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1.1 Introduction

Rcal life problems are rarely free from uncertainty which usually emerges
from the deficiencies of information available from a situation. The defi-
ciencies may result from incomplete, imprecise, not fully reliable, vague or
contradictory information depending on the problem. Management of uncer-
tainty in a decision making system has been an important research problem

for many years.

Until the inception of the concept of fuzzy set theory in 1965 [1], the
theory of probability and statistics was the primary mathematical tool for
modeling uncertainty in a system/situation. Fuzzy set theory has shown
cnormous promise in handling uncertainties to a reasonable extent in various
applications particularly in decision making models under different kinds of
risks, subjective judgment, vagueness and ambiguity. This theory provides
an approximate, yet effective and more flexible means of describing the be-
havior of systems which are too complex or too ill-defined to admit precise
mathematical analysis by classical methods and tools. Since this theory is
a gencralization of the classical set theory, it has greater flexibility to cap-
ture various aspects of incompleteness or imperfection in information about
a situation.

Pattern recognition and machine learning form a major area of research
and development activity that cncompasses the processing of pictorial and
other non-numerical information obtained from interaction between science,
technology and society. The second motivation for this spurt of activity in this
field is the need for the people to communicate with the computing machines
in their natural mode of communication. The third and most important
motivation is that the scientists are also concerned with the idea of designing
and making automata that can carry out certain tasks as we human beings do.
The most salient outcome of these is the concept of fifth generation computing
systems.

Machine recognition of patterns can be viewed as a two-fold task, con-



sisting of learning the invariant properties of a sct of samples characterizing a
class, and of deciding that a new sample is a possible member of the class by
noting that it has properties common to those of the set of samples. The tasks
required for developing and implementing the decision rule can be described
as a transformation from the measurement space M to the feature space F
and finally to the decision space D, i.e.,

M- F - D.

In a pattern recognition system, the uncertainty can arise at any phase of
the aforesaid tasks resulting from the incomplete or imprecise or ambiguous
input information, the ill-defined and/or overlapping boundaries among the
classes or regions, and the indefiniteness in defining/extracting features and
relations among them. Any decision taken at a particular level will have an
impact on all higher level activities. It is therefore required for a recogni-
tion system to have sufficient provision for representing these uncertainties
involved at every stage, so that the ultimate output (results) of the system
can be obtained with least uncertainty (and not be affected or biased much

by preceding decisions).

The present thesis provides some results of investigation, both theoreti-
cal and experimental, demonstrating the effectiveness of fuzzy set theory in
recognizing and handling uncertainties in certain tasks of pattern recognition.
Section 1.2 deals with the description of some basic concepts, features, oper-
ations and techniques of pattern recognition. The uncertainties involved in
various stages of a pattern recognition system are mentioned in section 1.3.
Fuzzy models for pattern recognition and uncertainty analysis are furnished
in section 1.4. Thesc include the definition of fuzzy sets, fuzzy logic, uncer-
tainty in membership function, measures of fuzziness, and a review of the
fuzzy set theoretic approaches for pattern recognition. Section 1.5 deals with
the scope of the thesis. &
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n

1.1 : Pattern recognition system [12].
1.2 Pattern Recognition

In a general setting the process of pattern recognition is visualized as a
sequence of few steps, namely (i) data acquisition, (ii) feature selection, and
(iii) classification [Fig. 1.1]. At the first step depending on environment
within which the objects are to be classified data are gathered via a set of
sensors. Afterwards, a feature space is constituted in order to reduce the space
dimensionality. However, in a broader perspective this stage significantly
influences the entire recognition process. Finally, at the third stage of the
scheme, the classifier is constructed, namely a transformation relationship is
established between features and classes. The transformation could be, for
instance, a Bayesian rule of computing a posterior class probability, linear or
nonlinear classifier, nearest neighbor rule, nearest prototype (mean) classifier,
etc. [2-19].

Pattern recognition, by its nature, admits many approaches, sometimes
complementary, sometimes competing, to the approximate solution of a given
problem. The design of a pattern recognition system is a highly interactive
process. The complex nature of this design process is summarized in Fig. 1.2.

The approach of pattern recognition can be decision theoretic or syntac-
tic. In decision theoretic approach, once a pattern is transformed, through
feature selection, to a vector in the feature space, its characteristics are ex-
pressed only by a set of numerical values. Classification can be done using
deterministic or probabilistic technique. On the other hand, when a pattern

4
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Fig. 1.2 : Development of pattern recognition systems [12].

is rich in structural information (e.g., picture recognition, character recogni-
tion, scene analysis) i.e., the structural information plays an important role
in describing and recognizing the patterns, the approaches used are referred
to as syntactic approaches which deal with representation of structures via
sentences, grammars, and automata. In the syntactic method, the ability of
selecting and classifying the simple pattern primitives and their relationships
represented by the composition operations is the vital criterion of making a
system effective. Since the techniques of composition of primitives into pat-
terns are usually governed by the formal language theory, the approach is
often referred to as linguistic approach. A nice introduction to a variety of
approaches based on this idea is provided by Fu in [11]. It may be men-
tioned here that the theory of syntactic pattern recognition is far more well
developed than are fielded applications.

Fuzzy set theory has proved itself to be of significant importance in pat-
tern recognition problems both using decision theoretic and syntactic ap-
proaches. On the one hand, fuzzy algorithms for different decision theoretic



recognition and image processing problems are being developed, and on the
other hand, fuzzy language, fuzzy grammars and fuzzy automata thcories
have been developed and applied.

Since we are interested here in decision theoretic approaches, the different
features and operations related to this approach are described in the following

sections.

1.2.1 Data acquisition and preprocessing

Techniques of pattern recognition are applicable to data drawn from vir-
tually any physical processes. The data may be qualitative, quantitative, or
both; they may be numerical, pictorial, texture, linguistic, or any combina-
tion thercof. In general, two data structures are used in pattern recognition
systems: object data vectors (feature vectors, pattern vectors) and pairwise
numerical data (similarities, proximities). Object data, that is, sets of numer-
ical vectors of Q features, are represented in the sequel as Y = {¥, Yz, ...,
Y.}, a set of t feature vectors in the Q-dimensional measurement space Qy.
The jth (5 = 1,2,...,t) object observed in the process has vector Y; as its
numerical representation; y; is the kth (k = 1,2,...,Q) characteristic (or

feature) associated with object 7.

Relational data is a set of ¢* numerical relationships, say {r;;;}, between
pairs of objects. That is, r;; represents the extent to which objects j and
j' are related in the sense of some binary relation p. If the objects that are
pairwise related by p are called O = {0y, 03, ..., 0}, then p: O x O — IR.
Relational data are to be found in many applications and systems, perhaps

hiding in different semantic guises.

Sometimes, the data acquisition phase involves some preprocessing tasks
such as noise reduction, filtering, encoding and enhancement for extracting
pattern vectors. For example, if the input pattern is an image, these pre-
processing operations play a crucial role for extracting salient features for its
recognition. This is further explained in section 1.2.6. &
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1.2.2 Feature selection

Feature selection is one of the major tasks in any automatic pattern recogni-
tion system. The main objective of feature sclection is to retain the optimum
salient characteristics necessary for the recognition process and to reduce the
dimensionality of the measurement space 1y so that the effectiveness and
casily computable algorithms for classification can be devised. The problem
of feature selection has two aspects. The formulation of a suitable criterion
to evaluate the goodness of a feature and the selection of the optimal subset
from the available features. The major mathematical measures so far devised
for the estimation of feature quality are mostly statistical in nature and fall

under two broad categories:

(a) Featurc selection in the measurement space and

(b) Feature selection in the transformed space.

The main objective of the first category is to reduce the dimensionality
of the feature set by discarding redundant information carrying features. The
information content of any feature is measured by some chosen criterion and
the features are then ordered according to the criterion value to represent
the relative effectiveness of the features in a feature set. In contrast, fea-
ture selection techniques of the second category utilize all the information
of the pattern vector and map higher dimensional pattern vector to a lower

dimensional one. This is sometimes referred to as feature eztraction.

Feature selection or extraction is therefore a process of selecting a map of
the form X = f(Y) by which a sample ¥ (y1,y2,...,yg) in a Q-dimensional
measurement space Oy (IR?) is transformed into a point X (z1,%2,...,zx) in
an N-dimensional (N < Q) feature space Qx (IRY).

The pioneering research on feature selection mostly deals with the statis-
tical tools. Later, the thrust of such research was shifted to the development
of various techniques based on both statistical and fuzzy approaches. Many

of such approaches can be found, for example, in references [7,12,20-23). &



1.2.3 Learning

In real life, the complete description of the classes is not known. We have
instead, a finite and usually smaller number of samples which often provides
partial information for optimal design of feature extractor or classifier. Under
such circumstances, it is assumed that these samples are representative of
the classes (usually consisting of an infinite number of samples). Such a set
of typical patterns is called a training set. On the basis of the information
gathered from the samples in the training sct, the pattern recognition systems
are designed i.e., we decide the values of the parameters of various pattern

recognition models.

Learning is thus a task of constructing the regions or templates in the N-
dimensional space in which labeled samples of the classes are contained. The
two stages of pattern recognition, namely deriving the decision rule (learning),
and using it to recognize a pattern, can be performed in two ways - (a) learning
before recognition and (b) learning and recognition concurrently. In the first
case, all the labeled samples are collected and based on those samples, the
best decision rule is derived. This fixed decision rule is then applied without
change to classify unlabeled patterns. The decision rule in the second case is
adaplive (decision-directed) and is updated according to the output decision.
If the learned information gradually approaches the true information, then
the decisions based on the learned information will eventually approach the
optimal decision as if all the information is known. Therefore, during the
system’s operation, the performance of the system is gradually improved.
Learning process can be termed as supervised or non-supervised depending on
whether the correct classification of the input patterns observed is known or

not. For details on learning algorithms, readers may consult [24-31]. &

1.2.4 Clustering

Given any finite data set X < Qx (") of objects, the problem of clustering
in X' is to assign object labels that identify natural subgroups in the set.



Because the data are unlabeled, this problem is often called unsupervised
learning, the word learning here referring to learning the correct labels for
desirable subgroups. The objective is to partition X into a certain number
(c) of natural and homogeneous subsets, where the elements of each set are
as similar as possible to each other and at the same time, as different from
those of the other sets as possible. Because the technique of clustering is
unsupervised, clustering algorithms attempt to partition X based on certain
assumptions and/or criteria. The output partition, which includes both the
number of classes (¢) and the class membership structures, is dependent on

the criteria that are used to control the clustering algorithm.

Many algorithms have been developed to obtain clusters from a given
data sct. Among those, the c-means algorithms and their generalization, the
ISODATA clustering methods, are probably the most widely used. In the
case of c-means algorithms, ¢ is assumed to be known, whereas in the case
of ISODATA algorithms, ¢ is unknown. The performance of both models is
influenced by the choice of ¢, the initial cluster centers, the order in which the
samples are taken as input, the choice of distance measure and the geometric
properties of the data. In practice, the performance of any cluster-seeking
algorithm depends in no small way on the cleverness of its designers and users.

Labeled data are useful for testing the validity of the clustering methodologies.

The research in cluster analysis was started long back as early as in 1940s
[32]. Since then scientists have proposed many approaches [33-39]. Clustering
is one of the areas in which fuzzy set theory has been extensively applied. The

development of fuzzy clustering algorithms is furnished in section 1.4.5. &

1.2.5 Classification

The problem of classification is to assign every data point in the entire
feature space to one of the possible (M) pattern classes. On the contrary, the
data set X < Qx (IRY) into a number ()

clustering algorithms label the given d:
of classes (i.e., subgroups). Classifiers are usually, but not always, designed




with labeled data, in which case these problems are sometimes referred to as
supervised classification (where the parameters of a classifier function D are
learned). Many clustering algorithms are used as precursors to the design of a
classifier when the only data available are unlabeled data. In such cases, the
problems are sometimes referred to as unsupervised classification. In either
case, the partitioning decision functions may be computationally explicit (e.g.,
discriminant functions, nearest prototype rules) or implicit (e.g., multilayered
perceptron, k nearest neighbor rules). Various approaches of classification are
described below.

A. Deterministic technique

Let Cy, Cy, ..

dimensional feature space. Let X = [z1, 22, ..., Z;, ..., Tn|' be an unknown

- Cj, ..., Ca be the M possible pattern classes in an N-

pattern vector. In the deterministic classification approach, it is assumed that
there exists only one unambiguous pattern class corresponding to each of the

unknown pattern vectors.

If the pattern X is a member of class Cj, the Discriminant (decision)
function D;(X) associated with the class C; (j = 1, 2, ..., M) must then

possess the largest value. That is, a classificatory decision would be as follows:
Decide X € Cj, if D;j(X) > Di(X) (1.1)

in which 7 and k£ have any integer value 1, 2, ..., M and j#k. Ties are
resolved arbitrarily. The decision boundary (in the feature space) between
regions associated with the classes C; and Cy respectively would be governed
by the expression

Di(X) - De(X) =0 (1.2)
with j#k and j,k = 1, 2, ..., M. Many different forms satisfying Eq.
(1.2) can be sclected for D;(X). The functions that are often used are single
prototype linear discriminant function, piecewise linear discriminant function,

quadratic discriminant function, polynomial discriminant function [2-19]. e
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B. Probabilistic technique

In the previous method, the features are assumed to be deterministic. But
in most of the practical problems, large variations in the feature mecasurements
and noise effect involved in experiment cannot be avoided. To demonstrate
such systems, the feature values z,, z2, ..., zy are considered as random
values in the probabilistic approach. Bayes classifier {10], being the most
established one, is described below.

Bayes classifier [40] 1 Let P(C;) denote the a priori probability and p(X/C;)
denote the class-conditional density corresponding to the class Ci(j=1,2,
..y M). If the classificr decides X be from the class C; when it actually
comes from Cy, it incurs a loss equal to Ly;. The expected loss (conditional

average loss or risk) incurred in assigning an observation X to the class C; is

given by
M
i (X) = 3~ Lij p(Ci/X) (1.3)
=
where p(Ci/X) represents the probability that X is from Cx. Using Bayes
formula,
ri(X) = p(X) LLk: p(X/Cx) P(Cx) (1.4)

where p(X) = Zp(X/Ck)P(Ck)
k=1

The pattern X is assigned to the class with the smallest expected loss. The

classifier which minimizes the total expected loss is called the Bayes Classifier.

Let us assume that the loss (Lx;’s) is nil for correct decisions, and it is
same for all erroneous decisions. In such cases, the expected loss [Eq. (1.4)]

becomes
P(X/C))P(C,) (s)
p(X) ’
Since p(X) is independent of class, the Bayes decision rule is nothing more

(X)) =1-

than the implementation of the decision functions

Di(X) = p(X/CHP(C),  G=1,2...,M (16)
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where a pattern X is assigned to the class Cj if for that pattern D;(X) >
Di(X) for all j#k.

If one assumes p(X/C;) to be a Gaussian density with mean vector Ky
and covariance matrix I, ie.,

PX/C) = g5 - B X - w)] @)

i=12,...,.M
then D;(X) becomes

1 1
D;(X) = InP(C;) — 2B | =5 (X = ) S5 (X — ) (1.8)
i=12,...,M.

The decision functions in Eq. (1.8) are hyperquadrics. This is apparent,
there being no terms higher than the second degree in the components of X.
Thus a Bayes classifier for normally distributed patterns in reality defines
second order decision surfaces between each pair of pattern classes. However,
if the pattern classes are truly characterized by normal densities, no other
surfaces yield better results on an average. The performance of this classifier
has been compared with that of a multivalued classifier in chapters 4 and 5. ¢

A review on various approaches demonstrating the ways of incorporating
the concept of fuzzy sets at different stages for designing such classifiers has
been provided in section 1.4.6. o

Another important development during the early days of pattern recogni-
tion was the perceptron [41,42]. It may be defined as a network of elementary
processors arranged in a manner reminiscent of biological neural nets which
will be able to learn how to recognize and classify patterns in an autonomous
manner. In such a system the processors are simple linear elements in one
layer. This classical (single layer) perceptron, given two classes of patterns,
attempts to find a linear decision boundary separating the two classes. If the
two sets of patterns are linearly separable, the perceptron algorithm is guar-

anteed to find a separating hyper-plane in a finite number of steps. However,

12



if the pattern space is not lincarly separable, the perceptron fails and it is not
known when to terminate the algorithm in order to get a reasonably good de-
cision boundary. Thus, a single layer perceptron is inadequate for situations
with multiple classes and non-linear separating boundaries. This motivated
the development of a multi-layer network (layers between input and output
layers being called hidden layers) with non-linear learning algorithms known
as the multi-layer perceptron (MLP) [41,42].

Applications of this model can be found in {43-51]. Various ways of
integrating fuzzy pattern recognition and different neural networks have been
described in section 1.4.8. &

1.2.6 Image processing and recognition

We have mentioned in section 1.2.1 that when the input to a pattern recog-
nition system is a gray tone image, the measurement space usually involves
processing tasks such as enhancement, filtering, noise reduction, segmenta-
tion, contour extraction, and skeleton extraction in order to derive salient
features from the image pattern. This is what is generally known as image
processing. These processed information are then used to compute various
properties (e.g., area, perimeter, centroid, etc.) and primitives (e.g., line,

corner, curve, etc.) of and relationships among the regions for developing

decis

on rules/grammars. The ultimate aim is to enable the system to un-
derstand, recognize and interpret the input image pattern. Such a complete
image recognition/interpretation system is called a vision system which may
be viewed as consisting of three levels, namely low level, mid level and high

level.

Basic principles and operations of image processing and computer vision
are available in [52-55]. Relevance of fuzzy set theory in image analysis and
recognition has been described in section 1.4.7. &
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1.2.7 Pattern recognition applications

So far various aspects of a pattern recognition systems are discussed in brief.
As mentioned in section 1.1, pattern recognition research is mostly driven
by the need to process data and information obtained from the interactions
between science, technology, and society in general. Researchers in this area
are concerned with the idea of designing and making intelligent machines that
can carry out certain tasks with skills comparable to human performance.

Application areas for pattern recognition include, but are not limited to

(a) hi fcati : automatic speech recognition, script

recognition, speech understanding, image understanding, natural lan-
guage processing;
medicine : medical diagnosis, image analysis, disease classification;

vehicular : automobile, airplane, train, boat controllers;

B

JORRCRNCIRN

defense : automatic target recognition, guidance, control;

B

police and detective : crime and criminal detection from speech, hand-

writing, fingerprint, photograph;
(f) natural resource study and estimation : agriculture, forestry, geology,

environment;

(8) industry : CAD, CAM, product testing and assembly, inspection and

quality control;

remote sensing : detection of man-made objects and estimation of nat-

(b

ural resources;

domestic systems : appliances. @&

1.3 Uncertainties in Pattern Recognition

Uncertainties always exist either explicitly or implicitly in each and every
phase of a pattern recognition system. Some of them which one often en-

counters while designing a pattern recognition system are explained in this
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section. Let us consider, first of all, the case of a decision theoretic approach-to
pattern classification. With the conventional probabilistic and deterministic
classifiers [2-8], the features characterizing the input patterns are considered
to be quantitative (numerals) in nature. The pattern vectors having imprecise
or incomplete specification are usually ignored or discarded from the design
and test sets. The impreciseness (or ambiguity) may arise from various rea-
sons. For example, instrumental error or noisc corruption in the experiment
may lead to partial or partially reliable information available on a feature
measurement. Again, in some cascs the expense incurred in extracting a very
precise exact value of a feature may be high, or it may be difficult to decide on
the most salient features to be extracted. For these reasons, it may become
convenient to use the linguistic variables and hedges (e.g., small, medium,
high, very, more or less ete.) in order to describe the feature information. In
such cases, it is not appropriate to give exact representation to uncertain fea-
ture data. Rather, it is reasonable to represent uncertain feature information

by fuzzy subsets.

Again, the uncertainty in classification or clustering of patterns may arise
from the overlapping nature of the various classes. This overlapping may
result from fuzziness or randomness. In the conventional classification tech-
nique, it is usually assumed that a pattern belongs to only one class, which is
nol necessarily realistic physically, and certainly not mathematically. A pat-
tern can and should be allowed to have degrees of membership in more than
one class. Tt is therefore necessary to convey this information while classifying

a paltern or clustering a data set.

Similarly, consider the problem of determining the boundary or shape
of a class from its sampled points (i.e., training samples). There are various
approaches [56-61] described in the literature which attempt to estimate an
exact shape for the area in question by determining a boundary that contains
(i.e., passes through) some or all of the sample points. This is not necessarily
true in practice. It may be neccessary to extend the boundaries to some
extent to represent the possible uncovered portions by the sampled points.

The extended portions should have lower possibility to be in the class than the

15



portions explicitly highlighted by the sample points. The size of the extended
regions should also decrease with an increase in the number of sample points.
This leads one to define a multivalued or fuzzy (with continuum grade of
belonging) shape and boundary of a pattern class.

Let us now consider the problem of processing and recognizing a gray
tone image pattern. A gray tone image possesses some ambiguity within
the pixels due to the possible multivalued levels of brightness. This pattern
indeterminacy is due to inherent vagueness rather than randomness. In a

conventional vision system, each operation (as mentioned in section 1.2.6)

involves crisp decision (i.e., yes or no, black or white, 0 or 1) to make regions,
features, primitives, relations, and interpretations crisp. Since the regions
in an image are not always crisply defined, uncertainty can arise at every
phase of the recognition tasks. Therefore, a recognition system should have
sufficient provision for representing the uncertainties involved at every stage
i.e., in defining image regions, its features and relations among them, and in
their matching, so that it retains as much as possible the information content

of the original input image for making the final output decision.

From the aforesaid discussion, it becomes therefore convenient, natural
and appropriate to avoid committing ourselves to a specific (hard) decision
by allowing the segments or skeletons or contours to be fuzzy subsets of the

image; the subsets being characterized by the possibility (degree) of a pixel

belonging to them. Similarly, for describing and interpreting ill-defined struc-
tural information in a pattern, it is natural to define primitives (line, corner,
curve etc.) and relations among them using labels of fuzzy sets. For example,
primitives which do not lend themselves to precise definition may be defined
in terms of arcs with varying grades of membership from 0 to 1 representing
its belonging to more than one class. The production rules of a grammar
may similarly be fuzzified to account for the luzziness in physical relation
among the primitives; thereby increasing the generative power of a grammar

for syntactic recognition of a pattern.
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From the aforementioned examples, we see that the concept of fuzzy sets
can be used at the feature level in representing input data as an array of
membership values denoting the degree of possession of certain properties, in
representing linguistically phrased input features for their processing, in weak-
ening the strong commitments for extracting ill-defined image regions, prop-
erties, primitives, and relations among them, and at the classification level,
for representing class membership of objects, and for providing an estimate
(or a representation) of missing information in terms of membership values.
Therefore, fuzzy set theory can be incorporated in the handling of uncertain-
ties (arising from deficiencies in the available information caused by, among
others, incomplete, imprecise, ill-defined, not fully reliable, vague, and con-
tradictory data and information) in various stages of a pattern recognition

system.

The present thesis confines itself in providing various new methodologies
for handling uncertainties in a pattern recognition system based on fuzzy
set theory. Their applications to speech data and remote sensing imagery
have also been demonstrated. Before explaining the scope of the thesis in
detail, we shall present a review on fuzzy set theoretic approaches for pattern
recognition preceded by a brief discussion on various key features of fuzzy set

theory. &

1.4 Fuzzy Models for Pattern Recognition

Fuzzy sets were introduced in 1965 by Zadeh [1] as a new way to represent
vagueness in everyday life. They are a generalization of conventional set
theory, one of the basic structures underlying computational mathematics
and models. Computational pattern recognition has played a central role
in the development of fuzzy models because fuzzy interpretations of data
structures are a very natural and intuitively plausible way to formulate and
solve various problems. Fuzzy control theory has also provided a wide variety
of real, fielded system applications of fuzzy technology where the techniques

of pattern recognition and image processing interact with and support many
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control systems.

1.4.1 Fuzzy sets

A fuzzy set A in a space of points X = {z} is a class of events with a
continuum of grades of membership and is characterized by a membership
function p4(z) which associates with each element in X a real number in
the interval [0, 1] with the value of p4(z) at  representing the grade of

membership of z in A. Formally, a fuzzy set A with its finite number of

supports zi, Zz, ..., T is defined as a collection of ordered pairs
A= {(palz:)z:), i =1,2,...,t} (1.9)
where the support of A is an ordinary subset of X and is defined as

S(A)={z |z € X and pg(z) > 0}. (1.10)

Here y;, the grade of membership of z; in A, denotes the degree to which
an event z; may be a member of A or belong to A. p; = 1 indicates strictly
the containment of the event z; in A. If, on the other hand, z; does not
belong to A then p; = 0. Basic operations related to fuzzy sets are available
in (15-19,62-69]. o

1.4.2 Fuzzy logic

Logic, according to Webster’s dictionary is the science of the normative for-

mal principles of reasoning. In this sense, fuzzy logic (based on the theory of

fuzzy sets) is concerned with the formal principles of approximate reasoning,
with precise (classical) reasoning viewed as a limiting case. Unlike classical
logic, it aims at modeling the imprecise (or inexact) modes of reasoning and
thought processes (with linguistic variables) that play an essential role in the
remarkable human ability to make rational decisions in an environment of
uncertainty and imprecision. This ability depends, in turn, on our ability

to infer an approximate answer to a question based on a store of knowledge
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that is inexact, incomplete, or not totally reliable. In fuzzy logic everything,
including truth, is a matter of degree [70,71].

The reason why classical logical systems can not cope with the common
sense rules is as follows. First, they do not provide a system for represent-
ing the meaning of propositions expressed in a natural language when the
meaning is imprecise; and second, in those cases in which the meaning can
be represented symbolically in a meaning representation language (e.g., a se-
mantic network or a conceptual-dependency graph), there is no mechanism

for inference.

Fuzzy logic addresses these problems in the following ways. First, the
meaning of a lexically imprecise proposition is represented as an elastic con-
straint on a variable; and second, the answer to a query is deduced through

a propagation of elastic constraints [71].

Zadeh has developed a theory of approximate reasoning [72] based on
fuzzy set theory. By approximate reasoning, we mean a type of reasoning
which is neither very exact nor very inexact. This theory aims at modeling
the human reasoning and thinking process with linguistic variables (73-76]
in order to handle both soft and hard data as well as various types of un-
certainties. Many aspects of the underlying concept have been incorporated
in designing decision-making systems [77-81]. Further discussion on approxi-

mate reasoning has been made in section 3.2.2 of chapter 3. o

1.4.3 Membership function and its uncertainty

Because fuzzy sets are a generalization of the classical set theory, the em-
bedding of conventional models into a larger setting endows fuzzy models
with greater flexibility to capture various aspects of incompleteness or im-
perfection (i.c., deficiencies) in whatever information and data are available
about a real process. Another way to say this is to imagine that membership
functions possess elasticity; thus, the higher the value of membership of an

object to a class, the less the imprecisely defined concepts of the fuzzy set
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must be stretched to accommodate the object. Hard membership functions,

of course, are inelastic.

Assignment of membership function of a fuzzy subset is subjective in
nature, and reflects the context in which the problem is viewed. It can not be
assigned arbitrarily. In many cases, it is convenient to express the membership
function of a fuzzy subset of the real line in terms of standard S and 7
functions [18,68].

Note that fuzzy membership function and probability density function
are conceptually different. Probabilities convey information about relative
frequencies of objects while fuzzy membership represent similarities of objects
to imprecisely defined propertics. There are many amusing articles about the

relationship between fuzzy sets and probability in the literature [82-88].

Since the grade of membership is both subjective and dependent on con-
text, some difficulty of adjudging the membership value still remains. In other
words, the problem is how to assess the membership of an element to a set.
This is an issue where opinions vary, giving rise to uncertainties. Two opera-
tions, namely Bound Functions {89] and Spectral Fuzzy Sets (90] have recently
been defined to analyze the flexibility and uncertainty in membership function
evaluation for pattern recognition problems. Besides these, there are other
well defined concepts of Type 2, Type 3, ..., Type n fuzzy sets, ultrafuzzy
sets, interval-valued fuzzy sets, L-valued fuzzy sets and probability sets which
also consider the difficulty in settling a definite degree of ambiguity in a set
(65,85,91-93].

Bound functions [89] were derived based on the properties of fuzzy cor-
relation [94] between membership functions in order to restrict the variation
in a membership function. The types of membership functions which should
preferably be avoided in representing fuzzy sets are categorized with the help
of these bound functions. The significance of the bound functions in sclecting
an S-type membership function for image segmentation problem has been

reported in detail in [95].
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The concept of spectral fuzzy sets [90] is used where, instead of a single
unique membership function, a set of functions reflecting various opinions on
membership elements is available so that cach membership grade is attached
to one of these functions. By giving due respect to all the opinions available
for further processing, it reduces the difficulty (ambiguity) in selecting a single
function. The various properties and its application in providing soft decision
in image analysis problem are reported in [90].

In this context, the work of Kandel and Byatt [96] needs to be mentioned
which shows that the concept of fuzzy expected value (FEV) can be used for
dealing with missing, imprecise or unreliable information in pattern recogni-
tion problems. The idea is that, once a membership function is known, there
should be some way of estimating an average value of the membership func-
tion that is representative of that possibility distribution [97-100]. Thus, if
the possibility distribution is known for a feature, but the value of the mem-
bership function is missing for a specific pattern, we can use the estimated
FEV in its stead. When the data do not have complete information about the
distribution of the population and their grades of membership, the concept
of FEV is not applicable. In order to tackle this kind of problem, the concept
of fuzzy expected interval (FEI) may be effective. Details of FEV and FEI
measures can be found in [17,96,101,102]. e

1.4.4 Measures of fuzziness

The term uncertainty has a broad semantic context. It has various meaning,
namely vague, questionable, ambiguous, doubtful, varying, not reliable etc.
Uncertainty that arises due to randomness in a system is called probabilistic
uncertainty. The uncertainty that arises due to limitation of the evidence
gathering and interpretating system i.e., due to a difficulty in specifying the
exact solution is called nonspecificity. There is another type of uncertainty
known as fuzzy uncertainty that arises due to the presence of fuzziness in the

system.



Membership values determine how much fuzziness a fuzzy set contains.
Quantification of the amount of imprecision captured depends on the extend
to which the supporting objects (as individuals or in a group) do or do not
possess the concept or property represented by the fuzzy set. The higher the
extend, the lower is the fuzziness of the set, and conversely. Several measures
of fuzziness are found in literature, e.g., indices of fuzziness, crispness, en-
tropy, certitude, ambiguity etc. [62,83,87,103-108]. Some of these are based
on notions such as the distance between a fuzzy set and its nearest (furthest)
crisp set, distance between a fuzzy set and its complement, or Shannon’s clas-
sical entropy function. Usually, these measures have properties such as being
minimum when u(z) = 0 or 1 for all z and maximum when u(z) = 0.5 for
all z. Some applications of several of these measures are reported in [18].

All the aforementioned measures provide a global measure of uncertainty
(i.e., the average amount of ambiguity related to all individual supporting
elements of a fuzzy set). There are some measures to assess the average
amount of imprecision associated with a group (not the individual elements).
rth order entropy H™ [107] of a fuzzy set is onc of them and it provides a
measure of the average uncertainty (ambiguity) in making a decision on any
subset with r elements as regards its possession of the imprecise property.
The significance of this measure for pattern recognition and image processing

problems is described in [107].

Another information measure of a fuzzy set called hybrid entropy Hh,
represents the amount of difficulty in deciding whether an element belongs
to a fuzzy set or not by making a prevision on its probability of occurrence.
This measure takes into account not only the fuzziness of a set, but also the
underlying probability structures of the supporting elements. The significance
of hybrid entropy in image enhancement and noisc reduction problems is

described in [107].

It is Lo be noted that fuzzy uncertainty differs from probability and non-
specity. Fuzzy uncertainty deals with the situations where boundaries of the

sets under consideration are not sharply defined - partial occurrence of an



event. On the other hand, for probabilistic and nonspecific uncertainties
there is no ambiguity about the set boundaries, but rather, about the be-
longingness of the elements or events to crisp sets. Interested readers may
consult the articles [65,100,109-117] for further references on various uncer-

tainty measures. e

It may be mentioned here that rough set theory [118,119] has gained a
significant popularity recently in modeling uncertainty. Although the fuzzy
set theory and rough set theory both offer approaches to deal with uncertainty,
these two concepts are completely independent. However there is a connection
between rough set theory and Dempster-Shafer theory, though they have been
developed separately. Dempster-Shafer theory uses the belief function as a
main tool, whereas the rough set theory makes use of the family of all sets

with common lower and upper approximations [119,120]. &

It may be mentioned that from the very beginning of the development of
fuzzy set theory, its application to pattern recognition played a very signifi-
cant role. It is two fold: (i) a methodological one - this leads to treatment of
fuzzy scts as a well-suited theory within which one can establish a plausible
tool for modeling and mimicking cognitive process of the human being, es-
pecially those concerning recognition aspects; (i) secondly, fuzzy sets offer a
lot of novel algorithms which arc uscful for designing of feature analysis and

classification procedures.

Recently, Bezdek and Pal {19] have provided an excellent review on var-
fous approaches which helped in the evolution of fuzsy patlern recognition.
Readers may also consult in this context the review article of Pedrycz [13]. In
the following sections, we present the state of art of methodology and meth-
ods of fuzzy sets for various tasks of pattern recognition. We have already
explained through examples the relevance of fuzzy set theory in handling

uncertainty at different stages of a pattern recognition system in section 1.3.
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1.4.5 Fuzzy clustering

The objective of clustering is to partition any finite data set X of objects
into a certain number (c¢) of natural and homogeneous subsets, where the
elements of each set are as similar as possible to others and at the same time,
as different from those of the other sets as possible. Let 1 < ¢ <t and X =
{X1, Xz, ..., X¢} denote a set of (t) unlabeled feature vectors in IR". Given
X, we say that (c) fuzzy subsets {u;: X — [0.1]} are a fuzzy c-partition of
X in case the (ct) values {pjr = p;(Xi), 1 < k <t, 1 <j < c} satisfy three
conditions [19]:

0 < Wik < 1 Vj,k

Suix = 1 Vk
7

0 < Soup < t V5.
%

(1.11)

Each set of (ct) values satisfying the above conditions can be arranged as a
matrix U = [p;x]**. The set of all such matrices is the nondegenerate fuzzy

c-partitions of X:

I = {Win B | pup satisfies Eq. (1.11) Vi, k} . (1.12)

In case all the gj are either 0 or 1, we have the subset of hard (or crisp)
c-partitions of X:

I. = {Uin Iy | pye = Oor 1 Vjk}. (1.13)

The reason these matrices are called partitions follows from the interpretation
of p;x as the membership of X} in the jth partitioning subsct (cluster) of X.
Ie is more realistic as a physical model than I, for it is common experience
that the boundaries betwcen many classes of real objects are in fact ill-defined
and/or overlapping. So Iy, provides a much richer means of representing
and manipulating data that have such structures than does I.. An optimal
partition of X in Iy, is the onc which groups together object data vectors
that share some well-defined mathematical similarity. We mention that ¢ is
assumed to be known; otherwise, its value becomes a part of the clustering

problem. This facet of the problem is often called the cluster validity question.
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Interested readers should consult [15] for more details about the algebraic and

geometric nature of the partition spaces.

A pioneering application of the theory of fuzzy sets to clustering analysis
was made in 1969 by Ruspini [33]. He first suggested the structure (Iyc)
of fuzzy c-partition spaces. He further defined and analyzed the first fuzzy
objective function algorithm for generating fuzzy c-partions of a finite set of
unlabeled data. Almost all of the fuzzy clustering models that are currently
used are based on Ruspini’s idea. ’

The approach proposed by Gitman and Levine in [34] demonstrates an

way of decomposing miztures or data with multimodality, using fuzzy s

They have suggested augmentation of the input data with numbers that rep-
resented linguistic characteristics of the inputs, to decompose the data with
this added information. The research work by Dunn and Bezdek [36,37,121]
on the fuzzy ISODATA (or fuzzy c-means) algorithms may be considered as
a landmark in the theory of cluster analysis. Their contribution is extremely
important and has had lasting and far-reaching implications in the area of

fuzzy clustering.

Roubens [122] made an important contribution in the area of relational
clustering based on optimizing an objective function of the unknown fuzzy
partition and the data at hand. Some of the early indices of fuzziness that
were being studied in the context of cluster validity were also discussed in
[122]. Gustafson and Kessel [123] incorporated an important concept of local-
ized shape matching via norms that adopted to the shapes of single clusters.
Windham [124] extended the ideas of geometric matching of algorithms to

data somewhat beyond the confines of fuzzy models.

