketless trading
arrangement of Ostroy and Starr (1974) where again some arbitrary sequence
of meetings is assumed to be followed by the traders. It will be established in
this connection that the time taken to realize equilibrium allocations to any
degree of approximation under a trading post set-up is bounded above by a
quantity which is independent of the total number of agents in the economy.
On the other hand, the time taken in the alternative set-up will not be so
bounded for all possible sequences of meetings. This shows that the gains from
a monetary pattern of trade is likely to be minimal when unsupported by the
social institution of markets.

The above trading arrangement being restrictive in nature, we have con-
sidered as a next step a more general trading post set-up where all markets
are functioning simultaneously and an agent chooses a trading post at random
from the sct of trading posts he desires to visit. Thereby, a trader need not
follow any predetermined sequence of markets. As before, the superiority of the
trading post set-up is established for large economies under this more gencral
trading arrangement (as compared to the marketless trading scheme).

It was pointed out in the introductory chapter that the framework described
by Ostroy and Starr (1974) introduces “time cost” in a rather ad hoc fashion.

Therefore, it may be interesting to raise the question of efficiency for a set-up
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where the transactions cost is incorporated more explicitly in the agent’s ob-
jective functions. The framework appropriate for the purpose is the one chosen
by Kiyotaki and Wright (1989). Kiyotaki and Wright have established different
possible steady state Nash equilibria for a marketless trading arrangement, i.e.
where an agent trades randomly with another agent (this model is discussed
in Section 3.4). They show, however, that a set of non-equilibrium strategies
directing each pair of agents to “exchange goods whenever they mect”, provide
more welfare as compared to any other equilibrium strategics. As opposed to
this it will be shown in the sequel that there exists a set of equilibrium (and
thus implementable) strategics under the social institution of markets which

provides even more welfare than the non-implementable strategies described

by Kiyotaki and Wright. This fact further establishes the power of the trading

post set-up as compared te the marketless system.

The next section compares the transactions cost in the Ostroy and Starr
set-up with that in the trading post system. Scction 3.3 examines the rela-
five efficiency of trading post set-up by introducing a more general trading
arrangement where an agent randomly chooses to visit a market. The penul-
timate section discusses the problem under the framework of Kiyotaki and
Wright described above. A concluding section sums up the findings. Details
of proofs of different results established in this chapter are provided in. the

A\ppendix to Chapter 3.
32 TRANSACTIONS COSTS COMPARISON

In this section we would compare the trading arrangement of Ostroy and
Starr (see Section 2.2) with the monetized trading post set-up (discussed in
Section 2.4) with respect to the associated transactions costs.

The economy we are going to consider is the same as that of Debreu and

Scarl (1963). It consists of different types of agents, where the agents belong-
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ing to one specific type have identical characteristics. Each of the types is
comprised of a finite number of agents. An economy of this nature will be de-
noted by £ in the sequel. Further, its v-fold replication will be denoted by £,.
For such an economy we are able to show that under the trading post set-up,
the time taken to realize the Walrasian demands and supplies to any degree
of approximation is bounded above by a quantity which is independent of the
total number of individuals in the economy (though dependent on the degree
of approximation itself). On the other hand, the time taken in the alternative
set-up will not be so bounded for every possible sequence of meetings.

Before stating the main result, further notations must be introduced. Sup-
pose, in the c-th trading post there are respectively £ and m types of demanders
and suppliers. Let K7 and K represents respectively the sets, of suppliers
and demanders of good c. A typical member of K2 is denoted by i and that
of ¥ by j. As before, initial excess demands and supplies are represented re-
spectively by z.,i € K and zj.,j € KZ. The level of approximation referred
to above would then be given by an e-neighbourhood of these values.

We may choose rational numbers from [z — ¢, zic+¢] and [z;c —¢, zjc + €] for
all ¢ and denote them respectively by x§ and Q respectively. We then consider

the problem of achieving these rational values instead of the original z;.’s and

The associated time cost would then be denoted by [7.].. An exactly

analogous problem would be considered for each of the (n—1) trading posts that
exists for dealing with each good against M (the medium of exchange). The
total time needed to arrive at the e-neighbourhood of a competitive allocation
would be represented by [T7p].. Parallel notations, viz. [Tarr). would be used

to denote the same for the alternative marketless framework. Thus we have,

Proposition 3.1: Given any arbitrary v, consider an economy £, (defined
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above) satisfying (U.1) - (U.3) and (Q)'. Then there exists an integer N(s)
independent of v s.t [Trpl. < N(e).

Proof: See Appendix to Chapter 3.
However, a conclusion as general as Proposition 3.1 cannot be drawn for

the alternative trading arrangement. This is clear from the following result.

Proposition 3.2: Therc exists an economy £, satisfying (U.1) - (U.3) and
(Q) such that [Th.]. increases unboundedly as v increases, for at least one

given scquence of meetings.

Proof: See Appendix to Chapter 3.

It is important to emphasize the fact that in Proposition 3.1, the rational
approximation played a crucial role. Tt would be impossible to establish the
uniform bound if the agents’ excess demand vectors were comprised of irrational
components and they tried to achieve these demand points exactly. As Example
3.1 below shows clearly, no such uniform bound would exist even if the cconomy

with trading posts consists of two goods.

Example 8.1: Consider an economy E having two goods (say, ¢ and M) and 3
demanders and 3 suppliers with excess demands and supplies for good ¢ against
M. Let zf and 25 (4,5 = 1,2,3) denote respectively the excess demands and

excess supplies of the i-th and j-th agents for good ¢ and
(1,25, 25) = (1,V2,V3)
(21,25, 235) = (1,V2,V3)

Initial endowments of the (excess) demanders are represented by w{ =

(0, 1),wf=(0, v2),wi= (0, +/3),where the first components refer to

H{U.1) - (U.3) and (Q) are described in Section 2.2.
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good ¢ and the second components refer to good M. Similarly initial endow-
ments of the (excess) suppliers are given by, w{ = (1, 0),w§ = (v/2, 0)and
w=(v3, 0). It can be easily checked that Ostroy and Starr’s condition (Q)
is trivially satisfied here (where p’ = (1,1)).

From z¥’s and z3’s it is clear that z§,2§,23,25 € Q°, the sct of irrational
numbers. Also rank (1,v/2,v/3) = 3, in the field of integers.

Given the above competitive cconomy consider the following sequence of

meetings. The first demander meets the first supplier, the second demander

meets the second supplier and so on. This is depicted through the following

figure.
Demander Supplier
1 — 1
2 - 2
3 — 3

Let the time taken in attaining equilibrium (starting from the initial endow-
ments) when this economy replicates v times is denoted by TTP(I/). Clearly,
Trp(1) = 1 for the aforementioned sequence of meetings.

Let us now consider v = 3 times replication of this economy. That is, there

are 9 demanders as well as suppliers. Let

(=24, .,=8) = (1,V2,V3,1,....V3). .

Similarly

(2525 ....20) = (1,V2,V3,1,...,V3)

Consider the following sequence of meetings shown by the arrows in the
figure below. Arrangement I is related to the first 3 demanders and suppliers.

Similarly, Arrangement 11 is related to the next 3 demanders and suppliers

(viz. 4,5 and 6) and so on.
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Arrangement [ Arrangement II

Demander Supplier Demander Supplier
1 — 1 4 4
2 - 2 5 5
3 — 3 6 6
Arrangement IIT
Demander Supplier
T 7
9 9

Let Vi4(V},) denote demander (supplier) i’s (j’s) unsatisfied demand (sup-
ply) for (of) good ¢ at the beginning of time period t. Thus, from trading

arrangement [

2 _ 2o y2 V2 — V2=
Via=Va =V =V, =V =

From trading arrangement T
2 _ 2 y? —
Vig=Veaa=Vi,=0

VE=V3-1LVi=V2-1,Vi=V3-V2

Thus, 4 agents get satisfied and 4 agents remain to be satisfied. The

50N
behind this is quite simple. When two agents meet, at least one of them
would get satisfied. But not more than 3 traders would get satisfied because
1= V2) # V2 — VBl # V3 — 1] £ 0.

In trading arrangement III for the same reason, only 3 agents would be

satisfied and
VZ=v2 -1,V =V3-V2,Vi=V3-1

In period 2, consider the following sequence of meetings.
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Demander Supplier

6 — 9
8 — 5
9 — 6

This would result in all the agents reaching equilibrium in two periods.

Thus,

T(3) =

As a next step consider the v times replication of this economy, where,

=1, 25, )= (1,V2,V3,...,V3)
(25,25, 225,) = (1,V2,V3,...,V3)

The trading sequence for the first 9 demanders and suppliers is exactly the
same as that depicted through arrangements I, IT and I1I above.

The next 9 demanders and suppliers meet in an exactly similar fashion as
the first 9 demanders and suppliers. This is revealed by arrangements IV, V
and VI

Arrangement IV Arrangement V/
Demander Supplier Demander Supplier
10 - 10 13 13
11 — 11 14 % 14
12 — 12 15 15

Arrangement VI
Demander  Supplier
16 16
17 17
18 18



We arrange the last 9 demanders and suppliers in an cxactly parallel manner
and call these arrangements VII, VIII and 1X.

As is clear from the v = 3 case, 3 demanders as well as suppliers would
temain unsatisfied in arrangements I, IT and IIT taken together. For exactly
similar reasons, 3 demanders and 3 suppliers would remain unsatisfied in ar-
rangements IV, V and VI as well as VII, VIIT and IX.

Thus, in total we are left with 9 unsatisfied demanders and suppliers with
levels of demands and supplies v2 — 1,v3 — V2 and 3 — 1.

Arranging them in a similar fashion as I, 1T and TIT we arc again left with
3 unsatisfied demanders as well as suppliers after period 2. The levels ol un-

satisfied demands and supplies are
(V3-1)—(V3-V2)=Vv2-1>0,

(V3-1)—(V2-1)=V3-Vv2>0,
(V2-1) = (V3-v2)=2v2-V3-1>0.

In period ¢ = 3, let the demander with unsatisfied demand equal to V2—1
meet the supplier with unsatisfied supply of 2 — 1 and so on, so that after
period 3 all agents get satisfied. Hence, 1(32) = 3.

We can next consider » = 3% and proceed as before to show that 7(3%) = 4
cle. ‘

Thus, in general there exists at least one sequence of meetings s.t. T(B‘) =
{+1 and hence the time taken for attaining equilibrium rises unboundedly as

th

economy replicates indefinitely.

Note: Such a situation cannot occur if the excess demands and supplies take
rational values. The reason is quite simple. Let g be the greatest common
divisor of these zf and 2} values. Clearly g is positive. Hence, any meeting

would reduce the agents’ excess demands and supplies at least by g. Since
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:Ps and z{s are finite, after a finite number of stages every agent would get

completely satisfied.

Remark 3.2: It can be easily checked thai Propositions 3.1 and 3.2 remain
valid if condition (Q') is satisfied by the agents (instead of condition (Q)). In
this case there would be (2r -~ 3) trading posts (as described in Section 2.4) to
deal with each good against M and M’ separately (see proofs of Proposition

3.1 and 3.2 in the Appendix).

3.3 TRANSACTIONS COSTS IN RANDOMIZED TRADING AR-
RANGEMENTS

The trading post set-up considered hitherto is restrictive in nature due to
the following two reasons. First, there exists a predetermined (i.c. ad hoc)

scquence in which different trading posts are to be visited. Secondly, cach

trading post opens for a definite period of time, i.e. for a day, and all traders

visit that trading post alone during this period. This rules out the possibility
of two trading posts operating simultaneously.

As an attempt to relax these restrictions we consider an arrangement where
all markets are functioning simultaneously and an agent chooses a trading post
at random from the set of trading posts he desires to visit (which depends on the
g00ds he wishes to demand and supply). In a parallel fashion we assume’that
there does not exist any predetermined sequence of meetings for the marketless
{rading arrangement either. Agents meet each other at random.

Thus, instead of focussing on one specific sequence of meetings (as in the
case of Proposition 3.2), we can now compare the average time involved for
all possible sequences of meetings, i.c. [EThy, with the corresponding ETrp.
However, it can be shown that parallel conclusions to those of Propositions 3.1

and 3.2 hold even for such generalized trading arrangements.



To establish these results we consider exactly the same economy £ and its v
fold enlargement £, (see Section 3.2). As mentioned above, unlike the previous
trading scheme (of Section 3.2) an agent now chooses to visit a trading post at

random. In particular we assume that

Assumption 3.1: An agent chooses each trading post he desires to visit with
equal probability.

Suppose in a trading post, §' buyers and ¥ sellers are present in period t
and ¢ > 6. Then, the probability of a seller mecting a buyer is 5 and a buyer
meeting a seller is unity. As soon as a seller confronts a buyer in a particular
trading post, exchange of respective goods take place. It is assumed to take
one unit of time for an agent to confront a trading partner and trade. If on
the other hand a seller visiting a particular trading post could not meet any
trading partner in period ¢ (this can happen if ¥* > 6*) he wastes one unit of
time.

In the casc of the marketless trading arrangement, an agent meets another
agent at random without any reference to the goods they want to exchange.
It is assumed to take one unit of time to confront any agent and exchange (if
possible).

Since an agent chooses a trading post at random and there is no ad hoc
sequence of meetings in a market, 7rp would be a random variable and lience
we would concentrate mainly on E(Typ). Parallel notation, viz. E(Tasz) would
be used to denote the same for the alternative trading scheme.

Even for these general trading arrangements one can expect conclusions
similar to Proposition 3.1 and 3.2. In fact, and as mentioned above, we do

indeed arrive at parallel results.

Proposition 8.3: For any arbitrary v, consider an economny £, (defined above)
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satisfying (U.1) - (U.3) and (Q). Then 3 an integer N(¢) independent of v s.t
E(Trp(v)) < N(e) Vv

and hence

Prub{TTp(u)) < oo, forany v} =1.

Proof: See Appendix to Chapter 3.

On the other hand, a conclusion as general as Proposition 3.3 does not
hold for the marketless trading arrangement. In fact it is possible to construct
a large number of economies (with z,. € Q (the set of rational numbers),

Vk.Vc) where expected time taken in a marketless trading scheme diverges as

v increases. More precisely,

Proposition 3.4: There exist competitive economies £, satisfying (U.1) -
(U3) and (Q) s.t

E(TarL(v)) 00 as v oo

Proof: See Appendix to Chapter 3.

So far (in Sections 3.2 and 3.3) we have been considering a framework where
the choice of a medium of exchange is exogenously given. We next devote our
attention to a situation where a medium of exchange gets endogenously selected
through the agents’ optimization behaviour. As before our objective is to pose
the problem for a trading post set-up as well as for a marketless trading scheme

to examine the relative advantages of the two arrangements.

3.4 WELFARE COMPARISONS
It has been mentioned in the introductory chapter that the framework de-
scribed in the previous two sections introduces transactions costs in a rather

ad hoc fashion. In particular, the costs of attainability remain implicit insofar
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as an agent is not seen to be carrying out a well defined optimization ex

cise in connection with the actual realization of his Walrasian demand vector.
Therefore, it may be interesting to raise the question of relative cfficicncy of
a trading arrangement for a set-up where transactions cost is incorporated
more cxplicitly. The framework appropriate for the purpose is one similar to
Kiyotaki and Wright (1989).

It consists of three types of infinitely lived agents (type 1, 2 and 3), each
specialized in consumption and production. Every typc consists of an equal
number of agents producing one unit of a specific good. There are three indi-
visible commodities, viz. good 1, 2 and 3. Type k agents derive utility only
from the consumption of good k and are able to produce only good &~ # k (for
notational simplicity we use here the symbols k and k™ to denote commodities
also). Each good can be stored at a cost, but an agent’s capacity to store is
restricted to one unit only. Let by, denote the cost (in terms of instantaneous

disutility) to type k agents of storing good e. It is assumed that
0 < by < bpa < bpa ,Vk

For a type k agent, let Uy denote the instantaneous utility from consumption
of good k, Ly instantaneous disutility of producing £~ and B € (0,1) is the
common discount factor. Thus, a type k agent’s expected discounted life fime

utility is given as
B[S BUIY (DU, — TE (D) Li — I (Dbee})
=0

where 1Y (1) is a random indicator function with

1¥(t) = 1, if a type k agent consumes good k in period ¢
= 0, otherwise

Similarly,
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Il(t) = 1, ilatype k agent produces
good k™ in period t

0, otherwise

and

It.(t) = 1, if a type k agent stores
good ¢ in period ¢
= 0, otherwise
In cach period, agents are randomly matched with each other in pairs and
exchange of goods take place when it is mutually agreeable. It is assumed that
the net utility of consuming plus producing, ux = Uy — Ly is large enough for
agents not to want to drop out of the economy. This may be ensured through

the following sufficient condition introduced by Kiyotaki and Wright (1989).

(3.1) Uy > (bgke — bre)/(1 — B3),VEk € K, for all commodities ¢

If a type k agent can acquire good k in period ¢, he would immediately
consume it and it is assumed that as soon as the agent consumes good &, he
produces one unit of A~.

The economy described so far would be denoted by & for later reference.

Under this basic framework Kiyotaki and Wright established that tlxer’e ex-
ist two types of pure strategy steady state Nash equilibria®. (For the following
discussion, however, we would confine ourselves to model 1 of Kiyotaki and

" A steady-state Nash equilibrium is a set of trading strategies {T}}, one for each type k,
together with a steady state distribution of inventories p (which gives the proportion of type
k agents with good c) that satisfies the following conditions:

(1) each individual k& chooses T} to maximize his expected utility given the best strategies
of others and the distribution p;

(i) given Tk, p is the resulting steady state distribution
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Wright, where 1* = 2,2" = 3 and 3" = 1 i.e. a type 1 agent produces good 2
ctc)

(1) Fundamental equilibrium: where good 1 is the unique medium of ex-
change and type 2 traders who produce good 3 and consume good 1, are the
middlemen (i.e. who go through two-stage indirect trade using good 1 as a
medium of exchange)

(2) Speculative equilibrium: where both goods 1 and 3 arc acting as media
of exchange. Type 1 traders (who consume good 1 and produce good 2) use
good 3 as a medium of exchange and type 2 traders use good 1 as a medium
of exchange.

Further, comparing the individual welfare levels associated with eacl equi-
librium, it can be seen that these two equilibria are Pareto non-comparable.

We now consider the same problem for a trading post set-up, where there
exist 3 markets to deal respectively with good 1 against good 2, good 1 against
good 3 and good 2 against good 3. An agent is assumed to have two relevant
(pure) strategies: either o go for direct barter or to choose indirect trade.

Let UP represent the utility derived by a type k agent when he goes through
direct barter and Ul represent the same when he goes through indirect trade.

The set of strategies which would induce good 1 to be the unique medium
of exchange (as in the case of fundamental strategies) in a trading post s¢t-up
would require type 2 agents to prefer indirect trade to direct barter and type
I and type 3 agents to stick to direct barter only. More precisely, given that
type 1 and type 3 agents opt for direct barter, it should be optimal for type 2
agents to go for indirect trade, which would be ensured if UF < U{ and so on.

It can be shown (see the proof of Proposition 3.5 in the Appendix to Chap-
ter 3) that this strategy profile (to be called fundamental strategies) forms a

set of equilibrium strategies for all parameter values®. Having arrived at this

31t has been shown in the Appendix (see Proposition A.3.1) that (depending on the
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equilibrium our next attempt is to compare the welfare levels of this equilib-
rium with the corresponding fundamental equilibrium for a marketless trading
arrangement.

We observe that since there exist separate markets to deal with every pair
of goods, in the trading post set-up, a type 2 agent who wishes to exchange
good 3 against good 2 through indirect trade would first go to trading post
(1,3) where only type 3 agents are present. Therefore, he has no chance of
(unnecessarily) meeting a type 1 agent. Also, when a type 2 agent acquires
good 1, he can visit the trading post that deals with good 1 against 2. Since
type 3 agents (who prefer to go for direct barter only) would never visit trading
post (1,2), the probability of mccting a complementary trading partner for a
type 2 agent with good 1 (i.e. a type 1 agent) would be higher as compared
to that in the marketless trading arrangement of Kiyotaki and Wright. By the
same logic, trade would be faster for type 1 and type 3 agents. This leads
one to expect that the welfare associated with a trading post set-up is higher
than that for a marketless trading arrangement. We have in fact shown the

following:

Proposition 3.5: For the economy & defined above, welfare of every agent is
higher under the fundamental strategies in a trading post set-up as compared

to that of alternative marketless trading arrangement. ‘

Proof: See Appendix to Chapter 3.
Kiyotaki and Wright, however, have shown that none of the strategies de-
fined above (viz. fundamental and speculative) are Pareto optimal. On the

other hand, a strategy which directs every pair of agents to exchange the goods

parameter values) any good acting uniquely as a medium of exchange can give rise to a
steady state Nash equilibrium. However, the cquilibrium with good 1 acting as a medium of

exchange Pareto dominates the other two equililbria.
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they possess is Pareto superior to both the equilibrium strategies. But left to
themselves, the traders would never opt for this strategy and hence it would
not be implementable.

It can be shown, however, (see the proof of Proposition 3.5 in the Ap-
pendix), that the fundamental strategies mentioned above for a trading post
set-up are Pareto superior to the aforementioned non-implementable strategy.
Also, under the social institution of markets our stratcgics form a set of equilib-
rium strategics and hence are implementable. This strengthens our conclusion

of Proposition 3.5 even further.

3.5 CONCLUSION

This chapter discusses the relative efficiencies of a trading post set-up vis-
a-vis a marketless trading arrangement. The trading post set-up being an
institution for separating out the buyers and sellers of each pair of goods,
complementary trading partners can locate each other faster. Thus, completion
of all desired trades under the social institution of markets is expected to take
less time as compared to the marketless trading arrangement. This chapter

has indeed established this fact formally under different kinds of framework.
APPENDIX TO CHAPTER 3:

Proof of Proposition 3.1: ‘

We will prove this proposition with the help of two lemmas.

Before going to the lemmas we introduce the following notations. Let KZ
and KP represent respectively the sets of suppliers and demanders of good
¢ Let VY denote the value of agent k’s unsatisfied demand for good c¢ in the
beginning of period ¢. V)4 is negative if k has unsatisfied supply. Let g be the

greatest common divisor of the elements of the set
A={x,0:ceCie KP,je K7}
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Lemma 3.1: For all ¢, |Vi&| = g.¢t.. k € K and ¢ € C, where ¢, € IV, the set

of non-negative integers (including zero).

Proof: All the discussions to follow will concern good ¢ only and hence, for
notational simplicity, we will omit the subscript c.

Consider an agent 7 € KPi.e. he is an excess demander of good c. The
casc where the agent is an excess supplier is handled similarly. Clearly, from
the definition of g.
ql € IV.

Xis if 7 cannot meet any
(A3a) Vi = supplier in the first period

— min{0,9; — xi}, if i confronts j(€ K¥)

can occur if

The first alternative in V2
#{K) < #{K"}

Clearly, for both alternatives V2 = gq?,q? € IV; as both Q; and x; are
integer multiples of g.

In general, if i € K

if 7 cannot meet any

supplier in the (& — 1)-th periéd
—min{0, (|V{~!| — Vi*™")}, if i confronts j(€ K¥)in the
time period (£ — 1)
The first alternative in V}' can occur if #{KP'} > #{KS'}, where K
and 'St represent respectively the sets of demanders and suppliers remaining
unsatisfied at the beginning of time period ¢.

Using (A.3a) one can easily check that
Vi =gaf, ¢ €N
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Lemma 3.2: Suppose an economy £ satisfies (U.1) - (U.3) and the condition
(Q). Then

25 Xt
[Tele, < [{Jr,g;}g 7) + {‘n;;,;,g ;)1

Note: As in Lemma 3.1, the subscript ¢ will be omitted in the proof for

notational simplicity.

Proof: Without loss of generality, suppose k = ¢,j meet in the trading post

relevant for good .

From Lemma 3.1 it is clear that if
Vi 0o V- = gglgf e NV
Where, IN* is the set, of positive integers,
G#=0 if Vi=o.

Thus, if V£ > 0, then agent i’s unsatisfied demand diminishes at least by
an amount g when he confronts a supplier.

Therefore, if at every period of time, ¢ confronts a supplier (in the trading
post for good ¢) then the total time taken to satisfy x; is at most = %:/9.

.'\|l upper bOU'ﬂd Of these E,"S iS
t' = max{x: A3b
max{x:/g} (A.3b)

But it may so happen that at some point of time ¢,7 could not meet any
supplier. This is possible if #{K P} > #{K°'}. In such a situation, i has to
remain idle for one period of time. Therefore, in order to find [T¢]. one has to

take account of the waiting time too.



