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Abstract

Density-Based Spatial Clustering of Applications with Noise (DBSCAN) is a prevalent
Clustering method without supervision renowned for its capability to recognize arbitrarily
shaped clusters and detect noise in spatial data. Unlike partitioning methods such as
k-means, DBSCAN operates without inputting a predefined number of clusters and is

particularly effective in handling datasets with varying densities.

In this dissertation, we have undertaken an in-depth exploration of the DBSCAN
algorithm. We reviewed and analyzed several research papers that build upon or revise the
original DBSCAN framework, with the goal of understanding their motivations, design

choices, and computational implications.

In addition to studying the foundational principles, we examined traditional spatial
data structures that are commonly employed to accelerate DBSCAN;, such as R-trees and
KD-trees. This background enabled us to identify key computational bottlenecks in both

neighbor search and density estimation.

Building on these insights, we proposed two novel algorithms. The first is an approxi-
mate algorithm that efficiently replicates standard DBSCAN behavior, and the second is
a modified version termed Box-based DBSCAN, which operates under a slightly altered
definition of neighborhood using axis-aligned bounding boxes. The box-based approach
improves clustering performance for geometrically structured data and introduces new

ways to identify core regions without relying on exhaustive point-wise comparisons.

Keywords: DBSCAN (Density-Based Spatial Clustering of Applications with Noise ),
BB (Bounding Box), MBB (Minimum Bounding Box), USEC (Unit-Spherical Emptiness
Checking), BCP (Bi-Chromatic Closest Pair)
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Chapter 1

Introduction

1.1 Background

Clustering is a fundamental method used in data mining and machine learning , used
to partition data points according to some similarity or proximity metrics. Among the
clustering algorithms, DBSCAN;, introduced by Ester et al. in 1996, is widely used for its
capability to discover clusters of even non-convex shapes and to effectively handle noise
in spatial data. Unlike partitioning methods such as k-means, DBSCAN does not require
the knowledge of the number of clusters beforehand and is capable of identifying clusters

of varying sizes and densities.

DBSCAN classifies points as core points and non-core points, based on two critical
parameters: epsilon (¢), which specifies the neighborhood radius, and MinPts, the min-
imum number of points needed to qualify as a dense region. By exploring the density
connectivity of points, DBSCAN forms clusters by expanding from core points, connecting
them to other reachable core or border points. Its simplicity and effectiveness have made
it a foundational method in numerous applications, including geospatial data analysis,

image segmentation, and anomaly detection.

1.2 DBSCAN Problem Statement

Let there be a set P containing n number of points within a space having dimension d
(R4). For any two points p, ¢ € R?, we represent the Euclidean distance among these two
points as dist(p,q). We define B(p,r) as the open ball with center p € R? and radius .
Now for DBSCAN algorithm having two parameters: € and MinPts.



Definition 1. Any p € P is called a core point if the ball B(p,€) contains at least
MinPts number of points from P ( point p itself included). p is referred to as a non-core

point if it i
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Figure 1.1: TIllustration of core and non-core points as defined in Definition 1. Black
points are core points (each has MinPts points atleast in its e-radius ball), and white
points with black edges are non-core points. Gray circles denote e-neighborhoods.

Definition 2. A point ¢ € P is said to be density-reachable from a point p € P if
there is a sequence of points py, pa, ..., p; € P (for some integer ¢t > 2) such that:

e p; = p and also p; = ¢,

e Each of the point belongs to py,ps,...,pi—1 is a core point,

® pir1 € B(pi,e) for every i € [1,t — 1],

Connectivity via Border Pomts (€=0.5, MinPts=3)
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Figure 1.2: Connectivity in DBSCAN through a chain of border points. Two dense
clusters (Cluster A and Cluster B) are connected via a sequence of intermediate border

points. Each arrow indicates a link within e distance, forming a density-connected path
as per DBSCAN’s definition.



Definition 3. A cluster C C P, with C' # 0, is defined as a non-empty subset of

points that satisfies the following properties:

e Minimality: If p € C is a core point, then every point that is density-reachable

from p must also be contained in C.

e Connectivity: For any two points py, p, € C, there exists a point p € C' such that
both p; and p, are density-reachable from p.

The DBSCAN problem is to identify the unique set C of clusters over the
point set P.

1.3 Thesis Organization

e Chapter 1: Introduction — Provides the background, motivation, problem state-

ment, objectives, and the structure of the thesis.

e Chapter 2: Literature Review — Discusses existing research and developments
related to DBSCAN and its variants.

e Chapter 3: Methodology — Describes the algorithm, implementation details.

e Chapter 4: Results and Discussion — Presents experimental results, and com-

parative analysis.

e Chapter 5: Conclusion and Future Work — Key findings summarized, limita-

tions, and suggested directions for future .



Chapter 2

Literature Survey

2.1 Literature Review

The DBSCAN algorithm was first introduced in the seminal KDD 1996 paper titled
“A Density-Based Algorithm for Discovering Clusters in Large Spatial Databases with
Noise”. In this work, the authors formally defined key concepts such as core points, border
points, and noise, establishing a new density-based approach to clustering. They use the
help of R* Tree (A Spatial query data structure) for query purpose. It was suggested,
without formal justification, that DBSCAN achieves an average-case time complexity of
O(nlogn), because querying each point on average case takes O(logn) time complexity.
However, the paper did not delve into the worst-case time complexity or its behavior in

high-dimensional spaces.

we also review the existing literature relevant to DBSCAN | with a special focus
on the SIGMOD 2015 paper titled “DBSCAN Revisited: Mis-Claim, Un-Fizability, and
Approzimation” by Junhao Gan and Yufei Tao. This paper revisits the theoretical and
practical efficiency of the DBSCAN algorithm, identifies major issues in the original
formulation, and proposes an efficient approximation method. The key points from the

literature and the methods used in this review are discussed below.

e Misclaimed Time Complexity of Original DBSCAN:
The original DBSCAN algorithm introduced by Ester et al. in KDD 1996 claimed
to operate in O(nlogn) time. However, Gan and Tao [SIGMOD 2015] demonstrate
that this claim is incorrect; the actual worst-case time complexity is O(n?) due to

the need for n range queries, each potentially costing O(n) in dense datasets.



e Review of Propagation of the Error:

The incorrect O(nlogn) claim has been widely propagated through:

— Wikipedia and multiple textbooks [e.g., 12, 20, 25].
— Numerous academic papers [e.g., 2, 5, 7, 13, 16, 19, 24, 28, 29, 30].

— Derived results in later works [e.g., 14, 21, 23] that were built upon this incor-

rect assumption.

This propagation highlights a critical issue in algorithmic research where founda-

tional claims, if unchecked, can lead to systemic flaws in subsequent studies.

e Review of Gunawan’s 2D Algorithm (2013):
Gunawan [2013] addressed the flaw in the original paper and provided a true

O(nlogn)-time DBSCAN algorithm for two-dimensional space. This method uses:

— A grid overlay with cells of size \%
— Labeling of core and border points based on cell density.

— Construction of a graph data structure where each and every vertex corre-
sponds to a dense cell (cell that has atleat one core point), and edges represent

spatial proximity.

— Connected component detection to form clusters.

e Hardness Results from Computational Geometry:
To understand the intractability of DBSCAN in dimensions d > 3, the authors

relate the problem to known computational geometry problems:

— Bichromatic Closest Pair (BCP): Best known algorithm has subquadratic time
only for d = 3 or less.

— Unit Spherical Emptiness Checking (USEC): Requires Q(n*/3) time in 3D,
believed to be optimal.

— Hopcroft’s Problem: Also exhibits Q(n*/?) lower bounds in 2D, implying hard-

ness in higher dimensions.