Backer [38] introduced a clustering model which tries to achieve an opti-
mal decomposition of a group of objects into a collection of induced fuzzy sets
by means of a point-to-subset affinity concept on the basis of the structural
propertics among objects in the representation space. He suggested a number
of affinity mechanisms based on the distance concept, the neighborhood con-

cept, and the probabilistic concept. An iterative optimization-partitioning
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procedure has been adopted to obtain decomposition of the sample points to
the final clusters. The iterative procedure is guided by some criterion func-
tions based on measures of fuzziness, inter fuzzy set distance, and measure
of fuzzy similarity. Recently Pal and Mitra (125] formulated a fuzzy dynamic
clustering algorithm based on the concept of induced fuzzy sets when the

number of classes is unknown.

There have been many studies [126,127] on the idea of synthesis between
fuzzy clustering models and statistical decision theory. Onmne of the major
issues in the clustering approaches is the verification of their convergence
property. The research works [127-129] address issues about convergence of
the fuzzy c-means algorithms. There is another significant research area in
clustering which concerns the problem of clustering validity. This issue has
been addressed in the articles [130-134]. Additional results on fuzzy clustering
are available in [135,136].

1.4.6 Fuzzy classification (classifier design)

A more ambitious, difficult, and potentially useful computational problem
than clustering, classifier design refers to finding a hard or fuzzy partition of
RN itsclf. A classifier is capable, once it is defined, of labeling every data
point in the entire space JRY. To characterize fuzzy classifier, let us first
define the hard and fuzzy label vector scts in RM [19] :

T = {YGJRM I Y wm=1 yk&{o,l}Vk}
k

= hard label vectors for M classes.

(1.14)

Ui = {Y e RM | Dy =15 vk € (0,1] Vk}
. (1.15)

- fuzzy label vectors for M classes.
Jar is just the usual canonical basis of Euclidean M-space, and Jpar is its

convex hull. As usual, Jar € Jyar-
With Jyar, a classifier is defined on IRN as any function D imaged in Jyar.
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That is, classifiers are a special kind of vector field, which is generally denoted
as
D: RN — Jpy C RM.

Thus the value of D at any X € IRV is ¥ = D(X), the label vector for X in
Jons-

Fuzzy classifiers design almost always means arriving at a hard classifier
(such as in Eq. (1.1)), but uses the idea of fuzziness somewherc upstream.
The approaches [22,39,137-146] show that the incorporation of fuzzy ideas
in the model leading to a hard classifier design do indeed (sometimes) yield
better hard classifiers than those that result from looking for a hard design to
begin with. This can again be attributed to the idea of embedding: we find a
better solution to a crisp problem by looking in a large space at first, which
has different (usually less) constraints and therefore allows the algorithm more
freedom to avoid errors forced by commission to hard answers in intermediate

stages.

The research on the application of fuzzy set theory to supervised pattern
recognition was started in 1966 in the seminal note of Bellman, Kalaba and
Zadeh [137] where the two basic operations, namely abstraction and general-
ization were proposed. Abstraction in fuzzy set theory mecans estimation of
a membership function g of a fuzzy class from the training samples. Having
obtained the estimate, generalization is performed when this estimate is used
to compute the values of z for unknown objects not contained in the training
set. Consideration of linguistic features and fuzzy relations in representing a
class has also been suggested by Zadeh [138]. The work by Pal and Dutta
Majumder [139] outlines an early application of fuzzy sets for decision theo-
retic classification, where a pattern is considered as an array of linguistically
pharased features denoting certain properties and where each of these fea-
tures is a fuzzy set. The variation of the recognition score (for speech data)
with the change of fuzziness in the linguistically phrased feature values has
subsequently been reported in [140]. These classifiers have also been used
for designing a self-supervised recognition system [26,141,142]. Nath et al.

[143,144] proposed a classification model applicable in the soft sciences (e.g.,
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medical diagnostics) where enough apriori knowledge about the classifier is
available from expert in linguistic form. This algorithm involves the theory
of approximate reasoning [72,77,78] and fuzzy relations between fuzzy state-
ments.

A fuzzy version of the well known k-nearest neighbor (k-NN) classifier
has been provided by Keller et al. [39]. In the conventional approach [2-8],
each of the labeled samples is given equal importance in deciding the class
membership of an unknown pattern; this frequently causes problems in places
where the labeled samples overlap. This is tackled in [39] by providing fuzzy
label vectors for the samples as an indication of their class representativeness
and subsequently leads to a fuzzy classification rule. The fuzzy version of the
k-nn rules seems to offer better performance (lower error rates) than crisp
rules [39,147].

An adaptive system can be viewed as a learning machine in which sys-
tem’s decisions gradually approach optimal decisions by acquiring the neces-
sary information from observed patterns. The approaches considered so far
use a specified set of labeled data for training of a classifier before it is used
for classifying unknown patterns. Devi and Sharma [28] proposed an adaptive
algorithm using a fuzzy approximation to the gradient descent technique for

training a classifi ially. They d a method for eliminating or

discarding doubtful or unreliable samples from the training procedure.

Although, the task of feature selection plays an important role in design-
ing a pattern recognition system, the research in this area using fuzzy set
theory has not been significant. Bezdek and Castelaz [22] showed an applica-
tion of fuzzy c-means clustering algorithm to select an optimum feature subset
from the available features so that there is no appreciable loss of classifier per-
formance with the reduced set of features. Pal and Chakraborty explained
in [146] an application of fuzziness measures (the index of fuzziness, entropy,
and 7-ness) of a set in selecting features without going through classification.
This work has then been extended to evaluate the importance of any subset

of features to provide an average quantitative index of goodness.
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Chang and Pavlidis [145] incorporated the concept of fuzzy decision trees
in developing an efficient algorithm for making decisions in pattern recogni-
tion problems. Fuzzy tree automata are defined by Lee [148] for processing
fuzzy tree representations of patterns using syntactic recognition. This work
shows how membership functions for structural patterns can be defined and
how fuzzy language can be used for handling imprecision in structural pat-
tern recognition. Further works on fuzzy syntactic classifier is available in
[11,25,149-153].

There have been many attempts showing the application of fuzzy set
theoretic approaches to real life recognition problems. Some significant at-
tempts can be found in literature [149,141,154,155] for recognizing speech
patterns which are biological in origin and the patterns manifest a consider-
able amount of fuzziness (vagueness). Pathak and Pal [152,156] dernonstrated
an application of fuzzy and fractionally fuzzy grammars [149,150] in syntactic
recognition of ages of different bones from x-ray image patterns. They have
shown that incorporation of the concept of fuzziness in defining sharp, fair,
and gentle curves and the production rules used enable one to work with a
smaller number of primitives and to use the same set of rules and nontermi-
nals at each stage. Therefore, one needs to parse an input string with only
one grammar at each stage, unlike the casc in the nonfuzzy approach, where
one may have to parse each string by more than one grammar, in general, at
each stage. However, this has to be balanced against the fact that the fuzzy
grammars are not as simple as the corresponding nonfuzzy grammars. Fur-
thermore, these grammars need not be unambiguous, whereas nonambiguity

is an absolutely necessary rcquirement for the nonfuzzy approach.

Automatic recognition of handwritten characters is another area where
ambiguity occurs because of imprecision in writing rather than from random-
ness, and the fuzzy set theory has been used quite extensively both in feature
extraction and in classification. The research reported in [157-161] is repre-
sentative of the development in the area. Some other significant applications
can be found in [14,15,64,68,162-165].



Recently, rule based systems have gained popularity in pattern recogni-
tion activities. By modeling the rules and facts in terms of fuzzy sets, it is
possible to make interfaces using the concept of approximate reasoning. Such
a system has been designed recently for automatic target recognition using
40 rules [166]. A knowledge based approach using Dempster-Shafer theory
of evidence [109] has also been formulated [167] for managing uncertainty in
object recognition problem when features fail to be homogeneous. Meaningful
pay-offs are defined in this context. The problem is tackled by considering
masses with fuzzy focal elements. An cvidential approach to problem solving
was also developed when a large number of knowledge systems (which might
give contradictory or inconsistent information) is available [168]. The defi-
nitions of credibility and plausibility of Dempster-Shafer theory of evidence
when evidences and propositions are both fuzzy in nature are also available
169,170}, =

1.4.7 Fuzzy image processing and recognition

While the application of fuzzy sets in cluster analysis and classifier design
(as described earlier) was in the process of development, an important and
related effort in fuzzy image processing and analysis was evolving more or
less in parallel. This evolution was based on the realization that many of the
basic concepts in image analysis (e.g., edge, corner, line, region, relation etc.)

do not lend themselves well to precise definition.

As mentioned in section 1.3, a gray tone image possesses ambiguity within
each pixel because of the possible multivalued levels of brightness. If the gray
levels are scaled to lie in the range [0,1], we can regard the gray level of a
pixel as its degree of membership in the set of high valued “bright” pixels.
Thus a gray image can be viewed as a fuzzy set. In section 1.3, we explained
the relevance of fuzzy set theory in weakening hard decisions for ill-defined
image regions for reducing uncertainties in a recognition system. Some of
the significant research done in fuzzy image processing and recognition are

described below in short.
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Fuzzy geometry of a gray image is an area where an extensive work has
been carried out. Rosenfeld explained in [171,172] various concepts of fuzzy
geometry including the topological concepts of connectedness, adjacency and
surroundness, area, perimeter, compactness, height, width, extent, diameter,
etc. Other geometric properties (e.g., length, breadth, index of area coverage,
adjacency, major axis, minor axis, center of gravity, and density) have recently
been defined in [173]. The fuzzy versions of various imaging operations, such
as shrinking and expanding, thinning, splitting and merging, enhancement
and edge detection have been developed [18,106,174-183]. The problem of
cvaluation of image quality has also been dealt with fuzzy set theory [184-
187].

The problem of image segmentation (which is a clustering problem) plays
a key role in many areas of recognition, analysis, and description. Prewitt
first suggested [188] that the results of segmentation should be fuzzy sub-
sets rather than ordinary subsets. Research in this area can be found in
[90,95,181,189-195]. There have been several attempts to extract fuzzy prim-
itives (or featurcs) from fuzzy edges and segmented outputs of the image
regions for shape analysis, matching, and recognition. Readers may consult
the articles [18,136,148,152,163,196-201]. o

1.4.8 Use of artificial neural networks

Artificial neural networks (ANN) are signal processing systems that try to

emulate the human brain, i.e., the behavior of biological nervous systems, by

providing a mathematical model of combination of numerous ncurons con-
nected in a network. These models are reputed to have the following char-
acteristics: adaptivity (the ability to adjust when given new information),
speed (via massive parallelism), fault tolerance (to missing, confusing and/or
noisy data) and optimality (as regards error rates in performance). Though
there are some common features between different proposed artificial neural
network models, they differ in final details and in the underlying philosophy.

They are mainly categorized according to the learning strategies involved in

31



them. For example, Hopfield’s model [202,203] employs associative types of
learning, multi-layer perceptron [41,42] employs hetero-associative learning,
and Kohonen model of self-organizing feature map [204], adaptive resonance
theory of Carpenter and Grossberg [205,206] and neo-cognitron of Fukushima
[207] try to model the function of regularity detectors. Applications of these

networks to pattern recognition problem are discussed in [41,42,47-49,206].

A large number of researchers are now trying to integrate the concepts
of neural networks and fuzzy sets in order to exploit the merits of two tech-
nologies for developing pattern recognition systems [43,44,46]. The fusion is
being mainly tried out in the following two ways [19,208]. First, the concept of
fuzziness can be incorporated into an artificial neural network framework, i.e.,
to build fuzzy neural networks. For example, the target output of the neural
network during training can be fuzzy label vectors. In this case the network
itself is functioning as a fuzzy classifier [209,210]. The integration/transfer
function at each node can be altered by fuzzy operators so that they perform
some sort of fuzzy aggregation (i.e., fuzzy union, intersection etc.) (135]. In-
put representation can also be considered to be fuzzy. Attempts are also made
in [211] to use fuzziness measures of a fuzzy set for modeling error of neural
networks. In [212] an approach is provided to design optimal network archi-
tecture by optimization of fuzziness of a set. Moreover, there are suggestions

in the literature about making individual neurons fuzzy [213,214].

The second fusion methodology is to use neural networks for a variety of
computational tasks within the framework of a pre-existing fuzzy model. In
this category, for example, attempts are made to have membership function
representation by neural networks [215] and implementation of fuzzy logic
operations with neural networks [216,217]. For further references on this

issue one can consult [43,51].



1.5 Scope of the Thesis

The aim of the thesis is to present some results of investigation, both the-
oretical and experimental, that demonstrate the effectiveness of the theory
of fuzzy sets in formulating some methodologies for handling uncertainties
(which may arise from imprecise, incomplete and linguistic input informa-
tion, and overlapping/ill-defined class boundaries) in certain tasks of pattern
recognition. Initially, a procedure for providing multivalued shape of a pattern
class from its sampled points has been described. Then the design aspects. of
two multivalued recognition systems are presented along with the theoretical
analysis of their performance. The effectiveness of the proposed systems has
been demonstrated on some artificially generated pattern sets as well as some
real life problems such as speech recognition and remotely sensed image anal-
ysis for identifying ill-defined object regions. The results of investigations are

summarized below on the basis of chapter headings.

1.5.1 Determining multivalued shape of a pattern class
[218-220]

An important problem in pattern recognition is determining the shape of a
pattern class from a set of training samples (i.c., sampled points). A method
has been developed in chapter 2 in which the concept of fuzzy sets has been
used in performing this task. In estimating the shape, the portions not covered
by the sampled points are assigned some fuzzy membership values denoting
the degrees of their belongingness to the actual class. Therefore, unlike the
conventional approaches [56-61] the proposed method does not attempt to

provide crisp boundary from incomplete sample set.

“The procedure has two phases. Phase I deals with the decomposition of
the sample set into some groups of nearly parallelepiped (rectangular in %)
shape depending on the geometric complexity of the sample set. Phase 1I
determines each of the subclasses corresponding to the sample groups sepa-

rately, aggregates them and obtains the multivalued shape/boundary of the
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pattern class. The theory is initially described for the pattern classes in IR?,
and then its extension to IRV is elaborated.

The effectiveness of the methodology has been demonstrated on some arti-
ficially gencrated data sets (in IR? and I?°) and also on the real life speech data.
The convergence of the estimated shape to the original one has been demon-
strated experimentally. The convergence property is also verified analytically
using Hausdorff metric [221] and a newly defined metric.

The complexity of the proposed algorithm increases exponentially with the
dimension (N) of the feature space. It becomes computationally expensive for
its implementation in higher dimensional feature spaces (N > 3), although we
could formulate the algorithm for any dimension.

1.5.1 Multivalued recognition system using linguistic
property based decomposition [222,223]

A multivalued recognition system based on fuzzy sets and approximate rea-
soning has been described in chapt

- 3 which is capable of handling various im-
precise input patterns and of providing four state linguistic (natural) decisions.
The input is considered to be in linguistic, quantitative, set or in mized form.
For the purposc of processing, an input. has been viewed as consisting of various

combinations of the three primary linguistic properties small, medium and high

possessed by its different features to some degree. T'he various uncertainties
(ambiguities) in the input statement is managed by providing/modifying mem-
bership values heuristically to a great extent. Unlike the conventional fuzzy set
theoretic approaches, the sets small and high have been represented here by 7
functions.

The weight matrices corresponding to various properties and classes have
ce [72] in
order to make the analysis more effective. The four state linguistic output
decis

been taken into account in the Zadeh’s composition rule of infere:

on is associated with a confidence factor denoting the degree of certainty
of the decis

on and provides a low rate of misclassification as compared to the
conventional two-state systems. The effectiveness of the algorithm has been

demonstrated on speech recognition problem.
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1.5.3 Multivalued recognition system using geométric

structure based decomposition [224-226]

The multivalued recognition system (as described in chapter 3) considers
three linguistically phrased property sets (namely small, medium and high)
for the input patterns so that each feature information can be viewed to
have these properties to some degree. As a result, the entire feature space
is decomposed into 3¥ (N being the number of features) overlapping space
subdomains irrespective of the structure and the relative position of pattern

classes.

In chapter 4 we have described another recognition system for provid-
ing improved performance where the entire feature space is decomposed into
some overlapping space subdomains depending on the geometric structure (de-
scribed in chapter 2) and the relative position of the pattern classes found in
the training samples. The system is trained with deterministic data, but in
the recognizing (testing) phase it can handle input data in either of the four
forms (i.e., linguistic, quantitative, set and mized forms). Moreover, there is

no concept of weight matrix as used in chapter 3.

A relational matrix corresponding to the space subdomains and the pat-
tern classes has been considered in the compositional rule of inference [72] in
order to recognize the samples. The system provides linguistic output deci-
sions in four states, namely single choice, first-second choice, combined choice
and null choice. Bach decision is associated with a confidence factor denoting
its degree of certainty. The effectiveness of the system has been demonstrated

on some artificially generated patterns and also on the real life speech data.
1.5.4 Theoretical analysis of multivalued recognition
system [226,227]

The multivalued recognition system (as described in chapter 4) has the abil-

ity to discriminate the non-overlapping, and overlapping and no-class (i.e.,
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ambiguous) regions for providing output decisions in four states. The sin-
gle choices correspond to the non-overlapping regions, whereas the overlap-
ping regions are reflected by the first-second and combined choices. The null
choices reflect the portions outside the pattern classes and/or the portions of
the pattern classes uncovered by the training samples. A theoretical analysis
of these characteristics and the performance of the recognition system has
been provided in chapter 5.

The regions corresponding to the four output forms are initially deter-
mined analytically, and the estimates of the overlapping, non-overlapping and
no-class regions in the feature space are then obtained. Various situations in
one and two dimensional feature spaces with two class problems have been
considered. It has been shown theoretically that with the increase in the size
of the training samples, the estimates of the overlapping, non-overlapping and
no-class regions tend to their actual sizes. All analytical findings have been
substantiated with experimental results. As a comparative study of the recog-
nition system with a conventional one, the Bayes classifier is implemented on
the same data sets. Bayes decision boundaries are always found to lie within
the combined choice region of the proposed system. The present investiga-
tion, in turn, establishes analytically the justification of considering output
decisions in four states for managing uncertainties arising from ambiguous

regions.

1.5.5 Analysis of satellite imagery for identifying ill-
defined object regions [226]

Chapter 6 describes another real life application of the multivalued recog-

nition system (chapter 4) by analyzing Indian Remote Sensing (IRS) satellite

imagery for detecting various ill-defined object regions, namely roads, bridges,
islands, sandbeds, city area, township/industrial areas. The multivalued recog-
nition system has initially been applied to classify (based on the spectral
knowledge of the image) the image pixcls into six classes corresponding to six

land cover types, namely pond water, turbid water, concrete structure, habi-
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tation, vegetation and open space. The green and infrared band information
are used as features for the classification. The clustered images are processed
further for detecting various object regions. In order to detect certain targets,
some spatial knowledge about them and their inter-relationships have been
incorporated in the algorithms using some heuristic rules.

The concept of multiple choices of the recognition system is found to be
very effective for detecting the road patterns from concrete structure pixels.
Because of the low pixel resolution (36.25mx36.25m for IRS imagery) of the
remotely sensed images, many portions of the roads may not be classified as
concrete structures. In order to identify them, a traversal algorithm through
the detected road pixels has been proposed here. Some of the movements
in the traversal algorithm are governed by only the second and combined
choices of the multivalued recognition system. A thinning algorithm [228]
is applied in order to facilitate the traversal process. Some morphological
operations [53,55] are used on the clustered image for locating the city and
township /industrial areas. The results are found to agree well with the ground
truths.

1.5.6 Conclusions and scope of further research

The concluding remarks and the scope of further research are presented in

chapter 7.
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2.1 Introduction

The present chapter deals with the problem of determining the pattern
class and its multivalued shape/boundary from sampled points (training sam-
ples). Once these are computed, some salient features of the class can then
be extracted which are useful in making decisions about a course of action
(e.g., identification, classification and pattern description) to be taken later.

This will also reduce the storage requirement of the complete pattern-class.

Tt may be noted that in most of the real life pattern recognition problems,
the complete description of a pattern class is not known. Instcad, a few
sampled points are usually available which are assumed to represent the class.
Hence determining the pattern class and its shape from sampled points (or a

set of training samples) is extremely useful.

There are various approaches described in the literature for determining
the shape of a pattern class from sampled points [56-61]. These methods are
mostly heuristic in nature and they provide an exact boundary or shape of
the pattern class. One of the inherent observations about these algorithms is
that the boundary of the class is restricted by the sampled points. This need
not be true because the resulting boundary leaves certain regions not confined
in it, although it should be. So, it is necessary to extend the boundaries to
some extent to handle the possible uncovered portions by the sampled points.

The extended portions should have the following two propertics:
(i} As the number of sampled points increases, the extended portions should
decrease.
(i) The extended portions should have less possibility to be in the pattern

class than the portions explicitly highlighted by the sampled points.

The second property leads to define a multivalued or fuzzy (with continuum
grade of belongingness) boundary of a pattern class. The basic concept of one

of the existing methods [56-61] is described below in short for illustration.
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Edelsbrunner et al. [61] introduced the notion of the a-shape of a
finite set of points, for arbitrary real c. This notion is a generalization of
the convez hull. Given a set S of t points in a plane, the convez hull of S
may be defined as the intersection of all closed half planes that contain all
points of S. The a-hull of S is the complement of the union of all open discs
of radius not less than 1/« (for arbitrary negative real ) which contains no
point of S. The shape of the set is determined using a-hulls. If the selection
of a is proper then the shape of the set obtained by the method resembles
the intuitive shape of the planar set. These a-hulls have been found to be
extremely useful in computational geometry [229]. The selection of « is very
important for the method, but the authors did not provide any criterion for
the selection of a. Also this method does not provide the multivalued shape
of a pattern class.

We have formulated here a methodology for providing multivalued (fuzzy)
shape of a pattern class from a set of sampled points. The procedurc can be
viewed in two phases. Phase I is concerned with the decomposition of sam-
ple set into groups of nearly N-dimensional parallclepiped (henceforth par-
allelepiped) shape. The decomposition is based on the boundary variations
(geometric complexity) of the pattern class found in the sampled points. A
window approach has been incorporated here to find the boundary variations
of the sample groups or sets. Phase II determines each of the subclasses
corresponding to the groups separately, puts them together, and finds the
multivalued shape of a pattern class. The effectiveness of the proccdure has
been demonstrated on some artificially generated data sets in JR? and IR® fea-
ture spaces. The practical applicability of the method has been demonstrated
on a real life speech data set. The convergence of the estimated classes to the
original ones has been verified using Hausdorfl metric and a newly defined

metric.

In section 2.2, some basic concepts along with the block diagram of the
proposed method are discussed. Section 2.3 deals with the procedure for
decomposing a training sample set. Section 2.4 provides an approach to de-

termine the multivalued boundary of a pattern class. Experimental results
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are provided in section 2.5. It is to be mentioned here that the sections 2.3,
2.4 and 2.5 concern with two dimensional feature space only. The extension
of the procedure to, higher dimension (RN) and its implementation to the
pattern classes in IR® are provided in section 2.6. Section 2.7 deals with the

discussion of the convergence property of the proposed algorithm. &

2.2 Some Basic Concepts and Block Diagram

Some of the basic concepts which are uscful in developing the proposed
method are initially stated here. The block diagram of the procedure is then
provided.

2.2.1 Some basic concepts
A. Pattern Class

In most of the real life problems, pattern classes are bounded. Thus the
pattern classes considered here are all bounded. A formal definition of pattern

class in R" is given below using topological and measure theoretic concepts.
Definition 2.1 : A set A C IR s said to be a pattern class [61] if

(1) A is path connected compact,

(i7) cl(Int(R)) = A, [ cl means closure, Int means interior |

(1i%) Int(R) is path connected and

(i) M(6A) = 0 where 64 = AN cl(A°) and X is the Lebesgue measure on
RN,

The relevance of the properties (), (¢7), (747) and (iv) of Definition 2.1 is
provided in [61]. Let BB= {4 : A satisfies Definition 2.1}. IB is the collection
of all classes in IR™. Any A € IB is referred to as the pattern class. o
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B. Accuracy factor

It has been argued in the previous section that the boundary of a pattern
class obtained from its sampled points should be extended to some extent to
highlight the possible uncovered portions of the class by the sampled points.
An accuracy factor (6;) based on the number of sampled points (t) is con-
sidered here for the said extension to manage the uncertainty. & satisfies
[230]

< bi< Mi,—ﬂ) © (21)
so that as t increases, & — 0 and t6 - oco. Since & decreases with the
increase of ¢, the accuracy of the obtained boundary also increases with the
increase of t. The selection of an accuracy factor is guided by the inequality
(2.1) and its justification is analyzed below. An existing definition and a
theorem have been defined in this regard.

Definition 2.2 [221]:  Let Xy, Xz, ..., X; be independent and identically
distributed (i.i.d.) random vectors from a distribution P, which supports a set
a. Let o be an estimated set on the basis of X1, X, ..., Xi. Then of 1s said
to be consistent estimate of « if

By u(ejha)] =0 ast-— oo

where E represents expectation, u is the o-finite and /\ represents symmetric
difference. o

Theorem 2.1 [221]: Let & — 0 and te} — co and Ps be the uniform
distribution over a where o € Band o C IR*. Let of = Ui, {X | X;—X|
<e }. Then Eq[A(ejAa)l = 0 as t — oo where A is Lebesgue measure
in R*.

Corollary 2.1.1:  Theorem 2.1 holds for any N (> 2) dimensional space.
Let & — 0 and tel — oo and P. be the multivariate (with N variates)
uniform distribution over a € B. Let X; = (Zi,,Tizy--->7i,) Lot o
= Uy { foo, —e0 s T e X [T =€, T b e X oo X [Ty — 0, Tiy e}
where ¢, = 0 and tel — co. Then ] is a consistent estimator of . e

42



B. Accuracy factor

It has been argued in the previous section that the boundary of a pattern
class obtained from its sampled points should be extended to some extent to
highlight the possible uncovered portions of the class by the sampled points.
An accuracy factor (&) based on the number of sampled points (t) is con-
sidered here for the said extension to manage the uncertainty. & satisfies
[230]

1 1 -
i < & < Prveeny (2.1)
so that as ¢ increases, & — 0 and t§¥ — oo. Since § decreases with the
increase of t, the accuracy of the obtained boundary also increases with the
increase of t. The selection of an accuracy factor is guided by the inequality
(2.1) and its justification is analyzed below. An existing definition and a

theorem have been defined in this regard.

Definition 2.2 [221] :  Let X1, X2, ..., X: be independent and identically
distributed (i.i.d.) random vectors from a distribution P, which supports a set
o. Let o] be an estimated set on the basis of X1, X3, ..., Xi. Then af is satd
to be consistent estimate of a if

E,(u(ojAa)] -0  ast — oo

where I represents expectation, p is the o-finite and /A represents symmetric
difference. o

Theorem 2.1 (221]: Let & — 0 and tef — co and P, be the uniform
distribution over o where @ € Band o« C IR:. Let o = Uj_; {X | Xi=X|
<e }. Then Eg{MajNa)] — 0 as t — oo where X is Lebesgue measure
in R*. o

Corollary 2.1.1: Theorem 2.1 holds for any N (> 2) dimensional space.
Let € — 0 and tell — oo and Py be the multivariate (with N variates)
wniform distribution over a € B. Let Xi = (%i,,Tigs..-,73,).  Let o]
= Uty { [z, —&, i, t €] X [T, €, Ty, b e X o X [Tiy €1, Tiy T €S}

where &, — 0 and tel — co. Then « is a consistent estimator of c.

42



Corollary 2.1.2: Let o = Ui, { [z, — €1, , &, + €1.] X [Ti, — &2,
Tiy+ €2,] X oo X [Tiy —EN, , Tiy + €N} whereej, — 0 and te — oo for

=1,2,...,N. Then also & isa consistent estimator to c. e

Corollary 2.1.3: Let aj, — a; wherea; >0 forj =1,2,...,N. Let ¢,
= a;6 where & — 0 and t§ — co. Then o, as defined in corollary

2.1.2, is a consistent estimator to . e

Notes :

(i) The above theorem and corollaries basically take the union of certain

neighborhoods for every point as an estimate of the original set a.

(ii) In Theorem 2.1, the distributions were assumed to be (multivariate)
uniform. But it can be shown for any continuous distribution on a com-
pact path connected «, similar result holds [61]. Observe that a pattern
class can always be assumed to be a path connected and compact set.
Hence corollary 2.1.3 can be used for any continuous distribution.

(iii) Corollary 2.1.3 has been used in the present paper where a;,’s are taken
to be the range of the individual (7th) feature values in the set of sam-
pled points and &, satisfies the inequality (2.1). e

For the pattern classes in IR* (i.c., N = 2), & satisfies [218]

Lo <

7 < 22)

Fig. 2.1 shows the allowed range of & [inequality (2.2)] for different values of

t for the pattern classes in R, o

C. Coverage factors

Each individual sampled point represents a covered area of the pattern class
in the feature space. The proposed method intends to find the multivalued
shape of a class from its sampled points or training samples. Hence, in order
to find the possible uncovered portions of the class by the sampled points, the

boundaries are extended to some extent. The extended portions should have
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Figure 2.1 : Allowed range of 6 for different sample sizes (¢) in IR

less possibility to be in the pattern class than the portions explicitly high-
lighted by the sampled points. To decide the extent of the covered /extended
portions, the factors, named as coverage factors, are defined below across
different feature axes.

Let X;,Xa,..., X, be the training samples where X; = (z;,, Ziy, . . . YTiy)"
and z;; denotes the jth feature value of the ith sample. Let MAX; and
MIN; denote the maximum and minimum sample feature values respectively

in the sample set corresponding to the jth (j = 1,2,..., N) feature i.e.,
MAX; = -'=Tﬂaf.(..t {z;;} and MIN; = ‘=1;1,111n‘ {=zi,;}

The coverage factor for the set of sampled points corresponding to the Jth
feature, denoted by ¢; (j =1,2,...,N), is defined as

= (MAX; — MIN;) x 6 (2.3)

where & is the accuracy factor. When the number (t) of sampled points
increases, the accuracy factor (6,) decreases and correspondingly the values
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of the coverage factors (g;’s) also decrease. Thus, the extended portions also

decrease and correspondingly the accuracy of the boundary increases. &

D. Hole in a pattern class

A path connected and compact set is referred to here as a pattern class. If
it happens that within the range of the pattern class or sct, some portions do
not belong to the class, then the portions are referred to as the holes. The
intuitive idea behind holes of a pattern class can be put mathematically by

the following definition.

Definition 2.3 : A pattern class A is said to have k holes [231] if

A = BUCLUCU...UCk such that

(1) B and C; are path connected sets for 1=1,2,...

(i) B is unbounded and Cy,Cs,...,Ck are bounded,

(iff) BUCi,UCiy U...UCs, is a disconnected set for 1< i <43 < ... <
i<k, where 1<r<k and

(iv) CiyUCipU...UC;, isa disconnected set 1 < i) < iz < ... < i, < k,

where 2 < r < k.

Then Ci1,Cz,-.-,Ck, in the Definition 2.3, are said to be the holes of A.

The hole detection procedure is described in section 2.3.1. &

2.2.2 Block diagram

The block diagram of the proposed procedure for determining the multi-
valued class boundary from a set of sampled points is shown in Fig. 2.2. Tt
consists of two parts, namely the decomposition and the fuzzy processor. The
decomposition section deals with the decomposition of the sample sct into

some groups of nearly parallelepiped shape. The fuzzy processor determines
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Figure 2.2 : Block diagram.

each of the subclasses corresponding to the sample groups separately and
all these subclasses are combined to compute the multivalued shape of the
pattern class.

The deconr ition section i of three blocks as shown ih Fig.
2.2. The hole detector block decomposes the training sample set with holes
into groups to find the hole information. The b dary variation calculat,

block finds the values of the boundary variation factors corresponding to all
possible boundary directions. These boundary variation values are analyzed
in the pattern class sub-divider block to decompose (if necessary) the sample
set into groups.

The theory of fuzzy sets has been used in the fuzzy processor section to
extend the boundary of the sample set and also to relate every point ©in
the whole feature space to its possibility to be in the pattern class. The mem-
bership functi imator block decides about the ibility /membership
functions o Tepresent each of the subclasses carresponding to the sample
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groups. The boundary decider block determines each of the subclasses sep-
arately, puts them together and finds the multivalued shape of a pattern
class. &

One of the major underlying features of the procedure is that any pattern
class can be represented as a collection of nearly parallelepiped shaped sub-
classes. The concept of decomposition of the sample set is found very useful
in developing a multivalued recognition system (described chapter 4). More-
over, all the parameters like accuracy factor, coverage factors etc. required in
the algorithm are determined automatically from the sampled poincs:

The following two sections (i.e., sections 2.3 and 2.4) describe in detail

the operations of different blocks of Fig. 2.2 for pattern classes in IR*. &

2.3 Decomposition

The decomposition section consists of three blocks, namely hole detector,
boundary variation calculator and pattern class sub-divider. It takes the train-
ing samples of a pattern class as an input and decomposes the training sample
set into groups if the sample set is found to be not nearly rectangular in shape.
To obtain this decomposition, a procedure based on some overlapping win-
dows is adopted here. Before describing the operations of various blocks of

decomposition, the approach to gencrate the windows is furnished below.

Generation of windows :

The two features under consideration are referred to as the first (1) and
second (F) feature axes respectively. In the proposed approach, one of the
axes is considered as the base axis and then the other axis is considered as
the height axis. Consequently the coverage factors corresponding to the base
and height features are referred to as the base coverage factor (ev) and height
threshold factor (e4) respectively.

Now the sampled points are first of all arranged in ascending order ac-
cording to the base feature values. The first window starts with the first
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sample of the ordered sample set and it includes all those samples one after
another in ascending order until its base coverage length exceeds &;,. Assume
that the generated first window ends with the kth sample of the ordered sam-
ple set. Then the second window will end with the (k+1)th sample and to find
the starting point of this window, it proceeds backward from kth sample until
its base coverage length exceeds &,. Similarly other windows are constructed
by including one new sample at the end and excluding some samples from the
beginning of the previous window such that the base coverage length would
atleast be €. The last window ends with the last ordered sample i.e., sample
with the highest base value. Thus, some overlapping windows of the sample
points are generated utilizing the sample base values and the base coverage
factor (&3).

The maximum and the minimum height values are found from each of the
windows and these are taken to be the upper (u) and lower (I) boundary values
respectively of that window. The combination of the upper boundary values
highlights the upper boundary of the training sample set and the combination
of the lower boundary values provides the lower boundary of the training
sample set.

The way in which the boundary of a training sample set is obtained us-
ing the aforementioned procedure for generating windows, is explained below
considering a typical pattern class [Fig. 2.3(a)]. A hypothetical training sam-
ple set is shown in Fig. 2.3(a), where the locations of samples in the feature
space are shown by cross (x) marks. Initially, Fy is considered as the base and
few windows are generated. In such windows, F; is considercd as the height
feature. A typical window is shown by dotted lines in Fig. 2.3(b) where the
samples in the window are shown by tick (y/) marks. The boundary values
corresponding to the lower and upper boundary directions (referred to as 2;
and 2, respectively) are also marked for the window. Based on these bound-
ary values, the rough boundaries in the coded directions 2, and 2, are drawn
in Fig. 2.3(c). To find the boundaries in the lower and upper directions of Fy
(i.e., directions 1; and 1,), some windows are first of all generated considering

F, as the base feature. A typical window with its sample points and boundary
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Figure 2.3 : Illustrating the concept of boundary in IR?.

values is shown in Fig. 2.3(d). Fig. 2.3(e) shows the rough boundaries in
the coded directions 1; and 1,.

Combining the boundaries in figures 2.3(c) and 2.3(e), the complete
boundary of a pattern class is obtained [Fig. 2.3(f)]. To incorporate the pos-
sible uncovered portions of the pattern class by the training set [Fig. 2.3(a)],
these boundaries are extended to some extent (depending on the coverage fac-
tors). To visualize the said extension, the extended boundary of the pattern
class is conceptually drawn in Fig. 2.3(f). The extended portion should have
lower possibility to be in the class than the portions explicitly highlighted by
the sample points. The extended regions decrease with the increase of the

sample size (t). o
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2.3.1 Hole detector

The concepts about holes of a pattern class are provided in section 2.2.1D.
The adopted procedure to find holes from a set of sampled points is discussed

below.

Procedure : The procedure considers F) axis as the base feature and the
F; axis as the height. Correspondingly €, and e; are considered as the base
coverage factor (eb) and height threshold factor (e)) respectively. Windows
are now generated using the aforementioned approach. The sample points in
each window are then arranged in ascending order according to the height
(F;) sample values. If the difference of height values of any two consecutive
samples within a window exceeds e, then a hole is assumed to be present
between the said sample pair. Let k' and h" be the height feature values
corresponding to two such sample points. To illustrate this finding, a pattern
class with a hole is shown in Fig. 2.4 in which P, and P, are the sample
points which satisfy the above condition and the corresponding window is
shown using dotted lines.

