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Abstract

Ensuring reliable sensing coverage is a fundamental challenge in wireless sensor networks
(WSNs), particularly when multiple sensors are monitoring each location to provide ro-
bustness against node failures. In this work, we address the problem of deterministic
k-coverage in planar WSN by proposing a hierarchical triangular lattice-based deploy-
ment strategy that organizes sensor locations across different refinement levels and
guarantees coverage of every point in the sensing domain by at least k sensors. Each
lattice is three-colorable, and selective activation of color classes ensures adjustable
coverage guarantees. We prove that activating a single color class at refinement level
t guarantees at least 4‘-coverage inside a triangular region. Using a base-4 decomposi-
tion of the required coverage level k, we construct a deployment scheme that achieves
arbitrary k-coverage while minimizing the number of sensors. For finite irregular hexag-
onal (IRH) domain, we drive closed-form expressions for the exact number of sensors
and minimum sensor spacing required to ensure k-coverage. Analytical comparison
with existing IRH edge-overlap, IRH inner-diamond and square-band based deploy-
ment strategies show that the proposed method either reduces the required number of
sensors or increases the minimum sensor spacing while maintaining the similar coverage
guarantees. The analytical results are also validated against extensive simulations. The
proposed framework provides a constructive and scalable approach for efficient sensor

deployment in large-scale wireless sensing systems.
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Chapter 1

Introduction

The deployment of sensors in a wireless sensor network (WSN) for uses like environmen-
tal monitoring has received a lot of attention lately. Nowadays, WSNs are a reality,
and by 2029, global Internet of things (IoT) connections are expected to reach over
38.9 billion [1]. WSN consists of numerous small, low-power sensor nodes equipped
with sensing units, transceivers, actuators, limited on-board processing capabilities,
and wireless communication functionality [13, 2]. These nodes collaboratively collect,
process, and transmit data from their surrounding environment [5]. WSN technology
has many advantages over traditional networking technologies, including cheaper costs,
scalability, precision, dependability, flexibility, and ease of deployment, which allow it
to be used in a variety of different applications [5]. As technology develops and sensors
become more intelligent, compact, and affordable, billions of wireless sensors are being
used in many applications. The environment monitoring, healthcare, and security are
a few possible application areas [10, 11, 9]. Sensor nodes can be used in the military
to find, track, or identify hostile movements. Sensor nodes have the ability to perceive

and detect their surroundings in order to predict natural disasters before they happen.

The monitored environment significantly influences the network’s size, topology, and
deployment strategy. Note that a sensor has a fixed sensing area and a limited lifetime
[12]. However, a sensor may not function properly due to certain technical issues or
unavoidable conditions. In those cases, we cannot solely depend on a particular sensor.
As a result, we have to go for the multiple coverage and in general k-coverage [14], where
each point in the field of interest (FOI) must be covered by at least k sensors. Note
that the choice of £ depends on the application at hand. More severe reliability needs
are represented by higher values of k, whereas less demanding ones are represented by

lower values [15].



A point in the FOI is covered by a sensor if the point lies within the sensing radius
of that sensor. Many applications need that at least k sensors, where k is a positive
number, cover every point in the FOI. In 1-coverage, each point in the FOI is covered
by at least one sensor. In general in k-coverage, k > 1, each point in the FOI is covered
by at least k different sensors. It should be noted that the application for which this
WSN is being built determined the value of k. Here, k-coverage is necessary for several
applications, including intrusion detection and battlefield surveillance, which helps to

increase data availability to assure improved robustness.

To cover a specific FOI, the authors in [4] suggested a bound on the sensor density.
A sensor deployment approach was proposed in [3], wherein the sensors were placed
inside regular hexagons randomly with a specific side length to cover the entire region,
which results in unnecessary wastage of resources. Furthermore, sensor mobility may
be required to achieve a specific type of coverage called on demand k-coverage, which
requires the sensors to move within a FOI and k-cover them. Regardless of the type of
coverage requested by the sensing application, it is essential to lower the total number

of active sensors in order to k-cover the FOI.

The coverage problem is similar to the tiling problem, a simple yet difficult problem in
elementary geometry on the Euclidean plane. Deploying k sensors on each of the chosen
places after obtaining the 1-coverage is one method of reaching k-coverage. However,
from an application perspective, this method is not recommended because sensors need
to maintain a minimum distance from one another. This is due to the fact that in
such a deployment, all of these colocated sensors will not function if a problem occurs
at some point. Therefore, optimizing this minimal space between sensors is crucial in

addition to lowering sensor density.

The authors in [7] consider a diamond shape area and place k sensors inside it. This
provides k-coverage to an irregular hexagonal (IRH) area. They then use that IRH
to tile the entire triangular lattice. In order to cover the entire region, the study
in [3] proposed a sensor deployment strategy in which k sensors were positioned at
the common edge of two neighboring regular hexagons with a given side length for
k-covering an irregular hexagonal block. They then tile the entire lattice using that
block. The authors of [8] considered a square tessellation of the FOI and sensors with
heterogeneous sensing radii for k-coverage of a diamond-shaped block. The diamond-
shaped block is then used to tile the FOI.

In order to cover the entire region, the study in [3] proposed a sensor deployment
strategy in which k sensors were positioned at the common edge of two neighboring

regular hexagons with a given side length for k-covering an irregular hexagonal block.



They then tile the entire lattice using that block. The authors of [8] considered a square
tessellation of the FOI and sensors with heterogeneous sensing radii for k-coverage of
a diamond-shaped block. The diamond-shaped block is then used to tile the FOI.
The existing k-coverage deployment strategies exhibit an inherent tradeoff between
sensor density and sensor spacing. In [3] and [7] the suggested deployment achieves
k-coverage by concentrating sensors within increasingly compact regions, which leads
to severe sensor clustering and rapidly decreasing minimum sensor spacing. On the
other side, deployment suggested in [8] preserves larger spacing but the resulted sensor

density depends heavily on the ratio of maximum and minimum sensing radii.

Motivated by these limilations, we propose a unique deterministic and structured sen-
sor deployment strategy for achieving k-coverage in planar wireless sensor networks.
The proposed method is based on a triangular lattice structure, which is refined across
multiple levels to control coverage. By exploiting the three-colorable property of the tri-
angular lattice [6], we show that each refinement level contributes coverage at a different
scale. These contributions are combined using a base-4 representation of the required
coverage k, allowing flexible and precise control over coverage. To make sure that
sensors placed at different refinement levels maintain sufficient spacing, we proposed
a centroid-based approach to connect different refinement levels together to provide
k-coverage. This ensures non-overlapping multi-level deployment without compromis-
ing the coverage guarantee while maintaing sufficient sensor spacing. We derived the
closed-form expression for the number of sensors and the minimum sensor spacing re-
quired to achieve k-coverage over a certain finite IRH as a FOI. The derived expressions
are also validated against extensive simulations. We compare our proposed deployment
strategy with three current existing benchmarks [3] [8] [7] in terms of the number of
sensors needed, sensor density, and minimum sensor spacing. We find that our approach

either produced less sensor density or more sensor spacing in comparison to them.

