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Chapter 1
Introduction - scope of work

Many years of research in Artificial Intelligence, Cognitive Science and allied areas
reveal that the cognitive process of human reasoning deals with imprecise premises.
As cognitive process of human reasoning is mainly concerned with the individual’s
perception, it is liable to be imprecise in nature. Precise traditional two-valued logic
and/or multi-valued logics are not effective in handling such reasoning processes.
This motivated Zadeh [109] to i igate how these i i in human rea-
soning could be modeled through some computable entities. In this regard, Zadeh
has shown how such imprecise linguistic terms could be expressed through fuzzy
sets over uni of di how linguistic variables could be handled and how
deducti could be modeled for ing with i i These
researches together with research on the calculus of linguistic variables [111] resulted
in a general theory of approximate reasoning.

The main motivation of the theory of il ing is app: the
desire to build up a quantitative framework that will allow us to denve an apprcx-
imate from i ise | ledge. A i is
structured yet flexible and more importantly, reliable. The basic principles of the
theory of i ing have been f¢ lated by Zadeh [110, 113, 114).
Since then, different forms of approximate reasoning have been studied by many
researchers [35, 37, 38, 39].

A collection of i ise k ledge given by human experts gives a fuzzy system.
The task of a fuzzy system is to exploit the expert’s knowledge and model the
world with it. A fuzzy system reasons with its knowledge. Reasoning with impre-




cise knowledge is one of the main problems in the design of fuzzy systems. It has
been ly difficult for traditional h ical models to capture such inex-
act reasoning in all its power and ibili R ing with i ise data also
shows that there is much flexibility in the ing of a cognitive agent. Different
patterns of approximate reasoning in human beings indicate a need for similarity
matching, in situations where there is no directly applicable knowledge, to come
up with a plausible conclusion. In such cases, the confidence in a conclusion may
be determined, based on a degree of similarity. In order to capture this, we also
need corresponding flexibility in our model. Specifically, we need means to han-
dle graded information on the one hand and the concept of similarity on the other
hand. C i 1 ing does not consider the concept of similar-
ity measure in deriving a consequence. Existing similarity based reasoning methods
modify the consequence of a rule, based on a measure of similarity and therefore, the

b ind dent of the ditionals. To satisfy both the require-
ments simul ly, we need to i ional i ing and
similarity based ing for an ad theory of similarity based

reasoning.

In the present thesis, we attempt to use the concept of similarity between prototypes
of fuzzy sets in hodology. This is why the title of the
thesis is ‘Similarity based i ing’. New similari are
d and existing ph of similarity based ing and approxi:
hods are bined. We attempt to account for different patterns
of human reasoning through the proposed similarity based approximate reasoning
mechanism.

1 A brief outline

By the term imprecise we mean only ‘vague’ linguistic entities, which may be due to
lack of perception about any situation at hand. Let us consider the degree of human
maturity - ‘infancy’, ‘childhood’, ‘adol ’ and ‘adulthood’. They are nally
inconsistent yet, lack sharp boundaries with respect to their neighbours in the scale
of human maturation. More exactly, if we take a sufficiently small interval of time
and suppose that someone matures in a typical fashion, then at no stage will (s)he
effect within such an interval of time a transition from one stage of maturity to
the next. The sentence ‘the patient is adult’ is true to some degree. Truth of such




a proposition is a matter of degree. This is exactly what vagueness is. Whereas.
the statement ‘the patient will survive next week’. may be either absolutely trie or

absolutely false.

- in the sense of being indefinite,
infant’ and ‘child’, as well as in the

In what follows, we shall use *vague’ in two sen:

lacking definite boundarics e.g.. between

sense of being indeterminate as applies to "mountain’ and ‘hill’.

A simple statement, from a natural language may be broadly decomposed into two
. a subject and a predicate. In the present thesis, we are mainly
ates are rampant in every-

components :
concerned with the vagueness of predicate. Vague pre
day life. As a case in point. let’s quote a verse from the ‘Aranya’ chapter of the

‘Ramayana’,

When the rains arc heavy the grass grows so tall that it is difficult to

find the right path.

Consider the two underlined predicates viz., heavy and tall in this connection. Sup-
pose, that the meaning of the two predicates are given by the following clauses:
1. a) height is tall, if height > 25 cms.
b) height is not tall, if height < 18 ¢m
2. a) rainfall is heavy, if quantity/hour > 2 cms.
/hour < 0.8 cins.

b) rainfall is not heavy, if quanti

In clauses (1) and (2), both predicates are vague as their meanings are underde-
covered by sub-clauses (a) and (b). Quantifiers may

termined for the interval not
also be vague. Indeed, quantifier over a vague domain may be represented by an
appropriately relativised (/approximated) quantifier over a more precise domain
(24, 32].

Let us look into a set of for a better unders ing of the patterns of
ive agents.

approximate reasoning mostly used by cogni

« From two approximately equal numbers we conclude that it one of them is small

then the other will be more or less small.

® The temperature in Jaisalmir is high. so the water holding capacity of air is high

too. We conclude that Jaisalmir is moist.

© High interest rates will cause low money supply growth. We conclude that ve

high interest rates cause low inflation rates.



© Either the general budget will be people friendly or the Government will be in
trouble. If now the Government falls then we may conclude that it was not a
common people’s budget.

© Each student is either intelligent or meritorious. Arnab tried hard but, failed to
qualify. We conclude that Arnab is not intelligent.

In the above examples, we see that most of the key concepts involved are not all-or-
nothing, but somehow graded, so the conclusions must be graded, in correspondence
with the confidence values of known facts and conditions. A close look at them
reveal that, they are vague in nature - either mdcﬁmte or indeterminate. We facus
our study on only i ing with vague linguistic entities, d

that often appear in a subject- i formulation of natural 1 For this,
we consider a set th i h for the of such vague concepts,
i.e., we use a set to exemplify such a concept and then use laws of the underlying set
theory to manipulate them. Here, only fuzzy sets are used for the representation
and the theory of fuzzy sets are used for manipulation of such vague concepts.
Another important aspect notlced here is that, when there is no matching existing
hing in

knowledge, we perform
Zadeh’s form of infe in il ing is based on the Compositional
Rule of Inference (CRI) :

from ‘X is A’ and *(X,Y) is R’ infer ‘Y is B".

CRI scheme is such that for a large class of A, each different from the other, the
concluded B remains the same. As an example, let us take R as in the following :

vy vz vz vy
w [ 1.00 0.75 0.50 0.25
R = 0.75 1.00 0.75 0.50 . @
uz | 0.50 0.75 1.00 0.75
ug | 0.25 0.50 0.75 1.00

For all fuzzy sets, A = j1/ur+p2/u2+1.0/us+pa/us, where 0 < p; < 0.50, i=1,2,3;
the output of CRI will be the same B = 0.50/v; +0.75/v2 + 1.0/v3 +0.75/v4. There
is no scope to incorporate such a change in the input, A.

4



ant conclusions from an almost dissimilar
tically appreciated and

Also, such relations may produce sign
pair {4, A*}. In [84], Zade
an alternat]

h’s inference mechanism wi
imilarity based analogical approximate reasoning has
nilar scheme for similarity

¢ proposal for s
been made. Recently in (82]. the anthors proposed a s
based reasoning. In similarity based reasoning. from a given fact the conclusion is
derived based, on a measure of similarity between the fact and the antecedent.

As an illustration, consider the statements
p:if Xis Athen Y is B, 7 and ¢: X is A",

Here A and A’ are fuzzy sets defined over the same universe of discourse U and
the fuzzy set B is defined over the universe of discourse V', 7 is the firing strength
of the rule. Let S(4, A’) denote any measure of similarity between the fuzzy sets
A, A'. Now, if S(A, A") > 7 then the rule may be fired and the consequent of the
rule is modified to produce the desired conclusion B'.

These methods [82, 84] use the similarity measure for a direct computation of in-
ference without forming the induced fuzzy relation. Consequently, these methods
provide the same conclusion if A and A’ are interchanged in the propositions con-
cerned. This means that the outcome of

1:if Xis A then Y is B, 7and q1: X is A
will be the same as that given by p and q. This is not appealing. Moreover, such a

method of derivation becomes itable when the ditional k 1 used for
the derivation contains a disjunctive operator, i.e., of the form

p2: XisAorYis B, 7 and ¢2: X is A"

Let us consider a typical inference from p and q. Let, A = 1/u+1/v+1/w,
ts defined over U = {u,v,w} and B = 1/a+0.1/b be a fuzzy
over Lhc universe of discourse 1" = {a,b}. By this conditional statement, we mean
that, if X is A then Y is B, i.c., more explicitly, if X is uw or X is » or .
then we may conclude that Y is B. Here, we know that X is v. Therefore, the
consequence should be Y is B.

are fi

arity between A and 4

y based ing, we )2
and if found to be greater than 7, the rule consequent is modified for a conclusion.




instead of p and ¢, we have pl and
ving that } is B if the

certainly different from B. Let us suppose
gL, where A and A’ are as before. In this ¢
value of X is v. We note that, here. X may be either w or v or w. We cannot.
therefore, conclude anything about Y. Interestingly. the existing similarity based
reasoning method would conclude the same in such a situation. It is not difficult
to see that the consequences of the application of Compositional rule of inference,

. We are

in these cases, are different.

Keeping all these in mind, we propose that a reasoning system should consider every
change in A’ and A ( i.c., the fact and a prototype of the same appearing in the
conditional st ) so that the infe is infl d by the said change and at
the same time the more the change (in the linguistic descriptions), the less specilic
the conclusion. It is also necessary that nothing better than what the condition
reveals should be allowed as a valid consequence. It should also consider some form
of matching in the process of derivation of a consequence when the fact is different

from the cause of the derivation.

sting similarity based reasoning

As a solution to the problem, we show that e
schema need some simple modification for the said purpose and that the conven-
tional compositional principle, due to Zadch, are still useful in derivation. Till
recently, similarity based reasoning was considered as an application of fuzzy pro-
duction rule [24]. With such a modification in similarity based reasoning we show
that many fuzzy systems may be designed effectively.

Our method of inference is based on a similarity measure. In practice, the condi-
tional statement is first expressed as a fuzzy relation. We interpret it as a conditional
fuzzy relation. Then, the similarity between the fact and a prototype of the same
appearing in the conditional statement is used to modify the conditional relation.
Such a modification of relation may be performed in many ways. We interpret the
modified relation as a fuzzy relation induced by the fact. Then, we project the
induced relation on the domain of the linguistic variable defining the conscquence.
We use two different. forms of conditional statement - ‘if a then b’ and “cither a or
b

To verify the effectiveness of the proposed method of similarity based inference we
use it in designing two rule-based fuzzy systems —- a pattern classifier and a fuzsy
controller. Simulation is done on real data and interesting results are presented. In
developing similarity based approximate reasoning, we have been able to establish
levant, | like a g lized rule-based model for inference in an

certain




incomplete i . the resolution-based model and the concept of generalized

di e syllogism in fuzzy inference.

Some other useful models are also exten v discussed. The mechanism of avoid-
ance of the use of rule firing strength and its antomatic introduction in the inference
mechanism is an effective one. The use of specificity of fu: rts in decision mak-
ing in an uncertain environment, in the framework of similarity based approximate
The utility of the specificity based approach

reasoning is another important issue
has been demonstrated by the results.

As another approach, Zadeh has shown that the theory of approximate reasoning
is an application of the theory of possibility [114]. In the theory of pos
vague propositions may be conveniently represented by an appropriate possibility
distribution. Each possibility distribution is assigned a fuzzy set/relation defined
over an appropriate domain via some possibility assignment function. Therefore,

reasoning with vague propositions may also be performed through mauipulation of
possibility distributions.

Next, we cultivate the potentiality of similarity based approximate reasoning in

different other areas of ing, viz., ing with truth-qualified proposition,
default ing and 1 i Here, we show that the theory of pos-
sibility may be effectively used in the ion of such k ledge and then

reasoning may be made, using the rules for manipulation of possibility distribution.

We know that, fuzzy equivalence relations are a useful models to describe the in-
distinguishability inherent to prototypes of fuzzy sets. In such similarity based
reasoning, it is possible to avoid the application of input fuzzy sets in rule firing,
based on a measure of indistinguishability because, a higher accuracy than the in-
distinguishability inherent to the fuzzy set or fuzzy equivalence relation does not
influence the resulting output of a fuzzy system. It is also possible to perform ap-
proximate reasoning based on a similarity relation. These methods are rule-based
and as in the conventional cases, make a class of fuzzy sets indistinguishable with
respect to a similarity relation.

If we view the bership grade of the el of a fuzzy set as the resemblance
degree between the clement and prototypes of the fuzzy set then, one of the possible
semantics of a fuzzy set may be given in terms of similarity [17]. For this we only
ity relation. Eventually, it is possible
1 sense.

need to equip the referential set with a similar
y reasoning method based on similarity, more in a logic:

to find another fuz




This is useful in considering interpolation in a logical setting. Work in detail may
be found in [17). The applicability of these methods are limited in scope.

2 Organization

The material of the present thesis is divided into two parts each consisting of a
number of chapters. Chapters 2 to 5 constitute the first part of the thesls, in

which existing similarity based i hodology and
methodol are i d in developing an unified similarity based
reasoning method. Different models of i ing based on si

are formulated. They are applied in designing fuzzy systems and their performance

in solving real life problems are studied and results are analysed. The second

part consists of the remaining chapters 6,7 and 8. In this part, we apply the

said methodology in reasoning wnth truth-qualified vague propositions, in default
and in

A thorough exposition of inferring in approximate reasoning paradigm begins in
chapter 2 th,h an adequate review of a collection of well used terms needed for a

d ding of the methodology of ing. This
chapter is a collection of results, most of which are already available in the liter-
ature. The focus, in this chapter, is on fuzzy set theoretic approach to inference
in approximate reasoning which is crucial to the understanding of the contents of
the following chapters. A h to i ing is also
discussed. Different models of ing — rule-based and ion-based, ordi-
nary and extended form —- are discussed. A new model of rule-based approximate
reasoning is also dxscussed In order to provide a better understanding of the seman-
tics of il hodology, we present, a pictorial description of the
different i underlying ional ing, by considering
a typical problem.

Chapter 3 is on the concept of similarity index for measuring the nearness of fuzzy
sets over a given universe of discourse. Different approaches for a solutwn to the
problem may be found in the i (, such as dinali sub-
sethood). Since, our main intention is to use such an index in modifying a fuzzy
set/fuzzy relation, we consider a point wise comparison of the membership values
of elements underlying the sets. First of all, a brief review of the existing measures




is d. Then new are based on some basic properties of
similarity. Results are extensively discussed. Based on these properties we pro-
pose a set of axioms for defining a similarity index between two fuzzy sets. These
works, certainly, make the task of choosing a particular measure for use, easier. A
methodological note is in order here : in ibing different simil we
assume the universe of discourse to be finite. Similarity measures for infinite fuzzy
sets may also be considered. In the end, we present some measures of similarity for
arbitrary sets. They are found to be good for mathematical purposes.

In chapter 4, we introduce the similarity measure into approximate reasoning
methodology. Different exlstmg hes to si ity based ing are dls»
cussed and then a new h of il ing based on si

measures is developed. Existing similarity based approach as well as ordinary ap-
proximate reasoning mechanism for deriving a consequence are combined together
in order to develop an effective mechanism. First, a fuzzy relation is constructed
from the ion of the diti The hani: is such that
every change in the concept as appears in the conditional(,general) statement and
that in the fact, is incorporated in the fuzzy relation between the variables defining
the diti This ensures the infc as a function of the concerned
change. The more the change, the less specific the conclusion. For that, we for-
mulate two schema for the modification of the conditional fuzzy relation. Another
characteristic of the scheme to be noted here is that we may avoid the use of cer-
tainty factor concept for rule-misfiring. To do that, we need to modify the inference
scheme in such a way that a significant change will make the conclusion less spe-
cific. This is done if an expansion type of inference scheme is chosen. Here, the
‘UNKNOWN’ case, is taken as the th Explici when the similarity value
becomes low, i.e, when the change is significant, the reasoning process is such that
the inference becomes unknown. At the same time, when there is no change, i.e.,
a perfectly matching case, we show that it is possible to derive the expected conse-

quence (, the of the dition in a rule-based system ). In other cases,
the consequence is found to be no better than what the condition allows. Different
interesting results in this direction are ly di in this section. Here,
we show that the concept of specificity measure of fuzzy sets is inherent in such

ilarity based i i hodol E: les are id to
dy the ions under the dure. In order to generate some

‘feeling’ about the proposed similarity based approximate reasoning, we present a
pictorial representation of the same. We compare the result of our method with
the results of other existing to similarity based ing and Zadeh’s

9



compositional rule of inference. In the process, we formulate different models for
based

similarity based approximate ing - rule-based as well as resolution-

ordinary and extended forms.

In chapter 5. we test the effect of the proposed method of similarity based approx:
imate reasoning, by considering the application of the said method in the design of
rule-based fuzzy systems. In fact, we consider the design of a rule-based pattern
class zzy control system. Defuzzification, a basic op-
cration, used in the development of fu s extensively discussed in the
light of new similarity based i T i hani: New schema for
defuzzzification, suitable for similarity based approximate reasoning, are defined.
These defuzzification methods are then used in pattern classification problems as
well as in fuzzy control problems. Simulations are performed with some real data for
Telugu vowel classification problem and inverted pendulnm control problems. Re-
sults are then tabulated along with their pictorial representations. This completes
the first part of the present thesis.

er as well as a rule-based fu:

vV systems

We then explore further possibilities of the use of similarity based approximate

reasoning in other emerging areas of research. ‘The second part consists of the

application of similarity concept in two xmpumnt fields of recent research in rea-

soning — default ing and i Here, we also consider the
and ipulation of truth-qualified p:

So far we consider only those vague statements which are a.lwavs taken for granted.
In chapter 6, we consider the repr ion and ion of truth-qualified
vague statements which cannot be taken for granted. Such statements are repre-
sented as a pair of predictions about two objects, of which one is about the linguistic
truth value of the prediction. Rules for the position of two or more such formu-
lae are proposed. Reasoning with such partially true premises are considered using
the proposed method of similarity based approximate reasoning.

In chapter 7, we ntilize the concept of graded certainty in representing default. values
ant consider similarity based approximate reasoning. This gives a new dimension
to the study of default reasoning. We show that the technique maintains the non-
monotonicity property and blocks undesirable transitivity. The representation and
manipulation of default and default values are illustrated with simple and concrete

problems.

The need 1o make time-dependent. asswnptions is frequently encountered in many

10



systems. especially in dynamical systems. In the final chapter 8, we attempt a theo-

retical study of the representation and manipulation of some vague and incomplete
knowledge in the temporally changing world. Some simple yet concrete examples

have been used 1o illus

ate the usefulness of the proposed models.

The present thesis is concluded in the last seciion with a list of arcas recommended
for future work in this direction. In the end. a comprehensive list

of relevant work:
cither referred to in this thesis or consulted during the preparation of the thesi
presented.




Chapter 2

Approximate Reasoning - a brief

review

1 Introduction

ctually a combi-

First of all, it may be recalled that reasoning is a mental activity —
nation of intellectual activities — which allow the passage from a set of propositions.
stated as premises, to a further proposition, taken as the conclusion(/consequence).
by virtue of a logical connection, with some degree of strength, which link the con-
clusion to the premises. Taking a decision amounts to giving reason for or against
it and hence reasoning is an essential activity in decision-making. Reasoning is ap-
proximate when some of the propositions are imprecise and the rules for derivation
are inexact in nature.

Approximate reasoning is considered Lo be a powerful tool to study the remarkable
human ability to understand real-world activities in terms of computational entities
with immense confidence. As for instance, crossing the railway track safely even
after seeing a train approaching with high speed or avoidance of a particular road
and use of by-lanes to beat the office-hour rush are typical examples of approximate

reasoning.

or processes by which an approxi

he proces

Approximate reasoning is defined

mate conclusion may be deduced from a set of possibly imprecise information using

1 It was first formally introduced by Zadeh

some inexact rule for the deriva



1 s have estab-

|109]. Since its inception in 1973 [109]. significant theoretical
arch. Different mochia-

lished approximate reasoning as an important field of re
imate reasoning

ssed in the literatnre
. We hiave witnessed among many other things the birth of fuzzy

ave been proposed and dis

ns of appro
[37. 38. 66. T
logic controller.

ning is based on fuzzy logic and the theory of

Zadeh’s concept of approximate re
zy sets. In order to have an adequate understanding of the theory of approximate

fu:
reasoning. some basic concepts are studied in the following.

2 Fuzzy Set - basic operations

In representing human understanding of various kinds of real world activitics. Zadeh
formally introduced the concept of a fuzzy set [106). A fuzzy set is the theoretical
primitive of fuzzy mathematics just as a classical set is the theoretical primitive
of classical mathematics. In fuzzy set theory, classical sets are called crisp sets. in

order to distinguish them from fuzzy sets.

A (classical)sct is characterized by objects which are called members of the set.
Like (classical)set, a fuzzy set is also characterized by its members. But unlike
(classical)sct, L of the uni 1 set U may or may not belong to the fuzzy

subset 10 some degrec.

Definstion 2.1 : ‘A fuzzy set(class) 4 in(a gi set) U/ is characterized by a
membership(characteristic) function f.4(u) which associates with cach point in U,
a real number in the interval [0,1) (or a suitable, partially ordered set P) with the

value fa(u) at u representing the grade of membership of u in A’.

In order to have a better understanding of a fuzzy set, let us elaborate some basic
concepts, associated with the Definition 2.7 of fuzzy set. By a fuzzy set, we mean:
i} A set of elements, e.g.. m (man) € M (men);

ii) A labek, c.g., .\ (height of men), for an attribute of elements m & Af:

iii) An adjective / adverb, e.g., A (tall man) associated with height of men:

iv) A referential set, e.g., R (the interval [0,250] cms.) associated with height of

men and:
¥) A purely subjective assignment function

o U o)
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known as the gradual set-membership function. to denote a concept of grade/degree
with which an element « € U may belong to the fuzzy set 4. Thronghout this thesis.
et A in U is represented by the collection of pairs (w. fa{u)) as

a fuzz,

A= ((a fal)) | wel. falu)> 0] (2.1)
When U is finite, we may use

A=Y fa(/u (2.2)
uel’”

at least one element with

s,

Definition 2.2 : A fuzzy set, A, in which there exis
membership grade ‘1°, i.

sup fa(u) = 1. (2.3)
el

is called a normal fuzzy set.

The support of a fuzzy set A is a crisp set that contains all
elentents of A with non-zero membership degree. This is denoted by S(A) and is

formally defined by

S(A) = {v €U | pa(u) > 0}. (2.4)

Erample 2.1 : Let X = {0,1,2,3,4,5,6,7} be the set of number of members a
family may have. Then the fuzzy set A = ’sensible number of members in a family’

ed as follows :

may be descr
A =1{(0,0.1),(1,0.4),(2,0.7), (3, 1.0), (4, 1.0), (5.0.7), (6,0.4), (7, 0.1)}.

The membership grades of this fuzzy set are obviously subjective measures. Since
fa(u) may take values other than 0 and 1, it is possible to represent vague/imprecise
concepts through fuzzy sets.

2.1 Set opcrators
Let A and B be two fuzzy sets. The simplest complementation operator is :
Clx)=1—=, vre(0]) (2.5)
and the membership function of 4 is defined by :
1ale) = Clpala)). (2.6)
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A discussion about more general complementation operators may be found in (81].

Mainly three operators are used for fuzzy set intersection :

I(z,y) = min(z,y); I(z,y) = z.y; I (2,y) = max(0,z +y — 1). (2.7)
The intersection operator is denoted as N and AN B is defined by :
#ans(z) = I(pa(), pa(z)). (2.8)

Conjointfy, three associated union operators may be deduced from the above oper-
ators by preserving De Morgan’s laws :

U(z,y) = max(z,y) : Uz, y)=z+y—=zy; U(z,y) = min(l,z +y). (2.9)
The union operator is denoted as U and A U B is defined by :
#aup(x) = U(pa(z), us(z))- (2.10)
A more detailed discussion on such operators may be found in [18].
Definition 2.4 : Two fuzzy sets A and B are equal (4 = B) if and only if
pa(u) = pp(u); Yuel. (2.11)
Definition 2.5 : Fuzzy set A is said to be a subset of fuzzy set B if and only if

#a(w) < pp(u); Vuel. (212)

2.2 T-operators

" The triangular norm (T-norm) and the triangular conorm (T-conorm) are frequently
used in fuzzy set theory in defining intersection and union of fuzzy sets. Zadeh’s
conventional T-operators ‘min’ and ‘max’ have been extensively used in many design
of fuzzy systems. Let us define T-operators in the following.

Definition 2.6 : Let T : [0,1] x [0,1] — [0,1). T is a T-norm, if and only if, for all
z,y,2 € [0,1] ;

26.1.) T(z,y) = T(y, z),

26.2.) T(z,y) < T(z,z), ify < z,

26.3.) T(z,T(y, z)) = T(T(z,y), 2),



264) T(x1) = x
A T-norm is Archimedean. if and only if.
2.6.5.) T(x,y) is continmons.
26.6.) T(x,x) < . for all & € (0.1).
An Archimedean T-norm is strict, il and only if.
T, y) < T(z.y). il 2" <y < y. forallx', g

y € (0,1).

Definition 2.7 Let T* ¢ [0,1] x [0.1] = [0. 1]. T~ is a T-conorm, if and ouly if,
for all 7.9,z € [0,1] ;

27.1) T*(x,y) = T (y. 2).

7.2) T*(,y) < T, %), if y < z.

3.) T*(z, T*(y, 2)) = TH(T*(x.y). 2).

L) T*(z,0) = x.

onorm is Archimedean, if and only if,

T*(x,y) is continuous.

7.6.) T*(z,2) > z, for all € (0,1).

An Archimedean T-conorm is strict, if and only if,

22.7.) T*(&,y') < T*(z,y), if o' <z, ' <y, for all &', ¢/, &,y € (0, 1).

Let us now preseut sume T-operators in the following. A detailed study on the same
may be found in [36].

1) Ti(z,y) = min(z, y), I3 (2, y) = max(z,y).

2) Dy =2y, T (zy) =s +y - zy.

3.) Ty(,y) = max(z +y — 1,0), Ty (2, y) = min(z + y, 1).

Now we list some important properties of T and T* in the following :

1) T(z,9) = T(y,2),T*(z.y) = T*(y, x) (commutativity),

2) T(z, Ty, 2)) = T(T(x,y), 2),T(z, T* (3, 2)) = T*(T* (2, ), =) (associativity),
3) T, T*(y,2)) = T"(T(,y), T(x, 2)), T (2, Ty, 2)) = T(T*(z,y), T"(x, 2)) (dis-
tributivity),

1) T(T*(z,y),7) = &, T*(T(z,y), ) = = (absorption),

5.) T(z,2) = z, T*(z.x) = = (idempotency).

2.3 Extension principle

et. theory is the extension principle. It provides
v and fuzzy concepts of different. kinds including

A very important notion in fu
a method for combining non-fu:
the operation of a mathematical function on fuzzy sets.

16



Let Ay,As, - -,An be fuzzy sets, defined on Uy,Us,: - U, respectively, and let f be a
non-fuzzy function

Ui xUpx---xUy = V.
Let F be the extension of f on V.

Definition 2.8 :  The extension of f, operating on A;,Aj, --,A, results in the
following membership function for F'

pr(v) = ,(min(ua,(u:), ooy pan (i)} (213)

sup
{ur sl f(w1,yun ) =]

when f~!(v) exists. Otherwise, ur(v) = 0.

2.4 Specificity measure of fuzzy sets

In this section, we discuss specificity measure of a fuzzy set, which is used in mea-
suring the it of a fuzzy infe i A fuzzy set with maximum specificity
value ds to a precise of the values. In trying to capture the
form of a specificity index, a number of properties are required or desirable. Ac-
cording to Dubois and Prade, a specificity measure Sp(A) [19] should satisfy the
following properties.

Let X be a linguistic variable defined on a universe of discourse U and A, B be
normalized fuzzy subsets of U.

Pl. Forall A C U, Sp(4) € [0,1].

P2. Sp(A) = 1, if and only if A is a singleton of U.

P3. AC B — Sp(A) > Sp(B).

Yager [96] has introduced one such measure of specificity which satisfy the above
properties. When U is finite, Yager has proposed the following expression for defin-
ing the specificity.