To detect the hole, the sample set is decomposed into two groups accord-
ing to whether the height values (i.e., Fy values) are less than (k' + h")/2
or not. The decomposition leads to finding two groups where none of them

possess a hole. In Fig. 2.4, the line with dashes indicates the split.

The aforementioned routine is repcated until every sample group is found
to be not containing any hole. When the subclasses corresponding to the
sample groups are combined in the boundary decider block [section 2.4], the
holes will be excluded from the final shape of the pattern class. It is to
be realized that this procedure detects not only the holes elongated across
F, feature axis but also the holes elongated across F; feature axis. Note
that the proposed procedure can not detect the holes with sizes less than &;
and/or &, corresponding to the feature axes /| and F respectively. Hence the
detectable minimum hole size depends on coverage factors €; and &2, which

in turn depends on the accuracy factor (&) and finally depends on the sample



7

Figure 2.4 : A typical pattern class with a’hole.

size (t).

It is also to be mentioned here that the procedure decomposes a training
sample set not only for a hole, but also for some particular type of concave
boundaries. For example, sample sets having shapes like ‘C’, ‘%’ or ‘£’ may
also be decomposed although these do not possess any hole. But this does
not create any problem in the overall shape determining procedure, since such
sample sets anyway had to be decomposed in the pattern class sub-divider
block. &

2.3.2 Boundary variation calculator

This block tries to detect the geometric structure of the pattern class from a
set of sampled points. The boundaries in four perpendicular directions [Fig.
2.3(b)] are considered here to find the boundary variation values. Our ap-
proach to generate the windows from a sample set and consequently to find
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the boundary values are described earlier. It may be recalled that the max-
imum and the minimum height values of each window are considered as the
boundary values in the upper and lower boundary directions respectively cor-
responding to the height feature axis. The approach to calculate the boundary

variations is discussed below.

Calculation of boundary variations : To describe the approach, let us con-
sider the boundary variation values in a particular direction, say d (d € {1,
1u, 21, 24} The procedure to obtain the boundary values has already been
discussed previously. Henceforth, it is assumed that there are w windows and
their boundary values are H; (i = 1,2,...,w). A boundary variation factor,
denoted by Vy in direction d is defined as

Vi = [é (H: — H-—x)z} /eh (2.4)

where €y, is the height threshold factor for the considered direction d. Here

the division factor €} is used to make the variation factor Vg unitless.

Now let MAXy; and MINy be the maximum and minimum of the
boundary values H’s (i = 1,2,...,w) respectively. If the difference of MAXy
and MINy does not exceed e (ie., if (MAXy — MINg) < €4) then the
sample set is assumed to be nearly rectangular in shape. In such a case, the
variation factor V, is assumed to be zero i.e., make Vg = 0. Otherwise the

sample set is considered as decomposable in the direction d.

Initially, F} axis is considered as the base to gencrate the windows and F
axis is considered as the height to find the boundary variation factors V3, and
V,, for the coded directions 2; and 2, respectively. Similarly, by reversing the
roles of Fy and F; axes above, the boundary variation factors Vi, and Vi, for
the coded directions 1, and 1, are calculated. Thus, the boundary variation

factors for the considered four boundary directions are obtained in this block.
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2.3.3 Pattern class sub-divider

This block analyzes the boundary variation factors to determine whether
the training sample set is to be decomposed or not. If the sample sct is to be
decomposed then this block decomposes it into few groups. Before actually
dividing the sample set, the decision about the direction of decomposition is
to be made. To decide this, it finds the direction in which the value of the
variation factor is maximum. That is, the direction D € {1;, 14, 2i, 24} is
found where -

Vp = max {V3,,V1,, V2, Va.}-
If Vp = 0, then the sample set is assumed to be nearly rectangular in shape
and it is not further decomposable.

Otherwise i.e., if Vp > 0, then it is assumed that the sample set is not
nearly rectangular in shape and it is to be decomposed into groups. Now
from the direction of decomposition (i.e., D) the windows with their base
and boundary values, and the corresponding height threshold factor €p are
recalled. The samples are then arranged in ascending order according to the

base values.

For making a cluster of windows, the maximum boundary value is found.
The starting window for the cluster is taken as that window which have the
maximum boundary value. The position of the starting window is noted. The
following windows from the starting windows are assigned one after another
in the cluster until the differences between the boundary values of the current
window and the starting window exceed the height threshold factor (n)- Sim-
ilarly, the preceding windows are also put in the window cluster. The samples

lying in the window cluster are assigned to the first sample group.

The aforesaid routine is repeated on the remaining windows until all' the
windows are exhausted. This leads to the formation of window clusters. Every
window cluster results in a group of sample points. Thus, the given training

sample set is decomposed into a few group of sample points.
The decomposition procedure is applied on the sample groups repeatedly
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until all the groups are found to be nearly rectangular in shape. It is to
be observed that the larger the number of groups, the greater will be the
accuracy of the shape of the multivalued pattern class obtained. &

2.4 Fuzzy Processor

The previous section dealt with the decomposition of a training set into few
sample groups of nearly rectangular shape. The present section is devoted to
obtaining the subclasses corresponding to these groups and combining them
to get the estimated multivalued shape of the pattern class. This section
consists of two blocks, namely the membership function estimator and the
boundary decider.

The concept of membership functions in the light of fuzzy set theory is
brought here to represent each of the subclasses corresponding to the groups
separately. Membership functions have also been used to rclate every point
in the entire feature space to its possibility to be in the pattern class. The
membership function estimator block finds the appropriate membership func-
tions to represent each of the subclasses corresponding to the sample groups.
The boundary decider block determines each of the subclasses separately, puts
them together and obtains the multivalued shape of the pattern class.

2.4.1 Membership function estimator

For any feature point, the possibility of being a member of a class is maxi-
mum if it lies in the centre of the class. As its distances from the the centre
increases, the membership value decreases and ultimately go to zero. Any
function having this property may be considered as the representative mem-
bership function for the (sub) pattern class corresponding to a sample group.
As the 7 function is well established to dictate this property [18,67], it is

considered here as the representative membership function.
Thus, the subclasses corresponding to the sample groups are character-
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ized by different 7 functions across different axes of the form 7 (z; e, B>
Busyr Yoy '7“‘,) where k indicates the group number (k = 1,2,...,1m, 7
denotes the number of groups); j indicates the axis number (j = 1,2); oy
is the peak value where the mcmbership. value is 1.0; ﬂl».,. and ﬂu., are the
lower and upper most ambiguous points where the membership values are
0.5, and i, and Yup; arC the lower and upper end points beyond which the
membership values are zero. The functional form of such a = function [218]
is stated below:

S (i, Bis @) if z<a

1-S(z;0,B8u,7) if 2>a (2:5)

(23 &, Bty Bus M5 Vu) = {
where
if z<a
if a<z<b
§(x;a,b,0) = tases (2.6)

if b<z<c

if z>c.

Note that unlike the standard S function [18,67], here b # 23.

The structure of such a 7 function is shown in Fig. 2.5. Given a partic-
ular group of samples and a particular feature, the domain of the 7 function
is [¥,7u)- 1t is assumed that the extended portions are [, and [Bu,vuls
and the highlighted portion by the training sample set is [, 8.]. These
extended portions ultimately provide the multivalued shape of the pattern

class.

Determination of membership functions :  To determine the membership
functions (which are taken as 7w functions), the parameters of them corre-
sponding to various sample groups are to be evaluated. Here each of the
sample groups is considered separately. Let MAX,, and MINj, be the max-
imum and minimum of the training sample set respectively corresponding to
jih (j = 1,2) feature and kth (k = 1,2,...,7) sample group. Then the pa-
rameters of the 7 function corresponding to jth feature and kth subclass
(i.e., kth sample group) are assigned as follows:
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My, = MINg—e; 5y, = MAXy +¢; ;

7I=12; k=1,2,...,n ;
where ¢; is the coverage factor for the jth feature [Eq. (2.3)]. &

2.4.2 Boundary decider

In the previous sub-section, membership functions corresponding to all the
sample groups along each feature axis are determined. Using these functions,
each of the subclasses corresponding to the sample groups is estimated and
those are finally combined to obtain the estimated (multivalued) shape of the
pattern class. All planar points in the feature space are labeled with their
degree of possibilities to be in the class. To show the shape of a pattern class
in the plane, the whole feature range is divided into small rectangles and these
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are referred to as the Feature Space Cells (henceforth FSCs). The size of all
the FSCs are same and these are made as small as possible such that each FSC
can be distinguished in the feature space. Thus all these FSCs are labeled in
terms of their possibility values to be in the pattern class. The FSCs with
zero possibility value are taken to be outside the class. The method to obtain

these possibility values is described below.

Procedure :  Let (z;,z;)' be a typical feature values of such a FSC. Sup-
pose pyi; denote the membership value of the FSC corresponding to kth
(k= 1,2,

ture. puy; is calculated from the corresponding 7 function i.e.,

,n) subclass (i.e., kth sample group) and jth (j = 1,2) fea-

try = 7 (253 gy Bu s B s ey Yo, ) (2:8)

The combined membership of the FSC corresponding to kth (k = 1,2,...,7)

subclass, say p, is defined as the geometric mean of py, and g, i.e.,

e = (e, % )2 (2.9)

Now, the possibility, say 8, of the FSC to be in the estimated pattern
class is defined as the maximum of the membership values of the subclasses.
That is,

0= max , { e} (2.10)

Let 7 be the number of subclasses for which the combined membership
values (ux’s) of the said FSC are positive. To incorporate the effect of the
neighboring subclasses with positive membership values in the estimated pat-
tern class, the value of 0 is increased to 07 for 7 > 1. That is, when the
possibility values of the FSC (ux’s) are positive for two or more subclasses,
then it indicates that the said FSC has the possibility to lie in those sub-
classes, which in turn increases the possibility of the FSC to be in the finally

obtained pattern class. o

A method has been described earlier to find the possibility value (8) of
a FSC to be in the pattern class. Note that 0 < 8 < 1. If the value of 0 is
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zero, then the FSC is considered to lie outside the pattern class. Otherwise
the FSC belongs to the pattern class with the possibility 6.

To obtain the complete shape of the pattern class, the aforesaid routine is
repeated for every FSC in the feature domain. Thus, all the FSCs are labeled
with their possibility values to be in the pattern class, and as a result, the
multivalued shape of the pattern class is obtained. &

It may be mentioned here that the proposed shapc determining procedure
is intuitive to a great extent. In the next section, the implementation and the

usefulness of the procedure for IR* are discussed. &

2.5 Implementation and results

2.5.1 Artificially generated data

To show the effectiveness of the proposed system, different possible pattern
classes were generated artificially and the procedure was implemented on
them. The obtained boundaries were found to be quite satisfactory in all the
cases. Figures 2.6(a)-(d) show four typical pattern classes in /R*. Note that
the pattern class in Fig. 2.6(c) is originally rectangular in shape, while others
are not rectangular. The class shown in Fig. 2.6(d) has a hole whercas others
do not have any hole. Training samples of size 50 are chosen randomly from
each of the four classes. The multivalued shape of these classes are shown in

figures 2.7(a)-(d) with 0.15 as the accuracy factor (&;).

Initially in all the cases, the feature spaces are decomposed into small
rectangles (which are referred to as Feature Space Cells or FSCs) and the
FSCs are labeled in terms of their possibility values () to be in the estimated
pattern class. Recall that 0 < # < 1. The multivalued shapes arc shown by
various gray values in figures 2.7(a)-(d). Here the FSCs with gray value zero
(absolute white) denote that the FSCs are completely outside the pattern

class. To obtain the crisp version of an estimated multivalued pattern class,
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Figure 2.6 : (a)-(d) Four typical pattern classes.
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Figure 2.8 : (a1) A sct of training samples from the class in Fig. 2.6(a).

(a2) Three decomposed groups of the training set in (a1).

the FSCs with possibility possibility values (8) less than 0.5 may be considered
to be outside the class.

Observe that the algorithm has not decomposed the training sample set
of the class in Fig. 2.6(c) because it is nearly rectangular in shape. But the
sample set of the classes in figures 2.6(a) and 2.6(b) are decomposed into three
and fourteen sample groups respectively. Note that the class shown in’ Fig.
2.6(d) has a hole. The algorithm initially decomposed the training sample set
into two sample groups to detect the hole and finally the sample set has been

d into seven

le groups. The proposed technique is explained

below for the pattern class shown in Fig. 2.6(a).

Fig. 2.8(a1) shows a training sample set corresponding to the class shown
in Fig. 2.6(a). The algorithm first searches for the holes, but it could not find
them. It then considered the boundaries in four perpendicular directions and
found that the sample set can be decomposed in all the four directions. The
boundary variation is found maximum in the coded direction 1;. Accordingly,

61



2700 T

2600

2100

852 ~232egeerer

13

= d-2an-Ch R03 ranaiacARComa)

1200

Py oin oz

Figure 2.9 : Telugu vowel data set.

the training sample set is decomposed into three sample groups with 12, 28
and 10 samples respectively [Fig. 2.8(az)]. Here the sample points of different
groups are shown by three different characters. Each of these sample groups

_ are then analyzed and it could not find enough boundary variation in any of
the four directions for which these groups can be decomposed again. As a
result, it obtained three groups [Fig. 2.8(a;)] of nearly rectangular shape. The
three subclasses are determined based on the samples of these three éroups.
Finally these subclasses are combined to obtain the multivalued shape [Fig.
2.7(a)] of the pattern class in Fig. 2.6(a).
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Figure 2.10(a) : Estimated classes corresponding to the vowels /a/ & /u/.

2.5.2 Speech data

To examine the practical applicability, the algorithm has been implemented
on a set of Indian Telugu Vowel sounds in consonant-vowel-consonant context
uttered by three speakers in the age group 30 to 35 years. Fig. 2.9 shows
the typical feature space of six vowel classes /6/, [a/, [i/, [u/, [e/ and [o/
with 72, 89, 172, 151, 207 and 180 les respectively corresponding to
the features F; and F;. Here F; and F: denote the first and second formant

.

o

which were d through spectrum analysis of the speech data.
Details of feature extraction procedure can be found in [18,139]. The classes

are seen to be overlapping and their boundaries are ill-defined (fuzzy).
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Figure 2.10(b)
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Figure 2.10(c) : Estimated classes corresponding to the vowels /i/ & [o/.
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Figure 2.10(d) : Estimated class corresponding to the vowel /6/.



The proposed algorithm has been applied on each of the six vowel classes
separately where the total available data are assumed as the sampled points.
That is, for the classes /6/, /a/, [i/, [u/, [e/ and /o/, the number of sampled
points are 72, 89, 172, 151, 207 and 180 respectively and correspondingly the
accuracy factors are considered as 0.12, 0.12, 0.10, 0.10, 0.08 and 0.10 respec-
tively. Fig. 2.10(a) shows the obtained multivalued shapes corresponding to
the vowel classes /a/ and /u/; Fig. 2.10(b) shows the shape corresponding to
the class /e/; Fig. 2.10(c) shows the estimated shapes corresponding to the
classes /i/ and /o/, and Fig. 2.10(d) shows the shape corresponding to the
class /6/. Tn figures 2.10(a)-(d), the FSCs with possibility values (9) > 0.5
are represented by the corresponding vowel characters; the FSCs with 0 satis-
fying 0 < 8 < 0.5 are represented by dots and the FSCs with @ = 0 are shown
as blanks. Observe that the estimated vowel classes are good representations

of their original classes. @

2.6 Extension to Higher Dimension

So far, we have dealt with the description and the implementation of the
shape determining procedure for the pattern classes in IR*. The extension
concept of the procedure to the pattern classes in RY (N > 2) is furnished
here. Tor the case of IR? feature space, we first decomposed the training
set into some sample groups of nearly rectangular shapes and finally the
subclasses corresponding to the sample groups are combined to obtain the
multivalued shape of the pattern class (in I?*). The same spirit is adopted for
R feature space i.e., we first decompose (based on a window approach) the
training sample set into some groups of nearly N-dimensional parallelepiped
shapes and these are combined to find the final shape of the pattern class

(in
RY). The two parts of the shape determining procedure i.e., Decomposition
and Fuzzy processor are first of all described. The generalized decomposition
concept is also elaborated for a pattern class in IR*. The algorithm is then

demonstrated on some artificially gencrated pattern classes in IR?.
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2.6.1 Decomposition

A pattern class is represented here by a set of sampled points in IRY. This
block tries to detect the geometric structure of the pattern class from the
sample set. The N features axes under consideration are referred to as the
first (F}), second (F32), -- - Nth (Fy) axes respectively. Initially the window
generation procedure from a sample set in RN will be described below. Later,
the proposed methodology for finding the shape will be elaborated using the
window generation procedure. :

Generation of windows : A window based approach is adopted here to
find the boundary variations of a sample set in RN and the approach is
same as described for IR?. Initially, one of the feature axes is considered as
the base feature and the corresponding coverage factor is referred to as the
base coverage factor (£,). The training samples are first of all arranged in
ascending order according to the base feature values. Then, depending on
the base feature values and the base coverage factor s, the same procedure,
as stated for IR?, is followed here to generate windows. These windows are

such that base coverage length of each window would atleast be 5.

Here for a particular window, the base feature values of the samples are
assumed to be same and the rest (N-1) features for the samples may take
any value. So the generated windows are visualized here to belong in RN
feature space; although the original sample set belongs to IRY . In this sense,
the proposed method of generating windows always results in reducing the
dimension of the sample set by one. In this context, note that, the initial
training sample set may itself be considered to belong to an N-dimensional

window.

Based on the aforesaid concepts, the multivalued shape determining pro-
cedure is extended to IR". The approach has been applied on a sample set in
RY in the following way. To start with, the feature F;, is considered as the
base feature (axis) and correspondingly a few windows in RN~ are formed.

For each of these windows, another axis F;, is considered as the base fea-
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ture and windows in RV~? are formed. Repeating this process sequentially
with Fi,, Fi,, ..., Fiy_, as the base features axes, some one-dimensional (1-
D) windows are generated eventually. The values of the left out feature Fj,
are considered here as the height values. The maximum and the minimum
height sample values are found for each window and these are taken to be
the upper and the lower boundary values respectively for that window. The
combination of the upper boundary values of all 1-D windows, generated by
sequentially taking Fi,, Fi,, ..., Fi,_, as the base axes, highlights the upper
boundary of the training sample set in the F;, feature direction. Similarly,
the combination of the lower boundary values provides the lower boundary of

the sample set across F;, feature axis.

A. Hole detector

The operation of this block is same as that of the one described in section

2. The procedure sequentially considers Fy, F,, ..., Fy_; as the base

features (and correspondingly €3, €3, ..., ey—1 as the base coverage factors)
to generate few 1-D windows with Fi as the height feature. Here the coverage
factor ey across the axis Fyv is referred to as the height threshold factor. The
samples in each window are then arranged in ascending order according to
the height (Fy) sample values. If the difference of height values of any two
consecutive samples within a window exceeds ey, then a hole is assumed to
be present between the said sample pair. Let A’ and k" be the height feature
values corresponding to the above two such sample points. To detect the
hole, the sample set is decomposed into two groups according to whether the

height values (i.e., Fiy values) are less than (k' + h")/2 or not.

The above routine is repeated until every sample group is found to be
not containing any hole. When the subclasses corresponding to the sample
groups are combined, the holes are excluded from the final shape of the pattern

class. o
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B. B dary variation calculator

To find the boundary variations of the sample set in IRY, 2N perpendicular
directions (coded as 1;, Ly, 215 2u, -+ -5 Ny, N,) corresponding to the lower and
upper boundary directions along the N feature axes are considered. The N
features are denoted here by Fi,, Fy,, ..., Fi, such that ix € {1,2,...,N} for
k=1,2,...,N and i # ix for k # k'. The procedure to find the boundary

variation values is described below for a training sample set in IRY. Though

the notation used here may seem to be cumbersome, it may be noted that
the procedure is the natural extension of the 2-D case (described in section
2.3.2).

Initially assuming the feature I3, as the base (and correspondingly &;, as
the base coverage factor), some windows are generated from the total training
set. Let the number of windows generated be denoted by g¢i,. As mentioned
earlier, in each of these ¢;, windows, the F;, feature values of the samples are
considered to be same and so the samples are visualized to belong in R
feature space with Fj,, Fi,, ..., Fi, as the feature axes. Let a particular win-
dow, say jith one, be denoted by W,-’;‘ where j; = 1,2,...,¢,. Now assuming
the feature F;, as the base (and correspondingly &;, as the base coverage fac-
tor), the sample set of the window Wit (€ IRN7) results in qf’:m) windows
in (N-2) dimensional space with Fi,, Fiy, ..., F, as the feature axes. Sim-
ilarly, considering sequentially the features Fi,, Fi,, ..., Fiy_, as the bases
(and correspondingly €, Eigs -5 Sinp 25 the respective base coverage fac-
tors), some 2-D windows will be generated and the number of such windows
is denoted by g2t =sli) . (where gk = 1,2, Gy for
k =1,2,...,N-3). These windows are visualized here to belong to IR? fea-
{ure space with Fi,_, and F;, as the feature axes. Thus the original sample
set (belonging to IR™) after the above mentioned operations, gives rise to a
collection of 2-D windows.

The feature F;,_, is now assumed to be the base (and correspondingly
€iy_, IS assumed as the base coverage factor) so that the samples of the jy—2th
window W= results in gfiffz{ (i) 1-D windows with I,

CH I OV
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as the feature axis. For the samples belonging to these 1-D windows, the F;,
feature values are now considered as the height values. The maximum and
the minimum height sample values are found in each of the 1-D windows and
these are taken as the upper and the lower boundary values respectively for
the respective windows.

Let Hf,(,;(d (¥ ).y denotes the boundary value of the kth (k = 1,2;.
Gl ) ) 1-D window (generated by taking Fiy_, as the base) for
the feature Fj, in the direction d (d € {I,u} where ! and u stand for lower and
upper boundary directions respectively). For each of the q,’.‘é{j i

v —s(in-2))-))
2-D windows, the upper and the lower boundary variation factors, denoted

by VN i%@INT), are defined based on their respective 1-D windows as

follows

31 G2 G N —2)-))

R N 1))

(B ity — Ha - )| /e

(2711)

Jnez = L2, a2kl
de {l,u}
where €;,, is the coverage factor for the feature F;,. Here the division factor
€%, is used to make the variation factor unitless. Note that Eq. (2.11) is the
generalized version of Eq. (2.4), which was stated for R?.

Now, let MAXy and MINpg be the maximum and minimum of the
boundary values respectively in a particular direction d and corresponding
to a particular two dimensional window W“((“([ ([’" ‘]) )))) If the difference
of MAXy and MINg does not exceed ¢, (ie.,if (MAXy —MINy)

< &.), then the boundary variation for I, in the direction d corresponding

to the said 2-D window is considered to be insignificant. In such a case,
the variation factor is assumed to be zero i.c., make Vi (4G, = 0
Otherwise the sample set is considered to be decomposable in the direction d
for Eiy.

Note that the order in which the features have been considered for the

above generation of windows in IR® is 71, i3, ..., in—2. It may be observed
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that for every such sequence, a set of aforementioned 2-D windows can be
generated. Thus all possible such sequences of features are considered.and
correspondingly boundary variation factors for the lower and upper bound-
aries across the left over two features are calculated for each of the 2-D win-
dows. All these boundary variation factors are analyzed in the pattern class

sub-divider block to decide whether sample group is to be decomposed or not.

Pattern classes in IR® :

As the notations used to describe the generalized approach seem to be
cumbersorme, it is now explained for the pattern class in IR®. For a better
understanding, a cubic shaped pattern class, as shown in Fig. 2.11(a) is
considered. Initially, Fy is assumed to be the base feature to generate g, 2-D
windows. A typical (say, jith) window W{' (j; = 1,2,...,q) is distinctly
marked in  Fig. 2.11(a). The 2-D view of this window with some typical
training samples is shown in Fig. 2.11(b) where the F; feature is taken to be
same (as the mid value of the ranges of F} in the window). Then considering
F as the base, the sample set of the window W{' results in qif) windows in
F; feature space. Now find the boundary values of each of ¢i{;; 1-D windows,
which are denoted by Hj3)? % (k= 1,2,..., qllzy and d € {l,u}). Based
on these boundary values, the boundary variation factors of F3 in direction
d corresponding to their 2-D windows are calculated using Eq. (2.11) as

follows

ity
i s d o k-1)2
Vls[z')d LT kz:‘ (}If(l)d ko Hls(i)d ik 1) /53‘
=120
de {l,u}.

Similarly, by taking F3 as the base feature, every sample window W{'
(generated by assuming Fy as the base on the original sample set), gives rise
10 ¢lly) 1-D windows in F; feature space. Finally the boundary variation
factors of F, in the lower and upper boundary directions corresponding to
their 2-D windows are obtained. So for all the above ¢, 2-D windows, the
boundary variation factors Vis)' 7, Vi) T, Vit vttt (G =

1,2,...,q) are calculated.
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Figure 2.11 : Concept of windows for a pattern class in R®.
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If F; is initially taken to be the base, the original sample set results in ¢z
2-D windows with F; and Fs as the feature axes. A typical of such windows
is marked in Fig.2.11(c). The 2-D view of the marked window is provided in
Fig. 2.11(d). Corresponding to each of the ¢; 2-D windows, the boundary
variation factors Vi)' ' 7, Vi ", Vg TR, Vi)t (e = 1,2, 2)
are obtained.

Similarly, if Fs is first considered to be the base, the initial sample set
results in g5 2-D windows with Fy and F; as the feature axes. A typi-
cal windows is marked in Fig.2.11(¢) and its 2-D view is provided in Fig.
2.11(f). Corresponding to each of the ¢; 2-D windows, the boundary varia-
tion factors Vi)', V" R, Vig)' TR, Vi)t T® (e = 1,2,...,¢s) are
determined.

Thus there are in total 4(g; + g2 + ¢s) boundary variation factors corre-
sponding to a sample set in [R®. All these variation factors are analyzed in
the next block i.e., pattern class sub-divider block. e

C. Pattern class sub-divider

This block analyzes the boundary variation factors to determine whether
the training sample sct is to be decomposed or not. To decide this, it finds
the maximum of all the variation factors. If this value is zero, then the
sample set is assumed to be nearly parallelepiped in shape and it is not fur-
ther decomposable. Otherwise it is assumed that the sample set is not nearly
parallelepiped in shape and it is to be decomposed into few groups. Cor-
responding to the 2-D window and the direction of the maximum variation
factor, the 1-D windows with their base and boundary values, and the cover-
age factor corresponding to the height feature (referred to as height threshold
factor €,) are marked. Based on these values, the decomposition is made.
The samples in the particular 2-D window are then arranged in ascending
order according to the base values.

For making a cluster of 1-D windows, the maximum boundary value is
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found. The starting window for the cluster is taken as the 1-D window having
the maximum boundary value. The position of the starting window is noted.
The following 1-D windows from the starting windows are assigned one after
another in the cluster until the differences between the boundary values of
the current 1-D window and the starting window exceeds the height threshold
factor (€x). Similarly the preceding 1-D windows are also put in the window
cluster. The maximum (say, MAX,) and the minimum (say, MIN,) base
values of the samples in the window cluster are found. Now from all the
samples in the considered sample set/group, the samples with the base lying
between MIN, and M AX, are assigned to the first sample group.

The aforesaid routine is repeated on the remaining 1-D windows until
all the marked 1-D windows are exhausted. This leads to the formation of
window clusters. Every window cluster results in a group of sample points.
Thus, the given training sample set is decomposed into a few group of sample
points.

The decomposition procedure is applied on each of the sample groups re-
peatedly until all the groups are found to be nearly parallelepiped in shape. &

2.6.2 Fuzzy processor

A training sample set is decomposed in the previous section into few groups
of nearly parallelepiped shape. Here the subclasses corresponding to these
groups are determined separately and finally these are combined to obtain
the multivalued shape of the pattern class.

A. Membership function estimator

The subclasses corresponding to the groups are characterized by different 7
functions across different axes of the form = (z; ax;, Bu,» ,Buk, s M "/uk,) [Eq.
(2.5) and Fig. 2.5] where k indicates the group number (k = 1,2,...,7, 71
denotes the number of groups); j indicates the axis number (j = 1,2,..., N).
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The meaning of the parameter of the 7 functions are same as mentioned in
section 2.4.1 in relation to the pattern classes in R®. Using Eq. (2.7),
the parameters are determined for each subclasses corresponding to sample
groups and each feature axes. e

B. Boundary decider

To show the shape of a pattern class in the feature space, the entire feature
range is divided into small units of parallelepiped shape and these small units
are referred to as the Feature Space Cell or FSC. The size of all the FSCs
are same and these are made as small as possible such that each FSC can
be distinguished in the feature space. All these FSCs are labeled in terms of

their possibility values (8) to be in the pattern class.

Let (z1,%2,---,2n)" be a typical feature value of such a FSC. The mem-
bership value (ux;) of the FSC corresponding to kth (k =1,2,...,7n) subclass
(i.e., kth sample group) and jth (j = 1,2,..., N) feature is calculated from
the corresponding 7 function using Eq. (2.8). The combined membership
(1e) of the FSC corresponding to kth (k =1,2,...,n) subclass is defined as
the geometric mean of ux;’s i.e.,

e = (lry X By % o X i)Y

The possibility value () of the FSC is then determined using Eq. (2.10). De-
pending on the membership values of the FSC in the neighboring subclasses,
the value of 8 is similarly modified as done for IR? feature space. Thus, by
labeling all the FSCs of the feature domain with their possibility values, the
multivalued shape of a pattern class in IRY is obtained. The implementation

of the extension concepts is provided below. &

2.6.3 Implementation and results

The effectiveness of the proposed procedure has already been demonstrated

in section 2.5 with some artificially generated data sets and also with the real
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life speech data which were in IR?. The behaviour of the generalized procedure
is demonstrated here with three artificially generated pattern classes in IR®.
The classes are shown in figures 2.12(a), 2.13(a) and 2.14(e). For all 3-D
classes, the isometric views are provided. Note that Fig. 2.14(a) shows only
the lower bisecting (with respect to F3 feature) portion of a pattern class
which has the same external view with the class in Fig. 2.12(a). Actually
this class is having a hole and externally the hole can not be shown. For
demonstrating the hole detecting capabilities of the proposed algorithm, only
the lower bisecting portion of a pattern class is displayed in Fig. 2.14(a).

Training samples of size 150 are chosen randomly from each of the three
classes and correspondingly the accuracy factor (&) is assumed to be 0.20.
Note that the extracted classes are multivalued. Hence, in order to demon-
strate the concept of the multivalued shapes, three levels of cstimated classes
based on the possibility values (8), namely § > 0.5, @ > 0.25, 0 > 0 are only
shown. The J35C. are all parallelepiped (with 3 sides) in shape and their
sizes are made as small as possible so that each of them can be distinguished
in the feature space. Figures 2.12(b), 2.12(c) and 2.12(d) show the estimated
shapes with 6 > 0.5, 8 > 0.25, § > O respectively corresponding to the pat-
tern class in Fig. 2.12(a). Figures 2.13(b), 2.13(c) and 2.13(d) show the
estimated shapes with § > 0.5, 8 > 0.25, & > O respectively corresponding to
the pattern class in Fig. 2.13(a). Figures 2.14(b), 2.14(c) and 2.14(d) show
the lower bisected portion of the estimated shapes with # > 0.5, § > 0.25,
0 > 0 respectively corresponding to the lower bisected portion as shown in
Fig. 2.14(a) of a pattern class.

To give a 3-D feeling of the training sets, the patterns of the class in Fig.
2.12(a) are shown in Fig. 2.15. Dotted lines corresponding to all the sample
points are drawn from the Fyx Fs feature plane (with F; as the minimum
value in the pattern class). The actual locations of the sample points are
distinctly marked. Based on this sample set, the output as shown in figures
2.12(b), 2.12(c) and 2.12(d) with § > 0.5, 0 > 0.25, 0 > O respectively are
obtained. &
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Figure 2.15 : A set of training samples from the class in Fig. 2.12(a).

2.7 Convergence with Sample Size

Convergence of the estimated pattern class to the original pattern class is
shown here experimentally and analytically for any dimension N > 2.' For
any shape determining approach based on sampled points, the accuracy of
the estimated shapes, in general, should improve with the increase of the
size (number) of the sampled points. It will be shown in this section that the
proposed multivalued shape determining procedure also has this property. As
the sample size (t) increases, the value of the accuracy factor (6:) decreasesand
hence accordingly the accuracy of the estimated multivalued shape increases.

2.7.1 Experimental verification
Two artificially generated pattern classes have been considered in this sec-
tion to demonstrate the convergence property of the proposed algorithm. The

first,one is a disc [Fig. 2.16(a)] with radius 2 and centre at (3,3). Five differ-
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ent sets of data are chosen randomly from it with sizes 50, 100, 150, 200 and
250. The algorithm was applied assuming these five data sets as sample points
with accuracy factors (&) 0.16, 0.13, 0.10, 0.08 and 0.07 respectively. The

corresponding estimated multivalued classes are shown in figures 2.16(b)-(f).

The convergence property has also been verified for another pattern class
of spherical shape [Fig. 2.17] with radius 2 and centre at (3,3,3). Four
different sets of data are chosen randomly from it with sizes 150, 300, 500
and 1200 respectively and the values of &, are considered as 0.20, 0.16, 0.13
and 0.10 respectively. Here also three levels of extracted classes are shown
corresponding to > 0.5, § > 0.25, § > 0. Figures 2.18(a)-(d) show the
estimated classes with # > 0.5 based on the selected sample sets of sizes 150,
300, 500 and 1200 respectively corresponding to the pattern class in Fig.
2.17. Figures 2.19(a)-(d) show the estimated classes with § > 0.25 based on
150, 300, 500 and 1200 training samples respectively. Figures 2.20(a)-(d) show
the estimated classes with > O based on 150, 300, 500 and 1200 training
samples respectively.

It can be seen from these results that as the sample size (¢) increases the

estimated classes are gradually converging to the original pattern class. &

2.7.2 Criteria for goodness of fit

The aforementioned convergence property is also verified analytically. For
this purpose, a distance measure (metric) between two scts may be used and
the value of the measure should tend towards zero as the sample size (t) — oco.
Here two metrics are used. One of them is the Hausdorff metric and the other
one is a new similarity metric that has been defined here. It has been shown

that the values of both the metrics tend toward zcro as t —+ co.
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Figure 2.16 : (a) A circular class; (b)-(f) corresponding estimated
versions based on 50, 100, 150, 200 and 250 samples respectively.

83



Figure 2.17 : A spherical class.
A. Hausdorff metric
Normally, to find the similarity between sets, a distance measure is-often
used. Hausdorff metric [221] has been used here for this purpose.
Let (X, d) be a metric space. For any compact subset of A of X, define
6, 4) = infd(z,y)

where inf means infimum. Note that 6(y, A) is finite and 3z € A such that
§(y, A) = d(zo,y). Now the definition of the Hausdorff metric is given below.

Definition 2.4 [221] :  Let 4 and B be two compact subsetsin RN . Then
the dist: b A and B, denoted by Dist(A,B), is defined as

Dist(4,B8) =ma.x{ sup 6(z,B) , i‘é‘g 6(y, A) } (2.12)

the sets A and B are non-empty. Here sup and max stand for supremum and
mazimum respectively.
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@) (b)

(c) (d)

Tigure 2.18 : (a)-(d) Estimated versions of the class in Fig. 2.17 with
6 > 0.5 based on 150, 300, 500 and 1200 samples respectively.
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Figure 2.19

, 300, 500 and 1200 samples respectively.
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Tigure 2.20 : (a)-

300, 500 and 1200 samples respectively.
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0 > 0 based on 1
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If the original sets are assumed to be finite, the sup and inf can be
replaced by max and min (minimum) respectively and then Dist(4,B8) is
defined as

Dist(4,8) :maz{ mex 5(z,8) » max 6(y, 4) } (2.13)
where §(z,B) = I‘PEIP d(z,y)
and 5(y,4) = mig d(z,v)-

This distance measure Dist(4, B) is considered here as one of the criteria
for goodness of fit, where A is considered as the boundary of the estimated
set or class and B is considered as the boundary of the original class. This
distance measure has initially been applied on the five estimated sets or classes
[figures 2.16(b)-(f)] with the original set [Fig. 2.16(a)] in the following way.

The boundary of the disc [Fig. 2.16(a)] is approximated by 180 equally
spaced points. This set of 180 points is considered here as the set B. Note
that the estimated classes are multivalued. Hence, in order to apply this
measure, three levels of estimated boundary based on the possibility values
(6), namely 6 >0.5, 6 >0.25 and 0 > 0 are considered. The values of the
Dist measure are shown by a graph in Fig. 2.21(a).