Section 2 introduces the necessary definitions and presents the system model. In Section
3, we present the method for selecting refinement levels and its corresponding color
classes. In Section 4, we propose the centroid based hierarchical sensor deployment
strategy. Furthermore, in Section 5, we derive the expressions for sensor density and
sensor spacing requirements. In Section 6, we derive the closed-form expressions for
the number of sensors for k-coverage for a specific irregular region, and Section 7
compares our proposed approach with the existing benchmarks. The numerical results

are presented in Section 8, and concluding remarks are given in Section 9.



Chapter 2
System Model and Preliminaries

This section introduces key terminologies and the network model utilized throughout
the work.

2.1 Definitions

(Regular polygon) : A regular polygon is a closed, planar figure bounded by a finite
number of straight line segments of equal length, with all interior angles being equal.
(Regular polygon tiling) : A tiling, or tessellation, of the Euclidean plane is a collec-
tion of sets (tiles) that cover the plane without gaps or overlaps. When the tiles are

exclusively regular polygons, the configuration is termed a regular polygon tiling.

(Irregular polygon H(z,z,y)) : An irregular polygon H(z,z,y) is a lattice-aligned
hexagon that is symmetric around the horizontal axis and made up of equilateral tri-

angular units with alternating side lengths «x, z, and y an illustrated in Fig 3.1.

(Irregular polygon tiling) : A tessellation of the Euclidean plane using irregular poly-

gons without gaps or overlaps.

(Cover set) : A cover set for the Euclidean plane is a collection of regular (irregular)
polygons such that every point in the plane lies within at least one polygon in the
set. (k-coverage set) : A cover set is defined as a k-coverage set if every point in the
trianguler lattice is within the sensing range of atleast k different sensors. (Sensing
range) : The sensing range of a node is defined as the circular region of radius r around
it, within which the sensor can reliably monitor a specified physical or environmental
attribute. (Communication range) : The communication range for a sensor node is
the maximum possible distance over which it can have a direct, reliable communication

link with another node in the network.



(Adjacent polygons) : Two irregular polygons with identical parameters are considered

adjacent if they share a common edge.

(Overlapping polygons) : Two irregular polygons of identical parameters are considered

overlapping if the intersection of their interior regions is non-empty.

[Triangular lattice] A triangular lattice is a regular arrangement of points in the plane
such that the points form a tiling of equilateral triangles, with each point having six
equidistant neighbors. We consider a hierarchy of lattices {L;} obtained by uniform

refinement.

[3-colorability] A triangular lattice is three-colorable if its vertices can be assigned
three colors such that no two adjacent vertices share the same color. Equivalently, each
triangle has one vertex of each color. The coloring is invariant under permutation of

colors.

[Color classes| The vertices of a three-colorable triangular lattice can be partitioned into
three disjoint sets, called color classes, denoted by A, B, and C. Each class contains
vertices of the same color, and activating a class corresponds to placing sensors at its

vertices.

In this section, we propose a sensor deployment strategy to provide k-coverage re-
quirements over a finite planar domain. In this context, we adopt a geometry-based
deterministic approach instead of random deployment. Let us consider that H(x, z,y)
be a FOI, and we embed it onto a triangular lattice such that all six vertices of it
coincide with lattice vertices. The side length of this hexagon will be determined using
lattice parameters corresponding to the dimension of H(x, z,y). Now, the triangular
lattice structure is refined hierarchically across multiple levels, where each refinement
increases the density of lattice vertices. In a triangular lattice, sensors are positioned
at specific lattice vertices at various refinement levels to make use of the three colorable

structures in accordance with the necessary coverage k.

2.2 Network Model

We consider H(z,z,y) as a FOI that is covered by a tessellation of equilateral triangles
with side rg. Let Ly represent the coarse (level-0) triangular lattice and a 3-coloring
(1, 2, 3) of it, with side length of triangle ry, as shown in Fig. 3.2. Therefore, to
provide complete k-coverage may require different refined levels of a triangular lattice.
For each integer ¢ > 1, we obtain a refined lattice L; by subdividing each side of the
triangle in Lo into 2! equal parts. That result in getting a different refined level lattice

r
with a triangle side length of a; = 2—2. Let L; represent level-1 triangular lattice and



a 3-coloring (colors a, b, c) of it, with side length of triangle %', as shown in Fig. 3.3.

Note that all sensors are assumed to be homogeneous with a sensing radius of R = ry,

and they will be placed only at lattice vertices of one or more refined levels.

2.3 Single Layer Sensor Deployment

Let T be an equilateral triangle of side length rg. If a sensor with a sensing radius

R = rq is placed at any point within 7', then each point of T' is covered by that sensor.

The farthest point in 7" from any vertex is the opposite vertex at a distance of rg. Since
the sensing radius is R = 7, so every point in triangle 7" is within the sensing range
of each active sensor. Therefore, the coverage equals the number of active sensors in

triangle T

Limitation of Single Layer Deployment. If sensors are placed at a single lattice
level L; only, the achievable coverage k is limited by the number of active color classes
in L;. In particular, activating zero, one, two, or three color classes in L; yields to zero,

4t 2.4' and 3 - 4%, coverage respectively.

Thus, the possible coverage values are restricted by

{0, 4%, 2-4', 34"},

This suggests that a single lattice cannot be sufficient for any arbitrary value of k and
only offers limited control over k-coverage. For instance, with single lattice level we

can’t give coverage k = 5, 6, or 7.

Activating a single color class (A) on a refinement level L, guarantees at least 4
coverage everywhere within each coarse triangle of side 7y, and activating two (A,
B) and three (A, B,C) color classes guarantees 2 x 4'-coverage and 3 x 4'-coverage,

respectively.
Consider a coarse triangle T' € Lg with side length ry.

1. Subdivision: At refinement level ¢, each side of T is subdivided into 2! equal
segments. This geometric subdivision results in the creation of (2¢)? = 4! smaller

equilateral triangles of side length a; = 3 within 7.

2. Vertex Density and Coloring: The triangular lattice is three-colorable, meaning

its vertices can be partitioned into three disjoint sets A, B, and C. In a refined

lattice Ly, the total number of vertices associated with the area of a single coarse



triangle T increases quadratically. Specifically, each color class contributes exactly

4 vertices that lie within or on the boundary of the coarse triangle T'.

3. Coverage Invariance: Every sensor placed at any vertex of L; maintains a constant
sensing radius R = rg. According to Lemma 1, any sensor located at a vertex
of the refined lattice L; that is within or on the boundary of T covers the entire

area of T' because its distance to any point p € T is < 7.

4. Single Class Activation: By activating a color class, we place 4 sensors such that

each one covers every point in 7'.

5. Multi-class Activation: Since the color classes A, B, and C' are disjoint, activating
all three classes is equivalent to summing their individual coverage contributions.
Therefore, by activating one, two and three color classes we get the guaranteed

k-coverage for k = 4%,2 x 4%, 3 x 4!, respectively.
This concludes the proof.

This theorem encourages the use of several refinement levels, each of which provides

coverage at a different scale, allowing to achieve k-coverage for any k.

2.4 Multi-layer sensor deployment

For every positive integer k > 1, there exists a finite selection of color classes across a
finite set of refinement levels {L; | t = 0,1,...,T} such that placing sensors only at the

selected lattice vertices guarantees at least k-coverage everywhere in the domain.