Definition 2.9 : Let us assume that A be a fuzzy set defined over the universal set
", The specificity associated with A is denoted as Sp(A) and is defined as

Amaz 1
= L da. 2.14
Sp(&) L CardA, (214



lere. Ay = {u € U | jra(u) 2 o) and Card A denotes the cardinality of the fuzzy
st e, Card A= 3 .
a€(0.1]

Example 2.2 ¢ Lot U = {uugougonyo and A = {10/uy 4 0.75/ug + 0.5/uy +

us}. In this case we find that 0, = 1.0. The level sets are

Ao {un g ugug} for n <025
Ha {ur, uz, s} for 0.25 < a < 0.50
o = {w,u for 0.30 < a <0.75
Ao = {w) for 0.75 < o < 1.00

and from these we may get the cardinalities as

4 for <025

3 for 0.25<a<0.50
CardA, = 2
il 2 for 050<a<0.75

for 0.75 < a < 1.00
Therefore, we find from Definition 2.9 that Sp(A) = 0.52.

Let us now list some important properties [96] associated with the above Definition
2.9.

Theorem 1 For all A, Sp(A) assumes its maximum value 1, when A = {1/u} for
some particular u € U.

Theorem 2 For all 4, Sp(A) € [0,1] and it assumes its minimum value 0. when
A=9

Theorem 3 If for all A, pa(u) = & for all u € U then Sp(A) — & where n is the
cardinality of the ordinary set U.

3 Fuzzy Logic

Looking at the number of papers dealing with fuzzy logic and its successful ap-
ions in engineering, science and techuology hopefully, we may conclude that

the logic for future generation Intelligent systems. In short, fuzzy logic is a
t theory being the theory of fuzzy

logic: for inexact reasoning. The underlying
sets. Classical theory of sets and formal logic are dual representations of the same
information. Often the statement ‘something is a member of a set’ is used to mean

that "t is trne that the object possesses the defining property of the set”. But this
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is not the case with fuzzy sets and fuzzy logic. For the degree of ease of being
an element of a set and the degree of truth about a particular statement cannot
be considered to be the same. In fuzzy logic, the truth-values are qualitative and
possibly i Such truth i may be best represented by a fuzzy set

over the unit interval [0,1].

In (5], Zadeh has pointed out that the term Jfuzzy logic has two different meanings
- wide and narrow.

In a narrow sense, fuzzy logic, FLn, is a logical system which aims at a
for ization of il il In this sense, FLn is an exten-
sion of multivalued logic. However, the agenda of FLn is quite different
from that of traditional multivalued logics. In particular, such key con-
cepts in FLn as the concept of a linguistic variable, canonical form, fuzzy

if-then rule, fuzzy ification and d difi
tion, truth-qualification, the extension principle, the compositional rule
of infe and i ive ing, among others, are not addressed

in traditional systems. This is the reason why FLn has a much wider
range of applications than traditional systems. In its wide sense, fuzzy
logic, FLw, is fuzzily synonymous with fuzzy set theory, FST, which is
the theory of classes with unsharp boundaries. FST is much broader
dlar f¥n and’1hefidés the fatter as one of its branches.

Recently, Petr Hajék concluded that fuzzy logic is a logic in its wide sense, anything
dealing with fuzziness may be called fuzzy logic. Whereas, in its narrow sense, it
is a beautiful logic and is important for applications. There are various systems of
fuzzy logic, not just one. Formal calculi of non-traditional multivalued logic is the
kernel or-base of fuzzy logic. Formally, fuzzy logic may be defined as an algebraic
system ( L, A, V ) where L, the truth set, is a complete residuated lattice. A is
completely distributive with respect to V, A and V are the well-known ‘min’ and
‘max’ operators. For convenience, let us take L to be the unit interval [0,1] where
0'is the bottom element and 1 is the top element of the lattice.

3.1 Linguistic Variable

h only an i char-

As imprecision is intrinsic in natural 1
acterization of the values of the variables is possible. The concept of linguistic vari-
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able plays an essential role in the theory of approximate reasoning. It is a tool for
approximate characterization of the values of the variables and their interrelations
[111). For example, height of a person may be short, volume of a container may
be huge, code section of some programme may be tiny, pressure in a boiler may
be low, time of occurrence of an event may be mid-night, two numbers may be
approximately equal, and so on. Zadeh called such variables - linguistic variables
[111].

Such a variable takes as value, linguistic terms that are possibly imprecise. For
example, age of a person may be described by the terms infant, teenage, youth,
middle-age, old etc.. So a linguistic variable age may take any value such as in-
fant, t/eenage, young, etc.. These linguistic values of a linguistic variable may be

d as ional entities by means of fuzzy sets. The set
{infant, teenage, young, middle-aged, old } may constitute a primary term set and
the term set will be the totality of the primary terms together with terms gener-
ated from the primary terms in j ion with difiers as p issi e.g., very
young, more or less old etc..

3.2 Inference rule

Now, we present some basic inference rules in fuzzy logic which are commonly used
in approximate reasoning. Among them, two rules are of major importance, viz., the
1 rule of infe and lized modus ponens. In [70] we develop

a new rule of inference in fuzzy logic and call it yllogi
We also show the importance of the same in reasoning with vague concepts.

© Entailment : From ‘X is A’ we infer ‘X is AV, if pa(z) < pi(z).

© Cylindrical extension : From ‘X is A’ we infer ‘(X,Y) is A*’, where (Vy)
Ha+(2,y) = pi(z).

¢ min-combination : From ‘X is 4,’ and ‘X is Ay’ infer ‘X is A, N Ay’, where
Painay (2) = min(ua, (2), pay (7).

¢ sup-projection : From ‘(X,Y) is R’ infer ‘Y is B’, where (Vy) pup(y) =
SUP UR(z, y)-

¢ max-min composition : From ‘X is 4’ and ‘(X,Y) is R’ infer ‘Y is B’, where

up(y) = max min(ua(z), pr(z,y)).

20



4
U the unverse of X

Figure 2.1: The fuzzy set A

¢ Generalized modus ponens : From ‘X is A*’ and ‘if X is A then Y is B’
infer 'Y is B*, where pg- (y) = sup(ua-(z)o (1a(z) = pp(y))), o and — may
have different interpretation. If we choose — to be any T-norm operator, we
call it sup —t combination.

* Generalized disjunctive syllogism : From ‘X is A*’ and ‘either X is A
or Y is B’ infer ‘Y is B, where pp-(y) = inf(na-(2)® (1a(z) V pn(y))), »
and V may have different interpretation. If we choose V to be any ‘I-conorm
operator, we call it inf —s combination.

In a recent work [58], different reasoning methods based on point-valued and
interval-valued fuzzy sets have been discussed and results analyzed.

4 Possibility distribution

The theory of approximate reasoning, due to Zadeh {109, 113, 114], may be viewed

alternatively as a suitable application of the theory of possibility. The theory of
possibility is a special branch of fuzzy measure theory. A lower semi-continuous
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fuzzy measure is called a possibility measure. Pos. iff it sa
Pos(Uyer4,) = sup Pos(A,)
o

for any family {A; | 4 € P(X).i € I} of subsets of X. where I is an arbitrary
index set and X

s a given universal set.

ty measure Pos

Given a possi

a function f on X defined by
f(r) = Pos({r}) (2.15)

for all x € X is called a possibility distribution function. The function uniquely
characterizes the fuzzy measure via the formula

Pos(A) = sup f(z) (2.16)
red

for all 4 € P(X).

The basic assumption underlying the theory of approximate reasoning is the
i ision in natural 1 is ibilistic in nature. Possibility theory plays an
essential role in ing natural it ion into ibility distributions

to which, the rules of inference may be applied for a possible inference. In the
following, we discuss the basic principles of the theory of possibility. A thorough
exposition of the same may be found in Zadeh [113, 114].

Approximate reasoning is concerned with knowledge expressed in a formal atomic

primitive, which are actually given in a natural language form, e.g., Pressure is low.
The translation of this statement into atomic forms proceeds as follows:

 a symbol is used to denote the physical variable Pressure (P),

 another symbol is chosen to denote the particular linguistic value of the variable
low (13).

o the natural language statement is rearranged according to the form Pressure has
the property of being low,

® the

tomic primitive is given by P is I3, where ‘i
property of being’.

stands for the phrase “has the



In this thesis, such an expression is called an atomic fuzzy proposition. Composite
fuzzy propositions may be generated in terms of atomic fuzzy propositions using
fuzzy connective. The meaning of the atomic fuzzy proposition is defined by the

fi ion of el in the fuzzy set B. The meaning helps us to decide
the degree with which the symbolic expression is satisfied, given a specific physical
value of the physical variable ,say Pressure.

Although possibility theory is well formulated in terms of fuzzy measures [93], as
already pointed out, it is important to examine whether this formulation may also
capture the fundamental connecuon between possibility measure and fuzzy set,
which is facili d by the it ibility distribution function. To explain
this function, let X be a linguistic variable that takes values in a universal set U
and let information about the actual value of the variable be expressed as a vague
proposition

p: Xis A
To express the above inftc ion in h ic terms, it is natural to inter-
pret the membership degrees ps4(u) for each u € U as the degree of possibility that
=u. Thisi ion induces a ibili ibution mx which i to

euh generic element u of the universe U of the linguistic variable X , the possibility
that u could be a value of X, which is exactly what the fuzzy set A is in this case.
Thus the vague proposition p induces a possibility distribution

Nx=A

such that
wx(u) = pa(u) ; ueU. (2.17)

Ezample 2.3 : Let U = {n € N | 1 < n < 6} be the universe of a linguistic
variable X. The proposition

p : X is close to 4

indicates that any natural number n, 1 < n < 6 could possibly be a value of the
variable X with varying degrees of possibility as is given below :

Poss [X < 1]=0,

Poss [ X =1]=0.25,
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Poss [X = 2] = Poss [ X =6] =0.5,
Poss [X = 3] = Poss [X =5]=0.75,
Poss [X =4] =1,
Poss [X > 6] =0.
This idea generates the concept of a possibility assignment equation given by

Ix = ‘close to 4’
= {(1,.25),(2,.5),(3,.75), (4,1.0), (5,.75), (6, .5), }.

The simplest and most usual expressions in fuzzy logic are of the form X is 4,
with the i ded : the linguistic variable X takes the linguistic value A4,
represented by a fuzzy set {u,pa(u)} on a certain universal set U. Equivalently,
it is said that the fuzzy set A restricts, in a flexible manner, the possible values
the variable X may take. In terms of ibility distributi this is d
as by saying that the assertion of the above fuzzy expression induces the following
inequality :

mx () < pa(u)
where mx stands for the ibility distributi ding to the variable X.
If there be no known constraint else, on 7y, the principle of minimum speclﬁclty
would assign to mx the least specific (,the biggest) ibili
the above constraint, i.e.,

wx(u) = pa(u),Vu € U.
This is the so called possibility assignment principle.

In Fuzzy logic, elementary expressions may involve a multidimensional linguistic
variable Z, for instance, ‘Zis R’, where Z denotes the vector of variables (X,Y)
and R is a fuzzy relation on the product space U x V. V being the universal set
for Y. Thus, such an ion induces the i

7xy) (%, v) < pa(y, v)
on the joint possibility distribution of the variables X and Y.

Within this possibilistic view of fuzzy i i i is car-
ried out almost exclusively by three kinds of b

and projection. The operation of extension allows us to extend a Lonstramt on a
marginal possibility distribution to a int on a joint
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The ion of ination allows us to bine two distributi of a particu-
lar variable to a new distribution on the same variable. The projection operation
allows us to get constraints on respective marginal distributions from their joint

distributions.

4.1 Principle of minimum specificity

IfIx and Ix' are such that ITx < Ix' then Ix is said to be more specific than
Iy’ in the sense that I1x’ gives no better information than IIx and hence in such
cases, the distribution ITx’ may be discarded [24]. The principle of minimum speci-
ficity says that if a piece of information comes from several sources, the possibility
distribution is the least specific possibility distribution that satisfies the constraint
induced by the pieces of mformanon given by different sources. Thus if IT, I1%,

- be the ilabl i for X then the principle of minimum

speclﬁclty asserts that

Tix = min . (2:18)

4.2 Conjunction principle

Let p and ¢ be two typical iti whose lati are d through
o ) ot
p = Ix, x5 x, =S and
g = I, x5 X Vi Voo Ye = T
(m < nym,n, k < 00)
Here S and T are fuzzy relations. Let U, (1 <i<n)and V; (1 <j < k) be the
iables. Set

universe of di

Then the conjunction principle asserts that [113] r may be inferred from p and ¢
according to the following scheme :

p = IIx = S(, say)

g — Ixryy = T(, say)

reHxyn=5NT
where 5 and T respectively denote the cylindrical extension of S and T over Uy x Uy x
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Up x Vi x V3 x - - - X Vi which actually d the greatest ibility distribution
on the said domain, in accordance with the principle of minimum specificity.

4.3 Projection principle

Let p be a vague ition whose ion is d as the ibility as-
signment equation
P = Ox, x5 x0) = F (2.19)

where F is a fuzzy relation and let X’ = (X, X2, -+, X,»); denote a sub-variable
(m < n). To preserve the order of appearance in case m < n it may require renaming
and rearranging. The projection principle asserts that r may be inferred from p
according to [113]

P = My x5, %0) = F

7 4 (X yy i X0) = PTOJU e F
such that 7x:(Ums1, -+, ua) = JSup ey, Uun).

4.4 Cylindrical extension principle
The cylindrical extension operation is more or less the inverse operation of the

projection operation. It extends fuzzy sets to fuzzy relations. Let R be a fuzzy
relationon U =U;y X +++ X Up. Letforn >m, V=V x--- x V,.

The cylindrical extension of R into V will be a fuzzy relation S

ps(vr, -+, va) = pr(vi, -, Um). (2.20)
Thus the cylindrical ion clearly d the largest fuzzy relation that is
compatible with the given projection. Such a relation is the least specific of all
relation compatible with the projection.

5 Different models of approximate reasoning

Since the first formal description of fuzzy reasoning by Zadeh, many researchers
have discussed different forms of fuzzy i Mi: a possible
extension of fuzzy reasoning in [57). In ordinary fuzzy reasoning, as suggested
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a 6
V. 1he unwverse of ¥

Figure 2.2: The fuzzy set B

by Zadeh [114], we make inferences of the form presented in Table 2.1. Here the
variables X, Y take values in uni of U,V respectively and A, 4', B, B'
are (possibly vague) descriptions of the linguistic variables X and Y, which are
approximated by fuzzy sels over their respective universal sets. We may deduce
the lusion B’ from ises p and ¢ ding to the foll scheme. First
we the diti | as a fuzzy i ication relation and then use
max-min composition(o) of the fuzzy set A’ with the fuzzy relation A — B. Thus,

we have
B =Ao(A> B) (2.21)

where

#p(v) = sup{un (u) A pasp(u,0)l A is a min-operator. (2.22)
u€l

A pictorial description of the above may be given as in the following [69]. Let us

p: XisA then YisB
q: XisA’
r: Y is B’

Table 2.1: Model 1 : Rule-based ordinary i T




P
U. the universe of X

Figure 2.3: The fuzzy set A’

take A, B and A’ to be normalized fuzzy sets and define them as:

_J1-Ltlz—4) fo<g|lz-4|<4
#a(@) _{ (1] otherwise.

_f1-%ly-51 ifo<|y-5|<5

uolv) = { 0 otherwise.
_J1-&@=-49? fo<|z-4|<4

par(@) = { 0 otherwise.

The support of each fuzzy set is uniformly quantized into 20 levels. Figure 2.1

depicts the representation of the fuzzy sets A, the antecedent of the conditional

rule. Figure 2.2 cor ds to the ion of the fuzzy set B, the consequent
part of the conditional statement p. ‘The fuzzy set A’ is shown in Figure 2.3.
The conclusion using Zadeh’s iti rule of infe has been

in Figure 2.4. Figure 2.5 gives a pi ial ion of the relational matrix
R(A, B) using the min-rule for the ion of the ditional The

cylindrical extension of the fuzzy set A’ over the entire space U x V is shown in
Figure 2.6. In Figure 2.7, a pictorial representation of the conjunction of the two
relations have been shown.

In extended fuzzy ing, as by Mi we make infe of the
form presented in Table 2.2. where X,'s are variables taking values in universes of

28



a 6
V.1he unwverse of ¥

Figure 2.4: The inferred fuzzy set B’

Figure 2.5: The fuzzy conditional relation S
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Figure 2.6: The cylindrical relation R, induced by A’

discourse U;, i = 1,2,---,n. B and B’ are fuzzy subsets of V. We use this second
form of reasoning in fuzzy control problems One possible way to obtain the con-

clusion B’ is the i of itional rule. Here, we first translate
the premise p into a fuzzy relation between the inputs(,rule-antecedents) and the
output(,the ). There are diffe ways to obtain such a relation. Then

we translate the second premise ¢ into another fuzzy relation between the input
variables and cylindrically extend the same over the product space of the input and
output vari; We then these two relations using the (min)conjunction
principle and (max)project it over the universe(,V) of the output variable, for the
desired conclusion.

Here, in order to obtain a conclusion, we need prior information about all the
variables, appearing in the body of the rule. But in controlling a real plant/system,
it has often been found that all information regarding the firing of the rule may

p.: if XjisA and XzisA; and --- Xpis A, then Y isB
q XiisA] and Xpis Ay and - Xnis Al
T+ Y is B’

Table 2.2: Model 2 : Rule-based ded
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Figure 2.7: The itional relation between S and R

not be icitl, ilak For i all state of a rule-based output
feedback design may not be field measurable(observable). Hence a generalization
of the said form of reasoning have been proposed in [71].

In [71], the reasoning process is carried out as in the following. The rule p is first
translated as an implication relation R, between the antecedent linguistic variables
Xi;i=1,2,---,n and the consequent linguistic variable Y, in the foom R=A - B
where A is defined by

n
A= 4
i=1

which is the point-valued fuzzy set d ined as a of the fuzzy sets
Ai(i=1,2,---,n). Then we translate the premise g into another fuzzy relation A4’,
defined over the product space of the input variables and then apply compositional
rule of inference according to Zadeh’s sense to obtain

B'=A'oR
where o is a compositional operator and A’ is defined by

m
A=Al

=1

in a similar manner as above.
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Asan i form of i ing, let us consider a generalized form,
mostly used in rule-based systems as in Table 2.3. There are m rules in n linguistic
variables, where X;'s are variables taking values in universes of discourse U;, i =
{1,2,---,n}. For each value of j = {1,2,---,m}, Aj is a fuzzy subset of U’ and
B"s are fuzzy subsets of V. The symbols A;,i = {1,2,---,n} are n fuzzy subsets of
U; and B is a fuzzy subset of V.. In this case, the consequence may be obtained in
two different ways. One way is to compute the conclusion from each rule with the
premise ¢ and then compose them by some rule of composition. The other way is
to compute a fuzzy relation from the combination of all the rules (each of them is
a fuzzy relation) on the product space and then use g to obtain the desired result.
Both the methods are frequently used in rule-based systems.

Let us now consider two different models for reasoning with vague propositions. The
two models are presented in Table 2.4 and Table 2.5. Detail work on these models
may be found in [70]. The motivation for this form of approximate reasoning is
to handle disjunctive form of vague k ledge in the fi k of

reasoning methodology. This may be used in deriving resolvents in fuzzy logic.
Here, the consequence r may be taken as a fuzzy resolvent of the two formulae
p and g. For a resolvent of the form r we first translate premise p into a fuzzy
binary relation(,say R;), possibly using a T-conorm operator. Then we perform
cylindrical extension of A’ over U x V. Let it be denoted as R;. We then compose
Ri and R; to generate one binary fuzzy relation (R) on U x V. Since, in generating
the fuzzy relation we use T-conorm operator, it would reasonable here to choose
some conjt i ion for a ingful Thus we perform inf-s
combination operation on R to find the desired fuzzy set B’ according to (2.23)

#e(v) = inf pr(u,v). (2:23)
In Table 2.5, we find a ised model for i ing based on dis-
pl:  if  XiisAl and XpisA? and -+ XnisAl then YisB'
p2: elseif X;isA} and Xis A7 and -+ Xnis AP then Y isB?
pm: elseif XyisAl, and Xyis A% and --- X,is A then Y is B™
q: XiisA, and X,isAy and .- Xpis An
re Yis B
Table 2.3: Model 3 : Appli form of

32



p: NisA o YisB
q: NisA®
= Vs B

Table 2.4: Model 1 : Resolution-based ordinary approximate reasoning

p: X or or - X,is A,
f q: Xpis A
r: Xpis 4y or - Xpis Ay

Table 2.5: Model 5 : Resolution-based extended approximate reasoning

Junctive knowledge. Here X/'s are n linguistic variables taking values in unive
of discourse U;, ¢ = 1,.2,---,n. For a resolvent of the form r as given in Table
2.5 we first translate premise p into a fuzzy binary relation (say Ry), possibly
using a T-conorm operator. Then we perform cylindrical extension of 4] over
Uy x Uy % +-- x Uy, Let it be denoted as Ry. Then we compose R; and R, to
gencrate onc binary fuzzy relation (R) on Uy X Uz x - - - x Uy, Then we perform inf-s
combination on R separately on U;i = 2,3,---,n to find the desired conclusion
according to (2.24)

pag(u) = ";€i5‘1€)¢l pr(uy,up - un). (2.24)



Chapter 3

Similarity Indices

1 Introduction

The similarity of two objects suggest the degree to which properties of one may
be inferred from those of the other. The notion of similarity plays a fundamental
role in theories of knowledge and behaviour and has been dealt with broadly in
the psychology literature [34]. There are different ways to define the similarity
between two fuzzy sets. Accordingly, they are classified. The most important class
of dist: fi ion is the Mi i’s r-metric, defined as follows :

n B
dimy) = [glx.-—y,- |'] L r21 @

where z and y are two points in an n-dimensional space with components (z;, %),
i=1,2,-- ,n The well known Euclidean metric corresponds to the case of r = 2.
The three di ding to r = 1,2 and oo, are mostly used in
psychological theory [121].

Another important class of distance function is the Hausdorff metric. It is a gen-
eralisation of the distance between two points in a metric space to two compact
non-empty subsets of the space. If, U and V are such compact non-empty sets of
real numbers then Hausdorff distance is defined as :

d'(U,V) = max [325 inf da(u, ")’3‘25 inf da(u, ) (3-2)
where d; is defined as in (3.1).
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Different generalisation of the Hausdorff metric have been proposed by many re-
searchers. A similarity matching degree may be defined from the distance functions
according to the following :

(o, —d(e (3.3)
A set th i p h to a family of similari: i may also be given by
s(4,B) =0f(ANB) - af(A- B) - 3f(B - A) (3.4)

for some function f and parameters 6, a,3 > 0 [87). Typically, the function f is
taken to be the cardinality function.

Similarity concept is not new in fuzzy set theory. Several attempts have been made
to lise the classical of similarity, to fuzzy sets. In this chapter, we
investigate different lines of research on this aspect and introduce some notion of
similarity of fuzzy sets, a measure of ‘indistinguishability’(,’sameness’), defined over
the same universe of discourse.

Approximation is inherent in fuzzy set theory. It has been noted that small devia-
tions from what might be considered as ‘precise membership values’ should normally
be idered of no ical signi (107]. On the other hand, approximation
is implied when considering, for example, the multitude of solutions of the inverse
problem :

Given a fuzzy relation R on U x V and a fuzzy subset B of V, to find all fuzzy
subsets A of U such that Ao R = B, o being the maximin composition.

A solution to the above problem clearly indicate the need for similarity matching
and some form of analogy in reasoning. In such cases, we may find similar concepts
within the current context and come up with some conclusion based on their simi-
larity. The confid of the lusion may be d ined based on the degree of
similarity.

The concepts of similarity and proximity of fuzzy sets plays a fundamental role
in reasoning with vague knowledge [74, 75, 121]. The authors in [84] commented
and showed that the notion of a similarity measure between two fuzzy sets may
be successfully applied in fuzzy reasoning. Recently, similarity based approximate
reasoning mechanisms are being applied to pattern recognition, process control and
many other areas [75).



Here. we assume that the nniverse of discourse is a finite set. In the process we also
discuss similarity measure between two countable infinite fuzzy sets. Lot

A= Y {pal)/uyand B = ¥ {pn(u)/u}.
o

il

be two fuzzy sets defined over the universe of discomrse U, A similarity index
between the pair {4. B} is denoted as S(A. B:U) or simply S(A, B). In the fol-
ing simil res are listed from the literature. The

lowing. a number of exis Ve

properties of several measures of similarity are studied.

2 A brief review

Similarity indices in a fuzzy set theoretic framework may be found in the work of
Dubois and Prade [22]. There, it is expected that, besides being symmetric. S(A, B)
should also satisfy the following properties :

S(A, B) = 1iffl AVB = & where jiaon(z) = D(pa(e), unle))  (3.5)

and

D(A,B) = min[max(a,b), max(1 —a,1 - b)) (36)

= max(min(l - a,b), min(a,1 - )] 0<ab<1. (3.7)

1f A and B have disjoint support then S(A, B) = 0. Again, S(A, B) depends on a

scalar evaluation of AVB. With such indices, it was claimed that, fuzzy pattern

(mis)matching problem may be handled efficiently. The following indexes have been

proposed in [18] as dissimilarity measures hetween fuzzy sets :
|AnB|,

4(A,B)=1- [ Fopr (3.8)

dy(A,B) =] 4o B : (39)

dy( A B) = sup praos(un); (3.10)
wl

where
Y € U, ptaons(t) = max [min(u(u). 1 — pp(u))min(l = pealu), pu(u)]  (3.11)

and finally a disconsisteney index as

dy(A, B) = 1 = sup panu(n). (3.12)
et
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In [22], out of S they have also defined a measure of non-dissimilarity as d(A, B) and
concluded that ‘usually with fuzzy sets S(4, B)' and d(A B) do not convey the same
information and accordingly, similarity and ilarity are not

[22].

The measure as given in (3.12) may be used for countable infinite fuzzy sets also.

A measure of similarity of fuzzy sets may also be given by the formula of neigh-
bourhoodness of two points as

Z {pa(u).up(u)}

54, By = max{): V0, 5 i) R

Work on this measure may be found in [9]. It was claimed that such a measure of
likeness of fuzzy sets may be useful in fuzzy decision making problem.

A family of measures of equality of fuzzy sets having a strong logical background
may be given as in the following :

S(4,B) = %[(A & B)+ (A6 B) (3.14)

where (Ao B) (A - B)A (B — A), A is a conjunction operator and —
is an impli Different interp ion of the will result in
different measures of similarity between fuzzy sets. More work on this measures
may be found in [62]. These definitions may also be used for countable infinite
li and ion we may

fuzzy sets. By a proper choice of i
also make them compuationally simple.

A simple modification of the said measure result in another measure of similarity
of fuzzy sets with finite support as follows :

131
S(A,B) = - 5= 5l(uaw) & up(w)) + (wau) < up(w))] (3.15)
i=1
where
(#a(u) © pp(u)) = (na(w) = pa(w) A (ne(v) = pa(w)), (3.16)
n being the inality of the uni set U, Aisa j ion operator and —
is an implication operator. A thorough ition on the same may be found in

[6). The authors used this measure to model bi
through an inference network.
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Let us now consider a measure of similarity of fuzzy sets based on maximum ditfer-

ence of corresponding grades of ship vales as in the following :
SCLB) =1 max(l pati) = pnla) ). (3.179)

A measure of similarity of fuzzy sets based on the difference and sum of correspond-
ing grades of membership valnes may be given as in the following :
7 1 uatu) = pn(u)) |
el (3.18)
> (ra(u) + pn(w))

uel:

S(A,B) =

A measure of similarity of fuzzy sets based on the operations of union and intersec-

bership values may be given as :

tion of cori ding grades of me:

Z min(jes(u). pra(n))

St B) = E max(jea(u). ps(u)) 49

Here, *min’ and ‘ max’ are used for the i ion and union ions respec-
tively. All these three measures may be used for countable infinite fuzzy sets. A

detailed work on these measures may be found in [61].

A modification of the measures given in (3.15) and (3.17) may also produce two
other measures of similarity between fuzzy sets having finite support, based on

of bership values of cor dii 1 in the fuzzy sets as
1 min(ua(u), ma(u))
s(4, By = 1 3 minluatu), pp(u)) 3.20
4 B) = 2 2 Sras(n(a). ) @20
here n, a finite number, is to be the lity of the uni 1set U and
$4.8) = 2 351- | uat) ~ unta) 1 @21)

In [94], the authors claim that these measures give more reliable results.

A good working measure of similarity between two countable infinite fuzzy sets may
be given as in the following :

S(A,BY = | —sup | pra(u) — pplu) | . (3.22)
uel?

It is casy Lo see that this may be an effective measure if we consider an infinite fuzz
set. But. the problem in working with such a measure is that, it gives importance
to the *sup'-operation only. Work in this direction may be found in [40].