The distance measure Dist has also been applied on the estimated sets or
classes [figures 2.18(a)-(d), 2.19(a)-(d) and 2.20(a)-(d)] with the original set
in Fig. 2.17. The boundary of the sphere is approximated by 5675 equally
spaced points and this set of 5675 points is considered here as the set B. Here
also three levels of estimated boundary based on the possibility values (6),
namely 6 > 0.5, 6 >0.25 and 0 >0 are considered. The values of the
Dist measure are shown by a graph in Fig. 2.21(b). From the above results
[figures 2.21(a) & (b)], the convergence property of the proposed algorithm is
verified. &
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Figure 2.21(a) : Values of Dist measure between the estimated classes in
figures 2.16(b)-(f) and the actual class in Fig. 2.16(a).

Dist
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Figure 2.21(b) : Values of Dist measure between the actual class in Fig.

2.17 and its estimated versions.
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B. A new metric

Note that the Hausdorff metric reflects the overall similarity between two closed
sets. In order to incorporate the similarity of each of the clements of the sets, a
new measure has been defined below.

Definition 2.5 :  Let A and B be 2 finile sels with na and ng elements
respectively. Then a similarity measure between A and B, denoted by Sim(A, B),
is defined as

Sim(A,B) =L S 8(z,8) 1 L S 6(y, 4) + Dist(4, B) (2.14)
nA TEA ns yeB

Here the first term denotes the average similarity of the elements of A to B, the

sccond térm denotes the average similarity of the clements of B to A and the

last term  Dist(A,B) denotes the overall similarity between A and B. This is a

metric and its proof is provided below.

Proposition 2.1 :  Sim(A4,B) is a metric.
Proof :  For 6(A, B), the following relations hold [221]
(1)  6(A°,B°) 8(A,B)

) {6(z,A) =0} = {zed4) (2.15)
(iii) 8(A4,C) 5(A,B) + 6(B,C) + p(B)

I

In

where p(B) denotes the diameter of the set B and it is defined as the least upper
bound of the distances of the elements of B. e

Let A, B and C be three finite sets in 12V, Clearly Sim(A,B) = 0 iff
A= B. Again it is obvious from the definition that Sim(A,B) = Sim(B, A). It
only remains to prove the triangular inequality i.c.,

Sim(A,C) < Sim(A,B) + Sim(B,C) (2.16)

Without loss of generality, we can assume that

Dist(A,C) = max{ max 8(2,C) , max 6(,A) } = max §=,0) (217)

) 1 1
So, Sim(A,B) = ;AEJ(I,3)+;B£‘5(%A)+ max §(z,C) (2.18)
I z€ A and ye€B, thenby Eq. (2.15),

6(2,€) < d(z,y) + §B,C) < d(x,y) + Dist(B,C)
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whence

§=z,C) < infd(z,y) +

> maxd(@,C) < maxé(z,B) Dist(B,C)
< Dist(A,B) + Dist(B,C)

+

By Eq. (2.15) and assuming A = {z},
§(2,C) < é(=,B) +6(B,C)
1 1
- 8 < =
= "A,EZA (,0) < wvg&(z,s) + 6(B,C)
Agai 5(B,C) = inf8(y,C) < + Y ew.C
gain, (B,c) = inf 8y, < ;uy%; (y,C)
Using Eq. (2.21) in Bq. (2.20), we got
1 1
< - 4 =
nAZ:é(Ic - 7;,«162;6(1'8) i nﬁ%{}&(y,c)

Similarly, one can get
Lssea < L sses + L sowa
ne e ne e B yen

Using equations (2.22), (2.23) and (2.19) in Eq. (2.18),

Sim(A,C) < ia Z 8(z,8) + F5 2 0(1,C)
€8
+ Zﬁ(z B) + w5 yZé(y,A)
z€C veB
+ Dist(A, B) + Dist(B,C)
= Z 6(z,B) + 15D 8y, A) +
€B
+ ﬂ,,Eﬁ(y,c) + %cyZé(z,B) +
z€C
= Szm(A C) < Sifn(A,B) +

Hence the defined Sim is a metric. o

Dist(B,C) = &(z,B) + Dist(B,C)

(2.19)

(2:20)

(2.21)

(2.22)

(2.23)

[by(2:22)]
[by(2.23)]

[by(2.19)]
Dist(A,B)

Dist(B,C)
Sim(B,C)

Since the defined metric Sim can be used to find the similarity between any
two finite sets, it has been considered as another criterion for goodness of fit for
the proposed shape estimation method. It has initially been applied between each

of the five estimated sets (with three levels of boundaries as 0 > 0.5,

0>0.25

and 0 > 0) [figures 2.16(b)-(f)] and the original set [Fig. 2.16(a)] in the same way
as the previous case. The values of the Sim measure are shown in Fig. 2.22(a).
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The metric Sim has finally been applied between the pattern class in Fig.
2.17 and its estimated multivalued classes [figures 2.18(a)-(d), 2.19(a)-(d) and
2.20(a)-(d)]. The values of the Sim measure are provided in Fig. 2.22(b) where
the convergence property is seen to be verified.

Hence, the convergence property of the proposed shape determining proce-
dure is established both cxperimentally and analytically.

Some remarks :

The complexity of the proposed algorithm increases cxponentially with the
dimension (N) of the feature space. Again, it is very difficult to use the
Hausdorll metric as well as the newly defined metric sim to verify the good-
ness of the estimated shape of a pattern class for higher dimensions (N > 3).
It becomes computationally expensive for its implementation in higher di-
mensional feature spaces, although we could formulate the algorithm for any
dimension.

Note that for a given support Py over the set a, sometimes, a fewer number of
sample points may give a better representation of a (i.e., Hausdorff distance
very small) than a large number of points. Moreover, if one considers various
distributions over e, then it is not possible to get a unique number of points
t such that for every T > ¢, Hausdorfl distance is less than 0.05 for every o
and for every continuous probability distribution Py over a, and the number
of points being T. At most one may try to get results like “P, { Hausdorff
distance between the estimated set based on a training set of size ¢ and a
is less than 0.05} > 1 —c¢ V1 > T, where ¢ is a small positive number
and T, is an integer depending on o”. Obtaining this result for any o C 172
and making P, independent of o is a difficult task. The problem becomes
further complicated for a € Y, N > 2. So the problems of minimum
sample size requirement (1) and rate of convergence of the proposed method
have not. been dealt with here. é

In this chapter, we have demonstrated an application of the fuzzy set theory in
estimating multivalued (with continuum grade of belongingness) shape/boundary
of a pattern class from a few sampled points by representing some portions un-
covered by the sampled points in terms of membership values (0 < 0 < 1) to be
in the estimated class. In the next chapter, we will be demonstrating another
application of fuzzy set theory in formulating a multivalued linguistic recognition
system which can accept imprecise or incomplete input and provide linguistic
(soft) decisions associated with their certainty values.
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Samples Size (Estimated Class)

Figure 2.22(a) : Values of / Sim measure between the estimated classes in
figures 2A16(b)-(f/) and the actual class in Fig. 2.16(a).

Sim
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Figure 2.22(b) : Values of Sim measure between the actual class in Fig.
2.17 and its estimated versions.
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3.1 Introduction

With the conventional probabilistic and deterministic [2-11] classifiers,
the features characterizing the input patterns are considered to be quantita-
tive (exact numerals) in nature. The patterns having imprecise or incomplete
information are usually ignored or discarded from their designing and testing
processes. The impreciseness (or ambiguity) [70,232] may arise from various
reasons. For example, instrumental error or noise corruption in the experi-
ment may lead to having partial/unreliable information available on a feature
measurement F' viz., F is about 500 (mized form) or F is between 400 and
500 (set form). Again, in some cases the expense incurred in extracting exact
value of feature may be high or, it may be difficult to decide on the actual
salient features to be extracted; on the other hand, it may become convenient
to use the linguistic variables and hedges e.g., small, medium, high, very, more
or less etc. in order to describe feature information (viz. F is very small).
There has recently been an attempt [143,144] to provide the design concept of
a classifier which needs enough apriori knowledge from experts, in linguistic

form only, regarding the classification problem (viz. medical diagnosis).

In the present chapter, a multivalued recognition system based on the
theories of fuzzy set and approximate reasoning is described which is capable
of handling all the aforesaid impreciseness in pattern without consulting any
expert. The classifier can be viewed as general because it takes feature input
in both exact and inexact forms. As the linguistic representation contains
summarized information, it is difficult to convert the linguistic information
into a quantitative form. On the other hand, it is casier to convert any in-
formation into linguistic form. Keeping this in mind, the algorithm considers
only three primary linguistic properties namely small, medium and high so
that any input information can be thought of possessing various combination
of these properties to some degree. As a result, the entire feature space is

decomposed into 3V (V being the number of features) overlapping space sub-
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domains representing various property combinations, thereby providing more
local information of the feature space for making decisions. Based on these
properties, the various mernbership values of imprecise input are assigned and
modified. The membership/compatibility functions for small and high have
been represented by 7 functions. Note that this is a major deviation from the
standard fuzzy set theoretic approach where these are represented by (1-5)
and S type functions respectively. Since all the primary feature properties
are not equally important in characterizing a class, a concept of weighting

coefficient has also introduced.

The recognition system uses Zadeh’s compositional rule of inference [72]
and gives a natural output decision associated with its certainty (or valid-
ity). Finally, the effectiveness of the proposed linguistic system has been
demonstrated on speech recognition problem where the classes have ill-defined
boundaries and the input feature information have the aforementioned impre-

ciseness.

In section 3.2, an introduction of linguistic variable and approximate
reasoning is provided. Section 3.3 describes the basic features and the block
diagram of the multivalued recognition system. The description of different
blocks is provided in sections 3.4, 3.5 and 3.6. Results on speech recognition

problem are discussed in section 3.7. &
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3.2 Linguistic Variable and Approximate

Reasoning
3.2.1 Linguistic variable

By a linguistic variable, we mean a variable whose values are not numbers

but words or sentences in a natural language. -

Definition 3.1 [73-75]: A linguistic variable is characterized by a quintuple
(X, T(X), X, G, M) in which X is the name of the variable; T(X) is the
term set of X; X s a universe of discourse; G is a syntaclic rule which
generates the terms in T(X); and M is a semantic rule which associates with
each linguistic value X its meaning where M(X) denotes a fuzzy subsel of X .

For a particular X, the name generated by G is called a term. e

Ezample 3.1: Suppose X is a linguistic variable having the label hefght with
X = [0,250]. Terms of this linguistic variable, which are fuzzy sets, could be
called tall, short, very tall, and so on. The base variable X is the height in
em. of persons. M(X) is the rule that assigns a meaning, that is, a fuzzy set
of the term
M (tall) = {z,pau(z)}, z € [0,250],

where

0 for z & [0,150]
1+ {5527 for z € (150, 250).
T(X) will define the term set of the variable X. In this case

Hean(z) =

T(height) = {tall, very tall, not very tall, quite tall, short,
-}

where G(X) is the rule which generates the terms in the term set 7'(X).

more or less short,

Definition 3.2 : A linguistic hedge or a modifier is an operator, which

modifies the meaning of a term or more generally of a fuzzy set. If A is a
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fuzzy set then the modifier m generates the composite term b = m(A4).

The mathematical operators which are used very frequently as modifiers

are
Concentration : ucony(z) = (a(x))?
- 3 @1
Dilation : upray(z) = (na(z))z
and contrast intensification
2[pa(z)]? for pa(z) €(0,0.5 :
panren(®) = ia(=)] 4(=) € 10,0.5] (3.2)

1—2[1 — uy(z)]*  otherwise.

Generally, the following linguistic hedges are associated with the aforemen-

tioned operators. If 4 is a term (fuzzy set) then

very A = CON(4)
More or less A = DIL(A)
plus A = AL

slightly A

it

INT [plus A and not(very A)]
3.2.2 Approximate reasoning

Zadeh has developed a theory of approximate reasoning [72] based on fuzzy
set theory. This theory aims at modeling the human reasoning and think-
ing process with linguistic variable in order to handle both soft and hard
data as well as various types of uncertainty. Many aspects of the under-
lying concept have been incorporated in designing decision making systems

[17-19,77-80,233] along with their applications.

By approximate reasoning, we mean a type of reasoning which is neither

very exact nor very inexact. Consider a fuzzy proposition p of the form
p = zTisQ
where z is a name of an object and @Q is a label of a fuzzy subset of a universe
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X. p can be expressed by the relational assignment equation (68] as
R(A(=)) = @

where A is an implied attribute of z i.e., an attribute which is implied by =
and Q; R denotes a fuzzy restriction on A(X) to which the value Q is assigned

by the relational assignment equation.

Ezample 3.2 : Let -
p = This tomato is very red.
So the corresponding relational assignment equation will be

R ( colour(This tomato) ) = very red.

For an illustration of approximate reasoning, let us consider the proposi-

tion p as a premise. The conclusion corresponding to an implication may be

as follows:
Implication : If a tomato is red then the tomato is ripe.
Conclusion : This tomato is very ripe.

Various methods [72,77,78] have been suggested for the previous type
of fuzzy conditional implication. We have restricted ourselves to Zadeh’s
approach [72] while developing the recognition system. ‘The definition of

Zadeh’s composition rule of inference is as follows.

Definition 3.3 [72] :  Let A and B denote fuzzy sets in X and XxY
respectively. Then the composition rule of inference asserts that the solution

of the relational assignment equations

R(z) = A and R(z,y) = B

is given by
R(y) = AoB = ¢ (3.3)

where A o B is the maz-min composition of A and B.

99



Ezample 3.3 : Let the universe be X = {1,2,3,4}.
A = little = {(1,1.0), (2,0.6), (3,0.2), (4,0.0)}
B = approzimately equal be a fuzzy relation defined by

1.0 0.5 0.0 0.0
0.5 1.0 0.5 0.0
0.5 1.0 0.5
0.0 0.0 0.5 1.0

AW o =
=]
=3

Applying the max-min composition, C(y) = Ao B yields

C(y) max min{4(z), us(z,v)}
{(1,1.0),(2,0.6),(3,0.5), (4,0.2)}

= approzimately little. &
3.3 Multivalued Recognition System

3.3.1 Concept of representing a pattern

Based on the theories of fuzzy set and approximate reasoning, let us now
describe a recognition system which is capable of handling input pattern hav-
ing feature information in quantitative form, linguistic form, mized form and
set form. To handle various imprecise/ambiguous information in these forms,
three primary linguistic terms or properties are considered, namely small,
medium and high so that the feature information in any of the aforesaid forms

can be viewed to have these properties to some degree. Therefore, a pattern
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X = [z1, Z2, ..., Tn]' can be represented as

Homat(21)  Bmedium(Z1)  Bhign(Z1)

Hematt(%2)  Mmedium(Z2)  Haign(Z2)

X = (3.4)

Kematt(ZN)  Bmedium(ZN)  Hnign(Tn)

Representation of the imprecise input X through their primary proper-
ties small, medium and high basically implies that the entire dynamic range
of each feature has been divided into three overlapping feature subdomains
corresponding to these primary properties. So the whole feature space is
decomposed into 3" overlapping space subdomains. Note that the regions
in the individual feature axis are referred to as the feature subdornains and
the regions in the whole feature space, which are combinations of the feature

subdomains, are referred to as the space subdomains.

Let us now define a Property Combination Vector (henceforth PCV) con-
sisting of 3V components, which represent the various combinations of the
basic properties small, medium and high as possessed by the features of X.
The components viz. (£ is small, Fy is small, ..., Fx is small), (Fy is small,
Fp is small, ..., Fy is medium), ..., (Fy is high, Fy is high, ..., Fy is high),
correspond to the aforementioned 3V space subdomains of the feature space.
In other word, we can write for N = 2

Fy is small ,  F, is small

Fy is small |, F; is medium
PCV = | F is small F; is high (3.5)
Iy is high Fy is high

having 3% = 9 components. These are explained in Fig. 3.1, where the en-
tire feature space has been decomposed into nine overlapping (fuzzy) space
subdomains in order to represent the impreciseness in input fecature informa-

tion. Each component of PCV corresponds to one of the nine regions and
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Figure 3.1 : Feature space showing nine overlapping space subdomains in
terms of the properties small, medit‘tm and high. Curl lines denote fuzzy
boundaries.
represents a combination of the fuzzy property sets “F; is Pl and “F; i_sfé"’,
where k (h = 1,2,...,9) stands for the space subdomains and depending on
the value of k, p} (i = 1,2) represents one of the feature subdomains {small,
medium, high} of the individual feature F;. Value of the hth component of
PCYV therefore denotes the degree (joint possibility) to which F; and F; pos-
sess the properties p} and p} respectively i.e., the degree of belonging to the

hth space subdomain of the feature space.

Now a pattern class can be viewed as consisting of all these property com-
binations to some extent. Depending on the significance (weight) of individual
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components of PCV in characterizing a class, a characteristic vector
'
CV;(X) = (93 (X),v32(X), - -, 03, (X)s - - -, 05, (X)) (3-6)

corresponding to the pattern class C; (5 = 1,2,...,M) is determined. Here
M denotes the number of classes Cy, Cy, ..., Ca. The hth element of CV;(X)
denotes the degree of possessing the hth property combination by X given
that the X is from class C;.

Ezample 8.4 : Consider the problem of identifying whether a student is from
science stream (C)) or humanities stream (C3), from his marks in mathematics
(F1) and literature (F;) in a combined examination. Assume that the marks
are characterized by the linguistic properties small (poor), medium and high
(good).

Consider a particular property combination (marks(math) is good,
marks(literature) is good). Then obviously, the degree of possessing this
property combination is higher if the student is from science stream because
the mark in mathematics is more important (i.e., has more weight) than that
in literature, in characterizing a science student. The converse is true if the
student is from the humanities stream. Therefore, the characteristic vector

[CV (X)] for the science stream will be different from that of the humanities. o

The above example shows the varying weight concepts of different features
in characterizing different classes. Before describing the block diagram of

the system, let us explain the bership fi i idered for

membership values corresponding to the feature subdomains representing the

property sets small, medium and high of an individual feature axis. &
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3.3.2 Membership functions

It is known that the data in I istic form ins s ized informa-

tion. So for the recognition purpose, the primary properties small, medium
and high of a feature which reflect its linguistic information must be defined
in such a way that they represent properly a set of data and provide a sum-
marized information on them. Keeping this in mind, the sets small, medium
and high have all been represented by = functions [18,67]. The functional
form of a standard 7-function is given below.

S(zy— By = B/2,7)  forz <~

o) = 1-S(zivy +B/2,7+B) forzz @

0 forz<a
2z —a)/(r—a)]? fora<z<h
here  S(z; @ B,7) = y
where Sef )= T Tap e pgaga O
1 for x>~

where B is the crossover point and in general, 8 = 1. Note that the m
function is a combination of S and (1-S) functions. S function denotes the
compatibility function for the set “z is large” whereas, m function denotes
the compatibility function for the set “z is 7. Fig. 3.2 shows the general

structures of S and x functions.

Fig. 3.3 shows the coexistence structure of the various membership
functions under one particular feature as used in our recognition system. De-
pending on the problem, different values for B and ~ are assigned to represent

the primary property sets with respect to each feature.

It is to be noted that consideration of 7 function as the compatibility
functions for small and high is a major deviation from the standard approach
in the fuzzy set theory where these are usually represented by (1-S) and S

functions respectively. The reason for this deviation is explained below.

104



Six; oL, B39) TUix; 3,3)

|
05—~ --=--- i
0 L s S 08 52 3 +8 A
(a) (b)
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Figure 3.3 : Coexistence structure of the membership functions for the

properties small, medium and high.
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In fuzzy set theory, the set very small is a subset of the set labeled
smalli.e., very small possesses a relatively high membership value in the class
small. But this is not always intuitively aippealing. For example, consider the
problem of scoring in a class. We usually use the term very bad to indicate
marks between 10% to 30%, say, and bad to indicate marks between 20% to
40%, say. So by bad and very bad humans highlight two different data sets
although one overlaps other. Therefore, it is reasonable here to decrease the
membership value for “very small” in the class small. To incorporate this
view, we have considered the membership function for small as a 7 function,
instead of (1-S) function. Similar argument holds for the class high. As an
example, by tall, it indicates the height roughly 5.5ft to 6.5f¢, say, but by
very tall, it indicates the height between 6ft to 7ft, say. &

3.3.3 Block diagram

The block diagram of the multivalued recognition system is shown in Fig.
3.4. It consists of two sections, namely learning and fuzzy processor. The
learning section uses the training samples and outputs a relational matrix
and weight matrices to the processor. The fuzzy processor uses the relational
matrix and the weight matrices to give a natural decision output regarding
the classes from which the pattern X may come. Note that both the sections
are having the block linguistic feature extractor (LF E), which takes the input
pattern X and outputs characteristic vectors. During learning, it outputs a
characteristic vector CV (X) corresponding to the input X from the training
samples. On the other hand, in the processor it works as a weighted LFE so
that it outputs M characteristic vectors (CV;(X)’s) with the help of weight

matrices corresponding to an unknown pattern X.

The relational matrix R denotes the compatibility for the various pattern

classes corresponding to the el of PCV . Relational matrix is obtained
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Figure 3.4 : Block diagram of the multivalued recognition system.

based on the training ! Each col of R corr ds to a class

and each row of that column denotes the degree to which a class should be

characterized (based on training les) by the corr di:
of PCV.

As mentioned earlier, all the features and even all the properties ‘'may
not be of equal importance in characterizing a class. So it is reasonable to
provide weights corresponding to feature properties in order to determine the
characteristic vectors CV;(X) (7 = 1,2,..., M) of X.

The CV;(X)’s are the input to the fuzzy classifier. It uses the relational
matrix R to determine the degree of belonging the unknown pattern X to
different pattern classes. This is done using the composition rule of inference

taken between CV;(X)’s and R. The fuzzy classifier therefore gives as output
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a class similarity vector
S(X) = (81(X), 52(X), ..., 8i(X), ..., sm (X))’ (3.9)
where 5;(X) denotes the degree of similarity of a pattern X to the jth class.
Ambiguity (uncertainty) in the fuzzy decision, provided by S(X), is then

d ined by puting CF (Confid or Certainty Factor). The higher

the value of C'F, the greater is the contrast between the max{s;} and the
b -

remaining, and hence the stronger is the decision. Depending on the value of

CF, the final output of the recognition system is given in linguistic form.

The linguistic recognition system described here is referred to as mul-
tivalued because it normally gives multiple output choices for classes with
their preferences. It may also be viewed as a generalized classifier providing
natural (fuzzy and/or hard) output from both fuzzy and deterministic input.
The operations in different blocks of Fig. 3.4 are discussed in the following

sections.

3.4 Linguistic Feature Extractor (LFE)

The input pattern of the recognition system as mentioned earlier can be
any of the four forms, namely quantitative form, linguistic form, mized form
and set form. First of all, each feature information is considered separately
to determine its membership value corresponding to the properties small,
medium and high. The way it has been done for various forms of input is

furnished below.
3.4.1 Quantitative form

The information in this form is in exact numerical terms, like “F} is 500”.

The membership values of an input information in this form for different

108



linguistic feature property sets (i.e., small, medium, high) are determined

directly from their corre ding bership functi as

Hip(F; is v) (3.10)

a3

where u,,(.) rep: the bership value corr

to a property set
p (€ {small, medium, high}) of the feature F;. Note that the parameter values
of the 7 functions are assigned before hand according to the nature of various

features. o

3.4.2 Linguistic form

Here the input pattern information is provided in terms of linguistic vari-
ables and/or hedges e.g., “F} is small” or “F} is more or less medium” or “Fy
is very high” etc. A short description on the linguistic terms and hedges is

provided in section 3.2.1.

The linguistic variables, under consideration, are the three primary terms
small, medsum and high. When the input statement contains only the primary

terms, its membership values for the sets small, medium and high are assigned

as
small = {0.8/small, 0.2/medium, 0.0/high}
medium = {0.2/small, 0.8/medium, 0.2/high} (3.11)
high = {0.0/small, 0.2/medium, 0.8/high}

For the statements with linguistic hedges, say very, more or less, slightly
etc., we proceed as follows. When the statement contains “very small’, its
membership value for the property small, as explained in section 3.3.2, will be
decreased and the membership value for the property medium will further be

decreased. On the other hand, by “more or less small”, the membership value

for the set small will be decreased, but the bership value for d will

be increased.
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Similar is the case with “high” also, but the converse is true for “medium”.

Here we will i the bership value for di and decrease the
membership value for both small and h.x'gh, when the input statement con-
tains “very medium”. Similarly, by “more or less medium” the membership
value for medium is decreased and the membership values for both small and

high are increased.

The modifications of the bership values may be carried out in a sim-

ilar manner for other possible linguistic hedges. To increase the membership
value, the dilation operation DIL [Eq. (3.1)] is used and to decrease the

membership value, the concentration operation CON [Eq. (3.1)] is used.

3.4.3 Mixed form

The information is provided in the form of a mixture of linguistic hedges

and quantitative terms such as, “F; is about 400” or “Fy is more or less 400”.

Since the linguistic term increases the impreciseness in the information,
the membership values of the statement as a whole, for different primary
properties, should be lower than that of the quantitative term alone. The
amount of decrease will be determined according to the linguistic hedges. As
an example, for the information “F; is about v”, the membership value is

decreased from that of the information “F; is v” as
Hip(Fi is about v) = {p;,(v) }12° (3.12)

where 1, (.) represents the membership value corresponding to a property set

p (€ {small, medium, high}) of the feature F;.

The aforementioned modification of the membership value will be re-

flected in the confidence factor (CF) of the classifier output. e
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3.4.4 Set form

Like the mized form the information here is also a mixture of linguistic
hedges and quantitative terms. The only difference lies with the nature of
linguistic hedges. The linguistic hedges considered in the set form are less
than, more than, between etc., such that the data reflected is a set and at
least one boundary of the data set is known. The examples of this form are
“Fy is less than 400”, or “F) is more than 400" or “F) is between 400 and 5007 .

First the membership values for the various primary properties with re-
spect to the quantitative terms (e.g., 400) are calculated. We know that the
compatibility functions considered for the primary sets are all standard =
functions of the form 7 (z,8,~) where - is the ideal point i.e., the point where
the membership value is 1.0. The membership value of the information “F; is
less than v” is obtained by modifying the membership value of the information

“F;is v” as

[ip()? if 02y & py(v) > 0

[Bp@)]®  if v <y & py(v) >0
0.2 if v >y & pip(v) =0
0 Otherwise

wip(F; is less than v) = (3.13)

corresponding to a primary property p (€ {small, medium, high}) of the

feature F.

As an example, consider the statement “Ram is less than 25 years old”.
This means Ram’s age is more likely to be around 20 years. Therefore if
25 > « for a primary property set, the u value of the statement “less than
25" will be higher than that of x(25), because “around 20 years” is more
towards the value . The reverse is true for 25 < v. Eq. (3.13) reflects these

facts.
For the linguistic hedges like greater than or more than where exactly
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one boundary of the reflected data set is known, the membership values are

similarly decided.

Now there may be inft ion with stat. using the t and,
but ete. (e.g., “F; is less than v; and/but greater than v,”) where the reflected
data set are both way bounded. In such cases, initially the two statements
are considered separately and correspondingly two membership values (as
explained earlier) are obtained. The resultant membership value is computed
from their geometric mean i.e.,

Hig (F; is less than vy and greater than vs)
= [ip (F: is less than vy) x pep (F; is greater than vy)]¥/? (3.14)

If there is a like “F; is b v; and v;” which is equivalent to

the statement “F; is greater than v, and less than v;”, then we proceed as
in the previous case. Hence, to put it concisely, rules for the calculation of
membership values can be found out if the provided information is in the set

Jorm. o

It may happen that the information about some particular feature is fully
missing. In this case it is reasonable to assign some low (say, 0.2) membership

value to all the primary linguistic properties i.e.,
no information = (0.2/small, 0.2/medium, 0.2/high) (3.15)
The aforementioned discussion shows a way how the impreciseness/uncer-
tainty in the input feature information can be handled by providing/modifying

membership value heuristically to a great extent. The logic behind the as-

signment of membership value is also intuitively appealing.
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3.4.5 Characteristic vectors (CV)

After obtaining the membership values of features for the properties small,
medium and high, class memberships of a pattern X (CV;(X) j = 1,2,...,M
[Eq. (3.6)]) corresponding to all property binati (i.e., the el of
PCV) are then puted. Let us ider the hth p t of PCV which

represents the property combination
(ot 25 ---s PR) (3.16)

where depending on the value of k, p! denotes one of the primary properties
small, medium, high in ith feature F; and represents the set “F; is pf"'. So the
hth element of the characteristic vector, CV;(X), i.e., the membership value
corresponding to the hth element of the PCV, is defined as
N

eva (30 = 3 (mia (X) x i) (317)
where p;, (X) is the membership value of X to the set “F; is p!”. w, is the
weight of the ith feature for the jth pattern class corresponding to the hth
property Jereatvore (i.e., ik ek ¢ of POV) and its computational aspect
is explained in section 3.5.1. Note that cvj; (X) [Eq. (3.17] is the weighted

arithmetic mean of the membership values of the individual feature properties.
Output of LFE will have M characteristic vectors (CV;(X), j = 1,2,...,M)

and each vector contains 3V elements. &

As mentioned in section 3.3.3, the LFE in the processor works basically
as an weighted LFE, and that is what has been described in this section to
result in M characteristic vectors CV;(X). On the other hand, the LFE in
the learning section does not take weight matrices into consideration and thus

provides a single output vector irrespective of the classes from the training

samples. &
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3.5 Learning

This section takes input from the traini les and esti weight
matrices and a relational matrix. It has three blocks, namely linguistic feature
extractor (LFE), weight i and relational matriz 3 . The LFE

determines a single characteristic vector CV(X) corresponding to the sample

X of the training patterns. The weight matrices and the relational matrix

are similarly estimated from the training samples as follows.

3.5.1 Weight matrices

It is the fact that all the features and hence the properties are not of equal
importance to determine a pattern class. For example, for the first element of
PCV, all the properties (i.e., “F; is small’, “F; is small’, ..., “Fy is small’)
may not have equal importance in characterizing a class. So it leads us to
define some weights corresponding to various feature properties to find the
membership value of a pattern, corresponding to the elements in PCV, for a
class. For N features and M class problem, we determine N weight matrices
of order 3¥ x M where rows stand for elements of PCV, columns stand for
different pattern classes, and each matrix corresponds to a particular feature.
N such matrices can therefore be represented as Wy, W,, ..., Wy, where the
ith matrix W;, corresponds to the ith feature i.e., it represents the weights
(importance) of the ith feature information to determine the membership

value of a pattern to the various classes corresponding to the entries in PCV.

In order to illustrate this, let us assume that the (7, )th elements (i.e.,
the elements corresponding to the class C; and the hth property combination
(o}, P2, ..., P)) of the weight matrices Wy, Wy, ..., Wy are wy,, ws

PR

wn,, respectively. Then wy;, represents the weight of the property “F is p},
wy;, represents the weight of the property “F; is P4, ..., wN,, represents

the weight of the property “Fy is piy”, to determine the hth element of the
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characteristic vector corresponding to the class C;. Then N weight matrices

may therefore be viewed as a single matrix of order 3V x M, where the (j, k)th

element is (wy;,, wa;,;s - - WA, )-
Determination of the weight matrices :  Weight matrices W, Wy, ..., Wy
are determined from training samples. Consider the ith el of PCV [Eq.

3.16)]. Let n; be the number of training samples in the jth pattern class
i
(C;) and Xj, denote the kth training sample of the class C;. Find -

= Ay, s i=1,2,...,N (3.18)
k=1

where
By = M= (X,) , k=12,...,n,

i, (Xj,) is the membership value of X, with respect to the set “F; is p}”; Bijn,
denotes the absolute deviation of u, (Xj,) from 1 (i.e., from ideal membership

value) and 6, is the sum of A, for all n; samples.

ine
So, w;,,, the entry corresponding to the jth row (i.e., jth pattern class)

and hth column (i.e., hth element of PC'V) of the ith weight matrix W; (i.c.,

the weight matrix for ith feature), is

L

w, = 'Ml (3.19)

2

Mz,

i=1

in
Varying 1, j and h, all the entries of the weight matrices W, Wy, ..., Wy are

determined. &

3.5.2 Relational matrix

The relational matrix R denotes the compatibility of the various pattern
classes corresponding to the elements of PCV. The order of R is 3¥ x M.

Here columns correspond to the pattern classes and rows correspond to the
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property binati i.e., the p of PCV. In other word, we can
write for N=2and M =3

(F, F) G Cy Cs
(small , small) 2t 12 His
(small , medium) H21 Haz Has
(high , high) Hor Hoz Hos

If a pattern has the property “F; is small and F; is small’, then gu,; will
denote the membership value of the pattern to be in the class C; based on
that property. Similar is the case for all other entries of the relational matrix.
The concept of the relational matrix has already been provided in section

3.2.2.

Determi ion of the relats I matriz : The relational matrix R is deter-

mined from training samples. Consider here also the hth element of PCV [Eq.

(3.16)]. Let cua(X,,) be the bership value (independ of any class) of
Xj, corresponding to the hth el of PCV. So
1N
(X)) = 5 2 min(Xa) s k=1,2,...,n; (3.20)
=1

Note that the weight matrices have not been considered here.

So ra;, the (k,7)th (h = 1,2,...,38V, j = 1,2,..., M) element of the
relational matrix R, is
1 ¢E
i =— 3 cun(X;,) (321)
5 k=1
where n; is the number of training samples taken from jth pattern class. &

Note that, in order to estimate the weight matrices and the relational
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matrix, the training samples which make non-zero contribution toward the

components of PCV are only considered. #

3.6 Fuzzy Processor

It consists of three blocks, namely linguistic feature eztractor (LFE), fuzzy
classifier and decision maker. The LFE gives characteristic vectors CV;(X)
( = 1,2,...,M) as output for an input X. Its function has already been
described in section 3.4. The CV;(X)’s are used to determine the class simi-
larity vector S(X) which denotes the degree of similarity of the input pattern
X to the various pattern classes. The decisfon maker block gives a natural

output along with its degree of certainty based on the similarity vector S(X).

3.6.1 Fuzzy classifier

The classifier incorporates the maz-min composition rule of inference (de-
scribed in section 3.2.2) in a slightly modified manner. Here the min operator
(which is an connective operator) of maz-min operation in the Zadeh’s com-
position rule [Eq. (3.3)] has been replaced by geometric mean (GM) (which
gives collective information). The class similarity vector S(X) [Eq. (3.9)] is
determined as

si(X) = CVi(X)oR

n (3.22)
h:ﬂffw{w""(x) x i}

i=1,2,....M
where cv;, (X) is the hth element of the characteristic vector CV;(X) for the

unknown pattern X and ry; is the (h,5)th entry of the relational matrix R.

So a class similarity vector S(X) (with M entries in terms of fuzzy mem-
bership value for different pattern classes) comes out from the classifier block

for an input pattern X.
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Example 3.5 : Suppose we have only one feature, say F and three pattern
classes, say Ci, C; and Cs. Assume that the weights of all the feature prop-
erties are same for these classes i.e., the\ie is a unique characteristic vector.
Let the characteristic vector be CV (X) = [0.7, 0.3, 0.0] for an input pattern

X and the relational matrix R be

F cy C, Cs -
small 0.2 0.7 0.4
medium 0.8 0.1 0.1
high 0.4 0.3 0.8

The similarity vector S(X) will then be

I

S(X) = CV(X)oR

= [0.49 0.70 0.53]

From S(X) it appears that the pattern X is inclined to the class C;. &

3.6.2 Decision maker

The class similarity vector S(X) is analysed here. In the way of analysis, it
finds the confidence factor (CF), and depending on the value of CF, it gives

a linguistic output which is indeed the output of the recognition system.

Confidence factor (CF) : Now we need to find out some measure which will
reflect the amount of difficulty in arriving at a single output by minimizing
ambiguity in the similarity vector S(X). It is to be mentioned here that the
impreciseness in the input information has been reflected in the characteristic

vectors CV;(X). The concept of difficulties in arriving at a single output from
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the S(X) will be clear from the following set of similarity vectors. Consider

the following four output similarity vectors with three pattern classes

SY(X) = [09 0.2 0.0]
S*(X) = [0.9 05 0.2]
S¥(X) = [09 0.8 0.2]
S4X) = [09 09 0.7]

It is clear from these output vectors that the difficulty in deciding the class
C, is increasing in the order S'(X), S?(X), S3(X) and S*(X). It can be said
that the difficulties in assigning a particular pattern class depends not only
on the highest entry in the similarity vector S(X) but also on its difference
with other entries in S(X). Based on this, a measurement of confidence factor
(CF) is defined as

1 'maz
CF = 3 | om0V + s z{sm.,(X)—s,(X» (3.23)

0<CF<1

where s;(X) is jth entry of the S(X); Smaz(X) is the highest entry in S(X);
fmaz is the frequency (number of occurrence) of Smaz(X) in S(X); and M
is the number of pattern classes. From Eq. (3.23) it is seen that the
higher the value of CF, the lower is the difficulty in deciding a class and
hence the greater is the degree of certainty of the output decision. For the
aforementioned example, the CF values are 0.850, 0.725, 0.650, 0.505 for
SY(X), S*(X), S*(X), S*(X) respectively. &

3.6.3 Output

Based on the value of CF, the system makes the following decisions in order

to give output in linguistic (natural) form.
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(i) The assigned pattern class is definitely true if CF is in [0.8,1.0] and
there is no second choice of pattern class.