We define a function,

1, if i cannot meet any supplier
Wi(t) = at time period ¢

0, otherwise

Wi(t) = 1 implies that #{KP'} > #{K*} which implies cach j ¢ K%

confronts a demander. Therefore [V]] decreases at least by Since [V] cannot

decrease below zero, it takes at most ¢ = maXjexs %— units of time to go to
zero. (if j confronts a demander in each unit of time). Thercfore, Wi(t) = 1

can hold for less than a total of ¢ units of time. Thus, total waiting time

STW(t) < may (A.3¢)
T JEN
Using (A.3b) and (A.3¢)
[Tl < [{max 7 )+ {max m H
=
Proof of Proposition 3.1: It is clear that,
"
[Tre)e = (T
Pt
From lemma 3.2
(1) < Noe)
= [Trp). < 3 No(e) = N(c),say
c€C
-

Remark A.3.1 If we do not consider an economy consisting of fixed types of
agemts, Proposition 3.1 still holds as long as with the increase in the number

of agents, max;eps 5 and 3iepp X§ and g remain the same.
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Proof of Proposition 3.2:

Consider the competitive cconomy comprising of four types of agents

with an equilibrium price vector p = (1,1,1,1). The excess demand matrix is

shown as:

1 -1 0
-1 1 0
0 1 -1

Where a row and a column stand respectively for the corresponding com-
modity and the agent.
(i) Suppose, in each type there is just one agent and the sequence of meet-

ings is as follows. During the first period. a type | agent meets a type 3 and

and a type 2 meets a type 3. In the third period a type 1 agent meets a type

2and a type 3 meets a type 4. Then

Tarn =3

(i) Suppose, however, that in cach type there are two agents and that the

sequence of meetings is as follows:

(i-a) Initially, each agent meets his identical partner. This takes

20 =1
it of time.
4
(ii-b) then cach type 3 agent incets every type 1 agent. That takes {( )/(1/2)}-
2

1=2 units of time.
(ii-c) next each type 3 agent meets every type 2 agent. That takes {( )/(1/2)}-
2

2 units of time.

(ii-d) finally type 3 agents meet type 4 agents and the cquilibrium is reached.

This takes one unit of time.
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Thus, Tar, = 6 and [Ta1). > 5 for any € > 0.
If the economy replicates v times, then exactly the saine sequence of meet-

ings as that in the case where v = 2, gives

N v 2v
T ={{ _ | /w/2}=2{| | /v}

- '; J(v)2)} +1 = 3v = N'(v),say.

Clearly [TasL). > 30 — 1 for any

¢ > 0. Hence it diverges with v. u

Note: The result is true even when

€N Vie KP and e IV. Vje A7

Proof of Proposition 3.3:
At each period, an agent chooses a trading post at random from the sct
of trading posts he wishes of visit. Let 7} denote the number of trading posts

which k wishes to visit at the beginning of time period t. Let
Bf = {c:|V{|>0,c# M}
then
n. = #DBj

Since

A

s a decrcasing function of ¢, therefore. 7f decreases in time.

According to Assumption 3.1, at period ¢, agent k chooses a trading post
with probability = 1/7%

Let us denote the probability for a particular demander i(€ KP*, the set
of unsatisfied demanders of good c at the beginning of time period t) being

present in trading post (¢, M) at period ¢ by p!.. Hence,

(A.3d)




Similarly, for a supplier j(€ K5*)

t
>
P2 7

(A.3¢)

We denote by 8 and 1! respectively the actual number of demanders and
suppliers present in trading post (c. M), at time period ¢. The following,
relations can hold between §! and !

(i) min (8%, !) = &¢

This implies each buyer would meet a seller with probability 1 and hence
by the same logic as that of Proposition 3.1, unsatisfied demand of each buyer
present would reduce at least by g.

(i) min (8%, ¥!) = !

Ihis implies unsatisfied supply of each seller present would be reduced at
least by g.

(iii) 8¢ = vt

This implies excess unsatisfied supply as well as demand of the respective
agents would be reduced at least by g.
At each period ¢, the expected reduction of #'s (i € KP*) unsatisfied demand

and/or j's(j € KZ*) unsatisfied supply is at least

E(pig) = ie NPt

and ‘

Epfa) 2 % G K
Ilie alternatives depend on (i), (ii) aud (iii) above.
Let at time period £, R be the reduction that occurs to the expression
V= Ve e v
The (¢, M) trading post would be completely cleared (i.e. V£ = 0) after atmost
7 periods if
ij RE< max

=1

= lzcel + |zhel



where

Vie KPi#te KP

and

[2he 2 |25l V) € K2.j # h € KZ
We have,
E(C R = EECS RY7)
= =
EE(R + ...+ R")

E{ER'+ ER* + ...+ ER"}

- 9
> EB——T
> ()

BTy < =

which is independent of v.
A similar exercise can be performed for other trading posts. Adding over
all ¢ we get,
E(Trp(r)) < N(e). independent of v,
Coming now to the sccond part of Proposition 3.3, consider the sequence

of random variables T7p(v). We have shown that

E(Trp(v)) < 1

Prob {Typ(v) < oo for any v} = 1. -

Proof of Proposition 3.4:
Consider an economy with 2 types of agents, viz. type 1 and type 2 and

w0 goods, to be called ¢ and M. The total number of type 1 agents is equal
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10 the total number of typc 2 agents. Each type 1 agent has one unit of good
¢ and demands in return 1 unit of good M. A type 2 trader on the other hand
Jias one unit, of good Al and demands in retuin 1 unit of good ¢.

It is clear that when a type 1 agent meets a type 2 agent, they can trade

and attain their des

ed commodity bundles. Suppose cach type consists of .X
sumber of agents. Then, the probability that an arbitrary type 1 agent, say &,

meets a complementary trading partner

c. atype 2 agent) in the first period
is
X

=2 = i X >
L G Xz

Ihe denominator of this probability (i.e. X + X —1) refers to the total number
of agents excluding & and the numerator (i.c. X) represents the number of

2 trading partners.

of not meeting any type 2

IT—-pr=1-:

Let XV denote the number of type 1 agents (or, equivalently type 2 agents)

remaining unsatisfied at the beginning of time period 2.

SXP =X

Clearly, XY,t > 1, is a random variable and hence we would be concerned
here with EXF. Since the probability of remaining unsatisfied during the fivst

pesiod is (1 — 5

) and there are a total of X type 1 traders in the cconomy
X
2X —1

. Sl
= X.(1 - )z X

XY =2

otherwise



Then we can write
E(XY) = E(XY ey, + XY Leysa)

= E(X;/I,\’gf—:l) + E(Xglxglzz)

Let us now calculate

X
B(XY Iggsy) = SoAPr{XY =7}
=

X X -
> (1 =pi)pi
=

~

X1 ‘\’ —1 X
= X(1—p1) (1 =p) oy
Bare ) V|

= X(1-pi—pi 7

ol AU ! 3 P
E(XY Ixg>2) 2 (3)°X (A3f)
Let us consider period ¢ = 3. Suppose at the beginning of the third period,

XY is the number of unsatisfied agents. The probability that a type 1 agent

gets satisficd during period 2 is

P2 =

..l—p'z=l~2-‘2

At the beginning of period ¢ = 2, X¥ agents have remained unsatisfied and

they have a probability (1—p;) of remaining unsatisfied during the third period

EXY) = EE(X{IXY)

U X;’
= EXY( - 55r—)
f
= EX{0 - ) xy=i)




+EXY(1 -~ W)Ix v»2)

U hed
= 0+ BIXY( = 5t ) gl
1vu
> j,);[-YzL 1,\',”>z]
1,1,
> —(2)PX = ing(A.:
z 3.3 33 X (using(A3[))

As before in an exactly parallel manner let us calculate

E[X{ Iy
= BE[X{ Ixys.lXY]
XY
= B3 Pr{Xy =1
A=2
EXY(1 = pa)(1 —p37 1)

N Xy XV_
= EXY( - 5 -7 )
“-r2

[Ixy—1 + Ixyss)

; Xy v
= 0+ BIY( - 5t - p D)
|
> gb[-\y(l—m)’.\';’n]
1.,
> (g)zﬁ(—\'é’lxgzz)>( )( )2\' ;

3
= (X5 Txpsa) > (

1
X (A.39)
Using (A.3¢), we get as before
U 1 .
BXY) 2 LB I
1 1 1
> - (2)N =X
2 3 GrX =X
In general,
1
BXY) = .

320-2+1 | 323
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If we replicate the economy v times

E(X{(v) 2

X
\ g2sY

Let us define T, as

T, = min{(|

X
3203 <2}

Then,

ETyv(v) =T,

Now given any ¢, we can find a v s.t.

. as v — oo, T, — oo, and hence ETA,L(‘/) — oo.

Remark A.3.1 Fr

example it is clear that the r helds even when we
consider a similar economy with 4 types of agents (each type having X agents)
and 4 commodities. A type 3 agent demands one unit of good 3 against one
unit of good 4. A type 4 agent demands one unit of good 4 against one unit
of good 3 and so on. Each type (type 3 and 4) has one unit of good M so that
condition (@) is satisfied. Thus, a type 3 agent can trade only when he meets
atype 4 agent and vice-versa.

In a parallel fashion we can consider 6 types of agents with 6 goods in the
cconomy and so on. Thereby, one can construct a large member of competitive

cconomies where Proposition 3.4 holds
Proof of Proposition 3.5:

Step 1:
We first show that a set of steady state Nash equilibrium strategies is con-

stituted by type 1 and type 3 agents opting for direct barter and type 2 agents

6



going for indirect trade. Thus, we need to establish that given the strategies
of type 1 and type 3 agents, it is optimal for type 2 agents to go for indirect
trade and so on.

(i) We begin with a type 1 agent’s expected utility in opting for direct
barter. As soon as a type | agent produces good 2 he pays the storage cost
biy. Next period he can meet a type 2 agent (with good 1) with probability,
say py,, where ph, is the proportion of types 2 agents present at trading post
(1.2). If he could succeed in meeting a type 2 trader, there is perfect mutual
coincidence of wants. Thus, through consumption of good 1 and production of
sood 2, he derives net utility u and there after he has the option of going for
direct barter or indirect trade whichever is more profitable.

On the other hand, with probability(1 — pj;) he does not meet a comple-

mentary trading partner aid rema!

Thus, we get
OF = —byy + Blpo (w1 + max(UF,T))) (A.3h)
+(1 = phy) max(UP, U7))
Let us now concentrate on U/{. If a type 1 agent goes for indirect trade, he
first visits trading post (2,3) to sell good 2. Given the strategies of type 2 and

type 3 agents, a type 1 agent going to trading post (2,3) would not be able to

meet any complementary trading partner. Hence,
Ul = - (A.37)

ie. the life time storage cost of good 2.
To compare UP and U :

From (A.3h)

UP > —bia + B{pha(wn + OF) + (1 = pip) U7}
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= (1=B)0F 2 —bix + Bpraw
- bia B

= U2 -5t _"Eplmul

Comparing (A.3j) with (A.3i) we get

U >0, if pjy>0

It would be shown in the sequel that

Py > 0.

(ii) We concentrate next on type 3 agents. As in the case of a type 1 agent,
we can compute UF as

OB = —byy + Blphs{us + max(UZ, U1)}

(A3%)

where, phs is the proportion of type 2 agents in the (1,3) trading post.

We next find expected utility for a type 3 agent opting for indircct trade.
A type 3 agent who produces good 1 would first visit the (1,2) trading post in
order to sell good 1. Let p4; be the probability of a type 3 agent meeting a type
| agent in the (1,2) trading post. Thus, with probability pj, he can attain the
indirect utility of acquiring a medium of exchange. (i.e. good 2). We denote

this indirect utility by Ul,. :

Ud = —bay + Blply Uk + (1 — ply) max(04, UF)] (A30)

We concentrate now on U},. As soon as a type 3 agent acquires good 2, the
storage cost for holding good 2 has to be incurred. Next period, good 2 would
be taken to the (2,3) trading post to be exchanged against good 3. However,
given the strategies of type 1 agents as well as of type 2 agents, it is not possible
to meet any complementary trading partner in the (2,3) trading post. Thus,

he incurs the storage cost indefinitely.
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L UL = i f,@ (A3m)
To compare U} and Uf:
From (A.3k)
UF > —bsy + Blpha{us + U7} + (1 = pis) U]
= (1 = 3)UF = —ba + Bpus (A.3n)
From (A.30) and (A.3m)
U = —ba+ 3lps(—be2){1 +
(1 = phy) max( T3, O]
= 0} = BQ — phy) max(T3, U5)
1
= —bay + Slph (—ba2) ] 3]
= {1 =801 - psy)}US — BQ1 = phy)lmax(T3, UF) — Us)
= —by — 1 Jpél bz (,’4,30)

If max(U4,UF) = U} then comparing (A.3n) and (A.30)
{1 =301 = ph ) UL < (1 = BYUP
] < UP, a contradiction.

(iii) Finally, we consider a type 2 agent.
If he goes through direct barter, it is not possible to mect any complemen-

tary trading partner in the (2,3) trading post. Therefore,



b23
15 (A-3p)

If he opts for indirect trade he has to first visit trading post (1,3) to sell

0 =

good 3 and acquire the medium of cxchange (i.e. good 1). Given the strategies
of type 3 agents, they would be present in the (1,3) trading post and hence
the probability of meeting a complementary trading partner is unity for a type
2 agent visiting the (1,3) trading post. Once a type 2 agent acquires good
I, he next visits the (1,2) trading post in order to dispose of the medium of
exchange. 1lere again, for similar reasons, he meets a complementary trading

partner with probability one. Thus,

U = —bag + Bl—bar + Bluz + max(TF, U1))) (A39)

To compare /P and

71,
i

(A3q) = Ub 2 (=bss — Bbn) + Bus + 5°U3

= (1=p808 = —(1+ )by + 5uz

1
1-3 ;2

Hence, the initial strategy profilc indeed constitutes a set of equilibrium

strategies.
Steady State values of ph, and pha:
From the above discussion (i.e. (iii) above), it is clear that the proportion

of type 2 agents with good 1 is a particular period equals proportion of type 2
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agents with good 3 in the next period

Py = Pha =

o=

Step 2:

We now intend to compare the welfare derived by a type 7 agent in a
trading post set-up with his welfare in the marketless trading arrangement of
Kiyotaki and Wright (under fundamental strategies). It has been shown for
the framework of Kiyotaki and Wright (1989, pp.948) that the welfare derived
by a type ¢ agent is

WE = (1= 8)Y psVis (A.3r)
i
where,
pi; is the proportion of type ¢ ageni with good j,
V;; is the indircct utility for a type i agent of acquiring good j.

In particular, it has been derived that

(A3s) Wy = 28— by W = 52 — (bn + ba)

WEFy =22 — by

Using (A.3r), for a trading post set-up we get corresponding welfare levels

WF = (1=3)0F = —biz + Blurpar)
w3
= bt
- 1
WFy = —bs+ 56us

Using (A.3s)

WE <WF, and WF < WF;



We next consider the type 2 agents. At any point of time half of them are
present, in trading post (1,3) and half of them are in trading post (1,2).
Let A;; and Agz denote respectively the indirect utility (for a type 2 agent)
of visiting the (1,2) and (1,3) trading posts. Then
Apy = —bxu+ 32y

Agp = —ba + Buz + Aga)
- the steady state utility is
1 1 1 )
5zt 5An = 5[*523 + 3Aa]
1
+ Sl=ba + Bluz + Au))

_ Bug byg -+ by
2

From (A.3s)

Step 3:

We finally consider the welfare associated with the non-equlibrium strategy
(see Kiyotaki and Wright (1989, pp.948) of “always trading regardless of the
match”, as it Pareto dominates the equilibrium strategies (in a marketless set-
up).

Type 1 agent’s welfare

e Bur 1
WED = 555 — 2(bis — i) = bz
For the type 2 agent,
Bua  baz + by
wry =22 ._;_71; - b
2 3 2 ( 23 ’21)
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Tor the type 3 agent

1
WEy = %“—3 = 3(ba2 = ba) = bn

Comparing these values with WF;,WF; and WF; of the trading post

set-up we get

WF; < WF, WF; < WF,, WF; <WT3

Remark A.3.2 It can be shown in a similar manner that either good 2 or good
3, acting uniquely as a medium of exchange, would also give rise to steady state
Nash equilibria for certain parameter values.

To see this we first consider the situation where good 2 is uniquely chosen as
amedium of exchange. This is possible if in equilibrium the type 3 agents opt
for indirect trade and the type 1 and 2 agents go for direct barter. Our purpose
is to examine whether these form steady state Nash equilibrium strategies.

(i) We begin with a type 1 agent’s expected utility in opting for direct
barter. As soon as a type | agent produces good 2 he pays the storage cost
by Next period he can meet a type 3 agent (coming to the (1,2) trading post
10 sell good 1) and acquire the medium of exchange. Let Py be the proportion
of type 3 agents in the (1,2) trading post. Thus, with probability pj,. a type 1
agent can meet a type 3 agent in trading post (1,2).

Therefore, proceeding exactly as in the case where good 1 was the medium

of exchange, we get
UF = —ba+ 3G + max(UE,01))
+(1 = piy) max(UP, 0))]
Let us now concentrate on U{. It can be easily checked that
U1 = ~bya + Blally + (1 = pha) max(T}, UP)] (430)
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where, pf, is the probability of meeting a complementary trading partner (for
a type | agent) in the (2,3) trading post and Uj; is the indirect utility of
acquiring good 3 by a type 1 agent.

To compare Uf and U

/
. 3
(A30) = U] = —bi+ Blpa(—bis){1 + 1—’_7}
+(1 — phy) max(U{, UF)]
< =bz + (1= pig) max(U{,UF)
= Ul <UP
Otherwise we would get a contradiction

(i) We now consider a type 2 agent. Let pf, be the proportion of type 3

agent in trading post (1,2). Then, as before,

UP = —bys + Alpha{us +max(UP,U)}
+ (1= phy) max(U7, U])]
>

= (1-3)0F —bas + Bplpus (A.3u)

and

Ul = - = (1 = B)U] = ~bss

Using (A.3u) we get
739
(ii1) Finally, we consider a type 3 agent. Clearly,

-5 -
U9 = ——




If a type 3 agent opts for indirect trade he has to first visit (1,2) trading
post and then the (2,3) trading post. Given the strategies of type 1 and type 2
agents, he would meet a complementary trading partner in both these trading

posts with probability 1.

LU = by + Bl=bs + Bus + max(UF, U3))]
= (1= )08 > —by — Bbs + 5us

,' b: 3
= 0! > - jljz 1o 32[*5132 + Bua)

3
}izb“ + 1— 32

[(bar = baz) + Bus]

[=bas + Pus]
3

3

L UP <O it
(bsy = bs2) + Busz > 0, where by — by <0
Condition (3.3) of Kiyotaki and Wright (1989) implies that
up, > %w € K,V e

- for a type 3 agent (taking ¢ = 2) we have,

uz >

= (1 — Fus >
- if 3 > 1 —3 wehave
Buz > by — ba

=0P < U]

B1—3or 3> 1/2 gives a sufficient condition under which there will
be a stcady state Nash equilibrium with good 2 acting as a unique medium of

exchange. As in the case of the previous equilibrium ply, = ply = 1/2.
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Let us now consider the welfare derived by a type i agent for a steady state

Nash equilibrium with good 2 acting as a unique medium of exchange.

WE = b+

> B bas + b 3
WF, = —bu+“§<——32—"+‘%
R —(b: 2 5
WT, ( 31:— b32) + wl by + #

Thus, comparing with the earlier equilibrium where good 1 is the unique
medium of exchange, we see that welfare values are lower for type 2 and type
3 agents and the same for type 1, when good 2 is the medium of exchange.
Thus, the former equilibrium Pareto dominates the latter.

Proceeding in a exactly parallel fashion, it can be shown that good 3 acting
as a unique medium of exchangs can be established as a steady state Nash
equilibrium (for 3 > 1/2). However, the equilibrium where good 1 is acting as

a medium of exchange is Pareto superior. Thus, we have

Proposition A.3.1. For the cconomy & (described above), there exists, a
stcady state Nash equilibrium with good 1 acting as the unique medium of
exchange under all paramecter values. On the other hand, under the condition
3>1— B, there can exist steady state Nash equilibria with good 2 or good 3
acting as the unique medium of exchange. However, the equilibrium with good

| acting as a unique medium of exchange dominates the other two equilibria.



List of Symbols Used in Chapter 3:
(1) Trp : total time taken to attain equilibrium under trading post set-up.

(2) Thrr, ¢ total time taken to attain equilibrium under marketless trading

arrangement.
(3) K : total number of agents as well as the set of all agents.
(4) & : index for an agent.

(5) t/ : time taken by agent j to exchange information as well as goods with

agent 7.
(6) 7  total time taken by agent j in one round.
(7) ¢ : index for commodity
(8) C : set of commodities except M.
(9) M : commodity acting as a medium of exchange
(10) 72 : total number of commodities

(11) (e1,¢2) ¢ trading post or, equivalently market where good ¢ is traded

against .
(12) T* : time taken to trade by agent k in trading post (¢, M)

(13) £ : an economy with different “types” of agents where the agents be-

longing to one specific type have identical characteristics.
(14) 12, : v fold replication of /£ defined in (13)
(15) K3 : the set of suppliers of good ¢
(16) KP : the set of demanders of good ¢

87



(17) zpe : agent k’s excess demand for or excess supply of good ¢
(18) x¢ : rational number from the interval
[2ic — €, 2ic + €], > 0,i € KP
(19) 5 : rational number from the interval
[z7e — &,2zjc + €l e > 0,5 € KT
(20) [Z3. : time taken to attain \&'s and 25's Vi € KP and Vj ¢ KS

(21) [Trrp). : time taken to the arrive at the ¢ neighbourhood of a competitive

allocation under trading post sct-up

(22) [Tarple : sane as (21) when trading post set-up is replaced by marketless
trading arrangement.

(23) Trp(v) : same as (21) when the cconomy replicates v times
(24) Tagr(v) : same as (22) when the economy replicates v times.

< . R .
(25) @, Q%, 7V : the sets of rational numbers, irrational numbers and positive

integers respectively.
(26) ¢ : index for time period

(27) &, ¥ : number of buyers and sellers present at a particular trading post

in period ¢.
(28) by : cost incurred by agent k for storing good ¢ for 1 period.

(29) Uy : utility derived by a type k agent in Kiyotaki and Wright kind of

framework.

(30) Ty : optimal strategy of a type k agent
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(31) p : steady state inventory distribution
(32) Ly : agent k’s disutility from production
(33) A : discount factor

(34) uk : net utility, i.e. Ux — L

35) U, U] : respective utility derived by a type k agent when he goes through
s Uk I g g g

direct barter and indirect trade in a trading post set-up.

(36) g : greatest common divisor of the elements of the set A = {\,C,QJC,C S

C,ie KP.je 7).

(37) KPt, K5 : tle sets of unsatisfied demanders and suppliers (resp.) of

good c at the beginning of period (.
(38) Wi(t) : function measuring waiting time.

(39) L : number of trading posts that trader k wishes to visit at the beginning

of period .

(10) pL. : probability that an agent k € KP* (or k € KZ°) is present in trading
post (¢, M) at period (.

41) V¢ @ agent k’s unsatisfied demand for good ¢ in the beginning of time
ke & g 2 g

period ¢ (in value terms)
(42) Vi : cquals max;enzr Vit + maxjens Vi
(13) R, : reduction that occurs to Vi in period .

(44) pf, :proportion of type 2 agent present in (1,2) trading post.
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(45) WF;,,WF; : welfare derived by a type ¢ agent following fundamental
stratcgies in marketless trading arrangement and trading post set-up re-

spectively.

(16) W F; : welfare derived by a type 7 agent under a set of non-implementable

strategies given in Kiyotaki and Wright (1989)

(47) Ayy sindirect utility derived by a type 2 agent trading in the (1,2) trading

post.
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CHAPTER 4

CHOICE OF INDIRECT TRADE IN A
TRADING POST SET-UP

ABSTRACT

This chapter provides a simplified treatment of the problem of an endoge-
nous choice of a medium of exchange in a trading post set-up for a more
general endowment demand pattern than that of Jones (1975) and Kiyotak:
and Wright (1989). However, the main emphasis of the chapter lies in ex-
amining how an optimal mixture of direct barter and indirect trade may be

determined for such an economy.