We know that every positive integer k£ can be uniquely expressed in base 4 as

T

k=Y d4,  d€{0,1,2,3}. (2.1)
t=0

From Theorem 3.2, for each refinement level L;, choose exactly d; color classes among
{4, B,C} and place sensors at every vertex of the chosen colors. If d; = 0, no vertices

are selected from L;.

By Theorem 1, each chosen color class on £; contributes at least 4% to the minimum

guaranteed coverage. Summing these contributions over all levels yields
T
Guaranteed coverage > Z it =k,
t=0

where T is the number of refinement levels.



Computing Finite Refinement Depth 7: The number of refinement levels depends

on the required coverage k.

For a given k, we construct refinement levels up to

T = |log, k| . (2.2)

Thus, the deployment uses the collection of different refined lattices {Lg, L1,..., L1},
where lattice Ly represents a triangular lattice structure with vertex spacing ro/27.
Thus, every integer k is realizable by an appropriate selection of color classes across

refinement levels as described below.
Selecting refinement levels and color classes: Given a desired coverage level k:
1. Express k in base 4 as k = ZtT:o di4t, with d; € {0,1,2,3}.

2. For each t, activate d; distinct color classes on L; (e.g., choose A, B, C in order

as needed).
3. Place sensors at every vertex of the selected color classes.

It is now evident that the superimposition of the selected refinement levels and their
corresponding color classes will guarantee the k-coverage everywhere in the interior of

the domain.

However, if multiple lattice levels are directly overlaid, some vertices from different re-
finement levels may coincide. In such cases, multiple sensors would need to be placed at
the same location, which is undesirable and leads to inefficient deployment. To support
this, in the following section, we propose a centroid-based hierarchical superimposition
strategy. Our objective is to provide a superimposition such that the minimum distance

Odmin between any two sensors is as large as possible.



Chapter 3
Proposed Strategy

In this section, we propose a sensor deployment strategy to provide k-coverage re-
quirements over a finite planar domain. In this context, we adopt a geometry-based
deterministic approach instead of random deployment. Let us consider that H(zx, z,y)
be a FOI, and we embed it onto a triangular lattice such that all six vertices of it
coincide with lattice vertices. The side length of this hexagon will be determined using
lattice parameters corresponding to the dimension of H(x, z,y). Now, the triangular
lattice structure is refined hierarchically across multiple levels, where each refinement
increases the density of lattice vertices. In a triangular lattice, sensors are positioned
at specific lattice vertices at various refinement levels to make use of the three colorable

structures in accordance with the necessary coverage k.

3.1 Network Topology

We consider H (z, z,y) as a FOI that is covered by a tessellation of equilateral triangles
with side rg. Let Ly represent the coarse (level-0) triangular lattice and a 3-coloring
(1, 2, 3) of it, with side length of triangle ro, as shown in Fig. 3.2. Therefore, to
provide complete k-coverage may require different refined levels of a triangular lattice.
For each integer ¢t > 1, we obtain a refined lattice L; by subdividing each side of the
triangle in Lo into 2¢ equal parts. That result in getting a different refined level lattice
with a triangle side length of a; = %. Let L; represent level-1 triangular lattice and
a 3-coloring (colors a, b, c) of it, with side length of triangle %', as shown in Fig. 3.3.
Note that all sensors are assumed to be homogeneous with a sensing radius of R = rq,
and they will be placed only at lattice vertices of one or more refined levels. In the
following subsection, we will discuss a novel sensor deployment strategy for different

layers.



Figure 3.1: Finite FOI H(z, z,y)

3.2 Single Layer Sensor Deployment

Let T be an equilateral triangle of side length rg. If a sensor with a sensing radius

R = rg is placed at any point within 7', then each point of T is covered by that sensor.

The farthest point in 7" from any vertex is the opposite vertex at a distance of rg. Since
the sensing radius is R = rg, so every point in triangle 71" is within the sensing range
of each active sensor. Therefore, the coverage equals the number of active sensors in

triangle T'.

Limitation of Single Layer Deployment. If sensors are placed at a single lattice
level L; only, the achievable coverage k is limited by the number of active color classes
in L;. In particular, activating zero, one, two, or three color classes in L; yields to zero,

4% 2.4' and 3 - 4%, coverage respectively.

Thus, the possible coverage values are restricted by

{0, 4%, 24", 3-4"}.

This suggests that a single lattice cannot be sufficient for any arbitrary value of k and

10
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Figure 3.2: Lg: 3-coloring (colors 1, 2, 3) of triangular lattice with side rg

only offers limited control over k-coverage. For instance, with single lattice level we

can’t give coverage k = 5, 6, or 7.

Activating a single color class (A) on a refinement level L; guarantees at least 4!-
coverage everywhere within each coarse triangle of side 7y, and activating two (A,
B) and three (A, B,C) color classes guarantees 2 x 4'-coverage and 3 x 4'-coverage,

respectively.
Consider a coarse triangle T' € Lg with side length ry.

1. Subdivision: At refinement level ¢, each side of T is subdivided into 2! equal
segments. This geometric subdivision results in the creation of (2t)? = 4! smaller
ro

equilateral triangles of side length a; = 5} within 7'

2. Vertex Density and Coloring: The triangular lattice is three-colorable, meaning
its vertices can be partitioned into three disjoint sets A, B, and C. In a refined
lattice Ly, the total number of vertices associated with the area of a single coarse
triangle T" increases quadratically. Specifically, each color class contributes exactly

4t vertices that lie within or on the boundary of the coarse triangle 7.

3. Coverage Invariance: Every sensor placed at any vertex of L; maintains a constant

sensing radius R = rg. According to Lemma 1, any sensor located at a vertex

11



AYAYAYAYAVA
IVAVAVAVAVAY,

Figure 3.3: L;: 3-coloring (colors a, b, c) of triangular lattice with side %

of the refined lattice L; that is within or on the boundary of T covers the entire

area of T' because its distance to any point p € T is < ry.

4. Single Class Activation: By activating a color class, we place 4 sensors such that

each one covers every point in T'.

5. Multi-class Activation: Since the color classes A, B, and C' are disjoint, activating
all three classes is equivalent to summing their individual coverage contributions.
Therefore, by activating one, two and three color classes we get the guaranteed

k-coverage for k = 4%,2 x 4%, 3 x 4!, respectively.
This concludes the proof.

This theorem encourages the use of several refinement levels, each of which provides

coverage at a different scale, allowing to achieve k-coverage for any k.

3.3 Multi-layer sensor deployment

For every positive integer k > 1, there exists a finite selection of color classes across a
finite set of refinement levels {L; | t =0, 1,...,T} such that placing sensors only at the

selected lattice vertices guarantees at least k-coverage everywhere in the domain.

12
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Figure 3.4: Superimposition of L; and Ly with all 3 color classes selected at both
refinement levels

We know that every positive integer k£ can be uniquely expressed in base 4 as
T
k=) d4',  d €{0,1,2,3}. (3.1)
t=0

From Theorem 3.2, for each refinement level L;, choose exactly d; color classes among
{4, B,C} and place sensors at every vertex of the chosen colors. If d; = 0, no vertices

are selected from L;.