(ii) The assigned pattern class is true and there is a second choice of pattern
class if CF lies in [0.6,0.8).

(iii) The assigned pattern class is more or less true and there is a second
choice of pattern class if CF lies in [0.4,0.6).

(iv) The assigned pattern class is not false for CF lying in [0.1,0.4) and
there is no second choice of pattern class.
(v) The classifier is unable to recognize the pattern class from the given

input information if CF lies in [0.0,0.1). o

To give a second choice of pattern class, we find the confidence factor
(CF;) for the second highest entry in the similarity vector S(X) by the same
formula as in Eq. (3.23). We will give the second choice of the pattern class,
if CF, > 0.2.

Some typical output forms are:

(i) This is very likely to be Cy (CF = 0.89}.

(i) This is likely to be C; (CF = 0.72) but not very unlikely to be C,
(CF =0.32).

(iii) This is more or less likely to be C; (CF = 0.45) but not unlikely to be
C; (CF =0.35).

(iv) This is not unlikely to be C, (CF = 0.28).

(v) Sorry, it is not recognizable.

There may be some cases where there are multiple entry with highest

value in the similarity vector S(X). In that case, there will not be a second

choice of pattern class. The form of the output here is
(vi) This is likely to be C; or C; (CF = 0.52). &
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3.7 Implementation and Results

The afor ioned algorithm was i

d on a set of Indian Telugu
vowel sounds (/6/, /a/, [i/, [u/, /e[, /o/). The typical feature space of the
six vowel classes (having ill-defined b daries) isting of 871 d

data corresponding to Fy and F; has been shown in Fig. 2.9 (chapter 2).
Recall that F; and F; denote the first and second vowel formant frequencies

respectively.

The testing data set consists of 871 deterministic and 102 imprecise data.
These imprecise (Fi, F2) information were coded to various linguistic forms,
viz. (small, more or less medium), (700, between 1800 to 2200), (about 600,
high), (small, — ) etc. by trained personnel. It is to be mentioned here
that these imprecise samples were ignored in the earlier work [26,139,235,236]

which were incapable of handling them.

The compatibility functions assigned corresponding to Fy and F; are as

follows:

For F; feature:

Blomar(Z) = m(z; 200, 325)

Bipoaiun (2) = m(z; 200, 525)

H1ion () = m(z;200,725).
For F, feature:

ta,mu(z) = m(z; 450, 1000)

H2peaium (£) = m(z; 450, 1600)

Hapign () = n(z;450,2200).

The overall recognition score for various sizes of samples is shown in
Fig. 3.5 by divided-bar diagram. The recognition score shown are obtained
by averaging those corresponding to five different training sets of a specified

size. The individual recognition scores are shown, as an illustration, in Fig.

121



3.6 only for 10% training samples. The recognition scores are grouped in
four categories, namely first correct choice, combined correct choice, second
correct choice and fully wrong choice. Here the first correct choice set includes
those samples for which classifier’s first choice agrees with their actual class.
Combined correct choice set includes those samples while one of the combined
choice is correct. The second correct choice set includes those samples, for
which their second choice corresponds to the actual vowel class. Samples not
falling under the aforementioned categories are termed as misclassified or fully

wrong choice.

A list of some typical output is given below for illustration.

o (300, 900) : This is most likely to be /u/ (CF = 0.82).

e (700, 1300) : This is more or less likely to be /a/ (CF = 0.49) but
not unlikely to be /e/ (CF = 0.32).

e (900, 1400) : This is not very unlikely to be /a/ (CF = 0.25).

e (250, 1550) : Sorry, it is difficult to recognize.

o (high, more or less small) : This is more or less likely to be /a/
(CF =0.52).

o (between 500 to 600, 1600) : This is likely to be /e/ (CF = 0.63), but

not unlikely to be /§/ (CF = 0.45).

o (about 350, —) : This is likely to be either /i/ or /u/ (CF = 0.48).

These linguistic outputs confirm the vowel diagram in Fig. 2.9. Note
that for the input information (250, 1550), the system is unable to recognize
the vowel, as this information has a very insignificant similarity with the
the

lassified

vowel classes. This has been regarded as while

recognition score of the system. Further, for the input information (about
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Correct Wrong

= + —  C i two states
— + 1 T+, Proposed four states
First Combined  Second ully
Correct Correct Correct Wrong
Choice Choice Choice Choice

Figure 3.7 : Conventional two state versus proposed four state output.

350, — ) (here “—” indicates that there is no information about F; feature),
the system finds some similarity of this information with the vowel classes /i/
@nd (7] o dlerdaaticsfothe. T Seataoe. infarmation an)v

It is observed that the fusion in izing a sample idering the
first choice lies, in general, only with the neighboring classes constituting a
vowel triangle. The similar findings were also obtained with the previous inves-
tigations [26,139,235,236], considering deterministic input/output. The overall

™

p g to first choice is quite satisfactory considering

score

the fact that it pt i feature infc ion and the information re-
lates only to F; and F;. Feature F3, which was incorporated in [26,139,235,236],
has not been considered here.

It is to be noted that the proposed linguisti ition system provid,
natural output in four states. Thus, it has very low (~ 5%) misclassification
rate as compared to those (~ 20%) in [26,139 235 ,236] which give two state hard
p g the misclassification rate of the
proposed system, we refer only to the category fully wrong choice.) This is ex-
plained in Fig. 3.7 where the category wrong, in two state conventional system,

decision like correct or wrong. (For

has been decomposed into three categories in the proposed system. Because of
the flexibility, the proposed system has therefore a provision of improving its
efficiency significantly by incorporating combined and second choices under the
control of a supervisory scheme.
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The result of a fuzzy set theoretic decision making system usually depends,
to some extent, on the choice of bership fi i ‘We have idered

here membership functions of small, medium, high to be symmetric and occu-
pying equally the entire feaiure range of the training samples. Moreover, sig-
nificant overlapping has been incorporated among them so that the obtained

results become more ingful and less ptible to the choice of member-

ship functions.

It is further to be mentioned here that the system has been programmed
considering only three primary properties small, medium and high. Incorpora-
tion of additional subset property (e.g., very small, more or less small etc.) will
definitely improve the system performance because it will lead to reduction of
the impreciseness in input linguistic information by generating more subregions
in Fig. 3.1. For example, if we include another property, say very small, it
will result in 4V space subdomains. Again, the primary properties considered
need not necessarily be the same for all the features.

In the proposed scheme with NV features and 3 linguistic properties corre-
sponding to each feature, the entire feature space is decomposed in 3" over-
lapping space subdomains. If the value of N is large, the number of space

subdomains becomes very high and this leads to serious practical difficulty in

I ing/ ing the proposed scheme. Again, increasing the number of
linguistic properties (hedges) will enhance this problem further for large N. &
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Chapter 4

A

MULTIVALUED
RECOGNITION SYSTEM
USING GEOMETRIC
STRUCTURE BASED
DECOMPOSITION




4.1 Introduction

In the pi‘evious chapter, a recognition system has been described which
is capable of handling various imprecise/ambiguous input patterns either in

q ive form or i istic form or mized form or set form and of providing

the output decision in linguistic (natural) form. The system has considered
imprecise data both in its training and testing phases and used three linguis-
tically phrased property sets (namely, small, medium and high) for tl{e input
patterns so that each feature information can be viewed to have these prop-
erties to some degree. As a result, the entire feature space is decomposed into
3N (N denotes the number of features) overlapping space subdomains repre-
senting various property combinations. It is to be noticed that the structures
and relative positions of the pattern classes were not taken into account in

the aforementioned decomposition process.

In the present chapter, another recognition system has been described
for providing improved performance. Initially, each individual feature range
is divided into some feature subdomains depending on the geometric structure
(as described in chapter 2) and the relative position of the pattern classes
found in the training samples. To handle the impreciseness of the input
feature information and to incorporate the portions possibly uncovered by
the training samples, each of the feature subdomains is extended to some
extent using triangular membership functions. As a result, the entire feature
range is decomposed into few overlapping space subdomains. Because of the
use of the concept of the extended regions, the output forms are different-to
some extent from those used in the previous chapter. The system is trained
with deterministic data, but in the testing phase it can handle input data
in either of the four forms (quantitative or linguistic or mized or set form).
There is no concept of weight matrices as used in the recognition system in

chapter 3.
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A relational matrix corresponding to the space subdomains and the pat-
tern classes has been considered in the Zadeh’s compositional rule of inference
72] (described in section 3.2.2) in order to recognize the samples. The recogni-
tion system provides multiple output choices for classes with their preferences
and accordingly, it considers four output forms namely, single choice, com-

el choice, first-second chotee and null choice. The final output decision
is given in linguistic form using a confidence factor. The effectiveness of the
system has been demonstrated on some artificially generated pattern sets and

also on the real life speech data.

In section 4.2, the basic features and the block diagram of the recogni-
tion system are provided. The description of different blocks is furnished in

sections 4.3 and 4.4. Results are discussed in section 4.5. &

4.2 Multivalued Recognition System
4.2.1 Concept of representing a pattern

For describing the recognition system, let us consider an M class (Cy, Co,
..sy Cj, ..., Cp) and N feature (Fy, F3, ..., F;, ..., Fy) problem. The
system assumes that every pattern class is a collection of nearly parallelepiped
shaped sets. Thus, initially the training sample set of every pattern class
is divided into few groups of nearly parallelepiped shapes (as described in
chapter 2). Further, depending on the relative positions of the sample groups
in the feature space, the sample groups are again subdivided. As a result, the
training sample set of the class C; (7 = 1,2,..., M) is decomposed into m;

sample groups. Let A denote the total number of sample groups i.e., M =
M
> ms
=1
Accordingly each feature domain is partitioned into some feature subdo-
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mains to highlight the sample groups so that each feature information can be
converted as the belongingness to the feature subdomains to some degree. Let
n; denote the number of feature subdvmain‘ex in the ith feature axis. To handle
the uncertainty of the input information and to incorporate the portions (of
the pattern classes) possibly uncovered by the training samples, each of the
feature subdomains is extended to some extent using triangular membership
functions. Thus the whole feature space is decomposed into some overlapping
space subdomains. The number of space subdomains is denoted by Nie, N =
ﬁ n;. Note that the feature regions in the individual feature axes are referred
{5'as the feature subdomains and the regions in the whole feature space, which
are the combinations of the feature subdomains, are referred to as the space
subdomains here. The feature subdomains in the ith (: = 1,2,..., N) feature
Yy oens D,
denoted as SD;, SD,, ..., SDy, ..., SDg.

axis are denoted as D;,, Dy, ..., D; and the space subdomains are

in;

The aforementioned decomposition of the sample groups and the dynamic
ranges of the features constitute the preprocessing part of the recognition
system. It is to be noted that the preprocessing is completely based on the

training samples.

To explain the preprocessing concept, let us consider a two class (A and
B) and two feature (F; and F) problem (i.e., M =2 and N = 2) as shown in
Fig. 4.1(a). Based on the geometric structure (as described in chapter 2), the
sample set of class A is initially decomposed into two groups (denoted by A,
and A;) of nearly rectangular shapes as shown in Fig. 4.1(b). Then depending
on the relative positions of the sample groups, the sample group A4, is again
subdivided into 2 subgroups A;; and A;; and the sample set of B is divided
into two groups B; and B, [Fig. 4.1(c)]. Hence there are five sample groups
ie, M = 5. Now in order to distinguish all the sample groups, the feature
spaces Fy and F; have been decomposed into three and two overlapping feature

subdomains respectively. Thus, there aresix (N = 3x2 = 6) space subdomains
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that highlight all the five sample groups (and hence the two actual pattern
classes). The space subdomains with reflected sample groups are shown in
Fig. 4.1(d). o

For a given feature information X, let us define a characteristic vector

CV(X) as
CV(X) = (ev1(X),cv2(X),...,cvn(X),...,cvn(X)) ] (4.1)

where the hth element cva(X) (h = 1,2,...,N) denotes the degree of belong-
ing of X to the hth space subdomain. This is introduced keeping in mind the
notion of fuzzy set theory where a pattern can have a finite membership to
any space subdomain in the feature space. This CV (X) is considered as the
representation of a pattern X for the proposed system and its computational

aspect is explained in the section 4.4.1.

The membership or compatibility functions used for characterizing the

feature subdomains are described below.

4.2.2 Membership functions

After the preprocessing operation, each individual feature range gives rise

to a few ov feature subde 1 As i d in section 2.4.1, for a

given feature point the possibility of its being a member of a feature subdomain
is maximum if it lies in the centre of the feature subdomain. As its distance

from the centre increases, the membership value decreases.

Considering the afor i d property, the gth feature subdomain along
g

ith feature axis is characterized by iy (2, g, Bisys Buiys Miogs Vuy,) in which g
is the central point where the membership value is 1.0 ; 8, and B, are
the lower and upper most ambiguous (crossover) points where the member-

ship values are 0.5 ; <, and <., are the lower and upper end points

130



Figure 4.1 : Illustrating the preprocessing concept.
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Figure 4.2 : Piecewise linear triangular function.

beyond which the membership values are zero. The functional form of such a
= function has been provided in Eq. (2.5) [chapter 2] and it has been shown

graphically in Fig. 2.5.
Note that the x function is a quadratic function. For simplicity, a piece-
wise linear triangular function (T) may also be considered. The functional

form of such a linear triangular function is stated below.

H (;;7" if w<z<pG
1+1(=2) f a<z<a
T(z 0B Busmv) = 2+1(228) if a<2<8, (42)
() i Bu<z<
o otherwise

This is shown in Fig. 4.2. The parameters have the same meaning as in the

case of the 7 function. &
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Figure 4.3 : Block diagram of the multivalued recognition system.
4.2.3 Block diagram

The block diagram of the proposed recognition system is shown in Fig.
4.3. It consists of two parts namely, learning and fuzzy processor. Learning
section uses only the training sample information and finds the representa-
tive space subdomains and a relational matrix. The fuzzy processor useés the
relational matrix in the Zadeh’s compositional rule of inference (described
in section 3.2.2 of chapter 3) to give a natural or linguistic output decision
regarding the class or classes to which an unknown pattern X may belong.
The preprocessing task of the learning section has been explained before. It
decomposes the whole feature space into some overlapping space subdomains.
The relational matriz estimator block finds a relational matrix R which de-
notes the compatibility of various pattern classes corresponding to the space

subdomains. The order of R is N x M.

The feature extractor block takes a pattern X as input and outputs a
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characteristic vector CV (X). The fuzzy Classifier block uses CV(X) and R
in the Zadeh’s compositional rule of inference to find a class similarity vector
5(X) as )

S(X) = (s1(X),82(X), ..., 85(X), ..., sm(X))' (4:3)
where the jth (7 = 1,2,..., M) element s;(X) denotes the degree of similarity
of a pattern X to the jth class C;.

Ambiguity (uncertainty) in the fuzzy decision, provided by S(X), is then
determined by computing CF (confidence or certainty factor). The higher
the value of CF, the stronger is the validity of the decision. Depending
on the value of CF, the final output of the recognition system is given in
linguistic form. The description of various blocks of Fig. 4.3 is furnished in

the following sections. &

4.3 Learning

Based on the training samples (only deterministic), the learning section de-
composes the whole feature space into some overlapping space subdomains in
order to handle the ambiguous information and estimates a relational matrix.

It has two blocks, namely preprocessing and relational matriz estimator. The

feature subds and space subd

in the feature space are obtained
in the preprocessing block. The relational matrix estimator block finds a

relational matrix R.

4.3.1 Preprocessing
In this block, geometric structure (as described in chapter 2) and the rela-
tive position of the given pattern classes are considered one after another to

decompose the training sample set of the pattern classes into some groups.
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Accordingly each individual feature range is partitioned into some feature sub-
domains to highlight the sample groups. An intuitive idea of these concepts
has been provided earlier in section 4.2.1 and these are explained below in

detail.

A. Geometric complezity

The system assumes every pattern class as a collection of nearly Vparal—
lelepiped sets. In order to determine from the training samples whether a
pattern class is of nearly parallelepiped or not, the window based approach
described in chapter 2 is utilized here. Based on the number of available
training samples (say, t), it initially finds an accuracy factor (&). The value
of & is decided by Eq. (2.1) [chapter 2] so that as ¢ — o0, § — 0 and t&N
— 0o. Consequently using & and the spans of the training sample set in
the individual feature axes, it finds the corresponding coverage factors (e,
i=1,2,...,N) using Eq. (2.3). Windows with training samples are then
generated and subsequently the boundary variations of the sample set are
found and analyzed. Ultimately, each of the training sample sets is decom-
posed into some groups of nearly parallelepiped shapes. The details of the

approach have already been explained in chapter 2. o

B. Relative positions of pattern classes

The sample groups/sets thus generated are nearly parallelepiped in shape.
The relative positions of the sample sets in the feature space are then con-
sidered to divide (if mecessary) further the sample groups so that the spaas
(ranges) of the sample sets in a group are more or less same in an individual
feature axis. This will facilitate (as described in the next section) to decom-

pose the entire feature space into various feature subdomains. This concept of
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relative position has been explained earlier by pattern diagrams in Fig. 4.1.

Here each feature axis is considered separately. Let us assume that there
are M sample groups (initially M = M). Let Iy and ua (i = 1,2,...,N;
k=1,2,..., M) be the lower and upper limits of the training samples corre-
sponding to ith feature and kth sample group. Now follows an algorithm to
decompose the sample groups based on their relative positions along the ith
feature axis.

Algorithm 4.1 :
Here two temporary sets of the sample groups namely, cv-set and [-set are

used.

STEP 1 : (Global initialization)
cv-set =NULL; M=M;
STEP 2: l-set = NULL ;
Ly= min {lu};
P
recv-set
l-set = l-set +[k]  if =Ly

for k=1,2,...,M and k¢ cv-set;

U, = min

cv-set = cv-set +(k] if up=U

for k=1,2,...,M and k¢ cv-set;

STEP 3 : The sample groups belonging to the l-set and not to the cv-set are
decomposed into two groups. In such cases, the training samples with ith
feature value less than or equal to Uy are kept in the original sample group
and include this sample group in the cv-set. Then a new sample group is
generated (i.e., M = M + 1) and the residual samples are put in this new
group.
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STEP 4 : If cv-set includes all the sample groups, then the algorithm termi-
nates. Otherwise go to STEP 2. e

The af ioned algorithm d the training sample set of a

pattern class into groups according to the relative positions of the sample sets

along the ith feature axis. This

isr d for all the fe ie.,
for i = 1,2,...,N. As a result, the training sample set of jth pattern class
C; (1 = 1,2,...,M) is decomposed into m; sample groups and finally, M
(= 3" m;) sample groups/sets are obtained. &

j=1

C. Decomposition of feature space

In order to highlight the sample sets, each individual feature space is di-

vided into some overlapping feature subd 1 It is not difficult to group

the sample sets so that the sample sets in each group correspond to one partic-
ular feature subdomain along an individual feature axis under consideration.
The feature subdomains are then extended to some extent to incorporate the
portions (of the pattern classes) possibly uncovered by the training samples
and to handle the overlapping regions between the pattern classes. These

bde

Jeature are char ized by different 7 functions [Eq. (2.5)] of
the form g (2, @igs ;s Buiys Viigs Vu;,) (as described in section 2.2 of chapter
2). Note that, the piecewise linear triangular functions T' [Eq. (4.2)] may also

be used in characterizing the feature subdomains.

Here one feature axis is considered at a time. Let us assume that there
are M sample groups which are obtained by decomposing the M training
sample sets corresponding to the M pattern classes. Recall that m; denotes
the number of sample groups obtained by decomposing the training samples of
the jth class C;. Suppose l;z and ug (1 =1,2,...,Nand k=1,2,... ,1\2{) are

the lower most and upper most training samples corresponding to ith feature
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and kth sample group. Recall also that n; denotes the number of feature
subdomains in the ith feature space. An algorithm is described below to
find feature subdomains (and hence the corresponding membership functions)

along the ith feature axis.

Algorithm 4.2 :

Here two temporary sets of the sample sets namely, cv-set and l-set are
used. Let & be the accuracy factor [Eq. (2.1)] and ¢;, be the extension-factor
for the gth (¢ = 1,2,...,N) feature subdomain along the ith (1 = 1,2,...,N)

feature axis.

STEP 1 : (Global initialization)
cv-set = NULL; g¢=0;

STEP 2: [l-set = NULL ;
L, = mm {l,,,} 8
1,2,.

=g+1;

recuiset
I-set = l-set +[k] if lyp=0L,

fork=1,2,...,M and k¢ cv-set;
U, = {uxk} 3

v-set + l-set g

cv-set =

STEP 3 : (Finding the parameters of 7 function)
€ig=(Ur— L) x & ;
oig = (Ur+ L) 0.5 ;
B, =L ; Buyy =Ur;
Ty, =L, —¢€y and Ty, =Ur+eqy;

STEP 4 : If cv-set includes all the sample groups, then the algorithm termi-
nates and assign n; = g. Otherwise go to STEP 2. e

This algorithm decomposes the ith feature space into n; overlapping fea-

ture subdomains. This algorithm is repeated for all the feature axes i.e., for

138



i=1,2,..., N. As a result, the total feature space is decomposed into N

(= II »:) space subdomains that reflect all the sample groups. Note that M

i
# N, in general.
4.3.2 Relational matrix estimator

The relational matrix R denotes the compatibility of various pattern classes

corresponding to the space subdomains. The order of R is N x M, where NV

is the ber of space subd ins and M is the number of pattern classes.

Each column of R corresponds to a class and each row of that column denotes
the degree to which a class should be characterized (based on the training
samples) by the corresponding space subdomains. In other words, for a three
class (Cy, C; and Cs) and two feature (F; and F;) problem (i.e., M = 3
and N = 2) with three feature subdomains (py,, i = 1,2 and ¢ = 1,2,3)
corresponding to each feature space (i.e., with N=3x3=9 space subdomains
which are denoted as SDy, = (pig, pigr) Whereg,¢' =1,2,3and h = 1,2,.::,9),

arelational matrix R can be written as

(F1,F;) SDa C1 Cs Cs
(P11, P21) 1 ™ T12 T13
(P11, p22) 2 T21 22 23
(P13, p2s) 9 To1 Toz Tos

If a pattern belongs to the first space subdomain SD, (i.e., “Fy is p1; and
F; is p51”) then the entry ry; will denote the possibility value of the pattern

to be in the class C;. Similar is the case for all other entries of the relational
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matrix.

Determination of R: The relational matrix R is estimated from the training
samples in the relational matrix estimator block. Let rx; denote the (k,5)th
element of R i.e., the element corresponding to the hth space subdomain and

jth pattern class. The value of rj; is decided as

0 if SD, does not highlight Cj ;
hy = irg;_‘_ if SD, highlights only Cj ; T (4.4)
(0.8)¥°*N% if SD, highlights C; along with Cji j'#j.
Here NG}, is the number of training sample groups highlighted by the space
subdomain S Dy; NC;‘ is the number of training samples from the class C;
in SDy, and NS, is the total number of training samples in SD, i.e., NS,
= f:Nc;‘. If NGh=0 then r; =0 Vj=12,..,M. If NG,=1
e Y thigrilgrss vle ciiss Cf dler rhy = £ amd Ry = &y =S
Otherwise i.e., if NGy > 1, then SD, is an overlapping space subdomain
according to the training samples. The factor W"’:{es is used as a density
factor for the class C; in the hth (overlapping) space subdomain SDj.

So the block relational matrix estimator provides R which is utilized in

the fuzzy classifier block to find the output of the recognition system. &

4.4 Fuzzy Processor

This section consists of three parts, namely feature extractor, fuzzy classifier
and decision maker. The feature extractor gives a characteristic vector CV (X)
[Eq. (4.1)] as output corresponding to an input X. The CV(X) along with the
relational matrix R is used in the fuzzy classifier to determine the degree of
similarity of the input pattern X to the various pattern classes. The decision

maker block gives a linguistic output along with its degree of certainty.
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4.4.1 Feature extractor

Like the recognition system described in chapter 3, the input patterns con-
sidered here are in any of the four forms namely, quantstative form, set form,

mized form and linguistic form. Each feature value is considered separately to

its bership values corresponding to various feature subdomains

along that feature axis. The way it has been done is furnished below.

A. Quantitative form : The parameters of the membership functions cor-
responding to different feature subdomains have been determined in the pre-
processing block [section 4.3]. So for the information in guantitative form
(as exact numerical terms), the membership values to different feature subdo-
masns in the feature range in consideration are computed directly from the

corresponding membership functions. e

B. Mized form : As mentioned in section 3.4.3 [chapter 3], the membership
value of the input information in mized form corresponding to various feature

bd. has been

P d using Eq. (3.12). Note that the forms of the
membership functions used in chapter 3 are changed here. The property set

pin Eq. (3.12) is to be replaced here by the feature subdomain g. o

C. Set form : The way of pr ing the input infc tion in set form is
more or less the same as that mentioned in section 3.4.4 [chapter 3]. The only
difference is that the property sets of chapter 3 are to be replaced here by the

feature subdomains. e

D. Linguistic form : To handle linguistic information, the system assumes
only three primary linguistic variables, namely small, medium and high which
are represented by (1-S), 7 and S functions respectively. (Note that all these
variables were represented by m functions in the previous chapter). Using some
apriori knowledge, the values of the parameters of the membership functions

are assigned.
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As long as the membership functions are chosen properly, one recovers
[237] the entirety of the classical logic for the designations of true and false.
This implies that the system finds two trﬁth values to indicate the interval of
the truth values corresponding to a linguistic feature information. Here the
system assumes for the two linguistic variables small and high that true =

(0.5,1], false = [0,0.5) and extend this particular logic by adding

very true = [0.8,1.0] ~
more or less true = [0.6,0.8)
neither true nor false = [0.4,0.6) (4.5)
more or less false = [0.2,0.4)
very false = [0.0,0.2)
So corr: ding to the afore d interval based truth value logic,

one can find an interval of feature values which can be considered to be

an equivalent of any linguistic information. That means, corresponding to a

1i feature inf¢ tion, the system finds an interval of feature values. In

other words, the system converts the linguistic information in set form. Then
finds the membership value for various feature subdomains of the feature space

depending on the converted information in set form from linguistic form.

This interval based truth value logic can not be directly used for the pri-

o

mary linguistic variable which is repr d by a 7 function. Here
the aforementioned interval based truth value reflects two different data sets
and accordingly two different membership values for various feature subdo-
imains are obtained. Finally, the maximum of these two membership values
is retained as the membership value corresponding to each feature subdomain

in the feature space. o

It may happen that the information about a particular feature is un-
available or missing. In such cases, it is reasonable to assign some low (say,

0.2) membership value to all the feature subdomains in that particular feat =~
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axis. This will enable the system to handle the missing information and to

make decision based on the available partial (or incomplete) information.

The aforementioned discussion shows a way, how the impreciseness/uncer-
tainty in the input feature information can be handled by providing/ modi-
fying the membership values heuristically to a great extent. The logic behind

the assignment of membership values is also intuitively appealing. These

difi

tions of the bership values will be reflected in the confidence

factor (CF) i.e., in the final output of the recognition system.

E. Characteristic vector : The membership values corresponding to any in-
put pattern X to be in the space subdomains are denoted by a vector, named
as characteristic vector CV (X) [Eq. (4.1)]. A typical pattern X consists of
the individual feature information i.e., X = (z;,22,...,zn)/. Initially, each
individual feature information is considered separately to find the member-
ship values to the feature subdomains of the individual feature axis. The
approaches to determine the membership values from the feature information

have been discussed earlier.

Let us consider a typical, say hth (h = 1,2,...,N) space subdomain SD,

which consists of the following feature subdomains

SDu={gh ... 00 ..ok} (4.6)

where depending on h, g? represents a particular feature subdomain in the ith
(#=1,2,...,N) feature axis. Suppose u,(X) represents the membership of
X to belong in the glth feature subdomain. So the hth element of CV(X)

(i.e., the membership value corr ding to space subd in S D)) is defined

as the arithmetic mean of the membership values of its constituent feature

143



subdomains i.e.,

2 mp(X) i pg(X) >0
en(X)=4 = Vitio (4.7)

) otherwise

Suppose the membership values [cv [ X)) of 2 featvre point are positive
for two or more neighboring space subdomains, and one particular pattern
class is highlighted by the said space subdomains. Then it indicates that the
said feature point lies in two or more sample groups of a pattern class. This in
turn increases the possibility for the said feature point to belong in the actual
pattern class. We call this notion as the neighboring effect and to incorporate
this effect in the characteristic vectors CV(X), M neighboring characteristic

vectors corresponding to M pattern classes are defined as
'
CNVj(X) = (cnv,-l(X),cnv,-;(X),...,cnv,';.(X),.A.,cnvj,q(X)) (4.8)

i=1,2,...,M
where the hth element cnv;,(X) denotes the degree of belonging to the jth
class C; based on hth space subdomain SDj and incorporating the effect of

neighboring space subdomains of SDj on jth class. It is defined as

min {1 ,cva(X)+ srevi(X)}
when ri; > 0 and rj; > 0 and

cvi(X) is the maximum among

cnvja(X) = (4.9)

all the neighboring subdomains
of SDj highlighting C;
cvp(X) otherwise

i=1.,2,...,M;h=1,2,...,N.

So the feature extractor block finds the neighboring characteristic vectors
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with N elements (for V' space subd ins) corresponding to each input pat-
tern X. These CNV;(X)’s along with the relational matrix R are utilized
in the fuzzy classifier to find the degree of similarity of the input X to the
various pattern classes. &

4.4.2 Fuzzy classifier

This block incorporates the Zadeh’s iti 1 rule of infe (de-

scribed in section 3.2.2) in a slightly modified way. The min operator (which

gives i fe ion) of in operation in Eq. (3.3) is replaced
by arithmetic mean (AM) operator (which gives collective information). That
is, the maz-AM composition rule of inference is incorporated here. Finally
the class similarity vector S(X) [Eq. (4.3)] is determined as

s {3lenvan(X¥) +rasl}
5(X) = if envja(X) > 0and rp; >0 (4.10)
o Otherwise
i=12,...,M
where cnvj(X) is the hth element of CNV;(X); rp; is the (h,7)th entry of
Rand N is the ber of space subde 1 Hence the block fuzzy classifier

finds a class similarity vector S(X) corresponding to an unknown input X.

Note that we considered here AM in Eq. (4.10) because of the conve-
nience of theoretical analysis of the system which will be made in the next
chapter. One could have also used GM (geometric mean) as in Eq. (3.22)
of chapter 3. &
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4.4.3 Output

The similarity vector S(X) is analyzed in the decision maker block. The
system always tries to provide multiple output choices for classes with their
preferences corresponding to any input X. So, the system considers the fol-

lowing four output forms:

(i) Single choice : If the entry in S(X) corresponding to only one class, say
Cj, is positive then the class C; is considered as the output with single
choice.

(ii) Combined choice : If the entries in S(X) are positive corresponding to
more than one class and if the said entries are nearly same (difference
< 0.05) then the corresponding classes are considered as output with
combined choice.

(iii) First-second choice : If the entries in S(X) are positive corresponding
to more than one class and the said entries do not satisfy the criterion
for combined choice then first-second choice is considered. The highest

two entries in S(X) are taken as the first choice and second choice
respectively.
(iv) Null choice : If all the entries in S(X) are zero then the system refuses

to assign the unknown sample to any class i.e., null choice is given.

It is to be mentioned here that the single choices correspond to the non-
overlapping regions in the feature space whereas the combined and first-second
choices reflect the overlapping regions. Null choices reflect the regions uncov-
ered by the training samples (with extended portions) and also the regions

not represented by any class.

In order to give the final output decision in linguistic form regarding
the class or classes to which the unknown input pattern X may belong, the

confidence factor (CF) as defined in Eq. (3.23) [chapter 3] is calculated from
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the elements of S(X). In the case of single choice, the linguistic variable surely
is attached to the final output decision. Otherwise, the linguistic variable
likely is attached to the output. Based on t.'he CF values, the linguistic hedges
very, more or less, not etc. are assigned with the linguistic variables of the

output decision as follows:

(¢) very true : if 08<CF<1.0

(#3) true (only) : if 06<CF <038 ~
(i47) more or less true : if 0.4 <CF <0.6

(iv) not false : if 0.0 < CF <0.4.

In the case of null choice, the system gives the linguistic output decision as
unable to recognize. The CF values are also attached to the linguistic output

decisions.

It is to be mentioned here that the recognition system as described in
the previous chapter provides output in linguistic form but the significance
of the linguistic decisions is different than that adopted here. In the previous
case, the linguistic decisions were fully based on the CF values. In the present
case, the output form (either in single choice or combined choice or first-second
choice or null choice) is initially decided based on the entries in the similarity
vector S(X). Depending on the output choices, some linguistic variables
surely, likely etc. are assigned to the output decisions. Finally based on the
CF values, linguistic hedges (very, more or less, not) etc. are attached with

the linguistic variables of the output decisions.
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4.5 Implementation and Results

4.5.1 Artificially generated data

To demonstrate the effectiveness of the multivalued recognition system; dif-
ferent possible pattern sets were generated artificially and the proposed al-
gorithm was implemented on them. The recognition scores have been found
to be quite satisfactory in all the cases. Figures 4.4(a)-(d) show four t:ypical
pattern sets in two dimensional feature space. In Fig. 4.4(a), there are six
pattern classes (denoted by A, B, C, D, E and F) with 120, 120, 90, 90, 180
and 120 samples respectively. In Fig. 4.4(b), there are three pattern classes
(denoted by A, B and C) with 300, 100 and 100 samples respectively. In Fig.
4.4(c), there are two pattern classes (denoted by A and B) with 100 samples
in each of the classes. In Fig. 4.4(d), there are two pattern classes (denoted

by A and B) with 100 and 150 samples respectively.

To implement the proposed algorithm, five different sets of 10% train-
ing samples were chosen randomly from each of the four sets of pattern
classes. The recognition scores for the considered four cases are shown in
Tables 4.1(a)-(d) respectively. The scores shown are obtained by averaging
those corresponding to five different training sets. The membership functions
of various feature subdomains are considered as the = functions [Eq. (2.5)].
Assuming the piecewise linear triangular functions T' [Eq. (4.2)], more or less

same results are obtained.

Note that the recognition scores are grouped into five categories, namely
single correct choice, first correct choice, combined correct choice, second cor-
rect choice and fully wrong choice. The single correct choice set includes
those samples for which the system’s single choice corresponds to their actual
class. The first correct choice set includes those samples for which the sys-

tem provides first-second choice with first choice as their actual class. The
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Table 4.1(a) : Recognition score for the pattern classes in Fig. 4.4(a).

VARIOUS GROUP

% RECOGNITION SCORE

| OF ACTUAL CLASSES OVERALL
| CHOICES A[B[C D] E]F | SCORE
| Single correct choice | 75.00 | 50.83 | 77.78 | 66.67 | 72.79 | 67.50 | 68,67

| First correct choice 1917 | 2417 | 16.66 | 17.77 | 22.77 | 16.67|  10.80
| Combined correct choice | 417 | 750 | 111 | 667 | 2.22 | 3.93 | 403
| Second correct choice | 166 | 16.67 | 3.5 | 8.39 | 107 1167 694

| Fulty wrong choice 0.00 | 0.83 | 1.11 | 0.00 | 0.56 | 0.83 | 0.56

Table 4.1(b) : Recognition score for the pattern classes in Fig. 4.4(b).

VARIOUS GROUP
OF
CHOICES

Single correct choice
First correct choice
Combined correct choice
Second correct choice
Fully wrong choice

% RECOGNITION SCORE
ACTUAL CLASSES | OVERALL
A B C SCORE

95.33 | 94.00 | 97.00 95.40
3.00 3.00 2.00 2.80
1.66 3.00 1.00 1.80
0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00
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Table 4.1(c) : Recognition score for the pattern classes in Fig. 4.4(c).

VARIOUS GROUP

% RECOGNITION SCORE

OF ACTUAL CLASSES OVERALL
CHOICES A B SCORE
Single correct choice 98.00 100.00 99.00
First correct choice 1.00 0.00 0.50
Combined correct choice 1.00 0.00 0.50
Second correct choice 0.00 0.00 0.00
Fully wrong choice 0.00 0.00 0.00

Table 4.1(d) : Recognition score for the pattern classes in Fig. 4.4(d).