4.1. INTRODUCTION

The discussion of Chapter 3 establishes the fact that the social institution
of markets gives rise to a morc cfficient trading arrangement as compared to
the marketless set-up. In this connection we have assumed so far (in Chapters
2 and 3, except in Section 3.4) that there exist only those trading posts
which deal with the exchange of commodities against a given money good.
However, a question that remains unanswered here is how an appropriate
medium of exchange gets endogenously selected by the system. This question
cannot be ignored since trading occurs in a decentralized fashion. The present
chapter is partly concerned with this problem. It then procecds to look into
another related and no less important question, viz. having once chosen
the medium of exchange, how do agents apportion their time between direct
barter and indirect trade. Indeed, as is evident from the work of Oh (1989),
the coexistence of the two forms of trade cannot be ruled out on logical
grounds.

These two questions have been answered either singly (by Jones (1975)) °F
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jointly (by Oh (1989), Kiyotaki and Wright (1989) and others) in the literature
for a marketless trading arrangement. It is well-known how these authors
have shown the emergence of some particular good (or particular goods) as a
medium (the media) of exchange through decentralized trades. As opposed to
these exercises, we try to pose the problem for a trading post set-up!. This is
particularly relevant due to the fact that as soon as one introduces trading posts
dealing with all the different pairs of goods in Jones’ or in Oh’s economy (which
is characterized by a complete mutual coincidence of wants), the problem of
decentralized trading as well as the need for a medium of exchange vanishes
immediately. This indicates that monetized trade will co-exist with trading
posts only if the assumption of a “perfect mutual coincidence of wants” is
removed.

The removai of this assumption is also necessary in the interest of reality,
since perfect mutual coincidence of wants is rarely observed. In what follows
however, the assumption will only be partially relaxed, for it is equally rare to
find the polar opposite of an economy characterized by a complete absence of
want coincidence (for example, as in Kiyotaki and Wright (1989)).

Accordingly, we consider a three-good economy (in Walrasian equiibrium)
with 3 trading posts to deal with the different pairs of goods, where for every
pair of goods (¢1,¢2) there exist demanders for as well as suppliers of one good
against the other, even though the number of demanders may not exactly
match the number of suppliers.

Thus there are two distinctive features of the model under consideration:
the existence of trading posts and imperfect mulual coincidence of wants. For
a system of this nature we consider first the question of an endogenous choice

of a medium of exchange?. It can be shown, however, that if we approach the

'In this context one can mention the work of Iwai(1988).
?It should be recalled here that the problem of choice of a medinm of exchange for an
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problem in the spirit of Kiyotaki and Wright (1989) (Section 3.4), then there
will be three potential pure strategy Nash equilibria, each onc associated with
a different good acting as a medium of exchange. But these equilibria would
be welfarewise non-comparable with the result that the medium of exchange
becomes indeterminate.

On the other hand, a more definite conclusion is possible via the approach
of Jones and Oh. This linc of argument compares the waiting times for direct
barter and indirect trade and asks if such comparisons allow any inferences
o be made regarding the choice of a medium of exchange. Procceding along
these lines, we provide a sufficient condition on the waiting times involved in
direct barter (for the different markets) under which a particular good may be

chosen uniquely as a medium of exchange.

It is worth noting at the outset however, that this condition, being rat!

strong, is open to criticisms. Our response to such criticisms would be that
the choice of a particular medium of cxchange is not the major thrust of this
chapter. Indeed the emphasis of the chapter is more on the associated problem
of finding the optimal mix of direct barter and indirect trade that agents employ
in a trading post economy. Under the marketless trading arrangements (of Oh
(1989) or for that matter Kiyotaki and Wright (1989)), an agent wishing to have
amix of direct barter and indirect trade confronts another agent at random to

explore the trading opportunities prevailing between them. Naturally, if they

find their wants to be mutually coinciding, direct barter takes place. Otherwisc,
on the basis of transaction costs considerations, they decide whether or not to
go for indirect trade. Therefore, the decision regarding when to go for direct

bart

is an obvious one. On the other hand, in the presence of separate

trading posts dealing with different pairs of goods, there emerges a new problem

economy with complete absence of mutual coincidence of wants is alrcady discussed (in the

Appendix to Chapter 3) under a trading post set-up

93



relating to the choice of the timings of one’s visit to trading posts for direct
barter vis-a-vis those relevant for indirect trade.

This turns out to be a problem by its own right in our set-up, since the
existence of trading posts requires agents to decide on the appropriate proba-
bilities with which the ones relevant for direct barter must be visited vis-a-vis
the ones relevant for indirect trade (given of course a chosen medium of ex-
change). It is worth mentioning here that so far this problem has not received
much attention in the literature.

This chapter is organized as follows. The next section describes the ba-
sic framework under consideration. Section 4.3 discusses the problem of the
choice of indirect trade. In the penultimate section we proceed to develop a
decentralized method for choosing an optimal mix of direct barter and indirect
trade. However, the above exercise has its own shortcomings and a concluding
section outlines a few of them. Details of the proofs of the result presented in

this chapter are worked out in the Appendix.
4.2 THE FRAMEWORK

We consider a simple economy consisting of finitely many infinitely lived

agents (index by k) and three indivisible commodities, ¢ = 1,2,3. As in Ki

otaki and Wright (1989), each individual is initially endowed with a particular
good and derives utility only from the consumption of another specific good.
An agent has only one unit of a good at a time against which he can attain
exactly one unit of another good. The initial endowment of agent & would be
denoted by wy and his final demand by z,. For the sake of brevity, though at
the cost of a misuse of terminology, the expression “demand for” and “supply
of” a commodity will also be interpreted all through this chapter to include
the acquisition as well as disposal of the medium of exchange. In other words,

demand for a good will not always refer to demand for one’s final consumption
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goods. Similarly for the case of supply.

The problem before the agents is to acquire the respective z,’s through a
decentralized process of trade. It is assumed that as soon as an agent obtains a
good that he finally demands, he consumes it immediately and gets reendowed
with his initial endowment?®.

For the 3-good economy under review, there exist three trading posts to
deal with the different pairs of goods, viz. (1,2) to exchange good 1 against
good 2, (2,3) for trading good 2 against good 3 and (1,3) to deal with good
3 against good 1. Therefore, an agent desiring to exchange wy. against x; has
two choices. First, to exchange the respective goods directly; and secondly to
exchange wy against some other good (say, ¢) and then acquire z; through
transactions in the (¢, z) trading post.

Time is divided into discrete intervals of equal length called periods. Agents
desiring to exchange a particular pair of goods, say (c1,c2), go to the relevant
trading post (where a buyer of ¢, can recognize a seller of the same good).
Each individual then tries to meet a complementary trading partner. The

term “complementary trading partner”

of agent k, refers to another agent with
whom k can carry out (at least) one desired transaction. It is assumed that
it takes one period of time to complete a transaction with a complementary
trading partner.

Suppose D.,., denotes the set of demanders of the (ci,c2) trading post.
This term refers to the agents who demand (in the sense defined above) e (i.c.
the first component of (¢;,¢;)) against ¢;. Similarly, let S, ., denote the set
of suppliers of good e; against c;. By the term indigenous demanders of the
(c1,¢) trading post, we will refer to those agents who are initially endowed

with good ¢ and demand good ¢; for final consumption. Similarly, by the

“Following Kiyotaki and Wright (1989) one can introduce production into the picture. It

would not change the basic conclusions of the present model.
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term indigenous suppliers of the (c1, ¢;) trading post we will refer to the agents
who are final demanders of good ¢, against their initial endowment of good
¢. We use the notations D, and IS.,., to refer respectively to the sets
of indigenous demanders and suppliers at the (c1,¢2) trading post. Clearly,
[Deyey € Deyey and IS, © Seyeye Let Loy, = IS0, U T Deycy

If #De,c, > #Seycs, then the demanders (suppliers) are said to be on the
long side (short side) of the market. Let L, and (e, denote respectively
the set of indigenous traders belonging to the long side and short side of the
{c1,¢2) trading post. Clearly, an agent of the set L., may not be able to meet
« complementary trading partner in some period, in which case he wastes one
unit of time. A rational agent, say k, always desires to reduce the waiting time
associated with the transformation of wy into @4. It is on the basis of this time

cost that an agent decides whether or not to opt for i

ie and which
good to usc as an intermediate commodity. The latter problem is indeed simple
in a three good economy. If an agent k € /D2 opts for indirect trade, he will
necessarily have to use good 3 as the medium of exchange and so on. The
problem therefore is to examine when an agent will in fact find it profitable to
g0 for indirect trade. In order to focus on this issue, one has to know about the
dtate of the excess demand (or, supply) prevailing in the trading posts. Since
each agent demands (supplies) onc unit of a good, the number of demanders
(suppliers) also represents the level of demand (supply) in that market.

Let us denote #71D.., by 6.0, and #1S5,c by .

ey In a three good

cconomy depending ou the relationship between é,., and ¥, one can arrive
at two different situations. Without loss of generality, consider in particular
the (1,2) trading post and assume that 612 > ¥y, i.e. the number of indigenous
demanders of good 1 against good 2 is larger than the number of indigenous
suppliers of good 1 for good 2.

In a competitive economy there has to be a matching (indigenous) excess
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supply of good 1 in the (1,3) trading post. This means that ¥3 =~ fia.

This in turn ensures an excess supply of good 3 in the (2,3) trading post.
Thus, 23 > 3.

Also, in a competitive equilibrium, the excess demand for good 1 in the
(1,2) trading post should exactly match the excess supply of good 1 in the
(1,3) trading post. Since each agent demands (and supplies) only one unit of

a good, we arrive at the following condition:
Ziy = |61z — V12| = Zus = |613 — Yal
For exactly similar reasons,
Zig = |613 — Vi3] = Zas = |62 — ¥as]-
Thus given the relation 82 > 412 and the level of Zya(= [612 —¥12|), excess

demands and supplies of the remaining two trading posts are determined.

Alternatively, if we have &1 < %12 then a parallel reasoning ensures that
813 > Y13 and 3 < Va3

Thus, for a thrc 2-good economy, we have either one of the following two

kinds of situations.
Model I: Characterized by 612 > ¥)2

Model IT: Characterized by é12 < 2.

Here we are mainly concerned with model I. One can deal with model II
in a similar fashion.

In our 3-good economy let us call the indigenous demanders of good 1
against good 2 type 1 agents and the suppliers of good 1 against good 2 type
2 agents. Similarly the demanders of good 1 against good 3 are called type
§ agents and those of good 3 against good 1 are known as type 4 agents.
Demanders of the (2,3) trading post are alternatively called type 5 agents
and the suppliers are known as type 6 agents.

1t should be noted that an agent belonging to the long side of a market

may not meet a complementary trading partner every period. This implies
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that - 1e wai ng  me involve i fere s a random variable. Keepit ; this in

mind, we assume that

Assminption 4.1: The agents choose indirect trade or direct barter ac-
cording tc the average (or expected) waiting time involved with these two
operatior

We also assume that

Assumption 4.2: Traders of the same type behave similarly in the sense
that the opt for direct and indirect trade with the same probability.
The background motivation for the exercise may be understood by means

of the following scenario. Agents are supposed to huve been going through
direct barter for a loug time (say, upto period t;) and have a fairly clear idea
about the expected waiting time involved in direct barter. As of period t,
let T8, (17,.,) and 75_ (7! ) represent respectively the waiting times involved
in direct barter (indircct trade) for agents belonging to the long a d short

sides of trading pos: (i, c2).

Assumption 4.3: Each agent knows the common expected waiti

g “ime in
the trading post relevant for his direct barter.

Clearly, the waiting time involved it a trading post is derived from he
irequency of meeting complementary trading partners in that market.  he
latter depends on the chance or probability of meeting a complementary
trading partner in the trading pos.. Let ¢f, denote the probability of meeting
a complementary trading partner in trading post (1,2) for an agent k €
Ly N T

If however k belongs to the short side i.e. A € £12, then the probability
of meeting a complementary trading partner is always unity. Similarly for
other trading posts.

Regarding the probabilities g¥ etc.,we assume without loss of generality
that

Assumption 4.4: ¢8;, < ¢} < ¢f,

This completes the background scenario for the exercise. In the next

section



we take up the problem of the choice of a medinm of exchange together with

an appropriate mix of direct barter and indirect trade.

4.3 CHOICE OF INDIRECT TRADE

Given the basic physical environment, this section is mainly going to address
two issues presented in two separate subsections. The first subsection begins
with an inquiry into the conditions which would make indirect trade profitable
for an agent. It is be revealed in this subsection that an agent desiring to go
for indirect trade will in fact opt for a mix of direct barter and indirect trade.
Consequently we study here, the problem of choosing an optimal mix of the
two under a trading post set-up.

On the basis of the discussion of Subsection 4.3.1, conditions under which a
medium of exchange is uniquely chosen by the agents are derived in Subsection

1.3.2.

4.3.1 Transition from Direct Barter to Indirect Trade
In an economy with trading posts, each indigenous trader (k) of the (¢, ¢2)
trading post (i.e. k € Tu,.,) either belongs to Le,o, or €., For an indigenous

trader k € €., we have,

Lemma 4.1: An agent k& € I, N {,,., does not have any incentive to go for

indirect. trade at the end of period fo.

Proof: We recall that as of to, 7/

B
Lo, and 75,

, represent the levels of waiting time
involved in indirect trade and direct barter respectively, for an agent belonging
to the short side of the market. It will also be remembered that upto period

{p the agents are engaged in direct barter only.

CE(rL) =2

cre2
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whereas as of to

E(r8,)=1< ET,

Terea
Thus, direct barter is more profitable. Given Assumption 4.3, any agent

k€ I.ye, N e, will not go for indirect trade. L]
Lemma 4.2: If in an economy
Serer = ere, Ve, ¢2)
then no indirect trade would prevail.
Proof:Clear from Lemma 4.1

Remark 4.1: Lemma 4.2 shows why a trading post set-up removes the need

for a medium of exchange in Jones” and Oh’s models.

We next consider an agent k& € .., N L,,.,. Clearly, his decision to opt
for indirect trade depends on the expected waiting time involved in the direct
barter itself. For an indigenous trader (WLOG a demander say) belonging to
the long sidc of trading post (e, cz), the initial probability (i.c. as of o) of

meeting a complementary trading partner is

B Pe
W= g (<)
The following lemma gives the corresponding crpected waiting time ETS .
Lemma 4.3: ET";rz = = fam,
B, T Vaa

Proof: Given in the Appendix.
On the other hand, for any arbitrary agent, the expected waiting time
involved in indirect trade is at least two units.

Suppose for our 3-good economy any of the following three situations hold.

(ase I: ETE <
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ETE <2
ETE <2
Then no agent will have any incentive to opt for indirect trade.
Case II: ETE <2
ETE <2
ETE > 2

Then any agent k € Zp3 N Ly will have the incentive to explore possibilities

of indirect trade involving good 1 as a medium of exchange

ETE > 2

In this situation, any agent & € Zy3 N Loz or k' € Ty3 N L3 will have the
incentive to explore possibilitics of indirect trade involving (respectively) goods

1 and 2 as media of exchange.

Note: Under Assumption 4.4 one cannot have ET > 2 and TH <2 ete.
The following discussion concentrates mainly on Case II. We recall that in

the (2,3) trading post. demanders (of good 2) are in the long side of the market

(ie. 623 > 9ha3). Thus an agent k € ID3 intends to explore the possibilities of

indirect trade.

The process of transition :
Suppose only the demanders of the (2,3) trading post decide to opt for

indirect trade and all others continue to carry on direct barter. It is important
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to ask then how many demanders would decide to get involved in indirect trade.
This question is particularly relevant because any transition from direct barter
to indirect trade would result in a change in the related waiting time.

In particular, if only one demander of the (2,3) trading post opts for indirect
trade, he would indeed find indirect trade to take exactly two units of time.
This is due to the fact that there is excess demand for good 3 in trading post
(1,3) and ex

supply of good 2 in the (1,2) trading post. Since direct barter
takes more than two units of time it is always profitable for at least one agent
to opt for indirect trade. Thus, if 8% and &}, denote respectively the number
of indigenous demanders (of good 2) of the (2,3) trading post opting for direct
barter and indirect trade, we have 81, > 1. On the other hand, it is clearly not
optimal to have, 6% < 143, where v33 is the number of indigenous suppliers

&t the (2,3) trading post. For, in that

sanders opting for direct
barter would move to the short side of the market and profit more as compared
to those who have gone for indirect trade (Lemma 4.1). Consequently, some
agents opting for indircct trade would shift back to direct barter and so on.
Thus, the only meaningful equilibrium would be one where (at least eventually)
direct and indirect trade become equally profitable. In notation, let 75" and
TJ# denote respectively the waiting time involved in direct barter and indircct

trade in period t. Then for some A’ > 0

ETE ~ ETl: VYh>h' (4.1)

The question that naturally emerges now is how would the agents initiate
a process of arriving at the optimal mix of direct barter and indirect trade in
a decentralized fashion. This problem will be discussed in detail in the next
section (i.e. Section 4.4). However, in the present section we would motivate

the process of transition under more restrictive assumptions. In particular we
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assume for the purpose of illustration that there exists a centralized mechanism,
which chooses in an optimally randomized manner a certain number of traders
from the set of indigenous demanders /D3, to go for indirect trade every

period. More precisely, 8,3(= #1D»3) is partitioned optimally into
o3 = 553 + 6;3 + ‘séa

such that &1, agents go for indirect trade to trading post (1,3) at period ¢; (to
sell good 3 against the medium of exchange) and 6%, plus 6%, agents stay back
in the (2,3) trading post for direct barter. In period ¢ another batch of 61,
agents (out of 6% + 61;) go for indirect trade (from trading post (2,3) to the
(1,3) market) and 6% remain behind for direct barter.

It would be argued in a moment that those who had gone for indirect trade

1

red trad

to trading post (1.2) 2t period ¢; would indeed finish th

ding pos

one

period. Therefore, in period ¢ they would move to the (1,2) trading post to
acquire good 2 which they finally consume. In the (1,2) market, they would
again take one unit of time to pass on the medium of exchange against good
2. Thus, at the end of the to-th period, 64, agents would finish indirect trade
and get reendowed with good 3.

As mentioned above, a new set of 81, agents would move to trading post
(1,3) in period {;. Next period (i.e. in period {3), out of the é1; + 6%, agents
(with good 3), 8% would be chosen for direct barter and &4, for indircct trade.
This pattern would then repeat in every period.

Here, 61, and 6% are optimally chosen such that the following holds after

period t; : Vh > 2
ETEM65) =~ BTy (833 (4.2)

It is revealed from this process that even in the presence of a centralized

mechanism, there is an element of voluntariness involved in the above process
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in the sense that no agent is forced against his will to become an indirect trader.
The equilibrium is so constructed that an agent is indifferent between direct
barter and indirect trade.

We now propose to show (through Lemma 4.4) that indirect trade indeed

takes two units of time after the transition takes place. More precisely,

Lemma 4.4: Suppose &y is partitioned into 68, 61,64, i.e. 6ag = 65 + 26,
s.t. condition (4.2) is satisfied. Then for any agent k opting for indirect trade

at period ty, ETH =T =2.
Proof: As argued earlier, for optimality we require

6;33 > P23

Where, 153 is the number of indigenous suppliers a

post (2,3). There-
fore,

33 = 68, + 8Ly + 63 > vhaa + 261,

= 835 — Va3 > 26k

= Zps > 61, (4.3)
In competitive equilibrium
Zyz = Ziza = Zra (4.1)
~(1.3) and (4.4) =
81y < Zya = s — b1 (4.5)
and
83y < Zia = Y12 = bn2 (4.6)
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Since in this context we consider a situation where only the agents belonging
to the set 1 Dy3 opt for indirect trade and all other agents are involved in direct

barter therefore, (4.5) and (4.6) ensure that indirect trade takes 2 units of time.

From the above discussion we arrive at the following self-evident lemma.

Lemma 4.5: Indirect trades for a pair of goods cannot take place unless dircct
barter occurs simultaneously.

Thus this discussion provides us with an idea about the process of transition
from direct barter to indirect trade, on the basis of which, we will now (in the
next subsection) identify the conditions under which a medium of exchange

gets chosen uniquely.

4.3.2. Choice of a Medium of Exchange:

In the previous subsection we broadly discussed situations (through Case
I, I and 111) which induce an agent to opt for direct barter or indirect trade.
Presently we intend to discuss these conditions a little more rigorously. In

this respect Case [1 above emphasizes the following set of inequalities,

ETE <2

4.7) ETE <2

ETE > 2
Clearly, these conditions ensure that as of period to, any agent k € Los
has an incentive to opt for indirect trade. It can however be seen that ( from
Proposition 4.1 below) even after the process of transition from direct barter to
indirect trade takes place in a manner that is discussed earlier ( in subsection

43.1), no other agent (k' € K'\Ly3) will change his decision. Thus,
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Proposition 4.1: Condition (4.7) is sufficient to ensure a unique medium of
exchange for the three good economy of Model I However, this condition is

not necessary.

Proof: Sufficiency:

Conditions (4.5) and (4.6) cnsures that as of period to, no agent k € Z,,UZ;s
would opt for indirect trade. Since, ETZ > 2 = ET}), agents belonging to the
sct I D2z will have incentive to opt for indirect trade at period ¢,.

Our next task is to examine whether, after the transition (of the agents
from 7 D»3), indirect trade becomes profitable for indigenous traders of trading
posts (1,2) or (1,3).

We first concentrate on the agents belonging to the short side of trading
posts (1,2)and (1,3). Regarding the number of agents opting for indirect trade

at period £, we have:

= 613 < Zis and (1.8)

=8}y < Ziz (4.9)

Thus, even at period ¢y, there will remain an excess supply of good 1 (and
hence an excess demand for good 3) in trading post (1,2). From the discussion
of the previous subsection, it is clear that at period #; no indirect trade prevails
in trading post (1,2). Therefore, it is obvious that any agent belonging to the
short side of trading post (1,2) at period to will remain so even at period 4.
Furthermore, (4.6) implies that they will be in the short side at period 5 too.

Let us now look at the agents belonging to Lz N Zys. For them, this new

inflow of 615 complementary trading partners in period ¢; can only reduce the
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waiting time. Since

Lor the indigenous traders belonging to the long side of the (1,2) market, there
is no change of waiting time in period t; (since according to the discussion
of Subsection 4.3.1,no indirect trader will be present in trading post (1,2) at
period {;). Thus, for period t, we have

b b12

TE? = — 92 _ prB = pTB!
BTz Y12 + 843 < P12 BTz = BT:

This shows that there exists no incentive for indirect trade for the agents
belonging to K\ Las, in period ¢, and the same scenario repeats period after
period.

Hence, condition (4.7) is sufficient to ensure the emergence of a unique
medium of exchange.

To show that condition (4.7) is not neccessary. Suppose that the second
inequality in (4.7) is reversed (i.c. Case IIT of subsection 4.3.1 holds). Thus,
as of period to both the demanders of trading post (2,3) and the suppliers of
trading post (1,3) will decide to opt for indirect trade.

Suppose the equilibrium partition of the indigenous suppliers of trading

post (1,3) for choosing direct barter and indirect trade is

B Wl T
3t Y+ v

and that of agents belonging to /D3 is
Say = 85 + 83y + &4y

This implies that there is an additional inflow of é5; complementary trading

partners (for any agent k € IS3) into trading post (1,3). This in turn will
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reduce the waiting time for the indigenous suppliers of the (1,3) market in
direct barter and thereby make direct barter less time consuming.
Thus for some values of 113, 8,3 and 823, 823, it is possible to have an equi-

librium, where

=0 and §f,>0

Thus there can exist an equilibrium with a unique medium of exchange

even when (4.7) is not valid. -

Remark 4.2: A similar method of analysis can be used to deal with the prob-
lem of the choice of a medium of exchange cven when it is posed with reference
to a more well-defined optimization exercise where time cost is incorporated
in the utility calculation of the agents. This is discussed in the Appendix to
Chapter 4.

The next section looks into the problem of a decentralized choice of direct

and indirect trade.

4.4 CHOICE OF INDIRECT TRADE: A DECENTRALIZED AP-
PROACH

The previous section discussed the conditions under which a good may be
uniquely chosen as a medium of exchange. It has also been examined how
a mix of direct barter as well as indirect trade can be meaningfully chosen.
However, in the entirc discussion it is assumed that the optimal number of
agents required to go for indirect trade is chosen at random from the set of
agents. This calls either for some amount of communication between the agents
or centralized planning. The former may not be possible in a large cconomy.
Regarding the latter option, it may be mentioned that this entire exercise is

oriented towards reducing the role of a central planner.
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Under these circumstances, it is relevant to ask whether (for a given choice
of a medium of exchange) one can provide a decentralized device to the
agents to choose a mix of direct barter and indirect trade. Here we make a
preliminary attempt to deal with this issue.