38



Aunother similarity measure. between two finite fu; 5. may be defined as follows:

win(galu). pp(u))). (3.23)

Properties like reflexivity. svmmetry. normalization. boundedness and dissimilarity
s based on this measure have been studied in (49]. The authors

between fi
also claimed thdl their measnre may be found to be uselul in behaviour analysis.

Several other measures of similarity of fuzzy sots have been suggested by different

researchers at different instances of time and for different purposes and have been

claimed to be useful.

In this regard, in [94], a definition of correction coefficient has been provided. The

correction coefficient of two fuzzy sets 4 and B is denoted as k(A. B) and is defined

k(A, B) (3.21)
where "
T(A) = 3 [0 VA ()] s val) = 1 = pals) (3.25)
and N
C(4,B) = 3 [(ralars)-upt) + walz)-vule)] (3.20)

Now, Once an index is defined -

How can we compare this with other existing indices?

How should we judge the goodness of such an index?
Questions of this nature carry immense importance for all practical purposes. In
the following, we attempt to provide a comparative study on the same.

3 Comparative study

In this regard. the authors in [121] have reviewed different similarity measures.

as suggested in the literature in the general case and as adapted o fuzzy sets.
‘They have also presented an experimental design for linguistic approximation and

discussed at length the snitability of application of different measnures of similarity.

In [94]. the authors presented a comparative study on the basis of a set of axioms.
There. it has been found that the performance of the similarity index given by
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(3.23} is not at all satisfactory. They have also investigated some similarities and

dissimilarities in performance,

section

First of all, we s listed in the previous
satisfy the reflexivit ‘These three propertic

are a must for any similarity measures. In this regard. all measur

¢ that all the stmilarity measure

nd boundedne

mmetr proper

are equally well.

three pmpv-mvs sxml]dln\’ measures should also satisfy properties

and These are some

Besides thes
like computational simplicity.

desirable properties.

Similarity measures based on the computation of overall sup-operation as well as
max between clements are such that they give more importance to a particular
Thus, 1wo fuz
nd/or m

ets are often found to be

vatue and ignore the presence of othe

similar when they have the same sup a

ar as and when they have the same

Of course, we may define two fuzzy sets to be simil
cardinality or they have the same support. This may work for mathematical theory
construction. But in order assist the decision-maker in the real life situation. the
practical meaning of similarity concept is of vital importance. We are considering
those indices that play a crucial role in the theory of fuzzy reasoning. This demands
similarity measures based on a comparison of membership degrees of each concept

‘Thus the measure defined in eqn (3.13) is workable in practical situations. A major
drawback underlying the said measure is that S(A, B) does not, in general, satisfy
any monotonicity criterion. Again, here, measure of similarity does not indicate the

measure of non-dissimilarity.

Next, let us consider the similarity measure defined as in (3.22). In order to illustrate
the drawback underlying it, let us consider a simple example as in the following :

nalu) = 1Vue U and (3.27)
pa(uo) = O for a particular uo € U and
= 1 otherwise. (3.28)

it is found that the similarity index

Even in such an almost similar pair of fu
is 0, showing thereby that they are completely dissimilar.

The measure proposed in (3.24) is an appropriate measure. Only problen in working
with this measure arises from the fact that S(. B) = 0 does not imply that A and
B ave ¢

joint fuzzy sets. In this case. we find that

10



Now, we may safely lude that, it is ically i ible to single out one
possible similarity measure that works well for all purpose. It is intended in the
present thesis to provide the user with certain measures of similarity each of which,
satisfies certain basic needs of being a measure of similarity.

In the following section, we present some definition of similarity between fuzzy sets,
defined over the same universe of discourse. Some important deductions are also
provided to illustrate the proposed measure’s soundness.

4 Proposed measure - definition and properties

In order to provide a definition for similarity index [74], a number of factors must be

A primary ids ion is that, wk way we choose to define such
an index, it must satisfy the properties as already mentioned. Similarity measures
when expressed through pure numbers are found to be non-transitive.

Keeping all these in mind, we expect that, a similarity measure S(A, B) should
satisfy the following properties.

For all fuzzy sets A , B

P1. S(B,A) = S(A,B).

P2. §(A°, B°) = S(A, B), A° being some negation of A.

P3.0< S(4,B) < 1.

P4. A=Biff S(A4,B) = 1. )
P5. if S(A, B) =0 then either ANB =& (null); or A°NB*=&%;0rB=1-A.

For 0 < e < 1, if S(A, B) > ¢, we say that the two fuzzy sets A and B are e-similar.
Thus, the case for € = 1 correspond to equality of fuzzy sets. There may be many
functions satisfying properties P1 through P5. One such measure of similarity
satisfying properties P1 through P5 is given in Definition 3.1.

Definition 8.1 : Let A and B be two fuzzy sets defined over the universe of discourse
U. The similarity index of the pair {A, B} is defined by

S(A,B) = min {a(4, B), a(A%, B)} (3.29)
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where R
Z(I‘A(") pp(u)} :

4.8 = = {maxGia ), T ©30

and I-‘A‘(u) = 1-pa(u).
In case, Z {max(pa(u), p5(u))}® = 0 we find that, A and B are null fuzzy sets,

and we set
a(A,B) = 1 = S(A,B).

When A, B are binary fuzzy relations the summations in (3.30) may be extended
to all possible el of the iated i . Thus if,

A =303 {paluy)/uis}
i

and B =33 {us(uy)/ui} s wy = (ui,v;) €U XU
]
are two fuzzy binary relations, then we define
S(A,B) = min {a(4, B), a(A°, B)}
where s
323 {malus)-ne(us5)} :
aA,B) = e ————————————
33 {max(paluy), ua(w;))
i
and pac(ui;) = 1 — pa(ug).

It is easy to see that properties P1 and P2 are satisfied by Definition 3.1. The
other properties may be verified as follows:
Veri .

Let A and B be two fuzzy sets defined on the same universe of discourse U. It is
known that, 0 < pa(u),0 < pp(u). If

> [max{pua(w), up(w)}* =
uel

then Vu € U, pa(u) = pp(u) = 0 and hence a(A4,B) = 1. Also in this case,
1-pa(u) = 1—pp(u) = 1. So that (A%, B) = 1. Therefore, S(A.B) =

Otherwise, 3u € U, such that max{ua(u), up(u)} > 0, making a(A4, B) > 0. Simi-
larly, a(A¢, B¢) > 0. Thercfore, S(A, B) > 0.
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Again Vu € U,
na(u) < max{pa(u), ps(u)}

and pp(u) < max{pa(u), pp(u)}
will imply at once that
S {na(w).pp(w)} < T [max{pa(u), ps(u)}’];
uel ueU
ie, a(A,B) < 1. Similarly, a(A4¢ B) < 1 and hence S(A4,B) < 1. Thus the

proposition
0<5(4,B)<1

is valid.
Verification of P4.
Let us suppose that S(A4,B) = lie,
min{a(A, B), a(A%, B°)} = 1. (3.31)

By P3, since
a(A,B) <1 and a(A°,B) <1,

it follows from (3.31) that,
a(A,B) = a(4%,B%) = 1.

Now, a(A, B) = 1 will imply that,

3 {pa(u)-pa(u)} = 3 (max{pa(u), pa ()} (3.32)

uelU uelU
Again,

pa(u) < max{pa(u), up(u)}
and pp(u) < max{pa(u), up(u)}

ie.,

pa(w).up(u) < [max{pa(u), ua(u)})’; Vu € U. (3.33)
Each term on either side of the i lity (3.33) is gative. For i i

(3.33) to be true, we must have

pa(u)-pp(n) = [max{pa(u), us(u)}]’. (3.34)
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Otherwise, if for a particular « € {7
palu)ps(u) < [max{pala). po(a)}f?
then (4, B) would become less than unity, which is not true. Hence,
pa(u) () = [max{pa(u). pp(w)}]*: Yu € U. (3.35)
Ifnow pra(u) = pp(u) then we find that
Jea(@)gun(n) = {pa(w)}. (3.36)

If y4(w) = 0 then from the given condition we find that sip(u) = pralu) =0 Vue

Otherwise, cancelling g4(u) from both sides of (3.36), we find that jip(u) = pau).
= un(u) = pa(u) # 0
or pp(u) = pa(u) = 0.

So that, in any case, it is true that B = A.

If. on the other hand, up(u) > pa(n) then from (3.35) we find that
salw)-ps(e) = {up(w)} (337)

In this case also,
either pa(u) = pp(u) # 0

or pa(u) = pp(u) = 0.
Hence the proposition B = A is valid.

If, we suppose that two fuzzy sets A and B are such that A = B then from the
Definition 8.1 it follows at once that S(A,B) = 1.

Verification of P5.
Here it is given that S(A. B) = 0. By Definition 3.1. it follows that.
min{a(4, B),a( A, B)} = 0,

i.c., cither or both of a(A, B) = 0 or a(A°. B°) = 0 or both. Let us suppose that
a(A.B) =0, ic.

3 (ralu)-pntu)) = 0. (3.38)

18}



Since. jra(u)pn(n) >0 Yu € U
therefore. (3.38) = gry(udgiplu) =0 Yu € U.

i min{pa(u). pala)} — 0 Va € Ul

el ANB=d

On the other hand, if «(A9, B°) = 0. then
A0 = pat@)-(1 = ()} = 0. (3.3¢
uclf
Since cach term under the summation is non-negative
(3.39) = (1— pa(w)).(1 —pp(u)) =0: Yuel.

i, min{(1 — jea(u)). (1 — pa(u))} =0: Vue U,
AN B° = ®, the NULL set.

ie.

And when both are zero then
pa(u)pp(n) =0: Vu e U,
as well as (1 — pa(u)).(1 = pp(u)) =0; Vu e U.
Now if pa(u) =0 then pp(u) =1
else if pp(u) =0 then pa(u) =1,
ie, B=1-A.
Hence the above proposition is valid.

Ezample 3.1 : Let U = {1, ug, u3, uq, us} and

A = 1/uy + 3fuz + 5/us + .75/us + 1/us;
B = .01/uy + .09/uz + .25/us + .5625/us + 1/us:
C = .316/u + .55/us + .707/uy + 866/us + 1/us

be defined as above. Then,
a(A, B) = 0.82346405 (epprozimately).
Similarly,
a(A9 B = ol = 1= B) = 0.I8343776 (upprozimately).
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Therefore,
S(A, B) = (.78543776 (approzimately).

Again if C is considered, instead of B, then
a(A,C) = (.82936142 (approzimately).
Similarly, a(A4%,C%) = a(l — 4,1 —C) = 0.68874419(approzimately).
Therefore, S(A4,C) = 0.68874419(approzimately).

Although the last property P5 is a plausible and an intuitivel. ling one, it
is possible to argue in favour of a stricter condition for which S(A, B) should be
zero. Two crisp sets A and B are completely dissimilar only when A N B = &.
IfA N B # &, then they have some similarity as A and B have some elements
in common, in terms of grade. The similarity between the two increases as the
number of elements by which the two sets differ decreases. The similarity becomes
maximum (the maximum value may be thought of as 1) when the two sets are

identical, i.e.,

|ANBI|=|A|=B]. (3.40)

Here, we consider a direct extension of this concept (3.40) in defining the similarity
between fuzzy sets. For two fuzzy sets, it is reasonable to assume, that the similarity
should be zero if and only if A N B = &. Property P5 may now be reformulated

as
P5'. For all fuzzy sets A,B; S(4,B) = 0if AN B = &.

The need, thus, arises to find measures of similarity satisfying properties P1 through
P4 and P5'. There could be several such measures, a family of such simple measures
may be given by the following Definition 3.2.

Definition 8.2 : Let
A= Sua@fu and B = ¥ pa(w)fu
uel ueU

be two fuzzy sets defined over the same universe of discourse U. The similarity
index of the pair {4, B} is denoted by S(A, B) and is defined by

> pa(w) - patw) ) ¢

n

S(A,B)=1- (3.41)

where n is the cardinality of the universe of discourse and q is the family parameter.
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From the above Definition 3.2 it is clear that P1, e S(A.B) = S(B.A). is
satisfiod.

S patu) = sty £\ ¢

n

Next, $(4,B) — 1-

S = pat) = (1= () 17 F

n

= 1-
= S(:A°. B). Hence property P2.

I order to verify property P3 we proceed as follows :

0 < Jpalu) —pple)] <1
ie, 0 < |palw)—pn(u)|® <1
n
e,  0< Ylmal)-ppw)]' < n
u=l
22 | ratu) = pp ) |
ie 0 = | <1
n
n
2| ialw) = pp(u) |
i.e. 0< [t < 1

n

‘Therefore, 0 < S(A,B) < 1, which is property P3.

For P4, it is easy to see that

1 alu) = o) '\ ¥

S4B =1 et | =0

i.e., < palu) = pp(u) — 0 Yu
< pra(u) = pplu) Vu

4 A= B. Hence property P4 is established.

Note that this also ensures S(®,®) = 1. Next. property P53 is verified. For that.




let us suppose.

S watu) — gt} 1\ ¥
5B =1~ [T | -0,

S nalu) = pplu) |¢ i

n

=1

@ 3| palu) = pp(u) [F=n

@] palu) = ppu) = 1 Vu
| palu) = pp(u) |=1 VYu

If jea{u) > pep(u) then pa(u) =1 and pp(u) = 0; while if g4(u) < pp(u) then
fa(u) = 0, pp(u) = 1 and this is true for all u. Thus S(A, B) = 1iff AN B = &:
i.e., when A and B are crisp and A = B°.
Ezample 3.2 : Let U = {uy, ua, ug, ug, us}. And
A = 1/uy+ 3f/uz + 5/usz + .75/us + 1/ug;
B = .01/u; + .09/uy + .25/u3 + .5625/us + 1/us;
C = .316/us + .55/uz + .707/us + .866/us + 1/us.
With ¢ = 2 it is found that
S(A,B) = 0.92257746 (approzimately).
Similarly, if C is considered in place of B then
S(A,C) = 0.91864620 (approzimately).
S(4,B) 2 S(A,C) will imply that ‘B is at least as close to A as C is close to A"
S$(A, B), as given in Definition 3.2, is quite sensitive - every change in A or B will
be reflected in S(A, I3). Next some more property of S is discussed in the following.

Theorem 1. If S(4,B) = 1 and S(/3,C) = 1then S(A,C) = L

Proof : S(A,B) = 1= A=15S(BC)=1>B-C
A= B=C=8(A.0) -1



Of course, in general, for all fuzzy sets A, B and C the numbers S(A, B) and S(B,C)
cannot always determine S(A4,C). If some structural arrangement between them
may be prescribed then, we may find an estimate for the same as in Theorem 2.

Theorem 2. For all fuzzy sets A, B, C
ifeither ACBCCorADBDC
then S(A,C) < min{S(4, B),S(B,C)}.

Proof. : Suppose AC BCC,

ie, pa(u) < pp(u) Spc(u); Yue U

ie, pp(u) — pa(u) < pe(u) — pa(u); Yue U

i, | up(u) — pa(u) || po(u) — paw) | 5 Yue U

o0 2 S | un(®) = pal®) 'S 2 5 Lol = pa@) I
;GU % uelU 5 :
ie (33 s - mac 1) SL(; = e - na 1) s A
fen1- (— 5 L) = na@ 1) 21 (3 3 L) - ma 1)
ie. S(4,B) S S(4,C). <
Similarly, S(B,C) > S(A, C). Hence
5(4,0) < min{S(4, B), S(B,C)}.

On the other hand, Suppose that A2 B2 C

ie, pa(u) = pp(u) 2 pe(v); Vue U

ie., pp(u) — pc(u) < pa(u) — po(u); Yue U

ie, Ilus(u) = po(w) || palu) —luc(u) |; Yue U

ie, = > |l ua(w) = polw) I < n 3 ralu) = pe(u) I
uelU uey

e (32 1m0 o 1) < (3 5 st - ot )5
e 1= (— > L () = o) |")# 21- (3 5 luaw - e 1)
e, S(B,C)'S 5(4,C).
Similarly, S(4, B) > S(A,C). Hence
S(4,C) < min{S(4, B), S(B,C)}.
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Hence the theorem.

Theorem 2 motivates us to consider the property of monotonicity of similarit
another axiom for some kind of monotonicity. So. we are

Sets o satis
ion to state the a

oms for similarity measure as folloy

now in a pos

For all fuzzy sets 4, B

Al §(B,A) = S(A.B).
A2. S(A%, By = S(A, B), A° being some negation of A.

A3.0< S(4,B) < 1.

A4. A=Biff S(4,B) — 1.

A5. S(A,B)=0ifand only if AN B = &.

A6. If AD B D C, then S(4,B) > $(4,C).
Here, we note that A°, the complement of a fuzzy set A is to be defined first.
Throughout the thesis, we used the idea of ‘1—’ as the complementation. A general
characterisation of similarity index satisfying the set of axioms is not in the present

scope of the thesis. On the basis of the above axioms, it is casy to see that the
family of similarity measures defined in Definition 3.2 is a valid choice.

5 More on similarity measure

Our interest is on hi iented for solving ical For
that, so far we have considered similarity measures for fuzzy sets having finite
support set. In this section, we study some measures of similarity between fuzzy
sets having arbitrary support set. Already we have listed some of them in the
review section. For example. the measures defined in (3.14) and (3.22) may be

directly extended to infinite sets.

v subsets of

Let I/ be any arbitrary set and let F(U) be the collection of all fuz

7. To specify a degree of similarity hetween elements of F(U7), we first define a
distance function

d(A, B) = sup | palu) — pp(u) | AB € F(U). (3.12)
el
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The corresponding similarity index S(A. B) may be obtained as

S(A.B)=1-d(A. B). (3.43)
‘Thus, given any ¢ € [0.1]. two members of F{I') are said to be ¢-similar. if and
only if S(A, B) = «.

If we go back to the axioms of the previons section we find that (3.43) satisfies
all except axiom AS5.. Neverthel it is a reasonable definition. Work on this
measure may be found in [40]. Let us now propose a family of similarity indices for

sets as follows :

countably infinite fuzz

d(A, B) = i |““(")2—””(")r'] Y A BeFUkaxl (3.44)

=1
The corresponding similarity index $(A, 3) may be obtained as
S(A,B)=1-4d(A,B). (3.45)

Now, since

0 <| pa(un) — pp(un) IS 1, (3.46)
it is clear that, the infinite series is convergent and converges to 1.
In the above case, we see that the similarity index depends not only on the corre-
sponding membership values but also on the order of their appearance because of
the presence of the weight factor. This may be avoided, if we consider the supremum

over all possible binations. The above is sound for mathematical theory
construction but found to be inappropriate in terms of computational aspect.

Thus, we see that, similarity or mdlstmgulshabxhty between fuzzy sets may be cap-
tured by aggregating the dissimilarity or inguishability between bership
values of el in the corresy 1i fuzzy sets. Such an index, being a pure
number, does not give any information about the ordering. This is why these mea-
sures are not transitive. Similarity matching is inherent in reasoning with imprecise
concepts. In the next chapter. we show how similarity measure may be made to

work in reasoning with vague concepts.



Chapter 4

Similarity based approximate
reasoning

1 Introduction

In the previous chapter, we developed the concept of similarity index for measuring
the likeness of fuzzy sets over a given uni of di and p d two new
measures for the same. We discussed some basic properties and results in connection
with these measures. Here we restrict ourselves to the said two similarity measures
for fuzzy sets having finite support (Definition 3.1, Definition 3.2). We will consider
the introduction of the concept of similarity in hodol

To begin with, in this chapter, we take a close look at the different methods of infer-
ence based on a sxm)lamy measure. In [84] the authors proposed a similarity based
method called A 1 ing schema. It was shown that the
method is applicable to both point-valued and interval valuecl fuzzy sets. In [9], the
author proposed two similar hod: for medical di )t Two other

hods based on diffe di proced have been d in [104].
In the framework of existing approaches to similarity based inference methodol-
ogy, recently, in [105], the authors proposed another two similarity based methods
for reasoning and made a comparative study of the above similarity based fuzzy
reasoning methods.

In all these works, the authors considered that similarity based fuzzy reasoning
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methods do not require the construction of a fuzzy relation. Accordingly, they
are based on the computation of the degree of similarity between the fact and the
antecedent of a rule, in a rule-based system. Then, based on the similarity value
between the membership values of the elements of the fuzzy set representation of the
fact and the corresponding fuzzy set in the antecedent of the rule, the membership
value of each element of the consequent fuzzy set of the rule is modified to obtain
a conclusion. This is the same for all existing similarity based reasoning schema.
The modification procedure is different for different schema.

We propose two new similarity based approxi i hods. Our first
method is a modification of the method presented in [84]. The second method is an
integration of similarity based ing and Zadeh’s itional rule of infe

In the process, we consider both sxmxlanty basedd models and resolution based
models, for similarity based ap i Wlth iffe results we show
that the proposed similarity based approxi hods are bl

In the proposed methods, for inference in a rule-based system, the conditional rule
and for inference in a resolution-based system, the disjunction are first expressed
as a fuzzy binary relation. In translation, we prefer to use triangular norms in
the first case and triangular conorms in the other case, for a better understanding.
Other interpretations are also possible. Then, new facts are used to compute the
similarity between the fact and the antecedent of the rule, in a rule-based system
and one of the disjunct defined over the same universe in a resolution-based system,
to modify the above fuzzy binary relation and not the consequence of the rule as
done in the existing similarity based i The ion is
based on a measure of similarity following some scheme to be presented. The result
is interpreted as the induced fuzzy binary relation. Then the inference is computed
from the induced fuzzy binary relation using the well known sup-operation, in a
le-based system and’ inf-op ion in a lution-based system.

In the following, we present a brief review on the existing similarity based fuzzy
reasoning mechanisms. Then, we formulate two new schema of reasoning based on
similarity measures. The above schema are used in formulating different models (,
rule-based and resolution-based). We provide some simple examples for a better
understanding of the proposed schema.
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p: XisA then YisB
q: Xis A’
r: Yis B

2 A brief review

Many fuzzy systems are based on Zadeh’s itional rule of infe [114].

Despite their success in various systems, researchers have indicated certain draw-

backs [84] in the hani This i the i duction of similarity based
i hani: as d in [9, 10, 82, 84, 104, 105].

A brief review on the similarity based reasoning, in general, may be found in [24].
A detailed description on some similarity related reasoning may be found in [84].

In such similarity based reasoning schema, we see that, from a given fact, the desired
conclusion is derived using only a measure of similarity between the fact and the
antecedent, in a rule-based system. In some cases, a threshold value 7 is associated
with a rule. If the degree of similarity, between the antecedent of the rule and the
given fact, exceeds the real value of 7, associated with the rule under consideration,
then only that rule is assumed to be fired. The conclusion is derived using some
modification procedure.

As an illustration, let us consider the two premises as in Table 2. Here A and A’
are fuzzy sets defined over the same universe of discourse U = {11, us, -, um} and
B, B' are defined over the universe of discourse V = {v1,vz,- -+, vn}. Let S(4, B)
denote some measure of similarity between two fuzzy sets A, B. In [84], the authors
used the Euclidean distance

m 2112
Dy(A, A') = [ .-=.lmv(u1-1)l—m(u‘)l’] ; @

The similarity is then defined as
S(A, B) = L+ Da(A, A)]7". (4.2)

In the existing mechanisms, if S(A,A’) > 7 then the rule will be fired and the
of the rule is dified to prod the desired conclusion. Based on the
change of membership grade of the consequent, two types of modification proce-
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dures may be proposed as in (84, 86] - expansion type inference and reduction type
inference.

Let B' = 3" (s (w5} s} and 5 = s(S(4, B, 7).
=1
Expansion form : pg(v;) = min(1, pg(v;)/s). (4.3)

Reduction form : pp (v;) = (u(vi).s). (4.4)
The authors have also extended this method to handle interval-valued fuzzy sets.
Both the methods proposed in [9, 10] use the threshold value, a confidence factor
and the reduction form of inf without providing any argument as to the choice
of modification procedure. In one of them [9], each fuzzy set is first conceived as
an m-component vector and then use the concept of vector dot product for finding
the similarity, called the matching function as :

| Al A'| cos(6)

(max(] A [*] 4' 7))

S(4,B) = (4.5)
where | A | is the length of the vector A and cos(f) is the cosine of the angle between
the two vectors. If S(A, B) > 7, the predefined threshold value, then the rule will
be fired and h of confirmation is calculated by S(A, B) * s, where y is the
confidence factor associated with the rule. In the other method [10], the author
used weights with each propositions for the calculation of similarity. In this case,
the similarity between fuzzy sets is computed as :

Sa.B) =3 [T(uA'(ui>,uA(u;)).ﬁ] @)

where T'(pa (w:), pa(u:)) = 1— | par(ui) — pa(u:)) |. The procedure for the compu-
tation of the conclusion remains the same.

In [104] the aut.hors used the value of certainty factor associated with the rules in
the The infe is based on the number of propositions
in the antecedent of the rule(s) as well as the operator(s) connecting them. In each
case, the inference is one of expansion type. In [105] they have also presented two
more modification procedures and claimed two new fuzzy reasoning methods. One
modification is based on Zadeh’s inclusion and cardinality measure and the other
one is based on equality and cardinality measure. Other operations remain almost
identical.
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3 Proposed method

In this section, we show how lusi may be obtained from given ises with
the help of such a similarity measure. In the process we consider both rule-based
and resolution-based models. Let X, Y be two linguistic variables and let U, V
respectively denote the universes ol‘ dlscourse Two typlcal pmposmons pand ¢
are given and we derive a 1 to ity based i The
scheme may be best described in Table 4.1. Let

U = {ur,uz, -+, u},

V={v,v2," " Um}
denote the respective universe of di of the linguistic variables X and Y. Let
fuzzy sets A, A’ and B in Table 4.1 be defined as :
'
A = Y {pa(w)/u} s 4.7
P=1
v
A = 3 Apa(w)/u}; (48)
I;l
B = 3 {us()/v} ; (49
=
B = Y {us()/v} (4.10)
i=1

3.1 Outline

It is easy to see that all the existing methods [82, 84, 104, 105] use the similar-
ity measure for a direct ion of infe without idering the induced

p: XisA then YisB
q: XisA’
r: Y is B’

Table 4.1: Ordinary approximate reasoning




relation, i.e., how the underlying relation(, a condition) is modified in presence of
the given fact. This is important in deriving a consequence of the fact from the
rulc Consoquemly, those mel.hods provide the same conclusion, if A and A’ are
d in the i d. Thus, if p,g and p', ¢’ be defined as in

the following:
(i) p:ifXisAthenY is B, 7 and ¢: X is A
(i) p:if Xis A'thenY is B,Tand ¢: X is A

then both (i) and (ii) will produce the same conclusion. This is not appealing. This
happens because the conclusion is derived just by a modification of the consequent
of the rule. It should be noted here that, this is not the case with Zadeh’s com-
positional rule of inference. Another notable fact is that we need to consider the
threshold or certainty factor in order to tackle the problem of rule misfiring.

The first drawback may at once be eliminated if we consider the interpretation of
the relational operator present in the conditional premise, as is done in executing
compositional rule of inference. It is easy to verify that for a class of nested fuzzy
sets, each different from the other, the consequence of a rule using compositional
rule of inference(CRI), becomes the same. We seek a reasoning system, where every
change in the concept(s) as appear in the conditional statement and that in the fact,
be incorporated in the induced relation between the variables defining the condition,
in this case, X and Y. Only then the inference will be influenced by the change.

In order to avoid the use of certainty factor for rule-misfiring, we modify the in-
ference scheme in such a way that significant change will make the conclusion less
specific. This is done if an expansion type of inference scheme be chosen. Here, the
‘UNKNOWN’ case, i.e., the fuzzy set B’ = V, may be taken as the limit. Explicitly,
when the similarity value becomes low, i.e, when A and A’ differ significantly, the
reasoning process should be such that the only inference be B' = V. As A' =

we expect that B’ = B. This, in turn, implies that nothing better than what the
rule says should be allowed as a valid conclusion.
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3.2 Schema

In view of the above observations, we propose a similarity based inference method

for deriving the r. We first the fuzzy relation between the
d iabl and the variable as done in executing CRI. Then
we the change in linguistic labels, d as fuzzy sets, and

systematically propagate the same into the conditional relation in order to obtain
the induced modified conditional relation. From this induced modified relation, a
possible conclusion may be drawn using the sup-operation. The scheme for compu-
tation may be presented in the following algorithm.

ALGORITHM SAR : Similarity based ordinary approximate reasoning

Step 1. Translate premise p and compute R(A, B) using any suitable translating
rule possibly, a T-norm operator.

Step 2. Compute S(A4, A') ding to either Definition 3.1 or Definition 3.2 or
by some other similar definitions.

Step 3. Modify R(A, B) with S(A, A’) to obtain the modified conditional relation
R(A | A', B) according to some scheme C.