VARIOUS GROUP

% RECOGNITION SCORE

OF ACTUAL CLASSES OVERALL
CHOICES A B SCORE
Single correct choice 99.00 100.00 99.60
First correct choice 1.00 0.00 0.40
Combined correct choice 0.00 0.00 0.00
Second correct choice 0.00 0.00 0.00
Fully wrong choice 0.00 0.00 0.00
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combined correct choice set includes those samples for which the classifier pro-
vides combined choice and one of the choices corresponds to the actual class.
The second correct choice set includes those for which the system provides first-
second choice with second choice as the actual class. Samples not falling under
the aforementioned categories are termed as misclassification or fully wrong
choice. It is to be noticed that the states first correct choice and second correct
choice are generated from the output form first-second choice. Hence the four
output forms of the recognition system are cat. ized in the af ioned
five states.

Observe that the pattern classes in Fig. 4.4(a) are of regular (elliptical)
shape and there exists overlapping between two or more classes. On the other
hand, the pattern classes in figures 4.4(b)-(d) are of irregular shapes and they
are mutually non-overlapping. In these three cases, most (95.4% to 99.6%)
of the samples are seen to be recognized by single choices and the remaining
samples are recognized either by first choices or combined choices. There is
no samples falling under the sets second choice and Jully wrong choice. In the
case of Fig. 4.4(a), there are some samples which are found under the sets
second correct choice and fully wrong choice. Note that when the overlapping
is between two classes then the samples are recognized either by single choice
or first choice or combined choice or second choice and so there will not be
any sample falling under the set Jully wrong choice. In case the overlapping
exists between more than two classes, some samples will obviously fall under
fully wrong choice. In such cases, it may be possible to avoid this situation
by providing a higher choice namely, third choice. Note that for the pattern
classes in figures 4(b)-(d), the l-nearest neighbor decision rule [2,7] will give
very satisfactory results. However, the purpose of considering the pattern
classes in figures 4.4(a)-(d) is to show that the proposed multi-state system
can be applied satisf: ily to diffe ible structures of pattern classes.

4.5.2 Speech data

To ine the tical licability of the system, the algorithm has
been implemented on the speech data as used in chapters 2 and 3. The vowel
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Table 4.2 : Recognition score for the vowel classes in Fig. 2.9.

1.99 | 13.04 | 8.33 8.63

0.00 | 1.94 | 0.00 1.13

set contains 871 deterministic samples with six vowel classes (/6/, /a/, /i/,
[u/, [e], [o/). The feature space in F; x F; plane, showing ill-defined class
boundaries, is shown in Fig. 2.9 [chapter 2]. F, and F; denote the first and

second formant frequencies.

As mentioned in the previous chapter, the test set consists of 871 deter-
ministic and 102 imprecise (incomplete) data. These imprecise data on Fyand
F; were coded to various linguistic forms viz., (700, between 1800 to 2200),
(about 600, more or less high), (small, -) etc. by the trained personnel; The
recognition score of the vowel data is shown in Table 4.2 where the classifier
is trained with a set of 10% samples drawn randomly from 871 deterministic
data. The membership functions of various feature subdomains are consid-
ered as the 7 functions [Eq. (2.5)). Assuming the piecewise linear triangular

functions T' [Eq. (4.2)], more or less same results are obtained.

A list of some typical output is given for illustration.

* (300, 900) : This is surely to be /u/ (CF = 0.78).
¢ (700, 1300) : This is more or less likely to be /a/ (CF = 0.55) but not
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unlikely to be /6/ (CF = 0.32).
* (900, 1400) : This is more or less sure to be /a/ (CF = 0.25).
(250, 1550) : unable to recognize this sample.

* (between 500 and 600, 1600) : This is likely to be /i/ (CF = 0.69) but
not unlikely to be /e/ (CF = 0.32).

e (about 350, -) : This is likely to be either /i/ or /u/ (CF = 0.28).

Like chapter 3, the outputs confirm the vowel diagram in Fig. 2.9. Note
that for the input (250, 1550), the system is unable to recognize the vowel, as
this information has very insignificant similarity with the vowel classes. This
has been regarded as misclassification while computing the recognition score.
Further, for the information (about 350, —) (here “~* indicates that there is no
information for F feature), the system finds some similarity with the vowel

classes /i/ and /u/, on the basis of the F; feature information alone.

4.5.3 Some remarks

Unlike the conventional classifiers which usually involve two state (correct
or wrong) decisions, the proposed recognition system provide multi-state (Fig.
4.5) output reflecting the overlapping, non-overlapping and no-class regions in
the feature space. The distribution of the pattern classes need not be known
here and the system can be applied to a wide range of situations. The only
assumption made is that the training samples more or less should represent

the classes.

The effectiveness of most of the existing statistical classifiers depends on
the distribution functions of the pattern classes. Bayes classifier (as described

in section 1.2.5B) is the most well known and established classifier, and we
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Correct Wrong .
— —————+———————1  Conventional two states
k T t + t—5——+—~d  Proposed five states
Single First Combined Secon ully
Correct Correct  Correct  Correct Wrong
Choice Choice ~ Choice  Choice Choice
Figure 4.5 : Conventional two state versus proposed five state output.

have tried to apply it on the artificially generated pattern sets for the com-
parison purpose. If the classes are of regular shape and if their distribution
functions can be obtained accurately, the performance of the Bayes classifier
is more or less same with our system (considering single correct, first correct
and half of bined correct choices). For le, the classes in Fig. 4.4(a)
are of regular (elliptical) shape and the recognition score of the Bayes classifier
was found to be 90.64% whereas, the recognition score for our classifier with
the single, first and half of the combined correct choices is 90.485%. Note that
the error rate (9.36%) of the Bayes classifier has been split up into fully wrong

choices, second correct choices and a part of combined correct choices in the

proposed system. This gives a provision of improving its efficiency significantly
by incorporating the combined and second choices under the control of a su-
pervisory scheme. Therefore the output decisions showing multiple choices are

more natural and justified.

When the pattern classes are not of regular shape [figures 4(d)-(d)], it is
extremely difficult to find their distribution functions (2, 7). However, in such
cases the densities may be estimated by some non-parametric methods [266-271]
(e.g., Parzen [267] and Cacoullos [268] window methods, k-nearest neighbor
density estimation method [271]) for the application of Bayes classifier, and
the empirical Bayes classifier based on estimated densities may provide good
results. On the other hand, the proposed system provides good results [Tables
4.1(a)-(d)] irrespective of the shapes and densities of the data sets.
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As in the previous chapter, the confusion in recognizing a vowel data con-
sidering the single choices and first choices lies, in general, only with the neigh-
boring classes ituting a vowel triangle. As expected, the overall recogni-
tion score is seen to be better than those obtained in [26,139,235,236] because
of the consideration of geometric structures of the classes. As in the previous
chapter, the classifier described here has also serious practical difficulties for its

implementation in higher dimensions. &
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5.1 Introduction

The multivalued recognition system, described in the previous chapter,
decomposes the feature space based on the geometric structure and the rel-
ative position of the pattern classes, and provides output as multiple choice
for classes with their preferences. It classifies a sample either as a single
choice (possibility to be only in one class) or as a combined choice (possibility
of belonging to two classes with same preference) or as a first-second choice
(possibility of belonging to two classes with different preferences) or as a null
choice (possibility of not belonging to any of the classes). The single choices

correspond to the non-overlapping regions whereas, the overlapping regions

are reflected by the first d and bined choices. The null choices re-
flect the regions outside the pattern classes and/or the regions of the pattern
classes uncovered by the training samples (even with its extended portions).
Thus, the system has the ability of discriminating the overlapping and no-class
(i.e., ambiguous/doubtful) regions and analyzing the associated uncertainties

by providing output in four states.

In this chapter, a theoretical analysis of the aforementioned character-
istics and performance of the recognition system is provided. Initially, the
regions corresponding to the four output forms are determined analytically
and the estimates of the non-overlapping, overlapping and no-class regions
in the feature space are then determined. Various possible situations in one
and two dimensional feature spaces with two classes are considered here. It
has been shown theoretically that with the increase in the size of the training
samples, the estimates of the overlapping, non-overlapping and no-class (null

choice) regions tend to their actual sizes.

All the analytical findings have been substantiated with experimental re-
sults. For a comparative study of the recognition system with a conventional
one, the Bayes classifier (as described in section 1.2.5B of chapter 1) is imple-
mented on the considered various data sets. The Bayes thresholds between

classes are always found to lie within the combined choice region of the mul-
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tivalued recognition system. The present investigation, in turn, analytically
blishes the justification of idering output decision in four states for

managing uncertainties arising from ambiguous regions.

Section 5.2 provides some theorems which are used in the subsequent
sections. Sections 5.3 and 5.4 deal with the theoretical analysis of the system

in one and two dimensional feature spaces respectively. &

5.2 Some Theorems

A formal definition of a pattern class has been provided in chapter 2 (section
2.2.1A) where it is considered as a compact and bounded set in RN, N > 2.
In one dimensional space, the pattern class is a compact interval. In this
section some theorems are stated and also verified. These theorems are used

in the following sections for the proposed theoretical analysis.

Definition 5.1 : P is said to be probability measure on A, A € B if P
satisfies the following properties [61,238,239]

() P< . [X is the Lebesgue measure on RN

(W) Let f=9% be the density on A. Then f(z) >0 Vze Int(A). o

Note that Definition 5.1 restricts the probability measures under consid-

eration on A.

Result : Let X),X;,..., X, be independent and identically distributed ran-
dom variables with density f. If 4 is a class and P is a probability measure
on A

then VB C A4, B isopen,
= PRI ER X ¢8,..., X g B =0 as t— oo.
Proof : Proof is obvious. e

Theorem 5.1 : Let X;,Xs,..., X, be independent and identically dis-

160



tributed random variables taking values in [a,b] with continuous density f.
Let X(3) = min {Xi,...,X:} and X =max {Xi,...,X:}.
Then X(1) goesto a in probability ast — oo
and X(,) goesto b in probability ast — oco.

Proof : Let F be the density function i.e., F(z) = f7 f(y)dy, a <z <b.
Then F(a)=0 and F(b)=1.

P(Xpy>y) =P(Xa>uXe>y,...,X > y)
=P x>y
=1-PXi<y)
=[1-F@I" a<y<b

(5.1)

Let € > 0.

P(IX(l)—IIl)E) — 0 for any € > 0.
< P(X(.)—a>5) — 0
R P(X(,)>a+s) — 0

& [1—F(a+e) — 0 [by Eq. (5.1)] which is true as ¢t — co.
So X(1) goes to a in probability.

P(Xo<y) =P(Ga<y,X<y,....X <y) 2)
=[F)' asy<sb ’
Let € > 0.
P(|X(g)—b|25) — 0 for any € > 0.
& Pb—Xy=e) — o
“ P(Xp<b—e) — o
& [F(b—e) — 0 [by Eq. (5.2)] which is true as ¢ — oco.
So X goes to b in probability as t — co.
Hence the theorem. e

Theorem 5.2 : Let X,,X3,..., X; be independent and identically dis-
tributed random variables with continuous density f in [a,b].

Let A = [a,b] and 6 — 0 as t — oo.

Let B = [Xa)y—&, X@+8&)-
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ing are either overlapping or 1 i Note that if the
traini ples are lapping then the bership fi i of the
feature feature subde ins may be overlappi All these si i have been
considered in the proposed analysis. &

5.3 Analysis in 1-D Feature Space

To provide the theoretical analysis of the multivalued recognition system

in one dimensional feature (F) space. a two class (- _and ) prehlor -
considered here. Since there is only one feature, the space subdomains are
same as the feature subdomains. Suppose [L1, U] and (L, U,] [Fig.
5.1(a)] denote the actual class ranges corresponding to the classes C; and C,
respectively. Suppose also, [l;, u1] and [lz, ua] [Fig. 5.1(a)] are the ranges
of training samples corresponding to C; and C, for a particular training set.
To find the regions corresponding to single, first-second, combined and null

choices, and to verify Proposition 5.1, different possible cases are considered.

5.3.1 Non-overlapping pattern classes

This case is shown in Fig. 5.1(a). Initially, the system finds two distinct
feature subdomains [l1,u,] and [13,u5] corresponding to the classes C; and
Cy. The feature subdomains are denoted by D, and D,. Now these feature
subdomains are extended to some extent using piecewise linear triangular
functions [Eq. (4.2)] Ty and T; respectively. The feature subdomasns with
their characterizing membership functions are shown in Fig. 5.1(b). Note
that

By, =1, i Bu, =y ;

Ty =l;—¢e;, and B, =y, +e for g=1,2.
Here ¢, [Eq. (2.3)] and §, [Eq. (2.1)] are the extended portion and the
accuracy factor respectively for the gth feature subdomain D, (g=1,2).
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Figure 5.1(b) : Subdomains (disjoint) with their membership functions for
the pattern classes in Fig. 5.1(a).



The relational matrix R in this case will be
B=(rs) 210

{ 1.0 for g=7

where ry; = .
V] for g #j.

Case 1 : Feature subdomains are disjoint

This case is shown in Fig. 5.1(b) where the feature subdomains D, and
D, are disjoint. Here, it is easy to show that the single choice region for C;
is (T4, Ty,) ; the single choice region for Cy is (T'1,,Ty,) and the remaining

points in the feature space represent the null choice region.

Case 2 : Feature subdomains are overlapping

This case is demonstrated in Fig. 5.1(c) where the feature subdomains D,
and D; are overlapping in their extended portions. It is clear from Fig. 5.1(c)
that (Ty,,T1,] and [L.,,T.,) represent the single choice regions for Cy and C,
respectively. For X € (I'},,Ty,), the elements in the similarity vector S(X)
are all positive i.e., 5;(X) > 0 and s,(X) > 0. This implies that ([';,,T,) is
the overlapping region and we will concentrate now only on this region.

Here two points, say 71 and 72, can be found such that ', <7 < 72 < Ty,,
and
for X € (T1,,71), [s1(X) — s2(X)] > 0.05;
for X € (72,Ty,), [s2(X) — s1(X)] > 0.05 and
for X €[n,ml, | s1(X) — s2(X) |< 0.05.

The values of 7; and 7, are given by

7 = weatha-lige
cites

and 7, = B1€at+lze1-09¢1e5 (5-3)
2 iter
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Figure 5.1(c) : Subdomains (overlapping) with their membership functions

for the pattern classes in Fig. 5.1(a).

where &, [Eq. (2.3)] is the extended portion of the feature subdomain D,
(9=1,2), and }; and u; are the lowest and highest values respectively among
the training samples from the class Cj (7 =1,2).

So, as a summary, we can state the following :

The single choices for Cy is (T'y,,Ty,] ; the first-second choice region with
first choice as C; is (T1,,71) ; the combined choice region is 7y, 73] ; the first-
second choice region with first choice as C, is (72,Ty,) ; the single choices for
Czis [[y,;,Ty,), and the remaining points in the feature space correspond to
the no-class (null choice) region. However, if T1i(Ty,) <0.05 ie., if I, —uy
2 €2 + 0.9¢; then (Ty,,7) becomes a combined choice region instead of a
first-second choice region. Again, if T1(T;,) < 0.05 i.e., if Iy —uy > 6 +
0.9¢; then (7, T'u,) will be a combined choice region instead of a first-second
choice region. If both the conditions are satisfied i.e., if I, —u; > ¢, +.0.9¢;
and I; —u; > & + 0.9¢;, then the complete set (T'},,Ty,) will represent a
combined choice region. o
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Proof of Proposition 5.1 :

By Theorem 5.1, it can be stated that with the increase of training sample
size,
lj > L; and u; —» U; in probability for j =1,2. (5.4)
With the increase of training sample size, the sample sizes in the feature
subdomains also increase. Thus, by Theorem 5.2,

Ty, — p, and Ty, — ., in probability for g=1,2. (5.5)

This implies that the uncovered portions of the feature space (by the training

sample set) decrease in probability with the increase in sample size.

In case 1, there are no overlapping region, and the single choice region
for C; (7 =1,2) is (Iy,Ty;) which tends to the set (L;,U;) (the actual
non-overlapping region) in probability.

In case 2, the estimated overlapping region is (T',,Tw,). By equations
(5.4) and (5.5), this overlapping region tends to (L,,U;) in probability. But
U, < L,. This implies that the overlapping region decreases in probability.

The single choice regions for C; and C, are (I',,T},] and. [[y,,Tu,)
respectively. By equations (5.4) and (5.5) these regions converge to (L1, L)
and (Uy,U:) in probability. As U; < L,, the regions under single choices for
C and C; tend to (L;,U;) and (L;,U;) (actual non-overlapping regions)
in probability.

Hence the proof. e
Ezperimental results :

To verify the aforementioned analytical results, a two class problem with

class ranges [2,6] and [7 11] is considered. It may be noted that the pat-

tern classes are To impl t the recognition system, five
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training sample sets with 50, 100, 150, 200 and 250 samples from each of the

classes are chosen randomly.

The ranges of the training sample sets for the classes C; and C3, and for

the feature subd ins D; and D, cor ding to the five sample sets are
shown in Table 5.1(a). It is to be noticed that for first two sample sets (with 50
and 100 samples from each class), the feature subdomains obtained are over-
lapping whereas, for the remaining three sets (with 150, 200 and 250 samples
from each class), the feature subdomains obtained are non—overlappi.ng. So

the first two sample sets represent the case 2 i.e., the feature subdomains are

overlapping when the pattern classes are 1 i The r ini

three sample sets represent the case 1 i.e., the feature subdomains are non-
overlapping when the pattern classes are non-overlapping. The various regions
obtained for the first two sample sets are shown in Table 5.1(5). The regions

obtained for the remaining three sample sets are shown in Table 5.1(c).

These results verify that with the increase in sample size, the training
classes (i.e., portions covered by the training samples) tend to the actual
classes (Theorem 5.1) and the feature subdomains with the extended portions
tend to their actual sizes (Theorem 5.2). It is to be noticed that the over-
to bined and first. d choices), the

non-overlapping regions (i.e., corresponding to single choices) and lass re-

o

lapping regions (i.e., corre

gions (i.e., corresponding to null choices) are tending to their actual sizes with
the increase in sample sizes. Thus Proposition 5.1 has been verified experi-
mentally for the case of non-overlapping pattern classes in one dimensional

feature space.

To show the recognition performance of the system experimentally, a test
sample set with 1000 samples from each of the considered pattern classes is
generated. With all the aforementioned five training sets, the system recog-

nized the total test sample set correctly under single choices.

For comparison, the Bayes classifier is also applied on the same pattern
). The threshold points found between

classes ( normal distrit
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Table 5.1(a) : Ranges of training sets and feature subdomasins for the
pattern classes [2,6] and [7,11]

SAMPLE SIZES IN EACH CLASS

50 100 150
Class C; 2.09-5.92 [12.07- 5.94 | 12.06 - 5.97 | 12.02 - 5.98 | 12.01 - 5.99
Class C; 7.16 - 10.89 | 7.05 - 10.92 | 7.04 - 10.93 | 7.02 - 10.95 | 7.01 - 10.98
Subdomain D; | 1.29-6.74 | 1.37-6.59 | 1.52-6.44 | 1.67- 6.32 | 1.78 - 6.10
Subdomain D; | 6.49 - 11.65 | 6.42 - 11.62 | 6.56 - 11.47 | 6.71 - 11.33 | 6.82 - 11.22

Table 5.‘1(b) : Various regions and Bayes threshold points for the first two
training sets of the pattern classes [2,6] and [7,11]

OF CHOICES

VARIOUS GROUP

Null choice
Single choice (Cy)

Combined choice

Single choice (C;)
| Null choice

First-second choice (C;)

First-second choice (C;)

—oo - 1.2908
1.2909 - 6.4947
6.4948 - 6.5402
6.5403 - 6.6966
6.6967 - 6.7494

6.7495 - 11.6507
11.6508 - +o0

—oo - 1.3727
1.3728 - 6.4263
6.4264 - 6.4494
6.4495 - 6.5748
6.5749 - 6.5984

6.5985 - 11.6236
11.6237 - +o0o0

Bayes threshold point

6.4859152

6.4435577

Table 5.1(c) : Various regions and Bayes threshold points for the
remaining three training sets of the pattern classes [2,6] and [7,11]

VARIOUS GROUP
OF CHOICES

EACH CLASS

Null choice
Single choice (Cy)
| Null choice
| Single choice (C3)
Null choice

—oo - 1.5250
1.5251 - 6.4461
6.4462 - 6.5638

6.5639 - 11.4736
11.4737 - 400

—oo - 1.6690
1.6691 - 6.3288
6.3289 - 6.6969

6.6970 - 11.3288
11.3289 - 400

—oo - 1L.7779
1.7480 - 6.2519
6.2520 - 6.7619

6.7620 - 11.2496
11.2197 - 400

Bayes threshold point

6.3621473

6.4193249

6.3900852

169




the classes C; and C; are shown in Tables 5.1(b) and 5.1(c) corresponding
to the first two and the remaining three training sets rpectivély. These
thresholds are seen to lie in the combined choice region of our recognition
system. The Bayes classifier also recognized all the test samples correctly. &

5.3.2 Overlapping pattern classes
This case is shown in Fig. 5.2(a). Here the actual overlapping region
between the classes C; and C; is (L2,U;). In the training samples, the

overlapping region is (I2,u;).

Initially the algorithm decomposes the feature space into three feature
subdomains as [I1,13), [l2,u1], (v1,u2] denoted by Dy, D, and Ds respectively.
Here the feature subdomain D, reflects only C,, the feature subdomain Ds
reflects only C; and the feature subdomain D, is overlapping by reflecting
both C; and C;. These feature subdomains are extended to some extent and
are characterized by piecewise linear triangular functions [Eq. (4.2)] Ti, T2
and Ts. The feature subdomains with their membership functions are shown
in Fig. 5.2(b).

The relational matrix R in this case will be

B =(re5) o=123 =12

where rn= 10 5 r2= 0 8
ra1> 0 H r22> 0 ;
ra1= 0 and rs;= 1.0.

In the feature region (T,,T,], T1(X) > 0 and T3(X) = Ts(X) = 0.
This implies that s;(X) > 0 and s;(X) =0. So (Iy,Ily,] is the single
choice region for C;.

Similarly, [T,,Tu,) is the single choice region for Cy.
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Let us now consider the feature region (Ty,,8;,]. Here Ti(X) > 0.5 >
T3(X) >0 =T5(X). Hence
s1(X) =} [Ti(X) + 1T2(X) + 1.0] asru=1.0

and  83(X) = } [T2(X) + r22] .

> si(X) - 8a(X) = } [Ti(X) - IT3(X) + 1.0 — 73]
As here Ti(X) >0.5>T3(X) >0 and 5 < 1.0, [s;1(X) — 52(X)] > 0.05.
Thus, (T't,,8:,] comes under a first-second choice region with first choice -
Ci. i

Similarly, [Bi,,Tu,) comes under a first-second choice region with first

choice as C,.

Now consider the region [Ty,,T;]. Here T3(X) > 0.5 and T3(X) =
T3(X) =0. Hence s1(X) =3}[T3(X)+rn] and s(X) = L[Ta(z) + 2.
Now | s1(X) — s2(X) | < 0.05 = |ra—raz|<0.1.

So, if | r21 — 722 | < 0.1 then (Ty,,Ti] will be a combined choice region.
If ry3 > ry2 +0.1, then (Ty,,Ty,] will be a first-second choice region with
first choice as C;. Otherwise (i.e., if rz; > r; +0.1), it becomes a first-second

choice region with first choice as C,.

Now in the region (Bu,,T,), T2(X) > 0.5 > Ti(X) > 0 = T3(X).
Hence s1(X) =  [I(X) + ITa(X) + 7] and s5(X) = 3[T2(X) +7l.
> s1(X) = 83(X) = } [ATa(X) + 721 — r2a]-

Here a point 73 may be found such that [s;(r1) — s2(71)] = 0.05 where

71 =y + €1 [4(ra1 — r22) +0.6] (5.6)

in which &; [Eq. (2.3)] is the extended portion of the feature subdomain D,

and [, is the lowest among the training samples from C,.

Thus, (Bu,,71) Iis a first-second choice region with first choice as C;
and [r,Ty,) is a combined choice region. If ry; > 1y + 0.15, then the
complete set (Bu,,Lu,) will be a combined choice region. Again, if r2; > 72,
+ 0.1, then (Bu,,Tw,) will be a first-second choice region with first choice as
Ci.
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Similarly in the region (T',f,), a point 7, may be found such
that [s2(r2) — 81(72)] = 0.05 where

T2 = uy — €3 [4(r22 — r21) + 0.6] (5.7)
in which €3 is the extended portion of the feature subdomasin Ds and u, is

the highest among the training samples from Cj.

So, (72,81, is a first-second choice region with first choice as C; and (T4, 72)
is a combined choice region. If r3 > r;; + 0.15, then the complete
set (Tu,,B:,) will be a combined choice region. Again, if rz2 > ra1-+
0.1, then (Ty,,B,) will be a first-second choice region with first choice as
Cs.

The lusi after bining all the previous results, are given below:

The single choice region for Cy is (Iy,,Ty,); the single choice region for
Cz is [Tu;,Cu,); the overlapping region (i.e., corresponding to combined and
first-second choices) is [T1,,Ty,] and the remaining portion in the feature

space represent the no-class region.

Note that in the overlapping region, (Ti,,8:,] is a first-second choice
region with first choice as C; and [Bu,;,Tu,] is a first-second choice region
with first choice as C,.

In the region (Ty,,T4,], if | r21-722| < 0.1, then it becomes a comibiried
choice region. If ra; > ra;+0.1, then (Ty,,Ti,] becomes a first-second choice
region with first choice as Cy, and if ry2 > 12, +0.1, then (Ty,,I;,] becomes
a first-second choice region with first choice as C;.

In the region (Bu,,Ty,), if r22 > r2; + 0.15, then it becomes a combined
choice region, and if rz; > rz2 + 0.1, then it comes under a first-second choice
region with first choice as C;. Otherwise (i.e., if r23 —0.1 < rz; < r2; +0.15),
a point 7 [Eq. (5.6)] is found such that (B4,,71) becomes a first-second

choice region with first choice as C; and [r1,T.,) becomes a combined choice
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region.

In the region (T,,B:,), if r21 > r2; + 0.15, then it becomes a combined
choice region. If ry2 > ra + 0.1, then (Ty,,B:,) will be a first-second choice
region with first choice as C;. Otherwise (i.e., if r22 —0.1 < r2; < ry2 +0.15),
a point 7; [Eq. (5.7)] is found such that (rz,8;,) will be a first-second choice
region with first choice as C; and (T, 72| will be a combined choice region.

Proof of Proposition 5.1 :

Here, the actual overlapping region is [Lz,U;] and the non-overlapping
regions for C; and C; are (L;,L2) and (Ui,U:) respectively. In the train-
ing set, the region [I';,,Ty,] is overlapping between C; and C;, and the
regions (T',,,T'y,) and (Ty,,T.,) are non-overlapping for C; and C, respec-

tively.

By Theorem 5.1, it can be stated that as the training sample size increases

L= B, — L in probability
l, = Bu, = P, — L, in probability
uy = B, = PBu., — U in probability
and U = Bu, — U in probability.

With the increase in the size of training samples, the number of samples in

the feature subdomains also increases. Then, by Theorem 5.2,

Iy, — B, and Ty, — B, in probability for g = 1,2,3.
= T, = Bi, = By, =12 — Ly in probability
and Tu, = Bu, =B, =uy — Uy in probability.

Therefore, with the increase of the training sample size, the estimated
overlapping region [T, Ty,] tends toward the actual overlapping region [Lj, U]
in probability. At the same time, the estimated non-overlapping (single
choice) regions (Ty,,Ty;,) and (Ty,,Ty,) for the classes C; and C; tend
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toward their actual sizes (L1, L;) and (U, U:) respectively in probability.

The no-class region also tends to its actual size.

Hence the proof. e

Ezperimental results :

To substantiate the analytical results, a two class problem with classes (2, 7]
and [5,10] is considered. Here, the actual non-overlapping regions for the
classes C; and C; are [2,5] and (7, 10] respectively, and the actual overlapping
region between the classes is [5,7]. To implement the recognition system, five
training sample sets with 50, 100, 150, 200 and 250 samples from each of the

pattern classes are chosen randomly.

The ranges of the training samples of the classes C; and C,, and the
ranges of the obtained three feature subdomains Dy, D, and Ds for the con-
sidered five sample sets are shown in Table 5.2(a). The regions obtained
corresponding to various output choices are shown in Tables 5.2(b) and 5.2(c)
for the first two (with 50 and 100 samples from each class) and the remaining
three (with 150, 200 and 250 samples from each class) sample sets respectively.

These results substantiate that with the increase in sample size, the train-
ing classes (i.e., the portions covered by the training samples) tend to their
actual classes (Theorem 5.1) and the feature subdomains with the extended
portions tend to their actual sizes (Theorem 5.2). It is to be noticed that
the overlapping and the non-overlapping regions are tending to their actual
sizes with the increase in sample sizes. Hence Proposition 5.1 is verified ex-
perimentally for the case of overlapping pattern classes in one dimensional

feature space.

For analyzing the recognition performance of the system, 1000 test sam-

ples from each of the pattern classes are generated. The recognition scores
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Table 5.2(a) : Ranges of training sets and feature sub-domains for the
pattern classes [2,7] and [5,10]

CH{GLASS)
""" 200 250
Class C; 2.11-6.88 | 2.08-6.93 | 2.06-5.93 | 2.04-5.96 | 2.02-5.99
Class C2 5.13-9.89 | 5.12-9.92 | 5.07-9.94 | 5.03-9.95 | 5.01-9.99

Subdomain D; | 1.34 - 5.64 1.43 - 5.58 1.56 - 5.44 1.69 - 5.31 1.77 - 5.21
Subdomain D, | 4.57 - 7.35 4.68 - 7.32 4.76 - 7.24 4.83 - 7.16 4.86 - 7.13
Subdomain Ds | 6.26 - 10.63 | 6.40 - 10.54 | 6.55 - 10.40 | 6.68 - 10.29 | 6.79 - 10.22

Table 5.2(b) : Various regions and Bayes threshold points for the first two
training sets of the pattern classes [2,7] and [5,10]

VARIOUS GROUP SAMPLE SIZES IN EACH CLASS __ |
oF cHOICES | so | 100

Null choice —oo - 1.3402 —oco - 1.4274
Single choice (C1) 1.3403 - 4.5741 1.4275 - 4.6752
First-second choice (Cy) 4.5742 - 5.3090 4.6753 - 5.3175
Combined choice 5.3091 - 6.4549 5.3176 - 6.6060
First-second choice (Cz) 6.4550 - 7.3457 6.6061 - 7.3173
Single choice (Cz) 7.3458 - 10.6274 7.3174 - 10.5438
Null choice 10.6275 - +o0o 10.5439 - +oo
Bayes threshold point 5.7445097 5.8655739

Table 5.2(c) : Various regions and Bayes threshold points for the
remaining three training sets of the pattern classes [2,7] and [5,10]

VARIOUS GROUP | ____ SAMPLE SIZES IN EACH CLASS

OF CHOICES T Taso T[T 200 [T 77350° 7
Null choice —oco - 1.5625 —oo - 1.6921 —oo - 1.7684
Single choice (C1) 1.5626 - 4.7565 1.6922 - 4.8287 1.7685 - 4.8549
First-second choice (C1) | 4.7566 - 5.2758 | 4.8288 - 5.1997 | 4.8550 - 5.1318
Combined choice 5.2759 - 6.7329 | 5.1998 - 6.8013 | 5.1319 - 6.8505
First-second choice (Cz) | 6.7330 - 7.2361 | 6.8014 - 7.1621 | 6.8506 - 7.1279
Single choice (Cz) 7.2362 - 10.3957 | 7.1622 - 10.2906 | 7.1280 - 10.2228
Null choice 210.3958 - +co | 110.2907 - +o0 | 10.2229 - 400
Bayes threshold point 5.9670115 5.9635067 5.9716177 |
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Table 5.2(d) : Recognition score for the pattern classes [2,7] and [5,10]

VARIOUS GROUP
OF
CHOICES
Single Correct Choice
First Correct Choice
Combined Correct Choice
Second Correct Choice
Fully Wrong Choice
BAYES Correct
CLASSIFIER | Wrong

% RECOGNITION SCORE

|

;ponding to the idered five t.rammg sets are shown in Table 5.2(d).
Note that the recognition scores are grouped into five categories, namely sin-
gle correct choice, first-correct choice, combined correct choice, second correct
choice and fully wrong choice. The meaning of these five categories has al-
ready been explained in the previous chapter (section 4.5.1).

For comparison, the Bayes classifier is implemented on the same pattern
classes (assuming normal distributions). The threshold points found between
the classes C; and C; are shown in Tables 5.2(b) and 5.2(c) corresponding to

the considered five training sets. The recognition scores of the Bayes classifier
are included in Table 5.2(d).

Note from Tables 5.2(b) and 5.2(c) that the Bayes threshold points lie
in the combined choice region of our recognition system. By adding up the
scores corresponding to single correct, first-second correct and half of the
combined correct choices in Table 5.2(d), the recognition score becomes higher
than the corresponding correct choices of Bayes classifier. Again, the wrong
choices of Bayes classifier are found to be distributed in the combined correct
and second correct choices of the proposed system. Therefore, the proposed

recognition system has a provision of improving its efficiency significantly by
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incorporating combined and second choices under the control of a supervisory

scheme. &

5.4 Analysis in 2-D Feature Space

Let us consider a two-class (C; and C;) problem to analyze the performance
of the multivalued recognition system in 2-dimensional feature spacé (F; X
F,). For the sake of convenience, the classes are initially assumed to be of
rectangular shape. Then the results are extended to circular pattern classes.

These results can easily be generalized to the pattern classes of any shape.

5.4.1 Rectangular classes

Suppose [Li1,Uni] X [L21,Uz] and [Liz, Usz] X [L22, Usz] denote the classes
C; and C; respectively. Here [Li2,U11] X [L22, U] is the overlapping portion
between the classes. Suppose also that [l33,u1] X [l21,%21] and [l12,u12] X
[l22,u22) denote the training sets corresponding to C; and C; respectively
where [li2,u11] X [l2z,u21] is the overlapping portion in the training set.
Such pattern classes with the span of their training sets are shown in Fig.
5.3(a).

Initially, based on the training set, each individual feature domain is
partitioned into three feature subdomains [Fig. 5.3(b)]. Recall that the gth
(9 = 1,2,3) feature subdomain in the ith (i = 1,2) feature axis is denoted
by D;,. As a result, the total feature space is decomposed into nine space
subdomains, which are denoted by SD;, SDa, ..., SDo respectively [Fig.
5.3(b)]. Here SD;, SD; and SDy uniquely correspond to the class C1; SDe,
SDg and S D, uniquely correspond to C;; SDs is overlapping by reflecting
both C; and C,, and SD; and SDs are the no-class regions i.e., they reflect

neither C; nor C,.
Thus, the feature subdomains along F; and F; are extended to some extent
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to highlight the portions possibly uncovered by the training samples. These
feature subdomains are characterized by different piecewise linear- triangular
functions of the form Ty (zi; o4y, Bu,, ﬂ.;;', Ty, Tu,) (6=1,2; g = 1,2,3)
[Eq. (4.2)]. The feature subdomains and the space subdomains are shown in
Fig. 5.3(b). Note that

B, = la H Buy = tuiz ;
Bia Buw = L2 Bus = Puy = ua ;
and €ig = (Buy — Br,)biq

where €, [Eq. (2.3)] and &, [Eq. (2.1)] are the extended portion and accuracy
factor respectively for the gth (¢ = 1,2,3) feature subdomain in the ith (i =
1,2) feature axis. It is obvious from diagram 5.3(b) that [I,,, Ii,] x [T,
Tu,] and  [Tuy,, Tuyy] X [Tuyy, Tiy,] are the single choice regions for Ci,
and [Tuy,, Tiyy] X [Tuzes Tuzs] 2nd [Tupyy Tuys) X [Tipys Ty, are the single

choice regions for C,.

I X € [Tuys Bl X [Tizgs Buss] or X € [Tuygy Busa] X [Tias Bizals
the elements in S(X) are positive for both the classes i.e.,. s;(X) > 0 and
$2(X) > 0. It can be easily shown that [s;(X) - s2(X)] > 0.05 for X’s
lying in these regions. This implies that [T%,,, Bi,,] X [Tag» Buzy] and [Ty,
Bura]l X [Tiazs Bray] are the first-second choice regions with first choice as C.
Similarly, [Ti0r Bus) X [Ciazs Busal 20d [Tisy Bural X [Ty fisa] are the
first-second choice regions with first choice as C,.