Suppose good 1 is uniquely chosen as a medium of exchange. Thus agents
belonging to the long side of trading post (2,3), i.e. the demanders of good
2 against 3, will profit if they opt for a mix of direct barter and indirect
trade. A meaningful decentralized way of doing so is to choose an appropriate
probability p, where p is the probability of going for direct trade. Clearly, in
this case the number of agents going for indirect trade (or direct barter) is a
random variable.

For this decentralized process of trade we assume the following.

Assumption 4.5: Indirect trade takes two units of time.

This is undoubtably a rather strong assumption to make. However, at
this preliminary stage of our investigation, we cannot find a suitable alterna-
tive. We note that this assumption was not necessary in the earlicr case (of
Subsection 4.3.1) as the number of agents going for indirect trade was con-
stant and therefore it was possible to show that indirect trade indeed took
two units of time.

Given Assumption 4.5, our approach to the problem of decentralized
choice may be broken up as follows.

(1) First, we show that for any arbitrary probability p of choosing direct

barter, there exists a sequence of partitions of &3, viz.

{68 6 6 Y h =12

where 82 is the number of agents from IDs; who opt for direct barter in
period t, 84 is the number of agents from ID,; who opt for indirect trade in
period #, (i.e. who visit trading post (1,3) in period t,). We then demonstrate
that this sequence of partitions converges in some sense, provided Assumption

4.5 is valid.
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(2) Next, we find the appropriate probability p* for which we eventually
arrive at a partition that satisfies the no arbitrage condition (i.e. Condition
(@1)).

(3) Finally, we show in the Appendix that if such a p* is chosen, then
Assumption 4.5 is satisfied with a probability exceeding .99.

Since we are concerned only with the movements of the demanders of trad-
ing post (2,3) we would omit the subscript ‘23’ for notational simplicity. Thus
we denote the number of demanders opting for direct barter at period to by
§ instead of, 6%(= 653) and the number of demanders going for direct barter
in period t, by 6™, where §*) = 68", The number of demanders choosing
indirect trade in period #; i.e. 8} is replaced by n(®. In any period ¢, there
are 6 demanders in trading post (2,3), n® indirect traders in trading post

(1,3) and =V indirect traders in t

ading post {1,2) such that

S0 4 ) =)

We first intend to show that the partition { £6"), En®, En*=D} converges.
To get a clear picture of the problem we proceed in two steps. [nitially, we
will show the convergence of the partition under the assumption that in every
period the realized value of §*) coincides the E§™). In the next step we remove

this assumption and establish the convergence more generally.

Step 1: Let us begin with period t;.

In period ¢,, a total of § agents choose direct barter with probability p.
Thus 6§, i.e. the actual number of demanders coming to trading post (2,3)
in period ¢,, can be looked upon as the number of successes out of é Bernoulli
trials with p as the probability of success.

- the distribution of 6() is

8

501 5501
1—
s p" (1—p)
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2 E(EM) = 6p =860 say.
Similarly,
E@W) = E(6—§") = 8(1 —p) =7, (say)-
Clearly, nobody has gone to trading post (1,2) for indirect trade in period
t, since in order to go to trading post (1,2) one has to first acquire good 1 from
the (1,3) market.
Therefore, in period £, the partition {§(),7(1), 7@} is
{p,6(1 — p),0}
We next move to period t,.
Period t,:
According to our assumption, the realized value of &) coincides with 5.
~ in period t;, a total of 1) traders are opting for direct barter with
probability p.
.. arguing as before
E(E@ (50 = 30y = p0) = p25 = 5@, say.
Under Assumption 4.5, those who had gone for indirect trade (i.c. to trading
post (1,3)) in period ¢1, will go to trading post (1,2) in period t,. Thus the

number of agents choosing indirect trade in period t,, denoted by 7®is

g = 6 _ 6@

E(@isM) = §0) = p.§ - pd®
= p(l—p)é
- in period t,, the partition is
{p*é,p(1 — p)6.(1 — p)6}
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Period (3:
The random variable §), which denotes the number of agents going for

direct barter in period {3 can be separated into two parts.

56 = 5@ 4 §O

where 63 agents have come from a total of §) agents who opted for direct
. =(3)

barter in period ¢; and 5@ agents have come from a total of () agents who

finished indirect trade at the end of period 1,

5(5(3)|5(2) = 5@y = p.s®
EGEP |50 = 30 5(2) = 5@ = p»
ES® = B(6® + 57

Z(2)
= p&®

S pa™ = 30 say
Similarly,

En® = (1 = p)(3? 1 41) = 7 say
and so on.

It can be shown (see Appendix to Chapter 4) that the elements of the

sequence {8} satisfy the following uscful property :
50 = .Y 4 (1 — p)5D),
Thus, we arrive at the following result.

Proposition 4.2: Consider the three-good economy described by Model 1
(Section 4.2). Suppose good 1 is the unique medium of exchange. Let s
and n® denotc respectively the number of agents opting for direct barter and
indirect trade in period . Suppose,

EsW = &)

E(5@|60) = §M)) = §@
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E(E®)6M = 50 §(2) = §?) = §®etc.

then the sequence {§"} converges and hence the partition {§(*), 7" 7=}

converges too.
Proof: Sece Appendix to Chapter 4.

Step 2:

Proposition 4.2 is based on a rather restrictive assumption viz. that for all

1,60 coincides with §©. We next try to remove this assumption by showing

that even if the number of agents going for direct barter does coincide with the

respective mean values in every period, the sequence {E£6®"} converges .

Proposition 4.3: Consider the set-up described in Proposition 1.

(i) £2EM = 6 Vh.

Hence,

(ii) {£8W} converges and

(iii) the partition {E§*), En®, En—1} converges too.

Proof: See Appendix to Chapter 4.

Corollary 4.3: limy,_... E§") = §p* + §p(1 — p)

1—p
2-p

Proof: See Appendix to Chapter 4.

Under Assumption 4.5, indirect trade takes two units of time.

for the no arbitrage condition to be satisficd eventually one needs

Here,

y SR\ Eet
wr = peergis) - £ (52) -

V) s

- we need,
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fim, 280 = 2 (4.10)

Using Corollary 4.3 we can now find the value of p such that condition

(4.10) is satisfied. That is,

1 —
8+ 8p(1 = P) L = 2,623 = 6, s = .
=
= 1 4.11
= S ETE+2 (1)

Thus, if the indigenous demanders of trading post (2,3) choose dircct barter
with probability p*, they can eventually go to a steady state where the no

arbitrage condition is satisfied. As is clear from (4.11), p~ depends only on the

initial expected waiting time E74, which is known to the agents (Assumption
4.1). Hence with the knowledge of initial expected waiting time involved in
direct barter, one can arrive at the level of p~, which will in turn result in the
necessary steady state.

Finally, as mentioned in the beginning of this subsection, we would justify

Assumption 4.5 in the Appendix (to Chapter 4).

4.5 CONCLUSION

We have discussed in this chapter the conditions under which a good may
be endogenously chosen as a medium of exchange in a trading post sct-up
for a Walrasian cquilibrium with imperfect want coincidence. This exercise
brought into focus another relevant issue, viz. the problem of choosing an
appropriate mix of direct barter and indirect trade in a trading post economy.
A preliminary attempt has been made to develop a decentralized method for
dealing with this issue. However, in order to deal with the latter problem we

have considered a model where the transaction cost remained implicit insofar
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as an ageat is not seen to be carrying out a well-defi- ed optimizing ex

se

with the time cost incc rporated in his objective function. Also, as indicated

before, the exercise has been carried out under the strong Assumption 4.7,
Therefore, it may be interesting to extend the results to a framework

which is free of these shortcomings.
APPENDIX TO CHAPTER 4:

Proof of Lemma 4.3:
ETS,, =1.Pr{T5, =1} +2.Pr{T5,, =2} +

=148, +2(1-q8,)ql, +3.(0 -5, )5, +. ..
(1= ae) BT, = (1= a) e + 201~ ¢l ale + - -

ate:d v
L ETE, - (1-48,)ETE,
= Bt -a)d, + (- @)l +
= @ N+ -@)+Q -5 +..]
=gl BT, = —"%ﬁ—"
ez Tac T T(1-qf,)
= EI%, = 4 -

e = g

Remark 4.2 (of Subsection 4.3.1)

In Section 4.3.1 we have discussed the choice of a medium of exchange in
a set-up where time cost enters implicitly in the model, without any reference
to the underlying utility function of the agents. This is done with a view to
provide a clear picture about the choice of an optimal mix of direct barter
and indirect trade.

Here we intend to discuss a model where time cost is introduced in the
objective function of the agents through a discount factor where an agent is
assumed to maximize his expected discounted life time utility. We proceed

in



the following manner. We will first compute an agent’s expected utility when
he goes through direct and indirect trade. It will then be discussed how the
comparison of the two provides a basis for deciding if one is in favour of direct
barter and/or indirect trade.

Let us first consider a particular agent k € ID,3. Given all K\{k} agents
opting for direct barter, let ¢Z be the probability of meeting a complementary
trading partner in trading post (2,3). On the other hand, k fails to meet a
complementary trading partner with probability (1 — ¢®). Let V# denote his
expected utility of going through direct barter.

Thus agent k(€ ID;3) gets endowed with good 3 at a particular period.
Next period he visits the (2,3) trading post in order to meet a complementary
trading partner. With probability ¢ he meets one and derives utility, say u,
from consumption of good 2 and gets reendowed with good 3. Thus at the
end of this period he has the option of going for direct barter (and thereby
attaining utility V#) or indirect trade and getting V7 (i.e. the expected utility
of going through indirect trade).

With probability (1 — ¢?) he fails to meet a trading partner and remains
stuck with good 3 and faces the subsequent option of attaining either V2 or
VI, Therefore, if an agent going through direct barter follows a maximizing

strategy then
VB = p[¢® (u + max(VE, V') + (1 — ¢%)max(VE, V7))

where 0 < p < 1, is the discount factor.

We now concentrate on the alternative strategy of indirect trade. In this
case, k first visits trading post (1,3) to acquire good 1 as a medium of exchange.
Let gf5 be the probability of meeting a complementary trading partner in the
(1,3) trading post. Thus, with probability ¢/; he can attain the indirect utility

of acquiring good 1 to be denoted by v(1). Hence with probability (1 — ¢/,) he
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will not meet any complementary trading partner and will be back to square

one. Clearly, under our Model I ¢/; = 1. In gencral we can write
V1= plalye(1) + (1 — gis) max(VE, V1)

When an agent succeeds in acquiring good 1, in the next period he will
visit trading post (1,2). Let ¢f, be the probability of meeting a complementary
trading partner in trading post (1,2). Once again, we note in particular that

under our Model 1, for k € IDas, ¢f, = 1. In general we can write
w(1) = plata(u + max(VZ, V1))

(1 = qix)e(D)]

Clearly, if VB < V! then agent k will prefer to go for indircct trade.

In our 3-good economy let us call the indigenous demanders of good 1
against good 2 as type 1 agents and the suppliers of good 1 against good 2 as
type 2 agents. Similarly the demanders of good 1 against. good 3 arc called
type 3 agents and those of good 3 against good 1 are known as type 4 agents.
Demanders of the (2,3) trading post are alternatively called type 5 agents and
the suppliers are known as type 6 agents. Let V2 and V;! denote respectively
the expected discounted utilities derived by a type ¢ agent when he goes through
direct barter and indirect trade.

As before (Section 3.3), if for the agents belonging to the long side of the
respective trading posts satisly the following set of inequalities (as period o)

VE > v/

VE > V]

vE <V

then it will ensure a unique medium of cxchange in the economy (where

the demanders of (2,3) trading post go for a mix of direct barter and indirect
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trade). Similarly all other observations made through Lemma 4.1 to 4.5 remain

valid for this kind of treatment of the problem.

Proof of Proposition 4.2:
Let us concentrate on period 3 :
E(§@ |60 = M), 53 = 52)
= E(E® |50 = 50, 6@) = 5
+EED |50 = 50, 6@ = 5)
(@0 = 500, 6@) = 5@) = p.5® = p3.§
EEP 60 = 501, 6@ = §2) = pj®
=p(1 —p)§ = (1 —p)ps = (1 - p)5V
L6 = p&@) 4 (1 — p)EM.
We have,

5@ 4 7@ 1 5™ = §

IR i G 1O

= §—pb® — (1 —p)8® —p(1 — p)é

§—p.p*6 —p(1 —p)6 —p(1 —p)é
= 60 —p(1 —p+p)
Period t4:
G = BE@IEM = § 5B = 5 5 _ 5
= EEMs0 = 30 53 = §@) 66) = 5y 4 E(;‘;(“’Mm L

EED|SW, 60 = 5D 5 = §) = p.5®
EGEPsM =50 ) = pi® = p*(1 — p)s.
5@ = p8@ 4 (1 — p)(p?6) = pb@ + (1 — p)é®.
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Period ts5:

5O = 5@ 4 pg®

pi® = p(1 —p)(1—p+p°)8
= (1-p){p(1 —p+p")6}
= (- P

286 = p5@ 4 (1 — p)8® and so on.
In general, we get
§) = pgth=1) 4 (1 — p)5=2
o BB _ g1 — (1) (p — 1) — §-D)

vp<1,{6M} converges
We have,

5 = pg(hﬂ) + pﬁ(h_z)
v 50 converges
#*) cannot but converge

- the sequence of partitions {§", 7", 7(*=1}, converges.

Proof of Proposition 4.3:
(1) E(6W) = p.6 = §0
(2) E(6®) = EE(§P|sM)
= Eg(§M) = 5, 9(6M = j)p;, where g is a function of &M
and

p; = prob{6® = j}.

Here,
g6 =j) = BEDN6D =) = jp
~E(@®) = Em -P; = PZJP;
= pE(é(‘)) = 5(2' (Ada)
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E(6®) = B(5®) + £(6Y)
]:;(3(3)) = EE($(3)|6(2))
Eg1(6®), where gy is a function of &)

= 2 aE®=jp
7

Where,

py= Pr{s® = j)

06 = §) = EEI = j) = jp

Using (A.4a)

« B(89) = p3 jp; = pE(E?) = p5® (A.4b)
7
Similarly,

EGE?) = BP0y

= BBEV)(s - 8M))

= Egy(§ — W) where, g, is a function of 6§

= Sre- =)
7

Where,

Py =Pr{§ - 5 =5}

(3)

92(6 = 80 = ) = BET)5 - 60 = j)

= jp
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S EBED) = pXip)=pEE-8")
p[6 — 8p) = ps(1 — p)
= QU =pEE) =1 -pi®  (Ade)

Il

2 ES® = p&® 4 (1 —p)§M  (From (A.4b) and (A.4c))
5@

In general,
B8 = 5
. using Proposition 4.2, the sequence
{£6™}

converges.

Hence, the sequence of partitions
{E§W, Eg™ | Ey-1}
converges.

Proof of Corollary 4.3:

We have from Propositions 4.2 and 4.3 above

£s™ — psthh

il

(—=1)(1 = p)[L6=D) — L")

(=1)2(1 — p)2[E6"=? — E6¢—)

(=1)A=2(1 — p)h=2 (6= =D) — psth=(h=1)]

= (D0 — E60)
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L ESM = BN 4 (—1)h2(1 — p)hES®) — B6M) (A.4d)

Using (A.4d)

ESh=1 = 1§t 4 (—1)*=3(1 — p)**[E6® — E§M)

Thus, replacing E6(*~1) by the R.H.S., we can write (A.4d) as

st — Eé<h,g)+(_1)h,3(1_p)h_a[E5(2]_Eé(\)H_(,l)h.—Z(l7p)h72[E5(2),
EsM]

Proceeding similarly,

ESW = B 4 (—1)(1 - p)[E6 — £6M)
o (=1 = p) T EE — B0

60 = B6® 4 {E6® = BEVH{(~1)(1=p) (=D =p)+. -+ (=) (=)
(Ade)

Let
A=14 (=D =p)+...+ (=121 —p)*°

(1=p)A =1 -p)+(-1)A=p)+...+ (D)0 =p)"° H (1)1 —p)

Adding
At (1=p)A =1+ (=11 =p)~?
1 —1 h-3 e h—2
Lan LU0 )
2—p
Putting this value in (A.de)
E6W = E§® 4 (=1)(1 - p)[E(E® — EsV).

_1Vh=3(] _ p)h—2
(1+( D201 - p) )
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CJim D60 = B8+ (1)1~ B — )

, »n1-p
- 2 _§n?
= 8p*+ (ép '51))2771,

2 1-
= & +6p(1 '1])(24_—5)

Justification of Assumption 4.5:

We have noted repeatedly our awareness of the fact that Assumption 4.5
is somewhat strong. The main conclusion the assun.ption has led us to is of
course the steady state value of the probability p* of choosing direct barter.
In what follows, we prove in some sense the converse result, viz. that if agents
were indeed to behave according to the probability Adistribution (p*,1 — p’),
then Assumption 4.5 would be satisfied with high probability. We have shown

in Subsection 4.3.2, the optimal probability of choosing direct barter is

Let 7™ be the number of agenrs present in trading post (1,3) in period
th.
Given the values of 8471 and n*2 in period ¢4, 7™ can be thought of as

(h-

the number of success out of 61 + 5"~ Bernoulli trials with probability
of success (1 — p').

We have considered the situation where, 8,3 and vy are large enough, so
that no communication between the agents is possible. At the beginning of
period ¢,.7(") is the number of success out of a total (constant) of 8(= éx)

Bernoulli trials. Clearly, 7V follows binomial (8,1 — p’). We have assumed §
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to be large cnough so that it is permissible t use
of the binomial distribution.

We intend to show now that

Prob{—co < 7'V < Z3} > .99

LHS = Prob{—oco <) < Zi3}
7 — E',](l) 212 — E,,(l)
SVar® — Var

Our problem would be solved if we can show

= Prob{—

Zy3 — B
y/ Varn(
-2
Y = &—F 20’ P =ty
&
ErY = (6§ — 20p) ————
1Y = (6= 29) e

= BV >6§-20

and

Nt = ‘/6(6—2w 4‘1i

b+ 2’UJ 6+ 29
Using (A.4f) and (A.4g)

Zya — EnM > Z,, - (6 — 27,)
m V é*zw t ’u
P

= Y  iz,=
N 555)»

2

Vo eow

>3ifw > 36
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if £ >,/(6—29) (%) zu) 22y = (9

<. our claim would hold if

- 1 > 36 gives a sufficient condition under which %’LL > 3 and hence

ary

from the normal probability table
Prob{—oo <7V < Z3} > .99 if =36

Let us now consider n®, h > 2. Given §#~1) and =2, 9® follows Bino-
mial (641D + 9"~ 1 — p*) and 64D 4 52 < § Vh>2
wforh>2

Pri—oco <™ 2 Zy} > Pr{-oco <5V < Z3} > .99

Hence, if 653 and ¥y are large, our Assumption 4.5 is valid with probabilicy

(exceeding) .99. L]

—
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List of Symbols used in Chapter 4:
(1) k : index for agent
(2) ¢ : index for commodity
(3) ws : initial endowment of agent k
(4) Xy : final demand of agent k
(5) (€1,¢2) ¢ the trading post where good ¢; is traded against c;

(6) Deyeys Serep @ the sets of demanders and suppliers (respectively) of good

¢ against c;.

(7) IDyeys I Seyey tthe sets of indigenous demanders and suppliers respectively

of the (¢1,¢2) trading post.
(8) Zeye, = union of 1D, and ISc,c,

(9) Leyers Leyey @ agents belonging respectively to the long side and short side
of trading post (¢1,¢2)

(10) 8eyeps Perey ¢ cardinality of the sets IDc,c, and IS, respectively.

(11) Zeye, : the level of excess demand in the (e1¢2) trading post (= [ty —
bareal)

(12) TBh B~

rea Tercs the waiting time involved in direct barter for the agents

belonging to the long and short sides (respectively) of trading post (c1, c2)

at period ty.
(13) T'2,,, 7B, : same as (12) when h =0

(14) TI% 7% - same as (12) when direct barter is replaced by indirect trade
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(15) T! 7!, : samec as (14) when h =0

(16) g2, : the probability of meeting a complementary trading partner in the

(c1,¢2) trading post by an agent k € Lc,., N Z,

erezt

(17) 6B, 8., : number of agents belonging to I D.,., going for dircct barter

and indirect trade respectively at period ¢

(18) 6, y8) : §(R) = g8k p(n) — §Ik

2, when ¢ =2,¢, =3
(19) p : any arbitrary probability of choosing direct barter

(20) p™ : optimal probability of choosing direct barter

(21) VP, V! : expected discounted utility of going through direct barter and

indirect trade by a type 7 agent.
(22) vi(c) : indirect utility of acquiring good ¢ by a type ¢ agent
(23) p : discount factor.

(24) 4P, q!

probabilities of meeting a complementary trading partner by
a type ¢ agent when he goes through direct barter and indirect trade

respectively.
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CHAPTER 5

DISEQUILIBRIUM THEORY : A UNIFIED PRESENTATION

ABSTRACT

This chapter develops a diagrammatic scheme to provide a unified presen-
tation of three major solution concepts used by disequilibrium theory. These
concepts were developed respectively by Benassy, Dréze and Malinvaud and
Younes. In particular, the diagrams would clarify their similarities and differ-

cnees.

5.1 INTRODUCTION

This chapter is pedagogic in nature insofar as there are no new results to be
presented. On the contrary, its thrust lies in a unified presentation of old results
in an area which is concerned with problems complementary to the ones dealt
with so far. In particular, it develops a diagrammatic apparatus whose purpose
is to bring out the essence of existing concepts and results of disequilibrium
theory as well as to provide a framework snitable for easy comparisons of the
diverse models in the area.

Discquilibrium analysis started mainly as an attempt to provide the micro-
foundations of macro economic concepts like Keynesian involuntary unemploy-
ment. Clearly, in an economy where wages and prices are completely flexible,
there is no room for sustained unemployment. Ilowever, we obscrve situations
in reality where money wages do not adjust freely enough to ensure full employ-
ment. Such rigidities in turn would effect an agent’s demand for consumption

goods and so on.



Disequilibrium theory studies the micro behaviour of each agent in the face
of such sluggish prices at non-market clearing levels. Clearly, the allocation
an agent attains in such circumstances would be entirely different from its
competitive counterpart. From the very beginning, economists dealing with
this area have tried to choose appropriate allocations that are acceptable to
the agents facing a set of non-flexible prices. The attempt to deal with the
problem gave rise to three allocative concepts under disequilibrium. They
were developed respectively by Benassy (1975), Dréze (1975) and Malinvaud
and Younes (1977).

The disequilibrium concepts can be viewed from the following angle. As
opposed to the problem of Chapter 2, where the auctioneer had failed in his

role of commodity reallocation at equilibrium prices, we now have a competi-

tive set-up in which the anctioneer is unable to adjust prices when the markets
are in disequilibrium. Put differently, disequilibrium theory studies the situ-
ation where a fundamental assumption of Walrasian theory, viz. that market
forces adjust prices, does not hold good. In this context, it is undoubtedly
interesting to ask how an agent would attain his desired allocations in the face
of disequilibrium prices. But before looking into that issue, a less ambitious
question may be posed. Clearly, under disequilibrium prices, some restrictions
or rations impede an agent’s free realization of notional demands or supplies
(i.e. his utility maximizing choices). In these circumstances, it is natural to
ask what allocation would be the most desirable one for an agent amongst the
ones which are also realizable. Answers to this question are provided in the
works of Benassy, Malinvaud and Younes and Dreze.

Each of these solution concepts have been developed independently and
there is a substantial literature surrounding cach of them. As already noted,
our purpose here is to develop a diagrammatic scheme to compare and contrast

these concepts in some detail. The literature being vas

, it is considered worth-
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while to collect the salient features alone and construct a simple unified frame
of analysis in terms of which one can present a major part of the literature.

It may be mentioned in this context that similar attempts by Basu (1992)
as well as Malinvaud and Younes (1977) relate respectively to the diagram-
matic presentation of the Dréze and the Malinvaud-Younes equilibrium. On
the other hand, our purpose here is to develop the corresponding diagrams for
the Benassy equilibrium in the context of a pure exchange economy.

Though the three cquilibrium concepts have been the result of different
approaches to the problem, it is established by Silvestre (1982) that they in-
deed lead to identical solutions (under reasonable assumptions regarding the
underlying preference pattern). We next procced to provide a clear visual rep-
resentation of the situations under which the three solution concepts coincide
and when they do not.