Step 4. Use sup-projection operation on R(A | A’, B) to obtain B' as

pe(v) = 5"1‘PI‘R(A'|A,B)(“, ). (4.11)
Now, for a given fact g : XisA’ and from the condition p : if XisAthenYisB, we
propose two schema C1 and C2 for ion of the modified ditional relation
R(A | A', B) as given in Step 3.
Scheme C1

The first scheme C1 is based on a concept similar (, but NOT identical) to the
method proposed in [84]. We may recall here that, the authors computed the
conclusion B' = min(1, B/s), where s is the measure of similarity between fuzzy
sets A and A’ without considering the infc d by the itional
rule. Here, we propose to modify the conditional relation acording to the (4.12).

=min(1,7y/s) ifs>0
=1 otherwise. (412)

,
R(A| A, B) = [F'up)ixm = [ Tuw

The difference between the proposed scheme and the one praéméd in [84] may be
easily noted. Tt is clear that, the proposed scheme, unlike the schema in [84, 82],
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does not produce the same conclusion when A and A’ are interchanged. It is not
difficult to see that in (4.12), if s < 7y, for some v € V' then 7'y becomes equal
to one. Thus, making the membership of that v in the resultant fuzzy set equal to

one.

Ezample 4.1 : Let us consider a problem as posed schematically in Table 4.1, where
U = {u1,u2,u3,us} and V = {01, v5,v3,v4}. Also let

A = 1.00/u, + 0.75/u + 0.50/us + 0.25/us ;

A" = 1.00/u; + 0.80/u; + 0.40/uz +0.10/uy ;
B = 0.25/v; +0.50/v; + 0.75/v3 + 1.00/v; .

Using Mamdani’s min-rule for translation we first construct the fuzzy binary relation
onU xV as,

v v 3 Vg
u; [ 025 050 0.75 1.00
uz | 0.25 0.50 0.75 0.75
R(A,B) = . 4.13
(4, B) ug [ 0.25 0.50 0.50 0.50 (13)
ug | 0.25 025 025 0.25

Then, using Definition 3.2, we 5(4,4) = 0. approx.). The
modified relation, R(A, B) i.e. R(A | A’, B) using scheme C1 may be found to be

v vy v3 vy
u; [ 0.2623 0.5245 0.7868 1.00
0.2623 0.5245 0.7868 0.7868
R(A'| A = . 14
(4'14,B) uz | 0.2623 0.5245 0.5245 0.5245 @14
ug | 0.2623 0.2623 0.2623 0.2623

Therefore, using (4.11), we find the consequence as,
B' = sup[R(A' | A, B)] = 0.2623/v, + 0.5245/vp + 0.7868/vs + 1/va.  (4.15)
ueU

Note here that the conclusion is the same as it would have been using the scheme
proposed in [84]. Instead of using Mamdani’s min operator if we use max(0, a+b—1)
for the lation of the itional then we find the conditional relation
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u vy vy vy
w; [ 0.2500 0.5000 0.7500 1.0
up | 0.2623 0.5245 0.7868 1.0

= . 4.16

R4.B) uz | 0.2751 0.5503 0.8254 1.0 (116)
uy | 0.2886 0.5773 0.8659 1.0

The modified relation R(A, B) i.e. R(A'| A, B) will be given by

v v2 3 vy
u, [ 0.2623 0.5245 0.7868 1.0
, up | 0.2751 0.5503 0.8254 1.0
= 4.17
RA'|4.B) usz | 0.2886 0.5773 0.8659 1.0 @17
ug | 0.3028 0.6056 0.9084 1.0

Therefore, using (4.11), the consequence become,

B' = suplR(4' | A, B)] = 0.3028/v: +0.6036/v, +0.9084/us + /v (418)
u€

This scheme, alth h a heuristic one, is intuitivel, lausible scheme. Our next
scheme C2 for computauon of R(A'| A,B) is based on a set of axioms.

Scheme C2

We believe that in a similairty based reasoning methodology, a scheme for compu-
tation of the induced relation, when a fact and a conditional statement is given,
should satisfy the following axioms :

A4.1. If S(A,A") =1, i.e, if A’ = A, then
BR(14.8) (4, v) = prea,p)(4,0); (V(u,0)) €U x V. (4.19)
A4.2. If S(A,A") =0, ie., if ANA=®, then
praiam =1 Y(u,v) €U X V. (4.20)

A4.3. As S(A, A') increase from 0 to 1 zp(arj4,8)(, v) decreases uniformly from 1
t0 pr(a,p) (4, v);V(u,v) €U x V.

Axiom A1 asserts that we should not modify the conditional relation as and when
A’ and A remain equal. Axiom A2. asserts that when A’ is completely dissimilar
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° 2 - B £}
U - Universe of the linguistic veriable X

Figure 4.1: Si ion of the fuzzy sets A and A’

to A, i.e., A’ and A have disjoint support, we should not conclude specifically. In
such a si i ything is ible. A3 says that as the fact A’ changes from
the most dissimilar case (, similarity value zero) to the most similar one (,similarity
value one), the inferred conclusion should change from the most non-specific case
i.e, the UNKNOWN case(, B’ = V) to the most specific case, i.e., B’ = B. This, in
turn, means that whatever A’ be, R(A’ | A, B) 2 R(A, B) ,i.e., the induced relation
should not be more specific than what is given as a condition. For notational
simplicity, let us denote S(4, A’) by s and R/ja,8 by r'. Now, axiom A3 uniquely
suggest a function of the form
'
'Z—; = k(, a constant)

=1'=ks+c¢, cisa constant.

These two may be. ined from the diti already prescribed in
axiomA1 and axiom A2. More explicitly, when s = 1 we know that r' = r (from
axiom A1) and when-s = 0 we know that 7' = 1 (from axiom A2). This gives,

1-(1—r)s (4.21)

,

as our new scheme for the i ion of the ditional ional
Therefore, axiom A1 through axiom A3 uniquely suggest the scheme C2 as
Branam (U v) =1 = (1 = pras(u,v))-S(4, A). (4.22)
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From the (4.11) and (4.22) it is easy to see that when S(4, A’) = 0 we have B' =V,
in other words, it is impossible to conclude anything when {A, A’} are completely
dissimilar. It is also easy to see when S(A, A’) is close to unity, then R(A’| A, B)
is close to R(A, B) and hence the inferred fuzzy set B’ will be close to B, i.e.,
S(B, B') is close to unity. Axiom A3 also ensures that a small change in the input
produces a small change in the output and hence, in this sense the above mechanism
of inference is stable. As in the previous case, it is easy to see that in (4.22), if
either S(A, A’) = 0 or ur(A, B) =1 then r',, becomes equal to one.

Let us now show that the above scheme may be modified to handle the concept
of threshold associated with a rule in a natural manner. Let 7 be the threshold
associated with the rule. For that, we are to modify axiom A2 according to the
following :

A4. If S(A, A') € 7 < 1 then

Hraiap =1 V(u,v) €U x V. (4.23)
Accordingly, simple calculations, as before, resulted in the following
rgaiam = minfl, (1 (1~ priam) 5—=)] (4.29)

as the general scheme for relation membership modification. It is easy to see that
the case 7 = 0 correspond to the scheme presented by (4.22). This scheme ensures
that with all fuzzy sets A’ having similarity value S(A, A’) less or equal to the
hreshold: value 7, the infe B’ using (4.11) will be ‘UNKNOWN’.

Es le 4.2 : Let us ider the blem as posed in Table 4.1. For simplicity,
let U = {u1, uz, u3, us} and V = {vy, vs,vs,v4}. Also let the fuzzy sets be given as
follows :

A= 1.00/u; +0.75/uz + 0.50/u3 + 0.25/u, ;
A" =1.00/u; + 0.80/uz + 0.40/u3 + 0.10/u4 ;
B = 0.25/v; + 0.50/vs + 0.75/v3 + 1.00/v4 .

It is required to find a fuzzy set B’ using the mechanism described in algorithm SAR.
Using min-rule for i we first the ditional relation R(A, B)
as follows :
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un vz 3 Vs
uy 0.25 0.50 0.75 1.00
up | 0.25 0.50 0.75 0.75
= . 4.25,
R(4.B) uz | 025 0.50 0.50 0.50 ( )
ug | 025 025 0.25 0.25

Then, using Definiti 3.2, we the similarity between A and A’ as
S(A, A") = 0.95322928(approx.). Next, using (4.22), the modified relation R(4’ |
A, B) may be computed as

un v2 V3 Vs
u, [ 0.2851 0.5234 0.7617 1.00
’ up | 0.2851 0.5234 0.7617 0.7617
= B 4.26,
R(&'| 4. B) uz | 0.2851 0.5234 0.5234 0.5234 (4.26)
ug | 0.2851 0.2851 0.2851 0.2851

Therefore, using (4.11), we find the consequence as

B' = suplR(4' | A, B)] = 0.2851/v; +0.5234/, + 0.7617/va + 1 Jva.  (427)
u€l

Instead of using similarity based i i hodology in deriving
ider the existing i itional rule of infe

a if we
then the result would be

Bj = 0.25/v; + 0.5/vz + 0.75/v3 + 1/vs. (4.28)

From (4.28), it is easy to see that, there is no change in the output although the
inputs differ significantly. Also, it may be shown that the same happens for a large
class of fuzzy sets each different from the other. This is supposed to be a drawback
in ing max-min itional rule of i in its present form. In order

to generate some ‘feeling’ about the d i hani in the following,
we present a pictorial description. For that, let us consider the two propositions p
and g as in the following. where 4, B and A’ are normalized fuzzy sets defined as

follows :
1-tlz—4|, if0<|z—4|<4
) = 4.29
pa=) { 0 otherwise. @29
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Figure 4.2: Representation of the fuzzy set B

1-L|y-5], if 0<|y—-5|<5
= 4.3
#s(®) { 0 otherwise. (430)

1-%(=—-4? if 0<|z—4|<4
o(z) = 4.31
pa(a) { 0 otherwise. ( )

From p and ¢, we would like to conclude a proposition 7 : Y is B’ using algorithm
SAR. The support of each fuzzy set is uniformly quantized into 50 levels. Figure
4.1 depicts the simultaneous representation of the fuzzy sets A and A'. Figure 4.2
cor ds to the rep: ion of the fuzzy set B, the consequent part of the
conditional statement p. Figure 4.3 gives a pictorial representation of the relational
matrix R(A, B) using the min-rule for the lation of the conditional

Using Sch C2, the dified relational matrix R(A’ | A, B) has been shown
in Figure 4.4. In Figure 4.5, a pictorial representation of the conclusion B', has
been shown. For comparison, the conclusion using Zadeh’s compositional rule of
inference has been presented in Figure 4.6. It is interesting to see that the concluded
B’ as shown in Figure 4.6 and the fuzzy set B as shown in Figure 4.2 are the same,

p: XisA then YisB
q: XisA’
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Figure 4.3: p ion of the ditional relation

although A and A’ are significantly different. Another important feature of the
proposed similarity based approach that B is more specific B, may be seen after
the comparison of Figure 4.2 and Figure 4.5. Thus, the conclusion is not better
than B, the consequent of the rule.

Remarks : If Mamdani’s min-rule is used for the translation of the implication
statement and only normal fuzzy sets are idered in the ipulation then A’ =
A will imply that B’ = B. This is simply because, in this case, S(4,4’) =1 and
hence R(A" | A, B) will be equal to R(A, B).

Let A be a normal fuzzy set. If we assume that the translating rule used in gener-
ating the conditional relation is one of T-norm type then, as is already proposed, a
basic and-desirable result of the inferred proposition, nothing better than what the
rule says may be luded may be established as in the following. For that, let us
consider the model as in Table 4.1. For all A, A’, the following proposition is valid.

Theorem 1. B' D B.

Proof. : Let us first consider Scheme C2. From (4.11) and the result-of
application of Scheme C2, we have,

pp(v) = suppp(aiap)(u,v)
ueU
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sup{1 —(1— pr(a,B)(u,v)).S(A, A)}
sup{pr(a,n(u,v)}; (since, 0 < S(A,A") < 1)
uet

I\

ie, pp(v) = SUB(MA(U)OAB(V))
ue
where o is any T-norm operator.

Therefore, (Vv € V), pp(v) > pp(v) since, A is normal.

v

Let us now consider Scheme C1. From (4.11) and using the result of application
of Scheme C1, we have,

up(v) = suppnaiam (v v)

[

sup min{1, prea,5)(u, v)/S(A, A)}

ue

S‘E‘g{l‘k(A,B)("‘x v)/S(4, A}

sup pr(a,p)(u, v); ( since, 0 < S(4,A) < 1)
uev

v

v

ie, pp(v) 2 Sl;,r;(m(u)oue(v)}
u
where o is any T-norm operator.

Therefore, (Vv € V), up(v) > pp(v) since, A is normal.

With the above und ding of similarity based i hodology, let us
now propose different models for reasoning.

4 Applications to different models

In this section, we ider the lication of the d similarity based ap-
il i hani: to di models of approximate reasoning —

rule-based and resolution-based.

4.1 Rule-based models

Let X;, X3, - - -, Xi, Y be k+1-linguistic variables defined respectively over universes
of discourse Uy,Us, -, Ux,V and let U; = {ul};j = 1,2,---,j. Let us consider
a pattern for approximate reasoning with vague knowledge, as presented in the
following : A consequence r may be derived according to the following basic steps.
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Figure 4.4: Representation of the induced relation

Let the ion of the impreci in the p iti through fuzzy

sets be given by

Here the ditional ition p is first d into a fuzzy relation R on
the product space Uyx Usx --- Up x V. Now R may be computed using any
suitable translating rule, possibly a T-norm operator. Then, we compute S(A;, A})

Xy is Ay then Y isB
Xy is A}

p : if XiisA, and XpisA; and
Xiis A and Xais A and

r

Yis B

Table 4.2: ded appr
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fori=1,2,--,k and set
s = min{S(A1, 4)), S(Az, A3), -+, S(Ar AL}

If now s = O then at least one pair (A;, Aj) are complementary (,disjoint sup-
port/dissimilar ) and we find it impossible to conclude anything in particular, until
further information is available. This may be d by the fact that anything
follows as conclusion. Hence, we set B' = V(UNKNOWN).

Otherwise, the conditional relation is modified using one of the two schema Scheme
C1 and Scheme C2. If Scheme C1 is used then we have, R = R(A/' | A, A7 |
Ay, -+, A | A, B) according to

. 1
ppe (wr, Uz, + -+, Uk, V) = Min {l. ;m;(u,, Uz, Uk, v)} .
If, instead, Scheme C2 is used then we find
i (un, Uz, -+, ug,v) = 1= (1= pr(un, -5 g, v))-5.

In both cases, the conclusion B’ will be given by

sup I‘R(A|’|A|,Az’lA,,m,Ak’[Ak,B)("l: U, o, Uk, V). (4.32)

w2y
ALGORITHM Al :

Step 1. Compute S(A;, A%) for i =1,2,---,k and set

#p(

s =min{S(A1, 4)), S(Az, 4),- -, S(4x, AL}

Step 2: Translate premise p and-compute R(Ay, Az, - -, Ay, B) using any suitable
it rule p a T-norm op:

Step 3. Modify R(A, B) with s toobtain the modified conditional relation R’ =

R(Ay' | A, A2’ | As, -+, A’ | Ax, B) according to either (4.12) or (4.22).

Step 4. Use sup-projection operation on R' to obtain B' as given in (4.32).

P

Ezample 4.3 : Let us consider the model presented in Table 4.2. Let £ =2 and

U = {u},ul,uul,ui}s
U = {u}u,u5u5u3};
V o= {v1,02,v,v,}

A = 0.3/ul +0.55/u? +0.7/ul + 0.85/uf + 1.0/u;
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if Xyis Ay and  Xzis A2 .-+ Xais Ay, then Yis By
else if Xiis Az and  Xais Ay - Xais Az then Yis By
elseif  Xiis Ami and Xpis Amz -+ XniS Amn then Y is Bp
X1is Ay and  Xpis Ay  --- Xais Aa
Conclusion Yis B
Table 4.3: Applicable form of

A = 0.09/u} + 0.3025/u} + 0.49/u} + 0.7225/u} + 1.0/u;

Ay = 0.9/u}+1.0/u3 +0.85/u} + 0.7/uj + 0.55/u3;

Ay’ = 0.9486/uj + 1.0/uj + 0.922/uj + 0.8367/uj + 0.7416/u3;

B = 1.0/v; +0.75/v; + 0.5/vs + 0.25/vs + 0.05/vs.

Using Definition 3.2 with ¢ = 2 it is found that S(4,, 4}) = 0.81794918(approx.)
and S(Az, A3) = 0.8878007(approz.). So, we set s = 0.81794918(approz.). Let us
use min-rule for translation of premises p and g. On the basis of scheme C2, and
(4.32), it is found that

B’ = 1.0/v1 + 0.795513 /v, + 0.591025/v3 + 0.386538 /v4 + 0.222948 /vs.
If instead, scheme C1 is used, then the inference would become
B' = 1.0/v; + 0.916927 /v, + 0.611285/v3 + 0.305642/v4 + 0.061128 /vs.

The difference in the last two results show that the change of membership values in
the:second case is more than the other one. In the first case (using Scheme C2), the
expansion in+fuzzy set membership is gradual. In the second case (using Scheme
C1), the set membership becomes all one i.e., the inference becomes ‘UNKNOWN’
even for. non-zero and sometimes high similarity value.

Next, let us consider a generalized model as presented in Table 4.3. This form of
reasoning is used in many rule-based fuzzy systems. In particular, it is used in pat-
tern classification and fuzzy control. Let there be n-linguistic variables d
with  another linguistic variable ¥ according to the following m-fuzzy rules. The
problem is to find the linguistic value of the variable Y as suggested by the rules,
when the values of the n-variables are given. Under the conventional mechanism, for
each rule, the consequent fuzzy set is calculated according to existing method of in-
ference as already described and then the union of all consequent fuzzy sets is taken
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Figure 4.5: The inferred fuzzy set B’

as the conclusion which is then defuzzified, if necessary, using some defuzzification
scheme. In the present case of similarity based reasoning we cannot do this, as the

bership values d from the modified induced relation becomes less and
less speclﬁc as the similarity between the facts and antecedent of a rule decreases.
In 1 digm also, the bership values of various elements becomes
equal to the maximum, making it an i one (more al ives with similar
membership values at the positive level) with the reduction of the firing strength
(used in deriving a lusion), but the bership values at which the ambiguity
occurs becomes less than one. For le, in case of Mamdani-type of ing, if

the firing strength of a rule is, say 0.3, then all alternatives which have membership
values greater than or equal to 0.3 take membership values of 0.3. On the other
hand, in the present case, if the similarity value is 0.3, then the membership values
of elements in the inferred fuzzy set will be at least 0.3. Moreover, the elements
having membership value greater than or equal to 0.3 in the consequent of the rule
will be equal to ‘1’ in the consequent fuzzy set. This means that, with decrease
in si the bership values increase and ultimately moves close
to the least Spcclﬁc case (with membership values of 1 for all alternatives). The
above discussion is illustrated with the help of a diagram. In Figure 4.7, let us
suppose, the symmetric triangular fuzzy set represents the consequent of a rule.
When the firing strength of the rule is 0.3, the derived conclusion from the rule is
given by the trapezoid with height 0.3. Clearly, every value of [a,b] in Figure 4.7
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Figure 4.6: The inferred fuzzy set B’ using Zadeh’s CRI

has the same membership grade 0.3 i.e., the possibility of becoming the solution.
On the other hand, if the similarity between the fact and the antecedent of the rule
is 0.3, then the conclusion derived using similarity based mechanisms is given by
the trapezoidal fuzzy set with height a > 0.3 (shown in dotted line in the same
Figure 4.7). In this case, every alternative of [c,d] in Figure 4.7 could be a solution
with membership value of a. Here, not only more alternatives have been offered
(since [a,b] C [c,d]) with the same membership value than the previous case but
also the conclusion becomes more close to the least specific case. For this reason,
we propose a new scheme, for computing the final conclusion, based on a measure
of similari A detailed di: ion on the same is presented in the next section.
Our method is based on rule-selection and then rul i In both cases, we
use the concept of similarity between fuzzy sets as a basis of the task. For that, first
of all we compute S(A;j, A;);i=1,2,---,m. Then we perform the same operation
for different j = 1,2,---,n. Let s;; denote the different similarity values. Next, we
compute the overall rule matching index from the above data as

s = minsy (4.33)

From among the m distinct rules we choose those rules for which s' > e. This e may
be interpreted as a threshold in our case. Then we apply algorithm A1 to generate
a conclusion from each rule conformal for firing. The output may be generated
using the intersection of fuzzy sets. It is important to note that the intersection
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Figure 4.7: Comparison of firing strength based and similarity based reasoning
schema

operation is chosen in order to justify the rule-selection procedure. Here, fewer rules
are fired and the output of each rule is significant.

ALGORITHM A2 :

Step 1. Compute s;; for i = 1,2,-++,m;j = 1,2,---,n and then s according to
(4.33).

Step 2. Define € and find the rules conformal for firing. Step 3. Translate the
i*h_rule, provided s' > € and compute the relation R; using any suitable translating
rule possibly, a T-norm operator.

Step 4. Modify R; with s to obtain the dified ditional relation R} di

to either (4.12) or (4.22).

Step 5. Use sup-projection operation on R to obtain B as given in (4.34).

pBy(V) = SUD  piayian,dslA Al B) (81 U2 5 Uiy U)- (4.34)
iz

Step 6. Compute the output B = ; B}.

Examples and relevant issues are considered in the next chapter.

4.2 Resolution-based models

Now, let us consider resolution-based models for reasoning with vague concepts. Let
there be two typical premises p and g and we derive a conclusion r using simialrity
based reasoning mechanisms. The entire scheme may be put in a Table 4.4. Let
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p: XisA or YisB
q: Xis A’
r e Y is B

Table 4.4: Resolution-based app!

U= {u,up, - w}, V={v1,v2,"*, Vm}

denote the respective uni of di: of the li istic variables X and Y. First
we 1 the impreci; in the p ises p and ¢ into appropriate fuzzy

sets and obtain

A

]
Z palui)/ui
=1

[}
A = ;uﬁ'(ui)/ul;

B S pe(vi)/vi ;

=

Next, we translate the conditional premise p into some binary fuzzy relation R on
U x V using an appropriate operator for the fuzzy connector ‘or’. We use some
T-conorm operator for the translation. Thus, we have,

1r(usv) = pa(u) o up(v); o is some T-conorm operator. (4.35)

Then using the fuzzy set A’, we modify the fuzzy binary relation R(A, B) with
S(A, A'). Here, in modification, we use the fact that for a resolution-based model
the dlsslmxlanty between the fact and the antecedent of the rule is considered for
a i The dissimilarity index is defined as in (3.3). Then we
generate a modified fuzzy binary relation R(A’ | A, B) on U x V. Here, we use
either

plalw,v) = 1= (1 - pr(u,v) xd (4.36)

or
Wr(u,v) = pr(u,v)/d, d is the dissimilarity index (4.37)
for di ion of the ditional relation. Since we use a T-conorm function in
translation, and we choose ion type i proced therefore, for
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the best solution from among a class of ions we perform inf tion on R’ in
order to obtain the desired fuzzy value for the linguistic variable Y.

Here, d is taken as a measure of dissimilarity between the two fuzzy sets Aand A"
In order to formulate the disjunctive syllogism in fuzzy logic, we need to introduce
d in the inference procedure. When d = 0, we find that B’ = V. So that, nothing,
in particular, may be concluded about Y. Again when d =1 i.e. S(A,A')=0ie,
A and A’ are disjoint sets, we need not modify the relation and see that B' = B
may be obtained. This is, in accordance with, the law of generalized disjunctive
syllogism [70).

ALGORITHM A3 :

Step 1. C S(A, A") ding to either Definition 3.1 or Definition 3.2 or
by some other similar definitions. Set d = 1 — S(4, A).

Step 1. Translate premise p and compute R(A, B) using any suitable translating
rule possibly, a T-conorm operator.

Step 3. Modify R(A, B) with S(A, A’) to obtain the modified conditional relation
R(A | A', B) according to either (4.36) or (4.37).

Step 4. Use inf-operation on R(A | A’, B) to obtain B’ as

up(v) = inf preiam (v v)- (4.38)

Ezample 4.4 : Let us consider the model presented in Table 4.4. Let

U = {w,u2usuqush;

V = {v,v,v3,u);

A = 1.0/u; +0.5625/uz + 0.25/us + 0.0625/us;
A = 0.4375/up + 0.75/ug + 0.9375/us + 1.0/us;
B = 0.25/v; +0.5/v; + 0.75/vs + 1.0/v4;

For a conclusion of the form r, let us first pute S(4, A) ding to Dy
3.2. Here, we find that S(A, A’) = 0.3475. We set d = I — S(A, A’] = 0.6525. Now,

let us translate premise p as a relation R(A, B) using max operator, where
1r(a,p) (4,v) = max [pa(u), pp(v)]- (4.39)

More explicitly, we have,
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p: XiisA or Xpis Ay or -+ Nypis A
q: Xiis A,
r: Xpis Ay or .- Xpis Af

Table 4.5: Resolution-based generalised approx. reasoning

v v2 vy v
w 1.0 -1.0 1.0 1.0
up | 0.5625 0.5625 0.75 1.0
u3 0.25 0.50 0.75 1.0
uy 0.25 0.50 0.75 1.0

R(4, B) (4.40)

Next, using (4.36) with d, the modified relation R(A’ | A, B) may be given by

u v2 v3 Vg
w [ 10 10 10 10
0.7145 0.7145 0.8368 1.0
R(A'|A = " . 4.41
(414, B) us | 0.5106 0.6737 0.8368 1.0 (@41)
us | 0.5106 0.6737 0.8368 1.0

Therefore, B’ = 0.5106/v; + .6737 /v, + .8368/vs + 1.0/v,.

On simple calculation it is found that S(B, B') = 0.9157. This is simply because
A, A' are almost complementary pair, having S(A, A’) = 0.3475.

In the end, let us i a lized resolution-based model as presented in Table
4.5. Let X;, X2, -+, Xk be k-linguistic variables defined respectively over universe
of discourses Uy, Us,---,Us and let U; = {uf}, j = 1,2,---,j;. We consider a
generalized model, where from premises p and g we derive a conclusion r. As usual,
we first compute S(A;, A}) and set d = 1 — S(A;, A}). Then with d we follow the
following steps :

ALGORITHM A4 :
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Step 1. Translate premise p into a fuzzy relation and compute R(A;, Az, -+, Ar)
using any suitable translating operator for the ‘or’ in the rule possibly, a T-conorm
operator.

Step 2. Compute S(A,, A}) and set d = 1 — S(4,, 4}).

Step 3. Modify R(A;, Az, - - -, Ax) with d to obtain the modified conditional relation
R = R(A} | A1, Ay | Ay, -+, A} | Ay) according to either (4.36) or (4.37).

Step 4. Perform inf-operation separately to obtain

k. (4.42)

Ha () = Jnf (o, we)ig =1,

In the process, we find a conceptual change in similarity based infe h

A closer look at the i the proposed schema and the existing
schema allow us to conclude that our schema may be thought of as an integration
of Zadeh’s positional rule of infe and slmn]anby based mferencc schema.
Such a scheme is exp d to prod it in i i In the
next chapter, the above procedure is applied in the design of important rule-based

fuzzy systems.

76



Chapter 5

Applications of similarity based
approximate reasoning

1 Introduction

The object of this chapter is to design rule-based fuzzy systems using the concept of
similarity between fuzzy sets and similarity based approximate reasoning instead of
conventional approximate reasoning. Since the invention of fuzzy logic, the variety

of applications have been growing. Approxi the inf mecha-
nism, plays a leading role in many areas of applicati Many scientific probl
in real-world setting may be solved using approxi ing methodology.

In the previous chapter, we apphed similarity concept in reasoning mechanism.
In an pt to lly igate how the similarity concept in reasoning
affect. the.design of rule-based fuzzy systems, we present rule-based solution of two
important and useful problems - pattern classification and fuzzy control.

In pattern classification we are i d in object data classification. In object
data, each pattern or object (say, a human being, tank, animal etc.) is characterized
by a set of attributes (features) like height, weight etc.. A classifier partitions the
feature space in such a way that any unlabeled data point may be assigned an
appropriate class (crisp or fuzzy) label. Usually, a classifier is designed using some
training data, for which the actual class labels are known. For example, in order to
design an analysis system for remotely sensed images, one or more images may be
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given for which the class labels of the pixels are known. In other words, for every
given pixel. it is known that, whether it corresponds to water, land or vegetation etc
Based on these (training) images, possible schema are devised in such a way that
as and when new images come, class labels are assigned to every pixel considering
‘similarity’ of the pixels in the new image with that in the training image.