By Theorem 1, each chosen color class on £; contributes at least 4! to the minimum

guaranteed coverage. Summing these contributions over all levels yields
Guaranteed coverage > Z dat = k,
where T is the number of refinement levels.
Computing Finite Refinement Depth 7: The number of refinement levels depends

13



on the required coverage k.

For a given k, we construct refinement levels up to

T = |log, k| . (3.2)

Thus, the deployment uses the collection of different refined lattices {Lg, L1,..., L7},
where lattice Ly represents a triangular lattice structure with vertex spacing ro/2%.
Thus, every integer k is realizable by an appropriate selection of color classes across

refinement levels as described below.
Selecting refinement levels and color classes: Given a desired coverage level k:
1. Express k in base 4 as k = Y1, di4?, with d; € {0,1,2,3}.

2. For each t, activate d; distinct color classes on L; (e.g., choose A, B,C in order

as needed).
3. Place sensors at every vertex of the selected color classes.

It is now evident that the superimposition of the selected refinement levels and their
corresponding color classes will guarantee the k-coverage everywhere in the interior of

the domain.

However, if multiple lattice levels are directly overlaid, some vertices from different re-
finement levels may coincide. In such cases, multiple sensors would need to be placed at
the same location, which is undesirable and leads to inefficient deployment. To support
this, in the following section, we propose a centroid-based hierarchical superimposition
strategy. Our objective is to provide a superimposition such that the minimum distance

dmin between any two sensors is as large as possible.
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Chapter 4

CENTROID-BASED
HIERARCHICAL
SUPERIMPOSITION
STRATEGY

For a large k, k-coverage necessitates the superposition of several refinement levels be-
cause colocated sensor deployment is explicitly forbidden. However, directly overlaying
multiple triangular lattices causes vertex coincidence between different refinement lev-
els, which leads to colocated sensors and inefficient deployment. In this context, we
introduce a centroid-based hierarchical superimposition strategy in which coarser lat-
tices are recursively constructed from finer lattices using centroid offsets. The complete

process is discussed in detail below.

4.1 Centroid-Based Refinement superimposition

Let Lo denote the coarsest triangular lattice with side length rg. For each refinement
level t > 1, the lattice L; is obtained by subdividing every side of the triangles in L
into 2¢ equal parts, and hence the resulting lattice spacing becomes
70
ay — ? (41)
The finest refinement lattice is constructed first. Coarser lattices are then recursively

embedded inside finer lattices using centroid offsets. Specifically, the vertices of lattice

L;_; are placed at the centroids of selected equilateral triangles of lattice L;. Since the
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centroid of an equilateral triangle lies strictly inside the triangle and does not coincide
with any vertex, this construction guarantees that vertices belonging to different refine-
ment levels remain distinct. The different refinement levels and the color classes can be
obtained using Theorem 3.3. The final deployment forms a non-overlapping multi-level

hierarchical lattice structure as formally stated in Algorithm 1.

Algorithm 1 Hierarchical Sensor Deployment for Arbitrary k-Coverage

Input: Coverage level k, base lattice spacing rg
Output: Set S of deployed sensor locations
1. Compute the base-4 coefficients dy, d1, . .., dr using Equation 3.1.
2. Initialize S < 0.
3. Construct the finest refinement lattice Ly with spacing ap = ro/ oT,
4. Fort=T,T —1,...,0:
(a) If t < T, construct lattice L; by placing its vertices at the centroids of
selected triangles of L; 1.
(b) If d¢ > 0:
i. Select d; distinct color classes from {A, B,C'}.
ii. Add all vertices of L; belonging to the selected color classes to S.
5. Return S.

We now illustrate this superimposition strategy by using the following example.

4.2 Illustrative Example

Consider the required coverage k = 21. The base-4 decomposition of £ is
15=3-4' +3.4°

Hence, refinement levels L1, and Ly must all participate in the deployment.
The deployment proceeds as follows:

1. Construct the finest lattice L; with spacing as = %0 Activate all three color

classes on L.

2. Construct lattice Ly by placing its vertices at centroids of selected triangles of

Lq. Activate all three color classes on Lg.

Therefore, the final deployment becomes

S =LoULs.

Thus, the proposed centroid-based hierarchical superimposition realizes exact 15-

coverage to the FOI while ensuring that sensors belonging to different refinement levels
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are placed at distinct physical locations. The superimposition of Ly from Fig. 3.2 and

Ly from Fig. 3.3 with all 3 color classes chosen is illustrated in Fig. 3.4.

In the following section, we derive closed-form expressions for the sensor density and
sensor spacing d.,i, achieved for k-coverage under the proposed hierarchical deployment

strategy.

17



Chapter 5

Analysis of Sensor Density and

Sensor Spacing

In the following two subsections, we compute the sensor density and sensor spacing for

the proposed deployment strategy, respectively.

5.1 Sensor Density Computation

We consider an equilateral triangle of side length 7y as a unit cell for a triangular
lattice. This decision is quite natural because an equilateral triangle is an element that
can not be broken down further — a triangular lattice consists of these triangles, which
can completely fill the plane through translation and reflection. At refinement level ¢,
the lattice spacing reduces to a; = 79/2¢, and each base triangle of side length rq is
subdivided into 4! smaller equilateral triangles of side length a;. The total number of
lattice vertices Va(t) inside (and on the boundary of) one base equilateral triangle at
refinement level t is given by:

(2t+1)(2t+2) 4t 3.2¢

t) = = —
Val(t) > 2+ 5

+1. (5.1)

Thus, asymptotically,
4t
Va(t) ~ 5 s t — oo. (5.2)

The triangular lattice is three-colorable. The Va(t) lattice vertices of the base equi-

lateral triangle are distributed equally among the three color classes, as stated in the

following lemma.
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At refinement level t, each color class contains exactly

VA(daSS) () = VA?)(L‘) _ (2'5 + 1)6(2t +2) (5.3)

vertices within the base equilateral triangle.

At refinement level ¢, the base triangle is subdivided into 4! elementary sub-triangles.
Each elementary sub-triangle contains exactly one vertex of each color class. Hence the

total vertices is distributed equally per color class.

As d; color classes are activated at refinement level L;, the total number of active

sensors within the base equilateral triangle is:

(28 +1)(2" +2)

Na(t) =dy - 5 . (5.4)
Asymptotically,
dy - 4
NA(t) ~ t6 as t — oo. (5.5)
Now total number of activated sensors across all refinement levels ¢ = 0,1,...,T is
given by:
ol _ N~y 2D +2)
NE™ =3 "d; - ; . (5.6)
t=0
Asymptotically,
T
de -4k
total t _
Nﬁoawg i "6 as t — oo. (5.7)

The area of the base equilateral triangular unit is:

AA = T’ro. (58)
Thus, the sensor density is:
Jtotal T ds - (2t+1)(2t+2)
plh) = —2— ===0—"__ 6 (5.9)
Ap V3rg/4
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Asymptotically,

N k6 2%k 0.3849 &
p(k) = 5~ - (5.10)
An \/§r0/4 3\/§r0 rH

5.2 Sensor Spacing Computation

To compute the minimum sensor spacing d,;n, we first derive the intra-level minimum