The next section develops the basic diagrammatic framework. Section 5.3
discusses the three equilibrium concepts and a diagrammatic representation
of the same. The interconnections between the three equilibria (for different
situations) is presented in Section 5.4. A diagrammatic exposition of Silvestre’s
results is taken up in the penultimate section. A concluding section sums up

the chapter.

5.2 THE FRAMEWORK

To understand a disequilibrium framework more clearly, let us first describe
the model under consideration. We take up a simple 3-good (¢ = 1,2,3), 2-
agent (k = a,b) economy. An agent k's preference pattern is captured by a

quasi-concave, differentiable utility function

Uy = Ur(zk1, Tha, Tha), k = a,b

which depends on iy, Tk, and 43, i.e. his consumption of goods 1,2 and 3.
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The initial endowment matrix is given by
W = |[wicllaxs

where, wy. denotes the initial endowment of agent k of good ¢. Let Xj =
(Tr1, Tao, Tra) and Wi = (w1, wira, wis) represent respectively the vectors of

final consumption and initial endowments of agent k. Therefore,

Zr = Wi — Xk = (251, 252

represents the vector of excess demands of agent k. The prices arc rigidly fixed
at a disequilibrium level, p = (p1,p2,ps). Thus, the budget plane for agent k

can be represented as

P1Zr + Palie + Patks < Prwg + Pawks + pawks, k = a, b

In particular, if we try to represent agent a’s budget plane in three dimensional
Buclidian space, it would look like the triangle /J L (Fig. 5.1).

In the case of two traders and three goods, the Edgeworth box will be a
three dimensional rectangular parallelopiped, where we assume agent a's origin
to be at a bottom corner and b's at the diagonally opposite top corner. Fig.
5.1 depicts both these budget planes I.JL (for agent a) and I'J'L’ (for agent
). The common region between these two planes can have different shapes.
llere we would deal with a triangular region as shown in Fig. 5.2 (i.e. 1JL).
Other types of figures can be dealt with in an analogous fashion.

The point of initial endowment of agent @ is represented by W, = (w1, wa2, was).
Suppose OA represents w,; level of good 1. We denote by N'AN (Fig. 5.2)
the plane &, = wa1, which intersects the budget plane along the line NN'.
Clearly, NN’ would be parallel to JL and it represents wa, level of good 1 on
the budget plane. Therefore, the terminologies “N N’ level of good 1” and “wq;

level of good 1” would be used interchangeably. Similarly, R’ represents was
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level of good 3 on the budget planc. One can draw lines parallel to IL through
W, to find the level of w,,. As in the case of the two dimensional Edgeworth
box diagram, the point W, also represents the initial endowment of agent b
measured from his origin.

Indifference surfaces would intersect with the budget plane in closed con-
tours as depicted in Fig. 5.3 below, where inner contours are associated with
higher levels of satisfaction. Finally, we get the best point for agent a (say) on
the budget plane (denoted by B,), where an indifference contour is tangential
to the plane IJL. Indifference contours for agent b can be drawn in a similar
fashion where B, shows his best point.

Thus, points B, and Bj represent respectively the utility maximizing choice
of agents a and b for goods 1,2 and 3, given the budget constraint. In Clower’s
terminology B, and By refer respectively to notional demands (and supplies) of
agents a and b. As is clear from Fig. 5.3, under non-market clearing prices the
notional demands of the two agents would not match, i.e. the best points B,
and B, do not coincide. Therefore, an agent trying to realize his most desirable
allocation under the given prices would in turn face constraints impeding his
trade. We next visualize (diagrammatically) the nature of these constraints or
equivalently the rations faced by an agent, say a. In Fig. 5.4, W represents the

point of initial endowment. At W, agent a has I'I” level of good 1 and EL’

level of good 2. At any point to the right of FF' (say at A or at B,) agent
4 is an excess supplier of good 1. Similarly, at A (or at B,) he is an excess
supplicr of good 2 also. Without loss of generality suppose agent a’s ration on
his demand for and supply of good 1 is given by FF’ and RR' (Fig. 5.4). That
is he can supply upto a level RR' whereas he is not allowed to be an excess
demander of good 1 at all. Assume now that together with the ration on good

1, agent a is also faced with QQ’ and A’A’ levels of rations respectively on

his supply of and demand for good 2. Thereby he is restricted to choose an
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allocation within the shaded region H F'A'T'T' (Figure 5.4). It is clear from
the diagram that in the face of these rations point A turns out to be the best
point for agent a.

Thus, the given rations prevent an agent from choosing his notional demand
point. However, given a set of rations, an agent is free to opt for any allocation
within the constrained region (viz. HF'A'TT’). That is, he can decide to
supply good 2 at any level less than QQ’ and demand at any level less than
A’A’. Similarly for good 1.

Note that at the optimal point A, agent a’s constraint on good 1 viz RR’ is
binding, while that on good 2 viz. Q@Q’ is non-binding. That is, he optimally
chooses to supply less of good 2 than he is allowed to. This indicates the
existence of an element of voluntariness in the agent’s choice, even in the
presence of rationing.

This completes a description of the basic framework within which we will
discuss the solution concepts referred to earlier. In the next section, we would
introduce the equilibrium concepts developed by Dréze, Benassy and Malin-

vaud and Younes.

5.3 THE EQUILIBRIUM CONCEPTS
It is clear from the above that in the absence of any restrictions save the
budget constraint, an agent would always opt for his best point on the budget

plane. But as the prices are rigid at a disequilibrium level, an agent trying

to realize his notional demands would facc restrictions impeding his trade.
Furthermore, a constraint on an agent’s demand for a good would in turn affect
his desired sale of other goods and vice versa. However, these changed levels
of desired purchases and sales may again be non-matching (in the aggregate)
and so on.

In these circumstances, one may ask whether it is possible to conceive of a
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set of consistent rations for the agents, so that their ration-constrained choices
at least are realizable. The search for such rations motivatcs the concept of a
Dréze equilibrium.
Suppose the rationing scheme is given by
r mooT2

R Ry R,

where 7, and Re(c = 1,2 and r. < 0 < R.) denote respectively the bounds

on the excess supply of and excess demand for good . Given a price vector p
and a rationing scheme the ration-constrained budget set (RCB) of agent k is

defined as

Biy(p, R,r) = {z € Xelp(z = Wi) S0, R 2 2 — W, > r}

where, X is the consumption set of agent &, R = (R, Ry) and r = (11, 13).

For agent k, the utility maximizing choice within the RCB is

(D.1) XP = max Ui(a)

Clearly, the choices would be meaningless if not realizable. Hence, Dréze ap-
pends the following condition. For & = a,b

(D.2) (XP—w) + (XP —wy) =o0.

Suppose however, that the rations for a particular good, say good 1, are
such that they impose simultaneously binding constraints on agent a’s supply
as well as agent ¢'s demand. In other words, the rations on good 1 forcefully
forbid some amount of mutually advantageous and realizable trades. Dreéze
guards against this undesirable possibility by imposing the following condition

on the allocation scheme:

(D.3) For all ¢, if R. = 2B — wy., for some agent i then D —wje > r., for
all agents j # 7. Similarly, ¥ ¢, if r. = 22 — w;,, for some 7 then

@D —w;. < R.,\Vj #1.
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That is, il an agent is demand (supply) constrained, no other agent is supply
(demand) constrained so that there does not exist binding constraints on the
demand for as well as the supply of a good. This condition in a sense ensures
that the agents would have no incentive to violate these rations; they would
rather accept, them voluntarily.

Thus, X2,k = a,b, satislying (D.1), (D.2) and (D.3) gives the equilibrium
allocations for agent k, brought through an appropriate set of rationings (r, R)*.

We now proceed to represent diagrammatically, the solution concepts de-
veloped by Dréze. In Fig. 5.5, agent a’s constraint on his supply of good 1 is
given by E,E.. (i.e. FE,E, represents the level corresponding to ry). To show
the constraint on agent b's supply of good 1, we draw the line E, £, (note that
agent b is an excess supplier at any point to the left of W). We depict agent a’s
demand ration on good 1 by the line F,F,. To show the constraint on agent
's demand for good 1, we draw the line FyF} (to the right of W). Beth these
lines represent the levels corresponding to R;.

Similarly, supply and demand rations on good 2 can be shown. In Fig. 5.6
we depict the optimal choices of agents a and b in the face of the rations. To
keep the diagram simple, we have not shown agent a’s demand rations and s
supply rations.

Let E,E, and S,S, represent respectively the rations faced by agent a on
his supply of goods 1 and 2. Similarly, suppose £ F, and 7,7} show the demand
rations for agent b on goods 1 and 2 respectively. Given the rations (E, £ and
$.54), agent a's utility maximizing choice is at point £ where his indifference
contour is tangential to E,E,. Similarly, given the restrictions on b's demand
(FFy and T3T7), his most desirable choice is also at point E.

We note that at F, agent a feels a binding constraint on his supply of good

IThis is a simplified version of Dréze equilibrium. Dréze in fact allows the prices to vary

within a given interval



L(3)

3 J(2)
7 = £l w,
(1) "

135(a)



1 whereas agent ¥s demand constraint on good 1 (i.e. F,F};) is non-binding.
On the other hand, agent b faces a binding constraint on his demand for good
2, whereas agent a’s ration on the supply of good 2 (i.e. S,.5,) is non-binding.
Therefore, if an agent is demand constrained for a good no agent is supply
constrained for it and vice versa. Thus, conditions (D.1), (D.2) as well as (D.3)
of Dréze equilibrium are satisfied. Hence, E represents a Dréze equilibrium.
Suppose however, that instead of imposing rations and asking the agents
to choose their most preferred allocations, one were to assign the allocations
to the agents straightaway. Under what circumstances would the agents be

sa

sfied with these allocations ? The solution concept proposed by Malinvaud
and Younes (1977) is best viewed as an attempt to answer this question.

Any allocation, say X} = (zf,, 2},,2{3)%, k = a,b, could gencrally involve
certain amount of divergence from the agents’ initial endowment point. An
agent is likely to consider the allocation an imposition if, left to himself, he
wouid prefer to demand or supply a lesser quantity of a good than the amount
assigned to him in the allocation.

To understand this point clearly, we consider an extreme ecxample. Suppose
agent k's initial endowment W) gives him more utility than the assigned allo-
cation X¢. Then it is natural for him not to shift from his initial endowment
and accept X}. Similar reasoning ensures that he would never supply a good
a against another good ¢/, if ¢ is more preferred to ¢’.

Keeping this in mind Malinvaud and Younes (1977) require that any ac-

ceptable allocation X{(k = a,b) satisfy the following condition:
(ML) max U(Xy) = Uk(XY)

st pXy < pWi

“Superscript y stands for Younes
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I whereas agent ¥'s demand constraint on good 1 (i.e. F3F}) is non-binding.
On the other hand, agent b faces a binding constraint on his demand for good
2, whercas agent a’s ration on the supply of good 2 (i.e. S,S,) is non-binding.
Therefore, if an agent is demand constrained for a good no agent is supply
constrained for it and vice versa. Thus, conditions (D.1), (D.2) as well as (D.3)
of Dréze equilibrium are satisficd. Hence, E represents a Dréze equilibrium.

Suppose however, that instead of imposing rations and asking the agents
to choose their most preferred allocations, one were to assign the allocations
to the agents straightaway. Under what circumstances would the agents be
satisfied with these allocations 7 The solution concept proposed by Malinvaud
and Younes (1977) is best viewed as an attempt to answer this question.

Any allocation, say X} = (z{,,},,2¥3)?, k = a,b, could generally involve
certain amount of divergence from the agents’ initial endowment point. An
agent is likely to consider the allocation an imposition if, left to himself, he
would prefer to demand or supply a lesser quantity of a good than the amount
assigned to him in the allocation.

To understand this point clearly, we consider an extreme example. Suppose
agent k’s initial endowment Wj gives him more utility than the assigned allo-
cation X?. Then it is natural for him not to shift from his initial endowment
and accept X7. Similar reasoning ensures that he would never supply a good
a against another good ¢, if ¢ is more preferred to ¢’.

Keeping this in mind Malinvaud and Younes (1977) require that any ac-

ceptable allocation X} (k = a,b) satisfy the following coundition:
(M.1) max U(Xi) = Us(XY)
Tk

s.t. pXi < pWi

2Superscript y stands for Younes.

136



B

T
A
5
T
N

wre iz

A
g
T

U > zke 2wk if Tl > wee
for k =a,b, Ve
and

(X2 wa) + (X — wy) = 0.

This condition guarantees that by demanding or supplying less of a commodity
as compared to X7, agent k would not be better off.

Moreover, as in the case of Dréze, there would be an incentive to move away
from the allocation if mutually advantageous trades were to exist between a
pair of agents. Suppose in fact that X¥ and X} (satisfying (M.1)) are allocated
respectively to agents a and b. Assume further that good 3 is conventionally
accepted as a medium of ezchange in the economy. Clearly, if agents a and
b (with X¥ and X}¥) can engage in mutually advantageous additional trade
(against the medium of exchange, viz. good 3), then they would always prefer
to do so. To guard against the emergence of such potential trades the following

condition is imposed:

(M.2) For each agent i, A another agent j, a good ¢ and an € > 0, s.t.
Ui XY + ace) > Ui(XY)

Uy

— ) > U;(XY)

hold simultaneously, where

Thus, allocations X¥ and X} satisfying conditions (M.1) and (M.2) are

expected to be sustainable if they are assigned respectively to a and b. Such
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an allocation defines a Malinvaud- Younes equilibrium. It is interesting now
to compare, in terms of a diagram, the Malinvaud-Younes allocation with the
Dréze allocation. To do so, we refer again to Fig. 5.6. At FE, agent a is
supplying E, [, level of good 1 and 737} level of good 2. By supplying less of
good 1 and/or good 2, agent a can choose any point in the region WAEA’.
However, since E represents a Dréze equilibrium, any other allocation in the
above mentioned region would be less preferred as compared to £. Similarly,
by demanding less of good 1 and/or good 2 agent b cannot go to a better
position.

This observation reveals the fact that at £, condition (M.1) of a Malinvaud-
Younes equilibrium is automatically satisfied. Also, it is clear from Fig. 5.6
that though agent a is allowed to supply 5,5, level of good 2, he optimally
chooses to supply at a lower level, viz. T3T{. This is due to the reason that
given the ration on good 1, any further trade relating good 2 is not utility
improving for agent a. We observe from Fig. 5.6 that agent «’s ration on good
1 is binding at point £ and therefore any additional trade (at F) involving
good 2 need to be performed against good 3, which implies a movement along
Ebm From the diagram (Fig. 5.6) it is clear that no such movement is utility
improving for agent a. Thus, even though at £ additional trade of good 2
against good 3 (i.e. a movement along ﬁa) is desirable to agent b, such
trades cannot materialize since agent a will always be unwilling to do so.

Analogous set of arguments can be given to ensure that it is not utility
improving for agent b to trade good 1 against 3 (i.e. a movement along B7},).

Thus, condition (M.2) of a Malinvaud-Younes equilibrium is satisfied. Hence,
 also represents a Malinvaud-Younes equilibrium.

It is revealed from the above discussion that in order to arrive at both these
equilibria it is necessary to provide quite a bit of information to the central

planner, including the knowledge of the agents’ utility functions. One might,
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however, wish to economize on such information requirements.

In particular, it might be interesting to know whether full knowledge on
the part of the planner of the agents’ utility functions can be dispensed with,
as in the case of the Walrasian tatonnement scheme. Benassy’s work can be
interpreted as an attempt to answer this question. However, major point to
be noted in this connecction is that unlike a Walrasian auctioneer, Benassy’s
planner cannot adjust the prices. Therefore, Benassy is concerned with quantity
rather than price tatonnement. In this connection, two major concepts are
introduced into the literature, viz. effective demand and perceived constraint.

Given the prices, an agent’s best choice would be his notional demands

and supplies. An attempt to realize these demands makes the traders aware of

some constraints, the levels of which they “perceive” in the process of trade.
Precisely how one arrives at these “perceived constraints” will be discussed in
the sequel.

Given the perceptions, the next issue is to decide what the desired purchase
and sale of any good c¢ is. This desire should represent an agent’s unrestricted
choice in some sense. For, if we restrict an agent’s demand for a particular
good completely, then his resulting choice would not capture the desired levels
of purchases of that good. But in a rigid price situation, it cannot be totally
unconstrained either, because in that case the desired purchase (or sale) will
coincide with the notional demand (supply). Considering these features, Be-
nassy defined an agent’s desired purchase (or sale) of good ¢, i.e. his ¢ffective
demand for ¢ as his utility maximizing choice subject to the budget constraint
and constraints on all goods other than ¢ and a good reserved to play the role
of money. Thus, the effective demand reveals the amount an agent would have
liked to demand had his transaction in this good been unrestricted.

It would be mentioned in this context that if one considers rations on all

goods other than ¢, then these rations together with the budget constraint
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might automatically impose a restriction on his consumption of good c. There-
fore, in order to facilitate free choice of good ¢ while evaluating the effective
demand for it, one additional good had to be kept unrationed. It is this latter
good which is also interpreted as the money good.

More concretely, the level of effective demand Z,, of agent a for good 1 is
determined as follows:

max U, (Za1, Ta2, Ta3)
s.t. pX, <p W,

< Taz £ Taz

L[H

2

where z_, and T,z represent the perceived constraints on the supply of and
demand for good 2. The solution to this problem can be presented as (7, 25,)-
Thus, agent a's effective demand for good 1 is &, = «,,. Similarly one can
derive the effective demand for good 2.

Since effective demand for a good does not take into account the agents’
perceptions of rations on that good, the aggregate effective demand for a good
will not in general match with the aggregate effective supply. As a result, the
agents will realize during the process of trade that their feasible transactions do
not coincide with their effective demands. (This feature too will become more
clear when we represent the concept through diagrams.) The passage from
effective demands to feasible transactions would then necessitate a rationing
scheme.

Denoting a feasible transaction for agent a in good ¢ by Z., it follows that

s, is functionally related to Z,. and Z,., where ;. = Zpc — wke, k = a,b. When

an agent becomes aware of the levels of feasible transactions, it gives him an
idea about the constraints prevailing in the market. Thus, starting from a set
of perceived constraints, agents arrive at a set of effective demands which in

turn leads to a new set of perceived constraints.
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The general rule to be followed here is that the agents on the long side
of a market perceive binding constraints preventing them from realizing their
desired trades while those operating on the short side perceive themselves to
be unconstrained.

Thus, beginning from an initial set of perceived constraints, each agent
determines his effective demand for each commodity. On the basis of these sig-
nals, a new set of perceived constraints are determined, usually different from
the initial ones. This leads to a fresh computation of effective demands. Equi-

librium is attained when two consecutive sets of effective demands coincide.

In equilibrium, the levels of realized transactions Zi = (Z11, Zk2, Zxa) for a

three good economy is the solution vector for the problem

max Ui(X%), Xi= Wi+ Z
st pZi<0
, c#3

S Eke <

Z4
As already noted, quantity constraints are clamped on the trades of both good
1 and good 2, though no such constraint is imposed on the third. A plausible
reason for this is mentioned earlier. In search of a further explanation of this
fact, it may be taken into consideration that Benassy as well as Malinvaud
and Youncs try to ascribe an additional role to the third good, viz. that of a
medium of exchange. Tt is clear from Chapter 2 above that a good would act as
a medium of exchange if people believe they can pass it on to some other agent
in exchange for goods they desire to possess finally. Hence, in order for every
agent to accept a particular good as a medium of exchange (in the absence of
complete information) they should be confident that it is possible to acquire
the good or pass it on whenever necessary. This can be ensured by making

the agents feel unconstrained in this good. Keeping that in mind, Benassy
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has constructed an cquilibrium where one good can always be visualized as an
unrationed commodity. We note, however, that this condition is not sufficient
for good 3 to act as a medium of exchange, as is clear from the discussion of
Chapter 2.

Finally, we proceed to visualize the concept of a Benassy equilibrium di-
agrammatically. Once again referring back to Fig. 5.6 we notice that at the
(Dréze) equilibrium E, agent a's ration on good 2 (i.e. S,.5,) is non-binding,
whereas the ration on good 1 (i.e. E,E}) restricts him from choosing a more de-
sirable allocation (as compared to E). Therefore, in this situation, it is natural
for agent @ to perceive a binding constraint for good 1 given by £, £] and feel
unconstrained in the case of good 2. For parallel reasons agent b can perceive
a binding constraint for good 2 given by TyT}, whereas, he feels unconstrained
in his demand for good 1.

As agent a perceives that his supply of good 1 is constrained by £, £}, his
effective supply of good 2 (given by his utility maximizing choice on the budget
plane subject to E,E%) is T,7; (Fig. 5.7). On the other hand, as agent b feels
unconstrained in his demand for good 1, his utility maximizing choice would
be at B,. This would imply that his effective demand for good 2 is Q,Q.
Thus, there is an excess effective demand to the tune of 7,Q,. Naturally, agent
b would feel constrained (at a level T,7Y) concerning his purchase of good 2,
whereas, agent a feels unconstrained.

Given the perceived constraint 737} for agent b (regarding good 2), his
effective demand for good 1 is given by E,E, (Fig. 5.7). Agent a on the other
liand, feels unconstrained in his supply of good 2 and hence chooses his bliss
point and correspondingly determines N, N, to be his effective supply of good
1. Thus, there is excess effective supply of good 1 to the tunc of £,N,. Hence,
agent a feels constrained in his supply of good 1 given by £, £}, whereas b feels

unconstrained.
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Since we get back the same set of perceived constraints with which we
started, they are indeed the equilibrium perceived constraints. In equilibrium,
agent a faces only onc binding constraint viz. E,E; and hence his utility
maximizing choice on the budget plane subject to £, 2}, i.e. the point [, refers
to the realized transactions. Similarly, for agent b facing the sole constraint
T,T{, the realized transaction would once again be represented by the point £.

Thus, point E can be sustained as the point of actual transactions for a
Benassy equilibrium. From now on, the point of actual transactions corre-
sponding to a Benassy equilibrium would also be referred to as the Benassy
equilibrium allocation, although this involves a misuse of terminology.

From this discussion it is revealed that the same point £ can be simulta-
neously sustained as a Dréze equilibrium, a Benassy equilibrium and also as
a Malinvaud-Younes equilibrium. It is natural to wonder whether this coinci-
dence is accidental. Interestingly enough, it is not so, as is shown by Silvestre
(1982).

The next section depicts other possible types of allocations for the three

solution concepts.

5.4 A USEFUL DEVICE

With the help of the existing literature (see Basu (1992)), we will develop
here an interesting device to locate a Benassy equilibrium.

Let us begin with agent a. Suppose he faces the ration A; 4, on his supply
of good 1 (Fig. 5.8). In other words, he is not allowed to supply good 1 at
all. Then his most preferred allocation is given by point o. Now if we relax
this ration to A;A, agent a would choose o’ at which his indifference contour
is tangential to A;A;. Thus, varying the restriction on good 1 and tracing the
optimal choices of agent a, we get a path like 0B,, which we would refer to as

agent a’s effective demand curve for good 2. Similarly, varying rations on his
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supply of good 2 and connecting his respective optimal choices, the effective
demand curve for good 1 can be drawn as 0" B, (see Fig. 5.8). The curve 083,0”
will be referred to simply as a’s effective demand curve. In a parallel fashion,
agent b’s effective demand curve can be drawn as kB, A’ (Fig. 5.8).

From Fig. 5.8, it can bc casily checked that the point of intersection between
0B,0" and hByk' (i.e. point E) represents a Benassy equilibrium allocation (as
Basu (1992) shows, the intersection point also represents a Dréze equilibrium).

Some other typical examples of a Benassy equilibrium are represented through
the figures below (for simplicity we have omitted the budget plane).

In Fig. 5.9, agent a is a notional cxcess supplicr of both goods and b is
a notional excess demander of good 1 and notional excess supplier of good
2. Here point £ represents the level of actual transactions associated with
a Benassy equilibrium. Tt can be easily checked that at E. condition (M.1)
and (M.2) of the Malinvaud-Younes equilibrium are fulfilled and £ can also be
sustained as a Dréze equilibrium.

We next consider Fig. 5.10. In this situation, point B, is the Benassy
equilibrium. It can also be sustained both as a Malinvaud-Younes equilibrium
as well as a Dréze equilibrium.

In Fig. 5.11 both a and b are notional excess suppliers of goods1 and 2
and hence no trade is possible between them. Thercfore, the point of initial
endowment W represents the Benassy equilibrium allocation. As before W
also represents a Dréze equilibrium and a Malinvaud-Younes equilibrium.

A Benassy equilibrium may also be non-unique. This is depicted in Fig.
5.12. In Fig. 5.12 the effective demand curves (0B,0" and hByh') coincide
partly (shown by the segment B,3,). and any point on the scgment B, 3, can
be sustained as any of the three equilibria.