In the real world, the problem of pattern classification, connected with human cog-
nitive activities, is faced with fuzziness. Humans possess a remarkable innate ability
to exploit the tolerance for fuzzi imprecision) to achieve bility, robustness
and low solution cost whereas the traditional techniques fail to do so. The problem
of classification is the assignment of an object to one of a number of predetermined
groups or classes. It is an easy task as long as the object concerned is well-defined
and the boundaries of the groups or classes. In most practical instances, the classes
are found to be overlapping. In such situations, although humans may perform the
recognition task efficiently, it is not an easy task for other mechanical systems. A
crisp model is often found to be inad ilarity or indistinguishability is
another important concept in pattern classification.

In such cases, fuzzy set theory may be used in pattern classification. The applica-
tion of fuzzy sets in pattern classification may be found in [12, 13]. Approximate
reasoning methodology based pattern classification may be found in [77]. Here, we
present a classnﬁcatxon a.lgonthm based on slmllanty between features using a simi-
larity based i For i the proposed method is applied
to classify Telugu (an Indian language) vowels.

Next we consider the design of a second class of problems, which has so far received
possibly the i ion in the lication of fuzzy logic, the rule-based
fuzzy control of complex systems. Zadeh outlined the basic ideas underlying fuzzy
control in [109, 111]. Among them, the concept of linguistic variables, fuzzy if-then
rules, fuzzy algorithms and the itional rule of infe are some ial
ideas in the design of a fuzzy controller. However, it was the seminal work of
Mamdani and Assilian [54] that showed how these ideas could be translated into a
working control system. The ibutions of Mamdani and his i at Queen
Mary College, along with the contribution of Van Naute Lemke and others at Delft
Institute of Technology and those of Sugeno and others at the Tokyo Institute of
Technology played a key role in the development of fuzzy control systems.

It was for the first time in 1974, that the application of fuzzy logic in process control
was proposed at the 4th IFAC/IFIP International conference on digital computer
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applications to process control, held in Zurich, Switzerland [2]. Since then fuzzy
logic control has attracted great attention from both the academic and industrial
communities. Many people have devoted a great deal of time and effort to both the-
oretical research and implementation techniques for the design of fuzzy controllers.
Considerable progress has been made in successfully applying fuzzy logic control to
industries. In 1982, a fuzzy controller for a cement kiln was developed by Smidth
and Co., at Denmark. Then an automatic-drive fuzzy control system for subway
trains in Sendai, Japan was opened in 1987. A turning point in 1987 was the first

consumer product- a shower head d and duced by M: hi Other
products - washing hi vacuum cl d and

air diti - d in quick i Fuzzy logic control technology has
drastically reduced the di time and deployment cost for the synthesis of
li col llers for tems. All these gave fuzzy logic a much higher

visibility in control.
Rule-based fuzzy control, as introduced by Zadeh [109] and implemented by Mam-
dani [52], is a useful tool for systems where the exact model is either not known or
is too complex to be tractable in real time. The design of a rule-based fuzzy con-

Tod, 1

troller consists of a sequence of activities such as k
structure definition, selection of rules, tuning a variety of gains and other controller
parameters, modification of rules to improve performance and defuzzification.
Based on this und ding, in the we briefly address the two
problems, mentioned earlier, and describe a typical similarity based solution for

both application types (pattern classification and fuzzy control). We also present
i results, to blish the success.

2 Application to pattern classification

lassi ion (12, 63] have been reported in the liter-

Different-app hes to pattern

ature. Application of dol in pattern classification
may also be found in [67, 77]. In this section, we present an illustrative application
o, based iy usigg 2 Jule-base Jor Classibcation of pariens

We represent a pattern or object as a vector of feature values. In approximate
easoning approach to pattern classification, each component of the feature vector
s represented by a linguistic variable, instead of a real variable. Let there be p
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features in the feature vector, selected for the classification of a typical pattern.
Each of which may be rep i by the real-valued variables {Fy, F2,- -, Fp}.
Let there be a training data set X = {x1,X2,"--,Xn}, Where each x; € R” and
let there be c distinct classes. Let us assume that, for each point in the training
data set, the actual class it has come from, is known. The problem is to design a
rule-based system, using the similarity based reasoning scheme introduced in the
previous chapter, so that unknown points may be classified.

The classifier may be designed, based on a set of rules of the form
If X, is A} and X, is A} and --- X, is A}, then CisB

where, Xj;j = 1,2,---,p are p linguistic variables corresponding to the p feature
values {Fi, F, -, Fp}, A j = 1,2, -+, p are the linguistic values of the respective
variables in the i — th rule and B is a fuzzy set defined on the set of classes. It may
be mentioned here that A}, the value of the linguistic variable X; in the i—th rule
are not all distinct for each i and j. Each such rule is interpreted as a condition
for the classification of patterns. Rules are generated either using expert operator’s
knowledge or by exploratory data analysis, keeping in consideration all practical
possibilities.

At the learning stage, we first partition the feature space (the product of the do-
main of definitions of each feature) into representative classes. The partition is
based on the definition of the linguistic term sets used for each linguistic variable
representing the feature values. The training data set lie entirely on the feature
space. The selected features are then fuzzlﬁed using some parametric membership

definiti i Other bership fu itions may also be used. Next,
we generate if-then rules as dition for classi i The bership grade
of a particular class in the fuzzy set B may be computed by the ratio of individual

lation over total ion in a particular zone, determined by the linguistic

terms. These rules are tested against the classification of the training data. If
found satisfactory, we proceed further; otherwise, the rules may be modified either
by trial-and-error method or by some systematic methods like Genetic algorithms,
gradient search [12, 13].

At the classification stage, the selected features are fuzzified using triangle shaped
fuzzy sets as the tri lar-shaped bershi ion is the most economic one.

For a particular feature, we the similarity b the ified feature
value and the different linguistic values of that feature, as used in the rule-base.
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From them, we are interested in finding the maximum similarity value and the
corresponding fuzzy set for which the similarity value is maximum. Next we choose
those rules with the said feature having the corresponding fuzzy value. This process

is continued for all features, defining a pattern, and for all rules for which the
i ly, a single

previous features have fuzzy values with i similarity. Ul
rule will be found satisfying the maximum similarity value criterion. For, otherwise,
the system would have rules with identical rule-antecedent. Here lies the novelty in
similarity based approach to pattern classification. The best rule has been chosen
from a class of rules for possible firing. Then the similarity based approximate
reasoning methodology is applied (with similarity value equal to the minimum of
all the maximum similarity values computed earlier for each features) to obtain a
fuzzy set representation of different classes, using the algorithm SAR for model 6.
At the time of making a non-fuzzy decision, the class with maximum membership
value is selected. Ties (for patterns lying in the overlapped zone), if arises, may be
broken arbitrarily (use first-of- ima or last-of- Multiple classifi

is a product of fuzzy algorithm.

Let us now present the entire discussion in the following algorithm :

ALGORITHM 5.1 : Pattern Classification

Step 1 : Take an input vector x € R? whose i** component z; is the value of F; for
i=1,2,

P

Step 2 : Fuzzify each real values z; using tri it bership fi i Let these
fuzzified values be denoted as {A,’, A2',---, 4,'}.

Step 3 : Compute S(A,’, A}) where the index i ranges over all fuzzy sets for the
first feature Fy. Set Af' = max S(Ay', Aj). Then compute AY = max S(A;', A7)
where i varies over those rules for which F is A% and F; is A? and --- and Fj_,
is A;f’_‘,‘ J=2,3,---,p. Let the rule to be fired be if F} is A’f‘ and F; is A§’ and ---
and F, is A then Bf.

Step 4 : Apply SAR algorithm for model 6, with fuzzified {A4,’, 42',- -+, 4,'}, for

firing the rule as found in Step 3, using the minimum of all the maximum similarity
values as obtained in Step 3 and obtain a consequence B’ on the class of patterns.

Step 5 : The fuzzy set B’, as obtained in Step 4, is used to find the class with
maximum membership value as the class represented by the input vector x. Ties,
if arises, may be broken arbitrarily.

81



2300

asco

200

"
in
e

1200

Figure 5.1: Telugu vowel recognition data

2.1 An application to Telugu vowel classification

Let us now apply Algori Pattern i ion to classify Telugu vowels.
Telugu is one of the Indian languages spoken in the southern part of the country.
The data set consists of 710 discrete phonetically balanced speech samples for the
Telugu vowels in 1 ! (CNC) form. These samples
are generated from three male informants(in the age group of 28 to 30 years) on
an AKAI-type recorder. The spectrographic analysis has been done on a Kay
Sonograph Model 7029-A. The total bandwidth of the system is 80 Hz to 8 kHz
with a resolution of 300 Hz.
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A ZE : Zero BL : Below Low

BZ : Below Zero | .5/o+1/u .1/e+.5/0+1/u

ZE : Zero 5/e+1/i 5/e+1/i

BL : Below Low | 1/e+.1/0+.1/u+.5/8 1/e+.5/i+.5/8

LO : Low 5/a+.1/e+1/o+.1/u+.1/d | 5/a+.5/e+1/o+.1/u+1/3
ME : Medium | 1/e+.5/i 1/at.5/0

HI : High 1/e+1/8 1/e+.1/0

AH : Above High | 1/a+.1/0+1/8 1/a+1/8

Table 5.1: The Rule-base

The data set is shown in Figure 5.1). Actually, Figure 5.1 shows the scatter plot
of the first two formant frequencies of the data set. There are significant overlap
between different vowel classes. Let X; and X, be two linguistic variables used to
represent the vague description about the two given formant frequencies. Reported
results [78] suggest that inclusion of feature 3 does not add much discriminating
power to the data set. In this study also we use these two features. The initial rule
set is so designed that it covers the entire input space. Each rule is of the form

If X, is Ai and X, is A} then B'.

Here, A;'- are the linguistic values of the linguistic variable Xj;j = 1,2; that appear
in the body of the it* rule. The fuzzy set on the consequent part of the rule may be

d using the techni ioned earlier [78]. They may also be assigned
by experts or may be learnt. Smce our intention is to show the efficiency of the
il based hodol we use a rule set similar to the

one used in [78].

For X, and X, only 5 and 7 primary linguistic values are allowed which spanned
the entire input space. Therefore, we consider thirty five rules as shown in Table
2.1 and Table 2.1. The exact definitions of the fuzzy sets describing the antecedents
of the rules are given in Table 5.3 and Table 5.4. In order to classify an unknown
pattern, the given feature values are first fuzzified using appropriate triangular fuzzy
sets. These are compared with the antecedents of each rule, in order to find out
the most suitable rule for firing, on the basis of similarity index. This rule is fired
using the concept of similarity based reasoning, for the determination of a particular
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A LO : Low ME : Medium HI : High
BZ | .5/e+.5/0+1/u .5/e+.1/o+.1/u 5/e+.5/i
ZE | 1/o+1/u 1/e+1/o+1/u+.1/8 [ 1/e+1/0+.5/u+.5/0
BL | 1/e+1/i+.1/8 1/e+1/i 1/a+1/o+.1/u
LO | .5/a+1/e+.1/o+1/8 | 1/e+.1/i+1/0 1/e+.5/i+.1/0
ME | 1/a+1/0+.1/8 1/a+.1/e+.5/0+1/ | 1/a+0.5/e+.1/0+1/0
HI |.5/e .1/a+.1/0 1/a+.1/0+.1/0
AH | .5/e+.5/3 5/e+.1/8 1/e
Table 5.2: The Rule-base(contd.)

ZE [ 0.1 0.5 1.0 0.5 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

BL | 0.0 0.0 0.1 0.5 1.0 0.5 0.1 0.0 0.0 0.0 0.0 0.0 0.0

LO | 0.0 0.0 0.0 0.0 0.10.5 1.0 0.5 0.1 0.0 0.0 0.0 0.0

ME | 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.5 1.0 0.5 0.1 0.0 0.0

HI | 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.00.10.51.0050.1
Table 5.3: Fuzzy set representation of the linguistic values for Feature Fy
BZ 0.25 0.5 1.0 0.5 0:25 0.10 0.0 0.0 0.0 0.0.0.0 0.0 0.0:0.0 0.0 0.0 0.0 0.0 0.0 0.0
Z0 0.00 0.1 0.25 0.5 1.0 0.5 0.25 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
BL 0.00 0.0 0.0 0.1 0.25 0.5 1.0 0.5 0.25 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
LO 0.00 0.0 0.0 0.0 0.0 0.1 0.25 0.5 1.0 0.5 0.25 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
ME 0.00 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.25 0.5 1.0 0.5 0.25 0.1 0.0 0.0 0.0 0.0 0.0
HI 0.00 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.25 0.5 1.0 0.5 0.25 0.1 0.0 0.0
AH | 0.00.0.0 0.0 0.0.0.0 0.0 0.0 0:0.0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.25 0.5 1.00.50.25 0.1

Table 5.4: Fuzzy set representation of the linguistic values for Feature Fy
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class, which the input data correspond to. At the time of making a hard decision
for a single class, the classes with maximum possibility value have been considered.
Let there be n(> 0) classes having maximum possibility value. When n = 0, we are
done and when n exceeds 1, we may use two strategies as our hardening scheme.
One strategy is to choose the class with maximum membership value, that appears
in a fixed order (first, middle, last) from the list of classes just obtained. The other
one is to generate uniformly distributed random number in the unit interval. Then
partition the unit interval into n disjoint sub-intervals such that the union of the
sub-intervals is the unit interval. The generated random number falls in exactly one
sub-interval. Let it be the p — th sub-interval (1 < p < n). The p — th candidate
from the list of classes with maximum membership value is chosen as the class
the input f

2.2 Results and discussion

The results of Telugu vowel ition may be lained by a ion matrix as
presented in Table 5.5. The number in a cell of the confusion matrix represents the
number of instances in which the same decision was made by the proposed algorithm
driven by similarity based reasoning. The (i, j) — th entry in the confusion matrix
shows the number of instances in which the actual class is known to be i and the
proposed similarity based algorithm driven classi d j. Thus, the di 1
values indicate the number of utterances correctly identified. The performance of
the proposed classifier shows that the confusion in classification is limited only to
neighbouring classes with which it has some overlap as may be seen from Figure
5.1. While ing Table 5.5, as i d earlier, ties were broken by choosing
the first class with it grade in the fuzzy set. From Table 5.5,
it is found that the average recognition score is 70%. If, instead, we choose the
last class with maximum grade, to break a tie situation, then the entries in the
corresponding confusion matrix would be as shown in Table 5.6. Here, we find the
average recognition score is 58.17%. Table 5.7 presents the same result as shown in
Table 5.5, when a middle class is chosen, in a tie situation and the recognition score
is found to be 70.00%. The middle is a unique class if the number of contestants
are odd and is the first from the two middle classes when the number of candidates

are even.

Here, we are using similarity based reasoning mechanisms and we are using trian-
gular possibility distributions. Considering the discussions around Figure 4.7 we
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a| ¢ | i ]| o | u]|a]Total | Recognition Score(%)
a 60| 4 0of[19[0]|0]| 8 72.29
e 1[(190[(9] 0 0 |0] 200 95.00
i 054|790 [0]0] 133 59.40
o 8 4 | 0104/ 0|0 116 89.66
u 0 2 | 0|46 |[64]|0] 112 57.14
2] 2725 (0|14 |0 |0]| 66 00.00
Correct choice [ 60 | 190 [ 79 | 104 | 64 | 0 | avg 70.00

Table 5.5: Recognition score for Telugu vowels using first-of-maxima

a| e i | o | u| @ [ Total | Recognition Score(%)
a 56| 3 0 |10(0|14]| 83 67.47
e 5 |112| 28 [10] 2 |43 | 200 56.00
i 0 |28]105/0|0|0] 133 78.95
o 3 8 0 |63[38| 4| 116 54.31
u 0 4 0 [27]80] 1 112 71.43
] 2 7 0 (10| 0 | 47| 66 71.21
Correct choice | 56 | 112 | 105 | 63 | 80 | 47 | avg 66.56

Table 5.6: Recognition score for Telugu vowels using last-of-maxima

may conclude that this is an useful hni for ing a tie si i These
results are shown in order to make a comparative analysis among different harden-
ing schema. The result of a random choice to break the tie situation is provided in
Table 5.8. First of all, uniformly distributed random numbers are generated in the
unit interval [0,1]. Next, the interval is partitioned into n sub-intervals, where the
number of candidates waiting for the selection is exactly n. The generated random
number lies in one of the sub-intervals. The cor ding serial number of the
sub-interval in the unit interval is used in our selection. Here, the result of average
recognition score is found to be 64.37%. Considering Figure 5.1, the performance of
the classifier is quite satisfactory because in the 2-space there are significant over-
lappings between different pairs of classes. Some improvement in performance may
be realized through tuning of the membership functions as well as through change
of the rule-base.
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al| e i o | u | 8] Total | Recognition Score(%)
a 60| 4 o190 0| 8 72.29
e 1(190 | 9 0 0|0 200 95.00
i 0|54 |79 0 00| 133 59.40
o 8 4 0/104]| 0 (0] 116 89.66
u 0 2 0|46 [64| 0| 112 57.14
] 27| 25| 0|14 |0 |0| 66 00.00
Correct choice | 60 | 190 [ 79 | 104 [ 64 [ 0 | avg 70.00

Table 5.7: Recognition score for Telugu vowels using middle-of-maxima

& | Total | Rec. Score(%)

a e i o u
a 41| 0 0 7 0| 35 83 49.40
e 1 (13120 (10| 0| 38 [ 200 65.50
i 0|33]100]| 0 0 0 133 75.19
o 3 7 0 71 |17] 18 116 61.21
u 0 8 0 23 |79] 2 112 70.54
2 12| 7 0 12 | 0| 35 66 53.03
Correct choice | 57 | 186 | 120 | 123 | 96 | 128 | avg 64.37

Table 5.8: Recognition score for Telugu vowels using random selection

8 | Total | Recognition Score(%)

a e i o u
a 72| 0 0 8 0 83 86.75
e 0 |184| 0 5 0 [ 11| 200 92.00
i 0 8 |125| O 0 133 93.98
o 1 0 0 [112|/ 0 | 3 116 96.55
u 0 8 0 11 (921 112 82.14
3 0] 2 0 0 |0 |64| 66 96.97
Correct choice | 72 | 184 | 125 | 112 | 92 | 64 91.41

Table 5.9: Recognition score of Telugu vowels assuming correct classification when
the suggested choices include the actual class
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Different types Recognition Score(%)
of classifiers data(, Figure 5.1)
First-of-maxima 70.00
middle-of-maxima 70.00
last-of-maxima 66.56
Random-of-maxima 64.37

Table 5.10: A comparative study

Figure 5.1 that, for any classifier which uses only two features, some mis-
classifications are bound to result. If the p d scheme is a i one, then
any fuzzy logic based classifier is likely to suggest more than one choice with the
highest membership value for points lying in the overlapping regions. In order to
establish that it is indeed the case, let us assume that the system output is cor-
rect if the alternatives suggested by the rule-based system include the correct class.
Table 5.9 is generated keeping this in mind. To make it more clear, the scores are
computed and presented in Table 5.9.

If the rule-base suggests only one class then the recognition score for that class is
increased or else, if the system suggests more than one class containing the correct
class then the recognition score for the correct class is increased. This results in a

ifi impr in the ition score(91.41%) as depicted in Table 5.9.
On scrutiny, we find that, when more than one alternative satisfies our criterion for
selecting a single class, then the input frequencies correspond to (comes from) some
overlapped region containing the correct class. In order to compare, all the results
are tabled in Table 5.10.

3 Application to fuzzy control

The field of fuzzy logic control(FLC) is one of the most active and fruitful areas
of research in which fuzzy set theory is applied. Fuzzy controllers may perform at
least as well, and in some cases better, than ional model-based

especially, when applied to processes difficult to model; and when there is a signifi-
cant heuristic knowledge from human operators. The important properties of fuzzy
controllers are their high flexibility and low sensitivity to parametric variations,
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Fussy Logic Controller

Figure 5.2: Block diagram of a fuzzy logic controller

which enables their ication to varying pi

Mamdani and Assilian reported the first implementation of a fuzzy controller in
1974 [53], which d d the viability of a fuzzy ller for a small model
steam engine. The purpose was to control engine speed and boiler steam pressure
by adjusting the heat applied to the boiler and the throttle setting on the engine.

The action of a fuzzy ller is based on a ion of if-then rules whose an-
tecedent(s) and consequent are fuzzy values. The process state parameters are first
fuzzified and then combined with these rules for a fuzzy action. The fuzzy action is
defuzzified for a precise action for the said process. Here, we use similarity concept
in denvmg the fuzzy, control action. In order to demonstarte the effectiveness of

based h to i we first propose and then use a new speci-
ficity based defuzzification procedure. For that, let us begin with a discussion on
some basic underlying ional fuzzy control.

3.1 Conventional fuzzy control

For simplicity sake; in this i igati we ider a lti-input single out-
put(MISO) fuzzy system. A block diagram of such a fuzzy logic controller is shown
in Figure 5.2. In Figure 5.2, the physical values of the current process state vari-
ables i.e., the error and the change of error are respectively denoted as e and Ae.
The two symbols y and u respectively denote the system output and the controller
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information for the proper functioning of the fuzzification module, the rule-
base and the defuzzification module. Whereas, the function of the rule-base is
to represent, in a structured way, the control policy of an experienced process
operator and/or control engineer given in the form of a set of production rules
as described earlier.

Inference - This is a decision making stage under the control rule determination
block, which generates fuzzy output corresponding to fuzzified inputs using
fuzzy rules from the rule-base. A typical fuzzy rule actually enumerate the
process input-output relation on a portion of the input space. The method of
approximate reasoning is applied in the derivation of the fuzzy output. The
inputs to this block are the fuzzified state variables, which are first used in
rule selection and then used in output determination through rule firing. Two
types of inference are commonly used in the design of fuzzy logic controllers
with multiple rules. In the first case, all rules in the rule-base are combined to
produce a single relation to represent the input and the output behaviour of
the system over the entire input space. Then the fuzzy input is used to infer

ding to itional rule of infe The 1 is a fuzzy set. In

the second case, each rule is fired separately with the same fuzzy input, using

h to generate the fuzzy output of the rule

and then the resulting fuzzy outputs are combined to produce a single fuzzy
set as the possible fuzzy action.

Defuzzification - The result of rule firing, using any of the above mentioned
approaches to inference, is a fuzzy set. This is interpreted at the semantic
level as the possible values of the desired output. We need to determine a
precise action for the process to be controlled. The purpose of defuzzification
is to obtain a scaler value u € U, from the said output fuzzy set, as the control
action. Then, if necessary, de-normalisation is performed on the output so as
to obtain the corresponding action on its physical domain.

Different methods of defuzzification are in use [16]. Let A be any fuzzy set defined
over the universe of discourse U = {uy,us, -, %} and let a defuzzified value of A be
denoted as u*. In the following, some of the well known methods of defuzzification

for the ion of u* are

Center-of-gravity

This is the most commonly used defuzzification method. Here, the defuzzified value
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is given by

(5.1)

~of-maxima :

This is the simplest of all the defuzzification schema, in use. As the name suggest,
first member with the maximum membership value in the output fuzzy set is taken
as the corresponding defuzzified value. Thus, the defuzzified value will be given by

f =i = 3 5.2

u' = inf{u €U | py(u) = maxpu(v)} (5:2)

We may use an alternative version of the above scheme, known as the last-of-
maxima.

So far, we are concerned with defuzzification of a fuzzy set. In rule-based fuzzy

control, when we use the firing of individual rules for i we find a coll
of clipped fuzzy sets as posslble outputs. Let us now consider some widely used
hods of defuzzifi dure in such cases. For that, let there be m fuzzy

sets {A®; k =1,2,---,m}.

ter-of-sums :

In this method, the overlapping areas are considered more than once. The compu-
tational part is simple as d with Center-of-gravity, and works fast. Here,

the defuzzified output value is given by

5 Z": i (w)
k: =1

w=kE (53)
>3 uPw)
k=1i=1
Note here that the Center-of-gravity method of defuzzification for clipped fuzzy
sets is exactly the same as Center-of- method of d i ion, except that

the latter uses the overlapped areas only once.
Height :

This method of defu.zziﬁcacion demands strictly convex fuzzy sets. The individual
peak values of consequent fuzzy sets of the fired rules are used to generate the
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weighted average of these peak values. It is a simple method and works faster
than the Center-of-sums method. Let p®) be the peak value of A®) and h®) be
the corresponding height of the clipped version of A®) or the firing strength of the
k — th rule. Then the defuzzified value will be given by

i P p8)
ut = k=L . (5.4)

[ S
> 0]
k=1

A detailed study on the conventional approach to fuzzy control may be found in
[50].

3.2 Similarity based fuzzy control

Now, let us propose a different strategy for fuzzy control based on the concept of
similarity. The concept of similarity between fuzzy sets are used in selecting rules
from the rule-base, to be fired for the particular input specification and then in
deriving the control action from a set of rules and input values. In this regard,
a new scheme for based on a of ificity of fuzzy sets is
proposed. Let us consider a process controlled by p inputs.

Fuzzification - Since we are considering similarity based reasoning, in this mod-
ule, we propose to consider only ic, functional definiti of cer-
tain uniform geometric shaped fuzzy sets. The most popular choices include,
triangular-, trapezoidal- and bell-shaped functions. Among them, the para-
metric ition of a tri lar shaped function is the most ic one. We
use a tri if bership function both for i ion and rule-base gen-
eration. Since, we are considering similarity concept in choosing a rule from
the rule-base for possible firing, the real values of each process state variables
are fuzzified using similar triangles, i.e., of the same width and height as is
used in the rule-base. As for example, let e, denote the observed value of the
state variable error e at time t, then e, is fuzzified by a symmetric triangular
membership function with peak at e,(, membership grade 1) and base-width
by = b, where b is the base-width of every fuzzy set defined for the linguis-
tic variable corresponding to error, for the purpose of rule-base generation.
The values of b, may be different also. Note here that, in conventional fuzzy
controller design, normally fuzzy singletons are used.
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Knowledge base - This module remains the same as described in the previous
section.

only rule-based infe using similarity con-

Inference - Here we shall
cept. In this approach, we first select the rules to be fired for a given input
combination. In selection, we use the similarity between the given and the
antecedent fuzzy sets as a basis. In order to select the rules for firing, we
proceed as folows :

Let A;’ be the fuzzified values of z;;i = 1,2,---,p. z; is the i**-component of
the state vector x = (2, %2, -, ) € RP. Let the k — th rule be

Rt : if 7, is A} and z is A% and --- and z, is A then u is U*.

Let us set

oy = _min {S(A4/, AH)}. (5.5)

i=1,2,p

Now, R* is fired if ax > 0. This value of ax may be interpreted at the semantic
level as a measure of agreement between the fact and the antecedent of the
k — th rule. This completes the first part of reasoning.
Next, in the rule ion stage of infe we first the input-
output relation from the translation of the rule in consideration. Then we
modify the said relation using the rule firing strength (ax) and compute the
output fuzzy action.

Defuzzification - The result of rule firing is a class of clipped fuzzy sets defined

over the same uni of di We are ired to determine a single
real value from those fuzzy outputs. Earlier we discussed several methods of
defuzzi ion like Center-of-gravity, Center-of- , height, etc. For these

schema, the basic idea is as follows :

If the membership grade of a particular element, in the output fuzzy set, is
high then this contributes more to the defuzzified output.

Such concepts cannot be used in the present case of similarity based reasoning
paradigm. Here, the lower the similarity value between the rule-antecedent
and the fact, the closer the output to the least specific case (i.e., unknown)
with' the membership grade of elements in the output fuzzy set close to '1’.
In such cases, a natural choice would be to use specificity information of the
output fuzzy sets in defuzzification. In our scheme, the basic idea will be :
the element with high membership value should come from the most s)ﬁeciﬁc
output fuzzy set.
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Our first defuzzification scheme is based on this concept. The most specific
among the output fuzzy sets has the maximum impact on the resultant choice.
For that we compute specificity value of each output fuzzy sets separately.

Specificity based defuzzification :

Let there be m clipped fuzzy sets {A®;k = 1,2,---,m} and let {su),p*);k =
1,2,---,m} be the specificity associated with A®) as well as the height of the
consequent of the k*-rule. Then the defuzzified value u* will be given by

n
> p*.sy
=t (5.6)

m

Z S(k)

k=t
Other methods of defuzzification may also be defined. We next suggest another
scheme which looks similar to the center-of-gravity method as described earlier. No-
tice here that among the set of rules fired, the rule corresponding to best matching
between the fact and the antecedent will give the most specific output as compared
to the outputs fmm other rules having lower similarity value. Thus, unlike conven-
tional the ji ion of all output fuzzy sets may be
taken as the output of the rule-based system, which then may be defuzzified using
center-of-gravity method of defuzzification as already defined.