Now consider the feature region [T,,, Bi,,] X [Bus,s Cu;,] Which is over-
lapping. That is, s;(X) > 0 and s2(X) > 0. In this region, two lines 2Z;
and Z; may be found so that

for X lying below the line Z;, [s;(X) — s2(X)] > 0.05,

for X lying above the line Z;, [sz(X) — s1(X)] > 0.05 and

for X lying between Z; and Z;, | s1(X) — s2(X) | < 0.05.
The equations of Z; and Z, are

Ayzy+Biz; — ¢ = 0

(5.8)
and Az + Bz, — ¢ = 0
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where AL = Az = koksky — krksky ;

By = B; = kiksky — kikaks

61 = Puykeksks — Ti,kiksky + Ty, kikaoky

= Buskikzks + 0.4kykaksky ;
$2 = Bunkoksks — Ti,kiksks + Tugkikzky
= Buiskikaks — 0.4k koksk,
with k= on1 — fu,,

i ke=p, — Ty, ; -
kS

Buzy —Tuyy and  kq = azs — iy,

Similarly, [Bu,;,Tusa] X [Tiazs Bryy] is a overlapping region. Here also, two
lines Z3 and Z; may be found such that

for X lying below the line Zs, [s1(X) — s2(X)] > 0.05,

for X lying above the line Z;, [s2(X) — s,(X)] > 0.05 and

for X lying between Zs and Z,, | s,(X) — s2(X) | < 0.05.
The equations of Zs; and Z, are

A3y + Bszz —¢s = 0 (5.9)
and Ayz;+Byzo—¢ = 0

where As

Ay = kaksky — kiksk,
Bs = By = kikoke — kukoks

¢s = Pukoksky — Tykikske + Buy kikaky
— T kikoks + 0.4k kyksky
¢4 = Bunkzksks — T kiksks + Pu, kikzks
— Tu,kikaks — 0.4k koksk,
with ki = Bu, —Tu, ; kx=ous— By, ;
ks = oz — By, and k=P, — T,

Let us now consider the region [By,,,Tu,,] X [T1;,B,,] which is overlap-
ping. In this region, two lines Zs and Z; may be found so that

for X lying below the line Zs, [s1(X) — s2(X)] > 0.05,
for X lying above the line Zs, [s2(X) — s1(X)] > 0.05 and
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for X lying between Zs and Zg, | s1(X) — s2(X) | < 0.05.
The equations of Zs and Zs are
Aszy+ Bszy — ¢ = 0

(5.10)
and Aez;+ Bsza— ¢ = 0

where  As = Ag = koksky — kiksky ;
Bs = Bs = kiksky — kikoks 5

= Ty, kaksks — Bukrksks + Bugy kikzka .
— T kiksks + [1.6 — 16(rs1 — r52)|kakzksks 5
[ Tuikoksks — Brskiksks + Bug krkaks

Ty kakaks — [1.6 + 16(rsy — rs2)]kakaksks
with k1= Buy—Tu, . kr=cn—Pu ;
ks= a2 — P, and kq=PB, — Ty, -

Similarly, in the overlapping region [Ti,,,B1,,] X [Buzy»> Cuz)s two lines Z7
and Zg may be found so that
for X lying below the line Z7, [s1(X) — s2(X)] > 0.05,
for X lying above the line Zs, [sz(X) — s1(X)] > 0.05 and
for X lying between Z; and Zs, | 51(X) — s2(X) | < 0.05.

The equations of Z; and Zs are

A7z + Brza —¢r = 0

(5.11)
and  Agzi+ Bezz— g = 0
where A7 = Ag = kaksky — kiksks ;
By = Bg = kikoky — kikoks
o= Bunksksky — Ti, kiksks + Tuy kikaky
— Bizskiksks + (1.6 — 16(rsy — rs2)]kakoksks ;
S8 = Buakzksks — Ty kiksks + Tu,, krkaks
= Bixkiksks — [1.6 + 16(rsy — 752) ] k1kzksky
with k1= @12 —Bu, 5 ke=Pu, — Ty 5

ks = Puy —Tu, and kq=azn— B, -

Now consider the region [Bu,,,u,,) X [022, s55]- Here, a line Z; may
be found so that
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for X lying below the line Z5, [s1(X) — s2(X)] > 0.05 and
for X lying above the fine Z, [ s81(X] — s2(X] [ < 0.05.
The equation of Z; is :

AoZy + Boza — g = 0 (5.12)

where Ag=k; ; Bo=k; ;
¢ = Cup k2 + Bus, k1 + [0.6 — 16(rsy — r52)]krks
with  ky = Bu), —Tu,, and k; = az —fB,,, .

Similarly, in the region [B.,,,Ty,,] X [[u;,@22], a line Z;, may be
found such that
for X lying above the line Zyo, [s1(X) — s2(X)] > 0.05 and
for X lying below the line Zyo, | s:1(X) — s5(X) | < 0.05.
The equation of Z,o is

Ajoz1 + Brozz —¢10 = 0 (5.13)
where A=k ; Buo=k ;

€10 = Luyikz + Biookr + (0.6 — 16(rsy — rss)|kiks
with Ky =fu, —Tu, and  k; = ay — fu,, -

In the regions [Bu,;,@12] X [Buzi>Tuay] and [auz,T,,] X [Busy, Cugy ), two
lines Z;; and Zyz are found such that
for X lying below both Zy; and Z;;, [s,(X) — s3(X)] > 0.05 and
for X lying above Zy or Zyz, | s1(X) — s2(X) | < 0.05.
The equations of Z;; and Z;; are

Anzi+ Buz: —¢u =

(5.14)
and A2 + Bz — ¢z =

S o

where An=An =k ;
By=k and By=£Fk ;
€11 = Buskz + Tug k1 + (0.6 — 16(rsy — 755) | knka 5
$12 = Burakz + Tuy by + (0.6 — 16(rsy — rs2)]Esks
with ki =a1—B, ; k2= Pu, —Cuy

and k=042 —Buy, -
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In the regions [Tiy,,B1,] X [Cusys 2] and [Tuy, Bry,] X [@22,Thg,), two
lines Z;5 and Z,4 may be found in their respective regions such that
for X lying right to both Zys and Zy,, [s2(X) — 51(X)] > 0.05 and
for X lying left to Zisor Zu, |s1(X)—s:(X) | <0.05.

The equations of Z;3 and Z;, are

=]

A13z1 + Biszz — s =

(5.15)
and Az + Buzz — ¢u

I
(=)

where Ais=ks ; A= l‘;:g 8
Bis=Bu=k ;
¢1s = Ti, k2 + Bi, k1 + (0.6 — 16(rs2 — 7r51) | kak2
614 = Ti, k2 + B, b1 + (0.6 — 16(rsz — r51) KKz
with k=8, — T, ; ke=o0co2— B,

and k= az; — fuy, -

Similarly, in the regions [Ty,,,@12) X [[i,, Brs] and [auz, Ti,,] X [Ty,
Bus), two lines Z;5 and Z;¢ may be found in their respective regions such
that

for X lying above both Zj5 and Zis, [s2(X) — s1(X)] > 0.05 and
for X lying below Zys or Zie, | s1(X) — s2(X) | <0.05.
The equations of Z;5 and Z;¢ are

A1sz1 + Biszz — 615 = 0

(5.16)
and Az + BieTz — 616 = 0
where Ais = A =ksz ;
Bis=ki ; Bis=k ;
615 = Biakz + Tioky + (0.6 — 16(rsz — rs1)|kakz 5
¢16 = Buyakaz + Tip ks + [0.6 — 16(rs2 — rs1)]krks
with ki=oi2—B, ; k2=PB, —Tu
and ";51 =on2— Buy, -
Let us now consider the region [Bu,,,Tu,;] X [Buz>Tus)- Here two

lines Z;7 and Z;3 may be found such that
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for X lying below both Zi7 and Zis, [s1(X) — s2(X)] > 0.05 and
for X lying above Zyy or Zyg, | 81(X) — s2(X) | < 0.05.
The equations of Z;; and Z;s are ’

Az + Burze — g7 = 0

(5.17)
and  Ajs7; + Biszzs — 618 =

o

where Air=k; ; As= I:,g 8
Biy=k ; Bu=h ; -
17 = Lupy k2 + Bup by + (0.6 — 16(rsy — r52) | kika
$18 = Buakz + Doy by + [0.6 — 16(rsy — 752))er k2
with k1 =Bu, —Tu, 3  hk2=an—F, ;
ky=ai — B, and k; = Buzs — Tuay

Again, in the region [Ti,,B1,,] X [Ty, B1,], two lines Zjo and Z;p may
be found such that
for X lying above both Z19 and Zz0, [s2(X) — s1(X)] > 0.05 and
for X lying below Zyo or Zz, |s1(X)—s2(X) | <0.05.
The equations of Z;o and Z, are

Ajoz1 + BioZz — 619 = 0

(5.18)
and  Azz1 + BzoZz — 0 = 0

where A=k ; A=k, g
Bio=k ; Bo=k ;
$10 = Liykz + Buy,ki + (0.6 — 16(rsy — r51) | knkz 5
$20 = Busakz + Tuyokr + (0.6 — 16(rsz — 7o) Bk,
with k=B, —Tu, 5 k2= 02— Buy, 5

ki=a1—fu, and k=P, —Ty, .

At last, let us consider the region [[y,,, i3] X [Tuyy, Bry,]. Here s,(X) >
0 and s;(X) > 0 and there does not exist any effect from the neighboring
feature subdomains. In this region, if rs; > rsp +0.1 then [s;(X) — s2(X)]
> 0.05 i.e., the region will be a first-second choice region with first choice
as Ci. If 752 > rs; + 0.1 then [s3(X) — 5,(X)] > 0.05 i.e., the region
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will be a first-second choice region with first choice as C;. Otherwise (i.e.,
if | rsy—rs2 | < 0.1 then |s(X) — s2(X) |< 0.05), the region will become a

combined choice region.
The conclusions, after combining all the previous cases, are given below :

The single choice regions for Cy are [Iy,,,T1,,] X [Ty, Tugs) and [Ty, Ty,
X [[iy,T1p).  The single choice regions for C; are [y, 1] X [Tuzzs Tuzsl
and [[u,3,Cus] X [Ti33:Tugy)-  The overlapping (corresponding to combined
and first-second choices) regions are [Ti,;,B1,,] X [TizpsBuza] and [Tiyy,Bu,al
X [Ci55B15,)- The remaining portion in the feature space is termed as the
no-class (null choice) region. ‘ .

In the overlapping region, [[,;,B81,] X [TipsBuza]l and  [TippsBu,,] X
[Tty25 B1,,] correspond to the first-second choice regions with first choice as Ci.
Again, [T1,,,B1,] X [TizasBuza] and [Tiyy5Buss] X [Tiays Bray] correspond to the
first-second choice regions with first choice as C,. The region surrounded by
the lines Zy, Z;, ... and Zy [Fig. 5.3(d)] is the combined choice region. The
portions in the overlapping region, not falling in the combined choice region,

are the first-second choice regions.

The pattern classes C; and C; are shown in Fig. 5.3(a). A typical
training set is also shown in this figure. The overlapping portions in the
pattern classes and also in the training set are marked here. Fig. 5.3(b)

bde and space subd Ins COrr di

shows the typical feature
to the training set [Fig. 5.3(a)]. The regions corresponding to single, first-
second, combined and null choices are also shown in Fig. 5.3(b). Note that
the regions are drawn based on the previous analytical findings.

To show the overlapping regions more prominently, the rectangular por-
tion (shown by dotted lines in Fig. 5.3(a)) which includes the overlapping
regions, are enlarged in Fig. 5.3(c). The corresponding rectangular portion
in Fig. 5.3(b) is also enlarged in Fig. 5.3(d). Figures 5.3(b) and 5.3(d)
show the various choice regions corresponding to the pattern classes in fig-
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Figure 5.3(c) : Enlarged version of the r lar portion (enclosed by
dotted lines) in Fig. 5.3(a).

ures 5.3(a) and 5.3(c) respectively. The lines 2y, Zs, ..., Zs corresponding
to equations (5.8)-(5.18) are shown in Fig. 5.3(d). e

Proof of Proposition 5.1 :

In the present case, the actual overlapping region between the classes C;
and C; is [Li3,Un] X [L2,Un]. The non-overlapping regions for Cy
are [Luy,Un| X [Ln,La] and [Lyy, Luz] X [L22,Un]. The non-overlapping
regions for C; are [Li3,Uss] X [Uz1,Uz) and [U11,U13] X [L23,Un). In
the training samples, the feature region [f12,u11) X [l22,u21] is overlapping.
Based on the training set, [Tt2:Tup] X [Tig55Tus,] is the estimated overlap-
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Figure 5.3(d) : Enlarged version of the rectangular portion (enclosed by
dotted lines) in Fig. 5.3(b).
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ping region. The estimated non-overlapping regions for C; are [I,,,Ty,,] X
[T43,5Tuzs] and [T, Tuy,] X [Cipps Tugy]-  On the other hand, the estimated
non-overlapping regions for C; are [r,_,,'r.,_,] X [[CuzzsTuzs] and [Cuyy,Tuys)
X [Ty, Tuza-

By Theorem 5.1, it can be stated that as the size of the training samples
increases
I.-]: — L;; » in‘probabilit.y - (5.19)
and u;; — U;;  in probability (:=1,2; 7=1,2).
With the increase of the size of the training samples, the samples in the feature
subdomain also increase. Thus, by Theorem 5.2,
Ty, — B, in probability A (5.20)
and T, — P., in probability (1=1,2; ¢g=1,2,3).
From Fig. 5.3(c), we have
B, = la H Buy = B, =k
Bus = Buy, =ua and By, = u: (i=12).

(5.21)

Combing equations (5.19), (5.20) and (5.21), one gets

Ty, = B, =la — La in probability
Tu; = Buy =liz — Lz in probability
Tiy, = Bi, = liz — Lia in probability
Tuiy = Buyp = wir = Un in probability
Ty = By = v = Ua in probability

Tuiy = Buyy = Uiz — Upp in probability (: =1,2).

Therefore as the size of the training sample increases, the estimated over-
lapping region [Ii,,,Tu,,] X [[1;,,Tu,,] tends to the actual overlapping re-
gion [Liz2,Un] X [L22,Un) in probability. At the same time, the estimated
non-overlapping regions for C; and C; go to their actual sizes respectively
in probability. Using the previous results, it can also be concluded that the
no-class (null choice) region also tends to their actual size in probability.

Hence the proposition. e
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Ezperimental results :

To substantiate the analytical results, a two-class problem with classes [2,7]
x [2,7] and [5,10] x [5,10] is considered [Fig. 5.4(a)]. Here, the non-
overlapping regions for C; are [2,7] x [2,5] and [2,5] x [5,7], and the
non-overlapping regions for C; are [5,10] x (7,10] and [7,10] x [5,7). The
overlapping region is [5,7] x [5,7].

To implement the recognition system, five training sample sets with. 50,
100, 150, 200 and 250 samples from each of the classes are chosen randomly.
Figures 5.4(b)-(f) show the regions corresponding to various output choices
for the five sample sets. Here the character ‘A’ represents the single choice
for Cy; the character ‘B’ represents the single choice for C;; the character
‘a’ represents the first-second choice with first choice as Cj; the character
‘b’ represents the first-second choice with first choice as C,; the character
‘C’ represents the combined choice reflecting both C; and C;, and the blank
character * ’ represents the null choice.

The results in figures 5.4()-(f) verify that with the increase of sam-
ple sizes, the training classes tend to the actual classes (Theorem 5.1) and
the feature subdomains with the extended portions tend to their actual sizes
(Theorem 5.2). The overlapping ( bined and first. d choices), non-

overlapping (single choice) and no-class (null choice) regions are seen to tend

to their actual sizes with the increase in the size of training semples. Hérce
Proposition 5.1 is verified experimentally for the case of rectangular pattern
classes. The experimental results in figures 5.4(b)-(f) also support the ana-
lytical findings and diagrams in figures 5.3(b) and 5.3(d).

For analyzing the performance of the proposed recognition system, a
test set with 1000 samples from each of the classes is generated. Table 5.3
provides the recognition scores under various choice groups corresponding to

the aforesaid five training sample sets.

The Bayes classifier is also applied on the same pattern classes assuming
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Figure 5.4(a) : Two rectangular classes with a training set.

()
Figures 5.4 (b)-(f) : Various regions corresponding to five training sets
(with 50, 100, 150, 200 and 250 samples from each class) for the pattern
classes in Fig. 5.4(a).
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Table 5.3 : Recognition score for the pattern classes in Fig. 5.4(a)

VARIOUS GROUP
OF
CHOICES
Single Correct Choice

First Correct Choice
Combined Correct Choice
Second Correct Choice

| Fully Wrong Choice
BAYES Correct

| CLASSIFIER | Wrong

rectangular distributions of the classes. For a comparative study, the hard
regions for the classes C; and C;, and the no-class region obtained with the
Bayes classifier corresponding to the fifth sample set (with 250 samples from
each class) are shown in Fig. 5.4(g). The feature points represented by the
characters ‘A’ and ‘B’ in Fig. 5.4(g) indicate their belonging to the hard

regions for C; and C; respectively.

Note from Fig. 5.4(g) that Bayes classifier (with rectangular distribu-
tions) assigned, unlike the proposed system [Fig. 5.4(f)], the wholé over-
lapping region (based on the training samples) to one class i.e., C;. Again,
corresponding to a feature point represented by the blank characters ¢ ’ in
Fig. 5.4(g), the values of the discriminating function are zero for both the
classes. These feature points may be considered as belonging to the no-class
region (though this no-class region, in fact, includes some portions of the ac-
tual pattern classes). These findings are due to the inherent properties of
the rectangular distribution. Note that the assumption of any other distribu-
tion is not valid here. On the other hand, the output decisions, as shown in
figures 5.4(b)-(f), of our multivalued recognition system are seen to be very

appropriate.
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Figure 5.4(g) : Various regions of the Bayes classifier corresponding to the
fifth training set (with 250 samples from each class) for the pattern classes
in Fig. 5.4(a).

The recognition scores of the Bayes classifier (with rectangular distribu-
tions) corresponding to the five training sets are included in Table 5.3. Note
that the score obtained by adding single correct, first correct and half of the
combined correct choices becomes much higher than the correct recognition
score of the Bayes classifier. Again, a significant portion of the wrong choices
of Bayes classifier is seen to be corrected by the proposed system and the re-
maining portion is distributed among the combined and second correct choices.
Because of this flexibility, the proposed system has, therefore, a provision of
improving its efficiency significantly by incorporating combined and second
choices under the control of a supervisory scheme. & 2
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Figure 5.5(a) : Two circular classes with a training set.

5.4.2 Circular classes

The analytical results of rectangular classes obtained in the previous section
are extended here to circular pattern classes [Fig. 5.5(a)]. A typical training
sample set is assumed for carrying out the theoretical analysis of the proposed
multivalued recognition system on the circular classes in Fig. 5.5(a). The
actual overlapping portions and the overlapping portions from the training
set are distinctly marked in Fig. 5.5(a).

Some typical feature subd ins and space subd ins cor ding to
the training samples [Fig. 5.5(a)] are drawn in Fig. 5.5(b). Based on these
feature subd ins and space subd ins, and using the results obtained for

the rectangular pattern classes [figures 5.3(a)-(d)], the regions corresponding
to the single, first-second, combined and null choices are shown in Fig. 5.5(b).
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Figure 5.5(c) : Enlarged version of the rectangular portion (enclosed by
dotted lines) in Fig. 5.5(a).

To show the overlapping regions more prominently, the rectangular pertion
(enclosed by dotted lines) in Fig. 5.5(a) which includes the overlapping
region, is enlarged in Fig. 5.5(c). The corresponding rectangular portion
(enclosed by thick lines) in Fig. 5.5(b) is also enlarged in Fig. 5.5(d). The
figures 5.5(b) and 5.5(d) show the regions corresponding to various output
choices for the pattern classes in figures 5.5(a) and 5.5(c) respectively.

When the size of the training samples increases, the values of the accu-

racy factor [Eq. (2.1)] d and correspondingly the ber of feature
subdomains and space subdomains increases. Therefore, the sizes of the fea-
ture subd ins and space subd ins decrease with the increase in the size

of the training samples. Hence, it can be concluded that the increase in sam-
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Figure 5.5(d) : Enlarged version of the rectangular portion (enclosed by
solid lines) in Fig. 5.5(b).
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ple sizes results in increase in the accuracy of the choice regions with respect
to their actual sizes. Therefore, Proposition 5.1 is claimed for the circular

shaped pattern classes. o

Ezperimental results :

To substantiate the analytical findings, a two-class problem with circular
classes is considered. The centres of the classes C; and C, are takeh to be
(5,5) and (8.5,8.5) respectively and their radii are considered to be 3.5 and
3 respectively [Fig. 5.6(a)].

To implement the recognition system, five training sample sets with 50,
100, 150, 200 and 250 samples from each of the pattern classes are chosen ran-
domly. Figures 5.6(b)-(f) show the regions corresponding to various output
choices for the five sample sets. Here the character ‘A’ represents the single
choice for Cy; the character ‘B’ represents the single choice for Cs; the charac-
ter ‘a’ represents the first-second choice with first choice as C;; the character
‘b’ represents the first-second choice with first choice as C,; the character ‘C’
represents the combined choice for both C; and C,, and the blank character ¢’
represents the null choice. These results demonstrate that with the increase
of sample sizes, the estimated classes tend to the actual classes (Theorem
5.1) and the feature subdomains (with the extended portions) tend to their
actual sizes (Theorem 5.2). The estimated non-overlapping, overlapping and
no-class regions are seen to tend to their actual sizes with the increase in
the size of training samples. Hence the claim of Proposition 5.1 is justified
experimentally. The experimental results in figures 5.6(b)-(f) also support
the analytical findings in figures 5.5(b) and 5.5(d).

The distribution functions of the aforesaid pattern classes are assumed
to be Gaussian for applying the Bayes classifier. The hard regions of the
Bayes classifier for the classes C; and C; corresponding to the fifth sample
set (with 250 samples from each class) are shown in Fig. 5.6(g). The feature
points represented by the characters ‘A’ and ‘B’ in Fig. 5.6(g) indicate their
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A
Figure 5.6(a) : Two circular classes with centres at (5.5,5.5) and
(8.5,8.5), and with radii 3.5 and 3 respectively.

Figures 5.6 (b)-(f) : Various regions corresponding to five training sets
(with 50, 100, 150, 200 and 250 samples from each class) for the pattern
classes in_Fig. 5.6(a).
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Figures 5.6 (b)-(f) : (continued)
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Figures 5.6 (b)-(f) : (continued)
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Figure 5.6(g) : Hard regions of the Bayes classifier corresponding to the
fifth training set (with 250 samples from each class) for the pattern classes

in Fig. 5.6(a).

belonging to the hard regions for C; and C; respectively. As expected, the
Bayes decision boundary is seen to pass through the combined choice region of
the proposed system. Note that in the proposed system, the combined choice
region is considered as the boundary between overlapping classes.

As before, 1000 test samples from each of the classes are generated artifi-
cially for analyzing the performance of the proposed system. The recognition
scores of our system are shown in Table 5.4 corresponding to the five training
sets. The recognition scores of the Bayes classifier with the same training
sets are also included in Table 5.4. The correct decision (with single correct,
first correct and half of the combined correct choices) of the proposed system
is seen to be much higher than that of the Bayes classifier. In other words,
among the les which were misclassified by Bayes some are found to be
corrected by our system and the r ini les are distributed among
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Table 5.4 : Recognition score for the pattern classes in Fig. 5.6(a)

VARIOUS GROUP % RECOGNITION SCORE
OF SAMP
CHOICES i
Single Correct Choice 73.95
First Correct Choice 20.80
Combined Correct Choice | 3.10
Second Correct Choice 2.15
Fully Wrong Choice 0.00
BAYES Correct | 93.00
CLASSIFIER | Wrong 7.00

the proposed combined and second correct choices. &

5.4.3 Some remarks

o The four state decisions of the proposed multivalued recognition system
reflect the characteristics of the overlapping, non-overlapping and no-

class regions of the feature space. It has been verified that with the

increase in the size of the training les, the d of
these regions tend to their actual sizes (Proposition 5.1).

o In all the experimental results it has been observed that Bayes decision
boundaries lie within the combined choice regions of the multivalued
recognition system. Among the wrong decisions made by the Bayes
classifier, a part is seen to be corrected by the single and first choices of
the proposed system. The remaining portion is found to be distributed
among the combined correct and second correct choices. The proposed
system has, therefore, a provision of improving its efficiency significantly
by incorporating the second and combined choices under the control of

a supervisory scheme.
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e The present investigation, in turn, establishes analytically the justifica-
tion of considering output decisions in four states for managing uncer-

tainties arising from ambiguous regions.

e Although the analysis has been made assuming two class problems in
one and two dimensional feature spaces, it can be extended to a general

M class N feature problem with classes of any shape. &
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6.1 Introduction

In chapter 4, we have developed a multivalued recognition system (us-

ing geometrical structure based d ition) and d ated its perfor-

mance on some artificially generated pattern sets and also on the real life
speech data. In this chapter, we consider another real life application of the
system to a different domain, namely analysis of remotely sensed satellite

imagery data for detecting ill-defined object regions. .

Analysis of remotely sensed images for detecting ill-defined object regions
has been a topic of research for the past two decades. Initially, various image
processing techniques [52-55,240,241] have been used in analyzing remotely
sensed images. In order to identify certain targets, some knowledge about the

targets and the scene needs to be incorporated in the algorithm [242].

A good proportion of the existing research work in the field of remote
sensing has addressed the problem of road detection. Fischer et al. [243]
have presented a method where locally evaluated evidence of road presence
from multiple sources is combined. Bajcy and Tavakoli [244] used a world
model of roads for detecting road and roadlike features from ERST-1 satellite
data. They used a single band, namely green band image for this purpose.
Groch [245] has described a semi-automatic method of following line shaped
objects in aerial images. Mckeown and Pane [246] have addressed the prob-
lem of alignment and connection of linear feature fragments in aerial imagery.
Zhu and Yeh [247] have proposed a method for road network detection where
image processing techniques are used to detect linear segments. In order to
predict missing links between broken segments, they used the facts about
the road network and perceptual continuity. Bezdek et al. [248] described a
parallel line detector algorithm which compares the contrast of neighboring
pixels and checks for uniformity along the tracking direction, to detect road
like structures from radar images. Vasudevan et al. |249) have developed an
intermediate processing stage that addresses tasks of partitioning and con-

necting road like fragments.
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Mckeown et al. [250] used aerial imagery and a data base of man-made
objects for the interpretation of airport scenes. Wharton [251) proposed a
prototype expert system for multi-spectral remotely sensed data on the basis
of spectral knowledge. Mckeown [252] suggested an extension of the concept
of a geographical information system to include remotely sensed data along
image-to-map correspondence capacity. He also described a research system
MAPS to justify his claim. Goodenough et al. [253], and Nazif and Levine
[254] proposed some expert system concepts to analyze remotely sensed im-
ages. Silberberg [255] described an image interpretation system to detect
objects like submarine, airplanes etc. from aerial images using multiple im-
age resolution. Mohan and Nevatia [256] proposed collated features as the
representation of the primitive image elements which are useful for stereo and
the generation of shape description and object segmentation. Most of these
approaches are restricted to a particular remotely sensed imagery with limited

targets.

There has been an attempt [257,258| to detect airports from IRS (Indian
Remote Sensing) images based on green and infrared images. The approach
initially partitioned an image into six land cover types using a minimum dis-
tance classifier. Then spatial knowledge was incorporated on the partitioned
image for finding the possible locations of airports. Again, there was another
attempt [259] to extract the linear features from IRS images based on only

infrared band image and considering spatial information.

The relevance of fuzzy set theory in image processing/analysis problem
has been addressed in section 1.4.7. In a remotely sensed image, the re-
gions (objects) are usually ill-defined because of both grayness and spatial
ambiguities. Moreover, the gray value assigned to a particular pixel of a re-
motely sensed image is the average reflectance of different types of ground
covers present in the corresponding pixel arca (36.25m x36.25m for the IRS
imagery). Therefore, a pixel may represent more than one class with a vary-
ing degree of belongingness. Thus, the approaches based on fuzzy set theory

can be very effective in analyzing remotely sensed images.



Few attempts have been made in the remote sensing image analysis using
fuzzy set theory. Jeansoulin et al. [260] used the concept of fuzzy set theory
to combine criteria for automatic multitemporal segmentation. Cannon et al.
[194] proposed a fuzzy c-means clustering algorithm to develop unsupervised
classification on a Thematic Mapper (TM) image. Zenzo et al. [261] for-
mulated a fuzzy relaxation algorithm for contexual classification. Kent and
Mardia [262] used fuzzy membership concepts to perform classification on
Landsat data. Wang [263] developed a fuzzy supervised classification method
in which geographical information is presented as fuzzy sets. The existing ap-
proaches are unable to extract the majority of information dormants within
digital remotely sensed data and accuracy levels of image classification are
quite often unsatisfactory (264]. To improve the analysis, it was suggested
that studies are required on resolutions of sensor systems, physical principles

of remote sensing and image processing algorithms [240].

The present chapter describes an application of the multivalued recog-
nition system (described in chapters 4 and 5) for analyzing Indian Remote
Sensing (IRS) salellite imagery for detecting various ill-defined (fuzzy) ob-
ject regions, namely roads, bridges, islands, sandbeds, beaches, city area and
township/industrial areas. The system is initially applied on an IRS image
to classify (based on the spectral knowledge of the image) its pixels into six
classes, namely pond water, turbid water, concrete structure, habitation, veg-
etation and open space. The green and infrared band information are used
for the classification. The clustered images are then processed for detecting

various object regions.

In order to identify certain targets, some spatial knowledge about them
and their inter-relationships are incorporated on the clustered images. For
example, an tsland is a compact land region surrounded completely by water
bodies. Similar considerations are incorporated for discriminating other tar-
gets. The proposed algorithms have been implemented on some IRS images
where the pixel resolution is 36.25mx36.25m. Some heuristic constraints are

considered solely because of the resolution value. For example, the maximum



width of the road is restricted here to 3 pixels for their detection.

The concept of multiple choices of the recognition system is found to be
very effective in identifying the road patterns from concrete structure pixels.
Because of the low pixel resolution of the IRS imagery, many portions of the
roads may not be classified as concrete structures. In order to identify them,
a traversal algorithm through reflected road pixels has been proposed here.
Some of the movements in this algorithm are governed by only the second
and combined choices of the multivalued recognition system. A f,hinr;ing al-
gorithm [228] is applied in order to facilitate the traversal algorithm. Some
morphological operations [53,55] are used on the clustered image for locating
the city and township/industrial areas. To demonstrate the effectiveness of
the algorithms, two images corresponding to the scenes of two cities in India,
namely Bombay and Calcutta are considered. The results are found to be

very encouraging.

The classes corresponding to major land cover types in the IRS imagery
and the overall detection strategy are furnished in section 6.2. Section 6.3
deals with the method of detecting the fslands, sandbeds and beaches. The
algorithms for finding the locations of roads, bridges, city area and town-
ship/industrial arcas are discussed in section 6.4. The results are demon-

strated in section 6.5. &

6.2 Land Cover Types and Overall Detection
Strategy

6.2.1 Land cover types
The IRS (Indian Remote Sensing) satellite images corresponding to scenes
of Bombay and Calcutta are considered in the present work. These scenes

primarily consist of six different land cover types. These six classes are pond
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water, turbid water, concrete structure, habitation, vegetation and open space.
In fact in India, these happen to be the major land cover types. The con-

stituents of the six classes are furnished below.

1. Pond water : This class contains pond water, fisherics etc.

2. Turbid water: This class contains sea water, river water etc. where the

soil content is more.

3. Concrete structure : This class contains buildings, railways, roads, air
strips ctc. The signature of sandbeds in remote sensing images also

belongs to this class.

4. Habitation : This class basically consists of suburban and rural habita-
tion i.e., concrete structures but comparatively less in density than the
previous class (concrete structure).

5. Vegetation : This class essentially represents crop and forest areas.

6. Open space : This class contains basically the barren land. More specif-
ically, a pixel with less greenery and less concrete structures falls into

this class. The beaches come under this class.

In remotely sensed data, the gray value that is assigned to a particular
pixel is the average reflectance of different types of ground covers present in
the corresponding pixel area (36.25mx36.25m for IRS imagery). If a pixel
has a big building and some open space, it is more likely to fall into the
class “habitation” than “concrete structure”. Considering the concept of
second and combined choices on output decisions of the recognition system,

the information about the building and the open space may be obtained.

It is to be observed that the same region may fall in different classes in

different seasons. As for example,

* A cultivated land, which is a vegetation area, after harvestation becomes

open space.
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e A river bed during summer when it is dried up falls under the class open

space.

e Some land portions during flood fall under water bodies. &

6.2.2 Overall detection strategy

The multivalued recognition system, as described in chapter 4, is initially
applied on an IRS image to classify its pixels into the aforementioned six
classes. The system basically uses the spectral knowledge of the classes and
the scene found in the training samples. The clustered image is processed
further to detect some ill-defined target regions which include roads, bridges,
islands, sandbeds, beaches, city area and township/industrial areas. The over-
all strategy to discriminate hierarchically these targets is demonstrated in a

block diagram in Fig. 6.1.

Before elaborating the diagram, the meaning of the targets considered

here is described below.

Water : The pond and turbid water pixels constitute the water bodies

in a scene.

Land : The remaining pixels (i.e., not belonging to water bodies). are

primarily categorized as the land.

Island : An island is a land portion surrounded completely by water
bodies.

Sandbed : The sand portions (which belong to concrete structure) ad-
jacent to the water bodies (sea, river etc.) are referred to as sandbeds.
Note that if all the pixels in an island represent concrete structure, then

the island is referred to as a sandbed.

o Beach: A beachis an open space region (with a significant area) adjacent

to the water bodies and/or sandbeds.

214



SCENE

RECOGNITION SYSTEM

’{ PROCESSOR ’0

L~ WATER /. F % LAND
Pond | | Turbid i| Concrete Open
i H: t] Vegetation
Water Water i| Structure Space

Sandbed Island FJ Beach
a [
7
City B

. Touwnship/ |1
Area
Area

Industrial

Figure 6.1 : Overall strategy diagram for detecting various target regions.
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e Road: The roads are the strips of varied width or single dotted curves,
locally approximated by straight lines or parabolas, although globally
they are arbitrary curves of concrete structure pixels. The railway tracks

and airport runways also come as roads here.

Bridge : The only bridges considered here are the bridges on the water
bodies. If a narrow linear concrete structure segment lies in between
two disjoint water bodies (i.e., subdivides a water body into two distinct
parts) and is connected with a road then it is referred to as a’ bridge.
If the segment is not attached with any road then it is categorized as a
sandbed.

e City area and township/industrial areas : The city area is the largest
densed concrete structure region connected with many roads. By filling
up all the non-concrete structure pixels with concrete structure pixels,
the city areas are detected. The other densed concrete structure regions
with moderate sizes represent townships and/or industrial areas and so
these are classified as township/industrial areas. In case there are major
townships on the opposite sides of a river connected with bridge(s),
those townships are considered as a single entity and the intermediate
water bodies are taken as a part of the township. As there exist many
buildings as well as many roads in a city area, it is extremely difficult

to differentiate them inside the city area.

Corresponding to any scene, there arc four available IRS band images,

namely blue, green, red and infrared. It has been observed that the green and

infrared band images are more sensitive than other band images to discrim-

inate various land cover types [242]. Thus the data corresponding to these

two band images are considered here as the features. Initially 50 pixels corre-

sponding to each of the aforementioned six classes are chosen as the training

samples. These training samples provide the spectral knowledge about the

classes and the scene to the recognition system. Thus the system classifics

all the pixels of the scene into six classes. The clustered image is processed

further to detect various target regions. The sequence (numecrals shown in
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the small dashed boxes adjacent to the target boxes in Fig. 6.1) in which

the targets are considered for identification is furnished below.

Initial processing | : Initially, all the disjoint water bodies are iden-

tified through their boundary pixels. The narrow concrete structure seg-
ments (with maximum 3 pixel width) which lie between two different wa-
ter bodies are found and at this stage, thesc segments are marked as the

candidate regions for bridges.

1. Island |: The land portions surrounded completely by water bodies are
found and these are identified as tsland.

2. Sandbed ] : As mentioncd earlier, the signature of the sandbed pixels in
satellite imagery belong to the class concrete structure. The narrow concrete
structure regions (with maximum 3 pixel width) adjacent to water bodies
are recognized as sandbeds. Note that the candidate bridge pixels are not
considered here to find such sandbeds. The islands consisting of only concrete

structure pixels are also categorized as sandbeds.