As an extreme case, when B, and B, coincide, we in fact get a Walras equi-

librium (Fig. 5.13). This equilibrium can be sustained as a Benassy equilibrium
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where both agents feel unconstrained in both goods 1 and 2.

5.5 WILL THE THREE EQUILIBRIA ALWAYS COINCIDE ?
From the discussion of Sections 5.3 and 5.4, one gets the impression that the
threc cquilibria would generally coincide. In fact it has been shown formally

by Silvestre (1982) that if

(i) the prices are positive,

(ii) the consumption set is bounded,
(iii} the preferences are strictly convex,

(iv) no satiation point exists,

(v) the utility functions are differentiable, and

(vi) there exist consumption vectors z; and zo with Ui(z:1) > Ui(zo) and

}7in‘\) %[[/;(.1‘0 + 0(zy — x0)) — Ui(zo)] > 0,0 < 6 < 1, then the three

solution concepts give the same equilibrium allocation.

This result, however, need not necessarily hold if the utility functions do
not satisfy the mentioned properties. Ilere we intend to demonstrate a few

diagrammatic examples of this fact.

Example 5.1 : If one assuimes away convexity of indifference contours, there
can exist a Dréze cquilibrium which is not a Malinvaud-Younes equilibrium.
This is depicted by Fig. 5.14. Here point E can be sustained as a Dréeze
equilibrium as follows. Agent a is rationed in his supply of good 1, where the
rationing is shown by AA’. Similarly, he is restricted in his supply of good 2 and

the rationing is given by W A. Given these two constraints trading possibilities
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of agent a arc restricted to the line segment WA. In this region his utility
maximizing choice would be the point E. Thus, a’s ration on good 1 is non
binding and that on good 2 is binding.

On the other hand, agent b faces rationings given by QQ’ for good 1 and
WA for good 2. Given these two constraints, his optimal choice would be at
point E, where both rationings arc binding. Though agent a as well as b face
binding constraints for good 2, it does not violate Dréze’s criterion as both of
them are supply rationed for that good. Thus, the allocation represented by
5 can be sustained as a Dréze equilibrium.

The fact that point E is not a Malinvaud-Younes equilibrium can be checked
very easily. As is clear from Fig. 5.14, by trading good 2 against 3 and choosing
an allocation on the line segment [/ (where the indifference contour of agent

b cuts QQ'), both agents can arrive at a mutually advantageous position.

Example 5.2 : If we assume away differentiability property of the indiffer-
ence contours, there can arise a Malinvaud-Youncs equilibrium which does not
qualify as a Dréze equilibrium. This is shown in Figure 5.15. Here agent a’s
indifference contour is non-differentiable at £. It can be easily checked that at
I both the criteria of a Malinvaud-Younes equilibrium are satisfied.

To sustain E as a Dréze equilibrium, agent b has to be given binding con-
straints AA’ and QQ' for goods 1 and 2 respectively. On the other hand, for
agent a to choose E, he has to face at least one binding constraint for one
of the goods. WLOG let agent a facc binding constraint for good 1 given by
QQ'. Thus, for good 1 both the demander (i.e. b) and supplier (i.e. a) are

constrained and hence E is not a Dréze equilibrium.

To sustain FE as “realized transactions” for a Benassy equilibrium, agent
b has once again to perceive (binding) constraints AA’ (on good 1) and QQ’

(on good 2). Agent a on the other hand has to perceive at least one binding
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constraint in equilibrium (otherwise he would choose B, rather than E as
cquilibrium transactions). W LOG suppose agent a faces constraint AA’ on its
supply of good 1 and in good 2 market he feels unconstrained.

However, it can be checked that AA’ cannot be sustained as a (binding)
perceived constraint for both a and b. Therefore, E cannot be sustained as a

Benassy equilibrium.

Example 5.3 : The following diagram (Fig. 5.16) shows a situation where
point £ can be sustained as a Malinvaud-Younes and a Benassy equilibrium
but not as a Dreze equilibrium.

We note here that the indifference contour of agent a is neither strictly
convex along the stretch EE’ nor differentiable at E. In particular, in Figure
5.16 a part of the indifference contour of agent a viz FE’, merges with the line

AA’ (parallel to RR).

5.6 CONCLUSION

This chapter has presented a clear visual analysis of how in a price rigid
situation, a particular allocation can be sustained through a set of appropriate
rationing schemes which under a monetary pattern of trade would be vol-
untarily accepted by the agents. This fact may turn out to be an aid to a
planner trying to bring about a particular distribution of commodities through
appropriate choice of policy prescriptions (viz. quantity rationings and price
fixation).

In the next chapter we would take up this issue in some detail. In particular
we would try to provide an casily implementable device for a planner while

choosing an appropriate allocation for the system.
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List of Symbols used in Chapter 5:

(1) ¢: index for a commodity

(2) k: index for an agent

(3) Us: utility function of agent k

(1) zre: level of good ¢ finally consumed by agent &
(5) W: initial endowment matrix

(6) wy: initial endowment of good ¢ for agent &

(7) Xi: (@1, Tk, Tha)

(8) Wi (wia, Wras Wke)

(9) zie: excess demand for good ¢ for &

(10) Zy: (zx1, 22, 283)

(11) 1JL: budget plane

(12) Ba, By: points of notional demands for agents a and b respectively

(13) 7e, R.: rations on the excess supply of and demand for good ¢ (respec-

tively)
(14) p: price vector
(14) pe: price of good ¢
(15) Bdy: budget set of agent &
(16) XP: allocation attained by agent k in Dréze equilibrium
(17) X}: same as (16) in Malinvaud-Younes equilibrium
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(18) z,_, Txe: perceived constraints of agent k rcgarding good ¢
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CHAPTER. 6
THE P-EFFICIENCY PROPERTY

ABSTRACT

This chapter is concerned with a diagrammatic representation of the con-
cept of p-efliciency associated with a Benassy equilibrium. It also provides a
complete characterization of the price space into p-efficient and p-inefficient
Benassy equilibria. The latter exercisc is done for a Cobb-Douglas utility spec-
ification. One interesting conclusion of the chapter is that in a 3-good, 2-agent
cconomy, p-efficiency properties of a large variety of Benassy equilibria can be

established with reference to the national demands alone.

6.1 INTRODUCTION

The fundamental theorem of welfare economics states the equivalence of
Walras equilibria and Pareto optimal allocations. The important part of the
theorem consists of showing that a Pareto optimal allocation is usually at-
tainable as a competitive equilibrium. However, to the extent that agents’
endowments may not coincide with the Parcto optimal allocation in question,
the theorem amounts to an empty exercise, unless the planner may carry out ar-
bitrary transfers of endowments between the agents. In practice, such physical
reallocations are difficult if not impossible. On the other hand, price manipu-
lation is generally known to be a more implementable instrument than direct
reallocation of agent’s endowments. 1f the planner opts for price manipulations
done, an obvious choice for him is the market clearing competitive price vec-
tor for the given set of initial endowments. But the competitive equilibrium

allocation though Pareto optimal need not maximize a planner’s social welfare



function. Consequently, even if prices are mauipulable the planner may not be
interested in the competitive allocation.

The interesting question to ask then is whether therc may be a (weaker)
concept of efficiency which can aid the planner in his choice of (administered )
prices. In this context Benassy’s concept of p-efficiency offers some help.

As opposed to a competitive equilibrium, a Benassy equilibrium need not
always be efficient or even p-efficient. As a first step, therefore, we attempt
to describe the concept of p-efficiency through a set of diagrams and identify
situations where a Benassy equilibrium need not be p-efficient. This is done in
Section 6.2 for a 2-agent and 3-good cconomy. In the next section, we show
that in our framework, it is not necessary to know the Benassy equilibrium
allocation in order to examine its efficiency properties. In fact depending only
on the notional demands of the agents, one can infer whether the resulting
Benassy equilibrium (or equilibria) are p-efficient or not. These results are
then used (in Section 6.4) to obtain a complete characterization of the price
space in terms of p-efficient and p-inefficient Benassy equilibria. Given such a
characterization, all that the planner has to do is to announce the prices which
lead to the socially most desirable p-efficient allocation.

It should be mentioned in this context that these characterizations will
change depending on the preference patterns of the agents. We perform the

exercise here for a Cobb-Douglas type of utility specification.

6.2 THE CONCEPT OF P-EFFICIENCY

We consider an economy exactly similar to the one described in the previous
Chapter (Section 5.2). As is observed in Figures 5.10, 5.11, 5.12 and 5.13 (of
Section 5.4), depending on the nature of the parameter values, one can arrive at
different types of Benassy equilibria. We intend to take up each such situation

and examine its efficiency properties.
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Case I: If the given prices correspond to a competitive equilibrium, we arrive
at a Benassy equilibrium that coincides with the competitive equilibrium. This
Benassy equilibrium can be sustained through the agents’ perception of being
unconstrained in all the markets. Clearly this allocation is Pareto-optimal.
However, Case I does not represent a typical scenario. For in a disequilib-
rium set-up, prices are usually taken to be rigid at a non-market clearing level.
Keeping this in mind we next look for other types of Benassy equilibrium (Fig-
ures 6.1 and 6.2). These equilibria, though not Pareto optimal, arc efficient
in a restricted scnsc. More precisely they have the property that, there does
not exist any alternative allocation on the fized budget plane which makes at
least one agent better off without making the other worse off. Case 11 below

illustrates some such situations through Figures 5.10, 6.1 and 6.2.

Case II : In Figure 5.10, B, represents the level of realized transactions cor-
responding to a Benassy equilibrium. We will equivalently refer to B, as the
Benassy equilibrium. Here agent a achieves his highest possible utility and any
other allocation on the budget plane is going to make him worse off. Thus,
it is not possible to arrive at an alternative allocation that is superior in this
restricted sense.

We now refer to IFig. 6.1, where again B, can be shown to be a Benassy
equilibrium.

Point F of Fig. 6.2 also depicts a Benassy equilibrium . Here the indiffer-
ence contours of the agents are tangential to each other at 2. Hence, it is not
possible to move to a new allocation on the budget plane without making at

least one agent worse off.

Case 111 : Indecd, there are a large number of cases (see for example Fig. 6.3)
where a Benassy equilibrium does not qualify as efficient even in this restricted

sense.



By

2
Fig. 6.

152(a)



Suppose an allocation, say £, of Figure 6.3 (which is a Benassy equilibrium)
is assigned to the respective agents. Clearly, any allocation in the shaded region
(say, point ') makes both agents better off. However, the question that arises
is whether the agents with allocation £ will be able to move out from it through
free trade involving pairs of goods, when the price vector is fixed at p. Benassy
points out that this is not possible.

In a 3-good economy there can be at most three trading posts viz. (1,2),
(1,3) and (2,3). Since E is a Benassy equilibrium, no further trade involving
good 3 is mutually agreeable. Thus, we are left ouly with the (1,2) trading post

. Tt is clear from Figure 6.3 that the two agents with allocation £ would like

to move in opposite directions (viz. EF and EF"). This shows that at [2 there
does not cxist any mutually agreeable trades (which makes both a and b better
off) involving pairs of goods alone. From this point of view, Benassy rccognizes
E to be an efficient allocation of sorts, viz. as a p-efficient allocation.

It is natural to ask when there can exist a p-inefficient Benassy equilibrium.
From the very definition of equilibrium, it is clear that no mutually advanta-
geous trades involving good 3 can ever exist. This is especially clear from the
definition of a Malinvaud-Younes equilibrium (see (M.2) of Section 5.3). There-
fore, all that remains to be checked is whether by trading in the (1,2) trading
post, the agents can improve upon the existing allocation. The representation
of Fig. 6.4 makes the point clear. As discussed earlier (Section 5.4, Fig. 5.11),
the initial endowment vector W represents a Benassy equilibrium in the case of
Figure 6.4. However, as is clear from Fig. 6.4, at W trade in the (1,2) trading
post i.e. a movement along WA makes both traders better off.

This example reveals that even after the attainment of a Benassy equilib-
rium, it may be possible to have certain potentially profitable trades unreal-
ized. The problem arises from the fact that the Benassy equilibrium rules out

by definition direct exchange of good 1 against 2.
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Keeping this in mind a p-efficient allocation is defined as follows:
W LOG consider agent a. Let z,, and z,, denote respectively the amounts

of goods 1 and 2 with agent a. We define relation R, as

1(Ro)2 = — 57— — —
(Re) p1 0ra p2 O%a2

which implies @ has a positive quantity of good 2 and would like to supply
s00d 2 against good 1 at the going set of prices. One can now define a Pareto
improving chain of traders as follows.
c1(Ra)ez, e2(Ry)ey, ¢ =1,2,3
¢y =1,2,3,
¢ # ca.

An allocation is p-efficient if no such Pareto improving chain exists. (Note that

Fig.6.4 provides an example of a Pareto improving chain of trades starting from
Ww.)

Thus, it is clear that a Pareto improving chain can exist even after rcaching
a Benassy equilibrium, because a Benassy equilibrium recognizes only potential
trades against a specific good (viz. good 3 here, that is viewed as a money
good). If, however, an agent is allowed to quote his effective demand for every
good against every other good, then benefits [rom all potential bilateral trades
can be realized.

More precisely suppose Aq1z denotes the money value of the volume of agent
«'s transactions of good 1 against good 2:

A1z > 0, if @ buys 1 against 2

Xa12 < 0, if a sells 1 against 2.

Thus, the final holding by agent k of good 1 will be

Aaz | Aais
Ta1 = War + + —
P2 P3
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Here, the effective demand in the (1,2) trading post, denoted by Az is found
out by solving
max U,(X )

(6.1) s.t. p. X, < p. W,

(6.2) Taey = Wae, + D deaen p g g
cntar  Ph

(63) X.20

(6.4) Aata € Aais € Aars

(6.5) Aa23 < a2z < Aazs

where A, and Xac,c, rcpresent agent a’s perceived constraints in the

(c1,¢2) trading post etc. Note that for the calculation of effective demand

in a market we now take into account two perceived constraints instead of
only one as in the regular case. We may similarly define effective demands
in the (1,3) and (2,3) trading posts. Revision of these effective demands are
performed in a manner parallel to that of the monetized trading post set-up
described in the previous chapter.

As before, equilibrium is attained when two consecutive sets of effective
demands coincide. The equilibrium levels of realized transactions are found by
taking into consideration all the perceived constraints simultaneously. That is,

agent a’s realized transaction is given by the solution of the following problem:
max U,(X )
~a

st (6.1) = (6.5)
and

Aoz € Az < Aarae

An cquilibrium of this nature is called a barter equilibrium. It is shown by

Benassy that a barter equilibrium is always p-efficient.
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We now visualize the concept of a barter equilibrium by means of Figure
6.5. Let us begin with the following set of perceived constraints.

Perceived constraints for agent a (Fig. 6.5):

(1,3) trading post : he perceives that no trade is possible

(2,3) trading post : he perceives that no trade is possible.

(1,2) trading post : he feels unconstrained in his demand for good 2 against
good 1. However he perccives that he cannot supply good 2 for good 1. More
precisely, he is [ree to choose any point along WN'.

Perccived constraints for agent b (Fig. 6.5):

For the (1,3) and (2,3) trading posts : exactly the same as those for agent

(1,2) trading post : he perceives that he can demand RR’ (level of good
1) against 2'1” (level of good 2) but cannot demand good 2 for good 1 at all.
That is, he is restricted to move along the line segment We.

Beginning with a set of perceived constraints, our next task is to examine
the effective demand vectors for the two agents.

Effective demand in the (1,2) trading post:

In this situation one has to take into account the perccived constraints of
the (1,3) and (2,3) trading posts. Given the “no trade possible” constraints
in both these markets the ‘feasible set’ of allocations from which agent a can
choose his optimal point is given by the line NN’. In this region, the utility
maximizing volume of trade for agent a in the (1,2) trading post is given by
the point ‘¢’ where his indifference contour is tangential to the horizontal line

N

/" (Fig. 6.6). More specifically, he wants to supply RR' level of good 1
against T'1" level of good 2. Since agent b faces the same set of constraints
in trading posts (1,3) and (2,3), the feasible set of allocations from which he
has to choose his effective demand in the (1,2) market is given by the points

on the line NN’. Utility maximizing choice of agent b in this rcgion would be

156



Fig. 6.5




at point €’ (Fig. 6.6) where his indifference contour is tangential to NN’. In
particular, b demands QQ' level of good 1 against AA’ level of good 2.

From the position of e and ¢’ it is clear that agent a belongs to the short
side of the (1,2) market and hence feels unconstrained in his demand for good
2 against good 1. However, since agent b is an excess effective supplier of good
2 against good 1, agent a obviously perceives that he cannot supply good 2
against good 1 in the (1,2) trading post.

On the other hand agent b feels a binding constraint in trading post (1,2)
restricting him to demand RR’ level of good 1 against 77" level of good 2.
Furthermore, since agent a is an excess effective demander of good 2 against
good 1, b naturally perceives that it is not possible for him to demand good 2
against good 1. This restricts him further from choosing any point to the left
of W, i.e. along WN. Thus, he is constrained o move along the line segment
We. This shows that we have arrived at the same set of perceived constraints
in the (1,2) market, with which we started out.

Effective demand in the (1,3) trading post (Fig. 6.7) :

In this case one has to consider the respective perceived constraints in the
(1.2) and (2,3) trading posts for agents a and b and evaluate their unconstrained
(desired) trade in the (1,3) market. Let us begin with agent a. Agent « feels
unconstrained in his demand for good 2 against good 1 in trading post (1,2)
and perccives that no trade is possible in the (2,3) market. Furthermore, any
desired trade in the (1,3) trading post diagrammatically implics a movement
along a line parallel to AA’. Thus, the feasible set of allocations from which a
is free to choose his effective demand in the (1,3) trading post is given by the
points lying to the right of AA’. Therefore, agent a’s utility maximizing volume
of trade in the (1,3) market is attained at f which represents his effective supply
of nn level of good 1 against 1+ level of good 3.

Let us now find agent b's effective demand. Agent b perceives that he can

157



Fig. 6.7

157(a)



choose any point in the line segment We through trade in trading post (1,2)
and no trade is possible in the (2,3) market. Thus, the feasible set of allocations
from which b would choose his desired level of trade in the (1,3) market is given
by the region lying between the line 7"eT" and AW A". Clearly, B, represents
his best point in this region. Thus, he would declare the corresponding levels
of good 1 and good 3 as his eflective supply of good 1 against good 3.

From the effective demand configurations for a and b, it is clear that both
agents are excess effective demanders of good 3 (against good 1) and hence
they arrive at the perception that no trade is possible in that trading post.

Effective demand in the (2,3) trading post (Fig. 6.8) :

It can similarly be shown by using I'ig.6.8 that given the rations on trading
posts (1,2) and (1,3), a’s utility maximizing choice is at B, and ¥'s choice is at
. Since both the agents are suppliers of good 2, they again get back to the
perception that no trade is possible in the (1,3) market.

From the above discussion it is clear that the set of perceived constraints
we began with are indeed equilibrium perceived constraints.

To find the level of realized transactions in equilibrium we consider simul-
tancously all three perceived constraints relevant for cach trader. This reveals
the fact that each agent can choose any point in the line segment We, where
¢ is the best point for both a and b (Fig. 6.5).

As is clear from the diagram, e refers to a p-efficient allocation. This rep-
resentation shows how the agents can improve upon a Benassy-equilibriu m by
the opening up of the (1,2) trading post and also the way effective demands in

the (1,3) and (2,3) markets change as one moves to a barter equilibrium.

6.3 P-EFFICIENCY AND NOTIONAL DEMANDS
Assuming without loss of generality that the Benassy equilibrium for a

given set of parameters (viz. preferences, endowments and prices) is unique,
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one can appeal to the definition of efficiency given by Benassy (1975) in order
to determine if it is p-efficient or not. However, this requires in the first place
the computation of the equilibrium allocation itself.

The thrust of the present exercise on the other hand is to examinc the
efficiency properties of a Benassy equilibrium without actually computing the
equilibrium. In order to present the problem through diagrams, we concentrate
as before on a simple 2-person, 3-good economy. The results derived in this
situation are yet to be generalized for a large economy.

In particular, we ask whether the notional demands alone can be used as
indicators for determining the efficiency properties of the resulting Benassy
equilibrium. Fortunately, for a large class of utility specifications we can an-
swer this question affirmatively. The advantage of this exercise lies in the fact
that notional demands are far easier to calculate than the equilibrium effective
demands.

We specify below the assumptions on the preference patterns under consid-

eration :

Assumption 6.1 : Suppose B, # W, B, # W. We assume that the sign of
an agent’s excess effective demand for a good is the same as the sign of his
notional excess demand for that good. More specifically, if an agent, say a is
a notional excess supplier of good 1 in the sense that at /3, he wants to sell
some amount of good 1, Assumption 6.1 implies that he can never be made an
excess effective demander of good 1 by imposing rations on good 2.

If we represent the corresponding effective demand curve diagrammatically,
it lies entirely inside one of the four regions where the no trade restrictions in
the (2,3) and (1,3) markets, divide the budget plane with (e.g. refer to Figures
6.1, 6.2, 6.3, 6.4 etc.). Figure 6.9 refers to a situation which does not satisfy

Assumption 6.1 and hence is not captured by our exercise.
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Let us now examine various situations characterized by the signs of the
notional excess demands of agents a and b for the different goods. Our findings

in this respect are presented in the following propositions.

Proposition 6.1 : Let B, # B, # W. Further, suppose (without loss of
generality) that a is a notional excess supplier of both goods 1 and 2. Then,
the Benassy equilibrinm will be p-efficient if agent b has complimentary desires
at B,. That is
(6.6) 10U, 1 av,,] >

Ba

1 dan P3 Oxya

p2 02 pa Oxps

©.7) 1L ou, 1 auh} -
Ba

Note : (i) We assume that U, is differentiable at B,.

(ii) This situation is represented in Figure 6.1.
Proof : See Appendix to Chapter 6.

Remark 6.1 : If (6.6) and (6.7) holds with equality we get a Walras cquilib

rium.

Corollary 6.2 : If either B, = W or B, = W, we get a p-efficient Benassy
equilibrium at W.

After this discussion concerning the equilibrium occurring either at B, or
at B3, we now move to the cases where the notional demand points cannot be
sustained as equilibria. Thus, in what follows we would assume the parameter
values to be such that Benassy equilibrium does not coincide with the notional

demands of any agent.

Proposition 6.2 : (i) If agent « is a notional excess supplier and agent b is a
nolional excess demander of both goods 1 and 2 or vice versa then 3 a Benassy

cquilibrium that is p-efficient.
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(ii) The same conclusion holds if both agents are notional excess demanders

of good 1 and notional excess suppliers of good 2.
Proof : See Appendix to Chapter 6.

Note : It can be easily checked that the result holds if one agent’s excess

notional demand or supply equals zero (for good 1 and/or good 2).

Remark 6.2 : The excess demand specifications given in Proposition 6.2 are

represented by Figures 6.3 and 6.10 respectively.

Proposition 6.3 : If agent a a is notional excess supplier of good 1 and
demander of good 2 and b is a notional excess demander of good 1 and supplicr

of good 2 or vice-versa, then the Be s equilibrium is never p-efficient.

Note : As mentioned earlier, here we are assuming that the equilibrium does

not coincide with either B, or B,.
Proof : See Appendix to Chapter 6.

Remark 6.3 : The excess demand specifications mentioned above are illus-

trated in Figure 6.11.

Proposition 6.4 : If agent a is a notional excess supplier (demander) of both
goods 1 and 2 and b is a notional excess demander (supplier) of good 1 and
supplier (demander) of good 2, then the Benassy equilibrium may or may not

be p-efficient.
Proof : See Appendix to Chapter 6.
Note : The diagrams depicting different possibilities are presented together

with the discussion of the proof of this proposition.
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6.4 A CHARACTERIZATION OF THE PRICE SPACE

In the light of the above propositions, it is possible to examine whether an
incfficient Benassy equilibrium can be sustained as a p-efficient equilibrium by
readjusting the parameter values, in particular by adjusting the prices. This in
turn results in a characterization of the price space in terms of p-efficient and
pinefficient Benassy equilibria. Clearly, such characterizations would differ
for different utility specifications. We would perform the excrcise for a simple
2-person, 3-good economy where the agents are endowed with identical Cobb-
Douglas preferences.

The utility function of agent ¢ is given by

Ui(zsy, @,

3)

Tiy - Tiy - Tiy, 1 = a, b.