®)

intras 1-€., the miniumum spacing between the sensors belonging to the

sensor spacing &;
same refinement level. Since adjacent vertices of the triangular lattice are separated by
exactly one lattice edge, the minimum spacing between two sensors belonging to the
same refinement level equals the lattice spacing itself. Therefore, from Equation (4.1),
the intra-level sensor spacing at refinement level L; becomes

sY =g =20 (5.11)

intra = 2t

It can be observed that the intra-level spacing decreases geometrically with increasing

refinement depth.
(*)

inters 1-€., the minimum sen-

We now derive the inter-level minimum sensor spacing J;
sor spacing between the sensors belonging to two consecutive refinement levels. The
proposed hierarchical deployment superimposes a lattice L;_; inside a lattice L; using
centroid-based placement. Now consider an equilateral triangle of side length a; = 2.
The centroid of the triangle is used as the placement location for the corresponding

vertex of the coarser lattice L;_1. Additionally, note that for an equilateral triangle

3
of side length a, the height is \Q[at, and the centroid divides the median in the ratio

2[ ag

2 : 1. Therefore, the distance from the centroid to any vertex becomes — 3 5 ay = ﬁ
Hence, the minimum inter-level spacing between sensors belonging to lattices L; and

L qis
Oiter = % = % (5.12)
It is evident from Equations (5.11) and (5.12), that
T <3t = S <l (5.13)
So the minimum sensor spacing is given by:
Syt = WIn{800 0000} = e, = (5.14)

inter \/g 2t
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(®)

From Equation (5.14), we observe that 6, ; decreases monotonically as the refinement

becomes finer. Hence, the smallest spacing occurs at the finest active refinement level
T. Hence the global minimum sensor spacing d,i, between any two deployed sensors
becomes

(T) o

Omin = 5inter = \/§2T' (515)

We now relate the refinement depth 7' to the required coverage level k. Since Ly is the

finest active refinement level, we must have dp # 0. Therefore, from (3.2), we have
4T < |k < 4THL (5.16)
After trivial algebraic manipulations, Equation (5.16) results in
2T < VEk < 2Tt — o — o(Vk). (5.17)

Therefore, using Equation (5.17) in Equation (5.15), we obtain

Smin = % e <\;%) . (5.18)

Hence, from (5.18), we can conclude the following remark.  The minimum sensor

spacing decreases proportionally to 1/ V'k as the required coverage level increases.

The density analysis presented above provides the number of sensors required per base
equilateral triangle. Although such density expressions are useful for large-scale per-
formance evaluation, they do not provide the exact number of sensors required for a
finite deployment region. The reason can be explained as follows. Note that any two
adjacent base triangles share common sensors. As lattice spacing decreases, i.e., at
finer refinement levels, these common sensors increases. So if we compute the number
of sensors for a finite area using density expressions given by Equations 5.9, it will

hugely overcount the number of sensors.

In practical WSN deployment, the FOI is finite and sensors can only be placed at dis-
crete lattice vertices. Consequently, boundary effects, vertex sharing, and the discrete
nature of the hierarchical refinement process introduce deviations from the exact re-
quired number of sensors. Therefore, an exact finite-domain sensor-count expression
is required to determine the precise number of sensors needed to achieve a desired

k-coverage within a given finite FOI H(z, z,y).

The results derived in the following section complement the asymptotic density analysis
by providing an exact closed-form expression for the number of deployed sensors in a

finite domain.
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Chapter 6

Exact Number of Sensors for
k-Coverage in a Finite FOI
H(z,z,y)

As we have assumed, FOI is a irregular hexagon H(x,z,y), constructed over the base
triangular lattice Ly, as shown in Fig 3.1. The hexagon has two vertical sides of lengths
y and z (where y > z), and a top side is of length z. Since the hexagon is aligned with
the base lattice L, its side lengths can be expressed as integer multiples of the lattice
spacing rg, i.e.,
r=crg, z=erg, Yy=drg

for some positive integers c,e,d. Here, R denotes the sensing radius of an individual
sensor and is measured in units of length. The side length of the base triangular lattice
is chosen as rg = R. The quantities z, z, and y denote the physical side lengths of the
deployment region and therefore have the same units as R. The corresponding lattice

coordinates ¢, e, and d represent the number of lattice edges along the three principal

directions of the hexagonal region and are dimensionless integers.

6.1 Relationship Between Physical Dimensions and Lat-

tice Coordinates

The quantities ¢, e, d represent lattice-coordinate side lengths, i.e., the number of lattice

edges along the three principal directions of the triangular lattice. For a physical
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deployment region having side lengths x, z, y, the corresponding lattice coordinates are

il el T

Since rg = R, the lattice coordinates depend on the sensing radius. Consequently,
increasing the sensing radius decreases the number of lattice edges required to cover a
fixed physical region, thereby reducing the total number of deployed sensors. The exact
sensor-count expressions are derived in lattice coordinates (c, e, d), while the sensing
radius R influences the deployment through the mapping between physical dimensions

and lattice coordinates.

6.2 Geometric Model and Refinement Scheme

The hexagon region is tessellated using equilateral triangles of side length 7y, forming
the base triangular lattice. At refinement level ¢, each side of the triangles is subdivided
into 2! equal parts, resulting in a finer lattice L; with side length s = %. Note that this
refinement preserves the overall geometry of the hexagon while increasing the density
of lattice vertices. Therefore, the side lengths of the hexagon, measured in terms of the

refined lattice L;, become
A=c¢-2t, C=e¢-2, B=d- 2!,

Furthermore, the refined side lengths are related to the physical dimensions by

t t t
A2 o2 g %Y
To To To

where A,C, B denote the number of segments along the corresponding sides of the
hexagon. Thus, the physical dimensions of the hexagon remain unchanged, but the
number of lattice vertices increases with refinement. In the full-coverage scenario, each

vertex of the refined lattice represents a potential sensor location.

6.3 Total Number of Sensors inside H(z, z,y)

Starting from the top side of the hexagon and working downward, the lattice vertices

are counted row by row to establish the total number of sensors needed.

6.3.1 Top Half (Increasing Rows)

There are (A + 1) vertices in the first (topmost) row. Up until the number of rows

equals C, each consecutive row gains one vertex demonstrated in Fig 3.1. As a result,
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the upper (growing) portion’s total vertex count is:

C—-1
Nip= > (A+1+i)=C(A+1)+
=0

c(C-1)

5 (6.1)

The hexagon’s lower half contributes an equal number of vertices because it is symmet-
ric. Therefore, from Equation (6.1), we obtain that the total vertices for both ramps
is

Neamp = 2Niop = 2C(A + 1) + C(C — 1). (6.2)

6.3.2 Middle Region (Constant Width Rows)

The maximum horizontal span of the hexagon is represented by a series of middle rows
of constant width that are situated between the two ramps shown in 3.1. In every
middle row, there are:

Niow =A+C+1 (6.3)

vertices, and the number of such constant-width rows is
Nyows = (B —C + 1), (6.4)
Therefore, we obtain the total number of vertices in the middle section’s as
Npig=(A+C+1)x(B-C+1). (6.5)

6.3.3 Total Number of Vertices

The contributions from the ramp regions and the middle region are added to determine

the total number of vertices in the irregular hexagonal region:

Ntotal = Nramp + Nmid = [QC(A + 1) + C(C - 1)]
H(A+CH+D)(B-C+1)). (6.6)

The number of sensors as a function of coverage k and side lengths (x,y,z) can be
obtained by substituting A, B, and C:

Nt(int) =4%cd+ce +de) +2'(c+d+e) +1 (6.7)

This expression gives the exact number of lattice vertices for obtaining full vertex cov-

erage in an irregular hexagon after k stages of subdivision.
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Suppose d; € {0, 1,2, 3} color classes are activated at refinement level ¢. Then the total

number of interior deployment sensors becomes

T
Nint = Y _ di[d"(cd + ce + de) + 2'(c + d + e) + 1]. (6.8)
t=0

6.4 Total Number of Sensors outside H(z, z,y)

Previous subsection computes the required number of sensors inside a hexagonal region
H(z,z,y). However, for finite regions, additional lattice sensors may be required outside

the boundary for providing k-coverage to the region near the edge of H(x, z,y).