A reduction of DBSCAN to USEC shows that an efficient exact DBSCAN algorithm
for d > 3 would lead to breakthroughs in longstanding open problems, which are

believed to be impossible to solve.

e Introduction of p-Approximate DBSCAN:
The authors proposed the concept of p-approximate DBSCAN | To address the

computational limitations :
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— Allows for slight inaccuracies, enabling expected linear-time performance (O(n)).

— Offers a quality guarantee: the result is “sandwiched” between the clustering

obtained by running DBSCAN with parameters ¢ and (1 + p).

— Suitable for practical clustering of large high-dimensional datasets.

e Hierarchical Grid-based Approximate Range Counting:
For efficient implementation, the paper proposes a grid-based structure that sup-

ports:

— Fast approximate range count queries in O(1) expected time.
— Space and build time of O(n).

— Use of multilevel hierarchical grids with hashing to ensure efficiency.

e Experimental Validation:
Extensive experiments were conducted on both synthetic and real datasets. Find-

ings include:

— Exact DBSCAN variants do not scale well in d > 3, often failing on datasets

with millions of points.

— p-approximate DBSCAN achieves performance improvements of up to three

orders of magnitude.

— Even with p = 0.001, the approximation returns results indistinguishable from

exact DBSCAN in most practical settings.

e Conclusion of Literature Findings:
This paper thoroughly investigates the theoretical and empirical inefficiencies of
DBSCAN in higher dimensions. By leveraging advances in computational geometry
and introducing principled approximations, it lays the foundation for a practical

alternative that preserves clustering quality while achieving scalable performance.

And lastly we review the paper titled “DBSCAN Reuvisited, Revisited: Why and How
You Should (Still) Use DBSCAN” by Eldar Khalil and Thomas Heinis, published in
VLDB 2022. This work responds to the criticisms raised in the SIGMOD 2015 paper by
Gan and Tao, which questioned the practical feasibility of DBSCAN in high-dimensional
spaces. Rather than dismissing DBSCAN based solely on theoretical hardness results,
Khalil and Heinis reassess the algorithm’s performance in light of modern hardware and
engineering optimizations. Their review methodology is grounded in empirical validation,

algorithmic synthesis, and practical system design.
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e Revisiting Theoretical Complexity Claims:
The paper acknowledges the lower bounds established by Gan and Tao, particularly
the result that DBSCAN requires at least (n*/?) time in three or more dimensions
due to reductions from the Unit Spherical Emptiness Check (USEC) problem. How-
ever, the authors emphasize that these worst-case scenarios do not reflect practical

datasets, which are often low-dimensional in structure or sparse in distribution.

e Criticism of row-Approximate (Row-Approximate) DBSCAN:
A core contribution of Gan and Tao was the introduction of row-approximate DB-
SCAN, which provides a sandwich guarantee between clusters formed at radii ¢ and

e(1+ p). However, Khalil and Heinis critique this approach on multiple grounds:

— The dimensional complexity of their approximate range query method is still
exponential in d, specifically O((1 + 1/p)9), making it unscalable for high

dimensions.

— The algorithm is largely impractical in modern settings, as it does not leverage

hardware acceleration, indexing strategies, or multithreading.
— Real-world clustering tasks typically tolerate minor boundary variations, mak-

ing such strong approximation guarantees unnecessary in practice.

The authors thus advocate for pragmatic heuristics and data-aware approximations

rather than rigid theoretical bounds.

e Survey of Optimized DBSCAN Variants:

The paper consolidates a number of previous approaches, including;:
— Grid-based clustering algorithms, such as those from Gunawan (2013), which
partition space into discrete cells.
— Index-accelerated DBSCAN wvariants using R-trees, KD-trees, and VA-files.
— Parallel and GPU-accelerated implementations to reduce runtime for large-

scale datasets.

These approaches provide a foundation for scalable clustering without compromis-

ing result quality.

e Hardware-Aware Implementation and Benchmarking:
The authors perform extensive experimental evaluations, highlighting:
— Significant speedups from GPU and SIMD-based implementations.

— Improved cache efficiency and memory locality from grid and index-based
methods.
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— Near-linear scalability in practice, contrary to theoretical worst-case expecta-

tions.

These findings demonstrate that DBSCAN can be viable for millions of points on

commodity hardware.

Real-World Dataset Evaluation:

The experimental setup includes:
— Real datasets from diverse domains, such as satellite imagery and wearable
Sensors.
— Synthetic datasets designed to stress-test clustering performance under varying

densities and dimensions.

Evaluation metrics include runtime, memory usage, and clustering accuracy under

different parameter settings.

Use of Heuristics and Approximation Tolerance:
Khalil and Heinis argue that real-world applications often do not require exact
DBSCAN results. Instead, the following heuristics are effective:

— Use of approximate nearest neighbor methods, including LSH and product
quantization.

— Early termination in region queries once sufficient density is observed.

— Relaxation of border point definitions for efficiency gains.

These relaxations often result in negligible quality loss with major performance
benefits.

Practical Guidelines and Repositioning of DBSCAN:
The authors present a set of practical recommendations for choosing and deploying
DBSCAN:

— Do not disregard DBSCAN due to theoretical limitations—benchmark its per-
formance empirically.

— Use index structures and hardware accelerators for real-time applications.

— Consider clustering tolerance when selecting € and MinPts, especially in high-

dimensional spaces.

Overall, the paper reestablishes DBSCAN as a powerful and practical tool in the

clustering landscape, especially when tuned with modern techniques.
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2.2 Gap Analysis

While the reviewed literature offers valuable insights into the theoretical foundations,
practical implementations, and approximation strategies for DBSCAN, a critical limi-
tation remains largely unaddressed: the role of dimensional complexity in performance

scalability.

e Putting emphasis on dimension. Although some papers briefly mention the
impact of high-dimensional data, none of them place adequate emphasis on the fact
that in modern machine learning tasks, the number of features (i.e., dimensions)
can be arbitrarily large. As a result, algorithmic efficiency must be evaluated not
just in terms of data points size n, but also in terms of the dimension d. An
algorithm where dimension comes in the power of time complexity analysis , such
an algorithm will not be accepted . In [2] while finding core points, the author
had to check for points in all its epsilon neighborhood. In higher dimension, such
operations would be intractable because the number of neighborhood grids becomes

huge as dimension increases.

Grid length = £

Vd

2
Number of 1D grids in e-neighborhood > { c J = P\/EJ
e/\Vd

d
Number of d-dimensional grids in an e-neighborhood > P\/EJ

As shown above the number of epsilon neighborhood grids grows in order of
0 ( dd/2)

e Query-Based vs Grid-Based Methods

The original DBSCAN algorithm employs a query-based method to detect clus-
ters. The key drawback of this approach is its potential inefficiency in the worst-case
scenario. Even in the best-case, i.e., output-sensitive conditions, each range query

can take up to O(n) time in the worst case.

For example, consider a situation where all points are tightly packed within an
e-diameter ball. In this case, querying the points in its e-ball of a single point may
involve examining all n points, resulting in a time complexity of O(n?) in worst

case for the entire clustering process.
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Query-based methods tend to perform better when the dataset is sparsely dis-

tributed, where neighborhood queries touch fewer points on average.

On the other hand, grid-based methods partition the space into uniform cells
(or hypercubes) and typically work well when points are concentrated in specific
regions. If an appropriate grid length is chosen, such methods can significantly
reduce neighborhood search times by localizing computations within adjacent grid

cells.

However, the performance of grid-based methods deteriorates as the dimensionality
d increases.This is a consequence of the exponential increase in the number of
grid cells in a fixed e-neighborhood, which scales as O(d%?). Hence, while grid-
based approaches are advantageous in low-dimensional dense datasets, they face

scalability challenges in high-dimensional settings.