(These sandbed pixels are eliminated from the concrete structure pixel set
for detection of other attributes, namely roads, city area, township /industrial

areas etc. in the following stages.)

3. Beach | : The open space region with a moderate size (at least 25 pixels)
adjacent to the sandbeds and/or water bodies are categorized as the beaches.

[ 4. Road ] : Here we use three steps. In the first step, the clustered image is
scanned horizontally, vertically and diagonally to extract some pixels as the

candidate pixels for the possible road segments. The concrete structure pixel-

runs with maximum 3 pixels are marked as the candidate pixels for roads.
In the second step, the candidate pixel patterns are thinned. Finally, these
thinned pixels are traversed and some obvious connections between the exist-
ing road segments are made. The traversed pixels provide the road patterns

for a scene.



5. Bridge |: The candidate pixels for bridges (which were identified during
initial processing) are now checked whether they belong to the roads or not.

If they belong to the roads, then they are confirmed as the bridge pixels.
Otherwise, they are categorized as sandbeds.

(All the original concrete structure pixels connected with the roads are now
put back. The resultant image is now referred to as the eztended roadmap.
This eztended roadmap image includes city area and some township/industrial

areas.)

W : Using morphological dilation and erosion operations [53,55]
on the extended roadmap image, the city area in the scene is detected. The
largest dense concrete structure regions with a significant area (> 625 pixels)
in the eztended roadmap image is identified as the eity area. This is to be
mentioned here that because of the intermixing of roads and buildings, it is

quite difficult to differentiate them in the city area.

7. Town/Industry area | : The township/industrial areas are detected from

the initial clustered image. The dense concrete structure regions with signif-
icant sizes (> 80 pixels) in the image are calegorized as the possible town-
ship/industrial areas. Morphological dilation and erosion operations are also
used to find such regions. As the characteristics of the townships and the
industrial areas are more or less the same in the satellite images, we could

not differentiate the two. &

8-directional Code :

To find various water bodies and the road patterns, the traversal algorithms
used for connecting the pixels involve 8-directional chain code (Fig. 6.2) to
keep track of the direction. The pixels £, P, ..., Ps in Fig. 6.2 are the
8 direct neighbors of the pixel P, so that the direction of the pixel P; with
respect to P is coded as i (i =1,2,...,8). o

Some remarks :

The overall strategy and the sequence, in which various objects are detected,
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Figure 6.2 : 8-directional code.

have been stated above. The descriptions of the methods are provided in
detail in the subsequent sections. It is to be mentioned here that the charac-
teristics for various objects and the algorithms to detect those objects have
been formulated keeping in view the Indian environment and the resolution of
IRS images (36.25mx36.25m). In many developing countries like India, the
construction of object regions and their interconnections are not, in general,

on the same scale nor of the same ifications as in the developed countries

in many cases. For example, the roads do not always have significant width in
order to be reflected in the corresponding satellite images. Thus, it is possible
to get townships not connected by any road which, in reality, should rot be
the case.

On the other hand, the pixels in the boundaries of homogeneous regions
do not possess the exact match with a single land cover type and so such
pixels sometimes reflect wrong land cover types in the corresponding satellite
imagery. For example, the boundary pixels of various water bodies, in general,
reflect concrete structures, which are not always found to be true. Because
of such inconsistencies and the resolution of IRS imagery, we could not use
some of the usual constraints about the objects to detect them. Many of the
constraints have been applied very loosely and a few heuristic constraints have

also been used in our proposed methods. These heuristics may sometime seem
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to be redundant, but they are helpful in obtaining the actual target mixed
with some noise. The heuristic rules are mentioned in the subsequent sections

along with the description of the detection procedures. &

6.3 Islands, Sandbeds and Beaches

The approaches taken to detect the islands, sandbeds and beaches are
described here in detail. As mentioned in the previous section, various water
bodies are first of all identified through their boundary pixels. Then the
concrete structure pixels lying between two different water bodies are marked
as the candidate pixels for bridges. The islands, sandbeds and beaches are

then detected.

6.3.1 Determining various water bodies

From the classified (with single and first choices of the multivalued recog-
nition system) image, all the possible boundary pixels of water bodies are
initially identified. To perform this, the image is scanned horizontally from
left to right starting with the first row. The water pixels either followed by
or preceded by non-water (land) pixels are considered as the boundary water
pixels. Then the image is traversed vertically from top to bottom starting
with the first column to find similarly the boundary water pixels in the vertical

direction.

With the boundary water pixels, various distinct water bodies are then
identified. To find this, the aforesaid marked image is scanned horizontally
from left to right starting with the first row to search for a boundary water
pixel. Starting with that, all the connected boundary water pixels are tra-
versed using octal codes [Fig. 6.2]. The neighboring pixels of the starting
pixel are searched for obtaining another boundary water pixel. In case, only
one boundary water pixel is found in its 8 neighboring positions [Fig. 6.2], the

pixel is taken for the traversal and the direction of traversal is noted. In case,
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more than one boundary water pixel is found in its neighboring positions, one
of them is taken for next traversal and the remaining boundary water pixels
with their directions are kept reserved. In the traversed direction, either the
left or right pixel of the next selected pixcl has to be land (non-water). In
case the left (right) one is land, then the selection of all following traversal
pixels must have land pixels in the left (right) pixel positions of the traversed
directions for the traversal with the same starting point. These descriptions

are also noted for all the reserved pixels. .

To continue the traversal, the neighboring pixels with respect to the cur-
rent pixel are searched for the boundary water pixels (not already traversed).
If only onc traversable pixel is found, then that pixel is taken for next traver-
sal. In case, multiple traversable pixels are found, the next movement is taken
by choosing that direction which most closely matches that of the previous
description of the path [190]. The remaining traversable pixels are kept re-
served. This enables one to use these pixels for continuing the description of

other contours connected to them.

The traversal procedure is continued until there is no non-traversed bound-
ary pixel found in the 8 neighbors of the current pixel. After that, a pixel
is taken from the reserved set provided it is not already traversed, and the
traversal procedure is similarly continued. The traversal procedure is termi-
nated for a water body when there is no more non-traversed reserve pixels.

Therefore, the traversed pixels constitute the boundary of a water body.

The image is again scanned horizontally from left to right to search for
a new non-traversed boundary water pixel. Following the same procedure,
another boundary of a water body is found and the boundary pixels are
assigned a new value. In this way, the boundaries of all the distinct water

bodies are identified. &
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6.3.2 Observations related to certain targets

The method of identifying different water bodies has been described in
the previous section. Different possible cases arising out of different types
of water boundaries are shown in figures 6.3(a)-(:). With the help of these

figures, certain observations are made below.

e It is already mentioned earlier that the pixels corresponding' to the
sandbeds belong to the concrete structure class. The narrow concrete
structure regions adjacent to the water pixels are categorized as sandbeds.
The width of the sandbeds along the water bodies is, in general, not sig-
nificant [figures 6.3(a)-(z)]. The width of such sandbeds is restricted to

3 pixels for practical reasons.

In figures 6.3(a)-(c), each of the boundaries is seen to make an open
path. In figures 6.3(d)-(f), each of the boundaries is seen to make
a closed path whereas in figures 6.3(g)-(i), each of the boundaries is
seen to make a multiple closed path. In the case of a closed path, it
may enclose a water body [figures 6.3(d)&(g)] or a land portion [figures
6.3(c),(h)& ()] and/or a concrete structure region (figures 6.3(/)&(z)}.
The enclosed land portions are identified as islands and the enclosed

concrete structure regions arc categorized as sandbeds.

There may be a narrow concrete structure region between two distinct
water bodies (water boundaries), as seen in figures 6.3(b)&(c) (enclosed
by dark boundaries). In such cases, the concrete region may be visual-
ized to subdivide a water body into two distinct parts. Two possibilities
may arise with such a concrete structure region. The region may repre-
sent a bridge and in such a case, there should be a road passing through
the bridge [Fig. 6.3(b)). The other possibility is that the region may rep-
resent a sandbed and in that case, the region will not be connected with
any road [Fig. 6.3(c)]. So, for the time being such concrete structure

regions are marked as the candidate region for bridges. Final decision
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Figure 6.3 : Different targets related to water bodies.
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on these regions is taken in section 6.4 after the detection of roads of

the scene.

If an open space region with a moderate size (> 25 pixels) is found
adjacent to a water body and/or sandbeds, as scen in Fig. 6.3(a)
(enclosed by dark boundaries), the open space region is identified as a
beach.

The aforementioned observations are utilized in our experiments for de-

tecting the islands, sandbeds, beaches and the candidate regions for bridges. &

6.4 Roads, Bridges, City Area and
Township/Industrial Areas

The method of identifying the road patterns is initially described here from
concrete structure pixels. As the bridges are part of the roads, these are
obtained from the road patterns. Then the road patterns are analyzed to
find the possible city area in the image. The township/industrial areas are

detected from the originally classified concrete structure pixels.

6.4.1 Detection of roads

To find the roads, the concrete structure pixels except the sandbeds (as de-
tected in the previous section) are analyzed. The width of the roads has an
upper bound which is considered here to be 108.75m (3 pixels) for practical
reasons. So all the pixels lying on concrete curves with width not more than
3 pixels are initially considered as the candidate set for roads. As the size of
a pixel is 36.25m, all the portions of actual roads may not be reflected as con-
crete structures and as a result, the candidate pixels may constitute some bro-
ken curve segments. In order to identify them, a traverse through the candi-

date pixels is required. Before traversing, one also needs to thin the candidate
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road patterns so that a unique traverse can be made through them. The total
procedure to find road patterns therefore consists of three parts - (i) select-
ing the candidate pixels for roads, (ii) thinning the candidate road patterns
and (iii) traversing the thinned patterns to make some obvious connections

between the curve segments. These are sequentially described below.

(For a better understanding of the total procedure for finding roads, we have
included Fig. 6.4 as an example. Fig. 6.4(a) represents an input (concrete
structure patterns) of dimension 80x80. The successive results are shown in
figures 6.4(b)-(7).)

A. Selection of candidate road pizels

To find the candidate pixel set for roads, the image is initially scanned hor-

izontally from left to right starting with the first row and the concrete struc-
ture runs of maximum 3 pixels are marked as the candidate pixels. Note that
this horizontal scan can identify only the vertically elongated patterns and
some diagonally elongated patterns {Fig. 6.4(b)]. The image is then scanned
vertically from top to bottom starting with the first column in order to iden-
tify the horizontally elongated pattern along with some diagonally elongated
patterns [Fig. 6.4(c)]. The aforesaid scans may not still be able to identify
all the diagonally elongated patterns and some junction points of the roads
[Fig. 6.1(c)]. For this purpose, the image is scanned in both the diagonal
directions. The resulting candidate pixels for roads arc shown in Fig. 6.4(d)

corresponding to the concrete structure patterns in Fig. 6.4(a). o

B. Thinning

The parallel thinning algorithm proposed by Zhang and Suen [228] is applied
here for thinning the pattern. In this procedure, the new value given to a
point at the kth iteration depends on its own value as well as those of its

eight neighbors [Fig. 6.2] at the (k-1)th itcration. The method consists of
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Figure 6.4 : Illustrating the method of finding roads.
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removing all the contour points of the pattern except those points that belong
to the skeleton. The algorithm has two subiterations as discussed below.

In the first subiteration, the contour point P, [Fig. 6.2] is deleted (i.e., O
is assigned) from the digital pattern if it satisfies the following conditions
(@) 2<B(R)<6
() AR) =1
() PixPixPs=0
(d) Py x Pyx Py =0
where A(F) is the number of 01 patterns in the ordered set Py, P, ..., Py
that is eight neighbors of P (Fig. 6.2] and B(Py) is the number of non-zero
neighbors of Py, that is
B(P) =Py + P, + ...+ Ps.

Tn the second subiteration, only condition (c) and (d) are changed as
follows
(<') P, x Psx Py =0
(d)  PixPixPy=0

and the rest remaining the same.
The iterations continue until no more points can be removed. e

For the purpose of thinning, all the candidate pixels of the image are
assigned value 1 and the remaining pixels are considered to be 0. So the image
matrix consists of 1 and 0. Using the aforementioned thinning algorithm {228},
the candidate curve patterns are thinned. The resultant thinned patterns

provide some broken curve segments (Fig. 6.4(e)]. o

C. Traversal and joining

The narrow concrete structure curves consist of roads and road like struc-
tures (e.g., railway tracks, airport runways). In India, the roads (or some

of its portions) are sometimes very narrow. In some places, the roads are



surrounded by big trees. Because of such unavoidable circumstances, some
pixels on the real roads may not be reflected as concrete structures and
will make the curves discontinuous. The information about many of such
ambiguous/distorted curves can be obtained from the second and combined
choices provided by the multivalued recognition system (described in chap-
ter 4). When there is a big building adjacent to a road, the corresponding
road portion in the image will look wider with the concrete structure pixels.
Therefore, the pixels on that road portion may not come under the candidate
pixel set; thereby resulting in a discontinuation in the candidate road patterns
|Fig. 6.4(d)]. Again, some of the candidate pixels belonging actually to the
roads may be removed during thinning process [Fig. 6.4(e)|.

To overcome these problemms, a new traversal algorithm (different from
that used in section 6.3.1) through the thinned road patterns is adopted here.
During traversal, it always looks forward to the obvious joining between the
road segments patterns. One of the inherent properties of the proposed traver-
sal procedure is that the tracing of road segments proceeds more or less in
the same direction. So to keep track of the direction, the 8-directional code
[Fig. 6.2] is used during the traversal. After analyzing the potentialities of the
pixels to be in the road segments, conceptually, 5 different potential groups

(coded by A-E) are assumed. These arc
* A: The pixels present in the thinned concrete structure patterns.
e B: The candidate concrete structure pixels removed during thinning.

e C: The pixels already traversed.

* D: Other concrete structure pixels decided either by the single or first

or second or combined choices of the multivalued recognition system
e E: The pixels not belonging to the aforementioned categories.
Obviously the pixels in group A have the highest potentiality than the pixels
in other groups to be in the road segments.
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The thinned candidate road patterns provide some broken road segments.
The middle most pixel of each of the disjoint road segments is chosen as the
starting pixel for traversing the corresponding road segment. The intention
behind this choosing is to allow the growth of the roads in all the possible

directions.

First of all, the longest thinned road segment is chosen and the traversal
begins with the starting pixel of that segment. To find the next pixel to be
traversed, 8 neighboring positions of the starting pixel are analyzed. .Onc of
the neighboring pixels with potential category A is taken for the traversal and
the directional code of the pixel with respect to the starting pixel is noted.
Other neighboring pixels which having the potential code A are marked as
reserved for the future traversal and the directional codes of the pixels with

respect to the starting pixel are also noted.

Now at any point of time, there may be many possible choices for the
next traversal depending on the potential categories of the neighboring pixels
and the current traversal direction. Twelve such situations are considered: in
our cxperiment and are shown in Fig. 6.5. These situations are arranged
in an order so that if one fails, then the next one is considered for choosing
the next traversal pixel. (One may always think of some more situations but
we restrict ourselves to these twelve cases). The current traversal directions
are shown here by thick lines, the next traversal directions are shown by
thin lines, and the intermediate movements are shown by dotted lines. The
solid circles inside a box, dotted box and solid line box represent the current,
intermediate and final traversal positions of the pixels respectively. Note that
the situations in (5) and (8)-(12) of Fig. 6.5 are considered for the possible
extension (i.e., looking forward to join the present curve segment with other
curves) of the existing curve segment, and these situations are considered in

case the pixcl-count of the current traversing curve segment is at least five.

Now a non-traversed reserved pixel is taken and the traversing of the
curve is continued assuming its directional code as the current traversing

direction. When all the reserved pixels are exhausted (and/or traversed) and
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Figure 6.5 : Various movements considered for traversing road segments.
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none of the aforementioned twelve situations [Fig. 6.5 is found, the traversing
is stopped for the present curve. The same procedure is repeated for other

isolated road segments in the scene. &

D. Use of multiple choices

It has already been mentioned earlier that one pixel may represent more
than one land cover type. As the recognition system provides multiple éhoices,
the information about all the classes present in a particular pixel can be
obtained. For completing the task of identification of road patterns, the use of
multiple choices is directly realized. Out of the twelve movements considered
[Fig. 6.5] for traversing the road segments, the movements in (5), (8)-(12) are

governed by the second and combined choices. Note that after using second

and combined choices in traversing the segments in Fig. 6.4(e), we have more

complete information as in Fig. 6.4(f).

The aforementioned traversal procedure results in narrow concrete struc-
ture curves. The curve patterns may also include some spurious wiggles and
some isolated noisy segments. These segments with insignificant lengths (< 10
pixels) are discarded from the curve patterns. The removal of the stray points
as seen in Fig. 6.4(g) makes the resultant curve patterns [Fig. 6.4(k)| further
prominent. The curve segments thus obtained represent the skeleton version
of the roads. To get the roads back from the skeletons, we now put back all
the concrete structure pixels lying in the 8 neighboring positions correspond-
ing to the pixels on the previously obtained skeletons. The final road pattern
corresponding to the image in Fig. 6.4(a) is displayed in Fig. 6.4(z). Note
that the bridges are included in the road patterns. &

E. Bridges

It may be recalled here that some narrow concrete structure regions lying

between two different water bodies were marked earlier (section 6.3) as the
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candidate regions for bridges. According to the characteristics of bridges, as
defined in section 6.2.2, the candidate regions belonging to the roads are
confirmed as the bridges. The remaining candidate regions (not belonging to

the roads) are categorized as the sandbeds. &

6.4.2 City area and township/industrial areas

The concrete structure pixels connected with the road patterns ;re now
put back to represent the eztended roadmap. To find the city area, this ez-
tended roadmap image is analyzed. The township/industrial areas are detected
from the original concrete structure patterns. The largest compact concrete
structure region with a significant size (> 625) present in the scene is referred
to as the cily area. Other dense concrete structure regions with more than

80 pixels are assumed to represent either townships or industrial areas. The

morphological dilation and erosion operations [53,55] are found very effective
to find these target areas. Before describing their detection procedures, a

short introduction to the mathematical morphology is furnished below.

A. Mathematical morphology [53,55]

Mathematical morphology is a tool for image processing which provides a
systemn of operators. This system of operators when acting on complex shapes,
decomposes them into their meaningful parts and filter out cxtraneous parts.

They also serve to highlight spatial pattern and to remove spatial noise.

The primary morphological operations are dilation and erosion. Other
morphological operations, such as opening and closing, are composed from

dilation and erosion.

Let A and B be two sets in N-space (EV) with elements a and b respec-
tively, a = (a1,as,...,an) and b = (b1, bs,...,by) being N-tuple of element



coordinates. The dilation of A by B is denoted by A@B and is defined by
ADB ={c€EV/c=a+b forsomeac A and be B} (6.1)

Here A is associated with the image underlying morphologic processing and B
is referred to as the structuring element, that shape which acts on A through

the dilation operation to produce the result AGB.

Erosion is the morphological dual to dilation. The erosion of A by B is
denoted by A®B and is defined by

A(OB =

c€EY [z+bc A for every b€ B} (6.2)

The dilation and erosion operations have been combined in a number of
ways to detect the city area and the township/industrial areas. The same
structuring element is considered throughout this paper which is of size 5x5,
all with the concrete structure pixels and origin at the centre i.e., in the

position (3,3). e

B. City area

The city area is obtained from the eztended roadmap image, as the cities
are always connected with the other significant regions in the scene by some
major roads. The dilation operation is initially applied 3 times on the ez-
tended roadmap which fills up the intermediate non-concrete structure pixels
by concrete structure pixels and results in few isolated compact concrete
structure regions. The dilation operations also expand the outer boundaries
of the obtained compact regions beyond its size. So to bring back these ex-
panded regions more or less to their previous sizes, three erosion operations
are applied with the same structuring element. Next, for deletion of all the
insignificant regions (regions with sizes less than 25x25 pixels), the erosion
operations has been applied five times. Five dilation operations bring back

the residual regions to their previous boundaries.
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After the aforesaid processing, Lhe largest compact region available in the
image is considered to represent the cily area. The other remaining compact
regions may be viewed as various township/industrial areas. As all the roads
arc not detectable from the satellite images, many township/industrial areas
may not be obtained from the exztended roadmap image. For this reason, we
used the original set of concrete structure pixels to extract them. The way of

extraction is described below. o

C. Township/industrial arcas

Various dense concrele structure regions with a moderate size (> 80 pix-
cls) are considered here as township/industrial arcas. From the original set
of concrete structure pixels, the sandbed pixels are first of all discarded. The
concrete structure pixels belonging to the city area are also dcleted from the
concrete structure pattern set. The erosion operation is applied twice on this
concrete structure pattern image, which results in deletion of all the concrete
regions with size less than 9x9. Now the dilation operation is applied four times
to replace some of the intermediate non-concrete structure pixels by concrete
structure pixels. Then the erosion operation is applied twice to bring back
the various isolated concrete structure regions more or less to their previous
sizes. The residual compact concrete structure regions are categorized as the
township/industrial arcas. o

D. Some remarks

It is to be mentioned here that the minimum width of the road that can be
detected by the proposed algorithm is decided by the pixel resolution of the
image. In the present case, it is 36.25m (i.., 1 pixel). The maximum width of

the road has been considered here to be 3 pixels i.e., 108.75m. Similarly a beach

arca, as we considered, co s of minimum 25 pixels; the city area consists of

minimum 625 pixels; the township area consists of minimum 81 pixels. These
ill-defined object regions do not have any restriction on their maximum sizes.
Note that the aforesaid restrictions are decided heuristically and can always be
modified according to needs. &
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6.5 Implementation and Results

Data sets : The data used for the present work are acquired from Indian
Remote Sensing Satellite (IRS). The IRS data is obtained through satellite IRS-
1A which has been launched from a cosmodrome at Baikanaur, in the republic
of Kazhakstan in the USSR in March, 1988. This is a circular sun-synchronous
satellite, rotating around the earth at the rate of 14 orbits per day, at an altitude
of 904 km and a repetition cycle of 22 days [265). This satellite is equipped
with two different sensors: LISS-1 and L1SS-11. L1SS-1 has a resolution of
72.5mx72.5m while LISS-11 has a resolution of 36.25mx36.25m. Data used
for this work was obtained from LISS-11 sensor. LISS-1T has a focal length of
324.4m with the spectral range between 0.45um — 0.86um (micrometer). The
radiometric resolution is 128. The whole spectral range has been decomposed
into four bands namely blue (0.45um — 0.52um), green (0.52um — 0.59um), red
(0.62um — 0.68um), and infrared (0.77um — 0.86um) [265]. o

To demonstrate the effectiveness of the proposed methodologies, these have
been implemented on some IRS image frames corresponding to various scenes
in India. The results were found to be quite satisfactory in all the cases. The
results are demonstrated here on two of these IRS frames. These two frames
represent two major cities in India, namely Bombay and Calcutta. The image
frames of Bombay and Calcutta were taken on 28th January, 1990 and 27th
November, 1989 respectively. Each of these frames consists of 512 rows and
512 columns. For every scene, we have images corresponding to four spectral
bands. Since the green and infrared images were found to be more sensitive
than other band images to discriminate various land cover types [242], these
two band images have been used as features here. Figures 6.6(a)&(b) show the
green and infrared band images respectively of the city Bombay. The green
and infrared images of Calcutta are shown in figures 6.7(a)&(b) respectively.
In these input band images, the numbers, as mentioned with the 16 different
gray labels, represent the actual values by the corresponding gray values in the
displayed images.

The multivalued recognition system (described in chapter 4) has been ap-
plied on each of the IRS image frames to classify its pixels into six classes,
namely pond water, turbid water, concrele slructure, habitation, vegetation and
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Figure 6.7(a) : IRS Calcutta Band-2 (green) image.
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Figure 6.7(b) : IRS Calcutta Band-4 (infrared) image.
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open space. The classified Bombay and Calcutta images are shown in figures
6.8(a)&(b) respectively. As the recognition system is multivalued, a pixel may
be classified into more than one class. In the clustered images 6.8(a)&(b), each
of the pixels reflects only the class having maximum similarity value. This is
shown for the convenience of representation.

The huge turbid water bodies [IFig. 6.8(a)], above which the Bombay city is

situated, represent the Arabic sea. The vertically elongated turbid water body
[Fig. 6.8(b)], which bisects the Calcutta image frame, corresponds to the river
Ganges. The concrete structure pixels (only in the single and first choices) of
Bombay and Calcutta frames are shown in figures 6.9(a)&(b) respectively. It
is to be mentioned here that the concrete structure pixels provide the useful
information for detecting various ill-defined object regions. To visualize the
concept of multivalued classification, the concrete structure pixels in single, first
and other (second and combined) choices are displayed in figures 6.10(a)&(b)
corresponding to Bombay and Calcutta scenes respectively.

Various ill-defined object regions, namely roads, bridges, islands, sandbeds,
beaches, cily area, township/industrial areas etc. are then detected from the
clustered images. The detected sandbeds, islands and beaches in Bombay frame
arc shown in Fig. 6.11(a). There is no beach or island in the Calcutta frame.
Thus, only the sandbeds in Calcutta image are displayed in Fig. 6.11(). The
sandbeds which arc completely surrounded by water bodies, the islands and the
beaches are marked with whitc boundaries in the above figures. The roads of
Bombay and Calcutta are shown in figures 6.12(a)&(b) respectively. The bridges
are shown (marked with dark boundaries) in the roadmap images. The detected
city areas and township/industrial areas in Bombay and Calcutta frames are
displayed in figures 6.13(a)&(b) respectively. In order to provide better idea of
locations (or better reference) of various detected objects, the water bodies are
always shown in all the image frames.

To illustrate the performance of the system in detecting various target

regions, some of the important findings are listed below:

e Two nearby beach areas [Fig. 6.11(a)] detected from the Bombay image

frame correspond to a single beach, known as Jhuhu beach.
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Figure 6.9(a) : Concrete structures in single and first choices of IRS
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Figure 6.9(b) : Concrete structures in single and first choices of IRS
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Figure 6.11(b) : Sandbeds with water bodics in IRS Calcutta image.
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Figure 6.13(a) : City & township/industrial areas in IRS Bombay image.

251



City Township/

Area Industrial Arca

. )

Water Others

B =
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All the major roads in both Bombay and Calcutta images have been found
to be detected [figures 6.12(a)&(b)].

Out of 4 bridges as identified [Fig. 6.12(a)] from the Bombay scene, the
largest onc corresponds to the Vashi bridge. The others are three small
road bridges, one of them is a railway bridge.

Two bridges detected [Fig. 12(6)] from the Calcutta scene correspond to
the Howrah and Vivekananda bridges respectively.

The city area as identified [Fig. 6.13(b)] from the Calcutta frame includes
two major cities, namely Calcutta and Howrah, lying opposite sides of
the river Ganges and they arc connected by Howrah bridge. According
to our definition of the city area (provided in section 6.2.2), these two are
identified under one city.

(Note that the experiment showing the percentage of pixels belonging to each
one of the land use categories is an claborate time consuming process and this
has not been done here. We did not have also the opportunity to verify the re-
sults with any human photointerpreter. We have visually checked the detected
regions (general structures and locations) with the corresponding geographical

maps.

The major credit for the exact detection of the aforementioned targets is
duc to the recognition system providing multiple choices for making decision.
It is to be mentioned here that some experiments [257-259] have already been
carried out on the Calcutla image frame. The results obtained by the present
method are found to be significantly improved over the earlier ones. For exam-
ple, most of the pixels on the Howrah bridge [Fig. 6.7(a)&(b)] were classified
by them [257-
valued recognition system (described in chapter 4) have been able to recognize

9] as turbid water instead of concrete structure, but the multi-

them correctly by the single and first choices. The classification accuracy of
our recognition system is not only found to be better, but also its ability of
providing multiple choices in making decisions is found to be very cffective in
detecting/analyzing various ill-defined targets from IRS images. &
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7.1 Conclusions

We have presented in this thesis some results of investigation, both the-
oretical and experimental, that demonstrate the effectiveness of the theory
of fuzzy sets in formulating some methodologies for handling uncertainties
(which may arise from imprecise, incomplete and linguistic input informa-
tion, and overlapping/ill-defined class boundaries) in certain tasks of pattern
recognition. Initially, a procedure for providing multivalued (fuzzy) shape of
a pattern class from its sampled points has been described. Then the design
aspects of two multivalued recognition systems are presented along with the
theoretical analysis of their performances. The effectiveness of the proposed
systems has been demonstrated on some artificially generated pattern sets as
well as some data sets relating to real life problems such as speech recognition

2cl regions.

and remote sensing image analysis for identifying ill-defined ob;

The concept of fuzzy sets has been found to be appropriate in deter-
mining the multivalued shape/boundary of a pattern class from its sampled
points. In estimating the shape, the portions not covered by the sampled
points are assigned some fuzzy membership values denoting the degrees of
their belongingness to the actual class. Therefore, unlike the conventional
approaches the proposed method does not attempt to provide crisp boundary
from incomplete sample set. The effectiveness of the methodology has been
demonstrated on some artificially generated data sets (in R? and R*) and
also on the real life speech data. The multivalued shapes can be converted to
the usual crisp versions by considering only the feature points with
possibility value(8) > 0.5 to be within the classes. The convergence of the
estimated shape to the original one has been verified both experimentally and
analytically. In this context, a new metric has been defined which can be used

to find the similarity between any two finite sets.
The parameters (like accuracy factor, coverage factors etc.) required for
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determining the shape of a class are determined automatically from the sampled
points. One of the major underlying features of the procedure is that any
pattern class can be represented as a collection of some nearly parallelepiped
shaped subclasses. This concept has been found to be very useful in developing

a multivalued recognition system (described in chapter 4).

As mentioned in chapter 2, the complexity of the algorithm for determining
the multivalued shape of a pattern class increases exponcntially with the di-
mension (N) of the feature space. Again, it is very difficult to use the Hausdorff
metric as well as the newly defined metric sim to verify the goodness of the
estimated shape of a pattern class for higher dimensions (N > 3). It becomes
computationally expensive for its implementation in higher dimensional feature

spaces, although we could formulate the algorithm for any dimension.

The multivalued recognition systems (described in chapters 3 and 4) have
the flexibility of accepting various imprecise input patterns and of providing
multi-state output decisions in natural (linguistic) form along with their confi-
dence values. One of them considers three linguistically phrased property sets
(namely small, medium and high) at the input so that each feature information
can be viewed to have these properties to some degree. As a result, the entire
feature space is decomposed into 3V (N being the number of features) overlap-
ping space subdomains, thereby providing more local information of the feature

space for making decisions.

The second system, on the other hand, considers decomposition of the
entire feature space into some (not predefined or fixed as in the previous case)
overlapping space subdomains depending on the geometric structure and the
relative position of the pattern classes found in the training samples. It provides
improved performance. Although the system is trained (unlike the previous
case) with deterministic data, it can handle various imprecise input information

in the recognizing (testing) phase.

Both the recognition systems have the capability of discriminating the over-

lapping, non-overlapping and no-class (null choice) regions of the feature space
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by providing output decisions in multiple states. The single choices correspond
to the non-overlapping regions, wherecas the overlapping regions are reflected
by the combined and first-second choices. 'I'he null choices reflect the portions
outside the pattern classes and/or the portions of the pattern classes uncovered
by the training samples. With the increase in the size of the training samples,

the estimates of these regions tend to their actnal sizes.

Based on an experiment with artificially generated pattern sets, it has
been observed that the Bayes decision boundaries always lie within the com-
bined choice region of the recognition system (chapter 4). Among the wrong
choices made by the Bayes classifier, a part is scen to be corrected by the single
and first choices of the proposed system. The remaining portion is found to be
distributed among the combined and second correct choices. The multivalued
recognition system has, therefore, a provision of improving its cfficiency signif-
icantly by incorporating the combined and sccond choices under the control of

a supervisory scheme.

Note that the effectiveness of most of the statistical classifiers (e.g., Bayes
classifier) depends on the distribution functions of the pattern classes. If the
classes are of regular shape and if the distribution functions can be obtained
accurately, the Bayes classifier gives similar performance with the proposed
systems, although the output decisions of our systems showing multiple choices
are more natural and justified. When the classes are not of regular shape,
it is extremely difficult to find their distribution functions. In such cascs, the
densities may be estimalted by some non-parametric methods for the application
of Bayes classifier. On the other hand, the distribution functions of the classes
need not be known to apply the proposed systems and the systems can be
applied to a wide range of situations. The only assumption made is that the

training samples, more or less, should represent the classes.

Again, the recognition system (described in chapter 3) has been programmed
considering only three primary properties small, medium and high. Incorpora-
tion of additional subset properties (c.g., very small, more or less small etc.)

will definitely improve the system performance because it will lead to reduction
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in the impreciseness in input information by generating more subdomains in the
feature space. For example, if we include another property very small, say, it
will result in 4V space subdomains. Again, the primary properties considered

need not necessarily be the same for all the features.

The effectiveness of the multivalued recognition systems has been demon-
strated on two rcal lifc problems namely, recognition of vowel sounds (in the
consonant-vowel-consonant context) and analysis of satellite image for identi-
fying ill-defined object regions. Speech is a pattern of biological origin and the
pattern manifests a considerable amount of fuzziness. It has been observed that
the confusion in recognizing a sample lics, in genecral, only with the neighbor-
ing classes constituting a vowel triangle. Similar findings were also obtained
with previous investigations [26,139,235,236] which considered only determinis-
tic input/output. The overall recognition score is seen to be better than those
obtained in [26,139,235,236].

The regions in a satellite imagery arc ill-defined becausce of grayness and
spatial ambiguities (including pixel resolution). For analyzing these regions,
the multivalued recognition system has initially been applied to classify (based
on the green and infrared band information of the image) the image pixels into
six classes corresponding to six land cover types namely, pond water, turbid
water, concrete structure, habitation, vegetation and open space. The clustered
images are processed further for detecting various object regions namely, roads,
bridges, islands, sandbeds, city arca, township/industrial areas. In order to
detect certain targets, some spatial knowledge about them and their inter-
relationships have been incorporated in the algorithms using some heuristic
rules. The rules have been formulated keeping in view the Indian environment

and the pixel resolution of IRS images which is 36.25m x36.25m.

The concept of multiple choices of the recognition system is found to be
very effective for detecting the road patterns from concrete structure pixels.
Because of the low pixel resolution of the remotely sensed images, many portions
of the roads were not classified as concrete structures. In order to identify them,

a traversal algorithm through the detected road pixels has been developed where
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some of the movements are governed by only the second and combined choices
of the multivalued recognition system. Some morphological operations were
used on the clustered image for locating the city and township/industrial areas.
The results are found to agree well with the ground truths when the scenes of

Bombay and Calcutta were considered as input.

In case the image frame consists of other classes like deserts, hilly areas,
snowy regions ctc., one needs only to include some training samples of these
classes. lo implement the proposed algorithms on other satellite imagery, like
LAND-SAT, SPOT, Thematic Mapper (TM) etc., the heuristic rules adopted
for the IRS image are to be modified according to their pixel resolutions. The
investigation on IRS imagery can find several real life uses such as cstimating the
damage caused by natural disasters like flood, estimating the depleting forest
arca, planning the construction of a city from the roadmap and for defense

purposes. @

7.2 Scope of Further Research

A suitable transformation of the fcaturc axes may be sometimes very effective
in determining the shape of a pattern class. For example, it will be convenient to
determine the shape of a rectangular class if its axes of symmetry are parallel
to the co-ordinate axes. So the proposed shape determining proccdure can
be extended by incorporating a suitable transformation of the feature axes, if
necessary for a class. The value of the accuracy factor (6,) has been decided
based on only the size (t) of the training samples. The distribution of the

sampled points in the feature space may also be considered in this regard.

The shapes of the space subdomains (in the multivalued recognition sys-
tems) are all considered to be parallelepiped. If it is possible to consider vari-
ous shapes (not restricting only to parallclepiped) relating the geometry of the
classes, the performance may be improved in many cases. Again, the problem

of developing a supervisory scheme for incorporating the second and combined
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choices should be dealt with for further improvement of the performance. The
concept of generalized guard zone algorithm [29] can be considered in this re-
gard. There is also a scope to make the system adaptive. In this context, one
can think of the neural network implementation [209,210] of the underlying con-
cepts of the recognition systems. As the methodologies (described in chapters
2, 3 and 4) find difficultics from practical point of view in their implementation
in higher dimensional feature spaces, there is a scope of future work to reduce

such difficulties.

For IRS image analysis, the gray level distributions are not, in gencral,
same for different. image frames and so different sets of training samples are
needed for processing them. The variation in gray value distribution is due
to many factors like the temperature difference, the seasonal variation, the
pollution etc. One may therefore find a model to overcome the effect of these
factors in order to use the same set of training samples for different image
frames. Moreover, one may attempt in developing a knowledge based system

for efficient identification of target regions from satellite imagery.

Finally, the computational complexity of all the proposed methodologies

needs to be analyzed. &
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