Modified center-of-gravity :

m

Let there be m clipped fuzzy sets {A®);k = 1,2,---,m} and let A = (] A®). Then
i=1

the defuzzified value u* will be given by !

i} Ui pra(ui)
i pa(us) ’

Based on above discussions, let us write an algorithm in the following.

(5.7)

ALGORITHM 5.2 : Fuzzy Control
Step 1: Let x* = (zf,5,- -, }) be the process state vector at time ¢.

Step 2: Fuzzify each z, the real value for the process state variable, using triangular
membership function.
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Figure 5.3: The Inverted Pendulum on a moving cart

Step 3: For each rule R*, compute similarity index between the input fuzzy set
and the antecedent fuzzy set, for all variables. Obtain o, the minimum of all the
similarity indices. Take this as a matching grade of the rule.

Step 4: Perform similarity based i T i taking one rule at a time
for which o* > ¢; 0<e<1.

Step 5: Defuzzify the fuzzy sets, as obtained in Step 4, by using either the specificity
based i ion scheme or the modified center-of-gravity method.

Step 6: Use the defuzzified result, as found in Step 5, as the process input for the
next time interval. Set ¢ +— ¢+ 1. Go to Step 2.

3.3 Inverted Pendulum problem

In this section, we consider an illustrative application of the proposed algorithm
Fuzzy Control for controlling an inverted pendulum mounted on a cart as may
be seen in Figure 3.3. The problem is to balance the pole in a vertical position by
applying an appropriate horizontal force u on the cart. Here, we shall consider only
the motion of the angular position of the pole on the cart, and not the position of the
cart or the velocity of the cart. Let us assume that the cart travels in one direction
only along a frictionless track, i.e., the motion to be purely two-dimensional. It is
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d that the dulum mass is d at the end of the rod and the

also
rod is massless. The inverted pendulum is unstable in that it may fall over anytime
in any direction unless a suitable control force is applied. Therefore, the problem is
to design a control system in a way that, given any initial conditions (may be caused
by disturbances), the pendulum may be brought back in the vertical position. The
motion of the car will not be considered. A detailed description may be found in
[60].

For a solution to the above problem, let us first define the process parameters. Let
8 be the angular position of the pole with respect to the vertical. Since we expect
to keep the inverted pendulum vertical, the angle @ is assumed to be small. Let u
be the driving force on the cart, 2! be the length of the pole, g be the gravitational
acceleration(, a constant), M be the mass of the cart and m be that of the pole.
Let = denote the dist: d at time ¢, d from some fixed point in
the plane of the motion.

Let z,,75,23 and 74 denote the four state variables used to represent the angle
dynamics of the pole as under

x =
T2 =

Iy =

BN

T4 =

where z denotes the location of the cart from a fixed point, about which the pendu-
lum moves. Then it is easy to describe the dynamics of the motion of the pendulum
[60] in terms of state equations as below:

5H = Iz
Hr=Em L,
T Ml T M
T3 = 3y

. m 1

Ty = —ngl + Mu

where g is taken to be 9.8m/s?. Let us set m = 0.1kg, M = 2kg and ! = 0.5m as
exactly in [60]. These numerical values when substituted in (5.8), we obtain

£ = T

T, = 20.60lz; —u
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A | NB|[NM|NS |ZE | PS [PM]|PB
Neg. Big : NB | NB [NB |[NB [ NM NS [NS [ZE
Neg. Medium : NM || NB | NM | NM | NM NS [ ZE | PS
Neg. Small: NS | NB |[NM NS |NS |ZE |PS [PS
Zero : ZE |NM|NM|NS |ZE |PS |PM|PM
Pos. Small: __PS | NS |NS |ZE |PS |PS |PM[PB
Pos. Medium : PM | NS | ZE | PS | PM | PM |PM [ PB
Pos. Big : PB | ZE |PS |PS |PM |PB |PB |PB

Table 5.11: The rule-base

T3 = T4
£, = -—0.4905z; + 0.5u.

In this example, the operating ranges for 6(,the angle) is set to be [—0.1,0.1],
measured in radian and that for § (the angular velocity) is set to be [—0.15,0.15],
measured in radian/sec. Over these ranges, seven equi-spaced (similar) as well as
half-overlapping ( crosses at the membership value 0.5 ) isosceles triangular fuzzy
sets have been generated off-line, in order to define seven linguistic labels for each
of the linguistic variables. Using trial and error method, the operating range for
the applied force is found to be [-6.0,6.0], measured in Newton unit. Over this
ranges, seven similar such fuzzy sets are generated off-line. According to human
expert’s description the following fuzzy diti may be taken to

P the relation b the input (the angle and the angular velocity) and
the output (the controlling force to be applied on the cart) variables. The rule-base
is shown in Table 5.7. There are seven rows and an equal number of columns in the
table, indicating the:presence of exactly forty-nine distinct rules in the rule-base.
Considering the symmetry of the motion of the pendulum about the vertical, the
relational Table 5.7 is found to be symmetric about the diagonal. Each entry in the
Table 5.11 is a fuzzy set, denoting the control action to be taken when the cause
of action will be determined by the position of that particular entry in the table.
The normalized triangular fuzzy sets as given in Table 5.11 for the three different
categories 0, 6 and the applied controlling force u are defined using the following
function with adjustable parameters:

1-Ljz-1|, ifl<z<i+2c )
= c ’ i 5.8
(=) { 0 otherwise. 8)
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I-value 8 [ action
Neg. Big : NB -0.100 | -0.1500 | -24
Neg. Medium : NM -0.075 | -0.1125 | -1.8
Neg. Small : NS -0.050 | -0.0750 | -1.2
Zero : ZE -0.025 | -0.0375 | -0.6
Pos. Small : PS 0.000 | 0.0000 0.0
Pos. Medium : PM 0.025 | 0.0375 0.6
Pos. Big : PB 0.050 | 0.0750 1.2

Table 5.12: Left-end points of the triangular distribution for different fuzzy sets

under a single category

The parameters of the membership function of the elements in the different category
of fuzzy sets, as defined by (5.8) are given in the following Table 5.8 and Table
5.9. There are seven rows, indicating seven linguistic labels and three columns,

three di linguistic variables, used in the process. There are,
in all, twenty-one entries in this Table 5.8, representing the left-end point of the
ic tri bership fi ion. The three values in Table 5.9 represent

the respective half-length of the base of each triangle formed under three different
classes. In each case, the fuzzy sets are defined by membership values at fifty
equi-spaced points, generated using the step-lengths listed in Table 5.11, from the
respective universe of discourse, as stated.

3.4 Results and discussion

The results of four simulati following algorithm Fuzzy Control and using the
said two ( ificity based, id based) defuzzificati hods are d
in Table 5.15 and Table 5.16. The variation of 8, the angular position of the pole,
over time are also provided in the Figures 5.4, 5.5, 5.6, 5.7, 5.8), for specificity
based d i ion method. The id based results are presented in Figures
5.9, 5.10, 5.11, 5.12, 5.13. In all cases, initially the pole is given a small angular
displacement in the range of +5° together with a small angular velocity +10°/per
second and let it go. The results in Table 5.15 and Table 5.16 show that the
behavi: of the pendul is i ly good.
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Trearge psiond nrasen)

Figure 5.5: Specificity based ller ck istic : @ = 0.075

[c-value] & | 6 [action]
[ [o.0250.0375] 06 |

Table 5.13: Width of triangle for different categories of fuzzy sets
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Figure 5.6: Specificity based h istic : § = —0.075

Figure 5.7: ificity based ller ct istic : § = 0.0

[h-value & | 6 [action]
[ [ 0.004 ] 0.006 | 0.096 |

Table 5.14: Step length for the generation of three categories of fuzzy sets
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Figure 5.8: Specificity based h istic : § = —0.05

Figure 5.9: Centroid based controller characteristic : 6=0.0
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Figure 5.10: Centroid based characteristic : § = 0.075
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Figure 5.11: Centroid based controller characteristic : § = —0.1
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Figure 5.12: Centroid based controller characteristic : 6 =0.05

Figure 5.13: Centroid based controller characteristic : 6 =—0.05
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step [ sim-1 | sim-2 | sim-3 | sim-4 | sim-5
0 0.0 0.075 -0.1 0.05 -0.05
0.0 | 0.0900 | 0.0900 | 0.0900 | 0.0250 | 0.0250
0.4 | 0.0581 | 0.0781 | 0.0579 | 0.0170 | 0.0173
0.8 | 0.0355 | 0.0478 | 0.0354 | 0.0104 | 0.0105
1.0 | 0.0311 | 0.0364 | 0.0309 | 0.0086 | 0.0087
1.4 |0.0232 | 0.0275 | 0.0231 | 0.0065 | 0.0065
1.8 | 0.0154 | 0.0197 | 0.0154 | 0.0057 | 0.0057
2.0 | 0.0118 [ 0.0159 | 0.0118 | 0.0053 | 0.0053
2.4 | 0.0079 | 0.0096 | 0.0079 | 0.0044 | 0.0045
2.8 | 0.0062 | 0.0069 | 0.0062 | 0.0034 | 0.0035
3.0 [0.0059 | 0.0063 | 0.0058 | 0.0030 | 0.0030
3.4 | 0.0052 | 0.0055 | 0.0051 | 0.0024 | 0.0024
3.8 | 0.0042 | 0.0048 | 0.0042 | 0.0022 | 0.0022
4.0 | 0.0037 | 0.0043 | 0.0037 | 0.0021 | 0.0021
4.4 | 0.0028 | 0.0033 | 0.0028 | 0.0019 | 0.0019
4.8 | 0.0024 | 0.0025 | 0.0024 | 0.0016 | 0.0016
5.0 | 0.0023 | 0.0024 | 0.0023 | 0.0015 | 0.0015
5.4 | 0.0021 | 0.0022 | 0.0021 | 0.0012 | 0.0012
5.8 | 0.0018 | 0.0020 | 0.0018 | 0.0009 | 0.0009
6.0 | 0.0017 | 0.0018 | 0.0017 | 0.0008 | 0.0008
6.4 | 0.0014 | 0.0016 | 0.0014 | 0.0007 | 0.0007
6.8 | 0.0011 | 0.0013 | 0.0011 | 0.0005 | 0.0005
7.0 | 0.0010 | 0.0012 | 0.0009 | 0.0004 | 0.0004
7.4 | 0.0008 | 0.0009 | 0.0007 | 0.0003 | 0.0003
7.8 | 0.0006 | 0.0008 | 0.0006 | 0.0002 | 0.0002
8.0 | 0.0005 | 0.0007 | 0.0005 | 0.0002 | 0.0002

Table 5.15: Simulation results - centroid based defuzzification
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sim-1

sim-2

sim-3

sim-4

sim-5

0.075

-0.075

0.0

-0.05

0.0900

0.0900

0.0900

0.0250

0.0250

0.0730

0.0745

0.0736

0.0221

0.0219

0.0554

0.0570

0.0562

0.0187

0.0184

0.0414

0.0446

0.0438

0.0153

0.0149

0.0304

0.0331

0.0327

0.0124

0.0122

0.0232

0.0242

0.0238

0.0103

0.0103

0.0196

0.0206

0.0202

0.0093

0.0093

0.0162

0.0171

0.0152

0.0086

0.0086

0.0131

0.0139

0.0122

0.0079

0.0079

0.0108

0.0112

0.0102

0.0073

0.0073

0.0096

0.0098

0.0093

0.0069

0.0069

0.0089

0.0090

0.0086

0.0063

0.0063

0.0081

0.0083

0.0078

0.0056

0.0056

0.0075

0.0076

0.0073

0.0051

0.0051

0.0070

0.0071

0.0068

0.0044

0.0044

0.0065

0.0066

0.0063

0.0038

0.0038

0.0058

0.0059

0.0056

0.0032

0.0033

0.0052

0.0053

0.0051

0.0028

0.0028

0.0046

0.0048

0.0044

0.0024

0.0024

0.0040

0.0041

0.0038

0.0020

0.0020

0.0034

0.0035

0.0033

0.0016

0.0016

0.0029

0.0030

0.0028

0.0007

0.0009

0.0025

0.0026

0.0024

0.0000

0.0000

0.0021

0.0022

0.0020

0.0000

0.0000

0.0017

0.0018

0.0016

0.0000

0.0000

0.0013

0.0014

0.0006

0.0000

0.0000

0.0002

0.0000

0.0000

0.0000

results -

e

based defi

Table 5.16: Si
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Chapter 6

Truth-qualified propositions

1 Introduction

In the previous chapters we considered only those fuzzy statements which are taken
to be always true, i.e., held for granted. In this chapter, we consider the represen-
tation and manipulation of such truth-qualified knowledge based on the theory of
fuzzy sets, due to Zadeh. A possibilistic approach is also presented. First of all, we
represent a truth-qualified statement in a standard form. Then we prescribe a list of

equivalent formulae for their composition. The concept of similarity between proto-
hods for ing with truth. lified

types of fuzzy sets is used to formulate
formulae in the framework of similarity based approximate reasoning.

Truth-qualified vague propositions are often used in human reasoning. Simple such
statements are of the form:

© Payel is tall is quite-true;

© Pressure is low is absolutely-false;

® Temperature is moderate is fairly-true;

o It is mostly-true that if wages rise then there is inflation.

It is easy to see that propositions of the above nature consists of two different yet
interactive concepts and, therefore, it may be logically split into two parts, one of
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which is the truth-value assigned to the statement. As a case in point, when it is
said that Arka is intelligent we mean that Arka is intelligent is true. Therefore,
d as a truth-qualified proposition. On the
lified ition as, Aritra is hand: s true,
lified ition Aritra is hand: which

any true ition may be
other hand, given any truth

we may always construct an
is always true. This concept of conversion also holds for partially truth-qualified

propositions, with which we are mainly concerned.

Bellman and Zadeh [3] have discussed the nonon of partial truth and suggested
a method for constructing a true the i

Tsukamoto [83] has taken advantage of the said concept and used it in reasoning
with partially truth-qualified statements. We show that truth- quallﬁed statements
may be manipulated in the framework of similari

Work in this regard may be found in [72, 73].

Bellman and Zadeh [3] assumed that this partial truth-qualification is local rather
than absolute. In (3], the authors suggested that a partially true statement is
q! to some modi fuzzy which may be taken to be true as and
when the partially true statement is given. They reconstructed the true statement,
by some truth function modification process, from the partially true statement and
btained the corr di ion of that partially true statement. Thus,

from a given statement
X is A is T_true
Wwe may construct a fuzzy statement

X is B is true

according to the following
#8(u) = pr(pa(u)). (6.1)

The above result at once yields the following :

X is A is true is equivalent to X is A,

X is A is false is equivalent to X is not A.



In representing a truth-qualified statement we show that the above method of con-
struction of a true statement out of a partially true statement is not necessary for
similarity based reasoning purpose. Truth values may be manipulated at the time
of deriving a consequence from truth-qualified propositions. To do that, we use
a set of rules for the manipulation of truth value. Now, the partial truth-values
are vague and are represented by fuzzy sets over the universe of discourse [0, 1).
Therefore, ipulation of such truth-values is performed according to the existing
rules for manipulation of fuzzy sets. Then similarity based method for reasoning
with vague concepts is used to infer a statement that may also be partially true. In
the following section, let us first consider the issues concerning the representation
of truth-qualified statements.

2 Representation of partially true knowledge

In this secnon, we consider issues concemmg the representation of truth-qualified
X ledge, in the fr k of app i For this, let us consider
the following simple and their boli:

Payel is healthy is quite_true may be symbolised as :
Constitution(Payel) = healthy and Truth = quite_true;

Paulami is tall is

ly false, may be das:

Height(Paulami) = tall and Truth = absolutely_faise;

Icy roads are slippery is fairly_true may take the form as :

Condition(Icy roads) = slippery and Truth = fairly_true.
Here, each of the it C ituti Height, Condition and Truth may be
represented by linguistic variables and the terms healthy, tall, slippery, quite_true

etc., the values of the attributes may be convemently represented by fuzzy sets over
the universe of di of the li i

Thus, symbolically, we may take a simple truth-qualified statement in the form of

X is A is T—true
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where 7—true is a fuzzy truth-value such as almost-true, mostly-true, etc. and
X is A, a fuzzy proposition. Each such partially true statement may be logically
split into two components a prediction about an object type component and an

d truth-value We consider fuzzy sets and the theory of fuzzy
sets for the representation of such partially true statements. We also consider a
ibilistic app! h to the rep ion and ipulation of partially truth-

qualified statements.

Throughout the thesis, the unit interval [0, 1] is taken as the set of possible truth-
values. Any vague description about truth(/falsity) of a proposition may be repre-
sented as a fuzzy set over the unit interval, [0,1]. Typically, a simple prescription
about truth(/falsity) may be as follows :

Truth-value is mostly_true.
The concept may be represented by a fuzzy set of possible truth values as :

preun(w) = /‘moslly_true('”)
= 0.25/0.65 + 0.50/0.70 + 0.75/0.75 + 1/0.80 +
0.75/0.85 + 0.50/0.90 + 0.25/0.95
= X “mostly.true("’)/ s
wel0,1]

In possibility theory, it implies that

Trugh (w) = Poss{Truth=w} = pogtly true(w)-

When 7(w) = 0, it is certain that the truth-value is different from w and when
m(w) = 1 it is certain that the truth-value is equal to w. Further, when w(w) =
1—w; V w € [0,1] we may say that the truth-value is false or that the statement is
false. When 7(w) = w; Vw € [0, 1] it is said that the particular statement is true.
To represent a vague truth, we ider only unimodal possibility distribution.

In the natural 1 truth-value of a may be explicitly referred, e.g.,
‘Temperature is moderate is absolutely-true,
or it may be implicitly referred, e.g.,
Swedes are tall.
If the fuzzily truth-qualified statements like X is A is 7—true be interpreted as ‘it is
(fuzzily) T—true that X = A’ then at the semantic level, the latter statement may
be represented as ‘it is true that Swedes are tall’ or that Swedes are tall is true.
Let us now present a formal app h to the ion of such truth lified

propositions.
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We see that a simple statement may be of the general/standard form
XisF; TisC
where X and T are two linguistic variables of which T explicitly denote the truth-
value of the fuzzy proposition X is F, F and C respectively denote the vague
descriptions about the object X and the truth of the proposition X is F. In the
sequel, the following two formulae
XisF; TisC
and X is not F; T is ant C
are taken to be logically equivalent(, in terms of possibility assignment functions
this would lead to the same possibility distribution whereas in terms of fuzzy set
representation this would lead to the same representation). This, in turn, means
that, we may replace any one of the formula with the other wherever they occur.
As a case in point,
X issmall; T is fairly_true
and X isantsmall; T is fairly false
are logically equivalent [24] where fuzzy truth-value ant_C is denoted by the follow-
ing function
Xant_c * [0,1] > [0,1],
and is defined by
Xant.c(w) =1-xc(w) ; Yw € [0,1].
Also 7—true and ant T—false are taken as logically equivalent, where

Hant(r—falsey = 1 = Hr—true(t)-
Thus, without any loss of generality, we consider truth-qualified statements as a
collection of simple formula such as
X is F; T is C-true = F(X); C_-mboztrue(T).

Composite formulae may be d using the il q formulae :
(F(X); C-true(T)) — (G(Y); Dtrue(T)) = (F(X) = G(Y);C(D)
(F(X);C-true(T)) A (G(Y); Dtrue(T)) = (F(X) A G(Y);C(T));
(F(X);Ctrue(T)) V (G(Y);Dtrue(T)) = (F(X) v G(Y);C(T));
(F(X);C_true(T)) «» (G(Y); Dtrue(T)) = (F(X) & G(Y);C(T));

~ (F(X);Ctrue(T)) = (~ F(X);C-true(T))
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Now let us consider a typical proposition p : X is F; T is C-true. Let G be any
fuzzy set defined over the universe of discourse U of X such that F C G . Let g be
another truth-qualified proposition of the form

q:X is G; T is undefined
i.e., in standard notation we may restate g as
¢: X isG: Tis W_true ; where py _trye(w) = 1Vw €[0,1].

Combination of the two propositions p and g according to the above rules yields
the following result:

Now, (X is G; T is Undefined) A (X is F; T is C_true)

((X is FA X is G); T is (C-true N W _true))
= ((X is FNG); T is C_true)
(X is F; T is C_true).

Thus, it is established that, from the given proposition
(X is F; T is C_true)

and the fact that X is G; T is Undefined, where F C G, it is possible to conclude
(X is G; T is C_true).

With the above formulation, we now go into generating mechanisms for reasoning
with truth. lified itions in the ing section.

3 Reasoning with truth-qualified proposition

In this section, the issues concerning slmﬂam:y based mference suggested by different

models - rule-based and lution-b: - are ext i d. In the process,

h as well as ibili h to
1

we consider both fuzzy set th
with truth. lified

Let us consider three linguistic variables X, Y and T of which T is to denote truth
only and let &, V, W = [0,1] respectively denote the universe of discourse. Let
there be two Eypical propositions p and g as presented in Table 6.1. A natural
conclusion is r and may be derived according to the following basic steps. Let
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p: if XisA then YisB; C.true
q: Xis A% C’_true
r: Y is B;; C”_true.

Table 6.1: Approximate reasoning with vague truth

U= {w,uz, - u},
V= {v1,v2,- ", Um},

W= {wy,wy, -+, wa},0 S wy < 1.

First we 1 the impreci in the propositions p and ¢ using appro-
priate fuzzy sets. Let they be

4= iz_';u4<u.)/ui;

A = Sl

B = SSusw/u ;
Ctrue = ‘Z:‘;”C_true(wi)/wi;
Cirue = 3 o truelw)/us -

Now we represent proposition p as a fuzzy relation R(A, B) whose interpretation
would be the same as a conditional relation. R(A, B) is either an implication
relation or a conjunction relation. Next we compute S(A, A’) and if found zero,
we set B' = V. Otherwise, we modify R(A, B) with A’ to obtain R(A’|A, B), the

induced fuzzy relation, according to any one of the following ways :

1
R(A'| A,B) = mA—I)R(A,B)}where

pr(aia,B) (u,v) = min{1, prea,e) (1, v)/S(4, A} (6.2)

and R(A' | A,B) =1- (1 - R(A, B)).S(A, A')where
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srenas(,v) =1 = (1 — preas)(u,v))-S(A, A'). (6.3)
From the modified relation we derive a conclusion B’ by the sup-operation as

pe(v) = sup{prcriam (@ v)hYv e V. (6.4)
u€

Next, we compute S(C, C') and set t = S(C, C'). The number ¢ may be interpreted

as the truth matching index. Using t we compute C"”_true according to either (6.6)

or (6.8).

C" true =1— (1 — C.true).t (6.5)
where
e arue(w) = 1= (1= po_irue(w))-4 (6.6)
and )
C" true = ?C,true (6.7)
where
per_true(w) = min{l, pe_srue(w) /t}- (6.8)

Certainly, C”_true 2 C_true. The truth value of the inferred proposition can never
be more specific than the truth of the condition. Note here that, when C’_true
= C_true and A’ = A it may be found that S(4, A’) = 1 and in that case, we find
that B' = B and C”_true = C_true. This is, in accordance with, the concept of
modus ponens.

Ezample 6.1 : For a better understanding of the mechanism, let us consider a simple
problem as posed in Table 6.1. With usual notation, let,

U = {u,uz,usm};
V = {v,vp,vs,u};
W = {w =0.25w; = 0.40,w; = 0.65,w; = 0.85,ws = 1.0};
{A, A} = {1.0,0.75}/u; + {0.75,1.0} /up + {0.5,0.75} /us + {0.25.0.5} /us;
B 0.5/v; + 0.75/vz + 1.0/vs + 0.75/v4;
Ctrue = 0.1/w; +0.25/ws + 0.75/w;3 + 0.875/wq + 1.0/ws;
C'true = 0.01/w + 0.06/wy + 0.56/ws + 0.76/w, + 1.0/ws.

For a consequence of the form r, we first compute the fuzzy binary relation R(4, B)
from the translation of the statement form A — B using the most frequently used
min-rule. Let it be
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vy, V2 U3 U
w [050 075 1 075
u; | 050 0.75 0.75 0.75 . (6.9)
uz | 050 0.50 0.50 0.50
ug | 025 0.25 0.25 0.25.

R(A, B)

Then we compute the similarity between A and A’. Here, using Definition 3.2, we
find that S(A, A’) = 0.75(approximately). Now, with the proposition ¢ we modify
the relation R(A, B) according to the scheme presented in (6.2) and obtain the
modified relation R(A'|A, B) as

un V2 Vs Vg
u; | 0.6666 1.0 1.0 1.0
up | 0.6666 1.0 1.0 1.0
us | 0.6666 0.6666 0.6666 0.6666
uq | 0.3333 0.3333 0.3333 0.3333.

R(A'|A, B) (6.10)

Using sup-operation as given in (6.4), a consequence of the form r is given by

= 0.6666/v; + 1/v, + 1/vs + 1/vs. In order to determine the truth of the
sald we the simil between fuzzy sets C_true and C’_true.
Here, we find that S(C, C’) = 0.8208 (approximately). Then we modify C-true
with S(C.C") according to (6.8) and obtain

C"_true = 0.1218/w; + 0.3046/w; + 0.9137/ws + 1/wy + 1 /ws.

Now the statement that R(A, B) is C_true according to Bellman and Zadeh (3]
yields a fuzzy relation R'(A, B) given by (6.1) as

n V2 v3 Vg
w [ 045 08125 1.0 0.8125
up | 045 0.8125 1.0 0.8125
uz | 045 045 045 045
ug [ 001 001 0.01 0.0

R'(4,B) (6.11)
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Similarly, the statement X is A’ ; T is C'-true when translated according to the
same procedure yield a fuzzy set A" as the true value for the variable X, where

A" = 0.8125/uy + 1.0/up + 0.8125/uz + 0.45/us. (6.12)
Using compositional rule of inference, this would lead to

B" = A" o R'(A, B) = 0.45/v; + 0.8125/vp + 1.0/v + 0.8125/v, (6.13)

asa of the above problem. It is i ing to see that the truth values
are close to fuzzily true and although A and A’ differ significantly, B and B” are close
to each other. In other words, S(B, B") is close to 1. Our inference, as obtained
through the application of the proposed scheme, B' is C"_true, when interpreted
according to the same (6.1) yield a fuzzy set B* = 0.91/v1+ 1.0/v2+1.0/v3+1.0/vq =
V. Thus the result is that nothing in particular may be concluded.

If the other scheme is used in modification of relation, then the result becomes

v v2 v3 vg
u; [ 06250 0.8125 1.0 0.8125

0.6250 0.8125 0.8125 0.8125
R(A'IA,B) = ™ . 1
(414, B) u; | 0.6250 0.6250 0.6250 0.6250 (6.14)

uy | 0.4375 0.4375 0.4375 0.4375.

Using sup-operation as given in (6.4), a consequence of the form r will given as

B' = 0.6250/v) + 0.8125/vp + 1/vs + 0.8125/v, (6.15)
and truth value

C"_true = 0.2612/w; + 0.3844/w, + 0.7948/ws + 0.8974/wq + 1/ws. (6.16)

This result when interpreted according to (6.1) yield a fuzzy set

B* = 0.7537/v; + 0.882/v, + 1.0/v3 + 0.882/vs. (6.17)
The specificity of which is very low, close to zero.

If, instead, we use a — b = a.b in the translation of the conditional premise p we
find that
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v vy v3 vy
w [ 05 075 1 075
up | 0.375 0.5625 0.75 0.5625 o
- . .18
R(4.B) us | 025 0375 05 0375 ©.18)
ug | 0.125 01875 0.25 0.1875.

Then using our second scheme for modification as presented in (6.3), the modified
relation may be found to be

2} v2 U3 vg
w [ 0625 08125 10 08125
uy | 0.5312 0.6718 0.8125 0.6718 . (619)

/) =
RA14.B) = ug | 0.4375 0.5312 0.625 0.5312

uy | 0.3875 0.3906 0.4375 0.3906.

Using sup-operation as given in (6.4), a consequence of the form r is given by
B’ = 0.625/v + 0.8125/v2 + 1/vs + 0.8125/v4, the same as in (6.15), and the same
truth value

C"_true = 0.2612/w; + 0.3844/w; + 0.7948/w; + 0.8974/ws + 1/ws.
Ezample 6.2 : In this example, we seek a conclusion of the form It is almost

fairly_true that people will feel not so uncomfortable(Uc) when it is true
that humidity is moderate from the general knowledge that

It is fairly_true that when humidity is high people feels uncomfort-
able(Uc)

using the model just described. Here,

A = (humidity is) high;

B = (tolerance) uncomfortable;
C_true = fairly-true;

A" = (humidity is) moderate;
C'_true = true.
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piif XiisA and Xais Ay - XeisAc then Y isB;  Ctrue(T)
q: X isAl and XpisAj --- Xiis Al C"_true(T)

r Y is B; C"-true(T)

Table 6.2: Extended approximate reasoning with vague truth

in the p iti into fuzzy

Now, the task is to ref the imp
Let the universe of discourses be

sets over some appropriate universe of discourse.
denoted as follows :

Percentile humidity = [0,1];
Percentile tolerance index = [0,1];
Truth-value = [0,1].