At the refinement level ¢, compared to the base lattice, this introduces 2 — 1 new
subdivision points along each side of the hexagon. Since the hexagon has six sides, the
number of additional refinement-induced boundary-support sensors required at level ¢

becomes
NP = 6(2t — 1) (6.9)

which satisfies the consistency condition Né) dry — .

Therefore, from (3.1) and (6.9), we obtain the total number of sensors as
T
Noary = Y _di6(2" = 1). (6.10)
=0
6.5 Exact Total Sensor Count

Combining both interior and boundary-support sensors, the exact total number of

deployed sensors required for finite hexagonal domain coverage is

Ntotal = Nint + Nbdry- (611)

Substituting the corresponding expressions,

T
Niotal = 3 _ di/3[4" (cd + ce + de) + 2'(c + d + ¢)
t=0

+1+6(2" —1)] (6.12)
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Simplifying,

T

Niotal = Z di /3[4 (cd + ce + de)
t=0

+2"(c+d+e+6) — 5] (6.13)
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Chapter 7

Comparative Analysis with

Existing Deployment Strategies

In this section, we compare the proposed hierarchical triangular refinement deployment

with three existing deterministic k-coverage deployment strategies:
1. Irregular hexagonal (IRH) edge-overlap deployment [3],
2. Irregular hexagonal (IRH) inner-diamond deployment [7], and
3. Square-band deployment [8].

The authors of [3] and [7] take into consideration the triangular lattice with fixed side
r/mn, where r is the sensing radius and n > 1. In [3], the authors consider a irregular
hexagon as a block and deploy & sensors on a selected edge of that block to provide
k-coverage of it. They then tile the entire lattice using that block. In [7] authors first
consider a diamond shape area and place k sensors inside that diamond area which
provides k-coverage to a common irregular hexagon area. They then use that irregular
hexagon to tile the entire lattice. The square tessellation of the field of interest and
sensors with diverse sensing radii are taken into consideration by the authors in [8]
in place of the triangular lattice. In order to offer k-coverage to a diamond-shaped
block inside a square with side 7, they first position some sensors with lower radius
inside the square and some extra sensors with radius larger than the lower radius. The

diamond-shaped block is then used to tile the area of interest.

The comparison is performed using two important geometric performance metrics: 1)

asymptotic sensor density and 2) minimum sensor spacing.
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7.1 Comparison with IRH Edge-Overlap Deployment

In this subsection, we will compare sensor density and sensor spacing obtained by our

approach with that obtained in [3].

7.1.1 Sensor Density Comparison

The IRH-based deployment [3] constructs irregular hexagonal regions by placing k sen-
sors along the common edge shared by adjacent regular hexagons. For the generalized

IRH(r/n) construction, the deployed sensor density is given by

4nk

rkn)=———. 7.1
Yrai( ) V3(6n — 4)r2 (7.1)
For large n, 6n — 4 ~ 6n. Therefore, Equation (7.1) can be written as
2k
rk,n)~ ———. 7.2
Yirn( ) 3v3 2 (7.2)
Now from Equations (5.10) and (7.2), we obtain the density ratio as
2k
pours(k) _3V3r2
ey ey S 1. (7.3)
IRH\", vy 3312

Therefore, the proposed deployment achieves the same asymptotic density with respect
to our approach density than IRH edge-overlap deployment.
7.1.2 Sensor Spacing Comparison

In the IRH-based deployment [3], k sensors are concentrated along a common edge of

length approximately . Therefore, the minimum spacing between adjacent sensors

approximately becomes diryy & k:T/ nl'
For large k, k — 1 ~ k. Hence,
,
Sty = © (7) . 7.4
TRH k (7.4)

Therefore, from (5.18) and (7.4), we obtain

B ( /v ) _ o(nv). (7.5)

5IRH r/(nk)

Hence, the proposed deployment preserves significantly larger sensor spacing than IRH-

based deployment.
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7.2 Comparison with IRH Inner-Diamond Deployment

In this subsection, we will compare sensor density and sensor spacing obtained by our

approach with that obtained in [7].

7.2.1 Sensor Density Comparison

The IRH inner-diamond deployment [7] achieves k-coverage by placing sensors inside
compact inner-diamond regions associated with irregular hexagonal tiles. The deployed

sensor density derived in the corresponding work is

Ap(k, s, m) =
k
(7.6)
(7‘(’ + (3n2_f;l;2)\/§ - \/47’:‘;771 — 4sin! (%)) r2

Therefore, after a few algebraic computations, from Equation (7.6) for n — oo, we

obtain L L
Ap(k,rs,n) = ———— ~ 0.2252—. (7.7)
<7T + %) r2 r3

Finally, from Equations (5.10) and (7.7), we obtain

0.3849 k
)\ID(k’,?"s,n) < T = ,Oours(k)- (78)
0
It is evident that the inner-diamond deployment achieves lower asymptotic sensor den-

sity than the proposed deployment.

7.2.2 Sensor Spacing Comparison

In the inner-diamond deployment, all k£ sensors are placed inside a compact inner-
diamond region whose characteristic diameter scales as © (%) Since k sensors are

packed inside this shrinking region, the minimum sensor spacing approximately scales

5= 0O (;ﬁ) . (7.9)

as

Moreover, from Equations (5.18) and (7.9), we obtain the sensor the spacing ratio as

s o (rVE ) o
o = © (mm@) o i

Therefore, the proposed deployment preserves significantly larger sensor spacing than
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the inner-diamond deployment as the tessellation refinement parameter n increases.

It is important to observe that the asymptotic density Improvement of the inner-

diamond deployment is achieved by increasing the tessellation refinement parame-

ter n. As n — oo, the characteristic diameter of the inner-diamond region satisfies

e (E) — 0. Consequently, the minimum sensor spacing also decreases toward zero,
r

ie, dip =0 =) —>o.

Thus, the asymptotic density improvement is obtained at the cost of increasingly severe

sensor clustering. In the limiting case, n — oo, multiple sensors become arbitrarily close
to each other in the two-dimensional deployment plane, which is physically impractical
for real wireless sensor network deployments. In contrast, the proposed hierarchical
triangular refinement deployment does not rely on collapsing deployment regions. Its
minimum sensor spacing remains explicitly bounded by i = © T—[;{ , independent
of any additional tessellation refinement parameter. Hence, the proposed deployment
preserves non-zero geometric separation between deployed sensors while maintaining

deterministic multilevel k-coverage.