We assume the parametric specifications to be such that Assumption 6.1 re-
mains valid. We have a further assumption regarding the parameter values.
It has already been shown (Proposition 6.3) that if one agent is a notional
excess demander of one good and a notional excess supplier of the other, while
the other has opposite characteristics, the Benassy equilibrium is p-inefficient.
Keeping this in mind we assume that to begin with the parametric specifi-
cations satisfy the above conditions regarding the agents’ notional demands.
This automatically ensures the initial equilibrium to be p-inefficient. More

specifically, we have the following assumption.

Assumption 6.2 : the initial parameter values are such that

z, < Wai, Tho > W,
(6.8) a1 1 2 2
Th > wp, Thy < Wi
Also, the equilibrium does not occur at B, or at By.
Under the given Cobb-Douglas utility specifications
. e em p-Wa p-Wa p.W,
Bu(einainais) = (5 2
3p1 7 3p2 3
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and

p-Ws pWy P-Wb)

Bt oi) = (ot

3p2  3ps

where p- W, = total value of agent a’s initial endowment = P1Wa1 +Pawaa+P3was
ete.

We now examine whether any adjustment of the price vectors can restore
cfficiency in the system. If so, our‘ next task is to identify these values on the

price spe

e.

According to Proposition 6.2, the Benassy equilibrium would turn cfficient
if agent a becomes a notional excess demandcr of good | and notional excess
supplier of good 2, with b remaining a notional excess demander of good 1 and
a supplicr of good 2. This situation is depicted in Figure 6.10.

Initially we have,

= (P1/P3)war + (P2/Ps)waz + was

T < w,
o 3(p1/pa) =
o, = o2 (P1/P3)war + was o
3(p2/ps)

Thus, we begin with a pair of values 5;— and ﬁ such that (6.8) holds. As a next
step, we increase 22 keeping 2 fixed. That raises 27, and reduces z7,. For the
fixed py/ps, consider the set p,/ps which satisfies

(6.9) T — wa =0

and let, (%) be the minimum value of % such that (6.9) holds. Since =7, is a
continuous function of P2 it follows that for 2= (E

Tay = Wa1

Similarly, given the same £, select the minimum value of 53 such that

(6.10) iz — Waz S0
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holds and denote it by (). Clearly, for (B), 23, = waa.

Thus, max ((;’L‘),(;i-)) = 5), (say) gives a value of 22 for which agent a is
 notional excess demander of good 1 and a notional excess supplier of good
2 (corresponding to the initial value of 2). Clearly, at () at least onc good
has 0 excess demand or supply.

We now concentrate on agent b. As () increases, j; riscs and zj, falls.
Hence, b remains a notional excess demander of good 1 and a notional excess
supplier of good 2. This shows that the (L) (defined above) gives a level of 2%
that is sufficient to ensure p-efficiency.

As s clear from the above discussion (%) and () are functions of 2. We
now proceed to find the exact relationship between them. Let us call 1’7“ = P,
Lsz,(@—)ng and (E p

P5(Q) is such that

‘D

P1Wa1 + Patwaez + P3Was
o = wa
3p1

Wa2 7 Wa3

. -
(6.11) = ho= o Pt

Similarly, P2(Q) is that value of 2= which satisfies
P1Wa1 + P2Wa2 + P3Wa3

- w,
3p, "

Wa2 7
Py -
Wal Wal

Wa3

(6.12) =P =

The relations (6.11) and (6.12) are represented in Figure 6.12. According
to Assumption 6.2 the initial values of P, and P, are located somewhere inside
the dotted region (WLOG, say at N of Figure 6.12). We have shown so far
that we can increase pp/pa by NN’ and arrive at an efficient allocation. In
fact, for any 2 > max (P, .E’gj, efficiency can be attained. Thus, the region
shaded by the ‘+ signs consists of p-efficient allocations. However, in the region

\m) > 2> (L) (shown by FOAR), or in (P—) > 2> ( %) (shown
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by the crossed (X) region), it is not yet possible to infer about efficiency.
Therefore, we have marked these two regions as “ambiguous”.

Our next task is to characterize the ambiguous region to see if with an
even smaller increment in P, we might attain efficiency. In order to do so, we
begin with the situation where the initial P value is larger than R'. Thus,
our intercst is to characterize at first the ambiguous region above R (i.e. the
cross-shaded region). For convenience, the corresponding truncated diagram
is shown in Figure 6.13. Clearly, in this region we have P, > P,. For any
5, such that P, > P, > Py, agent a is a notional excess supplier of both
goods 1 and 2, while b is a notional excess demander of good 1 and supplier
of good 2. In such a situation, the Benassy equilibrium may or may not be
efficient (Proposition 6.4). Depending on the parameter values, two distinct
possibilities can arise (they are discussed in the Appendix by means of Figures
A6.1 - A.6.3). We would now examine for what values of P, and P these
possibililies can arise. However, it should be noted that thesc situations also
depend on other parameter values, in particular on the initial endowments of
the agents. Thus, we begin by considering two alternative relations between
the initial endowments of the two agents which are going to play a major role

in our characterization exercise.
Case 1: w,; > wsy

Case 2: w,; < wp

Needless to say, depending on the relation between wae and wee,

there arise various subcases which we will take up in the sequel.
Let us begin with Casc 1. Two different possibilities (as mentioned above)
can be considered under this parametric specification. They arc described by

the following subcases.
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Subcase 1: Given a ration on good 2 at a level GG’ (Figure A.6.1), agent a’s
effective supply of good 1 < agent ¥'s effective demand for good 1. In this casc,
the resulting Benassy equilibrium is p-efficient (see the proof of Proposition 6.4

presented in the Appendix).

Subcase 2: Given a ration on good 2 at a level GG’ (Figures A.6.2, A.6.3),
agent a’s effective supply of good 1 is greater than agent 0’s effective demand
for the same. In this situation the Benassy equilibrium may or may not be
pefficient (Proposition 6.4).

Let us first consider Subcase 1 for Case 1. Given a ration on agent i’s
consumption of good 2 at a level %, his effective demand for good 1 can be

computed as

The corresponding level of a3 is

_pWi-—p
2ps

T3 etc.

Therefore, when good 2 is rationed at w;, effective demand for good 1 is

given by
Prwiy - pawis

@i = : i=a,b,

which is independent of p,

Thus, from Subcase 1 it is clear that

P1wa + Patas . Prn + Pains
2py - 2

(6.13)
implies p-efficiency. That is, p-efficiency requires

(6.14) P1(wa1 — wir) < pa(wpa — was)

Whz — W .
(6.15) or, PLWTWa g —w,y >0
P3 Way — Why
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Thus, the part of the ambiguous region in Figure 6.14 lying under the horizontal
line,
Wh3 — Was3
p, = e 3
Wa1 — Wy
is revealed to be p-efficient. Note that if wp; < w,3, the entire ambiguous region
is p-efficient.
In order to characterize the remaining ambiguous regions we next consider

Subcase 2 (under Case 1), where agent a’s effective supply of good 1 is greater

than b’s cffective demand for the same good. In this context, Figure A.6.2.

shows that if at A, agent a wants to demand more of good 2 against good 1,
(keeping the level of good 3 constant), then the original Benassy equilibrium
is p-inefficient. On the other hand, if at A agent a wants to supply good 2
against good 1 (Figure A.6.3) the initial equilibrium (at A) is p-efficient.

Let us now find conditions under which these two alternatives hold. Clearly,
the level of good 3 for agent b at A is equal to the level of good 3 he would
have had, had he been rationed in good 2 at the level wy, (see figures A.6.2

and A.6.3). Thus, the corresponding ;3 is

N W,
Tpz = fad

— P22 _ P1Ws1 + Paws
2py 2ps
Therefore, at point A, agent a’s consumption of good 3 is

: 2p3Wa3 + P3tss — Pr1ivn
Loy = Way + Wz — Tz = —————5
2p3
Now let us examine the level of agent a’s potential demand for good 2
against good 1 at A. This is given by

Prwar + Patwaz + Pattas — 3[2pswas + Pswss — prwed]

Za2
2p2
1
P1Way + P2waz — 3[Pawis — prwm]
2p2
P1Wa1 — Pawaz — 3[Pawsz — P1ws]
= Ty — Way = -
“P2
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For an equilibrium to be p-efficient, it is sufficient that x,, — w,2 < 0. Now,
Taz —Wa2 S0

1
= prwa < pawar + 5[Pawia — prwn)

1 1
= P_l(w“ + Gwe) — S W3 < &wﬂ
P3 2 2 P3
w, 1/2)w
(6.16) = P <( 2 p, g (/2w
Wa1 + Wy Way + win
This relationship (i.e. (6.16)) is shown in the untruncated diagram by the
line AB (Figure 6.15). Here we have assumed WLOG 22- < ity The
a war + L

truncated version of the diagram is shown in Figure 6.16, where A’ represents
the point at which RR’ intersects AB (see Figure 6.12).

From Figure 6.14 it is clear that any configuration of P and P, lying
below the line segment HJ in the ambiguous region (of Figure 6.13) can be
characterized as efficient. However for those values of P, and P, lying above
the line segment HJ, the ambiguous region is still not characterized. Clearly
in this region the Benassy equilibrium is of the nature described in Subcase
2. Therefore, the position of the line A’B (Figure 6.16) would, help us to
characterize the above mentioned ambiguous region. From relation (6.16), it is
clear that to the right of line segment F'B (Figure 6.16, shaded region) we get
an efficient Benassy equilibrium. On the other hand to the left of line segment
FB (dotted region, where F is the point of interesection between HJ and A’'B)
we get inefficiency (Figure 6.16). Thus, the entire region is characterized. Let
us now move on to Case 2, where w,; < wy. As before, we again consider
Subcase 1 for Case 2. In this situation, the incquality (6.15) is reversed that
is, p-efficiency would be ensured if
Wh3 — Wa3

s

(6.17) >
P3 Wa1 — Wi

Depending on the sign of w3 — w,s we get two types of possibilities. They are

represented through Figures 6.17 and 6.18.
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The second possibility includes the interesting situation where wyz > wag.
In this case, the entire ambiguous region can be characterized as efficient (Fig-
urcs 6.18) just on the basis of Subcase 1.

Note that if wey — ws; = 0 and w3 — w,3 > 0 we can characterize the entire
ambiguous region as efficient as in the case of Figure 6.18.

In order to characterize the remaining ambiguous region of Fig.6.17, we
need to consider as before Subcase 2. Therelore, as in the case of Figure 6.16,
we show the rclation (6.10) by the line A’B (Figure 6.19). Thus, the ambiguous
region to the right of A’B can be characterized as p-efficient and to the left of
A'B is inefficient.

Thus, is both Case 1 and Case 2 the entirc region above R’ can be char-

acterized.

Remark 6.1 Apart from the parametric specifications discussed so far there

remains some finer possib

(i) If 1001 — w051 = 0 = 15 — 10,3

(6.14) holds as an equality and we get a situation described in Figure 6.2,
which ensures p-efficicncy.

(ii) If wpz — was = 0 and way — wyy > 0, (6.14) never holds.

We next come to the region where P, < P, (i.e. the ambiguous region
lying physically below the line R’R). At a value of P, such that P, < Py < Pa,
agent a is a notional excess demander of good 1 and good 2. This situation is
represented in Figure 6.20.

It can be easily checked that in this situation the characterization depends
on the relation between w,2 and ws,. Thus, we consider the following possibil-

ities:

Case 3: wap > wyp
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Case 4: wyp < wyy

As before under each case, two subcases need to be studied.

Subcase 3: Given a ration on good 1 at a level SS’ (Figure 6.20), agent a’s
effective demand for good 2 < agent b's effective supply of good 2. In this case,

the resulting Benassy equilibrium would be p-efficient.

Subcase 4: The inequality in Subcase 3 gets reversed. In this situation the
Benassy equilibrium may or may not be p-efficient.

Depending on these possibilities, in an exactly parallel fashion as above one
can characterize the region below RR'. The following diagrams (Figures 6.21,
6.22) show the complete characterization for different parametric specifications.
In the following Figures 6.21 and 6.22, the line CD is drawn to depict the

situation

p > wat(
1= w,

[ p, _ (12
a1 Wa1
which gives the condition for p-efficiency under Subcase 4.

The case when wa; < ws and waz > wy2, the characterization of the upper
part of the line RR' of Figure 6.21 will change and exactly resemble Figure 6.19.
Similarly, in the situation where wa; < ws and w,y > why, the characterization
of the region lying above RR’ (Figure 6.22) will change and will be the same
as in Figure 6.19.

Other finer possibilities can be dealt with in a similar fashion. This com-

pletes the characterization of the price space.

6.5 CONCLUSION
The above exercise reveals how the price space can be characterized in terms
of p-efficient and p-inefficient Benassy equilibria. The characterization as is

shown depends on the level of initial endowments of the agents. The exercise
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is performed under the assumption of a Cobb-Douglas preference pattern. It is
yet to be examined how this characterization changes for other types of utility

specifications.
APPENDIX TO CHAPTER 6:

Proof of Proposition 6.1:

Here we intend to show that B, can be sustained as a Benassy equilibrium.
The p-efficiency would then follow immediately since no possible trades can
improve «’s utility any further. In order to show that B, is a Benassy equilib-
rium, it is cnough to prove that B, can be sustained as a Malinvaud-Younes
equilibrium.

(i) At B., agent a would not desire to have any trade against good 3.
Thus, no trade between a and b can occur. Therefore, the condition (M.2) of
a Malinvaud-Younes equilibrium (Section 5.3) is satisfied.

(i) At B,, agent a is an excess supplier of both the goods. Therefore, at
B, agent b is an excess demander of good 1 and good 2. Now (6.1) and (6.2)
imply that at B,, agent b wants to demand more of both goods. IHence, by
demanding less of good 1 and 2 agent b cannot improve his utility. Thus, at
B, condition (M.1) of a Malinvaud-Younes equilibrium is also satisfied.

Therefore, B, is a Malinvaud-Younes equilibrium. Hence for all convex and
differentiable indifference contours /3, can be sustained as a Benassy equilib-

rium (see Section 5.5). n

Proof of Proposition 6.2:

(i) Let the realized transactions in equilibrium, be z, =

Tats Taz, Taz) and
Ty = (Tp1, Toz, Taa)

According to our assumption (stated immediately before Proposition 6.2)
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T, # (251, T30, T53)
zy # (251, Thas Th3)

Also we have =7, — way < 0,75, — wa2 < 0,25 — Wi > 0,25, — wyz > 0.
This implies each agent faces a binding constraint in ezactly onc market. This
is true due to the following reasons.

(i) if an agent faces no binding constraint then he would be able to attain
his notional demands, which is ruled out here.

(ii) if an agent say a, faces two binding constraints and b faces at least one
binding constraint (say, without loss of generality in good 1 market), then good
1 will be both demand rationed as well as supply rationed. This is not possible
by the definition of a Dréze equilibrium.

WLOG suppose agent a (agent b) faces binding constraint for good 1 (good
2) and feels unconstrained in the good 2 (good 1) market. This gives us the

following four relations:

1 90U, 1 90U,
A.ba — - 2 <0
( ) ”m Oz P3 ]
19U, 1
A.6b [k R, =
(A4.66) P2 Oxa2  p3l ls. =0
19U, 1 0
Abe e L, =0
S P10z ps ()x,‘sl v
10U, 1 90U,
A. - - —="1s
(/ Sd) P2 Dy P3 ?)-Th:;]t" >0
Thus,
) 19U, 13U,
(A.6a) and (A.6b) = ;)7(')1“ — ;01“ >0
(A60) and (A6d) = LU L

P2 042 B p Ozn



Therefore, in equilibrium no further trade between goods 1 and 2 is possible.

Hence, the result follows.

(i) We now come to the second part of the proposition, where both a and b
are notional excess demanders of good 1 and notional excess suppliers of good
2. Clearly, in this situation the no trade allocation i.c. the initial endowment

W is the Benassy equilibrium. Indeed, at W, agent a satisfies

>0
1V oU, 1
— e v <0
p20zay  p3Oxes’ * T
Therefore,
LU, 10U,

p2 0.2 p1Ozam
lixactly the same relations hold for b. Here no further trade between goods

1 and 2 is possible. Thus, the point W (Figure 6.10) represents a p-efficient

Benassy equilibrium.

Proof of Proposition 6.3:

Arguing as in the case of Proposition 6.2 (i), one can casily show that each
agent faces exactly one binding constraint (in equilibrium). WLOG assume
that agent a is rationed in the good 2 market and b is rationed in the good 1

market. This gives us the following four relations.

1 aU, 19U,

(A.6c) T g
(A.61) 19,
p2 Oxaz
19U,
A6 -
( 9) P19z
(A6h) 190, 1 Jow =0

P20z paOzes
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Where, as before, Z, and Z, represent the realized transactions in equilib-

rium for agents a and b respectively. Now

(A.6e) and (A.6f) = 1 ov. L 9U. 7
p290%a2 P10z

1 90U, 1 9U,
(A.6g) and (A.6h) = oy D7es  p2 zea)

Hence a Pareto improving chain of trades exists.

Proof of Proposition 6.4:
Let %, and %, represent respectively the realized transactions in equilibrium

for agents @ and b. In equilibrium agent b satisfies

. 1 9U, 19U,
A6 ], > 0
S 9Ty pa 3153]

L oU, 10U,

. ) -
(A-67) P20z p3dzs T 0
(A.6i) and (A.6j) =
1 90U, 19U,
A6k — - — s <0
( ) p2 0z p1 Ozt T
On the other hand a satisfies
A6l - <0
(A-6) o By e S
(A.6m) 19U Jzfa 0

;5142 B p3 Dz az

. 2 5
Hence, the sign of L 2Ya L 58U,

is not definite.
P2 9Ta2 e
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Under the circumstances there may or may not arise an opportunity for
further barter exchange (of good 1 against good 2). Different alternative pos-
sibilities that emerge are described below.

Note that if all four inequalities ((A.61),(A.6)),(A.61),(A.6m)) equal 0, B,
and B, coincide. On the other hand if both (A.6i) and (A.6j) equal 0, equilib-
rium is attained at B, and so on. In all these situations Benassy cquilibrium is
obviously p-eflicient. As mentioned above here we are not concerned with the
situations where either B, or B, can be sustained as an equilibrium.

Since a is an excess supplier of good 1 and b is an exccss demander for the

same good, in equilibrium at most one agent is subject to a binding constraint.

Case 1: Suppose a does not feel a binding constraint for good 1. Then

(A6n) Lo, 10U

and

10U 109U,
P20z p1dTa "

Therefore, no barter trade is possible. This situation is shown in Figure A.6.1.

Case 2: If however agent b is unconstrained in the good 1 market and a
feels the binding constraint, we have an ambiguous situation. Clearly in this
situation, if at the original Benassy cquilibrium, (i.e. at point A of Figure
A.6.2) agent a wants to demand good 2 against good 1 in the (1,2) trading-
post, then A is not a p-efficient Benassy equilibrium (since mutually agreeable
trade exists).

However, if at A, agent a wants to supply good 2 against good 1, b is

not ready to trade (Figures A.6.3). Thus, A represents a p-efficient Benassy
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equilibrium.

Case 3: If both a and b feel unconstrained in the good 1 market, we get an
cfficient Benassy equilibrium. This situation is already represented in Figure

6.2, where FE is the Benassy equilibrium.



List of Symbols Used in Chapter 6:

(1) Ba, Be: notional demand points of agents a and b respectively.
(2) W: point of initial endowment on the budget plane.

(3) wpe: initial endowment of good ¢ for agent k.

(4) Wit (Wi, wha, wis)

(5) Uy: utility function of agent k

. level of good c¢ finally consumed by agent &

(6) @

(7) Xt (@r1s a2, Tx3)

(8) Akeyep: money value of the volume of agent k’s transactions of good ¢

against cs.
(9) pe: price of good ¢
(10) z}.: notional demand of agent k for good c.

(11) Zye: realized demand for good ¢ for agent k
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CHAPTER 7

DISEQUILIBRIUM MODELS WITH PRODUCTION

ABSTRACT

This chapter introduces production into the non-Walrasian framework. In
particular, it provides a detailed and unified diagrammatic presentation of the
Benassy-Malinvaud classification of different types of equilibria (viz. Keyne-

sian, classical and repressed inflation) that may arise in the short run.

7.1 INTRODUCTION

In the previous two chapters we have discussed somme of the major concepts
of disequilibrium theory for a pure exchange cconomy. As a next step we
bring production into the scenario. This naturally leads to the consideration
of the phenomenon of unemployment and allows us a detailed representation
of different types of unemployment (viz. Keynesian, classical and repressed
inflation) that may arise in a price rigid set-up.

The diagrammatic representation to be depicted here bears a close resem-
blance to the contribution of Muellbauer and Portes (1978). However, the
technique of representation differs in several respects. In particular, ours uti-
lizes the three dimensional commodity space which enables one to visualize the
choice problem on the budget plane of the household and read the coordinates
pertaining to the money good simultaneously with thosc for other goods. How-
ever, since we confine ourselves to the budget plane alone, which constitutes
a two dimensional subspace of the commodity space, an extra dimension does
not create any special problem.

More interestingly, our representation provides a complete characterization



of the different types of Benassy equilibria on the household’s budget plane.
This is done on the basis of the position of the notional demand point on the
household’s budget plane.

The characterization turns out to be an interesting complement of the cor-
responding representation due to Benassy and Malinvaud. Thus, while their
demonstrations are restricted to the wage price plane, the present work pro-
vides a dual characterization of different equilibria in the quantity space. The
quantity space representation also brings into sharp focus the problem of non-
uniquencss of Benassy equilibria (discussed also by Hildenbrand and Hilden-
brand (1978)).

The next section describes the basic [ramework under consideration to-
gether with the preliminary features of the diagrams. In Section 7.3 different
types of Benassy equilibria (viz. Keynesian, classical and repressed inflation)
are depicted scparately. A complete characterization of the three types of
equilibria is then presented. This representation reveals the problem of non-
uniqueness of Benassy equilibria. In Section 7.4, the diagrams are used to
discuss the effect of a money wage cut policy. Efficiency properties of the Be-
nassy equilibrium are taken up in Section 7.5. A concluding section sums up

the findings.

7.2 THE MODEL AND PRELIMINARY FEATURES OF THE DI-
AGRAMS

7.2.1 The Model

The cconomy in qucstion is comprised of three types of agents, viz., house-
holds, firms and the government. By assumption, the households have common
characteristics while the firms share an identical technology. As a result, ag-

gregate household (respectively firm) behaviour is a simple n-fold replica of
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that of a single houschold (respectively firm) and this permits the system to
be represented by a single household and a single firm.

The houschold supplies labour ¢ which the firm uses as an input to produce
an output called y. The household can supply a maximum of £ units of labour
(say, 24 hours per day). Equivalently £ represents the (least) upper bound
on its leisure time. Similarly, it has an endowment of 7 units of money. In
what follows, the household’s consumption of leisure will be denoted by @ and
its supply of labour by ¢. Thus, @ = £ — {. The houschold’s utility function
depends on its consumption of ¥, of = and of the quantum of real balances
it ends up with. This is captured in the utility function U = U(z,y, %) which

satisfies the following properties:

(H.l.a) U is monotonically increasing in all arguments;
(H.1.b) U is strictly quasi-concave and differentiable; and
(H.1.c) all goods are normal goods.

The firm on the other hand is characterized by a production function y =

F(C), where

(F.2.a) 28 > 0 and
(F.2.b) 2L <0

Its objective is to maximize profits, given the price of the good (p) and the
money wage rate (w).

The government has a fixed real demand G of y which is assumed to be fi-
nanced by money creation. Consistent with standard practice in disequilibrium
theory, it is assumed that ‘w’ and ‘p’ are fixed.

The basic problem arises from the fact that at lcast one of the two price
variables is set at a (Walrasian) disequilibrium level. This implies that the
household and the firm will not be able to realize their ‘notional’ demands and
supplies. Under these circumstances the household’s problem is to maximize U,

subject to its budget constraint and other restrictions on its realizable trades.
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Thus the household may be assumed to

(7.1) maximize U(y,z, —)
P

(7.2) s.t.erfac+E:fZ+E

P P P P
and
(7.3) 0, <<y
(7.4) y <y<y,

=h

where (7.3) and (7.4) represent the constraints perceived by the houschold on
its supply of ¢ and demand for y.

As should be obvious from (7.2), current profits are assumed to remain
undistributed. The profits may of course be distributed with a lag and these
make their appearance through 1:—

Similarly the firm’s problem is to

(7.5) maximize y — —¢
P

(7.6) stey = F(0)

and

(7.7 CoL <<y

(7.8) v, SVsY,

where as in the case of the household, (7.7) and (7.8) represent the respective

perccived constraints of the firm.