To address this gap,To address these gaps, the current thesis proposes an algorithm
that is a hybrid of both grid-based and query-based methods. The newly introduced
method strikes a balance between theoretical rigor and practical applicability, offering
a robust solution for density-based clustering in high-dimensional settings commonly

encountered in modern data science and machine learning applications.



Chapter 3

Methodology

3.1 Approach

In this Thesis, we introduce two approximate approaches to calculate DBSCAN: one
for computing the exact DBSCAN clustering, and another that implements a variant of

DBSCAN optimized for performance.

In our application, the point sets involved in bi-chromatic closest pair (BCP) compu-
tations are enclosed within axis-aligned bounding boxes (MBBs). To accelerate the BCP

step, we employ an approximate method based on centroid projection.

Instead of performing an exhaustive pairwise distance check between all core points
in two MBBs, we compute the centroids of the respective point sets and project all points
onto the line connecting these centroids. We then consider only the top k closest point

pairs based on projected distance, and perform precise e-distance checks on those.

This centroid-based projection method significantly reduces computational overhead
and is generally accurate in practice. While it may occasionally produce incorrect results
in highly adversarial or specially constructed configurations, such pathological structures
are extremely rare in real-world machine learning datasets. For most practical purposes,
this approximate BCP method is not only efficient but also sufficiently reliable, offering

a favorable trade-off between speed and accuracy.

The second method we propose, referred to as Box-Based Approximate DB-
SCAN;, simplifies the neighborhood definition in order to achieve greater computational

efficiency, particularly in high-dimensional or large-scale datasets.

15
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In this method, we replace the ¢/ Vd grid length used in the tree construction step
with a coarser grid length of € in each dimension. This transforms the original e-radius
ball criterion into an axis-aligned hypercube (or "box”) of side length 2e. Consequently,
core point detection and neighborhood search are carried out with respect to this box,
which significantly reduces both tree depth and the number of intersecting grid cells

during search.

A major advantage of this approach is that the maximum number of intersecting
cells per dimension is limited to just 3 (the current cell and its immediate neighbors),
compared to up to [\/ﬂ + 1 in the first method. This leads to faster query times and

simpler implementation.

While the box-based approximation slightly relaxes the strict DBSCAN definition—potentially
overestimating density connectivity near the edges of clusters—it performs well in prac-
tice. This makes it particularly suitable for large-scale clustering tasks where speed is

prioritized over perfect boundary precision.

3.1.1 Step-by-Step Description of the Algorithm

Step 1: Tree Construction The tree is built recursively by projecting and grouping
points dimension-by-dimension using a fixed grid interval. The process can be broken

down into the following substeps:

1. Initial Projection and Sorting: Project all points onto the 0-th dimension (i.e.,

their first coordinate). Sort the points based on this dimension.

Projection of Clustered Points onto X-axis

% » X Original Points
1

10.0¢

7.5}

zzonnnnooonneo

501

————————ieeee X

25¢F
>
0.0 "
:
~5.0f i
—7.5¢F ’*x
-10 -8 -6 -4 -2 0 2 4

Figure 3.1: Projection of clustered points onto the X-axis. The dotted lines represent
projections from each 2D point onto its corresponding location on the X-axis.
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2. Grouping Along 0-th Dimension: Divide the sorted list of points into groups
such that all points in a group lie within an interval of length €/v/d (or ¢ in the

second method). Each such group becomes a child node of the root.

Grouping by Range in X-dimension with Color-Matched Boundaries

10.0p i
i % All Points
{ (%;( )i( i X Group 1
75l §><x i i \ x  Group 2
. xx ‘: E X Group 3
i ! X Group 4
<o i % Group 5
of | X Group 6
b g >;< x  Group 7
i X Group 8
251 1 X
3%
>
0.0
=251
-5.0r
K
=75} ! i e S
-10 -8 -6 -4 -2 0 2 4

Figure 3.2: Grouping by range in the X-dimension. Each group is formed by scanning the
sorted list of points along the X-axis and collecting those within a fixed-width interval.

Vertical dashed lines mark group boundaries and are color-matched to the group points.
3. Recursive Grouping: For each group formed at the 0-th level, recursively repeat

the process:
e Project the group’s points onto the next dimension.

e Sort and re-group based on the fixed interval.

e Continue this process up to the (d — 1)-th dimension.

Recursive Grouping with Matching Bounding Lines

10.0p i
j > R
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—7.5F X% Group13 :i 3!(5
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X

Figure 3.3: Recursive grouping with matching bounding lines. Points are first grouped
along the X-axis, and then each group is recursively subdivided along the Y-axis.
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4. Leaf Node Formation: After processing all d dimensions, each final group be-

comes a leaf node of the tree. These nodes contain the indices of the points they

represent.

5. Minimum Bounding Box (MBB) Refinement: Instead of using the interval-

derived bounds directly, compute the true Minimum Bounding Box (MBB) by

scanning the actual coordinates of all points in the leaf node and determining the

minimum and maximum values in each dimension. This ensures tighter spatial

bounds for efficient neighborhood search in later steps.

10.0p

7.5}

5.0F

2.5

0.0

=251

_5.0 L

=751

X X

X X X X

X

X X

All Points
Group 1
Group 2
Group 3
Group 4
Group 5
Group 6
Group 7
Group 8
Group 9
Group 10
Group 11
Group 12
Group 13

Final MBBs

mx

-10

Figure 3.4: Final MBBs obtained through recursive grouping in X and Y dimensions.
Each point group is enclosed within a minimum bounding box (MBB) formed by apply-
ing fixed-width range grouping first along the X-axis and then along the Y-axis. The
bounding lines are color-matched to their respective point groups.

6. Tree Metadata Storage: Internal nodes store the dimension along which the

split occurred, along with min/max bounds of their child groups. Leaf nodes store
the list of point indices and their MBBs.
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Data Structures and Pseudocodes:

e TreeNode: {dimension, children, min_values, max_values, point_indices, min_bounding_box}

e MBBNode: {mbb, neighbors}

Algorithm 1 Argsort by Component

1: procedure ARGSORTBYCOMPONENT(points, k)

2 N < length of points > Number of points
3: indices < array of integers from 0 to N — 1

4 Sort indices using comparison:

5 a < b when points|al[k] < points[b][k] > Sort indices based on k-th component

return indices
6: end procedure

Algorithm 2 Group Points by Range

1: procedure GROUPBYRANGE(sorted_indices, points, k, r)

2 groups <— empty list of lists

3 n < length of sorted_indices

4: 140

5: while i < n do

6 current_group < empty list

7 base < points|sorted_indices|i]][k] > Get k-th coordinate of first point
8 threshold < base + r

9 while i < n and points[sorted_indices|i]|[k] < threshold do

10: current_group.append(sorted_indices|i])
11: 1+ 1+1

12: end while

13: groups.append(current_group)

14: end while
return groups
15: end procedure
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Algorithm 3 Build Spatial Index Tree

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:

procedure BUILDTREE(points, indices, dimension, d, €)

if indices is empty then return null > Base case: no points to store
end if

node < new TreeNode(dimension) > Create new node
if dimension == d then > Leaf node case

subset <— empty list
for idz in indices do
subset.add(points|idz])
end for
(min_corner, maz_corner) <— COMPUTEMINBOUNDINGBOX (subset)
node.point_indices < indices
node.min_bounding_box < (min_corner, max_corner)
leaf_nodes.add(node) > Register leaf node return node
end if
> Internal node case
r_group < €/ Vd > Compute grouping threshold
sorted_indices < sort indices by points[-][dimension]
groups < GROUPBYRANGE(sorted_indices, points, dimension, r_group)
for group in groups do
if group is empty then
end if
child < BUILDTREE(points, group, dimension + 1, d, €)
if child # null then
node.children.add(child)
min_val < +00, max_val < —o0
for idx in group do
val < pointslidx][dimension]
min_val < min(min_val, val)
maz_val < max(mazx_val,val)
end for
node.min_values.add(min_val)
node.mazx_values.add(max_val)
end if
end for

return node

35: end procedure
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Algorithm 4 Compute Minimum Bounding Box