Thus, at any particular moment of time, if the humidity of air will be 97.5% it
would represent, in this choice of universe, as a point 0.975. Any vague description
about the same would then be represented as a fuzzy set over the said universe of
discourse. Similarly, tolerance index ‘1’ will mean that feeling comfortable and
anything less than ‘1’ would be partially comfortable so that ‘0’ becomes absolutely
uncomfortable.

high = .25/0.25+ .5/0.5+.75/0.75 + 1.0/1.0;
Ue = .8/0.0+.65/0.125 + .55/0.25 + .35/0.5 + 0.2/0.75 + .05/1.0;
fairly_true = .25/0.75 + .5/0.8 +.75/0.85 + 1.0/0.9 + .75/0.95 + .5/1.0;
moderate = .25/0.0 +.5/0.25 + .75/0.5 + 1.0/0.75 + .75/1.0;
true = .75/0.75+ .80/0.80 + .85/0.85 +.9/0.9 + .95/0.95 + 1.0/1.0.

Using the above scheme for a conclusion of the form B’ is C"_true, we find that
B' = 1.0/0.0 + 1/0.125 + .775/0.25 + 0.543/0.5 + 0.31/0.75 + 0.07/1.0
and C”_true =.25/.75+.5/.8 +.75/.85 + 1.0/.9 + .75/.95 + .5/1.0.
Next let us consider a generalised model as presented in Table 6.2.

where X, Xa, - - -, Xy are linguistic variables defined respectively over universe of
discourses Uy, Us, -+, Us and let Us = {u} , j = 1,2,-+-,ji- As usual, let the
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lation of the impreci pts in the p iti into appropriate fuzzy sets

be given by

A = Swatad)yd si
i=t

s

A = Y pa(ud)/uli=1,2,--
J=1

B = Y pp(vi)/vi;

i=1

n
Ctrue = 3 pc_true(wi)/wi;
=1

n
C'true = Y pertrue(ws)/wi -
i=1

With these data, we first compute R(A;,As,---,Ax, B) from the translation of
premise p using a suitable translating rule and then we compute S(4;, 4;) for i =
1,2,---,k and set

s =min{S(A1, A}), S(Az, A3), - -, S(Ax, A})}-

The number s may be taken to be the strength of matching. If s = 0 then we set
B’ =V, i.e., nothing may be concluded. Otherwise, we compute R(A] | A;, 45 |
Ay, ---, A} | Ay, B) according to any one of the procedure for modification of fuzzy
realtion similar to the one as given in (6.2) and (6.3).

RUAL | Ay Ay | Agyeo, 4L | An, B) = SR(A, Az, A0, B)
where the domain D is given by Uy x Uz x --- x Uy x V and
R4y A5 s, A |4k, B) (U1, Uz, -k, v) = min{1, %I—LR(AI,W,A,‘,E)(UIV - uk )}
A consequence B’ may be given from the above relation by the sup-operation as
PR A A Aa A Ak, B) (U1, U2, -+ Uk, V)

'
wp(v) = sup
41€U1 ua€U2, - un €U

whose truth value is computed in a similar way as presented in (6.6) and (6.8).
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Ezample 6.3 : As an illustration of the above model, let k = 2 and as usual, let

U = {ul,udulul)
U = {uhud,uduguw3h;
V = {v,vvul

W = {w =0.1,w, = 0.25,ws = 0.5,wy = 0.75,ws = 1.0}
A = 0.55/ul +0.7/u? +0.85/u} + 1.0/uj;
A = 0.5/u! +0.75/u? + 1.0/u} + 0.75/uf;
A; = 0.9/ub+1.0/u}+0.85/u} +0.7/u} +0.55/u3;
Ay = 0.8/ub+0.9/u}+0.75/u3 + 0.6/uj +0.5/u3;
B = 1.0/v, +0.8/vz + 0.6/v3 + 0.5/va;
C.true = 0.1/w; + 0.1/wp + 0.1/w3 + 1.0/wq + 0.9/ws;
C'true = 0.05/wy + 0.3/wy + 0.55/ws + 0.8/wy + 1.0/ws.
First of all, on computation, we find that S(A;, 4}) = 0.85, S(A, A5) = 0.9078
and S(C,C’) = 0.7571. We set the overall matching index, s = 0.7571. Using
Mamdani’s min rule for translation of ises p into an iate fuzzy with
the connector ‘and’ as min, it is found that

B} = 1.0/v; + 1.0/vs + 0.796/v3 + 0.6634/v4;

and

Cllrye = 0.1326/w; + 0.1326/wp + 0.1326/ws + 1.0/wy + 1.0/ws.

Here, in computing the above result, we use (6.2) and (6.8). On the other hand, if
we use (6.3) and (6.6) for the same, then the result would become

By = 1.0/v; + 0.8492/v, + 0.6985/vs + 0.6231 /vs;
and
Cllre = 0-3216/w, +0.3216/w, + 0.3216/ws + 1.0/wy + 0.9246/ws.
The above two results when interpreted in terms of (6.1) yield two fuzzy sets
Bj} = 1.0/, + 1.0/v2 + 1.0/v3 + 0.6995/v4(, the first result);

Bj = 0.9246/v; + 0.8928/v; + 0.8602/vs + 0.6556/v4(, the second result).

From the above, it is clear that nothing in particular may be concluded. Both the
results are consistent. The specificity measure of the latter is high as compared
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p: XisA or YisB; C _true(T)
q: Xis A% C'"_true(T)
r: Y is B’; T is C”_true.

Table 6.3: Resolution-based reasoning with vague truth

to the former. Here although the pairs A;, A} as well as Aj, A are sufficiently
close to each other, the truth values differ significantly and, therefore, the overall
matching index s becomes low. Thus, making the consequence almost close to the
UNKNOWN case. Here, as s approaches the maximum value 1, specific conclusion

results.

So far, we idered only rule-based models for ing with truth-qualified
statement. Now, let us consider resolution-based models for reasoning with vague
truth lified k ledge as p d in Table 6.3. A consequence r may be derived

ding to a similar p! dure as stated in Chapter 4. First, we compute S(4, A")

and set,

d=1-5(A,4). (6.20)
Here, d may be taken as a measure of dissimilarity between the two fuzzy sets A
and A'. As has already been pointed out that for a consequence from models of
this type it is necessary to compute the dissimilarity index instead of a similarity
index. The inferential procedure differs from the rule-based model, Table 4.4, in
three main issues. First of all, here, a T-conorm is used in place of a T-norm
operator in translation of premise p. Secondly, every occurrence of s is replaced
with d, for a conclusion. Lastly, the sup-operation performed on the modified
relation, for a possibl lusion is replaced with an inf- i The premise p
is first translated into a binary fuzzy relation. For safe, we use the max operator
for the translation. Then d is used to modify the above fuzzy relation according to
any one of the scheme for modification, (6.2) and (6.3) with d for s. Finally, we
apply inf-operation to obtain a fuzzy set as our conclusion B'. In order to compute
the truth of the consequence, we compute S(C_true,C’_true) and modify fuzzy set
C'_true according to any one of (6.6) and (6.8). When d = 0, we find that B' = V.
So that, nothing, in particular, may be concluded about Y. Again when d =1 i.e.
S(A,A") =0i.e., Aand A’ are disjoint sets, we need not modify the relation and if
C'_true = C_true it is possible to see that B' = B together with C"_true = C_true. *
This is, in accordance with, the law of lized disj ive syllogism [70].
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Es le 6.4 : As an i i let us consider the following data :

{1, uz, u3, ua};

{v1,v2,v3,v4};

{w; = 0.1, w, = 0.25, w3 = 0.5, wa = 0.75, ws = 1.0};
0.75/uy + 1.0/uz + 0.75/u3 + 0.5/uq;

= 0.25/us + 0.0/uz + 0.25/u3 + 0.5/us;

= 0.25/v, + 0.50/vz + 0.75/vs + 1.0/vg;

C_true = 0.01/w; + 0.2/ws + 0.5/ws + 0.75/wy + 1.0/ws;
C'true = 0.001/w; + 0.04/ws + 0.25/ws + 0.5625/wq + 1.0/ws.

wRe IS <Q
I

For a conclusion of the form r, let us first compute S(4, A’) and S(C, C') according
to Definition 3.2. Here, we find that S(A, A’) = 0.2929 and S(C,C') = 0.8244. We
set d = min{1 — S(A4, A’), S(C,C")} = 0.7071. Now, let us translate premise p: A
or B as a relation R(A, B) using max operator, where

ra,)(u,v) = max [pa(u), up(v)] . (6:21)

More explicitly, we have,

n v2 vz Vs
u [0.75 0.75 0.75 1.0
u 1.0 10 10 10
R(A,B) = . ..
( ) uz [ 0.75 0.75 0.75 1.0 6.22)
us | 0.50 0.50 0.75 1.0

Next, using d, the modified relation R(A’ | A, B) may be given by

v vz U3 Vg
uy 0.8232 0.8232 0.8232 1.0
1.0 1.0 1.0 1.0
R(A'1A,B) = 2 . i
(414, 8) us | 0.8232 0.8232 0.8232 1.0 ©23)
us | 0.6464 0.6464 0.8232 1.0

Therefore, B’ = 0.6464/v, + .6464 /v, + .8232/vs + 1.0/v,
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p: XiisA or XyisAy or--- Xiis Ay C-true(T)
q: Xiis A} C’_true(T)
r: Xpis Ay or--- Xgis Ay;  C"_true(T).

Table 6.4: Resolution-based generalised app. reas. with vague truth

and C"_true = 0.30/w; + 0.43/w» + 0.63/w; + 0.82/ws + 1.0/ws.

On scrutiny, we find that B' is close to B, with S(B, B') = 0.7765 and the truth
value is close to linguistically true. This is simply because A, A’ are almost comple-
mentary pair, having S(A, A') = 0.2929 and C,C’ are close to linguistically true.
As d approaches its maximum value, 1, S (B, B') also does so. Hence the result is

a reasonable one.

Next, let X1, X2, -, Xk be k-linguistic variables defined respectively over universe
of discourse Uy, Uz, -+, Uy and let U; = {uf}, 5 =1,2,---,5i. We now consider a
generalized model for reasoning as given in Table 6.4. In this model, a significant
conclusion r may be derived only when S(C,C") is high and A, A’ are almost com-
plementary pair. For the conclusion r, we first translate premise p using a suitable
translating rule to obtain R(A1,4z,---, Ay). Here also we may use max operator
for the translation. Then, we compute S(A;, 4}) and S(C,C’) and ultimately set

d = min{1 — S(41, 41),S(C,C")}.
If now d = 0 nothing can be concluded. Otherwise, using d we compute the modified

relation R(A}|A;, Az, - -, Ax) according to any one of the scheme for modification
of fuzzy relation as stated already. Thus, we have, either

1
R(A}|Ar, Az, -+, Ax) = ER(AnAz,"-,Ak)

or, R(A}|A1, Az,--+, Ax) =1— (1= R(A1, Az, -+, Ap)).d,
where the domain D = U; X U, % - -+ x Uy. Then we perform the inf-operation
on R’ separately to obtain Aj, A%,---, A%, In order to compute the truth of the
consequence we compute S(C'-true,C’_true) and modify C _true(T) according to any
one of (6.6) and (6.8). Observe here that, when d =0, nothing, in particular, can
be concluded and in this case, we set B' = V. Again when d = 1 i.e. S(A4,A) =0
i.e. A and A’ are disjoint and if, now, C'’true = C_true it is possible to obtain
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Al = A;;i = 2,3,---,k together with C"_true = C_true. This is, in accordance
with, the law of lized disjunctive syllogism [70].

We may call the inference r as a valid resolvent of the formulae p and g. The abve
scheme may be made more general by allowing more than one disjunct (, a simple
formula of the form X is A) in the premise ¢. In such cases, we may use the same
mechanism described just now for a ingful 1 The similarity index is
to be calculated for all pairs A;, A;;i = 1,2,---,k. The pair to be used in finding
a resolvent is the one having minimum similarity value. The procedure to find the
resolvent will be the same as above.

Thus we see that similarity based inference could be used for a meaningful deduction
from truth-qualified vague statements.
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Chapter 7

Default reasoning

1 Introduction

It may be argued that a significant portion of our beliefs about the world is uncertain
and incomplete. Most of the decisions one makes everyday may hardly be taken
with complete certainty. Anytime they may contraindicate any chosen course. This
is simply because a majority of our reasoning is dictated by common sense rules
whose conclusions, may be invalidated as further information comes in.

The above discussion may be illustrated by looking at a simple example. Suppose
that there are two typical propositions p and ¢ as follows :

p: * Arnab is married .
g : ¢ Arnab is over 25 years old .

Based on only supporting evidence and the absence of contradictory evidence, there
may be times when conclusions like ‘A married person is over 25 years old’ is forced
to be drawn. Now, there is a person named Arpan who is married to a woman
named Rupa. Therefore, the above rule when invoked will result in the belief that
Arpan is over 25 years old. But, at a latter stage, more information about Arpan
suggests that he has just recently crossed 23 years of age. This would force us to
revise our previous belief that Arpan is over 25 years old.
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This is a typical instance of default reasoning. We may assert a fact not only when
we may prove it but also when there are no information available to the contrary.
So in the absence of further information, we may apply information on Arpan to
a conditional statement of the form ‘married persons are typically over 25 years
of age’. We may revise the same as and when some contradictory information is
available. Again another statement ‘Snakes are poisonous’, mean that for anything
that is a snake, that thing are poi Now this is not absolutely true
in the real world — a python is non-poisonous and it is not the only exception.
But certainly it is an exception, in a list of few exceptions. Nevertheless, such a
general remark about istics of snakes is ble to many, if not to all.
We may say that, ‘typically snakes are poisonous’. The problem then reduces to
the rejection of derivation of exceptional cases, as they come. A simple solution to
this problem is to include the list of i in the ditional Since
our knowledge about the world is necessarily incomplete an explicit list of such
exceptions is not possible to make. So there should be some mechanism, which
would allow us to jump to conclusion, in the face of incomplete information and
the modification (revision) of such results, if necessary, at an appropriate time, in
order to avoid the possibility of accepting the fact and its contradiction at the same
time. Thus, default ing is a form of i i

1.1 Review

Many assertions about the real world express default properties of individuals or
class of individuals, rather than strict ditional relati As for le, ‘hard-
workers are adults’, ‘intellj prosper’, are unmarried’, ’snakes are
highly-poisonous’, ’birds fly faster than bees’, ‘Pathans are tall’ statements express
default properties. It is easy to see that they allow vague concepts in expression.

Hi i reason i ly about such ledge with bl
good results (retract without much difficulty, as an when necessary). To cope with
such form of ing through boli i ion is a difficult task.

in p of human knowledge have shown consider-
able interest, in recent years, in the representation of defaults and in the design of
an artificial mechanism for reasoning with defaults. Unfortunately, most of them
are not concerned with the fact that, imprecision is inherent in human knowledge
expressed through natural language. "The difficulty in translating human knowl-
edge into a formal representation lies not so much in what is said as in what is left
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unsaid. Every such statement induces a knowledge base about the world which is
never spelt out but only implied.

e and

In this thesis, we make an attempt to rep and
imprecise default knowledge, based on the theory of fuzzy sets and the theory of
possibility. We use similarity concepts in reasoning with defaults. We find that pos-
sibility theory plays an important role in default Work in this di

is not numerous. In [100], Yager proposed to represent default knowledge through
possibility-qualification and used the framework of Zadeh'’s concept of approximate
reasoning for reasoning with defaults. Dubois and Prade (21] have considered a
modified fuzzy set a.ugmented with a certainty factor for the representation of de-
fault values. Rep and ipulation are based on the theory of possibility
in an i i k.

Yager’s approach is based on the derivation of higher order sets in terms of elements
of the power set of the universal set and from that, it is possible to deduce a
lified cor ding to a default rule. A statement ‘X is

A is possible’ is used to indicate a posslblhty -qualification. It should be mentioned
here that, a possibility-qualification is a less restrictive data than the unqualified
simple statement ‘X is A’. The possibili lified induces a
X is A*, where A* is the set of all subsets of the power set of U, the universal
set of the linguistic variable. A% is the set of all subsets of U which mtersect. A.
Reasoning with default was perfc d in the fi k of il
based on the theory of possibility. Thus, from

if X is A is posssible then Y is B and the data X is C
a consequence Y is D may be obtained as

p(v) = (1 — Pos{A | C) V ua(v).

Dubois and Prade have shown that,‘the above treatment of default rules in an ap-
proximate reasoning framework fails to capture the uncertain nature of conclusions
obtained via default rules’ [21]. They proposed that, some uncertainty should be
attached with each default conclusion, when relevant, in a rigorous manner. They
have also observed that in Yager’s approach, ‘conclusions inferred from defaults and
that inferred from rules without exceptions, have the same status, while clearly, they
are not valid in the same sense : the latter are undisputable while the former may
be interpreted as default values’. So, they proposed to modify the assignment for
an attribute, with a special class of fuzzy sets augumented with a certainty factor,
and deduced a techni for the ion of uncertainty in default conclusions
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in the framework of the theory of possibility.

In [21), the authors propose to represent a default value for an attribute X and an

object o by means of a special kind of fuzzy set A* [65], where
(V), par (v) = max(pa(v), 1 = A), A < 1. (7.1)
The subset A gathers the a priori more plausible values among the possible ones;

1 — A estimates to what extent it is possible that the value lies outside A, excep-
tional ones. Then reasoning with default rules was performed in the framework of

In [4], the authors propose to model default rules in the framework of possibility
theory. They d that the ptional sil jon is less possible than the
normal state of affairs. However, human reasoning does not use only generic pieces
of knowledge pervaded with exceptions; but also take advantage of independent
assumptions. They made an attempt to describe the notion of independence in
possibility theory [5] and applied it to default reasoning.

1.2 Outline

In order to capture the uncertainty associated with a default value, in the present
work, a default value assigned to an attribute X corresponding to a typical indi-
vidual uo from U is represented by means of a composite statement of the form
(X (uo) = A) is A_certain or simply, (X (uo) = A) is A, where A and A are linguistic
labels and, therefore, may be vague (73]. The vague certainty value assigned to a
statement is based on only the consistency of the consequence of a default rule. A
‘1’ is assigned to a certain statement, a ‘0’ to an uncertain statement and a positive
proper fraction to a graded certain statement. The possible certainty-value of a
vague i the i [0,1). Anii ise certainty-value may
be represented by a fuzzy set over the universe of discourse [0,1]. In the sequel,
the statement X is A, is certain may be taken as X is A and the statement X is
A is uncertain may be taken as X is U, the universe of discourse of the linguistic
variable.

Another important issue that needs to be considered in default reasoning is, a way
of blocking undesirable transitivity which arises because of absence of an appropri-
ate mechanism to incorporate explicit reference to the list of exceptional circum-
stances which would block its application. The certainty factor approach used by
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Dubois and Prade [21] helps to block such undesirable transitivity. Our certainty-
qualification technique is also found to be useful in this regard.

2 Representation of default knowledge

As is known, defaults are general rules subject to exceptions. Since, knowledge
about the exceptions may not be 1 it is, therefc impossible to

the set of exceptions exclusively in a default rule. Again number of possible instances
may be listed whose conclusions are, in some sense, reasonable in the light of what
is known about the world. The set of pti Ithough not pletely known,
are fewer in number. Thus, it may be concluded, that defaults are rules whose

conclusions are almost always certain.

In the following, the above discussion may be brought down to earth by looking at
a few simple examples although, it is well known that, simple examples are always
somewhat misleading. The actual test of any representation lies in whether it may
cope with complexity. Nevertheless, these small and simple ones at least illustrate
how the concept of certainty-qualification may be put to use in default reasoning.

Let us have a rule-base that contains within it the following rule, beside others :

Rule 1: If a person has high blood pressure and is a heavy smoker then
that person has a very high risk of heart attack.

Such a complex rule not only consists of several simple propositions connected
with well known logical connectives but also admit of concepts which are vague.
In general, we have seen that, fuzzy logic provides a framework to represent such
vague concepts in terms of fuzzy sets. In fuzzy logic, the rule may be interpreted
as a fuzzy relation between the linguistic variables appearing in it. Explicitly, in a
Predicate like notation, we may represent the rule with a general fuzzy formula as

If Pressure(Blood) = High and Consumption(Smoke) = Heavy
then Risk(Heart Attack) = Very High.

The underlined terms may be conveniently represented using fuzzy sets and the rule
may be represented by a fuzzy relation.
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e induced possibility distribution of a linguistic
variable X, which equates the possibility of X taking a value u to the grade of
membership of u in the fuzzy set, representing a value of the linguistic variable.
late the above k ledge in a predi like notation as

In possibility theory, let I1x denote the

Then we

If T pressure(Btood) = High and Iconsumption(smoke) = Heavy
then T isk(HeartAttack) = Very High.

Let us now assume that the attribute named Consumption may receive default
value. Then we have to interpret the rule in the following manner :

If Pressure(Blood) = High and it is consistent to assume that
Consumption(Smoke) = Heavy
then Risk(Heart Attack) = Very High.

Next let us consider another rule :

Rule 2: If the Horse is a colt and its height is very tall and constitution
healthy then, it can run fast.

In fuzzy logic, the above rule may be represented as

If Age(Horse)=colt and Height(Horse)=very tall and Constitution(k
then Speed(Horse)=fast.

In the theory of possibility we may have the following representation

1f(Sex = Male;TT44, = colt ) and ( Hyeigne = very tall ) and ( H¢onstitution =
healthy ) then ( Ispeed = fast ).

Again, let us assume here that the attributes height and constitution may be allowed
to receive default value. As before, the above rule then translates into

If Age(Horse) = colt and it is consistent to assume that Height(Horse) =
very tall and Constitution(Horse) = healthy then Speed(Horse) = fast.
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Thus, a default rule may be represented by an expression of the form
A(X) : Bi(X), Ba(X), -+, Bn(X)
C(X)
where A(X),{Bi(X) | i = 1,2,---,m}, C(/\) are all simple formulae, as used in
this thesis. The concepts A{B; | i =1,2,---,m},C are respectively called the
isi i and of the default and is interpreted as :

if X is A and it is consistent to assume that X is B, and X is B, and
- and X is By, then infer that X is C.

d infe

The case where m = 0, default with no justi i behave like
rule. If, also, the prerequisite is empty, it may be taken to be a tautology. The pres-
ence of justifications in default rules actually restricts the set of beliefs sanctioned
by them about the world.

Now, inference sanctioned by rules without exceptions are well established and
hence acceptable to all. Whereas those sanctioned by default may be found to be
contradictory with more knowledge pouring in. Since, we allow vague formulas in
a default rule, therefore, anything inferred by default, in absence of proper justifi-
cation, may or may not be true in graded term. This suggest a more interesting
representation of a vague default value as

C(zo) is A_certain (7.2)
where ) is a certainty value modifier and is usually vague, such as most, almost,
fairly, absolutely, etc. In the theory of fuzzy set they may be represented as fuzzy
subset of the unit interval. This qualified certainty about a proposition actually
estimates a degree of certainty that the value of the attribute A for the object up
does not correspond to an exception. This observation demands the concept of
similarity based framework for reasoning with vague default.

3 Reasoning with vague default

In the previous section we have seen that a general default rule may be represented
in a Predicate like notation, as .
A(X) : Bi(X), Ba(X), -, Bm(X)

C(X)
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which may be taken to mean
if A(X) and B;(X) and By(X) and --- and B, (X) then C(X)

where the symbols have their meaning as stated earlier. Let us now discuss the
issues pertaining to reasoning with such possibly vague default [74]. For that,
let us consider the set of justifications appearing in the body of a default rule.
They used to play an important role in default reasoning, the process of making
conclusions in absence of complete knowledge about the world. Actually, rules with
exceptions restrict the acceptable beliefs about the world, generated by the rule
without justifications. So, a typical p ition from the ptable set of beliefs,
as sanctioned in absence of justifications, may or may not hold in the face of the
justification criterion for a typical object. Therefore, in absence of contradictory
evidence we may assume that Arnab being married is over 25 years of age to be
partially certain. That is why, in this work, we propose to take the beliefs sanctioned
by defaults to be partially certain. This certainty-qualification is expressed through
imprecise knowledge and is, therefore, represented by a fuzzy set over [0,1], the
possible certainty values, rather than a precise number from the said universe. The
problem then reduces to provide a mechanism to manipulate vague certainty.

Let us assume that the whole set [0,1] corresponds to the uncertain case. In order
to provide a unified i for the ipulation of vague let us
assume that, when X is A is certain we take it as simply X is A. From a partially
certain proposition we may construct a valid proposition as and when necessary for
manipulation. The statement

X is A is ) _certain
may be interpreted at the semantic level as ‘it is certain that X is B’ where,
pp(u) = l‘,\.certain(!‘A(“))»
Next, we consider a typical inference pattern in the scheme consisting of the follow-

ing:
Given a default rule :

if X is Aand X is By,++, X is Bn then X is C

and a fact that
Xo is A,
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we expect a reasonable conclusion as
Xo is C' is A_certain.

In absence of any infc ion about the justification {B; : i =1,2,---,m} we
take them to be partially certain, a fuzzy set defined over the unit interval [0,1]
such as almost-certain, very-certain, certain, not very-certain, fairly-certain, etc,
according to information available. For instance, we may take it as almost-certain,

where 1

Halmost certain (W) = {—71+10(w— ) P2 w e [0,1)
So, we propose to mention explicitly all known information about Bjs and when
necessary we evaluate the rule by means of assignment of default values for the
unknown Bjs. A default value for an attribute B; and a particular object Xj is
represented by means of a certainty-qualified statement such as

Bi(Xo) is Aicertain.
This partial certainty assi, 1tk h subjective must be ingful and may
act as an esti of the i of the 1

Let us represent the concepts A, A’ as fuzzy subsets of U, B; as a fuzzy subset of
V: (i=1,2,---,m) and C,C’ as fuzzy subsets of W. Then a consequence may be
ding to the following basic steps :

Algorithm 7.1 : Default reasoning
1. For each i, for which no specific knowledge about B;(X,) are available, set
B;(Xo) is Micertain.
2. Compute A_certain = UJ");_certain.
3. Compute s = S(A, A’) using Definition 3.2.
4. Compute the conditional relation R = R(A,C) from the translation of the
premise ‘if A(X) then C(X)’ and set R = 1 — (1 — R).s, where pp(u,v) =
1— (1 prlu,)-s.
5. Set, pior(xo) (w) = sup pr (u, w).

uel

In the above scheme, when A’ = A we may choose the translating rule in such a
way that C' = C holds. In any case, they are found to be close to each other,
when A’ and A are close i.e., S(C, C’) is close to one when S(A, A’) are so. Also, if
Vi, Aicertain = certain then it may be found that A_certain = certain. As A and
A’ becomes more and more dissimilar, the value of similarity index gets lowered.
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In such cases, the inference about X becomes more or less unknown. If any one of
B,(Xy) is found to be false then A beeomes undefined (. high membership value for
points close to certainty value zero as well as close to certainty value one). We may

reject such conclusion.

It is casy to see that this certainty value assignment to a default value obtained
us 10 revise our belief about the world

from the application of a default rule helps
through manipnlation of fuzzy sets only. In fact, if. at any i
that C'(Xg) is false, then the corresponding A_certain becomes uncertain and as in
the previous case, the conjunction of the certainty values becomes undefined and
we reject all such consequences. Thus. the previous belief that C*(Xy) is partially

stance of time. we find

certain is rejected.

, where,

Next, let us consider an interesting ¢
A C A C A

holds. Here, X, is A” is more informative than X, is A’. Thus, from the above

facts, we may make an inference Xy is A”, the justifications being the same. It has

already been discussed that in such a situation

S(A”, 4) £ S(A, A).

Assume that

0 < S(4",4) < S(A,A) <1

Then
1-(1-7).5(4"4) > 1—(1-7).5(4,A)0<r<1

and hence ¢’ < C". Thus more L ledge about the isite does not always
more k ledge about the i purely i

A simple example is considered in the following to illustrate how the above Algo-
rithm 7.1, may be used to deal with real problems.
Ezample 7.1 : Let us assume that the knowledge base contain the following default

rules and information.

e Prem 1. if X is A then X is B :

e P’rem 2. NXp is A’ is fairly_certain ;
e Prem 3. if X is C and X is D then X is B :
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e Prem 4. X, is C';
e Prem 5. if X is B then X is D ;
e Prem 6. X, is D.