7.2.2 Diagrams : Preliminary Features
To begin with, we visualize the household’s unconstrained maximization
problem (i.e. (7.1) and (7.2)) in three dimensions, represented in Figure 7.1 by

axes 7,y and m/p. The budget plane (i.e. (7.2)) is given by the triangle IJL.
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An indifference surface in the three dimensional plane cuts the budget plane
along the closed contour shown by the broken line in Fig. 7.1. The solution to
(7.1) and (7.2), viz the notional demands, are shown by the point of tangency
(B).

The household’s initial endowments of z,y and 2 are represented by the
point e (Figure 7.1) with coordinates (#,0,%). The point & marks off the
leisure coordinate on the Oz axis. Labour is measured in a direction opposite
to that of leisure. Thus, while O represents the origin for measuring leisure,
# is the one relevant for labour. The vertical plane x = z drawn through the
point @ (ezf) will intersect the budget plane in a line which represents the
alternative combinations of y and 7 the household can afford when restricted
to consume Z units of leisure. As before, the constant levels of leisure (or,
labour) associated with parallel lines such as cf, gh cte. will be referred to as
¢f level of leisure (labour), gh level of leisure (labour) etc.

Given the restriction gk, the household’s trades are restricted to the zone
delineated by the trapezium efhg, which is an example of the type of restriction
that might be imposed by (7.3). This construction clarifies another point,
viz. that lines (like gh) lying progressively away from the vertex [ represent
successively lower levels of leisure (or higher levels of labour). The restriction
imposed by efhg implies that the household cannot go to the right of gh and
therefore the solution to (7.1) - (7.3) is given by the point A of tangency
between a (restricted) indifference contour and gh.

Similarly, available choices of # and ',L) for given levels of y (respectively, x
and y for given levels of 7) can be shown by lines parallel to /L (respectively
1J) and it is easily checked that lines away from the vertex J (and parallel to
IL) represent lower levels of y and those away from the vertex L (and parallel
to 1J) represent lower levels of Z. For each such quantity constraint the

household’s choices can be depicted as a tangency between the corresponding
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line on the budget plane and the restricted indifference contour.

We may now introduce the firm. In Figure 7.2, the firm’s production func-
tion is shown in the two dimensional z — y plane by the curve Zbn and the
houschold’s budget planc is shown as before by the triangle I.JL. From (7.2)
it is clear that (the absolute value of) the slope of the line I.J in the two

dimensional z — y planc is %. For profit maximization, the firm cquates its

marginal product F' to ¥ and this is shown in Figure 7.2 by the point ‘n’ on

the production function.

Suppose the household supplies zs level of labour. This will be represented
on the budget plane by the line HR. With Zs level of labour the firm can
at most produce Ot level of output, which is represented on the budget plane
by the line 7j. Therefore, by supplying HR level of labour the household
could hope to purchase a maximum of ij level of output, provided that it is
prepared at the same time to reduce its initial endowment of real balance by an
amount rq. This allocation is represented by point u on IJL. Using the same
procedure and varying the choice of the labour supply (and simultancously
the choice of the real balance) by the household, the entire schedule of the
household’s trading possibilities are traced out. This is none other than the
locus of points like u corresponding to different levels of labour. Alternatively,
this curve may also be viewed as the mirror image of the production function
on the budget plane. In Figure 7.3 the curve in question is represented by
the line euv and will be subsequently referred to as the ‘(gross) consumption
possibility frontier’.

Now we introduce a government that purchases a fixed amount & of y from
the firm. For each level of labour, this will obviously reduce the amount of
y that is available to the houschold by a fixed amount G and will shift the
production function on the horizontal plane. The mirror image of the curve on

the budget plane may be looked upon as the consumption possibility frontier

183






net of the government’s purchase of . This curve will be referred to as the
‘net consumption possibility frontier’ (or, NCPF in short). The relevant curves
are shown in Figure 7.4 which depicts the budget plane without reference to
the coordinate axes. Thus, the NCPF is shown in Figure 7.4 by e¢/u'v’ while the
(gross) consumption possibility frontier is euv. Thus the firm, by absorbing
the supply of labour equal to the level 77, produces an output ab. But after
deduction of the public consumption of G, the maximum amount that remains
for private consumption is ed.

We may now obtain the locus of the household’s optimal choices (y, %)
associated with alternative restrictions on its supply of labour. This is done in
Figure 7.5. Thus, when the houschold is restricted to ef), its utility maximizing
choice is given by o. Similarly, by relaxing the labour supply constraints we
get the optimal choices of the household, shown by the points on the curve o3.
The curve of3 designates the household’s effective demand curve (EDC) for y.

In an analogous fashion one can find the household’s optimal choices for
different levels of rations on y. The locus of such points (viz. o'B) yields the
houschold’s effective supply curve (ESC) of labour. The union of these two
paths, represented by the curve 0oBo’ will be called the household’s effective
demand curve (EDC).

The assumptions made so far are not suflicient to establish any specific
properties of the two curves oB and o'B. The classification of equilibria will
be dillicult, however, unless more precise information is available. We proceed,
therefore, to strengthen the assumptions on household’s preferences further.

Given any level of ration imposed on labour supply, one may define the
budget for consuming y and % as the labour rationed budgel. Thus, when the
household is restricted to consumc at lcast Z units of leisure, its labour rationed
budget is given by (%(Z‘—f) +2). Similarly, with demand for y rationed to lie

below ¥, the goods rationed budget is (‘;’ZJr . 7).
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It has already been assumed in (H.1.C) that all goods are normal i.e. the
notional demands for all goods rise with a rise in the consumer’s budget. We
now assume further that :

(H.1.d) y? and (%)d rise with a rise in the labour rationed budget.
Under this assumption, the effective demand curve for y must satisfy the prop-
erty that the tangent to it at each point is flatter than /L and steeper than 1J
(Figure 7.6).

As opposed to the casc of the o3 curve no analogous assumption will be
currently made regarding the household’s effective supply curve for labour. It is
worth pointing out, however, that if following Benassy (1982,1986) and certain
parts of Malinvaud (1977). labour supply is assumed to be perfectly inclastic
(with respect to w and p). then a definite characteristic of the curve o' B also
emerges. Suppose for example that ¢ (which could equal £, but not necessarily
so) is the level of labour the household supplies inclastically to the firm. This
level is shown in figure 7.6 by the line o'Z. We assume that o lies to the right
of €, otherwise it would not be possible to meet the government demand G.
It is easily checked in this case that the NCPF will either lie inside the region
oBod'e (Figure 7.8) or intersect the EDC at a wnique point, say £ (Figures 7.6,
7.9). The next section will show that depending on the relative positions of
the two curves (i.e., whether they intersect or not), one may classify Benassy

equilibria into the Keynesian, classical and repressed inflation types.
7.3 TYPES OF BENASSY EQUILIBRIA

7.3.1 Nomenclature

Benassy equilibria may be classified according to the patterns of excess

effective demands and supplies characterizing the markets for = and y. The

classifications, which are due to Malinvaud (1977) as well as Benassy (1982,

1986), fall into three parts:
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(i) equilibrium of the Keynesian type, characterized by excess effective sup-
ply in both the markets;

(ii) classical equilibrium, characterized by excess effective supply in the
labour market and demand in the goods market; and finally

(iii) a situation of repressed inflation, charactcrized by excess effective de-
mand in both the markets.

Unless otherwise stated, it will be assumed for the purpose of this section

that either the NCPF intersects the houschold’s EDC at a unique point or is

entirely enclosed by it.

7.3.2 Keynesian Equilibrium

We proceed now to demonstrate the first type of equilibrium i.e., the Key-

nesian type (Figure 7.7). As hefore ¢’ represents the NCPF and 0/¢’ the
household’s EDC. As demonstrated below, the point of intersection of the two
curves, viz. E, represents the optimal transactions corresponding to a position
of Keynesian equilibrium.

The equilibrium is characterized by the household’s perception that it can-
not supply more than ab level of labour. Hence, its effective demand for y
is given by 77 which is its utility maximizing choice subject to ab. The firm
on the other hand is assumed to feel unconstrained in the labour market and
chooses fg as its effective supply of y which represents the unconstrained profit,
maximizing output net of G.

Under the assumed perceived constraints in the labour market, there is
aggregate excess effective supply in the goods market to the tune of ig which
represents the difference between the output levels fg and 7j. The houschold
therefore feels unconstrained in the y market whereas the firm feels that it is
demand constrained at the level ¢j.

Since the household feels unconstrained in the goods market, its effective
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supply of labour is given by the notional supply ofr. Simultaneously, the firm
perceives that it is constrained to sell no more than 7 in the goods market
and hence chooses its effective demand for labour at the level ab. This means
that the effective supply of labour by the household is in excess of the effec-
tive demand by the firm (the difference being ao’). The latter therefore feels
unconstrained in the labour market while the household feels constrained to
supply upto a maximum level of ab. Thus, the perceived constraints for the
two agents in the labour market lead them to behaviour patterns which vindi-
cate their perceptions. The same arguments establish further that the firm’s
perception of a demand constraint at the level ¢j along with the household’s
feeling of being unconstrained in the goods market also need no revision. The
configuration of effective demands and supplies thus qualifies as a Benassy
equilibrium. It is of the Keynesian typc given that effective supply exceeds
demand in both the y and £ markets.

The actual transactions in the two markets are now found by solving (7.1),
(7.2), (7.3) and (7.4) for the household and (7.5), (7.6), (7.7) and (7.8) for
the firm. The household is constrained in the labour market by ab and feels
unconstrained in the goods market. Thus, (7.3) amounts to the restriction that
the household lies on or to the left of the line ab in Figure 7.7. The solution to
(7.1), (7.2), (7.3) and (7.4) is thus given by L.

Similarly, the firm’s perception of constraints in the two markets reduces
(7.7) to the requirement that it does not move 1o the right of ij. Consequently
the solution to (7.5), (7.6), (7.7) and (7.8) is also the point £.

Hence, as claimed earlier, the optimal transactions corresponding to the
position of Keynesian equilibrium are described by the point E.

It may be noted in passing that the extent of involuntary unemployment
associated with this equilibrium is captured by ao’. The explanation of the

persistence of such unemployment, morcover, is to be found in the shortfall of
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effective demand y (below effective supply) by an amount ig.

7.3.3 Classical Equilibrium

The case of classical uncmployment is taken up next. This is typically
associated with an EDC of the type oBo' in Figure 7.8. In this situation
the firm feels unconstrained in the labour market so that its effective supply
of output is the profit maximizing (notional) one, viz., fg. The houschold,
however, perceives the constraint ab in the labour market which leads it to an
effective demand for y at the level 7j. Thus, aggregate excess effective demand
for y equals ig.

The firm obviously feels unconstrained in the goods market whereas the
household discovers itself to be constrained by fg. Therefore, the firm’s effec-
tive demand for labour coincides with the notional demand ab. The household’s
perceived constraint at fg results in the effective supply of labour o'r (which
is its utility maximizing choice subject to fg, since an indifference contour is
tangential to fg at g). There is, therefore, excess effective supply of ao’ in
the labour market. As a conscquence the firm perceives no constraint in this
market while the household perceives the constraint ab, which are identical to
the pereeptions they began with. The same arguments demonstrate that the
perceived constraints in the y market (viz., fg for the household and the firm
visualizing a seller’s market) are also in a state of equilibrium.

To determine the actual transactions for each agent, we consider the con-
straints perceived by it in the two markets simultaneously. Since the firm feels
constrained in neither market, the solution to (7.5), (7.6), (7.7) and (7.8) occurs
at v'. The household being constrained in both markets (by ab and fg respec-
tively), v’ is also a solution to (7.1), (7.2), (7.3) and (7.4). Hence v’ represents
the realized transactions pertaining to a Benassy equilibrium. Moreover, since

y constitutes a seller’s market and € a buyer’s one, the equilibrium is of the
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classical type!.

7.3.4 Repressed Inflation

The point of intersection viz. E between the NCPF and oBo' of Figure
7.9 represents the optimal transactions associated with a situation of repressed
inflation.

The household feels unconstrained in the labour market and its effective
demand for y is given by ji. The firm’s demand for labour is constrained by
70, so that its effective supply of y to the household is fg. There is, therefore,
excess effective demand equal to ig in the goods market.

On the other hand, the firm perceives no constraint in the goods market
and its cffective demand for labour is given by its notional demand ab. The
houschold perceives the constraint fg and comes out with o'r as its effective
supply of labour (we note that an indifference contour is tangential to fg at
E). Therefore, there is excess cffective demand (equal to ao') in the labour
market also.

Thus, the perceived constraints satisfy the conditions of a Benassy equilib-
rium. That the realized transactions occur at E is easily checked. Thus, as
an instance of Benassy equilibrium with excess elfective demands in both the
markets, this is a situation of repressed inflation.

7.3.5 The Complete Characterization

Depending on the position of the household’s notional demand point B,

different types of Benassy equilibria are obtained. This permits a complete

characterization of the three types of equilibria described above.

1The concept of classical unemployment needs to be distinguished from that of voluntary
unemployment due to Keynes (1936). Keynes, it may be recalled, found voluntary unem-
ployment to be consistent with full employment in the usual sense, i.e., the situation where
B merges with v’. It is not possible to make the corresponding statement with respect to

classical unemployment.
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In Figure 7.10, e is the household’s initial endowment point and e'v’ repre-
sents as before the NCPF. The labour needed to produce the profit maximizing
output v’g is shown by ab. The lines v'g and ab are parallel to I, and JL re-
spectively and v’j and ef are drawn parallel to IJ and LJ respectively.

If point B lies in the interior of the region e'v’gL (Figurc 7.10), then the
effective demand curve for y intersects e¢’v’ in its interior®. It is clear from
subsection 7.3.2 that this gives rise to a Benassy equilibrium of the Keynesian
unemployment type.

If on the other hand point B falls in the interior of the region v'bJj, then
the NCPF lies inside the region oBo'e as in the case of Figure 7.8. In this
case, one gets a Benassy equilibrium of the classical unemployment type, with
actual transactions at the equilibrium given by v’.

Suppose now that point B falls in the interior of the region efbv’e’. In such
a case it is the ESC of labour that intersects ¢’v’. As is clear from Section
7.3.4, one now obtains a Benassy equilibrium of the repressed inflation type,
where the actual transactions are given by the point of intersection between
the ESC and €'v'.

In the case where point B falls inside the triangle v'jg, the equilibrium

could be of either the Keynesian unemployment or the classical unemployment

s ¢'v’ or not.

variety depending respectively on whether the EDC inters
Finally, when point B coincides with v’ we get a full Walras equilibrium.
1t should be noted, however, that such a precise characterization is possible
only under the assumption made at the end of Section 3.1. In other words,
the characterization fails in more general situations, e.g., when the household’s
EDC intersects e'v’ at two different points say 2 and E’ (shown in Figure

7.11). This case is very likely as when the household is permitted to consume

2The interior of ¢'v’ implies the curve excluding the end points ¢ and v’
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a negligible amount of good y, it is natural on the part of the household to
supply a negligible amount of labour too. This gives rise simultaneously to the
situations of repressed inflation (at /) and Keynesian unemployment (at ') for
the same w — p constellation. Similarly, it is possible to show the simultaneous
occurrence of both repressed inflation and classical unemployment. Worse
still, no equilibrium will exist at all, if the EDC lies entirely below the NCPF.

First, we point out that if the point o’ lies to the left of ¢', then equilibrium, if
it exists, must be nonunique (barring the borderline case where o' B is tangential
to ¢’v') which represents simultaneous occurrence of either repressed inflation
and Keynesian unemployment (Figure 7.11) or repressed inflation and classical
unemployment. When ¢ lies to the right of ¢’, the Benassy equilibrium may
or may not be unique. In fact, the question of uniqueness is closely linked to
whether the demands for z and % are positively related to the size of the goods
rationed budget or not.

"o see this we begin with the assumption that the consumption of z de-

crea

es when the goods rationed budget increases. In this case, the BESC for
labour must always be steeper than LJ (alternatively ef, shown in Figure

7.12). This is true, since, with a rise in the rationed supply ¥ of y, the budget

available for z and 2 (viz., 2 7) falls and this, along with the corre-
? » g

B
sponding property of o3 referred to carlier, ensures that either oBo' intersects
v at exactly one point, or v’ lies in the interior of the region.

On the other hand, suppose consumption of z is positively related to the
size of the budget. This sitnation may give rise to a nonunique equilibrium.
Suppose that z is positively related to the size of the goods rationed budget,
whereas the opposite is the case for 7. In such a situation the EDC would
intersect with NCPF at most once with the result that the Benassy equilibrium
is unique.

If, however, both @ and ™ are positively related to the size of the goods
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rationed budget, then one gets the possibility of a nonunique Benassy equilib-
rium. This possibility is illustrated in Figure 7.13.

In between these two extremes, so to speak, lies the case of perfectly inelas-
tic labour supply. This casc, as already argued, produces a unique equilibrium.

The above discussion points out that except for particular specifications of
the production and utility functions, it may not be possible to classify Benassy
equilibria according to wage-price constellations. Indeed, as shown above, a
particular wage price specification may be associated with more than one type

of equilibrium.

7.4 POLICY ISSUES

For the sake of completeness, the diagrams may now be used to discuss the
effect of a money wage cut on eflective demand. (Note that it is elementary to
study the effect of a change in autonomous government expenditure by means
of these diagrams.)

A change in money wage rate (from w to w') causes a change in the position
of the budget plane itself from I.JL to I'J'L’ as shown in Figure 7.14 by the
broken lines.

From (7.2) it can be seen that the slope of the line JL in the two dimensional
(y —m/p) plane is —1, which is independent of w. Therefore, JL and J'L" will

have the same slopes. Also, it can be easily checked that the two planes:

w m_ w_ m
y+—r+ —=—T+ —
P P 14
and
- w' m w' m
Y+ —z+—=—2+—
P p P P

have a common intersection ef with the vertical plane z = z. Since the
household cannot supply less than zero labour, we are interested in the re-

gion lying to the right of the line ¢f and in this region the new budget plane
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(corresponding to w') lies entirely below the original planc (see Figure 7.15).
Hence, the household’s net consumption possibility frontier on ['J'L' (i.e.,
1) also lics physically below that on the original budget plane (i.e., e'v').
Suppose the household’s EDC (Figure 7.15) on 1JL intersects e'v’ at E
which represents the transactions corresponding to a Keyuesian equilibrium.
Let £’ be the projection of I2 on I'J'L". Therefore, F' represents the same
levels of € and y as at IZ. Now the effective demand (for y) curve OB on I'J'L'
cannot pass through ' or (o its right. The levels of labour corresponding to
£ and E' are equal, but since the wage rate has fallen, the same supply of
labour will generate a lower wage income at E’ than at E. Under assumption
(H.1.d), the optimum consumption of y and T at this same level of labour
supply will thus be lower. In other words, for the same supply of labour as at
. the household will demand a smaller quantity of y on the new budget plane.
Therefore, the effective demand (for y) curve in the new planc must pass to
the loft of /. The effective demand (for y) curve is thus shown by oB’ and
the new equilibrium occurs at £” (say). At this new cquilibrium, transactions

in output markets are smaller to those at E®.
-

T The money wage cut in the face of a fixed p thus leads to a fall in employmeut rather than
 rise. The result is to be found in Malinvaud (1977), though proved therc for a particular
utility function. It is, however of vintage which is much older, for Kelecki (1971) had arrived
at precisely the same conclusion. The intuition underlying the result is obvious too A fall
in the mioncy wage rate at a fixed p would reduce incomes of wage earners at each level of
employment and this would not be compensated cither by a rise in profits, which remain
undistributed. or a rise in "'T‘ Consequently expenditures fall and, via the multiplier reduce
employment.

“The conclusin would change drastically in flex-price model. Malinvaud (1977) obtains
exactly the opposite result while Keynes (1936) and Mukherji and Sanyal (1986) claim am-

biguity. This case is too li d to be ble to diagr ic treatment. See also

Bose (1990) and Dasgupta (1991) in this connection

193






Remark 7.1: The diagrammatic scheme developed so far can be easily ex-
tended to incorporate the Barro-Grossman (1971) equilibrium (scc Dasgupta
and Rajeev (forthcoming)). More interestingly, such a representation would

reveal that the Keynesian unemployment equilibrium discussed by Barro and

Crossman would remain completely unaffected by a money wage cut.

7.5 P-EFFICIENCY

We next focus on the p-efficiency properties of different varieties of Benassy
equilibria associated with production. Out of the three types of equilibria
discussed so far, only the Keynesian variety may be inefficient, though it need
not necessarily be so. Thus we proceed to identify situations where a Benassy
equilibrium with production is p-cfficient.

In what follows, we will consider a Benassy equilibrium to be p-efficient if,
by opening up the market for good y against ¢, one cannot move to a better
equilibrium (see Benassy (1932), pp.219)).

We first consider a classical case (Fig. 7.9). Since in equilibrium the firm is
attaining its best point, no further improvement is feasible. Similarly, the case
of repressed inflation can be shown to be p-efficient.

Before going to the Keynesian case we prove a lemma.

Lemma 7.1 : Under voluntary trading the firm would always choose to stay

on the NCPF curve.

Proof: It is technically not feasible for the firms to choosc a point that lies
physically below the ¢’v’ curve.

On the other hand, it is not profitable for the firm to choose a point that
lies physically above the ¢’v' curve. This is shown in Fig. 7.16. Suppose for
example the firm chooses point I5. Indeed, the firm would be earning more

profit by producing the same quantity for lesser labour at £”.
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Benassy has mentioned that (1982, pp.131) an equilibrium of the Key-
nesian type is always p-ineflicient. However, we have constructed a situation

below where this need not necessarily be true (under Lemma 7.1).

Proposition 7.1: There exists a p-cfficient Benassy equilibrium of Keynesian

type.

Proof: Consider Keynesian equilibrium as shown by E (Fig.7.17). Note that
at [2, the household’s money holding is the same as its initial endowment.
Suppose E is not a p-cfficient Benassy equilibrium. This implies that by
opening up (y, L) market, both the household and the firm can go to a better
position say, to point H. We will show that this leads to a contradiction.

Clearly, H lics on ¢v (Lemma 7.1) and to the right of .

(i) Claim: At H, the household’s moncy holding is less than that at /2 (Fig.
7.17).

Proof of the Claim : Suppose not. That implies II lies physically above
the line ej. In that case ej (parallel to /.J) cuts €’v’ at two points say, £ and
L’ (not shown in the diagram) and the point H lies above £’. Therefore, the
profit maximizing point cannot lie to the right of E’. Thus, v’ lies to the left
of E'. Hence, we get a contradiction.

Therefore, at H, the houschold’s money holding is less than that at £.
Thus, at H the household is an excess supplier of money (Fig.7.18). The
houschold can supply money only against y. Therefore, whatever amount of
money the household is supplying (i.e. ¢Q) must be against y. This makes the
household perceive that it can supply at least ¢ amount of money and get
the corresponding amount of y.

At H, the household is supplying AA’ level of labour. Let AA’ cut oB at
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T (Fig.7.18)

G

) Claim: T lies physically above H.

Proof of the Claim: If not, then while increasing the labour rationed budget,
the houschold has less real balances. This violates Assumption (H.1.d).

Thus, the indifference contour that goes through point H would cut A A" at
another point that lies physically above 7". Call this point R. Thus, H and R
are on the same indiffercnce contour. We can express H' (i.e. where AA’ cuts
¢j) as a strict convex combination of H and R. Clearly, at H’ the household’s
utility is higher than that at H or R.

Under our supposition that H is the barter equilibrium, the household per-
ceives that it can at least supply eQ, level of m/p against y. But by supplying
less of m/p (and demanding correspondingly less of y), that is, by trading less
in the (y,m/p) market, the household can acquire H’ which gives more utility.
Thus, H cannot be sustained as a barter equilibrium. Hence, a contradiction.

7.6 CONCLUSION

This chapter studies through a diagrammatic device different varietiesof
Benassy equilibria that may arise in the short run. The exercise reveals the
problem of nonuniqueness of a Benassy equilibrium. As a by product, some
of the time-worn policy questions surrounding the Keynesian equilibrium are

also discussed.
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List of Symbols used in Chapter 7:
(1) € : labour

(2) € : maximum possible supply of labour
(3) m: initial cndowment of meney

(4) = : leisure

(5) v : consumption good

(6) p: price of y

(7) U: utility function of the household
(8) F: production function

(9) w: monecy wage rate

(10) G: government’s demand for y

(11) IJL: budget plane

(12) e: the point of initial endowment fer the househo!d

(13) B: best point for the household (on the budget planc)
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