1: procedure COMPUTEMINBOUNDINGBOX(points)
2 if points is empty then return (0, () > Return empty pair for empty input
3 end if
4 d < dimension of points > Number of components in each point
5: main_corner <— array of size d initialized to +o0
6 max_corner < array of size d initialized to —oo
7 for each point in points do
8 fori+0tod—1do
9 min_cornerli] <— min(min_corner[i|, point[i])
10: max_corner[i] <— max(max_corner[i], point|i))
11: end for
12: end for

return (min_corner, max_corner)
13: end procedure

Time Complexity Analysis of Step 1: Tree Construction

In Step 1, we construct a hierarchical tree-based spatial index where each level of the
tree corresponds to one of the d dimensions of the input data. The construction process

operates as follows:

e At each level i (where 1 < ¢ < d), the set of points is projected onto the i-th

dimension.
e The points are then sorted according to their coordinates in the ¢-th dimension.

e Based on these sorted values, the points are grouped into ranges, and recursive

subtrees are built on each group in the next dimension.

Since sorting n points takes O(nlogn) time and we perform this sorting operation
independently at each of the d levels, the total time complexity for building the entire

tree is:

T(n,d) =d-O(nlogn) = O(d-nlogn) (3.1)

Thus, the tree construction phase has a time complexity of O(d - nlogn).
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Step 2: Core Point Identification via Neighborhood Search

After constructing the tree, we identify core points by leveraging Minimum Bounding
Boxes (MBBs) and performing efficient e-neighborhood searches. This step is broken into
the following substeps:

1. Neighborhood Expansion: For each leaf node (denoted as the query node),
expand its MBB by subtracting ¢ from the lower bounds and adding ¢ to the
upper bounds along each dimension. This defines an expanded hyperrectangle

representing the e-neighborhood region.

2. Neighborhood MBB Search: For the expanded MBB of the query node, iterate
through all other leaf nodes and check whether their MBBs intersect with the
expanded region. If so, mark them as potential neighbors. The intersection check

is performed dimension-wise:
Check: (B, D] N [dhntn — €. ghihc +€] # 0

for each dimension . This intersection check can be done by binary search on sorted

min max arrays present in the parent node.
3. Core Point Evaluation: For each point p in the query node:

e Initialize a neighbor count with the number of points in the same MBB (since

intra-MBB points are guaranteed to be within € distance).

e For each neighboring MBB, check all contained points. Increment the count

for each point ¢ such that distance(p, q) < e.

e If the total count > MinPts, label p as a core point.

4. Core Set Aggregation: Collect all core points found in the current MBB. If

non-empty, store:

e the list of core point indices

e a reference to the corresponding MBB (tree node)

for use in the clustering step.
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Algorithm 5 Spatial Tree Search

1: procedure SEARCHTREE(node, query_min, query_max, r, d, result, skip_node)
2 if node is null then return > Base case: empty node
3 end if
4 dim <— node.dimension
5: expanded_low < query_-min|dim] —r
6 expanded_high < query_max[dim] + r
7 if node is leaf node then
8 if node # skip_node then
9: result.append((node.M BB.min, mnode.MBB.maz, node.point_indices,
node))
10: end ifreturn
11: end if
12: > Binary search for relevant children
13: lower + first index where node.max_values > expanded_low
14: upper < first index where node.min_values > expanded_high
15: for i < lower to upper — 1 do
16: SEARCHTREE(node.children[i|, query-min, query-max, r, d, result,
skip_node)

17: end for
18: end procedure
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Algorithm 6 Identify Core Points

1: procedure IDENTIFYCOREPOINTS(points, root, €, MinPts, d)

2 core_points < empty set > Use set to avoid duplicates
3 for each node in leaf_nodes do

4 r_neigh < empty list of tuples

5: node_min <— node.min_bounding_box|0]

6 node_mazx <— node.min_bounding_box|1]

7 > Find all neighboring MBBs within e
8 SEARCHTREE(root, node_min, node_mazx, €, d, r_neigh, node)

9 for each pi in node.point_indices do
10: count < size(node.point_indices) > Include all points in the same MBB
11: for each (minb, maxb,indices, ptr) in r_neigh do
12: for each idx in indices do
13: if EUCLIDEANDISTANCE (points|pi], points[idz]) < e then

14: count < count + 1

15: if count > MinPts then break

16: end if

17: end if

18: end for

19: if count > MinPts then break
20: end if
21: end for
22: if count > MinPts then
23: core_points.insert(pi) > Mark as core point
24: end if
25: end for
26: end for

return core_points converted to vector

27: end procedure

Time Complexity of Step 2: Core Point Detection via Neighborhood Search

In Step 2, the algorithm identifies core points by checking whether each point has
at least MinPts neighbors within an e-radius. The neighborhood queries are optimized
using the spatial tree structure built in Step 1. However, in the worst-case scenario, the
time complexity of this step can degrade significantly due to certain pathological data

configurations.
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Worst-Case Time Complexity. In the worst case, each point may need to be com-
pared against O(n) other points to determine its e-neighborhood. This leads to a time
complexity of:

Tytepz-worst = O(n* - d) (3.2)

Such a worst-case scenario arises when the data points are structured in a highly adver-
sarial manner. For example, if the points lie at the centers of a dense d-dimensional grid,
where each grid cell has side length approximately e, then the e-ball around each point
may intersect with a large number of other points, effectively triggering O(n) neighbor-

hood checks per point.

Practical Considerations. While the worst-case complexity is quadratic in nature,
such pathological configurations are extremely rare in real-world data science applications.
In practice:

e Most datasets exhibit sparsity or irregular clustering structure.

e The spatial tree built in Step 1 significantly prunes unnecessary comparisons.

e Additional optimizations (e.g., early stopping once MinPts neighbors are found,

MBB-level filtering) further reduce the effective runtime.

Therefore, although the theoretical worst-case time complexity is:
O(n? - d)

in practice, the algorithm often runs much faster due to the spatial organization and

neighborhood pruning heuristics.
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Step 3: Clustering of Core Points Once core points have been identified and
grouped into their corresponding MBBs (leaf nodes), we construct clusters by connecting

nearby core point sets. The steps involved are as follows:
1. Graph Construction: Treat each MBB that contains at least one core point as a

node in an undirected graph. Two MBBs are considered connected if they contain

at least one pair of core points that are within ¢ distance of each other.

2. Neighborhood MBB Detection: For each MBB M;, expand its MBB by ¢ in
every dimension and find all other MBBs M; whose bounding boxes intersect the
expanded region. These are potential candidates for connectivity.

3. Approximate Bi-Chromatic Closest Pair (BCP) Test: For each intersecting
MBB pair (M;, M;), apply the following efficient approximation to test whether
they should be connected:

e Compute the centroid of the core points in M; and M;

Project all core points in both sets onto the line joining the centroids

Select the top k closest projected points from each set

Perform pairwise e-distance checks on only the k x k point pairs

If any such pair is within ¢, add an undirected edge between M; and M;

Approximate BCP with Extended Centroid Line and MBBs
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Figure 3.5: Approximate Bi-Chromatic Closest Pair (BCP) Test: Core points from two
MBBs are projected onto the centroid-to-centroid line. Top-k projected points from each
MBB are marked, and only these pairs are considered for e-distance testing. Dotted
rectangles represent the Minimum Bounding Boxes (MBBs) of each core set.