Let us the i i in the ises as fuzzy subsets of

Ji
vi=3u;
=

1

i=1,2,3,4.

respectively. More explicitly, let they be given by
A = 0.85/ul + 1.0/u} + 0.75/u} + 0.5/u} + 0.25/uf ;
A’ = 0.723/u} + 1.0/u} + 0.563/u} + 0.25/u} + 0.063/u; ;
B = 1.0/u? +0.7/u + 0.53/u} + 0.30/4} ;
C = 0.8/u} +0.9/u} + 1.0/u3 + 0.9/u} + 0.8/u3 ;
0.89/u? + 0.95/u3 + 1.0/u3 + 0.95/uj + 0.89/u3 ;
D = 0.25/u} +0.50/u + 0.75/uj + 1.0/uj ;

1 1,
Halmost certain(®) = (T 1o =19}

1
"fairly_certain(“’) 7T {(1 T 7w — 2 Yz,
First of all, let us consider Prem 1 and Prem 2. Since, there are no justification in
the rule under Prem 1 but, the fact under Prem 2 is partially certain, therefore, we
have enough reason to conclude that

Concl.1 :( Xo is B' ) is fairly_certain.
Now, on computation, we find that,
S(A, A") = 0.81560681 (approz.).
Using similarity based approximate reasoning, for B’, we find that
B'(Xo) = 1.0/u} +0.755/u3 + 0.617/u3 + 0.43/uf.
Now, the above result may also be put as
Bj(Xe) = (Xois B') is faitly.certain
= 1/u} + 0.83/u3 + 0.69/u3 + 0.539/uj. (7.3)
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Next, we consider the remaining premises numbered 3 to 6. From Prem 3 and Prem
4, it is reasonable to conclude, by default,

( Xy is B') is Apcertain.

Here, it is easy to see that we have prior information about X as in Prem 6. Now,
since we know that X, is D is certain, therefore, we conclude with certainty that,

Concl.2 : X, is B' is certain or that X, is B".
For that, as usual, we first compute S(C,C') and in this case, we find

S(C,C") = 0.93488472 (approx.).

Using similarity based i ing we Bj(Xh) as
B{(X1) = 1/u? + 0.72/u} + 0.561 /u} + 0.346/u}.
Again from Prem5 and Concl.2 we may deduce the following:
Concl.3 : (X; is D') is certain or that (X, is D').
Here, we find that S(B, B') = 0.97051695 (approx.), almost close to ‘1'. where
D' = 0.272/u} + 0.515/u} + 0.757/ul + 1.0/u.
Now, it is given that, X, is D ( Prem 6 ). It is easy to see that, here,
S(D,D') ~ 1.0.
According to the principle of minimum specificity, we find that

(X, is D).

Obviously, this work a meagre beginning and a few of the rel-
evant issues involved in default reasoning. More research on the use of certainty-
qualification and the underlying semantics of the same in the representation of
default value is ired to und d more precisely the effect of the same on the
cognitive processes involved in default reasoning. However, from this initial study
we see that certainty-qualified statements and similarity based reasoning are useful
in default reasoning.
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Chapter 8

Temporal reasoning

1 Introduction

Most of the study on fuzzy systems are made in a steady environment. The need
to make time-depend ions is frequent] d in many systems,
especially in dynamical systems. In order to build effective fuzzy systems in a
d i the temporal knowledge must be taken into consideration.
For that, cc ional i hani should be modified in order to derive
a consequence at an appropriate moment of time. For reasoning purpose, we find

that, an approximate matching of time is necessary.

Reasoning with time is considered as a key problem in many Al areas. Its relevance
has been shown in a number of domains — in medical diagnosis there is a clear
need for ion of time; developed for planning require a way
of representing possible future, schedule operations require a processing time to
be considered and many more. Considerable interest has been shown by different
hers in the rep. jon and ipulation of time-dependent knowled

8
[1, 56, 90]. However, they have considered properties of systems and their behavior
over precise temporal concepts only.

Human being i ly reason i ly about time with reasonably good
results. In such cases, it is found that human perception plays a major role. As
natural language is often used in expressing temporal information, we often find
imprecision in temporal knowledge. Therefore, our knowledge about time may be

imprecise, as e.g.,
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Payel was rich;

Paulami was leaving for school;

Foggy ings are during lat ¥;
Temperature used to be low early in the morning.

Each of the statement is temporally vague. We show that such vague temporal

may be iently i using fuzzy sets. Until quite recently,
such vague temporal considerations have been given very little attention. A com-
mon justification was that such considerations would lead to enormous complexities
without much practical gain. This leads to the acceptance of concepts which are
simply no longer true over all time, e.g., Arka likes soft-drinks may be valid only
at present whereas Payel arrives home around 5.30 in the evening may be valid in
future too(,habitual).

Now, time is a collection of moment. Any vague description about a moment of
time may be represented by a fuzzy set over the real line. Therefore, complex
temporal descriptions may be represented by composite fuzzy relations. In a possi-
bilistic approach, we associate a possibility distribution with every vague temporal
statements and then use the rules for composmon of possnb:hty dlsmbutmns in rea-
1§ led A i il i is used

soning with such
for the representation of a moment of time as in [23].

In this chapcer, we show the use of similarity concept between fuzzy sets in vague

led Our app! h to deling is based on the theory
of fuzzy sets and the concept of similarity based reasunmg In the process we shovw
that possibility theory plays an important role in rep k

We begin with a brief review followed by a detailed discussion on a representation
of vague temporal knowledge using fuzzy sets and the theory of possibility. Then
we consider the derivation of a consequence from different models with simple yet
concrete examples.

2 Review

Nowakowska [59] was the first to id bjectivity in the perception of time. In
the year 1983, M.Vitek [92] made a formal attempt to describe fuzzy time through
fuzzy sets of time intervals. T.C.Fall [31] tried to propagate uncertainty and impre-
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cision along the temporal axis using belief functions. Then there was an attempt
made by S.Dutta [27, 28] to capture the lack of knowledge about events by means
of fuzzy sets of time-intervals. D. Dubols and H.Prade [23] proposed to manage im-

precision and uncertainty in k ledge through ibili
— a notion first introduced by Zadeh [113]. ThIS is an interesting and informative
work. The h to and ion is more general. Time

points are considered as primitive notion of time. A fuzzy set of time scale models
an ill-known date. They used the theory of possibility and necessity in verify-
ing temporal relations and showed that fuzzy comparators may be modeled by a
fuzzy relation. The possibilistic ap h ensures the ion of
relation between datesA In ing with poral k ledge they used the con-
1 ap h to ap i ing, due to Zadeh. This is based on a
combination of relevant pieces of informations and then projection on appropriate
domains for a posslbxhty dxsmbunon Da-Qun-t an [66] proposed a method for

handling i k ledge in ical systems. Then in the year
1995, Van Le propose a somewhat adhoc logic [89] and a scheme for fuzzy temporal
based on a ination of fuzzy and temporal logics. He has also de-
scribed a model-theoretic semantics for the scheme. His work is closely related to
that of Qian’s [66] work. T 1 knowledge is d through a 1 de-
scriptor A poral descri operator describes the time ch isti

of a fuzzy proposition. It consists of a fuzzy proposition, a time interval descriptor
and a time unit descriptor. In this case, the successful pattern matching of fuzzy
rule not only requires that all the fuzzy propositions in the antecedent of a fuzzy
rule should match the data, but also requires that the temporal relations among
these fuzzy propositions should match the corresponding dynamic information in
the data. Recently, Maeda et.al. [51] proposed a qualitative reasoning method that
incorporates a vague time delay into fuzzy if-then rules and showed its importance
in dy ical fuzzy ing in system ics that has a time delay between
premise and consequent in fuzzy rule-base knowledge. There the authors regarded
time as an instant and as an interval. Then they showed that a fuzzy time interval
may be derived from the fuzzy instants which delimit the time span during which
an event occur. Then Virant and Zimic [91] proposed to consider a time variable
in the domain of fuzzy logic. In view of giving a new extension to fuzzy logic in
terms of time, there they use a modified fuzzy set which may change its elements
with time as a representation of a fuzzy time variable, a fuzzy time dependent rule,
a fuzzy time operator and similar other items. .

The scope of the present thesis is rep ion and i ion of vague time
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k of i i To do that, we employ a fuzzy set
1 Then we

in the fi
theoretic approach in the ion of vague p
introduce the concept of time in similarity based approximate reasoning. In the
following section, let us first consider the representation issues.

3 Representation of fuzzy temporal knowledge

In representing fuzzy temporal knowledge, like the work of Dubois and Prade in [23],
we consider time points as our primitive temporal component. In this section, we
consider the ion of dates, time-i vals and d relation between
dates and events based on the same. For that we assume one continuous linear
scale T for modeling time points(, moments of time). Each member of 7 represent
a precise time instant. In practice, we use the real-line and a discretization of 7~ for

computational simplicity.

Following Dubois and Prade, we call a date a as any fuzzy instant of time represented
by a fuzzy subset A of 7. If pa(t) = 0, we are certain that a is different from ¢
and if pa(t) = 1, we are certain that a is ¢. With these interpretation, the fact
' #tand pa(t) = pa(t’) =1 may be taken to mean that other values of ¢ may also
be equal to date a. In sense 1§ ledge we often
encounter linguistic description about dates. As, for example, if it is known that

Temperature becomes low in the evening ;
Rimi arrives home in the afternoon ;

then, in each of the cases, the date a is to denote the starting time of the respective
event. The time period, in some cases, have been found to be explicitly referred,
e.g., Arka is running slowly for over an hour; whereas in some other cases they are
found to be implicitly referred, e.g., Roni likes snacks, which may be valid in the
present.

In both cases, such knowledge may be split into two components — an atemporal
and an i 1 p Considering the fact that any

definition of time is a ion of we try to vague k led,

about moments, the temporal primitive of our work, by means of a fuzzy set over
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T. Typically, a simple proposition about time, around 5.30 defines a fuzzy set A as

A4 = 'z_:r“around 5.30(0)/¢
€
0.12/5.05 + 0.25/5.10 + 0.5/5.15 + 0.75/5.20 + 1.0/5.25 +
1.0/5.30 + 1.0/5.35 + 0.75/5.40 + 0.5/5.45 + 0.25/5.50 + 0.12/5.55.

[

I

Here,
Haround 5.30(8) : 7 = (0,1]

such that, gy 0und 5'30(13) is to represent the grade of membership of ¢ in the said
fuzzy set. Using the theory of possibility we may represent the above temporal
information as in the following :

Or = Z’:_“amund 5.30(t)/t
i€
= 0.12/5.05+ 0.25/5.10 + 0.5/5.15 + 0.75/5.20 + 1.0/5.25 +
= 1.0/5.30 + 1.0/5.35 + 0.75/5.40 + 0.5/5.45 + 0.25/5.50 + 0.12/5.55.
implying that
Taround 5.30(t) = Poss{Time[around 5.30] = t} = p5r6und 5.30(t); V£ € T-

When 7, 0und 5.30(8) = 0, it is certain that the particular moment is different
from ¢ and when 7y 0404 53{)(‘) = 1, it is completely certain that the particular
moment is equal to ¢. Other values may also exist which are completely possible

for the moment. Although the assi of bership values is subjective in
nature, dard functions with adjustabl [114] are also available for
the same. To a vague only dal ibility distributi

function is used as in [23] in order to take into consideration that the majority of
possible values of the moment are clustered together [23].

using re-

Sometimes, it becomes necessary to r ite time
lational matrices, in the discrete case, e.g., the knowledge about any particular
moment of some particular day may be represented by means of a fuzzy relation.
The time component in the assertion that the ice-cream seller comes in the evening
during mid-April may be translated into a fuzzy relation as in Table 8.1.

The above relational matrix may be obtained from the conjunction of two fuzzy
sets 7, = around 5.30 and 7, = mid-April in a usual way as in the following :
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Diff. | days | in the [ month | of | April
12/4 | 13/4 | 14/4 [ 15/4 | 16/4 | 17/4 | 18/4
16.30 | 0.25 | 0.25 | 0.25 [ 0.25 | 0.25 | 0.25 | 0.25
16.45 [ 0.25 | 0.50 [ 0.50 [ 0.50 | 0.50 | 0.50 | 0.25
17.00 [ 0.25 | 0.50 | 0.75 | 0.75 | 0.75 | 0.50 | 0.25
17.15 ] 0.25 [ 0.50 | 0.75 | 1.00 | 0.75 | 0.50 | 0.25
17.30 | 0.25 [ 0.50 | 0.75 | 1.00 | 0.75 | 0.50 | 0.25
17.45 | 0.25 | 0.50 [ 0.75 | 1.00 | 0.75 | 0.50 | 0.25
18.00 | 0.25 | 0.50 | 0.75 | 0.75 | 0.75 | 0.50 | 0.25
18.15 | 0.25 | 0.50 | 0.50 | 0.50 | 0.50 | 0.50 | 0.25
18.30 | 0.25 | 0.25 | 0.25 | 0.25 | 0.25 | 0.25 [ 0.25

e

Table 8.1: The fuzzy binary relation around 5.30 in mid-April

R(m, 1) = R(say); where
pr(ty, tp) = min{r(t), 72(t2)}.

Such a relation may be used in determining the joint possibility distribution I(r, 1)
from Il7; = 7y and Iy, = 7. Let,

Hr =inmy =TT =7 X7

where 7 is to denote the cylindrical extensions of T over the cartesian product of
the domain of definitions.

Next, from the possibility distribution attached with a particular date a, we may
define the fuzzy set of time points that are possibly after the given date as in the
following :

VEET  pafrer-alt) = f}:gw..(:’)

and the fuzzy set of time points that are possibly before the given date a as
VteT  ipefore-alt) = im;;lw,,(t’).

Furthermore, it is known that a time-interval is a period of time between two given
dates and, therefore, they may be represented by an ordered pair of dates, denoting
the end points of the interval. Thus, given two vague moments of time, m; and
my, which induces two possiblhiy distributions 7, and m,, respectively and let
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M, and M, denote the fuzzy sets of more or less possible values of m; and m; then
it may be defined by the fuzzy interval of time-points [My, My) of moments which
are after-m; and before-m, according to the following

VteT  pm.)(t) = sup {min(mm, '), Tms (&)}

rett

Complex temporal statements are actually complex relations and in the discrete
1 al matrices.

case they may be rep d as higher di

According to the above di ion and an ding on the rep! ion of
temporal concepts we are in a position to consider simple vague temporal propo-
sitions. A vague temporal proposition may be taken in a standard form as X is
A; T is B, where X and T are linguistic variables of which T always denote the
time of occurrence of the event, A and B are possible vague description of X and
T respectively. We take them as our atomic formula. In the sequel, the following
two formulae

not (XisA;TisB)

and (X isnot A;Tis B)
are taken at the semantic level to be equivalent i.e., they may be used interchange-
bly. By this we mean that for all time reference B the two statements ‘X is not A’
and ‘not X is A’ are equivalent.

Since, the concepts A and B, values of the linguistic variables X and T', may be
vague, therefore, each of them may be represented using appropriate fuzzy sets (,
fuzzy relations). Each such proposition induces a possibility distribution through
the possibility assignment function. Let they be denoted as IIx and Iz respectively
and be given by Iy = Aand Ir = B. Hence a simple vague temporal
knowledge may be represented as a pair of possibility distributions {IT x, M7},

Next, let symbolically, F(A, B) = F[A(X); B(T)] is to denote the atomic formula
(X is A; T is B). In the present thesis we consider the following as formulas to be
used in reasoning.

if F is a formula then not F is a formula,

if F and G are formulas then F - G, FVG, FAG and F & G are
formulae. The interpretation of a composite formula in terms of the constituent
simple formulae may be given by

F5G = (XisA; TisB)o(YisC; Tis D)
= ((Xis AoY is C); T is BN D)(,ois to denote the operator).
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After the introduction of formula for vague temporal knowledge, let us now consider
their manipulation in reasoning with time in the following section.

4 Reasoning with time

First of all, given i ion about dates ref d by a fuzzy subset of 7 and
a relation between dates by some appropriate fuzzy relation on T x T', we may use
algorithm SAR to compute a consequence from the pieces of temporal information
as a fuzzy set of date on 77. If, instead of a date-date relation, we are given
a date-interval or interval-interval relationship, we try to cylindrically extend the
information about date cylindrically over the appropriate domain of definition and
the use the actual reasoning procedure.

In the temporally changing world many information may be processed in the frame-
work of rule-based reasoning. For that, we consider the formulation of the same in
the framework of similarity based approximate reasoning as in [75].

Let X, Y and T denote three linguistic variables of which T is to refer time only
and let U, V, T respectively denote the universe of discourses. Let there be two
typical premises

p:ifXisAthenY is B;TisT
g: XisA;Tis7.

From p and g we derive a conclusion r : Y is B’ ; T is 7".

First, we represent the time components 7 and 7/ in an appropriate frame of refer-
ence. For a reasonable conclusion, we check the two time references in p and g. If
7 is included in 7, entirely or in part, then we proceed as in the following. In this
case, we set a time matching mdex t with a value of 1. Otherwise, we set t = 0. If
t=1, we 1 the i in the ises p and ¢ into appropriate
fuzzy set rep i We a similarity index between the fuzzy sets A
and A’ and set the overall matching index equal to the value just computed. Let it
be s. Then we follow the algorithm SAR as proposed in Chapter 4.3, in order to
obtain a fuzzy set representation of B’. The period at which the above result will
hold may be computed as the intersection of 7 with after — 7.
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Next, let us consider a generalized model where from premises

p:if Xy is A and Xy is A; and - -- and X is Ay then YisB;TisT
g: X, is A} and X, is 4} and --- and X is A TisT

we would like to derive a conclusion
r:YisB ;Tis7"

For a consequence of the form 7 from the above model of approximate reasoning with
time, the reasoning procedure will remain the same as already stated in the general
case (, without the time component ), in algorithm A1 and the corresponding time
may be given by the intersection of 7 with after — 7.

In this way, we may derive consequences using other models for approximate reason-
ing involving temporal knowledge as well. Now, we illustrate the same considering

some simple cases as in the following.

Ezample 8.1 : Let

U = {uw,up,us,ug,us, s, ur}
V = {v1,v2,vs,74,05 % 07}
T = {ti.to,ta, ta, U5, b, 81}

be the respective universe and the fuzzy subsets be as given below.

A = 0.1/u; +0.25/up +0.5/uz + 0.75/us + 1.0/us + 0.75/us + 0.50/u7;
A" = 0.01/u; + 0.0625/uy + 0.25/us + 0.5625/us + 1.0/us + 0.5625/us + 0.25/u7;
B = 0.55/v, +0.8/vs + 1.0/v3 + 0.8/vq + 0.55/vs + 0.25/vg + 0.05/v7;

T = 0.15/t; +0.3/ts + 0.45/t3 + 0.6/ts + 0.75/t5 + 0.9/t + 1.0/t7;

7' = 0.06/t, +0.16/t; +0.3/t3 + 0.46/t + 0.65/t5 + 0.85/t + 1.0/t1.

Here, it is easy to see that 7 N7’ # @ (, null fuzzy set). In fact,

= 0.06/t, + 0.16/t, + 0.3/t5 + 0.46/t4 + 0.65/t5 + 0.85/tc + 1.0/t7.
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Now lot us compute S(A, A). Using Definition 3.2 we find that S(A..1') = 0.8006
(approximately). Using algorithm SAR and min-rule for translation. obtain

B’ = 0.6397/m 1 0.8399/v2+1.0/e54 0.8399/ 4 0.6397/ va+0.3996/ v +0.2394/ 5.
Thus we conclude that B'(Y): 7/(T) is a consequence of the above information.

« a conclusion of the form speed

Example 8.2 : In the following example, we der
may be fairly-low around_nine in the morning, assuming that eround.nine in the
morning traffic congestion remain moderate from the general knowledge that during
office_hours if traffic congestion is high then speed is low using the model just

described. Here

A = traffic congestion is high;
B = speed is low;
T = office-hours:
A" = traffic congestion is moderate;
7' = around_nine.
Now. the task is to ref the impreci pts in the p ith into fuzzy
sets over some appropriate universe of di Let the uni of di: be
denoted as follows :
Percentile traffic congestion = [0, 1];
Speed = [0, 100]miles/hour;
Time = [0, 24)hours a day.

Thus at any particular moment of time, if the traffic congestion in some scale be
97.5% it would be represented, in the above choice of universe, as a point 0.975.
Any vague description about the same would then be represented as a fuzzy set
over the said universe of discourse. Now, let us translate the imprecise concepts in
the propositions into fuzzy set representation as follows :
high traffic = 0.1/0.5 + 0.25/0.55 + 0.40/0.60 + 0.55/0.65 + 0.70/0.70 + 0.85/0.75
+1.0/0.80 + 1.0/0.85 + 1.0/0.9 + 0.85/0.95 + 0.7/1.0;

low speed = 0.25/0 + 0.50/5 + 0.75/10 + 1.0/15 + 1.0/20

+1.0/25 + 1.0/30 + 0.75/35 + 0.50/40 + 0.25/45;

office-hours = 0.50/8 : 00 + 1.0/9 : 00 + 1.0/10: 00 + 1.0/11: 00 + 0.50/12 : 00
+0.5/16 : 00 + 1.0/17 : 00 + 1.0/18: 004 1.0/19: 00 + 0.5/20: 00;

moderate congestion = 0.1/0.4 4 0.23/0.5 + 0.5/0.55 + 0.7/0.60 + 0.85/0.65
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+1.0/0.7+1 0/075+10/08+085/OS5+070/090+055/095+040/10
around_nine = 0.1/7.00 + 0.5/8.00 + 1.0/9.00 + 0.5/10.00 + 0. 1/11.00;

Here, we first see that the two time definiti are actually overlapping, i.e., having
some moments in common. Hence, we find that, in this case,

7 = 0.50/8.00 + 1.0/9.00 + 0.5/10.00 + 0.1/11.00.

We are required to find the approximate expected speed of vehicles during that time
in terms of a fuzzy set representat.ion B'. For that, as usual, we compute, S(A4, A')
and see that S(A, A) = 0.7514 (approximately). Using the algorithm SAR, we
find that the fuzzy set repr&sentauon of the expected speed of a vehicle around that
time as

B' = 0.4365/0+0.6243/5 + 0.8122/10 + 1.0/15 + 1.0/20
+1.0/25 + 1.0/30 + 0.8122/35 + 0.6243/40 + 0.4365/45.

Obviously, this work on i i 1k ledge p i P amea-

gre beginning and suggest.s a few of the relevant issues pertaining to the represen-
tation and of 1 More study on the use of fuzzy

in defining 1 are required to understand more precisely
the effect of the same on the cognitive processes involved in temporal reasoning.
However, from this mmal study, we see that, similarity between fuzzy sets and
similarity based app: ing are useful in
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Chapter 9

Conclusion - scope for future work

1 Summary

Tate i lete and

In this thesis, we made an attempt to rep. and
vague knowledge in fuzzy logic that are based on manipulation of fuzzy sets and
fuzzy relations. Moreover, we tried to present a possibilistic interpretation, wherever
possible, during the development of the thesis.

In the first part of the thesis, we discussed the concept of similarity measure between
fuzzy sets based, on a pairwise comparison of elements, and proposed a set of axioms
for the choice of such a measure. A family of such measures are proposed, based on
these axioms. The use of such measures in deriving a fuzzy consequence from given
condition(s) and fact(s) have been extensively discussed. Then we developed a pow-
erful mechanism, similarity based approximate reasoning, through the integration
of existing similarity based reasoning mechanism and Zadeh’s comp itional rule of
inference. We applied the said hanism in designing different rule-based fuzzy
systems. Two important problems, viz., pattern classification of Telugu vowels and
fuzzy control of an inverted pendulum have been considered and solutions based on
the said design have been proposed. In each case, pictorial descriptions have been

d for a better und ding of the solutions offered by the same. These
examples serve to clarify the importance of similarity based approximate reasoning.

In the process, we have been able to establish certain relevant concepts, like a gener-
alised rule-based model for inf in an incompl i the resolution-
based model, a deductive process — generalised disjunctive syllogism in fuzzy
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inference, the automatic introduction of rule firing strength in inference mechanism
and the use of specificity measure of fuzzy sets in decision making in an uncertain
h to ¢ ification has

environment. The utility of the specificity based ay

been demonstrated with results.

We then extended the applicability of the proposed similarity based approximate
arch in knowledge representation

reasoning to other challenging ficlds of current res
we have shown that similarity based approximate

and manipulation. Tn the proce
reasoning may be used in default reasoning as well as in temporal reasoning.

Iu the second part of the thesis, we have considered the representation and manip-
lified s. We have dis d the concept of partially

ulation of truth
truth-qualified vague statements (/formulae) and proposed means to handle them.
Different models for ing with truth: lified have been extensively
discussed with supporting examples.

In this thesis, we tried to attach some uncertainty with a default value. We have
shown that a default value may be considered as a partially certain statement and
then reasoning with vague default may be performed efficiently, in the framework
of similarity based approxi: i In the process, we have deduced a tech-
nique to differentiate facts inferred from well established rules and that inferred
from a default rule through certainty-qualification. This helps to rule out undesir-
able transitivity of default values which is needed for blocking the applicability of

a default in certain circumstances.

Repr ion and i ion of vague 1 knowledge in the development
of intelligent systems is yet another challenging field of i igation. We have
shown that the concept of similarity between fuzzy sets play an important role in
temporal matching as well as in temporal reasoning. We have also shown that
possibility theory plays an important role in temporal knowledge representation
and manipulation.

2 Concluding remarks

Approximate reasoning is based on fuzzy logic. Admittedly, in the methodology of
similarity based approximate reasoning, as reported in this
not much of logic. Several aspects such as the concept of relation mod
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fuzzification of a crisp input, use of similarity in rule selection from the rule-base
and defuzzification are unrelated to any logic. Thus, we conclude that, similarity
based approximate reasoning is fuzzy logic more in a wide sense. Certainly, in its
wide sense, fuzzy logic has the expressive power to in a natural
way and we may at least and i which are neither
complete nor precise through such a system. Therefore, in absence of an agreed
objective model of how human mind encompasses and deals with vague knowledge
in the real world, it is inevitable that no single method of mechanizing the process
of human reasoning will be smtable for all apphcanon t,ypes Certam problems may

be solved only by the i i while some
others may be solved by the exlsung snmllamy based reasoning mechanism alone.
But, similarity based ap hanism may be applied to solve

both kinds of problems.

We know that, if we view the membership grade of an element of a fuzzy set as
the resemblance degree between the element and prototypes of the fuzzy set then,
one of the possible semantics of a fuzzy set may be given in terms of similarity
[17). For this, we only need to equip the referential set with a similarity relation.
Eventually, it is possible to find another fuzzy reasoning method based on similarity,
more in a logical sense. This is useful in considering interpolation in a logical
setting. Work in detail may be found in [17]. Another approach to similarity based
reasoning is to find a relation between fuzzy equivalence relations and fuzzy sets. It
is possible to show that fuzzy equivalence relations provide a useful description of
the indistinguishability in fuzzy sets. In all these methods, several aspects related
with the design of fuzzy systems could not be considered.

By the end, we hope to have established the following facts :

o Similarity based ing and 1 may be in-
tegrated into a single fi k for ing with vague
o Similarity based i ing is a bly deep theory.

® There could be not just one but, various systems of similarity based approximate
reasoning schema.

© Similarity based approximate reasoning may be ~made popular because of the
scope of its application in different wide and challenging fields of investigation.
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@ Similarity based ap i ing schema are applicable to both rule-based
and resolution-based design of fuzzy systems.

© The concept of similarity between fuzzy sets is useful not only in deriving a con-
sequence but also in selecting rules from the rule-base to be fired, depending
on a particular input specification.

« In similarity based approximate reasoning, the concept of specificity measure of
fuzzy sets plays an important role in decision making in an uncertain envi-
ronment.

In addition, we claim the following :

© Further investigations of similarity based approximate reasoning are possible.

 Design of similarity based Fuzzy systems is possible.

® Devel of ion-based model and derivation of an unified resolution
principle based on similarity concept are possible.

3 Scope for further research
In future, work is needed

o to characterize, in general, the structure of similarity indices satisfying the axioms
presented in Chapter 3 of this thesis,

o to study the same for arbitrary fuzzy sets and to develop a general framework
of similarity based approximate reasoning,

® to test the licability of the hanism in other day-to-day decision making
activities,

© to define resolvent, based on similarity concept and then develop a resolution
principle based on similarity,

o to include generalised quantifiers in the scope of similarity based approximate
reasoning,
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e to define some algebraic structures that will nltimately give a characterisation
on the choice of operators and then to derive a logic from the same. in order
to make similarity based approximate reasoning systems more powerful.
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