7.3 Comparison with Square-Band Deployment

In this subsection, we will compare sensor density and sensor spacing obtained by our

approach with that obtained in [8].

7.3.1 Sensor Density Comparison

The heterogeneous square-band deployment [8] partitions the sensing field into multiple

square bands using heterogeneous sensors with minimum and maximum sensing radii
min

Ts

and r***. The asymptotic deployed density derived in that work is

Aisg = © <%> . (7.11)

(rgnin + T.gnax)Q

For ro = ™" from Equations (5.10) and (7.11), we obtain the density as

max 2
. TS
pous(k) _ (r™ +rP)? (1 i T‘;“i")
AHSB 3/3 (rmin)2 3vV3

(7.12)

max
Therefore, the proposed deployment achieves lower density whenever ﬁ < 1.279.
r

S
max

For ﬁ > 1.279, the heterogeneous deployment may achieve lower density due to the
TS
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availability of significantly larger sensing-radius sensors capable of covering substan-
tially larger regions. Thus, the density improvement in the heterogeneous square-band
deployment originates primarily from sensor heterogeneity rather than purely geometric

deployment efficiency.

7.3.2 Sensor Spacing Comparison

In the heterogeneous square-band deployment, sensors are distributed within square
tiles of side length proportional to r?in. Since each tile contains k sensors, the minimum

spacing approximately scales as

Susp = © <T$> . (7.13)

Now, using 7y = ™= from (5.18) and (7.13), we obtain

oS _ Q) (§yap) . (7.14)

min
Therefore, both approaches exhibit the same asymptotic spacing order.

7.4 Practical Advantages of the Proposed Deployment

Beyond asymptotic density and spacing analysis, the proposed hierarchical triangular
refinement deployment provides several important practical advantages arising from its

distributed multilevel geometric structure.

7.4.1 Robustness Against Localized Failures

Many existing deterministic k-coverage deployment strategies achieve density improve-
ment through strong local sensor clustering. This can drastically reduce the local

coverage multiplicity.

7.4.2 Balanced Density—Spacing Tradeoff

Several existing approaches achieve low asymptotic density by allowing the minimum
sensor spacing to collapse toward zero. Thus, density improvement is obtained at the
cost of severe local sensor clustering. The proposed deployment, however, maintains
the minimum sensor spacing while simultaneously achieving competitive asymptotic

sensor density.
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7.4.3 Gradual Coverage Degradation Outside the Region of Interest

In the proposed deployment, the region of interest receives deterministic full k-coverage
through hierarchical superposition of multiple refinement levels. However, due to the
distributed geometric structure of the lattices, the coverage multiplicity outside the
target region decreases gradually. In contrast, highly clustered deployment strategies
often produce abrupt coverage discontinuities near deployment boundaries due to strong

local overlap concentration.
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Chapter 8

Numerical Results

This section focuses on evaluating the performance of the proposed hierarchical tri-
angular refinement deployment algorithm against past k-coverage deployments using
numerical techniques. The objective of this analysis is to study the features of the pro-
posed algorithm concerning sensor density, number of sensors required, and minimum
spacing between them. Homogeneous sensor networks with sensing radius (R = rg) are
assumed unless stated otherwise. The network coverage area is taken as an irregular
hexagon H(z,z,y) defined on a base triangle lattice. The analytical results developed
in Section 5 to evaluate the necessary performance parameters. In other words, the
proposed network topology is analyzed against IRH edge-overlap deployment [3] and
IRH inner-diamond deployment [7], as well as a heterogeneous square-band deployment
8].

8.1 Simulation Setup

The numerical calculations shown in this section have been performed based on the
analytical expressions provided in Sections 5 — 6. Unless specified otherwise, all cases
considered involve sensors which have the same radius of sensing, i.e., R = rg. The
sensing zone is defined by an irregular hexagon H (z, z,y) on the base triangular lattice
network. The density and spacing formulae calculations for IRH edge-overlap deploy-
ment, IRH inner diamond deployment, and heterogeneous square-band deployment are

also included for reference.
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Tradeoff Between Sensor Count and Minimum Sensor Spacing
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Figure 8.1: Tradeoff Between Sensor Count and Minimum Sensor Spacing Under In-
creasing Coverage Requirements

8.2 Effect of Coverage Requirement on Sensor Count and

Minimum Sensor Spacing

Fig. 8.1 shows the impact of the required coverage level k£ on the normalized sensor
count, defined as the ratio of number of sensors to k, and the minimum sensor spacing
achieved by the proposed hierarchical deployment strategy. The deployment region is
fixed at H(15,10,20) and the sensing radius is fixed at o = 5 m.

As the coverage value k increases, the normalized sensor count decreases like a staircase
function and becomes approximately constant after certain coverage level. This comes
directly from the analytical sensor-count expression we have derived in Section 5, that
shows the number of deployed sensors grows approximately linearly with the required

coverage level k. Consequently, the ratio Niya1/k approaches a nearly constant value
for large coverage value of k.

The minimum sensor spacing decreases as more refinement levels become necessary.
From Equation (5.18), we get 0,y is proportional to ﬁ Note that this sensor spacing
is computed by assuming that sensors are placed at all the vertices at the corresponding
refinement levels. Thus the actual sensor spacing will be little more when we do need

not to activate all sensors.
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Effect of Sensing Radius on Sensor Count and Minimum Sensor Spacing
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Figure 8.2: Effect of Sensing Radius on Sensor Count and Minimum Sensor Spacing

8.3 Effect of Sensing Radius on Sensor Count and Mini-

mum Sensor Spacing

Fig. 8.2 shows the effect of the sensing radius R on the number of deployed sensors
and the minimum sensor spacing for a fixed coverage requirement of £ = 50. The
deployment region is fixed at H (100,80, 120).

As we increase the radius of sensor, the number of sensors needed reduces rapidly. This
was expected since a higher sensing radius means that the sensor can cover a larger

physical area, thus requiring fewer number of sensors to meet the coverage requirement.

In contrast, the minimum sensor spacing increases linearly with the sensing radius. This
is because, it is evident from Equation (5.18), that spacing is directly proportional to

the sensing radius when the coverage level is fixed.

8.4 Effect of Deployment Region Size

Fig. 8.3 shows the relationship for the number of deployed sensors and the minimum
sensor spacing with the size of the deployment region increases. In this experiment, the
coverage requirement is fixed at k£ = 50 and the sensing radius is fixed at rqg = 10, and

the hexagon region H(l,l,1) assumed regular x = y = z = [ and [ is varying on X axis.
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Effect of Region Size on Sensor Count and Minimum Sensor Spacing (k = 50)
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Figure 8.3: Effect of Region Size on Sensor Count and Minimum Sensor Spacing (k=k)

As the area of hexagonal region grows proportionally to [2, thus the number of deployed
sensors increases rapidly. The required number of sensors also exhibits approximately
quadratic growth. This behavior directly comes from the closed-form equation that we
have derived for sensor-count in Equation 6.13, where the dominant term is proportional

to (zy +yz + zx).

And the other side, the minimum sensor spacing remains same throughout the exper-
iment. This occurs because the spacing expression (Equation 5.18) is dependent only

on the sensing radius for fixed k.