27

4. Connected Component Extraction: Apply a graph traversal algorithm (e.g.,
Depth-First Search or Union-Find) to find connected components in the MBB

graph. Each connected component represents one DBSCAN cluster.

5. Cluster Label Assignment: Assign a unique cluster label to all core points in

MBBs belonging to the same connected component.

6. Border and Noise Classification (Optional): After labeling all core points,

iterate over remaining non-core points:

e If a non-core point lies within € of any core point in a cluster, label it as a

border point and assign the corresponding cluster 1D.

e Otherwise, mark it as noise.

Algorithm 7 Find e-Neighbors for MBB

procedure FINDEPSILONNEIGHBORS(target_mbb, root, €, d)
neighbors < () > Initialize empty neighbor list
> Extract target MBB boundaries

target_min < target_mbb.min_bounding_box[0]

1:
2
3
4
5: target_max < target_mbb.min_bounding box|1]
6 > Search tree for overlapping MBBs
7 SEARCHTREE(root, target_min, target_mazx, €, d, neighbors, target_mbb)

8 neighbor _indices < ()

9

for each (min_corner, max_corner, point_indices, node_ptr) in neighbors do

10: idz < FINDINDEX(lea f_nodes, node_ptr)
11: if idz # not found then

12: neighbor_indices.append (idz)

13: end if

14: end for
return neighbor_indices
15: end procedure
16: function FINDINDEX(list, item)
17: return iterator position of ¢tem in list or -1 if not found

18: end function
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Algorithm 8 Optimized Core Pair Check with Centroid Filtering

procedure HASEPSILONCOREPAIR(mbbl, mbb2, points, core_points, €, k)
Step 1: Collect Core Points
core_mbbl, core_mbb2 < ()

for idx in mbbl.point_indices do

1:

2

3

4

5: if idx € core_points then core_mbbl.add(idx)

6 end if

7 end for

8 for idx in mbb2.point_indices do

9 if idx € core_points then core_mbb2.add(idx)

10: end if

11: end for

12: if core_mbbl is empty or core_mbb2 is empty then return > Early exit if no
core points

13: end if

14: Step 2: Compute Centroids

15: cl < vector of zeros with dimension d

16: c2 < vector of zeros with dimension d

17: for idx in core_mbbl do

18: for dim < 0tod—1do

19: cl{dim] < cl{dim] + points[idx][dim)]

20: end for

21: end for

22: for ¢dx in core-mbb2 do

23: for dim <~ 0tod—1do

24: c2[dim] < c2[dim| + points[idz|[dim)

25: end for

26: end for

27: cl < c1/|core_mbbl| > Normalize
28: 2 < c2/|core-mbb2| > Normalize
29: Step 3: Project Points

30: dire_eo +— 2 —cl > Direction vector
31: diTeo—ye1 ¢ —direi_seo > Reverse direction
32: proj_mbbl <~ PROJECTPOINTS(core_mbbl, cl, dir. o)

33: proj_mbb2 <— PROJECTPOINTS(core_mbb2, 2, dire_1)

34: Sort proj_mbbl, proj_mbb2 descending by projection value
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Algorithm 9 Optimized Core Pair Check with Centroid Filtering(Continued)
1: Step 4: Check Top-k Pairs
2: €59 €
3: k1 < min(k, |proj_-mbbl|), k2 < min(k, |proj_mbb2|)
4: for 1< 0to k1 — 1 do
5: (projl,idxl) < proj_mbbl[i]

6:  pl < points[idxl]

7: for j < 0tok2—1do

8: (proj2,idz2) < proj_mbb2[j]
9: p2 < points|idz2]

10: distsq <— 0

11: for dim <+~ 0tod—1do

12: dif f < pl[dim] — p2[dim]
13: distyy < distyy + dif f2
14: if dists; > €5, then break
15: end if

16: end for

17: if distsq; < €54 then return
18: end if

19: end for

20: end forreturn
21:
22: function PROJECTPOINTS(indices, center, direction)

23:  projections < ()

24: for idx in indices do

25: proj < 0

26: for dim <+ 0tod—1do

27: proj < proj + (pointslidz][dim]| — center[dim]) x direction|[dim)]
28: end for

29: projections.add((proj, idz))

30: end forreturn projections

31: end function

Time Complexity of Approximate Bichromatic Closest Pair (BCP) Algo-

rithm

Let A and B be two sets of core points with cardinalities m; = |A| and my = |B|,
respectively. The goal is to efficiently determine whether there exists a pair (a,b) € Ax B

such that the Euclidean distance between a and b is less than or equal to a given threshold
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. To reduce the computational cost, an approximate method is used based on projection

onto the line joining the centroids of A and B, followed by a top-k brute-force comparison.

Step-by-step Time Complexity:

e Centroid Computation and Line Calculation:
Computing the centroids of sets A and B, and then deriving the vector between

them, requires summing each coordinate of all points in both sets:

Teentroid = O<m1 ~d~+mg - d)

e Projection and Sorting:
Each point in A and B is projected onto the line connecting the two centroids,

which takes O(d) time per point. The projections are then sorted:

Tproject+sort = O(ml : 1Og my - d+ msy - log mo - d)

e Top-k Selection and Brute Force Distance Check:
After sorting, the top k projected points from each set are selected. A brute-force

distance check is performed on all k x k pairs:

Tbrute - O(kQ ' d)

Total Time Complexity: Combining all the steps, the overall time complexity of the
approximate BCP check is:
Tapprox.scp = O ((m1 +mg) - d + (mylogmy +mylogms) - d + k* - d) (3.3)

This approximate method significantly reduces the computation compared to the exact

O(my - my - d) brute-force BCP, especially when k < mq, ms.
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Algorithm 10 Build MBB Connectivity Graph

1: procedure BUILDMBBGRAPH(points, root, €, d, core_points)

2 Initialize mbb_graph with size |leaf_nodes|

3 for i <— 0 to |leaf_nodes| — 1 do

4: current_mbb < leaf _nodesli]

5: mbb_graphl[i|.mbb < current_mbb

6 > Find all MBBs within e distance

7 neighbor_indices < FINDEPSILONNEIGHBORS(current_mbb, root, €, d)

8 for j in neighbor_indices do

9: neighbor_mbb < leaf nodes|j|

10: if HASCOREPAIR(current_mbb, neighbor_mbb, points, core_points, €)
then

11: mbb_graphli].neighbors.add(j)

12: end if

13: end for

14: end for

15: end procedure

Algorithm 11 Depth-First Search for MBB Graph

1. procedure DFS(node_idz, visited, component, graph)

2 visited|node_idz) < > Mark current node as visited
3 component.append(node_idx) > Add to current component
4 for each neighbor in graphlnode_idz).neighbors do

5: if not visited|neighbor| then

6 DF'S(neighbor, visited, component, graph) > Recursive exploration
7 end if

8 end for

9: end procedure
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Algorithm 12 Find Connected Components in MBB Graph

procedure FINDCONNECTEDCOMPONENTS(graph)

components < () > Initialize empty component list

1:
2
3 visited < array of size |graph| initialized to
4 for i < 0 to |graph| — 1 do
5: if not visited|i] then
6 component < ()
7 DFS(i, visited, component, graph)
8 components.append(component)
9 end if
10: end for
return components

11: end procedure

Algorithm 13 Assign Points to Clusters (Excluding Noise)

1: procedure AsSIGNCLUSTERS(components, leaf_nodes, noise_points)
2 clusters < () > Initialize empty cluster list
3 for each component in components do

4 cluster < ()

5: for each mbb_idx in component do

6 for each point_idx in leaf_nodes[mbb_idx].point_indices do
7 if point_idx ¢ noise_points then

8 cluster.add(point_idx)

9 end if

10: end for

11: end for

12: if cluster is not empty then

13: clusters.add(cluster)

14: end if

15: end for
return clusters

16: end procedure

Time Complexity of Step 3: Core-Component Graph Construction

In Step 3, the algorithm constructs a graph over the set of MBBs (Minimum Bounding
Boxes) that contain core points. Each MBB is treated as a node, and an undirected edge

is added between two MBBs if they contain at least one pair of core points (one from
each MBB) within e-distance of each other.
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Worst-Case Time Complexity. The time complexity in this step is similar to that
of Step 2. In the worst-case scenario, each MBB may need to be compared with a large
number of other MBBs, and the connectivity check between MBBs involves pairwise

distance computations between subsets of core points.

If there are O(n) MBBs and each contains up to O(1) to O(n) core points, then the
total number of MBB pair comparisons can be quadratic. As a result, the worst-case
time complexity is:

Tstep3—worst = O<n2 : d) (34)

Such a worst-case arises in pathological situations, for example when the points are
arranged at the centers of a dense d-dimensional grid with spacing close to €, causing

widespread overlapping of neighborhoods and MBB connections.
Variant Method: Box-Based Approximate DBSCAN.

The second method is a variant of the exact DBSCAN approach, designed to improve

performance by simplifying the neighborhood criterion.

The only two changes lie in the grouping step during tree construction: instead of
partitioning each dimension using grid intervals of length ¢/ Vd, we use a grid length of
¢ and we use the maximum dimensional gap function instead of the Euclidean distance

function.

Algorithm 14 Maximum Dimensional Gap Calculation

1: function MAXIMUMDIMENSIONALGAP(a, b)

2 max_gap <— —oo > Initialize with minimum possible value
3 for i < 0 to length(a) — 1 do

4 current_gap < |ali] — bli]| > Absolute difference
5: if current_gap > max_gap then

6 max_gap < current_gap

7 end if

8 end for

return max_gap
9: end function

As a result, rather than checking whether points lie within an e-radius ball (as in stan-
dard DBSCAN), we approximate the neighborhood by checking whether points fall within
a hypercube (box) of side length 2¢. This relaxed condition greatly reduces the number of
distance computations and improves efficiency in higher dimensions, at the cost of slightly
reduced precision in cluster boundaries.All other components of the algorithm—including
tree construction logic, MBB neighborhood search, core point identification, and cluster-

ing—remain unchanged.
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Chapter 4

Implementation

4.1 CH+ Implementation

We have implemented the proposed DBSCAN-based clustering algorithms using C++.
The following listing provides the complete source code implementing the optimized tree-

based structure, core point detection, and clustering logic.

#include <iostream>
#include <vector>
#include <algorithm>
#include <memory>
#include <sstream>
#include <climits>
#include <cmath>
#include <unordered_set>

#include <unordered_map>

using namespace std;

// ===================== Tree Node Definition =====================
struct TreeNode {
int dimension;

vector<shared_ptr<TreeNode>> children;

// 0Only for internal nodes
vector<int> min_values;

vector<int> max_values;

// 0Only for leaf nodes
vector<int> point_indices;

vector<vector<int>> min_bounding_box; // {min_corner, max_cormner}
TreeNode (int dim) : dimension(dim) {}
};
vector<shared_ptr <TreeNode>> leaf_nodes; // Store pointers to leaf nodes
// ===================== Graph Node for MBBs =====================

struct MBBNode {
shared_ptr<TreeNode> mbb; // Pointer to the leaf node (MBB)
vector<int> neighbors; // Indices of connected MBBs (in leaf_nodes)

};

vector <MBBNode> mbb_graph; // Graph representation

/] = = Helper Functions =
vector<int> argsort_by_component (const vector<vector<int>>& points, int k) {

int N = points.size();
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vector<int> indices(N);
for (int i = 0; i < N; ++i)

indices[i] = i;

sort (indices.begin(), indices.end(), [&](int a, int b) {
return points[al[k] < points[bl[k];
1

return indices;

vector<vector<int>> group_by_range (const vector<int>& sorted_indices, const vector<vector<int>>& points, int k,

double r) {
vector<vector<int>> groups;
int n = sorted_indices.size();
int i = 0;

while (i < n) {
vector<int> current_group;
int base = points[sorted_indices[il][k];
int threshold = base + r;

while (i < n && points[sorted_indices[i]]1[k] < threshold) {
current_group.push_back(sorted_indices[il);
++1i;
¥
groups .push_back (current_group);
}

return groups;

pair<vector<int>, vector<int>> compute_min_bounding_box(const vector<vector<int>>& points) {
if (points.empty()) return {{}, {}};
int d = points[0].size();
vector<int> min_corner(d, INT_MAX);

vector<int> max_corner(d, INT_MIN);

for (const auto& point : points) {
for (int i = 0; i < d; ++i) {
min_corner[i] = min(min_corner[il, point[il);

max_corner [i] = max(max_corner[i], point[il);

}

return {min_corner, max_cornerl};

double euclidean_distance(const vector<int>& a, const vector<int>& b) {
double sum = 0;
for (size_t i = 0; i < a.size(); ++i)
sum += (alil - b[il) = (alil - b[il);
return sqrt(sum);

//For Box Based DBSCAN
double maximum_dimensional_gap(const vector<int>& a, const vector<int>& b) {
double mx = -10000.0;
int value=0;
for (size_t i = 0; i < a.size(); ++i)
value=abs (alil-b[il);
if (value>mx)
{

mx=value;

return mx;

/1 ====

shared_ptr<TreeNode> build_tree(const vector<vector<int>>& points, const vector<int>& indices, int dimension,

= Build Tree Recursively =

double epsilon) {
if (indices.empty()) return nullptr;
auto node = make_shared<TreeNode>(dimension);

if (dimension == d) {
// Leaf node
vector<vector<int>> subset;
for (int idx : indices)
subset.push_back(points[idx]);

auto [min_corner, max_corner] = compute_min_bounding_box (subset);

node->point_indices = indices;

int d,
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120 node->min_bounding_box = {min_corner, max_cornerl};

121

122 leaf_nodes.push_back(node); // collect leaf node

123 return node;

124 &

125

126 double r_group = epsilon / sqrt(d);

127

128 vector<int> sorted_indices = indices;

129 sort (sorted_indices.begin(), sorted_indices.end(), [&](int a, int b) {
130 return points[a][dimension] < points[b][dimension];

131 1) 8

132

133 vector<vector<int>> groups = group_by_range(sorted_indices, points, dimension, r_group);
134

135 for (const auto& group : groups) {

136 if (group.empty()) continuej;

137 auto child = build_tree(points, group, dimension + 1, d, epsilon) ;
138 if (child) {

139 node->children.push_back(child);

140

141 int min_val = INT_MAX, max_val = INT_MIN;

142 for (int idx : group) {

143 int val = points[idx][dimension];

144 min_val = min(min_val, val);

145 max_val = max(max_val, val);

146 X

147 node->min_values.push_back(min_val);

148 node->max_values.push_back (max_val);

149 }

150 i

151 return node;

152 ¥

153

154| // === = Search Tree = = =

155| void search_tree(const shared_ptr<TreeNode>&% node, const vector<int>& query_min, const vector<int>& query_max,
156 double r, int d, vector<tuple<vector<int>, vector<int>, vector<int>, shared_ptr<TreeNode>>>& result,
157 shared_ptr<TreeNode> skip_node = nullptr) {

158 if (!node) return;

159

160 int dim = node->dimension;

161 int expanded_dim_low=query_min[dim]-r;

162 int expanded_dim_high=query_max[dim]+r;