8.5 Comparison of Asymptotic Sensor Density

In Fig. 8.5, it compares the asymptotic sensor density of the proposed hierarchical de-
ployment strategy with three existing k-coverage deployment approaches, namely IRH
edge-overlap [3] deployment, IRH inner-diamond [7] deployment, and the heterogeneous
square-band [8] deployment.

As expected, the sensor density of all deployment strategies increases linearly with the
required coverage level k. This directly follows the corresponding density expressions,

all of which are proportional to k.

Among the existing approaches, the IRH edge-overlap [3] deployment has the highest
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Asymptotic Sensor Density

4D Visualization: x vs y vs z vs Number of Sensors (k=5)
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Figure 8.4: 4D Visualization: x vs y vs z vs Number of Sensors (k=5)

Asymptotic Sensor Density vs Coverage Requirement
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Figure 8.5: Asymptotic Sensor Density vs Coverage Requirement
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Minimum Sensor Spacing Comparison

1.0 1 Q -0~ Hetrogeneous Square-Band/Proposed Hierarchical
! =4+ |Inner-Diamond IRH
|| +{-+ IRH Edge-Overlap (n=15)
1
<08 \
3 |
L) 1
\
g i
‘S 1
@ 0.6 \
S \
o \
5] \
] \
S \
» 0.4 U\
£ AN
g =N
£ n‘{)_
= 0.2 ? S o
BN ~-E"--‘:"—{""':"":"'-E‘--i:v-—-cb-—-1:.--4:|——|:) o
. - -
e e e e e A e et e A e e e+ e
0.0 1 S TERP SN S-S S . Sl . e - et &SR TELE BT ELB TSR
0 20 40 60 80 100

Coverage Requirement (k)

Figure 8.6: Minimum Sensor Spacing vs. Coverage Requirement

density. This behavior comes from the theoretical result derived in Section 7, where
the density scales proportionally to the refinement parameter n. For this simulation,
we have considered the same value of n = 3 as considered in [3]. It is evident that this

strategy requires substantially more sensors than the proposed strategy.

The proposed hierarchical deployment method achieves lower density than the hetero-
geneous square-band deployment while it maintains the same deterministic coverage
guarantees. This reduction comes from the hierarchical refinement method and using
efficiently color classes across multiple refinement levels. The IRH inner-diamond [7]
deployment method achieves the lowest asymptotic density among the all methods.

However, as we discussed in Section 7, this density advantage is obtained at the cost
of severely reducing sensor spacing.

Overall, the simulation results concludes the similar behavior obtained from the asymp-
totic density expressions derived earlier. It demonstrate that the proposed deployment
strategy creates a balance between deployment density and geometric sensor spacing,

by avoiding the heavy clustering associated with past several existing approaches.

8.6 Comparison of Minimum Sensor Spacing

Fig. 8.6 compares the minimum sensor spacing achieved by the proposed deployment
with the considered three existing approaches. As expected, sensor spacing decreases as
we increase coverage k value for all approaches. As evident from the derived expression

(Equation (5.18)), in the proposed deployment strategy, the spacing decreases relatively
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Asymptotic Sensor Density vs Sensing Radius (k= 5)
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Figure 8.7: Sensor Density vs. Sensing Radius

slowly with increasing coverage. The heterogeneous square-band [8] deployment and
the proposed deployment strategy follows a similar asymptotic trend (hence they are
plotted as a single curve), where the spacing decreases relatively slowly with increasing
coverage. While other side, the inner-diamond [7] deployment gives significantly smaller
spacing due to the concentration of sensors inside compact deployment regions and
the IRH edge-overlap [3] deployment shows the most rapid spacing degradation, with

spacing decreasing approximately as 1/(nk).

8.7 Effect of Sensing Radius on Sensor Density

Fig. 8.7 compares the asymptotic sensor density of the considered deployment strategies
as a function of the sensing radius R for a fixed coverage requirement of £k = 5. As
we expect, the sensor density decreases rapidly as the sensing radius increases. This
behavior directly follows from the density expressions, in which all of them are inversely
proportional to R2. This is quite intuitive as a larger sensing radius allows each sensor
to cover a larger area, thus causing in reduction of the number of sensors required per
unit area. It is evident that IRH inner-diamond performs best and IRH edge-overlap
performs worst and the proposed and heterogeneous square-band perform similarly and
lies between them. Note that the superior performance of IRH inner-diamond comes at
the cost of sensor spacing. Overall, the results confirm the theoretical density analysis
and demonstrate that increasing the sensing radius significantly reduces deployment

density for all considered strategies.
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Minimum Sensor Spacing vs Sensing Radius (k =5)
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Figure 8.8: Minimum Sensor Spacing vs. Sensing Radius

8.8 Effect of Sensing Radius on Minimum Sensor Spacing

Fig. 8.8 demonstrates the minimum sensor spacing achieved by all the considered
deployment strategies as the sensing radius R increases. For all deployment strategies,
as we increase the sensor radius the minimum sensor spacing increases linearly. This
behavior is expected since larger sensing radius allows neighboring sensors to have a
larger separation between them with taking care of required coverage guarantee. The
proposed hierarchical deployment and the heterogeneous square-band [8] deployment
shows identical asymptotic spacing behavior, which is resulting into overlapping curves.
Both approaches maintain spacing proportional to R/ V'k. While other side, the inner-
diamond [3] deployment achieves smaller spacing due to the concentration of sensors

within on edge.

8.9 Comparison of Sensor Count with Deployment Region

Size

Fig. 8.9 compares the number of deployed sensors required by different deployment
strategies as the deployment region size increases. In this experiment, the coverage
requirement is fixed at k = 10, the sensing radius is fixed at R = 5, and the deployment
region is parameterized by x = y = 2z = [. The number of required sensors increases
pretty equally for all deployment strategies as the deployment region grows in size,

with the exception of heterogeneous square-band, where the number of sensors becomes
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Number of Sensors vs Region Size (k=10,R=5)
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Figure 8.9: Number of Sensors vs Region Size

enormous in comparison to other deployment methods.

Note that heterogeneous square-band performs worst as we have considered ratio of
maximum sensing radius rpe; and minimum sensing radius 7, as 1.2. If we increase
this ration this approach may perform better. Even though the other three methods
perform similarly in terms of the number of sensors needed, the suggested solution

performs significantly better in terms of sensor spacing.
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Chapter 9

Conclusion

In this work, we proposed a hierarchical triangular lattice-based sensor deployment
strategy that organizes sensor locations across different refinement levels and guaran-
tees coverage of every point in the sensing domain by at least k sensors. We derived
analytical closed-form expressions for the exact number of sensors and minimum sen-
sor spacing required to ensure k-coverage. Analytical comparison with existing IRH
edge-overlap, IRH inner-diamond and square-band based deployment strategies shows
that the proposed method either reduces the required number of sensors or increases
minimum sensor spacing while maintaining similar coverage guarantees. The derived
analytical expressions are also validated through extensive simulations. The suggested
framework offers an effective and scalable method for deploying sensors in large-scale
wireless sensing systems. Here we have considered the FOI as an irregular hexagon and

in future we would like to study arbitrary FOI.
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