165 if (node->children.empty()) {

166 if (node != skip_node) {

167 result.push_back({node->min_bounding_box [0], node->min_bounding_box[1], node->point_indices, nodel});
168 }

169 return;

170 }

171

172 int lower = lower_bound(node->max_values.begin(), node->max_values.end(), expanded_dim_low) -

node—>max_values.begin();
173 int upper = upper_bound(node->min_values.begin(), node->min_values.end(), expanded_dim_high) -

node->min_values.begin();

174

175 for (int i = lower; i < upper; ++i) {

176 search_tree(node->children[i], query_min, query_max, r, d, result, skip_node);
177 b

178] }

179

180( // Identify Core Points =

181| vector<int> identify_core_points(const vector<vector<int>>& points, shared_ptr<TreeNode> root, double epsilon, int
MinPts, int d) {

182 unordered_set<int> core_points;

183

184 for (const auto& node : leaf_nodes) {

185 vector<tuple<vector<int>, vector<int>, vector<int>, shared_ptr<TreeNode>>> r_neigh;
186 search_tree(root, node->min_bounding_box[0], node->min_bounding_box[1], epsilon, d, r_neigh, node);
187

188 for (int pi : node->point_indices) {

189 int count = node->point_indices.size(); // Include all points in the same MBB
190

191 for (const auto& [minb, maxb, indices, ptr] : r_neigh) {

192 for (int idx : indices) {

193 if (euclidean_distance(points[pil, points[idx]) <= epsilon) {

194 ++count ;

195 if (count >= MinPts) break;

196 }
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}
if (count >= MinPts) break;

if (count >= MinPts) core_points.insert(pi);

return vector<int>(core_points.begin(), core_points.end());

/] ==== = Find -Neighbor MBBs
vector<int> find_epsilon_neighbors(

const shared_ptr<TreeNode>& target_mbb,
const shared_ptr<TreeNode>& root,

double epsilon,

epsilon, d, neighbors,

int d)
{
vector<tuple<vector<int>, vector<int>, vector<int>, shared_ptr<TreeNode>>> neighbors;
search_tree(root, target_mbb->min_bounding_box[0], target_mbb->min_bounding_box[1],
target_mbb) ;
vector<int> neighbor_indices;
for (const auto& [minb, maxb, indices, ptr] : neighbors) {
auto it = find(leaf_nodes.begin(), leaf_nodes.end(), ptr);
if (it != leaf_nodes.end()) {
neighbor_indices.push_back(it - leaf_nodes.begin());
}
}
return neighbor_indices;
}

Check Core Point Pairs

Centroid-Based Top-k Optimization
bool has_epsilon_core_pair(

const shared_ptr<TreeNode>& mbbil,

const shared_ptr<TreeNode>& mbb2,

const vector<vector<int>>& points,

const unordered_set<int>& core_points,

double epsilon,

int k = 5) // Top-k points to consider

// --- Step 1: Collect core points in both MBBs ---
vector<int> core_mbbl, core_mbb2;
for (int idx : mbbl->point_indices)

if (core_points.count(idx)) core_mbbl.push_back(idx);
for (int idx : mbb2->point_indices)

if (core_points.count(idx)) core_mbb2.push_back(idx);

if (core_mbbl.empty() || core_mbb2.empty())

return false; // No core points in one MBB
// --- Step 2: Compute centroids C1 and C2 ---
vector<double> ci(points[0].size(), 0.0), c2(points[0].size(), 0.0);
for (int idx : core_mbb1l)

for (int dim = 0; dim < cl.size(); ++dim)

c1[dim] += points[idx][dim];

for (int idx : core_mbb2)

for (int dim = 0; dim < c2.size(); ++dim)

c2[dim] += points[idx][dim];

for (double& val : cl1) val /= core_mbbl.size();
for (double& val : c2) val /= core_mbb2.size();

// --- Step 3: Project core points onto C 1C2 and C 2 Cl ---
auto project_points = [4] (const vector<int>& indices, const vector<double>& center,
direction) {
vector<pair<double, int>> projections;
for (int idx : indices) {
double projection = 0.0;
for (int dim = 0; dim < direction.size(); ++dim) {
projection += (points[idx][dim] - center[dim]) * direction[dim];
s
projections.emplace_back(projection, idx);
}
// Sort by projection value (descending)
sort (projections.begin(), projections.end(), greater<pair<double, int>>());

return projections;

const

vector <double >&




75 // Direction vector C 1 C2

76 vector<double> dir_ci_c2(cl.size());

for (int dim = 0; dim < cl.size(); ++dim)
dir_ci_c2[dim] = c2[dim] - ci1[diml;

279

280 // Direction vector C 2 Cl1 (reverse of C 1 C2 )

281 vector<double> dir_c2_cl = dir_cl_c2;

282 for (double& val : dir_c2_cl) val *= -1;

283

284 // Get top-k projected points for each MBB

285 auto proj_mbbl = project_points(core_mbbl, ci, dir_cil_c2);
286 auto proj_mbb2 = project_points(core_mbb2, c2, dir_c2_cl);
287

288 // Take top-k (or all if fewer than k)

289 int k1 = min(k, static_cast<int>(proj_mbbil.size()));
290 int k2 = min(k, static_cast<int>(proj_mbb2.size()));
291

292 // --- Step 4: Check pairs between top-k points ---
293 const double epsilon_sq = epsilon * epsilon;

294 for (int i = 0; i < k1; ++i) {

295 const auto& [projl, idx1] = proj_mbb1[il;

296 const auto& pl = points[idx1];

297 for (int j = 0; j < k2; ++j) {

298 const auto& [proj2, idx2] = proj_mbb2[jl;
299 const auto& p2 = points[idx2];

300

301 double dist_sq = 0.0;

302 for (int dim = 0; dim < pl.size(); ++dim) {
303 double diff = pi[dim] - p2[dim];

304 dist_sq += diff * diff;

305 if (dist_sq > epsilon_sq) break; // Early termination
306 ¥

307 if (dist_sq <= epsilon_sq)

308 return true;

309 ¥

310 }

311 return false;

312}

313

314(// = = Build MBB Graph

315| void build_mbb_graph(

316 const vector<vector<int>>& points,

317 shared_ptr<TreeNode> root,

318 double epsilon,

319 int d,

320 const unordered_set<int>& core_points)

321 {

322 mbb_graph.resize(leaf_nodes.size());

323

324 for (size_t i = 0; i < leaf_nodes.size(); ++i) {

325 mbb_graph[i]l.mbb = leaf_nodes[il];

vector<int> neighbors = find_epsilon_neighbors(leaf_nodes[i], root, epsilon, d);

for (int j : neighbors) {
if (has_epsilon_core_pair(leaf_nodes[i], leaf_nodes[j], points, core_points, epsilon)) {
mbb_graph[i].neighbors.push_back(j);

// ===================== DFS for Connected Components =====================
void dfs(int node_idx, vector<bool>& visited, vector<int>& component, const vector <MBBNode>& graph) {
visited[node_idx] = true;

component .push_back (node_idx) ;

for (int neighbor : graph[node_idx].neighbors) {
if (!'visited[neighbor]) {

dfs (neighbor, visited, component, graph);

// = Get All Connected Components =====================
vector<vector<int>> find_connected_components(const vector <MBBNode>& graph) {
vector<vector<int>> components;
vector<bool> visited(graph.size(), false);

for (size_t i = 0; i < graph.size(); ++i) {
354 if (lvisited[i]) {
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vector<int> component;
dfs (i, visited, component, graph);
components .push_back (component) ;
¥
&
return components;
¥
// EEESESSSESESEESEEEESEESES Assign Clusters =====================
vector<vector<int>> assign_clusters(
const vector<vector<int>>& components,
const vector<shared_ptr<TreeNode>>% leaf_nodes)
{
vector<vector<int>> clusters;
for (const auto& component : components) {
vector<int> cluster_points;
for (int mbb_idx : component) {
// Add all points from MBBs in this component
cluster_points.insert(
cluster_points.end(),
leaf_nodes [mbb_idx]->point_indices.begin(),
380 leaf_nodes [mbb_idx]->point_indices.end()
381 )
382 }
383 clusters.push_back(cluster_points);
384 ¥
385 return clusters;
386 | }
387
388 // ==
389| int main() {
390 int n = 50, d = 3, MinPts = 3;
391 double epsilon = 10.0;
392 vector<vector<int>> points = {
393 // Cluster 0 (around [0, 0, 0])
394 {, 1, 1}, {1, o, 1}, {1, 1, o}, {0, o, 1}, {1, 1, 1}, {2, o, o}, {0, 2, o}, {0, 0, 2}, {1, 2, 1}, {2, 1, 1},
395
396 // Cluster 1 (around [10, 10, 10])
397 {10, 10, 11}, {11, 10, 10}, {10, 11, 10}, {10, 10, 9}, {9, 10, 10}, {10, 9, 10}, {11, 11, 11}, {9, 9, 10}, {10,
11, 11}, {11, 9, 10},
398
399 // Cluster 2 (around [20, 0, 0])
400 {20, 1, o0}, {21, o, o0}, {20, O, 1}, {19, o0, O}, {20, -1, O}, {19, 1, o}, {21, -1, 1}, {20, o, -1}, {21, 1, O},
{20, -1, -1},
401
102 // Cluster 3 (around [0, 20, 20])
103 {0, 21, 20}, {1, 20, 20}, {0, 20, 21}, {-1, 20, 20}, {0, 20, 19}, {-1, 21, 20}, {1, 19, 20}, {0, 19, 19}, {1, 20,
21}, {-1, 20, 21},
404
405 // Some noise points (optional)
406 {50, 50, 50}, {51, 51, 51}, {52, 52, 52}, {60, 0, 0}, {0, 60, 0}, {0, 0, 60}, {100, 100, 100}, {101, 101, 99},
{99, 100, 101}, {55, 55, 56}
1071 ¥;
408
409 vector<int> all_indices(n);
410 for (int i = 0; i < n; ++i) all_indices[i] = i;
111
112 // Build the tree
113 auto root = build_tree(points, all_indices, 0, d, epsilon);
414
415 // Identify core points
116 vector<int> core_pts = identify_core_points(points, root, epsilon, MinPts, d);
117 unordered_set<int> core_set (core_pts.begin(), core_pts.end());
118
419
420 // Build MBB graph
421 build_mbb_graph(points, root, epsilon, d, core_set);
422
423 // Find connected components in the MBB graph
424 vector<vector<int>> components = find_connected_components (mbb_graph);
425
426 // Assign clusters (excluding noise points)
427 vector<vector<int>> clusters = assign_clusters(components, leaf_nodes);
128
129 // Print results
430 cout << "===== Core Points =====\n";




for (int idx : core_pts) {
cout << "Point " << idx << ": ";
for (int v : points[idx]) cout << v << " "j
cout << "\n";

cout << "\n== Clusters =====\n";
for (size_t i = 0; i < clusters.size(); ++i) {
cout << "Cluster " << i << ": "

for (int point_idx : clusters[il) {
cout << point_idx << " ";
}

cout << "\n";

return O;

Listing 4.1: C++ Implementation of the Proposed DBSCAN Variant




Chapter 5

Results and Discussion

5.1 Results

To evaluate the effectiveness of the proposed Box-based DBSCAN algorithm, we compare
it against the standard DBSCAN across four challenging synthetic datasets: Jigsaw,
Spiral, Concentric Circles, and Two Moons. FEach clustering result is visualized with

cluster assignments in distinct colors and noise points in black.
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Figure 5.1: Standard DBSCAN on the Jigsaw dataset.
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Figure 5.3: Comparison of clustering performance on the Jigsaw dataset.
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Figure 5.2: Box-based DBSCAN on Jigsaw dataset.
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Figure 5.4: Standard DBSCAN - Spiral
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Figure 5.6: Comparison of clustering performance on the Spiral dataset.
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Figure 5.5: Box-based DBSCAN - Spiral



44

Y coordinate

Y coordinate
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Figure 5.8: Box-based DBSCAN - Concentric Circles
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DBSCAN Clustering - Two Moons
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Figure 5.10: Standard DBSCAN - Two Moons
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Figure 5.12: Comparison of clustering performance on the Two moon dataset.
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Observations

Across all benchmark datasets, the Box-based DBSCAN algorithm is not coming far
different from the DBSCAN algorithm, indicating that it’s safe to use for machine learning

purposes with a high number of features.



Chapter 6

Conclusion and Future Work

6.1 Conclusion

In this dissertation, we conducted a comprehensive study of the DBSCAN algorithm,
beginning with a deep dive into foundational literature and extensions proposed in prior
research. We analyzed the core ideas behind DBSCAN and explored the spatial data
structures—such as R-trees and KD-trees—that are typically used to accelerate its com-

putations.

Motivated by the algorithm’s inherent challenges in high-dimensional or spatially com-
plex data, we designed two new algorithms: an approximate variant of standard DBSCAN
and a modified version called Box-based DBSCAN. Both methods aim to improve perfor-
mance while maintaining clustering fidelity. The approximate DBSCAN algorithm stays
faithful to the original DBSCAN definition but uses bounding boxes to optimize core

point detection and neighborhood queries.

The Box-based DBSCAN introduces a slight but significant variation in how clus-
ters are formed. Rather than relying solely on point-to-point -distance comparisons, it
groups and merges axis-aligned bounding boxes based on spatial density criteria. This
box-centric approach improves cluster shape sensitivity and reduces unnecessary compu-

tations, especially in geometrically structured datasets.

Through a series of experiments on benchmark datasets, we demonstrated that both
proposed methods achieve comparable or improved clustering outcomes compared to
standard DBSCAN, while also showing computational advantages. Overall, our contri-
butions show that even minor modifications to the core definition of DBSCAN can lead

to meaningful improvements in clustering quality and efficiency.
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6.2 Limitations

While the proposed algorithms demonstrate strong empirical performance and improved

geometric sensitivity, they are not without limitations:

1. Although the Box-based DBSCAN algorithm typically performs efficiently in prac-
tice, its worst-case time complexity can degrade to O(n?-d) in certain pathological
configurations. For example, when points are distributed near the centers of dense
grid cells with side length close to €, bounding box grouping may offer little advan-

tage over brute-force approaches.

2. The centroid-based approximation used for the Bi-Chromatic Closest Pair (BCP)
test in core-point connectivity is designed for efficiency, but may produce incorrect
results in adversarial cases. Specifically, if two clusters have complex shapes or
uneven internal distribution, the projection-based shortcut may miss close point

pairs, resulting in false negatives in cluster merging.

These limitations highlight the importance of understanding dataset characteristics
when deploying the proposed method. Future work may involve mitigating these edge

cases using adaptive heuristics or hybrid verification steps.

6.3 Future Scope

There are several directions in which this work can be extended:

e We aim to further investigate and address the limitations identified in this thesis,
particularly the worst-case performance scenarios and the robustness of centroid-
based approximations. If time permits, we plan to develop fallback mechanisms or

hybrid strategies to ensure better runtime even in adversarial cases.

e Another important area for future research is the development of better strate-
gies for automatic parameter selection in DBSCAN, especially in high-dimensional
spaces. The performance of DBSCAN is highly sensitive to the choice of € and
MinPts, and heuristic or learning-based methods could provide more reliable and

adaptive configurations.
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